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ARTICLE INFO ABSTRACT

Keywords: The COVID-19 pandemic led to widespread interest in epidemiological models. In this context
Epidemic model the role of vaccination in influencing the spreading of the disease is of particular interest.
COVID-19 There has also been a lot of debate on the role of non-pharmaceutical interventions such as
Backward bifurcation the disinfection of surfaces. We investigate a mathematical model for the spread of a disease
Local stability

which includes both imperfect vaccination and infection due to virus in the environment. The
latter is studied with the help of two phenomenological models for the force of infection. In
one of these models we find that backward bifurcations take place so that for some parameter
values an endemic steady state exists although the basic reproduction ratio R, is less than one.
We also prove that in that case there can exist more than one endemic steady state. In the other
model all generic transcritical bifurcations are forward bifurcations so that these effects cannot
occur. Thus we see that the occurrence of backward bifurcations, which can be important for
disease control strategies, is dependent on the details of the function describing the force of
infection. By means of simulations the predictions of this model are compared with data for
COVID-19 from Turkey. A sensitivity analysis is also carried out.

1. Introduction

Since the beginning of epidemiology mathematical models have played a central role. This can be seen in the groundbreaking
work of Ronald Ross and Hilda Hudson on the eradication of malaria [1-3]. In that work the authors identified a threshold for the
persistence of a disease which can be seen as the ancestor of the basic reproduction ratio R, which is so important in epidemiology
today. The COVID-19 epidemic caused a surge of work where epidemiological models were defined, simulated and subjected to
rigorous mathematical analysis. Due to the urgency of the situation this development took place in a rather disorganized way. Now
it is time to consolidate and extend the things learned at that time so as to be prepared as well as possible for future epidemics.

In this paper we study a model for the spread of an infectious disease in a human population which includes an imperfect
vaccination and takes into account infections due to virus particles in the environment. In particular we are thinking of fomites,
objects in the environment which are contaminated with virus and which are not humans or animals. Here we may think of the
contamination by hands touching doorknobs [4] or infections spreading in hospitals [5]. The question of how important this route
of infection is for COVID-19 has been a subject of much discussion. The consensus appears to be that it is of secondary importance
but this may be different for other diseases [6,7].
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In Section 2 we define the model which is of central interest in this paper and establish some basic properties of its solutions. The
model contains a response function which describes how the concentration of virus in the environment affects the rate of infection by
this route. This function depends on an integer n > 1. The motivation for the choice of this function is also discussed. In Section 2.1
it is shown that this model has a unique disease-free steady state (Lemma 1) and the stability of that state is determined using the
next generation matrix. The basic reproduction ratio R, is computed for this model and it is shown to be a decreasing function
of the vaccination rate. The existence of backward bifurcations is analysed using the method of van den Driessche and Watmough
[8]. It is proved that generic backward bifurcations occur in the case n = 2 but not otherwise (Theorem 1). In particular they do
not occur in the case n = 1, where the function describing the force of infection is one which had previously been considered in
the literature [9]. Note that an existing model for imperfect vaccination [10] also exhibits no backward bifurcations. A backward
bifurcation is often accompanied by the presence of more than one positive steady state for given values of the parameters (cf. [11]).
In many cases of backward bifurcations simulations show not only that for a certain choice of parameters positive steady states exist
for R, < 1 but also that two positive steady states can occur. It is proved in Section 4 that there are parameters for which our model
with n = 2 exhibits the latter behaviour. In Section 5 it is shown that solutions of the model can be fitted to COVID-19 data from
Turkey. Section 6 carries out a sensitivity analysis of the model.

2. The model

The model considered in what follows is a generalization of one introduced in [10] to study the effects of vaccination against
SARS and is given by the following equations:

ds

T A=BST—6S+ (1 - D'V —a;Sg(C,x) — usS, 1)

%=ﬁSl+€IV—§E—;4E+ang(C,K)+a2Vg(C,K), 2)

%:gE—zSI—dI—yI, 3

v ’

ar =0S—elV -1t +pV —a,Vg(C, k), “4)

‘2—1: =61 —uR+ 'V, 5)

dcC

S =gl -aC, 6

T 6)
where

n
C,k)= ——.
§(C. %) C'+k

The meaning of the parameters in this model is described in Table 1. The model of [10] was called an SVEIR model after the
names of its five unknowns S, V, E, I and R. These are the numbers of susceptible, vaccinated, exposed, infectious and recovered
individuals, respectively. We augment this by an additional variable C representing the concentration of the virus in the environment.
In both models the vaccination is imperfect but the imperfection is of a different kind. Correspondingly the class V has a different
interpretation in the two models. In [10] the class V' consists of individuals who have been vaccinated at some time. The effect of
the vaccination is to lower the rate at which they get infected compared to unvaccinated individuals. In the model (1)-(6) the class
V consists of individuals who have received a vaccination but where the vaccination has not yet had time to become fully effective.
After that time either the vaccination provides complete protection or it has not been effective and the individual returns to the
susceptible class. For biological reasons the inequalities ¢ < # and a, < «, are assumed, which means that vaccinated individuals are
no more likely to be infected than unvaccinated individuals, either by infected individuals or by contact with their surroundings.

Mathematically the model of [10], up to a different notation, can be obtained from our model by setting ¢ = a; = a, = 0 and
discarding the equation for .S. This is possible since when the parameters just listed are zero the equations for the first five variables to
not depend on S. In the model (1)—(6) the imperfection of the vaccination is expressed as follows. Individuals leave the vaccinated
state at rate ¢/, the vaccination having been successful with probability 1. This way of modelling an imperfect vaccination was
previously used in [12]. The other additional effect taken account of in (1)-(6) is related to infection by virus in the environment. It
is expressed by the terms containing the factors «; and «, relating to the unvaccinated and vaccinated individuals, respectively. This
type of effect was included in a model of [9]. In that paper the function g written above with n = 1 was used as a phenomenological
description of the rate of infection in this process. It would be possible to generalize the model by choosing different values of the
parameter » in Egs. (1), (2) and (4), which would implement a difference in the process of infection in the groups E and V. Since,
however, we do not know any reason why a difference of this kind should exist we have not analysed this generalization.

It is worth taking some time to discuss the status of this type of phenomenological description. It is used in defining response
functions in various parts of biology. In biochemistry the case n = 1 is called a Michaelis—-Menten function while the case n > 2
is called a Hill function. In predator-prey models in ecology the case n = 1 is called Holling type II while the case n > 2 is called
Holling type III. Holling type I denotes a linear response function, usually with a cut-off. A general discussion of response functions
in epidemiology is given in Chapter 10 of the book of Diekmann and Heesterbeek [13], whereby the authors make clear from the
beginning that they do not claim to give a definitive answer to the questions they are raising.

Suppose that there is a source of infection with intensity Z and a population S of susceptibles. Let F(Z, S) be the rate of infection.
In principle this could be any function. Let us suppose that F depends linearly on .S but initially allow its dependence on Z to be
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Table 1
Parameters used in the model.
Parameters Biological meaning
A Recruitment rate
Vi Effective contact rate with .S new susceptible individuals per unit time
a Transmission ratio of the virus from the environment to susceptible individuals
that enter the exposed class
a, Transmission ratio of the virus from the environment to vaccinated individuals
(not fully immunized) that may enter the exposed class
€ The rate at which a vaccinated individual (not fully immunized) becomes exposed

after being in contact with an infected individual
1] The rate of recovered individuals
u Natural mortality rate
& Rate of development of clinical symptoms
d Disease induced fatality rate
c Vaccination rate of susceptible individuals (the first shot)
@ The virus exposure rate
A The efficiency of the vaccine

P! The mean amount of time that is spent in the vaccinated class before developing
an immune response and moving to the recovery class.
@ The rate of decay in the virus density

arbitrary. Thus F(Z,S) = Sf(Z) for some function f. What properties should the function f have? It should be positive for Z
positive and zero for Z = 0. It should be non-decreasing. It is reasonable to assume that it is bounded. The simplest type of function
satisfying these requirements is one of the form f(Z) = Z“f - Another situation in which a response function is of relevance is the
predation rate in a predator-prey model. There the analogue of I is the density of predators while the analogue of Z is the density
of prey. In that case a function of the form just considered is called Holling type II. In that context Holling type I is a function
which is linear up to a threshold value and then constant. Holling type III corresponds to Z being replaced by Z?. This argument
for introducing a function f of this form is purely phenomenological. Holling had a mechanistic argument to motivate his type II
function. There have also been attempts to motivate the type III function by mechanistic considerations (cf. [14,15]). We are not
aware that this has been done in epidemiology. The function corresponding to Holling type II was introduced to epidemiological
models by Dietz [16], without a mechanistic background. Holling’s mechanistic approach does not apply to epidemiological models.
Diekmann and Heesterbeek [13] discuss mechanistic approaches to the Holling type II function in epidemiology. In fact in a model
case they derive something which is not a rational function. We have not found a paper where the Holling type III function is used
in epidemiology.

The right hand sides of Egs. (1)-(6) are smooth and hence for any initial values at a given time they have a unique solution
on some time interval. Because of the interpretation of the unknowns we are interested in solutions which are non-negative at all
times. This is true provided the initial data are non-negative (cf. [17], Lemma 1). Let N(t) = S) + E(t) + I(t) + V(¢) + R(¢). Then

dd—};/=/1—;4N—dI§A—/4N. @
This implies that N remains bounded on any finite time interval. Hence on such an interval all variables other than C are
bounded. It then follows from (6) that C is also bounded. As a consequence the solutions exist globally in the future. Using the

differential inequality for N again shows that

limsup N(¢) < % (8)

=00

. A
It then follows from (6) that limsup,_,,, C(1) < ”—Z.
2.1. The disease-free steady state

Consider a boundary steady state (S*, E*, I*,V*, R*,C*) of the system (1)-(6), i.e. a time-independent solution for which at least
one of the unknowns is zero.

Lemma 1. The model (1)-(6) has a unique boundary steady state for any positive values of the parameters and it is of the form
(S*,0,0,V*, R*,0).

Proof. Let (S*, E*, I'*,V*, R*,C*) be a boundary steady state. If S* =0 then (1) gives a contradiction and so S* # 0. If V* =0 then
(4) implies that S* = 0. Hence in fact V* # 0. If R* = 0 then (6) implies that V* = 0. Hence in fact R* # 0. It follows from the
other three equations that for a steady state the equations E* = 0, I* = 0 and C* = 0 are all equivalent to each other. Hence any
boundary steady state is of the form (S*,0,0,V*, R*,0). In this case the steady state equations are equivalent to the system
A=o6S* +(1 -V = puS* =0,
oS*—({t' +WV* =0, 9
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Table 2
Biologically meaningful parameters used in Fig. 1.
Parameters Value (n=1) Unit Source
A 3032 day~! Assumed based on [10,18,19]
B 0.15x 1078 day~! Assumed based on [10]
u 3.653 x 1073 day~! Assumed based on [9,10]
€ 0.15%x 1078 day~! Assumed based on [10,12]
14 1/120 day~! Assumed based on [12]
A 0.8 day~! Assumed based on [12,20,21]
d 0.02 day~! Assumed based on [9,22]
a, 0.01 day~! Assumed
a, 0.01 day~! Assumed
® 4 day~! [91
@ 2 day™! [9]
K 20000 copies/day Assumed based on [9]
I3 0.125 day~! [10]
B 0.06 day~! Assumed based on [10,12]
o 0.01 day! [12]
x10’
6 |
5 | |

—— S (Susceptible)
—— I (Infected)
—— R (Recovered)

N
.

population
w

N
T
I

0 50 100 150 200 250 300
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Fig. 1. Simulation result of the model (1)-(6) with initial data and parameters given in Table 2.

—uR* + A'V* =0,

and these can be solved to give

’
S = A" + ) ’ (10)
o+t +u)+it'o
A — — an
o+t +p)+ Ao
!
“ _ At Ao 12)

u(p(oc +t +p)+ it'e)’

Thus there exists a unique boundary steady state of this model whose explicit form is given by (10)—(12). [ ]

All the variables corresponding to the presence of infection are zero in this state and so we call it the disease-free steady state.

To illustrate how a solution of this model corresponding to an epidemic might look we show the results of a simulation with
biologically motivated parameters. Table 2 lists the references which were used either as direct sources or guidelines for the choice
of the parameters. Fig. 1 demonstrates the dynamics of populations during an epidemic for 300 days. Susceptible (), Infected
(I) and Recovered (R) populations respectively associated with blue, red and green lines. The initial conditions are chosen as
Sy = 61098000, ¥, = 18500000, E,, = 2200000, I, = 1200000 and R, = 2000 and parameters are given in Table 2. It should be noted
that these initial conditions and parameters are only selected for illustrative purposes and may not be epidemiologically realistic.

Here a dramatic increase can be seen in the number of infected individuals until day 45, then a gentle decline appears for the
population of infected individuals. As is observed from the graph the number of susceptible individuals slowly decreases to 16000000
and while the number of recovered individuals rises above 62000000 at day 290. The total population is taken as 83 million.
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3. Stability of the disease-free steady state

Linearization around the disease-free steady state leads to the Jacobian matrix
jz[-’,‘j](,x(, ,fori,j=1,2,...,6, (13)
£
where E* = (5%,0,0,V*, R*,0) and

Jy=—0—u Jp=0,J3==S, Jyu=U-D, J;5=0, Jjg =-S5/,
Joy =0, Jypp=—E—u, Jy3 =€V + S, Jyu =0, Jps =0, Jog = (S +a,V)b;,/k,
J31 =0, 3 =€, Jy3=—(0+d+p), J33=0, J35=0, J33=0,

Jyy=0,Jp=0, J3=—€V, Jyy=—"+u), Jys =0, Jyg = —a,V5,,/x,

Js1 =0, J5 =0, Js3 =6, Jsy =4’ Js5 = —p, Js6 =0,

Jo1 =0, Je =0, J3 =@, Jou =0, Jg5 =0, Jg5 = —0.

Here §,, is a Kronecker delta. Then we have the matrix

Ju 0 Jiz Ju 0 g
0 Jpn Jn 0 0 Jy
0 Jy Jy O 0 0

Ju 0 Ji Jyy 0 Jg
0 0 Js3 Jsqg Jss O
0 0 Jg 0 0 Jg

It is clear that one of the eigenvalues of the Jacobian is Jss. Moreover, removing the fifth row and column and interchanging
the second row and column with the fourth leads to a matrix with block diagonal structure. Thus two further eigenvalues of the
Jacobian can be obtained as the eigenvalues of the matrix

Ju J14]'

7= [
YU I

Now

tr Jy=Jy +Jday =+ - +u)<0
det J; = (o + w)(@' + p) —o(1 — D1’
=ulc+u+t)+oit’ >0.

Thus the eigenvalues of 7, have negative real parts. The remaining three eigenvalues of the Jacobian are the eigenvalues of the
matrix

|2 Jn Iy
J=|Jn Jz 0|,
0 Jez Jes

leading to characteristic polynomial

(€ = I = J33)(€ = Je6) = Jo3J32(¢ = Jo6) = 2632063 = 0,
which can be rewritten as

O+ A+ Ayl + Ay =0, (14)
where

Ay =—Jy = J33 = Jge,

Ay = I3z = I3 d5 + Jee(I2 + J33)s

I3 (I23966 = J63J26) )

(15)
J2nJ33766

Az = =JnJ33dg6 (1 -

The Routh-Hurwitz criterion says that all roots of the characteristic Eq. (14) have negative real parts if and only if A4, > 0,

A A, > Az and A5 > 0 and if these conditions hold the disease-free steady state is asymptotically stable. It is clear that the first

condition holds but it is not so easy to see when the second and third conditions hold. It will later be proved indirectly using the
next generation matrix that they hold in this model for all values of the parameters.
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3.1. The next generation matrix

In this section, following the ideas presented in [8], the basic reproduction ratio for (1)-(6) is derived using the next generation
matrix method. We use the notation of [8]. To apply this method we must choose which of the unknowns represent groups of
infected individuals and which terms in the equations represent new infections. In fact we choose E, I and C to be the infected
variables and the terms which are non-negative and non-linear in the unknowns to represent new infections. The conditions (A1)-
(A5) of [8] are satisfied. Most of these are rather obvious for this model. The only exception is (A5) which holds because the
quantities corresponding to J,; and J,4 are zero in the case that new infections are turned off. The matrix 7 associated with new

infections and the matrix V containing the remaining expressions are given by

0
BST + eV I+ (1S +ayV)g(C, k)
0
F= 0 s
0
0

and

0
EE + uE
—EE+8I+dI +pul
P = ,
0
0

—@l + wC

V, and V_ are the positive and negative parts of V, respectively. Hence the matrices F and V' of [8] are given by

0 pS*+eV* by, (aS*+aV*) /x E+pu 0 0
| =|0 0 0 V)=l e s+d+u 0.
0 0 0 0 —-@ w

The reproduction ratio R is defined (cf. [8,9]) to be the spectral radius of the matrix given by

-1 -1 -1
FVIl FVI2 FVI3

Fv~'=| o0 0 o |,
0 0 0
where
_ ¢ 81,019 . 51,09 "
Fvil= + S*+ e+ == |v*|,
1 CE+uw(u+dé6+d) <ﬂ WK € wK

-1
Fv,

1 01, @\ s 01,09\
= S — V¥,
(u+6+d) [<ﬂ+ wK et Wk

4
FV; = =2 (a,S* + a,V*
13~ ox (o) V™)
The characteristic equation of this matrix is given by
det(FV~' - 1) =0.

Its roots are the eigenvalues:

& 01,01 @ * 01, ® %
= +—— ) S+ e+ —"—— ) V¥,
= et d) (” e €t
5, =0,
=0

Thus the basic reproduction ratio, which is associated with the dominant eigenvalue X\, is

_ £S* 01,1 @ 01,00 o
Ro= Ermurorad [(’” oK )*(” wx >ﬂ+,4]’

_ 5 A + p) wf + 01,219 + - (ews 01,009
wE+W(u+6+d) u(c+t +u)+ Ao K ' +u K ’

16)

a7
(18)

9

It follows from Theorem 2 of [8] that the disease-free steady state is asymptotically stable in the case R, < 1 and unstable if
R, > 1. In fact looking at the proof reveals that under the assumptions of that theorem the following stronger statements hold. In
the case R < 1 all eigenvalues of the linearization at the disease-free steady state have negative real parts and in the case R, > 1
the linearization has an eigenvalue with positive real part. This gives an indirect proof that the inequalities A;.A, > A; and A; >0

of the last section hold.
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In order to understand the effects of vaccination it is useful to write the basic reproductive ratio schematically in the form
Ry= A ( Bo+C ) where

Do+E

I — (20)

o+ w(u+o+d)

1)
B=cw+ M, 2n
K
3

C=u+1) <wﬁ+ﬂ>, (22)

K
D=p+a, (23)
E=puu+1). 24

The sign of the derivative of R, with respect to ¢ is equal to that of BE — CD. This last quantity is equal to
61,®

(p +1)(e — pHu— ' fl+ ‘T(u + (@ — apu — 'y, (25)

Under the assumptions made on the parameters it is negative and so we see that increasing the vaccination rate decreases R,
generalizing a result of [8].

3.2. Backward bifurcation analysis

The concept of a backward bifurcation is used in the literature on epidemiological models. It is defined in situations where a
definition of the basic reproduction ratio R, is available. In many models endemic steady states only exist in the case R, > 1. We
think of the direction of increasing R, as the forward direction and that is where endemic steady states occur. There are, however,
models where it happens that near R, = 1 there are endemic steady states with R < 1, i.e. in the backward direction. The steady
state bifurcates from the disease-free steady state as the parameter R is varied. A commonly occurring case is where there is a
generic transcritical bifurcation for R, = 1 and this covers both the forward and backward cases, these being distinguished by the
sign of a parameter a. We call this case a generic backward bifurcation.

In our model the qualitative behaviour depends on a parameter which is a natural number n. For n # 2 we show that any generic
transcritical bifurcation must be a forward bifurcation. Thus a generic backward bifurcation is impossible in that case. For n = 2 we
show that generic backward bifurcations do occur for some values of the parameters.

When applying mathematical models to guide the practical management of epidemics a standard goal is to modify the situation
(for instance by vaccinations or non-pharmaceutical interventions) so that the corresponding change in the parameters of the model
is such that R, becomes less than one. When a backward bifurcation is present this may not be enough to eradicate the infection
since an endemic steady state can exist although R, < 1. In that case R, must be made less than R for a critical value R < 1. This
suggests that the presence of backward bifurcations makes control of epidemics more difficult. However, as discussed in Section 9.2
of [23], this is not always the case. It sometimes happens that the subset of parameter space where the disease-free steady state is
stable is larger for a model with backward bifurcation than for one without.

Consider the disease-free steady state E* = (5*,0,0, V*, R*,0) for the system (1)—(6). We choose # as the bifurcation parameter
and denote its value at the bifurcation point where R, = 1 by p*. Then

§ = Etmutstd onwme ( OSu®me\ o ’ 26)
ES* wK wK U +u
; A+ p) ) . . . .
where S* = . Note that for fixed values of the other parameters there is only a choice of g for which R, =1 if

o+t +u)+ o
the right hand side of (26) is positive.

Following the ideas presented by [8], according to centre manifold theory, it is necessary to compute right and left eigenvectors
of the Jacobian matrix evaluated at the disease-free steady state E* and § = p*. Consider a right eigenvector of the form
w = (wy, Wy, w3, Wy, ws, we)" . Thus the system leads to

* Q¥ ’ al(s]n *

—(o + ww, — S ws + (1 — D' w, — = S*we =0, 27)

1]
—(E+ Ww, + (F*S* + eV Hw; + ﬂ(alS* + a, Vwg =0, (28)

K
Ewy —(6+d+ pww; =0, (29)

6
ow; —eVFiwy — (' + pw, — %2 V*we =0, (30)
K
Sws + A w, — pws =0, (31
Qw3 —owg = 0. (32)
Using Eq. (29) and (32), we obtain
Swy (24

=< d =  _w,. 33
YT srdsp T Grd (33)
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Using these in Eq. (28), we find

) )
_GHd+pEtp) 1na1fp+<e+ 1nazfp> o ]w2=0, (34)

ﬂ*
ES™* 0K 0K t'+pu

Thus we see that (26) is a necessary condition for there to be a vector in the kernel with w, # 0. Note that if w, > 0 then w;
and wg are positive, as they must be as a consequence of the general theory. Besides, using Eqgs. (27) and (30), one obtains

01,01 ES™
- L= lw, = pr+ 225) =24, 35
(o + pww; +( 2w, <ﬂ + P (5+d+;4)w2 (35)
01,029 v
-+ =le+—2 —w,, 36
owy — (1" + wy <€ (5+d+y)w2 (36)
respectively. That leads to
o o
LR [ RNITLIUA WV R DT VA RPN
o+d+pu wK wK 0 37)
= — <0,
uo+t +pu)+ocit
for A <1 and
1) 3
St g+ 2P pgx 4 (e 4 2nB2® (c+mv*
o+d+pu wK wK 0 38)
- _ <0.
s u(o +1' + p) + o At!
Furthermore using Eq. (31):
o 0
(ﬂ* + —"’a](p> oS* + (e + —‘"az(p) (c+wv*
S L TN PR er > 39)
w5_5+d+/4 o+t + p)+ ot/
In a similar manner, a left eigenvector can be written in the form v = (v, v,, v3, v4, U5, Ug) for which
vs =0, (40)
—(o + wv; + 004 =0, (41)
=&+ vy +4v3 =0, (42)
—B*S*u, + (B S* + eVF)y — (6 +d + )3 — €V vy + pug = 0, (43)
(1 =Mv, = +pvy =0, (44)
é 6
ZO G+ L0 S 4 61,0V )0y — 2L Y0, v = 0. (45)
K K K
Using (41) and (44), we find
(o‘lt' +u(c+pu+ t’)) vy, =0, (46)
leading to v, = 0 and thus v; = 0. In addition, from Egs. (42) and (45), we obtain
- (1 H d _ 1, S* v* 4
U3 = +E v,, an UG_E(QI + a0 V") vy 47)
Thus the left eigenvector becomes
v=[0,0, 1+ “ 0,,0,0, h(alS* + V0, ), (48)
= é K®
and we find
1)
w-v= <1 Etu 1% >w2uz>0. (49)
= = 6+d+u  kw2(S+d+p)

Let a be the bifurcation coefficient introduced in [8]. Considering the model (1)—(6) in the form x; = f;(x;), i ={1,2,3,4,5,6}, itis
given by

6
- X Pl 0. (50)
a= Ukwiwjax-ax-( ,0).

ki.j=1 %)

Using Egs. (48) and (50)

6 2 6 2
0°f> H 0°f3
= W ; +( 1+ = W,
a=v, Y, wuw, ox,0x, < £ _Zl it ox0x,

ij=1 ij=
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* 6
5,n(a]x1 +a2x4)v Z oy 62f6
Kw 2[/ ) T ox; ox;’

where

o =B x1x3 + ex3xy — Exy — uxy + a1 x18(Xg, K) + Ay X48(xg, k),
f3=Exy = (6+d+ pxs,

f6 = px3 — wxg.

2
Note that Zg (0,x) = k7! for n = 1 and zero otherwise. 3 ci (0, x) is equal to —2x =2 for n = 1, 2x~! for n = 2 and zero otherwise. Since

second derivatives of f; and f, with respect to x;, i={1,2,3,4,5,6} are always zero;
a=2v, [wywsf* + wyw,e

P
+Hay W + aytwy)wg %(o, K) + (@ xt + apxHw —5.0,10)| . (51)

6 ac2

We want to determine the sign of ¢ and since v, > 0 this is the same as that of the expression in square brackets. The first two
summands are negative. Now (w; +w,)wg < 0 and wé > 0. Hence in the case n = 1 we see that all summands are negative and hence
a < 0. It follows that in that case the conditions for a backward bifurcation given in [8] cannot be satisfied. The same conclusion
is obtained in the case n > 3. In the exceptional case n = 2 the last summand is positive and so we investigate further whether a
backward bifurcation can take place in that case. In the notation of [8] we have

b= kZ] w5 aﬁ(o ,0). (52)

Since only f; and f, involve the parameter g, derivatives with respect to x; and x; are non-zero. Here
b = w;yx|(wy — wy) > 0. (53)
It follows from [8] that there is a backward bifurcation precisely when the right hand side of (26) is positive and
2oy S* + VWit > —ws(w) B + wye). (54
Note that in the case n > 1 the expression for f* simplifies to
E+mu+s+d) [uc+1 +p) + o] — Aéeo
AL + ) ’

Do there exist values of the parameters for which these conditions are satisfied? To investigate this we substitute the expressions
for wg, ws, w; and w, into (54). The result is

*

(55)

@
2(a) S* + (sz*)—
2k

A[(ﬂ*)z(t + ,4)2 + p*e(2 = W' + wo + €2 (o + w1

56
[u(c +1t' + u)+cit']? (56)
Using the expressions for S* and V* this can be simplified to

2

2y + )+ ay0) 2=

w°K

N2 (4! 2 * _ / 24

N (B + ) +Be(@—- D'+ po +¢ 16(6+M)J. (57)

o+t +u)+oit

Thus it is clear that if a; or «, is made large enough while the other parameters are kept fixed then there is a backward bifurcation.
It is important to note that the parameters given for the case n = 2 in Table 3 satisfy the conditions for a backward bifurcation in
(57). These results with now be summed up.

Theorem 1. If n = 2 and the parameters in the system (1)-(6) satisfy the inequality (57) with the quantity * defined by (55) being
positive then the parameter a of [8] is positive and a generic backward bifurcation occurs. There exist parameters for which these conditions
are satisfied. If n # 2 the condition a > 0 is never satisfied.

Note that if &; = @, = 0 but ¢/ # 0 no backward bifurcation occurs. This means that in the context of our model imperfect
vaccination alone does not give rise to a backward bifurcation. Infection from the environment is required.

The centre manifold at the bifurcation point is one-dimensional. Since v; > 0 we can use I as a parameter on the centre manifold.
The restriction of the dynamical system to the centre manifold is of the form I = f(I, ), where we have suppressed the dependence
on the parameters other than f in the notation. With this notation the sign of a is equal to that of % while that of b is equal to

that of :] % . We have f(0, ) = 0 for all . Moreover there is a curve c¢(f) of steady states with c¢(*) = 0. The sign of ¢’(f*) is equal

to that of a.
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4. Endemic steady states

In this section we consider endemic steady states, i.e. those where all the unknowns are positive. It follows from (4) that at a

_ - L - .
steady state V' = P S. Substituting this into (1) gives

_ A - (1 -'c
pl+oc+aig+pu PLl+o+ag+uel + +p)+a, g)
_ Al +("+ ) +ay g)
T Blrot+agrmEel @ ) +a, g)—(1—-D'c’

(58)

where g = g(C, k). Note also that due to (6) we have C = ?I and that due to (3) we have E = ©@+d+i) 1 These relations allow S,
E, V and C to be expressed in terms of I. Thus substituting them into (2) gives an equation for / alone. Each summand contains a
factor I and for an endemic steady state this can be cancelled. There remains
E+m)+d+p) (p/w) 1"
0=pS+eV - ——-"——"+ (S + V) —————
/ € R UL
Denote the expression in the denominator of (58) by Z. Multiplying (59) by Z[(¢/w)"I"+k] gives a polynomial equation p(I) = 0
for I, see Appendix for details. Endemic steady states are in one to one correspondence with positive roots of p.
Since we are most interested in the case with backward bifurcations we now restrict to the case n = 2, where there are
considerable simplifications in these formulae. It is clear that p(I) - —co as I — oo. Moreover p(0) is equal to a positive factor
times

(59)

E+mwé+d+p
: .

We see that the sign of p(0) is the same as that of R — 1. As g increases through * the sign of p(0) changes from negative to
positive. When p’(0) # 0 we have a generic transcritical bifurcation (cf. [24], Section 3.1). The sign of p/(0) is the same as that of
¢’(f*) in the discussion of the centre manifold in the previous section. If p’(0) < 0 then for f slightly greater than g* there exists a
positive root of p close to zero and hence a positive steady state close to the disease free steady state. This corresponds to a forward
bifurcation. If, on the other hand, p’(0) > 0 then for g slightly less than f* there exists a positive root of p close to zero and hence
a positive steady state close to the disease free steady state. This corresponds to a backward bifurcation. In this case p is positive
for I slightly larger than its value I, at that steady state. By the intermediate value theorem there must exist some I, > I, with
p(I,) = 0 and hence a second positive steady state. The direction of the flow on the centre manifold shows that the steady state
with I = I, is unstable. The stability of the steady state with I = I, cannot be determined by the arguments we have presented. A
simulation whose results are shown in Fig. 7 indicates that in fact the latter steady state is stable and that it does not come close
to the disease-free steady state in the parameter range considered.

BS* +eV* — (60)

5. Simulations

In a broad context, the process of mathematical modelling and data fitting revolves around formulating mathematical models that
describe real-world phenomena and then adjusting the parameters of these models to best match observed data. Therefore, the aim
is to capture the underlying relationships and behaviour of the system being studied and use the available data to validate the model.
In our study, we ensure the validation of the mathematical model of the COVID-19 outbreak by using the data fitting of the model
regarding the observed data. However, the available data is scarce (only the actual data for infectious and vaccinated people are
almost certain). Vaccination is globally considered to be the most effective solution for infectious diseases such as the recent COVID-
19 outbreak. In this section, as an example, model results and observed data for the vaccinated class are compared for COVID-19
scenarios in Turkey. Some of the realistic parameters are taken from the literature, see the related references in Table 3 for a detailed
discussion of parameter choices. The remaining seven parameters are estimated, by fitting the vaccinated compartment generated
from the system (1)-(6) to the observed number of COVID-19 vaccinated individuals using standard model-fitting procedures.

The least squares method is the process of finding the best-fitting curve or line of best fit for a set of data points by reducing
the sum of the squares of the offsets (residual part) of the points from the curve. The vector consisting of seven parameters
p = (B.e,a1,2,&,8,0) can be estimated via parameter estimation. In this context, the model given by (1)-(6) is evaluated by
considering a non-linear least squares problem with positive constraints, where the best fitting curve can be found for a small
data set of vaccinated class by minimizing the sum of squares of the deviations of data points from the plotted graph [9,25]. This
may be described as

S =Y, (Vi-Fen)’, (61)

where V; represents the data set and F(x;, p) denotes the model result with for a vector of unknowns p. To minimize the function
S(p), the non-linear least square minimization routine Isqcurvefit of MATLAB is used [26]. Parameters obtained from this approach
are given in Table 3. Besides MATLAB’s standard ode45 solver [26] is applied for numerical integration of the system (1)-(6) with
suitable initial conditions provided in the text.

Numerical simulations of the model (1)-(6) can be shown with the parameters given in Table 3 for n = 1. An example data set
of vaccinated people during the COVID-19 outbreak in Turkey is taken from the World Health Organisation. In Fig. 2, the results

10
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%107

4.5

+ V real data
V model data (n = 1) P tatalel
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Fig. 2. Vaccination component for the model for the case with n =1 is compared with real data for the period of June 10, 2021 and August 8, 2021. Parameters
are given in Table 3. Initial conditions are chosen as .S, = 61098000, V, = 18500000, E, = 2200000, R, = 2000, C, = 20000. The black line denotes the model result
and the red stars represent daily vaccinated cases.
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Fig. 3. Vaccination component for the model for the case with n =2 is compared with real data for the period of June 10, 2021 and August 8, 2021. Parameters
are given in Table 3. Initial conditions are chosen as S, = 61098000, ¥, = 18500000, E,, = 2200000, R, = 2000, C;, = 20000. The black line denotes the model result
and the red stars represent daily vaccinated cases.

are shown for model (1)—(6) with n = 1 fitted to the data of individuals vaccinated between June 10, 2021 and August 8, 2021. The
total population is taken 83 million [27].

In Fig. 3, success of parameter estimation is again demonstrated. Here numerical simulations of the model (1)-(6) with n =2 is
shown with the parameters given in Table 3 and the resulting outcome is compared with the data set of vaccinated people between
June 10, 2021 and August 8, 2021. As seen, in Figs. 2 and 3, the black curve corresponding to the model becomes flattened after
around day 40 and this agrees with the real data, where the real number of vaccinated people rapidly increases from 18 967237 to
41726338 and it is smoothed roughly about July 20.

6. Sensitivity analysis

Since varying the parameters may have a significant impact on the model output, one can perform a sensitivity analysis of the
dynamical model to determine which model parameters are more influential for the dynamics. The parameters associated with the
basic reproduction ratio R, have particular importance for the robustness of the model. In this context, the aim of the sensitivity
analysis is to identify the most substantial parameter in the model for disease transmission.

11
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Table 3
Estimated parameters of the model.
Parameters Value (n=1) Value (n=2) Unit Source
A 3032 3032 day! Assumed based on [10,18,19]
i 1.0257 x 1078 1.004 x 1078 day~! Estimated
u 3.653 x 10° 3.653 x 1073 day~! Assumed based on [9,10,27]
€ 1x10°8 1x1078 day! Estimated
4 0.0055 0.0055 day™! Assumed based on [12]
A 0.8 0.8 day! Assumed based on [12,20,21]
d 0.1 0.1 day! Assumed based on [9,22]
a, 0.00041 0.0001 day™! Estimated
a, 0.00031 0.0001 day! Estimated
w 5 5 day! [9]
1% 2 2 day! [9]
K 20000 20000 copies/day Assumed based on [9,28]
I4 0.01004 0.01133 day! Estimated
5 0.19999 0.2 day! Estimated
o 0.02136 0.02126 day~! Estimated
Table 4

Sensitivity indices of basic reproduction ratio of model (1)-(6), considering at the baseline
parameters provided in Table 3. number for n =1 and n=2.

Parameters Index (n=1) Index (n=2)
p 0.1276764 0.2089141
€ 0.4754643 0.7910858
17 —-0.7636042 —0.7843018
i —0.9897355 —0.9897256
d —0.3333038 —0.3332927
a, 0.1020714 0
, 0.2947878 0
I3 0.0036252 0.0032138
8 —0.6665743 —0.6665855
4 —-0.2276182 —0.2067744
g - 1 1 s - q
dt — 4 dt — 1
3 ] 4 Br = 4
i I 4 - I 4
er — 4 et I 4
[SSn - T Q- T
ot — 4 ot — 1
s I 1 s I 4
AL 4 AL E— 4
§r 1 & 1

-1 -08 -06 -04 -02 0 01 03 05 07 09

()

-1 -08 -06 -04 -02 0 01 03 05 07 09

(b)

Fig. 4. Sensitivity indices based on basic reproduction ratio R, with respect to various parameters given for Cases n =1 (a) and n =2 (b) in the model (1)-(6)
for Turkey. Parameter values given in Table 3 are considered for both cases.

Following the ideas presented in [29,30], the sensitivity analysis can be performed based on the basic reproduction ratio as

p_ P IR

= Ry op

where P represents a generic parameter in the model (1)—(6).
The sensitivity indices of the system parameters in Table 3 are demonstrated in 4, and also in Figs. 4(a) for n = 1 and 4(b) for

n=2.

(62)

As seen from Table 4 and Fig. 4, the model (1)-(6) is highly sensitive to the parameters 4, ' and . Thus it can be concluded
that an increase in these parameters diminishes the basic reproduction ratio R for both n = 1 and »n = 2. The significance of some
parameters may be different between Case 1 and Case 2. For example, although the increase in the parameter e, i.e. the rate at
which a vaccinated individual becomes exposed after being in contact with an infected individual, leads to an essential stimulus for
the basic reproduction ratio for Case 2, yet it has a much smaller impact on the R for the case n = 1.
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Fig. 5. Plots for susceptible population compartment for different values of vaccine efficiency 4 = 0.2,0.8,1.4 and for different values of vaccination rate of
susceptible individuals after the first shot, ¢ = 0.01,0.02136,0.09 with n = 1.
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Fig. 6. Plots for recovery compartment for different values of vaccine efficiency 4 = 0.2,0.8,1.4; and for different values of vaccination rate of susceptible
individuals after the first shot, ¢ = 0.01,0.02136,0.09 with n = 1.

Since the aim of our work is to further broaden the current knowledge of the modelling of recent COVID-19 outbreak with
vaccination, we focus on the role of two parameters regarding vaccination in the model. In Fig. 5, time simulations of the Susceptible
compartment over a period of 180 days are presented for various rates of A = 0.2,0.8,1,4 (a) and ¢ = 0.01,0.02136,0.09 (b),
respectively denotes the efficiency of the vaccine and the vaccination rate of susceptible (after the first shot). As is seen from
Fig. 5 (a,b), with the increase in A and o, susceptible individuals diminish at an earlier time and enter the vaccinated class.

Fig. 6 demonstrates time simulations of the recovered class over a period of 360 days for various rates of 4 = 0.2,0.8,1,4 and
o =0.01,0.02136, 0.09.

Fig. 7 shows that the system (1)-(6) undergoes a backward bifurcation at R, = 1 (f = 1.656 X 10-%) using the parameters given in
Table 3. Here, there is a region where a stable endemic equilibrium (EE) co-exists with a stable disease-free equilibrium (DFE) when
R, < 1. This situation may result in important implications for public health, as it indicates the necessity of the basic reproduction
number being less than unity, but not sufficient to wipe out the disease [23].

7. Conclusion and outlook

In this paper a model for an epidemic with a partially effective vaccination and infection by virus in the environment is studied.
Two different implementations of the idea of a partially effective vaccination are included and which of these is chosen does not seem
to have an essential influence on the qualitative behaviour of the solutions. In modelling infections coming from the environment
we used a phenomenological model for the force of infection containing an integer n > 1 as a parameter. We discovered that the
choice n = 2 leads to the occurrence of backward bifurcations while other choices of n do not. Thus here there is a major qualitative
difference. On the other hand, fitting to real data for COVID-19 in Turkey showed that both the cases n = 1 and n = 2 worked and
there was no clear indication that one of these choices was better than the other according to that criterion.

In the case n = 2 it was shown that for certain values of the parameters there exists an endemic steady state although R, < 1.
It was also shown that in this situation there exist more than one endemic steady state. At least one of the positive steady states is
unstable. This confirms rigorously that certain aspects of the usual picture of a backward bifurcation are present in this model. An

13
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Fig. 7. Backward bifurcation diagram for the parametric values given in Table 3 for n = 2. The red and blue lines denote unstable and stable equilibrium points,
respectively.

aspect of this picture which was not reproduced here is that the other positive steady state should be stable. It would be desirable
to prove a stability statement of this kind analytically.

An outstanding challenge is to provide a mechanistic derivation of the response function for infections coming from the
environment. If this could be done then it would help to decide which value of » in the Ansatz we used is more appropriate for
modelling a given disease or whether, indeed, a different type of function would give better results.
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Appendix

Denote the expression in the denominator of (58) by Z. Multiplying (59) by Z[(¢/w)"I" + k] gives a sixth order polynomial

equation p(I) =0 for I as

p(D) = agI® + ay I’ + ay I* + a5 1P + ay I + as 1 + ag, (63)
where

ay = —vby,

Ac(2) b
oi=pte(2)' -
’ @\
a=A [ﬂ(t +ﬂ+a2) +€(0'+a1)] (;) — vbs,
4 2
a3 =A [al(t’ +u+ay)+ azo] (%) +2fAex (g) —vby,
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2
ay = Ak [2B(t' + ) + €0) + fay + eay| (g) — vbs,

2
as = fAex® + Ak (a;(t' + p) + 2,0) (g) — vbg,

ag = Ax? (ﬂ(l' +u)+ ea) —vb,,

Here v = (£ + p)(6 +d + p) /& and

nese(2)

by = [ + u+ay) +e(o + u+¢)] (2)4,

by = (! +u+ay)(o+u+a)—(1 - o] (£)4+2ﬁ“(§)2,

by = k 260 + ) + 260 + p) + oy + €ay] (%)2,

bs = i [(0 + W + u+ay) + (' + w)o +p+ap) —2(1 = o] (g)z + pex’,

be = K* [B¢ + W) +e(c + W]
by=x*[(c+m +p)—(1-Dc].

Endemic steady states are in one to one correspondence with positive roots of p in Eq. (63).
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