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Abstract

Liquids and gasses form a vital part of nature. Many of these are complex fluids with
non-Newtonian behaviour. We introduce a mathematical model describing the unsteady
motion of an incompressible polymeric fluid. Each polymer molecule is treated as two
beads connected by a spring. For the nonlinear spring force it is not possible to ob-
tain a closed system of equations, unless we approximate the force law. The Peterlin
approximation replaces the length of the spring by the length of the average spring.
Consequently, the macroscopic dumbbell-based model for dilute polymer solutions is
obtained. The model consists of the conservation of mass and momentum and time evo-
lution of the symmetric positive definite conformation tensor, where the diffusive effects
are taken into account. In two space dimensions we prove global in time existence of
weak solutions. Assuming more regular data we show higher regularity and consequently
uniqueness of the weak solution. For the Oseen-type Peterlin model we propose a linear
pressure-stabilized characteristics finite element scheme. We derive the corresponding
error estimates and we prove, for linear finite elements, the optimal first order accu-
racy. Theoretical error of the pressure-stabilized characteristic finite element scheme is
confirmed by a series of numerical experiments.






Kurztassung

Fliissigkeiten und Gase bilden einen wesentlich Bestandteil der Natur. Hier kommen vor
allem komplexe Fluide vor, die nichtnewtonsches Verhalten aufweisen. Wir stellen ein
mathematisches Modell vor, das die instationare Bewegung eines inkompressiblen poly-
meren Fluide beschreibt. Ein Polymermolekiil wird beschrieben durch zwei Kugeln, die
durch eine Feder verbunden sind. Es ist nicht méglich, die nichtlineare Federkraft durch
ein geschlossenes Gleichungssystem zu beschreiben, aufler wir approximieren das Kraft-
gesetz. Die Peterlin-Néherung ersetzt die Léange der Feder durch die Durchschnittslédnge.
Auf diese Weise wird ein makroskopisches Modell fiir verdiinnte Polymerlosungen auf
der Grundlage des Hantelmodells hergeleitet. Das Modell besteht aus den Erhaltungs-
gleichung fiir Masse und Impuls sowie der zeitliche Evolutionsgleichung fiir den sym-
metrisch possitiv-definiten Konformationstensor, die Diffusionseffekte beriicksichtigt. In
zwei Raumdimensionen beweisen wir globale Existenz in der Zeit von schwachen Losun-
gen. Unter strengeren Glattheitsanforderungen an die Daten zeigen wir hohere Regular-
itdt und folglich Eindeutigkeit der schwachen Losung. Wir stellen eine lineare drucksta-
bilisierte Finite-Elemente-Charakteristiken-Methode fiir das Peterlinmodell vom Oseen-
Typ. Wir leiten entsprechende Fehlerabschatzungen her und zeigen fir lineare finite
Elemente optimale Approximationsordnung erster Ordnung. Die theoretische Fehlerab-
schatzung der druckstabilisierte Finite-Elemente-Charakteristiken-Methode wird durch
eine Reihe numerischer Experimente bestatigt.

vii






Contents

List of Figures

List of Tables

1.

2.

Introduction

Preliminaries

2.1. Notation and functional spaces
2.2. Useful theorems and inequalities
2.3. Symmetric positive definite matrices

Mathematical model

3.1. The diffusive Peterlin model

3.2. Positive definiteness

3.3. Formal energy estimates
3.4. Free energy estimate

Global weak solutions

4.1. Preliminaries . . . .. ... .. ...
4.2. Existence of weak solutions
4.3. Higher regularity . . .. .. .. ...
4.4. Uniqueness of regular weak solution

Generalized model

5.1. Formal energy estimates
5.2. Existence of weak solutions
5.3. Higher regularity and uniqueness

Numerical approximation
6.1. The Oseen-type Peterlin model

6.2. Time discretization

6.2.1. Method of characteristics
6.3. Spatial discretization

6.3.1. Finite element method

6.3.2. Pressure stabilization
6.4. The semi-implicit linear scheme

xi

xiii

15

......................... 18
.................... 18
........................... 22
............................. 28

34

.................... 34
......................... 35
.................... 44
..................... o1

55

........................... 56
......................... 59
...................... 67

ix



Contents

7. Stability and error analysis

7.1. Preliminaries . . . ... ... ... ...
7.2. Stability of the scheme . . . . . . . . ..
7.3. Error estimates . . . ... ... ... ..
7.4. Higher a priori estimates . . . . . . . ..
7.5. The implicit nonlinear scheme . . . . . .

8. Numerical experiments

8.1. Implementation of the scheme . . . . . .
81.1. Mesh . ... ... ... ... ...
8.1.2. Numerical integration formula . .

8.1.3. Algorithm for the semi-implicit scheme . . . . . . . . . ... ...

8.2. Experimental order of convergence . . .
8.2.1. Problem setting . . . .. ... ..
8.2.2. Numerical results . . . . . . . ..

8.2.3. Comparison with the implicit scheme . . . . . . . . ... .. ...

8.3. Lid-driven cavity flow problem . . . . . .
8.3.1. Problem setting . . . . ... ...
8.3.2. Numerical results . . . . . .. ..

Conclusions

A. Evolution problems

A.1. Weak solutions . . . . . ... ... ...
A.2. Ordinary differential equations . . . . . .
A.3. The Stokes and Laplace operators . . . .

B. The inf-sup condition

B.1. Mixed variational problem . . . . . . ..
B.2. Stokes problem . . . ... ... .. ...

C. Numerical scheme in details

C.1. Barycentric coordinates . . . . . . . . ..

C.2. Matrix form of the semi-implicit scheme

Bibliography

92
92
99
104
121
138

145
145
145
147
149
151
152
152
163
166
166
167

175

177
177
180
180

183
183
186

189
189
190

195



6.1.
6.2.

8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8.
8.9.

8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.
8.18.
8.19.
8.20.
8.21.
8.22.
8.23.
8.24.
8.25.
8.26.
8.27.
8.28.

8.29
8.30
8.31
8.32
8.33

List of Figures

Trajectory of a fluid particle . . . . . . ... .. ... ... ... .. 80
An admissible triangulation and hanging nodes . . . . . . .. ... ... 84
Triangulation of the domain with N =16 . . . . . . .. .. ... ... .. 146
A general triangle K and the reference triangle K . . . . . .. . ... .. 146
Points for numerical integration of degree 5 on different triangles . . . . 148
Errors and EOC: v =10.0,e =10 . . . .. .. ... ... ... ..... 153
Errors and EOC: v =10.0,e =01 . . . . . . ... .. .. ... ..... 153
Errors and EOC: v =10.0,e =001 . . . . . . ... ... ... .. .... 154
Errors and EOC: v =10.0,e =0.001 . . . . .. .. ... ... .. .... 154
Errors and EOC: v =10.0, e =0.0001. . . . . . ... ... ... .. ... 155
Errors and EOC: v =1.0,e=1.0 . . . . . .. ... ... ... ... ... 155
Errors and EOC: v =1.0,e=0.1 . . . . ... ... ... ... ...... 156
Errors and EOC: v =1.0,e=0.01 . ... ... .. ... ... ...... 156
Errors and EOC: v =1.0,e=0.001 . . . . . . ... ... ... ...... 157
Errors and EOC: v =1.0,=0.0001 . . ... ... ... ... ...... 157
Errors and EOC: v =0.1,e=0.1 . . . . ... ... ... ... ...... 158
Errors and EOC: v =0.1,e =001 . . .. ... ... ... ... ..... 158
Errors and EOC: v =0.1,e =0.001 . . . . . ... . ... ... ...... 159
Errors and EOC: v =0.1, e =0.0001 . . . .. ... ... ... ...... 159
Errors and EOC: v =0.01,e=0.01 . . . . . ... ... ... ... .... 160
Errors and EOC: v =0.01,e =0.001, dt =h/4. . . . . . ... ... ... 160
Errors and EOC: v = 0.01, e = 0.0001, dt = h/4 . . . . ... ... ... 161
Errors and EOC: e =0, v=10.0 . . . ... . ... ... ... ...... 161
Errors and EOC: e =0, v=1.0 . . . . . . ... ... ... .. ..... 162
Errors and EOC: e =0, v=0.1 . . ... ... ... ... .. ....... 162
Errors and EOC: e =0, v =0.01,dt =h/4 . . . . . . .. ... ... ... 163
(N1) Errors and EOC: v =1.0,e=0.01 . .. ... ... .. ....... 165
(N2) Errors and EOC: v =0.01, e =0.0001 . ... ... ......... 165
Lid-driven cavity flow . . . . . . . . . ... L 166
(A1) Cavity flow: v=1.0,e =10"% k=2,3,4 . ... ... ... ..., 167
.(A2) Cavity flow: v =0.1,e =10"% k=23 ... ... ... ... ... 168
. (A3) Cavity flow: v =0.01, e =0.0001 . . . .. ... ... ... ..... 168
.(A4) Cavity flow: e =0,v=10"%k=0,1,2 . ... ... ... ..... 169
.(B1) Cavity flow: v =1.0,e=0.01 . . . . ... ... .. ... ...... 170

X1



List of Figures

xii

8.34. (B2) Cavity flow: v =0.1,e=0.001 . ... ... ... .. ........ 170
8.35. (B3) Cavity flow: v =0.01,=0.0001 . . ... ... ... ........ 170
8.36. (B4) Cavity flow: e =0, v=1.0 . ... ... ... ... .. ....... 171
8.37. (A) Free energy: v =0.01, e =0.0001 . ... ... ... ......... 171
8.38. (A) Free energy: e =0.01, v =10"% k=0,1 . ... ... .. .. .... 172
8.39. (A) Free energy: e =0, v=10"% k=1,2 . . . . ... ... ... ..., 172
8.40. (B) Freeenergy . . . . . . . .. 173
C.1. Barycentric splitting and signs of barycentric coordinates . . . . . . . . . 190



8.0.
8.1.
8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8.
8.9.

8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.
8.18.
8.19.
8.20.
8.21.
8.22.
8.23.

8.24
8.25

List of Tables

Mesh parameters . . . . . . . ..o 146
Errors and EOC: v =10.0,e =10 . .. . . .. ... .. ... ... ... 153
Errors and EOC: v =10.0,e=0.1 . . . . . .. ... ... ... ..... 153
Errors and EOC: v =10.0,e =001 . . . . . . ... ... ... .. .... 154
Errors and EOC: v =10.0,e =0.001 . . . .. ... ... ... ...... 154
Errors and EOC: v =10.0,e =0.0001. . . . . . . . ... ... ... ... 155
Errors and EOC: v =1.0,e=1.0 . . . . . ... ... ... ... ... 155
Errors and EOC: v =1.0,e =01 . . . ... ... ... ... . ...... 156
Errors and EOC: v =1.0,e=0.01 . . .. .. ... ... ... ...... 156
Errors and EOC: v =1.0,=0.001 . . . . .. ... ... ... ...... 157
Errors and EOC: v =1.0,=0.0001 . . ... ... ... ... ...... 157
Errors and EOC: v =0.1,e=0.1 . . . . ... ... ... ... ...... 158
Errors and EOC: v =0.1,e =001 . ... ... ... ... ... ..... 158
Errors and EOC: v =0.1,¢=0.001 . . . . . . ... ... ... ...... 159
Errors and EOC: v =0.1, e =0.0001 . . . .. ... ... ... ...... 159
Errors and EOC: v =0.01,e =001 . . . . .. ... ... ... ...... 160
Errors and EOC: v =0.01,e =0.001, dt =h/4. . . . . . ... ... ... 160
Errors and EOC: v = 0.01, e = 0.0001, dt = h/4 . . . . . ... ... ... 161
Errors and EOC: e =0,v =100 . . .. .. ... .. ... ... ..... 161
Errors and EOC: e =0, v =10 . . . . ... . ... ... ... ...... 162
Errors and EOC: e =0, v =01 . . . . .. . . ... ... ... ...... 162
Errors and EOC: e =0, v =0.01,dt =h/4 . . . . . ... ... ... ... 163
Maximal number of inner iterations . . . . . . . . . ... ... ... ... 163
Smallness of the time increment . . . . . . . . . ... ... ... .. ... 164
.(N1) Errors and EOC: v =1.0,e=0.01 . . ... ... ... ....... 165
. (N2) Errors and EOC: v =0.01, ¢ =0.0001 . . ... ........... 165

Xiii






Introduction

Fluids are inevitable part of our everyday life. Modelling liquids and gases in different
settings and under different conditions is an interesting and challenging task. As pointed
out in [92], many biological, industrial or geological fluids can no longer be described by
a linear relation between the stress and the deformation tensor. These complex fluids
fall into a class of the so-called non-Newtonian fluids. One of the important features
of this class is viscoelasticity. The resistance of viscous materials to the shear flow
and strain is linear in time when a stress is applied, while the elastic materials strain
when stretched and quickly return to their original state once the stress is removed.
A wviscoelastic fluid exhibits both the viscous and elastic behaviour when being deformed,
see, e.g., [104] for more details.

Models of viscoelastic fluids

Recently, an increasing number of mathematicians has become interested in mathemat-
ical modelling and numerical simulation of complex fluids. As mentioned in [92], there
exists already a rich body of literature on mathematical analysis and problem-suited
numerical methods. Mathematical models consist of the conservation laws describing
the conservation of mass and momentum. The stress tensor is typically written as a
sum of viscous stress tensor depending linearly on the deformation tensor and the extra
stress due to the viscoelastic contribution. In macroscopic models the latter is given
by a complex constitutive equation to capture the corresponding viscoelastic properties.
In order to describe the evolution of viscoelastic stress tensor various approaches can be
used. Let us mention, for example, differential, integral models or micro-macro models
based on the kinetic formulation of the probability distribution function.

Polymeric materials

Viscoelasticity is a typical property of polymers. A polymer is a large molecule or a chain
of molecules whose structure is composed of multiple repeating units, cf. [35, 103]. There
is a wide range of polymers, from synthetic plastic (polystyrene) to biopolymers (DNA
and proteins). The long chain molecules, typical for polymeric liquids, are modelled as
chains of beads and springs or beads and rods. The spring forces, stochastic forces and
forces exerted by the surrounding fluid are responsible for the movement of molecules.



1. Introduction

As already pointed out in [90], there are basically three different approaches how
to model polymeric materials. Firstly, the dilute solution theories which consider the
polymer molecule to be surrounded by a Newtonian fluid. In this case, the hydrodynamic
drag forces are resulting in the interaction between the molecules and the flow. On the
contrary, there are the network theories motivated by the theories of rubber elasticity.
Molecules are linked together at junction points in a network. The interaction between
the polymer molecule and the flow results from the motion of the junctions. Finally,
the middle ground of the above two theories are the reptation theories, which visualize
the molecule as slithering inside a tube formed by other polymer molecules. For details,
see, e.g., [122], [124]. The history of molecular modelling can be found in [19] and the
references therein.

The simplest model representing the dilute solution theories is the so-called dumbbell
model consisting of two beads connected by a spring, see [90]. Considering the linear
force law for the spring force F(R) = HR, where R is the vector connecting the beads,
we obtain the upper convected Maxwell model (UCM). The well-known Oldroyd-B model
has the stress that is a linear superposition of UCM model and the Newtonian model.

For the nonlinear force, F(R) = ~(|R|?)R, it is not possible to obtain a closed system
of equations except for approximating the force law. The Peterlin approrimation replaces
this law by F(R) = v({|R|?))R, i.e. the length of the spring in the spring function 7 is
replaced by the length of the average spring (|R|*) = tr C. Consequently, we can derive
the evolution equation for the conformation tensor C, which is in a closed form, cf. [122].

Analytical results

Mathematical analysis of complex viscoelastic fluids is an active research area. In the
literature we can find already various mathematical results dealing with the question
of well-posedness of the viscoelastic flows and in particular with the Oldroyd-B model.
In what follows, we list a few of these results, cf. [90, 91, 92].

Differential models

Well-known differential models are the Oldroyd-B or the Johnson-Segelman models,
where an additional transport equation is added to describe the time evolution of the
polymer stress tensor. Concerning the local in time existence results and global in time
results for small data in the case of the Oldroyd-type models let us mention the classical
results of Fernandez-Cara, Guillén and Ortega [53] and of Guillopé and Saut [61]. The-
oretical results for stationary generalized Oldroyd-B, power-law flows were published by
Arada and Sequeira [6], see also [65] for further related results on the existence of strong
solutions in exterior domains obtained by Hieber, Naito and Shibata.

Global existence of the solution to the Oldroyd-B equations is still an open question.
For the case of the so-called co-rotational Oldroyd-B model, where the gradient of velocity
Vu in the evolution equation for the elastic stress tensor is replaced by its anti-symmetric
part %(Vu — Vu?), the global existence result for fully two- and three-dimensional flow
has been recently obtained by Lions and Masmoudi [89]. The goal is to get strong
convergence of the elastic stress tensor. To this end, the authors introduce a new quantity
that measures losses of compactness in nonlinear terms and apply DiPerna, Lions theory



of renormalized solutions. Once the strong convergence for the elastic stress tensor is
obtained one can clearly pass to limit in all nonlinear terms and deal with other terms
as in the Navier-Stokes theory. Unfortunately, the proof cannot be extended easily to
other Oldroyd-type fluids since a specific structure of the co-rotational model has been
used here.

In the viscoelastic models the transport equation for the elastic stress tensor plays
an important role. Bahouri and Chemin [11] proved a losing a priori estimate for the
transport equation. Based on this theory, Chemin and Masmoudi [98] showed the blow-
up criterion in two-dimensional situation. Recently, this result was improved by Lei,
Masmoudi and Zhou [85]. Global existence of weak solutions for small data can be
found, e.g., in [38]. Local existence of solutions and global existence of small solutions
of some rate type fluids have been shown by Lin, Liu and Zhang in [87].

In the recent work [12] Barrett and Boyaval studied the so-called diffusive Oldroyd-B
model both from numerical as well as analytical point of view. For two space dimensions
they were able to prove the global existence of weak solutions. The diffusive Oldroyd-B
model has been also studied by Constantin and Kliegl in [36] and the global regularity in
two space dimensions has been proven. Let us point out that in standard derivations of
bead-spring models the diffusive term in the equation for the elastic stress tensor is rou-
tinely omitted. As pointed out in [13, 43, 133] in the case of heterogeneous fluid velocity
this diffusive term indeed appears in the Fokker-Planck equation and, consequently, also
in the corresponding macroscopic equation for the elastic stress.

Micro-macro models

On the other hand, as already mentioned above, see also [90], complex viscoelastic fluids
can be also modelled using the molecular description of the complex fluids, which yields
the so-called micro-macro models. Here we couple the macroscopic equation for the
conservation of mass and momentum with the Fokker-Planck equation arising from the
kinetic approach. The Fokker-Planck equation is a nonlinear equation describing time
evolution for the particle distribution. The (macroscopic) elastic stress tensor, appearing
on the right-hand side of the momentum equation, is then obtained by an averaging pro-
cess by means of the particle distribution function, cf. the Kramers expression. Indeed,
the Oldroyd-B model can be obtained as an exact closure of the linear Fokker-Planck
equation, see, e.g., [36].

Mathematical literature dealing with the analysis of such micro-macro viscoelastic
models is growing quite rapidly, see, e.g., [15, 16, 37, 38, 43, 73, 74, 82, 83, 84, 87, 99,
100, 101, 121] and the references therein. For example, in [99, 100, 101] Masmoudi and
collaborators combine the macroscopic fluid model with the so-called FENE (finitely
extensible nonlinear elastic) model, which assumes that the interaction potential can
be infinite at finite extension length. In [100] the global existence of weak solution for
FENE dumbbell polymeric flows is proved. The proof is based on the control of the
propagation of strong convergence of some well chosen quantity by studying a transport
equation for its defect measure. Furthermore, in [101] the existence of global smooth
solutions for a coupled micro-macro model for polymeric fluid in two space dimensions
under the co-rotational assumption is obtained.



1. Introduction

For the dilute polymers, using the kinetic model and having a diffusive term, the global
existence of weak solutions has been proven by Barrett and Sili in [13]. In this paper
the authors work with the FENE model in order to represent viscoelastic effects. Thus,
the spring force F(R) is no more linear but given by such a nonlinear potential, see [13]
for more details. In [14] analogous existence result for the Hookean-type kinetic model
with a diffusive term has been presented.

Numerical solution

Concerning numerical simulations of the Oldroyd-type flows several numerical schemes
have been derived, see, e.g., [2, 40, 50, 51, 76, 93, 97, 105, 143] and the references therein.
Development of a stable and convergent numerical method for the Oldroyd-B equations,
in particular, in the case when the elastic effects dominate, is still a challenging problem.

As already mentioned in [92], a major obstacle is the high Weissenberg number prob-
lem. The non-dimensional parameter We expresses a ratio of the relaxation time to a
typical flow time scale. The so-called numerical blow-up is a widely known phenomenon
in numerical simulations of the high Weissenberg number viscoelastic flows. It is antic-
ipated that the blow-up has various reasons: influence of domain singularities, missing
analytical results on the well-posedness of global weak solutions and numerical instabil-
ities. The latter is a purely numerical phenomenon that arises due to the inadequacy of
polynomial interpolations to approximate spatial exponential profiles, which is the case
of the elastic stress tensor.

Fattal and Kupferman in [51] have proposed a new promising approach using the
log-transformation of the conformation tensor. See also further related works [21, 31,
41] and the references therein. New energy dissipative numerical methods, based on
either the finite element or the finite volume methods combined with the method of
characteristics, have been recently proposed in [93], where both the diffusion and the
logarithmic transformation of the elastic stress are considered.

Limiting case of the Oldroyd-B model

In our recent paper [92] we have considered a viscoelastic model that can be achieved as
a limiting case of the Oldroyd-B model when the relaxation time goes to infinity. Note
that this assumption is equivalent to the fact that the Weissenberg number We is set to
infinity. The question of global in time existence of weak solutions of this model is still
open. Local existence of strong solutions has been proven in [77], [87] as well as in [32].

As far as we know our paper has been the first contribution to the numerical analysis
of this model. More interestingly, we would like to point out that we did not need any
particular stabilization techniques for the high Weissenberg number problem. We have
obtained stable and convergent results using suitable numerical approximations that are
typically used in computational fluid dynamics. In particular, we combined the lowest
order Taylor-Hood finite element discretization of the flow part (piecewise quadratic
velocity and piecewise linear pressure) with either piecewise linear finite elements or
finite volumes for the deformation gradient.



Structure of the thesis

Structure of the thesis

The thesis aims to present the analysis and numerical solution of a particular viscoelastic
fluid flow model based on the so-called Peterlin approximation. The first part is devoted
to the existence and uniqueness study of global weak solutions. The error analysis of a
numerical approximation supported by a series of simulations is presented in the second
part.

The first part begins with introducing the notation and listing useful lemmas, the-
orems and inequalities in Chapter 2. The mathematical model for an incompressible
viscoelastic fluid is presented in Chapter 3. The fluid flow is governed by the conserva-
tion of mass, momentum and the evolution equation for the conformation tensor, which
is by definition symmetric and positive definite. We prove, in Section 3.2, that our model
indeed preserves the positive definiteness of the conformation tensor. In the next two
sections the formal energy estimates and the free energy estimate are derived. Chapter 4
deals with the existence and uniqueness of global in time weak solutions to our problem.
The existence is shown by studying the Galerkin approximation, see Section 4.2. Pro-
vided the data are more regular, we show that the weak solution enjoys higher regularity.
Consequently, uniqueness of global more regular weak solution is proven in Section 4.4.
In Chapter 5 a generalized diffusive Peterlin model is considered. The analogous the-
oretical results on existence and uniqueness of global weak solution to the generalized
model are shown in Sections 5.2 and 5.3.

In the second part of the thesis we study the viscoelastic model from the numerical
point of view. Due to the complexity of such system we confined ourselves with the
Oseen-type problem, where the convective terms are linearised. Chapter 6 contains the
derivation of a semi-implicit pressure-stabilized characteristics finite element scheme. In
Section 6.2 the first order approximation of the material derivative, based on the method
of characteristic curves, is introduced. The spatial discretization is given by the finite
element method. Since the continuous piecewise linear approximation of the velocity,
pressure and the conformation tensor is considered, we employ a stabilization technique
to satisfy the inf-sup condition, see Section 6.3. Finally, the existence of discrete solution
is proven and the positive definiteness of the discrete conformation tensor is discussed.
In Chapter 7 the error analysis for the proposed numerical scheme is presented. The
first section of this chapter provides the stability result. The optimal first order rate
of convergence is proven afterwards. Analogously as for the weak solution we are able
to show the higher energy bounds of the discrete solution, see Section 7.4. We also
introduce a fully implicit nonlinear version of the characteristics finite element scheme
and compare both approaches. Finally, in Chapter 8, after a brief description of the
scheme implementation, we demonstrate the accuracy of our semi-implicit linear scheme
by a series of experiments. The first order convergence is confirmed, cf. Section 8.2.
Moreover, a few results of the lid-driven cavity flow problem are presented in Section 8.3.

After conclusions and remarks on future goals, we recall some useful results for the
study of evolution problems, see Appendix A. In Appendix B we briefly explain the mixed
variational problems that lead to the inf-sup condition. Finally, a detailed transcript of
the numerical scheme is presented in Appendix C.



Preliminaries

This chapter collects some useful preliminaries needed for the analysis and numerical
solution of our viscoelastic fluid flow model. It is divided into three parts. Firstly, the
notation and functional spaces are introduced. Afterwards, a list of theorems, lemmas
and inequalities used throughout the thesis is included. At the end, the definition and
properties of a symmetric positive definite matrix are given.

2.1. Notation and functional spaces

Let d > 2 denote the space dimension and let z = (z1,...,24) € R? be a vector. Let u,v
be scalar-valued functions, u = (uy,...,uq), v = (v1,...,v4) be vector-valued functions
and C = {Cj;}, D={D;,;},i,j=1,...,d, be d x d tensor-valued functions. We will use
the following notation

ou du; _ 0Cy
(VU) 833'1 (vu)ij - axjv (VC)Z]k - 833'k ’
d_ 52, 452y, 920,
Au = Z 022 (Au); = j; 07%27 (AC);; = 1;1 &’B%]’
d d
D;;
u-V:ZUiUu C:D:ZCijDij, VC:VD = Z i L
— =1 ig k=1 8$k axk
. du
Vu-n= Z %ni, (Vu-n); = Vu,; - n, (VC-n);; =VC;;-n
i=1 ¢
(v V)u—iv-@ (v-V)u) —fjva“i ((v- Zv
=t LA Jaxj’ ' axk
. d ou; d
divu = ; ox;’ (div C); ; 3%

where n € R? is the outer normal vector. We denote the rate of strain tensor, if you like
the symmetric part of the gradient or the deformation tensor, by

Vu + Vu?

D(u) := 5

(2.1)



2.1. Notation and functional spaces

The material derivative, for a given vector function v, reads

o TV (Dt)i' gr TV <Dt>ij Y

for a scalar, a vector and a tensor-valued function, respectively.

+ (V : V)Cij,

d
Let @ :== (aq,...,aq) € N? be the multiindex, |a| = 3 a;. Then the a-th partial
i=1
derivative D® is defined by

olel

0, . Q.
D v :=wu and D% := Jor g0
1t T4

for |a| > 1.

Further, let C”, tr C and det C denote the transpose, the trace and the determinant
of the tensor C, respectively. The above introduced notation

C:D = Z Cy;Dij = tr (CD") = tr (C"D), (2.2)
7”.7

for C, D € R"™*" stands for the Frobenius product. It is the inner product of the vector
space formed by m x n real matrices and it induces the Frobenius norm

1/2
Dl = (Z |dz‘j|2) = tr (DD"). (2.3)
4,7
We will use the notation D? := D : D.

Functional spaces

In what follows we assume that @ C R? is a bounded domain with the Lipschitz-
continuous boundary 02, unless stated otherwise. 2 denotes the closure of 2. The
definitions of some useful functional spaces follow.

The space C*(Q) [3] B
For k > 0 we denote by C*(Q) the space of all k-times continuously differentiable
functions in 2. Then

C=(Q) == () CH(@)

stands for the space off all infinitely many times continuously differentiable func-

tions in Q. The space C*(Q) is equipped with the norm

o « .
|l o = Ogllaaékilelg |D%| if k < oo.

We abbreviate C(2) := C°(Q). Further, we denote

C(Q) == {u : u € C(Q) having a compact support in Q},
Gt (Q) = {u cu e Cr(Q), divu = 0},
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The Lebesgue spaces LP(Q), L2, (Q) and L3(Q) [3, 52, 120, 142]
For 1 < p < oo we denote by LP(Q2) the space of all measurable functions whose
p-th powers are Lebesgue-integrable in Q. L°°(€2) denotes the space of essentially
bounded functions in 2. The norms are given by

1/p
ull ;= (/Q |ul? dw) , ||ul| o = esssup |u(x)].

e

Let us note that L*(Q) is the Hilbert space with the scalar product

(u,v) = / u(x)v(x) dr.
Q
Now, we introduce two typical functional spaces for fluid dynamics. Let us define

=l .2

L3,(Q) == C5% () 7, L(Q) = {u D€ LQ(Q),/Qu dx = O}.

The Sobolev spaces H'(Q), Hj(Q), Hj 4,,(2) and H™(Q) [3, 49, 142]
Let H'(Q) = W2(Q) denote the following Sobolev space

ou
’ (‘9@

HY(Q) := {u s u € L*(Q) € L*(Q) forizl,...,d},

where the partial derivatives are understood in the distributional sense. The cor-
responding scalar product and norm of this Hilbert space are given by

1/2
(0, 0) = [ ww+ Vu- Vo de, ful = (/Q [uf? + |Vul? dx) ,

respectively. We define other two spaces typical for the analysis of fluid flow prob-
lems, i.e.

— =l

Y@ = CF@) " and Hig() = Ciin(@
It holds that
H;(Q) = {u € H'(Q) : u is zero on the boundary} ,
Hy 45, (Q) = {u € H'(Q) : divu =0, u is zero on the boundary} .

Since the above two spaces are closed subspaces of H'(2), they are equipped with
the same norm ||-|| ;.. Moreover, due to the Poincaré inequality, cf. [142], there is
an equivalent norm given by

fullgy, = lullgy 2= [Vl
Further, for each integer m > 0 the Sobolev space H™ () = W™?2(Q) is defined by

H™(Q) = {u : D*u € L*(9), Ya such that |a] < m}



2.1. Notation and functional spaces

with the scalar product and norm

1/2
(o) = X [ DD de, July :=( )3 ||Dau||iz> ,

0<|al<m 0<|a|<m

respectively. The space H™({2) equipped with the above norm is the Hilbert space.
We shall also make use of the semi-norm

1/2
e = ( > ||Dau||12) .

laf=m

The Bochner space L”(0,7; X (2)) [49, 120]
Let 1 < p < oo and X(£2) be a Banach space. Let v(x,t) be a function defined on
2 x (0,7) such that, for each t € (0,7") the function v(t) := v(x,t) is measurable
and it is an element of the space X (Q2). Then we denote for 1 < p < 0o

T 1/p
LP(0,T; X(Q)) := {v co(t) : (0,T) — X(Q), (/0 lo(t) % dt) < oo} :
and for p = oo
L>=(0,T; X(2)) = {v co(t): (0,T) — X(Q), etses(os%) lv@)|l < oo}.

The norms are given by

T 1/p
ol = ([ IO at) o ol = essup o0l
0 te(0,T)

The space H'(0,T; X(Q)) is defined by

HY0,T; X(Q)) == {U € L*0,T;X()) : gzt’ € L2(O,T;X(Q))},

where Ov/0t means the distributional derivative with values in X (€2). An analogous
definition holds for the space H’(0,T; X (1)), for an integer j > 2.

In a similar way we can define the space C*(0,T; X (Q)).

The space Z™ [111]
For m € N and ty, t; € R we introduce the space

210 = {u e H (4 H™(Q)), = 0,...om ¢ |[ull gy < 00},
(2.4)

where the norm is given by

.....

We define Z™ := Z™(0,T).
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Let X be a real normed linear space. Then the dual space X* is the space of all
bounded linear functionals f : X — R equipped with the norm

- (fsu)xexx
e i= SUp

lullxzo  llullx

/1

Y

which makes it the Banach space.

Let X be a functional space. Then u € X and C € X mean that u; € X and Cj; € X,
for i,5 = 1,...d, respectively. We might use u € X< or C € X% to avoid confusion
when necessary. However, for simplicity of the notation we do not distinguish, in the
notation of functional spaces, between the spaces of scalar, vector or tensor functions.

The following notation shall be employed for the norms of the spaces introduced above

[l = ||-||Lk(Q) ||-||Lk(X) = ||-||Lk(o,T;X(Q))

-1l == ”‘HC(Q) H-HHk(X) = ||~HHk(o,T;X(Q))
H'”l,m = ||-le,m(sz) ”-||ck(X) = H'Hck([o,:r’];xm)

and

1/2
2 2
1320 e = (nvnm ; ||qr|1,2)
1/2
2 2 2
13,0 D)o rage = (||v||2,2 gl + |IDH2,2>

1/2
. 2 2
H(V7D)HZ2(t0,t1) = (HVHZZ(to,tl) + ”D|’Z2(to,t1)> :

2.2. Useful theorems and inequalities

We give a brief overview of theorems, lemmas and inequalities needed for further analysis.
The Gauss-Green theorem [49, 52, 120]

Suppose u € C*(Q2). Then
ou

dx :/ un; dS, i=1,...,d.
o0

For a vector field u € C1(£2) we get the divergence (Gauss) theorem, i.c.

/divudm :/ u-nds,
Q o0

where n is an outward normal vector. The Gauss-Green theorem applied on the

scalar function uv € C*(Q) yields the Green formula

auvdx:—/u
Q

0

Subject to the assumption that 02 is Lipschitz-continuous the above formulae hold
for u, v € H'(Q) and u € H'(Q) as well.

v dx+/ won; dS, i=1,....d.
€T o0

10



2.2. Useful theorems and inequalities

The Gronwall lemma [49, 52, 120]
differential form : Let f € L'(ty, T) be a non-negative function, ¢ be a continuous
function on [to, T|. If ¢ satisfies

O'(t) < ft)e(t) Vit e [to, T), (2.5a)
then
olt) < lto) exp | /t:f(s) a5} Vie ] (2.5D)

integral form: Let f € L'(ty,T) be a non-negative function, g and ¢ be continuous
functions on [ty, T]. If ¢ satisfies
t
p(t) <g(t)+ | fls)p(s)ds Vit e [t T], (2.6a)

to

then

o(t) < g(t) + tf(s)g(s)exp{/:f(T) dT} ds Yt € [to,T]. (2.6b)

to

If moreover g is non-decreasing, then
t
o(t) < g(t) exp {/ f(7) dT} Vit e [to, ). (2.6¢)
to

The discrete Gronwall lemma [120, 141]
Let ag be a non-negative number, At be a positive number such that

1
At < — (2.7a)

2(10

for ap # 0. Further, let {z"},>0, {y"}n>1, {0"}n>1, {a}}n>1 be some non-negative
sequences. Suppose

Dpra™ +y" < aga™ +afz" '+ 0", Yn > 1. (2.7b)

Then for all n > 1 it holds that

"+ AtY y <exp {2@0 nAt + At aé} <x0 + At bi> : (2.7¢)

i=1 i=1 i=1
Let us note that if a positive number aj ' appears in (2.7b) instead of a constant
ap, then condition (2.7a) induces the dependence of At on n — 1.

Here Dy, stands for the backward difference operator

" — xnfl

Dpga™ =
At L Al

11
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The Sobolev embeddings theorem [3, 49, 142]
In particular it holds

HY(Q) — C(Q) if d =1,
HY(Q) — LP(Q), Vp € [1,00), H*(Q) — C(Q) if d=2.

The Holder inequality [49, 52]
Let uw € LP(Q), v € LI(Q). Assume 1 < p,q < o0, %+ % = 1. Then we have

[ fuel dz < Jul, il

Similarly, for z, y € R?, we have

d d Up ;4
Z |zy:| < (Z |$i|p> (Z |yi|q>
i=1 i=1 i=1

For p = ¢ = 2 it is sometimes called the Cauchy-Schwarz inequality. In general,
let 1 < pi,...,pm < oo with p% +...+ Ii = 1, and assume wu;, € LP*(Q) for
k=1,...,m. Then

1/q

m
/Q|u1...um| dv < T lwll,, -

k=1

The interpolation inequalities [80]
Let the dimension d = 2 and let the boundary 92 be piecewise smooth. Then the

following holds true
ull, < cllully? 1Vally?, ue Hy(Q) (2.82)
Iolly < e(@) (I[vlly + ol 1Voll5?) . v e H'(Q), (2.8b)
and for r > 2

Ioll, < e(@) (lolly + loll3 IVollS27) v e HY(Q). (2.8¢)

The Korn inequality [46, 49]
There exists a positive constant ¢ such that

1/2
(IID(U)H§ + HuHi) >cllull,, VueHY(Q).

The norms ||D(-)]|, and |||, , are equivalent in Hg(2).
The Young inequality [49]
Let 1 < p,q < o0, %+%:1. Then

al  be
ab < " + v and ab < ea? + c(e)b?

for a,b,e > 0 and c(e) = (ep)~¥Pg~'. For p = ¢ = 2 it is sometimes called the
Cauchy inequality:.

12



2.3. Symmetric positive definite matrices

2.3. Symmetric positive definite matrices

We give the definition of a symmetric and a positive definite matrix and we list all the
important properties used later. Further, we introduce a matrix function. More precisely,
we define the logarithm and the inverse of a symmetric positive definite matrix. For the
details and proofs we refer to, e.g., [1, 67, 81, 119].

Symmetric and positive definite matrix

A matrix D € R¥™? is symmetric if D = D?, where D? denotes the transpose of D.
It holds that

e all its eigenvalues \; are real

e there exists an orthogonal decomposition (eigendecomposition) D = QAQT, where
Q is a real orthogonal matrix, its columns are the eigenvectors of D, and A is a
real diagonal matrix having the eigenvalues of D on its diagonal

e it is positive definite if and only if all its eigenvalues are positive.

A matrix D € R¥? is positive definite in R? if z7 Dz > 0 V2 € R?, 2 # 0.
It holds that

e it is not necessarily symmetric

e if r > 0 is a real number, then rD is positive definite

det D > 0, it is invertible and its inverse is also positive definite

the diagonal entries D;; are real and positive, tr D > 0.

The determinant and the trace of D can be expressed as the product and the sum of its
eigenvalues

d d
detD = H A and trD = Z)\Z-,
i=1 i=1
respectively.

Let us denote the space of all symmetric positive definite matrices in R¥>?¢ by Sﬁ.

Norm equivalence

In what follows we will work with the positive definite matrices that are symmetric. We
shall use their important property, i.e. the following norm equivalence.

Proposition 2.1. (norm equivalence)
Let D € Sjlr. Then the following holds true

DIy < 16t DYooy < & IDIG01ny s P = 2- (2.9a)
If D € R4 js an arbitrary matriz we have

[t Doy < @D pny s p = 2. (2.9b)

13
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Proof. Since D € Si, each eigenvalue \; of D and also tr D are positive. Moreover, the
Frobenius product (2.2), the orthogonal decomposition of D and the cyclic property of
trace yield

zd: ’Dij|2 =D:D=tr ((QAQT)(QAQT ) —tr A2 — Z)‘
ij=1

d d
Z ’Dijlp —DP2-DP2 — ¢ ((QAP/QQT)(QAP/QQT)) —tr AP = Z NP, p>2.

i,j=1 i=1

Then the following estimate for p > 2 holds true
T d T d
D = [, f, > Dy dadt [ 2o s

</ /(ZA) dvdt = [[tr D%, 0-

For an arbitrary matrix D € R%*“ we have, by the discrete Holder inequality,

T d P T, d
6Dl = [ (ZD,,) drdt < [ /Z|D¢¢|P da dt

<ot [1[ S 1Dyp dedt = Dl p22

2,7=1

Matrix function
Let D € 8. Then a matrix function f (D) is defined as
f(n)

f(D):=Qf (A)Q", where f(A):=
f(Aa)

Here the function f : (0,00) — R is defined on the spectrum of D. In this thesis we will
use the logarithm of a symmetric positive definite matrix D which is defined as

InD :=QlnAQ7, (2.10)

where In A is a diagonal matrix with the logarithm of each entry of A on its diagonal.
Although the orthogonal decomposition is not unique, InD given by (2.10) is uniquely
defined. Secondly, we will need the inverse of D defined through the function f(z) = 1/«
as

-Q Q" (2.11)

where 1/A is a diagonal matrix with the eigenvalues of the inverse matrix on its diagonal.

14



Mathematical model

Fluid flow models play an important role in physics, medicine, meteorology, biology,
industry, astronomy and many other fields. In the present thesis we are interested in
non-Newtonian viscoelastic fluids as many biological and industrial fluids do not satisfy
the Newtonian assumption on linear dependence of the stress tensor on the deformation
tensor. In the literature we can find different models that are used to describe various
aspects of complex viscoelastic fluids. In what follows we present a model for some
polymeric fluids, whose system of governing equations consists of the conservation of
mass and momentum as well as of the equation for time evolution of the conformation
tensor that represents the constitutive relation for elastic stress.

Conservation laws

We can describe the motion of every fluid by the balance laws, i.e. by the conservation
of mass and momentum, and the balance of energy, if thermal effects are important.
In what follows we assume a constant temperature. As pointed out in [122], compress-
ibility of polymeric fluids is not often of importance. Thus the conservation of mass is
formulated as

divu =0,

where u is the velocity of the fluid. The density is also assumed to be constant. Then
the balance of momentum reads

9,
af?+(u-V)u:divT—Vp,

where 7T is the extra stress tensor and p is the pressure. To complete the mathematical
formulation, we need a constitutive law for 7.

Linear models

A linear dependence of the extra stress tensor on the deformation tensor yields the
Newtonian fluid governed by

T = 2vD(u),

where v is a viscosity coefficient and D(u) is the strain rate tensor, cf. (2.1). Not only the
current motion of the fluid, but also the history of the fluid is important for viscoelastic

15
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fluids. The Boltzmann theories of linear viscoelasticity express the linear dependence of
the stress on the history of the motion in integral form. On the other hand, Maxwell’s
theories of linear viscoelasticity link the stress with the velocity gradient by an ordinary
differential equation, see [122] and the references therein for more details.

Nonlinear models

There are different ways how to generalize linear models. If the extra stress is given by
T = 2p (|D(w)*) D(w),

where the viscosity p is a nonlinear function of |D(u)|, then it describes the generalized
Newtonian fluid. The most used nonlinear generalization of Boltzmann’s linear model is
the K-BKZ model, see, e.g., [75, 122]. To give an example of the nonlinear modification
of Maxwell’s theories, we mention the UCM model, i.e. the upper convected Maxwell
model, which is given by

'7’ + AT = 2vD(u),

v
where 7 denotes the so-called Oldroyd or upper convected derivative, i.e.

v oT

T = B +(u-V)T — (Vu)T — T(Vu)7,
which is objective (frame-indifferent), see [113]. The well-known Oldroyd-B model has
the stress that is a linear superposition of the upper convected Maxwell model and the

Newtonian model.

Kinetic models

Another popular way to describe complex fluids is based on a combination of molecular
and continuum models resulting in the so-called micro-macro models. The Fokker-Planck
equation, i.e. a nonlinear equation describing time evolution of the particle distribution,
is coupled with the macroscopic equations for the conservation of mass and momentum.
As already mentioned, the Oldroyd-B model can be obtained as an exact closure of the
linear Fokker-Planck equation, see, e.g., [36].

One of the possible ways how to model the behaviour of polymeric materials are the
dilute solution theories that treat each polymer molecule separately. As we have already
mentioned, see also [90], the simplest model representing this approach is the so-called
dumbbell model consisting of two beads connected by a spring. In order to derive a closed
system of equations we have to approximate the nonlinear spring force F(R) = v(|R|*)R.

In this thesis we consider the Peterlin approximation that replaces this force law by
F(R) = v((|R]*))R, where {|R|?) = trC is the length of the average spring. Conse-
quently, we can derive the evolution equation for the conformation tensor C := (RR) in
a closed form, see [122]. Here the notation

()= [ FR)G(R 2. 1) dR,

where (R, z,t) is a probability density function, is used.

16



General dumbbell-inspired model for polymers

In the recent papers of Renardy [125, 127] the yield stress behaviour of non-Newtonian
fluids has been investigated. In particular, it has been shown how complex yield stress
behaviour can arise as a limiting case of nonlinear viscoelastic constitutive theories. More
precisely, a constitutive model which has two contributions to the stress is investigated.
One of them evolves on a “fast” time scale, while the second on a “slow” time scale.
The Newtonian contribution is the one evolving on a fast time scale. The other is a
viscoelastic contribution, where the relaxation time is let to tend to infinity, described
in terms of the conformation tensor C. In [125, 127] a general dumbbell-inspired model
for dilute polymer solutions

T=9y(trC)C

0C T

o 4+ (u-V)C — (Vu)C — C(Vu)' = x(trC)I — ¢(tr C)C
has been proposed. Here 1, x, ¢ are in principle arbitrary functions of tr C yielding
constitutive relations for a particular viscoelastic fluid. As pointed out in [127] we can
view this model as a modification of the upper convected Maxwell model, in which the
relaxation time and viscosity depend on tr C. For example, as mentioned in [90], for the
well-known PEC model, see [144], we would have that ¢, x are linear functions of tr C
and 1) is a function of (tr C)~'.

Inspired by [122, 124, 125, 126, 127], let us consider the system of equations describing

the motion of an incompressible polymeric fluid, the so-called general diffusive Peterlin
model,

ou

e +(u-Vu=vAu+divT — Vp (3.1a)

diva =0 (3.1b)

T = 4(tr C) C (3.1c)

a&f + (u-V)C — (Vu)C — C(Vu)" = x(tr C)I — ¢(tr C)C + cAC. (3.1d)

In the constitutive equation (3.1d) we have moreover taken into account the diffusive
effects arising due to a heterogeneous velocity field. As pointed out by Barrett and Siili
[14], see also [43, 133], this fact yields a-dissipative terms in the microscopic model, i.e. in
the Fokker-Planck equation, and consequently in the corresponding macroscopic model,
i.e. in the constitutive equation describing time evolution of the conformation tensor.
In [43] a careful justification of the presence of the diffusive terms in the Fokker-Planck
equations through the asymptotic analysis is presented. The diffusion coefficient ¢ is
proportional to (¢/L)?/We, where L and { are characteristic macroscopic and microscopic
length scales and We is the Weissenberg number. It is a reference number characterizing
viscoelastic property of the material. Estimates for (¢/L)? presented in [18] show that
(¢/L)*is in the range of about 107 and 10~7. As emphasized in [14] the model reduction
by neglecting these small diffusive effects is mathematically counter-productive leading
to a degenerate parabolic-hyperbolic system (3.1) with € = 0. On the other hand, when
the diffusive terms are taken into account the resulting system (3.1) remains parabolic.

17
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3.1. The diffusive Peterlin model

The main aim of this thesis is to analyse a model for some complex polymeric fluids,
where the Peterlin approximation together with diffusive effects are used in order to
describe the evolution equation for the elastic conformation tensor.

Let Q C R? be a bounded smooth domain and let 7 > 0. We consider the system of
equations on € x (0,7") describing the unsteady motion of an incompressible viscoelastic
fluid

?;; + (u-V)u=vAu+divT — Vp (3.2a)

divu = 0 (3.2b)

T=trCC (3.2¢)

o + (u-V)C — (Vu)C — C(Vu)! =trCI — (tr C)*C + ¢AC. (3.2d)

ot

Here u(z,t) € R? and p(z,t) € R denote the velocity of fluid and the pressure, respec-
tively, for all (x,t) € Q x [0,7). The equation (3.2c) gives the expression of the elastic
stress tensor T(z,t) € R**? by the conformation tensor C(x,t) € R**? which is symmet-
ric and positive definite for all (z,t) € Q x [0,7"). We impose the homogeneous Dirichlet
boundary condition on u and the no-flux boundary condition on C on the boundary
00 x (0,T)

oC
— ] =1(0,0). 3.2
(w55) = 00) (3.20)
We also prescribe the initial condition for the velocity and the conformation tensor
(u(0), €(0)) = (uo, Co), (3.2f)

where uy € R? and C, € R?*? are the enough smooth initial data defined on €. Given
constants v and ¢ describe the fluid viscosity and the elastic stress viscosity, respectively.

The diffusive Peterlin model (3.2), see [90], is derived from the dumbbell-inspired
model for dilute polymer solutions (3.1) assuming that y, are linear functions of tr C,
and allowing a nonlinear behaviour through a quadratic function ¢.

Following Barrett and Siili [13] we would like to emphasize that the diffusive term
appearing in the evolution equation for the conformation tensor is not a regularizing
term but rather an outcome of physical modelling. Let us point out that in the analysis
presented below we only require € > 0 and there is no assumption on the size of ¢.

3.2. Positive definiteness

In this section we prove that the parabolic equation (3.2d) preserves the positive defi-
niteness of the conformation tensor for all (x,t) € Q x (0,7") provided the initial datum
C, is a positive definite tensor.

Firstly, we recall the definition of the uniformly parabolic differential operator and the
consequence of the strong minimum principle for the parabolic equations which will be
used later in the proof.

18



3.2. Positive definiteness

Definition 3.1. (uniformly parabolic differential operator)
Let L denote for each time t a second-order partial differential operator in the non-
divergence form, i.e.

Lw:=-> Aij(:r,t)wxixj(if,t) + > Bi(x, thwy,(z,1) + C(z, t)w(z, t)

ij=1 i=1

for given coefficients AY, B* and C, 1,5 = 1,...,d. We say that O, + L is a uniformly
parabolic operator if there exists a constant 6 > 0 such that

d
S Az, )68 > 0

ij=1
for all (x,t) € Q x (0,T), £ € RY

The strong minimum (maximum) principle for parabolic equations can be found in,
e.g., [49, 78]. The following lemma on positivity of solutions to the parabolic initial
boundary value problem is proven in [42], see Lemma A.4.

Lemma 3.2. (positivity of solution to parabolic IBVP)
Let 0y + L be a uniformly parabolic operator with everywhere bounded and continuous
coefficients A, B', C, and let w be smooth on Q x [0, T| satisfying

Ow + Lw >0 in Qx(0,7T)
27::0 on 0 x (0,7T)
w = wy on Q x {0}

with wo(z) > 0 not vanishing everywhere. If the function C' is bounded from below, i.e.

m= _inf C(z,t) > —o0,
Qx(0,T)

then w >0 on Q x (0,7).

Preserving positive definiteness of C

Now, we prove that the smooth solution of (3.2d) remains positive definite provided the
initial datum is positive definite.

Lemma 3.3. (positive definiteness of the conformation tensor)

Let C € C'([0,T);C*(92)) be a solution to (3.2d) satisfying the no-flur boundary con-
dition. Let u € C*([0,T];C*(Q2)) be a divergence free vector field. If the initial datum
Co is a symmetric positive definite matriz, then the solution C(x,t) remains so for all

x € Q and all times t € (0,7T).
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Proof. Let us rewrite equation (3.2d) for each component separately

8;;11 +(u-V)Cy — QZECH — gz: (Cia + o) = trC — (tr C)2 Ciy + eACH
8;12 + (u- V) Cha = (divu) Ciz — 22022 — ?;ZC“ = — (trC)? Oy + eACH,
P (V) O (div) O~ ch - (;Zc (G Cy 1 eAC,
agtz? 4 (- V)G — 222022 - ng (Cry+ Cor) = 11 C — (tr C) Cy + =AChy.

Obviously, Cj5 and Cy; satisfy the same equation, thus the solution of (3.2d) is a sym-
metric tensor. Now, we show that the determinant and the trace of C remain positive for
all (z,t) € Q x (0,T) following the idea used in [36] for the two-dimensional regularized

Oldroyd-B model. Let us define the functions

a(x,t) = ; (Cii(z,t) = Cya(z,t)),

b(.fl?,t) = Om(ﬂf,t) = 021<33,t),
c(z,t) == Cri(x,t) + Co(x,t) = tr C(z, t).

The conformation tensor C can be expressed in terms of a, b, ¢ by

with the determinant

2

detC:CZ—a2—bQ::d.

Taking into account divu = 0, we rewrite equation (3.2d) in terms of a, b and ¢

gj—k(u-V)a—c)\—i—wb:—cQa—i-SAa

b

gt—|—(u-V)b—wa—cu:—C2b+€Ab
gj—i—(u~V)c—4()\a+Mb):2C—C3+5A07

where A\, 1 and w represent the rate of strain and the vorticity, respectively, i.e.

L 1 8u1 8uQ L 1 0uQ 8u1 L 8“2 B 0u1

Oor;  Oxa Or, Oz,

We define the function

Y(z,t) :=c—2Va% + b2,
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3.2. Positive definiteness

Without loss of generality we assume that either a # 0 or b # 0. Otherwise the con-
formation tensor C would be a diagonal matrix with the same components C; = Cso,
and such diagonal matrix is already included in the pressure part of the stress tensor,
c.f. [68], [94]. Thus the function v, as a smooth composition of C* ([0, T]; C*(2)) func-
tions, is continuously differentiable in time and twice in space on € x (0,7"). Then the
corresponding equation for v on Q x (0,7") reads

Dy D(c-2V@+%) De 20 Da 2 Db

Dt Dt —ﬁ_\/CL?—i—bQﬁ_\/aQ—i—bQE:

2
:4(Aa+ub)+20—03+6Ac—ﬁ(ck—wb—c%—l—eAa)—
a

2b 5
- ﬁ (WCL+C/,L—C b+€Ab) =
, 2a (cA — wb) + 2b (wa + cp)  2¢* (a® + b?)
_ 3
=4(Xa+ pb) +2¢ — ¢’ + eAc — N + N
_ 2e(aAa+bADb)
Vak+2
2¢ (Aa + pb)
_ _ 3 2
=4(Aa+ pb) + 2y + 4Va? + > — ¢ N7 +2¢*Va? + b2+
LeA 2e (aAa + bAD)
C — =
Va2 + b?
2(Aa + ub) 2e (aAa + bAD)
_ 2 [T 2
——<C +\/m—2>’}/+4 a2+b2+EAC— \/m . (35)

The following equality

AVaEiE) =y 2

2 .
i1 0] i1 O

SR 20 (et sy
Ve B) =X o\ Ve |
2
_alAa+bAb  |Val* +|Vb|? B i (a(% + ba%)
Va2 Va2 + b? (a2 + 02)*°

2

2
alAa + bAD n 21 <a% - ba%)
Nz (a2 + b2)3/2

yields
aAa + bAb
e 2 A (Ve ),
and consequently
2e (aAa + bAD) 7\ _
eAc— N > eAc—eA (2\/@ +5b ) =cA~. (3.6)

Taking into account equation (3.5) and inequality (3.6) we can write

2
gz+(u-V)7+<62—l—W—2>7—5A724va2+b220- (3.7)
a
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3. Mathematical model

According to Definition 3.1 inequality (3.7) can be seen on Q x (0,7) as

oy + Ly >0,
where 0, + L is the uniformly parabolic operator with § = ¢ and the coefficients
ij ji ; 2(A b
AY =0fori+# jand A" =¢, B' = u;, CZCQ+M_27

Vva? + b?
that are continuous and bounded due to the regularity of C and u. Moreover, there
exists a constant m such that C(x,t) > m on Q x (0,7).
Further, the conformation tensor satisfies the no-flux boundary condition
oC 2. 9C;;

0C;;
- 0, i.e. kz::l a—xknk = 0 and thus an] =0forallz,y =1,2.

As a consequence we get

dy  Oc 8(2\/ a? +bz) _ Oc 2a  Oa 2b  Ob

on  On on _ain_\/az—l—anin_\/az—FbQ%:

. 8011 I 8022 _ 1 8011 i 1 8022 _ 2 8012 .
~ On on Va2 +b? On Va2 +b? On Va2 + b2 On
on 02 x (0,7).

The last step is to verify if the initial datum obeys 79 = ~(x,0) > 0. Since Cy is a
positive definite matrix, its trace cg = tr Cy and its determinant dy = det C, are positive.
It follows from (3.3) that ¢ = 4 (a® + b* + d) and thus

Yo = 2\/(%)2 + (bo)? + do — 2y/(a0)* + (bo)* = 0.

Finally, Lemma 3.2 yields y(x,t) > 0 for all (z,t) € Q x (0,7), and by (3.4) we have
¢ > 2v/a? + b2 This implies ¢ > 0 and ¢ > 4(a® + 1?). Hence ¢ = tr C and d = det C
are positive and consequently both eigenvalues are positive. Since C is symmetric, we
can conclude that C(z,t) is a positive definite tensor for all (z,t) € Q2 x (0,7)). O

Remark 3.4. The above result is true in any dimension. Indeed, one can show that
many classical models for viscoelastic fluids preserve the positive definiteness of the con-
formation tensor, see, e.g., [70], [21]. Following their technique we can show that the
positive definiteness is also preserved by the Peterlin model for ¢ = 0. On the other
hand, the solution of the heat equation remains positive due to the maximum princi-
ple. Consequently, applying the operator-splitting approach we obtain the desired positive
definiteness of the conformation tensor for the diffusive (¢ # 0) Peterlin model.

3.3. Formal energy estimates

The most difficult task in finding a priori estimates for the diffusive Peterlin model is
to treat the nonlinear terms arising from the coupling of the equation for the velocity
(3.2a) and the equation for the conformation tensor (3.2d).

There are two approaches to show the formal energy estimates in two space dimen-
sions. Firstly, we present the way valid only for the two-dimensional case, which can be
found in Section 2 of [90]. Secondly, the general approach for any dimension d > 2 is
demonstrated.
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3.3. Formal energy estimates

Two-dimensional case

The relevant nonlinear terms in the diffusive Peterlin model can be controlled by the
following identity.

Proposition 3.5.
Let C € R?*? be a symmetric tensor and let u € R? be a solenoidal vector field. Then
the following identity holds true

trCC: Vu=[(Vu)C+C(Vu)'|: C. (3.8)

N —

Proof. Let us rewrite the left-hand side of (3.8), using the symmetry of C, in the following
way

o Ou;
[ a

aul 8u2

trCC:Vu=trC ch Z pe 8x
T2 1

i,7=1

+ tr C Clg ( ) + CHCQQ divu.

The right-hand side of (3.8) can be rewritten in an analogous way

1 T . . 2 8UZ 8uj
5 [(Vw)C+C(Vw)]: C = %Z Gy CsCa+ Gy 2y

8u, (9u1 auQ 2 -
Z “ D, +tr C Chz <8x2 + 81@) + C5, divu.

Since divu = 0, we can conclude that identity (3.8) holds true. O

Now, let us derive the energy estimates. We multiply the momentum equation (3.2a)
by u, integrate over €2 and use the Green formula

2dt/ uf? de —f/ divuluf? d + - / u-n)uf? ds =

=0 =0
:—1//|Vu|2dx+u/ (n~V)u-udS—/T:Vudx+ (n-T)-u’ dS +
Q o0 Q o0
=0 =0
+/divupdm—/ (u-n)p ds .
Q o0
=0 =0

The solenoidal velocity and the homogeneous Dirichlet boundary condition for u yield
the following equality

2dt/ lul> dz = —1// |Vul? do —/T Vu dx. (3.9)
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3. Mathematical model

Further, we multiply (3.2d) by 2C and integrate this equation. Using the Green formula
we obtain

CI2 d —f/d c:Cd / )C:CdS —
4dt/]| dx ivu T+ - mun

=0 =0

_ ;/ {(VH)C—FC(Vu)T} :Cdr = ;/{Z(tr(})? dr — ;/Q(trC)QC  C da —

—f/\VC\dejL/ (VC-n) ds .

Due to the divergence freedom of the velocity and the no-flux boundary condition for
the conformation tensor we have

4dt/ CF do — */ [(Vu)C + C(Vu)'| : C dz =
1 - (3.10)
= E/Q(UC)Q dx _§/Q(trC)QC :Cdx _§/Q|VC|2 dr .

Summing up equations (3.9) and (3.10) yields the following equality

2 - 2 2 2
th/]u] dx+4dt/]C] dx+y/yvu\ dr + = /\vcy dz+

— . — 2 —
+2/Q(trC)C.Cdx 2/Q|u~(3| dz

_/QtrCC:Vu dzx +;/ﬂ[(vu)c+0(vu)ﬂ . Cdx .

=0

Let us note that the nonlinear term arising from the divergence of the elastic stress tensor
T in the momentum equation (3.2a) and the nonlinear term appearing in the Oldroyd
derivative of the conformation tensor in equation (3.2d) are cancelled due to (3.8). We
recall that T? = (tr CC) : (tr CC) = (tr C)*C : C and (tr C)* < 2C?, see (2.9a). Hence
we obtain the energy equality

d /1 9 1 3
Sy do + 5 [1CF do ) +v [ [Vuf do + 5 [ [9CP d
dt<2/9|u| z+7 Q| | dx ) +v Q]Vu\ T+ 5 Q|V |* dx +

1
+f/ IT|? dz :/ CJ? dz .
2 Jo Q
(3.11)
By the Gronwall inequality in differential form, cf. (2.5), for f =4 and

1 , 1
_ - d 7/ 2 4
2/Q|u| er4 Q|C| ol

we have,

1 1 1 1
§/Q|u]2 dx +Z/Q‘C’2 dx §e4t{2/9\u0|2 dx +Z/Q|CO|2 dx}, t €10,7).
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3.3. Formal energy estimates

Therefore

sup [[ul3 + sup [[C]15 < o(T) (J[uoll3 + [[Coll3) - (3.12)
t€[0,7) t€[0,T

Consequently, by integrating (3.11) in time over [0, 7] we obtain
€ 1
VIV Gy + 5 IVCIGa) + 5 [T ez < e(T) (lollz + 1Coll3) - (3.13)

To conclude, inequalities (3.12) and (3.13) indicate that the following functional spaces
are appropriate for the solution to the problem (3.2)

u e L>(0,T; L*(Q)%) N L*(0,T; Hy 4,(2)%),
C € L™(0,T; L*()**) N L*(0,T; H'(Q2)**%)
T € L*(0,T; L*(Q)**?).

Let us point out that the above a priori bounds together with the interpolation inequality
(2.8b) yield C € L0, T; L*(2)?*?). Indeed, it holds that

T 4 T 4 2 2
| lICldt <c | lIC], +IC; VL, dt
< e(T) [Cllpez2y + € IC N o z2) ICllz2ars) -

The advantage of this approach is no need of the positive definiteness of the conforma-
tion tensor, since this property is lost at the level of weak solutions. That is the reason
why we shall follow this idea in order to show the existence of a weak solution.

General case

For any dimension d > 2 the formal energy estimates can be found employing the positive
definiteness of the conformation tensor. First, we introduce an analogous identity to (3.8)
which holds for any symmetric tensor C and any u in any dimension.

Proposition 3.6.
Let d > 2, C € R¥™4 be a symmetric tensor and let u € RY. Then the following identity
holds true

1
trCC:Vu=_uCu ((Vu)C +C(vu)"). (3.14)

Proof. Let us recall that the trace of a matrix product does not depend on the order of
matrices. Then by (2.2) and the symmetry of C we have

C:Vu=tr (C(Vu)T) = tr ((Vu)C),
and consequently
tr ((Vu)C + C(Vu)T) =2C: Vu.

Then it is obvious that (3.14) holds true. O
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3. Mathematical model

Now, for any d > 2, we show the energy estimates using (3.14) and the positive
definiteness of C. The first step is exactly the same as in the two-dimensional case
resulting in the energy equality for velocity

1d

2dt/ lul? dov = —V/ |Vul? dx —/ T:Vudz. (3.15)

The second step is slightly different. We multiply equation (3.2d) by tr C, take half the
trace of the multiplied equation and integrate

1 dtr C 1 1 .
§/QtrC 5 dx —|—§/QtrC(u~V)trC dx —§/QtrCtr ((Vu)C+C(Vu) )dx =
1 1
:—/d\trC|2 da —f/ tr CJ* d +f/trCAtrc dz.
2 Ja 2 Ja 2 Ja

Using the Green formula, the divergence freedom of velocity and the no-flux boundary
condition for the conformation tensor we have

2 - 2 2 -
4dt/ Itr C? da /dlvu|trC| dx—|—4/ u-n)|tr CJ2 ds

=0 =0

- ;/QtrCtr (Vu)C+C(Vu)") do = ;/Qd!trCV dz —

1
—§/Q|trC|4 dz —Z/thrcﬁ dz +Z/@ﬂtrC(VtrC-n) ds |

=0

which now yields the energy equality for the trace of the conformation tensor

/ tr C|? dv — 7/ tr Ctr ((Vu)C+C(Vu) ) de =
4dt
(3.16)
_ ¢ 2 ;. 45 € 2
—2/Q|trC| dx 2/Q|trC| dx 4/Q|Vt1r(3| dx .
Thus, adding equations (3.15) and (3.16) together, we get
2dt/ lu|? dz —I—f—/ ltr C|? dx +i// Vul® do + — / |Vtr C|? da +
— 4 — — 2 —
+2/Qytr0| dz 2/Q|trC| dz

. 1 T
—/QtrCC.Vu dz +§/QtrCtr ((Vw)C +C(Vu)") de,

=0

where the nonlinear terms arising from the coupling of equations (3.2a) and (3.2d) are
now cancelled due to identity (3.14). Similarly as in the two-dimensional case we get, by
the Gronwall inequality (2.5),

1 1 1 1
5 [l do+ 5 [P dr < e2dt{2/g\uo|2 dr + 1 [l Gof d:c}, t e 0,7,
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3.3. Formal energy estimates

and consequently
2 2 2 2 4
sup |[ull; + sup [|tr C[f; + v |Vl )+ [Vir Cll 2y + [[tr Cll s
te[0,T te[0,T
2 2
o(d, T) (Jluoll3 + [[tr Coll3) -

Therefore the proper functional spaces for the velocity and the trace of the conformation
tensor are

u e L0, T; L*(Q)%) N L*(0, T; H(}’dw(Q)d)

) ) ) A A (3.17a)
trC e L=(0,T; L*(Q)) N L*(0,T; H*(2)) N L*(0,T; L*(£2)).

The positive definiteness of the conformation tensor C, by the norm equivalence (2.9a),
yields a priori bound

C € LY0,T; L* (). (3.17b)
In order to bound VC in the proper norm we need one more step. Multiplying (3.2d)

by C, integrating by employing the Green formula, using divu = 0 and applying the
boundary condition for C we get the energy equality for the conformation tensor

1d

- 2 2 T2 —
2dt/Q|C| d$+6/Q|VC| da:+/ﬂ| 2 de

2 ) (3.18)
:/Q|trC| dr +/Q[(Vu)C+C(Vu) |:Cdr.

The problematic nonlinear term arising from the Oldroyd derivative can be now esti-
mated, by the Holder and the Young inequalities, as follows

/ (Vu)C +C(Vu)']: Cdr < c/ Vul? de +c/ IC|* d .
Q Q Q

Integrating equality (3.18) in time yields

1 t t
f||CH§+5/ / IVC|? du dt +/ / T du dt
2 0/ 0 Ja

1 t t t
§f||co||§+/ / CJ? dx dt +c/ / Vul? dxdt+c/ / C|* du dt .
2 0 JO 0 Ja 0 Jo

Then the integral form of the Gronwall inequality, cf. (2.6), for f = 2,

|
o) = L Cl?.
1 t t
g(t)=§\|Co||§+c/0 /Q\Vu|2 dz dt +c/0 /9\014 dz dt
yields

sup [l < e(T) (Gl + 1Vl + €l (3.19)

tel0, T
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3. Mathematical model

and consequently
IV CIage) + [T ezey < eT) (ICol + Ve + IC ) - (3:20)
Taking into account (3.19), (3.20) and the above bounds (3.17) we can conclude
C e L*(0,T; L2(Q)™) n L0, T; H'(Q)™?), T e L*(0,T; L*(Q)™).

We have presented two different ways how to derive the formal a priori estimates for
the diffusive Peterlin model. The final result for d = 2 is

u e L>(0,T;L*(Q)*) N L*(0,T; Hy 4:,(2)?)
C € L>(0,T; L*(Q)*%) N L*(0,T; H'(Q2)*?) N L*(0, T; L*(Q2)**?)
T € L*(0,T; L*(Q)**?).

3.4. Free energy estimate

The free energy can be useful to study the long-time behaviour of solutions or to investi-
gate the stability of numerical schemes. For the Oldroyd-B model in both the conforma-
tion tensor formulation and the logarithmic formulation the free energy is presented in
[21]. The entropy methods used to characterize the long-time behaviour of some micro-
macro models for polymeric fluids (the Hookean or the FENE dumbbell models) can be
found in [74]. For macroscopic models (the Oldroyd-B or the FENE-P models) the a
priori estimate based on the free energy is derived in [69]. We refer to [21, 69, 71, 74, 86]
and the references therein for more details.

In what follows we present the so-called free energy estimate for the diffusive Peterlin
model in two space dimensions. To this end we need the properties of the symmetric
positive definite matrices comprised in Lemmas 3.7, 3.8 and 3.9 below. These results can
be found in, e.g., [21], [132].

Lemma 3.7.
Let D € 8. Then

tr InD =Indet D (3.21a)
trDD —2InD — I is symmetric and tr (trDD —2InD —1I) >0 (3.21Db)
D + D™ — 21 is symmetric and tr (D +D - 21) > 0. (3.21c¢)

Proof. The logarithm of D is by (2.10) defined as InD = QIn AQT. Since QTQ =1

and the trace is invariant under cyclic permutations, we can write
tr InD = tr (anAQT) = tr (QTanA) =trInA =In X\ +In .
On the other hand
Indet D = 1In (A A2) = In Ay + In Ao,

since In(zy) = Inz + Iny for all x,y > 0. Hence (3.21a) holds true.
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3.4. Free energy estimate

If D = DT then InD, D!, and consequently trDD — 2InD — I and D + D! — 21
are symmetric matrices. Their eigenvalues read

1
,uz:()\l—F/\g))\i—an)\i—l, fi:)‘i—i_x_l

for ¢ = 1,2, respectively. Here \; > 0,7 = 1,2 are the eigenvalues of D. Since x —1 > Inx
and klnz = In2* for z > 0, we have

tr (tr DD —2InD — 1) = g + 1z = AT + A5+ 2000 —InA] —In A5 — 2 > 0.

Similarly, by the inequality = + /= > 2 for all x > 0 we get
2 1
r (D+D™'—21) :£1+§2=ZA2-+;—420.
i=1 (

This concludes the proof. n

Let us note that in comparison with Lemma 1.1. in [21] the matrix in (3.21b) is slightly
modified to fit our needs.

Lemma 3.8. (the Jacobi formula)
For any symmetric positive definite matriz D(t) € C* ([0,T)) we have, for allt € [0,T),

dD L dDY  d
< & > D~ (D & ) = dttr InD (3.22a)
d d d
(dtln D) D =tr (Dd lnD> atrD (3.22b)

Proof. The matrix D € 8¢ can be decomposed for all ¢ € [0,T) as

where the orthogonal matrix Q(¢) and the diagonal matrix A(t) are continuously differ-
entiable. Let us compute the derivatives

dD Q T T dQ”
@AY AT AT
d _dQ r 07 + omA%Q"
&1 nD dtl nAQ +Q A Q +QInA—— T

Taking the trace we get
o (D) o (da) (A1) | (aa
Plar ) T ' dt T
d C(dA d(Q"Q)\  (dA
r (dt lnD) =tr (th ) + tr (lnAdt = tr i ,
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3. Mathematical model

since QTQ =1 for all times ¢. Thus, identity (2.2) and the cyclic property of trace yield

<D ! dD) (dD> D' = (dQAQT + Q((iﬁQT + QAQT> :QA'Q”

dt dt
d dln A T
- (QQT Q—-Q’ QAQQAqu)
( Q7 dlntA dQTQ>

( In D) —tr InD.
Analogously, we have

tr <DdlnD> (de> D= <dQ1 AQT+Q AlQT+Q1 dQT) QAQ”

dt d d
d d T
= (dQl AAQT +Q Q +QInA Q QAQT>
A T
= aQ In AAQT + di +In A&QAQ
dt dt
dD d
= — | = —trD.
tr (dt) dttr
0]
The following result and its proof can be found in [93, 132].
Lemma 3.9.
Let B, D € 8 and let f : (0,00) = R be a decreasing function. Then it holds that
(B-D): (f(B) - f(D)) <0 (3.23a)
VB: VB! <o. (3.23b)

Proof. Let us introduce the orthogonal decompositions of given matrices
B =RIR", D=QAQ",

where I' = diag{~;}, A = diag{\;}, and 7;, A\; for i = 1,...,d are the real positive eigen-
values of B and D, respectively. Let O := Q'R, then the matrix O is also orthogonal

d d
and it holds that 02-2]- =1forj=1,...,dand O?j =1fori=1,...,d. Firstly, we
i=1 j=1

compute

tr (B f(D)) = tr (RTR'Qf (A) Q") = tr (OTO"f (A)) —=OT: f(A)O

d d

(& O”““”) (£7010u) = 2 0 (3:24)
d

20

= k=1 i,7=1

Z]’yj
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3.4. Free energy estimate

tr (Bf(B)) = tr (RTR'Rf (T)R”) =t (Of (1)) =T: f(T) = 3, f(3)
= (3.25)

:i f(y ZO

Similarly, we get
d d d
tr (D F(B) = 3 O3f(1)h  tr (D (D)) =S\ f(A) 0 (3.26)
ij=1 i=1 J=1

Inequality (3.23a) then follows. Indeed, the above equalities (3.24) - (3.26) and identity
(2.2) yield

(B-D): (f(B) - f(D)) =tr (Bf( )+Df(D ) B f(D) - D f(B))
:.Eij +Z)‘f ZOU% Z
= .Zﬂ (v; = ) (f () = f(N)) <0,

where we have taken into account that f is decreasing.
Now, we show inequality (3.23b). Let us consider the function f = 1/z, for x > 0.
Then, by (2.11), f (B) = B~! and we can write

0B 0B 0B 0f(B) | Bi+h)-B) [(B+h) -/ (B)

By (3.23a) for B := B(x; + h) and D := B(z;) we obtain

1 oB 0B7!
VB: VB! = : <0
i:ZI 8CL’Z @l’z -

which concludes the proof. n

After preparing the necessary preliminaries, we are ready to derive the free energy
estimate for the diffusive Peterlin viscoelastic model in the two-dimensional setting.

Free energy estimate for the diffusive Peterlin model

In what follows, we assume that (u,p, C) is a sufficiently smooth solution of (3.2) such
that all subsequent computations are valid, e.g., the regularity from Lemma 3.3 is suffi-
cient. First of all, let us define the free energy.

Definition 3.10. (free energy)
The free energy of the Peterlin viscoelastic fluid modelled by (3.2) is defined as

F(u,C) /|u\2 dz + - /tr T—2InC—1) do (3.27)
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3. Mathematical model

Let us note, that the free energy is the sum of the kinetic and the entropic term.
The kinetic energy £ [, |ul? dz is always non-negative. Due to Lemma 3.3 and (3.21b)
the entropic term is well-defined and non-negative provided the initial datum C, is a
symmetric positive definite tensor.

Theorem 3.11. (non-increasing free energy)
Let (u,p, C) be a smooth solution to (3.2) and let the initial datum Cqy be a symmetric
positive definite matriz. Then the free energy given by (3.27) satisfies

d 2 g 2 1 —
A C)—|—V|]Vu]|2+§HVtrC||2—l—§/Qtthr (T+T" —21) dr <0,

and consequently it is non-increasing in time.

Proof. Let us recall the energy equality (3.9) for velocity and the energy equality (3.16)
for the trace of the conformation tensor obtained in the previous section, i.e.

2dt/ uf? de = —1// Vul? de —/T Vu dr (3.28)

and

/|trC|2 dx —/trCC Vudr =

:/ tr C|? dw —7/ tr C|* dw —E/ |Vtr C|? dz .
Q 2 Ja 2 Ja

4 dt (3.29)

Further, let us multiply equation (3.2d) for C by its inverse C™!, which is a symmetric
positive definite matrix, and integrate using the Green formula to get

/ (%C; + (u- V)C> :Cl dx —/Q [(Vu)C + C(Vu)T] :C 7l dr +

—i—/ﬂ]trC\zC:C_l dx :/QtrCtrC_l dxr —

—g/vc:vc-l dz —l—s/ C'(VC-n) dS,
Q o0

=0
(3.30)
where the no-flux boundary condition for C is taken into account. The Frobenius inner

product (2.2) gives us
(Vu)C + C(Vu)'] : €' = tr ((Vu)CC™" + C(Vu)"'C™) = 2tr (Vu) = 2divu =0,

and C: C7! = trI = 2. Employing the Jacobi formula (3.22a) we find

/(aﬁctj—i_(u V)C) - C! d:p—/ (8875 (u- V))trlnC dx .

Hence (3.30) multiplied by 1/2 becomes
1 tr In C 1
2/98raf dx+§/9(u-V)trlnCdx—i—/Q]trC|2dx:

:1/trCtrC_1 da —E/VC:VC—1 dr .
2 Ja 2 Ja

(3.31)
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3.4. Free energy estimate

We now combine “(3.28) + (3.29) - (3.31)” to get

d /1 1 1 e

" (2/Q|u|2 da —|—Z/QltrC|2 da —g/gtr InC dx) +vlIVul}+ Ve Gl +
1 ) 5 trC~* 5/ .

_ _4 = — N .

+2/Q(trC) <(trC) to ) dr =5 [ vC:vCTdr

(3.32)

Let us recall that the trace, the inverse and the trace of the inverse of the elastic stress
tensor T = tr C C are

1 trC™!
tI'T = (tr C)Q, T_l = mc_l, trT_l = z C y
T T

respectively. Then we can rewrite (3.32) as

d 1 1
— (/ “Juf*+ ~tr (T —2InC —1) dx) +v||Vuli + = |Vtr C||5 +
dt \Ja 2 4 2 (3.33)

1
—i-f/tthr (T-21+T) da :f/ vC:vC! d.
2 Ja 2 .Ja
Due to Lemma 3.9 we have
f/vczvc-lczx <0.
2 Jo

Therefore (3.33) yields the inequality

d 2 3 2 1 _
SF(u,C) + v [ Vullf+ ||VtrC||2+§/Q(trC)2tr (T—20+T) dr <0,

which we wanted to prove. As trT = (tr C)* > 0 and (3.21c) holds, we have
2, € 2 1 1
v |[Vull} + S Ve Cl3 + §/Qtthr (T-21+T") de >0.
We can conclude that

d
—F(u,C) <

and the free energy F'(u, C) given by (3.27) is non-increasing in time. O

In this chapter we have introduced the diffusive Peterlin model, for which the formal
energy estimates have been shown. We have proven that the model preserves the positive
definiteness of the conformation tensor for all (z,t) € 2 x (0, 7). Further, the free energy
estimate for smooth solutions was demonstrated. In Chapter 4 we shall define a weak
solution to this problem and present the existence, regularity and uniqueness results.
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Global weak solutions

This chapter deals with a global in time weak solution to the diffusive Peterlin model.
After preparing some preliminaries in the first section, we prove in Section 4.2 the global
existence of the weak solutions in two space dimensions by studying the Galerkin approx-
imation, a priori estimates, compactness results and passage to the limit. Unfortunately
the functional spaces obtained for the conformation tensor do not allow to obtain the
uniqueness of the weak solution. Therefore, in Section 4.3, we show that the weak solu-
tion to this model enjoys higher regularity provided the data are more regular. Finally,
uniqueness of the more regular weak solution is shown in the last section.
The content of this chapter is partially presented in Sections 3 - 4 of [90].

4.1. Preliminaries

Throughout the chapter we shall use the standard notation for the functional spaces in
two space dimensions

V= H&,div(Q)2> H := LZiv(Q)27 W= Hl(Q>2X2'

The space V is equipped with the norm |||-|| := ”HH(} = ||V-|l,. Let us recall that the
scalar product on L?*(Q) is denoted by (-, ), where

(u,v):/u-vdx, wve 29?2 (C,D) :/C:Ddx, C,D e L2(Q)2<,
Q Q

Now, we introduce the multilinear forms and derive some useful properties in order to
study the weak solution to the diffusive Peterlin model.

Lemma 4.1. (multilinear forms)
Let Q C R? be a bounded domain. Then the forms

((u,v)) = /QVu : Vv dz and b(u,v,w) := /Q (u-V)v-wdz

are bilinear continuous on V x V' and trilinear continuous on V x V x V. respectively.
Secondly, the forms

(C,D)) ::/QVC:VD dr  and  B(u,C,D) ::/Q(u-V)C:Dda:

are bilinear continuous on W x W and trilinear continuous on V-x W x W, respectively.
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4.2. Existence of weak solutions

Sketch of proof. The first part of the above lemma is a standard result in the theory of
the Navier-Stokes equations. For the proof see, e.g., [142]. In the second part the forms
needed in the study of the equation for the conformation tensor (3.2d) are defined. Their
continuity and multilinear properties can be easily showed as in [142]. ]

Lemma 4.2. (properties of trilinear forms)
For any open set € it holds that

b(u,u,v) = —b(u,v,u) ueV,ve HQ)? (4.1)
B(u,C,D) = —B(u,D,C) ueV, C,DeW. (4.2)

Proof. The assertion (4.1) is proven in [142]. Analogously, we prove (4.2). Firstly, let us
note that

B(u,C,C)=0 ueV, CeW. (4.3)

It suffices to show (4.3) for u € CF%,,(22) and C € C*(Q), because of the classical
approximation of H'(2) by smooth functions. For such u and C we get

2 802

B(u,C,C) /Zuk ”(]de / S u o dy
i,5,k=1 zgk 1 axk
29
/ 3 “’“02 dx +2/ S wnC2 ds
t,5,k= 1 i,5,k=1

_ L . 2 1 ) 2 _
= 2/lequ d:c—l—Q/aQ(u n)C* ds =0.

By the trilinear property of B and (4.3) we have

B(u,C,D) + B(u,D,C) = B(u,C,D) + B(u,D,D) + B(u,D,C) + B(u,C, C)
— B(u,C+D,C +D) =0,

which yields B(u,C,D) = —B(u, D, C). O
For further useful notions and results from functional analysis and theory of ordinary

differential equations we refer to Appendix A.

4.2. Existence of weak solutions

The goal of this section is to show the existence of a global in time weak solution. Firstly,

we define the weak solution to the diffusive Peterlin model and we introduce its Galerkin

approximation. Then we derive the energy estimates and, due to the compactness result,
we pass to the limit.
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4. Global weak solutions

Definition 4.3. (weak solution to the diffusive Peterlin model)
Let (ug, Cy) € H x L*(Q)**2. The couple

(w,C) € [L=(0,T; H) N L*(0,T; V)| x [L*(0,T; LA(Q)) N L*(0, T; W) (4.4a)
is called a weak solution to the problem (3.2) if
(u(0), C(0)) = (uo, Cy) (4.4D)

and if it satisfies the weak formulation

Ju

— -vdx —i—/(u-V)u-vdx +V/Vu:Vvdx :—/trCC:Vvdx (4.4c)
a Ot Q Q Q

/Q‘?tj:ndx +/Q(u.V)C:de —/Q[(Vu)c+0(vu)ﬂ D de+ )
—|—5/QVC:VDdx:/QtrCI:Ddx—/Q(trC)QC:Ddx

V(v,D) eV xW, ae. te(0,T).
Using the notation from Section 4.1, the weak formulation (4.4c) - (4.4d) reads

<881:,v> +b(u,u,v)+v((u,v))=—(trCC,Vv)

(%?’D> + B (u,C,D) - ((Vu)C+ C(Vu)",D) +£((C,D)) =
= (trCI,D) — ((tr C)*C, D).

The main result of this section follows.

Theorem 4.4. (existence of weak solutions)
There exists a global in time weak solution to the Peterlin model (3.2) given by (4.4).

Proof. Firstly, we define the Galerkin approximation of the weak solution.

Galerkin approximation

The spaces V, as a closed subspace of the separable Hilbert space H*(2)?, and W are
the separable Hilbert spaces. There exist the orthonormal countable bases such that

V =span{v;}2; and W = span{D;}$°,.

We define the m-th approximate Galerkin solution of (4.4b) - (4.4d) as follows

(wn(t), Cun(t)) = (i Gim (t) Vi, i Gim(t)Di> (4.5a)
(um(0)7 Cm(O)) = (u0mu COm) (45b)
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4.2. Existence of weak solutions

(w3, (1), v5) + b (W (£), um (8), V) + v (i (), v5)) = (trC (1) Cn(1), Vvy)  (4.5¢)
(Cru(1),D;) + B (wn(t), Con(t),D;) = ((Vm(£)Crn(t) + Cra(8) (Y (1)), D; ) +
+&((Cu(t),D;)) = (tr Cou(t) L, D;) — ((tr Cpn(1))*Cr(t), D) (4.5d)
for j=1,...,m, t€[0,T].

Functions ug,, and Cy,, are the orthogonal projections in H of ug and in L?(Q2) of Cy on
the spaces spanned by v; and D;, respectively. Equations (4.5¢) - (4.5d) form a nonlinear

system of differential equations for the functions g1, ..., gmm and Gip, - .., G
Z Vi, V] gzm + Z b (Vi’ Vi, Vj) gim<t)gkm<t) +v Z ((Viv Vj)) gim(t) =
=1
(4.6a)

ik=1 i=1

k=

% 1

> (Di, DG, () + D B (Vi Di, D) gi (1) G (t) =
i=1 ik=1
— 3 ((Vv)D: + DAYV, D;) Gin ()gin(t) + € 3 (D1, D)) Gilt) =
ik=1 i=1
i=1 ik, l:l
(4.6Db)
The initial condition (4.5b) is equivalent to the 2m scalar initial conditions
9im(0) = the i-th component of uy,, (4.7)
Gim(0) = the i-th component of C,. (4.8)

The nonlinear differential system of equations (4.6) together with the initial conditions
(4.8) has a maximal solution on the interval [0,%,,], cf. Theorem A.6 in Appendix A.
The following a priori estimates shows that t,, = T This gives us the existence of the
m-th Galerkin solution defined on the interval [0, 7).

A priori estimates

We multiply (4.5¢) and (4.5d) by g;m(t) and 1Gjy,(t), respectively, and take the sum
for j = 1,...,m. Then we sum up the resulting equalities and employ identity (3.8),
analogously as in Section 3.3, to obtain

2d1:/|um |2dx+za/|0 |2dx+u/]Vum OF de +° /|vc (O do+

+ = /|trC /|trC ()] dz,

which, similarly as in Section 3.3, yields

(W, C) € [L°(0, T H) N L2(0,T5 V)| x [L%(0, T5 LX(Q)) N L*(0,T; W) .
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4. Global weak solutions

More precisely, there exists a positive constant k = k (2,7, 1/v,1/e,ug, Cy) independent
of m such that

[l ooy + [l 2y + 1Conll oo 2y + 1Coll 2y < K- (4.9)

Let us note, that also [|Cy, | 1474y < K, by the above bound and the interpolation inequal-
ity (2.8b). Estimate (4.9) gives us the weak and *-weak convergence of our approximate
Galerkin sequence in the appropriate functional spaces. However, we need a strong con-
vergence in order to pass to the limit in the nonlinear terms.

Compactness

For better readability we now omit the lower index m of the Galerkin approximation.
We shall apply the Lions-Aubin lemma, cf. Lemma A.2, to get the compact embeddings.
To this end, let us first define the operators

AV =V (Au,v) := ((u,v))
B:V—=V* (Bu,v) :=b(u,u,v)
E: LX) v (ET,v) := (T,Vv).

Then (4.5¢) can be rewritten in the following operator form
u=—-ET—-Bu—vAu, ueV, T € L*(Q)** (4.10)

First, we have the standard estimate |(Au, v)| < ||u]|[[|v]| and thus

[ 4u]

Identity (4.1) and the interpolation inequality (2.8a) yield

2 dt < /T [l dt (4.11)
V* _— 0 . .

[(Bu, v)| = [b(u,v,u) [ < cllull, f[vi[ lufl, < clally [fall{iv]l,

and consequently

T 2 T 2 2 2 T 2
|uBuli. dt < e [l il dt < el [l de. (4.12)

Moreover, since [(ET,v)| < ||T||, [|v]],, we get
r 2 S—
| e de < [T ar. (4.13)

Finally, (4.10) - (4.13) imply u’ € L?(0,T; V*). Since the following compact and contin-
uous embeddings hold

Voeses L3 (Q) — H < V™,

we can apply the Lions-Aubin lemma to get the compact embedding of the Galerkin
sequence {u,,}°°_; into the space L?(0,T; L4 ()).

div
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4.2. Existence of weak solutions

We have a similar result for the conformation tensor C. Let us define the operators

AW - W~ (AC,D) := ((C,D))
B:VxW—W* (B(u, C),D) := B (u,C,D)
O:VxW—= W (O(u,C),D) := ((Vu)C + C(Vu)”", D)
T-W—=W* (TC,D) := (rCI - (trC)’C, D).

Then equation (4.5d) can be rewritten in the operator form
C'=0u,C)—TC—-B(u,C)—cdu, uecV, CeW. (4.14)
We have the analogous estimates of the operators AC and B (u, C). Indeed, the estimate
(AC, D)| < [VC], VDI, < ¢[[Cllyy [IDllyy
yields

T, - 2 T 9
/0 |Ac| . at < c/o ICI, dt. (4.15)
By the interpolation inequality (2.8a) and identity (4.2) we get
(B(u,C),D)| = |B (u,D,C)| < c|[ul, VD], [Cll, < clully”* [[ul* [ Cl, DIl ,

which, by the Holder inequality, gives us
T, . 2 T 9
| Bao),. dt <c [l ulllC]; d

T
2
< cllall x|, IHall [CIF dt
2
<c ||u||L°°(O,T;H) ||u||L2(O,T;V) |IC||L4(O,T;L4(Q)) : (4.16)
We find the estimates of the operators O(u, C) and 7C in a similar way. It holds that

{O(u, C), D)| < cfjuli{ICl, DI,
(TC,D)| < ||tr Cl, [[tr D], + [[tr CF IC]l, 1D,

For the Holder coefficients p = 3/2 and g = 3 we get

T
4/3 4/3 4/3 4/3 4/3
[ 10w ) at < e [Tl I dt < elul i nn 101w, @17
JITCIE dt < e [ e QI + e OIS O at
4/3 8/3 4/3
<c|trClly® + et | ICly . (4.18)

By (4.15) - (4.18) we have AC, B(u,C) € L*(0,T;W*), O(u,C), TC € LY3(0,T; W*).
Thus, by (4.14), we see that C’' € L*3(0,T; W*). The embeddings

W s LYQ) — W*

yield due to the Lions-Aubin lemma the compact embedding of {C,,}>°_; into the space
L*(0,T; LY(9)).
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4. Global weak solutions

Passage to the limit

Due to the above a priori estimates and compact embeddings of the Galerkin approximate
sequence {(u,,, C,,)}>°_; there exists a subsequence, denoted for better readability again
by (u,, C,,), such that

u, —=*u in L>(0,T;H) (4.19a)
u,, —u in L*0,T;V) (4.19b)
u,, —u in L*(0,T;L3,(Q)) (4.19¢)
C,, —*C in L*®(0,T;L*Q)) (4.19d)
C, —C in L*0,T;W) (4.19¢)
C,., — C in L*0,T;L*(Q)). (4.19f)

As a result we are able to pass to the limit with the Galerkin approximate solution (4.5)
for m — oo. Let ¢ € C*([0,T]) be such that o(T') = 0. We multiply (4.5¢) and (4.5d) by
©(t) and integrate by parts over [0, T]. Then the integration yields

T

[ @03 0(0) dt == [ (a0),v5) #0) dt + [ aal), ) 0)],
(€0, el6) dt =~ [ (Cot), D) (1) dt + [(Co0), D) 0],

0 0

)

and consequently (4.5¢) and (4.5d) become

[ (00, % 20 dt -+ (v 0 4w [ (), v 0(0))) i+

T T (4.20a)
+/0 b(wn (1), wn(t), v, (1)) dt = —/0 /QV(ngo(t)) T (t) do dt

- /OT (Cw(t),D; (1)) dt + (Com, D +/ Con(t), D; (t)) dt —
—/T (Vi (£))Con (1) + Co () (Vi (1)) ,ngo(t)) dt —|—5/0T((Cm(t),ngo(t)>) dt =

_/ 1 Con(t) T = (tr Cpu(1))* Cr(t), D; 0(1)) dt
(4.20D)
Passing to the limit in equation (4.20a)

By (4.19a) and (4.19b) we directly get

/OT(u (t),v; ¢ (t dt—)/ ), v ¢ ( )) dt,
/OT(<um()vj<p dt—>/ ), vjo( ))) dt

as m — oo, respectively. Further, we pass to the limit with the trilinear form b, using
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4.2. Existence of weak solutions

identity (4.1) and the strong convergence (4.19¢). Let us consider the difference

/ Tb(umu) wn0). 5 0(0) dt — [ b(u(t), u(t). v, ol0) dt =
=— umt)vj<p( Wy (¢ dt—i—/ u(t),v;p(t), ())dt:
_/ )= W (£), v 0(8), (1)) + b(u(t), v; (), ult) — w(t)) dt.

Then

[ b0 0) wn0) 5 0(0)) it~ [ b(u(e) uit), v, 1) d
0 / 0 /
T
< e gua (O] [l = ol I Rl 10 = el

< CH“’JH’( HumHL2(L4) Ju— um”L?(L4) + HUHL2(L4) Ju— umHLQ(L‘l) )

Since |[u — W[ 121y goes to zero letting m to infinity, we can conclude that

/[)Tb(um(t) NORT G dt—>/ (1), v, p(t)) dt .

Similarly, we first estimate the difference

| T, (t) — T(t)]* = [tr Cpu(t) Cpn(t) — tr C C(t)]?
= [tr Cp(t) Cpn(t) — tr Cp(t) C(t) + tr C(t) C(t) — tr C(t) C(t)]?
< Jtr Cp(t) Cpu(t) — tr C,py () C(1)|* + |tr C, () C(t) — tr C(t) C(t)]?
= |tr Cou (1) P|Con (1) — C(1)* + [tr C(t) — tr C(1) P[C(1) |

Then by the Holder inequality we get

[ [ 905 0(6)) : Tonlt) = Vi (0) o)
< [ [ 1V6500) : (Tult) = T(0)] de
T 1/2
< e eIV [ ([ Tl = TR o) a
< eVl (11tr Conll gy € = Cllyaggay + 10 Con = 0 Cl oy 1C] oy ).
which goes to zero due to the strong convergence (4.19f).

Passing to the limit in equation (4.20b)
Analogously as in equation (4.20a), we get by (4.19d) and (4.19¢), the convergences

/OT(C() dt—>/ (1)) dt
/{)T((Cm(t),ngo(t) dt %/0 C(t),ngo(t)» dt
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4. Global weak solutions

respectively. Similarly, by identity (4.2) and the strong convergences (4.19¢) and (4.19f)
we can pass to the limit with the trilinear form B. Indeed,

/TB(um(t) Cou(t), D, (1)) dt —/OTB(u(t),C(t),chp(t)) dt =

_ / D; (t), Cn(t)) dt —1—/0TB<u(t),Dj p(t), C(t)) dt =
/ — w(t), D p(t), Cun(t)) + B(u(t), D; p(t), C(t) = Con(t)) dt,

and thus, by the Holder inequality, we obtain

/OTB(um(t),Cm(t),nga(t)) dt — /OTB(u(t),C(t),Dj o(t)) dt
< ¢ max [o(t)] | VD;l, /OT [ = afl [|Conlly + [[ully |Cr — CJ| dt
< cIDjlly (Iwn = all g2 gy 1€l 2 sy + [0ll 2oy 1Cm = Cll2rsy)
which goes to zero letting m to infinity. Further, we can write
Vi (t)Cr(t) = Va(t)C(t) = Vi, () (C(t) — C(1)) + V(um(t) — ut) ) C(1)
Con(D)(Vun(£)” = CO(Vu()” = (Conlt) = C@)) (Vun()” + COV (wn(t) —u(t)) -

Hence,

/OT (Vum(t)Cm(t) — Vu(t)C(t),D; go(t)) dt

= ¢ max [¢(1) D, / [l IC = Clly + I = wll [[Cl, dt
< c|ID;ly (flmll 20 IC

m = Cll ey + I =l ooy [C Lo rs) ).
and similarly

/0 ' (Cn®)(Vunm(t))" = CH)(VV(E), D; (1)) dt

< |ID;lly (1ICm = Cllpauay 1l + 1€l 2y 1m = wll2iay )-

By (4.19¢) and (4.19f), we thus have

/OT (Vum(t)C (t) + Cp(t)(Vun,(t)',D; cp(t)) dt

—)/ Vu )+ C(t)(Vu(t)",D; gp(t)) dt as m — oo.
What remains is passing to the limit in the last integral in (4.20b). The first part is
straightforward. By (4.19f)

/OT (tr Cn(t) I, D; (1)) dt — /OT (tr CLD; o(t)) dt,
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4.2. Existence of weak solutions

since

T
[ (i (€0 = C) LD 0(0) dt < e mae [o(0)] Dyl tr (Cow = Ol

To treat the second part of the last integral in (4.20b), we rewrite the difference
(tr Cun(t))” Cin(t) — (tr C(t))* C(t) =
=tr (Cu(t) — C()) tr C() C(t) + (tr Cpu(1))* (Ci(t) — C(t))+
+1tr Gy (1) tr (C(t) — C(1)) C(2)
and estimate

/OT ({81 Colt))? Conlt) — (11 C(H)* C(1), Dy (1))

T
< ¢ max [o(t)] [ Dj]l (/O [tr €, — tr O [[tr C|, |C[, dt +

t€[0,T]

T 2
+ [ I Call} G — Cl, dit +
T
# [ 1€l I, - el il
< 1D,y (165 (€ = Ol 1€y + 15 Gl 1€ = ol +

+ [t Conll papay It (Con = C)l 2y ||C||L4(L4)>‘

Due to (4.19f) we conclude

/OT ((tr Co(£))* C(t), D; (1)) dt — /OT ((trC(1))* C(t), D; (1)) dt

letting m to infinity.
The above limits are true for each v; and D;, and hence for all v € V and all D € W,

since {v;}32; and {D;}32, form the basis of V' and W, respectively. The limiting process

in the test functions is easy due to the linearity of all operators in the test functions.
The limit of (4.20) is then

_/ (1)) dt + (uo,u) p(0) +V/OT ((u(t),ve)) dt+

+Abu@m@wwwﬁﬁzjfévmﬂmfﬂﬂwﬁ

—/ (C(#),D¢'(t)) dt + (Co, D +/ £), Dep(t)) dt +

- OT ((Vu(t))C(t) + C(t)(Vu(t) ,Dgo(t)) dt —1—5/0T((C(t),Dgo(t))> dt =

=/ (tr C(H) I = (tr C(t))* C(t), D p(t)) dt .
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4. Global weak solutions

Initial condition

We shall first realise that the initial condition (4.4b) makes sense. Since the couple
(u,C) € L*0,T;V) x L*(0,T;W) satisfies the weak formulation (4.4), we know that
u is almost everywhere equal to a continuous function from [0, 7] to V* and C is almost
everywhere equal to a continuous function from [0, 7] to W*, c.f. [52, 142] or Appendix A.

We multiply (4.4c) and (4.4d) by ¢(t) and integrate per partes in time. Then we could
see by comparison with the limit equations, that

(ug —u(0),v)¢(0) =0 and (Co — C(0),D)p(0) =0

for each v, D, ¢ of the corresponding type. We can choose ¢ such that ¢(0) = 1, and
therefore

(up —u(0),v) =0 VveV and (Cy—C(0),D)=0 VDeW.

This implies that the initial condition (4.4b) is satisfied. O

4.3. Higher regularity

Let us point out that the following property needed for the uniqueness study
2 I d 2

is missing even in two space dimensions, since in the above existence result we only
obtain that C" € L*3(0,T; W*). In order to obtain uniqueness of the weak solution we
firstly investigate possible higher regularity of our weak solution.

Theorem 4.5. (reqularity of weak solutions)
Let the domain 2 be of class C* and (ug, Co) € [H*(Q)2 N V] x H*(2)?*2. Then the weak
solution (4.4) satisfies additionally

u € L>*(0,T; H) N L*0,T;V), C' € L™(0,T; L*(Q)) N L*(0,T; W),
uc L>0,T; H*(Q)), C € L>(0,T; H*(2)).

Proof. We return to the Galerkin approximation (4.5) used in the proof of the existence
of weak solutions. We need to show that for this approximate solution there exists a
positive constant K independent of m such that

1 | ooy + 10l 200y + 1C M o2y + 1Chall 2y < K-

More regular initial data

In order to obtain a regularity result we now assume that our basis functions {v;}.-,,

{D;};2,, are the eigenfunctions of the Stokes and the Laplace operator, respectively.
See Section A.3 in Appendix A and the references therein for more details.
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4.3. Higher regularity

Since uy € H*(Q) NV, Cy € H?*(Q), we can choose ug, and Cy,, as the orthogonal
projections in V' N H?(Q) of ug onto the space spanned by vy, ..., v,, and in H?(2) of
Cy onto the space spanned by Dy, ..., D,,, respectively. Then, for ¢ = ¢(Q) > 0,

|]u0m||272 <c HuOHZ2 and g, — U in H*(Q)?, as m — oo, (4.21a)
HCOMHZ2 <c HCOHQ,2 and Com — Co in H*(Q)**?, as m — oo, (4.21b)

cf. Section A.3 or [95]. We multiply equations (4.5¢) and (4.5d) for the Galerkin ap-
proximation by g% .(t) and G’ (t), respectively. We add the resulting equations for
j=1,...,m. This gives us

1, ()15 + b (W (£), W (£), 05, () + v (W (1), W, () = = (87 Con(t) Con(1), VI, (1))
1C, ()15 + B (W (t), Crn(t), C (1)) = (V1 (£)Con () + Con()(Vm (1), C,, (1)) +
+((Cm(t), (1)) = (tr Cou(8) T = (81 Ca(t))*Cin(1), €, (1))
In particular, at time t = 0, we get, by the Green formula,
[, (013 = =b(tom, Wom, 0, (0)) + v(Attgm, g ) + (div (tr Com Com), 1, (0)).
Then the Holder inequality implies
s, (0) Iy < 1Bugmly + v [[ Ao 5 + [[div (tr Com Com)l, -
Using (4.21) we have the inequalities
[Augy, [, < ¢ luomllys < colluoll;,
||d1V (tI‘ COm Com)||2 = ||VtI' C(]m . C()m + tr C(]m le COm”2
< c[[tr Comllyz [|Comllys < ¢l[Comll35 < c1 1Coll3, -
For the trilinear form b it holds, by the Holder inequality, that
b(u,u,v) < cllull, [Vull V], < cllull ally, IVl we H*(Q), v e L*(9),
and hence
1Buolla < €llaomlll [1aomly,s < ¢l[tomllzs < e ol -
Thus we get
a7, (0)]l; < (veo + c2) [[ugllyp + e ||Co||§,2 =:ay, (4.22)

which implies that u], (0) belongs to a bounded set in H.
Further, we have the analogous result for the initial value C/ (0). By the same argu-
ments as above we obtain

1€, (0)113 = =B (1om, Com, Clp(0)) + (Vo) Com + Com(Viagm)", €1, (0)) +
+2(ACom, €}, (0)) + (tr Com I = (tr Com)*Com, C, (0))

1C1, (015 < [1B(tom, Com)lls + |[(Vt0m)Com + Com(Vtaom)” ||| + € [AConll, +
+ |tr Com T = (8 Com)*Com -
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4. Global weak solutions

Again, using (4.21) we get
[AComlly < ¢l[Comllsz < s [Colly
|(Va0m) Com + Com(Vaom)" |, < ¢ Vuomlly [Conlly < ¢ l[uomlys | Comlls s
< ¢ [luolly 5 [[Coll,
|tr Com T — (tr Copn)? cOmH2 < V2|[tr Comll, + [[tr Com
3 2
< ¢|[Comllys + ¢l|Comllza < €51[Collya + ¢6 [[Collzs -
By the Hoélder inequality we have for the trilinear form B the following estimate
B (u,C,D) < cllufl, [VCl[vll, < cllull,, [|Clly, Dl
uc H*Q), Cc H*Q), D e L*Q),
and thus
1B(10m, Com)ll, < ¢ HuOmHQ,z HCOmHM < ¢ HuOHQ,z HCOH2,2'
Finally, we obtain
3
1C(0)]ly < (es + ¢5) [[Collyp + (ca + c7) [[woll5 2 [[Collyy + 6 |Collp = a2 (4.23)
This implies that C!,(0) belongs to a bounded set in L*(2).

A priori estimate for (u),,C! )
Differentiating equations (4.5¢) - (4.5d) for the Galerkin approximation in time we get
(W (1), v,) 0 (1,), v3)) + b (0 (1), 1w (8),V,) 4 b (1 (), 16, 0), ;) =
— (tr C,,(t) Cpu(t), Vvj) — (tr C,,(t) C.,(t), Vv;)) (4.24a)
(CL(1),D )+B( m(t), Cu(t),Dj) + B (un(t), C (1), Dy) —
~ (VU (1))Cun(t) + Cou())(Vu, ()", D;) —
— (VU (0)Cl (1) + Tl () (Vun ()", D) + £ (Cly (1), D)) =
= (tr G}, (1) ,D;) — ((tr Cpu(1))* €}, () — 2tr Cpu(t) tr C,, (t) Cn(t), D5 )
(4.24D)
j=1,...,m, t €[0,T].

Now, we shall find the a priori estimates for u), and C/,. We multiply equations (4.24a)
and (4.24b) by ¢i,(t) and G’ (t), respectively. Summing the resulting equations for
j =1,...,m we get

5 dt L (O + b (1), i (8), 0, (1)) + vl (1) =
— (tr C, (£) C (1), VA, (1)) — (tr Cpo(t) T, (1), VA, (1))
(O + B (W, (1), Con(t), Cpa(£) = (VU (1)) Con(t) + Con (8) (VL (1)), € (1)) —
— ((Vun(£)Chu(t) + C, (8) (Vun ()", Cu (¢t >) +2||VC, )5 =
(1), Cly(t)) =

1d’
2dt

= (tr C (1), tr C. (1)) — ((trC (t))*C
—2(trC,,(t) tr C (t) C,.(¢),C. (1)) .
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4.3. Higher regularity

Then their sum yields

1d

/ 2 / 2 ’ 2
S DI+ 5 1C <>H2+v!Hu O + eIV C, ()3 =

= —b(w), (1), (1)) = B(W), (1), Cu(t), C, (t))—

—(trC’ (t)C (b)) - (trc > (1), V(1) +

+ ((Vu,,(6)C <> C, (t)(Vu (1) +

+ ((Vu(1)C,, (1) + C), (t)(Vum (1) + (tr (1), 1 C (1) —
— ((trCu(1))’Cp, (1), C <t>)—2(trc <>trc:n<>cm< ), Cru (1))

(4.25)
Further, we shall estimate the integrals on the right-hand side of (4.25). Using the Holder
and the Young inequalities, the interpolation inequality (2.8a) and identity (4.2) for B,
we have

b(at, (1), (8), 10, () < clfun (O] 16, 1)
< cllun Ol Ol 1t (1),
< SO + & I (1 ()] (1.26a)

B(w),(t), Cun(t). C1, (1)) = =B(w,(¢), Cp (1), Cn(1))
<CHVC’ (Ol ([, ()||4HC Ol

)
< 14 —IVCL Il + |||u O, @)l [Crn (@113
(

Cc
< S IVC,L M3 + TO|||um<t>|||2+V—Ez||u;<t>||§||cm<t>||i.
(4.26D)

For the nonlinear viscoelastic terms, by the Hoélder, the Young and the interpolation
inequality (2.8b), it holds that

(tr C, (£) Cou(t), Vil (8)) < ¢ [t Cly (D), 1 Con (D)1 1, ()]
< c||CL M), 1Cn )], 1, )]
< c(uc’ 0l ||vc’ O + 1C O 1) ICm @], I, ()]

/ 2
< g0l + 5 IV G0l +
+- LM HCm( s + Z/Te’:“ IC, @5 ICn®7,  (4.26¢)
and similarly

(11 Ca(t) G (1), T (1)) < ellix Con(t) [ Cou (D] [l ()]
< e GOl [CL BN I, (1))
< Sl I + 37 19 €05+

C / /
+;||Cm(t)||§!|0m()|l4 %HCm(t)II;HCm(t)Hi- (4.26d)
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4. Global weak solutions

The remaining elastic terms can be estimated in an analogous way, i.e.
((Vun()C,, (1) + C,, (1) (Vum(1)", C,, (1))

< e[| CL @)l llun Ol

<e (||C' ()], IVCL 0]l + ICO1) llun @)
—IVCL )+ g 1C7, (O3 [ (DI + € [1C ()l w2

- 14
(4.26e)
(V) (£)Con(t) + Cn(8) (VL ()", C,, (1))
< el Canls [ ) )
< Sl @I + 7 IVCL M5 + - I1C 0 1Cnt) 5 +
+ oz ICL ||c (0l (4.260)

The last two terms are again estimated using the Holder, the Young and the interpolation
inequality (2.8b) as follows

((tr Conl(£))*Clu (1), Clu (1)) < clltr Cr(®)[31IC ()13
<c|Cn® (ICL Ol IVCh B, + I ®)113)
< 7 IVCLOI + 2 IC, O3 ICaW: +
+¢[[CL O3 1Sl
2 (tr Cpu(t) tr €,y (£) Coa(t), € (8)) < [t Cra(®)l], [ltr Cro (D)4 ICm (D4 S04
<c|r Il I1C, O]
SIVCLM1E+ Z1IC, O3 1Cn(®)l; +
+¢1C, (3 1 Cm(®)II7 -

Using these estimates we get from (4.25) that
/ 2 / 2 Vi / 2
C = C <
LI B + 3 S C 0+ Dl DI + 5 9, (1) <

< I, 02 (Vmumw b IGO0 )+
GO [ (&) IO O + (o + ) IO + Elun®l + llun (0

Hence, the following inequality

d

dt(nuwni + ||c:n<t>||§) i, I +< VT, ()

(4.27)
< ( (82 + ||c;n<t)||§)5<t>,
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4.3. Higher regularity

where
B(t) = c(1/v,1/e) ( ICm(D1I3 + 1T (D)5 + llwm (DI* + |||um(t)|||>

is an integrable function, holds. The Gronwall inequality, employing (4.22) and (4.23),
yields

)13+ 1€ < (1 0 + 1001 ) exn{ [0}

sup ||u), ()3 + sup [|C, (1) < (af +a3)b.
te[0,T) te[0,T]

Here the positive constant b = b(T', 1/v,1/e, |[Wnll 2y ; [|Cinll pa(zs)) 18 arising from the
integral of 3(¢). Then norms [y || 2y and [|Cpl|La¢e) are bounded by the constant k,
see the first a priori estimate (4.9) for the Galerkin approximate solution. Consequently,
we have the following a priori estimate

15\l oo ) + 1Chall poe 12y < K, (4.28)
and then by integrating (4.27) over [0, 7] we have, by (4.28), that also
||u;n||L2(v) + ||C;n||L2(W) < K.

The constant K = K(T,1/v,1/e,ug, Cy) is positive and dependent only on the data. We
have shown the uniform a priori estimates for (u/,, C! ), so we finally get that also the
limit

(W, C') € [L™(0,T; H) N L*(0,T5 V)| x [L(0,T; L*(Q)) N L*(0,T; W)].

Higher a priori estimate for (u,, C,)

Now, in order to show that u € L*°(0,T; H*(Q2)) we consider the velocity equation (4.4c)
in the following form

v((u(t),v)) = (g(t),v), veV,
where g(t) = —u/(t) — Bu(t) — ET(t). We already know that u’ € L>(0, T; L*(Q2)). By the

Gronwall inequality and the above a priori estimates for C’ we have C € L>*(0,T; W).
Then, since

(ET (), v)| = |(tr C(t) C(t), VV)| < ellvIl ICD) 1
we get that ET € L*>(0,T; L*(Q)). Further,

b (), u(t), V)| < el [la@) Vi, < clla@)® vl (4.29)
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4. Global weak solutions

thus Bu € L>(0,T; L*3(Q)). Consequently,
g€ L>®(0,T; L*3(Q)). (4.30)

Using the regularity result for the Stokes equation, cf. [142] or Section A.3, we have
u € L>®(0,T;W?*/3). By the Sobolev embeddings theorem in two dimensions we have
W24/3(Q) < C(Q). Hence u € L>(0,T; L>). Now, we can improve (4.30). We replace
(4.29) by the inequality

[b(u(t), u(t),v)| < cllall ooy la@)HV],
and thus g € L*>°(0,T; H). Again, the regularity of the solution to the Stokes equation
yields u € L*>(0,T; H*(Q)).
Now, we shall show C € L*°(0,T; H*(Q2)). We can rewrite the weak formulation for
the conformation tensor (4.4d) in the following operator form

—e((C(t),D)) = (G(t),D), D € H'(Q),
where G(t) = —C'(t) — B(u(t), C(t)) + O (u(t), C(t)) + TC(t). The following inequality
(TC(t),D)] = |(tr C(H) I - (tr (1))’ C(t), D))

< ( ltrCO), D, + lir O ||D||2)

< c< [tr C(t) |y + ||trc(t)l\3v> D],

implies 7C € L>*(0,T; L?*(Q)), since we know C € L>(0,T;W). Further, we can write
1B (u(t), C(t),D) | < cllall ooy ICE) [ Dl (4.31)

which leads to B(u, C) € L>=(0, T; L*(£2)). Similarly, we get O(u, C) € L>®(0,T; LY3(2)),
by the estimate

(O(u(t), C(1)), D) = |((Vu(t))C(t) + C(t)(Vu(t))", D)
< c[[CW)lw ) DI, - (4.32)
Thus, we have
G(t) € L>(0,T; LY3(Q)). (4.33)
Employing the regularity result for the solution to the Laplace equation we obtain
C € L>®(0,T;W243). The embedding W243(Q) < C(Q) yields C € L>(0,T; L*).
Thus, we can improve (4.33) and replace (4.32) by the inequality
[(O(u(t), C(1)), D)| < ¢ [|Cll poo ooy (@] D]

Finally, we get O(u,C) € L*(0,T;L*()) and G(t) € L>(0,T;L*(€)). Hence, the
regularity of the solution to the Laplace equation gives us C € L>(0,T; H?*(2)). O

50



4.4. Uniqueness of regular weak solution

4.4. Uniqueness of regular weak solution

In this section we study the question of uniqueness of the regular weak solution.

Theorem 4.6. (uniqueness of reqular weak solution)
Let the domain Q be of class C? and let the data (ug, Co) € [H*(Q)2NV] x H*(Q)**2.
Then the weak solution of (3.2) is unique.

Proof. Let us recall, see Theorem 4.5, that for more regular data satisfying the assump-
tions of Theorem 4.6 we have also more regular weak solution, i.e.

u' € L®(0,T; H)N L*(0,T;V), C' € L>(0,T;L*()) N L*0,T; W), (434)
ue L>0,T; H*(Q)), C € L>(0,T; H*(Q)). '
Let us assume (u;,Cq), (uy, Cs) are two different weak solutions satisfying the same
initial condition and let us denote (u,C) = (u; —uy, C; — Cy). We test the weak
solution at a.e. t with u(t) and C(t), respectively, and we add the resulting equations
together. Then the difference (u, C) satisfies the following equality

th || 0l - 5% IIC( )i+ vlla@®)|I* + £ [IVC@)]; =
= —b(u(), 1(t),u(t)) B(u(t),Ci (), C(1))+
+ ((Vus(t))C +C(t)(Vu2 T,C(t>+
+ (t)

(¢ )
((Vu()Ci(t) + Cl(t) u(t)”, C(t)
(trC (t

—(

(1)) — (tr Ca(t) C(t),Vu(t)) (trC(t), trC(1)) -
£),C(t)) — (tr Ca(t) tr C(t) Cy(t), C(t) ) -
)

t):
(4.35)
To apply the Gronwall inequality for (4.35), we need to estimate each term on the right-
hand side of (4.35). Let us firstly show the estimates of the trilinear terms. Applying
the Holder, the Young and the interpolation inequality (2.8a) with identity (4.2) we get

b(u(t), w(t). u(®) < cu@)]f )]
< cflu®)l [lu@)l s (6)]
< @I + = @3 @)1 (4.36)

)C u(t)
trCt)t Cy(
— ((tr Ca(1))? <> C(

—B(u(t), Ci(t),C(t)) = B(u(t), C(t), Ca(t))
< cllu@®)|[ [[VC@)l, ICL(1)]l4
< clu(@®), fla@1? [VC@), IC1 (D)4
€ 2 v 2 c 2 4
< 15 IVCOI: + 15 @I + = [u@ll2 [C®ll, - (4.36b)
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4. Global weak solutions

Further, the nonlinear elastic terms from (4.35) can be estimated by the Holder, the
Young and the interpolation inequality (2.8) as follows

((Vuz(1))C(t) + C(1)(Vua(t)", C(1)) < ()]l [C@)3
< = IVCOI;+ 2 IC I3 llua(t) P+
+ellC@ls lu)ll (4.36¢)

(VaE)Ci(6) + C1 (O (Vu®)”, O() < ellu®l [C1(B), IO,
< lI@IP + 2 IVCW; +

C C
+ s ICAI IS @+ IC@ 1S @)1

(4.36d)

and analogously
(trC() Cu(1), Vu(t)) < [la(®)] |C1(1)]l, lItr C (1),

< SSla@IP + - IVC®l +

+ - ICOIZICOI + - ICOI; ICi O (4.36¢)
(tr Ca(t) C(t), Tu(®)) < [lu(®)] [t C2(1)[, |C )],

< @I+ IVCI3+

+ - ICOIEIC:01l; + = ICOIFIC: ()1 (4.36f)

The estimate of the next integral is straightforward
(tre(), trC(1) = [ C)ll; < 2(|C@);-

For the estimates of the last three integrals on the right-hand side of (4.35) we proceed
in the same manner as above

(trC() tr Cy(t) Ci(1), C(1)) < cllCi(®)| IC@)I;
< clC®IEICIL VOO, + e IC I ICo)l;
< 1 IVCOI; + ZICOI IC O3 + e ICHI ICH I

(tr Co(t)tr C(H)C1 (1), C(1)) < ellir Co()ll, (1), T3

9 C
< 5 IVC@Is + Z ICOIE ICMIICH @15+
+elCO)lz ICD, IC: (@),
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4.4. Uniqueness of regular weak solution

and finally

((tr Ca(1)*C(1), C(1)) < [[r C1)[I [CO)

€ C
76 IVC@I5 + Z IS l1tr Co(B)ll; + eI 1tr Co(n); -

IN

IN

Putting all the above estimates together we obtain, from (4.35), the inequality

L + 5 NI+ 2l + S 19 OwIE <
< 1@l (Sl 1 + 5 o1 ) +
+C)ls (2 + = (IG5 + G215 + IC I NCHOE + s (1)) +
+ 3z (IG5 + 1C20115) +
+ e (ICIOIF + IO, + T2, IC1 @), + fa2(D)]]) )

jt(uumnz + |rc<t>||§) +ullu@ll? + e V) < (Hu(t>H§ + Hc<t>||§)5<t>,

(4.37)
where

5(8) = c(1/v, 1/2) (1 IO + s + fas(Oll + [C2(0)] + [Ca(t) 2+
Ol + ||cl<t>||i)

is an integrable function. Analogously as in the proof of Theorem 4.4 the Gronwall
inequality yields

e 5+ 10 < (1)1 + 1COE J oo { [ 500
—_———
<D
where D is a positive constant dependent on 1/v, 1/e, [[wil 2y s (U2l g2y » [1Coll pa(pa)
and [|Ci| a4y Since the two solutions (ui, C1) and (uz, Co) satisfy the same initial
condition, we have (u(0), C(0)) = (0,0) . Consequently, the inequality
2 2
[u(s)llz +1C(s)llz <0

implies uniqueness of the weak solution.
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4. Global weak solutions

In the third chapter, we have proven, in two space dimensions, global in time existence
of the weak solutions to the Peterlin viscoelastic model describing time evolution of
complex viscoelastic fluids. In order to get uniqueness of the weak solution, we have first
showed, for more regular data, the higher regularity of the weak solution.

The analytical result on global in time existence and uniqueness of (more regular) weak
solution is an important prerequisite in order to study convergence and error estimates
of a suitable finite element approximation of the diffusive Peterlin model. We propose
a numerical scheme in Chapter 6, followed by the error analysis in Chapter 7. How-
ever, before introducing the numerical approximation, we investigate another interesting
question - a generalization of analytical results for more general constitutive model.
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(Generalized model

We are interested in the existence and uniqueness result for a weak solution of the general
diffusive Peterlin model (3.1). Nonetheless, using the same mathematical techniques as
in the previous chapter, we present the analytical results for a generalized model (3.2)
with ¥ (s) = s. To this end, the elastic stress tensor T is assumed to be given by (3.2¢),
while the constitutive equation for the conformation tensor C is assumed to be (3.1d).

It means we shall study the following generalized diffusive Peterlin model

%1;+(u-V)u:1/Au+diVT—Vp
divu =0
T=trCC

83(; + (u-V)C — (Vu)C — C(Vu)! = x(trC)I — ¢(tr C)C + cAC

with the same boundary and initial conditions

(03) =00, wo.c0) - wc.

The existence of a weak solution will be proven under the assumptions that
(A1) x and ¢ are continuous functions defined on R

(A2) the polynomial growth conditions
Ayls|® < o(s) < Aos|*
x(s) < Bs”

for « > 0, f > 0 and some constants 0 < A; < Ay, B > 0 are satisfied.

In order to show the higher regularity result we will moreover assume that
(A3) x and ¢ are C''-functions on R

(A4) the derivatives y/, ¢’ satisfy the following growth conditions

Als[*t < ¢/(s) < Agls|*!
X'(s) < Bs",

for some constants 0 < 1211 < 1212, B > 0.
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5. Generalized model

The existence, regularity and uniqueness results presented in the previous chapter can
be extended for the cases
0<a<2 1<B<a+1,

where if @ = 0 then § = 1. We would like to point out, that the case a = 2,5 =1, i.e.
the diffusive Peterlin model (3.2), is the limiting case.

Before showing the formal energy estimates, let us first state a straightforward conse-
quence of the Vitali theorem, see Lemma 2.4. in [96].

Lemma 5.1.
Let M C RY be measurable and bounded. Let the sequence {fm}men e uniformly bounded
in L4(M) for a ¢ > 1. Finally, let f,, — f a.e. in M for some f € L(M). Then

/M Jm = /M /

This convergence result is important for passing to the limit with the Galerkin ap-
proximation in the generalized terms in the constitutive equation for the conformation
tensor.

5.1. Formal energy estimates

Assuming (A1) - (A2) we present the formal energy estimates for model (5.1). Our aim
is to derive the exponents o and S for which it makes sense to define a weak solution.
The energy equality (3.9) holds true unchanged
1d
2dt
Similarly as in Section 3.3 we multiply (5.1d) by §C and integrate this equation using the

Green formula, keeping in mind the divergence freedom of the velocity and the boundary
conditions. We obtain

4dt/ |G dz — */ [<VU)C+C(Vu)T] :Cdr =

1 1 ' € 9
—i/Qx(trC)trC dx —i/ng(trC)C.Cdx —Q/Q\VC\ dx .

(5.3)
The sum of equations (5.2) and (5.3), by identity (3.8) for the symmetric tensor C and
the solenoidal vector field u in two space dimensions, reads

|u|2 dx = —V/ |Vul|® dx —/ T:Vudxr. (5.2)

th/ lul? dx +f—/ |C? dx —l—u/ |Vul? do + ~ / IVC|* dz +
|
+§/ﬂ¢(trC)C.Cdas zi/gx(trC)trC dz |

Employing the polynomial growth conditions assumed in (A2) we obtain

2dt/| 2 dx+i&/|c|2 dx+y/|Vu|2 dr + & /|VC|2 dz +

(5.4)
a+2 < / B+1 .
+ 1 /Q|trC| dx <5 Q(trC) dx

56



5.1. Formal energy estimates

Firstly, we find the exponents for which the energy inequality (5.4) indicates the appro-
priate functional spaces for further analysis.

- Obviously, for = a + 1 we need A; > 2B.
- For § <1, by the Sobolev embeddings theorem and inequality (2.9b), we get

B
—/ (tr C) T do < c/ tr C|? do < 20/ IC|? dx.
2 Jo Q Q

Then we can treat inequality (5.4) analogously as (3.11).

- For a > 0 we need a+2 > [+ 1 in order to apply the Young inequality on the integral
on the right-hand side of (5.4) such that

B c
p+1 < / a+2 c
2/Q(trC) dr <46 Q(trC) dx—i—(s

for 0 < < Ay /4.

From now on we suppose that

a>0: f<a+lorf=a+1and A; > 2B
a=0: g<1.

Then the Gronwall inequality yields the desired a priori bounds for the velocity and the
conformation tensor

uc L0, T; H)NL*0,T;V), Ce L>0,T;L*2))N L*0,T;W).

Let us note that by the interpolation inequalities (2.8b) and (2.8¢) together with the
above a priori estimates we get C € L*(0,T; L*(Q)) and C € L*/=2(0,T; L"(Q2)) for
r > 2, respectively. In addition, for a > 2, we have an important a priori bound for the
trace of the conformation tensor

trC € L*T2(0,T; L“T(Q)).

In what follows, we will work with the best bound for tr C that we can obtain, and with
the appropriate bound of C, i.e.

trC € L*0,T; L*()), C € LY0,T; LX(Q)) for a € [0, 2], (5.5a)
trC e L0, T; L*M2(Q)), Ce L¥/2(0,T;L"(Q)) for a >2 7> 2. (5.5b)

Our further goal is to get bounds on x(tr C) and ¢(tr C)C in L4(0,T; L(2)), ¢ > 1.
By the assumption (A2) we directly get

T T
/0 /Q\X(trcnq drdt < Bq/o /Q]trC\’Bq dz dt . (5.6)

- If a €]0,2] then g < 3. We see, from (5.5a) and (5.6), that x(tr C) € L9(0,T"; L(£2))
for 1 < g < 4/p.

- Analogously, due to (5.5b) and (5.6), we get that x(tr C) is bounded in L4(0,T"; L(£2))
for 1 < g < o+2/s since for a > 2 we have § < a + 1.
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5. Generalized model

We proceed with the similar discussion for ¢(tr C)C. The growth assumptions (A2) yield
T T
/ /Q|¢(trC)C|q dedt < Ag/ /Q|trC|"‘1|C|q dz dt . (5.7)
0 0

According to (5.5), we apply the Hoélder inequality to bound the term by the proper
norms of tr C and C.

- For a € [0,2] we have ¢(tr C)C € L?(0,T; L9(2)) for 1 < ¢ < 4/a+1. Indeed, for such
q < 4at1 < 4/a we choose the Holder coefficients

4 4

Plzafqv p2:4—aq

to estimate (5.7) as follows

T
[ [ letroer drde < [ o QI ICH i,
< c/Jtr ClF s I

L3(Ls)

where s = 44/4—aq < 4, and thus the Sobolev embeddings finally yields
[ [ 16t 0)clr dedt < eor It 101

- Let a > 2. For 1 < ¢ < @*+2/o the Hoélder coefficients

o+ 2 o+ 2

v P Y2 —ag

analogously yield

T
| [leteicy deat < c/ ||trCHa+2 Cl2 1) o dt

where now s = (@+2)4/at2-aq. We need s < 4, i.e. ¢ < 4e+2)/5042. Since ¢ should
be grater than 1, we require o < 6. Hence, for 1 < ¢ < 4(@+2)/5a42 the function
¢(tr C)C is bounded in L(0,T; LI()).

To conclude, for the coefficients o and /3 satisfying

0<a<6: f<a+lorpf=a+1and A > 2B
a=0: <1,

we shall define the weak solution to the generalized diffusive Peterlin model and show
its existence by the same mathematical techniques and arguments as in Section 4.2.
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5.2. Existence of weak solutions

5.2. Existence of weak solutions

We introduce the weak solution to the generalized problem (5.1) and show that, for the
exponents o and [ derived in the previous section, the solutions exist.

Theorem 5.2. (existence of weak solutions to the generalized model)
Let the assumptions (A1) - (A2) on x, ¢ be satisfied and let (ng, Cy) € H x L?(£2)?*2

be given. Let one of the following assumptions be satisfied:

0<a<6,0<f8<a+1lorf=a+1 withA >2B

5.8
or a=0and0 < <1. (5.8)

Then there exists a couple
(u,C) € [L=(0,T; H) N L*(0,T; V)| x [L(0,T5 L*(Q)) N L*(0, T W) (5.9a)

satisfying the initial condition (u(0), C(0)) = (uo, Cy) and the weak formulation

8u

_ 5.9h
(2 dx—i—/uVuvda:—l—y/Vu Vv dz /trCC Vv de  (5.9b)
oC Dd:c+/ u-V)C: Ddx—/[(vu)c+0(vu)T]:Ddx+
o ot

+€/QVC:VDdx:/

[ Xt O)L: D do —/Q¢(trC)C D dz

(5.9¢)
VveV,VDeW, ae te(0,T).

The couple (u,C) is called the weak solution to the problem (5.1).

Proof. The proof is analogous to the proof of Theorem 4.4. We will only concentrate on
the generalized terms in equation (5.9¢) for the conformation tensor.

Galerkin approximation

The m-th approximate Galerkin solution now reads

(un(t), C (Z Gim (1) Vi, i Gim(t)Di> (5.10a)
(um(0)7 Cm<0)) = (u0m7 COm) (510b)

(w0, (£), V) 4 0 (W (£), um (), v5) + v (W (£), v5)) = = (tr Cu(t) Cri(t), V)
(5.10¢)
(C.(t),D )+ B (un(t), Cun(t), D) = (Vam(£)Con(t) + Con(1)(Vun (1), D; ) +

+e((Cn(t),Dy)) = (x(tr Cn (1)L, D) — (¢(tr Cp())Cina (1), D)
(5.10d)

j=1,...,m, t €[0,7T].
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5. Generalized model

We recall that {v;}32, and {D;}32, are the countable orthonormal bases of the spaces
V = H; 4,(Q)? and W = H'(€2)**?, respectively. Further, ug, and Cy,, are the orthog-
onal projections in H of ug and in L*(Q2) of Cy on the spaces spanned by v; and D;.
The nonlinear system of differential equations together with the initial conditions (and
the following a priori bounds) gives us the solution (u,,, C,,) defined on interval [0, T7].

A priori estimates

Repeating the formal energy estimates for the m-th Galerkin approximation and using
the interpolation inequalities (2.8b) and (2.8¢) we obtain

u,, € L=(0,T; H) N L*(0,T;V)

C,, € L™(0,T; L*(Q)) N L*(0, T; W) N L*(0,T; L*(Q))

T,, € L*(0,T; L*(2)) (5.11)
trC,, € L*(0,T; L*(Q)), a € [0, 2]

trC,, € L*T(0, T; L*"*(Q)), a > 2

Finally, we have shown that there exists a positive constant k = k (T, 1/v,1/e,ug, Co, o, )
such that

| ooy + Ml 2y + 1Coall oo 22y + [ Comll 2y + 182 Conl| Lo pasey < -

Let us recall that depending on a we work with the following a priori bounds for tr C,,
and C,,

trC,, € L*(0,T; L*()), C,, € L*(0,T; L*(Q)) for a €[0,2],  (5.12a)
tr C,, € L0, T; L**2(Q)), C,, € L*/U=D(0,T;L"(Q)) fora>2 r>2.
(5.12b)
Compactness

In order to pass to the limit with the Galerkin solution we need, besides Lemma 5.1, the
strong convergence. The compact embedding for {u,,}°_, is obtained as in the proof
of Theorem 4.4, by the Lions-Aubin-Simon lemma, cf. Lemma A.2 in Appendix A. We
again omit the index m for better readability. Let us recall the definition of the operators

AW - W (AC,D) := ((C,D))
B:VxW—=W* (B(u,C),D) := B(u,C,D)
O: VW W (O(u, C),D) := ((Vu)C + C(Vu)”, D)

and let us define

T W —W* (TiC,D) = (x(tr C)I, D)
T W — W* (T:C,D) := (¢(tr C)C, D).

Then (5.10d) can be rewritten in the following operator form

C'=0(u,C) +T,C—-T:C—Bu,C)—cAu, ucV, CecW.
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5.2. Existence of weak solutions

We already know, see (4.15) - (4.17), that
AC, B(u,C) € L*(0,T;W*) and O(u,C) € LY3(0,T; W*). (5.13)

Employing the growth conditions (A2) we show that 7;C and 7;C are bounded in
LY0, T; W*) for a l > 1.

Estimates of the operator T,C

The exponents o and (§ are assumed to be as in (5.8). For § = 0, by the growth
assumption (A2) on the function x, we get

T T
B/ /trD dz dt :B/ ltrDJ|, dt
0 Q 0

T l
| Imcly. at <.

Consequently, 7;C € L''(0,T;W*) for any I, > 1. Further, for 8 > 0 we consider two
cases with respect to a separately:
e 0<a<L?2
From (5.8) we know 8 < 3. Then the Holder inequality for p = 4/s and ¢ = 4/a—3
yields

T T
/0 /Qx(trC(t))trD de dt < C/O ||X(trC(t))||4/5 ||trD||4/(4_5) dt .

By the Sobolev embeddings theorem it holds that [tr D||,,, 45 < c|[tr D|[y,. Then

T Iy T Iy
|Gl dt < [ It ), a

< TtCtl2’Bdt
_COHY()II4 :

It means there exists a coefficient I, such that 1 < 1, < 4/sand T;C € L'2(0,T; W*).

e 2<a<b
Analogously, since § < o+ 1, we choose p = @+2/g > 1 and q¢ = @+2/a42-5 > 1. The
Holder inequality gives us

T T
/0 /Qx(trC(t))trD dedt < C/O (6 CN rzy 5 168 Dll sy esssy

Similarly, by the Sobolev embedding W — = (Q), we can write

T T
| NI dt < e [ (e CO sy

<c/T|\trC(t)Hl3B dt .
— Jo

a+2

Thus there exists a coefficient 1 < I3 < @+2/s such that 7,C € L& (0, T; W*).
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5. Generalized model

Estimates of the operator ToC

Let us now repeat a similar procedure for the operator 75C. By the Holder inequality,
the Sobolev embeddings theorem and assumptions (5.8) on the coefficients « and 3 we
get the analogous results. Firstly, for a = 0 we have

T T
A [ WD drdr =, [ 10w, D, dr.

Then for any I, > 1 we get
r ly T ly ly
Il dt < Ay [TICWIE dt < e Cliteys,.

and hence T,C € L4(0,T; W*) as desired. Again, in order to work with the appropriate
energy estimate for tr C,, we consider two cases with respect to a separately:

e <a<?2
Let us consider the Holder inequality with the coefficients s = 4/a, ¥ = 4 and
z = 4/3-a to get

[ [ st co)cw:p dede < [ 6 Oy ICOL D]y -

It holds that [|Dl|,/;_,) < c[[Dlly, . Further, for some Holder coefficients p,q we
have

T T
| ITCI- dt < e [ ot Cl, ICw d

T lsa ls
<e [ el ICwlf d

T Up /7
<cf[Tiwomnyra) ([Micol«)

Since C,, € L*(0,T; L*(Q)) and tr C,, € L*(0,T; L*(2)), we choose the coefficient
l5 and the Holder coefficients p,q > 1 as

1/q

4 1
1<l5:]_—’—7a<47 p = _;a, q:1+()é,

in order to get

T . T A a/(14a) T A
| Il at < [ lrCl; d | newis a

Hence, there exists a coefficient I5 € (1,4) such that 7,C € L'*(0,T; W*).

e 2<a<b
Since o < 6, we can choose the Holder coefficients s, r, z as

1/(14a)

2 2a +2 2(a +2
S:a+ s 7’:7(04—1— )7 227(0[_}_ )

«Q a—2 6—
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5.2. Existence of weak solutions

Then

[ [ otrcoycw:pdede < [ ol ICol, D], d.

Due to the Sobolev embeddings theorem we consequently get

T T
[ ITCl dt < e [ ot COMyn IC@E d

T
<[ e, IO d

T . 1/p T . 1/q
<ol [Tmwemzza ) ([Micona)

for some p, ¢ > 1 such that % + % = 1. We know tr C,,, € L*"%(0,T; L*"%(2)), and
for

2 2
7":7(&4_ )>2
a—2

we have C € L2/(=2)(0,T; L™ (2)). Let I = 1. Hence, we choose

a—+2 2r a—+2
« r—2 2

p

to conclude that

T T a/(a+2) T 2/(a+2)
[ty ar<e([Mwewza)([Cicwn )
0 0 0
and that 75C is bounded in L*(0,T; W*).

We have shown that

T.C € L0, T; W), [ = min 1 > 1, T,C € LY0, T; W™), (5.14)

1=1,2,

for the coefficients o and f satisfying assumptions (5.8). Then (5.13) and (5.14) imply
C’ € L'(0,T;W*). The embeddings

W e—— LI(Q) — W~

for 1 < ¢ < oo yield, due to the Lions-Aubin-Simon lemma, the compact embedding
of {C,,}°_, into the space L?(0,T; L(2)). Consequently, there exists a subsequence,
denoted again by (u,,, C,,), of the Galerkin approximate sequence such that the conver-
gences (4.19) hold true. Moreover,

C, — C in L*0,T; L)), 1 <q < oo. (5.15)
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5. Generalized model

Passage to the limit and the initial condition

We only concentrate on the limit in the generalized terms in equation (5.10d). All the
other terms in (5.10) are treated using (4.19) as in the proof of Theorem 4.4. In order
to show that

/()T/Qx(trcm)I:Dgo(t) dz dt —>/(]T/Qx(trC)I:Dgp(t) da dt (5.16a)

T T
/ / 6(tr C)C : D o(t) ddt — / / $(tr C)C : D (t) du dt (5.16b)
0 Q 0 Q
for m letting to infinity, we employ Lemma 5.1.

Passing to the limit in x-term

For 5 = 0 the limit is trivial. Let § > 0. By (5.15) we know that tr C,, — trC in
L*(0,T;L9Q)), 1 < g < oo. Then there exists a subsequence (without changing the
notation) such that tr C,, — tr C a.e. in Q x (0,7"). Since y is continuous, we have also
X(trC,,) — x(tr C) a.e. in 2 x (0,7"). Moreover, there exists p > 1 such that

T
/ / [y (tr Co)L: Dp(8)P ddt < C,
0 Q

where C'is a constant independent of m. In order to show the existence of the coefficient
p we consider the cases for a € [0,2] and « € (2,6) separately:

e 0<a<L?2
Let 1 < p; < 4/p and let us consider the Holder coefficients
4 4
§=—, z = )
73 4—p 3
Then

T T
/ / I (tr Co )T : D(H) dadt < ¢ max |p(t)[” / / ltr G, [P |tr D|P' diz dt
0 Q t€[0,T] 0 Q

T
<clwD|l, [l Colly” dt

is bounded by a constant independent of m, due to (5.12a).

e 2<a<b
We choose
o+ 2 o+ 2
:77 rI=
P23 a+2—pfs
such that s,z > 1 and %—I— % = 1 provided
1< p < a+2
P2 .
5

Then it holds that

T T
tr Cp)L : D (t)[?2 dedt < tm//tcthDmd dt
[ (€t D) dedt < e mas [0 [ [ [irCuf?]r DI da

p2z a+2

T
§c|\trD]p2/ tr Col[P22, dt .
0

Due to (5.12b) the above term is bounded by a constant C' independent of m.
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5.2. Existence of weak solutions

Let p € {p1,p2} depend on the coefficient . We introduce the sequence { f,,}>°_, with
fm = x(tr C,,))I : Do(t) € LP(0,T; LP(2)).

Further, let f := x(tr C)I : Dp(t) € LP(0,T; L*(Q2)). It holds that f,, — f ae. in
Q2 x (0,7). We have just shown that {f,,}°°_; is uniformly bounded in L?(0,T; LP(S2))
for p > 1. Lemma 5.1 yields the limit (5.16a) for m approaching infinity, i.e.

T T
/ / X(trC,)I: Do(t) dedt — / / X(trC)I: D (t) dxdt.
o Ja 0o Ja
Passing to the limit in ¢-term

We only show the limiting process for o > 0 since for a = 0 the limit is trivial. As already
mentioned, due to (5.15) there exists a subsequence (without changing the notation)
trC,, — trC a.e. in Q x (0,7). The same argument yields a subsequence (without
changing the notation) of {C,,} ~_, such that C,, — C a.e. in Q x (0,7). By the
continuity of ¢ we also have ¢(tr C,,) — ¢(tr C) a.e. in  x (0,7). Finally, we obtain
o(tr C,,)C,,, — ¢(tr C)C a.e. in Q2 x (0,T). Further, we show that there exists a constant
(' independent of m and a coefficient » > 1 such that

/OT/Q |p(tr C,,,)C,r : Dop(t)|" dxdt < C.

We consider two cases with respect to o separately:

e 0<a<?2
Let us consider a coefficient r; such that
4 4
l<rm<—< —<4.
a+l «
Then, by the Holder inequalities for
4 4 4 1 1 1
s=—>1, u=—>1 z=—"—>1, -+ -+ -=1,
riQ T 4 —riao—1m s u z
in space and for
4 4 1 1
v=—>1, w=—>1, -+—-<1
rio r1 voow

in time, we get

/0 ' /Q 6(tr Cpa)Con - Dip(1)[™* dz dt

< ¢ max |p(t)]| / / [tr C,n|"**|C,n| D™ da dt
t€[0,T]

< cIDIZL [ e Cully™ Gl

1/v T
<etoiy (f rcarar) ([ it a)

ria)/4 ry/4
< ¢|[DI5 lltr CanllF 1 Cmll -

1/w

The a priori bounds (5.12a) yield the desired estimate independently of m.
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e 2<a<b
Let us assume that ry and [ satisfy the inequalities
2 2
1<r2<i<2<M<l.
« a+2—roa
Then, we can choose the Holder coefficients as
a+2 l (o +2)
s = , u=—, z= ,
roQy 9 l(a+2) —roal —ro(a+2)
and
a+2 a+2
v = , w=—
ToQ a—+2—rya

for the estimates of integrals in space and time, respectively. We can write

/ ' / (6(tr Cp)Con s Dp(£)]" diz dt
0 Q

< ¢ max |o(t)| / /ytrcmy’"za\c "2[D|"2 d dt

te[0,T

a+2

T - (recr)/(a+2) T 1/w
<c|Dll;. | [ [ltr Cullays dt 1Cll; dt )
0 0

Due to (5.12b) we choose

< c|Dl; HtrCmHm ICmlly* dt
roz l

2l
TQ(Z —2)7

w =
and consequently we obtain

/0 ' /Q (6(tr Cpa)Con - Dip(1)[2 oz dt

ToQ ro(1—=2)
21

T at2 a+2 T %
<ctpip ([ iweatzzzan ) ([ 1ea o)

as wanted. The equality
21 a+2 ) 2l(a 4+ 2)

v (1—=2)ry a+2—r e " (a+2)(1—2)+ 2

Since we require that
rp(a+2) 2l
a+2—ra 1—2
the condition [ > 4 has to be satisfied. In order to have r9 > 1 we need
2(a +2)
a—2

[ >

[ <

These two inequalities for [ yield again the condition o < 6.



5.3. Higher regularity and uniqueness

Let now r € {ry,r2} depend on . We define
Gm = o(tr C,,)C,,, : Dp(t) and g :=o¢(tr C)C : Dyp(t),

where ¢,,, g € L"(0,T; L"(Q2)). It holds that g,, — g a.e. in Q x (0,7) and {g,,}>°_; is
uniformly bounded in L"(0,7; L™(2)) for r > 1. Again, by Lemma 5.1 we have the limit
(5.16b) for m tending to infinity, i.e.

/OT/ngﬁ(trCm)Cm D o(t) dedt — /()T/ngﬁ(trC)C D (t) dedt.

Finally, after the limiting process, we see that the limit of the Galerkin approximate
solution satisfies the weak formulation

—/ (1)) dt + (u, )¢(0)+V/T(( (), vt ))) dt +
+/O b(u(t), u(t), v (b)) / /trC ): Vvo(t) dedt
—/ )) dt +(Co, D) (0)+5/0T(<C(t),Dgo(t)>) dt +
+/ t),Dp(t)) dt —/OT ((Vu@)C(t) + CH)(Vu()", Dp(t)) dt =
—/ x(tr CH)T — 6(6r C(1)C(1), D (1)) dt

for any (v,D) € V x W and any ¢ € C*([0,T]), ¢(T) = 0. The initial data is satisfied
by the same arguments as in the proof of existence of the weak solution to the diffusive
Peterlin model, see Section 4.2. O

5.3. Higher regularity and uniqueness

In what follows we show the higher regularity, and consequently, uniqueness of the weak
solution to the generalized diffusive Peterlin model.

Higher regularity

Theorem 5.3. (reqularity of weak solutions to the generalized model)

Let the assumptions (A1) - (A4) be satisfied. Let 2 be of class C* and the initial data
(ug, Co) € [H%(Q)>NV] x H*Q)**2. Further, let one of the following assumptions be
satisfied:

O<a<2, 1<p<a+1lorpf=a+1 withA > 2B,

5.17
or a=0and =1 ( )

Then the weak solution (5.9) satisfies additionally

u € L>(0,T; H) N L*(0,T;V), C' € L>(0,T; L*(Q)) N L*(0,T; W),
uec L>0,T; H*(Q)), C € L>(0,T; H*(Q)).
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5. Generalized model

Proof. Let us note that the assumptions (5.17) on the exponents o and 3 are contained
in the assumptions (5.8) required for the existence of weak solutions. Hence, the weak
solutions to the generalized diffusive Peterlin model exist, see Theorem 5.2. Here we
moreover need a to be less than or equal to 2. Since the proof is the analogue of the
proof of Theorem 4.5, we again only concentrate on the generalized terms in the equation
for the conformation tensor (5.1d). We shall find a positive constant K independent of
m such that

1l ooy + 10l 20y + 1 o2y + 1Crall 2y < K-

More regular initial data

The basis functions {v;};—,, {D;};-, of V and W, respectively, are again taken as the
eigenfunctions of the Stokes and the Laplace operator, respectively, and the properties
(4.21) of (ugm, Copm) hold true. We still have u/,(0) belonging to a bounded set in H,
since (4.22) holds true, i.e.

[, (0)[l, < (veo + €2) [uollyy + c1 [|Coll3 5 = a1 (5.18)

In order to get C'(0) bounded in L*(©2), we need to estimate the right-hand side of the
equality obtained by multiplying equation (5.10d) by G’,,(t), summing for j =1,...,m,
and applying the Green formula at ¢t = 0

1C,,0)]15 = — B(Wom, Com, Cip(0)) + 2(ACq, C,, (0)) +
+ ((Vtaom)Com + Com(Vtagm)”, C,, (0) )+
+ (x(tx Com)T = (tx Com) Com, €1, (0)).
The Holder inequality yields
1C1 05 < 1B, Com)lly + £ | ACom 5 + | (Vttom) Com + Com(Viaom)" ||, +
+[Ix (6 Com)lly + 6 (tr Com)Comll -
Again, using (4.21) we get
1B(om; Com)lly < ez lluollys [[Colla
1AComlly < e4]|Colly
|(V10m)Com + Com (Vuaom)"|, < s uolly5 [Coll,.» -

Analogously, we can estimate the generalized terms

Ix(tr Com)ll; < B [tr CGu |, = B lltr Comllss < c6 Coll5,

|6 (tr Com)Comlly < Az [[tr Cg,Comlly < ¢ l|Comllgass < c7[Collss" -
Finally, we obtain

a+1
IC. (01, < (¢ + ¢5) [ollo5 [[Colly,s + £€a [[Colla s + €5 [Colls o + 7 [Coll53" = as.
(5.19)
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A priori estimate for (u), , C! )
The time derivative of equations (5.10) for the Galerkin approximation reads
(00 (0 W5) + (0 (1), 90,)) + b 00, (1), 0 (0), W) + b (1 (1), 10, (1), w5) =
= — (tr C,(t) Cn(t), Vw;) — (tr C,,(t) C., (1), Vw;) (5.20a)
(Cif@(t)’Dg) +e((C(t), Dy)) +B(U' (), C(t), D;) + B (un(t), C,,, (1), D;) —
~ (VUL (0)Cu(t) + Cn (1) (Vi (1), D; ) -
— ((Vun () Cru(t) + CLu (1) (Vun (1), D; ) =
X’(trCm(t))trC’ (1)1, D;) -
8 (1 Con(£)) 1 Cy (£) Coa(£) — 6(tx Con(1))C (1), D) (5.20)
j=1,...,m, t€[0,7T].

/\/\/-\/-\m

Now, we show the a priori estimates for (u),, C/,). We multiply equations (5.20a) and
(5.20b) by ¢’,,(t) and G, (), respectively. We take the sum for j = 1,...,m and then
we add the resulting equations together to obtain

1 d !/ / !/
2 1+ 5 I O3 + I O + & [VC, (1) =

= b (1), (1), u:n<t>) = B(w, (1), Co(1). Clu (1)) -

— (1 C, (1) C(t), VU, (1)) — (tr Cpn(t) C, (1), VU, (1)) +
+ (VU ())Con () + Con (8) (V11 ()T, (1) )+ (5:21)
+ (VU (£) Tl () + Clp () (Vi (1), Cly (1) )+
+ (X (1 Co (0)tr €, (1) T, Cl, (1)) —

— (¢/(tr G (1))t C,, (1) Cn(£) — &t Ca(1)) €, (1), €1, (1))

We recall the estimates (4.26) of the integrals on the right-hand side of (5.21) from
Section 4.3. Here we only estimate the last three integrals for o € [0,2]. This can be

easily done, since the limiting case for a = 2 has been already shown in the proof of
Theorem 4.5.

Estimates of x'-term

For g = 1 we simply have
(X’(tr C.t)HtrC (t)1,C! ( / Bltr C.,(t)]* dz = B |tr C.,(1)]|5.

Let now g > 1. It holds that 1 < § < a + 1. Then for the Holder coefficients

we can write
(X (tr Cou(t)tr C,, () L, C, (1)) < B /Q (tr Cp(1))PYtr CL (£)? da

~ — 2
< Blr Cr(®)llf " 1tr Ch(t) 155
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5. Generalized model

The interpolation inequality (2.8¢c) for r = 8/5—3 > 2 yields
(X (tr C(1))tr C1, () 1, C, (1))
<cltrCn®)llf " (ICL @115+ 1CLO1 " IVCL (0137 27)
< cllir G G O1E + 55 IVCL O3+  r Culli 7 L ().

Since f — 1 < 4, the norm ||tr Cm(t)Hf*l is integrable in time. Similarly, 8 < 3 implies

MB-1) _4B-1 _,
2 5—8 — 7

i.e. the norm ||tr Cm(t)HZ(ﬁ_l)/2 is also integrable in time.

Estimates of ¢-term

Let « = 0. Then
(6(tx Cu)CLu(1). Cu(0) < A [ [CLL (O do = A2 |IC,, (D).

Now, we consider the case a € (0,2]. We take the Holder coefficients

4 4
p=—>1, q=
o 4 —

> 1,

in order to get

(6t Co)C1 (1), CLu(1)) < Az [ fir Coult)[*|C (1) d
< clftr G5 13 O oe -

Due to the continuous embedding L*(2) < L&(Q) and the interpolation inequality
(2.8b) we can write

(6(tr Co(1))CL (1), C(1)) < eltr Con®)S (IIC (02 + 11C (1), VT, ()]l,)
< S IVCLOIE + el a5 IC, (03 +

c o 2
+EHUCm@WiHC;UMT

Obviously, the norms ||tr C,,(t)[|5 and |[tr C,,(t)||3* are integrable in time.

Estimates of ¢'-term

The estimate is trivial for a = 0. Indeed, ¢(trC,,(t)) is then equal to a constant
A € (A4, As). Hence the derivative is 0 and the integral vanishes. The convenient choice
of the Holder coefficients is, for « € (0, 2],
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5.3. Higher regularity and uniqueness

Thus, the Holder inequality together with the interpolation inequality (2.8b) and the
embedding L*(Q) — L5 (Q) yield

(¢/(tr Con(0)tr C,, (1) Cn(1), C, (1))
< /Q Ao(tr Con (1)) tr C () Cou(t) : C. (1) dar
< Ay [[tr Crn 5 ICm () |4y 3—a lItr Con (1) Cr (1)
< elltr Con ™ NICE) 45 ICH ()]
< c|lCn®)lIf IC, (1)1 + % IVC,, )]l + g ICH I IC, ()13 -

Taking into account the estimates of all the integrals on the right-hand side of (5.21) we
get the inequality

d !/ / / !/
I ( I, (£)]15 + HCm(t)H§> + v, () + < [ VC, ()]l

g(uu;um§+nc;@ﬂ@)ﬁ@x

where

p(t) = c(1/v,1/e) (1 FICH @5+ ICr @I+ MmO + (I +

+ncmumz+ncmum?)

is for av € [0, 2] an integrable function. The Gronwall inequality, using (5.18) and (5.19),
yields

It )13+ 1€ 6115 < (I 0 + 1, 01 ) o { [ 560)
< (a% + ag)f),

where b = b(1/v,1/¢, [l 2y [[Cmll pagray) s & positive constant. Let us recall that

the norms contained in the constant b are bounded independently of m by the constant
k, see (5.11). Similarly as in the proof of Theorem 4.5, we get a priori estimate for the
time derivative of the Galerkin approximation

[0l ooy + 1l 20y + [Clall e 2y + 11Coll 2wy < K

where K = K(T,1/v,1/e,uy, Cy, o, B) is a positive constant dependent only on the data.
We have shown the uniform a priori estimates for (u,, C/,), hence the limit also satisfies

(W', C') € [L=(0,T; H) N L*(0,T; V)| x [L(0, T; L*(2)) N L*(0,T;W)).

We refer to Section 4.3 where it has been shown that u € L>(0,T; H*(S)). Here we
only show that 7°C is bounded in L*°(0,T; L*(f2)), since this is enough to get

C € L>(0,T; H*(Q)).
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5. Generalized model

Indeed, let us recall equation (5.9¢) in the following operator form
—e((C(),D)) = (G(1),D), D € H'(Q),
where .
G(t) = —C'(t) — B(u(t),C(t)) + O (u(t), C(t)) + TC(t).
By (4.31) and (4.32) from Section 4.3 we already have
B(u, C) € L>(0,T; L*(R2)) and O(u,C) € L=(0,T; L*3()).
Since C € L*(0,T; W), the following inequality
[{TC,D)| = [(x(tr C)I — ¢ (tr C(t)) C(t), D)|
< B|jtr C(#)|l3 |tr Dl + Az |tr C(1) 5.3, I DIl
<< el + low1 ) i,

implies, due to W < L*(Q) and W — L***2(Q), that 7 C is bounded in L>(0,T; L*(Q)).
Thus, we have G(t) € L>(0,T; L*3(Q)) and by the same arguments as in the proof of
Theorem 4.5 we can conclude that C € L>(0,T; H*(2)). O

The case o > 2

Let us note that the existence of the weak solutions to the generalized diffusive Peterlin
model has been proven for a € [0,6). However, the higher regularity result has been
shown only for a € [0, 2]. We shall demonstrate what happens for a@ > 2 when proving
the higher regularity of the weak solutions (5.9).

Estimates of x'-term

The estimate of y'-term is straightforward. Firstly, let 5 = o + 1 and 2B < A;. Then
(X'(tr Cu (1)) tr Ol (1) T, Cy /B (tr G (1))?Ytr C., (1) dar
= B||(tr Cuut ))a/%r c, (1) -

Secondly, for 1 < 8 < o+ 1 we choose the Holder coefficients
a+2 a4+ 2

= 1 =% 5
P g—1 ~ 1= 03— B ~

in order to get

(X' (tr Cou(1))tr €L (1) I, C / Bltr ()~ l(trC’ (t))? dx

By the interpolation inequality (2.8c) for

2(a+2)

= —>2
a+3—-0
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5.3. Higher regularity and uniqueness

we obtain

(X' (tr Cn(t))r C,,() 1, C, (1))
<c|tr Crn @275 (IS, @5+ 1C,O1 1VC, (0137 7)

- / € !/ C r(p— !/
< e[t Cr(®)llara ICL O + 15 IVCL OIS + It CuIILE " ICL B

We now work with 1 < 8 < a+ 1 for a € (2,6). Thus f§ — 1 < o+ 2 and ||tr Cm(t)||§;§
is integrable in time. Since also 25 < a + 4 we get that

r(6-1)  (a+2)(8-1)
5 = at3-5 < a+2.

r(-1)/2

a2 is also integrable in time.

Consequently, |[tr C,,(t)]|

Estimates of ¢-term

By estimating ¢-term we shall take into account the proper sign of the integral. Indeed,
we do the estimates from below

A
(6(tx Cn)CL (). Cu®) = T [ [t Con®)|*l1 €L, (1) e
_ A a2 (1P
=5 |(tr Co (1)t €, (1)
Our aim is to get a suitable inequality in order to apply the Gronwall lemma analogously

as in the case o € [0,2]. Up to now, all the estimates of the integrals on the right-hand
side of (5.21) (except the ¢'-term) would yield

5 (IO + 11 ) + Sl O + 5 IV CL 01 +
+ (";1 - B) |(tr Con ()2t C;n(t)Hi (5.22)

S (CRCRCACIE T

with 5(t) integrable in time. We would only require A; > 2B. What remains is to show
that the estimates of ¢’-term taking into account all the previous bounds. We shall see
the term, from where the constraint a < 2 arises.

Estimates of ¢'-term

For r > 1 and s > 2 it holds that

2 2a+2) r s
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5. Generalized model

which, by the Holder, the Young and the interpolation inequalities, allows us to write

('(tr Cou(£))tr €, (1) (1), C, (1))

<c|(tr Cr(t)*?tr €, (1) ||trc OICN1C®, 11C, @),
< 6 (tr ()2t (), + = l1tr Cu (IS ICm @I 11C (01
< 6 (tx ()2t (1), +  l1tr Cu(OIS3 IS G ()5 +

9 ’ (a— s /
*2HVCm(t)H2+@HtrC ()H PEICu @7 1L O3,

a+2

for 0 < 0 < A;/2 — B. If we chose, for instance,

2 2 2 2 1 1 2
rzi(a+)>2 5:7<a+)>2 -+ - =
a—2 66—« r S o+ 2

then |[tr C,, (¢ )HaJrg |Cm (D)1}

- is integrable in time. However,

ltr Con()1255 2" ICn ()]

a+2

would not be integrable, unless a < 2.

Uniqueness of regular weak solution

Having the regularity result for the weak solution to the generalized diffusive Peterlin
model, we are now able to prove that the more regular weak solution from Theorem 5.3
is unique.

Theorem 5.4. (uniqueness of reqular weak solution to the generalized model)
Let the assumptions of Theorem 5.3 be satisfied. Then the weak solution (5.9) is unique.

Proof. We derive, analogously as (4.35), the equality satisfied by the difference
(u,C) = (u; —uy, C; — Cy), where (u;, Cy), (ug,Cy) are two different weak solutions
(5.9) satisfying the same initial condition, i.e.

5 dt Lo + 5 dt LI + vl + £ [VC@); =
= —b(u(t), w(t),u(t)) - B(ut), Ci(t), C(t) )+
)C(t) + C(t)(Vua (1), C(1)) +
Ci(t) + Ci(t)(Vu(t)", C(t)) - (5.23)
trC(t) Cy(t), Vv(t)) — (tr 02@) C(t), Vv(t))+
(x(tr C1(1)) — x(tr Ca(1)) L, C(1))
— (¢(tr C1(1)Ci(t) — B(tr Cz( >> (1), C(t)).

For the estimates of the integrals on the right-hand side of the above equation see (4.36).
We again estimate only the last two, coming from the generalization of the diffusive
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5.3. Higher regularity and uniqueness

Peterlin model. Let (z,t) € 2x (0,7T) be fixed. Then a := tr Cy(z,t) and b := tr Cy(z, t)
are real numbers. Since y and ¢ are continuously differentiable functions, we get for an
s€(0,1) and z; = (1 — s)tr Cy(z,t) + str Cy(x, 1)),

x(tr Cyi(t)) — x(tr Ca(t)) = x'(21)(tr Cy (2, t) — tr Cy(x, 1)),

and analogously

o(tr Cy(z,t)) — d(tr Ca(x,t)) = ¢'(22) (tr Cy(x, t) — tr Co(z, 1))
for a.e. x € Q and a.e. t € (0,7).

Estimates of x-term

Let 8 > 1. It holds that

_a+2>1 B o+ 2 o1 14_}_1
piﬁ—l qioz+3—ﬁ p q

Then, by the Holder inequality, we get

(x(tr Ci(1)) = x(tr Ca(1)), tr C(1))
< / (1= $)tr Ci(, 1) + s tr Cao(a, 1)) |tr C(z, £)[? da

| /\

/ |(1 — 8)tr Cy(z,t) + str Cy(z, 1) tr C(x, t)|? da

IN

c/ (Jor Cu(a,£) + [tr Cala, 1)) [tr Cla, ) da
Q
elltr O3 ara)asssp (Itr Cr®) s + lltr Ca()]13) -

The interpolation inequality (2.8c) for

IN

2(+2)

e AL
a+3—p

then yields

(x(tr Ci(1)) = x(tr Ca(1)), tr C(1))
< cllC@I3 (lltr CLtlZzs + e CoIIS) + 35 IVC@I +

c r(B—
+ 2 1G5 (ler G 2 + ller Ca(t) 125 ”2) ,

where we have also used the continuous embedding of W into L®*2(2) and the Holder
inequality with the coefficients 7/2 and r/r—2. As we have already shown, for a € [0, 2] it
holds that

rw; D <a+2,

/2 and ||tr Co(2)||" D/

lwie /" are integrable in time.

and hence the norms ||tr Cl(t)||;(f;1)
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5. Generalized model

Estimates of ¢-terms

We can write

¢(tr C1(2))Ci(t) — o(tr Ca(t))Ca(t) = o(tr C1())C(t) + (¢(tr Ci(t)) — o(tr 02(15)))02(75)-

The estimate of the first integral is trivial for « = 0. For a > 0 we get

(6t C1(1)C). 1)) < 4z | (1 Co(1)*C(1) : C) da
< c||lCE)? [tr CLt) 15,
<c|CW3 1l G0 + 35 IVCOIE+ Z ICOI; 1er Cuo)

where the Holder and the interpolation inequality (2.8b) were used.

Let us estimate the second ¢-term, analogously as y-term. For a = 0 the estimate is
trivial. Let us consider the case a € (0, 2]. It holds that

4 4 1 1 1
> 1 g=2>1 5§ = > 1 -—+-+-=1,
a—1 3—« P 9 q

p:

which allows us to write

((8(tr Ci(1)) = 6(tr Ca(1)) ) Ca(t), C(1))
< [16/(1 = 9)tr Ci(a,t) + st Cala, 1)) |ex Cla, )| Cola D] Cla, )] dx
< AQ/Q|<1 — ) tr Cu(a, 1) + str Co(z, )| 2||Caler, 1)]|Cla, 1) d
< C/Q (1t Ca(a, £)|* " + [tr Cala, 0)|* 1) [Cala, ]| Cla, 1) da
< e|COIZICDsya—a (lltr Cr®IIT™ + lltr Ca(0)II™)
< c[COII1C2 D450y (Iltr CL®)F™ + [ltr Ca()[I5™) +
+ NGO ICo O sy (lir CHOIE + f1tr Cat) [37%) +

) )

) )
€ 2

+ = IV,

where again the interpolation inequality (2.8b) and the Holder inequality were used.
It holds that |[tr C[[,,;_,) < c||tr C||,. Putting the above estimates together we obtain

1d
2dt

1d

2 2 VUV 2 € 2
- ~ e <
@iz + 5 5 1COI; + Slla@II” + 5 IVEDI; <

< (3 I + 3 ICIE )30,

(5.24)
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5.3. Higher regularity and uniqueness

where now

o(t) := c(1/v,1/¢) <|||u1(lt)|||2 + laa @)l + llae (O] + 1CL O + 1CL D15 +

+ |Itr Cl||gﬁ+—21)(a+2)/(a+3—6) + |l C2Hgi—21)(a+2)/(a+3—ﬁ) +

+[1Co(®) s (Itr Cr®l™ + lltr Co(B)[5) + [ltr Crllays + lltr Call 35 +

+1Co0)13 ([ltr CL®) 1372 + [ltr Co()IF* %) + [tr Cull§ + [t Cul3" )
Function 6(¢) is integrable in time. Thus, the Gronwall inequality yields
) + 1€ < (IO + 0O ) exn{ [ 500}

The same arguments as in the proof of Theorem 4.6 yield uniqueness of the regular weak
solution (u, C) to the generalized diffusive Peterlin model.

]
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Numerical
approximation

This chapter aims to study an application of the pressure-stabilized characteristics finite
element method for the diffusive Peterlin model. This method is a combination of the
method of characteristic curves and the Brezzi-Pitkaranta stabilization for conforming
linear finite elements. It has been applied successfully for the Navier-Stokes and the
Oseen equations in the recent works [111, 112], where the optimal error estimates have
been proven theoretically and confirmed by a series of numerical experiments. In what
follows we generalize and extend the error analysis of the so-called stabilized Lagrange-
Galerkin method for the Peterlin viscoelastic fluid.

In the first section the diffusive Oseen-type Peterlin model is introduced. The method
of characteristics, followed by the discretization of the material derivative, is explained
in Section 6.2. The pressure-stabilized finite element method is described in the next
section. Afterwards, in Section 6.4, a semi-implicit linear numerical scheme is derived
and the existence of the discrete solution is studied.

6.1. The Oseen-type Peterlin model

Our aim is to present the numerical analysis of the pressure-stabilized characteristics
finite element method for the diffusive Peterlin model (3.2). We concentrate on the main
difficulties arising from the coupling of the Navier-Stokes equations with the additional
parabolic equation for the conformation tensor. As a starting point of the analysis we
confined ourselves with the Oseen-type problem.

To this end let w : Q x [0,7] — R? be a given velocity that shall be used to linearise
the convective terms in the model (3.2). We recall that the material derivative then reads

D 0
We note that the Laplacian of a solenoidal velocity u can be rewritten as the divergence
of the symmetric part of the gradient D(u). Indeed,
. . Auy + 0y, (divu)
o Ty __ 1 T _
div (2D(u)) = div(Vu+ Vu') = < Aty + D (div ) ) = Au.

78



6.1. The Oseen-type Peterlin model

Let © C R? be a bounded domain with the Lipschitz-continuous boundary and let 7" > 0.
Then the Oseen-type Peterlin model reads

D
% div (2vD(u)) + Vp=div (trCC) + f

Dt
divu =0 (6.1a)
DC T 2
D—t—eAC:(Vu)C—i-C(Vu) —(trC)"C+trCI+F.
It is equipped with the boundary and initial conditions
oC 0 0
(u, an> - (0,0), (u(0),C(0)) = (u’,C"), (6.1D)

respectively, for some initial data (u’, C°%) € R? x R?**? defined on Q. Let us note that
we moreover consider some given external forces (f,F) : Q x (0,7) — R? x R**?. This
will be useful in Section 8.2 in order to study the experimental order of convergence
numerically.

From now on we use the following notation for the classical functional spaces

V= HNQ)?, Q:=L3(Q), W := HY(Q)>2
Remark 6.1. In Chapters 4 and 5 we have used V to denote the Sobolev space Hg 4, ().

In order to present the weak formulation of the problem (6.1) we define the bilinear
forms a, on VxV,bonV xQ, Aon (V x Q) x (V x Q) and a. on W x W by

a, (u,v) = Q/QD(u) :D(v) dx b(u,q) = —/Qdivu q dz

(6.2)
A((a,p), (v,q) :=va, (a,v) +b(u,q)+b(v,p) a.(C,D):= /QVC : VD dx,

respectively. Further, we assume the following hypothesis holds.

Hypothesis 1. (given velocity)
The function w satisfies w € C([0,T]; Wy ™(€2)?).
The weak formulation of the Oseen-type Peterlin model (6.1) follows.
Definition 6.2. (weak formulation of the Oseen-type model)
Let (u°, C%) € L*(Q)? x L?(Q)**% and (f,F) € L*(0,T; L*(Q)?) x L*(0,T; L*(£2)%*2) be
given. Find (u,p,C):(0,7) =V x Q x W such that fort € (0,T),

(DBP’V) +A((u,p) (), (v,q) = — (tr C(t) C(t), Vv) + (£(t),v)
(Dgit) : D) +ea, (C(t),D) = ((Vu(t))C(t) + C(t)(Vu(t))", D) - (6.3a)

— ((rC(1))* C(t), D) + (tr C(t) I, D) + (F(t), D)

V(v,g,D) eV xQxW
and the initial condition
(u(0),C(0)) = (u’,C") (6.3b)

is satisfied.
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6. Numerical approximation

6.2. Time discretization

We consider an equidistant discretization of the time interval [0,T]. Let At denote the
time increment and let t" := nAt for n =0, ..., Ny be the time step. Here Ny := T /At
is the number of time steps. For n = 1,..., Np it holds that At = " — t" 1.

6.2.1. Method of characteristics

The basic idea of the method of characteristic curves is to follow the trajectory of the
particle. It has been widely used for numerical treatment of the convection-diffusion
equation as well as of the Navier-Stokes equations. As pointed out in [5], employing
the Lagrangian description of the flow, the method identifies each mesh point with a
fluid particle at time ¢t and follows it at subsequent times t', ..., " as the flow goes on.
Then the solution of a given problem is obtained by solving the diffusion operator on the
new mesh. The advantages of this approach over the conventional Eulerian schemes are
the numerical stability and absence of the convective term that often leads to numerical
difficulties. However, this approach might cause the deformation of the initial mesh and
consequently the lost of accuracy of the numerical approximation.

To avoid the problems related to mesh deformation we consider the simplest version of
the method of characteristics that follows the particle backward in time. More precisely,
it seeks the position of the particle at time t"~! that will reach the mesh point at time ¢".
It still has common advantages of the characteristic methods, i.e. robust stability with
little numerical diffusion and symmetry of the resulting matrix of the system of algebraic
equations.

Finite difference or finite element methods have been combined with either the first
or the second order approximation of the material derivative based on the method of

characteristic curves to derive some numerical schemes for the flow problems, see, e.g.,
[5, 20, 45, 107, 109, 110, 111, 112, 116, 117, 118, 129, 140].

Approzimation of the material derivative

Let X (t;x,t") denote the position at time ¢ of a fluid particle that reaches the point
r € Q at time ¢". Then the trajectory X (-;z,t") : (0,T) — R? of such particle, for a
point x € ) and an integer n, 1 < n < Ny, satisfies the ordinary differential equation

X'(t) = w(X,t) in ("1, t")
X =s, (6.4)

D

whose solution is indeed the characteristic curve of the operator ;.

Figure 6.1.: Trajectory of a fluid particle
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6.2. Time discretization

The assumptions of Picard’s existence theorem, cf. Theorem A.6 in Appendix A, are
satisfied due to Hypothesis 1. Hence, there exists a unique solution to the initial value
problem (6.4). Let us now approximate this solution as

t’n

Xt e ") = — X (t: 2, t"), t) dt
" at") = tn_IW( (t;2,t"), 1) (6.5)

~r—w(X (", "), ") At =z — w(x, t")At.
Consequently, we define a mapping X7 by
X1 (z) = ax — w"(x)At. (6.6)

The backward difference approximation of the total derivative of a smooth function g at
(x,t"), n > 1 is given by

d X (7 ) ) — X tn_l' " tn_l
ﬁ(X(t;matn))‘t:tn — g( ( un )7 ) g( ( 71:7 )7 ) +O(At> (67)
dt At
For the Oseen-type problem the characteristics method takes into account that
9y
5 T (W Vg

can be written as the total derivative of ¢ in the direction of a given velocity w. Therefore,
in the interval ("1 ¢"), it holds that

Dy(X(1),1) _ dg(X(0)1)

Dt dt '
A combination of (6.5), (6.7) and (6.8) yields the first order approximation of the material
derivative at a point (z,t"), 1 <n < Np, i.e.

(6.8)

Dg ny dg . n
ﬁ(x,if ) = E(X(t,x,t Dl (6.9)
g'(2) — ("1 0 X7)(x) |

— N +O(A).

Let us note that we have used the notation
g"(x) = g(z,t"),  w'(x)=w(z,t"), (9" o X])(x):=g(X](x),t"").

The point X7'(z) is called the upwind point of x with respect to w”(x). The next proposi-
tion, see, e.g., [129, 140], gives a sufficient condition to guarantee that all upwind points
are in ).

Proposition 6.3. (upwind points)
Under Hypothesis 1 and the inequality
1
At < ——, (6.10)
HWHC(WLOO)

it holds that, for anyn =0,..., Np,
X7(92) = Q.
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6. Numerical approximation

Proof. Firstly, we show that X7(Q) C Q. Let us define é(x) := dist(z, 9) for x € Q.
Since the given velocity w vanishes on the boundary, it holds, for z € €2, that

v = X7 (2)] = [W"(2)| At < (2) At W] oy < (2), (6.11)

which implies that X7'(x) € Q. Moreover, we get X7"(0€2) = 0f2. Secondly, the mapping
X7 Q — Qs injective. Indeed, let z,y € 2, © # y. Then it holds that

X7 (x) = X7()] = |z —y — AUW"(z) — W"(1)]
> [lz = y| — Atfw"(2) — w"(y)]|
2 |z =yl = At || W]l oo |2 —y| > 0.

Finally, we prove the surjectivity by contradiction. To this end we assume
dgeQ: XT'(Q)#y YVae. (6.12)

Let ©; be an open set such that Q C € and dist(R*\Qy,Q) > 2e, where e := sup §(x).
z€

Further, we define a mapping u : 1 — €y by

xz, x € \Q
plw) = { X (z), x e

Since w is continuous, the mapping p is also continuous on €2;. Then the set B given by
B = {gb(m) :x € B(y, 26)},

where B(g, 2¢) is a closed ball with the center ¢ and the radius 2e, is simply connected.
By (6.11) and the definition of u we get, for z € 2, that

(@) — 2] <e.
Thus § € B which contradicts the assumption (6.12). Hence the mapping X7 is a

bijection and we conclude X7'(€2) = €. O

We fix Aty satisfying the condition (6.10) and

oxXT 1
det (alx(x)> Z 5, Vn e {0,...,NT}, VAt € (O,Ato] (613)
From now on we assume that
At € (0, Aty). (6.14)
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6.3. Spatial discretization

6.3. Spatial discretization

There are different approaches to treat the partial differential equations numerically. We
are interested in the so-called ansatz methods which are characterized by prescribing an
approximate solution in a certain form, see [60]. In general, one needs to determine
the coefficients in a linear combination of a set of chosen functions. For instance, the
collocation method requires the differential equation to be satisfied at a specified discrete
set of points. However, it is more popular to use methods based on the weak formulation
of the problem. Since the pointwise validity of a differential equation is typically not
available, the ansatz functions can be less smooth than in the collocation method.

Galerkin method is a technique to discretize the variational problem. Instead of solving
the problem in an infinite-dimensional space S, one chooses a finite-dimensional space
Sp = span {g;(x)};L,. Then the discrete solution can be expressed as

gn(z) = ;gj p;().

The choice of ansatz and test functions is crucial for the Galerkin methods as it strongly
influence whether the implementation of the method is effective or not. One of the
popular variants of this method is the finite element method where splines are used as
ansatz functions.

6.3.1. Finite element method

The finite element method is a specific process of constructing some finite-dimensional
spaces S;, whose basis functions have small support. This process has three typical
features. Specifically, the decomposition of the domain into geometrically simple subdo-
mains, the definition of a local space of ansatz functions and the fulfilment of some inter-
subdomain conditions that guarantee some useful properties of S,. There is an extensive
literature on the finite element method and we refer to, e.g., [26, 33, 58, 60, 117, 120].

In what follows we shall briefly describe the three aspects of the finite element method
in the two-dimensional case.

1) Triangulation

We assume (2 is a polygonal domain. It can be completely covered by the union of a
finite number of disjoint quadrilaterals or triangles K, i.e.

Q= K, and int K;Nint K; =0 if i # j. (6.15)
=1

The K is called element, its sides and vertices are called edges and nodal points, respec-
tively. The natural numbers Ng and Np denote the number of elements and the number
of nodal points, respectively.

For any element K let px be the supremum of the diameters of the inscribed circles in
K. We define the diameter of an element K and the representative length of the mesh,
i.e. the mesh size by

hi = — h = h
K s;g{”f yll , max fi,
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6. Numerical approximation

respectively. From now on the mesh size h satisfies h € (0, hg) for a fixed hy > 0.

Let the triangulation Ty = {K;} 5 be given by the subdomains K; satisfying (6.15).
We say 7T, is an admissible triangulation if there are no hanging nodes, i.e. if for each
pair of subdomains K; and K exactly one of the following four cases occurs

- K; N K; is a complete edge of both K; and K
- K; N K; is a nodal point of the triangulation
- KNK; =0

- K= K;j.

Figure 6.2.: An admissible triangulation (left) and hanging nodes (right)

A family of triangulations {75} o of €2 is called a regular family if there exists a
uniform constant oy independent of the mesh size such that

h
K <o YKET;, Vh (6.16)
PK

The family of triangulations satisfying (6.16) is sometimes called in the literature shape-
regular or quasi-uniform. Further, we say that a family {7}, satisfies the inverse
assumption if there exists a positive constant o, independent of h such that

h
— <o, VKET;, Vh. (6.17)
hi

Remark 6.4. Concerning the assumption that 2 is a polygonal domain, let us make a
note on the “variational crime”, see [66, 135]. This term was introduced by Strang in
1970’s, cf. [136, 137]. To commit a variational crime means to use some approximations
instead of solving the exact Galerkin problem. This might violate the wvalidity of the
abstract Galerkin error analysis. For instance, if () has a smooth curved boundary then
it can not be triangulated exactly, which yields S, ¢ S. Further, in practice, it is not
possible to compute the integrals in the discrete formulation exactly. This also leads to
the variational crime, as the numerical integration is used. Nevertheless, real numerical
computations converge, and therefore one does not worry about these approximations.
Strang pointed this out and he quantified the errors caused by these crimes in his work,
cf. [24]. See also [26] where Chapter 10 is entirely about the variational crimes.
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6.3. Spatial discretization

2) Shape functions and degrees of freedom

A finite element (K, 11k, Y) is characterised by the geometry of the subdomain K, by
the local space Il of ansatz functions and by the set Yk of linear functionals on Ilg.

The typical choice for Il is the space of k-th order polynomials defined on K, denoted
by Pr(K). The first reason for choosing polynomials as ansatz functions is a simple
computation of the coefficients of the resulting algebraic system of equations, since the
piecewise polynomials as ansatz and test functions lead to a sparse coefficient matrix.
The second reason is that the interpolation properties of polynomials are the key to all
convergence results.

The set X, whose elements are called degrees of freedom, is also of importance. We
note that the number of degrees of freedom has to be equal to the dimension dy of the
space llx. Let Ik, : C°(K) = R,i=1,...,dg, be linear and continuous functionals that
are linearly independent. There are different types of functionals which can be considered
in the finite element method. If only the point evaluation of a function is involved in
Yk then the finite element is called a Lagrange element. Other possibilities to choose
the degrees of freedom are the point evaluation of the first partial derivative, the normal
derivative on the edge or the integral mean values on K or its edges. The smoothness
parameter s has to be chosen such that [x; are continuous. For the Lagrange element
s = 0 is sufficient.

A finite element is said to be unisolvent if any p € Ilx is uniquely determined by the
degrees of freedom of the element. It means that for each ¢ = (cy,..., ¢4, ) € RIE there
is exactly one element in IIx such that ¢; is the image of i-th functional. If we choose
the unit Cartesian vectors for ¢ then it follows that a set {p Kﬂ-}fﬁl exists and g, € [l
such that

lK,i(ng,i) = 5ij7 2)] = 17 s 7dK7

where 9;; is the Kronecker delta. Consequently, {¢K7i}f§1 forms a basis of IIx that is
called a local basis. The functions g ; are called shape functions.

From now on we shall work with the vertex-oriented Lagrange finite elements whose
degrees of freedom are the nodal values of the function. Let us define a global basis of
the finite element space Sy. If we take the set of degrees of freedom of the finite element
space as

Eh = {lh,j 01 S] < NP}
then the basis functions ¢;, j = 1,..., Np of the finite element space are defined by
P ESh, lh,i(@j) :5i,j7 1= 1,...,Np.

These basis functions are derived from the shape functions of the finite elements. Indeed,
for j € {1,...,N,}, let l;,; € £), and let P; be the associated nodal point. Further, let
{ K e 7(p;) be the set of all finite elements of T that have P; as one of their nodes. For
each k € J(P;), let vk, ; be the shape function of the element K} associated with the
restriction of [, ; to Kj. Then the function ¢; € S, defined by

0 = { YK, over Ky, ke J(P;)
=

0 elsewhere (6.18)
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6. Numerical approximation

is the basis function of the space S}, associated with the degree of freedom [, ;, i.e. in
this case with the nodal point P;.
With any function g € C()) we associate the function given by

Np Np
hg =Y lni(9)e; =Y 9(P;)e; € S, (6.19)
i=1 =1

which is the co-called Lagrange interpolation operator. For 1 < j7 < Np, it holds that
(s, g) = lni(9) = g(F;).

3) Conforming elements

We say the element is conforming if S), C S. This guarantees that some properties of S
are valid on S;,. Let us provide a sufficient condition to guarantee the H*(2)-conformity
of the finite element.

Lemma 6.5.
Let g : Q — R be a function satisfying g, € CYK;) fori=1,...,Ng. Then

gEeC(Q)=gec H(Q).

For the proof we refer to, e.g., Lemma 4.1. in [60].
We have introduced the basic notions and described the features of the finite element
method. Finally, let us note that a family of finite elements is said to be affine if all its
finite elements are affine-equivalent to a single finite element (K, Ik, ¥ ) which is called
a reference finite element, cf., e.g., [33].

Finite element approximation of the Oseen-type Peterlin model

We consider an affine family of unisolvent conforming linear vertex-oriented Lagrange
finite elements whose admissible family of triangulations 7, is regular and satisfies the
inverse assumption.

In other words, we choose the space of linear functions as the local space of ansatz
functions on K, i.e. IIx = P;(K) with the dimension dx = 3. In order to ensure that the
finite elements are conforming in H'(Q) the continuous piecewise linear approximation
is considered. The functionals in Y are taken as the point values at the nodes of
the element K, ie. for p € IIx we have lx;(p) = p(P;). Finally, the global basis is
given by (6.18). Now, we give the definition of the discrete functional spaces for the
approximation of the velocity, pressure and the conformation tensor that solve the weak
formulation (6.3) of the Oseen-type Peterlin model.

Let the discrete functional spaces Xy, My, Yy, and Vj,, Qn, Wy be defined by

Xy = {va € C(Q)?: v, € P(K)* VK € T}, Vii=X,NV  (6.20a)
My = {agn € C(Q) : aqn, € Pi(K),YK € Thf, Qni=MyNQ  (6.20b)
Y, = {Dh € Coym (P2 Dy € P1(K)§;,,2“VK € 771}7 Wh =Y, W, (6.20c)

respectively. Due to Lemma 6.5 it holds that X, x My, x Y}, € H'(Q)2x HY(Q) x H'(Q)?*2.
Let us note that v, € V}, is zero on the boundary 0€). Further, W), is a discrete space of
symmetric matrix functions. We seek the discrete solution of the velocity, pressure and
the conformation tensor in the finite element spaces V;, Q) and W), respectively.
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6.3. Spatial discretization

6.3.2. Pressure stabilization

The Galerkin approximation of certain fluid flow models leads to a saddle point problem
whose well-posedness in the framework of mixed variational formulations is established
due to Brezzi [27] and Babuska [9, 10]. The discrete stability conditions important for the
construction of reliable numerical schemes arise. One of the conditions is the well-known
inf-sup condition, or the Ladyzhenskaya-Babuska-Brezzi condition, cf. [8, 79, 106]. For
the finite element method it is important to choose the finite-dimensional space with good
stability and approximation properties. There is a brief view on saddle point problems
via theory of mixed variational formulations in Appendix B. It aims to explain the
purpose of stability conditions for the proper choice of the finite element spaces.

It is well-known that Py/Py or the Taylor-Hood element Py /P; belong to the group
of inf-sup stable Lagrange finite elements. However, the number of degrees of freedom is
much higher than for P;/P; element. This element, on the other hand, does not satisfy
the convectional inf-sup condition, cf., e.g. [58] or Appendix B,

inf sup b(un, gn)

blwna) (6.21)
hERR uy eV, ||uh||v ||Qh||Q

Therefore a stabilization technique has to be considered. In this case we employ the
Brezzi-Pitkdranta stabilization method, cf. [29]. As mentioned in [111], other stabilization
techniques as the Galerkin least square method or the pressure stabilizing Petrov Galerkin
method, cf. [23, 54, 56], lead to higher number of degrees of freedom and moreover,
combined with the characteristics method some of them lose the symmetry of the system
matrix.

Pressure-stabilized bilinear form

Let &y be a positive constant and (.,.)x be the L*(K)? inner product. We define the
bilinear form A, on (V x H'(Q2)) x (V x H(Q)) by

An ((w,p), (v,q)) == A((u,p), (v,q)) — Su(p, q)

6.22
— o) by V) - S

where the bilinear form S, defined on H*(2) x H*() is given by
Su(p,a) =6 Y hi (Vp, V). (6.23)

KeTy

If the finite element spaces V},, Q) are given by (6.20a) and (6.20b), respectively, then
one can show that the above defined stabilized bilinear form A; satisfies the so-called
generalized inf-sup condition.

Lemma 6.6. (generalized inf-sup condition)
There exists a positive constant v, independent of h and v, such that

f sup Ap ((ap, pr)s (Vi qn)) > . (6.24)

(Ur:PR)EVAX QR (vi,,qn) €V X Qn ||(uh7ph)||V><Q ||(Vh79h)||v><Q B

The complete proof can be found in [56] and the references therein.
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6.4. The semi-implicit linear scheme

In order to approximate the solution of the Oseen-type Peterlin model (6.1) numerically,
we now combine

- semi-implicit discretization in time

- first order approximation of the material derivative by the characteristics method (6.9)
- continuous piecewise linear finite element approximation (6.20)

- pressure-stabilization (6.22).

Consequently, the definition of the discrete variational formulation follows.

Definition 6.7. (pressure-stabilized characteristics finite element scheme)
Let {(£, Fp)}NT < L2(Q)% x L2(Q)**2 and the initial data (ul), CY) € Vi, x W, be given.
We seek {(u}, pi, C}) Nt C Vi X Qp X Wy, such that, forn=1,..., Nr,

(M ui To Xj ) A () (0)) = - (G G, Tw) + ()

At
(6.25a)
(CZ G X?,Dh> +2a.(Cp.Dy) = ((Vuf)C~ + G (Vu)”, D) -
- ((tr cpt )2(3;;,Dh) + (tr c;;-ll,Dh) + (F;;,Dh)
(6.25b)

v (Vh7qh7Dh) € Vh X Qh X Wh.

Before presenting the existence results for the solution of the above semi-implicit
scheme let us introduce the useful notation

, (wh, pr, Cr) == { (uf, o}, C}) }

Nr Nr

(5, F) = { (51, F3) |

and the semi-norm associated to the bilinear form &y, i.e.

)

=1 n=1

1/2
gl == (Z hi (Vg Vq)K> , g€ HY(Q). (6.26)

KeTy

In what follows we show the existence and uniqueness of the discrete solution. More-
over, employing the implicit function theorem we prove local in time existence of the
positive definite discrete conformation tensor Cj. To this end, we first rewrite the sys-
tem of equations (6.25) in a matrix form.

Matrix form of the numerical scheme

Expanding the solution (uj, p}, C}) in terms of the appropriate basis functions we indeed
get a linear algebraic system of equations with the square matrix

(Xy + At X, + AtZ 1) . (6.27)
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6.4. The semi-implicit linear scheme

Here the matrices X; and X; correspond to (u}, vy), (C}, Dy) and Ay ((}, p), (Vi, qn)),
e a.(C?,Dy), respectively. The matrix Z"~! depends on the solution from the previous
time step as it arises from the semi-implicit terms ((Vu?)Cy~' + C}H(Vup)', Dy),
(trCp~1)2Cr, Dy) and (tr Cp C; 1, Vvy,).

We denote by y™ the vector whose entries corresponds to the nodal values of the discrete
solution (u}, pj, C7). For the given (f7*, F?') and y"~!, the scheme (6.25) is equivalent to
finding the vector y” satisfying

(Xy + At Xy + AtZ 1) y™ = 1" (AL + AtF" (6.28)

The right-hand side vector r"~! depends on At as it corresponds to (u}~' o X7, vy),
(C}' o X7, Dy). The precise definition of the matrices and vectors can be found in
Appendix C. We note that, for Np denoting the number of nodal points, the system
(6.28) corresponds to 6Np linear equations with 6 /Np unknowns, to be precise, 2Np, Np
and 3Np unknowns for the velocity, pressure and for the symmetric conformation tensor,
respectively.

Proposition 6.8. (ezistence of discrete solution)

Assume Hypothesis 1. Let (u),CY) € Vi, x W), be given with C) being a symmetric
matriz. Then for any time increment At satisfying (6.14) there exists a unique solution
(up, pr, Cp) C Vi x Q x Wy, to the scheme (6.25) or equivalently of the system (6.28)
with C} being a symmetric matriz forn=1,..., Np.

Proof. We show that the matrix
X:=X; +AtX, + At Z" 1

is invertible for all At and for all n = 1,..., Np. It is known that a square matrix is
invertible, or non-singular, if and only if the corresponding homogeneous system does not
have any non-trivial solutions. Let us assume the right-hand side of the system (6.28) is
zero vector. Then, following the idea of formal energy estimates based on Proposition 3.5,

we test the corresponding part of the scheme (6.25) by (u’,j, —pp, 5tr Cp. I) to get

[uq 13 + v At ID(up)[l3 + do Atlpp]7 + At (tr Cp Ci~, V) =0

; [tr C} |2 + % At|[Vir Cp |3 — At (Vuy : Cp 7l tr Cr ) + ; |trCp !t ey |

2
2

=0,
which in the sum yields
o3+ v At DGR+ 80 Atlpf + 3 [16r Gy 2 + © A [V G [+
+ ; Jrcptwcy| =o.

Thus u} = 0, pf = 0 and tr C}; = 0. Further, we use the test function (0,0, C}) to
obtain

ICHIE + e ALIVCH2 — At (Vup)Cp + C(Vup)”, ;) + |yt i = 0.
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6. Numerical approximation

This equality, using the fact that u; = 0, implies C} = 0. We have shown that the zero
vector is the unique solution to the linear homogeneous system of equations corresponding
to the matrix X. Thus the matrix X is invertible and the existence of unique solution to
(6.28) follows immediately. Finally, we note that the second equation of (6.25) preserves
the symmetry of the conformation tensor, i.e. for a given symmetric matrix C}~' the
solution C} is again a symmetric matrix. This concludes the proof. [

The second existence result is based on the implicit function theorem. For enough
small At the positive definiteness of the discrete conformation tensor C} is proven.

Proposition 6.9. (local in time existence preserving positive definiteness)

Assume Hypothesis 1. Let (f7, F}) € L*(Q)? x L*(Q)**2 and (u} ™, CF 1) € Vj, x Qy, be
given with CZ‘l being a symmetric positive definite tensor. Then there exists a constant
Co1 (U™, CFY) > 0 such that for all At € (0,c,_1) satisfying the condition (6.14) there
exists a unique solution (uj,pp, Cp) € Vi, x Qn x Wy, to the scheme (6.25) with C} being
a symmetric positive definite tensor.

Proof. Let us recall that we denote by y* € RSV the vector consisting of the nodal
values of the solution (uf, p}, C?) of our scheme. For given u}~' the equation

b(uy ™", qn) — Su(Ph " an) = 0, Y an € Qn, (6.29)

has a unique solution p}'~' as it is equivalent to an algebraic system of equations with
an invertible matrix, see Appendix C. Thus, for given vector (u} ™t pi*, C™1) we get
the known vector y"~'. We remind S? denotes the subset of R**? that contains all
symmetric positive definite tensors. It is an open set in R**2. Now, let us denote by
St = S_’;(RﬁN P) the set of all vectors corresponding to the nodal values of the velocity,

pressure and symmetric positive definite conformation tensor. The subset S7 is open in
ROP. Further, we define a mapping L : Rf x 8* — RV? by

L(At,y) := (Xl + At Xy + At Z”_l) y — " (A — AtF

Finding a solution (u}, py, C}) of the scheme (6.25) is then equivalent to finding a zero
of LL for any given vector y"~!. The mapping L is continuously differentiable with respect
to At and y. Obviously, it holds that

Dy L(At,y) = (Xi + At X, + AtZ" ).

n—1

Let us recall that the dependence of r~* on At is only related to the computation of the
backward flow such that r"~!(0) = y"~'. Therefore, at the point (0,y"!), it holds that

L0, y" ") =0 and D, L(0,y" ") = X. (6.30)

The matrix X; is an invertible matrix, since it is a block lower triangular matrix with
the non-singular matrices on its diagonal, see again Appendix C. Due to the implicit
function theorem and (6.30) there exists a neighbourhood [0, ¢"™!) x U(y™™!) of (0,y™!)
in R§ x 8* and a continuously differentiable function R : [0, ¢,—1) — U(y™!), such that
forall 0 < At < ¢,

R(At) =y < L(At, R(At)) = 0.

The positive constant c,_; depends on y" !, v,e, and on the triangulation 7, of the
domain. [
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6.4. The semi-implicit linear scheme

The above result imposes a limitation on the time increment which depends on time-
dependent data.

Remark 6.10. The proof of Proposition 6.9 follows the idea from [21], where the fi-
nite element approximation of the Oldroyd-B model is studied. Roughly speaking, the
discontinuous Py-approrimation of the conformation tensor allows the authors to find a
discrete free energy estimate. Then the global in time existence of the approrimate solu-
tion preserving positive definiteness of the discrete conformation tensor can be shown.

Here we consider the continuous piecewise linear approzimation of the conformation
tensor and thus (C)~! & W,,. Therefore we are not able to derive the discrete free energy
estimate unless modifying the scheme by employing a projection onto the discontinuous
piecewise constant finite element space.

The positive definiteness of the discrete conformation tensor is an important prereq-
uisite in order to perform the stability and error analyses for the semi-implicit linear
scheme. We can conclude that
the positive definiteness of the conformation tensor for the diffusive Peterlin model is

preserved at the continuous level, c¢f. Lemma 3.3

the linear numerical scheme (6.25) enjoys unique global solution, cf. Proposition 6.8

for enough small At there exists a unique solution (u}, py, C}) with a symmetric pos-
itive definite matrix C}, cf. Proposition 6.9

all numerical experiments, for enough small At, retain the positive definiteness of Cy,
see Chapter 8.

For further analysis we therefore consider apparently natural assumption.

Hypothesis 2. (positive definiteness of discrete conformation tensor)

There exists a constant co(u), C%) > 0 such that for all At € (0,cq) satisfying (6.14)
there exists a unique solution (up,pp, Cp) with C}' being a symmetric positive definite
tensor for allm =0,..., Nr.

Our extensive numerical tests indicate that the upper bound ¢y of the time increment
At seems to be independent of the numerical solution.
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and error analysis

In this chapter we present the numerical analysis of the diffusive Oseen-type Peterlin
model approximated by the pressure-stabilized characteristics finite element method.
Firstly, the weak formulation and the semi-implicit linear scheme, introduced in the pre-
vious chapter, are recalled and the preliminary results, needed for the stability and error
analyses of the problem, are included. In Section 7.2, the stability of the numerical
scheme, by showing a priori estimates of the discrete solution, is studied. Afterwards, in
Section 7.3, the optimal first order accuracy of the discretization scheme is proven. More-
over, assuming more regular data, the higher energy bounds are shown in Section 7.4.
Finally, a comparison with an implicit nonlinear scheme is provided.

7.1. Preliminaries

In the entire chapter we assume Hypotheses 1 and 2 hold true. It means we suppose
that w € C([0, T]; Wy*°(€2)), and the symmetric discrete conformation tensor is positive
definite. In addition, we assume condition (6.14) on the time increment At is satisfied,
ie. At € (0, Aty] for Aty > 0 satisfying

Aty <

oX7 1
and det < ! (x)) >—, Vne{0,...,Np}, VAte (0,At.
W] .0 O 2

We introduce the discrete norms and semi-norms that shall be used in this chapter.
Let X be a functional space. Then we define

N 1/k
. n . n||k
||g||l°°(X) = n:%}?fCNT 19"l x » ||9||lk(X) = (Atn; lg HX) ’

1/2

1/2 Ny
n| . ni 2 . n
" | = (Z hi Vg ||2,K> o dleq = (Nz lq |i)
n=1

KeTy,

The notation ||-||, , stands for the L?-norm over the triangle K. Similarly, we might use
different norms over K or its edge 0K, i.e. ||| x and [|-| ,x , respectively.

Now, we remind the weak formulation (6.3) and the stabilized Lagrange-Galerkin
scheme (6.25) for the diffusive Oseen-type Peterlin model derived in the previous chapter.
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Weak solution
Let the external forces and the initial data
(F,F) € L2(0,T5 LX(Q)?) x L2(0,T; LA(Q)>2), (u°,CY) € L2(Q)? x ()22,

respectively, be given, with C° being a symmetric positive definite tensor. The triple
(u,p,C) : (0,T) - V x @ x W is called a weak solution to the Oseen-type Peterlin
model if (u(0), C(0)) = (u’ C°) and if it satisfies for t € (0,7

S

,v> +A((u,p) (1), (v,q) ) = =(tr C(t) C(1), Vv) + (£(t), V) (7.1a)

(DSY)D> +2a:(C(1). D) = ((Vu(®)C(t) + C(t)(Vu()", D) -
— ((rC(t))’ C(t), D) + (trC(t) I, D) + (F(t), D) (7.1b)
V(v,q,D) eV xQxW.

We recall that V = H}(Q)?, Q = L3(Q2) and W = H'(Q)?**? are the functional spaces.
The bilinear form A, cf. (6.2), is given by

A((w,p)(1), (v,9)) = vau(u(t),v) + b(u(t), q) + b(v, p(t)).
Remark 7.1. The weak formulation (7.1) for w = u is equivalent to the weak formula-
tion (5.9) of the diffusive Peterlin model, cf. [142].
Discretization scheme
Analogously, let
(£, Fr) € P(L*(Q)%) x P(LX(Q)*?), (uy, Cp) € Vi x Wy,

be given. The matrix C is also assumed to be symmetric positive definite. We seek the
discrete solution (uy, pp, Cp) C Vi, X Qp x W), that satisfies for n = 1,..., Ny,
up —u} o X7
At

7Vh> + ‘Ah( (UZ’pZ) ) (Vh’ Qh) ) == (tl" CZ Cz_l’ vvh) + (f’?’ Vh)
(7.2a)

cr—Crloxn
( h Aht 1 ,Dh> —+ &TGC(CZ, Dh) — ((VHZ)CZ*l + C;LFI(VUZ)T, Dh) _

— ((trC;71)2C,Dy) + (0 G LDy) + (F,Dy)  (7.2b)
V (Vi, qn, Dn) € Vi X Qp X Wi,

Let us recall that the conforming linear Lagrange elements are used to approximate the
velocity, pressure as well as the symmetric conformation tensor. We refer to (6.20) for
the definition of the finite element spaces V;,, Qp, and W},. See (6.22) and (6.23) to remind
the stabilized form

Ah((uh,ph), (Vh, qh)) = vay(up, vi) + b(an, gn) + b(Vi, pn) — Su(Pr, qn)-
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Constants

We use ¢ to represent a generic positive constant independent of the discretization pa-
rameters h and At. The constants with a particular meaning in this chapter are

o= (0, e = (IWlogin) (7.33)
cri=c (£, Fp) cni=c (HW“WLOO(W“’O)) |

- stability result
¢ = exp {cl T}, c]=c¢cc (T1/4,€_1/4) , C5i=CcC (TI/Q, Yy, 1/x/E) (7.3b)
- error estimates
c,=¢C (u(,)” C%) , C2 1= Cy (HCHHl(H?)) y €3 = C3 (HquHl(Hl))

= eXp {C (6, C;, Cf, T7 1/1/’ 1/57 1/1/257 ||WHC(W1!°°) s ||(u.7 C>||H1(H2XH2)) }

(@]

(7.3c)
& =cc (Tl/Q’ VN Y Y VENE Wl e » Il (1 C)||H1(H2><H2))
& =i e (er a5, 0000, TV V251 05)
- higher a priori estimates
¢:=exp{c(cr, o, Ciscp, 6, T, v, Ve, /%) }
cf ==¢c (h07 Co, C1, C11, Ci, Cf, C, TY2 v, v, Y o, e/ o, e, 1/\/5)
ch=c (Cl;Ci,Cf,é, AT, TV v yw, Y, ﬁ/\/g) (7.3d)
dyi=c(er e, 0,6, TV, 1,12, VE)

In what follows, we list the preliminary results needed for the analysis of the pressure-
stabilized characteristics finite element method applied on the Oseen-type Peterlin model.

Lemma 7.2. (upwind point estimates)

Assume Hypothesis 1. Let the condition on the time increment (6.14) be satisfied, and
let p € {2,2x2}. Then, for the mapping X7 : Q — Q given by (6.6) and for any
n €40,...,Nr}, it holds that

lgo XTll, < (1 +aAt) gl Vg e L Q) (7.4a)
lg —go X{ll, < ct(gll,, Vg e H'(Q). (7.4b)

Moreover, if w € W1>(0,T; Wy ™(Q)?) then, for any n € {1,..., Nr}, it holds that
|lgo X7 —go X7, < en(At) Il Vg e H (Q)P. (7.4c)
Proof. First, we give the proof of (7.4a), cf. Lemma 1 in [129]. Let J be the Jacobian

of the transformation from z to y = XJ'(x). Then we can rewrite the left-hand side of
(7.4a) as follows

n|2 __ n 2 - 21 7—1
lgo X115 = | lgxi@) de = [ g |dy.
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7.1. Preliminaries

For the Jacobian of the transformation y = x — w™(z)At it holds that

dy 1— 8w1 JAt 8“’?@) At
J = det ((,%) = det ( an Zm AL 1 a%f A
wy (x )3%( ) Owi (z) dws (x)
01, 019 0xs Oz

Hence, |J — 1] < ¢;At. Since the condition (6.14) assumes At to be small enough such
that J > 1/2, it holds that

=1—divw"(2)At + (At)? — (At)2

1
§§1—01At§J,

and consequently,

J = <14 2¢At,

o 1
J_l—ClAt

which concludes the proof of (7.4a).
Next, we follow the proof of Lemma 6 in [111]. Let any n € {0,..., Ny} be fixed. Let
us now define

y(x,s) =z — sw"(z)At
for s € [0,1], and let Js := det(dy/0z) be the Jacobian. It holds that J; > 1/2 for all
s € [0, 1]. Further,

g(r) — g0 X7 () = [gl(e. )], = At [ (w'(@) - D)glyle, ) ds.

The Holder inequality and the transformation from x to y together with the evaluation
of the Jacobian J; yield inequality (7.4b). Indeed,

lge) — g o XP@IE < (207 [ [ 1w (2) - D)yl ) ds d
<2807 [ Vel ds

2
< a(At) |lgll, -
Finally we prove, in a similar way, the last inequality (7.4c). For n € {1,..., Nr} and
s € [0,1] we define
y(r, w(x,t(s))) :i= o — w(z, "1 + sAt)At.

Once more J, := det(dy/0z) is the Jacobian. Let us note that again J, > 1/2 for all
s € [0, 1]. Analogously as above, we can write

0

_ _/1 Og(y(w, w(z,(s)))) ,

_ (A1 /0 (%": v) e(y(z, w(x, 1(s)))) ds.
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7. Stability and error analysis

Similarly, changing the variable from x to y we obtain

(%"t" ~ v) B(y(aw(a,t(2)| ds do

1
< 2en(At)* [ |Vl ds
< en(An) g,

HgoX{l_l—goX{le < (At>4/9/01

which concludes the proof. [

We also refer to [112] and the references therein for general inequalities of type (7.4).
For the higher a priori estimates of the discrete solution we shall estimate some integrals
over edges OK of an element K. Let us prepare the following lemmas.

Lemma 7.3. (multiplicative trace inequality)

Let {Th}nnp0, b € (0, hg), be a family of regular triangulations T, = {K}Y5 of Q. Then
there exists a constant vy > 0 independent of h, K such that for K € Tp, g € HY(K), it
holds that

2 — 2
19115 05 < 1 (191131 1911256 + P Hlgll3 1) - (7.5)

For the proof see, e.g., [44, 92]. The so-called inverse inequality, cf., e.g., [33], follows
immediately.

Lemma 7.4. (inverse inequality)

For a regular affine family {Ty}no of triangulations satisfying the inverse assumption
and for S, C H'(Q) there exists a constant C = C(0y,09) > 0 such that for all g, € Sy,
it holds that

”VthQ,K <Ccn ||9h||2,K- (7.6)

Here o1, 09 are the constants of (6.16) and (6.17), respectively.

Remark 7.5. We note that we work with a suitable family of triangulations and more-
over, our finite element spaces are H'-conforming, i.e. Vi, C H*(Q), Qn C HY(Q), and
Wy, € HY(Q). Thus, the inverse inequality can be applied on vy, € Vi, pn € Q1 as well
as on Cy, € W),

In the proof of the higher energy estimates we shall employ a straightforward conse-
quence of the above two lemmas.

Corollary 7.6.
Under the assumptions of Lemma 7.4 there exists a constant C = C(o1,09,71) > 0 such

that for K € Tp,, h € (0, hg) and for all Dy, € Wy, it holds that
||Dh||2,aK < Ch='/? HDhHQ,K‘ (7-7)

Next lemma recalls the standard linear interpolation operators and the corresponding
interpolation errors. For more details we refer to, e.g., [26, 33, 34].

96



7.1. Preliminaries

Lemma 7.7. (interpolation errors)
Let {Th}n~p be a reqular family of triangulations. There exist linear operators

I, : H*(Q) — M, I : L3(Q) — Q.

Here 11, denotes the Lagrange interpolation operator, cf. (6.19), and II$ stands for the
Clément interpolation operator. Let

I, : H*(Q)?* — Xy, I, : H*(Q)>? =Y,

be the Lagrange interpolation operators for vector-valued and matriz-valued functions,
respectively. Then, for some positive constants 7o, v3 and 4 independent of h it holds
that

v — V||1,2 <mh ||V||2,2 ; Vv e H*(Q) (7.8a)
ITuD =Dl 5 < 93/ D]l VD € H(Q)> (7.8b)
[1€q —qf|, < vahlall, Vge LiQNH(Q).  (78)

Remark 7.8. Let us recall that My, is the finite element space of continuous piecewise
linear functions. It holds that X}, = M? andY;, = M7**. Then the Lagrange interpolation
operator is defined for vector and matrixz functions by

I, : H*(Q)* = X, (IT,v); = s, v € H*(Q)?
I, : H*(Q)**? =Y, (I,D);; == [,D;;, D € H?*(Q2)**,
for 1,5 = 1,2, respectively. We use the same notation for the Lagrange interpolation

operator for the scalar, vector and matriz-valued functions.
The interpolation operator II, has the following properties.

Proposition 7.9.
Let T}, : H*(Q)**? — Y}, be the Lagrange interpolation operator. Then it holds that

(i) IM:Dlly < ¢||MDll,, < c[Dll,,. D € H*(Q)*,
(i) if D € H*(Q2)**? is a positive definite tensor, then 11D € Y}, is also positive definite.

Proof. The first inequality in (i) holds due to the Sobolev embeddings theorem. The
second inequality follows from the error of the interpolation operator, cf. [33]. Indeed,
it holds that

ITT,Dly, < [T,D = Dy, + D]y, < (35 % +1) D]y, < ¢ D]y,

The proof of (ii) follows. For any scalar function g it holds that if g > 0 then II,¢g > 0. For
a positive definite tensor D we have 7 Dz > 0, see Section 3.2. Thus II;(z” Dxz) > 0.
The linearity of the operator implies

2 2
0< Hh(.TTDﬁ) =11, (Z .TZ'DUZL‘]) = Z X; HhDij T = ZL‘T HhD.T,

ij=1 ij=1

which concludes the proof. O]
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7. Stability and error analysis

In order to study the accuracy of the discrete scheme we also need to define the so-
called Stokes projection.

Definition 7.10. (Stokes projection)
For (u,p) € V x Q we define the Stokes projection (Gp,pp) € Vi, X Qp by

An((an, bn), Vs an)) = A((W ), (Vs @), Y (vaan) € Vi x Qu, (7.9

or equivalently

v ay(Qp, vi) + 0(0n, qn) + 0(Va, Pr) — Sk (Prs qn) = v au(u, vi) + 0(u, gn) + b(vi, p).

It is possible to show the first order accuracy of the Stokes projection defined above.
To this end, we need the following result obtained by standard scaling argument, cf. [56].

Proposition 7.11.
Let {Thn}n~p be a reqular family of triangulations satisfying the inverse assumption (6.17).
Then there exists a positive constant 4 independent of h such that

lanln < vallanlly, Y an € Qn.

Proof. By definition (6.26) of the semi-norm |.|, and by the inverse inequality (7.6), we
have

2

h

2 2 2

|Qh|i = Z h%{ ||th||2,K <C? Z }TIQ{ ||Qh||27K < llgnlly
KeTh KeTy,

since hg < h < o0y hg. O

Employing the generalized inf-sup condition (6.24) and the interpolation errors (7.8),
the error of the Stokes projection can be shown. The result follows, cf., e.g., [28, 111].

Proposition 7.12. (error of the Stokes projection)

Suppose (u,p) € (VN H*(Q)?) x (Q N HY(Q)). Let (Gy,pr) € Vi, X Qp be the Stokes
projection of (u,p) defined by (7.9). Then, there exists a positive constant C = C(v)
such that

Hu - ﬁh”v; ||p _ﬁhHQ7 |p _ﬁh|h <Ch H(u7p)||H2><H1 :

Proof. Let IIj, and II§ be the Lagrange and the Clément interpolation operator, respec-
tively. Then Lemma 6.6 together with the definition of the Stokes projection (7.9) allows
us to write

H (ﬁh — Iy, pp — ng)‘

VxQ
- 1 - An ((ﬁh — yu, pp, — 15 p), (vi, Qh))

Y (Vhan)EVaxQn [(vas @) llv g
1 A ((11 — yu, p — 105 p), (v, %)) + Sn (s qn)
" Y nanevixas [V a0y <

<c(v[D(u—Tu)|, + [[u—Thully, + [p = TIFp||, + Ip = T Dl + [pls) -
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7.2. Stability of the scheme

Consequently, Proposition 7.11 and the interpolation error of the Lagrange and the
Clément operators, cf. (7.8a), (7.8¢), yield

H (ﬁh — Ipu, py — ng)‘

vxg = W) (H (0= Tup—T17p) [+ |p|h)

< c(w)h ()| g - (7.10)

The error of the Stokes projection can be rewritten as

I = 0 = Py = [ = T+ T = e, p = T+ 10 = )|,

< H(u — pu,p — HgP)HVXQ + H(Hhu — G, 1T p — ﬁh)HVXQ :

where the first norm on the right-hand side is nothing but the interpolation error given
by (7.8a) and (7.8c). The second term is bounded by (7.10). Consequently,

(0 =5, p = Pn)lly g < @) g2
which concludes the proof. O

After preparing the useful preliminary results we proceed with the stability and error
analyses of the semi-implicit linear scheme for the Oseen-type Peterlin model.

7.2. Stability of the scheme

The first main result of this chapter concerns the stability of the numerical scheme. This
section demonstrates the natural a priori estimates of the discrete solution that, in fact,
imply the stability of the scheme.

Theorem 7.13. (stability result)

Suppose Hypotheses 1 and 2 together with condition (6.14) hold true. Let the external
forces (£, F1,) € 12(L*(Q2)?) x I2(L*(2)**?) and the initial data (u,CY) € Vi, x W}, be
given, CY being a symmetric positive definite matriz. Let (uy,, pr, Cr) C Vi X Qp x W),
be the solution of the semi-implicit linear scheme (7.2). Then there exist some constants
¢ and ¢ of (7.3b) such that

[0 10e 22y s V[ DO L2129 5 PRl
< a( [, + [|tx A, + 1Ellizgez) + ||tth||p(Lz))

HChHPO(LQ) ) \/E HVChHP(L?) s |[tr C{lch

12(L?)

< i ], = s, = i+ i+

2 2
+ ||fh||z2(L2) + ||Fh||l2(L2) + ||fh||z2(L2) + [[tr Fh||12(L2) >
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7. Stability and error analysis

Proof. The proof follows the idea of the formal energy estimates from Section 3.3. Hence,
due to the positive definiteness of the discrete solution C} we find the a priori bounds
in two steps.

Step 1

We find the energy estimates for the approximation of the velocity, pressure and the
trace of the conformation tensor. Let (uy,pp, Cp) be the solution of the scheme (7.2).
Substituting

1
(u;;, b} 5ty I) € Vi, % Qn x Wy

into (v, g, Dy) in equations (7.2), we get

up —u) o X7
At

) A (o) a ) = = (trC O V) + (57
(7.11a)

Cr —tr (CloXn
(tr h r2<Ath o 1),trCZ)+;ac< ZytrCZI):
_ (trcz_l,tl"CZ) + ;(HFZ,trCZ)—G—

1 1
+ §(tr (Vup)Cp! + Cp (Vap) '] tr Gy ) - 5 (trCp)trCy e Cy ).
(7.11b)
By inequality (7.4a) from Lemma 7.2 we obtain

n __ ;n—1 n
(S ) = 5 {5 (= oot )+ 5 o o e

= 1 e S
> D (5 I312) = e g (7.122)

Y

and in the same way,

(tr Cp —tr (Cpto X7)

_ 1 2
N tr cg) > Das (4 el Hg) —awop | (a2p)

The evaluation of the other terms in (7.11) read

Ah( (u;zl:pZ) ) (u?w _p}:)) =V ay (UZ» 112) + b(uz7 _pZ) + b<uzap2) - Sh<p;zl7 _pZ)
= 2v||D(u)||3 + dolpi 7 (7.12¢)
6 n n 8 n
§aC<Ch,trCh 1) = 5 IVt C; [& (7.12d)

1

5 ((tr Cr H)*rCy tr CZ) = ; Htr Cy'trCp ‘ z , (7.12¢)
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7.2. Stability of the scheme

and using the Holder and the Young inequalities,

— n n 1 n— 2
(trCp ' trCp) < B [er Cp 5 + 7 |rci ] (7.12f)
n n n 1 n
(8 wi) < B2 g + - g7 1 (7.12g)
1 1
S (PR R ) < Byl G + - e B, (7.121)

for appropriate 3; > 0, i = 1,2. Moreover, identity (3.14) for u = u}, C = C}* yields
n n—1 n 1 n n—1 n—1 n\T n :
(tr Cy C} ,Vuh) — §<tr {(Vuh)Ch +Cy (Vuy) ],tr Ch) =0. (7.12i)

We sum up (7.11a) and (7.11b). Taking into account all the estimates (7.12) we obtain,
for all n > 1,

2 1 n|2 1 n (|2 ny||2 n
Dar (i 033+ 5 e G 13) + 20 D) + ol +
€ n (|2 1 n— n |2
+5 IV CRl5+ 5 e tecy | <
n—1 2 n—1 2 1 n—1 2
<er (o3 +[erci[3) + g5 froi [+
1 1
nj|2 n (|2 n |2 n|2
+ B2 g lly + 261 [tr Cy {5 + = 161, + o5 ltr Fill; -
455 81

The above inequality, employing the notation from the discrete Gronwall lemma (2.7),
can be rewritten in the form

Daja™ +y" <aga" +aya" ' + b,
where
1 1 1
Tt = ||u2||§ + - ||tI'CZ ||§7 Qg = 2/62 + 851, a =c + —
2 4 5
n n 2 n 19 nn2 ]_ n— n 2
y" = 2 |ID)ll; + dolppl5 + 5 IVer G 3 + 5 ot er G |

1 2 1 2
b = — [T + — |[tr F7l5 .
15, 1815 + g5 I FRl

Therefore, choosing the constants 3; and 2 such that At < 1/240 = 1/(48.+168,), we obtain,
by the discrete Gronwall inequality,

2

)

2 + Htr Ci'trCj,

I + 3 o G 12+ A0 > (40D, + 20094 + < [Ver €
=1

2
>>7n21.
2

112 .
£il| + |[trF

<e? nAt<Hu2Hz + ; Htr CZHE + cAtXn: <
i=1
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7. Stability and error analysis

Finally, the a priori bounds for the approximation of the velocity, pressure and the trace
of the conformation tensor follow

Huhle(LQ) > \/; HD(uh>Hl2(L2) ) |ph’12(‘~|h)’
e Calliw gy - VE IVt Calligay [0 G 't Ca

s¢ (H“%HQ T Htr C?LHQ + [[fnlli2 2y + lltr Fhle(Lz)) - (7.13a)

Using the interpolation inequality (2.8b) we get

R 1 1/4
Itr Callyagpay < éc (T + 5) (Jfuf ], + [ler o, + 1Enllizguz) + ler Fallagey ) -
Then the positive definiteness of C} implies, by the norm equivalence (2.9a), that

IC ey < & (], + [t O, + Iullizguz) + 6 Enllzgizy) (7.13b)

Step 2

To show the analogous energy estimates for the discrete conformation tensor C,; we
employ the above a priori bounds (7.13). By substituting C} € W}, into D, in equation
(7.2b) we get

<CZ — CZ_I o X7

3 , c;z) +ea.(Cp,Cr) = (Vup)Cp' + 7' (Vup) ", Cf) —
— (rCp e, cp) + (eCpt e Cp ) + (Fp, C).

The terms of the latter equation shall be treated similarly as in the first step. The
analogous estimates of (7.12b), (7.12d) - (7.12f), (7.12h) with the appropriate constant
B3 > 0 read

(ST ) > b (3 10218) — e e

2At
ca.(Cy,Cp) =€ |VCl3

((reitreq.cp) = feci G
(trep ) < sl p I + o fer i
<2 |y} + 2; e,
(F7.Cr) < 85 IChll; + ||F 2

Further, the term coupling the velocity and the conformation tensor can be now handled
due to (7.13). The Holder and the Young inequalities yield

(Vapcit + G (Vap)”, €;) < SVl + e[ + S Icils
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Combining all the estimates above we get, for all n > 1, the inequality
Dai (5 1CHIE) + e IV + Htr ol <
e R s e o IH +

n||2 n|4 ni2
+303 [|Chlly + |Gl + e[ Vugll; + HF [

that again has the form (2.7b). Consequently, by employing the discrete Gronwall in-
equality with the constant 3 satisfying At < 1/128;, we obtain

2
)<
0] =

<o mt@ i+ cary: (v

Hc ||2+Atz< [vail + |rcitc;

el + e

2
)
for all n > 1. This means

Hchnlm(m +e|VCulE e + [tr O el

12(L2) =
< eCIT< HC?LH2 + IVl 2y + 1Chllis ) + At HC?LHi + s )

(7.14)
The Korn inequality and a priori bound (7.13a) imply

2
IVanlf 2y < c<1/u>e2qT(Hu2H2 + ||t |, + 1Ellioguz) + ||tth||l2(L2)) . (1.15)

Similarly, a priori bound (7.13b) yields

4
ICs ez < <ci>4(Hu2H2 + ||t o, + 1Ellizuz) + Htthnp(Lg)) : (7.16)

Therefore, combining (7.14) - (7.16), we finally obtain the a priori bound on the discrete
conformation tensor

||Ch||lo<>(L2) ) \/E ||VCh||l2(L2) s ||t Ch_lch

12(L2)
< cé(HuﬁHQ + e, + bl + 2], +
+ 1 Eullzgrzy + [€allciz) + 1 Fallze + ||tth||122(L2)>'

(7.17)
This concludes the proof of Theorem 7.13. n
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7.3. Error estimates

This section aims to present the error analysis of the pressure-stabilized characteristics
finite element approximation of the Oseen-type Peterlin model. The discrete scheme has
been derived using the first order approximation of the material derivative and employing
the conforming linear finite element approximation, cf. Chapter 6. The optimal first
order convergence shall be proven.

In order to prove the accuracy of our numerical scheme we need to assume more regular
weak solution.

Hypothesis 3. (reqularity assumptions)
The solution (u,p, C) to the problem (7.1) satisfies

(w,p) €[22 NH'(0,T;V 0 HA(Q)?)] x H'(0,T;Q N H'(Q))

7.18
Ce Z*NHY0,T; H*(2)*?). (7.18)

The main result on the error estimates follows.

Theorem 7.14. (error estimates)

Let us assume Hypotheses 1, 2 and 3. Let condition (6.14) on the time increment At
be satisfied, and let (£,,F1,) = (f,F). Further, let u) € Vj, be the first component of
the Stokes projection of (u°0), and let C) € Wy be the Lagrange interpolation of a
symmetric positive definite tensor C°. Then, for a time increment satisfying additionally

1
At <
¢ (1/v,1/2, 10, C)ll i1 g2 1))

there exist some constants ¢ and ¢§ of (7.3), independent of the discretization parame-
ters, such that

)

Ju— uh||loo(L2) Vv || D(u — uh)”zZ(Lz) » [P = prlizq, 1€ — Ch||l°°(L2)

< Ci{h H<u7p7 C)HHl(O,T;H2><H1><H2) + At H(u7 C)”ZQ(O,T) }

VellV(C - Ch)”ﬂ(m) < Cg{h [(u, p, C)HHl(O,T;H2><H1 xH2) T At | (u, C)”Z2(0,T) }v

where (u,p, C) is the solution to the weak formulation (7.1) of the Oseen-type Peterlin
problem and (un, pp, Cp) is the solution of the semi-implicit linear pressure-stabilized
characteristics finite element scheme (7.2).

Proof of Theorem 7.14

The proof is divided into three parts. We start by introducing the error and its suitable
decomposition. In the second part we derive the equations satisfied by errors. The last
part contains the error estimates that shall be obtained in two steps.
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7.3. Error estimates

Decomposition of error

We begin the proof by the definition of the approximation error. Let

(un, pr, Cp) = {(UZ>PZ» CZL)}:[; C Vi X Qn x W
be the discrete solution of scheme (7.2) and let
{(wp,C)(1); te (0,1} CVxQxW
be the solution to the weak formulation (7.1). Further,
(i, Pn) (£) € Vi X Qp
is the Stokes projection of (u, p) (t) € H?(2)? x H'(Q) defined by (7.9) and
I1,C(t) € W,

is the Lagrange interpolation of C(t) € H?(Q)**2.
At time t", we define the error e™ of the approximation of the velocity, pressure and
of the conformation tensor by

L=, =yt g el = O = (719)

respectively. Now, using the Stokes projection of (u,p) and the Lagrange interpolation
of C, we decompose the errors into two parts

€y = (u" —43)+(ay — uy) = Ny nt0yp
€p (p" — pp)+(Py — pr) =0yt (7.20)
ep = (C" = I, C")+(II,C" — C) =t 0., +00

The first one stands for either the error of the Stokes projection, n; ,, n;,, or the in-
terpolation error, n;,. These terms are easily evaluated due to Proposition 7.12 and
Lemma 7.7. In the course of the proof, we shall use the following estimates

n 2 n 2 n n\|2 nn2
Hanll,, + ], < PR N D) i + 35 B 1IC7 3
(7.21a)
2 2 < 2),2 2
Hnu,h’|H1(tn717tn;L2) + an7hHHl(t”71,t”;L2) -~ C(V ) H(u’p)|’H1(t”*1,t”;H2><H1) _|_
+ V3 h2 ||C||12T—Il(tn71’tn;H2) . (721b)

Since, in particular, it holds that |le|| < ||0]| + ||n|| , it is enough to acquire the estimates
of -terms to bound the errors e,, €,, .. The second parts of the errors, oy, d,, and
dcp, shall be determined from the system of equations corresponding to the Oseen-type
Peterlin model. More precisely, in the next part of the proof, we derive the equations
satisfied by errors. Afterwards, by choosing a proper test function, we get the equations

for -terms.
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FEquations satisfied by errors

Let us consider the weak formulation (7.1) at time step ¢" with the Stokes projection

and with (vj,qn, Dy) € V x Q x W as the test function

<DD“;,W> + A (63, 57), (i, qn) ) = = (tr C" C", Vv,

(Dcn Dh> +20,(C", D) = ((Vu)C" + C"(Vur)7, D) -

Dt
_ ((tr c)? C",Dh) + (tr ok I,Dh>.

We recall equations (7.2) satisfied by the discrete solution at time step t", i.e

u? — un—l o Xn . ) n_
( —A ’Vh> + A (0}, 07), (viy ) ) = = (tr C Cp 7! Vv

(Cn SRS Dh> +ea,(Cp,Dy) = (Vup)Cp" + Cp 7 (V)" Dy, ) —

At

— ((trC;71)2CDy) + (0 G 'L Dy) .

The difference of the above pairs of equations yields the error equations for the velocity

and pressure
er —el o X Du"” u"—u"'oX}
( At ’Vh> * ( Dt At ’Vh> *
v ay (805, vi) + b (00 @) +b (Vi 03) — S (0 ) =

- (tr e C 4 tr Cp et vVh) - (tr c" (C” - C’H) ,vVh) ,

and for the conformation tensor as well

e?—? o X7 DC* C" — C”loX{l " B
(Et X, ) (5 - oG X b s ca b -

= ((Vepcr= + Cm{(Ven)" + (Vup)el ™ + el (Vuy), D) +
+((Vu?) (C" = C" ) + (C" = ") (Vu")T, Dy,) —

~ (((trC")? = (trcm)?) €, Dy, —

— (€ PC" = (tr 7 Cp D) + ((trC" = tr C 7L Dy).

Let us substitute
(00, =000, 02) € Vi X Qu x W),

into (vy, gn, D) in both error equations. Then in (7.22) we get

b (625 —0ps) + (00, 00,) =0.
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7.3. Error estimates

We add the resulting equations together, in order to handle the coupling between the
equations for the velocity and for the conformation tensor. Then, by (7.20) we get

n n—1 n n n—1 n
S ) A G S
Ly
vy (524, 524) = S (s —0p) + 2 ac (00, 024) =
Ly
= —ca, (nf’h, 5Zh) —
—
—(repCr e Crer ! ey, ) — (trC (Cn = ¢t var, ) +
Iz I3
+((VenCr 4+ € Y(Ven) + (Vup)er ™t + el (Vuyp), a2, ) +
Iy
+((vur) (C" = "1 + (C" = 1) (Va8 ) + (7.24)
I5
(e —wCpLay,) - <<(tr cn)? - (trC”_1)2> cr, 5gh) -
Is I,
—((trCcm12C" — (tr G712 CLon) —
Ig
B (Du” u - u"lo X7 5 ) B (UZJL — o X7 5 ) _
Dt At »Twh At > Tk
Iy Lo
_ (DC” O - Crlo X7 5 ) B (ngh —nzgl o X7 5 )
Dt At PTeh At ek )
I Iz

We denote the right-hand and the left-hand sides of (7.24) by

12
i=1

and L := Ly 4+ Lo, respectively. The last part of the proof contains the estimates of
integrals Ly, Ly and [;, i =1,...,12.

Estimates of errors

Using the error equation (7.24) we are able to find the proper bounds of J-terms, which,
in combination with (7.21), will conclude the proof of Theorem 7.14. However, the bound
on [|Véenl|22) will be determined afterwards using the results from the first step. The
reason for two-step proof is explained at the end, see Remark 7.15.
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7. Stability and error analysis

Step 1

Let us firstly bound the left-hand side of (7.24) from below. Analogously as for (7.12a)
in the proof of Theorem 7.13, we get by the Holder, the Young inequalities and by (7.4a),

on ), — 0yt o X7 o, — 0l o X7
Ly = i N I e ,Oc,
At ’ At ’
I 1 n |2 1 n |2 n—1||?
> (3l ) o (st ).
Obviously, it holds that

2
LQ:V%( 2 0n) = Su (00 —0ps) +eac (02, 02,)
D(074) H + dol0 h|h+5HV5 ‘

The lower bound of the left-hand side then becomes

s+
u,h 9

L2 Da(5 o+

n
5ch

6n—1H )
c,h 9

; >+2uHD 5|2+ solop i + = [wor

2|

(7.25)
—ar (ol +

We proceed with calculations for the right-hand side of error equation (7.24). We shall
estimate the integrals I;, 1 = 1,...,12, separately. Our aim is to find a proper evaluation
of these terms such that the discrete Gronwall lemma (2.7) can be applied, resulting
in the desired estimates of d-terms. In general, we employ the Holder, the Young, the
Korn inequalities, the interpolation inequalities (2.8) and the norm equivalence (2.9).
The positive constants a; = ¢(v), as = c(e) and ag = c¢(e) arising from the Young
inequalities will be specified later. Let us begin with the simplest integral. The Holder
and the Young inequalities directly yield

—I < %HV&Zh ’ ’z

—l—?;E ’VU?,h

Further, we consider the terms arising from the divergence of the elastic stress tensor
and from the upper convected derivative, i.e. integrals I, - I5. For the first two terms
we can write

—hh—Iy=—(tre} C" '+t Crep ', Vay,) — (rC” (C" = C" 1), V4l
—(wer (e —cm),van,) - (e, L VeL,) -
— (trT,Cm iyt Var,) — (trar, TLC™ !, Ve, ) — (e Cp oz, Var,)
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7.3. Error estimates

The resulting integrals are estimated, by the Korn, the Holder, the Young inequalities
and (2.9a), as follows

(trcm (c—c ), vay,) <

Io|C" ¢,

<o o], + - or - ol
< o I8, + ﬁAt ([ FRp— (7.26a)
oty 04 982,) <[] e |
<o [z + 2 e 0% mll, (7.26D)
(eI Cm o, V67,) < on DG + ;’;21 | (7.26¢)
(687, TLC" 1, V6n,) < an D] + z ol (7.26d)

The last term, which induces the necessity of two-step proof, is determined by

(Th) (trCj 02", Var,)

gat)
et (sl st

s [V, + - e G o, + o e ©R 1 e,

<c|p@y,)

< a1 ||D(3;)

< a DL, + s vy 1H+ ||C”||4Hé” I+ o HC“HA\«S” ',

(7.27)

where also the interpolation inequality (2.8b) was used. The analogous term arises from
the following reformulation of the other two integrals

Ii+ Iy = (Ve C™ '+ C 1 (Vel)T + (Vup)el ! + en = (Vup)”, o7,) +

((Vum) (c" = c" ) + (€ = C" 1) (vu)',on,) =

= (Vg + €1 (V)T 8 ) 4 ((Vapme,t + 0l (Vg™ 62, ) +

(Vo ) I C" " + 1,Cm (V)" 0, ) + ((VaR)ar,t + om, (Vag)T, 67,) —

(Va7 )omt + 0, (V)T TG ) + (Va7 )00 + 02, (Var,)T, Cr) +

+ ((Vu") (C" = C" ) + (Cm — ¢ t) (V)T an,)

Here the problematic term can be estimated in the same way, i.e.

(Ty) (Va7 )0 + o (Von,)", Cp)

IR ey e S L Rl A H D
(7.28)

< o ||D(;,)
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7. Stability and error analysis

The estimates of other integrals of sum I+ I5 are included for completeness. Analogously
as above, by the Korn, the Holder, the Young inequalities and the interpolation inequality
(2.8b), we get

(Vaz)Crt 4+ e (V)T om,) < o], + e |V (7.292)
(Vg + i (vag)”, o )<5W"H+ H“lm (7.20b)
(Vo )m,C" ! + e (Ver,)T, 62, ) < o D3 H + 2 ][ ][ (7.29¢)

((vap)an," +om (vap)”, o))
< Il oz, oza],
< Sl + 5 ol e

2

< o, + az |93zl + o IR o], + el v el o],

o R L - LY N Y 200

((Vaz)om,t + 02, (V)T TLC™) < an ||D(ST,)

\24—Zzﬂaghlﬂz (7.29)

((vum) (c" = c" 1) + (C = C 1) (Vur)", on,,)

< c|[Vurll o7, o - e

< ol ivwr iz + 5 Jor - o

aHVMH4¢4WH—+ W"H+aﬁMﬂmwlwm.
(7.29f)

Finally, we can conclude

L+ I+ I, + Iy

< 8ay [D(7) f-+2a2HV®gAE-+2a3HV®g;Wf

2

# (2 SR+ o tCl e o+ (2

2

++@N5H+
g

o Hnﬂ*—!% o+ e b+

+c2 HV% h

+ ZAUCl s -
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7.3. Error estimates

The next two terms on the right-hand side of equation (7.24) can be rewritten as
Is— I = (trC" = ¢y L o7,) — (((rC™)? = (rC™1)?) €™, 47,
= ((tr C" —trC" 1), tr a7, ) + ((tr C ' —trCp '), tréy, ) —
~(rc"— e e e, o) - ((rC" — e € Hr ¢ ey, )
Then the four estimates read
(tre” —trem ™), wop, ) < [rCm —we| |erar, |

2
<l |

E +c Htr Ct—trCc*! )

2 2
S C Hégh ‘2 + CAt ||CHH1(tn71,t";L2)

((tr c !t —trCp! ), tr o0, ) < Htr cl—trCpt H2 Htrégh H2
<c Htr Oeh Hz +c Htr ct—trCpt Hz

IN

efgzall, + ez, + el
(trer —wer e e, ay,) < cllc|g o], [rer —we|
< efom + oA ICI s sy

(e —werwerenan,) < elon] + AtICIE gy -

resulting in

2 12 _1112 2
[6 - [7 S C H(SZ}LH2 _|‘ C “52}11“2 + C H’)’IZh1H2 + CQAt HC”Hl(tn_l,tn;LZ) .

The proper sign of integral Ig, i.e. a positive sign on the left-hand side of (7.24), allows
us to treat the next nonlinearity of the model. We can rewrite this term as follows

Iy = ((trC"1)°C" — (tr G )*Cy o)
=2(tray,! wILC ILC™, 67, ) + (2! eI CMt Cman, ) +
+ (trC et €Y, ) = 2 (trapt eI or, 0, ) —
+ ((tr HhC”_l)QﬁZhﬁZh) + ((tr nhcn—l)%gh,agh) +
(e ary )260,00) — (a7 PPILCT, 6%
Here the key integrals are

(o Vo 00) = oo o,

(o 0ty on,) < g ezt o+ el men;

(ko yPmen,6r,) < inggl 5alls + Jer ot [ Immaen 2,
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7. Stability and error analysis

and the rest is bounded analogously as all the integrals above

(trem eyt Cmony,) <clon| + e ’7?51“2

2 (trop," trIC" T ILC, 07,) < cflon [ + e 52?”2

(trnggl tr I1,C" C",(Sgh) < cl||dgpll, + nZEle

(o) <l -+ s
((tthCn_l) 5Zh752h) < o ||0cn E

The final estimate of I, that is placed on the left-hand side of (7.24), is

t 5n 1 6n n 2 5 2
r nc,h 9 c,h 2

n—1 2
O Hz T

2 1112
e H —c
’2 2 2 |[Tleh ||y — 2

What remains is to deal with the integrals Iy - I arising from the characteristics part
of the numerical scheme. Once more, by the Holder and the Young inequalities, we have

1 n
+ 5 |60 E

Dt At

o Du” u"—u"loX7p 5 <1 Du”" uTL—u"*IO)({L2
P\ Dt At wh ) =9

2

Similarly as in the proof of Lemma 7.2, following [111], let us define
y(s) =z — (1 — s)w"(x)At, t(s) := "' 4 sAt, s € [0,1],

and let J, := det (0y/0x) be the Jacobian of the transformation from z to y. Obviously,

u'—u" o X7 u(x,t") —u(z—w'(z)At, ") 1
At - At - At U.(y(S),t(S)) 0 (7 30)
1/9 '
= [ (5 + ) 9wttt as
0 t
Then we can write
Du"  w'—uw o X{[* | Du(,t) _/1 Du(y(-5),1(s)) ?
Dt At , || Dt 0 Dt )
1 D2 y(x,s1),t(s1)) 2
e dsids| dx
D? ), t(s1) ||
Dt2 2 ds; ds.
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7.3. Error estimates

By transforming x to y and s; to t we get

LID%u(y(-, s1),t(s1)) | D%u(-, 1) |
< V2A / / 2 UG YN g
Dt2 dsl ds < V24 tn—14sAt Dt2 ) 5
2 2
tm a
< cAt ( + (w"(-) - V)) u(-,t)|| dt
m—1 ||\ Ot )

2
< a1 At ||u||Z2(t”*1,t") :
We recall (2.4) for the definition of the functional space Z2, i.e
22 ) = {u € HIE " H29(Q) + j = 0,1,2, [[ull goggn-1 4n) < 00} -

To treat the integral I1o we proceed in the same way. Therefore we obtain

To finish the evaluation of the right-hand side of (7.24) we need to bound the last two
integrals that also contain the upwind point X{'(z). Obviously,

n
5ch

DC" Cr—-CrloXP
_]10:_< o A7 : 5ch> <01AtHCHZ2 gn=1m) T C

n n—1 n n—1 n—1 n
/’7u - nu o X n — n nu - 77u © X n
—I = — ( u A;ﬁh ' 76u,h> == (DAth,h + ek Aéh -, o h)
2
Lia o2 Llmst =i o Xy 0 |2
< B HDAtnu,h ‘2 + B ‘ At + 5u,h ‘2

Similarly as for (7.30), we get

_ 1
HDAmZ,th = (At)g/Q

/ " Oz, t) dt‘ da
t

ot
L2 (7.31)
T At Jimer|| 0t |, '

1 2
< At ||77u,h||H1(tn—1,t”;L2(Q)) '

since we have the following equality

n— ¢
Dy, = Nu (2, 1) A;?u,h(:v,t D [077%15(;%)1%_1, (7.32)
Further, (7.4b) yields
1 -1
R R P e ra
Hence, combining (7.31) - (7.33), we get

Il | 1 2 n—1|?
—411 = ||Oy,n ‘2 + At Hn%h“Hl(t"_l,t";LQ) T C1 [T H12'
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7. Stability and error analysis

The last integral on the right-hand side of (7.24) is determined in the same way as I,
above. Thus, we obtain

no__ n—loXn 9
_[12 _ (nc,h 770,/7, 1 n ) S

n
c,h

2 1 2 1
’2 + At ”nc,h”Hl(tnfl,t";LQ) + ¢ || en H

1,2°

At PYeh

In summary, estimates of the integrals appearing due to the discretization of the material
derivative give

Iy + Lo+ 111 + Ii2

2 2
< cllana], +ellzal, +

2 112 c 2 C 2
+ Cl ,r]’LVrLL,hIHLQ + Cl nZthlyQ + E le]u,h||Hl(tn—17tn;L2) + E ||nc,h’|H1(tn—l’tn;L2) +

2 2
+ 1 At ||u||Z2(tn—17tn) + ClAt ||C||ZQ(t”—1,t”) :

We note the constants ¢;, and cg, ¢3 of (7.3) depend on the norms of w and (u, p, C),
respectively. Choosing the constants a; = /8, ay = €/6 and a3 = £/4, and taking into
account all the above bounds of integrals I;, : = 1,...,12, we arrive at

r<wpEzl+ Il + 5 [Vom, + il + o o, +

n
5u,h

5
5|
L+

e

2|
Co C3

+<++03+02+C>
v e

n
c,h

C2

c n||2 c n|4 n—1l?
#(Z+ UG+ o ICHI + e+t e o+

2 2

+ 5 v+

‘2
+c
9 1

+e2 |Vl

+enjm, n |
Co 2 C2

+(cz—|—) ‘2+(c+02—|—>
14 1%

c 2 c 2
+ E ”nu,hHHl(tn—l,tn;L% + E HnC,h”Hl(tn—l,tn;LQ) +

1,2

(7.34)

n—1
77(:,h H4 +

n—1 2
77¢,h 9 + 3

n
nc,h

2 2
+ ClAt ||u||Z2(tn717tn) + ClAt ||C||Z2(tn717tn) +

Ca 2
+ (et 2) ALICI s -

The n-terms appearing in (7.34) are, as mentioned before, estimated by (7.21).
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7.3. Error estimates

Let us denote
Co C3
a0:c+02—|—03~|—f+*
al —c—|—01+62~|— + ||CnH4 ||CZH?;
c
QQZC(V)<C—|—61+CQ+03—|—€+V+€)
Co
a3=c+C1+62+;-

Then, by (7.25) and (7.34), the equation (7.24) yields for all n > 1,

DAt(; Zh‘z ! hz)_‘_’/HD( Zh)Hi"’ HV&h’ + 00|0p Al +
+;Htr5§gl 5gh] <
san (51l s lmll) « o (Gl + slow'l) + Shwontfy - 39

( ) (u,p, )”?il(t"—l,t”;HQXHleQ) +az h? I, p, C)|‘§11(H2lexH2) T
+as At 10w, ©) Z2(pn-1,0m) -
This inequality can be seen as
Dpaci" + 9"+ s" < aga" +alaz" + "L 40" + 2, (7.36)

where the subsequent notation has been employed

jn:; 53h’ +5 52h’2
yn:V‘ (Oun) H +50| h|h Ht Orn Lo '
Sn:% ’V(sgh‘z

En _ C(VZ) h2
At

9 2

(u,p, C)‘|H1(t"71,t";H2XH1 ><H2) + as At ||(u7 C)||Z2(t"71,tn)
2

z=ayh’ [ (u,p, C)||H1(H2><H1><H2) .

Let us mention that (7.36) is a special case of (2.7b) for 2 = #" + Ats" and b"* = b + 2.
Finally, the discrete Gronwall lemma for (7.35) yields the inequality

o 5l 5 [l + el [waz |+
—|—Atz<yHD( )+ dolsi 2 + 2”tr5 2) <

2 1 2 9
0 I |+ as(A0 (0, ©) [0 +

\Z + At% [vae,

a1t
2

+ h? (C(V2> + a nAt) [(u, p, C)‘ﬁ{l(o,T;H?lexH?) }7 n =1,
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7. Stability and error analysis

where At < 1/240, and
n
K, :=exp {QnAtao + AtZa’i} < exp {c(cl, co,c3,¢1,T,1/v,1/¢) }
i=1
is a constant independent of A and At. Let us note that there is another constant indepen-

dent of the discretization parameters, i.e. az+c(v?)+ax T < c(c1,co,c3, T, V% e,1/v,12/¢) .
Further, it holds that

Ouy = —up =0, o), =11,C* = C) =0, (7.37)

since (u), pY) is the Stokes projection of (u°, 0) and CY = II,C°. Consequently, we can
conclude that

H(S’U,,hHloo(LQ) y \/; HD(éu,h)”l2(L2) 5 |6p,h‘l2(|.\h)a H(SC,hHloo(LQ) )
) (7.38)
< 4 hl(u,p, C)HHl(o,T;mle,xm) + At [|(u, C)||Z2(0,T) )

where ¢ is a constant given in (7.3¢). In order to determine the errors e,, €, and e, in
the corresponding norms, we now combine the obtained bounds (7.38) of d-terms with
the bounds (7.21) of n-terms. This yields

Ju— uh||zoo(L2) , V7 |[D(u — uh)sz(Lz) s P = prleqs 1€ — Cthoo(Lz)

. (7.39)
< g hl(ap, C)HHl(O,T;H?lexH?) + At |[(u, C)Hz?(o,T) :

Let us note that the condition on the time increment arising form the discrete Gronwall
lemma, i.e. At < 1/24, implies

-1
At < e (/v 1/, 100,C) g1 s

Step 2

To complete the proof we need to bound V., in [*(L?)-norm. To this end it is enough
to consider the error equation for the conformation tensor (7.23). Using the test function
en € Wy, and (7.20) we get

(5& - (El o X{L752h> +eac (82, 00,) = —eac (nin 00n) +

(Ven)C™ !+ C 1 (Vel)” + (Vup)el ! + el (Vup), 07, ) +
(Vu) (C" = ™) + (C" — ¢ 1) (Vu)",on, ) +
(
(

7.40
trC" — tr Gy LAY, ) — (((tr C? — (1 0”1)2> c",agh) _ 4

trC"12C — (tr Cp )2 CLon,) —
(DC” C'—CloXp ) (n?h — e 0 XT o, )
- - oy | — (e e oy

Dt At At
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7.3. Error estimates

We estimate the left-hand side and integrals Iy, k € {1,5,6,7,8,10, 12}, see (7.24), in
the same way as in the first step of the proof. The only difference is the treatment of the
problematic semi-implicit term (72), that is a part of the integral I,. Now, we can write

(12) (Vo )om" + 02, (Ve ", Cr) = ((Var,)0m," + 8y (Von,)" ILCr) +
+ ((Vor,)Ch "+ Cr (Van,) ", 0n,) —
— (Vo) IL,C" !+ 11,C" 1 (Va,)T, 0r,)
Thus, the integral I leads to
I = (VoL )Cmt + €1 (V)" oms ) + ((Vap) eyt + i (Vap)”, on, ) +
+ (Vap) s, + o (Vap ", o) + ((Vor,)Ch ! + Cr ' (Var )", o)
The only term that has not yet been estimated reads
((vor,)Ci ™+ Ct (vor,)7,60,) < e[ Vo[ + as |[Vam[ +

n
5c,h

oz o], + ozl e,
chilg || R iy 2 IR g

We choose ay = £/9 and combine the estimates of all the terms in (7.40). Consequently,
we get the inequality

Da, < <

. Z>+5HV5

\tr oL o,

.

< a

o[, + s 10y + [V

At ||C||H1 tn— 1tn HQ) _|_

+ Qs h‘2 H(uvp? C)H?il(HQXHleQ) + a’3At HC“Z2(t"*1,t") ) n 2z 17
(7.41)

or equivalently,
Daz"+y" < ag 2™ L4+ 0"+ 2.
where now the coefficients read
n—1 __ 9 E n—1]|* n—1||?
a7 =ctetet |G+l
a1 =c+c+co

Qg =C+c+Ccy+c3+¢

as = c+ 1 + Co.
Here we have used the following notation

" =
2
=< |vez,

0" = ap |l ) + | VL,

2
o
c,h 9

v,

o N sy + 058 O

2= Qa2 h? [ (u,p, )||H1(H2><H1><H2) :
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7. Stability and error analysis

Applying the discrete Gronwall inequality (2.7) on (7.41) we have

O 2N
< KQ{ o (e (e enten [ CO) + 1O ) Wl +

tc ||V5u,h||122(L2) + (¢ + a2 T) h? || (u, p, C)||§{1(O,T;H2><H1,><H2) + ag(At)? | (u, C)HQZ?(QT) }

n
5c,h

0
5c,h

Here the constant Ky < exp {T(cl + cz)} is again independent of h and At. Let us note
that no condition on At has arose, since there is no ™ on the right-hand side of (7.41),
due to (7.38). Moreover, we apply the estimates for ||5c,h||12oo(L2) and ||V5u7h||122(L2) that
yield

2 2
H(Sc,hHloo(Lz) +¢€ HV(SC,hHP(L?)

e 4 4 & 2
< K2{<c1>2 (T80 + Iy + = + ¢ a2 ) 2 (0,12 Ol sz s +

e 4 C
(0 (T OB+ 1€l + &+ as) (A0 1, Ol o }

(7.42)
where (7.37) was also taken into account. We recall the a priori bound (7.13b) for
|Chlljaay- Consequently, we have for a constant c§, cf. (7.3c),

Ve ||V5c,h||z2(L2) < Cg{h [(u,p, C)||H1(H2><H1><H2) + At f|(u, C)||z2(o,T) } (7.43)

Analogously as in the first step, we combine the above bound on V. with the bound
(7.21a) of V1., to get the desired error estimate

\/g HV<C - Ch)HZQ(LQ) < C;{h H(U,p, C)”Hl(H2><H1><H2) + At H(u7 C)”ZQ(O,T) } (7'44)

]

Remark 7.15. We realize that integrals I - I5, that involve the two semi-implicit terms
(Th) and (T3), could be treated in such a way that the proof might be done in only one
step. Let us explain why we have used two steps to prove the result of Theorem 7.14.
Our aim is to keep At independent of the time step t", if possible. Since the discrete
Gronwall lemma requires the time increment to satisfy At < /240, cf. (2.7), we were
forced to perform the evaluation of integrals in (7.24) such that the constant ay was
independent of the discrete solution. However, the two semi-implicit integrals, (1) and
(Ty) forced the norm of V&, to appear on the right-hand side of inequality (7.35),
cf. (7.27) and (7.28). This has led to the term s"~' in (7.36). Therefore, the discrete
Gronwall lemma applied on (7.35), or equivalently on (7.36), could not determine the
bound of ||V(50,h||12(L2). The price we had to pay for having At independent of the time
step was the need of the second step to finish the proof of Theorem 7.14.
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7.3. Error estimates

Proof of Theorem 7.14 in one step

As we have already pointed out, the result of Theorem 7.14 can be achieved in one
step. Basically, we shall handle the error equation (7.24) such that the discrete Gronwall
inequality would directly yield not only the error estimates (7.39) but also (7.44). We
will only concentrate on integrals I, - I5; that contain the two semi-implicit integrals (7'1)

2
and (72). Our aim is to get rid of the term s"~! = HV(SZEIHQ on the right-hand side of

inequality (7.35). We note once again, that this simplification implies the dependence of
the time increment At on the discrete solution from the previous time steps, cf. (7.49).

Estimates of errors

We consider the error equation (7.24). The left-hand side L is estimated from below as
before, see (7.25). Integrals I; and I;, i = 6,...,12 are estimated as in the first step of
the above two-step proof of Theorem 7.14. In what follows we provide another evaluation
of integrals Iy, k = 2,3,4,5, which contain the two problematic terms, cf. (7.27), (7.28).
To avoid the norm of V4! we rewrite term (77) as

(1) — (teCy ozt von,) = (tear, o3, var,) — (IL,Cm 65t Vo)
= (trap, mC',vay,) — (tron, cz—l,vagh) —~
— (,C oy, ver,)
or equivalently,
~Lh— Iy =~ (trCc"(C" = C""),Vay,) — (a2, C1 V6L, ) -
— (trIL,Cm oyt Vor,) — (trar, Crtiven,) — (ILC™ 6, VoL,
(7.45)

We proceed analogously with integral (73), i.e. with the sum I, + I5 of integrals from
(7.24). Term (7T3) can be rewritten as

(Ty) (Vo0 + 0 (Vo) Ch) = ((Vor,)0m," + 0n, (Vo) I,Cm) +
— (Vo )I,C" ! + IL,C" 1 (Veor,) T, 62, ) +
+ ((Vor)Ch " + Cr N (Vo) 08)
which means that the sum I + I5 yields
L+ Is = (V)€ + € (V)T 0m,) + (Ve + nes (Vap)”, o) +
+((Var)Crt + (Vo))" o) + ((Vap)om !t + om (vap)”, on,) —
+((Vur) (€= C" ) + (Cm = Cmt) (Vu)T,or,) (7.46)

We recall (7.26a) - (7.26¢) for the bounds of the first three terms in (7.45), while for the
last one we get, analogously as for (7.26d),

6n—1H2
c,h 9"

(HhC” oL, Véfj,h) <o HD(‘SZ,h)Hz L@
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7. Stability and error analysis

Further, we use (7.29a), (7.29b), (7.29d) and (7.29f) for the estimates of the four integrals
in (7.46). What remains is to show how the two new integrals are determined. The fourth
term in (7.45) yields

(troy, Cpt,von,) <

o el

<m HD<5Z,h ’ + o HV5 H + ch 1” Hén H +

oo o,
Similarly, we have for the third integral in (7.46),
(Vo )Crt + Cr (Var,)", o)

< [D@, + a2 [Vorl, + oo el + 2 oozl

Oéag‘

At the end, for suitably chosen constants a; = ¢(v) and as = ¢(g), we arrive at the
inequality

Dm@ o I ot )+VHD 2|+ doloza 2+
+ Ve, + 3 ot ol <
< (Gl 3 lll) + o (5 Jowalf+ 5 o) + (740

c(v?) h?
A

2 2
(u,p, )||H1(t”*1,t”;H2><H1><H2) +a h? || (u,p, C)||H1(H2><H1><H2) +
2
+ az At [|(u, C) | Z2(n-1,4my -
where the coeflicients read

a01_0+02+03+ + —i— HC" 1H—|—7HC" 1H
al—c+01+62—|—f
1%
az:C(V2)<C+cl+02+03+c2+c>
14 €

C2
G3ZC+01+CQ+*-

The difference compared to (7.35) is in the first two coefficients. In this case, aj *

depends on the solution from the previous time step and a; is constant. On the contrary,
in inequality (7.35) the coefficient aq is constant and a} depends on the solution from
the current time step Employing the notation

o =2 ol + 5 ol
" = D) \2 +aldpul + 5 er ozt o

o (VPR
b - At ( )

2 2
D, C) ||H1(tn717tn;H2lexH2) + ag At ” (11, C)HZ2(t"*1,t")

2
Z = Qg h? ||(11,Pa C)||H1(H2><H1><H2) )
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7.4. Higher a priori estimates

inequality (7.47) attains the form
Dagaz" +y" < agflx”—l—alx"—l—l;"—l—z.

There is no term s~ ! as desired. Once again, combining the bounds (7.21) of 7-terms
with the discrete Gronwall lemma, the final result on the error of the approximation

follows

[ — gl 2y, VZ D@ = ws) [l 212y 5 [P — Pl
(L?) (L?)

C — Chllp(2) . VEIV(C - C
I Allioe 22) IV ( w22y (7.48)

< Cf{h [(u, p, C)HHl(o,T;H2xH1xH2) + At|[(u, C)Hz?(o,T) }

We emphasize that condition (2.7a) on At induces the dependence of the time increment
on the discrete solution form the previous time step, i.e.

1

At < 0(01,62,63,1/1/,1/5,1/(V2€), CZ_1H4>_ : (7.49)

]

7.4. Higher a priori estimates

This section presents the higher energy estimates of the discrete solution of the semi-
implicit linear scheme (7.2). Basically, the proper norms of the discrete time derivatives
Dasuy, and Da;C), shall be bounded independently of the discretization parameters.

To this end we assume more regular data. More precisely, we suppose the following
three hypotheses hold.

Hypothesis 4. (more regular given velocity)
The function w satisfies w € W>°(0,T; Wy (Q)?).

Hypothesis 5. (more regular initial data)
It holds that (u°, C%) € [H*(Q)? N V] x H3(2)?*? with divu® = 0.

Hypothesis 6. (more reqular external force)
It holds that

(£, Fp) € 1°(L2(Q)?) x I°(L*(Q)**?), (Dadfy, DacFy) € P(LA(Q)?) x P(L2(Q)**?).

Let us recall the backward difference operator given by
" — xn—l

Dy 2™ =
At Al

We can now formulate the main result of this section.
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7. Stability and error analysis

Theorem 7.16. (higher a priori estimates for the semi-implicit scheme)

Suppose Hypotheses 2, 4, 5 and 6 hold. We assume condition (6.14) on At is satisfied.
Further, we assume that time increment is enough small and depends on the discrete
solution from the previous time step, cf. (7.74). Let (u),p}) € Vi x Qp be the Stokes
projection of (u’,0) and C) € W}, be the Lagrange interpolation of C°. Then for the
solution (up,, pn, Cr) of the scheme (7.2) there exist constants ¢, ¢k and i of (7.3d)
such that

@) [Par] oy VI DDs0)| s [ DG g
| Daepnli()s ‘trC 'DaiCa, ) < o
(”) ||thl2(L2) < CS
(ii)) | DaiCulln ) VEIVCallmir) < &

The result of Theorem 7.16 is divided into three parts. The bounds in (i7) and (ii7)
are obtained due to the estimates from part (i) combined with the first a priori estimates
from the previous section. The proof of the first part requires the result of the subsequent
lemma. The complete proof of Theorem 7.16 comes directly after the proof of this partial
result.

Lemma 7.17.
Under the assumptions of Theorem 7.16 it holds that

| Dacul | + [DacCl + e at|vDacCi| < C. (7.50)

where C = C (h}, co, c1,¢iy¢p, 6, T, v% v, 1/v,e% /v, €2, 1/€) is a positive constant indepen-
dent of the discretization parameters.

Proof. Firstly, let us note that p) € Qj from the Stokes projection (u?,p?) of (u° 0)
satisfies the equality

b(ufan) = Sh (P an) =0, Yau € Qs (7.51)
Indeed, by the definition (7.9) we have
vay (00, vi) +b (0 1) = vay (), va) +b(u),qn) + b (va,p)) — Su (2, an)
for all (v, n) € Vi X Qp. Let v, = 0. Then

0="b(u"q) =b(u, ) = Si (P a) . Yan € Qi

since u' is assumed to be solenoidal. Subject to equality (7.51) we eliminate the bilinear

form b from the numerical scheme. Indeed, equation (7.2a) for v, = 0 € V}, together
with (7.51) yield, for n =0,..., Nr,

b(uy,an) = Su(phan) =0, Van € Q.
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7.4. Higher a priori estimates

That means, the identity
b (DAtuZ, qh) — Sh (DAth, C]h) = O, th € Qh, n = 1, ceey NT, (752)

holds true. Substituting (Dasuf,0) into (vy,qs) in (7.2a) and using the identity (7.52)
with ¢, = p}, we have, forn =1,..., Ny,

n—1 S D —+
ul —u o X' = n n Z_) uy ) + _Apn zn
< : Aht : ) Datuh> Y lu (uh’ At h) h ( h h) (753)

+ (trCp Cp7', VD) = (7, Dasuy) .

Not surprisingly the proof of Lemma 7.17 is done in two steps. In order to treat the
nonlinear terms arising from the upper convected derivative of the conformation tensor
and from the divergence of the elastic stress tensor we first need some bounds for the
discrete solution of the velocity and the trace of the conformation tensor.

Step 1
Let n = 1. We consider the equation (7.53) derived above
1_ 0, vl
W, —u, o0 X; o~ IR | Aol 1
"D u Uy, D Sn (Datpp:
( At ) Atuh> +rva (uh Atuh) +On ( AtDp, ph> + (7.54)
+ (tr C,ll C]ON VDAtu}ll> = (f}%, DAtu}L) .

Similarly, we substitute Da,tr C} T into Dy, in (7.2b) and multiply the equation by one
half to get

1 [trCL —trC% o X! _ € _
2( h N h 1’DAttrC]17,> +§CLC (C}L,DAttI'C}LI)‘f—

1 _
+ 5 ((tr C?L)Ztr C,ll, DAttI‘ Ci) = (755>
_ _ 1 _
= (tr C, Datr C}) + (Vi : Cf, Dartr C}) + 5 (trF}, Datr C}) -
The sum of equations (7.54) and (7.55) reads

ul —u o X1 — 1 [trCl —trC% o X1 _
(h Ai; 17Dmu;1l>+2< L At L laDAttrcllm>+

+rva, (ui, DAtuflL) + Sh (DAtpfl“p}L) *

+ %ac (C,lz, Dastr Cj I) + ; ((tr CY)%tr C;, Dastr C}l) =

=— (tr C; CY, VDAtu,ll) + (Vu,ll : CY, Daytr C,ll) +

+ (tr CY, Daytr C,ll) + (f,%, DAtu}J + ; (tr F}, Datr C,ll<>7. |
.56
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7. Stability and error analysis

We shall find the appropriate estimates of the integrals in (7.56). The first two terms on
the left-hand side are estimated using the Holder, the Young inequalities and (7.4b) as

1 04 x! 0 06 x1
uh_uho 1 — 1 — 1 uh_uho 1 — 1
— =2 - Dnu; | = | Daup + —4—-F—— Dasu
( N sy LAt h) ( AtUp N} y LAt h)

= [ Dact [} + < (wh— w0 X}, Dau)

2

Vv

1= 2
5 1Daci][, = e [
2” AtBhily T “L{[FA]l o

>

1<trC}l—trC20X1 )

5 A7 ! ,DAttr C,IL ‘Dmtr C}LHz - Htr CgH; )

1
il
The next two integrals on the left-hand side of (7.56) can be rewritten as
l/a(ulD 1)8([) 11)—A Dagut, Daul O Dagul
u h YAy + On AtPL PR ) =V tau ( AtUp, Atuh) +vay, (u}u Atuh) +
+ At Sy, (DAtp}u DAtp}L) + S (Dmp}”p‘i)
_ 9 _
+vay, (ug, Dmu}ll) + Sn (DAtp}L,pg) :
(7.57)
We know that (u),p?) is the Stokes projection of (u° 0). Hence, by equalities (7.51),
(7.52) and by (7.9) we get
0 A 4l A 10 0 7. 11 A a1 0
Vay (uh7 DAtuh> + S (DAtphaph) = Vay (uh, DAt“ﬁ) + b(Daguy, p )+
+ b(uy, Dapy,) — Sh (p?l, DAtp}lJ =
=va, (0, Damy),
where the divergence freedom of the initial velocity was taken into account. As a conse-
quence, equality (7.57) leads to
_ _ _ 2 _
va, (u}, Dany) + Si (Daph, ph) = 20At |D(Dagwy) || + SoAt| Dawpyli+
+rva, (uo, DAtu,ll) .
Further, since we assume u’ € V' N H%(Q)? we can write

V Qy (u(), DAtu}I) =2v Z /[{ D(u(]) . D(DAtu}L)
KeTy,

=2 Y / Au’ : Dauy, + (DAtuflL ' V) (V ' u0>+
KeT, K

=0

+ 2v Z /aKn-Vuo-DAtu}L—l—(DAtu}L-V)u0~n

OKET),

=0
= —2u (Auo, DAtu,lL) ,
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7.4. Higher a priori estimates

which is now easily estimated
_ 1 = 2 2
0 1 1 2 0
Uy, (u ,Dmuh> < T2 HDAtuhH2 + cv HAu H2 .
In order to estimate the bilinear form a,. in (7.56) we rewrite this term as
a. (C}L, Dtr C; I) = Ata, (DNC}“ Dgtr C; I) + a. (C%, Dtr C; I) .

Since VCY is not continuous on €, the integrals over K would not vanish and the
integration by parts would not lead to the desired estimate. Therefore, we make use of
the error of the Lagrange interpolation operator. It means we write

0 (C Davtr CLT) = At [VDastr CL[) + a. (C°, Datr G 1) +

_ (7.58)
+a,(C) — C° Dutr CT) .
Analogously as for a, we have
0. (C°, Datr CLT) = — (AC®, Dagtr G, 1) .
For the last term on the right-hand side of (7.58) we get
ac (C) — €, Datr CT) = / V(C? — CY) : VDptr CL T
KeTy
. / (ACY —AC") : Dytr CLI+ ) / O~ %) DatrC}I
KeTn KeTy
= (Ac? ,DAttrChI) + 3 / (n-V(C)—C%) - Datr CLL.
Koy, Jox

Then equality (7.58) yields

ac (G}, Daitr G 1) = At [VDastr CJ|[) + 2; /BK (n-V(C)—C") - Datr CL 1.
KeTy,

Due to the interpolation error (7.8), the consequence of the multiplicative trace inequality
(7.5) and the trace inequality (7.6), i.e. (7.7), we are able to bound the integrals over
the edges 0K in an appropriate way. Indeed,

/E)K (n . V(C% — CO)> : DAttr C}LI <c Htr C?L —tr COH1,2,8K HDAttr CflLHzaK
<t |, 1 [Dace Y],
< bl [ €, [Dactr G,

We assume C° € H3(2)?*2. Then the multiplicative trace inequality, c¢f. Lemma 7.3,
applied for [|C°|[,, o vields

HCOHEQBK = (HCOHQ 2K ’00’3,2,K ™ hK HCOHQQK)
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7. Stability and error analysis

Consequently, by the Young inequality we get for a o > 0,

WO [0 €Al < (e[, 1 b+ 7, ) +

2,2,0K ’ 2.2, K 2.2, K

_ 2
+ HDAttI' C}LHQ,K .
This results in

K C N, s [Patr G, <
KeTy

c

0|2 02
Z hKHC H32K+HC H22K+
QKEE 1< <

_ 1 2
+ aK;_h |Dactr Cth,K'

Finally, we get for appropriate «

;Kz; | (n-V(C-C") DatrCiI<ce (14 m) |7, + 410 DatrCf.
€/n

(7.59)

Using the Holder and the Young inequalities we get for the last integral on the left-hand
side of (7.56) that

; (4 C)%r €}, Dautr CL) < 410 |Datr G + e[St

We proceed with the estimate of the integrals on the right-hand side. Employing the
identity

— (trC}, C}, VDA ) = (Daitr C}, C, Vi, — V) — (tr C), Cf, VD)
we rewrite the right-hand side of (7.56) as
(tr CY, Dagtr C,ll) - (tr C; C), VDAtu}L) + (Vu,ll : CY Dagtr C,ll) +
+ (6, Dau}) 4+ 1 (0B}, Datr G}) =
= (trC}), Dastr C}) — (tr C), €, VDA, ) + (Dastr €, €, Vup ) +

+ (6, Dasuh) + 2 (i}, Dair ).

Now, we shall estimate the resulting integrals. We apply the Hoélder and the Young

inequalities to get

(tr CY, Dastr Cj Dgtr Cflle +c’tr C?LHE

(Dastr C} C, V) Dartr G} + | vul |3

(5. Daru}) < 5 [ Da [+ el

N———t N N 0

; (tr F},, Dastr C} Datr Gy, +e[[r i,
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7.4. Higher a priori estimates

The last integral is treated analogously as the bilinear forms a, and a., i.e. applying
the integration by parts. However, tr C{C? is continuous on €2, and hence, the integrals
over inner edges vanish. Due to the homogeneous Dirichlet boundary condition of u;, we
obtain directly

(rC) ), VDsm}) = 3 / trC% CY : VD ul
KeT, K

_— Z/div(trC%C%)~DAtu}L+ 3 / rC?CY - Daul - m
KeT, 'K OKeT;, 'K

=0

= — (div (tr C) CY), Dasu})
< L Duif e[S

Taking into account all the estimates of both the left-hand and the right-hand sides of
(7.56) we arrive at the inequality

i HDAtu,gHj n ; | Dastr c;;yj +oUAt HD(DAtu,g)Hj + SoAH Dapl|? + gm |V Datr c;yyz
2 2 2 2
<afw], +e|uch], +efuCf, +er®|an],+
reet (m+1) |, +e|vuill |Chl + <[ wes], el +
2 4 2 2
el G, i, + e ], + e e EL].

Obviously, by (7.13), the right-hand side of the above inequality can be seen as a constant
dependent only on the data. Indeed,

i | Dacul [ + ; | Dactr G| + 202t [D(Dacul)[ + S0t Dawh 2 + “At|[VDstr cil.
< e (en o o [ e Call oy e Il )

<c (hg,co,cl,ci,cf,é, V2,€2> =
(7.60)
Let us recall the property of the Lagrange interpolation, see (i) in Proposition 7.9, that
allows us to write
[, el Gl < el el (7:61)

1,2 —

Step 2

The second step is to find the analogous estimates for C}. To this end, we consider
equation (7.2b) with Da;C}, as the test function

104 x! _ _ _
(Chg;ol, DNC}J +cac (C}, DaiCh) + ((tr C})*Ch, DarC}) =

= (tr C}, Datr C}) + ((Vu})Ch + Ch(Vy)”, DarCh) + (Fh, DarCh) -

(7.62)
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7. Stability and error analysis

Once more, we need to estimate all the integrals in (7.62). Similarly as in the first step,
we have, by (7.4b),

(e Dach) = 5 |Dacill - o,

Analogously, the error of the Lagrange interpolation operator and inequalities (7.5) and
(7.7) yield

ea, (C}, DaiCy) = € Ata, (DaCh, DaiCy) + £ . (Ch, DarCy)
= ¢ At | VDG + e a. (C°. DasCL) + e, (C) — C°, DaCH)
- carfepacift- 1|

See the calculations (7.58) - (7.59) for the details. The Holder and the Young inequalities
give the estimate of the last integral on the left-hand side of (7.62). Indeed, we have

DGl = e (1 + 1) ],

((tr CR1°Cl. Dartr C})) < o HDNChH +e|ci | COH
In the same manner, we estimate the first and the third integral on the right-hand side
(tr CY, Dastr Ch) 24 HDAttr ChH +c”tr COH

(Fh. DaCh) < o7 [Pl + e 3

51l

Further, we rewrite the last integral in an appropriate way

((Vu)C) + C).(Vuy)", DaCy) =

= ((VDam})C§, + CH(VDa)", € — C) + ((Vul)Ch + C(Vu))”, DaCy)

= At ((VDar})Ch + CH(VDamy)", DaiCh) + ((Vuf)Ch + C(Vu))”, DaiCy)
and estimate the resulting integrals
At ((VDa})C} + CR(VDa)", DaCh) < eAt | DacCh|, VD, €,

< i [P+ eat [¥Dami et

where we have used that (At)? < At for At < 1, and

(Vul)Ch + CY(Vul)”. DaCl) < o [DarCl|[) + ¢ wul;|ci

24 ‘
Finally, the latter estimates of the terms in (7.62) yield

1= 2 _ 2
L pacif + <t [7aci: <
< bl + et et (1) [, +ee 9D i +

+elailesll + e wusll cal, + e [F,-
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7.4. Higher a priori estimates

A priori estimates (7.17), and (7.60) from the first step of this proof together with (7.61)
and the Korn inequality yield

pacif: + =t [wbaci:

2 2 0% 0[|? 2 2
<c (ho, c1,e7,Ch /v, uh”1,2 ,1|C H3’2 MChlloe g2y - ||FhHloo(L2)) (7.63)

<c (hg,co,cl,ci,cf, (c3)?, Cy /v, 52) =: (5.
Combining (7.60) and (7.63), we finally obtain the desired estimate
HDAtu}le + HDAtC}I«LHz -+ é?At HVDAtC]lLHz S Cl + Cg = C, (764)

where C' = C (h3, co, 1, ¢, 04,6, T,V v, 1/v, 62 Jv, 2, 1/¢).
L]

The proof of Theorem 7.16 follows. In order to show the higher energy estimates
we shall perform an analogous procedure as we did for the Galerkin approximations to
get more regular weak solution, cf. Section 4.3. Basically, we shall derive the discrete
formulation in time and test it with the appropriate discrete time derivatives of its
solution (up, pp, Cp).

Proof of Theorem 7.16 (i)

Let us recall that equality (7.52) allows us to rewrite equation (7.2a) as (7.53), i.e. for
n=1,..., Ny we have

un—un_IOXn a n n D I D hs Ph
( " gt 1 ,DAtuh> +va, (uh, DAtuh) + i (DAtphaph) + (7.65)

+ (trCp €71, VD) = (£, Dacuy) .

Similarly, by substituting (Da,u}**,0) into (vs,q,) in equation (7.2a) and employing
equality (7.52) with ¢, = p}'*, for n = 2, ..., Ny, we obtain

n—1 n—2 n—1
uh - uh @) Xl
At

7DAtu;LL> +va, <u2_17 DAtuZ) + Sh (DAtpzﬂpZ_1> + (766)

+ (trCpt €72, VDap) = (£, Dauy)

Let us multiply both (7.65) and (7.66) by 1/At and take the difference of the resulting

equations. Hence, we have for n =2,..., Ny
Daull — Daju ™t o X7 - 1 (uf o XP ' —ul 2o XP -
9 D un + — R D u" -+
( At AT )AL At AT

+ 20| D(Daraf)|[) + 6ol Dact}} = (Dadkf. Davuf) -
— (Dartr G Ci71, VD) = (tr Cp' DaCl!, VD Ay )
(7.67)

129



7. Stability and error analysis

Now, we repeat the same procedure for equation (7.2b) with the test function D,C}.
For n=1,..., Ny, we obtain

Cy—-CpltoXp n = N
( o Dacy ) +ea. (Cy, DaCh) =

— ((Vup)Cpt + Cp (Vup)”, DacCy) — ((tr c ) oy, DAtc;;) +
+ (trCp 7' 1, DaCy) + (F, DacCh) -

7.68)

Analogously, we can write for n =2,..., Np

Al
— ((Vup e + Oy (V). D) — (G ) € D) +
+ (trCp 21, DaiCy) + (Fi !, DacCh) -

Cn—l o Cn—2 Xn—l _ _
< h h ° ! 3 DAtCZ) + € ac (CZ_I, DAtCZ> =

(7.69)
Taking the difference of equations (7.68) and (7.69) multiplied by 1/At we get for n =
2.... Ny

(DA,:CZ — DpCr o X7 DAtC”> 4+ Alt (CZ_2 ° X lAt Ci "o XY DAtCn>

Al
B n 2 1 n— n n— n— M n
+¢|VDaCp| + N ((trCp')2Cp — (tr €3 2)2Cp ! DaCy) =
= ((VDam)Cy ! + Cp 1 (VDarp)™, DarCh) +
+ ((Vup™)DarCp~ + Doy (V)T DacCp) +

+ (Daitr €71, Datr Gy ) + (DadFy, DacCy) -
(7.70)
The estimates of the terms on the left-hand sides of (7.67) and (7.70) follow. The first
pair of integrals is bounded due to (7.4b). Indeed, the following inequalities hold true

DAu”—DAu OXn
e

1 — n 2 — n—1 n 2 — n _ ne1 " 2
:w@pmuhu — [ Daey o X7+ | Davup - D OXle)
1+ 1At .
> g [Pswil, ~ 5 [P

9 Y

> b (3 scil}) B

and analogously,

(PR bucr) > b (5 aci]) - 2
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7.4. Higher a priori estimates

The next pair of integrals is treated in a similar way. By (7.4c), we get the estimates

1 uZ_2 o Xt — u; 2o X7
— D
At ( At Aty

> 5 Psail, — sz i o X7t — o i
> 2 Do} = e [
and also
' ((322 o X{” G o X ,Dmc@ 3 [l = en i},

Further, the following inequality holds true

1 _
N ((trCp)2Cp = (tr Cp2)*C Y, DaCh) =

= ((trCp 7" )?DaiCy, DarCh) + (Dartr G~ tr €' Ci 7Y DG ) +
+ (Dartr G tr €2 !, DalCy)
>[r Gt DG + (Dartr G r G C Y DA ) +
+ (Dartr Cp 7 tr Cp 2 Cp !, DalCyr)

The sum of equations (7.67) and (7.70), taking into account the above estimates of their
left-hand sides, yields

D (D] [Dal) + 20 [DDas ]+ b D

_ 2 — 2
+e [ VDG, + [ Gt Daci, <

< er (Dot + 20 [;) e (2], , o) +

+

/\/\/‘\/\/‘\M

+3 (1l [Pl « (e D) -
At Cp Cp 71, VD) — (tr €t DayCht, VD) +
VDAtuh )Cr !+ Cp (VDamy)", DacCh) +
NDACH + DarCh (Vup )T, DarCh) —
Datr G tr €2 €', DaCy) = (Dartr G tr €71 €Y, DG ) +
Dy, Dany) + (DaiFy, DaiCh) -

+ -

+
(7.71)

Let us estimate the integrals on the right-hand side of (7.71) separately. We employ the
Holder, the Young inequalities, Proposition 2.1 and the interpolation inequality (2.8b).
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7. Stability and error analysis

The simplest estimates are

(Dacti, Dacg) < 5 | D], + 5 | Daef (7.720)
(DaF} Do) < 3 [DacCi], + 5 [ Do, (7.72b)

(Dartr G, Dastr Cp ) < | Dastr G| | Dartr Ct |
< |Daccy | + [ Daccy. (7.72¢)

For the terms arising from the divergence of the elastic stress tensor we get

(Dastr Cp €', VDay) < || VDa| | Datr €|, i,

< oDt + £ Dl [9Dacal, + sl ) i
< % ‘VDAtuhuz + 6 HVDMCZHQ + 725 HCZ 1H4 HDNCZHQ +
Cllrm 1212 2
+ e [paci (7.724)
and similarly
Gl DAtc;;—l,vDAtuh) < fHVDAtuhH T 2N

—lci, HDNC’; o+ e, s
(7.72€)

The analogous procedure works for the terms that appear due to the Oldroyd derivative
of the conformation tensor. Indeed,

(VDO + O (VD" D) < WD, 01!, [aci],
3HVDAtuhH s [Voscil,+ e[ |Paci], +
+5 le L pacil, (7.721)

and by (2.8b) applied twice,

(Vi ) DarCh" + DacC (Vup ™), DacCr) < | Vup || || DacCr |, [ DacCr]

H1/2 H1/2

el ], |omci | [7Ducy [voaci” +

+evur |, [y |, 9 Daci ], Paci], +

Iosc

. _ i _ A2 o = LI/
T C‘ Vu, 2 ’ DacCy, ’ 2 HDAtChH2 HVDNCth +
baci | [oac]

+c||Vup!
2

< G IVDs G, + 5 [VDs i, + 2 [Pari], + (4 5) [Paci [+

new

vui [ pacil+ (54 ) v losci [ @
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7.4. Higher a priori estimates

The estimates of the last two integrals in (7.71) read

(Dase Oy 1y € Do) < [y Dy [Pastr i e,

< I G D[+ S [VDaCi |+ & Dacci i+

elpaci i 7

(Dartr G tr G2 Cp 1, DayCy) < HCZ_15AtCZH2 | Dactr ! [, [erci H
< et Daci], [Pacrr” | e,

4

< Lo Dacif « £ [9pacr [ < paci | Jor o+
elacr o (72

Our goal is to employ the discrete Gronwall lemma. In fact, the inequality (7.71) together
with (7.72) becomes

Dar (3D + L [PaH) + v PP} D+
+ g HVDNCZHz T ; Htr ! Dmc;;Hz <
€ _ 2 . 2 _ 2
<aHVDmC?WL+HDmu%2+ﬁﬂDmu?W!+
D] (24 S+ (S ) [Pur [ + o5 HC"W!+HC”1H)
— 2 C 2
+|Daci (14 ek e+ S+ (S ) HV“h o+ mle L+ e, +
e+ eller i+ e + el )+
]' B n 2 B n 2 n n 2
45 (|Dati]; + | Dakr]l) +en (Jui?[, + i)

If we employ the notation

— 2 — 2 — 2
o =5 |Pansi]; + 5 |Darci] " =5 [vDaci,,
n 2 ny |2 N 7|2 1 n—1 1 n||?
y" = v |D(Daca}) | + do| Dawwpl} + 5 |tren !t Daccy
.1 — 2 _ _p _ " 2
@ = 5 (| Darti ], + |DaFi]) = ey (o2, + o2,
and

= o(1/v,1/e,1/(v%) (ch U e+ ey Hi)

at = efen 11 /2 1)) (e i+ e L+ e+ lex 2+ [vui ),
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7. Stability and error analysis

then we deal with the inequality of the form

Dpgr" +y" + 8" < af e +ay a4 st 40 4 (7.73)

for some non-negative sequences {aj '}, {a7"'}, {s"}, {b""2}, and {d"}. Thus the
discrete Gronwall lemma can be applied. We note that the coefficient af ' depends on
the discrete solution from the previous time step. Therefore condition (2.7a) yields an

analogous condition on At as (7.49) in the one-step proof of the error estimates, i.e.
At < e (1w 1/e1/0%). e, ve],)
By the discrete Gronwall lemma, for n = 2,..., Ny, we then have
1= 2 1= 2 € — 2
2 [Dani], + 5 | DarCil, + at5 [V Da Gy, +
+ At i (’/ HD(DAtUE)Hz + 00| Dacpf|7 + ; Htr CZ_IDAtCin> <
k=2

Lys a2, 1~ 1|2 € = 1|2 = k ok
< K <2 HDAtuhH2+ 9 ‘DAtCh"2+At§ HVDAtChH2+Ath +At2d )’
k=0 k=2
where

Atnfb’“ + At Xn: d" < e (At HuﬁHfg + A HCEiHZ + a2 gy + “C’“‘H?Q(HIO "
k=0 k=2 | |

2
12(22) )

2
ZQ(LQ

¥ ;(HDAtfh Dk,

Let us denote

n—1 n—1
K, :=-exp {AtZa’f —I—QAtZaIS}.

k=1 k=1
By the first a priori estimates (7.13) we get
Ko< exp{e (e T 1/n1/21/62%), |Gl Il 19wl
<exp{c(c1,co,cic0,6,T,1/v,1/2,1/ (V%)) }.
Then we write
[ Do, + | DarCi], + Ate VDG, +
At kz <2V |D(Dse) | + 260 Daatk2 + HtrCZ‘lDAtCZHz> <

2
12(L2)

2

+ HDAch

+

_ 2 — 2 — 2 —
< &{ [Dacui]; + | DG+ ave [VDucil; + |t i

en [ul}, + en O8], + o ol + en €l )
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7.4. Higher a priori estimates

The norms HuhHlZQ(Hl) and HChHlQQ(Hl) can be bounded by (7.13). If we were able to bound
the term

(D] + [Pacif 0| vDacil:

by a constant dependent only on the data, we would conclude the first part of the proof of
Theorem 7.16. Here we recall Lemma 7.17, which indeed bounds this term by a constant
C = C (h,co,c1,¢i,¢p,6 T, v v, 1 v, €% /v, e?,1/e). Hence, for n = 2,..., Ny, the final
inequality arises

5 1Dt + 3 |DsCil} + 615 [V D] +
S ( | DD + 60| Darrhl? + Htrcz—lﬁmcﬁ\\i)
k=2

< éc (h%, co, €1, C11, Cis Cf, G, T, vy, 1/v, 52/V, 2, 1/5) ,
which combined with (7.50) gives the desired bound
Do VF|DDs), . ||

|Daspnlizg ),

12(L 10o(L2)’

(7.75)
<,
12(L2)
for a constant c? of (7.3d). O
Remark 7.18. We note that the energy estimate HD(DMUZ) — from (7.75) implies
the bound of Vuy, in [°°(L?). Indeed, by the Hélder, the Young and the Korn inequalities,
we have

2
V3 = [V, = [ 19w = (Vg da

1/2 1/2
< ([ 1vup = v ae ) ([ v+ g )
Q Q

S G

’tl‘ Ch DAtCh

Therefore, we can write

2
Vg3 — || vup|

D (IVu3]13) =

At
I A R LA P A o M A
= Af * At
vu? -V n—1
| S L oz Lo

N R L

1
2|
Then the discrete Gronwall lemma, applying the Korn inequality, yields

Va2 i) < 7 o) [V, + 1900 + [ DD

)

where the right-hand side is bounded independently of the discretization parameters by

(7.13) and (7.75).
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7. Stability and error analysis

Let us note that this is a crucial bound in order to move towards the error analysis of
the fully nonlinear Peterlin model with the nonlinear advective terms.

Proof of Theorem 7.16 (ii)

Having the a priori estimate for the discrete time derivative of the velocity, we can
finally show a bound of the discrete pressure pj, in [?(L?)-norm. The generalized inf-sup
condition (6.24) yields

Ikl < V(i pi) g

\/; Ah((uz’p2)7 (Vh7Qh))

< sup

Y (Vhian)EVAXQn H(Vha Qh)Hva
ur—ul? loXxn n— n
NG - (hgtl,vh> - (tr Cr C, 1,Vvh) + (fh,vh)
=X sup .
T (Vhan)EVaxQn H(Vhw Qh>HV><Q

It holds that

At o At

_ un—l _ un—l o X1
- - <DAtuZ)Vh) - < h A}; : ,Vh)

u o X7
» Vh

B n 1 n— n— n
< [Davui ], Ihvally + 5 [ = wi o X7 vall,.
and consequently, by (7.4b), we get
(up - u o X7
At

Further, we have the straightforward estimate (f7’,vy,) < c||f2|l, ||V, and

—(trcp €7t Vv <cllteCp |l [

) < el Dasu], by -+ i, vl

[ Ivally
n |2 n— 2
<l Cq I Ivally +e||Cr! | Ivally -
Hence, for the L?>-norm of p}! we get
n \/; > n n— n (|2 n—1||? n
Il < = {cHDAtuhHQ e |[Vap |+ ellr G llE + ¢ |Ci |, +c|yfhy|2}.
The first and the second a priori estimates, cf. (7.13) and (7.75), imply

el I

2 = 2 N, 2 . 2
bl < 0 {7 Do + 2035 (9o 4 e )]
<t ([t et s,

2 4 2
IVl 2y + IClliszay + [l o)}
< ey, ey ep, 6 (AT, T2 v, 1 v, 1/e,v)¢).
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7.4. Higher a priori estimates

Proof of Theorem 7.16 (iii)
Let us test equation (7.2b) with D,C} to get, for n = 1,..., Ny,

Cn_Cn_lOXl = n n n n n— n N n
( h Aht 1,DAtCh> +eac (Ch,DAtCh) + ((tr Ccp')? h,DAtCh) =

= (trCp ! Datr C ) + ((Vap) Gt + 1 (Vup) ™, DaCy) + (F, DaiCyr)
(7.76)

Let us estimate the integrals in (7.76). By (7.4b), we again have

(cz ~opox; DAtCZ> > Hpaci—a e,
Further, the Holder and the Young inequalities yield
ea. (C}, DaCy) = é a. (Cp,Cp — CpY) = i IvC|? — iac (cr.ci)

— €
> Da (5193

The two semi-implicit terms in (7.76) can be now estimated by the Hoélder, the Young
inequalities and by (2.9). Indeed, the bound on Htr C; ' DaCh

proof, cf. (7.75), allows us to treat these two terms. We write

- from part (i) of the

((tr 7' °Ch, DarCy) < c|[r 7' Dy IICHIL [Jtr G|
< 5 [erci Daci,+ Fhcii+ e
and in the same way
(Vup)Cp' + G (Vup)”, DaChr) < | Vugl, ||Cr ' DacCh|
< IVl + 5 | DaCi
<c|vupl+elweyt Dacy|..  (777)

Let us note that since Cj, is assumed to be symmetric and positive definite, we were
able to apply the inequality D? < (trD)? valid for D € 8¢ to get (7.77). The last two
estimates are straightforward, i.e.

(r €y, Dartr C} ) < e[ DacCy| + ¢|ci [

n o n 1 = nl|? n||2
(Fi DacCh) < 1 [DacC|, + eI FRI
Since we aim to apply the discrete Gronwall lemma, similarly as in the proof of part (),

we have focused on preparing a proper form of the inequality. The latter estimates have
transformed equality (7.76) to the inequality, for n > 1,

2

b DaCa + P (5 I9HE) < e o [+ elen [+ .+ clent +

el Va2 + e Cpt DaCy + e[RRI,
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7. Stability and error analysis

It has the form
Dpgx™ +y" < b" 4 d”, (7.78)
where

n € n|2 n n— n
= SIVCHIE, = eIVl + e |Gl + i Gt D, + e IF33

= alpscily. v =eor, +eloiy +e o

The discrete Gronwall lemma (2.7) finally yields
i [Paci+ 5 Vet

<5|veil, +ch et + ek, + e, + et

1,2
o[V + efjor Ok Dach [ + e[

It means

HDAtCh

\/EHVChHloo(L?)

12(L?)

tr C, Da,Ch,

<c (Ch Ci, Cf,s 67 lele/Qa \/g7 1/\/;7 1/\/E> :

Employing the first a priori estimates (7.13), (7.17) and the higher bounds (7.75), we
conclude

2, NGl [Vl

|DacC

h
2(12)° \/EHVCh”z»o(m) <c

for a constant ¢4 of (7.3d). O

7.5. The implicit nonlinear scheme

The aim of this section is to present yet another pressure-stabilized characteristics finite
element method for the Oseen-type Peterlin viscoelastic equations (6.1), namely the fully
implicit nonlinear scheme proposed by Tabata in [91]. For both schemes, the semi-implicit
as well as the fully implicit scheme, the stability and the first order of convergence can
be shown. In the following we discuss the assumptions and some details of the proofs.

Note, that there is only one difference, besides the discretization in time, in the defi-
nition of the implicit nonlinear pressure-stabilized characteristics finite element scheme
compared to the semi-implicit linear scheme (6.25). That is an extra term

(divuy(Cp)#, Dy) (7.79)
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7.5. The implicit nonlinear scheme

added to the equation for the conformation tensor. The notation (D)# stands for the
adjugate of a symmetric matrix D € R?*2, i.e.

dyy —d
D)# — 22 12\
(D) ( dy
Let us provide the full definition of the implicit nonlinear scheme, see [91].

Definition 7.19. (implicit nonlinear scheme)
Let (f,, Fy) € 2(L*(Q)%) x I2(L*(Q)**?) and the initial data (), CY) € Vi, x Wy, be given.
Find the triple (up, pp, Cp) C Vi, X Qn X Wy, such that forn=1,..., Nr,

At

cr—CrloXxn
( h Aht 1 ,Dh> +¢€ Qe <(\/‘ZJ7 Dh) = ((VUZ)CZ + CZ(VUZ)T’ Dh) +

+ (divuy(Cp)#,Dy) — ((trCp > Cp, Dy) + (tr CA 1, Dy) + (F}, D)
V (Vh, @n, D) € Viy X Qp X Wi

(ug —up o Xil,Vh) + An (03, 27), (v n) = =(tr Cf; CF, Vva) + (£, v

(7.80)

Before we present the results on the stability and the accuracy of the above scheme,
we present the existence and uniqueness result for its discrete solution, see [91].

Proposition 7.20. (existence result for the implicit nonlinear scheme)

Suppose Hypothesis 1 holds. Let the external forces (f,, Fy) € I2(L*(2)?) x I2(L?*(92)%*2)

and the initial data (uf, CY%) € Vi, x W), be given. Then

- for every mesh size h > 0 and every 0 < At < min{Atq, 1/5} there exists a solution
to the implicit nonlinear scheme (7.80).

- for all h > 0 there exists At; > 0 such that for all 0 < At < min{Atq, At;} there
exists a unique solution (un, pn, Cp) to the implicit nonlinear scheme (7.80).

Sketch of proof. The existence of the solution is obtained by the consequence of the
Brouwer fixed point theorem, cf. Lemma 1.4. in [142]. The uniqueness follows from
the Gronwall inequality using the a priori estimates together with the inverse inequality

ICll < ch™H[Cl,. =

The main advantage of the implicit scheme is that it does not require the positive
definiteness of the discrete conformation tensor for the stability and error analyses. Let
us present the key lemma, an analogue to Lemma 3.8, to treat the terms in the nonlinear
scheme arising from the coupling of the equation for the velocity and the equation for
the conformation tensor.

Lemma 7.21. [91]
Let u € R? and D € R**? be a symmetric matriz. Then it holds that

(tr DD, Vu) — ; ((VwD + D(Vu)", D) - ; (divu(D)*, D) =0 (7.81)
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7. Stability and error analysis

We omit the proof as it can be done by direct calculation. This lemma also explains
why it was necessary to add the term (7.79) to the equation for the conformation tensor.
In what follows we present the stability and accuracy results for the implicit nonlinear
scheme.

Firstly, we cite the stability result, cf. [91], whose proof is done in one step, similarly
as in the case of the formal energy estimates in the two-dimensional case in Section 3.3.

Theorem 7.22. (stability result for the implicit nonlinear scheme)

Suppose Hypothesis 1 holds. Let the external forces (£, Fy) € I2(L*(R2))? x I2(L?*(Q2))?*?
and the initial data (ul), CY) € Vi, x Wy, be given. Let 0 < At < min{Atq, At,}. Then for
the solution (up,pn, Cp) C Vi X Qn x Wy, of the implicit nonlinear scheme (7.80) there
exists a constant ¢ of (7.3b) such that

1l r2y - VYDA 222 [Pl
||Ch||l°°(L2) Ve ||vch||l2(L2) , Il ChCh||l2(L2)

< o{ [uhl, + 8L, + Wb+ WBAle )

Proof. We employ Lemma 7.21 to show a priori estimates for the approximate solution
of the nonlinear scheme in one step. Let (up, py, Cp) C Vi, X @), X W), be the solution of
the nonlinear scheme (7.80). Substituting

1
(wh—ph 5 C) € Vi Qux Wi

into (Vp, qn, Dp) in the scheme (7.80), we obtain

(uZ _ uz_l ° Xil,uﬁ) + Ah( (UZ7PZ) ) (UZ’ _pZ)) = —(tr Ci Ch, VuZ) T (f;;’ u}f)

At
(7.82)
n __ -1 n
(C=Sh M0+ alon ) = 5 (Vuncy + Crvup’. o) +
T ; (divuy(Cp)*, Cp) + ;(trCz,tr Cp)-
— ; ((tr Cr)*Cr, c;;) + ;(F;;, C’;;). (7.83)

In order to get rid of the nonlinear terms arising due to the divergence of the elastic stress
tensor and the upper convected derivative of the conformation tensor we add equations
(7.82) and (7.83) together. Indeed, identity (7.81) from Lemma 7.21 for u = u} and
D = C}, yields

((Vup)Cp + Cr(Vup)”, C}) + ; (divup(Cp)#,C}) - (1 Cp Cf, Vuy) = 0.

N —
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7.5. The implicit nonlinear scheme

Thus, the sum of (7.82) and (7.83) reads

n—1 n—1
ug_uh OX? n CZ_Ch OX{L n
( At ’uh> * ( 2At G )
n 7 n 7 € n n
+ 'Ah((uh)ph)v (uy, _ph)) + 5%(0}17 Ch) =
: X (7.84)
= §(trCZ,trCZ> -3 (trep)*cycp)+

+ (frup) + ;(FZ, Cy).

Using the analogous estimates as (7.12a) - (7.12d), (7.12g) - (7.12h) for some constants
Bi, 1 = 1,2, and the following two equalities

S(ecpycic) =5 [ (@) (G 6y de = 5 |l € Gyl

1 n n 1 n (|2 n||2
5 (rChLrCl) = S|l G I3 < 1GR3

we finally obtain the inequality for all n > 1

_ 1 2 1 n2 ny 12 n € n||2
Dae (5 I3+ 5 IGRI) + 20 IDCaR) 3 + dolpf 7 + 5 IV I3 +
1 n (|2
+ 2 [tr Cj, Ch”z <

2 2 1 1
< n—1 Cn—l ) n||2 1 cn 2 || 2 —||F™ 2‘
<o (Huh [, +C7,) + B Iklls + (0 B ICRIE + 5 N61E + 55 I3
The discrete Gronwall lemma (2.7) yields, for 3y, B2 satisfying At < 1/a448,+48,,

a2y » V7 IV« PRl
HChHloo(L2) ) \/g HVChHZQ(LQ) ) Htr Ch Ch||l2(L2)

< el ) ( b, +[Ihl, + 1l iz + 1P Allagiey )

This concludes the proof of Theorem 7.22. O

Obviously, the above proof is simpler than the proof of Theorem 7.13 in the sense that
we do not need two steps to show the stability result. Similarly, the error estimates for
the implicit nonlinear scheme (7.80) are shown at once, without imposing the dependence
of the time increment on the discrete solution, cf. Theorem 7.23 below. We shall not
give the complete proof from [91]. We only present an important part that makes the
difference compared to the proof of Theorem 7.13.

141



7. Stability and error analysis

Theorem 7.23. (error estimates for the implicit nonlinear scheme)

Suppose Hypotheses 1 and 3 hold. Let us assume (£,,Fy) = (f,F). Let (u,p,C) be the
solution to the weak formulation of the Oseen-type Peterlin model (7.1). Further, let uf)
be the first component of the Stokes projection of (u°,0) by (7.9) and C9 be the Lagrange
interpolation of C°. Let 0 < At < min{Aty, At1} and additionally

1

At < .
C(l/V7 1/€7 H (uv C)HHl(O,T;HQXHQ))

Then for the solution (up,pn, Cr) of the implicit nonlinear scheme (7.80) there exists a
constant c© such that

[u — uh||zoo(L2) , Vv | D((u — uh))||l2(L2) ;= ph|l2(|'|h)’
HC - ChHlOO(LQ) ) \/g HV (C - Ch)HIQ(LQ)

< Ce{h ||(u,p, C)||H1(O,T;H2><H1><H2) + At ||(u’ C)HZQ(O,T) }

Remark 7.24. Assuming u € Z? N HY(0,T;V N WH=(Q)?), the above error estimates
can be shown for e = 0 with the constant c® independent of .

Sketch of proof. We can derive the equations satisfied by the errors, analogously as in
the proof of Theorem 7.14. Now, we use the test function

1
( th’ - th’ 262}1) S Vh X Qh X Wh,
since we again aim to employ Lemma 7.21. The error equation thus reads
Z7h - 53,711 © X{l 517, + Ch (Sghl © Xn 6n +
At P 2At h
n n € n n n
+U(lu( uh’éuh) +§(Ic( c,h’éc,h> Sh <5ph7_ p,h) =

—_Za, (n2p: 020) = (rC"C" —tr C} C}, V4L,) — ; (divug(Cp)#,or,) +

2
((Vum)Cm + C"(Vu")" — (Vup)Cp — Cr(Vup)", 07,) —

1
((trCm?C” = (tr Cy)* Cp, 07, ) + 5 ((trCm —tr Cp)L, 7)) —

1

2

1

)

(Du" u” —u"lo X7 n) (nﬁh—nﬁhloXI‘ n)
- 75uh - : : 6uh -

Dt At At
1(DC" O -Crloxy ney — eyt o X7 5
2 Dt At il 2AL ek )

(7.85)

Here we only concentrate on the coupling of the two equations in our model.
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7.5. The implicit nonlinear scheme

Let us rewrite the three corresponding integrals in appropriate way
— (wC"C" —tr Cp Cp, Ve, +
1
+5 ((VuhC" + c(Vu)" — (Vup)Cpp — Cr(Vup)”, or,) +

o4
— (avupop? o) =

—I—;(divu (Cmy*, o) -

=0

— (trny, C", Vo, h) +
trI,C™n2y, V6L,)

/N

(traz, o2, Vor,) — (tré?, M,C", Var,) —
+ (trT1,C"3%, vagﬁh) +

/N

+5 (Vnl)C" + C™ (V)T 0m,) + 5((vaz,hmhc"+nhcn<wz,h>T, )+

1
((vuh)nch + e (V) 75:},}1) 3 ((V(;Z,h)&l,h + 00, (V)" 5Zh>+

+
l\D\)—‘l\')\P—‘[\')\b—‘l\'}\}—‘

(V) +ar,(Vap",62,) -

— 5 (divay,(0n,)* ,5Zh)+§(div52’h(HhC”)#75?h) ;(dlvuh(ach)#jch)

1 n 1 : SN n n
(leUuh(C ), ch) ) (le uh(nc,h)#aCSc,h) ’
where, by Lemma 7.21, we have
n n 1 n n n n \T <n 1 : n n \# n
(tré n Oens Véu,h) D) ((V(Su,h) en T 0en(Voy,)" c,h) ) (le Oun(00)™, c,h) = 0.
The resulting integrals are then easily estimated. We omit all other estimates, since they

are done in the same manner as for the error equation for the linear scheme, see proof
of Theorem 7.14. Finally, we can write for all n > 1,

DAt( 5Zh( + - 5?11‘ >+VHD O p) H + o617 + 4HV5 ‘ N
T3 Htr Och Ocn ‘2 <
< ag (; 52,}1 E 5?h’ ) + (; 53;1“2 Z1l (5Zthz) N
2\ 52
C<VAih (P, )lﬁfl(t"*l,t";H?le xH2) T ash? || (u, p, C)‘|§{1(H2><H1 xH2) T

2
+ 1 At ||(u, C)”Z?(t”*%t") ’

where analogously as in the linear case we use the following notation
C c
a0=c2+c3+—2+§3 (7.86)
az = c(v )<61+02+03+ + )
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7. Stability and error analysis

For At < 1/2qy, the discrete Gronwall lemma (2.7) together with (7.37) and (7.21) yield

0 =W ljoo 2y » VY ID(@ = W) |22+ [P = Pl
||C - Ch||l<>°(L2) ) \/E ||V(C - Ch)l|l2(L2)

< Ce{h [ (u, p, C)HHl(o,T;H?lexHZ) + At [|(u, C)HZ2(07T) }7

where

c® < exp {c(cl, ca,03,T,1/v,1/¢) }c (cl, C2,C3,\/V, 1//\/5)

is a constant independent of h and At. We note that condition (2.7a) only imposes the
dependence of the time increment on the data, see the coefficient (7.86). [

In general, theoretical error estimates for implicit numerical schemes can be treated
in an easier way then for the corresponding semi-implicit or explicit schemes. This is
true in our case as well. The stability and error estimates for the implicit scheme can be
obtained using less steps. Moreover, the positive definiteness of the conformation tensor
is not required.

On the other hand, the linear semi-implicit schemes are preferred for numerical simu-
lations as they, in particular, require less computational time. For the comparison of the
experimental error analysis of the two above schemes we refer to Subsection 8.2.3. The
importance of the positive definiteness of the conformation tensor for the convergence of
iterations is also discussed there.

In this chapter the stability and error analyses for the semi-implicit pressure-stabilized
characteristics finite element scheme have been presented. The stability result for the
linear numerical scheme approximating the Oseen-type diffusive Peterlin model has been
shown. Similarly as for the theoretical results for the diffusive Peterlin model, cf. Chap-
ter 4, the a priori estimates and the higher energy bounds have been derived. The
optimal first order accuracy of the semi-implicit scheme has been proven. Finally, the
linear semi-implicit scheme has been compared to the fully implicit nonlinear scheme.
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Numerical experiments

The stability of the linear scheme and optimal convergence rate have been proven in
the previous chapter. In order to demonstrate the validity of theoretical error estimates
we perform the experimental error analysis. Moreover, we consider the lid-driven cavity
problem, a well-known benchmark problem in the computational fluid dynamics.

This chapter contains three sections. Firstly, the implementation of the scheme and
the algorithm are described. In Section 8.2 the experimental order of convergence, for
several choices of the viscosity coefficients v and ¢, is computed. Finally, results for the
lid-driven cavity flow problem are presented.

8.1. Implementation of the scheme

In order to realize our simulations we need to develop an algorithm to be implemented in
a computer programme. To apply the pressure-stabilized characteristics finite element
scheme for the Oseen-type Peterlin model we have modified the C code designed by
Notsu [108]. This code has been successfully applied for a stabilized Lagrange-Galerkin
approximation of the Oseen equations and the Navier-Stokes equations, cf. [111, 112].

We shall briefly describe the main features of our implementation. More precisely, we
will in short explain the mesh generation, the numerical integration together with an
element search algorithm and the treatment of the coupled system of equations. Finally,
we give the algorithm that has been implemented to perform the series of numerical
experiments.

8.1.1. Mesh

The computational domain is set to be a unit square (0, 1)%2. We denote by N the division
number of each side of the domain, and by h := 1/N the representative length of a mesh.
All finite elements K € T, k = 1,..., Ng are triangles. For the mesh generation we use
FreeFEM++ [64].

The number of elements Ng, the number of nodal points Np, the number of edges
that form the boundary of the domain Ng, and the number of degrees of freedom DOF]
can be found in the table below, together with the figure depicting a triangulation of the
domain with N = 16.
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8. Numerical experiments

N Ng Np Np DOF

16 594 330 64 990
32 2426 1278 128 3834
64 9716 4987 256 14961
128 39132 19823 512 59469

Table & Figure 8.2: Mesh parameters and triangulation of the domain with N = 16

Reference triangle

To solve a scheme based on the Galerkin method basically means to compute some
integrals over the domain €2, that is completely covered by the union of finite elements.
In other words, we need to compute a given integral over each element K € 7. In fact,
we employ the transformation to the reference finite element &, where the integrals are
easily evaluated.

We can rewrite a discrete function as

() = 3 an(Pr)es(a) = D grps(0)

where ¢; are the basis functions of the finite element space and P; are the nodal points.
Then, for the integral of g over a triangle K we have

/th(x)dxz igj/[(%(w) Zigjfk@(ﬁ)mdf,

where ¢;(€) is a transformation of the basis function ¢;(x) to the reference triangle, and
J = det(0zx/0€) is the Jacobian of this transformation.

Ps

P >
P.

0 1

Figure 8.3.: A general triangle K (left) and the reference triangle K (right)

In this work we consider the continuous piecewise linear finite element approximation.
Thus, the shape functions of P;(K) are the barycentric coordinates on the triangle K,
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8.1. Implementation of the scheme

and the basis functions on the reference triangle K are
1 =& Ci2 = &2 Yrz=1—& —&.
Then the transformation between any triangle K € 7, and the reference triangle K reads
r1 =2y + (2] — 2)é + (27 — 77)&
Ty = xy + (15 — 23)&1 + (25 — 23)&,
3

where P, = (z},2}), P, = (22, 22), and Py = (23, 23) are the vertices of the triangle K.
Let | K| be the area of the element. Then the absolute value of the Jacobian becomes

171 = dor (S22 )| (a3~ b - o) (a2 - e - )] = 20K

In order to compute the integrals in the semi-implicit linear scheme (6.25) we have used
the following formulae valid on the reference triangle in two space dimensions

| Y2 ifi=
@w®%®—{vﬂi“#j
oo ifi=j5=k
/~ 0i(€)pi(©pn(€) =1{ Yoo ifi=jFkori=k#jorj=k#i
K Vo if i #£j # k.

Remark 8.1. Let d be the space dimension, and let o; € Ny, || = a1+ ...+ agi1. Then
for any K € Ty, and its barycentric coordinates (A1, ..., N\gr1) it holds that

051! CYQ! c. ad+1!d!
(Jaf 4 d)!

[ AR @A (@) N () d =

8.1.2. Numerical integration formula

The method of characteristics used to discretize the material derivative yields the inte-
grals of the form

/Ku’,f_1 o X1'(x) vi(x) du, /KCZ_l o X1"(z) Dy(x) du, (8.1)

which need a special treatment. For the integration of the composite functions on trian-
gles K we apply the numerical integration formula of degree 5. Here we briefly explain
the main idea. For the details we refer to [108, 138, 139] and the references therein.

For a function g € C'(K) we define its integral over K and a general numerical inte-
gration formula by

M

I[g, K] := /Kgd:c, Iilg, K] ==Y g(a;)w;,

i=1

respectively. Here a; denotes the i-th point and w; stands for the corresponding weight.
We define the error of the numerical integration

Eh[ga K] = ][ga K] - Ih[g7K]
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8. Numerical experiments

Then the accuracy of the formula is expressed by the degree of the error given by
deg (E) :=sup {k € Ny : Ejlg, K] =0, Vg € Pu(K)}.
We say that the numerical integration formula is of degree 5 when deg (Ej,) = 5.

Two-dimensional case [138]
e number of points in a triangle M =7

e weights

9 155 — 15 . 155 + /15
w1 = ) Wy = ) 12273747 Wy = )
40 1200 1200

1=5,6,7
e points given in the barycentric coordinates, cf. Section C.1 in Appendix C,

(>\17>\27>\3) € (t7t7t) 7’ = 1
a; : (A17A27A3) € (pvpa q) L= 27374
(A1, A2, Ag) € (r,158) i=05,6,7

for

1 6 — /15 9+ 215 6+ 15 9— 215

tzf = — = — - —
3 P 21 1 21 " 21 s 21

Here (j1, jo; j3) denotes the set of all permutations of (j1, jo, j3)-

AN

Figure 8.4.: Points for numerical integration of degree 5 on different triangles

Element search algorithm

We have already shown how the integrals (8.1) containing a composite functions are
computed. However, there is another difficulty that has to be handled. If we denote

g:=u} —u} o X(z) or g:=Cj — Gy o X]'(2),

then the numerical integration formula yields, for the integral of g over an element K,
the sum I,[g, K] = M, g(a;)w;, that has to be evaluated. The points a; are always in
K, however the points g(a;) do not have to lie in the same element K, since they contain
the upwind point X7'(a;) of a; € K. Therefore, in order to compute I;[g, K], we need to
determine the proper index of the element in which the point g(a;) lies.
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8.1. Implementation of the scheme

To this end, let us consider, for any element Ky, k € {1,..., Ng}, the barycentric
coordinates (A}, A5, A¥), see Appendix C. One of their properties which allows us to find
the proper element that contains the point g(a;) reads:

x* € K if and only if

The simplest approach is to go through all the elements and stop if the condition (Ey)
is satisfied. This easy to code algorithm, however, needs a lot of computational time.
We employ the algorithm proposed by Notsu [108]. This approach needs the data
{mF}3_, for all elements Ky, k =1,..., Ng. The mF are the indices of the neighbouring
elements of the element Kj. We set mF = —1 if there is no neighbouring element, i.e. if
at least one of the edges of the element K}, corresponds to the boundary of the domain.

Element search algorithm [108]

1: given kg € {1,..., Ng}
2: while ko € {1,...,Ng} do
3. if (Ey,) is satisfied then
set k = kg and break
for 1=1,2,3 do
if Agi <0and m® # —1 then

set ky = mf and break
end if
end for
10: set kg = ky
11: end if

12: end while
13: return k

8.1.3. Algorithm for the semi-implicit scheme

The semi-implicit time discretization indicates that the matrix of the system of equations
at the current time step t" depends on the solution from the old time step ¢"~*, cf. (6.27).
It means that solving the whole system at once might be costly and ineffective, as the
matrix would have to be recomputed at every time step. Therefore, we handle the
proposed semi-implicit linear scheme (6.25) as a coupled system of the Navier-Stokes
equations with three convection-diffusion equations. Then we can make use of suitable
properties of constant system matrices, such as symmetry and positive definiteness. This
allows us to employ effective iterative solvers, such as the conjugate gradient (CG) or
the minimal residual (MINRES) methods.

The CG method generates a sequence of conjugate or orthogonal vectors. These vectors
are the residuals of the iterative solutions. This method is extremely effective when the
coefficient matrix is symmetric and positive definite, since only a limited number of
vectors needs to be stored. The MINRES method is a computational alternative for CG
method in the case when the system matrix is symmetric and possibly indefinite, cf.,
e.g., [17, 63, 130].
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8. Numerical experiments

The Navier-Stokes part yields a small-size symmetric matrix of the system of equations
for the coeflicients of u} and pj!. Thus the MINRES method is applied. On the other
hand, the convection-diffusion part results in three systems of equations for the coeffi-
cients of CTy ,, CTy, = €3y, and Cy; j,, whose system matrices are small-size symmetric,
and moreover, positive definite. Hence the CG method is employed.

In order to implement the coupling of the Navier-Stokes part with the conformation
tensor part we employ an inner iteration procedure.

Inner iteration scheme

For given (u}~', p}~*, C}!) we find a solution (uf,p, C}) to the semi-implicit scheme

(6.25) as a limit of the series {(uh N ol Z) }ezo’ ie.

( ’ph - Cn 1)E(uh 7ph 7Cn ) (uh vph 7Cn ) (uh 7ph ’Cn2)
T (uZOO7pZOO7 ZOO> (uh7ph7CZ)-

In the real computations we employ a stopping criterion

e b (IS b, oGy,

At lazilly + 127 ICl,

The tolerance is typically set to tol = 1072, In some cases smaller tolerance is chosen.
We set the maximal allowed number of inner iterations to 20.

The algorithm that has been implemented in C code to solve the semi-implicit pressure-
stabilized characteristics finite element method follows.

Algorithm 1 PSChFE scheme for the Peterlin viscoelastic model
1: forn=0,...,Nr —1do
2:  given (uﬁ,pz, CZ) set (uh o, C 0) = (uZ,pﬁ,CZ)
33 for/=1,...,20 do
4: solve

n,¢ n—1
u,’ —u oXDP nt i
( h Aht 1 ,Vh> +Ah ((uh y Pp, ), (Vh7Qh>) =

— (tr cpttent, Vvh) + (£, vn)

ct—Crlo X .
( SN I,Dh> +a.(C}", D) =
((vunf 1>CZ 1 Cn l(v nl— 1) 7Dh)+

+ (tr G = ((tr G 71 )2CR !, Dy + (F, Dy)

5: if E,, <tol then

6: break

7 end if

8: end for

9:  update (u}t! pptt Cpth) = (uh Dy ,CM)
10: end for
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8.2. Experimental order of convergence

8.2. Experimental order of convergence

The aim of this section is to confirm theoretical convergence rate by a series of numer-
ical experiments. We remind that the first order error estimates for the semi-implicit
linear scheme approximating the Oseen-type Peterlin model have been proven, see The-
orem 7.14 in Section 7.3.

Let us recall that, for the sake of computing the experimental order of convergence,
we have considered some external forces in the Oseen-type Peterlin model (6.1). Conse-
quently, we have its analytical solution. We set

p(z,t) = \2/5 sin?(7ay) sin?(may) sin{m(zy + x5 + 1)}

Then the functions

u(x,t) = (—552(1:,15), %(z,t)) , pla,t) == sin{m(zy + 229 + 1)},

Cii(z,t) == ;sin2(7rx1) sin?(7ag) sin{m(z; + 1)} + 1, (5.2)

Coo(x,t) := ;sin2(7rx1) sin®(may) sin{m(zy + 1)} + 1,
1
Cia(z,t) :== 5 sin?(mrzy) sin® (7@ sin{m (21 + 22 + 1)} (= Co(a, 1)),

with the corresponding forces (f,F), represent the exact solution to the Oseen-type
Peterlin model (6.1). We choose u as the given velocity w.

Let (up, pr, Cp) be the solution of the numerical scheme (6.25) and let (u, p, C) be the
analytical solution (8.2). We define the relative errors by
[up, — Il _ |lpn = Tp| _ ICh — ILC]|

€y 1= —————— e €c =
[Ty ull ! L] ITL,.C]

Let g, be a numerical approximation of a function g dependent on the discretization
parameter h. The convergence g, — g for h — 0 can be quantify by

||gh - g” S Cha7

for a maximal «, which is called a convergence order. This gives us a possibility to verify
the numerical scheme. If the solution ¢ is known and if two approximations g, and gu
are computed, we can evaluate o as
log, (lgn="hgll/)ig, ,—11,,
o~ EOC(h, h/) — g2 ( h/”gh h 9”)7
logy (/n)

subject to the assumption that the error is || g, — g|| & ch®. In our case the two subsequent
discretization parameters are h and h/2. Thus the experimental order of convergence
becomes

EOC(h,/)2) = log, < lgn = gl ) :

| grjz — Mg
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8. Numerical experiments

8.2.1. Problem setting

As already mentioned the computational domain is a unit square (0,1)%. The final time
for all the computations in this section is 7" = 0.5. We fix §y = 1 in (6.23). Unless stated
otherwise, we take the time increment At = h/2 for N = 16, 32, 64, 128. The initial data
(uf), CY) are the first component of the Stokes projection of (u(0),0) given by (7.9) and
the Lagrange interpolation (6.19) of C(0), respectively. To investigate convergence order
numerically we consider several test cases for different values of v and e:

(1) v=10.0,e =107%, k=0,1,2,3,4
(2) v=10,e=10"% k=0,1,2,3,4
(3) v=01,e=10"%k=1,2,3,4
(4) v=0.01,e =107 k=234

(5) e=0,v=10"% k=0,1,2,3,4 .

The elastic stress viscosity is typically smaller than the fluid viscosity. Therefore we
have taken the values of € to be less than or equal to v. Let us note that we work with
e > 0. The theoretical results on stability and error estimates also require the elastic
stress viscosity to be positive. Nevertheless, the proposed numerical scheme (6.25) yields
the first order convergence even for ¢ = 0, see the test case (5), where different values
of v for € = 0 are considered.

8.2.2. Numerical results

In what follows we present tables with the relative errors of the approximation and the
experimental order of convergence (EOC) for different meshes. In addition, the maximal
number of inner iterations for each mesh is given. Besides every table there is a figure
depicting the relative errors versus the discretization parameter A in a logarithmic scale.
The slope between two subsequent values of h represents the EOC. The time increment
has been taken as At & h/2 in order to keep the same orders of both At and h analogously
to the theoretical result. In most of the test cases we shall observe better than the first
order convergence in both space and time.

Positive definiteness of the conformation tensor

Theoretical results for the linear scheme require positive definiteness of the discrete
conformation tensor, cf. Theorems 7.13 and 7.14. We control this important property
in all subsequent computations. The smallness of time increment in order to have C,,
positive definite depends on the mesh size h, the viscosities v and ¢ and on the initial
data. Nevertheless, the upper bound ¢y of the time increment, cf. Hypothesis 2, seems
to be independent of the numerical solution in all test cases.

It has turned out that for the case v = 0.01, ¢ = 0.001 the time increment At = h/2
is not sufficiently small for N = 16,32. For other two cases v = 0.01 and ¢ = 107*,
k = 4,00 it is not enough small even for N = 64. That is the reason why we present,
for these three pairs of viscosities, the results for the time increment At = h/4, which is
satisfactory to ensure this property, see Tables & Figures 8.20, 8.21 and 8.25 below. Let
us note that At = 1/256 is also a convenient choice of time increment.
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8.2. Experimental order of convergence

(1) The case v = 10.0 and ¢ = 107%, k =0,1,2,3,4

—o—vu in (L3

——VCin (L}

—F— uinI°(L?
CinI®(L?)
pin 2(L?)

h Ve, [2(L?) EOC Ve, [*(L?) EOC 10° p
1/16  5.38e-02 4.06e-02
1/32  211e-02 1.35  1.61e-02 1.33
1/64  9.15e-03 1.20  7.14e-03 1.18
1/128  4.74e-03 0.95  3.65¢-03 0.97 107}
h e, [*°(L%) EOC e, I®(L%) EOC
1/16  343¢-02 — 120002 -
1/32  9.82e-03 1.80  5.65e-03 1.19 5
1/64  3.11e-03 1.66  2.65e-03 1.09 -
1/128  9.41e-04 1.72  1.33e-03 1.00
h €p l2(L2) EOC lmar
1/16  8.90e-01 4 w0l
1/32  6.00e-01 0.57 4
1/64  3.09e-01 0.96 4
1/128  1.13e-01 1.45 4
Table & Figure 8.5: Errors and EOC:
h Ve, (*(L*) EOC Ve, [*(L*) EOC 10 ¢
1/16  5.36e-02 1.06e-01
1/32  211e-02 1.35  3.86e-02 1.46
1/64  9.15e-03 1.20  1.77e-02 1.13
1/128  4.74e-03 0.95  8.57e-03 1.04 107
h e, [*°(L%) EOC e, I®(L%) EOC
1/16  341e02 -~ 18802 -
1/32  9.79e-03 1.80  7.51e-03 1.32 5
1/64  3.11e-03 1.65  3.37e-03 1.16 -
1/128  9.45e-04 1.72  1.58¢-03 1.09
h Gp l2(L2) EOC lmaz
1/16  891e-01 4 w0l
1/32  6.02e-01 0.57 4
1/64  3.10e-01 0.96 4
1/128  1.14e-01 1.45 4

I I I I
1/128 1/64 1/32 1/16

v = 10.0000
€ = 1.0000

v=10.0,c=10

—5— vu in}(L?

—s—vCin (L}

—F— uin "3
Cin ™)
pin A3

Table & Figure 8.6: Errors and EOC:

I I I I
1/128 1/64 1/32 1/16
h

v = 10.0000
€ = 0.1000

v =100, =0.1
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8. Numerical experiments

h Ve, 12(L?)

EOC Ve, 12(L?) EOC

Relative errors

—5— vu in3(L?

—— VCin (L3

—F— uinI”(L?
CinI®(L?)
pin 2(L?)

I I I I
1/128 1/64 1/32 1/16
h

v = 10.0000
€ = 0.0100

Table & Figure 8.7: Errors and EOC: v = 10.0, ¢ = 0.01

1/16 5.34e-02 - 3.51e-01 -~
1/32 2.10e-02 1.34 1.16e-01 1.60
1/64 9.15e-03 1.20 4.19e-02 1.47
1/128 4.74e-03 0.95 1.78e-02 1.23
h e, 1®(L%) EOC e, I®(L?) EOC
1/16 3.40e-02 - 3.20e-02 -
1/32 9.76e-03 1.80 1.08e-02 1.57
1/64 3.11e-03 1.65 4.46e-03 1.28
1/128 9.50e-04 1.71 1.99e-03 1.16
h ep lz(L2) EOC lmax
1/16 8.92e-01 - )
1/32 6.04e-01 0.56 4
1/64 3.11e-01 0.95 4
1/128 1.14e-01 1.45 4
h Ve, I*(L?) EOC Ve, I?(L?) EOC
1/16 9.33e-02 - 7.89¢-01 -
1/32 2.10e-02 1.34 3.76e-01 1.07
1/64 9.15e-03 1.20 1.43e-01 1.39
1/128 4.74e-03 0.95 4.82e-02 1.57
h e, I°(L?) EOC e, (L) EOC
1/16 3.39e-02 - 4.28e-02 -
1/32 9.75e-03 1.80 1.35e-02 1.66
1/64 3.11e-03 1.65 5.10e-03 1.41
1/128 9.50e-04 1.71 2.22e-03 1.20
h ep l2(L2) EOC lma:z:
1/16  8.92e-01 -~ 5
1/32 6.04e-01 0.56 4
1/64 3.12e-01 0.95 4
1/128 1.14e-01 1.45 4
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—5— vu in4(L?

—— VCin %3

—F— uinI"(L?)
CinI®(L?
pin (L3

I I I I
1/128 1/64 1/32 1/16
h

v = 10.0000
e =0.0010

Table & Figure 8.8: Errors and EOC: v = 10.0, ¢ = 0.001




8.2. Experimental order of convergence

h Ve, (2(L?) EOC Ve, [*(L?) EOC 0 ¢ p——]
116 53302 -  1.05e4+00 - IR
1/32  210e-02 1.34  7.17e-01 0.54 cinr()
1/64  9.15e-03 1.20  4.51e-01 0.67 it
1128 4.74e-03 0.95  1.94e-01 1.22 107

h e, I°(L?) EOC e, (L% EOC
1/16  3.39e-02 4.68e-02
1/32  9.75¢-03 1.80  1.60e-02 1.55 |
1/64  3.11e-03 1.65  5.82-03 1.46 =10
1128 9.50e-04 1.71  2.34e-03 1.31

h e, 2(L?) EOC Imaa
1/16 89201 - 5 0ol o0
1/32  6.04e-01 0.56 4 0ol
1/64  3.12e-01 0.95 4

4

I I I I
1/128 1/64 1/32 1/16
h

1/128  1.14e-01 1.45

Table & Figure 8.9: Errors and EOC: v = 10.0, ¢ = 0.0001

(2) Thecase v =1.0and e = 107%, k =0,1,2,3,4

h Ve, (*(L*) EOC Ve, [*(L*) EOC 10 ¢ E————
1/16  621e-02 —  4.21e-02 - ISR
1/32  243e-02 1.35  1.68e-02 1.32 cinr (L)
1/64  9.97e-03 1.29  7.24e-03 1.21 PR
1/128  4.92e-03 1.02  3.65e-03 0.99 107

h e, I°°(L2) EOC e, I®(L?) EOC
1/16  4.69e-02 -  1.38e02 -

1/32  1.51e-02 1.63  6.06e-03 1.19 :
1/64  4.70e-03 1.69  2.76e-03 1.13 -
1/128  1.57¢-03 1.58  1.37e-03 1.02

h Gp l2(L2) EOC lmaz
1/16  4.43e-01 4 0o o
1/32 1.78e-01 1.32 4 C Lo
1/64  6.21e-02 1.52 4

4

I I I I
1/128 1/64 1/32 1/16
h

1/128 2.10e-02 1.57

Table & Figure 8.10: Errors and EOC: v = 1.0, e = 1.0
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8. Numerical experiments

Relative errors

—5— vu in3(L?

—— VCin (L3

—F— uinI”(L?
CinI®(L?)
pin (L3

I I I I
1/128 1/64 1/32 1/16
h

v = 1.0000
€ = 0.1000

Table & Figure 8.11: Errors and EOC: v = 1.0, € = 0.1

h Ve, [2(L?) EOC Ve, [2(L?) EOC
1/16 6.03e-02 - 1.27e-01  —
1/32 2.40e-02 1.33 4.80e-02 1.41
1/64 9.95e-03 1.27 1.92e-02 1.32
1/128 4.93e-03 1.01 8.57e-03 1.16

h e, I°(L2) EOC e, I°(L?) EOC
1/16 4.46e-02 - 2.27e-02 -
1/32 1.45e-02 1.62 9.13e-03 1.31
1/64 4.56e-03 1.67 3.75e-03 1.28
1/128 1.52e-03 1.58 1.68e-03 1.15

h e, (2(L%) EOC Lnaz
1/16 4.64e-01 - )
1/32 1.90e-01 1.29 4
1/64  6.59¢-02 1.52 4
1/128  2.17¢-02 1.60 4

h Ve, I2(L?) EOC Ve, I2(L?) EOC
1/16 5.84e-02 - 3.69e-01 -
1/32 2.37e-02 1.30 1.31e-01 1.50
1/64 9.91e-03 1.26 4.60e-02 1.50
1/128 4.93e-03 1.01 1.81e-02 1.35

h e, I®°(L%) EOC e, I®(L?) EOC
1/16  4.43e-02 - 3.79e-02
1/32 1.42e-02 1.65 1.41e-02 1.43
1/64 4.51e-03 1.65 5.24e-03 1.43
1/128 1.51e-03 1.58 2.16e-03 1.28

h ep l2(L2) EOC lma:z:
1/16  4.76e-01 5
1/32 1.98e-01 1.26 4
1/64 6.92e-02 1.52 4
1/128 2.26e-02 1.62 4

156

Relative errors

—5— vu in4(L?

—— VCin %3

—F— uinI7(L?
CinI®(L?
pin 2(L?

I I I I
1/128 1/64 1/32 1/16
h

v = 1.0000
€ = 0.0100

Table & Figure 8.12: Errors and EOC: v = 1.0, ¢ = 0.01




8.2. Experimental order of convergence

h Ve, I?(L?) EOC Ve, I>(L?) EOC 0 E——————
116 58002 —  7.87e01 - IR
1/32  2.36e-02 1.30  3.74e-01 1.07 oL
1/64  9.88¢-03 1.26  1.44e-01 1.38 PR
1/128  4.92¢-03 1.01  4.91e-02 1.55 107

h e, 1®°(L?) EOC e.I™(L?) EOC
1/16  4.43¢-02 - 4.75e-02
1/32  1.41e-02 1.65  1.68e-02 1.50 :

1/64  4.51e-03 1.65  5.97e-03 1.49 ="
1/128  1.51e-03 1.57  2.40e-03 1.32

h ep ZQ(LQ) EOC lmax
1/16  4.79¢-01 5 10 oo
1/32  2.00e-01 1.26 4 L 000t
1/64  7.03e-02 1.51 4

4

I I I I
1/128 1/64 1/32 1/16
h

1/128 2.30e-02 1.61

Table & Figure 8.13: Errors and EOC: v = 1.0, € = 0.001

h Ve, (*(L*) EOC Ve, [*(L*) EOC 10 ¢ E————
1/16  5.80e-02 —  1.04c+00 - ISR
1/32  2.36e-02 1.30 7.01e-01 0.56 CinI"L®)
1/64  9.87e-03 1.26  4.40e-01 0.67 ph )
1/128  4.91e-03 1.01  1.91e-01 1.21 107

h e, I°(L?) EOC e, I™(L?) EOC
1/16  443¢:02 — 500002 -

1/32  1.41e-02 1.65  1.87e-02 1.45 :
1/64  451e-03 1.65  6.56e-03 1.51 -
1/128  1.51e-03 1.57  2.51e-03 1.38

h Gp l2(L2) EOC lmaz
116 4.79¢-01 -~ 5 0%t oo
1/32 2.01e-01 1.26 4 ~ oo
1/64  7.05e-02 1.51 4

4

I I I I
1/128 1/64 1/32 1/16
h

1/128 2.32e-02 1.61

Table & Figure 8.14: Errors and EOC: v = 1.0, € = 0.0001

157



8. Numerical experiments

(3) The case v =0.1 and e = 107%, k =1,2,3,4

Relative errors

—o— vu in (L3

—— VCin 3(L?)

—F— uinI?(L?)
CinI®(L?)
pin 2(L3)

I I I I
1/128 1/64 1/32 1/16
h

v = 0.1000
€ = 0.1000

Table & Figure 8.15: Errors and EOC: v = 0.1, € = 0.1

h Ve, 12(L?) EOC Ve, I2(L?) EOC
1/16 7.85e-02 - 1.65e-01 -
1/32 3.13e-02 1.33 5.89e-02 1.48
1/64 1.31e-02 1.25 2.30e-02 1.36
1/128 6.36e-03 1.05 1.02e-02 1.17

h e, I°(L%) EOC e, I®°(L?) EOC
1/16 6.14e-02 - 2.88e-02 -
1/32 2.21e-02 1.48 1.14e-02 1.33
1/64 8.97e-03 1.30 4.91e-03 1.22
1/128 4.07e-03 1.14 2.30e-03 1.09

h €p ZQ(LQ) EOC lmam
1/16  2.03e-01 5
1/32 7.14e-02 1.51 4
1/64 2.68e-02 1.41 4
1/128 1.11e-02 1.27 4

h Ve, I2(L?) EOC Ve, I2(L?) EOC
1/16 7.13e-02 - 3.84e-01 -
1/32 2.90e-02 1.30 1.44e-01 1.41
1/64 1.23e-02 1.23 5.23e-02  1.47
1/128 6.03e-03 1.03 2.04e-02 1.36

h e, I®°(L%) EOC e, I®(L?) EOC
1/16 5.94e-02 - 4.50e-02 -
1/32 1.95e-02 1.61 1.71e-02 1.40
1/64 7.72e-03 1.34 6.78e-03 1.33
1/128 3.41e-03 1.18 3.01e-03 1.17

h ep l2(L2) EOC lma:z:
1/16 2.42e-01 - )
1/32 8.69e-02 1.48 4
1/64 3.12e-02 1.48 4
1/128 1.22e-02 1.35 4
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Relative errors

—5— vu in4(L?

—— VCin %3

—F— uinI7(L?
CinI®(L?
pin 2(L?

I I I I
1/128 1/64 1/32 1/16
h

v = 0.1000
€ = 0.0100

Table & Figure 8.16: Errors and EOC: v = 0.1, ¢ = 0.01




8.2. Experimental order of convergence

h Ve, I(L?) EOC Ve, I>(L*) EOC 10 p——]
116 7.16e-02 -  7.30e-01 - IR
1/32  2.88¢-02 1.31 34201 1.09 o)
1/64  121e-02 1.26  1.41e-01 1.28 P
1/128  593e-03 1.03  5.22e-02 1.44 07

h e, I°(L?) EOC e, I®(L?) EOC
1/16  593e-02 - 517e-02
1/32 1.95e-02 1.61  1.94e-02 1.42 g
1/64  7.65¢-03 1.35  7.55¢-03 1.36 =10
1/128  3.35e-03 1.19  3.28e-03 1.20

h e, 2(L?) EOC Imaa
1/16 25201 5 0l oo
1/32 9.19e-02 1.45 4 . ool
1/64  3.33¢-02 1.47 4

4

1/128 1.29e-02 1.37

I I I I
1/128 1/64 1/32 1/16
h

Table & Figure 8.17: Errors and EOC: v = 0.1, € = 0.001

h Ve, (*(L*) EOC Ve, [*(L*) EOC 10 ¢ E————
1/16 72202 94901 - ISR
1/32  2.93e-02 1.30 6.16e-01 0.62 CinI"L®)
1/64  1.23e-02 1.26  3.87e-01 0.67 ph )
1/128  5.92¢-03 1.05  1.76e-01 1.14 107

h e, I°(L?) EOC e, 1=(L*) EOC
1/16 59302 -~ 539002 -

1/32  1.95e-02 1.60  2.05e-02 1.40 5
1/64  7.66e-03 1.35  7.92e-03 1.37 “
1/128  3.35¢-03 1.19  3.37¢-03 1.23

h Gp l2(L2) EOC lmaz
1/16  2.53¢-01 - 5 o0t .
1/32 9.28e-02 1.45 4 C oo
1/64  3.38¢-02 1.46 4

4

1/128 1.32e-02 1.36

I I I I
1/128 1/64 1/32 1/16
h

Table & Figure 8.18: Errors and EOC: v = 0.1, ¢ = 0.0001
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8. Numerical experiments

(4) The case v =0.01 and e = 107%, k = 2,3,4

Relative errors

—o— vu in (L3

—— VCin 3(L?)

—F— uinI?(L?)
CinI®(L?)
pin 2(L3)

I I I I
1/128 1/64 1/32 1/16

h

v = 0.0100
€ = 0.0100

& Figure 8.19: Errors and EOC: v = 0.01, € = 0.01

h Ve, 12(L?) EOC Ve, I2(L?) EOC
1/16 9.27e-02 - 3.98e-01 -
1/32 3.73e-02 1.31 1.55e-01 1.36
1/64 1.65e-02 1.18 5.87e-02 1.40
1/128 8.16e-03 1.02 2.37e-02 1.31

h e, I°(L%) EOC e, I®°(L?) EOC
1/16 6.60e-02  — 4.70e-02 -
1/32 2.27e-02 1.54 1.85e-02 1.34
1/64 9.78¢-03 1.22 7.79e-03 1.25
1/128 4.59e-03 1.09 3.60e-03 1.11

h €p ZQ(LQ) EOC lmam
1/16  2.06e-01 7
1/32 7.41e-02 1.47 4
1/64 2.78e-02 1.41 4
1/128 1.16e-02 1.27 4

Table

h Ve, I2(L?) EOC Ve, I2(L?) EOC
1/16  8.71e-02 - 6.47¢-01 —
1/32 3.44e-02 1.34 3.00e-01 1.11
1/64 1.37e-02 1.32 1.32e-01 1.18
1/128 6.75e-03 1.03 5.29e-02 1.32

h e, I®°(L%) EOC e, I®(L?) EOC
1/16 5.91e-02 - 4.57e-02 -
1/32 1.66e-02 1.83 1.59e-02 1.53
1/64 5.88e-03 1.50 5.07e-03 1.51
1/128 2.40e-03 1.30 2.18e-03 1.35

h ep l2(L2) EOC lma:z:
1/16  2.03e-01 5
1/32 7.01e-02 1.54 4
1/64 2.37e-02 1.57 4
1/128 8.31e-03 1.51 3

Relative errors

—5— vu in4(L?

—— VCin %3

—F— uinI7(L?
CinI®(L?
pin 2(L?

I I I I
1/128 1/64 1/32 1/16
h

v = 0.0100
€ =0.0010

Table & Figure 8.20: Errors and EOC: v = 0.01, e = 0.001, dt = h/4
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8.2. Experimental order of convergence

h Ve, ?(L?) EOC Ve, *(L*) EOC 0 T
1/16 9.04e02 — 83901 - ISR
1/32  3.74e-02 127  5.32e-01 0.66 oL
1/64  1.54e-02 1.28  3.34e-01 0.67 P
1/128  6.96e-03 1.14  1.62¢-01 1.05 107

h e, I®°(L?) EOC e, ®(L?) EOC
1/16  591e-02 - 4.75e-02
1/32  1.67e-02 1.82  1.67e-02 1.51 :

1/64  591e-03 1.50  5.90e-03 1.50 =
1/128  240e-03 1.30  2.29¢-03 1.37

h ep ZQ(LQ) EOC lmax
1/16  2.05e-01 - 5 el " oow
1/32  7.13e-02 1.52 4 oo
1/64  2.45¢-02 1.54 4

3

1/128 8.80e-03 1.48

I I I I
1/128 1/64 1/32 1/16
h

Table & Figure 8.21: Errors and EOC: v = 0.01, e = 0.0001, dt = h/4

(5) The case ¢ =0 and v = 107% k= —1,0,1,2

h Ve, I?(L?) EOC Ve, [*(L?) EOC i V/v// S —E
1/16  5.33¢-02 -  1.09¢+00 - ISR
1/32 2.10e-02 1.34  8.34e-01 0.39 CinI"L®)
1/64  9.15e-03 1.20  7.35e-01 0.18 ph )
1/128  4.74e-03 0.95  5.58e-01 0.40 107

h e, I1®(L?) EOC e.I™(L?) EOC

1/16 3.39¢-02  — 4.75e-02

1/32 9.75e-03 1.80 1.69e-02 1.49

1/64 3.11e-03 1.65 6.78e-03 1.32
1/128 9.50e-04 1.71 2.81e-03 1.27

h Gp l2(L2) EOC lmaz

1/16  8.92e-01 -
1/32  6.04e-01 0.56
1/64  3.12e-01 0.95
1/128  1.14e-01 1.45

Relative errors

v = 10.0000
€ = 0.0000

= e Ot

I I I I
1/128 1/64 1/32 1/16
h

Table & Figure 8.22: Errors and EOC: € = 0, v = 10.0
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8. Numerical experiments

Errors and EOC: e =0, v = 1.0

h Ve, I2(L?) EOC Ve, I2(L?) EOC
1/16 5.80e-02 - 1.08e4+00 —
1/32 2.36e-02 1.30 8.15e-01 0.41
1/64 9.87e-03 1.26 7.16e-01 0.19
1/128 4.91e-03 1.01 5.44e-01 0.40

h e, I°°(L?) EOC e, (L) EOC
1/16 4.43e-02 - 5.15e-02 -
1/32 1.41e-02 1.65 1.94e-02 1.41
1/64 4.51e-03 1.65 7.35e-03 1.40
1/128 1.52e-03 1.57 2.92e-03 1.33

h ep lz(L2) EOC lmax
1/16 4.80e-01 -~ )
1/32 2.01e-01 1.26 4
1/64  7.05e-02 1.51 4
1/128 2.32e-02 1.61 4

Table & Figure 8.23:

h Ve, I2(L?) EOC Ve, [2(L?) EOC
1/16 7.23e-02 - 9.90e-01 -
1/32 2.95e-02 1.29 7.16e-01 0.47
1/64 1.25e-02 1.24 6.25e-01 0.20
1/128 6.03e-03 1.05 4.81e-01 0.38

h e, I°(L2) EOC e, I°(L?) EOC
1/16 5.93e-02 - 5.44e-02 -
1/32 1.95e-02 1.60 2.09e-02 1.38
1/64 7.66e-03 1.35 8.36e-03 1.32
1/128 3.35e-03 1.19 3.58e-03 1.22

h ep l2(L2) EOC lma:z:
1/16 2.54e-01 - )
1/32 9.29e-02 1.45 4
1/64 3.39e-02 1.46 4
1/128 1.32e-02 1.36 4
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Table & Figure 8.24: Errors and EOC: ¢ =0, v = 0.1

Relative errors

Relative errors

—5— vu in3(L?

—— VCin (L3

—F— uinI”(L?
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I I I I
1/128 1/64 1/32 1/16
h

v = 1.0000
€ = 0.0000

—5— vu in4(L?

—— VCin %3

—F— uinI"(L?)
CinI®(L?
pin 2(L?

I I I I
1/128 1/64 1/32 1/16
h

v = 0.1000
€ = 0.0000




8.2. Experimental order of convergence

h Ve, I?(L*) EOC Ve, [*(L*) EOC 10° ¢ E——
1/16  9.09e-02 —  875e-01 V/V/V/V ISR
1/32  3.83e-02 1.25 6.20e-01  0.50 Cin"L®)
1/64  1.68e-02 119  5.51e-01 0.17 pn )
1/128  8.00e-03 1.07  4.26e-01 0.37 07}

h e, [*°(L%) EOC e, I®(L%) EOC
116 591e-02 -  4.78¢-02 -

1/32  1.67e-02 1.82  1.71e-02 1.49 g
1/64  5.92e-03 1.50  6.30e-03 1.44 g
1/128  241e-03 1.30  2.49¢-03 1.34

h ep l2(L2) EOC lmam
1/16  2.05e-01 5 0ol .
1/32 7.14e-02 1.52 4 C 00000
1/64  2.46e-02 1.54 4

3

1/128  8.94e-03 1.46

1/128 1/64 1/32 1/16
h

Table & Figure 8.25: Errors and EOC: ¢ =0, v = 0.01, dt = h/4

Let us note that in the case (5) we have observed that the EOC for Ve, gets worse as
the diffusion in the equation for the conformation tensor is missing for ¢ = 0.

8.2.3. Comparison with the implicit scheme

In order to demonstrate the efficiency of the semi-implicit linear pressure stabilized char-
acteristics finite element scheme (6.25) derived in Chapter 6, we now compare the above
numerical results with the results for the implicit nonlinear scheme (7.80) proposed by
Tabata in [91]. The implicit scheme is solved by an analogous algorithm to Algorithm 1,
subject to the same parameters and convergence criteria.

Number of inner iterations

In general, the inner iteration for the nonlinear scheme (IN) requires more steps to con-
verge than the inner iteration of the linear scheme (L). Table 8.22 below captures the
maximal number of inner iterations l,,,, for three different choices of viscosities.

(a) v=1.0,e=0.01 (b) v=0.1,e = 0.01 (c)v=1.0,e=0
h (L) (N) h (L) (N) h (L) (N)
/16 5 7 /16 5 11 1/16 5 8
1/32 4 6 1/32 4 6 1/32 4 6
1/64 4 5 1/64 4 5 1/64 4 5
1/128 4 4 1/128 4 4 1/128 4 4

Table 8.22.: Maximal number of inner iterations
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8. Numerical experiments

Size of time increment

The advantage of the nonlinear scheme is that the positive definiteness of the discrete
conformation tensor is not necessary to prove the stability and optimal error estimates,
cf. Theorems 7.22 and 7.23. However, we have observed that the simulations, where
the positive definiteness of the conformation tensor was not preserved, did not converge.
This again indicates the importance of this physical property, which has been therefore
controlled in all test cases for both schemes.

We have noticed that, for a particular choice of parameters, the nonlinear scheme re-
quires smaller time increment in order to keep the positive definiteness of the discrete
conformation tensor. More precisely, for ¢ = v = 0.01 in the linear case, the time incre-
ment At = h/2 is sufficiently small for all meshes in the sense that the inner iterations
converge and the positive definiteness of Cy, is preserved. However, the nonlinear scheme,
for the same vicosities, needs smaller time increments for coarser meshes, i.e. At = h/8
for N =16 and At = h/4 for N = 32.

As we have already mentioned in the linear case, the small viscosities might lead to the
lost of the positive definiteness of the conformation tensor in a numerical approximation.
For instance, for the choice ¥ = 0.01 and € = 0.0001, for At = h/2, we lose this physical
feature and consequently the convergence at time t = 0.41,0.27,0.20, for N = 16, 32, 64,
respectively, breaks down. Let us point out that this is consistent with the theoretical
result for the linear scheme, cf. Proposition 6.9. The implicit function theorem, used to
prove local in time existence of the positive definite conformation tensor as the solution to
the linear scheme (6.25), requires the time increment to be small enough. Nevertheless,
for At = h/4 the solution C is indeed positive definite for all N and we get slightly
better than the first order convergence, see Table & Figure 8.21. We have compared this
test case with the nonlinear scheme as well. Similarly, for At = h/2 and N = 16, 32,64
the nonlinear scheme does not converge. Moreover, for meshes given by the division
numbers 16 and 32 the solution is not convergent even for At = h/4. The relative
errors and EOC for the time increments as in Table 8.23b are shown below, see Table &
Figure 8.27.

(a) v =e=0.01 (b) v =0.01, £ = 0.0001
N M N® @
16 h/2 h/8 16 h/4 h/8
32 h/2 h/4 32 h/4 h/8
64 h/2 h/2 64 h/4 h/4
128 h/2 h/2 128 h/2 h/2

Table 8.23.: Smallness of the time increment

For better illustration we give the results of the fully implicit nonlinear scheme for two
of the above named cases, i.e.

(1) v=1.0, ¢ = 0.01
(2) v =0.01, ¢ = 0.0001.
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8.2. Experimental order of convergence

(N1) The case v = 1.0 and ¢ = 0.01

h Ve, (3(L?) EOC Ve, [*(L?) EOC 10 ¢ E——————
1/16  5.68¢-02 -  4.02-01 - e
1/32 23202 1.29  14le-01 1.51 oL
1/64  9.75e-03 1.25  4.59e-02 1.62 PR
1/128  4.87¢-03 1.00  1.52¢-02 1.59 107

h e, I®°(L?) EOC e, ®(L?) EOC
1/16  4.31e-02 - 4.16e-02
1/32  1.36e-02 1.67  1.57¢-02 1.41 :

1/64  4.26e-03 1.67  5.35¢-03 1.55 =
1/128  1.40e-03 1.61  1.95¢-03 1.46

h ep ZQ(LQ) EOC lmax
1/16  4.80e-01 - 7 10} oo
1/32  2.00e-01 1.26 6 L 00100
1/64  6.79¢-02 1.56 5

4

1/128 2.06e-02 1.72

I I I I
1/128 1/64 1/32 1/16
h

Table & Figure 8.26: (N1) Errors and EOC: v = 1.0, ¢ = 0.01
(N2) The case v = 0.01, and £ = 0.0001

h Ve, (*(L*) EOC Ve, [*(L*) EOC 10 ¢ E———
116 9.07e-02 - 9.66e-01 - ISR
1/32  3.86e-02 1.23 6.33e-01 0.61 Cin"L®)
1/64  1.54e-02 1.32  3.65e-01 0.79 ph )
1/128  7.27e-03 1.09  1.68e-01 1.12 10}

h e, [®(L%) EOC e, (L% EOC
1/16 55802 - 53202 -

1/32  1.49¢-02 1.91  1.81e-02 1.55 g
1/64  5.38¢-03 147  6.30e-03 1.52 =10
1/128  3.79¢-03 0.50  3.48¢-03 0.85

h Gp ZQ(LZ) EOC lmaz
1/16 24801 - 5 0l -
1/32  8.57e-02 153 4 e
1/64  2.76e-02 1.63 4

4

I I I I
1/128 1/64 1/32 1/16
h

1/128 9.88e-03 1.48

Table & Figure 8.27: (N2) Errors and EOC: v = 0.01, € = 0.0001

We can conclude that the advantage of the semi-implicit linear scheme compared to
the implicit nonlinear scheme is the shorter computational time. On the other hand,
the nonlinear scheme does not require positive definiteness property in order to prove
theoretical error estimates.
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8. Numerical experiments

8.3. Lid-driven cavity flow problem

The lid-driven cavity flow problem has been the focus of interest in the computational
fluid dynamic field since the pioneering paper by Burggraff [30] in 1966. It has been
widely used to test new codes and to evaluate numerical methods. Despite its simple
geometry and simple boundary conditions, the problem retains all the flow physics with
counter rotating vortices appearing at the corners of the cavity. It is one of the benchmark
problems for viscous incompressible fluid flow. The Newtonian fluid for the increasing
Reynolds number has been mostly studied, cf., e.g., [48, 57| and references therein.
Theoretical and experimental results for the lid-driven cavity flow of viscoelastic fluids
can also be found in literature, see, e.g., [59, 115, 123].

In this section, we study a viscoelastic fluid flow inside a square cavity whose upper
lid is moving with non-zero tangential velocity. To avoid the discontinuous velocities on
the cavity boundary, we prescribe a polynomial velocity profile vanishing at the corners.
We choose different values of the viscosities v and ¢ to illustrate the efficiency of our
numerical scheme (6.25).

8.3.1. Problem setting

The computational domain is again a unit square >
(0,1)2. We execute computations up to a final time
T = 5 for the mesh given by the division number
N = 128. Further, we fix the time increment to be
At = h/2 and once more the constant §y = 1 in (6.23).
There are no external forces, i.e. (f,F) = (0,0).
We solve the Navier-Stokes-type problem, w = u} .
The boundary conditions read
2 2 9C 2
u(zy, 1,t) = (1627(1 — 21)7,0) a—n(xl,:cg,t) =0 (z1,22) € 0(0,1)".
u=0 else
Test case (A) Test case (B)
Initial conditions: Initial conditions:
u(xy,22,0) : —vAu+Vp=0 u(zy,22,0) =0
C([L’l,l’g,()) :I \/§

(1’1,$2) S [0, 1]2 C(ZU],QZ'%O) = 7:[

(1‘1,1'2) € [O, 1]2

Viscosities: Viscosities:

(A1) v=1.0,e=10" k=2,3,4 (B1) v=1.0,¢=0.01
(A2) v=0.1,e=10"% k=23 (B2) v=0.1, e =0.001
(A3) v =0.01, e = 0.0001 (B3) v =10.01, e = 0.0001
(A4) e=0,v=10"%k=0,1,2 (B4) e =0,v=1.0
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8.3. Lid-driven cavity flow problem

8.3.2. Numerical results

Figures presented below depict the solutions of the cavity flow problem at final time.
Precisely, we plot each component of the velocity and the conformation tensor, separately.
On the last picture we present the pressure with streamlines of the velocity.

(A1) Thecase v =1.0, ¢ = 107% k =2,3,4
(a) & = 0.01

(b) & = 0.001

(¢) e = 0.0001

Figure 8.29.: (A1) Cavity flow: v =1.0,e =107%, k =2,3,4
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8. Numerical experiments

(A2) Thecase v =0.1,e =107% k=2,3
(a) e =0.01

Ci2
0813 0.8

=06
=04
=)
“0

u2
0.207 -0.2

u2
0.203 0.2
=0,

0

=-0.1

Figure 8.30.: (A2) Cavity flow: v =0.1, e = 107% k=23

(A3) The case v = 0.01, ¢ = 0.0001

Figure 8.31.: (A3) Cavity flow: v = 0.01, ¢ = 0.0001
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8.3. Lid-driven cavity flow problem

(A4) Thecasee =0,v=10"% k=0,1,2
(a) v=1.0

0.202 l'I20 2]

(¢) v=10.01

Figure 8.32.: (A4) Cavity flow: e =0, v =107% k=0,1,2
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8. Numerical experiments

Case (B)

Figure 8.33.: (B1) Cavity flow: v = 1.0, € = 0.01

0.203 u%.z

=0,

Figure 8.35.: (B3) Cavity flow: v = 0.01, ¢ = 0.0001
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8.3. Lid-driven cavity flow problem

Figure 8.36.: (B4) Cavity flow: e =0, v = 1.0

We have clearly seen, that all important features of the physical solution, such as large
center vortex and small corner vertices are captured very well. Interestingly, the choice of
initial data and different parameter settings have only small influence on the qualitative
behaviour of the solution. We note that the numerical solution of the conformation tensor
is positive definite in all the above test cases for the lid-driven cavity flow problem.

Free energy

In Section 3.4 we have shown the free energy estimate for the diffusive Peterlin model
(3.2). Let us recall that the free energy is given by

F(u,C):%/ﬂluP da —l—}l/ﬂtr(T—anC—I) d (8.3)

For the smooth solution to the problem (3.2) equipped with the homogeneous Dirichlet
and no-flux boundary conditions for the velocity and conformation tensor, respectively,
it holds that F'(u, C) is non-increasing in time, cf. Theorem 3.11.

The velocity in the lid-driven cavity flow
problem does not satisfy the homogeneous

‘7§f\u\2+ — lfg(T-2mC-T)= F(u,C) \

Dirichlet boundary condition. Neverthe- ok \ ]
less, we have studied the time behaviour oot ]
of the free energy (8.3) computed for the ool
above test cases of the lid-driven cavity o

flow problem. We have observed that 05t

it is not only bounded, but indeed non- M\/P

increasing up to initial oscillation caused s 1 15 s 25 5 a5 4 a5 3
by the incompatibility of the initial data. oss -

Several test cases demonstrate that the ini- osy|

tial oscillation depend on the smallness of st |

v. In what follows we present a few graphs “oTes v s 2 25 4 as 4 45 s

depicting the kinetic energy, the entropy (A) Free energy: v = 0.01, ¢ = 0.0001
and their sum, i.e. the free energy.
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8. Numerical experiments

(a) v=1.0 (byv=0.1
‘ —I[juP+ — 1 fu(T—2mC-I ‘ —I[juP+ —lfa(T—2mC-I)= —— F(u,C)
0.019— T T T T T T T T T T 0.02 T T T T T T T T T T
0.018 1
0.018
0.016 - 4
0.017
0.014 1
ootel— ootel o
0 0.5 1 1.5 2 25 3 35 4 45 5 0 0.5 1 1.5 2 25 3 3.5 4 45 5
0.55 T T T T T T T T T T 0.55 T T T T T T T T T T
05F 05F 1
‘\ ‘\
0.45 \ 0.45 \ 1
\ \
oal oal
0.5 1 1.5 2 25 3 35 4 45 5 0.5 1 1.5 2 25 3 35 4 4.5 5
0.55 T T T T T T T T T T 0.55 T T T T T T T T T T
| |
0.5 0.5 1
0.45 - 0.45 i
oAl oAl
0.5 1 15 2 25 3 35 4 45 5 0.5 1 15 2 25 3 35 4 45 5
: . . _ _ —k _
Figure 8.38.: (A) Free energy: e =0.01, v =10"% k =0,1
(a) v=1.0 (by v=0.1
‘ — 3 [lu*+ — /(T -2lnC-T)= —— F(u,C) — 3 [lu+ — /(T -2lnC-T)= ——F(u,C)
0.019 T T T T T T T T T T 0.02 T T T T T T T T T T
0.018 B
0.015F 4
0.017 4
ootel oot
0 0.5 1 1.5 2 25 3 35 4 45 5 0.5 1 1.5 2 25 3 35 4 45 5
0.55 T T T T T T T T T T 0.55 T T T T T T T T T T
05F B 05F 1
‘\ ‘\
0451 | 1 0450 | 1
\ \
oall oall
0 0.5 1 15 2 25 3 35 4 45 5 0 0.5 1 1.5 2 25 3 35 4 45 5
0.55 T T T T T T T T T T 0.55 T T T T T T T T T T
05 1 05 ]
0.45 g 0.45 |
oab o oab 0
0.5 1 15 2 25 3 35 4 45 5 0.5 1 1.5 2 25 3 35 4 45 5
(¢) v=10.01
‘ — [+ — [T -2ImC-1)= —— F(u,C)
0.02 T T T T T T T T T T
0.015F 4
0.01 4
ooosl—
0 0.5 1 15 2 25 3 35 4 45 5
0.55 T T T T T T T T T T
050 |
|
\
0.451 | 1
|
oabl
0 0.5 1 1.5 2 25 3 35 4 45 5
0.55 T T T T T T T T T T
05 4
0.45 4

Figure 8.39.: (A) Free energy: ¢ =0, v =107% k =1,2
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8.3. Lid-driven cavity flow problem

(a) v=1.0,e =0.01 (b) v = 0.1, e = 0.001

‘—gﬂu\ﬂ — (T -2mC-T)= — F(u,C) ‘7%,{ [u+ ——{[t(T-2mC-T)= —— F(u,C)
0.02 - - x - - - - - - d 0.03 . . . . . . . . . T
0.015F 1 002l 1
0.01 4
0.01f 1
0.005 1
0 . . . . . . . . . . 0 . . . . . . . . . .
0 o5 1 15 2 25 3 35 4 45 5 0o 05 1 15 2 25 3 35 4 45 5
05 . . . . . . . . . . 05 T T T T T T T T T T
0451 1 045} 1
04 1 041 1
035 1 035 1
. . . . . . . . . . .

o 05 1 15 2 25 3 35 4 45 5 o 05 1 15 2 25 3 35 4 45 5
05 T T T T T T T T T T 05 . . . . . . . . . T
0451 — 1 045 — 4
041 1 0.41 //d g

/
0351/ 1 035/ ]
L L L L L L L L L L L L L L L L L L L L L L
0o 05 1 15 2 25 83 35 4 45 5 o 05 1 15 2 25 3 35 4 45 5
(c) v = 0.01, £ = 0.0001
‘ — I[P+ —lfe(T-2mC-I)= — F(u,C) ‘

0.35F 1

0.5
0451 B

0.35[/ 1

0 0.5 1 15 2 25 3 35 4 4.5 5

Figure 8.40.: (B) Free energy

We note that the two test cases (A) and (B) differed in the initial data.
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8. Numerical experiments

We have presented extensive numerical simulations for the semi-implicit linear pressure-
stabilized characteristics finite element scheme (6.25) derived in Chapter 6. Firstly, the
implementation and the algorithm of the scheme have been described. In Section 8.2
several test cases were considered in order to confirm theoretical error estimates. In
most of the cases the experimental order of convergence was superlinear, i.e. better than
the first order.

It is believed that the lost of the positive definiteness is one of the reasons of the so-
called high Weissenberg number problem for the Oldroyd-B model. We have observed
that this physical property is an important feature that also influenced the convergence
of the numerical schemes tested in this work. The fact that the time increment required
to preserve the positive definiteness of the discrete conformation tensor has to be small,
shows the consistency with the theory. It means, At depends on the mesh size and
viscosities, but its upper bound seems to be independent of the discrete solution.

It has turned out that for the real computations the proposed semi-implicit linear
scheme is in several cases more efficient than the fully implicit nonlinear scheme. The
comparison has shown that, in general, the semi-implicit scheme needs less inner itera-
tions and allows a bigger time increment in order to get satisfactory results.

Finally, several results for the lid-driven cavity flow problem have been presented.
Moreover, graphs of the free energy of the Peterlin viscoelastic fluid as defined in Sec-
tion 3.4 have been included and the behaviour of the discrete free energy has been
discussed.

The figures in this thesis were produced using MATLAB [102], ParaView [4] and Inkscape [72].
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Conclusions

Fluid flow is an interesting and challenging problem from both the analytical as well as
numerical point of view. There is an endless demand for mathematical models that could
describe the real behaviour and properties of fluids, and at the same time, for numerical
schemes that could satisfactory solve these complex models.

In this thesis we have proposed a macroscopic dumbbell-based model for incompress-
ible complex fluids, the Peterlin viscoelastic model, for which both the theoretical and
numerical results have been obtained.

The next point of our interest is the molecular level of complex fluids. The micro struc-
ture of polymeric materials strongly influences their properties. It is thus interesting to
study the coupling of the macroscopic conservation laws with the Fokker-Planck equation.

Firstly, we have proven global in time existence of weak solutions in two space dimen-
sions for both the diffusive Peterlin model (3.2) and the generalized diffusive Peterlin
model (5.1), see Theorem 4.4 and Theorem 5.2, respectively. In order to prove unique-
ness of the weak solution to (3.2), cf. Theorem 4.6, we have firstly shown in Theorem 4.5
the higher regularity of the weak solution for more regular data. We have proceed anal-
ogously in the case of model (5.1), see Theorems 5.3 and 5.4.

The global existence of weak solutions in the three-dimensional case as well as the
existence of strong solutions in both dimensions remain open questions. An important
prerequisite to find the strong solutions is the positive definiteness of the conformation
tensor proven in Lemma 3.3. Another interesting point for future study is the analysis
of the general diffusive Peterlin model (3.1).

Secondly, the numerical solution of the proposed viscoelastic model has been investi-
gated. The linear semi-implicit pressure-stabilized characteristics finite element scheme
for the Oseen-type Peterlin model (6.1) has been proposed, see Definition 6.7. In The-
orems 7.13 and 7.14 we have presented stability and optimal first order error estimates,
respectively. The higher energy bounds, for more regular data, have been obtained in
Theorem 7.16, analogously as in the continuous case.

In future, our goal is to study the convergence in the norms corresponding to the
higher a priori estimates. Further, we would like to extend the numerical results for the
fully nonlinear diffusive Peterlin model, i.e. with the nonlinear convective terms.

Let us note that the theoretical results for the linear scheme have been obtained subject

to Hypothesis 2 on the positive definiteness of the discrete solution of the conformation
tensor. The local in time existence of such solution has been obtained in Proposition 6.9.
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Conclusions

We aim to prove this property globally in time. One possible approach is to study
the discrete free energy. For a smooth solution of the diffusive Peterlin model there is
indeed the non-increasing free energy, see Theorem 3.11. If we were able to show that the
analogous discrete free energy, containing the logarithm of the conformation tensor, was
bounded for all time steps, then the implicit function theorem would yield the desired
result.

Finally, theoretical convergence order for the Oseen-type Peterlin model has been con-
firmed by a series of numerical experiments, see Section 8.2. In Section 8.3 we have tested
our scheme for the lid-driven cavity flow problem, a well-known benchmark problem in
the computational fluid dynamics. We would like to point out that the numerical exper-
iments in Section 8.3 have been performed for a fully nonlinear model with the nonlinear
convective terms.

In future, it might be interesting to consider the contraction flow with different bound-
ary conditions, that play an important role for the viscoelastic fluid flows.
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Evolution problems

This chapter aims to provide useful results of the functional analysis that have been
used in order to prove the existence and uniqueness of the weak solution to the diffusive
Peterlin model, see Chapter 4. Firstly, an abstract setting for evolution problems is
described. In the second section the regularity and properties of the eigenfunctions of
the Stokes and the Laplace operators are discussed. Finally, a general existence theory
for the solutions to the systems of ordinary differential equations is included.

A.1. Weak solutions

We give the definition of the so-called evolution triple together with lemmas useful to
analyse weak solutions to some evolution problems. For more details and proofs we refer
to, e.g., [52, 128, 142].

Evolution triple
The definition of the evolution triple, sometimes also called Gelfand’s triple, follows.

Definition A.1. (evolution triple)

Let X be a real reflexive Banach space and'Y be a real Hilbert space. Let us assume that
X s continuously and densely contained in Y. Then the triple (X,Y, X*) is called the
evolution triple.

If (X,Y,X*) is an evolution triple, then for every element f € Y there exists an
element F' € X* such that (F,-) = (f,-)y. Since the space X is dense in Y, the opposite
is also true. This means that every element f € Y is determined by an element F' € X*.
Thus Y C X* and the embedding is continuous. Moreover, by the Riesz representation
theorem, cf. [3], we can identify Y and Y*, and we arrive at the inclusions

XcY=Y"Cc X",

where each space is dense in the following one and the injections are continuous. As a
consequence, the scalar product in Y of f € Y and v € X is the same as the duality
between X* and X

(fiu)xexx = (f,u)y. (A1)
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Appendix A. Evolution problems

A typical example of the evolution triple can be found in the theory of the Navier-Stokes
equations, where the standard functional spaces are V 1= Hg 4, (Q)*, H = L3, ().
They indeed form the evolution triple (V, H, V*). To study the equation for the confor-
mation tensor in the diffusive Peterlin model, we work with the spaces W := H'(Q)**?
and L?(9)**%) which again assemble the evolution triple (W, L*(Q2), W*).

Compactness

We employ the Lions-Aubin-Simon lemma, cf. [22, 128, 131, 134], in order to get the
compactness and consequently the strong convergence, which allow us to pass to the
limit with the nonlinear terms in the Galerkin approximation, see the proof of existence
of a weak solution, i.e. proof of Theorem 4.4.

Lemma A.2. (Lions-Aubin-Simon lemma)
Let Xo, X and X7 be Banach spaces such that Xy, X1 are reflexive and the following
embedding holds

Xo —o>— X — Xj.

LetT' > 0 be a fixed finite number. For two numbers 1 < g, a; < 00 we define the space
Y = {u € L*(0,T; X,), v € L*(0,T; Xl)}
equipped with the norm

[lly == Null fao (x0) + llttll o (x, -
which makes it the Banach space. Then
(i) if ag < 0o then embedding of Y in L*(0,T; X) is compact.
(17) if g = 00 and if ay; > 1, the embedding of Y in C([0,T]; X) is compact.
Remark A.3. The result (i) of the above lemma, for finite numbers ag, oy > 1, is known
as the Lions-Aubin lemma, cf. [7, 52, 95, 142].

Let us point out that our evolution triples satisfy the assumptions on the functional
spaces of the above Lions-Aubin-Simon lemma.

To find the appropriate functional space for the time derivative of the Galerkin ap-
proximation, we keep in mind the following standard result, see [52, 142], which also
assures that the initial condition for the weak solution makes sense.

Lemma A .4.
Let X be a given Banach space and let u, g be two functions in L'(0,T; X). Then the
following three conditions are equivalent

(1)  wis a.e. equal to a primitive function of g,
t
u(t) =¢ —l—/ g(s)ds, e X aetel0,T]
0

T T
(i1)  for each test function ¢ € C5°(S2) it holds that /0 u(t)o(t) dt = —/0 g(t)o(t)

d
(1ii)  for each n € X*, a(u, n) = (g,m) in the scalar distributional sense on (0,T).

If the assertions (i) - (iii) are satisfied, u is a.e. equal to a continuous function from
[0,T] into X.
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Passage to the limit

Let us consider a sequence {u,,}°_; uniformly bounded in L*(0,T;Y) N L?(0,T; X).
Then there exists a subsequence {u,, }>_,, which converges in the *-weak topology of
L>(0,T;Y) to an element u € L*(0,7;Y), i.e.

/OT (U () — u(t),v(t)) dt — 0, VY ve L' (0,T;Y),

and there exists a L2(0,T; X)-weakly convergent subsequence, still denoted by t,,, to
an element u* € L*(0,T; X)

ATwW@%wf@Jﬁ»dt%O,VvGL%QﬂXﬂ.

By (A.1) we see that

ATWWuLMQ)ﬁ—+ATm%0mu»dL Vv e L}0,T;Y),

and combined with the *-weak convergence in L>(0,7;Y") we get

T
[ wett) (0000 a1 =0
0
for every v € L*(0,T;Y’). Thus

u=u*€ L0, T;Y)NL*0,T; X).

Uniqueness study

The key lemma for the uniqueness study follows. It is a particular case of a general
theorem of interpolation of [88], which can be found in, e.g, [52, 128, 142].

Lemma A.5.

Let (X,Y, X*) be an evolution trile. If a function u belongs to L*(0,T; X) and its deriva-
tive v’ to L*(0,T; X*), then u is almost everywhere equal to a function continuous from
[0,T] into Y. Further, the functions

t= lu()ly, ¢ = (u(®), ()

are both integrable on [0,T] and the following equality holds, in the distributional sense,
on (0,7)

d
— llully = 2(u, ).

dt
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A.2. Ordinary differential equations

The Galerkin approximation of a weak solution usually yields the initial value problem
for the nonlinear system of differential equations. We present an existence result for
systems of ordinary differential equations that guarantees the existence of the Galerkin
approximate solution, cf. [114].

Theorem A.6.
We consider the nonlinear system of ordinary differential equations together with the
initial condition

y = [f(ty)

y(0) =",

where f : [0,T] x RY — R? and y° : RY — R? are given. Then the following three
assertions hold true
(i) Picard-Lindelof theorem:

(A.2)

Let f be continuous and Lipschitz-continuous in y.
Then there exists a unique y € C1([0,T]) that solves (A.2).

(i7) Peano theorem:

Let f be continuous and bounded.
Then there exists at least one y € C1([0,T]) that solves (A.2).

(131) Let f be continuous.
Then (A.2) has at least one local solution. That is there exists a subinterval [0,T"]
with 0 < T" < T and at least one y € C*([0,T"]) that solves (A.2) fort € [0,T’].

A.3. The Stokes and Laplace operators

The regularity and eigenfunctions of the Stokes and Laplace operator are employed to
prove the higher regularity of the weak solution to the diffusive Peterlin model, see
Theorem 4.5. Let us provide the classical results for completeness.

Regularity of solutions

The straightforward consequence of the classical elliptic regularity, cf. [49, 142], follows.

Proposition A.7. (regularity of solutions to the Poisson problem)

Let © be an open bounded set of class C", r = max{m + 2,2} for an integer m > 0. Let
u € Wh2(Q)? be the weak solution of the Poisson equation equipped with the Neumann
boundary condition

—Au=f inQ
gzzo on 0f).
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A.3. The Stokes and Laplace operators

If £ € Wm™2(Q)4, then u € Wm22(Q)? and there exists a constant C = C (m, Q) such
that

all 00 < CL U2 + [l }-

An analogous result is true for the Stokes operator, see, e.g., [142].

Proposition A.8. (regularity of solutions to the Stokes problem)

Let Q be an open bounded set of class C", r = max{m+2,2} for an integer m > 0. Let us
assume that u € W2*(Q)% p € Wh¥(Q), 1 < a < oo is the solution to the generalized
Stokes problem

—vAu+Vp=1£f inQ
divu=0 n
u=0 on 0.

If f € Wm™2(Q)4, then
ue Wm+2’a(Q>d, P c Wm+1’a(Q).

Moreover, there exists a constant C' = C (a, m, v, Q) such that

o+ 1Pl < CLUEl 0 + o 1ull, ).
where dp, =0 fora>2,d, =1 forl <a<?2.

Eigenfunctions as basis functions

In order to obtain H?-convergences of the projections of the initial data on the finite-
dimensional subspaces, cf. (4.21), we use the eigenvalues of the Stokes and the Laplace
operators as the basis functions of the spaces V' and W, respectively. We employ the
following theorem, see, e.g., [95, 142].

Theorem A.9. (eigenvectors of the Stokes operator)
There exists a countable set {\.}52, C R and a corresponding family of eigenvectors
{wr}e, C V solving

(Wv)=A(W,v), veV
such that {w"}>2, forms a basis of V and

(1) (W w’) =0, Vr,seN
(171) 1< << ...<\ —>00asT — 00

(i) <<jrjr>> — 5y, Vs €N,

Moreover, defining H™ := span{w?, ... ,w™}, and the operator

P™(v) = f: (V,wi) W'V — H™,
i=1

we get

||Pm||£(V7V) S 1; ||Pm||£(v*7v*) S 1. (A3)
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Proof of continuity of P™. Let v € V. Then

m 2

1P, =3 () (o)) = 3 <V(;°f)3 (')

i=1 =1

<35 (W) () (@) < VIR,

1=

The operator P™ is selfadjoint, thus (A.3) holds true. O

We note that V' = Hj 4,,(Q)* and L(V,V) denotes the space of linear operators from
the space V' to V. For the complete proof of even more general result of Theorem A.9 we
refer to Theorem 4.11 in [95].

The analogous result is true for the eigenvalues and eigenvectors of the Laplace operator
associated with either the Dirichlet or the Neumann boundary conditions, see, e.g., [39].
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The inf-sup condition

We briefly explain the meaning of the inf-sup condition also known as the Ladyzhenskaya-
Babuska-Brezzi condition (LBB) for the well-posedness of a saddle point problem. For
illustration the Stokes problem is presented. At the end, we give an example of unstable
and stable finite element. For more details we refer to, e.g., [8, 9, 10, 27, 47, 55, 58, 62, 79].

B.1. Mixed variational problem

Let V and @ be separable Hilbert spaces, a : V xV — R, b:V x @ — R be given
bilinear forms and [ : V — R, 7 : ) — R be some prescribed linear functionals. We
introduce a mixed variational problem.

Find (u,p) € V x @ such that

a(u,v)+b(p,v) =l(v), Vv eV

. (B.1)
b(u7q> = j(Q>7 VgeQ.
It is equivalent to the system of operator equations
Au+Bp=1¢eV*
e (B.2)

Bu=j €Q,
where A:V - V* B:V — Q* and B : ) — V* are corresponding linear operators
<AU, U>V*><V = a(u, U)a <BU, Q>Q*><Q = b(uv Q) = <’LL, B/(]>va*-

The operator B’ is called the adjoint operator of B. Let us note that the kernel of the
operator B is given by

N(B)={veV:Bv=0}={veV:bv,q) =0, VqgeQ}.

We look for necessary and sufficient conditions such that for each (I, 7) € V* x Q* the
problem (B.1) has a unique solution. In other words, such that the combined operator

J:VxQ—=V*xQ* J(u,p) = (Au + B'p, Bu)
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is an isomorphism between the solution and data space. Obviously, the operator J is
associated to the form

A((u,p), (v,q)) = a(u,v) + b(u, q) + b(v, p).

An answer to the question of well-posedness of the mixed variational problem (B.1) and
of the system (B.2) is given by Brezzi [27], see also [9, 10] which in turn is an application
of the Babuska theory for finite element methods [8]. Ladyzhenskaya in [79] proved the
analogous condition for the continuous case.

Theorem B.1. (Brezzi’s splitting theorem)
Assume that the bilinear forms a and b are continuous i.e.

a(u,v) < Ca [lully lolly Vu,v eV (B.3)
b(u,q) < Gy lluly lally VueVgeQ, (B.3b)

with some constants C,, C, > 0. Further, we assume that for some o, § > 0 the condi-
tions

a(u,u) > a|ull} Vu e N(B) (B.4a)
b
sup "0 > g YoeQ (5.4b)
wev lully

are satisfied. Then for any given (1, j) € V* x Q* the problem (B.1) has a unique solution
and it holds that
@)

lully + Ipllg < € (11l + 115

where C" depends only on Cy, Cy, «, B.

The continuity of @ and b implies that A, B and B’ are bounded linear operators. Due
to (B.4) the operator J is boundedly invertible. More precisely, (B.4a) ensures that A is
invertible on the kernel N(B). For a being symmetric and non-negative, for instance in
the case of the Stokes problem, this condition is necessary. To conclude, the assumptions
of Brezzi’s theorem indeed guarantee that the operator J is an isomorphism.

Galerkin approximation

Let V}, and @)}, be finite-dimensional closed subspaces of V' and @), respectively, and let
a:VyxVy, =R, b:V, xQn— R be given bilinear forms and [ : V, = R, j: @ — R be
some prescribed linear functionals. The Galerkin approximation of a mixed variational
problem (B.1) follows.

Find (up,pn) € Vi X Qp such that

a(uh,vh)+b(ph,vh) = l(vh), Y, € V
b(un, qn) = j(vn), Van € Q.
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B.1. Mixed variational problem

Analogously, there is an equivalent operator formulation

Ahuh%—ngh = lh < Vh*

) . B.6
Bhup, = j5 € Q7 (B.6)

where again Ay, : V, = Vi, B, : 'V, — QF and By, : Q, — V,* are corresponding linear
operators. We recall the kernel of the operator By, is

N(Bh) = {Uh - Vh : Bhvh = 0} = {Uh € Vh : b(vh,qh) = OVQh < Qh}

We are interested in finding the sufficient conditions on V}, and @), under which the
problem (B.5) has a unique solution. The straightforward application of Brezzi’s theorem
yields the following result.

Theorem B.2.
Assume the discrete stability conditions
alup, up) > ap HuhH%,h , YVuy, € N(By) (B.7a)
b(up,,
sup 20 5 510l Yan € Qn (B.7b)

up €V ”uhHV

are satisfied for some ay, B, > 0. Then there exists a unique solution (upn,pr) € Vi, X Qn
to the problem (B.5) satisfying
V* + ||.]’ Q*) )

where Cy, depends on C,, Cy, oy, and By, of (B.3) and (B.7).

lunlly + lpallg < Ca (11

The discrete stability conditions (B.7) are sufficient for the well-posedness of the dis-
crete scheme. We note that for the symmetric and non-negative bilinear form a it is even
the necessary condition for the existence of a unique solution of the discrete problem.

Error of the approximation

As we have already mentioned the choice of the discrete spaces for the Galerkin method
is crucial for its implementation. These discrete spaces define the Galerkin method (B.5)
completely and moreover, they indicate the error of the approximation. See [26, 27] for
the proof of the following result.

Theorem B.3.
Let (B.3) and (B.7) be satisfied. Then

_ _ < i _ i _
= unlly + Ip = pall < Ca{ inf lu=wnlly + inf lIp = anllg)

where Cy, depends only on the constants C,, Cy, ap, Br of (B.3) and (B.7).

In this work we are interested in a finite element approximation. Concerning the
above discussion it is important to select the discrete spaces with good approximation
properties, cf. Theorem B.3, and also with good stability properties, such that (B.7)
holds with ay, 5, > ¢ > 0.
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Appendix B. The inf-sup condition

B.2. Stokes problem

Let us give an example of a mixed variational formulation for a flow problem together
with its Galerkin approximation.

The Stokes problem
Find the velocity u and pressure p satisfying

—vAu+Vp ="~

B.8
divu=0 (B.8)

on €2, and the homogeneous Dirichlet boundary condition u = 0 on 9€2. This problem
indeed leads to a mixed variational formulation of the form (B.1). The appropriate
spaces, bilinear forms and linear functionals are V = H}(Q)?, Q = L3(Q),

a(u,v) =v(Vu, Vv), b(u,q) = —(divu,q), I(v)=(f,v), j(q) =0,

respectively. Let us note, that we can rewrite the variational formulation of the Stokes
problem, using the notation

B ((u,p), (v,q)) == va(u,v) + b(u,q) + b(v,p), F(v,q) = l(v)
as follows.
Given f € H1(Q)? find (u,p) € V x Q such that
B((u,p);(v,q) = F(v,q), V(v,q) €V xQ. (B.9)

The assumptions (B.3) and (B.4a) are easily verified. The following lemma due to
Necas [106] and Bramble [25] guarantees that the condition (B.4b) is satisfied.

Lemma B.4.
There exists a constant § = () such that

divu,q
sup AT o gy Vg e I3(Q).
ucH}(Q)? Hu“fzg(Q)Q

Hence, due to Theorem B.1 the problem (B.9) is well-posed, i.e. there exists a constant
[£* such that

wp BlD).(v.)

> 3% (lally + 2|l V(u,p) €V xQ
waevxe IVily +llallg (Il )

or equivalently

inf sup B ((u,p), (v,9)) > B*. (B.10)

eV xQ vaevxq ([IVIly + llallg)(lully +lplly)

It is a simple consequence of the Poincaré inequality and the stability condition (B.4b).
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B.2. Stokes problem

Galerkin approximation

We consider the Galerkin approximation of a mixed variational formulation of (B.8).

Find (up,pp) € Vi, X @y, such that

B ((wn, o), (Vi qn)) = F(Va, qn), Y (Vhs qn) € Vip X Qp.

We already know that (B.3) holds. The form a is elliptic on the whole space V', thus
the first discrete stability condition (B.7a) is satisfied by its validity on the continuous
level. The only condition which has to be taken into account in order to choose the proper
discrete spaces is the second discrete stability condition (B.7b). It can be rewritten as

inf sup UG >0 (B.11)

n€Qn wyev;, |[unlly llanllg —

which indicates the name inf-sup condition. Since the same steps as for the continuous
case are used to prove that (B.10) is valid also on the discrete level, we have the following
result due to Brezzi [27] and Babuska [9], see also [55].

Proposition B.5.
If the finite element spaces Vi, and Qy, satisfy the discrete inf-sup condition (B.7b) or
(B.11), then the inequality

B
sup ((uh,ph)z (Vm Qh))
vaneVax@n  1Vally +llanllg

> B (Huth + ||thQ) V(un, pr) € Vi X Qn

1s valid.

It is worth mentioning, that if Proposition B.5 is valid then the method will converge
optimally.

Remark B.6. We note that for simplicity the value 0 has been every time excluded from
the denominators of inf and sup.

Unstable and stable finite elements

We say that a finite element is stable, or inf-sup stable, if the corresponding discrete
spaces V}, and @), satisfy the discrete inf-sup condition. We give an example of both the
unstable and stable finite element, see [47].

P1/Py element
The simplest non-trivial conforming choice of the spaces for the Stokes problem is

Vi = Hy(Q)*NPy(Th)?, Qn = L§(Q) N Po(Th).

However, the discrete inf-sup condition (B.11) is not satisfied in non-trivial cases.
Indeed, the dimension of the space V}, is dim V), = 2n,;, where n; is the number of
inner vertices. Similarly, dim @);, = Ng — 1, where Ng is the number of elements.
Let us recall the identity

NEZQTLi—f-TLb—Q,
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Appendix B. The inf-sup condition

where n; is the number of vertices at the boundary. Thus dim Q, = 2n; + n, — 3.
For any non-trivial triangular mesh n;, > 3 and hence the dimension of @)}, is always
bigger than the dimension of V},. Therefore the operator B, is not surjective and the
operator Bj is not injective. This means the pressure is not uniquely determined.

P2/ Py element

To satisfy the discrete inf-sup condition we need to increase the dimension of the
discrete space Vj. For the spaces

Vi = Hy()* NP(Tr)*, Qn = L5(Q2) NPo(Tr)

it can be shown that the discrete stability condition (B.7b) is satisfied with a
constant 3, = 3 > 0 where the constant v is related to the mesh regularity.
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Numerical scheme
in details

This chapter contains further details on the numerical scheme derived in Chapter 6. We
introduce firstly the barycentric coordinates defined on a triangle. They are important
for the numerical simulation of the Oseen-type Peterlin model as they form the shape
functions of the linear Lagrange finite element, see Chapter 8. Secondly, the matrix
form of the semi-implicit pressure-stabilized characteristics finite element scheme (6.25)
is derived.

C.1. Barycentric coordinates

Let P, = (x%,2%), i = 1,2,3, be the nodal points of a triangle K. Every point inside this
triangle can be written as a unique convex combination of its three vertices. It means,
for each z = (21, 25) € K there is a unique sequence of three numbers \;, Ay, A3 € [0, 1]
such that

3
Z)\lzl, and x:/\1P1+)\2P2+)\3P3
i=1

Obviously, \;(P;) = d;j, 1,7 = 1,2,3, where §;; is the Kronecker delta. The barycentric

coordinates (A1(x), Aa(x), A3(x)) of a point € K are defined as a solution to the linear
system of three equations

111 (@) 1
i 2 a2 Xo(z) | =] =1
xy 2l ol A3() T
Ak
Cramer’s rule yields
|det Al (2)]
Ni(z) = ———22 i =1,2,3,
(@)= Tctag '
where
1 1 1 1 1 1 1 1 1
A}((:p): T 2 23 |, A%(x): vtz 23 |, Ai(x): vl 2?1
Ty T3 T o owy 1l Ty T3 1y
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Appendix C. Numerical scheme in details

We give also a geometrical interpretation of the barycentric coordinates. For each point
x € K there is the so-called barycentric splitting of K into three subdomains such that

K = L_JlK’(:U)

The areas of the triangles K, K'(x), i = 1,2, 3, are then given by
1 . 1 .
|K|:§|detAK| > 0, |Kl(x)|:§|detA§<(:v)|,

respectively. Therefore a barycentric coordinate A;(x) is the ratio of the area of the
corresponding K*(z) and the area of K, i.e.

Ki
Ai(z) = | \IET)" i=1,2,3.

S0

A< O

Ax(x)

R R A< O \

Figure C.1.: Barycentric splitting (left) and signs of barycentric coordinates (right)

o)

Let us note that every point z € K is uniquely determined by two arbitrarily chosen
barycentric coordinates. Moreover, if x ¢ K at least one and at most two barycentric
coordinates are negative while A\; + Ao + A3 = 1, see Figure C.1.

C.2. Matrix form of the semi-implicit scheme

In this work we consider the continuous P;/P;/P; finite element approximation of the
velocity, pressure and conformation tensor. We denote by ¢;, © = 1,..., Np, the basis
function of the finite element space M, cf. (6.20b). We shall choose the canonical basis

of the discrete finite-dimensional spaces X;, = M? and Y, = M?*?, i.e. we have

X}, = span {5011‘, ‘Pzi}i]\fl , M), = span {%’ f\fl , Y, =span {d)u, D2, D3, ¢4i}£\ipl )

for
e1i = (pi(2),0), p2i = (0, pi(x))
o= (757 5)0 o= (5 767 ) o= (e 0) 20 (0 i)
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C.2. Matrix form of the semi-implicit scheme

For the definition of the finite element spaces V},, Q) and W), we refer to (6.20). We seek
the discrete solution of the semi-implicit linear scheme (6.25), at the current time step
t", in the form

P Np S
u;::( S arp (), glb?w)), o= S ()
= = j=1

2 Bl (z) J;D?%‘ (z)

where the unknown variables are a;, b;, p;, A;, B;, D;, i = 1,..., Np, i.e. the nodal values
of the two components of velocity, the nodal values of pressure and the nodal values of
the three components of the symmetric conformation tensor. We recall Np is the number
of nodal points and thus the dimension of the finite element spaces. Using (C.1) we can
rewrite the discrete scheme (6.25) as the linear algebraic system of 6 Np equations with

6 Np unknowns. The system reads, for i = 1,..., Np, as follows
Np
> arMyi + vAtal Ay — At} Bl + At (A7 + D7) Q) Z a7 (M) + Atrpy
j=1
Np
SOb M+ vAL Ay — AL B + At (A7 + DY) Q% Z DN (ML) + Atrpg
j=1

— Z a} B}, — VB — plSji =0

% A?M]Z + eAt A?Aﬂ 2At a” 1 —l— At A;LY;z = At(?”i + TFl,i) + % A;L71<Mﬂ)*
. J=1 . Jj=1
> BIMj; + eAt Bf Aji — AtajQf; — AtYi Q3 + At BYYj; = > By TN (Mji)* + At rp,
Jj=1 . Jj=1 .
> DMy + eAt DF Ay — 20V Q7 + At DYy = At(f; +rps;) + Y DY (M)
j=1 Jj=1

(C.2)

The precise definition of the matrices and vectors appearing in the above system of
equations follows. The constant small-size matrices, for 7,7 = 1,..., Np, are given by

My =3 [ elalei(o)ds Ay = 22 /. Dleil@) - Dy @) da.
Sy =X, [ Vo) Vo). A= 3 [ Vel Ve
B =3[, e ZA%;j i
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Appendix C. Numerical scheme in details

We define
_( M+vAtA 0 ONpx2Np
. M + At A o 0
0 0 M + eAt A
1
B := ( % ) € RPN,

The notation M* expresses the following dependence of the mass matrix M on the time
increment

(My;)* = IZE/KZ i(x)pj(x — w"(x)At) dx. (C.3)

Further, the matrices arising from the semi-implicit terms, and thus dependent on the
old time step, are given by

Ng 0 Ng 0
PilT wilT
Ok =3 [ en)es0) 22 4y 0= [ en)es) 20 4y
=1 l 53: =1 l 0:13
1 _ & AnflOl Bn7102 2 & anlOl anlOQ
Ji = > Ap kji T Br Ukjis Ji = > By kji T Pk Ckjis
k=1 k=1
Ng Np 2
=3 [ (Z (43 + i) mx)) o3(@)pi(@) da.
=1 7K \p=1

Similarly as above, we define

Q’I’L—l e ( Ql 0 Ql ) 6 RQNPX3NP

Q0 @
2QHT 0
@Z—l = (QI)T (QZ)T c R?)NPXZNP
0 2(@)"
Y
Yiti=| Y | e RV
Y

The constant vectors ry = (rp1,rp2)” and rp = (rp,rpe, rrs)’ are known as they arise
from the given external forces, i.e. r; = Mf € R*¥? and rp = MF} € R3"?. The
right-hand side vector that depends on the old time step reads

>

7

—_
o =

Ng Np
, where 7; = Z/ Z (AZ—l + DZ—1> My,;.
1=1 7K

=1

>
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C.2. Matrix form of the semi-implicit scheme

We denote by !, the following combination of the vectors ry, rp and £"*

Iy
il = 0 € R%VP.

Finally, the terms arising from the characteristic part of the numerical scheme are gath-
ered in the vector

M*an—l
M*bnfl
rnil (At) = M*X’n—l € R6NP )
M*Bn—l
M*Dn—l

where the dependence on the time increment is related to the upwind point given by
X (z) =z —w"(x)At, i.e. for At = 0 it holds that M* = M, cf. (C.3). We can conclude
that the matrix of the system (C.2) can be written as

M, + vAtA, —AtB AtQnrt
_BT _S 0 6 RGNpXﬁNP

—AtQr! 0 M.+eAtA, + AtYr!
and the right-hand side of (C.2) as
Miu™ !+ Atry
0 =r"(At) + At € ROV
M:C™ ™t + Atrp + At g !

Let us rewrite scheme (6.25) in order to depict the corresponding matrices and vectors.
We have

(uft, vi) + VAt ay (af, va) +AE b (vi, pp) +At (tr Cp Cp 7t Vg, ) —
N—— ————— ——

Mu Au B Qn71
+ At b(af, qn) —At Sp(ph,an) = (07" o X7, wp) +AE (£, V).
———— ———— ——
BT S rn=1(At) T

(Ch D) + £At a, (Cf, Dy) —At (Vup)Cp =t + Cp - (Vup) ™, Dy ) +

He Ae Qi
2
+ At ((tr crt) g,Dh> = (Cp 7o X7, Dy) +AE (tr G LDy +
Y?_l rnfl(At) pn—1
+ AL (F},Dy).
——
rp
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Appendix C. Numerical scheme in details

At the and we give a short transcript of the matrix form of the system (C.2) that has
been used in Section 6.4, i.e.

(X1 + AtX, + At Z”*l) y' =" AL + AtF

where y" = (a”,b“,p”,A”,B",D")T € RON? is the vector of the nodal values of the
discrete solution (uj, pit, C}') and the following notation is used

M, O O vA, —B 0
X, :=| -BT - 0 |, X:=| 0 0 0
0 0 M, 0 0 &A,

Let us note, that in the proof of Proposition 6.9 we use the above notation because we
need L(0,y" ') = 0 and Dy L(0, y" ') = X; to be invertible, cf. (6.30). Other possibility
is to denote

M, 0 O vh, —-B O
Xl = 0 0 0 s XQ = —]BT —-S q
0 0 M, 0 0 eA,

The difference in the above pair of notations is nothing but the multiplication of the
third equation in the system (C.2) by At # 0.
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