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Abstract

In this thesis we give a definition of the term logarithmically symplectic variety; to be pre-
cise, we distinguish even two types of such varieties. The general type is a triple (f, V,w)
comprising a log smooth morphism f: X — Spec & of log schemes together with a flat log
connection V: L — (Z} ® L and a (V-closed) log symplectic form w € I'(X, (2]20 ® L).
We define the functor of log Artin rings of log smooth deformations of such varieties
(f,V,w) and calculate its obstruction theory, which turns out to be given by the vector
spaces H'(X, B v)(Ww)), i = 0,1,2. Here B} ) (w) is the class of a certain complex of
Ox-modules in the derived category D(X/k) associated to the log symplectic form w. The
main results state that under certain conditions a log symplectic variety can, by a flat de-
formation, be smoothed to a symplectic variety in the usual sense. This may provide a new

approach to the construction of new examples of irreducible symplectic manifolds.

In dieser Arbeit geben wir eine Definition des Terms logarithmisch-symplektische Varie-
tdt; genau genommen unterscheiden wir sogar zwei Typen solcher Varietaten. Der allge-
meinere Typ ist dabei ein Tripel (f, V,w) bestehend aus einem log glatten Morphismus
f+ X — Speck von log Schemata, zusammen mit einem flachen log Zusammenhang
V:L — .Q} ® L und einer (beziiglich V' geschlossenen) log symplektischen Form w €
I'Xx, Q? ® L). Wir definieren den Funktor von log Artinringen der Deformationen solcher
Varietiten (f, V,w) und berechnen dessen Hindernistheorie, die sich als durch die Vektor-
raume H'(X, B v (w)), i = 0, 1,2, gegeben herausstellt. Dabei ist B v (w) die Klasse
eines gewissen Komplexes von O x-Moduln in der derivierten Kategorie D(X/x), der zur
log symplektischen Form w gehort. Die Hauptresultate sagen aus, dass sich unter gewis-
sen Voraussetzungen eine log symplektische Varietit mittels einer flachen Deformation zu
einer symplektischen Varietét im tiblichen Sinne glatten lasst. Dies liefert moglicherweise
einen neuen Ansatz fiir die Konstruktion neuer Beispiele irreduzibler symplektischer Man-

nigfaltigkeiten.

Dans cette thése nous donnons la definition du terme variété logarithmiquement symplec-
tique; par souci d’exactitude, nous distinguons méme deux types de telles variétés. Le type
général est un triplet (f, V,w) qui se compose d’un morphisme log lisse f: X — Speck
de schémas log avec une connexion log plate V: L — Q} et une forme log symplectique
(V-fermée) w € I'(X, Q? ® L). Nous définissons le foncteur des anneaux artiniens des
déformations log lisses de telles varietés (f, V,w) et calculons sa théorie d’obstruction, qui
se trouve d’étre donnée par les espaces vectoriels H*(X, B v (w)), i = 0,1,2. Sachant
que B (.f, v) (w) estla classe d’un certain complexe des O x-modules dans la catégorie derivée
D(X/k) associée a la forme log symplectique w. Les résultats principaux établissent que

sous certain conditions une variété log symplectique admet une déformation plate dont la
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fibre générale est une variété symplectique lisse au sens usuel. Ceci apporte potentiellement
une autre approche pour la construction de nouveaux exemples de variétés symplectiques

irréductibles.

Introduction

Compact hyperkéhler manifolds — these are compact Kahler manifolds X the holonomy
group of which is the symplectic group Sp(dim X) - stand in the focus of investigations by

complex algebraic geometry not only, but just since Bogomolov’s decomposition theorem:

0.0.1 Theorem (De Rham, Berger, Bogomolov, Beauville, cf. [1, Thm. 1(2)])
Let X be a compact Kéhler manifold with zero Ricci curvature. Then there exists a finite

étale cover f: X — X such that

X%TXHVZ-XHX-,

where T is a complex torus, where the V; are compact Calabi-Yau manifolds (these are
compact simply connected Kéhler manifolds of dimension m; > 3 with holonomy group

SU(m;)) and where the X; are compact simply connected hyperkahler manifolds.

In the language of algebraic geometry, compact hyperkahler manifolds correspond to irre-
ducible symplectic varieties which are proper over Spec C; these are defined as follows:

A symplectic variety is a smooth variety X over Spec C which possesses a global 2-form
we I'(X, 2% /®)> the so-called symplectic form, such that the associated O x-linear map
Tx/c — 2% /¢ is an isomorphism; equivalently, such that its associated skew-symmetric
pairing T'x /¢ ®ox Tx/c — Ox is non-degenerate. This implies that the dimension of X
is even. An irreducible symplectic variety is a symplectic variety X the symplectic form w
of which generates the ring H"(X, 2% /C) as an H°(X, Ox)-algebra. In particular, such a

variety is simply-connected.

The decomposition theorem then takes the following form:

0.0.2 Theorem (Beauville, cf. [1, Thm. 2(2)])
Let X be a Kihler variety which is proper and smooth over Spec € and the first Chern class

of which is zero. Then there exists a finite étale cover f: X — X such that

X%TXHVZ-XHX-,

where T is a complex torus, where the V; are projective Calabi-Yau varieties (these are
simply connected varieties of dimension m; > 3, smooth over Spec C, with trivial canonical
line bundle and such that H°(V;, !21‘2/6) = 0 for 0 < p < m;) and where X is a proper
irreducible symplectic Kéhler variety.
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Both proper symplectic varieties and proper Calabi-Yau varieties are subjects of a rich and
prospering research. In contrast to numerous existent examples of proper Calabi-Yau vari-
eties, there are only few examples of proper symplectic varieties known. All examples

known to this day are subsequently listed up to deformation equivalence:

a) Hilbert schemes of points on a K3 surface, Hilb"(S) (Beauville, [1, Thm. 3]), of
dimension 2n, with by = 23, n € IN;

b) Kummer varieties associated to an Abelian surface, K,,(A) (Beauville, [1, Thm. 4]),

of dimension 2n, with by = 7, n € IN;
) M,y (O’Grady, [27, 2.0.2]), of dimension 10, with by = 24;
d) M (O’Grady, [28, 1.4]), of dimension 6, with by = §;

where the last two exceptional examples (exceptional, because they do not belong to series
like the other examples) were constructed by K. O’Grady as resolutions of singular moduli
spaces of sheaves on a projective K3 surface. Indeed, all of the above examples may be
realised as moduli spaces (or resolutions of those) of sheaves on a K3 surface. However,
the method of O’Grady used to construct his exceptional examples as resolutions of partic-
ular singular moduli spaces fails in all other cases of singular moduli spaces, as shown by
D. Kaledin, M. Lehn and C. Sorger in [15].

One method to construct compact Calabi-Yau manifolds was introduced by Y. Kawamata
and Y. Namikawa in their paper “Logarithmic deformations of normal crossing varieties
and smoothing of degenerate Calabi-Yau varieties” ([21]). For that purpose one regards
(complex analytic) strict normal crossing varieties equipped with a particular logarithmic
structure.

0.0.3 Theorem (cf. [21, 4.2])

Let X be a compact Kahler strict normal crossing variety equipped with the log structure
of semi-stable type of dimension d > 3 and X” — X the normalisation of X. Assume the

following conditions:
a) wx = Ox;
b) H¥Y(X,0x) = 0;
¢) HI72(X",0x.) = 0.
Then X is smoothable by a flat deformation.

The idea of this method is thus to pass from the category of Calabi-Yau manifolds to the
larger category of “strict normal crossing Calabi-Yau varieties” to regard deformations of

such varieties the general fibre of which is a Calabi-Yau manifold in the original sense.
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Based on a proposal by our advisor M. Lehn, an adaptation of this approach is the core of
this thesis:

It is known that the fibres of a deformation of a compact hyperkéhler manifold over a small
analytic disc are again compact hyperkihler manifolds (cf. [1, 9]). Yet it seems possible, as
in the case of Calabi-Yau manifolds, to start with a singular variety and to smoothen it to
receive a proper symplectic variety, in principle.

As a first step, we pass from algebraic geometry to logarithmic algebraic geometry, i.e.
from the category of schemes to the category of logarithmic schemes (X, ax); these are
schemes X carrying a logarithmic structure a.x. Particularly, the notion of smoothness of
a morphism of schemes is replaced with the wider notion of logarithmic smoothness of a
morphism of log schemes. This yields that any semi-stable strict normal crossing variety
is log smooth over the point Spec C as soon as both involved schemes are regarded as log
schemes equipped with particular log structures.

In this thesis we introduce the notion of a (logarithmically smooth) logarithmically sym-
plectic scheme and particularly of a logarithmically symplectic variety which applies to the
case of strict normal crossing varieties over Spec C. In doing so, we distinguish between
two types of logarithmically symplectic schemes: Such of non-twisted type and such of
generally twisted type. In our main results, in a way similar to that of Y. Kawamata and
Y. Namikawa, we give conditions under which a logarithmically symplectic variety of the
respective type deforms flatly into a smooth symplectic variety in the usual sense, that is,

under which it is smoothable.

Content and Structure

In the first chapter we introduce the basic definitions of logarithmic geometry (especially
for a reader not too familiar with that topic) such as the notion of log schemes and their
morphisms, charts of log structures and morphisms, and log smoothness as well as basic
results about these topics. All these notions and facts are taken from original articles on
the topic by K. Kato and F. Kato, as well as from the excellent lecture notes on logarithmic
geometry by A. Ogus, which have come to be known as the “Log book”, but which are up
to now available only directly from the author.

The second chapter recalls the notion of a functor of Artin rings in the sense of M.
Schlessinger before introducing the analogously defined functors of log Artin rings. It then
collects results from the theory of functors of log Artin rings as established by F. Kato,
including the log Schlessinger conditions LH;-LH, for the existence of a hull or even a
universal element, and introduces the notion of log smooth deformations. Be aware, that
the content of these first two chapters is not original, but that it is included in this thesis

from the afore mentioned sources for the convenience of the reader.

Having chapters one and two as a basis, chapter three defines step by step the log schemes



with additional data this thesis is working with, namely log schemes with line bundles, log
schemes with flat log connections (of rank one) and, eventually, log symplectic schemes.
Here it seems reasonable to distinguish between two kinds of such schemes, namely the log
symplectic schemes of non-twisted type and of general type, as defined in this chapter. This
chapter also introduces coherent sheaves and complexes of coherent sheaves associated to
the additional data on the respective log scheme. These are the log Atiyah module of a line
bundle, the log Atiyah complex of a flat log connection, and the T-complex and B-complex
associated to a log symplectic scheme of non-twisted type and of general type, respectively.
These sheaves and complexes of sheaves will deliver the obstruction theory of log smooth
deformations of the respective kind of object in chapter four.

The middle of the third chapter is taken up by a discussion of the here defined notion of log-
arithmic Cartier divisors, which was inspired by a section in the lecture notes by A. Ogus,
as far as necessary for this thesis. The chapter ends by recalling special log structures asso-
ciated to schemes with certain additional data, such as the canonical log structure of strict
normal crossing schemes of semi-stable type over Spec k from A. Ogus’ lecture notes and
F. Kato’s work. Again, in this last section of chapter three, nothing is original.

In the fourth chapter we define a collection of deformation functors for the various objects
defined in chapter three. After recalling and partly reenacting the log smooth deformation
theory of log smooth schemes of F. Kato, we calculate (using Cech-(hyper-)cohomology)
the obstruction theory of log smooth deformations of log schemes with line bundles, log
schemes with flat log connections and log symplectic schemes. These obstruction theories
are given by the (hyper-)cohomology groups H°, H! and H? of the sheaves and complexes
of sheaves constructed in chapter three.

At the end of this chapter we show that any of the beforehand defined deformation func-
tors possesses a hull in the sense of Schlessinger and that some of them are even pro-
representable (but, as expected, not the functor of log smooth deformations of log sym-
plectic schemes).

Chapter five contains the main results of this thesis. It begins with technical calculations
and results proved for later use in this chapter. By introducing a logarithmic version of the
T1 lifting principle as introduced by Z. Ran and Y. Kawamata and expanded by B. Fantechi
and M. Manetti and by following the techniques of Y. Namikawa and Y. Kawamata including
an adaptation of a result of J. Steenbrink, we are able to prove that under certain not to rigid
conditions the obstructions given in chapter four vanish and that a log symplectic scheme
may be deformed flatly into a smooth symplectic scheme in the usual sense.

Chapter six collects known examples of log symplectic schemes in our sense, appearing
naturally; two of them having been investigated by Nagai. It does however not provide an
application of our main theorems which produces new examples of symplectic varieties.
The last Chapter deals with questions that could not be satisfactorily answered within the

scope of this thesis.
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1 Logarithmic Geometry

In this first chapter we collect the basic definitions and results of logarithmic geometry,
mostly for the convenience of the reader who has not yet had much contact with this topic.
The references for all results are “Logarithmic structures of Fontaine-Illusie” by K. Kato
([19]), “Log smooth deformation theory” by F. Kato ([17]) and notably the yet unfinished
“Lectures on Logarithmic Algebraic Geometry” by A. Ogus ([29]), which is an excellent
introduction to logarithmic algebraic geometry, available on the authors web page. For the
basic definition and results concerning monoids, see Appendix A. All monoids regarded
are commutative. As it is custom in the context of logarithmic geometry we will usually
abbreviate the words “logarithmic” and “logarithmically” to “log”.

A scheme X may be regarded both as X ,,, equipped with its classical Zariski-topology and
X¢ with its étale topology, which is finer due to the fact that open immersions are étale.
We will draw a distinction between these two possible topologies only if necessary. When
writing about an open/étale neighbourhood, we mean an open neighbourhood or an étale
neighbourhood, depending on the chosen topology. By a point of a scheme, we mean a
geometric point.

Since the topology on Xg; is finer than on X,,,, there is a canonical continuous map
vx: X¢t — Xzar Which is the identity as a map on sets, when interpreting Zariski-open
subschemes U C X as open immersions jy: U — X, which are always étale. If F is a
sheaf on Xg;, then its restriction to open immersions is given as the sheaf vx,F: U —
I'(juy,F). On the other hand, if F is a sheaf on X,,,, then vy’ F: (e: U — X)
I'(U,e 1 F) is a sheaf on Xg. It is clear that vy, v F = F.

1.1 Logarithmic Structures

The category of sheaves of commutative monoids on a scheme X is denoted by Mon .
We regard the structure sheaf Ox of X as an element of Mon y, always with respect to its
multiplication. For a monoid P we will denote by Px its constant sheaf on X, which is
the sheaf associated to the presheaf taking every open subset U (respectively, every étale
morphism U — X)) to P. For a sheaf of monoids M, specifying a monoid homomorphism

P — I'(X, M) is equivalent to giving a morphism of sheaves of monoids Px — M.

1.1.1 Logarithmic Structures

1.1.1 Definition ([19, 1.1,1.2],[29, 111.1.1.1])

Let X be a scheme. A prelogarithmic structure on X is a morphism of sheaves of monoids
a: M — Ox.

It is called a logarithmic structure if it is a logarithmic morphism of sheaves of monoids, i. e.

if the restricted morphism o' (0%) — O% is an isomorphism. Due to the fact, that for

1



2 CHAPTER 1. LOGARITHMIC GEOMETRY

any log structure we have a~!(O%) = M*, we identify O% with the subsheaf of units
M* of M via this isomorphism.

If « is a (pre)log structure, we will refer to the sheaf of monoids M as the (pre)logarithmic
structure sheaf of v (or of (X, «)) and denote it by M,,.

A morphism p: B — o of prelog structures is a morphism of sheaves of monoids ¢: Mg —
M, such that a o o = . A morphism ¢:  — « of corresponding log structures is a

morphism of prelog structures.

We write preLogy and Log for the category of prelog structures and log structures on
X, respectively. The initial object in Log y is the inclusion ¢: O% — Ox, called the trivial
log structure on X. The initial object of preLogy is the inclusion 1: 1 — Ox. The final
object in both categories is the identity id: Ox — Ox, called the hollow log structure on X
(cf. [29, TIL.1.1.3]).

In a log structure «, the sheaf of monoids M, may be written additively or multiplicatively.
We will use the multiplicative notation mostly.

However, when written additively, a log structure « should be thought of as a sheaf M,
of logarithms of certain regular functions together with an exponential map M, — Ox
given by a. The set of logarithms of a function f is then a=!(f), which might also be
empty, and the logarithm of a unit is unique (cp. [29, III.1.1.2]).

For example, the trivial log structure ¢ on Spec € can be written either multiplicatively as
the inclusion C* — C or additively as the well-defined exponential map C/(2miZ) — C,
m — exp(m), since indeed exp: (C/(27iZ),+) — (C*,-) is an isomorphism with (well-

defined) inverse map log.

For the definition of the quotient of a monoid by a subgroup see Appendix A.

1.1.2 Definition

Let « be a log structure on X. The quotient sheaf M, = M,/a"1(O%) = My /M is
called the characteristic monoid sheaf of .

Analogously, if ¢: f — « is a morphism of log structures §: Mg — Ox and a: M, —
Ox, we associate a sheaf of monoids M, := M, /5 := Mqy/p(Mp) which we call the

relative characteristic sheaf of ¢ or of a over 3.

A morphism ¢: 3 — « of log structures induces a homomorphism of monoid sheaves

»: Mz — M,. The morphism ¢ an isomorphism if and only if 7 is. We have M,, =
Ma/B(Mp).

Given a diagram of monoid sheaves (or prelog structures) N' + M — AN’ on X we
write N ® yq N for its pushout, which is the sheaf associated to the presheaf of monoids
U= N(@U) @pmwy N (U). If M is the trivial sheaf of monoids, we write N” & N instead

of N'®1 N (compare to the conventions for monoids in Appendix A).
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Analogously we write N x o N for the pullback of the corresponding diagram with re-
versed arrows, which is the sheaf of monoids U +— N (U) x pq(ry N'(U).

Let a be a prelog structure on the scheme X. The monoid sheaf M, := M, © O% =
Ma ®q-1(0%) O fits naturally into the diagram

a N O0%) —— M,

coming with a unique homomorphism of monoid sheaves M7, — Ox, denoted o~ and
given by the local rule me u — u - a(m). In fact, a”: M?, — Ox is a log structure on
X. If a is already a log structure, then o = . For the image m ® 1 of a local section m of
M, under M, — M > we will usually just write m.

1.1.3 Definition

We call o : M7, — Ox the log structure associated to the prelog structure o: M, — Ox.

Any morphism of prelog structures ¢: § — « with « a log structure factors through 5>
uniquely. Associated to each morphism ¢: 8 — « of prelog structures there is a unique
morphism of log structures ¢~ : > — o~ called the morphism of log structures associated
to .

This defines a functor (- )>: preLog — Logy which is left adjoint to the forgetful functor
in the opposite direction.

1.1.4 Remark

The notation M, © (’))X( is non-standard; it is used to symbolise that the sheaf of units O)X(

of the structure sheaf is a subgroup sheaf in the “enlarged” sheaf M.

Let f: X — Y be a morphism of schemes. As usual, we denote the inverse image of a
sheaf G on Y under f by f~1G and the direct image of a sheaf F on X under f by f..F.
1.1.5 Definition

a) For any (pre)log structure 8: Mg — Oy onY the inverse image morphism

7B Mg — [0y — Ox
is a prelog structure on X. We denote its associated log structure
(f718): (f ' Mp) © 0% = Ox

by f*/ and write f*Mg := (f~'Mg)> for its log structure sheaf.

f*p and f*Mg are called the (logarithmic) pullback of 5 and Mg under f, respect-
ively.
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b) For any log structure ov: M, — Ox on X we have the two morphisms Oy — f.Ox
and f.a: fuM, — f.Ox. We define f, M, and the morphism f, « to be the fibred

product f, My X s, 0, Oy and the canonical morphism in the diagram

foa —_— f*Ma

foa lf*a

OY E— f* OX;
respectively. Since the preimage under f* of f.O% is Oy, the morphism f, a is a log
structure.
fravand f, M, are called the (logarithmic) direct image of o and M, under f, re-

spectively.

With regard to characteristic monoid sheaves, for f and § as in the definition, there is a
canonical isomorphism f~* Mg = f* Mg (cf. [19, 1.4.1]).

1.1.6 Proposition ([29, 111.1.1.5])
Let f: X — Y be a morphism of schemes. The two functors f*: Logy — Logy and

f«: Logx — Logy- are adjoint functors. To be precise, there is a natural isomorphism

Homyog (f*B,a) = Homyp,og,, (B, fxa).

1.1.7 Remark

Since the tensor product of sheaves of monoids involves a sheafification process, the log
structure o associated to a prelog structure o depends on the chosen topology (Zariski or
étale) on X, unless the structure sheaf M, of « is a sheaf of unit-integral monoids. This is
meant in the following sense:

Let vx : X¢t — Xyar be the canonical continuous map and let a: M, — Ox be a prelog
structure on X,,,. Let then o, := o~ be the associated log structure to o on X,,, and
oz, = (vy' @)™ the associated log structure to vy ' o on Xy

Then we have a natural morphism of prelog structures ’U;(l (o,

7ar) — 0, (Where the second

one is a log structure). If the structure sheaf M, of « is a sheaf of unit-integral monoids,

then this morphism is an isomorphism, i.e. if e: X’ — X is an étale morphism, then the

restriction o]y, = vxi«(e*ag,) is equal to the log pullback e*a7,, = e*« as sheaves on
X7 .. Inparticular I'(e: X' — X, M ) = I'(X',e*M,) (cp. [29,1I1.1.1.4]).

1.1.2 Charts and Coherence

Let X be a scheme and a: M, — Ox a log structure on X. Let P be a monoid and
a: P — I'(X, M,) a monoid homomorphism. Then a induces trivially a morphism of
prelog structures a: a«oa — a, given by a: Px — M, where aoa is the prelog structure

Px % M, =+ Ox obtained by composition.
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1.1.8 Definition

A (global) chart for a log structure o on a scheme X is a monoid homomorphism a: P —
I'(X, M,) such that ¢>: (@ 0 a)> — « is an isomorphism of log structures (then, in
particular, P & O)X( = M,y).

A chart for « at a point x in X is an open/étale neighbourhood U of x together with a chart
a: P— (U M).

Let & be one of the following properties of a monoid: coherent, domainic, sharp, (unit-/
quasi-)integral, fine, saturated, toric, normal, free.

1.1.9 Definition

Let « be a log structure on a scheme X. We say that a chart a: P — I'(X, M,) of a has
the property & if the monoid P has the property &.

A log structure a: M, — Ox on a scheme X is called quasi-coherent if for any point
x € X there exists a charta: P — I'(U, M,,) at z.

We say that a quasi-coherent log structure o has the property & if for any point x € X
there exists a chart a: P — I'(U, M,,) at « with that property (an exception to this rule is

the case that if for any point € X there exists a free chart, we call « locally free).

The restriction to an open subscheme of a quasi-coherent log structure is again quasi-
coherent. Such a restriction preserves any of the above properties Z.

1.1.10 Remark

All properties & defined here for log structures, are defined for any sheaf of monoids [cf.
Appendix A]. Indeed, a quasi-coherent log structure « is integral (respectively, saturated)
if and only if M, , is integral (saturated) for all points z € X. However, a coherent log
structure a does almost never have a coherent log structure sheaf M., in the sense that all
of its stalks are coherent. This is due to the fact, that the sheaf of units (’))X( in the ring of
regular functions, which is not affected by the charts, has generally incoherent stalks O)XQ .

at any point € X (compare the remark following definition II.2.1.5 in [29]).

1.2 Logarithmic schemes

A logarithmic scheme X will be defined as a scheme with additional structure. Whenever

we speak of a sheaf on X, we mean a sheaf on the underlying scheme.

1.2.1 Logarithmic schemes

1.2.1 Definition

A logarithmic schemeis apair X = (X, ax ), where X is a scheme and ax is a log structure
on X. Given a log scheme X, we will denote its underlying scheme by X and its log
structure by ax : Mx — Ox, where we write Mx = M, and Ox := Oy, referring

to M x as the logarithmic structure sheaf of X.
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A log subscheme of a log scheme X is a subscheme ¥ C X with the log structure j*ax
induced by its inclusion j: ¥ — X.

A morphism of log schemes [ = (f, f’): X — Y is a morphism of schemes [ X =Y
together with a morphism f”: fYay — ax of log structures on X.

A morphism of log schemes f: X — Y is called (logarithmically) strict if f°: flay = ax
is an isomorphism. It is called logarithmically dominant if f° is injective, and (logarithmic-

ally) semistrict if f° is surjective.

We say that f is the underlying morphism of schemes of f. From now on, we will usually
write fi, f*, f«, [~ etc. for the functors i*, f‘, ix, ix etc.

1.2.2 Remark

One may also define f* to be a morphism of sheaves of monoids such that the diagram

b
My —1 oMy

bl

Oy —— f.O0x

commutes. By Definition 1.1.5 and the adjunction property 1.1.6 this is equivalent to the

definition given in 1.2.1. We will use either form of f° according to its usefulness.

We denote the category of log schemes by LSch. On every scheme S there exists the trivial
log structure t: OF — Og and the functor (-)": Sch — LSch, S + S* := (S, ), is fully
faithful. This turns Sch into a full subcategory of LSch. The inclusion functor ( - )* is right
adjoint to the functor - forgetting the log structure: Hompgen (X, S*) = Homgen (X, S),
for X € LSch and S € Sch (cf. [29, I11.1.2.1]).
If Z is a log scheme, then the category LSch, is defined as the category which has as
objects morphisms of log schemes X — Z and as morphisms commutative diagrams of
morphisms of log schemes
X—Y
N
zZ

which, by abuse of notation, we will denote by X — Y.

In the category of log schemes the fibred product of a diagram of log schemes
XY+ X

may be constructed as the fibred product X xy X' of the underlying schemes together with
the log structure ax Ko, ax/: Mx By, Mxr = Oxx, x+ defined by ax Mo, ax: :=
pryax ®pr§ay pri,oxr, where we write pry: X XXX/ - X, pryxt X XXX' - X’

and pry : X xy X' — Y for the canonical projections.
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1.2.3 Definition
A prelogarithmic ring is a monoid homomorphism a: P — A from a monoid P to the
multiplicative monoid of a ring A. A prelog ring homomorphism (7,0): (a: P — A) —

(b: @ — B) is a commutative diagram

PL>Q

a

=

A L} R

where 6 is a monoid homomorphism and 7 a ring homomorphism.

~

A logarithmic ring is a prelog ring a: P — A such that a is logarithmic, i.e. a 71 (A*) =
A if A is a field, we speak of a (pre)log field. A log ring homomorphism is a prelog ring
homomorphism between log rings.

Given a prelog ring a: P — A we denote its associated log ring a”: P> — A, setting
P> =P A* := P®y-14x) A*. If Ais aring, then we will write A* for the prelog ring
A1 — A

1.2.4 Remark

Our definition of a log ring is that of F. Kato (cf. [18]). However, A. Ogus uses the term
log ring for what we call prelog ring (cf. [29, II.1.2.3]). With regard to 1.2.5 this does not

produce much of a conflict.

1.2.5 Definition

If a: P — A is a (pre)log ring, then Speca is defined to be the log scheme X which
has X := Spec A as its underlying scheme and the log structure ax: Px © O)X( — Ox
associated to the prelog structure a: Px — Ox. Note that Spec a and Spec a” are equal
as log schemes. Hence the at first sight ambiguous notation Spec A*, which may be read as
Spec(A*) or (Spec A)*, denotes a unique log scheme.

More generally, we call a log scheme affine if its underlying scheme is an affine scheme.

A logarithmic point is a log scheme X such that X = Speck for a field k. The standard
prelogarithmic field of the field k is the prelog field x: Ny — k mapping 0 — 1 and n — 0
if n > 1. The standard logarithmic point of the field k is Spec k.

Note that not every affine log scheme is isomorphic to the spectrum of a (pre)log ring.
However, any log scheme with quasi-coherent log structure may be covered by spectra of
(pre)log rings.

1.2.6 Lemma ([29, 111.1.5.3])

Let S = Spec k, with k an algebraically closed field. Since S consists only of one point, any
log structure « on S is given by a monoid homomorphism x: M — k. If M is unit-integral,

then the log scheme (S, k) is (non-canonically) isomorphic to Spec kp for the sharp monoid
P:=M/k*.



8 CHAPTER 1. LOGARITHMIC GEOMETRY

1.2.7 Definition

Let A be a commutative ring and P a monoid. The P-affine log scheme over A is the log
scheme A 4[P] := Spec(P — A[P]) associated to the canonical prelog ring P — A[P].
Its log structure will be denoted c 4 [P] and called the canonical log structure on the scheme
Spec A[P].

If0: Q@ — P is a monoid homomorphism, we write A4[0]: Aa[P] — A[Q] or simply 6
for the morphism of Spec A*-log schemes given by the ring homomorphism A[f]: A[Q] —
A[P]. This makes A 4[-] a functor Mon®” — LSchg e 4.

In the case A = Z, we simply write A[P] := Az[P] and A[f] := Az[0]. For the trivial
monoid P = 1 we get A 4[1] = Spec A* and we have A 4[P] = Aa[1] x4 A[P].
1.2.8 Definition

Leth: Y — A[Q] be an A[Q]-scheme and let #: @) — P be a monoid homomorphism. The
P-affine log scheme over h is the pullback Y x 41q] A[P], denoted Ay [P] or Ay /q[P]:

Ay [P]FH A[P]
[

— A[Q)].
We will denote its log structure by o, [P] and the canonical projections to A[P] by h[f] and
to Y by A[6], or 8}, for short.

If Q = 1and if Y = Spec A is affine, then Ay /1 [P] = A7[P].
Given a log scheme X and a monoid P, the map
HomLsich(XvA[PD — HomM(P>F(X7MX))’

defined by g — a4, where a4 is the composition P — I'(X, g*P) i) I'(X,Mx),isa
group isomorphism. We denote its inverse by a — g,.

This means, that specifying a global chart a: P — I'(X, M x) for ax (with P> & Mx)
is equivalent to giving a strict morphism of log schemes g: X — A[P]. In fact, with the
labelling of definition 1.1.8, a> = ¢” and a; = g app)-

1.2.9 Definition

We say that a log scheme X is logarithmically &7 (where & is one of the properties as in
section 1.1.2) if its log structure ax has the property &.

If 2 is a property of schemes (respectively, of morphisms of schemes), then we say that a
log scheme X (a morphism of log schemes f: X — Y') has the property 2 if the underlying
scheme X (the underlying morphism of schemes f) has that property.
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In particular, a log scheme X is logarithmically fine if it can be covered by fine charts. These
arelocal chartsa: P — I'(U, Mx) of aux such that P is finitely generated and integral (i. e.
maps injectively into P8"P). It is called logarithmically saturated if analogously there is a
covering by charts with P integral and P = P = {z € P8P |z € P for some n € Ny}.
A logarithmically fs (or logarithmically normal) log scheme is a log fine and log saturated
log scheme.

Likewise, a morphism of log schemes is called proper, if its underlying morphism is proper.

1.2.10 Remark

All authors mentioned in the introduction to this chapter use the convention, that a log
scheme has property 2 if its log structure has &?. However, this produces conflicts, e. g.
when talking about an integral log scheme, where “integral” can either be read as a prop-
erty of its underlying scheme or of its log structure. Our convention helps to avoid these

conflicts.

We denote the full subcategory of LSch, having as objects the log (quasi-)coherent log
schemes, by LSch(¥°°", The full subcategory of LSch®" of log fine (respectively, log fs,
log locally free) log schemes is denoted LSch® (LSch™, LSch™).

1.2.11 Definition

For any morphism f: X — Y of log schemes we define the sheaf of monoids
My = Moy jpeay = Mx/ (" My)

on X, which we call the relative characteristic sheaf or the lenience sheaf of f (or of X over
Y).

1.2.12 Lemma ([29, 111.1.2.8])
If f: X — Y is a strict morphism of log schemes, then the map F: My — Mx
induced by f° is an isomorphism. If it is semi-strict then M; = 0. The converses of both

statements are true if X is log integral.

1.2.13 Definition

Let X be a log coherent log scheme. We denote by LLoc X the reduced closed log sub-
scheme supp Mx C X and call it the logarithmic locus of X or the support of its log
structure ax. Its open complement is denoted by X * and called the logarithmically trivial
locus of X.

A point z € X lies in X * if and only if there is an open/étale neighbourhood U of x such
that x| is trivial. The functor (-)*: X +— X from the category of log schemes with

coherent log structure to schemes is right adjoint to the inclusion functor (- )*:

HOmLSChcoh (SL7 X) = HOm@(S, XX )
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1.2.14 Definition
Let X be alog coherent log scheme. The map ¢x : X — Ny, given by £x () := rk(ﬂ%;i),
is called the logarithmic rank of X and the number {x (x) the logarithmic rank of X at the

point x.

The set X(=7) := ¢3'({0,1,...n}) is an open subscheme of X for each n € Ny. The
underlying set of its reduced (closed) complement X ("1 is £ '(Ns,,41). We call the
locally closed intersection X (™ = X (=" 0 X (") with underlying set Z)}l(n) the logar-
ithmic locus of X of n'" order. The scheme structure of each of these subschemes X () is,
locally at a point x given by the ideal I, , C Ox ., defined to be the image under ax of
the maximal ideal mp, , of Mx ;.

This defines a stratification X = X0 o5 XED 5 . o XEN) = ¢ N > 0, for
X. Moreover, codimx X (=™ < n for all n (cp. [29, I1.2.1.6] and [16, 2.3]). In particular,
LLoc X = X1 and X* = X,

1.2.2 Morphisms of log Schemes and Charts

As mentioned before, specifying a global chart a: P — I'(X, Mx) for a log scheme X is
equivalent to giving a strict morphism of log schemes g: X — A[P]. A similar statement

is true, when talking about charts of morphisms of log structures:

1.2.15 Definition
Let f: X — Y be amorphism of log schemes. A (global) chart of f subordinate to a monoid

homomorphism 6: () — P is a commutative diagram

Q —= (Y, My)

o

P> TI'(X, Mx)

of monoid homomorphisms, where a and b are global charts for ax and ay respectively.

Specifying a chart for f subordinate to 6: () — P is equivalent to giving a commutative

diagram
x5 AP
! 0
Y —2- A[Q]

of morphisms of log schemes, with g, and g5 strict. We will call this the chart diagram of

the chart.
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This diagram canonically enlarges to

X = Ay [P] 25 AP

0
\ ’
g

Y

5=

9a/b gb [9]
b

AlQ]

with the right square Cartesian, g, = gs[0] © go/s, and all horizontal maps strict; here we
write Ay [P] for Ag, [P] and 0, for 0,,. We will refer to it as the extended chart diagram of
the chart.

Given a morphism of log schemes f: X — Y, achartb: Q — I'(Y, My ) for ay and a

monoid homomorphism 0: () — P, we have a group isomorphism
HOme (P, F(X, ./\/lx)) = HOIIILSChy (X, Ab[PD,

given by a — g, 5.
1.2.16 Proposition ([19, 2.10], [17, 2.14])
Let f: X — Y be a morphism of log coherent log schemes and let b: Q@ — I'(Y, My ) be

a coherent chart for ay. Then locally on X there exists a chart

Q —2>I'(Y,Mg)

T

P—2>T(X,M,)

comprising b and with P finitely generated.

1.2.17 Definition

Let f: X — Y be a morphism of log coherent log schemes. We denote by LLoc f the
reduced closed log subscheme supp Mf C X and call it the lenient locus of f. Its open
complement is denoted by X *(f) and called the semi-strict locus of f (in X).

A point & € X lies in X *(f) if and only if there is an open/étale neighbourhood Uof x
such that the restriction f|,, : U — Y is a semi-strict morphism. If f is log dominant, then
one may replace semi-strict by strict and speak of the strict locus of f.

1.2.18 Definition

Let f: X — Y be a morphism of log coherent log schemes. We call the map £;: X — N,
given by {;(x) := rk(ﬂ?i), the leniency of f and the number £ (x) the leniency of f at x.

The set X (=™ (f) := 8]71({0, 1,...n}) is an open subscheme of X for each n € Ny. The
underlying set of its reduced (closed) complement X (Z"+1)( f) is f;l (N>p+1). We call the
locally closed intersection X ™) (f) of X (=™ (f) and X (=™ (f) with underlying set £} (n)
the lenient locus of f of n'" order. The scheme structure of each of these subschemes is
locally at a point x given by the ideal Irq, , C Ox . (cf. [29, IL2.1.6], [16, 2.3]). It is
LLoc f = XEV(f) and X*(f) = XO(f).
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1.2.3 Log derivations and log differentials

1.2.19 Definition
Let f: X — Y be a morphism of log schemes and £ an Ox-module. A (logarithmic)
derivation of f (or of X over Y) to & is a pair ¥ = (0, 0), where ¥ € Dery (X, &) and

0: Mx — (€,+) is a morphism of sheaves of monoids with the following properties:
a) ax(m)©(m) = 9(ax(m)) for any local section m of M x and
b) O(f°(n)) = 0 for any local section 1 of f~! My

The set of such derivations is denoted by Der s (&). Then the sheaf Der;(E) of (log) deriv-
ations of X over Y to & is the sheaf U — Der | (&|;), which is in fact an O x-module. If
& = Ox, we write T for this sheaf and call it the (logarithmic) tangent sheaf of f or of X

overY.

1.2.20 Remark
Since (€, +) is a sheaf of groups, the map © naturally factors via the morphism of sheaves
of groups ©8P: MY — (€, +).

1.2.21 Definition and Proposition (cp. [29, 1V.1.2.3])
Let f: X — Y be a morphism of log schemes. There exists an O x-module .Q} and a
universal derivation (d, dlog) € Der f(lec) such that for any O x-module £ the canonical

morphism of O x-modules
Homo, (127,€) — Derg(€), A (Aod, Ao dlog)

is an isomorphism.
We write ¢. (- ): T ®ox .Q} — Ox,Y®0 — iy(o), for the natural pairing induced by
this isomorphism and we call Q} the sheaf of (logarithmic) differentials of X over Y.

1.2.22 Definition
Let Ax denote the O x-module Ox ®z M%", which we call the sheaf of purely logarithmic
differentials.

The sheaf of log differentials may be constructed as
0} = [2} @ Ax] /0Cx + Ky,

where Q]lc is the usual sheaf of Kahler differentials and where K x is the O x-submodule of

Q}c ® Ay generated by local sections of the form
(d(a(m)), —a(m) @ m) for local sections m of M x
and K¢ the image of the map

Ox ®z f'MEP = 0@ Ay,
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which is the Ox-module generated by local sections of the form (0,1 & f°(n)) for local

sections n of f =1 My-.

The universal derivation is then given by
d: 0x -5 2} - Qb and  dlog: Mx = Ox @z MEP — 25, m+ (0, 1om).

Accordingly we will simply write ds for the class of (ds,0) and dlogm for the class of
(0,1 ®m). Occasionally, if s = «(m), we write dlog s := dlog m.

Given a local section ¥ = (9, 0) of Der;(€) for f and £ as above, then ¥ is completely
determined by ©. This is due to the fact, that O% generates (Ox,+) as a sheaf of Abelian
groups, because any local section of Ox can locally be written as the sum of at most two
sections of O%. Hence, the image of M x under ax generates Ox as a sheaf of Abelian
groups. Any local section s of Ox can locally be written as s = a(m) oras s = ax(m1) +
ax(mg). Then ¥(s) = sO(m) or ¥(s) = a(mq1)O(m1) + a(mz2)O(mz2) (cp. [29,1V.1.2.4]).

This leads to an alternative construction of .Q} as a quotient of Ax:

1.2.23 Proposition ([29, 1V.1.2.10 & 11])
Let Rx C Ax be the subsheaf of sections, which are locally of the form

Zax(mi)@;mi - Zax(m;)cam},
i J

where mq,...,my and m},...,m), are local sections of Mx such that )", ax(m;) =

>_jax(m))in Ox, andlet Ry C Ay be the image of the map
Ox ®z fIMEP — Ax.
Then R x and Ry are O x-submodules of Ax and there is a unique isomorphism
;= Ax/(Rx + Ry).

We will denote the image of a local section f ® m of Ax in lec by fdlogm. This notation
is consistent in the sense that if m is the image of a local section m’ of M x under Mx —
M5P, then dlogm, as defined here, is equal to dlogm’, as defined above as the image of

m under the universal derivation dlog.

If f: S* — S’ is a morphism of schemes with trivial log structures, then the O x-module
of usual Kahler differentials Q} of f is canonically isomorphic to Q} by the fact that for
any local section u of Mg. = (939< we have dlogu = u~'du. Hence, we will identify both
modules in this case, as well as their dual modules Ti and 7.

If f: X — Y is a morphism of log coherent log schemes, then _Q]lc is a quasi-coherent O x -
module. If moreover Y is Noetherian and the underlying morphism of schemes f: X — Y
is of finite type, then Q]lc is coherent (cf. [17, 5.1], [29, IV.1.2.9]).
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1.2.24 Proposition ([29, IV.1.3.1])

For a commutative diagram of morphisms of log schemes

x' 2 x
|- |
v Ly
there is a natural morphism g* Q} — 2%, (sending ds to g*ds = d(g*s) and dlogm to

g*dlogm := dlog(g°m) for local sections s of g~'Ox and m of g~' M), which is an

isomorphism if the diagram is Cartesian.

If this diagram is Cartesian, then the induced homomorphism
f/*'Q}’lL @ g*Q} - QflLof’ = Q}og
is an isomorphism.

1.2.25 Proposition ([29,1V.2.3.1 & 2])
Let f: X — Y and g: Y — Z be two morphisms of log schemes. Then there is an exact

sequence

[0 — 2, — 25 — 0.

If we replace the morphism f by a strict closed immersion ¢: X — Y defined by a sheaf of

ideals I and if X, Y and Z are log quasi-integral, then there is an exact sequence

I)I? — 02} — 2}, — 0

i0g
of Ox-modules.

We call the O x-module I/I? the conormal sheaf of i.

Let f: X — Y be a morphism of log coherent log schemes. The f~!Oy-linear map
d: Ox — Q} fits into a complex Qf' with f~1Oy-linear differentials, called the logarith-

mic de Rham complex of f:

1.2.26 Proposition ([29, V.2.1.1])
Let f: X — Y be a morphism of log coherent log schemes. There exists a complex of
Ox-modules {2 7 with f~1Oy-linear differentials d : !2;} — Q}H such that

a) 2% = N\ 02k
b) d® =d: Ox — 2};
¢) d!(dlogm) = 0 for each local section m of M x;

d) d(ono’) = (d'o) no' 4 (=1)'0 A (d’0’) for local sections o of 2 and ¢’ of Q}
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1.2.4 Logarithmic infinitesimal thickenings

1.2.27 Definition

A logarithmic (infinitesimal) thickening is a strict closed immersion i: T — T’ of log
schemes such that the ideal sheaf I of T' in T” is nilpotent and such that the subgroup
1+ I C OF, operates freely on M. We say that the log thickening has (at most) order n
if 1"t = 0.

If T is log quasi-integral, then the action of 1 + I on My is automatically free. For the
Zariski topology, in a log thickening the underlying topological spaces of T and 7" are
homeomorphic and are thus identified. For the étale topology the same is true for log

thickenings of finite order (cf. [29, IV.2.1.4]).

1.2.28 Proposition ([29, 1V.2.1.2 & 3])
Leti: T'— T’ be a log thickening with ideal I. Then

a) The diagram
OF —— My

liﬁ Jib
X .
1.0 —— i, Mr
is Cartesian and cocartesian;

b) Ker(OF, — i,0F) = Ker(M5%P — i, M%) = 1 + I (observe, that i, OF =, 0%

when regarding O} as the structure sheaf of the trivial log structure on 7);

¢) The diagram
MT’ E— M%r/p
Mp —— MFP
is Cartesian;
d) T is log coherent, log integral, log fine, log saturated or log free if and only if T" is. If

a: P — I'(T', M) is a chart for T, then i’ o a: P — I'(T, Mr) is a chart for T

and the converse is true if 7" is log quasi-integral.

1.2.5 Logarithmic smoothness

Formal smoothness for schemes was defined by A. Grothendieck in [12, III.1] via the in-
finitesimal lifting property. A morphism of schemes is smooth if and only if it has the
infinitesimal lifting property and is locally of finite presentation. In analogy one defines

(formal) log smoothness.
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1.2.29 Definition ([19, 3.3], [29, IV.3.1.1])
A morphism f: X — Y of log schemes is formally smooth (respectively, formally unrami-
fied, formally étale) if for every n and every n-th order log thickening i: T — T’ with a
commutative diagram

T—"%X

L, b

Ty
there exists at least one (at most one, exactly one) morphism ¢: 7" — X lifting ¢’ in this
diagram.
A formally smooth (respectively, formally étale) morphism f: X — Y is called logarithmic-
ally smooth (logarithmically étale) if X and Y are log coherent and its underlying morphism
f: X — Y islocally of finite presentation.

The usual statements about composition and base change of smooth and étale morphisms
hold for log smooth and log étale morphisms.

If f is log smooth, then .Q} is locally free (cf. [29, IV.3.2.1]). A morphism f of log coherent
log schemes is formally unramified if and only if Q} = 0 (cf. [29,IV.3.1.3]).

1.2.30 Proposition ([29,1V.3.2.3 & 4])
Let f: X - Y and g: Y — Z be two morphisms of of log coherent log schemes.

a) If f is log smooth, then the sequence 0 — f* Q; — Q;of — Q} — 0 is exact and
splits.

1

b) If g o f is log smooth and the sequence 0 — f*.Q; — ngf

— Q} — 0 is split exact,
then f is log smooth.

c) If f is log étale, then f*(2; — (2} is an isomorphism.

1.2.31 Proposition ([29, 1V.3.1.6])
Let f: X — Y be a strict morphism of log coherent log schemes. If the underlying
morphism of schemes f is formally smooth (respectively, formally étale, formally unrami-

fied) then the same is true of f. The converse holds if Y is log unit-integral.

This leads to the following definition:

1.2.32 Definition

Let f: X — Y be a morphism of log coherent log schemes. We say that f is smooth
(respectively, étale, unramified) if f is strict and log smooth (log étale, formally unramified).
1.2.33 Proposition ([29, 1V.3.1.8])

Let §: Q — P be a homomorphism of finitely generated monoids and let f: A4[P] —
A 4[Q)] be the corresponding affine morphism over a commutative ring A. Then f is log
smooth (respectively, log étale) if and only if Ker(6#'P) and the torsion part of Cok(6#P)
(Ker(68™P) and Cok(68'P)) are finite groups the order of which is invertible in A.



1.2. LOGARITHMIC SCHEMES 17

1.2.34 Proposition ([19, 3.5 & 6], [29, 1V.3.3.1])
Let f: X — Y be a log smooth (respectively, log étale) morphism of log coherent log
schemes and let b: @ — I'(Y, My ) be a coherent chart for Y. Then étale locally on X

there exists a chart

X —2 A[P]
o
Yy —2 A[Q)

comprising b and with P finitely generated (as in 1.2.16) and with the properties:

a) The homomorphism 6: ) — P is injective and the order of the torsion part of its
cokernel is invertible in O x (respectively, and its cokernel is finite of order invertible

in Ox)
b) The canonical strict morphism g /;,: X — Ay[P] is étale.

Conversely, we have the following Criterion for log smoothness (respectively, log étaleness):
1.2.35 Proposition ([19, 3.5], [29, 1V.3.1.13])

Let f: X — Y be a morphism of log schemes admitting a coherent chart subordinate to
f: QQ — P and let x be a point in X. Assume that P and () are finitely generated and that

a) k(z) ®z Ker(08P) = 0 and k(z) ®7 (Cok(68™))sors = 0, where (- )tors denotes the
torsion part (respectively, and k(z) ®7 Cok(68'P) = 0);

b) the canonical strict morphism g,/,: X — Ay[P] is smooth (respectively, étale) in

some neighbourhood of z.
Then f is log smooth (respectively, log étale) in some open/étale neighbourhood of x.

Example 1.2.1 To give an impression of what log smooth morphisms may look like, we
regard the following example. Let X = Spec C[z,y|/(wy) and let f: X — Y := SpecC
be its structure morphism as scheme over Spec C. Then f is of finite type, but not smooth:
Its O x-module of Kihler differentials 2} = Ox (dz, dy)/(ydx + zdy) is not locally free.

However, if we equip X and Y with suitable log structures, then there exists a log smooth
morphism f: X — Y the underlying morphism of schemes of which is f: We give Y =
Spec C the log structure of the standard log point, which is the log structure associated to
the prelog structure b: Ng - C,n+— 1lifn = 0andn — 0ifn > 1 and we give X the
log structure associated to the prelog structure a: N3 — Ox, (n1,n2) — z™y"2. Then

the following diagram, which we will refer to as (%), is commutative:

N%AOX

diag] fﬁT

JN();{])(D,

where diag: Ny — N2 is the diagonal monoid homomorphism n + (n, n).



18 CHAPTER 1. LOGARITHMIC GEOMETRY

The log structures of Y = (Y, ay) and X = (X, ax) are given by

wifn =0,
ay:Ng@dC* = C,nou+—
0ifn >1,

and by

ni, n2

ax:Noo 0% =Ny ®4-1(0%) 0% — Ox, (n1,n2) @ u — uz™y"?,

respectively. In what follows, we will write e; and es, respectively, for the generators (1, 0)
and (0,1) € NZ and also for their images in N3 & O%.

To turn f into a morphism of log schemes, we have to define the morphism of sheaves of
monoids f°: My — f.Mzx, which we doby neu — (n,n) e f*(u).

Then f = (f, f?): X — Y is log smooth by the criterion for log smoothness 1.2.35:
The diagram (x) is by definition a chart for f subordinate to diag: Ny — N2. We have
Ker(diag®™?) = 0 and (Cok(diag®™®))tors = Ztors = 0, hence a) is fulfilled. The strict

morphism g, in b) is given by the morphism
C @y (D[lNg] = Cle1, ea]/(e1e2) = Clz,y]/(zy), e1 — x, e3 — y,

which is clearly an isomorphism. Hence g, ;, is smooth.

We calculate .Q}: By the first construction given in 1.2.3, we have

2} = |2} & (Ox @ ME")] / ((dla(m), —a(m) om), (0,16 *(v)
= Ox (dr,dy,19e1,10e2) /

(ydz + zdy,de —x - (1oer),dy—y-(1oes),loer +1oes)
Ox (dw, dy, dlog z, dlogy) /
(
(

ydx + xdy, dx — zdlog x, dy — ydlogy, dlog x + dlog y)

Ox (dlog z, dlogy) / (dlog z + dlogy),

where we write dlogz := 1® ey and dlogy := 1 ® e, because z = a(e1) and y = a(es)
(observe that 1@e; + 1@ea = 1®(1,1) = 0 because a(1,1) = a(diag(1))). Hence,
Q}c is indeed a locally free O x-module of finite type. The log tangent sheaf T of f is
Ox (@05, y0y) / (20 + y0y). O

1.2.6 Log flatness and log integrality

A strict morphism f: X — Y of log schemes is called flat if its underlying morphism of
schemes is flat. For the definition of log flatness, we need the fppf-topology on X. We
say that a log scheme X has a property fppf-locally if there exists a strict faithfully flat
morphism of log schemes ¢: V' — X of finite presentation such that V' has that property

(where V has the log structure ay = p*ax).
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1.2.36 Definition ([29, 1V.3.5.1])

A morphism of log fine log schemes f: X — Y is logarithmically flat if fppf-locally on X
there exists a chart (a: P — I'(X, Mx),a: Q — I'(Y, My)) subordinate to an injective
monoid homomorphism #: @ — P such that the strict morphism g, ,: X — Ay[P] in the

extended chart diagram

X 20 P 2L A

S

~

]

B}

—2~ A[Q)]
is flat.

The family of log flat morphisms of log fine log schemes is stable under composition and
base change (cf. [29, IV.3.5.2]). A strict morphism of log schemes is log flat if and only if it
is flat. Log smooth morphisms and log étale morphisms are log flat. In general, however,
the underlying morphism of schemes of a log flat morphisms (and, in particular, of a log
smooth morphisms) is not a flat morphism of schemes (cf. [17, 8.5]).

As Ogus remarks in his lecture notes, the definition of log flatness is not adapted to proving
a morphism not to be log flat, because in general for a flat morphism there do exist charts,
such that g, ¢ is not flat (cf. [29, IV.3.5.2]). To prove that a morphism of log schemes is
not flat, one may use the following theorem by Ogus, which collects nicely criteria for log
flatness, log smoothness and log étaleness in a statement about a diagram:

1.2.37 Theorem ([29, 1V.3.5.3 & 6])

Let f: X — Y be a morphism of Noetherian log fine log schemes locally of finite presenta-
tion. Then f is log flat (respectively, log smooth, log étale) if and only if, for every diagram

X' X' —— X
N
Y ——Y,
in which the right square is Cartesian, in which 7 is log étale and in which f”’ is strict, the
morphism f” is flat (respectively, smooth, étale).
1.2.38 Corollary ([29, 1V.3.5.7])
A morphism of Noetherian log fine log schemes is log étale if and only if it is log flat and
formally unramified.
1.2.39 Corollary ([29, 1V.3.5.8])
Let f: X — Y and g: Y — Z be morphisms of Noetherian log fine log schemes. Assume
that f is locally of finite presentation and that go f is log flat. If for every standard log point
Spec kn, — Z (for any field k) the base changed morphism fg is log flat (respectively, log
smooth, log étale), then f is log flat / log smooth / log étale.

The connection between log flatness of a morphism and flatness of the underlying morph-

ism is established by the notion of log integrality of a morphism.
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1.2.40 Definition ([19, 4.3])

A morphism f: X — Y of log coherent log schemes is called logarithmically integral if
locally on X there exists a chart 6: (b: Q — My) — (a: P — Mx) with integral
monoids P and @ and with 6: Q) — P integral, i. e. such that Z[Q] — Z[P] is flat.

A morphism f: X — Y of log integral (respectively, log fine) log schemes is log integral if
and only if for any log integral (log fine) log scheme Y’ over Y the fibre product X xy Y’
in LSch is a log integral (log fine) log scheme. ([19, 4.3.1])

1.2.41 Proposition ([19, 4.5])

Let f: X — Y be a morphism of log fine log schemes. If f is log flat and log integral, then

its underlying morphism [ of schemes is flat.

Proof: By assumption and 1.2.34, we locally have the extended chart diagram

with @ flat, hence 0, flat and with g, /;, étale, hence g, ;, flat. In conclusion, f is flat. O

1.2.42 Proposition ([19, 4.4])
Let f: X — Y be a morphism of log fine log schemes. If

a) f is strict, or

b) for every point y € Y the monoid My 5 is zero or generated by one (non-zero)

element, where ¥ is the separable closure of y,

then f is log integral.



2 Log smooth deformation Theory

This chapter collects definitions and results from the theory of log smooth deformations.
Its first section is combined of a brief summary of the first two sections of M. Schlessinger’s
“Functors of Artin Rings” ([31]) and excerpts from “Obstruction Calculus for Functors of
Artin Rings” by B. Fantechi and M. Manetti ([8]). Its second section is a summary of “Func-
tors of log Artin rings” by F. Kato ([18]) and its third section collects facts from the theory
of log smooth deformations, which in large part are cited from “Logarithmic structures of

Fontaine-Illusie” by K. Kato ([19]) and “Log smooth deformation theory” by F. Kato ([17]).

Set denotes the category of sets. Any set with one element is denoted by {x}. We re-
gard only covariant functors F': C' — D. A contravariant functor is hence denoted as a

covariant functor F': C°P — D, where C°P is the opposite category of C'.

2.1 Functors of Artin rings

2.1.1 Artin rings

Let T' be a complete Noetherian local ring with residue field ¥ = T'/mp, where my denotes
the maximal ideal of T'. Let Art, denote the category of local Artin algebras over T with
residue field k£ and @T the category of complete Noetherian local algebras over T with
residue field & (cp. [31, 1]). For every element R of Art, or @T, we denote its maximal
ideal by mp and the natural projection R — k by 7g.

Every object in @T is naturally a limit of objects in Art;, namely R = @rLeNo R/m’%.
The same is true for homomorphisms. Notice that Art is a full subcategory of Art.
2.1.1 Definition

An extension in Art, (respectively, in @T) is a short exact sequence
e:0=+J—=>B—>A—-0

of T-modules, where B — A is a surjective homomorphism in Art (respectively, in ET)
with kernel J such that J? = 0, making J an A-module. We will denote the surjective
homomorphism in e by €: B — A and, by abuse of language, we will call it an extension,

as well.

A morphism of extensions 1: ¢/ — e is a commutative diagram

=/

e 0 J’ B —“ A 0
[
e: 0 J B—°+A 0.

The category of extensions in Art is denoted by Ext .

21
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An extension e is called a small extension if mpJ = 0 and a principal small extension
if moreover J is a principal ideal, i.e. dimy J < 1. The full subcategories of small and

principal small extensions in Art; are denoted by sExt, and psExt,, respectively.

Every surjective homomorphism B — A in Art, allows a finite factorisation into principal
small extensions.
2.1.2 Proposition ([31, 2.5.i])

A homomorphism R — S in @T is smooth if and only if S is a power series ring over R.

2.1.2 Functors of Artin rings

2.1.3 Definition

A functor of Artin rings over T is a functor F': Art; — Set with F/(k) = {x}. The
unique extension of F' to a functor E: @T — Set with ' = F on Art, is given by
F(R) = @neNo F(R/m%,) and is called the completion of F. A morphism of functors of
Artin rings is a morphism of functors. We denote the category of functors of Artin rings

over 1" and their morphisms by Fun.

For any R € @T, the functor Hom g (R, -): Art;; — Set is denoted by hg. The
At
constant functor of Artin rings *: Art; — Set, x(A) = {x}, which is equal to hr, is the

final object in Fun .

2.1.4 Remark

In the case that 7' = k, any functor of Artin rings F': Art; — Set canonically lifts along
the forgetful functor Set, — Set to a functor F': Art;; — Set, with the pointed sets as
codomain . This is due to the fact that for each R € Art i the canonical homomorphism
k — R defines the image of * € F(k) in F(R), called the trivial element of F'(R) and
usually also denoted by * € F(R).

In general however, there is no canonical homomorphism k£ — 7' (such a homomorphism
might not exist at all), so one has to be aware that F'(R) might be the empty set and, even

if not, does not contain a canonical element.

Let V be a finite-dimensional k-vector-space and A € Art;. We write A[V]° for the T-
algebraT - A — A[V]|=A®V,witha-v=my(a)vandv-w =0fora € A, v,weV.
If V is the one-dimensional k-vector-space with generator ¢, we write A[e]? for A[V]°.
2.1.5 Definition

The set tp = F(k[€]°) is called the (pointed) tangent set of F (at its unique point * € F(k)).

We will denote the principal small extension 0 — () — k[¢]° — k — 0 in Art, by €°.
2.1.6 Definition

An F-coupleis a pair (A, £) with A € Arty and & € F(A). An F-pro-coupleis an F-couple,
i.e.apair (R,§) with R € @T and £ € F(R). A morphismu: (A,€) — (A’,€') of couples
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(respectively, of pro-couples) is a homomorphism u: A — B in Art, (respectively, in @T)
such that F'(u)(§) = £ (respectively, such that F(u) & =¢.

By the Yoneda lemma, specifying an element { € F (R) is equivalent to giving a morphism

of functors, £: hgp — F. We will identify the element £ and this morphism.

2.1.7 Definition
For any morphism f: F© — G of functors of Artin rings a functor a i sExty — Set is
defined by setting F(e) := F(A) X G(a) G(B) for any small extension e: B — A.

As remarked in [8, 2.14], for the principal small extension £ we have F f(so) = tq, inde-
pendently of f and F. If G = x, then Fy(e) = F(A) and we will write I’ := F in this
case.

2.1.8 Definition

A morphism f: F' — G of functors of Artin rings is called smooth if for any small extension
e the map F(B) — Fy(e), b (F(€)(b), f(b)), is surjective.

A morphism f: ' — G of functors of Artin rings is called étale if it is smooth and if its
differential t; = f(k[e]°): tr — t¢ is a bijection.

A functor of Artin rings F' is called smooth if the canonical morphism F' — * is smooth.
This is equivalent to F'(€): F(B) — F(A) being surjective for all small extensionse: B —
Ain Arty.

2.1.9 Proposition ([31, 2.5], [32, 2.2.5])

Let R — S be a homomorphism in ET.
a) hg — hp is smooth if and only if R — S is smooth.

Let f: F — G and g: G — H be two morphisms of functors of Artin rings.
b) If f is smooth, then f and f: F — G are both surjective.
¢) If f and g are smooth, then g o f is smooth.

d) If f is smooth, then g o f is smooth if and only if g is smooth.

2.1.10 Definition
Let F be a functor of Artin rings and (R, §) an F-pro-couple. We call (R, &)

a) a versal element for F'if £: hp — F' is smooth;
b) a hull of F or a semi-universal element for F' if £: hp — F is étale;

c) a pro-representative for F' or a universal element for F' if £: hg — F' is an iso-

morphism. In this case we say that hr pro-represents F.
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Observe that if F' is a functor of Artin rings possessing a versal element, a hull or a pro-
representative (R, £), then by 2.1.9 d) F' is smooth if and only if hp is.
Let F' be a functor of Artin rings, let A’ — A and A” — A be homomorphisms in Art.

and consider the canonical map
D F(A/ XA A”) — F(A/) X F(A) F(AN).

2.1.11 Definition
A functor of Artin rings F is called a functor with good deformation theory or gdt functor if
it has the properties

H;) & is a surjection, whenever A" — A is a small extension;
Hy) @ is a bijection, when A = k, A” = k[e]°.

A functor of Artin rings possessing a hull (or a pro-representative) is a gdt functor (cf. [31,
2.11]). For a general treatment of fibre products of Artin rings and Noetherian rings, cf.
[30].

A gdt functor I has the property that for any two finite dimensional vector spaces V' and
W the canonical map F(k[V]? x k[W]%) — F(k[V]°) x F(k[W]°) is a bijection. Hence,
tr = F(k[]°) carries a natural vector space structure with * as its zero element and is
called the tangent space of F' (cp. [31, 2.10]); moreover, F(k[V]") & tr ®; V as k-vector-
spaces for any finite dimensional vector space V.

2.1.12 Theorem ([31, 2.11])

A gdt functor F' possesses a hull if and only if

Hs) dimk(tp) < 00.
Moreover, F' is pro-representable if and only if F" has the additional property

H,4) @ is a bijection, when A” = A’ and whenever A’ — A is a small extension.

Given a T-algebra structure on k[[z], let Ay denote the ring k[z]/zV+1, N € Ny, together
with its T-algebra structure as a quotient of k[z].

2.1.13 Definition

A morphism of functors of Artin rings f: F — G is called curvilinearly smooth of order Ny
if for all T-algebra structures on k[x] and all N € Ny with N > N, the map F(Any1) —

F 'r(en) is surjective, where e is the principal small extension
o+
€N20—>I€—>AN+1 —>AN—>0.

If f is curvilinearly smooth of order 0, we say that it is curvilinearly smooth.
A functor F is called curvilinearly smooth (of order Ny) if the canonical morphism F' — *

is curvilinearly smooth (of order Ny).
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2.1.14 Remark
If T = k is a field, then there is a unique k-algebra structure on k[z].

In B. Fantechis and M. Manettis paper [8] the following proposition is proven, the equival-
ence a) < b) of which has been proven earlier by Y. Kawamata in [20].

2.1.15 Proposition ([8, 5.6 & 6.4])

Let F' be a gdt functor over a field k. Then the following are equivalent:

a) F'is smooth;
b) Fis curvilinearly smooth;
c) Fis curvilinearly smooth of order Ny for an Ny € INy.

We are going to prove such a statement in the case that the base ring T is the ring k[t].

2.1.16 Lemma (cp. [8, 5.6])
Let R ¢ @ k[¢]- Then the following are equivalent:

a) hg is smooth, i.e. R is a power series algebra over k[t];
b) hpg is curvilinearly smooth;
¢) hg is curvilinearly smooth of order Ny for some Ny € Nj.

Proof: The implications a) = b) and b) = c) are clear. So assume that hp is not smooth.
Then R = P/I for some power series algebra P = k[[t][z1, ..., x,] over k[t] and an ideal
0#1CtP+1? wherey = (v1,...,2,) C P.

Let I be generated by elements fi, ..., f, of P. Then consider the set M of all monomials
in the variables ¢, 1, ..., , appearing in the f; with non-zero k-coefficient.

First, assume that I = tP. This is the case if and only if the monomial ¢ € M and if
all other monomials are divisible by ¢. Without loss of generality, we may assume that
fi = t is the only generator (hence, r = 1). Then R = E[t]/(¢)[z1,...,x,] with the
obvious k[t]-algebra structure. Give to the ring k[z] the algebra structure k[t] — k[z],
t + x™¥o. Then the homomorphism ¢ : k[t][x1,...,z,] — k[z], t ~ 2™° induces an
element ¢ € hg(k[z]/zN°), because 1 (tP) C (2™°), which does not lift to an element of
hr(k[z]/zNot1), because this lift would, by the definition of the algebra structure, have to
map ¢ to the non-zero element 20 € k[x]/2¥o*1, which is not possible.

Then, assume that ¢ ¢ M, but all monomials are divisible by ¢. Let C' C INg+1 be the
set of all multi-indices J = (jo, .. -, jn) such that the monomial ¢/ x{l -...zdn appears
in M. The set C is contained in {J | )", j; > 2}, because, by assumption, each monomial
in M has at least degree 2. Now we may follow the proof of Fantechi and Manetti given

in [8, 5.6]: There exist rational positive numbers aq, . . ., a,, b with a; < b such that C' C
{J € Ng*1| Y, aiji > b} and such that C N {J |, a;j; = b} = {J'} for one particular
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J" = (j30,..-,75). Choose N € N large enough such that 4; := a;N and B := bN are all
integers and B > Ny. Then C C {J| >, A;ji > BtandCN{J|>, A;ji = B} ={J'}.
We give k[x] the algebra structure k[t] — k[z], t — x“°. The algebra homomorphism
¥ k[t)[z1, ..., 20] — k[2], t = x4, z; > 24, maps tj(lm:{i R A
Y(toalt - - xin) € (@Bt forall J € C, J # J'. Hence, ¢(I) C (tP), because the fj
generate I. Therefore, 1 induces an element ¢ € hp(k[z]/zP). This element does not lift

to an element of hg(k[x]/zP*1), because 1 (1) is not contained in (x5+1).

and

Finally, assume that ¢ ¢ M and there exist monomials not divisible by ¢. Let My C M be
the set of all monomials with non-zero k-coefficient and not divisible by ¢. Let C" C IN{} be
the set of all multi-indices J = (41, ..., jn) such that the monomial x{l -...-xin appears
in M. The set Cj is contained in {J € Ni |3 . j; > 2} and we may again find natural
numbers A; and Bwith A; < B and B > Ny such that C" C {J |}, A;j; > B} and
Cn{J[>; Aiji = B} ={J'}.

We give k[z] the algebra structure k[t] — k[z], ¢ — 0. The algebra homomorphism
¥ k[t][x1, .. xn] — k[z], t = 0, z; — 4, maps leé o o2l o 2P and (ol -
coorxin) € (B forall J € C', J # J'. Hence, ¥(I) C (tP). Therefore, 1 induces
an element ¢ € hg(k[z]/x?). This element does not lift to an element of hg(k[z]/z5+1),

because 1(I) is not contained in (z5+1). O

2.1.17 Remark

Observe, that in the last two cases of the proof it is essential that all monomial have at least
degree 2. It is only therefore possible to construct the respective 1 in such a way that these
monomials are mapped to zero, while their factors of degree one are mapped to non-zero
elements.

2.1.18 Proposition

Let F be a functor of Artin rings over k[t] possessing a hull (R, ). Then the following are

equivalent:
a) F is smooth;
b) F is curvilinearly smooth;

c¢) F is curvilinearly smooth of order Ny for an Ny € Ny,

Proof: The implications a) = b) and b) = c¢) are clear. For any T-algebra structure on
k[x] the canonical map hr(Ant+1) — hr(Awn) factors as hr(Ani1) — hrelen) =
hr(AN) Xp(ay) F(An41), which is surjective by assumption, followed by the projection
to hr(An). The curvilinear smoothness of order Ny of F' therefore implies the curvilinear
smoothness of order Ny of hr. By 2.1.16, hr is smooth, which is the case if and only if

is smooth. O
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2.1.3 Obstruction theory of functors of Artin rings

Fantechi and Manetti give a definition of a linear obstruction theory for the case T' = k in
[8,3.1, 4.1 & 4.7]. The following definition is modelled accordingly.

Consider the following functors:

v

o A: Exty — Artp, e A;

v

« B: Exty — Arty, e = B;
« J: Ext; — Mod,, e — J;
. ModA:mT—)%,eHModA(e) = Mod 4,

where in the first three cases e: 0 — J — B — A — 0 and where Cat denotes the

category of small categories.

Recall that for a morphism f: F© — G of functors of Artin rings we have defined the
functor F;: Ext; — Set by Fy(e) = F(A(e)) X G(Ae)) G(B(e)) and that if G = *, we
have F ::F’f =FoA

2.1.19 Definition (cp. [8,3.1])

Let f: F — G be a morphism of functors of Artin rings, with G a gdt functor. A linear

small obstruction theory (Hy,0) for f consists of a k-vector-space Hy called the (linear)

small obstruction space and a morphism of functors
o: Ff — Hy ®p j()

such that o.0(*) = 0, where € denotes the extension 0 — (¢) — k[g] — k — 0 and
where * denotes the unique element in F'(k).

A linear small obstruction theory for a functor of Artin rings F' is a linear small obstruction

theory for the morphism F' — x*.

Given a linear small obstruction theory (Hy, o) for f: F — G and a small extensione: 0 —
J = B — A — 0, for any element x € Ff(e) = F(A) X G(a) G(B) contained in the image
of F'(B) we have o.(z) = 0 € Hy ®j, J (cf. [Fantechi/Manetti, Prop 3.3]).

2.1.20 Definition (cp. [8, 4.1])

A linear small obstruction theory (Hy,0) for f: F' — G is called complete if the converse
holds, i. e. if for any small extensione: 0 - J - B — A — 0 an element = € Ff(‘f) =
F(A) x¢(a) G(B) is contained in the image of F'(B) if and only if o.(z) = 0 € Ho ®; J.

It it enough to check this condition for principal small extensions (cf. 8, 4.2]).
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We extend this definition to arbitrary extensions as follows:
2.1.21 Definition
An obstruction theory (H, 0) for f consist of

a) amorphism of functors H : F'f — Mod 4, i.e. for each e € Ext; amap H.,: F'f (e) =
Mod j .  — He(z) € Mod 4 ), compatible with morphisms 1): e/ — e of exten-

sions;

b) the induced functor O: Ext; — Set defined by O, := erﬁf(e)

with the natural projection morphism (of functors) 7: O — F s

H,(z) together

¢) a section (morphism of functors) o: F’f — O ofm,ie suchthatmoo = [dl;ﬂf.

These have to fulfil the additional condition that 0.0 () = 0 € H.o(x). We call 7: O — F}
the obstruction bundle for f and the section o the obstruction morphism. In particular, for an
extension e and an element x € F’f (e) we call o.(x) € Hc(x) the obstruction of lifting x

along e and H.(x) € ModA(e) the obstruction space of lifting x along e.

2.1.22 Definition

An obstruction theory (H, o) for f is called linear if for the k-vector-space Hy := H.o(x)
and for every small extension e and every =z € F 't(e) there is a natural isomorphism
H.(x) = Hy ® j(e), where the right side does not depend on x. Hy is then called the
(linear) small obstruction space of f.

2.1.23 Definition

An obstruction theory (H, o) for f: F — G is called complete if for any extension e: 0 —
J— B — A — Oanelement z € Fy(e) = F(A) X (a) G(B) is contained in the image of
F(B) if and only if o.(z) = 0 € H.(z). In this case we call o.(z) the complete obstruction
of lifting x along e.

To have a general description of such objects we make the following definition.

2.1.24 Definition

Let F': C' — D be a functor to a category D where inverse images under morphisms are
defined (e. g. Set, Grp, etc.). A bundle of functors over F' is a functor O: C' — D and an
epimorphism of functors w: O — F such that there exists a section o: F' — O (with
moo0 = idp). Itis denoted by (O, 7, 0).

Let G: C — Cat be a functor, which assigns to each e € C a subcategory of D. If setting
H(e)(z) := m(e)~!(x) defines a morphism of functors H: ' — G, then we call 7 an
H-trivial G-bundle. In this case, for each e € C' we have O(e) = [[,cp(.) H(€)(z) and we
write O = [ [ H for this property. If G is the trivial functor D: C' — Cat, e — D for all
e, then we simply call 7 an H -trivial-bundle. 1t is clear that every H-trivial G-bundle is an
H-trivial bundle.

In this sense an obstruction theory (H,o0) for f is the same thing as an H-trivial Mod x-

bundle 7: O =[] iy H— F'f over F'f together with a section o.
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2.2 Functors of log Artin rings

Recall from the first chapter (cf. 1.2.3) that a prelog ring a:  — A is a monoid homo-
morphisms with A a ring. It is called a log ring, if moreover a induces a group isomorphism

a~l(A%) 2 A,

2.2.1 Definition
We call a prelog ring a: () — A with A a local ring precise if () is a sharp monoid and if

the image of its maximal ideal a(mg) is contained in the maximal ideal of A.

2.2.1 Log Artin rings

We fix the following data to define the category of log Artin rings in the sense of F. Kato
([18]). Let

(7TT7 Q) Q, L>
Jt
T

be a prelog ring homomorphism, which satisfies the following conditions:

Q
-
gl k

a) t: Q' — T is a precise complete Noetherian prelog ring and ¢o: @ — k is a precise
prelog field with ) and @’ toric monoids;

b) mp: T — k is the natural projection from T to its residue field k = T /mr;

¢) 0: @ — @ is an injective monoid homomorphism such that Q \ o(Q’) is an ideal in

Q and such that the cokernel of 8P : (Q’8"P — (Q&'P is torsion-free.

Denote by 7: My — T and k: M,, — k the associated log rings of ¢ and ¢, respectively,
and set o7 := 0”: My — M,.

2.2.2 Definition
We denote by LArt (respectively, mT) the category described in what follows:

Its objects are log ring homomorphisms

(pasoa): My —"25 My

L

together with a monoid homomorphism g 4: M4 — M, such that
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a) pa: T — Aisan objectin Art, (respectively, in @T);

b) the diagram
pT
My = Ma— 3 M,

R A &
T———A—5k

T

is commutative;
C) MAQ®ax k* =M, =Q®Ek™.

A homomorphism ¢ = (¢,9): A — B in LArt, (respectively, mT) is a homo-
morphism of log rings which is compatible with the above requirements, hence a com-

mutative diagram

An extension (respectively, a small extension, a principal small extension) in LArt, is
a homomorphism : A" — A the underlying homomorphism of which is an extension

(respectively, a small extension, a principal small extension) in Art.

Just as Artp is a full subcategory of @T, the category LArt is a full subcategory of
L/A?ET. Every object (respectively, homomorphism) of mT is canonically the limit of

objects (respectively, homomorphisms) in LArt.

2.2.3 Definition
We define a functor ~: @T — mT by associating to each R € ET a specific object

R e mT defined to be the log ring associated to the prelog ring ¥: () — R, mapping
g€ 0(Q) topr(t(q))and g € Q\ o(Q’) to zero.

2.2.4 Remark
Note that if g: Q' — @ is not an isomorphism, then 7 is itself not an object of mT,
because M7 ®px k* % M,. If ¢ is an isomorphism, then 7 = T € L/A?GT.
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Fibred products exist in both categories LArt, and mT and may be constructed as
follows: For A: M4 — A, A': My — A’ and A”: M4 — A” sitting in a diagram

A= A A"
the fibred product is the fibred product of monoid homomorphisms

A/XA.AN:MA/ XMAMA” —)AIXAAH.

2.2.5 Definition
We denote by v: mT — @T the functor which forgets the log ring structure and is
therefore left-adjoint to ~.

By means of this functor, mT is co-fibred over @T. We denote the fibre of v over
R e @T by
v ' (R) = {R: Mr — R}.

Let A € Arty. For A, A’ € v~ 1(A) we write
Isomy (A, A) :i={¢p: A— A'|v(¢) =ida} and Auts(A):=Isomu(A,A)

and call these the group of isomorphisms from A to A’ over A and the group of automorphisms
of A over A, respectively.

The following proposition collects the results of section 2 in “Functors of log Artin rings”
by F. Kato:

2.2.6 Proposition ([18, 2.2-2.10])
a) For any object R in @T there exists, up to isomorphism, exactly one object R in

mT with v(R) = R, namely R = R.

b) For any homomorphism in L/A?tT, the corresponding morphism of log schemes is

strict.

c) For any A € Art, and A, A’ € v=1(A) the set Isoma (A, A’) is non-empty. We

have

Aut 4 (A) = Homy (coker(0%P: Q'8P — Q&™)  ker(m ) : A — kX)).

d) For any &, ' € v~!(k) the set Isomy(k, ') consists of one element.
In particular, for any A € LArt,, we have a strict closed embedding Spec s — Spec A
over SpecT.
2.2.2 Functors of log Artin rings

For any log ring R and any ideal I C R we write R /I for the log ring Mg Qgx (R/I)* —
R/I. This makes Spec(R/I) — Spec R a strict closed immersion of affine log schemes.
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2.2.7 Definition

A functor of log Artin rings is a functor F': LArt; — Set with F(k) = {*}.

The unique extension of F' to a functor F mT — Set with F' = F on LArt is given
by F(R) = Mmoo F(R/m?%) and is called the completion of F'.

2.2.8 Definition

Let V be a finite-dimensional k-vector-space, A € LArt, and A = v(A). We define A[V]°
to be the log Artin ring M4 ® 4x A[V]* — A[V] induced by the inclusion i: A — A[V]°
in Art, (cp. 2.1.5). We write A[¢]® when V is the one-dimensional k-vector-space with
generator . The set tr = F(k[e]?) is called the (pointed) tangent set of F' (at its unique
geometric point * € F'(k)).

2.2.9 Remark
We may write the log ring A[V]° as M4 & (V,+) — A[V], mapping (m,v) — A(m) ev.
For R € @7— we define the functor hr = Hom@T(’R, -). By means of the Yoneda
Lemma, we identify F'(R) with the set Hom(hg, F).
We transfer the definitions 2.1.6, 2.1.8 and 2.1.10 (of the terms pro-couple, smoothness and
shades of versality) literally to functors of log Artin rings by replacing the categories Art,
and @T by LArt+ and @7—, respectively.
2.2.10 Definition
To a functor of log Artin rings F' we associate a functor of Artin rings v, F': Art; — Set
by defining

0 P(A) = (A€ | A€ v (A), € € FA}/ ~,

where (A, &) ~ (A’,¢') if and only if there exists a ¢ € Isom 4 (A, .A") such that F'(¢)(£) =
¢/ (indeed v, F(k) = {*) by 2.2.6).
We call v, F' the pushforward of F' along v.

2.2.11 Proposition ([18, 3.1])
If F is pro-represented by (R, &), then v, F is pro-represented by (v(R),[R,£]), where
[R, &] denotes the class of (R, €) in v, F(R).

2.2.12 Definition

An F-pro-couple (R,¢) is called a pseudo-versal element for F' if the v, F-pro-couple
(v(R),[R,&]) is a versal element of the functor v, F.

An F-pro-couple (R, ) is called a pseudo-hull of F' or a pseudo-semi-universal element for
F if the v, F-pro-couple (v(R), [R, €]) is a hull of the functor v, F.

An F-pro-couple (R, &) is called a a pseudo-pro-representative of F' or pseudo-universal ele-

ment for F if the v, F-pro-couple (v(R), [R, £]) pro-represents the functor v, F.

For any functor of log Artin rings F': LArt — Set we define the functor F': LArt, —
Set by F/(A) := F(A)/ Aut 4 (A) for every A € LArt,. By 2.2.6 this is a functor of log
Artin rings and we have a bijection F/(A) — v, F(v(A)), [€] — [A4, £].
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2.2.13 Definition

A functor F of log Artin rings is called rigid if for all A € LArt. and every ¢ € Aut4(A)
the bijection F(¢): F(A) — F(A) has no fixed points unless ¢ = id.

It is called rigid in the first order if for any ¢ € Auty.jo (r[e]?) the bijection F(p): tp — tp
has no fixed points unless ¢ = id.

2.2.14 Remark

If p: @ — @ is an isomorphism, then Aut 4(.A) is the one-element set containing only the
identity id_ . Hence in this case any functor F is rigid, ' = F and the word “pseudo” can
be erased everywhere (cp. [18, 3.3]).

Let F' be a functor of log Artin rings, let A’ — A and A” — A be homomorphisms in

LArt; and consider the canonical map
D: F(A" x4 A") = F(A") xpay F(A").

The following definition imitates the corresponding one in the first section.

2.2.15 Definition

A functor of log Artin rings I is called a functor with good logarithmic deformation theory
or log gdt functor if it has the properties

LH;: & is surjective, whenever A” — A is a small extension;
LHy: @ is a bijection, when A = x, A" = k[g]".

As in the first section, a log gdt functor F' has the property that, for any two finite dimen-
sional vector spaces V and W, the canonical map F(x[V]" x, k[W]°) — F(xk[V]°) x
F(k[W]%) is a bijection. Hence, t = F(x[e]°) carries a natural vector space structure
with * as its zero element and is called the tangent space of F' (cp. [18, p. 105]); moreover,
F(k[V]°) 2 tp ®) V as k-vector-spaces for any finite dimensional vector space V.

2.2.16 Lemma ([18, 3.5])

Let F' be a log gdt functor. Then for every small extension e: A" — A with kernel J the

k-vector-space F'(k[I]°) acts transitively on the set
F(e)~'(§) = {¢ € F(A)| F(e)(¢) = &}
for every fixed .

Proof: We have an isomorphism A’ x 4 A" — A’ x,, k[I]" given by (z,y) — (z,Te (y—1x))
(on the levels both of rings and monoids, where T denotes 74/ (x) and g 4/ (), respectively).

Combining this isomorphism with LH, yields
F(A) % (tp ®), 1) = F(A') xpea) F(A),

defining the action of an elementn € tr ®, I ona &’ € F(e)~1(¢) by (¢/,n) — (&',n-&).
By LH; this action is transitive (cp. [Schlessinger Remark 2.13]). O
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2.2.17 Proposition ([18, 3.4 & 3.12])
Let F': LArt+ — Set be a functor of log Artin rings.

a) If F is pro-representable, then F' is rigid.
b) If F possesses a hull, then F' is rigid in the first order.
c) If F isrigid, then any pseudo-pro-representative of F' pro-represents F.

d) If F is a log gdt functor which is rigid in the first order, then any pseudo-hull of F' is
a hull.
2.2.18 Lemma ([18, 3.7 & 3.8])

a) The natural morphism F' — F is smooth.

b) The implications i) = ii) < iii) hold between the following conditions for a morphism
¢: F' = G of functors of log Artin rings,
i) ¢: F'— G is smooth;
ii) »: F — G is smooth;
iii) v v ' — v, G is smooth (as a morphism of functors of Artin rings).

If F', F and G are log gdt functors and if ker(tp — t) — ker(t¢ — tg) is surjective,

then also ii) = i).

¢) In particular, F is smooth (over ) < F is smooth < v, F is smooth (as a functor of

Artin rings).
Let F' be alog gdt functor. Consider the following two conditions:
LH3: dimg tp < o00;

LH,4: & is a bijection, when A" = A’ and whenever A" — A is a small extension.

2.2.19 Theorem ([18, 3.12])
Let F': LArt+ — Set be a log gdt functor.

a) F possesses a pseudo-hull if and only if F satisfies LHs.

It possesses a hull if and only if F' satisfies LH3 and is rigid in the first order.

b) F is pseudo-pro-representable if and only if F satisfies LH3 and LH,.
It is pro-representable if and only if F' satisfies LH3 and LHy and is rigid.
2.2.20 Remark
We may transfer the definitions 2.1.19, 2.1.20, 2.1.21, 2.1.22 and 2.1.23 of obstruction theories

and their properties of linearity and completeness literally to this chapter when replacing

the category Art; by LArt,. An A-module is then a v(.A)-module.
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2.3 Log smooth deformations

Let fo: X — Y be a log smooth morphism of log schemes and let i: Y — ) be a strict

closed immersion. A log smooth deformation of fy overi is a Cartesian diagram

X ‘Hx
fo f

y 2>y

of morphisms of log schemes, with f log smooth (and ¢ automatically a strict closed im-
mersion). The morphism f is then called a (log smooth) lifting of fy over i (or over Y if ¢ is
known from the context).

A morphism @: f' — f of log smooth deformations f: X — Y and f': X' — Y of fy

over 7 is a morphism of log schemes ¢: X’ — X over ) such that ¢|, = idx.

2.3.1 Lemma
Let fo: X — Y be a log integral log smooth morphism of log fine log schemes. Then
every log smooth deformation f: X — ) is log integral, and thus a flat deformation of the

underlying schemes.

Proof: Assume that f is not log integral. Then there exists a log integral log scheme V'
and a morphism of log schemes V' — Y such that Xy := V Xy X is not log integral.
Let U :=V Xy Y and Xy := U xy X = U Xy Xy. Then U is log integral, because
U — V is a strict closed immersion. Due to the log integrality of the morphism fy, the
log scheme X7 is log integral. But Xy — Xy is a strict closed immersion, so in particu-
lar Mx, » = Mx,, o, thus either both sides are log integral or not. This contradicts the

assumption. |

Let 7 and & be as in the last section and let fo: X — Specx be a log integral morphism
of log fine log schemes. For A € LArt let i: Specx — Spec.A be the associated strict

closed immersion over Spec 7.

We define the functor Def ¢, : LArt, — Set by
Def ¢, (A) = {Isomorphism classes of log smooth lifting of f, to Spec A}

and evidently for morphisms.

2.3.2 Lemma ([17, 8.3])

Let f: X — Spec.A be a log smooth deformation of fy: X — Speck alongi: Speck —
Spec A. Then any local chart (a: Px — Mx,b: Q > Q@ k™,0: Q — P) of fyliftsto a
local chart (a: Py = My,b: Q 5 Q& A*,0: Q — P) of f.
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2.3.3 Proposition ([19, 3.14])
Let fo: X — Y be a log integral log smooth morphism of log fine log schemes and let
i: Y — Y’ be an infinitesimal thickening of log fine log schemes. If X is affine, then a log

smooth deformation of fy over ¢ exists and is unique up to isomorphism.

2.3.4 Proposition ([19, 3.14])
Let fo: X — Spec « be a log integral log smooth morphism of log fine log schemes.

a) The tangent space of the functor of log Artin rings Def s, is H'(X, T},).

b) The vector space H?(X,T},) the small obstruction space of a complete linear ob-

struction theory for the functor Def .

Lete: 0 — J — A — A — 0 be an extension of log Artin rings (J2 = 0) and let f be a
lifting of f over A.

c) The group of automorphisms of a lifting f over A inducing the identity on f is
HY (X, Ty ®a J).

d) The set of isomorphism classes of liftings of f over A is a pseudo-torsor under
Hl(/'KTf ®a J).

e) The obstruction o.([f]) to lifting f over A is an element of the obstruction space
H2(X, Ty @4 J).

2.3.5 Theorem ([18, 4.4i)])

Suppose that fj is a log integral log smooth morphism of log schemes, with proper under-
lying morphism and such that fy.Ox = Ospecr. Then the functor Def g, satisfies LH;,
LH> and LHj and hence possesses a pseudo-hull.

2.3.6 Corollary
In the case that p: Q' — @ is a isomorphism, suppose that fj is a log integral log smooth
morphism of log schemes with proper underlying morphism and such that f,.Ox =

Ospec «- Then the functor Def ;, possesses a hull.

Proof: Since p: Q" — @ is a isomorphism, remark 2.2.14 implies that Def ;, is rigid, so any
pseudo-hull is a hull. O



3 Additional Data

The purpose of this chapter is to step-by-step introduce additional data, namely line bundles,
flat logarithmic connections and logarithmically symplectic forms, to the definition of a log
smooth morphism of log schemes until finally reaching our definitions of a “log symplectic
scheme of non-twisted type” and of a “log symplectic scheme of general type”. Moreover,
we introduce certain O x-modules and complexes of O x-modules, the (hyper-)cohomology
of which will later turn out to yield the obstruction theory of the “functor of log symplectic
deformations of a log symplectic scheme”, which will be defined in chapter 4.

Following remark 1.1.7 in A. Ogus’ lecture notes ([29]), we define the term “logarithmic
Cartier divisor” in the second section, which generalises the well-known term “Cartier
divisor”. Subsequently we link these logarithmic Cartier divisor to line bundles and flat
logarithmic connections.

In the last section we collect facts from works of R. Friedman ([11]), F. Kato ([17]) and
A. Ogus ([29]) concerning the canonical log structure of strict normal crossing varieties.
Let X be a log scheme. An (affine) open covering U = {X;},.; of X consists of (affine)
open subschemes j;: X, — X forming an (affine) open covering of X and each equipped
with the induced log structure ax, = j;ax.

A sheaf on X means a sheaf on X and we write H'(X, F) for H (X, F) etc.
For a morphism f: X — Y of log schemes, we denote by Comp, the category of co-

complexes of O x-modules on X with f~!Oy -linear differential; by abuse of language, we
will speak of complexes. For K'* € Comp , we denote by K * [p] and K=P:® the p-shifted
complex and the p-truncated complex, respectively, of K ® for p € Z.

3.1 Line bundles

For an Abelian group G, a pseudo-torsoris a G-set (S, 0: G x S — S) such that for every
s € S the map s — gs is bijective. A G-pseudo-torsor is called a G-torsorif S is non-empty.
Let X be a log scheme. A line bundle on X is a line bundle L on X, i.e. a locally free
O x-module of rank one.

We will use the following convention extensively: Let L be a line bundle. Then there exists
an affine open covering = {X;} of X and isomorphisms ¢;: L|y, — Ox, of Ox;-
modules. We will say that this covering trivialises L. By abuse of notation and language, we
will suppress the isomorphisms 1);, meaning that we will identify the line bundle L with the
collection of all Ox,’s glued together by the transition functions f;; 1= 1| X, © ¢j—1 |Xij
defined on the overlaps X;; = X; N X;. We will hence speak of a (local) section s; of
L], meaning the (local) section t;(s;) of Ox,. So saying that the local sections s; and s;
of L]y, and L] x,» respectively, agree on X;, we write s; = fi;s; on X;;, meaning that

Vi(si)lx,, = fis ¥i(s))

Xij

37
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Although this is well-known, we will, for later use of certain notations, prove:
3.1.1 Proposition
Let X a log scheme.

a) The set of endomorphisms of a line bundle L is H%(X, Ox).

b) The set of isomorphisms between two fixed line bundles on X is a pseudo-torsor
under the group H%(X, 0%). The group of automorphisms of a line bundle is ca-
nonically isomorphic to H(X, 0%).

c¢) The Picard group of isomorphism classes of line bundles on X, Pic(X) = Pic(X), is
canonically isomorphic to H' (X, 0%).

Proof: LetU = { X},
to Ox, for each i. On X; we identify L; := L‘X,_- with Oy, . For each X;; = X; N X there

be an affine open covering of X such that L; := L| x, is isomorphic

exists a unique element f;; € I'(X;;, 0% ), the transition function on X;;, such that two
local sections s; and s; of L over X; and X, respectively, are equal on X;; if and only if
$; = fi;js;. The Cech-1-cochain (f;;) in O% satisfies the condition fjkfijfi;1 = 1 and is
therefore a cocycle. Hence it defines a class [L] € H*(X, O%).

An isomorphism of line bundles ¢: L' — L is given on each X; by an automorphism
Y = |, : Ox, = Ox,, which is just the multiplication by a unit f; and defines a 0-
cochain ( f:) in O%. Due to the lack of coboundaries the group of isomorphisms between
two line bundles is a pseudo-torsor under H%(X,0%). If L' = L, then this pseudo-torsor
is naturally identified with the group. For an endomorphism of L, we just have to drop the
condition that the f; are units. This shows a) and b).

If f;; denotes the transition function of L’ on X;;, then we must have f;; f; = fif];, hence
fij = fiifi f;!. Therefore, the cocycles (f;;) and ( ;;) differ by the coboundary d(f;). This
shows that the isomorphism class of L uniquely determines the class [L] € H(X,O%)
and vice versa. Tensoring line bundles corresponds to component-wise multiplication of

the representing cocycles. This shows c). |

An O%-torsor on X is a sheaf T of non-empty O % -sets, such that O acts regularly on 7.
Necessarily, locally 7 is isomorphic to O% as a sheaf of O % -sets.

Given an O -torsor, there exists an affine covering U = {X;},.; of X trivialising 7" and
a cocycle of transition functions f;; € I'(X;;, O%) between the restrictions Tlx, = (9;?
This gives a one-to-one correspondence between line bundles L and O%-torsors 7 on X
such that 7 C L as a sheaf of O%-sets. We will denote the O -subtorsor associated to a
line bundle L by L*. Then L = L* ®px Ox.

If L is a line bundle, then L* is the sheaf of local generators of L as an Ox-module. So
every Ox-torsor is of the form L* for the line bundle L it generates. In this regard, the
Picard group is also canonically isomorphic to the group of isomorphism classes of O%-

torsors on X.
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3.1.2 Definition
Let Y be a log scheme. A scheme with line bundle over Y is a pair (f, L), also written

f:(X,L) =Y, consisting of the following data:
a) A log smooth morphism of log fs log schemes f: X — Y
b) aline bundle L on X.

The pair (f, L) is called proper and log integral if the morphism of log schemes f: X — Y
is proper and log integral.
A morphism (f', L") — (f, L) of log schemes with line bundle over Y is a pair (h, ), where

a) h: X' — X is a morphism of Y-log schemes;
b) ¢: h*L — L’ is a morphism of line bundles.

We denote the category of log schemes with line bundle over Y by LLSchy-.

3.1.3 Definition

Let fo: (X,L) — Y be a log scheme with line bundle over Y and leti: Y — ) be a
strict closed immersion. A log smooth deformation of (fo, L) overi is a log scheme with line
bundle f: (X, L) — ) together with

a) a strict closed immersion i+ X — X such that
Xl
[ |
Yy
is a log smooth deformation of the log scheme X;
b) an isomorphism 1*£ = L.

In this case we will write 7*( f, £) = (fo, L) and say that we have a Cartesian diagram

(X,L) (X, L)

fo lf

3.1.1 Action of log derivations

Let f: X — Y be a morphism of log schemes. For every p € Ny we have a canonical
/1Oy -bilinear map

Tf X “Qﬁf) — “Q?’
given by the Lie derivative (¥,0) +— ¥(0) := d(iyo) + iy9(do), defining an action of log

derivations on log p-forms.
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Observe that V(o roy) = V(0p) Aoq+0op A0(0y) for all p-forms o), all g-forms o, and all
log derivations 9.

A compatible action of log derivations on log derivations
Tf X Tf — Tf

is given by (¢, 9) +— ¥(d) := [, 6]. This means that for any local section § ® 0 of Ty ®0
§2%, ¥ acts according to Leibniz’s rule, i.e. (6 ® 0) = J(d) ® 0+ ® ¥(0) and is compatible
with the pairing i . ( - ) such that ¥(is(0)) = igs)(0) + is(V(0)).

3.1.2 The log Atiyah module of a line bundle

Let f: X — Y be a log smooth morphism of log schemes. The f~!O;-invariant map
dlog: O% — Q]lc induces the log Chern map

dlog: H'(X,0%) — H'(2}) = Extg (Ty, Ox),

assigning to each isomorphism class [L] of a line bundle L its log Chern class dlog(L) €

H! (Q}) and hence an isomorphism class of short exact sequences of Ox-modules
dlog(L): 0 - Ox — Af(L) - Ty — 0,

called the log Atiyah extension of L. The Ox module which is up to isomorphism uniquely
determined by this extension is called the log Atiyah module of L, written Ay(L). It is
locally free of rank n + 1 and may be constructed as follows:

Let Y = {X;} an open affine covering as in the proof of 3.1.1 trivialising L. Writing
fli == flx, + Xi = Y, on each X;, we identify A;(L) := Ay(L)|y, with Ox, ® T},
where two sections (g;,%;) and (g;,1;) over X; and X, respectively, are identified over
X;j if and only if ¥; = ¥, and g; — g; = %f;ﬂ) = iy, (dlog fi;) = ©;(fi;). This is due to
the fact, that if [L] is given by the cocycle (f;;), then dlog(L) is given by the cocycle (d]{%)
in C'(X, lec)

3.1.3 L-Derivations

Let f: X — Y be a log smooth morphism of log schemes and L a line bundle on X. For

every p € Ny we define an f~!Oy -bilinear map
Ap(L) x (2§ @0, L) = 25 @0y L, (a,0) = a(o)

as follows: Let U be an affine open covering trivialising L. On each X; of U we define
Ai(L) x 2%, — 2, by ((95,9:),01) = (95,9:)(03) = gios + Vi(07), where (o)
is the action of log derivations on log forms defined above. This is well-defined due to

Fii i +9i(03)) = gioj + "0 + 0i(0;) = gjo; + 0;(0).
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In relation to its action on forms, we refer to A;(L) as the sheaf of derivations extended by
L or L-derivations and we call a( - ) the Lie derivative of a. Observe that if L = Ox, then
A¢(L) = Ox @ Derf(Ox). Observe also that a(o, roq) = 7(a)(op) Aoq + 0p Aa(og) for
all p-forms o, and all ¢-forms with values in L, o4, where 7: Ay(L) — T7.

3.2 Log Schemes with flat log connection

3.2.1 Definition
Let f: X — Y be a morphism of log schemes. A (rank one) logarithmic connection V, also

written (L, V), on f consists of a line bundle L on X and a map

V:L— 2} ®oy L
which satisfies Leibniz’s rule V(f - s) = df ® s + fV(s) for local sections f of Ox and s of
L, and therefore is f ~'Oy-linear.

To each log connection V' we associate a sequence of f 'Oy -linear maps

() v v(2)
L —— 2} ®oy L —— 2} ®0y L —— 2} ®0x L — ...,

where we define V\*) := Vand V(s @ 5) := dog s + (—1)P0 A V().

A log connection V is called flat if V?VV(® = 0 (which implies VPV y®) = 0 for
all p). In this case, the sequence above is a complex of Ox-modules with f~1Oy -linear
differentials V := V'*, which we call the logarithmic de Rham complex associated to V and
which we denote by (2f ® L, V) € Compy.

A morphism v: (L,V) — (L', V') of flat log connections is a morphism of line bundles
v: L — L’ such that the diagram

L——>0i®L

Jw J[d@“ﬂ

r-Ys0lel
commutes; equivalently, such that 1 ® := id or® 1) is a morphism of complexes.
3.2.2 Remark

Analogously, one can define a rank n log connection by replacing the line bundle L by a

vector bundle of rank n. We will regard only rank one log connections in this thesis.

3.2.3 Definition and Proposition
The isomorphism classes of flat log connections V' on f form an Abelian group which we
denote by

LConn(f)

and which we call the Picard group of f.
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Proof: This is indeed a group with respect to the tensor product: If (L, V) and (L', V') are
two flat log connections, then (L ® L',V ® V) is a flat log connection, where V ® V':

L®L — 2;®(L® L) is defined by the rule (V@ V')(ses') = V(s)o s’ +s0 V'(s).
The neutral element of this group is the trivial flat log connection (Ox, d) and the inverse
(L=, V1) of (L, V) is given by the dual line bundle L~" of L together with V"*: L= —
2} ® L™" defined by V) (s) = —d(p(s)) — (id® ©)(V(s)) for local sections ¢ of L1
and s of L. The flatness of V. ® V' and V™! is easy to check. |

3.2.4 Remark
We do not write Pic(f) for the Picard group of f to avoid confusion with the usual Picard-

functor from above evaluated on a morphism of (log) schemes.

3.2.5 Definition
We denote by (Q}(", dlog*®) € Comp, the complex

Qfx":0§<—>9'}—>(2]2c—>01}—>...,

where the differential is dlog: O% — Q} in the first place and d elsewhere. We will refer
to it as the unit complex of f.

Observe that this complex has f ! Oy -linear differentials at all places > 1 and an f~1O5-

linear zeroth differential.

3.2.6 Proposition
a) The set of endomorphisms of a flat log connection V is Endcomp ; (V) =H%(» 7)

b) The set of isomorphisms between two fixed flat log connections is a pseudo-torsor
under the group H ({2 ; ’*). The group of automorphisms of a flat log connection is

canonically isomorphic to IHO(Q; ).

c¢) The monoid LConn( f) is an Abelian group and canonically isomorphic to H* (Q; ).

Proof: An endomorphism of a flat log connection (L, V') is an endomorphism of L, hence
an element v € H°(X,Ox). Moreover, it must satisfy uVs = V(us) = duss + uVs
for all local sections s of L, thus du = 0. This shows a). To be an automorphism, u needs
to be a unit. Then du = 0 is equivalent to dlogu = 0. This shows b), because given two
isomorphisms ¢ : (L, V) — (L', V'), k = 1,2, of flat log connections, their difference
(e 1441 is an automorphism of V.

Let (L, V) be a flat log connection on f and let U be an affine open covering as in the

proof of 3.1.1 trivialising L. The line bundle L is given by the 1-cocycle (f;;) in O%. As

1
fli

the trivial flat connection d: Ox, — Q}‘i. Both differ by a 1-form v; € I'(X,, Q}h) such
that V; = d + v; A - oneach X.

L, = L|X,i = Oy, is trivial, we have beside the connection V; := V‘Xi 1 O0x, = 12
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The V; have the property that V;V; = 0 and V;(f;; - ) = fi;V;(-). For the v; this implies
that

a) dv; = 0;
b) Vi—Vi— dlog(fij) =0.

This means precisely that the 1-cochain (v;, f;;) in Q;f" is a cocycle in this complex and
hence defines a class [V] = [L, V] € lHl(_QfX").

If (v, f1;) denotes the cocycle of another flat log connection (L', V'), then we have f;; =
fi; ;17" with the notation as in the proof of 3.1.1. Moreover, f;V, = V;(f;-) = dfin - +
fiVi. Hence, v; — v; = dlog f;. Therefore, the cocycles (v;, fi;) and (v}, 1;) differ by
the coboundary (dlog +d)( f;), which shows that the isomorphism class of (L, V) uniquely
determines the class [V] € H*(X, O%) and vice versa. Tensoring flat log connections cor-
responds to componentwise adding or respectively multiplying the representing cocycles.

This shows c). O

3.2.7 Remark
a) Pic(X) = LConn(idx), because 2, =0, so

Q=05 =-0-0—..].
This is the reason to call LConn(f) the Picard group of the morphism f.

b) We will refer to the v, associated to V, as in the proof, as the discrepancy forms
of V (with respect to the open affine cover U trivialising L). The cocycle (v, fi;)

representing the class of V will be referred to as its discrepancy cocycle.

3.2.8 Definition
Let Y be a log scheme. A log scheme with flat log connection overY is a pair (f, V), also
written f: (X, V) — Y, consisting of the following data:

a) A log smooth morphism of log fs log schemes f: X — Y;
b) aflat log connection V on f.

The pair (f, V) is called proper and log integral, if the morphism of log schemes f: X — Y
is proper and log integral.
A morphism (f', V') — (f, V) of log schemes with flat log connection over Yis a pair (h, ),

where
a) h: f’ — f is a morphism of Y-log-schemes;

b) : h*V — V' is a morphism of flat log connections on f, where h*V: h*L —
h* Q} ® h*L.
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We denote the category of log schemes with flat log connection over Y by LCSchy.

3.2.9 Definition
Let fo: (X,V) — Y be a log scheme with flat connection and let i: ¥ — ) be a strict
closed immersion. A log smooth deformation of (f, V) over i is a log scheme with flat

connection f: (X, A) — ) together with

a) a strict closed immersion i: X — X such that

X ox

|

Yy tsy
is a log smooth deformation of the log scheme X;

b) an isomorphism of flat log connections i* A = V.

In this case we will simply write i*(f, A) = (fo, V) and say that we have a Cartesian
diagram
(X, V) s (X, A)
fo f
vyt .

3.2.1 The log Atiyah complex of a flat log connection

Let f: X — Y be a log smooth morphism of log schemes. The log Chern class dlog(L) of
the line bundle L of any flat log connection V on f is trivial, for if [V] has a discrepancy
cocycle (v, fi;), then the class dlog(L) is represented by (dlog f;) = d(v;), which is a
Cech-coboundary in §2}.

This is equivalent to the Atiyah sequence splitting: In the Atiyah sequence

0— Ox —5 Ap(L) =5 Ty — 0

we denote the left splitting by s = sy: Ap(L) — Ox and the right one by t = ty: Ty —
Af(L). On each X, of an covering U trivialising L these homomorphisms are given by the

mappings

it gi — (i, 0),

7w (gi,9:) — Oy,

t:9; > (ig,(v;),9;) and
i) t

5:(9i,05) = g — 19, (vi) = pri(gi, Vi) — t(pra(gi, i),

where pr, is the local projection to the k-th component.
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We define a morphism of complexes
dlog®: ;7% — _szl"[l]

as follows: In degree 0 it is the map dlog: O — Q} and in degrees p > 0 the map
(=1)Pd: 025 — Q?H. (Observe that the complex .Q?l" [1] has the differential —d.)

Recall that LConn(f) = IHl(Q;"). The image dlog*(V) € Hl(ﬁle"[l]) of the class [V]
of a flat log connection will be called its log Chern class. We identify

H (275 [1]) = Extiomp, (Ox[0]; 7).

Composing dlog ® with the maps
¥ Bxthomy, (Ox [0, 22" [1]) = Extbomy, (T0), T/ 0] € 10, 27" [1]),
which is induced by € — id7; (o) ® y-10, €, and
>1,e .
B5 Extbom, (T50L 75101 ©-10y 25 (1)) = Bxtlomy, (1[0, 2)

which is induced by the evaluationi. (- ): Ty ®-10, 2271 — 2, finally defines a ma
y JEftoy 24y f y p
PoWodlog®: IHI(Q;") — Ext(ljomlgf(Tf[O], Q7).

The codomain of this map is the set of isomorphism classes of short exact sequences of

complexes of O x-modules with f~!Oy -linear differential of the form
0— 027 = A* = Ty[0] = 0.

For simplicity, we will write dlog ®* := # oW odlog * and we will call the image dlog *(V) of
[V] in Ext}_loy (T[0], £27) the log Atiyah extension of V. The complex of O x-modules
with f~1Oy-linear differential which is up to isomorphism uniquely determined by this
extension is called the log Atiyah complex of V and denoted by A J:(V) It may be construc-
ted as follows:

For p > 0, A’;(V) = Q?, because the part of degree p of Ty[0] is zero. In degree 0
we identify A(}‘i = Ox, ® Ty);, and two sections (g;, ;) and (g;,7;) over X; and X},
respectively, are equal on X;; if and only if ¥; = ¥; and g; — g; + i9, (dlog’(fi;)), because
dlog*(V) is given by the cocycle dlog * (v, fi;) = (—dv;,dlog f;;) = (0, dlog f;;).

So (A#(V),d4) is (up to isomorphism) the complex

AL): Ap(L) 25 b L 03 4

where the first differential is d4 := d o sy. This is due to the commutativity of the first
squares of both morphisms in the exact sequence 0 — 2 — A*® — T} [0] — 0.

Since the log Atiyah extension splits, we have short exact sequences
0— H(2]) - H(A}(V)) = H(X,Ty) - 0

for all 4.
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3.2.2 The Lie derivative of a flat log connection

Let f: X — Y be a log smooth morphism of log schemes and (L, V) a flat log connection

on f. For every p we define an f !y -linear map
Ty x (Qﬁc) ®oyx L) — 9? ®oyx L

by the Lie derivative of V, (¢,0) — 9V (o) := V(iyo) + iy(Vo) giving an action of log
derivations on log forms with values in L.

This action is linked to the action of L-derivations by
a(0) = s(a) - o +7(a)" (o)

for any local section a of A¢(L), where s is the splitting map A¢(L) — Ox and 7 the
projection Ay(L) — T.

3.2.3 The logarithmic Lie derivative

Let f: X — Y be a log smooth morphism of log schemes. We define an f~!Oy -bilinear
map

dog - Ty x 2%° — Q%°

by the local mapping (¢, u®) — dlog(u®) := dlog ®(iy9(u*®)) + iy(dlog ® u*). This means,
that for a local section ¥ = (¢, ©) of T in degree 0 we have ¥logu = iy(dlogu) = O(u),
in the first degree Ylogu = dlog(iy(u)) + iy(du) and in higher degrees dlogu = J(u) is
just the Lie derivation of that degree. We call this pairing the logarithmic Lie derivative.

3.2.4 V-Derivations

Let f: X — Y be a log smooth log scheme and V a flat log connection f. For every
p,7 € Ng we define an f~!Oy -bilinear map

AL(V) x 2 @0, L= 257" ®0, L, (a,0) — a(0)

as follows:

For r = 0, let a(o) be the action of the L-derivation a € Ay(L) on o as defined in 3.1.3.
For r > 1, we have A"(V) = (2} and we define a(c) to be a no.

In relation to its action on forms, we refer to A7 (V') as the complex of derivations extended
by V or V-derivations. Observe that if V = d, then A?(L) = 2% & Der(Ox)[0]. Observe
also that a(o, noy) = m(a)(op) Aoy + 0p na(oy) for all p-forms o, and all g-forms with
values in L, o4 (where m(a) = 0 for a € A}(V), 7 > 0).

If o is a fixed V-closed p-form with values in L (i.e. Vo = 0), then the map 07 : A (V) —

27 ®oy L[p], a — a(c) is a morphism of complexes, as seen in the following calculation.
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In degree 0 we have locally

Via(o)) = V(go + (o)) =dgno +d(9 (o)) + v r¥(0)
=dgnro+9(do) + v rd(o)
=dgro+ I (—vro)+vad(o) =d(g—9(v))ro

=da(a)ro,
where a = (g,?) in the local splitting A(L) =2 Ox @ Ty, and in higher degrees
Viano)=dano+anVo=dano.

A similar calculation shows that if a is a fixed d4-closed V-derivation of degree r, then
the map a(-): 27 ®o L — 2} ®o L[r], o = a(o) is a morphism of complexes. For

general (non-closed) fixed elements this is not the case.

3.3 Log symplectic schemes

3.3.1 Definition
Let f: X — Y be a log smooth morphism of log schemes and V = (L, V) a flat log
connection on f. A logarithmically symplectic form w on f of type V is an element w €

I'Xx, !Z? ®oy L) such that
a) V(w) =0;

b) w induces an isomorphism 7. (w): Ty — Qllc ®oy L.

In other words, w is an element of TH°( ?2” ®oy L) the associated skew-symmetric pair-

ing Ty Aoy Ty — L of which is non-degenerate at every point x of X. We say that a
logarithmic form w of type V = (Ox, d) is of non-twisted type; if (L, V) is not specified, it
is of generally twisted type or of general type for short.

3.3.2 Remark

As in the case of usual smooth symplectic schemes, the non-degeneracy of the pairing
T¢ Aoy Ty — L implies that f is necessarily equidimensional of even dimension dim(f) =
dim(X) — dim(Y") = 2n.

Moreover, this property is equivalent to the line bundle QJ%” ® L®" being generated by a

global section, namely by w”".

Let Y = {X;} an open affine covering trivialising L. On the level of Cech-cochains, a
log symplectic form w is given by a collection (w;), with w; € I'(X;, Q}) satisfying the

following conditions:

a) w; = fijw;;
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b) dw; + v; rw; = 0

¢) w; induces an isomorphism i . (w;): Ty, — Q}‘

s

3.3.1 Non-twisted type

3.3.3 Definition
Let Y be a log scheme. A logarithmically symplectic scheme of non-twisted type over Y is a
pair (f,w), also written f: (X,w) — Y, consisting of the following data:

a) A log smooth morphism of log fs log schemes f: X — Y;
b) alog symplectic form w on f of non-twisted type.

The pair (f,w) is called proper and log integral if the morphism of log schemes f: X — Y
is proper and log integral. It is called simple if, moreover, w generates the ring I"(X, _Qf')
as an I'(Y, Oy )-algebra.

A morphism (f',w’) — (f,w) of log symplectic schemes of non-twisted type over Y is a
morphism of Y-log-schemes h: X’ — X such that h*w = w'.

We denote the category of log symplectic schemes of non-twisted type over Y by LSnSch,,.
3.3.4 Definition

Let fo: (X,w) — Y be a log symplectic scheme of non-twisted type and let i: ¥ — Y
be a strict closed immersion. A logarithmically symplectic deformation of non-twisted type

of (fo,w) is a log symplectic scheme of non-twisted type f: (X, @) — ) together with a

strict closed immersion 7: X — X such that

a) XLy

Jfo J{f

is a log smooth deformation of fj;
b) i*w = w.

In this case we will simply write 7*(f, @) = (fo,w) and say that we have a Cartesian

diagram

(X,w) s (X, @)
f

: |

ye—* Ly

Let k be a field. Recall from 1.2.5 that the standard log point on Spec k is the spectrum of
the prelog ring x: Ny — k, defined by 0 +— land n — 0ifn > 1.
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3.3.5 Definition

A logarithmically symplectic variety of non-twisted type over a field k is a log symplectic
scheme f: (X,w) — Spec k of non-twisted type, where Spec  is the standard log point
on Spec k, such that f: X — kis a variety in the usual sense (i. e. X is a reduced separated

Noetherian scheme and f is of finite type).

3.3.2 General type

3.3.6 Definition
Let Y be a log scheme. A logarithmically symplectic scheme (of general type) over Y is a
triple (f, V,w), also written f: (X, V,w) — Y, consisting of the following data:

a) A log smooth morphism of log fs log schemes f: X — Y
b) a flat log connection V on f;
c) alog symplectic form w on f of type V.

The triple (f,V,w) is called proper and log integral if the morphism of log schemes
f+ X — Y is proper and log integral. It is called simple if, moreover, there exists a line
bundle Lz with L = (L2)®?2 and such that w generates the ring I'(X, N2 Lz)) as
an I'(Y, Oy )-algebra.

A morphism (f/,V',w') — (f,V,w) of log symplectic schemes over Y is a pair (h, 1)),

where
a) h: X’ — X is a morphism of Y-log schemes;
b) ©: h*V — V' is a morphism of flat log connections on f such that 1)(h*w) = w'.

We denote the category of log symplectic schemes (of general type) over Y by LSSchy,.

3.3.7 Remark

We have a natural functor LSnSch,- — LSSch,- sending a log symplectic scheme of non-

twisted type (f,w) to the log symplectic scheme (f,d,w) and a morphism of log sym-
plectic schemes of non-twisted type h: (f',w’) — (f,w) to the morphism of log sym-
plectic schemes of general type (h,ids): (f',d,w’) = (f,d,w). Observe, that this functor
is injective (on objects) and faithful (i. e. injective on morphisms), but in general not full:
In general there exist automorphisms of the trivial flat log connection ¢: d — d on f be-
sides the identity. So given a morphism (h,v): (f',d) — (f, d) of log schemes with trivial
flat connection over Y with ¢ # id4 and defining w’ := ¢ (h*w), we have a morphism of
log symplectic schemes of twisted type (h,%): (f',d,w") — (f,d,w) not coming from a
morphism of log symplectic schemes of non-twisted type, although its source and target
come from log symplectic schemes of non-twisted type.

Hence LSnSchy- is a subcategory of LSSchy-, but in general not a full subcategory.
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3.3.8 Definition

Let fo: (X, V,w) — Y be alog symplectic scheme and ¢: Y — ) a strict closed immersion
of log schemes. A log symplectic deformation of (fo, V,w) over i (of general type) is a log
symplectic scheme f: (X, A,w) — ) together with a strict closed immersion i: X — X
such that

Q) Xy
Jfo lf
y iy
is a log smooth deformation of fj;

b) i*A =V,

In this case we will simply write i*(f, A, @) = (fo, V,w) and say that we have a Cartesian

diagram

fo f

(X,V,w) —— (X, A, @)
3.3.9 Definition

A log symplectic variety (of general type) over a field k£ is a log symplectic scheme
f: (X, V,w) — Spec k (of general type), where Spec k is the standard log point on Spec k,
such that f: X — k is a variety in the usual sense (i. e. X is a reduced Noetherian scheme

and f is of finite type).

3.3.3 The T'-complex

Let f: (X,w) — Y be a log symplectic scheme of non-twisted type. To the log symplectic

formw € IHO(Q%Q"') we associate the morphism
£ Ty (0] — 0272°[2]

which we define by the local mapping ¥ — ¥(w) in degree 0 and the zero map elsewhere.

This morphism in turn defines an element

t* € Homppn (T [0], 27°[2]) = Extp (Ty[0], 27> [1])

Com ¢ Comgf)

which is the isomorphism class (a distinct triangle in D”(Comp 1)) of short exact sequences
00 = Q7 [1] = T* — Ty[0] - 0.

of complexes of Ox-modules with f~!Oy--linear differential, which we call the T'-sequence

of w.
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Here the complex in the middle, which we will refer to as the T-complex of w, is, up to

isomorphism, the complex

t —d —d

3
Qf ey

TS (w): Ty 27
with T sitting in degree 0 and Q§+1 each in degree p. The maps of the sequence ¢* are the
obvious inclusion and projection, respectively. The differential d7 of the complex is given

by the map t“ in degree 0 and —d elsewhere (with the sign due to shifting).

Identifying T’y with Q} by using the isomorphism I, = i. (w): T§ — Q} leads to a simpler
description of the T-complex: Under composition with /! the map t“: T¢[0] — 9?2" [2]
becomes simply —d: .Q} [0] — 9%2"[2] due to the fact that t*(I;1(7)) = I;}(7)(w) =
dip-1 (W) = dI,1;"(t) = dr. The T-complex becomes T (w) = szl’[l] and the
T-sequence becomes

—d: 0 — Q77 [1] = QFV[1] - 2}[0] — 0.

In particular the T-sequence and the T-complex (up to isomorphism) are independent on

the symplectic form w as soon as the latter exists.

3.3.4 The B-complex

Let f: (X,V,w) — Y be a log symplectic scheme of general type. Recall the definition
of the log Atiyah complex A} (V). Let L be the line bundle of V. We associate to w the

morphism of complexes

b A(V) = 272° @0y L[2]

given by the action of V-derivations as defined in section 3.2.4.

We associate to this morphism via the identification

Home(Come)(A;(V)7 QfZQ’. ®ox L[Q]) = EXt%)b(Come)(A;(V)7 szz‘ ®ox L[l])

an isomorphism class (a distinct triangle in D?(Comp 7)) of short exact sequences
b: 0= 277 @0, L[1] = B* — A}(V) = 0

of O x-modules which we call the B-extension of w.

The complex in the middle (or rather any representative of its isomorphism class) will be
called the B-complex of w and denoted B ) (w) or B (w) for short. It is a representative
of the cone of the morphism b* in the derived category D (Comp ) and may be construc-
ted as the direct sum B? = 0® Ay in degree zero and BP (w) = (Q?+1 ®ox L)® AL (V) for
p > 1 together with the differential dp (which is not the direct sum of differentials) given
by dg(r,0) = (=V1r = b (0),da(0)).



52 CHAPTER 3. ADDITIONAL DATA

A local description with respect to an open affine covering U trivialising L is therefore

given by

0@ As(L) ifp=0
X Qg‘tl ® 27, ifp>1

where two sections (7;,0;) and (7;,0;) of BY(w) over X; and X}, respectively, are equal
on X;; if and only if 0; = 0; and f;;7; — 7, = 0.

We may again identify T with _Q} ®oy L by using the isomorphism I, = i. (w): Ty —
.Q]lc ®oy L, which leads to a simpler description of the B-complex:

Recall that the log Atiyah extension of L splits. We have the following commutative dia-

gram

0 Ty \t_/ Ag(L) u Ox 0
&llw T &l¢v,w i

0—— 2} ® L (2}® L) ® Ox = Ox ——0,

the first row of which is the Atiyah extension read backwards through its splitting, the
maps in the second row of which are the natural inclusions and projections and the iso-
morphism @y, : Af(L) — (Q} ® L) ® Ox is defined as P, := (I o p, s) with inverse
Dy, =iopry+tol topr.

This gives us a simpler description of the log Atiyah complex of V: Define A’*(V’) to be

the complex

AR(V): (259 L)®Ox — 2 — 027 — ...,

where the zeroth differential is d o pry and all other differentials d. Then @y, induces an
isomorphism A’*(V) = A?(V);indeed dy = do s = (dopry) o Py .

So we may regard the B-extension as an extension of A’f‘ (V) by !ZfZQ” ® L,
b0 = 272 @ L - B (w) 15 AP (V) = 0

The isomorphism class in the triangulated category Db(Compf) of this sequence is a dis-
tinguished triangle, because B (w) represents the cone of the morphism . The next dia-
gram shows an excerpt of this triangle, into which we fit the lower exact splitting sequence

from above; for better legibility, we write B := B f(w), 2 := (2 etc.
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/‘7
% B QZW/A/O /b“’[l]\
ML o s O { doprs
Bo. //1bwm\ j \ Awll]
A0 P2 L Bl H n
O / —dopr, -V dp d
N
© Ql Aw(l] 03 QL J B2 I3 02 Aw(l]
—d -V dp d

By tilting the upper part of this diagram to an “upright position” and erasing the A’%’s we
get the distinguished triangle

Ner - g o
-V dp d

. O Mot G g el
d -V dB d

Iz o A wll] Pel J B2 I3 02 A wll]
d -V dp d

which replaces b by the morphism of complexes

G: 027 > 07 @ L2, 0 o Aw

in Homgomp, (27, 27 ® L[2)).

This leads to a simpler description of the isomorphism class of the complex B (w): Clearly,
the isomorphism class of B (w) is the cone of the (class of the) morphism & in DP(Comp )
Hence, we can replace our previous representative of B/ (w) by the canonical representat-
ive B}*(w) of this cone, which is given in each degree p > 0 by B} = (()?+1 ®ox L) ® 2
and which has the differential dp defined by dp(7,0) = (—V7 — 0 Aw, do).

Then B} =
grams in place of BY, when replacing s by the natural projection ¢ = so Py, : B}O — Ox
and ¢t o I ! by the natural inclusion j = @, 0t o [~ 1: Q} ®L— B}O.

B}p for p > 1 and the “new” degree-zero module B}O fits into the above dia-

Therefore, we have the short exact sequence

~ >1,e . .
w:0— 27" ® L[] = Bf(w) = 27 =0
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which corresponds to the element

~ . >1,e . >1,e
& € Extéom (027,07 ® L[1]) = Homcomp (27,27 ° ® L[2)).

3.4 Log Cartier divisors

Let X be alog scheme with log structure ax : M x — Ox. For an open subscheme U C X

we set

ME™(U) = {m € I(U,Mx)|m, € M¥3Vz € U},

where MSI(O,I; is the submonoid of M x , of non-absorbent-divisors. The presheaf U —
M3em(U) is a subsheaf of M x, denoted M Y™, which consists of all sections which are

not zero divisors in M x. Then the localisation
U D(U,ME™) 10U, Mx)

is a presheaf on X. We denote by M'2" the associated sheaf and call it the rational monoid
sheaf of X. Its subsheaf of invertible sections, denoted M*3"*, equals (M9e™)rat>,

If X carries the hollow log structure id: Ox — Ox, then (9()1(0“1 is the monoid sheaf of non-
zero-divisors in Ox. In this case 02" equals the sheaf of rational functions K x (considered
as a multiplicative sheaf of monoids) and O;?tx its subsheaf of invertible elements K% (cf.
[22]); for the trivial log structure 1: O% — Ox on X we have O™ = 0% = O™ =
(073,

The localisation M x — M%P factors canonically via M*2". If X is a (unit-/quasi-)integral
log scheme, then M3t = M'2* is the associated group sheaf M5 of the log structure
sheaf (cf. Appendix A).

3.4.1 Log Cartier divisors and line bundles

Let X be a log scheme. Then the sheaf of units O% acts regularly on M'3** as a sheaf of
subgroups. Defining M*3** as the sheaf of O % -orbits in M2** we thus get a short exact
sequence

™ ratx

X rat x
0— 03y = MF" — MZ* =0

of sheaves of groups.

3.4.1 Definition (cp. [29, 111.1.1.7])

A logarithmic Cartier divisor on X is an element of the group LCar(X) := H°(X, MZ"¥).

We assign to each log Cartier divisor D the fibre 7~!(—D) under 7: MZ"* — M

of its inverse —D, which is a subtorsor of M'3** denoted M x (D)*. Its associated line

bundle M x (D)* ®x Ox, which is the O x-subbundle of ./\/lgglt>< ®px Ox generated by
X X

Mx (D)%, is denoted M x (D).
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3.4.2 Remark
Let X be a log scheme and let D be a log Cartier divisor on X. Let (m;) be a Cech-0-
rat x

cocycle in M'¢"™ with respect to an open covering U = {X;} of X representing D. Then
the O%-torsor M x (D)* is given by

I'(U,Mx(D)*) =
{m € D(U,ME*) | my -my . € 0%, forallz € UN X; and alli}

¥, = 11_ O%, — Ox, given by multiplication with

m

and we have isomorphisms M x (D)*
m;, for each i.

The line bundle M x (D) is given by

I'(U,Mx(D)) =
{m € F(U,./\/lg?tX ®O§ Ox)|mg-miy € Ox g forallz € UNX; and alli}

and we have isomorphisms My (D)|y, = --Ox — Ox, given by multiplication with

m;, for each i. 7
3.4.3 Proposition

The natural group homomorphism §x : LCar(X) — Pic(X) in the long exact cohomology
sequence associated to the above short exact sequence assigns to each log Cartier divisor
D the isomorphism class of the line bundle M x (D) (respectively, the isomorphism class
of the O%-torsor M x (D)*).

Proof: In terms of Cech-cocyles we can describe the map Jx explicitly as follows: Let
(m;) be a 0-cocycle in W representing D and let m; be a representative in M'**
of m; for each i. Then the cochain (m;) is in general not a cocycle but on each Xj;,
fij = mimj_1 is a unit. The 1-cochain (f;;) in O% clearly satisfies f;; f;xf;;" = 1 and
hence is a cocycle, defining an isomorphism class of line bundles. If (m}) is another cochain
of representatives, then m; = f;m; with units f;. But then i’j = fij ;—J so ( 1’]) and (fi;)
differ by a coboundary and define the same class in Pic(X).

Looking at the description of M x (D) (respectively, of M x(D)*) in 3.4.2, we see that
Mx (D) (respectively, Mx(D)*) belongs to that particular isomorphism class of line
bundles (respectively, of O % -torsors).

Observe, that f;; = m,»mj_1 does not make (f;;) a coboundary in O% but only in M*.
This, of course, corresponds to the fact that Im(6x) = Ker(Pic(X) — HY (M), O

3.4.4 Definition

We denote by LCar”(X) C LCar(X) the kernel of the map dx, which equals the image
of HOMP*™™) — LCar(X), and we call it the group of principal log Cartier divisors.
Naturally, LCar”(X) is isomorphic to the cokernel H?(M%2**)/H(0O%) of the inclusion
HO(O%) — HO(MP™).
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We say that two log Cartier divisors on X are linearly equivalent if their difference is

principal. The group of these equivalence classes is denoted
LCar(X) := LCar(X)/LCar’(X).

The morphism Jx induces an injection d x : LCar(X) — Pic(X).

3.4.5 Definition

Let X be a log scheme and let X denote the log scheme with the same underlying scheme
X, but equipped with the hollow log structure. We write Car(X) := LCar(X*) and
Car(X) := LCar(X™). These are the classical groups of (ordinary) Cartier divisors (and

of their classes modulo linear equivalence, respectively) on X.

3.4.6 Definition
Let X be a log scheme. We call a log Cartier divisor effective if it lies in LCar™ (X) :=
HO(Mdom y) C LCar(X).

For any log scheme X, the log structure ax descends to a well-defined map @ x : Mx —
O x between the characteristic sheaves of ax and of the hollow log structure idx. Hence,
we have an induced map ax : LCart(X) — H°(Ox). If X is an integral scheme, then
this is a map between the effective log Cartier divisors on X and its (usual) effective Cartier
divisors Car™ (X) = H°(Odomy) = H°(Oy). In general however, a map LCar"(X) —
Car™(X) does not exist, because o might map domainic sections of M x to zero-dividing
sections of Ox (but compare 3.5.7).

3.4.7 Definition

We will call those line bundles the isomorphism classes in Pic(X) of which lie in the sub-

group
Pic* (X) = Im(8x) = Im(6x) = Ker(Pie(X) — H"(X, M)

log Cartier.

3.4.8 Lemma
For every log Cartier line bundle L € Pic* (X) there exists an isomorphism ¢: L|y« —
Oxx over the log trivial locus X* of X (cf. 1.2.13).

Proof: Let L be log Cartier. Then it is equal to Mx (D) for some log divisor D. Since

the restriction of D to the log trivial locus is trivial (because Mg?tx |xx = 0), we have
Ly« = Mx(D)|xx = Ox%x(D|xx) = 0%« (0) = Oxx, so L|y, and Oxx are iso-
morphic. O

The converse is false in general. For example, take X = P} (with projective coordinates
zp and z1) with the log structure being trivial on the affine chart X; = ]PllC -1 and being
’%1
induced on the chart Xy = lPi 1 by Nox, = Ox,, 0 — (%)2” Then X* = X}. Let P
20
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be the point given by z; = 0 in P}. Then M x(n) = Ox(2nP) forn € Z = HO(W),
but also each of the non-log-Cartier line bundles Ox ((2m + 1)P), m € Z, allows an
isomorphism Ox ((2m 4 1)P)|yx = Oxx, because X * is affine.

3.4.9 Lemma

Let X’ — X < X" be a diagram of log schemes. There is a canonical group isomorphism
LCar(X’ xx X") = LCar(X') xpcar(x) LCar(X").

Proof: Since the fibred product (as presheaves) of sheaves is already a sheaf, we have
LCar(X'x x X") = HOX % x X", MS: yor) = HOOME )% e, HO (M) =
LCar(X') Xpcar(x) LCar(X"). |

3.4.10 Lemma
Let :: X — X be an infinitesimal thickening of log integral log schemes. Then there is a

canonical isomorphism
LCar(X) = LCar(X).

Proof: By lemma 1.2.12, we have ﬂirp = i_lﬂirp. Since the underlying topological space
of X and X is the same, i~ = id, thus LCar(X) = HO(X, M%") =~ HO(X,i *M5") =
HO (X, M5") = LCar(X). O

3.4.2 Log Cartier divisors and flat log connections

Let f: X — Y be a morphism of log schemes. The log derivation dlog: Mx — lec
extends canonically to dlog: /\/lg?t — Q}, due to the fact that, by definition, dlog factors
via M5P, hence via M'2".

Regard the short exact sequence
0= Q7% = M — MP[0] =0

of complexes, where we define the rational unit complex M as

M MY — Qp — 027 — 2F — ...
with dlog: M;?tx — Q} as its first differential and d elsewhere.
This short exact sequence gives rise to a long exact sequence

L] ° 4 L]
0 — H(2;*) - H°(M}) — LCar(X) — LConn(f) — H' (M) — ...

3.4.11 Definition

Let D be a log Cartier divisor. Let i/ = {X;} be an open covering trivialising its associ-
ated line bundle M x (D). By remark 3.4.2 we have Mx (D)|y, = mii(’)x and we define
V(miis) =
fij mi](ds + sdlog f;; — sdlogm,;) = mii(ds — sdlogm,;) = V(mis) this defines a flat log
connection V: Mx (D) — 2% ®0, Mx (D) on f, which we denote by My (D).

mii(ds — sdlogm;) on X; for each i. Since on X,; we have V(%Ljfijs) =
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3.4.12 Proposition
The natural map ¢ in this long exact sequence assigns to each log Cartier divisor D the

isomorphism class of the flat log connection My (D).

Proof: We may describe & explicitly in terms of Cech-cocyles as follows: Let (77;) be a

0-cocycle in M'3"* representing D and let m; be a representative in M'2** of 7; for each

-1
j ~

on X;. The 1-cochain (f;;, v;) in Q)X(" clearly satisfies fijfjkfizl =1,dlog f;j—d(v;) =0

and dv; = 0 and hence is a cocycle defining the isomorphism class of the flat log connection

i. Then the cochain (m;) induces units f;; := m;m; "~ on X;; and 1-forms v, := —dlogm,

M;(D). If (m}) is another cochain of representatives, then m, = f;m; with units f;. But

ij>
and define the same class in LConn(X'). From definition 3.4.11 we see that M (D) belongs

then f/, = fwj;—f and v; = v; + dlog f;, so (f.,v;) and (fi;, v;) differ by a coboundary

to that particular isomorphism class flat log connections.
i
ary in 0T, they do in Mf'. This, of course, corresponds to the fact that Im(§f) =

Ker(LConn(f) — Hl(Mf’)). O

Observe, that though f;; = m;m Land v; = —dlog m; do not make (f;;, v;) a cobound-

3.4.13 Definition
We denote by LCar’(f) C LCar(X) the kernel of §, which equals the image of
IHO(Mf’) — LCar(X), and call it the group of f-principal log Cartier divisors. Naturally,
LCar?(f) is isomorphic to the cokernel HO(M)/H(2;°) of the inclusion H®(2;*) —
HO(M}).
We say that two log Cartier divisors are f-linearly equivalent if their difference is f-
principal. We define

LCar(f) := LCar(X)/LCar’(f).

The map d; induces an injection ¢ : LCar(f) — LConn(f).
Observe that we have to distinguish between principal and f-principal log Cartier di-

visors: Since HO(M ) C H O(M3*), every f-principal log Cartier divisor is principal,
i.e. LCar’(f) C LCar’(X), but in general not the other way round. Hence, we have a

canonical surjection LCar(f) — LCar(X).
3.4.14 Definition
We will say that flat log connections V on f the isomorphism classes in LConn( f) of which

lie in

LConn* (f) := Im(HO(M*™) — H'(X, 2;*)) = Ker(H' (X, 2;°%) — H'(M}"))
= Im(d;: LCar(f) — LConn(f))

are log Cartier.

3.4.15 Lemma

For any flat log Cartier connection V on f there exists an isomorphism ¢: V| o =
d| v« () over the is the semi-strict locus X*(f) of f (cf. 1.2.17).



3.5. LOG STRUCTURES ASSOCIATED TO OTHER STRUCTURES 59

Proof: Let V be a flat log Cartier connection. There is a log Cartier divisor D € LCar(X)

such that V = Mp(D). Then V|y. , = M#(D) o Mg Xx(f)(D‘XX(f)) =
(0) = d|xxy), thus there exists an isomorphism ¢: V|« 5y = dlxx (. O

X,®
Flxx ()

It is clear from the definition and the surjectivity of LCar(f) — LCar(X), that the natural
map LConn™ (f) — Pic*(X) is surjective. This means, that to every log Cartier line
bundle M x (D) there exists a flat log Cartier connection with line bundle M x (D), namely
M (D).

3.4.16 Lemma

Given three morphisms of log schemes X L5y %5 Zandaflat log Cartier connection V

on f, there exists a flat log Cartier connection V on go f which up to isomorphism restricts
to Von f.

Proof: We have the given flat log Cartier connection V: L — .Q} ® L which we want to
lift to a flat log connection V: L — Qg;of ® L. By assuijtion, V = M;(D) € LConn(f)
for a log divisor D € LCar(X). But then we simply set V := M, ;(D). By construction,
there is an isomorphism of line bundles ¢: L — L and V is such that the diagram

~ ﬁ 1 ~
L——0,,,®L

idi l'|f®idi

M P s
L—— ;0L

¥ lM®¢

L—Y—0leL

commutes. Od

3.5 Log structures associated to other structures

In this section we introduce natural log structures on (strict) normal crossing schemes. To
do this systematically, we first collect results about the log structures associated to schemes
with open immersion and to schemes with Deligne-Faltings structure. Here, as in the
lecture notes of Ogus ([29]), the introduction of schemes with Deligne-Faltings structure
serves as a passage from log structures on schemes with open immersion to log structures
on normal crossing schemes. The chapter closes with a collection of results on (strict)

normal crossing schemes.

We assume all schemes to be Noetherian.
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3.5.1 The compactifying log structure on schemes with open im-

mersion

3.5.1 Definition

A scheme with open immersion X = (X, jx) is a pair consisting of a scheme X (without
log structure) together with an open immersion jx : Ux — X of a non-empty subscheme
Ux C X. We will always denote the reduced closed complement of jx (Ux) in X by Zx
and its closed immersion by ix : Zx — X.

A morphism of schemes with open immersion f: X — Y is a morphism of schemes f: X —
Y such that f o jx: Ux — Y factors over jy as f: Ux — Uy. We denote the category of

schemes with open immersion by OSch.

If S is a scheme, then (S, idg) is a scheme with open immersion. The inclusion functor
(+,id.): Sch — OSch makes Sch a full subcategory of OSch and is right adjoint to the
forgetful functor X — X.

3.5.2 Definition
Let X = (X,jx) be a scheme with open immersion and let ¢;;, denote the trivial log

structure on the subscheme Ux. The direct image log structure

(.jX)XLUX: (jX)xO;}X — OX

is called the compactifying log structure of X. It will be denoted ax, and its log structure
sheaf M x;. The log scheme (X, 7x) defined that way will be denoted X7. If no confusion
is likely to arise, we will even denote this log scheme by X and its log structure by «;, or
simply ax.

Let f: X — Y be a morphism of schemes with open immersion. Then there is a canonical
morphism f7: X7 — Y7 of log schemes with the same underlying morphism of schemes
defined as f7 = (f, f°), with f7: My, = Jv<Op, — f Mxo = (f ©jx)«Op, induced
by f*: Op, = £.05, .

3.5.3 Remark
Recall, that for an open immersion j: U — X we have injective maps j*(’)g — 7,0y and
Ox — j«Oyp, which implies, in particular, that oy, is injective. Hence, in the literature

one finds the denotation j, O N Ox for 5,0} = 7.0} %, 0, Ox (e.g. in [17, 4.9]).

Let X = (X,ax) be a log scheme. Then the pair X° = (X, X* — X) is a scheme
with open immersion. Every morphism f: X — Y of log schemes induces a morphism of

schemes with open immersion f°: X? — Y, because f(X*) C Y.

So we have two functors

(-)?: OSch — LSch, X — X/,
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and

(+)°: LSch — OSch, Y v Y.

These are adjoint due to the following proposition.

3.5.4 Proposition ([29, 111.1.6.2])

The natural map
HomLSch (Xj, Y) — Homosch (X, Yo), f — fo,

is an isomorphism, where X € OSch and Y € LSch.

3.5.5 Definition
Let S be a scheme. A geometric point z € S is called an associated point of S if m,, consists

entirely of zero-divisors.

If S is reduced, then its only associated points are the generic points of its irreducible

components.

3.5.6 Proposition ([29, 111.1.6.3])

Let X = (X, jx) be a Noetherian scheme with open immersion such that all associated
points of X are contained in Ux. Then the compactifying log structure ax, is integral
and there is an isomorphism M x, & I'z,, (Carg) (induced by ax,: Mx, — Ox), where

Iz, (Carg) denotes the sheaf of effective Cartier divisors on X with support in Zx.

3.5.7 Corollary
Let X = (X, jx) be a Noetherian scheme with open immersion such that all associated

points of X are contained in Ux. Then jx induces an isomorphism
LCart(X7) — H(I'z, (Carg)) ={D e Car™(X)|suppD C Zx }.
Hence, LCar(X?) = {D € Car(X) |supp D C Zx}.

Again, defining the compactifying log structure, the result depends on the choice of the
topology (Zariski- or étale) (cf. Ogus Remark II1.1.6.4). However, we have the following
proposition.

3.5.8 Proposition ([29, 111.1.6.5])

Let X = (X, jx) be a scheme with open immersion such that all associated points of X
are contained in U. Assume that the reduced complement Y of U is of pure codimension
1 and that all irreducible components of Y are regular. Then 7: X¢ — X,ar induces an
isomorphism

N QX 0)? — X(Xe)7

where the log structures denote the compactifying log structures constructed with respect

to the Zariski and étale topology, respectively.
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3.5.9 Proposition ([29, 111.1.9.1])
Let X = (X, jx) be a normal scheme with open immersion such that Zx is purely of

codimension 1 in X.

a) The stalks of M x, are finitely generated monoids, and they are free if X is locally

factorial.

b) Working with the Zariski topology: If X is locally factorial, then arx; is a fine log

structure.

c) Working with the étale topology: If X is locally factorial and if X admits an étale
covering e: X’ — X such that each irreducible component of e~!(Zx) is unibranch,

then ax; is a fine log structure.

3.5.2 The Log structure associated to Deligne-Faltings schemes

3.5.10 Definition

A scheme with Deligne-Faltings structure or DF scheme X = (X,lx) (of size 7) is a pair
consisting of a scheme X and an r-tuple Iy = (Ix1,...,lx,) of homomorphisms of line
bundles Ix ;: Lx; - Ox on X. We write Lx := (Lx1,...,Lxr).

A morphism f: X — Y of Deligne-Faltings schemes (of size ) is a pair (f, 1) consisting of
a morphism of schemes f: X — Y and a family f' = (f{,..., f!) of morphisms of line
bundles f!: f"Ly,; — Lx ; such that [x ; o fl= Sfily;foralli =1,... r. We denote the
category of DF schemes of size r by DFSch”.

If S is a scheme, then (S, ido ), where idp, stands for the r-tuple (idog,...,ido), is a
DF scheme of size r. The inclusion functor (-,idp ): Sch — DFSch” makes Sch a full
subcategory of DESch” for each r and is right adjoint to the forgetful functor X — X.

3.5.11 Definition
Let X = (X, lx) be a DF scheme. Define the sheaf LS by

rU,LE):={(n,s)|neNg, s (U LY))},
where LY" := L;e}ﬁl ®...® L;e}zf, and define the prelog structure
I: LY — Ox
by Ix (n, s) := ($"(s) for a local section (n, s) of L%, where
2" =12 @ . 12 L9 S O

is the tensor product of the homomorphisms [x ;. We denote the log structure associated
to Ix by Ax and call it the DF log structure on X. Its structure sheaf L?} S O)X( will be
denoted M x» and the log scheme (X, Ax) defined that way X*.
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Let f: X — Y be a morphism of DF schemes. Then there is a natural morphism f*: X* —
Y* of log schemes with the same underlying morphism of schemes defined as f* =
(f, f), with f¥: fMyr = f7ILE © 0% — Mxx = LS © OF induced by the

map fl: f_lLy — f*Ly — Lx.

Let X be a DF scheme. For each i = 1,...,r there is a natural map /% L;M — Mxx =
L% o 0%, given locally by s + (e;, ) @ 1, where ¢; is the i-th generator of N7,. Let Ix
denote the ideal sheaf in O x which is the image of [;: L; — Ox. Then the diagram

X

Ly, ———— My = L§ 5 0%
| [
Ix,i
Lx; ak Ix,;C Ox

is commutative.

The image (% ,(s) in M xx of alocal section s of L)XM is actually independent of the choice

of s, because LY ; is an Ox-torsor. Thus, for each 4, all local images I ;(s) patch together
to form a global section of I"(X, M x» ), which we denote by Ex ;. By the following pro-
position Ay is integral. Hence, Ex ; € I'(X, M xx) = LCar™ (X;). Moreover, the image
Ix.i(s) of any local section s of L)XM in Ix ; is a generator for Ix ;.

We write Ex = (Ex1,...,Ex,)and Ix := (Ix1,...,Ix,). The following proposition
is a reformulation of [29, II.1.7.3].

3.5.12 Proposition ([29, 111.1.7.3])

Let X = (X,lx) be a DF scheme and let X* = (X, Ax) be its associated DF log scheme.
Let E'x and I'x be as defined above. Let Z;) be the closed subscheme of X defined by I'x ;

for each i.
a) The log structure \x is integral and, for each ¢, there are natural isomorphisms
i) of Ox-torsors Ly ; — Mxx(—Exi)*;
ii) of Ox-modules Lx ; — Mx»(—Ex;);
iii) of Ox-modules I'x; = (Ex,;), where (Ex ;) denotes the principal ideal sheaf

in Ox defined by Ax (Ex,;) in Ox (compare remark 3.4.2).

b) Leta: Njy — M x: be the monoid homomorphism defined by mapping €; — Ex ;.
Then locally on X, @ lifts to a chart a: N{x — Mx:. For each x € X, the stalk
ﬂxzw is freely generated by the images of those Ex ; with E(Exl)w =0inOx .

¢) Let Z = |J; Z};) and denote v: Z¥ — Z with Z¥ = | |, Z};) the normalisation of Z.
Let U be the open complement of Z in X and (X,j: U — X) the corresponding

scheme with open embedding. Then there is a natural morphism of log structures

)\X — ax,
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where ax is the compactifying log structure of the scheme with open embedding

(X,5: U= X).

d) Suppose that X is normal, that all /x ; are injective and that each Z|;) is integral
(respectively, geometrically unibranch). Then in the Zariski (in the étale) topology

the morphism A x — ax is an isomorphism. In particular, the map
MXA — I/*Nozu, EXJ' — 1Z[i]

is an isomorphism.

3.5.13 Remark

The concept of DF schemes as defined above was independently introduced by G. Faltings
and P. Deligne. In a letter to L. Illusie (as reported by Illusie himself in [14, Letter of 1988])
Deligne defines a generalised divisor on a scheme X to be a line bundle L on X with an
Ox-linear map u: L — Ox. Such generalised divisors then lead to log structures on the
scheme. Faltings introduces the same concept in [7], calling it logarithmic structure. We

have referred to these objects as Deligne-Faltings structures following A. Ogus.

3.5.3 Strict normal crossing schemes and logarithmic structures of

semi-stable type

(Strict) normal crossing schemes over a field £ arise as limits of smooth varieties in deform-
ation processes. As such, they naturally carry specific log structures, namely log structures
of embedding type or even of semi-stable type. These arise from restricting the log struc-
ture of the total space of a deformation as a scheme with open immersion, where the open

subset consists of the unity of the smooth fibres, to the singular normal crossing fibre.

3.5.14 Definition

Let V' be a regular scheme. A strict normal crossing divisor in V is a closed reduced sub-
scheme X C V such that at every geometric point z € V there exists a regular sequence
(t1,...,tm) generating the maximal ideal of Oy, and a number r(z) € Ny such that the

element ¢; - ... - 1,(,) generates the ideal of X in Oy .

3.5.15 Definition

A scheme X is called a strict normal crossing scheme if for every geometric point z € X
there exists an open/étale neighbourhood e, : U, — X of x together with an embedding
igz: Uy — V. of U, into a regular scheme V., such that U, is a strict normal crossing
divisor in V,,. Such a pair (e, 4,) is called an SNC coordinate system for X at x. We will
write W, := V,\U, for the complement of U, in V,, and we will denote its open embedding
by jz: Wy — V.

In the Zariski topology, more generally, X is called a normal crossing scheme if there exists

an étale covering e: X' — X such that X' is a strict normal crossing scheme.
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Let V' be a regular scheme with strict normal crossing divisor X = [J; X i and denote
the inclusion i: X — V. Let j: W — V denote the open immersion of the complement
W of X inV and let ay: My — Oy be the compactifying log structure associated to
the scheme with open immersion (V, j). Since V is normal, vy is isomorphic to the DF
log structure Ay, associated to the injections Ix ;: I X Oy of the ideal sheaves of the
X C V. Therefore by 3.5.12, locally at each point z of V. in which r(z) components of
X meet we have a chart a: INSS) — M and globally an isomorphism My = 1.V« Noxv,
where v: X¥ — X is the normalisation of X.

Since on W the log structure avy is trivial, both sides of the isomorphism vanish outside of
X. Hence, the same isomorphism M = v, Nyx» holdson X, replacing oy by its restriction
to X, ax = i*ay = i*j.tw. This log structure ax is isomorphic to the DF log structure

Ax of the restricted maps i*I; — Ox (compare to the introduction of section 1.8 in [29]).

Let X be a strict normal crossing scheme. By v: X” — X we denote its normalisation,
where X" is the disjoint union of the irreducible components X, . .., X[, of X, each of

which is regular.

Foreachj=1,...,mand k # j we let

X=X, Dy = Xy 0 XY,
k#j
X = Xy 0 Xpwp, XUH = xll o X Dy = Xy A XUK ete.

We put D := |J; Dy = [, XUl = U X[jx € X and (by abuse of notation) D :=
v (D)= |_|j Dy C X”. Classically, D C X is called the double locus of X (cf. [11, 1.7]).

3.5.16 Lemma ([11, 1.8, 1.10 & 1.11]; in this form: [29, 111.1.8.2])
Let X be a strict normal crossing scheme with normalisation X" = XjjU. ..U X[,,). Then

(for each index j)
a) Dy;) is a Cartier divisor in both X{;) and XUl

b) The ideal sheaf Iy = IX[,-]CX C Ox is annihilated by the ideal sheaf Il .=
Ixiicx C Ox and can be identified with the ideal sheaf IDU]CX“] C Oxi-

¢) The ideal sheaf IU) is annihilated by the ideal T, j] and can be identified with the ideal

sheaf Ip; cx;;) C Oxy-
d) Each I ‘D is an invertible sheaf of Op-modules, as is Op(—X) := &), I3 ’D.

e) If X — V is a (global) SNC coordinate system on X, then Oy (—X)|, = Op(—X)
(hence, the symbol Op(—X)).
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3.5.17 Definition ([11, 1.9])
The sheaf Op(—X) := ®j Ity ‘D is called the infinitesimal conormal bundle of D in X.
The infinitesimal normal bundle of D in X is its dual on D, denoted Op (X).

3.5.18 Remark

Observe, that Op(—X) is not the usual conormal sheaf Npcx: Take for example X =
Spec Clx, y]/(xy). Then its components X1 and X|5) have the ideals generated by  and
by y, respectively, and D has the ideal (z,y). Hence the usual conormal sheaf is given as

the quotient (z,y)/(z,y)? = Op{z,y) and hence not a line bundle, while the line bundle
Op(—X) = Inj|, ® Iy, is given by (z)/(z%) ® (y)/(y*) = Ox (xy).

3.5.19 Theorem ([29, 111.1.8.3], cp. [17, 11.7], [21, 1.1])
Let X be a strict normal crossing scheme with normalisation X" = X|;jU. ..U X|,,. Then

the following categories are naturally equivalent:

a) The category of log structures o on X such that @: M, — Ox induces an iso-

morphism M,, = v, Nox+ (cf. proposition 3.5.12 d);

b) the category of tupels of pairs ((£1,01),...,(Lm,ln)) of line bundles on X with

isomorphisms [;: L1 — Ijj;

c) the category of tupels of pairs ((£1,11),..., (L, 1,)) of line bundles L} on X

m?'m

with isomorphisms [} : £J|Dm — I[J]|Dm’

d) the category of pairs (£,1) of a line bundle £ on X with an isomorphism [: L[|, —
Op(—X).

3.5.20 Definition

Let X be a strict normal crossing scheme. Then a log structure o on X is called a log
structure of embedding type if for every point x in X there exists an SNC coordinate system
ez Uy — X such that we have an isomorphism eXa — % juytw, -

In this case, the log scheme X = (X, «) is called a strict normal crossing scheme of embed-
ding type.

3.5.21 Corollary

Let X be a strict normal crossing scheme. Then a log structure « is of embedding type if

and only if étale-locally M, = v, Noxv.

Proof: This follows from the proof of 3.5.19 in [29, I11.1.8.3]: Given an isomorphism M., =
v, Noxv, a itself is isomorphic to the log structure associated to the DF structure (X, [lx)
given by the natural maps lx ;: M, (—FE;) = (E;) C Ox, where E; € H*(X,v.Nox»)
is the i-th generator. On the other hand, any such log structure of embedding type induces

an isomorphism My = v Noxv. O
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3.5.22 Definition ([17, 11.6], cp. [29, 111.1.8.7])
Let X be a strict normal crossing scheme. Then a log structure o on X is called a log
structure of semi-stable type if « is of embedding type and if there exists a homomorphism

of sheaves of monoids diAag: Nox — M, such that

Nox

R diag
diag

My —— My = v, Noxv

commutes.

If X is a k-scheme, then the homomorphism Ngx — M, induces a log smooth morphism
[+ (X,a) — Spec k the underlying morphism f of which is the k-scheme structure of X
and such that f° = diAag - idpx : Nog & kX — M, where Spec k is the standard log point
on Spec k.

This morphism f: (X, a) — Spec« of log schemes is then called a strict normal crossing

log scheme of semi-stable type over k or simply an SNC log scheme.

Recall that the logarithmic rank £x () of X at a point € X is defined to by the rank of
m%;}; and that the leniency of f at a point # € X is defined to be the rank of ﬂ?ri The
logarithmic locus LLoc(X) of X is the reduced closed complement of the log trivial locus
X and the lenient locus LLoc(f) of f is the reduced closed complement of X *(f) (cf.

definitions 1.2.14 and 1.2.18).

3.5.23 Corollary

Let f: (X, ) — Spec k be an SNC log scheme. Then, if £x denotes the logarithmic rank of
X and /; the leniency of f, for every geometric point z of X, we have {x (z) = {;(x) + 1
and this number is equal to the number of irreducible components r(z) of X containing
x. It follows, that the double locus D is equal to the lenient locus LLoc(f) of f, to the
logarithmic locus of X of order > 2, to the non-normal locus NonN(X) of the scheme X,
and to the singular locus Sing X of X.

3.5.24 Proposition ([17, 11.7], [29, 111.1.8.8])
If X is a strict normal crossing scheme over k, then giving X a log structure of semi-stable

type is equivalent to giving an isomorphism ¢: Op — Op(—X).

3.5.25 Corollary
Let f: X — Spec x be an SNC log scheme. Then f is log smooth.

Proof: This is essentially example 1.2.1 from chapter 1:

Etale locally at a point # € X where r components of X meet we have by definition
the diagonal morphism diag: Nxo — INSS?) as a chart for f with Ker(diag®?) = 0
and Cok(diag®?) = 7Z"(®) /diag(7Z). This implies that k(z) ®7 Ker(diag®?) = 0 and
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k(z) ®z (Cok(diagt™?))tors = 0. The strict morphism of log schemes X — A, []Ng(x)} is

smooth (even étale), because its underlying morphism is the isomorphism of schemes
Speck(z1, ..., Zr@)) /(21 Zr(a)) = SPECE Xgpec k[No] SPEC k[]NS(w)]

étale locally. Hence, by the criterion for log smoothness 1.2.35, f is log smooth. O

3.5.26 Definition

Let k be a field and x the standard log point on k. An SNC log symplectic scheme is a
log symplectic scheme f: (X, V,w) — Speck such that f: X — Speck is an SNC log
scheme. Analogously we define the terms SNC log scheme with line bundle and SNC log

scheme with flat log connection.

An SNC log variety is an SNC log scheme, such that f: X — kis a variety in the usual sense.
Analogously we define the terms SNC log variety with line bundle, SNC log variety with flat
log connection and SNC log symplectic variety.

3.6 Log Cartier divisors on SNC log varieties

3.6.1 Regular varieties with SNC divisors

Before looking at SNC log schemes, let first (X, jx) be a regular variety with open im-
mersion such that Zx is a strict normal crossing divisor and let X = (X, ax) denote its
associated log scheme with compactifying log structure. We write Z|13, ..., Z|,) for the

irreducible components of Zx.

The log structure ax: Mx — Ox is an injective morphism of sheaves of monoids (cf.
remark 3.5.3) and has the characteristic sheaf Mx = ix.vNgzv, the group of global
sections of which is H'(Mx) = @], No - Zj;; = N, where we write Z|; for the
generator of the i-th component.

Etale-locally, this log structure admits a chart ;" | No-Z, [ij = Ox, mapping the generator
Zj to some local equation z; for Z|; as a subscheme of X. Since each of the
Zp;) is Cartier in the usual sense, each of the z; is a local element of the sheaf (’)31(0“1 of
non-zero-divisors in Ox. Hence, the log structure a.x factorises into injective morphisms

Mx — O™ — Oy, inducing an injective morphism of sheaves of groups
grp . grp dom\grp
afP: MSP — (O5™)8.

Since aix is an integral log structure (cf. proposition 3.5.9), we have M x = Mggm, thus

MEP = Mg?tx, and since X is a regular scheme, O%°™ = (9;?tX = K%. So there is a
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commutative diagram of sheaves of groups with exact rows

11— 05y — MZP M5° 1
\Eﬁm \[agrp
1 0% K% 15 1,

implying that the homomorphism dx : LCar(X) — Pic(X) assigning to each log Cartier
divisor D the line bundle M x (D) factorises as LCar(X) ——— Car(X) X, Pic with
the first map being injective, where Jx assigns to each Cartier divisor (in the usual sense)
D the line bundle Ox (D).

Moreover, we have a commutative diagram

MX HMX

e

dom dom
Odom —_y Odom,

where the objects on the right are the quotients of the objects on the left by the free action
of O%. This implies that, analogously to just above, the restriction H*(Mx) — H*(O%)
of 0x to effective log Cartier divisors factorises injectively via the effective Cartier divisors
on X (in the usual sense) H° (@)

Having denoted the monoid generators of LCar™ (X) = H°(Mx) by Z};, the group
LCar(X) is generated by the Zj; as an Abelian group, hence, LCar(X) = @ Z - Zj; =
Z™. 1t is clear from the description of the injective morphisms o and a®'P that Zj; is
mapped to the effective Cartier divisor Z; by the first map in the factorisation of jx. In
particular, we may conclude the following, the first part of which is just a special case of
corollary 3.5.7:

3.6.1 Proposition

Let (X,jx) be a regular variety with open immersion such that Zx is a strict normal
crossing divisor and let X = (X, a.x) denote its associated log scheme with compactifying

log structure. Then

a) LCar™(X) — {De Cart(X) |suppD C Zx },induced by Z;) — Z;), is a monoid-

isomorphism.

b) LCar(X) — {D € Car(X) |supp D C Zx}, induced by Z};; + Z};), is a group-

isomorphism.

In particular, for any a = (a1,...,a,,) € Z™ the line bundles Mx (> 1", aiZ;)) and
Ox (3%, aiZy) are equal.

Regarding such X as a log smooth variety f: X — Spec k" over the point with trivial log

structure, we may ask for the log Cartier connections on f.
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We regard again the étale-local chart ;" | No-Z ] = Ox, Z[j + zi, from above. Writing
v := —dlog z; := —dlog(Z};)), the log Cartier connection Mj(Z[;) is in this chart given
as d + v for the local trivialisation Mx (Z};)) = Z%O x. Considering this line bundle as a
subsheaf Z%(’) x C Kx, the log connection V is nothing but the differential d rationally aug-
mented by the “quotient rule” and restricted to this subsheaf: V(z%s) = Z%(ds — sdlog z;)
for any local section s of Ox (cp. definition 3.4.11). The same applies accordingly to a
general log Cartier connection M;(3"1" | a; Zy)) = Qo q My (Zp;) ® “.

Now, let f: X — C be a flat morphism of schemes with C' a regular open subscheme of
a curve and X regular. Let P C C be a closed point and assume that Z := i_l(P) is
a strict normal crossing divisor in X. Giving both schemes C and X the compactifying
log structure oo and v x, respectively, associated to the open immersion C'\ P — U and
X\ Z — X, respectively, and defining X := (X,a) and C := (C,a¢), turns f into a
morphism of log schemes f: X — C.

Since Z is a fibre in the flat family f: X — C, we have Ox(Z) = Ox. Due to the
fact that Z is a strict normal crossing divisor, M x(Z) = Ox, too, in this situation. Let
V = Mx(Z) denote the flat log connection on f associated to the log Cartier divisor Z.
Since it has M x(Z) = Ox as line bundle, we may write V = d + v for some (global)
1-form v € I'(X, Q})

A global equation z € I'(X,Ox) for the divisor Z is given by the image f*(p) of an
equation p € I'(C,Oc¢) for the point P in C under f*: f~'Oc — Ox. Hence, v =
—dlogz = —dlog(f*p) = 0 as a log differential relative to f and hence, M;(Z) is the

trivial flat log connection (Ox, d).

3.6.2 SNC log varieties

From now on, let f: X — Spec x be an SNC log variety and denote by X[y, ..., X[, its
irreducible components and by v: X” — X its normalisation. Then étale-locally, ax is
the compactifying log structure aryy of an SNC coordinate system V' (with Cartier divisor
X) restricted to X. Therefore, LCar(X) = @, Z - X[;;.

We regard the i-th component X|; of X, which is a regular scheme of finite type over
k containing the Cartier divisor Dj; = J;,; X[ij). Denoting the closed immersion by
i': Dpj — XJ;) and the open immersion of its complement by j': X; \ Dj;) — X[;j, one
log structure on X|; is the compactifying one associated to j’, which we denote by a’Xm
and which has the characteristic sheaf i"*1/.Ng DY, where we write v/ : D[”ﬂ — Dy, for the

normalisation of Dy;.

This log structure is, however, not equal to the log structure x|, of X{;) as alog subscheme

of X. Nevertheless, these two log structures are related as follows:
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The diagram
v (X)) = Uy Xpigt U Xpyg —— X*

b

Xy ———— X
is Cartesian with v proper. Therefore, by proper base change, the characteristic sheaf of
axg, which is the restriction of M x = v, Nox» toitsi-th component X{;, is i;lu* Nox» =
e “Noxr = Ny @ i’_lufk]NOD[ui]. Hence, its log Cartier divisors are LCar(X(;) =
Z-Xy) @Dl Xuj) =70 {D € Car(Xy;) |supp D C D[i]}’ where we write X(;)
for the monoid generator of the constant Ny-summand of M X
We know from the first part of this section that the line bundle My, (X)) is equal to
Ox,(X[ij1). But we also know, which line bundle is the image of the generator X[; of
the constant Z-part: Due to the fact that Mx(X) = Mx (37", X};) = Ox, we have
Mx (X)) = Mx (= 32,2 X[j1) which restricts on X[;) to

Moy (Xi) = Moy (= 3 Xiig)) = Ox (= 3 Xiag)-
i #i
In an étale-local SNC coordinate system X C V/, the line bundle M, (X[;) is equal to
MV(XM)’X[-] = OV(XM)’XH = Nx_,cv. the normal bundle of X}; in the ambient
scheme V.

So we may write down the map d};) : LCar(X[;) — Pic(X) explicitly as

a:Xp + ) a; Xpy) = Mx (“z‘X[i] +> %‘X[ij]) = Oxy (Z(ay‘ - ai)XW]).
J#i J#i J#i

Analogously, 5f\x[,] : LCar(X};)) — LConn(X) is given by

@i+ Y a3 X = My, (aXin + Y 45X ).

J#i J#i
We may explicitly describe the log Cartier connections M flxy (X[ij7) just as in the first
part of this section as being rationally augmented versions of d. The log Cartier connec-
tion Vi) := M Flx (X[3) is simply the inverse flat log connection of the tensor product
&z M Flxy (X[ij))- It therefore may be described as follows:
In the étale-local SNC coordinate system as above, we may write the line bundle of V{;;; in
the form Nxmcv = (H] asj)(’)x[i] - KXM' Then, in this chart, v = —dlog X|;, hence,
Vi (I z5)s) = (II; z;)(ds + 3_; sdlog x;). So again, V' is nothing but the differential

d rationally augmented and restricted to the subsheaf.
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4 Log symplectic deformation theory

Recall the definition of the category LArt. given in chapter 2. From now on, we work in
a more specific setting. Let 7" be a complete Noetherian k-algebra with quotient field k of
characteristic 0. Let 7: Q — T be a precise prelog ring over 1" and give k the prelog ring
structure x: Q — k defined by composing 7 with the canonical projection 7" — k. The
monoid homomorphism p of chapter 2, section 2.2.1 is then the identity map @ — @ (with
Q' = Q). This means in particular, that for every A € Art; the fibre v=1(A) consists of
elements .4 which are all isomorphic (as elements in LArt) and up to unique isomorphism

given by the composition of 7~ with the structure homomorphism ¢ 4: 7" — A.

4.0.2 Corollary
In the setting just described, we may remove the term “pseudo-” from all statements about

functors of log Artin rings of chapter 2, section 2.2. Compare remark 2.2.14.

4.1 Deformation functors

4.1.1 The log symplectic deformation functor and related functors

Let fo: X — Spec k be alog smooth morphism of log fs log schemes. Recall from chapter 2,
section 2.3 the definition of its functor of log smooth deformations, Def ;, : LArt+ — Set.
Let L (respectively, V') denote a line bundle (respectively, a flat log connection) on X (re-
spectively, on fy). Analogously to the definition of Defy,, we denote by Defy, 1) (re-
spectively, by Def 4, 7)) the functor of isomorphism classes of infinitesimal log smooth
deformations of the log scheme with line bundle ( fo, L) (respectively, of the log scheme
with flat log connection (fo, V)).

Moreover, we denote by Def s, . (respectively, by Def 4, v, .,)) the functor of isomorph-
ism classes of infinitesimal log smooth deformation of non-twisted type of the log sym-
plectic scheme (fo,w) (of general type of the log symplectic scheme (fo, V,w)).

We will refer to each of these functors simply as the deformation functor of the respective
kind of object.

Given a log symplectic scheme (fo, V,w) over Spec k, with V= (L, V), there is an obvious

chain of forgetful morphisms of functors, each neglecting one part of the data,
Def (1, v,w) = Def (s, v) = Def (1) = Defy,

and given a log symplectic scheme of non-twisted type (fy,w) over Speck, we have a
forgetful morphism Def y, .,y — Def s, plus an obvious morphism Def f, .y — Def(; 4.0,
given as [f, @] + [f, d, @]. This last morphism makes Def 4, ) a subfunctor of Def 5 4.,
It is clearly injective on objects and since for any ¢: A" — A we have p*d = d, the

restriction of the map Def s 4.y () to Def 5, (A") is Def s .y ().

73
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4.1.2 The local Picard functor and related functors

Let f: X — SpecT be a log smooth log scheme over 7 with & a log fs log scheme. For
each log Artin ring A € LArt+ we denote by X 4 the scheme &X' X gpec 7 Spec A and by f4
the canonical morphism X4 — Spec A, which is log smooth by base change. We write X
for X,; and fy for f, and we will refer to X4 and f4 as the trivial deformation with respect
to f over A of X and fy, respectively.

Given a line bundle L on fo, we denote by Defy|; the functor of log Artin rings which
assigns to each A the set Def 7| (.A) of isomorphism classes of line bundles £ on the trivial
deformation f 4 over A together with an isomorphism L® 4 k£ = L. Due to the fact that the
log smooth log scheme f 4 has the underlying scheme X y = X Xgpec Spec A, we have
an equality Defy,;(A) = Picy(A), where Pic, denotes the local Picard functor of L on
&/ SpecT (cf. [31, 3.1], [32, 3.3.1]). For this reason we call Def; the local (logarithmic)
Picard functor of L on f.

Given a flat log connection V on fo, we denote by Def |, the functor of log Artin rings
which assigns to each A the set Def ;£ (A) of flat log connections A on the trivial defor-
mation f4 over A together with an isomorphism A ® 4 k = V. We call this functor the
local flat logarithmic connection functor of V on f.

Assume, that there is a line bundle £ on X’ given. We denote by £ 4 the element £ ®p A
and we write L for L. Then for every A € LArty, we have £ 4 € Def|;(A) and we call
L 4 the trivial deformation with respect to f of L over A.

Analogously, assume that there is a flat log connection A on f given. We denote by A 4 =
(La,A4) the element given by the restriction Ag: L4 — _Q}A ®0x, La, Au(ls]) =
[A(s)]. Observe that Q}A = .Q} ®r A by base change. We write V = (L, V) for A,; and
we call Ay € Def )¢ (A) the trivial deformation with respect to f of V over A.

Given a log symplectic form w (of general type) on fo: (X, V) — Speck, we denote by
Def,|(,4) the functor which assigns to each A the set Def,,(f 4)(A) of log symplectic
forms w on the trivial deformation (fa, A4) over A such that w ® 4 k = w. We call this
functor the local logarithmic symplectic form functor of w on (f, A).

Given a log symplectic form w of non-twisted type on fo, we denote by Def,, s the functor
which assigns to each A the set Def,,|¢(A) of log symplectic forms @ of non-twisted type
on the trivial deformation f 4 over A such that @w ® 4 £ = w. This functor is called the local
non-twisted logarithmic symplectic form functor of w on f.

Each of these functors of type Def g is, if defined, naturally a subfunctor of the corres-

ponding functor of type Def ) (- ), where G is the restriction of G to k.

4.1.1 Remark
Observe, that by replacing 7" with an element A € LArt+ each of the functors introduced
here may be defined on the subcategory LArt ; C LArts as a functor of log Artin rings
LArt ; — Set.
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4.2 Obstruction theory of log symplectic deformations

In this section we will discuss infinitesimal deformations of log schemes with line bundles,
log schemes with flat log connection and log symplectic schemes (of both types) as defined
in chapter 3. We will calculate the tangent spaces to the functors above and obstructions
to the existence of infinitesimal deformations. In doing so we are geared to the calculations
done in SGA ([12, IIL.6]) for flat deformations of schemes.

Let A € LArty be a log Artin ring and let A be its underlying Artin ring. Recall that
in chapter 2 we have defined an extensions in Art, to be a short exact sequence of T-
modulese: 0 - J - B — A — 0, where B — A is a surjective homomorphism in
Art; with kernel J such that J? = 0. We have called such an extension small if mp.J = 0
and principal small if moreover J is a principal ideal. An extension (respectively, a small
extension, a principal small extension) in LArt has been defined to be a homomorphism
B — A the underlying homomorphism B — A of which sits in an extension (respectively,
a small extension, a principal small extension) in Art (cf. sections 2.1.1 and 2.2.1).

Let for now fy: X — Speck be a log smooth log fs log scheme over Spec s and let i =
X; and fol|[ for the
restriction of fo to X7. We denote the Cech-cochain-complex with respect to U of a sheaf F
by C'* (U, F) (respectively, of a complex of sheaves F * by C'*(U, F *)). By a cochain in the

double complex C'* (U, F *), we mean a cochain in its associated total complex (analogously

{Xi};c; be an open affine covering of X. We will write X for (.,

for a cocycle and a coboundary, respectively).

We will gradually build up the data that turns fp: X — Speck into a log symplectic
scheme: First we regard the log smooth morphism fj and its log smooth deformation func-
tor Defy,. Then we add to fy a log symplectic form of non-twisted type w on fy and
regard the deformation functor of log symplectic schemes of non-twisted type Def , ..
Erasing w and adding to fj first a line bundle L and then later a flat log connection V,
we regard the deformation functor of log smooth schemes with line bundle Def 4, 1) and
the deformation functor of log smooth schemes with flat log connection Def 4, v, respect-
ively. Finally, adding to fy and V a log symplectic form w of type V on fj, we examine
the deformation functor of log symplectic schemes of general type Def ;, v ). At the end
of each stage, we draw corollaries concerning the deformation theory of the corresponding

local deformations functor Def f|,,, Def f| 1, Def ¢ v and Def 4 A\, respectively.

In each section, given a lifting 7 (standing for f, (f, @), (f, L) etc.) over a log Artin ring
A of the base object 7y (standing for fo, (fo,w), (fo, L) etc.), we calculate a first subsec-
tion entitled “Group of automorphism” the group of automorphisms of a lifting 77 along an
extension e: 0 — J — A — A — 0 over the given lifting 7. In a second subsection en-
titled “Pseudo-torsor of liftings” we give a group G acting freely on the set of isomorphism
classes of liftings 7 of 7 along e, making this set a G-pseudo-torsor. This, in conclusion,

yields the tangent space of the respective deformation functor. The obstruction theory (as
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defined in 2.1.21) of the respective functor is calculated in the respective third subsection
entitled “Obstruction Theory”. In particular we identify the obstruction o.(n) to the exist-
ence of a lifting 7 of 7 along the extension e. At the end of a section, under the heading
“Conclusion”, we collect the results of the preceding three subsections.

The statements of the first following section about log smooth deformations of fj are well-
known (cf. [19, 3.14]), but we execute the constructions also in this case to introduce nota-
tion to be used later on. Similarly, the deformation theory of smooth schemes with line
bundle is well-known (cf. [32, 3.3.3]), differing from our calculations only by the absence
of log structures and the exchange of smoothness and log smoothness. All other stages are

developed by ourselves.

4.2.1 Log smooth deformations of log schemes

Let fo: X — Speck be alog fs log smooth log scheme and f: X — Spec A a log smooth
deformation of fy. Lete: 0 — J — A — A — 0 be an extension of Aand f: X — Spec A
a lifting of f over A.

The kernel of O3 — Oy is O3 ® ; J = Ox ®4 J. Hence, we have a short exact sequence
0—=0x®4sJ =05 —0Ox —0.

Since the inclusion Spec A — Spec A is a (first order) infinitesimal thickening, the short

sequence of monoids
1=214+0xQ®aJ > Mp - My —1

is exact, with 1 + Ox ®4 J acting freely on M 3.
Let X7 and X7 denote the open affine subscheme of X’ and X, respectively, lying over X.
We write f|I and f |1 for the restriction of f and f to X7 and A7, respectively.

Group of automorphisms

An automorphism ¢ of f which induces the identity on f is given on each X, by a ring
automorphism @} : O?&, — 02?7: with ¢ = 1+ ¥, where ¥;: OP&: — Ox ®4 J. Due to
the A-linearity of ¢* and the fact that

ab + 9;(ab) = ¢;(ab) = ¢ (a)p; (b) = (a + 9;(a)) (b + U;(b)) = ab + (bd;(a) + ad; (b))

for local sections a, b of O 3, ¥, is an element of I'(X;, Ty ® 4 J), i. e. an (ordinary) A-linear
derivation with values in Oy, ® 4 J. -

Moreover, ¢; must respect the log structure .y, and be compatible with 3 . To this end,
the equalities ¢* oy = a g 0 ¢, gbb|MX = idand ay|,, = ax musthold.

Because of the second equality, we can write QZE = (14 6;) - id, where - is the free action
of 1+ Ox ®4 J on M and ©; is amap M 3 — Ox, ®4 J. We conclude from the fact
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that

(14 Oi(ab)) - ab = @ (ab) = &;(a)3; (D)
= (146;(a)) - (14 64(b)) - ab) = (1 + O;(a) + 6;(b)) - ab

(observe, that the target of ©; is a sheaf of groups) and from the A* -linearity of ¢” that

O, ¢ HomMon(MXj,OXi ®a J).

Let a be a local section of /\/l)g Then

ag (@) +ax,(a)O(a) = ay (a)(1 + Oi(a)) = ag (a)ag (1 + Oia))
az,(1+65(a) - a) = ag,(§}(a)) = §f(ag (@)

ag,(a) +Ji(ax,(a)),

where in the second equality we regard (’); as a submonoid sheaf of M 3.

Hence, ay,(a)O;(a) = ¥i(ax,(a)) and O;(c) = 0 for ¢ € A*, s0 ¥; := (¥;,6;) is an A-
linear log derivation with values in J, thus an element of I"(X;, T ® 4 J) and the collection
(9:)ier is a cochain in CO(U, Ty @4 J).

In order that the ¢; define a global automorphism ¢ they have to agree on the overlaps
Qa»j, thus fulfil ¢; = ¢;, which implies ¥; = ;. This shows that (¥;) is a cocycle in
CO (Xi, Ty ®4 J) and defines, due to the lack of coboundaries, a unique element ¥ €
HO(X,Tf ®a J).

Hence, the group of automorphisms of X over X is canonically isomorphic to the group
HO(X,Tf ®aJ).

Pseudo-torsor of liftings

In what follows, we will in the beginning strictly distinguish between /’\N,’ij and /\?ji as sub-
schemes of X; and )Ej, respectively. For elements interpretable as maps the indexing ij
corresponds in essence to their direction “from j to i” (i.e. from X to X, from Ox; to
Ox; etc.).

Assume that there exists a lifting fo: Xy — Spec A of f. By the uniqueness of log fs log
smooth liftings of affine log schemes (cf. proposition 2.3.3), any other lifting fis given by
the same open schemes X, = X, as Xo, but glued differently by automorphisms ¢;; on
their overlaps X;;. These satisfy ¢ij = 1+ i, where 1 denotes the identity on O
(which is the corresponding glueing morphism of Xp) and where 9;; € I'(X;;,Tf @4 J).
(Observe the index swap when passing from @;; to ¥;;.)

The relation ¢y géﬂcﬁ,;l =idp . has to be satisfied on A?ijk, which means that
ij

0= ﬁjk + 191‘3‘ — k.
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Therefore, the cochain (9;;) is a cocycle in C* (U, Tf ® 4 J) and thus represents an element
in the group H' (X, Ty ® 4 J) denoted [f — fol.

If we alter this cocycle by a coboundary, it still describes the same isomorphism class of
deformations: To see this, let 9}, := ¥;; + (9} — 9}), with (J;) € COU, Ty ®4 J) and let

f’ be the corresponding deformation. Then
(T +9i) (A +95) =14 (055 +95) = 1+ (9; +07) = (1 +9;)(1 + ),

i.e. there are locally defined automorphisms @,: X; — X; with @/ x, = ldx,, given by

~y %

@," =1+ v, and with the property that
95;‘ °Qj; = @;i o &}

Such a cochain of locally defined automorphisms (%}) describes just a global automorphism
&' X — X with @'| 5 = idx. Hence, f and f’ are isomorphic.

We conclude that the group G := H*(X,Tf ® 4 J) acts freely on the set of isomorphism
classes of liftings along e if this set is non-empty, making this set a G-pseudo-torsor. For

0 5 A — 0 the set of isomorphism classes of

the trivial extension €°: 0 — (¢) — Ale]
liftings over A is thus given by H' (X, Ty), with the trivial deformation fo := f Xspec 4

Spec Ale]? corresponding to zero. In particular, tpef,, = Defy, (k[e]?) = H' (X, Ty,).

Obstruction theory

Now we are going to calculate the obstruction for lifting f to f over A. To this end, we start
with a collection of deformations X; of the affine open subschemes &X; C X (which exists
uniquely up to isomorphism by 2.3.3) and an arbitrary cochain ($;;), where @, : é’?ij — ?Eij
is an automorphism which restricts to idx,; over A.

Then @7, ¢% ; ()~ = 1+ D41, with a cochain (9;;) € C*(U, T ® 4 J). Calculating
1= 354 (Bhs @i (B1) ) @507 (85005 (8 ) (Bhadin(@t) ™) (B3 (Bh) 1)
=1+ @;iﬁjkl((tﬁ;i)_l )+ Vi — Yk — Yije = 1+ g + P50 — it — Fiji,

we show that this cochain is in fact a 2-cocycle. If (@;j) is any other collection, then we
have 5% — ¢%, = o}, for a cochain (1J};) in CYU, Ty ®4 J); hence, ()t =
L4 igi, + 0%, + 055 — V4.

This means that the class o.([f]) € H*(X,Tf ®a4 J) defined by the cocycle (1) is
independent of the collection (;;) chosen, because two such cocycles always differ by a
coboundary. Moreover, o.([f]) vanishes exactly when there exists a collection with 9,5, =
0, and this is true if and only if a lifting f of f exists.

Since both assignments f — H2(X, Ty ®4J) and e — H?(X, Ty ® 4 J(e)) are functorial,
if we define H,([f]) := H*(X, Ty ®a J) and 0: Vper,, — O := HVDeffO H by the assign-
ment & € Vper,, (€) = oc(x) € H*(X,Tf ®4 J), then (H,0) is a complete obstruction
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theory for the deformation functor Def 4, in the sense of definition 2.1.21 of chapter 2. Due
to the fact, that by the projection formula for any small extensione: 0 — J — A — A — 0
we have H.([f]) = H?*(X,Ty ®4 J) = H*(X, Ty, ®c J) = H*(X,T},) Q¢ J, this
obstruction theory (H, 0) is linear; in particular, Hy := H.o(fo) = H*(X,T},) is a small

obstruction space for the functor Def ¢, in the sense of definition 2.1.19 of chapter 2.

Conclusion

4.2.1 Proposition ([19, 3.14]; cf. 2.3.4)
Let fo: X — Spec k be a log smooth log fs log scheme.

a) The tangent space of the deformation functor Def ¢, is H! (X, T¥,).

b) The vector space H?(X,T},) is the small obstruction space of a complete linear ob-

struction theory for the functor Def g,.

Lete: 0 — J — A — A — 0 be an extension of log Artin rings and let f be a lifting of f;

over A.

c) The group of automorphisms of a lifting f over A inducing the identity on f is
HY (X, Tr®a J).

d) The set of isomorphism classes of liftings of f over A is a pseudo-torsor under
HY (X, Tr®aJ).

e) The complete obstruction o,([f]) to lifting f over A is an element of the obstruction
space H*(X, Ty ®4 J).

4.2.2 Remark

This is proposition 3.14 in [19] (which we already cited in 2.3.4). It is incorrectly cited in
[17], where the author claims that for all extensions e as above the torsor of liftings and
obstruction space are HP(X,Ty) ®4 J, p = 1,2, respectively, with the ideal J standing
outside of the argument of the functor HP (X, - ). This is true for small extensions because
in this case J is a free A-module and the projection formula allows to “factor out” J. For

arbitrary extensions this is generally false.

Since fo: X — Speck is a log smooth and log integral morphism of log schemes by pro-
position 1.2.42, every log smooth lifting f of fo over A has the flat lifting f of fo over
A = v(A) as underlying morphism of schemes. Hence, there is an obvious forgetful
morphism Defy, — Defy,, corresponding to the inclusion T, C TY, (for a lifting f of
fo, to the inclusion T’ CiTi), where Def fo denotes the functor of log Artin rings of flat

deformations of fo over the underlying Artin ring, and we may conclude the following:
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4.2.3 Corollary
Under the A-linear map H? (X, Ty ®4 J) — HP(X, Ty ®a J)
a) an automorphism of a lifting f over fis mapped to its underlying automorphism of

fover i forp = 0.

b) the class [f — fo] of a lifting f of f is mapped to the class [f — fo] of its underlying

lifting f of f, for p = 1, whenever a lifting fo of fis given.

c) the obstruction o.([f]) of Defy, is mapped to the obstruction oc([f]) of Defy,, for
p=2.

4.2.2 Deformations of log symplectic schemes of non-twisted type

Before approaching the general case of a log symplectic scheme, we discuss the special case
of log symplectic schemes of non-twisted type and their deformations. Let fo: (X,w) —
Spec k be a log symplectic scheme of non-twisted type and recall the definition of its asso-
ciated T-complex T'p (w) and T-sequence t* from section 3.3.3.

Let f: (X,w) — Spec A be alog symplectic deformation of non-twisted type of (fo,w)/k,
lete: 0 — J — A — A — 0be an extension of A and f: (X, %) — Spec A a lifting of
(f,@)/Aover A.

Group of automorphisms

An automorphism ¢ of (f,)/.A which induces the identity on (f,@)/A is an automor-
phism of f, given by a cochain (9;) as in section 4.2.1 above, with the additional property
that ¢*(co;) = @;; hence,

0=a +9(w;) —w; = i(w;),
i.e. 0 = (—t=i)(0;). Therefore, (¥;) is a O-cocycle in the double complex C'*(U, 177 (w))
and, due to the lack of 0-coboundaries, uniquely defines a class in ]HO(Tf' (w) ®a J).
Using the identification 7' (w) = Q?I"[l] replaces the log derivations ¥; by 1-forms
T; := 1y, (tw;) with d7; = 0, defining a unique class in ]HO(_Q%L'[I] ®aJ).
Hence, the group of automorphisms of (X, @) over (X, w) is canonically isomorphic to
both HO(7'# () ®4 J) and HO (27 [1] ®4 J).

Pseudo-torsor of liftings

Let (fo,%0) be a lifting of (f, @) over A. Any other lifting (f, %) of (f,w) is given
(in relation to (fo, %)) by a cocycle (9;;) as before and a collection of elements u; €

rx;, QJ%) such that ©; = @y ; + w;, which implies
0=dw; = d(?ﬁo,i +u;) = dcog,; + du,.

Since dcog; = 0, this means that (—d)u; = 0.
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Moreover, we must have ©; = ga}‘i (@;), so

@o,i +ui = (14 935) (@0, + uy)

= @o,; + Vi () + uy,

which, since @ ; = @y ;, means that —u; + u; — %7 (9;;) = 0.

We can rewrite these conditions for the u; and the (9;;) as
a) 0= (—d)u,,
b) 0= (u; —u;) — (—t¥)(¥i;) and
c) 0=d(¥;).

Regarding the complex (7' (w), dr+), these three conditions combine to the single condi-
tion 0 = (d £ dr«)(u;,Y;;) which means precisely that the cochain (u;, ;) is a 1-cocycle
in 7' (w) and thus defines a class [(f, %) — (fo,%0)] € ]Hl(Tf'(w) ®aJ).

An alteration of the cocycle by a coboundary changes only the (¢;;) and therefore, as we
already know, not the deformation class. To conclude that the set of isomorphism classes
of deformations is a (pseudo) torsor under H*! (T (w) ®a4 J), we need to verify that every

lifting @ of w is a symplectic form.

Without further conditions @ induces the map
i.w: Ty — §2 7

of which we show that it is an isomorphism by looking at the stalks. To this end, let x € X;

and @, = @o , + Uy the germ of @ at x. Let o, be a germ in .QLT/.

By assumption . (¢ ) is an isomorphism. So there exists exactly one germ J, € T}, .
with 0, = i5,(@0,4). Also, for the 1-form is, (u,) € (Q}O ® J)y = _legw ® J, there
exists exactly one germ 8, € (T ® J), = T}, , ® J with —is, (ugz) = ig, (@o,z). Then
i5, 48, (W) = 15, (Do,2) + 15, (Uz) + i, (Do) + i, (Uz) = 15, (D0,2) = T

This means that any lifting @ of w induces an isomorphism. This corresponds to the fact
that units in the ring of regular functions always lift to units.

Using the identification 7' (w) = 9?1"[1] replaces the log derivations ¢;; by 1-forms
Tij i= iy, (w;j) with 0 = (d= (—d))(us, 7;;), defining a unique class in H* (Q%l" 1]®a4J).
We conclude that the group G := H' (T (w) ®4 J) = ]Hl(Q?l"[l] ®4 J) acts freely on
the set of isomorphism classes of liftings along e if this set is non-empty, making this set
a G-pseudo-torsor. For the the trivial extension €’: 0 — (¢) — A[g]® — A — 0 the set
of isomorphism classes of liftings over A[]” is thus given by H'(T?) = H' (275°[1]). In

!
particular tper , = Def (g, w)(x[e]?) = H(T?) = ]HI(Q?OL'[l]).
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Obstruction theory

We are now going to calculate the obstruction to lifting (f, w)/.A to (f,%)/.A along the
extensione: 0 — J — A — A — 0. We start from a cochain ©i; as before and additionally

a cochain of 2-forms @; € I'(X;, “Q)Qﬂz) with the property that ;| ;. = ;. Then, as before,

we have elements 9;;;, satisfying the corresponding equalities as above. Additionally,
a) @;z(@]) — ’(%1 = U4y and
b) (=d)@i = o

apply, with u;; € I'(X;;, .QJ% ®4 J)and g; € I'(X;, _Q? ®a4 J).
We can directly see that

hence, 0 = (9; — 0;) — (—d)uy;.
We calculate in two ways
(Piw; — @i) + @5 ((Pry @k — @5)) — (Pr@r — @i)
= wij + &5 (ujn) — wik
= Ujk — Ugk + Uiy

and

= [(1 4+ Dijr) (Priwor) — Pritox]
= 41 (wr),
from which we conclude that 0 = (ujr — wik + uij) + (—t%%) (F4k)-

Considering (o;,u;;,;;x) as a 2-cochain in the double complex C'* (U, T (w)®aJ), these

three conditions are equivalent to
(d + drp+)(0i,uijvijr) =0,

which makes (;, uij, ¥i;1) a 2-cocycle in C'*(U, T (w) ®4 J) and thus defines a class
oc([f, @]) € H* (T (w) ®a J).
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If (&) > w}) is any other collection, then we have, as before, @;”; — @;‘2 = 19;]» for a cochain
(97;) in CY(U, Ty @4 J); hence, G ()t = 14+ Vi + 0y, + 9} — U}y, Moreover,

&' — ¢; = u/, for a cochain (u}) € C°(U, 27 ®a J), hence
Gri(@)) — @i = wij + ) — up + 9j;(wy) = wig + (uj — up) — (=t7) ()

and (—d)@} = o; + (—d)u.
This means that the class o.([f,@]) € H*(X,T/(w) ®a J) defined by the cocycle
(0i,uij,Vijk) is independent of the collection (@;;, @;) chosen, because two such cocycles
always differ by a coboundary (d + dre)(u/, ;)- Moreover, o.([f,@]) vanishes exactly
when there exists a collection with ¢; = 0, u;; = 0 and 9;;;, = 0, and this is true if and
only if a lifting (f, @) of (f, @) exists.

Setting H.([f,@]) := H*(X,Tf(w) ®4 J) and o: Vbet )0y — O = HVDef(fo,w) H
(e,x) = oc(x), defines a complete linear obstruction theory (H,0) for Def y, ., where
again by the projection formula for any small extension e: 0 — J — A — A — 0
we have H.([f]) = HQ(X7Tf'(w) ®a J) = HQ(X,Tf;(w)) ®q J; in particular, Hy :=
Ho([fo,w]) = H?(X, T (w)) is a small obstruction space for the functor Def , ).
Using the identification 7' (w) = ()le"[l] replaces the log derivations ¥;;;, by 1-forms
Tijk = t9,;, (wi) with 0 = (d £ (—d))(s, wij, Tiji), defining a unique class o.([f, w]) in
H2(27"*[1] ®4 J).

Conclusion

In the above section we have proven the following:
4.2.4 Proposition
Let fo: (X, @) — Speck be a log symplectic scheme of non-twisted type.

a) The tangent space of the functor Def , .y is H! (T (w))-

b) The vector space H? (T'# (w)) is the small obstruction space of a complete linear

obstruction theory for Def s, ).

Lete: 0 — J — A — A — 0 be an extension of log rings and let f: (X, w) — Spec A be
a lifting of (fo,w)/k over A.

¢) The group of automorphisms of a lifting f: (X, %) — Spec.A inducing the identity
on (f,w)/Alis IEIO(Tf°(w) ®aJ).

d) The set of isomorphism classes of liftings ( 1, %)/ A is a pseudo-torsor under the
additive group H' (T (w) ®a4 J).

e) The complete obstruction o, ([f, @]) to lifting is an element of the obstruction space
H* (TP (w) ®a4 J).
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Given a log smooth deformation f: X — Spec T of fy, we conclude from the above calcu-
lations, by putting all 97 = 0:
4.2.5 Proposition

a) The tangent space of the functor Def,, s is H%( ?02” [2]).

b) The vector space IEIl(Q‘?OQ"[Q]) is the small obstruction space of a complete linear
obstruction theory for Def ;.
Lete: 0 — J — A — A — 0 be an extension of log rings and let w/.A be a lifting of w

over A.

¢) The group of automorphisms of a lifting %/.A inducing the identity on /A is trivial
by definition (and can be identified with ! (Q?AQ" 2] ®4 J)).

d) The set of isomorphism classes of liftings o/ A is a pseudo-torsor under the additive
group IHO(_QfZAQ"M ®aJ).

e) The complete obstruction o.(w) to lifting is an element of the obstruction space
>2,0
(27272 @4 ).

Moreover, we may link the maps in the long exact cohomology sequence associated to the

short exact sequence of complexes
t7:0 = QFP*1] = T (@) — Ty[0] = 0

to the two morphisms of functors Def y, .,y — Def s, and Defw“; — Def (4, o) (for a lifting
f: X — Spec A of f) by the following corollaries:

4.2.6 Corollary

Under the A-linear map H?(T'? (w) ®.4 J) — HP (X, Ty ®4 J)

a) an automorphism of a lifting (f, @) over (f,w) is mapped to its underlying auto-

morphism of f over f, for p = 0.

b) the class [(f, @) — (fo, @0)] of a lifting (f, @) of (f,w) is mapped to the class of its
underlying lifting f of f, for p = 1, whenever a lifting (fo, @) of (f, @) is given.

c) the obstruction o ([f,@]) of Def y, .,) is mapped to the obstruction o ([f]) of Def ,,
for p = 2.
4.2.7 Corollary
Given a lifting (fo, @) of (f, @),
a) any automorphism of ©( over w is the identity.

Under the A-linear map IHP(Q?Q"[Q] ®aJ) = HV (T} (w) ®a J)

b) the class [&0 — @) of a lifting @ of @ is mapped to the class of the lifting (fo, @) of
(f,w), forp=1.
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c) the obstruction oc(w) of Def 7 is mapped to the obstruction o ([f, ]) of Def f, ..
for p = 2.

Regarding the A-linear map t%: H' (X, T ®4 J) — ]Hl(.QJ?Q"[Q] ®4 J) induced by t%,

d) a lifting @ of w exists on a lifting f of f if and only if the class | f- fo] lies in the

kernel of t=.

Equivalently, under the pairing H' (X, Ty ®4 J) x IEIO(Q?Z'[Q]) — IEIl(QfZ27‘[2] ®aJ)
induced by T’y x Q?Q"[Q] — 9?2”[2], (0,u®) — V(u®), the classes [f — fo] and [co] pair

to zero.

Proof: For d), let [f — fo] be given by the 1-cocycle (7;;) in Tj ® 4 .J. We have the following

chain of equivalences:

(F — o] € Ker(t=)
& (t71(¥45)) = (V45(w;)) is a coboundary in C (U, 0?2”[2])
& (—dusyu; — ) = (d+ (~d))(w:) = (0,T5(=1))
for a cochain (u;) € C°(U, 9?2"[2])
& (ui,94) is a 1-cocycle in C'* (U, Tr)
& (ui,9;;) defines the class [(f, %) — (fo, @0)] of a lifting (f, @). 0O

4.2.8 Remark
If fo: (X, @) — Spec k is a log symplectic scheme of non-twisted type and if f: (X, @) —
Spec A is a lifting of (fy,w)/k over A, then by means of the isomorphism 7. (w) (respect-

ively, 7. (zw)) we may replace

a) the sheaf T, with the sheaf Q}O (respectively, the sheaf 7'y with the sheaf lec) in
proposition 4.2.1 as well as in the corollaries 4.2.6 and 4.2.7.

b) the complex 7' (w) with the complex Q?Ol” (respectively, the complex 7' (ww) with
the complex Q%l") and the map ¥ with the map d (respectively, the map t¥ with
the map d) in proposition 4.2.4 and the following corollaries 4.2.6 and 4.2.7.

4.2.3 Log smooth deformations of log schemes with line bundle

Let fo: (X,L) — Speck be a log smooth log scheme with line bundle and recall from
section 3.1.2 the definition of the log Atiyah module Ay, (L) and the log Atiyah extension
dlog(L) associated to [L]. Refine the open affine covering i = {X; },.; of X in such a way
that it trivialises L.

Let f: (X,L£) — Spec.A be a log smooth deformation of (fo, L)/x over A. We choose
a Cech-1-cocycle in O% corresponding to the class [£] € Pic(X) and denote it by (F;).
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Lete: 0 — J — A — A — 0 be an extension and let f: (X, £) — Spec A be a lifting
of (f,£)/A over A. Then L is given by its restrictions £; := L] %, = Oy, together with
transition maps L;| 3, — L;| Fn

These transition maps are given as follows: Before one passes from L] %, to Li| %, by
means of a multiplication with a unit~ﬁ'ij el (.)E'ij, (9;2), one has to pass from L;| %, to
L X, by means of ¢7;, glueing the X;; together. Hence, altogether, we have a transition
map

. N 5 o
Fij-@5i(+): Ljlg, = Oz, = Ljlg, =0, — Lilg, = 0%

ij "

Restricted to X, this transition map must become the corresponding transition map of £,

i.e. we must have F;; = Fm | v, and they must satisfy the cocycle condition
ij

Observe that we have a short exact sequence
1%1+0/y®,4j%0;§~>@§(~>1

with 1+Ox ® 4 J acting freely on (’)AX?. The calculations made in what follows are analogue

to those in section 3.3.3 in [32].

Group of automorphisms

An automorphism of (f, £)/A which induces the identity on (f, £)/A is given by a cor-
responding automorphism ¢ of fanda compatible automorphism ¥ of L. The former is
given on each X; by ¢; =14 9; withJ; = ¥; on &j;.

If the automorphism » happens to be the identity on X, then the latter automorphism v of
E, which induces the identity on L, is given on .)EZ by multiplication with a unit of the form
F, =1+ gi, where g; € I'(X;, Ox ®4 J), such that it is compatible with the transition
maps, i.e. Fijﬁ j = Fiﬁij. In the general case the non-trivial automorphism ¢ has to be

joined in, so that F; F; = F;p¥(Fj;). We calculate

0= F;F; — Fig;(Fy) = Fyj + Fijg; + Fijgi; — Fyj — 9:(Fij) — Fijgi — Fijgi;
= Fij9; — Fijgi — 0:(Fyj),

9i(Fij) _
thus 0 = 9; — G9i — % =95 —9i — ﬂllong on le
This calculation shows that the cochain (g;,9;) is a cocycle in C°(U, A;(L) ®4 J) and
thus defines a class in H O(Af (£)) which in turn uniquely determines the cocycle due to

the lack of 0-coboundaries.

Hence, the group of automorphisms of (X, £) over (X, L) is canonically isomorphic to
HY(A;(L)).
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Pseudo-torsor of liftings

Let (fo, £o)/A be a lifting of (f,£)/A and let (f, £) be another lifting. As the transition
maps Fo,ij and Z:"ij of both deformations restrict to Fj; on X, we have an equality Fij =

Foi5(1+ gij) with g;; € I'(Xij, Ox ®4 J). Calculating

1= Fy;@5(Fi) Fipt
= Fo,ij(l +9i5) (1 + ﬁij)(ﬁo,jk(l + gjk))(FO,ik)il(l — Gik)
=1+ (gij +Vi;(Fjx) + gjr — gir)

shows that

0= gjr — gir. + gij + Vijlog Fiy,
which means precisely that the cochain (g;;,7;;) is a 1-cocycle in C' (U, A; (L) ® 4 J) and
defines a class [(f, £) — (fo, Lo)] € H' (Af(L) ®4 J).
If we alter this cocycle by a coboundary, it still describes the same isomorphism class of
deformations. To see this, let (g;;,9};) := (gij + (9} — 9;), Vi + (95 — 7)), with g} — g} —
¥;log Fi; = 0. We know already from the earlier calculations that this does not affect the
isomorphism class of f. Let £ be the line bundle defined by the Fi’j = FZ% (1+g;;) and put
Fl:=(1+g)e F()E'i,o;). Since we have

FE, =1+ g)ES(1+ (955 + g, — 91))
Fj} + Fij9; + Fijgij + Fijg; — Fiyg;

0
= Fjj + Fijgi; + Fij;
= Ff} + Fijgij + Fij9i;(1) + Fy;

= Fyj05:(Fj),

the local multiplications with the Fl' form an isomorphism £’ — L. Hence, the class
[(f, £) = (fo, Lo)] defines the isomorphism class of (f, £) uniquely.

We conclude that the group G := H'(X, Af(L)) acts freely on the set of isomorphism
classes of liftings along e if this set is non-empty, making this set a G-pseudo-torsor. For the
trivial extension €°: 0 — (¢) — A[e]° — A — 0 the set of isomorphism classes of liftings
over Ale]” is thus given by H' (X, A;(L)). In particular tDef ;1) = Def 4, 1)(k[e]?) =
HY(X, Ay, (L))

Obstruction theory

We are now going to calculate the obstruction to lifting (f,£)/A to (f,£)/A along the
extension e: 0 — J — A — A — 0. To this end, we look at an arbitrary collection
(¢ij, Fij), where Fi; € (X, (9;_ ) is an invertible regular function on the lifting X;; of
X,

35> which restricts over A to Fj;; the ¢;; are as above.
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Let the cocycle (¥;51) in C?(Ts ® J) represent the obstruction to lifting f over A. Addi-
tionally, there exist elements g;;r € I'(X;j, Ox ® 4 J) such that

Fy @5 (Ej) Fit = 1+ gigi.
We calculate the following expression in two ways. Firstly,

G (Finr (Fe) Fi ') - (Fura(Fe) Fy )™ (B (B0 B Y - (Fiy @5 (Fin) Fg ) ™1
= &% (Frt) - Gri(Fr) ™" = @80, 8ni " Bri(Fra) - Bra(Frt) ™"
= (14 t04%) @i (Fa) - Poa (Fra) ™

Dk (i (Fra))

=14 JE Pk
S (Frr)

=1+ ’l%jklongl.

Secondly,

G (Finri (Fe) Fi ') - (Fura(Fe) Fy )™ (B (B0 B Y - (Fiy @5 (Fin) Fg ) ™1
= @5+ gjr) - (L4 gir) ™ - (L +gijt) - (14 giji) ™"
= (14 gjr) - (L= gar) - (L + gije) - (1 — gijw)
=1+ (gjrr — Gir1 + Giji — ijk)-

In conclusion,

0= gjri — i1 + Giji — Gijr — Vijrlog Fri,
thus the cochain (g;jx,¥;;1) defines a cocycle in C?(U, A;(L) ®4 J); hence, a class
0c([f, £]) € H*(X, Ap(L) ®4 ).
If (77, 1:"1’]) is any other collection, then we have, as before, 5 — p%; = 9}, for a cochain
(97;) in CY(U, Ty ®4 J); hence, P om (D) Tt = 14+ Vi + Uy, 4+ 97 — U}y, Moreover,
F{j = Fy;(1+ g;;) for a cochain (g;;) € C'(U,0x ®4 J); hence, FZ’J@;’;(FJ’,C)FZ”CA =
L+ giji + gi; + g1, — 9ig, + Vijlog(Fik).
This shows that the class o.([f,£]) € H?(X,A;(L) ®4 J) defined by the cocycle
(9ijk, Viji) is independent of the collection (;;, Flj) chosen, because two such cocycles
always differ by a coboundary d((gz’j, U;;)). Moreover, o.([f, L]) vanishes exactly when
there is a collection with g;;5 = 0 and ¥J;;;, = 0, and this is true if and only if a lifting
(f, L) of (f, L) exists.
Setting H.([f,L]) := H*(X,A;(L) ®4 J) and o: Vbet .y — O = HVDcf<f0,L> H
(e,2) + 0c(x), defines a complete linear obstruction theory (H, o) for Def 4, 1), where
for any small extension e: 0 — J — A — A — 0 we have H,([f,£]) = H*(X, A;(L)®a
J) = H*(X, Ay, (L)) ®c J; in particular, Hy := H.o(fo, L) = H*(X, A, (L)) is a small

obstruction space for the functor Def y, 1.

Conclusion

In the above section we have proven the following:
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4.2.9 Proposition
Let fo: (X, L) — Spec k be a log smooth log scheme with line bundle.

a) The tangent space of the deformation functor Def (y, 1) is H*(X, Ay, (L)).

b) The vector space H?(X, A, (L)) is the small obstruction space of a complete linear
obstruction theory for the functor Def ¢, ).

Lete: 0 — J — A — A — 0 be an extension of log Artin rings and f: (X, £) — Spec A
a lifting of (fo, L)/k over A.

c) The group of automorphisms of a lifting f (X, L) — Spec A inducing the identity
on (f,L£)/Ais HO(X, Af(L) ®4 J).

d) The set of isomorphism classes of liftings of (f, L)/.A over Alis a pseudo-torsor under
HY (X, Af(L) ®4 J).

e) The complete obstruction o.([f, L]) to lifting (f, L)/A over A is an element of the
obstruction space H%(X, Af(L) @4 J).

Given a deformation f: X — Spec7T of fy, we may conclude from the calculations above,
by putting all ¥; = 0:
4.2.10 Proposition

a) The tangent space of the functor Def s is H' (X, Ox).

b) The vector space H?(X,Ox) is a the small obstruction space of a complete linear
obstruction theory for Def, ;.
Lete: 0 = J — A — A — 0 be an extension of log rings and let £/.A be a lifting of L

over A.

¢) The group of automorphisms of a lifting £/.A inducing the identity on £/A is
HO(XA,OXA R J).

d) The set of isomorphism classes of liftings £/.A is a pseudo-torsor under the additive

group HY (X4, 0x, @1 J).

e) The complete obstruction o.([£]) to lifting is an element of the obstruction space
H2(X,0x, @7 J).

Moreover, we may link the maps in the long exact cohomology sequence associated to the

short exact sequence of O x-modules
dlog(L£): 0 =+ Ox = Af(L) > Ty =0

to the two morphisms of functors Def ¢, ) — Def s, and Def ;|  — Def 5, 1 (for a lifting
f: X — Spec Aof f) by the following corollaries:
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4.2.11 Corollary
Under the A-linear map H?(X, Ay (L) ®4 J) = HP(X, Ty ®4 J)

a) an automorphism of a lifting (f, £) over (f, L) is mapped to its underlying auto-
morphism of f over f, for p = 0.

b) the class [(f, £) — (fo, Lo)] of a lifting (f, £) of (f, L) is mapped to the class of its
underlying lifting f of f, for p = 1, whenever a lifting ( fo, Lo) of (f, £) is given.

c) the obstruction o.([f, £]) of Def y, 1) is mapped to the obstruction o.([f]) of Def,,
for p = 2.

4.2.12 Corollary
Given a lifting (fo, £o) of (f, £), under the A-linear map

HP(X,OX ®a J) — HP(X,Af(E) ®a J)

a) any automorphism v of a lifting £ over £ is mapped to the automorphism (id, 1) of
(fo, L) over (f, L), for p = 0.

b) the class [£ — L] of a lifting £ of £ is mapped to the class of the lifting (fo, £) of
(f, L), forp=1.

c) the obstruction o([£]) of Def z is mapped to the obstruction o ([f, £]) of Def ¢, 1),
for p = 2.

Regarding the A-linear map - log(L): H'(X,Tf ®4 J) — H*(X,0x ®4 J) induced by
-log(£),

d) a lifting £ of £ exists on a lifting f of f if and only if the class [f — fo] lies in the
kernel of - log(L).

Equivalently, under the pairing H' (X, Ty ®4 J) x H'(X,0%) — H*(X,0x ®4 J)
induced by T x O% — O, (0,u) ~ Vlog(u), the classes [f — fo] and [£] pair to zero.

Proof: For d), let [f — fo] be given by the 1-cocycle (¥;;) in Ty ®4 J. The element
[f — follog([£]) is the class of the 2-cocycle (9;;1og F},) = (iy,,(dlog Fj))in Ox ®4 J,

thus we have the following chain of equivalences:

[f = Jo] € Ker(- log(£))
& (ig,,; (dlog Fj1)) = (gjx — gir + 9ij) for a cochain (g;;) € CHU,0x)
< (gij,9:5) is a 1-cocycle in Ay (L)
& (gij,9:;) defines the class [(f, £) — (fo, Lo)] of a lifting (f, £). 0



4.2. OBSTRUCTION THEORY OF LOG SYMPLECTIC DEFORMATIONS 91

4.2.4 Log smooth deformations of log schemes with flat log con-

nection

Let fo: (X, V) — Spec & be a log smooth log scheme with flat log connection V = (V, L).
Then the log Chern classes dlog(L) of [L] and dlog(L) of L are trivial, which means that
the log Atiyah sequence dlog(L): 0 — Ox — Ay, (L) — Ty, — 0 splits. In particular
Ay (L) = Ty, ® Ox. Accordingly, for a lifting f: (X, A) — Spec A of fy over A with
A= (A,L)wehave A¢(L) =Ty @ Ox.

4.2.13 Remark

Due to these splittings, we may replace H?(Ay, (L)) with H?(X,Ty,) ® H?(X, Ox) (re-
spectively, HP(A¢(L) ® 4 J) with H?(X, Ty ® 4 J) @ HP(X,Ox ®4 J)) in proposition
4.2.9 and in the corollaries 4.2.11 and 4.2.12.

4.2.14 Corollary

Let fo: (X, V) — Spec & be a log smooth log scheme with flat log connection. Let e: 0 —
J = A — A — 0 be an extension of log Artin rings and let f: (X, A) — Spec.A be a
lifting of (fo, V) over A.

a) For any lifting fof fover Aa lifting £ of £ over A exists on f, i.e. the obstruction
0c([L]) of Def | ; vanishes.

b) The obstruction o.([f, £]) of Def 4, 1) vanishes if and only if the obstruction o.([f])
of Defy, does.

Proof: If a lifting fo of f over A exists and if f is any such lifting, then by 4.2.12, the ob-
struction o ([L]) of Def | = vanishes if and only if | f — fo) lies in the kernel of the A-linear
map - log(L): H' (X, Ty ®4 J) — H?*(X,0x ®4 J) which, due to the splitting of the
log Atiyah sequence, is the zero map. This shows a). By 4.2.11, the vanishing of o.([f, £])
implies that of o, ([f]). If on the other hand o.([f]) = 0, then a lifting f of f exists. By a),
there exists also a lifting £ of L on X, thus o, ([f, £]) = 0. |

Let fo: (X,V) — Speck be as above and recall from section 3.2.1 the definition of the
log Atiyah complex A} (V) and the log Atiyah extension dlog®(V) associated to V. Let
f: (X, A) — Spec A be a lifting of (fy, V)/x over A, choose a discrepancy cocycle in
Q;" corresponding to the class [A] € LConn( f) and denote it by (d;, Fj;).

Lete: 0 — J — A — A — 0 be an extension and let f: (X, A) — Spec A be a lifting
of (f,A)/ A over A. Then A is given by transition functions Fj; as above and discrepancy

forms LL which restrict on X" to F;; and d;, respectively, and such that
a) 1= F;@5(Fr)Fyt
b) 0 =d; — d; — dlog F;; and

) 0= dd,.
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Observe that we have a short exact sequence
O—>Q;®AJ—>Q;”—>(2;"—>O,

where the left morphism injects Ox ® 4 J as 1 + Ox ®4 J into (’):? in degree 0.

Group of automorphisms

An automorphism of (f, A)/ A, where A = (£, A) which induces the identity on (f, A)/.A
is given by a corresponding automorphism ¢ of ( f. £~) which is compatible with A Itis
given by a global section o € H(Af(L) ® 4 J), represented by a cocycle o = (g;,V;).
Then @] = 1+ 9;, with J; = ¥, on X”, defines an automorphism ¢; of f|, and the
multiplication with F =1+ ¢; an automorphism of L; with 0 = 9; — gi — U;log Fjj.
In addition, to be compatible with A, the data must satisfy the condition F;¢*(A;(s)) =
A;(F;p:(s)) for any local section s of £;. We calculate

Figi (Ais)) — Ai(Figi (5))
= (1+g0) (1 +9:)((d + dy)(5)) = (d+ di) (1 + g:) (1 + 0:)(s))
= ds + [0:(d(s)) + 0:(d; r 5) + gids + d; n 5]
—ds — [d; n s+ dVi(s) + d; a0 (s) + d(gis)]
= [0;(di rs) — d; AY;i(s) — dgi r 8]
= [i(di) ns — dgi ns]
—d(gi — iy, (di)) A5 = —da(gi, Vi) ns,
so the additional condition implies that the cochain (g;, ;) is a 0-cocycle in the double
complex C'*(U, A#(A) ®4 J). Due to the lack of coboundaries in degree 0, this cocycle
uniquely determines a class in H’(A?(A) ®4 J).

Hence, the group of automorphisms of (X', A) over (X, A) is canonically isomorphic to
HO(A7() @4 J).

Pseudo-torsor of liftings

Let (fo,Ao)/A be a lifting of (f, A)/A and let (f, A) be another lifting, with Ay =
(Lo, Ag) and A = (L, A). As the discrepancy cycles (Fp ij, do ;) and (Fj;,d;) of both de-
formations restrict to (F;;, d;) on X, we have equalities ﬁ'ij = Foﬂ-j (14g;;) and d; — azo’i =
v; with gij € F(Xij,o/y ®a J) and v; € F(Xi, Q} ®a J).
Since A is flat by assumption, we have, for any local section s of £~i,

= Ai(Ai(5)) = (Ao +vi)(Aoi + vi)(s))
= Ay (A~ i(s)) +Vz/\A01( )"’ANOi(Vi/\S)
=0+ [ AOZ +d1/7/\571/1/\A01() = dy; A s,

which implies 0 = dv;.
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On X;; we must also have A;(s) = o (Fji A (@;Z(ﬁ}]s))) for any section s of £;;, so

ds+doins+vins = Agis+vins = Ay(s)
= Fy03:(A;(Fjiii(s)))
= Fyy @3 (Fjo)@5:(A5(55(9))) + Fiyd(@5:Fyi) s
= 25:(4;(25;(5))) — dlog(Fyj) ns
= ¢5:(A0j(&5;(5)))ds + v s — dlog(Fy i) ns — dgij ns
=ds+dojrs+0i(doj) A8+ v as — dlog(Fyij) s — dgij ns

=ds + (’i()’i NS — d(gz] - 1"191;]‘ (d]))s + Vjs’

and we conclude 0 = (v; — v;) — da(gij, Vij)-

By assumption, (fo, £o)/A and (f, £)/.A are log smooth liftings of (f, L)/ A, so (gij, Ji;)
is a 1-cocycle in C* (U, A;(L)).

Therefore, the chain (v;, (i, 9;;)) is a cocycle in C'*(U, A} (A) ®4 J) and defines a class
[(f, A) = (fo, Ao)] € HL (X, AP (A) @4 J).

If we alter this cocycle by a coboundary, it still describes the same isomorphism class of
deformations: To see this, let (v}, (g;;,U5;)) == (vi +dg;, (gi + (9; — 95), Vij + (9] —V))))
with (g;, ¥}) a O-cochain in C'*(A} (L, A)), i.e. with 0 = g} — g; — ¥J;log fi;. We already
know that this does not affect the isomorphism class of the log smooth log scheme with
line bundle (f, L)/A. Let A’ be the flat log connection defined locally as A} = Ag ; + v} =
A; +dg; andput F! :=1+ g, € I'(X, O%). Then

showing that the £ define an isomorphism A’ — A. Hence, the class [(f, A) — (fo, Ao)]
defines the isomorphism class of (f, A) uniquely.

We conclude that the group G := H! (X, A?(A) ®4 J) acts freely on the set of isomorph-
ism classes of liftings along e if this set is non-empty, making this set a G-pseudo-torsor. For
the trivial extension €°: 0 — (g) — A[e]° — A — 0 the set of isomorphism classes of lift-
ings over A[¢]® is thus given by H* (A} (4)). Inparticular, tpet , o, = Def(s, v) (k[e]°) =
H'(A (V).

Obstruction theory

We are now going to calculate the obstruction to lifting (f, A)/A to (f, A)/A along the
extension e: 0 — J — A — A — 0. To this end, we look at an arbitrary collection

(Pij, Fij, czz) where d; € F()EZ—, .Q;‘i) are forms which restrict over A to d;; all other

notations are as above.
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We have

a) 5h P = 1+ Vg,

b) Fii@t(Fin)Fyt =1+ gijks

where the 9,5, and g;;1, are as before, v;; € I'(X;;, _Qf ®a J)and k; € T'(X;, Qf ®a J).

In particular, the conditions
Virr — Vigt + Vi1 — Vije = 0 and gjxr — Girt + it — Gijk = Vijrlog Fiy

are satisfied.

Reformulating the last two conditions c) and d), we get
) cﬁjl(dj) — dlog Fij —d; = v;; and
d’) dd; = k;.
Applying d to both sides gives 0 = dk; and 0 = k; — k; — dv;; for all 4, j.

Abbreviating ¢* := 7, ¢}, ]@Z[l, we calculate on the one hand

¢ (di) = (1+ Vijn)di = d; + Vi (dy)
and on the other hand

¢*(di) = ¢" (Pri(dr) — dlog Fyy — vir,)
= &5k, (dr) — &" (dlog Fix) — vy
= @1;(dj + dlog Fji + vji) — (14 ij1.) (dlog Fix) — vix
=@(d;) + leg(sZ;i(F'k)) — dlog Fiy, — Vyjx(dlog Fiy,) + vjk — Vi)
= d; + dlog Fy; + vij + dlog(},(Fj)) — dlog Fix — yjx(dlog Fix) + vjk — Vik
= d; + dlog( zg‘Pﬂ(ij)le> = Diji(di) + Vigi(di)) + vi — vie + vij
=di + Vi (di) + dgijr — Vijr(dr) + Vi — vik + vij
=d; + Vijr(di) + d(gijr — 9, (dy)) + (Vjk — vik + Vij).
It follows that
0= (Vjk — vik + vij) + da(Giji, Yiji)-
This, together with dr; = 0, d(k;) — d(vi;) = 0 and d(gi;x, Vi) = (0,0), shows that the
collection (i, Vi, (gijk, Jijx)) is a 2-cocycle in the double complex C'*(U, A (A) ®4 J)
and thus defines a class o.([f, A]) € H*(A7(4) ®4 J).

If (@}, F!. s d") is any other collection, then we have, as before, @l — s = v}, for a cochain

(ﬁgj) € Cl(U,Tf ®4 J), thus @;’Z@E} (G =14 Vijn + 19;% + 19§j — 9}, Moreover,
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Fi’j = Fj(1 + gi;) for a cochain (g;;) € CYU,Ox ®4 J), thus szjgégj(ﬁ';k)ﬁ'i/;l =
L+ gije + gi; + g}k — gi, + Vi;log Fji. Finally, we have A} = A; + v; for a cochain
(V) € CO(U, 2y @4 J) so that

FLai (A (Fei ) — A

= Fij(1+ gij) (@5 +03) (A, + V) (Fja(1+ g50) (85 + 95 () = Ai = v

= ~ij¢;i(jj(ﬁji¢rj( N)) = Ay — Vi + Fiigij Ai(Fyi(-)) + Fij0i; A5 (Fji( )

+ Fivy n(Fji) + Fij A (Fjigsi -) + Fij 45 (Fji(95,)(+))
= vij + (vj = vj) = d(gi; — i9,,(d;))

and A/(AL(-)) = k; + dv;.

This means that the class o.([f, A]) € H?(X, Af(L)® 4 J) which is defined by the cocycle
(Ki, Vij, (Gijk, Vijk)) is independent of the collection (@, F‘ij, J,) chosen, because two such
cocycles always differ by a coboundary (d & d4)(v/, (9i;,U3;))- Moreover, o.([f, A]) van-
ishes exactly when there exists a collection with x; = 0, v;; = 0, gi;x = 0 and 95, = 0,
and this is true if and only if a lifting (f, A) of (f, A) exists.

Setting H.([f,4]) := H*(X,A}(A) ®4 J) and o: Vbetjy v — O = HVDef<f0,v)
(e,2) = 0c(x), defines a complete linear obstruction theory (H,0) for Def 4, 1. In par-
ticular, Hy := H.o(fo,V) = H?(X, A} (V7)) is a small obstruction space for the functor
Def 4, v).

Conclusion

In the above section we have proven the following:

4.2.15 Proposition
Let fo: (X, V) — Spec & be a log smooth log scheme with flat log connection.

a) The tangent space of the functor Def 4, ) is H* (A7 (V).

b) The vector space H?(A ;O(V)) is the small obstruction space of a complete linear

obstruction theory for the functor Def s, v).

Lete: 0 — J — A — A — 0 be an extension of log Artin rings and let f: (X, A) —
Spec A be a lifting of (fo, V') over A.

¢) The group of automorphisms of a lifting f: (X, A) — Spec A inducing the identity
on (f,A)/Ais ]HO(A]?(A) ®aJ).

d) The set of isomorphism classes of liftings of (f, A)/.A over A is a pseudo-torsor
under the additive group H* (A7 (A) ®a ).

e) The complete obstruction o, ([f, A]) to lifting (f, A)/.A over A is an element of the
obstruction space H? (AF(A) ®a J).
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Here, the direct sums are induced by the natural splitting of the log Atiyah sequence coming
from the flat log connection V, respectively, A.
Given a deformation f: X — SpecT of fi, we may conclude from the calculations above,
by putting all ¢; = 0:
4.2.16 Proposition

a) The tangent space of the functor Def v ; is H* (£2¢8).

b) The vector space ]HQ(QJ?0 ) is a the small obstruction space of a complete linear ob-
struction theory for the functor Def v/ .
Lete: 0 — J — A — A — 0 be an extension of log rings and let A/ A be alifting of V

over A.

¢) The group of automorphisms of a lifting A/A inducing the identity on A/A is
HO (2 2, ®rJ).

d) The set of isomorphism classes of liftings A / A is a pseudo-torsor under the additive
group H'(27 @1 J).

e) The complete obstruction o.([4]) to lifting is an element of the obstruction space

H2 (27, ®r J).

Moreover, we may link the maps in the long exact cohomology sequence associated to the

short exact sequence of complexes
dlog®(A): 0 — 27 — A}(A) =Ty =0

to the two morphisms of functors Def s, ) — Def, and Der|f~ — Def(y, v) (for a
lifting f: X — Spec A of f) by the following corollaries:

4.2.17 Corollary
Under the A-linear map HP (A} (A) ®4 J) = HP (X, Ty ®4 J)

a) an automorphism of a lifting (f, A) over (f, A) is mapped to its underlying auto-
morphism of f over f,for p = 0.

b) the class [(f, A) — (fo, Ao)] of a lifting (f, A) of (f, A) is mapped to the class of its
underlying lifting f of f, for p = 1, whenever a lifting ( fo, Ag) of (f, A) is given.
c) the obstruction o, ([f, A]) of Def 4, 1) is mapped to the obstruction o, ([f]) of Def ,,
forp = 2.
4.2.18 Corollary
Given a lifting (fo, Ag) of (f, A), under the A-linear map

HP (027 @4 J) — H(AF(A) @4 J)
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a) any automorphism ¢ ® of a lifting A over A is mapped to the automorphism (id, ) *)
of (fo, A) over (f, A), for p = 0.

b) the class [A — Ag] of a lifting A of A is mapped to the class of the lifting (fo, A) of
(f,AQ), forp=1.

c) the obstruction o ([A]) of Def v,  is mapped to the obstruction oc([f, A]) of Def 4, v),
forp = 2.

Regarding the A-linear map -log(A): HY (X, Ty ®4 J) — IH2(Qf' ®4 J) induced by
-log(4),

d) alifting Aof A always exists on any lifting fof f.

Proof: For d), let [f — fo] be given by the 1-cocycle (¥;;) in Ty ®a4 J. The element [f —
follog([4]) is the class of the 2-cocycle (1¥;;log Fg, dig,;(d;),0) in 27 ®4 J, thus we

have the following chain of equivalences:

[f = fo] € Ker(-log([A)))
& (Vijlog Fjy, dig,, (d;),0) = (dgij, dvi — dgij, dvi)
for a 1-cochain (v;, g;;) in 27
& (vi, (9ij,Vij)) is a 1-cocycle in A7 (A)
& (vi, (gij, Vij)) defines the class [f — fo, A — Ag] of a lifting (f, A).

Hence, a lifting A of A exists on a lifting f if and only if the class [ f— fo] lies in the kernel
of -log(A). Since, however, the short exact sequence dlog®(4): 0 — 27 — A#(A) —
Tt — 0 splits, the map - log(A): HY (X, Ty ®4 J) — ]Hz(()f' ®4 J) is the zero map, thus
any [f — fo] lies in its kernel. Put differently, any [f — fo] pairs with [A] to zero under the
pairing H' (X, Ty ®4 J) x IEIl(Q;") — IHQ(Qf' ®4 J) induced by the log Lie derivative
Ty x Q7 = 027, (0,u®) = Dlog(u®).

Explicitly, the cocycle (v, (g5, ¥:;)) in the above chain of equivalences is given by
(ta(0), ta(¥i5),Vi5)) = (0, (ig,,; (ds), Vip)),

where (d;, fi;) is a discrepancy cocycle for A. O

4.2.19 Remark

Due to the natural splitting of the log Atiyah extension, we may replace H?(A} (V) with
HP (027 )@ HP (X, T},) (respectively, we may replace HP (A} (A)®4J) with HP (27 ®4J)
@® H?(X,Tf ®4 J)) in proposition 4.2.15 and in the corollaries 4.2.17 and 4.2.18.
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4.2.5 Deformations of log symplectic schemes of general type

Let fo: (X,V,w) — Speck be a log symplectic scheme of general type. Recall from
section 3.3.4 the definition of the B-complex Bf (w) = B}, v (w) and the B-extension b*
associated to w.

4.2.20 Corollary

In all propositions and corollaries above, we may replace Ty, with Q}O and, if there exists

a corresponding log symplectic lifting @ of w, also Ty ® 4 J with Q]lc ®aJ.

Let f: (X, A,@) — Spec A be a log symplectic deformation of (fo, V,w)/x over A and
denote w; 1= wl|, € I'(X;,27). Lete: 0 — J — A — A — 0 be an extension and
let f: (X, A,@) — Spec.A be a lifting of (f, A,w)/A over A. Then @ is given by a
collection of 2-forms ©o; € I’ (PEZ, “sz?) which restrict on X to w; and such that

a) w; = Fijfﬂj,

b) A’L@Z =0 and
c) i.(@): T, — Q}‘i is an isomorphism,

with all notations as before.

Observe that we have a short exact sequence

0— (27 @0y L) ®a J — 9?2’ ®o, L= 277 @0, L — 0.
All calculations in this chapter are based on the first description of B (ww) (with B? (w) =
AY(L); cf. section 3.3.4). Of course all calculations go through, when using the alternate
description of B (w) (with BY(w) = (2}, ®oy L) ® Ox).

Group of automorphisms

An automorphism ¢ of (f, A, &) /A which induces the identity on (f, A, @)/A is a cor-
responding automorphism of (f, A)/A, given by (g;, ;) as above, with the additional pro-
perty that F;¢*(;) = @;. We calculate

0=+ giw; + Vi(w;) — @i = (i, Vi) (@),

ie 0
plex C*(U, B 7 ()) and, due to the lack of coboundaries, uniquely describes a class in
H°(B} (@)).

(=b%i)(gs,9;) = dp(gi, ;). Therefore, (g;, ;) is a 0-cocycle in the double com-

Hence, the group of automorphisms of (X', A, &) over (X, A, @) is canonically isomorphic
to H(B} (w)).
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Pseudo-torsor of liftings

Let (fo, Ao, @0) /A be a lifting of (f, A, @) /A and let (f, A, %) be another lifting. As &°
and @ both restrict to @ on X, we have w; = 1%? + u; with u; € I'(X;, (2)20 ®a4 J). The
rest of the data differs by v;, g;; and ¥;; as above.

Recall the conditions fulfilled by the v;, g;; and ¥;;, due to the fact that by assumption
(fo, Ao)/ A and (f, A)/ A are liftings of (f, A)/A.

As both @ and @y are closed by assumption, we have

0= Aw; = (Ao,i +vi)(wo,; + u;)
= Ao,ﬂﬁo,i + v Ao + Ao,iui + v AU

=0+ v; Ay + Aju; + 0,

which means that 0 = —A;u; — b%i(v;). Together with 0 = dy; this means that 0 =

dp(u;, v;). Moreover, on X;; we must have Fijaﬁ;i(wj) — w; = 0; hence,

0= F;j@;,(;) — @i
- FO,ij(l +9i) (1 +9;)(%0,; + uj) — o, — wi
= Fo1j%00,5 — @o,i + Fo,ij0ij(@0,5) + Fo,ij 910, + Foiju; — s
=0+ Fj;95(w;) + Fijgijoo; + Fiju; — u;
= Fij(9ij + Vij) () + Fiju; — g,

and we conclude 0 = (Fjju; — u;) — F;;(—b%9)(gij,Vi;). Together with 0 = (v; — v;) —
da(gij,%:;) this means that 0 = d(ui, v;) — dB(¢gij,¥j). Finally, 0 = d(gij,ﬁij) is still
valid.

Those conditions may be combined to the single one that 0 = (d + dg)((u;, 1), (Gij: Vis))
which means precisely that the cochain ((u;, %), (¢:5,%:;)) is a 1-cocycle of the double
complex C'*(U, B} (w)) and thus defines a class [f, A, @) € H' (B} (w)).

If we alter this cocycle by a coboundary, then, due to the definition of B (w), only the
data v;, g;; and 9;; which are related to (X, A) change, but not the u,. Since we already
know that this does not affect the isomorphism class of the log smooth log scheme with
flat log connection (f, A)/.A, this does not affect the isomorphism class of the log sym-
plectic scheme (f, A, ©) /A, either. Hence, the class [(f, A, @) — (fo, Ao, @0)] defines the
isomorphism class of (f, A, @) uniquely.

We conclude that the group G := H!(B H (w)) acts freely on the set of isomorphism classes
of liftings along e if this set is non-empty, making this set a G-pseudo-torsor. For the trivial
extension €’: 0 — () — A[e]® — A — 0 the set of isomorphism classes of liftings
over Ale]? is thus given by H' (B (w)). In particular, tDef (s, v.0y = Del(fy,v, v (K[e]?) =
H' (B}, (w))-
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Obstruction theory

We are now going to calculate the obstruction to lifting (f, A, @)/ A to (f, A, @) /.A along
the extension e: 0 — J — A — A — 0. To this end, we look at an arbitrary collection

(Pijs Fl-j,(fi, w;), where w; € F()E'i, Qf;‘i) are 2-forms which restrict over A to w;; all
other notations as above.

We have

a) @50 Pri = 1+ Dijhs

b) Fii@t (Fin) it = 1+ gijis

where the 95,1, gijk, Vij and k; have the same properties as before, u;; € I'(X;;, QJ% ®adJ)
and g; € I'(X;, Qj? ®4J).
From the last condition we deduce that
kinw; = Ai(Ai(@:)) = —Ai(0i),
s0 0 = (—=b¥i)(k;) + (—A;)(0:). Together with dr; = 0 this means that 0 = dp(0;, £4)-

From the one but last condition we get

(Fijoj — 0i)
= Fy@ji(=4(5)) + Ai(@:)
= —Fy;05(Fjit (Ai(Fiy @5i(95)) + Fy @i (vii n8) + Ai(8)
= —Ai(@) — Ai(uyg) — Fij(vig nwy) + Ai(@3)
= —(A;(uij) + vij nwy);
hence, 0 = (Fij0; — 0;) — (Fij(—b™9)(vi5) + (—A:)(us5)). Together with 0 = (kj — K;) —
dv;; this means that 0 = d(0;, k;) — dB(uij, Vij)-

Now we calculate in two ways:

(Fij@5i(5) — @) + Fij @l (Fji(@rj (@n) — @5)) — Fue(@ri(@n) — @)
— Uik

= uij + P (Fyi(uji))

= I'jiUjk — Uik + Usj

u
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and

(Fij@li(e5) — @) + Fiy @5 (Fy(@ry(en) — 7)) — Fin (@i () — @)
Fy 35 (Fie @i (@n)) — Fir@ri(Son)
285 (Fin) @50, () — Fin@ri (k)

Il
’111

!

i | B @3u(Fin) B @38k, 80 (Phidon) — Bl

= i [(1 4 gijn) (1 + Dijn) (Brion) — Gra(@n)]
= Eu [(gijr + 9ijr) (@)
= Fir(gijr + Vijr) (@),

which implies 0 = (Fj;uj + wir, — wij) + Fie(—07%)(gijk, ¥ijx ). Together with the condi-
tion 0 = (vj — Vi +vij) + da(gijk, Uiji) this means that 0 = d(uij, vij) +dB(gijk, Vijk)-
Finally, we still have 0 = J(gijk, Yijk)-

For the 2-cochain ((0;, K:), (Uij, Vij), (9ijk, ¥ijk)) in the double complex c*, Bf'(w) ®a

J) these conditions are equivalent to the single condition
(d £ dB)((0i, Ki), (Wijs Vij)s Gijis Viji) = O
which makes ((0;, ki), (Uij, Vij), (Gijks Vijk)) @ 2-cocycle in C"(U, Bf'(w) ®4 J) defining
a class oe([f, ,w]) € H*(B} (w) ®a J).
If (555, Fy}, d, &) is any other collection, then we have, with all notations as before,

~I% ~ /% ~I%

05 Ph; (B) h =1+ Vi + Vi + 055 — Vg,
FL@5(F) Fliet =14 gir + gij + 9k — gix + Vizlog(Fjg),
NZ]@]z(dl( _]’LQD'L_] )) d - VZ_] + V d(gz_j - 119/ (d])) and
A(A(()) = ki + dv,
and, moreover, &7} — ©; = u/, for a cochain (u}) in CO(U, (927 ®0x L) ®a J). Hence,

Fl. <py;w — @) = ugj +uj — u; + Fij(g;;,9;;)(w;) and
( )( ) — UV NTWO; — Aiui.

This means that the class o.([f, A, @]) € H?(B} (w)®4J) which is defined by the cocycle
((0is ki), (Wij, Vij), (Gijk, Vijk)) is independent of the collection (@, U,dz,w,) chosen,
because two such cocycles always differ by a coboundary (d:I:dB)((uz, Vi), (g” , 1923»)). More-
over, o.([f, A, w]) vanishes exactly when there exists a collection with ¢; = 0, u;; = 0,
ki = 0,155 =0, gijx = 0 and ¥;5;, = 0, and this is true if and only if a lifting (f, A, @) of
(f, A, w) exists.

Setting H.([f, A, @]) :== H*(X, B (w)®aJ)ando: Vpet, .0 — O:=]ly,, e H,
(e,2) + o0c(x), defines a complete linear obstruction theory (H, o) for Def 4 v ). In
particular, Hy := H.o(fo,V,w) = H?*(X, Bp (w)) is a small obstruction space for the
functor Def (s v ).
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Conclusion

In the above section we have proven the following:

4.2.21 Proposition
Let fo: (X, V,w) — Spec k be a log symplectic scheme of general type.

a) The tangent space of the functor Def (4, v . is H' (B}, (w)).

b) The vector space H?(B £ (w)) is a the small obstruction space of a complete linear

obstruction theory for the functor Def f v ).

Lete: 0 — J — A — A — 0 be an extension of log Artin rings and f: (X, A, @) —
Spec A a lifting of (fo, V,w) over A.

¢) The set of automorphisms of a lifting f: (2? A, w) — Spec A inducing the identity
on (f,A,w)/Alis IHO(Bf’(w) ®aJ).

d) The set of isomorphism classes of liftings (f, A, %)/ A is a pseudo-torsor under the
additive group H' (B} (w) ®4 J).

e) The complete obstruction o.([f, A, w]) to lifting is an element in the obstruction
space IH2(Bf’(w) ®a4 J).

Given a deformation f: (X, A) — SpecT of fo: (X,V) — Speck, we may conclude

from the calculations above, by putting all ¥7, gr and d; equal to zero:

4.2.22 Proposition
a) The tangent space of the functor Def (s 4) is IHO(Q%)Q" ®ox L[2]).

b) The vector space H* (Q?f" ®oy L[2]) is a the small obstruction space of a complete
linear obstruction theory for the functor Def (s ).
Lete: 0 — J — A — A — 0 be an extension of log Artin rings and let @ /A be a lifting

of w over A.

¢) The group of automorphisms of a lifting % /A inducing the identity on w/A con-
sists only of the identity morphism (and it may be identified with the trivial group
H- (27 @0, L[2] ®7 J) = 0).

d) The set of isomorphism classes of liftings % /.A is a pseudo-torsor under the additive
group IHO(_Q]%Q" ®oy L[2] @7 J).

e) The complete obstruction o.(w) to lifting is an element of the obstruction space
]Hl(.Q?Z’. RO [:[2] QT .])
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Moreover, we may link the maps in the long exact cohomology sequence associated to the

short exact sequence of complexes
b7:0 = 272°® L[1] = B (w) — A}(A) =0

to the two morphisms of functors Def 5, v, .) — Defy, v and Defw‘(f’j) — Def(j,,v, )
(for a lifting (f, A): X — Spec A of (f, A)) by the following corollaries:

4.2.23 Corollary
Under the A-linear map HP (B} (w) ®4 J) = HP(A}(A) ®4 J)

a) an automorphism of a lifting (f, A, @) over (f, A, w) is mapped to its underlying
automorphism of (f, A) over (f, A), for p = 0.

b) the class [(f, A, @) — (fo, Ao, @0)] of a lifting (f, 4, ) of (f, A, w) is mapped to
the class of its underlying lifting (f, A) of (f, A), for p = 1, whenever a lifting
(fo, Ao, @0) of (f, A, w) is given.

c) the obstruction o ([f, A, w]) of Def 4, v, ., is mapped to the obstruction o ([f, A])
of Def ¢, v, forp = 2.

4.2.24 Corollary
Given a lifting (fo, Ay, @) of (f, A, @),

a) any automorphism of ©y over w is the identity.
Under the A-linear map Hp*1(9?2" ® L[2]®a J) » HP (B} (w) ®a4 J)

b) the class [&0 — @) of a lifting @ of w is mapped to the class of the lifting ( fo, Ao, &)
of (f,A, @), forp=1.

c) the obstruction o(w) of Def 7 5, is mapped to the obstruction o.([f, A, @]) of
Def 4y, v, ), for p = 2.

Regarding the A-linear map b™: H'(A?(A) ®4 J) — IHl(szz" ® L[2] ®4 J) induced
by b7,

d) a lifting & of w exists on a lifting (f, A) of (f, A) if and only if the class [(f, A) —
(fo, Ap)] lies in the kernel of b®.

Equivalently, under the pairing ]Hl(A]?(A) ®a J) X IHO(QfXZ2’° ® L[2]) — ]Hl(Q?Q" ®
L[2]®4J) induced by the action of V-derivations A #(A)x 27 220 L[2] — (ZfZQ" ®L[2],
(a®,u®) — a*(u®), the classes [(f, A) — (fo, Ao)] and [co] pair to zero.

Proof: For d), let [(f, A) — (fo, Ao)] be given by the 1-cocycle ((§ij, Uij), ) in the complex
A} (V)®4J. The element b= ([f, A]) is the class of the 1-cocycle (g;;w; +ig,, (), Vi n ;)
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in 27°* ®0,, L[2], thus we have the following chain of equivalences:
[(f,4) = (fo, Ao)] € Ker(b™)
& (9ij@j + o, (w)), vinwi) = (A d)(wi) = (Fijuy — ui, Aug)
for a 0-cochain (u;) in .Q>2 * Qo L[2]
& ((ui, Vi), (gij, Vij)) is a 1-cocycle in B} (w)
& ((ui, V), (gij,Vij)) defines the class
[(f, A, @) — (fo, Ao, &0)] of alifting (f, A, &). O

4.2.6 Overview over the tangent and small obstruction spaces

The tangent and small obstruction spaces calculated in this section are

tpet;, = H' (X, Ty,), Hopet,, = H* (X, T},),
tDef (o) = ]HI(Q?OL.M), Hopet,;, ., = H (825 Q7).
tper,, = HO(R272°[2)), Hoper,,, = H'(27 >2 2 [9)),
tef s, 1y = H' (X, Ay, (L)), Hopet s, 1) = H2(X AfO(L))
tpet,), = H'(X,Ox), Hopet,, = H*(X,0x),
tet g, o) = H'(A7,(V)), Hopet ;. v = H (A7, (V)),
tpet o, = H' (27, Hopet o, = H2(27),
tDet 1y, vy = H (B, ) (@), Hopet(;, v = B2 (B, v)(w)) and
thet, s a = HO(277° @ L[2),  Hoper, ;.. = H' (277" ® L[2)).

4.3 Log symplectic deformations over the standard log
point

From now on we limit our considerations to the following setting. Let k£ be a field of
characteristic zero and let T' denote the power series ring k[t] in one variable. We let
T:No — T be the prelog ring defined by n +— t". The residue field of T" is k and we
let K: Ng — k denote the prelog ring given by mapping n to 1 if n = 0 and to 0 if not,
which defines the standard log point Spec . In particular, o: ) — P is the identity map
Ny — Ny in the notation of chapter 2. Consequently, the induced morphism of log schemes
Spec k — Spec T is a strict closed embedding.

For this section, let fy: (X, V,w) — Spec & be a proper log fs log symplectic scheme with
f+Ox = Ospeck- The morphism fy: X — Speck is then integral due to proposition
1.2.42. Hence, its underlying morphism fy is flat and, moreover, any log smooth lifting
f:+ & — Spec A of fj is integral by 2.3.1, thus its underlying morphism of schemes is flat.
Hence f,Ox = Ogpec 4 (cf. [31, p. 216]).
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4.3.1 Existence of hulls and pro-representability
We regard the functors of log Artin rings
Deffo, Def(fmw), Defw|f, Def(me), DefL|f, Def(fm v)s Defv|f, Def(fm V,w) and Defw|(f7A)

defined in the first two sections 4.1.2 and 4.1.1 of the current chapter. We will show in
this section that every such functor it possesses a hull and that some of them are even
pro-representable. This is done by verifying the log Schlessinger conditions LH; to LHj3
(respectively, to LHy) (cf. chapter 2 section 2.2).

The procedure is similar to that of the preceding sections: Each of the upcoming subsections
entitled “Verification of LH,,”, n = 1,...,4, comprises four “steps”, in each of which we
add one more datum to the log fs log smooth scheme fy: X — Spec k. Step one deals with
fo: X — Speck, step two adds a line bundle L on X, step three a flat log connection V
with line bundle L on fj and step four a log symplectic form of type V on fj.

The existence of a hull of the functor Def s, for a log smooth morphism fy: X — Speck
with X a log fs log scheme is stated and proven by F. Kato in [17, 8.7 & § 9]. In the
verification of the LH,, each first step is a repetition the basic arguments of Kato’s proof.
Each second step is basically an adaptation of Sernesi’s proof of [32, 3.3.11] which itself
is based on Schlessinger’s calculations in [31, §3]. The third and fourth step are due to
ourselves.

We abbreviate the functor Def 4, v, ) to Def.

Verification of LH;

First, we show that Def = Def (fo,V,w) satisfies LHj, i. e. that for every morphism A’ — A
and all small extensions A" — A of log Artin rings the map

D: Def(.A/ X A AH) — Def(A’) XDef(.A) Def(A”)

is surjective.

Let A" — A < A” be a diagram in LArt+ with A” — A surjective. We take some element
([f, A", ], [f", A", ="]) € Def(A) X Def(A) Def(A")

which is mapped to [f, A, w] € Def(A). Let LU/”) denote the line bundle of AU/,

We then have a diagram of log smooth deformations

X/ X//
if\ / J/fﬁ
Spec A’ X Spec A”
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where v/ and v induce isomorphisms X" Xgpec 4» Spec A = X = X" Xgpec 4 Spec A.
Moreover, we get isomorphisms u* A" =2 A = ¢* A" of flat log connections (and in
particular isomorphisms v*£" = £ = «"*£"” of line bundles) and an equality u*w’ =
w = u"*w" of 2-forms on X.

Since each of the natural morphisms i/"): X — XU/") is a log infinitesimal thickening,
we have My = i(’/”flﬂm,///) by lemma 1.2.12. In particular, by 3.4.10, LCar(X) =
LCar(X /™).

By lemma 2.3.2, every local chart of X lifts to a chart on X'(/"").

Step One: Log schemes We define A to be the fibred product of log rings A’ x 4 A”.
Following Kato’s proof of the existence of a hull for the functor Def f, in [17, Cap. 9], there
is a log smooth deformation f: X — SpecA of fy over A, where X is the log scheme

consisting of the scheme (| X|, Oy X0, Ox~) and the log structure
Qp = OQxr Xoy Oxr: My X M My — Oxi XOx Oxr

and with f = f’U; f”. This is the amalgamated sum of the log smooth log schemes f’ and
f"" over f. By the surjectivity of A” — A and the definition of a 3, the canonical morphism
v': X' — X is a strict closed immersion, making fa log smooth deformation of f and thus
of fo.

Moreover, & is a fine log structure given locally by a charta = o’ x o”/: P2 P xp P —

M, where a/"): P — My are local charts for X'(//").

The following diagram, which we will refer to as (*), shows our momentary situation:

X' , Spec A ; X"
AT
Spec A’ X Spec A"
\ lf /
Spec A ,

where arrows of the form < indicate strict closed immersions.

Step Two: Line bundles Following the proof of [32, 3.3.11], we define £ := £ x L"
which is a a line bundle on X with the correct restrictions to X’ and X", respectively.

Hence, (f, L) defines an element in Def 4, 1)(A) with

[, L] = ([ L' 1", £")

under the map Def s, 1,)(A) = Def s, 1)(A") Xpet,;, 1, (4) Def(g,1)(A”).
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If the line bundles £/ are log Cartier, say £ = Mx (D), £ = Mx/(D') and L" =
My (D") for log Cartier divisors D, D’ and D” on X, X’ and X, respectively, then we
must have D’ — D <+ D" under the isomorphisms LCar(X”’) = LCar(X) = LCar(X").
Hence, £ = L' x; L" € Pic(X) = Pic(X”) X pic(x) Pic(X") is the image Mx (D) under
65 = 61 X5y Oxn of D = (D', D") € LCar(X") Xy,car(x) LCar(X”) = LCar(X). In

particular, £ is log Cartier.

Step Three: Flat log connection We claim that the natural map

1 1 1
.Qf% 'Qf/ XQ} 'Qf”’

/1%

given by o — (v*0,v"*0), is an isomorphism.

To see this, we fix a chart of f: X — Spec A at a point x € X subordinate to a ho-
momorphism of monoids #: Ny — P. Then, because this chart lifts to charts for f and
each fU/") and by [19, 1.8], we have Q}J = Oz, ®z (PP /0(Np)™) and Q}(’//’>,z =
OX(//”),I ®Z (Pgrp/e(NO)grp).

So clearly Q},x — Q},’x Xa1, Q},,,x = (Ox' e X0x,, Oxrz) @z (PEP/0(Q)®P) is an
isomorphism at each 2 and we will identify Q} = Q}-, X Q}-,, via this isomorphism.
Moreover, for the line bundles £ and £/ as above, the natural map Q} ®o., L —
(Q}, ®o,, L) x (2180, L) Q},,®OX” £ is an isomorphism which can be easily checked on
its stalks as well. We will identify both sides of this isomorphism.

We construct a flat log connection A = (£, A) on (X, £) by defining

A=A XA L=L x;L"— Qj;@% L
= (QJQN ®o,, L) X (2280, L) (Q.?‘// ®o., L")
If g = (g',9") is alocal section of O  and 5 = (s, s”) a local section of L, then
A(gs) = (A(d's), A"(g"s") = (dg' &5/ + g/ A(s), dg'" 5" + " A(5")
= (dg'®s',dg" @ ") + (¢ A'(s'), g" A"(s")) = dg © 5 + GA(3),
so indeed A is a log connection. It is flat, because
AA = (A" x A")(A" x A") = (A'A") x (A" A") = 0.

If the three flat log connections AU/ are log Cartier, then, just as with line bundles, Ais
log Cartier: If A = My(D), A" = My/(D') and A” = My (D") for log Cartier divisors
DU/ € LCar(xU/"), then A = M(D) for D = (D', D") € LCar(X).

Step Four: Log symplectic form We define @ := (w’, @’) which, via the identifica-

tions made before, is an element of I'(X, QJQE R0, /3) with the properties that

a) Ad = (A'w’, A"w") = 0 and that
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b) @ induces in the obvious manner an isomorphism

1R

Tf — Tf’ XTf Tf” — Q}T ®02€ EN = (Q‘)lc/ ®OX’ ﬁ/) X(Q}®OX£’) (Q‘)lc// ®OX“ »CH).

Summing everything up, we have constructed an element | f. A, w] € Def (A) with the
property that &([f, A, @]) = ([f', A, @], [f", A”,w"]). This shows LH; for the functor

Def = Def(fmv,w).

4.3.1 Remark

For any of the other functors of log Artin rings Def defined in the sections 4.1.1 and 4.1.2,
LH; is shown in the same way, starting with an object (1, 7"") € Def(A’) X peg(ayDef (A”),
with 7y’ — 7 <~ 1" and using only those steps necessary for the data involved.

Hence, each of the functors Def s, Defy, .,), Defy,| s, Def s, 1), Defr| s, Def 4, v), Def gy,
Def (,,v,«) and Def,| (s a) satisfies LH;.

For example, showing LH; for Defy,; involves putting fUI" = f40sm in the starting
objects (/") = (fU/") AU/"™), then defining f := farx 4~ and proceeding with steps
two and three as above, leaving out step four.

The same applies to the upcoming verifications of LHs, LH3 and, for some of the functors,
of LHy.

Verification of LH>

Condition LHy is that the map @: Def(A’ x,; r[e]?) — Def(A") x Def(k[e]?) is bijective.

Hence, we have to show that the element [f, A, ©] constructed in the last section is unique

when A = k and A" = ke]°.

Step One: Log Schemes This paragraph is taken from [17, § 9]. There we find the
following lemma which is based on [31, 3.3 & 3.6]:

4.3.2 Lemma ([17,9.2])

Given a diagram (*) as above. If X / A'is another smooth lifting fitting into the diagram such
that v"/"* X = x(/") over AU/") then the natural morphism X — X is an isomorphism

of log schemes.

Now if f X o Spec A is any lifting of fy over A then we have a commutative diagram

’ Xz‘ "
X// '\ .
u’ '

AN e

xX—2 L x ,

where ¢ is the automorphism of X' /A defined by Ox = (v'u/)*O z = (v"u")*O 5 = Og.

&n
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If this automorphism lifts to an automorphism ¢’ of X’ such that v’ o ¢ = ¢’ o v/, then
replacing w’ by w’ o ¢’, we get a commutative diagram of the form (x) and, by the lemma, f
is equal up to isomorphism to f as described in the proof of LH;. Now if, as LH, assumes,
A = K, then ¢ = id and ¢’ = id is a lifting (compare [31, p. 220]). Hence, Def , satisfies
LHo.

Step Two: Line bundles The uniqueness of [f, £] under the assumptions A = x and
A" = k[e]° of LHy is shown as follows: After step one, it remains to show the uniqueness

of £, which we do analogously to the proof of [31, 3.2, p. 218]:

If £ is any lifting of L on X, then the composition £ = (v'u/)*L = (U”u”)*ﬁz = Lisan
automorphism of £, which is nothing but a global section of .4*. Since units always lift to
units under surjective ring homomorphisms between local rings, using only that A" — A

is surjective, this automorphism of £ lifts to an automorphism of £’. Using [31, 3.6], it
follows that £ = L.

Hence, the functors Def 4, ) and Defy ; satisfy LH,. Observe that, since we have in this
step only used the surjectivity of A" — A, it follows that Def | ; actually satisfies LH.

Step Three: Log connections Due to the universal property of the fibred product, we

have

Homg (L, “Qf ® E) = Homg (E, 27 ® ,C/) X Home (£,2;0L) Homg (E, 2 @ L://).

Now, if A is any log connection on (f, £) constructed as before, the restriction to X'/")of
which is AU/"), then A = A. The uniqueness (up to isomorphism) of (f,£) has been

shown in the first two steps.

Hence, the functors Def j, v and Def v ; both satisfy LHs. Observe that Def | ; actually
satisfies LHy,.

Step Four: Log symplectic forms Let (f('/"), AU/") (/")) and (f, A) be as before
and let @ be the log symplectic form on ( 1, A~) / A defined in the proof of LH;.

If % is any log symplectic form on (f, A)/A such that v*@ = @’ and v"*% = w”, then
we have equalities @ = (vVu/)*@ = (Vu")'@ = w. Thus @ = (v, ") = & €
F(QJ% ®L) = reieL) Xr(22eL) (2%, ® L"), which shows the uniqueness of .
Hence, each of the functors Def z; .y, Defy, ¢, Def s, v, w), Def (v w); and Def (s Ay sat-
isfies LHy. Observe that the functors Def,,| s, Def(v )y and Def, (s a) actually satisfy
LH,.
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Verification of LHj3

Condition LH3 demands that the tangent space of the respective functor of log Artin rings
is finite-dimensional. The tangent spaces for the various functors have been calculated in
section 4.2 and listed in 4.2.6. By assumption, fo: X — Speck is log smooth and the
underlying morphism of schemes fj is proper. Hence, all appearing sheaves are coherent
(and in fact locally free), moreover, all appearing complexes are bounded and consequently,

all of the tangent spaces are finite-dimensional vector spaces.

Verification of LH, for certain functors

As we have remarked in the calculations regarding LH, whenever we deformed only L,
V or w along a fixed log scheme f: X — SpecT, we had no need of the assumptions
made in LHj, except for the surjectivity of A" — A, and have therefore proven that the
four functors Def s, Def 7 ¢, Def,|(#,a) and Def,,| s actually satisfy the condition that for
every morphism A" — A and all small extensions A" — A of log Artin rings the map

@: Def(A' x4 A”) = Def(A') Xper(4) Def(A”)

is bijective, which implies LHy.

Conclusion

4.3.3 Theorem ([18, 4.4])
Let fo: X — Speck be a log smooth, log integral and proper morphism of log fs log
schemes with f,Ox = Ogpec x. Then the functor Def ;) possesses a hull.

4.3.4 Theorem (cp. [32,3.3.11])
Let fo: (X,L) — Speck be a log integral and proper scheme with line bundle with
Jf+Ox = Ospec - Then the functor Def 4, ) possesses a hull.

4.3.5 Theorem
Let fo: (X, V) — Speck be alog integral and proper scheme with flat log connection with
f+Ox = Ospec - Then the functor Def, ) possesses a hull.

4.3.6 Theorem
Let fo: (X,V,w) — Speck be a log integral and proper log symplectic scheme with
f+Ox = Ospec - Then the functor Def 4, v, .,) possesses a hull.

If V = d, then Def , ) possesses a hull.
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4.3.7 Theorem
Let f: X — Spec 7 be alog smooth morphism of log fs log schemes with f,Ox = Ospecx

and
a) let L be a line bundle on fo. Then the functor Def s is pro-representable.
b) let V be a flat log connection on fy. Then the functor Def v is pro-representable.
c) let w be a log symplectic form of non-twisted type on fy. Then the functor Def,,; is
pro-representable.

4.3.8 Theorem
Let f: (X, A) — SpecT be a log scheme with flat log connection with f,Ox = Ospecx
and let w be a log symplectic form of type V. Then the functor Def,,(s a) is pro-repre-

sentable.
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5 Smoothing of SNC log symplectic

varieties

In this chapter we relate the sheaf of Poincaré residues to the sheaf of normalisation residues
and calculate certain Ext-sheaves of these sheaves, which are later used in the main results.
We prove that the tangent and obstruction spaces of the various functors of log Artin rings,
which have been calculated in chapter 4, are free modules over certain of those rings. Using
the logarithmic version of the T1-lifting principle, we are then able to prove our main re-
sults, stating that under certain conditions the hulls of the deformation functors Def (forw)
and Def 4, v, ., are smooth (cf. theorems 5.4.7 and 5.4.13) and that under these conditions
there exists a flat smoothing deformation of (fo,w) and (fo, V,w), respectively (cf. theo-
rems 5.4.9 and 5.4.14).

In this chapter, we consider the prelog ring 7: Ng — C[t], n — t". Its residue field C
has the induced prelog ring structure €: Ny — C[t] — C mapping 0 — 1 and n — 0 for
n > 1. Hence Spec( is the standard log point on the field C.

5.1 The Poincaré residue map for SNC log varieties

5.1.1 The Poincaré residue map

5.1.1 Definition

Let f: X — Y be a morphism of log schemes. We denote by 7 the kernel and by 7 the

cokernel of the natural map .Q} — (Z} Hence, by definition, the sequence
07— 27— 025 =25 =0

is exact. We call 7y the sheaf of torsion differentials of f (cf. [11, 1.2]). We call T the sheaf
of Poincaré residues of f and the projection g: Q} — T the Poincaré residue map (cf. [29,
IV.1.2.12]).

Recall that X* denotes the scheme X endowed with the trivial log structure ¢: (’)2 — Ox.

Consider the natural diagram
XXy —— X
J\ ny th
Y —— Y,

where XY := X" xy, Y is the scheme X equipped with the log structure f*ay and h the

unique natural morphism. By 1.2.24, the sheaves Q}Y and Q} are naturally isomorphic and

by 1.2.25, there is an exact sequence Qi — Q}- — 2} — 0 which we may complete to

0— 75 = 2f — 2 — 2, — 0.

113
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In conclusion, we have the following proposition:
5.1.2 Proposition ([29, 1V.2.3.4])

There is a natural isomorphism 1 2 (2}.
If we tensor the exact sequence
0= fMEP - MEP - M;" —0
with Ox over 7Z, we get the exact sequence
Ox ®z [PMEP = Ox @z M5P — Ox @y, M?rp —0

which is also exact on the left if Mfcrp is torsion-free. This is the case, in particular, if X is

torsion-free.

5.1.3 Definition
We set Zf = 0x Qg M?rp ~ (Ox @z MZ?)/Im(Ox ®z f*M$P).

By the first construction of log Kahler differentials, we have

Ty = Q) = (1 ®Ax)/(Kx + Kn)
=0
= Ax/((a(m) @ m) + Ox ®z f*My)

= A¢/ {[a(m) @ m] | m alocal section of M),

so 7y is a natural quotient of /.

5.1.2 The normalisation residue map for SNC varieties

Let f: X — Spec(C be an SNC log variety. We denote by v: X¥ — X the normalisation of
the underlying variety. Then, denoting by D" the preimage of the double locus, X carries
naturally the compactifying log structure j” associated to the open immersion j”: X" \
DY — XV, which makes it a log smooth scheme over the trivial log point Spec C*. This
log structure, unfortunately, neither makes v a morphism of log schemes nor (X", ) a log
smooth scheme over the standard log point Spec(C.

The solution of this problem is to endow X with the pullback log structure arx» := v*ax.
This turns the normalisation v into a strict morphism of log schemes v: XV — X.

5.1.4 Remark

This is basically the phenomenon described in section 3.6.2. In fact, by a local calculation,
one shows that X” then is isomorphic to the pullback (X")® := (X", ) Xspecc: SpecC
of the scheme with compactifying log structure (X", ) to the standard log point Spec C:

The log structure sheaf of this pullback is M y.ye = (No®C*) ®cx My =Ny M,
with the log structure §: Nog & M ,» — Oxv, mapping (n,m) — j7”(m)ifn =0and to 0
ifn>1.
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Locally at a point  in the k-th component X[;) of X, we have a commutative diagram

MXV — VXMX :N6®OXV 4>N0€BN6_1 @OXV :M(XU)C

J Jﬁ

Oxv =———=0Oxv,

where the upper horizontal map is induced by the monoid isomorphism N{j — Ny &® INS_l,
ej — (0,¢;) for j # k and ej, +— (1,0). This defines the isomorphism X” — (X")¢.

The cokernel Tx of Ox — v, Ox» will be called the sheaf of normalisation residues and the

map 7 in the short exact sequence
0= 0x =5 1v.0xr —Tx =0

the normalisation residue map. Since the map Ox — v,Oxv is an isomorphism precisely

at every normal point of X, the support of Ty is the double locus D.
Applying the functor Home, (-, Ox) to this sequence yields the long exact sequence

0— HO’ITLOX (Tx, Ox) — HOITL()X (I/*OXL/7OX) — HOWLOX (Ox, Ox)

— &xty (Yx,0x) = Exty, (1.0xv,0x) = Extly (Ox,0x) — ...

The following lemma investigates the terms in this sequence. Its calculations proceed
alongside those made in [11, 2.8-2.10].

5.1.5 Lemma

We have
a) Sxt%x((’)xu, Ox)=0forall p > 1and

b) Eost%X (Tx,0x)=0forallp # 1.

Proof: Let x be a closed point of X in which r(x) components meet. Denoting R := Ox 5

(observe that this local ring depends on the chosen topology), we have
R:= @X’m >~ Clz1y. -y zniall/(z1 oo 20)s

where r = r(z) = x () = {5, (x) + 1, as well as

. LN " R-1
R = w.0x ) 2 [[R/(z) - 1, = D= 15 and
j=1 (2 - 15)
o s s ®_, k-1,
Y =Tx,2R'/R-(11+...+1,) = J=
X / (1 ) <Zj'1j711+~~ +1r>

as R-modules. The two maps in the exact sequence 0 — R— R =Y = 0are given by

the diagonal s — E;:1 s-1; (with z; - 1; = 0) and by the natural projection, respectively.
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A free resolution of R” = (v« Oxv)z is

P* = R’: ...— R®" R®" R®T R®" o Rv.

ejrrzje; €jrr21 By 2 ejrrz;€e; ej—1;

~

Applying the functor Homz( -, R) to this sequence yields a sequence which is exact every-
where except at its zeroth entry. So Ext%(ﬁ”, R) = H' (Homp(P*, R)) = 0fori > 1.
Therefore, Extgx (v«Oxv,0x) =0fori > 1.

A free resolution of Y = fx’x is

Pt »Y:...— RO R®" RO ——— R®T Y.
ejr>zje; ejFP21 e Zj 2 € J i€ ej—1;
J A J J r€j erp1rmer o ter J J

~

The functor Hompz( -, R) applied to this resolution yields again a sequence which is exact
at every entry of order higher than one. It is also exact at its zeroth entry: Here we have the
zeroth map Homﬁ(lflGB " R) > Homﬁ(}? ®rl Ry, ef = zje] +e)l 1, which is injective.
So Exti(f/,ﬁ) = H'(Homp(P*, R)) = 0 for i # 1 and, hence, Extyy (Tx,0x) = 0 for
i# 1L O

5.1.6 Remark

One may deduce 5.1.5 b) also partly from a) and the long exact sequence
. gl’t}(’,)x (OX, Ox) — &Iit%x (V*OXV,O)() — 513#(3))( (Tx, Ox) —

taking into account that xt, (Ox»,Ox) = 0 and Exty, (Ox,0x) = 0forallp > 1.
This then implies that Ext’(’gx (Tx,Ox) = 0for p > 2. In this approach one needs to shows
that Homo, (Yx, Ox) = 0, separately.

5.1.7 Remark

In fact, we may calculate for P;*:

HO(HomE(Pl',ﬁ)) = Ker(Homﬁ(ﬁ@T7§) — Homf{(ﬁaar,ﬁ)7 ej = zel)
= <zlo...~2j~...~zre]v> %]A'Dcx_,z.
In P,°, the first map Homﬁ(ﬁ@”‘l, R) - Homﬁ(ﬁe}”7 R), mapping the generators ej =
21 ... Zj ... zpe) and ey +— 0, has the kernel <zjeJV, e)11). The zeroth map has the

image <zje}/ + e¥+1>, hence,
Hl(HomE(PQ', ﬁ)) = [67\~/+1] R E/fDCX,x = @D,x

(observe that zy - ... Z; - ... z:[e/, ] = O for all 5).
This is, of course, not sufficient to conclude that Home, (v.Oxv,Ox) = Ipcx and that

&ctéx (Tx,0x) =2 Op. We will, nevertheless, see soon that this is in fact true.
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5.1.8 Corollary
We have

a) Extp, (1.Oxv,Ox) = H?(Homo, (v.Ox»,Ox)) for all p,
b) HOmoX(Tx,Ox) =0and

) BExtl, (Tx,Ox)=HP"'(Exty (Tx,Ox))forallp > 1.

Proof: Both claims are implied by lemma 5.1.5 and the local-to-global spectral sequence
HY(Exty, (F,O0x)) = Extf;xq(}', Ox). O

We return to the long exact sequence

0— ’Homox (Tx, Ox) — HOITL@X (I/*Oxu7OX) — Homox (Ox, Ox)

— gmtéX(Tx,Ox) — &Z}t}QX(V*OXu,Ox) — gxtéx(OX,OX) — ..

Having shown that Homo, (Yx,Ox) = 0 and €zt (v.Oxv,Ox) = 0 and observing
that Homo, (Ox,0x) = Ox and Extbx (Ox,0x) = 0, we get a short exact sequence

of coherent O x-modules
0 — Homo, (V*OXV, Ox) — Ox — gﬂjféx (Tx,OX) — 0.

The ideal sheaf I, := Homo, (v«Oxv,Ox) is called the conductor (or conductor ideal
sheaf) of the normalisation v: X¥ — X (cf. [4, 1.1 & 1.8], [23, 4.1-4.5]). It is a radical
ideal which is the largest ideal sheaf on X that is also an ideal sheaf on X" (i. e. such that
v~ 11, is an ideal sheaf on X* with v, (v~11,) = I,)). The so-called conductor subschemes
Specy, Ox /1, of X and Spec, , Oxv /v~ "I, of X¥ are equal to the double locus D and
its preimage D", respectively.

Therefore, I, = Ip and consequently &vt}gx (Tx,0x) = i,Op, where i: D — X is the
inclusion, which allows us to conclude the following:

5.1.9 Proposition

0 ifp=0,
Ext%x (Tx,0x) = b
H-1(Op) ifp > 1.

The sheaves of Poincaré residues and normalisation residues for SNC log varieties

Let f: X — SpecC still denote an SNC log variety. The connection between the sheaf of
Poincaré residues 7y and the sheaf of normalisation residues T'x is given by the following
statement:

5.1.10 Proposition

There is a canonical isomorphism 1y = Tx.
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Proof: We define a morphism \: Ax — v,Ox» by the composition Ay = Ox ®z M5’ —
Ay = O0x Qg ﬂirp ~ Ox Qg v Zxv — v,Oxv, where the last arrow sends s @ m to sm.

First, we claim that A descends to a well-defined morphism ~: Q} — Tx such that

A
Ax — v, Oxv

L L

0} Ty

commutes. To this end, we have to show that any local section of the two O x-submodules
R and R x (cf. chapter 1, proposition 1.2.23) of Ay is mapped to zero under o A: Ax —
Tx.

Firstly, let s ® (m, c) be a local section of Ox ®7 f‘l/\/lirp = Ox ®z (Z & C*). This
section is mapped to 7(sm) which is zero, because sm lies in the image of Ox = Ox Q7 Z
inv,Oxv.

Secondly, let m be a local section of M x and regard the local section ax (m) @ m of Ax.
Let = be a point in X and let 7 = r(x) be the number of components meeting in . The
completion 9] x » of the local ring Ox , at x (with respect to the given topology, i. e. Zariski
or étale topology) is isomorphic to R := C[[z1, ... , zn41]/(21-- . .- 2) and the log structure
given by the chart a,: Nj — E, n — 2% The image of m at = is an element m, =
(n1,...,ne;u) € Nb @ R*. So (ax(m)em), = ax z(mg) ® my is mapped by A to the
tuple (ng 22%)5_, € Pr_y R/(2i) which is zero, because for each k either nj, = 0 or z; | 2.
Hence, m(A(ax(m)®m)) = 0in Ty and, in particular, R x is mapped to zero.

Our second claim is that : Q} — T'x descends further to an isomorphism 7y — Tx. To
verify this, we first have to show that the image of Q}» in _Q} is mapped to zero by A\. As

one sees in the commutative diagram

Ax Ay

X,\

Ay
\
l U*OXV
77 Tf
Y

\;{
Tx,

the submodule Im (Zjlc C .Q} is equal to the image of Ax. — Ax — lec But Ax. is

1 1
“Qi 25

mapped to zero alrea?ly in Ay = Ox ® ﬂirp along the first row. The verification that
Ty — Tx is an isomorphism may be done on the completion of the stalks at a point x in
X. There, the morphism is given by

~

R {dlogzi,...,dlogz,) [ (z1dlog z1, ..., z;dlog z,,dlog z1 + ... + dlog z,.)
—R{y,..., 1) /{1l .zl 4 1),

leg Zj — 1j
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which is clearly an isomorphism. O

5.1.11 Corollary

0 ifp=0,

Ext? (Y, Ox) =
HP~Y(Op) ifp>1.

5.2 The log T1 lifting principle

In what follows, we fix notations for certain objects and morphisms in LArt.- which play
a role in the so-called T1-lifting principle. The names of the rings and homomorphisms
correspond by and large to those used by Fantechi and Manetti in [9]. Recall that 7" = C[[¢]
and that 7 is the log ring 7: My — T, where M+ = Ny & T, associated to the prelog
ringt: No = T, n — t".

Let A := C[xz] and let p4: T — A be a T-algebra structure on A (the letter A is used
differently in [9]) such that it induces the identity on the residue fields T'/(¢t) — A/(x). We
let A: M 4 — A denote the log ring associated to the prelog ring a: M7 — A defined by
a = p4oT whichis givenby A: Ng ® A* — A, (n,u) — upa(t)".

Let B := C[z,y] and f: A — B,z — x+y. We give B the log ring structure B € @7—
associated to the prelog ring b: My — B defined by b = f o w4 o 7. We denote by
g: B — A the natural projection.

For every n € Ny, we let A, := A/(z"") and B,, := B/(2"",y?) with the (quo-
tient ring) log structure induced by the natural quotient homomorphisms i: A — A,, and
j: B — B,, respectively. That way, ¢+ and j become homomorphisms in @7—. For any
m € INg, we denote by the same letters ¢ and j any natural homomorphism i: A,, — A,
and j: B,, — B, induced by ¢ and j, respectively (which might also be the zero homo-
morphism, e. g. if m < n). Moreover, we denote by f: A,, — B, and g: B,, — A, any
natural homomorphisms induced by f and g, respectively.

Then the diagram

B, —X— A,

f ]

g
anl — Anfl

is commutative.

For every n € Ny, we define C,, :== B,,—1 X 4, _, An. The underlying ring of this log ring is
Cn = Clz,y]/(z" 1, 2™y, y?). It comes with two natural homomorphisms: j': B,, — C,,
which is equal to the natural projection B,, — B,,/(z"y) = Cp, and f': A, — C,, which
is induced by A L> B, % C, and givenby x — = + y.
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We denote the natural homomorphism C,, — C,,_1 by j as it is induced by j. Moreover, by
definition, we have two natural projections ¢': C,, — A,, withg = ¢’ 0 j’, and j": C,, —
B,_1,withj = j"o0j" and j = j' o j".

From this definition of C,, it is clear that the diagram

Appr —— A,

L, I

B,— ¢,
is Cartesian.
Observe that all objects and homomorphisms are fixed as soon as the T-algebra structure
w4 on A = C[x] is chosen.
Recall that a log gdt functor was defined to be a functor of log Artin rings F': LArt — Set
satisfying the “logarithmic Schlessinger properties” LH; and LH; in 2.2.15.
5.2.1 Definition
We say that a log gdt functor F': LArt; — Set has the T1-lifting property if for all T-
algebra structures 0 4: T — A on A = C[z] the natural maps

@0: F(Bo) — F(.Ao)

and
@ni F(Bn) — F(Bn_l) XF(An,71) F(An)

are surjective for alln € N> ;.

5.2.2 Theorem (Ran, Kawamata, Fantechi, Manetti)

Let F' be a functor of log Artin rings over 7 possessing a hull. If F' has the T1-lifting
property, then F — Spec C* is smooth. In particular, the hull of F' is smooth over Spec C*.

Proof: Observe that char C = 0. Now that we have fixed log ring structures on A,, By,
and (), depending only on ¢4, the proof is literally the same as in [9] as soon as we give
suitable log ring structures to the rings V,, and A, which appear in that proof.

We do this as follows: We let V' := C[z, s] (this ring is denoted by A in Fantechi’s and
Manetti’s proof) and V be the log ring associated to the prelog ring v: My — V withv =
qowpaoT,whereq: A V. Then for all n € Ny, the log rings V,, := V/(2" 1 225, %)
and A}, :=V /(2" ! xs, s?) are defined. Note that for each n € Ny, there is a log ring ho-
momorphism f: V — B, defined by  + x+y and s — 2", and a log ring homomorphism
q: V — V, defined by  — z and s — z", inducing correspondent morphisms between
quotients of V as described in [9].

Fantechi’s and Manetti’s proof shows that F(A,,+1) — F(A,) is surjective for all n > 2.
Since F is rigid, we have F/(A,) = F(A,) = v.F(Ay), 50 v, F(A,41) — v.F(A,) is
surjective for all n > 2. By proposition 2.1.18, v, F' is smooth over * = Spec C and, by
lemma 2.2.18, F' is smooth over Spec C*. O
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5.3 The freeness of the obstruction spaces over the A,

Let ¢ 4 be any T-algebra structure on A = C[z].

Then @4 is given either by ¢ + 0 or by t + uz™ for some unit u € A = C[z]. In
modifying A by replacing = with u~'z, we may assume that ¢ 4 is given by ¢ + 0 or by
t — oV without loss of generality. We will refer to these two cases as the 0-case and the
2N -case in what follows.

Let (fo,V,w): X — SpecC be a log symplectic SNC log variety. We have calculated
the tangent spaces and the obstruction spaces of the functors Def s, Def (fo,w)s Def (fo,L)»
Def (4, v) and Def(y, v ) in chapter 4. In this section, we will show that for liftings
(fx, Ak, k) over the T-algebra Ay these spaces are free Ag-modules. This fact will be

a key stone in the proofs of our main results in the next section.

As a first step, we look at the spaces of the form ]H”(Q?q" ® L[q]) and H?(2} ® L):

5.3.1 Proposition

Let fo: (X, V) — SpecC be a SNC log variety with log Cartier connection and, for any
k € No, let fi: (Xx, Ax) — Spec Ay be a log smooth lifting of (fo, V) over the log ring
Ay, with underlying ring Ay.

Then IHP(.QJ%:]" ® Ly[q]) is isomorphic to ]HP(Q?Uq’. ® Llq]) ®¢ Ay as an Ax-module. In
particular, ]Hp(Qiq" ® Li[g]) is a free Ax-module for all p, g.

Here, L and L, denote the line bundles of V' and Ay, respectively.

By choosing V = d and Ay, = d, we get the following corollary as a special case:

5.3.2 Corollary

Let fo: X — SpecC be a SNC log variety and, for any k € Ny, let fr: X — Spec A, be
a log smooth lifting of f over the log ring A, with underlying ring Ay.

Then IEIP(()kaq"[q]) is isomorphic to ]Hp(Q%Uq"[q]) ®q Ay as an Ap-module, for all ¢,k €
Ny. In particular, ]Hp(Qiq" [q]) is a free A-module for all p, q.

Proof of the proposition

For a start, we regard the 2"V -case. In the situation of the proposition we have a commuting
diagram
(Xvw) — (kawk)

-k

Spec € “——— Spec Ay,

.

Spec C*,

where C* denotes the log ring with trivial log structure on C.
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Following [33, §2], we regard the complex 27 ® L. By assumption, Ay, is log Cartier, i.e.
it is of the form My, (Dy) for some Dj, € LCar(A}). Hence, by lemma 3.4.16, there exists
an “absolute version” of it, namely Ay =M x,/C+ (Dy). Associated to Ay, we have its log

de Rham complex
0= Li 5 Qb o ® Lo~ 23, 00 ® Ly -2 0% 000 ® Lo 5 ..
We define the complex
o _ ,—10n=qe — ;i—10=4qe
L* =i 0250 ® Leldll§] =i 2570, ® Li[q ®c C[E],

where ¢ is a formal (polynomial) variable (which should be thought of as £ = log ), with
differential d: P — ILP*! given by

d d d
AP 5 L N 0, € Ao) =Y Apos €+ Y so ndloga - €71,
s=0

s=0 s=1

We also define the morphism of complexes
L = 0277 @ L[g]

by the composition of morphisms of complexes I.* — i_lﬂiq" ® Llq] — i*(Qkaq” ®
Li)]g] = Q%Oq" ® L]g], where the first map is the well-defined projection to the class of
the zeroth coefficient. (Observe that, by identifying the topological spaces of X and &}, we
have i~ = id.)

5.3.3 Remark

In the special case V = d and A, = d, we have ANk = d. If, moreover, ¢ = 0, i.e. if we
regard the ordinary log de-Rham-complexes of the fj and X, /C*, then the complex IL® is
equal to the complex L3 for o = 0 as defined by Steenbrink in [33, 2.6].

We claim that v is almost a quasi-isomorphism, meaning that 1) induces isomorphisms on
cohomology in all strictly positive degrees and a surjection in degree 0. We prove this on

the completion of its stalks.
29,

Let = be a closed point of X. Regard the complex (z‘lﬁig/:g ® Lrlg)z = (ka/e,, ®
L1]q))7 and write Z(@)-® .= Z'((_Q/%?/:D ® Li[g])7) for its subcomplex of A2-cocycles

(with trivial differential A £l5@.« = 0). Obviously,

7(0),p+q — ZPH((Q;@/@L ® Ly)z) ifp>0,
0 ifp<0

z@p —

for all q.

For each » > 0 choose a C-linear section

s HY (03 @ Li[r])z) = 2000
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The entirety of all these sections canonically defines a section of complexes with trivial
differentials
SO0 B (250 © Lild)s) —» 20

for each g, where

s(0 .= id. HO((Q/%:}:DL ® Lilg))z) = 2@ and

s(@p .— glatp=1) forp > 1,
which makes sense, because

HP (2300 ® Lila)2)

HY Q3587 ® Lila +p - 1)7) = HPH((23, )0 ® L1)7)  ifp 21, _
7(2),0 — Z“q((()}k/@ ® L1)7) ifp=0

Finally, s(9)* defines a subcomplex with trivial differential

H@* = Tm(s'9*) € 2(D* C (257%. ® Lild))?

>q,®
Xk/(DL

H@*  ( _Q)Z(;I}IDL ® L[q])z is then a quasi-isomorphism.

of representatives of H *(({?2 ® Li[q])z) for each g. By definition, the inclusion

The way we defined the sections s(?? implies the following:

5.3.4 Lemma

For p, ¢ > 0 the natural map
Hatp _y f(@).p+1

is surjective for p = 0 and is the identity for p > 1.

Moreover, define the subcomplex
HO2[] = B @c O] < (230, ® Lila)7le) = L7

By [33, 2.12 & 2.14], this inclusion H(9-*[¢] C L? is a quasi-isomorphism, too.
The natural inclusion H(®-* c H(@-*[¢] is not a quasi-isomorphism. However, we have

the following lemma.

5.3.5 Lemma (cp. [33, 2.15])

For p > 1 the natural inclusion H(®»* ¢ H(®-*[¢] induces surjections
H@OP 5 gP(H@-*[¢])
each with a kernel isomorphic to H(4=1:»,

Proof: Let p > 1. Following the argument of Steenbrink, any [¢] € HP(H(®-*[¢]) has
a representative o = Zg:o os - €5, with o, € HO? = HO:»td Then 0 = Ao =
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25:1 sos ndlogz - €571 implies that o, Adlog z = 0 and this is, by a lemma of de Rham
(cf. [3, p. 8]), equivalent to oy = 7, Adlog x for some n, € H@~D» = FO)pta=1 5 —
1,...,d.

By the preceding lemma 5.3.4, there exist 7j, € H(®»~1, such that 7j, is mapped to 7,. If
we set 77 := Z‘szl H%ﬁs - €511 then o = 0¢ 4+ An, with oy € H@?, 5o that [0] = [o].
Hence, the map HD» — HP(H(9-*[¢]) is indeed surjective. Its kernel is given by those
0o € HDP such that og = A((€) = (o adlog z for some ¢y € H@~ 1P, O

Since this kernel H(@~1)? is a quotient of H(9)?~! by lemma 5.3.4, we have a commutative

diagram

H@»=1 ydlogw —— HP~Y((235%, ® Lilg))7) ndlog

Hor = | HP((Q/%Z’/:DL ® Lila))z)

HP ()
—

HP(H(Q),o[ﬂ) A~ Hp(f,;) Hp((QJ%Oq’. ® L[q])z)

0 0.

For p = 0 the situation is slightly poorer. Define the map i: Z(0:0 — ZO(H(@-*[¢]) by
o+ 0+ 0 + 062 + .. .. This is well-defined, because A~(o +0E+02+..) = Ao =0

(and even injective). Hence, we have a commutative diagram

id . ~
700 — £ HO((235%. ® Lild))?)

20(H@[g]) = HO(T2) =, HO((27%* ® Lg))7)

showing that H?(v)): HY(IL®) — ]HO(Q?OQ" ® L[q]) is at least surjective.

In the O-case the same proof goes through when replacing dlog = with dzx.

From here onward, we follow the arguments in [21, 4.1]:

Since 1) factors, by definition, via i_lﬂiﬁq" ® Lilq) — Qﬁq" ® L]g], we have surjective
maps ]HP(QJ?:" ® Li[q]) — IHI’(_Q?O(’" ® L[g]) in the long exact sequence associated to
the short exact sequence

0= 229° ® Ly 1[q] > 229° @ Lifq] 215 029 @ L]g] — 0,

which therefore splits into short exact sequences

0 — HP (277 ® Li—1[q]) = HP (277 ® Li[q]) _medz, HP(27%* ® Llq]) = 0
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of C-vector-spaces. Hence,

dime (H(27%° ® Lilq])) = dime (H (279 ® L4_1(q))) + dime (H? (277° ® L[g)))-

What we really want to show is that the long exact sequence associated to the short exact

sequence

0 2° >q,e mod a* >q,e
— % ®L[ ]V‘—)Q ®£k[Q]—>ka,1®Ek—1[Q]HO

splits into short exact sequences. To this end, we regard a piece of it:

HPH (2507 ® Li-1[q))

¢ T
K ——— HP(27%* @ L[q))
i T~
K ——HP (79 ® Liq])
4 T
H

K" —— HP (79 ® Li_1]q)),

where the K /") are the kernels and images of the differentials in the sequence.

As C-vector-spaces they satisfy dim(IEIp(Q>q’ ® Li[q])) = dim K + dim K" as well
as dim K < dlm]Hp(Q>q’ ® L[g]) and dim K" < d1m]Hp(Q>q’ ® Lk-1[q]). But
since we already know that dlm(]Hp(Q>q’ ® Lk[q]) = dlm(IEIp(_Q;:I’1 ® Lr-1[q])) +
dlm(]Hp(Q>q * ® Llq])), we must have equalities, so K = IHP(_Q>q *® Llg]) and K" =
IHP((2>q’ ® Li—1[q]) as C-vector-spaces. Hence, K’ must be zero and this long exact

sequence splits into short exact sequences

0 — H(227° @ Lig)) 2 HP(Q29° ® Li]q]) 2217 HP(229° ® Ly _1[q]) = 0

of C-vector-spaces.

But this means that H? (27 >q *®Lrlq]) = xk-]Hp(.Q>q *®L[q])+F, with F = IHP(Q>‘17:®
Lr—1[q]). By induction on k, F~ @j:o 2l ]Hp(.Q>q’ ® L[q]), so ]Hp(9>q *® Liq])
A ®¢ IHP((2>q’ ® L[q]). This completes the proof of proposition 5.3.1. O
5.3.6 Corollary

Let fr: (Xk, Ax) — Spec Ay be a log smooth lifting of (fo, V) over the log ring Ay, and let
fr—1: (Xg—1, Ag—1) — Spec Aj_1 be its restriction to Ai_1. Then the canonical maps

HP (279° ® Li[g]) — H (279 ® Ly,_1[q))

are surjective.

5.3.7 Corollary

Let fi: (Xk, Ar) — Spec Ay be a log smooth lifting of ( fo, V) over the log ring Ay. Then
HP (X, Q;{k ® L) is isomorphic to HP (X, Q?O ® Li) ®¢ Ay as Ax-module for all &, p and
g. In particular, HP (X}, quck ® Ly,) is a free Ap-module for all k, p and g.



126 CHAPTER 5. SMOOTHING OF SNC LOG SYMPLECTIC SCHEMES
Proof: We regard for any ¢ and k the short exact sequence of complexes
0= Q71 @ Lifq] —» Q79 ® Lilg] —» 029, ® Li[0] > 0
which induces a long exact sequence
= HP(QFTT @ Lifq)) — HP (277" @ Lilq)) — HP(Xe, 2%, @ Li[0]) — ...

We compare this sequence with that which we get in the case k = 0, tensored with Ay, over

C:

HP~H (27970 @ Lifg + 1)) N HP~H (2777 @ Lig+ 1)) ®c Ak

HP(277° ® Lilg) —————— HP (2" ® Llg)) ®c Ay

Hp(Xk, Q?‘k ® ﬁk) e — HP(X7 “Q?o ® L) Qc A

By the 5-lemma, H? (X}, Q]qck ® L) = HP(X, Q}O ® L) ®¢ Ap. O

Putting V = d and Ay, = d, we may conclude the following:
5.3.8 Corollary
Let fr: Xy — Spec Ay be a log smooth lifting of fy over the log ring Ay and let

fr—1: Xr—1 — Spec Ag_1 be its restriction to Ax_1. Then the canonical map

HP (277 [q)) — HP (27" [4))

is surjective for all p and q.

5.3.9 Corollary

Let fr: Xx — Spec Ay be a log smooth lifting of fy over Ay. Then HP (X}, Q?k) is iso-
morphic to H? (X, 2§ ) ®¢ Ay, as Ax-module for all k, p and ¢. In particular, HP (X, 27, )
is a free Ag-module for all &, p and q.

If we are in the log symplectic situation (general or non-twisted), then, due to the isomorph-
ism T = 2! ® L induced by the log symplectic form, we have

5.3.10 Corollary

Let fo: (X, V,w) — SpecC be a log symplectic SNC log variety (of general type) and, for
any k € N, let fi: (Xi, Ag, wr) = Spec Ay, be a log symplectic lifting (of general type)
over the log ring A, with underlying ring Ay.
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Then HP (X}, Ty, ) is isomorphic to H? (X, Ty,) Q¢ Ax as Ax-module for all k, p and ¢. In
particular, H? (X}, T, ) is a free Ax-module for all £ and p.

The next proposition is an analogue of proposition 5.3.1 for the B-complex:

5.3.11 Proposition

Let fo: (X, V,w) — SpecC be a log symplectic normal crossing variety the flat log con-
nection of which is log Cartier and, for any k € Ny, let f: (Xk, Ag, k) — Spec Ag be a
log symplectic lifting of ( fo, V,w) over the log ring A, with underlying ring Ay.

Then H? (B} (wwy)) is isomorphic to HP(Bf (w)) ®¢ A as an Ag-module. In particular,
HP(B} (wy)) is a free Ap-module.

Proof: Consider this diagram with exact columns and rows

0 0 0

H?(Bg () ———— HP(B}, (wk)) ——— HP(Bjf, _, (wk-1))

00— HP(Q2f) ——— HP(Q}) ——— HP(QF, ) ———0

K} K] K, 0

0 0 0,

where the K's and K's denote the respective kernels and cokernels. We compare the C-

vector-space dimensions (denoted by hP): On the one hand,
WP (B, (@) = WP (25, @ Li[1]) + hP(2F,) = WP (Ky) — hP(K7,)
> WP(QF1° @ Lo[1]) + hP (02710 @ Le_1[1]) + hP(2]) + hP (2], )
— hP(Ko) — hP(Kg) — hP (K1) — hP (K}, _y)
= WP(Bf,(wo)) + h*(Bj, _, (@k-1))

—~  —~

and on the other hand, h* (B}, (wy)) < h? (B} (wo)) + hP(B}, _, (wk—1)). Therefore, the
middle row must be exact, too, and we may prove H? (B} (wy)) = HP(B} (w)) ®¢ A

inductively again. O
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5.3.12 Corollary

Let fr: (Xk, Ak, ) — Spec A be a log smooth lifting of (fo, V) over Ay and let
fe—1: (Xp—1, Ak—1, @) — Spec Ai_1 be its restriction to Ag_;. Then the canonical
maps

H?(Bj, (wy)) = HP(Bf,_ (@k-1))

are surjective.

5.4 Vanishing of the obstructions and main results

5.4.1 The obstruction of log smooth liftings

Let fo: X — SpecC be an SNC log variety with double locus D. Let fi: X — Spec Ag
be a log smooth lifting of fy over Ay and denote €;.: 0 — (y) — By — A — 0. Moreover,
denote the closed immersion iy : X — X},.

Recall from chapter 4 that the obstruction to log smoothly lifting f, along ¢y, is an element
oc,, ([fx]) in H*(T}, ®a, y - Ax) = H?(Ty, ). Together with corollary 5.3.10 this leads to
the following trivial observation:

5.4.1 Lemma
If H?(Ty,) = 0, then o, ([fx]) = 0 for all k € Ny,

However, the vanishing of the whole small obstruction space H?(TY,) is a rather strong
condition on fy. In this section we will give a weaker condition that implies the vanishing
of the obstruction o, ([fx]).

First, we prove the following proposition which is a generalisation of corollary 5.1.11.
5.4.2 Proposition

Let fo: X — SpecC be an SNC log variety with double locus D C X and, for any k € Ny,
let fi.: X — Spec Ay be a log smooth lifting of fy over Aj. Then

0 ifp=0,

Ext?(T,, Ox) =
HP~1(Op) ifp>1.

Proof of the proposition

Since the diagram
X% x,
lhg Jhk
X —— a7
is Cartesian, we get i} Yy, = i} 2} = Q}LO = T7%,, by the base change property of log
differentials. Here, X® and le"“ denote the schemes X and X} together with the log
structure pulled back from Spec € and Spec Ay, respectively.



5.4. VANISHING OF THE OBSTRUCTIONS AND MAIN RESULTS 129

5.4.3 Lemma
The natural morphism of Oy, -modules 1y, — i4i; 1, = i1, (induced by adjunction)

is an isomorphism.

Proof: Again, we identify the topological spaces of X and X. Let = be a closed point in X
and denote

R:= (/Q\va =Clz1,- - 2n,2] /(21" 2 fcxN,:z:k).
Then (ik+Ox)z = @X_,T, = ﬁ/(zl ...+ 2.). At the level of completion of stalks, the
morphism in question, ff@ = (X py)z = ffo,x, is given by

R (dlog z1, . .., dlog z, dlog x)
(z1dlog 21, . . ., zpdlog z.,dlog z1 + . . . + dlog z,., dlog x)

= (@ ]%/(zj) -dlog z;)/ (dlog z1 + ... + dlog z;)

j=1
R/(z1 ... 2){dlogz,...,dlogz)
(z1dlog z1, . .., zydlog z,,dlog z1 + ... + dlog z.)

= (@ R/(zj) -dlog z;)/ (dlog z1 + ... + dlog z,)

j=1

dlog z; — dlog z;, dlog x +— 0,

which is an isomorphism. O

Now iy, is a closed immersion, which implies that the exceptional inverse image functor i,
is defined already on the level of Oy, -modules, namely by z'!k]-' = i I'x F, where I'x F
is the sheaf of local sections of F with support in X C A}, (for a general morphism f of
schemes f' is only defined as a functor between the associated derived categories). The
functor z'k is right-adjoint to i which, as i, is a closed immersion, coincides with i,. For

all these statements, cf. [6, p. 40-41 & p. 62-65, i.p. 3.2.11].

Hence, we may calculate
EXt%Xk (Tfk y O.Xk) = EXtZ()?Xk (ik*Tfoa OXk) = EXt}(?DX (Tfov iZFXOXk)
= EXT‘I()DX (Tfov Z;:O?Ck) = EXtI()Dx (wa OX) = Hp_l(OD)

for p > 1 and Homo,, (ix+1¥,, Ox,) = Homo, (Ty,, Ox) = 0, which proves proposition
5.4.2. In these calculations we used that I'x Oy, = Oy, which is true, because X C X}, is
defined by a nilpotent ideal. O

Applying the functor Hom( -, O, ) to the short exact sequence
0— QE/T}(}C =02 =T =0

and recalling from [11, 2.10] that Extp(Q}k,OXk) = HP(T},), Extp(Q}k/T/{gk, Ox,) =

HP(Ty,) and Ext? (T, , Ox) = HP~1(Op) by proposition 5.4.2 for all p € N, yields the
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long exact sequence
...— HY(D,0p) = H*(Ty,) = H*(Ty,) = H*(D,0p) — ...

This implies the following proposition immediately:
5.4.4 Proposition
If HY(Op) = 0, then o, ([fx]) = 0.

Proof: By 4.2.3, the map H?(Ty) — H?(T) sends the obstruction o, ([fx]) of log smoothly
lifting f;, along €, to the obstruction of ﬂ?ltly lifting the underlying flat deformation f, of
fo along the small extension 5: 0 — yAr — Ax[y] /y?> — Ay, — 0 underlying . Since
&, has the natural splitting A — A[y]/y?, we can always lift f;, to the trivial flat deforma-
tion fi[e]: Xgle] :== X Xspec 4 Spec Aly]/y* — Spec Ay]? associated to that splitting.
Hence, o., ([fx]) is mapped to zero, which, since the condition H' (D, Op) = 0 makes the
map H?(Ty) — H?(Ty) injective, implies o, ([fx]) = 0. O

5.4.5 Remark

In [21] the authors Y. Kawamata and Y. Namikawa examine deformations of what we
would call SNC log Calabi-Yau varieties. The two conditions of [21, 4.2] used to enforce
the vanishing of the obstruction of log smooth lifting are H4™X~1(X Oy) = 0 and
HImX=2(x¥ ©O.) = 0. By Serre duality, these force the two maps Ext* (v,Oxv, Ox) —
Extl(OX, Ox) and EXt2<V*OXV,Ox) — ExtQ(OX, Ox) to be surjective and injective,
respectively, which implies Ext*(Yx,Ox) = HY(D,Op) = 0, the weaker condition
directly imposed by us in proposition 5.4.4.

In our situation, regarding SNC log symplectic varieties, we may not assume the conditions
of Kawamata and Namikawa to be fulfilled: Let fo: X — Spec C be a complex smooth
symplectic variety (in the usual sense). Giving C the log structure of the standard log point
SpecC€ and X the log structure f;C makes fy a (strict) log smooth morphism and lets us
view the symplectic form on fg as a log symplectic form on the log smooth morphism fq.
Under these assumptions, since X is normal, we have v,Ox» = Ox, so we calculate
HImX=2(xv Oy,) = Ext?(1,0xv,0x) = H*(Ox) = HO(QJ%O), which is non-zero,
because it contains the log symplectic form. For this reason, we may not impose the same
conditions HY™X~1(X Ox) = 0and H4™X-2(X" Oy.) = 0 as Kawamata and Nami-

kawa , because the second condition would contradict our assumptions.

5.4.2 Smoothing of non-twisted log symplectic varieties

Let fo: (X,w) — SpecC be an SNC log symplectic variety of non-twisted type. Let
fi: (X, ) — Spec Ag be a log smooth deformation of (fy,w) over Ay and denote
eg: 0= (y) = By = A — 0.

Recall from proposition 4.2.4 that the obstruction to lifting fi: (X, wr) — Spec Ay along

>1,0

ek, is an element o, ([fx, wx]) in H( ?1"[1] ®a, eAy) = H*(Q7 *[1]).
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5.4.6 Lemma
>2,0
IfH'(277°[2]) = 0, then

O ([frs @) =0 & oc ([fa]) = 0.
Proof: Under the map my, : IHz(Qkal" [1]) — H?(Ty,), induced by the short exact sequence
760 = Q72°(1) = 27101 T Ty, — 0,

0c,, ([fx, wk]) is mapped to the obstruction o, ([fx]) of log smoothly lifting fj over i, by
corollary 4.2.3. Due to corollary 5.3.2 the vanishing of ]}11(9?2"[2]) = H—IQ(QJIZQ"[l]) im-
0 [0

plies that of H?( ?:" [1]), which makes 7y, injective, implying the claim. O

5.4.7 Theorem
Let fo: (X, w) — SpecC be an SNC log symplectic variety of non-twisted type with double
locus D and with f,Ox, = Ospecaf~ If

a) HY(X,0x) =0,

b) H'(27>°[2]) = 0 and

¢) H'(D,0Op) =0o0r H*(X,T},) =0,
then the hull of Def ;, ,,) is smooth.

Proof: We have to show that Def := Def , . satisfies the T1-lifting property, i.e. that
Def(Br) — Def(Ax) Xpet(a,_,) Def(Br_1) is surjective for all k. If & = 0, then this
reduces to showing the surjectivity of Def (By) — Def(Ay). If H(D, Op) = 0, respective-
ly, if H?(X,Tf) = 0, then we have, by proposition 5.4.4 and lemma 5.4.6, respectively by
lemma 5.4.1, that o, ([fo,w]) = 0 for the small extension g9: 0 — (y) — By — Ag — 0,
which is equivalent to Def(By) — Def(Ag) being surjective.

Now let £ > 1. Then we look at the diagram

Def(By,) — Def(Bj,_1)

| J

Def(Ak) _— Def(Ak_l).

We regard an element (g, mx—1) € Def(Ax) Xpeg(a,_,) Def(Br—1) with & and 71
projecting to {x_1. Due to the vanishing of the obstruction along the small extension
er: 0 = (y) = Br — A — 0 by proposition 5.4.4 and lemma 5.4.6 we can lift & to
an element 7, € Def(B). Denoting the projection of 1, in Def(By_1) by n},_,, we need
not have 77;,_, = ni_1. But as the set of all € Def(By_1) mapping to {,_1 € Def(Ay)
is a torsor under H—Il(()i{:[l]) by 4.2.4, there is an element v,_; € H—Il(()i{:[l]) with

Vk—1M},_; = 7Mk—1. Since H( ﬁl"[l]) — HY( i{:[l]) is surjective, there is an ele-



132 CHAPTER 5. SMOOTHING OF SNC LOG SYMPLECTIC SCHEMES

ment vy, € Hl(Qil" [1]) mapping to vi_1. Then viny is an element of Def (B),) mapping

to & and vi_17),_; = mMk—_1, respectively, which shows the surjectivity of Def(B;) —
Def(Ar) Xpet(a,_,) Def(Bg_1) forall k > 1.

By the T1-lifting principle 5.2.2, we conclude that Def is smooth. In particular, its hull is
smooth. O

Letnr: Spec C((t) — Spec T be the generic point of Spec T'. The induced strict morphism
of log schemes n7: (Spec C(¢t)),n57) — SpecT is called the generic point of Spec T and
we write Spec 7" for (Spec C((t)), nr*T). By abuse of language, we will also call Spec 7"

the generic point of Spec 7.
5.4.8 Lemma

The generic point Spec 7" of Spec T carries the trivial log structure.

Proof: This log structure has the chart ¢: Ny — C((¢) induced from Spec T, which maps
the generator 1 of Ny to the unit t € C(t)”. Hence, its log structure sheaf M,, =
Noo C(t)™ = C(t)™ is trivial. O

5.4.9 Theorem

Let fo: (X,w) — SpecC be alog symplectic variety of non-twisted type satisfying the con-
ditions of theorem 5.4.7. Then (fp,w) is formally smoothable to a log symplectic deform-
ation f: (X,t0) — Spec T, the generic fibre of which is a strict smooth log symplectic
scheme f': (X’,w’) — n7 of non-twisted type.

In particular, fw is a flat deformation of f  and the generic fibre f’: (X', w') — SpecT”

of (f__,w) is a (relative) smooth symplectic scheme in the usual sense.

Proof: Let ¢ 4: T' — A be the T-algebra structure ¢ — z. Then the smoothness of the hull

‘R implies the existence of a morphism

SpecT = Spec@An — Spec R — Def ¢, o),

n
thus the existence of a lifting ( foo, W) in Def (5, o,y (T):

(X,w) &—— (X, )

e

Spec€C “—— SpecT

The generic fibre f’ (the fibre over 7)7) of fo is the morphism in the commutative diagram

of morphisms of log schemes with strict open immersions as horizontal morphisms

X' :=X%,, = X XgpecT Spec T —— X

J» J,«x

Spec 7" “——— Spec T

and we let w’ be the restriction of tv to X”.
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Then f’ locally admits the chart diag: Ny — N, with 1 € Nq being mapped to the unit
t € C((t)”™ and its image under the chart (1,. .., 1) mapped to the unit ¢ € O%,. But since
a product which is a unit can only have units as factors, Nj, is completely mapped to O%.,.
Hence, Mx: = My B0 0%, =Ny 0%, = O%,, which shows that ax- is trivial. In
reverse, the log structure ax is supported only in the fibre X over the closed point Spec C
of Spec T corresponding to the prime ideal (?).

A morphism of log schemes with trivial log structures is always strict and the (log) smooth-
ness of such a morphism is equivalent to the smoothness of the underlying morphism.
Therefore, f': X, — Spec C((t)) is a smooth morphism of schemes in the usual sense. Due
to the strictnessiof f', the form w’ is just a symplectic form (relative to f’) in the usual
sense. Hence, fo is indeed formally smoothable to a flat deformation the generic fibre of

which is symplectic. O

5.4.10 Corollary (cp. [21, 2.5])
Let fo: (X,w) — Spec € be a SNC log symplectic variety of non-twisted type of dimension
2 with H'(X, Ox) = 0. Then the hull of Def y, ) is smooth and fy is smoothable by a

flat deformation.

Proof: By assumption, .Q?O = Oy, thus ]I-II(Q?UQ"[Q]) = HY(X, Q?O) = H'(X,0x) = 0.
By [11, 5.8], we have H? (T,) = 0. Using 5.4.7 and 5.4.9, the result follows. O

5.4.11 Remark
This corollary is essentially [21, 2.5], because in dimension 2 a log symplectic SNC variety is
the same thing as the logarithmic degenerate Calabi-Yau variety described by Y. Kawamata

and Y. Namikawa in [21], which we would call SNC log Calabi-Yau variety of dimension 2.

5.4.3 Smoothing of twisted log symplectic varieties

Let fo: (X, V,w) — SpecC be an SNC log symplectic variety. Let fj: (Xg, A, w0r) —
Spec Ay, be a log smooth deformation of (fo, V,w) over A, and denote £5: 0 — (y) —
B — A — 0.

Recall from chapter 4 that the obstruction to lifting fx: (X, Ak, @wr) — Spec Ay along e,
is an element o, ([fx, Ak, wk]) in ]HQ(Bf'k (wr) ®a, €Ak) = IHQ(Bf’k (wk)).

5.4.12 Lemma

IfH! (!2?02" ® L[2]) = 0 and if V is log Cartier, then

ng([fk,Ak7ka =0 <« OEk([fk]) =0.
Proof: Under the map py: ]HQ(Bf'k (wg)) — ]H2(A]?k(Ak)) induced by the short exact

sequence
0— Qf%f” ® Li[l] — B} (wr) L5 AL (Ay) — 0,
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0e,, ([f&, Ak, wr]) is mapped to the obstruction o, ([f, Ax]) of lifting the log scheme with
flat log connection (fj, A) along e.
Under the surjective map 7y, : H?(A 7(Ar) > H %(Ty, ) induced by the short split exact
sequence

0= Qf — Af (Ar) = Tp,[0] = 0,

0e,, ([f&, Ak]) is mapped to the obstruction o, ([f%]) of log smoothly lifting f, along e.

If V is log Cartier, then it automatically lifts to any infinitesimal log smooth lifting of fj
(cf. Lemma 3.4.10), so o, ([fx, Ak]) vanishes if and only if o., ([f%]) vanishes. By pro-
position 5.3.1, the vanishing of ]Hl(()]%f" ® L[2]) = ]HZ(Q?OQ" ® L[1]) implies that of
IEIz(Q?kZ’. ® L[1]), which makes g, injective, thus implying the claim. O

We are now able to proof our second main result:
5.4.13 Theorem

Let fo: (X, V,w) — SpecC be an SNC log symplectic variety (of general type) with double
locus D and with f.Ox, = Og,ecq- If

a) Vis log Cartier,

b) HY(X,0x) =0,

c) ]Hl(Q%)Q" ® L[2]) =0 and

d) HY(D,0p) =0o0r H*(X,T},) =0,
then the hull of Def 4, v, ) is smooth.

Proof: Let Def := Def (4, v, ). By lemma 5.4.12, the vanishing of o., ([fx, Ak, @k]) is
equivalent to that of o, ([fx]). By proposition 5.4.4, respectively by lemma 5.4.1, the second
obstruction vanishes.

Literally as in the proof of 5.4.7, this vanishing implies the surjectivity of Def(By) —
Def(Ag) for k& = 0 and the surjectivity of Def(By) — Def(Bir_1) Xpef(a,) Def(Ar_1)
for k > 1, when replacing the torsor of liftings H! (Qil_’: [1]) by H* (B} _ (@)

Again, by the T1-lifting principle, we conclude that Def is smooth; hence, its hull is, too. (I

5.4.14 Theorem

Let fo: (X,V,w) — SpecC be a log symplectic variety (of general type) satisfying the
conditions of theorem 5.4.13. Then (fy, V,w) is formally smoothable to a log symplectic
deformation foo: (X,D,1w) — Spec T (of general type) the generic fibre of which is a strict
smooth log symplectic scheme f’: (X', d, w’) — Spec T" of non-twisted type.

In particular, fo is a flat deformation of fj and the generic fibre f': (X', d,w") — SpecT™"

of (f ,®,w) is a (relative) smooth symplectic scheme in the usual sense.
200
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Proof: As in the proof of 5.4.9, the smoothness of the hull R implies the existence of a
morphism Spec 7" — Spec R — Def (4, v,.,), thus the existence of a log smooth deforma-
tion foo: (X,D,10) — SpecT € Def (4, v, .,)(T).

Again, f': X’ — SpecT" is a strict morphism of log schemes with trivial log structures.
Since © is log Cartier, its restriction must be equal to the only flat log Cartier connection
(d,Ox/) on X', the form w thus restricts on X' to a log symplectic form w’ of non-twisted
type. Due to the strictness of f’, the form w’ is again just a symplectic form (relative to f’)
in the usual sense and fj is formally smoothable to a flat deformation the generic fibre of

which is symplectic. O

5.4.15 Corollary
Let fo: (X, V,w) — SpecC be a SNC log symplectic variety of general type of dimension
2 with H' (X, Ox) = 0 and such that V is log Cartier. Then the hull of Def

and fy is smoothable by a flat deformation.

fo,w) 18 smooth

Proof: By assumption, 912“0 ® L = Ok, thus IHI((Z?UQ” ® L[2]) = HY(X, (2]200 ®L) =
H'(X,0Ox) = 0. Again, by [11, 5.8], we have H?> (Ty,) = 0, so using again 5.4.7 and 5.4.9,

the result follows. |
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6 Examples

In the preceding chapters we have developed a theory of log symplectic schemes and their
log smooth deformations. In what follows, we will show that log symplectic schemes and
their deformations arise naturally by looking at some examples. Before constructing these
examples, we look at the blow-up of a log scheme. We assume all schemes to be Noetherian.
Although one finds the section headline “Log blow-ups”, numbered IL.2.5, in the lecture
notes of A. Ogus, this section bears no content up to today (cf. [29, II.2.5]. Hence, all the

following definitions and statements are due to ourselves.

6.1 Blow-up of a log scheme

Let X be a log scheme, let P C X be a closed subscheme and denote the blow-up of the
underlying scheme X of X along P by 3: X8 & X. Then E := B~L(P) is a divisor in
X% with open complement W := X2\ E = X \ P. Accordingly, we have on X2 on
the one hand the compactifying log structure oy, - s associated to the open immersion
j: W — X% and on the other hand the pullback log;tructure Brax.

By the universal property of the tensor product of sheaves of monoids, the dashed

morphism of sheaves of monoids in the commutative diagram

exists uniquely and is a log structure on X 8,

We denote this log structure on p ¢ by axs = f ax ® 5 Mycxs and we write X :=
(XZ, axs) for the log scheme with that log structure and underlying scheme X B Since
there is an obvious morphism of log structures éb: B*ax — axs (namely the inclusion
as a subsheaf as seen in the above diagram), 8 := (3, gb): Y — X is a morphism of log
schemes which we call the blow-up of the log scheme X along the closed subscheme P C X.
By abuse of language, we will also call X” the blow-up of X along P.

6.1.1 Lemma
Let Y be a scheme and let V and W be open subschemes of Y. Then there is a natural

morphism of log structures

ayvcy @y Owcy — Qvnwcy.-

137
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If the complements Z = Y \ V and E = Y \ W are Cartier divisors in Y (i. e. non-empty
closed subschemes the ideal sheaf of which is locally principal, generated by a non-zero-

divisor) which have no common components, then this morphism is an isomorphism.

Proof: We denote the open immersions by the names indicated in the following Cartesian

diagram:
vaw <,y
J},W dvaw \PV
W Sy

We have the two canonical injective morphisms of log structures ¢y — aj, = Jvtvaw
and tyy — Q= j{,VXLVmW on V and W, respectively, because ¢y and ¢y are the initial
objects in the category of log structures on V' and W, respectively. Applying the left-exact
functors jy, and jw . to these morphisms, respectively, yields injective morphisms of log

structures

. . ./ .
Oy, = JUxlv = JUxJylvaw = Jvawxtvaw = jyqy and

. . ./ .
Uy, = JWxIW = JWxIWxtVW = JVAwxtvAw = Oy -

By the universal property of the tensor product of (pre)log structures, the morphism of log
structures

Qjy ®LL Qjyy 7 Qjyaw

exists uniquely and it is given by the morphism of sheaves of monoids
<Oy ®ox w0 = jvawxOpa, set s -t,

which makes sense, because all sheaves are sheaves of submonoids of (Oy, -).

If the complements Z and E of V and W, respectively, are Cartier divisors which have
no common components, then they are locally given as the vanishing locus of non-zero-
divisors f,g € Oy, respectively, such that if h is a local section of Ox with h | f and
h| g, then h liesin O%. Let f = f1-...- fpand g = g1 - ... - g, be factorisations of
f and g, respectively, into irreducible elements. For a p-tuple of natural numbers m =
(m1,...,mp) € Nf and a ¢-tuple of natural numbers n = (n1,...,n,) € N we set
fme=1I " and g™ = Hj g;”.

If r is a local section of jyw, Oy, then 7 is a local section of Ox which is invertible
on V N W. Hence we may write r = f™g¢"u for some local section u of O% and tuples
m € N and n € N{. The local section (f™u)® g" of ji Oy ®ox Jwx<Oyy is then a
preimage of . Hence this morphism is surjective.

Regard two local sections f™u @ g™v and fm/u’ ® g”/v’ of jv . Oy ®px Jw Oy both map-
ping to the same element f"'g"uv = fm/ g”/u/ v’. By the fact that fiand g are non-zero-

divisors and that Z and F have no common components, this implies that m = m/,n =n’
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and uv = u/v’. But then the two local sections f"u® ¢"v and f™ v/ ® g™ v’ are equal,

which shows the injectivity of the morphism. O

6.1.2 Lemma
Let i: Y — X be a morphism of schemes and let U C X be an open subscheme. Then

there exists a natural morphism of log structures

iXach — af—l(U)CZ.

If the reduced closed complement Z = X \ U of U is a Cartier divisor, then this morphism

is an isomorphism.

Proof: We denote the morphisms by the names indicated in the following Cartesian dia-

gram:

7 U) “ =y

jf/—m !

U(J—>X

Applying the functor j, to the natural injective morphism of log structures .y — f. f™*wy
yields the injective morphism of log structures o; = jutr — Jufl 5t = fudef ™t =
fXjXqu(U) = fxoz3. Its adjoint morphism f*a; — a; is the morphism we were looking

for. It is given by the morphism of sheaves of monoids
F 5008 = 71 juxOF 105 OF = JxOF 1y st = fi(s) -1,

To show that it is an isomorphism if Z is a Cartier divisor, it is enough to consider the affine
case X = Spec A and Y = Spec B. Then U = Spec A[é] and f~Y(U) = Spec(A[%] ®4a
B) = Spec B[é], where the non-zero-divisor g € A is an equation for Z. Hence, we have

a cocartesian diagram

A— Al
fﬁ lf/u

&,‘

The morphism in question is
(A[GD" @ax B* = A(g) ®ax B — (Blyy))* = B*(f*(9)).

ag™ @b fH(a)b(f*(g))™, which is clearly a group isomorphism. Here, we write A* (g)
for the subgroup of the quotient field K (A) generated by A* and g, which, since g is not

an element of A, is isomorphic to A* x Z. |
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6.1.3 Proposition

Let X be a log scheme the log structure of which is the compactifying log structure oy x
associated to the open immersion of the complement U of a Cartier divisor Z and let X be
the log blow-up of X along a closed subscheme P and let E := 37 1(P) be its exceptional
divisor and W = X ¥\ E its open complement. Then the log structure of X* is isomorphic
to the compactifying log structure associated to the open immersion of the subscheme

BHUYNW = B7HX \ (PUZ)).

Proof: By definition, axs = f*aycx ®._, awcxs. By lemma 6.1.2, this is isomorphic

X8
to ag-1()ycxs @, 5 Qwcxs, which, by lemma 6.1.1 is isomorphic to oy -1 () x5, as

claimed. O

6.1.4 Definition

Let 3: Xé — X be the blow-up of a scheme X along a closed subscheme P C X. Let
Y C X be a closed subscheme. The total transform of Y is the closed subscheme 3~ 1(Y") C
X5 Its closed subscheme Y C 31 (Y) defined by the ideal generated by local sections of
Op-1(y) which are supported in £ N $~(Y) is called its strict transform.

Giving these schemes the log structure as closed subschemes of X”, we may speak of the

total transform and the strict transform of Y C X under (3, respectively.

6.1.5 Lemma ([13, 11.7.15])

Let 3: Xé — X be the blow-up of a scheme X along a closed subscheme P C X. Let
Y C X be a closed subscheme. Then the strict transform Y € X2 of Y is the blow-up of
Yalong PNY =PxxY CXxx X=X.

6.1.6 Proposition

Let X be a log scheme the log structure of which is the compactifying log structure oy x
associated to the open immersion of the complement U of a Cartier divisor Z and let
B: XP? — X be the blow-up of X along a closed subscheme P. Let Y C X be a closed
subscheme and Y its strict transform under 8 in X?. Then Y is the blow-up of Y along
PNnY.

Proof: By the previous lemma 6.1.5, Y is the blow-up So: Y% Y ofY along PNY. It
remains to show that the log structure of ¥ as a closed subscheme of X is cvy-s, .
The log structure of Y is the restriction of that of X, so, using lemma 6.1.2 and proposition

6.1.3,

gy =1 axs =1Qg-1(x\(PUZ))C X8
= Y\ Puz)) e T Y (Xo\ (Xon(PUZ))C XSO

ZaXés'o. 0
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6.2 Examples constructed by blowing up

Now that we know what the blow-up of a log scheme is, we may construct our first
two examples of log symplectic schemes (of general type). Let go: S, — SpecC be a
proper smooth symplectic scheme of dimension d = 2n, n > 1, with symplectic form
w e I'(S,, Q;O).

Let S := 5 Xspecc Spec C[t] and denote the corresponding natural second projection by
g: S — Spec C[t]. Then g is trivially a (relative) smooth symplectic scheme. We identify
S with the central fibre S Xgpec o[y Spec k(0) of the family g.

We denote by U the open subscheme S \ S, of S and by j: U — S its open immersion.
Then (S, j) is a scheme with open immersion. As such it carries the compactifying log
structure o;. We write S := (S, as) for this log scheme. Analogously, Spec C[t] carries
the log structure associated to the open immersion of the complement of its point 0, which
turns it into the log affine scheme A¢[INg].

Naturally, g underlies a strict log smooth morphism g: S — Ag[Ny] of log schemes
since g~1(0) = Sy consists of a single component. Its restriction to the central fibre
go: So — SpecC is a SNC log scheme (consisting of one single component) with un-
derlying morphism of schemes go.

Now g¢ is already a (rather trivial) example of a log symplectic scheme (of non-twisted
type): Pulling back 7 to S via its first projection pr;: § — Sy defines a log symplectic
form 7 := prim € I'(S,£22) on S over Ag[No]. We will construct two examples of SNC

symplectic schemes consisting of two irreducible components based on this trivial example.

6.2.1 First example: Blowing up a point

Let s be a closed point in Sy and let §: X — S be the blow-up of S in the point (s,0)
as defined in section 6.1 above, with X := SP. By proposition 6.1.3, X’ carries the com-

pactifying log structure associated to the open immersion of the complement of the closed

subscheme X := 371(Sp) C X.

This preimage X of Sy under f3 is a strict normal crossing divisor in X, consisting of two
components: X1}, which is the exceptional divisor of the blow-up, isomorphic to P27, and
X 2] which is the strict transform of Sy under /3. Here, all closed subschemes carry the log
structure induced from their ambient log scheme. Denoting the blow-up of Sy in the point
sby Bo: Sg“ — So, we have X[g) = Sgo by proposition 6.1.6; in particular, ax, = Qg
Regard the composition f := go 3: X — Ag[Ny]. As shown in chapter 3, section 3.6, f is
a log smooth morphism of log schemes and its restriction fy := f|y : X — SpecC is an
SNC log variety.

Since X carries the log structure of a regular scheme with SNC divisor X = X[;; U X|g),
the group of its log Cartier divisors is LCar(X) = 7Z - X[;) @ Z - X[ = 72. We let L be
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the line bundle M x(—2X|;)) = Ox(—2X[;)) on X. This line bundle comes with the flat
log connection A = (£, A) = My(—2X|y)) which is, as remarked in section 3.6, the usual
differential d restricted to the subsheaf £ C Ox.

We claim that w := §*7, the pullback of 7 via (3, is an element of I (QJ% ® L) which is a
log symplectic form of type A. Since § is an isomorphism outside of the point (s, 0), it is
enough to do a calculation in étale-local coordinates at (s, 0):

Etale-locally at s, Sy is isomorphic to AZ", with coordinates 1, ..., %y, y1,. . ., Y, and the
point s corresponding to the origin, with trivial log structure and with the (log) symplectic
form 7 = Y1 | dw; ndy;. Then, étale-locally at (s,0), S is isomorphic to (AZ'! a),
with the additional coordinate ¢, with log structure « associated to the prelog structure
Ny — OAénJrl, n—t".

Although to our knowledge there exists no algebraic or holomorphic Darboux theorem,
we assume for our calculations that this étale local situation resembles a Darboux chart in
the sense, that we may write # = )., dz; Ady; considered as a log symplectic form on
g: (Aé"“, a) = Ag[Np] in this situation (cf. [25, 3.15 & 16] for the real analytic case). So
étale-locally,

(D[x17"'7xnay17'"7yn7t][§1?"'a§nanlv"'777'VL?T]

X = 8P = Proj
(T — &y yiT™ — i, @5 — @580, Yiny — Yinis Tinj — Y;&)

(where the x;, y; and ¢ have degree 0) with the central fibre given by

(D[xlv'"umruylv'"ayn][glv"'agnvnlw"3777’7,77—]

X = Proj
(@7, yiT, &5 — 5&, yimy — Y, ©inj — Yi&i)

which consists of the two components
X =ProjClé, ., &nsmis -y 7] = PR,

given by the ideal (21, ...,2n,Y1,...,Yn), and

(D[mlﬂ"'axnvyla"'ayn][gla"'agnanla"'vnn] Qsﬁo

X = Proj &~ G0,
12 (@& — x5&, vimy — yinis vany — Y56:) 0

given by the equation 7 = 0. Their intersection

K[12] = PI‘Oj @[51, e 757177]1’ se a77n] = ]P?Dn_l’

which is the double locus of X, is the exceptional divisor in X| 2]

The affine subscheme of X' on which £; is invertible and to which we will refer as X, -1 is

isomorphic to
SpeC(D[x17527 T 7gn7ﬁ1a T 7ﬁn7?]/(x1?)’

e _ & 5 _m =_ T
where §; = el = & and T = &
1=Nn2

and its log structure X, is the one associated to the
1
prelog structure ax,_,: N2 — OXE_w (n1,ng) — a'T
1 1
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In this chart we calculate

n

w =0*7 =dxy rd(x17y) + Z d(x1&;) nd(x17;)

=2

= zyday ndly + Y a1yday adi; + 217,dE, nday + 21dE, A dT;
=2

=22 (dlog xy Ady + Zgidlog xy Adn; +1,dE; Adlog zy + dE; Ad?]i)
=2
S F(Xfl—l, .Q? ® Ox(—2X[1])),

writing dlog x; for dlog(1,0) and analogously in the other charts X,—1.

The affine subscheme X, -1 is isomorphic to
1

SpeC(D[ylagl’ s ’Znaﬁ% cee aﬁna?]/(yl?)>

where £, = %, n; = Z—i and T = ;—1, and its log structure oy _, is the one associated to
Kt

the prelog structure ay _,: N2 — Ox _,, (n1,n2) — y7'7"2.

1 1

In this chart we calculate

w=c*7 =d(&y1) rdyr + Z d(11&;) nd(y17;)

=2
=7 (dswdlog y1+ Y &dlogyy Ad,; +7,dE, ndlogy + d, wm)
=2

€ I'(X, 1, 27 ® Ox(—2Xp)))

writing dlog y; for dlog(1,0), and analogously in the other charts 7, L

1

Finally, the affine subscheme 77" is isomorphic to

Spec Clt,&q,s -, &y s - -5 Tl

where £, = % and 7; = &, and its log structure a1 is the one associated to the prelog
structure a,-1: NZ — OTfl, (n1,n2) — t™2 (or the prelog structure a,-1: Ng — O, -1,
n +— t", if preferred).

In this chart we calculate

w=0"%F =t dfndy; € I(X,—1, 27 ® Ox(—2X)))

i=1
(observe that 7=! N X9 = (). This shows that c is indeed an element of I'(27 ® L).
Next, we show that it is closed under A: In the affine chart Xg;l the log connection A =
My (—2Xpy)) is given by the discrepancy pair (%, 2dlog z1) = (1,2dlogz1) and thus it

acts in this chart on forms o with values in £ by the rule A(2?-0) = 2%+ (do+2dlog x1 A o)
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(cp. section 3.6). We calculate that

A (ﬁ (dt0g a1 ndiy + Y Edlog wy ndiy, + 7, dE; ndlog 1 + dE » dni)>

i=2
_ (Z dE; ndlog 1 AdT; + dii; ndE; ndlog z1 + 2dlog z1 A dE,; A dn.) —0,
i=2
and the same may be checked to be true in all other charts (here the discrepancy pair of A
is (1,2dlog x;), (1,2dlogy;) and (1, 2dlog t), respectively).
Finally, we have to verify that z induces an isomorphism 7 — Q]lc ® L. In the chart X€1—1

the map in question sends

210y, = o] (dm + Zgidﬁi - ﬁidgi)’
i=2

O, — o} (7;dlog a1 + dij;) ,

5,
s,

i

— 27 (—dlog x;) and
— 33% (—Eidlogazl — dgz) .
Therefore, its inverse is given by

— x%dlog 1,
— x%dgz
— x2d7,; and

2100, — Y &0, + 105, + 287,05, — xidi,,

showing the bijectivity of the induced map 77 — -Q}- ® L in this chart. Proceeding analog-
ously in all other charts, one shows that w indeed induces an isomorphism.

Eventually, we have shown that f: (X, A, w) — Ag[Ny] is a log symplectic scheme (of
general type).

Writing fo := fly : X — SpecC, L := L]y, V := Al and w := @]y, the SpecC-
log-scheme f: (X, V,w) — SpecC is an example of an SNC log symplectic variety (over
SpecC):

The line bundle L = M x (—2X71)) = Mx (2X[) obtained by restricting £ to X is given

on the two components of X as follows. On X|;) we have
Ly = Llx, = OX(2X[2])]X[ = Ox,,(2X719)),
whereas on X5 we have
Lig = LIy, = OX(—QXU])]X = Oxy (—2X[12)).

The restriction to X[y9] of L{1j and Ly is NX NX[12 CXp respectively, which
are isomorphic, because NX[n] CXp ®OX[]2] NX[n] cX
X (cf. 3.5.24 and [11, 1.9]).

o = Oxpyy) by the semi-stability of
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The flat log connection V' = Ay is given on the components by V};) := V|X[1] and
Vig) :== V| Xz respectively, given by the augmentation of d as described in section 3.6.

The form w := w|y is given on X[y (in the chart ngl) as

1 — = — —
wiy = — = (dlog 7 AdBy + Y (€dlog 7 Adij; + 7, dE, ndlog ™ — dE; ndF,))
T
i=2
in F(Xm e Q]%O ® Ox,, (2X[197)) (observe that on X{;5) we have dlog z; = —dlog 7 and
2?2 = ?% for the generators of the restrictions of the line bundle) and on X|5) (in that chart)

as

wig) = x% (dlog T1A dBl + Z(Eidlog x1 A dm; + ﬁidgi rdlogxi + dgi A dﬁz))
i=2
in F(X[Q] e “QJ%O ® OX[2] (—2X[12])).
It inherits from w the properties that it is closed under V and that it induces an iso-

morphism T, — Q}-O ® L.

Example 6.2.1 The above constructed (fy, V,w): X — SpecC is an SNC log symplectic
variety (of general type). The log symplectic scheme (f, A, w): X — Ag[Ng] is a log
symplectic deformation of f; (of general type) along the strict closed immersion Spec € —
Ag[Ng]. All of its fibres other than X are smooth symplectic varieties in the sense that for
each p # 0 € Ag[No] the fibre f,,: (&), d,wp) — Ayy)[0] is a (strict) smooth morphism
of log schemes with trivial log structures (hence, with smooth underlying morphism of
schemes f,), with A, = d and such that w, € I'(X,, QJQCP) = I'(X,, QJQCP) is a symplectic

form in the usual sense.

6.2.2 Second example: Blowing up a Lagrangian

In this example we take (Sp, 7) and g: (S, 0) — Ag[No] as above, but, instead of blowing
up a point, we choose a (relative) Lagrangian subscheme of S.

Solet A C Sy be a regular Lagrangian subscheme of Sp, i. e. a regular closed subscheme of
dimension n = 3 dim Sy, with 7|, = 0. Let 3: X — S denote the blow-up of S along
its Lagrangian subscheme A x {0}. The preimage X of the fibre Sy is an SNC divisor in
X, consisting of two components: X[;; which is the exceptional divisor isomorphic to the
projective space bundle P(N,o}cs) (of rank n over A x {0}), and X5 which is the
strict transform of Sy under . Denoting the blow-up of Sy in A by Sy : Sg ® — S, we have
Xpg = Sp°.

The composition f := go /3 is a log smooth morphism and its restriction fy := f| : X —
Spec € is an SNC log variety.

Let £ be the line bundle My (—X[1j) = Ox(—X[1)). It comes with the flat log connection
A = (L£,4) = My(—Xp) which is the usual differential d restricted to the subsheaf
L C Oyx.
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We claim that @w := *7 is an element of I (_Q? ® L) which is a log symplectic form of
type A. Again, this may be shown doing a local calculation in étale-local coordinates at a
point (s,0) € A x {0}:

Assuming for our calculations a Darboux situation again, étale-locally at s € A, Sy is
isomorphic to AZ?, with coordinates x1,...,Zpn, Y1, .., Yn, the point s corresponding to
the origin and A given by the equations 1 = 0, ..., ,, = 0, with trivial log structure and
with the (log) symplectic form 7 = Y"1 | dz; ady;. Then @ = Y | dx; ndy; considered
as a log symplectic form on g. Then, étale-locally at (s,0), S is isomorphic to (AZ' !, a),
with the additional coordinate ¢, with log structure « associated to the prelog structure
Ny — O aZptts I t" and with # = >_" | dx; Ady; considered as a log symplectic form
ong: (AZ"! a) — Ag[No]. So étale-locally,

Clx1y oy Ty Yty oy Yns €1y -+ €,y T)

(i — t&i, 2:&5 — ;&)

X =8P = Proj

5

with the central fibre given by

(D['Tla ey Ty Y1,- e 7yn][§1a s 7£na7—]
(zim, 2:&5 — 25&;)

X = Proj
which consists of the two components
K[1] =ProjClyr, ..., ynl[&1, . &n, T] 2 A X PE = IP(NAX{O}CS)s

given by the ideal (z1,...,2,), and

X[Q] _ PI'Oj (D[mla"'7$n7y17"'1yn][£17"'7577,] o Sng

(&5 — w;6;) -

given by the equation 7 = 0. Their intersection

Xpo) = ProjClys, ..,y (€1, -, &n] 2 AX P 2 P(Nacs,) = P(NMaxqoyes|,):

which is the double locus of X, is the exceptional divisor in X| [2]-
The affine subscheme of X', on which ¢; is invertible (and to which we will simply refer as

Xg—l), is isomorphic to
1

Spec@[xl,EQ, e 1En,7y17 v 7y7la?]/(xl?)’

where &, = g—l and 7 = £, and its log structure o X, is the one associated to the prelog

1
structure ax, N2 — (9;55_1, (n1,ng) — ' 7T"2.
1 1

In this chart, writing dlog z; for dlog e[y again, we calculate

w=0"7 =dry rdy; + Zd(xlgb) Ady;

i=2
=1 (dlog 1 Adyr + Zgidlog x1 Ady; + dE; /\dyi)
i=2

€ F(Xxg;l 27 ® Ox(—Xpy)))
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and analogously in the other charts (£; ).

1

The affine subscheme 77" is isomorphic to

Spec®[£17 e 7En7y1a s 7yn,t],

where ¢; = %, and its log structure «,-1 and its log structure o, -1 is the one associ-

ated to the prelog structure a,-1: N — O_-1, (n1,n2) — t"2 (or the prelog structure
1
ar-1: Ng = O,-1, n — t" if preferred).

In this chart we calculate

w=0"T = tngi/\dyi S F(XTfl,.Q?‘ ® Ox(—X[l]))

i=1
(observe that 7=' N Xy = ()). This shows that o is indeed an element of I’ (QJ% ® L). We
show that it is closed under A:

Indeed, in the chart Xg;l the log connection A = Mj(—X7y)) is given by the discrepancy

pair (1, dlog x1), so we have

A (xl (dlog x1Andyr + Zgidlog x1 Ady; + dE; Adyi>>

i=2
=1 (Z d€; ndlog z1 Ady; 4 dlog zy A dE; Adyi> =0,
i=2
and the same may be checked to be true in all other charts (here the discrepancy pair of A
is (1,2dlog z;) and (1, 2dlog t), respectively).
Finally, we have to verify that @ induces an isomorphism 7 — ()} ® L. In the chart X£1_1

the map in question sends

2105, — 21 (dlh + Zfﬂ%) :
i=2

Oz — x1dy;,
Oy, — 1 (—dlogzy) and
Oy, = x1 (—&;dlogzy — d&;) .

Therefore, its inverse is given by

—0y, — x1dlog x4,
_ayi +E161/1 = CCldgi’
82, — x1dy; and

xlawl - Zgl&g

i>2

— z1dy1,

i

showing the bijectivity of the induced map 7 — .Q} ® L in this chart. Proceeding analog-

ously in all other charts, one shows that @ indeed induces an isomorphism.



148 CHAPTER 6. EXAMPLES

Eventually, we have shown that f: (X, A, w) — Ag[Ny] is a log symplectic scheme (of
general type). Writing fo := f|y : X — SpecC, L := L],V := A|y and w := w|,
the Spec C-log-scheme f: (X,V,w) — SpecC is an example of an SNC log symplectic
variety (over SpecC):

The line bundle L = M x (—X[;)) = Mx (X]z)) obtained by restricting £ to X is given on

the two components of X as follows: On X|;) we have
Ly = Llx,, = Ox(Xp)|y, = Oxpy (Xnz),
whereas on X5 we have

Ly = ‘C|X[2] = OX(_X[l])’X[Z] = OX[Q](_XUQ])'

The restriction to X[;9] of L{;j and Ly is ./\/X[m] cxp, and Ny -
(12]

Xy respectively, which

are isomorphic by the semi-stability of X.

The flat log connection V' := Al is given on the components by V[;j := V|X[1] and by
Vig :== V| Xy’ respectively, both defined by the augmentation of the differential d.

The form w := w@|y is given on X|y) (in the chart X§;1) as

1 LI _
wp) = = (dlogT/\dyl + Z (fidlogFAdyi —d¢; Adyi)>
=2

in I'(X}y et QJ%O ® Oxy,,(X[12])) (observe that on X we have dlogz; = —dlogT and

2, = £ for the generator of the line bundle) and on X 2] (in that chart) as

-7

W] = 1 (dIOg 1 Ady + Z (Eidlog x1 ndy; + dE; Adyi)>
i=2

in F(X[2] &b Q?U ® OX[Q] (—X[u])).
It inherits from w the properties that it is closed under V' and induces an isomorphism
Tfo — Q}o ® L.

Example 6.2.2 The above constructed (fy, V,w): X — SpecC is an SNC log symplectic
variety (of general type). The log symplectic scheme (f, A, w): X — Ag[Np] is a log
symplectic deformation of fj (of general type) along the strict closed immersion Spec € —
A [INg]. All of its fibres other than X are smooth symplectic schemes in the sense, that for
each p # 0 € Ag[No], the fibre f,: (X, d,wp) — Ay [0] is a (strict) smooth morphism
of log schemes with trivial log structures (hence, with smooth underlying morphism of
schemes fp), with A, = d and such that w, € I'(X, Q,ch) = I'(X,, lepp) is a symplectic

form in the usual sense.
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6.3 Examples of Nagai

In [26, 4.3] Y. Nagai gives an example of a “good degeneration of compact symplectic mani-
fold”, which we will translate into the algebraic setting. In this section, all schemes are
really schemes, not log schemes, unless otherwise stated. For the scheme X B of the blow-
up #: X# — X along the closed subscheme P C X, we will use the classical notation
Blp X.

We will repeat and correct the calculations of Nagai’s first example and then carry out the

calculations for the second example he proposes in [26, 4.4].

6.3.1 Preparation

In this subsection we are going to carry out local calculations which we will use later to
construct Nagai’s examples. We write A instead of A¢. First, we calculate the Hilbert
scheme Hilb?(Z') for Z' = Spec C[z,y, 2]/(x,) as an étale-local model for the Hilbert
scheme of a normal crossing scheme near a point where two components meet. Afterwards,
we calculate the Hilbert scheme Hilb2(Z”) for Z"" = Spec Clz, y, z]/(z,y, z) as a model
for the Hilbert scheme of a normal crossing scheme near a point where three components

meet. By a chart of a scheme, we mean a member of an open covering of that scheme.

Calculation of Hilb?(A®) and its universal family

We begin by calculating the Hilbert scheme H := Hilb?(A®) of the affine 3-space A3, It
parametrises objects of the form (G, {z,y}) consisting of a line G C A3 together with
two (not necessarily distinct) points z,y € G. Hence, it is equal to the scheme of the
blow-up Blg(Sym?*(A%)) = Blp(A® x A3)/G,, where D C A% x A3 is the diagonal and
D C Sym?(A?) its image. It is known that this is a regular scheme (cf. [10]).

We write A3 x A% = Spec C[z1 + y1, T2 + Y2, T3 + Y3, T1 — Y1, T2 — Yo, T3 — Y3), Where
the coordinates x; belong to the first and the y; to the second copy of A®. The blow-up of

this scheme along its diagonal D given by the equations z; = y; is
B := Blp(A® x A%) = Proj Cla; +yi, i — yil [/ iz — y;) — (@i — yi)).
The symmetric group G acts with its non-trivial element by

T +Yi = Ti T Yi xi —yi = — (i — i) i = Ni-

In the affine chart Bna (where 7 is invertible) of B we set us := % and ug = Z—?
1

Eliminating the variables x5 — y2 and 3 — y3 by means of the equations x5 — yo — us (1 —

y1) = 0 and x5 — y3 — uz(x1 — y1) = 0, this chart is the regular affine scheme

B, -1 = Spec Clz1 + y1, 2 + Y2, 3 + Y3, T1 — Y1, U2, Us)
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and the only coordinate not invariant under G4 is z; — y;. Hence dividing out the G-

action, we get
H,-1 =y ' /63 = Spec Clay + y1, 02 + Y2, 23 + Y3, 2191, Uz, us]

as the chart of H, where 7); is invertible. Setting a; := z; + y;, 1 = 1,2, 3, and by := 2191,
we get

Hnl—l = Spec (D[al, az, as, b17 Uz, Ug].
Analogously, the two other charts Hn; and H ! of H are given as

Spec Clai, az, as, ba,v1,v3] and  Spec Clay, as, az, bz, w1, wa],

respectively, where by := xoys, v := % and v3 = Z—z, and b3 := w3ys, wy = % and

N2
wo = —=
2 n3°

The glueing morphisms between these three charts are given on the charts’ overlaps by the

respectively.

following relations of the coordinates:
ugvy = 1, uzwy = 1, vzwy =1,

UgW2 = U3, V1W2 = U2, U2W1 = W2, U3W] = V3, U2V3 = U3, VW] = V1,
(a3 — 4b1) = (a3 — 4bo)v?, (a2 — 4by) = (a3 — 4b3)w3 and (a2 — 4b3) = (a? — 4by )us.
Therefore, H is locally isomorphic to AS, as expected.
Next we calculate the universal family 5 C Hilb?(A%) x A® of this Hilbert scheme. This is,
by definition, a scheme = together with the flat projection 7: = — H such that the fibre
7€) over a point & € H projects under pr: H x A% — A3 to precisely the subscheme
& C A3. We will identify the fibre 7—1(¢) and its image pr(7—1(¢)) = & C A3,
As the Hilbert scheme H parametrises objects of the form (G, {z,y}) consisting of a line
G C A3 together with two (not necessarily distinct) points z, y € G, the fibre 7~ (G, {z, y})
over such a point is given either by the reduced scheme consisting of two distinct points x
and y or by the point x = y together with the tangent direction of the line G (i.e. a “fat
point”).
Now we are going to calculate the closed subscheme

qu C Spec Clay, az, as, by, us, us, 21, 22, 23] = qu x A3
above the chart H, —::
1
If x = (x1,22,23) and y = (y1, Y2, y3) are two points (which, for the moment, we assume

to be distinct) on a line G, then a third point z = (21, 22, 23) lies on that line if and only if

the matrix
21 T1 Y1
22 T2 Y2
23 T3 Y3
1 1 1

has a rank < 2, i.e. if all of its 3 X 3-minors equal 0.
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This gives the equations

z1(xe —y2) — 22(x1 —y1) + (21y2 — x2y1) =0
Zo(x3 — y3) — 2z3(w2 — y2) + (T2y3 — 23y2) =0
z3(w1 —y1) — z1(w3 — y3) + (w3y1 — 21y3) =0

(where the fourth is contained in these three and hence omitted here). As we look at the

chart anl, we replace (22 — ya) with us (21 — y1) and (x5 — y3) with ug(z; — y1) to get

ziug(er —y1) — z2(x1 — Y1) + (X1y2 — 22y1) =0
Zous(xy — Y1) — zguz(x1 — Y1) + (w2ys — x3y2) =0
=0.

z3(r1 —y1) — z1us(z1 — y1) + (T3y1 — T1Y3)
Still assuming that « and y are distinct, we may divide by (z1 — y1) to get

21U — 29 + X9 — ugx1 = 0 and

z3 — 21u3 + x1u3 —x3 =0

(the middle equation is again contained in these two). Rewriting these equations in the

coordinates a; = x; + y;, U2, us, by and z;, we get

z1ug — 23 — 3 (ajug — az) = 0 and

Nl= N=

zZius — 23 — (a1u3 - a3) =0.

So given a point £ € Hilb?(A®) consisting of two distinct points £ = {x,y}, the scheme
Spec Clay, az, as, by, uz, us, 21, 22, 23]/ (z1u2— 22— £ (A uo —az), z1us — 23— 3 (a1 uz—as))
parametrises the line in A% x {£} through these points. This is even true when ¢ consist
only of one point with tangent direction (as this is the limit of two distinct points). To cut
the two points x and y (respectively the point x = y with tangent direction) out of the line,

we need one more equation in z; which is given by
0= (21 —x1)(21 —y1) = 22 — a1z, + by.
In conclusion, = at C H ot X A3 is the affine scheme
qu = Spec Cla, as, ag, by, us, us, 21, 22, 23] /I =
with the ideal /= generated by

1 1 2
2up — 22 — 5(a1up — az), zuz — 23 — 5(auz —az) and 2y —arz + by

Since the other charts lead to analogue results (with only the indices of the u’s, b’s and 2’s

cyclically permuted), the universal family = of H is itself a regular scheme.
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Altogether, we have three charts for the universal family = C H x A3 of H (which we

write down including redundant coordinates):

Enl—l = Spec@[al,az,ag,bl,UQ,u;g,21,22,23]/151 Wlth

151 = (Zl’UQ — 29 — %(a1u2 — (ZQ),Zl'ng — Z23 — %(aﬂw, — 0,3),2’% —a121 + bl) s

Spyt = SpCC@[al,az,a:;,bz,Ul,’Ug,2’1,22,2’3}/152 with

Iz, = (221)1 — 21 — %(aﬂ)l —ay),22VU3 — 23 — %(ag’l}g —as3), 23 — aszy + b2) and

Z 1 = Spec Clay, az, as, by, w1, wa, 21, 22, 23]/ 1=, with

T3
Iz, = (z3w1 — 21 — &( —ai) — 20— 3( —as),z; — +b
E3 = \RB3W1 — 21 — 3\aA3W1 — Aa1), 23W2 — 22 — 5(A3W2 — a2),Z3 — A3%3 3) >
— 2 —m - m —m - m — 12 gati
where ug = o U3 w1 12 U3 s W1 s and wo e satisfy the usual
relations on the open intersections.
6.3.1 Remark

The same calculation done in three variants, once for each affine chart of P3, yields the
universal family of Hilb?(IP3).

Calculation of Hilb?(Spec €[z, 22, 23]/(2122)) and a semi-stable family

Let Z' C A3 denote the closed subvariety given by 2122 = 0 and denote its two components
by Z| and Z} given by z; = 0 and by 2o = 0, respectively. We are going to calculate the
scheme H' := Hilb?(Z’) which is a closed subscheme of H = Hilb*(A3).

Instead of calculating H' directly in an analogue fashion to the above calculations for H,
we use the universal family =. Since H' is a closed subscheme of H, its universal family
Z" is a closed subscheme of = which consists precisely of those points of = belonging to
a fibre that is a subscheme of Z’ C A3. Hence, the equation z1292 = 0 has to be added to

those of =.

Above Hnl—l we have

Z129 = Z%’U,Q — %21(04112 — CLQ) = (a121 — bl)u2 — %zl(a1u2 — ag)

= %zl (a1ug + ag) — byug modulo I=,,

and analogously in the other charts.
So the universal family =’ of H' is given by
E:Ifl = Spec Clay, az, as, by, uz, u3, 21, 22, 23] /I=; with
Iz = (z1u2 — 22— %(aluZ —ag),z1U3 — 23 — %(amg —a3), 28 —ayz; + by,
s21(a1ug + az) — brug),
—1 = Spec Clay, az, a3, bz, v1,v3, 21, 22, 23] / I = with
Iz, = (2201 — 21 — 3(aav1 — a1), 2003 — 23 — $(agvs — a3), 25 — sz + by,

2z2(aguy + a1) — bouy) and
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=/

St = Spec Clay, az, as, bs, w1, wa, 21, 22, 23] /1=, with
1 1 2
Iz; = (z3w1 — 21 — 3(azwi — a1), 23wz — 22 — 5 (azwa — az), 23 — azzs + bs,

%@(alwg + agwl) + i((ag — 4b3)w1w2 — (a1w2 + agwl)ag)) .

Let A := Clay, az,as, by, us, us] be the coordinate ring of the chart H, - of H and let
B := C[z1, 29, 23] the coordinate ring of A3. The coordinate ring of the chart Enl—l of the

universal family = of H is then
A®c B/Iz, ZA® A -z

as an A-module. Hence, we may write A ®c B = Iz, ® A® A - z; as an A-module. If we
write some element f € A ®¢ B in the corresponding form fo + g + h - z1, with fy € Iz,
and g, h € A, then f € Iz, if and only if both g and h are zero.

Since the ideal of E’:];1 in qu is generated by the element %zl (aruz + ag) — byus, the
ideal of H7/7f1 in H, -1 is generated by the two polynomials 1 (a1uz + az) and byus.

Therefore, the Hilbert scheme H’ = Hilb?(Z’) is given by the three charts
H:hﬂ = Spec Clay, az, as, by, uz, us]/(aruz + az, byuz),
H:],l = Spec Cla1, as, as, ba, v1,v3]/(agvy + a1, bav1) and
2

H7/7§1 = Spec Clay, az, az, bs, w1, wo]/(a1ws + asws, (a3 — 4b3)wiws + ajas).

Each of these charts may be decomposed into its irreducible components:

Hrlfl = H},, UHj{, 4, where
: , ,
Hy, , = Spec Clay, ag, as, by, uz, us]/(uz, ag) and
Hi,, = Spec Clay, ag, as, ug, us, b1]/(a1us + az, by),
H1'7_1 = H{Q_Q U H{l 9, Where
5 : ,
Hj, 5 = Spec Clay, as, as, by, v1,vs]/(v1, a1) and
Hj, 5 = Spec Clay, az, as, ba, vy, vs]/(azvy + a1, bs), and
H’:]—l = H{1_3 U H, 3 U Hi, 3, Where
B ; , ,
Hil,B = Spec C[ala az,as, b37 Wi, wQ]/(wlv al)’
HéQ,S = SpeCC[ala az,as, b3aw17w2]/(w27a2) and
Hi, 3 = Spec Clay, ag, as, b3, w1, wa]/J12,3 with

Ji2.3 = (a1w2 + agwy, (a% — 4b3)wywe + ayas, (ag — 4b3)w% — a?, (ag — 4b3)w§ — a%).

As we can see, H' consists in total of three irreducible components Hy,, Hi, and H),

which are covered by the irreducible components of the charts as follows:

I oyt / Iyt / / ) /
Hyy = Hyy 1 UHyy s, Hig=Hig UHj9oUHjp3 and  Hyp = Hyp o U Hyy 3.
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We examine the geometric meaning of these components: For the first component H7,, we
have 0 = a1 = 1 + y1 and 0 = vy (z2 — y2) = 1 — Y1, hence, 1 = y; = 0 in its chart
Hi, , above Hngl. This means precisely that the support of a point { € Hj; , is contained
in Z{. The same argument holds for Hy13, so H1; = Hile(Zi). Analogously, for the
second component, Hj, = Hilb?(Z}).

In the chart H7, ; of the component Hj, above H, -1, we have 0 = by = 2191 and 0 =
aruz + ag = (x1 + y1)uz + (z2 + y2). This implies that 2y = 0 and y, = 0, or (not either
or) that y; = 0 and 25 = 0. Hence, Hj, consists of those points £ € H’ the support of
which consists either of two distinct points of which one is supported in Z{ and one in Z,
or is contained in Z] N ZJ.

These components intersect (in the affine charts) as listed below:

H;h,l . Hyy N Hyy =0,

Hi, N Hi, =0 and

Hi, N Hj, = Spec Clay, az, as, by, uz, us]/(uz, as, by ), of dim = 3.
H;z,l : HiyyNHy =10,
Hj, N H}, = Spec Clay, az, a3, bz, v1,v3]/(v1, a1, b2), of dim = 3, and
Hi, N Hjyy = 0.
Hrl;gl . Hiy N Hby = Spec Clay, as, as, bs, wi, wa]/ (w1, ws, ay, as), of dim = 2,

Hj, N Hj, = Spec Clay, az, az, b3, w1, ws]/ (w1, a1, (a3 — 4bz)w3 — a3) and

Hj, N H), = Spec Clay, az, az, by, w1, ws]/ (wz, as, (a3 — 4bg)wi — a?),
where the last two are of dimension 3. Since these intersections are all reduced regular
schemes, any two components of H' meet transversally.

Finally, the intersection Hq, N Hj, N H}, of all three components of H’ is empty above the
charts H -1 and H_-1 and is given above the chart H -1 by
T M2 3

!/ / !
H11,3 N H12,3 n H22,3 = Spec Clay, az, as, bz, w1, ws]/(a1, az, wy, ws)

which equals the intersection of H1; ; and Hj, 3.
These calculations show that the situation of the components of H' in relation to each other

may be visualised as follows (cp. [26, p. 419]):

l
Hll

! !
H12 H22

Here each of the irreducible components Hi1, Hi2 and Hag is 4-dimensional, each line
represents a 3-dimensional subscheme (the intersections of the two adjacent components)

and the point in the centre represents the 2-dimensional subscheme Hj, N H),.
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The two components H!, = Hilb?(Z}) and H}, = Hilb?(Z}) are regular schemes. The
singular locus of H{, is supported, as one sees in the given charts, only above Hng—l. Hence
its support must be contained in the intersection of the subscheme 75 C H iyt defined by

the equations w; = 0 and wy = 0 with the subscheme Hi, 5, which is
T3 N Hig,3 = Spec Clax, ag, as, bz, w1, wa]/ (w1, wa, a1a2, a%, a%).
Its reduction is the scheme
S5 := (T3 N Hiy 3)rea = Spec Clay, ag, as, by, w1, wa]/ (a1, az, wi, wy),

which is precisely the intersection Hy; 5 N Hy, 5. Indeed, a calculation using the computer
algebra system SINGULAR ([5], using libraries [5.a], [5.b] and [5.c]) gives the singular locus
of Hi5 3 as the scheme
Spec Clay, as, as, b3, w1, ws]/J12 3:sing, Where
J12,3:sing = (a%alag,a%,wi’,w%wg,wlw;w;alwl,alwg,agwhagwg,
(a3 — 4b3)w?, (a3 — 4bs)wiwa, (a3 — 4bs)w3),

the reduction of which is S5.

A smoothing family of the scheme Z’ is p: A% — Al, given by the ring homomorphism
C[t] = CJz1, 22, 23], t > 2129. This family induces the flat family

0: Y :=Hilb*(A3/A') — A!

with )V, = H’, which is over the charts H,’]l—l, H 0y and H iyt respectively, given by the

ring homomorphisms

@[t] — (D[al,ag, as, bl,UQ,Ug]/(GlUQ -+ (12), t— 7b1U2,

C

t] — (D[al,a27a37b2,vl,vg}/(a2v1 =+ (11), t— —bg’Ul, and

Clt] = Cla1, a2, a3, by, wy, wa]/(aywa + agwy), t— ((a3 — 4b3)wiws + araz)),

respectively, where the rings on the right hand side are the coordinate rings of the charts

y 1—1:y

n n
It is clear that ) is a closed subscheme of H = Hilb?(A#), given by the equations a;uy +

o1 and y%_l of ), respectively.

a2 = 0, agv1 + a1 = 0 or aywa + asw; = 0, respectively.

We would like to modify this family g in a way such that the central fibre is a strict normal
crossing divisor. This is almost the case here, except for the fact that the component H{, of
Yo = H' is singular, with the support of its singular locus being H1; N HJ,. As proposed by
Nagai in [26], we may resolve these singularities by blowing up the regular ambient space
H along the component Hj; of H' = )), which contains the singular locus of Hj,, and

then take the family Y — Al given by the strict transform of ) under this blow-up.
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Solet o: H — H be the blow-up of H = Hilb?(A?) along the closed subscheme Hy; C
H =Yy C Handlet p := poo: Y — Al be the flat family defined by composing U|5,

with o.
Above the chart Hnl—l the component Hj; is not visible in H, so the blow-up is an iso-
morphism here, which implies y ot = ot and ¢ = o under this isomorphism.

Above H 0yt the blow-up H nyt is given as
Proj Clay, az, az, bz, v1, vs][az, B2 /(aav1 — Baar),
so the preimage of ynz_l is given as
Proj Clay, as, as, ba, v1, vs][az, B2]/(azv1 + a1, agvy — Baaq)
which is covered by the two affine schemes

Spec Clat, as, as, ba, v1,vs, By, t] /(a1 (azBy + 1),v1 — Byar),

_ B

= o’ and

where f3,

Spec Clay, ag, az, by, v1,v3, @2, 1]/ (v1(az + By), @vr — ay),
— _ «
where oy = /T;
Since the exceptional divisor of the blow-up is given by the equation a; = 0 or v; = 0,

depending on the chart, the strict transform j)nz_l is given by the two affine schemes
Spec Clay, az, az, bz, v1,v3, Bs]/(a2By + 1,01 — Byar) and
Spec (D[al, az, as, b2, V1, U3, 62}/((12 + BQ, QU1 — al)

which are both regular schemes.
The flat family o: Y — Alis given in both cases by the mapping ¢ — —bav;.
Above the chart H 't the blow-up H ! is

Proj Cla1, az, as, bs, w1, ws][as, B3]/ (aswi — Psar),

so the preimage of yn_l is
3

Proj Clai, ag, az, bz, w1, wa[as, B3]/ (a1ws + azwy, azwy — Bzar)
which is covered by the two affine schemes

Spec Cla1, as, as, by, w1, wa, B3] /(a1 (ws + azBs), w1 — Byar),

_ Bs

= £2 and
as

where 3,
Spec Clay, as, ag, by, w1, ws, @s)/ (w1 (@zws + az), Azwi — ay),

where a3 = %
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Since the exceptional divisor of the blow-up is given by the equation a; = 0 or w; = 0,
depending on the chart, the strict transform 377,_1 is covered by the two regular affine
3

schemes

Spec Clar, az, as, by, w1, w2, B3]/ (wa + azPs, w1 — Bzar) and

Spec Clay, az, as, b3, wi, wa, @3]/ (@sws + az, G3wy — ay).

The flat family o: Y- Alis given in both cases by the mapping

t— i((ag — 4b3)wiws + ajas).

In conclusion, ) is a regular scheme. The central fibre )70 of ¢ is given above H ot by

JA)O,,;I = Spec Clay, as, as, by, uz, us]/(a1uz — az, bius)

which is a strict normal crossing scheme with two (regular) components. Above H oL itis
2

given by the two affine schemes

SpeC(D[alaa27a37 bg,’l)17’()3732]/(a232 + 17b2U17/U1 - BQal) and

Spec Cla, az, az, bz, v1,v3, 02, t]/(az + By, bavi, @avr — ay)

which are strict normal crossing schemes each with two (regular) components.

Above the chart Hng—l, :)70 is given by the two affine schemes

Spec C[ay, as, az, bs, w1, wa, B3]/ (w2 + azfs, (a3 — 4b3)wiws + ajas, wy — Byar) and

Spec C[ay, as, az, bs, w1, wa, @)/ (@zws + az, (a3 — 4bs)wiws + ayaz, @aw; — ay)

which are strict normal crossing schemes each with three (regular) components.

This shows that the flat family o: Y — Al is indeed a semi-stable family. For the situation
of the components of the central fibre 5}0 in relation to each other we may draw the fol-
lowing sketch in which all components are regular of dimension 4 and where lines indicate

normal intersections of dimension 3 (cp. [26, p. 421]):

a4
Hll

2l a4
H12 H22

where H), := o~ '(H},) N Y and H}, and H}, are the strict transforms under o of H},

and HY,, respectively.
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The following diagram gives an overview over all objects and morphisms:

H z H = Hilb*(A%)

u/\

o

Y = Hilb>(A3/,A) ————= A!

| | J

Jo —> Yo =Hilb*(Z/,0) = H' = Hilb*(2') —— 0.

Calculation of Hilbz(Spec Clz1, 22, 23]/ (212223)) and a semi-stable family

Let Z'" C A3 be the closed subvariety given by 212023 = 0 and denote its three components
by Z! given by z; = 0 for ¢ = 1,2,3. Proceeding as in the case of Z’, we are going to
calculate the scheme H” := Hilb*(Z”) C H = Hilb?(A3).

Observe that due to the symmetry of Z”, i. e. its invariance under the group S5 of permuta-
tions of the indices 1, 2 and 3, it is enough to consider one chart anl. The description
of objects above the other charts are then given by the same equations with accordingly
permuted indices. We write Ry := Clay, az, as, by, ug, ug).

The universal family =" of H” is given (above H 1) by

Er/,/;l = Spec 4 [21;2272'3}/15{/,Where
Iy = (21 = 22 — $(arua — a2), 21us — 29 — §(arus = as), 27 — arz1 +
=7 1U2 zZ9 b ajus az), z1us z23 3 aus as ?Zl a121 1

izl((a% — 4by)usus + a1 (aguz + aguz) + agas) — %bl (aguz + a3U2)) )
The Hilbert scheme H” = Hilb?(Z") of Z" is then given by
H7I7/1_1 = Spec Ry /I, where
Iy = ((a? — 4by)ugus + ai(agus + azus) + azas, by (asus + azus)).
It consists of 6 irreducible components:
HY = H}, U Hy U H U HYy U HY U B,

which are each 4-dimensional. For each H}, we describe its open affine part H;’ ; lying

above the chart H it namely

Hi, =0, HY,, = Spec Ry / (b1, ajus + as),
Hj, 1 = Spec Ry /(az, uz), HY3, = Spec Ry /(b1, a1u3 + a3) and
Hzlsl31 = Spec R1/(as, us3), Hys = Spec Ry/Jy3,1 with

Jaz 1 = (a2u3 + asus, (a? — 4by)ususz + aszag, (a? — 4b1)u§ — a%, (a% — 4b1)u§ — a%) .
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Observe that if we denote the generators of Jy3 1 in this order by g, h, ho and hg3, then we
have hi = hyhs modulo g.

These components can be described analogously to the case of Z’ as follows: We have
H! =Hilb*(Z!),i = 1,2,3. The component H} with i < j consists of those subschemes
¢ of length 2 of Z"” the support of which consist either of two distinct points, one lying in
Z}" and the other in Z7, or is contained in Z' N Z7.

The non-empty intersection of these components are given in the chart H 7’7 ', as follows:
1

HY,y 1 N Hyy ;= Spec Ry /(a1us + az, by, ua(aius — az), (auz — az)(a1uz + az)) and

Hy, y N Hyyy = Spec Ry /(ag, a3, ug, u3), regular of dim = 2,
H22 1N H12,1 = Spec Ry /(az, b1, uz), regular of dim = 3,
Hy, y N Hyy, = Spec Ry /(az, bi, uz, a1us + as), regular of dim = 2,
Hyy N Hyy = Spec Ry /(ag, ug, (a3 — 4b1)u3 — a3), regular of dim = 3,
H3s, N Hyy, = Spec Ry /(as, b1, us, ajug + as), regular of dim = 2,
H3s N Hys | = Spec Ry /(as, b1, us), regular of dim = 3,
His N HYy ) = Spec Ry /(as, us, (a7 — 4b1)u3 — a3), regular of dim = 3,
Hiy, N Hys, = Spec Ry / (b1, arug + ag, a1uz + az), regular of dim = 3,

(

(

H{s 1 N Hyy = Spec Ry /(aius + as, by, uz(ajuz — az), (ayus — az)(a1uz + az)),

where the two last ones are not equidimensional, but consist each of two regular com-
ponents; one 3-dimensional, given by the ideal (b1, ajus + as, a1us — az), respectively, by
(b1, a1ug+as, ajug—as)), and the other one 2-dimensional, given by (az, b1, ug, a1us+as),
respectively, by (az, b1, ug, ajus + as).

The non-empty triple intersections are

Hy, N Hyy N Hys | = Spec Ry /(ag, b1, uz, (a1us — as)(a1us + as)),

)
H33 1N H{'gl N H23 1 = Spec Ry /(asg, by, us, (a1usz — asz)(ajuz + az)) and

Hy,, N H3s N HY, = Spec Ry /(ag, as, b, ug, us), regular of dim = 1,
Hy,, N Hys N Hys | = Spec Ry /(as, as, by, uz, us), regular of dim = 1,
Hys 1 N H3s 1 N Hys | = Spec Ry /(ag, as, us, us), regular of dim = 2,
Hy, N Hiy, N Hys = Spec Ry /(az, by, uz, ayus + as), regular of dim = 2,
Hys, N Hys 1 N Hys = Spec Ry /(az, by, uz, ayus + az), regular of dim = 2,
H3y, N Hyy, N HYys = Spec Ry /(as, bi, us, ayug + az), regular of dim = 2,
H3s, N Hiy, N Hys = Spec Ry /(as, by, us, ayus + az), regular of dim = 2,

(

(

(

1"
H12,1 N H1371 N H2371 = Spec Rl/ bl, ajus + az,a1u3 + as, a1u21L3)

where the last three consist each of two (in the last case, three) regular components of

dimension 2, which equal certain of the other triple intersections above.
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The following sketch is an attempt to give an impression of the situation of all components

even Hi; which is not visible in the chart H”_,) in relation to each other:
n
1

— HY)

Here the surfaces represent the 4-dimensional components and the fat lines represent all
the 3-dimensional intersections (wherever they exist), but be aware that each of the fat
lines actually stands for three different intersections (one for each pair of surfaces meet-
ing in the picture). The point in the centre, where in the picture all components meet,
stands symbolically for all intersections of dimension 2 or lower. This does, of course,
not mean that all those low-dimensional intersections are equal in reality: For example,
901 M His y # Hi, 1 N Hys . Moreover, observe that Hi| N Hyy N H3y = (), although
this is not true in the picture etc.
In the chart above H it the only possibly singular component is Hyj ;. But, of course,
all the three components Hi,, Hs and HJ; may be singular, due to symmetry, with the
singularities of H{, and H{5 lying outside that chart. In conclusion, the (possibly non-
empty) singular locus of Hyj ; has its support in the subscheme T C H7/7/1_1 defined by the

two equations uz = 0 and uz = 0. The intersection of 7' with Hyj ; is
TN Hé/gl = Spec Clay, az, az, by, uz, uz)/(uz, us, azas, as, a3)
the reduction of which is
S = (T1 N Hys 1 )rea = Spec Clay, az, as, by, ug, usl/(az, as, ug, us),

which is precisely the intersection Hy, ; N Hys ;. Indeed, another calculation using Sin-
GULAR ([5], using libraries [5.a], [5.b] and [5.c]) gives the singular locus of Ha3; as the

scheme

Spec Clay, az, as, b1, uz, us]/J23 1:sing, Where
2 2 .3 .2 2 .3
J23,1;sing = (a2,a2a3,a3,u2,u2u3,u2u3,u3,a2ug,a2u3,a3u2,a3U3,

(a? — 4by)u?, (a3 — 4by)ugus, (a3 — 4b1)u§),

the reduction of which is equal to S = Hy, y N H3g ;.
In conclusion, the components H;;, ¢ = 1,2, 3, are regular and the support of the singular

locus of the component H;; is contained in H;; N Hj;, 1 <14 < j < 3.
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A smoothing family of Z” is p: A> — Al, given by the ring homomorphism C[t] —

Clz1, 22, 23], t = 212223. This family induces the flat family
0: V= Hilb?(A%/A) — Al
with )y = H”, which is given above H , by the ring homomorphism

C[t] — Spec Rl/((a% — 4by)ugus + a1 (aguz + agus) + azas),
t— —%bl ((IQU3 + a3u2),

and accordingly in the other charts.

Again, we modify the family o in a way such that the central fibre is a strict normal crossing
divisor. This is achieved by blowing up the ambient scheme H = Hilb?(A%) of ) three
times, once along each of the component H/}, i = 1,2,3, of H"” = ) and their strict
transforms, respectively, and then taking the family Y — Al given by the strict transform
of Y under the composition of these blow-ups.

Firstly, let o3: Hs — H be the blow-up along Hj, € H” C H. Let then secondly
09: Hy — Hs be the blow-up of Hs along the strict transform of H}, under os. Finally, let
o1 H 1 — I:IQ be the blow-up of HQ along the strict transform of H{| under o5 o o3 and
denote the strict transform of Y under ¢ := 01 0 03 0 03 by 57 cH 1.

By symmetry, instead of regarding all three charts and o as described, we may regard
only the chart above H. ! and all the compositions of three blow-ups along each of the
components and their strict transforms, respectively, in all possible orders. Since neither
H;; nor its strict transform under any blow-up is visible in this chart, we have to regard
only the blow-ups o2 o 03 and 73 o &y, where G2: .P:.:[Q — H denotes the blow-up of H
along HY, and &3: ﬁ3 — ﬁg the blow-up of ﬁz along the strict transform of HY; under
&. The difference between these two variants is just an exchange of the indices 2 and 3 for
the variables a; and ;.

It is therefore sufficient to carry out only the two blow-ups o3 and o, along Hss and the

strict transform of Hss in the chart above an:
1

Since the equations for H33 1 are ag = 0 and u3z = 0, the first blow-up ﬁg ot is the scheme
R

PI‘Oj (D[Cll, asz, as, bla Uz, Ug] [0437 63]/
(a3 — 4b1)ugus + a1 (aguz + azus) + azas, azfs — uzas),

which is covered by the two affine schemes

Hg’nl—l’agl := Spec Clay, az, as, by, uz, us, S/

(as((af — 4b1)usBs + a1(azBs + uz) + az), asBs — us),
_ B3

= 22 and
s

where (3,

H3,n17175;1 := Spec (D[al, az,as, bl,UQ,u;;,ag]/

(us((a? — 4b1)us + a1 (as + @usz) + a2d@iz), az — usds),
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where a3 = % Observe, that the exceptional divisor has the equation a3 = 0, respectively,
Uz = 0.
The strict transform of Hap 1 is given by the equations a; = 0 and up = 0. Hence the

second blow-up HQ’nfl is given above Hg’nl—l’agl by

PI‘Oj (D[aly az, as, bla Ug, u3aB3] [OQa ﬂ2]/
(az((a] — 4b1)usBs + a1(azxBs + uz) + az), azBs — us, azPe — usaz)

which is covered by the two affine schemes

SpeC (D[ala az,as, b17 Uz, u37B27BB]/
(azas((af — 4b1)ByBs + a1(Bs + By) + 1), asBs — us, azBy — ua),

_ B

= 22 and
s

where 3,

Spec Clay, as, as, by, us, us, da, B3]/

(a3u2((a§ — 4b1)BS + a; (5233 + 1) + 52), agﬁg — usz, a2 — ’LLQaQ),

where oy = %

Above ﬁ&n;l 87 the second blow-up ﬁZ,nfl is given by the scheme

Proj Cla1, az, as, by, ug, us, @slas, f2]/

(us((af — 4by)ug + a1 (az + Qzuz) + asdiz), az — usis, azfz — uzaz)
which is covered by the two affine schemes

Spec Clay, as, as, by, us, us, @s, By)/

(azus((af — 4b1)By + a1 (1 + @3 By) + @s), a3 — us@is, azBy — u2),

_ B

= a’ and

where 3,

Spec Clay, as, as, by, ug, us, @z, @)/

(uguz(a? — 4by + a1 (qa + @3) + C2@3), az — uzdz, az — Usli2),

where @iy = %

Observe that the exceptional divisor of this second blow-up has the equation as = 0, re-
spectively, us = 0 and that, as it was remarked earlier, the third blow-up o is an isomorph-

ism above an.
1

In conclusion, the strict transform )> of )V under o is given above H ot by the following
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four regular affine charts:

Spec Clay, az, as, by, uz, us, By, B3]/
((af = 4b1)B2B5 + a1 (B3 + Ba) + 1, a3B5 — uz, azfy — uz),
Spec Clay, az, as, by, uz, us, s, B3]/
((af — 4b1)B3 + a1 (@2Bs + 1) + 2, asBs — us, az — uxda),
Spec Clay, az, as, by, uz, ug, @z, Bs)/
((af = 4b1)By + a1 (1 + @3B,) + @3, a3 — uzls, agfy — ug) and
Spec Clay, az, as, b1, uz, ug, @z, @)/
(a3 — 4by + a1 (o + @3) + Aoz, az — UsA3, Ay — Usa).
The flat family o: Y Alis given over anl by the mapping ¢ — —%bl (agus + aszug) in
all of these charts and its central fibre ) by the following affine charts:
Spec Clay, as, as, by, uz, us, By, B3]/

((a] — 4b1)BoB5 + a1(Bs + Bo) + 1, b1 (asus + azus), azfy — us, asBy — us),
Spec Clay, az, as, by, uz, us, s, B3, t]/

((a7 — 4b1)Bs + a1(@2B3 + 1) + @iz, b (acuz + asus), azBs — us, az — usdis),
Spec Clay, a, as, by, ug, us, s, By, t]/

(a7 — 4b1)B5 + a1 (1 + @sfy) + @3, by (agus + aguz), az — uslis, azBy — uz) and
Spec Clay, az, as, by, ug, u3, 2, a3, t]/

(a% 4by + a1 (az + @3) + astig, by (agus + azus), az — uzdis, as — us®a),
which are strict normal crossing schemes consisting of 5 (regular) components each. To
check this, we used SINGULAR again ([5], using libraries [5.a], [5.b] and [5.c]).

This shows that 9 := p o 0|5, : Y — Al is a semi-stable family.
For the situation of the components of the central fibre ) in relation to each other we may

draw the following sketch in which all components are regular and where each line stands

for three normal intersections of codimension 3:

‘ A ﬁfl

5

where H/} := o~ '(H/)NY,i=1,2,3 and H/,

i3 1 < j, are the strict transforms under o of
1
the H i
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The following diagram gives an overview of all objects and morphisms:

H 2> Hy -2~ Hy z Hilb%(A3) = H

0
Y & Y = Hilb?(2" /,A') ? Al
Yo Vo = Hilb*(Z" /,0) = H" = Hilb*(Z") — 0.

6.3.2 Nagai’s examples

A definition of a good degeneration of a compact symplectic Kihler manifold is given in [26,
4.2]:

6.3.2 Definition ([26, 4.2])

A good degeneration of a compact symplectic Kihler manifold is a degeneration 7: X — A,

where A is a small complex disc of complex dimension 1, of relative dimension 2n satisfying

a) 7 is semi-stable

b) There exists a relative logarithmic 2-form w € H%(X, 2% ,(log X) such that w " " €
H°(X,Kx /) is nowhere vanishing.

For the algebraic setting, we replace the small disc A by the following log scheme C': Let
the underlying scheme C' of C' be an open connected subvariety of a smooth curve, let
0 € C be a closed point and let the log structure ac of C' be the one associated to the
open immersion of the complement of the point 0. Give 0 the log structure as a closed log

subvariety of C, which makes it the standard log point Spec C.

6.3.3 Definition
Let fo: X — SpecC be an SNC log variety. A semi-stable log deformation of fy along C'is
a log smooth deformation f: X — C of fy along i: SpecC — C' such that X is smooth

over Spec k.

Observe, that since fj is log integral, the underlying morphism of schemes of f is a semi-

stable deformation f of X along C'in the usual sense.

6.3.4 Definition

A projective good degeneration of symplectic varieties along C' is a projective log symplectic
scheme p: & — C such that its restriction py: Sy — Spec C over the closed point 0 of C
is an SNC log symplectic variety of non-twisted type and such that p is a semi-stable log

deformation of py.
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6.3.5 Theorem (cp. [26, 4.3])

Let p: S — C be a projective type II degeneration of K3 surface, i.e. p is a projective good
degeneration of a K3 surface along C' with the singular fibre Sy = Sjo) U SjjU. .. Spp—1j) U
Sik)» where Sjo and Sy are rational surfaces, Sj;) (0 < i < k) are elliptic ruled surfaces
and S};) meets only Sj;4+1) in smooth elliptic curves Sp;; N Sji1) (i =0,...,k —1).
Consider the Hilbert scheme ¢: ) = Hilb?(S/C) — C of relative subschemes of length 2.

Then there exists a projective birational morphism o : )> — Y, such that

6=p00:Y — SpecT
is a projective good degeneration of symplectic varieties. In particular, 7: X — C'is an
example of an SNC log symplectic variety of non-twisted type (of dimension 4).
Proof: Let D denote the diagonal in S x S, let D be its image in Sym?(S) and let C be as
above. We have the following commutative diagram

B PXp

W C——BIp(S xS) Sx8 CxC

l/Gz J/Gz l/62

/& HIbA(S) — Sym2(S) 2 sym?(C)

] J

Y == Hilb*(S/C) C

S}

where W denotes the strict transform in Blp (S x S) of V := (p x p)~(C).

The log structures of each of these scheme are the following:

To simplify the notation, we write az<x for ax\zcx. The schemes S and C carry the
log structures as,<s and ag<c, respectively. By lemma 6.1.2, this turns p canonically
into a morphism of log schemes, because Sy = p~1(0). The products S x S and C x C
carry the log scheme structures a.g,«s X ag,<s, which by lemma 6.1.1 is isomorphic to
Sy xS)U(Sx So)<Sx 5> and ap<o B ap<o = Qoxcucxo<CxC, respectively. By lemma
6.1.2, this turns p X p canonically into a morphism of log schemes. We write S, := (Sp x
S)U(Sx Sy)CcSxS.

We give Sym*(S) the log structure a5 csym2ss @ S xS — Sym?(S) denotes the
quotient morphism by the G3-action, then by lemma 6.1.2 we have a canonical morphism
of log structures ¢* s, <sym2 s — (s)<Sxs, turning ¢ into a morphism of log schemes,
because S} = ¢~ *(Sp). Analogue for Sym?(C).

We give Blp(S x S) and Hilb*(S) = Blp(Sym?(S)) the respective log structures as blow-
ups, which by lemma 6.1.3 are isomorphic to LS <Blp(SxS) and OB S <Bly (Sym?(S))’
respectively, where F and E are the respective exceptional divisors and where .S, and Sy
are the strict transforms of S, and Sy, respectively. Denoting the quotient morphism by
the Gy-action by ¢’ : Blp(S x S) — Hilb*(S), we have ¢ (E U Sy) = E U S}, so again

by lemma 6.1.2 ¢’ turns canonically into a morphism of log schemes.
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Finally, W C Blp(S x S) and Y C Hilb?(S) carry the natural log structures as closed
subschemes. Since ) N (E U 5’0) = ), as seen in the local calculations made in section
6.3.1, Y has the log structure oy, <y. Due to the fact, that V) = ot (0), also g is compatible
with the given log structures.

We may in addition conclude from these local calculations, that the central fibre ) consists
of components Y7;;, where Y;;) = Hilb?(S ij) and where Y7, ;) is a variety, the singular locus
of which is supported in Y{;; N Y[;;;. Due to the fact, that Sj; N S}y = ifi+1 < 4, we
have H;; N Hy;5 = () for i+ 1 < j, so the components Y5 for i +1 < j are non-singular.
Indeed, it is clear that Yiij) & S[Z-] X S[j] in this case. If i + 1 = j, which is the case exactly
when S;; N Sy # 0, then Hp;) N Hij; # 0 and Y];;) is singular, as shown by the local
calculations in section 6.3.1.

Hence the situation of the components of the central fibre ) in relation to each other may

be sketched as:

Yoo

YE)2 Y12 }/22

where the points indicate the support of the singular loci of the components Y; ;1 1].
Nagai proposes blowing up the ambient variety ) along J, <2i<j<k Y[2i,2j]> Possibly due
to thinking of possible singularities of components in all triple points of ). But in fact, as
we have seen, the only singular components of )y are the YJ; ; 1), with their singularities
supported in Y;; N Y};41,441). Hence, we define o' Y — Y to be the blow-up of )V along
UOSZi <k Y[2i,2i] (with accordingly defined log structure).

Since the Y[; 25 do not intersect, we may split o up into successive blow-ups along the
Y]2i,2i) (and their strict transforms, respectively). Thus it is enough to consider the situation
of § consisting only of two components Sj; and S[y). But this situation we have calculated

étale-locally and seen already, that
6=p00:Y—>C

is a semi-stable family.

Now we may continue as in the proof by Nagai to show the existence of a log sym-
plectic form: By assumption, there exists a log symplectic form (of non-twisted type)
w e I'(8,022) onp: S — C. We denote its induced form on S x S by & := priw + priw.

Its restriction to V (= (pxp)~!(C)) is invariant to the action of &, which makes (3*@)|y,
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descend to a form w € I'(Y,27). Put @ := o*w € o, §22). Then, because the sub-
scheme of critical points of ¢ in Y = Hilb?(S/C) is of codimension two and because the
canonical divisor Ky is trivial outside of this subscheme, it is globally trivial on ). Since

o: Y — Y is a small resolution, we have 0 = 0" Ky = Ky, but wy = (93;(K5,) = Qg" is

generated by its section @ ", so @ is a log symplectic form of non-twisted type, making
a log symplectic scheme of non-twisted type (cp. [26, 4.3]). O

6.3.6 Theorem (cp. [26, 4.4])

Let p: S — C be a projective type III degeneration of a K3 surface, i.e. p is a projective
good degeneration of a K3 surface along C' with the singular fibre Sy = J; S[;), where all
Sy;) are rational surfaces, the Sj; N S};) form a cycle of rational curves and the dual graph
of Sy is a triangulation of a sphere.

Consider the Hilbert scheme ¢: ) = Hilb?(S/C) — C of relative subschemes of length 2.

Then there exists a projective birational morphism o : J> — Y, such that
6=p00:Y — SpecT

is a good degeneration of proper symplectic varieties. In particular, 7: X — C is an

example of an SNC log symplectic variety of non-twisted type (of dimension 4).

Proof: The argument is analogue to that of the last proposition. It is clear from the étale-
local calculations in section 6.3.1, that the small resolution o : 37 — Y may be chosen to be
the composition of the following series of blow-ups: Observing, that for each component
Y]ij its singular locus is supported in H[;; N H{;; (such a component is singular if and only
if Si;) NSy # (); otherwise Hyg N Hyjy = (), we blow-up Y successively along the Yy
(and their strict transforms, respectively). Since the dual graph of Sy is a triangulation of a
sphere, every triple point is blown-up three times, as in the étale-local calculation. Those
calculations show that the result is a regular scheme b together with a semi-stable family

0=o000:Y — C. The rest of the argument is the same as before. O
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7 Open questions and outlook

This thesis started with the idea, inspired by the paper “Logarithmic deformations of normal
crossing varieties and smoothing of degenerate Calabi-Yau varieties” by Y. Kawamata and
Y. Namikawa ([21]), to try to construct new examples of proper symplectic varieties over
Spec € by glueing together two (or even more) varieties which are “almost symplectic” in
some sense to form strict normal crossing varieties and then deforming these SNC varieties
to smooth symplectic varieties. In what follows, we describe this idea a bit more concretely

and look at answered, partially answered and unanswered questions.

Let X be a proper smooth variety over Spec C of dimension 2n and denote the structure
morphism by f: X — SpecC. Letw € I'(X, _Q]%) be a Kihler 2-form which is symplectic
on an open subvariety U C X the reduced closed complement of which is a reduced divisor

D. Hence, w vanishes along a divisor supported in D.

We may endow X with the compactifying log structure ax := aycx associated to the
open embedding j: U — X and Spec C with the trivial log structure. Then there ex-
ists a canonical morphism of log schemes f: X — Spec C* with underlying morphism of
schemes f the morphism of log structures f > of which is the natural injective morphism

[l =1x = ax.

Question 1

Under which assumptions is it possible to interpret w as a log symplectic form of gen-
eral type w € I'(X, QJ% ® O(—nD)) for some n € Ny with regard to the log connection
V:O(—nD) — Q]% ® O(—nD) given by restricting the natural derivation d: Ox — Q}
to the subsheaf Ox (—nD) C Ox?

Put a little more general: Let w € I'(U, Q?IU) be a log symplectic form on U (which
is just an ordinary symplectic form, because U carries the trivial log structure). Since
v, Q%‘ly) =I'(X,j« Qi‘lu)’ w may also be regarded as 2-form on X with zeros or poles
along D, which is symplectic on U.

Question 2

Under which assumptions is it possible to interpret w as a log symplectic form of gen-
eral type w € I'(X, .QJ% ® O(mD)) for some m € Z with regard to the log connection
V:O(mD) — QJ% ® O(mD) given by augmenting the natural derivation d: Ox — Q}
(by the quotient rule) to the subsheaf Ox (mD) C Kx?

Assume from now on that w € I'( X, QJ% ® O(mD)) is a log symplectic form as in Ques-
tion 1° and assume that there is another such log variety f': X’ — Spec C* with open

subvariety U’ the complement D’ of which is a divisor and with a log symplectic form

169
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w e rx’, .QJ%, ® O(m'D)) as in Question 1. Assume moreover, that there is an iso-

morphism of varieties D — D’ given.

Question 2
Under which assumptions may we glue X and X’ together along D = D’ to form an SNC
log variety f: X — SpecC, where Spec  is the standard log point?

Of course, D being isomorphic to D’ is a necessary condition. If this is the case, as assumed,
then, identifying D and D’, the variety X := X Up X' exists as the pushout of the diagram
of morphisms of C-varieties X < D — X " and hence comes with a natural morphism of
schemes i : X — Spec C. Since D and D’ were assumed to be reduced, this is a variety
with strict normal crossings. Yet, it does not admit the log structure of an SNC log variety,
in general.

The condition necessary and sufficient condition for the existence of an SNC log variety
f: X — SpecC the underlying morphism of schemes of which is f : X — SpecC is the
following, which was already earlier included as 3.5.24:

7.0.7 Proposition ([17, 11.7], [29, 111.1.8.8])

If X is a strict normal crossing scheme over £, then giving Xa log structure of semi-stable

type is equivalent to giving an isomorphism ¢: Op — Op(—X).
Hence, it is necessary and sufficient to ensure that
Op = 0p(X) = Ox(D)|,, ® Ox/(D)|, =Npcx ® Npcx'.

This means that the two line bundles L := Ox (D) on X and L' := Ox(D) on X' agree on
D. Hence, there exists a line bundle L on X with L|, = Ox(—D)and L|y, = Ox/(—D)
(cf. [11, 2.11], cp. examples 6.2.1 and 6.2.2). B B

In this case, the log structure of X is the one induced by the DF structure [: L — Oy
which is the natural inclusion as a subsheaf. In étale-local coordinates, this log structure is

just the one described in 1.2.1 in chapter 1, namely given by the chart

IN%%OX

-]

No——C
0—1
n>0—0

Hence, question 2 seems to be completely answered for the case of two given varieties.

Question 3
Under which assumptions do the log symplectic forms w and w’ on f and f’ glue together

to such a form @ on f?

First of all, the two line bundles L& ™ = Ox (mD) and L' ® ™ = Ox (m’D) have to glue
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together. But this, as we have just seen, is the case if and only if ' = —m. So one condition
for the glueing of w and w’ is certainly that the poles and zeros of the two forms cancel up to
remaining logarithmic poles along D (the data of which is not encoded in the line bundles
Ox(mD) and Ox/(m'D), respectively, but in the sheaves of logarithmic differentials QJ%
and QJ%,, respectively). The log connection V on f is then given by M f(mD).

Question 4
Under which conditions does the log symplectic scheme ( f, v, w) allow a smoothing to a

symplectic variety in the usual sense?

This question is answered by the main theorems 5.4.7, 5.4.9, 5.4.13 and 5.4.14 and their

corollaries.

Question 5

When are these conditions fulfilled?

If we assume X and D to be simply-connected, then the conditions H I(X ,O%) = 0and
HY(D,Op) = 0 are fulfilled. Moreover, in the setting above, V is automatically log Cartier.

The meaning of the condition that ]Hl(Qf?Z"

® L[2]) = 0 stays mysterious, however.
For example, it is not clear to us, whether this implies that for a smooth fibre ( f, @) of a
smoothing we have H* (9?2” [2]) = 0 and whether this implies that the third Betti number
b3(X) and, hence, all third Hodge numbers h?*4(X), p + ¢ = 3, of this smooth fibre X are

Zero.

Outlook

Within the scope of this thesis, it was not possible to find complete and satisfactory answers
to all the questions formulated. In principle, it should, however, be possible to run a pro-

gram consisting of the following steps:

« Identifying and classifying possible building blocks of proper SNC log symplectic

varieties over the standard logarithmic point.

« Identifying and classifying smooth deformations of such proper SNC log symplectic
varieties, i.e. proper smooth symplectic fibres in log smooth deformations of such

SNC log symplectic varieties.

« Identifying certain characteristic invariants of such proper smooth deformations, like
Betti or Euler numbers etc., and determining those only by knowing the correspond-

ing invariants of the original building blocks.

« Comparing these invariants to those of the known examples of proper symplectic

varieties to prove the existence of further examples.
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A Appendix: Monoids

This appendix serves as a summary of basic facts about the category of monoids and of

monoid sets. All statements collected here are taken from A. Ogus’ lecture notes ([29, I]).

A.1 Monoids

A monoid P is a commutative semi-group with neutral element, whose binary operation
will be denoted either multiplicatively or additively. In the first case we write 1 for the
neutral element, in the latter case 0. As for groups, the neutral element is unique. A monoid
homomorphism 0: P — @ is a map P — (@ such that 6(pp’) = 6(p)0(p’) and 6(1) = 1.
We denote by Mon the category of monoids and monoid homomorphisms and we write
Hompion (P, @) for the set of all monoid homomorphisms P — (). We will usually use the
multiplicative notation. Occasionally, we might regard non-commutative monoids; in this
case, we will explicitly point out the non-commutativity.

A submonoid of P is a subset () C P such that the inclusion map i: ¢ — P is a monoid
homomorphism. This is equivalent to () C P being a monoid with respect to the operation
of P and having the same neutral element as P.

The category Mon has products and direct sums: For a family {P;},.; of monoids we
P; as the product of the underlying sets together with the
P; as the submonoid of [[,; P;
of those elements (p;); with p; # 1 for only finitely many i.

may construct its product Hie]

operation (p;); - (p;)i := (pip;)i and its direct sum @), .,
To each diagram of monoid homomorphisms P N Q <9—/ P’ the fibred product exists,
given by the submonoid P xg P’ = {(p,p') € P x P'|0(p) = ¢'(p)} of P x P’.

A diagram of monoid homomorphisms 1 — @ :Z; P23y R——1 is called exact if u
and v are injective and if w is a coequaliser of v and v. A diagram of monoid homomorph-
isms 1 — Q —— P -3 R——1 is called exact, if 1*>Q£§PL>R*>1 is
exact, where 1: Q — P sends g — 1 for all q. '

A submonoid E of P x P which is also an equivalence relation on P is called a congruence
(or congruence relation) on P. For any congruence F on a monoid P the set P/E of equi-
valence classes with respect to the equivalence relation E is a monoid, with the monoid
operation induced by representatives. Given two monoid homomorphisms u,v: @ — P,
their coequaliser may be constructed as the monoid P/FE, where E is the congruence
generated by all pairs (u(q), v(q)).

There is a natural bijection

{congruences E C P X P} <+

{equivalence classes of surjective monoid homomorphisms 6: P — P’}
givenby E — 0g: P — P/E and 0 — Ey := P x p/ P, respectively.
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To each diagram of monoid homomorphisms @’ L U @ its push-out is called the

amalgamed sum Q ®p @', which is the same as the coequaliser of the two maps
0,1),(1,0): P> Qe Q.

Hence, it may be given by Q & Q’/FE, where F is the congruence on (Q @ Q') generated
by all pairs ((6(p), 1), (1,0’(p))). In general, the description of F is complicated. We will
always encounter the situation that at least one of P, @) and @’ is a group. In this case we
have the following proposition:

A.1.1 Proposition ([29, 1.1.1.5])

Let Q' <9—l p-Y @ be a diagram of monoid homomorphisms. If any of P, Q or Q' is a
group, then Q ®&p Q' = Q & Q'/E, where

E={((g1,91) (a2.9) € Q@ Q) x (Q®Q") |
there exist a,b € P such that ¢; + 0(b) = g2 + 6(a) and ¢ + 6'(a) = ¢ + 0’ (b) }.

If all three, P, @ and @', are Abelian groups, then Q ®p @’ is the amalgamed sum of
Abelian groups.

For a monoid homomorphism 6: P — () the cokernel exists and may be given as Q ®p 1,
where the second homomorphism is 1: P — 1. This is the same as the coequaliser of
p é; Q@ . If Q C P is a submonoid, we write P — P/Q for this cokernel and call it the
quotilent monoid of P by Q. Two elements p,p’ € P have the same image in P/Q if and
only if there exist ¢, ¢’ € @ such that pg = p’q’. If we have submonoids Q C Q' C P,
then @’/Q is a submonoid of P/Q and the natural map (P/Q)/(Q’/Q) — P/Q’ is an

isomorphism.

A.2 Monoid modules

We write Set for the category of sets and maps. For a monoid P a set .S together with a
homomorphism of (possibly non-commutative) monoids ¢: P — End(S) is called a P-set
(or P-module). For each P-set (S, ¢) the homomorphism g defines an action of P on S,
written ps := o(p)(s) forp € P and s € S. A homomorphism of P-sets S — T is a map
¢: S — T such that ¢(ps) = pp(s); we call these maps P-linear. We write Setp for the
category of P-modules and P-linear maps.

Let 0: P — @ be a monoid homomorphism. Then ) has a natural P-set structure given
by the action pg := 6(p)q. We will call §: P — @ (or just Q) a P-monoid. Observe that
being a P-monoid is a stronger property than being a P-set which is a monoid.

A generating set of a P-set S is a subset B C S such that the map (of sets) P x B — S,
(p,b) — p - b, is surjective. S is called finitely generated if B can be chosen to be a finite
set. We call B a basis of S if the above morphism is bijective; if a basis exists, then S is
called a free P-set.
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The category Set p has products and coproducts (direct sums) which may be given as fol-
S; with
P-action ¢ given by o(p)((s:):) := (0:(p)s;):- Its coproduct is the disjoint union of sets

lows. If {(S;, 0:)};c; is a family of P-modules, then its product is the set [];.;
[1;c; Si together with the P-action ¢ given by o(p)(s) := 0:i(p)(s) for s € S;.

Let S, T and W be P-monoids. A (P-)bilinear map S x T — Wisamap f: S xT — W
such that B(ps,t) = B(s,pt) = pB(st) for s € S,t € T and p € P. The tensor product of
S and T (over P) is the universal bilinear map S x T" — S ® p T'. It may be constructed
as the quotient S x T/~ by the equivalence relation ~ on S x T" which is generated by all
pairs ((ps,t), (s,pt)) € (SxT) x (SxT)withs € S,t € T andp € P, together with the
canonical projection S X T'— S X T'/~.

If S'is a P-set and () is a P-monoid, then the map S — S®p Q, s — s® 1, is P-linear and
@ acts naturally on S ®p Q@ by ¢(s® ¢') = s® (¢¢'), making S @p Q a Q-set.

If we have two P-monoids () and ', then Q ® p Q' with the operation (¢1 ® ¢})(¢2 ® ¢5) =
(¢192 ® ¢} ¢%) is a monoid which is naturally isomorphic to Q ®p Q’.

In this thesis, we prefer to write QQ ® p Q' instead of Q ®p Q' for three monoids except in
the case P = 1, where we will write Q & Q' (instead of @ ®; Q'). This is analogous to
rather writing A ® g B (tensor product of R-modules) than A @ B (amalgamed sum of
rings) for a ring R and two R-algebras A and B.

A.3 Ildeals and faces

Let P be a monoid. A (monoid) ideal of P is a subset to C P which is a P-set by the natural
action of P on tv, i.e. it has the property that pw € w forallw € wandallp € P. A
monoid ideal may be empty; in fact, every monoid P contains at least the two ideals () and
P. As with rings, we denote by () the ideal generated by a subset S C P. A prime ideal
of P is a proper ideal p C P such that pp’ € p implies p € p or p’ € p. Observe that the
empty set is the minimal prime ideal in any monoid. The complement P\ p of a prime ideal
is always a submonoid of P.

A faceof P is a submonoid F' C P such that pg € F implies both p, ¢ € F. The complement
P\ F is always an ideal. In fact, faces and prime ideals are (set-theoretic) complements in
P to each other,i.e. F = P\ pisaface ifand only if p = P\ F is a prime ideal.

An element p € P is called a unit or invertible if there exists a p’ € P with pp’ = 1. We
denote by P* C P the set of all units in P, which is a face of P and, obviously, a subgroup.
Its complement, the set of all non-invertible elements mp := P\ P*, is the unique maximal
ideal of P, which we also call its characteristic ideal.

For any ideal to C P we define its radical as
Vo := {p € P| there exists an n > 1 such that p" € ro}.

It is equal to the intersection of all prime ideals containing tv.
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The spectrum Spec P of a monoid P is defined as the set of all prime ideals (or equivalently,
of all faces) of P together with the Zariski-topology. For each monoid P, Spec P is an
irreducible topological space of a certain Krull-dimension with exactly one closed point,
corresponding to the maximal ideal (or the face of units, respectively) and exactly one
generic point, corresponding to the empty set (the full monoid, respectively). In this regard,
monoids behave similarly to local rings. We will not proceed in this direction, but refer the
reader to [29, .14 ff.] for more details.

An element a € P\ {1} is called an absorbent (or, in multiplicative denotation, a zero
element) if ap = a for all p € P. In multiplicative denotation we write 0 and in additive
denotation oo for a. An absorbent is unique whenever it exists. We call an element p € P
an absorbent-divisor (or zero-divisor) if there exists a p’ € P with pp’ = 0. The absorbent
itself counts as an absorbent-divisor. The subset np C P of all absorbent-divisors of P is a
prime ideal in P. We call a monoid P domainic or a (monoid) domain if it has no absorbent-
divisors; for any monoid P we define the domainic face of P to be P1°™ := P\ n(P),
which is the largest domainic submonoid of P.

Let P be a monoid and Q C P a submonoid. We define the localisation Q' P of P in Q
as the monoid P x Q/~, where (p,q) ~ (p’,¢’) if and only if there exists an r € @ such
that pg'r = p’qr. The natural monoid homomorphism P — Q~'P, p — [p,1], has the
universal property that any monoid homomorphism P — R mapping @ into R* factors
through it uniquely. Instead of [p, q] we write ’qi or ¢~ !p in multiplicative notation and p—q

in additive notation.

More generally, there is a notion of localising a monoid module, which we will omit here
(cf. [29, 1.14 f£]).

We call PP := P~!P, which is in fact a group, the group associated to P or its groupi-
fication. The natural homomorphism P — P#'P has the universal property that any mon-
oid homomorphism P — G into a group G factors trough it uniquely. If P possesses an
absorbent, then automatically P& = 1.

We call P2t := (PI°m)~1P the total fraction monoid or the rational monoid of P. Its
groupification (P™)8P is equal to PP, Thus the groupification homomorphism naturally
factors as P — P! — P& _If P possesses no absorbent, then P'@' = P&'P_Otherwise,

Prat js never a group.

A.3.1 Definition
A monoid P is called

a) sharpif P* =1;

b) unit-integral if the natural homomorphism P* — P#'P is injective. This means that

for any elements u € P* andp € Pwe haveup =p < u=1;

c) quasi-integral if for any two elements p,q € P wehavepg =p < q=1;
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d) integral if the natural homomorphism P — P®'P is injective; this means that for any

three elements p, p’, p”’ € P we have pp’ = pp”’ < p' = p".
Between these properties the following implications are valid:

integral = quasi-integral = unit-integral = domainic

sharp 7

We call the quotient monoid P := P/P> the characteristic monoid of P. It is a sharp
monoid and the canonical monoid homomorphism P — P is the universal homomorphism
from P to a sharp monoid.

For any monoid P we denote its image in P8P by P and call it the integral monoid
associated to P or its integralisation. Hence P is integral if and only if P = P"*, The
amalgamed sum of integral monoids need not be integral. Indeed, the push-out in the
category of integral monoids can be constructed as P @' P’ := (P @&q P')™.

For an integral monoid P we define its saturation to be the monoid
P .= {p € P&?|p" € P for somen > 1},

which is a monoid lying between P and P#'P.

A.3.2 Definition
A monoid P is called

a) finitely generated or coherent if there exists a surjective monoid homomorphism
IN§ — P with s € Ny; this means that there exist finitely many elements py, ... ,ps €
P such that any p € P can be written as p = p}'* -...-p?s with numbers ny,...,ng €

No;
b) saturated if P is integral and P = psat.
c) fineif P is finitely generated and integral;

d) fs(or normal) if P is fine and saturated; in this case P#'P can be viewed as the char-

acter group of an algebraic torus (cf. [29, p. 31]).

e) toricif P is fs and the group P®'P is torsion-free; this is equivalent to saying that P

is finitely generated and torsion-free;

f) freeofrank s € Ny, if there is an isomorphism IN§ =, P; in particular, free modules

are toric and sharp.

We may regard the subcategories Mon' and Mon®™ the objects of which are fine and fs

monoids, respectively, and the morphism of which are homomorphisms of monoids.
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A.3.3 Theorem ([29, 2.1.16])
a) Every submonoid of a fine (respectively, saturated, toric) monoid is fine (respectively,

saturated, toric).

b) Every localisation of a fine (respectively, saturated, toric) is fine (respectively, satur-

ated, toric).

c¢) The fibred product of two fine (respectively, saturated) monoids over an integral mon-

oid is fine (respectively, saturated).

d) Let P be finitely generated. If () is fine (respectively, saturated), then Hompon (P, Q)

is fine (respectively, saturated).

The amalgamed sum in Mon'! and Mon®, however, is not the same as in the category of
monoids Mon. In Mon' it is given by the integralisation (P @¢ P’)™* of the usual amal-
gamed sum; in the category of fs monoids it is given by ((P @&¢g P’)™"), the saturation

of this integralisation.

A.4 Monoid algebras and toric affine schemes

We assume all rings in this thesis to be commutative with 1.

Let A be a ring. For each monoid P we define the A-algebra A[P] := P, p A - [p] with
the multiplication induced by [p] - [p'] := [pp'], which is called the monoid algebra of P over
A and which comes with a natural inclusion homomorphism P — (A[P], ) of monoids.
If0: P — @ is a monoid homomorphism, we get an induced homomorphism of A-algebras
Alf]: A[P] — A|[Q)], which makes A[ -] a functor Mon — Ring 4.

We have a natural isomorphism A[Q ®p Q'] = A[Q] ® 4;p) A[Q'].

If A is an integral domain and if P is torsion-free, then A[P] is an integral domain. If P is
a toric monoid, we call A[P] a toric A-algebra.

For a P-set S we denote by A[S] the A-module P, _g A - [s]. Then A[S] is naturally an
A[P]-module with the multiplication induced by the action of P on S.

A.5 Monoid homomorphisms

If0: P — @ is a monoid homomorphism, then obviously P* C 6~1(Q*). Therefore, 6
induces monoid homomorphisms 6% : P* — Q* and : P — ( sitting inside a commut-

ative diagram with exact rows

l— spPX—=pP— P 1

T

IEQX:Z;}Q%@HL
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A.5.1 Definition

A monoid homomorphism 6: P — @ is called
a) local if =1 (mg) = mp, or equivalently, if =1 (Q*) = P*;
b) sharp if the induced group homomorphism 6% : P* — @ is an isomorphism;

c) logarithmic if the induced homomorphism §~1(Q*) — Q* is an isomorphism; equi-

valently, if € is local and sharp;

d) strict if the induced homomorphism P — @ is an isomorphism.

A.5.2 Proposition ([29, 1.4.1.2])
Let §: P — () be a sharp and strict monoid homomorphism. Then 6 is surjective, and if @

is unit-integral, then 6 is bijective.

There is a notion of flatness of P-sets, given as follows: A P-set S is called flat if it satisfies

one of the following equivalent conditions:

a) For every functor F' from a finite connected category C to Setp, the natural map

(lim F) ®p § — lim(F ®p S) is an isomorphism.
b) S is a direct limit of free P-sets.
A criterion for flatness is the following: S is a flat P-set if and only

a) if, given s1,s2 € S and p1,ps € P such that p;s; = pass, there exist s € S and
P}, ph € P such that s; = pls’ and p1p| = paph and

b) if, given s € S and p1,p2 € P such that p;s = pss, there exist s € Sand p’ € P
such that s = p’s’ and p1p’ = pap’.

Any monoid P is flat considered as a P-set with the action of P given by the multiplication.
Useful for us will be the following equivalence: If P is an integral monoid, then a P-set S
is flat if and only if Z[S] is flat as a Z[P]-module.

We call a homomorphism of integral monoids §: P — (@ integral if for every homo-
morphism P — P’ of integral monoids the push-out (base change) Q@ ® p P’ is an in-
tegral monoid. A criterion for the integrality of 6 is the following: If, for all ¢, ¢’ € @ and
p,p’ € P such that 8(q)p = 0(¢’)p/, there exist r, 7’ € Q and p € P such that p = 6(r)p,
p’ = 6(r')p and gr = ¢'r’/, then 6 is integral.

The composition of two integral homomorphisms is integral and 6 is integral if and only
if @ is. If@: P — Q is a local homomorphism of integral monoids with P sharp, then 6 is
integral if and only if it is flat.
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