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Abstra
tThe ability of blo
k 
opolymers to spontaneously self-assemble into a variety of ordered nano-stru
tures not only makes them a s
ienti�
ally interesting system for the investigation oforder-disorder phase transitions, but also o�ers a wide range of nano-te
hnologi
al appli
a-tions. The ar
hite
ture of a diblo
k is the most simple among the blo
k 
opolymer systems,hen
e it is often used as a model system in both experiment and theory.We introdu
e a new soft-tetramer model for e�
ient 
omputer simulations of diblo
k 
opoly-mer melts. The instantaneous non-spheri
al shape of polymer 
hains in molten state is in-
orporated by modeling ea
h of the two blo
ks as two soft spheres. The intera
tions betweenthe spheres are modeled in a way that the diblo
k melt tends to mi
rophase separate withde
reasing temperature.Using Monte Carlo simulations, we determine the equilibrium stru
tures at variable values ofthe two relevant 
ontrol parameters, the diblo
k 
omposition and the in
ompatibility of unlike
omponents. The simpli
ity of the model allows us to s
an the 
ontrol parameter spa
e ina 
ompleteness that has not been rea
hed in previous mole
ular simulations. The resultingphase diagram shows 
lear similarities with the phase diagram found in experiments. More-over, we show that stru
tural details of blo
k 
opolymer 
hains 
an be reprodu
ed by oursimple model.We develop a novel method for the identi�
ation of the observed diblo
k 
opolymer mesophasesthat formalizes the usual approa
h of dire
t visual observation, using the 
hara
teristi
 ge-ometry of the stru
tures. A 
luster analysis algorithm is used to determine 
lusters of ea
h
omponent of the diblo
k, and the number and shape of the 
lusters 
an be used to determinethe mesophase.We also employ methods from integral geometry for the identi�
ation of mesophases and 
om-pare their usefulness to the 
luster analysis approa
h.To probe the properties of our model in 
on�nement, we perform mole
ular dynami
s simu-lations of atomisti
 polyethylene melts 
on�ned between graphite surfa
es. The results fromthese simulations are used as an input for an iterative 
oarse-graining pro
edure that yields asurfa
e intera
tion potential for the soft-tetramer model.Using the intera
tion potential derived in that way, we perform an initial study on the behav-ior of the soft-tetramer model in 
on�nement. Comparing with experimental studies, we �ndthat our model 
an re�e
t basi
 features of 
on�ned diblo
k 
opolymer melts.



ZusammenfassungDie Fähigkeit von Blo
k-Copolymeren, si
h spontan in eine Vielzahl von geordneten Nano-strukturen zu organisieren, ma
ht sie ni
ht nur zu einem wissens
haftli
h interessanten Systemfür die Untersu
hung von Ordnungs-Unordnungs-Phasenübergängen, sondern bietet au
h einebreite Palette von nanote
hnologis
hen Anwendungen. Das Diblo
k-System ist das einfa
hsteunter den Blo
k-Copolymeren, daher wird es sowohl im Experiment als au
h in der Theorieoft als Modellsystem verwendet.Wir stellen ein neues Tetramer-Modell für e�ziente Computersimulationen von Diblo
k-Co-polymers
hmelzen vor. Die instantane ni
htkugelförmige Gestalt der Polymerketten in derS
hmelze wird dabei dur
h die Modellierung jedes der beiden Blö
ke als zwei wei
he Kugelnberü
ksi
htigt. Die We
hselwirkungen zwis
hen den Kugeln werden dabei so gewählt, dass dieDiblo
k-S
hmelze bei abnehmender Temperatur zur Mikrophasenseparation neigt.Mittels Monte-Carlo-Simulationen bestimmen wir die Glei
hgewi
htsstrukturen für vers
hie-dene Werte der beiden relevanten Kontrollparameter, der Zusammensetzung des Diblo
ks undder Unvereinbarkeit der beiden gegensätzli
hen Komponenten. Die Einfa
hheit des Modellserlaubt es, den Raum der Kontrollparameter in einer Gründli
hkeit zu untersu
hen, die bisherin molekularen Simulationen unerrei
ht ist. Das daraus resultierende Phasendiagramm zeigtdeutli
he Ähnli
hkeiten mit dem Phasendiagramm, das in Experimenten bestimmt wurde.Darüber hinaus zeigen wir, dass unser einfa
hes Modell strukturelle Eigens
haften von Blo
k-Copolymer-Ketten reproduzieren kann.Wir entwi
keln eine neuartige Methode zur Identi�zierung der beoba
hteten Mesophasen, diemit Hilfe der 
harakteristis
hen Geometrie der Strukturen die übli
he Vorgehensweise der di-rekten Betra
htung formalisiert. Ein Cluster-Analyse-Algorithmus wird verwendet, um Clus-ter bestehend aus einer Diblo
k-Komponente zu bestimmen, und die Anzahl und die Formder Cluster kann verwendet werden, um die Mesophase zu bestimmen.Wir setzen au
h Methoden aus der Integralgeometrie für die Identi�zierung von Mesophasenein und verglei
hen ihren Nutzen mit dem der Cluster-Analyse-Methode.Um die Eigens
haften unseres Modells zu untersu
hen, wenn es zwis
hen Ober�ä
hen ein-ges
hlossen ist, führen wir Molekulardynamik-Simulationen von atomistis
hen Polyethylen-s
hmelzen zwis
hen Graphitober�ä
hen dur
h. Die Ergebnisse dieser Simulationen werden alsAusgangspunkt für einen iterativen Prozess verwendet, der ein Potential für die Ober�ä
hen-we
hselwirkung im Tetramer-Modell erzeugt.Mithilfe des so abgeleiteten We
hselwirkungspotentials führen wir eine erste Studie zumVerhalten des Modells im Eins
hluss zwis
hen Ober�ä
hen dur
h. Im Verglei
h mit expe-rimentellen Untersu
hungen �nden wir, dass unser Modell grundlegende Eigens
haften voneinges
hlossenen Diblo
k-Copolymers
hmelzen wiedergeben kann.
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Chapter 1
Motivation

Diblo
k 
opolymers are a system of great interest due to their wide range of appli
ationsin nanote
hnology. Polymeri
 materials hold 
onsiderable potential for many te
hnologi
alappli
ations be
ause of their low 
ost, me
hani
 �exibility and low weight. The performan
eof organi
 opto-ele
troni
 devi
es in the �eld of photovoltai
s and light emitting diodes depends
ru
ially on understanding and 
ontrolling stru
tures on the nanometer s
ale [1℄. The fa
t thatblo
k 
opolymers 
an self-assemble into a variety of ordered mi
rostru
tures on the nanometerlength s
ale whi
h e.g. happens to be also the 
hara
teristi
 length s
ale of ex
iton di�usionmakes them extremely useful for those appli
ations.A photovoltai
 
ell, for instan
e, generally 
onsists of an ele
tron donating 
omponent inwhi
h light 
an be absorbed ex
iting an ele
tron, and a 
omponent that a

epts the ex
itedele
tron from the donor. When light is absorbed in the donor material, the ex
ited ele
tronforms an ex
iton, i.e. a quasi-parti
le 
onsisting of an ele
tron and an ele
tron hole.After photo-ex
itation and 
harge separation, the ele
tron and the hole are then transportedba
k to the appropriate ele
trodes through the a

epting and donating domains, respe
tively.This pro
ess works best if the distan
e between donor-a

eptor interfa
es is in the order of thedi�usion length of the ex
iton, so that most ex
itons are able to rea
h an interfa
e prior tore
ombination. Moreover, the donor and a

eptor phases have to form 
ontinuous pathwaysto the ele
trodes to make e�
ient 
harge transport possible.The patterning needed for this purpose is a
hieved easier and 
heaper by self-assembly of blo
k
opolymers than via 
onventional lithographi
 patterning te
hniques and the morphology is



2 Motivation

Figure 1.1: S
hemati
s of a diblo
k 
opolymer nano
omposite. Due to the typi
ally unfavor-able intera
tions between the polymer and the parti
le surfa
e, most parti
les haveto be pretreated to tailor their surfa
e for better 
ompatibility, e.g. by atta
hingligands to the surfa
e.easier to 
ontrol than it is the 
ase for bulk hetero-jun
tions obtained from quen
hed spin-odal de
omposition of binary polymer blends. Moreover, be
ause the self-assembly results instru
tures that are in thermodynami
 equilibrium, the devi
es are less subje
t to aging.The situation is similar for organi
 light emitting diodes; the transport of ele
trons and holeshas to be balan
ed, whi
h 
an be a
hieved by pattern optimization.For these reasons, the understanding of blo
k 
opolymer self-assembly to materials that areappropriate for organi
 ele
troni
s is subje
t of great interest.The properties of self-assembled materials 
an be enhan
ed by 
ombination with nanopar-ti
les with a size that is 
omparable to the size of a polymer 
oil, i.e. by forming so-
allednano
omposites, and also materials with new properties 
an be obtained. A sket
h of anano
omposite is depi
ted in Figure 1.1. In
orporation of nanoparti
les in a blo
k 
opoly-mer matrix allows 
ontrol over the spatial distribution and orientation of the nanosized �llermaterials a

ording to the desired appli
ation. In this way it is possible to transfer the longrange order from the blo
k 
opolymer matrix to the nanoparti
les, thus using the 
opolymeras a s
a�old [2℄. On the other hand, the stru
ture and orientation of the matrix 
an also be
hanged by the nanoparti
les [3℄.There is a vast variety of appli
ations for blo
k 
opolymer based nano
omposites, in opto-ele
troni
s, for instan
e, it is possible to enhan
e 
harge transport by inserting 
arbon nanopar-ti
les [4℄. Another appli
ation example are lithium batteries with ele
trolytes based on blo
k
opolymers, where one blo
k is made up of a lithium-salt-solvating 
omponent. When doped



3with a lithium salt, the material be
omes an ele
trolyte that is able to 
ondu
t lithium ions[5℄. Blo
k 
opolymer based nano
omposite thin �lms have also been used in �ash memoryappli
ations to improve the robustness of the devi
es [6℄, and these are just a few examplesfrom a list of numerous possible appli
ations.Sin
e the properties of the nano
omposites highly depend on the mi
rostru
ture, it is in-dispensable to gain a pre
ise knowledge of the me
hanisms of stru
ture formation. However,a proper understanding is still missing [2℄.The aim of this work is to pave the way towards a deeper understanding of the stru
tureformation in blo
k 
opolymers and blo
k 
opolymer based nano
omposites by providing amodel that allows e�
ient 
omputer simulations by modeling the diblo
k 
opolymer mole
uleson the relevant s
ale, and that permits modeling of nanoparti
les and 
opolymer mole
ules onthe same s
ale.





Chapter 2
General 
on
epts

2.1 Introdu
tion to polymersThe term polymer originates from the Greek words polÔ, meaning �many�, and mèro
, meaning�part�. A polymer is a mole
ule 
onstru
ted by 
ovalently linking (polymerizing) repeat units(the so-
alled monomers) to form a long 
hain. If the monomers are identi
al, the mole
uleis 
alled a homopolymer, whereas it is referred to as a 
opolymer if it 
onsists of at least twodi�erent types of 
hemi
ally distin
t monomers. If these di�erent types are grouped togetherin long sequen
es (or �blo
ks�) of homopolymers, they form so-
alled blo
k 
opolymers, whi
hwill be introdu
ed in more detail in se
tion 2.2.2.1.1 Theoreti
al 
on
eptsIdeal ChainsThe most basi
 model in polymer physi
s is that of the ideal 
hain. It negle
ts volumeintera
tions between monomers and des
ribes the polymer 
hain as a random walk in spa
e
onsisting of un
orrelated steps a

ording to a Gaussian distribution. For this reason, it isalso referred to as Gaussian 
hain. Despite its simpli
ity, it gives elu
idating insight into thephysi
s of polymers, be
ause it provides a good approximation of the behavior of polymers inmelts and 
ertain solvents.A very simple instan
e of ideal 
hain model is the freely jointed 
hain, by means of whi
h
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on
eptsse
tion 2.1.2 will show that the size of the ideal 
hain is proportional to Nν , with the numberof segments N and the exponent ν = 1/2 for the Gaussian 
hain.Real ChainsIn real 
hains, 
hain segments that are separated along the 
hain will intera
t if they 
ome 
loseenough. Hen
e the des
ription by a random walk where the arrangement of 
hain segmentsis 
ompletely un
orrelated is not justi�ed in the 
ase of a real 
hain. To introdu
e volumeintera
tions into the des
ription of an ideal 
hain, the random walk is repla
ed by a self-avoiding walk, where a segment takes a 
ertain volume that 
an not be o

upied by anothersegment. Compared to ideal 
hains, the average size is larger: the so-
alled ex
luded volumee�e
t gives rise to an in
rease in size from ν = 1/2 for the Gaussian 
hain to ν ≈ 3/5, or moreexa
tly ν ≈ 0.588, as has been found in simulations and renormalization group 
al
ulationsfor self-avoiding 
hains [7, 8℄.Polymer MeltsThe extreme 
ase of a 
on
entrated solution is 
alled a �melt�, i.e. a liquid that 
ontains nosolvent and is 
omposed only of polymer 
hains.A parti
ular feature of polymer 
hains in melts or in 
on
entrated solutions is that their 
on-�rmation 
an be approximately des
ribed on large s
ales by an ideal Gaussian 
hain [7℄.We 
an sense the physi
al meaning of this phenomenon by 
onsidering a single test 
hain: Theex
luded volume e�e
t leads to a repulsive potential generated by the monomers of the test
hain that would 
ause an expansion of the 
oil, if it was not 
an
eled out by a 
ountera
tingpotential generated by the identi
al mole
ules that surround the test 
hain in a homogeneousmelt. Hen
e, the 
hain is subje
ted to no net for
e and remains unperturbed, and Gaussianstatisti
s are satis�ed. This oversimpli�ed argument is, however, not 
ompletely 
orre
t andsubtle long-range 
orrelations along the 
hain persist in the melt [9℄.2.1.2 Coarse grainingSin
e polymers exhibit stru
tures on a wide range of length s
ales, from bond lengths in theorder of angstroms to the typi
al extension of a mole
ule in the order of several nanometersor ma
ros
opi
 properties o

urring in the order of millimeters, one 
an not des
ribe all ofthese phenomena by atomisti
 models that in
lude all 
hemi
al details. The advantage of highdetail is o�set by the disadvantage that one is limited to systems of few mole
ules and shorttime s
ales.
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tion to polymers 7Hen
e, polymeri
 materials have to be des
ribed on di�erent s
ales, adapted to the respe
tiveproblem that is to be addressed, by negle
ting degrees of freedom that are irrelevant on thats
ale. On the mi
ros
ale, relatively realisti
 models that in
lude 
hemi
al details des
ribepolymer 
hains at an atomisti
 level, on the mesos
ale, simpli�ed 
oarse-grained mole
ulemodels are used, where several real monomers are represented by simpli�ed segments (seebelow), while on the ma
ros
ale, the materials are des
ribed by 
ontinuous �elds.While the 
hemistry of the polymer depends on atomisti
 details like the ele
tron stru
tureand the bonding between the monomers, there are many ma
ros
opi
 properties f for whi
hthese 
hemi
al details are irrelevant. As a 
onsequen
e, all 
hains behave in the same waywhen they are probed at a higher length s
ale, i.e. a 
ertain universality appears, and thisbehavior 
an be des
ribed by so-
alled s
aling laws, f ∝ Nx. The exponent x is universal andindependent of the mi
ros
opi
 details. A typi
al example of a physi
al quantity that showsthis universal behavior is the size of a mole
ule, given by the expe
tation value of the distan
ebetween the two ends of the 
hain. Its s
aling law has already been introdu
ed in se
tion2.1.1 (see also Equation 2.4). The same behavior results independently of the 
oarse-graininglevel of the model [10, 11℄. This universality is the reason why 
oarse-grained models 
an beemployed.Traditional polymer 
hain modelsThe wormlike 
hain is a quite realisti
 and intuitive model for semi-�exible 
hains: seg-ments have a �xed 
ontour length b and a �nite bending sti�ness κ. The persisten
elength over whi
h the 
hain remains relatively straight is given by ξ = bκ.The freely jointed 
hain is an ideal 
hain model, used often to study general properties ofideal 
hains on a

ount of its simpli
ity. A 
hain 
onsists of a sequen
e of N rigid seg-ments, ea
h of them having a length b, their orientation being 
ompletely un
orrelated.The end-to-end ve
tor ~Re is the sum of the individual segment ve
tors:
~Re =

N
∑

i=1

~ri (2.1)and for an ensemble of 
hains, we have the squared end-to-end distan
e
〈~R2

e〉 = 〈
(

N
∑

i=1

~ri

)2

〉 =
N
∑

i=1

〈~r2i 〉 + 2
N−1
∑

i=1

N
∑

j=i+1

〈~ri~rj〉 (2.2)Be
ause 〈~r2i 〉 = b2,
〈~R2

e〉 = Nb2 + 2b2
N−1
∑

i=1

N
∑

j=i+1

〈cos θij〉 (2.3)
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on
eptswhere θij is the angle between the ve
tors ~ri and ~rj. θij takes with equal probabilityany value between 0 and 2π. Therefore, 〈cos θij〉 = 0 and
〈~R2

e〉 = Nb2. (2.4)Latti
e models: The monomer positions are 
on�ned to the sites of a latti
e and the mono-mers are linked by bonds that 
onne
t, for example, nearest neighbor sites. This ap-proa
h has some disadvantages due to the intrinsi
 anisotropy in su
h models, but it
onsiderably simpli�es both 
omputer simulations and theoreti
al 
onsiderations.The bead-spring model is an o�-latti
e 
hain model 
ommonly used in 
omputer simula-tions. The 
hains are represented by hard beads 
onne
ted by elasti
 springs. A popularversion of the model represents the beads by a shifted and trun
ated, purely repulsiveLennard-Jones potential 
onne
ted by a so-
alled �nitely extensible nonlinear elasti
(FENE) potential [12, 13℄.Soft-parti
le modelsCertain physi
al phenomena o

ur on time and length s
ales larger than those related tomonomers. Examples are the demixing of in
ompatible polymer blends or the mi
rophaseseparation of blo
k-
opolymers. If, for example, we want to des
ribe a pro
ess that takespla
e on the s
ale of the radius of gyration, degrees of freedom on the monomer s
ale will sup-posedly be
ome irrelevant. To make simulations more e�
ient than they 
an possibly be byusing 
oarse-grained mole
ular models like e.g. the previously mentioned bead-spring model,it is useful to employ models in
orporating e�e
tive intera
tions on the s
ale of the radius ofgyration and hen
e also 
apturing �u
tuations on that s
ale.It has been shown lately that the use of soft intera
tions of the type used in �eld theoreti
des
riptions results in very e�
ient simulations of homopolymers [14℄. For the simulation ofpolymer 
hains in the melt, soft ellipsoid models have been employed [15, 16℄. Very re
ently,it has been proposed to subdivide polymer 
hains into 10-100 sub
hains and represent themby soft spheres of �u
tuating size related to the radius of gyration of the sub
hain [17℄.There has been some resear
h in re
ent years on soft dumbbell models (the dumbbell 
onsistingof one soft sphere for ea
h blo
k) for blo
k 
opolymer solutions that have been systemati
ally
oarse-grained by averaging over latti
e model monomers [18, 19, 20℄ or by using probabilitydistributions from Gaussian 
hains [21℄. Based on liquid-state integral equations, a mi
ro-s
opi
 theory for 
oarse-graining diblo
k 
opolymers into su
h dumbbells has been developedre
ently [22℄.
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k 
opolymer melts 92.2 Diblo
k 
opolymer meltsThe homopolymer sequen
es of a blo
k 
opolymer 
hain 
an be 
omposed in a wide variety ofar
hite
tures, e.g. linear 
opolymers, star 
opolymers, brush 
opolymers, and 
omb 
opoly-mers. The most basi
 system, 
onsisting of one long sequen
e of the same unit bound to onelong sequen
e of another unit, is the linear AB diblo
k 
opolymer. A s
hemati
 representationis given in Figure 2.1(a). In this work, we will fo
us on the stru
tures formed by AB diblo
k
opolymer melts. Due to its relative simpli
ity, the diblo
k 
opolymer melt system makes agood test 
andidate for both experiments and theoreti
 
onsiderations.Chemi
ally distin
t (in
ompatible) homopolymers tend to demix in a blend due to enthalpi
in
ompatibility. If one links one end of a homopolymer to one end of a 
hemi
ally distin
thomopolymer, thus building a diblo
k 
opolymer, the 
ovalent bond between the blo
ks pre-vents them from phase-separating on a ma
ros
opi
 s
ale. However, they still tend to lo
allyseparate, but instead of separating ma
ros
opi
ally, they mi
rophase separate and form peri-odi
 nanostru
tures. The mi
rophase separation pro
ess is illustrated in Figure 2.1.2.2.1 Experimental methodsThis se
tion will give an overview of major methods that are 
ommonly used in experimentsto study the stru
tural behavior of blo
k 
opolymer melts experimentally [23℄.Rheology (or dynami
 me
hani
al spe
tros
opy) is employed to lo
ate phase transitions.The temperature is in
reased slowly while the dynami
 elasti
 shear modulus, G′, ismonitored at a �xed low frequen
y. Abrupt 
hanges (i.e. a sharp de
rease with risingtemperature) in G′ are asso
iated with order-disorder phase transitions, be
ause the �owproperties of the melt depend on the state of order in the system: ordered phases arevis
oelasti
 �uids whereas the disordered melt exhibits vis
ous �ow [23℄.SAXS (small angle X-ray s
attering) and SANS (small angle neutron s
attering) are ideal forthe investigation of ordered phases of blo
k 
opolymers, be
ause they probe length s
alesthat are typi
al also for blo
k 
opolymer mesostru
tures (1− 100nm). These te
hniquesmeasure the s
attering fun
tion (or stru
ture fa
tor) to determine the symmetry of thephase in question.Whether X-rays or neutrons are used as in
ident radiation is di
tated primarily by the
ontrast fa
tor of the polymers that are used. Systems that exhibit a sizeable ele
trondensity di�eren
e between the 
omponents provide good X-ray 
ontrast. A

ordingly,these materials are frequently studied by SAXS.



10 General 
on
epts
(a)

(b) disordered (
) ordered phaseFigure 2.1: (a) Ar
hite
ture of a diblo
k 
opolymer 
hain. The mi
rophase separation transi-tion o

urs when a 
ompositionally disordered melt of 
opolymers (b) transformsto a spatially periodi
, 
ompositionally inhomogeneous phase (
) on lowering thetemperature and thus in
reasing the repulsion between the blo
ks. For 
opolymerblo
ks with approximately the same length, the ordered phase has the lamellarstru
ture that is shown in (
).The X-ray 
ontrast is strongly redu
ed when stru
turally similar polymers are used,hen
e the use of SAXS is di�
ult or impossible. In that 
ase, the neutron 
ontrast
an be in
reased by deuterating one of the blo
ks (i.e. ex
hanging 1H by deuterium),making SANS the method of 
hoi
e [24℄.TEM (transmission ele
tron mi
ros
opy) is the most dire
t method for the identi�
ationof blo
k 
opolymer morphology. An image is formed from the intera
tion of the ele
-trons that are transmitted through the sample. A disadvantage of this method is thatmisidenti�
ation of mesophases is possible be
ause only a proje
tion of a small sample isinspe
ted [23℄. Two examples of TEM images of blo
k 
opolymer stru
tures are shownin Figure 2.2.
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Figure 2.2: TEM images of polystyrene-polyisoprene (PS-PI) diblo
k 
opolymer mesophases.A lamellar stru
ture is assigned to (a), while hexagonally pa
ked 
ylinders of PSin a PI matrix are assigned to (b). Reprinted with permission from referen
e [25℄.Copyright 1995 Ameri
an Chemi
al So
iety.
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on
eptsAFM (atomi
 for
e mi
ros
opy) measures the de�e
tion of a 
antilever due to intera
tionsbetween an atta
hed sharp tip and the surfa
e of a sample. While the sample is beings
anned in x and y dire
tion, this de�e
tion is measured to provide an image of the sur-fa
e stru
ture. AFM 
an be used as a 
omplementary tool to investigate materials whi
hare too sensitive to be studied with an ele
tron beam. When operated in dynami
 mode,the 
antilever is externally os
illated in z dire
tion and the phase di�eren
e between theexternal ex
itation and the tip motion 
an be used to determine surfa
e features and
ompositional variations [26, 27℄.2.2.2 Theoreti
al 
on
eptsFlory-Huggins theory for binary polymer blendsIn 1942, Huggins [28℄ and Flory [29℄ independently introdu
ed a simple mean-�eld latti
etheory for polymer solutions and melts. It has sin
e be
ome the 
lassi
al theory of phase sep-aration in polymer blends and is fully derived in many textbooks [10, 30℄. We brie�y outlinethe derivation here to illustrate the origin of the Flory-Huggins parameter χ.Polymer 
hains are represented as non-reversal random walks on a latti
e. Consider a binaryblend of homopolymers A and B with 
hain length (or degree of polymerization) NA and NB ,and volume fra
tions ϕA and ϕB . If Ω is the total number of all latti
e sites and nA and nBare the numbers of A and B 
hains, then the volume fra
tions are given by ϕA = NAnA

Ω and
ϕA = NBnB

Ω , ϕA + ϕB = 1.To 
al
ulate the free energy F = −kBT lnZ, we need the partition fun
tion of the system:
Z =

∑

i

exp(−Ei/kBT ) (2.5)where Ei is the energy of the 
on�guration i of the polymers on the latti
e. We estimate Zby repla
ing Ei by the average energy Ē. The partition fun
tion then be
omes
Z ≈W exp(−Ē/kBT ) (2.6)where W is the total number of possible 
on�gurations of the polymers on the latti
e.

Ē is determined by 
al
ulating the mean energy for the randomly mixed state, in whi
h,on average, ea
h latti
e point is surrounded by zϕA A monomers and zϕB = z(ϕA − 1)

B monomers. Hen
e the number of neighboring pairs of A monomers is given by NAA =

nANAzϕA/2 = zΩϕ2
A/2, and in the same way, the number of neighboring pairs of B monomersis given by NBB = nBNBzϕB/2 = zΩϕ2

B/2. Finally, the number of pairs of neighboring A
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k 
opolymer melts 13and B monomers amounts to NAB = zΩϕAϕB .The overall mean system energy for a given 
on�guration whi
h 
an be written as
Ē = −NAAǫAA −NBBǫBB −NABǫAB (2.7)where the ǫαβ 
orrespond to the intera
tion energies between neighboring monomers on thelatti
e, hen
e results in

Ē ≈ −zΩ(
1

2
ϕ2

AǫAA +
1

2
ϕ2

BǫBB + ϕAϕBǫAB). (2.8)With Equation (2.6), the free energy 
an then be obtained in the following form:
F = −kBT lnW + Ē. (2.9)By 
onsidering the free energy of mixing, Fm, as the free energy of the mixed state minus thefree energies of the pure 
omponents, it 
an be 
al
ulated to

Fm = ΩkBT

(

ϕA

NA
ln(ϕA) +

ϕB

NB
ln(ϕB) + χϕAϕB

)

. (2.10)The �rst two terms in the equation above represent the entropy of mixing of the two polymers,whi
h is the same for the mixing of two ideal gases, ex
ept for the fa
tor 1/NA,B , meaningthat the entropi
 part of the equation (i.e. the part that favors mixing) is redu
ed by the
hain length: the longer the mole
ules, the harder the mixing. The reason for this e�e
t isthat due to the linking of the segments the number of degrees of freedom de
reases.The last part of Equation (2.10) a

ounts for the enthalpi
 in
ompatibility of the two 
ompo-nents with the so-
alled Flory-Huggins parameter, χ, that is given by
χ =

z

kBT
∆ǫ =

z

kBT
(ǫAB − 1

2
(ǫAA + ǫBB)). (2.11)All mi
ros
opi
 
hemi
al properties of the polymer mixture are expressed by this single pa-rameter, whi
h is therefore very hard to a

ess. The �translation� of the χ parameter betweentheory, simulation and experiment, despite of being 
ru
ial for the interpretation and thequantitative relation of the phase diagrams, has not yet been well understood, and the estab-lishing of an exhaustive theory is still a busy �eld of resear
h with many unsolved questions[31, 32℄.Self-
onsistent �eld theoryA more sophisti
ated mean-�eld approa
h is the self-
onsistent �eld theory (SCFT), �rst ex-tended to blo
k 
opolymers by Helfand and 
oworkers [33℄. It evaluates the exa
t equilibrium
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Figure 2.3: S
hemati
 representation of diblo
k 
opolymer mesophases: spheres (S), 
ylinders(C), gyroid (G), perforated lamellae (PL), lamellae (L) (from left to right).behavior of a single test 
hain subje
ted to stati
 mean �elds that approximate the total in-tera
tion with all the other 
hains. The values of these �elds 
orrespond to minima of the freeenergy, and �u
tuations are ignored. These �u
tuations are more important for short 
hains,and SCFT be
omes exa
t in the N → ∞ limit [11℄.The self-
onsistent �eld equations 
an only be solved numeri
ally, however approximate the-ories derived from them 
an have analyti
al solutions in 
ertain limits, 
f. se
tion 2.2.3.A review on self-
onsistent �eld theory for blo
k 
opolymer melts 
an be found in referen
e [34℄.2.2.3 Phase diagramWhen the in
ompatibility of unlike blo
ks be
omes su�
iently high, the segments segregateinto A- and B-ri
h domains forming periodi
ally ordered mi
rostru
tures like those shown inFigure 2.3. The ordering me
hanism is illustrated for the lamellar mesophase in Figure 2.1.The resulting morphology depends on the 
omposition of the diblo
k and the repulsion be-tween the blo
ks that in
reases with de
reasing temperature.The simplest and most 
ommon stru
tures in
lude the lamellar (L) phase in whi
h the do-mains form alternating �at layers, the 
ylindri
al (C) phase where the minority 
omponentforms hexagonally arranged 
ylinders in a matrix made up of the majority 
omponent, andthe spheri
al (S) phase where the minority blo
ks form spheres on a body-
entered 
ubi
(b.
.
.) latti
e. There is also a wide variety of more 
omplex mi
rostru
tures, the most 
om-mon being the gyroid (G) phase where the minority domain forms two interweaving three-fold
oordinated latti
es [35℄. Experiments have also identi�ed a perforated-lamellar (PL) phaseresembling the lamellar phase, but with the minority lamellae perforated by hexagonally ar-ranged holes through whi
h the majority layers are 
onne
ted.The �rst phase diagram for diblo
k 
opolymer melts was 
omputed by Ludwik Leibler in1980 [36℄. He used an analyti
al approximation to the full mean �eld theory in the limit ofweakly segregated melts, the so-
alled �random phase approximation� whi
h is a perturbation
al
ulation based on the 
ompletely disordered state.
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Figure 2.4: Phase diagram 
al
ulated by Leibler predi
ting the lamellar, 
ylindri
al (hex.) andspheri
al (b.
.
.) phases. Reprinted with permission from referen
e [36℄. Copyright1980 Ameri
an Chemi
al So
iety.This theory proved to be one of the most in�uential theories of the phase behavior of blo
k
opolymers. The state of the diblo
k 
opolymer system is determined by only two relevantparameters: the 
opolymer 
hain 
omposition f , given by the fra
tion of the A blo
k in thewhole 
hain,
f =

NA

NA +NBand the parameter that des
ribes the intera
tions between both blo
ks, 
on
erning whi
h theprodu
t of the χ-parameter with the degree of polymerization, χN , is shown to be the relevantparameter rather than χ only.The phase diagram 
al
ulated by Leibler is shown in Figure 2.4. It predi
ts the lamellar,
ylindri
al (�hexagonal�) and spheri
al (�b.
.
.�) phases as most stable phases for the respe
-tive values of the parameters χN and f . Leibler found the order-disorder transition to be of
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ond order at f = 1/2. However, the Leibler theory does nottake into a

ount �u
tuations whi
h have a strong in�uen
e espe
ially at weak segregation[37℄, hen
e its predi
tive power has to be 
onsidered limited.Matsen and 
oworkers [38℄ 
al
ulated a diblo
k 
opolymer phase diagram by full self-
onsistent �eld theory using the standard Gaussian model. This diagram is shown in Figure2.5(b). It shows the morphology with the lowest free energy plotted as a fun
tion of segrega-tion χN and 
omposition f .In addition to the mesophases that have already been dis
ussed previously, an additional
lose-pa
ked spheres phase (Scp) is found.We 
ompare this SCFT phase diagram with a phase diagram 
onstru
ted from experimentalmeasurements of polystyrene-polyisoprene diblo
k 
opolymer melts whi
h is shown in Figure2.5(a). The dots in the experimental phase diagram 
orrespond to the experimental datapoints. TEM images from this study are shown in Figure 2.2.

(a) Experimental phase diagram for polystyrene-polyisoprene diblo
k 
opolymer melts. Reprinted withpermission from referen
e [25℄. Copyright 1995 Amer-i
an Chemi
al So
iety. (b) SCFT phase diagram. Adapted with permissionfrom referen
e [38℄. Copyright 1996 Ameri
an Chem-i
al So
iety.Figure 2.5: Comparison of the experimental phase diagram (left) with the phase diagram fromself-
onsistent �eld theory (right)To some extent, the same mesophases are found by experiments and mean �eld theories, andthe agreement between both phase diagrams with respe
t to the range of morphologies andthe sequen
e in whi
h they o

ur is reasonable. The asymmetry in the experimental phasediagram is attributed to the 
hemi
al asymmetry between the segments of both blo
ks. One
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opolymer melts 17striking di�eren
e is the absen
e of the perforated lamellar phase in the phase diagram pre-di
ted by SCFT. However, it has been indi
ated by 
areful experiments [39℄ that the PL stateis a metastable state and eventually 
onverts to the gyroid morphology.The a
tual morphologies of the phase diagrams di�er, and there are signi�
ant qualitativedeviations along the order-disorder transition. The experimental phase diagram shows dire
t�rst order transitions from the disordered into the ordered 
ylinder and gyroid phases, forexample, whereas in the SCFT diagram, there is only a se
ond order phase transition fromthe disordered into the lamellar phase at f = 0.5, and no dire
t disorder-order transitions intothe 
ylinder or gyroid phase at all. The ina

ura
ies parti
ularly 
lose to the order-disordertransition are mainly due to the fa
t that mean-�eld theory negle
ts �u
tuations, whereasthe weakly segregated morphologies are most disrupted by �u
tuations that are parti
ularlystrong near the 
riti
al point [37℄. Therefore, �u
tuations are also expe
ted to in
rease thevalue of the χ parameter at whi
h the order-disorder transition takes pla
e. However oneshould remember that 
aution is always advised when 
omparing quantitatively values of theintera
tion parameter χ from SCFT with experiments or simulations, be
ause there is noproperly de�ned analogy, as has been stated previously in this 
hapter.

Figure 2.6: Partial phase diagram using latti
e-based Monte-Carlo simulations. The e�e
tiveintera
tion parameter χeff is proportional to the latti
e o

upan
y, no attempt ismade to a

ount for the di�eren
e between the latti
e and 
ontinuum de�nitionsof χ whi
h is ne
essary for a quantitative 
omparison with Figure 2.5. Repro-du
ed with permission from referen
e [40℄. Copyright 2006, Ameri
an Institute ofPhysi
s.One way to a

ount for �u
tuation e�e
ts that has been pursued in the last de
ades is theextension of mean �eld theories to in
orporate �u
tuations [41, 42℄ or to in
lude 
onforma-
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on
eptstional �u
tuations of the 
hains in a hybrid parti
le-based �single 
hain in mean �eld� (SCMF)approa
h [43, 44℄. Another approa
h is the use of mole
ular 
omputer simulations.A partial phase diagram (shown in Figure 2.6) was 
onstru
ted by Matsen et al. usingMonte Carlo simulations of an f

-latti
e model [40℄. This study was limited to the lo
ation ofthe order-disorder transition, but the results were summarized in the form of a phase diagramfor 
onvenient 
omparison with those in Figure 2.5.In this study, Matsen et al. used 
ooling and heating runs to address several values of in-
ompatibility. This produ
ed a hysteresis loop that enabled them to lo
ate the order-disordertransition in the interval de�ned by the loop. Similar to the experimental phase diagram,dire
t phase transitions into the ordered phases were found for all f due to the fa
t that�u
tuations are in
orporated.



Chapter 3
Model

In this work, we introdu
e a new soft-parti
le-type non-latti
e model for 
omputer simulationsof diblo
k 
opolymer melts. The details of the model will be des
ribed in this 
hapter.
3.1 Introdu
tionTraditional 
oarse-grained models like e.g. the bead spring model are still too detailed for thesimulation of 
ertain phenomena that o

ur on larger s
ales. The mi
rophase separation inblo
k 
opolymers happens on a length s
ale whi
h is 
omparable to the radius of gyration ofthe blo
ks, hen
e it should be possible to simulate this phenomenon with a model workingwith e�e
tive intera
tions on that same length s
ale. This allows 
omputationally more e�-
ient simulations, 
ompared to the above mentioned traditional models.To justify this approa
h, we use the fa
t that in a melt, the behavior of a polymer 
hain 
anbe des
ribed as that of an ideal (i.e. Gaussian) 
hain, as has been motivated in 
hapter 2.1.1.In a melt in three spatial dimensions, polymer 
hains signi�
antly interpenetrate. Within theradius of gyration of a 
hain, however, the probability of �nding monomers of other 
hains issmaller than the average probability. This �
orrelation hole e�e
t� 
an be translated into ane�e
tive soft repulsive potential with a range of about 2Rg and an amplitude of about 2kBT ,as referen
es [45, 46℄ found out for dilute and semi-dilute solutions. The amplitude stays ap-proximately the same for all investigated 
on
entrations, extending deep into the semi-dilute



20 Modelregime at 
on
entrations of the order of ten times the overlap 
on
entration. The 
enters ofmass of polymer 
hains have a gas-like pair distribution fun
tion for all 
on
entrations, fromthe dilute regime extending up to the melt regime. Thus, we expe
t the general behavior of ane�e
tive potential that has been derived for dilute and semi-dilute solutions to be also validfor the melt.The tensor of inertia of a single 
hain in the melt has three prin
iple moments Ei, with
E1 > E2 > E3. This 
orresponds to an ellipsoidal envelope of the instantaneous 
hain 
onfor-mation [47, 15℄.In order to mimi
 this non-spheri
al instantaneous shape, but still have the advantage of thesimpler treatment of spheres, we map ea
h of the two blo
ks onto a dumbbell, i.e. two spheres.Thereby we assume that half of ea
h blo
k in the melt 
an still be des
ribed by a Gaussian
hain.Sin
e a diblo
k 
hain is thus des
ribed by four spheres, we 
all it a tetramer. Be
ause polymer
hains in melts overlap signi�
antly, the intera
tion between these spheres has to be very softto permit them to interpenetrate.Referen
es [18, 19, 20℄ derive e�e
tive intera
tions between 
enters of �soft blobs� by aver-aging over monomer degrees of freedom and state that the resulting e�e
tive potentials have�roughly Gaussian� form [20℄. Although for analyti
al treatment, a Gaussian might be moresuitable, for numeri
al treatment, it is preferable to have an intera
tion of stri
tly �nite rangeto avoid 
ut-o� e�e
ts.To 
apture qualitatively the essential features of the potentials systemati
ally derived in thereferen
es that have been quoted above, our potential has to be paraboli
 near the origin andgo to zero around 2Rg [45, 46℄. As a non-bonded intera
tion potential, we 
hoose a third orderpolynomial that is 
ut o� at a length σ given by the �rst root of the polynomial. This 
hoi
emimi
s the bell 
urve shape of the potentials that have been derived in referen
es [18, 19, 20℄but has the advantage that it goes exa
tly to zero at a well-de�ned distan
e whi
h thereforeprovides a natural 
ut-o� length.The e�e
tive potentials that are used in models on this s
ale are potentials of mean for
erather than 
onventional pair potentials, and they are therefore generally temperature de-pendent. A

ording to referen
es [45, 46℄, the e�e
tive potential a
ting between soft spheresof the same spe
ies should have an amplitude of about 2kBT . In order to allow the systemto exhibit mi
rophase separation, a parameter is needed that 
ontrols the repulsion betweendi�erent spe
ies. One 
an either keep the temperature 
onstant and vary the parameter thatdes
ribes the repulsion strength between A and B, or, whi
h is equivalent, one 
an make theamplitude of the repulsion between di�erent 
omponents independent of temperature, while



3.2 Model Des
ription 21we 
hoose the amplitude of the e�e
tive repulsive potential a
ting between spheres of thesame spe
ies to de
line with de
reasing temperature. This means that, to simplify matters,we negle
t entropi
 
ontributions for the intera
tion between spheres of unlike spe
ies, andmake this intera
tion purely enthalpi
.3.2 Model Des
riptionIn this se
tion, we des
ribe the properties of the soft-tetramer model for 
omputer simulationsof molten diblo
k 
opolymer 
hains 
onsisting of two spe
ies A and B.3.2.1 Intera
tion potentialsThe potential for non-bonded intera
tions is purely repulsive and a
ts over a range of σAA,
σBB , or σAB = 1

2(σAA + σBB), respe
tively. The intera
tion between spheres of the samespe
ies is entropi
, and we set its amplitude ǫαα = 2T (
f. 
hapter 3.1, for simpli
ity's sakewe set kB = 1):
Unbαα (r) =











ǫαα

(

1 − 3
(

r
σαα

)2
+ 2

(

r
σαα

)3
)

r < σαα ,

0 r > σαα.

(3.1)where α ∈ {A,B} and r is the distan
e between the 
enters of the spheres.Intera
tion between spheres of unlike spe
ies have enthalpi
 
hara
ter, so we 
hoose the pairpotential for unlike spe
ies to have the same form but to be independent of T :
UnbAB(r) =











ǫAB

(

1 − 3
(

r
σAB

)2
+ 2

(

r
σAB

)3
)

r < σAB ,

0 r > σAB,

(3.2)with ǫAB = 2. With an intera
tion potential 
hosen like this, there will be e�e
tive repulsionbetween unlike spe
ies with de
reasing temperature, enabling the system to exhibit phaseseparation. At T = 1, intera
tions between like and unlike spe
ies are equal.For bonded intera
tions, a harmoni
 term is added to the non-bonded intera
tion potential:
Ubondαα (r) = Unbαα (r) + 1.6T

(

r

σαα

)2 (3.3)
UbondAB (r) = UnbAB(r) + 1.6

(

r

σAB

)2 (3.4)
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hoi
e of bond potential leads to a purely enthalpi
 bonded AB intera
tion. Referen
e[21℄ shows that the probability distribution for the distan
e between two spheres representingthe A and B blo
k of a diblo
k 
opolymer mole
ule forms a three-dimensional Gaussian withan average distan
e in the order of the size of the spheres. Most notably, it does not dependsigni�
antly on temperature. In our 
ase, the size of the spheres is �xed, so we 
an assumethe average separation between the spheres as 
onstant and we reprodu
e the behavior foundin referen
e [21℄ by making the AB intera
tion 
ompletely temperature independent.This des
ription is equivalent to a des
ription where the temperature is kept 
onstant to T = 1and the parameter ǫ̃AB , given by ǫAB = ǫ̃ABT , is varied.

Figure 3.1: Bonded and non-bonded intera
tion potentials. The inset shows a s
hemati
 re-presentation of the model (not to s
ale).Figure 3.1 illustrates the idea of the soft-tetramer model. The parameters σAA and σBB
an be interpreted as the diameters of the respe
tive spheres making up the diblo
k 
hain.They are designed to 
orrespond to about 2Rg of the underlying polymer 
hains that arerepresented by this model.3.2.2 Control parametersThe two relevant 
ontrol parameters for the mean-�eld diblo
k phase diagram are the 
omposi-tion of the 
hain, f = NA/(NA +NB), and χN , the produ
t of the Flory-Huggins χ-parameter
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ription 23and the 
hain length N , 
f. 
hapter 2.2.2.In the soft-tetramer model, di�eren
es in the 
hain 
omposition f are translated into a di�er-ent ratio of radii of A and B spheres. Sin
e we assume Gaussian statisti
s for ea
h blo
k, andthus σ2
αα ∝ b2Nα with the same statisti
al segment length bA = bB = b for both blo
ks, f 
anbe determined as follows:

f =
NA

NA +NB
=

b2NA

b2NA + b2NB
=

σ2
AA

σ2
AA + σ2

BB

(3.5)We keep the 
hain length N 
onstant, whi
h translates to
σ2

AA + σ2
BB = 2σ2, (3.6)where σ 
orresponds to the diameter of the spheres in the 
ompositionally symmetri
 
ase,

f = 0.5. With
σ = 1 (3.7)as a natural 
hoi
e of length unit in our model, we obtain

σAA =
√

2f (3.8)
σBB =

√

2 − 2f (3.9)For symmetry reasons, we only 
onsider 
ases with 0.5 < f < 1, making A the majority
omponent.The Flory-Huggins χ-parameter, originating from a mean-�eld theory built on simplifyingapproximations, has no properly de�ned analogon in non-mean-�eld models [48, 49℄ or inexperiment [50℄ (refer also to the related dis
ussion in 
hapter 2.2.2). The phase separationpro
ess is driven by the 
hosen pair intera
tions, or, more pre
isely, by their asymmetry
∆ǫ = ǫAB − 1

2
(ǫAA + ǫBB) , (3.10)that 
hara
terizes the repulsion between A and B segments. It is generally assumed that

χ ∝ ∆ǫ with the proportionality depending on z whi
h in latti
e simulation is given by the
oordination number1 of the latti
e type and in 
ontinuum simulations by the average numberof inter
hain neighbors. However, this is a very simplifying assumption, and doubts about itsvalidity have been raised from simulations [48℄.1In some studies, the 
oordination number is redu
ed by two to a

ount for the fa
t that the intera
tionsbetween neighboring monomers along the 
hain are �xed. However, this is of disadvantage for small NA, NB .This introdu
es a further ambiguity in the interpretation of the χ parameter.



24 ModelThus, without making an attempt to relate our intera
tion asymmetry parameter χN to themean �eld χ parameter, we de�ne it in our model in the following way:
χN = 4

∆ǫ

T
=

4(2 − 2T )

T
= 8

(

1

T
− 1

)

. (3.11)Here, N is taken to be the number of soft spheres, 4.Note that T = 1 in our model 
orresponds to the 
ompletely symmetri
 
ase: χ = 0.3.3 Invariant degree of polymerizationA useful parameter to 
ompare experiments with mean-�eld 
al
ulations and simulations is theinvariant degree of polymerization Ninv, be
ause it is independent of the 
hain dis
retization,i.e. the de�nition of a monomer unit. It is a measure for the number of neighbors with whi
h apolymer intera
ts. The overlap of mole
ules averages out �u
tuation e�e
ts in the Ninv → ∞limit, meaning that mean-�eld theory would be
ome exa
t in that limit.The invariant degree of polymerization is de�ned as
Ninv = (ρcR

3
e)

2 =

(

ρ0
R3

e

N

)2 (3.12)where ρc is the 
hain number density, ρ0 is the monomer number density and Re is the distan
ebetween the 
hain ends, the so-
alled end-to-end distan
e. For a Gaussian 
hain,
R2

e = b2N (3.13)as has been shown in Equation (2.4).We now write the length of the whole 
hain as the sum of the 
hain lengths of both blo
ks,
N = NA +NB (3.14)and remember that in our model the following relation holds true, as we have motivatedpreviously:
σαα = 2Rgα (3.15)with α ∈ {A,B}. Furthermore, for the Gaussian 
hain, the following relation applies:
R2

g =
1

6
Nb2 (3.16)Hen
e, 
ombining Equations (3.15) and (3.16) while 
onsidering the fa
t that one soft sphereof type α represents Nα

2 segments, we obtain
σ2

αα = 4R2
gα =

1

3
Nαb

2 (3.17)



3.3 Invariant degree of polymerization 25and thus, using Equation (3.6), we 
an 
on
lude that in our model, using the 
orrespondinglength s
ale de�ned in Equation (3.7), we have:
R2

e = b2(NA +NB) = 3(σ2
AA + σ2

BB) = 6. (3.18)Finally, if we use the relation above in Equation (3.12), we 
an determine the invariant degreeof polymerization in the soft-tetramer model:
Ninv = (R2

e)
3ρ2

c = 216ρ2
c (3.19)Values rea
hed in experiments typi
ally are in the order of Ninv = O(104). These values 
analso be rea
hed in SCMF 
al
ulations, realized by in
reasing the polymer density ρc, i.e. thenumber of 
hains in the ensemble [44℄. Mole
ular simulations, however, usually rea
h valuesfor Ninv whi
h are smaller by two orders of magnitude. This is also the 
ase for our simulations.





Chapter 4
Geometri
 
hara
terization of mesophases

A method that is used 
ommonly in experiments [25, 23℄ and simulations [40℄ to determine thestru
ture of the diblo
k 
opolymer mesophase at a 
ertain set of 
ontrol parameters is whatone 
ould 
all dire
t geometri
 observation. In experiments, this is done by looking at e.g.TEM or AFM images (
f. also 
hapter 2.2.1), in simulations by visualizing 
on�gurations ina simulation snapshot. When we 
onsider a simulation snapshot like the one shown in Figure4.1, we 
an 
learly identify the present phase, in that 
ase as the lamellar state.This 
hapter will des
ribe te
hniques to formalize and quantify this geometri
 approa
h tomesophase identi�
ation and dis
uss the observables that are employed for the determinationof the morphology of the simulated diblo
k 
opolymer melt.4.1 Mesophase identi�
ation by 
luster analysisThe basi
 idea of the method that will be introdu
ed in this 
hapter is the obje
tive 
har-a
terization of blo
k 
opolymer mesophases by quantifying the approa
h of dire
t geometri
observation.What we basi
ally do when we identify stru
tures by the eye is that we look separately at
lusters of one 
omponent and then de
ide whi
h shape these 
lusters have. The method wewant to apply follows the same idea: First we identify 
lusters of neighboring spheres of thesame 
omponent, and then we determine the shape of these 
luster by 
al
ulating the eigen-
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Figure 4.1: Example simulation snapshot, lamellar mesophase.values of their gyration tensors.4.1.1 Cluster identi�
ation algorithmClusters of neighboring tetramer spheres belonging to the same spe
ies respe
tively are iden-ti�ed via a Hoshen-Kopelman based algorithm for non-latti
e environments. Using spe
i�
properties of these 
lusters like the numbers of majority and minority 
lusters and their gy-ration tensors, all observed phases 
an be identi�ed.4.1.1.1 Hoshen Kopelman algorithm and extension to non-latti
e environmentsThe Hoshen-Kopelman algorithm, originally des
ribed by J. Hoshen and R. Kopelman in 1976[51℄, is an e�
ient te
hnique for identifying 
lusters of 
ontiguous network nodes. The originalalgorithm identi�es 
lusters of o

upied sites on a regular latti
e. It has been extended byAl-Futaisi and Patzek for a non-latti
e environment where the sites 
an be pla
ed randomlyat non-latti
e points and ea
h site 
an have arbitrary 
onne
tivity [52℄.We adapted this algorithm for the spe
i�
 
onditions of the soft-tetramer model. The networknodes or sites are de�ned by the 
enters of the soft spheres. We 
all two nodes �
onne
ted�when they have a separation of less than a given distan
e rnn. The 
hoi
e of this distan
e is
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ation by 
luster analysis 29justi�ed in se
tion 4.1.1.2. The �rst step in this 
ontinuum version of the algorithm is thereforethe preparation of a list of all nodes (separately for the 
omponents A and B) and a list ofsame-type neighbors for every node. Note that for the 
luster determination, we do not applythe periodi
 boundary 
onditions that are used in the simulation. Only the 
on�gurationwithin the simulation box is 
onsidered.Then, the 
lusters are determined (again, separately for A and B), whi
h means that the
orre
t 
luster number has to be assigned to ea
h node. This is done in the following way:1. A 
luster 
ounter variable nc is set to one.2. The network is traversed node by node, using the list of all nodes, and for ea
h node,�rst we 
he
k if a 
luster number has already been assigned. If yes, we 
ontinue withthe next node in the list of nodes (go to step 2.) If not, we 
ontinue with step 3.3. We set the 
luster label of this node to the 
urrent value of the 
luster 
ounter variable
nc. Then we traverse the node's list of neighbors node by node, and 
he
k for ea
hneighbor node whether it has already been assigned a 
luster label. If this is the 
ase,we go to the next node in the neighbor list. If it has not been assigned a 
luster label yet,we set the label of this node equal to the 
urrent value of the 
luster 
ounter variableand traverse its neighbor list node by node, and so on, re
ursively.4. At some point, the re
ursive algorithm rea
hes a �dead end�, where there are no unlabeledneighboring nodes left. In that 
ase, we 
ontinue with passing through the next higherlevel of node list.5. When the algorithm rea
hes the �rst level again, i.e. the list of all nodes, this means thatthe ncth 
luster has been 
ompletely labeled. nc is in
reased by one and we 
ontinuewith step 2.When the algorithm has stopped in the end after s
anning the whole network, we have iden-ti�ed (nc − 1) 
lusters.We will illustrate the algorithm by a simple example: Consider the network shown in Figure4.2. Conne
ted nodes are shown as interse
ting 
ir
les, so we 
learly 
an identify three 
lustershere: The largest one 
onsisting of nodes 1, 2, 4 and 5, the se
ond one 
onsisting of nodes 6and 7 and last, a single-node 
luster 
onsisting only of node 3.Let us step through the algorithm for this example network:1. Set nc = 1. We traverse the list of nodes in numeri
al order.2. Sin
e node 1 is not labeled yet, it is now assigned the 
luster number nc, i.e. one.
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Figure 4.2: Network example 
onsisting of seven nodes of the same spe
ies.3. The list of neighbors of node 1, 
ontaining node 2 and 4, is s
anned.4. Node 2 is not labeled yet, so its label is now set to one. Its neighbor list, whi
h 
ontainsnodes 1 and 5, is traversed.5. Node 1 is already labeled, so we go dire
tly to the next node in the list, whi
h is node5. Node 5 is not labeled yet, so its 
luster label is set to one.6. Node 5 only has node 2 in its neighbor list, whi
h is already labeled, and sin
e we already�nished the s
anning of node 2's neighbor list, we 
ontinue with s
anning the neighborlist of node 1.7. The only node left in node 1's neighbor list is the yet unlabeled node 4, so it is assigned
luster label one.8. Node 4 has only node 1 as a neighbor, whi
h already has a 
luster label, hen
e thealgorithm has 
reated the �rst 
luster and nc is in
reased by one.9. We 
ontinue traversing the list of all nodes. As node 2 has already been assigned a
luster label, we 
ontinue with node 3 and assign to it the 
luster number equal to the
urrent nc, i.e. two. Sin
e node 3's neighbor list is empty, we 
ontinue traversing thelist of nodes after in
reasing the 
luster 
ounter nc by one.10. For nodes 4 and 5, no a
tion is taken be
ause they have already been assigned to existing
lusters.
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luster analysis 3111. Node 6 has not got a 
luster label yet, so it is assigned the 
urrent value of nc, i.e.three. The neighbor list 
ontains only node 7, whi
h is also not labeled yet, so it alsogets 
luster number three. Node 7's neighbor list only 
ontains the already labeled node6, so we return to the list-of-nodes level, and the 
luster 
ounter is in
reased to nc = 4.Sin
e there are no nodes left in the list of nodes, the algorithm stops here, after dete
ting
nc − 1 = 3 
lusters.4.1.1.2 Choi
e of next-neighbor radiusIn order to explain the 
hoi
e of next-neighbor radii, we have to anti
ipate simulation resultsthat will be dis
ussed later in more detail.To determine the optimal 
hoi
e of the distan
e at whi
h two spheres still belong to the same
luster, we 
ompared four di�erent sets of next neighbor radii:1. rnn,A = σAA , rnn,B = σBB ,2. rnn,A = rnn,B = σAA,3. rnn,A = rnn,B = σBB ,4. rnn,A = rnn,B = σAB.By 
omparing the distributions of the numbers of majority and minority 
lusters that weobtain for the parameters f = 0.78, χN = 42 (
orresponding to the 
ylindri
al phase asdetermined in the traditional way by looking at the 
orresponding simulation snapshot inFigure 4.3(a)) whi
h have been 
al
ulated with the di�erent 
hoi
es of next neighbor radii,respe
tively (see Figure 4.4), we observe that 
ases (1.) and (2.) and in �rst approximationalso (4.) give very similar results, whereas 
ase (3.) is 
ompletely o� from what we expe
t forthe 
ylindri
al phase (as des
ribed in se
tion 4.1.2.4), be
ause the expe
ted single majority
luster de
omposes in even more 
lusters than the minority 
omponent. If one looks 
loselyat 
ase (4.), one 
an see that here this e�e
t is in fa
t mu
h weaker, but the majority 
lusteralready starts to de
ompose in up to four sub-
lusters.We 
an thus fo
us on the �rst two 
ases for the sele
tion of the optimal next neighbor radii.For this purpose, we 
ompare the two 
ases again for two di�erent parameters: f = 0.75,
χN = 21. This 
orresponds to a perforated lamellar phase as 
an be seen from the simulationsnapshot in Figure 4.3(
)). The results are shown in Figure 4.5. Here, we 
an see that 
hoi
e(1.) better separates the minority lamellae. Con
luding the results from this 
omparison we
hoose the next neighbor radii for the 
luster analysis algorithm to be as given in 
ase (1.).
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(a) Head-on view onto the planeperpendi
ular to the 
ylinders (b) Side view, only Bblo
ks are shown (
) Perforated lamellae phaseFigure 4.3: Simulation snapshot of the 
ylinder phase at ρc = 1.3, f = 0.78 and χN = 42 ((a)and (b)) and of the perforated lamella phase at ρc = 1.3, f = 0.72 and χN = 21(
).4.1.2 Mesophase identi�
ationAfter identifying the 
lusters in a given 
on�guration sample, we use spe
i�
 
luster propertiesto determine the phase, e.g. the shape and the number of the 
lusters. Here we only take intoa

ount 
lusters that 
onsist of more than three spheres. Note that in the following, when weuse the term �
luster�, we will always be referring to 
lusters with more than three spheres.The shape is determined by 
al
ulating the gyration tensor of ea
h 
luster
Gµν =

1

Np

Np
∑

i=1

ri
µr

i
ν , µ, ν ∈ {x, y, z}, (4.1)where the rµ are the 
oordinates of the parti
le in the 
enter of mass referen
e frame of the
luster, and the sum runs over all parti
les whi
h 
onstitute the 
luster.After this 
al
ulation, the tensor is diagonalized to determine its eigenvalues Gµ. The eigen-values are then ordered so that G1 > G2 > G3.The numbers of majority and minority 
lusters in 
ombination with the eigenvalues of thegyration tensor 
hara
terize the phase in a distin
tive way. In the following, we will explainhow this 
hara
terization works.4.1.2.1 Lamellar phaseIn the lamellar state, we expe
t to �nd about the same numbers of minority and majority
lusters. The 
lusters ideally should take the form of 
uboids, so we 
ompare the eigenvaluesof the gyration tensor of the 
lusters to those of an ideal 
uboid whi
h we 
al
ulate with the
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ontinuum version� of Equation (4.1):
Gµν =

1

V

∫

dV rµrν , (4.2)For the gyration tensor of an ideal 
uboid with side lengths L1, L2 and L3, we obtain:
(Gcub) =

1

12









L2
1 0 0

0 L2
2 0

0 0 L2
3









. (4.3)
4.1.2.2 Perforated lamellar phaseThe perforated lamellar phase has only one big majority 
luster be
ause the majority lay-ers are 
onne
ted to ea
h other through the holes in the perforated minority 
lusters, whilethe distribution of the number of minority 
lusters is similar to that in the lamellar phase.A

ordingly, the gyration tensor of the majority phase is given by the size and shape of thesimulation box:

(Gcub) =
1

12









L2
x 0 0

0 L2
y 0

0 0 L2
z









(4.4)where Lx, Ly and Lz are the linear dimensions of the simulation box in dire
tion x, y and zrespe
tively. In our bulk simulations, the simulation box is always 
ubi
, so G1 = G2 = G3.The gyration tensor of the minority phase resembles that of the lamellar phase given in Equa-tion (4.3).4.1.2.3 Gyroid phaseFor the gyroid phase we should ideally �nd one majority and two minority 
lusters sin
e inthat 
ase, the minority 
omponent forms two distin
t 
hannels that never interse
t [53℄.All eigenvalues of the gyration tensors of all three 
lusters are di
tated by the size and theshape of the simulation box, similar to the 
ase of the majority 
luster in the perforated lamel-lar phase. Hen
e, the gyration tensors of all three 
lusters ideally look like the one given inEquation (4.4).



4.1 Mesophase identi�
ation by 
luster analysis 354.1.2.4 Cylindri
al phaseIn the 
ylindri
al phase, we expe
t to �nd one big majority 
luster and several small minority
lusters. The majority 
luster approximately takes the shape and the size of the box (again,with the gyration tensor di
tated by the box dimensions, see Equation (4.4)) whereas the formof the minority 
lusters 
an be 
ompared to 
ylinders, with the gyration tensor ideally givenby:
(Gcyl) =









1
12L

2 0 0

0 1
4R

2 0

0 0 1
4R

2









(4.5)where R is the radius and L the length of the 
ylinder.4.1.2.5 Spheri
al phaseIn the spheri
al phase, we will again �nd one majority 
luster extending over the 
ompletesimulation box and in the order of 50 minority 
lusters (for our simulation box sizes). Thegyration tensor of the spheri
al minority 
lusters has three equal prin
iple axes and is ideallygiven by:
(Gsphere) =

2

5









R2 0 0

0 R2 0

0 0 R2









(4.6)where R is now the radius of the spheri
al stru
ture formed by the minority 
omponent.4.1.3 Shape parametersWe will also analyze two shape parameters K1 and K2 that 
an be 
al
ulated from the eigen-values of the gyration tensor and whi
h together give information about the form of the 
luster[54℄. They are de�ned as
K1 =

G2 +G3

G1 +G2
(4.7)

K2 =
G1 +G3

G1 +G2
.The point (K1 = 0,K2 = 1) is the ideal rod, (K1 = 1/2,K2 = 1/2) is the ideal disk and

(K1 = 1,K2 = 1) is the ideal sphere.A transition from a disk-like lamellar shape of the minority 
omponent 
lusters to a rod-like 
ylinder shape, for example, should show a movement of the 
orresponding point in the
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Figure 4.6: Lo
ation of ideal solids in the (K1,K2)-plane.
(K1,K2)-plane from the region around (1/2, 1/2) towards (0, 1).4.2 Minkowski fun
tionalsMinkowski fun
tionals [55℄ are additive image fun
tionals whi
h 
an be employed to 
hara
-terize a given pattern by obje
tive numeri
al values. The 
al
ulation of Minkowski fun
tionalsis therefore a widely used method in morphologi
al image analysis [56℄, hen
e we also inves-tigated if this 
ould be a useful approa
h to the determination of our soft sphere model blo
k
opolymer mesophases.4.2.1 Integral geometryIntegral geometry is 
on
erned with measures M for spatial distributions A whi
h ful�ll thefollowing 
onditions:� additivity, meaning M(A1 ∪A2) = M(A1) +M(A2) −M(A1 ∩A2).� invarian
e with respe
t to rotation� invarian
e with respe
t to translation.Minkowski fun
tionals 
onstitute a 
omplete basis for all measures that ful�ll these 
onditions.In d-dimensional spa
e there are exa
tly d+ 1 of su
h fun
tionals, hen
e for d = 3, there are
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tionals 37four Minkowski fun
tionals: the volume V , the surfa
e area S, the mean breadth B and theEuler 
hara
teristi
 χe. Usually, the Euler 
hara
teristi
 is referred to as χ, but be
ause thisletter is already o

upied in the frame of this work by the in
ompatibility parameter (seede�nition in se
tion 3.2.2), we will refer to it in this work as χe.As opposed to many works in literature, we 
al
ulate the Euler 
hara
teristi
 of a body A,and not of the surfa
e ∂A. However, both are 
losely related, namely
χe(∂A) = [1 − (−1)n]χe(A), (4.8)where n is the dimension of A [56℄.4.2.2 Mapping and 
al
ulationFor a three-dimensional latti
e �lled with bla
k and white 
ubi
 voxels, Minkowski fun
tionals
an be determined easily by simple 
ounting of verti
es, edges, fa
es and bodies of the voxels.In order to 
al
ulate Minkowski fun
tionals for our 
on�gurations, as a �rst step we thus haveto subdivide the whole simulation box into 
ubi
 voxels and map the stru
tures to the resultingthree-dimensional latti
e, i.e. transform the stru
ture into a dis
rete three-dimensional bla
k-and-white pi
ture, or more exa
tly an �A-and-B� pi
ture.We 
al
ulate the following quantity in order to de
ide if voxel j is to be 
olored �A� or �B�:

Vj =

NS
∑

i

d(type) ·Unb
AB(|~rij |), d(type) =







+1, if type = A,

−1, if type = B
(4.9)where |~rij | is the distan
e between sphere i and the 
enter of volume element j, and Unb

AB(|~rij |)is the value of the non-bonded potential that would a
t between sphere i and a sphere of unliketype lo
ated at the 
enter of volume element j (see Equation (3.2)). The sum runs over thetotal number of spheres in the box Ns. If Vj > 0, the volume element is 
onsidered an Avoxel, if Vj < 0, it is 
onsidered a B voxel.Figure 4.7 demonstrates the mapping pro
edure for a simple two-dimensional example 
asewith only two spheres in the relevant area.In the spirit of our approa
h that mimi
s the pro
ess of dire
t geometri
 observation, we donot apply periodi
 boundary 
onditions when we 
al
ulate Minkowski fun
tionals. The three-dimensional images that we investigate 
onsist of the 
on�gurations inside of the simulationbox.The pro
edure to 
al
ulate Minkowski fun
tionals 
onsists of de
omposing ea
h of the pat-tern 
onstituting 
ubi
 voxels into 8 verti
es, 12 edges, 6 fa
es and 1 
ube, and then 
ounting
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Figure 4.7: Mapping s
hemati
s for a simple two-dimensional two-sphere example. The arrowsindi
ate the ve
tor ~rij .their total numbers, where the interfa
es of adjoining voxels may only be 
ounted on
e. Af-terwards, the Minkowski fun
tionals 
an be 
al
ulated as follows:
M1 = V = nc, (4.10)

M2 = S = −6nc + 2nf , (4.11)
M3 = 2B = 3nc − 2nf + ne, (4.12)

M4 = χe = −nc + nf − ne + nv (4.13)where nc, nf , ne and nv are the total numbers of 
ubes, fa
es, edges and verti
es, respe
tively.4.2.3 Minkowski fun
tionals for diblo
k 
opolymer mesophasesIn the following, we will dis
uss the usefulness of Minkowski fun
tionals for the determinationof blo
k 
opolymer mesophases.The volume V is trivially given by the respe
tive volume fra
tion of the 
omponent we areinvestigating, hen
e it is basi
ally 
onstant at a given 
omposition f and 
an not be used forphase identi�
ation.The dis
retization of the images introdu
es 
ubi
 distortions in the obje
ts, whi
h result ina systemati
 error that a�i
ts the surfa
e area S 
al
ulated from the distorted obje
t, even



4.2 Minkowski fun
tionals 39in the limit of in�nitely high resolution.This e�e
t is shown by the following experiment: We map a 
ubi
 box with length L = 12
ontaining four ideal bla
k 
ylinders with radius r = 1.5 and length l = 12 in a white matrixto n × n × n 
ubi
 
ells, in
rease n gradually and 
al
ulate the surfa
e for ea
h n usingEquation (4.11).The surfa
e vs. linear dis
retization n is shown in Figure 4.8. While the ideal value of thesurfa
e of four 
ylinders with radius r = 1.5 and length l = 12 should be S = 4
(

2πrl + r2π
)

≈
509, we see that the value 
al
ulated from the mapped image 
onverges to S ≈ 635 for highvalues of n.Sin
e even for ideal 
ylinders, the method yields an in
orre
t result, the surfa
e area, too, isnot expe
ted to be useful for the identi�
ation of the mesophases, espe
ially in the presen
eof �u
tuations resulting in a broad distribution of geometri
 
hara
teristi
s of the stru
tures.
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nFigure 4.8: Surfa
e vs. dis
retization for ideal 
ylinders.To gain a physi
al understanding of the the third and fourth Minkowski fun
tional, themean breadth B and the Euler 
hara
teristi
 χe, we need to introdu
e the notion of theprin
ipal 
urvatures κ1 and κ2 of a surfa
e. They are the extreme values of normal 
urvaturein a point p of the surfa
e, i.e. the 
urvature of the interse
tion of a plane 
ontaining thenormal ve
tor of the surfa
e through p and the surfa
e itself. They measure how the surfa
ebends in di�erent dire
tions at this point. The 
ombination of the two prin
ipal 
urvaturegives a useful measure for the 
urvature of the surfa
e. The Gaussian 
urvature g and themean 
urvature h are de�ned as
g = κ1κ2, (4.14)
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h =

κ1 + κ2

2
. (4.15)Now, the integral Gaussian 
urvature G(A) and the integral mean 
urvature H(A) are givenby respe
tive integration over the surfa
e ∂A:

G(A) =

∫

∂A
κ1κ2df, H(A) =

1

2

∫

∂A
(κ1 + κ2)df. (4.16)where df is the area element on ∂A.The mean breadth B is proportional to the integral mean 
urvature H(A):

B(A) =
H(A)

2π
, (4.17)whereas the Euler 
hara
teristi
 is proportional to the integral Gaussian 
urvature (Gauss-Bonnet theorem):

G(A) = 2πχe(∂A) = 4πχe(A). (4.18)The last part of Equation (4.18) is true for three-dimensional bodies, a

ording to Equa-tion (4.8).While the Gaussian 
urvature is a measure for the topology of the surfa
e, the mean 
urvaturesserves more as a quantitative measure. Consider as an example the values for a point on thesurfa
e of an ellipsoid: κ1 and κ2 both are positive, so the Gaussian 
urvature as well as theintegral Gaussian 
urvature both will always be positive, whi
h is a 
hara
teristi
 feature ofthe topology. If we 
ompare this with a point on a lo
ally saddle shaped surfa
e, we obtain anegative Gaussian 
urvature be
ause κ1 and κ2 have opposite signs. For the mean 
urvature,in 
ontrast, the result depends on the quantitative values of the prin
ipal 
urvatures. There-fore we expe
t the Euler 
hara
teristi
 to be a mu
h more powerful observable when it 
omesto the de
ision whi
h mesophase is present, where we are mainly interested in the topology ofthe stru
tures.Usually, the mean 
urvature is known in literature [57, 58℄ as an instrument to distinguishbetween lamellae and gyroid phase on the one hand and 
ylinders and spheres on the otherhand, be
ause the former stru
tures have so-
alled minimal surfa
es: the mean 
urvatureequals zero everywhere on the surfa
e (implying that at every point κ1 = −κ2, in the 
aseof the lamellae κ1 = κ2 = 0), while the surfa
es of the latter have a non-zero 
onstant mean
urvature. Note, however, that we do not use periodi
 boundary 
onditions in order to befully 
onsistent with our approa
h of quantifying the visual pro
ess of phase determination,where one also just looks at the 
on�guration snapshot. Hen
e, the value of B resulting fromour 
al
ulations is not meaningful in the sense of minimal surfa
es, sin
e the resulting mean
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urvature will always be that of the whole surfa
e of the hexahedron that represents the partof the lamella inside of the simulation box, and this surfa
e 
an never be minimal.We 
on
lude that among the Minkowski fun
tionals, the only interesting one for our ap-proa
h to blo
k 
opolymer mesophase 
hara
terization is the Euler 
hara
teristi
, hen
e wewill fo
us in the following on the investigation of the fourth Minkowski fun
tional, χe.4.2.3.1 Chara
terization of blo
k 
opolymer mesophases using the Euler
hara
teristi
As previously illustrated, the Euler 
hara
teristi
 des
ribes the topology of the stru
tures inthe three-dimensional image. χe equals the number of regions of 
onne
ted bla
k voxels plusthe number of en
losed white regions (or 
avities) minus the number of tunnels of white voxelspier
ing through the regions of 
onne
ted bla
k voxels.Thus, for the topologies appearing in blo
k 
opolymer mesophases, one should expe
t thefollowing values of χe (always looking at the minority 
omponent, i.e. setting the B voxelsto �bla
k�): due to the fa
t that we limit the 
al
ulation to the 
on�guration inside of thesimulation box, and do not use periodi
 boundary 
onditions, in the lamellar phase, χe shouldequal the number of lamellae in the box, just as in the 
ylindri
al or spheri
al phase it willamount to the number of 
ylinders or spheres, respe
tively. In the perforated lamellar phasehowever, we expe
t χe to equal the number of minority lamellae minus the total number ofholes perforating the lamellae. Thus, χe should be negative, if on average there is more thanone hole in every perforated layer.In the same spirit, we expe
t a negative value for the gyroid phase, be
ause its stru
ture formsa per
olating mesh.Hen
e, the Euler 
hara
teristi
 of the minority 
omponent is able to di�erentiate between atleast the lamellar, 
ylindri
al and spheri
al phases on the one hand and the perforated lamellarand gyroid phases on the other hand just by the di�eren
e in sign. Furthermore, we expe
t
χe to have a higher value for the spheri
al phase 
ompared with the 
ylindri
al phase, andfor the latter a higher value than for the lamellar phase, be
ause of the number of respe
tiveobje
ts in the simulation box.





Chapter 5
Bulk simulations

In this 
hapter, after an introdu
tion to the simulation method, the results of bulk simulationsusing the model that has been introdu
ed in 
hapter 3 will be presented.In an exemplary manner, the determination of the phase diagram will be des
ribed, and otherobservables that we 
al
ulated from the results of the simulations will be dis
ussed.Parts of the work presented in this 
hapter have already been published in Soft Matter [59℄.5.1 Simulation methodThis se
tion will give an overview of te
hni
al details of the simulation method.5.1.1 The Monte Carlo Method in the 
anoni
al ensembleMonte Carlo (or short MC ) methods are a 
lass of algorithms that rely on repeated randomsampling to solve mathemati
al or physi
al problems, justi�ed by the law of great numbers.They are typi
ally applied in 
ases where an exa
t analyti
al solution is too 
omplex orimpossible. There is a large number of Monte Carlo approa
hes, widely-used in many areasof physi
s. However, we will fo
us in the following on the method employed in this work, i.e.the Metropolis algorithm.



44 Bulk simulationsThe Metropolis AlgorithmThe Metropolis algorithm [60℄ is a Monte Carlo method that generates Boltzmann-distributedphase spa
e samples. The obtained states form a Markov 
hain, i.e. state n + 1 depends onstate n only.The Boltzmann distribution is the distribution of the states in the 
anoni
al ensemble. Itgives the probability pj to �nd the system in state j:
pj =

1

Z
e−βEj (5.1)with the �inverse temperature� β = 1/kBT , with kB being the Boltzmann 
onstant, Ej theenergy of state j, and the normalizing 
onstant

Z =
∞
∑

k=0

e−βEk , (5.2)whi
h is also 
alled partition fun
tion of the 
anoni
al ensemble.Monte Carlo steps 
onsist of trial moves in phase spa
e from state xn to state xn+1. Trialmoves are generated by pi
king, at random, one parti
le out of the box. Then, this parti
le isattempted to be moved by a ve
tor of random length and random dire
tion.The energy di�eren
e between both points in phase spa
e
∆E = E (xn+1) − E (xn) (5.3)is 
al
ulated and the new 
on�guration is a

epted with the probability

An→n+1 = min

(

1, exp

(

− ∆E

kBT

))

. (5.4)This probability is also 
alled a

eptan
e rate and is realized by generating a random numberin the interval [0, 1] and a

epting the move if the number is smaller than An→n+1. This meansif ∆E ≤ 0, the move is always a

epted, and if ∆E > 0, the move is a

epted with Boltzmannprobability.Properties of the system that one is interested in are 
al
ulated by averaging over samples, ortheir full distribution is 
onsidered.Detailed balan
eA 
ru
ial property of equilibrium is that the probability of the system leaving a given statemust be exa
tly equal to the probability that the system rea
hes that state leaving any other



5.1 Simulation method 45state. If Pi is the probability of the system being in state i, and Ai→j is the probability of thesystem going from state i to state j, then this equilibrium 
ondition translates to:
∑

j

PiAi→j =
∑

j

PjAj→i. (5.5)This 
ondition is ful�lled by all means when the mu
h stronger 
ondition of detailed balan
eis satis�ed:
PiAi→j = PjAj→i. (5.6)To produ
e results without an unknown bias, it is su�
ient to take 
are that this 
ondition issatis�ed, meaning that the probability of ea
h move has to be equal to the probability of thereverse move.It 
an easily be seen that Equation (5.4) obeys the 
ondition in Equation (5.6).Periodi
 boundary 
onditionsThe number of degrees of freedom that 
an be handled in 
omputer simulations is far awayfrom the thermodynami
 limit. To avoid that the system boundaries a�e
t the results toomu
h, the 
ommon pro
edure is to employ periodi
 boundary 
onditions that mimi
 the pres-en
e of an in�nite bulk surrounding the model system. This is done by reiterating periodi
allythe simulated system by images of itself. A parti
le that leaves the simulation box on one sidereenters the box on the other side.Although the use of periodi
 boundary 
onditions proves to be very e�
ient to simulate bulksystems, one has to be aware of the fa
t that su
h boundary 
onditions 
an lead to artifa
tsthat are not present in a truly ma
ros
opi
 system, e.g. long wavelength phenomena may bedisrupted, and wrong 
orrelations 
an be produ
ed.Saving CPU timeThe energy 
al
ulation between non-bonded intera
tion partners is the most time-
onsumingpart of mole
ular simulations. Even with a pair potential with a �nite intera
tion range asit is the 
ase in our model, one still has to evaluate all pair distan
es. In a system with Nparti
les, there are N(N − 1)/2 parti
le pairs. This implies that the time whi
h is needed forthe energy 
al
ulation s
ales as N2.To save 
omputing time, we use an algorithm that is known as the 
ell-list method [61℄: thesimulation box is subdivided into sub-boxes with a size equal or slightly larger than the max-imum intera
tion radius of non-bonded intera
tions. A parti
le that is lo
ated in a given



46 Bulk simulationssub-box 
an only intera
t with parti
les in the same or neighboring sub-boxes. After ea
hMonte Carlo move, the sub-box information has to be updated. The time for the allo
ationof the parti
les to the sub-boxes s
ales with N , and the total number of sub-boxes that has tobe 
onsidered for the 
al
ulation of the intera
tion is independent of the system size. Hen
ethe use of sub-boxes allows us to redu
e the time that is needed for the energy 
al
ulation tos
ale as N .5.1.2 Simulation detailsThe soft-tetramer model whi
h we have introdu
ed in 
hapter 3 has been studied using MonteCarlo simulations in the 
anoni
al ensemble, i.e. the temperature T , the volume V and thenumber of 
hains Nc were held 
onstant.Two 
ombinations of the parameters V and N that have been studied for a wide range ofin
ompatibility χN and diblo
k 
omposition f will be dis
ussed here:� Nc = 1728, V = L3
box = 1728σ2, linear box size Lbox = 12, 
hain density ρc = 1,� Nc = 1728, V = 1331σ2 , linear box size Lbox = 11, 
hain density ρc = 1.3 .Both systems were simulated using a 
ubi
 box with periodi
 boundary 
onditions.For these systems, we 
an estimate the invariant degree of polymerization (
f. 
hapter 3.3) to

Ninv = 216ρ2
c =

{

216 ρc = 1,

365 ρc = 1.3 .
(5.7)These values are in the range that is typi
ally rea
hed for mole
ular simulations. However,they are outranged by the values that are rea
hed in experiments by some orders of magnitude.The initial 
on�guration is generated by pla
ing the spheres into the box a

ording to anordered latti
e pattern. Starting from this 
on�guration, 1000 Monte Carlo steps are 
arriedout at temperature T = 1, whi
h 
orresponds to the 
ompletely symmetri
 
ase, χ = 0. Themean squared displa
ement of the spheres after 1000 Monte Carlo steps is in the order of

Lbox, so we 
an safely assume that this �annealing� time is su�
ient to bring the system intoa 
ompletely isotropi
 state.One Monte Carlo step 
onsists of Ns = 4Nc trial moves of randomly 
hosen spheres (where Nsis the total number of spheres), i.e. on average every sphere is attempted to be moved on
ein every Monte Carlo step by a ve
tor of random dire
tion and a length randomly distributedbetween zero and 0.4σ. This maximum step size has been adapted to obtain an average a
-
eptan
e rate around 50% whi
h is usually 
onsidered to be the optimal value in Monte Carlo



5.2 Phase diagram 47simulations [62℄. The value varies depending on χN .The number of Monte Carlo steps required to rea
h equilibrium ranges from 4 · 104 to morethan 4 · 106. Typi
ally, another 2 · 106 steps are employed for equilibrium sampling.In order to get un
orrelated 
on�gurations for ensemble averaging, we monitor the systemproperties with a sampling rate of (1000 MC steps)−1.We have also tried to rea
h faster equilibration in the (µ, V, T ) ensemble by employinggrand-
anoni
al Monte Carlo moves, however this did not prove to be useful. For detailedinformation refer to Appendix B.
5.2 Phase diagram5.2.1 Examples of 
hara
terizationBy means of the method that we have introdu
ed in 
hapter 4.1, we identify 
lusters ofea
h 
omponent and use spe
i�
 properties of these 
lusters like their shape and number todetermine the phase in question. Giving a typi
al example for ea
h identi�ed mesophase, wewill illustrate the pro
edure of 
hara
terization in the following.Lamellar phaseIn Figure 5.2, an example of lamellar phase 
hara
terization is shown for the parameters
f = 0.66, χN = 30, ρc = 1.3. A 
orresponding simulation snapshot is shown in Figure 5.1.As we expe
t for the lamellar phase, we �nd about the same number of majority (A) and mi-nority (B) 
lusters, when we look at the 
luster number distributions in Figure 5.2(a). Ea
h
omponent builds about �ve 
lusters. Looking at the snapshot in Figure 5.1, we 
an 
on�rmthese �ndings simply �by the eye�.The gyration tensor eigenvalues Gi (i ∈ {1, 2, 3}) with G1 > G2 > G3 are 
al
ulated for ea
hidenti�ed 
luster and then averaged over all 
lusters of the same 
omponent in every 
on�gu-ration sample. The distributions of the averaged values 〈Gi〉 are shown in Figure 5.2(b).The �rst and se
ond eigenvalues, respe
tively, amount ea
h for both 
omponents approxi-mately to the same values (i.e. 〈G1,A〉 ≈ 〈G1,B〉 and 〈G2,A〉 ≈ 〈G2,B〉), as it is expe
ted forthe lamellar phase. This is due to the fa
t that in 
ontrast to the third eigenvalue, the �rstand se
ond ones do not depend on the 
omposition f but on the box size and the angle thatthe lamellae draw with the box sides, and these 
onditions are the same for both 
omponents.The eigenvalues of the gyration tensor relate to the dimensions of the 
luster as shown in
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Figure 5.1: Lamellar (L) phase of the soft-tetramer model observed at f = 0.66 and χN = 30(L = 11, ρc = 1). In all representations of simulation snapshots, the spheres aredepi
ted with redu
ed diameter for better visibility.
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(b)Figure 5.2: Cluster number distributions for majority (A) and minority (B) phases for a lamel-lar mesophase for ρc = 1.3, f = 0.66 and χN = 30 (a), and distributions for thethree mean eigenvalues of the gyration tensor of the 
lusters in (b). For bettervisibility, the smallest eigenvalues 〈G3〉 are shown in an inset with a di�erent s
ale.Equation (4.3). In the given example, the values of the �rst and se
ond eigenvalues indi
atethat the lamellae lie tilted in the box: If the lamellae lay parallel to the box sides, the twolong side lengths of ea
h lamellar 
luster should be equal to the linear box size Lbox, so thatall 
lusters in one 
on�guration should have G1 = G2 = L2
box/12 ≈ 10 (
f. Equation (4.3)),and thus also 〈G1〉 = 〈G2〉 = 10. However, if the lamellae lie diagonally in the box, the layersdistant from the 
enter of the box have signi�
antly smaller side lengths and 
ontribute lessto the average value, so that G1, G2 < 10 whi
h is the 
ase in our example. Furthermore,the fa
t that the se
ond eigenvalue is 
onsiderably lower than the �rst one indi
ates that thelamellae are not exa
tly in the diagonal of the box, but are tilted by a di�erent angle in twodire
tions, so that one of the long sides of the 
uboid-shaped 
luster is longer than the otherone.The distributions of the smallest eigenvalues of both 
omponents (shown in the inset of Figure5.2(b)) show very narrow peaks. They 
orrespond to the thi
kness of the lamellae. Be
ause of

f > 0.5, the 〈G3,A〉 of the majority 
omponent has a higher value (about 0.29σ2, 
orrespond-ing to a lamella thi
kness of dA ≈ 1.9σ) than that of the minority 
omponent (about 0.14σ2,
orresponding to a lamella thi
kness of dB ≈ 1.3σ).If we 
ompare the lamella spa
ing 
al
ulated in this way with the snapshot in Figure 5.1, we�nd that it is still smaller than what is visible in the snapshot. The reason for this dis
repan
yis that our method only takes into a

ount the 
enters of the spheres. This e�e
t is expe
tedto be more important for smaller lengths. For lengths in the order of the linear box size, we
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t, as we will see for the eigenvalue distributions of the majority 
lusters inthe following se
tions des
ribing the perforated lamellae phase and the 
ylinder phase.To get a better pi
ture of the true size of the lamellar 
lusters, we apply the 
luster algorithmon 
on�gurations that we mapped to 50 × 50 × 50 
ubi
 
ells with the method that has beendes
ribed in 
hapter 4.1.1. We dis
uss the pro
edure and the results in 
hapter 5.3.However, sin
e we do not use the absolute thi
kness of the lamellar layers for the identi�
a-tion of the phases, we 
an leave this issue unregarded for the moment and 
arry on with the
enter-of-sphere based 
luster analysis.Perforated lamellae phaseAs an example for the perforated lamellae (PL) mesophase, Figure 5.3(a) shows a snapshot atparameters ρc = 1.3, f = 0.72 and χN = 21. A single perforated lamella is shown in Figure5.3(b).

(a) (b)Figure 5.3: Snapshot of the perforated lamella (PL) phase at ρc = 1.3, f = 0.72 and χN = 21(a) and se
tion showing just one perforated minority lamella (b).The distribution of 
luster numbers in Figure 5.4(a) shows that we typi
ally �nd only onemajority (A) 
luster in the PL phase whi
h extends over all of the simulation box, as 
an beseen in Figure 5.4(b). All three eigenvalues of the majority 
luster gyration tensor approxi-mately amount to 10, 
orresponding to a 
luster side length of Lcl = 11 a

ording to Equation(4.3), whi
h 
orresponds to the side length Lbox of the 
ubi
 simulation box.
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(b)Figure 5.4: Cluster number distributions for majority (A) and minority (B) 
omponents forthe perforated lamella mesophase at ρc = 1.3, f = 0.72 and χN = 21 (a) anddistributions for the three eigenvalues of the gyration tensor of the 
lusters (b).The number distribution of minority 
lusters peaks at the same value as for the lamellar phase,but has broadened due to �u
tuation e�e
ts whi
h 
an break down one perforated layer intomore than one 
luster. These �u
tuation e�e
ts are also visible in the distribution of 〈G1,B〉and 〈G2,B〉 for the minority 
lusters. They now extend over a broad range rea
hing down toabout 2σ2, whi
h 
orresponds to a de
ayed 
luster length of less than 5σ, i.e. less than halfof the linear simulation box size.Only the smallest minority eigenvalue (shown in the inset of Figure 5.4(b)) has a very narrowdistribution that peaks at 〈G3,B〉 ≈ 0.12, 
orresponding to a lamella thi
kness of dB = 1.2σ.Cylinder phaseAs a �nal example we now turn to the 
ylinder (C) phase, sin
e we did not �nd a gyroid nora sphere phase. As an example we show the stru
ture that forms at parameters ρc = 1.3,
f = 0.81, χN = 48. The simulation snapshot in Figure 5.5(a) shows ni
ely the hexagonalarrangement of the 
ylinders formed by the minority 
omponent. Figure 5.5(b) shows a sideview of the minority 
omponent only, with the majority segments removed from the image, inorder to show the 
ylindri
al 
hara
ter of the stru
ture.Similar to the perforated lamellar phase, the majority 
omponent 
onsists of just one 
lusterextending over the whole simulation box, as the distributions of 
luster numbers and eigen-



52 Bulk simulations

(a) Head-on view onto the plane perpendi
ular to the
ylinders. (b) Side view, only B blo
ks are shown.Figure 5.5: Simulation snapshot of the 
ylinder phase at ρc = 1.3, f = 0.81 and χN = 48.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  5  10  15  20  25

pr
ob

ab
ili

ty

 NCl 

 A clusters
 B clusters

(a)  0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

 0  2  4  6  8  10

pr
ob

ab
ili

ty

<G>

<G1>(A)
<G2>(A)
<G3>(A)
<G1>(B)

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  0.2  0.4  0.6  0.8  1

<G2>(B)
<G3>(B)

(b)Figure 5.6: Cluster number distributions for majority (A) and minority (B) phases for the
ylinder mesophase at ρc = 1.3 (a) and distributions for the three eigenvalues ofthe gyration tensor of the 
lusters (b).



5.2 Phase diagram 53values for the majority 
omponent in �gures 5.6(a) and 5.6(b) show: Again, 〈Gi,A〉 ≈ 10 for
i ∈ {1, 2, 3}. Here, the distributions of 〈Gi,A〉 are even narrower than for the majority 
lusterin the perforated lamellar phase. We 
an understand this if we look at the 
luster numberdistributions: For the perforated lamellae phase, the majority 
luster at times de
ays into twoor even three 
lusters, whi
h leads to a broadened distribution for the averaged eigenvalues.For the 
ylinder phase in 
ontrast, this basi
ally never happens.Turning to the minority 
omponent, we �nd about 18 
lusters with two small and one largereigenvalue, indi
ating a 
ylindri
al shape. The 
ylinders lie tilted in the 
ubi
 simulation boxas 
an be seen in Figure 5.5(b), hen
e, the mean largest eigenvalue 〈G1,B〉 is averaged over
ylinders with di�erent lengths and thus smaller than 10, as Figure 5.6(b) shows. The insetof this �gure displays the two smaller mean eigenvalues of the minority 
omponent. Theyare 
omparable in size, but 〈G2,B〉 
learly has a little higher value than 〈G3,B〉. This 
an be
aused by a slightly ellipti
al instantaneous shape of the 
ylinders' 
ross se
tion as well as by
ylinders being 
ut longitudinally by the box boundaries.
5.2.2 Phase diagram: results and dis
ussionPhase diagrams have been obtained in the way that we have exempli�ed in the last se
tionfor some of the phase points. They are shown for both densities separately in Figure 5.7.The order-disorder transition for symmetri
 
omposition o

urs at (χN)c ≈ 15 for the ρc = 1system and at (χN)c ≈ 8 for the ρc = 1.3 system. These 
riti
al values do not s
ale linearlywith the density, moreover, there seems to be no trivial dependen
e of the phase diagrams ondensity at all. Also qualitatively, the two systems di�er in that we did not �nd a 
ylindri
alphase in the low density system for in
ompatibilities up to χN = 60.For the smaller density, �u
tuation e�e
ts play a larger role, be
ause the invariant degree ofpolymerization Ninv depends on the density (see se
tion 3.3). The lower Ninv, the more thesystem is a�e
ted by �u
tuations, so a possible explanation 
ould be that the 
ylinder phaseis disrupted by �u
tuations in the low density system and transformed into a part of thedisordered region.At ρc = 1.3, we �nd transitions from the lamellar phase via a perforated lamellar phase intothe 
ylindri
al phase at low in
ompatibility, whereas at high in
ompatibilities, there is a dire
ttransition from lamellar to 
ylindri
al phase.
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5.2 Phase diagram 55Comparison with phase diagrams from theory, experiment and mole
ularsimulationWe observe dire
t transitions from the disordered phase into the perforated lamellar and 
ylin-dri
al phase for f > 0.5. This is reported from experiments and mole
ular simulations, buthas not been seen in self-
onsistent �eld theory due to the negle
ted �u
tuations, as has beendes
ribed in 
hapter 2.2.3.In neither of the two systems we found a spheri
al or a gyroid phase. Again, a possible reason
ould be for both �missing� phases that they are destroyed by �u
tuations.However there is another lu
id explanation: Stru
tures with periodi
ity in one or two di-re
tions (e.g. the lamellar and 
ylindri
al phase, respe
tively) 
an a

ommodate themselves
orresponding to the periodi
 boundary 
onditions by rotating within the simulation box. Thegyroid phase, by 
ontrast, is periodi
 in three dimensions. Its formation is hen
e espe
iallysensitive to the sele
tion of simulation box size, meaning that it 
an only be found if the sim-ulation box size is exa
tly 
ommensurate with the gyroid latti
e spa
ing. For inappropriatesizes of the simulation box, the gyroid phase be
omes severely frustrated. When this frustra-tion is present, other phases, in parti
ular the perforated lamellae phase, may be arti�
iallystabilized in lieu of the gyroid phase [63℄.Coarse-grained mole
ular simulations studies previously have also observed only the lamel-lae, 
ylinder and perforated lamellae phases, but they have been limited so far to the de-termination of the order-disorder transition [40℄ (
f. Figure 2.6). Also on a similar s
ale asour model, investigations have not rea
hed beyond the determination of the order-disordertransition at symmetri
 
omposition [21℄.With our simple model, in 
ontrast, we are able to go further and thoroughly determine theequilibrium morphology at a broad range of points in the 
ontrol parameter spa
e. Moreover,we 
an investigate phase transitions between ordered phases. This will be dis
ussed in moredetail in following se
tions. Hen
e, the knowledge that we are able to obtain about the phasebehavior is mu
h more 
omplete than in previous mole
ular simulations.Simulation box size e�e
ts on the phase transitionTo verify that the di�eren
es between both investigated systems in the position of the order-disorder transition really depend on the density rather than on the size of the simulation box,we also investigate a system at density ρc = 1 and simulation box side length L = 11 for anexample value of diblo
k 
omposition, f = 0.57.Figure 5.8 shows the values of the shape parameters K1 and K2 versus in
ompatibility χN .



56 Bulk simulationsBoth parameters have high values in the disordered state1 and de
rease at the disorder-ordertransition to their typi
al values in the lamellar state (
f. se
tion 5.4). The phase transitionin the ρc = 1 system is shifted slightly at best to lower values due to the de
reased boxsize, however this e�e
t is 
learly not as important as the density e�e
t as 
an be seen if one
ompares to the ρc = 1.3 system.A systemati
 investigation of �nite size e�e
ts in Monte Carlo simulations of mi
rophaseseparation in blo
k 
opolymer melts is a subtle issue [64℄.5.3 Cluster algorithm on dis
retized 
on�gurationsThe 
luster analysis algorithm has also been applied to images mapped to 50 × 50× 50 
ubi
A and B voxels by the same dis
retization method that has been applied for the 
al
ulationof Minkowski fun
tionals and has been des
ribed in 
hapter 4.1.1. The obje
tive was to ana-lyze 
lusters with this higher order dis
retization to get a more realisti
 pi
ture of the 
lusterdimensions than by applying the original method that only uses the 
omparatively low reso-lution on the 
enter-of-sphere level.Here, the 
ondition whi
h is used in the original algorithm (
f. 
hapter 4.1.1) that the 
lusterhas to 
onsist of more than three spheres to be taken into a

ount is translated into the 
on-dition that a 
luster has to 
onsist of more than 54 voxels to be taken into a

ount, be
ause inthe simulation box we have 6912 spheres that are mapped onto 125000 voxels, so on averagethree spheres 
orrespond to approximately 54 voxels.The averaged eigenvalues of the 
lusters resulting from the appli
ation of the 
luster algo-rithm to the dis
retized 
on�gurations are 
ompared in Figure 5.9 with those obtained withthe �dire
t method� as des
ribed in the previous se
tions.Whereas 〈G1〉 and 〈G2〉 remain more or less the same 
ompared with our usual soft sphere
enter method as Figure 5.9(a) shows, 〈G3,B〉 is shifted a tiny bit and 〈G3,A〉 
onsiderably tohigher values (
f. Figure 5.9(b)).
〈G3,A〉mapped ≈ 0.43 −→ L3,A =

√

12 · 〈G3,A〉mapped ≈ 2.27

〈G3,B〉mapped ≈ 0.15 −→ L3,B =
√

12 · 〈G3,B〉mapped ≈ 1.34A 
ase where this method 
an be employed bene�
ially to determine the bulk lamellar periodwill be dis
ussed in 
hapter 6.3.1For the properties of 
luster shapes in the disordered phase 
f. Appendix A.
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e of the lo
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reased (green), however this is e�e
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Figure 5.10: Composition dependen
e of the shape parameters K1 (squares) and K2 (
ir
les)for χN = 33 (open symbols) and χN = 42 (
losed symbols) in the regime of theordered mesophases, ρc = 1.3.5.4 Shape parametersTwo additional observables that 
an dire
tly be 
al
ulated from the results of the 
lusteralgorithm are the shape parameters K1 and K2 that were de�ned in se
tion 5.4. They 
anbe used as supplementary 
riteria for the determination of the phase transitions between theordered phases. We 
al
ulated K1 and K2 based on the gyration tensor eigenvalues of theminority 
omponent 
lusters that have been determined as des
ribed in se
tion 4.1.1.In the lamellar phase, K1 and K2 should be both approximately equal to 1/2, be
ause point
(K1 = 1/2,K2 = 1/2) in the (K1,K2) plane is attributed to the ideal disk. In the 
ylinderphase, K1 should be 
lose to zero and K2 
lose to one, sin
e point (K1 = 0,K2 = 1) representsthe ideal rod. For the disordered phase, the values depend on the 
luster size and shape�u
tuations o

urring within this phase. Hen
e we are not able to make any predi
tionsabout the shape parameters in the disordered state.In Figure 5.10, we show the values for K1 and K2 at density ρc = 1.3 for two di�erent valuesof χN above the order-disorder transition as a fun
tion of the 
omposition f . The order-ordertransition from the lamellar to the 
ylindri
al phase at about f = 0.77 is 
learly visible, just aswell as the transition from the 
ylindri
al to the disordered phase around f = 0.82. Comparealso to Figure 5.7(b).Figure 5.11 
ompares the values of ideal shapes with the values we found in our simulations.
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Figure 5.11: The gray shaded areas indi
ate the regions in the (K1,K2) plane where the sim-ulated lamellar (L) and 
ylindri
al (C) stru
tures are lo
ated.5.5 Euler 
hara
teristi
We 
al
ulated the Euler 
hara
teristi
 of the minority 
omponent mapped to 50 × 50 × 50
ubi
 B voxels. See se
tion 4.2 for a detailed des
ription of the pro
edure.The Euler 
hara
teristi
 of the minority 
omponent as a fun
tion of 
hain 
omposition is shownin Figure 5.12(a) for the system with lower density ρc = 1 for several values of in
ompatibility
χN . The phase transition from lamellar to perforated lamellar phase is visible as the Euler
hara
teristi
s goes from positive to negative values. This phase transition o

urs later in ffor higher in
ompatibility χN : For χN = 21, χe be
omes negative at f = 0.6, for χN = 24at f = 0.63, for χN = 27 and χN = 30 at f = 0.66 and so on. This is 
onsistent with thephase diagram in Figure 5.7(a).For better visibility, this pi
ture shows only the ordered regime; for the behavior of the Euler
hara
teristi
 in the disordered phase, the highest three values of χN are shown again in Fig-ure 5.12(b) for the whole range of 
omposition f . Sin
e the number of un
onne
ted minoritystru
tures in
reases in the disordered phase with in
reasing f , χe also in
reases. For f = 0.75(and also f = 0.72 at χN = 36), the Euler 
hara
teristi
 is still negative although these pointshave been previously 
hara
terized as disordered, using the 
luster identi�
ation method. Thetopology of the stru
tures in the disordered phase is not known a priori, so it 
ould be possi-ble that the stru
tures are shaped in a way that they result in negative Euler 
hara
teristi
s.Possibly, however, this 
ould also be indi
ating that there might still be perforated lamellaestates intermixed.



5.6 Stru
tural details 61In Figure 5.12(
), the Euler 
hara
teristi
 is plotted against 
omposition for the higher den-sity system for two values of χN . At density ρc = 1.3, we have already dis
ussed that there is adire
t transition from lamellar to 
ylindri
al phase for high values of in
ompatibility, whereasat smaller χN the perforated lamellar phase appears in between. As in the 
ase des
ribedbefore, the Euler 
hara
teristi
 turns negative for the perforated lamella phase, for χN = 24this happens at f = 0.72 and f = 0.75. Then there is a plateau regime between f = 0.78and f = 0.83 indi
ating the 
ylinder phase, before χe in
reases upon entering the disorderedphase. At χN = 42, the dire
t transition from the lamellar phase to the 
ylinder phase isvisible. However, for f = 0.75, the Euler 
hara
teristi
 goes 
lose to zero, indi
ating thatthere might still be perforated lamella states intermixed with the lamellar states at this point.5.6 Stru
tural detailsIn the last part of this 
hapter, we will dis
uss several observables that 
an be 
al
ulated fromthe simulation results and that provide a more detailed insight into the stru
tural behavior ofthe soft-tetramer model.5.6.1 Chain stret
hingThe random phase approximation (RPA) for 
opolymer melts formulated by Leibler in 1980[36℄ assumes that one 
an treat the 
opolymer 
hains in the disordered phase as �unper-turbed� by inter
hain intera
tions, implying simple Gaussian behavior for the 
onformationof the 
opolymer 
hain for temperatures above the order-disorder transition. However, Binderand Fried [65℄ showed that there exist signi�
ant deviations from Gaussian behavior, namely agradual stret
hing of the 
hains with in
reasing intera
tion strength. They found for a three-dimensional latti
e model for a symmetri
 diblo
k 
opolymer melt that the average separationbetween the 
enters of mass of the two blo
ks, RAB , in
reased strongly with de
reasing tem-perature. This e�e
t has also been shown in experiments [66℄.To 
he
k whether our model 
an reprodu
e this e�e
t, we monitor the average separation be-tween the 
enters of mass of the A blo
k and the B blo
k as a fun
tion of in
ompatibility χNfor symmetri
 
omposition. This is the absolute value of the ve
tor shown in Figure 5.14(b).It is a well-de�ned observable in our model and its behavior as a fun
tion of χN is shown forboth investigated densities in Figure 5.13.We observe a 
lear stret
hing e�e
t of the diblo
k 
hains approa
hing the order-disorder tran-sition (lo
ated at (χN)c ≈ 15 at ρc = 1, and (χN)c ≈ 8 at ρc = 1.3) and also 
ontinuing intothe ordered phase.
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hain density ρc = 1.3, (χN)c ≈ 8Figure 5.13: Distan
e between the 
enters of mass of the A and B blo
ks as a fun
tion of χNat f = 0.5, normalized to the limit in the disordered state.Presumably, our simple model will not 
orre
tly reprodu
e the 
hain stret
hing e�e
t in thestrong segregation limit, where the 
hains are stret
hed so strongly that the behavior of thesub-
hains 
an not be regarded as Gaussian any more. However, in the weak segregationregime for whi
h our model has been 
onstru
ted, the e�e
t 
an not only be observed, it alsohas the same order of magnitude (about 15%) as the e�e
t observed in mole
ular simulations[65℄, indi
ating that the stret
hing does happen between Gaussian subunits of blo
ks ratherthan on a lo
al monomer s
ale.
5.6.2 Saupe order tensorIn this se
tion, we want to address the question whether we 
an �nd an orientational order ofthe tetramers in the ordered regime. To this end, we use the Saupe order tensor, traditionallyused for determining the nemati
 order of liquid 
rystals. Liquid 
rystals 
onsist of aspheri
almole
ules to whi
h an axis of rotational symmetry 
an be assigned. If those mole
ules are notaligned in every dire
tion with equal probability, the system is said to have nemati
 order,and one 
an use the axis of rotation, also 
alled the mole
ule dire
tor, to determine a preferreddire
tion for the system, or the system dire
tor.The Saupe order tensor [67℄ is de�ned by:

Q =
1

2

(

3

N

(

N
∑

i=1

ê(i) ⊗ ê(i)

)

− 1

)

=
3
〈

ê(i) ⊗ ê(i)
〉

− 1

2
(5.8)



64 Bulk simulationswhere ⊗ signi�es the dyadi
 produ
t and ê(i) is a unit ve
tor in the dire
tion of the respe
tiveve
tor atta
hed to mole
ule i. The angle bra
kets here indi
ate averaging over the system.The largest eigenvalue of Q serves as an order parameter, whi
h we 
all S. When the ve
torsatta
hed to all mole
ules point in the same dire
tion, S = 1; when the orientation is 
ompletelyrandom, S = 0.This de�nition of the order parameter S is equivalent to the original [68℄ and more 
ommonlyused de�nition using the se
ond Legendre polynomial:
S = 〈P2(cos θ)〉 =

〈

3 cos2 θ − 1

2

〉 (5.9)where θ is the angle between system dire
tor and mole
ule dire
tor. However, the formerde�nition has the advantage 
ompared to the latter one that one does not have to know thesystem dire
tor before starting with the 
al
ulation of the order parameter [67℄.We 
al
ulated the orientational order of four di�erent axes asso
iated with the tetramer: ~rAAand ~rBB , the ve
tors 
onne
ting the 
enters of both spheres of an A or B blo
k, respe
tively(illustrated in Figure 5.14(a)), ~rAB, the ve
tor 
onne
ting the 
enter of mass of the A bo
kwith the 
enter of mass of the B blo
k (Figure 5.14(b)), and ~rA2B1
, the ve
tor 
onne
ting the
enter of the se
ond A sphere with the 
enter of the �rst B sphere (Figure 5.14(
)). All ve
torsare normalized to unit ve
tors êAA, êBB , êAB and êA2B1

, respe
tively, in order to 
al
ulatethe Saupe order tensor as given in Equation (5.8).
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(
) ~rA2B1Figure 5.14: Mole
ule dire
tors atta
hed to the tetramer. See text for de�nitions.The results of the 
al
ulations for symmetri
 
omposition are shown in Figure 5.15. Thevalues of SAB and SA2B1
show approximately the same behavior. Flu
tuating around zero inthe disordered phase, they rise dis
ontinuously at the phase transition to about S = 0.3 andin
rease further to about S = 0.5 as we go deeper into the ordered regime. This also 
on�rmswhat we found out about the distan
e RAB in se
tion 5.6.1.The value for SAA and SBB , however, �u
tuate around zero, indi
ating that there is no or-
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66 Bulk simulationsdering within the 
onstituent blo
ks.For a nemati
 liquid 
rystal domain, this order parameter takes values between 0.3 and 0.8[68℄ whi
h is in the same regime as the values we �nd for SAB and SA2B1
.There is a 
lear �rst-order-like isotropi
-nemati
 transition visible for the ve
tors ~rAB and

~rA2B1
at the same values of in
ompatibility we have already determined for the disordered-ordered transition using the previously des
ribed methods.5.6.3 Latti
e site 
orrelation order parameter ψMatsen et al. [40℄ suggested an order parameter for diblo
k 
opolymer melt latti
e modelsbased on the 
orrelation between latti
e sites. We adapted this parameter for our purposes,and as the 
al
ulation is only possible on a latti
e, we map our 
on�gurations �rst to a

30 × 30 × 30 latti
e using the dis
retization method des
ribed in 
hapter 4.2.2. We evaluatethe 
orrelation fun
tion
Gij = 〈sisj〉 − 〈si〉2, (5.10)where si = 1 or −1 if the ith latti
e site is an A voxel or a B voxel, respe
tively, and the anglebra
kets 〈〉 here signify thermal averaging (averaging over Nconf 
on�guration samples). Forea
h 
ombination of 
ontrol parameters, the system has been averaged over the same numberof 
on�guration samples.Referen
e [40℄ suggests that
ψ =

1

V 2

∑

i6=j

G2
ij (5.11)serves the requirements for an order parameter meaning that it should be zero, or at leastvery small in the disordered phase and large in the ordered phase.The results for di�erent system densities and in
ompatibilities are shown in Figure 5.16. Inea
h 
ase, the 
riti
al value for (χN)c that had been determined previously 
ould be 
on�rmedby ψ in
reasing signi�
antly at (χN)c.The phase diagram in Figure 2.6 was established by means of this order parameter [40℄, butwhereas Matsen et al. in their study used heating and 
ooling runs that produ
ed a hysteresisloop with di�erent values for the phase transition, we are investigating equilibrium states.
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Chapter 6
Con�ned polymer melts

In this 
hapter, we des
ribe the derivation of an e�e
tive wall potential for the soft-tetramermodel. We 
arry out mole
ular dynami
s simulations of n-alkane (polyethylene) melts 
on�nedbetween graphite walls to obtain distribution fun
tions from simulations at a more detaileds
ale than the soft-tetramer model. These simulations will be des
ribed in se
tion 6.1. Howwe use the results of these �ner-s
ale simulations as an input for systemati
 
oarse-grainingof the surfa
e intera
tion will be des
ribed in se
tion 6.2. In the last part of this 
hapter, wewill show some �rst simulation studies of the 
on�ned soft-tetramer model.The work des
ribed in this 
hapter has mostly been done in 
ollaboration with Cheol Jeongand Do Y. Yoon at Seoul National University.
6.1 MD Simulations of 
on�ned polyethylene meltsWe 
arry out mole
ular dynami
s simulations1 of CH3(CH2)nCH3 
hains 
on�ned betweentwo parallel graphite walls. The aim is to use the resulting 
enter of mass distribution toderive a wall potential for the soft-tetramer model. More exa
tly, be
ause the e�e
tive wallpotential has to be valid for the spheres of our tetramer model in whi
h ea
h sphere 
orre-sponds to one half of one of the two polymer 
hains 
onstituting the diblo
k mole
ule, we are1A thorough introdu
tion to the mole
ular dynami
s method 
an be found in various textbooks [62, 69℄. Wealso give a short outline in Appendix C.



70 Con�ned polymer meltsinterested in the distribution of the 
enters of mass of the half 
hains, i.e. we look separatelyfor the 
enter of mass of the �sub
hain� 
onstituted by monomers 1 to N/2 and the sub
hain
ontaining monomers (N/2 + 1) to N .We study two systems: a melt of 40 
hains with 100 ba
kbone 
arbon atoms (n = 98,�C100�), and a melt of 64 
hains with 300 ba
kbone 
arbon atoms (n = 298, �C300�).All mole
ular dynami
s simulations were 
arried out using GROMACS [70℄.6.1.1 Simulation details � polyethyleneWe use an �united atom� approa
h for the n-alkane 
hains, meaning that every methyl (CH3)and methylene (CH2) group is 
ombined into one single e�e
tive intera
tion site with one
enter of for
e (see Figure 6.1 for a s
hemati
 representation of the united atom approa
h).
Figure 6.1: S
hemati
s of the united atom model for alkanes: Ea
h methyl- and methylenegroup is 
ombined into one single e�e
tive parti
le.We use an united atom for
e �eld for melts of n-alkane 
hains that has been developed byWolfgang Paul, Grant Smith and Do Y. Yoon in 1995 [71℄, and has been widely used andtested sin
e.The for
e �eld 
onsists of two parts: The equations des
ribing the intera
tion potentials, andthe parameters used in these equations. We will spe
ify and explain the equations in thefollowing, whereas for the parameter values we refer the reader to referen
e [71℄.The intera
tion potentials 
an be divided in non-bonded intera
tions, in
luding intermole
u-lar and non-bonded intramole
ular intera
tions, and bonded intera
tions, 
omprising bond-stret
hing (2-body), angle-bending (3-body) and torsional (4-body) intera
tions. For atomsthat are more than four sites apart along the 
hain, non-bonded intera
tions are used.The non-bonded intera
tions between the atoms are des
ribed by Lennard-Jones potentials:

V = 4ε

{

(σ

r

)12
−
(σ

r

)6
}

= ε

{

(rm
r

)12
− 2

(rm
r

)6
}

. (6.1)



6.1 MD Simulations of 
on�ned polyethylene melts 71The two di�erent forms of the equation are related by rm = 21/6σ, where σ is the �rst zero ofthe potential, while rm is the position of the minimum (
f. Figure 6.2).
V

(r
)

rσ rmin

-ε

0

Figure 6.2: Lennard-Jones potential.In order to save 
omputational time, we trun
ate the potential at a 
ut-o� distan
e of 9Å forthe 
al
ulations of Lennard-Jones intera
tions.We do not use a bond stret
hing potential. The integration time step is limited by the smallestos
illation period in the simulated system, i.e. the period of bond stret
hing os
illations. By
onstraining 
arbon-
arbon bond lengths to their equilibrium length of 1.53Å, we 
an removethe fastest degree of freedom and are able to use an integration time step of dt = 2fs withoutlosing a

ura
y. The bond lengths are 
onstrained using the LINCS algorithm [72℄.

Figure 6.3: Prin
iple of angle bending.The angle bending potential that is used in the for
e �eld is:
Vα(θijk) =

1

2
kθ

ijk

(

cos(θijk) − cos(θ0
ijk)
)2 (6.2)
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cos(θijk) =

~bij ·~bkj

|~bij ||~bkj|
(6.3)and θ0

ijk is the equilibrium value of the angle θijk.The dihedral angle φ of four 
onse
utive atoms i, j, k, l is the angle between the plane 
on-taining the bonds ~bij and ~bjk, and the plane de�ned by the bonds ~bjk and ~bkl. The prin
ipleis illustrated in Figure 6.4.
Figure 6.4: Prin
iple of dihedral angle.

Figure 6.5: Ry
kaert-Bellemans potential.For the dihedral intera
tions, a potential fun
tion based on expansion in powers of cos(φ)(Ry
kaert-Bellemans type) is used.
Vrb(φijkl) =

5
∑

n=0

Cn(cos(ψ))n, (6.4)



6.1 MD Simulations of 
on�ned polyethylene melts 73where ψ = φ − 180◦. Referen
e [71℄ uses a di�erent form of dihedral potential, so the pa-rameters are translated a

ordingly to mat
h the fun
tional form of the potential used byGROMACS.Simulations were 
arried out at a temperature of T = 509K, using a Nosé-Hoover thermostat[73, 74℄.6.1.2 Con�ned polyethylene 
hains

Figure 6.6: Simulation snapshot of the 
on�ned polyethylene meltFor the intera
tion between the graphite atoms and the polyethylene 
hains, graphite for
e�eld parameters were taken from referen
e [75℄, and the graphite-polyethylene Lennard-Jonesintera
tion parameters were 
al
ulated using standard Lorentz-Berthelot mixing rules, i.e. anarithmeti
 average is used for length parameters, while a geometri
 average is used for energyparameters:
σij =

1

2
(σi + σj) (6.5)

ǫij =
√
ǫiǫj (6.6)We set up the 
on�ned systems in the following way: As a �rst step, we 
arry out bulkmole
ular dynami
s simulations of the melts at 
onstant pressure (p = 1atm) and 
onstanttemperature (T = 509K). After equilibration, i.e. after the density and the gyration radiushave rea
hed 
onstant values that are known from experiment and previous simulations studies[76, 77℄, we add two graphite double layers on ea
h side in z-dire
tion to the polyethylene melt.Two graphite layers are su�
ient be
ause a third layer would not be �visible� anymore by themonomers due to the 
ut-o� for Lennard-Jones intera
tions.Sin
e for the bulk simulations, we use three-dimensional periodi
 boundary 
onditions, thewhole 
hains extend over more than the size of the box in all three dire
tions. For the 
on�ned



74 Con�ned polymer meltssystem, we 
an use periodi
 boundary 
onditions in only two dimensions (x and y), whereasthe third dimension z is �nite and limited by the graphite surfa
es. Thus, we 
an not simplypla
e the surfa
es in their target positions, be
ause the 
hains would not �t in between thesurfa
es. We position the surfa
es around the melt with an initial distan
e mu
h higher thanthe target distan
e to avoid bad 
onta
t between monomers and graphite atoms. The distan
eis then redu
ed in very small steps (δz = 0.1Å), and in between those steps, the system isequilibrated for 2 ps to adapt to the new 
onstraints. The �nal wall distan
e is approximatelya multiple of the radius of gyration (d ≈ 3Rg). The exa
t value is given by the �nal volumewhi
h is to 
orrespond to the bulk volume of the system at p = 1atm and the fa
t that thegraphite layers have to �t exa
tly in the box to allow periodi
 boundary 
onditions.The atoms that 
onstitute the graphite double layers are restrained to their equilibrium posi-tions during the simulations.C100First, we study a melt of C100H202, 
onsisting of 40 
hains 
on�ned between two parallelgraphite double layers with distan
e d ≈ 3RC100
g ≈ 50 nm. The volume is kept 
onstant to

V = 125nm3.
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Figure 6.7: Density pro�les for half 
hains and monomers (C100).We found a noti
eable adsorption behavior when we investigated the half 
hain distributionof the C100 system: the half-
hain distribution in Figure 6.7 shows narrow peaks 
lose to the
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Figure 6.8: Simulation snapshot of two C100 
hains, ea
h with one half adsorbed at the surfa
e.The other 
hains in the system are stripped away for better visibility.graphite surfa
es, indi
ating that a small, but signi�
ant part of the half-
hains is adsorbedin its 
omplete length at one of the surfa
es. If we 
ompare the half-
hain pro�le with themonomer pro�le shown in Figure 6.7, we see that these adsorbed 
hain parts are lo
ated 
om-pletely in the �rst monomer layer.The 
hara
teristi
 os
illatory behavior of the monomer density near the graphite walls hasalso been reported by previous studies [78, 79℄.These results indi
ate that for su
h short 
hains, the energy gain 
lose to the surfa
es 
anoutweigh the entropy loss by adsorption. Figure 6.8 shows a partial simulation snapshot of twoC100 
hains, ea
h of them having one half adsorbed to a surfa
e. This adsorption behaviormade the C100 system unsuitable for our purpose, be
ause a half-
hain adsorbed at a surfa
eis de�nitely not Gaussian in its behavior. Consequently, we de
ided to fo
us on longer 
hainswith 300 ba
kbone 
arbon atoms.Admittedly, one 
ould infer from the results above that for C300 there will still be 
hainswith one third of a half-
hain adsorbed at a surfa
e, also leading to 
on�gurations far frombeing Gaussian. However, a

ording to Daoulas et al. [79℄ who studied the 
onformations ofpolyethylene �lms adsorbed on graphite for various 
hain lengths by atomisti
 MC simula-tions, the shorter the 
hains, the longer 
onne
ted 
hain parts will be fully adsorbed.As we will see in the next paragraph, the time that the equilibration of C300 takes is alreadyvery long, making simulations of even longer 
hains hard to handle. C300 is hen
e the besttrade-o� between simulation time and expe
ted results.



76 Con�ned polymer meltsC300We study a melt of 64 C300H602 
hains 
on�ned between two graphite double layers with adistan
e d ≈ 3Rg ≈ 90 nm. The volume is kept 
onstant to V = 581nm3.The equilibration in this system took a very long time, so we de
ided to use the results wegathered after a simulated time of about t ≈ 1.5µs. The density pro�le of the whole-
hain
enters of mass shown in Figure 6.10 reveals the in
omplete equilibration 
onditions. Figure6.9 shows the probability pro�le to �nd the 
enter of mass of a half 
hain in a given intervalwith distan
e z from the upper surfa
e.
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Figure 6.9: Probability distribution pro�le of 
enters of mass of C300 half 
hains, distributionaveraged over samples from the last 400 ns, and monomer density pro�le.
6.2 Derivation of the e�e
tive potentialThe following se
tion will des
ribe how we derived an e�e
tive tabulated wall potential forthe soft tetramer model, i.e. a potential that is able to reprodu
e the form of the distributionresulting from the detailed mole
ular simulations, based on the results from the previousse
tion.6.2.1 Iterative Boltzmann InversionIterative Boltzmann Inversion is a method of systemati
 
oarse-graining, using iterative in-version of radial distribution fun
tions from experiments or atomisti
 simulations to derive
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tive 
oarse-grained potentials. It is based on a proposition by Soper [80℄ and has beenfurther developed by Reith et al. [81℄.The basi
 idea of Boltzmann inversion is the following: Assuming a given probability distri-bution obeys Boltzmann statisti
s, the probability p(q) ∝ exp(−U(q)/kBT ). Thus, one 
anderive the potential of mean for
e U(q) by taking the logarithm of the distribution:
U(q) = −kBT ln(p(q)) (6.7)The potential of mean for
e is a free energy and not a potential energy, ex
ept for the � usuallyuninteresting � limit of in�nite dilution, however it is su�
ient as a initial guess U0(q) for aniterative pro
edure.Similar to the method mentioned above, our approa
h uses a one-dimensional distributionof the simulated polymer melt between graphite walls as an input to derive an e�e
tive wallpotential for the existing soft tetramer model that has been des
ribed in the previous 
haptersof this work.6.2.2 Iteration pro
edureIn this se
tion we des
ribe the pro
edure for the derivation of an attra
tive intera
tion potentialbetween the wall and the soft spheres, based on the distribution of half-
hains that resultedfrom the detailed mole
ular simulations.In our 
ase, the target distribution fun
tion g(z) is based on the distribution of C300 half-
hain
enters of mass shown in Figure 6.9. We symmetrize the distribution fun
tion by adding the
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ontent of bin n to the 
ontent of bin (N − n) and dividing the sum by two (for all bins witha non-zero 
ontent). The symmetrized distribution is then smoothed by a �ve-point runningaverage: every value is repla
ed by the arithmeti
 average of itself and the values of the fourneighboring bins.Now, the distribution has to be mapped to the length s
ale of our soft-tetramer model. Tothis end, we use the relation
σαα = 2Rg,α (6.8)for α = {A,B} from 
hapter 3, Equation (3.15).The surfa
es in the atomisti
 simulation are separated by a distan
e of d = 90Å whi
h
orresponds approximately to 3RC300

g . Be
ause we look at parts of the C300 
hains that
orrespond to only one half of the whole 
hain length, we have to 
ompare the model lengthunit with the radius of gyration of a 
hain with 150 ba
kbone 
arbon atoms. A

ording toreferen
e [77℄, RC150
g ≈ 20Å, hen
e d ≈ 4.5RC150

g whi
h 
orresponds to a wall distan
e of
d̃ ≈ 2.25σ in the soft-tetramer model, a

ording to Equation (6.8).Hen
e, by dividing the z value in angstroms of the symmetrized and smoothed C300 half 
haindistribution by 90/2.25 = 40, we obtain the 
orresponding distribution in the length unit ofour model, shown in Figure 6.11.
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Figure 6.11: Distribution from MD simulation (Figure 6.9), symmetrized, mapped to the soft-tetramer model length s
ale and smoothed by a �ve-point running average.This is the target distribution fun
tion that an e�e
tive intera
tion potential between the walland the soft spheres should yield when we use it for simulations of the 
on�ned soft-tetramermodel.We take the Boltzmann inverse of the distribution g(z) shown in Figure 6.9 and use the result



6.2 Derivation of the e�e
tive potential 79as an initial potential for the iterative pro
edure:
U0(z) = − ln(g(z))Then we simulate a soft-tetramer melt 
on�ned between two walls with U0 as a wall potential,whi
h yields a distribution g0(z) that is di�erent from g(z). Figure 6.12 
ompares the distri-butions. If we 
ompare the simulated distribution g0 with the target distribution g, we seethat the former rises too strongly for small distan
es from the wall, indi
ating that the initialpotential for small distan
es from the wall is too attra
tive, whereas for larger distan
es g0 istoo low, meaning that U0 is too repulsive in this part. We improve the potential for the nextiteration step by forming the ratio of g0 and g and then Boltzmann inverting it:

δU1(z) = U0(z) + ln

(

g0(z)

g(z)

) (6.9)This 
orre
tion term (also shown in Figure 6.12) is added to the test potential U0.We then iterate this step, using the following generalized iteration rule:
Ui+1(z) = Ui(z) + δUi+1(z) = Ui(z) + ln

(

gi(z)

g(z)

) (6.10)If the denominator is zero, Ui+1 is set to a �nite yet very high value to avoid that the algorithm
rashes.When the algorithm 
onverges, we have a valid solution, meaning that the resulting U is ane�e
tive potential for the soft-tetramer model that is able to reprodu
e the form of the distri-bution from the detailed simulations.We derive the e�e
tive wall potential for one temperature (T = 1), but use the same poten-tial also for simulations at somewhat lower temperatures. This approximation is valid as longas the entropi
 part of the intera
tion does not depend too strongly on temperature. Withinthe weak segregation regime where we want to perform our simulations, this assumption 
anbe 
onsidered as reasonable.For the iteration pro
edure we use a symmetri
 soft tetramer melt with f = 0.5 and density
ρc = 1, that is one tetramer 
hain per unit volume, in the disordered state at T = 1, meaning
UAA = UBB = UAB, between two walls in z dire
tion with distan
e Lz = 2.25σ, with thesame wall intera
tion for both blo
ks.The z 
oordinate is divided into intervals of size 0.005σ. A �ve-point running average is usedin every iteration step to smooth the simulated distributions.
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Figure 6.12: First iteration: the target distribution g0 is represented by open squares, its Boltz-mann inverse, the initial potential U0, by a solid line. The resulting distributionfrom the �rst iteration, g1, is represented by open 
ir
les. The dashed line δU1has to be added to U0 in order to improve potential and get the wall potential
U1 for the next iteration.6.2.3 Root mean square deviationTo measure the di�eren
e between the simulated distribution and the target distribution, inevery iteration the root mean square deviation (RMSD) is 
al
ulated:

RMSD(i) =

√

√

√

√

√

n
∑

z

(g(z) − gi(z))
2

n
(6.11)Sin
e it turns out that the algorithm tends to overestimate the 
orre
tion term δUi(z), so thatthe RMSD in
reases again after an initial de
rease, a 
orre
tion fa
tor w has been introdu
ed:

Ui+1(z) = Ui(z) + w · δUi+1(z) (6.12)As a �rst guess, w was 
hosen to be 0.3, whi
h turned out to be a fairly suitable value as atrade-o� between 
omputing time and resulting agreement that 
an be rea
hed.



6.2 Derivation of the e�e
tive potential 81Figure 6.13 shows the root mean square deviation vs. iteration. After a strong initial de
lineit 
onverges qui
kly and �u
tuates around 0.05. Sin
e this is 
lose enough for our purpose,we take the potential from the iteration at whi
h the RMSD seems to rea
h the plateau andstops de
reasing signi�
antly, whi
h we determine to be iteration 21.
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hes a plateau at iteration 21.
6.2.4 E�e
tive potentialTo be able to employ di�erent wall potentials for both blo
ks, we pro
eed in the followingway: We take the potential from iteration 21 as the attra
tive potential for one of the blo
ks,after smoothing it again with a �ve point running average. For the other blo
k we use apurely repulsive potential that we obtain by trun
ating the smoothed attra
tive potential atits minimum and shifting it by the depth of the potential well ǫ ≈ 0.5 (see Figure 6.15).
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Figure 6.16: Distribution of 〈GAB
3 〉 resulting from the appli
ation of the 
luster algorithm todis
retized 
on�gurations for the bulk system f = 0.5, χN = 24, ρc = 1.6.3 Soft-tetramer model in 
on�nementIn this se
tion, we present results for simulation studies of symmetri
 diblo
k 
opolymer thin�lms 
on�ned between two surfa
es, using the soft tetramer model. We investigate a 
om-positionally symmetri
 system (f = 0.5) at χN = 24 and ρc = 1. Two kinds of surfa
esare 
onsidered: symmetri
 surfa
es preferential to A blo
ks and purely repulsive to B blo
ks,and symmetri
 neutral surfa
es repelling both blo
ks with the same surfa
e�blo
k intera
tion.We use two-dimensional periodi
 boundary 
onditions in x and y dire
tion with the surfa
es
on�ning the simulation box in z dire
tion.The morphology of the 
on�ned diblo
k 
opolymer melt will be dis
ussed in the followingse
tions.From the results of the bulk simulations des
ribed in 
hapter 5 at the same 
onditions that areused in the 
on�ned soft-tetramer model simulations (
ontrol parameters f = 0.5, χN = 24,

L = 12), the bulk lamellar period, L0, is determined using the 
luster algorithm on dis
retized
on�gurations. This method is des
ribed in se
tion 5.3. The distribution of< Gmapped
3,AB > peaksat 0.29, as shown in Figure 6.16. A

ording to Equation (4.3), this 
orresponds to a lamellathi
kness of Ld = 1.86, hen
e the bulk lamellar period 
an be determined as L0 = 2 ·Ld = 3.72.



84 Con�ned polymer melts6.3.1 Preferential wallsWe investigate wall intera
tions that are preferential to one blo
k and repulsive to the otherblo
k.We vary the surfa
e separation from Lz = 4σ to Lz = 14σ in steps of 0.5σ−1σ. For all surfa
eseparations, we �nd lamellae parallel to the walls as a stable morphology, with the preferredblo
k at the wall, their number depending on Lz: the number of bilayers is an integer between
Lz/L0 − 1/2 and Lz/L0 + 1/2.The more Lz and L0 are 
ompatible with ea
h other, the 
loser is the observed lamellarperiod to the bulk lamellar period. When Lz/L0 is not an integer, the 
on�ned lamellarperiod deviates from L0 to a

ommodate the frustration. The 
loser Lz/L0 to half an oddinteger, the stronger the frustration.Figures 6.17 and 6.18 summarize the results by showing the pro�le along the z-axis of theprobability to �nd an A or B sphere at a given z for all surfa
e separations Lz. For therespe
tive values of Lz/L0, refer to Table 6.1The pro�les in Figures 6.17 and 6.18 show that the lamellae are 
ompressed and stret
hed to�t between the surfa
es for ea
h surfa
e distan
e, and that additional lamellae develop whenthe surfa
e distan
e rea
hes 
ertain values.We observe an in
reased density 
lose to the walls and a depletion at A-B interfa
es that isvisible in �gures 6.17 and 6.18.For the surfa
e separations with the strongest frustration, the 
entral lamellar layer be
omesdefe
tive and inter
onne
ted. These values 
an be re
ognized in Figure 6.17 as Lz = 5.5,
Lz = 6 and Lz = 9.5 and in Figure 6.18 as Lz = 13 be
ause for these values, the distributionof one 
omponent does not vanish 
ompletely when the distribution of the other 
omponentpeaks. Table 6.1 summarizes the results and shows that, for the separations leading to defe
tivelamellae, Lz/L0 is the 
losest to half an odd integer.Figure 6.19 shows exemplary simulations snapshots for some sele
ted surfa
e distan
es. Thebehavior dis
ussed above is visible, like the depletion at A-B interfa
es, the 
y
li
 
ompressingand stret
hing of the lamellae and the developing of new layers as a fun
tion of Lz, and thedefe
tive inter
onne
ted lamellae for frustrating surfa
e distan
es.In order to make sure that there are no other (meta-)stable states, we have 
arried outadditional simulations starting from a 
on�guration with lamellae perpendi
ular to the walls,however the results that we obtained were exa
tly the same as with the usual isotropi
 start
on�guration. We 
on
lude that the results des
ribed above are the only stable states.
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z (i) Lz = 9.5Figure 6.17: A (bla
k) and B (gray) sphere distribution pro�les for various surfa
e distan
es
Lz. For surfa
e distan
es Lz = 5.5, Lz = 6 and Lz = 9.5, frustration leads todefe
tive lamellae. The x-axis 
orresponds to the z-
oordinate and the y-axis tothe probability of �nding the 
enter of an A or B sphere at a given z.
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(a) Lz = 4 (b) Lz = 5

(
) Lz = 5.5 (d) Lz = 6

(e) Lz = 8 (f) Lz = 11 (g) Lz = 14Figure 6.19: Simulation snapshots for sele
ted surfa
e distan
es Lz. In ea
h line, �gures are tos
ale. Figures (
) and (d) show frustrated defe
tive lamellae in the 
entral layer..
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Lz Lz/L0 number of bilayers4 1.08 15 1.34 15.5 1.48 defe
tive6 1.61 defe
tive6.5 1.75 27 1.88 28 2.15 29 2.42 29.5 2.55 defe
tive10 2.69 310.5 2.82 311 2.96 311.5 3.09 312 3.23 312.5 3.36 313 3.49 defe
tive13.5 3.63 414 3.76 4Table 6.1: Results for the f = 0.5, χN = 24, ρc = 1 system 
on�ned between preferentialsurfa
es. Frustration is strongest the 
loser Lz/L0 to half an odd integer, indu
ingdefe
tive layers. The number of bilayers is an integer between Lz/L0 − 1/2 and

Lz/L0 + 1/2.



6.3 Soft-tetramer model in 
on�nement 896.3.2 Neutral wallsWe simulate the same system with neutral walls (purely repulsive to both blo
ks) for the samesurfa
e separations as above, and we �nd lamellae perpendi
ular to the walls for all distan
es.An example simulation snapshot for surfa
e separation Lz = 7 is shown in Figure 6.20(a).Figure 6.20(b) shows a distribution pro�le for the same surfa
e separation. There is still anin
rease in density near the surfa
e due to the hard walls, however less pronoun
ed than inthe 
ase of the preferential surfa
es.

(a) Example simulation snapshot
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k) and B (gray) sphere distribution pro�leFigure 6.20: Con�nement of the soft-tetramer model between neutral walls results in lamellaeperpendi
ular to the walls, Lz = 7.
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ussionThe results we �nd for neutral surfa
es show good agreement with experiment, theory andprevious simulation studies.Wang et al. [82℄ 
arried out Monte Carlo simulations for a simple 
ubi
 latti
e model, andthey also found perpendi
ular lamellae for all surfa
e distan
es for a diblo
k melt 
on�nedbetween two neutral surfa
es.Comparable results have also been found in experiments [83℄, where the elimination of pref-erential intera
tions at both the substrate and surfa
e interfa
es leads to a perpendi
ularorientation of the mi
rodomains persisting through the entire �lm.Theoreti
al studies using self-
onsistent �eld methods also predi
t perpendi
ular lamellae tobe the most stable morphology regardless of the surfa
e separation [84, 85℄. It has been arguedthat this is due to nemati
 ordering of the monomers arising from the orientational 
onstraintimposed by the walls [84℄.For the preferential surfa
es on the other hand, the agreement is less 
lear. All referen
es towhi
h we have 
ompared our results agree in the fa
t that there is a 
lose 
onne
tion betweenthe amount of frustration due to in
ommensurate surfa
e distan
es and the observed stru
tureof the 
on�ned diblo
k melt. There is however less a

ordan
e on how exa
tly the stru
tureis a�e
ted in 
ases where the frustration is strong.Compared with the results for the simple 
ubi
 latti
e model by Wang et al. [82℄, our resultsfor preferential surfa
es are very similar for weak frustration, but where we �nd that strongfrustration leads to defe
tive and inter
onne
ted lamellar layers, they report lamellae perpen-di
ular to the walls.Other latti
e Monte Carlo studies [86, 87℄ �nd that the lamellar order will be suppressed ordeformed due to the 
on�i
t between the two lengths and result in tilted or deformed lamellarstru
ture, or even 
oexisten
e of lamellae in di�erent orientations are found in 
ases of strong
on�i
t.Theory predi
ts perpendi
ular lamellae for frustrating distan
es, but with distorted A-B in-terfa
es [84℄.Experiments [88℄ have also reported perpendi
ular lamellae for weak surfa
e intera
tions,similar to those found by referen
e [82℄. For strong intera
tion however, they saw partiallydisordered and inter
onne
ted stru
tures between preferential surfa
es indu
ed by frustration,whi
h is 
omparable to what we �nd for the 
entral lamellar layer.Although there are some minor 
ontradi
tions and it is un
lear to whi
h extent the agree-
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an be rea
hed, altogether, our model is able to reprodu
e the general features for
on�ned �lms of diblo
k 
opolymer melts that have been found by previous studies.Within the s
ope of this work, we only have investigated the 
on�nement behavior at χN =

24. It is possible that for lower values of χN , the results for preferential walls will lookdi�erent, be
ause the preferred 
omponent will be pushed to the wall to a lesser extent. Amore thorough study that extends to a wider temperature range is left for future work.





Chapter 7
Con
lusions

We have introdu
ed a soft-tetramer model for diblo
k 
opolymer melts with e�e
tive intera
-tions at the s
ale of the radius of gyration. This model is able to reprodu
e the form of theexperimentally found diblo
k 
opolymer phase diagram.We have studied our model at two di�erent densities that lead to invariant degrees of poly-merization Ninv for whi
h strong deviations from the mean �eld phase diagram are to beexpe
ted. In 
ontrast to the mean-�eld predi
tion (see Figure 2.5(b)), we have observed di-re
t �rst-order transitions from disordered melt to lamellae, 
ylinder and perforated lamellaephases, mu
h like those identi�ed in experiments (see Figure 2.5(a)). We have 
ompared ourresults with other studies in the same range of invariant degree of polymerization, and havefound that our results are in good qualitative a

ordan
e. We 
on
lude therefore that ourmodel 
an 
apture the �u
tuations that are responsible for the di�eren
es between the phasediagrams from self-
onsistent �eld theory and from experiments, meaning that these are �u
-tuations on the s
ale of the radius of gyration.While previous mole
ular simulation studies have been limited to the investigation of a nar-row parameter regime, with our simple and e�
ient model we have been able to determine theequilibrium morphology of the diblo
k 
opolymer melt at a wide range of phase points in the
(f, χN) spa
e, whi
h also allows us to study phase transitions not only from the disordered
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lusionsinto the ordered phase, but also between the observed ordered phases.Beyond its ability to 
orre
tly reprodu
e the features of the experimental diblo
k 
opolymerphase diagram, our model is able to measure the 
hanges of intramole
ular stru
ture, namelya gradual stret
hing of the 
hains in the disordered phase upon approa
hing the disorder-ordertransition point, whi
h is an indi
ation of the de�
ien
y of the random phase approximationfor the des
ription of the diblo
k 
opolymer phase diagram. The observed e�e
t is of the samesize as it has been seen in previous mole
ular simulations.The mesophases have been 
learly identi�ed using a novel approa
h that formalizes themethod of dire
t geometri
 observation whi
h is used 
ommonly in experiments and mole
-ular simulation studies. The visual impression of a simulation snapshot is des
ribed by thedistribution of the number and shape of 
lusters formed by the 
omponents of the diblo
k.We have shown that this method allows us to 
learly determine the mesophase morphology.It has been suggested to use the Euler 
hara
teristi
 for the purpose of mesophase identi�
a-tion, however we have shown that its dis
riminating power is lower than that of our 
lusteranalysis method.Although the Euler 
hara
teristi
 proved to be less bene�
ial than expe
ted, we 
ould usethe dis
retization method that we have developed for its 
al
ulation for other analyses thatrequire dis
retized 
on�gurations.After deriving an e�e
tive intera
tion potential a
ting between the soft spheres and a surfa
efrom the results of atomisti
 simulations, an initial study has shown that the model 
an alsobe used for the simulation of 
on�ned diblo
k 
opolymer melts, yielding results that are 
om-parable to what has been found in previous experimental, theoreti
al and simulation studies.Within the s
ope of this work, we investigated the 
on�ned soft-tetramer model only for asingle value of χN , although it might be interesting to study the 
on�nement behavior at abroader range of temperatures.Besides the last mentioned issue, this work o�ers several interesting possibilities to 
ontinueresear
h in various dire
tions:By 
onstru
tion, the model will be well suited for the investigation of stru
ture formationin 
omposite systems 
onsisting of nano-sized �ller parti
les dissolved in a blo
k 
opolymermatrix. Nanoparti
les and diblo
k 
hains will be modeled on the same length s
ale, whi
hpermits very e�
ient simulations.In the s
ope of this work, we have investigated the e�e
t of parallel 
on�ning graphite surfa
es



95on the distribution of polyethylene half 
hains, and have derived an e�e
tive potential thatdes
ribes the intera
tion between parallel �at surfa
es and the spheres of the soft-tetramermodel. This 
an be done in a similar way for other geometries, for example with 
urved sur-fa
es. In this way, the e�e
tive intera
tions between a nanoparti
le and a soft tetramer 
anbe derived. As an alternative, one 
an try to dedu
e the form of the potential for the 
urvedgeometry based on the potential for the �at surfa
es.Our approa
h, however, will only work if the nanoparti
les stay well separated in the blo
k
opolymer matrix. If surfa
es 
ome 
loser than the radius of gyration, the system 
an not bedes
ribed by means of this model.We have not been able to observe the gyroid phase. In the relevant region of the 
ontrolparameter spa
e we only found the perforated lamellae phase. Sin
e we believe that this isdue to the in
ommensurate box dimensions, it would be interesting to gradually vary the sizeof the simulation box until it �ts to the gyroid latti
e spa
ing, and 
ompare the free energiesof both phases.In
reasing the 
hain density up to values of about ρc ≈ 7 would lead to an invariant degreeof polymerization for whi
h �u
tuations be
ome less relevant, so it may be interesting, albeit
omputationally expensive, to 
arry out simulations at that range of densities.Finally, in order to further prove the validity of the model, it may be useful to perform mean�eld 
al
ulations for the soft-tetramer model, and to 
ompare the results to the results of thesimulations.





Appendix A
Cluster analysis for disordered states

Although we 
an not know a priori the number and shape of the 
lusters in the disorderedphase, we 
an use empiri
al knowledge to identify the disordered phase. In the 
ompositionally
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(b)Figure A.1: Distributions of 
luster numbers (a) and gyration tensor eigenvalues (b) in thedisordered phase. f = 0.5, χN = 1, ρc = 1.3, L = 11.symmetri
 and high temperature 
ase (f = 0.5, χN = 1), the 
on�guration is basi
allyisotropi
, whi
h 
an also be seen in the snapshot in Figure A.2. There exists only one 
lusterfor ea
h 
omponent (Figure A.1(a)), extending over all of the simulation box (Figure A.1(b)).
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Figure A.2: Simulation snapshot at parameters f = 0.5, χN = 1, ρc = 1.3, L = 11.Upon approa
hing the disorder-order transition however, as we show for f = 0.5, χN = 6,the 
lusters start to fall apart in two or even three 
lusters in some of the sample 
on�gurations(Figure A.3(a)), and for these samples, we obtain smaller mean eigenvalues and get threedistin
t peaks in the mean eigenvalue distribution (Figure A.3(b)).Due to the fa
t that the next neighbor radius for the 
luster analysis algorithm is di�erentfor A and B 
lusters (
f. 
hapter 4.1.1.2), the situation looks quite di�erent for higher 
om-positional asymmetries f . As an example, we show the distributions for f = 0.81, χN = 21in Figure A.4. The 
luster number distributions for in Figure A.4(a) look vaguely similar towhat we saw for 
ylinders, however mu
h broader, and if we additionally look at the meaneigenvalue distributions in Figure A.4(b), there is no risk of 
onfounding the disordered phasewith the 
ylinder phase, be
ause all of the eigenvalues of the minority 
lusters 〈Gi,B〉 basi
allyamount to the same value, and the 
hara
teristi
 behaviour of the 
ylinder phase with onesigni�
antly higher and two small mean eigenvalues is missing. Averaging over arbitrarilyshaped 
lusters yields mean eigenvalues 〈G1〉 ≈ 〈G2〉 ≈ 〈G3〉 with a broad spread for ea
heigenvalue. A simulation snapshot is shown in Figure A.5.
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Figure A.5: Simulation snapshot at parameters f = 0.81, χN = 21, ρc = 1.3, L = 11.



Appendix B
Grand-
anoni
al Monte Carlo moves

When we try to insert a randomly grown 
hain into a rather dense system of 
hains, theprobability is high that the move will be reje
ted. To over
ome this problem, one employs amethod that lets the 
hain grow into dire
tions that are energeti
ally favorable. However, thisintrodu
es an unphysi
al bias that has to be taken 
are of by determining the 
orre
t MonteCarlo a

eptan
e rule.B.1 Simulation te
hniqueWe 
hoose with equal probability to insert or delete a tetramer 
hain. We follow the respe
tivealgorithms for insertion and deletion:Insertion� We insert the �rst sphere of the 
hain at a position 
hosen at random.� We 
hoose a bond length randomly with a probability a

ording to the Boltzmanndistribution, then generate k = 10 trial ve
tors {~bi} with a length equal to the 
hosenbond length evenly distributed around the �rst sphere, so that we end up with k possiblepositions for the next sphere.� One of the k trial positions is 
hosen a

ording to its Boltzmann weight, wi = e−βU(~bi).� We repeat the last two steps until the new tetramer 
hain is 
omplete.
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anoni
al Monte Carlo moves� The new tetramer 
hain is a

epted with a

eptan
e rate AN→N+1.Deletion� One of the 
hains existing in the system is sele
ted at random.� We generate k − 1 evenly distributed trial ve
tors with length equal to the bond lengthof the last bond, around the last sphere in the 
hain. In
luding the true bond, we have
k ve
tors {~bi} whi
h will be needed later for the determination of the a

eptan
e rule.� The last sphere is deleted from the 
hain.� We repeat the last two steps until we rea
h the �rst sphere in the tetramer 
hain.� The deletion of the 
hain is a

epted with a

eptan
e rate AN+1→N .A

eptan
e rateTo determine the a

eptan
e rates, we use the 
ondition of detailed balan
e (
f. 
hapter 5.1.1),whi
h in this 
ase has the extended form:

P (N)Pgen(N → N + 1)AN→N+1 = P (N + 1)Pgen(N + 1 → N)AN+1→N (B.1)where Pgen is the probability of performing a 
ertain trial move. If we write
AN→N+1

AN+1→N
=
P (N + 1)

P (N)
· Pgen(N + 1 → N)

Pgen(N → N + 1)
=: y, (B.2)the a

eptan
e rules

AN→N+1 = min(1, y), (B.3)
AN+1→N = min(1, 1/y) (B.4)will obey the 
ondition of detailed balan
e in Equation (B.2).The grand-
anoni
al probabilities of a system with N 
hains and a system with N + 1 
hainsrelate as follows:

P (N + 1)

P (N)
= eβµe−βU(chain), (B.5)and the probability for the generation of a move that tries to delete one given 
hain out of

N + 1 is
Pgen(N + 1 → N) =

1

2

1

N + 1
, (B.6)
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hnique 103where the fa
tor 1/2 expresses the 50% probability of a deletion move as opposed to aninsertion move.The probability for the generation of a move that tries to insert a 
hain is given by
Pgen(N → N + 1) =

1

2

1

V

3
∏

n=1

ke−βUbond(~bn)

∫

d~bne−βUbond(~bn)

e−βUnb(~bin
n )

∑k
j=1 e

−βUnb(~bj
n)
, (B.7)where Unb(~bn) signi�es the energy of the sphere sn+1 following bond ~bn. The fa
tor 1/2,as in the deletion 
ase, expresses the 50% probability of 
hoosing an insertion move over adeletion move, the fa
tor 1/V a

ounts for the �rst sphere whi
h 
an pla
ed anywhere intothe simulation box with volume V . The produ
t runs over the three bonds in the tetramer
hain and des
ribes the probability of 
hoosing the k trial ve
tors times the probability tosele
t the ve
tor ~binn out of them for ea
h of the three bonds.Expanding the fra
tion in Equation (B.7) with the Boltzmann weight of the �rst sphere,

e−βUnb(s1), and introdu
ing the Rosenbluth weight of the whole new 
hain
R = e−βUnb(s1)

3
∏

n=1





1

k

k
∑

j=1

e−βUnb(~bj
n)



 , (B.8)we 
an redu
e Equation (B.7) to
Pgen(N → N + 1) =

1

2V

e−βU(chain)

Z3
bond

1

R
. (B.9)Combining Equations (B.2), (B.5), (B.6) and (B.9) and repla
ing µ′ = µ + 3

β ln(Zbond) weobtain the expression for y that we have been sear
hing:
y =

V

N + 1
Reβµ′ (B.10)By substituting Equation (B.10) in Equations (B.3) and (B.4), we �nally obtain the expressionsfor the a

eptan
e rates:

AN→N+1 = min(1,
V

N + 1
Reβµ′

), (B.11)
AN+1→N = min(1,

N + 1

RV
e−βµ′

). (B.12)



104 Grand-
anoni
al Monte Carlo movesB.2 In�uen
e of the number of grand-
anoni
al movesFor symmetri
 
omposition, we show in Appendix A that in the isotropi
 disordered phase,ea
h 
omponent forms one 
luster that extends basi
ally over all of the simulation box. Sin
ewe start every Monte Carlo simulation with a 
ompletely isotropi
 start 
on�guration (
f.
hapter 5.1.2), the number of spheres that 
onstitute the largest 
luster 
an be used as ameasure of the beginning of mesophase formation when monitored during a Monte Carlorun, be
ause in the 
orresponding ordered lamellae phase, the largest 
luster 
ontains only afra
tion of all spheres.Figure B.2 shows the number of spheres in the largest 
luster, normalized to the total numberof spheres of one 
omponent, as a fun
tion of e�e
ted Monte Carlo steps, for several runs thatvary in the number of grand-
anoni
al moves that we attempt to exe
ute during one MonteCarlo step.The size of the largest 
luster stays for some time in the order of the system size and at somepoint suddenly de
lines to about 1/3, �u
tuating rarely to 2/3. Surprisingly, there is no 
leardependen
e on the number of attempted grand-
anoni
al moves.Although the attempt with 1000 grand-
anoni
al moves per Monte Carlo step seems to leadto fastest equilibration, one has to 
onsider that all these attempts of deleting or inserting aparti
le are 
omputationally expensive, so that this 
ase takes about four times the 
omputingtime for one Monte Carlo step 
ompared to the 
ase without grand-
anoni
al moves. Sin
e thelatter rea
hes equilibration almost quite as fast, we 
on
lude that the appli
ation of grand-
anoni
al moves does not lead to the result we hoped for and does not have to be 
onsideredfurther.
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Appendix C
The mole
ular dynami
s method

In this 
hapter, we outline brie�y the prin
iples of the mole
ular dynami
s simulations thathave been used for the part of this work des
ribed in 
hapter 6.1. A thorough des
ription 
anbe found in the GROMACS manual [89℄.Mole
ular dynami
s simulations 
onsist in numeri
ally solving Newton's equation of motionfor a system of N intera
ting parti
les:
mi
d2~ri
dt2

= ~Fi (C.1)with i = 1, . . . N , and the for
es ~Fi are the negative derivatives of a potential fun
tion U =

U(~r1, ...~rN ):
~Fi = −∇U. (C.2)This potential fun
tion is a 
ombination of all the relevant intera
tions given in 
hapter 6.1.The equations are solved simultaneously in small time steps δt. The system is followed forsome time and the positions and momenta of the parti
les are written down at regular inter-vals. All observables that we want to measure have to be expressed as a fun
tion of thesepositions and momenta.After all for
es at a 
ertain time t have been 
al
ulated, the positions and velo
ities need tobe updated. This is done in GROMACS using the so-
alled �leap-frog� integration algorithm[90℄ that uses parti
le positions and for
es determined by them at time t and velo
ities at time



108 The mole
ular dynami
s method
t− δt/2 :

v(t+
δt

2
) = v(t− δt

2
) +

~F (t)

m
δt, (C.3)

r(t+ δt) = r(t) + v(t+
δt

2
) δt. (C.4)To enable 
anoni
al simulations, i.e. to maintain 
onstant temperature within the system,the equations of motion are modi�ed for temperature 
oupling, in our 
ase the Nosé-Hoovertemperature 
oupling s
heme [73, 74℄ that is supported by GROMACS. The equations ofmotion are extended by a fri
tion term that is proportional to the parti
le's velo
ity and a�heat bath variable� ξ:

d2~ri
dt2

=
~Fi

m
− ξ

d~ri
dt
. (C.5)The variable ξ is des
ribed by an equation of motion of its own; its time derivative is 
al
ulatedfrom the di�eren
e between the referen
e temperature T0 and the 
urrent temperature of thesystem T :

dξ

dt
=

1

Q
(T − T0). (C.6)The temperature of the system is proportional to its total kineti
 energy:

Ndf
kBT

2
= Ekin =

1

2

N
∑

i=1

miv
2
i (C.7)where Ndf is the number of degrees of freedom whi
h 
an be 
al
ulated as Ndf = 3N−Nc, with

Nc the number of 
onstraints imposed on the system. The 
onstant Q determines the strengthof the 
oupling. The Nosé-Hoover temperature 
oupling approa
h leads to an os
illatoryrelaxation. The period τ of the os
illations of kineti
 energy between the system and thethermal reservoir is given by
Q =

τ2T0

4π2
. (C.8)
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