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ABSTRACT

Two-dimensional (2D) particle systems, such as magnetic skyrmions, exhibit topological phase transitions between unique 2D phases. How-
ever, a simple and computationally efficient methodology to capture lattice configurational properties and construct an appropriate, easily
calculable indicator for phase identification remains elusive. Here, we propose an indicator for topological phase transitions using persis-
tent homology (PH). PH provides a complementary topological description by capturing persistent features derived from the configurational
properties of the lattice. The proposed persistent-homology-based indicator, which selectively counts stable features in a persistence diagram,
effectively traces the lattice’s ordering changes, as confirmed by comparisons with the conventionally used measure of the ordering (the mag-
nitude of the orientational order parameter (|¥s|)), typically used to identify lattice phases. We demonstrate the applicability of our indicator
to experimental data, showing that it yields results consistent with those of simulations. This experimental validation highlights the robustness
of the proposed method for real physical systems beyond idealized simulated systems. While our method is demonstrated in the context of
skyrmion lattice systems, the approach is general and can be extended to other two-dimensional systems composed of interacting particles.
The proposed topological indicator remains computationally tractable for the system sizes considered here, while preserving the topological
invariant-based structural information.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0331214
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INTRODUCTION

Magnetic skyrmions are chiral, vortex-like spin textures char-
acterized by topologically enhanced stability,"” often treated as
quasiparticles due to their particle-like behavior.”* These struc-
tures have garnered significant attention from researchers for
their energy-efficient manipulation via spin-transfer and spin-orbit
torques,” offering promising pathways toward next-generation
information storage and unconventional computing devices.® A
possible application of skyrmions is the racetrack memory as
a high-density memory technology.” ’ Such future skyrmionic
applications are based on the behavior of multiple skyrmions.
It is, therefore, important to investigate their physical proper-
ties and their collective arrangements to achieve such technolog-
ical applications using skyrmions. From a fundamental physics

perspective, ensembles of skyrmions, known as skyrmion lattices,
can exhibit complex phase behavior, including two-dimensional
melting transitions.'” These transitions are theoretically captured
by the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY)
framework, which describes the emergence of intermediate hexatic
phases and the role of topological defects, such as dislocations and
disclinations.'” Although this behavior has been extensively studied
in colloidal systems, skyrmion lattices offer distinct advantages due
to their tunability and controllable dynamics that can be fully cap-
tured in real time and real space, making them an ideal platform for
investigating two-dimensional phase transitions.'!

Despite intensive research, topology-based descriptors of lat-
tice configurations remain much less explored than conventional
bond-orientational measures. Conventional methods, such as the
local orientational order parameter y,(r) and the orientational
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correlation function, provide well-established local and spatially
resolved descriptions of sixfold order.”"' ™ In the present work, we
use the averaged absolute value (|¥s|) as a conventional scalar refer-
ence quantity and investigate whether a complementary topology-
based descriptor can consistently track ordering changes from a
different, multi-scale geometric perspective.

To address this, we introduce a framework based on Topolog-
ical Data Analysis (TDA), a concept from algebraic topology used
to analyze the geometric structure of objects, specifically applying
Persistent Homology (PH) to extract the configurational proper-
ties of lattice configurations."" "’ The PH provides a multi-scale
view of topological features by analyzing how connected compo-
nents and loops emerge and disappear across a filtration. This
approach has seen successful applications in biological and materials
systems.”” ** PH can capture and describe the microscopic pro-
cesses involved in the phase transitions.'® In this work, we apply PH
in a particle-based approach, which models skyrmions as interact-
ing quasiparticles and focuses on their positional configuration that
does not require knowledge of the full spin texture. This abstrac-
tion enables an efficient computational treatment and highlights
the essential geometric features responsible for phase behavior.”"””
We propose a topological indicator,”””’ the Persistent Generator
Count with Relative Stability (PGCRS), which selectively counts
only the robust topological features of the persistent diagram (PD)
in each homology dimension, generated by PH. PGCRS reliably
detects phase transitions in the lattice, correlates with conventional
measures, and offers a significantly reduced computational com-
plexity. A distinctive aspect of our approach is inverse analysis,” to
trace persistent generators back to specific real-space configurations,
enabling a direct physical interpretation of the microscopic struc-
tures responsible for topological phase behavior. This shift from
scalar reductions of local order to counting persistent topologi-
cal features offers a complementary perspective for understanding
2D phase transitions. We apply our framework to experimen-
tally acquired skyrmion configurations, demonstrating the practical
applicability of our method for real physical systems. While the focus
of this work is on skyrmion systems, the underlying method can be
extended to other two-dimensional quasiparticle systems.

METHODS

In this work, we treat skyrmions as quasiparticles without con-
sidering their detailed spin textures, following previous studies.””””’
This abstraction allows us to focus on the configurational properties
relevant to phase transitions while significantly simplifying the com-
putational analysis. We apply PH analysis to experimental skyrmion
configurations, as the numerically simulated results are provided in
the supplementary material.

In the subsequent sections, we first describe the experimental
setup, then introduce the persistent homology analysis, and present
the PH-based indicator. Finally, we describe the conventionally used
measure of the ordering.

Experimental skyrmion lattices

The experimental skyrmion configuration data used in
this work are obtained from magnetic multilayer stacks: Ta(5)/
CozoFegoBzo(O.9)/Ta(O.O7)/MgO(2)/Ta(5).”'11 The experimental
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states analyzed below are taken from the hexagonally confined
skyrmion system reported in Ref. 11. While some order has been
observed in unconfined systems, pinning effects can suppress
long-range order in such systems.”' " By contrast, control over the
order is much easier in confined geometries, which help stabilize the
lattice.'”' Magnetic fields are applied both in-plane (IP) and out-
of-plane (OOP) using an evico magnetics GmbH Kerr microscope,
with the sample maintained at a constant temperature of 333.5 K.
Skyrmions are nucleated by applying an IP field pulse under a
constant OOP field. The lattice is subsequently equilibrated using
an oscillating OOP field at 100 Hz (with amplitudes up to 60 uT),
combined with a constant OOP offset field.'"”’ The skyrmion size
is precisely controlled via the applied OOP magnetic field. The
magnetic field conditions are varied every 62.5 s (corresponding
to every 1000 frames) to gather sufficient statistics for analyzing
the topological phases. The positions of individual skyrmions are
identified using a machine-learning-based, pixel-wise classification
algorithm.”” In the present work, the PH analysis is applied to
the point cloud formed by the detected skyrmion centers. In this
formulation, the method does not require skyrmions to be circular,
touching, or arranged in an ideal hexagonal environment. Rather,
it uses the connectivity and loop structure of the detected positions
across scales. This makes the approach naturally applicable to
distorted, dilute, confined, or partially isolated configurations,
although explicit use of skyrmion size or shape information is
beyond the scope of the present study. The detailed analysis
procedure can be found in Ref. 11.

Persistent homology for two-dimensional
coordinates of quasiparticles

In the persistent homology analysis, an alpha-filtration of the
zeroth- and first-degree homology is often applied to the two-
dimensional coordinates of quasiparticles.'*”*** From this, the cor-
responding persistence diagrams (PDO0 and PD1) can be generated.'*
The inverse analysis method of persistent homology is applied to
the selected frames of our data, which can identify the original
structure corresponding to a specific generator in the persistence
diagram.”® Because persistent homology is supported by a math-
ematical stability theory,” small perturbations of the input point
cloud are expected, in principle, to induce only small changes in the
persistence diagram; accordingly, PGCRS may be less sensitive to
moderate coordinate perturbations. This possible robustness is rel-
evant for experimentally obtained skyrmion configurations, where
extracted coordinates may be affected by imaging noise, brightness
fluctuations, segmentation uncertainty, or approximate assumptions
about skyrmion shape; however, the present work does not include a
dedicated quantitative comparison of noise sensitivity with . The
details of the alpha-filtration, PDs, and inverse analysis are described
in Figs. 1-3.

Persistent homology-based indicator

To measure the ordering of the system within the PH frame-
work, we define the Persistent Generator Count with Relative Sta-
bility (PGCRS), which provides a scalar descriptor of persistent
topological features. The PGCRS is defined as
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FIG. 1. Schematics of the key concepts and workflow of the persistent homology method used in this study. (a) Skyrmion coordinates, (b) Persistent Homology (PH) analysis,
(c) calculation of a conventional lattice-ordering measure, and (d) comparison between the PH-based indicator and the conventional measure.
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FIG. 2. Schematic illustration of the filtration process and construction of persistence diagrams (PDs). (a) lllustration of the topological features—connected components
and loops—emerging during the filtration process, where the radius of disks centered at the skyrmion coordinates is varied. (b1) PDO (zeroth-degree homology) and (b2)
PD1 (first-degree homology) with interpretations. For a detailed explanation of the PH filtration process, please refer to Ref. 15.
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FIG. 3. Phase-dependent evolution of persistence diagrams (PDs) for skyrmion lattices. Average PDs of the zeroth- and first-degree homology, for three states under
applied OOP magnetic fields of B = 60, 84, and 108 T, correspond to solid, hexatic, and liquid phases. These states have previously been identified as solid-, hexatic-,
and liquid-like, respectively, by conventional orientational-correlation analysis in the same confined experimental system.!" The “birth” and “death” represent the filtration
parameter values/stages in a filtration process of persistent homology in which topological features emerge and disappear, respectively. The color map represents the
multiplicity of generators/data points in the PD. The insets in the zeroth-degree homology PDs display the corresponding real-space configurations, identified using a

machine-learning-based, pixel-wise classification algorithm.>?

rel (Xpn) = Ekj (-1)F B (Xpn ), 1)

where k denotes the homology dimension, Xpy denotes the PH-
based representation used to construct the indicator, and [3,':'1 (Xpen)
denotes the number of data points in the PD that satisfy the sta-
bility conditions for the kth homology dimension, as described in
Fig. 1 and in the supplementary material. In particular, k = 0 cor-
responds to connected components and k = 1 corresponds to loop
structures. In this formulation, the PGCRS provides a single integer
that summarizes the selected persistent topological features within
the corresponding PDs. Although PGCRS is motivated by the Euler
characteristic, it is used here as a practical PH-based descriptor
rather than as an exact evaluation of the Euler characteristic of
a single fixed complex. PGCRS reflects the multi-scale nature of
the configuration and the property of a topological invariant, while
remaining computationally tractable.””” Further theoretical justi-
fication is required to fully elucidate its implications. For detailed
discussions of topological invariants and their relation to phase
transitions, see Refs. 16, 26, and 27.

Conventionally used measure of ordering

To identify the topological phases, including liquid, hexatic,
and solid phases, the following quantities are conventionally used
as orientational-order measures.”'’""” Among them, the averaged
absolute value of the local orientational order parameter, (|'We|), is
defined as®

1 N
(6l = | 2 vl @
j=1
where
we(r) =3 3 exp (i66)) ®
m=1

n is the number of nearest neighbors of the reference particle j, &),
is the angle between the bond vector r,, — rj and a fixed arbitrary
axis, and N is the total number of particles. The nearest neighbors
are determined using a Voronoi tessellation.”® The factor of 6 in the
exponent reflects the sixfold rotational symmetry of a perfect hexag-
onal lattice. When a particle’s six nearest neighbors form an ideal
hexagonal arrangement, |y| = 1 is obtained.

This measure provides a convenient scalar summary of local
sixfold bond-orientational order and is widely used to compare
different system conditions. More generally, y(r) and the ori-
entational correlation function provide well-established local and
spatially resolved descriptions of ordering. In the present work, we
use the averaged quantity (|¥s|) as a conventional scalar reference
for comparison with PGCRS.

RESULTS AND DISCUSSION

To provide an overview of our approach, we summarize the
overall analysis pipeline used in this study. Figure 1 presents a
schematic overview of the analysis workflow. We first (a) obtain the
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process regression. A correlation is indicated by the Pearson correlation coefficients of r = 0.993 and r = 0.861.
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coordinates of skyrmions from the experimental data and then (b)
apply the PH analysis with (c) the calculation of the convention-
ally used measure of the ordering. Finally, we (d) compare the two
indicators. The experimental procedure is detailed in the Methods
section. The PH analysis is described in the following subsections
and presented in Figs. 2-4, where the PDs and their interpreta-
tion through inverse analysis are provided. Subsequently, the PH-
based indicators and the conventionally used measure are compared
in terms of consistency and computational cost, as described in
Fig. 5. Validation using Molecular Dynamics (MD) simulations is
presented in the supplementary material (Figs. S1-S6).

Persistent homology and persistence diagrams
for experimental skyrmion lattices

We first illustrate how PH characterizes local and global struc-
tural features. Figure 2 illustrates the filtration process and the
corresponding persistence diagrams (PDs) for the zeroth- and first-
degree homology dimensions. The filtration process is performed by
continuously increasing the radius of disks centered at the skyrmion
coordinates, thereby tracking the emergence and disappearance of
topological features such as connected components and loops. The
birth and death values in the PDs correspond to the specific fil-
tration parameter r at which these topological features appear and
vanish, respectively. The PDO0 diagram captures the birth and death
of connected components (zeroth-degree homology), while the PD1
diagram records the birth and death of loop-like structures (first-
degree homology). In particular, the data points in PDO indicate
when individual skyrmions (disks) merge; thus, all birth values are
zero, and the death values correspond to the connection events. The
number of data points in PDO equals the number of skyrmions in
the system. In PD1, the lifetime (death — birth) represents the per-
sistence of loop-like structures formed by connected skyrmions. A
large lifetime indicates robust loops that persist over a wide range of
filtration parameters, whereas a small lifetime corresponds to tran-
sient loops that quickly disappear as the filtration parameter varies,
or possibly to noise. For a detailed explanation of the PH filtration
process, please refer to Ref. 15.

We next apply PH analysis to skyrmion lattices measured under
different magnetic fields to examine how topological features evolve
across phase regimes.

Figure 3 shows the persistence diagrams (PDs) of the zeroth-
and first-degree homology obtained from three states of the experi-
mental skyrmion lattice under applied out-of-plane (OOP) magnetic
fields of B =60, 84, and 108 uT. These three states were previ-
ously characterized in the same confined experimental system by
the orientational correlation function ¢(r) as solid-, hexatic-, and
liquid-like, respectively.'! The phase labels used here, therefore, fol-
low the conventional characterization of Ref. 11, rather than being
inferred from PH alone. In each PD, the “birth” and “death” val-
ues represent the filtration stages during which topological features
emerge and disappear, respectively, and the color map indicates the
multiplicity of generators. The “birth” and “death” values corre-
spond to the radii of disks grown during the filtration process, as
explained in Fig. 2.

The PDO for the disordered configuration (e.g., B =108 uT)
displays a broader distribution compared to the more ordered con-
figuration (e.g., B = 60 uT). In addition, the PD1 for the disordered
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state exhibits a greater number of generators with large lifetimes
(i.e., features farther from the diagonal line), while the ordered state
tends to show fewer such persistent features. Although the raw PDs
at B=60 and 84 uT appear visually similar, subtle differences in
the distribution of persistent features are reflected in the PH-based
indicator discussed below.

To link the extracted topological features to real-space struc-
tures, we perform an inverse analysis. Figure 4 presents the inverse
analysis”® for two states at applied OOP magnetic fields B = 60 and
108 uT, tracing the specific data points in PD back to the original
structure in the real-space configuration. In each state, the points
labeled (a), (b), and (c) correspond to data points in the PD with
a large lifetime (a), a small lifetime and a small birth value (b),
and a small lifetime and a large birth value (c). It is observed that
data points with a large lifetime originate from a complex struc-
ture, while those with a small lifetime originate from a simple
structure, consistent with the simulation data, as described in the
supplementary material. The result reflects the distribution of data
points in the PDs (Fig. 3), as disordered lattices contain additional
microscopic defects, such as dislocations and disclinations, which
lead to more complex topological features compared with ordered
lattices. Hence, the PH framework effectively links the actual config-
urational structure of the skyrmion lattice to the features represented
in the corresponding PD, which is difficult to capture with the
conventional orientational-order measure.

Persistent homology-based indicator and comparison
with conventionally used measure of ordering

We then benchmark the PH-based indicator against the con-
ventional orientational order parameter. Figure 5 presents the per-
sistent generator count with relative stability (§) as a function of
(|¥s|), along with the first derivatives of both indicators. A posi-
tive correlation is observed, as confirmed by the Pearson correlation
coefficients r = 0.993 and r = 0.861 for the values and their deriva-
tives, respectively. These results confirm the consistency between
the PH-based indicator and the conventional orientational order
parameter. The high sensitivity, in particular the first derivatives,
supports the validity of the persistent homology-based approach, as
phase transitions are characterized by abrupt, non-analytic changes
in system properties.”” The dependence of () and (|¥s|) on the
applied OOP field B, together with the details of the Gaussian pro-
cess regression used to estimate the first derivatives, is provided in
the supplementary material and Fig. S7.

For the planar PH construction used here, the computational
cost is O(NlogN), which is comparable to that of the conven-
tionally used measure (|Ws|). Its practical value, however, lies in
providing multiscale and nonlocal structural information beyond
nearest-neighbor bond order within a single framework. Obtain-
ing structurally related information by conventional means often
requires additional analyses; for example, a straightforward direct
evaluation of the orientational correlation function can scale as
O(N*)." Accordingly, the proposed indicator remains computa-
tionally tractable for large datasets, while still capturing topology-
based structural information motivated by topological invariants.*
More exhaustive topological constructions can become combina-
torially expensive;” in this sense, the present PH-based indicator
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offers a practical route to incorporating topological information into
lattice-order analysis at a lower computational cost.

The ability of PH analysis to capture ordering may stem from
the same geometric foundation as the conventional orientational
order parameter, as both rely on the Voronoi tessellation; however,
PH further incorporates algebraic topology techniques.”’ One limi-
tation, however, is that the persistent homology-based indicator (f)
may require comparisons across different system states to provide
meaningful insights. In contrast, the conventionally used measure of
the ordering (|We|) has a clear physical interpretation due to its nor-
malization, which ensures values between 0 (disordered state) and
1 (perfect hexagonal order).” Nevertheless, the PH-based indicator
can be further generalized through an entropy-based formulation,
as algebraic topology provides a well-defined correspondence with
thermodynamic quantities.”””” Such a generalization could offer a
unified framework for describing both structural complexity and
statistical behavior.

CONCLUSION

In this work, we propose a topological indicator, a Persistent
Generator Count with Relative Stability (PGCRS) (f), to charac-
terize phases and phase transitions in two-dimensional quasipar-
ticle systems. As a model system, we use skyrmions, which can
be well described as quasiparticles that form lattices in 2D sys-
tems. By modeling skyrmions as interacting quasiparticles and
applying persistent homology (PH) to their spatial configurations,
PGCRS provides a complementary topological descriptor of lattice
ordering that remains computationally tractable and is motivated
by the stability properties of persistent homology.””” It corre-
lates with the conventional orientational order parameter (|'We|)
and reliably traces phase transitions across solid, hexatic, and lig-
uid states. Our analysis demonstrates that the persistence diagram
(PD) directly connects the skyrmion configuration to the topologi-
cal indicator (PGCRS): long-lived features in the PD correspond to
disordered, complex configurations, while short-lived ones reflect
regular, ordered structures. The applicability of our approach is
demonstrated using experimental skyrmion lattices, confirming that
the PGCRS produces consistent and reliable phase characterization
under realistic experimental conditions. While this work focuses on
skyrmion lattice systems, the methodology is broadly applicable to
other two-dimensional systems composed of repulsively interact-
ing particles. Future extensions could incorporate insights, such as
the Euler entropy, to further strengthen the connection between
structural ordering and thermodynamic quantities.”””” In summary,
PGCRS provides a practical and theoretically grounded framework
for efficient, interpretable, and broadly applicable phase analysis in
quasiparticle systems.

SUPPLEMENTARY MATERIAL

The supplementary material encompasses the following
Supplementary Methods and Supplementary Results: S1. Criteria
of Stability Condition for Persistence Diagrams; S2. Conventionally
Used Measure of Ordering: Orientational Correlation Function; S3.
Gaussian Process Regression; S4. Brownian Dynamics Simulation;
S5. Gaussian Process Regression in Experimental Data; S6. Conven-
tional Used Measure of Lattice Ordering in Simulation Data; S7.
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Persistence Diagrams in Simulation Data; S8. Persistence Diagram
Generators and Microscopic Configurations in Simulation Data; S9.
Persistent Homology-Based Indicator with Conventional Used Mea-
sure of Lattice Ordering in Simulation Data; S10. First Derivatives
of Persistent Homology-Based Indicator and Conventionally Used
Measure of Ordering in Simulation Data; and S11. Gaussian Process
Regression in Simulation Data.
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