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Abstract

This dissertation discusses two major projects, focusing on the computational modeling
of core-shell microgels and molecular motor gels. The first project involves investigating
the interface of core-shell microgels formed through micro-fluidic experiments. A deeper
understanding of the processes at the boundaries of these two phase can be developed
by using molecular dynamic simulations, which could help in optimizing the stratergy for
synthesizing core-shell particles. Here in our study, we use a simple and idealized model
for a gel which has the topology of a diamond lattice, with the free polymer and strand
length chosen to be equal, and to consist of the same type of monomers. In the simula-
tions, the concentration of the polymer phase is varied to study the interpenetration of the
gel and the polymer solution phases. The density profiles reveals that there are two time
regimes, an initial compression of the gel followed by swelling of the gel. An analysis on
the interpenetrating chains at the interface, given by "degree of interfacial integration",
reveals that the interface locally equilibrates after around 100 chain relaxation times. At
times greater than the local equilibration time for the interface, the free polymer chain
configuration within the gel region reveals emerging percolating clusters, only if the chain
concentration exceeds a certain threshold. This threshold concentration was found to be
of the same order of magnitude as the overlap concentration of the chains. Finally, we
studied the structures formed at the interface by applying the capillary wave theory on
the locally equilibrated interfaces, which revealed a positive correlation between interfa-
cial width and interfacial tension.

The second topic focused on the molecular machines, created by incorporating uni-directionally
rotating light responsive rotors as cross-linkers in a polymer matrix. The winding of the
chains, due to motor rotation leads to contraction of these gels. Because of this property,
they are expected to be used as artificial muscles. Here in this study, we present the first
coarse-grained molecular dynamics simulation of such gels, assuming a model motor that
does not unwind even under large loads. We focus on simulating the limiting behaviour
of these gels as observed in the contraction experiments, conducted by X.Yao et al. [326].
A regular diamond network with the model rotors as cross-linkers was chosen to represent
the quasi-ideal network studied in the experiments. We demonstrate the success of our
model, by qualitatively replicating the limiting behaviour observed in the experiments,



using a free regular gel and a periodically cross-linked regular gel under different loads.
The simulation, in agreement with the experiments confirmed that the contraction ratios
are independent of the strand-length and is limited mainly by the winding of the chain
pairs attached to the motor. We examined the torque needed by these motors to sustain
the contracted state and concluded that it is independent of the loads in the Hookean
regime. However, the average torque for loads in the same regime shows a slight depen-
dence on strand length. Further, the Gaussian linking number was used to analyze the
local winding of the chain pairs that are connected to the same motors, revealing the
regions of different linking. Finally, we studied the size ratio of "stiff gels", which showed
a non-monotonic behaviour as we varied the stiffness.



Zusammenfassung

Diese Dissertation befasst sich mit zwei großen Projekten, die sich auf die rechnerische
Modellierung von Kern-Schale-Mikrogelen und molekularen Motorgelen konzentrieren.
Das erste Projekt befasst sich mit der Untersuchung der Grenzfläche von Kern-Schale-
Mikrogelen, die durch mikrofluidische Experimente gebildet werden. Mit Hilfe von moleku-
lardynamischen Simulationen kann ein tieferes Verständnis der Prozesse an den Grenzen
dieser beiden Phasen entwickelt werden, was bei der Optimierung der Strategie für die
Synthese von Kern-Schale-Partikeln helfen könnte. In unserer Studie verwenden wir ein
einfaches und idealisiertes Modell für ein Gel, das die Topologie eines Diamantgitters
aufweist, wobei die freie Polymer- und Stranglänge als gleich gewählt wurde und aus
der gleichen Art von Monomeren besteht. In den Simulationen wird die Konzentration
der Polymerphase variiert, um die gegenseitige Durchdringung der Gel- und der Poly-
merlösungsphase zu untersuchen. Die Dichteprofile zeigen, dass es zwei Zeitregime gibt,
eine anfängliche Kompression des Gels gefolgt von einer Quellung des Gels. Eine Anal-
yse der interpenetrierenden Ketten an der Grenzfläche, angegeben durch den "Grad der
Grenzflächenintegration", zeigt, dass sich die Grenzfläche nach etwa 100 Kettenrelaxation-
szeiten lokal ausgleicht. Bei Zeiten, die größer sind als die lokale Gleichgewichtszeit für die
Grenzfläche, zeigt die Konfiguration der freien Polymerketten innerhalb der Gelregion nur
dann die Entstehung von Perkolationsclustern, wenn die Kettenkonzentration einen bes-
timmten Schwellenwert überschreitet. Diese Schwellenkonzentration liegt in der gleichen
Größenordnung wie die Überlappungskonzentration der Ketten. Schließlich untersuchten
wir die Strukturen, die sich an der Grenzfläche bilden, indem wir die Kapillarwellentheo-
rie auf die lokal gleichgewichtigen Grenzflächen anwandten, was eine positive Korrelation
zwischen Grenzflächenbreite und Grenzflächenspannung ergab.

Das zweite Thema konzentrierte sich auf die molekularen Maschinen, die durch den Ein-
bau von unidirektional rotierenden, lichtempfindlichen Rotoren als Vernetzer in einer
Polymermatrix entstehen. Das Aufwickeln der Ketten aufgrund der Motorrotation führt
zu einer Kontraktion dieser Gele. Aufgrund dieser Eigenschaft wird erwartet, dass sie
als künstliche Muskeln eingesetzt werden können. In dieser Studie stellen wir die erste



grobkörnige Molekulardynamiksimulation solcher Gele vor, wobei wir von einem Modell-
motor ausgehen, der sich selbst unter großen Belastungen nicht abwickelt. Wir konzentri-
eren uns auf die Simulation des Grenzverhaltens dieser Gele, wie es in den von X.Yao et
al. [326] durchgeführten Kontraktionsexperimenten beobachtet wurde. Ein regelmäßiges
Diamantnetzwerk mit den Modellrotoren als Vernetzer wurde gewählt, um das in den Ex-
perimenten untersuchte quasi-ideale Netzwerk darzustellen. Wir demonstrieren den Erfolg
unseres Modells, indem wir das in den Experimenten beobachtete begrenzende Verhalten
qualitativ nachbilden, indem wir ein freies reguläres Gel und ein periodisch vernetztes
reguläres Gel unter verschiedenen Belastungen verwenden. Die Simulation bestätigt in
Übereinstimmung mit den Experimenten, dass die Kontraktionsverhältnisse unabhängig
von der Stranglänge sind und hauptsächlich durch die Wicklung der am Motor befestigten
Kettenpaare begrenzt sind. Wir haben das Drehmoment untersucht, das diese Motoren
benötigen, um den kontrahierten Zustand aufrechtzuerhalten, und sind zu dem Schluss
gekommen, dass es unabhängig von den Lasten im Hooke’schen Regime ist. Allerdings
zeigt das durchschnittliche Drehmoment für Lasten im gleichen Regime eine leichte Ab-
hängigkeit von der Stranglänge. Des Weiteren wurde die Gaußsche Verknüpfungszahl zur
Analyse der lokalen Wicklung der Kettenpaare verwendet, die mit denselben Motoren
verbunden sind, und dabei die Bereiche mit unterschiedlicher Verknüpfung aufgedeckt.
Schließlich untersuchten wir das Größenverhältnis der "steifen Gele", das bei Variation
der Steifigkeit ein nicht monotones Verhalten zeigte.
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Chapter 1

Introduction

1.1 A short review on Gels

A gel is a soft, squishy material that holds a lot of solvent. It resembles jellies found in
desserts or the gels found in hair products, that stays in shape but are soft and flexible.
Although gels are composed almost entirely of liquid by weight, their three-dimensional
cross-linked structure imparts a solid-like behavior [333]. These cross-linking that forms
in the liquid gives structure and tackiness (stickiness) to a gel [254, 211]. The term gel
was introduced by a 19th-century Scottish chemist Thomas Graham [181] and is derived
from the word "gelatin". Gelation is the mechanism by which a gel forms. Gelation
is a broad category of processes where the molecules or particles interact with one an-
other and the solvent and thus becomes spatially trapped, leading to the development of
macroscopic rigidity. This solidification/ reinforcement could take place either by ther-
modynamic equilibrium transitions or dynamic non-equilibrium changes, and it can be
thermally reversible or irreversible. Chemical cross-links are frequently encountered in
several types of gels (e.g., rubbery materials), but cross-links can also arise from dynamic
associations or topological interactions between extended anisotropic molecules and par-
ticles [254, 212, 129, 118]. Polymeric gels are formed when polymers connect to each
other through cross-links in a solution. They are widely used in manufacturing. These
cross-linked gels are generally resilient and are able to withstand large deformations. They
are also able to absorb a large amount of solvent if the polymers and solvent are highly
compatible. The nature of a cross-linked gel can be tailored by altering the chemical
composition of the polymers and the conditions during their formation. The mechanical
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strength of these gels are often increased by adding filler particles and other additives,
which can form their own network within the polymer gel matrix.

1.1.1 Hydrogels

A subset of gels are the hydrogels known for their water absorbing capacity while retain-
ing a solid structure. They are typically made of hydrophilic polymer chains that makes
up a 3D framework which interacts favourably with surrounding aqueous solution, thus
producing the effect of high water retaining capacity. Cross-linking points that connects
the polymer strands in such networks, can be formed either covalently via chemical bonds
[220, 277], or non-covalently through weaker interactions like ionic interactions, hydrogen
bonds or van der Waals forces. A hydrogel’s porous infrastructure can withstand a large
amount of swelling without dissolution, due to the integrity of their structure established
by their cross-linking pattern. Swelling of hydrogels depends on many attributes – cross-
linking density, constituent polymers, environmental pH and ionic concentration, and
sometimes any external triggers that alter its configuration. Such reactivity to changing
surroundings, renders hydrogels "smart" platforms, whose properties can be tuned pur-
posefully under certain conditions like temperature shifts, pH fluctuations or the local pres-
ence of ions and molecules. An attractive feature of hydrogels are their bio-compatibility
because of their high water content, making them suitable for various biomedical uses
[81, 321]. Similarly their degradability achieved through controlled polymer breakdown
or enzymatic action can be manipulated to be used in applications like drug delivery or
tissue regeneration.

The two types of the responsive gels which are important to understand this thesis
are described below:

1.1.1.1 Thermo-responsive hydrogels

They are made of biological and engineered polymers whose properties can dynamically
change based on temperature fluctuations. They respond to environmental cues and could
potentially be used for targeted drug-delivery and tissue engineering. Thermo-responsive
gels are known for their ability to undergo reversible phase transition owing to the critical
solution temperatures of the constituent polymers. The lower critical solution temperature
(LCST) represents the point above which the polymer becomes insoluble, inducing phase
segregation. A typical example of polymers with LCST is poly(N-isopropylacrylamide)
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(PNIPAm) that exhibits an LCST behaviour close to human body temperature, making
it suitable for bio-medical uses [208, 226]. Another critical solution temperature which is
also common for polymer solutions are the upper critical solution temperature (UCST),
i.e., the temperature below which phase separation occurs. Gelatin is a very common
example of material showing UCST, that has long been used in a variety of pharma-
ceutical products. For example, they are used as simple suppository which is required
to liquefy at body temperature [31, 273]. They are also used as components in dermal
creams, ointments, which could solidify after it has been applied on the body [209, 170].
Even though these gels have a wide range of applications, they face many obstacles due to
their bio-incompatibility in some cases and the need for high concentration in some appli-
cations. Development of synthesis techniques like reversible addition-fragmentation
chain transfer (RAFT) and atomic transfer radical polymerization (ATRP),
are broadening the range and sturdiness of these materials [293]. In addition to this, new
polymeric material with both UCST and LCST behaviors are being discovered, unlocking
new possibilities for a wider range of applications.

1.1.1.2 Photo-responsive gels

Photo-responsive polymer gels are fascinating materials that dynamically alter their form
when exposed to light. These gels are comprised of polymer chains that are capable of
undergoing reversible or irreversible physical or chemical transformations depending on
the wavelengths of light [69, 94]. A major benefit of using light-sensitive polymers is the
precise manipulation, afforded by the photonic trigger [94]. Their reactivity normally
stems from a variety of degradation and bonding reactions, controlled by the equation
connecting energy and frequency which was given by Planck [62, 158] and proven by
Einstein [171]:

E = hν =
hc

λ
(1.1)

where the E is the energy of light, h the Planck’s constant, c the speed of light, λ the
wavelength of light. The rates of photo-dependent reactions have shown strong correla-
tions with the energy and irradiance of the light [74]. This, along with the precise control
of light exposure, makes photo-catalyzed reactions an effective method for manipulating
gels. However, using UV rays has its own disadvantages especially in in-vivo applications.
This restricts the use of these materials to ex-vivo or skin level treatments. However with
the recent advent of infrared sensitive materials, possibility of deeper tissue application
have also emerged.
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1.1.2 Synthetic molecular machines

Researchers have been able to create artificial/ synthetic molecular machines through
the intricate arrangement of molecules or its components. The relative movements of
these components are activated by external stimuli. The capability to execute precise
mechanical motions by harnessing external energy provides these microscopic machines
with vast potential applications, including complex actuators, manipulation of individual
atoms and molecules, targeted drug delivery systems, and molecular electronic devices of
the future. Many such prototypical machines are easily synthesized in laboratory, however
they are regarded as simple switches rather than true machines because they are unable to
produce useful work within a cycle, i.e., to say that they may produce only back and forth
motion and not a uni-directional motion. Hence more research is still needed to reliably
harness and amplify the minuscule nanoscale mechanical motions of synthetic molecular
machines for practical applications. Recent advancements have allowed for the creation
of machines which are part gel. The following sub-section will introduce the concept of
molecular rotors and such polymeric gels, since we will be studying such soft-materials
using coarse-grained simulations in this thesis.

1.1.2.1 Molecular rotary motors

The molecular rotors produce continuous uni-directional motion as a result of photo-
induced and thermal reactions. Having uni-directional motion at the molecular scale is
challenging due to a variety of reasons starting from thermal fluctuations, energy barri-
ers and sometimes even friction. The creation of the very first artificial molecular rotor
relied on light-induced isomerization of a chiral overcrowded alkenes [166]. As mentioned
before these motors, function via sequence of photoinitiated and thermally driven steps.
For example, in an overcrowded alkene motor, illumination can drive reversible E–Z iso-
merization while helical inversion proceeds irreversibly, leading to unidirectional rotation.
So if we are able to continuously irradiate such molecules, they can produce autonomous
continuous rotation at high frequencies even at room temperatures. Due to their robust
nature, these motors are integrated into various materials and surfaces, making them
suited for diverse technological applications. Other than the overcrowded alkenes, several
other molecular designs using imines [177], indigos [122], and catenanes [63, 183], have
also been explored for light-driven rotary motors.
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1.1.2.2 Polymeric gels as molecular machines

Advancements in the field of molecular machines, has led to the development of responsive
gels, where the molecular motors are incorporated into the gels. When Giuseppone and
colleagues integrated Feringa’s molecular motors into a polymeric gel, it exhibited macro-
scopic contraction under UV light [179]. This is achieved by linking alkyne-terminated
ethylene glycol oligomeric legs and azide-ended PEG arms to the motor components,
forming a polymer-motor conjugate that contracts irreversibly upon UV irradiation as
the polymer chains wind up due to motor rotation.

To achieve reversible contraction, the group developed a motor-modulated-polymer
conjugate gel by incorporating a photochromic dithienylethene modulator [103]. When UV
light was used the modulator closed, activating the motor and thus creating contraction
of the gel. However when white light was used, the modulator allowed for the reversal of
the direction of rotation of the motor. This in turn expanded the gel back to it’s original
size. In another study conducted by Harada [148], mechanically interlocked [c2] daisy
chains were incorporated into a polymer gel, allowing it to exhibit reversible shrinking and
expanding motions when exposed to alternating UV and visible light. They discovered
that the dehydrated xerogels which were derived from the above mentioned [c2] daisy chain
gels, responded even more rapidly to stimulations. The flexible material bent towards
ultraviolet radiation, demonstrating its potential for applications like gripping objects.

These advancements illustrate the diverse capabilities of molecular machines in poly-
meric networks, paving the way for innovative applications in responsive and adaptive
materials.

1.2 Aim

As we have already established the fundamental definitions and concepts regarding re-
sponsive gels, it is now appropriate to introduce the specific systems of our interest. As
previously mentioned, we aim to study two primary gel systems: "core-shell micro-gels"
and "photo-responsive molecular-motor gels" using coarse-grained molecular dynamics
simulations.
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1.2.1 Core-shell microgels

The research group under Sebastian Seiffert of Mainz University produced core-shell micro-
gels, the structure of which corresponds to it’s name. These gels are unique because we
can control how they behave mechanically and chemically. This is usually achieved by
utilizing two different types of polymers for the core and the shell. With a double layered
structure, the microgels can be tuned to respond dynamically to changes in temperature,
pH and light.

We specifically address systems based on poly(N-isopropylacrylamide) (PNIPAM)
[60, 324, 151]. These are polymers popular for their ability to respond to change in tem-
perature. The gels made of these polymers are used as the core in the core-shell particle.
The shell can be made from polyacrylamides which generally do not show any lower or
upper critical solution temperature under typical conditions. Although, they may dis-
play such temperature-dependent behavior in the presence of specific co-solvents or under
certain environmental conditions [25, 231, 58]. Other polymers like polyacrylates or poly-
methacrylates could also be used as shells since they are mechanically robust, chemically
stable, and do not show thermoresponsive behavior in typical aqueous environments [67].

Prof. Seiffert’s team has focused on the synthesis and characterization of these re-
sponsive core-shell microgels for a range of applications. In drug delivery systems, the core
may encapsulate therapeutic agents while a diffusion barrier of shell material maintains or
slows down the release of these therapeutic agents. Such control over drug release enables
us to not only improve efficacy but also reduce side effects, thus making these microgels
ideal for targeted therapies [176]. Besides the drug delivery, these responsive microgels
are also being studied for smart materials and biomedical applications. Such as their use
in the field of tissue engineering for applications such as; scaffolds (which respond to lo-
cal environment, encouraging formations of cell adhesion and differentiation) [23]. Their
ability to undergo reversible volume changes in response to environmental cues also makes
them suitable for actuators [246] and sensors in soft robotics [314].

While core-shell particles hold promising applications, it remains unclear how core-
shell connectivity shapes, product outcomes. This work deployed coarse-grained molecu-
lar dynamics simulations to explore the interfacial behavior between shell polymers and
defect-free core gels. Specifically, we examined the interfacial dynamics between regular
gel strands and a polymer solution where the chain length and the excluded volume in-
teractions of the free chains and the strands are chosen to match with each other. This
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work was published in ACS Macromolecules [303]. A reproduction of this publication can
be found in the thesis in Chapter 4.

1.2.1.1 Photo-Responsive Molecular-motor gels

Incorporation of light-driven molecular motors into polymer networks represents a promis-
ing approach for developing dynamic and responsive materials. Through the development
of molecular motor-polymer conjugates, Giuseppone and co-workers have made great
strides in this area [109]. Building on this foundational work, Dr. Xuyang Yao work-
ing as a post-doc in the Walther group at Mainz, explored scalable and functional uses
of these responsive gels [326]. In this way, he was able to control the molecular struc-
ture and block copolymer configuration in a highly non-intuitive manner, thus facilitating
the design of new materials that could have applications in soft robotics or as artificial
muscles.

Dr Yao’s gels were able to undergo contraction due to braiding of the chains as
the motors rotated. The free gel exhibited contraction ratios independent of the degree
of polymerization. Even during the application of loads on such gels, they produced
contraction independent of strand-length of the gels. We used molecular dynamics (MD)
simulations of ideal networks with model motors as the cross-linking units to gain deeper
insight into this contraction behavior. The purpose of these simulations were to reproduce
the experimental results thereby increasing our ability to understand the system dynamics.
Some core results from simulation were also published along with the experiments in
reference [326]. In Chapter 5 of this thesis we will discuss on the simulation model and
the results in more detail. Additional results on stiffer polymer gels will also be presented.

1.3 Thesis Structure

This thesis is structured as follows. In Chapter 2, I describe the theoretical aspects of
polymers, polymer solutions and gels. Later in Chapter 3, I go back to the basics of
computer simulation in soft-matter, focusing on molecular dynamics simulations. This
is followed by two Chapters based on the two publications. Since the 1st paper [303] is
purely theoretical, I have reproduced the entire paper as it is in Chapter 4. Wherever
new sentences/ paragraphs are added or when they are modified I mark them
by purple color. If sentences or paragraphs are removed from the paper I
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mark it with [...]. The supporting information to this paper/ chapter can be found
in Appendix A. In Chapter 5, I discuss the simulation part of the paper [326] in detail
and also add additional results in this chapter which were not published. In chapter 6, I
discuss the micro-fluidic experiments done together with T.Linder, for my tandem project
within the GRK 2516. The thesis ends with chapter 7, which summarises the main topics
of my thesis.



Chapter 2

Theory

2.1 Polymer Science

For centuries, humans have been using naturally occurring polymers, without realizing
they are dealing with macromolecules [252]. Prime examples of these include starch,
derived from sources like corn, wheat and potatoes, that has been used for its thickening
and binding properties in cooking and food preparation for centuries, gelatin, derived
from animal collagen used to make food products like jelly and as a binding agent in
traditional paints and glues. Other example include natural rubber, that comes from
Hevea brasiliensis, the rubber-tree plant [127, 252].

In the year 1920 Staudinger proposed the macromolecular hypothesis [286, 228,
203] stating that polymers are molecules made of covalently bonded units, called monomers.
Although initially met with suspicion, the gradual acceptance of this hypothesis in the
following years, enabled significant progress in the field of polymers. In the 30 years that
followed, main concepts in polymer-physics and chemistry were established. It also saw
the development of synthesis tools and polymer refinement techniques [78, 252].

Although polymers can be made from a variety of molecules having different chem-
ical properties, there are some universal behaviours associated with polymers which are
independent of the chemistry of the monomers. These include, the scaling of the size of
the polymers with degree of polymerization in dilute solutions, entropic elasticity of poly-
mer materials [78, 155, 127]. Another example of such a generic property is the fact that
two molecules cannot cross one another; this leads to the effect of entanglements, which
produces dramatic visco-elastic effects in polymer melts and solutions. Polymer physics

9
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thus explores the physical principles underlying the structure, dynamics, and mechanical
properties of polymers, shedding light on their diverse applications across industries and
scientific fields [78].

2.1.1 Summary of Ideal chains

The study of polymers involves a deep understanding of their structural and thermo-
dynamic properties. One fascinating aspect is the concept of ideal chains, referring to
polymers where monomers along the chain do not interact with each other. Since mea-

Figure 2.1: Bond vector representation of a coarse-grained polymer, with the end-to-
end vector R⃗

suring the size of a polymer is needed and is useful in both experiments and theory, a
quantity called the end-to-end vector (R⃗) has been used. The average end-to-end vector
of a chain is defined as ⟨R⃗⟩ = ⟨

∑n
i=1 r⃗i⟩. Here, ⟨...⟩ denotes an average over all possible

states of the system. In this case, the ensemble average corresponds to averaging over
chains with n bonds in all possible orientations. With no preferred direction in this en-
semble, the average end-to-end vector is zero [252, 191]. Therefore, a non-zero measure,
the mean squared end-to-end distance (⟨R2⟩), characterizes the chain dimensions. For an
ideal chain with n main chain bonds of length l, the mean squared end-to-end distance is
given by:

⟨R2⟩ = ⟨R⃗ · R⃗⟩ = l2
n∑

i=1

n∑
j=1

⟨cos θij⟩ (2.1)

Here θij is the angle between bond vectors r⃗i and r⃗j. For polymer models like the "freely
jointed chain", where the bond length is assumed to be constant (|r⃗i| = l), with bond
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vectors having no correlations with one another ( ⟨cos θij⟩ = 0 for i ̸= j), the mean squared
end to end distance goes like:

⟨R2⟩ = nl2 (2.2)

It is to be noted that, typically in a polymer chain, the correlation between the bond
vectors are not zero [252]. However for an ideal chain there is no interaction between
monomers separated by a large distance along the chain contour, implying that there
are no correlation between distant bond vectors. Hence ⟨cos θij⟩ is zero in the limit of
|i− j| → ∞. Thus the sum over j for fixed i in equation (2.1) can be written as

C ′
i =

n∑
j=1

⟨cos θij⟩, (2.3)

which can be show to converge to a finite value C ′
i, and thus the equation (2.1) reduces

to [252]:

⟨R2⟩ = l2
n∑

i=1

C ′
i = Cnnl

2, (2.4)

where Cn = 1
n

∑n
i=1C

′
i is the Flory’s characteristic ratio. For long chains, the characteristic

ratio converges to C∞, simplifying the expression for the mean square end-to-end distance
[73, 252, 149]:

⟨R2⟩ ∼= C∞nl
2 (2.5)

As mentioned in the introduction to this chapter, the flexible chains have many
properties that are independent of the local chemical structures and hence a simple unified
description of all ideal chains are provided by a "equivalent freely jointed chain". This
equivalent chain has N Kuhn monomers of length b such that it’s mean square end-to-end
distance equals that of an ideal linear chain:

⟨R2⟩ = C∞nl
2 = Nb2 (2.6)

Note: Throughout this chapter we will use the "equivalent freely jointed chain" to de-
scribe all flexible polymers and will callN as either the degree of polymerization or number
of monomers (instead of Kuhn monomers). Equivalently b will be referred to as monomer
length instead of Kuhn monomer length.
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Another critical quantity is the mean-square radius of gyration (⟨R2
g⟩), representing

the average squared distance of all monomers from the polymer’s center of mass. For an
ideal linear polymer, the mean-square radius of gyration is one-sixth of its mean-square
end-to-end distance:

⟨R2
g⟩ =

Nb2

6
(2.7)

The distribution of size of ideal chains, P (N, R⃗) follows a Gaussian function:

P (N, R⃗) =

(
3

2πNb2

)3/2

exp

(
− 3R⃗2

2Nb2

)
for |R⃗| ≪ Nb (2.8)

The energy of an ideal chain U(N, R⃗) does not depend on the end-to-end vector R⃗ because
the monomers in an ideal chain do not interact. The free energy, accounting for entropic
contributions, is expressed as:

F (N, R⃗) =
3kBTR⃗

2

2Nb2
for |R⃗| ≪ Nb (2.9)

This equation shows that the entropic elasticity of an ideal chain obeys Hooke’s law.
Therefore, maintaining the chain at a fixed end-to-end distance requires equal and opposite
forces proportional to R⃗ acting on the chain ends [252, 149, 191]:

f⃗ =
3kBTR⃗

Nb2
for |R⃗| ≪ Nb (2.10)

2.1.2 Summary of Real Chains

In a real polymer chain, two monomers cannot occupy the same space as another. This
volume which is unavailable to other molecules due to the presence of the first molecule is
known as excluded volume. A polymer chain with excluded volume can also be modeled
as self-avoiding walks (SAW) on a lattice. Unlike random walkers where the same sites
could be visited multiple times, here the walker is not allowed to visit the sites which it
has already visited.

Mathematically, the excluded volume (v) is defined through the interaction potential
U(r) as follows [252]:
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v = −
∫
f(r)d3r =

∫
(1− exp [−U(r)/kBT ])d3r (2.11)

where f is the Mayer function. The excluded volume, v = 0 when the monomer’s at-
traction balances the hard-core repulsion effect, leading to the chains assuming nearly
ideal conformations with R0 = bN1/2. Such a scenario with zero net excluded volume is
called the θ− condition, and this corresponds to a specific temperature known as the θ−
temperature for a given solvent.[73, 252].

At high temperatures, the Mayer f -function is influenced exclusively by hard-core
repulsion. As a result, the excluded volume v is approximately equal to b3 and remains
unaffected by temperature. Under these conditions, the polymer chain exhibits charac-
teristics of a self-avoiding walk of monomers [260, 73, 252]. Hence:

R ≈ bMν ≈ bN0.588 for athermal solvent (2.12)

When the attraction between monomers are weaker than the hard-core repulsion, it leads
to the excluded volume being positive and the chain swells. This corresponds to a good
solvent at a temperature above θ - temperature, and leads to a larger coil size than the
ideal chain size. The size of such a chain is given by [73, 252]:

RF ≈ b

(
v

b3

)2ν−1

Nν ≈ b

(
v

b3

)0.18

N0.588 for good solvent (2.13)

The net excluded volume interaction becomes negative (−b3 < v < 0) for the cases
where attraction between monomers is stronger than repulsion. This leads to the chain
collapse. The temperature range for this to happen is below the θ - temperature, and
corresponds to a poor solvent. In such a solvent, at length scales less than the thermal
blob size ξT , the excluded volume attraction is larger than thermal energy kT . This results
in the cohesive aggregation of thermal blobs, culminating in the formation of a compact
and tightly knit globule. Assuming dense packing of such thermal blobs, we can calculate
the size of the globule, which gives [252, 288]:

Rgl ≈ |v|−1/3b2N1/3 for poor solvent (2.14)

We see here that the size of a globule is smaller than the ideal chain size.
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2.2 Polymer Mixtures and Solutions

In this section we will look at the mean field ideas developed by Flory in-order to un-
derstand mixing and de-mixing in a polymer solutions [100, 145]. Furthermore, having
the knowledge of phase-behaviour of polymer mixtures is essential in understanding the
physics of volume phase transition (VPT) associated with thermo-responsive gels. We will
also look at some terms and concepts for investigating polymer solutions, for example the
overlap concentration which basically defines the border between dilute and semi-dilute
solutions:

ϕ∗ ≈ Nb3

R3
≈

(
b3

v

)6ν−3

N1−3ν (2.15)

where N , R and b are the degree of polymerisation, end to end distance and monomer
diameter respectively. Chains begin to overlap when their volume fraction ϕ exceeds the
volume fraction of monomers inside each isolated coil, called the overlap concentration ϕ∗.
From Eq. (2.15) we can see that ϕ∗ decreases rapidly with chain length

(
ϕ∗ ≈ N−0.76

)
,

compared to that in θ - solvent
(
ϕ∗
θ ≈ 1√

N

)
[252, 73]. A summary of all this will be

discussed in the coming subsections.

2.2.1 Flory-Huggins theory of mixing

+ =

Figure 2.2: Mixing two species A (magenta) and B (dark blue) with no volume change.

The Flory-Huggins theory of mixing discusses the thermodynamics of binary mixtures
in the framework of a lattice model. For simplicity we assume that [73, 252]:

1. The mixing of different components do no induce any change in the total volume.
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2. Monomers of each species occupy the same volume v0.

Flory considered a binary mixture with total number n of monomers (sites) and a total
volume v0n, where v0 is the volume of a lattice site. The volume fraction of the two
components in the binary mixture are ϕA and ϕB:

ϕA =
VA

VA + VB
= ϕ and ϕB =

VB
VA + VB

= 1− ϕ (2.16)

The number of translational states of a molecule in a mixture is the number of sites n:

ΩAB =
VA + VB

v0
= n (2.17)

The number of states of molecule A in a pure A phase is given by:

ΩA =
VA
v0

= nϕ (2.18)

Now the Entropy change upon mixing of a molecule A is given by:

∆SA = kB lnΩAB − kB lnΩA = −kB lnϕ (2.19)

Similarly we can find the entropy of mixing of a B molecule. To calculate the total entropy
of mixing we sum the contribution from each molecules:

∆Smix = nA∆SA + nB∆SB = −kB(nA lnϕ+ nB ln (1− ϕ)) (2.20)

Here nA and nB are the number of molecules of species A and B. Equation (2.20) can be
rewritten as entropy per lattice site ∆Smix = ∆Smix/n through the relation nA = nϕ/NA

and nB = n(1 − ϕ)/NB. The variables NA and NB, represent the number of lattice sites
occupied by each molecule, respectively. So

∆Smix = −kB(
ϕ

NA

lnϕ+
1− ϕ

NB

ln (1− ϕ)) (2.21)

We can also calculate the enthalpic contribution to the free-energy of mixing by mean-
field approach. The energy per mixing of site is thus given by the difference between
enthalpic contributions after (uf ) and before (ui) mixing: ∆Umix = uf − ui

∆Umix = ϕ(1− ϕ)z
[
uAB − uAA + uBB

2

]
= ϕ(1− ϕ)kBTχ , (2.22)
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where χ = z
kBT

[
uAB − uAA+uBB

2

]
. Here z is the coordination number of the regular lattice

and uij, where ij ∈ {AA,BB,AB} are the pair-wise interaction between molecules in
adjacent lattice sites. This finally gives the Flory-Huggins free energy of mixing per site:

∆Fmix = kBT

[
ϕ

NA

lnϕ+
1− ϕ

NB

ln (1− ϕ) + χϕ(1− ϕ)

]
or in general,

∆Fmix = kBT

[
ϕA

NA

lnϕA +
ϕB

NB

lnϕB + χϕAϕB

] (2.23)

The first two terms in the free energy equation (2.23) have entropic origin and always
act to promote mixing, although blends of long polymer chains have very less entropy of
mixing. The last term in Eq. (2.23) can be positive (opposing mixing), negative (promotes
mixing) or zero (ideal mixtures).

As mentioned in the beginning of this section, we assume that in Flory-Huggins
theory that there is no volume change and the monomers of both species can fit on the
lattice sites of the same lattice. In reality this is not the case and some monomers may
pack well together with certain other monomers and hence there would be a volume
change upon mixing [252]. We have not yet been able to completely understand these
effects using a simple theory. However, it is known from experiments [49, 234, 256] that
the interaction parameter depends on temperature. Therefore we can incorporate these
unknown effects into the temperature dependence of χ as some additive constants. This
enables us to correct for the deviations from the mean field Flory-Huggins theory. The
relation connecting interaction parameter and temperature could then be written as: [252]

χ ≈ A+
B

T
(2.24)

Here A is the temperature independent term and B the enthalpic term. Once we have
added all the corrections into χ, we can use the Flory-Huggins equation to predict the
equilibrium and meta-stable states of mixture, as we will discuss next.

2.2.2 Criterion for mixing and Phase separation

The free energy density can help us predict whether the system will remain in the homo-
geneous or phase separated state. Assuming a solution of species A having volume and
concentration (V1, ϕ1) is allowed to be mixed with another solution of species B having
(V2, ϕ2), complete mixing of which will result in a solution having total volume V1 + V2
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and a volume fraction [79]:

ϕ0 =
ϕ1V1 + ϕ2V2
V1 + V2

= xϕ1 + (1− x)ϕ2 where,

x =
V1

V1 + V2

(2.25)

The total free energy of the system before mixing is V1f(ϕ1)+V2f(ϕ2) (f is the free energy

Figure 2.3: The free energy of a homogeneous solution is plotted as a function of solute
concentration. Two scenarios are considered: (blue) the solute and solvent can mix at
any composition, and (red) phase separation occurs. The magenta line indicates the line
connecting the free energy at concentrations ϕ1 and ϕ2. The free energy decreases after
mixing for the first scenario, indicated by downward arrows from the magenta line. In the
second scenario, the free energy increases indicated by the upward arrow from magenta
line. The black line indicates the common tangent drawn between concentrations ϕa and

ϕb which corresponds to minimas of free energy in red.

density function). Hence the free energy of the mixed system will be (V1 + V2)f(ϕ0). To
create a homogeneously mixed state, the free energy density of the mixed state must be
less than the free energy density before mixing:

f(xϕ1 + (1− x)ϕ2) < xf(ϕ1) + (1− x)f(ϕ2) (2.26)

The above condition implies that f(ϕ) is an upper concave function in the region ϕ1 <

ϕ < ϕ2 (see Figure 2.3 (blue)), i.e., ∂2f
∂ϕ2 > 0 for ϕ1 < ϕ < ϕ2. On the other hand if
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free-energy density f(ϕ) has an upper convex part in the region between ϕ1 and ϕ2 as in
Figure 2.3 (red), the solution phase separates into two concentrations ϕa and ϕb [78].

We know that the shape of the function f(ϕ) varies with temperature. In the
temperature range where f(ϕ) has two local minima, a solution with concentration ϕ0

(ϕa < ϕ0 < ϕb) will phase separate into two phases, ϕa and ϕb as mentioned before.
One could find these concentrations from the free energy density curve using the common
tangent criterion [79, 252]:[

∂f

∂ϕ

]
ϕa

=

[
∂f

∂ϕ

]
ϕb

=
f(ϕb)− f(ϕa)

ϕb − ϕa
(2.27)

In order for a double local minimum to appear in the free energy density function,
it should have the existence of a concave downward region positioned between ϕa and ϕb.
As a consequence, within this range, there would exist two points C and D where the
double derivative of free-energy density is zero. The locations of all such points in the
ϕ−T curve defines the spinodal line. In the vicinity of the critical temperature, the points
C and D comes closer, ultimately converging at the critical point. Beyond the critical
point, ∂2f

∂ϕ2 assumes a positive value. This, in turn, implies the fulfillment of a distinct set
of equations precisely at the critical point [79], which can be used to determine it.

∂2f

∂ϕ2
= 0,

∂3f

∂ϕ3
= 0

(2.28)

2.2.3 Phase diagram - polymer blend

Here we summarize the phase behaviour of the mixture showing the regions of stability,
instability and metastability. The free energy of mixing a polymer blend was given in Eq.
(2.23). As mentioned before in the last part of the subsection 2.2.2, the common tangent
to the free energy at the compositions ϕa and ϕb corresponds to equilibrium phases. For
a simple symmetric polymer blend with NA = NB = N the common tangent line is
horizontal. So Eq. (2.27) can be solved for the interaction parameter corresponding to
the phase-boundary. Hence the binodal (see Fig 2.4 (solid line in red color)) of a symmetric
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blend is given by:

χb =
ln (ϕ/(1− ϕ))

(2ϕ− 1)N
(2.29)

Using the empirical temperature dependence of the interaction parameter χ(T ) (equation
(2.24)), the relation in Eq. (2.29) can be transformed to that in ϕ− T space:

Tb =
B

ln (ϕ/(1− ϕ))/((2ϕ− 1)N)− A
(2.30)

Now, solving the top equation in Eq. (2.28), the curve corresponding to the inflection
point can be derived. This curve is called the spinodal (dashed red lines in Figure 2.4)
which is the boundary between unstable and metastable region. [79, 252]:

χs =
1

2

[
1

NAϕ
+

1

NB(1− ϕ)

]
(2.31)

Applying the bottom equation of Eq. (2.28), the critical concentration is obtained; sub-
stituting it in Eq.(2.31) we get χc :

ϕc =

√
NB√

NB +
√
NA

χc =
1

2

[
1√
NA

+
1√
NB

]2 (2.32)

For a symmetric blend Eq. (2.32) simplifies to [78, 252]:

ϕc =
1

2

χc =
2

N

(2.33)

When the interaction parameters χ falls below the critical threshold, the homogeneous
mixture remains stable across all concentrations. However when χ becomes greater than
χc, a phase separation gap called the miscibility gap, between the dual branches of the
binodal, as illustrated in Figure 2.4 (blue) arises. For any composition in this miscibility
gap, the equilibrium state corresponds to concentrations ϕa and ϕb, located on the two
branches of the coexistence curve at the same value of χ [252].



Chapter II. Theory 20

B

Figure 2.4: The free energy of mixing (in blue) and the binodal curve in Nχ- ϕ plane
(in solid red lines) is shown for a symmetric polymer blend. The left y axis (in red color)
indicates the Nχ values and the right y axis in blue color indicates scaled free-energy of
mixing. The upper and bottom axis both indicates volume-fraction ϕ. The free-energy
of mixing was drawn by choosing Nχ = 2.7. The pink/magenta colored vertical lines
indicates the concentrations where ∂2F/∂ϕ2 = 0, giving the spinodal volume fraction
for the given free-energy curve. The green vertical lines are the volume fraction where
the free energy has minimas, i.e., phase separated concentrations. The red dashed curve
indicates spinodal for a symmetric mixture. Critical volume fraction ϕc and the scaled

critical interaction parameter Nχc is also shown here in black dashed lines.

2.2.3.1 Upper and Lower critical solution temperature

The understanding of how polymers interact with solvents dates back to the work of Flory
[101] and Huggins [144, 224], who introduced the polymer-solvent interaction parameter
χ. Their theory explained why the solubility of polymers behaved differently from that
of small molecules. They also introduced the concept of free volume [225, 224] which was
later used to explain the lower/upper critical solution temperature (LCST/UCST).

We can divide the thermoresponsive polymers into two categories based on their criti-
cal solution temperature, i.e polymers having an upper critical solution temperature or the
ones having a lower critical solution temperature. Figures 2.5 (a)-(b) depicts the phase di-
agram of LCST and UCST polymers respectively. Both types of polymers exhibit changes
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Figure 2.5: Binodal diagrams for (a) LCST polymers, (b) UCST polymers depending
on polymer fraction ϕ.

PNAGA

(a)

(b)

PNIPAM

Extended Coils

Extended Coils

Collapsed globules

Collapsed globules

H-bonding

H-bonding H-bonding

Hydrophobic Interactions

Figure 2.6: Schematics of coil to globule transition in (a) LCST polymer PNIPAM
and (b) UCST polymer PNAGA.

in their properties at the critical solution temperature. UCST polymers are insoluble at
low temperatures but become soluble above the UCST due to an enthalpy-driven process
[292, 224]. In contrast, LCST polymers dissolve in solvent at low temperatures and are
insoluble at high temperatures. The coil to globule transition in this case happens due
to the increase in entropy, resulting in the polymers precipitating out of the solution. A
possible reason for this behavior in water-based gels is the hydrophobic effect [285]. Such
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gels can be described as a two-component system, consisting of the polymer and solvent
(or solvent mixture), where their ability to mix depends on temperature and polymer
concentrations.

The thermosensitive polymer poly(N-isopropylacrylamide) (PNIPAM) having LCST,
is widely studied since its critical solution temperature is close to physiological temper-
ature (32◦ C) [261, 224]. It undergoes entropic coil to globule transition in aqueous
media [224, 130] as shown in Figure 2.6 (a). We can use the Gibbs free energy of mixing
∆Gmix = ∆Hmix − T∆Smix to understand the volume contraction in the PNIPAM gel
[335, 224]. Below the LCST temperature, the enthalpy of mixing (∆Hmix) is negative due
to formation of hydrogen bonds between water and the amide groups. This also leads to
a more ordered state where the entropy of mixing (∆Smix) is negative. The very nega-
tive enthalpic term dominates at the low temperatures and hence ∆Gmix < 0, promoting
mixing. As temperature increases and reaches values close to LCST, hydrogen bonds
break. Above the LCST temperature, the endothermic breaking of hydrogen bonds leads
to ∆Hmix being less negative and the entropy gain due to higher temperature causes the
T∆Smix term to dominate leading to ∆Gmix > 0 [224]. Thus at these temperatures we
have coexistence of water and a collapsed polymer state.

Similarly we can also use the concept of free energy of mixing to explain the UCST
behaviour in aqueous solutions. Poly(N-acryloyl glycinamide) (PNAGA) is an example of
a non-ionic polymer that shows the UCST-type phase transition in aqueous solutions [28].
Figure 2.6 (b) show the schematics of this coil to globule transition for PNAGA polymers.
This polymer is insoluble in water at low temperatures due to the strong polymer-polymer
hydrogen bonds, which could be disrupted on heating the system. Hence at temperatures
below UCST we have a positive ∆Hmix and the strong positive enthalpy of mixing dom-
inates over the entropy of mixing ∆Smix [269]. Consequently, the free energy of mixing,
∆Gmix is positive and thus at temperatures less than UCST we have phase separation.
At temperatures above UCST, the interaction between the polymer chains get weakened
and the interactions between water and polymer becomes energetically favorable. This
leads to ∆Hmix being negative or less positive. However as the temperature increases, the
entropy also increases and thus T∆Smix term of the free energy dominates over ∆Hmix,
causing ∆Gmix < 0. Thus for temperatures above UCST, these polymers mix with the
solvent.
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Figure 2.7: The phase diagram illustrates a polymer solution featuring an upper crit-
ical solution temperature. The solid red line depicts the binodal curve, indicating the
threshold for phase separation. Meanwhile, the dashed blue line signifies the lower tem-

perature limit of the semi-dilute good solvent region [252, 73].

2.2.4 Summary of polymer solutions

The discussion in this section is for a polymer solution showing upper critical solution
temperature with A = 0 and B a positive value as illustrated in Figure 2.7. The tem-
perature "θ” marked on the y axis of Figure 2.7 demarcates the transition from poor to
good solvent regions. At the theta temperature, the net excluded volume interaction is
zero due to the precise balance between steric repulsion (b3) and solvent-mediated attrac-
tion (−2χb3)[79, 252]. Consequently, at this temperature, polymer chains exhibit ideal
behavior with R = R0 = bN1/2 across all concentrations [73, 78]. Near the theta tem-
perature for (|T − θ|/θ < 1/

√
N), there are two regions: (1) the solutions where the

chains do not interpenetrate each other are called dilute θ-solutions and this happens
when ϕ < ϕ∗

θ ≈ 1/
√
N and (2) the solution with overlapping chains are called semi-dilute

θ-solutions and happens for ϕ > ϕ∗
θ [252]. Here ϕ∗

θ represents the overlap concentration
for a θ solvent. In both θ regions, chains maintain a nearly ideal coil size [252].

As temperature decreases, solvent quality diminishes, causing polymer collapse and
potential phase separation (see Figure 2.8). Previously, we had defined the binodal curve.
In principle this curve distinguishes the phase separated region from the homogeneous
mixture phase. The peak of the binodal curve is the critical point with critical composition
ϕc

∼= 1√
N

. The critical interaction parameter is χc = 1
2
+ 1√

N
+ 1

2N
. Below the binodal
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Figure 2.8: Conformation of a dilute globule in a poor solvent, depicted as a random
walk of thermal blobs up to the size of the globule.

curve, the solution separates into a dilute phase of isolated globules and a concentrated
sediment. The concentrations of the dilute phase (ϕ′) and concentrated sediment (ϕ′′)
are given by the coexistence curve. The sediment concentration ϕ

′′ is determined by the
balance of the second and third virial terms , ϕ′′ ≈ − v

b3
≈ 2χ− 1. The globule size is thus

given by:

Rgl ≈
b2N1/3

|v|1/3
(2.34)

If the temperature is high enough, the solvent becomes a good solvent and it exhibits
three distinct regimes. The dilute good solvent regime exists at concentrations ϕ < ϕ∗ ≈(

b3

v

)6ν−1

N1−3ν . In this regime, the size of a swollen chain with excluded volume v >

b3/
√
N , is similar to that of a self-avoiding walk of thermal blobs of size ξT ≈ bg

1/2
T ≈ b4

|v|4 .
Here gT represents the number of monomers within a thermal blob. Thus using the above
idea the size of the coil can be given by

RF ≈ b
( v
b3

)2ν−1

Nν (2.35)

Chains begin to overlap for ϕ > ϕ∗. In the concentration range ϕ∗ < ϕ < ϕ∗∗ ≈ v/b3,
we are at the semi-dilute good solvent regime. In this regime, since the polymer volume
fractions are still quite low, each monomer can see only the solvent and few monomers of
the same chain at shorter distances. Semi-dilute solutions are characterized by a length
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scale ξ, where a given chain starts to interact with other chains. The correlation length
is given by [252, 200]:

ξ ≈ b

(
b3

v

)(2ν−1)/(3ν−1)

ϕ−ν/(3ν−1) (2.36)

On length scales larger than ξ, excluded volume interactions are screened by over-
lapping chains and hence on these scales the semi-dilute solution behaves like a melt of
chains composed of correlation blobs. The size of the polymer chain in this regime is:

R ≈ b

(
v

b3ϕ

)(ν−1/2)/(3ν−1)

N1/2 (2.37)

At length scales between thermal blob size and the correlation blob size (ξT < r < ξ),
the chains are swollen, i.e., it exhibits self avoiding walks. It shows ideal chain statistics
in the length scales where r < ξT [230, 252]. Figure 2.9 (a) - left shows the schematics
of a chain in semi-dilute good solvent in which both the correlation and thermal blobs
are indicated. The right part of the same figure shows how the end to end distance
of a subsection of the chain scales with number of monomers in the subsection. The
concentration dependence of polymer size can be obtained using de-Gennes scaling theory
[73, 252].

R ≈ RF

(
ϕ

ϕ∗

)−(ν−1/2)/(3ν−1)

≈ R0

(
ϕ

ϕ∗∗

)−(ν−1/2)/(3ν−1)

(2.38)

The equation (2.38) shows that the chain size in semi-dilute good solvent decreases weakly
with increasing concentration: Figure 2.9 (b) shows how the chain size and correlation
length, scales with concentration ϕ in a good solvent.

Equation (2.36) indicates that the correlation length decreases with increasing con-
centration, while the thermal blob size ξT remains constant (ξT ≈ b4

|v|) as shown in the
Figure 2.9 (b). This implies that at a certain concentration ϕ∗∗, where ξT ≈ ξ, the inter-
mediate swollen region vanishes. Thus value ϕ∗∗ = v

b3
indicates the start of concentrated

regime.

At concentrations exceeding the critical value ϕ∗∗, chains behave ideally at all length
scales. This regime is an extension of the semi-dilute θ-solution region to higher temper-
atures. The correlation length also dictates the osmotic pressure and is given by Π ≈ kT

ξ3
.

This equation is valid for theta, good, and athermal solvents [252, 73, 200].
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(a)

(b)

Figure 2.9: (a -left) Schematic of a chain in a semi-dilute good solvent. The red colored
circles mark the thermal blobs and the green colored circles represent the correlation
blobs. The chain of interest is colored orange and the surrounding chains are blue in color.
The black colored circles shows the correlation blobs from the near-by chains. (a-right)
The plot shows the variation of end-to-end distance with the size of a chain subsection
in a good solvent in logscale. (b) Log-scale plot of the concentration dependence of coil-
size (solid red lines) and correlation length (dashed red lines) for a chain in intermediate

good solvent. The figures (a)-(b) are plotted with the scaling exponent ν = 3/5

2.3 Polymer Gels

Polymer gels are an interesting class of soft matter. They are composed of polymer chains,
which are cross-linked to form a network. They have high solvent retention capacity.
When these network structures are made of hydrophilic polymers they can store a large
amount of water. In addition to this they are soft, elastic and are porous. Due to their
ability to absorb and release solvents or other substances they are considered extremely
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versatile. Polymer gels are used in various applications like drug delivery [110, 76, 307],
tissue engineering [68, 141, 44], eye health-related applications, including contact lenses
and artificial corneas [59, 206, 146, 8], as well as an agricultural soil conditioners [281, 27,
32]. They have also found their way into commercial products e.g. diapers due to their
exceptional absorbent property [50, 255, 334].

Physical gels and chemical gels represent the two fundamental types of polymer gels
depending on their composition and structure. Physical gels are formed through physical
interactions, such as hydrogen bonding [157, 64], van der Waals forces, or entanglement
of polymer chains [237]. These are gels which under various external stimuli like tempera-
ture, pH or the concentration of surrounding solvent can change their structure reversibly
along with their properties. Chemical gels or covalent gel are generated by permanent
covalent bonds between polymer chains, which forms a 3-dimensional network. These gels
are much stronger mechanically and structurally since they can form covalent bonds. The
structure of a chemical gel is created when it is formed and will not easily be altered
by environmental conditions. Their physical rigidity has made them suitable for tissue
engineering, where they can serve as a scaffolds to promote cell proliferation and regener-
ation [310]. Both physical and chemical gels are characterized by their unique attributes
and accompanying phenomena, so the choice between which one to employ is ultimately
dictated by the application under consideration.

2.3.1 Elasticity

The phrase ’rubberlike elasticity’ [102] characterizes the elastic response of substances
comprising of polymers or polymer-like structures, essentially long-chain molecules. Ini-
tially observed in natural and vulcanized rubber, this behavior is now attributed to the
entropic effects of the constituent polymer chains. When working with gels, this term is
equally applicable. The objective of this section is to present fundamental models and
principles for analyzing the elastic traits of the gel systems under investigation.

2.3.1.1 Affine Network Model

The impressive flexibility of polymer networks comes from the entropic elasticity of their
polymer chains. In the affine network model, proposed by Kuhn [169], each strand’s
deformation is assumed to match the overall network’s deformation.
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For a rubber network with initial dimensions Lx0, Ly0, and Lz0, if deformed by factors
λx, λy, and λz, the new dimensions are Lx = λxLx0, Ly = λyLy0, and Lz = λzLz0.
Each strand with N monomers has an end-to-end vector R⃗0, which transforms to R⃗ with
projections Rx = λxRx0, Ry = λyRy0, and Rz = λzRz0 [252, 136].

The entropy of a chain with N Kuhn monomers and end-to-end vector R⃗ is:

S(N, R⃗) = −3

2
kB

R⃗2

Nb2
+ S(N, 0) (2.39)

The change in entropy due to deformation is:

S(N, R⃗)− S(N, R⃗0) = −3

2
kB

(λ2x − 1)R2
x0 + (λ2y − 1)R2

y0 + (λ2z − 1)R2
z0

Nb2
(2.40)

For n strands in the network, the total entropy change is:

∆Snet = −nkB
2

(λ2x + λ2y + λ2z − 3) (2.41)

The free energy change is:

∆Fnet = −T∆Snet

=
nkBT

2
(λ2x + λ2y + λ2z − 3)

(2.42)

For uni-axial deformation at constant volume, the product of deformation factors
λxλyλz = 1. Hence, if λx = λ, the other two factors should be λy = λz =

1√
λ

to keep the
volume constant.

The free energy change for uni-axial deformation is:

∆Fnet =
nkBT

2

(
λ2 +

2

λ
− 3
)

(2.43)

The force required for deformation is:

fx =
∂∆Fnet

∂Lx

=
nkBT

Lx0

(λ− 1

λ2
)

(2.44)
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The nominal stress given by, dividing fx by the initial cross-sectional area, is [119]:

σxx =
nkBT

V
(λ2 − 1

λ
) (2.45)

The shear modulus G is:

G =
nkBT

V
= νkBT (2.46)

2.3.1.2 Phantom network model

Affine network model assumes that the network’s endpoints remain anchored in space,
moving in an affine manner along with the entire network. In reality the strands connect
at cross-links, that constantly fluctuates rather than remain stationary. These fluctuations
help in reducing the cumulative stretching of strands, lowering the system’s free energy.
This perspective is captured in a phantom network model [223, 83, 102, 128], envisioning
the strands as ideal chains with ends connected at cross-links while the outer surface of the
phantom network is fixed to a stable and immutable boundary. This anchoring stabilizes
the volume of the phantom network, preventing any collapse. One can obtain the shear
modulus of a phantom network from the modulus of affine network by substituting ν in
equation 2.46 with ν(f − 2)/f :

G = νkBT
f − 2

f
(2.47)

Here f refers to the functionality of the cross-linkers. The phantom network has the same
number density of strands as the affine network but only the fraction (f − 2)/f of the
combined chain is the real strands that supports stress [128, 136, 252].

2.3.2 Summary of swelling of polymer gels

The polymer volume fraction ϕ in a swollen or partially swollen gel can be determined by
measuring the volume V of the swollen gel (including the solvent) and the volume of the
dry gel Vdry [252]:

ϕ =
Vdry

V
(2.48)
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The volume fraction ϕ0 of the polymers in the initial preparation state with volume V0
remains constant as the amount of polymers doesn’t change during swelling or de-swelling.
The volume change is solely due to the solvent:

V0ϕ0 = V ϕ = Vdry (2.49)

When a macroscopic network swells uniformly in a solvent, the swelling factor λ is
the cube root of the volume ratio V/V0 or the initial and final volume fractions ϕ0/ϕ:

λ =
( V
V0

)1/3
=
(
ϕ0/ϕ

)1/3
(2.50)

Panyukov proposed the scaling of the elastic energy of gels during swelling/deswelling
to be given by [222, 252, 136]:

Fel

kBT

( ϕ

Nb3

)
≈ G

kBT
≈ ϕ

Nb3

(λR0

Rref

)2
(2.51)

Here, R2
0 is the mean square end-to-end distance of the chains in the preparation state,

and R2
ref is the mean square end-to-end distance of a free chain with the same number

of monomers as the gel strand in the same solution and G is the modulus of the gel in
swollen or partially swollen state.

During swelling equilibrium, the gel’s elasticity is balanced by the osmotic pressure
Π from a semi-dilute solution of uncrosslinked chains at a similar concentration. The
equilibrium swelling ratio Q is the ratio of the fully swollen volume Veq to the dry volume
Vdry [70]:

Q =
Veq

Vdry
(2.52)

In θ and athermal solvents, the swelling ratio is Q ≈ N3/8

ϕ
1/4
0

and Q ≈ N3(3ν−1)/4

ϕ
1/4
0

, re-

spectively [70]. In a good solvent for ϕ > ϕ∗∗, chains behave almost like an ideal chain,
while for ϕ < ϕ∗∗, chains are swollen on intermediate scales. The network modulus and
equilibrium swelling depends on the preparation and fully swollen concentrations (ϕ0 and
1/Q) relative to the crossover concentration ϕ∗∗. Since the swollen concentration is always
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lower than the preparation concentration (1/Q < ϕ0), three cases are possible with the
following swelling ratios [222, 252]:

Q = (v/b3)0.4N0.57ϕ
−1/4
0 1/Q < ϕ0 < ϕ∗∗

= (v/b3)0.53N0.57ϕ−0.38
0 1/Q < ϕ∗∗ < ϕ0

= N3/8ϕ
−1/4
0 ϕ∗∗ < 1/Q < ϕ0

(2.53)

2.4 Capillary Wave theory

Understanding the interfacial properties of fluids is just as important as studying its bulk
properties. In the early years of eighteen hundred’s, scientists like Laplace and Gauss had
made attempts to explain the interfaces and capillary phenomenon [250], which was later
picked up by Maxwell in 1876, in his essay on "Capillary action" [193, 250]. However
these early works, heavily relied on the assumption that the molecules or atoms at these
interfaces are static. Secondly they assumed, that the gas-liquid interfaces are sharply
defined, like a step function in density, which restricted their treatments near their critical
triple point [250, 93]. Clearly, the first assumption is not true, as we now know that
molecules are in constant thermal motion. A flaw in the assumption of sharp interface
was also pointed out by Poisson in 1831 [232] and later corrected by Lord Rayleigh [184].
They argued that the molecules near to the interface would experience forces from the
interface and because of this the density at the interface cannot be uniform. In 1893, van
der Waals tried to address both these problems by developing a thermodynamic theory,
where the density of molecules are continuous function of height [250, 245]. This was later
re-derived in 1958 by Cahn and Hillard [43] using modern approaches, which replaced the
step function for density by a continuous one

ρ(z) =
1

2

[
ρ1 + ρ2 − (ρ1 − ρ2) tanh (2z/w)

]
(2.54)

where ρ1 and ρ2 are the densities of the two phases and w is the width of the interface.

Despite its conceptual simplicity, the infinitely sharp interface is still utilized in contin-
uum frameworks like the Gibbs dividing surface model [319]. The major drawback of these
continuous description of densities are that, they do not take into account fluctuations
at the interface. Therefore, instead of assuming any random or uniform distribution of
molecular densities, current theories of liquid focuses on correlation functions i.e., modern



Chapter II. Theory 32

theories of liquids is articulated in terms of the conditional probability of the occurrence
of molecular pairs at specified positions in the system [3, 40].

For a fluid-fluid interace it is a well known fact that their interfaces are perturbed
by long wavelength fluctuations parallel to the surface. These waves later called capillary
waves are the oscillation of fluid under the influence of surface tension, in the absence of
other external forces. Diving deeper into these oscillatory movements, Young discovered
[328] a strong relationship between the wave’s wavelength, velocity, and the surface tension
acting upon it, given by :

ω(k) =

√
γ3k

ρ
+ gk (2.55)

Here, ω and k denote the frequency of the wave and wavenumber, respectively. The con-
stants g, γ, and ρ represent gravitational acceleration, surface tension, and fluid density,
respectively. Equation (2.55) comprises of two terms: the first captures capillary waves,
and the second accounts for gravity waves. The capillary length serves as the scale where
the transition between these regimes occurs. In this model, the shift between fluid/fluid
phases is locally abrupt, characterized by a fluctuating height h(x, y) along the surface
normal.

The Capillary Wave Theory (CWT) [229, 40] incorporates these oscillations using the
concept of an intrinsic surface z = ξ(R), where R = (x, y), representing the microscopic
boundary between liquid and vapor [51]. The intrinsic surface correlations, ⟨ξ(R1)ξ(R2)⟩,
account for long-ranged transverse dependence. The CWT assumes statistical indepen-
dence between ρ̃(z) (intrinsic density) and ξ(R). It also postulates that ξ(R) follows
a simple surface Hamiltonian, leading to uncorrelated Gaussian probabilities for each

Fourier component, with ⟨|ξ̂q|2⟩ =
(
γ0Aq

2/kBT
)−1

. Here, γ0 is the macroscopic surface
tension, A = L2

x is the finite transverse size, and periodic boundary conditions q ≥ 2π/Lx

are applied [51]. The shape of the intrinsic profile is determined based on the definition of
ξ(R) and the upper limit qu ≥ q for resolution [51, 229]. Thus under these assumptions,
the shape of the intrinsic density profile is given by

ρ̃(z, qu) = ⟨ 1
A

N∑
i=1

δ(z − zi + ξ(Ri))⟩ (2.56)
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One could also compare the intrinsic density profile in Equation (2.56) with the mean
density profile or the non-intrinsic density profile

ρ(z, qu) = ⟨ 1
A

N∑
i=1

δ(z − zi)⟩ (2.57)

The difference here is that the intrinsic profile is measured with respect to an instantaneous
local surface, whereas the non-intrinsic profile is measured with respect to an external fixed
plane. Interestingly we have a relationship between the intrinsic density profiles ρ̂(z) and
the non-intrinsic profile ρ(z) [93, 53], i.e., non-intrinsic profiles can be expressed by the
convolution of intrinsic profiles with Gaussian of width ∆CW(qu) =

∑
q⟨ξ2q ⟩ [52]

ρ(z, Lx) =

∫
dz

′ ρ̃(z
′
qu)√

2π∆CW
exp−(z − z′)2

2∆CW
(2.58)

This a prediction from the Capillary Wave theory and can be used to check whether
the theory is applicable to a particular system of interest [52, 93].

2.5 Summary

This chapter provides a comprehensive overview of the foundational concepts in polymer
physics and gels. We begin with a brief history of polymer science, setting the stage for
an introduction to ideal chain models. In this section, we cover fundamental concepts
such as methods for describing the size of a polymer and the scaling relation to the num-
ber of bonds in a chain. We introduce the radius of gyration and its relationship to the
end-to-end distance of a polymer chain. Additionally, we explore the free-energy and
probability distributions associated with Gaussian chains. Moving forward, we provide a
concise description of real polymer chains, focusing on the Meyer function and the concept
of excluded volume. We then discuss the scaling laws governing polymer size in various
solvents, including athermal, good, theta, and poor solvents. This discussion extends to
polymer solutions, where we explain the Flory-Huggins theory of mixing and the criteria
for phase separation, which are crucial for understanding the volume phase transition
in thermo-responsive gels. We also examine how chain size varies with concentration in
different concentration of polymer solutions and the solvent nature. The chapter transi-
tions into a discussion on polymer gels, introducing two fundamental elastic theories. We
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summarize the swelling behavior of these gels in different solvents, providing a clear under-
standing of swelling ratios. The chapter concludes with an introduction to Capillary-Wave
theory, which will be utilized in Chapter 4 to derive interfacial tension. This theoretical
framework sets the stage for the detailed analysis presented in the subsequent chapters.



Chapter 3

Computer simulations

3.1 Introduction

Computer simulations have a valuable role to play in providing exact solutions to problems
in a variety of fields including economics, physics, chemistry, biology and engineering. The
general approach of a simulation is to utilize models and algorithms to mimic the processes
we are trying to learn. The results from a computer simulations can be compared with
real experiments. In the first place this would act as a test for the underlying models used
in the simulation. Later, if the model is a good one, the simulator can offer insights into
difficult, expensive or impossible experiments, which can easily be done on a computer.
They are also helpful in testing theories and hypothesis. Thus simulations plays a dual
role by bridging the gap between models and theoretical predictions and also models and
experimental results.

3.2 HOOMD Blue package

Since all the simulations in the presented thesis were performed with HOOMD package
it seems rational to justify this choice and present the core features of this molecular
dynamics package. HOOMD stands for Highly Optimized Object-Oriented Molecular
Dynamics. We discuss a brief history of HOOMD based on this paper by Anderson [19]
(https://github.com/glotzerlab/hoomd-blue).

35
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HOOMD’s development began in March 2007, arising from the need to have a highly
efficient MD simulations package based on GPUs for coarse-grained simulations. It is
the first fully GPU enabled simulation package and was made openly available since
2008. The implementation originated with a CUDA and C++ backend, offering Python
scripting capabilities within an imperative programming paradigm. However, it required
these scripts to be run through HOOMD-blue’s modified interpreter that was responsi-
ble for managing it’s global state [41]. The Python front-end facilitated it’s broader use
and proved to be more advantageous over it’s contemporary softwares like LAMMPS for
which a python interface was only later developed (in 2010, as far as I know). Within
the research community, HOOMD gained more notice as scholars utilized and referenced
its abilities. Papers also emerged utilizing the platform, signaling its traction. HOOMD
was renamed "HOOMD-blue", after University of Michigan acquired it, in August 2009.
Later, certain improvements were incorporated into HOOMD-blue. Version 1.0 intro-
duced in 2014 provided support for MPI domain decomposition followed by version 2.0
in 2016 which supported Monte Carlo techniques [114, 115] and discrete element molecu-
lar dynamics for rigid bodies [15]. Version 2.0 also allowed for the use of HOOMD-blue
within the conventional python scripts. It also introduced ’SimulationContext’ object
which allowed for multiple autonomous simulations within a singular script. However
this version only allowed partial access of users to global state and its python APIs were
largely inspired from existing softwares like LAMMPS. In the later release like version 3.0,
a complete change or re-design of the Pythonic interface was seen, making it more trans-
parent and intuitive to the users. The concept of global object was removed and highly
object oriented approaches was incorporated, giving the users the access to simulation
configurations wherever possible [41].

3.3 Molecular Dynamic Simulations

Molecular dynamics (MD) simulations have become a powerful tool to study molecular
systems, at coarse-grained levels. This computational approach enables us to understand
the steady state properties and dynamical behavior of systems at those scales for which
particle trajectories cannot be followed through experiments. MD simulation framework
intends to solve Newtons equations of motion to examine how a system evolves with time.
Information derived from MD simulations not only validates theoretical expectations but
also enables us to generate fresh predictions in scenarios where theory is confined by its
initial assumptions or the extent of its applicability. As described before, MD simulations
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works by integrating the equations of motion and generally for a particle these equations
looks like the following:

¨⃗x =
F⃗i

mi

(3.1)

here x⃗i is the position of the particle i, F⃗i is the net forces acting on the particle i, and
mi is the mass of the particle i. The dots on x⃗i indicates second derivative with respect
to time. To work with this method, it is necessary to define the initial conditions, which
include the positions and velocities of all particles at a chosen time point, denoted as t0.
A challenging aspect of MD simulation is calculating the forces acting on the particles;
challenging because it is the most time consuming step in a simulation, which is of the
order of O(N2). Here N is the number of particles. However several methods are used
to overcome this issues, some of which will be discussed in the subsequent sub-sections
3.3.3.1 and 3.3.3.2 .

3.3.1 Walls

Walls are oriented surfaces which interacts with the particles in the simulation box. These
surfaces can be rough (made of particles) or ideal (made of interacting surfaces). HOOMD-
blue allows for the creation of both rough and ideal walls. Rough walls can be created
based on the requirement of the user and could possibly have a variety of shapes. After
initializing the rough wall, the user can define the force field with which it interacts with
the particles in the simulation box. HOOMD always uses periodic boundaries, so the users
must ensure that the rough wall is defined in such a way that particles in the simulation
box do not move between the allowed and the disallowed regions created by the walls, in
either direction. Another aspect of caution is to set the width of the disallowed regions
created by the rough walls and the simulation box length such that the particles do not
interact across the periodic boundaries.

In HOOMD-blue, ideal or virtual walls have only limited pre-defined shapes and
pair potentials to choose from. For example HOOMD-blue provides shapes like planes,
spheres and cylinders. In contrast to the rough walls, the virtual walls only exist within
the the primary simulation box, however all cautions needed for the rough walls should
also be applied to the virtual walls. Each of these virtual surfaces divides the space
into two regions: one where particles are expected to be present, indicated by a positive
signed distance from the surface, and one where particles are not expected, indicated by a
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negative signed distance. Since particles are always wrapped into the primary simulation
box, particles will interact only with the portions of the wall geometries that lie in (or
just outside) the primary box image. The virtual walls provided by HOOMD-blue does
not rescale under affine transformation of the simulation box or during constant pressure
simulations. This rescaling of the virtual walls, have to be done by an external patch
of code which updates the position of these walls as the simulation box size changes.
However since the rough walls are made of particles they naturally get rescaled, if the
particles that makes up the wall is also passed on to the integrator.

3.3.2 Boundary Conditions

Boundary conditions play a crucial role in simulation work. The choice between free,
fixed, or periodic boundaries, or a combination thereof, should be tailored to the specific
needs that are particular to your system. When one want to simulate a small number
of particles, a major portion of them may accumulate at the surfaces. This would lead
to wrong interpretation of the results, especially if we are looking at bulk properties, as
surface effects would distort the results. Many, thus choose periodic boundary conditions
to address this issue, thus simulating a system that behaves as if it continues beyond its
apparent boundaries.

3.3.2.1 Periodic Boundary conditions

We can simulate bulk condensed phases and overcome the surface effects described before
by using periodic boundary conditions [93, 9, 38]. Here the simulation cell, normally a
cubical box, are replicated throughout the space to form an infinite lattice. One important
property of PBC is that any shift in the particle position within the main box results in
shifts of all mirrored replicates throughout repeated cells. This structure of an intercon-
nected arrangement allows for interactions not only within the original cell but also with
virtually infinite mirrored counterparts [160, 9]. In the models considered in the thesis,
all the interactions are short ranged. So we work with the so-called minimum image con-
vention [132], which means that for each particle in the primary simulation box, only the
interactions from the nearest neighbor particles are taken into consideration. However,
if we are working with long-range interacting potentials, we will need to retain several
nearest particles.
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3.3.2.2 Non-periodic boundary conditions

This is a broad term which encompasses several type of boundary conditions like fixed
boundary, free boundary condition that do not use periodic wrapping and do not allow
for interaction between particles across the boundaries. It is generally used to simulate a
finite system.

• Fixed boundaries : Generally speaking fixed boundaries are a sub-class of non-
periodic boundary condition, i.e., they do not allow for any wrapping of the particles
that cross the box boundaries nor do they allow for interaction between particles
across the boundaries. The position of the face of the boundaries are fixed and when
the particles cross the boundary, they are typically removed from the simulation
state in the next time step. Thus the number of particles in each time step may vary.
This is problematic when we are trying to simulate a system in NVT ensemble. In
such cases, fixed boundaries are generally combined with walls near to the boundaries
so that the particles would not be removed from the simulation state. Unfortunately
HOOMD-blue does not allow for fixed boundaries, but one could try to implement it
using the custom action features in the newer versions of HOOMD-blue. A simpler
way would be to use a very large simulation box to prevent interaction across the
periodic boundaries and to use a wall to create a disallowed region. Ofcourse the
width of the disallowed region and box length should also be controlled in order
to prevent HOOMD-blue from applying pairwise interactions accounting for the
periodic boundary conditions. Such boundaries are used for simulating finite sized
systems under confinement [303, 134, 137], in some cases fixed boundaries combined
with rigid-walls [137, 134] could serve as anchoring points or substrates [29, 268],
they are also used to study interfaces and multi-layer systems [322, 272, 194, 125].

• Free boundaries : Free boundaries are again non-periodic boundary conditions.
Here the position of the face of the boundaries are changed, so as to encompass
the particles in the simulation state, no matter how far they move. Hence the
simulation box gets extended or shrunk depending on the movement of the particle.
One could also implement this boundary condition such that there is a bound on
the position of the face of the boundaries. For example if the face of one of the
x boundary was at 200σ (σ is the unit of length in simulation units) at the start
of the simulation, the face will always be positioned at 200σ or above, even if the
maximum extent of particle position in the x direction is less than 200σ. Many
studies invoking the use of free boundaries are found in the literature; for example
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the study of drug-diffusion from core-shell nano-particles [42], studies of deformation
in finite gels/networks [161, 165, 161, 135] and nanoindentation studies done on
crystal structures [322, 207].

HOOMD-blue does not support any kind of non-periodic boundary conditions. How-
ever as a work around for the free boundaries, one could typically start with a very
large simulation box dimension in the direction of interest. Thus if the box di-
mension is sufficiently large, it would prevent particles from interacting across the
boundary and would also encompass all the particles within the simulation box, thus
creating the effect of free boundaries. We utilized this method for equilibration of
our model network after relaxing the initial structure for our polymer-gel interface
studies [303] and for the pulling simulation done to calculate work and contraction
in the motor-gel studies [326].

3.3.3 Force Calculation in MD

As mentioned before in section 3.3, here we will discuss the method used to accelerate
the calculation of forces used in our simulations, which is called the "bounding volume
heirarchies". We will also describe, the other basic methods like Verlet and Cell-list which
was also tried upon initially.

3.3.3.1 Verlet and Cell lists

We have focused on pairwise additive forces, which is what determines how the particles
in our simulated system behaves. The next important step is to sum all these forces for
every pair of particles individually. But the naive solution of iterating over all possible
particle pairs cannot do better than give a speed of order O(N2), which means that the
computational time required would grow in proportion to the square of the number of
particles in the system. This would be a significant limiting factor on conducting feasible
large-scale computer experiments.

Thankfully, for short-ranged pairs of additive interactions, one can optimize their
code to make the simulations feasible. One key concept is the introduction of Verlet lists
[104, 302, 117]. The idea is not to iterate through all the particle pairs at every step to
calculate the pair interactions, instead we build for each (simulated) particle i a dedicated
list containing only those particles which are present within the interaction range field at
the very beginning of the simulation. That is, each particle j well within a sphere of radius
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set to the cutoff value rcut (beyond this distance, it is safe to truncate potentials) about
the position of particle i will be separately itemized in an exclusive list corresponding to
its source particle i. The number of neighbors corresponding to each particle i is also
counted so that we can skip over the force calculations in case some particles do not have
neighbors. The created neighbor list, should be updated at the appropriate intervals in
order to correctly calculate the forces between the particles and thus evolve the system
with time. In practice, the sphere of influence extends somewhat further than the rcut
value by a skin depth denoted as σs. This extension is crucial for tracking particles that
are likely to approach within rcut during the next few integration steps. Generally in such
algorithms, whenever a particles moves a distance more than skin depth σs the Verlet list
is updated [105].

The use of cell lists also works well for various cases, although this may be a slightly
less elegant way to relieve much computational effort [9, 105, 133]. This method takes
the simulation volume and cuts it into cubes of side lengths greater than rcut. In this,
all the particles present in a cube are collected into a list corresponding to that cube.
The beauty of this approach becomes evident in larger simulations where the simulation
volume is subdivided into a multitude of such cubes. To find the total force acting on
a particle in each cube, we only need to look at possible interaction partners from the
neighboring cubes that are conveniently stored as cell lists. This is advantageous as it
helps to reduce computational cost with respect to considering all pairwise interactions
while calculating short-ranged interactions and also makes the simulations more efficient,
even in larger system sizes. However both these methods have large memory requirements
for big systems.

3.3.3.2 Bounding Volume Hierarchies (LBVH)

Tree structures like bounding volume hierarchies (BVH), k-d trees, octrees are used in
computer gaming and ray tracing [140, 305, 111, 164]. These methods are much more
efficient to detect collisions and intersections than the grid search methods. These algo-
rithms are able to group particle that are near to one another (in space) into a tree-like
structure, which could be searched by simple intersection tests [140]. Many of these algo-
rithm have already been implemented on a CPU to do neighbor searching for molecular
simulations [216, 24, 16, 296]. Recently, few researchers proposed to use BVH algorithms
to find neighbors in molecular simulation using GPUs [139]. A BVH partitions a system
based on objects rather than space. The tree like structure is constructed such that the
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objects are placed in leaf nodes, then these leaf nodes are placed together into internal
nodes and finally these internal nodes ends at the root node at the very top of the tree.

To identify the neighbors of a specified particle, the algorithm checks whether the
search volume intersects with the bounding volume of the node [139, 140]. This testing
for overlap, starts at the root node possessing the largest bounding volume. Then the
search progresses to the children of that node, if the algorithm detects an intersection
or overlap; otherwise, that particular branch of the tree will be bypassed. Ultimately,
the traversal arrives at a leaf node, where potentially more resource-intensive evaluations
between the search volume and the object contained within the leaf can be executed if
required.

HOOMD-blue uses linear bounding volume hierarchy (LBVH) [163] to search for
neighbors. To build a LBVH the simulation box is divided into bins and the particles
assigned into these bins, given a 30-bit Morton code [201] by interleaving the bin coor-
dinates bitwise and finally sorted along Z order curve [140, 188]. The sorted particles
are used to build the hierarchy. This involves recursively partitioning the set of particles
and enclosing each subset within a bounding volume. The algorithm enclose the nodes in
axis-aligned bounding boxes (AABBs) [290] because they are simple to construct, have
a small memory footprint, and are easy to test for overlaps. Thus the tree structure is
constructed such that there are N − 1 internal nodes for N nodes with each internal node
having two children. Each particle conducts a search within the BVH by using a bound-
ing volume centered around the particle. To account for periodic boundary conditions in
molecular simulations, the search volume is shifted by appropriate combinations of lattice
vectors, resulting in a total of 27 search volumes per particle for a three-dimensional pe-
riodic simulation box. Whenever the search volume intersects with an internal node, the
traversal proceeds down to the left child of the node. Conversely, if there is no overlap, the
traversal continues to reach the next node and thus continuing the search. The traversal
is finally terminated as it reaches or passes the root node.

3.3.3.3 Coarse grained potentials

For the simulation of interacting particles, it is necessary to calculate the pair-wise force
at any integration step. Here we will mainly discuss the pair-wise interactions (bonded
and non-bonded) used in our system, followed by interactions used to maintain stiffness
and model rotation around a bond in a molecule. All of them can be calculated as the
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gradient to the radially symmetric potential:

F⃗ = −∇⃗ϕ(r) (3.2)

Weeks Chandler Anderson Force (WCA): The Lennard-Jones potential aims to
model the interactions of noble gases like Helium, Neon, Argon etc. This pair potential
was original named after it’s creator Lennard-Jones after his land-mark publications [154,
153]. The potential shows a strong repulsion at distances smaller than the diameter
of the considered atoms and a small attractive region at larger distances. The WCA
[313] interaction is similar to the Lennard-Jones interaction, but it is cutoff at a distance
corresponding to the minimum of the potential and shifted such that the minimum lies
at zero.

VWCA = 4ϵ

[(σ
r

)12
− α

(σ
r

)6]
+ ϵ r < (2/α)1/6σ

= 0 r ≤ (2/α)1/6σ

(3.3)

Here ϵ is the interaction strength, σ the diameter and α the strength for the attractive
part.

Finite-Extensible-Nonlinear-Elastic: This represents a bonded potential, which
can break at finite distance (R0) between two particles [152, 311].

VFENE = −0.5KR0 ln

[
1−

(
r

R0

)2
]

(3.4)

Here K represents the strength of the potential, R0 the maximum possible extension of
the bonds.

Other than these short ranged interactions, we make use of dihedral and angular
potentials in our simulations which mainly imposes certain constraints to the particles
and to the bonded beads.

Dihedral Potential : A dihedral potential [198] characterizes the energy profile as
a function of the dihedral angle (torsional angle) between four atoms, usually forming a
sequence within a molecule. Dihedral potentials are used to study and model the confor-
mational flexibility of molecules [75]. They help understand, how different conformations
or rotational states of a molecule relate to its energy and stability. Although different
variations of dihedral potential are available, the one we will be using in our work has the
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following forms:

Vdihed =
Kdihed

2

[
1 + d cos (ϕ− ϕ0)

]
(3.5)

Vtors = Ktors sin
2 (ϕ− ϕref) (3.6)

Here Kdihed and Ktors represents the dihedral constant which controls the heights of these
potential. Here d is a sign factor that can take the value 1 or −1, ϕ0 and ϕref refers to the
phase shift angle.

Angular Potential : The angular potential or valence angle potential [198] charac-
terizes the energy associated with the bending or deformation of chemical bonds, such as
bond angles within a molecule. They try to maintain the structural integrity of molecules.
Here in our simulations we use the angular potential of the following form to maintain a
structural integrity.

VBend =
KBend

2

(
θ − θ0

)2
(3.7)

Here θ is the angle between two vectors (mostly consecutive in their arrangement) and θ0,
the angle constraint set by the user to prevent bending of the molecules beyond a point.
Kstiff is the strength of stiffness set by the user.

3.3.4 Rigid Molecules

Molecules are intricate structures made of atoms which interacts via inter-molecular or
intra-molecular forces. Considering the entire molecule has a single coarse-grained bead
would simplify the dynamics, however this would give us results which are far away from
reality. Hence preserving the structure of a molecule is important. This led to the use of
classical MD simulation techniques, where a molecule is represented as a collection of such
beads linked together by bonds. However, classical techniques would require very small
timesteps inorder to capture features like bond-vibration of the molecule. These timesteps
would lead to an unfeasible simulations routines. One possibility of preserving structure
and having feasible simulation time would be to suppress the degrees of freedom that
are unimportant, for example inter-molecular vibrations. Methods like RATTLE [14] and
SHAKE [253] are typical iterative methods which could achieve this by adding constraints
to the equations of motion. Although this is a standard way to model molecules with fixed
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bond lengths and bending angles but flexible dihedral angles, rigid body dynamics [80, 218,
219, 196] is more suitable as it is computationally more efficient and handles constraints
implicitly. Here we will focus on rigid-body dynamics, emphasizing quaternions over Euler
angles for numerical applications.

3.3.4.1 Euler Angles and Quaternions

The motion of rigid bodies can be broken down into two entirely independent compo-
nents: the translation of the center of mass and the rotation around the center of mass.
Translation is governed by the net force acting upon an object, while rotation depends on
the total torque [105, 9]. As such, we can study rotational dynamics separately.

The Euler angles are defined in terms of a sequence of rotations of a set of Cartesian
coordinate axes about the origin [243]. Although many conventions exist for Euler angles,
the one described here follows the Z-X′ -Z′′ (also known as the 3− 1− 3) convention. The
z− axis first rotates through an angle ϕ, followed by a x-axis rotation of θ. A final rotation
of ψ around the new z− axis then occurs. The complete rotation matrix R results from
multiplying the individual rotation matrices in the described order [105].

R = R(ψ)R(θ)R(ϕ) (3.8)

So we can use the rotation matrix to express the components of vector r′ in the
rotated coordinate system r = Rr′. Alternatively, we can start with r and apply the
opposite rotation in reverse order using the transpose of R, resulting in the rotated vector
r′ = RT r.

Another useful method to describe rotation is in terms of quaternions, which can be
expressed in terms of Euler angles as follows [116, 105, 243]:

q1 = sin (θ/2) cos ((ϕ− ψ)/2)

q2 = sin (θ/2) sin ((ϕ− ψ)/2)

q3 = cos (θ/2) cos ((ϕ+ ψ)/2)

q4 = cos (θ/2) cos ((ϕ+ ψ)/2)

(3.9)

The components are normalized:



Chapter III. Computer Simulations 46

∑
m

q2m = 1 (3.10)

The inverse relations are [105, 242]:

sin θ = 2
√
(q21 + q22)(1− q21 − q22)

cos θ = 1− 2(q21 + q22)

sinϕ = 2(q1q3 + q2q4)/ sin θ

cosϕ = 2(q1q4 − q2q3)/ sin θ

sinψ = 2(q1q3 − q2q4)/ sin θ

cosψ = 2(q1q4 + q2q3)/ sin θ

(3.11)

We get a singularity in this relation when θ = 0 or π, i.e., when two of the axes
coincide. To remove any ambiguity, we set ψ = 0 [105].

Another definition inspired by rotations around a fixed point is [9, 105]:

r′ = r cos β + (n · r)n(1− cos β) + (n× r) sin β (3.12)

where n is a unit vector specifying the axis of rotation and β is the rotation angle. Thus
we can define quaternion as a set of 4 scalar parameters based on the unit vector n and
rotation angle β as follows [22, 105, 116]:

qm =

{
nm sin (β/2), m = 1, 2, 3

cos (β/2), m = 4
(3.13)

Equation (3.12) can now be rewritten as:

r′ = (2q24 − 1)r+ 2(q · r)q+ 2q4q× r (3.14)

This leads to the rotation matrix having the form [11, 22, 105, 173, 34]:

R = 2

q21 + q24 − 1
2

q1q2 + q3q4 q1q3 − q2q4

q1q2 − q3q4 q22 + q24 − 1
2

q2q3 + q1q4

q1q3 + q2q4 q2q3 − q1q4 q23 + q24 − 1
2

 (3.15)
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Quaternions can also be defined as the sum of a scalar and a vector, using complex
number notation [105, 11]:

q̃ = q4 + iq (3.16)

The product of two quaternions is [22, 11, 173, 105]:

q̃q̃′ = q4q
′
4 − q · q′ + i(q4q

′ + qq′4 + q× q′) (3.17)

Rotation can be described by choosing a vector r, defining two quaternions r̃ = 0+ ir

and r̃′ = 0 + ir′, and using the relation r̃′ = q̃r̃q̃∗.

3.3.4.2 Equation of motion of rigid bodies - quaternion representation

Rigid-body dynamics involves two reference frames: a stationary space frame and a body
frame aligned with the rotating body’s principal axes [105, 243, 34]. The angular velocity
(ω′) in the body frame using Euler angles is [116, 105]:ω′

x

ω′
y

ω′
z

 =

sin θ sinϕ cosϕ 0

sin θ cosϕ sinϕ 0

cos θ 0 1


ϕ̇θ̇
ψ̇

 (3.18)

This matrix becomes singular when sin θ = 0. To avoid this issue, quaternions are used
instead [105]: 

ω′
x

ω′
y

ω′
z

0

 = 2W


q̇1

q̇2

q̇3

q̇4

 (3.19)

where,

W =


q4 q3 −q2 −q1
−q3 q4 q1 −q2
q2 −q1 q4 −q3
q1 q2 q3 q4

 (3.20)

Now in the space-fixed frame, the rate of change of angular momentum l equals torque:

τ =
dl

dt
(3.21)
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Using the relation between time derivatives in space-fixed and body-fixed coordinates
given below [116, 22, 243] (dl

dt

)
space

=
(dl
dt

)
body

+ ω × l (3.22)

we can express the body-fixed form as:

τx = l̇x + ω′
ylz − ω′

zly (3.23)

In the body-fixed frame, lx = Ixω
′
x (with Ix a component of the inertia tensor), so:

Ixω̇
′
x = τx + (Iy − Iz)ω

′
yω

′
z (3.24)

Other components could also be similarly expressed.

These are the Euler equations describing the rotation of a rigid body. However we
could express equation (3.24) in terms of quaternions alone [235, 242, 105, 22]. For this
we use the quaternion acceleration Eq. (3.25) given below in matrix form combined with
expression for ω′ given in Eq.(3.19).

q̈1

q̈2

q̈3

q̈4

 =
1

2
W


ẇ′

x

ẇ′
y

ẇ′
z

−2
∑
q̇2m

 (3.25)

3.3.5 Integrating the equations of motion

Once the forces acting on each particle in the system are calculated in Molecular Dynamics,
the next step is to integrate Newton’s equations of motion numerically. Following points
are considered when choosing an integrator for simulation [9]:

• Efficiency and memory usage:

– The integrator should be fast and have low memory requirements. While speed
of an integrator is important, generally the time taken by an integrator to
produce the consecutive position and velocities is less compared to the force
calculation step in a MD simulation routine.
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• Allowance for a long integration timestep (∆t) :

– A good integrator should be able to take a long integration timestep. This is
especially vital, because it would help save computational time, i.e., by employ-
ing larger time steps a given period of simulation time can be covered within
a smaller number of integration steps [98].

• Accuracy in following trajectories:

– An integrator should follow the exact trajectory as closely as possible [93]. Even
the smallest perturbations and errors can be amplified exponentially in time
and hence the computer generated trajectory would diverge from the classical
trajectories produced through exact solutions [120]. As long as the integrator
is producing states of the desired ensemble over long time periods, it is only
important that the integrator closely replicate a specific trajectory only on time
scales similar to the characteristic temporal correlations of the system.

• Conservation Laws and Symplecticity:

– There are methods that exists for conservative Hamiltonian systems that pre-
serves volume in phase space. These are termed "symplectic" methods and
because of their phase space preservation property they tend to have certain
invariants for the system [279]. Using a symplectic integration scheme would
result in trajectories whose Hamiltonian would lie very close to the true Hamil-
tonian of the system, i.e., to say that the energy associated with that trajectory
would be an order O(∆t)p away from initial value of the true Hamiltonian H

[108, 120]. Here p refers to the order of the integrator. Thus unlike the non-
symplectic approaches, these leads to favorable long-term performance like mi-
nor deviations around the initial value of H and absence of any consistent
energy drift [85, 120].

Two of the commonly used integrator algorithm in MD simulation are the "Leap frog"
and the "Velocity verlet" schemes, which will be discussed below.

3.3.5.1 Velocity Verlet and Leap-frog Integration Scheme

The Velocity Verlet integration scheme [302, 143, 295] is a fundamental numerical
method used in molecular dynamics simulations to solve the equations of motion for
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particles in a system. This algorithm is very well known for its accuracy and stability,
making it a popular choice in computational chemistry and physics. This scheme up-
dates the positions and velocities of particles in a two-step process. First, it advances the
positions based on the current velocities and forces.

r⃗(t+∆t) = r⃗(t) + v⃗(t)∆t+
f⃗(t)

2m
(∆t)2 (3.26)

Then, it computes the velocity at half time step as in equation (3.27) and then uses this
velocity and the forces from the new positions (calculated in equation (3.26)) to get the
velocity at t+∆t (see equation (3.28)).

v⃗(t+∆t/2) = v⃗(t) +
f⃗(t)

2m
∆t (3.27)

v⃗(t+∆t) = v⃗(t+∆t/2) +
f⃗(t+∆t)

2m
∆t (3.28)

Here x⃗, v⃗, f⃗ are the position, velocity, and force respectively with ∆t being the time step.
Equation 3.28 and 3.27 can be combined in a single step to yield v(t+∆t):

v⃗(t+∆t) = v⃗(t) +
f⃗(t+∆t) + f⃗(t)

2m
∆t (3.29)

This symplectic integration method exhibits remarkable energy conservation properties,
crucial for simulating the behavior of complex molecular systems over extended time
periods. Its versatility and reliability have made the Velocity Verlet integration scheme
an indispensable tool for researchers studying the dynamics and interactions of particles
in various scientific disciplines.

The Leapfrog algorithm [120, 9] is fundamentally similar to the Velocity Verlet.
Both Leapfrog and Velocity Verlet integrators yield trajectories that are equivalent. The
difference lies in the time steps at which velocity calculations takes place. Here the
calculation of velocities are not done at the same time steps as the positions are calculated.
Instead, Leapfrog updates positions and velocities at interleaved time points, creating a
staggered pattern resembling a "leapfrog" motion.

Velocity, position, and forces are calculated using the following algorithm:
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• Use v(t−∆t/2) and f(t) to compute v(t+∆t/2):

v⃗(t+∆t/2) = v⃗(t−∆t/2) +
f⃗(t)

m
∆t (3.30)

• Use r(t) and v(t+∆t/2) to compute r(t+∆t):

r⃗(t+∆t) = r⃗(t) + v⃗(t+∆t/2)∆t (3.31)

3.3.6 Brownian Dynamics

Robert Brown in 1827 made the observation that the pollen grains submerged in water
were under constant motion. The movement of these pollens were very random and it
puzzled scientists of that time. This fascinating phenomenon, has been called Brownian
motion ever since its discovery[306, 84, 178].

Our current understanding of the Brownian motion, is that it arises from unceasing
collisions between the pollen particles and whatever surrounding fluid they happen to be
in. Brown’s first recognition of this incessant, irregular motion has since become a bedrock
principle in physics and chemistry alike. The ever-changing environment of particles in a
so-called solvent, as evidenced by Brownian motion, paints a vivid picture of molecular
interactions and diffusion processes. Brown’s important observation from over a century
ago still impacts our understanding of the microscopic world and various scientific fields.

3.3.6.1 The Langevin Equations

The observation made by Brown is analytically written down as the Langevin Equations,
which is a stochastic differential equation used to describe the motion of a particle in a
viscous continuum. The equation is described as follows:

m
dv⃗i
dt

= −γv⃗i + F⃗Ri
+ F⃗i (3.32)

where m is the particle mass, v⃗i is the velocity of particle i, γ = 6πaη (for spherical pari-
cles) is the friction coefficient, η the viscosity, F⃗Ri

is a random force, and F⃗i = −∇U(r⃗i) is
the total direct force arising from, e.g., interactions between particle i and other particles.

The fundamental idea behind the Langevin equation is to implicitly model the solvent
molecules which are in constant and random collision with the particles of interest. This
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is done by introducing a stochastic force (represented by F⃗Ri
) and applying a frictional

drag force to the solute particles. This implicit way of representing solvent particles
decreases the computational cost of simulating our system since we do not have to deal
with iterating through each of the solvent particles to calculate the forces. It also allows
for the use of larger timesteps. This efficiency enables the study of phenomena occurring
over more extended time periods.

3.3.6.2 Discretized Langevin equation

The Langevin integrator, integrates the particles based on the differential equation (3.32)
which can be discretized based on the velocity verlet scheme. The magnitude of the
random force is chosen via the fluctuation-dissipation theorem to be consistent with the
specified drag and temperature, T . The stochastic random noise or random force has the
following properties:

⟨F⃗R⟩ = 0 (3.33)

⟨FRi
(t)FRj

(t′)⟩ = 2kBTγδ(t− t′)δij (3.34)

where i and j refers to components of the vector. For integration purposes we can re-write
equation (3.32) as follows, which can be used with the velocity Verlet scheme. Note that
in equation (3.35) the stochastic term has been scaled by 1/

√
∆t, where ∆t is the time

step. The rationale for this will not be explored here, as it falls outside the scope of this
thesis. However this scaling is dimensionally correct since δ(t − t′) has the dimension of
time inverse.

F⃗ tot(t) = F⃗ (t)− γv⃗i +

√
2kBTγ

∆t
h⃗(t)

⟨⃗h(t)⟩ = 0

⟨hihj(t)⟩ = δij

(3.35)
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We can now easily generate this noise using a random number generator following Gaussian
probability distribution. The discretized form for the translational part is as follows:

v⃗(t+∆t/2) = v⃗(t)− ∆t

2

( γ
m
v⃗(t)− F⃗ (t)

m

)
+
h⃗

m

√
kBTγ∆t

r⃗(t+∆t) = r⃗(t) + v⃗(t+∆t/2)∆t

v⃗(t+∆t) = v⃗(t+∆t/2)− ∆t

2

( γ
m
v⃗(t+∆t/2)− F⃗ (t+∆t)

m

)
+
h⃗

m

√
kBTγ∆t

(3.36)

The Langevin equation for the rotational degrees of freedom looks like the following:

I
dL⃗

dt
= −γr · L⃗+ τ⃗R + τ⃗ (3.37)

Here I is the moment of inertia, τ⃗ is the torque arising from all the interactions, τ⃗R
is the random torque term coming from the bath, L⃗ is the angular momentum and γr

is rotational drag. The random torque is again taken from the fluctuation dissipation
theorem in-order to be consistent with the rotational drag and temperature T , giving the
following correlations.

⟨τ⃗R⟩ = 0 (3.38)

⟨τRi
(t)τRj

(t′)⟩ = 2kBT
√
γriγrjδ(t− t′)δij (3.39)

Throughout equations (3.33) to (3.39), we use i or j to represent the different x, y or z
components. For rigid bodies, the integration scheme follows what is described in [159].
However we won’t discuss it any further here as it lies beyond the scope of this thesis.

3.4 Summary

In this chapter, we seek to provide an overview of essential methodologies and concepts
related to computer simulations in our study. To begin, we introduce the HOOMD simu-
lation package, offering insight into its brief history and evolving design. This establishes
the context for delving into Molecular Dynamics simulations in depth. We start by out-
lining fundamental MD steps before describing commonly used barrier techniques and
boundary conditions. The chapter then focuses on topics like force calculation and the
ways to improve the order O(N2) method used to calculate them. This leads to the ex-
ploration of techniques like the Verlet list, cell list, and LBVH algorithms for expediting
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force computations. Additionally, we mention several coarse-grained potentials applied
in our simulations. Given the use of rigid bodies in our simulation protocol, we dedicate
a subsection solely to rigid body dynamics. In this subsection we summarise the use of
Euler angles and quaternions to represent the equation of motions of a rigid-body. Next,
we briefly discuss the characteristics of a good integrator, followed by a discussion on
common integrator schemes like this Velocity Verlet and Leapfrog methods. The chapter
concludes by characterizing Brownian Dynamics and the Langevin equation, rounding up
our comprehensive guide to simulation techniques used in our research.
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4.1 Introduction

Hydrogels are three-dimensional macromolecular networks, which are able to hold a large
amount of water [294]. In recent years, stimuli-responsive hydrogels (smart gels) are
attracting increasing interest, especially due to their large potential in biomedical appli-
cations [55, 239, 156, 56, 330, 325]. Such hydrogels respond to external stimuli (changes
in pH, ionic strength, temperature, solvent composition) by changing their properties like
swelling ratio and elastic modulus. One particularly attractive feature of smart polymers
is reversibility: induced changes can very often be reversed by simply removing the envi-
ronmental trigger that caused the response [136, 294]. The high sensitivity of hydrogels
to small stimuli makes them appealing for a variety of applications, e.g., enhanced oil
recovery and bio-processing industries, biomimetic actuators, chemical valves and ther-
moresponsive surfaces [227, 107, 238].

The responsive properties of hydrogels in the bulk and at surfaces are typically cou-
pled to each other. For example, one of the most commonly studied thermo-sensitive
polymers is poly(N - isopropylacrylamide) (pNIPAAm). pNIPAAm hydrogels in water
undergo a volume phase transition from a swollen to a collapsed state if the tempera-
ture is increased above 34.3 ◦ C [299, 2, 138]. Such swelling-deswelling transitions are
accompanied by a change in both gel elasticity [236, 131, 123] and microgel interaction
potential [320]. Although the simultaneous change of these properties can be useful for
some applications [262, 86], it would often be desirable – e.g., in applications such as
switchable cell substrates – if one could manipulate the gel’s elasticity without affecting
its hydrophilicity [126]. As a strategy to overcome this problem, [...] Sebastian Seiffert and
co-workers have developed core-shell microgels with a thermo-responsive core and non-
thermosensitive shell [270][...] and have thus shown that it is possible, using droplet-based
microfluidics, to fabricate core-shell microgels with sizes in the range of 60-100 µm that
have a pNIPAAm core and a (thermo-insensitive) polyacrylamide (pAAm) shell. This
was achieved by wrapping a pre-synthesized pNIPAAm core by a droplet of semidilute
photo-crosslinkable pAAm solution, and later crosslinking the droplet by UV exposure.
The properties of the resulting particles depend crucially on the connection between the
core and the gel, which is in turn determined by the structure of the interface between
the polymer solution and the gel at the time of crosslinking.

From a theory point of view, interfaces between polymer gels and solutions are unusual
and fascinating because they combine aspects of liquid-liquid interfaces and elasticity.
Computer simulations can give molecular insights into the structure of such interfaces



Chapter IV. Interfacial study of core-shell diffusion 57

and the mechanisms of solvent diffusion into the gel. While there have been numerous
theoretical [37, 54, 284, 215, 187] and simulation studies on polymer gels [283, 90, 91, 248,
190, 35, 323, 39, 280, 106, 264, 13, 202, 298], as well as computer models simulating various
reaction methods to create micro-gels [327, 182, 112, 249, 213, 113], comparatively few
studies have been dedicated to gel-liquid interfaces [88, 45, 46, 124]. At the same time, we
are not aware of any work on interfaces between polymer networks and polymer solutions.

In this [..] study, we set out to close this gap. We use coarse-grained molecular
dynamics simulations based on the Kremer-Grest model [167, 92] to study interfaces
between a regular polymer network with diamond network topology[87] and semidilute
polymer solutions with varying polymer concentrations. This choice of network topology
was motivated by our experimental work mentioned above [270], where the core gel was
synthesized by free radical polymerization[71] involving tetrafunctional crosslinkers (N,N’ -
methylenebisacrylamide). Although in free radical polymerization, it is very unlikely for
all the 4 functional groups of the cross-linker to react to form chains or attach to chains,
here we will discuss an idealized scenario. Hence our network will lack defects such has
loops and uneven strand-length. Our model network could also represent tetra-PEG
gels[275, 312], which consist of symmetrical tetrahedron-like (four-arm) PEG networks
with excellent physical properties that are attributed to a high homogeneity of the network
[289, 205, 147, 214, 308, 172, 244, 26, 180]. To study possible effects of elastic strain, we
compare two cases: slabs of isotropic gels and slabs of anisotropic gels which have been
deformed with a ratio very close to 2:1 in lateral direction.

The [...] chapter is organized as follows: in section 4.2 we introduce our simulation
model, specify the interaction potentials, and describe the setup and the preparation
of initial configurations. The results are presented in section 4.3. We first characterize
the time evolution of the system after the gel and the solution has been brought into
contact, discuss the percolation transition of free chains inside the gel, and then analyze
the final equilibrated interface including the capillary wave fluctuations. We summarize
and conclude in Section 4.4.

4.2 Model and Simulation Details

We consider solutions of nl linear polymers of length Nl = 102 beads, which are brought
in contact with a polymer gel, using a simple spring-bead model for polymers in implicit
good solvent [167]. The gel is modeled as a regular polymer network with diamond
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Figure 4.1: Example of a regular bulk diamond network structure, constructed as
described in the main text and not yet relaxed by a NPT simulation. The red beads
indicate the cross-linking units, regular beads are gray. The network shown here is
crosslinked across periodic boundary conditions in all directions and is smaller than that

used in our simulation.

network topology (see illustration in Figure 4.1) and consists of ns = 4464 strands of
length Ns = 102 beads that are connected by nc = 2304 crosslinking beads in total.
For simplicity, all beads (”monomers”) are taken to be the same. They interact with
purely repulsive Weeks-Chandler-Anderson (WCA) interactions[313] (Equation (4.1)). In
addition, a Finite Extensible Nonlinear Elastic (FENE) potential connects beads that are
linked to each other[152] (Equation (4.2)). The corresponding potentials are defined as

VWCA(r) =

{
4ϵ
[(

σ
r

)12− α
(
σ
r

)6
+ α2

4

]
: r

σ
<
(
2
α

)1/6
0 otherwise

(4.1)

VFENE = −k R
2
0

2
ln
(
1−

( r

R0

)2)
(4.2)

In the following, we will give all quantities in units of σ (length), ϵ (energy), and m

(monomer mass). The basic unit of time is τ =
√
mσ2/ϵ. The interaction strength for

FENE bonds is set to k = 30ϵ/σ2 and the maximum extensiblity of the bond to R0 = 1.5σ.
The parameter α in the WCA potential is chosen as α = 1 for beads connected by FENE
bonds and α = 2 for all other pairs of beads.
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Initial configurations for the simulations are prepared as follows: to construct the
polymer network, nc cross-linking beads are first placed in the form of a diamond lattice
[...]. The diamond structure can be viewed as two interpenetrating face-centered cubic
(FCC) lattices, where one lattice is shifted along the body diagonal of the unit cell by
one-quarter of the length of the diagonal. Each atom in the diamond lattice has four
nearest neighbors. Each of the nc cross-linkers are then connected to each other via
polymer strands. An example of the resulting small bulk gel structure is shown in Figure
4.1. To set up gel slabs, the network is cross-linked across the periodic boundaries in y

and z direction, but not in the x direction (different from Figure 4.1). Then, to relax
the strands, the system is simulated at constant pressure P = 0.001ϵ/σ3 over a time of
8×103τ using Martyna-Tobias-Klein integrator [192]. After the relaxation step, the linear
dimensions of the simulation box are Lx = (232.0±0.3)σ, Ly = Lz = (174.1±0.2)σ. Next
the simulation box is extended in the x direction on both sides of the gel slab up to a
total length of Lx = 697σ. To create anisotropic gels, we then apply an affine deformation
involving compression along the z direction and extension along the y direction over a
time period of 103τ , and obtain a resized box with linear dimensions Lz = 102σ and
Ly = 201σ. This deformation step is omitted when preparing isotropic gel slabs. We note
that the cross-sectional area of anisotropic gels is a bit lower than that of isotropic gels
(A = Ly × Lz ∼ 2× 104σ2 as opposed to A ∼ 3× 104σ2), which has a slight influence on
some of the results.

[...] The final preparation step involves filling the empty spaces in the extended box
with a free polymer solution. To do this, we place nl fully stretched linear polymer chains
along the z direction, so they occupy as much space as possible. The number nl depends on
the concentration of the polymer solution. Next, we insert temporary hard walls between
the gel and solution regions and run NVT simulations of the solution at a temperature
kBT = ϵ for 160 τ to allow the free chains to equilibrate. The hard walls interact with
the polymer beads using WCA interactions (4.1) with a size parameter σwall = 0.1σ and
α = 1. After the system has equilibrated, we remove the temporary walls and start the
main simulation, where the free polymers chains from the solution are allowed to diffuse
into the network.

The diffusion simulations (see Figure 4.2) were done in the NVT ensemble at tem-
perature kBT = ϵ using a Langevin thermostat. Typical total simulations times were
1.28 × 106τ , with time step ∆t = 0.001τ . Quantities are averaged over ten independent
runs for anisotropic gels and three independent runs for isotropic gels, starting from inde-
pendently generated initial configurations. All simulations were performed using HOOMD
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Figure 4.2: Setup of diffusive interpenetration study: A gel slab (gray) is sandwiched
by free polymer chains (green) on either sides of it. The free chains permeate into the
slab over time. The above snapshot is taken at 800τ at ρsolf = 0.168σ−3. The gel is

anisotropic.

simulation package version 2.9.6 [17] and the simulation snapshots were produced using
the fresnel package [1].

For future reference, we briefly characterize the main properties of the free polymers
in our system. The squared radius of gyration of single polymers in dilute solution is
⟨R2

g⟩ = (53.3 ± 0.7)σ2, and their diffusion constant is D = (0.010 ± 0.004)σ2/τ . From
these two values, one can estimate the characteristic chain relaxation time, i.e., the time it
takes the polymer to diffuse over the distance of its own gyration radius, τd = ⟨R2

g⟩/D =

5.3× 103τ . Below, we usually present data in terms of rescaled times t/τd. From Rg, we
can also estimate the overlap concentration ρ∗, i.e., the concentration where chains start
to have significant contact with each other, via [77] ρ∗ ≈ Nl

/
4
3
πR3

g ∼ 0.06σ−3. Figure A.1
in Appendix A demonstrates that this value indeed marks the crossover between the dilute
and the semidilute regime. Alternatively, the overlap parameter can also be estimated
from the equation of state of the free polymer solution, i.e., the relation between pressure
and density. Fitting this relation to the theoretical expression [252] gives ρ∗ ∼ 0.024σ−3,
which is of the same order (see Figure A.2 in Appendix A).

4.3 Results

The behavior at interfaces is found to be very similar for isotropic and anisotropic gels.
Therefore, with few exceptions, we will mostly present the data for anisotropic gels here;
additional complementary data for the isotropic gel can be found in the Appendix A. We
first characterize the evolution of the systems after bringing the gel and the solution into
contact, and then analyze the properties of the final interface.
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(c)(a) (b)

Figure 4.3: (a) Monomer density in the solution phase versus rescaled time t/τd for
different final concentrations ρsolf (in units of σ−3) as indicated. (b,c): Monomer density
profiles across the slab for free polymers (dashed orange), gel strands (solid green),
and total (solid black) at different times as indicated for ρsolf = 0.168σ−3 (b) and
ρsolf = 0.078σ−3 (c). Profiles corresponding to subsequent times are shifted upwards
by 0.3σ−3 in (b) and 0.15σ−3 in (c). Thin dashed lines show corresponding baselines
(ρ = 0). The gel is anisotropic. See Figure A.4 in the Appendix A for corresponding

results for the isotropic gel.

4.3.1 Dynamic Evolution of Gel-Solution Interfaces

4.3.1.1 Monomer Density Profiles

After the gel and the polymer solution are brought into contact, polymers diffuse into the
gel phase, which somewhat reduces the amount of polymers in the solution phase (see
Figure 4.3a). In our simulations, the gel and the solution initially occupy similar volumes,
and reductions of up to 2/3 are observed at the highest concentrations. This could be
similar in experimental microfluidics settings if the droplet that serves as precursor of the
shell has a similar volume than the pre-synthesized core. In the following, we characterize
solutions with different concentrations in terms of the final polymer density in solution
phase ρsolf , as calculated at the end of the simulation.

Figure 4.3b,c shows monomer density profiles for the gel and the free polymers along
the direction perpendicular to the slab (the x-direction) for two choices of polymer concen-
tration in the solution. Initially, the polymer solution compresses the gel slab along the x
direction. The compression is caused by the osmotic pressure of the free polymers and is,
hence, more pronounced for higher polymer concentrations. At the same time, polymers
start to diffuse from the solution into the gel, and the gel swells. Both effects counteract
each other, and eventually, once sufficiently many polymers have entered the gel region,
the size of the gel increases again. However, the width of the gel slab remains smaller
than the original width, due to the fact that the solvent quality of the polymer solution
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Figure 4.4: Maximum gradient of the rescaled monomer density difference profiles
ψ(x) at the interface (see Equation (4.3)) vs. rescaled time t/τd (orange lines in Fig.
4.3) for solutions with different concentrations ρsolf as indicated. The gel is anisotropic.

is lower than that of pure (implicit) solvent. The interdiffusion leads to a broadening of
the interface between the gel and the solution. This is demonstrated in Figure 4.4, which
shows the value of the maximum slope of the rescaled difference ψ between the densities
of monomers in free polymers (ρl(x)) and in strands (ρs(x)),

ψ(x) =
ρl(x)− ρs(x)

ρl(x) + ρs(x)
(4.3)

It decreases and eventually saturates at times around t ∼ 100τd. We should note that
the absolute values of the slopes, as reported in Figure 4.4, should not be taken literally
because they are affected by capillary wave fluctuations and hence depend on the lateral
system size. We will analyze this in more detail further below in Section 4.3.2.2.

In the concentrated regime, the profile of the final total monomer concentration is
roughly constant across the whole system (Figure 4.3b, top profile). At lower concentra-
tions close to the dilute regime, the final total monomer concentration in the gel is slightly
higher than in the solution (Figure 4.3c, top profile), even if it is initially lower. This can
be explained by the fact that free polymers gain translational entropy if they enter the
gel.

The monomer densities at the center of the gel are shown as a function of rescaled
time for different concentrations ρsolf in Figure 4.5, separately for monomers belonging to
free polymers (a), monomers belonging to the network (b), and all monomers (c). The
figure reveals that none of the systems are fully equilibrated as a whole at the end of
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Figure 4.5: Monomer densities at the center of the gel slab versus rescaled time t/τd
for (a) monomers belonging to free polymers, (b) gel monomers, and (c) all monomers,
for different final concentrations in the outer solution ρsolf (in units of σ−3) as indicated.
Inset in (a) shows equilibrium density of monomers belonging to free polymers inside
the slab vs. ρsolf , as extracted from a fit of the data in (a) to Eq. (4.4). The gel is

anisotropic.

the simulation: the monomer density of free chains increases roughly logarithmically at
late times, indicating that free polymers continue to diffuse into the gel. This logarithmic
increase is compatible with the behavior expected from the solution of the one dimensional
diffusion equation inside the gel with Dirichlet boundary conditions (see Section A.3 in
Appendix A),

ρf (0, t)

ρf,eq
≈ 1

2

[
tanh

(
ln(

Dt

d2
) + 2.357

)
+ 1
]
, (4.4)

where d is the thickness of the gel slab and D the diffusion constant of free polymers.
Fitting the data of Figure 4.5a to the approximate expression ((4.4)), we can estimate
the final density ρf,eq of monomers from free polymers in the final equilibrated state. The
results are shown in the inset of Figure 4.5a.

The density of gel monomers (Figure 4.5b) first increases due to the initial com-
pression the gel, and then decreases again as soon as the free polymers start moving in.
Interestingly, the total density at the center of the gel saturates at a roughly constant
value at times around 40 − 80τd. The predominant factor setting the overall density
within the gel is the osmotic pressure exerted by the surrounding polymer solution on the
polymer/gel interface. It depends on the densities of free polymers in the vicinity of the
interface. Our findings thus suggest that the interface equilibrates much faster than the
entire gel, and that it will be possible to analyze the local properties of interfaces.
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4.3.1.2 Connection between gel and solution

Next, we characterize the interpenetration between free polymers and gel strands, which
determines the strength of the connection between the two phases after cross-linking. As
one measure of interpenetration, we evaluate the "Degree of Interfacial Integration" (DII),
which has been introduced by Shi et al. [274] in studies of multilayer polymer films. It is
defined as

DII = I/Imax with I = [...] ⟨dp⟩ · ⟨S⟩ (4.5)

and
S =

n
li

A
, [...] dp = min

( ∑
j:xj<0

|xj|,
∑

j:xj>0

xj
)
. (4.6)

here A = Ly ·Lz is the area of the interface and n
li

is the number of free polymers crossing
the interface. The quantity [...] dp is evaluated for each of these polymers separately. The
sum j runs over all monomers and xj is the x-position of the monomer with respect to
the position of the interface. Hence, S characterizes the areal density of free polymers
stitching through the interface, and the "depth" of the stitch, [...] dp, is largest if the
polymer is fully stretched perpendicular to the interface with half of its monomers being
on one side and the other half on the other side. The quantity DII is defined as the ratio
of I and its maximal possible value Imax for given polymer concentration ρsolf in solution,
i.e., Imax = [...] dp, max × Smax with

Smax = ρsolf r0, dp, max = r0 Nl (Nl + 2) /8, (4.7)

where r0 = 0.97σ is the equilibrium bond length. This maximum value is reached
in the very hypothetical case in which all free chains are fully stretched and oriented
perpendicular to the surface. To get an estimate of a realistic range of I, we can also
estimate the value of I for randomly distributed Gaussian coils with gyration radius
R2

g = r20Nl/6. In the x direction, the monomers of such a coil with the center of mass at
xcm are distributed according to [...]:

P (x) =

{
Nc exp(−3(x− xcm)

2/2R2
g) : |x− xcm| < Rc

0 : |x− xcm| ≥ Rc

(4.8)

where Rc is the hypothetical cutoff for the maximum value of |x − xcm| and Nc is the
normalization factor. The normalization factor can be found by intergrating Equation 4.8
from −Rc to Rc and equating to one. We can now easily obtain ⟨SGauss⟩ and ⟨dp, Gauss⟩
using the general definition in Equation 4.6 and with the help of Equation 4.8
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(a) (b)

Figure 4.6: (a) DII vs scaled time t/τd for various concentrations ρsolf . (b) Scaled
areal density Σ of free chain monomers with connection to the interface vs scaled time

t/τd. Dashed line indicates time after which Σ saturates. The gel is anisotropic.

⟨SGauss⟩ =
1

A

∫ Rc

−Rc

A dx ρpoly =
ρsolf

Nl

2Rc,

⟨dp, Gauss⟩ = Nl
1

12

R2
g

Rc

,

(4.9)

in the limit of large Rc (Rc ≫ 10Rg). The DII for such a solution of non-interacting
Gaussian coils would thus be given by

DIIGauss =
Icoil

Imax
=

2

9

1

Nl + 2
≈ 0.0024 (4.10)

for chains of length Nl = 102.

The evolution of the DII with time in our system is shown in Figure 4.6a for anisotropic
gels and 4.7a for isotropic gels. The behaviors in both cases is very similar. It increases
and then saturates at a value around DII=0.003, which is slightly higher than the hypo-
thetical value for randomly distributed Gaussian coils. Initially, the DII rises more rapidly
if the solution is less concentrated, but the final value is independent of ρsolf within the
error. We should note that the absolute number of "stitches" of course increases with
ρsolf , therefore the figure also tells us that the strength of the connection between the two
phases increases with increasing polymer concentration in the solution.

As a second measure to characterize the interface, we define the quantity Σ

Σ = ⟨Nli,gel⟩ · ⟨S⟩ ⟨R2
g⟩, (4.11)
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(a) (b)

Figure 4.7: Same as Figure (4.6) for the isotropic gel.

where ⟨Nli,gel⟩ counts the number of monomers of a free polymer inside the gel, averaged
over all polymers that cross the interface and ⟨R2

g⟩ is the mean squared radius of gyration
of a chain in a dilute solution. Σ can be seen as number of monomers inside the gel within
a lateral area R2

g that have some connection to the solution phase. This quantity is shown
as a function of time in Figures 4.6b and 4.7b. It rises initially in a roughly logarithmic
fashion (linear in a log-linear representation) and then levels off. Comparing Figure 4.6
with Figure 4.4, we notice that both, the DII and Σ, saturate at about the same time as
the local monomer density profiles. The saturation time can be as long as tsat ∼ 100τd.
At late times beyond tsat, the local density profiles and the local connectivity structure
at the interface no longer change. We infer that for times t > tsat, the interfaces can be
considered to be at local equilibrium, even though polymers keep diffusing into the gel
according to Figure 4.5.

We conclude that the best strategy to fabricate core-shell particles with given (pre-
determined) connection between core and shell, using the droplet-based method sketched
in the introduction, is to adjust the concentration of polymers in the solution. Unfor-
tunately, this will likely also affect the structure of the shell network after irradiation,
e.g., the density of crosslinking points. An alternative strategy is to adjust the time of
crosslinking. Weak connectivities can be achieved by crosslinking shortly after the first
polymer-core contact, and stronger connectivities will result if the crosslinking time is
chosen in the long-time limit.
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Figure 4.8: (a-c) Cluster formation of free chains within the gel region as viewed from
top of the box (along z-axis) at different final polymer densities (ρsolf ) as indicated.
Different clusters are colored differently in order to be distinguishable. The light gray
color indicates solution region. (d-e) Characteristics of cluster distributions vs. (ρsolf )
at different times as indicated: (d) Average number of clusters; (e) Average cluster size
(mean squared radius of gyration ) of finite clusters; (f) Percolation strength (see text);
(g) Fraction of free polymers inside gel that are part of the spanning cluster. The gel is

anisotropic.

4.3.1.3 Percolation of free chains inside the gel

If the concentration of polymers in solution is sufficiently high, then one notices that
the free polymers in the gel start to come in contact with each other and form clusters.
Figure 4.8a-c shows examples of final configuration snapshots for different concentrations
ρsolf . Only the free polymer chains are shown; the gel region is singled out, and inside
this region, chains belonging to different clusters are colored differently. Here, chains are



Chapter IV. Interfacial study of core-shell diffusion 68

taken to belong to the same clusters if at least two monomers from different chains have a
distance less than 2σ. The cluster analysis was performed using the freud-analysis package
[241]. At low concentration (ρsolf = 0.078σ−3), some clusters form, but they are isolated.
At higher concentration (ρsolf = 0.121σ−3), a spanning cluster emerges that connects both
sides of the slab. [...] Further increase in ρsolf leads to spanning clusters that contains
almost all the free polymer chains within the gel region.

These findings suggest the existence of a percolation transition at some threshold
density ρcsolf . The percolation transition is a well-known geometric transition [189, 276,
175, 217, 72, 332, 331] associated with critical exponents and universal power laws, which
can be extracted, e.g., by performing a finite size analysis. Unfortunately, carrying out
such an analysis is not possible for our system, because even the final configurations are
not yet fully equilibrated as discussed earlier. Nevertheless, we can discuss typical aspects
of percolation and monitor the onset of percolation with time.

Figure 4.8d-g shows a selection of quantities that characterize the distributions of
clusters of free chains in the gel for different times, and as a function of the polymer
concentration in solution, ρsolf . The first quantity, shown in Figure 4.8d, is the average
number of independent clusters ⟨N⟩. The graph confirms the discussion above. At lower
concentrations, the gel contains many scattered small clusters, which are not connected to
each other. With increasing concentration, clusters start to merge and the total number
of clusters decreases. The quantity ⟨N⟩ decreases smoothly as a function of ρsolf and
shows no signature of a transition.

Next we plot the average cluster size ⟨S⟩ of finite clusters as a function of ρsolf in
Figure 4.8e. Finite clusters are the ones which are not part of a spanning cluster. At lower
concentrations, several isolated finite clusters coexist, and therefore, the average size (⟨S⟩)
of the clusters is small. With increasing ρsolf , clusters merge and grow in size, as can also
be seen in the snapshots, Figure 4.8a,b. Above the percolation threshold, more and more
larger clusters merge with the spanning cluster. The remaining clusters are small, hence
⟨S⟩ decreases beyond the threshold concentration.

Figure 4.8f shows the so-called percolation strength P = ⟨χ⟩, where χ = 1 if a con-
figuration contains a spanning cluster, and χ = 0 otherwise. The curves for P versus ρsolf

strongly suggest the existence of a percolation transition, i.e., a jump from P = 0 to P = 1

at ρcsolf ∼ 0.12σ−3. The jump is smoothed out due to the finite size of the system. The
onset of percolation, i.e., the concentration ρsolf where percolation is observed, decreases
with increasing time. This can be explained if we assume that percolation is only possible
once the concentration of free chains inside the gel exceeds a certain value. Comparing
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Figure 4.8e with Figure 4.5, we can estimate the threshold concentration inside the gel,
ρcl,gel, where percolation sets in. The data suggest ρcl,gel ∼ 0.03σ−3, which is of the same
order as the overlap concentration ρ∗. This seems low, but not unreasonable. Experiments
have shown that the sol-gel transition in solutions of crosslinkable polymers – a transition
similar to percolation – may set in at polymer concentrations as low ρ∗/6 [257].

Finally, we consider the fraction of free polymers in the gel that belong to the spanning
cluster, F . This quantity would typically be used as an order parameter for the transition.
It is shown as a function of ρsolf in Figure 4.8g. The curves show that F increases beyond
the transition, but less sharply than P , indicating that the transition might be continuous
in the limit of infinite systems.

In this section, we only show the data for anisotropic gels; the corresponding data
for isotropic gels can be found in Appendix A, Section A.2.2. They are qualitatively
similar, but percolation sets in at lower concentrations ρsolf than in the anisotropic gel.
We attribute this to the fact that our isotropic gels have a higher cross section area A

and are hence less dense than the anisotropic gels; therefore, they can be more easily
penetrated by free polymers. The density of monomers belonging to free polymers inside
the gel at the percolation threshold is around ρcl,gel ∼ 0.03σ−3, as in the anisotropic gel.

From a practical point of view, our results on the percolation transition of shell
polymers inside the core might be relevant, because they give insight into the connection
between the core and shell beyond the direct interfacial region. Submillimeter size core
gels will typically not be fully invaded by shell polymers during the preparation time.
However, once the shell polymer concentration exceeds ρ∗ in a region close to the core
surface, shell polymers may form large interconnected clusters which can be cross-linked
and will further strengthen the connection between core and gel. The thickness of the
region where these clusters occur depends upon the time duration during which shell
chains are permitted to interdiffuse prior to being cross-linked.

4.3.2 Structure of equilibrated interfaces

Having studied the time evolution of the system after bringing the core gel and shell
solutions into contact, we now investigate the properties of the final, locally equilibrated
interfaces in more detail.
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(a) (b) (c)

Figure 4.9: Profiles of monomer motion Mα(x) in α = x (a), α = y (b) and α = z (c)
direction vs. x-coordinate of monomers. The red symbols

⊕
indicate the approximate

position of interface, the red shading the gel regions. The gel is anisotropic.

4.3.2.1 Local monomer motion and chain conformations

To characterize the local motion of monomers, we calculate their mean squared displace-
ments from every consecutive frames and define the quantity

Mα(x) =
⟨(rα(t+∆ts)− rα(t))

2⟩
∆ts

. (4.12)

here α = x, y, z, rα(t) are the αth component of the position of the monomers at time t ,
and ∆ts = 800τ refers to the time interval between two consecutive frames /snapshots.

Figure 4.9 shows the profiles of Mi across the slab for anisotropic gels. The cor-
responding results for isotropic gels can be found in Appendix A, Figure A.8. As one
might expect, the local motion is reduced inside the gel, compared to the solution phase,
due to the friction with the network. Furthermore, we also see that Mα decreases with
increasing ρsolf due to the friction with other free polymers. Inside the gel, monomers
move more in y direction than in z direction, which is a consequence of the anisotropy of
the gel. The difference disappears in isotropic gels as shown in Appendix A, Figure A.8.
In the x-direction, the value of M inside the gel is intermediate between the values in
y and z directions (identical in isotropic gels). More interestingly, the profile of Mx(x)

features an oscillation close to the interface. Monomers just outside the gel move less
than their neighbor monomers because the gel surface acts as a barrier to particle motion.
Monomers just inside the gel move more than their neighbors because their moves take
them into the gel-free region. The oscillation helps to maintain net zero monomer flux
across the interface: Monomers just outside of the interface cross the interface less often,
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(a) (b) (c)

Figure 4.10: Profiles of chain conformation parameters ∆2Rg
α

(see text) across the
gel slab for different concentrations ρsolf as indicated. The x coordinate refers to the
center of mass of chains. Black dashed line indicates the position of the interface, shaded

bands represents the error. The gel is anisotropic

however, they have higher density. Monomers just inside cross the interface more often,
but their density is lower.

Next we examine the conformations of the free polymers as a function of the x-position
of the simulation box. Following Adhikari et al., [5, 6], we define anisotropy parameters
of the gyration tensor as:

∆2Rg
α
=

3⟨Rg
2
α
⟩ − ⟨Rg

2⟩
2⟨R2

g⟩
, (4.13)

where α = x, y, z as before. Here ⟨R2
g⟩ ∼ 42−47σ2 is the mean squared radius of gyration

of free chains and ⟨Rg
2
α
⟩ the corresponding component in the direction α. The value of

∆2Rg
α

is positive if chains orient or are elongated along the α direction, and negative if
the chain orientation is orthogonal to that direction or if chains are squeezed. If ∆2Rg

α
is

zero for all α, then the distribution of chain orientations and conformations is isotropic.

The resulting profiles for three different concentration values ρsolf in solution are
shown for anisotropic gels in Figure 4.10. Here, the x coordinate of a chain is taken to be
the position of its center of mass. In the solution, the values of ∆2Rg

α
are zero for all α,

indicating that the chain conformations are isotropic. Inside the gel, the conformations
become anisotropic: ∆2Rg

y
is positive and ∆2Rg

z
is negative, indicating that the chains

align in the direction in which the anisotropic gel has been stretched. Indeed, in the
isotropic gel, these effect disappears and both ∆2Rg

y
and ∆2Rg

z
are zero within the error

(see Figure A.9 in Appendix A). The value of ∆2Rg
x

inside the gel is mostly zero, except
at the lowest concentration, where it is positive, most likely due to the swelling of the gel.
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Close to the interface, the profile of the perpendicular component of the gyration
tensor, ∆2Rg

x
, exhibits an oscillation with a negative dip on the solution side and a

positive dip on the gel side. This indicates that chains in solution are slightly squeezed
close to the gel interface, similar to chains that are squeezed close to surfaces. On the gel
side, the chains are slightly elongated due to a tendency to extend loops or chain ends
into the solution region.

4.3.2.2 Interfacial width and interfacial tension

Finally, we discuss the fluctuations of the gel/solution interface. At finite temperatures,
interfaces between liquids are not perfectly flat. They undulate due to thermal fluctua-
tions. These undulations, also called capillary waves, significantly broaden the apparent
interfacial profiles, such that the apparent width w grows indefinitely with the lateral
system size L∥, following w2 ∼ L in two dimensions and w2 ∼ ln(L) in three dimensions
[99, 267, 251]. For interfaces between demixed phases in homopolymer blends, the phe-
nomenon has been studied intensely [316, 271, 195, 48], and it has been shown that a
detailed analysis of the interfacial width broadening can be used to extract the interfacial
tension. Our goal here is to use a similar approach to calculate the interfacial tension of
gel/solution interfaces.

However, the situation is complicated by the elasticity of the gel. First, the notion of
an interfacial tension is somewhat ambiguous when dealing with elastic interfaces. It can
be defined in two different ways, i.e., (i) as the excess free energy per area at the surface,
or (ii) as the work per area required to stretch the surface by a given amount. The first
definition, also referred to as "surface energy" (σ), describes the free energy increase if
the surface is enlarged by creating more interface, e.g., by cutting the gel up. The second
definition, also referred to as "surface stress / tension" (γ), is related to the mechanical
force that opposes stretching of the gel. At liquid/liquid interfaces, the two quantities are
the same. At interfaces involving elastic materials, they are different, and related to each
other via the so-called Shuttleworth relation [278, 315, 20]

γ = σ + A
∂σ

∂A
. (4.14)

In the context of capillary wave fluctuations, interface fluctuate without adding/removing
cross-links or strands in lateral direction; hence the relevant quantity is the surface stress
γ.
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A second complication arises from the fact that interface fluctuations are not only
penalized by interfacial stress, but also by the elastic distortion of the gel perpendicular
to the interface. Therefore, the standard capillary wave formalism must be modified
accordingly.

Capillary wave fluctuations are typically described in terms of effective interface
Hamiltonians. In our system, we have two interfaces, corresponding to the two surfaces
of the slab. We assume that they are sufficiently far apart such that the coupling across
the gel can be neglected. Hence, every surface can be described by an independent two-
dimensional manifold which is coupled to an elastic medium. Neglecting overhangs, we
describe the surface by a function h(y, z) corresponding to its local position in x direction
relative to its mean position. For simplicity, we ignore the fact that the interfacial tension
γ might be anisotropic for anisotropic gels. The linearized interface Hamiltonian then
reads

H[h] =

∫
dy dz

[
γ

(
1 +

1

2

(
∂h

∂y

)2

+
1

2

(
∂h

∂z

)2)
+

1

2
B h2

]
(4.15)

here B is an elastic coupling constant. Applying a two dimensional Fourier series expan-
sion

h(z, y) =
1√
A

∑
q⃗

h̃(q⃗) exp(−iq⃗ · r⃗) (4.16)

to Equation (4.15) and then exploiting the generalized equipartition theorem, we can
calculate the thermally averaged height correlations of the interface h in Fourier space as

⟨|h̃(q⃗)|2⟩ = kBT

(B + γq2)
, (4.17)

Now we use equation (4.17) to find the variance ⟨h2⟩ of the distribution of interface
positions P(h) in a patch with lateral size L||. We assume that the apparent monomer
density profile ρ(z) at the interface can be written as the convolution of an ”intrinsic”
profile with P(h)

ρ(z) =

∫
dh P(h) ρint(z − h) (4.18)

The interfacial broadening can then be approximated by [266, 317]

w2 = w2
int +

π

2
⟨h2⟩, (4.19)

resulting in

w2 = w2
int +

kBT

8γ
ln

(
1 + gb2int

1 + gL2
||

)
+
kBT

4γ
ln

(
L∥

bint

)
(4.20)
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(b)(a)

Figure 4.11: (a) Apparent squared interfacial width w2 as a function of block size b
(see text for explanation). The dashed lines represent the fit to Equation (4.20), see text
for details. (b) Fitted value of interfacial tension γ vs polymer concentration ρsolf . The

dashed line shows a linear fit to the data. The gel is anisotropic.

where g = B/4π2γ and bint is an intrinsic length scale. Details of the derivation can be
found in section 4.5.2.

We now apply the relation (4.20) to analyze the gel–polymer interfaces. To this end,
we divide the (Ly, Lz) surface of the simulation box into equal number of bins [316, 282,
204], such that we obtain n2 sub-blocks with dimensions b × b × Lx. We determine the
density profile within each of these sub-blocks, determine the interfacial width in the sub-
block as described in section 4.5.1, and average over all sub-blocks and all configurations.
The results are shown as a function of sub-block size in Figures 4.11a and 4.12a for the
anisotropic and isotropic gel, respectively. For large sub-block sizes, the data are well
described by Equation (4.20) (see below for details on the fitting procedure). At lower
block sizes around b ≤ 10σ, the curves deviate from the theory and bend upwards. In
this regime, b becomes comparable to the radius of gyration of strands, and hence the
description of the interface in terms of a simple interface Hamiltonian is bound to fail.
The curves for the anisotropic gel exhibit some substructure for lower ρsolf , see Figure
4.11a. This substructure is not observed in isotropic gels Figure 4.12a, indicating that the
local interface structure is affected by gel anisotropy.

We note that it is not possible, just from looking at Figures 4.11a and 4.12a, to extract
an obvious "intrinsic" block size bint, which could be used to unambiguously determine
the intrinsic width wint. A similar observation was made in interfaces of homopolymer
blends [316].

We have used Equation (4.20) to fit the interfacial width data for large block sizes b.
The least square fitting procedure resulted in two different types of fits: one giving large
values of the elastic parameter B, B > 0.5 ϵ/σ4 or higher, and one giving values of order
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(a) (b)

Figure 4.12: Same as Figure 4.11 for the isotropic gel.

B ∼ 10−9 ϵ/σ4, i.e., B is zero within the error. Considering that the bulk modulus of bare
gels is small (see Appendix A, Figure A.3), we consider the results of the first type of fit
to be physically unreasonable, and selected the second type. The fitted values for w2

int and
bint had large errors, because they strongly depend on each other. However, if we applied
constraints on one of these parameters, it only affected the other, and not the fit values
of B and γ. Therefore, we infer that the fit values for γ are reliable, despite the fact that
applying a four-parameter-fit to the curves in Figures 4.11a and 4.12a seems somewhat
brash.

The results for the interfacial tension, γ/kBT , are shown as a function of the concen-
tration of polymers in solution, ρsolf , in Figures 4.11b, 4.12b, respectively. The interfacial
tension increases roughly linearly with increasing concentration ρsolf . It grows a bit faster
for the isotropic gel, which we attribute again to the fact that our isotropic gels are less
dense; hence, the interfaces at the same bulk concentration ρsolf contain a higher amount
of free polymers. More importantly, Figures 4.11a and 4.12a clearly show that the "in-
trinsic width" itself, no matter how we define it – i.e., for which intrinsic block size bint

we evaluate it – also increases with increasing concentrations ρsolf .

The positive correlation between the interfacial width and the interfacial tension
stands in stark contrast with the conventional behavior seen at liquid-liquid interface,
where these two quantities are typically anticorrelated: the interfacial tension increases
with increasing incompatibility of the two components, whereas the interfacial width
decreases. In Cahn Hilliard-type theories, the interfacial tension and the interfacial width
are, in fact, predicted to be inversely proportional to each other. However, this does
not hold true at the gel/solution interface, underscoring its peculiar nature. In our model
system, the gel strands and the polymers in solution are not incompatible but are identical.
The origin of interfacial tension lies in elasticity and entropy. As the polymer concentration
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ρsolf increases, the polymers swell the gel, leading to an increase of the interfacial width.
On the other hand, the swollen gel stiffens, which also increases the interfacial tension.

4.4 Conclusions and outlook

In the current study, we have investigated the interdiffusion of polymers from solution
into regular polymer networks. Even though the study was motivated by the practical
problem of understanding physical processes during the preparation of core-shell particles
by microfluidics, it also offers general insights into the structural properties of interfaces
between polymer gels and solutions and the dynamics of interdiffusion.

Comparing the gel–solution interfaces to liquid–liquid interfaces between demixed
homopolymer phases, we find several qualitative differences. First, the evolution of the
interfacial region at the onset of interdiffusion is nonmonotonic due to interplay of two
competing effects: the compression of the gel due to the osmotic pressure of the poly-
mers in solution, and the swelling of the gel due to the penetration by polymers. As a
result, the gel first shrinks and then expands again. A second remarkable difference is a
positive correlation between the interfacial tension (the surface stress) and the interfacial
width, which stands in contrast to interfaces between immiscible liquids, where these two
quantities are inversely correlated.

From a practical point of view, our study can offer insights that might help to op-
timize experimental strategies for preparing multiphase polymer hydrogels by sequential
crosslinking of layers. In good solvents, the connectivity between layers, as characterized
by the "degree of interfacial integration" [274], saturates at values that are characteristic
for randomly distributed Gaussian chains. However, we find that it takes a long time until
saturation is reached. Even though entanglement effects are presumably not important
in our system – even in dense melts, the entanglement length of flexible Kremer-Grest
chains is of order Ne ∼ 50 beads [291] – the saturation time is found to be orders of
magnitude higher than the chain relaxation time. This suggests that it should be possible
to tune the connectivity between the layers by tuning the time of crosslinking the solution
after bringing it in contact with the gel. A second slow process that could be exploited in
practical applications is the percolation of free polymers inside the gel. We have seen that
percolation sets in as soon as the concentration of the free polymers inside the gel exceeds
a threshold value which is of the order of the overlap concentration. Hence, the width
of the region inside the gel where free polymers percolate should be driven by diffusion
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and slowly increase with time. After crosslinking, these percolating polymers could form
a network that interpenetrates the gel network and strengthens the connection between
the two.

In the present work, we have studied an idealized case in which the free polymers and
the gel polymers were taken to have the same chemical structures. In most applications,
the two are chemically different, which will result in some incompatibility. Thus, the
interfaces will be more similar to regular liquid-liquid interfaces of demixed phases. The
interplay of incompatibility, elasticity, and entropy in such cases will be an interesting
subject of future studies.

Another aspect which should have a significant impact on the properties of the in-
terface is chain length disparity. Here, we have considered a special case where the free
polymers and the strand polymers have equal lengths. In the future, it will be interest-
ing to look at situations where the free polymers are much shorter, leading to increased
swelling of the gel, or much longer, leading to slower diffusion, but also, possibly, an en-
hanced percolation probability. Furthermore, we have considered regular networks here.
Real networks are disordered and have a distribution of mesh sizes, which will also lead
to interesting novel phenomena.

4.5 Appendix

4.5.1 Determination of interfacial width

To calculate the interfacial width in a given sub-block of the system, we employ python3
alongside with packages such as "derivative" [162] and "statsmodel" [263] and proceed as
follows:

• First we divide the density profiles of the gel and the polymers into the left and
right halves symmetrically at x = 0. This gives four density curves.

• We then determine the derivative of these curves at each point (the instantaneous
slope) and determine the maximum of the absolute value of this slope

∣∣ ∂ρ
∂x

∣∣
max for

each curve. In addition, we determine the maximum and minimum density values
for each curve.
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Figure 4.13: Schematics of the method use for extracting the total interfacial width
from the gel monomer density profiles (a) and from the monomer density profiles for free

polymers (b). After extracting δx1 and δx2, we average over them to get w.

• From these numbers, we determine the interfacial width δxi for each of the four
profiles via [21]

δx =
ρmax − ρmin∣∣( ∂ρ

∂x

)
max

∣∣ (4.21)

This definition is illustrated in Figure 4.13.

• Finally, we average over these four numbers to obtain the total interfacial width
w = 1

4

∑4
i=1 δxi.
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4.5.2 Theoretical expression for capillary wave broadening

Starting from the effective interface Hamiltonian, Equation (4.15), we first perform a
Fourier transform according to (4.16). In Fourier representation, the Hamiltonian reads

H[h̃(q⃗)] = γA+
∑
q⃗

1

2

(
B + γq2

)
h̃(q⃗)h̃(−q⃗) (4.22)

Now to calculate the correlations, we use the generalized equipartition theorem ⟨xi ∂H∂xj
⟩ =

kBTδij. Here the xi are generalized coordinates. Since the height h is a real function it’s
Fourier coefficient h̃(q⃗) is complex conjugate to h̃(−⃗q). Exploiting this relation yields

⟨|h̃(q⃗)|2⟩ = kBT

(B + γq2)
, (4.23)

From (4.23), we can calculate the variance of the position of the interface h in real
space as

⟨h(y, z)2⟩ = 1

A

∑
q⃗

⟨| h̃(q⃗) |2⟩

=
1

4π2

∫
2πq dq ⟨| h̃(q⃗) |2⟩

=
kBT

2π

∫
dq

q

(B + γq2)
. (4.24)

The integral in Equation (4.24) can easily be solved by substitution of p = (B + γq2) to
get the following expression for ⟨h2⟩:

⟨h2⟩ = kBT

4πγ

[
ln

(
gb2int + 1

gL2
|| + 1

)
+ 2 ln

(
L||

bint

)]
(4.25)

with g =
B

4π2γ
.





Chapter 5

Molecular Motor gels

5.1 Introduction

Molecular motors can be natural or synthetic and their main task is to produce mechan-
ical motion by converting energy from one form to another. Natural motors operate on
nanometer length scales and their movements helps in the functioning of a variety of sys-
tems, from singled celled organisms, muscle fibers and bacterial flagella [300, 33, 197].
The potential applications of molecular motors are vast, and ongoing research in both bi-
ological and synthetic systems are aimed at unlocking their full potentials. The biological
motors are typically made of proteins and nucleic acids and use ATP or proton gradients
for energy. Some examples of biological motors are myosin, kinesin and dyneins, which
are crucial for muscle contraction and intracellular transport, whereas ATP synthase and
bacteria flagellar motor helps in rotary movements [258]. Additionally, RNA polymerase
and ribosomes act as linear motors on nucleic acid tracks, providing support for gene
expression and protein synthesis. Biological motors are capable of doing complex tasks,
however, they are associated with many disadvantages like their inherent instability which
can limit their reliability and efficiency, as well as the restrictions imposed by the specific
environmental conditions required for their effective functioning [4].

The idea of fully synthetic molecular motor systems in itself is fascinating and the use
of such motors to develop complex nanomachinery offers significant advantages as they
can operate in a wide range of environmental conditions compared to biological machines.
The ambition to construct entirely artificial motors and nanoscale machines, inspired by

81
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Feynman’s bottom-up approach [185, 97] introduced decades ago, has fueled efforts to
tackle the challenges presented by these molecular devices. Typically they use chemical,
electrochemical and photo-chemical processes as fuel source to generate mechanical-like
movements of their submolecular components. This field has evolved from initial proof-of-
concept studies to more advanced research exploring real-world applications. The Nobel
prize winning works by Jean-Pierre Sauvage, Fraser Stoddart, and Ben Feringa, where
they created molecular machines underscored the conceptual and technological signifi-
cance of this research [259, 287, 95]. Over the years, various types of synthetic motors
have been developed. These include linear motors, such as the rotaxane linear motor,
which utilizes a molecular rotor threaded through a molecular ring to generate linear mo-
tion along a molecular dumbbell [150, 36, 10]. Other types include rotor motors, which
achieve repetitive 360◦ rotation with energy consumption and directional control, as well
as propeller motors, walkers, and shuttles [10].

Controlling these motors through light is very attractive as it allows for spatiotem-
poral control, does not produce waste products, and also due to its renewable nature.
Since having a precise control over the thermal and photochemical rearrangement pro-
cesses that dictates the rotors behaviour is difficult, creating such photochemically driven
motors becomes challenging. Because molecular motors operate through repeated cycles,
the reactions must be reversible, clean, and resistant to fatigue [66]. Consequently, only a
few photochemical reactions have been used, primarily photoinduced electron-transfer and
photoisomerization [66, 30, 65, 121]. One of the important discovery was the unidirectional
light-driven rotatory motor based on an overcrowded alkene developed in the group of Ben
Feringa [199, 166, 233, 297]. The integration of photo-induced isomerization and thermal
helix inversion processes leads to unidirectional rotary cycles. Building on this discovery,
different generations of molecular rotors have been engineered, by altering the structure
of these first generation motors [247, 199]. Their distinctive motions have been harnessed
for various potential applications, including transporters like molecular nanocars [168],
supramolecular assemblies [304], responsive materials [82], functional surfaces [57], chiral
catalysts [309], and bio-hybrid systems [186]. Thus these synthetic systems along with
their biological counterparts are collectively called molecular machines.

Here we focus on "machines in polymers" particularly the molecular motor gels, an
example of which has been created by Giuseppone and co-workers [179]. The previously
mentioned paper illustrates the advancements in light-driven molecular motor. They em-
ployed the unidirectional rotation of overcrowded alkene motors to braid polymer chains
together, leading to the contraction of a toluene submerged polymer gel. Further system-
atic experiments were done by Xuyang Yao and co-workers [326] were they changed the
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D D'C

B A'A

Figure 5.1: Coarse grained representation of molecular motor. A-B-A′ and D-C-D′

represents the two rigid bodies which forms the molecular motor. The axis A-B-A′ and
D-C-D′ rotates along B-C opposite to each other, such that relative cumulative angle

between them in each half cycle is 180◦

molecular weights of the gel strand in a quasi-ideal tetrahedron like networks and studied
its effect on contraction. Lifting experiments were also performed using these gels which
produced fascinating results. The assumption at that time was that the motors creating
the braiding effect in the strands could not unwind. Based on this assumption we have
developed a coarse-grained molecular dynamics model for the molecular motors, which
have a very high activation barrier and hence would not unwind. Here in this chapter we
will summarise how the model for the uni-directional rotor was developed. This will be
followed by a short description of the model of the gel and the simulation details. Further
down the line we will discuss results from our simulations.

5.1.1 Modeling and simulation details

5.1.1.1 The six bead rigid body motor model

The basic element of a molecular motor gel or Feringa gel is a molecular motor. In our
particular case we were interested in studying a polymeric machine, created by inter-
connecting second generation rotor molecules by polymers. Our model for the motor uses
rigid bodies. Rigid bodies were used because we were not interested in the oscillation of
bonds within the molecule, but only on the overall rotation of the molecule. A rigid body
is defined by a single central particle and a number of constituent particles. All of
these are particles in the simulation state, and can interact with other particles via forces.
The mass and the moment of inertia of the central particle sets the full mass and moment
of inertia of the rigid body (constituent particle mass is ignored). The central particle is
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placed in the center of mass of the rigid body and the other particles in the rigid-body
system are placed relative to this center. The central particle’s orientation, given as a
quaternion defines the rotation from the body space into the simulation box. In the body
space the center of mass of the rigid body is given a coordinate (0, 0, 0). The position as
well as the orientation of the constituent particles in the simulation box is set relative to
the central particle’s position and orientation.

We use a model of six beads which are part of two rigid bodies in-order to simulate
the rotor molecule (see Figure 5.1). Each rigid body consists of three particles, a central
particle and two constituent particles. The central particles of the two rigid bodies that
forms the molecule are connected via FENE bond. In the initial simulation state, the
central particles of the two rigid bodies that forms the molecule, are placed 0.6σ from each
other along the z axis (B-C). Here σ is the diameter of the monomers of a polymer strand,
which will be discussed further in the coming section. Similarly, constituent particles of the
rigid bodies (A, A′ and D, D′), in the initial state are placed 0.85σ from their respective
central particles (B and C) along the x direction. Thus the particles of a rigid body
lies on a straight line (A-B-A′ and D-C-D′). Other than the central beads (B and C)

which interacts via FENE ( equation (5.2) ) and WCA (equation (5.1)) interactions, no
other particles have any non-bonded pair interactions between them to allow for smooth
rotation.

VWCA = 4ϵ

[(D0

r

)12
−
(D0

r

)6]
+ ϵ r < 21/6D0

= 0 r ≥ 21/6D0

(5.1)

VFENE = −0.5KFENER0 ln

[
1−

(
r

R0

)2
]

(5.2)

Here r is the current distance between monomers of any particles, R0 = 1.5D0 is the
maximum bond distance and D0 the closest possible distance between any two particles.
D0 for the bonded central particles of the rigid body is chosen to be 0.85σ. However, the
particles do experience intermolecular non-bonded interactions via WCA. Additionally in
order to keep the upper and lower rigid-bodies of the molecule parallel to one another, an
angular potential (see equation (5.3)) constraining the angle between the particles A-B-C′,
D-C-B, A′-B-C and D′-C-B, to θ0 = π

2
radians or 90◦ is used.

VBend = 0.5KBend

(
θ − θ0

)2
(5.3)
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5.1.1.2 Modeling uni-directional rotation

The six bead model above is a good representation of our molecule. However the molecule
has to rotate uni-directionally without any backward flip. We initially approached this
by using a constant torque model. A positive torque to the rigid center B was applied
along direction B-C and a negative torque was applied to C along the same direction.
This made the two rigid-bodies rotate relative to each other in order to create a positive
rotation angle ϕ. The rotation angle ϕ is defined between the normals formed by the
vectors A′-B, B-C and B-C, C-D′. This motor was incorporated as cross-linkers into a gel
with diamond like topology. We then allowed for the continuous rotation of these motors
in the free gel. The gel was able to contract in the continuous rotation model, but not all
the molecules rotated uni-directionally for small torques. Increasing the applied torque
on the motors allowed for a larger percentage of them to rotate uni-directionally, however
this meant that we were continuously supplying more and more energy into the system,
without giving any time for the thermostat (Langevin) to dissipate the energy gained.
This led to the increase in the kinetic temperature of the system. So a conscious decision
was made to add a period of time over which the system could relax after the application
of torque. This also ensured that the simulation matched experimental conditions where
the contraction of the gel was slow, typically in the order of minutes, and thus allowed
for the relaxation of polymer strands naturally.

So the new stratergy was to alternate between rotation and relaxation steps, thus
allowing the strands to relax to the new state. A constant torque was applied to the
motors during the rotation step and the torque was removed during the relaxation step.
To determine the time interval for the torque to be applied, we took a free model-motor
and applied a constant torque to it and noted the time taken by it to complete π radians
or 180◦. After their incorporation into the network, the motors were allowed to rotate for
the same time interval as was determined for a free motor. However, these motors in the
gel could not complete the 180◦ rotation in the same time interval as in the free motor
case, due to the resistance coming from the attached chain pairs. Hence the rotation
time period (τrot) and torque (M) was adjusted by keeping M × τrot constant. After the
rotation step, the relaxation step was enforced where the system equilibrated under the
thermostat. Since we removed the constant torque in the relaxation period, many motors
unwound/ backflipped during this time period. So necessary arrangements were made to
fix the orientation of the motors, using a FENE interactions that used a shift factor ∆

(see equation (5.4)). The shifted FENE interactions were added to the simulation state
at the start of every relaxation step and removed at the end of every relaxation step. The
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potential was applied between the particle pairs: A-D′, A′-D′, A-D and D-A′ to fix their
orientations.

VFENE shift = −0.5k ln

[
1−

(
r −∆

R0

)2
]

(5.4)

The value of ∆ was chosen as the distance between the particle pairs mentioned above,
just at the beginning of every relaxation step with R0 = 1.5σ.

Initial simulation of the contraction of the free-gel using alternating rotation and
relaxation step was done by applying small torques M . However for small torques, the
motors were able to unwind. Although increasing the torque while maintaining Mτrot

constant, did result in uni-directional rotation for majority of motors, there were some of
them which still unwound during the simulations. Further, increasing the torque did not
make much sense as it felt unreasonably high; in orders of 200kBT − 300kBT , i.e., such
large torques were being applied at each time step. Although this was a good model, we
had to abandon it to satisfy our assumption that our motors never unwind.

A newer model that used a two state dihedral potential (see Equation (5.5) and see
Figure 5.2 ) was proposed. ϕ in eq.(5.5) is the dihedral angle defined between the normals
formed by the vectors A′-B, B-C and B-C, C-D′ and is the same as the rotation angle
defined before. To induce rotation in the motors, an instability in the current dihedral
angle state was created by flipping the value of n in eq.(5.5) from 1 to −1 and vice-versa.
This ensured that the vectors A′-B and D′-C are antiparallel and parallel respectively, i.e.
to say the molecules have a stable state when ϕ = 180◦ and ϕ = 0◦.

Vn = 0.5Kn

[
1 + n cos (ϕ)

]
(5.5)

This method for inducing rotation in the coarse grained representation of molecular
rotor was already introduced in the paper by J.D. Evans et al., [89] to study how the
motor rotation affect the local and global transport properties of a confined fluid. In their
model, one of the rigid-bodies forming the motor along with the axel (B-C) was fixed in
space through out the simulations. The uni-directional nature to the motor rotation was
imposed by applying a torque in the direction of the axel. The model is excellently suited
to study scenarios where the motor is attached to a substrate, however in our studies the
motors should be able to move freely. Hence, in our model all the particles making up the
motors was free to move. Additionally a positive bias torque (∼ 50kBT ) on the rigid center
B and an equal negative bias torque on C along direction vector of B-C was applied. The
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Figure 5.2: Two state switching potential as given by equation (5.5). State 1 corre-
sponds to n = −1 and state 2 corresponds to n = 1.

applied torques helped create a specific direction for the rotation as the dihedral potential
changed its state. Similar to our previous model, the simulation were done in alternating
rotation and relaxation steps called rotation cycles. One rotation cycle consisted of two
rotations and relaxations which are alternated between each other. The value of n was
flipped at the beginning of every rotation step. In the relaxation step which followed,
the same value of n is kept, which acts like a barrier preventing any backward flip. The
model performed well, though there were occasional instances of the motor unwinding,
during the rotation step, which our experimental collaborators had indicated should not
occur. However, we later realized that this assumption is not correct, as shown by Gao.
C, Jentzsch. AV et al.[109]. In the next section we will discuss the current model for the
motors which enables uni-directional rotation of the motors.

5.1.1.3 Current model for rotation

As mentioned in the introduction of this chapter, we will focus here on molecular motor
gels with a very large activation barrier, such that the motors never flip backwards. We
used a switching potential to create rotation, along with alternating rotation and relax-
ation steps (see Figure 5.4). The directionality for rotation was induced using another
dihedral term of the form:

Vtors = 0.5Ktors sin
2 (ϕ− ϕref) (5.6)
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Here ϕref is the reference angle chosen just before every rotation and relaxation step.
During the rotation step, the molecule experiences a dihedral force derived from the
combined potential in equation (5.7)

Vdih =

0.5Ktors sin
2 (ϕ− ϕref) + 0.5Kn

[
1 + n cos (ϕ)

]
for ϕ < ϕref

0.5Kn

[
1 + n cos (ϕ)

]
for ϕ ≥ ϕref

(5.7)

Figure 5.3 (b) shows the combined potential (Eq. 5.7) for ϕref = 0◦. During the relaxation
step, the molecule’s orientation is fixed in its current state by using Vtors (see equation
(5.6)), with ϕref chosen at the beginning of every relaxation step (Figure 5.3 (a)).

(a) (b)

Figure 5.3: (a) Total dihedral potential energy in the relaxation step with ϕref = 0.
(b) Total dihedral potential energy for rotation steps with ϕref = 0, for initially parallel
subunits n = 1 (orange, solid) and anti-parallel sub-units n = −1 (orange, dot-dashed).

5.1.1.4 Gel model

Given that we want to study how the incorporation of these rotors into a polymer-matrix
affect the physical properties of the gel through their cooperative motion, we initialised
these motors in the form of a diamond lattice, similar to cross-linkers in Chapter 4. We
then connected each of these motors by polymer chains to form the diamond structure.
Figure 5.5 shows the initial structure of a small diamond network. The network in our
case has 512 rotor molecules, meaning we have a system of 1024 rigid sub-units. Thus
a total of 3072 particles makes up all the rotors. The strand length of the gel, in the
current study are varied from 21 to 84. We used the strand lengths 21, 42, 62 and 84 to
be approximately in the same range of arm lengths used in the experiments, which were
35, 41, 52, 84 and 144. The non-bonded monomers of the strands interact with purely
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Figure 5.4: The four stages in the rotation cycle of a rotor molecule. The molecule
rotates by switching the form of dihedral potential eq. (5.7), followed by thermal relax-
ation, then another potential switch and again a thermal relaxation. The bottom axis
D−C−D′ is shown to be fixed in space, to facilitate the visualization of 180◦ rotation.

repulsive interactions (modeled via WCA), whereas the bonded monomers are modeled
through FENE + WCA interactions. The interaction between the rotors and the strands
are also given by WCA interactions. The value of D0 and R0 for these cases are chosen
to be 1σ and 1.5σ respectively.
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Figure 5.5: Initial structure of a small diamond network with 8 motors as crosslinkers

5.1.1.5 Simulation Details

Throughout this chapter we will express all quantities based on units of σ( length) ,
kBT ( energy) and the gel strand monomer mass m. We will use a derived unit τ for time,
where τ =

√
mσ2/kbT . The values of all the major parameters used in the potential is

listed in table given below. Once the initial structure of the gel is set up, it is relaxed
under a constant pressure of 0.001kBTσ−3 and reduced temperature kBT = 1 using the
Martyna-Tobias-Klein (MTK) [192] thermostat and barostat for 15000τ . An integration
time step of ∆t = 0.0005τ is used. The temperature and pressure coupling constants are
chosen here to be 0.05τ and 0.5τ respectively. In this chapter we will discuss the results of
contraction of a free gel and a gel under different loads, focusing on the unwinding model
of the motor.

As mentioned before, we impose alternating rotation and relaxation steps which
makes up the rotation cycle. The molecules are allowed to undergo 220 such rotation
cycles in the course of our simulation. Each rotation cycle is 40τ long and consist of
10τ long rotation steps and relaxation steps which are alternated. Clearly, 10τ is more
than enough time for the chains to equilibrate, after motor rotation, as indicated by the
auto-correlation functions of the radius of gyration of strands at different relaxation steps
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Parameters Value
kBT 1
ϵ 1kBT
σ 1
θ0

π
2

n 1 or − 1
r0 1σ
R0 1.5D0

KFENE 200kBT/σ
2

Kn 300ϵ
Ktors 600kBT
KBend 1000kBT

Table 5.1: The table listing all the parameters used in our simulation

in Figure 5.6 (a)-(d). For our study, the angle turned by each molecule in both the re-
laxation and rotation cycles were also monitored. All these simulation were done using
HOOMD version 3.7 [18], and some of the analysis in the result section used Freud Anal-
ysis package[240]. The Fresnel package was used in creating snap-shots of simulation.

5.2 Results

5.2.1 Contraction of free motor gel

To create a free gel, the cross-linkers or the motors are not connected across the periodic
simulation box. As mentioned previously in 5.1.1.4, the gel is then relaxed under a
pressure of 0.001kBTσ−3 for about 15000τ . After this the polymer chains are unwrapped
and the box is extended in the three directions such that the simulation box is 2.5 times
the difference of the maximum and minimum coordinates in each direction. Once this has
been done, the gel is equilibrated under a Langevin thermostat for 32τ at kBT = 1. We
then start the simulation by inducing rotation to the molecules by flipping the value of n
from 1 to −1, in the dihedral term of the equation (5.7). This causes the gel to contract
as shown in the Figure 5.7.
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(b)(a)

(c) (d)

Figure 5.6: (a)-(d) Autocorrelation function for the radius of gyration of the strands
(Rgs), measured at different relaxation steps, for the various strand lengths used in our

simulations.

5.2.1.1 Angle distribution and Size ratio

To verify the six-particle model for the rotor with the high activation barrier,(i.e., to
check for backward flips), we plotted the distribution of the rotation angles during the
free gel contractions at different simulation times. The plots in Figure 5.8 shows that
initially almost all motors rotate by 180◦, which is indicated by the peak at 180◦ in the
Figure 5.8), slowly winding the polymer chain pairs attached to them. As time progresses
the number of motors which can rotate 180◦ decreases, eventually approaching zero, as
reflected by the peak at 0◦. This is also visible in the plot showing the proportion of motors
completing a 180◦ rotation during a half-cycle, with the x-axis representing time and the
top axis showing the corresponding number of rotation cycles (see Figure 5.9 (a)), which
drops from values close to 1 and approaches zero. The inability to rotate is attributed to
the twisting of the chains attached to molecules, which leads to the creation of an internal
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Motors
rotated

Figure 5.7: The swollen state of the gel on the left undergoes contraction as the
molecules undergoes several rotation cycles to reach the contracted state on the right.

torque, ultimately neutralizing the rotational motion. Given the unidirectional nature of
rotation of the motors, they halt in the long time limit.

One could also notice from Figure 5.9 (a) that for systems with shorter arms (meaning
higher motor density), the motors tend to stall sooner. Conversely, in setups with longer
arms and lesser motor density, stalling happens later. Even though these systems show
comparable decay trends, their respective curves do not line up to form a unified master
curve when rescaled or adjusted in time. Especially gels with smaller Ns shows deviations
(see inset of Figure 5.10). This implies that the distinctions in topology caused by motor
cross-links and the differences in the lengths of the polymer chains affect how the motors
operate.

The motor rotation leads to twisting of the attached chain pairs around one another
which further makes the chains come closer to each other. To study this effect on the
entire gel system we plotted the size ratio defined as the ratio of the radius of gyration of
the free gel at time t to that at t = 0, (⟨Rg2(t)⟩/⟨Rg2(0)⟩). Figure 5.9 (b) shows this for
gels with different strand lengths. The size ratio of all these system start at one and slowly
decreases over time. The size ratio of gel systems with different strand lengths plateau to
similar values in the long time limit. The observed behaviour is very much similar to what
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(a) (b)

(c) (d)

Figure 5.8: (a)-(d) Probability distribution of angle turned by the motors at the end
of different rotation steps, for strand-length Ns = 21− 84

we see in the experiments in the manuscript [326] (Figure 2e), although in the experiments,
the contraction speed varies with the average strand length in a non-monotonic fashion,
i.e., first an increase in contraction speed is observed followed by a decrease in the speed
as average strand length increases. In the simulations, however, the contraction speed
continuously increases as the strand length shortens. The reason for this difference lies
in the fact that the simulations do not take into account the impact of increased optical
density when motor concentration is high, which can reduce the penetration of light into
the material.
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(b)(a)

Figure 5.9: (a) Fraction of motors rotating by 180◦ and (b) radius of gyration ratio of
the gel, both as a function of rotation cycle (top x-axis) and simulation time (bottom

x-axis), for gels with different strand-lengths.

Figure 5.10: The same as Figure 5.9 (a) rescaled in time, with logscale representation
of the x axis. The inset shows the zoomed in portion of the plot where data for the

strands do not collapse onto a single master curve.



Chapter V. Molecular Motor gels 96

5.2.2 Contraction of motor-gel attached to loads

5.2.3 Initializing the gel with load

Figure 5.11: Represents the gel attached to yellow rigid structures made of harmon-
ically bonded WCA beads. These rigid structures acts like loads, similar to the 1D

contraction experiments.

Similar to the sections 5.1.1.4 and 5.2.1 on the initialization of the gel, here the regular
network which has a diamond topology, is set up for studying 1D contractions. The gel
is initialized to be cross-linked only across the y and z boundaries, with no cross-linking
along the x direction boundaries. Then the system is equilibrated for 15000τ under a
constant pressure similar to what we discussed in 5.1.1.4. Once the gel is equilibrated, we
unwrap the gel in the x direction and centerize the slab. Then the length of the simulation
box is extended in the x direction to be larger than the difference of the maximum and
the minimum coordinates in x. Once this is done, we start adding 3 layers of particles
on either of the x side of the slab (represented by yellow color in Figure 5.11 ). The
particles in the same layer as well as consecutive layers are connected to each other via
harmonic bonds with equilibrium bond-length rstruct = 0.957σ and kstuct = 1000kBT/σ

2.
Thus forming rigid structures on either side. An attractive Lennard Jones interaction
between the particles of the rigid structure and monomers of the gel-strands are added:

VHarmonic -struct = kstruct

(
r − rstruct

)2
(5.8)
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VLJ = 4ϵ

[(σLJ
r

)12
−
(σLJ
r

)6]
r < 2.5σ

= 0 r ≥ 2.5σ

(5.9)

The value of σLJ and ϵ in equation 5.9 is chosen to be
√
2σ and 1kBT respectively. We

now equilibrate the system for 200τ by applying a constant pressure of 0.02kBTσ−3 along
the x direction while not allowing the other dimensions to rescale. This compresses the
rigid structure to come closer to the the gel slab and the strand monomers gets attracted
to the rigid structures. After this, another short equilibration run for 50τ is done with
the help of Langevin integrator. The position of the rigid structures are then unwrapped
in the x direction. Now harmonic bonds (similar equation to 5.8) are added between the
monomers of the gel-strands, if they are at a distance of

√
2σ from the rigid structure.

The bonded interaction strength between these two types of particles are chosen to be
kstruct-monomer = 1000kBT/σ

2 and the equilibrium bond length to be rstruct-monomer =
√
2σ.

After adding the bonds, the LJ interaction between the gel-strand monomers and the
rigid structures are removed and the system is equilibrated with a Langevin thermostat
for 400τ . This completes the setup for 1D contraction experiment with the load, as shown
in Figure 5.11. Once the gel with the rigid structure is set up, we simulate the behaviour
of a load by applying a constant force on each particle in the rigid structure. The net
force by the particles of the rigid structure is taken to be the total force applied or the
value of load in simulations of 1D contraction.

5.2.3.1 Properties of passive gel

To compare the gels before and after molecular motor rotation, we conducted separate
simulations without rotating them. This allowed us to assess important mechanical prop-
erties of a reference gel with non-rotating crosslinkers. First, we conducted the extension
test: the gel slab was allowed to relax initially for 15000τ without any load and without
switching on the motor. Once it reached equilibrium, force was applied on either of the
rigid structures to pull them. The pulling simulation lasted for 34000τ , which equilibrated
the gel under the load. Simulation box was also extended in the x direction to create a free
boundary for the purpose of extension test. In both the relaxation and pulling simulations
a pressure P = 0.0kBT/σ

3 was maintained in the lateral directions using MTK barostat
and thermostat. Figure 5.12(a) presents the extension of a reference gel as a function of
the applied load. Initially the gel follows a Hookean behavior, where extension is directly
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proportional to the applied force, but then it saturates, remaining almost constant de-
spite the increasing force. The one-dimensional contraction simulations described in the
coming section uses force values from the Hookean region of this plot. In Figure 5.12(b),
the density of the gel under compression is plotted against applied pressure. This figure is
plotted as a result of the compression test, where we applied forces to the rigid structures
to compress a gel with passive motors. The final density of the gel from this simulation is
noted down and used for Figure 5.12(b). This density is only mildy affected by the strand
length and can reach values exceeding 1σ−3, which is significantly higher than the density
limit observed in the contraction simulations described below.

(a) (b)

Figure 5.12: The relative extension ⟨∆L/⟩ ⟨L0⟩ of the gel is plotted as a function of
the applied load in the configuration illustrated in Figure 5.12 (a), where ⟨L0⟩ represents
the initial extension of the gel. In panel (b), the density of gels under compression is
shown as a function of compressive pressure. The dashed horizontal line represents the
final density obtained in the one-dimensional contraction simulations after the molecular
rotations were applied. In both panels (a) and (b), the simulations were conducted with

molecular rotations turned off, while varying the strand lengths (Ns) as indicated.

5.2.3.2 Load Test

Before we start the rotation of the motors in the load test, the simulation box is extended
along the x direction. In our simulations, we extended the box 200 times the initial box
dimension along x. This creates an effect of free boundary conditions as described in
Chapter 3. After extending the box along the x direction, the gel can be pulled and
equilibrated under the applied force. (see Figure 5.13(a)). The equilibration of the gel
with the load is done for a simulation time of 30000τ keeping the pressure along the lateral
dimension at 0.0kBTσ−3, using a MTK barostat. However, it has to be noted here that the
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pressure along the lateral dimension is mostly set by the rigid structures, since the rigid
structures can affect the resizing of the lateral dimensions of the simulation box during
the application of the barostat. Thus, at the end of this process we have a gel system
equilibrated under a particular load or force, to a length Li. We vary the load applied to
the gel from a value of 84kBTσ−1 to 103kBTσ

−1, i.e., in the Hookean regime of the force
vs extension curve for the gel as seen in Figure 5.12(a). After equilibrating the system
with the load, the motors are switched on and the contraction experiment is now done
over a period of 220 rotation cycles, keeping the pressure along the lateral dimension to be
0.0kBTσ

−3, by enforcing a barostat. The rotation allows the gel to contract from an initial
x dimension Li, to a final x dimension Lf (see Figure 5.13(a)). Now from the displacement
of the rigid-structures, we can calculate the 1D contraction ratio ∆x/Li = 1− Lf/Li, as
a function of applied load (total force) for gels with different strand length Ns. Figure
5.13(b) demonstrates that the contraction ratio remains largely the same, regardless of the
length of the strands, if the total forces acting on the gel is within the Hokean regime of
the force vs extension curve. Once the forces exceeds the Hookean regime, the contraction
ratio starts decreasing. This is likely due to the extended structures of the chains at high
loads, which increases the difficulty of braiding the chain pairs. It is also to be noted
that the values of the final relative contraction are significantly higher in the simulations
compared to the experiments.

A key question arises: what physical effect restricts the relative contraction of the
gel? An initial hypothesis might be that the gel’s contraction is limited by excluded
volume, suggesting that there is a critical density beyond which the gel cannot contract.
To explore this, we plotted the monomer number density, ρf , in the gel’s contracted state
(Figure 5.13(c)). The density appears similar across various strand lengths and forces,
though there is a higher variation in the limiting behaviour for shorter strand lengths.

To evaluate whether the density limit is set by excluded volume constraints, we
examined the density as a function of compressive pressure in a gel with non-rotating
crosslinking molecules (Figure 5.12(b)). These results indicated that the limiting density
that we seen in the contraction experiment is not special; it is actually much lower than
the maximum density achieved under high compression. Consequently, this suggests that
excluded volume is not the major factor that limits gel contraction. Instead, it is more
likely that the limitation arises from topological constraints, as previously proposed [103,
109] for a simpler, whirligig like systems.
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Figure 5.13: (a) Simulation snapshot showing the initial equilibrium extended state
under load and contracted state after motor rotations. (b) Graphs illustrating one-
dimensional contraction (as percentage) and (c) density in the contracted state, both
plotted against applied loads. The simulation data are presented in units of kBT and

bead size σ

5.2.3.3 Work and Torque

The work done in pulling the load is studied as a function of strand-length, using the
setup mentioned above (see Figure 5.12(a)). We measure the displacement ∆x of the
rigid structures from the initially stretched configuration to the final contracted state in
order to determine the work f · ∆x. Here f is the net force applied. Figure 5.14(a)
shows that the work increases almost linearly with the strand-length of the gel, if the
applied load is in the Hookean regime of the force-vs-extension curve. Initially the gels
are stretched to their utmost limits prior to triggering the motor molecules, which prompt
volume contraction. As a result, the effort exerted against the applied force is directly
impacted by the elastic energy stored within the system. Given that the elastic energy is
proportional to the polymer strand length, we observe a distinct linear correlation between
the work performed and the length of the strands.
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(a)

(b)

(c) (d)

(f)(e)

Figure 5.14: (a) The work done by the motors in pulling the load as a function of
strand-length Ns, for different applied loads in Hookean regime. (b) The average torque
applied by the motors in sustaining the contracted state as a function of Ns for different
loads in Hookean regime. (c)-(f) shows the distribution of torques by the motor to
sustain the system in the contracted state, for forces in the Hookean regime. The black

dashed lines in (c)-(f) indicates the torque distribution at zero load.

Since we are using a model of rotors that do not unwind, we wanted to see the torque
put up by the motors to sustain the contracted state for the different applied loads. The
distributions, for the values of torque is shown in the Figure 5.14 (c)-(f). It shows that for
all the forces in the Hookean regime, the torque distribution collapse onto one another.
These overlapping distribution of torques, for different forces in the Hookean regime,
implies that the loads have little to no effect on the torque given by the motors in this
regime. This is confirmed by the torque distribution at zero load, which also overlaps with
the other torque distributions (see Figure 5.14). The distributions of torques is clearly
not Gaussian and shows a slightly wider spread among the positive torques. This implies
that more motors want to unwind in the contracted state but is prevented due to the high
activation barrier that provides a positive torque (since ϕ−ϕref < 0). The negative values
of torque means that ϕ−ϕref > 0, i.e., the current configuration is oriented in the winding
direction compared to the stable state ϕref. So a negative torque is exerted to bring it
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(a)

(b) (c)

(e)(d)

Figure 5.15: (a) Mean torque for the non-Hookean forces as a function of strand-
length Ns. (b)-(e) The distribution of torques by the motor to sustain the system in the

contracted state for the two forces in the non-Hookean regime.
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back to the stable state. The torque distribution of motors when the loads are in the
non-Hookean regime are shown in Figure 5.15 (b)-(e). The large values of load reduces
the conformational entropy of the chains, because the number of possible configurations
decreases as the chain becomes more extended. Hence it becomes increasingly difficult
for the motors to create more braids in the chain pairs. The motors have the tendency to
backflip as we observed previously under Hookean forces. The extended configuration of
polymer chains due to the high loads, increases the motor’s tendency to backflip even more.
However, because our motor model does not allow for it to unwind, the motor generates
larger torques to maintain its stable state, ϕref. Hence the distribution of torques for non-
Hookean forces, is centered around larger positive values. Figure 5.14(b) shows how the
average torque in the contracted state varies with strand-length, we see that for the range
of loads in the Hookean-regime, the torque increases with decreasing strand-length. A
possible explanation could be that the shorter polymer strands have fewer entanglements
compared to longer strands, as they cover less spatial volume and have fewer opportunities
to intersect with neighboring chains. Hence for a larger Ns, the unwinding of molecules
is already more difficult due to the higher number of links or entanglements between the
chain pairs compared to smaller Ns. To overcome the ease with which the shorter chains
can disentangle and thus unwind the motor, the motors attached to shorter strands will
have to provide a larger positive torque in comparison to longer strands to prevent any
unwinding and maintain the stable dihedral angle state ϕref. In contrast to this we see that
the average torque to sustain the contracted state is mostly independent of the strand-
length, when the loads corresponds to the non-Hooken regime (see Figure 5.15 (a)). This
is likely because the non-Hookean forces dictates the conformation of chains, and this has
a greater impact on the braiding of the chains and the torque produced by the motors,
incomparison to the strand length.

5.2.3.4 Measure of linking

The rotational motion causes twisting and bending in the attached polymer chains, which
subsequently leads to the formation of entanglements between the chain pairs. In this
subsection we will look at the entanglements of the system with loads. Normally one
could use the concept of linking number for calculating the entanglements. The linking
number, sums up the signed crossing (ci) of the 2D projections of closed curves, to return
an integer value for the degree of entanglement (see equation (5.10)).

Lk =
1

2

∑
i

ci (5.10)
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However, applying this method to open chains necessitates creating a closing scheme
[301, 47] for the chains, which would ultimately affect the value measured through equation
(5.10), since different closing schemes would result in a different values. We utilize the
Gaussian linking number (GLN), which eliminates the need for a closing scheme in its
calculation. Consequently, we obtain a fractional value of the linking number, unlike the
invariant values observed with closed links. The Gaussian linking number between two
curves C1 and C2 was defined by Gauss [210] to be:

LkG(C1, C2) =
1

4π

∫
C1

∫
C2

dr⃗1dr⃗2 ·
r⃗2 − r⃗1
|r⃗2 − r⃗1|3

(5.11)

Here r⃗i refers to a point on the curve Ci. We use this concept to explore the entanglements
between segments of chain pairs attached directly to the same rigid body of the motor.
For this purpose, the integral in the above equation 5.11 was discretized by considering
that the two curves are each composed of N piecewise straight segments:

LkG(C1, C2) =
1

4π

N∑
I

N∑
J

ΩIJ (5.12)

where ΩIJ is the solid angle formed by all those projections in which a pair of segments
I and J appear to cross each other. Thus, for two straight segments I, I+1 and J , J +1,
we can use the Van Oosterom and Strackee equality to obtain the solid angle formed by
the vectors k, l,m and n. Thus, the solid angle formed by the square pyramid made of
vectors k, l and m is given by:

Ω(k, l,m) = 2 arctan

(
[k, l,m]

|k||l||m|+ k · l|m|+m · k|l|+ l · m|k|

)
(5.13)

Here [k, l,m] is the scalar triple product of vectors k, l, m and |k| is the magnitude
of the vector k. Hence, the solid angle made by all those views in which two segments
(I, I + 1) and (J, J + 1) apparently cross is given by:

ΩIJ = 2arctan

(
[k, l,m]

|k||l||m|+ k · l|m|+m · k|l|+ l · m|k|

)

+ 2arctan

(
[m,n, k]

|m||n||k|+m · m|k|+ k · m|n|+ n · k|m|

) (5.14)
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Figure 5.16: Calculation of the solid angle ΩIJ between segments I and J , bounded
by I, I + 1 and J, J + 1, respectively, involves the vectors k,m, n, and l shown in (a).
The solid angle ΩIJ formed at B in (b) is calculated using Ω(k, l,m) and Ω(k,m, n) as
in Equation (5.14). "Reprinted figure with permission from Rasool Ahmad, Saptarshi
Paul, and Sumit Basu, Phys. Rev. E, 101, 022503(2020). Copyright (2020) by the

American Physical Society." https://doi.org/10.1103/PhysRevE.101.022503.

We use equation (5.14) to determine the solid angle in order to determine the Gaussian
linking number between segments of chain pairs directly attached to the same rigid-body
forming the motor. Here we will use the method deployed by A. Rasool et al. in [7] for
getting the local entanglements of these chain pairs.

In this method we first find the distance between the monomers of the chain pair. If
the distance is less than dc = 2σ, a predetermined threshold distance, the segments around
these two points can potentially be entangled. This step helps us to disregard the pairs
that are definitely not entangled and identify the one that are entangled. For example in
Figure 5.17, A′ and A are close. Thus we select the segments B′-A′-C′, and B-A-C having
approximately 2Nc atoms. Each of these segments B-A, A-C, A′-C′ except B′-A′ have Nc

atoms. B′-A′ lying close to chain ends have less than Nc atoms (see Figure 5.17). The
value of Nc was chosen after experimenting with various values of it, for all the strand
lengths we used in the simulation. If Nc chosen was smaller than 3, the algorithm ended

https://doi.org/10.1103/PhysRevE.101.022503
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Figure 5.17: Definition of quantities involved in calculating LkG between segments of
two chains I and J . "Reprinted figure with permission from Rasool Ahmad, Saptarshi
Paul, and Sumit Basu, Phys. Rev. E, 101, 022503(2020). Copyright (2020) by the

American Physical Society." https://doi.org/10.1103/PhysRevE.101.022503.

up doing some redundant calculations. The redundant calculations happen because the
segments of the chain pair, which should have formed a single entanglement gets divided
into two or more entanglements due to the smaller value of Nc. When Nc was larger
than 4 beads, it merged the entanglements that are located far apart along the two chains
(which should not be done). Especially for smaller strand length Ns = 21, choosing Nc = 5

beads or above would mean considering more than half the chain length (2Nc) for every
calculation of local GLN. Hence in our analysis we have chosen Nc = 3 beads, which is
not too small nor too large. This way we find the local GLN values for all segments whose
beads are below a cutoff distance dc apart. Doing this for all the chain pairs attached to
the molecules, we can get the local entanglement values. In Figure 5.18 we show a 2D
plot for the local GLN values. The x and y axis are the bead ids (representing beads from
the two chain pairs) with bead id coordinate (0, 0) representing the attachment point of
the chain pairs to the same rigid-body constituting the molecule.

The colors in this 2D plot represent the absolute value of local GLN obtained from
our analysis described above. We average the absolute value of local GLNs for all chain
pairs in the system, also averaging over different configuration. Figure 5.18 shows this for
gels with strand length Ns = 21 (top) and Ns = 84 (bottom) under different loads.

https://doi.org/10.1103/PhysRevE.101.022503
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(a) (b)

(d)(c)

Figure 5.18: ⟨|LKG
|⟩ in the contracted state for different applied loads for gels with

Ns = 21 (top) and Ns = 84 (bottom). Loads f = 87.48, 349.92kBTσ−1 in (a)-(b) are
in the Hookean regime, whereas loads f = 2624.4, 4374kBTσ

−1 in (d)-(c) are in the
non-Hookean regime.
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Comparing the local GLN values for Ns = 21 and Ns = 84, we see that the longer
strands have more contact points and hence we see a wider spread for local GLN values
across the bead-ids in Figure 5.18 (b). This is also in agreement with what we discussed
in the previous subsection 5.2.3.3 about the longer strands having more entanglements.
One can also notice that the stronger entanglements are found in the segments attached
directly to the motor indicated by yellow color in Figure 5.18 (a)-(b) (top and bottom).
This happens because of the high torsional force experienced by the segments near to the
motors compared to others, forcing them to intertwine and entangle with the neighboring
segments more, as compared to segments far away. We also noticed that for larger loads
(total force f) in the non-Hookean regime, the entanglements become less strong, as
indicated by the disappearance of the yellow color patch, and the presence of green and
blue patches. This is as a result of strong pulling by the load which affects the chain
conformations, as explained in the previous sub-section 5.2.3.3. This decrease in the local
GLN values for larger loads are also reflected in the 1D contraction ratio.

5.2.4 Effect of stiffness on a free motor-gel

The following are preliminary results on the study of a free molecular motor gel, in which
the stiffness of the polymer strands was varied. We will present the results in this sub-
section as a function of kstiff, which is the strength of the bending potential (see eq. (5.15))
between consecutive triplets of beads in a polymer strand of the gel. Here θ0 = π according
to "HOOMD" conventions, such that straight configurations are energetically favored.

Vstiff = 0.5kstiff

(
θ − θ0

)2
(5.15)

5.2.4.1 Size ratio

Figure 5.19 (a)-(d) shows the size ratio has a function of time for a given strand length
Ns, with different values of stiffness parameter, kstiff. The light blue colored circle marker
in the plots, represent kstiff = 0, i.e., chains that are highly flexible. The size ratio,
has expected decreases with time for all values of stiffness parameters used and at later
times it saturates. However we see that the value to which it has contracted to, for a
given Ns, changes with the value of kstiff in a non-monotonic fashion. This non-monotonic
change in the size ratio as a function of kstiff is shown in Figure 5.20 (a)-(d) for various
strand lengths. All the systems with different strand lengths that we studied follows a
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(a) (b)

(c)(d)

Figure 5.19: (a)-(d) Time evolution of the size ratio of free motor-gels with different
stiffness parameter kstiff for Ns = 21, 40, 62, 84 respectively.

similar trend: the size ratio decreases as kstiff increases, but starts to rise again around
kstiff = 10− 15ϵ. Further increase of kstiff only increased the size ratio. From Figure 5.20
we can see that, except for the shortest strand length Ns = 21, for all the other strand
lengths, the increasing size ratio crosses the value of size ratio at kstiff = 0ϵ (indicated by
the black dashed lines) around kstiff = 50ϵ. For Ns = 21, increasing kstiff simply brings the
size ratio closer to what it is at kstiff = 0ϵ.

To see the underlying conformations of the polymer strands, we plotted the distribu-
tion of the normalized radius of gyration Rgs/Rgs0 of the gel strands as shown in Figure
5.21(a)-(h). Here Rgs0 refers to the radius of gyration of an ideal chain of length Ns and if
Rgs/Rgs0 = 1, it means that the strands are adopting an ideal chain conformation. Plots
(a)-(d) illustrates the distribution of normalized radius of gyration (P(Rgs/Rgs0)) of these
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strands before the motors started rotating, whereas (e)-(h) shows the distribution of the
same strands in the contracted state. Clearly we see a decrease in the values of radius
of gyration of the strands (Rgs) after contraction for all values of kstiff. P(Rgs/Rgs0) for
highly flexible chains is shown in Figure 5.21, and as indicated by the initial and the final
P(Rgs/Rgs0) for such strands, the peak of the distributions shifts from values greater
than one to values more close to one. This indicates that some of the highly flexible
strands adopts an ideal chain configuration after contraction. However, this shift in the

(a)

(c) (d)

(b)

Figure 5.20: (a)-(d) shows the non-monotonic change of the final size ratio as a function
kstiff, for systems with different strand-length Ns. The x axis is in logscale. The black

dashed lines represents the size ratio at kstiff = 0 for a given Ns.

distribution for kstiff = 0ϵ is smaller compared to what we observe for kstiff = 15ϵ. For
example, for kstiff = 15ϵ, the peak of P(Rgs/Rgs0) for all Ns shifts from values in the
range Rgs/Rgs0 = 3 − 5 to values in the range Rgs/Rgs0 = 1 − 1.2, resulting in a final
distribution that closely overlaps with that of highly flexible chains. This larger shift in
the conformation of polymer strands likely contributes to the smaller saturated size ratio
of the gel observed for kstiff = 2− 15ϵ compared to highly flexible strands (see Figure 5.20
or 5.19). For kstiff = 50ϵ, the initial P(Rgs/Rgs0) sharply peaks at values larger than 1,
but the distribution broadens after the gel contracts. However, the final configurations of
the strands are still extended compared to the ideal chain configurations, as indicated by
Figure 5.21, with the peak of the final distributions still lying at Rgs/Rgs0 > 1. Hence
the size ratio of the gel as seen for kstiff = 50ϵ in Figure 5.20 is larger compared to
kstiff = 10−15ϵ. For kstiff = 100−200ϵ, the distribution only broadens after contraction of
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the gel, with most of the strands lying in the extended configuration. Since most chains
are still in the extended state as indicated by the distribution in Figure 5.21 (e)-(h), the
size ratio is larger than or equal to the size ratio of the highly flexible chains.

Figure 5.21: (a)-(d) Distribution of normalized radius of gyration of polymer strands
of the gel before it starts contracting and (e)-(h) distribution of normalized radius of
gyration of polymer strands of the gel before after the gel contraction, for different kstiff

for systems with different strand length Ns.
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5.3 Conclusion and outlook

In colclusion, the advanced precision of our polymerization methodology allowed for the
facile conversion of synthesized polymers into gels via standard cross-linking reactions.
These techniques were able to produce gels that were quasi-ideal, which enabled us to
understand the photo-driven contraction created by the twisting of the chain pairs at-
tached to the molecular motors. The experimental investigation led by Dr. Yao revealed
that, while similar total contraction ratios independent of degree of polymerization was
achieved, the contraction speed exhibited non-linearity dependent on the motor density
due to the compromise between optical density, light attenuation, and motor density. To
have a deeper understanding, we developed a MD simulation framework that accurately
captured the essence of light-induced contraction. A model for the rotor with a very high
activation barrier was also created, just for this purpose. Thus imposing uni-directional
rotation even under high strain or internal torque. The computer simulation showed an
increased speed in volume contraction as the motor density increased, and thus helped
to clarify that the experimentally observed non-linearity in contraction speed arises from
sample thickness effects. In the simulations, we further extended the experiments by at-
taching loads to gel system. A variety of gel systems with varying strand lengths were
selected for this load study, revealing that, irrespective of motor density/ strand length,
the contraction ratio remains almost same for these system. This observation holds true
for the present model of the motor that disallows unwinding. We further used simulations
to infer that the excluded volume do not have a role to play for almost constant and
consistent contraction behaviour that we see from the load test. This lead us to conclude
that the topological limitations are in fact the cause of this constant contraction ratio.

Further, our analysis illustrated the linear increase in work by the motors, with
increasing strand-length for any given force/load in the Hookean regime. One could
conclude that the linear increase in work with strand-length, draws from the elastic energy
harbored in the system. Additionally, the distributions of torques for different loads in
the Hookean regime collapse on to one another. We see from the torque distributions
that the number of molecules applying positive torque is slightly greater than the number
of molecules applying negative torques, indicating that the molecules inherently wants to
unwind, but is prevented by the large activation barrier which provides a positive torque
to the counteract this unwinding tendencies of the molecules. Negative torques are fewer
in number compared to the positive torques, implying that the dihedral angle state of
such molecules are slightly greater than the value for stable state, i.e., ϕref. Overall on
an average, the molecules apply positive torque in-order to sustain contraction. This
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torque, in the range (10− 22kBT ) is however very large compared to what is determined
experimentally (≈ 2kBT ) [109]. This is probably a result of us choosing a non-backflipping
model for the motor. Further, we notice that the average torque decreases with increasing
strand-length, because there are larger points of contact between the chain pairs and
hence more entanglement for longer strands. Thus the tendency to unwind, for motors
attached to longer strands is lesser compared to those attached to shorter Ns. Hence, the
motors connected to shorter strands apply a larger torque to maintain the stable dihedral
state ϕref. The stretch of entanglements/ windings for longer strands is also confirmed by
the Gaussian linking number analysis. It also shows that the systems with loads in the
non-Hookean regime experience weaker entanglements, spread unevenly through out the
chain pairs. We then extended this study to "stiffer gels", i.e., free polymer gels having
stiffer strands. Our preliminary analysis of the size ratio as a function of time, for stiffer
gels confirmed the contraction of gels even when the stiffness parameter for the strands
were quite high. However, the saturated size ratio showed a non-monotonic behaviour as
we varied the stiffness. As the stiffness increased, the saturated size ratio decreased, i.e.,
the size ratio became lesser compared to the highly flexible chains, till a certain value of
stiffness parameter is reached, after which it started increasing. With further increase in
stiffness parameter, the size ratio grew, reaching values greater than or equal to the value
for highly flexible chains. Our examination of the distributions of the "scaled radius of
gyration" for the strands, indicates that the non-monotonic size ratios are probably due to
how significantly these distributions changed, following contraction, in comparison to their
original states. In other words, it depends on whether the strand distribution transitioned
from an elongated state to a more condensed one or stayed closely resembling its initial
state.

Here we studied an ideal network with an ideal motor as cross-linker, which would
not unwind. However in a real motor-gel, the molecular motors can start unwinding due
to the accumulation of internal torque as the chain pairs wind/ entangle with each other
[109]. In the future work, we will be looking at motors with finite activation barrier of
around 44kBT , instead of the very large activation barrier of around 450kBT which was
considered here. It will be interesting to know in such a case, whether the size ratio
and contraction ratio will remain the same, or whether it will decrease because of the
backflipping of the motors, creating chain unwinding. Furthermore, studying the effect of
chain stiffness in the unwinding case will also be important to know how much the stiffness
could actually effect the contraction ratio. Another potentially interesting factor is the
volume of the polymer backbone. The gel strands in the experiment have side chains of
three carbon atoms, therefore it would be important to investigate how varying the side
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chain length affects the winding of the chains and hence the contraction ratio. It is also
intriguing to explore gels possessing a higher polydispersity index and analyze how the
gel’s topology influences the entanglement of chain pairs.



Chapter 6

Tandem project - lab Work

6.1 Introduction

As part of the GRK-2516 program, PhD students were requested to complete a tandem
project, fostering collaboration between simulators and experimentalists over a specified
period. This chapter offers a concise overview of the project and details the procedures I
followed during my tenure in Sebastian Seiffert’s lab.

6.2 Brief explanation of Microfluidics

Microfluidics allows liquids to be precisely manipulated on minute scales [318]. Using
integrated channels made from glass, polymers, or silicon – these instruments guide fluid
movement to an accuracy of micrometers. A key application of microfluidics is the pro-
duction of a single or double emulsion droplets. In a single emulsion [221, 61, 12] droplet
an internal material is enveloped by a layer made from a different materials, where as
in the case of a double emulsion [142, 174, 329] internal material is sandwiched between
an enveloping layer and external shell. By regulating the flow rate and dimensional pa-
rameters, uniform droplets of targeted size, shape, and composition can be systematically
synthesized. Subsequent treatment like cross-linking, evaporation of liquid contents, or
photopolymerization hardens the encapsulating layers while removing interior fluids, re-
sulting in solid core-shell constructs. These synthetic particles find broad use in drug
delivery, micro-encapsulation, and chemical sensing. Therefore, by controlling fluids and
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suspensions on a microscopic level, microfluidics enables generating multifaceted yet pre-
cisely specified particles applicable to fields including material science, biotechnology, and
medicine.

6.3 Aim

The aim of this work was to produce sufficient quantities of core gel and shell polymers to
later prepare the core-shell microgel particles. The procedure for the preparation of the
shell polymers and the core gel particles along with core-shell particles will be mentioned
below. Both the core and the core-shell particles are prepared through micro-fluidic
experiments.

6.4 Methods

For creating the core-gel, shell polymers and core-shell particles, we followed the proce-
dures given by Seuss et al., in the reference [270], with minute changes. The procedures
for all of this will be given below:

6.4.1 Shell-polymer synthesis

We start by dissolving 7.93 g of acrylamide (AAm) (111.55 mmol) and 0.77 g of DMMI-
AAm (3.45 mmol) in 250 mL of water to achieve a total concentration of 0.46 mol/L [265].
The resulting solution was purged with argon gas for 30 minutes at room temperature.
To regulate the molecular weight of the polymers, 0.35 g of sodium formate was added as
a chain transfer agent [96]. Then 4.6 mL of aqueous stock solutions of ammonium per-
sulfate (APS) (0.2 mol/L) and tetramethylethylenediamine (TEMED) (0.5 mol/L) was
introduced into the mixture. The reaction mixture was stirred under argon atmosphere
at room temperature and samples were taken every 30 minutes after adding an excess
amount of methanol to to observe the precipitation of p(AAm-co-DMMIAAm). When
the precipitation starts becoming visible (after around 120 minutes), the reaction was
terminated by adding 750 mL of methanol. The precipitate was then filtered by adding
3 wt% hydrochloric acid (25 wt% HCl in water). The crude polymer obtained is now dis-
solved in water, then dialyzed against water for a week and finally freeze-dried. In the
end, we will be left with a fluffy white solid which weigh 25% (2.18 g).
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6.4.2 Fabrication of glass micro-fluidic device for core-gel prepa-
ration

To create the cores we used a glass-microfluidic device, the procedure for preparation of
such a device will be given below.

Figure 6.1: The in-house glass microfluidic device made for the core fabrication pro-
cedure.

A standard microscopic slide is used as a base for a simple single-emulsion glass
capillary microfluidic device. We then take a microcapillary, with square cross-section
having an inner 1.102 mm and outer diameter (1.35 mm) and scratch a breaking line into
the middle of the capillary using a diamond scratcher. This is then placed on to the
microscopic slide mentioned before. A glass capillary with circular cross-section having
an inner and outer diameter of 0.58 mm and 1 mm respectively is placed inside a pipette
pulling machine that can create two halves with tapered orifice each. Using one of these
pulled capillary halves the device preparation can be continued. For this we extend the
tapered orifice of the capillary half by rubbing it with sand-paper and removing the glass
dust by blowing on it. After the smoothing procedure, we are left with a tip of the capillary
having a diameter of 200µm. Once the desired tip size for the circular capillary is achieved,
the device is dipped in octadecyltrimethoxysilane. This process make the silane react with
the glass surface and cover it with hydrophobic octadecyl chains, thus making sure that
only the respective outer phases in the microfluidic experiment wets the capillary walls,
but not the inner phase, further helping the droplet formation. Chloroform is used to
remove the excess reagents on the capillary walls, followed by a flushing of isopropanol
and drying using air-flow. Now we place the tapered end of the round capillary at the
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middle of the glass slide such that the un-tapered end is protruding out of the glass-
slide’s edge. Similarly the open end of the square capillary is placed 2 cm away from the
round-capillary orifice. After this, two syringe tips on which a little cut has been made
by a mini-grinding machines is used to inject the fluids into the device. These syringe
tips are placed, one on the open end of the square capillary and the other on the little
gap between square and the round-capillary. The placements of these syringe tips should
cover the fluid inlets completely. Syringe tips are fixed and sealed using epoxy glue, first
applying the glue from the sides and later at the cuts/ gates made on the syringe tips. The
round capillary end sticking out of the glass-slide is also glued using epoxy mixture. This
completes the single emulsion device, and it can now be used by injecting a continuous
phase on the inlet at top of the gap between the two capillaries, whereas the dispersed
phase can be injected into the inlet on the top of square capillary open end. The resulting
emulsion will go through the round capillary, over whose end a piece of tubing may be
put to collect the emulsion in a collection vial.

6.4.3 Microfluidic Fabrication of Core gel particles

A 10 mL solution comprising of NIPAAm monomers with 1 mol % of the cross-linker
N,N’-methylene-bis(acrylamide) (BIS) formed the aqueous phase. The APS which is an
initiator for the polymerization was also added to the aqueous phase at a concentration
of 8g/L. A flow-focusing method was then used to emulsify the aqueous phase using an
organic phase containing low viscous paraffin oil and 8 wt% Grindsted PGPR 90 Kosher
as surfactant. The flow rates for NIPAAm-BIS solution and the organic phase was set to
1.5 mL/hr and 4 mL/hr. The droplets formed during this process was collected into a
vessel containing TEMED and organic phase which would start the polymerization. This
solution containing the droplets were stored for about 24 hours so that it could undergo
complete polymerization. After this the solution was removed of the excess paraffin oil
and other chemicals by rinsing with isopropanol and acetone. The product that remained
after the clean up procedure was placed in distilled water creating swollen cores.

6.4.4 Microfluidic fabrication of core-shell particles

To create core-shell particles, we start by taking 100g L−1 concentration of p(AAm-co-
DMMIAAm) solution with a very low content of triplet photosensitizer sodium 2, 7 −
thioxanthonedisulfonate. This was later used to encapsulate the p(AAm-co-BIS) core
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microgel. As a precaution to prevent any gelation of p(AAm-co-DMMIAAm) during the
core-shell preparation due to the ambient light, the microfluidic device along with the
tubings were wrapped in aluminium foil. Octadecyltrimethoxysilane was also coated on
the tubing to make it hydrophobic. Using low viscous paraffin oil containing 10wt% of
the modified polyetherpolysiloxane surfactant ABIL EM 90 as the continuous phase, core-
shell premicrogel was created. During this process the flow rates of pNIPAAm microgels
were continuously adjusted between 100µL/h to 1000µL/h. The flow rates of pAAm-co-
DMMIAAm and paraffin oil was chosen to be 200µL/h and 500µL/h respectively. After
the droplets exited the device, they were exposed to UV light of wavelength 365nm using
UV lamp ( OmniCure series 1500 ) and collected in vial. The microgel emulsion collected
in the collection vial, was washed thoroughly to remove the paraffin oil.

6.5 Result

(a) (b)

Figure 6.2: (a)-(b) Different sample cores of size approximately 700µm prdocuced
during the micro-fluidic experiments.

Sufficient quantity of shell polymers were prepared following the modified procedure
mentioned in the subsection 6.4.1. To prepare the core particles we first created several
iterations of glass-microfluidic devices using the procedure described in subsection 6.4.2.
See Figure 6.1 showing a device which we created for core synthesis. Although some of
these devices developed leaks, due to the improper gluing of the syringe tips with the
glass-slides, about 90% of them could still be used for the fabrication of core particles.
The device was thus able to produce a narrow size distribution of droplets with large yield
owing to the high flow-rates. The high flow rates however also affected the shape of the
cores, as it was not exactly spherical anymore. This is shown by the Figure 6.2 which
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was roughly 700µm in diameter. We also tried to create core-shell microgels, however it
resulted in failures as it either created particles with no core in it or multiple cores. We
believe that this is caused by the flow-rates used for the core-shell synthesis.

6.6 Summary

We discuss the methods of preparation of non-thermoresponsive shell-polymers followed
by the fabrication of glass micro-fluid device for core gel particle preparation. The method
of preparation of core-shell particles are also discussed. Although the preparation of the
shell polymer solution and the cores were successful, creation of core-shell particles did
not work out. The problem might be stemming from flow-rates which is quite high and
hence difficult to control. Thus the project enabled me to have an idea about the synthesis
procedure of these particles and the typical problems that may arise during it’s synthesis.



Chapter 7

Summary

Polymer gels are fascinating materials that combine the properties of both solids and
liquids, making them incredibly versatile in various applications, from everyday prod-
ucts to advanced technologies. A subset of polymer gels include, the stimuli-responsive
gels, which are created by cross-linking stimuli-responsive polymers or by integrating
stimuli-responsive cross-linkers into a polymer matrix. Two popular choices of stimuli are
temperature and light, because they offer precise and controllable ways to manipulate
the properties of materials in real time. To this end, several innovative stimuli-responsive
gels, for example core-shell microgels, were the core is thermo-responsive and shell is tem-
perature insensitive, as well as molecular motor gels created by incorporating a polymer
matrix with light responsive molecular motors have been synthesized. In this thesis, we
first studied the interface betweeen the polymer solution and the gel phase in the context
of a core-shell microgel (in Chapter 4), which was followed by a study on volume con-
traction of a light-responsive molecular motor gel (in Chapter 5), both, using molecular
dynamics simulations.

We first studied the interpenetration at the interface between the core gel and the shell
polymer phase using the Kremer Grest model for free polymer chains and the gel strands.
The core gel was represented by a regular network model with a diamond like topology and
the interaction among all the particles were chosen to be the same to simplify our study.
The density/ concentration of shell polymer phase was chosen to be in the semi-dilute
regime, and was varied to observe its effect on interpenetration. When these two phases
are made to come into contact with one another, we observed two time regimes for the
core-shell diffusion: first, the gel becomes compressed as a result of osmotic pressure from
the polymer solution, after which, the gel swells as the free polymer chains moves into the
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gel. Analyzing the density profiles showed us that our polymer solution equilibrates locally
after around 100τd, but the global equilibration of the system as a whole requires more
time, depending on the thickness of the gel slab. The interpenetration of the shell polymers
into the core gel was studied using quantities like "degree of interfacial integration" (DII)
and "scaled areal density" (Σ) at the interface. When DII was plotted as a function
of time, it increased faster for a smaller density of polymer solution, compared to a
higher density of polymer solution but eventually stabilized at about the same saturation
value for all concentrations. We observed that the DII saturated at a simulation time of
around 100τd, indicating that the interface also achieved local equilibration around this
time. The saturated value of DII observed in the simulations were very close to what
was theoretically predicted for Gaussian polymer chains. Further, both areal density Σ

and DII showed us that the connectivity between the two phases increased with shell
polymer concentration, since the density of chains crossing the interface also increased
with shell polymer concentration. This suggests that a well connected core-shell particle
can be created using higher concentration of shell polymer solution. However, this might
lead to the deformation of the core gel, due to the high osmotic pressure associated
with denser polymer solution. Alternatively, we could play with the density of shell
polymer solution and cross-link it with core-gel at different stages of polymer diffusion,
in order to create a loosely connected to a well connected core-shell particle. We further
observed the emergence of percolating clusters as the shell-polymer concentration exceeded
a threshold concentration ρ∗, within the gel region. We inferred that, when the shell
polymer concentration exceeds ρ∗ in a region close to the interface, it can form large
interconnected structures across the gel which can later be cross-linked and would be useful
to strengthen the connection between the core and the shell. Further, a capillary wave
model which accounts for gel elasticity was used to extract the dependence of interfacial
broadening on concentration along with interfacial tension. Our study revealed a linear
increase in interfacial tension with polymer concentration, indicating that these surface
properties are affected by swelling of the gel due to the shell polymer concentration.
Similarly the interfacial width was also seen to increase with shell polymer concentration.
The observed positive correlation between interfacial width and tension sharply contrasted
with the typical behavior at liquid-liquid interfaces, where these quantities are usually
inversely related.

In the second work we focused on molecular motor gels, which used Feringa’s second
generation motors as cross-linkers. Thus, these cross-linkers formed the fundamental units
that responded to external stimuli in such gels. We studied the limiting behaviour of such
a gel using coarse grained molecular dynamics simulations. For simplicity and to replicate
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the quasi-ideal experimental gels, we used a regular network with a diamond-like topology
in our simulations. We worked under the assumption that the motors cannot unwind even
under large strain or internal torque, and created a model motor that used a modified
torsional potential to impart unidirectional rotation. The model enabled us to replicate
the contraction of the experimental gels in our simulations. In our study we varied the
strand length of the gel to systematically study it’s effect on the contraction of the gel.
The size ratio of the free gel defined by the "gyration radius ratio" showed a systematic
decrease with time as expected, and reached very similar contraction ratios independent of
the strand length. The speed with which it reached the saturated value was dependent on
the motor density in our simulation, i.e., to say that the gels with higher motor density/
shorter strands contracted faster compared to the ones with smaller motor density/ longer
strands. This is different from what we observe in the experiments, in which case, the speed
of contraction as a function of average strand length changes non-monotonically, probably
due to the effects of increased optical density at high motor concentration, limiting the
penetration of the light into the material. We also conducted simulations where the
model gel was attached to a load and measured the contraction ratio as a function of this
load. The 1D contraction ratios from these simulations showed a limiting value. This
behaviour was qualitatively similar to those in the experiments. The compressive test in
our simulation proved that the limiting behaviour is likely a consequence of topological
limitation rather than the excluded volume effects. Further, we explored the work done by
the motors to pull the loads which showed a linear increase with strand-length of the gel.
The distributions of torques revealed overlapping statistics for all loads in the Hookean
regime, even for zero loads, indicating that the loads in the Hookean regime do not affect
the torque produced by the motors. The shape of the torque distribution, with more
positive torques implied that, the motors have a tendency to unwind, but is prevented
due to the high activation barrier of the torsion potential. Our study also revealed that
the average torque to sustain the system in contracted state was highest for the gels with
shorter strands, because of the lesser contact points for entanglements, which allowed
for the motors to unwind easily compared to longer strands. Finally, in this study we
explored the effect of stiffness of the polymer chains on the over all size ratio of the free
gel. As stiffness increased, the long time size ratio, showed an non-monotonic behaviour,
which first decreased with increasing stiffness and then started increasing again beyond a
certain value of the stiffness parameter.

In conclusion, this work has provided significant insights into the interfaces of core-
shell microgels and on the contraction behaviour of a molecular-motor gel. The results
presented in this thesis could form the base for further studies on more realistic systems,
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for example in studying the diffusive interpenetration of disordered networks or to study
interfaces of polymer solution - gel systems with chemical disparities. Additionally the
model for the molecular motor from the motor-gel simulations could be applied to a more
non-ideal systems with strand length disparity or to a comb-like or hairy gels to see how
the contraction behaviour changes with these defects in the gel. These results can be
then compared to the case of an ideal network, which we have presented here. Thus the
information from these simulations will serve as a foundation for guiding experimental
efforts and developing new materials with amazing features as the field keeps growing.



Chapter A

Appendix A : Supporting information for
Chapter 4

A.1 Properties of free polymer solutions

A.1.1 Gyration radius of free chains in solution

Figure A.1 shows the radius of gyration of free chains (N = 102) in solution as a function
of monomer density. The theoretical value of the overlap concentration is around ρ∗ =

0.06σ−3. Even though the chains are quite short, the data are consistent with a crossover
from a dilute regime, where Rg is independent of ρ, to a semidilute regime, where [252]
Rg ∼ ρ−1/8.

A.1.2 Equation of state of the free solution and overlap concen-
tration

Figure A.1 shows the pressure of the free polymer (N = 102) chains in a solution as a
function of monomer density. We fit the data to de Gennes scaling equation [252]

Π ≈
( ρ
N

)[
1 +

( ρ
ρ∗

)1.3]
, (A.1)

using ρ∗ as a fit parameter. A value of ρ∗ ≈ 0.025σ−3 was obtained from the fit.
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Figure A.1: Radius of gyration Rg of free polymers in solution vs. monomer density.
Dashed lines indicates the expected power law scaling in the dilute regime (Rg ∝ ρ0)

and in the semidilute regime (Rg ∝ ρ−1/8).
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Figure A.2: Pressure of the free polymer Π solution vs. the solution density ρ. The
dashed black lines shows a fit to the de Gennes scaling theory of polymers in a good

solvent.

A.1.3 Bulk modulus of bare swollen gel

The elastic properties of bare gels (with no free polymers inside) are highly nonlinear.
They are ultrasoft at small pressures and gradually stiffen at higher pressures. Figure A.3
shows the bulk modulus of a bare isotropic gel, as determined in a fully periodic system
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where the gel is cross-linked across all three periodic boundaries. The bulk modulus is
calculated as

K = kBT
⟨V ⟩

⟨V 2⟩ − ⟨V ⟩2
(A.2)

The figure shows that the modulus increases almost linearly with increasing pressure. At
the pressures used to set up the gels in the simulations (P ∼ 0.001ϵσ−2), the bulk modulus
is of order K ∼ 0.003ϵσ−3.
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Figure A.3: Bulk-modulus as a function of applied pressure.

A.2 Additional data for isotropic gels

A.2.1 Monomer density profiles

Figure A.4 shows complementary data to Figure 4.3 in the main text: The time-dependent
reduction of polymer concentration in the solution as the polymers diffuse into the gel
(Figure A.4 (a) and two selected sets of monomer density profiles across the slab, one at
low concentration and one at high concentration. Figure A.5 (a)- (c) is complementary to
Figure 4.5 (a)-(c) in the main text and shows the density of free polymers, the gel strand
density and the total monomer density in the middle of the slab as a function of time in
units of the chain relaxation time τd. The figure shows that the system as a whole does
not reach equilibrium during the simulation time, as in the case of the anisotropic gel.
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(a) (b) (c)

Figure A.4: (a) Time evolution of monomer density in the solution phase for different
final concentrations ρsolf (in units of σ−3) as indicated. (b, c): Monomer density profiles
across the slab for free polymers (dashed orange), gel strands (solid green), and total
(solid black) at different times as indicated for different ρsolf . For better readability,
profiles corresponding to subsequent times are shifted upwards by 0.3σ−3 in (b) and
0.15σ−3 in (c). Thin dashed lines show corresponding baselines (ρ = 0). Data correspond

to isotropic gels.

(a) (c)(b)

Figure A.5: Monomer densities at the center of the gel slab versus rescaled time t/τd
for (a) monomers belonging to free polymers, (b) gel monomers, (c) all monomers, for
different final concentrations in the outer solution ρsolf (in units of σ−3) as indicated.

The gel is isotropic.

A.2.2 Percolation

Figures A.6 and A.7 show complementary snapshots and data to Figure 4.8 in the main
text to characterize the cluster formation and the percolation of free chains inside the
isotropic gel.

A.2.3 Monomer motion profiles

Figure A.8 shows complementary data for the isotropic gel to the profiles of local monomer
motion in the anisotropic gel in Figure 4.9 in the main text. Different from Figure 4.9,
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Figure A.6: (a-c) Snapshots showing cluster formation of free chains within the gel
region as viewed from top of the box (along z-axis) at different final polymer densities
(ρsolf ) as indicated. Different clusters are colored differently in order to be distinguish-

able. The light gray color marks the solution region. The gel is isotropic.

the profiles of Mz(x) and My(x) are the same. Inside the gel slab, the monomer motion
is the same within the error in all three directions.

A.2.4 Chain conformation profiles

Figure A.9 shows complementary data for the isotropic gel corresponding to the profiles
of chain conformation parameters ∆2Rgx,y,z in anisotropic gels shown in Figure 4.10 in the
main text. Different from the anisotropic gel, the chain conformations are isotropic within
the error inside the gel. At the surface, a small change in chain orientation is observed
for ∆2Rgx as seen in the anisotropic gels.
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(a)
(b)

(c) (d)

Figure A.7: Characteristics of cluster distributions vs. (ρsolf ) at different times as
indicated: (a) Average number of clusters; (b) Average cluster size (mean squared radius
of gyration) of finite clusters; (c) Percolation strength (see text); (d) Fraction of free

polymers inside gel that are part of the spanning cluster. The gel is isotropic.

(a) (b) (c)

Figure A.8: Profiles of monomer motion Mα(x) in α = x (a), α = y (b) and α = z (c)
direction vs. x-coordinate of monomers. The red symbols

⊕
indicate the approximate

position of interface, the red shading the gel regions. The gel is isotropic.
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(a) (b) (c)

Figure A.9: Profiles of chain conformation parameters ∆2Rg
α

(see text) across the gel
slab for different concentrations ρsolf as indicated. The x coordinate refers to the center
of mass of chains. Black dashed line indicates the position of the interface, shaded bands

the error. The gel is isotropic.

A.3 Solution of diffusion equation for free polymers dif-
fusing into a gel slab

To estimate the time scales required for the full equilibration of our system, we assume
that the longest time scale is set by the diffusion of free polymers into the gel. We
consider a system of polymers diffusing into a gel of thickness d from both sides with
diffusion constant D. The gel is centered at x = 0, and the polymer density at the surface
of the slab is set at ρf (±d/2, t) ≡ ρf,eq (Dirichlet boundary conditions), where ρf,eq is
the equilibrium density of free polymers in the slab after equilibration. The solution of
the one-dimensional diffusion equation (∂tρ = D ∂xxρ) with these boundary condition at
x = ±d/2 and initial condition ρf (x, t = 0) ≡ 0 is

ρf (x, t) = ρf,eq

[
1− 4

π

∞∑
n=0

(−1)n

2n+ 1
(A.3)

× cos
(π
d
(2n+ 1)x

)
× exp

(
−D (

π

d
)2(2n+ 1)2 t

)]
.

This results in the time evolution equation

ρf (0, t)

ρf,eq
=

[
1− φ

(
(
π

d
)2D t

)]
(A.4)
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Figure A.10: Comparison of equation (A.4), describing the density of diffusing
monomers at the center of the slab as a function of time (solid line), with the ap-

proximate expression Equation (A.5) (dashed line).

with φ(τ) =
4

π

∞∑
n=0

(−1)n

2n+ 1
e−τ(2n+1)2 .

for ρf (x, t) at the center of the slab. The function φ(τ) is initially close to zero up to
τ ∼ 0.1, then it increases quasi logarithmically, until it finally saturates around τ ∼ 5.
The time range between the initial discernible increase of free polymer density in the
center of the gel, and the final saturation thus spans roughly 1.5 orders of magnitude.
Numerically, the function ρf (0, t) is reasonably well approximated by

ρf (0, t)

ρf,eq
≈ 1

2

[
tanh

(
ln(

Dt

d2
) + 2.357

)
+ 1
]
, (A.5)

as shown in Figure A.10.
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