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Abstract. We construct ak [ Q]-linear predifferential graded Lie algebra L;(O /S associated
to a log smooth and saturated morphism f : Xg — S and prove that it controls the log
smooth deformation functor. This provides a geometric interpretation of a construction in
Chan et al. (Geometry of the Maurer-Cartan equation near degenerate Calabi-Yau varieties,
2019. arXiv:1902.11174) whereof L}O o is a purely algebraic version. Our proof crucially
relies on studying deformations of the Gerstenhaber algebra of polyvector fields; this method
is closely related to recent developments in mirror symmetry.

1. Introduction

Given a smooth variety X over an algebraically closed field ¥ D Q, smooth defor-
mation theory associates a functor Defy : Art — Set of Artin rings to it such
that Def x (A) is the set of isomorphism classes of smooth deformations of X over
Spec A.

To understand the properties of such functors of Artin rings, differential graded
Lie algebras (dglas) are well-established. Given a dgla L*®, there is an associated
functor

Defye : Art — Set

of Artin rings by taking an Artin ring A to solutions n € L' ® my4 of the Maurer—
Cartan equation

1
dn+§[n, nl=0

up to gauge equivalence. We say a dgla L*® controls deformations of X if Defy =
Defre. Such an isomorphism reduces the problem of understanding deformations
of X to the problem of understanding L®. This has been fruitful in various places,
e.g. when proving the Bogomolov-Tian-Todorov theorem with purely algebraic
means in [12].
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Our setup: log smooth deformation theory

In this paper, we establish an analog of the above dgla in logarithmic geometry,
replacing the smooth variety X by a log smooth morphism. Log smoothness is
the analog of the classical notion of smoothness and has been introduced in [16].
It allows to treat certain singularities as if they were smooth, a technique which
has been proven fruitful in smoothing normal crossing spaces, e.g. by Kawamata—
Namikawa in [19], and in mirror symmetry, e.g. by Gross—Siebert in [7]. Infinites-
imal log smooth deformation theory was established by F. Kato in [14]. It studies
deformations of a log smooth morphism fj : Xo — So of fs log schemes. Here, the
base is alog point Sy = Spec (Q — k) for a sharp toric monoid @, most commonly
Q=0o0or Q=N.Themap Q - kisO+> 1 and 0 # g > 0. Log smooth defor-
mation theory replaces Art by Artg, the category of local Artin k [ Q]-algebras
with residue field k. Every A € Artp gives rise to a log ring 0 — A via the
k [ Q]-algebra structure, and thus to a log scheme S = Spec (Q — A), for which
we write S € Artg by abuse of notation. A log smooth deformation over S € Artg
is a Cartesian diagram

Xo—=X

-

So —=S§

where f is log smooth. Because So — S is strict, it does not matter in which
category of log schemes—of all, of fine, or of fine saturated log schemes—we
consider Cartesianity. For technical reasons, we restrict to morphisms fo : Xo — So
which are saturated, cf. Remark 10.2. This notion is also known as being of Cartier
type; most strikingly, saturated and log smooth implies that the fibers of fj are
reduced and Cohen—Macaulay, cf. [28] for more of its elementary properties. In
case fp is saturated, the deformation f is saturated as well. Etale locally, such
deformations exist uniquely up to (non-unique) isomorphism, cf. [14, Prop. 8.4].
Taking isomorphism classes of deformations yields the log smooth deformation
functor

LDx,s, : Artg — Set,

which has a representable hull in case fo : Xo — So is proper by [14, Thm. 8.7].

The main result: a pre-DGLA controls LDx, s,

We provide the dgla in the log setting by translating ideas of Chan—Leung—Ma
in [1] to our setting and bridging the remaining gap to log smooth deformation
theory. To achieve this, k [[ Q]-linear dglas do not suffice. Namely, if L Dy, s, were
controlled by such a dgla, then for every S € Artg, we would have a deformation
over S corresponding to the trivial Maurer—Cartan solution 1 = 0, so there would
exist a log smooth deformation over every base (which is in the classical setting
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the fiber product X x §). This is not the case—the spaces in [29, Thm. 3] are
d-semistable normal crossing spaces all of whose flat deformations are locally
trivial. Thus, by [14, Thm. 11.7], they can be endowed with a log smooth log
structure over Spec (N — k), but they admit no log smooth deformation over
e.g. Spec (N — k[t]/(z?)). Instead of dglas, we employ k [ Q]-linear predifferential
graded Lie algebras, anotion which essentially coincides with almostdglain[1]. We
define them and study systematically their basic properties in the Appendix 10.2.
They are graded Lie algebras (L®, [—, —]) over k [ Q] endowed with a derivation
d which does not need to be a differential, but which admits an element ¢ € L?
with d? = [£, —]. This allows us to define an associated deformation functor

Def . : Artyg — Set

via the modified Maurer—Cartan equation dn + %[n, n]+ £ = 0; then n = 0 is no
longer a solution.

Theorem 1.1. Let fy : Xo — So be log smooth and saturated. Then there is
a k [ Q1-linear predifferential graded Lie algebra L® = L;(O /5 and a natural
equivalence

LDxys, = Defpe
of functors of Artin rings.

Since Def;e is a deformation functor with tangent space isomorphic to
H! (Xo, ®}(0 So)’ we also recover the existence of a hull in case fj is proper.

In case Q = 0, the pdgla L;(O/So is in fact a dgla. Here Theorem 1.1 is only a
slight generalization of existing results. E.g. if D C X is a normal crossing divisor
in a smooth variety, a dgla controlling divisorial deformations (which correspond
to log smooth deformations here) has been studied in [17] and [10]. A variant of
this are the compactified Landau—Ginzburg models of [18]. This paper uses the
L »-approach, which is related to our dgla by homotopy transfer results like [12,
Thm. 3.2] going back to [13].

The strategy of the proof

A purely algebraic construction of a dgla controlling smooth deformations is used
in [12], but the method is not sufficient to prove Theorem 1.1 because it relies
on regluing the trivial smooth deformation. Instead, we prove the theorem in the
following three steps:

LD = GD. We study Gerstenhaber algebras of polyvector fields. Given a
deformation f : X — S of fy: Xo — So, the exterior powers of the relative log
derivations ® ; 5 can be endowed with a Schouten—Nijenhuis bracket, giving rise
to the Gerstenhaber algebra G% ;. We view it as a deformation of the Gerstenhaber
algebra G% /5 associated to the central fiber fy. After fixing an affine cover {V,}
of X, every deformation of G;(O 5, Must be locally isomorphic to the Gerstenhaber
algebra G{,a /s of the unique log smooth deformation of V,, /Sy (which we denote
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by V, /S by abuse of notation). It turns out that gluings of the G{,a /s (encoded by a
deformation functor G Dy, s,) are equivalent to actual log smooth deformations f :
X — §, setting up an equivalence of deformation functors L Dy, /s, = G Dx,/s,-
The equivalence heavily depends on a careful study of automorphisms of log smooth
deformations, which we carry out in Sect. 2.

GD = TD. In the next step, the abstract setup of [1] enters. The Gerstenhaber
algebra 63(0 /5 corresponds to O-th order data in [1, Defn. 2.9], and the G{,a /s
correspond to the higher order data in [1, Defn. 2.13]. The patching data in [1,
Defn. 2.15] correspond to isomorphisms on V,, NV which are induced by geometric
isomorphisms of log smooth deformations.

There is no canonical gluing of the G{,a /s (that would correspond to some-
thing like a trivial deformation). Instead, we perform a Thom—Whitney resolution;
it yields a bigraded Gerstenhaber algebra TW**(GY, / ¢) with a non-trivial dif-

ferential d : TWP9 — TWP-9*! Once we forget this differential, there is—up
to isomorphism—a unique gluing PV, s of the affine patches TW**(GY, / $)s
essentially corresponding to [1, Lemma 3.21]. Our proof shows the cohomological
principles behind the explicit-constructive proof in [1, Lemma 3.21].

Given a gluing of the G}, /s its Thom—Whitney resolution endows PV, /s

with a differential & : PVY7 ¢ — PVf(’Oq/gl once we have chosen an isomorphism
PVx,/s = TW'*'(G{,a / ) of bigraded sheaves. Conversely, every differential on
PVx,/s gives a gluing of the G:,a /S by taking cohomology. This sets up an equiv-
alence of deformation functors GDx,/s, = T Dx,ss, where the latter classifies
differentials.

TD = Def. Relaxing the conditiond”> = 0 on a differential, we obtain the notion
of predifferential. We prove that there is a compatible way to endow the PV x, /s with
a predifferential, corresponding to 9, + [0y, —] in [1, Thm. 3.34]. Once we have a
predifferential, the defect of another predifferential to be a differential is measured
by a Maurer—Cartan equation, corresponding to the so-called classical Maurer—
Cartan equation in [1, ]?efn. 5.10]. This sets up the final equivalence T Dy, /s, =
Def.. The geometric Cech gluing in [1, 5.3] loosely corresponds to going back
from a Maurer—Cartan solution to glue the G}, /s

Our Lie algebra L}O S0 is essentially the (—1, *)-part of the differential graded
Batalin—Vilkovisky algebra PV**(X) in [1, Thm. 1.1]. What is new in our paper,
is that it actually controls log smooth deformations. The main technical difference
is that whereas [1] uses a countable covering {U;} of X and sticks to sections over
these opens, we consequently stick to sheaves on X¢. Therefore, we hope to help
the algebraic geometer to get through the ideas of [1].

An example

In Sect. 9, we compute and discuss the k [N]-linear pdgla Lg, /S0 of a proper log
smooth curve fy : Co — Sp over Sy = Spec (N — k). The computation suggests
that, in general, it is very difficult to compute L;(() /5 explicitly.
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Outlook

Beyond the scope of this paper, it should be possible to use the techniques of [,
Thm. 1.2]to prove thatin case fy : Xo — Spislog Calabi—Yau,i.e., Qio/&) = Ox,.
itis possible to take £ = 0,i.e., LY, /5 is actually a dgla. This is unobstructedness in
the sense of [1]. Namely, then = 0 is a Maurer—Cartan element, corresponding to
a distinguished deformation over every S € Art. In particular, one can construct
a limit over k [ Q] and ask for an algebraization of that formal scheme. However,
this does not imply unobstructedness in the sense of a Bogomolov—Tian—Todorov
theorem. Namely, this would require L Dx,/s,(S") — LDx,/s,(S) to be surjective
for every thickening S — S’ in Artg.

When we finished the first version of this article, we hoped to apply Theorem 1.1
to obtain a Bogomolov-Tian-Todorov theorem in log geometry. Namely, in [12],
the classical Bogomolov—Tian—Todorov theorem is obtained by proving that the
dgla controlling Defx is homotopy abelian. In fact it is possible—under suitable
hypotheses—to adapt their methods and use the abstract Bogomolov—Tian—Todorov
theorem of [11] to prove the central fiber LY ¢ ®xoy k homotopy abelian. This
is now proven in our preprint [34] and shows a log Bogomolov-Tian—Todorov
theorem in case Q = 0; it generalizes results on the deformation of pairs (X, D)
in [17, Lemma 4.19] and [10]. Similarly, the Bogomolov-Tian—Todorov theorem
for compactified Landau—Ginzburg models in [18] is a variant of this theme. The
case Q # 0, which was completely open when we finished the first version of this
article, is now settled in [34] with an argument in local algebra; it is essentially a
consequence of the unobstructedness results by Chan—-Leung—Ma in [1].

Our method is not bound to the log smooth case. E.g. it should also apply to
the deformation theory of log toroidal families of [2], which are a generalization
of log smooth families which does not need to be log smooth everywhere. The
key missing step for the general situation is local uniqueness of deformations,
which is only known for some types of log toroidal families, see [2, Thm. 6.13]. In
particular, once the theory is established, we would get the existence of a hull of the
log toroidal deformation functor. In less generality, the existence of a hull has been
recently achieved by Ruddat—Siebert in [30, Thm. C.6] for divisorial deformations
of toric log Calabi—Yau spaces. In this paper, we restrict ourselves to the log smooth
setting for simplicity.

There has been recent interest in Gerstenhaber algebras of polyvector fields also
in tropical geometry. In [23], integral polyvector fields on algebraic tori are studied
in order to compute Gromov—Witten invariants via tropical curves. Moreover, it
turns out that wall-crossing transformations, i.e., the gluing isomorphisms of the
Gross—Siebert program, induce particularly simple operations on these polyvector
fields. This gives a new tropical encoding of the Gross—Siebert gluing on the level of
Gerstenhaber algebras analogous to our first isomorphism LDx,;s, = GDx,/s,-
We expect this to be related also to [21], where the refined scattering diagrams
of [22] are related to Maurer—Cartan solutions in an appropriate dgla.

In [15], F. Kato introduces functors of log Artin rings as a more natural frame-
work for infinitesimal log smooth deformation theory. The question which gener-
alized dglas control these functors is subject to future studies.
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Finally, it would be interesting how deformation quantization relates to log
smooth deformation theory, relating the base k [/]] to k& [N]]. Deformation quanti-
zation of affine toric varieties, which are the building blocks of log smooth mor-
phisms, has been achieved recently in [3].

2. Infinitesimal automorphisms

The relationship between automorphisms of first order deformations and derivations
is well-known. In this section, we determine higher infinitesimal automorphisms
of deformations in terms of derivations, i.e., automorphisms of higher order defor-
mations. In [12], higher infinitesimal deformations play a crucial role in proving
that classical smooth deformations are controlled by a dgla, and we need them as
well. Assume we have a surjection A” — A in Arty with kernel I C A’ inducing
a thickening § — §’, and assume a Cartesian diagram

Xg—>X —— X’

T

So——=S——=¢
of saturated log smooth morphisms. The ideal sheaf of X C X is
IT=1Ixyx =1-Ox

because f” is flat (as is every integral log smooth morphism). Elements of the sheaf
of automorphisms Autx/,x of X’ which are compatible with f’ : X’ — §" and
induce the identity on X are pairs (¢, ) where

¢:0x - Oy and O: My — My

are the constituting homomorphisms. As we will see below, the sheaf of groups
Autxx is isomorphic to the sheaf Derx: /s (T) of relative log derivations (D, A)
with values in Z, i.e., D : Oy — 7 is a derivation and A : My — 7 is its log
part. This is a sheaf of Lie algebras as a subalgebra of @k, /s which is filtered by

F* := F*Dery1;5/(T) := Dery: ;s (IX) C Derxr/s/(Z)

for k > 1, the sheaf of derivations with values in T% C 7. The ideal 7 is generated
by elements in the image of f'~!Og — Oy, so if (D, A) € FkDerX//SI(I),
then D(Z%) c ZFt¢. This shows [F¥, F{] ¢ F¥*, so the lower central series of
Deryr s/ (1) is eventually 0, and it is a sheaf of nilpotent Lie algebras. In particular,
following e.g. [25], the Baker—Campbell-Hausdorff formula starting with

1
OxE=0-++510.61+

turns Dery s (T) into a sheaf of groups.
The sheaves Dery/s/(Z) and Autx:,x have classical analogs, which we denote
by Der y/,5/(Z) and Aut y, . They are the classical relative derivations with values
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in Z respective the automorphisms of the underlying scheme X’ over S’. Using the
Baker—Campbell-Hausdorff formula again, we find Der x5/ (1) a sheaf of groups.
There are group isomorphisms

exp
Derx//s/(I) ? AMIX//X

given by plugging in the derivation D : Oxs — 7 into the power series expansion
of the exponential (at 0) respective the automorphism ¢ : Ox» — Oy into the
expansion of the logarithm (at 1).

Remark 2.1. This pair of inverse group isomorphisms seems to be folklore; it is used
e.g.implicitly in [12, Thm. 5.3]. However, we are not aware of any explicit reference
where it has been proven in the setting of sheaves of automorphisms of flat deforma-
tions. That the construction above yields maps between Der v/, ¢ (Z) and Aut g, /X
follows from our explicit computation below; that they are inverse to each other
follows from the fact that the two power series exp(7') and log(1 + T') are inverse
to each other in Q [T ]J—this argument has been used e.g. in [32, Thm. 7.2]. The
maps are homomorphisms, heuristically, because the Baker—Campbell-Hausdorff
formula just makes explicit the product we get when composing the exponentials
as endomorphisms.

We extend the above picture to the diagram

exp

Derx//S/(I) 1:./41”)(//)( (D)

og
exp

Derx//s/(f) ﬁ% Autx//x
og

where the vertical arrows are the forgetful maps. Given (D, A) € Deryx:;s(L), we
define (¢, ®) = expy/,x (D, A) by the formulas

o0

Dil
¢:Oxr — Oxr, ¢(a) = Z n('a)
n=0 '
®: My —> My, dm)=m+a” (Z Wm)j;&)
n=0 :

where the series are actually finite sums. The symbol A (m) denotes the multipli-
cation operator with this element.

Lemma 2.2. We have expy:,x (D, A) € Autx)x.

Proof. The map ¢ : Ox» — Oy is a ring automorphism by the method of the
classical proof of e¥e” = ¢**Y. Since D(f'~'s) = 0 for s € Og, the morphism
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¥ : X’ — X’ induced by ¢ satisfies f oy = f/, and ¥ xg S = idx because
¢(a) —a € Z. That ® is a monoid homomorphism follows from the identity

[AGm+m") + DI"(D) _ Z [A@m) + DI*(D)  [A@) + DI“(1)

n! k! £!

k+L=n
which is proven by induction, and the identity
D"(a(m)) = a(m) - [A(m) + DI*(1)

shows that @ o ® = ¢ o a, i.e., (¢, @) defines a log morphism ¥ : X' — X',
Because A(f'~!'m) = 0form € Mg, we have f' o W = f’, and

(Z [A(m) ;D]”(l)) —_—
n=0 :

proves that ¥ x ¢ § = idy. The map W is an isomorphism because it is one on
underlying schemes and on ghost sheaves, and because M x- is fine. O

We construct an ansatz for the inverse logy/, x. On the classical part, given ¢,
our ansatz

i (=" ¢ — 1d)"(a)

n

D:0Ox — I, D(a)=

n=1

is the formula of the logarithm. The sum is finite since [¢ — Id](Z¥) c Z¥*!; this
identity holds by the explicit formula for ¢ — Id because D(Z¥) c Z¥*!. Given ®,
by induction

[¢ —Id]" (a(m)) = a(m) - |:(—1)”

3 (Z)(—l)"a(@"(m) - m)]

k=0

where ®*(m) —m € M}‘(, is the unique invertible by which these elements differ,
so we make an ansatz

S n _1\k+1 k _
A My — T, A(m):z<2<z>( 1) a(j (m) m))

n=1 \k=0

for the log part. Setting ®(m) —m =: v € M’;(,, we find x(v) € 1 + Z; indeed,
since ®|y = Idx, we have v|x = 0, and thus «(v)|x = 1. Now inductively

n k—1
o, =0, (a(v)) 1= (=1)" Z ((Z) (—DF l_[ ¢! (a(v))) e1"
i=0

k=0
since 0,41 = a(v)¢(0,) — 0,, and we conclude that the sum defining A(m) is
n—1
finite. Indeed, we have A(m) = °° ED™ 5 (@ (v)).

n=1 n

Lemma 2.3. We have logy:,x (¢, ®) € Dery:s/(I) where logy.x is defined by
the above formulas.



Log smooth deformation theory 9

Proof. Given (¢, ®) let (D, A) be defined by the formulas. Setting x := ¢ — Id,
we have x (Ox/) C Z. Clearly D(a + b) = D(a) + D(b) and D(f~'s) = 0 for
s € Og since ¢(f~s) = f~ls. We have x(ab) = ax(b) + by (a) + x(a)x (b)
and thus

Kab) =" (knﬁ)x"(a)xﬂ(b),

k,£>0
!
n\._ | ey 0skli=n=k+¢
k,? 0 else

for n > 0 by induction since (k—nl,e) + (k,Zn—l) + (k—lr,le—l) = (”k‘f'zl). Since for a

polynomial p € Q[m] of degree < k we have anzo(—l)mp(m)(:;) =0, we find

e¢]

o= I () < [ ok

n k,? 0 else

n=1

and therefore

D@b) =Y e x"(@x"(b) = aD®) +bD(a)
k>0

showing that D : Ox — T is a derivation. For m, my € My writing ®(m;) =
m; + v; we have

on(@@Da() = Y. (kn£>0k(0l(vl))0€(05(vz))

k, >0

by induction starting with oy = 1, so we get

A(my+ma) =Y e on(@@))oe((v) = Almy) + A(my)
k,£>0

since ® (m + mp) = my| + my + v1 + vo. We have A(f_ln) =0forn e Mg
since ®(f~'n) = f~'n,and @ - A = D o « holds by construction. O

The forgetful maps ¢p, t4 in diagram (1) above are injective group homomor-
phisms. For, if V/ := (X')*"" C X’ is the strict locus defined in the “Appendix”,
then tp and t4 are isomorphisms on V’. Because

’Derx//s/(I) = HOm(Ql //S/’I)

and Z C Oy has injective restrictions to V’ (which is a direct consequence of
Proposition 10.1), we get ¢p injective. If we have two automorphisms (¢, ) and
(¢, @), then ® and @’ coincide on ghost sheaves—this is because the restriction
map My — My — ﬂxo of a log deformation is an isomorphism—so there
is an invertible u with ®'(m) = u + ®(m). Because 14|y~ is an isomorphism, we
have u|y’ = 0, and thus u = 0. We conclude:
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Proposition 2.4. The maps

exp
Dery:s(1) - Autxr/x
og

are inverse isomorphisms of sheaves of groups.

Remark 2.5. The case of first order deformations, i.e., Z2 = 0, has been described
in [6, Lemma 2.10]. Indeed, this result has been our main inspiration to find the
description of infinitesimal automorphisms of higher order. Automorphisms of all
orders of log rings have been studied in [7, Prop. 2.14].

3. Gerstenhaber algebra of polyvector fields

Given S € Artp, let f : X — S be log smooth and saturated. The polyvector fields
G;(/S =A" (9;(/5 in negative grading, i.e., concentrated in degrees —d < e <0
for d the relative dimension, form a Gerstenhaber algebra. This means it is endowed
with two bilinear operations A and [—, —], which are graded in the sense that (for
G* = Gy,s)

GP AGY C GPTY and [GP,G9) C gp+q+1‘

They satisfy the relations

xAAZD) =AY Az and x Ay = (=DFIV(y Ax)
[x,y Azl =[x, y] Az + (=)D A [x, 2]
[x, y] = _(_1)(|X|+1)(IY\+1)[y’ x]

[x, [y, 211 = [[x, y1, z] + (=D FFDOEDLY 7]

where |x| denotes the degree of the homogeneous element x. For the bracket [—, —]
we take the negative —[—, —]s, of the Schouten—Nijenhuis bracket. Recall that
the latter one is the unique bracket satisfying the above relations and such that
[g, hlsn = O for functions g, h € Oy, such that [0, &];,, = [, &] is the Lie bracket
for vector fields 6, & € G)}( g0 and such that [0, gl;, = (dg, ) for the natural
pairing (-, -) of vector fields and differential forms. Our grading convention as well
as the (—1)-sign in the bracket follow [1].

In the spirit of [1, Defn. 2.9], we say a Gerstenhaber algebra G® is (—1)-injective
if the map

G ' = Hom(G°, G%), 6+ [6,—]

is injective. Using Proposition 10.1 of the “Appendix”, we find that G§ /S is (—=1)-

injective. Indeed, on the strict locus X*"" C X the sheaf G;(}  represents classical
relative derivations on Oy.
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The Gerstenhaber algebra and deformations

Let S — S be a thickening given by a surjection A” — A in Artp, and let
f' X" — S be a deformation of f : X — S.LetZy/,x = I - Ox be the ideal
sheaf. We obtain an exact sequence

O—>IX1/X-G;(,/S,—> G;(,/S,—> GS(/S—>O 2)
of Gerstenhaber algebras. Here the right hand homomorphism is induced by pulling
back homomorphisms 4 : Q}(//S, — Oy along ¢ : X — X’'. Elements § €
Ixx - G;,l/ ¢ induce gauge transforms

- ])k(s)
€XpPy - G;(’/S’ - G;(’/S” Z (3)
k=0 !
which are well-defined Gerstenhaber algebra automorphisms over G%,¢ since
Tx:/x is nilpotent. If expy = expg, then 6 = & due to (—1)-injectivity. Indeed,
with the Baker—Campbell-Hausdorff product on Zy/, y - G;(,l ¢ the map 6 +— expy
becomes a group homomorphism, and if expy, = Id, then & = 0 by induction since
it holds for small extensions S — §.
Automorphisms of G%, /g can be induced by geometric automorphisms as well.
Namely, for two deformations f/ : X; — S’ (i = 1,2) and an isomorphism
¢ :X] — X,over f: X — S, there is a natural map

Ty : Gyy g = 0:Gy g

of Gerstenhaber algebras which is induced by OXQ — 0.0 X! and the pullback of

homomorphisms % : Q! — OX; along ¢. More precisely, i € ®§(, /s gives
2

X/ /S/
rise to a composition
1 o*h ~

x5 =@ QX’/S’ — ¢"Ox; = Oy,
and thus to an element Ty, (h) € gp*@ X/
Remark 3.1. The inverse ¢ ~1 induces a map d(p~ Ly X 1S — ((p_l)* X8
whose composition with the canonical map (¢~ 1) ol X8 — (p*G)X, /s coincides
with Tj,. In fact, when we write Q; = Q; /st and (9 := Oy, we have maps

(e~ H*Q) — Q and Qy — ¢, Qy; they induce the diagram

Hom(Q, 02) —= Hom((9~)*Q1, (9~ H*O1) =—— (¢~ *Hom (2, O1)

\

psHom ("2, ¢*O7)

psHom (21, Oy)

of isomorphisms of O X} -modules, which is commutative since the composition

(e~ H*Q) — Qy — ¢, is the canonical isomorphism.
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Given a deformation f' : X’ — § of f : X — S an automorphism ¢ €
Auty ,x induces—on the one hand side—a map 7, : G%,, — G5 /)55 ON the
other hand side, we have an element § = logx//x(go) € Zéerx//s/ (IX 17x). Now

Deryrs(Ixyx) = Ix/x - GX//S/ because h : QX s = Oy takes values in
Iy x if and only if ¢*(h) = 0. Thus

0 = (D, A) :=logy, x(¢) € Ty/x - Gyl

induces a gauge transform exp_y; it coincides with T, by the Lemma below. The
sign in —@ is due to our convention [—, —] = —[—, —]sx-

Lemma 3.2. Let ' : X' — S’ be a deformation of f : X — S, and let ¢ €
Autyr;x. Then the induced map T, : G;(’/s’ — G;(’/S’ is equal to the gauge
transform exp_g for 6 = logy, /x (@). Moreover, every gauge transform expg with

0e€lyx- G;,I/S/ is induced by a unique automorphism ¢ € Autyx.

Proof. Fora € G())(//S/ we have
o0 Dk ) —0, — k
R=3 20 _$ oD@ _
k=0 ’

S0 it remains to prove equality on G;,l/ ¢+ The derivation 6 = (D, A) induces a

map V : Q;,/S, — Oy — Q;,/S, by the formula V(w) = d{(w, 6) that we use in
the formula

v (w)

do : QX,/S, — QX,/S/, W= Z
n=0

for the actlon of ¢ on differential forms. Writing ¢ = (¢, ®) as in Sect. 2, we find

for & € GX,/S,

(@, T, ©) = ¢ (@)™ @), 8)) = (@, exp_)

by the formula

m

(@, (=0, =D"E) =Y (Z’)(—l)‘Dm—@W‘(w), £),

£=0

which is proven easily by induction. Since G5, /s is (locally) generated by G, x' /s
as a ring with respect to A, we see T, = exp_g. For the second statement, we use
that logy, x is a bijection and that G X'/ is (—1)-injective. O
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4. Deformations of Gerstenhaber algebras

Given fy : Xo — So, we study deformations of the Gerstenhaber algebra G;(O /So°
i.e., the deformation functor G D, s,, which we introduce below. We fix an affine
cover V = {V4} of X and we denote the—up to non-unique isomorphism—unique
log smooth deformation of V,, over S by V,, — S (by abuse of notation with the
same symbol for all §). On overlaps, we choose isomorphisms

D@op 2 Velvenvy = Valvenvgs

they induce isomorphisms ¢qg : G;,a /s|VaﬂVf5 — G:,ﬁ /s|VaﬂVﬂ of Gerstenhaber
algebras contravariantly (by our construction in Sect. 3). Whenever we can com-
pose these isomorphisms to an automorphism, it is a gauge transform by Lemma
3.2.

Definition 4.1. A Gerstenhaber deformation of fo : Xo — So is a Gerstenhaber
algebra G°® on Xj together with a morphism G°®* — G%, /5 and isomorphisms
Xt G°ly, = G;,a /s compatible with the map to G}O /5 and such that on V,, N Vj,

the cocycle ¢up 0 xa © X 8 Yisa gauge transform. An isomorphism of Gerstenhaber
deformations is an isomorphism ¢ : G} — GJ compatible with the maps to G % /5

and such that the cocycle x4 o ¥ o X1_al is a gauge transform. Isomorphism classes
define a functor

GDy,s, : Artg — Set
of Artin rings.

A log smooth deformation f : X — § induces a Gerstenhaber deformation
G* =G% /s For x, we take the maps (contravariantly) induced by any geometric
isomorphism X|y, = V,. The different choices give rise to isomorphic Gersten-
haber deformations with the identity on G*® as isomorphism. This induces a natural
transformation L Dy, /s, = G Dx,/s,-

Proposition 4.2. The transformation LDy, /s, = GDx, s, is an isomorphism of
Sfunctors.

Proof. We prove LDx,/s,(S) = GDx,/s,(S) for S € Artg. Let f : X — S and
g : Y — § be two log smooth deformations, choose isomorphisms X|y, = Vg
and Y|y, = V,, and suppose there is an isomorphism ¥ : G}/S — G;/S of
the corresponding Gerstenhaber deformations. It induces gauge transforms v, :
GY, /s~ GY, /s according to Definition 4.1, which are induced by automorphisms
W, : Vo — V, by Lemma 3.2. They give isomorphisms Y|y, — X|y, that glue
to a global isomorphism ¥ : ¥ — X, so the transformation is injective.

Conversely, let G* be a Gerstenhaber deformation over S, and let ypg = @up ©
XaOXg !'be the gauge transform of Definition 4.1. It is induced by an automorphism
Lop 2 Valvanvy = Velvanvgs which we use to define isomorphisms

Wep 1= Pap o Ty Valvanvs = Valvaaw, -
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Note that the (contravariantly) induced map on Gerstenhaber algebras is xg o x, L
so they satisfy the cocycle condition by Lemma 3.2. Gluing yields a log smooth
deformation whose image in G Dy, s,(S) is G°. m|

5. Thom—Whitney resolutions

In this section, we briefly review the Thom—Whitney resolution. These resolutions
are acyclic resolutions of complexes that are adapted to preserve additional algebraic
structures such as A and [—, —] of a Gerstenhaber algebra; therefore, they have been
employedin[12] and [1] to study deformations. In their present form they first occur
in [26]. Their construction starts from a semicosimplicial complex V2. Recall that,
denoting Amen the category of sets [n] = {0, 1, ..., n} for n > 0 with morphisms
the order-preserving injective maps, a semicosimplicial object in a category C is a
covariant functor C® : Apon — C. Thus, a semicosimplicial object is a diagram
—>
Ag 2 A= A

where for each n > 1, we have n + 1 morphisms o, : A,—1 — A, satisfying
8Z,n+lak,n = 8k+1,n+lal,n~

Example 5.1. Let X be a k-scheme, let &/ = {U;} be an affine cover of X, and
let F be a sheaf of k-vector spaces. The Cech semicosimplicial sheaf F(Z/) is the
semicosimplicial sheaf

[Tron=lrumn = [] FW = -
i i<j i<j<k -

with the usual Cech maps, and with 7 (U) := j,F|y. Similarly, if G® is a sheaf of

Gerstenhaber algebras on X, then G® (I{) is a semicosimplicial sheaf of Gerstenhaber

algebras, i.e., each term G*(U), = Hi0<-~-<i,, G*®(Ui,...i,) is a Gerstenhaber algebra,

and the Cech maps are morphisms thereof.

For each n, the differential forms on {fg + --- + 1, = 1} C A"*! form a
differential graded commutative algebra

(ApL)n = klto. ...t dto, ... dt)/(1 = 4.y dty):

here, deg(#;) = 0 and deg(dt;) = 1. In particular, k[tg, ..., t,,dto, ..., dty] is
the graded commutative polynomial ring with dt; - dt; = —dt; - dt;. The inclu-
sions A" — A™*! of coordinate hyperplanes induce face maps 85" : (Apr), —
(Apr)n—1, which turn A py into a semisimplicial dgca. Given a semicosimplicial
complex VA of k-vector spaces—i.e., VA([n]) =: (V,;, d) is a complex—we use
the maps 85" together with the coface maps %.n of V2 to define homomorphisms

ST RId:  (Apr) @k Vi — (ApL)_ @ Vi
A® &, : (Apr)i @ V)| — (Ap) | @k Vi
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of vector spaces. Following [4], the Thom—Whitney bicomplex has graded pieces

Cry(v2) = {(xmeN e [Tarn)i ® Vi 1 6*" @ 1d) () = (1 @ Bh.) (tn1)
neN

with differentials given by

51:C ”’(VA) CEEPI VD), (an ® vp) > (dan ® vy).
8 s CLE (VA = CHFM V), (an ® vp) > (= 1) (0, ® duy).

The Thom-Whitney complex Totrw (V2) = Tot(Ciw (V) is its total complex.
The construction is functorial for homomorphisms of semicosimplicial dg vector
spaces, and it is exact by [26, Lemma 2.4], where U% — V2 — W2 is exact if it
is exact on each V.

For later use, we prove a base change result on the Thom—Whitney construction.
We say V2 is bounded if V,* = 0 for n > 0.

Lemma 5.2. Let R — S be a finite type homomorphism of k-algebras, and let V>
be a bounded semicosimplicial complex of R-modules. Then the canonical map

CZT‘{V(VA) ®r S — CFjy(VA ®g S) is bijective.

Proof. After factoring R — T — S—where T = R[xy, ..., x,] is a polynomial
ring and T — S is surjective—it suffices to prove the statement for R — S either
flat or surjective. For the flat case, first note that the product in the definition of

CTW is actually a finite direct sum because V2 is bounded. Now C’TVJV(VA) is the
kernel of

Y@ -1d@ K. PAr,® Vi > Par), @ Vi,
n,k n "

so its formation commutes with flat tensor products. For the surjective case, let
I C R be the kernel. Because CTW is exact, we find a diagram

CHL(VA) @g I ——= CHL(VA) — = Cl (VA) @ § —= 0

: :

C%V(VA Qr ) —— C%{V(VA) - C%VJ.V(VA ®rS) —=0

with exact rows. Then pg is surjective, and a similar argument using a surjection
R®™ s | shows p; surjective as well. In particular, we find pg bijective. O

Thom—Whitney resolutions on schemes

We globalize the Thom—Whitney construction to schemes. This has been done in
[9], but we recall it here for convenience.
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Construction 5.3. Let X be a k-scheme and F» be a semicosimplicial complex of
sheaves of k-vector spaces Then applying the above construction on every open,

we obtain a presheaf C5y! w(F Ay, which is a sheaf. Indeed, for a sheaf £ of k-vector
spaces, U +— (Ap L)’ Rk E(U) is a sheaf, products of sheaves are sheaves, and
taking elements that satisfy an equation preserves the sheaf condition.

As above, we say FA is bounded if Fy = 0forn > 0.In case Frisa

bounded semicosimplicial complex of quasi-coherent Ox -modules, also C3i, (F )
is a quasi-coherent Ox-module because the infinite product in the construction is
actually finite.

Lemma 5.4. Let ¢ : Y — X be a morphism of finite type of k-schemes, and let F»
be a bounded semicosimplicial complex of quasi-coherent Ox-modules. Then the
canonical map c*Chd (]-'A) — C. (c*}"A) is an isomorphism.

Proof. The inverse image ¢*F* is a bounded semicosimplicial complex of quasi-
coherent Oy-modules, so everything is quasi-coherent. It thus suffices to compare
on some affine cover of Y, where it follows from Lemma 5.2. O

Example 5.5. Let X be a separated k-scheme of finite type, let &/ = {U;} be a finite
affine cover, and let F* be a complex of quasi-coherent Oy -modules. Then F*(Uf)
is a bounded semicosimplicial complex of quasi-coherent Ox-modules. Because
the inclusions j : Uj,.;, — X are affine, we have F*(U) ® Oy = (F* ® Oy)Uf)
for a thickening ¢ : ¥ — X, and hence the natural map

R E ) > O (@F e )
is an isomorphism.
For a complex of sheaves F*, the map
Fl— CRE ). = A& (fuy,..)

induces a quasi-isomorphism 7* — Totrw (F*()); this is shown by postcom-
posing with the integration quasi-isomorphism to the Cech complex CoU, F*).

Lemma 5.6. Let X be a separated k-scheme of finite type, let U = {U;} be a finite
affine cover, and let F* be a complex of quasi-coherent O x-modules. Then we have

HY(X, CHl (FoWU))) = 0 for € > 1.

Proof. We compute the cohomology via the Cech complex o, C'ijV (F*)); our
proof roughly follows [1, Lemma 3.27]. Note that for an open V C X, we have

Cry(F UNWV) = {(fipi) €[] (ApL)y ® F/ (Uig.iy NV |

in<--<lip

Vk < n: Gen ® 1) (fig.i) = iy vy v} @)
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where the product runs over all (ﬁmtely many) ordered tuples (ig, . .., ip). Given
an element ( fy, .. .ay:ip...in) € CZ(Z/{ C w(F*)), we find

+1

7 k
(d(fa()...ot[;io...i,,))oto...a@rl;i().‘.i,, = Z(_ 1) fot()“.cfk...a/é_'_] 110.0uin |Ua0.“al+] ﬂU,'O,__,',l
k=0

for the Cech differential, so we can work in (Ap L)i, ® ce o, FiU, io...i,)) (notation
from Example 5.1) for each tuple (iyp, ..., i,) separately. Because the complex
(App): ® C*(U, FI(Uj,..;,)) does not have cohomology in degree # 0, we can
find elements

Fao...agfl;io...i,, € (APL)Z (29 Fj(UDt()‘..(ngl n Ui()..‘i,,)

with d(F,) = (f.), but we might have (F,) ¢ Ct~'(U, Cyiy (F*U))) since (F.)
might not satisfy equation (4).

We correct (F,) to an element (v,) € CV(’I(Z/{, C%V(]:‘(L{))) by induction
on n. For n < i we have (ApL)il = 0, so we set v,:j,..;, = 0. Forn =1 we
take ve.jy..i, = Fe:iy...;i, Which satisfies equation (4) (when we plug it in on the
left). For the induction step, let K11 be the kernel of ct-1 U, fj(UiO,“inH ) —
CU, F1 (Ui, .i,)). and note that Y8k ui1 © (App)i,, — @{To(ApL)] is
surjective by [5, Lemma 8.3] (or [1, Lemma 3.5]). We assemble these spaces into
a diagram

(ApL) ) ® Kus1 PBrto(ApL)h ® Kusi

ALy & CNU FI Uiy ) —2 @B (ApL), ® CEY U, Fi Uiy i)

! |

(ApDiy; ® CLQUL Fi Uiy iy 1)) —— @to(Ap)y ® CLU FI (Usyi))

with exact columns and surjective rows. Assuming (v,) to be constructed up to
order n, we need to find

(Vasig...ins1) € (App)o @ CEV UL FI Uiy i)

such that d(v. io-. ine) = (fesio.. anrl) and—to satisfy Eq. (4)—we have A1
(Veig.ips1) = Vjg...inp; Where ¥, is constructed from (v,) (up to order n) by
the right hand side of Eq. (4). Given (Fy;j...;,.,) this is an easy diagram chase. O

Corollary 5.7. Let A" — A be amorphismin Artg, let ' : X' — S’ be separated,
let U' be a finite affine cover of X', and let X = X' xg S. Let F* be a complex
of quasi-coherent O x-modules which are flat over A’, and let C = CZTJV(]:' o).
Then the canonical map H°(X',C) @ 4+ A — H(X,C Q4 A) is bijective.
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Proof. We have a factorization A’ — A'[x1,...,x,]/(x{", ..., xy") = Ain
Artp with the second map surjective, so it suffices to prove the statement for
A’ — A either flat or a small extension. The flat case is by flat base change. In the
small extension case, let I C A’ be the ideal. Then we have I -C = (C®u k) Qi [
due to flatness, so Proposition 5.6 shows H! (X', I-C) = 0; thus, the result follows
from the long exact sequence in sheaf cohomology. O

6. The Thom—Whitney Gerstenhaber algebra

We perform a Thom—Whitney resolution of the Gerstenhaber algebras GY, /s of
polyvector fields and glue them canonically to a global sheaf of (bigraded) Ger-
stenhaber algebras PV x,/s. This sheaf depends on X and the base S, but not on a
deformation f : X — S, thus the notation “X/S”. The gluing is inspired by the
gluing construction in [1, 3.3].

Let G*® be a Gerstenhaber k-algebra on a (separated) finite type k-scheme X,
and let U/ be an open affine cover. To perform a Thom—Whitney resolution, we
turn G° into a complex of coherent sheaves by endowing it with the differential 0.
We set TW?4(G®) := C%Wp (G*(U)); the switch of indices is on purpose to fit the
conventions of [1]. The operations

@@ AbBw) = (DG Ab) & wAw)
and
[a®v,b@w]:=(—)PHDPlG A by @ [v, w]

turn it into a bigraded Gerstenhaber algebra TW**(G*®) (or TW*® for brevity),
i.e., we have

TWP? 4 ATWH) c TWPHTH+) and [TWP4, TW!/] c TWPH+hati

as well as the usual relations with respect to the total degree p 4 ¢g. The differential
d: TWP9 — TWP49t! 4 @ v da ® v, satisfies the relations

dix Ay) =dx Ay+ (=DFx Ady, dix, y] = [dx, y]+ (=DFF[x, dy] (5)

and d> = 0 whereas the other differential TW?”¢ — TWPtL4 of this
Thom—Whitney bicomplex is 0. We say that its total complex TW®(G®) :=
Totrw (G*(U)) is a (strongly) differential Gerstenhaber algebra. The quasi-
isomorphism (G*,0) — (TW*(G®),d) is a functorial acyclic resolution of dif-
ferential Gerstenhaber algebras. In particular, we can recover G® as the cohomol-
ogy sheaves H*(TW*®(G®)) which form a Gerstenhaber algebra for every differ-
ential Gerstenhaber algebra. Sometimes we write H*(TW*®*®) for the cohomol-
ogy; then taking the total complex is implicit—cohomologies are, for us, always
singly graded. However, in bidegree (p,q) with ¢ > 0, the cohomology of
d : TWP4 — TWP-4+1 is 0 anyway.

Remark 6.1. Do not confuse our notion of differential Gerstenhaber algebra with
the one of e.g. [20] which is more closely related to Batalin—Vilkovisky algebras.
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Example 6.2. Let f : X — § be a log smooth and saturated deformation of the
space fo : Xo — Sp. Then we have a resolution G}/S — TW*(GY$ /S) If we

deform further to f' : X’ — §’, then applying TW(—) to the exact sequence (2)
we obtain the exact sequence

0 —> IX//X . TW.(G.//S/) — TW.(G. //S/) — TW.(G;(/S) — 0

because TW*®(G%, / ¢) is flat over S” and compatible with base change.

If exp, : G;(,/S/ — G;(//S, is a gauge transform (relative to f : X — ),
then the induced automorphism TW (expy) is the gauge transform defined by the
element

(1® @ly,

i...in

) € Iyyx - TW Gy )
via the formula in (3).

(—1)-injectivity is preserved by the Thom—Whitney construction. This is impor-
tant for Lemma 6.6 below.

Lemma 6.3. Let G* be a (—1)-injective Gerstenhaber algebra. Then for a non-zero
0 € TW~19(G®) the map [0, —] : TWO0(G®*) — TWYJ(G*) is not the zero map.

Proof. We work over an arbitrary open V C X. Following the description of Cfrvjv
in Lemma 5.6, the element & € TW~17(G*) is given by a family (6;,..;,). After
denoting {#,,} some basis of (APL)f;, we can decompose 6;,_;, = Z auty, ®0
with 9“ i, € G '(Uiy.iy N V) For some non-zero 9“ i, e find a function f €
(’)X(U,0 i, N'V) such that [0 lo i , f1# 0, hence [0, (1 ® f)] # 0 for the induced

element (1 ® f) € TW" 0(g°)(U,0___,-” nv). O

i0---In

We apply this construction to the Gerstenhaber algebras GY, /¢ and obtain dif-
ferential Gerstenhaber algebras TW'(GV / ¢) as well as isomorphisms TW (¢qp)
on overlaps. Every cocycle

TW(ya) o TW(dpy) o TW(daup)

is a gauge transform by an element in 7 - TW*I’O(G:,‘X/S | VaNVpNV, ), where 7 is the
kernel of Ox — Ogx,. When gluing them as differential Gerstenhaber algebras,
this induces a Gerstenhaber deformation (Definition 4.1) by taking cohomology.
As a step towards that, our goal is to glue them as a bigraded Gerstenhaber algebra,
i.e., without differential (and keeping the bigrading).

Definition 6.4. A Thom—Whitney—Gerstenhaber (TWG) deformation is a bigraded
Gerstenhaber algebra 7*® with a morphism 7*° — TW* *(G%, /50) (of bigraded
Gerstenhaber algebras) and isomorphisms xo : 7%°|y, = TW® '(G Vo ) compat—
ible with the maps to TW**(G% Xo/So ) such that the cocycle ¢up o xqo © X[} is a
gauge transform defined by an elementin Z-TW 1 0(G Vs/S [v,nvg)- Isomorphisms
are analogous to Gerstenhaber deformations.
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In general, gauge transforms are not compatible with the differentials, so there
is no canonical differential on 7 *-* coming out of the data. The canonical example
of a TWG deformation is the following.

Example 6.5. Let G® be a Gerstenhaber deformation. Then TW®**(G*®) is a TWG
deformation upon forgetting the differential.

Given a morphism S — S’ in Artp and a TWG deformation 7*° on §’,
Lemma 5.4 showsthat 7 **® 4 A isa TWG deformation as well (where A = O(S)).
Moreover, TWG deformations have a deformation theory just like classical flat
deformations:

Lemma 6.6. Let 0 — [ — A’ — A — 0 be a small extension in Artg and let
T** be a TWG deformation on S = Spec A. Then:

e Given a lifting T'*® on S', the relative automorphisms are in
H°(Xo, TW™0(G%, /) ®x 1.

o Given a lifting T'**® on S, the isomorphism classes of liftings are in
H' (X0, TW (G, /5,)) ®x 1.

e The obstructions to the existence of a lifting are in

H>(Xo, TW™ (G, /5,)) ®k 1.

Since TW 1.0 (G;(O/SO) is acyclic by Lemma 5.6, there is indeed a unique lifting
up to isomorphism. This means for every S, there is up to isomorphism a unique
TWG deformation PV, /s (depending on § and the morphism fy : Xo — Sp, but
no further data) which we call the Thom—Whitney Gerstenhaber algebra. In fact,
PVx,,s has many automorphisms, so there is no canonical choice. Thus we fix
once and for all one PVy, s for every S € Artgp. The notation PV is taken from
[1]; presumably, PV stands for “polyvector fields” since it is obtained by resolving
the Gerstenhaber algebra of polyvector fields.

Proof of the Lemma. Given a lifting 7'*®, we consider the choice of a morphism
T'** — T** that is the given one on TW"'(G:/Q/S,) — TW"(G;/Q/S) as part
of the datum. Since the gauge transforms ¢upg © xo 0 X ] !are A’-linear, the TWG
deformation 7’*® consists of sheaves of A’-modules. Thus the sequence

0>1-T** >T* > T* >0

makes sense and it is exact because it is locally the sequence of Example 6.2. Every
element & € I - 7'~ 10 induces a gauge transform expy by the formula in Sect. 4.
It is an automorphism of 7”*:® in the sense of Definition 6.4 because it is a gauge
transform on TW** (G;,a / ) as well, so we obtain a sheaf map

expr /7 1. 7710 .Autj'//']', O (E—&+160,8])
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into the sheaf of lifting automorphisms. It is injective due to Lemma 6.3. By the
very definition of an automorphism of TWG deformations, every ¢ € Autz 7 is
(locally) induced by some # € m - 7'~10 where m C A’ is the maximal ideal.
Because the induced automorphism on 7** is the identity, we have indeed that
0el-T-10 s0 exp7 7 is an isomorphism. Finally we have TW_l’O(GE(O/SO) Rk
I = 17719 so the result follows by the standard methods that are developed
for smooth deformations in [8, III]. O

Corollary 6.7. Let Is C A = O(S) be the maximal ideal. Then every automor-
phism of a TWG deformation T is a gauge transform, i.e.,

expy : Is - T4 = Autr

is an isomorphism (once we endow Is - T ~"° with the Baker—Campbell-Hausdorff
product).

Proof. This follows by induction on the length of A, breaking the extension into
small extensions. O

Remark 6.8. If S — §’ is a map in Arty corresponding to a homomorphism
A’ — A of Artin rings, then PVy, /s @A is a TWG deformation on §. In
particular, there is an isomorphism to PV, /5. Moreover, we have an induced
homomorphism PVy v — PVy,s» ®4'A. However, there is no canonical
homomorphism PV, — PVy,,s since there is no preferred isomorphism
PVyx,/s' ®a’A = PVxs. This is because PVx /s has many automorphisms. We
see that § — PV, s is not functorial in a strict sense.

7. Differentials on TWG deformations

After constructing a unique TWG deformation PV, 5, we now study differentials
d: Pfo’Oq/S — PVf(’Oq/ng on it. Recall from e.g. [1, Lemma 2.5] that if 0 € Zx,x, -
TW*I’O(G;(/S), then

expg o (d +[§, =] oexp_y = d + [expg(§) — T([0, —D(d0), -]  (6)

where T ([0, —]) means to plug in the operator [6, —] into the power series expansion
of T(x) = exr’(xﬁ. This means under a gauge transform, the differential d is
transformed into something of the form d + [, —] for n € Ix/x, TW I (G;(/S).
Hence every differential on PV, s should be locally of this form. More formally
we define:

Definition 7.1. Let 7°° be a TWG deformation. Then a predifferential is a map
d : TP4 — TPat! that satisfies (5), that is compatible with the differential on
TW"'(G;(O/SO), and such that

d|Va _Xa_l ody o Xa = [Nas —1
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for some n, € -7 11 |v, where dy is the differential on TW"'(G{,a/S). Itisa

differential if d> = 0. We denote the set of predifferentials by PDiff (7**) and the
set of differentials by Diff (7 *-*). Two predifferentials dy, d» are gauge equivalent,
if there is an automorphism v : 7*° — 7°*° of TWG deformations such that
Yody =dyot.

Example 7.2. Let G* be a Gerstenhaber deformation. Then the differential of
TW**(G*®) is a differential in the above sense. Since TW**(G®) = PVx,/s, it
induces a differential on PV, /s whose gauge equivalence class does not depend
on the chosen isomorphism.

Every restriction PV ,s» — PV s induces a restriction Diff (PVy,,s) —
Diff (PVx,,s) on differentials. On gauge equivalence classes, this restriction is
independent of the chosen map PV, ;s — PVx,/s, so we obtain a functor

T Dx,;s, : Artg — Set
of Artin rings. To construct an inverse of the natural transformation
tw : GDx,/sy = T Dx,/s,
given by Example 7.2, we need a lemma.

Lemma 7.3. Letn, € Ig TW-L1 (G{,a/s) be such that dy+[ny, —]is a differential.
Then the two differentials dy and dy + [ny, —] are gauge equivalent.

Proof. Firstassume § — S’ is a small extension, set 7’ := TW?**(GY5, /S,) etc. and

considerny, € Ig-T '=L1 guch that Ne|s = 0. Then the condition that dy, +[7ny, —]is
adifferential (has square zero) becomes dn, = 0 (cf. Maurer—Cartan equation), and
for e 1-7'~10 formula (6) simplifies to expgodoexp_g = d+[—d0, —]. Because
V, is affine, we have H'(V,, G;l/s,) = 0, so we can find a gauge transform in
Autz 7 with expy ody = (d + [L;ya, —1]) o expy.

Now the proof is by induction on the length of A = O(S). If 5, € Iy - 7'~ 11
such thatd,+[n,, —]is a differential, then the restrictions to 7 are gauge equivalent.
The gauge transform can be lifted to 7, giving a gauge equivalence of dy + [14, —]
and dy + [n,,, —] for some 7/, with /,|s = 0, the latter being gauge equivalent to
dy by the above argument. O

Given a differential d € Diff (PVx,,s), the isomorphism
Xa : (PVxyss, d)lv, = (TW**(GY, /), do + [Xa(Ma), —1)

is compatible with differentials. By Lemma 7.3 we can further compose with a
gauge transform to (TW**(GY, / ¢)» do). Thus taking cohomology yields a Ger-
stenhaber deformation H*®*(PV, s, d) whose isomorphism class does not depend
on the chosen gauge transform (namely, every gauge transform that leaves the dif-
ferential invariant descends to a gauge transform on cohomology). Likewise, if d|
and d; are gauge equivalent differentials, the induced Gerstenhaber deformations
are isomorphic. We find a natural transformation

h: TDx,/s, = GDxys,

which is inverse to the natural transformation tw constructed above.
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Lemma 7.4. The functors GDx, s, and T Dx, s, are naturally equivalent.

Proof. Given a Gerstenhaber deformation G°®, we have a resolution G* —
TW?*(G*®),sohotw = Id. It thus suffices to prove that his injective. Let dy , d; be two
differentials and let ¢ : H*(PVx,,s,d1) = H*(PVx,,s, d>) be an isomorphism.
Fix the structure of Gerstenhaber deformation on the cohomologies by choosing
isomorphisms xq,; : PVx,/s. di)ly, = (TW® '(G' s) d,) as in the construction
of h. The map ¢ induces a gauge transform expy, : GV /s ™ GV /s which has
a unique lift to a gauge transform expy, : TW**(GY, /S) — TW* ‘(G{, /S) since

T™W-L *(GY, Ve/ ) is a resolution of GV /s Using the xq.;, we obtain an isomor-

phism (PVXO/S, d))lv, — (PVxy/s, d2)|va inducing ¥ in cohomology. Again by
uniqueness they glue to a global isomorphism, so d;, d» are gauge equivalent. O

8. Maurer-Cartan elements

We construct a k [ Q]-linear pdgla L§ %o/S0 which controls T Dy, s, and thus log
smooth deformations. To this end, we relate differentials on PV X,/s 1O an appro-
priate Maurer—Cartan equation.

The predifferentials PDiff (PV yx,,s)—considered as a sheaf on Xo—form an
Is - PV}é}g—torsor for its additive group structure. Indeed, for n € Ig - PV;(;/;
and d € PDiff (PV,,s), also d + [n, —] is a predifferential. Every predifferential
is (locally) of this form and Lemma 6.3 shows that for n # n’ we have d +
[n,—1#d + [77 , —]. Using Lemma 5.6 1nduct1vely over small extensmns we find
HK(XO, PV ) = 0 for £ > 1. This suggests H! (Xo, Is - PVX S) = 0 (which
does not follow immediately), so there would be always a predlfferentlal In fact,
more is true:

Lemma 8.1. Let S — S’ be a small extension and let d € PDiff (PV, /5). Choose
arestrictionPVy 5 — PV, s (whichisunique up to automorphisms of PVx;s).
Then there is a predifferential d' € PDiff (PVx,,s) withd'|s = d

Proof. The sheaf of predifferentials on PV, s that restrict to d over § is an
I- PV;;’/E,-torsor. Since

H'(Xo, 1 - Pv;(l/g,) = H' (X0, TW "1 (GY,s5)) © 1) =0,

it has a global section. O

Corollary 8.2. PDiff (PVx,s) is a trivial Is 'PVgé}g—torsor. Every predifferential
d induces a bijection I - PV);;’/‘S — PDIff (PVx,/s), 1 — dy :=d + [, —].

Remark 8.3. The predifferential that we find here corresponds to the operator 9, +
[04, -]1in [1, Thm. 3.34].
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Given a differential d € Diff (PVx,/s) and n € Is - PV !\, we find

1
d +[n. =D)* (k) = [dn + 5[777 nl, K} =:[{, k]

The element £ € PV};/i is unique with that property by Lemma 6.3, so indeed
for every predifferential d there is a unique £ = ¢(d) € PV;(;/ZS with d? = [£, —]
(because locally we can compare it to a differential). Now if d is a predifferential,
then

1
d+n, -1 = [dn + 5[77, nl+ £(d), —}

so d + [n, —] is a differential if and only if dn + %[n, n] + € = 0. This is the
Maurer—Cartan equation.

Remark 8.4. Our Maurer—Cartan equation corresponds to the classical Maurer—
Cartan equation in [1, Defn. 5.10].

Our next goal is to construct the k£ [Q]-pdgla L;(O/So' Let A := k[Q], let

mgo C Abe the maximal ideal, let Ay := A/ka+l, and let Sy := Spec (Q — Ay).
Then Sg — Sk41 is a small extension, so after choosing restrictions PV /s, —
PVx,/s, we choose inductively compatible predifferentials dy on PVx,/s, by
Lemma 8.1. For § € Artg, there is at most one morphism § — S, and there
is a minimal k such that Hom(S, Si) # . For this minimal k, we choose a restric-
tion PVy,/s, — PVx,/s and we endow PV x,,s with the restricted predifferential
di|s. The construction yields an O(S)-pdgla

1
0

L*(S) == (I'(Xo, PV %), [—. =1, dils, £(dkls))

which is functorial for morphisms S — Sy (where £ > k). In particular, using
Corollary 5.7, we get exact sequences

0= mb™ - L8(Sk1) = L*(Sks1) > L*(S) — 0

on the level of global sections where the right hand map is compatible with d and
£. The limit

L® = LY, /s, == 1im L*(S)
is an A-pdgla since its pieces are complete by [33, 09B8] (note the index shift).
Remark 8.5. In case Q = 0, the pdgla L® is an actual dgla. Namely, we have
A = k[[0] = k and thus A; = k—all restrictions PVy, /s, — PVy,/s, are

isomorphisms. Therefore, dy = dy is a differential and £(dy) = 0.

Proposition 8.6. There is a natural equivalence mc : Defye = T Dy, /s,.



Log smooth deformation theory 25

Proof. By [33, 09B8] the canonical map
L%o/s0 ®A A = L*(Sp)

is an isomorphism, so after restriction along S — S; and using Corollary 5.7, we
obtain an isomorphism

Lyy/sp ®4 OS) — L*(S) = T'(X0, PV %),

which is functorial with respectto S — S;. Maurer—Cartan elements € Is-L'(S)
induce differentials d,, € Diff (PVx,,s) by Corollary 8.2. If 7, nels- L (S) are
gauge equivalent via0 € Ig - L9(8), i.e., we have dy oexpy = expy od,y on L*(S),
then d,), d,; are gauge equivalent on PV ,s. Indeed, by Corollary 8.2 we can find
aunique & € Iy - L'(S) such that

ds = expg odyy o expg1

on PVy,/s. Restricting the equation to L*(S) C PVy,,s, we find n = & by
Lemma 6.3. We get a well-defined transformation me on the level of objects. It
is injective because every automorphism of PV, /s is a gauge transform, and it
is surjective by Corollary 8.2 and the fact that d,, is a differential if and only if
n is Maurer—Cartan. me is a natural transformation, i.e., compatible with maps
S — §’, because we can always find a restriction PV, — PV, s which fits
into a commutative diagram

—1,e

L%/s0 ®A o) — PV IS

| |

—1,e

XO/S() ®A O(S) >'PVX }S

with the chosen horizontal maps. Finally, recall that on 7 Dy, s, the restriction is
independent of the choice for PV, — PVx,/s. O

Using Proposition 10.5, we recover that LDy, /s, is a deformation functor,
which was first proved in [14]. We find that the tangent space f7 p is isomorphic to
HY(LY) = H' (X, @}(O/SO), so in case fy : Xo — Sp is proper, we recover that
LDx,/s, has a hull by Schlessingers’ criterion [31, Thm. 2.11].

9. Example: a log smooth curve

In this section, we compute the pdgla L?¢ Co/So for alog smooth curve fi : Co — So;
though not all intricacies of L Xo/5 show up here, it gives a first impression of how
the pdgla looks like. As underlymg space, we take

Cy:={XYZ =0} C P

i.e., three pairwise intersecting lines. It carries an obvious log structure of embed-
ding type (see [14, 11.4]) via the embedding C, C IP2; however, it does not admit
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a global section (at least we cannot find it) which would yield a log smooth log
morphism fy : Co — Sp := Spec (N — k). Instead, we turn C, into a log smooth
curve as follows: The standard open covering of IP’,% induces an open covering of
C with three opens

Vi = Spec kly, z1/(yz), Vy =Specklz, x]/(zx), V.= Speck[x, yl/(xy)

which are glued via

OVylay) = kiyly = k[xle = O(Vylyy), ¥ > 1/x,
OV, ly2) = kizl. = kIyly = O(Vily), 2+ 1/y,
O(V.ln) = klxly = klzl. = O(Vilg), x> 1/z.

Each open V,, has a deformation C, — S := A}; more precisely, we have three
log smooth families

C, := Spec (N2 — k[y,z]) = Spec N — k[t]) =S, t+ yz,
Cy = Spec (N* — K[z, x]) — Spec (N — k[t]) =S, 1+ zx,
C, := Spec (N? = k[x, y]) = Spec N — k[t]) =S, t+— xy.

We define Cy|xy := {y # 0} C Cy etc.—then we have isomorphisms

Cx|xy = Cylxy, ye—=1/x, z+> sz,
= 2
Cyly: = Cilyz, 2= 1/y, x> xy°,

~

Celox = Cilex, x> 1/z, yr> yz°

of families of log schemes. These are not the standard isomorphisms which yield
IP2; in fact, they do nor satisfy the cocycle condition on the triple intersection, and
thus, they cannot be glued to a family. However, unlike the standard isomorphisms,
they are compatible with the map to the base. Thus, after restriction to C, they
glue to a log smooth curve fy : Cop — Sp because on C), the cocycle condition is
empty—there is no triple intersection.

We compute the Gerstenhaber algebra GEO /S of polyvector fields; it is con-

centrated in degrees 0 and —1. The sheaf of absolute log differentials Qlco is on the
open cover {Vy} given by

dy dz dz dx dx dy
1 1 1
ok v =0 (2 F). ey =0 (Z. ), abi —on (T, D)

where O{a, b) := O -a @® O - b is the direct sum on formal generators specified in
the bracket; the transition maps are given by

dy dx dz dx dz
Viley = Vylay : — - 2 —

)

y x z x z
d d d d d
dy | ,dx  dy dz - dx

B — = )

y X y b4 X

Vilzx = Velax
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dx dx dy dz dy
Vylyz = Vilyz : S g2 D 12
X X y z y
The image of ff Q]% - Q 1C0 is freely generated by the sum of the two generators

on every V., e.g. % + dz—z on V,; setting

dy dz dx
C()|V‘, =1 1> w'Vy =1 1> lez =1
y b4 X

we get a global section w € I'(Co, Qéo / s,) Of the quotient, which defines a triv-
ialization O¢, = Qéo /50" 1 — w, of the log canonical bundle. In particular, the
relative tangent bundle G 01 /S = ®1Co /5 is trivial as well; under the natural embed-

ding ® }:O /50 C ® 190 (which forgets the log part of the derivation and the fact that
it is relative), the dual of w is the derivation given by

Vi 0y;i=y0dy — 20,
Vy 1 Oz i=20; — x0,
Ve i Oxy 1= X0y — y0y.

A-multiplication with an element of G%O /S0 = Oc, is given by the O¢,-module
structure; since GE(? 5 = 0, this determines the A-multiplication completely. When
f.8 € Oc,and 0 € GICO/SO’ then [ f, g] = 0 and [0, ] = O—note that there is

two times 6 in the bracket; in general, [0, £] # O for a second element & € ®1C0 /50"
Finally, we have

VX : [8y29 )’] =Y, [8)}21 Z] =2,
Vy: o [0, 2zl =—z, [0z, x]=x,
V. [axys x] = —x, [axy, yI=y

since our Lie bracket is the negative of the Schouten—Nijenhuis bracket.

When S € Arty, then the families C, /S induce log smooth deformations V, /S
as required at the beginning of Sect. 4. The corresponding Gerstenhaber algebras
are

GV, s = Oviys - 1@ Ov,ys - dye,
GYyss = Ovyys - 1@ O, s - i,
GY./s = Ov.ys - 1@ Ov.ys - Oy

where Oy, s is the structure sheaf of C, xgS—i.e., of the deformation V /S—and
where 9y, must be interpreted in the respective ring. Our isomorphisms Cy |y, =
Cylxy etc. above induce the required isomorphisms ®yp : Vﬂlvamvﬂ = V(X|VaﬂVﬂ'
Because the cocycle condition is empty again, we can actually glue the pieces
to a Gerstenhaber deformation G'C0 /s = Ocyss - 1 ® Ocyys - 0 in the sense of
Definition 4.1.
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Next, we perform the Thom—Whitney resolution of G’C0 /s with respect to
the cover U := {Vy}; this yields a TWG deformation together with a differ-
ential on it, not only a predifferential. In particular, this computes PV¢,/s =
TW'*'(G'Co /S(Z/{)). Since the Gerstenhaber deformations G'C0 /s are compatible
for all S € Arty, we also get restriction maps between the different PV¢,,s and
compatible differentials. Thus, in order to obtain

° . —1,e
LCO/SO = Lﬂl I'(Co, PVCo/Sk)’

we only need to compute the global sections of the Thom—Whitney resolution.
After ordering the index set as x < y < gz, the global sections of the semi-
cosimplicial sheaf of Gerstenhaber algebras G, / g(U) are

O(Vy) x O(Vy) x O(Vy) oWV, NV x OV, NVy) x OV, NVy)

$
el(vy) x el(vy) x (V) 5:“ elv,nV) x 8LV, NV, x 8LV, nVy)

1

with 80(c_z, b,c) = (¢,c,b) and 81(a, b,c) = (b, a,a) (in both rows); all other
pieces G}, 1= G’CO/S(Z/l)n are zero. Concretely, for Sy = Spec (N — k[r]/ (1Y),
we get

kly,z, 11/ (yz — t, Y x klz, x, 1]/ (zx — ¢, 50 x k[x, y, 11/ (xy — 1, 5F1)

= klz 11 /() x kL, 1/ (PN kL, 1y /(5T

kly,z,t1/(yz — t, 151 -8 x k[z, x, t]/(zx — £, 51 - x k[x, y, 1]/ (xy — £, £FF1) - 9
= klz, 11/ (5T -0 s kLx, 11/ - 9 x KLy, 11, /(*T -

with

50(}’,Zax)=(f27%fy)’ 31()’72’35)2(2,”’)’),
oz, x,y) = (1/z,t/x,1/y), iz, x,y) = (t/z,1/x,1/y),

and the same for the ®'-row. The relevant pieces of the semisimplicial dgca Apy
are

(App)) =k, (App)? = kltol, (Apr)d =0, (Apr)} = kltoldto;

the two non-trivial relevant face maps (A p L)(]) — (Ap L)8 are fyp — Oand 79 —~ 1.
We find

TW? = TWOO(GE, 5, W)
= {((f& 1), Y 16(pi» qi» 1)) € k ® G x klto] ® GY |
8o(f. 8. h) = (po. qo. 7). 81(f. 8. 1) =D (pirqi.ri)}

12

G x 13 (klto] ® GV);
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the lastisomorphism is due to the fact that we can choose the G8-part and the t(i)—parts
for i > 2 arbitrarily whereafter the remaining two parts are uniquely determined
by the equations. To write down the limit TWg;)O = 1(iI_nTW2’O, let us introduce
notation

k(x, y) Z aiix’y) | Yk #{aijlaij AOAG <kVj <k} <oot Cklx,yl;
i,j=0

then we have

TWE = k{(y. 2) x k(z, x) x k(x, y) x 15kl0, 2]: [1]

x13klto, x1y [11 x 13klto, y1y [1.-
Since (APL)(I) = 0, the next piece is

TW = klto. z); [t d1o x klto, x1. 1]l d1o x Klto, ¥1y 1] dio:
finally,
TW O =Tw20.5, Tw ! =Tw%! 5.
By construction, (TWg’OO, A) is canonically a subring of
k{(y, z) x k{{z, x) x k{x, y)) x klto, 2] [£] x k[0, x]x [e] x k[t0, y1, 215

if (f,g,h,p,q,7r)€ TWg;JO with p = > p;(t, z)té etc., then in the image

(po. g0, r0) = do( [, &, 1)
and (p1,q1,r1) = 81(f, & h) — 8o(f, &, h) — D _ (i i 17)-

i>2

In particular, the unit of the ring is (1, 1, 1, 0, 0, 0); now, TW_I’0 is a free TWO’O
module of rank 1 with generator d := 1-d. The operator [d, —] acts as a derivation
on TWoo , and it acts on TW Vla thls action, we describe the Lie bracket on the
graded Lie algebra L, o/So = =TWx*; namely, fora, b € TWOOO, we have

[ad, bo] = (al[d, b] — b[9, a])0

—1,0 -1,0

for the Lie bracket [TW ", TW "], and for a € TWOo ,m € TWOo , we have

lad, md] = (ald, m] — [0, alm)d

for the Lie bracket [TW;OI’O, Tw;}’l]; mMOreover, [TW_I’l ngo“] = 0 since
TW_I’2 = 0. The differential d : TW_I’0 TW_I’ is given by formallgl deriving
to, 1.e., by mapping fty — fdty etc.—after embedding TW Lo _ TWg, -0 in

(k(y, 2) x k{z, x) x k{x, y) x klto, 2] [£] x klto, x1 [211 x klzo, y1y [£1) - 9

only the last three factors matter. On e.g. the factor k[#g, z], [#]], the map is given
by Y pi(t, z)to — > ipi(t, z)to !, Since d is a differential, we have ¢ = 0; the
k [[#]-linear pdgla L¢, Co/So is actually a dgla in this example.
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Since cho /5, = O.everyn € Llco /5, ®lr1 A solves the Maurer—Cartan equation;
we leave it to the interested reader to compute the gauge equivalence classes and
the deformation functor. Conjecturally, it is represented by a k [[#]-algebra which is
isomorphic to k [[¢, s]. Namely, fo : Co — So is log smooth and log Calabi—Yau,
so we expect the deformation functor to be represented by a smooth k [[#]]-algebra;
its fiber over k should have as many variables as the tangent space

l/7e ~ gyl 1
H (LCO/SO ®k[[t]] k) = H (Co, ®Co/50)

has dimensions.
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10. Appendix
10.1. The strict locus of log smooth morphisms

We include the result below for which we have, for the general case, no published
reference. For an s-injective morphism f : X — S of fs log schemes—s-injective
means that the induced map M. @ — My z on ghost stalks is injective—
consider the strict locus X*'" C X, i.e., the union of all opens U C X such that
flu : U — Sis strict. It is the maximal open subset with that property. Since X, S
are fine, f is strict on U if and only if ¢ : f~'(Myg) — My is an isomorphism
on U. For a geometric point x € X where ¢; is an isomorphism on stalks, ¢ is
surjective in an étale neighbourhood of x due to coherence (since there every stalk
is a quotient of M ;). s-injectivity shows it is an isomorphism. Thus ¥ € X*'",
and the converse is clear. We see that the formation of X% commutes with base
change along strict morphisms 7 — S.
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Proposition 10.1. Let f : X — S be a log smooth and saturated morphism of
fs log schemes. Then X*'" C X is scheme-theoretically dense. In particular, the
forgetful map ® i( /s~ @i /s to the derivations of underlying schemes is injective.

Proof. First note that f : X — § is exact and hence s-injective. Using [28,
III. Thm. 3.3.3], we see that it is sufficient to prove the density statement for the
morphism

Spec (P — Z[P]) — Spec (Q — Z[Q])

induced by a saturated injection Q C P of sharp toric monoids. Now we can take
the set U, of [2, Cor. 3.11]. O

Remark 10.2. The density statement fails if we assume f : X — S only integral,
but not saturated. Consider e.g. Spec (N — Cl11/(t%)) — Spec (N — C) induced
by N — N, 1 — 2, which is log smooth and integral, but nowhere strict. Moreover,
we do not know if the injectivity statement remains true. This is the reason why we
restrict the whole paper to saturated log smooth morphisms.

Remark 10.3. In the case S = Spec (0 — k), Proposition 10.1 is (in a weak sense)
equivalent to [27, Prop. 2.6]. Namely, if f : X — S is log smooth and saturated,
then it is log-regular, and the log-trivial locus X'" equals the strict locus X*'". The
former is dense by [27, Prop. 2.6], so the latter is dense; since X is reduced, X' is
scheme-theoretically dense as well. Conversely, if X is a log-regular fs log scheme
of finite type over S, then the (structure) morphism f : X — § is saturated and
log smooth by [28, IV, Thm. 3.5.1]. Proposition 10.1 implies that X*'" C X is
scheme-theoretically dense, so X' = X" is dense.

10.2. A-linear predifferential graded lie algebras

Fix a complete local Noetherian ring A with maximal ideal m C A. We briefly
introduce the type of Lie algebra which controls log smooth deformations. This
type of Lie algebra is called almost dgla in [1, Thm. 1.1] where the existence of
such a dgla is proven under some abstract conditions.

Definition 10.4. A A-linear predifferential graded Lie algebra (A-pdgla) is a
quadruple (L®, [—, —],d, £) where (L®,[—, —]) is a graded A-linear Lie alge-
bra such that every L' is complete, d : L* — L**!is a A-linear derivation of
degree l and £ € m- L?is such that d? = [£, —]. In particular, d is not a differential
in general.

For a local Artin A-algebra A (with residue field k := A/mA), the tensor
product L® ®4 A is an A-pdgla since L' ® A is complete. We consider them as
some sort of infinitesimal deformation of the dgla

L(.) =L°® Ak,

which we call the central fiber. In fact, since £ € m - L2, itis a dgla (d2 =0). We
say L*® is faithful if for all A € Arty andall £ € L*®, A, we have that [§, —] =0
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implies & = 0. In a faithful L®, the equality [&, —] = O implies £ = 0 also for
Eel".
Elements 6 € m - L° give rise to gauge transforms
i 10, =)' @)
i!

i=0

1
eXp91L°—>L', gH =$+[975]+§[97[97€]]+’

which are well-defined since L® is complete. We find the identities

expy(§ + x) = expy(§) +expy(x), expq([§, x1) = [expy(§), expy (x)]

but expy is not compatible with d, i.e., in general expy o d # d o expy. If L® is
faithful, then exp, = expy implies 6 = 6’. We consider gauge transforms as some
sort of infinitesimal automorphism. In fact, exp, induces the identity on Lg.

Given an element n € m - L', we define a derivation dy :=d +[n,—] and
consider it as a deformation of the differential on L. We have d% = 0 if and only
if n satisfies the Maurer—Cartan equation

1
dn+§[n,n]+€=0.

In this case, we say n is Maurer—Cartan. If L*® is faithful, then d, = d,y implies
n = n’. We say two elements 7, ' are gauge equivalent if there is 0 € m - L? with
dy o expy = expy o d,y. In this case, 1 is Maurer—Cartan if and only if n" is. We
consider gauge equivalence classes of Maurer—Cartan elements as deformations of
L§. We define the Maurer—Cartan functor

MCjye : Arty, — Set

by taking A € Arty to the set of Maurer—Cartan elements in L® ® 5 A and the
deformation functor

Defe : Arty, — Set

by taking gauge equivalence classes thereof. In case A = k (in which L*® is an
actual dgla) these functors reduce to the classical Maurer—Cartan and deformation
functor. In general, they share a number of properties with them:

Proposition 10.5. We have:

e The Maurer—Cartan functor MCpe is homogeneous.

o The transformation MCpe = Def. is smooth and surjective.
o The functor Def « is a deformation functor.

e The tangent space of MCp. is isomorphic to Z' (Lg)-

e The tangent space of Def 1« is isomorphic to H' (Lg)-



Log smooth deformation theory 33

Proof. The proof does not employ new ideas beyond the classical situation (see
e.g. [24]), so we give only a brief indication. Let A* — A and A” — A be
surjections in Art,. We consider the canonical map

o:F(A" x4 A") — F(A") xp) F(A)

for any functor F of Artin rings. Recall that homogeneous means o is an iso-
morphism. It suffices to prove this for a small extension A” — A. In this case,
B:= A" x4 A’ — A’is asmall extension as well with the same kernel I, so we
obtain a diagram

0——=Ly® ] — L@y B—> L@y A —0

L

0——=Li I —=L* @y A" ——=L* @y A——0

with exact rows. When we use the fact that the two kernels are equal, a straight-
forward diagram chase yields the result. To prove MCre = Defre smooth, we
use that every gauge transform can be lifted to some gauge transform because
L°® A" — L% ® A is surjective. To prove that Def; . is a deformation functor,
we use the map MCre = Defr. and that, when A = k, the restriction of a gauge
transform on L®* ® A’ to A is trivial. |

Remark 10.6. The functor MC . is a deformation functor (like every homogeneous
functor), but Def . is not homogeneous. Namely, a deformation functor is prorep-
resentable if and only if it is homogeneous and has finite-dimensional tangent space,
bute.g. the flat deformation functor of some surfaces is not prorepresentable (which
is certainly an example of our theory).

If we replace d by d,; and £ by the corresponding £, then the deformation
functor remains unchanged. Taking this into account, we propose the following
notion of homomorphism for future study of pdglas.

Definition 10.7. A homomorphism  : L®* — M?*® of A-pdglas is a A-linear
homomorphism of graded Lie algebras together with xy € m - M ! such that

dy oY —yody = iy, Y(—)] and Y (€r) = Ly — dyicy + licy, ey ].

A homomorphism induces a map Def (/) sending n +— ¥ (1) — «y.
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