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Universal Koszul duality for Kac-Moody groups

Jens Niklas Eberhardt® and Arnaud Eteve

ABSTRACT

We prove a monoidal equivalence, called universal Koszul duality, between genuine
equivariant K-motives on a Kac—Moody flag variety and constructible monodromic
sheaves on its Langlands dual. The equivalence is obtained by a Soergel-theoretic
description of both sides which extends results for finite-dimensional flag varieties by
Taylor and the first author. Universal Koszul duality bundles together a whole fam-
ily of equivalences for each point of a maximal torus. At the identity, it recovers an
ungraded version of Beilinson, Ginzburg and Soergel’s and Bezrukavnikov and Yun’s
Koszul duality for equivariant and unipotently monodromic sheaves. It also general-
izes Soergel-theoretic descriptions for monodromic categories on finite-dimensional flag
varieties by Lusztig and Yun, Gouttard and the second author. For affine Kac—-Moody
groups, our work sheds new light on the conjectured quantum Satake equivalences
by Cautis and Kamnitzer as well as Gaitsgory. On our way, we establish foundations
on six functors for reduced K-motives and introduce a formalism of constructible
monodromic sheaves.

1. Introduction

1.1 Motivation

The seminal work of Beilinson, Ginzburg and Soergel [an unpublished 1986 preprint ‘Mixed
categories, ext-duality and representations’, Soe90, BGS96] and later refinements, for exam-
ple [Soe00, BY13, SW18, SVW18, AMR™"19], uncover a remarkable symmetry in the geometry
and representation theory of a Kac-Moody group G and its Langlands dual G.

The symmetry reveals itself as a monoidal equivalence, called Koszul duality, between
equivariant and unipotent monodromic Hecke categories!

D™ (B\G/B) ~D™(U\G/U),

u-momn?

which are certain mixed constructible sheaves on the stacks B\G/B and ﬁ\@ / U, respectively.
Here, B C G (and U C G) denote the (unipotent radical of the) Borel subgroup.
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actions and prove an integral version of the equivalence in [BY13].
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The natural actions on these two Hecke categories via Chern classes and monodromy,
respectively, of the ring

R=17Z[Pic(pt/T)] = Z|m (T\)]

factor through the completion R} at the augmentation ideal I. So, Koszul duality can only see
an infinitesimal neighborhood of the point 1 € Spec(R) =T.

This raises the natural question of what is happening at other points x € T. The goal of
this article is to construct a universal Koszul duality for Kac-Moody algebras, which naturally
lives over T, and specializes to a family of dualities for any point x € T. This is, for example,
motivated by a conjectural quantum K-theoretic Satake equivalence, see § 1.8, and a conjectural
universal Betti geometric Langlands, see [BN18§].

A Classical R unipotent
t ~
SpeC(R] ) Koszul duality eduivanan monodromic

_ I

_ Universal genuine ~ .
T= SpeC(R) Koszul duality equivariant monodromic

To achieve this, we follow a conjecture of the first author, see [Ebe22, Ebe24b], which proposes
to replace equivariant sheaves with genuine equivariant K-motives on the left and allow arbitrary
monodromy on the right. We now explain the two sides of the duality.

1.2 Genuine equivariant K-motives

The ring R arises in a natural way as the genuine® T-equivariant K-theory R:Kg (pt) =
Ko(pt/T).

Hence, we will replace equivariant constructible sheaves with a formalism that computes
genuine equivariant K-theory: We consider the category of K-motives

DK (X) = Modkar, (SHumet (X)),

which is the category of modules of the K-theory spectrum in Hoyois’ genuine equivariant stable
motivic® homotopy category, see [Hoy17]. K-motives are defined for ‘nice enough’ stacks X and
admit six functors, see [Hoy20, KR24]. For X smooth, the mapping space of the monoidal unit
is the algebraic K-theory spectrum K (X).

For our purposes, the higher algebraic K-theory of the base field k is irrelevant. We will hence
work with reduced K-motives DK, (X) which arise by modding out K~o(Spec(k)) from DK(X),
see [ES23, Ebe24al. Most importantly, the ring R arises as mapping space in the category of
reduced K-motives on pt/T,

R =Mappg, (/1) (1, 1).

We discuss K-motives and an extension to so-called linearly reductive ind-pro-stacks in § 3.

2This is in contrast to equivariant formalisms defined via the Borel construction or étale descent where, by the
Atiyah—Segal completion theorem, the action of R factors through R} .
3Using motives is essential here. For KU-modules in the topological setting the shift [2] acts as the identity and
one could only obtain a [2]-periodic version of universal Koszul duality.
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1.3 K-theoretic Hecke category

We assume that the Kac-Moody datum D of G is free and of simply connected type. For example,
we can take G as the loop group of a simply connected quasi-simple algebraic group extended
by loop rotations. Basic results on Kac—Moody groups are recalled in § 2.

In §4, we define the K-theoretic Hecke category

35 = DK,(B\G/B)1.. C DK:(B\G/B)

as a full subcategory of reduced K-motives on Hecke stack B\G/B that are ‘locally constant’
along the Bruhat cells BwB. The main goal of §4 is to obtain a ‘Soergel-theoretic’ description
of 9{% .

Multiplication on G induces two monoidal structures * and %' on 9{% defined via *- and
I-functors, respectively. A first important result, see Theorem 4.17, is that the monoidal struc-
tures are equivalent and HX is rigid. Here, standard techniques do not apply since G/B is not
necessarily smooth and the six functors for K-motives only work for representable maps. We
circumvent these issues by using results of Boyarchenko and Drinfeld [BD13].

In analogy to Soergel’s functor H, we define a functor

K:HE -D(R®R),

which, in essence, maps a K-motive to its K-theory as a bimodule over R. We show that the
functor K is monoidal, see Theorem 4.21, and prove an analog of Soergel’s Erweiterungssatz: the
functor K is fully faithful when restricted to pure objects, see Theorem 4.22. Moreover, we prove
a formality result for pure objects, see Corollary 4.14, which relies on the fact that we removed
the higher algebraic K-theory of the base field.

The essential image of pure objects under the functor K is the category of K-theory Soergel
bimodules SBim% defined in [Ebe24b]. These are direct summands of the bimodules

R®pge -+ Qpen R,

which arise from the equivariant K-theory of Bott—Samelson resolutions.
Combining these results we arrive at the following Soergel-theoretic description.

THEOREM (Theorem 4.25). There is an equivalence of monoidal categories

HE — Ch(SBim&)
between the K-theoretic Hecke category and the category* of bounded chain complexes of
K-theoretic Soergel bimodules associated to D.

We note that for finite flag varieties, with rational coefficients and without the monoidal
structure this result was shown in [Ebe24b].

1.4 Monodromic sheaves

Dually to the K-theoretic side, the ring R arises as the group ring of the fundamental group
of the Langlands dual torus Z[m(7")]. The category D(R) is equivalent to the category of mon-
odromic sheaves in D(f ,Z), that is, sheaves that are locally constant. Under this equivalence,
R corresponds to the free local system on T. However, the free local system is infinite-dimensional
and, hence, not constructible as a Z-sheaf. This is problematic since, a priori, this prohibits the
use of important deep results from the theory of constructible sheaves. The goal of §5 is to
address this issue and to develop a nice theory of constructible monodromic sheaves.

4Throughout this paper, we work with oco-categories. On the level of homotopy categories, the target of the
equivalence is the bounded homotopy category of chain complexes.
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The idea of monodromic sheaves is not new in the literature and exists in several sheaf-
theoretic contexts. For étale sheaves, they were first considered by Verdier [Ver83] and defined,
for a finite ring of coefficients A, to be the full subcategory of locally constant sheaves in
ch’(f ,A). This category, while easy to define, does not contain the free local system. To cir-
cumvent these issues, Bezrukavnikov and Yun [BY13, Appendix A] introduce the category of
unipotently monodromic sheaves on T which is defined so that it satisfies

DC(T) = Db(RI )

u-mon

where R} is the completion along the augmentation ideal.

Our formalism of constructible monodromic sheaves on a complex algebraic variety X with a
T-action will use three equivalent definitions of the category of monodromic sheaves, each with
their own advantages.

First, one may simply define D(X, Z)mon = D(X, Z)1.. as sheaves that are locally constant
along the T-orbits. Second, one can use that the exponentlal map t— 1T is a contractible uni-
versal cover and define D(X, Z)mon = D(X f t,7Z) as t—equlvarlant sheaves. Third, we introduce
the following new definition of monodromic sheaves, inspired by [GL96]. We denote by L4 the
rank-one free local system on T. We observe that L7 is multiplicative (Lemma 5.3), that is,
there is an isomorphism

m*Ln=LsRp L.

Once this property is established, we can define D(X )mon = D(X/(T, L7), R) as twisted (T, L7)-
equivariant sheaves with coefficients in R, see [Gai20]. We show the following comparison
result.

THEOREM (Theorem 5.4). There is an equivalence between the categories
D(X,Z)1c,D(X/%,Z) and D(X/(T,Lz),R).

All three categories embed fully faithfully in the category D(X, Z) with the same essential image
we denote by D(X, Z)mon-

A similar approach was considered in the second author’s thesis [Ete23] in the étale context.
Based on this, we propose the following definition.

DEFINITION (Definition 5.9). The category of constructible monodromic sheaves
DC<X7 Z)mon C D(X, Z)mon

is the full subcategory of monodromic sheaves which are constructible as R-sheaves, when seen
as objects in D(X/(T', L7), R).

This definition has several advantages. It is still equipped with a 4-functor formalism, see
Lemma 5.5. Moreover, it has a good notion of duality, see § 5.3. In addition, there is no restriction
on the space X, in contrast to [BY13] which requires the T-action to be free.

1.5 Monodromic Hecke category
We assume that the root datum D of the Kac-Moody group G is cofree and of adjoint type.®
In §6, we consider the universal monodromic Hecke category

H2 = De(U\G/T ) mon,

SFor ease of notation, the group G is denoted by G in §6.
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which is the category of constructible monodromic sheaves on the (enhanced) Hecke stack
U\G/U. In particular, we do not impose any generalized character on the monodromy. The
main goal of §6 is a Soergel-theoretic description of J-C%lon. We also refer to [BN18, Remark
4.11], where a conjectural Bezrukavnikov-type description of monodromic sheaves on affine flag
varieties is given.

The universal monodromic Hecke category has a perverse t-structure. There are perverse
(co-)standard objects Ay, Vy, € HEF™" which arise from the !- and *-pushforward of the free
local system on each Bruhat cell. We consider tilting perverse sheaves which admit both a
standard and costandard flag. Following [BBMO04], the Hecke category is equivalent to bounded
chain complexes of tilting perverse sheaves.

There are two monoidal structures * and %' on the Hecke category. Using rank-one cal-
culations of Taylor [Tay25], we show that the (co-)standard and tilting objects behave as
expected with respect to both monoidal structures. This and results by Boyarchenko and
Drinfeld [BD13] allow us to show that both products are equivalent and that f}C%‘m is rigid, see
Theorem 6.9.

Following Li, Nadler and Yun [LNY24], we define the functor

VI 5 D(R® R), Ars 1y (i*A)

as a stalk of the vanishing cycles along a character x : U= — G, together with its left and right
monodromy action. By [Tay25], the functor is monoidal and sends the tilting sheaf T supported
on the minimal parabolic Ps to the bimodule R ®g, R. In Theorem 6.26 we prove an analog of
Soergel’s Struktursatz, namely that V is fully faithful on tilting objects.

Combining these results we arrive at the following Soergel-theoretic description.

THEOREM (Theorem 6.28). There is an equivalence of monoidal categories
H2O" — Ch”(SBim)

between the universal monodromic Hecke category associated to D and the category of bounded
chain complexes of K-theoretic Soergel bimodules associated to D.

For finite flag varieties this result was shown in [Tay25] using localization techniques.

1.6 Universal Koszul duality
By combining the Soergel-theoretic descriptions of both Hecke categories, we obtain our main
theorem.
THEOREM  (Universal Koszul duality, Theorem 7.1). There is a monoidal equivalence of
categories
K . qrmon
Hp ~HG

between the K-theoretic and universal monodromic Hecke categories associated to Langlands
dual Kac—Moody data. The equivalence exchanges pure K-motives and perverse monodromic
tilting objects.

1.7 Specialization

We now explain the relation of universal and classical Koszul duality. Recall that I denotes the
augmentation ideal of R. By completing at I and tensoring with any coefficient ring A, universal
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Koszul duality specializes to a diagram of the form

~

K = mon
Hp Hy

| !

(3€5)7 © A = DK(B\G/B, M. —= Do(T\G/T, Ao = (H2™)} @ A

n O
L }’U
I
I

D¥X(B\G/B,Q) - > DIX(U\G /U, Q) mon

where by DK¢ we denote reduced K-motives with enforced étale descent.

The middle equivalence can be seen as an ungraded version of classical Koszul duality where
the dashed arrows v, ¢ exist if Q C A and ‘forget’ the extra grading induced by the mixed struc-
ture: t(A(1)[2]) =¢(A) and v(A(1)) =v(A), see [Ebe22]. The bottom equivalence is classical
Koszul duality.

If G is reductive, Theorem 6.28 implies the Soergel-theoretic description of the category of
unipotently monodromic sheaves from Bezrukvanikov and Riche [BR22]. We can also specialize
at any other ideal m C R and recover the (completed) categories of monodromic sheaves on which
the action of m is locally finite:

(H2") 8 ® A =De(U\G/U, A)psmon-
Theorem 6.28 yields a Soergel-theoretic description for these categories. If G is reductive, this
recovers results of Lusztig and Yun [LY20], Gouttard [Gou21] and the second author [Ete23].

1.8 Further directions

This paper is part of an ongoing program extending results in geometric representation
theory/geometric Langlands to K-theory. We discuss some further directions.

1.8.1 Parabolic/Whittaker duality. The universal Koszul duality as discussed should also
admit a parabolic/Whittaker version, similar to the results of Bezrukavnikov and Yun [BY13].

On the equivariant side B\G/B can be replaced by a quotient P\G/Q for finitary parabolic
subgroups P, Q) C G. By an argument as in [SVW18, Corollary II1.6.10], the resulting parabolic
K-theoretic Hecke category admits a combinatorial description in terms of singular K-theory
Soergel bimodules over RV* @ RWe.,

It is reasonable to expect that the parabolic K-theoretic Hecke category for P\G/Q
should correspond to certain ‘bi-Whittaker’ monodromic sheaves on U \G / U. However, handling
(bi-)Whittaker objects for universal monodromic Betti sheaves seems to be subtle. A potential
approach is to use the Kirillov model considered in [Gai20, §1.6]. In the context of D-modules
[CD23] gives a description of sheaves on G with either equivariant, Whittaker or bi-Whittaker
conditions, see also [CD21].

1.8.2 Quantum Satake equivalence. An interesting example is the parabolic K-theoretic
Hecke category for affine Grassmannian of a reductive group G, equivariant with respect to the
positive loop group and loop rotations

DK ((G(E[[t]) X Gm)\Gro)ic.
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By a conjecture of Cautis and Kamnitzer [CK18], there should be a quantum K-theoretic derived

Satake equivalence R
DK, ((G(K[[t]]) X Gm)\Gra)re. ~ DY 5(04(G))

with a category of representations of the Langlands dual quantum group. By our work, the left-
hand side admits a description in terms of maximally singular K-theory Soergel bimodules. It
would be very desirable to achieve the same for the right-hand side.

Moreover, the universal parabolic/ Whittaker Koszul duality provides a bridge between Cautis
and Kamnitzer’s and Gaitsgory’s [Gai07] approaches to a quantum Satake. We will discuss this
elsewhere.

1.9 Structure

In §2 we record basic definitions and properties of Kac-Moody root data, groups and flag
varieties, as well as the relation to loop groups of reductive groups. Moreover, we prove some
results on K-theory Soergel bimodules for Kac-Moody groups.

Section 3 recalls the definition of (reduced) K-motives for linearly reductive stacks. We
explain how to extend the formalism to ind-pro-stacks. In §4, we define the K-theoretic Hecke
category and prove a description in terms of K-theory Soergel bimodules.

In §5 we introduce constructible monodromic sheaves. Section 6 defines the universal
monodromic Hecke category and provides a description in terms of K-theory Soergel bimodules.

Finally, in §7 we show the universal Koszul duality.

1.10 Notation

Denote by Pr the oo-category of presentable stable oo-categories with left adjoint functors, as
defined in [Lur09, §5.5]. For a ring A, denote by Pry the category of A-linear presentable stable
categories. In a stable co-category €, we denote the mapping spectrum by Mape and the set of
homomorphisms by Home = mp Mape.

Given a property (P) of morphisms in a category €, a morphism f of pro-objects in C is
called pro-(P) if there is a presentation f=Ilim f; such that each f; in C has property (P). We
use the same convention for morphisms of ind- and ind-pro-objects.

2. Kac—Moody groups and K-theory Soergel bimodules

We recall some basic properties of Kac—Moody root data, their associated groups and flag vari-
eties as well as K-theory Soergel bimodules. For the construction of Kac-Moody groups, we
follow [Mat89] and [Roul6]. Fix a base field k.

2.1 Kac—Moody root data

Let D= (X, {aitier, {a) }ier) be a Kac-Moody root datum with generalized Cartan matrix
A= (aij)ijer- This means that X is a finite-rank lattice, a; € X, o) € XV and a; ; = (o), o))
where by (—, —) we denote the evaluation pairing and X" the dual space of X.

By dualizing and exchanging roots and coroots, one obtains the Langlands dual Kac-Moody
root datum D = (X", {a} }ier, {e}ier) with Cartan matrix A™.

The Weyl group W (D) C GL(X) associated to the Kac-Moody datum is the group generated
by the simple reflections s; with

5i(A)=A—(\, o))y for A€ X.
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We call a Kac-Moody root datum D free (or cofree) if {a;}tier (or {@) }ier) is linearly
independent. We say that D is of simply connected type (or adjoint type) if for all i € I, (—, o)) :
X =7 (or (o, —): XV = 7Z) is surjective.

2.2 Kac—Moody groups
To a Kac—Moody root datum D one can associate a Kac-Moody group, Borel subgroup and
maximal torus G D B DT over k. Here, G and B are group ind-schemes and T’ is the split torus
with (co-)character lattice X (T) = X and Y (T') = XV, respectively. We denote by g D b D b the
corresponding Lie algebras, by e;, f; € g the Chevalley generators and by A, C A the set of
(positive) roots.

We record some important properties of the Kac—Moody group. The Weyl group of the
Kac—-Moody group is W (G, T) = Ng(T)/T. The action of W(G,T) on X yields a surjection

W (G, T) — W (D) c GL(X),

which is an isomorphism if the root datum is free. In this case, we simply write W =W (G, T') =
W (D). For all i € I, there is a map ¢; : SLy — G such that o;(diag(t,t 1)) =) (t) € T and

b )-n o 0)

Denote the image of ¢; by G;. The map ¢; is injective if and only if (—, o) : X — Z is surjective.
This motivates our definition of root data of simply connected type in §2.1.
The Lie algebra n,, generated by the e;, has a filtration by the ideals

ni(m)= H Ga-
aEAL
ht(a)>m

The completion with respect to the filtration is a pro-Lie algebra n,. Denote the associated
pro-group by U. Then U has a filtration by normal subgroups U(m) with Lie(U(m)) =ny(m)
where U/U(m) is a (finite-dimensional) linear algebraic group and U = lim,, U/U(n). The Borel
subgroup is a semidirect product B=T x U.

For each subset J C I, there is a standard parabolic subgroup P; generated by B and G for
j € J. There is a Levi decomposition P; = L x U” such that Lj is the Kac-Moody group with
Kac-Moody datum D ;= (X, {a;}jes, {a]}jes) and U7 CU.

2.3 Kac—Moody flag varieties

The Kac—Moody flag variety is the quotient G/B. For w € W denote the Bruhat cell (G/B),, =
BwB/B= A“"), Then G/B is an ind-variety filtered by closed projective subvarieties

(G/B)ycn= U (G/B)u
weW
L(w)<n
for n > 0. The Hecke stack associated to the Kac—Moody datum D is the double quotient
B\G/B.

We now show that this is a linearly reductive ind-pro stack. See § 3.4 for the definition of linearly
reductive (ind-)pro stacks.
Note that wB/B is stabilized by U NwUw ™! D> U(m(w)) where

m(w) =max{ht(a) e € Ay Nw H(A)} + 1.
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Note that m(w) is finite, since |A; Nw ™ (A_)|=£¢(w). For n >0, let
m(n) =max{m(w) |w e W, {(w) <n},

which is again finite. Then U(m(n)) stabilizes all points wB/B for ¢(w) < n. Since U(m(n)) C B
is a normal subgroup, it acts trivially on (G/B)<,. Hence, the action of B on (G/B)<, factors
through the finite-dimensional group B/U(m(n)). Moreover, lim,,,> () B/U(m) = B and we see
that

(B\G/B)<n = lim (B/U(m)\(G/B)<n)

m>m(n

is a linearly reductive pro-stack whose transition maps are affine space bundles with fiber
U(m)/U(m+ 1). The morphisms (B\G/B)<n — (B\G/B)<n+1 are pro-closed immersions and
we see that

B\G/B = colim,(B\G/B)<n

has the structure of a linearly reductive ind-pro stack.

2.4 Affine Kac—Moody groups
Let D = (X, {ai};cis {oy'}cp) be a classical root datum associated to an indecomposable Cartan
matrix A for I = {1, ..., £}. Associated to this, we obtain a reductive group G > B D T with Borel
subgroup and maximal torus.

The root datum D is free and cofree. Moreover, it is of simply connected type if the derived
subgroup [G G] is simply connected and of adjoint type if the center Z (G) is connected.

Let ag=—60 € X and af =—0" ¢ XV, where 0 € A is the highest root in the root system of
D. We obtain the Kac-Moody root datum D = (X, {a }ier, {a) }ier) associated to the extended
Cartan matrix A, for I ={0,...,¢}. If G is simply connected, the associated Kac—Moody group
G is the loop group of G Wlth k-points

G (k) =G(k((t.t7))).

To obtain a free root datum, let X = X & Zd and XV = XV @& Zd, where (5,d) =1 and & and
d are zero on XV and X , respectively. Moreover, modify the definition of the root ag in D
to ap=—60+6 € X. The Kac-Moody root datum Dgee = (X, {i bier, {) }ier) is free. If G is
simply connected, the associated Kac-Moody group Gop,,.. is the extension of the loop group by
loop rotations with k-points

G (k) = GR((t,171))) % G ().

Here, z € Gy, (k) acts on P(t) € k((t,t71)) via z - P(t) = P(zt). If D is of simply connected type
then so0 is Depee.

Dually, to obtain a cofree root datum, let X = X@®ZK* and XV=X"& ZK, where
(K*,K)=1 and K* and K are zero on XV and X, respectively. Moreover, modify the defi-
nition of the coroot o in D to 0‘0 —0V + K € XV. The Kac-Moody root datum D ofree =
(X, {aitier, {a) }ier) is cofree. If G is simply connected, the associated Kac-Moody group
is a central extension of the loop group of G.If D is of adjoint type then so is Deofree-

cofree

2.5 K-theory Soergel bimodules

We now explain how to attach a category of so-called K-theory Soergel bimodules to a Kac—
Moody root datum D. Denote by R =Z[X] the character ring. We use the exponential notation
e € R for A€ X. The ring R inherits a natural action of the Weyl group W =W (D). For a
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simple reflection s € W we consider the R-bimodule
BS(s) = R®g- R,

where R® are the s-invariants in R.

DEFINITION 2.1. The category of K-theory Bott-Samelson bimodules, denoted by BSBimg7
is the monoidal and additive subcategory of the category of R-bimodules generated by the
objects BS(s;) for i € I. The category of K-theory Soergel bimodules, denoted by SBimg, is the
idempotent-closed subcategory generated by BSBimg .

We also record the following useful fact. For w € W, we denote by R,, the twisted R-bimodule
with r-m ' =rw(r’)m for r,7’ € R and m € Ry,.

LEMMA 2.2. Forw,w’ € W we have Ry, ® g Ry = Ry . If D is free, then in the abelian category
of R-bimodules we have

R ifw=u

Hom Ry, Ry) = ’

roR (R, Ru) {0 if w#w.

Proof. The first statement is clear. For the second, it suffices to check the case w’' =e # w. Let
¢ € Homprgr(R, Ry) and m=¢(1) =" axe*. Then rm =w(r)m for all r € R. Let u € X with
w(p) # p. Let v=w(u) — p. Then em =m. Assume that ay #0 for some A€ X. Then also
axviy # 0 for all ¢ € Z. This is a contradiction, since almost all coefficients of m are zero. Thus,
m =0. O

We now collect some helpful properties on K-theory Soergel bimodules. For this, let i € I,
s=si, a=q; and o = ). The Demazure operator, see [Dem75], associated to s is defined by
A es)—a
1—e@

The operator is R®-linear and restricts to the identity on R*. We also consider the operator
A sV

D,: R—> R, e

e
1—e®

We obtain the following special case of a theorem of Pittie and Steinberg, see [Ste75].

D;=1-D,: R—R, &'

LEMMA 2.3. Assume that there is a @ € X such that (w,a")=1. Then as an R*-module,
R= R® ® e R® with splitting given by the isomorphism

(Ds,D;):R— R°® e “R".
This yields a splitting of the Bott—Samelson module
BS(s)=R®p: R=(R®1)® (R®e™ )
as a left R-module.
We now consider the map of left R-modules
gr=(gr,,gry):BS(s)=R®p: R— R ® Rs, r @71 — (rr', rs(r')).

LEMMA 2.4. Assume that there is a w € X such that (w, ") =1. Then, gr is injective and its
image, as a left R-module, is

im(gr) =R(1,1) ® R(e” @, e 7).
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This implies using w — sw = « that there is the following map of short exact sequences of left
R-modules.
R(1 —e%) —— im(gr) —— R,

I I H

Ry ——— R.®R; — R,

We also make use of the following fact.
LEMMA 2.5. Let 0# \ € X, then the ring R/(1 — ¢) is reduced.

Proof. We may choose an isomorphism X 22 Zv @ Z* such that A =nv for some n #0. Then
R/(1 —e*) 2 Z[Z/n & ZF] is reduced since it is the integral group ring of a commutative group,
see [May76, Proposition 2.2]. O

3. Categories of K-motives

This section records definitions and basic properties of (reduced) K-motives DK on linearly
reductive (ind-pro-)stacks.

3.1 Quotient stacks
Fix a base scheme pt = Spec(k) for an algebraically closed field k of characteristic zero. A stack
X/k is linearly reductive if it can be represented as a quotient stack X/G where:
(i) G/k is a linearly reductive group;
(ii) X/k is a G-quasi-projective scheme, that is, it admits an embedding in a projectivized
representation of G, and is of finite type.
This definition includes quotients X /G for linear algebraic groups G C GL,, which are not linearly

reductive, since X/G 2 X x% GL,, / GL,, and GL,, is linearly reductive.
We denote by B G =pt/G the classifying stack of a group G.

3.2 K-motives on stacks

For a linearly reductive stack X we denote by SH(X) the stable motivic homotopy category
associated to X as defined in [Hoy17].

By [Hoy?20], there is a ring spectrum KGLy in SH(X) representing A'-homotopy invariant
algebraic K-theory. The category of K-motives on X is defined by

DK(X) = Modxcr,. (SH(X)).

In [Hoy17, KR24] it is shown that there is a functor between the category of correspondences of
linearly reductive stacks with quasi-projective morphisms

Corr(Stk) — Pr: X — DK(X), (X £ 25Y) s gif*.
Thus, there are the following functors:

() f*, fe, fi, f* for quasi-projective morphisms;
(ii) and bifunctors Hom, ®.
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These fulfill the usual axioms of a six functor formalism, such as base change, localization
and projection formulae. We note that for f smooth, there is an equivalence f*~ f'. This is
related to Bott periodicity for K-theory.

The category of K-motives computes algebraic K-theory and G-theory. For a stack X denote
by K(X) and G(X) the K-theory spectra of the category of perfect complexes and coherent
sheaves, respectively. If X/k is a smooth linearly reductive stack and f:Y — X is a quasi-
projective map of linearly reductive stacks, there are equivalences of spectra (in the first case of
ring spectra)

MapDK(DC)(]lv 1) ~ K(X), (1)
Mappy) (1, £'1) ~ G(Y), (2)

see [Hoy20, below Definition 5.1] and [Hoy20, Remark 5.7].

3.3 Reduced K-motives

Since we are concerned with the Hecke category of a split reductive/Kac—-Moody group, which
is already defined over the integers, the constructions carried out here should be insensitive to
the choice of base scheme pt = Spec(k). In particular, the higher algebraic K-theory K-o(pt) is
irrelevant for us.

To remove the higher K-groups, we pass to the category of reduced K-motives

DK, (X) = DK(X) ®k pt) Ko(pt)

which is the Lurie tensor product of DK(X) over the K-theory spectrum K(pt) with Ko(pt) = Z.
Here, the action of K(pt) on DK(X) arises in the following way. We use that X is a linear
reductive stack and hence of the form X/G and denote by f:X/G— BG the projection,
which is quasi-projective by assumption. Then we obtain a pullback map K(pt) - K(BG) =

Mappk s ) (1, 1) Ei Mappg (x)(1, 1). The latter ring spectrum naturally acts on DK(X).

The precise definition is explained in [ES23] in the context of motivic sheaves DM and in
[Ebe24a, §2.3] for K-motives DK. There it is shown that DK, inherits the six functor formalism
from DK . Furthermore, DK, computes reduced K -theory and reduced G-theory

Mappr, (x)(1, 1) 2= K(X)r = K(X) ®k pt) Ko(pt), (3)
MapDK,(H)(]L f'ﬂ) = G(H)r = G(y) ®K(pt) KU(pt)a (4)

for X/k smooth and f:Y — X a quasi-projective map of linearly reductive stacks. Reduced
G-theory is well-behaved for sufficiently ‘cellular’ stacks.

DEFINITION 3.1 [Ebe24a, Definition 3.4]. A stack Z/k fulfills property (C) if it admits a filtration
Z=2"> 21 5... 21 529 =( into closed substacks such that V! = Z* — Z'~1 is a vector bundle
over some classifying stack B(G; x U;) for G; reductive and U; unipotent.

LEMMA 3.2 [Ebe24a, Lemma 3.3]. For a stack Z/k fulfilling property (C') there is an equivalence
Go(Z) = G(2),. If Z is moreover smooth, K-theory and G-theory agree and Ko(Z) = K(2),.

The categories of (reduced) K-motives DK(X) and DK, (X) are too large for our purposes,
since they, for example, contain the information about the (reduced) G-theory of Y for all quasi-
projective maps f:Y — X. For this reason, we will often restrict our attention to the stable
subcategories generated by the tensor unit 1 which we think of as categories of locally constant
objects.
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Example 3.3. Let us consider two important special cases.

(i) For X =B U, where U is a unipotent group, the stable subcategory generated by the constant
object
DK,(BU) > (1), — D*(Z)

is equivalent to the bounded derived category of Z-modules. This follows from the fact that
Ko(BU)=Z.
(ii) For X=BT, where T is a torus, the stable subcategory generated by the constant object
DK.(BT) D (1)sr, = D*(Z[X(T))

is equivalent to the bounded derived category of Z[X(T')]-modules, where X (T') is the
character lattice of T'. Here, we use that Ko(BT)=Z[X(T)].

3.4 Extension to certain ind-pro-stacks

We now explain how to extend the formalism to certain ind-pro-stacks, keeping the Hecke stack
B\G/B of a Kac-Moody group in mind.

DEFINITION 3.4. A pro-linearly reductive pro-stack X = lim,,>¢ Xy, is a pro-stack such that each
X, is linearly reductive. We call a pro-linearly reductive pro-stack X linearly reductive, if the
transition maps p.,: X, — X1 are smooth and quasi-projective.

We can extend the formalism of K-motives to these stacks in the following way.
DEFINITION 3.5. The category of (reduced) K-motives on a linearly reductive pro-stack
X =limy,>0 Xy, is defined as the limit

DK (1) (X) = lim . DK 1) (X;n)
along the x-pushforwards of the transition maps.
Remark 3.6. A pro-quasi-projective morphism f from a linearly reductive pro-stack X =
lim;,>0 X;, to a linearly reductive stack Y factors over some X; —Y. This implies that the

definition of DK, (X) does not depend on the presentation of X in the category of stacks with
quasi-projective maps.

LEMMA 3.7. For a linearly reductive pro-stack X =lim,,>¢ X,,, there is an equivalence

DK (1) (%) = lim , DK ) (X) 2= colim’ DK ;) (Xrn)

with the colimit in Pr along the !-pullback maps. Moreover, DK,(X) is compactly generated
and inherits the functors ®, Hom and for pro-quasi-projective maps f : X —Y the functors f,
f'and f*.

Proof. The first statement follows since there is an adjunction
P =Pht DKy (Xm—1) S DKy (X)) : P

and the comparison of limits and colimit, see [Lur09, 5.5.3.3]. The existence of the functors
follows from the compatibility with the (co)limits. O

To also define a !-pushforward functor, we need the following restriction.

DEFINITION 3.8. Consider pro-stacks X = lim,,>0 X,, and Y =lim,>0Y,. We call a morphism
of pro-stacks f:X —Y Cartesian if for each m, there are indices m’ > m” such that f factors
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through the following Cartesian diagram.
xm — xm—l
Hm’ — gm”
Using base change, we obtain the following.

LEMMA 3.9. For a Cartesian morphism of linearly reductive pro-stacks f : X — Y, the functor f'
has a left adjoint fi induced by the functors f: DKy(X;,) = DK(y)(Ym) where m >n such that
flx, factors through Y,,.

We also use the following statement that is relevant for quotients by pro-unipotent groups.

LEMMA 3.10. Let X = lim,, >0 Xy, be a linearly reductive pro-stack where we assume additionally
that the transition maps p,, are torsors over vector bundles. In this case p},, = p%, is fully faithful
and hence the natural insertion map

insg : DK(r)(I)Co) — DK(r)(X)
is fully faithful as well.

Now we extend our formalism to ind-pro-stacks.

DEFINITION 3.11. Let X = colim X,, be an ind-linearly reductive ind-pro-stack. We call X linearly
reductive if the transition maps ¢, : X;, = X1 are Cartesian pro-proper.

DEFINITION 3.12. The category of (reduced) K-motives on a linearly reductive ind-pro-stack
X = colim X,, is defined as the colimit in Pr

DK(r)(DC) = colim, DK(r) (DCm)
along the x-pushforward maps.

Remark 3.13. As in Remark 3.6, this definition does not depend on the presentation of X in
the category of pro-stacks with pro-quasi-projective morphisms.

LEMMA 3.14. For a linearly reductive ind-pro-stack X = colim X, there is an equivalence of
categories
DK (1) (X) = colim, DK ) (X ) = lim' DK, (X;m)
m m

with the limit along the !-pullbacks. Moreover, DK (X) inherits the functors ®, Hom and for

ind-pro-quasi-projective morphisms f : X — Y the functors fs, f .

Proof. This works as in Lemma 3.7 using that there is an adjunction

lpx = Lny! : DK(r) (I)Cn) = DK(r)(xn+1) . L!n. O

DEFINITION 3.15. We call a morphism of ind-pro-stacks f:X —Y Cartesian if for all n there
are n’ >n' such f factors through the following Cartesian diagram of pro-stacks.

xn — anrl

L

yn’ . Ién”

1066

Downloaded from https://www.cambridge.org/core. University of Mainz Library, on 06 Aug 2026 at 08:24:30, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/50010437X26102863


https://doi.org/10.1017/S0010437X26102863
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

UNIVERSAL KOSZUL DUALITY FOR KAC-MOODY GROUPS

LEMMA 3.16. For an ind-pro-quasi-projective morphism f: X — Y of linearly reductive ind-pro-
stacks, the functor f. has a left adjoint f* induced by the functors f*: DK(y)(Jn/) = DK (Xn)-
Similarly, the functor f, as considered in Lemma 3.9 extends to linearly reductive ind-pro-stacks,
if f is ind-Cartesian.

Similarly to Lemma 3.10 we obtain the following.

LEMMA 3.17. If in a linearly reductive ind-pro-stack X = colim X,, the transition maps t, are
pro-closed immersions, ty « is fully faithful and hence the insertion maps

insy, : DK(r)OCn) — DK(r)(DC)
are fully faithful.

In summary, let X = colim,, lim,,, X,, ,,, be an ind-pro stack with a presentation of the form:

(i) Xp,m is a linearly reductive stack;
(ii) pnm : Xnm — Xpm—1 is a torsor under a vector bundle; and
(1il) enm : Xngm = Xpg1 po(n,m) 18 a closed immersion.

Then we can consider the category of reduced K-motives DK(;y(X) on X and for each n there
are fully faithful insertion functors

ins;, insg : DK 3y (Xo,n) — DKy (X).

For most purposes, we can hence restrict ourselves to considering K-motives on the linearly
reductive stacks Xg .

4. Soergel description of K-motives on flag varieties

In this section we give a Soergel-theoretic description of the K-theoretic Hecke category 9{%
which consists of K-motives on the Hecke stack B\G/B of a Kac-Moody group G associated to
a Kac—Moody root datum D.

4.1 K-motives on the Hecke stack

Recall that k is an algebraically closed field of characteristic 0 and pt = Spec(k). Denote by
G D B DT the Kac-Moody group together with a Borel subgroup and maximal torus associated
to the Kac—-Moody datum D, see §§2.1 and 2.2. Denote by W O S the Weyl group with the set
of simple reflections.

The Hecke stack B\G/B is ind-pro-linearly reductive, see §2.3. We can hence con-
sider the category of reduced K-motives DK, (B\G/B), see §3.4. For we€ W, we denote by
iw: B\BwB/B — B\G/B the inclusion. We denote by

Ay =iy 1, Vy =iy 1 € DK, (B\G/B)
the corresponding standard and costandard objects.

DEFINITION 4.1. The K -theoretic Hecke category is the stable subcategory generated by the
standard objects

H=HE = (A, |weW) g, C DK.(B\G/B).
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Remark 4.2.

(i) The map T\G/B — B\G/B is a pro-affine bundle. This implies that the pullback
DK, (B\G/B) — DK, (T'\G/B) is fully faithful with essential image objects which are locally
constant along B-orbits on T\G/B. While this perspective is sometimes helpful since
T\G/B is simply an ind-linearly reductive stack, the asymmetry is problematic when
defining the monoidal structure.

(ii) We note that the K-theoretic Hecke category 9{% is much smaller than the category of
all reduced K-motives DK, (B\G/B). The former only contains objects that are ‘locally
constant’ along the Bruhat cells.

(iii) If G=B=T is a torus, then there is a single standard object and B\G/B =pt/T. By
Example 3.3 there is an equivalence

HE S DYz[X(T))]).

4.2 Monoidal structure

The Hecke stack is a monoid in the category of correspondences of ind-pro-linearly reductive
stacks with multiplication given by the following convolution diagram.

B\G xBG/B "~ B\G/B

o T )

B\G/B B\G/B

The maps pi, p2 and m are ind-pro-proper with fiber G/B. The inclusion map i.: B\B/B —
B\G/B is the unit. This turns DK, (B\G/B) into a monoidal category: There are two monoidal
products defined by

Ax B=m,(p]A®p5B)=m(p] AR p5B)
and
A+ B=m,(p\A® pyB) =mi(p,A® p,B)

for A, B € DK,(B\G/B). For both products, the unit object is i . 1.
It will turn out that * and ' are equivalent when restricted to the Hecke category H, see

*N'

Theorem 4.17. This is immediate if G is a reductive group, since then G /B is smooth and p! = p;
fori=1,2.
We now show that the monoidal structures restrict to J. For w € W, denote
Hew=(Az |z eW,xz <w)gp CH.
For s € S, let Py = B U BsB be the corresponding standard parabolic and ks : B\ Ps/B — B\G/B
the inclusion. Denote Es = kg1, and E, = A..
LEMMA 4.3. Let z,y € W and s € S. Then:
(1) ApxA,=A,, and V, 'V, =V, if ((zy) = ((x) + £(y);
(11) <Eea Es> = <Aea As> = <V67 Vs) = }fgs;
(i) By * Es=F,+ E,~2 E, ® E,; and
(iv) Hes* Hes=Hes* Hes C Hes.

Proof. Part (i) follows from base change and that multiplication yields an isomorphism Bz B x 2
ByB = BxyB.
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Part (ii) follows from the localization cofiber sequences

A.=FE, s B > Ag

vs > Es Ve == Ee

induced by the decomposition Ps =B U BsB.
Part (iii) follows from the projective bundle formula applied to m : B\ P; x? P;/B — B\Ps/B
which has fiber Ps/B = P!L.
Part (iv) follows from parts (ii) and (iii) and the fact that A, = E, is the unit for convolution.
O

COROLLARY 4.4. The category H is stable under * and *'.

Proof. By induction it suffices to show that A, *x Ag € H for w e W and s € S. If ws > z, then
Ay *Ag=Ays €H. Ifws <w, Ay x Ag = Aps % Ag x Ag € (Ayys, Ayy) C H. The statement about
«' follows similarly. O

We also need the following statement for standard parabolic subgroups.

LEMMA 4.5. Let B C P C G be a parabolic subgroup with a Kac-Moody datum of finite type.
Let wp € W the longest element in the Weyl group Wp of P. Then the two convolution products
* and %' become equivalent when restricted to Hey,.

Proof. This follows since the monoidal structure on B\G/B restricts to B\ P/B and since P/B
as the flag variety of a reductive group is smooth. O

4.3 Pure objects

We define the category of pure objects in H as the additive, idempotent-closed monoidal (with
respect to *) subcategory
Hpure =(Es| s €S) s e CH

generated by the objects Es. For x=(s1,...,s,) €S™ we abbreviate the associated Bott—
Samelson K-motive by

E,=FE; x---xEg .
LEMMA 4.6. For a sequence x = (s1, ..., S,) € S™, denote

7, :BS, =B\P,, xZ...x8 P, /B— B\G/B.
Then there are isomorphisms
E,=Es %% By Zmyl=my A2 Es -+ Es .

Proof. This follows similarly to [Soe00, §3.2]. O

Remark 4.7. Lemma 4.6 justifies the name pure for the objects in Hpre: in the yoga of weights,
pure objects correspond to (summands) of smooth and projective varieties.

COROLLARY 4.8. The category of pure objects is generated by the Bott-Samelson objects E,
as an additive and idempotent closed subcategory and one may replace by ' in its definition

g{pure = <E£ ‘ EAS Sn> €= <Es ’ ERS S> * €,
COROLLARY 4.9. Pure objects stably generate the Hecke category:
<j{pure> stb = .
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4.4 Pointwise purity and formality

The pure objects in the Hecke category fulfill an additional pointwise purity property which
allows to show a formality result. The following definitions and statements are a variation of
[SW18, §6].

DEFINITION 4.10. For 7 € {!, %}, we call an object M € H pointwise ?-pure if for all w € W the
restrictions i M € DK, (B\BwB/B) are a finite direct sum of the constant object 1. An object
is simply called pointwise pure if it is both pointwise x-pure and !-pure.

There is the following equivalent description of pointwise pure objects.

LEMMA 4.11. Pointwise !-pure objects E € H are exactly the objects that admit a filtration
whose associated graded are costandard objects, that is, there is a sequence of objects E* € H
for k=0,...,n such that E° =0, E" = E and there are cofiber sequences of the form

EFl 5 BEF 5V,

forw, € W and k=1, ...n. Dually, pointwise x-pure objects are precisely the objects that admit
a cofiltration whose associated graded are standard objects.

Proof. Assume that E € H is pointwise x-pure. Choose a linear order on W refining the Bruhat
order. Then we obtain a cofiltration of E by objects E'F = zgk*z'ng where i¢ is the closed
embedding of the union of all Bruhat cells for wy € W with k' < k. Then we obtain the following
localization cofiber sequence:

— . -l
ERL —— B* — iy, iy, B

By assumption, i!wk E is a finite direct sum of constant objects 1, so iwk,*iiukE is a finite direct sum
of costandard objects V,,, =iy, «1. The desired filtration can hence be obtained by refinement.

Now assume that £ admits a filtration by objects E¥ whose associated graded are costandard
objects. We show that F is pointwise !-pure by induction on the length of the cofiltration. Let
w € W and consider the following cofiber sequence:

k-1 NI L !
i, K > i, E Ty Dy -

By induction, E*~! is pointwise !-pure, so iiUEkfl is a finite direct sum of objects 1. If w # wy,
then i!,V,, =0 and, hence, i\, E¥ =i! E¥~! is also a finite direct sum of objects 1. If w = wy,
then i}, V,, = 1. Since

Hompy, (p\Bws/B)(1, 1[1]) = 7_1(K(B\BwB/B) @ ) Ko(pt)) =0,

the cofiber sequence splits and i\, E¥ = i}, E*~1 @ 1 is also a finite direct sum of objects 1. Hence,
EF is pointwise !-pure.
The statement for pointwise #-pure objects follows by dual arguments. OJ

An important consequence is the following formality of mapping spaces of pointwise pure
objects.

LEMMA 4.12. Let M, N € H be pointwise *-pure and pointwise !-pure, respectively. Then
Map(M, N) is concentrated in degree zero, so Map(M, N) = Hom(M, N).

Proof. By base change and (3) we see that
Map(A;, Vy) = K(B\(BxBN ByB)/B) @K (pt) Ky(pt)
= Ko(B\(BxB N ByB)/B)
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is concentrated in degree zero for all z,y € W. The general statement follows by a double induc-
tion on the length of a cofiltration by standard modules of M and filtration by costandard
modules of N (see Lemma 4.11) using the five lemma. O

We now show that pure objects in the Hecke category are also pointwise pure.
LEMMA 4.13. All objects in Hyyre are pointwise pure.

Proof. 1t suffices to show that the Bott-Samelson objects E, = 7,11 =7, 1 (in the notation of
Lemma 4.6) are pointwise pure. We show that E, is pointwise !-pure, the pointwise *-purity
follows by a dual argument. For this, we construct a filtration of E, whose associated graded
are costandard objects, see Lemma 4.11.

Similar to the proof of Lemma 4.11 there is a filtration of E, with associated graded of
the form iy, i}, 7, +1. The fiber 7' (B\BwB/B) admits a stratification whose fibers are affine
bundles over B\ BwB/B, see [Hai, Hae04]. Using this, we can refine the filtration such that the
associated graded pieces are of the form 4., ,p.1 = 1 where p is an affine bundle over B\BwB/B.
Hence, the filtration has the desired form. O

Since pure objects stably generate the Hecke category, see Corollary 4.9, with Proposition A.4
and Lemma 4.12 we obtain the following formality result for the K-theoretic Hecke category.

COROLLARY 4.14. There is an equivalence of monoidal categories between the K-theoretic Hecke
category and the category of bounded chain complexes of pure objects in H:

H = Ch(Hpure)-

4.5 Duality
Our next goal is to show that the Hecke category H is rigid. For M € DK, (B\G/B) we define
D(M)=Hom(M,w) and D™ (M)=D(inv* M),
where inv is the inversion map of G' and w = p'(1) and p: B\G/B — B\pt/B is the projection.
We collect some properties of the duality functors.
LEMMA 4.15. Let z € S™ and z°P the reversed sequence. Let w € W.
(i) There are isomorphism D(E;) = E; and D™ (Ey) = Eger.
We have that D and D~ preserve H and D* =id = (D)2 on K.
There is a natural map D(A) ' D(B) — D(A % B) that restricts to an isomorphism on .
There is a natural map D(A ' B) —D(A) *D(B) that restricts to an isomorphism on 3.
There is a natural map D~ (A B) —D~(B)*' D~ (A) that restricts to an isomorphism
on H.

Proof. Part (i) follows from Lemma 4.6 as well as inv*(A « B) =inv*(B) * inv*(A) and inv* B, =
E, for se S.

Part (ii) follows from part (i) using that Hpyee stably generates .

Parts (iii) and (iv) follow since D exchanges ! and * and D? =id by part (ii). Similarly, part
(v) follows by keeping track of the extra inv*. O

LEMMA 4.16. Let A, B, C' € H, then there are natural isomorphisms
Hom(A % B, C) =Hom(A, C ' D™ (B)) = Hom(B, D™ (A) ' C).
Proof. We just show the first isomorphism.
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For A, B € H, using D? =id, there is a natural isomorphism

Hom(A, B) 2 Hompy,(ppi/5)(p1(A & D(B)), 1).

Using this and Lemma 4.15 we can hence write
Hom(A x B, C) = Hompg, (5\pt/5) (p1(A * B&D(C)), 1)
and
Hom(A, C « D™ (B)) = Hompy, (p\pt/5) (P (A @ D(C ' D™ (B))), 1)
= Hompg, (g\pt/B) (P (A @ D(C) *inv*(B)), 1).
Replacing D(C) by C, we hence need to show that there is a natural isomorphism
p((AxB)®C)=p(A® (C*inv*(B))).
Using that m; =m, as well as the projection formula, we get
(AxB)®C=my(piA®p5B@m*C)

and

A® (C*inv*(B)) =m.(m*A® p]C & p3 inv* B).

Consider the isomorphism r: B\G x? G/B, [z, y] — [zy,y"']. Then pir =m, por =inv py and
mr = p1. Hence,
r*(piA®@psB@m*C)=m"A®piC @ p; inv* B.

Using r.r* =id, pmr = pm, m) = m, and r =r,, we obtain

p((AxB)®C)=pm.(piA® p;B@mC)
=pmaryr (pA® pyB@m”C)
=pm.(m"A®piC ® p; inv* B)
=p(A® (C*inv*(B))). O

THEOREM 4.17. On K, there is a natural equivalence x ~ x'. Moreover, K is rigid with left and
right dual given by D~.

Proof. To show this we make use of [BD13]. In the notation of [BD13], the object A, is dualizing
in the category H with the monoidal structure given by the %-convolution. The duality functor
is D™ using Lemma 4.16 where we use that D™ is an anti-equivalence by Lemma 4.15. By [BD13,
§3.1] and using Lemma 4.15, there is a natural map

XY =D (D Y*«D X)=X+Y.

The objects Ey are left and right dualizable by Lemma 4.16 using that on B\P;/B we have
% =% by Lemma 4.5. By Corollary 4.8, all objects in Hpure are left and right dualizable as well.
This implies by [BD13, Lemma 3.4], that the natural map between * and ' is an isomorphism
on H. The statement now follows from [BD13, Corollary 3.6]. O

4.6 Erweiterungssatz

We now give a Soergel description for the pure objects in the Hecke category. Let R =Z[X (T')].
Then by Lemma 3.2 we can identify

Mappk, (B\pt/B)(1, 1) = Ko(T\pt/T) = R® R.
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Consider the functor

K:DK;(B\G/B) = D(R® R), K(M)=Mappk_ (p\pt/5)(L, P+ M).

Remark 4.18. The notation K is inspired by the notation H for the hypercohomology functor
which is used in the setting of (equivariant) constructible sheaves, see [S0e90, Soe92].

LEMMA 4.19. The functor K is lax monoidal where DK,(B\G/B) and D(R® R) are equipped
with the monoidal structures * and ®, respectively.

Proof. The functor p, is lax monoidal when we equip DK, (B\pt/B) with the monoidal structure
®. To see this, we use that there is a natural map
Pi(=) @ ps(=) = Pup1,41(—) @ Pap2,sP3(—)

=Dup1(—) @Pupa(-)

= D.(p1(=) @pa(-))

=P« (p1(=) @ p3(-))

= (P} (=) @ p3(—)) = pu(—* —)
where we use the notation of (5) and denote p: B\G x® G/B — B\pt/B. We then use that
Map(1, —) is lax monoidal. O

We now show that the functor K evaluated at Bott—Samelson K-motives ‘computes’ the
K-theory of Bott—Samelson resolutions.

LEMMA 4.20. Let z € S™, then there is an equivalence of R-bimodules
K(E;) ~ Ko(BSz).

Proof. This follows from (3) and Lemmas 4.6 and 3.2 using that BS; has property (C) (to be
precise a suitable pro-version of property (C')) and is (pro)-smooth. O

Under an appropriate assumption on the root datum, the functor K is actually monoidal,
when we equip D(R ® R) with the monoidal structure — ®p —.

THEOREM 4.21. Assume that the Kac—-Moody datum D is of simply connected type. Let x € S™
and s€ S.

(i) The lax monoidal structure yields an isomorphism
K(Es * Ey) < K(Es) @ K(E,) = R®@p: K(E,).
(ii) When restricted to H, the functor K is monoidal, where H and D(R ® R) are equipped with
the monoidal structures * and ®p, respectively.
(i) We have K(V,) = R,, and K(Es) = R ®p- R.
Proof. Part (i) is shown in [Ebe24b, §4.4]. Here we use that D is of simply connected type.
Part (ii) is true when restricting K to the subcategory H,ure by induction and part (i). Now

use that H e generates H as a stable category.
Part (iii) is shown in [Ebe24b, §4.4]. O

We are now ready to prove a K-theoretic version of Soergel’s Erweiterungssatz [Soe90] for
Kac—Moody groups. See [Ebe24b] for the case of reductive groups.

THEOREM 4.22 (Erweiterungssatz). Assume that the Kac-Moody datum D is free and of simply
connected type. Then the functor K: Hpyyre = D(R ® R) is fully faithful.
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Proof. Let x and y be sequences of simple reflections. It suffices to show that K induces an
isomorphism
Homy(Ey, Ey) — Homprer) (K(Ey), K(Ey)).

Since K is monoidal by Theorem 4.21 and the object Ej is left and right dualizable with dual
Eyer by Lemma 4.15 and Theorem 4.17, we obtain the commutative square

Homs¢(Ey, E,) —£ s Homper(K(E,), K(E,))

] |

Homﬂ{(Ae; Eg) i} HOIHR@R(K(AB)? K(Eé))

where z is the concatenation of op(z) and y. We hence need to show that the bottom vertical
map in the commutative square is an isomo;phism.

By Lemma 4.13, the object E, is pointwise !-pure. By Lemma 4.11, the object E, admits a
filtration whose associated graded are costandard objects, that is, there are objects E* € I for
k=0,...,n with E°=0 and E" = E, and cofiber sequences of the form

EFl 5 BF — VY,
for some wyg € W. We show by induction on k£ that the map
Homg¢ (A, EF) SN Hompger(R, K(EF))

is an isomorphism for all k. Consider the maps of exact sequences associated to the above cofiber
sequence

Hom(A,, E¥1) ——— Hom(A, E¥) ——— Hom(A,, V) —— 0

i | §
0 —— Hom(R,K(E*!)) —— Hom(R, K(E¥)) —— Hom(R, Ry,)

where we abbreviate w = wj, and the morphisms in the top row are in H and those in the bottom
row are in D(R ® R). We now explain why the diagram has the claimed form and, hence, by the
five lemma the middle vertical arrow is an isomorphism.

The left vertical arrow is an isomorphism by induction. For the right vertical arrow, we
consider two cases. If w = e, both source and target are isomorphic to R and the map is clearly
an isomorphism. If w # e, the source of the arrow is zero by base change since A, =411 and V,, =
w1 and BN BwB = (). Moreover, the target of the arrow is zero since K(A.) = R, K(Vy) = Ry,
and Hompggr(R, Ry) =0 by Lemma 2.2. In this step we use that the Kac-Moody datum D is
free.

The left-most term in the bottom row is Hom(R, R,,[—1]) = 0, since both R and Hom(R, R,,)
are in the heart of the standard ¢-structure on D(R ® R). The right-most term in the top row
is Hom(A, E¥~1) =0 using Lemma 4.12 and that F*~! is pointwise !-pure and A, is pointwise
*-pure. O

COROLLARY 4.23. Assume that the Kac-Moody datum D is free and of simply connected type.
Then the functor K yields a monoidal equivalence between pure objects in the K-theoretic Hecke
category and K-theory Soergel bimodules

Hpure — SBimiy

mapping E, to R®ps R.
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Remark 4.24. We warn that the functor K is not fully faithful on 3, but just when restricted to
pure objects. Already for G = G, we have Homg(Ae, Ac[1]) = 0 while Homp rgr) (R, R[1]) # 0.

4.7 Soergel-theoretic description of the K-theoretic Hecke category

By combining the Erweiterungssatz, see Theorem 4.22 and Corollary 4.23, and the formality
result, see Corollary 4.14, we obtain the following ‘combinatorial’ description of the K-theoretic
Hecke category.

THEOREM 4.25. Assume that the Kac—Moody datum D is free and of simply connected type,
then there is an equivalence of monoidal categories

HE — Chb(SBimE)

between the K-theoretic Hecke category and the category of bounded chain complexes of
K-theoretic Soergel bimodules associated to D.

5. Constructible monodromic sheaves

In this section we develop a theory of constructible monodromic sheaves.

5.1 Sheaves on topological spaces

Let A be a regular Noetherian ring of finite global dimension. For a locally compact Hausdorff
topological space X we denote by D(X, A) the full derived category of sheaves of A-modules on
X. We denote by Haus the category of locally compact Hausdorff topological spaces.

THEOREM 5.1 [P. Scholze, Siz-functor formalisms, private communication, Lecture 7]. There
exists a 6-functor formalism

D(—, A): Corr(Haus) — Pry
X DX, A).

In particular, for all X € Haus the category D(X, A) is a closed symmetric monoidal category.
We denote the tensor product by ® and the internal mapping spaces by Hom. For all f: X =Y,
we have the usual functors f', f*, fi and f, between D(X, A) and D(Y, A).

PROPOSITION 5.2 [P. Scholze, Siz-functor formalisms, private communication, Proposition 7.3].
We equip the category Haus with the following Grothendieck topology. A collection of maps
(fi: Xi = X)ier forms a cover if for any compact K C X there exists a finite set J C I and
compacts K; C X for j € J such that K =J;c; f;(K;). The functor X — D(X, A) is a sheaf in
this topology.

Using [P. Scholze, Siz-functor formalisms, private communication, Proposition 4.17] and
[Man22, Proposition A.5.16] we can extend the 6-functor formalism to stacks on the category
Haus. We give some example of such stacks, which we use in the later sections.

(i) If X :ligi X; is an increasing union of locally compact Hausdorfl spaces where the
transitions maps are closed immersions, then we have

D(X, A) =lim D(X;, A),
i
where the transitions maps are with respect to the -pushforward along the inclusions.
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(ii) If X =Y/G is a quotient, then
D(X, A) =lim D(Y***F1 A),

where the transition maps are relative to the s-pullback and Y X1 =¥ xx ... x x Y with
(t+1) copies of Y.

5.2 Three ways to present monodromic sheaves

Let H be a commutative Lie group with contractible universal cover which we denote by H.1In
particular, H sits in an extension

l—m(H 1) —H—H—1.
We denote Ay = A[ri(H, 1)]. There is a canonical map
m(H, 1) — (Ag)”™,
which defines a Ap-local system £ of rank one on H, called the free monodromic local system.

LEMMA 5.3. The sheaf L is canonically a multiplicative local system on H, that is there is a
canonical isomorphism m* Ly =Ly My, Ly where m: H x H — H is the multiplication map.

Proof. By definition of Lp, if f: H— H' is a morphism of groups then we have a morphism
Ay — Ap and an isomorphism f*Lp =Ly ®a,, Ag. Applying this to the multiplication map
which is a morphism since H is commutative, we have

m* Ly =Laxi Ony . Ai
=L XA Ly) @pyon, Ar
— Ly Ry, Ly 0

Given the data of a group H together with a multiplicative local system £, for all spaces X
with an action of H, there is a well-defined category of (H, £ r)-equivariant sheaves on X. Let
X be a topological space with an action of H, we denote by D(X/(H, Lg), Air) the category of
(H, £ r)-equivariant sheaves on X as defined in [Gai20, §1.5].

Similarly, we denote by D(X/H, A) the category of sheaves on the stack X/H which is the
same as the category of H-equivariant sheaves on X. Since H is contractible the forgetful functor
D(X/H,A)— D(X,A) is fully faithful.

THEOREM 5.4. Let X be a topological space with an action of H.
(i) The forgetful functor D(X/(H, L), Ag) — D(X, A) forgetting both the equivariance and
the Ag-module structure along A — Ay is fully faithful.

(ii) The forgetful functor induces an equivalence
D(X/H,A)=D(X/(H,Ln), An).
(iii) Both categories are characterized as the full subcategories of sheaves on X such that their
x-pullback to H-orbits is locally constant.

(iv) Let A be a monodromic sheaf on X, then all !-pullbacks to H-orbits are locally constant.
Conversely, if A is constructible, then A is monodromic if and only if all of !-pullbacks to
H-orbit are locally constant.

Proof. By definition of equivariant and twisted equivariant sheaves, their formation commutes
with limits of categories and in particular satisfy descent. More precisely, if X, — X is a simplicial
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H-resolution of X, then we have

[n]eAor

Taking the bar resolution of X provides us with a simplicial resolution of X such that for all
[n] € A the action of H on X, is free and the simplicial H-torsor X, — X, /H is trivial. Let Yi
be a simplicial splitting, so that X, =Y, x H. Then we have

D(Xn/(H,Lp), Ag) =D(Yo, Ag) @pa,) DH/(H, Lx), Agr).
Similarly, we have
D(X/H,A)=1imD(X,/H, A) = lim D(Yy, A) ©@p(r) D(H/H, A).

Aop Aop
Taking limits, we can assume first that the action of H on X is free and then that X = H. But now
it is clear that there is an equivalence of categories D(H/(H, L), Ay) =D(Ay)=D(H/H,A).
Hence, we get that the forgetful functor induces an equivalence D(X/(H,Lp), Ag)—
D(X/H,A) C D(X, A), this proves parts (i) and (ii).

Let us now show part (iii). Consider the pair of adjoint functors py : D(X, A) < D(X/H, A) : p!
where p: X — X/ H is the quotient map. Since the pullback p' is conservative and continuous the
category D(X/H, A) is identified with the category of module over the monad p'py. Since p' is
fully faithful this monad is idempotent, that is the natural map p'pip'pi — p'pr is an isomorphism
and the category of modules over it is the full subcategory of objects A € D(X, A) such that the
map A — p'piA is an isomorphism. Thus, we have to show that A satisfies this condition if and
only if the x-pullback to all H-orbits are locally constant.

For all x € X, we denote by 0, : H — X, h+ hz, the orbit map of x. Let A € D(X, A) be such
that for all x, the object 0} A is locally constant on H. Let z € X and consider the following
Cartesian diagram

H - H/H

Jk

X —— X/H

where the right column is the quotient by H of the first column. We then have
03 A= pypsi0sA
= p,0ymA
=oip'pA.

Here, the first equality follows from the fact that o} A is locally constant on H. The second
equality comes from base change and the last one from the smoothness of H. Hence, for all
z € X, the *-fiber at z of the morphism A — p'piA is an isomorphism, so the morphism itself is
an isomorphism. Conversely, if the map A — p'pA is an isomorphism, then pullback along o,
shows via the same calculation that o} A is locally constant.

The case of !-fibers in part (iv) is handled dually. Indeed, the functor p* is conservative and
exhibits the category D(X/H, A) as the category of comodules over the comonad p*p, (which is
idempotent since p* is fully faithful). As before, if A is monodromic, then the map p*p, A — A
is an isomorphism. Applying the functor o, to this map shows that o, A is locally constant
on H. Conversely, let A be such that for all # € X, the object 0, A is locally constant and A is
constructible. Then arguing as before, we get that the !-fiber at x of the map p*p,A — A is an
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isomorphism and since A is constructible, so is p*p.A and the isomorphism can be detected on
I-fibers. Hence, the map p*Ap, A — A is an isomorphism and A is monodromic. O

LEMMA 5.5. There is a well-defined four-functor formalism (so f*, f., fi, f') on stacks with
H-action
X—D(X/H,AN)=D(X/(H, L), Ag).

Proof. 1t is simply a matter of noting that for all f: X — Y which is an H-equivariant map, the
induced functors between D(X/H, A) and D(Y/H, A) are well-defined between subcategories of
D(X,A) and D(Y, A), respectively. O

Let f: Hy — Hy be a surjective morphism of Lie groups which have contractible universal
covers. Then we have a natural map Ay, — Ap,.

LEMMA 5.6. Let X be a space with an action of Ho, there is an equivalence of categories
D(X/H,,A)=D(X/Hj, A).
Moreover, we have
fi(Ly,) =Ly, [2dim(ker(f))].

Proof. For the first part of the lemma, we note that both categories are full subcate-
gories of D(X, R). It is therefore enough to check that they have the same objects. By
Theorem 5.4, they are the full subcategories of sheaves that are locally constant along H;
(respectively, Hy) orbits. However, since the map Hj — Hj is surjective, the two conditions are
equivalent.

For the second part of the lemma, we first note that we have a commutative diagram

kerf ﬁl ! }NIQ
I
ker f H; 7 Ho

where f is the map induced by f on universal covers. Since both Hy, and H, are con-
tractible it follows that ker(f) is weakly contractible. Hence, we have fiA = A[—2 dim(ker(f))] =
A[—2dim(ker(f))], this implies the lemma. O

5.3 Duality on monodromic sheaves

Let X be a stack with an H-action. There are two natural Verdier type dualities that appear on
free monodromic sheaves.

Remark 5.7. On D(X/H,A) we can take A-linear Verdier duality. This one is not suited for
applications since the free monodromic sheaf is not self-dual for this duality as its stalks are not
perfect complexes of A-modules.

On D(X/(H, L), Am), we can take Ag-linear Verdier duality. However, the Verdier dual of
a (H, Lp)-equivariant sheaf is naturally (H, £Y,)-equivariant (where £}, denotes the Ap-dual of
Lp). Let ¢: Ag — Ay be the morphism induced by the inversion map of H.

DEFINITION 5.8. We define D/ = Ay ®, 5, D. Since L ®a,,, Ay = L}, the functor D’ defines a
duality functor of D(X/(H, Lp), Ax).
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5.4 Constructible sheaves
From now on we restrict our topological spaces to topological spaces of the form X (C) where X

is an algebraic variety of finite type over C. A morphism X (C) — Y (C) is called algebraic if it
comes from a morphism of algebraic varieties X — Y.

DEFINITION 5.9. We denote by:

(i) Do(X, A) the category of constructible sheaves on X, this is the full subcategory of D(X, A)
of sheaves A for which there exists a Whitney stratification such that A is locally constant
with perfect x-stalk along all strata;

(ii) Dg—we(X,A) the category of weakly constructible sheaves on X, this the full subcate-
gory of D(X, A) of sheaves A for which there exists a stratification such that A is locally
constant.

For a quotient stack X =Y /G the categories of (weakly) constructible sheaves is the category of
sheaves on X whose pullback to X is (weakly) constructible. More generally, for a category of
twisted equivariant sheaves, the category of (weakly) constructible twisted equivariant sheaves
on Y is the full subcategory of twisted equivariant sheaves such that the underlying sheaf on Y
is (weakly) constructible.

Remark 5.10. Constructibility is defined in terms of *-stalks, the same definition using !-fibers
is a priori not equivalent.
THEOREM 5.11 [MS22]. Let f:X —Y be an algebraic morphism. Then the categories of
constructible and weakly constructible sheaves are preserved under all functors fi, f., f', f*.
DEFINITION 5.12. Let H be a Lie group with contractible simply connected cover and X be an
H-space. Then we define the category of constructible monodromic sheaves to be

De(X, A)mon = Ds—we(X/H, A) NDo(X/(H, £), Arr)

of sheaves that are A-weakly constructible but have perfect Ap-stalks.

LEMMA 5.13. For all H-equivariant algebraic morphisms f : X — Y the category of constructible
monodromic sheaves is preserved under all functors fi, f«, f*, f*.

Proof. This is an immediate combination of Theorem 5.11 and Lemma 5.5. 0

The next proposition is an immediate consequence of standard theorems for Verdier
duality.

PROPOSITION 5.14. For f: X — Y an H-equivariant map, we have IV f* = f*ID/ and D' f, = f,ID'.
Moreover, for an Ap-constructible sheaf A, the biduality map A — D'ID'(A) is an isomorphism.

6. Soergel description of monodromic sheaves on extended flag varieties

In this section we give a Soergel-theoretic description of the universal monodromic Hecke cate-
gory FH'P°" which consists of T x T-monodromic sheaves on the stack U\G/U of a Kac-Moody
group G associated to a Kac-Moody root datum D. In this section, we assume that the root
datum D is cofree and of adjoint type as explained in §2.1. We also fix a set of lifts (w) of
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elements of W in G. We abbreviate the group algebra of the fundamental group of the torus by
R=7Z[m(T)].

6.1 Monodromic sheaves on flag varieties

Denote by G D B DT the Kac-Moody group together with a Borel subgroup and maximal torus
associated to the Kac—Moody root datum D. Denote by U C B the unipotent radical, by W O S
the Weyl group and simple reflections. In this section, we identify all the groups with their
complex points equipped with the analytic topology.

On the stack U\G/U, there are three actions of tori that we can consider:

(i) the action of T" acting by left translations;
(ii) the action of T" acting by right translations; and
(iii) the action of T' x T acting by left and right translations.
We denote by Fleft, Jright apnd Fleftrieht the corresponding categories of constructible mon-
odromic sheaves D.(U\G/U)mon, see Definition 5.12. There are obvious forgetful functors

g_{left oblyieht j_cleftright obly'eft j_cright_
LEMMA 6.1. Both functors oblv' 8" and oblv!*® are equivalences.

Proof. First, using the Bruhat decomposition of U\G/U, we see that the categories J'°ft, J{risht
and J('ftright are obtained by gluing the categories of monodromic sheaves on each stratum.
Since the forgetful functors are compatible with the four functors, they are compatible with
the gluing, in particular, we only need to check the statement on each stratum, this is a direct
application of Lemma 5.6. O

DEFINITION 6.2. The universal monodromic Hecke category H = FHH" is defined as either one
of the three categories Jleft, F(right o gyleftright

We now introduce standard, costandard and tilting perverse sheaves in H. Let ne€ N(T)
be an element in the normalizer of 7' and denote by w its image in the Weyl group of G.
The choice of n yields a decomposition of the Bruhat stratum BwB~U x T x U, given by
(u, t,v) — utnv where U, =U NAd(n)U. We denote by v, : BwB — T the projection onto 7.
This map is equivariant for the action of U x U acting trivially on the target, hence we have a
well-defined map of stacks v, : U\BwB/U — T which we will also call v,.

DEFINITION 6.3. Let n € N(T'), we denote by:

(i) Ap =iy wpLr[l(w)+dim(T)] the standard sheaf;
(ii) Vi =tdyvpLr[l(w) + dim(T")] the costandard sheaf.

The standard and costandard sheaves are monodromic constructible sheaves (using either
the left or right T-action) as the sheaf L is an R-constructible sheaf on T'. Since the inclusions
14 are affine, they are perverse.

Remark 6.4. Up to isomorphism, the sheaves A,, depend only on w. In what follows, we denote
by A, = Ay where w is the lift of the element w we have chosen.

DEFINITION 6.5. Let A € H be a perverse sheaf:

(i) a A-flag for A is a filtration such that the graded pieces are isomorphic to standard sheaves;
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(ii) a V-flag for A is a filtration such that the graded pieces are isomorphic to costandard
sheaves; and

(iii) the sheaf A is tilting if it has both a A-flag and a V-flag.
We denote by Hiyyy C H the full subcategory of tilting sheaves.

6.2 Monoidal structure

We equip the category H with a convolution structure. Consider the following diagram.

U\G xU G/U —" U\G/U

U\G/U U\G/U

The convolution product is defined in two steps. Let A, B € H which we see as the category
of (T' x T, Lrxr)-equivariant sheaves on U\G/U, then p; A Xy p5B is naturally a sheaf of R®4
modules, and it is constructible as an R®4-sheaf on U \G xY G/U. We define the convolution of
A and B as

A*B:For]?

®4
R®2

my(pTA ®z p3B)[dim T,

4

where the functor Forf”! is the forgetful functor induced by the inclusion R® R — R®* induced

R®2
by the outer inclusions. Keeping track of the actions of 7', there is a canonical R ® R-linear
isomorphism

A x B =my(p;For 8" A @y, p3For'®™ B) [dim 7).

In particular, since both For'®"™A and For*™B are R-constructible, the sheaf Ax B is
R ® R-constructible. There is also a dual convolution defined as

A ' B =m,(p\For8" A @, p,For'*® B).

6.3 Duality

Recall that we introduced the functor I’ as a replacement of Verdier duality for monodromic
sheaves, see §5.3. For A € H, we introduce the following duality functor

D~ (A) = inv* I/ (A)(e)[~ dim T,

where (¢) is again the twist of the R-structure by induced by the inversion map. Let us collect
the following standard properties of the dualities.

LEMMA 6.6. On monodromic Hecke category, we have the following statements:
(i) (D)?=id=(D")? on K;
(ii) there are isomorphisms I/(A,,) =2V, and D™ (A,) 2V ,,-1;
(iii) there is a natural isomorphism D(A) %' D(B) — D(A * B) and D(A ' B) = D(A) « D(B);
(iv) there is a natural isomorphism D~ (A x B) — D~ (B) + D™ (A).
LEMMA 6.7. For A, B,C € H, there are canonical isomorphisms
Hom(A % B, C) =Hom(A, C +' D™ (B)) = Hom(B, D™ (A) ¥ C).

Proof. This can be shown by a yoga of adjunctions as in Lemma 4.16. O
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LEMMA 6.8. Let n,n’ € N(T') and assume that £(n) + £(n’) = ¢(nn'), then:
(1) An * An/ = Ann/;
(i) Vo' V=V
Proof. Follows from the fact that BnB x® Bn’B — BnnB is an isomorphism. O

THEOREM 6.9. There is a natural equivalence %~ x' and all objects in H are left and right
dualizable with left and right duals canonically identified with D™ (—).

Proof. By Lemma 6.12, for a simple reflection s the object Ay is dualizable with respect to x.
Hence, so is A, for all n € N(T') using Lemma 6.8. Now we can argue as in Theorem 4.17, since
the objects A,, generate the category. O

LEMMA 6.10. We have A, *V,,-1 =V,-1x A, =A; =V].

Proof. This follows from Lemma 6.8, Theorem 6.9 and the case of simple reflection which is
Lemma 6.12. OJ

Remark 6.11. Note that any standard or costandard sheaf is invertible, in particular we get
that D~ (A,) =V,-1 and D™ (V,,) = A,,-: for all n € N(T') and that D~ preserve the category of
tilting sheaves.

6.4 Rank-one calculations
The goal of this section is to perform the rank-one calculations. Most proofs will reduce to
arguments of [Tay25]. In [Tay25], the author assumes the group G to be adjoint. From now on,
we assume that G is of semisimple rank one of adjoint type so it has a connected center.

Recall that R =7Z[X,(T)] is the group ring on the space of cocharacters of T'. For A € X, we
denote by e* € R the corresponding element. We denote by o the simple coroot of G and by «
the simple root of G. We also fix as in §2.5 a cocharacter @" such that (@, a) =1.

We now consider the category H for G’ and with the objects A; =V, Ag and Vg (note that
the last two objects are defined up to isomorphism).
LEMMA 6.12. There is an isomorphism

Ag*xVy=Vsex Ag=A1.

Proof. The argument of [Tay25, Proposition A.4] holds in our context. O
LEMMA 6.13. There exists a tilting object Ty satisfying the following.

(i) There are two short exact sequences
0—>As—Ts—A1—0

and
0—-Vi—=Ts—V,—0.

(ii) Any object K satisfying (i) is isomorphic to Ts.
(iii) There is an isomorphism End(Ty) = R ® Py R.

Proof. (i) The first point is shown as in [Tay25, Lemma 5.1], namely we have (noncanonical)
isomorphisms

Ext'(Ar, Ay) =Ext}(V,, Vi) =R/(1 —e®").

The element 1 then yields an object T with the two desired short exact sequences.
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(ii) We can argue as in [Tay25, Lemma 5.2]. The extension K corresponds to an element
a€R/(1—e*"), it is then enough to check that this element is invertible in this ring. As the
ring R/(1 — e’ ) is reduced by Lemma 2.5, it is enough to show that the image of a in all residue
fields of R/(1 —e®") are nonzero.

Let p be a prime ideal of R/ (1 —e®"), which we consider as a prime ideal of R. Tensoring the
first exact sequence with ® RR/ p remains exacts as Ay ®p, R/ p lies in perverse degree 0. Hence,
we have a short exact sequence

0—>AS®RR/p—>K®RR/p—>A1®RR/P—>0,

which corresponds to the image of a along the induced map Ext!(Ag, A;) — Ext'(A,® P
R/p, M@ R/p)=R/(1—e*") @5 R/p=R/p. )

If we suppose thaAt this extension is split, that is a is 0 in R/p, then we can find a splitting
K®pR/p=A1®; R/p®As;®p R/p. Using the second short exact sequence, we get

05 Vi®aR/p =A@ RIpGA®,R/p— V@ R/p—0.

As Hom(A; ®p R/p, Vs®p R/p) =0, the second map in the short exact sequence induces an
isomorphism Ag @4 R/p =Vs;®p R/p; however, this contradicts the assumption that p was an
ideal of R/(1—e®"), hence a is nonzero.
(iii) We argue as in [Tay25, Proposition 5.4]. First, the monodromy map and the functors gr
of [BR22, 6.3] yield maps
R®R R — End(T;) — R. ® R,.

We want to show that the first map is an isomorphism. Their composition is injective by
Lemma 2.4, hence the first map is injective. The injectivity of the second map follows from [BR22

Corollary 6.3]. It is then enough to show that both algebras have the same image in R. ® Ry. Let
a € End(T}) and denote by a. and ag its components in R, & R,. Since R ® pa R—R.®R;— R,

is surjective by Lemma 2.4, we can find b € R®s fos R such that b, = —a.. We consider the endo-
morphism a + b of T,. By the same Lemma, it is enough to show that as + b lie in the ideal
(1 —e®). Equivalently, it is enough to show that this element is zero in R/(1 — e®) and since this
ring is reduced, it is enough to show that this element vanishes in all residue fields of this ring.
But the condition on w implies that after reducing modulo some prime ideal containing 1 — e®,
the extension

0—-Ay—Ts—A1—0

is not split. As a. + be =0, the map a + b: Ts — T factors through A and after reducing modulo
some ideal it can only be zero only if the extension splits. O

Remark 6.14. As observed in [Tay25, Lemma 5.3], it follows from Lemma 6.13 by convolving
the second exact sequence with A, that there is a triangle

Ay — AgxTy— Ay V.

Since Ag x V= Ay, this triangle is then a short exact sequence of perverse sheaves and exhibits
that we have an isomorphism
Agx Ty ="T.

6.5 Tilting sheaves

We now collect some results about convolution, duality and the existence of perverse tilting
sheaves.
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For this, denote by H*® C H the Hecke category for the minimal parabolic corresponding to
a simple reflection s € S. Then, by the discussion in Lemma 6.13, there is an indecomposable
tilting sheaf Ts € H® such that the multiplicity of Ag in a A-flag of T is 1. The sheaf T is
unique up to isomorphism and in this section we fix an arbitrary representative of this sheaf in
its isomorphism class. Once we introduce the V-functor, we will have a canonical way of choosing
such a representative.

LEMMA 6.15. Let T, T" € H;i. be two tilting perverse sheaves, then T = T" is tilting and perverse.

Proof. We mimic the argument of [BY13, Proposition 4.3.3]. We first show that for w,w’ € W
we have

Ay x Ay € (A[<0],veW)CH
and

Vw* Vi €(Vy[Z0],veW) CH,

where (—) denotes the full subcategory generated by extensions. Let us prove the first point, the
second is proven in a similar way. We can argue by induction on ¢(w) and reduce to the case w = s
is a simple reflection. Then if ¢(sw’) = ¢(w') + 1, we have Ag* Ay = Agyy. If £(sw’) =4(w') — 1,
then we use the short exact sequence

0—A;—Ts— A1 —0
from Lemma 6.13. After convolving with Ay, we get a triangle
Agx Ag— Agx Ty — Ag,

hence Agx Ag € (AgxTs, Ag[—1]). By Remark 6.14, we have Ay Ts~Tg hence Ag*x A,y is a
successive extension of A,y [—1], Agy, and A,

The sheaf T+ T" now belongs to the category (A,[<0],v € W) N (V,[>0],ve W). The rest
of the argument of [BY13] follows verbatim. O

LEMMA 6.16. There is an isomorphism D™ (Ty) = T.

Proof. The two triangles defining T}, see Lemma 6.13, are exchanged by D™, using that D~ (Aj)
Vs and D™ (A¢) = V.. By Lemma 6.13 we get D™ (7s) = Ts.

Ol

Remark 6.17. Note that we have used here that the root datum is of adjoint type.

LEMMA 6.18. For all w, there exists a tilting sheaf supported on the closure of BwB and such
that the multiplicity of A,, in any of its A-flags is one.

Proof. Write w=s1...5s, as a reduced expression for w, then by Lemma 6.15 the sheaf T =
Ts, *---x Ty 1is tilting and supported on the closure of BwB. Since the map Bs; B xB BsyB xB
.- xB Bs, B— BwB is an isomorphism the multiplicity of A,, in a A-flag of T is 1. O

COROLLARY 6.19. The category of perverse tilting sheaves is generated by the objects Ts as a
monoidal, additive and idempotent closed category

Hiie = <Ts ’ ENS S> x &, C H.
COROLLARY 6.20. The Hecke category is stably generated by the tilting perverse sheaves

<g{tilt> stbh = H.
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6.6 Formality

We now prove the formality of the universal monodromic Hecke category using tilting objects.
We first recall the following standard property of tilting objects in our context.

LEMMA 6.21. Let T, T" € Hyye. Then Homge (T, T'[n]) =0 if n #0.

Proof. Using that T has a A-flag and T” has a V-flag, the statement follows by induction and
Homyg¢(Ay, V!,[n]) =0 for all w,w’ € W and n # 0. O

Using that the tilting objects generate the Hecke category, see Corollary 6.20, Proposition A.4
implies the following formality statement.

COROLLARY 6.22. There is an equivalence of monoidal categories between the universal mon-
odromic Hecke category and the category of bounded chain complexes of perverse tilting
sheaves

H S ChP (H).

Remark 6.23. The equivalence in Corollary 6.22 uses the weight complex functor for the ‘tilting
weight structure’. The inverse of the equivalence is given by

Ch®(Hya) = DY (HY) 5 K,

where the second equivalence is Beilinson’s realization functor. We also refer to [BBMO04, 1.5
Proposition] where a similar statement for constructible sheaves on G/B is discussed.

6.7 The V-functor
We now define the V-functor. Consider the following character of U~:
x:U™ — H Gag(@a.
acA

Denote by 1:pt — U~ the inclusion of the point 1 and i: U~ — U\G/U the map induced by the
inclusion of U~. The V-functor is defined as

H—D(Z)

A= 1"y (i"A),
where ¢, denotes the vanishing cycle functor D(U~) — D(x~1(0)). Using the presentation of
the category H as a category of equivariant R® R-sheaves, the V-functor factors through the
category D(R ® R). Moreover, since the vanishing cycle functor is t-exact, it follows that the
V-functor is t-exact.

Following [LNY24, §2.2.4], there is a canonical lax-monoidal structure on V constructed as
follows. Consider the map

i? .U xU~ - U\G %Y GJ/U
induced by the product of the two copies of the map U~ — G. Consider the character
X+ x: U xU™ = Al
and define
Vinexvau (=) =1 yyd®
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where ¢, is the vanishing cycle functor with respect to x + x. Let us summarize all the objects
in the following diagram.

U\G/U x U\G/U +—— U~ x U~ 225 al

U\G xV GJU «+—— U~ x U~ 225 Al
U\G/U +———— U~ —x—> Al
Consider now the composition

V(=) @z V(=) =170, (i"(—)) @ "y (i

=1 (o (=) Wy ()
= 1 ( @y (=) B (@7 ()

= Uy (iP7p" (- R —))

=Vinaxvaw @ (—X-)).

(=)

In the above composition, the only nontrivial map is the Thom—Sebastiani map

oy (=) @ Iy (=) = 1" dyiy (— B —),
which is a Kiinneth map for vanishing cycles and proven to be an isomorphism in full generality
in [Mas01].
We now get, for all A, B € H,
V(A) @z V(B) = Vingxvau(pi(A) @z p5(B))
= Vipaxvayu(m'mi(pi(A) @z p3(B)) = V(A * B),

where the last isomorphism comes from the compatibility of vanishing cycles with smooth
pullback along the map m.

THEOREM 6.24 [Tay25, Proposition 2.1]. The functor V is equipped with a canonical monoidal
structure H — D(R ® R) where the target category is equipped with the convolution of bimodule
structure, in particular, for A, B € H, the map

V(A)®zV(B)—V(AxB)
factors canonically through V(A) ®; V(B).

Remark 6.25. In [Tay25], the proof is done in the setting of finite-dimensional groups, but the
same proof extends verbatim to the Kac—Moody setting.

Let s be a simple reflection. By [Tay25], the functor V restricted to H* is represented by the
object Ts. This property pins the object Ts uniquely.

6.8 Struktursatz

We now prove the analog of Soergel’s Struktursatz [Soe90] in the setting of the universal
monodromic Hecke category.

THEOREM 6.26 (S:cruktursatz). Recall that D is cofree and of adjoint type. Then the functor
V: Hy — D(R® R) is fully faithful.
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Proof. Using the discussion in §6.4, we have V(Vy) =Hom(T}s, Vs) = Rs so by the monoidality
of V we obtain that V(V,) = Ry,. Now, let T, T’ € Hy;. By the monoidality of V we get the
following commutative diagram.

Hom(T",T) ——————— Hom »(V(T"), V(T'))

I |

Hom(A., D~ (T") % T) —— Homp 4(R, V(D™ (T') x T))

Hence, we are reduced to the case that 7" = A.. We show the stronger statement that V yields
an isomorphism

Hom(Ay, T) — Homp 5(R, V(T))

for objects T" with a V-flag. We prove this by induction on the filtration length of T. If T'=V,,,

then this is immediate since V(Vy)= Ry, and Hompg (R, Ry) =0 if w# 1 using Lemma 2.2

and the assumption that D is cofree. For the induction step, pick a short exact sequence T —
T — V. Using that there are no extension between standard and costandard objects we obtain
a diagram of exact sequences

0 —— Hom(A;,7") ——— Hom(A;,T) —— Hom(A;,Vy,) —— 0
| | |
0 —— Hom(R,V(T")) —— Hom(R,V(T)) —— Hom(R, Ry,)
and the statement follows from the five lemma. O

COROLLARY 6.27. Recall that the Kac—Moody datum D is cofree and of adjoint type. The
functor V yields an monoidal equivalence between tilting sheaves in the universal monodromic
Hecke category and K-theory Soergel bimodules

Hiqe — SBH’II%{

mapping Ts to R ® pe R.

6.9 Soergel-theoretic description of the Hecke category

Combining the Struktursatz, see Theorem 6.26 and Corollary 6.27, and the formality result, see
Corollary 6.22, we obtain the following ‘combinatorial’ description of the universal monodromic
Hecke category.

THEOREM 6.28. Assume that the Kac-Moody datum D is cofree and of adjoint type. There is
an equivalence of monoidal categories

5o — Ch”(SBim¥)

between the universal monodromic Hecke category and the category of bounded chain complexes
of K-theoretic Soergel bimodules associated to D.

7. Universal Koszul duality

Let D be a free Kac_Moody datum of simply connected type. Recall that the Langlands dual
Kac-Moody datum D is then cofree and of adjoint type, see §2.1. We denote by G D BDOT
the Kac—Moody group with Borel subgroup and maximal torus associated to D and GO BDOT

1087

Downloaded from https://www.cambridge.org/core. University of Mainz Library, on 06 Aug 2026 at 08:24:30, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/S0010437X26102863


https://doi.org/10.1017/S0010437X26102863
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

J. N. EBERHARDT AND A. ETEVE

be the Langlands dual groups associated to @, see §2.2. We denote by U C B the unipotent
radical.

In §4, we studied the K-theoretic Hecke category J-CK which consists of reduced K-motives
on the stack B\G /B. In §6, we studied the universal monodromic Hecke category }Cmon which

consists of T x T-monodromic sheaves on the stack U\G / U. We note that in §6, for notatlonal
ease, we worked with a group G associated to a Kac—Moody datum D.

By combining the Soergel-theoretic descriptions in terms of K-theory Soergel bimodules of
both categories, see Theorems 4.25 and 6.28, we obtain our main result.

THEOREM 7.1 (Universal Koszul duality). There is a monoidal equivalence
K . qrmon
Hp = HF™,
which sends the pure K-motive Eg to the tilting sheaf Tj.

Appendix A. Weight structures

We recall some basic properties of weight structures and weight complex functors.

DEFINITION A.1 [Bonl0, Definition 1.1.1]. Let € be a triangulated category. A weight structure
w on € is a pair w=(C¥S? Cw>Y) of full subcategories of €, which are closed under direct
summands, such that with C¥S":=C¥SY[—p] and C¥>" .= C¥>%[—n] the following conditions
are satisfied:

(i) ewsOCewst and ezl C ew=0;

(ii) for all X € 2% and Y € €S~ we have Hom CXY = 0;
(iii) for any X € € there is a distinguished triangle

A— X — B
with A € C¥21 and B € GWSsY,

The full subcategory C¥=0 = @SV N w20 ig called the heart of the weight structure. The weight
structure is called bounded if € =], €w=" =, CWS™.

A weight structure on a stable oco-category € is simply a weight structure on its homotopy
category ho C. Weight structures can be generated from their heart.

PRrROPOSITION A.2. Let € be a triangulated category and T C € an additive idempotent-closed
subcategory generating C as a triangulated category. Moreover, assume that Home (X, Y [n]) =0
for all X,Y €T and n>0. Then there is a unique weight structure on € such that T C C¥=0,
Moreover, in this case T = C¥=0,

Proof. This follows from [Bonl0, Theorem 4.3.2]. O

There is the following dual construction to Beilinson’s realization functor for ¢-structures, see
[BBDS82].

ProprosITION A.3. Let C be a stable co-category with a bounded weight structure, then there
is a weight complex functor

€ — Ch®(ho €¥=0).
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The weight complex functor commutes with functors that preserve the weight structure.
Moreover, if C has a monoidal structure that preserves the weight heart, then the weight complex
functor is monoidal.

Proof. The compatibility with weight exact functors is shown in [Sos19]. In [Aok20] it is shown
that the weight complex functor is symmetric monoidal. A similar argument shows that it is
also monoidal. O

We record the following special case in which the weight complex functor is an equivalence
of categories.

PRrOPOSITION A.4. Let C be a stable oco-category and T C C an additive idempotent-closed
subcategory generating C as a stable subcategory, such that Home(X,Y[n]) =0 for all X, Y € T
and n #0. Then the weight complex functor for the weight structure associated to T yields an
equivalence of categories

€5 Chb(ho 7).
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