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Summary

In this treatise we consider finite systems of branching particles where the par-
ticles move independently of each other according to d-dimensional diffusions.
Particles are killed at a position dependent rate k, leaving at their death position
a random number of descendants according to a position dependent reproducti-
on law p(-) on No/{1}. In addition particles immigrate at constant rate ¢ (one
immigrant per immigration time). A process ¢ with above properties is called a
branching diffusion with immigration (BDI).

In the first part we present the model in detail and discuss the properties of the
BDI under our basic assumptions.

In the second part we consider the problem of reconstruction of the trajectory
of ¢ from discrete observations. We observe the positions of the particles of ¢ at
discrete times t; = 1A for a small step width A > 0; in particular we assume that
we have no information about the pedigree of the particles.

A natural question arises if we want to apply statistical procedures on the dis-
crete observations: How can we find couples of particle positions which belong to
the same particle? We give an easy to implement 'reconstruction scheme’ which
allows us to redraw or 'reconstruct’ parts of the trajectory of ¢ with high accu-
racy. Moreover asymptotically the whole path can be reconstructed. Further we
present simulations which show that our partial reconstruction rule is tractable
in practice.

In the third part we study how the partial reconstruction rule fits into statisti-
cal applications. As an extensive example we present a nonparametric estimator
for the diffusion coefficient of a BDI where the particles of ¢ move according
to one-dimensional diffusions. This estimator is based on the Nadaraya-Watson
estimator for the diffusion coefficient of one-dimensional diffusions and it uses the
partial reconstruction rule developed in the second part above. We are able to
prove a rate of convergence of this estimator and finally we present simulations
which show that the estimator works well even if we leave our set of assumptions.
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Introduction 1

Introduction

Spatial branching particle systems have made important contributions to biology
and medicine in the areas of population genetics, epidemics and molecular bio-
logy (see e.g. the books of Jagers [Jag75] and Yakovlev/Yanev [YY89] and the
papers of Sawyer [Saw76] and Iwasa/Teramoto [IT84]). From mathematical point
of view this kind of particle systems have been widely investigated, see e.g. the
papers of Wakolbinger [Wak95] and Gorostiza and Wakolbinger [GW94] for an
intense study of the long time behavior of infinite systems of spatially branching
diffusions and the papers of Locherbach [Loc02b] and Hopfner et al. [HHLO2]
for results on statistical inference of finite systems of branching diffusions with
immigration. Nevertheless there are still many open problems concerning stati-
stical considerations of such particle systems; in particular discretely observed
branching diffusions with immigration have not been considered yet.

In this treatise we consider finite systems of branching diffusions with immigration
and random branching of particles. Our model can be described as follows:

Each particle of a finite system of particles moves in R? independently of the
other particles according to a d-dimensional diffusion

dn, = b(n)dt + o(n)dW,, t>0,

with d-dimensional Brownian motion W and Lipschitz continuous coefficients b
and o.

Independently of each other particles die at position dependent rate x : R4 — R,
i.e. a particle located at time ¢ at position y € R will die in a short time interval
(t,t + A] with probability

kKYy)A+o(A), for A]O.

At its death position the particle gives rise to a random number of offspring ac-
cording to a position dependent reproduction law p(-) = (pk(-))r21. The newborn
particles move and branch according to the same mechanism as the parent par-
ticles did.

Additionally particles immigrate at a constant rate ¢ (one immigrant per immi-
gration event) and choose their position in space according to a probability law
7 on R%

The resulting process ¢ = (¢¢)i>0 can be constructed as a strong Markov pro-
cess having cadlag paths and values in the space S of finite configurations x =
(2%, ..., 2!®) with arbitrary length I(z) € N of z, 2* € R%
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This model is a special case of the model considered in [L6c00] where there is in
addition interaction between the particles allowed. We also want to mention the
papers of Tkeda et al. ([INW68a],[INW68b] and [INWG69]) where general branching
Markov processes were introduced the first time. Note that our model includes
standard models like binary branching Brownian motions.

Inspired by a paper of Florens-Zmirou [FZ93], where a nonparametric estimator
for the diffusion coefficient of an one-dimensional, ergodic diffusion based on
discrete observations was presented the first time, we started studying discretely
observed BDI’s with the aim to construct an estimator for the diffusion coefficient
of a BDI by similar methods as in [FZ93]. We realized very soon that there is one
crucial difference between discretely observed diffusions and discretely observed
BDTI’s. If we assume that we are able to observe only the positions of the particles
of a BDI, we do not know which positions belong to which particle. Trivially this
problem does not occur if we observe diffusion processes discretely in time.

We continue with a more detailed description of this problem. We consider a
branching diffusion with immigration ¢ on a fixed time interval [0,7] and we
assume that we observe the process ¢ at discrete times t; = iA of [0, 7], where
A > 0 is a small step width. Furthermore we assume that we are able to observe
only the positions of the particles, i.e. an observation ;o of the process ¢ at

time ¢A is any arrangement of the support of the point measure Zﬁfﬁ'ﬁ) €k
associated to the configuration p;a = (Pia, - - -, @é(f'A)). In that case we have no

information about the pedigree of the particles and, minding that we want apply
statistical procedures on the data, one question arises in a very natural way: how
shall we redraw or 'reconstruct’ the trajectory of the process ¢ given the discrete
observations (3;a in order to get a good approximation of the true trajectory? In
other words: we want to have an easy to implement scheme which allows us to
approximate at least parts of the true trajectory of ¢ with high accuracy.

A second problem we are interested in is to study how above ’reconstruction
scheme’ fits into statistical applications. As an (extensive) example we develop a
nonparametric estimator for the diffusion coefficient of a branching diffusion with
immigration in the case that the particles move according to one-dimensional
diffusions.

It follows a brief description of the single sections of the present text.

In section 1 we introduce our basic notations and assumptions. Furthermore we
give a short review on the construction of branching diffusions via ’elementary
processes’ (as proposed by Lécherbach in [L699]) and we discuss the properties
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of our model under the basic assumptions. In particular we have under the as-
sumption of spatial subcriticality ergodicity of the process ¢, i.e. the process is
Harris recurrent with the void configuration as a recurrence atom.

We close the section with some remarks on the existence of densities of the inva-
riant measure and the invariant occupation measure.

Section 2 is dedicated to the problem of the partial reconstruction of the trajec-
tory of a branching diffusion with immigration from discrete observations. In the
beginning of section 2 we give a detailed description of the problem and propo-
se a heuristic how we can solve this problem. The idea is very simple: we will
assign to each component 8F of an observation Bia = (B, .., ﬁf(fm)) € Sall
components of the successive observation ((;;1)a which are contained in a small
neighborhood of 3% . Since particles move according to diffusion paths, which
provide in particular continuous paths, this assignment seems to be reasonable
(at least for a small step width A).

In this context two problems arise. First we have to insure that a particle does
not fluctuate too much between two successive observation times, i.e. we have
to control the probability that a single particle of the process ¢ (or at least one
of its descendants) leaves a small neighborhood between two successive obser-
vation times. Secondly there are cases where above scheme does not assign the
candidates for the descendants uniquely. This can happen whenever the small
neighborhoods corresponding to the components 4, . . ., ﬁfflﬁ) have a mutually
nonempty intersection. In that case we just can guess which assignment is the
right one and we prefer not to use observations with intersecting neighborhoods
for the reconstruction of the trajectory of . Thus we have to show, that we do
not loose too much data if we ignore these observations for the reconstruction.

Before we study the fluctuations of a branching diffusion with immigration we
first consider in section 2.2 d-dimensional diffusions and prove an exponential-
ly inequality for the probability that a d-dimensional diffusion leaves a small
neighborhood of its starting position during a small time interval (lemma 2.2.4).
Moreover, under the additional assumption of a bounded drift function b, we
achieve an upper bound which is independent of the initial position of the diffu-
sion (lemma 2.2.5) and hence we are able to apply the inequality globally on the
single particles of .

Thereafter we consider in section 2.3.1 branching diffusions without immigrati-
on which start with one single particle. We construct a set which describes the
event, that at least one particle (or at least one of its descendants) leaves its
neighborhood between two successive observation times. In the main theorem of
section 2.3 (theorem 2.3.1) we show that the probability of this event has an
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exponentially bound, hence on the complement of this set all particles stay in
their neighborhoods with ’high’ probability (relative to the step width A).
Finally we generalize the result of theorem 2.3.1 for branching diffusions with
immigrations in section 2.3.4.

A partial reconstruction rule is developed in section 2.4 where we also study the
asymptotic properties of this rule (theorem 2.4.4). There we show that we are
able to reconstruct parts of the trajectory of ¢ with high accuracy. Moreover,
under the assumption that the invariant measure of ¢ admits a Lebesgue density,
we are able to reconstruct asymptotically the whole trajectory.

Finally we present in section 2.5 simulations which show that our reconstruction
scheme works well for reasonable sets of parameters.

Section 3 engages in the problem of estimating the diffusion coefficient of a BDI
from discrete observations. We consider the case where the particles move accor-
ding to one-dimensional diffusions.

We start our considerations with a brief overview on estimation of the diffusion
coefficient of an one-dimensional diffusion (section 3.1). Subsequent we define in
section 3.2 an estimator 634 (-, 3) for the diffusion coefficient o2 of a BDI ¢ based
on discrete observations of the finite time interval [0,7] which uses the partial
reconstruction rule from section 2.4.

In section 3.3 we show the consistency of the estimator 6% (a,3) in three steps.
First we consider the (hypothetical) case that we observe the whole trajectory of
the process . In that case there is no need to use the partial reconstruction rule
(since we have in particular all information about the pedigree of the particles)
and we define a simpler estimator 74 (a, ¢) which uses all available discrete data

0in,i=0,...,[T/A]. We show in theorem 3.3.4 that 54 (a, ) attains the rate of

A
ha

Thereafter we maintain the assumption that we have all information about the

convergence (which trivially implies the consistency of this estimator).
trajectory of ¢, but we consider an estimator 62(a, ¢) which uses only the 'good
observations’ which are also used by the partial reconstruction rule from section
2.4. We show consistency of 62(a, ) by comparing 62(a, ) with the estimator
o2 (a, ) from the previous section 3.3.2.

In a last comparison between 6%(a, ) and 63 (a, 3) we are able to show the con-
sistency of our original estimator 64 (a, 3) defined in section 3.2.

Finally we present in section 3.4 the main result of section 3 (theorem 3.4.2)
which asserts that our estimator 3% (a, 3) inherits the rate of convergence of the
simpler estimator 7% (a, ¢).

Last but not least we present in section 3.5 simulations of the estimator which
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show that our estimator produces good results already for few observations. Mo-
reover the simulations suggest that the estimator is robust with respect to the
size of the neighborhoods considered in the reconstruction rule 2.4.1 and the
estimator also works in cases where our assumptions are not fulfilled.
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1 Model

1.1 Branching diffusion with immigration

We consider a particle process where finitely many particles living in R := R?
and traveling independently of each other according to solutions of the stochastic
differential equation

dny = b(ng)dt + o (n;)dW; (1)

with d-dimensional Brownian motions W = (W}):>.

Independently of each other, particles are killed at a position-dependent rate
k:R — (0,00),

and leave at their death position a random number of descendants according to
a family of position dependent reproduction laws

p() = (Pr(*))reNo\ {1}

In other words: a parent particle in position y € R at time ¢ > 0 will die in a
short time interval |¢t,t + A] with probability x(y)A + o (A),A | 0, leaving k
descendants with probability py(y) at position y.!

Finally new particles (one immigrant per immigration time) immigrate at con-
stant rate ¢ > 0 and choose their position in space according to a fixed probability
law 7 on R.

@ particle motion

R @ branching

@ immigration

time

A process ¢ = (¢¢)i>0 with these properties is called a branching diffusion with
immigration (BDI).

1Since we are interested in statistical applications, we require reproduction laws which avoid
the case k = 1, because we can’t distinguish between a branching with one offspring and the
event that no branching occurred.
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This kind of process is a special case of branching markov processes considered
already in the late 60s by Ikeda et al. ([INW68al, [[NW68b]| and [INW69]). They
studied spatial branching particle systems where the particles move according
to general markov processes. More recent work on finite branching particles sy-
stems can be found in the papers of Locherbach and Hopfner (see e.g. [HHLO02],
[Loc02al, [Loc02b] and [Loc04]). They considered interacting branching diffusi-
ons with immigration. For infinite systems of branching diffusion we refer to the
papers of Gorostiza and Wakolbinger (see [GW94] and [Wak95]).
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1.2 Basic assumptions and properties of the model

The state space S of the BDI ¢,
S=JR"
=0

consists of all (ordered) configurations z = (z*,...,2%), 2" € R,i=1,...,0,£ >0,
with R? := {4}, where § denotes the void configuration.” Note that in particular
S endowed with its Borel o-algebra S is a Polish space (see [L699, 3.7, p. 15]).

Let [(x) denote the length of the configuration z € S, ie. I(z) = £ < z € R".
Sometimes we write a configuration x € S as a point measure on R:

xmyz{zgkﬁm if I(x) > 1,

0 if x = 0 the void configuration.

for A € B(R).

By convention we set f(J) := 0 for any function f on S.

Our basic assumptions are the following:

Assumption A1l. The drift function b : R — R and the diffusion coefficient
o : R — R are globally Lipschitz continuous with Lipschitz constant L.

Assumption A2. The branching rate k : R — (0, 00) is supposed to be conti-
nuous, bounded and bounded away from 0 by a constant k > 0 and the repro-
duction mean p : R — (0, 00) given by

p(z) = kpi(z), z€R,

k#£1

is a continuous function, bounded away from 1 by a constant p < 1.

Remark 1.2.1. Assumption Al ensures the existence and uniqueness of (strong)
solutions of the stochastic differential equation (1) (see [IW89, theorem IV.3.1]).
Assumption A2 will be needed for the ergodicity of the process. We present the
details in section 1.2.3. In particular the assumptions on the branching rate x
and on the reproduction mean p are sufficient for the spacial subcriticality of the
process ¢ (we refer to [HLO3a, lemma 1.4.b]).

2Tt is also possible to choose the space of all point measures as state space. For the details
we refer to appendix A in [L99].
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1.2 Basic assumptions and properties of the model

1.2.1 The motion and the jump mechanism

Now we want to describe the mechanism of the process in a more detailed way.
Write ¢ for the (random) lifetime of the process ¢ and denote by (7},),>0 the

sequence of successive branching or immigration times, Ty = 0 and 7T;, T (. Then

the process ¢ can be described by the following assertions I and II:

D

I1)

In the random interval [0, T},+1 —T,[ the process (¢r1,+s)o<s<T,..—1, reduces
to the motion of ¢ independent particles according to (1), for suitable ¢ €
Ny, stopped at configuration dependent rate

14

where 0 denotes the void configuration.
In the case = 0, the process (@1, +s)o<s<7,..-7, is constant equal to J on
the whole interval [0, 7,1 — T,,[.

The jumps from @7, to pr,,n > 1, are determined by a transition kernel
K(+,-) on the configuration space S given by

K= Y2 <Z () ecw-,k)) = [ ) oy

i=1 k#1

where C'(x,1, k) denotes the configuration

k times

which arises if the i-th particle dies and leaves k offspring at its death
position.

In the case x = ¢ the first term vanishes and the probability measure
K(0,dx) simplifies to the measure [, m(dy) €,(dz) on S which coincides
with 7 on R C S.

1.2.2 Construction of the process

To give a deeper insight into the matter we give a short summary of the con-

struction of BDI's via ’elementary processes’ as proposed in [L6c02b]. Note that

we are dealing with a simpler model than [Léc02b] since we have no interaction

between the particles.
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i) We first define an ’elementary process’ ¢ with initial configuration z € S on
the (random) interval [0, S| as follows (the stopping time S is the lifetime
of ¢ and will be defined below):

Let (C,C) denote the canonical path space of diffusions (1), i.e. C' =
C(R.,R) is the space of all continuous functions from R, to R and C
denotes the canonical o-field.

For ¢ := I(z) we start with a probability measure on (C*,C*) given by

14

Q:(f) = ® L (ni),

i=1
where n',...,n’ are independent solutions of the stochastic differential
equation (1) with starting positions x!,. .. z*.

Let (M, M) be the canonical path space for counting processes (see [Bré81]).
Define a transition kernel K®(-,.) from (C,C*) to (M, M) by

KO(f,) := L (Poisson process with intensity ¢ — a(f(t))), Vf e C%,

where « is given by (2). With this notation we may define a probability
measure

QYK (df,dg) := QI (df) K (f,dg)
on the filtered probability space (C* x M,C* ® M, G* @ M), where
G'eoM = (G/ ® Mt)t>0’ G* = (Gf)t>0 is the canonical filtration on (C*, CY)
and M = (M) is the canonical filtration on (M, M).
Write (), £) for the canonical process on (C¢ x M,C* @ M, G*® M) and set

S::inf{t>0:ét21}.

Then S is a G ® M stopping time and for (t,w) € [0, S[ we define the
elementary process ¢ by

Gr(w) = M (w).
Now generate the post jump configuration 5 according to the probability

measure K (Qg_,-) which was introduced in (3). Finally we can define the
clementary process on the whole interval [0, S]:

©lpo51 = Mo 5p + CLigp

Note that
QUE(S > t]Gf) = e fae@, (4)
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1.2 Basic assumptions and properties of the model

ii)

iii)

Interprete S as an immigration time if

vs = (80}§_7 X -,@%_,y) for some y € R

and interprete it as branching time otherwise.

Assume that we have already defined the desired process ¢ (on a suitable
probability space (€2, A,F)) on the stochastic interval [0,T,,] as a chain of
n elementary processes such that for 0 < m <n

) =L (771[[0 spt+ Cﬂ[[sq]) QL) K(Z’”)) (5)

where ¢, :== l(nr,,) and 1y = z for some x € S.

L (SOTm—f—.]'IIO,Tm-Q»l*Tm]] (.)

Now consider another (independent) elementary process gé]l[ 3 under the

measure Q K®) and append it to the so far defined process:

ngn“l‘.]]‘[O,Tn-Fl*Tnﬂ (.) = @ﬂ‘HO’g]] 7Where Tn+1 = Tn + S

Iteration of ii) gives us a process @l with lifetime ¢ := sup,, o 7T,

1.2.3 Ergodicity and invariant measure

Since we are interested in statistical inference we wish to establish the BDI ¢ to

have the following properties P1 to P3:

P1:

P2:

P3:

No accumulation of jumps in finite time intervals. Then in particular the
lifetime ¢ of ¢ is a.s. equal to +o0.

Ergodicity, i.e. we wish the process ¢ to be recurrent in the sense of Harris,
having ¢ as recurrent atom, and such that the invariant measure m on the
configuration space S

1 R
F)=——=F dt 1 , Fes, 6
() = s [t 1066 )
is a finite measure. Here R :=inf{T,, : n > 1, o5, = §} denotes the time of
first return to the void configuration ¢.

Finite expected configuration length unter m: associating to m the occupa-
tion measure

/m (dr)e(4) = (R)E5 (/;lt %(A)), AcBR), (7)

we wish to have

m(R) = /Sm(d:c) [(z) < o0.
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Theorem 1.2.2. Under Assumption Al and A2 the properties P1, P2 and P3
hold.

Proof. The assertion is a direct consequence of theorem 1.6.c in [HLO3b]. O

Remark 1.2.3. We will present more results on the invariant measure m and the
occupation measure m is section 1.3 below. In particular we will see that under
additional assumptions the measures m and m have densities with respect to the
Lebesgue measure (on S, respectively on R).

1.2.4 A canonical path space

We work on a canonical path space (€, A, F) for branching diffusions with im-
migration (more details can be found in [L699, section 5.1]) with the following
properties:

e () is a closed subset of the Skorokhod space D(R,, S) such that all trajec-
tories w € ) have jumps only if the length of the configuration changes.
This happens either if a single particle immigrates or if a particle is being
killed. Between two jumps w is a continuous function on R for a suitable
¢ € Ny and there is no accumulation of jumps in finite time. In particular
the lifetime ( is a.s. equal to +oo.

e A is the Borel o-field of Q. In particular A is also the o-field generated by
the canonical process ¢, i.e. A is the o-field generated by ¢;(w) = w(t),
weN t>N0.

e () is endowed with the canonical filtration F = (F;);>0, where
Fii=Noy0lps : 0 <5 < ).

We have the following theorem:

Theorem 1.2.4. Under assumptions A1 and A2 the BDI ¢ can be constructed
as canonical process on the canonical path space (2, A, ) such that the process
15 strongly Markov.

This result is due to Ikeda et al. (see [INW68a]). They considered a more general
model where the particle motion is given by a general Markov process. A detailed
proof for the case of a BDI can be found in [L599].
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1.3 Auxiliary results and further remarks

In section 1.2.3 we have seen that assumptions Al and A2 are sufficient for the
finiteness of the invariant occupation measure m on R (property P3 in section
1.2.3). Since immigrations occur at a constant rate (independently of all other
events) we directly conclude that the total expected occupation time of the pro-
geny of one single particle has to be finite as well. Thanks to the work of Hopfner
and Locherbach ([HL99a]) we are able to calculate the total expected occupation
time of the progeny of one single particle explicitly.

Let ¥ = (gogs’y))tZs denote a branching diffusion without immigration which
starts at time s > 0 with one single particle located in y € R. Then by proposition
2.2 in [HLO3b] we have the following result.

Lemma 1.3.1. Under assumptions A1 and A2 the total expected occupation time
of a subprocess Yy € R and s > 0, is given by

E (/ l(wgsvy)) dt) - Ey (/ e fg[“(l—/’)](nu) du dt) ’
s 0

where n = ()10 denotes a solution of (1) with initial position y € R.
In particular we have the upper bound

E (/:ol(wﬁs’y)) dt) < ﬁ < 00

which is independent of the starting time s > 0 and the initial position y € R.

We can interprete the assertion of this lemma as follows. The total expected
occupation time of p*¥) is equal to the expected lifetime of a diffusion (1) killed
at rate k(1 — p). Hence k(1 — p) can be interpreted as a mass reduction function
and in particular assumption A2 is such that the mass reduction x(1 — p) is
bounded away from zero.

We finish section 1 with two remarks on Lebesgue densities of the invariant oc-
cupation measure m on R and the invariant measure m on S.

1.3.1 On the invariant occupation density

Now consider the invariant occupation time measure m on R. This measure is a
well studied object (see [HL99a] and [HLO3b] for the case of branching diffusions



1.3 Auxiliary results and further remarks 15

without interaction and [Loc04] for interacting branching diffusions with immi-
gration) and we present a result which gives us the existence of a bounded and
continuous Lebesgue density of m.

In the sequel C’(’“b) (R™, R") denotes the space of C*-functions R — R™ for which
all partial derivatives of orders 1,. ..,k are bounded and Cf denotes the subspace
of bounded functions in C’(kb). For C’(kb)(]R", R) we write briefly C(kb)(]R").

We need the following set of assumptions:

Assumption Inv: Suppose that ¢ € C}H(R,R%>%), b € C’?b)(R, R) and k,p €
CZ(R). Furthermore assume that b, o, x and p are such that

d d
CEROESSEIIEEDS

i=1

is bounded away from zero uniformly in y € R.

Then by theorem 3.5 and lemma 3.6 in [HLO3b] we have the following theorem:

Theorem 1.3.2. Under assumptions A1, A2 and Inv the invariant occupati-
on measure m on R has a bounded and continuous density with respect to the
Lebesgue measure. Moreover this density is given explicitly.

We abstain from presenting the explicit form of the density of m, the existence
of a density suffices for our considerations. A detailed derivation of the invariant
occupation density can be found in [HL99a] (see also [L6c04] for the case of
interacting BDI’s).

1.3.2 On the invariant measure on S

In contrast to the occupation measure m on R there is only few known about the
invariant measure m on S. Hopfner ([H04]) considered the Lebesgue density of a
branching diffusion with immigration in a more simple model, where the Kkilling
rate k is assumed to be constant and the reproduction law p does not depend on
the position of the particles.

The main result of [H04] is the following. Under strong smoothness conditions on
the one-particle motion (1) the Lebesgue density of m exists and the density is
an increasing limit of ’strange shaped’ densities. In this context a density has a
‘strange shape’ if it has the following properties:
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On the open subset Sy := {z € S : 2% # 2 for k # k'} of S where all
particles occupy different positions, the density is smooth, unbounded and
takes the value +o00 on a specified collection of "hyperplans’ in the Lebesgue
nullset S\ Sp.

Thus we are dealing with an invariant density which has not common ’nice’

properties like global continuity or boundedness. In particular (besides the very
rough approximation m(F') < m(S)) there are no trivial bounds for m(F), F' € S.
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2 Partial reconstruction of a BDI from time dis-

crete observations

2.1 Presentation of the problem

We observe a branching diffusion with immigration ¢ = (¢¢):>0 at discrete ob-
servation times ty,...,t, of the finite time interval [0,T]. Without loss of ge-
nerality, we assume equidistant time steps t; = ‘A with step width A > 0,

i=0,...,[T/A]3

Furthermore we assume that we are able to observe only the positions of the
particles, but not their pedigree. In other words: at each time ¢A the state p;an =

(Oiny - gpé(fm)) of the process ¢ is only observed in form of the point measure
ﬁe(iilA) €,
For i € {0,...,[T/A]} let Bia = (Bls,-- -, ffm)) € S denote an observation of

@ at time A, i.e. B;a is any arrangement of the support of the point measure

Z(f'ﬁ) R Note that ;A and ¢;a coincide up to permutation of the components.

In the following sketch we see on the left hand side a (part of a) typical trajectory
of a BDI . On the right hand side we inscribed the particle positions which we
actually observe.

trajectory of ¢ discrete observations of ¢
. R . BT
: ¢ : : :
R R| : $Bin e °
: : : o
¢ $Ox" :
(—-DA A (DA - w (DA GA (+D)A

Since we are interested in statistical inference of these processes — in section 3
we will present a nonparametric estimator for the diffusion coefficient o2 — one
question arises in a very natural way: Given the observations (;a, how can we
‘redraw’ or 'reconstruct’ (at least parts) of the trajectory of the process 7
Roughly speaking: how shall we connect the dots in the sketch on the right hand
side in order to get a good approximation of the trajectory of ?

3Here [T'/A] denotes the largest number i € Z such that iA < T,
ie. [T/A] :=sup{i € Z :iA < T}.
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Continuing above example, possible ‘reconstructions® of the trajectory could look
like this:

one possible assignment another assignment
s —o———- : : S —o———-
: Tl : : : : Tl
R . \—\—N-_..__—-, R .--——..\ ”,.
\‘LN ,:rA\
. . N\.‘ : : ,/ : \‘
- : ————e” :
(i—DA A DA e o (=DA A (HD)A

As we can see in this example there are many possibilities to redraw a possible
path of ¢ given the observations ;4 and the problem we are interested in, is to
find an approximation which fits the true assignment (corresponding to the full
trajectory of ¢) at least on a set with ‘high probability".

Now the idea is the following. If the step width A is small, the trajectories of the
particles shouldn’t fluctuate too much between two successive observation times
(since particles move according to solutions of (1), which provide in particular
continuous paths) and we will assign components of two successive observations
to the same subtree if the distance in space between them is not too big. More
precisely: at time iA we choose for each particle position 8%, a neighborhood of
# and assign all components of the observation Bi+1)a which are contained in
the neighborhood of 8%, to the subtree spanned by a single particle corresponding
to the observed position %, .
Remark 2.1.1. Instead of indicating the neighborhoods of the components 3%,
by rectangles (picture 1 below), we draw ‘bells’ (picture 2 below) in order to
improve the legibility of the sketches (the peak of each ‘bell* points at the corre-
sponding particle position at time iA).

picture 1 picture 2
¢ : ¢
. 5@11)A e 5@11)A
ke oy ko a Lok
in® 4 ﬁfi-um N ° 6é€i+1)A
. .

iA (i+1)A iA (+1)A
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With this notation our reconstruction scheme would give us in our example the
following constellation:

partial reconstruction

o.:::___; ..... ?....,,§.___
“\Z o * . :
e 5
: T :
NS —$ososes YY)
R N h? :
. N Loeet :
: o~< :
: ‘*-*
o oo ;
(i—-1)A iA (i+1DA

In this context two problems arise.

e First we have to precise the expressions ’fluctuate too much’ and 'not too
big’, that means we have to control the probability that a particle leaves a
small neighborhood between two successive observation times.

e Secondly we must handle the cases where the observed particle positions are
so close that we can’t assign those observations uniquely to the particles
(question marks in above sketch). This is the case if the neighborhoods
belonging to the observed particle positions intersect and in the intersection
is at least one particle.

Here is the outline of the following sections:

In section 2.2 we derive an exponential inequality for the probability that a general
diffusion (1) leaves a small neighborhood of its initial position during a short time
period. Moreover we prove (under additional assumption on the drift term) an
exponential bound which is independent of the starting position, so that we are
able to apply this inequality globally to our discrete scheme.

In section 2.3 we construct a set which describes the event that at least one
particle of a BDI leaves its neighborhood between successive observation times
and we show, that the probability of this event has an exponential rate for A | 0.
Then, on the complement of this set, all particles will stay in their neighborhoods
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with a ‘high probability*.

After the definition of a ‘partial reconstruction rule’ we study the asymptotic
properties of this reconstruction scheme in section 2.4.

Finally we present simulations in section 2.5, which show that our reconstruction

scheme works well in practice.
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2.2 Diffusions in a small time interval

In this section we want to study how we can control the fluctuation of a diffusion
(corresponding to the motion of single particles in our model) in a small time
interval. For this purpose we consider a strong solution of the d-dimensional
stochastic differential equation (1)

dXt = b(Xt)dt + O'(Xt)th ,XQ =Yy ,t 2 O,

where y € R and W = (W' ... W9) is a d-dimensional Brownian motion. In
order to have such a solution we assume Al (again we refer to [IW89] for general
results on the existence and uniqueness of stochastic differential equations).

Let n = ()10 be the canonical process on C(R;,R). Then C :=o(n; : t > 0) is
the canonical o-field and G := (G;)¢>0 defined by G, := (o, 0(ns : s < T') is the
canonical filtration relative 1. Denote by P, the uniquely determined distribution
of non (C,C,G) with ny =y € R.

Now we should explain precisely what we intend by saying that we want to
control the fluctuation of the diffusion. We want to find an upper bound for
the probability that 7 leaves a e-neighborhood of the initial position ng = y
in a time interval [0,7], i.e. we want to control the probability of the event

{Supte[O,T] e —y| > e}

In the next section we will first restrict ourself to the case where the drift term of
the diffusion vanishes, i.e. where the diffusion process is a local martingale. Then
a classical result on continuous local martingales will give us the desired upper
bound. In section 2.2.2 we allow arbitrary drift functions and we will show, that
this class of drift functions is too big to obtain an inequality which is independent
of the initial position. Finally in section 2.2.3 we prove a global exponentially
inequality under boundedness assumptions on the drift function.
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2.2.1 Exponential inequality for continuous local martingales

We first start with a rather classical result on continuous local martingales (for
the one dimensional case see for instance (1.5) in [DvZ01] or exercise (3.16),
chapter IV.3 in [RY99]). Let M = (M},..., M@)o be a R-valued continuous
local martingale with My = 0 on a suitable probability space (2, F, P) and define
the maximum process M* = (M; )0 by M} := sup,, | M.

Lemma 2.2.1. Assume that M has a quadratic variation (M) such that

d
S M), < et (8)
ij=1

fort >0, where ¢ is a positive constant. Then

52
P(M} >¢e) <2d-e 2det,
Proof. Since

{weQ: |(M}(w),...,M}(w))| =1} C U{w €Q: [ M(w)] > r/Vd}

i=1

for r > 0 it suffices to show the assertion in the case d = 1.
For o > 0 define the Doleans exponential
2

My = oM Mie,

Then by [JS87, theorem 1.4.61] M* = (M{)¢>o is a continuous local martingale.
Since the exponential function is convex and increasing we get

2
(a3
esupsgt(aMs—TM/[)s) S sup MSCV
s<t

and since (M); < ct by assumption (8) we also have

2 2
ESUPs<t aMs—%ct S esupsgt(aMsf%(Mﬁ).

Now the maximal inequality for local martingales (Doob’s Ll-inequality, [Shi96,
theorem VII.3.3]) yields

P(sup M, > ¢) < P(sup M® > e 2%) < e T2 PE(IMY]) = e T2 (9)

s<t s<t
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The last equation holds since by definition M® is a nonnegative local martingale
with M§ = 1, which implies E(|M{|) = E(M) = E(M§) = 1.
Inequality (9) holds for all & > 0, hence

2

P(sup M, > &) < inf e @5 = ¢72a (10)

s<t a>0

Since —M is also a continuous local martingale with (—=M); = (M), < c¢-t (by
assumption (8)) inequality (10) is also valid for —M and we finally conclude

P(sup |M,| > ¢) < P(sup M, > ) + P(sup(—M,) > ¢) < 2¢ 3.

s<t s<t s<t

O

As a direct consequence of above result we get (assuming A3 below) an upper
bound for the probability that a driftless diffusion leaves an e-neighborhood in
[0, T7.

Assumption A3. The matrices a(z) := o(x)o(x) satisfy

d d
Z aij(z)y'y’ < & Z(yj)2 . Wy eER
ij=1 =1

uniformly in x € R for some constant 0 < 62 < 00.

Lemma 2.2.2. Let b = 0. Under conditions A1 and A3 for eache >0 andT > 0

the inequality
2
P, sup | —y|>e] <cp-exp |:_CQ_:|
t€[0,T] T

holds uniformly in y € R, where ¢c; and co are positive constants independent of
the initial position y.

Proof. Since b = 0 the process 77 is a local martingale Moreover its quadratic
variation (n) is given by ((n',7/)1)1<; j<q4 = fo (ns) ds and by assumption A3

d

Z Z/amns s<a?-d-t.

1,j=1 1,j=1

Hence all conditions of lemma 2.2.1 are fulfilled and the lemma is proven. O
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Remark 2.2.3. We are interested in the special case T = A. With respect to
our motivation in section 2.1 we want to choose ¢ > 0 (depending on A) as big as
possible under the condition that the right hand side of the exponential inequality
in Lemma 2.2.2 still converges to zero for A | 0. For example choose ¢ = A* for
some A € (0, %) Then lemma 2.2.2 gives us the following result

1\ 12
Py | sup |m—y| > AM| <cpcexp [—c <—> .
te[0,A] A

Since the upper bound on the right hand side does not depend on the initial
position y, the Markov property of 7 gives

1\ 12
Py | sup |mu —me| > A < e -exp |—e (—) , (11)
u€[0,A] A

for all ¢ > 0.

2.2.2 Exponential inequality for general diffusions

Now we will study a diffusion with arbitrary drift function (of course b is assumed
to be globally Lipschitz, but nothing else). In this case n = (7:):>0 is not longer
a martingale so that the local behavior of a particle can strongly depend on
the drift term. For example consider the transient Ornstein-Uhlenbeck process
X, =Xpet+o f(f e(t=5) dW, where o and o are positive constants and W is a
brownian motion. Here we can always find an initial position X, such that the
process leaves a small neighborhood in a short time with high probability.

Thus there is no hope to get an exponential inequality independent from the
initial point y in the general setting. But we still can state the following result.

Lemma 2.2.4. Let A3 hold and let A € (0,3). Then fory € R and A >0

P, < sup |ny — y| > N)
te[0,A]
2

(%)1_2”—\6@1 ) NE

where ¢ and cy are positive constants independent of the initial position y.

< c-exp —02(
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Proof. Let t < A. Then using the Lipschitz continuity of b we write

[ ot + [ ponas

r t
< sup / o (ne)dW,| + [b(y) | + / 1b(n.) — b(y)| ds
rel0,A] |J0o 0

e —y| <

r t
< sup / o (n)dW.| + [b(y)| £ + L - / (I, — yl)ds
0 0

rel0,A]

r t
< sup / o(n)dW.| + [b(y)| A+ L - / (s — yl)ds.
0 0

rel0,A]

By a Gronwall lemma (see for instance [Bas98, lemma 1.3.3])

/0 T o (ns)dW

e —y| < ( sup + Ib(y)\A> ce

rel0,A]

for all t < A, thus

sup |n —y| < < sup
te[0,A] rel0,A]
The last result directly implies

P, | sup |p—y|>A"| <P, | sup
t€[0,A] ref0,A]

Now the process M = (M;)i>o = (fota(ns)dWs)t is the martingale part of the
diffusion 7 and its quadratic variation process is given by (M), = fot ool (n,)ds.

/0 r o (ns)dWs

+ |b(y)|A> e,

/0 T o (ns)dW

> (A’\e’LA — [b(y)] A)) )

By assumption A3 the quadratic variation fulfills

d
(ML M), < 6 dt

ij=1
for all £ > 0. Thus for the local martingale M the conditions of lemma 2.2.1 are
fulfilled and with ¢ = A*e™2 — |b(y)| A and T = A we get

P, ( sup |, — y| > N)
te[0,A]

([A%e 22 — |b(y)| A]F)?

< cjexp (—02

= (1 €exXp —CQ<
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for some suitable constants c¢1, ¢ > 0. This was the last step of our proof and the
assertion is shown. O

2.2.3 Exponential inequality independent of the initial position

The result of lemma 2.2.4 is not strong enough for our purposes. We need in-
dependency of the upper bound from the initial point y in order to apply an
exponentially inequality to each couple of discrete observations.

As mentioned in the beginning of section 2.2.2 we have to restrict the class of
drift functions. We assume

Assumption A4. The drift function b is bounded, i.e. |b(y)| < b ¥y € R, where
b is a positive constant.

For all diffusions meeting A3 and A4 we are now able to prove the following

result.

Lemma 2.2.5. Let A3 and A4 hold. Then fort > 0,A >0 and X € (0, 3)

1\ 12
Py sup [nese —m| > AN <crexp | —c2 (—) =: g\ (4),
s€[0,A] A

where ¢y, co are positive constants independent of t,y.

Proof. First note that we may assume ¢t = 0 without restriction since the diffusion
is strongly Markov and we want to achieve an upper bound which does not depend
on the initial value of the process.

By A4 the drift function b is bounded by a constant b > 0. Thus

Py | sup [m —yl >N>
te[0,A]
t t
< P, sup {/ o(ns)dWs —i—/ \b(ns)\ds} > A
te[0,A] 0 0
t
< P, | sup /a(ns)dWs > A — bA
tel0,A] 1J0

and an application of lemma 2.2.1 gives us the upper bound

1-A
1 _
C3-€xp | —cy4 ( (K) —b

2

7.
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for some positive constants cs3, ¢4. Now it is possible to choose ¢1, ¢a > 0 such that

forall 0 < A < >
NI 2
— —b
(3)

+ 1-2X
1
C3-exp | —cy ( ) Al <e¢p-exp <—02 <Z) )

and the assertion is shown. O
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2.3 On the fluctuation of the particles of a BDI

In section 2.2 we have seen, that under relatively mild conditions (bounded
drift function and bounded diffusion coefficient) a single diffusion leaves a A*-
neighborhood (A € (0, 3)) of its starting position in a small time interval [¢, ¢+ A]
only with small probability (lemma 2.2.5). Now we want to construct a set which
describes the event that at least one particle of a branching diffusion leaves its
A*-neighborhood between successive observation times and afterwards we will
find an upper bound for the probability of this set. Its complement will be the
set of ‘high probability’ mentioned in section 2.1.

2.3.1 Subprocesses without immigration

In a first step we consider subprocesses of a branching diffusion which start with
one single particle.

Throughout this chapter p(8¥) = (gogs’y))tzs denotes a branching diffusion without
immigration which starts at time s > 0 with a single particle located in y € R.*
At each time t > s gpl(f’y) is an S-valued random variable and we will write
gol(f’y)’k for the k — th component of cpl(f’y), k=1,..., l(cpl(f’y)).

Note that this indication does not allow to decide whether components of ¢(*)
at two different times ¢ £ t' belong to the same subtree if they have equal indices.

We define the desired set for subprocesses ¢*¥ in three steps:

i) For s > 0 and y € R we first define the event that a subprocess without
immigration, starting at time s with a single particle located in y, leaves a
A*-neighborhood of y during a short time period [s, s + A]:

0 (s,y) 1= { / e (B () du > o} |

Here Bar(y) :== {z € R : |z —y| < A*} is the (closed) A*-neighborhood
of y and B%,(y) denotes its complement. Furthermore recall the notation
z(A) = Zi(jl) 14(z") for configurations x € S and A C R.

ii) Next we consider a configuration x € S and we define the event that there
exist at least one component =¥ of z such that the subprocess go(s’mk) which
starts at time s with one particle located in x* leaves a A*-neighborhood of

4We can think of this process as a BDI with immigration rate ¢ = 0.
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its starting position up to time s + A:

U(z)
A% (s, 2) = laA(57$k) if v = (2',...,2") for a suitable £ > 1,

k=
0 if x is the void configuration ¢.

iii) Finally we consider the process ©*¥ on a time interval [s, t]. For each couple
of (successive) discrete observation times iA, (i + 1)A in [s,t] and for each
component 5P of !5 we consider subtrees of ¢(*% which start at time
1A in <p§2y)”“ and define the event that at least one particle of these subtrees

leaves a A*-neighborhood of %(Zy),k: during the time interval [iA, (i + 1)A]:

[t/A)-1
ARGA, QYY) if s <t — A,

A% ([s,t],y) = i:[sL/{]H
0 if s >t—A.

We are now able to state the main result for branching diffusions ¢*¥ without
immigration which start at time s with one single particle located in y.

Theorem 2.3.1. Let A3 and A4 hold. Then for s,t >0 and y € R

Q (A2([5.1,1)) < T (8) = (),

where the function gy is defined in lemma 2.2.5.

We will divide the proof of this theorem into two steps. In lemma 1.3.1 we have
already seen that the total expected occupation time of a subprocess without
immigration cp(s’y) is given by

E, </OO e~ Jols(1=p))(m) du dt)
0

where 7 is a d-dimensional diffusion (1). Moreover this expression is finite by
assumption A2. Now we will show even more. In the following lemma 2.3.2 we
calculate the expected occupation time of the process ¢*¥)(f) up to a fixed time
t, where f € CZ(R). As a byproduct we get that the expected number of particles
of a subprocess ©*¥) living at time ¢ > s has the upper bound e #(1-2),

In a second step we state a theorem which is the key result for the proof of
theorem 2.3.1: we calculate an upper bound for the probability, that a subtree
of ¢*¥ spanned by a single particle leaves a A*-neighborhood of its starting
position between two successive observation times.
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Lemma 2.3.2. Let assumptions A1, A2 and A3 hold. Then fory € R, f € CZ(R)
andt > s

E(¢02()) = By (f(ne Fi-olmde)

where n = (N )1>s s a diffusion (1) which starts at time s in y.
In particular we obtain for f =1 the upper bound

E (l(gogs’y))) < e E1-R)(t=s)

for the expected number of particles at time t > s, independently of the initial
position y € R.

Proof. Since the process ¢®¥) is a strong Markov process, there is no loss of
generality in assuming s = 0.
First recall that the infinitesimal generator A of the diffusion (1) is given by

d

d pY 5
Af(y 52 505551 W) + 2 b5 fw), yER

i=1

—_

(See for instance [IW89, theorem IV.6.1].)

For any function f € CZ(R) we consider a function f € C2(S) defined by
I(x)

flx) = Z f(@) for x = (2t,...,2'@) € S\{0} and f(0) :=

i=1
With this notation <p(0 )( H=7Ff (gpt ) for any initial configuration = € S.
The Ito formula for f(©®®)) is given by®

Pl - T = | CLOF(0) ds Mg+ M (12)

where L() is the infinitesimal generator of the branching diffusion (without im-
migration) @)

LOf(2) = AF — w1 = p)J)(a), forz €S, (13)

MY is a continuous square integrable local martingale with angle bracket

%y = [ T oaT TR0 s

Apply the Tto formula for continuous semimartingales (see for example theorem 1.4.57 in
[JS87]) to the process between branching events and compensate the jumps, i.e. the branching
events, by the expected number of jumps.
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and M is the purely discontinuous local martingale

ZMTN}( (P5) = Fle? )) /tm(l—p)f(npgo’x)) ds.  (14)

0
Here (T},),>1 denotes the sequence of successive branching times of ¢,

By assumption A3 and by lemma 1.3.1 F((M°),) < oo and thus M€ is a mar-
tingale (see [RY99, corollary 1.25, p. 130]).

On the other hand by assumption A2 and by lemma 1.3.1 the integrand in equa-
tion (14) is integrable and therefore M¢ = (M);>¢ is a martingale too.

Hence

t
My = My o M =T = T — [ LT ds
0
defines a martingale M = (M,);>o with My = 0.

Taking expectation on both sides of (12) we obtain

B (Fe) =T = [ B OF) as. (15

Denoting by (Pt(l))tzo the semi-group corresponding to L") formula (15) can be
rewritten in differential form

9 PUF(w) = POLOT() = 1O POT (). (15)

In the last equation we used the fact, that we may swap generator and semi-group
(see proposition VII.1.2 in [RY99)]).

Next consider (Pt(Q))t>0 defined by P(Z)f( )= E(f( )) for f € CE(R),t >0
and y € R. This deﬁnes a semi-group on CZ(R), since by the Markov property
and by definition of Pt we have

PRI = B (T5))

™)

-5(% E )

k=1

(N0

(S e ()




32 2.3 On the fluctuation of the particles of a BDI

Moreover (Pt(Q))tZO inherits the continuity in zero from (Pt(l))tzo since by definition
Pt(z)f = Pt(l)?‘ for ¢t > 0.
R

Let L denote the infinitesimal generator on CZ(R) corresponding to (Pt(z))tzo.
Then by definition for y € R and f € CZ(R)

L9 f(g) = lim~ (P2 10) - 1)) = lim 7 (POT) = Tw)) = LYT().
Hence (15) implies
O (PP f) = LR f) = (A~ w1~ p)) (P ), (15”)

where f € C(R).

By the theorem of Feynman and Kac (see for instance [Kal02, theorem 24.1]) the
solution of this partial differential equation has the representation

PO f(y) = B, (f() e B ),

where 1 has the Markov generator A under (). This is precisely the first assertion
of the lemma.

Taking again advantage of assumption A2 we get in the special case f =1

E(F(o") = E (z(gpgovy))) ~ B, (effé[ﬁ(lfp)l(m ds) < e-ull-p)
and the proof is complete. O
Theorem 2.3.3. Let A3 and A4 hold. Then for s >0 andy € R

Q(aA<8> y)) < g)\(A)a

independently of the initial position y.
Proof. Since p*¥) is a Markov process we only need to consider the case s = 0. In
a first step we consider a diffusion 7 given by (1) which has y as starting position
under ) and endow 1 with an ’alarm clock’ giving alarm at position dependent

rate K, i.e. we consider an ascending sequence of stopping times 0 < S < S5 < - -
such that for n € N

Q(Sps1 — Sp > 8| Fs,4s) = e Jo tlsusw)de g > (16)

(in other words: we set marks on 7 with position depending rate x; see also section
1.2).
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Next define for n € N events that the diffusion 7 leaves a A*-neighborhood of its
initial position y before A A S,,:

A, ::{ sup e — | >A/\}.

0<u<AAS,

By definition the laws of 7 and ¢(®¥ coincide on [0, S;[ and furthermore the first
branching time T} of ¢(®¥ and the stopping time S; are identically distributed.
We decompose a®(0,%) into the events that the initial particle leaves the neigh-
borhood before S; or afterwards

Qa™(0,y) = Q(AiNa®(0,y)) + Q(A; Na*(0,y))

= QA1) +Q (Af, S1 < A,/S gpi(lo’y) (Bax(y)) du > O)
= (I) + ().

1

Now we will focus on the second term (II). At time S; the process ©(®¥) branches
and releases a random number of descendants (according to the probability law

P(Ns;y) = (Pm(Nsy))me1) corresponding to subprocesses

1 (517775'1)

o ’ 2(p(51ms1)7 3g0(51”751)

g ey

which are independent copies of the subprocess (51s1)
Thus (II) equals to

m A
E 1A§1{51§A} me(nsl) Q (U {/S i(pg‘ShnSl)( CAA(y)) > O}>] .

m#1 i=1

(5'177731)

Since ‘o are identically distributed and independent we get under expec-

tation

> pmlns,) Q (Lmj {/:%f“"sl)(ng(y)) du > 0})

m#1 i=1
= AZ’ (Slms) c
< Y pulns) Y (/ S5 N(y»dwo)
m#1 i=1 S1
A
- p(%)@( /S S5 (BS ()) du>o). (17

By assumption A2 the mean number of descendants p(-) is bounded by 1 and we
obtain

A
(I) < Q (A;,Sl < A,/S P (B (y)) du > o) .
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Summarizing above results we have found that

Q(aA(O,y))SQ(A1)+Q(A§,51§A, | e du>o). 1)

Now we want to iterate these steps. Assume that we have shown (18) already for
sets A,_1 and corresponding stopping times S, 1, n > 2, i.e.

Q(a®(0,y))
A

Sn—ly 1 c
< QU+ @ (A S A [ AT ) dus o).
S,

n—1
Then we have to consider a branching diffusion gp(S”*“”Sn—l) which starts a ti-

me 5,1 with a single particle located in 7ng, ,. As before we study the cases

where this subprocess leaves Bax(y) before or after the first branching event of
(Sn—1ms,,_1)
SO n—1

the stopping time S,, and by the same arguments as above (see (17)) we obtain

c A (Sn—-1ms,_1) c
Q@ Anflws'nfl < A;/S Pu " ( Ax(y)) du >0

n—1

. By construction this branching time has the same distribution as

A
< @(AmAznw(AzmAzl,snSA, P ) du>o)

by replacing at time S,, the descendants of 90(5”*1’”%—1) by a single particle weigh-
ted with the mean number of descendants p(ns, ) which is in fact smaller than 1
by assumption A2.

Since Q(An—1) + Q(ANAS ) = Q(A,) and ASNAS | = AS by definition of the
sets A, (in fact we have A, C A, for n € N) we conclude

A
Q(a*(0,9)) < Q(A) + Q (A;, 508, [ (B )) du> o)
< QA + Q(S, < A) (19)
for n € N.

The boundedness assumption on k in A2 directly implies S,, T oo (recall the
definition of the stopping times S, in (16)) and therefore

A, T { sup |1, — | >A)‘} and Q(S, <A)—0 forn— co.
0<u<A
Taking in (19) the limit n — oo we finally get with lemma 2.2.5
Q0.5 < @ sup Ina 1l > ) < a(a)
0<u<A

which is precisely the assertion of the theorem. O



2.3 On the fluctuation of the particles of a BDI 35

Combining previous results, we can easily show the assertion of theorem 2.3.1:

Proof of theorem 2.3.1. As in the proofs of lemma 2.3.1 and theorem 2.3.2 we
may assume without restriction s = 0. By definition

[t/A]-1
Q(A%(0,,y) = Q| |J A%6A¢R”)
i=[s/A]+1
[t/A]-1 1%V
< Y Q a® (i, pi3"")
i=[s/A]+1 k=1
t/A] 1 l(Lp(Oy))
< > B> Q( (iA, so(oy)k)>
i=[s/A]+1 k=1

Now we may apply theorem 2.3.3 and get

[t/A]l-1 00

QS0 1y) £ Y E(Uel™) aa(a) < DT E (X)) ar(A).

i=[s/A]+1 =0

By lemma 2.3.2 this is smaller or equal to
ie(lp)ﬁZA (A) < ; (A) = Ga(A)
2 gx =71_ 6_(1_/3)5Ag>\ = gx

and the theorem is proven. O

2.3.2 Branching diffusion with immigration

Now we consider the whole process, i.e. a branching diffusion with immigration
¢. Let (7]) denote the sequence of successive immigration times and let (¢]) be
the correspondlng sequence of immigration positions. Then by construction of
the process (see section 1.2.2) (7, (/) builds a multivariate point process

I —
12 <d57 dy) - Z ]l{frj1<oo}€(frj1,g“][)<d87 dy)
j>1
By definition u! is a Poisson random measure on (0,00) x R under @, with

intensity v!(ds,dy) = ¢ dsm(dy) (we refer again to section 1.2.2).

We are interested in the probability, that at least one particle of ¢ leaves a A*-
neighborhood between successive observation times (as described in section 2.1).
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In analogy to A% ([s,t],y) defined in the last section we define the desired event
corresponding to a branching diffusion with immigration ¢ by

U(z)

AR (x) = JA%([0,7],2")u |JA%(7].T].¢). (20)
i=1 j>1
where = (2!, ..., 2!®) € S is the initial configuration of .5

Theorem 2.3.4. Consider a branching diffusion with immigration @ with initial
configuration x € S. Under assumptions A3 and A4 the inequality

Q (Af(@)) < () +c-T) - 5a(A)

holds for A > 0, where the function gy is defined in theorem 2.5.1.

Proof. We first separate the sets depending on the immigrating particles from
the other sets

I(x)
Q(AZ(@) <Y Q (A0, 1],4") +Q (U A% ([}, 71, Cf)) - (2

The first term of the sum on the right hand side of (21) consists only of sets
depending on branching diffusions without immigration, though we can apply
theorem 2.3.1 and get

I(z)
Q (A2([0,T),2%)) <l(z) - A (D). (22)

Next we consider the second term on the right hand side of (21).

Q(UAA([TilvT]vgiI)> S ZQ(AAGTZI,T],C{)

ieN i€EN

— E(/R/OTQ(AA([t,T],z))M(dt,dz)).

Now ! is compensated by v, hence [, fOT Q (A2([t,T],2)) (' —v')(dt, dz) has
expectation zero and we have

E (/ /TQ (A2([t, T, 2)) M(dt,dz))
—E(// Q (A2([t.T],2)) c ds 7(dz ))

SNote that A2([r],T],¢]) N {r] > T} = 0 by definition of the sets A% ([s,t],y).
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with v/ (ds, dz) = ¢ dsm(dz).

An application of theorem 2.3.1 gives us the upper bound
T
E (/ / Q (A2 (1,71, 2)) e ds ﬂ(dz)) < T 7(R) - Ga(A) = T~ Ga(A). (23)
R JO
Combining (22) and (23) we obtain

Q (AR(@) < (I) + ¢ 7)) au(A),

which is our assertion. O
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2.4 Partial reconstruction

As we have suggested in section 2.1 we want to reconstruct (at least parts of)
the trajectory of a discretely observed branching diffusion with immigration by
assigning to each component of an observation certain candidates of descendants
in the succeeding observation.

In section 2.4.1 below we define a partial reconstruction rule which is easy to
implement (simulations will be presented later in sections 2.5 and 3.5) and which
formalizes the heuristics of section 2.1.

In section 2.4.2 we study the asymptotics of the error of this rule.

2.4.1 Notation and definition of the partial reconstruction rule

For each configuration ¢(41)a, @ € No, we consider the decomposition

Upin)
d (1A 08L)
Pe+1)A = U @(iﬂff U ‘P{Hl)Aa (24)
k=1
N
where gogﬁ’f;f) has the same law as the subconfiguration of ¢(;;.1)a containing the

1
(i4+1)
descending from immigrants born during the time interval iA, (i + 1)A].” In the

progeny of a component y of p;a and in ¢y, ;4 We collect all particles of Y(;41)a

case that there were no immigrants we set !, := 0.

Furthermore for € > 0 consider sets

Se:={zeS:l(z)>2,3i#jin{l,...,I1(x)} such that ’xi—xj} <e}
D.:= 5\ 5.

and
So = lin%S6 ={zeS:l(z)>2,3i#jin{l,...,l(x)} such that 2’ = 2/}
Then S, contains all configurations where at least one particle has a neighbor

at distance of less than A%, D, is the complement of S. and S is the subset of
configurations where at least two particles occupy the same position in space.

TOf course we could also decompose ¢!, into the progeny of single particles immigrated in
JiA, (i + 1)A] (there can be more than one immigrant in [iA, (i + 1)A]), but for our purposes
it is sufficient to consider only ¢/, .
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As mentioned in section 2.1 we assume that we are able to observe ;o only in

form of the corresponding point measure ) _,~ (%A v . In particular we have no

%‘A
information about the pedigree of the partlcles and hence the subconfigurations

corresponding to gp& . fm) are not observable.

Recall that we denote by (3;a € S the observations of the branching diffusion with
immigration , more precisely ;o is an arbitrary arrangement of the support of
v, 1=0,...,[T/Al

Pin
For convenience we deﬁne for z,y € S the equivalence relation

the point measure )~ (%A) €

l(x) = l(y) and there exists a permutation 7
=
vy of {1,...,l(x)} such that =(z) = y.
With this notation f;a =, pia for all i € {0,..., [T/Al}.
(iA,BF

(+1)A
vation B(41)a. Our proposal for such an approximation is given by the following

The problem will be to find an approximation for ¢ i) hased on the obser-

‘partial reconstruction rule’.

Partial reconstruction rule 2.4.1.
Consider observations Bin of a BDI ¢, i € {0,...,[T/A] —1}.

i) If Bin € Dypr define

[iA, 61 ] m
ﬁ(z—i—l y = {ﬁ(erl A € ﬁ(z+1)A ’5(z’+1)A - fA’ < AA}
= Basna N Bar(B)

fork=1,...l(Bia) and

l(ﬁzA) [ A ﬁ
ﬁ(IiJrl)A = Brna \ ( U ﬁ(z+1)f )
i) If Bin € Soar we don not assign any observation to Bia.

Loosely speaking rule 2.4.1 works as follows: For every component (% of £;a
we consider a A*-neighborhood of 3% . In the case that there is at least one
couple of neighborhoods which have a nonempty intersection we will not define
approximations of the subconfigurations gogi’lf%) from (24) in the hope that this
case will not occur very often (we will study this topic later in section 2.4.2).

In the case that all these neighborhoods have a mutually empty intersection, we

collect for each component 3%, of B3ia all particles of the succeeding observation
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Bi+1a which are contained in the corresponding neighborhood Bax( k) and
treat them as possible candidates of descendants of (3£, .

Since particles will not leave a A*-neighborhood on a set with a high probability
(which has the lower bound 1 — §\(A) as we have seen in theorem 2.3.4) above
rule seems to be a very natural choice.

Remark 2.4.2.

a) First we have to justify why we do not assign observa-
tions whenever G;a € S\Dyar = Soar. In this case there
could be indices k, k" € {1,...,1(Bia)},k # K, such that
Bi+1)a has a Component which is contained in both neigh-
borhoods Bax(fF,) and Bax(85) (red dot in the sketch
on the left hand side). The component in the intersection

= <2a? —

of the neighborhoods could be an observation of a descen-
dant either of 3% or of ¥ and even on (AZL)¢ we just can
guess which assignment could be the right one. For that

reason we prefer not to use observations F;a € Sya» and it
A— remains to show that (asymptotically) we won’t loose too

much data (see theorem 2.4.4.iii for results on this topic).

b) Secondly we have to calculate the intrinsic error of rule
2.4.1. Of course the subprocess starting in 3F, can leave
its A*-neighborhood. But as we have seen in theorem 2.3.3
this event will occur only with a probability of order g,(A).
There is an other source of error which is worse: new par-
ticles may immigrate between iA and (1 4+ 1)A and may
choose their position that close to 8, that they add an
observation to (3 ﬁlk] (trajectory with the red dot in the
—A— sketch on the left hand side). This problem is the topic of

theorem 2.4.4.i and 2.4.4.ii in the following section 2.4.2.

c) It is possible to define more sophisticated versions of rule 2.4.1 which use more
data. For example we could define for observations 3;a € Syax the subset of "good
components’

GBia) = { Ba € Bia t [Bla = Bia| > 280 K £k} C Ba,  (29)

i.e. all components of 3;A which have no neighbor closer than 2A*, and assign to

A,BEA]
(i+1)A

does not improve the asymptotic behav1or of the rule because we improve our

each 8%, € G(Bia) an approximation 6 as in rule 2.4.1. But this refinement
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rule only for a negligible part of observations (the quota of observations contained
in Soaxr converges to zero for A | 0 as we will see in theorem 2.4.4.iii). In our
simulations (see sections 2.5 and 3.5) we will use the finer version of the recon-
struction rule (which uses the ‘good components’ as described above) in order to
use the capacities of the computer more efficiently.

2.4.2 Asymptotics of the partial reconstruction rule

Now we turn to study the asymptotic error of rule 2.4.1, A | 0. During the whole
section we assume that the particle process ¢ starts in the invariant measure m
on S.

Furthermore we need the following strong assumption:

Assumption A5. The invariant measure m on S admits a density with respect
to the Lebesgue measure on S.®

Remark 2.4.3. a) Assumption A5 is indeed a strong assumption, because we
are not able to verify the existence of a Lebesgue density by our observations.
Nevertheless we already mentioned in section 1.3.2 that in a more simple model
the density of the invariant measure m exists (under additional assumptions) and
there is no reason why the density should not exist in our general setting.

b) Since Sy is a countable union of hyperplanes in S which have Lebesgue measure
0 we directly conclude that under assumption A5 Sy is a m-nullset.

We are interested in the asymptotic behavior of the following objects. First consi-
der the quota of observations where the partial reconstruction rule decided wrong:

1 (T/A]-1 1(Bin)
AT
Qorr = ]lD ﬁz’A 1 in,pk in, Bk
nT A 2 e ) L Mg, ey

and secondly we are interested in the quota of observations with ’'close’ com-
ponents, i.e. the quota of observations contained in Soax:

(T/A]-1

ar._ 1
el -—m Z s, (Bia)-

1=0

We have the following theorem:

8The Lebesgue measure N on S is the usual Lebesgue measure N on every layer R¢ of S,
¢>1, and on R? = {§} it is defined as the Dirac measure .



42 2.4 Partial reconstruction

Theorem 2.4.4. Let assumptions A1 to A5 hold and let X € (0, 3).
i) Forie{0,1,...,[T/A] =1} and k € {1,...,1(Bia)} we have
[iA, (A,
]lDQAA (ﬁzA) Qm ( {ﬁ H_fm 7ép Z+1IBZA }’ EA)

< 1p,,,(Bia)[e- A+1(Bia)gr(A)],

where ¢ is the (constant) immigration rate and the function gx(-) is defined
n lemma 2.2.5.

i) Assume that [¢1*(x) m(dx) < co. Then the expected quota of observations
where the partial reconstruction rule decides wrong is of order O (A), i.e.

En(g’) =0(A)  for A]O0.

Under the additional assumption that the immigration law 7™ has a conti-
nuous and bounded Lebesgue density we have

Em(qﬁr}T) =0 (AHd’\) for A | 0.
where d 1s the dimension of R.

iii) The quota of observations 3 with ’close’ components up to time T

1 [T/A]-1
AT
qc] [T/A] ; ]]'SQAX (ﬁzA)-

converges in Q,-probability to zero for A | 0.

Remark 2.4.5. a) Theorem 2.4.4.i corresponds to what we have already mentio-
ned in remark 2.4.2.b. The leading part of the error (c-A) comes from immigrating
particles whereas the probability that one of the other particles causes an error of
the partial reconstruction rule is of order g)(A). In the (hypothetical) case that
we have no immigration, the rate would be of order O (gA(A)).

b) We have no rate of convergence for the quota of unused observations (theo-
rem 2.4.4.iii). The reason for this problem is the following: even if there exist a
density of m with respect to the Lebesgue measure, this density is in general not
bounded. The situation is even worse, because the density of m takes in general
the value +00 on Sy = lim, | S: (see section 1.3.2 for the references). Hence there
are no trivial arguments to find a rate of convergence for m(S.) when ¢ | 0. Ne-
vertheless we will present simulations in section 2.5 which suggest that the quota
decreases fast enough for application.

c¢) The assertions of theorem 2.4.4 remain true if we use the finer version of the
partial reconstruction rule described in remark 2.4.2.c.
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Proof. a) We first prove assertion i) of theorem 2.4.4.

Conditioning on the event that a particle of ¢ leaves a A*-neighborhood between
iA and (i + 1)A (this is exactly the event A (iA, 3ia) in the notation introduced
in section 2.3.1) we obtain

i ()0 ({0 5 0200 72

Lp, (Bia) - @ ({85051 A0 wlinh) } 1 (ARGA, Bia))| Fia )

+1p,,, (Bia) - Q (A2(iA, Bin)) - (26)
By theorem 2.3.3

A/\ —~—

l(ﬁzA)

Q (A%(iA, Bia)) Z Q(a™(iA, Bix)) < UBia) - gA(A). (27)

Next consider the first summand on the right hand side of (26).

On (A2(iA, B;a))¢ all particles of @(2Fis) stay in their A*-neighborhoods and

hence SOEZ DA Pin) C ﬁ([ﬁlﬁm by definition of ﬁ m].

Using the decomposition (24) we conclude that for F;a € Dyax

Qm ({ ([ﬁfm #p EﬁflA }ﬂ (AA(ZA,@'A))C‘ fm)

= Un ({ ﬁlﬁ (U 90(z+1 av S%+1)A> # @} N (A2(A, Bia))

kK

)

iA,B; . c
= Qu ({AETR" N elia # 0} N(A2GA, Ba))| Fia)
The last step holds since for G;ao € Dyar we have

A8 ~  (A,85) iABE] ~  (ABE) : "\Ye
Birna N PunA N (A2(A, Bia)) C Bina NPurna N (a®(A, BiA)) =0
for k # k'

Now let 72 denote the first immigration time after {A and ¢** the corresponding
position of the immigrating particle. Then

Om ({AE212 0 Pl %VJ}H(A%A Bia))Y| Fia)
< Qu ({HENE neha” #0) n{r® <G+ DAY Fa) . (29

Since immigration occurs with constant rate ¢ > 0 (independent of all other
events)

Qn ({ALER NPT 0} 0 <+ DAY Fa) < er
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and the first assertion of the theorem follows with (26) and (27).

b) Now we will show assertion ii). Assume that [¢1*(x) m(dz) < oo
Then by (27) and (28)

En(anh)
] [T/A]-1 1(Bin)
= —kbn Ip, ., (Bia) Tey i
A | 2 T () 2 T o)
1 [T/A]-1 1(Bin) R R
= mEm Z ]'DQAA BZA Z Qm < (i+1)A ZA #p Z+1 ZA fZA)
] [T/A]-1 1(Bin)
< mEm Z Ip,,,(Bia) Z [Qm (Zia| Fin) +1UBia)gr(D)] |
i=0 k=1
where

[ZA 61 ] TzA zA i .
Zip = {ﬁ(z-i-l)AA EH—l)CA # Q)} N{r® < (i + 1A}
Consider the cases that the immigrating particle chooses its position in a 2A*-
neighborhood of 3%, or not. Then

Qm (Zia| Fia)
< Qn <{ﬁﬁ£m} Ny Zﬁ £ # @} N {Cm & Bopr (Bin }‘ zA)
+Qum ({72 < (1 + DAY N {™® € Boan(BIA) } Fia) - (29)
Now
(B o 8D # 0} 0 {0 ¢ Bann (813))
(+npa
c { / e (BaC)) ds > 0}
C a®(iA, (")
and therefore we get with theorem 2.3.3
On ({AE1R eI 0} 0 {C € Bann (B} Fis ) < r(). (30)

Since immigrating particles choose their position in space independently of their
birth time we get moreover

Qm ({TZA <(i+1)A}N {Cm € BzN(ﬁfA)}‘ Fia)
(i+1)A A
_ / ce=i) g / Ly, o (@) m(dn)
) R n

A
< A m(Boar(B))-
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Now trivially m(Byax(8)) < 1 (since 7 is a probability on R), but if we assume
additionally that 7 has a bounded Lebesgue density then 7(Baoax (65)) < K-A%,
where K is a suitable positive constant.

Hence
Qm ({72 < (i + DAY N {™® € Boar(Bia)}| Fia) < cA-K™(A),  (31)
where K™(A) := 1 in the case that we pose no further assumptions on 7 and

K™(A) := K - A® in the case that 7 has a bounded density.
Combining (31) and (30) we get with (29)°
Qm (ZI\| Fin) = O(A - K™(A)) + O (ga(A) = O (A- K™(A))  for A 0.

Finally by the invariance property of m

En(gpy)
1 (T/A]-1 1(Bin)
— 7Em ]-D /G’LA i k %
e R R [ ery

1 [T/A]-11(Bia)

MEM ; Z O (A - K™(A)) 4+ 1(Bin)ga(A)]

IA

= O(A- K“(A))/Sl(a:) m(dx) + gr(A) /Sl2<l’) m(dz).

Since fS m(dx) = m(R) < oo by property P3 (see section 1.2.3) and
| s I*(x ) < oo by assumption

O(A - K™(A)) / I(z) m(dz) + ga(A) /S 2(z) m(dz) = O (A - K™(A))

s
for A | 0 and assertion ii) follows directly with the definition of K™(A).

c¢) It remains to prove assertion iii). By the invariance property of m we have
[T/A]-1

( AT) ! Z Qm ﬁ,A c SQA)\) = m(SQA)\).

Qe )= 1174

Now Sy converges to Sy for A to 0 and Sy is a union of hyperplanes in S which
have Lebesgue measure 0. Hence by assumption A5
m(Shar) =5 m(Sy) =0

and the proof is finished. O

9Note that gx(A) decreases much faster to zero than any power of A.
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2.5 Simulations

In this section we present simulations which give a glance on the effectiveness
of the partial reconstruction rule 2.4.1 in practice. The simulations were done
with the R-package!® 'BDI’ (a link to a download of the package is given in the
references; see [Bra04]). This program simulates trajectories of a BDI ¢ where
the particles of ¢ are living in the one-dimensional space R.

There are two reasons for choosing dimension d = 1. First there is less effort (in
form of computational capacities) needed to simulate a BDI in the case that the
particles move according to one-dimensional diffusions. Secondly, which is in fact
the more important reason, the case d = 1 is the hardest case for reconstruction
since in dimension d = 1 the particles have more possibilities to get close to each
other (see theorem 2.4.4.ii for the corresponding theoretical result).

We have chosen the following set of parameters for the simulation:!!

Drift function b(z) = 0

Diffusion coefficient o*(x) = cos(m-x)+ 3

Killing rate k) = 1

Immigration rate c =1

Reproduction law pr(z) = (lﬁ)k e 12 k=0,2,3,...
Simulation step width sw = 0.00005

Time horizon T = 5

Remark 2.5.1. There is no loss of generality in choosing a constant drift function
b and a constant killing rate x since these functions are assumed to be bounded
functions (assumptions A2 and A4). Even if the diffusion coefficient ¢ is also
assumed to be bounded (assumption A3) we have chosen a smooth function since
we want to estimate this function later in section 3 (simulations of the estimator

will be presented in section 3.5).

Figure 1 shows the simulated trajectory of the BDI on the interval [0, 5] with
above parameters. The green dots denote the branching events (with 2 or more
descendants), the red dots denote the immigrations and the blue dots denote

10°R’ is an open source project which provides a commandline based statistical software. See
"http://www.r-project.org’ for more information.

"Note that the reproduction law (pk(-))k1 defined above has expectation 1.2 —e™12 < 1.
In particular all parameters are such that assumptions Al to A5 are fulfilled.
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the killings (i.e. branching events where no descendant is born). In this exam-
ple we had 23 killings, 16 branchings with more than one descendant and 10

immigrations.
Figure 1: Full trajectory of the BDI
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? - s
T T T T T T
0 1 2 3 4 5

time
Branchings: 16 Killings: 23 Immigrations: 10 Mean number desc.: 0.95 Step width: 5e-05

In order to show the mechanism of the reconstruction rule we first have a look at
the discrete observations for a big step width A = 0.1 (black dots in figure 2).

Figure 2: Discrete Observations for A = 0.1
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In figure 3 we added for parameter A\ = 0.4 the A*-neighborhoods corresponding
to the discrete observations (green bells) and we draw the reconstructed parts
of the trajectory (solid black lines). As mentioned in remark 2.4.2.c we applied
the reconstruction rule not only on observations ;o € Dyar, but also on the
components G € G(B;a) (in the notation of remark 2.4.2.c theses are the 'good’
components of @A which have no ’close’ neighbor). As we can see, the step width
A = 0.1 is by far too big to obtain a satisfactory result.
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Figure 3: Partial reconstruction for A = 0.1 and A =0.4
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In the following figures 4 to 15 we plotted the reconstructed trajectories for a finer
step width (A € {0.01,0.005,0.001}) and for different values of the parameter A
(we have chosen A\ € {0.25,0.33,0.40,0.49}).

Tables 1 to 3 recapitulate the results of these reconstructions.

Table 1: Used data in %

A
0.25 033 040 049
0.01 | 19.70 27.79 33.71 42.32
A 0.005 | 23.49 3258 39.14 49.19
0.001 | 31.92 42,50 52.76 64.17

Table 2: Misidentified Observations in %

A
025 033 040 049
0.01 | 0.179 0.205 0.538 2.382
A 0.005 [ 0.090 0.115 0.294 2.343
0.001 | 0.018 0.018 0.084 2.708

In table 1 we calculated the quota of ’good’ components 3%, € G(Bia) (‘used
data in %’). This expression corresponds to 1 — gq in theorem 2.4.4.iii. As we
can see this quota increases for decreasing A and for every choice of A\. Moreover
we observe that the quota of used data increases if we choose smaller bells (or
equivalently a bigger value of \). But for this gain we loose accuracy of the
reconstruction as we will see in the following paragraph.
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Table 3: Observations which left bells in %

A
025 033 040 0.49
0.01 0.00 0.08 0.72 3.92
A 0.005 | 0.00 0.05 0.40 3.53
0.001 0.00 0.00 0.11 3.17

In table 2 we calculated the quota of components where the reconstruction rule
decided wrong (this expression corresponds to ¢y, in theorem 2.4.4.i and ii). The
bigger we choose A, the more errors occur. On the other hand we observe that for
A =0.25 A =0.33 and A = 0.40 the quota of misidentified observations decreases
for A getting smaller. This is exactly what we expect with respect to theorem
2.4.4.ii. But for A = 0.49 we cannot affirm the same phenomenon. The reason for
that can be explained by the results presented in table 3.

In table 3 we calculated the quota of components (3F where the corresponding
subprocess p(28ia) left the A*-neighborhood of its starting position in the short
time interval [iA, (i + 1)A] (these events correspond to the events a®(iA, 8% ) in
the notation of section 2.3). We can see that for A < 0.40 the asymptotics for the
quota of observations which left their bell already ’burned in’, but for A\ = 0.49
the convergence for A | 0 has not yet started.

Now recall the assertion of theorem 2.4.4.i. There we calculated the intrinsic error
of the reconstruction rule 2.4.1 and we have seen that there are two sources of
errors which may cause misidentifications: immigrating particles and situations
where particles left their A*-neighborhoods (see also remark 2.4.2.a and b). If we
turn our attention again to our example we notice that for A = 0.49 the error
caused by particles which left their bells is much bigger than the error caused
by immigrating particles (which has the upper bound ¢- A according to theorem
2.4.4.1). This explains why the quota of misidindentified observations does not
decrease linearly in A in the case A\ = 0.49.

Summarizing above remarks we see that there is a tradeoff between the quota of
reconstructed observations and the accuracy of the reconstruction. A good value
of X\ seems to be A = 0.33.
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Figure 4: Partial reconstruction for A = 0.01 and A = 0.25
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Figure 5: Partial reconstruction for A = 0.005 and A = 0.25
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Figure 6: Partial reconstruction for A = 0.001 and A = 0.25
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Figure 7: Partial reconstruction for A = 0.01 and A = 0.33
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Figure 8: Partial reconstruction for A = 0.005 and A = 0.33
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Figure 9: Partial reconstruction for A = 0.001 and A = 0.33
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Figure 10: Partial reconstruction for A = 0.01 and A = 0.4
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Figure 11: Partial reconstruction for A = 0.005 and A = 0.4
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Figure 12: Partial reconstruction for A = 0.001 and A\ = 0.4

{
)
;
£ )’.
<
{

o

time
52.76 % reconstr., 0.11 % left bells 0.084 % misident. Delta= 0.001 lambda = 0.4



2.5 Simulations 53

BDI

BDI

BDI

Figure 13: Partial reconstruction for A = 0.01 and A = 0.49
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Figure 14: Partial reconstruction for A = 0.005 and A = 0.49
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Figure 15: Partial reconstruction for A = 0.001 and A = 0.49
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3 Nonparametric estimation of the diffusion co-
efficient

In this section we want to show how the partial reconstruction rule 2.4.1 fits into
statistical applications. For that we consider the statistical problem of estimating
the unknown diffusion coefficient o2 of a BDI from discrete data. Section 3.1
provides a short review of results concerning estimation of the diffusion coefficient
in the case that we observe an one-dimensional diffusion discretely in time.

In section 3.2 we present a nonparametric estimator for the diffusion coefficient
based on discrete observations ;5 of a branching diffusion with immigration ¢
on a fixed time interval [0, 7.

Consistency of the estimator is shown in section 3.3 and moreover we are able to
prove a rate of convergence in section 3.4.

Finally we present simulations of the estimator in section 3.5.

For the whole section we have the following assumptions:

General assumptions for section 3: We consider the case d = 1, i.e. the
particles of the BDI move according to one-dimensional diffusions (1).
Furthermore we assume assumptions Al to A5 to be true.

Remark 3.0.2. The restriction to d = 1 is a natural assumption in statistical
problems concerning discretely observed diffusions since in dimensions d > 2 the
occupation time of the diffusion in certain region may be very small or even zero.
In that case kernel estimates do not make sense any longer.

3.1 The case of an one-dimensional diffusion

Estimation of the diffusion coefficient from discrete data is a well studied problem
in the case that we observe a one-dimensional diffusion. An overview of the dif-
ferent statistical settings (parametric versus nonparametric estimation, constant
step widths versus decreasing step widths, etc.) can be found in the preprint of
Jacod [Jac01].

For results on the parametric case with constant step width A (i.e. observations
are taken at times t; = iA, i = 0,...,n, A > 0 fixed and n — o00) we refer
to the papers of Kessler ([Kes97], [Kes00]) and Kessler/Sgrensen [KS99] where
the estimation via martingale estimation functions is considered. We also want
to mention the paper of Kessler/Paredes [KP02] where computational aspects
related to martingale estimation functions are discussed.
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For results on the parametric case with decreasing step width (i.e. observations
are taken at times t; = %, i =0,...,n and n — oo) we refer to the papers of

Dohnal [Doh87] and Genon-Catalot/Jacod [GCJ94].

Good references for the nonparametric case are the papers of Jacod ([Jac9§]
and [Jac00]) and the papers of Dacunha/Florens-Zmirou [DCFZ86] and Florens-
Zmirou [FZ93].

Here we focus on the nonparametric case. In particular we want to have a closer
look at the Nadaraya-Watson estimator for the diffusion coefficient of an one-
dimensional ergodic diffusion, introduced in this context the first time by Florens-
Zmirou in [FZ93].

For that let 7 = (1;);>0 denote a one-dimensional diffusion with drift b € CZ(R)
and diffusion coefficient o € C3(R). Then an estimator for o? (based on observa-
tions at discrete times iA, i =0,...,[T/A]) is given by

(/A1 4 O [reena-—mal?
5 Zi:O Biy () (i) N
gala) = (32)
A /A1
> =0 By (a) (M)

where ha is a sequence of positive numbers with limagha = 0 and By, (a) :=
{y e R: |y —a|l < ha}is a ha-neighborhood of a € R.

Combining proposition 4 and theorem 1’ in [FZ93] we have the following result.

Theorem 3.1.1. If ha is such that A=*h}\ tends to zero, then 63 (a) is a consi-
stent estimator for o*(a).
If moreover A7YhY tends to zero, then

Ve (36

converges in distribution to Ly(a)~2Z, where Ly(a) denotes the local time of n

and Z is a standard normal variable independent of Ly(a).

Note that this estimator is optimal in the minimax sense under square-error loss
for Lipschitz continuous diffusion coefficients (we refer to the paper of Hoffmann
[Hof01] where nonparametric estimators for the diffusion coefficient are compared
with parametric estimators).
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3.2 Definition of the estimator

Thanks to the partial reconstruction rule 2.4.1 we are able to identify coherent
parts of the trajectories of the BDI and we will construct an estimator by applying
on each part an estimator of type (32). This leads to the following definition.

Definition 3.2.1. Fora € R, A € (0, %) and any sequence ha of positive real
numbers with lima o ha = 0 we set

L3 (a) := TN Z 1p,,, (Bia)Bia(Bra(a))
i=0
and
) A [T/A]-1 1(Bin) . R
Sﬁ(a,ﬁ) = % Z Ip,,, (Bia) Z lBhA(a)<ﬁfA)[< fAvﬁ(Hi)K )>v
=0 k=1

where I(-,-) is a function from R x S to R defined by

fory € R and x € S with l[(z) > 1.
If x is the void configuration we set I(y,d) := 0 by convention.

Then our estimator for the diffusion coefficient 0% evalued at a € R is given by

. Sp
O-QA(a7 ﬁ) = [A; EZi l{ﬁ%(a)>s} )

where € > 0 can be chosen arbitrary small.

Remark 3.2.2. a) The estimator works as follows: i%(a) defines a discrete local
time of ¢ in a € R up to time 7" and S%(a, () can be interpreted as quadratic
increments of ¢ integrated with respect to the discrete local time ﬁ%(a). Hence
64 (a, 3) has the same structure as the estimator for the diffusion coefficient of a
one-dimensional diffusion presented in section 3.1.

b) Note that in practice one would use a finer version of the estimator defined
above, which uses not only observations G;a € Dyax but also the 'good’ com-
ponents 3, € G(Bia) where G(B;a) is the subconfiguration of B;a where all
components have no neighbor in a 2A*-neighborhood (see (25) for the definition
of G(fB;a) and remark 2.4.2.c for further explanations). As the reader will easily
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check, all results of the following sections remain true if we use the finer version
of the estimator.

c) Note that the estimator 63 (a, 3) depends on two parameters: first we have to

1
2
condly we have to choose the bandwidth ha. We will discuss in section 3.5 which

choose the parameter A € (0, 5) which determines the size of the ’bells’ and se-

choice of A and ha will lead to good results.

d) There is no restriction in defining the estimator only on the set {L£(a) > ¢}
since on the complement {L2(a) < £} the process has visited a small neighbor-
hood of a only for a very short time (depending on the arbitrary small €) and in
this situation the estimator 6% (a, 3) does not make sense any longer.
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3.3 Consistency of the estimator

We will show the consistency of the estimator in three steps. First we restrict
ourself to the simpler case where we are able to observe not only the positions
of the particles, but the whole trajectory of the BDI ¢. Then we do not need to
apply the partial reconstruction rule and we will show that a simpler estimator,

which uses all available data, attains a rate of convergence of order y/Ahx'.

In the second step we compare this estimator with an estimator which uses only
the 'good’ observations 3;ao € Dyax, still under the assumption that we are able
to observe the whole trajectory of our process.

In the last step we abandon the (hypothetical) assumption that we have all in-
formation about our process and consider the original problem stated in section
2.1.

Before we are going into detail we introduce in the next section the local time of
a branching diffusion with immigration.

3.3.1 Local time of the BDI

Consider a decomposition of a trajectory of a BDI ¢ into trajectories of the single
particles of the process. Let n? denote the trajectory of the p-th particle of ¢ and
let B, denote its birth time, D, its death time, p € N.

Then (by construction of the branching diffusion) 7? is a one-dimensional diffusion
on [B,, D,[ with drift b and diffusion coefficient o.

On the set | — oo, B,] U [D,, 0] the trajectory of n” is constant equal to §
(cementary).

Each process n* has its own local time in a € R, denoted by (L} (a));>0, which
is an increasing process on [B,, D,[ (for an introduction to local times see for
example [RY99, chapter VI| ). On | — oo, B,] the local time LP(a) is constant
equal to 0 and on [D,, oo the local time remains constant at level L, _(a).

Since local times are additive we may define a local time of ¢ by summing up
the local times of its particles.

Definition 3.3.1. The local time of a branching diffusion with immigration ¢ at
position a € R is given by

LY (a) =) LP(a), t>0.

peN
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Remark 3.3.2. By theorem 1.2.2 assumptions Al and A2 are sufficient for pro-
perty P1, i.e. there is no accumulation of jumps in finite time. In particular there
are a.s. only finitely many branching or immigration events in finite time and at
each branching event there are only a.s. finitely many particles born (the repro-
duction law has bounded first moments by assumption A2). Hence the sum over
p in above definition of LBP! is almost sure finite.

3.3.2 Estimator under knowledge of the whole trajectory

We first consider the case where we are able to observe not only the positions of
the particles, but the whole trajectory of ¢ on the time interval [0, T].

Then there is no need to use a partial reconstruction rule and we may use all
available discrete observations.

We define a simpler version of the estimator 63 (a, 3) presented in definition 3.2.1

by setting
A [T/A]-1
L7 (a) = TN ; vin(Bna(a))
and

- A [T/A]-1 Upin) X R
SIA“<0’> 80) = % Z Z ﬂBhA(a)<<p?A>[<90§Av (:O(H_f)aiAA )
i=0 k=1
for a € R and ha such that ha | 0 for A | 0, where _f(, -) is given in definition
3.2.1, and finally

2 F? a,
oala,¢) = ﬁ- (33)

By convention we set 2 := 0. (Note that fﬁ(a) = 0 implies gﬁ(a, ¢) = 0 by

definition of Z?(a) and ?ﬁ(a, ©).)

Before we state the main theorem of this section, we collect some additional
assumptions we will need for a proof of this theorem.

Consider the Campbell measure m* associated to the invariant measure m on S,
le.
me(A x F) i / 2(A)1p(z) m(dz) for Ac B(R),F € S.
S
Since (S, S) is a Polish space (see [L599, 3.7, p. 15]) we may disintegrate m® and
obtain
m*(dy, dz) = m(dy)m*(y, dz),
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where m? is the so called palm kernel corresponding to m¢ (see [Kal02]). Note
that the first marginal of m¢ coincides with the occupation time measure m since
by definition m(A) = [, z(A) m(dx).

The palm kernel m? can be interpreted in the following way: mP?(y, -) is the law of
¢ in a stationary state under the condition that one component of ¢, is located
iny € R.

Our additional assumptions are the following:

Assumption A6.

i) The invariant measure m on S fulfills

/ I(x)* m(dzr) < oco.

R

ii) The Palm Kernel m? fulfills
sup/ [(z) mP(y,dx) < o0
yeA Js

for any compact set A C R.

iii) Suppose that there is an € > 0 such that

y— B (1))
is a bounded function.

iv) m has a continuous and bounded density with respect to the Lebesgue
measure on R.

Remark 3.3.3. Assumption A6.i and assumption A6.ii are mainly technical
assumptions. In particular assumption A6.ii claims that there is no clustering of
particles conditioned on the event that one particle is located in a given compact
set A. Furthermore recall that we already have presented sufficient conditions
for assumption A6.iv in section 1.3.1 and finally note that assumption A6.iii is
trivially fulfilled in the case that p(:) has uniformly finite support, i.e. there is a
N € N with pg(z) =0 for all £ > N and for all z € R.

Theorem 3.3.4. Let assumption A6 hold. If ha is such that Ahx*log(A) — 0
for A | 0 then 334 (a, ) is a consistent estimator for o*(a).
Moreover we are able to give a rate of convergence. We have

B ‘\/% (e - )

2

I;>0]=0@1) forAlo.
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We split the proof of this theorem into two parts. First we show in lemma 3.3.5
—A .

that L, (a) converges Q,-a.s. to the local time LFP(a).

After that we propose a technical lemma (lemma 3.3.6) which allows us to show

the L2-boundedness of /% (ST(a ©) —o?(a )Z?(a)) (lemma 3.3.7 below).

Combining lemma 3.3.5 and lemma 3.3.7, theorem 3.3.4 follows immediately.

Lemma 3.3.5. If Ah *log A — 0 for A | 0 then for T >0 and a € R
La(a) — LEPY(a)  Qm-a.s.

for A ] 0.

Proof. Consider a decomposition of ¢ into a union of single particles (n?)yen
moving according to (1) as described in section 3.3.1. Rearranging the summands
of Ly (a) gives us the representation

[DPAT/A]

:—Z Z lBhA nZA

pEN i=[BP/A]

Now by proposition 2 in [FZ93] (under the assumption that Ah?log A — 0) for
each p with BP < T

[DPAT/A]

Z ﬂBhA(a)(an)—)LI}(a) Qm-a.s.

ha ol

for A | 0.

As mentioned in remark 3.3.2 the sum over p is @),,-a.s. finite, hence

Lr(a) — > Li(a) = L¥P(a) Queas.

for A | 0, which is the assertion. O

Lemma 3.3.6. Let assumption A6 hold. Then fory € R
) E <I(y so(Ay))) =o’(y)+0 (VK) for A 10O

and

i) E ([f(y gogoy))} ) —0@1) forAloO.
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Proof. a) We first show 1i).
Recall that by definition of the function I (,9)

E(1,08") = B (487 (871 =)

By lemma 2.3.2 the semi-group of ¢®% coincides on C?(R) with the semi-group
of a diffusion 7 given by (1), killed at position dependent rate x(-)(1 — p(-)).
Moreover the 'mass reduction rate’ x(-)(1 — p(+)) is a bounded function by as-
sumption A2, thus

E (o8 (A7 - y)?)

1
= L <Z(77A - no)Qe_foA[“(l—p)](ns) ds)
1
= E, <Z(77A - no)2) -(14+0(A))  for A |O0. (34)

Now we will show that E, (1 (na —m)?) = o*(m0) + O (\/Z) for A | 0.
By (1)

By (50 = mP) = ¥

< (s ([ 0] ) (5] o) ([ )
E, <% (/OA (ns) dWs)2> — (1)

Since the drift function b is assumed to be bounded

E, <% ( /0 ) ds)2> _O(A) forA L0 (35)

and by the Cauchy-Schwartz inequality

() ([
_(/OAz)(ns) ds) ) . <Ey

_ i(Ey -</0Ab(n5) ds)2:>

+

=
SN~——

VAN
>~
N
e
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where we used again the boundedness of b and o.

</0A a(ns) dWs) = B, UOA a?(ns) dS}

since M; := fot o(ns) dWy defines a martingale with quadratic variation process
given by (M), = fot o%(ns) ds.

Note that )

E

Y

It remains to study the asymptotics of the term

g, (% (/ % o) dWs)2> ~o*(m)

By the Lipschitz continuity ¢ and the boundedness of o and b

0 = |5 (5[ - )]

< 2EL~Ey<SUP Int—no\>
t€[0,A]
t
/b(ns) ds| | + E, | sup
0 t€[0,A]

IN

t
205 L - / o(n) dWi
0

E, ( sup )]
t€[0,A]
t
/ 0-(7715) dWs
0

25L5~A+25L'Ey ( sup
An application of a Burkholder-Davis-Gundy inequality (see for instance theorem

te[0,A]
VIL.94 in [DM82]) gives us
A 3
E, | sup <K-E, </ o*(ns) ds) < K7 - VA,
te[0,A] 0

where K is a suitable constant independent of A.

IN

[ oty aw.

Hence

()= O (VZ) for A | 0. (37)
Combining (34) to (37) gives us the first assertion.

b) Now we want to show assertion ii), i.e. we want to prove that

E ([w(AO,y) (A~ — y)2)]2> =0(1) for A]O.
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For € > 0 choose p,q > 1 such that 2p =2+ ¢ and %—l—% = 1. Then we get by an
application of the Holder inequality

P ([ @ c-0)])

2
(OND

1 (0.).k 2
Z (QOA Y - y) : ﬂ{l(w(AO»y))>0}

0»
l(‘P(A y)) k=1

s [o (fe”)]

— | [1e8")]

<
. (O ) “ g
E Z (w(o,y),k_y) 1
0, A (0.)
= {10}

By assumption AG6.iii

B ([ies]”) = £ ([is87)]) 0w wrato

and by a Jenssen inequality

1
i ) 2q q
E 1 l(SOA Y ) ( )k 9
— >N —y> Ly 0w
) & A (e
: (0,y) 3
l(‘PAW ) q
1 0,9),k 4q
< |E (87" =) " 10
e & o)

< [ 0]
Hence it remains to show that for ¢ > 1
% [E (gpfvy) ((- - y)‘M))F —O(1) forAl0. (38)
As in (34)
[E (@f’y) ((— y)“q))} :
= [By ((na = mo)tae= 5700100 ds)]é

< [B, (s — n0)'9)]* .
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where the last step follows with the boundedness of the function s(-)(1 — p(-)).

An application of the Burkholder-Davis-Gundy inequality ([DM82, theorem VII.94])
yields

B, ((na —10)"9)] @

< (Ey [/OA b(n,) ds] 4q> ! + K, (Ey

< [5A+Kq5\/ﬁ]4

by the boundedness of b and o, where K, is a constant which depends only on g.
Thus

1 A 1 /- B 4
N [E (wf»w ((.—y)4q))] < P(bAJqua\/Z) —O(1) for A0
which is exactly (38) and the proof is finished. O

Lemma 3.3.7. Let assumption A6.7 hold. Then we have for a € R

E hKA (gﬁ(a, ©) — a%a)i%(a))] =0() forAlO.

Proof. We have to consider the following term:

B (|58(0.0) ~ o*(@I2(0))

92

A [T/A]-11(pin) A iao
= Bl o > D la, @) (I(wa,w(HifK)—aQ(a))
=0 k=1
A2 [T/A]-1 Upin) A at 42
= o > B || e wleh) (I0h ¢ii) - 0%(@)
A i=0 k=1

+% > B [pia (15, 0) (16 ¢0n) — *(@))
)

% @ia (L6, () (16 0l30s) = 0*(@) )]
=: (I) + (1I).
We first consider fori € {0,...,[T/A]—1} and k € {1,...,1(¢;a)} the conditional

expectation

2 iDLk = iA gk
Ep ((Ieha wlisie)) = (@) | Fia ) = B (I6h oi2378))) = o*(a).
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By lemma 3.3.6.1

E (It wiaie)) = o*(eha) + 0 (VA)  fora Lo

and by the boundedness and the Lipschitz continuity of o

L, , (@ (@ia) (0°(#1a) = 0%(a) = 1p, @(¥ia) O (ha)  for A L 0.

Hence we have
- NN
I]'BhA (a)(@fA) En ( <I(90§A7 QPEZ'JF;;JAA ) - UQ(CL)) ‘ JT@A)

1, , (2 (QDZA) <\/_ + hA) for A | 0. (39)

Now we turn our attention to the quadratic term (I):

A2 [T/A]-1 I(pin) ) R
AR | POEENEEAN ) (Ieha wiaie) = (@)
A =0
A2 [T/A]-1 -l(<PiA)
= g 2 En| Y la, @) x (a)
A =0 =1
A2 [T/A]_l
g D E ZﬂBhA<a><sofA>thA<a><so§A>><<Ib>],
A =0 £k
where
coo o (i8F) 2 2
(Ia) = Em <[<90iA790(i+1)A )_U <a>) EA
and

(0) = B ( (Tteta, A278") - @) (Febh Al - 020 ) | 7 ).

By lemma 3.3.6.i we have £ <_f(gpfA, (pgﬁ’lf%))) = 0O (1) for A | 0 and therefore

2 iAok 2
1) = £ ((iteh el - o))
7 iAok

Moreover lemma 3.3.6.ii gives us

7 (JARTI0N
E ((I(Soan SOEH_SDZA )))2> =0 (1) for A l 0
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and consequently

(Ia) =0O(1) for A | 0.

Now we turn to (Ib): Since @li2&9ia) and go(m#’f;) are independent processes for
k # k' we get with (39) immediately

ILBhA(a)(SO ) ILBhA(a)(%A) x (Ib)
> NN
= 1p,, (%) ILBM(a)(m) E I (ha, e —UZ(G))

2 / 1A
X E (I (#ia; soEHf"“A )

= ]lBhA(a)«OzA) ]]'BhA(a QOzA -0 < \/74— hA ) for A l 0.

Putting together the results on (Ia) and (Ib) we get the asymptotics for (I):

A2 (T/A]-1
0 = g L EulealBu)-00)
A2 E;/A] 1
+@ Z <Z I]'Bh szA ]‘Bh (a)(SOzA)> -0 ((\/K+hA)2>
i=0 ktk!
< ham(B (o) O (Ah3') + [ e mlde) - O (Ah3(VE + ha?)
~ oA (a0
for A | 0.

In the last step we used the fact that under assumption A6.iv the invariant
occupation measure m has a continuous and bounded density with respect to the
Lebesgue measure on R (which implies in particular that h'm (B, (a)) = O (1)
for A'| 0) and that [I(x)? m(dr) < co by assumption A6.1).

It remains to study the asymptotics of the second term (II).
Using (39) twice we directly get

m = & S B (psBra@)pin B (@) -0 (VB +hs)?)  fora Lo

i#j
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Now for ¢ < j by lemma 2.3.2!2
Enn (ia(Bus (@))¢35(Bis (0)))
= [ mldn)a(Bay (@) Ee (0508 (Bra (@)
< [ mldo)s(Bi (@) i) + e
= [0 [ @) .de) + T B @),
By assumption A6.ii [ [(x) mP(-,dx) is locally uniformly bounded, hence

B (28 (Bus(0)93a (Bas (@) ) = O (ha)  for AL 0.

Combining previous two results we get the asymptotics for the second term (II):
(1) = O (h3' (VA + ha)?) = O (AR5Y)  for A L0, (41)

Finally by (40) and (41)

E, ({Eﬁ(a, 0) - 02(a)zﬁ(a)]2) = (1) + (IT) = O (Ahy))

for A | 0 which gives us the assertion. O

3.3.3 Partial estimator under knowledge of the pedigree

Now we still assume that we are able to observe the whole path of ¢ in [0, 7]
as in section 3.3.2, but we will consider an estimator which uses only the 'good
configurations’ (contained in Dyax) in order to get closer to the original problem
where we observe only positions of particles.

We define an estimator for 0%(a) by setting

A [T/AI
L2(a) b Z Ip,,, (pin) @ia (Bry(a)),
i=0
) A T/A- (pin) X (i)
B0 = g 3 o) 3 Tl AR
i=0

12 Apply lemma 2.3.2 on the subprocesses of ¢ which start with one single particle. Note that
in expectation we have ¢T' immigration events during the time interval [0, T7.
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and finally for arbitrary € > 0

~

~2 . SYA’<0J7 90>
TP Ty Higwee) (42)

To prove consistency of 64 (a, ¢) we need the following assumption.

Assumption A7. The Palm kernel m? fulfills

lim sup mP(y, Soar) =0
A—0 yeA

for any compact set A C R.

Remark 3.3.8. Assumption A7 claims that a typical configuration of the sta-
tionary process ¢ conditioned on the event that one component equals a fixed
position y € R has a.s. no components which occupy the same position in space.

Since we already know that m(S;a») converges to zero for A | 0 (see remark
2.4.3.b) this assumption does not seem to be very strong.

Lemma 3.3.9. Let assumptions A6 and A7 hold.

If AR log A — 0 then 6% (a, ) is a consistent estimator for o?(a).

Proof. Thanks to theorem 3.3.4 we are done if we can show the convergence of
a4l(a,p) — d4(a, ) to zero in Q,,-probability.

Consider the decomposition

i ” Sr(a,9)  S(a,¢)
aala, ) —oala, ) = ( P | A )'H{L%(a)x}
_ Srla9) = $ap) L SRe) Lf() ~Ti() |
L? (@) {L2(a)>e} [A/:%(a) EAW) {i%(a)>}
= (I) + (10).

In order to prove our assertion it suffices to show the convergence in @),,-probability
of (I) and (II).

We will show LL! convergence of both expressions.

a) We start with the second term (II).
For S%(a, ) consider its compensator

A [T/A]-1 (pia)

A - (i %0)
S£(a, ¢) = TN Z Ip, ., (pia) Z ﬂBhA(a)(SOfA)E ([TA@?A’SO(HSAA )> :
i=0 k=1
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Then trivially

and by lemma 3.3.6.1

Sp(a,0) < s B (1, o8")) 18() = O(1)- L3(a) for A L0,

yEBhA (a‘)

Thus, minding that fﬁ(a) > [2(a) > 0 and S2(a, @) > 0,

L%(a) ?(a)

_ Em< Pop) L@ —LRa) >€}>
L%(a) Lz (a)
Sp(0.9) = $p(0p) Tpa)—Lha) |

+E’”( 13w T7(a) ILW“)”})

. Eyﬂ(%(a,so) f?<a>—A%<a>>+Em<ATA<a,so>— 52, 0) 1)
L3(0) E E

= 0(1): B (I7(0) - 18(0) + 67 B (82(a,9) = 5200, %))

=0 by (43)

for A | 0.
Furthermore by definition of f? (a) and L4 (a) we obtain
—A ~
Ep (T7(a) - 1§ (a))

NGER
= En N > 1, (#ia) via(Brs(a)

1=0

= AIT/A [ L (@)l Buy (@) m{do)

1 _
= AIT/A] [ T ) (0. Sas) THldy)
R A
T
< S m(Bus(@) swp m(y, Sann), (44)
2ha YEBn . (a)

where m” is the Palm kernel corresponding to the invariant measure m on S.
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Now 7 has a continuous and bounded Lebesgue density (assumption A6.iv),
hence (2ha)™'M(By,(a)) — %(a) < oo for A | 0 and by assumption A7 the
L!-convergence of the second term (II) follows immediately.

b) It remains to show the L'-convergence of the first term ().
By lemma 3.3.6.1

_A A
B ( ST(CL,QO)—S%<CL,Q0> ]]_{A } )
m —A LA (a)>e
Lr(a)
J— - _A T
< et sup F (I(y, gO(AO’y))> - B, <LT (a) — L%(a))
YEB , (@)

= O(1)-E, <f§(a) — E%(a)) for A0

and the assertion follows immediately with our previous considerations (see (44)).
U

3.3.4 Estimator using the partial reconstruction rule

Now we consider the case, where we are only able to observe the positions of
the particles, but not their pedigree, i.e. we are in the situation of our original
problem (see section 2.1).

Theorem 3.3.10. Let assumptions A6 and A7 hold. If Ah *log A — 0 then
o4 (a, B) is a consistent estimator for o*(a).

Proof. Since 6%(a, ¢) is a consistent estimator for 02(a) by lemma 3.3.9 it suffices
to show that 6%(a, p)—6%(a, 3) converges in Q,,-probability to zero or equivalently
we will show that

S2(a, ) — 88(a, B) 27 0 for A | 0.
By definition

B |57 (a,¢) = 57(a. 8)|

A [T/A]-1 1(Bin)
- Em % Z HDQAA<ﬁZ'A> Z ﬂBhA(a)<ﬁzkA>
=0 k=1

> (iA,85) - [iA,85,]
X (I( iAa‘P(iH)AA ) —I( fAv (i+1)AA )) '
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which is less equal to

A (T/A] 1(Bin)
TN En, (ILDQM (Bia) D 1p, (@ (Bh)

7 (iA,BFA) [id, B
X (I zk 7()0 7 A ? 76 7 ZA ) k3 k K3 k
(oo i) + 10 B ot i |
By definition of ﬁ i) f] in 2.4.1
A, _
( ZA’ﬁ[ 6,A) < AP

(i+1)A

and by lemma 3.3.4.i
> N
Em <[( zkA7 ngzilff))‘ EA) - O (1> fOI' A l 0’

thus
En |57 (a, ) = 57(a, 8)|
A [T/A]-1 1(Bin)
_ 22— 1
= O(A 2hA ; E ]]'DQAA /QZA ; I]-BhA(a (ﬁzA)
[i,B5,] (iA,85,)
XQm <5(i+1)AA 7 Pls1)A EA)]
for A | 0.

Now by theorem 2.4.4.i

[ZABz ] (34, 61
Ip,,, (Bin)Qm <5(2+1 Y Fp P Pirnn A

and therefore

En [$3(a,0) — $2(a,9)|
(T/A]-1

Z En (1p,,, (8ia)Bia(Brs(a)) [c - A +1(Bia)ga (D))

1=0

Fia) < Ip,a(Bia) o+ A+ 1(Bia)ga(A)]

— O(AQ)\ 1) o
A

= O(AM) B, (Lf(a)) + O (A% 4+ AP gy (A)n3)) /5 2(z) m(dz)

for A | 0.

Since E,, (ﬁ%(a)) [T/A] - 5=~m(By, (a)) converges to T - €2 (a), which is
a finite value by assumption A6.1V, and since [, I*(x) m(dz) < oo by assumption
A6.i the lemma follows with above asymptotics. O
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3.4 Rate of convergence of the estimator

Thanks to our results in section 3.3 most of the work is already done. In theo-
rem 3.3.4 we have already calculated the rate of convergence for the estimator
4 (a, ) and it remains to show that the estimator 63 (a,3), which uses the
partial reconstruction rule, inherits the rate of 74 (a, ¢).

Nevertheless we need to pose an additional assumption which corresponds to
assumptions A6.iv and A7 in section 3.3.

Consider the second order Campbell measure m associated to the invariant
measure m on S, i.e.

me(A x B x F) i / 2(A)z(B)1p(x) m(dz) for A, B € B(R),F € S.

Desintegration of m® yields
m*(dy, dy’, dz) = m(dy, dy"ym?*(y,y’, dx)

where ™ is the second order measure defined by

(A x B) = /S +(A)z(B) m(dz)

and mPP is the Palm kernel of order 2 corresponding to m*.

Assumption A8. We assume that for any a € R
h'm (B, (a) X Bp,(a) X Sear) = O (1) for A | 0.

Remark 3.4.1. Note that assumption AS is fulfilled if ™ has a continuous and
bounded Lebesgue density and if for any compact sets A, B € B(R)

sup  mPP(y,y’, Soar) = O (1) for A | 0.

(y,y')EAXB

We are now able to state the main theorem of section 3.

Theorem 3.4.2. Assume A6 and A8 and let X € (,3). Then the estimator

63 (a,3) has the rate of convergence \/AhX" for A |0, i.e.

E \/%(ag(a,ﬁ)—(ﬂ(a))ri%(a)m =0(1) forA]oO.
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Remark 3.4.3. With our methods we could not achie\Q/e a central limit theorem.
The missing link is the exact limit of £ <[f(y, gp(AO’y))} ) for A | 0.

In lemma 3.3.6.ii we could only show that above term is asymptotically bounded
for A | 0. As a main technique we used the representation of the semi-group
of I(p) presented in lemma 2.3.2. To obtain an exact limit we would need a
corresponding result for /() which requires completely different techniques and
considerations.

Proof. Thanks to theorem 3.3.4 the assertion follows if we prove the following
two assertions:

) B, \/%(ﬁ%(a) —Zﬁ(a))] —0O@1) for A0
and
i) En, \/% (5’%(&, B) — g?(a, go))] =0() forAJO.

The first assertion follows directly by assumption A8 since we have

ha (2 —A
B ‘\/f (£8(a) - T7(0))
A [T/A]-1

= B | 2 Isn(en) pa(Bu @)

2

— g / 2By (a)) m(dz)

= h'm(By,(a) X Bj,(a) X Sopr).

Now we turn to the second assertion ii.

B (|22 (3209 - 52 00.0)
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We first consider term (I). Since by definition 1p, (a) (zF)1 By, (a) (z*) = 0 for all
x € Dyax and k # k' we have

T/A]-1 I(pin) 2

1) = hAE Z Ip,,,(¢ia) Z L5, @ (Bi) x (Ia)

A [T/A]-1 Upin)
2
- EEm Z ]1D2A/\ SOZA Z ]lBh ’kA X(Ia) ’
where k
ANELN » (iA,B;
(Ia): ( ’LA’ﬁ(z+1 A) ‘[( ZA’SO(iJrl)AA )
Now

(i+1)A 7£PS"(1+1)
- ZNCNNE
E [[( ZA,ﬁ(i+1)AA )} L pa, IRNIRYN)
{6(z+1) 7517 (z+1) }
- ONCINNE
_'_E (|:[< lAv(p(iJrl)AA ):| )

and since [ (B, ﬁ([ﬁlﬁ)lﬁ) < AP by definition of ﬁ i) f] we conclude with

theorem 2.4.4.i that for G;ao € Dyanx

E((Ia)Qlj:iA) = E((Ia)ﬁ{ﬁ[mﬂm] (lABZA)}>

IA

]
6(z+1) ¢ Fpp (1+1)

E|( | Ol < AM2(eA 4+ 1(Bia)ga(A
B AR B, o | £ A7+ B (A)
Moreover by lemma 3.3.6.ii

~ iA, EA 2

Hence
M
A [T/A]-1
= B | 2 o (pia) via (Bia(@) | -0 (A% 4 A% g\ (A)i(pia))
1=0

= hp'm(Bp, ()0 (A + O (h' AY 2, (D)) /Sl(a:)2 m(dx)
= O(1) forA|O.
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It remains to study term (II).

A [T/A ‘PzA . ( N )
(H) = EEm Z ESM,\ QOZA Z ]lBhA QOZA I(@ZA’ SO(HI‘;%A )
A [T/A ‘PzA :
= KEm Z ]]'SQAX SDZA Z :H'Bh,A(a SOZA |:_[ ]
(T/A]-
+EEm HSQA,\ %A Z ILBhA a)(wZA)]lBhA(a)(SOzA)Ika’ ’
= k£k!

where .
- - (NN
I I(@anw(i.HfAA )

12
Now by lemma 3.3.6.ii E ( [[k] ‘]—"m) = O (1) for A | 0 and by the indepen-

dence of fk and fk/ we have with lemma 3.3.6.1

B (Iido| Fn) = B (1] Fs) B (Te| Fin) = 0 (1)
for A | 0.
Hence
A [T/A]-1
1) = 7ia Y s, (pin) [pia(Bus (@) | - O(1)
i=0

= hgl/ 2%(By,(a)) m(dx) - O (1)  for A0
S,

2AX
and by assumption A8 we finally get (II)= O (1) for A | 0.

All together we have shown the assertion and the proof is finished. O
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3.5 Simulations

Now we want to apply our estimator 6% (-, 3) to the example considered already

in the simulations of section 2.5. The computation of the estimator was done with
the R-package 'BDI” (see [Bra04] for a link to a download of the package).

Here are again the parameters for the simulation:

Drift function

Killing rate
Immigration rate

Time horizon

b
Diffusion coefficient 2

Reproduction law
Simulation step width

K
Dk

(x
o*(x

(

(x

8

)
)
)
)

SW

T

= 0
= jcos(m-x)+ 3
= 1
= 1
= W12 1023
= 0.00005

5)

In figure 16 we plotted again the full trajectory of our simulation. Red dots denote

immigrations, green dots branching events with two or more descendants and blue

dot denote killings (branching events where no particle is born).

Figure 16: Full trajectory of the BDI
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o
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™ ""“‘/ X
p.
T T T T T T
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time

Branchings: 16 Killings: 23 Immigrations: 10 Mean number desc.: 0.95 Step width: 5e-05

In the following figures 17 to 32 we calculated the estimator for different values
of A and A\ (we have chosen A € {0.25,0.33,0.40,0.49} and A € {0.01,0.001}).
In the figures with odd numbers we plotted the reconstructed trajectories of the

BDI ¢ and the figures with even numbers show the estimator evaluated at points
a; = 0.1-4, 1 = =30,...,10. Additionally we plotted the discrete local time
L2(a;) (i = —30,...,10) normalized to area 1 in the upper half of the coordinate

system.
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Note that we used for the reconstruction of the trajectories and for the estima-
tion of the diffusion coefficient not only observations ;o € Doax (these are the
configuration where no component has a neighbor closer than 2A*) but also the
'good’” components (3% € G(B;a) which have no neighbor in a 2A*-neighborhood
(see (25) for the definition of G(f;a) and remarks 2.4.2.c and 3.2.2.b for further
details on the finer versions of the reconstruction rule, respectively the estimator).
Furthermore note that we have chosen the bandwidth hy = A* for all examples
since this choice of band width maximizes the number of observations which can
be used for estimation by the construction of the estimator.

We can observe different effects if we compare the results for different values of
A and .

First have a look at figures 20, 24 and 28 where we calculated the estimator for
A =0.25,0.33,0.40 in the case A = 0.001. We can see that in all three cases the
estimator produces good approximation of the true diffusion coefficient. Thus at
a first glance our estimator works well for a reasonable set of parameters and the
estimator seems to be robust with respect to the choice of A.

We now want to examine the effects of the choice of X in a more detailed way. If
we turn our attention to figures 18, 22 and 26, where we calculated the estimator
for A = 0.25,0.33,0.40 in the case of a bigger step width A = 0.01, we notice that
these plots differ slightly more than the plots in the case A = 0.001. It seems that
the results get better for increasing values of A. The reason for that is easy to see.
For A = 0.25 and A = 0.33 we could reconstruct only 19.5%, respectively 27.79%,
of the trajectory and in the case A = 0.40 we are able to reconstruct 33.71% of
the trajectory. Hence bigger values of A imply a bigger amount of observations
which can be used for estimation and thus better approximations of the unknown
diffusion coefficient.

But now we have a look at figures 30 and 32. Here we have chosen A = 0.49 which
is already very close to the upper bound 0.5 for A. We can see in figure 30 that the
estimator seems to underestimate the bigger values of o2. This effect stabilizes for
the finer step width A = 0.001 (see figure 32). The reason for that phenomenon
can be explained if we have a look on the quota of observations which left their
A*-neighborhoods. For A = 0.49 and A = 0.001 there are 3.17% of observations
which left their bell. By the construction of the estimator these observations
are not used for estimation and therefore the bigger increments are systematicly
neglected. It is clear that the estimator cannot work properly if the choice of
used observations depends strongly on the parameter we want to estimate (in
this case the diffusion coefficient which determines the grade of fluctuation of the
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particles). We conclude that the estimator is sensible with respect to the accuracy
of the reconstruction of the trajectory.

There is also another effect we can observe if we study the results for the smaller
step width A = 0.01. By construction of the estimator the quality of the estima-
tion improves with the amount of time the process stayed in the region where we
want to estimate the diffusion coefficient. Hence the discrete local time is a good
indicator for the quality of the estimation. In figure 22 we can see that bigger
values of o2 are harder to estimate than smaller values (on the local maxima of o
we have less discrete local time cumulated). But we can see that in our example
we have also in the 'valleys’ of 02 only few local time accumulated (especially at
position —1 this effect is evident). This happens since particles tend to stay more
time in regions where the diffusion coefficient has a local minima and thus the
density of particles is much higher than in other regions. In particular there are
more observations with intersecting A*-neighborhoods and thus less observations
which can be used for reconstruction, respectively estimation.

Now how shall we choose A in practice? We are not able to compute the accuracy
of the reconstruction from our data and hence we do not know which choice of A
is an optimal choice. But as we have seen from our example we can actually see
when the underestimation effect starts. Thus in practice we would start with a
small A and increase A in small steps. When the underestimation effect becomes
visible we stop and a slightly smaller value of A\ than the last value of A should
be a good choice.

Simulations suggest that a good choice for the parameter A\ are values between
0.33 and 0.40.



3.5 Simulations 81

Figure 17: Reconstruction for A = 0.01 and A = 0.25
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Figure 18: Estimator for 02 (A = 0.01, A = 0.25, ha = A?)

discrete local time (normelized to area 1)

0.1

02 04 06 08 10 1.2

true diffusion coefficient (solid black line) and estimated diffusion coefficient (red circles)
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BDI

3.5 Simulations

02 04 06 08 10 1.2

Figure 19: Reconstruction for A = 0.001 and A = 0.25

time
31.92 % reconstr., 0 % left bells 0.018 % misident. Delta= 0.001 lambda = 0.25

Figure 20: Estimator for 02 (A = 0.001, A = 0.25, ha = A*)

discrete local time (normelized to area 1)

0.1

true diffusion coefficient (solid black line) and estimated diffusion coefficient (red circles)
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Figure 21: Reconstruction for A = 0.01 and A = 0.33
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Figure 22: Estimator for 02 (A = 0.01, A = 0.33, ha = A?)
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Figure 23: Reconstruction for A = 0.001 and A = 0.33
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Figure 24: Estimator for 02 (A = 0.001, A = 0.33, ha = A?)
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Figure 25: Reconstruction for A = 0.01 and A = 0.40
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Figure 26: Estimator for 0% (A = 0.01, A = 0.40, ha = A™)
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02 04 06 08 10 1.2

Figure 27: Reconstruction for A = 0.001 and A = 0.40
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52.76 % reconstr., 0.11 % left bells 0.084 % misident. Delta= 0.001 lambda = 0.4

Figure 28: Estimator for 02 (A = 0.001, A = 0.40, ha = A*)
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Figure 29: Reconstruction for A = 0.01 and A = 0.49
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Figure 30: Estimator for 02 (A = 0.01, A = 0.49, ha = A?)
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02 04 06 08 10 1.2

Figure 31: Reconstruction for A = 0.001 and A = 0.49
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Figure 32: Estimator for 02 (A = 0.001, A = 0.49, ha = A?)
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Finally we present another simulation, where we have chosen a step function
as diffusion coefficient (all other parameters are the same as in the preceeding
example). More precisely we have set

o*(y) == 0.35- L_g505(y) + 0.4, y€R.

In figure 33 we plotted the simulated trajectory. As before red dots denote im-
migrations, green dots branchings with two ore more descendants and blue dots

denote killings.

Figure 33: Full trajectory of the BDI
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Branchings: 11 Killings: 18 Immigrations: 9 Mean number desc.: 0.93 Step width: 5e-05

Figures 34 and 36 contain the (partially) reconstructed trajectories for A = 0.001
and A = 0.33, respectively A = 0.40. In figures 35 and 37 the estimators for the
diffusion coefficient were plotted.

As we can see, the estimator works as good as in the preceeding example, even if
the diffusion function is a non-smooth function, which stresses again the robust-

ness of the estimator.
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Figure 34: Reconstruction for A = 0.001 and A = 0.33

time
59.99 % reconstr., 0 % left bells 0.013 % misident. Delta= 0.001 lambda = 0.33

Figure 35: Estimator for 02 (A = 0.001, A = 0.33, ha = AY)
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Figure 36: Reconstruction for A = 0.001 and A = 0.40

time
69.55 % reconstr., 0.03 % left bells 0.041 % misident. Delta= 0.001 lambda = 0.4

Figure 37: Estimator for 02 (A = 0.001, A = 0.40, ha = A*)
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