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Chapter 1

Intr oduction

Accordingto our presenunderstandingjuantumchromodynamic$QCD)is believed
to bestdescribehestrongforce,which constitutestogethemith theelectro-wealand
gravitationalinteractionsthe fundamentaforcesin naturel

The coreof any quantumfield theory(QFT) is givenby its Lagrangiandensity In
QCDthelatteris writtenin termsof quarkandgluonfieldsandpossessesnexactlocal
colour SJ(3) aswell asan approximateglobal flavour U (3). x SJ(3)r symmetry
Looking attheassociatethadronspectrumpneimmediatelydiscoversthatfree quark
andgluon statesseemto be forbiddenby nature. We only find pions,nucleonsetc.,
which arethoughtto be colourneutralobjectscomposedf quarksandgluons. This
characteristifeature whoseexactphysicaloriginis still unclearis calledconfinement
Despiteour fairly detailedknowledgeof the stronginteraction,thereappeardo be
no way to perturbatvely computeGreens functionsat low enepgies. This failureis
dueto a very peculiarmechanismQCD doesexhibit. The operatve QCD coupling
constantgy becomesxtremelylarge asthe interactionenegy tendsto zero. At high
enegies,however, thecouplinggetswealerandwealer, whichis usuallyreferrecto as
asymptotidreedom The entirebehaiour canbe illustratedby the following picture.
Imaginea groupof prisonersvhoseiron leg chainsareall joinedtogetherat onelink.
Stayingcloseto eachother all of themcanmove moreor lessfreely, but separation
beyonda certaindistancds blockedby the unbreakablehains.Only towardsthe case
of asymptotidreedomcorventionalperturbatve methodscanlegitimatelybeapplied.

Fortunately severalapproachesave beeninventedto getus off the hook. Let us
justnameandcharacterize few of themwithout goinginto detail:

¢ Latticegaugetheoriesurnishnon-perturbatie numerical(i.e., computebased)
solutionsof QCD by discretizingspace-timg2, 3].

¢ Differentphenomenologicahodels(suchasbag,Skyrme,etc.) have beencon-
structedto imitate QCD [4, 5, 6].

1The strongandelectro-weakinteractionscanbe modelledby a sole sophisticatedjuantumgauge
theory, the so-calledStandardModel, wheregravitation doesnot fit in [1].




e TheN;! expansionmethodassumesn enlagedcolour gaugegroup, U (N),
letting N tendto infinity but keepingthe productg?N; fixed. The ervisaged
amplitudesarethenanalysedn powersof N; X [7, 8, 9].

Still anotherattemptconsistsn mappinga partof thetheory’s symmetriespamely
thechiral U (3)L x U (3)r symmetry andits realization,i.e., spontaneousymmetry
breakdevn to SJ(3)y, onto a so-calledeffective Lagrangiandensity The latter is
written in termsof the asymptoticallyobsered pseudoscalaGoldstonebosonfields
anddescribeshelow-enegy behaiour of QCD. Theincorporatednteractions/anish
in thelimit of zeroenegiesandmassless, d, ands quarks.Thewhole procedurehen
allows the applicationof non-comwventional perturbationtheory The prefix ‘non’ is
supposedo referto thefactthatonedoesnot expandmatrix elementsn powersof the
QCD couplingconstant, but in powersof (low) externalGoldstonebosonmomenta
and(small)quarkmassesThis methodis known asmesonicchiral perturbatiortheory
(mesonicChPT)? A pedagogidntroductioninto thefield maybefoundin [10, 11] and
in themary referencesnentionedherein.

Sincelow-enegy QCD comprisegar morethanonly symmetriesits full dynami-
cal contentis nota priori includedin ChPT It hasto be parameterizetly theweights
of all concevablemonomialsof the mostgenerakffective Lagrangiardensityconsis-
tentwith chiralsymmetry Theseweightsor couplingsarecalledlow-enepgy constants
(LECs) andtheir numericalvaluesmay be determinedexperimentallyor within spe-
cific modelcalculations.In general onecanfind aninfinite numberof linearly inde-
pendentmonomialsandthusaninfinite numberof LECs. If thosetermswereall of
the sameorderin the above mentionedow-enepgy expansionthen ChPTwould not
have ary practicalsignificance Fortunately mattersaredifferent. With the assistance
of chiral countingscheme®necanalwaysselecta finite subsebf relevantstructures.
Differently speaking,up to the chosenchiral orderoneis ableto computephysical
guantitiesncludingafinite (hopefullysmall)numberof LECs.

The LECs, which especiallyincorporateinformationon virtual effectsof heavier
particles,are also necessaryor a further importantpurpose. We know from other
QFTsthat the evaluationof loop graphsinvolvesinfinities, which have to be made
finite in orderto predictmeasureablgquantities.

Theoriesgeneratingonly a finite numberof differentdivergenceswhich canbe
cancelledaltogetherby redefiningsomeof the (finite humberof) parametersn the
respectre Lagrangiardensity arecalledrenormalizable.

In the above senseChPT is non-renormalizable.Including all chiral orders, it
contains,at leastin principle, an infinite numberof differentterms. The divergent
structuregriggeredby whatever partof the entireLagrangiardensitydo not manifest
themselesatthe samebut ata higherchiral level. In otherwords,we canonly cancel
singularitiesby an appropriateredefinitionof LECs of higher chiral orders. There-
fore, we cannotglobally getrid of all infinities of the theory but we needto absorb
divergencesupto a certainchiral order

2BaryonicChPTexistsaswell but will notbetreatedn the presenthesis.
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In thenormalor evenintrinsic parity sector this whole procedurevassuccessfully
carriedout by GasseandLeutwyler up to next-to-leadingorder O(p?) [12, 13]. The
one-loopsingularitiesarising from the leading-orderLagrangiandensity £p, which
includes2 LECs, wereabsorbedy 8 of the 12 parameter®f L, (numbersareonly
valid for U (3)). Theextensionup to next-to-next-to-leadingorder O(p®), wastaken
up by Bijnensetal. [14, 15, 16].

In theanomalou®r oddintrinsic parity sector theone-looprenormalizatiorof the
leading-orderterm, which is the so-calledWess-Zumino-Wten (WZW) term being
of chiral order O(p?), wasinitiated by severalauthors[17, 18, 19, 20], but hasnever
beencompletelyaccomplishedBesideshefactthattheseauthorsusedvery different
notationsand conventionswhich male ary comparisorratherdifficult,® only two of
them[19, 20] furnisheda mostgeneralanomaloushiral Lagrangiandensityof order
0(pd), Lg ¢, Whichis necessaryo absortthesingularities Both thefinal setproposed
in [19] (49 elementspandtheonelistedin [20] (30 elements)which mutuallydisagree
with eachother, turn outto beincompleteand,in additionto this, to includetoo mary
elements. New mathematicabtrateyies and more systematicprocedurehave been
elaboratediuringthelastfew yearqd21, 15] whichallow to furthereliminateredundant
structuresaswell asto add missingmonomials.Thesesupplementaryools were not
usedby theabove groupsatthetime. Finally, oneshouldclearlyemphasizéhatnone
of the mentionedauthorshasever performedthe concludingabsorption. Therevision
and completionof this still openprojectis the main objective of the presentthesis
whichis organizedasfollows.

In Chapter2, the substantiaffeaturesof QCD, asit is treatedtodayin nuclear
physicsarebriefly repeatedMesonicChPTis thenshown to originateasalow-enegy
approximatiorto QCD incorporatingmportantprinciplessuchaschiralsymmetryand
spontaneousymmetrybreaking.

Oneof our key issuesf thewholethesisis addresseth Chapter3. We learnhow
to systematicallyouild up effective actionsin generabndin particular(for Lg¢). After
gettingto know the leading-ordetermsof the evenandodd intrinsic parity sectorin
its original language(i.e., Gasserand Leutwyler’s nomenclature)ywe switch over to
anothemotationwhich is moreappropriatgor our specificpurposes.

Chapterd and5 arerespectrely devotedto therecapitulatiorof path-inteyraltech-
niquesandthe investigationof the so-calledsaddle-poinimethodwhich is anindis-
pensableool for the extractionof the entireone-looppartof whaterer QFT.

Theabore mentionedne-looprenormalizatiorprogramof theWZW action,which
consistsin applying the one-loopextraction procedureto the WZW part, compactly
isolatingthe associatedingularites andappropriatelyabsorbingthem afterwards, is
subjectof Chapter6.

The assignmenbf LECs (belongingto Lg¢) to physicalreactionsin which they
areinvolvedappearsn Chapter7. Theexactmathematicatontributions,which allow

3As alreadymentionedn [18], the choserapproactandtheresultingformulaeof [17] areevidently
not compatiblewith thoseof the otherthreegroups.Therefore[17] will be discardedn whatfollows.



the (formal) determinatiorof theirnumericalvalues arecarriedoutfor a subsebf our
LECs.

In Chapter8, three-pseudoscalgaahotoninteractions,and especiallythe process
y* + K* — K* 410, are consistentlyexaminedup to chiral order O(p®). The con-
cernedLECs are roughly estimatedwithin a simple model which includesvector
mesonsasadditionaldegreesof freedom.

Hadronic structurefunctions which enter the differential crosssectionof y* +
K+ — K* + 1 are numericallydeterminedn Chapter9. The sameis revisited for
v+ T — 168 + 10,

We close with a short summaryof the treateditems and an outlook on future
projectsin ChapterlO.

Lastbut notleast,thereadershouldcertainlynot forgetto take alook at the mary
helpful detailsdiscussedn the several appendices.As they might have blurredthe
main streamof the thesis they aretransferredo this final part. For thoseof youwho
actuallywantto work with the presentednaterialthesecollectionsmay, asalways,be
of valuableassistance.



Chapter 2
QCD and ChPT

In the presenthapteywe repeatthe foundationsof mesonicChPTwhich hasproven
to be a highly successfumethodfor describingthe interactionsof the pseudoscalar
mesonoctet(rtt, 1, 10, K, K—, K9 KO ng) atlow enegies(for recentactiities see,
e.g.,Ref.[22]).

Before pointing out the intimate relation betweenChPT and QCD, let us begin
by very briefly recallingthe basicfeaturesof QCD. In the early seventiesof the past
centuryQCD wasintroducedasthe U (3)¢.0ur gaugetheoryof the stronginteraction,
includingthree(N. = 3) differentcolourtypesof quarks (namelyred,greenandblue
ones) eight(NZ — 1 = 8) differentgluons(beingthe masslessnediatorsof the strong
force),andoneuniversalcouplingconstang [23, 24, 25]. As U (3) is anon-Abelian
Lie group,the entiretheory‘suffers’ from non-linearitiesj.e., the gluonsmayanddo
interactwith eachother Besideghecolour, thereis anothercriterionthatdistinguishes
guarkswhichis calledtheflavour.

flavour masgMeV] | chage[e > 0]
u (up) 5 +%
d (down) 9 —3
s (strange) 175 —g
c (charm) 1350 +£
b (bottom) 5300 —i
t (top) 176000 +§

Table2.1: Quarkflavours.

Eachflavour speciescan, of course,carry either of the threecolours. Only the
latterdetermingheinteractionstructureof thetheory Theonly flavour dependences
hencedueto the differentquarkmasses.

1The name‘quark’ wastaken from Jamesloyce’s novel Finnegan's Wake. The threequarksare
actuallyMr. Finn’s childrenandsometimeshey representheir father In termsof QCD Mr. Finn may
be consideredsthe nucleonwhich doessometimedehave asif it wasbuilt up of threequarks.
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Looking oncemore at Table 2.1, one discovers that the first threeflavours are
very light, while the remainingthreeare ratherheary in comparisorto, say the p
meson(m, = 770 MeV). The massesny, my, and ms are almostvanishingin terms
of atypical hadronicscale(e.g.,the chiral-symmetry-breakingcale/Acnsg ~ 41 &
1 GeV). Thereforeijt is nottoo unreasonable assumehatat very low enegiesonly
theselightestthreeneedto be considered. Thus, we resetour startingpoint to the
three-flaour QCD Lagrangiandensitycoupledto colourneutralexternalfieldsin the
limit of massless, d, ands quarks:

L = Lo+ (Yt Ysa)d—a(s—ivsp)a, (2.1)
. . . 1
with £3p = f Zd (iq, fY'DyaL, f +i0R fY'DydR f) — 463\;6“\}
=u,d,s

The definitionsof the left- and right-handedquarkfield projectionsare respectrely
givenby

1 1
a=51-¥%)a  &=5(1+¥w)a (2.2)
Thegluonfield strengthtensoris definedas
Gy = 0uA] — 0vA} — g fabcARAY, (2.3)

where 4 arethe totally anti-symmetricstructureconstantof U (3) (seeAppendix
D). The vector axial-vector scalar and pseudoscalasourcefields canbe expanded
in termsof the eight standardGell-Mannmatrices\l, - - -, A8 andthe identity matrix

(N.B.: A= /2/3 13,3),
8 )\a

8 )\a
V“_Zz T Z aw S_ZOZ , p:aZO?pa_ (2.4)

As onecaneasilysee the abore Lagrangiardensity(2.1) remainsinvariantunder
gL — VL(X)qL andgr — VR(X)0r, providedthe externalfieldstransformas

Vuta = VR(u+ 8u)VR +VROWVR,

Vu—ay — Vi(vu— a“)VT+iV|_6uVLT,

s+ip — Vr(s+ip)V/,

s—ip — V(s —|p)VR, (2.5)

where(V,Vr) € J(3)L x SJ(3)r. FurthermoreQQCD seemgo undego spontaneous
symmetrybreakingto SJ(3)y (alsoreferredto as hiddensymmetry). The reader

2Thestrongerrestrictionto u andd quarksis obviously evenmorejustified, but herewe wantto deal
with the moregenerathree-flavour case.Everythingthatfollows can,at leastformally, be worked out
for n flavoursandlaterspecifieddon = 2 or 3.
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shouldbeawareof thefactthatthereis neitherarny hintin the QCD Lagrangiardensity
norary rigorousproofthatthismechanisndoesreally happenn nature.Oneevidence
is the existenceof the Goldstonebosonoctet. The absencef parity doubletsin the
hadronspectrumandcurrentalgebrapredictionsarefurtherhints.

Let uspausegor amomentandreview. Accordingto Goldstonestheorem|26, 27,
28], eachbrokengeneratari.e., eachgeneratowhich doesnot annihilatethe vacuum,
givesriseto amasslesssoldstonebosonwhosepropertiesaretightly connectedo the
generatoin question.

In thepresentase pneexpectseightpseudoscalaBoldstonebosondransforming
as an octetunder U (3)y with vanishinginteractionsin the limit of zero enegies.
TheseGoldstonebosonsareidentifiedwith the low-enegy pseudoscalavctet,where
the finite masse®f the physicalmultiplet resultfrom an explicit symmetrybreaking
dueto thefinite u, d, ands quarkmassesn theunderlyingQCD Lagrangian.

Low-enegy QCD is hencestrictly governedby the Lie group U (3). x U (3)r
brokendown to U (3)y andsois the behaiour of the Goldstonebosons.As already
mentionedin Chapterl, the crucial idea behind ChPT is to find the most general
theory i.e., the mostgeneraleffective Lagrangiandensitythatis written in termsof
the obsered Goldstonebosonsfulfilling therequiredsymmetry

The decisve interfacebetweenQCD andChPTis thengivenvia their generating
functionalswhich aresupposedo yield the sameGreens functionsatlow enegies

exp(iZ(vu,au,s, p)) = /Q)qﬂ)q_ﬂ)Aﬁexp (i/de(q,cIAﬁ,Vp,ap,S, p))
= /Q)U exp (i/dXLeff(U,Vu, ay, s, p)) : (2.6)

The entire conceptof generatingfunctionalswill be introducedand illuminated in
Chapterd 3

The differentmonomialsof the mostgeneralLagrangiancanbe classifiedandor-
ganizedaccordingto their chiral order Our orderingschemegwhich is not unique)
basicallymakes use of a combinedderivative (— momentum)and squaredmeson
massexpansion. As the following chapterwill shav in more detail, in the mesonic
sectortheinvolvedstructuresareall of chiral order O(p?"), wheren € {1,2, ---} must
be satisfied.For example, £ is meantto includeall partsof order O(p?). Thosecan
eitherconsistof atwo-dervative or of asimplesquarednasgerm. At thisorder ChPT
essentiallycoincideswith CurrentAlgebra.

Thefinal pointto discusss the systematidreatmenof physicalmatrix elements.
This is furnishedby Weinbeg'’s power countingschemd?29], thatwe wantto quote
andillustratewithout proving it.

3Theintegrationmeasurelx indicatedn (2.6) is thestandardour-dimensionaMink owski measure.
Only in Chapter8, within the framework of dimensionalegularization we shallusethe morerigorous
notationd*x.
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Let us consideran arbitrary Feygnmandiagramof our effective theory Rescaling
all externalmesonmomentaandtheir massesimultaneouslythe invariantamplitude
shavsthefollowing characteristibehaiour

M(tp,t°M?) = P2 (p,M?)

with D = 2+22(n—1)N2n—|—2N|_. (2.7)
=1

Here,Na, representshe numberof verticesoriginatingfrom £p, andN, the number
of loops,respectiely. At low enepies,diagramswvith smallD values,.e.,D € {2,4},
dominatethe matrix element. Loop diagramsare always somehav suppressedOb-
sene thattherescalingof massesheingmathematicallyperformablecannotbe real-
izedin experiments.Neverthelessit simulateshe factthat Goldstonebosonmasses
do vanishin the chiral limit.

Let usclosewith anexample. Supposeave wantto consistentlycalculatea matrix
elemenupto O(p*). Thenwe have to considerall relevanttree-level diagramswith at
mostonevertex from £4 andanarbitrarynumberof verticesfrom £, andall necessary
one-loopdiagramswith verticesfrom L.

12



Chapter 3

How to build effective actionsin
mesonicChPT

3.1 Fundamentalstrategy

As ChPTis aneffective field theorymodellingthe low-enegy behaiour of QCD, one
needdo find themostgeneralSJ (n),. x SJ (n)r invariantLagrangiardensitydescrib-
ing the dynamicsof the n® — 1 Goldstonebosonst Whateser chiral order one may
consider the effective Lagrangianhasto be constructedn termsof someso-called
basicbuilding blocksaswell astheir adjointsand covariantderivatives. Thesebasic
building blocksare:

1. The U (n) matrixU collectingthe Goldstonebosonfieldsin the corventional

way
- Q@
U = expli=|, 3.1
(i) G4
Tlo-i—%r]s V2t VK T+
with ¢ = Ve —Tlo—i-ﬁr]s V2KO in then = 3 case,
V2K V2K _%HS

transformingunderthe chiral groupas
U—VRUV with (V,VR) € U(n). x U(n)g, (3.2)
andhaving the covariantderivative obeying the sametransformatiorrule

DU = d,U — iR +iULy, DU — VDUV, . (3.3)

1Thefollowing investigationdirst treatthe generaln-flavour caseandspecifyto n = 3 and?2 after
wards.
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2. TheexternalLorentz-\ectorfieldsL,, := v, — a, andRy, := v, + a, transforming
as

o — ViV +ivioT with | e {L,R}, (3.4)
andcomposinghefield strengthtensors
Fly == 0ulv —dulu—i[l ], Bl = VIRV (3.5)
3. TheexternalLorentz-scalafield x beingdefinedby andtranformingas
X :=2Bo(s+ip), X —>VR)(V|_T , respectiely. (3.6)

Quarkmasgtermscanbeincludedhereby settings = diag(my, mgq, Ms).

Thechiral orderof our building blocksis supposedo be

Ueo(p°), DW o), Rl xe o), ..,
wherethe dotsmeanto indicatecovariantderivativesof the formerexpressiongN.B.:
eachderiative increaseghe chiral orderof a block by one). Here,we work in the
framavork of ordinary ChPT, wherethe quark massterm is countedas O(p?), or,
in otherwords, matrix elementsare treatedat a fixed ratio mquark/p2 [12]. For an
overview of a differentorganizationprocedurave referthe readerto Ref.[22, contri-
bution by J. Stern:Light QuarkMassesand Condensates QCD].

Requiringthe total Lagrangiandensityto be a real Lorentz scalar (fulfilling in
additionchiral,C, P, andT invariance)we finally haveto take traces(. . .) of stringsof
severalbasicblocksandcontractall indiceswith metrictensorsyy, or with onetotally
anti-symmetricaépsilontensore,,,qp. Thewhole procedurémplies

L= % Lon. (3.7)

Although the blocksintroducedabove may representhe most naturalchoice of
basicingredientstheirtechnicalapplicabilityis ratherlimited. For the constructiorof
themostgeneralagrangian®f orderp? and p* onemightgetalongwell enough put
for higherordersit turnsout to be morecorvenientto switch over to somedifferent,
moresystematicaldefinitionof blocks. Thoseareshown in oneof the next sections.

3.1.1 Leadingordersin the evenintrinsic parity sector

At lowestorder O(p?), thereareonly two linearly independeninonomialsavailable
FZ F2
Lp= ZO(DHU(D“U)T)+IO()(UT+UXT>. (3.8)
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TheoccuringLECsaregivenby thepiondecayconstanty = 92.4 MeV andBy, being
hiddenin X, whichis relatedto the scalarquarkcondensat€0|qq|O).

At next-to-leadingorder O(p*), the mostgeneralchiral Lagrangiandensitycon-
sistsof 12 monomialg13]

WU (DHU)T)2

Ly )
)")(DHU (D"U)")
)
)

I
—
[AY

"pyU (D'U)T)
WU (DM (xuT+UXD

+++ + + o+
—

Lo i{(FRDMU (D'U)"+FL (D*U) DY)
Lio (URLUTFY)

+

+ Hi (FRFY +FFR™)
+ Hz (xx7). (3.9)

The latter two do not includeary Goldstonebosonfieldsatall. They provide purely
externalcontributionswhich areof secondarynterest.

3.1.2 Leadingorder in the odd intrinsic parity sector

Both, £, and L4, turn out to possess quite peculiarproperty Let usthereforehave
alook atthe transformatiorbehaiour of our ingredientsunderintrinsic parity P (i.e.,
normalP neglectingthetransformatiorpartof space-timex itself)

UsUT (@00 -9,
X< X', Luer RY FY < FY,

Ewap  —€MP. (3.10)

With the restrictionto the specialcasesof e.m.reactionsR, = L, = —eA,Q and
x = xT) or pureQCD (Ri=Ly=0andx = x1), we canseethatthe intrinsic parity
transformations equialentto replacingpby —@ande by —e. SinceourmonomialsM
areall parity invariant,structureswithout [with] ane€ tensorwill exposethe property
M(@) = M(—@) [M(p) = —M(—@)]. The former [latter], which exclusively induce
e.m. or pure QCD processewvith an even [odd] numberof Goldstonebosons,are
callednormal[anomalou§or of even[odd] intrinsic parity.
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As a consequencegactionssuchast® — yy or KtK— — 1, which areof
courseallowedby QCD, cannotbedescribedy GasseandLeutwyler's mostgeneral
LagrangiandensitiesZ, or £4. To remove this contradictiononehasto look out for
termsof oddintrinsic parity.

Accordingto the Veltman-Sutherlantheorem[30, 31, 32], one had expectedto
have no p* contribution at all to reactionsof the above mentionedtype, but explicit
computationf the 10 decay(including quarkloops)revealedthis assumptiorto be
wrong[33, 34, 35]. This mismatchingetweersymmetrypredictionsanddirectcalcu-
lationshasbeenreferredto asthenon-Abeliananomaly ever since.Thatis thereason
why the oddintrinsic parity sectoris alsocalledanomalous’

WessandZumino [36] werethefirst to write down an effective anomalousaction
obtainedby integrationof the anomalyconsisteng condition. Their actioncould not
begivenin aclosedmanneri.e.,usingtheU block. Up to orderO(p?) thereis noway
to constructcorventionalchirally invariantmonomialsincluding an € tensor Witten
[37] succeedeth writing down a five-dimensionahctionof order O(p*)

iNg
240r2

iN
1 8;2 / d*xe™P(Z,y0p) (3.11)

Svzw = —

/D d5xs‘i"'m(uiLujLﬂ,5u|Luan)

parameterizinghe non-Abeliananomaly Here, D is a five-dimensionatlisc whose
four-dimensionaboundaryis supposedo be cornventionalMink owski space-timeand
u- and UR aredefinedvia - = U and R = U %,I respectiely. Furthermore,
notethategizza= €p123= 1.

Thesecondermin (3.11),which hasto beaddedvhenconsideringexternalfields,
includes

% ULUTRULGUR,
ULuLyLoU 'Ry —~UTRIRRUL,

i UduLyLaU TRy —i UT8,R,R(ULp

i 9uRULqUTRs —i 8,LLUTRUL
— T UfLUTRULg+i UfRULGURg
— i UglyLalg+i UTRRsRy

+ UUTo,RULg — URUA, LU TRy
— UTUUTRWULg+ URUULUTRy

2A differentpoint of view: as,e.g.,Gassepointsoutin his lecturenotes[11], in the languageof
QCD generatingunctionals,onefinds Z(vy,ay,s, p) to split into a piecewhich is invariantunderthe
chiralgroupSUJ (n). x J (n)g andanothemwhichis not. Only theWZW termmimicsthelatterpart.

3Although the chirally invariante structuresof order p® and higher have nothingto do with the
anomalyatall.

wap =

+ + + +
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UiLvdalp — UTR0aRg

UdvLalp — UTORRy
1 1
5> UilvUslg— 5 YR UgRg

— 1 U U Uglp +i UTUTUGRg. (3.12)

+ 4+ +

At this stageit is worth stressingwo importantfacts. First of all, Eq. (3.11)does
notleadto any new free parametershut simply containsthe integernumberN.. Sec-
ond,whencomputingphysicalreactionsj.e., goingoverto fields@in (3.11),thearis-
ing five-dimensionaktructurescan always be corvertedinto four-dimensionalones
via the Stokestheorem(for manifolds).

Otherpeopleuseddifferent, mathematicallynore refined, methodsto reproduce
the above formulae(see,e.qg.,[38, 39, 40]). Actually, thereare quite mary physical
exampleghatexhibit WZW lik eterms.An ‘introductory’ overview overtheentirefield
includingits interpretatiorin termsof differentialgeometry(especiallyin thelanguage
of principalfibre bundles)canbefoundin Ref.[41]. However, for our currentneeds
this sophisticatedand powerful (in plain English, complicatedd machineryis indeed
dispensableNeverthelesssometimesve will comeacrosonenotionor another(such
aschiral connection)wvhich obviously stemsfrom this underlyingframework.

To completethis account,note that the U (2) versionof Eq. (3.11) completely
vanishesn caseoneallows no or just e.m.externalfields# In sharpcontrastto that,
the U (3) theory doesnot exhibit this peculiarity While the latter agreeswith the
non-&istenceof any hadronicreactionancluding only pions,e.m.processesuchas
y+ 1= — 15 410 areallowed. It maythereforebeasked: how canthiskind of reaction
be computedwithin the framewvork of SU (2) ChPTat order O(p*)? It turnsout that
one needsto extend the chiral group U (2). x SJ(2)r in orderto solve the abore
problem. The extensionfor arbitraryflavour numbern will beintroducedin Section
3.2.8.

4Thisis dueto tracerelationsto be outlinedin oneof thenext sections.
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3.2 The mostgeneralanomalouschiral action at order
o(p°)

The ChPTactionfunctional,whichis (apartfrom the specialcaseof the WZW term)

thefour-dimensionakpace-timentegral over somechirally invariantLagrangiarden-
stiy, generatest ary given chiral order a finite-dimensionareal vector space. The

finite dimensionis dueto thefactthatour basicbuilding blockscanonly be multiplied

togetherin a finite numberof differentmanners. Unfortunately there seemsto be

neithera way to predictthis dimensionbeforehandor a generalalgorithmto decide
whethera coupleof giventermsarelinearly independentr not. Thatis the reason
why it is almostimpossibleto tell if asetof structuresactuallyrepresents basis,i.e.,

alinearlyindependengeneratingsystem of the abose mentionedvectorspace.

To our knowledgeeven GasseandLeutwylerhave never formally provedtheir L4
to provide a basis. It is without any doubta generatingsystemandcountlessalcula-
tionsseento confirmthatthetermsareindependent.

Fearingand Scheremwverethe first to systematicallywrite down the mostgeneral
Lagrangiandensityof chiral order O(p®), both for the normal(— 111 U (3) terms)
andanomalouq— 32 U (3) terms)sector[21]. Although their setsare also most
likely to begeneratingystemsthenormalsectomwaslatershovn to includeredundant
structureg15].

For the epsilonsector we presentareducedandslightly modifiedlist of 24 U (n),
23 2 (3), and5 J(2) terms? whosederivation is tightly linked to Fearingand
Scheres method. Takinginto accountall different(chirally invariant)basicbuilding
blocksavailable,we startoutby writing down all possibleanomaloustructuredulfill-
ing invarianceunderP andC, hermiticity, andchiral order p®. We thenwork outand
introduceall mechanismgeneratingelationsamongthosetermsof the Lagrangian
we areawareof.

Onefinal obsenation: asthe presentPhD thesisis supposedo primarily investi-
gatetheanomalousectorof mesonicChPT, we only mentionthefollowing statement
without going into detail. We also carefully revisited the normal sectorat chiral or-
der p®. Thelatter happengo includea very hugenumber(about110 for the general
n-flavour case)of final structuresvhich renderghe entireanalysisquite complex. Al-
thoughour numberdoesagreewith [15], we would ratherchoosea someavhatdifferent
final set,which includeslessmonomialswhensendingall externalfieldsto zero,i.e.,
dealingwith pureQCD. In additionto that,we wantto stresghat,asfaraswe cansee,
their claim of linearly independences notbasedn any mathematicalundamentThe
enormousamountof terms,or LECs, preventsonefrom beingabsolutelysure.

SAdditional termswill be introduceddue to the extensionof the chiral group at the end of this
chapter
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3.2.1 Modified basicbuilding blocks and strategy

In Ref. [21] a systematiaconstructionof chiral Lagrangiandensitieswas developed
startingfrom structuresof thetype

(Al = %(AUTiUAT), (3.13)

whereA is supposedo transformunderthe chiral groupasA — VRAVLT. The entire
approachmay be improved considerablyby usinga modifiedkind of basicbuilding
blocks

(A :=2u'[A]+u, (3.14)

which hasalreadybeenusedin aslightly differentform by severalauthors(see,e.g.,
[20, 15])). Note that (A)1. obeys the transformationrule (A)+ — V(A) VT, where

V= \/VRUVJ VrVU is theso-calledccompensatgandu is definedviau? = U. The
covariantderivative

Ou(A)x 1= 0u(A) =+ [T, (A)x]  (NB.: Ou(A)x = VOu(A)VT)  (3.15)

inducedby the chiral connection™, = 3 [u,d,u] — Su'R.u— SuL,u’ providesa key
elementfor an easierandmoreefficient applicationof the total-dervative procedure,
whichis to beoutlinedin moredetailshortly.

Sincewe alwayshave to take singleor multiple tracedo obtainLagrangiardensity
monomials,our final resultswill only differ by a numbercomparedto the former
structures

(Ar)x - (Am)x) = 2™([Ad]+ - - - [Am])- (3.16)

Let usillustratethis fact by looking at the leading-ordemon-anomalous.agrangian
density

i
16

As pointedoutin [21], it is sufficientto restrictoneselfto [D™U]_, [D"G], [D"H]+,
and[D"x]+ (with me N andn € Np). So,we simply have to substitutefor thosein-
gredientsthe new blocks (D™U)_, (D"G),,(D"H),, and (D"x)+. Herewe usethe
definition G" := F§'U + UF" andHM := F§"U —UFL", whereR); areevidently
thefield strengthtensorselongingto thecorrespondingxternalfieldsR, andL,,. The
X blockwasintroducedn (3.6) andis relatedto the scalarquarkcondensaté0|qq|O).

To simplify the comparisionwith the previously mentionedothergroups,we give
atranslationprescriptionin thefollowing table.

Fé R

2
Lp=—75{(DW)_(D'U)_) + 5((X)+) = 4<[DuU]_[D“U]_>+F7°<[X]+)-
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ournotation| Ref.[21] | Ref.[15] | Ref.[20]

(X)+ 2u"x]+u X+ 2M=
(DW)- |2 DW]-_u| —2iuy, a0,
(G™)y | 2u'[GM]pu | 2f | —2iF+W

(H™Y, | 2uTHW] u | —2f™ | 2iF W

Table3.1: Translationprescription.

The so-calledhierarchystrateyy of [21] hasprovento be extremelyfruitful. Col-
lecting(D"Gyy)+, (D"Hw )+, and(D"x)+ for amomentin onesymbol(D"w)+, one
immediatelyfindsthatall possibletermsat O(p®) caneitherincludeno, one,two, or
three(D"X,w)+ blockswhich naturallydefinesfour distinctsectorsor levelsto becon-
sidered.We say: themore (D"X,v )+ blocksareincludedin onemonomial,the lower
its level. Onceall termsonecanthink of (ateachlevel) arelisted,onetriesto generate
relationsto eliminateasmary structuresaspossible We alwaystry to getrid of terms
ashighin thehierarchyaspossible After settingall externalfieldsequalto zero,then
the numberof remainingtermswill be minimal. Thereis no needto proceedin the
above way, but it seemgo bethe mostnaturalto us.

Before explaining the mentionedimprovementsin more detail, let us pauseand
have a word on the symmetryof multiple covariant derivatives. It turnsout to be
moreappropriatenot to assumehe multiple covariantderivativesto be symmetrized
from the very beginning. We implementthe relationsamongunsymmetrizedstruc-
turesnotingthatjust onegeneral(i.e., non-contractedindex combinationis actually
independentFor doublederivativesthis statementeads

(DWDuA)s = (DVDYA) s + 7[(A)s, (Gw)s] = (A, (M)} (B.A7)
Althoughtherewould notbeary disadwantagan keepingtheseunsymmetrizeanono-
mials in our final set(N.B.: (DuDyU)_ will bethe only to be kept), for aesthetical
reasongve replacethemby symmetrizedbnesmakinguseof theformula

5(Hw)-+- (3.18)

(DUDW)® = 5({Dy.Du}U) - = (DyDW)_+

We arenow readyto initiate theconstructiorprocedureFirstof all, we write down
all concevable (we find 74, seeTableA.1) anomalousstructuregsatisfyingP andC
invariance,hermiticity, and chiral order p) in termsof our chirally invariant basic
building blocks. We thencollectasmary relationsaspossiblewhich follow from ary
of themechanismsve areawareof. Thoseare:

1. Partialintegration,

2. Equation-of-motiorargument,
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3. Epsilonrelations,
4. Bianchiidentities,
5. Tracerelations.

The explicit non-redundantelationsare listed in App. B. Thereis no uniqueway
in kicking dependenimonomialsout. We basicallyfollow the exampleof [21], i.e.,in
additionto thehierarchyapproaciwe alwaystry to getrid of multiple-dervativeterms,
especiallyof the type (D?U)_. However, by treatinga highly non-trivial problem
thereis no guarantee¢hatanotherapproachmight nothapperto leadto a smallerfinal
number Yetwe have notfoundanalternatve way giving riseto furtherreductions.

3.2.2 Partial integration (total-derivative argument)

Recallingthefactthatatotal derivative in the Lagrangiardensitydoesnot changehe
equationof motion,we cangenerataelationsof the following type

0
Bu{(Ar)x - (Am)e) + (T A2 - (Am)=l) = (Ou[(A) - (Am)])
= (Ou(A)x-- (Am)) + -+ ((AD) £ - .- Ou(Am)+)- (3.19)

This derivative-shiftingproceduras alsovalid for multiple traces.The enormousad-
vantageof our new basicbuilding blocks stemsfrom the relatively simple connec-
tion betweerthe covariantdervative [, outsidethe block bracletsandthe covariant
derivative D, inside

TW(Al: = (D)~ 7 (D), ()<}, (3.20)

The importanceof (3.20) can hardly be overestimatedecauset helpsto avoid ex-
tremelytediousalgebraiomanipulationsnehadto performin theold framework

Note that somerelationsof AppendixB might neglect contributions from lower
levels. Sincewe alwaystry to find the mostgeneralLagrangiandensityat eachlevel,
in almostall caseghoselowertermsdo not needto be known explicitly .

3.2.3 Equation-of-motion argument (EOM terms)

Table A.1 containsa couple of monomialsexhibiting the block (D)\D"U)f. These
terms,which arecalledEOM termsin whatfollows, canactuallybe relatedto terms
lower down in our hierarchyplus an additional one to be transformedaway by a
suitablefield transformation. A detaileddiscussionof this subjectcan be found in
Ref.[42].

6A combinationof shifting derivativesbackandforth andinterchangingndicesof multiple deriva-
tivesis sometimeseferredto asindex exchange.
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The basicideais to performa field transformatioron the Goldstonebosonfields
inducedby anappropriatdraceles$Hermitianmatrix-valuedgeneratosS.

U — U’ = exp(iS)U. (3.21)

We know thattransformation®f this kind do not affect measurableuantitiessuchas
the Smatrix [43].
For ourconcernspnecanbecorvincedthatonejusthasto performthereplacement

1

(D\DMU)- = (0~ =57 (00 Inpxn (3.22)

in orderto eliminatethe EOM structures.

3.2.4 Epsilonrelations

In the anomalousectorthe so-calledepsilonrelationsprovide anotherimportanttool
to link andhenceeliminatestructures As shovn in Ref. [21], all concevableepsilon
relationsstemfrom thefundamentakquation

gWsaBy6 _ gUO( SVBV5 _ g“BsaVyé _ gWsaB\}é _ guésaBW — O’ (323)

whichis sometimeseferredto asSchouters identity.

The left-handside of the above equationrepresents tensorwhich is totally anti-
symmetricin its five latterindices(vayd). Sinceall Lorentzindicesrunfrom 0to 3,
at leasttwo of the above mentionedindiceshave to have equalvalues(for whatever
combinationof index values) which makesthe entiretensorvanish.

Contracting(3.23) with an arbitrarytensorQ,yqpys in all possiblemannersyields
six differentequations

Qu“a Byd QHG Byd + QuaB Vo Qua By st Qua Byd

~

-

Qupaﬁyé - Qau Byd + QapB Vo QapBy 5 + QauByE)

~

(
(
(Qua MBYd — Qa pByE)"‘QaBu V& QaBuy 5+QG[3UV5“ € -
(

Q“o(Buyé - Qa Buyé + QGB UV5 QGBW 5 + QGBVL@“ EGBY5 — ’
K GBV5 —

o O O o o o

(Qua Byou — QOI Bydu + QO(B Vo QO( By 3u + QO( By6
(3.24)

wherethe last one canbe expressedn termsof the former five andis thuslinearly
dependent.
For Q we choosesingleor multiple tracesover stringsof our basicbuilding blocks.
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3.2.5 Bianchi identities
As aconsequencef the Jacobiidentity
[A,[B,C]]+[B,[C,A]] +[C,[AB]]=0 (3.25)

certaincombinationsof covariantderiativesof the field strengthtensorsarenot lin-
earlyindependentAccordingto Eq. (18) of Ref.[21], the covariantderivative is de-
finedas

DuFys = 0uFyp —i[Ry Fs - (3.26)
Now considerthelinearcombination
R R R R R - R
DHFVp + Dy Fpu+ DPFuv = Z DUva = Z (aqup - '[RH’ va])
C.p-{V,p} C.p-{HV,p}

c.p-{Kv,p}

— i[Ry,84R] — i[Ry, 8yRy — 3pRy] — [Ry [Rv,Rp]])
) (3.27)

whereuseof Schwarz’ theorem,relabellingof indices,and the Jacobiidentity, Eq.
(3.25),hasbeemmade.Repeatinghesameargumentdor theindependenfield strength
tensorFu';,, thetwo resultingconstraintsanbe summarizeds

{Z DR =0, (3.28)
C.p-{HV,p}

whichis referredto asthe Bianchiidentities(seee.g.,Refs.[44, 45]). Equation(3.28)

doesnot requirethat FJf/" satisfyarny equationsof motion. In termsof our building
blocks(D)—, (Gv)+, and(H,y)+ theBianchiidentitiesread

1
(DuGvp)+ = a4 Z (DY) -, (Hup)+], (3.29)
c.p-{HV,p} c.p-{HV,p}
1
; (DuHvp)+ = —+ ; (DY) -, (Gup)+]- (3.30)
c.p{wVv,p} c.p-{nVv,p}

We stresghatin Ref.[21] eachterm(in the old notation though)of thesumonthe
left-handsideof Egs.(3.29)and(3.30)wastreatedasanindependenglement.

3.2.6 Tracerelations

As all the structuresone canthink of eitherinvolve single or multiple traces,oneis
particularly interestedn finding relationsbetweenthosetraces. We know from the
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Cayley-Hamiltontheorenthatany n x n matrix A solvesits associate@haracteristical
polynomialxa. For n = 2 this statementeads

0 = xa(A)=A2—(AA+defA)l,
& 0 = xaA A2—<A)A+%((A)2—(A2>)1. (3.31)

SettingA = A1 + Az in (3.31)andmakinguseof xa, (A1) = 0 = Xa,(A2) oneendsup
with the matrix equation

F2(A1,A2) = {A1, Az} — (A) A2 — (A2) A1+ (A1) (A2)1— (AlA2)1=0  (3.32)

which is the centralpieceof informationneededo derive tracerelations. The analo-
gousn = 3 equationis slightly morecomplex

F3(A1,A2,A3) = Ai{Az, Az} +Ax{As, A1} + As{A1, Az}
— (A{A2, Ast — (A2){As, Ac} — (Ag) {A1, Ao}

(

+ (A1) (A2)Az+ (A2) (Ag)Ar + (As) (Ar) A

— (A1A2) A3 — (AsA1)Ax — (AoA3)As

— (AJAA3) 1 — (A1As3AL)1

+  (A1A2) (A3) 1+ (AsA1) (A2) 14+ (A2Az) (A1)l
(

A1)(A2){As)1=0. (3.33)

We cannow derive tracerelationsby simply multiplying (3.32) or (3.33)with another
arbitrarymatrix of adequatelimensionandfinally takingthe traceof the whole con-
struction,i.e.,

0 = (R(A,A2)Az),
0 = (R(A1,A2,A3)Ag). (3.34)

Note that A; may be any n x n matrix, even a string of our basic building blocks.
Althoughwe have never comeacrossatracerelationthatcould not be obtainedn the
mannerexplainedabove, we arenot awareof ageneraproof shaving thatary kind of
tracerelationmustberelatedto the Caley-Hamiltontheorem.

Eq.(3.34)actuallyincludesall U (3) formulaederivedin theappendiof Ref.[21]
and provides additional ones, e.g., we get one SJ(3) in the epsilon sectorwhile
Ref.[21] did nothave ary.
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3.2.7 Final sets

After having implementedll relationswe couldfind, our resultingsetsread:

LECs| # U (n) JUB)[V(?2)
3 |69 (X )+{( w)+ (Hap)+ — rev})etvab X X
8 |70 i {((X)-(Gw)+ ( op)+)EWOP X X
9 |73 i (X)=){(Gy)+(Gap)+ )P X —
19 | 37 i (D*Gy)+{(Gva)+(DgU)— + rev})etop X —
1 |54 ((X)+{(Huw)+(DaU)_(DgU ) _ + rev})etob X X
2 |68 ((X)+ (DY) - ){(DyU) — (Hop) +)e™aP X —
5 |53 ((X)-{(Gw)+(DoU)_(DgU)_ —rev})eiob X —
6 | 61 {((X)= (D) —(Gya )+ (DgU ) _)gHvaP X X
7 | 67 ((x )—)((Guv)+(D U)_(DgU)_)eheP X —
13 | 12 {((Gaw)+{(D*DyU )5 (DgU) - (DgU) — — rev})etvaP X —
14 |13 ((GW)+{(D)\DG )S (D*U)_(DgU)_ —rev})etvoP X —
10 | 71 i ((X)—(Hw)+ (Hgp) + )P X X
11 | 74 i ((X)=)((Hw)+ (Hop)+ )P X —
20 | 43 i ((DHyp)+{(Hva)+(DgU)_ + rev})ehob X —
21 | 58 i ((Gu)+{(Hxa)+(DMU)_(DgU)— — rev})ehvop X —
22 | 59 i ((Gu)+{(Hra)+(DgU)_(D*U)_ —rev})ehoP X —
23 | 60 i ((Gu)+{(Hap)+(DAU)_(DU)_ —rev})ehaP X —
24 | 63 i {(Gy)+ (D) _(HAy) 1 (DgU)_)evaP X —
4 4 i (X)=(DyJ)—(DyU)_(DgU)_(DgU)_)eHaP X —
12 | 25 | i((DyDW)S {(D)‘U) (DyU)_(DgU)_(DgU)_ +rev})eeP | x —
15 | 24 {((Hap)+{(D*U)_(DyU)_(DgU)_(DgU)— + rev})eob — | —
16 | 26 {(Hw)+{(DyU)_ (D>‘U) (DgU)—(DgU)— + rev})ehvap X —
17 | 31| ((Hw)+{(DAU)—(DgU)_ +rev})((DU)_(DgU)-_)eraP X —
18 | 30 ((Hw)+(DoU)_){(DgU)_(DyU)_ (D U)_)ehaP X —

Table3.2: Thefinal SJ(n) set. Tracerelationsleadto the correspondindJ (3) and
U (2) sets.

For abetterunderstandingf theabove tablelet usaddsomehelpful comments:

e As onecannotbe absolutelysurewhetherthe remainingstructuresarelinearly
independenobr not, we avoid talking abouta basisset.

e Thefirst columnis meantto label the associated ECs Liﬁ’s, while the second
refersto the numberassignedo eachmonomialin ourinitial list (comparewith

App. A).
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e While the superscrips indicatesthe symmetrizedsersionof a term, the abbre-
viation ‘rev’ standdor ‘reversedorder’.

e A new orderingschemehasbeenintroducedto group structuresaccordingto
their leading-orderexpansionin termsof Goldstonebosonand externalfields
(moredetailswill bepresentedn Chapter7).

In summarywe have found 24 final U (n), 23 J (3), and5 U (2) elementsOur
setsareconsiderablysmallerthanthoseproposedy [19] (49 SU (3) elementspr [20]
(30 W (3) elements)which areboth incompleteandredundant. The 32 anomalous
J(3) termslistedin [21] have beenslightly modifiedandreducedthanksto a more
efficient applicationof partial integration, implementationof Bianchiidentities,and
additionaltracerelations.

3.2.8 Extensionof the chiral group

LECs| # additionalstructures
2 |26 i Viw {(X)— (Gap) + )P
3 |30 i VIV((x))evad
5 |18 | iv((D*Ga)+(DpU)- e
& | 7 | V) (Gua) 4+ (DgU) e

U |25 | V{(X)-(DaU)-(Dgu)-)eheP
4 |1 | PI((DW) (DgU) (DgU) )eor
7| 22| iV2((H\); (Do) (DpU) et
8 |29 VY ((Gaa) 1+ (HAp) 4 )P

Table3.3: Final setof additionalstructuresvalid for arbitraryn.

Sofar we have presentedhe mostgeneralanomaloussJ (n). x U (n)r invariant
Lagrangiandensity(respectingexternalfields v, a,,, s, and p) at chiral order p® from
which one canextract the U (2) or U (3) versionby applying the respectie trace
relations. Since(Gy)+ and(Hy )+ areboth supposedo betracelessandthe SU (2)
guarkchagematrixQ = diag(%, —%) is not, eventhe specialcaseof electromagnetism
(Ly = Ru= —eA,Q) is notfully includedin thegeneralJ (2) formulae.As Q happens
to be tracelessn U (3), thereis no suchproblem. If we wantto do away with this
apparentveaknessywe needto extendthe chiral groupto SU (n). x J (n)r x U (1)y.
For n = 2 thee.m.interactionis thenfully includedby settingL, = R, = —5A,t3 and
vy = —2A,, wherev? is theU (1)v gaugefield [10]. Equivalently onemight ague
that the tracelesdields L, and R, have to be replacedby non-traceles®nesof the
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formC, =L+ %vﬁs) Inxn andR, = Ry + %vﬁs) 1nxn, respectiely.” Thisway, the U (2)
WZW termgetsthe additionalpiecesdiscusse@ttheendof Section3.1.2.
The extensionbasicallycomesdown to the factthatwe getonemoreindependent

elementanybuilding block of chiral order p?, namelythe field strengthtensorvf,‘f‘,) =

oY —ayvY. Again, we write down all (30) anomalousp® structuresincluding at

Ieastonevff,) (seeTah A.2). Obsenre thatat lower ordersthereis no way to construct
suchterms.We thenusethemechanismsf theprevioussectiongo eliminateasmary

of theadditionalmonomialsaspossible.Sincetracerelationsdo notinducereductions
in thisfield, our resultis valid for any n, althoughwe areprimarily interestedn n= 2

at this stage. While all explicit relationscan be found in App. B, the final sethas
alreadybeenshavn above.

7Thefactor% hasto beintroducedto matchthe Lagrangiarof [10].
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Chapter 4

Path-integral quantization, generating
functionals,
and Green’sfunctions

As StevenWeinbeg pointsoutin histextbookson QFT [45], any physicaltheorycom-
bining, or asheactuallysays'reconciling’, theideasof specialrelativity andquantum
mechanicswill look like a QFT at sufficiently low (todayaccessiblegnegies. That
is thereasorwhy QED or QCD, which might fundamentallynot befield theories are
still treatedthatway — andneedless$o add,very successfully

Therecipedor settingup a QF T arebasicallycanonicaljuantizatiorandthe path-
integral formalism (PIF). Although, dueto its eleganceand power, the latter hasbe-
comequite fashionableduring the last 30 yearsor so, it still seemdessestablished
amongmary physiciststhan the former, sometimegeferredto as a pedestriarap-
proach.

But why do we, in the presentthesis,needto botherwith path-intgral quanti-
zation? Besideghe generalinterestor the intellectualchallengethereis one specific
pointregardingour purposesvhichrequireghePIE. As mentionedn theintroduction,
we wantto extractthe entireone-looppartof a QF T triggeredby a certainLagrangian
density This canonly be accomplishedvith the assistancef the PIF Of course that
is justonesomehav tiny particularaspecof a hugeandadwancedfield we will never
beableto coverin its entirety

We could have totally omittedthe presenthapterby beginningthe following one,
‘As we all know, the one-loopcontritution of a QF T is givenby ... pretendingevery-
body knew wherethe resultcamefrom. However, thatis definitely not the adequate
way a Ph.D.thesisshouldaddres®neof its key issues Onthe otherhand,we clearly
cannotgo backto the very foundationsof path-intgralsandrederve stepby stepev-
ery singleformulawe needto dealwith. Thereforethis chapteiis intendedo provide
a compromisebetweena textbook which carefully goesthroughmathematicatletails
anda papermwhich only quotesso-calledwell-establishedesults.

Assumingat leasta minimum acquaintancevith the PIF, we first give a list of its
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fundamentahotionsandthenwork out somespecificaspectavhich areof particular
importanceto us. Differently speakingwe meanto offer the readera someavhatcon-
densedsummaryof textbook materialand, above all, a feeling for the framavork in

orderto guidehim or hermoreor lesssafelythroughthe jungle of formulaeto come
in thefollowing chapters.

Let usstartwith somegeneraintroductarycommentsin mary casesheprocedure
of canonicaluantizatior(i.e.,roughlyspeakingthereplacementf fieldsby operators
andof Poissorbracletsby commutatorsis rathercumbersomef-or morecomplicated
theories/ike non-Abeliangaugetheoriesor generalrelativity, canonicalquantization
is almostnot applicable.Whatonewould lik e to have is a formalismwhich naturally
generatesll Feynmangraphsin their final Lorentz-irvariantform departingfrom the
respectre Lagrangiardensity This requirements nicely fulfilled by thePIF

Beforecomingto the physicalcore of the PIF, somehistoricalinformationmight
be of interest. Feynman,inspiredby a somavhatunclearnoteby Dirac, wasthe first
to presentpath-intgral techniquedn non-relatvistic quantummechanic§46]. He
tried to find a methodwhich would allow startingout with the Lagrangiannsteadof
the Hamiltonian. Yearslater, the ideawasrediscowered,whenFaddee, Popw [47],
and De Witt [48] pointedout how to apply the PIF to non-Abeliangaugetheories
andgeneralrelativity. Thosetechniqueshenbecamean indispensabléool, when’t
Hooft [49] usedthe PIF for the derivation of Feynmanrules of gaugetheorieswith
spontaneousymmetrybreaking.

Lastbut notleast,we do not wantto suppresshefactthatfrom a pedagogigoint
of view the PIF alsoexhibits oneseriousdravbackwhich canonicalguantizatiordoes
not. Theunitarity of theSmatrixis somehav blurredandnotobviousatall. Therefore,
bothformalismsshouldbe usedcomplementarilyto obtainfull insight.

4.1 Fundamental notions

In what follows we collectandalso shortly explain the mostfundamentahotionsof
the PIF (for onescalarfield with Lagrangiandensity £). A moreor lesselementary
introductioninto the subjectmaybefoundin [50, 51, 52, 53,54,55, 44,45, 56]. Most
of thesereferencestartwith corventionalquantummechanicseforegoing over to
guantumfield theory

For completenessve want to statethe following (mathematicallyquite subtle)
remarkwithout paying attentionto it in the remainderof this chapter In orderto
make surethatall path-intgralsdo corverge properly their strict definitionshouldbe
givenin termsof Euclidianquantitiesi.e., allow time to becomecomplex andthenset
C >t = —it,T € R). Thephysicalinterpretatiorrequiresthe transition(via analytical
continuationto Minkowski spacethough.

e Not necessarilyconnectedGreensfunctions (n-point functions) in co-ordinate
space

29



We startout by recalling the equivalentdefinitionsof Greens functions,first
givenin the canonicallanguagewhere® areusualHeisenbeay operatorsand
afterwardsin termsof the PIF:

G (xq,--, %) = (OT(D(x1) - D(xn))[0) _
0 / DD D(xy) - - - (%) XD ('ﬁ / de). 4.1)

In orderto avoid confusion Jet usreview thedifferencebetweera Feynmandia-

gramanda Greens function. Theformeris agraphicalone-to-ondranscription
of a certainmathematicakxpressioncontrituting to the S matrix whereall ex-

ternallegs areimperatvely on the massshell. The latter conceptis a slightly

modifiedextension.In contrasto Feynmangraphstheexternallinesof Greens
functionsare always off the massshell andin additionto that they carry the
correspondingpropagatoinsteadof thewave function.

Not necessarilyconnectedGreen’s functions in momentum space
Fouriertransformatiorof (4.1) with a priori implementatiorof conseration of
momentumeadsto

R 4
G(n) (pla"'7 pn) <§T> 6(p1++ pn)

i
= /Xm---/anEXp<ﬁ_(p1-X1+---—i— pn‘Xn)> G(n)(xla“‘yxn)-
(4.2)

The generating functional W (for not necessarilyconnectedn-point func-

tions):

Whatever the statesof a given systemmay look like, everybodyshouldagree
thatthereis a stateof minimumenegy (vacuumstate).We now investigatehe
transitionamplitude(vacuumatt = —oo to vacuumatt = o) of our systemin

thepresencef arbitraryexternalforces:

[ Doexp (L[ dx(L+IP))
[ Doexp ([ dxL)

In otherwords, we allow oursehesto manipulatethe systemat whatever time

andlook how it respondsObsenethatthenormalizatiorconditionW[0] = 1 has

beenimplemented W[J] includesall informationaboutthe consideredFT in
termsof its Greens functionswhich canbe extractedvia functionalderivation:

W[J] = (00), (4.3)

wig] = ; [ [ (ﬁ)nxxl)--u(xn)d”) (k- 0)

& 6%000= (1) (a0 805 ) .o @9
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More onthefunctionalcalculuscanbefoundin AppendixC.

The generatingfunctional Z (for connectedn-point functions):

The above functionalW doesnot per se exclude graphswhich containseveral
particle clustersbeingfar avay from eachotherin space-time.In orderto get
rid of theseirrelevantcontributions,we restrictoursehesto the connectegarts
for which we canwrite down a new generatingunctional

W] = exp (#[J]) &
I’i—]l[\]] = i/dxl---/dxnn—ll (IL—_)nJ(Xl)---J(xn)ng) (X1, *,%n)

(4.5)

andassociatedreens functions

6" g, %) = (Tﬁ)”—l(&(xgn.z-% (xn))J:o' (4.6)

The effective action and amputated 1PI Green’s functions:

The so-calledeffective actionis obtainedvia LegendretransformingZ. As we
shav in moredetaillater, Greens functionsassociatedavith this new generating
functional (namedproper verticed turn out to be 1Pt anddo not possessry
externallegsatall. Thereforethey areusuallyreferredto asamputated

We sketchthe Legendretransformation

Dgi[J, X) = 62—([)‘3 and T[dq]:=Z[J] —/dXJ(X)chI[J,X)
2;?&'% = —J[®y,X). 4.7)

In completeanalogyto the precedingcaseswe find the effective actionwith the
correspondingproperverices:

M[®g] = i/dxl---/dxné%(xl)---¢c|(xn)r(”) (X1,-+,%n),

®y=0

[‘(n) (Xla ceey Xn) - (6(1)(:' (Xl) . 6(.DC| (Xn)

1One-particlérreducible(1PI) diagramscannotbe disconnectedy simply cuttingthroughary one
internalline.
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4.2 Scalarquantum field with self-interaction

More light is shedon the whole formalism by consideringthe following simple but
instructve example.

e Lagrangian density.

L= Lo+ Liny fallsinto
1 m? A
Lo = 50, — ?qaz and Lt = -V () = _Eq’4' (4.9)
e Freetheory and Feynmanpropagator:

The so-calledfree theory (i.e., L = Lg) canbe solved by performinga gen-
eralizedGauss-typantegral. Therefore,let us quickly remindthe readerof a
standardesultfor positive definiten x n matricesA andarbitraryn-dimensional
vectorsb, namely

n L 1 ) /(2N 11,1
/dxexp( X AxbTy) = [ en(GbTAT), (410)

which alsoincludestheusualGausdormula(n= 1)

/dxexp(—ax2) = \/g.

ExtendingEg. (4.10) to infinite dimensionsye caneasilycompute

[ Doexp(Lf dx(Lo+J®))
J DPexp (5 [ dxLo)

— ep (—%_ / dx’ / de(x’)A(x’,x)J(x))
with  AX)A(X,X) := (Ox+MP)A(X X) = —d(x—X),

WolJ] =

from which we immediatelyobtain
ZoJ] = —% / dx / dxJI(X)AK, %) I (). (4.11)

¢ Non-vanishinginteraction (®* theory):
Evenfor the simplecaseof the ®* theorythereappeargo be no way to obtain
aclosedresult. The only thing we canactuallycarry out areGaussianntegrals.
Thereforewe needto developa perturbatiorseriesinvolving thoseintegrals?

J DOexp (- f dx(Lo+ Lint +IP))
J DPexp (& [ dX(Lo+ Lint))

“Divergencesandtheir cancellatiorareignoredat this stageof our discussion.

W[J]
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- exp( h_/dyv( (y)))fﬂ)cbexp(lﬁfd?(@o_”q,))

[ DOexp (i [dxL)
F o8
_ Cexp(—ﬁ/dw <?W>>VVO[J] (4.12)
with ¢ — J2%e®(a/dxo)
[ Doexp (L [dxL)

Wehavejustderivedaformally very compacexpressiorfor thegeneratingunc-
tional W[J]. Yetwe do notknow how to actuallyextractGreens functionsin an
efficientmanner We illustratetwo differentalgorithms,spitting out’ all n-point
functionsof thetheory in amoment.

Thefirst oneis basedn the following nicetrick [53]:

F (Fé()) [G(CD(X exp ('ﬁ / dyJ(y)CD(y))]
= ( )[ (Iﬁ&—> exp(%/ dyJ(y)CD(y))]
= (a0 (o) e (5] w9
- ot (po)oolafomm)] o
Setting® to zero,theabove equatiorfinally reads
{F (aota ) [ctomr=e 5/ weo) [}
- (T2 ) () 810

Now, we canuse(4.14)to rewrite (4.12):

wig = cfen (‘E‘/ d*’/ dXFé')A(%’X)éin))
« (L[ om0 ())>}¢—o
- cgfon /dvn <—) o
><{ ( /dxl/d{)db <D)>

X ®(y1)---P(yn) exp(—ﬁ/ dyV (@ }
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= Cﬂi/dyl“‘/dYné (ﬁ—)n\](}ﬁ)“"](yn)
< (@t--otmen(-rfav o)) . @19

Without calculatingary functionalderivative,the Greens functionscanberead
off as

G (o 3m) = € (@000 p (W (@) ) ) . (430

In orderto efficiently handlethejustdefined(- - -),-braclet, obsene that

(@P(y)®(y2))g = DA(Y1L—Y2),
(D(y1) D(y2)P(y2)P(ya))g = (M) A(y1—y2)A(y3—Ya)
+ (M)2A(y1— y2)Alys —Ya)
+ ()2A(y1—y2)Ays —Ya),

and (P(y1) - P(Yant1))g = 0 VneNo. (4.17)

For thefreecasepoth ¢ andtheexp-functionin (4.16) turn oneandwe only get
theratheruninteresting@n-pointfunctionsindicatedin (4.17).

A moreexciting resultis foundwhenlooking attheinteractingcase.The2-point
functionturnsoutto yield

() = c(Potes( L[ o ®)))
= C(P(y1)®(y2))o

— C%q_/ dx(®(y1)P(y2) ®*(x)),

2
gﬁ/dx/dx’<¢(y1)¢(YZ)¢4(X)q)4(Xl)>o

+ O, (4.18)

0

which doescorrespondo thefive 2-pointdiagramsiepictedn Fig. 4.1. Thede-
tailedtranslationprescriptionof how to assignmathematicatermsto graphical
constituent@andvice versais givenwithin our secondapproachTheremaining
2n-point functionsmay be computedanalogously Accordingto the lastline in
(4.17),onefindsall (2n+ 1)-pointfunctionsto vanish. Without proof we want
to mentionthatthe normalizationconstantC is responsibldor kicking discon-
nectedvacuumpartsout.
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The secondstratgyy consistsan simply expandingboth exp-functionsin (4.12)

andcombiningthe respectie termswith eachother W[J] canthenexplicitly be
written asaninfinite sumof contributionsfrom which the Greens functionsare
obtainedby functionalderivation. Below, we translateevery singlemathemati-
cal partof our formulainto a diagrammaticelement(corventionsanalogougo

Rivers[55]). Thisway, arny graphof thetheory(includingthe lowest-ordeones
shown in Fig. 4.1) gushedrom our algorithm (with its correctsymmetryfactor
in front) by stringingthe diagrammaticonstituentsogetheraccordingto

y

+
o - con 3 fo T () )

X exp (%/dxi—d(j)//dx'%J(x’) iﬁA(x—x’)).

X X

o— © & * — O

Rule: integrateover verticesandsourcesrespectrely!

X X X y
N.B.: Tﬁ%fdxfdx’ — o =2[OX
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e Connectionbetweerh and loops

In thenext chaptemwe wantto shav how to compactlyextracttheentireone-loop
part(andnothingelse)of whatever QFT. Of coursewe shallonly betreatingour
familiar ®* theoryin detail. To this end,we needto carefully prepareoursehes
andestablisha connectiorbetweenthe numberof loopscontainedn a n-point
functionandthe power ofh. Let usstartby collectingsomehelpful topological
input:

numberof externallines

numberof internallines,

numberof vertices

power of vertex ( m=4 for ®* theory)

numberof loops (4.19)

—3 < —m

With someeffort onecanseethatthe following generalrelationshold for con-
nectedGreens functions:

mM = E+2l,
I-M = L-1 (4.20)

We arenow readyto prove,or let usbettersay illustrate,thefollowing statement
(for our specificexample):

Onthe level of the generatingunctional Z[J] thereis an one-to-onecorrespon-
dencebetweerthe (relative) numberofh andthe numberof loops.

Theaboverelationcanbeelucidatedwith eitherof ourtwo previously discussed
stratgyies.Let usbegin with thefirst oneandrepeateq. (4.15),

W] = Cio/d}/r--/dyEé (%—)EJ(W)“'J(YE)
< (o) ope)en (4 [V ©m)) |

0
tacitly assumingo discarddisconnectegbarts. We findh contributionsto orig-
inatefrom four different'sources™ As our statementefersto the generating
functional Z[J], we have to include one globalh. The remaininghave to be
addedaccordingto the above formula (alwayskeeping(4.17)in mind). Putting
everythingtogetheywe finally get

ext. lines vertices
~ N A~
T e i (4.21)
~—~ ~—~
Z[J] propagators

3We do not needto careabouttheh dependencef C. Thatis the reasorwhy we speakaboutthe
relative numberofh.
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Within our secondstrateyy,

W) = Cexp H—/ W CT%»

< exp (‘%— / dx / dx’J(x’)A(x’,x)J(x)) ,

we may proceedn a similar manner Rememberindhat the first exp-function
produceghe verticesandthe secondnethe propagatorsye endup with

vertices
—N

Lﬁ(m_l)M pEH)  —plt-M gt (4.22)
Z[J] propagators

which coincides asexpectedwith Eq.(4.21).
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Vacuumgraphs:

- CO COO W

2-point function:

OO
OO

e O o
O Q.

4-point function:

- 1O
L O
. . 0. O

+ Perm.

(Higher2n-point functions omitted)

Figure4.1: Diagrammatiagepresentationf ®* theoryGreensfunctions(withoutsym-
metry factors)up to order O(A?). The above orderingrespectshe following priority
schemelPl > 1PR> disconnected.
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Chapter 5

The saddle-pointmethod

After having familiarizedourseheswith the mainresultsof the PIF, we cannow draw
our attentionon anotheraspectwhich is tightly linked with our ernvisagedone-loop
extraction. Sofar we have got to know two differentproceduresvhich both generate
all n-point functionsof the theoryin a somehav disorderednanner Whatwe would
like to have is a prescriptionto tell us how to elegantlyfilter out all one-loopgraphs.
This wish is fulfilled by the so-calledsaddle-pointmethod. The presentchapteris
mainly inspiredby Ramonstextbook[54].

5.1 An intr oductory examplein onedimension

Let ushave acloserlook atthefollowing type of integral:

| :/o;dxexp(— f()). (5.1)

Thefunction f is supposedo becorvex aroundts minimumxg. Theassociatedaylor
expansiorthenclearlyreads
f”(XO)

f(X):f(Xo)‘FT(X—XO)Z‘i‘"' : (5.2)

If the function’s minimumis sharpenoughthentheintegral maybe approximatedn
thefollowing way

| ~ exp(—f(Xo))/_idX@(F)(—f”(ZXO)(X_XO)2>

= eXp(— f(Xo)) /_i dyexp (—@f) : (5.3)

wheretranslationainvariancehasbeenusedin thelastline. This way we have suc-
cessfullyreducedour initial integral to a Gaussiarwhich we perfectly know how to
carry out. However, it is not prohibitedto take moretermsof the Taylor seriesinto
accountWe will laterseehow to managehis kind of situation.
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5.2 Analogousproceedingfor the ®* theory

For aQFT we can(formally) copy theabove procedurevhosemajoroutcomes anice
separatiorof treeandloop contributions. To seethis, we first wantto recalltheinitial
field-theoreticalintegral

[ Doexp (LT[, J])

W[J - : 5.4
] [ DOexp (RT[®,0]) G4
where T[®,J] = S|+ / dxJ(X)(X)
- A
_ / dx(CD(x) 'A;X)CD(X)—ECD“(X)-i—J(x)CD(x)).
In this casethe Taylor expansioris of courseafunctionalone:
1 6”T[CDO,J]
T = / dye- / W D (ya) - 5(y)
x g (Y1) = Po(y1)) - $¢(yn) Do(yn)) - (5.5)
q)"&l) q’"&n)

We now needto computeall functional derivativesand,in particulay determinethe
minimum:

g(&;] - ‘A(Vl)q’(yl)—%¢3(y1)+J(y1)
5;&3(9;5]!:0 (min.) ¢ Ay Do(ys) + S@F) = ()
& in shortterms: (%S)) =-J,
*T[@,J] A

satsets = (A0 + 570 802-32)

3 T[®,]]

OB(y1) - - 0P(y3) —A®(y1)3(y1 - ¥2)8(y1 - Ya),
4

5¢(31;-[-?’5\£(y4) —A8(y1 — ¥2)3(y1 — Y2)8(y1 — Ya),

ST [, ]

0 Vn=5,6, -

OPD(yy) - - - OP(yn)
Puttingall piecestogetheywe endup with the Taylor series
A

0.3 = T®0-3 [ a0/) (A + 5050 ) @

& [ayeomer) - o, [ ayery) (5.6)
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5.2.1 Leading-order approximation

Now, we wantto spendsometime on shaving the leading-ordeapproximatiorto our
field-theoreticaintegralto provide all tree(non-loop)diagrams Restrictingoursehes
to the very first term of (5.6), thereis nothingleft to integrateover in (5.4) andwe
simply gett

exp (I’iTT[CIDOﬂJ])
[ Doexp (LT[®,0])

< Z[J] =~ —/dx <¢o(x)¥¢o(x)+%¢é(x)) —l—/de(x)dJO(x)
= /dx(%J(x)CDo(x)Jr%lq)é(x)). (5.7)

We have just learnedthat the minimal ®g is relatedto the sourceJ. Sincewe want
to determineGreens functions,®y mustbe expressedn termsof J. Unfortunately
®p[J,x) cannotbe givenin ananalyticallyclosedform. Therefore onemustassume
theexpansion

W[J]

Do(x) =1 B(g)(X) +AD(3) (X) +A°D(g) (X) + - (5.8)
andsolve
IN) = AX) (o) (X) + A1) (X) + 22D (X) +--)
+ %(CD(O)(X)+)\CD(1)(X)+)\2CD(2)(X)+---)3 (5.9)
perturbatvely. Comparisorthenyields

(i) AXPE)(X) =I(x),

(i) A (RO + of) =0
1 2

(III ) A2 (A(X)CD(Z) (X) + ECD(O) (X)Cb(l) (X)) =0,
ad(i) D) =~ [ dyA(x-y)I),

ad(i) A0 = [dyax-y)h )

A
=—6/dy/dy1---/dy3

1Sincedy representshe classicalsolutionto our field theory the presenteading-ordeapproxima-
tion is alsoreferredto asclassical.
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x A(X— y)A(y y1) - Ay —y3)I(y1) -~ I(ya),
ad(ii) A2 CD() /dyAx Y) @2 () D 1) ()

/dy/dyl/dyz/dz/dzl /dzs

XAX YA — Y1) AY — Y2)Aly — 2)A(z— 22) - - A(z— Z3)
x J(y1)I(y2)d(z) - - I(z3),

Theindividualtermsof (5.8) canthusberepresentedraphically(neglectingsymmetry
factors)asshovnin Fig. 5.1.

0 X (i) = (iiiy 2 T i .
Figure5.1: Diagrammaticatranscriptiorof expansion5.8) withoutsymmetryfactors.

Thefull andopencirclesindicatethe corventionalspace-timalependencef ®g and
its functionaldependencen the sourcesrespecitiely.

At this point, we canalreadymake out thatthereis no way to constructary loop dia-
grams.However, we carryonandusetheabove resultto explicitly shav thegenerating
functionalZ[J] to become

219 ~ _% [ o [ dyatx-y)30930)

/dx/dy/dyl /dyg

><Ax Y)A(Y—y1) ALy —y3)I(X)I(y1) - - - I(¥3)

/dx/dy/dyl/dyz/dz/dzl /d23

><Ax VAY—Y1)AY—Y2)AlY - 2)A(z~27) - --A(z—23)
x J(X)I(y1)I(y2)d(z1) -~ I(2a)

+0(A\3), (5.10)
from which thetwo lowestconnectedsreens functionscaneasilybeidentified:
G((;Z)(xl,xz) = hA( xl—xz)
600, x) = [ay Y- Y-x) (6.1
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Hencewe find our claimto just have treegraphsfully confirmed.
For completenessye wantto finish by identifying the 1Pl ones.An arbitrarytree

Greensfunction GE;E) (x1,---,xg) obeysthetopologicalrelations,quotedin (4.20),

E E
I_E_Z’ M_E_l' (5.12)
In otherwords,for our treediagramsboth the numberof internallines| andvertices
M arefully determinedpncethe numberof externallegsE is given. Theabove rela-
tionsespeciallyimply thatfor M = 2 or O(A\?) (andbeyond)no 1PIgraphswill occur

arymore.Thereforethe 1Pl partof Z comesdown to

A
Zipi[P(0)] ~ 5 [ dxP(0)(YAND(0)(X) — 5 P (X, (5.19)

whichhasgotaslightly differentfunctionalform in comparisorio theassociateéffec-
tiveactionaswe canseein asecond Rushingthroughthemainstepsof theprocedure,

213) "C9 T(o,] = S + / dxJ(X) Po(),
Poy) = gjz_([;g

_ X éi?éi 5;(2(’)() + Do(y) + / dxJ(X 5;25’)‘) — Do(y),
roa] = Flog=2[3]- [ o(x

— S+ [ I Po(x / dxJ(x)Po(X) = S[Po] = S,

we finally arrive atthe effective action

X A
roa] = - [ox(®at P ouro+ got) 614
andthetwo lowestpropervertices
F@(x,%) = —AX)d(x1— %),
F@(xq, %) = —AS(Xp — X2) (X1 — X3)B(X1 — Xa). (5.15)

It is interestingto notehow they arelinkedwith the correspondingonnectedsreens
functions:

-1
G (x, %) = iﬁ(r<2>(x1,x2)) ,

G (xs, %) = ,;——/dxll'"/d><i;G<(;2)(X1,X'1)'"GEZ)(X4,X’4)F(4)(X’1,---,xg).
(5.16)

Inspectingthelastline in (5.16),we can,afterall, understanavhy the propervertices
arereferredto asamputated.
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5.2.2 Next-to-leading-orderapproximation

After this fairly detaileddiscussionwe arereadyto examineone-loopcontributions.
We look at themfrom two completelydifferentperspecties. Taking alsothe second
termof (5.6) into accountwe obtain

B(y;®o)
Wil = 5[ 20 | o) (A +5050)) ()
0 K [ e [ a8 099 )) 5.17)
with % exp(l’iTT[q)07‘J])

[ DPexp (LT[®,0])

In thesecondine we haverescaledhefunctionalvariableaccordingo theprescription
@ ;=R 24, which makestheh disappeain the above exp-function. The coeficient
in front is changedaswell (what hasbeentaken into accountby replacingthe = by
the [ sign).

The remainingintegral is a Gaussiarand can, within our first approachat least
formally be solved. With thewell-known identity detB) = exp(In(B)) onecomesto

exp (£T [P0, J] — 5(InB(y, Po)3(y —¥)))

W] ~ [ DPexp(§T[,0])
o 70 ~ T[CDO,J]—i—g(In B(y, Do)3(y—Y)) . (5.18)
tree 1-o0p g

Sincethefirst termwasshowvn to only includetreegraphsthanksto ourlooph connec-
tion agumentof section4.2we cannow besurethesecondermto compriseone-loop
contributionsand nothing else. Actually, a generalizedversionof this latter termis
usedwithin the framewnork of ChPTlaterin the presenthesis.

Thesecondapproachs a perturbatve onewhich explicitly substantiatetheabove
statementWe proceedn analogyto oursecondstratey of thepreviouschapter(again,
we only considerconnecteatontrilbutions). We find

/ DY exp (-%_ / dyd’(y) (A(y) + %q’%(y)) cD’(v))

= {exp (—%\_ dxd3(x) <l:_—6j?x)>2>
x /@cb’exp (,i;—/dy (cb’(y)%y)cb’(yh j(X)¢’(y)>) }j_o

44




= N{exp (—%\_/dxdbg(x) (I?_#?X))j
< o0/ o [ imsy- i)} (5.19)

As it standsthe last expressionexclusively includesvacuumgraphs.At eat vertex
they possesswo (out of four) incominglinesthataregeneratedy a nev source®g
(®). Suchgraphsneitherexhibit (explicit) externallegsnor regularsourcesKeeping
in mind that® only containstreecontritutions,one canbe persuadedhatall graphs
doexactlyhave oneloop. Sincewe areparticularlyinterestedn 1PIgraphswe simply
haveto replace®g by ), see(5.8), dueto thefactthathighercontritutionsrepresent
1PRtreestructures.

Theconstructiorprescriptions thusthefollowing: Connectedracuumgraphgsee
Fig.4.1) haveto becutinto piecesjn awaythat,ateachvertex, we gettwo (free)lines
which have to beattachedo asource(®. Thisis illustratedin thebelow figure.

OOR
OO0 -
@

ARE

Figure5.2: The next-to-leading-ordetermis shown to justincludeone-looppartsby
graphicalmeans.

5.2.3 Next-to-next-to-leading-orderapproximation

We have seenthatthe secondermin (5.18) collectsone-loopcontributionsandnoth-
ing else. Neverthelessye do not know yet if thereare additionalone-looppartsin
the higherterms. Thatis exactly whatwe wantto checkoutin the following. Going
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anotherstepfurtherin the Taylor series the integral we needto carry out canthenbe
rewritten as

W[J]

Q

x| 20 exp — = [ e () (A5) + 5500 ) ¥ )

x exp(—— / dzdo(2) '3 z))

= K{exp (‘%‘/ BP0l (i‘ﬁéj?@)s)

< [oven(zfar(dn 5 o ioew)) |

- K{exp (‘%‘/ Bl (?_&?x))S)

o0~/ & [ /iR )| (5.20)

andinterpretedn our corventionalmanner In (5.20), A represents. modified propa-
gator Theremainingstructureof thetheorydoesnotchange.Thistime we needto cut
connectedracuumgraphsinto pieces,in a way thatonly oneline pervertex is freed
andthenattachedo Q.

In orderto gaindeepeiinsightinto things,let us expandthefirst exp-functionand
look at the individual termsone after the other Sincethe very first term hasalready
beenconsideredvithin thenext-to-leading-ordeapproximationywe pasgo thesecond

. ) ( /dY/d)/J y—s/)J(x/))}

X

0= ')‘K{/dcbo (

which vanishesasthe above constructioncannotbe appliedto one-\ertex structures.
Thethird termdoesnotvanish

07 %{/ o) (i‘ﬁéj?x>>3/ Do) @6]&))3
< oo~z o [wivho-yiv) |
. A2772@{/ dxbo(x) (?&?x))s/ dX ®o(x) (?jm'?x'))s
< o5 for[oimdy-viv)} (5.22)
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Here,afterrescalinghefieldsaswe did before two-loop contributionscanbereadoff
thanksto ourh countingscheme.If we wentaheadik e this, we would find the next
termto be vanishing the next-to-next non-vanishing(?) andsoforth. This evidently

saysthat 63&;03"]] leadsto loop contributionswith L > 2 andnotonly L = 2 asone
might have navely expected.

We arenow readyto explicitly constructthe lowest2-loop graphs(seeFig. 5.3).
We mustkeepin mind that the following diagramsdo not include the corventional
propagatorsNeverthelessthosenew propagatorsannoteadto additionalloop struc-
tures.Differenceshaov upin thetreestructurethough.

COORNOION @8@
@ - o

Figure5.3: Graphicalconstructiorof two-loopdiagrams.

All in all, we have clearly seenthatthe saddle-pointnethodis especiallyadoptedto
the extractionof the one-looppart.

5.3 Moreonthe effective action and proper vertices

In Chapter4 we claimedthat all amputatedLPI graphsareincludedin the effective
actionandnothingmore. We arefinally in a positionto prove this statemenby using
thesaddle-pointmethod.Hereis a sketchof the proof:

e Startout with I'[®] insteadof §®| andapplythe previously introducedsaddle-
point method.

e Again,determinghe minimum:
0P Jaf

(2;[:;§)¢r = —J( & ®pissimply®y.  (5.23)
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N.B.: I'[®] evidently providesthe quantum-correctefield equations.

e Considertreelevel:

connectedreepart(N)
/"(0)‘\ (5.7)
Z[J] =" Tr[Pg,J] = F[¢C|]+/dXJ(X)¢c| )
4 gy / dxJ(X) el (X) + / dxJ(X) Dy (X)
— Z[J]. (5.24)

entireconnectegart(S

Theaboveresultstateghatall connectedliagramsof ourinitial Stheorycanbe
expressedn termsof connectedree graphswhich do include propagatorand
genericverticesof thel theory Differentlyspeakinggach2n-pointfunctionon
theright-handsidehasgot a uniquepartneron the left-handside,which implies
thatour I' theory cannotcreateary non-vanishing(2n+ 1)-point functionsas
well.

e Determinethe Feynmanpropagatoof thel” theory:

M®g] = —% / dxe (X) A" (X) Dy (X) + - - -
2
- Caxe) = <6¢cle(sxlr)[(6bdilj| (Xz))qa fo: ~A )30 —e)
and AT = (—AN) T =r@7 (5.25)

Accordingto Eq.(5.24),A" hasto bethefull propagatoof theStheory(G(cz) =
hA").

e Next, investigatehe (remaining)propervertices:

As indicatedat the beginning of the precedingchapter seekq. (4.8), the proper
verticesaretheGreensfunctionsassociatetb theeffective action.Furthermore,
thevery Eq. (4.8)tells usthatthey arethe genericverticesof thel” theorycon-
sideredabove. Thosecanbe extractedby amputatingall propagators\” from
ary 1Pltreediagram.Althoughthe 1PItreegraphsdo notexactly coincidewith
the 1Pl onesof the Stheory theiramputated/ersionsdo. Hence we finally see
ourinitial claimto beverified.

48



Chapter 6

One-looprenormalization of the
Wess-Zumino-Witten action

As alreadymentionedin the introduction, within the framevork of ChPT infinities
arisingfrom loop calculationscanonly be absorbedrderby order Our intentionis
to fully renormalize onceandfor all, the odd intrinsic parity p® Lagrangiandensity
establishedn Chapter3. Accordingto Weinbeg'’s power countingschemethe only
possibledivegencesancomefrom one-loopgraphswvhich involve exactly oneWzw
vertex andanarbitrarynumberof £, vertices.In otherwords,we performtheone-loop
renormalizatiorof theWZW action.

Theentirerenormalizatiorprocedurecanin generabesubdvidedinto threemajor
steps:

1. Extractionof therespectre one-loopcontributionusingthesaddle-pointnethod.

2. Compactisolation of arising one-loopsingularitiesby applicationof dimen-
sionalregularization(or operatomregularization,see[19]) within the formalism
of theheatkerneltechnique.

3. Absorptionof the isolatedinfinite structuresby redefinitionof the low-enegy
constant®f the mostgeneralLagrangiarat higherorderlevel.

The points1. and2. describedabore have alreadybeencarriedout by several
authorg17,18,19, 20] usingtotally differentcorventionsandnotations.Thelaststep
hasnever beenaccomplishedthough.
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6.1 The saddle-pointevaluationin ChPT

In Chapter5 we learnedhow to (exclusively) extract the one-looppart of a rather
simple QFT, namelythe ®* theorywhich just involvesonefield speciesandonein-
teractionterm. However, the whole saddle-pointprocedure and especiallyits final
result

[
Z.100p = > In(detD), (6.1)

canbeextendedo whaterer (mesonic)QFT possessinthe Lagrangiardensity £ and
thegeneratingunctional

exp(iZ) D/Q)U exp(ifde(U)). (6.2)

Here,thevariableU alreadyalludesto our chiral field matrix (but at this stageit can
still beconsideredsagenerafield variable).

Although (6.1) represents nicely compactformula, its real contentis ratherhid-
denthanrevealed.Thereforewe needto have a closerlook atthe detailedstructureof
theabove operatoD.

Let us begin with somepreliminaryinvestigations.As oneknows from linear al-

gebraary comple n x n matrix canuniquelybe expandedn termsof A° := \/%]mxn
andthecorventionaln® — 1 U (n) generatord?

A(X) = nZ}lAa(x))\a, (6.3)

with A3(x) € C for ary fixedx € M anda € {0,---,n?>— 1}. A standardscalarproduct
is provided by thefollowing definition

n2—1
(A,B) = % / dx(AT(0B(X)) = . / XA (X)B(X), (6.4)

wherewe have madeuseof therelation(A\2AP) = 25

We arenow readyto roughly retracethe saddle-poinproceduran ChPT Instead
of performingexplicit functionalderivatives,we parameterizeur U (n) field matrix
U (x) aroundthe classicakolutionU (x) (whichis theminimumfield configuration)n
anappropriatgnon-uniguelydeterminedmanner

U (x) = u(x) exp (iE(X)) u(x). (6.5)

Here,u?(x) = U (x) musthold and(x) hasto beatracelessermitianmatrix
n’—1
E= Y BN, (6.6)
a=1
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with £3(x) € R for ary fixedx € M anda € {1,---,n* —1}.

In what follows we omit denotingary explicit x dependence.Furthermore,n
contrastto (6.4) all indicesa or b aremeantto take valuesin {1,...,n> — 1} andhave
to be summedover whenappearingwice accordingto Einsteins corvention.

Without proof we quotethe resultthatundercertaincircumstancesyhich areful-
filled in ChPT, Eg. (6.2) mayberewrittenas

exp(iZ) i /@Eexp(—g(E,DE))
_ / DEexp (-3 [ daDe?). (6.7)
Theelliptic operatoiD of thetype

D = d'd,+6, (6.8)
with  dE = 0&+[MwE],

is supposedo be positive, unboundedand self-adjoint,and hasthe spectraldecom-
position{@;An}. The matricesg, form a completesystemof eigenfunctionandA,
representhe associategositive eigervalues.

Obviously, theanti-Hermitianl", andthe positive Hermitiand arethevery objects
which containall one-loopinformationof the specifictheory(which is itself defined
by its actionor Lagrangiardensity).

In non-matrixtermsthe sameoperatordookslike

D" = dd,&?+ 6% (6.9)
duza _ auza_}_fﬁbzb

andff}b leadsto the naturaldefinition

- - - ~ ~ qab
[ab = 9, 8P — 9,3+ [, V] (6.10)

To putthis sections contentin anutshell,theone-looppartof our consideredFT
andthereforestepl. of therenormalizatiorprocedurewill beundercontrolassoonas
we manageo determinethe correspondingbjectsl,, andd.

6.2 The heatkerneltechnique

Theso-callecheatkernelapproachs avery sophisticatednathematicamethodwhich
is native to thetheoryof positve unboundedelf-adjointelliptic operatoron compact
Riemanniammanifolds[57, 50]. As oftenin theoreticalphysicswe only try to under
standthemainfeaturesof the mechanisnwithout payingtoo muchattentionto refined
detailsmathematiciang/ould probablyconsidemprimordialto look at. In otherwords,
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for our concernghe heatkerneltechniqueaepresenta powerful tool helpingusto an-
swer physicallyinterestingguestiongi.e., in our actualsituation,to elegantlyisolate
all one-loopdivergences).Therefore we contentourseeswith a somavhat sketchy
presentatiorf its derivation.

Firstof all, we definethe zetafunctionfor our operatorgivenin (6.8)

= Z)\gs, seR, (6.11)
n

which obviously solelydepend®n D via its eigervaluesh,,.
Onecanthenrelatethe associate@ne-looppartto the zetafunction

i i d
EIn(detD) = _Ed_sZD(O)’ (6.12)

wheredetD mayformally beregardedasthe productof all eigervalues.
Thenext thing to dois theintroductionof the so-callecheatkernel

(xlexp(~TD)ly) = 3 exp(~Thn)h (X)@), (6.13)

which obeysthe heatequation

d
Dy{X|exp(~TD)y) = — o {x|exp(~TD)}y)- (6.14)
The lasttwo expressionsarewritten in a suitable|x) basisrepresentatiorwhere|x)
hasnothingto do with the space-timelegreeof freedom.
In consideringhetraceof (6.13)

/dx (x| exp(—1D) \x> Zexp —TAn), (6.15)
onemaynow connecthe zetafunctionto the heatkernel

r(s)¢o(s / drts 1/dx x| exp( rD)|x)> (6.16)

If we knew theexactform of theheatkernel,we couldeasilycomputehezetafunction
andall therest.Solet ustry to determinghe needecheatkernel.

The straightestvay to get things going consistsin solving the heatequationin-
ducedby theD’Alembertian,whichturnsoutto bethedominantpartatshortdistances,
in generald dimensiong— dimensionalegularization)

exp ((x;Ty)2> . (6.17)

(X exp(—10%)ly) = 3
1) 2
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We thenmake a separatioransatzo find the solutionfor the entireoperatorD

(X exp(-D)ly) = (x|exp(~10%)|y)H(xTly)

[ee]

= (X exp(~10?)y) Zor”Hn(x\y) (6.18)

satisfyingthe constraintH (x|0|x) = 0 (or equivalentlyHo(x/x) = 0).1
With theabove ansatave succeedn deriving the differentialequation

0 z R
0= EH (X|tly) + ¥dH (X|Tly) + (dd+0)H(XT]y) (6.19)
from which every singleHn(x|y) functioncanbedeterminedecursvely.

Carefulanalysisyields a splitting of the entireintegral into aninfinite anda finite
part

ip(s) = Tls)/oldns‘l/dx<(x| exp(—rD)|y)>+ finite part

. o 1
= m Zo/o dtr3—1—‘2’+n/dx(Hn(x|x))+ finite part
z =

(6.20)

In perfomingthe necessaryifferentiation(we essentiallyneedto make useof the

identitiesdisﬁ =1 andT%) = 0) we manageo isolateandidentify the wantedsin-

gularities

Jdx &

i d
T Zn(0) = —
0(0) (4m)2 i d—2n

2ds

(Hn(X|x)) + finite part (6.21)

Since Minkowski space-timecorresponddo dimensiond = 4, thereis just one
singulartermto be keptin Eq. (6.21), namelythe oneincluding Hy(x|x) which must
be worked out recursvely. Puttingall links of our agumentationchain, Eq. (6.1),
Eq.(6.12),Eq.(6.21),togetherwe finally obtainthethe heatkernelmasterformula

(sing) _ Jax e e 140
Z oop = —m<1—2rwrw+20 )s (6.22)
whichis thevery meango successfullycarryout step2. As expectedthedivergences
areexpressedn termsof I‘ﬁb and6?P (theabove traceis referredto the indicesa and

b) sincetheseobjectsincludeall informationon the one-loopstructureof thetheory

1The someavhatconfusingnotationfor the matrix H (x|t|y), which wasintroducedn the mathemat-
ical articlesindicated simply meandH (x,y, T).
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6.2.1 Exemplary illustration for the ®* theory

In Chapter5 we studiedthe ®* theoryin somedetail but left singularity and renor
malizationproblemscompletelyaside. We are now in a positionto give a compact
concludinganswerto thesequestiongat leastat the one-looplevel) andillustratethe
applicationof the heatkernelmechanisnin avery simplecase?

Recallingthe saddle-poinapproximatiorof theassociate@ction

A
S0 = [y &) (04 P+ S08) ) /() 6.2
oneeasilyidentifiesthe non-vanishingpartof the correspondingperatorD to yield
R A
6= mz+§q>g(y). (6.24)

In consideringhis, the divergentstructureghusturn outto be

(sing) __ de 1A2
Zep = ~Tere(d4) 20
_ o Jax mt AP o N 4
= ~Tov- 4)( o 0809 + 5 0F() (6.25)

in completeaccordanceavith thewell-known textbookresults(se€[44]). Thefirstterm
doesnotinvolve ary field andcan,of course bedropped.

6.3 Application to £,

Themajortaskwe arefacingis thedeterminatiorof ff}b and&2® for our specificcase.

Sincewe haveto includeboth £, andtheWZW action,let usrecapitulatavhatGasser

andLeutwyler[12, 13] carriedoutfor theformerpart. This way we geta first ideaof

how thewhole proceduras supposedo work and,in additionto that, we canshortly

recalltheir notationandcornventionto which we shallstick (as[20] did).
Themainobjectswe aredealingwith arecollectedbelow:

1 [ [
M= 3 [uT,auu] —~ éuTRuu— éuLuuT,

1 - 1 -
Ay = —uTDuUuT:—éuDuUTu,

2
Fi = iu(Fy£UTFRU,
1

2Theheatkerneltechniqueworksfor bothrenormalizabl@ndnon-renormalizabléheories.
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Theactioncannow be expandedaccordingto our prescription

2
SHHE —%0 / dx€*D?PEP (6.27)

andafter a lot of straightforvard algebra(basically one hasto systematicallyinsert
(6.5) andexpandthe exp-function containing¢) the neededjuantitiesurn outto read

~ 1
rﬁb = —§<[)\aa)\b]ru>
and 6% = (I AM°AN) + 3 (DA)0), (6.28)
wherethe matrix o is definedvia
t Tyt
_ux'u+u'xu
== (6.29)

If wewereto renormalizehe LECsof £4 (thiswasdonein [12, 13]), we couldiso-
late the respectire one-loopsingularitiesstraightaway by usingthe heatkernelresult
(6.22) of the previous section.Of course theresultingsingularitiesmustbe rewritten
in termsof the £, monomialsbeforeperfomingstep3. The final absorptionconsists
in aredefinitionof theconcerned.ECsaccordingto therule (basedon DR)

Li = L{+TjA (analogousor H),
d—4

= (H a2 {d14 2(In(4n)+l'()+l)}:

6.4 Extensionto the WZW action

=. 6.30
2 ( )

41)2

Our actualcaseto berevisited andcompleteds morecomplicated.Neverthelessthe

describedstratgyy doesnot differ at all. Basically we have to work out extended

quantities” 2P andd'3 whichincludeWZW aswell as L, contritutions.
Extremelytediouscalculationsyield afirst importantresult

iNg naB
Svowld) =~ pe [ ox ( (EdE— dEE){Mvastp)
+  (E8uvE — AvEALE) (Tap — 28alp)

1 ,
—_ éaz[ru\} — ZAMA\}’ FGB]
1 _
— 58088 {Ra. 8} >, (6.31)
which can,with someeffort, be shovn to read
Svewl€l = - / dx F\‘,‘vit\’,v £3d,EP — &Pd,Ed )+anwzwzb} (6.32)
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with theingredients

A iNeHvamB
Pl = Zgrarz (A Xoap = (APBA° — ABVA%) Vo).
48r2F2
Gorrw = _iN‘:gwanAa AP} Yo, Fog] + 4(NPAUA° + APAN) {Fjg, Ag})
WZW — LSoirorC2 3 V5 L L ’ ’
384PF; op va
1
Xoop = —E{FVB,AB}—4AVAGAB,
1
Yop = —EF;%—%GAB. (6.33)

Here,oneshouldnotethatthe algebraicstucturein (6.32) is somevhatdifferentfrom
the onein (6.27). Thisis no contradictionbecausehe combinedactiononly hasto
structurallyagreewith (6.27) in orderto matchthe heatkernelformulaandit doesas
we canseein amoment.

We first definetwo new (generalizedjjuantities

rpab
—
A& = &+ (M + M) €°
and 6% = §%+530,,. (6.34)
Again, f/uv is relatedto f’u via (6.10)
- SWZW | [F AWZW] | [EWZW £
= T+ ™+ M T+ M ] =
o(p?) : M
O(p') 1+ Oy =0y 1, Y] 4 [P
op%: + [FYAY,E0AY] (6.35)

andevidently containstermsof differentchiral order Puttingall piecestogetheyone
finally endsup with

F2 “nab 2
SPlEl+ Sibale] — 3 [ LR B

_ —%62/dx{Ead'“d’uEa+Ea6'abEb}. (6.36)

The secondine of (6.36) exhibits the exact structurewe have beenlooking for. The
first line, however, includesone‘spoiling’ term, namelythe lastone,whoseeffect on
ourconcernganbediscussedway dueto chiralpowercounting.In completeanalogy
to theformerexamplespur new operatoileadsto one-loopsingularitiesof thegeneral

type

(sing) _ JOX 1 agn 1ap
Zl-loop_ —m<1—2rh\)rlw + QO'/ >7 (637)
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which comprisesaswell contributions possessinglifferentchiral orders. At O(p®),
whichis thelevel we areinterestedn, the divergentpartturnsoutto read

(sing) O(_pﬁ) de 1/ =W ~ A
le—llggp = —m<grw Mwvzw + 00wzw) (6.38)
with Ty = MMWaw—0"Thzw+ [ﬁ“, f\\;vzw] + [f\blvzw, f"} )

Insertingthe necessargxpressionspneobtains

. iNceHvaP 8Ns
/dx<%rwr\blvvzw> = _95"2':62 /dx<_7> X

|
( (120, 80+ By, 2] + 7 (D G+ ) {5} ) (6.39)
and
. iNceHvaP
d = 7/d
/ X(00wzw) = gerarz | Ox

NF—4 . 4-2Nf ~ ~
{ i (O Fagl) — g (01, Figl) — 400, (AF )

N R Figl) — AN (8 By i)
+ BN AL (A — B ({A, AV} F ) } (6.40)

The above resultsagreewith [20] aswell aswith [18]°® and[19]. Sincethe latter
groupsusedtotally differentcorventions the agreemenis not obviousatfirst glance.
In additionto that,oneshouldre-stresghatall outcomingtermsarechirally invariant
andfour-dimensionalt Thereis no needfor additional WZW like structures. The
non-Abelianchiral anomalyis fully saturatedy theWZW partitself.

The just isolatedinfinite O(p®) structuresshowvn in Eq. (6.39) and (6.40) have to
be translatednto our languagein orderto concludethe renormalizationprocedure.
Transcribingblock by block accordingto Table3.1,we find

7(sing) o(p°) fdx  Ncehok

1-loop  — _16]T2(d—4) 96T[2F(‘)2 {
* Ig\;_é i ([(D*DAU)-, (DyU)-](DyU)—(Dal) - (DgU) )
+ gl—é i<[(D)‘U)—’(D)\DUU)—](DVU)—(DQU)_(DBU)_>

3While [18] providesthe correctformulae,the commonlyquotedreview article [58] is full of mis-
prints.

4The bIock(DAGAu)+ doesnot matchthe abose nomenclatureOur very corventionhasbeenantic-
ipatedfor notationalsimplicity.
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—  — {(D’Gy)+ (D) (DgU) (DgU) )

24
_ ';'_; ((D*DAU) -, (DY) -{(Gua) 1, (DgU)-})
_ ';'_é (((DAU) ,(D*DYU) 1{(Gva)+,(DpU) })
_ % i<(D)\GAU)+{(GVG)—H(DBU)—}>

NZ2—4
3N, H{(X)+[(Gw)+> (Hap)+])

NZ -2
g (00+[0W)-(OuV)- (Hap)-))
_ 1_16 ((X)1 (D) YD) (Hgp) )
_ 1N_2fs i ((D\U)_(DMU)_[(G)+, (Hap)+])
_ % ((DAU)—(D*U)_[(DW)—-(DVU)—, (Hap)+])
+ 6_14 ((DAU)—(DMU)_ (D) _){(DWU)_(Hqp)+)
B 6_14 <(D;\U)_(DuU)—><{(D)\U)—a(DVU)—}(HGB)+> }

(6.41)

The first five expressionsannotbe identifiedin termsof our 24 monomialsstraight
away (comparewith Table3.2). EOM replacemenandsymmetrizatiorof (Dy,DyU ) —
blocksleadto

Zong W) O N
r2(d — 4) 96r2F
ba 00 (D) (D) (D) (D). )
+ ';'_é i ((DAU)_,(D*D,U)S](DyU) (DeU) (DgU) )
+ %fz ([((DAU)_, (H*)_](DyU)_(DgU)_(DgU) )
_ % ((D*Gyy)+(DWU)_(DgU)_(DgU)_)
— o (00 (0W) ){(Gue), (D) )
_ ';'_é ([(DAU) -, (D*DWU)_{(Gua) 1 (DgU)_})
+ oo } (6.42)
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Still, the fourth andlastline of (6.42) arenot yet writtenin a suitableform. We need
to explicitly consider
0 = ((D*Gy)+(DuU)-(DaU)-(DgU)_ )P
+ {(Gy)+{(D*DWV)S (DaU)-(DgU) - — (DgU) - (DeU) - (D*DyU)= e
+ {(Gxu)+(DvU)f(DADaU)i(DBUHS“V“B
- I5<(GM1)+{(HAV)+(D0(U)—(DBU)——(DBU)—(DO(U)—(HAV)+}>€“V“B
— 5{(Gr)+(DWU)—(H ) (DgU)- )&,
([(D*U)—, (DADW)-{(Gva)+, (DgU)-})e"*P
= - <(Gw)+{(DADa )2(D*U)-(DgU)- — (DgU) - (D?U)_(DyDaU )2 }) P
{(Gw)+{(D*V)-(DADaV)Z (DgU) - — (DgU) - (DADaU)2 (D"U) -}y

I§<(C3uv)+{(Hm)+(D U)—(DgU)- — (DgU)-(D*U)—(Hyq)+ } e
- I5(((3uv)+{(DAU)—(Hm)+(DBU)——(DBU)—(Hm)+(DAU)—}>8“V°‘B-

While thefirst auxiliary equationmakesuseof our total-dervative agumentandsub-
sequensymmetrizationthe last one only symmetrizeshe (DyDyU)_ blocks. Two
formulaefrom AppendixB areneededo finish. Finally, we areableto readoff the
I" coeficientsbelongingto our setsof LECs. For notationalcornvenience the global
factorNg/96m2FZ = 1/32r2FZ is omittedin thebelow Tables.
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[ I [ I i I

4-2N? 1
1| & | 9 0|17 | —g
2| —4&|[10] o0f18]| -5

NZ2—4 N
3| o || 12 0|19 —=
4l Sl —% 20| ©
5| —5k | 13 o X
6| —o | 14 ﬁ_‘f‘ 22| o
1

7| —5115| —105 | 23| 128
8 0| 16 0| 24| —4

Table6.1: TV (M coeficients.

i il i ol i I
7 1
1-&| 9 0 17| —55
2| -z 10| o0} 18 0
5 1
3 % 11 1o 19| -3
4 i 12 3 20 0
5 3 13 g 21 0
6| —3 14| 3522 %
i 3
7| | — - 23 178
8| 016 &l|24| —5

Table6.2: TV () coeficients.

Notethateachof the five U (2) monomialsjndicatedin thelastcolumnof Table
3.2, possessea vanishingll coeficient. In otherwords,thosetermsare not needed
to absorbinfinities. As pointedout before,the U (2) versionof Eg. (3.11),i.e., the
WZW actionwith traceles&xternalfields,doesnotincludeary contributionsto purely
strongor e.m.processedRecalloncemorethatwhile theformertypedoesnotoccurin
naturethelatteris realized.Thesereactionsanonly bedescribedvithin theextension
discussettheendof Chapter3.

6.5 Renormalization of the extension

By introducingnon-tracelesexternalvectorfields, L, andR,, into theWZW term,ad-
ditional contributionswhich includethe building block (Ifof%) = a—gfvff,) aregenerated
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amongthe one-loopinfinities,

Jdx  —iNewoP .

_161'[2(d—4) 24]-[2|:02 <d r)\pAv><Fg[3>
O NP

16r2(d —4) 24m2F2 B

i

{2 880) + (BB — (BB + 7 (D Cry) 1) |
. Jdx iNceWaB 2iNfV(S) .

16r@(d—4) 242FZ 3 P

{i((D;\DAU)_(DuU)_(DVU)_)+6—14((D;\DHU)_(D\,U)_(DAU)_>

32
(D) (D) (D)) + (DG (D) )

_ Jdx Nt 1,., 1 ., 1

T 16m(d—4) 12n2F02{_§1(1)—9—6(4)—E(5)}- (6.43)

Thelastline, which hasbeenrewritten in termsof our final structuresgnableaus to
identify therespectre non-vanishingl” coeficients:

Nt Nt Nt

M= [p=——  Tp=——
! 7682, ' ¥ 1152@F,°  ° 192%R

(6.44)

Let us stressagainthat althoughthe entire extensionprogramis of particularimpor-
tanceto the SJ (2) theory the above outcomeis valid for ary flavour numberNs (or

n).
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Chapter 7

Assignmentof LECs to measurable
processes

Accordingto Chapte3, ourfinal J (3) LagrangiardensityLe ¢ cOmprise3 presum-
ably independenimonomialsandtherefore23 LECs. As mentionedbefore,the latter
play therole of unknovn parametersvhose(renormalizedyaluescannotbe predicted
by ChPTitself but have to bedeterminedata certainenegy scaley) via experimental
measurementand/orwithin othertheoreticaformalismst

The only thing we cando in ChPTis to follow againGassemlandLeutwyler’s ex-
ample[13] andfind out which specificprocessesrerelatedto which LECsandhow
theassociatedontributions,i.e., Feynmanrules,dolook like. Sinceour structuresare
all written in termsof compactbuilding blocks, at first glancewe canhardlytell. In
whatfollows this questions answeredy expandingour blocks.

Whenexaminingexclusive processetheoristsandespeciallyexperimentalistare
primarily interestedn reactionswith very few particles(asfew aspossible).Let us
thereforeconcentrat@nthose.

It would be very nice, if we could readily find a sufficient numberof different
measurabl¢or alreadymeasuredprocessegiving accesso thevaluesof all 23LECs.
Unfortunately mattersarenot that simple. From the experimentalists point of view,
thosereactionsmustnot have too tiny differentialcrosssections.On the otherhand,
from the theorists perspeciie, the calculationaleffort should not exceeda certain
extent. As afirst step,the presentchapterdealswith the formal determinatiorof 13
LECswhich areinvolvedin reactionswith leastparticlenumbers.

In Chapter8, a rathersimplebut commonlyusedmodelwhich additionallyincludesvectormeson
degreesof freedomwill be discussedn moredetail. A relatedapproactcanbe foundin [18]. There,
Bijnensetal. developedaneffective O(p®) Lagrangiarby integratingthosevectormesonsut. Obsere
thatthe problemmayalsobe addressetdy considerindarge N, agumentg59].
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7.1 Electromagneticextermnal fields

Startout by systematicallyinvestigatingthe leading-orderexpansionof our building
blocksin powersof Goldstonebosonfieldsg, quarkmasseg = 2BoM, ande.m.fields
A,. To thisend,onemustsetL, = R, = —eA,Q andx = X', wherethe U (3) quark
massmatrix M = diag(m,, my, ms), the electricchage e > 0, andthe SJ(3) quark
chage matrix Q = diag(3, —3,—3) have beenintroduced. Weakinteractionsare ex-
aminedafterwards(lesssystematically).Obsenre thatit is more corvenientto work
with the[-- -]+ bracletsatthis point:

X, = X-— ZLFO[X,cp] +0(X. ¢,

X- = —L{x,cp}+0(x,cpz),
DL = F00- ALQE+ @)
DD = F—Oauavcpw(A,cp),
Gul, = —2eRuQ+O(AQ),
Hal. = —SFulQd+0AP),
D], = ~20aFwQ+O(AG),
[DaHw], = —%aaFw[Q, @+ O(A ¢). (7.1)

Respectinghe very first (lowest-order)termsof (7.1), we canroughly classify all
elementf our monomialsetin the following way. Remembethatpurelye.m.fields
doonly giveriseto odd powersin .

reactiontype LECs
O+ 2y* 3,8,9,19
30+Y* 1,2,56,7,13 14
30+ 2y 10,11,20,21,22 23 24
5¢ 4,12
5¢+Y* 16,17,18

Table7.1: Classificatiorof SJ (3) LECsaccordingto their leading-ordecontribution
allowing at moste.m. externalfields; the photonsmay be eithervirtual or real. This
classificatiordefinesthe orderingschemen Table3.2.

Ouractualintensionis to preparehedeterminatiorof someof our LECs. Thusfor
ary ervisagedreactionthe exact mathematicakxpressionsvhich originatefrom the
involvedmonomialsneedto beworkedout. Theassociatedl ECscanthenbebrought
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in line with the respectre experimentaldata. Note that 3¢+ 2y* can, in principle,

receve non-leading-ordecontributionsfrom all LECs listed in the first and second
line of Table7.1 (ananalogousituationholdsfor 5¢+ y*). Therefore arestrictionto

@+ 2y*, 39+ y*, and5@ seemdo be reasonablén orderto renderthe computations
manageable.

7.1.1 The @+ 2y* class

As expectedthe e.m.reactiontype with the leastnumberof Goldstonebosongurns
outto be @+ 2y*:

32ie? Bo 6,
L= - = Lo FapFa({M, 0} Q)P

32ie’B
OL S FapRa({M, 0}) (Q?)ePY

32ie?
T ?ngau':ua':ﬁy({Q 050} )eP*.

(7.2)
Although,accordingoits blocks,L 3¢ formally belongsto thesamesubsetsL 3¢, L$%,

andL?’gs, it happenso give nocontritutionto this class.With theassumptiorf isospin
invariance(m := m, = my # M) the evaluationof theabove tracesyields

012y 64ie’mBy, ee 5 64ie? 5
Loe ' = — —zp— TOF,pF,5"P" +ﬁnga HF o Fp, @5 TEPY,
(7.3)
644'6280 6, 6,
Lty LSF(5m—2mg) + 12L &% (m— F.qFse0PY
6,e 9\/§F0{ ( mS) ( mS)}r]S O(B VO
64die?
+ = | 5%9HF 4 Fa 05N ge®PY. 7.4
33, 190 pydsls (7.4)

As all momentaare meantto flow into the vertex, the corresponding-eynmanrules
(for detailssee[60] or [61]) arerespectrely givenby

51262 6e 128e2 €
5126 g 6 1282 6e, 5 o
(9\/:_3 {Lgf(5m—2mg) +12L o¥(m— ms)}Bo+3\/:_3F0 19(q1+q2)>ﬂ

(7.6)

wherethe abbreviation 4 := ¢ qgs‘l’sgsagyg, hasbeenintroduced;the momentag; and
the polarizationvectorsg;,i € {1,2}, referto eitherof thetwo photons.
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At this point we clearly seethat T + 2y* allows the determinatiorof two LECs,
namelyL g,s within the realphotondecayandel;’g8 whenat leastonevirtual photonis
involved. TheremainingL g,e maythenbe obtainedirom then decay?

7.1.2 The 3@+ Yy* class

The next reactiontype to be considereds 3¢+ y*. Sincein the subsequenthapter
wewill beperformingafull one-loopcalculationfor the‘process’ K+ + K~ + 10 +y*,
which evidently belongsto this very class,a carefulenquiry of thingsat the present
stagewill paylater Therespectre Langrangiardensityreads

32 € a
e = - F:BOL6 Fap(M{[@ Ql0y4d5¢-+ dy@s0l@, QI })e®P

32|eBo
L5 Fgy (Maa®) (@, Q|00 P
0

32 . .
CB0 | 85 ({M, G} (Q0y 9059 0, 059Q) %P

32ie eF .
- LY g M. 0100005
32
- L gl 01 Qs
32

e
+ £3 L13 Fla (Q(00p00, @950 — 0y pd5@0Vapep) e P¥e
0

32ie
+ r L 1aFap(QU0u060 0050 — 0500 9,0,0)) €. (7.7)
0

In assumingonly incomingmomentathe Mandelstanvariablesaregivenby

s=(q+ p1)® = (p2+ pa)?,
t=(d+ps)® = (pr+ P2),
u=(q+ p2)* = (p1+p3)*,
= S+t+U=m+m+mi+0?, (7.8)

whereu may be chosento be dependentAll possiblemixedscalarproductscanthen
be expressedn termsof theremaining(independentMandelstanvariabless andt as
well asthe photonfour-momentunsquaredandthe bosonmasses:

S—qP— e
q-p1 = q2 17

2Sincethe physicaln andn’ aremixturesof the octetng andsingletn:, more(phenomenological)
inputis neededo reIateL‘li’gs tothen decay
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P2-P3 = ——

2
q-p3 = ﬁ,
P1-P2 = s—mi—m%’
Gps — —s—t—i—znﬁ—i-n’%,
pr-ps = _S_t+2q2+m%. (7.9)

After carryingout the traces(with the aid of Mathematiceor similar software), one
finds sevendifferentspecificreactionspr to be moreprecise yeactionsubtypesFirst
of all®

T['++TF+T[O—|—Y* 128€m3)

Lg,
3RS

(2L 2%+ Lo%)Fyp {Oyr0(TeH 05T — TC 95TT)

— 109, 1th a5 ) 0PV
128e

+ S LS Fua{0pT0(8M0,TT 51T — M9y TT d5TTY)
0
+oMagTPayTTH apTT JePY

4i
+ 2FeL(15:FaB{6u6y (OMTTrOsTT — oM o)

0
—a,m0(aa,ch a5Tr — aMoy, T A5TT)

—0yT0(0, 05T OMTT — 8,05TC OMTTT) JeTPY,

(7.10)
from which onecanvery easilyderive theassociatedFeynmanrule
256e 6 128
( £ 1 Bom— 2 {L13+L14}q2> A (7.11)
Fo

Notethatthistime 4 := &% pE p}f pgsagyé hasbeensetfor notationalcorvenience.The
momentap, p2, andpz referto thett™, T, andt®, respectiely.

The secondprocesswhich will be subjectof the next chapteris provided by the
Lagrangian

LK++K +0+y 64ieBy
0t 3F$
3This subtypedoes of coursejncludeseveraldistinctphysicalprocessesuchasy* — 1t + 1 + 1°

or y* + 1t — 1t + 1°. The photonmay be virtual or real. In the former caseit can, e.g., be created
throughe™ e~ annihilation,g? > 4mg, or electronscatteringg? < 0.

{3LY*(M—mg) — (LE* +2Lg%) (m+my)} x

66



FapdyTO(K 5K~ — K~ 5K )eP
+46“63Tl05yK+ d5K 1P
- g;";’L‘ij 8{20,0, (K T 95K~ — MK~ 95K ™)
+0, (MK HO5K ~ — OMIK 95K )
—20,70(3,05K *OHK ~ — 8,05K ~0HK )} £2PY

(7.12)
andthe Feynmanrule

2566 68 6,8 6,8

= 3Ly"(M—mg) — Lg (5m+ms) — Lg®(m+2m)

3 1
+zr|—1’3€m_§|-€15f(5m+4ms)}50

64ie [5 65, | 6 6die [1 6e | 6
_3?03{§L13+L14 q + — F3 §L13_L14 t)A. (713)

Thereplacemenof T° by ng turnsoutto yield

THHTC +ng Y _ 128eBy | 6, 6,€
L L. +Lz2"m} x
68 \/éF(:)g { ( rns) 6 }
Fapdyns(TT 05T — 10 a5t )P
128eBy
T VAR (L - LM+ 2L FE(m—my)} x
FaBngayn+65n_eaBV5
+ L35 Fa0"0pngdy s P
NEhe
64ie

L‘ijaB{auayng(a“ﬁaén — oMrT 95TTH)

V=
+0,Ng (0", Tt 9Tt — OMay Tt A5TT)
—0yN8(0,05TT AT — 9,051 MrrH) JeAPY0

(7.14)
with the Feynmanrule

256e 6, 6, 6, 6,
———<q2(L"+L ) (m—mg) + (2L 4+ L2 )m
(\/gFg,{ (L 7 ) )+ (2L s 6)
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1
—éLfgf(er 2ms) + ZLEfm} Bo

6die e o  6die 6, 6,¢
~ /st +—\/§F§){L13—2L14}t 1, (7.15)
and
K- 64ieBy
V3R
FapdyNa(K 05K ™ — K~ 95K )ePY
128eBy 6.c 6.c 6,
— ——{2(2L2"+ 3L ) (m— —L2"(m—4 X
3\/§F03{ ( 5 7 )( rns) 6 ( rns)}
FapnsdyK "osK ~e?PY
64die 6.€ B _ 5
+ ——L2EFq0pns(0Mo K TasK ~ — aMa K ~ 5K )P
V3F2 13 Fuadgns(0"0yK™ 05 VK™ 05K™)
- i'e|_ﬁ;;?Fmgaung(a“aywae-,rc — QMK ~ 5K )PV
V3RS
(7.16)
inducing
256e 6, 6, 6, 6,
— 3[3L; —2(L>* +L7%)](m— +L2"(m=7
( 3\/§F03{ [ 1 ( 2 7 ( M) 5 ( ms)
1
—lrLg"S(m—4rns)—Zf{Lff’:f—i—ZL‘f;‘lS (m+2ms)}Bo
32e [ e e .2 e 6, 6,¢
—\/—Tqu,{l—m +2L 1319 —\/—TFg,{LB_ZLM}t A. (7.17)

Thesofar collectedformulaesufiice to formally fix all concerned.ECsindividu-
ally, apartfrom Lg’8 andL?’8 whereonecanonly determinghesum.This canbeseen
from the presentdiscussionand will becomeeven more evidentin the final part of
thenext chapter As aconsequencehe remainingsubtypesyhich all includeneutral
kaons,canbenumericallypredicted.

We have
KO+KO 40+ 6die(m+mg)Bo . 6¢ | | 6,
Log V= 3F3 (2Lg"+Lg") x
0

FGBGVTIO(KO%K_O — K_005K0) 8GBV6
128emB

6, 6,
33 (2L 2% + L g%)FuprPayK 205K e 0PY0

68



132|:83e L 23 Fua {0 (049,K 95K — 040, K 95K °)
+0V9p100,K 95K P
iy B R R
—9,70(8"0,K°05K® — 9,K 05K?)

—0,10(9,,05K "*KP — 9,,05K 0K ©) } ¥

(7.18)
with the Feynmanrule
(25(29{2|_68+ Lg’8 + L?f}Bo(2m+ Ms) — ZZ—I::{L 5+ |_14}q ) . (7.19)
and
LgS+K°+n8+v“ B 64ie($§-1|—:;3ns) BO(ZLS’S N ngs) y
Fapdyns(K%asKP — KPa5K)eaP¥®
* iji—ée,:?{z'- 2 (m+2mg) + Lg% (m+2mg)} x
FapnsdyK %05K ePYe
N \1/%86 L13 Fua {0pNs(0"dy K%5KP — 919K 95K °)
+015N5d,K 95K} 2P
- jge L?Z’ Fa[_’,{auayng(auKoaaK — 9MKO95KO)
—0,ng(M0,K5K° — a*a,K 95K
_ayr]8(ap65K06“K_O — au65K_Oa“KO) 1£0BYS
(7.20)
leadingto

256e
( 3\/§|: {2L68+Lg’e+L$’f}Bo(4m+5ms) \/_ 3{L13+L14}q>}7[. (7.21)
0

Finally, onefinds

IR 64v/2ieBy

6, 6, 6,
6,€ 3F3 {3L18(m_ms)_(|-58_Les)(m‘i‘mS)}X
0
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Fap(K ™0yt 05K — Koy 95K )PV

128\/§|eml?0 6, 6,
Tg(LS f—Lg®) x

Fap(TT"0yK ~05K® — T 9yK T95KD)eP¥
128V/2ie(m+ms)Bo . 6¢ 6
—_ 3(F3 ) (L538_L618) X

0
Fap(K%, 1t 05K~ — K29, 10 95K )PV
64\/_|e 6,
- 3F(\)?’ L 1; FHO‘
{oHapTr 8,K 05K — 09T 9 K Ta5K°
—9MagK ~ 9y Tt 95K + aHagK Ty 95K
— 299 KO0yt asK ~ — aHapK oy a5K ) Je¥P¥
64\/_|e 6,
3,:3 L 1: Fop %

{20,K°(8"0, 195K~ — aH9yK ~dsTT")
—20,K(Ha, T a5K * — aHayK T a5TT)
— 9Tt (09, K 95K — 0y K O95K )
0,1 (0M9yK Fa5KP — aHayKPa5K +)
+0,K ™ (0M9y T 95K — 8+, K %5TT")
—9uK T (M8, 1T 95K° — M9, KPagTr ) } 0PV

(7.22)
implying the Feynmanrule
12
( ;\:Qe{3L68—L68+L68}B (m—my)
32\/2ie L6 64\/2ie
= L 75 Bo(m-+ms) + E=a L3 Bo(5m+ me)
32/2ie 6, 64v/2ie, ¢ 32\/2ie
+ 3 {3|— 4L1:}5_T§,L1:t+ 3Fg {L3+2L14}q
(7.23)
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7.1.3 The5@class

Somuchfor e.m.processesT hereareonly two structuresvhich survivewhensending
all externalfieldsto zero(— pureQCD)

32B
L= - Fo 2201 85 ({M, 9} 00 00, GO5¢) 7P

- —L o (0M00 {0, 9O, 9050+ 0540, PP} )EWP.  (7.24)
0

It would berathertediousto work out all embodiedvertices.In orderto ‘fix’ thetwo
concerned_ECs, it is sufficientto considertwo appropriateprocesses:

IO 1T +TOK T K 128By, ¢,
LG,S_HT_'_ FKTHKT F05 L48{
BM(TT B TT — TU 9Tt ) gm0, K 95K
6m 100 Tt 9T 0K T 95K ™
3(M+mg) (KT 9K ™ — K~8qK )9t oy 5rC} e7P¥

128
F(')s I‘12

+ o+ 4+

2(0M9g Tt ot — Mg Tr ATt )9pT00, K 5K
— 2(0M9a T 0T — 09T, TTN) 9T 8K TA5K
— 2(0M9 Tt ALK ™ — B9 K~ aTTT )BTt Ay TCasK
+ 2(0M9TT AP — 96 TCALTT )ARTT YK TO5K ™
—  2(0M9 1T 0K T — MK T, TT )BT Oy TO05K -
+  (0M9a 0K — MoK Ta,TP)apT 8, T 05K
— (M908, K™ — M9 K™, 1) dpTT 0y 5K
+ 3(M9KT K™ — HagK K T)dpTr o, T 950} £7PY,

(7.25)
256
L§T+2n_+n8 — Lf’f(a“aaﬁaun— _ auaa T[_apﬂ+)aBT[+6yT[_05I‘]8€aBV6.
p) \/§F()5
(7.26)

With thetemporarydefinition 4 := pf pg pX pgeam, wherethe particlescarrythe mo-
mentartt (py), 0 (p2), ™(p3), K+ (ps), andK~(ps), the Feynmanrule triggeredby

“N.B.: Purely pionic reactionsdo not comeout dueto invarianceunderG parity [62]; recall that
my = My hasbeenassumed.
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Eq.(7.25)becomes

1288¢
E

{ L373(am+my) — L3 P+ pa+ Pa- ps+3pa- ps
+ 2(D1-D2+D1-D3+p1~D5+p2-D3+D2~D4)) }ﬁl- (7.27)

In the secondcase,we set.4 := pf pg p}ﬁ,pf{saﬁyg; with the particle momentart™ (p1),
T (p2), 70 (P3), 0 (p4), andnsg(ps) andfind Eq. (7.26)to induce

512
ﬁ'—?’f(m— p2) - (P3 — Pa)A. (7.28)
0

While thelatterexpressiorobviouslyallowsthedeterminatiorof L?’Zs, theformergives
accesso L5° afterwards.

7.2 Weakextermal fields

Goingbackover Table7.1, thereis oneLEC left, Lg’s, thatwe wish to fix. Onepos-
sibleoptionto accomplistthis consistsn allowing the existenceof exactly one weak
externalfield Wﬁt. However, we have just jumpedover to reactionswherestructures
of evenintrinsic parity couldalsobeinvolved. Sinceit would be far too ambitiousto
consistentlyincludethis sectoraswell, we only derive the Lagrangiarof the odd part.
This way the mechanisnof includingweakexternalfields (which might be usefulfor
future projects)is elucidatedalthoughL g,s is likely to remainundetermined.
Theinclusionof weakfieldsresultsin setting

L= —eAQ— %(an +W,T), Ri=-eAQ,
0 co9q6:) sin(6) 0 00

with T,=[0 0 0 |, T.=| cog8y) 0 0 |(7.29)
0 0 0 sin6;) 0 O

Here,B. is the so-calledCabibboangle.
We just presenthe expansionformulaewhich we actuallyneed

X, = x—_%{x,mwc)(x,cp?),
X = —ZLFO{_x,m}+o<x,cp2>,
DWU] = iLu+LFoaucp—%[cp,Lu]+o(cp2),

5This constrainis necessaryo avoid too tiny decayrates.
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Gul, = Fs+al@Fkl+OF@)

[
Hwl, = —Fo— g [®Rsl+O0F @),
DG = 0uFL 4 19a FL ]+ 9 FL O(F, ¢’ 7.30
[ a HV]+ - a pv+2—|:0[ a®, pv]"'%[(pa a pv]+ ( ’ ) ( : )
For thefirst clusterof LECswe get

16iegwBo
Lé‘fiWW: - \/—TFOLS’SFGBQM,(P][Q7VW6]>5GBV6

16ieg\/\/Bo
V2R

16iegw

V2R

Lg*Fap({M, o} {Wz, Q})P¥

L35 (0Fuc (Q{Way, 058} + Fpy (0" Wi {Q, 059})) £°P*°.
(7.31)

Obsere the definitionWy : =W T +W, T with Wﬁ\t, = O WGE — GVWﬁt. Thistime

Lg"S happengo vanish. Computingthe tracesin (7.31) yields amongothercontribu-

tions (againm=m, = my)

LKW _ 16iegwBosin(6c)

6e 3L (m—my) +LgE(m+my)} x

Fop(K W5+ K WE)e®P®

16i Bosin(6 _ _
o egw3|go ( C)L?g (FBV(OHWJ&OSK +auWu0(06K+)

+ 0MF g (W 05K +WB—yaéK+)) g3,
(7.32)
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Chapter 8

Three-pseudoscalaphoton
Interactions in ChPT

8.1 Preliminaries

Sofarwe have primarily dealtwith ratherformalisticaspect®f the oddintrinsic par

ity sectorup to chiral order O(p®). Now, we wantto turn to someapplication. Our
intensionis to verify the generalresultsof the previous chapterswithin a specificex-

ampleanddeterminenen LECs. Most of the simple processesvith a small number
of Goldstonebosong(especiallypions) have alreadybeencomputed63, 18, 64]. A

furtherdoablecalculationis y*(q) + K*(p1) — K*(p2) 4+ 10(p3). Beforefocussingon

this reaction let usstartwith the classof processes belongsto.

’

®(p;)

Vs
/ \

o) e,

Figure8.1: Generatypeof reaction: y* + 3¢.

Performingaconsisteni(p®) calculationmeanso considerall (connectedfeyn-
man graphswhich have the requiredexternallines and satisfyD < 6. To stressits
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importancewe remindthereaderonceagainof Weinbeg’s power countingformula
D = 2+ Z 2(n—1)Nopn+ 2N, (8.1)

whereNy, representthenumberof verticesof chiral orderO(p?") (atthis pointwe do
not distinguishbetweemormalandanomalousertices)andN, the numberof loops,
respectely.

At treelevel (N_ = 0), one canhave onee vertex of order O(p*) (N4 = 1) or
0(p®) (Ng =1). At one-looplevel (N_ = 1), Eq. (8.1) allows one¢ vertex of order
O(p* andanarbitrarynumberof verticesfrom £, (N, = 0,1,2,---).

In expandingtherespectre Lagrangiardensities

fwzw = 3“’2W+szw+ e
Loe = Lo 4o, (8.2)

onecanextracttherelevantpartsthatgeneratehe neededrertices.Recallthat £, will
only provide verticeswith an even numberof Goldstonebosonseven power), while
the othertwo Lagrangiansvill generateodd power vertices.

At treelevel thereis little dangerto missary of therequiredcontributions. At one-
looplevel thesituationis moresubtle.In orderto make surethatwe includeall relevant
graphs/et usgo aheadn a systematiovay usingthe meanwhilefamiliar topolocigal
relations:

I-N=N_ -1 %5' | =N,
n+---+nyn = E+2
3" + 2N, (8.3)

whereE(l) is againthe numberof external (internal) Goldstonebosonlines, N the
total numberof vertices,n; the power of theith vertex, andN_ the numberof loops,
respectrely. The externalphotonline hasbeendenotedasa star We arenow able
to checkout systematicallyhow mary andwhatkind of verticesare neededor our
calculation:

n = 5*,
n+n = 7*:2*—}—5:4—}—3*,
n+---+nN2+nN-1+nNn = 3°+2N
——
>T*
=>m+--+nNn-2<2(N-2) & n<2 Vi=1.-- N-2 (8.4)

The latter are no verticesin the propersense. Therefore,we only have to examine
one-loopgraphswhichinvolve at mosttwo vertices.Thefive requiredtypeshave been
notedabove andthe correspondindg-eynmandiagramscanbe seerbelow:

Wave functionrenormalizatiorandcorrectiongo the decayconstanmustalsobeincluded.
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AN

Figure8.2: Verticeswhich composehe one-loopgraphs.Notethatverticesemeging

from L, aredepictedwith a 2 in the bubble,while thosebelongingto Lyzw have got
ane.

/

8.2 One-loopgraphs

Without knowing ary functionaldetailsof thesefive elementaryertices,onecanstill

startbuilding up all potentialone-loopdiagramsby just obeying the topologicalrules
of the game. Differently speakingwe simply needto ‘knit’ Feynmangraphswhich
have therequiredfour externallegsandexactly oneloop. Indeedfrom a purelytopo-
logical point of view therearemorepossiblediagramshanactually contribute (com-
pareFig. 8.3 with Fig. 8.9).

e

Figure8.3: Vanishingone-loopgraphs.

Thisis dueto thedetailedmathematicastructureof ourfiveingredientavhichwe want
to carefullywork outin thefollowing. To this end,we have to perfomexpansionsof
thekind

. i
exp<|F0) +F0(P+ )

fill in, andcollectthe neededieces.
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For thosediagramswhich have an even numberof Goldstonebosondfirst line in
Fig. 8.2) we get

22— i§Au<a“<p[cz, 9 8.5)

and  L,° = (0,900, glg) + 5 (Mg). (8.6)

24F2 24|:2

Thesecondine (depictingthe necessarpdd power vertices)leadsto

ieN;

i = 2477 2|:3AG<Q BP0 @I @)E™PY, (8.7)
5¢ _ Nc B 5
Lyzw = 2402FS ——— (00 IOy @5 ) ™Y (8.8)
andfinally
5oty ieN
ZW = " 5aaarEla X
288r2FS

< 3Q([0p®, @[3y, 91050+ [0pP, PlOyP[05®, @] + POy, @ [05P, §])
+  2Q({3p%, ¢°}0y @@+ OpP{ By, ¢ } 050+ OpPd, {050, ¢ })
4Q( @D 9D50-+ Op @D, X059+ Jp 0y eds00) ) X0 (8.9)

The abore Lagrangiandensitiesare not yet written in a suitableform. As we
alreadyknow, @ is a 3 x 3 matrix collectingthe Goldstonebosonfieldsin a compact
manner In orderto beableto computethereactionamplitude we have to first rewrite
@ in termsof thesefieldsandsomematrices.Actually, therearetwo differentwaysto
proceed.

Onemay chooseandinsertCartesiar(non-physical¥ieldsandcornventionalGell-
Mannmatricesgcarryouttracesy hand,cometo Feynmanrules,determinghe Carte-
sianamplitude,andfinally go over to the physicalone. For pedagogiqurposesve
illustratethis rathercumbersomenethodfor onevery simplevertex.

The secondption (which is muchmoreconvenientfor our computation)consists
in using physicalfields and ‘physical’ Gell-Mann matricesfrom the very beginning
andfinishupin ananalogousvay (with the assistancef Mathematicdor thetraces).

Of course Mathematicacould alsosimplify our lifes in theformercase but since
we wantto endup with physicalamplitudeswe would alwayshave to performone
additionalstep,namelythetransitionfrom non-physicato physicalexpressionssSitill,
onecould cross-checlour resultin thatway. Neverthelessa Cartesiarhand-check,
whichwe do atrandom,seemdo be moreindependenandthereforemorereliable.

A moredetailedaccountof thejust discussedssuescanbefoundin AppendixD.
There,onealsoencounterghe corventionthat arabicnumbersreferto non-physical
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andromanto physicalobjects respectrely. Theexplicit matrix representationf ¢,

8 Vi1 T[0+\%n8 v vaK*
o= Z(pj)\j: Z(pj)\j: N —Tlo-l-ﬁrlg V2KO ,
=1 = VK= VKO —Zng

obviously containghe physicalfields@. - - -, @y beinglabelledas

K+ = %2(([)4_'%)7

o= (g 1
V2 ’ K™ = —=(@m+igs),
1 V2
T o= (etie) 1 = gs.
V2 ’ KO = \72(%—@7),
T[O = (QB, 1
KO = \72((%4-@7),

Notethat,e.g.,theTr" operatordestrys anincomingt or createsanoutgoingr
particle. This canbestbe seenby considering

—ip-X
(0| (x)| " (p)) = S (8.10)
\/ (2m)32E,
This equationis only obeyedwhenchoosing|mt" (p)) to be
e (p) = 5 (al(p) +ial(p) 10 8.11)

Here,a{( p) is the creationoperatorof a particleof momentump andCartesian(non-

physical)componentl while the sameholdsfor a;( p) with theindex 2. The physical
amplitudecomesoutto be asfollows

| (p)) = 3 (o] [an(o) ~iao(e)] it [a] (p) +ia(p)] )

1 . .
= §(M11+|M12_|%1+%2)' (8.12)

(" (¢)

In Eq.(8.12) thefirstindex refersto thefinal andthesecondo theinitial state respec-
tively.

Let us briefly point out how to apply the two possiblecomputationmethodswith
the help of our first vertex. At the momentwe arerequiringall lines, andtherefore
momenta,to flow into the vertex. For one-loopdiagramswe will have to slightly
changehis stratey.
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Figure8.4: £, vertex with two incomingGoldstonebosonlines(p1,i1) and(pz,i2) and
oneincomingphotonline (g, ;).

Theassociatedlagrangiardensity(8.5) canberewritten as

2

LZ([H—V* = —gAuZ au(le(Pj2<Q[)\jl,)\j2]>, (8.13)

J1,)2

which is still valid for eitherof the two options. The crucial pointis to getrid of the
traces.To thisend,we have to specifywhetheme usethenon-physicabr the physical
objects.

In theformercasewe haveto dealwith thefamiliar Gell-Mannmatrices.Recalling
theidentity Q = 3(Az+ —==Ag), we endup with

V3
20+y* 8 u 1
L, =eA, 09}, 0y, (Fjijo3 + —= fiajo8), (8.14)
11712221 V3
whichis easilyobtainedwithoutany computeraid. Its Feynmanrule reads
1
ee- (p1— pz)(fi1i23+\—@fili28)- (8.15)

Sincewe areinterestedn physicalreactionswe needto know the equivalentexpres-
sion for physicalparticles. For chaged pionsthis is to be worked out explicitly in
a second.The remainingparticlecombinationgnay be treatedanalogously Starting
from (8.12)andusingthe anti-symmetryof the f coeficients,we formally get

(o] | (o). (p2)) = (" (—pe) || (b))
= —iMpy = —iec-(p1— p2)- (8.16)

Thesecondwvay to go consistan calculating(with the assistancef Mathematica)
thetracesfor non-physicalGell-Mannmatrices

VI
LY = —ieAy S 040,01, (BjuiBjin — Bj,11Bjs1 + Bjyv By — B Biv ), (8.17)

jla]2:|
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which leadsto the Feynmanrule
—ieg - (p1— P2) (8ig1 811 — 8ig118iy1 + Bigiv Oy — OivOisiv ). (8.18)

At first glancewe canverify the above calculatedpion amplitudeto be correctlyin-
cludedin (8.18). Obsenre thatthelatterjust combineschagedfields.

In theremaindepf thissection|.e., while derving the Feynmanrulesfor theother
four vertices,we stick to the latter stratey, but we only quotethefinal results.Let us
go aheadaccordingto Figure8.2.

The secondterm of L;“P in (8.6) canbe shownn to give no contrikbution to our en-
visagedloop graphsof Figure 8.9. This stemsfrom the symmetrybehaiour of the
mentionedermin combinationwith thatof theneededVZW part. Thereforewe can
simply omit it in thefollowing. Thefirst partis not worked outin full completeness,
i.e., for any combinationof Goldstonebosonindices. In orderto avoid unnecessary
work, we restrictoursehesto thosecombinationsvhich arerequiredfor our specific
reaction. As we canalsoseein Fig. 8.9, for all of our one-loopdiagramsinvolving
theelementaryertex depictedn Fig. 8.5,two of its Goldstonébosonlinesarealways
internalwhile the othertwo are externalones. Sincewe are only allowing incoming
external legs at the moment,we may, without loss of generality fix the pair (i3,i4)
to the values(l11,1V), (111,V), and(IV,V). This way we just drop all the additional
informationcontainedn thevertex which we will never needfor our specificcompu-
tation.

AN

Figure8.5: L, vertex with four incomingGoldstonebosonlines(ps,i1), - - -, (Pa,i4)-

Before presentinghe respectre outcome,let us mentionthat our entire stratey
andespeciallythe Mathematicgproceduresverecross-cheoid by fully recalculating
the reactiony*(q) + 1e5(p1) — T85(p2) + 1(p3) which had beencarriedout in [63,
18, 64]. The correspondingesultswill be shavn (in termsof our nomenclaturejn
sections3.5.

We mustdistinguishthreedifferentcases First of all, for iz =1V andis =V, we
find

i

ﬁ(pl' P2+ P3- Pa) (5i1I5i2|| + i1 00,1 + Oiy1110i,111
0

V381118t + Sipvi Sigin ) + 2(8iyv Sipv + Sipyv iy )
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+8i,viBivil + Sivii v + 36i1VIII5i2VIII)

12F2(p1 P3+ P2- Pa) (26i1II6i2I — 4341 0i,11 — Oiy1110i,111

—V/3(8i,11 81+ Sigvin St ) + 48 v By — 8811y Siy
+28i,v110i,v1 — 4divi OV — 35i1VIII5i2VIII>

(P1- Pa+pP2-P3) (25i1|5i2|| — 43,11 01,1 — Oig1110i111

12F2
—V/3(&i,118ivin + Bipvin i) + 48,1y Siy — 831,y iy
+25i,v10ivi1 — 4ivi v — 35i1VIII6i2VIII)7 (8.19)
furthermoreforiz=I1l1 andig =1V,

12F0 ——>(P1- P2+ P3- Pa) (3\/5(5|1||5|2vn + v i, )

—(BignBizv + Biv iy ) — V3(Biv Sipvinn +5i1VIII6i2V))
+ﬁ(p1 P3+ P2 Pa) (26i1|||6i2v—5i1v5i2|||
+v/3(28i,vin iy — iy Bipviin) — 3\/§6i1VII6i2II)
12F2(p1 P4+ P2- P3) (25i1V6i2III — i1 01,y
+V/3(28i,v Bivint — Bigvin div) — 3\/§5illl5i2VIl), (8.20)

andfinally, foriz =111 andig =V

flzoz(pl- P2+ P3- Pa) (3\/5(5i1| Oiovi + Biyvidig)
— (g ity +6i1IV6i2III) —V/3(Biyv Sipvinn +5i1VIII6i2IV))
12F2(p1 P3+ P2- Pa) (25|1|||5|2|v Biy1v i1
+\/§(25i1VIII6i2IV — O, v Bipvin) — 3\/§5i1V|5i2|>
12F2(D1 Pa+ P2 P3) (25|1|v5|2||| —&i1110i,1v

+v/3(28i,1v Bivin — Bivini iy ) — 3v28i,18i,v1 ) : (8.21)
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Somuchfor theevenvertices.Now, we mustprepareoursehesto go overto those

resultingfrom Ly zw.

Figure8.6: Lyzw vertex with threeincomingGoldstonébosonlines(pa,i1),- - -, (P3,i3)
andoneincomingphotonline (g, ).

Again,we maychooseoneindex, let ussayis, to take thevaluesl |1 (8.22),1V (8.23),
orV (8.24).

ie
—le;g, ( Oi,1 Gizl1 — Oiyl1 il + Oiytv Oigv — Oipv igiv
0

+ Bividivii — Oivi1 v ) 8a[3y6€ap§p\2/pga (8.22)
—_———
=4

ieN: 1
T 1212F3 (6i2V5i3”' = Gi,1110iv + \—@(&zv%vm - 5i2vu|5i3v)) 4, (8.23)

ie 1
_ink:?) (5i2|||5i3|v — O, 1v Oiginl + \—@(szm&glv — 5i2|v5i3vu|)) A. (8.24)
0

The very vertex we have beenanalysingdoesnot just play animportantrole at one-
loop level but obviously representshe oneandonly O(p*) treecontritution.

ZN

Figure8.7: Lyzw vertex with five incomingGoldstondbosonlines(p,i1), -+, (ps,is).

With theassumptiofiz=111,i4=1V, andis =V, thepureQCDvertex in Fig. 8.7
becomes
iN
~ o sEapaPE P3PEPS(Bi it — 8. (8.25)
0
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To completethis account et usturn to the last vertex depictedbelown. As canbe
fully understoodater, it is absolutelysufficientto concentraten a specialpartof the
associatedreynmanrule, namelythe very onewhere(ps,is) and(ps,is) do not gain
ary momentunfactor(ip = 111,i=1V,iz=V)

ieNg
7212F;
+6(3i,1v digv + 6i,v Bigiv ) + (i vi Bigvii + SiviiGisvi)
381,11 Sigvit 4+ V3(8igi1 Sicvinn 4 Sivin Sigin )) - (8.26)

>/\
Figure8.8: Lyzw vertex with five incomingGoldstonebosonlines(py,i1),: -, (Ps,is)
andoneincomingphotonline (g, g,).

EqpyoE" po pyP3 (9(5i4| Bisi1 + Big10igt ) + Oi 111 i1

In whatfollowswe keepusingthemomenturmassignmeniK+ (p;), K~ (p2), T0(ps),
andy*(q) whereall externalmomentado flow into whatever diagrant andthe abbre-
viation 4 definedabove.

2N.B.: During the entire calculationwe henceconsidery*(q) + K+ (p1) + K~ (p2) + (ps) — 0,
from which onemay easilyturnto y*(q) + K=(p1) = K*(p2) + 10(p3).
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After having carefully collectedthe requiredFeynmanrulesfor our elementary
vertices,we finally cometo considerone-loopgraphs. As we have givento under
standseveraltimes,we needto dealwith the below depictedone-loopdiagramswhich
evidentlyfall into two differentgroups.

N
/

d e

Figure8.9: Non-vanishingone-loopgraphdor three-pseudoscalphotoninteractions;
in ourcasey*(q) + K*(p1) — K*(p2) +1°(p3). Theassignmenof externalmomenta
is in accordancevith Fig. 8.1,i.e.,time is meantto flow from left to right.

The first category just includesone graph(a) whoseloop is attachedto one single
vertex (the loop is composedoy oneinternalline so to speak),while in the second
categyory the loop always bindstwo differentverticestogether(the loop is therefore
composedy two internallines). We know for surefrom our previous considerations
thatloopswith morethantwo internallinesdo not occurin our specialcase although
they mayfor higherchiral power D or otherclasse®f reactions.

We now wantto derive the Feynmanrulesbelongingto theabove one-loopgraphs.
In orderto constructthe very first one,roughly speaking two of the five bosonlines
of Figure 8.8 needto bejoinedtogetheywhile the remainingthreemustbe identified
asexternalincominglegs of the interactingbosons.Note thatin (8.26), without loss
of generality we hadimplicitly chosen(ps,i4) and(ps,is) to constitutethe loop. In
mathematicatermsall this clearly meanghatonehasto

1. Setl := ps = —ps andn := iy = i5. Here,we shouldemphasize¢hatthe boson
line carrying(ps, is) hasjust beenturnedinto anoutgoingline, i.e., its momen-
tum hasgaineda negative sign andthe associatedronecler deltashave been
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modifiedaccordingto therule | <> 11,1V < V,VI <> VII.
2. Introducea propagatoi(I2 — mg 4 ig) 1.
3. Integrateovertheinternalmomentum.

4. Multiply with thesymmetryfactorl/2. The origin of this factorcanbebestun-
derstoodby first consideringCartesiarindices.While for atreegraphthereare
two possibilitiesto assigntwo identicallinesto two distinctexternalmomenta,
thereis only oneway to build up aloop out of thesdines. Whenusingphysical
indicesthis very amumentonly appliesto T andng loops. For the remaining
particlesour presenformalismgeneratest™ aswell astt loopsetc.,whichis
adouble-countingHencethe symmetryfactor1/2 is requiredfrom both points
of view.

All in all, thesestepsyield

|(1ﬁ)
ieN VI T4 i
144n2|:§ﬂ 3 an'6””6””/(2n)4|2—m%+is’

n,n'=I

-

(8.27)

whereayy is supposedo representhe respectie coeficientsfrom (8.26). Although
we have not yet explainedhow to exactly handlethe integrals,we caninsertphysical
massesndrewrite the above expressiorasfollows

o { 20 (T8 + gl (TR + ol () L 2. (®.28)

25
nFO

Finally, we do alsounderstanavhy it wassufficientto restrictoneselfto thatparticular
partof theFeynmanrule shavnin (8.26) (theonewithoutexplicit ps or ps occurence).
If theinternalline wasto giveriseto any power of theinternalmomentum, thenthe
associatethtegralwould completelyanish.Thevectorintegralis inherentlyzeroand
thetensoronedoesnot contritutedueto its contractiorwith thetotally anti-symmetric
€ tensor

Let usnow have a closerlook at the secondgroupof graphs(b, - - -, €). Basically
we have to move onin anabsolutelyanalogousnanner Again, we first needto create
theloop. To this end,we mustconnectiwo bosonlines of thefirst elementarywertex
with two of the secondvia propagatorsDo not forgetto turn oneline at eachvertex
into anoutgoingoneandjoin it with theremainingncomingonefrom theothervertex.
Afterwardswe needto integrateover the two resultinginternallines. Sincemomen-
tum consenration hasto berespectedt eachverte, only oneof thetwo integrations
survives. Lastbut not least,the symmetryfactor 1/2 mustbe takeninto accountfor
equivalentreasons.Thereis no needto explicitly presentall the straightforward but
tediousdetailsonehasto go throughto arrive at the final results. Instead we simply
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indicatewhatkind of differentintegralsoneencountersAfter athoroughexamination
of therelevantingredientghe only necessaryypeturnsoutto be

/ d4 iTHH (8.29)
(24 12— mZ+ig] [(I +@)2— g, +ig] '

which, neverthelesscomprisegwo subtypes.While for b andc of Fig. 8.9 we only
needto know therestrictedcase(nmg = mﬁ,), d ande requirethe morecomplicatecbne
(Mg # nﬁ,) with two differentspeciesf particlesrunningin theloop.
Sinceourone-loopdiagramssuffer from divergenceslueto singularhigh-momentum

behaiour, we haveto provide amathematicatlevice prescribinghow to copewith this
particularity Theadequateool for our purposess, of coursedimensionategulariza-
tion (DR). As we have just learned,the differentloop graphsleadto differenttypes
of integralsaccordingto the numberof involved verticesandtheir individual vertex
structuresPuttingeverythingtogetherwe gef

| 38
le_l;? { 288 (M) + 288I(mz +288l(mﬁ
- q—2|3.22 m&, o)
_ M{B 2(MB, (p1+ P2)?) + 3B22(mE, (p1+ P2)?)}

_ (1+p3) {BZZ mﬁ’nﬁ[ pl+p3 )+|§22(m§,mﬁ,(p1+p3)2)}
_ M{ézz(mﬁ,mﬁ,(pzirp3)2)+E~322(mzK,fTﬁ,(p2+p3)2)} }’q

24
(8.30)
with the Goldstonébosonmasses
2
mh=2Bom, ~ mg =Bo(m+ms), M= 3Bo(m-+2m). (8.31)

For detailson how to evaluatethe integralswithin the framewvork of DR andnota-
tional corventionsconsultAppendixE.

8.3 Treegraphs

Althoughthe presentsectionis dedicatedo treegraphs,Joopsarenot yet totally left
behind.At O(p®), in additionto the one-loopdiagramsreatedsofar, therearefurther

3Thefirst line correspondso diagrama, the secondo b, andsoforth.
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one-loopcontritutions which enteras O(p?) correctionsto the WZW tree diagram
shownin Fig. 8.6. Thelatterpossessethe Feynmanrule

_ N g (8.32)
12m2F$

Thesecorrectionsarisein

e themesonsdecayconstants:

Therelationshipbetweerthe physicaldecayconstants-;, Fx andthe parameter
Fo is well-known andcanbereadoff from Ref[13]. In contrasto their notation,

we expresstherespectre formulaein termsof non-renormalizedlECsandour

integralscomputedn AppendixE:

F_F;‘ = 1+Fi02(2n1$[—2n1§+3nﬁ)L4+%2"ﬁL5
—Figl(nﬁ)—flgl(nﬁ)JrO(p“), (8.33)
% - 1+Fi§(2nﬁ—2mﬁ+3nﬁ)L4+%mﬁ'—5
52! (TR~ 4ol (08) = o251 (m8) + (). (834)

¢ themesonswave functions:
As usual,for eachmesonfield we have to includeafactor/Z [61]:

JZn = 1—%(2#%—2mﬁ+3rrﬁ)L4—FioznﬁL5

1 1 4
+3?62|(n'$[)+6?62|(mzr<)+ o(p"), (8.35)
VZk = 1—%(2mﬁ—2mﬁ+3r‘rﬁ)L4—émﬁL5
0 0
1 1 1 4
+rz! (M) + 222 (M) + 5o (M) +0(0). (8.36)

Thecombinationof bothitemsimplies

Fr 2 1
VZn = 1- fgl(mﬁ) —3?(?'(”‘%)‘*‘0@4),

Fx 1 1 1
Zigy = 1 gpp! (MR = 5! (M) — 21 (M) + O(Y),
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andfinally leadsto

o () (45%)

12m2FF2 Fo o
_eN T 4L 1 :
-~ (1 g (M= 5l (780 = 51 () ) + O(8)

(8.37)

wheretheintegralsl, seeEg. (8.27),representhe mentionedne-loopcorrections.

Last but not least,we have to considertree contritutions of order O(p®). These
needto be includedfor two differentreasons. First of all, the concernedobarame-
ters(LECs) of Lg¢ mustabsorbthe one-loopdivergencesarisingat O(p*). Buteven
if therewasno singularity problem,we would have to take thosecontributionsinto
accountin orderto be consistentith our requiremenbf performinga completep®
calculation.

Thegenerafeaturesof Lg ¢ regardingthereactiontype 3¢+ y* werecarriedoutin
the previous chapter Eventhereductionto our very processvasshowvn in Eq. (7.12).
Thecorrespondindg-eynmanrule, in its naturalform, reads

6,e | 6,6 | 6, | 6, | 6,y .
f(Ll 7L5 7L6 7L137L14)'_

256eBy [, 6 6 6
- Trz{Lifm-m) -LEf(sm+my) —Lgk(m--2m) L1
64die
- ﬁLgf(p§+p§+4p%+2p1'I02+5p1'I03+5p2'p3)54
0
128e
?Lff(%l- P2+ P1- P3+ P2- p3) 4. (8.38)
0

Let usstatethreeremarksat this point:

1. We have introducedthe function F to simplify our notation. We will cometo
appreciatehisin asecond.

2. Eq. (8.38)is completelyequivalentto Eq. (7.13), but written in termsof other
Lorentzinvariants.

3. Our assumptiorof perfectisospinsymmetry(m = my = mgq # mg) makesthe
contritutionsbelongingto LS andL ¢ vanish.

In summary the total resultof our one-loopcalculationconsistsof threepieces,
(8.30),(8.37),and(8.38),which have to be addedin orderto obtainthe reactionam-
plitude. Consisteng requireshatthe decayconstant@ssociatedo the externalGold-
stonebosonstake their respectre physicalvalues,while for thosebelongingto the
loopswe globally setFy = Fr.
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8.4 Renormalization

In applyingthe conceptof Chapter6, we cangetrid of all one-loopsingularitiesby
introducingrenormalized_.ECs. Recallingtherelation

~ R

wherewe have usedthe notationL ; insteadof GasseandLeutwyler's corventionL |
andwhererl’; hasto bereadoff from Table6.2,we doimmediatelyget

6 , 6 | 6 | 6, | 6
T(Lls’l-ss’l-esal-l;a'-l:) =
256€By [~ 7R )
— [ — m—
{ F$ (1 256- 384r4F (M=)
256€eBy [ 6 R )
[of——————— ) (5m
T (5 256 128Fz ) O™
25Ge N
25 (e R
3F; 256- 321F¢
64’Ie '\6’8 R
3F03( 137 64.128mF;
128 ((6c R
3Fs \ M 128 64m0F7

)(m+2ms)
) (p?+ P2+ 4p3+2p1- P2+ 5p1- p3+5p2- P3)
) (4p1- P2+ pP1-P3+pP2- pe,)}ﬂl

p+p3
mp = P11 P2

ieR 7 —
{ 3ea(m=m) ~ 3Bo(m i m)

"6, "6, "6, "6, "6,
= F(L;%Lg" L sLig, Loy +128r[4F(§3
1
- §(p§+ p5+4p5+10p1 - P2+ 7p1- P3+ 7p2- ps)}ﬂ- (8.40)

Theone-loopsingularitiesj.e., termsproportionato R, beinghiddenin (8.30)and
(8.37)caneasilybeisolated

R (o 20 oo o o L T
126EF {q +3(P1+P2)”+ Z(PL+P3)” + (P24 P3)” — 3Bo(m ms)}ﬂl
__eR 11 5 o 45
= 1280FS {6(p1+pz)+3p3
10 7 7
+§p1-p2+§(p1-p3+p2-p3)—§Bo(m—ms)}/’Zl (8.41)

andareobviously beingcancelledaswe have expectedpy thesingularpartof (8.40).
Obsenethatall externalparticlesareassumedo be onthe massshell.
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8.5 Pionic reaction

As mentionedbefore, our computationcan be checled by reconsideringhe corre-
spondingpionic reaction,i.e.,y* + 1 — et + 0. We find completeaccordancevith

Bijnensetal. [63, 18, 64]* andwantto collectthefinal resultsin termsof our nomen-
clature.Thethreepiecesof informationarerespectrely givenby

aers 1 2 (TR 1T 5Bl P
— (Pt P2)*Baa(Mf, (P1+ P2)?)
— (P1+ p3)*Be2(MF, (P1+ P3)?)
(P2+ P3)*Baa(m, (P2+ ps)?) } A, (8.42)

(28

1212F3
ieN; 2 1
= ———_4(1- =1 — (Mg o(pd 8.43
12]-[2|:T1E% ( F02 (m%[) FOZ( K))+ (p ): ( )
6, 6, 6, 6,e\ .
G(L587L687L1§7L1:) =
256eBy 6, , | 6,€
= (28 +18%)ma
128e
+ o L3509 (Pt P2+ pe) 4
3F;
256e
L3 (pe (prtpo) +p1op2) A (8.44)
3F;

Again, thetotal resultis finite.

4Complementargomputationsave recentlybeenpresentedin [65] onefindsa U (2) calculation
includinge.m.correctionsandin [66] atwo-loop calculationbasedn adispersie method.
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8.6 Vector mesoncontributions to 3¢+ y*

We have,up until now in thischapteycarriedouteverythingwhichis necessarjo meet
the requirementsf a consistentO(p®) calculationwithin the framevork of mesonic
ChPT However, our final formulaestill dependon a coupleof unknavn parameters,
theinvolved LECs, which preventus from numericallypredictingthe squarecampli-
tude.Of coursethesel ECscanin principle bedeterminedvithin appropriatesxperi-
ments.But evenwithoutexperimentahelpwe arenotcondemnedo idlenessWe can
actually move on and estimatethe LECs’ valuesby using purely theoreticalmeans.
Theseevidently have to go beyondmesonicChPT

Let usrecalloncemorethe physicalmeaningof LECs. They aresupposedo in-
cludewhaterer QCD informationonall particleswhichdo notbelongto the Goldstone
bosonoctet. At low enegiesonly thelightestareexpectedo besignificant. Thelatter
arethe so-calledvectormesonswhich can,similarly to the pseudoscalamesonspe
compactlycollectedin a matrix:

T T .
22 V2 V2
e I T I T & (8.45)
2 2
K*= K_*O
i ' ity
V2 V2 V2

In whatfollowswe considettreediagramswvhich have theusualexternallines,i.e.,
onephotonandthreeGoldstonebosonlines, but alsocompriseexplicit internalvector
mesonlines. The O(p®) partof thesegraphsis thento be comparedwith our previous
O(p®) treediagrams andthis way we aregivenanestimationof the numericalvalues
of theconcerned.ECs.

Tothisend,wefirsthaveto find adequaté agrangiardensitiesatisfyingour needs
mentionedabose® As canbe seenin a moment,one mustalways combinevertices
of odd andevenintrinsic parity, i.e., € andnon< vertices,to obtainthe relevanttree
graphs.For both sectorsFujiwaraet al. [68] provided the necessaryieces.In their
articlethe vectormesonsareintroducedasdynamicalgaugebosonfields of a hidden
local symmetry(for areview on hiddenlocal symmetriessee[69]). In analternatve
schemeéhevectormesonsanbedescribecasmassve Yang-Millsbosond70, 71, 72].
The latter approachandits relationto the hidden-symmetryschemeare extensvely
discussedn [73].

8.6.1 Evenintrinsic parity

In the even intrinsic parity sector thereis just one part giving rise to vector meson
fields. Nonethelessye wantto presenthe completeLagrangiandensityat this intro-

SThisis suggestetby their structuralsimilarity.
Sprettymuchof the generathingsto follow hadbeennicely collectedin [67].
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ductorylevel:

2
@, = DU xu), (8.46)
FZ
Ly = —-((D&'e~D,E&")(D'eTe — D)
2
= FZ(’(DHU(DHU)U, (8.47)
2
Ly = —S((DuE'e+ e Dk e +DHEE). (8.49)

The‘covariant’ derivatives,

D = (du—igVy)E—ieAlQ
and D" = (au—igVy)E"—ieAE'Q, (8.49)

compriseboththe vectormesonnonetaswell asthe e.m.field. Oneshouldnotethat
§ = exp(39/Fo) is thesquareoot of ourusualU andDyU our corventionalcovariant
derivative (with e.m.externalfields). Symmetryconsiderationslo only fix Eq. (8.48)
upto aglobalcoeficienta. In respectinghisfact,its leadingorderreads

2
ary = n%<vuv“>+2egvAu<Qv“>+(egV) AANP)

my
Ig%p(vu[cp, oM]) — aTeIAMQ[(p, Mg)) + %”Aﬁ[m Ql, VH).
(8.50)

Again, we only find even powersin ¢. Furthermorepbsenre thatthe (Vy*) mixing
hasbeenintroducedinto Eq. (8.50)by gy = agF(‘)2 , thevectormesonmasg by m§ =
ag®FZ, andthe (V@) couplingby gy e = ag/2. Thuswe rediscwerthefamousK SRF
relation[74, 75,

N _or2 (8.51)

Qveo

to hold for whatever valueof a. Moreover, settingthe parametea = 2 resultsin the

universality of the vector mesoncoupling, gvgy = 9, aswell asin completevector

mesondominancédor thee.m.form factor( LY* = 0), bothsuggestedn phenomeno-
logicalgroundg68].

"Theassume®J (3) symmetry(m, = my = m) justimpliesoneidenticalmassfor all vectormesons
(my =mp = --- = my). Later, we will introducedeviationsto this schemeby hand.
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8.6.2 Odd intrinsic parity

In the odd intrinsic parity sector besidesour familiar WZW Lagrangianpneencoun-
tersfour independenstructuresiueto the presencef thevectormesons

iN aABAY A5 a0 ABAY A
L = gestaps(alarala} — akacaka)), (8.52)
iN A0 2B &Y A
L = geeapn(aiaRalaR). (8.53)
N VA5 AV A
Ly = —qeataps(Fy (/aR—aka))). (8.54)
Ly = —gootapa(Fa (2a)aRE" — E'alkade + £'alaRE —alkade"),
(8.55)
with theabove building blocksdefinedas
a' = o'eTe—igvi—ieAEQE,
ay = oM’ —igvH—ieAEQE],
F\;/iv _ gapvv_iQZVqu’
FY = —ed'A'Q—ie?AMAYQA (8.56)

As mentionedin Ref. [72], Fujiwara’s original form of £, (which is labelledas Lg
in Ref. [68]) is not invariantunderchage conjugationtransformationsC andhasto
bereplacedoy its correctedversionindicatedin Eq. (8.55). However, all calculations
concerning3r+ y presentedn [68] do not suffer from this slip sincethe C invariant
L4 justhappengo doublethe contribution of the non-invariantone.

It is very instructive to analysewhatkind of relevantverticescanbe generatedy
theentireoddintrinsic parity Lagrangian

L8 = 3W+Zlb' (8.57)

In orderto keepthingstransparentlet us summarizethe essentiafactsin the belon
table. Theindicatedverticesaremeantto representhe formulae

ieN:

Vo0 = ~35opaAa(Qpe@s
IgNC q
(Voow) = 5 orsMedpR @0z,
VO = oo duAp({Q U050,
ZNC
WO = jaor (10aVp. %050 (8.58)
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Y'oop) | (Y'V | (VO | (Vopp)

3oty -4/3 — — —
ZW

L 1 — — -1

Ly -1 — — 1

L3 — 1 -1 1

Ly 1 -1 — —

Table 8.1: Relevant verticesand wherethey comefrom. The individual piecesare
givenby theproductsof theindicatednumbersandtherespectre expressionsn (8.58).

Combiningodd andevenintrinsic parity vertices,oneendsup with four different
diagramselongingto the proces8¢-+ y* (seeFig. 8.10).

At first sightit might be somavhatconfusingto find direct(y* ¢gp) pieceso origi-
natefrom our newly introducedmonomials.Sincewe know for surefrom low-enepgy
theoremghatin the soft-momentumimit the amplitudeof arny reactionof the type

3@+ Yy* is solelygivenby theanomalyi.e., 3“’;\,‘\7 theothercontributionsmustsome-
how bewipedout. In fact,onecanrathereasilyshow that £, inducesa contribution of
the diagrammaticspecied (seeFig. 8.10),which exactly cancelsts a counterpartt
low enegies. Thesames truefor Lp. In the L4 caseijt is adiagramof typec to dothe
very job. Everythingwe have just discussedholdsfor whateser choiceof parameters
bi.

If theseparametersemainedundeterminedtherewould benoway atall to numer
ically estimateour LECs. We could only relatethe latter to the former, which would
bearatheruselessubstitutionof onesetof unknonvn quantitiesby another Therefore
(andfor generakeasons)the bj mustimperatively be fixed. In afirst stepFujiwaraet
al. [68] tried to implementexactvectormesondominancedy choosinganappropriate
setof parametewvalues. Here, the notion ‘exact vector mesondominance’refersto
the completedisappearancef direct (1PI) WZW lik e terms,simultaneouslyfor both
the @+ 2y* andthe 3@+ y* case.However, this choiceof parametergredictsa rather
incompatibleamplitudefor the preciselymeasuredo — 3 decay To patchup this
shortcomingthey took a slightly differentparametesetleadingto

L8 = Loy 4 (b1Ly+baLp)y py g+ Lo+ La, (8.59)

which makes the assumptiorof completemesonvector dominancefor our 3@+ y*
reactiontype untenableln additionwe wantto point outthatthefirst two parameters
have not yet beendeterminedseparately Fortunately in our computationsve only
encountethefixedlinearcombinationb; — by.

8.6.3 Estimation

We arefinally readyto startthetreecalculations.As indicatedin Chapter7, all infor-
mationwe areinterestedn canexclusively be extractedfrom thefour ‘processes’:
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N V'é AVAVAN 4 <
a b
W& |
Figure8.10: Resulting3@+ y* treegraphs.Thefirstone,whichis 1PI,doesnotcontain
vectormesondegreesof freedom(boldinternallines). Theremainingthree,whichare

1PR, obviously do. To be consistentwith the foregoing chaptersJet us assumeall
externalmomentato flow into eachdiagram.

o Y+ +m +10/ng—0,
o V' +Kt4+K +1°/ng— 0.

In departingfrom the Lagrangiandensities(8.50) and (8.59), the only 1PRtreedia-
gramsto becomputedareof typed. Differentlyspeakingtherearethreedistinctkinds
of verticeswhich needto be known explicitly. After thoroughlyevaluatingall traces,
we obtain

260 Al(QVH) = egyAH (pﬁ+ % - @) (8.60)

for the (y*V) interaction,

_1Qvg
2

(Vulo,0Mq]) = —igveep { pﬁ(n+0“n_ — 10 9MTT)
- p;(nJra“Tlo — PoMrth)
pih (10 oM — o)

%(Pﬂ—i— Wy — vV2@,) (KoMK~ — KoMK ™)

%K;—(Km“no — 10K )
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1owr _
+ EKHJF(K M0 — 0K )

V3 .
- S K (K*"ng —ngd"K™)

V3 i _
+ K (K0 ng —ngdK )} (8.61)

for the (V @) interaction,and
({0aVp, Vy}0s@ ™ = (dappuy+ 0uwppy)d5T e ™"
+ (aapg(k)y'i‘ aaQ)Bp;)aan+8aBy6
+  (0apy 0+ Oatppy ) OpT €9

(0 (Pf + w0+ V2GR +3aky (09 + oy + V20p) ) 05K *ePP

+

NI NI

(3 (3 + w0+ V208)K; 40Ky (0 + -+ v/205) ) 05K €9P
(8.62)

9°Ne

1626, for sim-

for the (VV @) interaction,wherewe have neglectedthe global factor
plicity.

To warmup, let usconsiderthe purely pionic ‘process’y* + 1t + 1 +1° — 0. In
this casethefirst internalline of diagramd in Fig. 8.10 alwayshasto represena w
mesonwhile the secondonemustbe a p with suitablechage (accordingto the three
possibleassignmentsf pionsto theexternallines).

In recallingthe vectormesonpropagatoto read

i G Puby/m§
m,—p?
onesimply hasto performa straightforwardtree calculationto obtainthe entire con-
tribution of thed typediagrant

e (1 g AP

8r2Fd \MB— (Pt P2)2  MB— (P1t Pa)2 | MB— (Dot Po)?

(8.63)

(8.64)

The latter expressionis not of distinct chiral order We needto expand(the remains
of) thepropagatari.e.,

mg 1 p?

2 ’
m-p2 1_#2 m
g
8As the presenformalismassumesU (3) invariancethereis just oneuniversalvectormesonmass
my. Nonethelessye formally indicatetheinvolvedvectormesondy their mass.
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to beableto collectthearising O(p®) pieces

__ie (p1tp2)®+ (P1+P3)*+ (P2+ p3)?
4TeFs 2mg

4. (8.65)

Let usemphasizencemorethatthe O(p*) partof (8.64) is beingcancelled The only
O(p*) contritutionto survive stemsfrom theWZW Lagrangiaritself.

Sofarthephotonhasbeensupposedo bereal. In orderto extendour computation
to thevirtual case thefinal resulthasto be slightly modified. Actually, onefindsthe
additionalterm

_ e 3¢
4TRFS 2me)

in casethe photonmomentunsquareds allowedto differ from zero.
Comparisorof thecorventionalChPTtreegraphsatchiralorderO(p®), Eq.(8.44),

(8.66)

R ~ ~ 128/ ~ ie
{256(2|_§’€ + L85+ 035)Bom— == (L85 +L95) qZ} #ﬂl (8.67)
0

with the corresponding® diagramsincludinginternalvectormesonsEg. (8.65) plus
(8.66),

A

obviously furnishestwo constraintson the concerned_.ECs without giving accesgo
theirindividual values.

Next considery* + 1t + 1 +ng — 0. Here, just one single diagramof type d,
namelythevery onepossessinghevertex (p°p®ns), is found. After implementinghe
definitionAm := mg— m, therespectre analysisof

128 6,€ "~ 6,€ 256 6, " 6,€ 6,€
{ \/§(4|_ +2087 — 95 +4L5F ) Bom— 3\/§(6L +6L5°+ L35 ) Boam
64 (~6e  r6e 64 [6e 2}'9
+ —=(Lx—2L )t Aa 8.69
\/;3,( 13 14) /3 L 139 (8.69)
and

{ V3 V3 }Ieﬁl (8.70)

Bremg. ey |
turnsout to yield first veritablepiecesof information (which arecompatiblewith the
constraintemeging from y* + 1t + 11 + 10 — 0)

"6 6 3
Lys=Ly = S12nE (8.71)
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9

"6 6 __
"6, | 6, 1
b2 L 10242

In the presentontect we maysetmy = my = M.

(8.72)

(8.73)

In completeanalogyy* + K™ + K~ 4+ 10 — 0 canbe addressedSincethis is the
very processeingunderinvestigationn the presenthesis,we do notwishto skip all

intermediatesteps.The expression

__ e {(p1+ P2)®  3(PatP2)®  (Pi+Pa)® (ot ps)z}/q
4rer3 | 4mp 4mg, 4mg. 4mg.
correspondso ¢? = 0, while avirtual photongivesriseto anextraterm

_ie{1+3_1}zﬂ
4rerg | 2mg - 2mg 2mp T

All in all, thisamountgo

grEmg. 8@, | lere\m;  mg ng.
i<i+i 1.1 )qz}i_e,q
gre\mg  mg mg o 2. R

which hasto becomparedvith

{ 64<8I:g’8 ST O 6£§f> Bom—
256 ~6c . . .
- <3L(13’8 TR I 2L‘15§> BoAm
32/ - - A A ie
- S (0 +20E) q2+32(L?§—2L§f)t}Eﬂ
0

beingtakenfrom theprecedingsection.
Theoutcome

[6e 1 (1w 3 3 1
B 7esw\4mi  4mg 2m ng.

ee _ L (23 21 3 1
Yoo Tes@\8mg  8mg  4ng  4ng.

(8.74)

(8.75)

(8.76)

(8.77)

(8.78)

(8.79)

seemsto contradictEg. (8.71). Note that the higher vector mesonmassesnay be
written asmy plusadditionaltermsin Am. The latter piecesareobviously not of the
chiralorderin question.Thusthereis no contradictiomatall upto ourconsideredevel.
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Furthermorewe learnthat

"6, 6 3
L[t =y 8.80
L7 7 2048 (8.80)

musthold.
Finally, let usstatetheresultsbelongingto y* + K+ +K~ +ng — 0. Theexpression

originatingfrom the vectormesonmodelreads

3V3 5 V3[ 1 1 1 1
{ _8Tr2mZ*BOm_8\/:_3T[2mz*BoAm_4—nz<4r‘r%+12nﬁ)_3m$_4mz*)t
V3[1 1 5 1\ ,)ie
H<%+3wﬁ)_6n%+4m2*)q }F_gﬂ’ (5.84)

thecornventionalChPTFeynmanrule

64 [ . e .
{ — <8L§’E I O g 2L‘j§) Bom

V3
128 " 6,8 " 6,8 " 6, " 6, "6, "6, " 6,8
32 (r6e | or6e) 2 32 (r6e o6 ie
ﬁ(LB%—ZLM)q —%<L13—2L14>t =% (8.82)
is takenfrom theforegoingchapter All in all, thisyields
" 6,€ 3 " 6,€ " 6,€ 9
L =———,Le =0,andL;" = —-———— . 8.83
L 2048emg 7 T 6 10242mg (8.83)
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Beforeclosingthis chapterlet ussummarizeheresultsin the below table.

LECs estimatedralue
|:6,s 3
1 2048%mg
"6, "6, . 1
Ly"+L7 10242ng
" 6,€
EG,E . 9
6 10242ny
|:6,s 3
13 5122mg
EG,E 3
14 5122y,

Table 8.2: Estimationof LECs belongingto the class3¢+ y* (comparewith Table
7.1). Within the vectormesonmodeldiscussedn the presentchaptey five LECs can
be estimatedndividually; for theremainingtwo we canonly determineheir sum.
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Chapter 9

Experiments

9.1 Differential crosssectionof the reaction
Kf+e - KEt+e 41

In orderto calculatethe differential crosssectionof a physical process,one basi-
cally hasto squarethe correspondingamplitude. Let us carry on consideringthe
reactiony*(q) + K*(p1) — K*(p2) + 10(p3), wherethe photonis now meantto be
virtual. Within the standardne-photon-echangeapproximatiorthis is equivalentto
K*(p1) + € (k1) — K*(p2) 4+ € (ko) + 10(p3) with g = k; — ko. While in the two-
to-two-particle casethe kinematicsis fully describedby threeindependent.orentz
invariantse.g.,s,t, ando? (seeChapter7), thetwo-to-three-particlsituationrequires
five suchvariables A commonsetis givenby

s= (P24 p3)% t= (p1— P2)?, O = (ki — ka)?,
S= (ki+p1)?, 51 = (ko + p3)?, (9.1)

which obviously extendsthe one belongingto the hadronicsubreaction.Note that S
equalshesquaredotal enegy in thec.m.frame.

As alwaysin electro-hadroniageactions,the entire amplitudecan be split into a
leptonicanda hadronicpart

M = eli(ka)Y'u(ke) G2 eqpysPyPyPSF . 9.2)
H_/ ——————
leptonicpart hadronicpart

The former, which is describedoy QED alone,is a well-understoodand therefore
ratheruninterestingobject. Only the latter (more precisely the complex function F)
containsvaluableinformation on the hadronicsystemin questionand providesthe
possibilityto compareour ChPT predictionswith experimentaldata.

Let usturnto thesquarecamplitude| 4/|2. If theincidentelectronsarecompletely
unpolarizedandwe furtherignorethe polarizationof thefinal electronstatesthenthe
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squaringof theleptonicpartwill actuallyyield
| P o
L8 = = 3 Ulke)y'u(ke)ulka)Y* u(ke)
ST

= (PO (k)

e , : :
- ﬂ(kg‘kg‘ K + g (M~ ko ko) ). 9.3)

For the hadronicpartoneneeddgo carryout
Hyar = EapysEa'pyd Py Py p3p; p\z/ p3|F 2. (9.4)
Thedouble-epsilorexpressiorcanbefoundin theappendixof [76]

EapydCalplyd =

— Qoo (QBB' (Oyy 955 — 9y Isy) — Opy (9ye'Uss — Oy Isp) + Opey Gy Iy — Oy 96[3’))
+ Gap (gsa'(gwg&y — Oy 9oy ) — 9py (Oyor Go5 — Oy Jar') + 9oy (Gyar Gy — Gy Joar)
— Gay (gBa'(Qyﬁ'gesa‘)’ — Oy5 9op) — I (Yya Iz — Gy Foor) + 9 (Gye Iy — Gy géo(’))
+ Ouy (gBa’(gyB’géy' — O5p'Oyy) — 9pp' (Oyar Iy — Gyy'9sar) + 9y (OyarJsy — gyB’Qéa’)) )
(9.5)
andleadsto
Eapyaalpyd DE P\zl Dg DE’ p}f Dg’ =
~ Gaor (P2 P3 P32 P1- P2 P1- Pa P2 P
— R(P2: pa)? P31 Po)? — P (P1- P2)?)
= P1o P ((pz- D3)2— p% p%)
—  P2a P ((Dl- ps)® - pj IO%)
—  P3aPa ((pl‘ p2)® - pj p%)
—  (P1aPaor + P2a P1ar) (P3 P1- P2— P1- P3 P2 P3)
—  (P1aPaor + P3aP1ar) (P3 P1- P3— P1- P2 P2- P3)
—  (P2aPsa’ + P3a P2a’) (PF P2- P3— P1- P2 P1- P3). (9.6)

Although |F|? is the very objectwe areinterestedn, let us, for the sake of com-
pletenessmentionthe formulafor the associatedifferentialcrosssection. Obsere
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thatthe LorentzinvariantSis usuallyfixed. The standardexpressior{60] reads

do B mér M |
ds; dsdo? dt — 8(2m)5A(s, Mg, m2 ) (—Ag) /2

(9.7)

with
Ms M, mE) = (5 (et me)?) (s (me—me)?) (9.8)
andthe Gramdeterminant

Ki-ki p1-ki ko-ki p2-kg
1) ki-pr p1i-p1 ke-p1 p2-p1 9.9)
8| ki-ka pi-ka ko-ky po-ko | '
Ki-p2 p1-p2 ko-p2 p2-p2

AVES

9.2 Numerical results

Thepreviously treatedprocess
Kt+e 5 KF+e +1° (9.10)

hasnot yet beenexperimentallyinvestigated.However, experimentsof this kind (for
bothpionsandkaons)areaboutto betakenup[77]. In orderto determinehephysical
rangeof the Mandelstamvariablescorrespondingo phasespaceregionswhich are
sensitveto F, onewould needto performMonte-Carlosimulationswhich arebeyond
the scopeof this thesis. Neverthelessyecall that all mathematicainput regarding
(9.10)hasbeenprovidedin theforegoingandpresenthapter

Our final formulae, presentedn Chapter8, enterother experimentsaswell. A
differentset-upmakesuseof a K* beamto be scattereff a nuclearCoulombfield
via the Primaloff reaction

KE+N(Z,A) — KE£N(Z,A) + 0. (9.11)

Pionic Primaloff experimentqthoughwith limited accurag of the data)werecarried
outby Antipov etal. [78]. ThereforeJet uscomputelF37(s,t,g?)| for thekinematical
regionsindicatedin their article: 4 m2 <s< 10 m2,[t| <35 Mm%, Q% = —? < 2 x
10°MeV?2. Since

ie

an(&taqz) = _4F3T[2
Tt

(1+ O(p2)> (9.12)

holds,it is naturalto omit the globalfactorandinvestigateghe remainingpartin order
to systematicallystudy the effects of O(p®) correctionsto the leading-orderO(p*)
contribution. Beforepresentingurresultswe needo specifytheinvolvedmasseand
constantsmy = 135MeV, mk = 496MeV, m, = m, = 770MeV, andFy = 924 MeV.
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As canbeseerin Fig. 9.1thetreegraphsof order O(p*) andO(p®) do notpossess
ary dependencen the Mandelstanvariabless,t, andu. Therefore kinematicalvari-
ationscanonly beseenin theloop part. It is very interestingto notethatthelatterand
the O(p®) tree contritutionsare of comparablesize. A changeof t from —0.7 m2 to
—3.5m2 impliesavery slightdecreasef theaverageslopeof thefull line. Recallthat
theentireamplitudeis completelysymmetricin s,t, andu. All in all, onecanconclude
that the experimentalvalue of |F3"| = 1294 0.9+ 0.5 GeV 3 [78] is significantly
above the ChPTprediction.However, O(p®) correctionggoin theright direction?

Up until now the virtual photonhasbeenalmostreal. Of course,it is alsoworth
studyingthe Q? behaiour of the pionic process.As canclearly be seenin Fig. 9.2,
the main Q2 dependencstemsfrom the O(p®) tree graphs. The loop contritution
diminisheswhendecreasing towardsits thresholdvalue4 m2.

Althoughthereis no dataavailablefor thekaonicreactionwe still wantto explore
the behaiour of |[FKK™| in comparable&inematicalregions. The additionallyneeded
massparameterarechoserasm, = 547MeV (which occursin therespectre loops),
mk+ = 892MeV, my = 1019MeV. Thistime the O( p®) treegraphsexhibit anexplicit
dependencent. Thereforethedashedorizontaline in Fig. 9.3is loweredby making
thet valuesmoreandmorenegative. Actually, if we wenton lik e this, we would end
up below the O(p*) level (= 1). Remembethatthe loop graphsaretotally symmetric
in sandu. Takingthesames— sy rangeasin the pionic example,we find avery small
positive slopeof thefull line. Furthermoretheloop contritution getsmoreimportant
whenchanging from —0.7 to —3.5 m? .

Finally, considerFig. 9.4. Sincet is fixed andthe O(p®) treegraphsareindepen-
dentof sor u, thedashedine is identicalin bothsubfiguresThefull line shovsavery
slightvariationdueto the decreasef s towardsthreshold.Actually, for kaonsthe two
chosers valuesrepresenalmostthe samescenarios.

LIn disaccordancwith the discussiorshavn in [63] the variablet mustbe negative in the physical
region. By usingpositivet values,we canreproduceheir resultswithin anuncertaintyof < 1%. This
is dueto non-specifiednassparameteri [63].
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(treeandloop) contritutionsup to O(p®); the dashedine only comprisedreegraphs
upto O(p®); thedottedline justrepresentshe leading-orderO(p?) part.
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Chapter 10

Summary and outlook

In the presentPh.D.thesiswe have investigatedwo fairly different,thoughrelated,
aspect®f theoddintrinsic parity sectorof mesonicChPTup to next-to-leadingordet
o(p°).

Thefirst parthasbeendevotedto theone-looprenormalizatiorof theleading-order
term,the so-calledWess-Zumino-Wten action. As every renormalizatiorprojectof a
(non-renormalizabledffective field theory this formalisticprocedurénasbeencarried
outwithin threemajor steps:

1. Extractionof therespectre one-loopcontribution.
2. Compacisolationof arisingone-loopsingularities.
3. Absorptionof theisolatedinfinite structures.

Before addressinghoseitems, a monomial U (n) setconstitutingthe mostgeneral
anomalouschiral Lagrangiandensityat O(p®), Ls ¢, hasbeensystematicallydevel-
oped. Following the stratgy of Fearingand Scherer[21], their final list could be
modifiedandreducedoy slightly changingthe form (andthereforethe transformation
rules)of thebasicbuilding blocks. Thisway, theuseof theso-calledoartial-integration
argumentbecomesnoretransparenandefficient. In additionto that,theimplementa-
tion of Bianchiidentitiesandnew tracerelationshave led to furtherreductions All in
all, we have derived24 U (n), 23 9J(3), and5 U (2) elements.

It is worth noting the following points. First, within our approach(which was,
e.g.,alsousedin [15, 79)) thereis little dangerof incompleteness,e., we should
not have missedary element.Neverthelesspneshouldaskwhetheradditionalstruc-
turesmightbebuilt up from basicbuilding blockswhicharenotindividually invariant.
Secondalthoughwe have very carefully pursuedthe stratgyy mentionedabove, our
final setmay still includefurtherredundanciesAccordingto our knowledge,thereis
no generalalgorithmto decideif a setof monomialsis linearly independenbr not.
Therefore,our resultinglist might get modifiedin the future. New substantiaideas
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and/ormorerefinedmathematicaproceduresould help to further reducethe num-
ber of terms. Clearly, the smallerthe number the betterfor the determinatiorof the
respectre LECsandfor the practicalapplicabilityof ChPTin general.

In orderto fully includee.m.processesito the U (2) framework, thechiral group
hasbeenenlagedto U (n). x J(n)r x U (1)yv, which naturallyimplies the rise of
additionalmonomials. We have presentedh setof 8 elementswhich is valid for ary
flavour numbem.

As far aswe can see,the presentstudy provides the most systematicand com-
pleteaccounton anomaloug® termsin mesonicChPT In particular the numbersare
considerablysmallerthanthosegivenin [19, 20, 21].

Items 1. and 2. requiresophisticatedheoreticaltools, namelyspecifictopics of
the path-intgral formalism, suchasthe saddle-poinevaluation,andthe heatkernel
techniquewhich have beenintroducedanddiscussedWe have spenta greatdeal of
effort on collectingandillustratingthefundamentaideasandnotionsof eitherof these
methods.In otherwords,the presenteanaterialis intendedto supplya compactand
helpful summaryto beassistedy whatezer moderntextbookon quantunfield theory

After successfullycheckingl. and2., which hadalreadybeenworked out by sev-
eral groups[17, 18, 19, 20Q], point 3. hasbeenaddressed.The infinite partsof the
LECshave beenderivedfor all of our final sets(alsofor the extension).Notethatthe
exactnumberof LECsto receve aninfinite partdepend®n the choserfinal setandis
thereforeof secondarynterest.

AslongasLECsremainundeterminedtheassociatetlagrangiardensitydoesnot
have ary predictve power. For this reasonpneneedsa numericalestimation,which
may stemfrom experimentaldataor from complementaryheoreticalmodels. In the
presentthesis,Feynmanrules have beenthoroughlyworked out, covering a subset
of 13LECs,by consideringpureQCD ande.m.processesn otherwords,thosecou-
plingshave atleastformally beenfixed. Fitsto experimentadata(if available)require,
of coursethe passagérom Feynmanrulesto respectre crosssections A comparison
with adequatéheroreticainodelscanalreadybe achiezedon thelevel of reactionam-
plitudes.While someof our LECshave beenestimatediia theoreticaimeangwithin a
modelincluding vectormesonsasadditionalinternaldegreesof freedom) the adjust-
mentwith experimentaldatahasto be donein thefuture. More spacefor furtherwork
consistsin consideringthe remainingLECs aswell asthosebelongingto the exten-
sion (analysisof SJ(2) processes)However, the entire setmight not be completely
determinedvithin the next decade.

The secondpart, which might be moreinterestingfor experimentalistsgealswith
someapplication.A consistenbne-loop,i.e., O(p®), calculationhasbeencarriedout
for the anomalousprocessy* (q) + K*(p1) — K*(p2) + 10(ps3). Besideshe leading-
ordertreeterm,whichis of O(p*), loop andfurthertreegraphsenteras O(p®) correc-
tions. Loopsemegefrom two differentsources:

e So-calledregularloops.

e Loopsdueto wave function renormalizatiorand correctionsto the decaycon-
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stants.

By allowing internalvectormesondegreesof freedomtheinvolved O(p®) LECshave
beenestimated Our entiremethodandits outcomehasbeencross-cheokd by recom-
putingthereactiony*(q) + 1 (py1) — 18 (p2) + 10(p3) andcomparingwith [63, 64].

The pionic processhadalreadybeeninvestigatedvithin a Primaloff experiment,
T +N(Z,A) — 185+ N(Z,A) + 10 [78]. TheassociatedhPTstructurefunctionhas
beennumerically evaluatedand discussedor the kinematicsproposedin [78]. In
addition,we have studiedits Q? dependencelhe samehasbeendonefor kaons.

Both, the kaonic andthe pionic reaction,are subjectof experimentsof the type
K*+e — K*+e + 10 to bedonein the nearfuture. The entiretheoreticaframe-
work which is necessaryo computethe correspondinglifferential crosssectionhas
beenpresented As soonasthe kinematicalareasof the experimentsareknown, one
can start calculatingnumerical ChPT predictions. The resultsmustthenbe imple-
mentedn aneventgeneratiorio identify regionsof phasespacewhich aresensitveto
FKKT or F3T respectiely.
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Appendix A

Initial structur es
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initial structures

i (D\D*U)_(DyJ)—(DyU)_(DgqU)_(DgU)_)ehoP
i ((DADWJ)-{(D*U)-(DyU)—(DaU)—(DgU)- + (DgU)—(DaU) - (DyU) - (D*U) - })eoP
i (DADWJ)—{(DWV)-(D*U)_(DgU)-(DgU) - + (DgU) - (DaU)—(D*U)_(DyU) - } )P

00 ~N O O MW N | H

PR ERPREPRERERPRPE o
0O~NOO U WNRERO

i (X)—(DWU)—(DWU)_(DaU)_(DgU)_)enaP

<(D Gy +(DyU)_(DgU)_(DgU)_)eivob
((DAGW)+{(D*U)_(DgU)_(DgU)_ — (DgU)_(DgU)_(D*U)_})eivob
<(DAGW) (DqU)_(D*U)_(DgU)_)eHvaP
((DyGp)+{(D*U)_(DgU)_(DgU) - —(DpV) (D U)_(DJ)_})ehvap
((D HGAV) (DoU)—(DMU)_(DgU)_)eHab
((DuGua)+{ (DAV) - (D*U) - (DBU) — (DgU)_(D*U)_(DU)_})evap
((Gw)+{(DyD*U) (DgU) (DgU) - — (DgU) (DgU) (DD U) })ehaP
((Ga)+{(D*DyU)_(DgU)_(DgU)— — (DgU)—(DgU)_(D*DyU) _})eHvab
{((Gw)+{(DADaU)_(D*U)_(DgU)_ — (DgU)_(DU)_(DyDgU)_})eHvaP
((Gw)+{(DADaU)_(DgU)_(D*J)_ — (D*U)_(DgU)_(DyDgU)_})eHveP
((Gw)+(DgU)—(DyD*U)_(DgU ) )HvoP
((Gyp)+(DyU)_(D*DgU) _(DgU ) _)eHvab

<(GW)+{(D)\U)f(D)\DaU)f(DBU), - (DBU)f(D}\DaU)7(D)\U),}>8“VO‘B
<(D)\Dqua)+{(D U)_(DBU)_+(DBu)_(DAu) })ehvap

19 <(D}\H|1V)+{(D DqU)-(DpU)- + (DgU)- (D’ Dol ) - })e P
20 {(DuHxv)+{(D*DaU)— (DgU) - + (DgU) - (D*DgU ) - }) Vo
21 {(DuHva)+{(DADMJ)—(DgU) - (DBU) (DADMU)-_})eeP
22 {(DuHua)+{(DADgU) - (D*U)— + (D*U)_ (DxDgU)- })&tP
23 {(Hiw)+{(DAD*DaU)— (DgU) + (DgU)— (DD DaU) - })& P
24| ((Hy+{(D'V)- (Dv )—(DaU)—(DgU) -+ (DgU)—(DoU) (D U) (D'U)_})eveb
25| {(Hyw+{(DwJ)- (D U)-(DaU)-(DgU)- + (DgU)—(DgU) - (D) (DyU) - })e*P
26| ((Hw)+{(DyU) (D) (DaV)_(DgU) +(DgU) (DaU) (D*U)_(DyU)})e o
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continuation

27 | ((Hw)+{(DyU)_(DaU)_(D*J)_(DgU)_ + (DgU)_(D*U)_(DgU)_(DyU)_})eop
28 ((DADyHva)+)((D*U)_(DgU ) _ )etvab

29 ((DAD*DYU) - ){(Hva)+(DgU) - >8“V°(B

30 ((Hw)+(DgU) - )((DgU) (DyU) (D U) )ehvaP

31 {((Ha)+{(DaU) _(DoU)_ + (DoU)_(DyU)_}){(D*U)_(DgU)_)eHaP
32 ((DyX)+ (DyHqg) 4+ )b

33 ((DX)+{(Gva)+(DgU) - — (DgU)—(Gva) 1 } )™ P

34 ((DuX)—{(Hya) + (DgU) - + (DgU) — (Hya) 1 })eHaP

35 ((DyGva) +{(X)+(DpU) - — (DgU)—(X)+ })eoP

36 (( uHva) +{(X)~(DgU)— + (DgU ) (x) -} &P

37 i ((D*Gr)+{(Gva)+(DgU)— + (DgU)—(Gua)+ }yeHaP

38 i (D*G)+{(Gra)+(DgU)— + (DgU)_( on)+}>€“\’°(B

39 i ((DAGw)+{(Gap)+ (D) +(D*V) (G aB)+}>5WGB

40 i ((DLGW)+{(Ga)+(DgU) + (D U) (Gro)4})evaP

41 i ((DyGpv)+{(Gap)+(DU) -+ (D) (Ggp)+ })eHaP

42 i ((DyGva)+{(Gag)+(DMU)_+ (D*U)_(Gyg)+ })eaP

43 i ((D*Hpp)+{(Hva)+(DgU) - + (DgU)— (Hyq) + })eMP

44 i ((D*Hy) +{(Hra)+(DU) -+ (DU) _(Hre) + })EMP

45 i<(D)\HuV)—I—{(HaB)+(D)\U) + (DMU)_(Hqp) + })eeP

46 i {(D uHhw) +{(H*«)+(DgU) -+ (D U) (H*q) 4 })etveP

a7 i ((DuHhw)+{(Hap)+(D*U)_ + (D*U)_(Hqgp) + } WP

48 <(DHHVG)+{(H)\B) (DU)_ + (DMU)_(Hyg)+ })e™P

49 i (DADU)_(G) + (Gap)+)e™ P

50 <(D)\DUU) {(G)+(Gap)+ + (Gop)+(Gry) + }) WP

51 i ((DADMU)_(Hp) 4 (Hop) +)e™eP

52 '((DADuU) {(H\) + (Hap)+ + (Hag)+ (Hay) 4 })eveP

53 ((X)-{(G)+(DaU)_(DgU) - — (DU) (Dol - (Gy) + })e*oP
54 ((X)+{(Hw )+(DaU)—(DBU)—+(DBU) (DaU)_(Hy) })ehveP
55 i ((Gaw+{(HM)4(DgU) (DgU)  — (DgU) (DgU) (Hy)  })eivab
56 i ((Gaw+{(Hva)+ (D*U) (DgU) — (DgU)(D*U)  (Hyq) 4 })em P
57 i ((Gaw+{(Hva)+(DgU) (D) — (D*U) (DgU)  (Hya) 4 })eP
58 i ((Gu)+{(Ha)+(D*U)_(DgU)_ — (DgU)_ (D V) _(Hpq) 4 })eWoP
59 i ((G)+{(Hxa)+(DU)_(D*U)_ — (D*U)_(DgU)_(Hrq)+ }) P
60 i ((G)+{(Hap)+(DrU)_(D*U)_ — (D*U)_(DAU)_(Hep)+ }) P
61 ((X)—~ (D)~ (Gya) + (DgU ) _yetvoP

62 i ((Gaw+{(D*U)_(Hya)4(DgU)— — (DgU)_(Hya) + (DPU) _})etP
63 i (G +(DyU)_(H )4 (DgU)_)eHaP

64 i ((G)+{(DMVU)_(Hyo)+(DgU)— — (DgU)_(Hxo)+ (D*U)_})evob




# continuation

65 ((DX) = ){(Hva) + (DgU ) )evab

66 ((X)-){(DyHva) + (DgU ) )P

67 ((X)=){(G) + (DaU)—(DgU) _)etvaP

68 ((X)+(DyU) ){(Hva)+ (DgU) )etaP

69] 1 {(X)+{(Gw)+ (Hap)+ — (Hap)+ (Gu)+ E™P
70 H{(X)-(Gw)+(Gq ) yerab

71 i {(X)-(Hw)+(H 0(;3)+>8“““B

72 <(Gw)+{(Gm)+(HAB) +(HA) 4 (Grg) 4 })EMeP
73 i {(X)-){(C)+(Cq ) yerab

74 F{(X)=){((Hw)+(H ag)+>8““°‘B

TableA.1: List of 74 anomalousSU (n) structuresof order O(p®) we startwith. Be-
sidesthe hierarchyargumentdiscussedn the text (the four different categoriesare
separatedby triple lines), our orderingschemas supposedo respecthe rule: single
traces> multiple traces.

113



# initial structures

il aAvM« U)_(DaU)—(DgU)_)eHeP
2 0 vw((D"U) (DaU)_(DgU)— )s“"“B
3 vs((D)‘U) (DgU)_(DgU)_)ehvak
4 ((D"D U)_(DoU)_(DgU)_)eHop
5 ( ((DADMU)_ (DqU)_ (DgU)_) e
¢ v&?«maam_{(mm (DgU)_— (DgU) (DY) })eer
7 | V2 ((Gua) + (DgU) e

g | VY ((Gra) + (DgU) )P

9 | 93y ((Gap)+(DMU) _)eivo

10 | 0¥y ((Ga)  (DgU) )£

17 | 0¥y, ((Gap) + (DMU) )P

12 | QWi ((Gap)+ (DM )ehver

13 | V[ (DG (DgU) - )etvar?

14 i V3 ((DAGyq) 4 (DgU ) - )etoP

15 i Viw ((D)Gap)+(DMU) )P

16 i Vo (DyG)q) 1 (DgU) ) &P

17 i vy (DaGyg)+ (DMU)_)gvob

18 i Voo {(DuGep) + (DMU) _ yehvaP

19 ViV ((Gap) 1+ (DADMU) e

20 i Vo {(Gua)  (D*DgU) )P

21 | Vi3 {(Gr) + (D'DgU) - )etver

22 i Vil ((HA\,) - (DgU) - (DgU) e
23 | i vjo{(Hua) {(D*U)_(DgU) - — (DgU)_ (D U)_})ehvaP
24 | iV {((Hha)+{(D*U)_(DgU)_ — (DgU)_(DMU)_})eHvaP
25 Vv ((X)—(DaU)_(DgU) &P
26 | V3 ((X)(Gap) )£

27 VI ((GM) 4 (Hap) +)eveP

28 Vi (Gua)+ (HAg) 4 e

29 Vi ((Grq) + (HAg) 1 yehvorp

30 ivff,)vésé (X)_)eHvap

TableA.2: List of 30 additionalanomalous® structuresdueto the extensionof the
chiral group.
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Appendix B

Eliminating relations

B.1 Relationsinduced by partial integration

LH-2+@) = 0,
(5)+(12)+(16) = O,
) +(1)+(14+(17) = 0,
(M+13+(15 = o
(8)-(12 = 0,
©)+16 = o
(10)+ (13)+(17) = 0O,
(18) + (21) + (22) + 1(26)+ S27) = 0

1 1
(20)—E(24)—E(25) = 0,
(22 + 116(26) _ o

1

(19)+(23) - 1—6(26) - §(27) = 0

(21) + (23~ 5(26) = O

(29-5(3) = 0
(29)+1(30) - 0

1 1
(32)+5(36) + 7
(32)—%(34) -0
(37)+(38)—(50) = 0

54) = 0,
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B.2 Relationsinduced by EOM
B.3 Epsilonrelations
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(B.5)
(B.6)
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(26) = O,
(61) = 0,
(62)

1
2
1
4
1
4

(35)+5 (54
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(53) +
(57) +
(58) —

(10) -
(32) -

1
4
1
4
1
4

(42) +
(48) —

B.4 Relationsinduced by Bianchi identities
(36) -



(B.7)

o o o
1!

(B.8)

B.5 Tracerelations

(B.9)

OO0 00 CTdO0O0O0 00 oo o0 o O S O
L | L Lt

e e N R e R B B I O S I I O B B B U N g N e S ara

S N N N N e e e N N N N N N N N N

B8 w3 ~ =

(B.10)

=0.

(26) + (27) +2(30) + (31)
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Appendix C

Functional calculus

For our purposesfunctional analysis(and especiallythe functional deriative) can
be seenasthe co-dimensionalgeneralizatiorof finite-dimensionaknalysis. We first
repeasomefundamentahotionsof thefinite-dimensionataseandstatetheirinfinite-
dimensionakounterpartafterwards. For a morerigorousintroductiononemay con-
sultany textbookon thefield.

e finite-dimensional mapping:

f @ RT"=R" x> (f1(X),--, fa(x))" (C.1)
with X = (X1, -+, %m)

e (total) derivative:

| f(x+h) = f(x) = LX),
[y 10l

with L(x) = (a(‘;‘)ﬁ?()) (Jacobian)
J

N.B.:if f linearmapping= L(x)=L=f

=0 (C.2)

specialcase

of ()
6Xj

f:R" >R = L(X) = ( ) = gradf (x) (C.3)

— partial derivative:
91 (x) = lim fix+ea) - f(x), N.B.: %
0% -0 £ 0X;
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— directional derivative:

af(x)
LX)h) =L(x)"-h= hi
(LOY[M) =L(X) Z ax
— extrema 21 (%
X .
gradf (x) =0 < o =0Vi
e co-dimensionalmapping:
F : M—=N, f—F[f] (C.49)

with M, N co-dimensionaBanachspaces

e (total) derivative:

IF[f +h] —Ff] =g hlll

im =0 (C.5)
Iy —0 [lalifv
specialcase
. oF . .
F:M — R (functional) = 5 (distribution) (C.6)
N.B.: if F distribution=- 2—'? =F
— partial derivative:
oF . F[f+4&d(-—x)] —F[f] Cof(ly)
5109 M £ o NBigrRy =3 Y)

— directional derivative:
oF oF oF
—lh= <g‘h> — /dx—éf(x) h(x)

5F =0 o /dx%h(x) — 0V h(x)

— extrema
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Appendix D

Gell-Mann matrices

In QCD and relatedtopics (— ChPT) one cannothelp dealingwith the Lie group
U (3). Therefore let us have a closerlook at its generator%, wherei € {1,---,8}.
TheA; obey thefollowing commutatiorandanti-commutatiorrelations:

. 4
[Aa,Ap] = 2ifapcAc, {Aa,Ap} = 30a0+ 20abcc- (D.1)
Thecombinationof bothyieldsa helpful identity:

. 2
AaAp = i faphc+ §6ab+ dabcAc. (D.2)

abc || 123 | 147 | 156| 246 | 257 | 345 | 367 | 458 | 678

fwc| 1|3 [ 3] 3 [ 3 [ 3 [ 1 [3/353/5
abc | 118 146 | 157 | 228 247 256 338 344
d 1] 1 1 1 _1 1 1 1
abc 3 2 2 3 2 2 3 2

abc || 355|366 | 377| 448 | 558 | 668 | 778 | 888

_1 |1 | __1|__1 _\ﬁ
2 23 23 23 23 3

Nl
|
|

dabc 2 -

TableD.1: Non-vanishingf (totally anti-symmetriclandd coeficients(totally sym-
metric).

Thefollowing standard‘non-physical’)representatiors almostalwaysfoundin phys-
ical literature:
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0
A7 = ( 0 ) (D.3)

Neverthelessfor our needst turnsoutto be morecorvenientto useso-calledphysi-
cal’ Gell-Mannmatriceswhich arejustlinearcombinationof theformerones:

1 1
A= ——=(A1+iAg), A= —=(A1—iAo),
| \/é(l 2) I \/2(1 2)
Al = As,
; (D.4)
They explicitly read
0+v20 0 00 1 00
M=1|[00O0]|, \uy=[{v200]|, MNuy=[0-10],
0 0O 0 00 0 0O
00 2 0 00 00 O
Mazw =000 |, wv=[( 0 00|, avy=|00 v2],
00 O V2 00 00 O
0 0O 7(10 0
)\VII = 0O 0 O s )\VIII: § 01 O . (D.5)
0+v20 00 -2
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Appendix E

Loop integrals

For our specificneedswe have to distinguishbetweentwo generaltypesof integrals
accordingto their numberof internal (loop) lines. Beforeroughly explaining how to
evaluatetheseintegrals, let us have a word on dimensionakegularization. For more
calculationaldetailsconsult[80, 81, 10, 61].

E.1 Dimensionalregularization

As the powerful techniqueof dimensionalregularizationhasbecomequite popular
overthelast30yearsarathershortdescriptionof its mainideasseemgo besufficient.
In otherwords,this appendixis not meantto provide a mathematicallydetailedproof
but acompactreferenceof theresultsto be presented.

Thecrucial pointis to considerintegralsin n (non-integer!) space-timelimenions
which do coincidewith oursfor n = 4. After having carriedout the relevant com-
putationsin n dimensionsthe resultsare continuedbackto usualMinkowski space
isolatingthe singularpartsaspolesin € = 4 — n. Thisway onegetsanexplicit control
over singularitiesj.e., onecanabsorbthemby judiciously choosingthe renormaliza-
tion constants.

E.2 Integrals with oneinternal line

Firstof all, notethatwe alwaysincludethefactorpy™ " in orderto rendertheintegral’s
dimensionalityindependentf n. The parameteft is an arbitrary auxiliary quantity
which hasthedimensionof amass.It appearsn theintermediateartsof our calcula-
tions, but cannotultimatelyinfluencerelationsbetweerphysicalobsenables.

1As alwaysin QCD the so-calledmodified minimal substractiorschemewill be appliedin which
renormalizationconstantsare chosento subtractoff not only the € polesbut also the omnipresent
(In(4m) +T'(1) + 1) /3212 term.
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Theassociatethasterintegral canbe shovn to yield

d"l pAn
() = /(Zn)”lz—nmz+is

mé 2

= 1g7 jE+yE_ In(4n)—|—|n<r£2>—|—o() . (E.1)

-~

R

Although being standardthe above notationmight be slightly confusing. The €
symbolin thelastline is supposedo substitute4 — n andhasnothingto do with the
onein thefirst line indicating how to evaluatethe integral. Furthermore note that
Euler’s constante equals—T'(1).

E.3 Integrals with two internal lines

Next, we wantto examineintegralsinvolving two internallines. Sincethe two prop-
agatingparticlesdo not needto have the samemass,we must considera general
(m?2 # m3) anda specialcase(nm? = m¢ = mj). Let usstartwith the latter onewhose
solutionis, of course)esscomplicatedandthereforemoreinstructie.

E.3.1 Specialcase

Essentiallyusingthe so-calledFeynmantrick

ab /o dz[az+ b(1—2)]2 E2)
the masterintegral turnsoutto be
d”l pAni
2y
Bo(n?, &) = / 12_nme1igl[( +a)2_mP+ig]
1 v a’
_ (0)
. [W.n(u )0 (£)]. s
with the definition
1
30 (%) ::/ dyy<In [1+x(y% —y) —ie]. (E.4)
0
For k = 0 theabove functionbecomes
—2-0lin (%) (x<0)
IO = —2+2,/——1arccot(,/—— ) (0< x< 4)
—2-alIn($F2) —imo (x> 4)
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(E.5)
where  o(x) = 1—3, X ¢ [0,4].

At this stagewe needto pointoutthatthetensorintegrals
d"l P4 ile

aUBl(mz,qz) = (21T)”[|2—mz+i£][(l+a)2_n12+ig] (E6)
and
ata’By1(n¥, &%) +a°g"Bay(n, &%)
B dnl pAn L HY -
/ 2" 12 — 2 +ig] [(I + a)2 — M2 + ig] (E.7)

canbe expressedn termsof (E.1) and (E.3). Obsene thatthereis no otherway to
write the left-handsideof (E.6) and(E.7) dueto Lorentzcovarianceandthe available
variables.First, let us considerthe auxiliary integral By (m?,a%) by contracting(E.6)
with ay,

) W 4ia |
(. ) = @OniZ-me+ig[( +aZ-merig (E8)

Respectingheidentity
a-I:%[(I+a)2—rr12—(lz+a2—mz)], (E.9)

onefinds

B d”l - I+a) —mP] - [1*—n?] -
a’By(m?,a%) = / 4 —m2+ig][(l +a)2 —mP+ig]

B d”l - 1 1
- 2/ 12—m2+ie (I+a)2—nP+ic

a2
_[|2-m2+ia][(|+a)2-m2+is]}

= @B, ). (E.10)

Next, we determinethe function Bgz(mz,az) which is the only oneto occurin our
calculation.To this end,multiply (E.7) by g,y anduseg,,g"’ = n:

612821(m2, a2) —+ naszz(mz, a2)

dn| un 4||2
- /(2n)n[|2—mZ+ie][(|+a)2—mZ+is]
dn| U4 (12— 2 4 ne)
/(2Tt)”[|2—mz+is][(l+a)2—mz+is]
= |(mP) 4+ mPBo(n?,a2). (E.11)
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Ontheotherhand,contracting(E.7) with a, yields:
aZaV (BZI(rnzv a2) + BZZ(rnza aZ))

_ d"l u4ia Y
B /(2n)”[|2—mZ+is][(l+a)2—mZ+is]

_ un—4i dn| [V
2 (2mn 12 —m2 +ie
un—4i dn [V

2 2" (I +a)2—mP+ie

|
p % ia d"l v
2 /(2n) N[12—m2+ig][(I +a)2 — P +ig]

a¥ 2 av
— §|(mz)

Takingadwantageof (E.ll)and(E.lZ),822 reads:

Bo(m2 a’). (E.12)

A — a®

Boy(MP,2) = ;[5 )+

(n—1)a2 |2 ( Bo(mz,az)]. (E.13)

Our basicintegrals | (m?) and Bo(m?,a?) both containthe quantity R which di-
vergesfor n = 4. Thatis thereasorwhy we have to work outthe Taylor expansiorfor
(n—4) < 1. With

1 1 n-4
1= 39 o(-97).
(n—4)Bo(n?,a%) = 8_1112+O(”_4)’
(n=4)I(m?) = %4—0@—4), (E.14)

we finally obtain

|(m?) | (4P —a)Bo(mP.a%) P &

2 2
Boo(mP, &%) = — )
A By, &) = ==+ 12 482 ' 288

(E.15)

E.3.2 Generalcase

For the general(andmore complicated)caseoneclearly hasto proceedanalogously
Here,we simply quotethoseresultswhich enterour calculations:

4—n i

. _ dnl H
Bo(mi m%, az) = / (2n)n [| mZ + |€ m% + IS]
:‘”‘/dz/dnl 2A2)+)2
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1 A2(z) —ie
- {R—i—l-l—/ dzln( ¢ >}
with A%(2) = sZ+ (MmB—mé—s)z+m3, where s:=a’. (E.16)

Theremainingintegralleadsto therealpart

/ <|522+ (Mm% —mg — z+mz|>

2
= -2+ 1{In (mz> +In (n;%)}—l— m%—m%ln <ﬁ> +F,
2 2 W 2s m3

with

Aln (%) for s<(m—mp)? or s> (M +mp)?
_ _A _ N _ 2

F = Sarctan(s_(m%mg)) for (mpg—mp)2<s<m+m3

_%{arctar(m) —T[} for IT%'*‘IT%SSS (ml+rnz)2

and

V(5= (M +md))2 — amémp

\/4”‘%”%—(5—(”€+m§))2 for (M —mp)2<s< (m+m)2.
\/(S— (Mg +m3))2 — 4méms otherwise

(E.17)

Thecorrespondingmaginarypartreads

TT
~i=0(s— (M +mp)?)\/(s— (ME-+ )2 —4méE. (E18)
Again, we needto know the seconcconstituenof thefollowing sum

ata’By1 (mE, mp, %) + a2gH Boo(Me, mj, a2

d"l pa-n |u|v
- / 212 - m2+,8 Pt (E.19)
Onefinds
- <112 gaz (ML +1m5) + 12&4(m§—"€)2)§o(nﬁ,nﬁ,a2)
_ ommg 1

. E.20
961a? + 288 ( )

OnecaneasilycheckthatBo(mg, m3, a?) andBoy(m?, m3, a?) arebothinvariantunder
massexchange(n? «» m3). Whensettingmz = mg we rediscwer our formerresults.
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ThomasEbertskauser

Chirale Storungstheorieflr Mesonen— Sektor
ungeraderinnerer Parit at

In dervorliegenderDissertatiorwurdenzweiverschieden@spektedesSektoraunger
aderinnererParitatdermesonischenhiralenStorungstheorieyelcherauchalsanomal
bezeichnetvird, untersucht.

Der erste,eherformale Komplex der Arbeit befal3tesich mit der Ein-Schleifen-
Renormierungdes fiihrendenanomalenTerms (der chiralen Ordnung O(p%)), der
sog. Wess-Zumino-Wtten-Wirkung. Wie jedesRenormierungsprojeketiner (nicht
renormierbarengffektivenWirkung, liel3 sichdiesesvorhabenn drei Teilschritteun-
tegliedern.Zunachstmul3teder gesamteEin-Schleifen-Anteilder Theoriemittelsder
Sattelpunkt-Methodedie auf dem Pfadintegral-Formalis- mus ful3t, extrahiert wer-
den. Im Anschluf3konntenalle singurenEin-Schleifen-Strukturemrm Rahmender
Heat-Kernel-Technikisoliert werden. Zu guter Letzt muf3tendiesedivergentenAn-
teile derOrdnungO(p®) absorbieriverden.Zur Absorptionberbtigte mandahereine
allgemeinst@nomale_agrange-DichtelerOrdnungO( p®), welcheaufbauendufder
Arbeit von FearingundScheresystematisclentwickelt wurde. Erweitertmandie chi-
rale GruppeSJ (n). x U (n)raufJ (n). x W (n)r x U (1)y, sokommenzusatzliche
Monomeins Spiel,welcheebenélls bestimmiwurden.Die renormierterKoefizienten
dieserallgemeinsterLagrange-Dichtedie Niederenggiekonstantenwarenzurachst
alsfreie Parameterzu betrachtenUm die Theoriemit physikalischelMorhersagekraft
auszustattermul3terdieseK oeffizientenindividuell fixiert werden.UnterBetrachtung
eineskomplemenirenModells,daszustzlichevektormesonischEreiheitsgradeor-
sah, konntendie Amplituden geeigneteProzesséestimmtund durch strukturellen
Vergleich mit den Ergebnisserder mesonischerchiralen Storungstheoriesine nu-
merischeAbschatzungeinigerNiederenggiekonstantervorgenommerwerden.

DerangavandteTeil hatteeinekonsistentd&in-Schleifen-Rechnunfgir denanoma-
len ProzeRy* + K* — K* + 1 zum Inhalt. Nebendem Baum-Grapherder Ord-
nung O(p*) muRtenSchleifen-und Baum-Diagrammaler OrdnungO(p®) einbezo-
genwerden.Die entstandeneBivergenzenwurdenerwartungsgeraldvon denzuwvor
renormierterNiederenggiekonstanterweggehoben.Zur Kontrolle unsereResultate
wurdeeinebereitsvorhanden®echnungumProze* 4+ &= — 1e& + 10 reproduziert.
Unter Einbeziehungler abgeschtztenWertederjeweiligen Niederenggiekonstanten
konntendie zugeldrigen hadronischerstrukturfunktionenmumerischbestimmtund
diskutiertwerden.
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