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A B S T R A C T

This thesis investigates how architectural complexity and mass polydispersity influence
the self-assembly, structure, and mechanics of polymer systems, using a combination
of analytical theory and self-consistent field theory (SCFT) calculations. Across four
studies, we extend theoretical frameworks, develop computational tools, and apply
them to underexplored polymer architectures with relevance to soft materials design.

The first study extends strong stretching theory to polydisperse linear brushes on
curved surfaces in good solvent and melt conditions. Using realistic Schulz-Zimm chain
length distributions, we quantify how curvature and polydispersity affect chain end
distributions, brush shape, and bending moduli. We identify conditions under which
end exclusion zones (EEZs)—regions devoid of chain ends—appear in convex geome-
tries, and show that their location can be tuned via the polymer length distribution,
offering a novel route to control brush structure and mechanical response.

In the second study, we develop a SCFT algorithm using real-space methods with
adaptive spatial and contour discretization. By refining resolution near surfaces and
grafting points, the method captures sharp gradients and reduces numerical instability
with minimal cost. Validated on block copolymer films and brushes, it enables accurate
and efficient simulations in three dimensions, expanding the tractable range of SCFT
applications.

The third study examines micelles formed from polydisperse linear-hyperbranched
block copolymers (LHBCs), comparing them to linear-dendritic (LDBC) and linear
diblock polymers. Using molecular dynamics to generate realistic LHBC structures,
we show via SCFT that LHBC micelles have lower critical micelle concentrations,
greater stability, and higher drug loading capacity than LDBC micelles—benefits that
increase with polydispersity. LHBCs also exhibit a high number of terminal groups for
functionalization, independent of branching heterogeneity.

Lastly, we explore the self-assembly of amphiphilic gradient copolymers with a
1 : 1 styrene-isoprene composition in a selective solvent. SCFT calculations reveal a
transition from spherical to cylindrical to lamellar micelles as the gradient flattens,
with near-degenerate free energies. A phase diagram for idealized gradient copolymers
shows that solvophobic block size dominates morphology selection, while gradient
shape further modulates micelle structure and stability.
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Z U S A M M E N FA S S U N G

Diese Dissertation untersucht, wie architektonische Vielfalt und Massenpolydispersität
die Selbstorganisation, Struktur und mechanische Eigenschaften von Polymersystemen
beeinflussen. Dazu verwenden wir eine Kombination aus analytischer Theorie und self-
consistent field theory (SCFT)-Berechnungen. In vier Studien erweitern wir theoretische
Modelle, entwickeln numerische Werkzeuge und wenden diese auf bislang wenig
erforschte Polymerarchitekturen an, welche für die Entwicklung weicher Materialien
relevant sind.

Die erste Studie erweitert die sogenannte "strong stretching theory" auf polydisperse
Polymerbürsten auf gekrümmten Oberflächen, sowohl unter guten Lösungsmittelbedin-
gungen als auch im Schmelzzustand. Mithilfe realistischer Schulz-Zimm-Verteilungen
für die Kettenlänge quantifizieren wir, wie Krümmung und Polydispersität die End-
verteilungen der Ketten, die Bürstenform und die Biegemodule beeinflussen. Wir
identifizieren Bedingungen, unter denen sogenannte "end exclusion zones" (EEZs) –
Bereiche ohne Kettenenden – in konvexen Geometrien auftreten, und zeigen, dass deren
Position über die Polymerlängenverteilung steuerbar ist. Dies eröffnet einen neuartigen
Ansatz zur Kontrolle der Bürstenstruktur und ihrer mechanischen Eigenschaften.

In der zweiten Studie entwickeln wir einen SCFT-Algorithmus basierend auf Real-
raummethoden mit adaptiver räumlicher und konturlängenspezifischer Diskretisierung.
Durch eine verfeinerte Auflösung in der Nähe von Oberflächen und Bindestellen erfasst
die Methode scharfe Gradienten und reduziert numerische Instabilitäten bei minimalem
Rechenaufwand. Anhand von Blockcopolymerfilmen und -bürsten getestet, ermöglicht
sie präzise und effiziente Simulationen in drei Dimensionen und erweitert so den
anwendbaren Bereich der SCFT.

Die dritte Studie untersucht Mizellen, die sich aus polydispersen
linear-hyperverzweigten Blockcopolymeren (LHBCs) zusammensetzen, im Vergleich zu
linear-dendritischen Blockcopolymeren (LDBCs) und linearen Diblockcopolymeren. Mit-
tels molekulardynamischer Simulationen zur Erzeugung realistischer LHBC-Strukturen
zeigen wir anhand von SCFT-Berechnungen, dass LHBC-Mizellen niedrigere kritische
Mizellenkonzentrationen, höhere Stabilität und eine größere Wirkstoffbeladung als
LDBC-Mizellen aufweisen. Diese Vorteile für LHBC-Mizellen nehmen mit zunehmender
Polydispersität zu. Zudem besitzen LHBCs eine hohe Anzahl funktionalisierbarer End-
gruppen, unabhängig von der Verzweigungsheterogenität.

Abschließend untersuchen wir die Selbstorganisation amphiphiler Gradientencopoly-
mere mit einem 1 : 1-Verhältnis aus Styrol und Isopren in einem selektiven Lösungsmit-
tel. SCFT-Berechnungen zeigen einen Übergang von kugelförmigen über zylindrische,
bis hin zu lamellaren Mizellen mit zunehmender Abflachung des Gradienten. Ein
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Phasendiagramm für idealisierte Gradientencopolymere zeigt, dass die Größe des
solvophoben Blocks die Morphologie dominiert, während die Gradientenform zusät-
zlich die Struktur und Stabilität der Mizellen moduliert.
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P R E FA C E

The main purpose of this thesis is to explore the effects of topological and molecular
mass polydispersity on micelle-forming linear-dendritic block copolymers. Monodis-
perse linear-dendritic micelles have been studied extensively in the past as promising
candidates for targeted drug delivery. Their less well-defined and often more economi-
cal—counterparts, linear-hyperbranched block copolymers, have received comparatively
little attention due to the perception that their structural randomness is a disadvantage.
In this thesis, I demonstrate that this need not be the case; in fact, these systems can
outperform their more precise analogues in certain aspects.

In addition to this central topic, several related projects that emerged indirectly
from the original research question are also explored. These include the study of
polydisperse curved polymer brushes, the development of adaptive discretization
schemes for numerical calculations, and investigations into micelle-forming gradient
copolymers.

The main theoretical tool employed throughout this work is self-consistent field
theory (SCFT). Although many detailed sources on SCFT exist, I found it challenging to
understand where specific assumptions and terms in the theory originate. This thesis
attempts to clarify these aspects.

While I do not aim to offer a comprehensive treatment of SCFT and related methods,
I hope to provide a clear and accessible account that will benefit future students. My
goal is for readers with only a basic background in statistical mechanics to be able to
follow the theory and gain the confidence to perform their own SCFT calculations.

To that end, I briefly review essential topics in polymer physics, including the
Gaussian chain model and Flory-Huggins theory, before introducing SCFT in a more
systematic manner.

Following this, both published and unpublished projects are presented.
Finally, a summary of the main results is provided, along with a brief discussion of

future perspectives.
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Part I

I N T R O D U C T I O N & T H E O RY





1
I N T R O D U C T I O N

1.1 A Brief History of Polymers

Polymers have been a ubiquitous part of civilization for many centuries, which might
sound surprising to many, as the first synthetic polymer was created only a little over a
century ago. Cotton, hemp, jute, and many other plants have long been used across
different civilizations to produce essential products such as ropes, paper, textiles, sails,
etc., with the common denominator among these materials being cellulose—a type of
polymer (polysaccharide). Cellulose provides many of the advantages characteristic
of polymers, such as lightness, durability, and plasticity, a combination rarely found
in other classes of materials. In most of these products, naturally occurring cellulose
was used with minimal chemical modification, and as a result, the properties of such
materials were limited. However, the 19th century saw several developments in which
natural polymers were chemically modified to create enhanced products. One notable
example was the toughening of rubber, a type of polyisoprene extracted from Hevea
brasiliensis1. The process, known as vulcanization, was developed by Charles Goodyear
in the 1830s when he accidentally discovered that heating rubber with sulfur produced
a harder material. Unbeknownst to him and contemporary scientists, vulcanization
caused the polymer molecules to form crosslinks, creating a network spanning the
material and giving rise to the hardened properties of rubber that are widely known
today1.

Up until then, polymers were not recognized as macromolecular substances, and their
properties were instead attributed to association theory, originally proposed by Thomas
Graham in 18611,2. This theory suggested that polymers were aggregates of smaller
molecules held together by weak forces. Although the macromolecular hypothesis
was occasionally considered, it found little support at the time. For instance, in 1910,
Pickles, based on his experiments with isoprene, concluded that the molecules formed
covalent bonds but argued they were cyclic and of low molecular weight3. Interestingly,
researchers were already calculating molecular weights far exceeding those of small
molecules, but such findings were often dismissed1. Additionally, skepticism about high
molecular weights stemmed from the belief that the crystallographic unit cell obtained
via X-ray diffraction could not be smaller than the molecule it represented—implying a
maximum possible molecular weight1,4.

The macromolecular nature of polymers was only firmly established in the 1930s,
primarily through the work of Staudinger and others. Staudinger, a well-established
and highly respected chemist before entering the field of polymer chemistry, ventured
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1.2 polymer morphologies and their applications

into a topic then derided as Schmierenchemie (grease chemistry) due to its ill-defined
subject matter. He was even discouraged by the 1927 Chemistry Nobel Prize winner,
Heinrich Wieland, from further pursuing the macromolecular hypothesis of polymers4.
Nevertheless, Staudinger persisted, and in his seminal paper "Über Polymerisation", he
laid the foundation for modern polymer chemistry by demonstrating how polymeriza-
tion of monomers could give rise to macromolecules with high molecular weights5. In
a later work, "Der polymere Formaldehyd, ein Modell der Cellulose"6, he provided further
evidence for the macromolecular nature of polymers by resolving the issue of the
small unit cell, showing that only a monomer unit, rather than an entire molecule,
occupied the crystallographic cell. From that point on, macromolecular theory overtook
association theory as the prevailing explanation, and in 1953, Staudinger was awarded
the Nobel Prize for his contributions.

On the theoretical front, the understanding of polymers evolved significantly. One
of the earliest theoretical contributions was made by Werner Kuhn, who introduced
the simple freely-jointed chain model to describe polymer conformations7. Paul J.
Flory made major contributions in the 1940s and 1950s, particularly in elucidating the
miscibility of polymers in melts and solutions, as well as in formulating key scaling
laws8. In 1965, Samuel Edwards introduced one of the most powerful theoretical
tools in polymer physics—the self-consistent field theory (SCFT)9—bringing field-
theoretic methods into the study of polymers. Later, Alexander Semenov introduced the
Strong Stretching Limit/Theory10 (SSL/SST), which became essential for understanding
polymer brushes, block copolymers, and their self-assembly behavior. Finally, Mark
Matsen made significant contributions to the numerical implementation of SCFT,
enabling detailed analyses of complex polymer systems11. While many other scientists
have contributed to this field over the years, the work of those mentioned here will be
explored in greater depth in Chapter 2.

1.2 Polymer morphologies and their applications

As new polymer synthesis protocols were developed12, an ever-growing array of
polymer architectures and chemical compositions became accessible. In addition to
traditional linear homopolymers—composed of a single type of repeating monomer in a
linear arrangement—chemists have been able to synthesize copolymers containing more
than one type of monomer. One of the most prominent subclasses of such copolymers
is block copolymers, which consist of distinct segments (blocks) of chemically different
monomers. The simplest example of this class is the diblock copolymer, composed of
two such blocks, as shown in Fig. 1.1a.

One of the most intriguing properties of such copolymers in solution is their ability
to microphase separate into a variety of nanostructures. This behavior stems from the
chemical dissimilarity between blocks, which is typically chosen such that each block
exhibits different affinities for the solvent—and is also mutually incompatible with

4



1.2 polymer morphologies and their applications

A B(a)

(b)

(c)

(d)

(e)

g A

g
B

1

0
0 M

Figure 1.1: Cartoon representation of copolymer types with A monomer represented in red and
B monomers represented in blue. (a) Diblock copolymer. (b) Gradient copolymer. gA and gB in
the graph below represent the proportion of monomer A and B respectively along the backbone
of the polymer with the monomer count n ranging from 0 to the total number of monomers
M. (c) Dendritic copolymer with the center representing the core. (d) Linear-dendritic block
copolymer (LDBC). (e) Linear-hyperbranched block copolymer (LHBC).
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1.2 polymer morphologies and their applications

the other block. For instance, diblock copolymers can be engineered so that one block
is solvophobic (disfavoring contact with the solvent), while the other is solvophilic
(favoring interaction with the solvent). Under these conditions, and when the polymer
concentration exceeds a threshold known as the Critical Micelle Concentration (CMC)13,
the copolymers spontaneously self-assemble into various morphologies in order to
minimize their free energy. The specific structures that form can depend on several
factors, including the solvophobic block fraction, the interactions scale and the overall
polymer concentration13,14.

A widely used guideline for predicting the resulting morphology of block copolymer
assemblies is the packing parameter concept developed by Israelachvili et al.[15],
originally in the context of surfactants. The dimensionless packing parameter, defined
as p = v/(aolc), provides insight into the preferred morphology. Here, v is the volume
of the solvophobic block, ao is the optimal area occupied by the solvophilic block at
the interface, and lc is the length of the solvophobic block normal to the interface16.
According to this framework, spherical micelles are expected for p ≤ 1/3, cylindrical
micelles for 1/3 ≤ p ≤ 1/2, and bilayers or vesicles for 1/2 ≤ p ≤ 1. In these
morphologies, the solvophobic blocks typically form the core, while the solvophilic
blocks extend into the solvent, forming the corona. Vesicles, on the other hand, are
capable of encapsulating solvent within a membrane-like shell. The concept of the
packing parameter and corresponding morphologies are illustrated in Fig. 1.2.

While similar morphologies can be achieved through other approaches, polymeric
micelles have garnered special interest—especially in the field of drug delivery—due to
the distinct advantages they offer over traditional carriers such as lipids or surfactants.
The overarching aim in this context is to develop effective drug delivery vehicles capable
of navigating the complex in vivo environment, such as the bloodstream, and delivering
therapeutic payloads in a controlled and targeted fashion.

In the absence of such vehicles, drugs face numerous challenges: many are poorly
soluble in aqueous environments18, and most lack any inherent mechanism for targeting
diseased tissues, often leading to off-target effects and systemic toxicity. Spherical
polymeric micelles have demonstrated the capacity to encapsulate hydrophobic drugs
within their cores, thereby solubilizing compounds that would otherwise be insoluble19.
Additionally, they shield encapsulated drugs from clearance mechanisms and enzymatic
degradation20.

Polymeric micelles can also be engineered to respond to external stimuli such as
temperature, pH, or light21, enabling controlled or localized release of their payload.
Furthermore, the chain ends of the solvophilic blocks provide accessible sites for
functionalization. Molecular moieties can be attached to these chain ends to deter
protein adsorption22, prolonging circulation time, or to selectively bind to overexpressed
receptors on unhealthy cells23, as illustrated in Fig. 1.3.

As a result, polymer architectures that feature numerous chain ends or internal cavi-
ties naturally offer better opportunities for drug encapsulation and surface modification24.
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Packing parameter

Spherical
Micelle

Cylindrical
Micelle Vesicle

Figure 1.2: Schematic representation of the packing parameter concept, inspired by Blananz et
al. [17]. Different ranges of the packing parameter p correspond to distinct polymer arrange-
ments and morphologies, such as spherical and cylindrical/worm-like micelles and vesicles.
Cylindrical/worm-like micelles and vesicles, in particular, often form at length scales an order
of magnitude larger than the polymers that constitute them. The optimal interfacial area of the
solvophilic (blue) block is denoted by ao, while v is the volume of the solvophobic (red) block
and lc is its length normal to the interface. The illustrated morphologies are not to scale.
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Healthy
    Cell

Unhealthy
      CellIncreased

Targeting

Decreased
Targeting

: Targeting 
    moeity

: Drug

Figure 1.3: Schematic illustration of micelle-based drug delivery: solvophobic drugs are en-
capsulated within the micelle core, while targeting moieties are attached to the solvophilic,
end-functionalized corona to enable site-specific delivery. These moieties enable selective bind-
ing to overexpressed receptors on diseased cells, improving specificity and therapeutic efficacy23.

Among the architectures of particular interest are dendrimers25, shown in Fig. 1.1c,
and linear-dendritic block copolymers (LDBCs)26, shown in Fig. 1.1d. LDBCs, in par-
ticular, exhibit an almost exponential number of available chain ends27, which can be
functionalized to impart highly tailored properties to the resulting micelles24,26.

Returning to the subject of morphology control, there is increasing interest in going
beyond traditional parameters such as monomer chemistry, block ratios, and polymer
architecture. One alternative strategy involves the use of gradient copolymers28, in
which the chemical composition varies gradually along the chain. This results in a
spatially varying likelihood of encountering a particular monomer type, as shown in
Fig. 1.1b. By tuning the gradient profile, researchers can effectively alter monomer-
monomer and monomer-solvent interactions without changing the overall chemical
composition, thereby enabling access to a broader range of self-assembled structures29.

Finally, another important class of polymer-based structures arises when polymers
are densely grafted onto surfaces or nanoparticles, forming what are known as polymer
brushes30, depicted in Fig. 1.4. These structures have been widely studied for their ability
to impart desirable surface properties. For instance, they can inhibit bacterial adhesion
or even exhibit bactericidal effects31,32. Moreover, polymer brushes can enhance surface
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(a) (b)
P(
M
)

M

P(
M
)

M
Figure 1.4: Illustration of polymer brushes: (a) nearly monodisperse and (b) polydisperse. M
denotes the number of monomers in a polymer chain, while P(M) represents the distribution
of polymers with M monomers.

hydrophobicity32 and stabilize colloidal suspensions30, making them highly versatile
across materials science and biomedical applications.

1.3 Polymer randomness: Origin, Impact and Prospects

In the previous section, we discussed the ability of polymers to assemble into intricate
morphologies, but we have not yet addressed how these polymers are synthesized.
Although synthetic protocols exist that can yield polymers with highly controlled and
nearly monodisperse features in terms of architecture, size, and composition, these
methods often require expensive and time-consuming multi-step procedures33 or, in the
case of polymer brushes, result in low grafting densities34. Other synthesis strategies
can avoid some of these limitations but typically introduce imprecision in the final
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product, leading to broad distributions in macromolecular weight and/or topological
heterogeneity12. This is exemplified in densely grafted polymer brushes produced via
the grafting-from method34 or in linear-hyperbranched block copolymers (LHBCs),
Fig. 1.1e, synthesized through slow monomer addition35. Put more intuitively, the
resulting polymers exhibit distributions in both macromolecular weight, as illustrated
in Fig. 1.4, and architecture.

This inherent randomness is generally seen as undesirable in most applications, based
on the belief that variability in polymer size and architecture leads to inconsistency and
reduced reliability. In drug delivery, for example, achieving stable and monodisperse
delivery vehicles is often considered essential, as deviations in size or structure can
impair drug performance and reproducibility. While this concern seems justified at first
glance, it is not universally valid. On the contrary, Mantha et al.[36] demonstrated that
micelles composed of polydisperse diblock copolymers can be more stable and better
size-defined than those composed of monodisperse diblocks. This finding is illustrated
in Fig. 1.5a, where the free energy penalty of spherical micelles is plotted as a function
of micelle radius for different polydispersity indices. The local minimum corresponds
to the equilibrium micelle, while the maximum indicates the unstable configuration.
The energy difference between these two states represents the dissolution energy—that
is, the energy required to destabilize the equilibrium micelle. A larger difference implies
greater stability against thermal fluctuations.

Moreover, the probability distribution of micelle sizes scales as "exp(−βFM(R))",
where β = 1/kBT and FM(R) is the free energy penalty for a spherical micelle with
radius R. Paradoxically, higher diblock polydispersity can result in a narrower micelle
size distribution, as shown in Fig. 1.5b. Finally, since drug delivery vehicles encounter
a highly dilute environment after administration, it is advantageous for them to have
a low CMC. As shown in Fig. 1.5c, increasing polydispersity lowers the CMC, fur-
ther supporting the idea that controlled polydispersity can enhance drug delivery
performance.

In the context of polymer brushes, high grafting density is often essential for their
intended function. This density is typically achieved using the grafting-from method,
which inherently produces polydisperse chains. Additionally, polymers are frequently
grafted onto curved surfaces, such as cylindrical pores or spherical nanoparticles,
which has also been shown to induce polydispersity in brush structures37. Despite the
prevalence of these conditions, the combined effects of curvature and polydispersity in
polymer brushes have not been thoroughly studied.

Finally, randomness can also be intentionally introduced into polymer design. This is
the case for gradient copolymers, where the chemical composition varies along the chain
in a prescribed manner. Although the placement of monomers is random, the overall
distribution follows a controlled gradient, as shown in Fig. 1.1b. Gradient copolymer
micelles have garnered considerable attention for biomedical applications, particularly
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Figure 1.5: (a) Free energy penalty FM(R) for spherical micelles as a function of micelle radius R,
shown for several polydispersity indices Ð= Mw

/
Mn, where Mw and Mn are the weight average

and number average macromolecular weight of polymers respectively. Radii are normalized
by the average ideal radius of gyration R̄g and energies are scaled by the Ginzburg parameter
C̄ = R̄3

g/Vch., where Vch. is the total volume of the chain. (b) Standard deviation of micelle size
distribution σm plotted against Ð for different values of C̄. (c) Average polymer volume fraction
Φ̄p at the CMC, shown as a function of Ð. Figures adapted with permission from Ref.[36].
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in drug delivery, due to their tunable internal environments38–40 and advantageous
release profiles41,42.

1.4 Project Goal

In this thesis, we aim to address key gaps in our understanding of the inherent
randomness present in many polymer systems—whether introduced intentionally or
resulting from the synthetic methods employed. To this end, we use self-consistent
field theory (SCFT) and related approximations, such as the strong stretching limit
(SSL), which enables analytical treatment in certain cases. These methods are preferred
over more conventional approaches like molecular dynamics (MD) or Monte Carlo
simulations due to their efficiency in computing equilibrium properties of complex
systems. For instance, simulating polydisperse diblock micelles necessitates the use
of the grand canonical ensemble, as micelles constantly exchange chains with their
surroundings43. This ensemble is readily implemented within SCF, as discussed in
Section 2.2, and lends itself well to parallel computation.

Accordingly, Chapter 2 introduces the SCF formalism and the SSL approximation,
along with essential background material on Gaussian chains and Flory–Huggins
theory—foundational concepts often assumed in SCF discussions.

In Chapter 3, we investigate the combined effects of polydispersity and curvature on
linear polymer brushes in both good solvent and melt conditions using the SSL.

Chapter 4 then presents an adaptive grid scheme to improve the accuracy of polymer
brush profiles and free energy calculations of polymer film morphologies within SCF.

Chapter 5 focuses on linear-hyperbranched block copolymers with topological and
size polydispersity in their hyperbranched blocks and monodisperse solvophobic blocks.
We examine their micellization and encapsulation behavior, comparing them to more
architecturally defined systems such as linear diblocks and linear–dendritic block
copolymers.

In Chapter 6, we study gradient copolymers in solution, highlighting how variations
in the gradient profile influence the resulting self-assembled morphologies and their
stability.

Finally, in Part III, we summarize the key findings of this work and outline potential
directions for future research in this area.

Ultimately, more than a century after Staudinger’s time, we still find ourselves
confronting the same fundamental issue—the pervasive randomness in polymer sys-
tems—and continue to wrestle with the legacy of what was once called Schmierenchemie.
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2
T H E O RY

In this section, we aim to equip the reader with the background necessary to understand
the theoretical tools found in Part II, as well as some fundamental polymer physics
concepts that accompany them. However, we do not aim to provide a comprehensive
discussion of these tools, as they have already been discussed in numerous sources44,45,
but rather outline and justify the various terms and relations used. Particular emphasis
is placed on self-consistent mean field theory (SCFT), one of the principal theoretical
tools applied in this thesis.

Therefore, we begin with a brief overview of the fundamentals concepts in polymer
theory, examining the origins of the statistical behavior and conformations of polymer
chains, introducing key concepts such as Gaussian chains and statistical segments. We
then introduce the main assumptions and results of Flory-Huggins theory. This sets
the stage for the introduction of SCFT, where we explain the main concepts such as:
the fields, the propagators, the mean-field approximation, the self-consistent loop of
equations, and some of the numerical methods employed in solving them. We then
delve into a further approximation that can be made in SCFT, known as the Strong
Stretching Limit (SSL) or Strong Stretching Theory (SST), and briefly introduce one of
its classical applications: the planar polymer brush.

2.1 Polymer Theory Fundamentals

2.1.1 Gaussian chains

Polymers, as mentioned in the introduction, are composed of many monomers, whose
chemistry can vary significantly, leading to flexible polymers such as polystyrene or
stiff polymers such as double-helical DNA45. However, a full chemical description
is often unnecessary to capture most physical behaviors. Instead, a coarse-grained
description is often sufficient. At this point, we introduce one of the simplest and
most fundamental models of polymer chains: the freely jointed chain. This model
describes a polymer as a sequence of rigid segments connected by flexible joints, with
no constraints on the angles between adjacent segments. It is assumed that the polymer
exists in a homogeneous and ideal environment, which means that there are no effective
interactions between the segments. Such an environment is nearly realized in the case
of polymer chains in a θ-solvent (polymers behave ideally at certain scales45), which is
defined such that the net excluded volume vex. between monomers is zero (Eq. 3.95 in
Ref.[45]). Another case is in the melt, where a polymer is surrounded by many other
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2.1 polymer theory fundamentals

polymers and therefore has no incentive to avoid the monomers belonging to itself or
monomers belonging to neighboring polymers45. We define the size of the monomer
bonds in such a model as a, and each monomer is joined in a linear fashion such
that each monomer’s position is uncorrelated with the previous one. The normalized
probability distribution of the distance vector r of adjacent monomers is thus given by:

p1(r) =
δ(r − a)

4πa2 . (2.1)

Hence, the variance of the end-to-end vector R for a polymer with a total of M
monomers is given by:

⟨R2⟩ =
M

∑
i=1

M

∑
j=1

⟨ri · r j⟩ =
M

∑
i=1

⟨|ri|2⟩+
M

∑
i=1

M

∑
j ̸=i

⟨ri · r j⟩ = Ma2, (2.2)

where we used the fact that monomers are uncorrelated and thus for i ̸= j, ⟨ri · r j⟩ = 0.
In order to coarse-grain such a chain, we need to consider what happens as we ’zoom
out,’ i.e. look at larger scales. Therefore, we define the function pm(r) as the probability
of finding the m’th monomer at a position r given that the 0th monomer is set at the
origin. Such a probability distribution, for any nth monomer, where n < m, necessarily
follows the recursion relation:

pm(r) =
∫

dr1 dr2 pm−n(r1) pn(r2) δ(r1 + r2 − r). (2.3)

One can use this recursion relation to progressively construct the functional forms for
p2(r) using m = 2, n = 1 and Eq. (2.1), then p4(r) and so on. What we are essentially
trying to do is to consolidate monomers into N = M/m so called "statistical segments",
whose size b is such that the coarse-grained chain reproduces the end-to-end vector
Ro = ⟨|R|⟩ = N1/2b = M1/2a. As one continues accumulating more monomers into
such statistical segments, the probability distribution of a single statistical segment,
given by pm(r), converges to a certain function, as seen in Fig. 2.1. Indeed, for m → ∞
the convergence of the recurrence relation Eq. (2.3) leads to a normal distribution:

pm(r) →
(

3
2πb2

)3/2

exp
(
− 3r2

2b2

)
. (2.4)

This convergence is due to the fact that if each of the distributions in the integral in
Eq. (2.3) were each a Gaussian, then pm(r) would also be another Gaussian. Thus, the
Gaussian represents a so called fixed point in this recurrent relation. In fact, what is
even more interesting is that, even if there was some finite sized correlation between
multiple monomers, the limit would still apply, albeit with a slower convergence to the
Gaussian46. This convergence is a consequence of a fundamental result in probability
theory: the Central Limit Theorem (CLT). The CLT states that if the random variables
(X1, X2, ...) are independent and identically distributed with a finite mean value of
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Figure 2.1: Plots of the probability distributions pm(r) for various values of m as well as the
limit case of m → ∞ from Eq. (2.4) labeled as "Gaussian".

E[Xi] = µ and a finite variance of Var[Xi] = σ2, then the normalized sum of these
random variables:

Zn =

√
n(Xn − µ)

σ
with Xn ≡ 1

n

n

∑
i=1

Xi,

converges to a standard normal distribution N (0, 1) as n → ∞. The coarse-graining
procedure is also illustrated in Fig. 2.2a,b.

One of the most important takeaways from this analysis is that one can come up with
a statistical segment length such that the configurations of the polymer can be described
as those of a freely jointed chain. The volume occupied by the polymer molecule also
needs to be preserved by the coarse-graining procedure, therefore if the volume of a
monomer is vm then the statistical segment must have a volume vo = Mvm/N.

If one then considers a Gaussian chain with N statistical segments, the end-to-end
vector R is distributed according to a Gaussian with variance 2Nb2/3:

P(R) =

(
3

2πNb2

)3/2

exp
(
− 3R2

2Nb2

)
. (2.5)

One can further consider such a chain as a continuous curve described by the space
curve r(n), shown in Fig. 2.2c, where n is the monomer count along the polymer
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backbone and since one can also write R = ∑N−1
i=1 (ri+1 − ri), the distribution of the

space curve can be written as:

P (r(n)) =
(

3
2πNb2

)3/2

exp

(
− 3

2b2

(∫ N

0

∣∣∣∣dr(n)
dn

∣∣∣∣2 dn

))
, (2.6)

where we have made the replacements ∑ →
∫

dn and 1/N → dn, which are justified
in the limit N → ∞. The last thing to note is that the effective Hamiltonian of such a
chain is given by:

He =
3kBT
2b2

∫ N

0

∣∣∣∣dr(n)
dn

∣∣∣∣2 dn, (2.7)

which can be thought of as a Hookean spring with a spring constant defined by the
temperature T.

Such a result has wide implications for the statistics of long polymer molecules, as
it implies that the scaling exponent ν of the end-to-end distance Ro ∝ Nν is ν = 1/2,
when no long-distance correlations are present and the environment is ideal. If one
were to however account for a non-ideal environment such as in the case of a polymer
in good or bad solvent, then the scaling exponent is ν = 0.6 (mean-field approximation;
0.588 via renormalization45) or ν = 1/3, respectively, and Gaussian statistics do not
apply.

2.1.2 Flory-Huggins theory

So far, we have discussed entropic contributions to the free energy of isolated chains,
however, we have not accounted for energy contributions originating from monomer-
monomer or monomer-solvent interactions, which play a crucial role in understanding
micro and macro phase separation as well as the scaling of the end-to-end distance in
solvents of varying quality. To do so, we now turn to the simple yet quite successful
Flory-Huggins (FH) theory, which incorporates these short-range interactions via a
lattice mean field model and helps explain non-ideal chain behavior.

The main concern of FH theory is to construct an expression for the free energy of
mixing of polymers with solvent. To do so, a lattice with W available sites of equal
volume vL is assumed, whereupon each lattice site is either filled with a statistical
segment belonging to a polymer chain or a solvent particle. The volume fraction
occupied by either the solvent ϕs or the polymer ϕA is then given by:

ϕα =
Vα

∑A,S
α Vα

for α = A or S, (2.8)
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(a)

(b)

(c)

Figure 2.2: Coarse-graining procedure illustration. (a) Cartoon representation of a “real poly-
mer”, showing monomers (red) connected via bonds (black), whose directions are correlated
with their neighbors. (b) Accumulating the monomers in (a) into statistical segments (blue),
shown here as spheres, “buries” the correlations between neighbors. Continuing this coarse-
graining procedure results in a random walk between statistical segments. (c) Continuous curve
representation of the chain in (b) given by the space curve r(n).
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where Vα is the total volume taken by either the solvent or the polymer. In the mean
field approximation the entropy of mixing (difference between mixed and unmixed)
per lattice site can then be approximated to be45:

∆Smix = −kB(
ϕA

N
ln(ϕA) + ϕSln(ϕS)). (2.9)

The internal energy is assumed to be short ranged and only between nearest neighbors,
whose probability of occupying a lattice site is assumed to be given by their corre-
sponding volume fractions. Additionally, the number of neighbors is determined by
the lattice coordination number z = 2d, where d is the number of dimensions, while
the pairwise interaction energies between each species are given by uAA, uSS and uAS.
The energy of mixing per lattice site can thus be expressed as45:

∆Umix

kBT
= χASϕAϕS, (2.10)

where we have defined the Flory-Huggins parameter as:

χAS =
z
2
(2uAS − uAA − uSS)

kBT
. (2.11)

The Helmholtz energy of mixing per lattice site is therefore given by:

∆Fmix

kBT
=

∆Umix − T∆Smix

kBT
=

ϕA

N
ln(ϕA) + ϕSln(ϕS) + χASϕAϕS. (2.12)

One of the main drawbacks of this theory is that it does not account for the change
in volume upon mixing and other packing effects45, and therefore Eq. (2.12) does not
capture all the physics. In practice, all the effects that are not accounted for by the
theory are clumped into an empiric expression of the FH parameter, given by:

χ = A +
B
T

, (2.13)

where A and B are fit parameters. The A term is often called the entropic part of
the FH parameter, while the B/T term is called the enthalpic part45. In reality, A
and B also weakly depend on other quantities such as the macromolecular weight,
the composition and more45 and the parameters A and B are not purely entropic or
enthalpic, despite what their description suggests. Given such an expression for the
FH parameter, macrophase separation of a polymer solution can occur, with either
an upper critical solution temperature (UCST) (if B > 0) or a lower critical solution
temperature (LCST) (if B < 0).

As a last point in this discussion, we wish to draw a link between the excluded
volume vex. that quantifies whether the polymer segment volume is inaccessible to
other segments or not and connect it to the Flory-Huggins parameter. To do this, we
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need to find the osmotic pressure Π exerted on a semi-permeable membrane which
allows the solvent in a solution of polymers to go through unimpeded, while preventing
any of the polymer from crossing. Such a pressure in the limit of ϕA ≪ 1 and Na ≫ 1
can be calculated as:

Π(ρ) ≡ − ∂∆Fmix

∂V

∣∣∣∣
nA

= kT
(

ρ

NA
+ (1 − 2χAS)b3 ρ2

2
+

b6

3
ρ3 + · · ·

)
= kT

(
ρ

NA
+

vex

2
ρ2 + wρ3 + · · ·

)
, (2.14)

where nA is the number of polymer molecules, ρ is the statistical segment number
density and w is the three-body interaction coefficient45. The last line of Eq. (2.14) is
simply the virial expansion of the osmotic pressure into n-body terms and the excluded
volume is simply the 2-body term. Therefore, by comparison of the two lines in Eq. (2.14)
the excluded volume can be expressed as:

vex. = b3(1 − 2χAS). (2.15)

For a θ-solvent, there are no excluded volume effects (vex. = 0) and therefore values of
χAS < 1/2 (vex. > 0) indicate the good solvent regime, whereas χAS > 1/2 (vex. < 0)
indicate the poor solvent regime. The discussion above mirrors the analysis found in
[45]. Having explored simple polymer models, we are now ready to introduce self-
consistent field theory, which allows one to explore a wealth of problems unreachable
by analytical means.

2.2 Self-Consistent Field Theory

2.2.1 Background

Polymer systems such as polymer melts consist of many tightly packed polymers, each
composed of many monomers. Often, systems like this exhibit relaxation times that scale
with the macromolecular size of the polymers45, resulting in slow relaxation dynamics.
Therefore, dynamic methodologies such as molecular dynamics can be prohibitively
expensive for the investigation of their equilibrium properties. Self-consistent field
theory, on the other hand, is a mesoscale method that instead of being limited by the
large number of particles, in fact benefits from it. One of the main simplifications of
SCFT is the reduction of the problem of many polymers interacting with each other,
to a problem of a single polymer interacting with a field w(r) that is itself determined
by the statistical segments number density ρ(r) (Fig. 2.3). Also, the fact that it is not a
dynamic method like MD simulations allows it to bypass the issue of slow relaxation
times.

In this section, we aim to introduce SCFT and the necessary theoretical tools that go
along with it, through an example of a linear monodisperse diblock melt, which helps
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2.2 self-consistent field theory

Figure 2.3: Cartoon representation of polymer interacting with many polymers (left) vs. a poly-
mer interacting with a field w(r) determined by the segment number density ρ(r), illustrating
the main idea of SCFT.

familiarize the reader with the notation and methodologies used in Part II. Throughout
the thesis we use Greek characters to refer to different monomer types/chemistry while
for sums over chains, we use Latin characters.

We begin by considering an ensemble of identical linear diblock chains composed
of a block of monomers A and a block of monomers B. For simplicity, the statistical
segment length b is assumed to be the same for both blocks, while the volume of each
statistical segment is given by vα and the total number of segments is N. We model
these chains as continuous Gaussian chains, described by the space curve r(n), with
monomer count n, such that the entropic penalty to the polymer configurations is
given by Eq. (2.6). Alternatively, one can employ a lattice-based method such as in
Scheutjens–Fleer lattice theory47 to describe the conformations of the polymers more
accurately.

To describe the type of the statistical segments found along this space curve, we
introduce the function gα(n) which is equal to 1 if the type found at n is the same as α

and 0 otherwise. Consequently:∫ N

0
gα(n) dn = N fα, (2.16)

where fα is the fraction of the polymer that is of type α and ∑α fα = 1, but since we are
only dealing with a diblock here we set fA = f and fB = 1 − f .
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The weight of a particular chain configuration r(n) is thus given by:

P (r(n)) ∝ exp

[
−∑

a

3
2b2

∫ N

0

∣∣∣∣d(r(n))dn

∣∣∣∣2 gα(n) dn

]
. (2.17)

Now let us consider a canonical ensemble of n such identical polymers in a volume
V, in contact with a thermal reservoir of temperature T or inverse temperature β =

1/(kBT). The local statistical segment number density operator is given by:

ρ̂α(r) =
n

∑
i=1

∫ N

0
δ(r − ri(n)) gα(n) dn. (2.18)

Moreover, we define the path integral over all possible polymer configurations as:∫
D (r(n))P (r(n)) =

∫
D̂ (r(n)) = V, (2.19)

where the last step is simply our choice of normalization. Therefore, the partition
function in the canonical ensemble is given by:

ZC =
1
n!

n

∏
i=1

[
1
v∗

∫
D̂i(r(n))

]
exp (−βV{ρ̂α}) , (2.20)

where V{ρ̂α} is the coarse-grained interaction functional which we will define later on.
Note that we have also divided by a reference volume v∗ to make the partition function
unitless, since, after all, it is a sum of probabilities, and we are allowed to do so since
the partition function can be defined up to a multiplicative constant. Using Eq. (2.18),
the identity can be shown to be:

1 =
∫

D{ρα} δ (ρα − ρ̂α)

=
∫

D{ρα}
∫

i∞
D{wα} exp

[∫
dr wα(r) (ρα(r)− ρ̂α(r))

]
, (2.21)

where the path integral over the fields wα is performed from −i∞ to i∞. One can then
show that the partition function can be morphed into:

ZC =

{
∏

α

∫
D{ρα}

∫
i∞

D{wα}
}

exp [−βFC{ρα, wα}] , (2.22)

where we have defined the energy functional as:

βFC{ρα, wα} = βV{ρα} − ∑
α

∫
wα(r)ρα(r) dr − n ln

(
Q{wα}

n

)
, (2.23)
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and the single chain partition function, defined here as unitless, as:

Q{wα} =
1
v∗

∫
D̂(r(n)) exp

[
−∑

α

∫ N

0
wα(r(n)) gα(n)dn

]
. (2.24)

We are now ready to introduce the two approximations made in SCFT, which are to
approximate the two path integrals in Eq. (2.22) over the fields wα and densities ρα with
their saddle points. These two approximations are equivalent to finding the extrema of
the free energy functional with respect to the fields and densities, which lead to:

ρα(r) = −n
δ(ln(Q{wα}))

δ(wα(r))
, (2.25)

wα(r) =
δ(βV{ρα})

δ(ρα(r))
. (2.26)

These approximations render the fields and densities interdependent and additionally,
the densities are now equivalent to their mean-field solution46,48 i.e. ρa(r) = ⟨ρ̂α(r)⟩C,
where ⟨· · · ⟩C represents the ensemble average over all possible fields.

Alternatively, the same system can also be considered in the grand canonical ensemble
with the chains chemical potential set to µ, which is a more appropriate ensemble
when the system in question can exchange chains with its environment. The partition
function in the grand canonical ensemble is given:

ZGC =
∞

∑
n=0

{
eβµn

n!

n

∏
i=1

∫ 1
v∗

D̂{ri(n)}
}

exp [−βV{ρ̂α}] . (2.27)

Following the same steps as before, this can be rewritten as:

ZGC =

{
∏

α

∫
D{ρα}

∫
i∞

D{wα}
}

exp [−βFGC{ρα, wα}] , (2.28)

with the free energy now being:

βFGC{ρα, wα} = βV{ρα} − ∑
α

∫
wα(r)ρα(r)dr − eβµQ{wα}, (2.29)

where we used the fact that:
∞

∑
n=0

1
n!

xn = ex with x = eβµQ.

Upon the SCFT approximations the fields are still given by Eq. (2.26), whereas the
densities are given by:

ρα(r) = −eβµ δ(Q{wα})
δ(wα(r))

. (2.30)
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2.2 self-consistent field theory

Although in principle one could calculate the densities using Eqs. (2.25) and (2.30),
the calculation is intractable since the single chain partition function involves a path
integral calculation. Thankfully, there is a way to overcome this via another pathway.
We first rewrite Q{wα}:

Q{wα} =
1
v∗

∫
D̂{r(n)} exp

[
−
∫ N

0
∑
α

wα(r(n))gα(n)dn

]

=
1
v∗

∫
D{r(n)} exp

[
−
{∫ N

0

(
3

2b2

∣∣∣∣d(r(n))dn

∣∣∣∣2 + ∑
α

wα(r(n))gα(n)

)
dn

}]

=
1
v∗

∫
D{r(n)} exp[−βE [r(n); 0, N]] , (2.31)

where we have defined:

βE[r(n); n1, n2] = ∑
α

∫ n2

n1

(
3

2b2

∣∣∣∣d(r(n))dn

∣∣∣∣2 + wα(r(n))gα(n)

)
dn. (2.32)

Now the partial partition function of a chain fixed with the constrained points r(0) = r0

and r(n′) = r is given by:

G(r, r0, n′) =
∫

D{r(n)} exp
[
−βE[r(n)]; 0, n′

]
δ(r(0)− r0)δ(r(n′)− r), (2.33)

and due to the additive nature of E[r(n); n1, n2], namely:

E[r(n); 0, n′] = E[r(n); 0, t] + E[r(n); t, n′] for 0 ≤ t ≤ n, (2.34)

a type of Chapman-Kolmogorov integral equation holds:

G(r, r0, n) =
∫

dr1 G(r1, r0, t) G(r, r1, n− t). (2.35)

In general, these types of equations can be reduced to partial differential equations
known as Fokker-Planck equations (also by other names depending on the discipline
one encounters them in). This can be done by Taylor-expanding Eq. (2.35), which leads
to the following modified diffusion equation (MDE)46:

∂G(r, r0, n)
∂n

=

(
b2

6
∇2 − ∑

α

wα(r)gα(n)

)
G(r, r0, n),

with the initial condition given by:

G(r, r0, 0) = δ(r − r0). (2.36)

One can further define for a free chain end at n = 0, the forward propagator:

q(r, n) =
∫

dr0 G(r, r0, n), (2.37)
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2.2 self-consistent field theory

and thus reduce the MDE to an even simpler expression:

∂q(r, n)
∂n

=

(
b2

6
∇2 − ∑

α

wα(r)gα(n)

)
q(r, n), (2.38)

with the initial condition q(r, 0) = 1. Analogously one can define a complementary
partial partition function G†(r, rN , n′) with a fixed end r(N) = rN :

G†(r, rN , n′) =
∫

D{r(n)} exp
[
−βE[r(n), n′; N]

)
δ(r(n′)− r) δ(r(N)− rN), (2.39)

and following similarly to the forward propagator case, we can derive a similar MDE
for the backward propagator q†:

∂q†(r, n)
∂n

= −
(

b2

6
∇2 − ∑

α

wα(r)gα(n)

)
q†(r, n), (2.40)

with the initial condition q†(r, N) = 1. Lastly, it can be shown that the full single chain
partition can be expressed as a simple integral over these propagators:

Q{wα} =
1
v∗

∫
dr q(r, n)q†(r, n) =

1
v∗

∫
D{r(n)} exp [−βE[r(n); 0, N]] . (2.41)

We note that, in our definitions, the partition functions Q, ZC, ZGC, and the propagators
q(r, n), q†(r, n) are defined to be unitless. This choice is made explicit because the
definitions and units of these quantities often vary across the literature.

The density can be calculated via these propagators by noticing that:

δQ
δ(wα(r))

=
−1
v∗

∫
D(r(n))

∫ N

0
gα(n)δ(r − r(n)) exp [−βE [r(n); 0, N]] dn

= − 1
v∗

∫ N

0
q(r, n)q†(r, n)gα(n) dn , (2.42)

and using Eq. (2.25). The density in the canonical ensemble is thus given by:

ρα(r) =
n

Qv∗

∫ N

0
q(r, n)q†(r, n)gα(n) dn, (2.43)

while for the grand canonical ensemble, using Eq. (2.30) instead, the density is given
by:

ρα(r) =
eβµ

v∗

∫ N

0
q(r, n)q†(r, n)gα(n) dn. (2.44)

We next consider the calculation of the fields which are solely determined by the
functional βV{ρα} which we have so far ignored. This functional consists of terms
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2.2 self-consistent field theory

describing the monomer-monomer interactions Vinter and depending on the model
used, the density fluctuation and compressibility constraints Vo:

βV{ρα} = βVinter{ρα}+ βVo{ρα}. (2.45)

We first start with the monomer-monomer interactions which are typically short-range
interactions and can be reasonably described using Flory-Huggins interactions. For a
more thorough derivation see Schmid [48]. For further convenience we introduce the
dimensionless volume fractions ϕα = ραvα. The interactions functional can therefore be
written as:

βVinter{ρα} =
1

2v∗ ∑
α

∑
α ̸=β

∫
χαβϕαϕβ dr, (2.46)

and is essentially the interaction term from Eq. (2.10).
Now liquids such as melts and polymer solutions have a compressibility that is

usually large enough that one can model them as incompressible. This constraint can
be added to our theory by introducing a delta function:

δ

[
∑
α

ϕα − 1

]
, (2.47)

to Eqs. (2.20) and (2.27), which can then be converted into a new field ξ(r), in a similar
manner to how the other fields were introduced. The result is an additional term in the
free energies FC and FGC:

βVo{ρα} =
∫

ξ(r)

(
1 − ∑

α

ϕα

)
dr, (2.48)

and an additional term to the fields (2.26):

δ (βVo{ρα})
δ (ρα(r))

= −ξ(r)vα. (2.49)

However, it is often preferred, to relax such a constraint and allow the total volume
fractions to deviate from one, and instead of adding an explicit constraint, one adds a
harmonic term that penalizes any deviation away from one. Such a term was introduced
by Helfand49,50 and is written as:

βVo{ρα} =
κ

2v∗

∫ (
∑
α

ϕα(r)− 1

)2

dr, (2.50)

where κ is the isothermal compressibility.
The numerical solution of these equations (see Section 2.2.2), enables the calculation

of a phase diagram for the diblock melt, shown in Fig. 2.4c as a function of χN
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2.2 self-consistent field theory

and the block fraction f . Despite the seemingly bold assumptions presented earlier,
SCFT remarkably manages to capture the phase diagram of diblock copolymer melts
quite well, as demonstrated by comparison with experimental data for a polyisoprene
(PI)–polystyrene (PS) melt in Fig. 2.4b. One notable difference between experiments
and SCFT is that for a symmetric diblock, the disorder-lamella (Fig. 2.4a-L) transition,
is predicted in SCFT to occur at the multicritical order disorder transition (ODT)
point, shown in Fig. 2.4c. In experiments however, the melt is still disordered51 at
this SCFT predicted point, and the transition that happens at larger values of χN, is
in fact first order. This discrepancy, is due to SCFT effectively ignoring fluctuations,
which are present for finite values of N. The omission of fluctuations overestimates
the stability of ordered phases, but more sophisticated theories44,52–54 can incorporate
these fluctuations and predict more accurate values of the ODT for finite values of N.
In addition, SCFT has managed to show that if one assumes a certain conformational
asymmetry between the blocks, i.e., different statistical segment sizes and volumes
between the monomers A and B, that Frank-Kasper phases, such as the A15 and σ

phases are possible55.
As a last point in this section, we turn our focus to polymers in a solution (S).

Assuming a canonical ensemble with nS solvent particles or a grand canonical ensemble
with a solution chemical potential µS, the partition functions for polymers in an explicit
solvent are given by:

ZC =
1
n!

n

∏
i=1

[
1
v∗

∫
D̂i(r(n))

]
1

nS!

nS

∏
k=1

[
1
v∗

∫
drk

]
exp (−βV{ρ̂α, ρ̂S}) , (2.51)

ZGC =
∞

∑
n=0

{
eβµn

n!

n

∏
i=0

1
v∗

∫
D̂{ri(n)}

}
∞

∑
nS=0

{
eβµSnS

nS!

nS

∏
k=1

1
v∗

∫
drk

}
× exp [−βV{ρ̂α, ρ̂S}] , (2.52)

and the local concentration of the solvent is given by:

ρ̂S(r) =
nS

∑
k=1

δ(r − rk). (2.53)

Following the same steps as before, the free energies can be expressed as:

βFC{ρα,wα, ρS, wS} = βV{ρα, ρS} − ∑
α

∫
wα(r)ρα(r) dr

−
∫

wS(r)ρS(r) dr − n ln
(
Q{wα}

n

)
− nS ln

(
QS{wS}

nS

)
, (2.54)

βFGC{ρα,wα, ρS, wS} = βV{ρα, ρS} − ∑
α

∫
wα(r)ρα(r) dr

−
∫

wS(r)ρS(r) dr − eβµQ{wα} − eβµSQS{wS}, (2.55)
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Figure 2.4: (a) Representation of the diblock melt morphologies: Lamellar (L), cylindrical (C),
bcc spherical (S), gyroid (G) and Fddd (O70). (b) Phase diagram obtained from experiments
of Polyisoprene-Polystyrene diblock with a Polyisoprene block fraction f against the Flory-
Huggins parameter χN. (a,b) Figures adapted from Ref.[56]. (c) SCFT calculation of diblock
copolymer with conformational symmetry between blocks. Note that an additional spherical
hcp phase (Scp) is predicted. The order-disorder transition (ODT) point is marked by a dot in
the center. Figure adapted from Ref.[57] with permission from the American Chemical Society.
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2.2 self-consistent field theory

where the solvent particle partition function is given similarly:

QS{ρS} =
1
v∗

∫
exp [−wS(r)] dr. (2.56)

The solvent concentrations are then given by:

ρS(r) =
nS

v∗QS
exp [−wS(r)] , (2.57)

in the canonical ensemble and in the grand canonical ensemble by:

ρS(r) =
exp(βµS)

v∗
exp [−wS(r)] . (2.58)

The calculation of the monomer densities and the fields follow the same equations as
before, although now V includes interactions with the solvent and therefore is written
as:

βVinter{ρα, ρS} =
1

2v∗ ∑
α

∑
α ̸=β

∫
χαβϕαϕβ dr +

1
2v∗ ∑

α

∫
χαSϕαϕS dr, (2.59)

and

βVo{ρα, ρS} =
κ

2v∗

∫ (
ϕS(r) + ∑

α

ϕα(r)− 1

)2

dr. (2.60)

Lastly, one can instead model the solvent implicitly. First, one considers a polymer
solution with no polymer-solution interactions and the equivalent incompressibility
constraint from (2.47), i.e.,:

δ

[
ϕS + ∑

α

ϕα − 1

]
, (2.61)

into the partition function. One can then convert the delta function again into a field
ξ(r), set ϕS = 1 − ∑α ϕα and since wS(r) = ξ(r)vS (where vS is the solvent particle
volume), one can determine ξ(r) fully by ρα(r) using equations (2.57) and (2.58). This
results in the following expression for the fields:

wα(r) =
δ(βVinter{ρα})

δ(ρα(r))
− vα

vS
ln

(
1 − ∑

α

ϕα(r)

)
. (2.62)

These fields can be alternatively computed by adding a potential Vo:

βV0{ρα} =
1
vS

∫
dr

(
1 − ∑

α

ϕα(r)

)
ln

(
1 − ∑

α

ϕα(r)

)
+

1
vS

∫
dr ∑

α

ϕα(r), (2.63)
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which is equivalent to the potential term derived from the Sanchez-Lacombe equation
of state48,58. This way, we effectively perform the integral over the positions of the
solvent in the partition function and no longer have to account for the partition function
QS, the fields wS, and the chemical potential µS, which is why this is considered an
implicit solvent. For completeness, the free energies of a polymer solution in an implicit
solvent are given by:

βFC{ρα, wα} = βV{ρα} − ∑
α

∫
wα(r)ρα(r) dr − n ln

(
Q{wα}

n

)
, (2.64)

βFGC{ρα, wα} = βV{ρα} − ∑
α

∫
wα(r)ρα(r) dr − eβµQ{wα}, (2.65)

where the functional βV{ρα} is given by:

βV{ρα} = βVinter{ρα}+ βVo{ρα}, (2.66)

and the two terms above are given by (2.59) and (2.63).
Although in some special cases the above self-consistent equations may be exactly

solvable, it is often the case that they need to be solved numerically. In the next
subsection, we introduce the numerical scheme involved in solving such equations, and
also explain some variations of the steps involved in such endeavor.

2.2.2 Numerical Scheme

Numerically solving the self-consistent equations involves the iterative procedure
shown in Fig. 2.5, whereupon one begins with an initial guess for the fields wα(r) or
the densities ρα(r) (where one can calculate the fields via Eq. (2.26)) and then proceeds
by calculating the forward q(r, n) and backward q†(r, n) propagators by solving the
pair of MDEs in (2.38) and (2.40). We refer to the fields used in the latter step as
the old fields wold

α (r). Once the propagators have been calculated, one can calculate
a set of new densities ρnew

α (r) via Eqs. (2.43) or (2.44) depending on the ensemble
used, and the corresponding new fields wnew

α (r) via Eq. (2.26). Then, the new and old
fields (or densities) are compared, to access whether convergence has been achieved.
This is usually done by testing whether the l2-norm between new and old, is below a
user-defined value. If the convergence criterion has not been reached, then the new
fields are mixed with the old via a mixing scheme and are then used to calculate a
new set of propagators as in the second step. This procedure does not guarantee that
the converged solution is the global minimum, since the saddle-point approximation
employed in SCFT allows for convergence to metastable states as well.

The state to which the scheme will converge is dependent on many variables, in-
cluding the initial guess, the numerical method involved in solving the MDEs, and
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Initial guess for
wα(r) or ρα(r)
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new fields via

Eq. (2.26)

Solve MDE for
q and q†via Eqs.
(2.38) and (2.40)

YES

NO

Figure 2.5: Flowchart representation of the numerical scheme involved in solving the self-
consistent equations.
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the mixing scheme. For example, when applying this numerical scheme in the grand
canonical ensemble for micelles, consisting of solvophobic and solvophilic monomers,
we found that the initial guess was of great importance in converging to meaningful
inhomogeneous states and not the uninteresting homogeneous state. Therefore, to start
with a good initial guess, we often first solved a constrained version of these equations,
whereupon we would force the solvophobic density in a region of the simulation box
to be above a user-defined value (acting effectively as a nucleus). Then we used the
converged solution as an initial guess for the unconstrained self-consistent equations.

The most computer-intensive part of this numerical scheme is in finding the solution
to the MDEs. Depending on the problem and its associated boundary conditions,
different methods may be preferred. For highly symmetric and periodic structures, such
as those found in diblock melts, where one is usually already aware of the possible
morphologies, the spectral method may be applied11. Such a method, solves the MDEs
by using a basis, oftentimes a Fourier series basis, for the spatial component of the
propagators. This method reduces the problem into a problem of coupled first-order
ODEs with respect to the monomer count n, which can be solved much faster than
the original MDEs11,44,46. One of the main issues of this method however, is that if the
fields wα(r) are sharp or insufficiently smooth—such as near boundaries—more basis
functions are required for an accurate representation. This increases the number of
coupled ODEs that must be solved, thereby raising the computational cost.

Alternatively one could employ a real-space method to solve the MDEs, which is more
appropriate when dealing with complex boundary conditions and low-dimensional
problems, which are not that computationally expensive. To do this, one can use a
finite difference scheme to discretize the MDEs in both the contour and the spatial
dimensions. For example, in the scenario where only one dimension is relevant to the
problem e.g. lamella, the spatial dimension, say X, would be discretized into Nx points,
while the polymer contour would be discretized into Ns points. Solving the MDEs
would then be transformed into a linear algebra problem, which depending on the
finite difference scheme used, can be solved with a computational cost scaling with
O(Nx) and O(Ns). The Crank-Nicolson scheme is a common finite difference scheme
that can be shown to be unconditionally stable i.e. the fineness of the polymer contour,
does not impact the propagation of errors when solving for successive steps along the
polymer contour, and only impacts the accuracy of the solution, not its stability44. An
adaptive version of this method is described more explicitly in Chapter 4.

Another very efficient method that we also employed and is commonly used with
periodic-boundary conditions, is the pseudo-spectral method. This method takes ad-
vantage of the fact that the Laplacian operator found in the MDEs is local in reciprocal
space and performing its computation there instead of real space is a far more efficient
pathway.
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The first step in this method is to integrate Eq. (2.38) from n to n+ ∆n for some small
∆n which results in the following expression:

q(r, n+ ∆n) = exp (L∆n) q(r, n), (2.67)

which we can do because L = LD + LW is a linear operator and is composed from the
operators LD = b2/6∇2 and LW = −∑α wα(r)gα(n). Eq. (2.67) can be then approxi-
mated as:

q(r, n+ ∆n) = exp
(
LW∆n/2

)
exp

(
LD∆n

)
exp

(
LW∆n/2

)
q(r, n) +O(∆n3). (2.68)

One can then insert the identity operator, 1 = F−1F, where F is the Fourier transform
operator and commutes with the LD operator. This leads to:

q(r, n+ ∆n) = exp
(
LW ∆n

2

)
F−1

{
exp

(
LD∆n

)
F

[
exp

(
LW ∆n

2

)
q(r, n)

]}
. (2.69)

The gradient operator ∇, acting on the Fourier transform, is equivalent to multiplying
with ik, where k is the reciprocal vector and therefore the action of LD leads to the
final expression:

q(r, n+ ∆n) = exp
(
LW ∆n

2

)
F−1

{
exp

(
−(

b2

6
k2)∆n

)
F

[
exp

(
LW ∆n

2

)
q(r, n)

]}
. (2.70)

Although transforming between real and reciprocal space may seem cumbersome at
first, the fact that the Fast Fourier Transform (FFT) algorithm can be leveraged, means
that the computational time scales like No log(No) for an No amount of spatial points.

As a last point in this iteration scheme, one has to mix the new values of the fields
with old values of the fields for stability reasons instead of just using the new values.
The iteration scheme can be viewed as a mapping, where the fields at the kth iteration
are mapped to updated fields i.e.:

wnew
α (r) = ∆(wk

α(r)). (2.71)

The new fields, are then taken and mixed according to a mixing scheme, the simplest
of which is called simple mixing, whereupon a small percentage λ (typically less than
10 %) of the new fields is mixed with the old fields i.e.:

wk+1
α (r) = wk

α(r) + λ(∆(wk
α(r))− wk

α(r)). (2.72)

Another method, that we found to be quite successful in our work is lambda mixing59,
which uses an adaptive mixing percentage to accelerate the convergence, but is also
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more stable than just simple mixing. In this scheme λ changes at every iteration and is
defined as:

λk =

√
∑α |wk

α − wk−1
α |2

∑α |∆(wk
α)− wk

α − (∆(wk−1
α )− wk−1

α )|2
, (2.73)

where the vertical lines are considered as a sum over all discretized spatial points. More
advanced methods, like Anderson mixing60, instead use the fields from multiple past
iterations to enhance the stability and make no use of empirically user-defined values
like mixing percentages as in simple mixing. Oftentimes, with such a mixing method
we had found that the initial state played a large role in the converged state, as stated
earlier, so we opted to only use lambda mixing in our work.

2.2.3 Strong Stretching Theory

In this last subsection we aim to introduce the reader to the Strong Stretching The-
ory/Limit, introduced first by Semenov10, but written in its modern path integral
formulation later by Milner et al. [61]. This theory goes a step further than SCFT and
assumes not only that the polymers are highly packed and that their fluctuations
are insignificant, but also that the polymers are highly stretched. This assumption is
justified for systems where repulsion between monomers are strong, as in diblock melts
where χN ≫ 1, or in polymer brushes that are densely packed. Under this assumption,
the conformations of polymers are heavily restricted, and are mostly found around
their ’classical path’. This means that the single chain partition function (2.31) can be
approximated by a third saddle point approximation.

To demonstrate how this theory/approximation can be used to extract information
about a system, we demonstrate its application in monodisperse, planar, densely
packed, linear homopolymer brushes under good solvent conditions. In this scenario
the canonical free energy is given by:

βFC{ρ} = βV{ρ} −
∫

w(r)ρ(r) dr − n ln
(

Q
n

)
. (2.74)

The interaction functional in this scenario can be approximated using the equation of
state in Eq. (2.14) by taking the limit NA → ∞ and according to Schmid [62] then the
functional βV can be expressed as:

βV{ρ} = βVo{ρ} =
∫

dr ρ(r)
∫ ρ(r)

0
dρ′

Π(ρ′)

(ρ′)2 ≈ vex.

2

∫
ρ(r)2 dr (2.75)

Under the SCFT approximation the field can of course be written as:

w(r) = ρ(r)vex.. (2.76)
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Setting z as the direction perpendicular to the surface, simplifies the problem to a
one-dimensional problem, since there is no variation of the density profiles in the x
and y directions. Under SST the single chain partition function as mentioned, can be
approximated by its saddle point, i.e.,:

Q =
1
v∗

exp

[
−
{∫ N

0

(
3

2b2

∣∣∣∣d(z(n))dn

∣∣∣∣2 + w(z(n))

)
dn

}]

=
1
v∗

exp
[
−
{∫ N

0
L
{

z(n),
dz
dn

}
dn
}]

, (2.77)

where z(n) is "classical path" of the chain, so-called because the saddle-point approxi-
mation of Q results in extremizing the exponent, and thus the classical "equation of
motion", given by the Euler-Lagrange equation:

∂L
∂z

− d
dn

(
∂L

∂( dz
dn )

)
= 0. (2.78)

One of the chain ends is of course grafted to the surface and therefore z(n = 0) = 0,
while the other end needs to be tensionless due to the extremization, i.e.,:

dz
dn

∣∣∣∣
n=N

= 0. (2.79)

In this context, the free polymers ends have no benefit from not being distributed
throughout all of the polymer brush and thus there are no spaces in the polymer brush
devoid of chain ends, i.e., there are no end-exclusion zones (EEZs). As we will see in
Chapter 3, this is not always the case.

Nonetheless one can proceed and solve Eq. (2.78), for a chain of N statistical segments
and its chain end at z(N), and get the following expression:

dz
dn

(n) =

√
2b2

3

√
w(z(n))− w(z(N)). (2.80)

Furthermore, one can define the chain size associated with a chain end at z with the
inverse function N(z), which is of course constant in our case since we are considering
a monodisperse polymer brush. Thus:

N = N(z) =
∫ N

0
dn =

∫ z

0

1
dz′
dn

dz′

=

√
3

2b2

∫ w(z)

w(0)

dz′
dw(z′)√

w(z′)− w(z)
dw(z′)

=

√
3

2b2

∫ U

0

dz(U′)
dU′√

U − U′
dU′ = N(U), (2.81)
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where we introduced the transformation w(z) = w(0)− U(z). One can then use an
Abel transform to reverse this integral equation, resulting in:

dz
dU

=
N
π

√
2b2

3
1√
U

, (2.82)

and integrating the above leads to:

z(U) =
2N
π

√
2b2

3

√
U, (2.83)

which is the famous quadratic dependence of U that is often used in many other
contexts regarding polymers in the SSL27. Lastly, using Eq. (2.76) the density profile of
a brush with thickness h can be shown to be:

ρ(z) = (h2 − z2)
( π

2Nb

)2 3
2vex.

, (2.84)

which is a well-known result for planar brushes in a good solvent.
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3.1 introduction

3.1 Introduction

Tethering polymers onto a substrate is an efficient and versatile strategy to engineer
surfaces with adjustable and potentially responsive characteristics. The resultant struc-
tures, known as polymer brushes, have been the subject of intensive exploration for
several decades. These brushes find applications in diverse fields, including protein im-
mobilization and isolation63–65, water filtration enhancement, anti-fouling65,66, bacterial
adhesion, surface wettability tuning67–69, colloid stabilization70, as well as in designing
responsive colloids71 and soft surfaces67,72–74.

Theoretical frameworks for understanding polymer brushes have evolved since the
1970s, starting with the seminal work by de Gennes75 and Alexander76. Sophisticated
mean-field approaches such as the self-consistent field (SCF) theory77 and the analytical
strong-stretching theory (SST)61,70 have facilitated comprehensive investigations into
brush properties78–83, including monomer density and chain end distribution. Further-
more, such theories are also used to describe the molecular structure of copolymer-based
micelles, membranes, and bulk mesophases83–93. In theory, it is common to adopt sim-
plifying assumptions, with one prevalent choice being the assumption that brushes
consist of polymer chains of uniform length, also known as the monodisperse limit.
However, in reality, most polymer brushes exhibit polydispersity, characterized by
broad chain length distributions. Despite this, only a handful of papers have delved
into the implications of polydispersity. An influential semi-analytical extension of SST
was devised by Milner, Witten, and Cates in 1989 [94]. Subsequent theoretical and simu-
lation studies focusing on polydisperse brushes have highlighted significant variations
in their properties compared to their monodisperse counterparts95,96.

A key reason for the prevalence of polydisperse brushes is the limited precision
in controlling chain lengths and grafting density afforded by current brush synthesis
methods97. The most precise approach in this regard is the ”grafting to” method98,99,
where polymers are synthesized prior to attachment to a surface. This permits a narrow
chain length distribution, but comes with the limitation of achieving only relatively low
grafting densities. The challenge arises from the difficulty of introducing new chains
near the substrate once other polymers have been already introduced. In the ”grafting
from” method99,100, chains grow monomer by monomer from the solution, originating
from initiators attached to the substrate. While this method enables the creation of
denser brushes99, it comes with the trade-off of less control over the chain length
distribution. Finally, the recently introduced ”grafting through”101 adopts a strategy
akin to the ”grafting from method” but employs a porous membrane as a substrate.
Monomers are supplied from a solution on the membrane side opposite to the brush. As
the monomers approach the initiators from below, shorter chains can grow more readily
than longer chains, leading to a more uniform chain length distribution. However, this
method has limitations in substrate choice and is less universally applicable compared
to other methods.
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3.1 introduction

Here, our focus lies on dense brushes with chain length distributions typical of those
resulting from the ”grafting from” method. In such instances, the chain length distribu-
tions exhibit a similar overall form, resembling those of polymers grown in solution.
These distributions are often well-described by the Schulz-Zimm distribution102,103.

Recent developments have enabled the design of structures where polymers are
attached to spherical nanoparticles104–107, commonly referred to as "hairy" particles,
or onto cylindrical nanopores107–111. In the former case, polymer brushes have been
employed to regulate the distribution of nanoparticles in a solution or to alter the
rheological properties of the nanoparticle dispersion. In the latter case, cylindrical
nanopores were coated with responsive polymers capable of either closing or opening
the nanopore depending on the solvate. It is crucial to note that the polymers attached
to these nanopores and particles often possess a radius of gyration that can be of the
same order, or even many orders of magnitude larger than the size of the pore or
particle. Therefore, it is natural to anticipate significant effects from geometric curvature
constraints in this scenario.

The impact of curvature on the structure of polymer brushes has been subjected
to theoretical examination for many years by various researchers112–118. A notable
prediction posits the existence of a ”dead zone” or ”End Exclusion Zone” (EEZ), marked
by the lack of free end monomers91,112,113,116,118. However, these investigations have
predominantly focused on monodisperse brushes, or, at most, bidisperse119 brushes.
In the latter case, it was found that adding a small amount of longer chains can
significantly diminish the bending modulus of molten brushes119.

The present authors are only aware of two theoretical studies addressing the conjoined
influence of polydispersity and curvature, a Monte Carlo simulation by Dodd and
Jayaraman [120]. They observed that polydispersity exerts a pronounced effect on the
distribution of chain ends, shifting them closer to the surface eliminating the dead
zone in the process. Analytical or semi-analytical mean-field theories can help to
rationalize and predict such phenomena at low computational cost. In particular, given
the historical success of SST and the increasing technological relevance of strongly
curved polydisperse brushes, an expansion of the SST to accommodate curved brushes
appears highly desirable.

In the present study, we extend the semi-analytical SST framework developed by
Milner et al. [94] for polydisperse brushes, adapting it to dense brushes on curved
surfaces with arbitrary curvature. Our investigation primarily centers on spherical
geometries under good solvent conditions, delving into the brush structure across a
range of experimentally relevant or theoretically promising chain length distributions.
The SST framework yields results consistent with Dodd and Jayaraman’s findings.
However, depending on the chain length distribution, we find that dead zones are still
possible in polydisperse brushes. Moreover, we show that it is even possible to engineer
a dead zone such that it appears at some distance from the substrate. Lastly, we show
that it is possible to engineer a desired chain end distribution.
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3.2 theoretical model

The rest of the paper is organized as follows. In section 3.2 we introduce the model
and briefly go over the foundations, while also providing the analytical extension of
polydisperse brushes on curved geometries. In section 3.3 we present results obtained
from the analysis of our model for the Schulz-Zimm distribution 3.3.1 and explore the
effect of polydispersity on the chain end profiles, bending moduli and more. Moreover,
in section 3.3.2 we explore the emergence of an EEZ in polydisperse brushes and show
that it is possible within the framework of SST, for an EEZ to also exist within the brush.
Furthermore, in section 3.3.3 we show that the self-consistent equations in 3.2 can be
also used to design chain end profiles.

3.2 Theoretical Model

We consider a polymer brush that is grafted upon a curved surface. The grafting density
is given by σ and each chain i may have a different chain length Ni, characterizing
the number of segments. The chain lengths are distributed according to a prescribed
probability distribution P(N). The local geometry of the substrate at a given surface
point is characterized by the mean curvature H = 1

2 (
1

R1
+ 1

R2
) and the Gaussian

curvature K = 1/(R1R2), where R1 and R2 are the radii of curvature (see Fig. 3.1a).
A useful formula regarding the geometry is the Steiner formula, which describes the
fraction of areas between an area element on the substrate and one which is parallel at
a perpendicular distance z (see Fig. 3.1b). It is given by

g(z) = 1 + 2Hz + Kz2. (3.1)

We assume that the chains are sufficiently long that they can be described as Gaussian
chains with statistical segment length a. Chains i are thus modelled by continuous
curves ri(n) with n ∈ [0 : Ni]. Non-bonded interactions are described by an energy
functional V [ϕ̂], where ϕ̂(r) is the number density of monomers given by

ϕ̂(r) = ∑
i

∫ Ni

0
dn δ(r − ri(n)). (3.2)

Consequently, the Hamiltonian of a patch of unit area on the substrate is given by

H[{ri}]
kBT

= ∑
i

∫ Ni

0
dn

3
2a2

∣∣∣∣dri(n)
dn

∣∣∣∣2 + V [ϕ̂]. (3.3)

Here the sum on the r.h.s runs over all chains in the patch, the first term describes the
conformational energy of Gaussian chains, and the term V [ϕ̂] accounts for nonbonded
interactions between monomers. In the following, we primarily focus on the good
solvent case, whereupon the excluded volume interaction is given to first approximation
by

V [ϕ̂] = w
2

∫
d3r ϕ̂(r)2, (3.4)

42



3.2 theoretical model

|R1|

R2

(a) (b)

A

z

A' = A g(z)

Figure 3.1: (a) Principle radii of curvature at a point on a curved surface: The largest and
smallest radii of tangent circles, where by convention, a radius is negative if the curvature turns
upwards (as for R1). (b) Illustration of the Steiner formula.

where w is the excluded volume, but the theory can also be applied to other types of
potentials, and to incompressible melts (see Appendix 3.7.1).

3.2.1 Background: SCF and SST approximations

In the regime of high grafting density, the chains are closely packed together, and
a chain has many more interactions with its neighbouring chains than it has with
itself. In such an instance, density fluctuations are suppressed and one can justifiably
employ a mean-field approximation, where chains are taken to move independently in
the average field of the surrounding chains. This leads to the popular self-consistent
field (SCF) theory [50]. The conformations of chains i of length Ni are independently
distributed according to the distribution functions Pi[ri] ∼ exp

(
− Si[ri; W]

)
with the

”action”

Si[ri; W] =
∫ Ni

0
dn
( 3

2a2

∣∣∣∣dri(n)
dn

∣∣∣∣2 + W
(
ri(n)

))
, (3.5)

where W(r) = δV/δϕ(r), i.e., W(r) = w ϕ in the good solvent case. In the incom-
pressible melt case, W(r) acts like a constraint field that adjusts itself such that ϕ(r)
is constant (ϕ(r) ≡ ϕ̄) everywhere. The distributions Pi[ri] can be used to calculate
the average segment density ϕ, but they also depends on ϕ via W(r), which creates
a self-consistent loop. The SCF Ansatz reduces the complexity of the problem con-
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3.2 theoretical model

siderably, but the numerical solution of the SCF equations remains time consuming
for polydisperse brushes especially in the limit of very long chains and high grafting
densities.

In this limit, however, a further simplification is provided by the Strong-Stretching
approximation or Strong-Stretching theory (SST)70,94. It assumes that fluctuations of
chain conformations are small, because the natural scale of such fluctuations is the
radius of gyration, while the end-to-end distance of stretched chains may be much
larger in dense brushes. Thus the ensemble averages over conformations of chains
with a given length Ni are approximated by the most probable ones, i.e., the ones that
minimize the actions Si[ri(n)] (Eq. 3.5). Due to symmetry, the problem is now reduced
to a one dimensional problem for the paths zi(n) in the direction z perpendicular to
the substrate.

Following Milner et al. [94], we further define a ”potential” U as

U(z) = W(0)− W(z) =: Umax − W(z). (3.6)

Minimizing Eq. (3.5) with respect to zi(n) with the constraint zi(0) = 0 then gives the
Euler-Lagrange equation

3
a2

d2zi

dn2 = −dU
dz

∣∣∣
z=zi

, (3.7)

and the boundary condition (dzi/dn)
∣∣

Ni
= 0. The latter results from the minimization

with respect to zi(Ni) and corresponds to the physically reasonable requirement that
chain ends are tensionless61. Furthermore, we can identify integration constants

E(Ni) =
3

2a2

(
dzi

dn

)2

+ U(zi) ≡ const., (3.8)

which depend on the chain length Ni, and can be calculated as E(Ni) = U
(
zi(Ni)

)
(using (dzi/dn)

∣∣
Ni

= 0). This allows us to derive an expression for the tension dzi/dn
of a chain i of length Ni at the segment n as a function of the potential U

(
zi(n)

)
and

the integration constant E(Ni):

dzi

dn
=

√
2
3

a
√

E(Ni)− U
(
zi(n)

)
. (3.9)

Next, we make two further physically reasonable assumptions. First, the tension
|dzi(n)/dn| drops monotonically from the grafting point to the chain end. This implies,
by virtue of Eq. (3.7), that U(z) is a strictly monotonous function. Second, we assume
that chains with a larger length have their ends placed further away from the substrate
than their shorter counterparts. As a consequence, a monotonically increasing relation-
ship can be established between the potential U, z(U), and the length N(U) of a chain
which has its end at distance z(U) from the substrate.
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3.2.2 SST approach for curved brushes

Based on the above model and approximations, we can derive a set of self-consistent
equations for polydisperse curved brushes. In the following, we will summarize these
equations. A detailed derivation and an algorithm to solve them are presented in the
Appendix, 3.7.2 and 3.7.6.

Before listing the self-consistent equations, we note that by inserting z(U), we can
express the local monomer density ϕ(z) as a function of the potential U. Specifically,
for brushes in good solvent, we have (using Eqs. (3.4,3.6))

ϕ(U) = (Umax − U)/w. (3.10)

For melts, the relation is even simpler:

ϕ(U) ≡ ϕ̄melt. (3.11)

Furthermore, we define a ”projected monomer density”, λ(U), such that λ
(
U(z)

)
dz is

the amount of monomers between z and z + dz per substrate unit area. Another useful
quantity is the ”cumulative end density” σc(U), which is defined such that σc(U)/σ is
the fraction of chains with ends located at distances less than z(U) from the substrate.

In the absence of an EEZ, our self-consistent set then consists of four equations: The
first allows one to determine z(U) from a given function N(U),

z(U) =

√
2
3

a
π

∫ U

0
dU′ N(U′)

1√
U − U′

. (3.12)

The second subsequently gives the projected monomer density λ(U) as a function of
z(U),

λ(U) = ϕ(U) g
(
z(U)

)
(3.13)

(g(z) was introduced in Eq. (3.1)). The third expresses the cumulative end density σc(U)

in terms of λ(U),

σc(U) = σ −
√

2
3

a
π

∫ Umax

U
dU′ λ(U′)

1√
U′ − U

. (3.14)

Since σc(0) = 0, this equation also encompasses an expression for σ. Finally, the fourth
equation connects σc(U) with the chain length distribution P(N) and can be used to
determine N(U) from σc(U),

σc(U)

σ
=
∫ N(U)

0
dN′ P(N′) (3.15)

which closes the self-consistent loop. Eq. (3.13) follows directly from the definition
of the projected monomer density λ(U), and Eq. (3.15) from the definition of the
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cumulative end density σc(U), taking into account that N(U) increases monotonically.
The derivations of Eqs. (3.12) and (3.14) are detailed in Appendix 3.7.2.

In the presence of an EEZ, Eq. (3.15) does not fully determine the function N(U),
because σc(U) is constant inside the EEZ region. This introduces an apparent ambiguity.
The reason is that N(U) has no physical meaning inside the EEZ, since the EEZ does
not contain any chain ends by definition. However, the ambiguity can be removed if
one adds, as a fifth equation in the self-consistent set, the explicit requirement:

dσc(U)

dU

{
> 0 outside EEZs

= 0 inside EEZs
(3.16)

This requirement, together with Eqs. (3.12)–(3.15), then uniquely determines N(U) in
the whole range of U. We can rationalize the physical meaning of N(U) inside the
EEZ by imagining a modified chain length distribution that would be identical to the
one considered, but has a vanishingly small population of chains with the appropriate
chain lengths that would fill in the EEZ. Such a brush would have almost identical
properties than the original brush, but N(U) would be perfectly defined everywhere.

When can we expect an EEZ? To answer this question, we inspect the following
explicit expression for dσc(U)/dU,

dσc

dU
=

√
2
3

a
π

( λ(Umax)√
Umax − U

−
∫ Umax

U
dU′ dλ

dU′
1√

U′ − U

)
(3.17)

which is derived in Appendix 3.7.2. The equation shows that dσc(U)/dU can only
vanish if there are regions inside the brush where the projected monomer density, λ,
increases as a function of U and hence z. In general, the monomer density ϕ decreases
monotonically with increasing z (see, e.g., Eqs. (3.10) and (3.11)). Hence, considering
Eq. (3.13), we see that EEZs can only occur in convex brushes where g(z) increases
with z. A second obvious requirement is the existence of a gap in the chain length
distribution, i.e., P(N) is zero for a range of chain lengths below the maximum chain
length.

In addition to the equations listed above, we also use reorganized versions of
Eqs. (3.12)-(3.14) in our actual algorithm to enforce the requirement (3.16). They are
listed in Appendix 3.7.2.

Having solved the self-consistent equations, one can use the solution to calculate the
free energy per substrate area A of the brush via

F
A kBT

= V [ϕ] + 1
2

∫ Umax

0
dU′ λ(U′) z(U′). (3.18)

The theoretical background and the derivation of Eq. (3.18) are detailed in Appendix
3.7.1. Specifically, the term V [ϕ] can be expressed as

V [ϕ] = 1
2

∫ Umax

0
dU′ dz

dU′ λ(U′) (Umax − U′) (3.19)
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in the good solvent case, and as V [ϕ] = 0 in the melt case.
For completeness we also define one further quantity that we will use below. One

is the projected chain end density ε(z) which is defined as the amount of chain ends
between z and z + dz per substrate unit area. It can be related to quantities introduced
above in a straightforward manner:

ε(z) dz =
dσc(U)

dU
dU = σ P(N) dN. (3.20)

In the remainder of this paper, we will mostly discuss brushes in good solvent. We
will assume that the chain length distribution P(N) has an upper bound, and hence
the brush has a well-defined height h, above which the monomer density vanishes. In
that case, we can identify Umax = U(h). We should note, however, that this assumption
is not strictly necessary.

3.3 Results and Discussion

We will now present and discuss some results obtained with the SST framework
introduced in the previous section. With few exceptions, we mostly show results for
spherical geometries; the results for cylindrical geometries were qualitatively similar.

We will first consider brushes with chain lengths distributed according to the experi-
mentally relevant Schulz-Zimm distribution, which we will characterize with respect to
brush height, chain end density profiles, and curvature elastic moduli. Then we will
consider other chain length distributions and discuss, among other, the emergence of
end exclusion zones. Note that we limit our results to values of σw/a ≤ 1, since w has
the physical interpretation of an excluded volume, and σw/a ≈ 1 thus marks the limit
where grafted monomers on the surface are densely packed.

3.3.1 Polydisperse brushes with Schulz-Zimm distribution

The Schulz-Zimm distribution is essentially a Gamma distribution with mean Na and
variance N2

a /k. Experimentally, the variance is often characterized in terms of the
polydispersity index, which is defined as the ratio of weight averaged and number
averaged chain length, Nw/Na = ⟨N2⟩/⟨N⟩2 = 1 + 1/k.

For numerical convenience, we use a truncated version of the Schulz-Zimm distribu-
tion:

P(N) = N

Nk−1 exp(−k N/Na), if P(N) > pcut

0 otherwise
(3.21)

where the normalization factor N is chosen as to ensure
∫

dNP(N) = 1. The maximum
cutoff value employed was set to pcut = 0.005. The truncation effectively establishes
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both a minimum and maximum chain length. It aids in bypassing numerical issues
associated with small numbers of P(N) and also facilitates a straightforward definition
of the brush thickness h as the distance from the substrate at which the monomer
density vanishes.

In the following, we present and analyze results derived from the solution of the
self-consistent equations relevant to curved polydisperse brushes in spherical and
cylindrical geometries. We employ Schulz-Zimm distributions corresponding to poly-
dispersity indices of 1.02, 1.2, and 2. The first index of 1.02 is considered primarily
for prospective interests, as achieving such narrow polydispersities is challenging in
practical applications. Such precise control of the polymer size is restricted to special
cases such as for example biopolymers or precision polyamides121. The latter two
indices are of greater experimental significance, as they are more easily accessible.

Before we proceed to the results, it is important to highlight some limitations of the
Ansatz: First, in highly polydisperse brushes, the outermost parts of the longest chains
are expected to be in the ’mushroom’ regime and not in the conditions assumed by the
SST. However, because of the relative small portion of such chains, the expected impact
on our results would be minimal. Second, in strongly curved concave geometries,
the SST becomes questionable if the width of the brush layer becomes comparable to
the curvature radius. If the free ends of polymers that have grafted ends in different
substrate regions intermingle, one expects a cross-over from the strong-stretching
regime to a concentrated bulk melt, and the theory should be modified accordingly. If
the brush width exceeds one of the curvature radii, our SST Ansatz cannot be used at
all because the Steiner formula (3.1) is no longer valid.

We first inspect the thickness h of the brushes as a function of grafting density σ. It is
shown for different polydispersity indices in Fig. 3.2a (convex brushes) and Fig. 3.2b
(concave brushes). On curved substrates, the relation between h and σ clearly deviates
from the straightforward universal dependence in planar brushes, characterized by a
scaling exponent of 1/3.

On curved surfaces, such a strict scaling behavior is no longer observed. As the
curvature increases, the thickness grows more slowly with σ for convex geometries, and
more rapidly with σ for concave geometries. The shape of the curves is independent of
the polydispersity; however, the polydispersity index has an influence on the prefactor.
Additionally, according to Eq. (3.1), area elements at a distance z away from the substrate
increase or decrease in convex or concave geometries, respectively.

Consequently, chains encounter more space available at shorter distances in convex
curved geometries, leading to a decrease in brush thickness. Conversely, the brush
thickness increases with increasing curvature in concave geometries.

We know from the structure of the SST equations (see Appendix 3.7.5) that some
scaling is still expected. Indeed, according to the SST theory, the combination
(h/aNa) (σw/a)−1/3 should be a universal function of h/R for given P(N). This func-
tion is shown in Fig. 3.2c (solid lines) which summarizes the results in Fig. 3.2a and
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Figure 3.2: Scaled brush height h/(aNa) vs. scaled grafting density σw/a for spherically convex
(a) and concave (b) geometries and scaled curvature radii R as indicated, R = ∞ represents the
planar case. The ’dotted’, ’dashed’ and ’solid’ lines, represent polydispersity indices of Nw/Na =
1.02, 1.2 and 2.0 respectively. Panel (c) shows a universal scaling plot of the same quantities
(see text). Here the ’solid’, ’dashed’ and dotted lines represent spherical, cylindrical and saddle
geometries respectively, while ’blue’, ’green’ and ’orange’ colours represent polydispersity
indices of Nw/Na = 1.02, 1.2 and 2.0 respectively.
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3.2b. In addition we have also plotted the corresponding curves for cylinder geometries
(with H = 1/2R, K = 0) and for saddle like geometries where H = 0 and K = −1/R2.
Comparing these curves further confirms the claim that the geometry essentially gov-
erns the functional dependence of the thickness h on the grafting density σ, while the
polydispersity mainly affects the prefactor. While the curves decrease monotonically as
a function of 1/R in spherical and cylindrical geometries, the curves for saddle points
show qualitatively different behaviour, they resemble parabolae centered at zero. This is
due to symmetry, as grafting polymers on either side of such a geometry is equivalent.

Continuing our examination, we explore the behavior of the projected chain end
distribution, ε(z), for different curvatures, with σw/a held constant (see Fig. 3.3).
The impact of polydispersity on the chain end density profile becomes particularly
noticeable in convex geometries. Notably, the projected chain end distribution in highly
polydisperse brushes with Nw/Na = 2.0 differs qualitatively from those at lower
polydispersities: It no longer features a peak at some distance from the substrate, but
decays monotonically. Interestingly, the most probable distance between chain ends and
substrate depends on the curvature in a nonmonotonous way for polydispersities of
1.2 and 1.02: It first increases, and then decreases again. This behavior stems from the
concurrent reduction in brush thickness with increasing curvature, and the displacement
of chain ends closer to the substrate in convex configurations.

Compared to convex geometries, the curvature has a much smaller influence on the
projected chain end distribution in concave geometries, even if the curvature radii are
comparable (i.e., R/aNa = ±1). Furthermore, as discussed earlier, the SST breaks down
for concave geometries if the curvature radius becomes very small. In the range of
physically reasonable curvature radii and grafting densities, the projected chain end
distributions were not significantly affected by curvature.

In both Fig. 3.3 and Fig. 3.4, we see that the narrow distribution Nw/Na = 1.02 leads
to an apparent EEZ for high convex curvatures and high σw/a. This outcome is a
consequence of our truncation of the Schulz-Zimm distribution, which introduces a
non-zero minimum chain length in the distribution. Without this truncation, the omitted
chains would have populated this region, resulting in a region of highly reduced chain
end density rather than a true EEZ. Further insights into EEZs and their characteristics
are further explored in the following section.

In Fig. 3.4 the chain end distribution is plotted for a fixed geometry and varying
σw/a. Here, the effect of competing space can be seen more clearly. As the excluded
volume or the grafting density increases, the chains find it preferable to extend their
ends further away from the substrate independent of geometry or polydispersity.

In order to further quantify the difference between a given projected chain end
density profile ϵ(z) and the corresponding profile ϵpl(z) for planar brushes with the
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same chain length distribution P(N) and the same grafting density σ, we define a
profile overlap parameter as follows:

Overlap =
∫ 1

0
dx min

(
ϵ(x · h)

h
σ

, ϵpl (x · hpl)
hpl

σ

)
. (3.22)

This parameter turns out to be a good measure for quantifying at which curvatures,
grafting densities or excluded volume values we expect a significant departure from
the planar chain end distribution. As shown in Fig. 3.5, the overlap is a decreasing
function of the scaled curvature, H(aNa)(σw/a)1/3. It reaches a limiting value for high
curvature values. Moreover, the overlap increases with increasing polydispersity. This
correlation is expected because the necessity for different chains to adjust their position
in a progressively crowded environment diminishes if all chains have different length.
Most importantly, the most significant changes to the projected chain end distribution
occur in the range of H(aNa)(σw/a)1/3 = 0 − 5. We know from Fig. 3.2c that the ratio
h/(aNa)(σw/a)−1/3 is of order 1 − 2 for all convex brushes investigated in this work.
Hence we conclude that significant polydispersity effects occur in curvature ranges
H h ∼ 0 − 10, ranges which are experimentally relevant.

Lastly, we investigate the curvature elastic moduli of polymer brushes as a function
of polydispersity. We should note that, generally, polymer brushes experience a force
towards outwards bending, since the stretching energy of the brush polymers can be
reduced if the brush surface is curved. This can be seen in Fig. 3.6a which shows the
free energy as a function of curvature for different grafting densities and polydispersity
index Nw/Na = 2. The free energy decreases monotonically with increasing curvature.

The elastic moduli of the surface are defined in the planar limit 1/R ∼ 0. In this
regime of slightly curved surfaces, the expression for the free energy per area is
approximated by the so-called Helfrich Hamiltonian122:

F
A

=
κ

2
(2H − c0)

2 + κ̄ K +
F0

A
. (3.23)

Here κ is the bending modulus, κ̄ is the Gaussian modulus, c0 is the so-called sponta-
neous curvature and F0 is an surface energy offset. To extract the bending and Gaussian
moduli, we have determined the free energy as a function of H and K for a range
of values of H and K in the vicinity of the planar limit, 1/R = 0. Specifically, we
used a 7 × 7 square grid of evenly space points in the (K, H) plane, in the range
H(aNa)U1/2

max ∈ [−0.06 : 0.06] and K(aNa)2Umax ∈ [−0.06 : 0.06]. To assess the monodis-
perse limit we used a uniform step-like distribution (see next section) with vanishing
width. The results were then fitted to Eq. (3.23). An example of a corresponding fitted
free energy landscape is shown in Fig. 3.6b.

The Helfrich Hamiltonian was originally proposed for lipid bilayers. It is important
to note that in the brush case, c0 is just a fit parameter and does not correspond to a
preferred curvature, since the true free energy decreases monotonically as a function of
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Figure 3.3: Chain end density profiles for brushes in convex (first row (a)(b)(c)) and concave
(second row (d)(e)(f)) spherical geometry. For the convex case, σw/a = 1, and for the concave
case, σw/a = 0.02. The first ((a)(d)), second((b)(e)) and third ((c)(f)) columns correspond to
Nw/Na = 2, 1.2, 1.02 respectively. The colour in each graph represents the radius R/(aNa) of
the sphere whose value is displayed in the legend of the first column plot of each row.
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Figure 3.4: Chain end density profiles for brushes in convex (first row (a)(b)(c)) and concave
(second row (d)(e)(f)) spherical geometry. For the convex case is R/(aNa) = 0.1 and for
the concave case R/(aNa) = −2 . The first ((a)(d)), second((b)(e)) and third ((c)(f)) columns
correspond to Nw/Na = 2, 1.2, 1.02 respectively. The colour in each graph represents the value
of σw/a whose value is displayed in the legend of the first column plot of each row.
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Figure 3.6: (a) Scaled free energy Fw/(AkBT(aNa) plotted against (aNa)/R for a spherical
geometry and a polydispersity index of Nw/Na = 2.0 for different values of σw/a. The solid
lines correspond to Eq. (3.23) with elastic parameters determined as described in the main
text. (b) 2D plot of the free energy landscape Fw/(AkBT(aNa) for a Schulz-Zimm brush with a
polydispersity index Nw/Na = 2.0 and σw/a = 1.0. The free energy data were calculated on a
square grid (see text) and interpolated by the fit to Eq. (3.23).
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curvature as discussed above. However, the parameter κc0 still quantifies the tendency
of a planar brush to bend.

In Fig. 3.7 , the scaled quantities κw/(kBT(aNa)3), κ̄w/(kBT(aNa)3), κc0w/(kBT(aNa)2)

and −κ̄/κ are plotted as a function of Nw/Na and σw/a. As expected, the absolute val-
ues of κw/(kBT(aNa)3) and κ̄w/(kBT(aNa)3) increase with increasing scaled grafting
density σw/a. It is surprising that these two quantities are largely insensitive to the
polydispersity, although a small increase in both moduli is observed with increasing
polydispersity. The latter can be explained by the fact that the more polydisperse
brushes have a greater portion of small chain population which compete for space near
the surface.

For comparison, we also show corresponding results for melt brushes in Fig. 3.8. They
were determined in a manner identical to the good solvent case. In molten brushes,
polydispersity has the opposite effect on the elastic moduli than in the good solvent
case: Polydisperse brushes have lower stiffness than monodisperse brushes, because
chains can rearrange more flexibly upon bending of the substrate if they have different
length.

Both in the good solvent and the melt case, the ratio −κ̄/κ is independent of the
grafting density (see Figs. 3.7d and 3.8d). This was analytically predicted for monodis-
perse brushes by Milner and Witten[119], and it still holds true in the polydisperse case,
albeit with a change in the prefactor: The ratio decreases with increasing polydispersity.
In the monodisperse limits, our values agree with analytical predictions by Milner and
Witten[119], −κ̄/κ ≈ 0.61 for brushes in good solvent, and −κ̄/κ ≈ 0.267 for molten
brushes. Furthermore, we also inspect the quantity κc0 (Figs. 3.7c and 3.8c). It increases
with increasing grafting density and decreases with increasing polydispersity, both
for brushes in good solvent and for molten brushes. Thus the variety of chain lengths
in polydisperse brushes generally reduces the driving force towards bending in the
brushes.

3.3.2 Polydisperse Brushes with End Exclusion Zones

After addressing brushes characterized by chain lengths distributed according to
the experimentally relevant Schulz-Zimm distribution, our attention now shifts to
distributions with a truly non-zero minimum chain length, in order to investigate the
emergence of an EEZ within polydisperse chain length distributions. For simplicity,
we focus on uniform distributions and convex spherical geometries, noting that the
findings can be generally extended to other convex geometries as well.

First we explore the emergence of an EEZ with thickness heez for a single uniform
step-like chain length distribution defined by:

P(N) =

{ 1
Nmax − Nmin

, N ∈ [Nmin, Nmax]

0 , N /∈ [Nmin, Nmax]
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with non-zero minimum chain length Nmin, a maximum chain length Nmax, an average
chain length Na =

1
2 (Nmin + Nmax) and a weight averaged chain length Nw = 1

3 (N2
min +

N2
max + NminNmax).
We examine three polydispersity indices, with one of them representing the monodis-

perse limit. Specifically, our focus lies in studying the EEZ thickness as a function of
σw/a at a constant curvature. As anticipated, Fig. 3.9 shows an increase in the EEZ
thickness with rising values of σw/a. Common intuition suggests that a larger value
of Nmin, corresponding to a smaller polydispersity in our setup, results in a lower
threshold of σw/a for the emergence of an EEZ. Furthermore, this implies that, for
equivalent values of σw/a, the thickness of such a region would be larger for larger
Nmin. This is indeed observed in Fig. 3.9a. Another noteworthy observation is that the
EEZ thickness initially grows rapidly, but for later values of σw/a, it appears to increase
at the same rate as the thickness of the entire brush, which is demonstrated in Fig. 3.9b.

Just like in the Schulz-Zimm distribution. we know from the scaling properties of the
SST equations (Appendix 3.7.5) that it is possible to identify hidden scaling laws, i.e.,
the quantity (hEEZ/aNa) (σw/a)−1/3 can be written as a unique function of hEEZ/R.
This function is shown in Fig. 3.9c. As it can be deduced the scaling behaviour is
different than the scaling behaviour observed in Fig. 3.2c, albeit for higher values of
hEEZ/R or h/R their scaling behaviour appears similar.

Inspired by these results, it appears that one can also attempt to unconventionally
place the EEZ by choosing an appropriate chain length distribution. One possibility
for example would be to place the EEZ away from the substrate, perhaps somewhere
in the middle of the polymer brush. To test this idea, we employ the following chain
length distribution:

P(N) = h0 θ(N0 − N) + h1 θ(N − N1)θ(N2 − N), (3.24)

with N0 = 0.29, N1 = 0.91, N2 = 1.28 and the average chain length Na = 1. h0 and
h1 are chosen so that 10 % of the chains have chain lengths below N0 and the rest of
the chain lengths are between N1 and N2. The rationale behind this choice of chain
length distribution is that the ends of chains of size N0 would mark the beginning of
the EEZ, while the ends of chains of size N1 would determine the end of it. We would
thus expect an EEZ to occur in some interval z ∈ [z1, z2], which is apriori unknown.
Fig. 3.10 shows that this is indeed the case. We can identify a region where chain ends
of shorter chains are located (orange), an EEZ which is devoid of chain ends, and a
region containing chain ends of larger chains (blue).

3.3.3 Designing chain end density profiles

In practice, another useful quantity one would like to specify instead of the chain
length distribution, would be the chain end density. This could be interesting in the
case of end-functionalized brush polymers, where the chain end distribution would

60



3.3 results and discussion

z(U)

EEZ
Substrate

(a)

0.0 0.1 0.2 0.3 0.4

z/(aNa)

0

2

4

6

8

ε(
z

)(
a

N
a
)/
σ

N/Na

P
(N
/

N
a
)

(b)

Figure 3.10: Projected chain end density against the distance from the substrate (b) for a
spherically convex geometry with σw/a = 1 and R/(aNa) = 0.1. The inset represents the
corresponding chain length distribution of the polymer brush. The orange color represent
chains with a size below N0 while blue represents chains with size above N1. A cartoon
representation (a) of the polymer brush in question is also shown where the color coding is the
same as the plots below it.
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Figure 3.11: (a) Projected chain end density versus z/(a⟨N⟩) on a convex spherical geometry
with R/(aNa) = 0.1 and σw/a = 1. The resulting chain length distribution is shown in (b).

correspond to the density distribution of functional entities. By specifying the chain end
density and the geometry, it is possible to in return calculate self-consistently, the chain
length distribution. The corresponding numerical scheme is given in the Appendix
3.7.7.

We demonstrate this procedure with the following example projected chain end
density:

ϵ
(
(z/aNo)(

σw
a
)−1/3

)
=

(
(z/aNo)(

σw
a
)−1/3

)
(3.25)(

1 −
(
(z/aNo)(

σw
a
)−1/3

))
,

where No is a reference chain length and not necessarily the average chain length ⟨N⟩.
This projected chain end distribution can be implemented by choosing a chain length
distribution as shown in Fig. 3.11.

However, one must note that not all chain end densities can be enforced and that the
approximations of SST such as positive tension etc., need to be obeyed for the solution
to be physical and to be in accordance with SST.
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3.4 Conclusion

We have extended the mean-field theory model of Milner et al. [61, 94], which em-
ploys the Strong-Stretching limit, to curved substrates, for both convex and concave
geometries for simple polydisperse linear polymers in a good solvent and the melt.

We have focused primarily on spherical geometries in good solvent and investigated
the variations in the properties of the brushes composed of experimentally relevant
chain length distributions such as the Schulz-Zimm distribution for different polydis-
persity indices. Among other, we found that in convex geometries, polydispersity has a
strong impact on the properties of the chain end distribution as a function of grafting
density and geometry, in particular in the range H h ∼ 0 − 10. In contrast, the influence
of polydispersity on the properties of concave brushes is much less pronounced in the
regime where the theory can be applied.

Furthermore, we have investigated the bending modulus, the Gaussian modulus, and
the spontaneous curvature – which characterizes the driving force towards bending
– as a function of polydispersity and σw/a for surfaces decorated with such polymer
brushes. We found that the moduli are remarkably unaffected by polydispersity. Inter-
estingly, the (small) impact of polydispersity on the bending moduli for brushes in good
solvent is opposite to that for molten brushes: Brushes in good solvent stiffen, whereas
molten brushes become softer. On the other hand, the analysis of the spontaneous
curvature indicates that polydispersity reduces the tendency of brushes to bend for
both types of brushes.

Moreover we have successfully accounted for the emergence of End Exclusion Zones
in distributions with non-zero minimum chain length. We have shown that End Exclu-
sion Zones can appear in arbitrary positions in the brush, as long as the right chain
length distribution, geometry and grafting density are chosen. Finally, we have also
developed a method for engineering specific chain end distributions by manipulating
the chain length distribution and geometry.

Although we have focused on the good solvent case, the same procedure can be
applied to the melt case, as discussed in Section 3.2.2 (Eq. (3.11)) and Appendix 3.7.1.
In the limiting case of a uniform distribution with vanishing width, we can compare
our numerical results for the EEZ to those of Dimitriyev et al. [118]. The agreement is
excellent. The comparison can be found in the supporting material.

3.5 Data

The data shown here along with the code that performs the iteration loops described in
Appendix 3.7.6 and Appendix 3.7.7 can be found under the link: https://gitlab.rlp.
net/mgiannak/polydispersity-in-curved-substrates-sst.
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3.7 Appendix

3.7.1 Free energy

We begin with recapitulating the formal derivation of the SCF theory and the resulting
SCF free energy. The starting point is the partition function of the system,

Z ∝ ∏
i

∫
Dri exp

[
−H[{ri}]

kBT

]
(3.26)

The Hamiltonian H has been introduced in Eq. (3.3). The sum i runs over all chains in
the system, which are taken to be distinguishable because they have different lengths
Ni. After some field-theoretic transformations48, the partition function is expressed as
an integral over fluctuating fields ϕ f and W f ,

Z ∝
∫

Dϕ f

∫
i∞

DW f exp
(
−
F [ϕ f , W f ]

kBT

)
(3.27)

with

F [ϕ f , W f ]

kBT
= V [ϕ f ]−

∫
dr W f (r)ϕ f (r)− ∑

i
ln(Qi[W f ]). (3.28)

Here Qi[W f ] is the single chain partition function of a chain of length Ni in the field
W f (r),

Qi[W]∝
∫

Dri exp
(
−Si[ri; W f ]

)
(3.29)

with Si[ri; W f ] as defined by Eq. (3.5) in the main text. We note that, in Eq. (3.27), the
field W f (r) is purely imaginary. The SCF approximation consists in approximating the
functional integral in (3.27) by the extremum of the integrand48. This results in the free
energy

F = −kBT ln(Z) ≈ F [ϕ, W], (3.30)
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where ϕ(r) and W(r) are the fields that extremize the functional F given by Eq. (3.28).
At the extremum (saddle point), the field W(r) is real, W(r) = δV/δϕ(r), and ϕ(r) =
−∑i δ(ln Qi)/δW(r) is effectively the density of noninteracting graft chains i in the field
W(r). For brushes in solvent, the field W(r) can be calculated from W(r) = δV/δϕ(r).

The same formalism can also be applied to incompressible melts in a straightforward
manner. The integral

∫
Dϕ f in Eq. (3.27) is then replaced by the constraint ϕ f (r) ≡ ϕ̄

everywhere, and the field W(r) which extremizes F is a Lagrange field that enforces
this constraint. The interaction term V [ϕ f ] = V [ϕ̄] is a constant and can usually be
omitted.

Now, turning to the SST approximation, the main new aspect compared to the SCF
theory is that we apply a second saddle-point approximation to evaluate the integral
in single chain partition function in Eq. (3.29). This allows us to derive an explicit
expression for ln(Qi):

− ln(Qi) ≈ min
[ri ]

S [ri; W]

=
∫ Ni

0
dn
(

3
2a2

(dzi

dn
)2

+ W(zi)

)
=

∫ Ni

0
dn

3
a2

(
dzi

dn

)2

+
(
Umax − E(Ni)

)
Ni

=

√
3

2a2

∫ E(Ni)

0
dU′ dz

dU′
E(Ni) + Umax − 2U′√

E(Ni)− U′
.

Here we have used Eqs. (3.6,3.8) in the second step, and (3.9, 3.34) along with the
identity Ni = N

(
E(Ni)

)
in the third step.

Based on the above expression for ln(Qi), we can now calculate the last term in
Eq. (3.30, 3.28). To this end, we sum over chains i grafted onto a patch with substrate
area A, taking into account that Qi only depends on the chain length Ni and that chains
have the chain length distribution P(N) and the grafting density σ.

− 1
A ∑

i
ln(Qi) = σ

∫
dN P(N) ln

(
Q(N)

)
=

∫ Umax

0
dU

dσc

dU

√
3

2a2

∫ U

0
dU′ dz

dU′
U + Umax − 2U′

√
U − U′

=
∫ Umax

0
dU′ dz

dU′

√
3

2a2

∫ Umax

U′
dU

dσc

dU
U + Umax − 2U′

√
U − U′

=
∫ Umax

0
dU′ dz

dU′

(
(Umax − U′) λ(U′)− 1

2
Λ(U′)

)
=

∫ Umax

0
dU′ λ(U′)

(
dz

dU′ (Umax − U′) +
z(U′)

2

)
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In the first step, we have set U = E(Ni) and used Eq. (3.20); in the second step, we
have exchanged the integration bounds; in the third step, we have used Eq. (3.35) and
introduced the auxiliary quantity

Λ(U) = −
√

6
a2

∫ Umax

U′
dU

dσc

dU

√
U − U′,

noting dΛ/dU = λ(U) with Λ(Umax) = 0, and in the last step, we have performed an
integration by parts.

The second term in Eq. (3.30, 3.28) can be rewritten as∫
dr ϕ(r) W(r) = A

∫ ∞

0
dz g(z) ϕ(z) W(z)

= A
∫ Umax

0
dU′ dz

dU′ λ(U′) (Umax − U′), (3.31)

where we have used Eqs. (3.6) and (3.13) in the last step.
Putting everything together, we get the following final result for the free energy per

substrate area in SST approximation:

F
A kBT

= V [ϕ] + 1
2

∫ Umax

0
dU′ λ(U′) z(U′), (3.32)

which is listed as Eq. (3.18) in the main text. For melts, the first term, V [ϕ] vanishes as
discussed earlier. In good solvent, using Eq. (3.4) and W(r) = wϕ(r), it takes the form

V [ϕ] = 1
A

w
2

∫
dr ϕ(r)2 =

1
2A

∫
dr ϕ(r) W(r), (3.33)

which can be simplified in the same way as (3.31), leading to Eq. (3.19) in the main text.

3.7.2 Derivation of self-consistent SST equations and additional auxiliary equations

In this section, we derive the Eqs. (3.12), (3.14), and (3.17) in the main text, as well as a
few other useful auxiliary equations.

The starting point is Eq. (3.9) in the main text, which gives an expression for the
tension in a chain i, dzi/dn, as a function of the integration constant E(Ni) and the
potential U(zi) at the position zi. We will use this expression to derive an relation
between N(U) and z(U), and one between λ(U) and dσc/dU. We recall that N(U) is
the length of chains with end monomers situated at distance z(U) from the substrate,
λ(U) is the projected monomer density at z(U), and (dσc/dU) dU is the number
of chains grafted on a patch of unit area with chain ends located in the interval
[z(U), z(U + dU)].

66



3.7 appendix

The derivation of the equation for N(U) is straightforward. We set U = E(Ni),
U′ = U

(
zi(n)

)
, and drop indices i for simplicity. Then we can write

N(U) =
∫ N(U)

0
dn =

∫ U

0
dU′

/(dU′

dz
· dz

dn

)
=

√
3

2a2

∫ U

0
dU′ dz

dU′
1√

U − U′
. (3.34)

We should note that, strictly speaking, Eq. (3.34) has no physical meaning for values of
U inside an EEZ, as the EEZ does not contain any chain ends by definition. However,
mathematically, the expression (3.34) is still perfectly defined, as z(U) is defined
everywhere. Hence we can use Eq. (3.34) to extrapolate the function N(U) such that it
is defined in the whole range of U.

To obtain an equation for λ(U) as a function of dσc(U)/dU, we use the fact that
chains of length Ni with conformation zi(n) deposit 1

/dzi
dn

∣∣
zi=z monomers in the interval

[z, z + dz]. We sum over all chains with chain ends at positions zi(Ni) > z, i.e., with
characteristic integration constants E(Ni) = U

(
zi(Ni)

)
> U(z) (see Eq. (3.8)). This gives

λ(U) = ∑
i:zi(Ni)>z(U)

1
dzi/dn

∣∣∣∣
zi(n)=z(U)

=

√
3

2a2

∫ Umax

U
dU′ dσc(U′)

dU′
1√

U′ − U
, (3.35)

where we have now set U′ = E(Ni).
Eq. (3.34) can be reversed via an Abel transform (see Appendix 3.7.4, using Eq. (3.47)

and z(0) = 0), giving an integral equation for z(U) in terms of the function N(U):

z(U) =

√
2
3

a
π

∫ U

0
dU′ N(U′)

1√
U − U′

.

This equation is listed as Eq. (3.12) in the main text. Similarly, Eq. (3.35) can be reversed,
giving (using Eq. (3.50))

dσc

dU
=

√
2
3

a
π

(
λ(Umax)√
Umax − U

−
∫ Umax

U
dU′ dλ

dU′
1√

U′ − U

)
,

or, (using Eqs. (3.51) and σc(Umax) = σ)

σc(U) = σ −
√

2
3

a
π

∫ Umax

U
dU′ λ(U′)√

U′ − U
.

These equations are listed as Eq. (3.17) and Eq. (3.14) in the main text.
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For future reference, we also introduce an equation that expresses z(U) as a function
of λ(U), and is obtained directly from (3.13):

z(U) =


H
K

(
−1 +

√
1 − K

H2 (1 − λ(U)
ϕ(U)

)
for K ̸= 0

1
2H

(
−1 + λ(U)

ϕ(U)

)
for K = 0

(3.36)

This equation cannot be applied for planar surfaces, but we also do not need it there.
Finally, we note that in numerical implementations, it is convenient to re-express

the integrals in Eqs. (3.34) and (3.17) in terms of integrands that involve z(U′) and
λ(U′) rather than their derivatives. Furthermore, to improve the numerical accuracy, we
re-arrange the expressions Eqs. (3.12), (3.14), (3.17), and (3.34) such that integrands do
not diverge in the vicinity of integration boundaries. This can be achieved by rewriting
the equations as

z(U) =
√

2
3

a
π

(
2N(U)

√
U −

U∫
0

dU′ N(U)−N(U′)√
U−U′

)
, (3.37)

σc(U) = σ −
√

2
3

a
π

(
2λ(U)

√
Umax − U +

Umax∫
U

dU′ λ(U′)−λ(U)√
U′−U

)
, (3.38)

λ(U) =
√

3
2a2

(
2σ′

c(U)
√

Umax − U +
Umax∫
U

dU′ σ′
c(U′)−σ′

c(U)√
U′−U

)
(3.39)

and (using (3.48) and (3.51))

N(U) =
√

3
2a2

(
z(U)√

U
+ z′(U)

√
U

+ 1
2

U∫
0

dU′ z(U)−z(U′)−z′(U) (U−U′)
√

U−U′3

)
, (3.40)

dσc

dU
=

√
2
3

a
π

(
λ(U)√

Umax−U − λ′(U)
√

Umax − U

− 1
2

Umax∫
U

dU′ λ(U′)−λ(U)−λ′(U) (U′−U)
√

U′−U
3

)
. (3.41)

3.7.3 Planar and monodisperse brushes

For planar brushes, we have g(z) ≡ 1 in Eq. (3.13) and recover the results of Milner et al.
[94]. In particular, the integral in Eq. (3.14) can be evaluated explicitly and one obtains

σc(U) = σ ( 1 −
√

1 − U/Umax
3
) (3.42)
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for brushes in good solvent and

σc(U) = σ ( 1 −
√

1 − U/Umax ) (3.43)

for melt brushes. These results are independent of the chain end distribution.
We can also consider specifically the monodisperse case N(U) ≡ No. For planar and

concave brushes, where no EEZ is present, Eq. (3.12) then gives

z(U) =

√
8
3

a
π

No
√

U, (3.44)

and one recovers the familiar parabolic profile61,70 U(z) = Umax(z/h)2 with h =

z(Umax). This result is independent of curvature. For convex brushes, an EEZ emerges,
and chain ends are present (dσc/dU = 0) in a regime U ∈ [0 : Umin]. In this regime,
N(U) must be determined self-consistently. It increases monotonically and can no
longer be expressed in a simple analytical form118.

For planar monodisperse brushes, we can combine Eqs. (3.44) with Eqs. (3.42) or
(3.43) and calculate further properties of planar brushes such as, e.g., the chain end
density:

ε(z) =
dσc

dU
dU
dz

= σ
z
h2

{
3
√

1 − (z/h)2 solvent

1/
√

1 − (z/h)2 melt
(3.45)

3.7.4 Abel integral equations

Most integral equations appearing in the SST formalism have the form of Abel
integrals123. For the convenience of the reader, we recapitulate the relations used
in this work.

An integral equation of the form

f (x) =
∫ x

0
ds

φ(s)√
x − s

can be inverted123 according to

φ(x) =
1
π

(
f (0)√

x
+
∫ x

0
dτ

f ′(τ)√
x − τ

)
. (3.46)

Specifically, if φ(s) = dΦ(s)/ds, we have

Φ(x) = Φ(0) +
1
π

∫ x

0
dτ

f (τ)√
x − τ

. (3.47)
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Eq. (3.47) can be derived from (3.46) by inserting Φ(x) = Φ(0) +
∫ x

0 dτ φ(τ) in (3.46),
rearranging double integrals and then performing a partial integration. In addition, we
can then rewrite f (x) in terms of Φ(s) as

f (x) =
Φ(x)− Φ(0)√

x
+

1
2

∫ x

0

Φ(x)− Φ(s)
√

x − s3 . (3.48)

This can be seen by considering the last term on the r.h.s. of the equation and performing
a partial integration.

Likewise an integral of the form

f (x) =
∫ 1

x
ds

φ(s)√
s − x

,

can be inverted according to

φ(x) =
1
π

(
f (1)√
1 − x

−
∫ 1

x
dτ

f ′(τ)√
τ − x

)
. (3.49)

For φ(s) = dΦ(s)/ds, we have

Φ(x) = Φ(1)− 1
π

∫ 1

x
dτ

f (τ)√
τ − x

(3.50)

and

f (x) =
Φ(1)− Φ(x)√

1 − x
+

1
2

∫ 1

x

Φ(s)− Φ(x)
√

s − x3 . (3.51)

3.7.5 Rescaling the SST equations

An inspection of the SST equations (3.12)–(3.16) and the auxiliary equations (3.34) –
(3.41) shows that their form is invariant if we rescale all quantities according to

U = Ũ Umax N = No Ñ z = z̃ U
1
2
max aNo

ϕ = ϕ̃ Umax/w (Melt brushes: Set w := Umax/ϕ̄melt)

σ = σ̃
U

3
2
maxa
w

dσc

dU
=

dσ̃c

dŨ
U

1
2
maxa
w

λ = λ̃
Umax

w

H =
H̃

aU1/2
maxNo

ϵ(z) = ϵ̃(z̃)
Umax

wNo
F = F̃

aNoU
5
2
max

w

K =
K̃

a2UmaxN2
o
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Here No is an (arbitrary) reference chain length. Written in these rescaled quantities, the
parameters a, w and Umax are replaced by unity in the equations. This means that, when
solving the equations, it is sufficient to consider the case Umax = 1, a = 1, w = 1, No = 1.
The solutions for other values of, e.g., Umax and No, can be recovered by rescaling the
results accordingly. We note that the grafting density, σ, is not an input parameter in
the equations. Rather, Umax has to be tuned such that the desired value of σ is obtained.

3.7.6 Numerical Scheme

Here we demonstrate our numerical scheme for the solution of the SST equations
given a chain length distribution and geometry H̃ and K̃ with the flow chart shown in
Fig. 3.12. We use the rescaled equations introduced in Appendix 3.7.5.

The mixing of new and old values of Ñ(Ũ) is done via the λ mixing method described
in Refs. [59, 124] . The value of E is defined as:

E =
∫ 1

0
dŨ

(
Ñnew(Ũ)− Ñold(Ũ)

)2
. (3.52)

We conclude with a few comments on numerical aspects of the algorithm:

• In practice, it is convenient to use Eqs. (3.37)-(3.41) for evaluating the Abel
integrals. Nevertheless, the numerical (discretization) errors of these integrals
may cause problems which can be reduced by some tricks.

• An additional check is that in the converged solution, the number of monomers
above a unit area should be equal to:

σ̃
∫ Ñmax

0
dÑ′ Ñ′ P̃(Ñ′) = σ̃⟨Ñ⟩ =

∫ h̃

0
dz̃ λ̃(Ũ).

3.7.7 Scheme for designing chain end densities

Here we demonstrate our numerical scheme for solving the SST equations given a chain
end density and geometry H̃σ̃1/3 and K̃σ̃2/3 with the flow chart shown in Fig. 3.13.

In this case we define:

E = (σ̃−1/3)
∫ 1

0
dŨ

(
z̃new(Ũ)− z̃old(Ũ)

)2
. (3.53)
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Initial guess
for Ñ(Ũ)

Calculate z̃(Ũ)
via

Eq. (3.12) for all
the domain of U

Calculate λ̃(Ũ)
from

z̃(Ũ) via Eq. (3.13)

Calculate
dσ̃c(Ũ)/dŨ
via Eq. (3.17)

If
dσ̃c(Ũ)/dŨ < 0

for some Ũ

Set dσ̃c(Ũ)/dŨ < 0
to 0, rescale λ̃(Ũ)
and dσ̃c(Ũ)/dŨ
so that λ̃(0) = 1

Calculate σ̃c(Ũ) by
integrating over

dσ̃c(Ũ)/dŨ

Apply Eq. (3.15) to
calculate Ñ(Ũ)

outside of the EEZ

Mix new and old
values of Ñ(Ũ) for
all Ũ until E < 10−9

in Eq. (3.52)
If

dσ̃ c(
Ũ
)/

dŨ
>

0

fo
r all

of
Ũ

Recalculate λ̃(Ũ)
in the EEZ

via Eq. (3.39)

Evaluate z̃(Ũ)
in EEZ via Eq. (3.36)

Calculate Ñ(Ũ)
in the EEZ

via Eq. (3.37)

If
E >

10
−9

Figure 3.12: Numerical scheme used to solve the self-consistent equations given a chain length
distribution.
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Initial guess for
(σ̃−1/3)z̃(Ũ)

Calculate
(σ̃−1/3)dz̃(Ũ)/dŨ

Using the desired
(σ̃−2/3)ϵ̃(z̃) calculate
(σ̃−1)dσ̃c(Ũ)/dŨ

Calculate
λ̃(Ũ)/(σ̃)

via Eq. (3.39)

Use the condition
λ̃(0) = 1

to find λ̃(Ũ)

Mix new and
old values

of (σ̃−1/3)z̃(Ũ)
until E < 10−10

Calculate
(σ̃−1/3)z̃(Ũ)
via Eq. (3.36)

If
E >

10
−10

Figure 3.13: Numerical scheme used to solve the self-consistent equations given a projected
chain end density.
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3.8 Supporting Information

Here, we show a comparison of our results for the EEZ with results from Dimitriyev et
al. [118] and two examples of shapes of ”potentials” U(z) inside the EEZ of brushes.

3.8.1 Test of EEZ results against literature data

To validate our SST approach, we tested it by comparing the results from SST calcula-
tions using our approach with published data from [118] where the authors explored
the melt case in the monodisperse limit in various geometries. We do this by taking the
limit of decreasing width for the uniform distribution to approximate the case of the
monodisperse limit. We plot the results for the ratio between the EEZ thickness and the
thickness of the brush versus the product of the thickness of the brush and the mean
curvature Fig. 3.14. There appears to be good agreement.

3.8.2 Potentials in EEZ

In Fig. 3.15 we plot the potential against the distance for two different chain length
distributions, where the EEZ is either adjacent or not adjacent to the substrate. As it
can be seen, the potentials still monotonically increase with z as per the assumptions
made in the model.
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Figure 3.14: h ∗ H against heez/h of our results (orange) against Dimitriyev et al. (green) results
for both spherical (•) and cylindrical (▲) geometries. These calculations were performed for
collapsed melt brushes (with constant density), and not for brushes in good solvent as in the
main text. The monodisperse brush was approximated by a brush with very narrow uniform
distribution, i.e. Nmin = 0.9999 and Nmax = 1.0001.
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U

Figure 3.15: Plots of the potentials U against the distance from the substrate for spherically con-
vex geometries with σw/a = 1 and R/(aNa) = 0.1 for two different chain length distributions.
The ’solid’ line represents the ’double step’ distribution investigated in the main text, while the
’dashed’ line represents the ’single step’ distribution with polydispersity index of Nw/Na = 1.1.
The ’blue’ and ’orange’ regions in each plot, represent the potential for the brush outside and
inside of the EEZ respectively.
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4.1 introduction

4.1 Introduction

Self-assembled copolymer materials have diverse applications in both industry and
daily life, due to the wide and complex spectrum of possible morphological patterns
into which the copolymer molecules may assemble spontaneously. Self-consistent
field (SCF) theory, which employs a simplified chain representation and a mean-field
approximation to predict the spatial distribution of polymer segments, has proven to
be a reliable and powerful tool for predicting the equilibrium morphology of many
polymeric systems11,125,126.

The SCF calculation iteratively computes space-dependent polymer density and
associated potential fields from chain statistics propagators until the self-consistent
condition is satisfied46. The chain propagators satisfy nonlinear modified diffusion
equations in the variables space and chain contour (”time”), which have to be numer-
ically solved using spectral or real-space methods. Pure spectral methods based on,
e.g., Fourier series-based spectral solutions, have the advantage that they don’t require
a discretization of the chain contour. Matsen and coworkers have demonstrated their
capability in accurately constructing morphology phase diagrams for periodic block-
copolymer melts11,127–129. However, they demand a priori knowledge of morphology,
assuming symmetry in the considered phase, limiting their applicability for discovering
new phases130–133. To address these limitations, the pseudo-spectral method was intro-
duced, which does rely on a discretization of the contour and switches between Fourier
and real space representations of the system, utilizing the Fourier representation for
the evaluation of gradient terms and the real space representation for the evaluation
of nonlinear self-consistent fields132,134. In contrast, pure real-space methods discretize
the diffusion equation within a simulation box and solve for the solution using finite
difference schemes130,135–138. This approach is particularly advantageous for complex
polymer systems characterized by symmetry breaking or non-periodic boundary con-
ditions but can be computational expensive in three dimensions. A comprehensive
exploration of the advantages and disadvantages of these methods can be found in
Ceniceros and Frederickson’s detailed review133.

Our primary objective in this paper is to enhance the efficiency and accuracy of
real-space methods, which heavily rely on the discretization of space/chain contours.
The solution of modified diffusion equations in the SCF context typically employs
lower-order finite difference, but unless the discretization is very fine, the accuracy
and stability of SCF calculations suffer, especially when dealing with polymer systems
containing sharp interfaces139,140. For instance, in simulating polymer films, where
the substrate/air interface is often represented by a Dirichlet boundary condition and
surface interactions with the polymer are introduced artificially through an external
potential field, numerical inaccuracies can significantly affect the calculated free energy
of the film141. Similarly, in the context of polymer brushes136,142, ensuring proper
attachment of the grafting end to the substrate involves fixing an end segment on one
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space grid using a Dirac delta function as the initial condition for the modified diffusion
equations126,136,143. Achieving convergence to an accurate SCF solution necessitates
much finer contour discretization compared to free chains, demanding additional
computational effort.

The trade-off between spatial discretization and computational efficiency presents
a critical challenge, especially for systems requiring higher-dimensional calculations,
such as cylinders and spheres in thin copolymer films141,144,145, or particle-grafted
chain polymer brushes with angular or radial-dependent morphology143,146,147. To
address this challenge, our paper introduces a simple scheme that adaptively increases
discretization in the spatial domain where external forces are present and refines the
discretization in contour domain at the grafting point. The approach is similar in
spirit to other, more sophisticated adaptive methods that have recently been proposed
in the literature, such as the use of Oc-Tree data structures148, polygonal meshes149,
or finite element methods138,150. By optimizing the spatial resolution according to
the system’s composition, our approach achieves very high accuracy while keeping
computational resources low compared to uniform finite-difference grid methods. In
the following sections, we evaluate and demonstrate the effectiveness of our adaptive
scheme with two test cases of polymeric systems – block copolymer (BCP) films and
polymer brushes.

4.2 Background: SCF equations for two test cases

We use the SCF theory for inhomogeneous systems of Gaussian polymers151. In the
following, we just list the most important equations relevant for our test systems, and
refer to the literature for details of the derivations152.

4.2.1 Test case 1: Diblock copolymer film

We consider an incompressible melt of asymmetric AB diblock copolymer molecules
with a degree of polymerization N, confined between two flat surfaces. We assume that
the majority block A occupies a volume fraction f of each diblock copolymer chain,
and both blocks share the same statistical segment length b. In the grand canonical
ensemble, the free energy takes the form141:

F
kbT

=− eµQ + ρc

∫
dr
[

χNϕA(r)ϕB(r) +
1
2

κN (ϕA(r) + ϕB(r)− 1)2
]

− ρc

∫
dr [ωA(r)ϕA(r) + ωB(r)ϕB(r)]

+ ρc

∫
drH(r)N [ΛAϕA(r) + ΛBϕB(r)] (4.1)
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where µ = µ0 + ln G is the chemical potential, G = ρcR3
g is the rescaled dimensionless

copolymer density in the bulk, ρc = n/V is the average molecular number density
with n being the total number of copolymer molecules and V the volume of the film,
Rg =

√
Nb2/6 is the radius of gyration of the noninteracting copolymer chain, serving

as the spatial length unit throughout the paper, Q is the partition function of a single
copolymer chain in the mean field of the other chains, ϕA(r) and ϕB(r) are the volume
fractions of A- and B-segments at a given point r, and χ is the Flory-Huggins parameter
specifying the incompatibility of the two segments. The incompressibility of the BCP
melt is ensured by the inverse of the isothermal compressibility parameter κ. The
last term on the right-hand side of Eq. (4.1) describes the interaction energy with
the substrate/interface, with ΛA,BH(r) being the surface field. We assume symmetric
boundary wetting conditions; the surface interaction energies with A and B segments
are ΛA and ΛB, respectively. The surface field,

H(r) =


(1 + cos(πz/ϵ)) 0 ⩽ z ⩽ ϵ

0 ϵ ⩽ z ⩽ h − ϵ

(1 + cos(π(h − z)/ϵ)) h − ϵ ⩽ z ⩽ h

(4.2)

is applied within a depth of ϵ from the two surfaces, where h is the distance between
the two surfaces. By finding the extremum of the free energy in Eq. (4.1) with respect
to ϕA,B(r), we obtain the fields experienced by A and B segments:

ωA(r)
N

= χϕB(r) + κ [ϕA(r) + ϕB(r)− 1] + ΛAH(r) (4.3)

ωB(r)
N

= χϕA(r) + κ [ϕA(r) + ϕB(r)− 1] + ΛBH(r) (4.4)

The partition function for single chain is simply Q =
∫

dr q(r, s)q†(r, 1 − s), with
q(r, 1 − s) and q†(r, s) being the partial partition functions for the first Ns and last
N(1 − s) segments. Note that Q does not depend on the specific choice of s. The
propagators q(r, s) and q†(r, 1 − s) obey the modified diffusion equation

∂q(r, s)
∂s

= ∆q(r, s)− ω(r)q(r, s). (4.5)

with initial conditions q(r, 0) = 1 and q†(r, 1) = 1. Here ∆ represents the Laplacian,
r denotes the spatial coordinate in the unit of Rg and 0 ≤ s ≤ 1 represents the chain
coordinate of the coarse-grained chain segment in the unit of chain contour length
Lc. The field ω(r) ≡ ωA(r) for 0 ≤ s ≤ f and ω(r) ≡ ωB(r) for f < s ≤ 1. The local
concentration of A- and B- segments are simply

ϕA(r) =
1

��ρc
eµ
∫ f

0
dsq(r, s)q†(r, 1 − s) (4.6)
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4.3 adaptive discretization

ϕB(r) =
1

��ρc
eµ
∫ 1

f
dsq(r, s)q†(r, 1 − s) (4.7)

Starting with an initial guess of the field in Eq. (4.5), one solves the propagator q(r, s)
and q†(r, 1 − s). Next, one obtains the new local concentrations ϕA(r) and ϕB(r) from
Eqs. (4.6) and (4.7), respectively. Finally, one uses these concentrations in Eqs. (4.3)
and (4.4) to solve for the new fields and mixes the old and new fields according to a
prescription of choice59. This is repeated until convergence to either a metastable or an
equilibrium state.

4.2.2 Test case 2: Homopolymer brush

We consider a monodisperse brush solution in which n linear homopolymer chains
with a degree of polymerization N are grafted onto a flat substrate at one end. In the
canonical ensemble, the free energy of such a system is given by:

F/kBT = ρo

∫
dr
[

1
2

νρoϕ(r)2 + ΛH(r)ϕ(r)− ϕ(r)ω(r)/N
]
− n(ln(Q��ρo/n) + 1) (4.8)

where ν is the excluded-volume parameter and ρo is the bulk segment density. Similar
to the BCP film system, the interactions between the segments and substrate where
the chains are grafted are imposed by an external field H(r) as in Eq. (4.2). The
self-consistent equations are determined by the extremum of the free energy, leading to:

ω(r)/N = νρoϕ(r) + ΛH(r) (4.9)

ϕ(r) =
nN
Q��ρo

∫ 1

0
ds q(r, s)q†(r, s) (4.10)

Q = ρo

∫
dr q(r, 1) (4.11)

The initial conditions for such a system are given by:

q(r, 0) = 1 (4.12)

q†(r, 0) = ρ−1/3
o δ(z − gp) (4.13)

where gp is the grafting point and δ is the Dirac delta function.

4.3 Adaptive discretization

We solve the diffusion equation using the semi-implicit Crank-Nicolson discretization
scheme combined with the alternating direction implicit method (ADI)153. For simplicity,
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4.3 adaptive discretization

we illustrate the method for the one dimensional diffusion equation. Provided the
discretization points are arranged on a grid, the ADI extension to three dimensions is
straightforward. In one dimension, the diffusion equation reads

∂q(z, s)
∂s

=
∂2

∂z2 q(z, s)− ω(z, s)q(z, s) (4.14)

which can be discretized in s and z as

qm+1
i − qm

i
δsm+1

= (∆z − ωi)
qm

i + qm+1
i

2
, (4.15)

where qm
i ≡ q(zi, sm) with m = {1, N} the contour steps in s with contour step size,

δsm = sm − sm−1, and i = {1, nz} the spatial steps in z with spatially varying dis-
cretization, δzi = zi − zi−1. Taking the second-order approximation for the Laplacian
∆z

154, we have ∆z fi/2 ≈ ai fi−1 − bi fi + ci fi+1, with ai =
1

δzi(δzi+δzi+1)
, bi =

1
δziδzi+1

, and

ci =
1

δzi+1(δzi+δzi+1)
. Rearranging Eq. (4.15), we obtain

− aiδsm+1qm+1
i−1 + (1 + biδsm+1 +

ωiδsm+1

2
)qm+1

i − ciδsm+1qm+1
i+1

= aiδsm+1qm
i−1 + (1 − biδsm+1 −

ωiδsm+1

2
)qm

i + ciδsm+1qm
i+1. (4.16)

We can calculate the propagator qm+1
i at step m + 1 from the propagator qm

i at step m.
The key lies in choosing proper adaptive discretization tailored to the system, which
enables gains in both computational time and accuracy.

In the thin film case, where the loss of accuracy mainly arises from the external
potential added to mimic interactions with the substrate or air interface, we employ
finer discretization only in the z direction where external force is present. We keep
uniform contour discretization where δs/Lc = 1/N. Our approach involves adaptive
discretization with a total of nz grids, achieved through either a cosine function138 or a
step function. The former has a form of δzi =

Lz
2

[
cos( i−1

nz
π)− cos( i

nz
π)
]

for i = {1, nz},
providing continuous discretization. The latter uses a finer δzs =

ϵ
αsnz

near the surface
(z ≤ ϵ or Lz − ϵ < z ≤ Lz) while a coarser δzb = Lz−2ϵ

(1−2αs)nz
for the rest. The latter

providing finer discretization Here, αs represents the fraction of grids allocated to the
surface region ϵ. Throughout this work, we refer to these adaptive schemes as "cos"
and "step," respectively.

For polymer brushes, additional adaptive contour discretization turns out to be cru-
cial. We utilize δsm =

[
cos(m−1

2N π)− cos( m
2N π)

]
, m = {1, N} to discretize the contour.

Similar to the approach for thin films, we employ two Dirichlet wall boundaries in
the z direction. The separation Lz are chosen to be greater than the brush height to
ensure that the brush’s free end is maintained. The grafting point of the polymer is
located at a distance of gp = 0.05 from the substrate. Initially, we employ a uniform
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grid spacing of δzg = 0.001 for z ≤ 2gp, utilizing ng = 100 grids to ensure fine dis-
cretization at the grafting site. Subsequently, we gradually increase the discretization
by δzi = δzg +

Lz−2gp
2

[
cos( i−1

2(nz−ng)
π)− cos( i

2(nz−ng)
π)
]

, i = {1, nz − ng}.

4.4 Results

4.4.1 Block copolymer film

We first demonstrate the effectiveness of our adaptive discretization scheme in comput-
ing the free energy of BCP films, specifically focusing on lamellar-forming BCP films
(with f = 0.5) as an example. Figures 4.1(a)-(c) illustrate the calculated free energy as a
function of film thickness using three different discretization schemes.

In the case of uniform discretization, the energy curves diverge for varying dis-
cretizations, denoted by different grid numbers. These discrepancies become more
pronounced for larger thicknesses due to the coarser discretization. In contrast, our
adaptive scheme consistently generates the same free energy curves regardless of the
number of discretization grids used. Although a minor discrepancy arises for larger
thicknesses in the step adaptive case, the overall performance is still superior to that of
the uniform case.

Fig. 4.1d illustrates the inaccuracies versus discretization, quantified by the shift in
energy from the extrapolated energy at spatial discretization δz → 0. To facilitate the
comparison with the uniform case, the energy shift in the adaptive case is plotted
versus the averaged discretization defined by δzav ≡ Lz/nz. In the uniform case, the
energy shift can be fitted by a cubic polynomial, which converges to zero with increased
discretization. As expected, the accuracy in the energy deteriorates more rapidly with
coarser discretization when stronger surface interactions are employed. In contrast, the
cos-adaptive scheme consistently produces highly accurate energy values for all tested
discretizations, as evident in the data points overlapping on the zero-error baseline.
While surface interaction slightly impacts the shift in energy for larger discretizations,
it is inconspicuous compared to the uniform case.

Figure 4.1e plots the energy shift versus δs/Lc for three different discretization
schemes and various δzav. The fact that all the curves collapse regardless of the dis-
cretization scheme and δzav indicates that adaptive discretization of space does not
require special treatment of δs. The numerical error caused by δs converges to zero
when δs/Lc < 10−3 for all three cases.

Our SCF calculations for lamellar BCP films show a significant improvement in
accuracy with adaptive discretization, especially using the cos-adaptive scheme. This
allows for coarser discretization, making SCF simulations more efficient and enabling
the investigation of multi-layered structures in thicker films.
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Figure 4.1: (a)-(c) SCF-calculated free energy, F/A, versus the thickness of the film, Lz/Rg,
using three different discretization schemes described in the text. The data are generated
using f = 0.5, µ0 = 2.55, χN = 20, κN = 25, and ΛA = ΛB = 60. (d) Energy shift per area
(∆F/A) as a function of averaged space discretizations δzav for three different strengths of
surface interactions ΛA = ΛB = 0, 60, and 120, where ∆F = F(∆z) − F(0) with F(0) being
the extrapolated value for Nz = ∞. Empty circle (◦) and solid triangle (▼) symbols represent
uniform discretization and adaptive "cos" discretization, respectively. The red horizontal line
indicates ∆F = 0. (e) Energy shift per area (∆F/A) as a function of contour discretizations
δs/Lc with ΛA = ΛB = 60. Empty circle (◦), square (□), and triangle (▽) indicate uniform,
cos-adaptive, and step-adaptive discretization. Solid lines of different colors in (d) and (e) are
polynomial fits of ∆F using f (x) = ax + bx2 + cx3 for different surface interaction strengths
and δzav.
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As a further example, we study thin films of sphere forming BCPs. In the bulk, prior
SCF studies revealed tiny free energy differences between Hexagonally Close-Packed
(HCP) and Face-Centered Cubic (FCC) packings, showing that the HCP phase is the
true stable phase129. Here, we investigate whether this remains true for thin films.
Unlike in the case of thin films with lamellar or cylindrical order, the study of sphere
packings in thin films requires three dimensional calculations and large systems, which
presents a substantial computational challenge.

Using the cos-adaptive scheme, we are able to compute the free energy of films
containing three layers of spheres (Fig. 4.1(a)). The close packings of FCC and HCP
correspond to ABC and ABA stackings of three layers as illustrated by the inset drawing
in Fig. 4.2(a) and the SCF calculated density plot in Fig. 4.1(b) and (c). The free energy
curves demonstrate that the HCP phase remains the stable phase in films, i.e., it has the
lower free energy. Furthermore, they show that the HCP film has a smaller equilibrium
thickness (free energy minimum at h∗ = 9.57Rg) than the FCC film (h∗ = 9.60Rg).

4.4.2 Homopolymer brush

Next, we consider polymer brushes. In this case, inaccuracies in SCF calculations arise
not only due to spatial discretization errors, but the SCF results also turn out to suffer
from contour discretization errors. Specifically, implementing the delta function to graft
the chain onto the substrate demands a much smaller δs compared to free polymer
chains. Additionally, as the system approaches the Strong-Stretching limit, which is
characterized by significant chain interactions and brush thicknesses much larger than
the radius of gyration of free chains, Rg, SCF calculations typically face convergence
issues unless a very fine contour discretization is chosen.

Figure 4.3 (a) plots the energy shift as a function of averaged spatial discretization
δzav/Rg for both uniform and adaptive spatial discretization and a fixed contour
discretization of δs/Lc = 0.0001. Similar to the previous example of the thin film, the
calculations perform badly in the case of uniform discretization as δz increases. This
is particularly evident in scenarios with attractive walls where more segments are
attracted to regions with external potential (blue curve). Conversely, cos-adaptive δzav

consistently yields much more accurate energy calculations, as illustrated by the fact
that all filled symbols align with the zero-error baseline.

In Fig. 4.3 (b), we compare the energy shift relative to the average contour dis-
cretization δsav for both uniform and cos-adaptive methods, considering various wall
interactions, while maintaining a small uniform δz/Rg = 0.002 throughout the analysis.
For the case of uniform δs, the energy shift converges to zero at around δs/Lc = 10−5,
contrasting with 10−3 in the free chain melt case. Moreover, the SCF calculation fails to
converge beyond δs/Lc ⪆ 10−3 under uniform conditions. However, the adaptive δs
scheme is able to accommodate larger discretization values while consistently main-
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Figure 4.2: Spherical BCP film consisting of three layers. (a) SCF free energy per area, F/A, of
the film as a function of film thickness, Lz. The data are generated using f = 0.76, µ0 = 2.25,
χN = 20, κN = 25, ΛA = 60 and ΛB = 5. The optimum thickness, which corresponds to the
minimum free energy, is marked by ⋆. The inset drawing shows the grid of the FCC (ABC)
and HCP (ABA) packing. The green rectangle shows the selected periodic cell for the SCF
calculation. (b)-(c): 3D contour plot of the density of the B-block calculated with the SCF for
HCP and FCC packings.
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Figure 4.3: (a) SCF-calculated energy shift per polymer as a function of the averaged spatial
discretization with a attractive (Λ = −100), repulsive (Λ = 100) and neutral (Λ = 0) interactions
with the substrate. Here ϕ0 = 2 and Nν = 1. (b) SCF-calculated free energy per polymer as
a function of the contour discretization. In (a) and (b), empty circles correspond to uniform
discretization in space and time, filled circles (in a) to adaptive discretization in space, empty
triangles (in b) to adaptive contour discretization, and the red horizontal line indicates zero
error ∆F = 0. The solid curves in (a) and (b) are fits to the function f (x) = ax + bx2 + cx3.
(c) Normalized segment density ϕ(z)L/ϕ0Rg as a function of z/L (see text for definitions) at
Λ = 0. The distance is rescaled by the thickness of the brush estimated by the strong stretching
theory (SST).
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taining significantly higher accuracy for different types of wall interactions, as shown
by the empty triangles.

We further extend our calculations to the strong stretching limit. The Strong Stretching
Theory (SST) predicts a parabolic density profile for the polymer61,70. The normalized
concentration can be written as

ϕsst(z) =
3
2

ϕo

(
1 −

( z
L

)2
)

Rg

L
(4.17)

where ϕ0 =
√

6N1/2n
bρo A is the renormalization factor for the concentration and L

Rg
=( 24Nν

π2 ϕ0
)1/3

is the absolute thickness of the brush.
The SCF-calculated densities are showcased in Fig. 4.3 (c). In the dilute regime,

characterized by a small L, the SCF captures both the depletion region near the wall
and the tail at the top of the brush. As the graft density escalates, the monomer density
profile in the brush approaches the prediction of the strong stretching limit. Here, the
depletion width narrows, accompanied by a sharp concentration increase from zero.
Despite nearing the strong stretching limit, our SCF calculations using the adaptive
scheme continue to deliver accurate results. This is evident from the close alignment
between the SST theory and the red dashed curve, particularly notable at L = 33.9.

4.5 Conclusion

We have proposed a method to incorporate adaptive discretization schemes in real-
space SCF calculations to improve both their accuracy and computational efficiency.
By implementing finer discretization near surfaces, where strong polymer-substrate
interactions occur, we effectively reduce numerical errors in the calculated free energy.
Notably, our study shows that the cos-adaptive scheme consistently achieves superior
accuracy, even with spatial discretizations larger than δzav > 0.1, outperforming the
uniform scheme by requiring discretization at least ten times smaller.

To illustrate the potential of our method, we have studied the morphologies of sphere-
forming BCP films, focusing on the question whether the HCP or the FCC stacking is
more favorable. Our analysis indicates that HCP stacking is the thermodynamically
stable state in thin films, at least in the example studied by us (confinement between
two attractive surfaces); however, the free energy differences between HCP and FCC
stacked films are very small.

When looking at polymer brushes, we again find that adaptive spatial discretization
significantly enhances the accuracy of SCF calculations. In addition, adaptive discretiza-
tion of the contour length parameter turns out to be essential not only for obtaining
accurate results, but for obtaining converged SCF solutions to begin with, if the total
number of discretization points is low. Choosing finer values of δsav enables capturing
subtle features, such as the depletion region near the grafting point, which are easily
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overlooked when using uniform discretization schemes, especially if δz is comparable
to the depletion width. Importantly, our adaptive scheme alleviates the computational
burden associated with brush simulations by allowing to choose larger values of the
averaged discretization parameter δsav, similar to that of ungrafted chains in the bulk,
without sacrificing accuracy. This enhancement of efficiency is particularly noteworthy
in view of the fact that the costs of SCF calculations are dominated by the costs of
repeatedly solving modified diffusion equations in order to obtain the propagators q
and q†. Furthermore, our adaptive scheme remains robust in the Strong Stretching limit,
accommodating scenarios where inter-chain interactions exert substantial influence,
resulting in brush heights L ≫ Rg. While polymer brush SCF calculations in one dimen-
sion remain feasible with manageable computational costs even when using uniform
discretization schemes, the integration of adaptive contour discretization and spatial
discretization extends the computational capabilities, facilitating SCFT calculations in
two or three dimensions for intricate morphologies143,146,147,155,156.

In summary, our study highlights the crucial role of adaptive discretization schemes
in advancing SCF calculations, delivering significant enhancements in accuracy and
computational efficiency for various polymeric systems. The versatility of our simple ap-
proach is demonstrated by two illustrative examples, which showcase its applicability to
problems involving interfaces and external potentials. In general the required accuracy
of SCF calculations depends on the specific quantity of interest. In the present paper,
we have mainly focused on the free energy, which helps to identify the true equilibrium
phase from a set of competing candidate structures. In other applications, accurate
predictions for density profiles of specific chain segments may be more important.

We have introduced two types of adaptive discretization schemes, adaptive spatial
discretization and adaptive contour discretization. Adaptive spatial discretization will
be useful in all situations where density or composition profiles vary strongly in
selected regions in space. Adaptive contour discretization will be useful in situations
where particularly strong variations of the propagator function, q(r, s), are expected for
well-defined values of s – as is the case, e.g., for polymer brushes or for copolymers
close to junction points that connect different blocks. In general, it would be desirable
to couple spatial discretization and contour discretization. This is because the basic
equation of any SCF iteration scheme, Eq. (4.5), has the form of a modified diffusion
equation. In such cases, the contour step should not be chosen independent of the
spatial discretization157,158. In fact, an upper bound for δs should typically scale with
δz as δs ∼ δz1+ϵ with ϵ = 2158. Here we have chosen δs sufficiently small, smaller than
the upper bound. In future work, we will explore possibilities to couple the spatial and
contour length discretization such that the contour discretization adjusts and becomes
finer in regions of space where the spatial discretization is finer.

We should also note that the term ”adaptive” in the present work refers to situations
where a specific inhomogeneous discretization scheme is chosen at the beginning of
an SCF calculation and not changed thereafter. In fact, we would strongly recommend
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not to proceed otherwise, as changing the discretization in the middle of an SCF
iteration loop will likely result in convergence problems. However, in algorithms that
involve many successive SCF calculations, such as dynamic density functional (DDF)
simulations, our scheme could also be used to set up dynamically adaptive grids that
adjust to the current state of the polymer system.

To foster broader adoption and further refinement, we have made our SCF code
publicly available (see below). The code has a modular structure. It provides both
adaptive real-space methods and uniform discretization pseudospectral methods, and,
in the latter case, options to perform dynamic density functional (DDF) simulations
following the DDF models used in Refs. [159] and [160, 161]. It can be applied to
arbitrary mixtures of linear multiblock-copolymers, and can easily be extended to other
polymer architectures as well.

4.6 Data

Code to produce the data used in the manuscript is available at https://github.com/
leqiao/ADSCF.git.
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5.1 introduction

5.1 Introduction

Block copolymers have seen a long and sustained interest, both in experiments and
theory, mainly due to their ability to self-assemble into a variety of nanoassemblies. This
ability stems from the fact that the constituting blocks of the polymers are made from
different types of often incompatible monomers that would like to demix, however due
to the connectivity of the blocks they instead microphase separate162. In the melt regime,
for example, even the simplest type of block copolymer, the linear diblock polymer, can
self-assemble into a variety of periodic structures like lamellar, hexagonal, spherical,
gyroid and more13,162–165, with a periodicity determined largely by the macromolecular
weight of the molecules themselves and thereby in the nanoscale range162,166,167. Such a
capability is highly desired in a range of applications, such as surface pattering168, thin
films169,170, filtration171 and many more172,173. On the other hand, if a solvent is present
that is selective toward one of the types of blocks, but poor toward the others, then the
polymers may self-assemble into a variety of states depending on the concentration
of the polymers, the molecular weight of the polymer, and other parameters174. Some
common examples include spherical micelles, elongated micelles, worm-like micelles,
or vesicles13,14,175,176. Such structures have been intensely investigated and have a wide
range of applications, e.g., in solubilization177, stabilization178, as nanoreactors179, for
drug encapsulation and delivery180,181 and many others182. In the present article we
focus on polymeric micelles, which hold promise as nanocarriers for encapsulating and
transporting drugs. Micelles do this by incorporating the often hydrophobic drug181

into their cores, thus solubilizing and protecting it from the highly complex environ-
ment in vivo173. In addition, as drugs need to circulate in the body for some time to
reach their target sites, it is vital that the drug release from the nanocarrier happens
over hours and not immediately173 after administration. After entering the bloodstream,
the nanoparticles find themselves in a highly dilute environment, much below the
critical micelle concentration (CMC), whereupon they disassemble quickly and thus
release their drug payload. Polymeric micelles, on the other hand, have a relatively
low critical micelle concentration, which enhances their stability and slows down their
disassembly to a large extent183. Moreover, rather than passively delivering drugs to
a site, a more selective strategy involves actively targeting the sites by releasing the
drug payload near or inside the affected cells. In this regard, polymeric micelles offer
a variety of possibilities. For example, by introducing stimuli-responsive functional
groups or monomers, it is possible to induce the release of a drug at a specific site using
triggers such as light, temperature or pH184. Lastly, decorating micelles with specific
moieties, such as ligands, enables targeting of desired sites that have specific receptors
for said ligand185,186, thereby minimizing the contact with healthy cells. Thus, polymeric
micelles that serve as drug delivery vehicles should combine a variety of attributes.
Fortunately, the vast array of synthetic protocols187 has made it possible to construct
a variety of exotic polymers. One such class, that combines multiple benefits and has
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attracted considerable interest in recent years, is linear dendritic block copolymers
(LDBCs). These polymers consist of a linear solvophobic block and a precise branched
structure consisting of hydrophilic blocks, resembling a tree26,188,189. In solvent, they self-
assemble into an even greater variety of structures than linear block copolymers190,191.
Additionally, LDBCs offer several other advantages over linear block copolymers, in-
cluding smaller micelle sizes, lower aggregation numbers and a greater number of chain
ends available for functionalization27. However, synthesizing LDBCs with a precise
branch structure – i.e., with controlled macromolecular weight and branch generations
– requires a multipot process33,192. This complexity results in relatively high production
costs compared to simpler copolymers. An alternative approach which has gained
popularity in recent years is to use their less precise cousins, the so-called linear hy-
perbranched block copolymers (LHBCs)193,194. In contrast to the case of LDBCs, the
branched component of LHBCs is highly random. This randomness arises from their
synthetic protocols, which are both blessings and a curse. For example LHBCs can
be synthesized in a one-pot process195, considerably reducing production complexity.
However, this simplification often comes at the cost of high macromolecular weight
and topological polydispersity196,197. As drug delivery vehicles must be monodisperse
in size and exhibit similar physiological characteristics between batches, it is impor-
tant for the polymers to form well-defined structures198. High macromolecular weight
polydispersity can lead to undesirable assemblies199. To address this issue, methods
that reduce polydispersity, such as slow-monomer addition35, have been developed. It
should be noted that a certain low degree of macromolecular weight polydispersity may
have a positive effect on micelle size uniformity, as has been demonstrated for linear
block copolymers36. Theoretical studies on micelle formation have mostly focused on
monodisperse linear block copolymers200–205 and LDBCs27,206–208. A few simulation
studies have investigated micelle self-assembly and morphological transitions in so-
lutions of hyperbranched copolymers with irregular architectures209–212; however, the
systems were still monodisperse in the sense that all molecules were identical. Only
few studies have considered effects of molecular weight polydispersity36,213–217, and
the effects of topological polydispersity remain largely unexplored. Here, we attempt
to elucidate some of the properties of micelles composed of polydisperse LHBCs, and
compare them with their counterparts made of monodisperse linear diblock copoly-
mers and LDBCs. Schematic pictures of such polymers are shown in Fig. 5.1b-e. In
the case of LDBCs, the solvophobic blocks comprising the dendritic part have the
same total number of monomers and the number of terminal ends doubles with each
generation. We investigate a range of metrics such as the morphologies of the micelles,
the terminal end distributions, the stability of micelles, their CMC values, and their
encapsulation capacities for a model solvophobic drug molecule. We also investigated
the limiting molecular weight polydispersity that can still be tolerated. To this end, we
employ molecular dynamics (MD) simulations to model the slow-monomer addition
method35,218,219 and construct a variety of LHBCs with predetermined macromolecular
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length (weight) polydispersity. The molecular architectures are then extracted and the
self-assembly of the molecules is evaluated in the grand canonical ensemble using the
Self-Consistent Field Theory (SCFT) framework48.

5.2 Model and Methods

5.2.1 Molecular Dynamics Model

We employed MD simulations to mimic the slow-monomer addition protocol220 and
used beads labeled A to F, to represent various components of the LHBC. Beads F and
C represent polystyrene and the macroinitiator respectively, while the rest are used
to represent the AB2 monomers and are configured in a star-like fashion as shown in
Fig. 5.2: The center bead of the star (type D) is connected to two beads B and one bead
A such that the four of them form a Y-shape, and further inert beads E are added to
stabilize this structure. Beads A can interact via an attractive potential with beads C
and B, simulating the irreversible conjugation of AB2 monomers with the macroinitiator
and with each other.

The detailed interactions between each bead type are outlined below:

Uharm.
ij =

1
2

kh(rij − ro)
2 (5.1)

for bonded beads F-F, F-C, C-C, A-D, B-D, D-E,

ULJ
ij = 4ϵ

[(
σ

rij

)12

−
(

σ

rij

)6
]

(5.2)

for all bead pairs except A-C, A-B,

Ubind.
ij = −d cos

(
rijπ

2rc

)
Θ(rc − rij) (5.3)

for bead pairs A-C, A-B,

Ucos
ijk =

1
2

kc(cos
(
θijk
)
− cos (θo))

2 (5.4)

for bonded bead triplets A-D-B, B-D-B,

Udihedral
ijkl =

1
2

kd(1 − cos
(
2ϕijkl

)
)2 (5.5)

for beads E-E-E-E in the same star unit.

Here rij denotes the distance between beads i and j, θijk is the angle between particles i,
j and k, ϕijkl is the angle between the two planes formed by beads i, j, k and beads j, k,
l respectively, and Θ refers to the Heaviside function (Θ(x) = 1 for x > 0, Θ(x) = 0
otherwise). The parameters are κh = 100ϵ, ρo = σ, d = 100ϵ, rc = σ/2, κc = 100ϵ,
θo = 5π/6 for A-D-B and θo = 2π/3 for B-D-B.
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(a) (b)

(c)

(d) (e)

Figure 5.1: Examples of molecular structures. Solvophobic part is shown in red and solvophilic
part in blue. (a) Example of an LHBC molecule produced from a molecular dynamics simulation
(see Section 5.2.1). (b) Graph representation of the polymer molecule in (a) where each filled
circle represents a monomer. Note that the maximum number of generations in this particular
example is ten. (c) Representation of a symmetric linear diblock molecule. (d,e) Representation
of a LDBC molecule of generation one (d) and generation two (e).
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BeadTypes
A
B
D
E

Figure 5.2: Sketch of the AB2 monomer used in the MD simulations. Each color corresponds to
a different type of bead as indicated, and bonds are depicted in black. In the SCFT calculations,
this whole monomer is turned into a single solvophilic segment.

We simulated the aforementioned system under constant temperature and volume
conditions using Langevin dynamics as implemented in the HOOMD-blue molecular
dynamics package221. Starting with a linear chain of 84 F-beads followed by 8 C-beads
connected in a sequential arrangement, we then introduced a designated number of AB2

monomers. This number is sampled randomly from a Schulz-Zimm distribution102 with
an average value of N̄AB2 = 76 monomers, and varying, but prescribed polydispersity
index PDI = N2

AB2
/N̄2

AB2
. We note that the choice of N̄AB2 = 76 is based on the fact that

in SCF, F beads act as solvophobic monomers, while C beads and AB2 monomers act as
identical solvophilic monomers, thus the resulting LHBCs are, on average, symmetric
in terms of the solvophobic-to-solvophilic monomer ratio. For the case of PDI = 1, the
ensemble generated consists of LHBCs that are monodisperse in length yet display a
diversity of topologies.

The AB2 monomers are added sequentially, with the condition that the preceding
monomer must first be attached to the growing central molecule before a new monomer
can be introduced. This prevents premature connections between free AB2 monomers.
A schematic representation of such a polymer molecule and its graph structure is
shown in Fig. 5.1a,b. The graph representation of this molecule, along with others that
constitute the polydisperse ensemble of LHBCs, is subsequently recorded and used
for further calculations within the SCF framework. To avoid confusion we note that,
although more than two types of MD monomers are introduced in the construction
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of the LHBC polymers, the MD monomers are then mapped onto only two types of
segments, either solvophobic or solvophilic, in the SCFT model.

The SCF calculations are done in batches B1-B4, consisting of 128 different polymers
each, which are a result of the "greedy algorithm". This algorithm sorts the 512 polymers,
which we refer to as the BA batch, into four equally sized sub-batches (B1-B4). It does
this by progressively filling these sub-batches while tracking the total sum of monomers
in each batch. It then assigns the next polymer to the sub-batch with the lowest total,
ensuring that no sub-batch exceeds the target of 128 polymers. More details about the
SCF simulations are provided in Section 5.2.2.

5.2.2 SCFT Model

To model a system of copolymers with solvophobic (H) and solvophilic (P) monomers
in solvent (S), capable of exchanging polymer chains with its environment (bath), we
employ SCFT calculations in the grand canonical ensemble.

We consider a polymer solution in implicit solvent, modeled according to the
Sanchez–Lacombe theory48,58, and characterize the system in terms of spatially vary-
ing monomer volume fractions ϕH(r) and ϕP(r) that depend on the corresponding
monomer number densities ρα(r) and the monomeric volumes vα = vP via ϕα = ραvα.
Thus the solvent volume fraction is given by ϕS(r) = 1 − ϕH(r)− ϕP(r) and the solvent
number density is given by ρS = ϕS/vS, where vS is the volume of a solvent molecule.
The grand canonical free energy is given by48:

βFGC =

(
Uinter. −

1
v∗

∫
dr

H,P

∑
α

(ραv∗)Wα

−
nT

∑
i

exp (βµi)Qi

)

Uinter. =
1
v∗

(∫
dr

H,P

∑
α

χαS ϕα(r)ϕS(r) (5.6)

+
1
2

H,P

∑
α,β

χαβ ϕα(r) ϕβ(r)

+ v∗( ρS(r) ln(ϕS
(
r))− ρS(r)

))
,

where v∗ is a reference volume, Uinter. is the interaction potential which also includes the
translational entropy of the solvent molecules, χαβ are the Flory-Huggins parameters
between species α and β, Wα are the self-consistent fields, µi and Qi is the chemical
potential and the single chain partition functions of chains of type i respectively, nT is
the number of different types of polymers, and V is the volume of the system.
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In these grand canonical SCF calculations, we assume the polymers in the micelle to
be in chemical equilibrium with a homogeneous solution of chains of type i with global
average polymer volume fraction ϕ̄. The chemical potentials µi are then given by:

exp(βµi + ln(N̄)) =
wiϕ̄V
Q̄ivP

, (5.7)

where Q̄i is the single chain partition function of chain type i in the homogeneous
state and wi is the fraction of chains of type i in the bath such that ∑nT

i wi = 1. Also,
N̄ = ∑nT

i wiNi is the average chain length and Ni is the length of polymer type i. The
derivation of Eq. (5.7) is given in the Appendix 5.6.

In our study, we consider copolymers that are separated into blocks, each consisting
exclusively of either solvophobic or solvophilic monomers. We categorize the blocks
into three groups based on their connectivity: (1) Stem (SM, one per molecule), (2)
Internal (IL), and (3) Terminal (TL). Stem and terminal blocks each have one free end,
while internal blocks have none. Blocks are delimited by junctions, which encompass
both the internal branch points and free ends. For each molecule type i, the junctions
are numbered consecutively, starting from zero, which is assigned to the free end of
the stem block. Thus, a given block in a chain of type i can be identified by the pair
[j1 j2]i of confining junctions. Moreover, we assign orientations to molecules, defining
the forward direction as running from the stem to the terminal blocks. An example
illustrating the nomenclature is given in Fig. 5.3.

For each block [j1 j2]i, we calculate a forward propagator q[j1 j2]i(r, s) and a backward
propagator q†

[j1 j2]i
(r, s), where s = n/N̄ and n is a monomer count. This is done by

solving the modified diffusion equations222

∂q[j1 j2]i(r, s)
∂s

=

(
N̄

b2

6
∇2 − N̄W[j1 j2]i(r)

)
q[j1 j2]i(r, s) (5.8)

∂q†
[j1 j2]i

(r, s)

∂s
= −

(
N̄

b2

6
∇2 − N̄W[j1 j2]i(r)

)
q†
[j1 j2]i

(r, s),

where we assumed the statistical segment length of the monomers b to be the same
throughout the polymer. Here, W[j1 j2]i is either WH or WP, depending on the monomer
type of block [j1 j2]i. Eqs. (5.8) are solved for values of s in the interval s ∈ [0, smax

[j1 j2]i
],

where N̄smax
[j1 j2]i

is the macromolecular length of block [j1 j2]i, with initial conditions given
by the following relations222:

q[j1 j2]i(r, 0) = 1 for [j1 j2]i = [01]i ∈ SM (5.9)

q[j1 j2]i(r, 0) = q[j3 j1]i(r, smax
[j3 j1]i

) q†
[j1 j4]i

(r, 0)

for [j1 j2]i /∈ SM and,

[j3 j1]i ∈ SM or IL, [j1 j4]i ∈ IL or TL (5.10)
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Figure 5.3: Cartoon representation of a hyperbranched polymer indexed to i. Red indicates that
block j is solvophobic while blue indicates that the block is solvophilic. Green indicates the
junction points numbered here from 0 to 9. For clarity, only some of the forward propagators
are shown.
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q†
[j1 j2]i

(r, smax
[j1 j2]i

) = 1 for [j1 j2]i ∈ TL (5.11)

q†
[j1 j2]i

(r, smax
[j1 j2]i

) = q†
[j2 j3]i

(r, 0) q†
[j2 j4]i

(r, 0)

for [j1 j2]i /∈ TL, [j2 j3]i, [j2 j4]i ∈ IL or TL. (5.12)

Eqs. (5.9) and (5.11) are the initial conditions for the free ends of the polymer, while
Eqs. (5.10) and (5.12) are the initial conditions for the inner junction points of the
polymer. For example, in Fig. 5.3, junction points 1, 2, 5 and 7 are inner junction points
while the rest are free ends. Based on these initial conditions, we first calculate the
backward propagators of the chain, starting from the terminal groups and proceeding
"backward" along the chain, up until the stem’s backward propagator is calculated.
Then we repeat the procedure for the forward propagator in the reverse order. Once
the propagators have been calculated, the volume fractions can be determined via the
following expression:

ϕα(r) =
nT

∑
i

ϕα,i(r) =
nT

∑
i

exp(βµi + ln(N̄)) (5.13)

× ∑
[j1 j2]i

∫ smax
[j1 j2 ]i

0
ds q[j1 j2]i(r, s)q†

[j1 j2]i
(r, s)θα,[j1 j2]i ,

where ϕα,i(r) is the volume fraction contribution from chain i to monomer type α and
θα,[j1 j2]i is one if the block [j1 j2]i is of type α, and zero otherwise. The single chain
partition function of chain of type i can be evaluated from the backward propagators of
the corresponding stem blocks,

Qi =
1
v∗

∫
dr q†

[01]i
(r, 0). (5.14)

Finally, to close the self-consistent loop, the fields Wα(r) are calculated from the
functional derivatives of Uinter. with respect to the monomeric number densities48,
ρα = ϕα/vα, as:

Wα(r) =
δUinter.[ϕ]

δρα(r)

=
vα

v∗
(
χαSϕS +

H,P

∑
β

(χαβ − χβS)ϕβ −
v∗

vS
ln(ϕS)

)
. (5.15)

Given an initial field Wα, we solve Eqs. (5.8), calculate new volume fractions using
Eq. (5.13), calculate new fields using Eq. (5.15), mix the new fields with the old ones
using lambda mixing59, and repeat the loop until the following convergence criterion is
reached:

CF =
H,P

∑
α

∫
dr (ϕnew

α − ϕold
α )2 < 10−12. (5.16)
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All SCF calculations were performed with periodic boundary conditions in a simula-
tion box of volume V = 15 × 15 × 15 [R̄3

g], using 1024, 128 × 128 and 64 × 64 × 64 grid
points for one, two and three dimensional simulations respectively. The rest of the
parameters were chosen as χHPN̄ = 30, χHSN̄ = 61, χPSN̄ = 27, vS/(v∗N̄) = 0.02
and v∗ = vP such that the equilibrium morphology in a system of symmetric diblock
copolymers is a spherical micelle. To accelerate the numerical computation of the
propagators for highly symmetric architectures like LDBCs, we implemented schemes
similar to those in Yong and Kim [223], which avoid redundant calculations of identical
propagators.

5.3 Results and Discussion

In this section, we first examine the results related to the size and topological polydis-
persity of LHBCs generated from MD simulations. We then present results from SCF
calculations, comparing micelles formed by polydisperse ensembles of LHBCs with
those formed by monodisperse ensembles of linear diblocks or LDBCs of various gener-
ations. Key experimentally relevant quantities such as the critical micelle concentrations
(CMC), the equilibrium morphologies, the volume fraction profiles, the terminal end
distributions, the number of chains nM and terminal ends cM per micelle, the micelle
size distributions, and the energy penalty associated with asphericity, are discussed.
Finally, we investigate the drug encapsulation capacity of these micelles by evaluating
the encapsulation of solvophobic homopolymers. For a fair comparison, we limit the
study to systems with solvophobic-to-solvophilic monomer ratio maintained at 1 : 1
for all monodisperse LDBC and linear diblock systems, and on average, at 1 : 1 for the
polydisperse LHBC systems. We note that, in some of the following plots, we refer to
the linear diblock chain as zeroth generation LDBC. Below, lengths are mostly given
in units of the average radius of gyration R̄g = b

√
N̄/6 and the free energy F will be

given in units of kBT = β−1 and rescaled with the Ginzburg parameter C̄ = R̄3
g/v∗N̄.

5.3.1 Generation of representative LHBC polymer sets

As noted in the introduction, slow monomer addition can yield polymers with low
macromolecular length polydispersity, which shows particular promise for applications.
Therefore, we focus on LHBCs synthesized by using this approach. Specifically, we
modeled the slow-monomer addition protocol outlined in Barriau et al. [35]. In this
process, a linear polystyrene block is initially conjugated to a short, linear hydroxylated
polybutadiene block, which serves as a macroinitiator for the subsequent gradual
addition of glycidol, ultimately forming the LHBC molecule. Here, glycerol acts as
an AB2-type monomer, thus the branching points in the resulting hyperbranched
polyglycerol have a degree of three.
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To model the slow monomer addition protocol, we used single-chain coarse-grained
MD simulations. In such simulations, a linear block was conjugated to a linear macroini-
tiator and a predetermined number of AB2 monomers, that can irreversibly bond with
the macroinitiator and other AB2 monomers, were added sequentially to the growing
molecule. This predetermined random number followed a Schulz-Zimm distribution
with a specific polydispersity index (PDI) and average number (see Section 5.2.1.)

We investigated different values of PDI, and for each PDI, we simulated the creation
of 512 independent polymers. To keep the SCF simulations manageable and enable
assessing statistical errors in the SCF results, we divided the complete batch (BA) into
four subbatches (B1, B2, B3, B4) of 128 polymers each. Instead of randomly selecting
polymers from the BA batch, we used a "greedy number partitioning" algorithm to
assign polymers to sub-batches (see Section 5.2.1).

This method ensures that the four sub-batches have similar average chain lengths
and was also found to preserve other key characteristics. For instance, the degree of
branching224, which is defined as:

DB = 2D/(2D + L), (5.17)

where D and L are number of dendritic monomers (branching points) and linear
monomers, is also preserved along with the length polydispersity. This is illustrated in
both Fig. 5.4 and Table 5.1, which demonstrate that the characteristics of both the topo-
logical and chain length polydispersity are overall inherited from the large BA batch
in the sub-batches B1-B4. Note that, as explained in Section 5.2.1, the macroinitiator
and the AB2 monomers are considered solvophilic and compose the entire hyper-
branched part of the polymer. The results are consistent with previous Monte-Carlo
simulations225.

Target PDI 1.0 1.1 1.2 1.3 1.4 1.5

BA 76.0(1.00)/0.56 ± 0.05 76.1(1.10)/0.56 ± 0.05 74.3(1.18)/0.56 ± 0.05 75.6(1.33)/0.57 ± 0.05 73.4(1.37)/0.57 ± 0.05 74.7(1.56)/0.57 ± 0.06

B1 76.0(1.00)/0.56 ± 0.05 76.1(1.10)/0.56 ± 0.05 74.3(1.18)/0.56 ± 0.05 75.6(1.34)/0.57 ± 0.05 73.5(1.37)/0.57 ± 0.05 74.7(1.56)/0.57 ± 0.06

B2 76.0(1.00)/0.56 ± 0.04 76.2(1.10)/0.56 ± 0.05 74.3(1.18)/0.56 ± 0.05 75.6(1.33)/0.57 ± 0.06 73.4(1.37)/0.56 ± 0.05 74.7(1.56)/0.56 ± 0.05

B3 76.0(1.00)/0.56 ± 0.04 76.2(1.10)/0.56 ± 0.05 74.3(1.18)/0.56 ± 0.05 75.6(1.33)/0.57 ± 0.05 73.4(1.37)/0.57 ± 0.05 74.7(1.55)/0.57 ± 0.06

B4 76.0(1.00)/0.56 ± 0.05 76.0(1.10)/0.56 ± 0.05 74.3(1.18)/0.56 ± 0.05 75.6(1.32)/0.56 ± 0.06 73.4(1.37)/0.56 ± 0.06 74.7(1.55)/0.57 ± 0.06

Table 5.1: Statistical properties of polymers in each representative batch of LHBC molecules
(see text), with notation ”Average number of AB2 monomers”(”PDI”)/”DB ± Error of DB”.
Note that the calculation of DB only involves the solvophilic part of the polymer, while the
calculation of the PDI involves only the AB2 monomers. Small deviations from the target values
arise due to sampling.
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Figure 5.4: Probability distributions of the degree of branching (DB) for the LHBCs with
different values of polydispersity index PDI. The whole colored distribution represents the
complete batch (BA), while the other four colors represent the sub-batches (B1-B4). Note that
the DB values are calculated only for the solvophilic part of the polymer.
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5.3.2 Equilibrium micelle structures

To determine the equilibrium morphology and the CMC of the systems, we conducted
one-, two-, and three-dimensional SCF calculations in the grand canonical ensemble,
which resulted in lamellae, cylindrical, or spherical micelles, respectively. For simplicity,
we only consider solvophobic (H), solvophilic (P) and solvent (S) in these calculations
and do not distinguish between the macroinitiator and the AB2 monomers, to which we
all refer as P. In particular, we assume that all monomers have the same monomeric vol-
ume vP. We further assume that the polymers in the micelle are in chemical equilibrium
with a homogeneous solution (bath) of chains of type i with global average polymer
volume fraction ϕ̄. The chemical potentials µi (Eq. (5.7)) of each type, are then given
in terms of wi, which is the fraction of chains of type i in the bath. We set wi = 1/nT,
meaning that chains of all types i are incorporated into the micelle with the same a
priori probability. The actual fraction of chains i in the micelle may of course differ from
wi.

First, we varied the average polymer volume fraction, ϕ̄, of the bath and evaluated
the free energy difference (∆F) between the inhomogeneous and homogeneous states
for each case. Selected curves for ∆F as a function of ϕ̄ are shown in Figs. 5.5a and
5.5b. The critical volume fraction, ϕ̄c, is defined as the lowest value of ϕ̄ among the
three morphologies for which ∆F = 0. This represents the lowest polymer volume
fraction at which micelles begin to form, with the corresponding morphology being
the equilibrium micelle morphology. The resulting values of ϕ̄c and the respective
morphologies are shown in the insets of Fig. 5.5: as a function of PDI for LHBCs in
Fig. 5.5a, and as a function of generations for LDBCs in Fig. 5.5b. In LDBC systems, ϕ̄c

increases with increasing generations, consistent with prior findings27. In LHBC systems,
ϕ̄c decreases with increasing PDI, which aligns with observations from micelles formed
by linear block copolymers with a polydisperse solvophilic block36. For all polymer
systems tested, the equilibrium morphology was spherical micelles, except for LHBCs
at PDI = 1.5, which transitioned to cylindrical micelles. In Fig. 5.5c, the differences in the
length distribution of the solvophilic part between the micelle and the bath are shown
for the different LHBC systems. Greater polydispersity results in a larger proportion
of both smaller and larger chains in the bath. Smaller chains, being overall more
solvophobic, are preferentially attracted to the micelle, while larger chains are preferred
in the bath. Additionally, chains with smaller solvophilic parts lose less configurational
entropy upon incorporation into micelles compared to larger chains, which explains
the decrease in ϕ̄c with increasing PDI. The eventual transition of the equilibrium
morphology from spherical to cylindrical can be attributed to smaller chains having
a higher packing parameter15. Fig. 5.5d demonstrates that the effects of topology are
minimal, as the differences in the degree of branching within the micelle and the bath
for the PDI = 1 case are negligible. At PDI = 1, all chains have equal molecular weight,
so there is no size-based driving force, unlike in the other cases. Thus, the differences
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observed for the other PDI cases can be primarily attributed to indirect effects of
molecular weight polydispersity, rather than topological polydispersity. However, this
does not rule out a potential impact of topological polydispersity in systems with fewer
chains than those tested. Next, we compare the properties of the equilibrated spherical
micelles. We define the terminal end distribution c(r), the number of chains nM, and
the number of terminal ends in the micelle, cM, as:

c(r) =
nT

∑
i

exp(βµi + ln(N̄)) (5.18)

×
TL

∑
[j1 j2]i

q[j1 j2]i(r, smax
[j1 j2]i

) q†
[j1 j2]i

(r, smax
[j1 j2]i

)

cM =
∫

Vc.

dV c(r)/vP (5.19)

nM =
∫

Vc.

dV ϕH(r)/(NHvP), (5.20)

where the sum is performed over the terminal blocks (TL) of chain type i, Vc. is a
sphere with a cutoff radius of 6.0 [R̄g] and NH is the length of the solvophobic block.
The solvophobic volume fraction ϕH, the backward propagator q and q†, as well as
the notation are defined in Section 5.2.2. In Fig. 5.6a, the volume fraction profiles of
equilibrium micelles are shown for a selection of polymer systems. These profiles
are only marginally influenced by polydispersity, with the LHBC systems exhibiting
profiles that lie between those of the linear and the other LDBC-based micelle systems.
The results indicate that the impact of polydispersity on the equilibrium volume fraction
profiles is relatively minor compared to other factors, such as polymer architecture
or the generation of LDBCs. These findings are consistent with a previous study on
micelles formed by linear block copolymers36, which showed that polydispersity in
the solvophobic block had a strong effect on the volume fraction profiles, whereas
polydispersity in the solvophilic block had little to no effect. We note that the solvent
content in the micelle core is relatively high in these calculations, around 25%. This
is a consequence of the monomer-solvent interactions (χHS = 0.61) being relatively
small. This value is inspired by an empirical estimate for polystyrene in n-decane based
on Hansen’s solubility parameters226. The χHS values for hydrophobic components of
pharmaceutical micelles in water, such as polylactate, are typically about twice as high,
therefore the solvent content in the micelle core will be lower. However, this should not
change the general trends.

An interesting effect is observed in the high PDI case (PDI = 1.4). As shown in Fig. 5.6,
a sizable amount of solvophilic monomers enters the predominantly solvophobic core,
leading to a corresponding decrease in the solvophobic contribution. High PDIs can
result in polymers with small solvophilic contributions, which makes them nearly
entirely solvophobic. Consequently, the polymers tend to position themselves deeper
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Figure 5.5: (a,b): Rescaled free energy difference ∆F between homogeneous and inhomogeneous
states against the average polymer volume fraction in the bath ϕ̄ for polydisperse LHBCs
(a) and monodisperse linear and LDBCs (b). Each color corresponds to a different polymer
system, while the style of the line corresponds to lamella (solid line), cylindrical (dashed line)
and spherical (dotted line) micelle states. For the LHBCs (a), errors obtained from averaging
over batches are also shown. The insets in (a) and (b) show the state with the lowest critical
concentration ϕ̄c against PDI and number of generations, respectively. The circular ( ) and
rectangular ( ) symbols represent spherical micelles and cylindrical micelles respectively as the
equilibrium morphology, in both the main and inset plots. (c,d): Differences in the distribution
of chain lengths and degree of branching between the bath and micelle were observed for
LHBCs. The macromolecular weight and DB are calculated only for the hyperbranched part of
the LHBCs.
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Figure 5.6: (a) Volume fraction profiles for spherical micelles at their CMC vs. the distance from
the center. The opaque lines correspond to the solvophobic monomers while the translucent
lines correspond to the solvophilic monomers. (b) Normalized average chain end profiles vs. the
distance from the center of the micelles. The colors and line style for each polymer system are
shown in the legend. For the LHBC systems, errors are also shown. (c,d): Number of solvophilic
chain ends in the micelle cM (red) and number of chains in the micelle nM (blue) normalized by
the corresponding number for monodisperse linear diblock chains, for LHBCs as a function of
PDI (c) and LDBCs as a function of generation number (d).
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within the micelle core. As a result, polymers with small solvophilic blocks may
occasionally flip, with their solvophilic segments pointing inward rather than outward.
This flipping behavior explains the reduced solvophobicity and the slight increase
of the solvophilic contributions within the core. It highlights the complex nature of
micelle formation at high polydispersity, where the distribution of solvophobic and
solvophilic monomers becomes less predictable. The phenomenon may also explain
the paradoxical observation that the equilibrium micelle size increases with increasing
PDI, despite being composed of smaller chains. In other words, the shorter chains,
which behave almost entirely as solvophobic molecules, contribute to swelling of
the micelle core. When comparing the volume fraction profiles of LHBC and LDBC
micelles to those of micelles composed of linear chains, as shown in Fig. 5.6a, one finds
that the LHBC micelles at high PDI exhibit the highest resemblance. In contrast, the
normalized terminal end distributions in Fig. 5.6b present a different picture. Here,
LHBCs show greater similarity to LDBCs than to their linear counterparts, as they
feature a much more concentrated corona. Increasing the PDI shifts the peak of the
distribution toward larger values, which is consistent with the expected increase in
micelle size. Unexpectedly, the number of terminal ends, cM, for LHBCs appears to
remain relatively constant with respect to PDI, showing only a minute increase as PDI
increases, as illustrated in Fig. 5.6c (red curve). This results from the interplay of two
opposing factors: As can be seen in Fig. 5.6c (blue curve), the number of chains, nM,
increases with increasing PDI in LHBC micelles, consistent with the increase in the
micelle size discussed above. On the other hand, the ratio cM/nM, which corresponds
to the average number of terminal ends per polymer in the micelle, decreases with PDI
due to the preference for shorter chains in such micelles. Therefore, despite larger PDIs
leading to larger micelles, which would typically result in a higher cM, the presence
of shorter chains with fewer terminal ends keeps cM relatively unchanged. In LDBC
micelles, a similar competition arises. The number of terminal ends per chain increases
exponentially with increasing number of generations, but the number of chains nM

decreases (see Fig. 5.6d, blue curve). However, in this case, the first effect dominates by
far, such that the number of chain ends in LDBC micelles still increases exponentially
as a function of the generation number (Fig. 5.6d, red curve), at least up to the fifth
generation.

5.3.3 Micelle size and shape fluctuations

After we discussed the properties of equilibrium micelles, we now turn to the free
energy penalties associated with deviations from the preferred micelle size and shape.
This analysis gives information on the stability and polydispersity of micelles, and on
their resistance to deformations. The small statistical errors observed in Figs. 5.5 and 5.6
for LHBCs indicate that a single sub-batch is sufficient to capture the behavior of the
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entire ensemble. Therefore, from this point onward, the results for the LHBC ensembles
will be based on the B1 batch for each PDI.

We first examine the energy difference FM(RM) between the equilibrium spherical
micelle and a micelle of radius RM in a bath with an average polymer volume fraction
ϕ̄c. To this end, we introduce a constraint potential in Eq. (5.21),

Vcon[ϕA] =
κcon

2v∗
(
∫

Vell.

dr ϕH(r)− ϕcon)
2, (5.21)

where the integral is performed over an ellipsoid of volume Vell. concentered with the
micelles. We note that the additional energy term from Eq. (5.21) is not explicitly added
to the free energy FM(RM), only the field contribution of this potential is included, as
was similarly done in Mantha et al. [36]. We define the micelle radius (RM) as the radius
at which ϕH = 0.5, and the radius is calculated post hoc following the SCF calculations.

The results, shown in Fig. 5.7, indicate that the most stable micelles, as characterized
by the height of the energy barrier, are those composed of linear polymers, followed
by the system with PDI = 1.4. Increasing the PDI leads to a moderate increase in the
energy barrier, while for LDBCs, increasing the number of generations slightly reduces
it. Both behaviors can be attributed to the growing and decreasing number of chains
within the micelle for increasing PDI and number of generations respectively.

Furthermore, we can inspect the curvature of FM(RM) at the minimum, which is
related to the size distribution of micelles via P(RM) ∝ exp(βF(RM)). For micelles
composed of monodisperse copolymers, the curvature appears to be largely indepen-
dent of the copolymer architecture. It is very similar for linear copolymers, LDBCs,
and LHBCs with PDI = 1. However, if one increases the PDI in the LHBC systems,
the curvature decreases, indicating a broadening of the micelle size distribution. We
attribute this to the greater number of smaller chains within the micelles. These smaller
chains contribute to the swelling of the micelles and help stabilize a broader range of
micelle sizes.

In a similar manner, we investigate the penalty associated with deforming the
equilibrium micelles, thus making them aspherical. To define this quantity we consider
the normalized moment of inertia tensor, which we define as

Iij =
∑p ϕ

(p)
H (|r(p)|2δij − x(p)

i x(p)
j )

∑p ϕ
(p)
H

for i, j = 1, 2, 3, (5.22)

where the sum over p runs over all grid points obeying ϕH ≥ 0.05, x(p)
i and |r(p)| are

the Cartesian components and the distance from the center of the micelle respectively.
The asphericity of a micelle is then defined as:

A = λ2
z −

(λ2
x + λ2

y)

2
, (5.23)

where λx,y,z are the eigenvalues of the tensor in Eq. (5.22).
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Figure 5.7: Rescaled free energy of the micelle FM(RM) vs. the radius of the micelle RM, for
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results were obtained by varying ϕcon in the constraint potential of Eq. (5.21), while κconN̄ = 1
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To impose different asphericities, we again use the constraint potential defined in Eq.
(5.21). However, since this time, we wish to study the response of a given equilibrium
micelle to mechanical deformation, we fix the total number of chains in the system, nb,
as well as the chain composition, and perform the SCF calculations in the canonical
ensemble. Fig. 5.8 presents the energy penalty for deforming micelles as a function of
asphericity in the systems of interest along with two example morphologies depicting
the change from a spherical micelle to a cigar like micelle. The figures shows that LDBC
micelles and LHBC micelles at PDI = 1 case exhibit similar resistance to deformation
from their spherical shape, featuring the highest structural stability compared to other,
more deformable systems. This is expected, as the topology of LDBCs aligns naturally
with spherical micelles, and PDI = 1 polymers, although slightly more flexible, mimic
LDBCs. This minor increase in malleability in LHBC micelles at PDI = 1 can be attributed
to the diversity of polymer topologies within the micelle, that can arrange themselves
in favorable positions so that for a given asphericity a smaller energy penalty is paid.
Conversely, increasing the PDI in LHBC systems enhances the structural flexibility of
the micelles, making the PDI = 1.4 system even more flexible than the linear micelle.

As the PDI increases, the diversity in chain topology and size also grows. Conse-
quently, chains of different lengths adopt different spatial conformations within the
micelle, as shown in Fig. 5.11a,b. The increased diversity enhances adaptability to stress,
since chains can adjust to micelle deformations by repositioning and reorientating. This
is illustrated in Fig. 5.11d which demonstrates that in a stretched micelle, the proportion
of long chains oriented along the stretched axis, relative to short chains, is higher along
the long axis than along the short axis.

5.3.4 Encapsulation of solvophobic drug molecules

To conclude our investigation, we analyzed the encapsulation properties of the micelle
systems using a solvophobic homopolymer made of type A monomers, with a length
equivalent to the linear solvophobic segment of each system. We fixed this homopoly-
mer’s contribution to the total polymer volume fraction at ϕ̄h = 10−5, to maintain
consistent encapsulation conditions across all micelle configurations. Simulations were
then rerun for each system of interest. The resulting data are presented in Fig. 5.9.

The CMC follows trends similar to those observed without encapsulation; however,
CMC values across all systems are lower, a phenomenon commonly reported with the
addition of solvophobic drugs227 Encapsulation also affects the equilibrium morphology
in LHBCs such that they adopt a cylindrical morphology already at PDI = 1.4.

All LHBC systems exhibit superior encapsulation capacities compared with LDBC
systems, and increasing PDI further increases this capacity. We attribute this to the fact
that, as the homopolymer is incorporated within the micelle, the micelle swells and
its size deviates from the equilibrium values in the absence of the drug, as illustrated
in Fig. 5.12a. As we noted before, swelling is penalized more strongly in LDBCs
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Figure 5.9: Critical volume fraction ϕ̄c (excluding the contribution from the homopolymers ϕ̄h)
(red) and average number of homopolymer chains in the simulation box nhomo., normalized by
the corresponding number for monodisperse linear diblock chain (blue) vs. the polydispersity
of LHBCs (a) and the number of generations of LDBCs (b). The homopolymer volume fraction
in the reservoir solution is kept fixed at ϕ̄h = 10−5.

compared with LHBCs (Fig. 5.7). Indeed, Fig. 5.12 shows that the micelle core size of
LDBCs does not change upon incorporation of the homopolymer. Therefore, LHBCs
can accommodate a higher payload due to their flexibility in size fluctuations.

5.4 Conclusion

We investigated self-assembled micelles composed of polymers with a monodisperse
linear solvophobic block and a solvophilic block of equal average molecular weight,
which are either polydisperse hyperbranched (LHBC), monodisperse dendritic (LDBC)
or monodisperse linear (diblock). To do so, we first constructed a set of polydisperse
topologies for the hyperbranched case, mimicking the slow-monomer addition synthe-
sis protocol in MD simulations. Subsequently, we continued our investigation using
self-consistent field (SCF) numerical calculations. For this purpose, we developed a
methodology that incorporates the random branching characteristics of LHBCs, and we
simulated these systems in the grand canonical ensemble to account for the exchange
of polymers between micelles and their environment.

We found that increasing the polydispersity in LHBCs improves the stability of
micelles and lowers the critical micelle concentration (CMC). This effect is largely
driven by smaller chains, that are relatively more solvophobic, and therefore exhibit an
increased tendency to be incorporated into micelles. In contrast, the topology of the
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polymers appears to have a smaller impact in these systems, resulting in only slight
differences in the aforementioned characteristics compared to LDBC systems.

Volume fraction profiles and terminal end distributions were also found to be broadly
similar between LHBC and LDBC micelles. However, the number of chain ends in LHBC
micelles was found to be surprisingly independent of polydispersity, and comparable
to micelles composed of LDBCs with five generations. This independence is attributed
to a combination of two factors: an increase in the number of chains within the micelle
with increasing polydispersity, and a simultaneous decrease in the average number
of terminal ends per chain in the micelle due to the higher content of shorter chains,
which naturally have a smaller number of terminal ends.

Our calculations suggest that LHBC micelles are generally more diverse in size
and offer less resistance to deformations from their spherical shape compared to that
of LDBC micelles. Finally, we probed the capability of the micelles to encapsulate
solvophobic drugs by testing them with a solvophobic homopolymer. We found that,
due to their increased malleability, LHBCs can accommodate a larger payload than
LDBCs, although encapsulation can influence their equilibrium morphologies and may
induce a transition from spherical to cylindrical morphologies.

In summary, we have demonstrated that LHBC micelles exhibit behaviors similar to
those of LDBC micelles, with findings indicating that the random topology of LHBCs
is not the primary determinant of their characteristics. The polydispersity in size
plays a more significant role. Additionally, the increased diversity in LHBCs proves
advantageous, contributing to the enhanced encapsulation capacity and improved
stability. We believe, therefore, that the randomness inherent in LHBCs can be thought
of not as a drawback, but as an attribute that can be explored and taken advantage of.

Future research could explore reverse micelles, where the branched blocks form
the core, as in this type of systems, the influence of topology is expected to be more
pronounced compared to the systems examined here209,228. Additionally, exploring
the effects of terminal group modifications on these polymers could further refine our
understanding of micelle behavior. We have made our code available as part of the
SCF package published in Qiao et al. [229], which can be used to simulate multiblock
copolymers of any tree-like graph topology and is parallelized for polydisperse systems.

5.5 Data

The data and code for the MD simulations and SCF calculations can be found at:
https://gitlab.rlp.net/mgiannak/hyperbranched.
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5.6 Appendix

In homogeneous systems, the fields and propagators do not vary spatially and the
propagator equations, Eqs. (5.8), can be solved analytically. This results in:

q[j1 j2]i(s)q
†
[j1 j2]i

(s) ≡ vPQ̄i

V
for all [j1 j2]i and s,

and the following expression for the contribution of chain i to the volume fraction of
type α:

ϕ̄α,i =��vP exp(βµi + ln(N̄))×

∑
[j1 j2]i

∫
ds q[j1 j2]i(s)q

†
[j1 j2]i

(s)θα,[j1 j2]i

= vP exp(βµi + ln(N̄))
Q̄i

V
fα,i

Ni

N̄
,

where θα,[j1 j2]i is one if the block [j1 j2]i has the type α and zero otherwise, the sum [j1 j2]i
runs over all blocks in the chain i and fα,i is the fraction of chain type i that is of type
α. The average volume contribution of the polymer i of monomer type α can also be
written as:

ϕ̄α,i =
wi fα,iNi

N̄
ϕ̄.

Equating the two equations above leads to Eq. (5.7). We should note that Eq. (5.7) re-
mains valid even if Q̄i is not evaluated in SCF approximation, but by more sophisticated
means. Taking into account effects of nonideal chain conformations, e.g., due to the fact
that solvophobic blocks of isolated chains might collapse230, would shift the values of
Q̄i and hence µi. Here, we neglect such effects for consistency. In full inhomogeneous
SCF calculations, the micelles are also surrounded by a homogeneous solution, and we
design the study such that this solution is equivalent to the reservoir solution.
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5.7 Supporting Information

Here we show some additional results to further illustrate or support arguments
made in the main text. Fig. 5.10 shows the distribution differences between micelles of
different sizes and the bath. As is evident, smaller chains contribute to an increase in
the size of the micelle, although from the PDI = 1 case it is also clear that also chains
with certain degrees of branching might be more favored with increasing micelle size.
The latter effect is albeit less pronounced. In Fig. 5.11, we plot the volume fraction
contributions from two different types of polymers, a short and a long one, in a LHBC
system containing an equilibrium spherical micelle (Fig. 5.11a,b) and a stretched micelle
(Fig. 5.11c,d), as obtained from the work presented in the main text. To interpret the
results, we recall some specifics of our setup: Whereas the sets of chain types in an
SCF calculation are constructed such that the molecular weights distributions roughly
follow a Schulz-Zimm distribution, all chain types within such a set have equal a priori
probability. Moreover, the solvophobic blocks of all chains have equal length. Therefore,
Figs. 5.11a,c illustrate that micelles preferably recruit chains with short solvophilic
parts, consistent with Fig. 5.10 and Fig. 5.5c in the main text. Interestingly, however, the
contribution of solvophilic monomers to the total volume fraction is comparable for
short and long chain types, the main difference being that the solvophilic monomers of
shorter chains tend to be closer to the core than those of longer chains. Additionally,
the short chain’s solvophilic contribution shown in (b) exhibits two maxima, one in
the center and one near the corona, which is not seen at all for the long chain. As
explained in the main text, this effect is attributed to the fact that the short chain is
almost completely solvophobic, such that solvophilic blocks can be pulled inside the
core at low energy cost. The same trends are observed in the aspherical micelle shown
in (c) and (d). In the aspherical case, the main maxima of the solvophilic distributions
shift to larger distances along the long axis and smaller distances along the short axis
for both short and long chains, while their positions relative to each other remain
unchanged.

Fig. 5.12 shows the radius of the micelles for spherical micelles with and without
encapsulation of homopolymers. The results demonstrate that the radius of the micelle
increases with encapsulation for all LHBC systems, whereas for the LDBC systems,
the radius of the micelles is unchanged. This is consistent with the picture that LDBC
micelles are less prone to changes in their structure and therefore accommodate a
reduced payload compared to the other classes of polymers.

In Fig. 5.13, the free energy difference between the inhomogeneous state and the
homogeneous state, ∆F, is shown for the different polymer systems with encapsulated
homopolymers. Also shown is the the critical volume fraction ϕ̄c and the equilibrium
morphology.

Finally, as illustrated in Figs. 5.14a and 5.14b, there exists a positive correlation
between the order of addition of the AB2 monomers, the generation they occupy on the
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Figure 5.10: Probability distributions differences between the micelle and the bath, in the length
(left) and degree of branching (DB) (right) for the hyperbranched part of the LHBCs for different
values of PDI. From top to bottom each row corresponds to PDIs of 1, 1.1, 1.2, 1.3 and 1.4.
The different colors correspond to the critical micelle (micelle at maximum), the equilibrium
micelle (micelle at minimum) and the largest micelle we obtained from Fig. 5.7 in the main text
respectively.
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Figure 5.11: (a) Solvophobic and (b) solvophilic volume fraction contribution of a short chain
(blue) and a long chain (red) in a spherical micelle. (c) Solvophobic and (d) solvophilic volume
fraction contribution of a short chain (blue) and a long chain (red) in a micelle with an asphericity
of A=0.8 in the long axis direction X (solid line) and the short axis direction Y (dashed line).
The short chain has a solvophilic length of 23 while the long chain has a length of 109, while
the solvophobic block is 84 for both as stated in the main text. The results correspond to the
system with PDI = 1.4 as shown in Fig. 5.8 in the main text.
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Figure 5.12: Radius RM of the micelle as a function of the polydispersity for the LHBC systems
(a) and as a function of the number of generations for the LDBC systems (b). The red lines
correspond to the case where the calculations have been performed with encapsulation of a
homopolymer and blue without. All calculations were performed for the equilibrium spherical
micelle. Note that the red and blue lines coincide in (b).

growing molecule, and their distance from the micelle center. Although the spread is
significant, adding suitably functionalized AB2 monomers either at the very beginning
or the very end of the synthesis process could be viable strategies for positioning
functional units inside or at the outer end of the corona, respectively.
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Figure 5.13: Rescaled free energy difference ∆F between homogeneous and inhomogeneous
states in the presence of homopolymer model drug (ϕ̄h = 10−5 in the bath) against the average
copolymer volume fraction ϕ̄ in the bath for polydisperse LHBCs and monodisperse linear
and LDBCs respectively. Each color corresponds to a different polymer system, while the style
of the line corresponds to lamella (solid line), cylindrical (dashed line) and spherical (dotted
line) micelle states. The inset axes in figures (a) and (b) show the state with the lowest critical
concentration ϕ̄c against PDI and number of generations respectively. The circular ( ) and
rectangular ( ) symbols indicate spherical micelles and cylindrical micelles respectively as the
equilibrium morphology. These symbols are also shown in Fig. 5.5 in the main text. Note that
ϕ̄c and ϕ̄ are calculated without ϕ̄h.
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Figure 5.14: (a) Order of addition of monomers vs. their corresponding generation in each
polymer molecule. Results from BA batch. (b) Mean distance of terminal monomers from the
center of the equilibrium micelle vs. corresponding generation. Results from averaging B1-B4.
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6.1 introduction

6.1 Introduction

Over the past decades, driven by the need to explore alternatives to traditional block
copolymers, scientists have developed new synthetic protocols that enable the prepa-
ration of copolymers with a prescribed monomer distribution along the polymer
backbone231. These polymers, known as gradient copolymers, differ from similar types
such as alternating or random copolymers232, in that they can undergo microphase sepa-
ration in solution to form symmetric structures, including spherical micelles, worm-like
micelles, vesicles, multimicellar aggregates, and more40,231,233–236.

Gradient copolymers have been studied extensively due to the unique advantages
they offer over traditional block copolymers. For instance, spherical micelles formed
by gradient copolymers exhibit morphologies that differ significantly from those pre-
dicted for diblock copolymers. In the case of diblock copolymers, micelles typically
consist of two well-defined regions: a core composed of solvophobic monomers and
a corona dominated by solvophilic monomers. In contrast, gradient copolymers can
produce micelles with less distinct core–corona separation, depending on the nature
of the gradient. As a result, solvophilic monomers may be found within the core, and
solvophobic monomers may extend into the corona38–40.

The distinct internal environment of gradient copolymer micelles has attracted sig-
nificant interest for drug delivery applications237. These micelles provide a unique
core environment for drug encapsulation, offer advantageous drug release profiles41,
and have been shown to enhance transfection efficiency42. Additionally, they are of-
ten synthesized via a one-pot or one-step process, which simplifies production by
circumventing the multi-step synthesis typically required for block copolymers. In such
protocols, monomers are added sequentially to a growing polymer chain, with the
more reactive monomer incorporated earlier and the less reactive monomer later in the
sequence238. When all monomers are added at once, the resulting gradient is governed
by both the relative reactivities of the monomers and their initial feed ratios238,239.
However, the gradient profile can also be tuned by controlling the monomer addition
rate238,240 or by using light-mediated polymerization techniques241.

Another approach to tuning gradient copolymer structure involves using a suitable
solvent and/or catalyst to modify monomer reactivity. For example, Steube et al. [29],
demonstrated that the polymerization of styrene and isoprene monomers in cyclohexane
can be controlled via the ratio of tetrahydrofuran [THF] to sec-butyllithium [Li], which
governs the kinetics of the polymerization. By selecting an appropriate ratio, the
gradient of the final polymer could be effectively tuned. This tunability was then used
to show that a melt of polymers composed of a 1:1 styrene–isoprene monomer ratio
could adopt a variety of morphologies depending on the gradient. This is shown in
Fig. 6.1, which illustrates the possible morphologies, including lamellae, hexagonally
packed cylinders, and gyroid structures.
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6.2 theoretical modeling of gradient copolymers

To a certain extent, one can envision these gradient copolymers as equivalent to
diblock copolymers with block fraction f , whereby modifying the gradient effectively
shifts f from approximately 0 to 1. As a result, increasing the [THF]/[Li] ratio corre-
sponds to moving from left to right across the phase diagram for diblock copolymer
melts (shown in Fig. 2.4c).

The purpose of this study is therefore to examine whether changes in the polymer
gradient of gradient copolymers in solution can induce morphological transitions
analogous to those observed in the melt—i.e., from spherical micelles to worm-like
micelles or vesicles.

6.2 Theoretical modeling of gradient copolymers

We model styrene-isoprene gradient copolymers in n-decane at the mesoscale using
self-consistent field theory (SCFT). Given that the system consists of nanoparticles
dispersed in a solvent, and that polymer chains can dynamically exchange with the
surrounding medium, we adopt a grand canonical ensemble framework. This approach
allows for the exchange of polymer chains between the system and its environment.

To describe interactions both among polymers and between polymers and the solvent,
we employ Flory–Huggins theory. The solvent is treated implicitly and modeled using
the Sanchez–Lacombe theory58.

For clarity in notation, we denote solvophobic monomers as A (styrene), solvophilic
monomers as B (isoprene), and the solvent as S (n-decane). Their corresponding volumes
are given by vA, vB, and vS, respectively. We assume a monodisperse ensemble of
Gaussian chains, each consisting of N segments, with an ideal radius of gyration
denoted by Rg.

The system is then described by the following equations:

βFGC =

(
Uinter. −

1
v∗

∫
dr

A,B

∑
α

(ρα(r)v∗)Wα(r)− exp (βµ)Q

)
(6.1)

Uinter. =
1
v∗

∫
dr
( A,B

∑
α

χαSϕα(r) +
1
2

A,B

∑
α,β

χαβϕα(r)ϕβ(r)

+v∗(ρS(r)ln(ϕS(r))− ρS(r))
)

(6.2)

ϕα(r) = ρα(r)vα (6.3)

ϕS(r) = ρS(r)vS = 1 −
A,B

∑
α

ϕα(r) , (6.4)

where FGC is the grand canonical free energy, Uinter. is the interaction potential asso-
ciated with an implicit solvent and the Flory-Huggins interactions, v∗ is a reference
volume, ρα and ϕα are the number density and volume fraction of the monomer of
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6.2 theoretical modeling of gradient copolymers

Figure 6.1: Top: Gradient compositions achieved using different [THF]/[Li] ratios, with
polystyrene (PS) and polyisoprene (PI) segments shown in blue and red, respectively. Bot-
tom: Transmission electron microscopy images of polymer melts from gradient copolymers
synthesized under varying [THF]/[Li] ratios, resulting in the following morphologies: (a) lamel-
lae, (b) hexagonally packed PS-rich cylinders, (c) hexagonally packed PI-rich cylinders, and (d)
bicontinuous gyroid. Adapted with permission from Steube et al. [29]. Copyright 2025 American
Chemical Society.
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type α respectively, ρS and ϕS are the solvent’s number density and volume fraction
respectively, Wα (given in the Appendix by Eq. (6.8)) is the self-consistent field of
monomer type α, µ is the chemical potential, V is the volume of the simulation box
and Q is the single chain partition function (given in the Appendix by Eq. (6.15)). The
chemical potential µ is determined by assuming that the system is in contact with a
homogeneously distributed reservoir of free chains, characterized by an average volume
fraction ϕ̄. In SCFT, this average volume fraction determines the chemical potential via
Eq. (6.17), given in the Appendix.

Lastly, we assume that the monomers comprising the polymer chains are described by
a hybrid of A and B types, such that the local composition along the chain is governed
by gradient functions g(s) and 1 − g(s), representing the contributions of A and B
monomers, respectively. Here, s = n/N is the normalized contour variable, where n

is the monomer index and N is the total number of statistical segments, which we
assumed to be all of equal size b. The gradient function g(s) is normalized such that∫ 1

0 ds g(s) = fA, with the condition fA + fB = 1, where fA and fB denote the overall
fractions of A and B monomers in the copolymer.

6.3 Results & Discussion

6.3.1 Theoretical predictions for experimental gradient copolymers

The Flory-Huggins parameters between the solvent and the polymer can be empirically
estimated via the "Flory-Huggins/Hansen Solubility Parameters" (FH/HSP) formula226.
The FH/HSP equation between solvent "S" and monomer type "α" is given by:

χ12 =
λ vS

(
(δdS − δdα)

2 + 0.25(δpS − δpα)2 + 0.25(δhS − δhα)
2)

RT
, (6.5)

where δd, δp and δh are the dispersion, polar and hydrogen bonding cohesion param-
eters respectively and vS is the molar volume of the solvent. The multiplicative term
λ = 0.6 is empirical, R is the gas constant, T is the temperature and the dispersion
parameters are given in Table 6.1.

The dispersion parameters for the lone molecules of styrene and isoprene, as well
as for their polymers, polystyrene and polyisoprene are also presented in Table 6.1.
At a temperature of 25◦C, given the parameters for the lone molecule parameters, the
predicted Flory-Huggins parameters are χAS = 0.61 (poor solvent) and χBS = 0.27
(good solvent), while using the parameters for the polymers, the parameters are
χAS = 2.1 (poor solvent) and χBS = 0.07 (good solvent). The Flory–Huggins interaction
parameter between polystyrene and polyisoprene can be more accurately estimated
using the approach found in Willis et al. [242], which yields a value of χAB = 0.13.
Due to the significant discrepancy between the more accurately predicted value of χAB
and the empirically estimated χAS derived from polystyrene solubility parameters, we

127



6.3 results & discussion

δd(MPa)1/2 δp(MPa)1/2 δh(MPa)1/2

Styrene 18.6 1.0 4.1

Polystyrene 21.3 5.8 4.3

Isoprene 14.7 1.4 4.1

Polyisoprene 16.57 1.41 −0.82

n-decane 15.7 0.0 0.0

Table 6.1: Hansen solubility parameters table as found in Ref. [226].

choose to estimate the Flory–Huggins parameters using the solubility parameters of
the individual molecules, as this approach appears more appropriate for the systems
considered. In addition, we assume the statistical segment volumes of styrene and
isoprene are the same and equal to the reference volume, i.e. vA = vB = v∗, and take
the reference molar volume to be the average molar volume between styrene (115.6
mL/mol) and isoprene (100.9 mL/mol). Lastly, we choose a macromolecular length of
N = 232 based on experiments done by our collaborators [243] and since the molar
volume of n-decane is vS = 196 mL/mol, then vS/(v∗N ) = 0.00776.

Now consider a scenario in which polymer chains are gradually introduced into
a solution from the bulk phase. At low polymer concentrations, the chains tend to
disperse to maximize their configurational entropy. As the concentration increases, a
critical point is reached where self-assembly begins, resulting in the formation of distinct
nanostructures. This process can be modeled within the grand canonical ensemble,
where the chemical potential—acting as the driving “force”—is incrementally increased
to promote chain incorporation into the nanostructures. We define the critical chemical
potential as the value at which the free energy of the inhomogeneous system equals
that of the homogeneous state, as determined by SCFT.

Using this framework, SCFT can converge to both equilibrium and metastable states
that remain stable relative to the homogeneous phase within specific chemical potential
ranges. The true equilibrium state corresponds to the lowest free energy. However,
the final state to which the SCFT scheme converges depends, among other factors,
on the initial guess, the mixing method, the imposed symmetry constraints, and the
discretization of both the polymer chain and spatial domain.

This dependence restricts the exploration to a limited set of nanoparticle configura-
tions. For example, in three-dimensional Cartesian coordinates, we were only able to
recover the spherical micelle structure. In contrast, by using two- and one-dimensional
Cartesian coordinates, we successfully converged to additional morphologies, including
infinite cylindrical micelles (ignoring caps at the end) and lamellae, the latter also
corresponding to large vesicle-like formations.
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To accurately evaluate the relative energetic stability of these conformations, pre-
cise free energy calculations are crucial. Accordingly, we exploited the spherical and
cylindrical symmetries of the aforementioned states and performed one-dimensional
calculations, which enable finer chain discretization and consequently improve the
accuracy of the results. To maintain consistency across all cases, we used a chain
discretization of 0.0001N, a spatial discretization of 0.1Rg and the simulation domains
extended 15 Rg in the relevant coordinate direction (Cartesian, cylindrical, or spherical).

In Fig. 6.2, we present the difference in free energy between the homogeneous and
inhomogeneous states, given by β∆F/C = β(Fhom.

GC − Finhom.
GC )/C, where:

C = R3
g/(v∗N), (6.6)

denotes the Ginzburg parameter. This is shown for various gradient conditions and three
different morphologies: spherical micelles, infinite cylindrical micelles, and vesicles.
The critical concentration, ϕ̄c, is identified as the point at which each curve intersects
the zero line. Only gradients that result in a stable inhomogeneous state are shown,
although all twelve were tested (all gradients shown in Fig. 6.1).

For the cases [THF]/[Li] = 0, 0.25, 0.5, 240, 500, and 2500, stable nanostructures
were obtained across all three morphologies. In contrast, for [THF]/[Li] = 80, only
the lamellar structure proved stable. The figure also highlights, for each gradient, the
morphology with the lowest ϕ̄c, indicating the most stable morphology. The resulting
stable morphologies are: [THF]/[Li] = 0 (sphere), 0.25 (cylinder), 0.5 (vesicle), 80
(vesicle), 240 (cylinder), 500 (sphere), and 2500 (sphere). This behavior aligns with
previous observations in the bulk phase of gradient copolymers29, where morphological
variation arises from changes in the gradient under otherwise identical conditions.

It is important to note that, except for the case of [THF]/[Li] = 80, the other gradients
that exhibit stable morphologies, also exhibit near degeneracy between spherical and
infinite cylindrical micelles near the CMC, making it challenging to unambiguously
identify the most stable configuration. A limitation of the current model is the neglect
of the translational entropy and interactions between the nanoparticles. Additionally, in
the case of infinite cylindrical micelles, the energetic contribution from spherical end
caps—necessary to make them finite—is not accounted for. This omission effectively
results in a rightward shift of the energy curves for the cylindrical and lamellar states,
which would then help lift their near degeneracy near the CMC.

Preliminary experimental results on the same system, shared via private
communication243, using dynamic light scattering (DLS) and transmission electron
microscopy (TEM), confirm the presence of spherical micelles in several cases (Fig. 6.3).
However, vesicles or worm-like micelles have not been confirmed. Small-angle X-ray
scattering (SAXS) measurements, on the other hand, suggest the presence of elongated
micelles—morphologies (at high concentrations) that cannot be distinguished by DLS
and are potentially altered during TEM sample preparation due to the drying procedure
required in taking the images.
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Figure 6.2: Plot of average volume fraction of free polymer chains ϕ̄ as determined by Eq. (6.17)
against the difference in energy of β∆F/C as defined in the main text, where C is the Ginzburg
parameter (Eq. (6.6)). Each color represents different gradients determined from the [THF]/[Li]
ratios as shown in Fig. 6.1. The solid lines represent the lamellae, the dashed lines the cylindrical
micelle and the dotted lines the spherical micelles. The circular ( ), rectangular ( ) and open
circle ( ) symbols denote the state with the lowest critical concentration ϕ̄c out of all three states,
with each symbol representing the spherical micelles, cylindrical micelles and the lamellae
respectively. Note that although all twelve [THF]/[Li] ratios were tested, only the gradients
with at least one converged morphology are shown.
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(a) (b)

Figure 6.3: Transmission electron microscopy images of micelles composed of gradient copoly-
mers of styrene and isoprene, synthesized at a [THF]/[Li] = 0 ratio (see Fig. 6.1), with a
molecular weight of 80, 000 g/mol in n-decane. (a) The isoprene monomers forming the corona
were stained with OsO4. (b) The styrene monomers forming the core were stained with RuO4.
Preliminary results used with permission of the authors243.
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Before proceeding further, several caveats must be addressed. First, the Flory-Huggins
parameters used in the model are derived from Hansen solubility parameters and are
therefore empirical estimates that may not accurately reflect true interaction strengths.
Second, the experimental observation of elongated micelles, coupled with the near-
degeneracy in SCFT free energies between cylindrical and spherical micelles, strongly
suggests that intermediate structures like elongated micelles would also be energetically
competitive—although we fail to capture these less symmetric states using 3D SCFT
calculations. Lastly, while Fig. 6.2 clearly shows that the gradient of the polymer affects
the relative free energies of different morphologies, the particular region of parameter
space considered here does not strongly emphasize these differences.

For the remainder of this subsection, we focus on spherical micelles. In Fig. 6.4, we
present the volume fraction profiles along with the chain-end distributions for the
spherical micelles, corresponding to their respective critical micelle concentrations from
Fig. 6.2. While the solvophobic- and solvophilic-rich chain-end distributions are similar
in all cases, the volume fraction profiles differ significantly. The solvophobic-rich chain
ends are consistently concentrated at the micelle center, whereas the solvophilic-rich
chain ends are localized near the corona.

As the gradient flattens (from left to right), the proportion of solvophilic volume
fraction within the micelle core increases. The most pronounced contrast is observed
between the [THF]/[Li] = 0 and 240 cases (note that [THF]/[Li] = 0.5 and 240 are
metastable), corresponding to copolymers with sharp and flat gradients, respectively.
In the former case, solvophilic monomers near the micelle center are nearly absent,
whereas in the latter, they contribute a substantial fraction. This shows that a change
in gradient can influence the internal micelle structure, transforming the core from
solvophilic-poor to solvophilic-rich—so-called bitterball micelles244. This is most likely
due to the solvophilic monomers present in the solvophobic rich part of the polymer,
which is the case for the [THF]/[Li] = 240, 500 and 2500 ratios.

Additionally, as the gradient flattens, the corona becomes sharper and smaller.
This is caused by solvophobic monomers retracting into the core—an effect observed
in both experiments234 and molecular dynamics simulations40. Also, as seen in both
simulations40 and in our results, the maximum volume fraction of solvophilic monomers
occurs at the core–corona interface. It is important to note that our choice of Flory–Huggins
parameters means that the interaction between solvophilic monomers and the solvent is
less favorable than that between the solvophobic monomers and the solvent. However,
as seen from the volume fraction profiles of the symmetric diblock spherical micelle
shown in the Supporting Information (Fig. 6.8), the same maximum occurs away from
the interface.

Finally, the micelle radius, RM, defined as the point where the solvophobic volume
fraction equals 0.2, remains roughly constant across all cases. This observation is also
supported by preliminary DLS experiments shared via private communication243.
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Figure 6.4: Plots of volume fraction profiles (solid lines) and unnormalized chain-end distri-
butions (dashed lines) as a function of radial distance R from the micelle center for various
spherical micelles. Blue lines represent the solvophobic volume fraction or the solvophobic-rich
chain-end distribution, while green lines represent the corresponding solvophilic components.
The first row shows gradient copolymers with only a solvophobic block, while the second row
shows those with only a solvophilic block.
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Figure 6.5: Plots of free energy penalty FM as a function of the micelle radius RM. The calcula-
tions were performed at the critical concentrations. The points correspond to data points and
the lines corresponds to a fourth order polynomial fit f (x) = a1x1 + a2x2 + a3x3 + a4x4 where
ai are all fitting parameters. Figures (a) and (b) show gradient copolymers with a solvophobic
block and a solvophilic block, respectively.

Additionally, we investigated the free energy penalty associated with spherical
micelles of radius RM, denoted as FM(RM). To this end, we introduce a constraint
potential that enables controlled variation of the micelle radius and allows extraction of
the corresponding free energy penalty. This constraint potential and its contribution
to the field are detailed in the Appendix (Eqs. (6.18)). After convergence, the micelle
radius is determined by analyzing the micelle profiles according to our definition of RM,
following a method similar to that of Giannakou et al. [245] (Chapter 5). In principle,
the micelle size distribution can also be inferred from FM(RM), as it is proportional to
the Boltzmann factor, i.e., ∝ exp(−βFM(RM)).

The results are presented in Fig. 6.5. Both plots indicate that the micelle radius
marginally increases with the flattening of the gradient, although the precise role of
the gradient in micelle stability—reflected by the position and size of the maximum in
FM(RM)—remains unclear.

To elucidate the relationship between the gradient and its effect on the properties of
the nanoparticles, at a deeper level we explore idealized gradient copolymers in the
next section.
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6.3.2 Idealized gradient copolymers

We define the idealized gradients by the following functional form:

g(s) = Θ( fo − s) + Θ(s − fo)(exp (−go(s − fo)) (1 − co) + co), (6.7)

where Θ is the Heaviside function, fo signifies the solvophobic block portion of the
chain, go is what we will refer to as the gradient parameter and co is a constant that
ensures there are equal parts of solvophobic to solvophilic monomers as in the previous
example (see Fig. 6.11 for examples of such gradients).

In Fig. 6.6, we present a phase diagram alongside a density map of the average
free chain volume fraction, ϕ̄c. To identify the minimum-energy configuration, calcula-
tions were performed for three candidate morphologies—spherical, cylindrical, and
lamellar—as shown in Fig. 6.2. The resulting morphology of the gradient polymer was
determined using the same criteria as before. While the solvophobic block ratio, fo,
exerts the strongest influence on both the values of ϕ̄c and the final morphology, the
gradient itself also plays a significant role. In particular, the impact of the gradient is
most pronounced within the range fo ∈ [0, 0.25] and for flatter gradient parameters,
go ∈ [0, 5].

Furthermore, as the gradient flattens or as fo increases, the critical concentration
decreases. Both trends can be attributed to the solvophobic blockiness of the gradient
copolymer, which primarily governs its structural behavior. The key observation is that
a flatter gradient effectively lengthens the solvophobic block, leading to a shift toward
morphologies favored by larger solvophobic blocks. This explains why lower values of
go produce effects similar to increasing values of fo.

Lastly, we performed additional calculations on spherical micelles to investigate
the micelle size distribution for selected gradients, as shown in Fig. 6.7. The gradient
parameter go appears to have only a minor effect on the distributions, primarily causing
a slight decrease in the equilibrium micelle radius as go increases. In contrast, fo exerts
a more significant influence, although its precise role remains somewhat ambiguous. As
illustrated in the inset, the micelle’s energy barrier to dissolution—i.e., the maximum
free energy—increases gradually with increasing values of fo. However, at fo = 0.35,
there is an abrupt rise in the barrier height. This jump may indicate that blockiness
near fo = 0.35 is optimal for the formation of stable spherical micelles given our chosen
parameters.

6.4 Conclusion

In summary, we have investigated the self-assembly behavior of gradient copolymers
composed of a 1 : 1 styrene-isoprene ratio, as described by Steube et al. [29], in n-decane
using SCF calculations. Our results predict a morphological transition from spherical
to cylindrical micelles, and eventually to lamellar structures, as the gradient changes
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Figure 6.6: Phase diagram and density map of the average free chain volume fraction ϕ̄c. Plotted
for fo against go, for the idealized gradient polymers defined in Eq. (6.7). The symbols ( ),
( ), ( ) and ( ) signify the disordered, vesicle, cylindrical and spherical states respectively.
The grey area signifies the domain of go and fo, which is not possible given the constraint of
equal parts of solvophobic to solvophilic monomers. The lines serve as a guide to the eye.
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RM for various gradient parameters of idealized gradient copolymers. The parameters used
are fo = 0.30 (blue), 0.35 (orange), 0.40 (red), go = 10 (■) and 20 (▲). The calculations were
performed at the critical concentrations. The points correspond to data points and the lines
corresponds to a fourth order polynomial fit f (x) = ∑4

i=1 aixi where ai are all fitting parameters.
The inset shows the maximum values from the main figure’s plots for various fo values at a
fixed go = 20 (including additional points at fo = 0.325 and fo = 0.375 that are omitted from
the main figure for clarity). Note that the spherical micelle predicted for the case fo = 0.30 and
go = 20 is only metastable, as illustrated in Fig. 6.6.
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from sharp to flat. However, this prediction relies on certain approximations, and the
free energy difference between the spherical and cylindrical micelles is relatively small.
This suggests that an intermediate morphology—such as elongated micelles, which are
challenging to capture in SCF calculations—may be also favorable. Preliminary SAXS
experiments, shared via private communication243, also support this interpretation.

Furthermore, the micelle properties themselves are affected by changes in the gradi-
ent. Specifically, we found that the complete absence of either solvophobic or solvophilic
monomers from a region of the polymer contour did not affect the position of the
maximum in the solvophilic volume fraction profile. This maximum consistently ap-
pears at the core–corona interface for our chosen interaction parameters. However, the
transition from a solvophilic-poor to a solvophilic-rich core is influenced by solvophilic
monomers present within the solvophobic-rich region of the polymer contour.

Additionally, we studied idealized gradient copolymers, also composed of a 1 : 1
ratio of solvophobic and solvophilic monomers, with controlled solvophobic block size
and gradient sharpness, and constructed a phase diagram based on these parameters.
We found that the block size is the dominant factor determining the equilibrium mor-
phology, while flatter gradients also significantly influence morphology by effectively
extending the solvophobic block.

Finally, we examined the energy barrier to micelle dissolution and observed that
it primarily depends on the solvophobic block size, although the relationship is not
strictly monotonic.
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6.5 Appendix

In SCFT, it is assumed that polymer chains are long and that the fluctuations of the
monomer densities are small, thus the mean field approximation is valid. Therefore it
can be assumed that the solution lies upon a saddle-point of the free energy and thus
δFGC/δρα = 0, which results in the following expressions for the fields:

Wα(r) =
δUinter[ϕ]

δϕα(r)
vα

v∗
=

vα

v∗

(
χαSϕS +

A,B

∑
β

(χαβ − χβS)ϕβ −
v∗

vS
ln(ϕS)

)
. (6.8)
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This solution does not necessarily correspond to the global minimum; it may also
represent metastable or unstable equilibrium states.

It can also be shown that for a Gaussian chain the forward propagator q(r, s) and
backward propagators q†(r, s), which are the probability distributions of a segment at
a point s given an initial condition for each chain end respectively, obey a modified
diffusion equation:

dq(r, s)
ds

= (
b2

6
∇2 − W(r, s)

N
)q(r, s) (6.9)

dq†(r, s)
ds

= −(
b2

6
∇2 − W(r, s)

N
)q†(r, s) (6.10)

W(r, s) = WA(r)g(s) + WB(r)(1 − g(s)), (6.11)

where b is the statistical segment length and we have assumed vA = vB, to simplify
the expressions. Since the chain ends are not bound anywhere and they are free to
explore the space around them, the initial conditions are given by q(r, s = 0) = 1 and
q†(r, s = 1) = 1. The propagators are further connected to the volume fractions via the
following equations:

ϕA(r) =
vA

v∗
exp(βµ)

∫ 1

0
ds g(s)q(r, s)q†(r, s) (6.12)

ϕB(r) =
vB

v∗
exp(βµ)

∫ 1

0
ds (1 − g(s))q(r, s)q†(r, s) (6.13)

ϕS(r) = 1 −
A,B

∑
α

ϕα(r). (6.14)

Lastly the single chain partition function is given by:

Q =
1
v∗

∫
dr q(r, s)q†(r, s). (6.15)

This completes the self-consistent loop, which, given an initial guess for ϕα(r), proceeds
by calculating the fields using Eq. (6.8), then solving the modified diffusion equations
(Eqs. (6.9)), and finally updating the polymer volume fractions via Eqs. (6.12) along
with the new fields. Lastly we define the convergence factor as:

CF =
A,B

∑
α

∫
dr (ϕnew

α − ϕold
α )2, (6.16)

and we consider the solution as converged if CF < 10−10.
In addition, in a homogeneous fully mixed state, the chemical potential and the

average volume fraction of the free polymer chains ϕ̄ are related by the equation:

exp(βµ) = ϕ̄ exp(N(W0
A fA + W0

B fB)), (6.17)
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where W0
α is the homogeneous field that depends on ϕ̄. Note that there could be two

solutions of ϕ̄c, for a given chemical potential, in which case we take the lower one.
The differential Eqs. (6.9) were solved in all cases in one dimensional spherical, cylin-

drical and Cartesian coordinates using the Crank-Nicolson scheme with the Neumann
boundary condition dq(r = 0, s)

/
dr = 0 in all cases except the latter, where we used the

Pseudo-Spectral method with periodic boundary conditions. As for the mixing scheme,
we used Lambda mixing59 (see Eq. (2.73)).

Lastly we define the constraint potential used to determine the size distribution of
the spherical micelles:

Vcon[ϕA] =
κcon

2v∗
(
∫

drϕA(r)Θ(r − Rcon)− ϕcon)
2 (6.18)

Wcon.
A (r) =

δVcon[ϕA]

δϕA(r)
vA

v∗
= κcon(

∫
drϕA(r)− ϕcon)Θ(r − Rcon), (6.19)

where κconN = 1 and Rcon/Rg = 5 and ϕcon is varied to yield differently sized micelles.

6.6 Supporting Information

6.6.1 Symmetric diblock

In Fig. 6.8, the volume fractions of a symmetric diblock equilibrium spherical micelle
are shown, computed using the parameters provided in the main text. The results
indicate that the maximum of the solvophilic volume fraction is shifted away from the
core–corona interface, in contrast to the gradient copolymers investigated in the main
text.

6.6.2 Constrained micelles

In Fig. 6.5, the energy of micelles is shown as a function of micelle size, which is
controlled by the value of ϕcon. As illustrated in Fig. 6.9, varying ϕcon leads not only
to changes in micelle radius but also in morphology. Specifically, for all gradient
cases shown, the configurations corresponding to ϕcon = −30, 0, and 60 result in no
nanostructure, a spherical micelle, and a semi-vesicle, respectively. Only the spherical
micelle data points are included in the derivation of Fig. 6.5.

If we replot Fig. 6.5 with the semi-vesicle points included (taking their radius RN to be
the farthest point found on the ϕA = 0.2 line) we get Fig. 6.10. As shown, the energy of
the semi-vesicle is, for certain RN values, lower than that of the unconstrained spherical
micelle in the [THF]/[Li] = 0.5 and 240 cases. Further continuation of the SCF runs
using the lowest-energy semi-vesicle as the initial state causes the structure to grow into
a vesicle that reaches the boundary of the simulation box, set to Rbox/Rg = 15. However,
this does not represent a properly converged state due to boundary constraints.
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Figure 6.8: Volume fraction profiles of an equilibrium spherical micelle formed by a symmetric
diblock copolymer, computed using the parameters provided in the main text. The solvophobic
component is shown in blue, and the solvophilic component in green.

In Fig. 6.2, we concluded that the favored morphologies for [THF]/[Li] = 0.25 and
0.5 were infinite cylindrical micelles, while for [THF]/[Li] = 240, it was the vesicle, thus
the spherical micelle in these cases is metastable. In the [THF]/[Li] = 0.25 case, the
spherical state is almost degenerate to the cylindrical one, while the vesicle state is
much less stable than both. However, in the cases [THF]/[Li] = 0.5 and 240, the vesicle
state is predicted to be more stable than the spherical state, and these are the two cases
where we observe the semi-vesicle states in Fig. 6.10.

6.6.3 Idealized gradients

Examples of various idealized gradients for reference are shown in Fig. 6.11. In Fig. 6.12

the fit of the idealized gradient Eq. (6.7) was performed for six different experimental
gradient copolymers, namely the [THF]/[Li] = 0, 0.25, 0.5, 240, 500 and 2500 cases. If
we refer to Fig. 6.6 and the fitting parameters fo and go in Fig. 6.12, we can see that the
fitting parameters correspond to the spherical, cylindrical and lamellar morphologies
which agree with the results of Fig. 6.2.
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monomers as a function of radial distance R. Colors correspond to different ϕcon values, as
labeled in the [THF]/[Li] = 0.5 panel.
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Figure 6.10: Constrained nanoparticle energies as a function of nanoparticle radius RN . Calcula-
tions were performed at the critical concentrations. Circles (•) denote spherical micelles, and
triangles (▲) represent semi-vesicles. Colors indicate different copolymer gradients. Note that
the spherical micelle morphologies for the cases [THF]/[Li] = 0.25, 0.5 and 240 are metastable,
as illustrated in Fig. 6.2.
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with the solid lines while g(1 − s) was fit to the solvophilic part of the gradients with the
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In this thesis we have employed mainly self-consistent field theory (SCFT) calculations,
along with the strong stretching limit (SSL) and molecular dynamics (MD) simulations
to explore a variety of systems, including polydisperse polymer brushes, thin polymer
films, amphiphilic linear-hyperbranched block copolymers (LHBCs) and amphiphilic
gradient copolymers.

In Chapter 3, a mean-field theory based on the SSL, originally developed by Mil-
ner et al. [61] was extended to analyze polymer brushes grafted onto curved sub-
strates—specifically focusing on both convex and concave spherical geometries in good
solvent and melt conditions. Special attention was given to polydisperse brushes with
realistic chain length distributions such as the Schulz-Zimm distribution.

Our analysis revealed that polydispersity significantly modifies the chain end distri-
bution in convex geometries, especially when the brush height-to-radius ratio is small
(0 − 10). Interestingly, while bending and Gaussian moduli remain largely unaffected
by polydispersity, the spontaneous curvature is consistently reduced, indicating a sup-
pression of natural bending tendencies in both solvent environments. Notably, the good
solvent and melt regimes respond oppositely to polydispersity in terms of mechanical
stiffness: good solvent brushes stiffen, while melt brushes soften.

We also demonstrated the emergence of End Exclusion Zones (EEZs) as a result
of chain length distributions with finite minimum lengths and showed how these
zones can be engineered to appear at specific brush locations through careful design of
grafting density and geometry. Additionally, our method offers a practical approach to
tailoring chain end profiles through distribution and geometric control.

In Chapter 4, we introduced and evaluated adaptive discretization strategies to en-
hance the accuracy and computational efficiency of SCFT calculations for thin films and
polymer brushes. By refining spatial resolution near surfaces, where strong interactions
with polymers occur, and introducing adaptive contour discretization along polymer
chains, we managed to reduce numerical errors and improve convergence.

Our method proved particularly useful in brush systems and strongly stretched
polymer configurations, where accurate resolution near interfaces or grafting points
is critical. For example, in polymer brushes, fine contour discretization was necessary
to resolve the depletion region occuring near the surface, while adaptive spatial grids
reduced the required number of points without compromising accuracy.

In Chapter 5, we examined the formation and properties of micelles composed
of block copolymers with varying architectures: polydisperse linear-hyperbranched
block copolymers (LHBC), monodisperse linear-dendritic block copolymers (LDBC),
and monodisperse linear diblocks. Using MD simulations mimicking slow-monomer
addition, we constructed realistic LHBC polymer architectures and subsequent SCFT cal-
culations in the grand canonical ensemble, were used to model how random branching
and size distribution affect micelle behavior.

A key finding is that higher polydispersity in LHBCs improves micelle stability and
lowers the critical micelle concentration (CMC), mainly because shorter, more solvopho-
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bic chains preferentially enter micelles. Surprisingly, while branching architecture plays
a secondary role, the number of terminal chain ends within LHBC micelles remains
nearly constant across varying polydispersity levels. This balance is attributed to a
compensating increase in total chains and a decrease in the number of ends per chain.

Despite similarities in internal density and end distributions between LHBC and
LDBC micelles, LHBCs tend to be softer and more size-diverse. These structural
features where found to enhance their capacity for encapsulating solvophobic guest
molecules, making them promising drug carriers. However, encapsulation can lead to
morphological transitions, such as from spherical to cylindrical micelles.

In Chapter 6 we employed SCFT calculations to investigate the self-assembly of
gradient copolymers with a 1 : 1 styrene-isoprene composition in n-decane, as inspired
by the experimental work of our collaborators243. Our calculations show a progression
from spherical to cylindrical and eventually lamellar morphologies as the copolymer
gradient is flattened. However, because the free energy differences between spherical
and cylindrical micelles are small, intermediate or mixed morphologies—such as
ellipsoidal micelles—may also be energetically competitive, a view supported by SAXS
experiments.

We further examined how compositional gradients affect internal micelle structure.
Regardless of gradient sharpness, the peak in the solvophilic volume fraction always
occurs at the interface between core and corona. Yet, the internal composition of the core
shifts depending on the gradient, with flatter gradients allowing solvophilic monomers
to penetrate deeper if the gradient occurs in the solvophobic-rich part of the polymer
chain.

We also studied idealized gradients with varying block size and gradient steepness
and constructed a phase diagram indicating that block size primarily determines the
micelle morphology. On the other hand, flatter gradients were found to effectively act
as an extension to the block.

Lastly, we studied micelle dissolution and found that the energy barrier is primarily
governed by the length of the solvophobic block. Although not strictly monotonic, this
trend emphasizes the importance of the solvophobic block’s part in determining micelle
stability.

Future work could focus on further improving the stability and accuracy of SCFT
calculations. One persistent challenge is the presence of sharp field gradients, which
remain computationally demanding. Unlike in our example—where the sharpness was
expected near the surface—in many systems, the location and nature of these sharp
features are unknown a priori. Therefore, it would be highly beneficial to develop a
fully adaptive discretization scheme in both real-space and contour variables. Such a
method would dynamically refine the grid at each iteration, resolving sharp gradients
more effectively and improving the overall stability of the SCFT iteration process.

Our SCFT implementation for parallelized polydisperse, tree-like polymer topologies
also opens new opportunities for investigating complex systems that have been tradi-
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tionally underexplored due to their structural complexity and the computational cost
involved. A particularly interesting case is that of core-forming hyperbranched poly-
mers, whose intrinsic topological polydispersity is expected to significantly influence
their self-assembly thermodynamics.

Another promising direction is the study of amphiphilic gradient copolymer self-
assembly, which remains only partially understood. The influence of the gradient
profile, block composition, and solvent interactions on the final morphology is still
not fully resolved. A systematic exploration across different interaction parameters
and gradient profiles is needed to clarify the self-assembly thermodynamics of these
systems—particularly the free energy differences between spherical and cylindrical
micelles as in our test case these two morphologies appeared almost degenerate in a lot
of cases.

Finally, more broadly, throughout this thesis we have repeatedly encountered the
importance of accessing exotic phase morphologies in solution, a task that is often
hampered by the initial conditions of the SCFT numerical scheme. While we have
partially addressed this issue—by employing constraint potentials to enforce specific
features (e.g., ellipsoidal shapes or spherical cores), or by favoring the more stable
canonical ensemble over the grand canonical formulation—a more systematic approach
is still needed to reliably converge to complex morphologies.
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