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Abstract

A Hamiltonian system is a type of differential equation used in physics to describe
the evolution of a mechanical system like a particle in a potential. Certain partic-
ularly well-behaved Hamiltonian systems are called integrable. For us an integrable
system on C?" is simply a set of n independent Poisson-commuting polynomials in
2n variables. In case the system is algebraically completely integrable the fibres of the
induced map are affine parts of abelian varieties.

In this thesis we study a projective model for the moduli-space of embedded (1,6)-
polarised abelian surfaces first described by Gross and Popescu. We analyse its
discriminant locus, the degenerations occurring, the form of the equations describing
each surface and the automorphisms of this moduli space.

In the last chapter we compute the cohomology of some quasi-homogeneous integrable
systems on C*.



Zusammenfassung

Ein Hamiltonsches System ist ein Typ von Differentialgleichung, der in der Physik
benutzt wird um mechanische Systeme, wie zum Beispiel eine Punktmasse in einem
Potential, zu beschreiben. Eine bestimmte Klasse Hamiltonscher Systeme, die sich
besonders gut verhilt, heifit integrabel. Fiir uns ist ein integrables System auf C*"
einfach eine Menge von n unabhingigen Poisson-kommutierenden Polynomen in 2n
Variablen. Im Fall dass das System algebraisch vollstindig integrabel ist, sind die
Fasern der induzierten Abbildung affine Teile von abelschen Varietéten.

In dieser Arbeit untersuchen wir ein projektives Model fiir den Modulraum von einge-
betteten (1,6)-polarisierten abelschen Fléchen, der erstmals von Gross und Popescu
beschrieben wurde. Wir analysieren seine Diskriminante, die auftretenden Entartun-
gen, die Form der Gleichungen, die jede Fliache beschreiben, und die Automorphismen
dieses Modulraums.

Im letzten Kapitel berechnen wir die Kohomologie einiger quasi-homogener inte-
grabler Systeme auf C*.
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Introduction

Hamiltonian systems are differential equations that describe the movement of a me-
chanical system with conservative forces. Written in Hamilton’s canonical form, they
take the form of a first order system determined by a Hamiltonian function H, that
describes the total energy of the system. Already of great interest are Hamiltonians
of the form

H(p.q) = %Zp? +Vl(g),

that consist of the sum of kinetic and potential energy, describing a point particle in
a potential field V. In the context of differential equations, to integrate an equation
means to solve it from given initial conditions. Liouville’s insight was that this can
be done explicitly, if one can find enough constants of motion (c.f. [Lio55] or [Arn89|
p.271 ff). In such a case we call the system integrable (in the sense of Liouville). In
the real domain, the level sets of these constants of motion are, if they are compact,
diffeomorphic to real tori and the motion on it is quasi-periodic given by a linear
vector field. This is also known as the Arnold-Liouville theorem.

In the complex domain, the best one can hope for is that the level sets are generically
affine parts of complex tori in projective space, i.e. abelian varieties. A Hamiltonian
system is called algebraically completely integrable or a.c.i., if this is the case and
furthermore the Hamiltonian vector fields extend and are translation invariant when
restricted to these tori. The geodesic flow on a general ellipsoid was recognised to
be a.c.i. by Jacobi, which leads to a description of the motions in terms of theta-
functions. Sofia Kowalewskaya discovered a powerful method to find a.c.i systems,
that was developed further and put in a modern perspective by Adler and van Moer-
beke. Although not all integrable systems are a.c.i. (c.f. Section 1.5), the geometry
of abelian varieties and the geometry of integrable systems are closely interrelated
(|Mum84|).

That integrability is a highly non-generic property of a Hamiltonian H was already
known to Liouville. Maria Przybylska has shown in several papers (for example
|Prz07]) that in a generic class of potentials V' of degree k > 3 in n variables only
a finite number (up to change of coordinates) is integrable and listed these generic
integrable potentials for small values of n and k.

One of her integrable systems with a potential of degree 3 was originally described
by Dorizzi, Grammaticos and Ramani in [DGR82]. Semmel and van Straten have
shown in [SvS13] that this so-called DGR-system is a.c.i. and its fibres complete to
(1, 6)-polarised abelian surfaces.

Abelian varieties are complex tori which can be embedded into projective space and

vi



have a long history. Their first instances studied were elliptic curves. In the first half
of the nineteenth century this was extended by Abel, Jacobi and others to dimension
two, i.e. abelian surfaces. In 1857 Riemann laid the foundations for further work
on abelian varieties in dimension > 1, introducing the Riemann bilinear relations
and Riemann theta functions (c.f. [Rie57]). By the end of the 19th century, math-
ematicians had begun to use geometric methods in the study of abelian functions.
Eventually, in the 1920s, Lefschetz laid the basis for the study of abelian functions
in terms of complex tori. He also appears to be the first to use the name “abelian
variety”. It was André Weil in the 1940s who gave the subject its modern founda-
tions in the language of algebraic geometry. Around 1967 David Mumford developed
a new theory of the equations defining abelian varieties (see for example |[Mum83|,
[Mum84|, [Mum91]).

There is a coarse moduli space of abelian abelian varieties of given type and di-
mension with or without different additional structures (c.f. Chapter 3 and Section
7.4). Usually these are described as quotients of Siegel upper half space by certain
subgroups of the paramodular group. Igusa has shown that all these moduli spaces
are quasi-projective varieties, which in general posses quotient singularities. The
question of (uni) rationality of these moduli was answered positively for abelian sur-
faces of type (1,d) for some small values of d, while Gritsenko has shown in 1994
(|Gri94]) that the moduli space A, of (1,d)-polarised abelian surfaces is not unira-
tional for d > 13 and d # 14,15, 16, 20, 24, 30, 36. At that time it was not known if
Ag was unirational (or even rational) or not. In their 2001 paper [GP01] Gross and
Popescu give a nice projective model for the moduli space AZ™ of embedded (1, 6)-
polarised abelian surfaces which is rational; in fact it can be identified with a quadric.

The central question around which this thesis arose is the following:

Is it possible to identify the system of Dorizzi, Grammaticos and Ramani inside the
moduli space of (1,6)-polarised surfaces described by Gross and Popescu?

To achieve such a goal, a deeper study of the projective geometric properties of
such abelian surfaces is necessary. An explicit form of the coordinate transformation
would lead to the solution of the Hamilton equations for the DGR-potential in terms
of theta-functions belonging to the (1, 6)-polarised abelian surface.

In this thesis we give at least a partial answer to the above question in Section 5.7.

In Chapter 1 I give an introduction to Hamiltonian systems, integrability in the sense
of Liouville, algebraic complete integrability and some finiteness results about poly-
nomial integrable systems proven by Przybylska et al.

In Chapter 2 I give an introduction to abelian varieties over C, their line bundles and

theta functions. In Section 2.7.3 I introduce the Heisenberg group acting on each
abelian variety, which plays a crucial role for the understanding of the embedding of
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abelian varieties.

In Chapter 3 I describe the algebraic information encoding a Heisenberg invariant
embedding of an abelian variety and describe the moduli space of Heisenberg invari-
antly embedded abelian varieties of a given type as a quotient of Siegel upper half
space. Many authors are quite imprecise about this point.

In Chapter 4 T give a short overview of what is known about (1, d)-polarised abelian
varieties and their moduli spaces for d =1,...,5.

Chapter 5 is the central part of this thesis. Here I examine in detail the projective
model of the moduli space of Heisenberg invariantly embedded abelian surfaces of
type (1,6) introduced by Gross and Popescu in [GPO1]. T analyse its discriminant
locus, its stratification and the degenerations occurring, the form of the equations
describing each surface and the automorphisms of this moduli space. Furthermore I
identify two subfamilies described by Hulek and Ranestad in [HRO0| and the family
described by Semmel and van Straten in [SvS13], related to the Dorizzi-Grammaticos-
Ramani integrable system.

Chapter 6 is a digression to understand the topology of some particular integrable
systems. Here I use a complex introduced by Garay and van Straten in [GvS10] to
compute the cohomology of the smooth fibres of four polynomial integrable systems.
Because we have no criterion when calculations are finished, this only leads us to
some conjectures about the cohomology modules. This chapter is only loosely re-
lated to the others.

The appendix (Chapter 7) contains some further details about complex tori and
abelian varieties and is included for the convenience of the reader. In particular it
contains a more detailed version of the Appell-Humbert-Theorem that describes their
line bundles. Section 7.3 is devoted to the (rational) map induced by a line bundle,
and contains some criteria when it is base-point free or gives an embedding, and make
some statements about the equations describing its image. In Section 7.4 contains
known results about the moduli spaces of abelian varieties with several additional
structures.

viil



1 Introduction to integrable
systems

1.1 Classical mechanics

According to Newton, the equation of motion of a point particle of mass m, moving
in n-dimensional space R" is given by

F=m-a,

where F' denotes the force acting on the particle, and a = g denotes its acceleration.
If the particle moves in a conservative force field given by a potential function V(q),
then the force is given by

When we introduce the momentum p = mq and the Hamiltonian

p

H(p.q) = om T V(q),

the equations of motion can be rewritten as

Lo
_ap7
% (1.1)

Now for any other quantity K (p, q) depending on positions and momenta, we have

Z oK 8qZ 0K Op;
8qZ ot (9pi ot
(L1 OH 0K 0HOK

= ={H K
i1 Op; 0q; a%’ opi = J

With this notion, called the Poisson bracket, we can rewrite (1.1) as

q={H,q}

p={H,p}. (12



These are called Hamilton’s equations of motion.

As an example, consider in a radial symmetric potential in the plane, i.e. a potential
depending only on r? = ¢? + ¢3. In this case the angular momentum L = p1gs — paqy
of a particle following (1.2) is constant:

oL

E = {HvL}

OH oOH
=—p1p2— 7@ +DPpP1+ 7—¢
oq 0qz

= 2 of + +2 oH
= —P1p2 il 972 42 T P2p1 42 972 q1
=0.
We call L an constant of motion, (first) integral or conserved quantity.
In the case that we have as many first integrals as possible (see Section 1.2) we speak

of an integrable system because Equation (1.2) can be solved by using only algebraic
operations, the implicit function theorem and integration.

1.2 Poisson rings

Now we want to establish a more abstract notion of an integrable system. For this
we need the notion of a Poisson ring.

Definition 1.1. A Poisson ring is a commutative ring with an additional binary
operation {-,-}: Rx R — R (called Poisson bracket or Poisson structure) satisfying
the following axioms:

e {-, -} is skew-symmetric, i.e.

e {-,-} is a derivation in both variables, i.e. it is bilinear and satisfies the Leibniz
identity
{f.gh} ={f,9}h + g{f, h}.

e {- -} satisfies the Jacobi identity

{f {9 h}}y +{9.{h, f}} +{nAf g}} = 0.

So the Poisson bracket defines a Lie algebra structure on R.

Definition 1.2. For each f € R, we denote by X the derivation of R defined by
{f,-}, called hamiltonian vector field associated to f.

Functions f for which X; = 0 are called Casimir elements. Two elements f,g € R
with {f, g} = 0 are said to Poisson commute or be in involution.



The map

R — Der(R)
f — Xf

is a morphism from the Lie algebra R (equipped with the Poisson bracket) to the Lie
algebra of derivations of R (w.r.t. the commutator).
Usually a Poisson ring consists of some kind of functions on some underlying space.

Definition 1.3. A Poisson manifold is a smooth manifold M together with Poisson
structure on C*(M).

We can make this definition also in the category of complex manifolds (replacing
C>(M) by the algebra of holomorphic or meromorphic functions on M), or complex
affine varieties, that are possibly singular (replacing C*°(M) by the algebra of regular
functions Oy (M)).

Definition 1.4. For m € M, {Xy(m) | H € C>*(M)} is an (even-dimensional)
vector space. We denote its dimension by rk,,{-,-} and call it the rank of {-,-} at
m. The rank of {-,-}, denoted by rk{-, -}, is the maximum of all ranks rk,,{-, -} with
m € M. For s € N, we denote by M the subset {m € M | rk,{-,-} > 2s}. A
Poisson structure of constant rank is called a regular Poisson structure.

In this case the vector field Xy for H € C>(M) is defined by Xy := {H, -} and
an integrable system on a Poisson manifold of rank 27 is defined to be a set of
s = dim(M) — r independent functions in involution.

Theorem 1.5 (Darboux). If the rank of {-,-} is constant with value 2r in the neigh-
bourhood of a point m € M, then there exist local coordinates (qi,...,qr, D1, DPr,
21, .., 2s) around m such that the Poisson bracket takes the following canonical form:

{0, 4} = {pi,pj} = {a, 2} = {pi» 2} = {2k, 25 =0 {ai, 05} = 04
foralll <i,j<randl <kIl<s.

For us the key case is the symplectic case, i.e. a regular Poisson structure of rank r
where dim (M) = 2r. This means s = 0, i.e. there are no Casimir elements z;. In this
case the Poisson bracket can and is often described using a closed, non-degenerate
2-form w on M. Then the vector field associated to a smooth function H: M — R
is given by

w, (Y, Xp(x)) = (dH),(Y) forall Y € T,M

and the Poisson-bracket can be described as

{f,9} = Xpg=w(Xy, Xy).

Example 1.6. The Poisson bracket induced by the symplectic form w = >_ dp; A dg;
on R™ x R™ is just the standard Poisson bracket

~~0f 8y 9fdyg
{f.9} = ; 55 Fi5a (1.3)

A general reference for Poisson varieties is for example [Van96].



1.3 Integrable systems

Theorem 1.7 (Liouville, [Van08|). Let (M, {-,-}) be a Poisson manifold of rank 2r,
s =dim(M) — r. Suppose we are given a point m € M and s functions fi,..., fs in
involution with differentials dfy, ..., dfs independent at m. Then the integral curve,
starting at m, of each of the Hamiltonian vector fields Xy, can be obtained locally by
using only algebraic operations, the implicit function theorem and integration.

This leads us to the following definition:

Definition 1.8. Let us call an s-tuple of functions F' = (fi,..., fs) on M independent
when the open subset U := {m € M | dfi(m) A--- Adfs(m) # 0} is dense in M.

Let (M, {-,-}) be a Poisson manifold of rank 2r, s = dim(M) — r. Then an s-tuple
F = (f1,...,fs) of involutive and independent functions on M is called (Liouville)
integrable and (M, {-,-}, F) is a (Liouville) integrable system. The vector fields X,
are then called integrable vector fields and the map F' is called the momentum map.

Theorem 1.9 (Liouville theorem: Liouville, Mineur, Arnold, [Van08|). Let (M, {-,-}, F)
be a real integrable system, where F' = (fi,...,fs), and consider a point m €
Up N My, where 2r denotes the rank of {-,-}. Denote by F,, the connected com-
ponent of F~1(F(m)) NUp N My containing m. Then:

1. If F,, is compact, then it is diffeomorphic to a torus T" = (R/Z)".
2. If I, 1s not compact, but the flow of each of the vector fields Xy, is complete
on F,, then F,, is diffeomorphic to a cylinder R™1 x T, (0 <q<r).
In both cases the diffeomorphism can be chosen in such a way that the vector fields

Xp ..., Xy, are mapped to linear (i.e. translation invariant) vector fields.

s

A proof of this can be found for example in [Arn89).

1.4 First examples

Here are three examples of integrable systems on a symplectic manifold:

Example 1.10. 1. The Hamiltonian
1 1
H — 2 ~ 2
2p + 2q

gives the differential system
q=p. P=-4q
describing n independent harmonic oscillators. It has n independent Poisson
commuting first integrals, namely
1, 1, _
= =p; + =q;, 1< <n,
fi=gpi+ 54 <i<
the energy of the ith oscillator, hence it is completely integrable.



2. The spherical pendulum:

The restriction of the symplectic form on R? x R3 to
T5* ={(p,q) eR*xR’|||q||* =1 and q - p = 0}
continues to be a symplectic form.
The Hamiltonian ]
H=lpl~T-q
then defines the differential system
g=p. p=T—(q-T+|plPa

It describes the motion of a mass moving on the surface of a sphere under the
gravitational force I'. Besides the Hamiltonian itself, it has the first integral

K=(pxgq)-T,
the angular momentum with respect to the axis I'. Thus, the spherical pendu-
lum also is an integrable system.
More details about this example can be found in [Kn686].
3. A rigid body with mass 1, centre of gravity G fixed at point O in a constant
gravitational field, can be described as follows:

Use a frame attached to the rigid body. Then the constant gravitational field
becomes a vector I'(¢) depending on time. Denote by €2 the instantaneous
rotation, and by M the angular momentum of the solid. They are connected
via the relation M = J -, where J is the matrix of inertia of the solid, a real,
constant, symmetric matrix.

Then the total energy of the solid is
H(T, M) :%M-Q+I‘~L
(with L := O — G) leading to the equations of motion
I=TxQ
M=MxQ+TxL.

Such a rigid body is called Kovalevskaya top if the matrix of inertia is given by
J = (2 2 1) w.r.t. an orthonormal basis whose first vector is collinear with L.

If we fix L = ( 8 ) and write in the same basis

p 7
Q= q1, I' = V2 )
r Y3



T

Figure 1.1: The rigid body

then
K =|(p+iq)* + (1 + i)

is a first integral of the system, called the Kovalevskaya integral.

Some more details on this example can be found in [Aud08|, an extensive
treatise in [Aud96] or [Kov89|.

1.5 Algebraic integrability

We now discuss the notion of algebraic integrability. The idea is to consider complex
integrable systems, whose (complex) geometry is the best possible analogue of the
(real) geometry that appears in the Arnold-Liouville theorem. This idea goes back
to Kovalevskaya (|[Kov89]) and was revived by Adler and van Moerbeke (JAvMV04]).

Definition 1.11. Let (M, {:,-}, F) be an integrable system, where M is a non-
singular affine variety and F' = (f1,..., fs). We say that (M, {-,-}, F') is an algebraic
completely integrable system or an a.c.i. system if for generic m € M the invariant
manifold F), is an affine part of an abelian variety and the Hamiltonian vector fields
Xy, are translation invariant, when restricted to these tori.

In our examples from the last section we can see that not every real integrable system
is a.c.i. after complexification:
For a single harmonic oscillator the generic invariant manifold looks like

{(p,q) €C*| P +¢*=m}, m#0.

While this describes a circle over R, over C it is isomorphic to

{,d)eC*|p-¢d=m}, m#0 (setp' =p+igandq =p—ig),



i.e. isomorphic to C* (via projection to one variable) which is a complex abelian Lie
group but not an open subset of an abelian variety.

In the case of the spherical pendulum the generic fibre is isomorphic to C* x A with
A an affine part of an elliptic curve, while the Kovalevskaya top is indeed a.c.i..

So it might be the “better” notion to talk about semi-abelian varieties (i.e. extensions
of abelian varieties by some (C*)"), and generalised algebraic complete integrability,
where the invariant manifold F),, only has to be affine part of a semi-abelian vari-
ety (c.f. the PhD thesis of Michael Semmel [Sem12| for more details about this topic).

The example of the Kovalevskaya top was found by a method developed by Ko-
valevskaya (|[Kov89]) to show that a given Liouville integrable system F = (H =
fl(xla--'7$2n)7"'7

fo(x1, ..., x9,)) is a.c.i.. A modern treatment can be found in [AvMVO04].
Reproducing the proof of the Liouville theorem over C one arrives (in the symplectic
case) at

Theorem 1.12 (Complex Liouville theorem, [Van08]). Let A € C** be a non-
singular affine variety of dimension n which supports n holomorphic vector fields
Vi,..., Vo and let o2 A — CN C PN be an embedding. We define A = p(A)\ p(A)
and denote the union of all irreducible components of A of dimension r — 1 by A'.
Suppose the following:

1. The vector fields commute pairwise, [V;,V;] =0, for 1 <i,j <n.
2. At every point m € A the vector fields Vi, ..., V, are independent.

3. The vector field ¢.V, extends to a vector field Vi which is holomorphic on a
neighbourhood of A’ in PN .

4. The integral curves of Vi that start at points m € A go immediately into ¢(A).
2

Then o(A) is an abelian variety of dimension r and the vector fields p.Vi, ..., oV,
extend to holomorphic (hence linear) vector fields on @(A). Moreover, A = A.

This theorem can be used to show algebraic complete integrability of a given weighted

homogeneous Liouville integrable system F = (H = fi(z1,...,%2),. ..,
fo(x1, ..., x9,)) in the following steps:
Let v = (v4,...,19,) be a weight-vector such that fi,..., f,, are quasi-homogeneous

with respect to these weights.

1. Try and find Laurent series solutions
wi(t) = ot =1, 2m
k=0

solving the differential equation

x={H x}.



(0)

This gives polynomial equations for the x; ', namely

vir® + (20, 2y =0, i=1,...,2n (1.4)

where g; = {H, x;}. The zero locus Z of (1.4) is called the indicial locus of F.
Decompose Z into irreducible components (for n = 2 these will be just points).
Now for each m € Z compute the Kovalevskaya matriz

o dgi
N axj

K(m),; (m) + vidij, 1<i,5<2n.

We are only interested in the principal balances of F, i.e. the solutions corre-
sponding to the irreducible components ZW, ... Z(9) of T for which:

e K (m) has 2n — 1 non-negative integer eigenvalues (counted with algebraic
multiplicities).
e K(m) is diagonalisable for all m € ZU) and

e 7 is non-singular at all point of Z\).

For each principal balance ZU) compute the first k, + 1 terms (where k, is
the maximal eigenvalue of K(m), m € IV) of the series x(t;ZV)) starting
at ZU) by substituting the Laurent polynomials (up to the term x(*»)) in the
differential equation @ = {H, x}. There will be 2n — 1 free parameters showing
up in the series x(¢; Z)). Each (formal) Laurent-series obtained this way will
automatically be convergent.

. To embed the fibre F,. := F_l(c) into projective space, choose a pole vector
p = (p1,...,pa) with p; non-negative integers (p = (3,0,...,0) will always be
enough). Compute a C-basis zo = 1,..., zy of the vector space

Z,:={2€Clxy,..., 2] | ordi—g 2(x(t; T9))) > —p, for 1 < j < d}

organising computations by weight. For sufficiently big p we obtain an isomor-
phic embedding

¢e: Fo — PN
x— (1:z(x) - 2n(x)).

Define A := @c(Fe), Ac := 0e(Fe) \ @e(Fe) and Al as the union of all
irreducible components of A, of dimension n — 1.

. Prove that the vector field ¢, Xy extends to a holomorphic vector field on PN
by showing that the Wronskians W (z;, zj) 1= Z;z; — 2;Z; are expressible as a
quadratic polynomial in the z;

N
Wz, 2j) = Z agzkzl

k,1=0



(where each aff depends on the values of ¢ only) either by explicit computation
or by more abstract arguments if possible. It is enough to do this in two affine
charts z; # 0.

4. Show that the integral curves of Xy starting at points m € A’ do immediately
go into w.(F'.). More details on this step can be found in [AvMV04], Chapter
7.

If one succeeds doing all of these steps, then A, is an abelian variety and all the the
vector fields ¢, Xy, extend to linear vector fields on A, i.e. the system is algebraic
completely integrable by the complex Liouville theorem.

This is the method Kovalevskaya essentially used to construct her top (c.f. Section
1.4).

1.6 About (non-)integrability

One question arising naturally is the following: Given a Hamiltonian H on M , can
it be completed to an integrable system f; = H, fo,..., f,7 In this case, H is called
integrable, and non-integrable otherwise.

While it is in principle clear how to prove integrability (just write down the necessary
first integrals), it is not obvious how to prove non-integrability.

There are powerful methods of Ziglin ([Zig82], [Zig83]) considering the monodromy
group of variational equations along a particular solution and generalisations by
Morales-Ruiz and Ramis ([MR99|, [MRRO1|) using differential Galois theory that
can be used effectively to prove non-integrability in many cases.

We are especially interested in polynomial integrable systems on C?*. Such polyno-
mial integrable systems are however very rare.

Maria Przybylska studied (for example in [Prz07]) Hamiltonians describing a particle
in a potential

1= %ip?+v<q>. (15)

A Darbouz point is a point d € P!, such that V'(d) = d in P"!. For each of these
Darboux points we choose a representative in d € C" such that V'(d) = d in C". In
the case of a homogeneous potential the Kovalevskaya matrix is given by

K(d)=V"(d)—id.
Denote its n—1 nontrivial eigenvalues by A{(d), ..., A,_1(d) (the nth so-called trivial

eigenvalue is always A, (d) = k — 1). Let \;(d) := A;(d) + 1 be the corresponding
eigenvalues of the Hessian V" (d). We call A; the Kovalevskaya exponents of V.



She proves that potentials with the maximal number of exactly & Darboux

points and all the Kovalevskaya exponents different from zero form a non-empty
open set in the space of all homogeneous polynomials of degree k.

In the following she identifies potentials that only differ by an orthogonal linear
transformation of coordinates and states the following theorem:

Theorem 1.13 (Theorem 4 in |Prz07]). Among Hamiltonian systems given by (1.5)
with homogeneous potentials of fixed degree k > 2 admitting the maximal number of
Darbouzx points only a finite number (of equivalence classes) is integrable.

In her proof the following theorem of Morales-Ruiz and Ramis is needed:

Theorem 1.14 ([MRROL]|). If the Hamiltonian system given by (1.5) with the poly-
nomial homogeneous potential V(q) of degree k > 2 is meromorphically integrable in
the Liouville sense, then values of (k,\;) fori=1,...,n belong to the following list

k—1 k
3. (3,5(1+3p)?—5) i o
b 3 4p)? — ) 5 O+ )
5. (3,21 +5p)?— ) 9. (5,%(2+5p)* — )

where p is an integer.

She derives several relations among the A(d) for all Darboux points d of the potential,

in particular
> z T e (16)

deDy i=1 ’

where Dy is the set of all Darboux points of V' and concludes that there are only
finitely many possibilities to solve equation (1.6) with values from Theorem 1.14.
Now she claims that these finitely many solutions correspond only to a finite number
of (equivalence classes of) potentials, although she only explains how to reconstruct
the potential from the spectra of K(d), d € Dy in the cases n = k = 3 in [Prz09a|
and for n = 2 in [MP05].

The usefulness of this result is stressed by the following fact: A polynomial potential
V(q) can be written as a sum of homogeneous components V(q) = Vyin(q) + -+ +
Vinaz (@) where V,,:.(q) and V.. (q) are the homogeneous components of the lowest
and the highest order, respectively. By scaling the coordinates (i.e. replacing q by
Aq) and looking at the limits A — 0 and A — oo, one sees: If the Hamiltonian (1.5)
with polynomial potential V'(q) is integrable, then so are the homogeneous polyno-
mial potentials V,;,(q) and V,4.(q).

10



In the following papers she gives lists of all integrable potentials for certain values of
n and k:

In [MP04] Przybylska and Maciejewski describe all integrable Hamiltonians of this
type for n = 2, k = 3, which are up to coordinate transformation the following five
potentials:

Vi=¢q}
1 1
Vo= gq:f + gqg
1
Vs = S0ie + d
1 8
Vi = §Q%Q2 + gq?}
v =3 1
Vs = 1—861:13 + 561%612 +q

which actually all had been known for a long time. Potential V; depends on one
variable, potentials V5 to V are of Hénon-Heiles type. The fifth one was discovered
over thirty years ago by Dorizzi, Grammaticos and Ramani in 1982 ([DGR82|). Let
us call this one the DGR-system in the following. We will revisit potentials V3 to V;
in Chapter 6 after a slight change of coordinates.

In [Prz09a| she found all integrable potentials for n = k& = 3 with the maximal
number of Darboux points.

In [Prz09b| she classifies the non-generic potentials for these values of n and k.

In [MPO05| Przybylska and Maciejewski analyse the case n = 2, k = 4.

In their paper [SvS13] Michael Semmel and Duco van Straten examined the DGR-
system and an integrable (but non-homogeneous) deformation of it using Kovalevs-
kayas method described in Section 1.5. They showed

Theorem 1.15. The system of Dorizzi-Grammaticos- Ramani is algebraic completely
integrable. Its general fibre is isomorphic to A\ D, where A is an abelian surface and
D a curve of geometric genus 4 having a singularity of type Dy. The Hamiltonian
vector fields extend to linear vector fields on A and D puts a (1,6)-polarisation on
A. If the deformation parameter a = 0 (i.e. for the potential Vs given above), A is
wsomorphic to the self-product of the elliptic curve with an automorphism of order 6.

Since the fibres of algebraically completely integrable systems complete to abelian
varieties, one is interested in studying these in the following chapters. The DGR-
system gives a particular interest in (1,6)-polarised abelian surfaces. In Chapter 5
we describe their equations and their moduli space and we will find a codimension
one subset which contains the DGR~system.

11



2 Preliminaries about abelian
varieties

In this chapter we give some basic information and notation about abelian varieties.
More details can be found in the appendix and in the book [BL04|, which serves as
our standard reference and where proofs of most statements can be found.

2.1 Complex tori

The quotient of a complex vector space V = CY by a lattice Z29 = A C V is
an abelian compact complex Lie group (with respect to the operation + induced
from the vector space), called a complex torus X = V/A. We denote the canonical
projection by m: V' — X, which also is the universal covering of X as a topological
space.

Proposition 2.1. The n-th singular cohomology group H"(X,Z) of a complex torus
X is isomorphic to the group Alt™(A,7Z) of Z-valued alternating linear n-forms on
its lattice A.

Proof. For any sufficiently nice topological space X (in particular a complex torus
homeomorphic to (51)%*) we have

H'(X,Z) = Hom(m(X),Z).

Since for a complex torus m(X) = A, we get that H'(X,Z) & Hom(A,Z) =
AltY (A, Z).
The rest follows by induction on the dimension using the Kiinneth formula. O

2.2 Line bundles on complex tori and the
Appell-Humbert-Theorem
An abelian variety is a complex torus which can be embedded into projective space,

i.e. which carries an ample line bundle. For this reason we will have a closer look at
line bundles on complex tori.

Recall that a hermitian form on a vector space V isamap H: V x V — C that is
C-linear in the first argument and satisfies H (v, w) = H(w,v) for all v,w € V.

12



Define the Néron-Severi group NS(A) to be the (additive) group of hermitian forms
H:V xV — C with ImH(A,A) C Z. It is isomorphic to the group of R-valued
alternating forms F on V satisfying E(A, A) C Z and E(iv,iw) = E(v,w) via

H — E =Im(H).

By restriction to A, one can see NS(X) as a subgroup of H*(X,Z) = Alt*(A,Z). To
each line bundle L on X we can associate an element of NS(A) C H*(X,Z), called
its first Chern class.

A semicharacter for a hermitian form H € NS(A) is a map x: A — S! c C*
satisfying

XA+ 1) = x(N)x () exp(mi Im H(\, 1)) for all A\, € A.

We define
P(A):={(H,x) | H e NS(A), x semicharacter for H}.

Obviously P(A) is a group with respect to the composition
(Hi,x1) o (Hz, x2) = (H1 + Ha, x1X2)-
Theorem 2.2 (Appell-Humbert-Theorem). There is an isomorphism
P(A) — Pic(X).

We will denote the line bundle associated to a pair (H, x) by L(H, x).

Recall that the first Chern class H of a line bundle L on X is a hermitian form on V/,
whose alternating form E = Im H takes integer values on the lattice A. According
to the elementary divisor theorem, there is a basis Ai,..., Ay, p11,..., g — called
symplectic basis — with respect to which E is given by the matrix

0 D
-D 0)’
where D = diag(dy, ..., d,) with non-negative integers d; satisfying d;|d;4; for j =

1,...,9 — 1. The elementary divisors di, ..., d, are uniquely determined by L. We
call D or the tuple (di,...,d,) the type of L.

Proposition 2.3. L is ample if and only if d; > 0 for all i.

2.3 Certain Subgroups
For a line bundle L on X we define

K(L):={xe X |t,L ~ L},

13



where
ty: X — X,y—y+=x

is the translation by z. Clearly K (L) is a subgroup of X.
If L=L(H,y), we set

A(L) :={veV |ImH(v,A) CZ}.
Then K(L) can be described as
K(L)=A(L)/A.
Since K (L) only depends on H = ¢;(L), we sometimes write K (H) instead of K (L).

2.4 Decompositions and characteristics

Let L be a ample line bundle on X. A decomposition for L (or H or E) is a direct
sum decomposition

A=A @Ay,
where A; and A, are isotropic with respect to E, i.e. E|z,xa, = 0 and E|a,xa, = 0.
Such a decomposition always exists, because A = (A1,..., ;) & (U1,...,py) is a
decomposition for L whenever Ai, ..., Ay, fi1,. .., iy is a symplectic basis. The other
way around, each decomposition is of this form for some choice of symplectic basis.
A decomposition

V=Vaol
with real subvector spaces V; and V5 is called a decomposition for L if (Vi NA) @
(Vo N A) is a decomposition of A for L. Clearly a decomposition of V for L is a
decomposition into maximal isotropic subvector spaces, but not every decomposition
of V' into maximal isotropic subvector spaces is a decomposition for L.

Lemma 2.4. Let L be an ample line bundle on X and A = A1 & Ay a decomposition
for L wnth induced decomposition V =V, & V5. Then:

1. ML) = A(L); ® A(L)s with A(L); = V; N A(L) fori=1,2.

3. K; ~ 79/D79 = ?:1 Z]d;Z for i = 1,2 if the line bundle L is of type
D = diag(dy, ..., dy)

The decompositions of Lemma 2.4 are also called decompositions for L.

For each non-degenerate H € NS(X) and each decomposition V = V; & V; for H we
can define a map yo: V — S! by

Xo(v) = exp(miE (v, v2)),

where v = vy + vo with v; € V. xo|a is a semicharacter for H. Let Ly = L(H, xo)
denote the corresponding line bundle. With this notation we have:

14



Lemma 2.5. Suppose H is a non-degenerate hermitian form onV and V =V, &V,
a decomposition for H. Then:

1. Ly is the unique line bundle in Pic (X) whose semicharacter is trivial on
N =V,NnA fori=1,2.

2. For every L = L(H,x) there is a point ¢ € V, uniquely determined up to
translation by elements of A(L), such that L ~ tiLy or equivalently x =
Xoexp(2miE(c,-)).

We call c a characteristic of the line bundle L with respect to the chosen decomposition.
If a decomposition for L is fixed, we speak only of a characteristic ¢ of L.

2.5 Theta functions

If L =L(H,Y) is a line bundle on X, then its space of global sections H°(L) can be
identified with the set of holomorphic functions ¢: V' — C satisfying

Y+ A) =ap(Av)d(v) for all v € V, X € A,

where ay: A x V — C* is a factor of automorphy for L(H, x) given by
ar(A\,v) = x(\) exp(mH (v, \) + gH(/\, A).

Such a function is called a theta function for ay.

For a characteristic ¢ € V of L with respect to the decomposition V = V; & V, we
define a function

V¢(v) = exp (—WH(U7 c) — EH(C, c) + gB(v +ev+ c)) )

2
Z exp (W(H — B)(v+c, )

AEA

™

S(H = B)(\ )

where B is the C-linear extension of the symmetric form H|y,xy, to V x V.
We can define the so called canonical theta functions by

95 (v) = ag(w,v) (v + w).

Theorem 2.6. Suppose L = L(H,x) is an ample line bundle on X and let ¢ be

a characteristic with respect to a decomposition V.= Vi, @& Vy for L. Then the set
{9¢ | w e K(L)1} is a basis of the vector space H°(L).
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2.6 Polarised abelian varieties

A polarisation on a complex torus X = V/A is by definition the first Chern class
H = ¢;(L) of an ample line bundle L on X. By abuse of notation sometimes the line
bundle L itself is considered as a polarisation. The type of L is called the type of the
polarisation. A polarisation of type (1,...,1) is called a principal polarisation.

An abelian wvariety is defined to be a complex torus X admitting a polarisation
H = ¢i(L). The pair (X, H) or (X, L) is called a polarised abelian variety.

A homomorphism of polarised abelian varieties f: (Y, M) — (X, L) is a homomor-
phism of complex tori such that f*c;(L) = ¢;(M). This does not mean that f*L = M
but only that f*L and M are analytically equivalent.

A line bundle L on a complex torus X = V/A induces in the usual way a meromorphic
map X --» P(H°(L)*). After a choice of basis ¥y,...,9y of H°(L), pr can be
described as a map

o X ——» PV,

given by
pr(v) = (Jo(v) : -+ 1 In(v)),

whenever not all ¥; vanish simultaneously at v. This version of ¢ depends on the
choice of the basis of H°(L) and a change of this basis means composing ¢y with a
projective transformation of PV.

There are several useful theorems which imply that ¢, under certain conditions, is
base point free or an embedding. For more details see Section 7.3.

2.7 Theta- and Heisenberg-groups

Let L be a (very) ample line bundle on an abelian variety X = V/A and p: X --»
PV the corresponding rational map (embedding). Recall the group K (L) consisting
of all x € X with tZL ~ L. We will see that the translations of X by elements of
K (L) extend to linear automorphisms of P¥. This leads to a projective representation
p: K(L) — PGLy(C), with respect to which the embedding ¢, is equivariant. It
will be an important tool in the investigation of equations and geometric properties
of the embedded abelian variety ¢ (X) in PY. We will define an extension group
G(L), the so called theta group of L, for which p lifts to an ordinary representation
p: G(L) — GLN(C). We will also introduce the Heisenberg group #(L) which is
an abstract version of the theta group depending only on the type of L, plus a
corresponding representation.

2.7.1 Theta-group

Definition 2.7. The theta-group G(L) of a line bundle L is the set of all pairs (¢, x)
where x € X and ¢: X — X is a linear automorphism of L over x, i.e. such that
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the diagram

commutes. It is a group with respect to the composition (1, z1)(p2, x2) = (@12, T1+
.132).

We write (¢, x) for convenience, although the automorphism ¢ determines the point
x uniquely.

Proposition 2.8. The sequence
1— C* - G(L) 2 K(L) — 0

with i(a) = («,0) and p((¢,z)) = x is exact and G(L) is a central extension of K (L)
by C*.

Since G(L) is a central extension of abelian groups, its commutator induces a map
el K(L) x K(L) — C*.
The map e” can be expressed in terms of the first Chern class H of L as follows:
Proposition 2.9. For all wy,wy € A(L)
ek (w1, wy) = exp(—2mi Im H (wy, ws)).
The map e’ is a multiplicative alternating form with values in C*. We will come

back to this in Section 7.4.3.

2.7.2 Canonical representation of the theta group

Assume s is a section of the line bundle L and (p,x) € G(L). As the following
commutative diagram shows

pst_, is also a section of L. The assignment ((¢,x), s) — @st_, defines an action of
G(L) on H°(L). The corresponding map

p: G(L) — GL(H"(L))

is called the canonical representation of the theta group G(L).
Since C* acts by multiplication on H°(L), p induces a projective representation

p: K(L) — PGL(H'(L)).

17



2.7.3 The Heisenberg group

For an ample line bundle L and a basis ¥y, ..., 9y of H°(L) the associated rational
map is given by op: X --+ PV, 5 — (Jg(v) : - -+ : In(v)). The group K (L) acts on
both sides, by translation on X and via the representation p on PV. The map ¢, is
equivariant with respect to these actions. In particular the image ¢ (X) is invariant
under the action of K (L) which can be described explicitly as a matrix with respect
to a basis of H°(L) (|BL04] Proposition 6.4.2). This can be used for example to
derive information on the equations for ¢ (X).

However, the projective variety ¢ (X) does not depend on the particular choice of
L within its algebraic equivalence class, whereas the formula describing the action of
K(L) on H°(L) does. Thus it would be desirable to have a description of the theory
of theta functions depending only on the polarisation. This leads to the theory of
Heisenberg groups which we will discuss now.

Let H € NS(X) be a polarisation of type D = diag(d, ..,d,). Then define the group

K(D):=7°/DZ° & 7°) D7’
and as a set,
H(D) :=C* x K(D).

The Heisenberg group of D is the set H(D) together with the following group struc-
ture: Let fi,..., foy be the standard basis of K (D). Define the alternating, Z-linear
map e?: K(D) x K(D) — C* via

23

exp(—g) H=g+v
e (for fu) = Jexp(BE)  v=g+u
1 else

and set for any («, z1,x2), (B,y1,y2) € H(D):

(o, w1, 22) - (B, y1,92) = (0456[)((90170% (0792))7951 + Y1, T2 + 92)-

Lemma 2.10. With this composition H(D) is a group and the following sequence is
eract 4

1—C" 5 H(D) 2 K(D) — 0
and H(D) is a central extension.
Here, i(a) = («,0,0) and p(a,xq1,x2) = (x1,22). The neutral element of H(D) is
(1,0,0) and (o, x1,22) 7" = (a7 teP(—(21,0), (0, 13)), —1, —13).

An isomorphism b: G(L) — H(D) that restricts to the identity on C* is called a
theta structure. Such a theta structure induces an isomorphism b: K (L) — K(D)
such that the following diagram commutes:

l—=C*——=G(L) —— K(L) —0

Pk

| ——C*——H(D) — K(D) —=0
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Lemma 2.11. For any theta structure b: G(L) — H(D), the induced map

b: K(L) — K(D)
is a symplectic isomorphism with respect to the forms e and e®, i.e.

breP = el

We will come back to this topic in Section 7.4.3.
Theorem 2.12. Fvery ample line bundle L on X of type D admits exactly
#Sp(D) - h°(L)?

theta structures, where Sp(D) is the group of all automorphisms of K(D) which

preserve the alternating form e®.

In particular, G(L) is isomorphic to H(D).

2.7.4 Schrodinger representation

Now we build a substitute for the canonical representation p: G(L) — GL(H°(L))
for the Heisenberg group.

Let C(Z9/DZ9) be the C-vector space of complex valued functions on Z9/DZ9. A
basis of this vector space is given by {d, | x € Z9/DZ9} where

6.(y) = {1 Y

0 else.

The group H(D) acts on this vector space via
(o, @1, 29) -y = ae”((+,0), (0, 22))(- + 21).
The induced representation
p: H(D) — GL(C(Z/DZ9%))

is called the Schridinger representation of H(D).

Let b: G(L) — H(D) be a theta structure, b: K(L) — K (D) = (Z/DZ9), @
(Z9)DZ9)5 the induced symplectic isomorphism. Define a decomposition K (L) =
K, ® Ky by K; := b"'((Z9/DZ9%);). Let c be a characteristic for L with respect
to this decomposition. According to Theorem 2.6 the vector space H°(L) has a
basis indexed by K;. Then b induces an isomorphism 3: H°(L) — C(Z9/DZ9) via
B(03) = Op(a)-
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Proposition 2.13. The following diagram commutes:

G(L) x H'(L) —"——H"(L)

(bﬁ)l lﬁ

H(D) x C(2/DZ?) —~ C(2¢/ D)

This exactly means that there is an isomorphism between the Schrodinger represen-
tation p: H(D) — GL(C(Z?/DZ?)) and the canonical representation p: G(L) —
GL(H°(L)) in the category of representations. Because the centre C* of H (D) acts
by multiplication by a scalar, p descends to a projective representation p: K(D) —
PGLx(C) which is isomorphic to the representation K (L) — PGLx(C) of Section
2.7.2.

Example 2.14. Let X be an abelian surface, i.e. g =2 and D = (d01 6?2 ) Then
H(D) =C* X (Z)d\Z X Z.]dsZ) x (Z]d1Z x Z]do7)

and

SN = -y 2mi 271
P (1, 03, 01, 13), (i, iz, iy, i) = €xp (d—l(’/iul — i) + d—2<V§M2 - 1/2/~L/2))
where v;, v}, i, )1 are representatives in Z of vy, U}, jiy, ji; in Z/d;Z.
The generators (1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1) of K(D) are represented
by o1 = (1,1,0,0,0),09 = (1,0,1,0,0), 7 = (1,0,0,1,0), 2 = (1,0,0,0,1) in H(D).
Their images under p act on {0, ., | (v1,10) € Z?/DZ?} as follows:

01: o v1,U2 ? (5(1/1—1,112)
09 0

(
(

1t Oy ) &7 O(w,02)
(

where &; = exp(3™).
J

For (di,ds) = (1,d) the elements 01,77 € GL(C(Z9/DZ7)) are the identity. So, with

£= exp(%) there are only two generators left, namely

0:0,— 0,1
T:0, — £770,.

We will write Hy for the subgroup of H(1, d) generated by o and 7 in the sequel. Hy
is a finite group of order d3.
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2.7.5 Symmetric theta structures

If the line bundle L is symmetric, i.e. (—1)*L = L, we can get an even bigger group
acting on ¢ (X).

Think of K(L) as a group of translations of X, ie. K(L) C Aut(X). Since
(=1)xt.(—1)x = t_,, conjugation by elements of ((—1)x) leaves K (L) fixed. Hence
we can consider the semidirect product K¢(L) := K(L) x ((—1)x).

Similarly, we can construct the extended theta group G¢(L), K¢(D) and the extended
Heisenberg group H¢(D). They all sit in similar exact sequences and form central
extensions as their unextended analogues that we will not spell out, but in particular
He(D) is isomorphic to G°(L).

Definition 2.15. An extended theta structure is an isomorphism
be: G¢(L) — HE(D),
which restricts to the identity on C*.

Any extended theta structure can be restricted to a ordinary one, but not every
ordinary theta structure extends; it extends to an extended theta structure if and
only if it is symmetric, i.e. the following diagram commutes

where L((Oé, Z, y)) = (Oé, —Z, _y)
The Schrodinger representation can also be extended to H¢(D) via

p(L): 0p —> 0_y.

2.8 Moduli spaces

Define a polarised abelian variety of type D with symplectic basis to be a triplet

(X,H,{/\l,...7)\9,[11,...,[1,9})

where X = V/A is an abelian variety, H a polarisation of type D on X, and
{A, A, -, gt @ basis of A for H such that H is of the form (_OD ’3) with
respect to this basis.

The set
H,:={ZecC|Z" =7 Im(Z) >0}

is called the Siegel upper half space. It is a %g(g + 1)-dimensional open submanifold
of the vector space C9*9.
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The assignment
O: Z +—— (Xz, Hz, {columns of (Z,D)})

with Ay = (Z,D)Z*, Xz := C9/Az and Hy the hermitian form described by
(Im(Z))~* with respect to the standard basis of CY, associates a polarised abelian
variety with symplectic basis to any point in ‘H,. The other way around, Riemann’s
bilinear relations tell us that any polarised abelian variety with symplectic basis is
isomorphic to one in the image of ®. Since for Z # Z' € H, the associated p.a.v.
with symplectic basis are never isomorphic, we have:

Proposition 2.16. Given a type D, the Siegel upper half space H, is a coarse moduli
space for polarised abelian varieties of type D with choice of a symplectic basis.

If we do not include a symplectic basis in the datum but consider simply polarised
abelian varieties of a given type or abelian varieties with a level D-structure, we
obtain certain quotients of Siegel upper half space as moduli spaces.

Theorem 2.17. The normal complex analytic space Ap == H,/T'p is a moduli space
for polarised abelian varieties of type D. Here

Ip={MeR** | M(H5)M" =

|
—
'Uo
Sl
N—
—

is the paramodular group acting on H, via
M(Z) = (aZ +bD)(D 'cZ + D 'dD)™" for all M = (2}).

A symplectic basis cannot be given in algebraic terms, but a level D-structure is kind
of the closest replacement for this notion.

Let (X = V/A, H) be a polarised abelian variety of type D = diag(dy,...,d,).
Recall the (multiplicative) alternating form ef’: K(H) x K(H) — C*, (v, w) =
exp(—27i Im H(v,w)). In Section 2.7.3 we introduced the group K (D) = (Z9/DZ9)?
and the (multiplicative) alternating form e”: K (D) x K(D) — C*. A level D-
structure on (X, H) is by definition a symplectic isomorphism b: K(H) — K (D).
The symplectic isomorphism b: K (H) — K (D) can be identified with the ordered
set {b71(f1),..., b7 (fag)} where f1,. .., fo, denotes the standard generators of K (D).
This is a basis of K(L).

Theorem 2.18. The normal complex analytic space Ap(D) :=H,/Tp(D) with
I'pD)={(*%)€elpla—1,=b=c=d—1,=0 mod D}

where we write a = 0 mod D for a € D - Z9%9 is a moduli space for polarised
abelian varieties of type D = diag(dy, . .., d,) with level D-structure. The embedding
['p(D) < I'p induces a holomorphic map Ap(D) — Ap of finite degree.

22



3 The moduli space of Heisenberg
invariantly embedded abelian
varieties

Given a polarised abelian variety A with a very ample line bundle L of type D, the
embedding
Qr A— ]PN

depends of course on the choice of a basis of H(L). Two different choices of a basis
lead to maps that differ by a projective linear transformation.

In this section we want to find an algebraic description of the datum necessary to
describe a particular Heisenberg invariant embedding and derive a description of the
moduli space of Heisenberg invariantly embedded abelian surfaces of a given type D
as a quotient of Siegel upper half space (cf. Section 7.4).

3.1 The algebraic datum encoding an embedding
Lemma 3.1. The centraliser of H(D) in GLN(C) is C*.

Proof. For D = diag(1,d) this can be seen as follows (a similar argument works in
general): Suppose 3(e;) = >, bije;. Then commutativity with o, which sends e; to
e;—1, means that b;_y; = b; ;11 for all i and j, i.e. the entries of the matrix (b;;)
for [ are constant on diagonals. Commutativity with 7, where 7 sends e; to C(;iei
(Ca = exp(%5t)), translates to the condition that b;; = 0 for i # j. So (b;;) has to be
of the form c-id for ¢ € C*. O

Proposition 3.2. There is a 1-to-1-correspondence between Heisenberg invariant
embeddings o: X — PN of an abelian variety X of type D and injective group ho-
momorphisms 7.9 D79 — 7.9 D79 & 79 DZ9 which can be extended to a symplectic
automorphism of 79/ DZ9 & 79/ DZ7.

Proof. Under which condition is an embedding Heisenberg invariant? In Section
2.7 we defined the groups G(L) and H(D) to be central extensions of K (L) resp.
K(D) = (Z9/DZ9)* by C*. We defined a theta-structure to be a group isomor-
phism b: G(L) — H(D) that restricts to the identity on C* and saw that such a
theta structure always exists. A theta structure induces a symplectic isomorphism
b: K(L) — K(D) (and any such symplectic isomorphism is induced by a theta
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structure) and an isomorphism of vector spaces 3: H°(L) — C(Z9/DZ). These
isomorphisms make the following diagram commute

G(L) x H(L) HO(L)

(b,ﬁ)L l,@

(D) x C(29/DZ9) — C(Z9 ) DZ9).

where the horizontal arrows indicate the action of G(L) on H°(L) resp of H(D) on
C(Z9/D7Z7) as described in Section 2.7.

Given b, we can show that  is (up to multiplication by a constant) the unique vec-
tor space isomorphism making the above diagram commute, by the following argu-
ment: Suppose there are two different vector space isomorphisms 31, 3o: H°(L) —
C(29/DZ9) making the above diagram commute. Then 3 := 3, o 85 is an isomor-
phism of C(Z9/DZ7) fitting into the following commutative diagram:

(D) x C(29/DZ9) — C(Z¢ | DL9)

(id,B)L lB

(D) x C(Z9/DZ9) — C(Z9)DZ).

This means that 3 commutes with any element from H(D). By Lemma 3.1 this
means that B is only multiplication by a constant.

From this we can see that the embedding is Heisenberg-invariant if and only if the
chosen basis of H°(L) is of the form ¢ - 37'(d,), * € Z9/DZ9,c € C*, B and §, as
in Section 2.7. So for each J there is exactly one Heisenberg invariant projective
embedding p: X — PV,

Now try and count such bases: The map 3 and thus the basis of H°(L) is completely
determined by b. Suppose we are given two symplectic isomorphisms b, by: K(L) —
K (D). Then their difference b; o b, ' is a symplectic automorphism of K (D).

But not all b give different bases because B only depends on b|g,. More pre-
cisely: b, and by give the same basis if and only if I_)fl|(zg/DZg)l = 5§1|(Zg/DZg)l
where (Z9/DZ9), is the first summand of K (D). These restricted maps live in
Homy(7Z9/DZ9, K(L)) and are injective. By composition with one fixed symplec-

tic isomorphism by: K (L) — K (D) = (Z9/dZ?)* we obtain the desired result. [

Remark 3.3. 1. For D = diag(1,d), the group K (D) is isomorphic to (Z/dZ)*
and any automorphism of this group is symplectic, so the group of symplectic
automorphisms of K(D) is isomorphic to GLy(Z/dZ).

2. In the case d = 6 the group GLy(Z/dZ) has 288 elements.

Since we will later look at abelian surfaces of type (1,d) (in particular of type (1,6)
in Chapter 5), the following fact is of interest:
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Lemma 3.4. Any injective group homomorphism from Z/dZ to (Z/dZ)* can be
extended to an automorphism of (Z/dZ)?.

Proof. For any group monomorphism «: Z/dZ — (Z/dZ)* the image (1) is an
element of order d in (Z/dZ)?. Such an element is of the form (a,b) with a,b € Z
and ged(a,b,d) = 1. This means there are coefficients s,t, u € Z such that

sa +th+ud = 1.
We claim that (a,b) and (—t, s) together generate (Z/dZ)?, so
&: (BT = (BT, (1,0) = (@ b), (0,1) > (~t,5)

is an automorphism extending «. For this, we look at the matrix

M:<‘g j).

It has determinant equal to 1 € Z/dZ, thus is invertible and the columns of any
invertible matrix in R?*? (R any ring) generate the free module R?. O

Example 3.5. For general diagonal matrix D not every injective group homomor-
phism Z9/DZ9 — 79/DZ9 & 79/DZ can be extended to an automorphism of
Z29]D7° & 7° | DZ9:

Consider the case D = diag(2,4). We write G := Z?/DZ* = 7./27 x 7./AZ and
consider the monomorphism

a—Gdaed

given by a(e;) = 2fy and «a(ey) = fy, where ey, ey and fi, fo, f3, f4 are generators
for the cyclic factors on the left- resp. right-hand side in the given order. This
monomorphism can not be extended to an automorphism of the right-hand group
because

(G @ G)/a(G) = Z/2Z x L)2L x T2 = {f1) x (Jo) x (fa).

But if there was an automorphism & extending «, then &(es) would need to have
order four in (G @ G)/a(G) and there is no such element.

Corollary 3.6. So for D = diag(1,d) the number of embedding maps is exactly the
number of elements of order d in K(L) = (Z/dZ)*.

If we only want to count images of such embeddings, there will be at most half as
many. To see this, consider any (symplectic) isomorphism b: K(L) — (Z9/DZ9)?.
Then —b is another isomorphism. Let by eg,eq,...,ex be all elements of Z9/DZ9
in a fixed ordering and let o; := l_)_l(ei). Then b gives us the basis Uy, U5y, ..., Uy,
whereas —b gives us the same basis but in a different order ¥_,,,9_,,, ..., V_gy. Ifwe
denote the corresponding coordinates of PY by z,, ..., %,,, then the linear projective
transformation converting one embedding into the other is given by ¢: x; — z_;
(indices read as elements of Z9/DZ9).
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Proposition 3.7. Let X be any abelian variety, ¢r: X — PN a H(D)-invariant
embedding. Then X = ¢ (X) is also invariant under ¢.

Proof. Lemma 4.6.1 in [BL04] tells us that

2%

X

N

5L
P

commutes for the right choice of bases of H°(L) and H°(¢:L). Since two line bundles
L and L’ are algebraically equivalent if and only if L/ = ¢ L for some = € X this
implies that the image X of ¢; in PV does not depend on L itself but only on its
algebraic equivalence class. So instead of the given line bundle L = L(H, x) we can
consider the line bundle Ly = L(H, xo) as described in Section 2.4 giving the same
embedding. The advantage of Lg is that it is symmetric and admits an extended
theta structure (proof of Theorem 6.9.5 in [BL04]). This means that the extended
Heisenberg group He(D) = (H(D), 1) acts on H*(Ly) and X = o, (X) is H¢(D)-
invariant. [

X

3.2 The moduli space of Heisenberg invariantly
embedded abelian varieties of type D

In Proposition 3.2 we have seen that there is a 1-to-1-correspondence between Heisen-
berg equivariant embeddings o : X — P¥ of a polarised abelian variety (X, L) of
type D and injective group homomorphisms Z9/D7Z¢ — K (L) which can be ex-
tended to a symplectic automorphism of K (L).

Such a monomorphism \: Z9/DZ7Z¢ — K(D) can be identified with the ordered
set {A(f1),...,A(fy)} where fi,..., f, denotes the standard generators of Z9/DZ9.
Since A can be extended to a symplectic automorphism, this is (the first) half of a
symplectic basis of K(D).

We define an isomorphism of polarised abelian varieties with a half-basis similarly to
the definition made in Section 7.4.3 as an isomorphism of polarised abelian varieties
that maps the j-th element of the given half-basis of K(L) to the corresponding
element of the given half-basis of K (L').

Given a symplectic isomorphism b : K (L) — K(D), there is a symplectic basis
Ay evos Agy fi1, - - -, fig of A for H such that b(+);) = f; for 1 <i < g.

1
d;

Now will use an argument similar to those we sketched in Section 7.4 (and which
can be found in more detail in [BLO4|, Chapter 8) to describe the moduli space of
Heisenberg invariantly embedded abelian varieties:
Every Z € H, determines a polarised abelian variety of type D with half-basis of
K(D):

Zv— (Xg, Hz, {005 200}
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where (Xz, Hz,{\,...,A\gs 1, ..., ig}) is the polarised abelian variety of type D
with symplectic basis of Proposition 7.26.

By what we said above it is clear that every polarised abelian variety with level
D-structure is isomorphic to one of these. Suppose that

0 (XZ,HZ,{g,...,%}) — (XZ,,HZ,,{ﬁ,...,ﬂ})

is an isomorphism of polarised abelian varieties with a half-basis. Let A € C9*9 be
the analytic and RT € Q%9*% the rational representation of ¢. Then ¢ being an
isomorphism of polarised abelian varieties with half-basis translates to

1. A(Z',D) = (Z,D)RT (cf. Section 2.1) and
2. AZ’D™' = 7D mod Ay = (Z,D)Z*.
Condition 2 is equivalent to
AZ'D™' - ZD' € (Z,D)7*7"
or (after multiplying with D) to
AZ'— 7 € (Z,D)Z*"9D. (3.1)

Now we will reformulate condition 1 writing RT = (g; g;;) with g x g-blocks R;;.

Looking only at the right block of condition 1 states
AZ' = ZRy1 + DRy;.
Plugging this in shows that (3.1) is equivalent to
(Z,D) ("5") = Z(Ri — 1) + DRy € (Z,D)Z**9D.

Since (Z, D) encodes an isomorphism of R-vector spaces R?9 —s CY it is invertible

and we arrive at
Ri1—1 2gxg
(") € 299D,

Thus, the matrix R is an element of the group
ret ={(«tyelpla—1,=b=0 mod D}

where we write a =0 mod D for a € D - Z9*9.
Similarly to I'p(D) in Chapter 7, 4™ is a subgroup of finite index in I'p and acts
properly and discontinuously on H,. So we obtain

Theorem 3.8. The normal complex analytic space AF™ = H, /T is a moduli
space for polarised abelian varieties of type D = diag(ds, ..., d,) with a Heisenberg
equivariant embedding map (i.e. a half-basis of K(D)). The embedding T4 — T'p
induces a holomorphic map AS" — Ap of finite degree.
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4 Abelian surfaces

Given an embedding of an abelian variety ¢y : A — PV, it is natural to ask for
the geometrical properties of image. In particular, one would like to understand the
defining ideal of ¢ (A) and write down explicit equations. If we vary the abelian
variety A in its moduli space, the coefficients of these equations will depend on the
moduli point.

Igusa has shown in [Igu72| that the moduli spaces Ap and Ap(D) ete. discussed in
Section 7.4 all are (possibly singular) quasi-projective varieties. These can be resolved
and compactified in various ways to smooth projective varieties and the boundary
strata will correspond to certain singular degenerations of A. We refer to Hulek, Kahn
and Weintraub who in [HKW93] described certain non-singular compactifications Ap
resp. Ap(D) in the case of abelian surfaces.

It is of great interest to know if these moduli spaces are rational (i.e. birational to
P™ for some n) or unirational (X is called unirational, if there exists a dominant
rational map from P™ to X). If this is the case, one may hope to be able to write
down explicit equations for the image 7 (A) C PV. Gritsenko has proven in [Gri94]
that Ay := Ag.q) is not unirational for d > 13 and d # 14,15, 16, 18, 20, 24, 30, 36, by
constructing cusp forms of weight 3 with respect to the paramodular group I'p(D),
while it was known that :4@ is rational or unirational for d =1,2,3,4,5,7,9.

In this chapter we want to review embeddings of abelian surface A of type (1,d)
for d = 1,2,3,4,5. One always starts with a basis of H°(L) such that op(A) is
Heisenberg-invariant in the sense of Section 2.7.4. We note that for a very ample line
bundle L of type (dy,ds) we have dim(H°(L)) = dyds so that the image

pr(A) C Phe!

is a surface of degree 2d;d>.

Caveat: Many authors write moduli space of abelian varieties with level structure,
but actually mean different things. We adapted the notation to our definitions in
Section 7.4 and 3.1 as far as possible.

4.1 Polarisation of type (1,1)

A treatise of the principally polarised case can be found for example in [BL04] (Chap-
ter 10.2), but the analyses of the Kummer surface appearing goes back to the nine-
teenth century.

For an irreducible principal polarisation L, the map

0= A—P3
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factors via an embedding
v K= A/{(-1)x) — P?
(cf. Theorem 7.15).

We will identify K with its image under ¢ and try to find equations describing it.

Starting with the standard coordinates x;;, i, j € Z/2Z, on which #(2,2) acts in the
standard way:

01 Ty — Tit1,5 T1: Ty — (-1) Tij
O9: XTij > Ti To: x5 > (= 1)y
2 i 4,7+1 2 i 1]
It is useful to introduce new coordinates

Yo = To1 + T10 Y2 = To1 — T1o

Y1 = Z11 + Too Y3 = T11 — Zoo-
In these coordinates one can show:
1. K is singular in the coordinate points.
2. The coordinate planes touch K in smooth conics.

These properties can be used to find an equation for K. The map

w: A— K CP?

is H(2,2)-equivariant. In the new coordinates vy, ..., ys the elements oy and 7 act
as follows:
Yo — Y2 Yo — Y1
o Y1+ Y3 - Y1 Yo (4.1)
Y2 = Yo Yo = —Y3
Ys — U1 Ys = Y2

Let @ be the quartic defining the Kummer surface K, i.e.

K={yeP|Q(y) =0}

The Kummer surface K is invariant under the action of K(L2), i.e. there is a char-
acter x: K(L%) — C* such that

a*Q = x(a)Q for all a € K(L?). (4.2)
From Property 2 it follows that

Q(y(h <o 7yi71707yi+17 s 73/3) = F;'Q(yoa o Yi—1, Yik 1, - 7y3)
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for some quadric polynomials F;, ¢ = 0,..., 3.
Since K contains all four coordinate points (Property 1), it follows that Fj is of the
shape

Fo(y1, Y2, y3) = Myays + Aat1ys + Azy1y2

for some \; € C.
Now by using Equation (4.2), and the fact that o and 7 act on the y; as described
in (4.1) one obtains

F12(3/07 Y2, 93) = X(T)FOQ(yOa —Y3, —yQ),
F22(y07y17 ?/3) - X(U)F()2<93a y07y1)7
F??(yo,?/h Yo) = X(UT)F(? Y2, —Y1, —Yo)-

Under the assumption that y = 1 we obtain

F§ + FY 4 F5 4+ FF =203 (y505 + uou?) + 205(07y5 + vovs) + 203 (vivs + vou3)
+ 22X X (Your + ¥23) (Y1Y3 — Yoy2)
+ 2X123(voys — Y1v2) (Yoy1 — Y2y3)
+ 2X0A3(11Y2 + Yous) (Y1ys + Yoy2).

Now for p=Q — F} — Ff — F} — F} we have

p‘y0=0 - _F12|y0=0 - F22|y0=0 - F32|y0=07 hence

p=—Nysys — Aoyiys — A\jyiys  mod yo.

This congruence together with the three other ones obtained by setting y;,...,y3 =0
have a solution in degree four unique modulo yyy,y2y3, hence

p=—=XN(av3 + vou) — N Wivs + voys) — N (Wivs + yous) + Avoyiyeys.

If x # 1, the congruences determining p have no solution in degree four, so these
cases can not occur.
This means:

Proposition 4.1. The coordinates of P? can be chosen in such a way that the Kum-
mer surface K associated to the abelian surface A with irreducible principle polarisa-
tion is given by an equation of the form

Q =X (y3y3 + vout) + N (ivs + vows) + A3 (yivs + vovs)
+ 22X A2 (Yoyr + ¥2y3) (V193 — Yoy2)
+ 2\ A3 (yoys — v1y2) (Yo — Y2us) (4.3)
+ 2203192 + Yoy3) (Y1y3 + Yoy2)
+ A5Yoy1Y2ys

Jor some A= (Ao : A1 : Ay 1 A3) € P3.
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Figure 4.1: The Kummer surface in the affine chart y9 = -z +y+ 2+ 1, y1 =
r—y+z+1l,ppo=x4+y—2+1,y3 =ax+y+ z— 1 for different values
of the parameters

The Kummer surface has many interesting geometrical properties, that can be found
in classical literature, like for example [Hud90]:

e K has 16 singular points which are exactly the images of the 16 two-torsion
points z € Ay C A.

e For any z € A, we will denote the unique divisor in the linear system |tfL| by
D.. The curve C, = ¢(D,) is a conic and 2C, is a complete intersection of K
with a plane in P>. We denote this plane by P,. Geometrically this means that
P, touches K along C,. The 16 planes P,, z € A,, are called singular planes
of K in P3.

Now we can analyse the configuration of these points and planes explicitly. Summa-
rizing we get:
1. The 16 singular planes and the 16 singular points of K form a 164 configuration,
i.e.
e any singular plane contains exactly 6 singular points.

e any singular point is contained in exactly 6 singular planes.
2. Any two different singular planes have exactly two singular points in common.

3. Three pairwise different singular planes P, , P,, and P,, always intersect in one
point p. The point p is singular if and only if the singular points 21, 2o and z3
span the singular plane P,. This reflects some kind of self-duality of K (see
[Hud90]).
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We can consider two different kinds of tetrahedra build by these singular planes:

1. A Rosenhain tetrahedron for K is a tetrahedron in P? with singular planes of
K as faces and singular points of K as vertices.

2. A Gipel tetrahedron for K is a tetrahedron in P? with singular planes of K as
faces such that the vertices are not singular points.

The following relations between points zi,...,zs determine if their corresponding
singular planes form a Gopel or a Rosenhain tetrahedron:

1. Singular planes P,,, P,,, P,, and P,, form a Rosenhain tetrahedron if and only
if 21, 2o and z3 span a singular plane and z4 = 21 + 25 + 23.

2. There are exactly 80 Rosenhain tetrahedra for K.

3. Singular planes P,,, P.,, P,, and P., form a Gopel tetrahedron if and only if
21, 2o and z3 do not span a singular plane and z4 = 21 + 29 + 23.

4. There are exactly 60 Gopel tetrahedra for K.

The coordinates used in the equation given above correspond to a Rosenhain tetra-
hedron.

The equation given above allows the following statement about moduli spaces:

Remark 4.2. The moduli space A1y of principally polarised abelian varieties is of
dimension three. Hence the family of Kummer surfaces is also of dimension three.
Since the family of quartics given above is parametrised by P2, this implies that for a
general A € P3 Equation (4.8) defines a Kummer surface.

In other words: The moduli space of Kummer surfaces is birational to P3.
According to [BLvS89] the exceptional locus is A = {\ A3 = 0}.

4.2 Polarisation of type (1,2)

The case of the (1,2)-polarisation was analysed by Wolf Barth in his paper Abelian
surfaces with (1,2)-polarisation (|Bar87]). His motivation was the work of Adler-van
Moerbeke (J[AvM82]) and Haine ([Hai83]) on certain cases of geodesic flow on SO(4)
leading to integrable Hamiltonian systems.

In this case ¢y, is a rational map from the abelian surface to P!, so even for dimen-
sional reasons it can not be an embedding.

But the line bundle L? of type (2,4) is very ample, hence induces an embedding

02 A — P
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In this case let {z;; | 0 < j < 1,0 < k < 3} be the standard coordinates of P (in
the sense of Section 2.7.4) on which H¢(2,4) acts as follows:

O1: Tk b7 Tjt1k
02 Tl = Tj k41
T Tk (—1)j.1'jk
Ty Tjj > ikxjk

LI Xjpg V= T—j —k
He introduces new coordinates on P7 by

Y1 = Too + To2 Y3 = To1 + To3 Ys = Too — To2 Y7 = To1 — To3

Y2 = T1o + T12 Y4 = T11 + T13 Ys = T10 — 12 Ys = T11 — T13-
Then in the new coordinates ¢2(A) is cut out by the six quadrics

a1 = (7 +93) = Mz + 1) + (s +95) + M7+ v3)
@2 = —MWF +3) + (Y5 + i) + MR +u5) + (Y + d)
g5 = m (Ui —v3) — Mys — vi) + 1 (y3 — v8) + M(F — vd)
@=—M —93) + W5 — i) + ME —vg) + m(ys —u3)
g5 = p1(Y192) — A1 (Ysya) + pa(Ysye) + A1 (yrys)

g6 = =M (1y2) + 11 (ysya) + M (Ysys) + 11 (yrys)

(4.4)

for some projective parameters (\; : u;) € P!, j =1,2,3.
The other way around, one may ask, under which condition a point (A; : 1), (A2 :

o), (A3 : p3) in (P1)? actually describes an abelian surface. For this purpose Barth
defines

ik = (A ) == (Mg — MNpd ) (VAL — 1 i)
and r = T12 * 723 * T'31.
The equation r = 0 is equivalent to the fact there exists some k # [ such that

= (g

Theorem 4.3. For (A : p1), (A2 : p2), (A3 : uz) € (PY)? the following properties are
equivalent:

1. r #0.

2. The quadrics qu, ..., qs generate the ideal sheaf of a smooth abelian surface (of
degree 16 with a (2,4 )-polarisation) in PT.

In other words: The moduli space Afﬁ’) for Heisenberg invariantly embedded abelian
surfaces with a (2,4)-polarisation is (P! x P! x P1)\ A where A = {((Ay : p1), (A2 :
o), (A3 : ps)) € (PY)3 | r = 0}. In particular, this moduli space is rational.
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4.3 Polarisation of type (1,3)

In their paper [BL95| Christina Birkenhake and Herbert Lange study the moduli
spaces ﬁ‘,’d) of abelian surfaces of type (1,d) with an isogeny to a principally po-

larised abelian surface, especially for the cases d = 2 and d = 3.

In a first step, they identify Aﬁ"’d) with the moduli space C¢ of cyclic étale d-fold
coverings of curves of genus 2 in the following way:

Any isogeny 7 from a (1, d)-polarised abelian surface (X, L) to a principally polarised
abelian surface (Y, P) is restricted to 7|c: C — H where H is a curve of genus two
such that Y is the Jacobian J(H) and C = 7' (H).

The other way around any cyclic étale d-fold covering f: C' — H extends to a d-fold
covering (i.e. isogeny of degree d) m: X — Y = J(H) and L = 7*Oy(H) defines a
polarisation of type (1,d) on X.

Let "4?1,3) C Aéii’3) be the subset of abelian surfaces of type (1,3) with an isogeny
onto a Jacobian of a smooth curve of genus 2.

Let us construct a map as follows: Let (X, L,7) be an element of A[()I,S)' By our
considerations at the beginning of this section it corresponds to an étale 3-fold cov-
ering f: C — H in C3. The hyperelliptic covering lifts to a covering C — E,
where F is an elliptic curve uniquely determined by f. Let = denote the polarisation
on E x E defined by the divisor £ x {0} 4+ {0} x £+ A. Then one can show that
there exists an embedding C' — E x E whose image is contained in the linear system
|[E2x {0} +{0} x E+ A| and it is uniquely determined modulo translation by elements
of K(Z). By looking at the action of T'= ( % 1) on E x E they prove that C' does
not contain any point, from K (Z).

Denote by M the (coarse) moduli space of pairs (E,C) where E is an elliptic curve
and C' a smooth curve in the linear system |E x {0} + {0} x E + A such that
K(Z) N C = 0 modulo translation by elements in K (Z).

Now we have constructed a map : Aﬁ"’g — M.

Theorem 4.4. : Aﬁog — M s an isomorphism of algebraic varieties.

To show this, they construct the inverse map as follows: For (E,C) € M the au-
tomorphism 7' of E x E given above acts on every curve of the linear system. In
particular, T restricts to an automorphism 7 of C' which is of order 3. Moreover, 7
is fixed point free, so it induces an étale 3-fold covering C' — H = C'/7, which then
corresponds to an element (X, L, 7) € “4((]1,3)-

Corollary 4.5. A’(i"g is rational.

The idea of the proof here is to show that M" := {(E,C) € M | E admits no nontrivial
automorphisms} is rational. To show that, they consider the open set U = C\
{0,1728} parametrising elliptic curves without nontrivial automorphisms and the
universal family & — U. They construct a vector bundle of rank 3 over U whose
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projectivisation Py parametrises the linear system |E x {0} + {0} x E + A|. By
construction MO is an open subset of the quotient Py /K(Z). Since every vector
bundle on U is trivial, Py 2 P2 x U and Py /K (Z) = P?/(Z/3Z x Z/37) x U, which
is rational by Liiroth’s theorem.

180

Since A(1%) is a finite covering of A 3), this shows:

Corollary 4.6. The moduli space Aq sy of (1,8)-polarised abelian surfaces without
extra structure 1s at least unirational.

4.4 Polarisation of type (1,4)

The case of the (1,4)-polarisation is treated by Birkenhake, Lange and van Straten
in their paper Abelian surfaces of type (1,4) (|[BLvS89]).

They consider A to be a complex abelian surface with an ample line bundle L of type
(1,4) on it. One can assume L to be symmetric without changing the corresponding
map

or: A — P3.

First of all they exclude the case that (A, L) is isomorphic to a product of elliptic
curves as polarised abelian variety, i.e. that there are elliptic curves £y and E5 on
A and line bundles L; on F; of degree 4 and Ly on Ey of degree 1, s.t. (A, L) =
(E1 X Ey, p; L1 ®psLs), in which the complete linear system |L| has a fixed component.
From now on we will assume that A is not a product of elliptic curves. Then |L] is
base point free (Lemma 7.23).

So ¢, is a well-defined map on the whole of A whose image A C P? is invariant under
the action of HS = (o, 7, () acting on P3 with coordinates zo, ..., r3 via

O:Xj—> Xj_q T: a:j»—>i’jxj L: Tj—> T_j.
Now they introduce other coordinates similar to Barth in Section 4.2
Yo=To+T2 Y1 =To— T2 Y2=T1+T3 Y3=2T1 —T3
and show:
Lemma 4.7. 1. A is a surface of degree d = 8 or 4 in P3.

2. The defining polynomial Q of A is actually a polynomial in the squares y2,y?, y3,
y3, i.e. there is a Q € Clz, . .., 23] such that

Q(Yo, Y1, Y2, y3) = QY5 Y1, Y3 U3)-

Denote by C the subset of P3 = P3(z, . .., z3) defined by Q(z2o, 21, 22, z3) = 0. Then
our reasoning above means geometrically:
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Lemma 4.8. The map P3(yo,...,y3) — P3(21,...,23), zi = y? induces a covering

p: A — C that is 8 : 1 outside the coordinate planes.

In the case A is of degree eight, one finds with the same arguments than in Section
4.1 that @ is of the form

Q =X (5525 + z021) + X3
+ 2M \a(2021 + 2223) (2123 — 2022)
+ 2)\1)\3(2023 — 2122)(2021 — 2223) (45)
) )

+ 2)\2)\3(2122 + 2023)( 2123 + 2022

2.2, 2.2 2,22, 2.2
zizs + z525) + A5(2125 + 2523)

+ HoZ0212223
for some (A1, Mg, Az, 11o) € C*\ {0}.

If A and hence Q is a quartic, then Q(yo,y1,¥2,53) = Q(u3,y%y3,y2) for some
quadratic polynomial @ € Clz,..., 2] and up to a projective transformation @
is of the form

Q == )\1(202’1 + 2223) + )\2(2123 — 2’022) (46)
for some (\; : \y) € P2

An alternative description of the two cases occurring is as follows: Consider K (L) =
K; & K5 a decomposition into maximal isotropic subspaces (K7 & Ky = Z/47) and
denote by 7: A — B = A/K, the natural projection. There is a line bundle M on
B with L = 7*M. Let X be the unique divisor of |[M| and Y = 7~ !(X).

With this set-up they prove the following two characterisations:

Theorem 4.9. Suppose X and Y do not admit elliptic involutions compatible with
the action of Ky. Then A is an octic and pr,: A — A C P3 is birational.

Theorem 4.10. Ass_ume X and Y admitl elliptic involutions compalible with the
action of Ky. Then A is an quartic and pr: A — A C IP3 is of degree 2 onto its
image.

In both cases A is cut out set-theoretically by the equation @ = 0 with

Q(yo, Y1, Y2, y3) =3 (y3ys + vout) + N3 (Wivs + Yoys) + N3(yiys + voys)

+ 2\ (Yout + ¥293) (W13 — You3)
+ 20 s (yoy3 — viva) (Yot — v5y3) (4.7)
+ 20003 (415 + You3) (W13 + You3)
+ AUy Y5 Y
for some A = (Ag : -+ : A3). In the octic case this is achieved by just setting A¢ to be
a square-root of po. In the quartic case one has to square Equation (4.6) to obtain
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(4.7) with A3 = 0 and A2 = 2(A\2 — A2) (or Ay = 0 and A2 = —2(\3 4+ A\3) resp. \; =0
and A2 = 2(A\2 — \2) in the other two cases).

Finally they show that in the octic case a point A € P? determines an abelian surface
via Equation (4.7) or more precisely:

Theorem 4.11. Let A be the set of all X € P3 such that (4.5) does not describe a
Kummer surface, i.e. A = {A\A2Ag =0}. Then

PP\ A)/ (Ao = —Xo)
is the moduli space of embedded abelian surfaces of type (1,4).

This means that this moduli space is unirational.
They also describe some degenerations occurring for A € A.

4.5 Polarisation of type (1,5)

The case of the (1,5)-polarisation was treated by G. Horrocks and D. Mumford taking
another approach than in the previous cases. In [HM73] they construct a rank 2 vector
bundle F on P* from the Koszul complex of O(1) ®c V where V = C(Z/5Z) is the
Schrodinger representation of Hy. This bundle turns out to be irreducible. Before,
it was not known if any indecomposable vector bundles of rank 2 on P* exist.

Since A°F ~ O(5) and all global sections of F are Hs-invariant, A\*I'(F) ~
['(O(5))H5. The dimension of I'(O(5))H5 is computed to be 6 using character theory
and an explicit C-basis is given by

5 3 / 3
S = E x; Q= g Li—1T; Tit1 Q = E T 2X; Tiq2

7
E 2 2 / § 2,.2

The simultaneous vanishing locus L of all elements of I'g, (O(5)) consists of 25 skew
lines.

They analyse the normalizer N of the Heisenberg group Hs which turns out to be an
semidirect product N = Hs x SLy(Z/5Z) with 15000 elements all given in explicit
matrix form.

Using this they proof the two main theorems

Theorem 4.12. For almost all s € T'(F), V(s) is a non-singular surface X, C P*
of degree 10. Whenever X, is not singular, it s an abelian surface.

Singularities may only occur where X intersects L.

Theorem 4.13. Every abelian surface Z C P* is projectively equivalent to the zero
set of some section s of F.
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Now denote by Aq 5 (1,5)* the subset of all (X, «) € Aqn 5 (1,5) for which Ly is
very ample and by P(I'(F))* the subset of all Cs € P(I'(F)) for which V (s) is smooth.
Then I'p/T'p(D) = SLy(Z/5Z) acts on A (1,5) (c.f. Section 7.4) and N/H =
SLy(Z/5Z) acts on P(I'(F)).

Finally, they state the following result

Theorem 4.14. A 5(1,5)" = P(I'(F))* as quasi-projective varieties and the action
of T'p/T'p(D) on Ang)(1,5) corresponds to the action of N/H on P(I'(F)).

This shows that A 5 (1,5) is rational.

They also describe some degenerations occurring outside the open sets *. A complete
analysis of all degenerations was given by Barth, Hulek and Moore in [BHMS87|:
Despite being an smooth abelian surface, X, can also take the following forms:

1. a translation scroll associated to a normal elliptic quintic curve,
2. the tangent scroll of a normal elliptic quintic curve,

3. a quintic elliptic scroll of multiplicity 2,

4. a union of five smooth quadric surfaces,

5. a union of five planes, each of multiplicity 2,

and this list is complete, i.e. these are the only degenerations that can occur.
The hierarchy of this degenerations is as follows:

abelian surface dim 3

translation scroll dim 2

tangent scroll quintic scroll 5 quadrics dim 1
\ /

5 double planes dim 0

Let us have a closer look at the degeneration in case 4: In this case, the five smooth
quadric surfaces (); intersect in the following manner building combinatorially a kind
of twisted torus:

P1 P2 P3 P4 PO Pl

Qo Q1 Q2 OF Q4

Py Py P P Py Py
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In his paper [Man88| Manolache shoes that the ideal of a general such surface is
generated by 3 (Heisenberg invariant) quintics and 15 sextics.

In the next chapter we will take a closer look at (1,6) polarised surfaces and we

will see in Section 5.4.3 that the diagram of degenerations in that case shares some
common features with the above.
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5 Moduli and geometry of
(1,6)-polarised abelian surfaces

At the time Gritsenko wrote his paper [Gri94], it was not known, if A was rational
resp. unirational. To our knowledge this question was first answered by Gross and
Popescu in their paper |[GP01].

In this chapter we will study the projective model Q of the moduli space AS™ they
describe in some detail, and find for example its discriminant, that is the locus
of points of (), which do not describe a smooth abelian surface. We describe the
degenerations of the surfaces occurring and the automorphisms of ) as a moduli
space.

In Section 5.6 and 5.7 we will identify certain subfamilies of (1, 6)-polarised abelian
surfaces inside (). One of these is the family of abelian surfaces that appear in the
DGR-integrable system.

5.1 Introduction

If L is a line bundle of type (1,6) on an abelian surface A, then dim(H°(L)) = 6, so
L induces a rational map ¢y : A --» P°. It follows from Lemma 7.23 that ¢, is in
fact basepoint free. If A does not contain an elliptic curve, then a result of Ramanan
(Lemma 7.24 in this thesis) implies that L is very ample, so we get an embedding

o1 A — P,
The image then is a smooth surface of degree 2-1-6 = 12.

In the following we want to study the image of this embedding. From examples e.g.
from [SvS13|, we expect the general surface to be cut out by four cubics and six
quartics. From the exact sequence for the ideal sheaf Z4 of A, twisted by O(3),

0 — Z4(3) — Ops(3) — 04(3) = L* — 0,
we learn that
dim H%(Z4(3)) > dim H°(Ops(3)) — dim H(L?) = 56 — 54 = 2,

so that there are at least two cubics in the ideal of A. To see that there are in fact
at least four cubics in the ideal, we need to take the Heisenberg group into account.
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5.1.1 A representation of the Heisenberg group

First we look at the finite Heisenberg group Hg generated by ¢ and 7. Hg acts on
the polynomial ring Clzy, ..., x5] by

o(zi) =xic1,  7(x:) =&y,

where £ is a primitive sixth root of unity. As the image of A is Hg-invariant, also the
ideal generated by the cubics in the ideal has to be invariant under Hg. One might
hope for invariant cubics, but one has:

Lemma 5.1. H%(Ops(3))Hes = 0.

The proof is an argument similar to the one of Lemma 5.3.
Now a crucial idea of Gross and Popescu is to look at cubic polynomials that are
invariant under a certain subgroup of Hg.

Definition 5.2. We define H' as the subgroup of Hg generated by the elements o2
and 72.

H’ is isomorphic to the Heisenberg group Hs of a (1,3)-polarised abelian surface. o>

and 72 both have order 3 and commute up to a constant from the subgroup us C C*
of third roots of unity. So H' has 27 elements.

Lemma 5.3. The space H°(Ops(3))® of H' invariant cubic forms on P° has a basis
va' . '7f37g0 = O'f[],. - 93 = UfS where

3 3 3 3 3 3
Jo =y + x5 + 1y Jo =Ty + T3+ T;
.2 2 2 _ 2 2 2
f1 = xiry + 2570 + 520 g1 = THx5 + 471 + Tpxs
fo = x11003 + T321475 + T g2 = XToT3T4 + T4T5X0 + ToX1T2
f3 = o214 g3 = T1T3Ts5.

Proof. All monomials are eigenvectors with respect to the action of 7 and there are
exactly 20 monomials of degree 3 invariant under 72, namely those belonging to the
fi and g; in the statement of this lemma. Half of them (those belonging to the f;)
have T-eigenvalue 1, the others have T-eigenvalue —1.

The whole group Hg acts on H°(Ops(3))"'. We will show now that we can choose a
basis of H°(Ops(3))H in such a way that it consists only of eigenvectors of 7. Suppose
f € H(Ops(3))® with f = v +w such that 7v = v, 7w = —w and v # 0 # w. Then
HO(Ops(3))" also contains 7f = v —w. Thus (f,7f)c = (v, w)c.

To obtain such a basis, we may only combine monomials from the same eigenspace.
A polynomial in ker(7 4 id) containing a certain monomial m is invariant under o>
if and only if it contains o?m and o*m with the same coefficient. So it has to be a
linear combination of the f; and g; given above. Conversely, it is easy to check that
these are all H'-invariant. O
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Hg acts on this space (o by interchanging f; and g;, 7 by leaving the f; fixed and
multiplying all g; by —1). Thus H°(Ops(3))® as a representation of Hg splits up
into four isomorphic irreducible subrepresentations

3

HO(OP5(3))H/ = @<fi7 9i)-

=0

Definition 5.4. We will identify H°(Ops(3))® with Vo®W where Vj is an irreducible

two-dimensional representation of Hg (o acting as (9 ), 7as ({ %)) and W is a four-
dimensional complex vector space with basis ey, ..., es such that Vo ® e; = (fi, g:)-

Then any Hg-subrepresentation of H°(Ops(3))® is of the form Vi ® T for some
subspace T'C W.

Lemma 5.5. Let A be an abelian surface of type (1,6) embedded H§-invariantly into
P5 and let T4 be the homogeneous ideal defining A. Then

dim(H°(Z4(3))®) > 4.
The idea of the proof is to look at the restriction map
H(Ops(3))" — HO(L)W

and the action of + on both sides. While ¢ fixes the elements of H°(Ops(3))™', Gross
and Popescu argue that H°(Ops(3))" is as a Hg-representaion isomorphic to H°(M)
for a (1,6)-polarised line bundle M. So H°(L?)®" = C°® decomposes into a two- and
a four-dimensional eigenspace for +. So H°(Ops(3))™ must map to one of these two
cigenspaces. Hence the kernel H°(Z,(3))® of the above restriction map is at least
four dimensional.

5.1.2 Points, lines and planes

There are several important Hg-invariant loci in P°. The following facts can be
verified by a simple calculation, preferably using a computer algebra system:

Proposition 5.6. 1. The simultaneous vanishing locus of all f; and g; are exactly
the nine lines l;;, 1,5 € Z/3Z, gwen by {z; = x;y3 = ;1 + WTip1 = Tipo +
wWiziyq =0} with w a third root of unity.

2. The radical ideal I}, corresponding to the union L of these nine lines is gen-
erated by the eight cubics f;, g; and the three determinantal conics

X1X2 — T4x5, X1 — T3T4, T2X3 — ToIs-

3. Hg acts on the nine lines as follows: o sends l;; to l;_1; and 7 sends l;; to
li,jfl-
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Proposition 5.7. 1. The four polynomials fo,..., f3 define a scheme B of di-
mension 2 and degree 12, decomposing into ten planes

P = {xy =29 = x4 = 0} (counted three times) and
P ={xg = x9i1 — W/ Tgip1 = Toio + W Tgig = 0},4,7 € Z/3Z,
(each counted once) and the nine lines described in Proposition 5.6.

2. T fizes the plane P while it permutes the Py in 3-cycles: Py — P, j_.
o? fizes P and maps Py to Pi_y ;.

3. The scheme C defined by go, - .., g3 is isomorphic to B wvia the action of o.
We will write P for oP and P]; for o Py in the sequel.

The following locus will also play an important role.

Definition 5.8. The scheme Z C P° is defined by the ideal generated by the six

2 x 2 minors of the matrix
(fo fi fo fs)
go 91 92 93

Clearly, Z is the locus where the vectors

f) == (fo(y), i(y), f2(v), fs(y)) and
9(y) = (90(v), 11 (y), 92(v), 93(v))

become linearly dependent.

Proposition 5.9. Z is a three-dimensional scheme of degree 18. Its reduction is
also of dimension three and of degree 18.

The ideal of minors of the Jacobi-matriz of the given ideal define a one-dimensional
subscheme of degree 45 of Z. It decomposes into the nine lines described in Proposi-
tion 5.6 (each with multiplicity 5) and 144 isolated points.

72 of these points lie on the nine lines (8 on each line) and form two orbits of length
36 under the Hg-action. The other 72 points lie not on the lines and form 12 orbits
of length 6.

So we have Heisenberg-invariant configurations of objects in different dimensions:

Dimension | Objects
3 the locus 7
3 the scroll S = {129 — z425 = 2ox1 — X324 = X223 — Tox5 = 0}
2 20 planes P, P', P;;, Py,
1 9 lines lij
0 144 points: 72 points on the lines
and 72 points off the lines

One can easily check the following facts about this configuration:
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Proposition 5.10. 1. The intersection of Z with the scroll S consists of certain
lines and 6 planes P%), including P and P’ described above.

2. Each plane P,; resp. P!. intersects each P® in a line. Write Zij = PNPF;.

Caveat: 1;; is different from l;; given above.

3. Each of the planes P® contains 12 of the off-line points from Proposition 5.9.

4. FEach of these points is contained in three lines and each of these lines con-
tains four points. This means, the 12 points and 9 lines form a dual Hesse
configuration inside P¥).

5. FEach line l;; intersects each of the planes P®) in one point not belonging to the
designated points from Proposition 5.9.

These facts give an indication of the great richness and complexity of the Hg-geometry
of IP°.

5.1.3 The morphism ¢

Gross and Popescu define a rational map that plays a fundamental role in the ge-
ometry of (1,6)-polarised abelian surfaces. The simplest way to describe it as the
map

(CE P° --» P5> y = (Po1(y) : po2(y) - p23(y))

where p;;(y) is the (7, j)-minor of the matrix

(f o fi 2 f 3) .
go g1 G2 93
C;early, by the definition of Z, the domain of definition of the map 1 is precisely
ﬁox}vtif.er, the two copies of P5 in the above definition of ¥ play a very different role.
In more intrinsic terms, the map is the composition of the map

¢: P° —-s Grass(2, W), ywV,
and the Pliicker-embedding

Grass(2, W) — P(A*W"V) = P°.

Here we denote, for y € P°\ Z, by

Vy = ((fo¥); - f31), (90(), - -, 93(y)))c € WY
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the plane spanned by f(y) and g(y). The Pliicker-embedding Grass(2, WV) < P®
is realised using Pliicker coordinates. The coordinates for a 2-plane spanned by

(xo,...,x3) and (yo,...,ys3) are
Pij = TilYj — LY.
These satisfy the Pliicker relation
PosP12 — Po2P13 + Po1pes = 0,
which gives the equation for Grass(2, W") C P5.

Definition 5.11. We put

G = {posp12 — Po2p13 + Po1p2s = 0},
H := {pos + p12 = 0},
Q:=HnNG.

We note that (), the intersection of the hyperplane H with the Pliicker quadric G, is
a smooth quadric.

Proposition 5.12. The image of ¢ is contained in the quadric Q).

Proof. Check that
(fogs — f3g0) + (fig2 — fag1) =0,

so the image of ¢ actually lies in Q). O]
So we will consider now ¢ as a rational map
¢ : PS -2 Q7

defined outside the locus Z.

There is a slightly different point of view on the map ¢. First remark that the map
which maps a subspace V' C WV to its annihilator V° C W defines an isomorphism

Grass(2,W") — Grass(2,W).

The composition of this isomorphism with the map ¢: P° --» Grass(2,W") maps
any point y € P to the subspace V;JO C W which is characterised by the property
that

WweV)cVoeWw

is the largest Hg-subrepresentation of H°(Ops(3))™' consisting entirely of polynomials
vanishing at the point y € P°\ Z.
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5.1.4 The fibres of ¢

In order to speak sensibly about the fibres of ¢, we have to close them up. So we
consider the following diagram

where X is the closure of the graph of ¢ and m and m are the projections to P°
respectively (). Then m: X — P° is birational and m = ¢ o m; wherever all maps
are defined. The fibres of the resulting map

Ty X — Q)

are birational to the (closures of) the fibres of ¢, hence have the same dimension. We
note that as dim ) = 3 and dim X = 5, all non-empty fibres &3 of 75 have dimension
> 2. It is useful to introduce another space C that sits in a diagram:

X C =TS x Q
N

Definition 5.13. For a point V € (@, considered as a two-dimensional subspace
vV cWV, let
Iy € H(Ops (3))H

be the ideal generated by the cubics in Vy @ V.

We let Cy be the subscheme of P? defined by the ideal Iy, and write C for the smallest
subscheme of P° x @ containing all pairs (Cy, V), V € Q.

Proposition 5.14. The fibre of C — Q over
V ={(1,0,0,0),(0,1,1,0))¢c € Gr(2, W")
s of dimension 2 and degree 12.

Proof. For V given above, V° = ((0,1,—1,0), (0,0,0, 1))c, so the ideal Iy is generated
by

J1—= f2,91 — 92, 3,93
Explicitly, Cy is described by the equations

2 2 2
ToToTy = T1T3T5 = TTy4 + T3To + T5To — (mlxzxg + r31475 + x5x0x1) =

2 2 2
T2y + 3wy + T5x5 — (Tox3Ty + T4x5To + Tox1T2) = 0.
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By factorising the first two equations, it is clear that Cy is contained in the union
of the nine 3-dimensional linear subspaces L;; = {x; = x; = 0} for i € {0,2,4} and
Jj€{1,3,5}.

If i =j+3 (in Z/6Z), then L;; N Cy is given by

2 2
T =x; = E TpTprs = E Ty 3 =0,

k€0,2,4 k€0,2,4
ki ki

which can easily seen to be a curve.
If ¢ # 7 + 3, for example ¢ = 0,7 = 1, then L;; N Cy is described by the equations

2 2
To = T1 = TETa — T3T4Ts5 = T5Ty — TaT3xs = 0,

which are satisfied if either 29 = x5 = 0 or x5x9 — 2324 = 0. Thus, in this case
L;; N Cy is the union of a line and a quadric surface.

So Cy is a union of 6 quadric surfaces and a number of (possibly embedded) curves,
so it is two-dimensional and of degree 12. O

As Xy C Cy and dim Xy > 2 by semicontinuity we may conclude:

Corollary 5.15. The map ¢ is dominant and the closure of the generic fibre of ¢
has dimension two and degree 12.

5.1.5 Moduli-interpretation of ¢

Lemma 5.16. For a general abelian surface A of type (1,6) embedded Hg-invariantly
into P° with ideal T4
dim(H°(Z4(3))®) = 4

and the cubics in H(Z(3))® cut out a scheme of dimension < 2.

Proof. To prove the statement about the dimension of H°(Z4(3))®', let y € A be a
general point (at which ¢ is defined), V = ¢(y), V° its annihilator. Then Vj @ V°
is the largest Hg-subrepresentation of H°(Z4(3))™ consisting entirely of polynomi-
als vanishing at y. In other words Vj ® V? is the largest subspace of H%(Z4(3))®
consisting of polynomials vanishing at the whole orbit Hgy. Thus,

H(Za(3)™ € HO(Tn,,3) C VO @ Vi,

But the latter is four-dimensional and the first has dimension > 4 by Lemma 5.5, so
equality holds.

That the dimension of the scheme defined by H(Z4(3)))® is < 2 is shown again by
a degeneration argument. [

This leads to the key observation that relates the map ¢ to abelian surfaces:
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Proposition 5.17. For a general (1,6)-polarised abelian surface A C P5 the set
(AN (P°\ 2))
consists of a single point.

Corollary 5.18. The closure of the general fibre of ¢ contains exactly one Hg-
nvariant abelian surface.

Proof. By Corollary 5.15 the fibres are non-empty and there cannot be two distinct
abelian surfaces A, A" in one fibre. m

Corollary 5.19. Proposition 5.17 means that ¢ induces a rational map
Op: AL —-» Q C Grass(2, W)

by sending the general Heisenberg invariant (1,6)-polarized abelian surface A C P°
to 6(ANP°\ Z). By 5.18, O must be generically 1 to 1.

5.2 Finding the discriminant

According to Corollary 5.15 for general V' € @ the scheme Cy is two dimensional,
but it obviously it also contain the union L of the nine lines /;; (c.f. Proposition 5.6).

Definition 5.20. We write
AV = CV \ L.

It turns out that Ay is in general smooth of pure dimension 2 and each line [;;
intersects the abelian surface in four points, making in total 36 (different) singular
points of Cy. To give Ay a scheme structure, we use

(]V : Ilifzes)

as an defining ideal. It seems to be always generated by the four cubics we started
with and six additional quartics, as expected. For further details about this see Sec-
tion 5.5.

In the following we want to study the fibres Ay in more detail. () is only birational
to the moduli space of embedded abelian surfaces, so there are points in () which
actually do not encode smooth abelian surfaces, but also a singular degeneration
thereof. We denote the set of all points where this is the case by

D :={V € Q| Ay is not smooth}

and call it the discriminant.
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It is easy to see that V & D whenever P12 = po3 = 0 in the corresponding Pliicker-
coordinates (c.f. Section 5.4.3). Thus, we know that D is non-empty and has codi-
mension 1.

Computing equations for D using for example SINGULAR is very time consuming
respectively does not terminate at all on my computer if it is done in the straight
forward manner. We need two tricks to approach the problem nevertheless:

1. Work in affine charts.

2. Look at as many 1-parameter families in one chart as necessary to find at least
the codimension one part of D in this chart.

The projective variety Q C P° is covered by the four affine charts {po; # 0}, {po2 #

0}, {p13 # 0} and {pa3 # 0}. The two other charts {pp3 # 0} and {p12 # 0} belonging
to the standard affine cover of P® are not necessary to cover ) because

Q N {po1 = po2 = p13 = P23 = 0}
={po1 = Po2 = P13 = P23 = Po3 + P12 = Pozp12 = 0} = 0 C P°.

The following table shows how the vector spaces and their annihilators belonging to
a point in each chart look like:

Chart |V CW VocwY p-coordinates

1 CcC = s a = = — s
por = 1 <(§)7( )> ) Po2 Pos P12

b= —pi3, pe3 = a? — be
1
po2 =1 <(oa
b

_Ob ) C = pPo1, @ = pPo3 = —P12,
ES b= —pas, p13 = —a® —be
e () ()
0 1

¢ > b= —Po1, @& = Po3 = —P12,
a b
pag =1 <(f)7<3>>
0 1

C = P23, Po2 = —a? — be
In general, the annihilator V' of the vector space V belonging to a point p is generated
by the four linearly dependent vectors

P12 P13 P23 0

—Ppo2 P12 0 —Ppo2

po1 ) 0 >\ —po3 | P13 :
0 Ppo1 Po2 —p12

Remember that the equations of Cy are exactly the cubics in VO ® Vo € H(Ops (3)).
To reduce the number of parameters and so the computational complexity, calcula-
tions should be done in these charts whenever necessary.

> ]901:@2—50,(1:]903:
—p12, b= —po2, ¢ = pi3

Finding the discriminant locus in the first chart, i.e. the set of all V' € ) where Cv
is not smooth, using SINGULAR could be done in the following manner:
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ring R = 0, (x(0..5),a,b,c), dp;

poly £f0 = x(0)~3+x(2)"3+x(4)"3;

poly g0 = x(1)~3+x(3)"3+x(5)"3;

poly f1 = x(1)~2*x(4)+x(3)~2*x(0)+x(5)~2*x(2);

poly gl = x(2)"2%x(5)+x(4)~2xx(1)+x(0)~2*x(3);

poly £2 = x(1)*x(2)*x(3)+x(3)*x(4)*x(5)+x(5)*x(0)*x (1) ;
poly g2 = x(2)*x(3)*x(4)+x(4)*x(5)*x(0)+x(0)*x(1)*x(2);
poly £3 = x(0)*x(2)*x(4);

poly g3 = x(1)*x(3)*x(5);

LIB "primdec.lib";

ideal lines = x(2)#*x(3)-x(0)*x(5), x(1)*x(2)-x(4)*x(5), x(0)*x(1)-x(3)*x(4),
£0, g0, f1, gl, £2, g2, £3, g3;

ideal I = -a*fO-c*xf1+f2, -axgl-cxgl+g2, -bxfO0-axfl1+f3, -b*gl-axgl+g3;
ideal re = quotient(I,lines);

re = mres(re,1)[1]; //reduces number of generators to 22
matrix m = jacob(re);
matrix B = submat(m,1..22,1..6);

ideal sing = I+wedge(B,3);
ideal sings = sat(sing, maxid)[1];

ideal disc = eliminate(sings,x(0)*x(1)*x(2)*x(3)*x(4)*x(5));

Unfortunately, the calculation of sat (sing, maxid) does not seem to terminate and
it does not seem to get better using only a subset of the Jacobi minors.

The best thing we could do is to look at linear 1-parameter-families like a = b = 0
or a = 1,b =1 and compute their discriminant. This method actually can be used
to determine the codimension one part of the discriminant.

Definition 5.21. In the following we will write D for the codimension one part of
the discriminant D.

With this method nothing can be said about potential lower dimensional parts. D
has to be non-empty and determined by one single polynomial f € Clp;;]. Of course,

f is only unique modulo Iy = (pp1p2s — Po2p13 + PosPi2; Po3 + Pi2)-
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5.2.1 The degree of D

To find the degree of the discriminant D, we count the number of intersection points
of D with a general line in P° that is contained in Q. We use the line

C' = {2p23 = p12, 3p23 = Po2, 4P23 + 3p13 = po1, Pos + P12 = 0}.

In the chart py3 = 1, C corresponds to the line given by a = —2,0 = —3; we could
have chosen almost any other values for a and b and any other chart here.

The following table shows how C'is described in the different charts and for which
values it intersects the discriminant (the polynomials g;; is obtained by the compu-
tation shown above after replacing @ and b with —2 and —3):

Chart
po1 #0:  General point: (2:3c: —2c:2c: % ¢)

3
8 0 6c 2(1—2¢)
Vector spaces: V = (( —6c ) ) ( o )>7 V0= <(_gc> ’ ( T >>
2(2c—1) —6c 0 9

Discriminant: go; = 138975¢° — 80030c® — 39034c” + 265145 — 2226¢°
+3552¢* — 2832¢% + 608¢? — 32¢

po2 # 0:  General point: (4 —3c¢:3:—-2:2:—c¢:1)

3 0 —2 1
Vector spaces: V = (( 2 ) , (433‘3)% Vo= ((3034) ; (8))
-1 -2 0 3

Discriminant: ggp = 243¢® + 486¢” — 7074c® + 14184¢° + 3339¢* — 19198¢?
—14892¢% — 4088¢ — 392

p13 # 0: General point: (3 —4c: —3c:2c: —2c:1: —c¢)

2c 4c—3 1 0
Vector spaces: V = (<EC> : ( 9. >>, Vo= <( I ) ; < i >>
0 1 3—4c 2c

Discriminant: g3 = 392¢” + 4088¢® + 14892¢” + 19198¢° — 3339¢°
—14184¢* + 7074c¢® — 486¢2 — 243¢

pa3 # 0 General point: (4 —3c¢:3:—-2:2:—c:1)

s = (). () - (1))

Discriminant: go3 = 243¢® + 486¢” — 7074c® + 14184¢° + 3339¢* — 19198¢?
—14892¢% — 4088¢ — 392

Since neither 0 nor % is a zero of gpa = go3, all 8 intersection points of C' with the

discriminant in these charts lie in all four charts simultaneously. The ninth point in
po1 # 0 corresponding to ¢ = 0 lies in {po; # 0} N {p13 # 0} but not in the other two
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charts and is identical with the point corresponding to ¢ = 0 in {p;3 # 0}. These are
in total 9 intersection points, so D is of degree 9.

5.2.2 Determination of the polynomial f
Now we make the ansatz
f(pOh ce ,pza) = Z fzm 123]0101 : p;?a fi01‘..z’23 € Q.
i91+-+1i23=9

Since f is only given modulo I, we can force ig3 = 0 and i12 € {0,1}. Hence we

have to find (132) + (131) = 385 unknown coeflicients.

Now we go back to the chart py; # 0. Here we have
por =1, po2 =¢, po3 = —pi2 =a, pi3 = —band po3 = a® — be.

Denote the corresponding map C[poy, . . ., p2s] — Cla, b, ¢] by . So ¢(f) = f(a,b,c)
is a unique (inhomogeneous) polynomial f of degree at most 18. f lies in the linear
subspace of Cla, b, ] generated by

PR PEPEPEPE), 0<in<9, 0<in<l, Y in=9 (51

To determine the unknown coefficients we repeat the computations given in the
code above after replacing a and b by some constants A, B € Q. This results in a

polynomial in c,
ga,8( Z gMBe e Cle

which should have the same zero locus as f(A, B, ¢).
This means that

(94.8(c)) = \/(f(A, B.¢)) C Clel.

From this we get the weaker, but easier to evaluate condition that

gil{B<C) ’ f(Aa B: C)?

9A,B
ged(9a,B.9 )
This can be rewritten as

where gj{ B = denotes the square-free part of ga p.

FlamAb=Bugi5(@) —_ g,

Here ¢’ denotes the reduction of ¢ modulo the ideal I. Note that this is easy to
compute, because a — A,b— B, gi{jB(C) is already a Groebner basis (in any monomial
ordering), since the three polynomials consist of disjoint variables.

This condition can be translated into a system of linear equations in the following
way:

1. Reduce all basis elements m; given by (5.1) modulo I4 5 = (a—A, b—B, gZ{B(c)>.
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2. You will receive a polynomial in ¢ of degree < 8 (in fact < 7), say Z?:o a;;jc’.

3. If f =", fim, then, since reduction modulo [ is C-linear, ), fia;; = 0 for all
0<y7<8

4. Repeat this for different A and B until you have enough equations.

Doing this for all (B,C) € {—4, —%, -3, —g,...,2,4}2 yields a linear system of

equations which has a one-dimensional kernel, generated by the following polynomial:

Proposition 5.22. The polynomial f describing the codimension one part D of the
discriminant is
f =12 - (=32 — 10poap1s — Ipis + 4porpas) - g with

9 = — PouPoal1s — 2001P02pts — 2Tpais — PouPts — 108p3ypls — 162p3apts — 108peapis
- 2729?3 + 41931]?13]?23 + 18]901]7321713]923 + 1981901]?3229%3]723 + 342p01p02p?3p23
+ 162p01piapas + Dy1PaaPss — T8001D0aP13Ps — 20700, DD — 4Di1Dhs — 16pgaps
— T2p3yp13Pss — 864p0apispis + 216pTspis + T2po1Pozpas + 648po1p13pas — 432p5s.

5.3 Geometry of (Q and its discriminant

5.3.1 Geometry of the discriminant

All factors of f given above are irreducible over Q, but the ideal Ip = I + (f)
describing the codimension one part of the discriminant D decomposes into four
primary factors.

Theorem 5.23. D decomposes over Q into four irreducible components:
E1, Es, B3 and A described by the following ideals

= Ig + (p12)
= Ig + (po2 — 2po3 + 3p13)
= Iq + (poz2 + 2po3 + 3p13)
IA =Io+(g)

where g is the factor of degree siz in the decomposition of | given in Proposition 5.22.

The singular locus and the intersection behaviour of the components of D can be
described as follows:

Proposition 5.24. 1. The hyperplane sections F; are smooth quadric surfaces.
2. They all intersect in one smooth conic:

EiNEy=ENE;=FEyNEs=FE NEyNE;={p12a=po2+3p13=0} CQ
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Proposition 5.25. The intersection of A with each of the E; is a curve of degree
12. It consists of the following four irreducible components over Q:

e Two lines,

e a curve of degree two that decomposes into two lines over Q[w] (w third root of
unity),

e a curve of degree four counted twice. This is the curve C; described in detail in
the next proposition.

The four lines are skew.

Proposition 5.26. 1. The singular locus of A is a curve of degree 24.

2. Sing(A) decomposes into four irreducible components over Q:

o Three curves C; of degree 4 and genus 0, each of them lying in the inter-
section of A with one of the E;.
The curves C; C Q) are described by the following equations:

Ch: P?g — Po1P13P23 — 419%3 =0
Pm]ﬁg - p31p23 - 4]90210%3 =0
Po1Po2 — PorPp1s + 4pgapes = 0
Cy : 4prapis + 4pT5 + porpispas — Pag = 0
Po1P12P13 + Do1Pis — Pr2Pss + 3p13Pas = 0
Do1P13 + Ap1ap1apas — 12pT3pas — porpas = 0
Cy : 4p1apls — 4Pt — PorP13pas + Paz = 0
Po1P12P13 — p01p%3 - P12P§3 - 3]913]733 =0
DoiP13 — 4p1ap1apas — 12p35pas — poipas = 0.
e One curve R of degree 12 and genus 1. R C Q) is described by the following
equations:
Doy — 12poapas + 36p13pas = 0
Ipgap1s + 18peapis 4+ 9pis — PorPozpas — 33po1p1spes = 0

3. The curve R has twelve singular points, four on each of the E;.

4. Fach C; has eight singular points:
e Four of them lie on all E; and C; simultaneously. Explicitly these are:
(=3:=3:0:0:1:1)
(3w2—3w00w1)
(—3w : :0:0:w?: 1)
(1:0:0:0:0:0)

e The other four coincide with the singularities of R lying on E;.
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5.3.2 Automorphisms of Q)

Given a polarised abelian variety A with a line bundle L of type D, the rational map
¢or: A — PV depends on the choice of a basis of H(L). Two different choices of a
basis lead to maps that differ by a projective linear transformation.

Gross and Popescu classified Heisenberg invariantly embedded abelian varieties. Thus
it has to be expected that they distinguish several embeddings of the same variety
that only differ by a projective linear transformation.

From Corollary 3.6 we know that for a (1,6)-polarised abelian surface there is one
Heisenberg equivariant embedding map for each element of order 6 in (Z/67Z).
These are exactly

#(Z,/67)* — #3-torsion of (Z/6Z)* —#2-torsion of (Z/6Z)*+1 =36—9—4+1 = 24.

So there are exactly 24 Heisenberg invariant embedding maps from A to P° which
yield at most 12 different images.

In the sequel we will for a general such surface indeed find 12 different embeddings,
so this estimate is sharp now.

We hope that the projective transformations mapping one embedding of A to another
do not only act set-theoretically on the points of ), but induce global automorphisms
of the projective variety Q).

In the following we will also write I, or C, instead of Iy, or Cy, if V. C WV is encoded
by p € G C P°.

Example 5.27. If p = (po1 : Po2 : Pos : P12 : P13 : P23) IS a point in @, then
P = (Po1 : Po2 : —Po3 : —P12 : P13 © Pe3) is also in @) and the corresponding ideals I,
and [,y are isomorphic via

Y: xg > Cxp T Ty xgr—>C5:E2
T3 > C4$3 Ty > C9$4 Ts C8$5>

where ( is a primitive twelfth root of unity.
This means the maps ¢ and

(B (P(n “Po2 - Po3 - P12 - P13 ipzs) — (Pm “Po2 - —Po3 - —P12 - P13 :ng)

make the following diagram commute:

P’ H
eol lw

5 o
P ¢H

Here H is hyperplane pys3 +p12 = 0 introduced in Section 5.1.3 and ¢: P° — Q C H.
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In this section we will study the group Aut™*(Q) of all such automorphisms of Q.

Definition 5.28. An automorphism of Q) as a moduli space is a linear isomorphism
: H — H which restricts to an automorphism of ) and which is induced by a
linear isomorphism ¢: P> — P5 such that the following diagram commutes:

P Y H

g

PP——H
$

To see if any given ¢: P> — P5 induces such a map ¢: H — H, one can look at the
corresponding map of rings ¢*: Clzo, ... x5] — Clzo, ... x5] write p;; = fig; — f9:
as a polynomial in the z; and then check if ¢*(p;;) can be expressed as a linear
combination of all p;; for all 0 < ¢ < j < 3. Here one can see that 1) being linear
and hence an automorphism of H and not only of () is a direct consequence of being
induced by a linear map on the z; and not a restriction for .

Since I, describes the preimage of p under ¢, saying that 1 is induced by ¢ in the
above sense is equivalent to Iy, = ¢*(I,) for all p € H. Recall that we denote
by I, the ideal Iy = (V° ® W) where V. C WV is the subspace corresponding to
peQCGr2,WY)cP.

Theorem 5.29. The automorphism group Aut™*(Q) of Q as a moduli space is
generated by the three projective transformation 1y, Y and 1y described in the proof,
permutes the hyperplanes E; arbitrarily and is isomorphic to

Aut™(Q) = 7/27 x Ss = D.

The subgroup Aut®(Q) of automorphisms fiving all three hyperplanes E; is generated
by 1o and is isomorphic to Z/27.

Proof. Let us describe two automorphisms of ) explicitly: There are linear isomor-
phisms

o1, p5: Clxg, ..., 5] — Clxg, . .., 5]
given by
@1t T > (T ©5: Ty > To + T3
Ty Xy T1 > Ty — To
2y — Py Ty > T1 + X4
z3 — (s T3 > XT3 — Xg
x4+ Oy T4 o + T
5 = (Ps T > T1 — Xy

where ( is a primitive twelfth root of unity.
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©* acts on H°(Ops(3))™ as follows:

for=ifo fi—= —ify farr —ifs far=>ifs
go = 9o g1 = —g1 g2 = —3go g3 — g3
whereas
w5 for fo+go+3f1+ 3¢ go— —fo+go—3f1+3qn
firr fot+tgo—fi—aq g —fotg+fi—an
forr —fo— g2+ 3f3+ 393 g2 — fa— g2 — 3f3 + 393
fs= fatga+ fa+ g3 g3 — —fa+ g2 — f3+ gs.

Hence both induce maps

1,05 Clpot, - - ., pas)/(Pos + p12) — Clpot, - - -, pas]/(Pos + P12)

given by p;; = fig; — fjg; which can (after rescaling, because we are only interested
in projective properties) be described as follows:

Y1 po1 > por ¥y po1 — 4po
Po2 > Po2 Po2 > Po2 — 6po3 — Ip13
Do3 = —Po3 Po3 — —Po2 + 2po3 — 3p13
P13 = P13 P13 > —Po2 — 2Po3 + P13
P23 = P23 P23+ 4pas.

Let v¢;: H — H be the corresponding projective isomorphisms.

The maps ; restrict to isomorphisms () — Q and D — D where 1, maps E; to Fs
and vice versa fixing Fj3, while 1, exchanges Fy and F3 and leaves E; fixed.

As projective automorphisms of H both v; are diagonalisable and have four times the
eigenvalue 1 and one time the eigenvalue —1, so both are of order two, whereas their
product 1 o 15 has order three. So they induce a faithful action of D3 = S5 = (s, |
s? 1%, (st)®) on H resp. Q resp. D which permutes the three hyperplanes E;, Ey, F3
arbitrarily and changes the equations of the corresponding varieties 51, only by a
linear change of coordinates.

Since the existence of ¥; and 1), is everything we need in Section 5.4, we can use the
results derived in this section from now on.

Any element of Aut™*¢(Q) has to map the discriminant D to itself and hence permutes
E4, E5 and Ej. Since the group Ss = (11, 1) already allows arbitrary permutations
of the E;, any element a € Aut™(Q) can be written as o = )8 with ¢ € S5 and 3
fixing all the F;.

Denote the group of all such automorphisms by Aut’(Q).

Following our considerations above we have an exact sequence

0 — Aut’(Q) — Aut™?(Q) — S5 — 0
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which right-splits, because S5 is realised as the subgroup generated by ¢, and 9 in
Aut™4(Q). Thus, Aut™?(Q) = Aut®(Q) x Ss.

A computation along the following lines will find all elements of Aut’(Q):
From Section 5.4 we know that for a generic point p € Ey, the surface A, is singular
along the curves

Cy ={r1 =23 =25 = fo — afs =0}
and Cy = {xg = 1o = x4 = go — agz = 0}.

Similarly for p € Ey we have A, is singular along

Cl={zo+m3=21 + 24 =22+ 125 = fo— bfs = 0}
andCé:{IO—SL’g:$1—x4:x2—x5:go—bgg:0}’

and for p € E5 along the curves

C’i,:{Io—l-ixg=$1+i$4=$2+il’5:f0_cf3:0}
and CY = {xg — ix3 = 21 — ixy = 29 — ix5 = go — cg3 = 0}.

Thus any element of Aut’(Q) will have to either fix or exchange the vector spaces
(x0, T2, 4)c and (x1, T3, T5)C
and the same for
(To + T3, 71 + 24,79 + T5)c and (Tg — T3, 71 — T4, Tg — T5)c

(CY and CY give no further restrictions). These are four cases which can be treated
separately.
Let us work out the case that each of these four spaces is mapped to itself. In this

case the map ¢*: Clzo, ..., x5] — C|xy,...,z5] can be represented by the matrix
ap ay as 0 0 O
as as ag 0 0 O
a; ag ag 0 0 O

0 0 0 Qg a7 as
0 0 0 as a; amg
0 0 0 g a4 Qg

in the basis xg, x2, 24, 1, 3, 5 for any invertible matrix A = (a;).

Further we need that ¢*(fy), ©*(f3) € (fo, f5). From each of these conditions we can
derive eight equations in the a; by reducing ¢*(fo) resp. ¢*(f3) (with the parameters
a;) modulo (fo, f3) with the division algorithm, interpret the remainder as a polyno-
mial in Clay, ... ag][zo, ..., x5], and set all its coefficients to zero. Together with the
normalisation det(A) = 1 this defines a zero-dimensional ideal in Clay, ..., a9]. It
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decomposes into 648 distinct points over Q((s6) ({36 a primitive 36th root of unity).
A direct primary decomposition might not be successful, but for example SINGULAR
can find a primary decomposition over Q and then decompose the resulting factors
further over Q((s¢).

One can easily check that each of these ¢* induces a map ¥*: Clppr, ..., p2s] —
Clpo1, - - -, pe3] but only 108 of them map @ to itself. In fact, these 108 ¢ induce only
two different v, the identity and

11 g1l
IS AR RPN B
3 3 9 9
ve=10 0 10 o0
220%%1
4 -2 0 2 -1

described with respect to the basis po1, Po2, Po3, P13, P23- 1 is induced for example by
the following map on the z;:

0y To > To+ To + Ty
T — Wiy + T3+ wWTs
To — T + w2x2 + wxy
T3+ T+ T3 + Ts
Ty Ty + wxo + w2x4
T5 — Wry + T3 + w2x5
where w is a primitive third root of unity.

In the other three cases, we only find the same maps id and .
This shows that Aut™%(Q) = (1o, ¥y, Y2).

The observation that 12 = id and that 1)y commutes with both ¢, and 5, proves
Aut™(Q) =2 7./27 x Ss,

whereas the last isomorphism Z /27 x S3 = Dy is a known result from the classification
of small groups. O

The reason that we find 4-54 = 216 = 3-72 maps ¢*: Clzo, ..., z5] — Clxy, ..., 5]
for each automorphism ¢ : () — @ is the fact that our abelian surfaces parametrised
by () are invariant under the 72 elements of the extended Heisenberg group H and
our normalisation det(A) = 1 fixes the matrix belonging to each element of H§ only
up to multiplication with w.

Small orbits

Under the action of Aut™?(Q) the general point ought to have an orbit of length
twelve. Finding points with smaller orbits (which probably correspond to more sym-
metric embedded surfaces) can be done as follows:
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Any point with a small orbit (i.e. less than twelve elements) has to be fixed by
a nontrivial element of Aut™%(Q). The points in H fixed by ¥ € Aut™*(Q) can
easily be computed using linear algebra as the eigenspaces of the matrix describing
. There are in total 18 different subspaces of P* = H occurring as eigenspaces of
the non-trivial elements of Aut™*%(Q). Luckily their intersection behaviour is quite
simple, which means no new subspaces occur as their intersections.

Looking at them carefully, we arrive at the following results:

60

e There are six isolated points in H which have orbits as follows:

The point (6 : =3 :0:0:1: 1) is fixed by all elements of Aut™**(Q) (orbit
of length 1). Tt does not lie in @) and has no obvious geometric meaning.

The points (0: 3 : +v/3:FV3:1: 0) form together an orbit of length 2.
They both lie in @ \ D, so they encode two very special smooth abelian
surfaces.

The three points (0 : 0 : 1 : =1 :0:0), (0:3:1:—-1:1:0),
(0:3:—=1:1:1:0) form together an orbit of length 3. They do not
lie in @), so they do not define abelian surfaces. But they will show up as
projection points in Section 5.3.3 again.

e There are four lines in H with small orbits. They each intersect () in two
points.

The two points (—12F6v/3 : —=3F3v/3:0:0: 1£+/3: 1) are fixed by all
the automorphisms (i.e. their orbit consists of one point each). They are
generic within the the intersection of the three hyperplanes Fy N Ey N Es.

The six points (6: —3£3v/3:0:0:1£v3:1), (6: =3+ 3V3:F3V/3:
£33 1+ %3 s ) and (6: —3+3V3: £33 F3V3 1+ 1)
form two orbits of length 3. They all lie in the degree four component of

the intersection of A with one of the hyperplanes E;. The corresponding
surfaces are described in Section 5.4.3.

e The five two-dimensional subspaces of H with small orbits look as follows:

All points of E1 N EyN E3, except the two fix-points described above, build
orbits of length 2.

The subspace defined by the equations pg; + po2 — 3p13 = po1 — 6pag = 0
is fixed pointwise by ¢q, while ¢; and @y act non-trivially on that space.
Thus, its points form orbits of length 6.

It intersects () in a smooth curve of degree two with no obvious geometric
meaning.

The three subspaces defined by the equations pg; + 6p13 + 6p23 = P2 +
3p13 = 0 resp. po1 — Opos + 6p13 + 6paz = po2 — 6po3 + 3p13 = 0 resp.
Po1 + 6po3 + 6pig + 6p2s = po2 + 6pos + 3pis = 0 each intersect ) in a
smooth curve of degree two with no obvious geometric meaning.

Their points also form orbits of length 6 spread over all three planes.



e The points on each of the hyperplanes F,, Fy and E3 have orbits of length 6 if
they do not belong to one of the special cases described above.

5.3.3 The three double covers

The Pliicker quadric ¢ = po1p2s — po2pis + PospP12 gives a correspondence between
linear subspaces of complementary dimension in P° via

L {p eP| Z 955q(p) - pi; = 0 for all p € L}.
0<i<j<3

We call the image of L under this map the subspace polar to L.

Each of the components E; of the discriminant is the intersection of ) with a hyper-
plane in P5, denote this hyperplane by A;. We observe that for any of the hyperplanes
A;, g; the point polar to A;, the projection m;: P° --» A; from ¢; € H onto A; induces
a double cover Q — P> = A; N H branched along a smooth quadric.

The points polar to each hyperplane are

A0 ¢=(0:0:1:-1:0:0)
Ay: ¢=(0:3:1:-1:1:0)
As: ¢g=(0:-3:1:—-1:-1:0).
We take a closer look at the projection from ¢; onto A;. The other two look the same

via the automorphisms given in Section 5.3.2.
In coordinates this reads as

7 PP - P3
(p01 “Po2 - Po3 - P12 - P13 5]723) — (p01 *Po2 ‘P13 1]723) = (U Wi x y).

In this case the branching locus is described by vy — wx = 0.

The isomorphism 9, exchanges exactly the two preimages of a point in P3. This
means it induces the identity on P3. vy induces an automorphism of P? of order 2,
while ¥y and all products involving 1, are not compatible with the projection. So
only the Z/2Z-action by 1) is left on P3.

7 maps the components of the discriminant to the following subvarieties of P3: E;
(which is fixed by 1) is mapped to the branching locus of

g1 = {vy — wx = 0}.
E5 and E3 (which are exchanged by 1) are mapped both to the same quadric
g9 = {w?® + 10wz + 92° — 4vy = 0}.

The image 0 of A is again described by the same polynomial g. Note that neither
Po3 Nor p1o occur in g, c.f. page 53!
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The singular curve R of A is mapped to the curve Cg described below.

This means that Ay := {x € H | g(x) = 0} is the cone over § with apex ¢, i.e. for
any point p € § the whole line spanned by p and ¢ lies in Ay and A is exactly the
union of all these lines, and A = Q N A,.

Figure 5.1: The component § of D

Figure 5.2: A closer look at ¢ from different perspectives

J is a surface of degree 6 in P, singular along a curve of degree 16, that decomposes
into a smooth curve Cy of degree four and a curve Cy of degree 6 (counting twice)
which has four cusps. Cjg is given by the equations:

g1 = v? — 12wy + 362y = 0
g2 = 9w’z + 18wz? + 92 — vwy — 33vxy + 36y = 0
Both of these curves have genus zero. Cj intersects (s exactly in its singular points

Py=(0:1:-1:0)
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P =(24:15:1:4)
Py =(24w® : 15 : 1 : 4w)
Py =(24w : 15 : 1 : 4w?).

Here w is a primitive third root of unity. In these intersection points C4 has the same
tangent direction as Cg.

Proposition 5.30. The tangent scroll Tan Cs :== |J T,Cs is exactly the surface 0.

p€Cs
smooth

Proof. Its a simple computation using a computer algebra system to find equations

for
3

U T,X ={zeP’|JyeclP st Z@igj(y)xi =0 for j = 1,2}.

peX i=0
One can check that this variety decomposes into the four tangent planes at the cusps
and the surface 9. O

As already stated above, (g is a rational curve. A parametrisation can be found as
follows:

Project Cg to P? by eliminating v. We denote the image of this projection by Cs.
Now consider the radical ideal .Js describing Sing(Cs). Its degree three part is two-
dimensional while it contains no elements of degree less or equal than two. So there
is a pencil of cubics through the singular points of Cs parametrised by, say t. Each
of its elements intersects C in its singularities and one more point depending on t.
Writing the pencil in the form

(4952%y — 18zyz — yz*) + t(632® — 12¢° + 6222 — 22?)
the moving point is described by

16yt°5 — 108wt* — 756yt> + 729y = 0

128 5 2 ¢ 2y gy 0
—— —w — T+ w=
7297 T o7 97 Y

which yields the parametrisation
t — (16t° — 756t° + 729 : —108¢> — 729 : 108"

for CG-

Now plugging this into the equations describing the original curve Cg and computing
a Groebner basis w.r.t. the lexicographical ordering with v > t gives an equation
linear in v which can easily be solved for v.

This all together yields the following parametrisation:

Proposition 5.31. The map pu: P! — P? given by
t— (—1441° + 1944¢% : 16t° — 756> 4+ 729 : —108t> — 729 : 108t*)

s a parametrisation of Cg.
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Under this parametrisation the parameter values for the four cusps are

which yields a cross-ratio

1 —1t3 to—t3

A= : = —w (w?=1)
ty —t; 1o —to
and a j-invariant of
A2 —X+1)3
A2(1 — )2

From this parametrisation we obtain a parametrisation of the tangent variety ¢ as
follows:

Compute the Jacobi matrix of Cy at the point p(t). It has entries in the polynomial
ring C[t]. A computer algebra system tells us, that its kernel is generated by

27 9t
0 —6t°
ull) =g _or | anda® =1 oy |
3612 At* — 54

which span T,Cg for any smooth point p = u(t). Then (s,t) — vi(t) + sva(t) is a
parametrisation of its tangent variety.

Proposition 5.32. The map v: P! x P! — P3 given by
(5,t) —> (27 + 9st : —6st? : 8° 4+ 27st — 27 : 4st® — 361% — Hds)
is a parametrisation of 9.
The intersection behaviour of §, €1 and €5 can be described as follows:
e ¢; and &5 intersect in a smooth conic of genus 0, counted twice.

e ) intersects each g; in a smooth genus zero quartic and four skew lines. The
quartic intersects each of the lines in two different points (with multiplicity two
in one of them).

e Each line from £; N J intersects exactly one of the lines from e, N ¢ in the same
point where the quartic intersects.

Compare with the picture on page 68, which shows the intersection behaviour on £
which is projected to &;.
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5.4 Degenerations on the discriminant

5.4.1 Translation scrolls

A line bundle of degree d > 3 on an elliptic curve E is very ample so defines an
embedding
o B — pi-t

and the image is called elliptic normal curve of degree d in P*~'. For d = 3 we have
the usual plane cubic, for d = 4 the intersection of two quadrics in P2, etc.

The union of all lines L. .;, connecting a point e € E and the point e +a € L,
obtained by translating e by a fixed a € E form a surface, called a translation scroll

S=5(E,a) = | Leea.

eck

The two lines L¢ 4, and L._, . pass through e and hence in general S is a surface of
degree 2d, singular along E. There are two notable exceptional cases:

First, if a = 0, these two lines degenerate to the tangent line T, F, counted twice and
the surface degenerates into the tangent scroll of E, which has a cuspidal ridge along
E.

If a is a non-trivial 2-torsion point, then e4+a = e —a, so these two lines also coincide.
The union of all the 2-torsion secants forms a smooth surface of degree d, called degree
d elliptic scroll, and the scroll S degenerates to this surface, counted twice.

These scrolls appear naturally as degenerations of abelian surfaces of type (1,d) in
Pt

5.4.2 Statement

Theorem 5.33. An overview about all degenerations occurring is given in the fol-
lowing diagram:

abelian surface dim 3

smooth irred. two smooth

singular curve of deg 6 ‘ dim 2
(tianslation scifoll?g) singular curves of deg 3

smooth irred. double smooth
6 quadrics singular curve of deg 6 surface of degree 6 dim 1
tangent scroll) (sextic elliptic scroll?)

T

6 double planes 3 x P3 + 3 lines dim 0
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These are the subsets of QQ on which each type of degeneration occurs (the correspond-
ing equations can be found in Section 5.3.1):

general point dim 3
A/ E17E27 E3 dim 2
: EiNEyN Es, .
E;NnA\ Smg(A)>R<CL Cy. O dim 1
type 1 points type 2 points dim 0

Points of type 1 are the points in the intersection of all four components of the

discriminant, i.e. AN FEyN FEyN E3. They are singular points of all curves C; but of
R.

Points of type 2 can be characterised as the singular points of R. They automatically
lie on one of the E;.

A list of all points of type 1 resp. type 2 can be found below:

type 1 type 2
(=3:-3:0:0:1:1) (0:1:0:0:0:0)
(=3w?: =3w:0:0:w:1) (6:-3:0:0:-2:1)
(—=3w:—3w?:0:0:w?:1) (6w?: —3w:0:0:—2w:1)

(1:0:0:0:0:0) (6w : —3w?:0:0: —2w?:1)

0:=1:1:-1:1:0)
(24:15:9:-9:1:4)
(24w? : 15w : Jw : —9w : w : 4)
(24w : 15w? : 9w? : —9w? : w? : 4)
(0:1:1:-1:-1:0)
(24:15:-9:9:1:4)
(24w? : 15w : —9w : Yw : w : 4)
(24w : 15w? : —9w? : 9w? : w? : 4)

5.4.3 Proof
The hyperplanes

In Section 5.3.2 we have seen that there are isomorphisms v, and ¥, of @) as a moduli
space that act transitively on the three hyperplanes F;, F, and Ej3.
Thus it is enough to study one hyperplane. We choose E; because here the equations

are simpler. All results carry over to the other two hyperplanes via those isomor-
phisms.
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The hyperplane E,

For each point in Fy, i.e. 2-dimensional subspace V' = (z,y) C W" with po3 = p1o =0
the projections of x and y to the first and last respectively the middle two components
get linear dependent. So the annihilator is of the form

= (1)(3)

with (ay,as), (b1, b2) € P, i.e. the ideal defining Cy is generated by
aifo—asafs, aigo —axgs, bifi —bafe, bigi — bago.

By computing the singular locus using these parameters one can show that Cy (with
V as above) is always singular along the two curves

Ci ={r1 =23 =125 = arfo — arfs = 0}
and Cy = {xg = 22 = 24 = a190 — a293 = 0}.

To simplify computations we choose the chart py3 # 0 (for V1) so we can normalize
our generators to

fo—afs, go—ags, fi—0bfs, g1 —bg

with a = —pge and b = pq3.

Now we can again compute the singular locus, divide out C; and C5 and project
the remaining part to the a-b-plane, and find out that there are worse singularities
exactly above

a®>=27, a=3b and ab®+0b’ = 4.

An examination of the special values a = 0o or b = oo shows that there are no further
badly singular fibres over b = oo, while the whole line a = co has more singularities.

The line a = 3b (resp. po2 + 3p13 = 0) is exactly the intersection locus of all the
hyperplanes E;, the vertical lines a® = 27, a = oo, and the curve ab® +b® = 4 are the
components of the intersection of F; with A.
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type

7

.

Bad a-values

For a® = 27 or @ = oo the polynomials f; — afs = 23 + 23 + 23 — axoxexs TESP.
0 2 4

go — ags = x:{) + x% + acg — ax1x3r5 become reducible, so also Cy decomposes into

several components.

Let us study the case a = co in more detail: In this case Cy is given by the equations

ToToxy = T1T3T5 = f1 — bfs = g1 — bga = 0.

Thus, Cy is contained in the union of the subspaces L;; = {z; = z; =0}, i =0, 2,4,
j=1,3,5.
Now Cy N L; ;41 is given by the equations

T = Tjp1 = l‘z‘—1($z‘+2$i—1 - b$i+3$z‘—2) = $i+2($z‘+2$i—1 - bl‘z‘+3=’7€i—2) = 0.

Here all indices are meant to be read modulo 6. So it is the union of the quartic
surface Sz = {Il = Tj+1 = Ti42Ti—1 — b[L‘i+3Ii_2 = 0} and the line l§+3,i+4 = {xi—l =
x; = Ti11 = Tir2 = 0} where the indices of I stand for the free coordinates.
Similarly, Cy N L; ;13 is given by the equations

2 2 2 2

Ti=Tiyg = Ti11Ti—2 T T;_1Tiy2 = Ti41%;_9 + Ti—1T;419 = 0
which turns out to be the union of the four lines I} |, 0,0 o, 5,0 1,11,0i_o; ¢ and
the three lines [;;, j = 0,1, 2, described in Proposition 5.6. Since the lines lgj are all

contained in some of the surfaces S;, Cy actually consists of six quadric surfaces and
the nine lines /;;.
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Thus, Ay is the union of the six quadrics S;. The components intersect as follows:
SiNSip1 = l;_17¢+1 Upi-a
Si N Sio = l;fZ,ifl
Si N Sits = pi—1 Upito

where P® 3 p; = (0,...,1,...,0) with all but the sth component equal to zero.
Now we have:

Each quadric intersects all but one of the others in a line. In total there are
twelve lines, four on each quadric.

The lines do not depend on the value of b.

In each of the six points p; intersect exactly four lines.

e The four lines on each quadric cut out a square. The six squares build a
(degenerate) torus glued with a twist of two in one direction.

For the other special values of a the exact formulas for the six quadrics S;, the twelve
lines lgj and the six points p; differ, but qualitatively exactly the same happens. We
always obtain a degenerate torus with a twist of two in one direction.

The line a = 3b

If a = 3b, our degree 12 surface Ay degenerates to a double smooth surface of degree 6.
The reduced variety associated to Ay corresponds to the ideal minimally generated
by the four given cubics and the three determinantal conics zix9 — 2425, Tox1 —
3Ly, X3 — LpIsy.

The curve ab? + b2 =4

For a,b on the curve ab® + b = 4 we also get to a double smooth surface of degree
6. But this time the ideal of the reduced variety corresponding to Ay is minimally
generated by only the two cubics fy — afs and gy — agsz and the three conics

Tip1Tiqo + 20,0543 + T 1T, 1 =0,1,2.
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Intersection points

The lines and curves given above have less intersection points then one would expect.
Wherever the line b = 3a intersects the vertical lines a = const this is also an
intersection point with the curve ab? + b%> = 4. Let us call these intersection points
of type 1.

Despite this the curve ab® + b® = 4 has only one more intersection point with each
of the vertical lines, but with multiplicity two. Call these intersection points of type 2.

In each intersection point of type 1 the fibre Cyy becomes three-dimensional of degree
three. For the case a = b = oo a direct primary decomposition shows that it is the
union of the three linear subspaces {zg = x3 = 0}, {x1 = x4 = 0}, {23 = 25 = 0}
and the three lines [} ;. ; with some multiplicities.

In the other cases a direct primary decomposition of Ay is not successful, but one
can decompose the singular locus into three fivefold lines, combine each two of them
to get a three-dimensional linear subspace of P5, and in fact Ay turns out to be the
union of these three subspaces and these three lines.

In each intersection point of type 2 Ay degenerates into six plains (each with multi-
plicity two). Each plane intersects exactly two of the others in a line. The six lines
form a hexagon.

The component A

For the component A of D described by g, we have the problem that there is no
obvious rational point lying on A but on none of the hyperplanes. This problem
can be approached in positive characteristic. For example in characteristic 601 the
point p=(1:7:5:—=5:—6: —17) belongs to A but to none of the hyperplanes.
This and similar experiments show that the corresponding variety A, is a surface of
degree twelve singular along a smooth irreducible curve of degree 6, whose ideal is
generated by nine quadrics.

The curve R C Sing(A)

A point on R can be found using the parametrisation p from Proposition 5.31. For
t =1 we obtain the point (1800 : —11 : —837 : 108) € (. Choosing a characteristic
such that 1800 - 108 — 11 - 837 has a square root z, we find a point (1800 : —11 : z :
—x : —837:108) on R.

In characteristic 73, this yields the point p = (=25 : —11:24 : —24 : —34 : 35) lying
on R. The corresponding variety A, is a reduced surface of degree 12 singular along
a smooth curve of degree 6, which turns out to be an elliptic normal curve defined
by nine quadrics.

The original surface Ayis in fact the tangent scroll of this curve. This is what we
expected by comparison with the (1,5)-polarised case (Section 4.5).
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5.5 The Quartics

In this section we want to describe the generators of the ideal corresponding to Ay
i.e. the saturation Iy, = (Iy : I72 ).

In all examples we studied so far I}, is minimally generated by the four original cubics
and a number of (in general and at most six) quartics which can be chosen in such

a way that o acts on them as a permutation in three-cycles.

In Section 5.5 we gave a basis fo, ..., f3, 90, .., g3 of H(Ops(3))®, where H' is the
subgroup of the Heisenberg group generated by ¢? and 72, and decomposed it as
Vo ® W where W is a four dimensional complex vector space with basis eg,...,e3
such that Vo ® e; = (f;, gi)-

Now we will do similarly for quartics invariant under o® and 73.

A basis of HO(Ops(4))*™) is given by s;,08;,02s;, @ = 1,...,12 where s; are the
following polynomials:

S§1 = a:é + xé S7 = x%xgm + x§x5x1

So = x%x% Sg = x§x0x2 + x§x3x5

83 = Tiwy + T3] S = TIT4To + TIT1T3

Sy = m%xi + x%x% S10 = x%xl% + x§x4$2

Sy = leil’g + Iil’o S11 = ToT1T2X3 + T3T4T5%L0
Sg = :L‘%l’o + xéxd S12 = T1X9T4T5.

Hg acts on this space: ¢ as a permutation of order three on this basis interchang-
ing s;, os; and o?s;, 7 by multiplying o7s; by w’, w being a third root of unity.
Thus H°(Ops(4))"™) as a representation of Hy splits up into twelve isomorphic
subrepresentations

12
H(Ops(4)) ") 2= P (si, 051, 0753).
=1

We will identify H°(Ops(4))" ™) with Ty ® S where Tj is a three dimensional rep-
resentation of Hg and S is a twelve dimensional complex vector space with basis

ei1,...,e1n such that Ty @ e; = (s;, 054, 0%s;).
By abuse of notation we will identify W resp. S with the vector spaces generated by
fo,..., fs and s1,..., 515 i.e. the eigenspace of 7 with eigenvalue 1 in H°(Ops(3))®

resp. HO(Ops (4))").
In this sense tensoring with Vj resp. T and intersecting with W resp. S are opera-
tions inverse to each other.

Thus the map
sz [V = (IV : ]lcgjzes)

can apparently be interpreted as a map from the set Z3 of all ideals in C|xy, ..., z5]
generated by a four-dimensional subrepresentation of H°(Ops(3))® to the set T,
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of all ideals in C[zy,...,x5] generated by a four-dimensional subrepresentations of
H°(Ops(3))® and an at most six-dimensional subrepresentation of H(Ops(4))" 7",

According to our consideration above any 2-dimensional subspace V' C W induces
an ideal Iy in T3 generated by the subrepresentation V° ® Vi of H°(Ops(3))™. Ac-
cordingly, any pair (V,T') of a 2-dimensional subspace V' C W and an at most 2-
dimensional subspace T C S induce an ideal Iy, 1 in Z; generated by V'@ V,@T®T, C
H(Ops (3))H @ H(Ops(4)) "7 C Clag, ... x5]. Let us call these maps ps and py.

Example 5.34. Consider the ideal Iy given by (fo, g0, f1,91) corresponding to the
vector space V' = (ea, €3).
Then

[V = (IV : [li?les) = <f07907fla.gl?hlao'(hl)aoz(hl)ah270(h2)702<h2)>

with h1 = S5 — 2812 and hg = —S819 + S11-
But we can find other generators of this form, for example

hy = hy + w0 fo + w30(fo) = 51+ 255 + 56 — 2512
hy = ha + o f1 + 230 (f1) = 284 + 87+ 59 — 510 — 511

So (V,T) and (V,T") with
T = <€5 — 2612, —e19 + 611) and

T'" = (e1 + 2e5 + €6 — 2€12,2¢e4 + €7 + €9 — €19 — €11)

are two pairs of subspaces of W resp. S with py(V,T) = ps(V,T") = Iy.
More generally, we can add any linear combination of xo fo+x30( fo) and xo fi+230(f1)
to hy and hy without changing the ideal I, nor the way H acts on its generators.

Now let us say a few words about how uniquely V' and T can be reconstructed from
their images in Z3 resp Z, in general:

For I3 € 73 the subspace V' C W such that ps(V) = I3 is uniquely given by the
annihilator of the intersection of I3 with W.

For I, € Z, we have V = ([f’) N W)? where I*) denotes the degree k part of
an homogeneous ideal I. The subspace T representing the degree 4 generators is
not unique. Let J be a complement of mlf’) in If), ie. If) = mlf’) @ J as C-
vector spaces. After Maschke’s theorem J can be chosen to be subrepresentation of
HO(Ops(4))1"™), If the ideal is of the general form described above, .J has dimension
6 (in special cases less). So 7" = J NS is a two-dimensional subspace of S and
p4(V, T) = 14.

The other way around, if py(V,T) = I, then J = Ty®T always is a subrepresentation
of H in ]f), complementary to mlf) where LES) = Vo ® V. So the only choice we
have to make is those of the complement J.

If If’) ={q1,---,q4) (With o(¢;) = Gi+1 mod 2, 7(q;) = (=1)""'¢;) and J and J' are two
such complements, J = (hy,...,hg), o(h;) = hit1 mod 3, 7(h;) = wth;, then J' can
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be generated by hY, ..., hy where b} = h; +0b;, b; € mI‘ES) and o and 7 act in the same
way. The condition that o®(h.) = h. implies that b; € {170 + 273, @370 + qax3)-

So T is only defined up to addition of these polynomials to its generators. This
ambiguity can be used to modify the map f such that the diagramm below commutes.
To make this more visible we choose another basis for H°(Ops(4))" ™) namely
ti, ot;, 0’t; for:

t1 = xo fo + T390 lr = 34

ty = xof1 + 1301 ls = s5

t3 = T f2 + 13092 lg = Sg (5.2)
ty = T f3 + 1393 tio = S7

ls = s9 t11 = S11

le = S3 l12 = S12.

In this basis the subspace T belonging to a given subspace V' may only vary by adding
elements of the form ¢(v),v € V, to its generators. Here ¢ : W — S, e; — t; means
the embedding of W into the first four components of S.

For any element o Ay of VAV the “minors” p;; = x;y; — ;y; are well defined
(independent of the choice of a representative). Let @) be the 5-dimensional subspace
of VAV given by po3 + p12 = 0. By Qg we denote the set of non-zero “elementary
wedges” in Q, i.e. Qo ={xAy|z,y €V, xoys — x3y0 + T1y2 — 2241 = 0}.

A basis of @ lying in @)y is given by

b2:eo/\eg 1)3261/\63

bs = (e1 —e3) A (€2 — ey).

61260/\61

0.3
b4:(€1+62)/\63 ( )

Let m3: Qo — Z3 be the map sending an element v; A vy of Qg to the ideal generated
by Vo ® (v1,v5) € HO(Ops(3))H, i.e. ps({v1,v2)).

Let m4: Qo x (S xS) — Z, be the map sending (v; Avs, 51, S2) to the ideal generated
by Vo ® (v1,v2) ® Ty @ (51, 85) C HO(Ops (3))H @ HO(Ops(4))"7") € Cly, . .. x5), i.e.
pa({v1, v2), (s1,52))-

In the following we will construct a map f: Q — S x S such that we have the
following diagram

idxf\QO

Qo Qo x (S x 9) (5.4)
Ty--==fo o1

IV'_)(IV:Ili'Ones)

We discussed above that (v, v9) can be uniquely reconstructed from its corresponding
ideal whereas (s1,s2) can not. This means in particular that the preimage of some
ideal I € Z3 under w3 is unique up to a scalar.
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Proposition 5.35. There is a map of C-vector spaces f: QQ — S x S such that the
following holds:

o If Iy = m3(vy A wg) € I, then Ay is cut out set-theoretically by the ideal
ma(id X floy(v1 Avs)).

o The ideal (Iy : I2..) actually contains ms(id X f|g,(v1 A v2)).

lines

Proof. 1. According to our considerations above, if f(b;) = (v;, w;), then (v}, w})
with v} = v; —|—7’Z’L<b§1)) + sia(bZ@)), w; = w; + m(bgl)) +uiL(b§2)) will generate the
same ideal. So the fact that the diagram commutes for the five base vectors b;
leaves us with twenty free parameters. But considering the images of further
linear combinations of the base vectors, results in linear relations between these
parameters, so that only eight of them survive. For the same reason, the set of

all admissible parameters has to be a linear subspace of C8.

So if there is an f that makes the diagram above commute, it has to be one of
the maps fp, p,g1,42,71,72,51,50 8iven by

1 2
by —(—s1 — §’p1 -7, —5,0,0, 1,0,0,0,0,3,0),
5) 1 51
S P — Ty — = —2.=.2.0,0,—2,-2,0,2, 4
( S2+37p2 ] 37 3737777 ) 777)
1
b? '_><p1+r1>§7p1_Tl_1707070707070707073)7
1 1
(p2+r2+§7_§7p2_r2707270a0707070a07_4)
1 1
b3 '_><_§7q1 — 51, 57817 17070707 070707 1)7
1
(07q2_82_27§a827070a6707070’070)
1
b4 '—><Oafh—51+gaQ1—51751_p1—7’1;070707();0707071)7
4 1
(07q2_32_§7q2_82732_p2_r2_ga0707270a0707070)
1 1 1
b5 '—><_Q172p1+§7€l1+57_2])1+§7070707070707071)7
( 2 L 1 2 L 0,0,2,0,0,0,2,0)
q2, P2 37q2 37 P2 37 s Uy &y Uy Uy Uy 4y

in the basis t; for some p;, q;,r;,s; € C,i =1, 2.
2. For p;, = q; = r; = s; = 0 for example we can show the following:
Take a generic point from each chart of ) as described in the table on page
1 0 .
49 eg. V = <(2) , (i)) Calculate the ideal Iy = (Iy : I%,,) in the ring

b a
Clzo, ..., x5,a,b,c].
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1 0
On the other hand lift V' to an element of v1 Avy € Qg e.g. | 9 ) A( L ). This
b

is unique up to a scalar, thus (V,T) := w4 o (id X f)(v; A vy) is well-defined.
Find generators of the ideal py(V,T) C C[xy,. .., x5, a,b,c]. Now we can check
using for example SINGULAR that these ideals are the same for all four charts.

. In the same manner we can show that the ideal 7w (v; Ave, f(v1, Avg)) is the same
for fio..0,---,f0,..01 and fo_ 0. Since the space of all admissible parameter
values is a linear, it has to be empty or all of C®. So the choice of parameters
does not matter.

. Since lifting along 73 is unique up to a scalar, the map along the upper way of
diagram (5.4)

g: Ly —> Ty, I — my0 (id X f)(v1 Avg)  where I = m3(v; A vg)

is well-defined and commutativity of (5.4) is equivalent to the equality of g and
®.
Any ideal I € Z3 corresponds to a 2-dimensional subspace V of W. In the

1 0
following we only treat subspaces of the form ((ZOI) , (;3 ) ), 2= (21, 22,23) €

22 21
C3, and denote the corresponding ideal by I.. In the other charts the argument
is completely equivalent.

In point 2 we considered the parameters a, b and ¢ as variables which is equiv-
alent to tensoring the whole diagram with Cla, b, ¢|. Denote the corresponding
maps in this diagram by g and @gpe.

) >'

gabc(Iabc) - ¢abc<[abc)- (*)

1
Denote by I the ideal in Clzq, ..., 75, a, b, ¢] corresponding to <(2) , (
b

QO —O

Then we have already shown that

Let o, : Clzo, ..., x5, a,b,¢] — Clzy, ..., x5] be the map that inserts the complex
numbers zy, 29, 23 for a,b resp. c. For simplicity we denote the induced maps
on any of the sets occurring above also by .. Then I, = ¢,(l4.) and go p, =
. © gape because the construction of g involves only linear algebra.

We would like to show that

g(L,) = ¢(1,) for all z € C3. ()
This does in fact not follow from (x). To get a taste of the problem look at

Example 5.37 given below.

But we can conclude that:
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(i) g(I) and ¢(I) have the same zero set for all I € Z;.
(i) g(I) C (I :1I2,,) for all I € Z;.

lines

For (i): Denote by I¢_ resp. Ijnes the ideals generated by

lines
fi, g, 1=0,...,3, x1Xs — 24T5, ToT1 — T3T4, T2T3 — ToTs

in Clxy, ..., x5, a,b,c| resp. Clxo, ..., z5| as discussed in Proposition 5.6.

We have g(I.) = g(©:(lave)) = ©=(gabe(Labe)) = 0= Lape : Il%l:z%soo)'

Let us describe the zero set of this ideal: Denote by C, the zero-set in P°
corresponding to I,.

Then the zero set of [y is
C = {(2762) ‘ = (21722723) S (CS = AS} C AS X ]P)S

and I corresponds to A® x L € A3 x P°.

lines

S0 Jupe := (Lupe = I3 ) describes the set C \ (A% x L).

lines

Let a,b, ¢ be the coordinates of A%. Then (. (J,.) corresponds to the set
C\(A*xL)N{a=2,b=2,c=2}=C,\L

which is exactly the set described by (I, : I3..) = ¢(1.).

lines

For (ii): Let I be any ideal from Z3 such that I = p,(I.) for z € C3. Then we
have

([ . [lo;rjbes) = (sz([abc) : @Z(Ilczl;zces)oo> 2 @z(Iabc . [lczi)zcesoo)
= (Pz(qsabc(]abc)) = @z(gabc(Iabc)) = g(@z(labc» = g(])

using the following lemma and corollary plus the fact that ¢., ., ., ([2¢,) =

[lines- L]

Lemma 5.36. Let .: R — S be a ring extension and ¢: S — R a ring homomor-
phism with @ o =idg. Let I, J be two ideals in S. Then

(I :J) C (p(I): p(J])).

The other inclusion in in general not true.

Proof. Let f be any element of ¢(I : J). This means that there existst an h € S
such that f = ¢(h) and h-j € I for all j € J. But then

o) =w(h) o) =@h-j) € )

for all j € J, s0 f € (o(I) : o(J)). O
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Example 5.37. For the other inclusion consider R = C[z], S = C|x,d], [ = (z*—a),
J = (x) and p: S — R the C-algebra homomorphism given by = — 2z and a — 0.
Then (I : J) = (22 —a), so p(I : J) = (2?), but ¢(I) = (2%) and p(J) = (x), so
(p(I) : o(J)) = (z) which is actually the larger ideal.

Corollary 5.38. The same inclusion holds for the saturation (I : J*) = Up—,(I :
JF) e
p(l:J>) C (eI) - o(J)™).

In other words, this means that given an ideal I, to determine the generators of Iy
one can go along the following steps:

e Choose any two generators v; and vy of V0.
e Decompose v; A vy in basis (5.3). This can be done by looking at the minors.
e Use the description of f given above to determine f(v; Avy) = (s51,82) € S x S.

e Then [y is generated by the o-orbits of the linear combinations of the f; cor-
responding to vy, vo and the linear combinations of the ¢; corresponding to s;
and s,.

5.6 A subfamily with two fibrations

In [HROO] Klaus Hulek and Kristian Ranestad describe the family A of all abelian
surfaces of type (1,6) embedded Hg-invariantly into P° with two plane cubic fibra-
tions.

This subfamily can be characterised as follows: There are four special points in @)
corresponding to HE-orbits of three lines in P°. These are described in Lemma 7.4,
Proposition 7.7 and Remark 7.8 in [HR00|. They can be given explicitly by

pr=(1:0:0:0:0:0) V1=<(

o000
~__
7N
~__

pr=(3:3:0:0:—1: 1) v2—<(

&OOH
N———

p3=(3:3w:0:0: —w: —w?

o~
I
VRS
&OOE
~_

pa=(3:302:0:0: —w?: —w) V4:<(

Look,
N———
VR
olg,
N———
~

with w a primitive third root of unity. These are exactly the intersection points of
type 1 from Section 5.4.

Now recall that points in Q C Gr(2, W) correspond to lines in P3. The proofs of
Corollary 7.12 and 7.13 tell us that an abelian surfaces has two plane cubic fibrations
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if and only if it corresponds to a line that intersects two of the special lines given
above.

Equations for the component A;; of A consisting of all lines in P? intersecting the
lines V; and V; can be found as follows:

If L ¢ W two-dimensional intersects for example V; and V5 non-trivially, then there
has to bean 0 #2xz € LNV, and an 0 # y € LN V;. Since Vi NV, = 0, it follows

0 c
that L = (z,y). This means that L = ((2) : ( 4 )) for some (a : b),(c: d) € PL.
—3c
Thus, L corresponds to the point (—3ac+ bd : bd : —ad : —bc : ac : 0) € Gr(2,WV).
Equations describing all points of this form can be computed by a simple elimination

argument and we obtain

A1z = {p23 = po1 — po2 + 3p13 = 0}

A1z = {paz = po1 — w’poa + 3w’p1z = 0}

A1s = {p23 = por — wpoz + 3wpiz = 0}

Asz = {po2 — 3p13 — 3wpas = po1 + 3w’paz = 0}
Ass = {po2 — 3p13 — 3w2p23 = po1 + 3wpaz = 0}
Ass = {po2 — 3p13 — 3p23 = po1 + 3pa3 = 0},

all described in Q.

5.7 Finding the integrable systems

As we have already seen in Chapter 1, Theorem 1.15, the DGR system is algebraically
completely integrable, and its fibres embed as (1,6)-polarized abelian surfaces in P°.
In [SvS13] Semmel and van Straten give explicit equations (four cubics and six quar-
tics) which describe these surfaces. We want to determine where these surfaces sit
in the moduli space of (1,6)-polarized abelian surfaces studied here.

This is not possible by just looking at the cubic equations, because they are not
Heisenberg invariant in our sense of the word, respectively the Heisenberg group
acting on these surfaces is not in standard form.

One approach might be to change this by looking at the lines that are cut out by
the cubics in addition the surface and find a change of coordinates that converts
them in the standard form described in Proposition 5.6. But this seems to be quite
challenging, especially because the lines in the form given in that paper can only be
distinguished over a quite complicated field extension.

A simpler first approach is given by the observation that one of the nine lines in the
DGR-system is defined over Q. It has the remarkable property that it intersects each
surface in four points, whose j-invariant is zero.

In the coordinates described here any of the lines /;; described in Proposition 5.6
intersects the general surface in four points and the j-invariant of these points is
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independent of the choice of the line /;;, because Hg acts linearly and transitively on
the nine lines, the surface itself is Hg-invariant and the j-invariant does not change
under linear changes of coordinates.

But the j-invariant in fact depends on the choice of the particular surface. So only
those surfaces whose j-invariant with respect to these lines is 0 can come from the
DGR-system.

Let us look at surfaces encoded by a point in the chart pss # 0 and the line

100:{$0:l’3:$1+$5:$2+x420}.

Then the surface C, is described by the ideal

)

for some a,b,c € C and A, intersects [y in the points

[ sReloy
ISES )

>> QW = (fo+afs + cfs, g0 + ags + cgs, f1 + bfa + afs, g1 + bg2 + ags)

(0:—=1:—w4:0:24:1) with ax] + (c — 3b)2 +a = 0. (%)

Equation (x) has less than four solutions if and only if either a = 0 or y2+%%y+1 =0
has only one solution y. The latter condition is equivalent to (c — 3b)* = (2a)?, i.e.
+2a — 30+ ¢ = 0. These three cases read like

pi2 = 0 and poa = 2p12 + 3p13 = 0

which corresponds exactly exactly to the three hyperplane components Ey, Es, F3 of
the discriminant. In these cases the j-invariant is said to be infinite.

Now assume the point p lies on none of these hyperplanes and abbreviate a =
Let u and v be the solutions of y? —ay+1 =0,i.e. v+w = a and v-w = 1. Now let
@, 0 € C such that 4% = u and 9% = v. This means that @, —u, 0, —0 are the solutions
of (x).

Then the (or better: a possible) cross ratio of these four values is:

3b—c
=

A=

—0) -0 —(u4+0) 20 (@+0)?

i—(—a) o—(-a)  2a  a+o  4ac
(

S

ow u-v = £1 and without loss of generality we can choose them in such a way that
v = 1. Furthermore

(G+0)? =0 +200+ 9 =u+2+v=0a+2.
So \ = aiw and the j-invariant can be simplified to

(M =A+1)°  16(a®+12)°
A2 (A—=1)2 (a2 —4)2

j=2°

79



Hence j = 0 if and only if a? = —12 i.e. a = £(4w + 2).
Translating this back to the global p;;-coordinates we arrive at the equation (pg2 +
3p13)2 + 12}9%2 = 0.

The closure of all other fibres of the function j: @ \ (Fy U Ex U E3) — C is defined
by the equation

. 2 3
J- ((31?13 + po2)*pos — 42783) —16- ((31?13 + po2)” + 12]933) = 0.

For j # 0,00 this is a surface of degree twelve which is singular exactly along the
curve given by

P12 = po2 + 3p13 = 3pls + PorP2s = Pos + P12 = 0

which is exactly the intersection of the hyperplanes 1 N Es N E5 in Q).

A similar calculation in the other charts gives the same result modulo I if one pays
attention to the fact that homogenising a given set of generators is not the same as
homogenising an ideal. For example in the chart pgs # 0 by doing this one arrives at
the ideal

Iq+{(Po2 — 3P+ 3po1p2s)” +12(po2pos)?) = (Ig+((po2 +3p13)* +12p15)) N (I + (Pa))
where the latter ideal is obviously an artefact from bad homogenisation.

Theorem 5.39. The subset of all (1,6)-polarised abelian surfaces which intersect the
lines cut out by their cubic equations with a j-invariant of 0 is described by the ideal

Iico = Ig + ((po2 + 3]913)2 + 12p%2>.

Since this is a subvariety of @) of dimension 2 and the integrable system in [SvS13]
depends on two parameters, we already have found a subvariety of the right dimen-
sion. But the subvariety of () describing the abelian surfaces with j = 0 is obviously
reducible over C. So it is not clear yet if all or only one (and in this case which)
component really contains this integrable system.
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6 Cohomology calculations

In this chapter we want to calculate the cohomology of the smooth fibres of the four
integrable systems introduced in Section 6.3. To do this, we use a complex associated
to each system introduced by Garay and van Straten.

6.1 The complex

In their paper |GvS10] M. Garay and D. van Straten associate to each involutive
system (fi,..., f,) in a Poisson ring R a complex in the following way: Set T =
Clti,...,t,]. Then R becomes a T-module via the rule t; - g :== f; - g. They define
the complex

00— 2ot 2y B on

with C* = R @y A" T" and 9(g @ v) = 21 {fi,gte: Av where e1,... e, is the
standard basis of T™.

Because of the Leibniz identity for the Poisson bracket and because all f; Poisson-
commute, the morphisms 0 are morphisms of T-modules (but not of R-modules!)
and 92 = 0. So also the cohomology groups

H'(f) = H'(C})

are T-modules, but in general not R-modules.
In the special case R = Clp1,...,Pn, q1, - - -, ¢y] there is a relation between the complex
C% and the relative de Rham-complex F, Vs defined by

Q%/T = R, Q’E/T = QR QL AQF! for k> 0.
We define a morphism of graded complexes
o*: (), d) — (CF,9)

as follows: Denote by vy, ..., v, the hamiltonian vector fields of the functions fi,-- -, fn.
Then the mapping

@t Q}%/T — C'} ~ R"
> (T, Qo oy, Q)

induces morphisms

k k
0" QIE/T:/\Q}%/T —>/\C} :CJIE’

81



which form a morphism of complexes
©*: (g, d) — (CF,9),

i.e. commute with differentials.
Both complexes )Y, T and C} can be sheafified to complexes of sheaves (Q}, d) and

(C$,0) on the affine space C*" = Spec(R) with analytic topology.

Proposition 6.1. If the morphism f: Spec(R) — Spec(T) is smooth at a point,
then the map ¢*: (2}, d) — (C%,6) is an isomorphism of differential graded algebras
at this point.

This implies in particular that the cohomology modules H'(f) are isomorphic to the
de Rham cohomology of the smooth fibres of f.
Garay and van Straten also state the following theorem, which we will not use here,
but which inspires my conjecture in Section 6.9:

Theorem 6.2. If [ is a pyramidal (cf. Section 6.9) holomorphic integrable sys-
tem, then the direct image sheaves of the complex C3 are coherent and (Rif*C;)o 8
isomorphic to H'(f).

In our non-sheaf language, this means that H*(f) is finitely generated for pyramidal
systems f.

6.2 The quasihomogeneous case n = 2

We use this to compute the cohomology of smooth fibres for some two-dimensional
integrable systems (H,G) in R := Cl[p, P, ¢, Q)], i.e. we compute the cohomology of
the complex

0— =R =R L C=R—0 (6.1)
with
O : fr— ({H, f},{G, f})
O (f,9) —A{G, [} —{H, g}

This is not a straight-forward-calculation with a computer algebra system, as the
terms in in the complex C'* are not finitely generated as T-modules.

But we can consider R as a graded ring R = ;- , R4 Then all our four examples
are quasi-homogeneous with wt(p) = wt(P) = w; and wt(q) = wt(Q) = ws. In
this case all arrows above are homomorphisms of graded algebras, using the gradings
(with the abbreviations ki := deg(H) — wy — wq and ks := deg(G) — wy — wy)

C% = Ry,
Ci = Rasr, ® Rayn,,

2 _
C’d - Rd+k1+k27
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ie. C°=R, C' = R(ky) ® R(ky), C? = R(ky + k2) as graded R-modules.

In the following we will try to find generators (and relations) of the cohomology
modules, by going through C* degree by degree and compute the kernel and image
of the above maps in each degree via (finite dimensional) linear algebra.

We will explain this at the example of H'(f). For H°(f) and H?(f) only part
of these calculation is needed, because there is no image, hence no relations in
HO(f) = ker(dp), and we don’t have to specify a kernel for H?(f) = C?/im(d).

I used MAPLE for these computations, but any other program able to handle poly-
nomials and vector spaces will do.

Algorithm for the generators of H'(f)

For all degrees d from 0 to some upper bound d,,,, do:
e Determine a C-basis of the kernel Z, of 9i|¢c1: Cj — CF.
e Determine a C-basis of the image By of Oy|co: Cf — C.

e Determine a basis of those elements of Z; which already are multiples of gen-
erators found in lower degrees, i.e. H - Zy_qeg(ry) and G - Zg_qeg(a)-

e Complete the joint bases of By, H - Zy_geg(rr) and G - Zg_qeg(c) to a basis of Z;.
The elements we have to add are (minimal) generators of H'.

Algorithm for the relations of H'(f)

Given generators e, ..., e, with degree di, ..., d,, first search for (a C-basis of) all
relations in degree d:

e Write down generic coefficients ¢y, . . ., ¢, with deg(c;) = d — d;.

)

e Use the basis gﬁd e ,gﬁﬁl) of B? we computed while searching for generators.

e Solve the system of linear equations given by Y 1" cie; = >0 ajg(-d).

e Forget about the a; and keep a basis of all ¢; solving the system.
These form a C-basis of all relations Rely in degree d.

Now to find minimal generators of the Clt;, to]-module of all relations Rel up to degree
. (reasonably we choose A > dmaz) We complete a basis of H - Rely_geg(rr) @
G - Relg_qeg(c) to a basis of Rely for each d < Jmaw.

The elements we have to add are (minimal) generators of Rel (up to the given degree
imaz)-
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6.3 The Examples

In this chapter we will study the cohomology of several examples of the form (1.5),
all four mentioned by Michael Semmel in his thesis [Sem12]|. Three of them come
from Przybylskas and Maciejewskis paper [MP04| and have potentials of degree 3.
The fourth one is another example of Grammaticos, this time with a potential of
degree 4.

Here we give a first overview over these examples and first elementary algebraic ge-
ometric properties. Note that every integrable system F' = (fi,..., f,) in n degrees
of freedom induces a map C** — C" by (p,q) — (f1(p,q), ..., fo(p,q)). We will
give some description for the fibres of these maps in the following.

Our systems will all be two-dimensional. For simplicity of notation we will write
q,Q,p, P instead of ¢, q2, p1,p2 and H, G instead of fi, fo. We will denote the fibre
{H =h,G =g} by X,

6.3.1 The Hénon-Heiles potential
The Hénon-Heiles potential is given by

V(g,Q) = %(QQ +Q*) + %qg + Q.

Often one also finds

Vg, Q) = %q‘"’ +qQ° (6.2)

where integrability of the latter implies integrability of the first variant because its
the homogeneous component of maximal degree (c.f. Section 1.6).

It was considered by Michel Hénon and Carl Heiles in the 1960s (|[HH64|) to describe a
star moving around a galactic centre in a slightly perturbed axial symmetric potential.
It turned out that (6.2) is integrable only in some special cases, namely if and only if
e € {1,6,16}. For e = 1, the system decomposes as a product of two one-dimensional
integrable systems, thus is not interesting to us.

Parameter 6
The polynomials
1
H= 5(192 + P?) +2¢° + qQ°,
1
G =pPQ — P*q+ ¢°Q* + ZQ4

are quasi-homogeneous of degree 6 resp. 8 with wt(p) = wt(P) = 3 and wt(q) =
wt(Q) = 2.

The fibre X is always a surface of degree 6. It is smooth except for

g(64g° + 27h*) = 0.
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64g% + 27h* =0 g=0

In the case g = 0, h # 0, Xy, becomes singular along the smooth curve ) = P =
p?+4¢® —2h = 0 (degree 2), while for 64¢> 4+ 27h* = 0 the singular locus is a smooth
curve of degree 4. In both cases X, has a singularity of type A; transverse to the
singular curve.

The zero fibre X of this system is reduced and irreducible. The singular loci of the
two cases described above coincide, the singular curve is given by Q = P = p? +4¢® =
0 and has a cusp in the origin.

Parameter 16
The polynomials

1 16
H= 50"+ P°) + 4"+ 4@,

4 4 2
G = P'+49Q°P? — gQBPP - §q2Q4 - §Q6

are quasi-homogeneous of degree 6 resp. 12 with wt(p) = wt(P) = 3 and wt(q) =
wt(Q) = 2.

The fibre over (g, h) is always a surface of degree 8. It is smooth except for

g(g — 4h*) = 0.

g=0 g—4h* =0

Over the line g = 0, it becomes singular with the smooth curve given by Q) = P =
3p% + 32¢3 — 6h = 0 as singular locus, transverse to this curve the fibre has an E;-
singularity (i.e. a fourfold point with four different tangents), while for g — 4h* = 0
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the singular locus is a smooth curve of degree 8 with an As-singularity transverse to
it.

The fibre over 0 of this system is reduced and irreducible, singular along a the curve
given by Q = P = 3p* + 32¢® = 0 with a cusp in the origin.

6.3.2 Grammaticos example of degree 3

The polynomials

1 3 1
H: - 2__P2 3 2 2 -3
5P T g +q QQQ + 2@ ;
1 1 3 3 3 1
G=5b- §P)P3 — §Q3p2 - §QQ2pP — §Q3pP + (§Q3 —qQ* — Q) P?

3303, 9004, 9 5 15 g
51 Q@+ g Q@+ 19" — 0@
are quasi-homogeneous of degree 6 resp. 12 with wt(p) = wt(P) = 3 and wt(q) =

wt(Q) = 2.

Here X, is always a surface of degree 8. It is smooth except for

9(2g + 3h%) = 0.

29+ 3h2 =0 g=0

In both cases g = 0 resp. 2g + 3h? = 0 the fibre becomes singular along a smooth
curve of degree 2 with a D,-singularity transverse to this curve.

For this system X o decomposes into two components, both of degree 4, one of which
is reduced, while the other corresponds to a reduced surface of degree 2, counted
twice. The singular locus of the degree 4 surface is a line with an Fg-singularity
transverse to it, while the degree 2 component is singular only in the origin. The two
components intersect each other in two cuspidal curves.

6.3.3 Grammaticos example of degree 4

The polynomials
1 3 1
H = 5(172 +P?) 44"+ ZQQQ2 + §Q4,
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1 1 1 1 : 1
G =P+ 350 = 2Q°pP + (3¢°Q° + 5Q")P* + 1¢'Q" + 1¢°Q° + 5 Q°
are quasi-homogeneous of degree 4 resp. 8 with wt(p) = wt(P) = 2 and wt(q) =
wt(Q) = 1.

The fibre over (g, h) is always a surface of degree 8. It is smooth except for
g9(g —4h%) = 0.

g=20 g—4h* =0

In the case g = 0 it has a singularity of type E7 along a smooth curve plane curve
of degree 2, while for g — 4h? = 0 the singular locus also is smooth curve of degree 2
with an As-singularity transverse to it.

The fibre Xy of this system decomposes into two components one of degree 4,
one of which is reduced, while the other corresponds to a reduced surface of degree
2, counted twice. The singular locus of the degree 4 surface is a curve of degree
3 (decomposing into a line and a singular conic), while the degree 2 component is
singular only in the origin. The two components intersect each other in an irreducible
curve of degree 2 with multiplicity 6 with an As-singularity in the origin.

6.4 Zeroth Cohomology

In all four examples a search (up to degree 36 in the first three, and up to degree
24 in the last example) suggests ker({H,-}) and ker({G,-}) are both generated as
T-module by the constant polynomial 1, i.e. ker({H,-}) = ker({G,-}) = C[H,G].
Hence HO(f) = ker({H,-}) Nker({G,-}) = (1)1 as expected.

6.5 First Cohomology

One consideration about ker(0;):

Since 0 € Ry for every d, C} consists not only of the pairs (f, g) with deg(f) = d+k;
and deg(g) = d + ko, but also of the 2-tuples (f,0) and (0,¢g) with f resp. g of the
right degree. The latter are mapped by 0; to {G, f} resp. —{H,g}. So we already
found all elements of ker(0;) that are of this form by our calculations in Section 6.4.

In all our four examples these elements are generated by the two generators (1,0),
(0,1) of ker(dy).
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Thus in the following we only have to look for pairs of the form (f,g) with deg(f) =
d+ ky and deg(g) = d + k2 (f,g # 0). I ran the algorithm described above until
either the runtime exceeded some hours or Maple started crashing because of overflow
problems. The following table gives the bound d,,., reached in each example and all
generators of H(f) found up to this bound. The name ¢4 for a generator indicates
that it lives in C.

Example Search in degrees | Generators found
Hénon-Heiles 6 | d,0. = 31 e, es3
Hénon-Heiles 16 | d,0: = 29 ey, er
Grammaticos 3 | dpes = 29 ey, el
Grammaticos 4 | dper = 15 €o, €}, es

There were no relations found in any of the examples (despite a search up to degree
41 in the first three and up to degree 29 in the last example).

Conjecture 6.3. In any of the examples H'(f) is a free module with either four or
five generators. Their degrees can be read off from the table above.

6.6 Second Cohomology

The second cohomology modules are the most complicated ones. A search up to
degree d,,., found the following number of generators in each degree:

Hénon-Heiles 6 (da: = 33)
degree 3 -1 1 3 5 6 7
# generators ‘ 1 2 1 2 1 0 0
Hénon-Heiles 16 (dpar = 23)
degree 7 5 -3 -2 -1 13 4 5 7 9 10 11
#generators‘ 12 1 1 2 3 2 11 2 1 0 0

degree
#generators‘l 2 1 1 2 3 2

dmaz
8§ 6 4 -3 -2 0 2 3 4 6 8 10 12 14 16
1121 1 1 1 1

degree 5 4 -3 -2 -1 01 2 3 4
#generators |1 2 3 3 5 5 6 5 5 3

Both lists for the Hénon-Heiles examples seem to be complete, while in the examples
by Grammaticos we seem to see an infinite sequence of one generator in every even
degree resp. two generators in every degree for large enough degrees.

We find no relations in the Hénon-Heiles examples.
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In Grammaticos example of degree 3 looking for relations among these generators we
find one nontrivial relation (i.e. which can not be used to eliminate a generator) in
every even degree between 10 and 28, and we may suspect that it will go further on
like this. If so, these infinitely many generators and relations generate a module of
exactly the dimension in any degree as the Poincaré series calculated in Section 6.7.3
suggests.

In Grammaticos example of degree 4 we find one relation in degree 7 (making one of
the degree —1 generators e_; torsion, i.e. (G —4H?)-e_; € im(d;)) and two in each
higher degree (up to 15, where I stopped searching). Together this gives the right
dimensions w.r.t. the calculations in Section 6.7.4.

Conjecture 6.4. 1. For the Hénon-Heiles examples H*(f) is a finitely generated
free T-module with 7 resp. 17 generators in the degrees given above.

2. In the examples by Grammaticos H?(f) is an infinitely generated T-modules
with wnfinitely many relations.

6.7 Poincaré series

We use the theory of Poincaré series to check the consistency of our previous calcu-
lations.

Definition 6.5. Let M = P,, M; be a graded k-module with all Mj finite di-
mensional k vector spaces. Then the Poincaré series of M is given by Py(t) :=

Z]EZ dlmk(Mj)t]
Lemma 6.6. For the polynomial ring R = k[z1, ..., x,] with deg(x;) = w; we have

1

Prlt) = ey g =y

Lemma 6.7. If M is a graded k-module with Poincaré series Py and M(d) is its
Shift by d, i.e. M(d)k = Mk+d; then PM(d) = t_dPM.

Theorem 6.8. Let Cy: 0 — C, — --- — C1 — Cy —> 0 be a finite chain
complez of graded k-algebras with (C;);, finite dimensional for all j and k. Then the
Euler characteristic of this complex

XC ::PCO_P01+PCQ_"'iPC

n

18 equal to the Euler characteristic of its homology

Xu = Pry) = Pryo) + Prs) =+ & P, (o)

The proofs are just elementary combinatorics and linear algebra.
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With respect to our gradings given in Section 6.1, the maps Jy, 0; of our complex
are homomorphisms of graded algebras. With respect to this grading we have the
following Poincaré series:

1
Pro =
T @ = )2 (1 — pe2)2
tR 4 gk
Poi =
T @ = )2 (1 — )2
t—kl—kz
P =

(1 —twr)2(1 — tw2)?’
So the Euler characteristic of our complex (for n = 2) is:

Xc Izpco—Pcl +P02
1 — ¢k =k + 1=k
(T tmn)2(1 - gue)?

A check with SINGULAR gives in all four cases, that Cl[t1,t;] — C|p, P,q,Q],t1 —
G,ty — H is injective, i.e. C|G, H] = Clty, to].

6.7.1 Hénon-Heiles 6

In this example we have w; = 3,wy = 2,deg(H) = 6,deg(G) = 8, so k; = 1 and
ks = 3, hence
-t —t 3+t
Xe= " —e)e

Following the calculations in Section 6.4 and 6.5 we assume H® = C[G, H], so

1

Pro = (1—t5)(1 — 15

and H},, = C[G, H]4(1,0) ® C[G, H]4;2(0,1) & C[G, H]a_es ® C[G, H]a_4e', s0

Bttt 4¢3
PHl = .
(1 —1¢5)(1 —¢8)

So we expect the following Poincaré series for H?:

ot 1+ 2672 4t
PH2 ==
(1 —15)(1 — t8)

This matches our calculations in Section 6.6.
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6.7.2 Hénon-Heiles 16

In this example we have w; = 3,ws = 2,deg(H) = 6,deg(G) = 12, so k; = 1 and
ko = 7, hence
I e i
Xe= e —e)e

Following the calculations in Section 6.4 and 6.5 we assume H® = C[G, H], so

1
(1—15)(1 — 12)

Pyo =

and Hé—‘,—l = C[G, H]d(l, 0) D C[G, H]d+6(07 1) ) (C[G, H]d,2€2 D C[G, H]d7868 SO

Tt T
(1—t6)(1—¢12)

PHIZ

So we expect the following Poincaré series for H?:

82 4t P 2 32Ut 2O 8

Frre = (1—16)(1 — £12)

This also matches our calculations in Section 6.6.

Note, that this calculation as well as the degrees of all generators coincide exactly
with those in Grammaticos example of degree 3. But a check in SINGULAR tells us,
that the two are not isomorphic in the sense of [Prz07| (i.e. there is no symplectic
matrix A s.t. Hypi6(p,q) = Hgs(A-(p,q))). This is also obvious from the fact, that
the Hénon-Heiles examples have reduced fibre over 0 while those by Grammaticos
have not. Additionally, they are also listed as two different integrable potentials in
[MPO04].

6.7.3 Grammaticos 3

In this example we have w; = 3,wy = 2,deg(H) = 6,deg(G) = 12, so k; = 1 und
ke = 7, hence
Sl =T
A S TG P

The calculations in Section 6.4 and 6.5 suggest H° = C[G, H], so

1
(1—5)(1 — t12)

PHOZ

and H$+1 = (C[G, H]d(l, O) D C[G, H]d+6(07 1) D C[G, H]d_geg D C[G, H]d_geg SO

Tttt

b = owya—m)
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So if our calculations are correct, we expect the following Poincaré series for H?:

PH2:XC_PHO+PH1
UG P2 342U 270
a (1—15)(1 —t12) ‘

Also this looks like the Poincaré series of a free module with the generators in Section
6.6 up to degree 8, it also matches the module with infinitely many generators and
relations described there.

To see this, one can argue as follows: Suppose the module H? has a free resolution
0—R—F— H*—0

where F'is the free module generated by the generators given in Section 6.6, and R
is the free module generated by the relations described there.

Note: We do not know a priori, that a free resolution really ends after R, but we
know that a minimal free resolution (a beginning of which we have computed with F’
and R) could have at most one additional term because of Hilberts syzygy theorem.
(The ring T' = CJty, t5] has projective dimension two.) Since Py2 = Pp — Pp if our
conjectures are right, the potential third term of a minimal free resolution is zero.
Then F' had a Poincaré series given by

122t 15 4 200 4 35 4 210 4 M 12 4 241 4 T i
B 8(1 —5)(1 — t12)

Pr

and the Poincaré series of R would look like

Dot
Pg = .
15(1 — 5)(1 — £12)

From this we get that the Poincaré series Py2 = Pr — Py is like stated above.

So the sheer fact that we have the same number of generators as of free relations
in any degree up from a certain point, hides the generators and relations from the
Poincaré series.

6.7.4 Grammaticos 4

In this example we have w; = 2,wy = 1,deg(H) = 4,deg(G) = 8, so k; = 1 and
ko = 5, hence
I e S
XC= T (1 — 22

Following the calculations in Section 6.4 and 6.5 we assume H® = C[G, H], so

1

P = aoma—e
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and
Hj,, = C[G, H]4:4(0,1)&C[G, H4(1,0)0C[G, H]4-161®C[G, H]4-2628C[G, H]4—ses

SO -
R R

N A

So we expect the following Poincaré series for H?:

104+ 25 + 2" + 13 4+ 24 + 2t 4 1

t8(1 —#2)2(1 + %)
020 4 B 3 587 5+ 64+ 5t F 5P 43t 43 20 10
B (1—tH(1—).

PHQZ

This looks like the Poincaré series of a free module with the generators in Section 6.6
up to degree 6 and one of the generators in degree 7. But our presumably infinite
series of generators and relations also produces the same Poincaré series with the
same argument than above.

6.8 An observation

In all four examples the Poincaré series for all cohomology modules H'(f) has a
numerator, that is symmetric in the sense, that there is always the same coefficient
in front of ¢t* as in front of t*. This means, it could be written as a polynomial in
t +t~1. This fact might reflect some kind of self-duality of the cohomology modules.

6.9 Attempt of an explanation

In both of our Hénon-Heiles examples all cohomology modules are free modules,
whereas both examples by Grammaticos have nontrivial relations in the H2-module.
There are several aspects that differ between these two pairs of examples each of
which could be an explanation for this difference:

e As already mentioned in Section 6.3, the Hénon-Heiles examples have reduced
zero-fibre while the examples by Grammaticos have not.

e In the Hénon-Heiles examples H has isolated singularity, while in the examples
by Grammaticos, it has not.

e In their paper |[GvS10| Garay and van Straten define a similar but stronger cri-
terion of being pyramidal from which they deduce that all H*(f) are coherent.
They denote by vy, ..., v, the hamiltonian vector fields of fi,..., f, and put

ME(f) ={x € M | dim Span{v(x), ..., v,(x)} = k}.
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They call an integrable system pyramidal if
dim M (f) < k.

Again, both Hénon-Heiles examples are pyramidal, those by Grammaticos are
not.

I suspect pyramidality is the right criterion to look at. It would be interesting to
look at examples that differ only in one or two of the aspects above, but this may
be difficult, since, following Przybylska, there are only finitely many polynomial
integrable potentials in each given degree and number of variables (in particular, we
analysed all interesting examples in degree 3 in 2 variables), and raising the degree
and /or the number of variables will probably increase computational complexity quite
quickly.
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7 Appendix: More about abelian
varieties

In this chapter we give some more details about abelian varieties, their embeddings
and their moduli. Proofs and further details can be found in [BLO4]. As in Chapter
2 X =V/A is a complex torus.

7.1 Homomorphisms of complex tori

With the group structure on X we can define the translation maps given by t,: X —
X, y—x+y.

Proposition 7.1. Let X = V/A and X' = V'/N be two complex tori and h: X —
X' a holomorphic map. Then:

1. There exists a unique homomorphism f: X — X' s.t. h =tpe)o f.

2. There exists a unique C-linear map F:V — V' inducing f. F maps the
lattice A to N'.

Both maps F: V. — V' and F|y: A — A’ determine f uniquely, i.e. there are
injective homomorphisms of abelian groups

pa: Hom(X, X'y — Hom(V, V'), f +— F
and
pr: Hom(X, X") — Hom(A, N'), f — F|,,

called the analytic resp. rational representation of Hom(X, X’). The maps p.(f)
and p,(f) are also called analytic resp. rational representation of f.

Analytic and rational representation of a homomorphism f can be seen as matri-
ces, which are connected in the following way: Let e;,...e, be a C-basis of V' and
A, .., Ayg & Z-basis of the lattice A. Write \; in terms of the basis e;,..., e,
)\i = Z?:l /\ijej. The matrix

Attt A

m=| : : € C9%%
)\gl e )\972g
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is called a period matriz for X.

Let II' be the period matrix for A C V’ w.r.t. the bases €}, ..., e}, and A},..., A5

g
Let A € C99 be the matrix of p,(f): V — V' w.r.t. the bases e1,...,€y resp.
e, .. ey and R € 729729 the matrix of p,(f) with respect to the bases i, ..., Ay,
and A7, ..., Ay, Then V resp. V' can be identified with C resp. CY, A and A’ with
7% and Z*', I and II represent the embeddings of A in V resp. A’ in V' and the
fact that R and A represent the same map translates to the commutativity of the
following diagram

729 R 72

A

Cr—=
ie. AT =11 R,

Definition 7.2. A homomorphism f: X — X' of complex tori is called an isogeny
if it is surjective and has finite kernel.

A special case of isogenies are the maps nx: X — X (n € Z) which send a point

x to its n-fold sum nxz. For n # 0 this is an isogeny whose kernel are the n-torsion
points of X, denoted by X,, = (Z/nZ)’.

7.2 Line bundles on complex tori and the
Appell-Humbert-Theorem

Here we give some more details about the description of line bundles in terms of a
factor of automorphy and the Appel-Humbert-Theorem.

For the next paragraphs let X be a arbitrary complex manifold and 7 : X — X the
universal covering, 7 (X) the fundamental group. We will describe all line bundles
on X with trivial pullback to X. B

A factor of automorphy is a holomorphic function f: m(X) x X — C* such that

f(9192, %) = f(g2, 1 7) - f(g1, ).
Such functions can be identified with 1-cocycles in the sense of group cohomology,

i.e. with elements of Z'(m (X), H°(0%)).
Theorem 7.3. There is a canonical isomorphism

¢: HY(mi(X), H(0%)) — ker(H'(X,0%) & HY(X,0%)).

In other words: Every line bundle on X which has trivial pull-back to X can be de-

scribed by a factor of automorphy which s unique up to an element of
BY(m(X), H°(0%)).
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One possible description of ¢ is as follows: Any factor of automorphy f, seen as a
holomorphic function f: m(X) x X — C* as above, describes an action of m(X)
on the trivial line bundle X x C — X by

Ao (2,1) = (\E, f(N, 2)1).

Note that the cocycle condition for f translates to the fact that A; - Ao - (Z,1) =

(A As) - (&,1). Then ¢(f) = (X x C)/m(X).
For another description see [BL04|, Appendix B.

Now for a complex torus X the universal cover is 7: V — X, m;(X) = A. Because
every vector bundle on a complex vector space is trivial, we obtain:

Corollary 7.4.
H'(X,0%) = H'(A, H(0})).

But Pic(X) = H'(X, %), which can be seen best by thinking about line bundles
in the topological sense i.e. as maps p: L — X whose fibres are one-dimensional
vector spaces and which can be trivialised over certain subsets forming an open cover
(Ui)ier- Then the collection of all transition functions g;;: U; N U; — C* is an
element of the Cech cohomology HY(O%).

So every holomorphic line bundle on X can be described by a factor of automorphy.

Now we are looking for a simpler description for the factors of automorphy on a
complex torus X.
For this consider the exponential exact sequence

0 —7Z—0x — 0y —0

and its long exact cohomology sequence
oo — HY(X,Z) — HY(X,0x) — HY(X,0%) = H*(X,Z) — - --

As HY(X,0%) = Pic(X) and H*(X,Z) = Alt*(A\,Z) by Proposition 2.1, we can see
c1 as a map associating to each line bundle L a Z-valued alternating form ¢;(L) on
the lattice A. We will call ¢;(L) the first Chern-class of the line bundle L. ¢,(L) can
be described explicitly in terms of the factor of automorphy of L.

Proposition 7.5. For an alternating form E: V xV — R the following conditions
are equivalent:

1. E|p = c1(L) for a holomorphic line bundle L on X.
2. E(A,A) CZ and E(iv,iw) = E(v,w).

Recall that a hermitian form on V is a map H: V x V — C that is C-linear in the
first argument and satisfies H (v, w) = H(w,v) for all v,w € V.
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Lemma 7.6. There is a one-to-one-correspondence between the set of hermitian
forms H on' V' and the set of real valued alternating forms E on'V satisfying E(iv,iw) =
E(v,w) given by

Ew,w)=ImH(v,w) and H(v,w)= E(iv,w)+ iE(v,w)
for allv,w e V.

In the sequel we will consider the first Chern class of a line bundle L on X either as
an alternating or a hermitian form on V.
Define the Néron-Severi group N S(X) to be the image of the homomorphism

c: H(O%) — H*(X;7Z).

According to Proposition 7.5 and Lemma 7.6, N.S(X) can be identified either with the
group of hermitian forms H: V xV — C with Im H(A, A) C Z or with the group of
R-valued alternating forms F on V satisfying E(A,A) C Z and E(iv,iw) = E(v,w).

A semicharacter for a hermitian form H is a map y: A — S' C C* satisfying
XA+ 1) = x(N)x(p) exp(mi Im H(A, w)) for all A\, u € A.

The semicharacters for 0 € NS(X) are exactly the group homomorphisms from A to
St
We define

P(A)={(H,x)| He NS(A), x semicharacter for H}.

Obviously, P(A) is a group with respect to the composition
(H1,x1) © (H2, x2) = (H1 + H2, X1x2)
and the following sequence is exact
0 — Hom(A,S") - P(A) 25 NS(X)

where ¢(x) = (0, x) and p(H,x) = H.
In fact, p: P(A) — NS(X) is surjective and we have the following theorem:

Theorem 7.7 (Appell-Humbert-Theorem). There is a canonical isomorphism of
exact sequences

12

- -

00— Hom(A,S') ——=P(A) ——= NS(X)—=0
0 Pidd(X) — Pie(X) —> NS(X) —=0

where the isomorphism P(A) — Pic(X) is given by associating to each pair (H, x) €
P(A) the line bundle L on X that is described by the factor of automorphy

a0 (A v) = X(A) exp (TH (v, \) + gH()\, »).
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We will denote the line bundle associated to a pair (H, x) by L(H, x).
Using this theory one can see for example:

Lemma 7.8. For any L = L(H, x) € Pic(X) and v € X with representative v € V
tL(H,x) = L(H, x exp(2miIm H (v, -))).

Lemma 7.9. Let f: X' — X be a homomorphism with analytic representation
F: V' — V and rational representation Fy: A" — A. Then

f*L(H,x) = L(F"H, Fyx).

7.3 Projective embeddings and equations

In this section we will study the map ¢ and see for example in which cases ¢y, is an
embedding. We will also make some statement about the equations describing the
image ¢r(X).

Proposition 7.10. If L is a positive definite line bundle on X of type (dy,...,d,)
and dy > 2, then p has no base point, i.e. is a holomorphic map.

Theorem 7.11 (Lefschetz). If L is a positive definite line bundle on X of type
(dy,...,dy) and dy > 3, then ¢y, is an embedding.

Note that the type of L™ is n times the type of L.

Corollary 7.12. If L is an ample line bundle on X, then L™ is very ample for every
n > 3.

Now we want to study the case d; = 2. One can show that a line bundle of type
(2,dy,...) is of the form L? for an ample line bundle L on X.

Theorem 7.13 (Decomposition Theorem). Let L be a line bundle on X. Then as
polarised abelian varieties

o)

(X, L) — (X1 x Xogx -+ X X\, M @ ¢gNa @ -+ @ ¢+ N,.)

where M is a line bundle on X, without fized components (in the corresponding linear
system of divisors), the N; are irreducible principal polarisations on the X; and the
q; are the projections from X; x Xy x --- x X, onto its factors.

To study the map ¢ 2, decompose L as in the theorem above. Let ppp2: Xy — P™
and PNz X; = P ¢ =2,...,r, be the corresponding holomorphic maps and denote
by ¢: P x ... x P — PN the Segre embedding. Then the holomorphic map
or2: X — PV decomposes as

orz =P o (P2 X PNz X X PNz)-

Thus it is enough to consider the cases
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1. L = M a polarisation without fixed components,
2. L = N; an irreducible principal polarisation.
In this two cases we have the following results:

Theorem 7.14. If L is an ample line bundle without fized components, then L? is
very ample.

Theorem 7.15. If L is a symmetric line bundle defining an irreducible principal
polarisation on X, then pr2 induces an embedding of the Kummer variety Kx =

X/{((—1)x) to PV,
It is no restriction to assume that L is symmetric because of the following facts:

Lemma 7.16. Let L be an ample line bundle on X andx € X a point. Let ¥q, ..., 0y
be an basis of HY(L). Then t:y, ..., t50x is a basis of HO(t;L) and with o, 1
the corresponding maps to PV the following diagram commutes:

) E—
@t;‘:x A
IP)N

Proposition 7.17. For two line bundles L and L' on X the following statements
are equivalent:

1. L and L' are analytically equivalent.
2. L' =t:L for some x € X.
3. Cl(L) = Cl(L/).

So the image X of ¢ in PV does not depend on L itself but only on its analytic
equivalence class resp. its first Chern class.

Definition 7.18. A line bundle L is called symmetric if (—1)%L = L.

The following argument shows that for each H € NS(X) there is a symmetric line
bundle L on X such that ¢;(L) = H: Lemma 7.9 shows that L(H, x) is symmetric
if and only if x has values in {£1}. But since N.S(X) consists only of those hermi-
tian forms whose imaginary part takes integral values on A x A, the semicharacter
Xo: V. — St defined by xo(v) = exp(miE(vy,v2)) where v = vy + vy with v; € V,
(V =Vi @V, a decomposition for H) only takes values £1. So for each H, L(H, xo)
is symmetric.

Now we want to make some statements about the equations describing the image of
PL:
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Definition 7.19. A projective variety Y C PV is called projectively normal in PV if
its homogeneous coordinate ring is an integrally closed domain.
We call a line bundle M on Y normally generated if it is very ample and Y is
projectively normal under the associated projective embedding.

Theorem 7.20. Let L be an ample line bundle on an abelian variety X. Then:
1. L™ 1s normally generated for any n > 3.

2. If L is of characteristic c, then L? is normally generated if and only if no point
of t% is a base point of L.

A very ample line bundle on M on an abelian variety X gives an associated embedding
oa: X — PV, For the degree of the generators of the homogeneous ideal I(M) of
all polynomials vanishing on ,(X) C PV we have the following theorem:

Theorem 7.21. Suppose L is an ample line bundle on X and L™ is normally gen-
erated, then

1. the ideal I(L") is generated by forms of degree 2 whenever n > 4,
2. the ideal I(L?) is generated by forms of degree 2 and 3,
3. the ideal I(L?) is generated by forms of degree 2, 3 and 4.
For the special case of abelian surfaces the Decomposition Theorem reads like:

Lemma 7.22. L has a fired component if and only if there are elliptic curves E;
and Ey with line bundles Ly of type (1) on Ey and Ly of type (d) on Lo such that
(X,L) = (Ey X Ey,piL1 ® p3Ls).

Assuming L has no fixed components, we have:
Lemma 7.23. Let L be a line bundle of type (1,d).
1. If d > 3, L has no base point.
2. If d =2, L has exactly four base points.

Some more results about ampleness in dimension two can be found in the paper
[Ram85] by Ramanan.

Theorem 7.24. Let A be an abelian surface not containing elliptic curves and let L
be an ample line bundle on A with c¢1(L) of type (di,ds). Then L is very ample in
either of the following cases

1. dlzlandd225,
2. dy =2 and dy > 4, or

3. dy > 3.
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7.4 Moduli spaces

7.4.1 Siegel upper half space

Suppose X = V/A is an abelian variety of dimension g and H € NS(X) a hermitian
form on V' defining a polarisation of type D = diag(ds,...,d,). Then by definition
there is a symplectic basis Ay,..., Ag, pt1, ..., pgy of A for H such that the alternating
form Im(H) is given by the matrix (%, §) with respect to this basis.

Define e, = iuy forv=1,...,9. The vectors ey, ..., e, form a C-basis for V. With

respect to these bases the period matrix is of the form
= (ZD)
for some Z € C9*9.
Proposition 7.25 (Riemann Bilinear Relations).
1. Z" = 7 and Im(Z) is positive definite.

2. (Im(Z))~! is the matriz of the hermitian form H with respect to the basis
€1,...,€4.

Define a polarised abelian variety of type D with symplectic basis to be a triplet

<X7H7{>‘17'"a)\gal’blw"vlug})

where X = V/A is an abelian variety, H a polarisation of type D on X, and
{A, A 1,y g b @ basis of A for H such that H is of the form (PD 6’) with
respect to this basis.

Two polarised abelian varieties (X = V/A, H, {\,...,1q}) and (X' = V'/A H',
{NL - iy }) of type D with symplectic basis are said to be isomorphic if there is a
linear isomorphism ¢: V' — V' which maps A; to A} and p; to pi/; forall j =1,..., g.
In this case ¢ automatically maps A to A’ and pulls back H' to H i.e. it is an iso-
morphism of polarised abelian varieties.

The set
H,:={ZecC|Z" =ZIm(Z) >0}

is called the Siegel upper half space. 1t is a %g(g + 1)-dimensional open submanifold
of the vector space C9*9,

We have seen that a polarised abelian variety of type D with symplectic basis deter-
mines a point Z in H,. Conversely, given a type D, the assignment

O: Z +—— (Xz, Hz, {columns of (Z,D)})

with Ay = (Z,D)Z*, Xz := C9/Az and Hy the hermitian form described by
(Im(Z))~" with respect to the standard basis of C9, associates a polarised abelian
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variety with symplectic basis to any point in H,. As we argued above, any polarised
abelian variety of type D with symplectic basis is isomorphic to one in the image of
®. By definition for Z # Z' € H, the associated p.a.v. with symplectic basis are
never isomorphic. Hence we have:

Proposition 7.26. Given a type D the Siegel upper half space H, is a moduli space
for polarised abelian varieties of type D with choice of a symplectic basis.

7.4.2 The analytic moduli space

To construct a moduli space for polarised abelian varieties of type D we have to
analyse which points of H, determine isomorphic polarised abelian varieties.

By analysing the action of the matrices of p,(f) and p,.(f) of the analytic and the
rational representation of an possible isomorphism f on Z one obtains:

Proposition 7.27. For a given type D and Z,Z" € H, the following statements are
equivalent:

1. The polarised abelian varieties (X7, Hz) and (X7, Hz) are isomorphic.
2. 7' = M(Z) for some M € Gp.

Here
GD = {M - Spgg(Q) | MTAD C AD}

where Ap := ("¢ ) Z* and

Spag(R) = (M € R | N7 (_, )N =(_,, )}

is called the symplectic group for any commutative ring R with 1. The action of Gp
on M, is given by M(Z) := (aZ + B)(yZ + 6)" for M = (2§) € Gp and Z € H,,
One can show that G is a discrete subgroup of Sp,,(R) and that any such subgroup
G acts properly and discontinuously on H,. This implies that the quotient

/D = Hg/GD
is a normal complex analytic space of dimension @.
Hence the last proposition translates to:

Theorem 7.28. The normal complex analytic space A}, = H,/Gp is a moduli space
for polarised abelian varieties of type D.

There is another formulation: For any commutative ring R with 1 of characteristic
0 define the group

Sppg(R) ={M € R*** | M (5 §)M" = (5 5)}
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The map

op: SpE(R) — Spag(R),  op(M) = (s 9) " M (% 0)

is an isomorphism of groups that maps ['p := SpZDg(Z) to Gp. Both groups Gp and
['p are often called the paramodular group.
The associated action of Spf (R) in H, is given by

M(Z) = (aZ +bD)(D~'cZ + D~'dD)~" for all M = (2}) € Sp}, (R).

Corollary 7.29. The normal complex analytic space Ap := H,/T'p is a moduli space
for polarised abelian varieties of type D.

7.4.3 Level D-structure

In the last sections we saw that H,/I'p is a moduli space for polarised abelian va-
rieties of type D, while H, itself is a moduli space for polarised abelian varieties of
type D with symplectic basis. A symplectic basis cannot be given in algebraic terms,
but one can consider several additional structures to (X, H), either because they
reduce the number of automorphisms and allow the construction of a “finer” moduli-
space or because they carry interesting geometric information. The more additional
structure we want to encode, the smaller is the subgroup of I'p acting on Hg. A
level D-structure is kind of the closest replacement for the notion of a symplectic basis.

Let (X = V/A,H) be a polarised abelian variety of type D = diag(ds,...,d,).
Recall the (multiplicative) alternating form e : K(H) x K(H) — C*, e (v,w) =
exp(—2miIm H (v, w)). In Section 2.7.3 we introduced the group K (D) = (Z9/DZ9)?
and the (multiplicative) alternating form e”: K(D) x K(D) — C*. A level D-
structure on (X, H) is by definition a symplectic isomorphism b: K(H) — K (D).
The symplectic isomorphism b: K(H) — K (D) can be identified with the ordered
set {b71(f1), ..., (fag)} where fi,..., fo, denotes the standard generators of K (D).
This is a basis of K(L).

So we can define an isomorphism of polarised abelian varieties with level D-structure
similarly to the definition we made in Section 7.4.1 as an isomorphism of polarised
abelian varieties that maps the j-th element of the given basis of K (L) to the corre-
sponding element of K (L’).

Given a symplectic isomorphism b there is a symplectic basis Ay, . . ., Agy s -« -y fbg Of

A for H such that l_)(dii)\i) = f; and l_)(diim) = fogri for 1 <i<y.

Every Z € H, determines a polarised abelian variety of type D with level D-structure:

Z — <XZ7HZ7 {dil)\la SRR é)‘ga d_llﬂh SRR é“g})

where (Xz, Hz,{\1,...,1,y}) is the polarised abelian variety of type D with sym-
plectic basis of Proposition 7.26.

104



By what we said above it is clear that every polarised abelian variety with level
D-structure is isomorphic to one of these. One can show that

P (XZ7HZ7{%7“'7%}) — <XZ’7HZ’7{ﬁ7"'7%})

is an isomorphism of polarised abelian varieties with level D-structure if and only if
the matrix R of the rational representation of ¢ is an element of the group

I'p(D)={(*%)€elpla—1,=b=c=d—1,=0 mod D}

where we write a =0 mod D for a € D - Z9*9.

It might not be clear from the definition, but I'p(D) is a normal subgroup of finite
index in I'p. As a subgroup of I'p it also acts properly and discontinuously on H,
and we obtain

Theorem 7.30. The normal complex analytic space Ap(D) :=H,/T'p(D) is a mod-
uli space for polarised abelian varieties of type D = diag(dy,...,d,) with level D-
structure. The embedding U'p(D) — I'p induces a holomorphic map Ap(D) — Ap
of finite degree.

7.4.4 Generalised level n-structure

A level n-structure on a principally polarised abelian variety (X, H) is by definition a
level (nl,)-structure on the polarised abelian variety (X,nH) in the sense of Section
7.4.3, i.e. a symplectic basis of the n-division points X,,. We want to generalise the
notion of a level n-structure to a polarised abelian variety (X, H) of arbitrary type
D. But in this case H does in general not induce a nondegenerate multiplicative
alternating form on X,.

Let (X = V/A,H) be a polarised abelian variety of type D. A symplectic ba-
Sis A1, ..., Ag, i, ..., iy of A for H determines a basis of the group X,, namely
%/\1, e %)\g, %,ul, e %ug. A generalised level n-structure for (X, H) is defined to
be a basis of X, coming from a symplectic basis in this way. We call two such
triplets (X, H,{y,...,25}) and (X', H', {},...,x5,}) isomorphic, if there is an
isomorphism ¢: (X, H) — (X', H') as polarised abelian varieties, and ¢(x;) = !
forall 1 <1 < 2g.

For every Z € H,

(X27 HZ7 {%)\17 ceey %)\97 %Ml? crey %MQ})

is a polarised abelian variety with level n-structure, where (Xz, Hz, {\,..., A,
[1,- ., fig}) is the polarised abelian variety of type D with symplectic basis as in
Proposition 7.26. Conversely, it is clear that every polarised abelian variety with
level n-structure is isomorphic to one of these and again we have to analyse when
two of them are isomorphic.
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With an argument similar to the one in the last section, one can see that Z and
Z' € H, determine isomorphic polarised abelian varieties with generalised level n-
structure if and only if Z’ = R(Z) and R is an element of the group

I'p(n)={Relp|R=1y modn}.

Theorem 7.31. The normal complex analytic space Ap(n) = H,/Tp(n) is a moduli
space for polarised abelian varieties of type D = diag(ds, . . ., d,) with generalised level
n-structure. The embedding I'p(n) < I'p induces a holomorphic map Ap(n) — Ap
of finite degree.

7.4.5 Decomposition of the lattice
In Section 2.4 we defined a decomposition of A (for H) to be a decomposition

A=A DA,

with isotropic subgroups Ay, Ay C A for Im(H). Any symplectic basis A,..., A,
[, - .., pg of A for H determines such a decomposition via

A1:<>\17"'a)\g>7 A2:<,U1a-~->#g>'

Thus every Z € ‘H, determines a polarised abelian variety of type D with a decom-
position, namely

Z v (Xz,Hz,Az = My @ Ay),

where Ay := Z79 and Ay := DZ9. An isomorphism of polarised abelian varieties
with a decomposition ¢: (X, H,A = A1 ® Ay) — (X', H'A = AN} & A)) is defined
to be an isomorphism ¢ of polarised abelian varieties, such that p,(¢)(A1) = A} and
pr(©)(Ag) = AL. Tt follows from the proof of the elementary divisor theorem that
every polarised abelian variety with a decomposition is of this form.

It turns out that (X, Hz, Az = Ay ® Ay) and (Xz, Hyy A Z = N} @ A})) are isomor-
phic if and only if Z' = R(Z) for R € Ap with

Ap = {(CCLS)GFD|I):C=O}

Proposition 7.32. The normal complex analytic space A = H,/Ap is a moduli
space for polarised abelian varieties with a decomposition.

The embedding Ap <— I'p yields holomorphic maps H, s A5 2 Ap which both
have infinite fibres.
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