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Abstract

To any polynomial f € Klzo,...,x,|, where K is a field of characteristic
p > 0, one can attach an invariant called the F-pure threshold, first defined by
Takagi and Watanabe. This invariant is the characteristic p analogue of the
log-canonical threshold in characteristic zero. The F-pure threshold, which is a
rational number, is a quantitative measure of the severity of the singularity of
f. Smaller values of the F-pure threshold correspond to a “worse” singularity.

Inspired by the work of Bhatt and Singh we compute the F-pure threshold of

quasi-homogeneous polynomials, i.e. polynomials f € K|[xo,...,z,] which are
homogeneous with respect to some N-grading of Klzg,...,z,]. In particular,
we consider the case of a Calabi-Yau hypersurface, i.e. a hypersurface given
by a quasi-homogeneous polynomial f in n 4 1 variables zq,...,x, of degree

equal to the degree of xg---x,. Moreover, we relate the F-pure threshold of
f € R = Klzo,...,x,] to a numerical invariant of X = Proj(R/fR), namely
the order of vanishing of the so-called Hasse invariant on a certain deformation
space of X.

In the second part of this thesis we turn our attention away from the Hasse in-
variant towards an important invariant in the theory of formal groups. Namely,
we give a connection between the F-pure threshold of a polynomial and the
height of the corresponding Artin-Mazur formal group. For this, we consider a
quasi-homogeneous polynomial f € Z[zy,...,zy] of degree w equal to the de-
gree of xg---x, and denote by X the hypersurface given by f = 0. We show
that the F-pure threshold of the reduction f, € Fplzo,...,x,] is equal to the
log-canonical threshold of f if and only if the height of the Artin-Mazur formal
group associated to H" ! (X, G, x) is equal to 1. We also prove that a similar
result holds for Fermat hypersurfaces of degree greater than n+ 1. Furthermore,
we give examples of weighted Delsarte surfaces which show that other values of
the F-pure threshold of a quasi-homogeneous polynomial of degree w cannot be
characterized by the height.
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Zusammenfassung

Man kann jedem Polynom f € K|[xo,...,z,], wobei K ein Korper der Charak-
teristik p > 0 ist, eine Invariante zuordnen, die als F-reine Schwelle bezeichnet
wird und die zuerst von Takagi und Watanabe definiert wurde. Diese Invariante
ist das Charakteristik p-Analogon der logkanonischen Schwelle in Charakteristik
null. Die F-reine Schwelle, die eine rationale Zahl ist, ist ein quantitatives Mafs
dafiir, wie ,schlimm® die Singularitdt von f ist. Kleinere Werte der F-reinen
Schwelle entsprechen einer ,schlimmeren® Singularitét.

Inspiriert durch die Arbeit von Bhatt und Singh berechnen wir die F-reine

Schwelle von  quasihomogenen  Polynomen, das heit Polynomen
f € Klxo,...,x,), die homogen sind beziiglich einer N-Graduierung von
Klxo,...,zn].  Insbesondere betrachten wir den Fall einer Calabi-Yau-
Hyperflache, das heifst einer Hyperflache, die durch ein quasihomogenes Poly-
nom f in n + 1 Variablen zg,...,z, gegeben ist und deren Grad gleich dem
Grad von xg---x, ist. Auflerdem stellen wir einen Zusammenhang zwischen
der F-reinen Schwelle von f € R = K|z, ..., zy] und einer numerischen Invari-

ante von X = Proj(R/fR) her, der Verschwindungsordnung der sogenannten
Hasseinvariante auf einem bestimmten Deformationsraum von X.

Im zweiten Teil dieser Arbeit lenken wir unsere Aufmerksamkeit von der Hasse-
invariante auf eine wichtige Invariante in der Theorie der formalen Gruppen.
Wir geben einen Zusammenhang zwischen der F-reinen Schwelle eines Poly-
noms und der Héhe der entsprechenden Artin-Mazur formalen Gruppe an. Dazu
betrachten wir ein quasihomogenes Polynom f € Z[xg,...,z,] vom Grad w,
der gleich dem Grad von zg - - -z, ist, und bezeichnen mit X die durch f =0
definierte Hyperfliche. Wir zeigen, dass die F-reine Schwelle der Reduktion
fp € Fplzo, ..., xy] genau dann gleich der logkanonischen Schwelle von f ist,
wenn die Héhe der Artin-Mazur formalen Gruppe, die zu H" (X, G, x)
assoziiert ist, gleich 1 ist. Wir beweisen auch, dass ein dhnliches Ergebnis fiir
Fermathyperflaichen vom Grad grofer als n + 1 gilt. Dariiber hinaus geben wir
Beispiele fiir gewichtete Delsartehyperflaichen an, die zeigen, dass andere Werte
der F-reinen Schwelle eines quasihomogenen Polynoms von Grad w nicht durch
die Hohe charakterisiert werden kénnen.
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Introduction

Throughout this thesis, we consider a polynomial f € K[zg,...,x,] over a field
K, vanishing at a point 2 € K"*!. The polynomial f is called singular at x if
and only if % =0 for all ¢ = 0,...,n. But how “bad” is the singularity of f
at 7 Can we measure the severity of the singularity of f at x?

The most basic measurement of singularities is probably given by the multiplicity.
Since f is called singular at x if all the first order partials vanish at z, it is natural
to say that f is “more singular” at x if also all the second order partials vanish
and so on. This leads to the definition of the multiplicity of f at x given by

mult,(f) := max {d | all partial derivatives of order < d vanish at z} .

If one chooses coordinates in a way such that z is the origin, then the multiplicity
is given by the degree of the lowest degree term of f.

However, it turns out that the multiplicity is too crude to give a good measure-
ment of singularities. For example, if we consider the following three polynomials

zy =10 y?— 23 =0 y?—27 =0

then one computes that multy(f) = 2 in all three cases (if char(K) # 2), but the
singularity gets “worse” from left to right. Thus, in order to distinguish these
singularities, we need another measurement.

In characteristic zero one such measurement is given by the log-canonical
threshold 1ct(f) of a polynomial f. This invariant was first defined analytically
via integration. In this context, the log-canonical threshold can be interpreted
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as one of the numbers in the so-called spectrum of the singularity (see [Ste89)).
In the context of birational geometry (where it was first introduced by Shokurov
in [Sho93|) the log-canonical threshold can be defined using resolution of sin-
gularities. Roughly speaking, the idea is to say that f is “more singular” if
the number of blowings-up required to resolve f (and their complicatedness)
is big. Moreover, the log-canonical threshold can be interpreted as a critical
number for the behavior of certain associated ideals, called the multiplier ideals

(seefsection 1.3)), which have emerged as an important tool in algebraic geometry.

In general, it is difficult to compute the log-canonical threshold but since we are
mainly working with quasi-homogeneous polynomials (i.e. polynomials which
are homogeneous with respect to an N-grading of the polynomial ring), for our
purposes only the following example will be interesting:

Example ([HNBWZI16, Theorem 6.2]). Let f € Q[zo,...,z,] be a quasi-
homogeneous polynomial of degree d with an isolated singularity (for the precise

definitions see [section 1.1]). Let w be the degree of xq - - - x,. Then,

lct(f)—{q‘;’ it d > w

1, otherwise.

Using this, we can compute the log-canonical thresholds of the three polynomials
from above:

(1) Let f = zy with grading deg(z) := 1 and deg(y) := 1, then, lct(f) = 1.
(2) Let f = y*—a with grading deg(z) = 2 and deg(y) := 3, then, lct(f) = 2.
(3) Let f = y?—a” with grading deg(z) := 2 and deg(y) := 9, then, lct(f) = 1.

Some properties of the log-canonical threshold can already be discovered by look-
ing at the above examples; as, for instance, that the log-canonical threshold is
a positive rational number, which is bounded above by 1 (see [Laz04bl, Example
9.3.16]). Moreover, smaller values of the log-canonical threshold correspond to
“worse” singularities.

The analogue of the log-canonical threshold in characteristic p > 0 is the F'-
pure threshold fpt(f) of a polynomial f, first defined by Mustatd, Takagi and
Watanabe in [TW04] and [MTWO05]. The main ingredient in the definition of
the F-pure threshold is the Frobenius map. Let R := K|xo,...,2,] be the
polynomial ring over a field K of characteristic p > 0 with maximal ideal
m := (zg,...,x,). Then, by

F:R—R,

r=rP
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we denote the Frobenius map on R. Let ¢ = p€ and denote by ald := (aq ‘ a € a)
the Frobenius power of an ideal a C R. For an element f € m one defines

pr(q) = min{k eEN| fke m[‘ﬂ}

and observes that p17(1) =1 and 1 < puy(q) < ¢. Furthermore, {%} . is a
e>

non-increasing sequence of positive rational numbers. Hence, one defines:

Definition. The F-pure threshold of f is defined as

Although, birational geometry in positive characteristic has not yet been devel-
oped so far, the F-pure threshold is nevertheless an important invariant. Again,
the F-pure threshold is a rational number in (0, 1] (see [BMS08, Theorem 3.1])
and similarly as in characteristic zero, the F-pure threshold can be interpreted
as a jumping number of the so-called test ideal introduced by Hara and Yoshida

in [FIY03] (see [ection 1.2).

Comparing the F-pure threshold of f with the multiplicity of f it turns out that
_ _ntl
multo(f) multo(f)’

i.e. fpt(f) behaves like m However, we will see that it is a more subtle
invariant. For example, if one computes the F-pure threshold of the polynomials
we considered at the beginning, one gets that fpt(xy) = 1 for all p but

<fpt(f) <

3, if p=2
2 .
2 .3 _ )3 ifp=3
iy — =) =15 if p=1mod 6
& p=1mo
%—é, if p=5mod6

i.e. the F-pure threshold of y? — 23 is smaller than the one of zy. If one further

computes the F-pure threshold of y? — 2 then it turns out that

(%7 if p=2

87 ifp=3

4, if p=1mod 18

11 1 -
et 9 s~ T80 if p=5mod 18
PUY =2 =Y 5 = 7 med 18

8~ Isp =

% ﬁ, if p=11 mod 18

o 2s. ifp=13mod 18

n_ 7 if p=17 mod 18
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and again, the values of the F-pure threshold get smaller. Therefore, the
F-pure threshold distinguishes between these types of singularities in the sense
that (roughly speaking) smaller values of the F-pure threshold correspond to
“worse” singularities.

By looking at the above examples, one can already observe the following: Com-
paring the log-canonical threshold of a polynomial f € Z[xy,...,z,] with the
F-pure threshold of its reduction f, € Fy[zo,...,zy] it turns out that

fpt(fp) < let(f)

for p > 0 and
Jin fpt(fy) = let(f)

(see [IMTWO5, Theorem 3.3 & Theorem 3.4]). Furthermore, it is conjectured that
for infinitely many primes p one has fpt(f,) = lct(f) (see [MTWO5], Conjecture
3.6]). But this conjecture is wide open and was formulated in many contexts, for
example by using log-canonical pairs and F-pure pairs (see . More-
over, this conjecture is connected to other open problems in arithmetic geometry,
such as the weak ordinarity conjecture of Serre (see [MSI1I| and [Mus12| or

fon 13)

Of course, there are many other interesting invariants of singularities such as the
Milnor number (see [Mil68]), which plays an important role in the topological
study of singularities. However, in this thesis we will only deal with the log-
canonical threshold and the F-pure threshold.

The F-pure threshold and the Hasse invariant

In general, the F-pure threshold has been computed in many cases. For exam-
ple, in his dissertation, Herndndez computes the F-pure threshold of diagonal
and binomial hypersurfaces using base p expansions (see [Her| or for

an overview).

More generally, in [BS15] the authors compute the F-pure threshold of a ho-
mogeneous polynomial. They first give an upper and a lower bound for the
numbers fif(p). Using these bounds, they compute a list of possible values for
p¢(p). Then they explain how to “lift” this to compute a list of possibe values
for pug(p®). Finally, as a limit they get a list of possible F-pure thresholds. We
generalize this procedure to the case of a quasi-homogeneous polynomial. In
particular, we consider the case of a Calabi-Yau hypersurface and obtain the
following result which generalizes Theorem 4.1 of [BS15]:

4
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Theorem (see [Theorem 2.9)). Let Klxg,...,x,] be the graded polynomial ring
with o == deg(z;). Let f € K|[xg,...,x,]| be a quasi-homogeneous polynomial of
degree w := Y ;" o; with an isolated singularity. Then:

(1) ps(p) =p—h, where 0 < h <n—1is an integer.

(2) py(pq) = puys(q) for all ¢ with ¢ >n — 1.
(8) If p>n—1, thenfpt(f)zl—%, where 0 < h <n —1.

In particular, in the case of a curve we get:

Theorem (see [Theorem 2.12)). Let C' := Proj(R/fR) be the curve given by a

quasi-homogeneous polynomial f € R := Klz,y,z| of degree equal to the degree
of xyz with an isolated singularity. Then

1, if C' is ordinary

fpt(f) = {

1-— %, otherwise.

Here, a curve C is (by definition) ordinary if and only if the map on H*(C, O¢)
induced by Frobenius is bijective. This theorem is a generalization of the two-
dimensional case of the main theorem of Bhatt and Singh (|[BS15]), which says
that the F-pure threshold of an elliptic curve E given by a homogeneous poly-
nomial f € K[x,y, z] of degree three is 1 if E is ordinary and 1 — % otherwise. In
contrast to the paper of Bhatt and Singh our proof does not rely on deformation-
theoretic arguments and hence gives a more elementary approach to this result.

More generally, Bhatt and Singh relate the F-pure threshold of a homogeneous
polynomial f € R = K|z, .., %] to a numerical invariant of X := Proj(R/fR),
namely the order of vanishing of the so-called Hasse invariant on a certain defor-
mation space of X. Again, we generalize this result to the quasi-homogeneous
case. For this, we consider the family 7 : X — Hyp,, of hypersurfaces of degree
w = deg (x¢ - - - x,) in the weighted projective space P" (v, . .., ay). Our chosen
hypersurface X = Proj (R/fR) gives a point [X] in Hyp,,.

The Hasse invariant H of a suitable family 7w : X — S of varieties in character-
istic p is the element in

Hom (RNTI'S})Ox(l) , RNTr*Ox> ~ Hom ((RNW*Ox)p , RNTr*Ox>
=~ Hom ((’)5, (RNW*(’)%)I_I)>
= 1 (8, (RN m0x) ')
induced by the relative Frobenius Froby,s. Here the relative Frobenius is given

5
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by the following diagram

x0 —— x

Now, fix s € S and an integer ¢ > 0 and let ¢[s] be the order ¢ neighbourhood
of s. Then, the order of vanishing of the Hasse invariant at the point s € S
is given by ordy(H) := max {t ’ i*H =0 where i : t[s] < S}. The second main
result of this paper, generalizing [BS15| to the quasi-homogeneous case, is the
following:

Theorem (see [Theorem 2.16|). If p > w(n — 2) + 1, then fpt(f) = 1 — %,

where h is the order of vanishing of the Hasse invariant at [X] € Hyp,, on the
deformation space X of X C P" (ap,...,an).

In the homogeneous case this result was proven by Bhatt and Singh in [BS15]
by pointing out a connection between the order of vanishing of the Hasse in-
variant and the injectivity of the map H" ! (X,0x) 2 H" ! (tX,O:x) in-
duced by Frobg, where tX is the order t neighbourhood of X in P" (a, . .., ap).
We generalize this statement to the quasi-homogeneous case using local coho-
mology instead of sheaf cohomology, i.e. we consider the map a; as a map
HY(R/f), 2 HR (R/ft)o, which makes our approach rather explicit.

We should also mention the paper [HNBWZ16| of Herndndez, Nuniez-Betancourt,
Witt and Zhang, where the authors compute the possible values of the F-pure
threshold of a quasi-homogeneous polynomial of arbitrary degree using base p
expansions. In particular, as a corollary they get the same list of possible F-pure
thresholds as we obtain here in the case of a Calabi-Yau hypersurface.

The F-pure threshold and the height of quasi-homogeneous poly-
nomials

In the third chapter of this thesis we turn our attention away from the Hasse
invariant towards another important invariant. Namely, we give a connection
between the F-pure threshold of a quasi-homogeneous polynomial
f € Z[xo,...,x,] and the height of the Artin-Mazur formal group associated
to H" (X, Gy x), where X C PZ (ap, ..., ay) is the hypersurface given by f.
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In this thesis, a one-dimensional formal group law over a commutative ring R
with identity is a power series F(x,y) € R[x,y], such that

F(x,F(y,z)) = F(F(z,y),2) and

F(x,y) =z + y mod deg > 2.

It is called commutative, if one has in addition that F'(z,y) = F(y, x).

If R is a ring of characteristic zero, then every one-dimensional commutative
formal group law F(x,y) over R determines a unique power series [(7) with
coefficients in R ® QQ such that

[(1) =7 mod deg > 2 and
Fa,y) =171 (i) +1(y)) -

The power series [(7) is called the logarithm of the formal group law F(z,y).

One can write
o0
by
(ry=1+ E m=1 pm
m
m=2

with b,,—1 € R.

The height of a formal group law, which is either infinite or an integer greater
or equal to 1, uniquely characterizes one-dimensional formal group laws over
an algebraically closed field of positive characteristic by Lazard [Lazb5| (see
Theorem 3.9).

Let F(z,y) be a one-dimensional formal group law over a field K of characteristic
p > 0, and let [p|r(z) be the multiplication by p, i.e.

Plr(x)=x+rz+p...+rx,

p times

where  +7 y = F(x,y). Then one can show (see [Haz78|, section 18.3.1]) that
either [p|p(z) = 0 or there is a power ¢ = p" of p such that [p|r(z) = B(x?)
for some power series § with 5(z) Z 0 mod deg > 2. The height ht(F) of F' is
infinite if and only if [p]p(x) = 0 and ht(F') = r if ¢ = p" is the highest power of p
such that [p]r(x) = B(z?). If R is a local ring of characteristic zero with residue
field K of characteristic p > 0 and F(z,y) is a one-dimensional formal group
law over R, then we define the height of F'(z,y) as the height of the reduction
F(x,y) of F(x,y) over K.

In the theory of formal groups one can also choose the point of view of functors.
For this, let Nilalgp denote the category of nil-R-algebras, i.e. of R-algebras in
which every element is nilpotent. The formal affine 1-space over R is defined as
the forgetful functor

Al - Nilalgp — Gets,

7
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which sends a nil-R-algebra N to the set N and which sends a morphism f to
the underlying map f. A one-dimensional formal group over R is a functor

F : MNilalgp — Abelian Groups,

such that V o F = A}%, where V' : belian Broups — Gets is the forgetful
functor. We will see that one can associate to a commutative formal group
law F(z,y) € R[z,y] a functor F' : Nilalgp — Abelian Groups, where the
group structure is given by the power series F'. Conversely, given a functor
F : Nilalgp — Abelian Groups, then F is defined by a formal group law (see

section 3.1.9).

Now, consider the one-dimensional multiplicative formal group law G,,, which
is given by Gy, (z,y) =  + y + xy and where the logarithm is

1(r) = log(1 + 7) = Z(—1)"+1%T".
n>1

As a functor, the one-dimensional multiplicative formal group law is the follow-
ing:

G(N) = (1+ N)*,
where (1 + N)™ is the set of all formal sums 14+u, u € N, with the multiplication

given by (1+u)(14+v)=14+u+ v+ uv.
If X is a scheme over R and ¢ € Ny, then one can construct the following diagram:

MNilalg p _ OX®R T, Sheaves of nil-R-algebras on X

W le
Gheaves of abelian groups on X

H (X,Gm,0y) lH

Abelian Groups

Here Ox ®pr — assigns to a nil-R-algebra A the sheaf Ox ®pr A associated with
the pre-sheaf U +— I'(U,Ox) ®r A for U open. The functor G,, assigns to
a sheaf a of nil-R-algebras on X the sheaf of abelian groups G,,(a) defined
by T'(U,G(a)) = G,(T(U,a)) for U C X open. The functor H is taking
i-th cohomology and the functors G,, 0, and H®(X,Gp 0, ) are defined by
the commutativity of the above diagram. Writing G,,, x instead of G, 0, the
functors

H' (X,Gp.x) : Nilalgp — Abelian Groups

are called Artin-Mazur functors. These functors are not necessarily formal

groups, but we will use a criterion of Stienstra (see [Theorem 3.5)) to show that

it is a formal group in all cases that will be considered in this thesis. The main
theorem of the first part of is the following:

8
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Theorem (see [Theorem 3.11). Let Z[xo, ..., z,] be the graded polynomial ring
with «; = deg(z;) and set w = oy + ... + ayp,. Let f € Z[xg,...,z,] be a
quasi-homogeneous polynomial of degree w and type o = (o, ..., ap) with an
isolated singularity such that the greatest common divisor of all coefficients of
[ is 1. Furthermore, let X be the hypersurface in Py (o) defined by f and let
Ip € Fplzo, ..., xy] be the reduction of f modulo p. Assume that p > w(n—2)+1.
Then fpt(fp) = 1 =let(f) if and only if ht (H" 1 (X, G x)) = 1.

Furthermore, we show that a similar result holds for Fermat hypersurfaces of
degree >n+1:

Proposition (see [Example 3.14| & |Corollary 3.17). Let f = ad + ... + 2l €
Zlxg,...,xy) with d = n+ k for k > 2 and such that n > 2(k — 1). Fur-
thermore, let d # 0 mod p. Then H" 1 (X,G,, x) is a direct sum of formal
groups of dimension 1 and these formal groups are all of height 1 if and only if

fpt(f,) = let(f) = =41,

We will see that the above statements imply that the F-pure threshold is equal
to the log-canonical threshold if and only if the height of the corresponding
Artin-Mazur formal group is equal to its dimension. Since fpt(f,) < lct(f) for
all p > 0, this means that the F-pure threshold is equal to its greatest possi-
ble value if and only if the height is equal to its smallest possible value. We
suspect that this could hold more generally for quasi-homogeneous polynomials.
All computations of the height and the F-pure threshold in concrete examples
support this.

The second half of [chapter 3]is dedicated to the following. Let R := K[z, . . ., zn]
be the graded polynomial ring with «; := deg(x;) over an algebraically closed
field K of characteristic p > 0. Let f € R be a quasi-homogeneous polynomial of
degree w == ap+...+ay, and type «a := («p, . . ., ;) with an isolated singularity.

eorem 2.9|together with [Iheorem 2.16| yield that
h
fpt(f)=1——
(f) ’

with 0 < h <n-—1for p > w(n—2)+1, where h is the order of vanishing of the
Hasse invariant on a certain deformation space of X = Proj(R/fR) C P" («).
shows that h = 0 if and only if ht (H" ! (X, Gy, x)) = 1.

Therefore, it is natural to ask whether the other possible values of the F-pure
threshold (i.e. 1 < h < n—1) can also be characterized by ht (H" ™! (X, Gy, x)).
For this, in the second part of we will introduce weighted Delsarte K3
surfaces, which are convenient for explicit calculations of the height. First, we
explain a method of Goto (JGot04]) to compute their height and then we will
give two examples of weighted Delsarte K3 surfaces which show that the answer
to the above question is negative. The first example will have the same height

9
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but different F-pure threshold and the second one will have the same F-pure
threshold but the height will differ for two different primes p.
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Chapter 1

The F-pure threshold of a
polynomial

In this chapter we give an introduction to the theory of the F-pure threshold
of a polynomial. In the first section we set up the notation for the rest of this
thesis. In the second part we give the definition of the F-pure threshold and
briefly explain that the F-pure threshold can be interpreted as a critical number
for the behavior of the so-called test ideal. In the third section, we introduce
the log-canonical threshold and compare it with the F-pure threshold, which is
its characteristic p > 0 analogue. Furthermore, we give a short overview about
some results concerning the computation of the F-pure threshold. These are the
results that mainly inspired us to work on the F-pure threshold.

1.1 Quasi-homogeneous polynomials with an isolated
singularity

In this section we fix some notation for the rest of this thesis. For further
information we refer the reader to [Kun97], for example.
Throughout this thesis, K will denote a field of characteristic p > 0 and

R = Klxo,...,xy]
will be the polynomial ring over K in n + 1 variables. By
m = (2g,...,Zn)
we will denote the maximal ideal of R generated by the variables of R.

An (n+1)-tuple @ = (g, . .., an) € N”{! defines a grading on R = K|z, ...,z
by setting

deg(z;) == a; and deg (:ck> = z": a;ki,
i=0

11



Chapter 1. The F-pure threshold of a polynomial

where k = (ko,...,kp) is a multi-index and 2% = :U’SO -.xFn Tt follows that
R = @, R4, where
Ry = > e | aiki=dpr e K

k=(ko,...kn) i=0

and the elements of R; are called quasi-homogeneous polynomials of degree d and
type a. For an element f € R; we have

FAzg, .. X%2,) = A f(xg,...,2,) for all A € K.

We set
n
w = Zai =deg(zo---xp).
i=0
A sequence fi,...,fm € R is called a regular sequence if the image of f; in

R/(f1,..., fi—1) is a non zero-divisor (1 <1i < m) and if (f1,..., fm) # R. We
say that an element f € R; has an isolated singularity if

o of

Oxo’ Oz,

is a regular sequence. Furthermore, the Jacobian ideal of f € R is

_(of o
J(f) = (axoax>

and the Milnor number of f is defined by
wu(f) =dimg R/J(f).

It is well-known that f has an isolated singularity if and only if u(f) < co. This
can be shown with explicit bounds for p(f) by using the Poincaré series (see
Section 2.1).

The projective variety P} (a) == Proj K|xo,...,x,] is called the weighted pro-
jective space over K of type a.

1.2 Definition of the F-pure threshold

As already mentioned, the F-pure threshold was first introduced by Takagi
and Watanabe in [TWO04]. However, we mainly follow the approach of Blickle,
Mustatd and Smith in [BMSO08]| since their definition of the F-pure threshold
is more suitable for the computations in this thesis. Both definitions agree by
section 2.3 of [BMSO0S].

12



1.2. Definition of the F-pure threshold

Let R = Klxg,...,zy] be the polynomial ring over a field K of characteristic
p > 0 with maximal ideal m = (zy, ..., 2,,). The main ingredient in the definition
of the F-pure threshold is the Frobenius map or p-th power map on R given by

F:R— R,

r— P
Let ¢ = p® be a power of p and denote by
all .= (a? | a € q)
the Frobenius power of an ideal a C R. For f € m one defines
11f(q) == min {ks eN| ffe mM}
and observes that p1¢(1) = 1 and that

1< pup(q) <gq

Furthermore,

1 (pg) < prg(q), (1.1)
since fHr(@ e mld implies that fP#/(9) ¢ mlPd. Hence, {%} is a non-
e>0
increasing sequence of positive rational numbers and one defines:

Definition 1.1. The F-pure threshold of f is

€
fpt(f) == lim M
e—o0  p¢
It was shown in [BMSO08, Theorem 3.1] that the F-pure threshold is a rational
number in (0, 1]. Moreover, the F-pure threshold can also be interpreted as a
jumping number of the so-called test ideal introduced by Hara and Yoshida in
[HY03]. Again, we follow [BMS08|, where it is also shown that their definition of
the test ideal coincides with the one in [HY03] (see Proposition 2.22 of [BMS08§]).
Let K be an F'-finite field, i.e. a field K such that the Frobenius morphism
F:K — K, F(u) = u?, is finite, and denote by R = K|z, ..., z,| the polyno-
mial ring over K. For an element f € R, denote by f1/7" the (unique) minimal
ideal J such that f € JP™]. Let ¢ € R4. Then, for every m > 1 we have

(f(cpml)[l/pm] - <f|>cpm+l-|>[1/pm+1]

)

where [u] denotes the smallest integer > u (see Lemma 2.8 of [BMS08]). Since
R is noetherian, this sequence of ideals stabilizes.

13



Chapter 1. The F-pure threshold of a polynomial

Definition 1.2. The test ideal of f with exponent c is defined as

() = (1)

form > 0.

The test ideal has the following properties (see [BMS08]):

The numbers ¢; € Ry with 7 (f%7€) # 7(f%) for every € > 0 are called F-
Jumping numbers of f. They are discrete and rational (see [BMS08, Theorem
3.1]). In particular, the F-pure threshold is the smallest F-jumping number.

1.3 Comparison with the situation in characteristic
Zero

Originally, the motivation of Takagi and Watanabe [TW04] to study the F-pure
threshold was to investigate the so-called log-canonical threshold, which is an im-
portant invariant in characteristic zero. It turned out that the F-pure threshold
itself is an interesting invariant and behaves in a similar way as the log-canonical
threshold, i.e. one can say that the F-pure threshold is the characteristic p > 0
analogue of the log-canonical threshold.

The log-canonical threshold of a polynomial f € Clxo,...,z,] was first defined
analytically, via integration. In [Sho93| Shokurov introduced the log-canonical
threshold in the context of birational geometry, where it is defined using res-
olution of singularities. Similarly as in the characteristic p > 0 case, the log-
canonical threshold can be defined as a jumping number for a certain associated
ideal, namely of the so-called multiplier ideal.

Hironaka proved in [Hir64], that for a polynomial f € C[zy,...,x,] there always
exists a so-called log resolution of f. This is a proper, birational morphism
7 : X — C"! from a smooth variety X, such that the support of the divisor
F; = div(f o 7) has simple normal crossings and such that F; + F has simple
normal crossings. Here, F is the exceptional divisor, i.e. the locus of points on
X at which 7 is not an isomorphism.

A divisor D = )", D; on a nonsingular variety X of dimension n + 1 has simple
normal crossings if D is reduced, each D; is smooth and D is defined in a

14



1.3. Comparison with the situation in characteristic zero

neighborhood of any point by an equation in local analytic coordinates of the
type 21 - - -z, for some k < n+1. A divisor ). a;D; has simple normal crossing
support if the underlying reduced divisor ), D; has simple normal crossings (see
Definition 4.1.1 of [Laz04al).

The multiplier ideal of f with exponent ¢ € R, is defined via the log resolution
7 of f, namely

(%) = m,Ox ([Kx — cFy)).

where K, = div (Jacc(nm)). If (U,yo,...,yn) are local coordinates on X and
if we write w(yo,...,yn) = (fo,..., fn) on U then Jacc(nw) is defined on U as

det (gi) Remark that the definition of the multiplier ideal is independent of

the choice of the log resolution 7 (see |[Laz04b, Theorem 9.2.18|). Furthermore,
it has the following properties (see [Laz04b]):

1) For ¢ € Ry sufficiently small, Z (f€) is the unit ideal.

(1)

(2) If ¢ > d, then Z (f¢) C T (f9).

(3) For € > 0 small enough, one has Z (f¢) = Z (f*°).

(4) There exist ¢ € Ry, such that Z (7€) 2 Z (f°) for all positive e.

The numbers ¢; € Ry with Z (f%~¢) # Z (f) for every € > 0 are called jumping
numbers. They are discrete and rational (see [ELSV04, Lemma 1.3]). In par-
ticular, the log-canonical threshold is defined as the smallest jumping number,
ie.

let(f) = sup {c ‘ Z(f)=}.

The log-canonical threshold is a positive rational number bounded above by one
(see |[Laz04bl, Example 9.3.16]). In general it is hard to compute the log-canonical
threshold, but in special cases there are algorithms to compute it, for example in
the monomial case (see [How01]), in the toric case (see [Bli04]) and in the case of
two variables (see [Tucl0]). The reason that the log-canonical threshold can be
computed in these cases, is that a resolution of singularities can be understood.
Moreover, we want to mention the following result which will be very important

in [chapter 3

Example 1.3 (JHNBWZ16, Theorem 6.2|). Let f € Q[zo,...,z,] be a quasi-
homogeneous polynomial of degree d and type o with an isolated singularity.
Let w be the degree of xg---x,. Then,

lot(f) = {1;; if d > w

1, otherwise.

Using this formula it is easy to compute the log-canonical threshold in the
following cases:

15



Chapter 1. The F-pure threshold of a polynomial

(1) Let f € Q[xo,...,zy,] be a quasi-homogeneous polynomial of degree w with
an isolated singularity. Then by the above lct(f) = 1.

(2) Another example that will be considered in chapter 3|is the following. Let
f= a:g + ...+ 2¢ be the Fermat hypersurface of degree d with d > n + 1.
Then let(f) = 2.

We conclude this chapter with a comparison between the situation in charac-
teristic zero and the situation in characteristic p > 0. Let f € Q[zo,...,z,] or
equivalently f € Z[zo,...,z,] and denote by f, € Fplxo,...,z,] the reduction
of f modulo p. Fix a log resolution 7 of f. The corresponding multiplier ideal
Z(f°) C Z[xo,...,xy] is generated over Z, thus we can reduce modulo p and
denote the result by Z(f€),.

Theorem 1.4 (JHY03| Theorem 6.8]). For all p > 0 and for all ¢

T(fy) SZ(f)p-

Fiz ¢, then for all p > 0 (depending on c)

T(fp) = Z(f)p-
We reformulate the above results in terms of the corresponding thresholds.

Theorem 1.5 ([]MTWO05, Theorem 3.3 & Theorem 3.4|). Let f € Z[zo, ..., xy)]
with reduction f, € Fplxo,...,z,]. Then

fpt(fp) < let(f)

forp>0 and
Jin fpt(fp) = lct(f).

A further connection between the log-canonical threshold and the F-pure thresh-
old of the reduction is conjectured:

Conjecture 1.6 ([MTWO05, Conjecture 3.6]). There are infinitely many primes
p such that fpt(f,) = let(f).

This conjecture is wide open and is related to other open problems in birational
geometry which we will briefly mention now.

First, the above comparison of the F-pure threshold with the log-canonical
threshold can also be described by using some class of F-singularities. We say
that a commutative ring R of characteristic p > 0 is F'-pure if the inclusion
RP® C R splits as a map of RP"-modules for some e > 1 (or equivalently for all
e > 1), where RP" := {7 ‘ r € R} (see [HRT6]). The notion of F-purity can be
extended to pairs of the form (R, f¢), where f is a non-zero, non-unit element
of R and c is a non-negative real parameter (see [HW02]). The pair (R, f) is
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1.4. Some results on the computation of the F-pure threshold

called F-pure if the inclusion RP - fle“=D] C R splits as a map of R -modules
for all e > 0. Clearly, R is F-pure if and only if (R, f°) is F-pure and one can
show that

fpt(f) =sup {c >0 | (R, f°) is F-pure}

(see IMTWO5]). In characteristic zero there is a similar notion (see [Kol97]).
Namely, for a variety X over C and a hypersurface ¥ C X one defines the
notion of a log-canonical pair (X,Y¢) via resolution of singularities. Similarly
as in characteristic p > 0 the log-canonical threshold is equal to the supremum
over all ¢, such that the pair (X,Y¢) is log-canonical. The above results then
correspond to the following theorem:

Theorem 1.7 ([HW02]). The pair (Q[zo,. .., xxn], f€) is log-canonical if the pairs
(Fplzo, .-, xn], fy) are F-pure for infinitely many p > 0.

The opposite direction of this theorem is equivalent to [Conjecture 1.6]

In [MS11] and [Mus12] Mustata and Srinivas relate the open question on the con-
nection between multiplier ideals and test ideals after reduction to characteristic
p > 0 to the weak ordinarity conjecture of Serre. For this, let X C P be a pro-
jective variety and choose homogeneous polynomials fi,..., fr € Zlxo,...,zy]
whose images in Q[xo, ..., x,] generate the ideal of X. For a prime p consider
the projective variety X, C Pﬁﬁp defined by the ideal generated by the reductions
of fi,..., fr in Fylxo, ..., x,] (remark that for p > 0, X, does not depend on
the choice of fi,..., fr).

Conjecture 1.8 (|MSI11, Conjecture 1.1]). Let X be a smooth, geometrically
connected (i.e. X Xgpec) Spec(Q) is connected), n-dimensional projective
variety over Q. Then there are infinitely many primes p such that the endo-
morphism induced by the Frobenius on H" (Xp, OXP) 15 bijective.

This conjecture is also wide open. Moreover, in [MS11] and [Mus12] Mustati and
Srinivas show, that this conjecture is equivalent to the expected relation between
F-pure threshold and log-canonical threshold mentioned in

1.4 Some results on the computation of the F-pure
threshold

In general it is difficult to compute the F-pure threshold. However, in the
following, we give a short overview of some cases, where the computation of the
F-pure threshold is possible and which are of particular interest for the rest of
this thesis.

As already mentioned at the end of the last section, it was conjectured in
IMTWO5] that fpt(f,) = let(f) for infinitely many primes p. As a hint into
this direction, they consider the following example.
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Chapter 1. The F-pure threshold of a polynomial

Example 1.9 (JMTWO05, Example 4.2|). Let f € Z[zg,...,z,]. Write
f=>_, ciz®, where a; = (a;0,...,0n) € N7+l and all ¢; are non-zero. As-
sume that a1, ...,a, are affinely independent, i.e. if >, \ja; =0 and >, \; =0
for A = (\;) € Q", then \; = 0 for all i. Moreover, assume that for every j < n
there is an ¢ < r with a; ; > 0. Define

Q= {b: (b1,...,b,) € R sz’aij <1 for allj},
i=1
then
lct(f) = b;.
ct(f) max i

If let(f) = 1, then choose any v € @ N Q" such that ), v; = 1. If let(f) < 1, let
v be one of the vertices of @, such that ), v; = maxpeq >, bi. Take N such that
Nwv; is an integer for all i. Then fpt(f,) = lct(f) for all p with p =1 mod N.

In we will need the following special case of the above example. Let
f=ad+...+ 2% Then

0= {(bo,...,bn) e R | bd <1 for auj}

and let(f) = 2. Choose v = (%,..., 1) and let N = d. Then the above exam-
ple shows that fpt(f,) = let(f) = ZH if p =1 mod d.

More generally, Herndndez computes in his thesis (see [Her|) the F-pure thresh-
old of a diagonal hypersurface using base p expansions.

For this, let R = K|[xy,...,z,] be the polynomial ring over an F-finite field K
of characteristic p > 0.

Definition 1.10 (|[Her, Definition 4.1|). Let o € (0,1]. The non-terminating
base p expansion of « is an expression

a;
p
i>1

with 0 < a; < p— 1, such that for all N > 0 there exists an e > N with a. # 0.
Note that for every a € (0, 1] the non-terminating base p expansion is unique.

For example,
1 0 -1
—=—+ g .y
p p P

i>2

18



1.4. Some results on the computation of the F-pure threshold

Definition 1.11 ([Her, Definition 4.5]). Let o € (0, 1] and fix e > 1.

(1) The number c.(«) = a. denotes the e-th digit in the non-terminating base
p expansion of a. By convention, c.(0) = 0.

(2) The e-th truncation of the non-terminating base p expansion of c is defined
by

By convention, (0), = 0.

With this notation we can state the theorem of Hernédndez about the F-pure
threshold of a diagonal hypersurface. Remember, that R = Klxo,...,z,] de-
notes the polynomial ring over an F-finite field K of characteristic p > 0.

Theorem 1.12 ([Her, Theorem 8.1]). Let (do,...,d,) € NZ§' and let
f= uoxgo + .o uprdn € ROIf

1 1
L::sup{N‘ce<d>+...+ce<d> §p—1f07’all0§e§N},
0 n
then
F+.t if L = o0

fpt(f) = <$%;%~:Ki)L+ﬁw if L < oo,

Example 1.13. Using this result, Hernandez is able to recover a result of
[MTWO05, Example 4.3], namely he computes the F-pure threshold of
f =22+ y>. For example, if p = 3 then

1 1 1 2

which means

) =1 for all e and
01(

>:Oandce <;> = 2 for e > 2.
Therefore, L = 1 and

1 1 11 1 2
fpt(f) = ( = ) o= 404- =2,
r0=(3),+43), 757505

Similarly one computes the remaining cases and gets

Wl N~

1, ifp=2
2 .
£ ifp=3
fpt(z? +y3) = ¥
ptla” +y") 5 if p=1mod 6
%—é,ﬁpz5mw6

—
Ne)
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By using methods similar to those in the above example, Herndndez computes
the F-pure threshold of a Fermat hypersurface of degree d in terms of the residue
of p modulo d:

Corollary 1.14 ([Her, Corollary 8.3). Let f = u1a{+.. . +tuqzd € K[r1,...,z4).
Then

fpt(f) = z%’ if pt < d < p*! for some 1l > 1
’ - 1_(1;.%17 if0<d<pandp=amodd withl <a<d.

Furthermore, Hernandez computes the F-pure threshold of a binomial hypersur-
face, i.e. a K-linear combination of two distinct monomials. For this he uses a
polytope associated to the binomial hypersurface, which is the same as the one
defined in and gives a formula for the F-pure threshold in terms
of this polytope. See [Her, Theorem 9.14| for a precise statement.

The article that has provided the main inspiration for the second chapter of this
thesis (and that generalizes the results of Hernandez) is the article [BS15] of
Bhatt and Singh.

Let K be a field of characteristic p > 0. In the first part of their paper, Bhatt
and Singh explain how to compute a list of possible F-pure thresholds of a
homogeneous polynomial f € K|xo,...,x,]|. For this, they give a lower and an
upper bound for the numbers pf(q), ¢ = p°, that were defined in
Using these bounds one can compute a list of possible values for s1f(p). Then
they explain how to compute ps(pq) if puy(p) is given. In this way, they get
a list of possible values for pf(p®) and can finally compute a list of possible
F-pure thresholds. As our first main result, we will generalize this to the quasi-
homogeneous case in [section 2.1}

In [BS15], the authors moreover consider Calabi-Yau hypersurfaces, i.e. hyper-
surfaces given by a polynomial f € K|xy,...,x,] of degree n+ 1 and obtain the
following:

Theorem 1.15 (|[BS15, Theorem 4.1]). Let R = Klzo,...,xs] be the polyno-
mial ring over a field K of characteristic p > 0. Furthermore, let f € R be
a homogeneous polynomial of degree n + 1 with an isolated singularity and let

X =Proj(R/fR) be the Calabi-Yau hypersurface defined by f. Then
(1) ps(p) =p— h, where h is an integer with 0 < h <n —1,
(2) py(pq) = puys(q) for all ¢ = p® with ¢ >n — 1.
(3) If p>n—1, thenfpt(f)zl—%, where 0 < h <n —1.

(4) Let p > n? —n — 1. Then the integer 0 < h < n — 1 equals the order of
vanishing of the Hasse invariant on a certain deformation space of X C P™.
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For the definition of the Hasse invariant see the introduction or [section 2.3l The

proof of [Theorem 1.15| can be found in [BS15|, we will generalize it to the case
of a quasi-homogenous polynomial in While the proof of the fourth

part of [Theorem 1.15| uses deformation-theoretic arguments in [BS15], our proof

gives a more elementary approach to this result.

The two-dimensional case of says the following:

Theorem 1.16. Let E be an elliptic curve given by a homogeneous polynomial
f € K|z,y, z] of degree 3. Then

1, if B is ordinary

fpt(f) = {

1-— ]%, otherwise.

Here, a curve F is called ordinary, if and only if the endomorphism on H'(E, Of)
induced by Frobenius is bijective, otherwise it is called supersingular (i.e. the

map on H'(E,OF) induced by Frobenius is zero). In |chapter 3| we will come
back to the notion of supersingularity and its connection to the F-pure threshold.

In the paper [HNBWZ16| of Hernandez, Nunez-Betancourt, Witt and Zhang
the authors use base p expansions to compute the possible values of the F-pure
threshold of a quasi-homogeneous polynomial of arbitrary degree. In particular,
their list of possible F-pure thresholds agrees with the one we will obtain in

in the case of a Calabi-Yau hypersurface.
Let R = Klxg,...,x,] be the polynomial ring over a field K of characteristic

p > 0. For b € N5y and m € Z denote by [m % b] the least positive residue of
m modulo b, i.e. 1 < [m % b] < b for all m € Z. Furthermore, if p and b are
relatively prime, denote by

ord(p,b) = min{k >1| [p* % b] = 1}

the order of p modulo b. Note that ord(p,1) = 1. Then:

Theorem 1.17 ([HNBWZI16, Theorem 3.5]). Let R = Klxo,...,x,]| be the
polynomial ring over a field K of characteristic p > 0 graded by o; = deg(x;).
Let f be a quasi-homogeneous polynomial with an isolated singularity and write

in lowest terms (i.e. A =lct(f)).
(1) If fpt(f) # A, then
_ Jap® % 0] +bE E

A W
pr < >L pL

fpt(f) = A
for some pair (L,E) € N> with L >1 and 0 < E <n — [W%M—‘.
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Chapter 1. The F-pure threshold of a polynomial

(2) If p> (n—1)b and p1 b, then 1 < L < ord(p,b).
(3) If p> (n—1)b and p > b, then a < [ap® % b] for all1 <e <L —1.

(4) If p > nb, then there exists a unique pair (L, E) satisfying the conditions

in (1).

For example, if f € R = KJxg,...,x,] is a quasi-homogeneous polynomial of
degree deg(f) = >, deg(z;) with an isolated singularity and if p > n — 1 and
fpt(f) # 1, then

() =1 ©
pt(f) =1 ’

for some integer 1 < a < n — 1, which generalizes the result of [BS15].

Example 1.18 ([HNBWZI6l Example 4.7]). Let f € K][xz,y] be a quasi-

homogeneous polynomial with isolated singularity and suppose that (fegg(ér fy)) = %

Let p > 11. We claim:

[\

2 2
If p=1mod7, then fpt(f) = = or fpt(f) = —

7 T

2 4 2 1
If p=2mod 7, then fpt(f) = 7 or fpt(f) :?_?.

2 4 2
If p=3mod7, then fpt(f) = ?—7—])2 or fpt(f) = 7—7}5)3

2 1
or fpt(f):?—7p4.

2 1
If p=4mod?7, then fpt(f) = T

2 2 1
If p=5mod 7, then fpt(f) = ?—73 or fpt(f) _?_W

2 2 2 2
If p=6mod 7, then fpt(f) = 5 or fpt(f)—7—7g;or fpt(f) = ?—7—p2

We will only prove the case p =1 mod 7. Suppose fpt(f) # %, then

2 [2pY % 7]+ 7E
fpt(f):7—[[p $pLﬂ :

By the second statement of [Theorem 1.17|we have 1 < L < ord(p,7) = 1, since
p=1mod7, ie L =1. Therefore, [2p" % 7] = [2p % 7] = 2 and by the first

statement of this yields £ = 0. Altogether this means that

2 [2p%7] _
7 v

2_2
7

fpt(f) = ™
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In many cases the authors of [HNBWZ16| were able to verify, that the list ob-
tained by the above procedure (and some additional results about the base p
expansion of the F-pure threshold) is in fact minimal, i.e. each value in the
list is the F-pure threshold of some polynomial (see [HNBWZ16, Remark 4.8]).
There are also examples, where the F-pure threshold is precisely determined:

Example 1.19 (J[HNBWZI16, Example 4.9]). Let f € K][x,y] be quasi-

homogeneous with an isolated singularity and with ddefégc fy)) = % For example,

we can take f = 2° + 23y + 2y? with deg(z) := 1 and deg(y) := 2. Furthermore,
let p> 7.

If p=1mod 5, then fpt(f) = g
1
If p=2mod 5, then fpt(f) = g ~
P
3 2
If p=3mod 5, then fpt(f) = 552
3 2
If p=4mod 5, then fpt(f) = T
p

In the second chapter, where we generalize the results of Bhatt and Singh to
the quasi-homogeneous case, we will use similar methods as the authors of

[HNBWZ16] used to prove [Theorem 1.17} In particular, we get the same list

of possible F-pure thresholds as they obtain in the case of a Calabi-Yau hyper-
surface.
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Chapter 2

The F-pure threshold and the
Hasse invariant

In this chapter we extend the results of [BS15] mentioned in to the
case of a quasi-homogeneous polynomial. In the first section, we explain how
to compute the F-pure threshold of a quasi-homogeneous polynomial. For this,
we first give a lower and an upper bound for p¢(p) and then explain how to
compute pr(p®) if ps(p) is given. Using these results, we give a list of possible
F-pure thresholds of a Calabi-Yau hypersurface. In the second part we consider
the case of a curve given by a quasi-homogeneous polynomial f in three variables
x,9, z of degree equal to the degree of xyz. In the third part of this chapter, we
proceed with the general case of a Calabi-Yau hypersurface and relate its F-pure
threshold to the Hasse invariant.

To a large extent the proofs are analogous to the ones in [BS15|; the results of
this chapter have appeared in [Mll8].

2.1 The F-pure threshold of a quasi-homogeneous
polynomial
Let R = K]|xg,...,zy] be the graded polynomial ring with a; = deg(z;) over a
field K of characteristic p > 0 and let m = (x, ..., x,). Furthermore, for f € m
we defined in
ps(q) = min{k eN ! fre m[q]}

for ¢ = p° and

The definition of us(q) yields fre@=1 ¢ mld and therefore we get that
feus@=p ¢ mlPd Together with the inequality pr(pg) < pug(q) (see (L.1)
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we deduce pus(q) —p+1 < pup(pq) < pps(q), which implies

rla) = ["fgj’ﬂ . (2.1)

Now, let f € R = K|xo,...,z,] be a quasi-homogeneous polynomial of degree
d and type a = (a,...,ap) and let t < ¢ be an integer. Then the Frobenius
iterate F¢ : R/fR — R/fR lifts to a map R/fR — R/f?R. We compose
this map with the canonical surjection R/f¢R — R/f'R and obtain a map
F¢:R/fR— R/f'R

Lemma 2.1. Let f € R be a quasi-homogeneous polynomial of degree d and
type o and let t < q be an integer. Then ps(q) > g —t if and only if the map
Ff: HY(R/fR) — H(R/f'R) is injective.

For the proof of this lemma, we will need the so-called socle of a module over
a ring. Let us briefly recall its definition and some important property of the
socle.

Let M be a graded R-module. The socle of M is defined by

Soc(M) :={zeM |m-z=0}.

Lemma 2.2. Let M be an R-module of finite length. Then for every submodule
U C M with U # 0 we also have U N Soc(M) # 0.

Proof. Since M is of finite length and U is a submodule of M, we know that U
is also of finite length. Therefore, there exists an [ € N such that

m!U = 0 but m!~1U # 0.

Obviously m'~1U € U and since m-m'~1U = 0 it follows that m'~'U C Soc(M).
Hence U N Soc(M) # 0. O

Proof of[Lemma 2.1, We have a commutative diagram with exact rows

R(-d) —L R s R/fR — 0
lfq tFe lFe F’,e

0 —— R(—dt) —+ R —— R/f'R —— 0,

0——

which gives an induced diagram of local cohomology modules

0 —— HY(R/fR) — H'"™ ' (R)(~d) —— H™(R) —— 0

FE lfq—tFe lFe
t

0 —— H(R/f'R) —— H'Y(R)(—dt) —1— H™(R) —— 0.
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2.1. The F-pure threshold of a quasi-homogeneous polynomial

We first show that the map F* is injective. For this, it suffices to show that F*©
acts injectively on the socle

Soc (Hy*t'(R)) = <[a:01%] >

which follows from F*° ([ L ]) = {ﬁ] # 0. Now by the five lemma Ff
I

TQ...Tn

is injective if and only if f97'F*¢ is injective. Again by looking at the socle one
shows that f¢~'F¢ is injective if and only if

(5wl -l

which is equivalent to f97 ¢ ml4. By the definition of i;(q) this is equivalent
to ug(q) > q—t. O

This cohomological description of p¢(gq) will be very useful in the following
sections. Now we want to compute the F-pure threshold of a quasi-homogeneous
polynomial. As a first step we give a lower and an upper bound for pr(p) (see
[Proposition 2.5/ and [Proposition 2.6)) from which one obtains bounds for pf(p©).
We start with some lemmata which are similar to results shown in [HNBWZ16].
For the proof of these, let us recollect some facts about the Poincaré series
Hy;(T) of a finitely generated graded R-module M, which is defined by

= ZdimK (M
j

where M; is the homogeneous part of M of degree j.
First, we want to compute Hgr(7T). For this, we use the fact that if f € R is a
homogeneous element of degree d, which is a non zero-divisor of M, then

Hyppu(T) = (1= T Hu(T).
Hence, Hp/,, (T) = (1 — T%") HR(T') and inductively we get

n
L= Hp(ag,..0)(T) = [[ (0 = T%) HR(T).
=0
Thus,
- 1
Hp(T) = H A=Tay
i=0
Now, let fo,..., fm € R = K [zg,...,x,] be quasi-homogeneous polynomials of

type a with deg(f;) = d;, 0 < i < 'm, such that fy,..., f is a regular sequence.
Then

m I (1—T19%)
Hyy(go, (1) = T] (1= T%) HR(T) = 25 .
j=0 11 (1-7%)
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Chapter 2. The F-pure threshold and the Hasse invariant

In particular, it is shown in [Kun97, p. 213| that for m = n one has

. _Td n dz
dimg (R/(fo, ..., fn)) hmH —7 :Hg’

i=0
ie. R/(fo,..., fn) is a finite dimensional K-algebra.

If we have f € Ry with an isolated singularity, then -2 61 sy ar form a regular

sequence and we know that deg ( of ) = d — «;. Therefore the Milnor number
is given by

() = dimge (RLT() = T 2=

y
i=0 v

Using the Poincaré series we can now prove the following lemma:

Lemma 2.3. Let f € R = Klxg,...,zy] be a quasi-homogeneous polynomial of
degree d and type o with an wsolated singularity. Then

R> (ni1ya—2w+1 C J(f),

n
where w = Y .

i=0
Proof. Since f has an isolated singularity, there exists a k € N such that
m* C J(f). This means that (R/J(f)), = 0 for all i greater than some N € N.

Thus, the Poincaré series

1 (1 —Td9)

J

=0

Hpyy(p)(T) = —%

[T (1 —=Te)

i=0
n n

must be a polynomial, hence [] (1 —79"%) is divisible by [ (1 —7%).
7=0 i=0

Therefore,

deg(HR/J(f)): (n—i—l)d—Zaj Zaz— (n+1)d — 2w.
This means that (R/J(f)); = 0foralli > (n+1)d—2w+1, thus, R>(,41)d—20+1
must be a subset of J(f). O

Let R be a commutative ring, let I be an ideal of R and let S be a subset of R.
Then the ideal quotient

(I:gS)={reR|rScl}

is an ideal of R.
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2.1. The F-pure threshold of a quasi-homogeneous polynomial

Lemma 2.4. We have
(w7 2k Rouia-owin ) \ml © R giny i
Proof. Suppose the statement is false, then there exists a monomial

lb()

A= $O . .’I,'%ilibn C <m[q} ‘R Rz(nJrl)d,Qerl) \m[‘ﬂ

of degree
deg(A) = (¢ — 1w Zbaz (¢+ 1w — (n+1)d.

Equivalently,

Zbaz (= Dw—(g+Dw+ (n+1)d = (n+1)d — 2w,

thus the monomial n = acgo ...z is an element of R>(ny1)d—2w+1- Therefore,
acg_l Lalh = n € ml9, which is a contradiction. O

This yields a lower and an upper bound for yi¢(q).

Proposition 2.5. Let f € R be a quasi-homogeneous polynomial of degree d and
type o with an isolated singularity. If p{ pr(q), then

- w(q—i—l)—nd‘

py(q) = ¥
Proof. With k := 114(q) we have fk € mld. The partial derivatives 8%1 map ml4
to ml? and therefore
ket of e mld
8@-

for all i. Since k is non-zero in K, it follows

FELI(f) € mld,
By the definition of k& we know that f*~1 ¢ ml? so that

1 e (m[Q] ‘R J(f)) \m[q].

By [Lemma 2.3] and [Lemma 2.4] it follows that

(m[q] ‘R J(f)) \ml ¢ (m[q} ‘R Rz(n+1)d72w+1> \ml ¢ R> (g11)w—(n+1)d-

This means that f*~1 ¢ R> (g41)w—(n+1)q- Hence,
d(k —1) = deg(f*") >w(g+1) — (n+1)d

and therefore k > W. O
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Chapter 2. The F-pure threshold and the Hasse invariant

Proposition 2.6. Let f € R be a quasi-homogeneous polynomial of degree d and

type a. Then
wqg—w+1
o <[22

for all ¢ = p°
Proof. For k € N one has f* € mld if dk > w(q — 1) 4+ 1. Thus,

p7(g) = min {k ‘ f*e m[‘”} < [wq_dww .

O

The following proposition explains how to compute 1 ¢(pq) if 11 (q) is given, when
certain conditions are fulfilled.

Proposition 2.7. Let f € R be a quasi-homogeneous polynomial of degree d and
type a with an isolated singularity.

(1) If “f(q =4 for some q = p®, then % =3

(2) Suppose p > nd —d —w + 1. If “fT(Q) < g for some q = p°, then
1r(pg) = puys(q). In particular,

pr(pa) _ ps(9)
Pq q ’

thus the sequence {Lﬁ)e)} s constant.

P Jpexq
In particular, the second statement of this proposition shows the following: Let
f € Z[xy,...,z,] be a quasi-homogeneous polynomial such that the reduction
fp € Fplzo,...,xy,] satisfies the conditions of |[Proposition 2.7} If the F-pure
threshold of f, does not coincide with the log-canonical threshold of f (see
then the proposition shows that the denominator of the F-pure

threshold of f, is a power of p.

Proof of [Proposition 2.7. To prove the first statement, assume that M =4

for some g = p¢. Then f#/(@~1 has degree

dluglg) =1) =d- = (g = 1) = wlg— 1),

Since we also know that fHs(9)- 1 ¢ mld it follows that f#(@D~1 generates

Soc (R/m[q]). Therefore, (f*f (a)- 1)« = generates Soc (R/m[pq]) SO

pq—1
)7

(up(@) =1~ —

= pi(pg) — 1.
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2.1. The F-pure threshold of a quasi-homogeneous polynomial

Rearranging the terms one obtains £ fp(f; 3)1 l_w& f (g ) L _ .

In order to prove the second statement, note that by equatlon we only
need to show that pr(pg) < pps(q) cannot occur. Therefore, suppose that
pr(pg) < pus(g). First we will show that pg(pg) cannot be a multiple of
p. Suppose pf¢(pg) = pl for some . Then, by equation it follows that
pir(q) = pl = pyr(pq), which is a contradiction. We can now use [Proposition 2.5|
and get

w(pg+1) —nd
> )
nr(pg) > 7

Using pr(pg) < pps(q) and the second assumption, namely dpuyr(q) < wgq, we get
w(pg +1) —nd < duy(pq) < dpuy(q) —d < wpg —p —d.
This gives p < nd — d — w, which contradicts our assumption on p. ]

To see how one can calculate the F-pure threshold of a quasi-homogeneous poly-
nomial using [Proposition 2.5} [Proposition 2.6|and [Proposition 2.7 let us consider
an example.

Example 2.8. Let f := 2y? + z*, then f is quasi-homogeneous of degree 8 and
type a == (2,3). Let p # 2. We claim that

%, if p=1,3mod 8
fpt(f) = %—é, if p=>5mod 8
52, ifp=Tmod8.

By [Proposition 2.6| we get

pr(p) < F)p;ﬂ = {p—gp;ﬂ <p-1.

With [Proposition 2.5]it follows

ps(p) > [51)8_3]

Since {%w < F)ps 3} we conclude that p¢(p) = FPT_B—"
First, let p = 1 mod 8, then pf(p) = gp+g. With the first part of|Proposition 2.7|
it follows that yur(q) = 2¢ + 2. Hence, fpt(f) = lim pr) 2.

e—~oco P
Secondly, let p = 3 mod 8, then ,uf(p) = %p + %. Since we cannot use

W 7| for pif(p , we compute pf(p®) in the same way we computed ws(p).
We get ps(p?) = S Sp? 43 . Now, with the first part of |Pr0p051t10n 2. 7| it follows

pr(q) = %q—i—% for all ¢ = p© > p?. Hence, fpt(f) = lim % = %.

e—0o0

Now let p = 5 mod 8, then pus(p) = %p — %. With the second part of
tion 2.7|it follows that {WT@)} is a constant sequence. Hence, fpt(f) =5 — &.
q

8p
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Chapter 2. The F-pure threshold and the Hasse invariant

The last case is p = 7mod 8. Here p¢(p) = gp — 2. With the second part

8
of |Proposition 2.7| it follows that {“fT@)} is a constant sequence. Hence,
q

pt(f) = ¢ — &-

As a consequence of the above results we obtain the following theorem, which is
very similar to the one given in [BS15| for homogeneous polynomials.

Theorem 2.9. Let f € K|xg,...,z,] be a quasi-homogeneous polynomial of
degree w =Y a; with an isolated singularity. Then:

(1) py(p) =p —h, where 0 < h <n—1is an integer.

(2) pg(pq) = puy(q) for all g with ¢ >n — 1.

(3) If p>n—1, thenfpt(f)zl—%, where 0 < h <n —1.

Proof. First, suppose p¢(p) = p. Then by |[Proposition 2.7 (1) we get us(q) = ¢
for all ¢, so the first two assertions follow.

Now, suppose p¢(p) < p. Then by |[Proposition 2.5|it follows that

(p+1)—nw

w
pr(p) > =p+1-—mn,

w

which gives p¢(p) = p —h with 0 < h < n — 1. To prove the second assertion,
suppose f1r(pq) < pus(q) (see equation (1.1))). Then p 1 pus(pq), since otherwise
pr(pq) = ppy(q) by equation (2.1). Thus |Proposition 2.5| yields

pr(pg) > pg+1—n.

Since pf(p) < p — 1, it follows with equation (1.1 that ur(q) < g — % and
therefore

pr(pq) < pupp(q) —1 < pg—q—1.

Combining these two results we get

pq+1—n<pp(pg) <pg—q-—1,

which is equivalent to ¢ < n — 2. The third assertion easily follows from (1)
and (2). O

In the homogeneous case, Bhatt and Singh [BS15| relate the integer h that
appears in[Theorem 2.9]to the so-called Hasse invariant. The aim of the next two
sections is to answer the following question: What is A in the quasi-homogeneous
case? For this, we first consider the case of a curve and then we pass on to the
case n > 2.
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2.2. The case of a curve

2.2 The case of a curve

In this section let R := Klz,vy, 2|, where K is a perfect field of characteristic
p > 0 and let m := (z,y, z) be the maximal ideal of R. Let

deg(z) = ag,deg(y) = o, and deg(z) == o

and let f € R be a quasi-homogeneous polynomial of degree w = oy + oy +
and type o = (ag, oy, ;) with an isolated singularity. By

C = Proj(R/fR)

we denote the elliptic curve given by f. Then by |Rei, Proposition 3.3 and 3.4|
the curve C' is in fact projective, thus by [CLI8 Exposé III, 4.4] C' is ordinary
if and only if the map

F:HYC,0¢) = HY(C,0¢)

induced by the Frobenius is bijective. Since K is perfect, F' is bijective if and
only if F' is injective.

In order to prove the main theorem of this section, we need the following two
lemmata.

Lemma 2.10. If the coefficient of (xyz)P~! in fP~! is non-zero, then fpt(f) = 1.
Otherwise fpt(f) =1 — %.

Proof. First, suppose that the coefficient of (zy2z)?~! in fP~! is non-zero. This

—1
means that the coefficient of % in £ is non-zero. By |Lemma 2.1{ this is
Yz (zyz)P

equivalent to ps(p) > p — 1. Since ug(p) < p, we get py(p) = p. Therefore,

pr(q) =q

by [Proposition 2.7| (1) and it follows fpt(f) = 1.
Now, let the coefficient of (zyz)P~! in fP~! be zero, which implies that the

i Loy S
coefficient of - in (og2)P

py(p) < p—1, thus

is zero. Again, by [Lemma 2.1| this is equivalent to

By [Proposition 2.7| (2) it follows that the sequence {”fT(Q)} is constant. Since
q

fpt(f) € {1, 1- %} by |Theorem 2.9 (3), this gives fpt(f) = up) g O

p

S

If f € Klxog,...,z,] is quasi-homogeneous of degree w = Y I oy (where
a; = deg(x;)), then a similar argument as above shows: If p > w(n — 2) + 1,
then fpt(f) = 1 if and only if the coefficient of (zg - - - x,)P~! in fP~! is non-zero.
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Chapter 2. The F-pure threshold and the Hasse invariant

Lemma 2.11. Let C = Proj(R/fR) be the curve given by the quasi-
homogeneous polynomial f € Klx,y, z] of degree w and type o with an isolated
singularity. Then H'(C,O¢) = Soc (HZ(R/fR)).

Proof. Using local cohomology [ILL™07, Theorem 13.21], we get
H'(C,0¢) = Hy(R/fR)o.

Thus, it is enough to show that HZ(R/fR)o = Soc (HZ(R/[R)). Bym
we know that H2(R/fR) is a submodule of H2(R)(—w) and we know that

Soc (Hp(R)(~w)) = <[1] >

Yz
which is the degree zero part of H3(R)(—w). Since
m- Ho(R/fR)o C Hy(R/fR)>0 =0,

it follows that HZ(R/fR)o C Soc (HZ(R/fR)). Furthermore, HZ(R/fR) # 0,
hence

Soc (Hn(R/fR)) = Hg(R/fR) N Soc (Hy(R)(~w)) # 0
(see . Therefore, HX(R/fR)o = Soc (HZ(R/[R)). O

Using these two lemmata, we deduce the main theorem of this section, which
generalizes the two-dimensional case of the main theorem of [BS15| to the quasi-
homogeneous case.

Theorem 2.12. Let C = Proj(R/fR) be the curve given by the quasi-
homogeneous polynomial f € Klz,y, z] of degree w and type o with an isolated
singularity. Then

1, if C' is ordinary

fpt(f) = {

1-— %, otherwise.

Proof. The curve C is ordinary if and only if F : HY{(C,0¢) — HY(C,O¢) is
injective. Using we have shown that C is ordinary if and only if

F:Soc (HA(R/fR)) — Soc (HZ(R/fR))

is injective. But this is equivalent to the fact that

Fl:HX(R/fR) — HA(R/fR)

is injective (see [Lemma 2.1|). Equivalently, the coefficient of %yz in % (which
is the coefficient of (xyz)P~! in fP~!) is non-zero. By [Lemma 2.10| the result

follows. O
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We conclude this section with some examples.
Example 2.13. Up to permutation there are three solutions (a,b,c) € N3 of
the equation é + % + % = 1, namely

(3,3,3),(2,4,4) and (2,3,6).

We will consider the corresponding elliptic singularities that occur in the classifi-
cation of Arnold directly after the ADE-singularities (see for example [AGZV85]):

Eg=Ps: 2°+y*+2°+ \xyz=0,
E’7:X9: x2+y4+z4+)\xyz:0,
Es=Jw: 224 y°+ 254 \zyz=0.

The aim is to compute the F-pure threshold of these three polynomials. In order

to do this by [Lemma 2.10]it is enough to compute the coefficient of (xyz)P~1 in
the (p — 1)-th power of the respective polynomial.

Let us start with fy = 2% + 4% + 2% + Azyz, which is (quasi)-homogeneous of
degree 3 and type « == (1,1,1). First, we compute ff_lz

(2 + 9>+ 2% + )\xyz)pfl

p—1
—1
— z : <p >)\p—l—n(xyz)p—l—n(x3 +y3 + ZS)n
n
n=0

p—1 n n—k . 1 n n_ k
= Z Z Z (p " ) <k> ( l ))\pln$3k+p1ny3l+plnz?,(nkl)+p1n.

n=0 k=0 1=0

Thus, in order to compute the coefficient of (zyz)P~*

following three equations:

, we need to solve the

3k=mn, 3l=n and 3(n—k—1)=n.

Using this, the coefficient of (zyz)P~ in f2~" is

s=0 s=0
since (p:,;l) = (—1)3 mod p. Therefore,
1, if o(A) #0
p’ I -
Now, let us consider fy = 2% + y* + 2* + Aryz, which is quasi-homogeneous

of degree 4 and type a := (2,1,1). Similar to the above we compute that the
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Chapter 2. The F-pure threshold and the Hasse invariant

coefficient of (zyz)P~! in fffl is given by

125
4s ' —1—4s
o(N) = g WM 1—ds.
Therefore,
fpt(fr) = {1’_ 1 i zéi; i 8.

Lastly, we consider fy = 2% + y® + 26 + Azyz, which is quasi-homogeneous of
degree 6 and type a := (3,2,1). The coefficient of (zyz)?~! in ff_l is given by

|25 ]
6s)! 16
o) = D (35)!((25))!(5!)”7 o

Therefore,
1, if () #
1-2L ifp(\) =

fpt(fy) = { 1 8

Remark 2.14. Consider the period

1 Azyz dx dy dz
A= —— — ==
PNE=GEm P TR oy

of fx = 2% + 3 + 2 + Azyz, where (a,b,c) is one of the three triples of
and A # 0. One can compute that

vo-2 (3) [(55) ],

where [—], denotes the degree zero part. By computing the degree zero part of

n n—=k
z“ +y + 2¢ > ZZ( >< ) ak—n, bl—n c(n—k—1)—n
- € ) z )
( k=0 1=0

which is given by the relations ak = n, bl = n and c¢(n — k —1) = n, it is easy to
see that the corresponding polynomial

- £ GV,

is equal to the polynomial ¢ (A) computed in |[Example 2.13
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Example 2.15. Next, we want to consider the 17, ; .—singularities given by

1 1 1
fr=a%+ 9" 4 2°+ Azyz with —+o - <1 and A#0.
a C

Since f) is not quasi-homogeneous, we cannot use Instead, we re-
member that the F-pure threshold of fy was defined by fpt(f)) = lime—00 at ; (epe)
with pg, (p°) = min {k eN | fre m[pe]}. We will show that the coefficient of
(ryz)9~'in gil is 1, where ¢ = p°®. This means that fgil ¢ ml9, but obviously
e ml?. Thus, ps, (p°) = p® and therefore fpt(fy) = 1 for all A.

Now, it remains to compute the coefficient of (zyz)?~! in f/‘\l_l:

(2% 4+ y* + 2° + Azyz) -t

g—1 1
— Z (q ))\qln(xyz)qln(xa 4 yb 4 Zc)n

q—1 n n—k
_ Z (q ; 1) <Z> <Tl ; k) Aqf17nxak;+q7lfnyblﬁ»qf17nzc(n7kfl)+Q*1*n.
n=0 k=0 =0

We have to solve the equations
ak=mn, bl=n and c(n—k—10)=n

but since % + % + % < 1, the third equation is never satisfied except for n = k =
I = 0. Therefore, the coefficient of (zyz)9~! in fg_l is p(\) = N1 =1,

2.3 The general case

Now, let us come back to the situation of [Theorem 2.9 Let K be a field of
characteristic p > 0. Recall that we consider R = K|xo,...,zy] with maximal
ideal m = (z9,...,x,) and let f € R be a quasi-homogeneous polynomial of
degree w =Y " ; a; with an isolated singularity, where o; = deg (z;).

Similar to the homogeneous case ([BS15]) we want to relate the integer h that
appears in to the order of vanishing of the Hasse invariant on some
deformation space of X = Proj(R/fR). For this, let us first fix some more
notation.

We consider the family = : X — Hyp,, of hypersurfaces of degree w in the
weighted projective space P (ap,...,an). Our chosen hypersurface
X = Proj (R/fR) gives a point [X] in Hyp,,. Set

m
G = Z§igi € K20, Zn, 81, 8ml,
=1
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Chapter 2. The F-pure threshold and the Hasse invariant

where {g1,...,9m} C K[xo,...,2,] is the set of monomials of degree w and we
set deg(5;) == 0 for 1 < ¢ < m (such that G is quasi-homogeneous of degree w).
The family 7 of hypersurfaces of degree w in P" (o, . .., ay,) is given by

X = Projpm-1 (Opm—1 [xg, .. ., 2] /G) —— Projpm-1 (Opm-1 [20, . . ., Tp])
(2.2)

where 7 is a closed immersion. If f =", figi, fi € K, is the defining equation
of X in the weighted projective space P™ («, ..., a,), then X is the fiber over
(fis--os fm), ie. [X] € Hyp,, is equal to V (3, — f; | i € {1,...,m}). The aim
of this section is to prove the following theorem:

Theorem 2.16. If p > w(n — 2) + 1, then the integer h in is the

order of vanishing of the Hasse invariant at [X] € Hyp,, on the deformation
space X of X C P" (ap,...,qn) described above.

First, let us recall the definition of the Hasse invariant of a family of vari-
eties in characteristic p (see for example [BS15]). Fix a proper flat morphism
m: X — S of relative dimension N between noetherian Fj-schemes and assume
that the formation of RV 7,0y is compatible with base change, i.e. if we have
the following pullback diagram

ExgT 2 x

o |

—'>S’

then i* RN 71,0y = RNﬂil)i(l)*Ox. Furthermore, assume that RV 7,0y is a line
bundle.
Consider the Frobenius twist X1 = x XFrobg S of X, which gives the following

diagram
x Froby
. Frobx,s
o

Frob
S *%

:|
@

By the base change assumption we have

Rngl)Oxu) =~ Frobk RN, Ox = (RNW*Ox)p . (2.3)
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The relative Frobenius Froby,s induces a map Oxa) — (Frobx / S)* Oy and this
induces a map

H RNTFS)O%(U — RNTR(kl) (Fl"Obx/S)* Oz,

which is called the Hasse invariant of the family 7. Since 7 = 7(!) o Froby g the
- it

Hasse invariant is an element of Hom (RN W£1)Ox(1),RN W*Ogg>. Using (
follows that

Hom <RN7r£1)O%<1) , RNTI'*Ox> ~ Hom ((RNW*Ox)p , RNTr*(935>
=~ Hom ((’)S, (RNW*(’)gg)l_p>
= 1 (8, (RN m0x)' ")

hence, the Hasse invariant H is a section of a line bundle.

Next, we want to give a description of the order of vanishing of the Hasse in-
variant. For this, fix s € S and an integer ¢ > 0. Let t[s] be the order ¢
neighbourhood of s, i.e. it is defined by the t-th power of the ideal defining
s, and let tXs; C X respectively t%gl) c W be the corresponding neighbour-
hoods of the fibers of 7 respectively of 7(1) i.e. we have the following cartesian

diagrams

X, —— X D 0 )
T lﬁ and 7?(1"> lﬂ_(l)

The map Froby /g induces maps tX; — t%gl) for all ¢ and hence maps
o BV (100,00, ) = HY (25,012,

The two diagrams above demonstrate that the maps ¢; are given by i* H, where
i :t[s] — S. For this, consider

i*H : Z'*RNWE)OX(U — Z'*RNTFS) (Frobx/s)* O;g
Here, by the base change assumption, we have

#RY 7P Oy = Rz, (ﬁ)) Osy = RV, 0 oy = HY (taegU, Otx<1>)

tx(
and similarly
#*RN7{) (Frobg/s) Ox = i* RV m,.0x = RV7,i*Ox = RN7. 04z,
= HY (tX5, Opx,) |
since m = 7)) o Froby /5. Using this identification of ¢; with *H, one obtains

the following lemma:
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Chapter 2. The F-pure threshold and the Hasse invariant

Lemma 2.17. The order of vanishing of the Hasse invariant H at the point
s € S isordg(H) = max {t | ¢y = 0}.

Later, we will need the following reformulation of the Hasse invariant (for a proof
see [BS15]):

Lemma 2.18 ([BS15, Lemma 4.5]). If ¢y : HY (X,,0x,) — HY (tXs, Ox,) in-
duced by Froby is non-zero for some t < p, then ords(H)+1 = min {t | Yy #0}.

Now, let us come back to our family m of hypersurfaces of degree w in
P™ (ag, ..., ). Using diagram , one can check that 7 is a proper mor-
phism of relative dimension n — 1 between noetherian F,-schemes and Lemma
9.3.4 of [FGIT05| shows that 7 is also flat. Furthermore, one can prove that
R" 17,0% is a line bundle (see for example [Ogu01, p. 35]). The compatibility
of R* 7,0 with base change follows from [Mum66}, p. 51] or EGA III (|Gro63,
7.7]) since H™ (X5, Ox,) = 0. Thus, the order of vanishing of the Hasse invariant
at [X] € Hyp,, on the space of hypersurfaces X is defined.

In order to start with the proof of let us first remark that it
suffices to consider the affine situation, i.e. we work on the left side of the
following diagram

ProjAm\O (OAnL\O [0y ..., 2p] /G) —— Projpm-1 (Opm-1 [xg, ..., 2] /G)

| !

(A™\ 0) x P" (e, ..., tp) ———— Projpm-—1 (Opm-1 [0, ..., Zn])
A™\ 0 Pl

Remember that f =", fig; is the defining equation of X and G = ;" | S;g;.
Changing coordinates via s; = §; — f;, one obtains

X' =71 ([X]) = Proj (R/(F, S)R) :

where R = K[x()v"’ y Ty S1s - "73771]7 F = f+ Z;’;OSZQ’L and s = (Sla”' 75m)~
Furthermore, let tX respectively tX’ be the order ¢ neighbourhood of X in
P" (avg, - . ., ) respectively X/ in X, i.e.

tX =Proj (R/f'R) and tX'= Proj sy /st (R/(F, st)R) .

Proof of [Theorem 2.16, For 1 < t < p we consider the following commutative

diagram

R/ (F,s) =28 R/ (Fr,sW) — R/ (F,s*) -2 R/ (F,s') —2%5 R/ (F,s)

| | | | |

T

R/f __Frobr R/fP) —= R/fr — " L R/ft — 2 L, R/,
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2.3. The general case

where the maps prq, pry, pr1 and pry are the evident projections and the map a

is given by the inclusion (Fp,s[p}) C (F,sP), since (sf,...,sh) C (s1,---,5m)".

The maps hi,hy and hg are defined as follows: Obviously, we have a map
¢1: R~ R — R/FP —» R/ (FP,slP)) | which induces the map hy if and only if
f? € Ker (¢1) = (FP, s[p}), which follows from

m p m p
[P = <F25i9i> :Fp+<23igi> E(Fp,s[p})-
i=1 i=1

Similarly, we have a map @3 : R < R — R/F — R/ (F,s"), which induces the
map hg if and only if f! € Ker (p2) = (F, st). But this is true, since

ff= (F—Zsz'gz) =h-F+g- <Zsz'gi> € (F,s")
i=1 i=1
for some h, g € R. The same argument for ¢ = p gives hs.
Passing to cohomology and taking the degree zero parts yields the following
commutative diagram
Hr <R/ (F, s))o LN 5 (1 (R/ (F, st)>0
H ctT (2.4)

Hy (R f)g —— Hy (R/f'),-

In order to prove [Theorem 2.16] we now show the following four equalities
ords(H) + 1 = min {t ( H™ ' (X', 0x/) 25 H"™ ! (tX, O4x1) injective }

— min {t ( H'L (X, 0x) % H"™ ! (tX, Orx) injective } (2.5)
1
= min {t ‘ H! (R/fR) I, H (R/f'R) injective }

=h+1

and then clearly we get h = ords(H) (here we used |[ILL"07, Theorem 13.21] to
replace local cohomology by sheaf cohomology).

The first equality follows by [Lemma 2.18] For the proof of the third equation we
need the following lemma about the injectivity of Frobenius on the negatively
graded part of local cohomology modules:

Lemma 2.19. Let f € R be a quasi-homogeneous polynomial of degree d and
type o with an isolated singularity. Let t < p. Then for p > nd —w —td+ 1 the
Frobenius action

Ftl : [HQ(R/fR)]<0 - [an(R/ftR)] <0

1S injective.
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Chapter 2. The F-pure threshold and the Hasse invariant

Proof. As in the proof of[Lemma 2.1]for e = 1 we have the following commutative
diagram

0 —— [Hnr‘ll(R/fR)]g—l [HI?1+1(R)] <—d—1 AR
ﬁl lfP*fF
0 —— [HAR/F'R)]__ — [HE(R)] 4 —— oo

and again it suffices to prove the injectivity of fP~tF.

For this, let [m} be an element of [HQH(R)}gfd—l’
q

homogeneous of degree deg(g) < w3 — d — 1 for some q. Suppose that
[%} € Ker (fP~'F), which means that

DTOA..In)q/p
o g ot
=7 (| otem)) = s

Therefore, fP7tg? € mld. Let

where ¢ is quasi-

k := min {l ‘ flgP € m[q]} ,

then 0 < k < p —t. We want to show that k£ = 0, so suppose k # 0. Arguing as

in the proof of [Proposition 2.5, we get f*~1gPJ(f) C mld. By and
Lemma 2.4 it follows that

filgh e (mM ‘R J(f)) \ml ¢ (m[q] ‘R Rz(n+1)d72w+1) \ ml?

C B> (g+1)w—(nt1)d>

which implies that (k—1)d+pdeg(g) = deg(f*~1g?) > (¢+1)w—(n+1)d. Since
k <p—tand deg(g) < w% —d — 1, a short computation yields p < nd —w — td,
which is a contradiction. Therefore, k& = 0, which means that ¢? € ml4. Thus,
[W} = 0 and therefore, fP~'F is injective. O

Using this, we can now prove the third equality of (2.5). Since p > w(n—2)+1 >
w(n—1—t)+1for 1 <t < p and using|Lemma 2.19, we know that F! is injective
in negative degrees. Then, since a; = (Ft1> , the asserted equality follows.

0
Next, we prove the fourth equation. By the first part of we know
that 117 (p) = p—h and this gives the two inequalities pf(p) > p—h—1 = p—(h+1)

— —~

and p¢(p) < p—h. Thus, by [Lemma 2.1|it follows that FI%+1 is injective, but F}!

is not injective. Therefore, h + 1 = min {t } F} injective}.
Hence, to prove it only remains to show the second equality of
(2.5)), which is the most difficult part of the proof. First, to simplify the notation
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2.3. The general case

we will write in the following f! instead of f*- R, f'=!/f instead of f*"*-R/f* R
and so forth.

Now, diagram shows that it is sufficient to show that ¢; is injective for all
t. For this, consider the following commutative diagram with exact rows

0—— ftlft — S R/ft— SR/ 50

I b

0 —— (F,st7Y) /(F,s) —— R/ (F,s') —— R/ (F,s*1) —— 0.

Since ft=1 € (F, st_l), the map @3 : fi=1 — (F, st_l) —» (F, st_l) / (F, st)
induces hy. Passing to local cohomology we obtain the following diagram (notice
that the diagram has been splitted in two lines due to space reasons)

Hy H(R/fTYy ———— Hy (7)) ———

| o

Hr! (R/ (F, st—l))o — HI((F,stY) [ (Fst)), —2—

——— HY (R/fY), —L—— HZ(R/fY),

lct lCH

—t mg (R (Rs)) — Hy (R (Fs)

The rest of the proof mainly consists of the following three steps: We first show
that b is injective and then conclude that it suffices to prove the injectivity of ¢;
for all ¢ in order to show that ¢; is injective for all ¢. As a last step, we prove
the injectivity of ¢; for all t.

Step 1: The map b is injective:

To prove this, we show that HZ~! (R/ (F, st*1)> = 0. For t = 1 this is clear.
For t = 2 we get

HL (R/ (F, SH)) = gn? (R/ (F, s)) = H" (R/f) = 0.
Now let t > 3 and consider the exact sequence
0— (F, s/ (F, s — R/ (F,s") — R/ (F,s'"1) —0.
This gives the long exact sequence

Hi H ((Fost™t) / (Fost)) — Ha ™t (R) (F.st)) — Hy ™t (R (Fs'))
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Chapter 2. The F-pure threshold and the Hasse invariant

By induction, we know that HZ ™1 (R/ (F, st_l)) = 0 and in the following we
will show that H2 ! ((F, st_l) / (F, st)) = 0. Using this and the exact sequence
above, it follows that H? ! (R/ (F, st)> = 0. Therefore, it remains to show that
HR Y ((F,s'™1) / (F,s")) = 0. For this, we compute

(R / (Fosl) = (P s +570) ) (F+ )
(1) / (5101 (F + 1))
(s1/s") JF(s' 71 )s") (2.6)
(St—l/st) /f (St—l/st)

= R/f QK (st_l/st) .

Hence, using |[ILL™07, Proposition 7.15], we get

Hy ' ((Fs'™) / (Fus')) = Hy ' (R f @k (s71/s"))
=~ Hy ' (R/f) @k (s1/s")
=0.

1R

I

Step 2: The second step of the proof is to show that it suffices to prove the
injectivity of ¢; for all ¢, in order to prove the injectivity of ¢; for all t. Again,
we do this by induction on t. It is easy to see that ¢ is injective if and only if ¢
is injective. Now, suppose ci,...,c;—1 are injective. Then by a diagram chase
and using that b and ¢; are injective, one can prove that ¢; is also injective.
Step 3: Now, as a last step, we prove the injectivity of

¢ : Hy, (ft_l/ft)o — Hy ((F, s/ (F, St))O'

For this, consider the projective resolution

0 ft N ftfl ftfl/ft 0

of fi=1/f (remark that (f) can be identified with R(—tw)). Tensoring the
sequence

0 —— R(—w) —1= R R/f

~
)

with s'=1/st over K yields the projective resolution
0 — R(—w) ®k (s'1/s) ER R®g (s71/s') — R/f @k (s"1/s") — 0

of R/f @ (s'71/st) = (F,s'71) / (F,s") (see ) Altogether, we have the

following situation

|
0 10
!

v < v

0 ——— (f7)-f 1 P F 0
0
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2.3. The general case

where the map 6 is induced by hy and sends =1 to (31, sigi)" " considered
as an element of R/ f ®x (st_l/st) = (F, st_l) / (F, st), i.e. if we define {f;} to
be a basis of the polynomials of degree ¢ — 1 in the variables y1, ... y;, then

O (/1) =D cifi (g1, gm) ® f5 (51, 5m)
j

for some coefficients ¢; € K. If we apply the functor Homp (—, R(—w)), to the
above diagram, we get a map

Yy : Homp (R(—w) @ (st_l/st) ,R(—w))o — Hom (f*, R(—w))o,
which sends a map ¢ to ¢ o 0 and induces a map

Yy Bxtp ((F,s1) / (F,s") ,R(—w))o — BExt} (ftil/ft7 R(—w))o.

Here,

Ext}% (ft_l/ft, R(—w)) = Homp (ft, R(—w)) /f -Homp (ft_l, R(—w))
and
Exty ((F,s'™") / (F,s"), R(—w))
= Homp (R(—w) @k (s''/s") , R(—w)) /f ‘Homp (R®k (s''/s") , R(—w)).

By the functoriality of the local duality (see [BH93, Theorem 3.6.19]) the map
¢ is equal to the map ¢ since ¢ is induced by the map 6 by passing to local
cohomology and then taking the degree zero parts.

Now, the idea is to prove the surjectivity of ¢y = 1, instead of proving the
injectivity of ¢, by using the above description as Ext-modules. Therefore, we
want to examine ; more closely:

~

Homp (R(—w) ®x (s'=1/s!) , R(—w)), —— (R(—w) oK (st /st)v)o

hg

Hom (ft,R(—w))

hg

Hom (R(—t

&
3
|
S
S

hg

R((t —Dw)o = Rt 1yw

where the first vertical isomorphism is given by the identification of f! with
R(—tw) and the second vertical isomorphism is given by ¢ — ¢(1).
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Chapter 2. The F-pure threshold and the Hasse invariant

Using the above, we get

H(Tft) :H(T'f'ftil) :Tfe (ftfl) :erCJf] (91,79m)®f3 (81,.-.,5m>
J

for some coefficients ¢; € K. For an element 1 ® d; € (R(—w) ®K (st_l/st)v)o,

where {§;} is a dual basis of s~1/s’, we have
v1@8) = [rf' = 1©6) (0 (rf"))]
= |rft > (126) szcjfj (91,--,9m) @ fi (15, 5m)
J
=[rf'erfefi(a, ... 9m)]-
As an element of Hom (R(—tw), R(—w)), this map is given by

r—=reifi (g1, gm)
and via the last vertical isomorphism this map is sent to
Cifi (917 v 7gm) € R(tfl)’w'

With these observations the surjectivity of ¢, becomes clear, since the set {f;}
forms a basis of the space of polynomials of degree t — 1. O
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Chapter 3

The F-pure threshold and the
height of quasi-homogeneous
polynomials

In the first part of this chapter we give a short introduction to formal groups
and we define the Artin-Mazur functors, which give examples of formal groups.
Furthermore, we give the definition of the height of a formal group. This is an
important invariant, uniquely characterizing one-dimensional formal groups over
an algebraically closed field of positive characteristic by Lazard ([Laz55]).

In the second part, we consider a quasi-homogeneous polynomial
f € Zlxo,...,x,] of degree w equal to the degree of zg---x, and denote by
X the hypersurface given by f = 0. We show that the F-pure threshold of the
reduction f, € Fp[zo,...,zy] is equal to the log-canonical threshold of f if and
only if the height of the Artin-Mazur formal group associated to H" ! (X, Gm.x)
is equal to 1. We also prove that a similar result holds for Fermat hypersurfaces
of degree > n + 1.

In the third part of this chapter, we show that other values of the F-pure thresh-
old cannot be characterized by the height. For this, we introduce weighted Del-
sarte K3 surfaces and explain a method of Goto (|Got04]) to compute their
height. Using these results, we give two examples of weighted Delsarte K3 sur-
faces, where the first one has the same height but different F-pure threshold for
varying p and the second one has the same F-pure threshold but the height will
differ for two different primes p.

The results of this chapter are contained in the preprint [Mull7].

3.1 Formal groups

In the theory of formal groups one can choose the point of view of formal power
series or the point of view of functors — we will sketch both in what follows.
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

For further information about the point of view of formal power series we refer
the reader to [Fr668|, [Haz78|, [Hon70] and [VIal6]. In [Sti87] and [Zin84] the
authors also treat the point of view of functors.

3.1.1 Formal group laws

During this section let R be a commutative ring with identity element and let
m € N. Let z = (x1,...,zm) and y = (y1,...,Ym) be two sets of m variables.

Definition 3.1. An m-dimensional formal group law over R is an m-tuple of
power series F(z,y) = (Fi(z,y),..., Fn(x,y)) with Fi(z,y) € R[x,y], such that

F(z,F(y,2)) = F(F(z,y),2) and

F(z,y) =z + y mod deg > 2.

A formal group law is called commutative, if one has in addition that

for all 1.

One can check that there is a unique m-tuple of power series ip(x) such that
F(z,ip(x)) = F(ip(x),z) = 0 (see [Fro68, Chapter I, §3, Proposition 1]). The
first condition above then shows that F'(z,0) =z and F(0,y) = v.

Let F' and G be two formal group laws over R of dimension mp and mg re-
spectively. A homomorphism F(x,y) — G(x,y) over R is an mg-tuple of power
series ¢ in mp variables such that ¢(x) = 0 mod deg > 1 and

¢ (F(z,y)) = G (p(2), 0 (y)) -

The homomorphism ¢(x) is an isomorphism if there exists a homomorphism
Y(x) : G(z,y) = F(z,y) such that ¢(¢(z)) = x and ¥(p(z)) = x. One can
show that ¢(z) is an isomorphism if and only if the Jacobian matrix J(¢) of
o(x) is invertible (see [Haz78| section A.4.6]). Here, J(¢p) is the matrix

ail e Almp
J(p) =
Amel -+ Gmgmp
if p(z) = (p1(x), ..., ome(z)) with p;(z) = aj1z1+. . .+ ajmpTm, mod deg > 2.

The morphism ¢(x) is said to be a strict isomorphism if J(p) = 1, ie. if
©(z) =z mod deg > 2.
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If R is a ring of characteristic zero, then every m-dimensional commutative
formal group law F(x,y) over R determines a unique m-tuple

W)= (L(1), ..., (7))

of power series in an m-tuple of variables 7 = (71,...,7,) with coefficients in
R ® Q such that
[(1) = 7 mod deg > 2 and

F(z,y) = 17" (I(z) +1(y))

(see [Hon70, Theorem 1|). This m-tuple (1) is called the logarithm of the formal
group law F'(z,y). In the one-dimensional case one can write

bn—l
l _ E n
n=2

with b,_1 € R. The name of the logarithm comes from the following example:

Example 3.2. We consider the one-dimensional additive formal group law G,
and the one-dimensional multiplicative formal group law G,,, which are both
defined over Z. The additive formal group law is given by

Galz,y) =z +y
with logarithm [(7) = 7. The multiplicative formal group law is given by

Gm(z,y) =z +y+ay

n

and the logarithm is [(7) = log(1 4+ 7) = ZHZI(—I)"HlT”.

3.1.2 Formal groups as functors

Now, let us come to the point of view of functors. In this section a formal group
law will always be assumed to be commutative.
Let Nilalgy denote the category of nil-R-algebras, i.e. of R-algebras in which
every element is nilpotent. The formal affine m-space over R is defined as the
functor

AR Nilalgr — Gets,

which sends a nil-R-algebra N to the set N(™ := N@-.-@ N with m summands
and which sends a morphism f to the map f x--- x f.

Definition 3.3. An m-dimensional formal group over R is a functor
F:MNilalgp — Abelian Groups,

such that VoI = A, where V : Abelian Groups — Sets is the forgetful functor.
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

Remark that we write “formal group law” when we consider F' as a power series
whereas we write “formal group” when F is considered as a functor. However, we
will show now that given a formal group law F'(z,y) € R[x,y] one can associate
to F a formal group (i.e. a functor F : MNilalgp, — Abelian Groups) and vice
versa.

First, let F(z,y) = (Fi(z,y),...,Fn(z,y)) with Fi(z,y) € R[z,y] be an m-
dimensional formal group law over R. We can associate to F' the functor

F : Nilalgr — Abelian Groups
N (N0, 4p)

where +p is defined as follows. Given two elements s = (s1,...,8m),
t = (t1,...,tm) € N then Fi(s,t) is a finite sum (since the power series
is applied to nilpotent elements) and gives a well-defined element of N. Hence,
we define

+p: N0 5 NO?) 5 ()
(s,t) = (Fi(s,t),..., Fn(s,t)).

Definition 3.1| together with the existence of the tuple of power series ip imply
that 4+ defines a group structure on N (m) " Furthermore, it is clear, that the

composition of the resulting functor with the forgetful functor V' is A%.

For the opposite direction, let F' : Nilalgp — Abelian Sroups be a formal group
with Vo FF =2 AR, Let m C R[z,y] be the ideal, which is generated by the
indeterminates, i.e. m = (21,...,%Zm,Y1,--.,Ym). Clearly, m/m! is an object of
Nilalgp for all | € N and hence F' (m/ml) is an abelian group with underlying
)(m)

set (m/ m! . In this group we compute the sum

(.’1717...,35m) +F (yla”'uym) - (Fl(l)aquf(ri)> )
with Fi(l) € m/m!. By assumption,
F (m/mlH) - F (m/ml)

is a group homomorphism and therefore, Fi(lﬂ) = Fi(l)

we find power series F; such that F; = FY

>’ mod deg > [. It remains to show,
that the tuple (F;), defines an m-dimensional formal group law. Associativity
and commutativity follow from the fact that the F' (m/ml) are abelian groups.

Furthermore, we have to show that

mod m! for all i. Thus,

Fi(z,y) = F* (2,y) = & +y; mod deg > 2.

7
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We know that Fi@) € m/m?, hence we can write
m m
2
FZ-( )(x, y) = Z ai;T; + Z bijy;.
j=1 j=1

But since F' is commutative, we get that a;; = b;; for all 7 and j. Using that
(1y...,xm) +F (0,...,0) should be equal to (z1,...,2), we get
1, ifi=y
aij = .
0, otherwise
and hence F;(z,y) = x; + y; mod deg > 2.

Example 3.4. The one-dimensional additive and the one-dimensional multi-
plicative formal group laws are seen as functors in the following way:

GG(N) = (Na +)7
Gm(N) = (1+N)*,
where (N, +) is the group N with the usual addition and (1 + N)™ is the set of

all formal sums 1+ u, u € N, with the multiplication given by (1 + u)(1+4v) =
IT+u+v+uv.

3.1.3 Artin-Mazur functors

Let F be a formal group over R, X a scheme over R, J a sheaf of R-algebras on
X and ¢ € Ng. Then one can construct the following diagram:

Milalgy, — 22~ Gheaves of nil-R-algebras on X

X lF
Gheaves of abelian groups on X

HY(X,Fy) lHi

Abelian Groups

Here J ® p — assigns to a nil-R-algebra N the sheaf J ® IV associated with the
pre-sheaf U — I'(U, J)®@g N for U open. The functor F' assigns to a sheaf a of nil-
R-algebras the sheaf of abelian groups F'(a) defined by T'(U, F((a)) = F(T'(U, a))
for U ¢ X open. The functor H' is taking i-th cohomology and the functors Fy
and H' (X, Fy) are defined by the commutativity of the above diagram.

In the following, we will use the diagram above with F' = G, and J = Ox.
Writing G, x instead of G, 0, the functors

H' (X,G, x) : Nilalgp — Abelian Groups

introduced in [AMT7| are called Artin-Mazur functors. These functors are not
necessarily formal groups, but in the following, we will often use a criterion of
Stienstra for when H*® (X, Gy, x) is a formal group:
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Theorem 3.5 ([Sti87, Theorem 1]). Let R be a noetherian ring and let X
be a subscheme of P defined by the ideal (Fy,...,F), where Fi,...,F, is a
reqular sequence of homogeneous polynomials in R[xg, ..., xy,|. Let d; == deg(F;)
and d = >, d;. If X is flat over R and d; > d —n > 1 for all i, then
H" " (X,Gy,x) is a formal group over R of dimension (d;I).

Furthermore, assume that R is flat over Z and set

J = {Z:(,LO’72”)6Zn+1’10772n21510++Zn:d}

Then there is a formal group law for H" " (X, Gy, x) whose logarithm is the
tuple (1;(7));c; of power series in T = (1;),c; with

E E m 11,] m

m>1 jeJ

where
o .
bm—1,,j = coefficient of x; mIOTI0 L g in=in gy (Fy - BT

One can show that the above criterion also holds in the quasi-homogeneous
case. In particular, we will consider the quasi-homogeneous case with r =1, i.e.
let X be the subscheme of P%(c) defined by a quasi-homogeneous polynomial
F € Rlzo,...,xy,) of type a = (v, ..., ) and degree d > w. If X is flat over
R, then H" ! (X, Gy, x) is a formal group over R. If in addition R is flat over
Z, then the set J is given by

J = {i: (ig,...,in) ezt } 10y .-, 1n > 1 iga0 + ... + 1pay :d}
and the dimension of H" ! (X,G,, x) is given by #.J. The formula for the
logarithm is similar to the one in
Definition 3.6. The functor H? (X, Gy, x) is called the formal Brauer group of
X (at least if it is a formal group).
3.1.4 The height of a formal group law

Let F(x,y) be an m-dimensional formal group law over a perfect field K of
characteristic p > 0. An important invariant of the formal group law is the
height ht = ht(F'), which is either infinite or an integer greater or equal to 1.
Consider the multiplication by p endomorphism, which is given by

plp(z) =z+rpz+p... +rx,

~
p times

where z +p y = F(z,y) and write [p|p(z) = (Hi(z),...,Hn(z)). We say
that F'(z,y) is of finite height, if the ring K[xz1,...,x,,] is a finitely generated
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3.2. Connection between the F-pure threshold and the height

module over the subring K[H;(z),..., Hn(x)]. In this case, K[z1,...,2n] is
free of rank p", r € N, over K[H;(z),..., Hy(z)] and ht(F) := r is called the
height of F(z,y) (see [Haz78l Definition 18.3.8]).

If R is a local ring of characteristic zero with residue field K of characteristic
p >0 and F(x,y) is an m-dimensional formal group law over R, then we define
the height of F(x,y) as the height of the reduction F(z,y) of F(z,y) over K.
If F(x,y) is a one-dimensional formal group law over a field K of characteristic
p > 0, then this definition says the following: Let [p]r(x) be the multiplication
by p as above. Then one can show (see [Haz78, section 18.3.1|) that either
[p]F(x) = 0 or there is a power ¢ = p" of p such that [p|p(zx) = B(z?) for
some power series § with f(x) # 0 mod deg > 2. Then ht(F') = oo if and only
if [p]p(z) = 0 and ht(F) = r if ¢ = p" is the highest power of p such that
[plr(x) = B(x?).

Lemma 3.7. Let F = G x H be a formal group law, which is the product of

two formal group laws G and H over a perfect field K of characteristic p > 0 of
height htg respectively htg. Then F' has height htg 4 htp.

Proof. Write

Pla(z) = (G1(2), .., G (z)) and [plu(x) = (Hi(2), ..., Hny (2)) .-

Since G has height htg, we know that K[xz1,...,%m.] is a finitely generated
module over the subring K[G1(x),...,Gme(2)] of rank pP'¢ and since H has
height hty, we know that K[yi,...,ym,] is a finitely generated module over
the subring K[H1(y), ..., Hmny (y)] of rank p"*#. Therefore, it follows that

K[z1,...,Zmg Y1, -, Ymy] is a finitely generated module over the subring
K[G1(),. .., Gmg (), H1(Y), - - ., Hmyy (y)] of rank phtephta = phta+hta (Alsg
see Proposition 28.2.6 and Corollary 28.2.9 of [Haz78§]). O

Example 3.8. Consider the one-dimensional additive formal group law G, and
the multiplicative formal group law G,, as above. It is easy to see that

ht (G,) =00 and ht(G,,) = 1.

Furthermore, one can show that ht (G, x G,,) = oo but ht (G,, x G,,) = 2.

The height is an important tool since it completely determines one-dimensional
formal group laws:

Theorem 3.9 (|[Laz55, Corollaire 1 & Théoréme IV]). Let K be an algebraically
closed field of positive characteristic.

(1) For every integer ht > 1 and for ht = oo there exists a one-dimensional
formal group law of height ht over K.

(2) Two one-dimensional formal group laws over K are isomorphic if and only
if they have the same height.
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

3.2 Connection between the F-pure threshold and the
height of quasi-homogeneous polynomials

The aim of this section is to give a connection between the F-pure thresh-
old of the reduction f, € F,[zo,...,x,] of a quasi-homogeneous polynomial
f € Z[xy,...,x,) and the height of the Artin-Mazur formal group associated
to H" ! (X, G,, x), which was defined in where X denotes the
hypersurface given by f. For this, we first need the following result, which is an
immediate consequence of Theorem 2 of [Vlal6]:

Lemma 3.10. Let R be the ring of integers of a complete absolutely unramified
discrete valuation field of characteristic zero and residue characteristic p > 0,
equipped with a lift of the p-th power Frobenius on the residue field R/pR. Let
F(z,y) € R[z,y] be a formal group law of dimension 1 with logarithm

e¢]
(r)= Y mtom,
m
m=1

where {bym},,~0 i a sequence of elements of R with by = 1. Then ht(F) = 1 if
and only if ord, (by—1) = 0.

Proof. First, let ht(F) = 1. Then, by Theorem 2 (i) of [VIal6], we get
ord, (bp-1) =1~ [ 1| =0.

For the opposite direction, let ht(F) # 1. Then we have two cases. The first
case is ht(F) = oo, which yields ord, (b,—1) > 1 by Theorem 2 (i) of [Vlal6].
The second case is ht(F') < oo and ht(F') # 1. Then, again by Theorem 2 (i) of

[Vlai6], we conclude that ord, (b,—1) > 1 — {ﬁj =1, since ht(F) > 1. O

Using this, we are able to prove the main theorem of this section.

Theorem 3.11. Let Zlxo,...,x,] be the graded polynomial ring with
a; = deg(z;) and let w == a9 + ... + . Let f € Zlxg,...,x,] be a quasi-
homogeneous polynomial of degree w and type o = («p,...,q,) with an iso-
lated singularity such that the greatest common divisor of all coefficients of f
is 1. Furthermore, let X be the hypersurface in Py (o) defined by f and let
fp € Fplzo, ..., xyn] be the reduction of f modulo p. Assume that p > w(n—2)+1.
Then fpt(f,) = 1 =1ct(f) if and only if ht (H"* (X,Gp x)) = 1.

Proof. In order to use Theorem 1 of [Sti87] (which also holds for quasi-
homogeneous polynomials), we first show that X is flat over Z. Since Z is a
Dedekind domain it is enough to show that R/f is torsionfree over Z, where
R = Z[xo,...,x,] (see [GWI0, Proposition B.86]). In order to show this, it
is enough to show that multiplication by a prime ¢ is injective on R/ f for all
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primes ¢q. Using the fact that the greatest common divisor of all coefficients of
f is 1 one gets the following commutative diagram

0 0 0
0 R—2 4R R/q 0
f -f f
0 R—2 4R R/q 0

0 0

and the snake lemma then shows that ¢ is injective on R/ f for all primes g.
Hence, Theorem 1 of [Sti87] yields that H" ! (X, G, x) is a formal group of
dimension 1. Using the notation of [Theorem 3.5 we have J = {(1,...,1)}, since
d = w. Therefore, the logarithm of the formal group law is given by

by
i(r) = Y b,

m>1

where by,_1 is the coefficient of (xq - - - xn)m_l in fm-L
Clearly, by [Example 1.3] we have that lct(f) = 1. Using the remark after
Lemma 2.10| we have that fpt(f,) = 1 if and only if bp—1 # 0mod p. Fur-

thermore, b,_1 # 0 mod p if and only if ord, (b,—1) = 0. Finally, bym
it follows that ord, (b,—1) = 0 if and only 1f ht (H" 1 (X,Gm,x)) =

Example 3.12. Let f = 2¢ + ... + 2 € Z[zo,...,z,] with d = n + 1 and
let X be the Fermat hypersurface in P, given by f. Let p > (n+1)(n —2) + 1.

Then by [Theorem 3.11| we have that fpt(f,) = 1 = lct(f) if and only if
(X, Gm,x)

ht (H"* =1.

The aim of the rest of this section is to show that a similar result as the above
also holds for

f=ad+. . +2deZxg,... xp) withd=n+kand k> 2.

Here, again by [Example 1.3/ we know that lct(f) = "'H Before we consider the
case k > 3, we start with k = 2. For this, we need the following lemma, which
holds in a more general setting.
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

Lemma 3.13. Let f € Klxg,...,z,] be a quasi-homogeneous polynomial of
degree d and type o = (v, ..., ay), where K is a field of characteristic p > 0.
Letw =qapg+ ...+ an. Ifwg=xrmodd withl <x <w—1 for some q = p°,
then fpt(f) < %.

Proof. By [Proposition 2.6(we have that pr(q) < [“’Q_T“Hl-‘. By the assumption
we get

wg—w+1 wg—w+1+(w—-2) wg—1
< < = .
Mf(Q)_{ 7 w_ 7 y

Therefore, pr(q) < % and fpt(f) < NfT@ < .

alg

Example 3.14. Let f = 28 +... +2¢ € Z[xo, ..., 2,] with d = n+2 and let X
be the Fermat hypersurface in P7, given by f. We claim that the formal group
H" Y (X, Gy x) is the direct sum of n + 1 copies of a one-dimensional formal
group law F and that fpt(f,) = let(f) = 2% if and only if ht(F) = 1.

n+2
For the proof of this, we use the notation of and compute
J={21,...,1),(1,2,1,...,1),....(1,...,1,2)}.

For i,j € J we denote by by,—1 ; the coefficient of :cgnjo_io Ty fmt

It is an easy computation to see that b,,_1;; = 0 if ¢ # j. Therefore, by using
Theorem 3.5| the logarithm of H" ™! (X, G, x) is given by (1;(7;))ics, where

li(m;) = Z mel,i,inm.

m
m>1

Hence, the formal group H" ! (X, G, x) is the direct sum of n+ 1 copies of the
one-dimensional formal group law F(7,7) = (=1 (I(7) + {(n)) with logarithm

_ L (kd)! par1 _ N Om—1
V)= 2 rarirmeR _Z m
k>0 m>1

where

k!"(?k‘)!’ (31)

B ey — 1+ kd for some k € Z
bp—1 = .
0, otherwise.

Now, we show that fpt(fy,) = lct(f) = Z—i; if and only if ht(F) = 1.

For this, remark that by [Lemma 3.10| it follows that ht(F) = 1 if and only if
ord, (bp—1) = 0, which is equivalent to b,—; # 0 mod p. For p = 1 mod d we

have that kd = p — 1 and 2k = @ for some k € Z and both expressions are
smaller than p. Since ord,(s!) = > ;4 L%J for all s € N, this means that the
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p-adic valuation of k,(f(i% is zero. Using this together with 1) we conclude
that b,—1 # 0 mod p if and only if p = 1 mod d.
Hence, it remains to prove that p = 1 mod d is equivalent to fpt(f,) = lct(f).

Using Example 4.2 of [MTWO05] (see [Example 1.9)) one gets that fpt(f,) = let(f)
if p = 1modd. Now let fpt(f,) = lct(f). By using the contraposition of

Lemma 3.13| we conclude that (n+1)g = x mod n+ 2 with € {0,n + 1} for all
q. If x =0 for ¢ = p we get (n+ 1)p = 0 mod n + 2. Therefore p = 0 mod n + 2,

which is a contradiction. If z = n+1 one gets (n+1)p = n+1 mod n+ 2, hence
p=1modn+ 2, ie p=1modd.

Next, we consider the general case d =n + k with £ > 3 and n > 2(k — 1).

Proposition 3.15. Let f = 2d+... 42 € Z[zo, ..., 2] withd = n+k fork >3
and such that n > 2(k—1) and let X be the hypersurface in P given by f. Then
the formal group H" ' (X, Gm,x) 1s the direct sum of (nﬁ:*l) one-dimensional

formal groups, which are all of height 1 if and only if p = 1 mod d.
Proof. As in let

J={i=(io,...,in) €Z"" | ig,...,in > Land ig+ ... +ip = d}

and for 4,7 € J let by,—1, ; be the coefficient of a:gm_io coegmInTin gy fmel o We
prove the proposition via the following steps:

Step 1: We show, that for ¢ # j one has b,—1;; = 0: Since k& > 2 and
n > 2(k — 1) it follows that n > k. The elements of the set J are tuples
i = (igy...,10,) with ig,...,4, > 1 and

iwt+...+ipn=d=n+k=mn+1)+k-1)<(n+1)+(n-1),

i.e. each entry i is at least one and further £ — 1 < n — 1 has to be distributed
to the entries of 7.

Since n > 2(k — 1), it follows that 2! > k — 1, i.e. for all i € J we know that
more than half of the entries of a tuple ¢ € J are equal to 1. This means that if

Jj = (Jo,---,Jn) € J is a second tuple, then there exists at least one position s
with ig =1 = js.
Now write

m—1 _ Z m—1 )xdﬂo...xdﬁn.
/ (507-.-7@1 0 "

Bo+..tBn=m—1

Then we have df; = mj; — iy for all £ and in particular dBs = m — 1. The last
equality shows that m = 1 mod d and the first equality then yields

0 = myj; — iy mod d = j; — i mod d,

i.e. j: =iy mod d for all t. But since i, j: < n and d = n+ k > n it follows that
1y = j¢ for all ¢ and therefore i = j.
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Step 2: The first step of this proof means, that the logarithm [ (7) of the formal
group H" 1 (X, G, x) of dimension #.J = (”+s_1) is given by (I; (7i));c s, where

bm—1,i,i
lim) = Y 2ttt

m>1
and one can compute that
b o %, lfm:1+k‘df0rsomek:€Z
mobi 0, otherwise.

Step 3: By step 1 and 2 we know that H" 1 (X,G,, x) is the direct sum of
(”+s_1) formal groups (F;),.;, where F;(ti,m;) = I, (I;(:) + 1;(n;)). We prove
that ht(F;) = 1 for all ¢ € J if and only if p = 1 mod d. For this, |Lemma 3.10
shows that ht(F;) = 1 if and only if b,_1 ;; # 0 mod p. For p = 1 mod d, we have

that kd = p — 1 and ki, = %ir <p—1for all 0 < r < n and hence the p-adic

valuation of % is zero. Therefore, it follows that b,—1;; # 0 mod p if

and only if p = 1 mod d. O

The following proposition computes the F-pure threshold of Fermat hypersur-
faces.

Proposition 3.16. Let f = 28 + ... + 2% € Z[zo,...,z,] with d = n+ k for
k > 2 and such that n > k—2. Furthermore, let d % 0 mod p. Then p =1 mod d
if and only if fpt(f,) = let(f) = ”T‘H.

Proof. First, let p =1 mod d. Then by Example 4.2 of [MTWO05] it follows that

fpt(fp) = let(f).
Now, we show that if p # 1 mod d, then fpt (f,) < lct(f). For this, remember

that fpt(f,) = li)m W’;)i(epe), where 17, (p) = min {k eN ‘ flﬂ“ € m[pc]} and

k
£k = Z (ﬁo"“’ﬁn>x8lﬁo...xzﬁn'

60+---+5n:k

We claim that Hf”T(m < ”TH. Once we have shown this, it follows that fpt(f,) <

1 (P) < "TH. In order to show WPT(M < "T'H or equivalently py, (p) < % it is

p
p(n+1)
enough to show that pr ¢ J e mP! since d # 0 mod p. For this, it is enough

to show that
[p(n—f—l)J
a4 1l
n+1 = b

We now consider the following two cases:
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3.2. Connection between the F-pure threshold and the height

Case 1: n+1 XV(%}FUJ

p(”+1)J
I N B
n+1 n+1

Clearly one has V("%‘;FI)J +1> %, hence L > L. Since n+1 does

(n+1)
not divide V(n%jl)J by assumption, this last inequality yields |V{ nj_l J-‘ > %.

Case 2: n+1 ‘ L%J
Write p = Ad 4+ r with 0 < r < d and r # 1 since p # 1 mod d. Thus n+ 1
divides

Vndﬂ)J {(Ad%—r n—i—lJ { n;—l)J

(n+1)J .

e+ { d

Since § < 1, it follows that T(n%jl) < n 4+ 1 and by the above {%J must

be divisible by n + 1, hence we conclude that V(n%jl)J = 0. This means that

T("H) < 1 or equivalently r < n+1 = Z—ff By assumption k < n + 2, therefore
we have r < ”:[’1“ < 27:‘112 = 2. Since r # 1 this means that r = 0 and p = d since
p is a prime. But this is a contradiction to our assumptions. ]

In [Her| Hernandez already computed the F-pure threshold of diagonal hyper-
surfaces using base p expansions (see . In particular, he obtained
the F-pure threshold of the hypersurface f = xgﬂ + ...+ 2! and showed
that fpt(f) = 1 if and only if p = 1 mod n + 1 (see [Hex, Corollary 8.3]). We
obtain this special case as an immediate consequence of the preceding propo-
sition for d = n + 1. It seems conceivable that his more general result about
diagonal hypersurfaces (see [Her, Theorem 8.1|) can also be used to show the
above proposition.

Combining [Proposition 3.15] and [Proposition 3.16] we obtain:

Corollary 3.17. Let f = 2@+ ... +2¢ € Z[zg, ..., 2n] withd =n+k fork >3
and such that n > 2(k — 1) and let X be the hypersurface in PY, given by f.
Furthermore, let d # 0 mod p. Then H" ' (X, Gm,x) is a direct sum of formal

groups of dimension 1, which are all of height 1 if and only if fpt(f,) = lct(f) =
n+1l

T
In [KobT75l section V. 2.] it was shown that under the assumptions of
the action of the Frobenius on H"~! (X, Ox) is bijective if and only if
p =1 mod d. Therefore, the two conditions of are also equivalent
to the Frobenius action on H" 1 (X, Ox) being bijective.

In the proofs of [Corollary 3.17] and [Theorem 3.11] we have seen that the F-
pure threshold is equal to the log-canonical threshold if and only if the height
of the corresponding Artin-Mazur formal group is equal to its dimension. Or,
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

equivalently, since fpt(f,) < lct(f) for p > 0, the F-pure threshold is equal to
its greatest possible value if and only if the height is equal to its smallest possible

value (see [Lemma 3.7). Hence, it is a natural question to ask if this is the case
for all quasi-homogeneous polynomials:

Question 3.18. Let f € R[xg,...,x,] be a quasi-homogeneous polynomial such
that H" 1 (X, Gm,x) is a formal group and let the notation be as above. Is it
true that fpt(f,) = let(f) if and only if the height of H" ' (X, Gy x) is equal to
its dimension?

So far we did not find any counterexample for this, which leads us to suspect
that the answer to the above question is positive.

3.3 The height of the formal Brauer group of a
weighted Delsarte K3 surface

Let R = Z[xo,...,zy] be the graded polynomial ring with «; = deg(z;). Let
f € R be a quasi-homogeneous polynomial of degree w = ag+ ...+ ay, and type
a = (ag,...,ap) with an isolated singularity such that the greatest common
divisor of all coefficients of f is 1. Let f, € Fplzo,...,z,] be the reduction of f
modulo p and assume p > w(n — 2) 4+ 1. [Theorem 2.9 and [Theorem 2.16| yield
that

h
fpt(fp) =1- ;

with 0 < h < n—1, where h is the order of vanishing of the Hasse invariant on a
certain deformation space of Proj(R/f,R) C P" (). shows that
h = 0 if and only if ht (H"’1 (X, Gm,X)) = 1, where X is the hypersurface in
P% (o) defined by f.

Therefore, one may ask whether the other possible values of the F-pure threshold
(i.e. 1 < h < n—1) can also be characterized by ht (H" ™! (X, Gy, x)). However,
in we will give two examples of weighted Delsarte K3 surfaces which
show that the answer is negative.

For this, we give a short introduction to K3 surfaces in the first part of this
section and introduce the notion of supersingular K3 surfaces, i.e. K3 surfaces
where the height of the formal Brauer group is infinite. In the second part of this
section we introduce crystalline cohomology and give a criterion for a K3 surface
to be supersingular in terms of crystalline cohomology. In the third section we
define weighted Delsarte K3 surfaces following [Got04]. One of the reasons for
introducing weighted Delsarte K3 surfaces is that they are convenient for explicit
calculations of the height. This is due to the fact, that a weighted Delsarte K3
surface X is birational to the quotient of a Fermat surface. By examining the
associated quotient map, one can extract informations about the supersingularity
of X from the supersingularity of the corresponding Fermat surface. This will
be done in [section 3.3.4] and [section 3.3.5] In [section 3.3.6| we finally compute
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the height of the formal Brauer group of a weighted Delsarte K3 surface if it is
finite.

3.3.1 Supersingular K3 surfaces

In this section let K be an algebraically closed field. The aim of this section
is to give a short introduction to K3 surfaces and to define supersingular K3
surfaces. For further information we refer the reader to [Liel6], |[Liel5|, [Huy16]

and [VAI6).

Definition 3.19. A K3 surface is a smooth and projective surface X over a
field K such that

wx = OX and Hl (X,Ox) =0.

Example 3.20. Let K be an algebraically closed field of characteristic p > 0
and let X be a smooth quartic surface in P%. Then, taking cohomology in the
short exact sequence

together with H! (IP%, OP?) = 0 and H? (}P’%, (’)IP%((—AL)) = 0 gives
H!' (X,0x) = 0. Furthermore, by [Har77, Exercise II. 8.4
wX§OX(4—3—1):Ox.

Thus, X is a K3 surface. A particularly interesting special case is given by
the Fermat quartic in P3, defined by z§ + 2] + 23 + 23 = 0 over a field K of
characteristic char(K) # 2.

Before we can introduce the notion of a supersingular K3 surface, we first need
to recall some basic facts about the Néron-Severi group of a smooth surface. For
this, let X be a smooth surface over K. By Div(X) we denote the group of
divisors on X, i.e. the free group generated by the prime divisors on X. There
are three equivalence relations one can put on Div(X):

(1) Linear equivalence: Two divisors C, D € Div(X) are called linearly equiv-
alent, if their difference C' — D is principal.

(2) Algebraic equivalence: Two divisors C, D € Div(X) are called algebraically
equivalent, if there exists a connected curve T', two closed points tg,t1 € T
and a divisor E' on X x T, flat over T', such that F|x. 0y — Elxx} =
C —-D.

(3) Numerical equivalence: Two divisors C, D € Div(X) are called numerically
equivalent, if (C, E)x = (D, E)x for all E € Div(X). Here,

(=, —)x : Div(X) x Div(X) — Z

is the intersection pairing on X introduced in [Har77, V. 1].
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One can show (see [VA16, section 1.3]) that
Linear equivalence = Algebraic equivalence = Numerical equivalence.

Definition 3.21. The Picard group Pic(X) is defined to be the quotient of
Div(X) by the linear equivalence relation. Let Pic’(X) C Pic™(X) C Pic(X),
where

Pic"(X) := {L € Pic(X) | (L,L')x =0 for all L' € Pic(X)}

is the set of numerically trivial classes and Pic®(X) is the set of classes alge-
braically equivalent to zero. The Néron-Severi group of X is defined to be

NS(X) = Pic(X)/ Pic’(X).
Furthermore, let Num(X) = Pic(X)/ Pic” (X).

Proposition 3.22 ([Nér52, Théoréme 2|, [LN59|). The Néron-Severi group is
finitely generated. Its rank is called the Picard number p(X) = rank NS(X).

Proposition 3.23 ([Huy16, Chapter 1, Proposition 2.4]). Let X be a K3 sur-
face. Then the natural surjections

Pic(X) — NS(X) — Num(X)
are isomorphisms.

Now let X be a K3 surface over an algebraically closed field K of positive
characteristic. In [AMT7, section II, part 4] Artin and Mazur proved that the
Artin-Mazur functor H? (X, Gy, x) of X is in fact a formal group of dimension
1. Moreover, in [Art74, Theorem (0.1)] Artin showed that if the formal Brauer
group H? (X, G,, x) of a K3 surface X has finite height ht then p(X) < 22—2ht.
Since p(X) > 1 for a K3 surface X, this gives that the height ht of the formal
Brauer group of a K3 surface satisfies 1 < ht < 10 or ht = oco.

Definition 3.24. Let X be a K3 surface over a field K of positive characteristic
and let ht be the height of its formal Brauer group. Then X is called ordinary
if ht =1 and X is called Artin-supersingular if ht = oco.

Example 3.25. Let X C P%. be the Fermat surface given by xg+z]+z3+x4 = 0
over an algebraically closed field K of characteristic p > 2 and let ht be the height
of its formal Brauer group. Then

W L if p=3mod4
)1, ifp=1mod4,

i.e. X is Artin-supersingular if and only if p = 3 mod 4.
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For surfaces, Shioda introduced another notion of supersingularity, characterized
by the Picard rank of the variety (see [Shi74], p. 235]). In positive characteristic
one has that p(X) < 22 for a K3 surface X (see [Igu60]). This bound is sharp
since Tate ([Tat65]) and Shioda ([Shi77]) showed that there exist K3 surfaces
with Picard rank 22 in positive characteristic. For example, the Fermat surface
zd + xf + 25 + 23 = 0 has Picard number 22 if and only if p = 3 mod 4.

Definition 3.26. Let X be a K3 surface over an algebraically closed field of
positive characteristic. Then X is called Shioda-supersingular if p(X) = 22.

The example of the Fermat quartic already indicates that there is a connec-
tion between Artin-supersingularity and Shioda-supersingularity. Indeed, The-
orem (0.1) of [Art74] shows that Shioda-supersingular K3 surfaces are Artin-
supersingular. But the converse is also true:

Theorem 3.27 (|Liel5, Theorem 2.3|). Let X be a K3 surface in odd charac-
teristic. Then X is Shioda-supersingular if and only if it is Artin-supersingular.

Thus, in the following, we will not distinguish between the two notions of super-
singularity.
3.3.2 Supersingularity and crystalline cohomology

In the following sections we will need a criterion for a K3 surface to be super-
singular using crystalline cohomology. Since the crystalline cohomology groups
are modules over the ring of Witt vectors, let us first give a short introduction
to this ring. After this, we will give a brief overview of crystalline cohomology.
For a more detailed introduction to crystalline cohomology, we refer the reader
to [BOT8|, [CLIg|, [1179], [11194] and [Liel6].

Witt ring

Let K be a perfect field of characteristic p > 0. Associated to K there exists the
so-called Witt ring W (K) of K, such that

(1) W(K) is a discrete valuation ring of characteristic zero,

(2) the unique maximal ideal m of W (K) is generated by p and the residue
field W (K)/m is isomorphic to K,

(3) W(K) is complete with respect to the m-adic topology,

(4) every m-adically complete discrete valuation ring of characteristic zero with
residue field K contains W (K) as a subring,

(5) W(K) is functorial in K
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(see [Ser79, Chapter II, §5 & §6]). Remark that the fourth property shows that
W (K) is unique up to isomorphism.

Let us give a short explanation of an explicit construction of W (K). For a prime
p the Witt polynomials are defined as follows:

n

Wn ('I(]a s 7xn) = sz‘mjio"‘l S Z[CL'O, N ,I‘n],
=0

It is shown in [Ser79, Chapter II, §6, Theorem 6], that there exist unique poly-
nomials S, and P, in 2(n 4 1) variables with coefficients in Z, such that

Wn (x(]v'--)xn)+Wn(y05"'ayn) :Wn (Sn(x()a”wxnvyOv"wyn)))
Wn($0’---7$n)'Wn(y()u”-ayn) =W, (Pn(l“O’---al'nuyOu”-uyn))-

For example (see [Ser79, Chapter II, §6])

x4 Yo — (w0 + yo)?
So(z0,%0) = 20 + 90,  S1(z0, 21,0, 91) = T1 +y1 + L0 p( y),

Po(zo0,90) = To - yo, Pi(wo,21,y0,y1) = yhx1 + n12h + pr1ys.

The truncated Witt ring W, (R) is as a set R™ and the ring structure is given by

(@0, - -+ Tn—1) + (Yo; - - - Yn—1)
= (S0(0,Y0)s+ - Sn—1(T0y+ -+, Tp—1,Y0s -+ - s Yn—1)) 5
(205 -+ Tn—1) " (Y05 - -+ s Yn—1)
= (Po(%0,%0), -+ » Pa—1(Z0s -+ s Tn—1,Y0, - - - , Yn—1)) -
It turns out that W,(R) is a ring with zero 0 = (0,...,0) and unit
1 =1(1,0,...,0) (see |Ser79, Chapter II, §6, Theorem 7|). For example, W;(R)

is just the ring R with its usual addition and multiplication.
If R is a ring of characteristic p > 0, we define

Vi Wy (R) = Wit (R)

(1:05 s 7$n71) = (va()? cee $n,1),
o: Wy(R) — Wy_1(R)
(s .oy xp—1) — (2h, ..., 2b ).

The additive map V is called Verschiebung and the ring homomorphism o is
called Frobenius. These two maps have the following property

VOO':O'OV:p'ide(R),

where multiplication by p means adding p times any vector with itself. Moreover,
for all n > 2 we have a projection W, (R) — W,_1(R) onto the first n — 1
components.
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Definition 3.28. The ring of Witt vectors W (R) is defined as
W(R) = lim Wy (R).

Equivalently, W (R) can be defined using the above construction for RN, then
Win(R) = W(R)/V"W (R), where V(zg,x1,...) = (0,20, 21, ...).

Example 3.29 ([Sex79, Chapter II, §6]). Witt vectors can be seen as a gener-
alization of p-adic numbers, since Wy, (F,) = Z/p"Z and W (F,) = Z,.

If X is a scheme, we can sheafify the above construction to obtain sheaves of rings
Wy (Ox) and W (Ox), i.e. if (X,Ox) is a ringed space then U — W, (Ox(U))
respectively U — W (Ox (U)) define a sheaf denoted by W, (Ox) respectively
W (Ox).

Crystalline cohomology

Now, let us give a short survey of crystalline cohomology. For this, let K be a
perfect field of characteristic p > 0, W = W(K) the ring of Witt vectors and
Wy, = W, (K) the truncated Witt ring.

Crystalline cohomology of a scheme X over K is defined as

CI‘IS X/W L cris X/W

where H!; (X/W,) = H" (Cris(X/W,), (’)X/Wn) is the cohomology of the crys-
talline site of X over W, with values in the sheaf of rings Ox/y, (for a precise
definition of this see the references at the beginning of this section).
Crystalline cohomology is a Weil cohomology theory. In particular, this means
that H! . (X/W) is a contravariant functor in X. Furthermore, the cohomology
groups H' .. (X/W) respectively Lis (X/W,,) are finitely generated W-modules
respectively Wy,-modules and H! ;. (X/W) =01if i < 0 or i > 2dim(X). More-
over, we have Poincaré duality, there exists a Lefschetz fixed point formula and
SO on.

Finally, crystalline cohomology refines the notion of de Rham cohomology for

schemes in the following sense. First, for n = 1 one has
H(ziR(X/K) crls (X/Wl) cr1s (X/K)

for all ¢ > 0. Furthermore, if X is smooth and projective over K and if there
exists a projective lift of X to W, i.e. a smooth projective scheme X — Spec(W)
such that X' Xgpec(w) Spec(K) = X, then

HdR (X/W) CI'lS (X/W)

In the following we will be interested in the crystalline cohomology of a K3
surface, since it will help us to decide whether the K3 surface is supersingular
or not.
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Proposition 3.30 (|Liel6, Proposition 2.3|). Let X be a K3 surface. Then

1 012 (3|4
ranky H' . (X/W) | 1]0[22]0

cris

ois(X/W) is the only interesting cohomology
group of a K3 surface X. The aim for the rest of this section is to explain
how to use this second crystalline cohomology of a K3 surface to determine
supersingularity.

The above proposition shows that H?>

Connection to supersingularity

Remember that W = W (K) for a perfect field K of positive characteristic p and
that o : W — W denotes the Frobenius morphism. An F-crystal (M, ) over
K is a free W-module M of finite rank together with an injective and o-linear
map ¢ : M — M, i.e. ¢ is injective, additive and

p(r-m) =a(r)-p(m)

for all » € W and m € M. An F-isocrystal (V, ) is a finite dimensional K-
vector space V together with an injective and o-linear map ¢ : V — V. A
morphism w : (M,p) — (N,1) of F-crystals (respectively F-isocrystals) is a
W-linear (respectively K-linear) map M — N such that g ou = uwo1. An
isogeny of F-crystals is a morphism u : (M, @) — (N, 1) of F-crystals, such that
the induced map M ®w K — N ®w K is an isomorphism of F-isocrystals.

For the rest of this section, we will consider the following two examples of F-
crystals.

Example 3.31 (JCL98, Exposé II, 1.1]).
(1) Let X be a smooth, proper variety over K, then for all i > 0
H! .. (X/W) /torsion

cris
is a free W-module of finite rank. By functoriality, the absolute Frobenius
morphism F': X — X induces a o-linear map

X/W) /torsion — H. . (X/W) /torsion.

@ H cris

cris (

One can show that ¢ is injective, hence (H. (X/W) /torsion,¢) is an

cris
F-crystal.

(2) Let W, (T') be the non-commutative polynomial ring in 7" over W with the
relations
T -r=o(r)-T

for all € W. Let a = £ € Q>0 with non-negative and coprime integers r
and s. Then
Mg = Wo (T) /(T° = p")
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together with

M, — M,
m—1T-m

defines an F-crystal (Mg, ). The rational number a = % is called the slope
of M,.

These last examples are crucial for the following isogeny classification.

Theorem 3.32 ([Man63|). If (M, ) is an F-crystal over an algebraically closed
field of positive characteristic, then (M, ) is isogeneous to a direct sum of F'-
crystals of the form

(M, )~ P M.

a€Q>o

The elements in the set

{a € Qx0 | na #0}
are called the slopes of (M, p). For every slope a of (M, ¢), the integer

Ag = Ng - rankyy M,

is called the multiplicity of the slope a. If (M, ) is an F-crystal over a perfect
field K, its slopes and multiplicities are defined to be the ones of
(M, ) @w )y W (F), where K is an algebraic closure of K.

Let (M, ) be an F-crystal and let

0<ai <as<...<am

be its slopes with respective multiplicities A1,...,\,,. The Newton polygon of
(M, ) is defined to be the graph of the piecewise linear function Nwt g from the
interval [0, rank M] to R, such that Nwt/(0) = 0 and with

slope a1 if 0 <t < Aq,
slope ag if A\ <t < A1+ Ao,

Remark that the Newton polygon is convex and determines the F-crystal up to
isogeny.

Let X be a K3 surface. Then it is shown in |[Liel6, Proposition 2.5] that
H. (X/W) is a free W-module for all 4+ > 0. In particular, we have seen
that the only interesting cohomology is HZ,, (X/W), which is free of rank 22
(see [Proposition 3.30)).
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Proposition 3.33 (|Liel6, Proposition 6.17|). Let X be a K3 surface. Then,
there are only 12 possibilities for the Newton polygon of the F-crystal
H?. (X/W). These possibilities are determined by the height ht of the formal
Brauer group of X in the following sense:

(1) If ht < oo, then the slopes and multiplicites of the Newton polygon of
H2 . (X/W) are as follows:

slope 1-— ﬁ 1 1+ ﬁ
multiplicity ht 22 —2ht ht

(2) If ht = oo, then the Newton polygon of H>.(X/W) is of slope 1 with
multiplicity 22.

Summarizing the results of this section we have the following criterion for a K3
surface to be supersingular:

Theorem 3.34. Let X be a K3 surface in odd characteristic. Then the following
are equivalent:

(1) X is Shioda-supersingular, i.e. p(X) = 22.

(2) X is Artin-supersingular, i.e. the height of the formal Brauer group of X
18 infinite.

(3) The Newton polygon of H? . (X /W) has slope 1.

cris

More generally, the height of a Calabi-Yau variety X of dimension n over an
algebraically closed field K (i.e. a smooth projective variety X over K such that
H{(X,0x) = 0 for 0 < i < dim(X) and wy = Ox) can be computed using
crystalline cohomology, namely

ht = dimyp H"(X,WOx) @w L = dimy, (H5 (X/W) @w L)[O,l)

if H"(X,WOx) ®@w L # 0 and ht = oo otherwise (see section 6.3 of [Liel6]).
Here, L denotes the quotient field of W = W(K) and (+); ;) denotes the subspace
of slopes strictly less than 1.

3.3.3 Weighted Delsarte K3 surfaces

In this section, we introduce weighted Delsarte K3 surfaces. For further ref-
erences for this section see [Shi86|, [Got04], [Got00], [Got96b], [Got03] and
[Got96al.

Let K be an algebraically closed field of characteristic p > 2 and let
a = (ag, a1, g, a3) be a tuple of positive integers, such that

pta; for 0 <i<3and

68



3.3. The height of the formal Brauer group of a weighted Delsarte K3 surface

ged(oy, aj, o) = 1 for all {4, 4, k} C {0,1,2,3}.

Let P3(a) := Proj K[z, x1, 72, z3) with deg(z;) = a; for 0 < i < 3 be the
weighted projective 3-space over K of type a.

Let m be a positive integer such that p { m and let A = (a;;) € Z*** be a matrix
such that

(1) ai; >0 and p{ a;; for all (4, j),
(2) given j there is some 7, such that a;; = 0,

(3) pfdet(A),

3
(4) > ajai; =mforall 0 <i <3 ie. AT = (m, m, m,m)T
§=0

Definition 3.35. A weighted Delsarte surface in P3(a) of degree m with matriz
A is defined to be the surface X4 C P3(a) given by

FA — E xaszazl xa’ZQxal'j — 0

This type of surfaces were considered first by Delsarte (|[Del51]) in the homoge-
neous case, i.e. the case where o = (1,1,1,1). Later Shioda (|Shi86]) investi-
gated Delsarte surfaces in P? to demonstrate the effectiveness of his algorithm for
computing Picard numbers of surfaces. Finally, the weighted version of Delsarte
surfaces was introduced in [Got96b].

Weighted Delsarte surfaces are in general singular surfaces. We denote by 3(\2 the
minimal resolution (of singularities) of X 4. Here, a resolution of singularities
f Y — X is called minimal if for every resolution g : Z — X, there is a
morphism h : Z — Y such that foh =g, i.e.

y Lo x

A
h}%
|

VA

commutes. The fact that 3(: exists and is unique up to isomorphism is shown
in [Abh56] and [Lip69, Corollary 27.3] respectively.

Definition 3.36 (|Dol82, section 3.1]). Let X be a closed subscheme of a
weighted projective space P3(a)) and let p : A*\ {0} — P3(a) be the canoni-
cal projection.

(1) The scheme closure of p~1(X) in A* is called the affine quasicone over X .

(2) A closed subscheme X C P3(«) is called quasi-smooth, if its affine quasi-
cone is smooth outside the origin.
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In particular, if X = X 4 is a weighted Delsarte surface, then X 4 is quasi-smooth
if and only if (0,0,0,0) is the only point, where all four partial derivatives of F4
vanish. In other words, X 4 is quasi-smooth if F)4 has an isolated singularity at
the origin.

Definition 3.37 ([Dim86| Definition 1]). A hypersurface X in P3(a) is in gen-
eral position relative to P3 ()sing if codimyx (X N p3 (@)sing) > 2, where p3 ()sing
denotes the singular locus of P3(a).

In order to show that a hypersurface is in general position relative to P3(a)sing,
we will use the following proposition:

Proposition 3.38.
(1) For a point P = (xg : o1 : 2 : x3) in P3(a), let

Ip={i|0<i<3,z;#0}

be the subset of indices corresponding to non-zero x;‘s. Then the singular
locus of P3(ax) is given by

P?()sing = {P € P*() | ged(a; | i € Ip) > 2}.

(2) If X is quasi-smooth and in general position relative to P3()sing, then
X NP3()sing s equal to the singular locus of X.

For the proof of the first part of this proposition see [DD85, Proposition 7], for
the proof of the second part see [Dim86, Proposition 8§].

Example 3.39 (JGot03l Remark 1.3]). Let us give an example of a quasi-
smooth hypersurface that is not in general position relative to ]P3(a)sing. Let
a:=(1,2,2,3), m =9 and p # 2,3. Consider the hypersurface X4 of degree 9
in P3(a) given by

Fy = mg + xga:% + a:%mg + a:% =0.

The Jacobian ideal of F is given by J(Fa) = (92§ + =, 4zwox?, 3x3xs, 3 + 323)
and it is easy to see that (0,0,0,0) is the only point, where all four partial
derivatives vanish. Therefore, X 4 is quasi-smooth. By [Proposition 3.38 we see
that P3()sing consists of (0 : @1 : 29 : 0) and (0 : 0 : 0 : 1). Therefore,
XaN Pg(a)smg ={(0: 1 : z2:0)}, which has codimension 1 in X4, hence, X4
is not in general position relative to P3(a)ging.

Example 3.40. Now, let o :== (1,1,1,2), m := 5 and p # 2,5. Consider the
hypersurface X 4 of degree 5 in P3(a) given by

Fy :::cg—i-x?—&—acg—i-xox%:&

Then the Jacobian ideal of Fy is given by J(Fa) = (5z8 + 23, bai, 53, 2zow3)
and again it is easy to see that (0,0, 0,0) is the only point, where all four partial
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derivatives vanish, which means that X4 is quasi-smooth. By [Proposition 3.3§]
we see that P3(c)sing consists of (0 : 0 : 0 : 1). Therefore, X4 N P3()ging =
{(0:0:0:1)}, which has codimension > 2 in X4. Hence, X4 is in general
position relative to P3(a)sing.

Lemma 3.41 (|Got03, section 1]). Let X4 be a weighted Delsarte surface in
P3(a) of degree m with matriz A. Assume that Xa is quasi-smooth and in

general position relative to P?’(oz)sing. Then the minimal resolution 3(; of X4 is
a K3 surface if and only if m = ag + a1 + as + as.

Definition 3.42. Let X4 be a weighted Delsarte surface in P3(a) of degree
m with matriz A. Let X 4 be quasi-smooth and in general position relative to
P3(a)sing and let m = ag + a1 + as + ag. Then we call X o a weighted Delsarte
K3 surface in P3(a) of degree m with matriz A.

There are exactly 95 pairs of m and a which give K3 surfaces in P3(a) (see [Rei,
section 4.5]). For a complete list of these 95 pairs see [IF00) section 13.3].
3.3.4 Relation of weighted Delsarte surfaces to Fermat surfaces

As already mentioned, a weighted Delsarte K3 surface X 4 is birational to the
quotient of a Fermat surface. This will be proven in this section following the
ideas of [Shi86, section 3].

Let X4 be a weighted Delsarte K3 surface in P3(a) of degree m with matrix A
given by

FA — E xasz‘le I’aﬂ :L,az?,

and let d := |det(A4)|. By X4 we denote the Fermat surface of degree d in P3
given by the vanishing of

Fy=y +yi + 5 + 15,
by X1 we denote the subspace of P? given by the vanishing of
Fi =20+ 21 4+ 22 + 23.

Denote by B = (b;;) the adjugate matrix of the matrix A, i.e. AB = det(A)-14.
Then we have rational maps

given by
3 b
oy iy iys) = (wo:miwaiay), m=]]y,"
7=0
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and
3
Y (wo:mwyiwe i w3) = (20: 21 22 23), ZZ':HZU?”.
7=0

Since AB = det(A) - 14, it is easy to check that ¢ and 1 are well-defined and
that the composition is given by the morphism

(Yo : 9192 y3) = (yg Ll c s :yg)-
Now, we claim that the extensions of the function fields K(X;)/K(X1) is a

Galois extension with Galois group

F={(G: GG | ¢ =1,Ge K] CAut(Xy),
where I' acts on X4 by the rule

(Co:C1:¢2:¢3)(yo w1 :y2:y3) = (Covo: Cuy1 : Caya : C3y3)-

For this, let us first briefly recall the definition of the function field of a projective
variety Y C P" = Proj K|z, . .., z,] (see [Har77, Chapter I, section 3| for more
details). Let U; be the open set x; # 0 and let

¢Z'ZUZ'—>An
agn (07%%
(agy...,ap) — (,...,),
a; Qj

where % is omitted. Define Y; to be the image of Y N U; under ¢;. Then
K(Y) = K(Y;) (remark that this definition does not depend on the choice of
the affine patch, hence we assume i = 0 in the following). If Y C A" is an affine
variety, then K(Y) is given by the quotient field of A(Y) == K{z1,...,z,]/I1(Y).
By the above description we have

[?Ll v2 @]
K(Xd) _ Quot Yo’ Yo’ Yo

(1 (2)"+ ()" + () =)

K |& 2 2z
20’ 20’ 20

(1+2+2+2-0)

and

K(Xl) = Quot

Now, the above claim that the Galois group of the extension K (Xy)/K(X1) is
equal to I" follows. Indeed, K (X, ) is obtained by adjoining three times a d-th
root of unity to K(X7), hence the Galois group of this extension is isomorphic
to (Z/ dZ)S. Passing from affine coordinates to projective coordinates we see

I = (Z/dZ)®.
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Proposition 3.43. Setting

3
Fp=<(:¢G:C:¢) el ‘ H C]b” is independent of i p ,
j=0

we have K(X4) = K(Xq)'4.

Proof. By the Galois correspondence it is enough to show that the Galois group
of the extension K(X4)/K(X4), which is a subgroup of T', is equal to I'4. First,
let 0= ((p:C1:¢2:¢3) €l'4. Then,

3 bij 3 bij  bij 3 bij\ ..
U(xi>—a<nj:0yj]) . Hj:ogjjyjj . (Hj:ocj )x’ T
) boj bo; 3 bo;
Hj:O CjOJ ijJ (Hj:O CjOJ) zo o

3 b -
Hj:o ijJ

for all 4, since H?:o C]l?” is independent of i. This means that o acts as the
identity on K(X4).
For the opposite direction, let

g o (H?—o C;?Oj) -

3 g

for every 0 € Ty C T" and for all 7. But this means, that [] C;)” has to be
j=0

independent of i. O

Altogether, K(X4) = K(X4)'4 = K (X4/T 4) and this means that X4 is bira-
tional to the quotient X;/I'4.

3.3.5 Supersingular weighted Delsarte K3 surfaces

The aim of this section is to prove a criterion of [Got04] for the minimal resolution
of a weighted Delsarte K3 surface to be supersingular. As already mentioned in
we can use crystalline cohomology to check supersingularity of K3

surfaces. Hence, let us first compute the second crystalline cohomology of the
Fermat surface Xy from and of the weighted Delsarte K3 surface
Xa.
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Proposition 3.44 ([Shi79bl section 1|, [Shi79al). Let X4 be the Fermat surface
in P3 of degree d. Define

3
A(Xg) = {q = (g0, 91,42, 43)| ¢ € Z/dZ,q; #0(0 <i < 3),Y g =0mod d} :
=0

Then

H?ms<Xd/W) = V(O) ® @ V(Q)7
q€A(Xq)

where the V(q)’s are W-modules of rank 1 defined in [Got96b).

Using that X4 is birational to the quotient X;/T'4 the above decomposition
of the second crystalline cohomology group of X; induces a decomposition of
H2. (Xa/W) as follows.

cris

Proposition 3.45 ([Got96bl Proposition 2.1, [Got00, Proposition 2.3]). Let
X4 be a weighted Delsarte K3 surface in P?() of degree m with matriz A and
let X 4 be its minimal resolution. Define

A(Xa) = {q = (g0, q1,92,93) € A(Xq) | ¢A = (0,0,0,0) mod d} .
Then

Hcms( Xd/FA /W) cms(Xd/W) (0) 5= @ Vi(g)

qeA(Xa)
and

H2.(XA/W)~H

cris

(Xq/W)F4,

CT‘ZS

where ~ means that H2. (X /W) and H2. (Xq/W)'A only differ by classes of

cris cris
exceptional cycles.

Definition 3.46. For each element ¢ = (qo, q1,q2,q3) € A(Xy) define the length
of q to be

3

lall =" (%) -1,

=0
where (%) denotes the fractional part of %

We claim that ||g|| € Z for all ¢ € A(Xy). For the proof of this, let
g = (q0,q1,92,q3) € A(Xq). Then (%) = %, where @ denotes the repre-
sentative of @ modulo d between 0 and d — 1. Furthermore, we know that
Z?:o ¢; = 0 mod d. Altogether, this gives

3 3 3
\|q||:.z<%>—1=. ——1_ Z —1eZ

=0 =0 =
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Lemma 3.47. For all g € A(X4) one has ||q|| € {0,1,2}.

Proof. Let ¢ = (qo,q1,q2,q3), then clearly ||g|| > 0, since ¢; # 0 mod d and
llg|l € Z. Moreover

3

3
HQH:Z<%>—1:227—1<%4d—1:

1=0 i=0
]

Proposition 3.48. Let X4 be a weighted Delsarte K3 surface with matriz A.
Then, there exists a unique element qss € A(Xa) such that ||¢ss|| = 0 and a
unique element § € A(X4) such that ||q|| = 2.

We will show in the proof that these elements are given by
(ss = (17 17 17 1) ad.](A)7
where adj(A) is the adjugate matrix of A and

q = (d7 da d7 d) — (Qss-

Proof of [Proposition 3.48. We first show the uniqueness of the element
gss = (qo,q1,92,q3). If we assume 1 < ¢; < d for 0 < i < 3, then gss is the
unique element satisfying

gssA =(0,0,0,0) mod d and qo+q1 + g2 + q3 = d.

Since 3(\2 is K3 we know that

m 1
m i 1
T _ _ .
=0
m 1
The condition ¢ssA = (0,0,0,0) mod d means that there exists some

B = (Bo, 1, B2, B3) € Z* with gssA = dB. Since ¢; > 0, a;; > 0 and d # 0,
we get that 8; > 0 for 0 < i < 3. We have

3
d <Z 6zaz> = dﬂaT = QSSACVT = (ss

1=0

EEE
I
3
g

S
I
s

IS

Therefore, Z?:o Bia; = m = Z?:o o, which means that 8; = 1 for 0 < i < 3
since all 5; > 0. Thus, ¢ss is given by the solution of ¢ssA = (d,d,d,d), i.e.
gss = (1,1,1,1) adj(A), where adj(A) is the adjugate matrix of A.
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Now the uniqueness of ¢ = (po, p1, p2,p3) follows from the uniqueness of ¢ss as
follows. If we assume 1 < p; < d for 0 < 4 < 3, then ¢ is the unique element
satisfying

GA =(0,0,0,0) mod d and po+ p1 + p2 + p3 = 3d.

Clearly, the element (d,d, d, d) — gss satisfies these conditions. Now, assume that
there exist two elements with these three conditions, say ¢ = (po, p1, p2, p3) and
¢'. Then the element (d,d,d,d) —q = (d —po,d — p1,d — p2,d — p3) satisfies
1<d—p; <dsince 1 <p; <dand

3 3

d(d—p)=4d—) pi=4d—3d=d.

=0 1=0

Moreover, (d — pg,d —p1,d—p2,d—p3)A = (0,0,0,0) mod d since we know that
GA = (0,0,0,0) mod d. But the same holds true for the element (d,d,d,d) — ¢

Hence, by the uniqueness of ¢4 it follows that (d,d,d,d) — ¢ = (d,d,d,d) — ¢
and therefore § = ¢'. O

Definition 3.49. Given the element qss = (qo, q1, q2,q3), we define

d
ng(QO7 qd1,492, 43, d) '

€A =

Now, we are able to formulate the main theorem of this section:

Theorem 3.50 (|Got04, Proposition 2.2 & Remark 2.1]). Let X4 be a weighted
Delsarte K3 surface with matriz A. Then the height of the formal Brauer group
of the minimal resolution XA of X4 is infinite (i.e. X4 is supersingular) if and
only if p* = —1 mod ey for some integer p > 1.

The aim of the rest of this section is to prove For this, we need
some more lemmata.

Lemma 3.51. For all t with ged(t,d) =1 one has

0, ift=1modey
ltgssll =< 1, ift # +1 mod ex
2, ift=—-1modea.

Proof. We first show that tgss = (tqo,tq1,tqe,tqs) € A(Xy). For this, suppose
there exists a t with ged(t,d) = 1 and such that tg; = 0 mod d for some i. Since
ged(t,d) = 1 this would give ¢; = 0 mod d which is a contradiction to 1 < g;.
Hence tgs € A(X4) and by [Lemma 3.47 we have ||tgss|| € {0,1,2}. We can now

prove the assertion by showing
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(I) : ||tgss|| = 0 if and only if ¢ = 1 mod e 4.
(I1) : ||tgss|| = 2 if and only if ¢ = —1 mod e4.

Let us start with the proof of (I):
First, let t = 1 mod e4, i.e. t =1+ eys for some s and let

g = ng(QOa 41,42, 43, d))

i.e. geg = d. Then, gt = g+ (gea)s = g + ds. Using this, one gets

<tqi> _ <1thi> _ <1(g+d8>%‘> _ <1 (.QC]i+Sqi>> _ <qi+ 5%’>

d g d q d g\d d g
=(3)
- \d

since g divides ¢; for all i. Therefore, ||tgss|| = |/¢ss|| = O.

For the opposite direction let [|tgss|| = 0, i.e. éZ?:OtTH = 1 or equivalently

Z?:()T% = d. Moreover, 1 < tg; < d, hence, the element (Zqo,tq1,%q2,qs3)
satisfies the three properties

o 1 <tq <d,
37

e > tgi=d and
i=0

e (g0, tq1,1q2,tg3) A = (0,0,0,0) mod d.
But gss is unique with these three conditions, therefore, we get that
tq; = ¢; mod d

for all i. Now, let n;, m € Z such that Z?:o niq; + md = g, hence Z?:o niq; =
g mod d. Since (t—1)g; = 0 mod d by the above, it follows (t—1)g;n; = 0 mod d

and moreover,
3

(t—1)g= Z(t —1)gin; = 0 mod d.
=0
Thus, (t —1)g = ds for some s, which means that t —1 = 25 = e4s. This means
that t =1 mod e4.
The proof of (II) is quite similar:
Let t = —1modey, ie. t = —1 + eygs for some s and again we get
gt = —g + (gea)s = —g + ds. Similarly as above, this gives

()-8 CEr ) f)
_ — 4
= y .

d
g
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Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

This yields

3 d—Q‘ 3 a
i =35 1 =3 -3 =2
=0
a>

For the opposite direction, let ||tgss|]| = 2 i.e. ?ZOT% = 3 or equivalently

Z?:otTli = 3d. Again,

o 1 <ig <d,

3
o > g =3d and
=0

i (%7 E7 @a @) A= (O; 0, 0, 0) mod d.

By |[Proposition 3.48 we know that (d — qo,d — q1,d — g2,d — g3) is unique with
these three conditions, hence, we get that

tg; =d—q; = —q; mod d

for all 7. Similarly as above, one deduces that (t + 1)g = 0 mod d and then
= —1mod ey4. L]

Definition 3.52. Let f; denote the order of p modulo d and let
H; = {pimodd‘0§i<fd}.

For g € A(Xy) we define as in [GY9]

Any () =) litall-

teHy

Lemma 3.53. Let f., denote the order of p modulo es. Then:

fEAZ Hp q H = feA’ if p* = —1mod ey for some
" 1, otherwise.

Proof. If there exists no p such that p* = —1 mod e4, then

10°Gss]| = llgss]l = 0 and
}|piQSsH =1lforalll<i< feA-

This gives
fea—1
AHEA QSs Z Hp QSSH - feA -
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Now, suppose that there exists some p such that p* = —1 mod e4. Without loss
of generality, we can assume that p < f.,. Then

HquSSH = HQSSH =0,
Ip*gss|| = 2 and

[pigss|| = 1 for all i # 0,

Altogether, this gives

fo,—1
> Pl =24 (feu = 2) = fer
i=0
O
Lemma 3.54. With the notation from above we have:
fd, if p# = —1 mod ey for some
AHd(st) =9 fa .
o (fea — 1), otherwise.
Proof. First, note that
fd—l f feA_l
. d 4
D IPassll == > fIp'ass-
i=0 €A =0
Therefore
fffdfeA, if p* = —1 mod e4 for some p
AHd (qSS) = Ji: .
H(fe" —1), otherwise.
O

Finally, we are able to prove which claims that the height of the
formal Brauer group of X4 is infinite (i.e. X4 is supersingular) if and only if
p* = —1 mod e4 for some integer p > 1.

Proof of[Theorem 3.50. By |Theorem 3.34] we know that 3(\2 is supersingular if
and only if the Newton polygon of H2, (X4/W) is of slope 1. We already stated
in [Proposition 3.44] and [Proposition 3.45| that we have the two decompositions

HeW(Xa/W) =V e @ Vg (3:2)
qeA(Xq)
and
H2 (Xa/W) ~ Ha(Xa/ WA 2V e P Vi), (3.3)
qeA(X 4)
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where H2, (X 4/W) and H2. (Xq/W)'4 only differ by exceptional cycles. Now,
the crucial part in this proof is to use [SY89 section 5|. In this paper, the
authors use this motivic decomposition (3.2) and show that HZ. (X4/W) is of

pure slope 1 if and only if
Ap,(q) = fq for all ¢ € A(Xy) with ||g]] =0

CI‘IS(

(see [SY89, Proposition 5.11]). Since we do not want to go into the details of
this motivic point of view we refer the reader to [SY89] and [GY95] for more
information. -

By equation (3.3) the crystalline cohomology of X 4 is (up to exceptional cycles)
a subspace of the crystalline cohomology of X4. Moreover, the exceptional cycles
in nglS(X 4/W) are given by elements of length 1 (see [Got95]). Hence, X4 is
supersingular if and only if

Ap,(q) = fq for all g € A(X ) with ||¢]| = 0.

But by [Proposition 3.48 we know that there is only one ¢ € A(X4) with the

property that ||¢|| = 0, namely the element gss. Therefore, X 4 is supersingular
if and only if Ap,(¢ss) = fq and by [Lemma 3.54] this is the case if and only if
there exists an integer p such that p* = —1 mod e4. O

3.3.6 Computing the height of the formal Brauer group of a
weighted Delsarte K3 surface

The aim of this section is to compute the height of the formal Brauer group of
a weighted Delsarte K3 surface if it is finite:

Theorem 3.55 (|[Got04, Theorem 3.2|). Let X4 be a weighted Delsarte K3 sur-
face with matriz A. Assume that there is no integer u > 1 such that
p' = —1mod es. Then the height of the formal Brauer group of the minimal
resolution X4 of X A is equal to the order of p modulo ey4.

Proof. Since there is no integer p > 1 such that p* = —1 mod e4, by
we know that the height of the formal Brauer group of the minimal
resolution E of X 4 is finite. Hence, combining |Proposition 3.33| and the proof
of Proposition 4.6.1 of [Yui99], the height ht can be computed as

i _ AHd (QSS)
ht fa

or equivalently

fa
fd - AHd (QSS)
(also see [GY95, chapter 3]). By [Lemma 3.54] we have
AHd(QSs) = ff(feA - 1)7
ea
therefore ht = f,,. O

ht =
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3.4 Counterexamples

The motivation to study weighted Delsarte K3 surfaces was to give two examples
of weighted Delsarte K3 surfaces, where the first one has the same height but
different F-pure threshold for varying p and the second one has the same F-pure
threshold but the height will differ for two different primes p. Remember that
K is an algebraically closed field of characteristic p > 0.

Example 3.56. Assume that p # 2,5. Consider
Fy = :cg +af a5+ a:ox§ € Klzo, z1, 22, 3],
which is quasi-homogeneous of degree 5 and weight a := (1,1,1,2). Let X4 be

the weighted Delsarte surface in P3(1,1,1,2) defined by Fj, i.e. defined by the
matrix

5 0 0 0
0500
A_OOE)O
1 00 2

Using the methods of [Got04] we computed the height of the formal Brauer
group of the minimal resolution 5(\2 of X 4. First, remark that we have already
shown in [Example 3.40] that X 4 is quasi-smooth and in general position relative
to IP’?’(a)Sing. Furthermore, m = 5 = ag + a1 + as + a3 and therefore the
minimal resolution X4 of X4 is a K3 surface. One has det(A) = 250 and
gss = (25,125,50,50), hence e4 = 10. Thus, shows that the
height of the formal Brauer group of 5(; is infinite if and only if there exists
some p > 1 such that p* = —1 mod 10, i.e. p = 3,7,9 mod 10.

Using the results of we also computed the F-pure threshold of Fj.
First we computed pp, (p) and obtained:

p |[11]13|17 |19
pr,(p) | 11|12 [ 16 | 17

By the first claim of [Proposition 2.7| this means that pp, (11¢) = 11¢ and there-

fore, fpt(F4) = 1 for p = 11. For p = 13,17, 19 by the second statement of

sition 2.7| we get that the sequence {”F’;ie(p)} is constant, hence fpt(Fy4) = 1 —%
e

for p = 13,17 and fpt(F4) = 1 —% for p = 19 . These results were also verified by
the PosChar-package of Macaulay 2 (|[BBH™|). This package uses methods sim-
ilar to the ones described in [chapter 1] and [chapter 2| For example, if the given
polynomial is diagonal or binomial, then the F-pure threshold is computed by
the results of Hernandez (for more details see [BBH™|). Altogether, we obtained
the following:

81



Chapter 3. F-pure threshold and height of quasi-homogeneous polynomials

P 11| 13 17 19
ht 1 s s} 00
fpt(Fa) | 1 |1-2]1—2|1-2

1
P

Sl

In particular, one can see that for p = 17 and p = 19 the height is the same but
the F-pure threshold is different.

Example 3.57. Assume that p # 2,3. Consider
Fa = adxy + 280 + 23 4+ xo2% € Kxo, 21, 22, 73],

which is quasi-homogeneous of degree 9 and weight o := (1,1,3,4). Let X4 be
the weighted Delsarte surface in P3(1,1,3,4) defined by Fj, i.e. defined by the
matrix

A=

= O O o
O O o=
O W= O
N O OO

Here, J(Fa) = (8xfx1 + 23, 2§ + 62312, 29 + 323, 22073) and it is easy to see that
(0,0,0,0) is the only point, where all four partial derivatives vanish. This means
that X 4 is quasi-smooth. By|Proposition 3.38| we know that P3 (@)sing consists of
(0:0:1:0) and (0:0:0:1), therefore X4 NP?(a)ging = {(0:0:0: 1)} which
has codimension > 2 in X 4, so X4 is in general position relative to P3(a)sing.

Furthermore, m = 9 = ag+a1 +as+as and therefore the minimal resolution X 4
of X4 is a K3 surface. We compute that det(A) = 288, ¢ss = (18,144, 45,81)
and eq = 32. Using we get that the height of the formal Brauer
group of X 4 is given by

, if p=1mod 32

, if p= =415 mod 32

, if p=47,49 mod 32

, if p=43,4+5,4+11,+13 mod 32.

ht

0 = N =

Again, we computed the integers pp,(p) and obtained pp,(p) = p — 1 for
p = 11,13,17,19. By the second part of [Proposition 2.7 this means that
fpt(Fy) =1— % for p =11,13,17,19. Altogether we have:

P 1| 13 | 17 | 19
ht 8 8 2 8
1 1 1 1

In particular, in this case the F-pure threshold is 1 — % for all p, but the height
differs.
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Altogether, the two examples above show that if a weighted Delsarte K3 surface
has the same height for varying p, then this does not imply that it also has the
same [-pure threshold for varying p and vice versa.
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Appendix A

MuPAD implementation

In this section we present an implementation in MuPAD, which uses
[rem 3.50] and [Theorem 3.55] to compute the height of the formal Brauer group
of the minimal resolution of a weighted Delsarte K3 surface.

The only input of the program is the polynomial Fy € K|[xg,z1,x2,x3] which
defines the weighted Delsarte K3 surface X4 (see for details) and
a set of primes p, where p is equal to the characteristic of the field K (see lines
1 and 2 on the next page).

For each p, the program translates the polynomial F4 into the corresponding
matrix A and computes its determinant d (lines 4 - 9). Using d and A, in line 10

the program calculates the unique element gss = (qo, ¢1, g2, q3), which is given
by

Qss = (17 L1, 1) adJ(A)

by [Proposition 3.48] Finally, the number

d
B ng(QCH q1,42, 43, d)

€A

is computed (line 11).

Now, there are two possibilities. If there exists an integer ¢ such that

p' = —1mod ey, then by [Theorem 3.50| the height is infinite (lines 14 - 17).

Otherwise, the height is finite and is equal to the order of p modulo e4 by
Theorem 3.55| (lines 18 - 21).

Since ged(p,ea) = 1 (otherwise, p | eq | d which is a contradiction to the
assumptions of , we know that p#(€4) = 1 mod ey4, where © denotes
Euler‘s totient function. Therefore, in order to check the two possibilities above
we only need to check all powers p* where 1 <1 < ¢ (ea) (see line 13).

For example, let us compute the height in the case of
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9]

©

11

13

15

17

19

21

23

MuPAD implementation

F A := poly(x_0"5+x_1754x 2°54x O*x 3°2,[x 0,x 1,x 2,x 3])
for p in {3,7,11,13,17,19,23} do

f:=poly2list (F_A):
Acmmatrix ([[£[1][2] (1], £[1][2] (2], £[1][2][3] , £ [1][2][4
[E[2][21[1], f[2][2][2], f[2][2][3], £[2][2][4
1] [4
|

|
I
I,
)

[E[3T[2][0], £[3][2][2], £[3][2][3], f[3][2]
[ET4TT2111], £f4](2][2], £[4][2][3], £[4][2][4]
d:=abs(linalg::det(A)):
q_ss:=matrix ([[1,1,1,1]])*linalg::adjoint (A):
e A:=d/gcd(q _ss[1l],q ss|[2],q ss[3],q ss[4],d):

e — — —

for i from 1 to numlib::phi(e A) do
if (p71 mod e A)=e A-1 then
print (Unquoted, "For p = ".expr2text(p).
" the height is infinite."):
break:
elif (p~i mod e A)=1 then
print (Unquoted, "For p = ".expr2text(p).
" the height is ".expr2text(i). "."):
break:
end if:
end for:
end for:

The output is the following:

For p = 3 the height is infinite.
For p = 7 the height is infinite.
For p = 11 the height is 1.

For p = 13 the height is infinite.
For p = 17 the height is infinite.
For p = 19 the height is infinite.
For p = 23 the height is infinite.

Next, let us compute the height in the case of ie.

Fy = x%xl + x?xz + a:‘; + xw%

for p € {5,7,11,13,17,19,23}. Then, the output is the following:
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For p = 5 the height is 8.
For p = 7 the height is 4.
For p = 11 the height is 8.
For p = 13 the height is 8.
For p = 17 the height is 2.
For p = 19 the height is 8.
For p = 23 the height is 4.

In we have seen that the height of a K3 surface is an integer
between 1 and 10 if it is finite. In [Yui99] Yui gave examples of K3 surfaces with
height 1,2,3,4,6 or 10 using so-called weighted diagonal or quasi-diagonal K3
surfaces. In his paper [Got04], Goto generalized these results and was able to
give examples of K3 surfaces with height 5,8 and 9. The height 7, which is still
missing cannot be realized by the methods of Goto (see [Got04, Remark 4.1]).
We already computed examples with height 1,2,4,8 and now we want to give
examples of height 3,5,6,9,10. First, let

Fyp = 1:3 + ﬂsox‘i’ + xlxg + xgxg,

which is quasi-homogeneous of degree 4 and type o == (1,1,1,1). For p # 2,3
it is an easy computation to show that (0,0,0,0) is the only point where all
four partial derivatives (4z3 + 2%, 3wz} + 23, 3x123 + 23, 3w223) vanish, which
means that the corresponding hypersurface X4 is quasi-smooth. Moreover,
X4 NP3(a)sing = 0, hence X4 is in general position relative to P3(1,1,1, 1)sing.
Altogether, X4 is a weighted Delsarte K3 surface and the height is given by:

For p = 5 the height is infinite.

For p = 7 the height is 9.
For p = 11 the height is infinite.
For p = 13 the height is 9.
For p = 17 the height is infinite.
For p = 19 the height is 3.
For p = 23 the height is infinite.
Now, let
Fp = 2z —&—x?wg—l—x%mg%—x%,
which is quasi-homogeneous of degree 6 and type o = (1,1,1,3). Here,

J(Fa) = (5x§x1, 23 + bajre, 25 + 3w3xs, 23 + 223). Again, for p # 2,3,5 it is an
easy computation to see that (0,0,0,0) is the only point where all four partial
derivatives vanish, hence the corresponding hypersurface X 4 is quasi-smooth.
Moreover, P3(a)sing consists of the point (0:0:0: 1), therefore X4 N Pg’ing =0,
hence X 4 is in general position relative to P3 ()sing. Therefore, X 4 is a weighted
Delsarte K3 surface and the corresponding height for p € {7,11,13,17,19, 23}

1S:
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For p = 7 the height is infinite.
For p = 11 the height is 5.

For p = 13 the height is infinite.
For p = 17 the height is infinite.
For p = 19 the height is infinite.
For p = 23 the height is infinite.
Let

Fy = 23" + 27 + 23 + 2023,

which is quasi-homogeneous of degree 21 and type o = (1,3,7,10). Let
p # 2,3,7. Since J(Fa) = (2123° + 23,728, 323, 2x23) it is easy to see that
the corresponding hypersurface X4 is quasi-smooth. Moreover, IP’?’(oz)Sing con-
sists of (0:1:0:0), (0:0:1:0)and (0:0:0: 1), hence it follows that
XANP3(a)sing = {(0: 0:0: 1)}, which means that X 4 is also in general position
relative to P3 ()sing. Altogether, X 4 is a weighted Delsarte K3 surface and the
height is given by:

For p = 5 the height is infinite.
For p = 11 the height is 6.
For p = 13 the height is 2.
For p = 17 the height is infinite.
For p = 19 the height is 6.
For p = 23 the height is 6.
Let
Fy = a:(lJQ—I—a::f—l—x%—l—xgx%l,
which is quasi-homogeneous of degree 12 and type o = (1,4,6,1). Let

p # 2,3,11. Since J(Fa) = (123! + 21t 322 229, 1120210) it is again an
easy computation to see that (0,0,0,0) is the only point, where all four par-
tial derivatives vanish. Therefore, the corresponding hypersurface X 4 is quasi-
smooth. Moreover, Pg(a)sing consists of (0 : x1 : xo : 0), hence we have
codimy , (X A ﬂIP’?’(a)Sing) > 2 and X4 is also in general position relative to
P3(a)sing. Altogether, X4 is a weighted Delsarte K3 surface and the height is
given by:

For p = 5 the height is 10.
For p = 7 the height is 10.
For p = 13 the height is 10.
For p = 17 the height is infinite.
For p = 19 the height is 10.
For p = 23 the height is 2.
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We want to conclude this section with a short remark about the runtime of the
above program. First, even for very large p (for example for p in the order of
10'090) the program returns the result immediately since we are working modulo
e (in the above examples, the result was returned in less than 0.016s). So the
only case, where the computation possibly becomes slower, is the case, where
e4 is big. But in the above examples, the biggest e 4 that appeared was 66 and
here the height was computed immediately.
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Lebenslauf

Aus datenschutzrechtlichen Griinden wurde der Lebenslauf aus der Online-Version
dieser Dissertation entfernt.
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