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Abstract

Calcium fluoride (CaF2) is one of the key lens materials in deep-ultraviolet mi-
crolithography because of its transparency at 193 nm and its nearly perfect optical
isotropy. Its physical and chemical properties make it applicable for lens fabrication.
The key feature of CaF2 is its extreme laser stability.

After exposing CaF2 to 193 nm laser irradiation at high fluences, a loss in optical
performance is observed, which is related to radiation-induced defect structures in
the material. The initial rapid damage process is well understood as the formation
of radiation-induced point defects, however, after a long irradiation time of up to 2
months, permanent damage of the crystals is observed. Based on experimental re-
sults, these permanent radiation-induced defect structures are identified as metallic
Ca colloids.

The properties of point defects in CaF2 and their stabilization in the crystal
bulk are calculated with density functional theory (DFT). Because the stabilization
of the point defects and the formation of metallic Ca colloids are diffusion-driven
processes, the diffusion coefficients for the vacancy (F center) and the interstitial (H
center) in CaF2 are determined with the nudged elastic band method. The optical
properties of Ca colloids in CaF2 are obtained from Mie-theory, and their formation
energy is determined.

Based on experimental observations and the theoretical description of radiation-
induced point defects and defect structures, a diffusion-based model for laser-induced
material damage in CaF2 is proposed, which also includes a mechanism for annealing
of laser damage.
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Zusammenfassung

Kalziumfluorid (CaF2) ist aufgrund seiner Transparenz bei 193 nm und seiner na-
hezu perfekten optischen Isotropie eines der wichtigsten Linsenmaterialien für op-
tische Mikrolithografie im tief-ultravioletten Spektralbereich. Darüber hinaus ist es
durch seine chemischen und physikalischen Eigenschaften für die Linsenherstellung
geeignet. Die herausragende Eigenschaft von CaF2 ist jedoch seine ausgezeichnete
Laserbe-ständigkeit.

Nach der Bestrahlung mit 193 nm Laserstrahlung bei hohen Strahlungsdichten ist
eine Veränderung der optischen Eigenschaften zu beobachten, die durch strahlungsin-
duzierte Defektstrukturen verursacht wird. Die nach kurzer Bestrahldauer auftre-
tenden ausheilbaren Materialschädigungen sind durch die Bildung strahlungsin-
duzierter Punktdefekte erklärt. Nach einer Bestrahlzeit von bis zu zwei Monaten
treten jedoch permanente Strahlungsschäden auf, die basierend auf experimentellen
Beobachtungen auf die Bildung metallischer Kalziumkolloide zurückgeführt werden
können.

Die Eigenschaften der Punkdefekte in CaF2 und deren Stabilisierung im Kristall
werden mit Hilfe von Dichtefunktionaltheorie beschrieben. Da die Stabilisierung
der Punktdefekte und die Bildung metallischer Kalziumkolloide diffusionsbestimmte
Prozesse darstellen, sind die Diffusionseigenschaften der Fluorfehlstelle (F Zentrum)
und des Fluors auf einem Zwischengitterplatz (H Zentrum) von besonderem Inter-
esse. Die optischen Eigenschaften der Kalziumkolloide in CaF2 werden aus der Mie-
Theorie berechnet, und die Bildungsenergie der Kalziumkolloide wird bestimmt.

Aufgrund experimenteller Beobachtungen sowie der theoretischen Beschreibung
strahlungsinduzierter Punktdefekte und Defektstrukturen, wird ein diffusionsbasier-
tes Modell für laserinduzierte Materialschädigung in CaF2 aufgestellt, das sowohl die
Bildung strahlungsinduzierter Defekte beschreibt sowie deren Ausheilung.
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Chapter 1

Introduction and Motivation

Calcium fluoride (CaF2), also known as fluorite, is a crucial optical material for
many modern applications. In 1888 Otto Schott discussed the introduction of fluo-
rine into optical glasses with a low refractive index, because a high fluorine content
would increase the glass’s transmission in the blue and ultraviolet (UV) range while
significantly lowering its dispersion [1]. Such a glass was desirable for the con-
struction of an apochromatic lens, i.e. a lens system free of chromatic or spherical
abberations, but was ruled out due to difficulties in manufacturing. In 1890 Ernst
Abbe first mentions the usage of fluorite for optical purposes [2], as it exhibits the
unique properties Schott tried to accomplish in a glass. As early as 1884 Carl Zeiss,
a collaborator of Schott and Abbe, had constructed the first microscope containing
natural fluorite according to Abbe’s calculations. Almost 130 years later synthetic
CaF2 is still the material of choice providing the same functionality for high-precision
apochromatic optics in high-end cameras, such as high-definition television (HDTV)
cameras [3, 4]. The early efforts by Schott and Abbe were the beginning of an impor-
tant development, as CaF2 and fluorine containing glasses are crucial components
in many optical applications today [5].

Due to its high transparency ranging from 130 nm in the deep-ultraviolet (DUV)
to 9 µm in the far infrared (IR) [6], CaF2 is used for optics in the whole spectrum,
but becomes irreplaceable at the extreme edges. In the IR range, it is used for optics
in medical, military, and telecommunication applications. CaF2 has also become an
important material as a substrate for lab-on-a-chip applications, where it allows
spectroscopic measurements at a wide range of wavelengths [7, 8].

However, the most demanding application for CaF2 is DUV optical microlithog-
raphy, where CaF2 is a key lens material. Since commercial microchip production
started in the early 1960s, the semiconductor industry has developed into one of the
most important industries imaginable today. This development has been driven by
the steady need for more computing power, which means faster and more efficient
microchips. As early as 1965 Gordon E. Moore predicted that the number of tran-
sistors per unit area on commercially available chips would double every year [9].
He later corrected the doubling rate to about every 18 months, and this prediction,
known as Moore’s Law, holds until today.
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2 Introduction and Motivation

Making microchips faster and more efficient essentially means shrinking their di-
mensions in order to control the heat dissipation on the chips, which in turn allows
for higher clock rates. Currently microchips are produced with a critical dimension
of 32 nm. The structuring of these microchips is done with optical lithography [10].
Since the critical dimension of optical lithography is directly proportional to the
structuring wavelength, the application wavelength for optical microlithography has
been reduced over the decades and is currently 193 nm, which is the wavelength of
an ArF excimer laser. For some time the future of optical lithography seemed to
be 157 nm-technology, where CaF2 would have been the exclusive optical material.
However, due to several technical issues the semiconductor industry decided to im-
prove the resolution by immersion lithography and double-pattering techniques in
use today. On-going research and development efforts aim at extreme-ultraviolet
lithography (EUVL) as the future technology performing at 13.5 nm using reflective
optics [11].

Because of the extremely high precision necessary for manufacturing structures
in the range of 32 nm, the requirements for the optical systems and their compo-
nents are extremely demanding. In addition to extremely high requirements on the
homogeneity and the temperature-stability of the refractive index an extremely high
laser stability is required, i.e. the material needs to maintain stable optical prop-
erties under 193 nm-radiation at fluences of up to 1 J/cm2 for several months. In
order to achieve this an extreme purity of the material is necessary. In recent years
the manufacturing of monocrystalline CaF2 has improved to the extent that today
CaF2 can be produced with an impurity content below chemical measurability, i.e.
below the parts per billion (ppb) range, and a negligible number of crystal defects.
For microlithography only CaF2 single crystals of highest quality, i.e. the highest
purity and a minimal number of crystal defects are used.

At 193 nm only fused silica and some fluoride crystals can be considered as
lens materials due to their transparency. Because of its cubic structure with nearly
perfect optical anisotropy [12, 13], CaF2 shows only very little birefringence. In
addition, its chemical stability and its mechanical properties make it suitable for
lens fabrication. Its extreme laser stability makes CaF2 the key material for this
application along with fused silica.

However, after irradiation with 193 nm for several months, CaF2 of the highest
quality still shows coloration effects. The investigation of these coloration effects, the
so-called laser damage, has been studied intensively in recent years [14, 15, 16, 17]
and will be the topic of my work.

Historically, the coloration of fluorite (natural CaF2) has been studied widely.
In the early 1920s Cornelius Doelter investigated the visible coloration and decol-
oration of fluorite and many other minerals due to α, β, γ, and ultraviolet (UV)
radiation and heating [18, 19, 20]. He suggested that the coloration effects he ob-
served were due to the formation of colloidal particles in the minerals according to
Mie’s theory, which was published roughly ten years earlier [21]. His assumptions
were confirmed by Luise Göbel [22] and Karl Przibram [23]. Przibram also showed
that many coloration effects can be associated with impurity ions, especially with
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rare-earth ions [24, 25]. The coloration of natural fluorite and doped CaF2 with a
multitude of impurity ions in combination with color centers was extensively stud-
ied by Hans Bill and co-workers, who used spectroscopic measurement techniques
such as electron spin resonance (ESR) [26, 27, 28, 29] and electron nuclear double
resonance (ENDOR) [30, 31, 32].

In the 1970s color centers in fluoride crystals were studied extensively [33, 34].
In this time the focus shifted from understanding coloration of halide crystals to
their application in new physical technologies. The color centers in halide crystals
were thoroughly investigated with respect to their applicability in color center lasers
[35]. These lasers were of special interest at the time as they promised to advance
efforts to build tunable solid state lasers. In this context it was first shown, that
laser interaction of doped CaF2 showed optical damage related to point defects [36].
Additionally, impurity doped CaF2 was also considered as a host material for optical
data storage via persistent spectral hole burning on thin films [37].

Furthermore, CaF2 has been studied as a model system for uranium oxide since
the 1960s. Since both materials have the fluorite structure in common, it has been
used to investigate diffusion properties [38], phononic properties [39], powder com-
paction properties [40], and thermal conductivity [41]. Apart from being a model
system for uranium oxide, CaF2 is also important as a lining material for crucibles
in uranium production [40].

With the application of CaF2 in microlithography starting in the late 1990s,
the focus shifted to understanding excitonic processes caused by laser irradiation
[42, 43, 44]. As CaF2 is one of the crucial lens material for microlithography, the
above mentioned research on understanding laser damage and the improvement
of the optical performance of the material has been a major contribution to the
performance of computers today.

The tremendous increase of computing power in the past decades has greatly
benefited computational science. Nowadays, many material properties can be calcu-
lated due to the constant development and improvement of new algorithms, which
in addition rely on the availability of computing power. In conjunction with ex-
periments, the theoretical prediction of material properties will become more and
more important, because the theoretical approach allows for finding parameters and
mechanisms which are experimentally not accessible. Additionally, the systematic
sampling of many different materials or material configurations can be performed
faster and cheaper with computational methods. Therefore, computational science
is expected to make a substantial contribution to finding new functional materials
in the future. While today’s computational methods are mostly used to calculate
the properties of a given material, the importance of the approach of reverse engi-
neering, i.e. the determining of a material with the desired properties, will increase
significantly in the future [45].

There are numerous theoretical methods for the calculation and prediction of
material properties, which can be classified by various criteria [46]. Empirical force
fields methods or classical molecular dynamics (MD) rely on Newtonian mechanics
and fixed atom force fields. Macroscopic properties of a material are derived from the
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dynamics of the ionic movement, not taking into account the exact electronic struc-
ture. These methods allow the simulation of a large number of atoms in the range of
one million, but have limited predictive capabilities. So-called ab inito methods on
the other hand derive material properties based on the electronic structure, which
is calculated with first-principle quantum mechanical methods, which do not rely
on any empirical input. Since the quantum mechanical description of a material
involves the solution of a many-electron problem, ab initio methods are limited to a
much smaller number of atoms, in the range of a few hundred. Car-Parrinello molec-
ular dynamics (CPMD) combines the classical molecular dynamics and a quantum
mechanical approach [47], allowing for the simulation of the dynamical properties
of a few hundred atoms limited to a timespan of a few picoseconds.

The ab inito approaches are faced with the difficulty of solving the Schrö-dinger
equation for a many-electron system, of which in 1930 Dirac said it is “far too com-
plicated to be practicable” [48]. The most common approaches to this solution today
are the Hartree-Fock method [49, 50], density functional theory (DFT) based on the
Hohenberg-Kohn theorems [51] and the Kohn-Sham approach [52], and quantum
Monte Carlo (QMC) methods [53, 54]. The main difference between these methods
is the way they incorporate electron exchange and correlation. While the Hartree-
Fock method takes electron exchange into account, it neglects electron correlation.
DFT is in principle an exact theory, that reduces the many-particle Schrödinger
equation to the effective one particle Kohn-Sham equations [52]. However, electron
exchange and correlation are described by an exchange-correlation functional, which
is a priori unknown and therefore approximated. QMC on the other hand uses sta-
tistical integration methods to solve the multi-dimensional Schrödinger equation. In
principle, QMC yields an exact solution of the Schrödinger equation. However, it is
computationally very demanding and in practice limited to large temperatures.

The first approach to describing a quantum system with a density functional
was made by Thomas [55] and Fermi [56, 57] in 1927, not taking into account any
exchange or correlation effects. In 1930, Dirac extended this approach by formu-
lating the approximation for local exchange [48]. 34 years later, Hohenberg and
Kohn laid the foundation for modern DFT by formulating DFT as an exact the-
ory of many-body systems [51]. By replacing the many-body problem with an
independent-particle system and placing all exchange and correlation phenomena
in a local exchange-correlation functional, Kohn and Sham provided an important
step towards the solution of many-body problems [52]. In principle, the Kohn-Sham
equations yield an exact solution of the many-body problem, which is only limited
by the approximation of the exchange-correlation functional and the underlying as-
sumptions such as the Born-Oppenheimer approximation.

The simplest approach to the Kohn-Sham exchange-correlation functional is the
local density approximation (LDA), which assumes that the electron exchange and
correlation of the many-electron system is the same as for the homogeneous electron
gas. In spite of its simplicity, LDA has been remarkably successful, especially for
systems with a fairly homogeneous electron density. However, it was the develop-
ment of the general gradient approximations (GGAs) which increased the accuracy
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and established DFT as a widely accepted computational method. The most com-
monly used GGAs were proposed by Becke (B88) [58], Perdew and Wang (PW91)
[59], and Perdew, Burke, and Enzerhof (PBE) [60].

For the description of transition metals and rare-earth ions with occupied 3d and
4f states, more sophisticated functionals are needed. One approach is to use orbital-
dependent functionals such as LDA+U, which is based on LDA or GGA, but adds a
Hubbard-like interaction to highly localized orbitals [61]. Another approach is to mix
the Hartree-Fock exchange with density functional approximations, yielding hybrid
functionals such as B3LYP, which combines Becke’s exchange functional (B88) with
the LYP correlation [62]. However, orbital-dependent and hybrid functionals both
rely on parameters which need to be fitted to data.

In spite of its success DFT cannot answer all question regarding solid state ma-
terials and has some limitations. First, DFT is a ground state theory, which means
that excited states are not necessarily described correctly. However, the prediction
of excited states is quite accurate for many systems. Second, the correct descrip-
tion of the full electronic structure of 3d and 4f -electron systems is difficult due
to the strong electron correlation, since the explicit correlation is lost by reducing
the many-particle wave function to effective one-particle wave functions. Third, the
underlying Born-Oppenheimer approximation explicitly decouples the electronic sys-
tem from the dynamics of the nuclei. Therefore, dynamic electron-phonon coupling,
which is needed to describe superconductivity, is a priori not included in standard
DFT. However, an extended density functional theory including electron-phonon
coupling can be formulated, also allowing the description of superconductors [63].
The list of limitations is by no means complete and great care needs to be taken
with respect to the applicability of any computational method on a case to case
basis.

The scope of this work is to describe laser induced defect structures with compu-
tational means and to understand laser damage in CaF2 on a microscopic level. In
chapter 2 I will outline the basic theory of the computational methods I used. Chap-
ter 3 discusses the properties of vacancies (F centers) and interstitials (H centers) in
CaF2 and their formation via the self-trapped exciton. In addition, the stabilization
of these point defects by impurities, but also the self-stabilization of the F centers
is discussed. The diffusion properties of the point defects are of importance for
the formation of larger defect structures, namely metallic Ca colloids, whose optical
properties are described with Mie-theory. Chapter 4 gives a summary of the most
important experimental results with respect to laser damage. Further, I explain the
laser damage model I have developed in chapter 5, providing an understanding of
the damaging mechanism and the reversibility of laser damage. Finally, I summarize
the outcome of my work and discuss the outlook and future perspectives.



Chapter 2

Calculation of material properties

This chapter revises the basic theory for the calculation of material properties based
on density functional theory. The computation of special properties like diffusion
and vibrational modes are discussed. For the underlying theory, I will follow the
illustration by Martin [64]. An overview and a very good introduction to density
functional theory is also given in [65].

2.1 Describing Solid State Matter

Approaching solid state matter from a theoretical point of view is challenging be-
cause many aspects need to be taken into account. Solid state matter is a many-
particle system whose macroscopic properties are described by the laws of thermody-
namics. These properties are largely determined by the electronic structure, which
requires a quantum mechanical description.

The thermodynamic approach

In a standard thermodynamic approach, any macroscopic physical system in ther-
modynamic equilibrium can be described as an ensemble of particles, which is char-
acterized by its equation of state, given by

dU = TdS − pdV + µdN + . . . (2.1)

for a closed system. For a stable structure in equilibrium, all other macroscopic
properties can be derived from it. If the internal energy U(S, V,N) was known, the
system would be determined completely.

The properties of solid state matter are mainly determined by its electronic
properties, for which quantum mechanical effects such as exchange and correlation
need to be considered. Therefore, the description of solid state matter relies on
determining the total energy from the quantum mechanical Hamiltonian.

6
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The quantum mechanical approach

Every quantum mechanical system is fully characterized by its Hamiltonian. Any
material can be considered as a system of nuclei and electrons described by the
general Hamiltonian

H = − h̄2

2me

∑
i

∇2
i −

∑
i,I

ZIe
2

|ri −RI |
+

1

2

∑
i 6=j

e2

|ri − rj|

−
∑
I

h̄2

2MI

∇2
I +

1

2

∑
I 6=J

ZIZJe
2

|RI −RJ |
, (2.2)

where lower and upper case indices refer to electrons and nuclei respectively, ri and
RI are the electron and nuclei coordinates respectively, e and me are the electron
charge and the electron mass and ZI and MI are the charge and the mass of the
nuclei respectively. Besides the kinetic energy of the electrons and the nuclei, it
contains the Coulomb interaction between the electrons, the nuclei, and between
electrons and nuclei.

The Born-Oppenheimer approximation

The Born-Oppenheimer or adiabatic approximation [66] assumes that the dynamics
of the electrons does not effect the dynamics of the nuclei due to inertia, which in
turn implies that the electron system reacts instantly to any movement of the nuclei.

The term proportional to 1/MI in the general Hamiltonian (2.2) can be regarded
as small because the nucleon mass is larger than the electron mass by three orders
of magnitude and a perturbation series can be defined in terms of this parameter.
The actual approximation is to set the nucleon mass to infinity, leaving the nuclei
as a static system, which can be seen as an external potential for the electrons. The
full system is thus reduced to an electron-only many-body system with an external
potential, resulting in the so-called Born-Oppenheimer Hamiltonian

H = T + Vext + Vint + EII , (2.3)

where the kinetic energy operator for the electrons T is given by

T = − h̄

2me

∑
i

∇2
i , (2.4)

the interaction between the nuclei and the electrons is described by

Vext =
∑
i,I

ZIe
2

|ri −RI |
, (2.5)

Vint is the electron-electron interaction

Vint =
1

2

∑
i 6=j

e2

|ri − rj|
, (2.6)
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and EII describes the classical interaction of the nuclei with one another

EII =
1

2

∑
I 6=J

ZIZJe
2

|RI −RJ |
. (2.7)

The Born-Oppenheimer approximation decouples the nucleonic dynamics from the
electronic dynamics. This implies that a static electron-phonon coupling as in the
Jahn-Teller effect [67] is still accessible, but a dynamic electron-phonon coupling as
in superconductors [68] is not1.

The Schrödinger equation

The dynamics of the electrons is described by the time-dependent Schrödinger equa-
tion,

ih̄
dΨ({ri}, t)

dt
= ĤΨ({ri}, t), (2.8)

where Ψ({ri}, t) ≡ Ψ(r1, r2, . . . , rN , t) is the many-electron wave function and the
spin is assumed to be included in the coordinate ri. The eigenstates of the system
can be written as Ψ({ri}, t) = Ψ({ri})e−i(E/h̄)t.

The density of particles n (r) is a central quantity in electronic structure theory
and is given by the expectation value of the density operator n̂ (r) =

∑
i=1,N δ (r− ri),

n (r) =
〈Ψ|n̂ (r) |Ψ〉
〈Ψ|Ψ〉

= N

∫
d3r2 · · · d3rN

∑
σ |Ψ (r, r2, . . . , rN)|2∫

d3r1d3r2 · · · d3rN |Ψ (r1, r2, . . . , rN)|2
, (2.9)

where the sum is over all spin states σ.
The total energy is the expectation value of the Hamiltonian,

E =
〈Ψ|Ĥ|Ψ〉
〈Ψ|Ψ〉

≡ 〈Ĥ〉 = 〈T̂ 〉+ 〈V̂int〉+
∫

d3rVext (r)n (r) + EII , (2.10)

where the external potential can be expressed by an explicit integral over the density.
The eigenstates of the Hamiltonian can be obtained from the variational principle
and must fulfill the time-independent Schrödinger equation

Ĥ|Ψ〉 = E|Ψ〉. (2.11)

The electronic structure

The electronic structure is fully described by the Born-Oppenheimer Hamiltonian.
The solution of the Schrödinger equation yields the energy eigenvalues and eigen-
states, from which the density of states can be derived. Since electrons are fermions,

1The Jahn-Teller effect describes a static lattice distortion (i.e. a phonon) for a system with a
degenerate ground state, which removes the degeneracy and leads to a lower overall energy of the
system. In superconductors the electrons explicitly couple to the dynamics of the nuclei, which is
known as Fröhlich coupling.
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the energy eigenstates are occupied according to Fermi-Dirac statistics. In large-
bandgap materials it is legitimate to neglect any temperature or entropic effects of
the electrons because the thermal energy kBT at “normal” temperatures is much
smaller than electronic energies (at room-temperature kBT = 25 meV, the bandgap
of CaF2 is 11.8 eV). However, in metals and semiconductors the electronic contri-
bution to the thermodynamical properties is of great importance. Since CaF2 has
a large bandgap I do not consider any electronic contributions to thermodynamical
properties and it is sufficient to calculate the electronic structure at T = 0.

The dynamics of the nuclei

The dynamics of the nuclei can be reintroduced as an external perturbation of the
system. Under the assumption that the nuclei move in a certain potential, e.g.
the harmonic approximation, the system is perturbed by a small displacement of
the nuclei, yielding the phonon modes as vibrational eigenstates of the system and
the phononic density of states (“frozen phonon” approach). Alternatively, these
quantities can be obtained from a linear response approach. The calculation of
phonon frequencies is discussed in chapter 2.3.3.

Since typical phonon energies are in the THz (meV) range, which is the range
of room-temperature, the phononic density of states can be occupied according to
Bose-Einstein statistics, and the thermodynamic properties such as the entropy can
be deduced from the quantum mechanical calculation. Since the thermal occupa-
tion of the electron states does not play any role in large-bandgap materials, the
thermodynamic properties only depend on the dynamics of the nuclei.

2.2 Density Functional Theory

Density functional theory (DFT) is one method to solve the many-body problem of
nuclei-electron systems. It is based on the principle that any property of a system
of interacting particles can be written as a functional of the ground state electron
density. The brilliance of DFT is that all quantities are derived from one scalar
function of spacial coordinates, the particle density, instead of the wave functions.

2.2.1 The fundamental variables

For the theoretical description, the total energy at T = 0 and a fixed particle number
as a function of the volume V is the most practical quantity because it is easier to
treat the volume as a parameter than the pressure.

The fundamental quantities are thus given by the energy E and its derivatives
the pressure P and the bulk modulus B

E = E(V) ≡ Etotal(V),

P = −dE
dV

, (2.12)
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B = −V
dP

dV
= V

d2E

dV2
,

and higher derivatives of the energy. The equilibrium volume V0 and the bulk
modulus B are an important first test, because these quantities can be measured
experimentally with great accuracy.

For the relaxation of a structure to its ground state configuration with respect
to the atom positions, the forces acting on the single atoms need to be minimized.
In accordance with (2.12) the forces and the force constants result as

E = E({RI}) ≡ Etotal({RI}),

FI = − dE

dRI

, (2.13)

CIJ = − dFI

dRJ

=
d2E

dRIdRJ

,

where the Born-Oppenheimer approximation is assumed. Minimizing the forces FI

yields the structure-relaxed ground state of the system. The force constants CIJ
become important for the calculation of the vibrational properties.

2.2.2 The Hohenberg-Kohn theorems

Modern DFT is based on two theorems by Hohenberg and Kohn [51] which es-
tablished the particle density as the fundamental quantity for many-body systems.
Hohenberg and Kohn formulate DFT as an exact theory of many-body systems with
a Hamiltonian, which can be written as

Ĥ = − h̄2

2me

∑
i

∇2
i +

∑
i

Vext (ri) +
1

2

∑
i 6=j

e2

|ri − rj|
. (2.14)

• Theorem I: The ground state particle density n0(r) of a many-body system
uniquely determines the external potential Vext up to a constant.

Corollary I: Any property of the system can be written as a function of
n0(r) because the Hamiltonian and therefore also the wave functions are fully
characterized.

• Theorem II: The energy functional E[n] can be defined for any potential
Vext. The global minimum of this functional is the ground state energy, and
the density that minimizes the functional is the exact ground state density
n0(r).

Corollary II: The functional E[n] by itself determines the ground state energy
and ground state density.
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According to these two theorems the total energy of a system can be written as
a functional of the ground state density

EHK[n] = T [n] + Eint[n] +
∫

d3rVext(r)n(r) + EII

≡ FHK[n] +
∫

d3rVext(r)n(r) + EII , (2.15)

where FHK includes all internal energies of the interacting electron system, Vext is
the external potential imposed by the nuclei, and EII is the interaction energy of
the nuclei.

The reformulation of the many-body problem in terms of functionals of the par-
ticle density is the achievement of the Hohenberg-Kohn theorems. However, they
merely state that any property can be expressed as a functional of the density.

2.2.3 The Kohn-Sham approach

Kohn and Sham [52] introduced the idea to replace the complex interacting many-
body system of Hohenberg-Kohn with an auxiliary system, which allows for an easier
solution. The auxiliary system is to be chosen in a way, that its ground state density
represents the ground state density of the full interacting system. The Hamiltonian
of the auxiliary system is constructed with the usual kinetic operator and some
effective local potential. The reformulation is in principle exact, however the exact
effective potential, i.e. the exchange-correlation functional, is not known explicitly
and can only be approximated.

The Kohn-Sham Ansatz

In practice the Hamiltonian of the auxiliary independent-particle system can be
written as

Ĥσ
aux = −1

2
∇2 + V σ(r), (2.16)

where V σ is an effective potential which will be specified later. For a system of
N = N↑ + N↓ independent electrons the ground state has one electron in each of
the Nσ orbitals ψσi (r) with the lowest eigenvalues εσi , which means the ground state
density can be written as

n(r) =
∑
σ

n(r, σ) =
∑
σ

Nσ∑
i=1

|ψσi (r)|2. (2.17)

In principle the quasi single-particle wave functions ψσi do not have any physical
meaning, but in practice their interpretation as physical states works very well.

The independent-particle kinetic energy TS is given by

TS = −1

2

∑
σ

Nσ∑
i=1

〈ψσi |∇2|ψσi 〉 =
1

2

∑
σ

Nσ∑
i=1

∫
d3r|∇ψσi (r)|2, (2.18)
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and the classical Coulomb interaction energy is defined as

EHartree[n] =
1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
. (2.19)

The Kohn-Sham approach then proceeds by rewriting the Hohenberg-Kohn expres-
sion for the total energy functional (2.15) as

EKS = TS[n] +
∫

drVext(r)n(r) + EHartree[n] + EII + Exc[n]. (2.20)

Comparing the Kohn-Sham and the Hohenberg-Kohn total energy functionals (2.20
and 2.15), the exchange-correlation functional can be written as

Exc[n] = T [n]− TS[n] + Eint[n]− EHartree[n], (2.21)

which is just the difference of the kinetic and potential energy of the interacting
system and the auxiliary non-interacting system with the electron-electron inter-
action replaced by the Hartree energy. If the functional Exc was known, then the
exact ground state energy and density of the system could be calculated by solving
the Kohn-Sham equations, because all other terms in the Kohn-Sham total energy
functional (2.20) can be calculated exactly up to the accuracy of numerical methods.

The Kohn-Sham equations

The Kohn-Sham auxiliary system can be solved using the variational principle. Ap-
plying the variational principle to (2.20), results to

δEKS

δψσ∗i (r)
=

δTS
δψσ∗i (r)

+

[
δEext

δn(r, σ)
+
δEHartree

δn(r, σ)
+

δExc

δn(r, σ)

]
δn(r, σ)

δψσ∗i (r)
= 0, (2.22)

where the orthonormalization constraints are

〈ψσi |ψσ
′

j 〉 = δi,jδσ,σ′ . (2.23)

Using (2.17) and (2.18) leads to

δTS
δψσ∗i (r)

= −1

2
∇2ψσi (r) and

δnσ(r)

δψσ∗i (r)
= ψσi (r). (2.24)

With the Langrange multiplier method for constraints one obtains the Schrö-dinger-
like Kohn-Sham equations

(Hσ
KS − εσi )ψσi (r) = 0, (2.25)

which form a system of coupled single-particle equations. Here εσi are the eigenvalues,
and HKS is the effective Hamiltonian

Hσ
KS(r) = −1

2
∇2 + V σ

KS(r), (2.26)
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with

V σ
KS(r) = Vext(r) +

δEHartree

δn(r, σ)
+

δExc

δn(r, σ)

= Vext(r) + VHartree(r) + V σ
xc(r). (2.27)

Up to this point these equations and therefore the solution of the many-particle
system is independent of any approximations, i.e. the system would be exactly
solvable if the functional Exc[n] was known. Since the Hohenberg-Kohn theorems
state that the ground state density determines the potential at the minimum, a
unique Kohn-Sham potential V σ

KS(r) ≡ V σ
eff(r)|min can be associated with any given

interacting electron system.
The great advantage of the Kohn-Sham approach is that the kinetic energy, the

external potential and the long-range Hartree-terms are separated from the exchange
and correlation terms. The first three can be calculated exactly depending only on
the accuracy of the numerical method while the exchange-correlation functional can
be approximated by a local functional of the density. The exchange-correlation
energy Exc can be expressed as

Exc[n] =
∫

drn(r) εxc([n], r), (2.28)

where εxc([n], r) is an energy per electron at point r which only depends on the
density n(r, σ) in a certain neighborhood of point r.

2.2.4 Exchange-correlation functionals

The exchange-correlation functional in the Kohn-Sham approach is a priori an
unknown functional. However, finding a good, yet simple approximation for the
complex exchange-correlation functional is crucial for the correct description of the
electronic properties.

The local density approximation (LDA)

The local density approximation (LDA), or more generally the local spin density ap-
proximation (LSDA), is based on the consideration that solids with a slowly varying
electron density are oftentimes close to the limit of the homogeneous electron gas
[52]. Therefore, it is a valid approximation to assume that the exchange-correlation
energy density is the same as in a homogeneous electron gas with the same density,
which leads to the exchange-correlation energy functional

ELSDA
xc [n↑, n↓] =

∫
d3r n(r) εhom

xc (n↑(r), n↓(r)) (2.29)

=
∫

d3r n(r)[εhom
x (n↑(r), n↓(r)) + εhom

c (n↑(r), n↓(r))].

Since LDA assumes a more or less homogeneous electron distribution it cannot
describe rapid variations of the electron density correctly. While LDA should work
well for metals, it is expected to fail for ionic solids and materials with strongly
localized electrons.
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Generalized-gradient approximations (GGAs)

It is straight forward to assume that the description of systems with a rapidly
varying electron density can be improved by including the gradient of the density in
the exchange-correlation functional [52]. However, a simple gradient expansion does
not lead to a consistent improvement for various reasons [69]. Therefore, several
general gradient approximations have been proposed [58, 59, 60]. Their starting
point is the exchange-correlation functional written as

EGGA
xc [n↑, n↓] =

∫
d3r n(r) εxc(n

↑, n↓, |∇n↑|, |∇n↓|, . . .) (2.30)

≡
∫

d3r n(r) εhom
x (n)Fxc(n

↑, n↓, |∇n↑|, |∇n↓|, . . .).

The explicit inclusion of the gradient of the density has led to a significant improve-
ment with respect to LDA calculations. It was the implementation of GGAs that
provided the necessary accuracy, which established DFT as an accepted method in
chemistry and materials science.

However, for magnetic materials or compounds with transition metals or rare-
earth elements, GGA oftentimes cannot provide correct results. The main problems
occur due to strongly localized electrons in 3d or 4f shells and strong electron
correlation. The description of such materials requires more advanced functionals
or even a full solution of the strongly interacting many-particle system, which is not
possible for more than three particles.

Orbital-dependent and hybrid functionals

Since there is no systematic approach to improve the exchange-correlation function-
als within the Kohn-Sham approach, new or altered functionals are needed for the
description of materials and compounds, where 3d and 4f electrons play a signif-
icant role. These are mainly transition metals and rare-earth elements and their
compounds. The two main approaches to describing these materials correctly are
orbital-dependent functionals or hybrid functionals. An example for an orbital-
dependent functional is LDA+U or GGA+U, which is based on LDA or GGA and
has a Hubbard-like U-interaction added to account for exchange and correlation due
to strongly localized electrons by considering on-site repulsion or attraction. One
example for hybrid functionals is the combination of orbital-dependent Hartree-Fock
and an explicit density functional as implemented in the B3LYP functional, which
combines the GGA exchange functional B88 [58] with the orbital-dependent LYP
[62] correlation.

2.2.5 Pseudopotentials

In principle the Hamiltonian in equation (2.14) describes all electrons in a given
material. However, only the electrons in the outer shells, the so-called valence elec-
trons effectively contribute to the electronic properties of the material, as the core
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electrons are closely bound to the nucleus. To reduce the computational effort, it
is desirable to effectively only calculate the valence electrons. In addition, one is
strongly interested in reducing the number of basis functions necessary for the expan-
sion of the wave function, since the computational effort for solving the Schrödinger
equation scales with the third power of the number of basis functions.

With the introduction of so-called pseudopotentials the full atom potentials are
replaced by effective potentials that include the core electrons in a core region, leav-
ing only the valence electrons for the explicit solving of the Schrödinger equation.
These pseudopotentials are generated from an all-electron calculation of the atom,
matching the pseudo wave function and its derivatives to the all-electron wave func-
tion and its derivatives outside a certain core radius Rc. Since the all-electron wave
function is calculated with ab initio methods, no empirical parameters are needed
for the construction of the pseudopotentials. For norm-conserving pseudopotentials
the integrated charge inside Rc also agrees for both wave functions. The effect of
using pseudopotentials is that the resulting wave functions are smoother, which re-
sults in a lower number of basis functions necessary to describe the system with the
desired accuracy.

It is important to keep in mind that the choice of pseudopotentials is crucial
for the outcome of any calculation. Even though the quality and versatility of
pseudopotentials has been improved in recent years, not every pseudopotential is
suitable for the solution of every problem.

Ultrasoft pseudopotentials

Making the pseudofunctions as smooth as possible without loosing accuracy is one
goal of pseudopotentials, because increasing the smoothness of the pseudopotentials
decreases the range in Fourier space necessary to describe the valence properties
to a certain accuracy. In Vanderbilt’s Ultrasoft Pseudopotentials (USPP) [70] the
smoothness of the pseudofunctions in comparison to norm-conserving pseudopoten-
tials is increased by giving up the restriction of norm conservation. This led to much
smaller cutoff energies for the expansion of the wave function in k-space resulting
in faster computing times while maintaining the desired accuracy.

Projector-augmented waves (PAW)

The projector-augmented wave (PAW) method [71, 72] combines the pseudopoten-
tial approach with an all-electron approach. The wave function is parametrized by
a pseudofunction, but in the core region the pseudized wave function is substituted
with the all-electron wave function. This combines the great advantages of USPP,
namely the reduction of the computational effort with the accuracy of an all-electron
method.



16 Calculation of material properties

2.2.6 Wave function expansion

In principle, the wave functions in the particle-independent Kohn-Sham equations
(2.25) can be expanded in any complete system of orthonormal basis functions. How-
ever, it is convenient to choose the wave function expansion according the boundary
conditions and the symmetries of the system. For solid state materials with a peri-
odic structure the plane wave expansion has the great advantage, that it automati-
cally satisfies the periodic boundary conditions. When calculating molecules without
periodic boundary conditions or surfaces that do not fill the space of the simulation
cell, it can be more convenient to use local basis functions, such as Gaussians or
spherical harmonics.

2.3 Calculating diffusion properties

In general, the diffusion coefficient is written in the form

D = D0 e
− ∆E
kBT , (2.31)

where ∆E is the barrier height, D0 is a prefactor, kB the Boltzmann constant, and
T the absolute temperature. For practical reasons I will use the formulation by Wert
and Zener [73]

D = nβd2Γ with Γ = Γ0 e
− ∆E
kBT , (2.32)

where n is the number of stable nearest-neighbor sites for the diffusing atom, β is
the probability that a jump leads forward in the direction of diffusion, and d is the
length of the jump projected onto the direction of diffusion. Γ represents the jump
rate between adjacent sites.

The calculation of diffusion properties is based on Eyring’s transition state theory
[74]. A static approach to determining the diffusion path is the nudged elastic
band method, which assumes an initial path and optimizes it leading to the nearest
“downhill” minimum. The method is therefore dependent on the choice of the initial
path.

Another approach is to sample the diffusion path with classical MD or CPMD
and statistically determine the diffusion properties from a large number of events.
This method is limited to systems with small barriers because a large number of
observed diffusion events is necessary for statistical reasons and the probability of
observing events decreases rapidly with an increasing barrier.

Transition path sampling [75] is a more advanced approach based on a Monte-
Carlo approach with random path alterations evaluating each path’s probability. It
is designed to describe rare events on rugged, complex energy surfaces, which are
not accessible with the dynamic approach.

Since I expect barrier heights of up to 2 eV and the energy surface in CaF2

to be rather smooth, I will use the nudged elastic band method to calculate the
diffusion properties of defects in CaF2. On the one hand the expected barriers are
too high to obtain a sufficient number of events with dynamical sampling, and on
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the other hand the simplicity of the highly symmetric CaF2 does not require the
computational complexity of transition path sampling.

2.3.1 Transition State Theory

Eyring’s basic idea of transition state theory (TST) is that a transition process, i.e.
a reaction or diffusion, starts at an initial state, passes a transition state, and ends
at a final state [74]. In addition to the Born-Oppenheimer approximation, TST
assumes that the transition rate is low enough, that the initial state is characterized
by a Boltzmann distribution. The diffusion process can then be described on a
D− 1 dimensional energy hypersurface, which provides a divide between the initial
and final state, where D is the number of degrees of freedom of the system. Any
trajectory from the initial to the final state crosses the divide only once. The
transition state is the lowest point on the divide.

The great challenge is the calculation of the diffusion path between the initial
and the final state. The path with the greatest statistical weight is usually the
minimum energy path. At any point along this path the force acting on the atoms
is pointing only along this path. The maxima on the minimum energy path are
saddle points on the energy hypersurface, i.e. transition states of the diffusion or
reaction. If there are more than one transition state, the minimum in between the
transition states represents a stable intermediate configuration. The state-of-the-
art method for finding transition states and minimum energy paths is the climbing
image nudged elastic band method proposed by Henkelmann et al. [76], which I will
discuss below.

According to Eyring [74] the reaction or jump rate Γ is given by

Γ =
kBT

h

ZTS

Zi
e
−∆E0
kBT , (2.33)

where h is Planck’s constant, ZTS and Zi are the partition functions of the transition
state and the initial state respectively, and ∆E0 is the energy difference between the
initial and transition state at T = 0.

According to Wimmer et al. [77] the partition functions can be written as

Γ =
kBT

h

∏3N−3
i=1

[
2 sinh

(
hν0
i

2kBT

)]
∏3N−4
i=1

[
2 sinh

(
hνTSi
2kBT

)] e−∆E0
kBT (2.34)

within the framework of the harmonic approximation. ν0
i and νTSi are the phonon

frequencies of the initial and the transition state respectively. The three acoustic
phonon modes cancel because they are the same for the initial and the transition
state, and the partition function for the transition state is evaluated on the D − 1
dimensional hypersurface, therefore yielding one phonon mode less than the initial
state. In practice, one imaginary phonon frequency is obtained for the transition
state, whose eigenvector points along the minimum energy path at the transition
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Figure 2.1: Schematic illustration of the nudged elastic band method. The diffusion
path is sampled by intermediate images, which are connected with virtual spring
forces between the images to keep them distributed along the path.

state, and thus indicates the direction of the diffusion trajectory at this point. For
the high temperature limit, i.e. hν/2kBT � 1 the jump rate reduces to [78]

Γ =

∏N−3
i=1 ν0

i∏N−4
i=1 νTSi

e
− ∆F
kBT , (2.35)

where the barrier ∆F = ∆E0 − T∆S is given in terms of the free energy.
The crucial part for the calculation of diffusion properties is to find the transition

state. With the transition state the energy barrier is determined, and the phonon
modes for the initial and transition state can be calculated.

2.3.2 The climbing image nudged elastic band method

As mentioned above, the climbing image nudged elastic band method, introduced
by Henkelmann et al. [76], is the method of choice for determining transition states
based on transition state theory. I will follow their description of the method, which
is schematically depicted in figure 2.1.

I start off by sampling an initial guess of the diffusion path by a set of N + 1
discrete images {I0, I1, . . . , IN}, where the initial and final state are denoted by I0

and IN respectively and are fixed. Adjacent images are attached to each other by
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virtual spring forces
Fs
i |‖ = k(|Ii+1 − Ii| − |Ii − Ii−1|)τ̂i, (2.36)

where k is the arbitrarily chosen spring constant and τ̂i is the normalized local
tangent to the path at image i. The springs constitute the so-called elastic band
from the initial to the final state and keep the images equidistant. It is convenient
to define a generalized diffusion coordinate along the elastic band, i.e. along the
resulting minimum energy path. Of the true forces acting upon the images only the
part perpendicular to the path is considered,

−∇Ei(Rj)|⊥ = −∇Ei(Rj) +∇Ei(Rj) · τ̂i. (2.37)

Here Ei(Rj) is the energy of the ith image as a function of all the atomic coordinates
Rj. This results in a total force

Fi = Fs
i |‖ −∇Ei(Rj)|⊥, (2.38)

which needs to be evaluated for each image.
In practice, this means that the atom positions in each image are relaxed per-

pendicular to the diffusion path, while any forces parallel to the path are projected
onto the virtual spring forces. This relaxation allows the elastic band to move to
the minimum energy path. The projection of the forces needs to be readjusted after
every iteration as the path changes with every step.

For the case that the true transition state lies in between two images the climbing
image formalism is introduced. The image with the highest energy is identified and
then allowed to climb up the path until it reaches the transition state. This is done
by inverting the component of the full force which is parallel to the path

Fimax = −∇Eimax(Rj) + 2∇Eimax(Rj)|‖
= −∇Eimax(Rj) + 2∇Eimax(Rj) · τ̂imax τ̂imax . (2.39)

The force on the climbing image is now independent of the spring forces allowing it to
move along the path. Since only the force component parallel to the path is inverted
the image will climb up the path to the saddle point, while the forces perpendicular
to the path ensure that the image stays on the path. The final configuration of the
climbing image is the transition state.

It is important to mention that the result of the climbing image nudged elastic
band method depends on the initial choice for the diffusion path. From the starting
path the method will only find the local “downhill” minimum of the path. It is
therefore highly recommendable to chose different starting paths and compare the
results in order to make sure that the true minimum energy path is found. While
the initial guess for diffusion paths in solids is oftentimes reliable, one should not be
intrigued by guessing a path simply for symmetry reasons. The explicit breaking of
the symmetry by the choice of path could possibly lead to a lower diffusion barrier.
Especially for surface diffusion or chemical adsorption processes, it is important to
compare several starting paths to determine the true minimum energy path.
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Testing the transition state

A good test for the transition state is the calculation of the corresponding phonon
modes. Since the transition state is a saddle point on the energy hypersurface it
must have one and only one imaginary phonon mode according to Eyring [74]. The
number of imaginary phonon modes can therefore be used as a test whether a true
transition state has been found.

Oftentimes the direct interpolation between initial and final state or the initial
(human) guess for the diffusion path exhibits a higher symmetry than the true
diffusion path, which is the minimum energy path. This can lead to a transition
state which is not the true transition state.

The nudged elastic band method is converged when

Fi|⊥ = 0 and FTS|‖ = 0. (2.40)

However, ~Fi|⊥ can be zero because the path is along a saddle on the energy hyper-
surface due to symmetry effects. In this case the transition state will exhibit more
than one imaginary phonon mode, one along the resulting diffusion path and one or
more perpendicular to this diffusion path. The eigenvectors of the imaginary modes
perpendicular to the diffusion path can then be used as an indicator to find the true
transition state and the minimum energy path.

For the transition state all forces Fi({RTS}) = 0, where {RTS} is the configura-
tion of the transition state obtained from the nudged elastic band calculation. One
of the eigenvectors of the imaginary modes will point along the expected diffusion
path, the eigenvectors of the other imaginary modes then indicate the displacement
towards the minimum energy path. Therefore,

Fi({RTS + εdim}) 6= 0, (2.41)

where ε is an arbitrary small parameter and dim is the eigenvector corresponding to
the imaginary phonon mode perpendicular to the expected diffusion path. Rerun-
ning the nudged elastic band calculation with an interpolated diffusion path that
includes the intermediate configuration {RTS + εdim}, will then lead to the correct
minimum energy path and the true transition state.

In one of my calculations I found a transition state with two imaginary modes,
and this procedure worked very well. In principle, this procedure should also work
if the transition state resulting from a nudged elastic band calculation exhibits more
than two imaginary modes, but I have not been confronted with this situation and
could therefore not test it.

2.3.3 Calculating phonon modes

The vibrational or phonon modes can be calculated with the so-called frozen phonon
or small displacement method [79] or with response functions in density functional
perturbation theory [80].
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Lattice dynamics in the Born-Oppenheimer approximation

Within the framework of the Born-Oppenheimer approximation [66], the equation
of motion for the nuclei can be written as

MI
∂2RI

∂t2
= FI(R) = − ∂

∂RI

E(R), (2.42)

where MI is the mass of the nuclei, R = {RI} is the set of nuclear coordinates,
and E(R) is the total electronic energy. The equilibrium position of the nuclei R0

is defined by FI(R
0) = 0. In the harmonic approximation the displacement of the

nuclei uI is described by

uI(t) = RI(t)−R0
i = uI e

−iωt (2.43)

The energy can then be written as a function of the displacements uI

E(u) = E0 +
1

2

∑
I,α

∑
J,β

∂2E(R)

∂RI,α∂RJ,β︸ ︷︷ ︸
CI,α;J,β

uI,α(t)uJ,β(t), (2.44)

where CI,α;J,β are the inter-atomic force constants with α and β representing Carte-
sian indices and the equation of motion (2.42) becomes

−ω2MIuI,α = −
∑
J,β

CI,α;J,βuJ,β. (2.45)

The solution to the set of the 3N vibrational modes is given by

det

∣∣∣∣∣ 1√
MIMJ

CI,α;J,β − ω2

∣∣∣∣∣ = 0. (2.46)

The inter-atomic force constants CI,α;J,β are calculated in the frozen phonon ap-
proach or from linear response theory.

The frozen phonon approach

In the frozen phonon approach, also called the small displacement method, the
inter-atomic force constants are determined as the numerical derivative of the forces

CI,α;J,β ≈ −
∆FI,α

∆RJ,β

. (2.47)

Every atom is displaced by ±∆RJ,β from its equilibrium position yielding 6N con-
figurations, for which the forces on all atoms are calculated. For each displacement
∆RJ,β the forces are calculated as the average of the positive and negative displace-
ments, and since the equilibrium forces are zero, the inter-atomic force constants
result to

CI,α;J,β = −FI,α(+∆RJ,β)− FI,α(−∆RJ,β)

2∆RJ,β

(2.48)

The computational effort of this method can be considerably reduced by exploiting
the symmetries of the system. With the resulting inter-atomic force constants the
phonon modes and their eigenvectors are obtained from the solution of (2.46).
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Phonons from linear response

According to the Hellmann-Feynman theorem [81, 82], the forces on the nuclei in
the Born-Oppenheimer approximation can be written as

FI = −∂E(R)

∂RI

= −
〈

Ψ(R)

∣∣∣∣∣∂H(R)

∂RI

∣∣∣∣∣Ψ(R)

〉
, (2.49)

where Ψ(R) are the electronic ground state wave functions of the Hamiltonian (2.3-
2.7). Thus the forces result to

FI = −
∫

dr n(r)
∂Vext(r)

∂RI

− ∂EII
∂RI

. (2.50)

It is straight forward to derive the inter-atomic force constants

CI,α;J,β =
∂2E(R)

∂RI∂RJ

= − ∂FI

∂RJ

(2.51)

=
∫

dr
∂n(r)

∂RJ

∂Vext(r)

∂RI

+
∫

dr n(r)
∂2Vext(r)

∂RI∂RJ

+
∂2EII
∂RI∂RJ

.

This approach to calculating the inter-atomic force constants is called linear response
because the force constants only depend on the electron density n(r) and its linear
response to a lattice distortion ∂n(r)/∂RI . Once the inter-atomic force constants
are obtained, the phonon modes are again calculated from (2.46).

2.4 Codes and Resources

I used two different codes for the electronic structure calculations.
My primarily used code is the commercially available Vienna ab-initio simulation

package (VASP) version 5.2 embedded in the MedeA environment. VASP is a plane
wave code and I used projector-augmented wave (PAW) potentials [71, 72] and GGA-
PBE [60] exchange-correlation functionals. The calculations of defect structures
were based on a Ca32F64 supercell.

Second, I used the open source Quantum Espresso (QE) package [83]. QE is
based on the plane wave pwscf code. Here I used ultrasoft pseudopotentials (USPP)
[70] and GGA-PBE [60] exchange-correlation functionals. For the nudged elastic
band calculations and the phonons from linear response, I used the implementations
in QE.

For the calculation of the phonons via the frozen phonon method I used the code
PHON [84].



Chapter 3

Properties of defect structures in
CaF2

A very good and complete summary of the properties of CaF2 and its point defect
structures is given by Hayes [34].

3.1 Pure CaF2

Calcium fluoride, also known as fluorite, has the fluorite structure, i.e. a cubic
structure. The fluorite structure consists of cubes with anions at their corners,
where every second cube hosts a divalent cation, leaving every other cube empty.
The basic structure of CaF2 is shown in figure 3.1. The experimental bandgap of
CaF2 is 11.8 eV, my calculations yield a bandgap of 7.3 eV. Due to the approximation
of the exchange-correlation functional, the bandgap in DFT calculations is always
too small. For large bandgap materials such as CaF2, this difference can be quite
large. However, for one of the fundamental quantities, the bulk modulus, I obtain
93.6 GPa matching the experimental value of 83 GPa [85] quite well. The band
structure and the total density of states for CaF2 are shown in figure 3.2.

3.2 Point defects in CaF2

3.2.1 The F center

The F center in CaF2 is an electron localized in a fluorine vacancy. The structure
is shown in figure 3.3. The electron localization function (ELF) [86] shows that the
electron is well localized on the vacancy, which is also confirmed by the spin density,
also called the magnetization density, which is the difference of the electron densities
for spin up and spin down electrons (figure 3.4). Electronic structure calculations
show an occupied state in the band gap without dispersion which corresponds to
the localized electron (figure 3.5).

23
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Figure 3.1: The fluorite structure: The anions (F−) occupy the corners of the cubes,
every second cube is occupied by a cation (Ca2+) and every other cube is empty.
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Figure 3.2: Band structure (left) and density of states (right) of pure CaF2.
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Figure 3.3: The structure of the F center: The electron is located on the fluorine
vacancy (square). The calculated fully relaxed structure is shown in figure B.2.

Figure 3.4: The ELF in the [100] plane (left) and the spin density (right) confirm
that the electron of the F center is localized in the fluorine vacancy.
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Figure 3.5: Band structure (left) and density of states (right) of the F center: The
band structure shows well defined states in the bandgap with no dispersion indicating
a well localized defect state.

Coloration phenomena of fluorite by the F center have been well investigated
by Przibram [23, 24, 25] and Bill [30]. The absorption band of the F-center at 378
nm (3.28 eV) is well-established [87, 88, 89, 90, 91]. Its diffusion properties are
calculated in chapter 3.4.

3.2.2 The M center

The M center is a fluorine divacancy, i.e. two adjacent F centers. The structure is
shown in figure 3.6. The ELF confirms the strong localization of the electrons in
the adjacent vacancies (figure 3.7). Because the M center has only doubly occupied
bands (figure 3.8), i.e. paired spin up and spin down electrons, the spin density is
not applicable to visualize the localization of the electrons. In correspondence to
the F center, the M center exhibits a doubly occupied band in the bandgap (figure
3.8), which matches the band of the F center very well, also not showing dispersion.

The M center shows absorption bands at 365 nm (3.4 eV) and 520 nm (2.4 eV)
[92, 90, 93]. Its emission band lies at 600 nm (2.1 eV) [93]. The M center plays
an important role in laser damage processes and its formation and influence on the
laser stability have been investigated thoroughly [94, 95, 96, 17].

3.2.3 The Vk center

The Vk center in CaF2 is also referred to as the self-trapped hole. It occurs when the
hole of an excited electron-hole pair localizes on two adjacent fluorine ions, which
form an F−2 dimer with an F-F bond along the (100) direction resulting in a slight
displacement of the two F ions towards each other [97]. An absorption band of the
Vk center is reported at 320 nm (3.87 eV) [90, 98]. The Vk center shows a high
mobility in the crystal [99, 100], however it is not stable at room temperature [101].
In my considerations regarding laser damage, it will therefore only play a minor role.
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Figure 3.6: The structure of the M center: The two fluorine vacancies (squares) of
the M center in CaF2 are adjacent to each other. A diagonal configuration along
the (110) or (111) direction is also possible, but is energetically not favored. The
calculated fully relaxed structure is shown in figure B.3.

Figure 3.7: The ELF in the [100] plane shows that the two electrons of the M center
are localized in the divacancy and form a quasi-bond leading to a self-stabilization
effect in CaF2.
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Figure 3.8: Band structure (left) and density of states (right) of the M center: The
band structure shows well defined states in the bandgap with no dispersion.

3.2.4 The H center

The H center is a F−2 dimer like the Vk center, but is oriented along the (111)
axis. One of the atoms resides close to a lattice site and the second one close to
the interstitial site with a small displacement towards each other. This geometry
was measured by Parker et al. [98] and is well confirmed in my calculations. The
structure of the H center is shown in figure 3.9 and is easily identified in the ELF
(figure 3.10). The calculated fully relaxed structure is shown in figure B.4).

The H center exhibits a state very low in the bandgap just above the conduction
band (figure 3.11). Since the state is so close to the conducting band, the H center
is not expected to be optically active, especially not in the DUV region. An optical
transition of the H center is observed at 4.0 eV (310 nm) [98]. The ELF allows to
recognize the structure of the H center, but it does not allow to see the localized hole.
However, the localization of the hole can be observed in a spin density calculation
(figure 3.10). The localization of the hole is not as strong as the localization of the
F center, which allows the assumption that the diffusion barrier of the H center will
be lower than that of the F center.

3.2.5 The self-trapped exciton

The self-trapped exciton (STE) in CaF2 is formed by exciting an electron into the
conduction band, thereby creating an electron-hole pair, which can localize via a
lattice distortion forming an STE. Its structure is well-known as a nearest-neighbor
F-H pair [102, 103, 104, 105, 106, 107]. The STE is of special interest to me, because
it is the initial defect structure formed in the lattice under DUV irradiation and is as
such a precursor for stable F-H pairs, which subsequently also lead to other defects.

The formation mechanism of the STE in CaF2 has been studied in detail [106,
107]. For the formation of an STE, first an electron-hole pair is formed by excitation
of an electron into the conduction band. Then, in a first step the hole is localized as
a Vk center, subsequently forming a [Vke] complex where the electron is bound by
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Figure 3.9: The structure of the H center: The two fluorine ions of the H center
are located along the (111) axis connecting a lattice site and an interstitial site
(empty circles). They are displaced towards each other (indicated by the two arrows)
forming an F−2 dimer with the hole localized on the bond. The calculated fully
relaxed structure is shown in figure B.4.

Figure 3.10: ELF (left) and spin density (right) of the H center: The ELF in the
[110] plane shows the structure of the H center. The localization of the hole cannot
be seen in the ELF. The spin density shows the localization of the hole on the H
center.



30 Properties of defect structures in CaF2

-6

-4

-2

 0

 2

 4

 6

 8

 10

W L G X W K

E
ne

rg
y 

[e
V

]

-6

-4

-2

 0

 2

 4

 6

 8

 10

-150 -100 -50  0  50  100  150

E
ne

rg
y 

[e
V

]

Density of States [1/eV]

Figure 3.11: Band structure (left) and density of states (right) of the H center:
The band structure shows a well defined occupied state in the bandgap close to the
valence band.

formation energy [eV]

F-H pair -7.52
FNa-H pair -1.34
F-HY pair -0.73
MNa-H pair -7.33

Table 3.1: Calculated formation energy of the F-H pair in CaF2. The impurity
stabilized values assume that one of the defects is immediately stabilized by an
impurity. For the MNa-H pair the pair is formed at a FNa center.

the Vk center. In the second step the Vk center undergoes a rotation and translation
to the H center configuration and the electron localizes on the now vacant lattice
site. The recombination of the STE can occur via an optically forbidden transition
showing fluorescence at 278 nm with a lifetime of 1.1 µs at room temperature [108,
109].

F-H pair formation

The formation of stable F-H pairs, which are critical with respect to laser stability,
occurs as the separation of the nearest-neighbor F-H pair, i.e. the STE. Since the
STE itself as well as the F and H center distort the surrounding lattice, a finite
attractive interaction between the F and the H center is expected on a very short
length scale, because the distortion of the STE should be energetically favored over
the separated distortions of the F and H center. This separation process therefore
requires an activation energy in the range of the diffusion barrier of the F or the H
center and is induced by the interaction of two excitonic events [106]. Therefore,
the yield of stable, spatially separated F-H pairs is smaller than that of STEs by
almost two orders of magnitude [106].

I have calculated the formation energy of an F-H pair by taking a perfect CaF2
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Stabilized defect stabilization energy ∆E [eV]

self-stabilization
F + F →M 0.43

Stabilization by Na+ impurity
F +Na→ FNa 6.17
F + FNa →MNa 0.19
H +Na→ HNa 0.05

Stabilization by Y impurity
H + Y → HY 6.78
F + Y → FY 1.13
F + FY →MY 0.30

Table 3.2: The energies for self-stabilization and stabilization by impurities of point
defects.

lattice and then forming an F and an H center which are infinitely far apart. Since
both defects are localized and charge neutral, this is a valid approach. The formation
energy results from the abstract equation

CaF2 → F center + H center + ∆E, (3.1)

which for the supercells used can be written as

2× Ca32F64 → Ca32F63 + Ca32F65 + ∆E. (3.2)

The result for the formation energy is ∆E = −7.52 eV, which is in good agreement
with the defect formation energies calculated by Franklin [110]. The negative value
of the formation energy implies that energy needs to be put into the system to
create an F-H pair. The formation energy of an F-H pair in CaF2 and at impurities
is shown in table 3.1.

3.3 Stabilized point defects in CaF2

The stabilization of point defects is a crucial issue in laser damage processes. When
the initial point defects stabilize in the material, i.e. they form stable defect struc-
tures, a permanent loss of the optical performance of the material is observed. Since
the binding electrons in CaF2 have been transfered from the Ca atoms to the F
atoms, the conducting band is made up of the outer shell electrons of the fluorine.
This means that defects in the fluorine structure will have an direct effect on the
electronic structure of the material, while defects in the calcium structure only ex-
hibit a direct effect via defect stabilization, unless the defect is an impurity with
an optical band such as e.g. rare-earth ions. In the crystalline structure, it is the
localization of electrons that leads to optically active color centers.
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Ca2+ Na+ Y3+

ionic radius [Å] 0.99 1.02 0.90

Table 3.3: The ionic radii of calcium, sodium, and yttrium.

I have calculated the electronic properties for several stabilized defects. The
results for the structures, band structures, and density of states for all defect struc-
tures are shown in appendix B. The energies of self-stabilization of point defects
and their stabilization by impurities are shown in table 3.2.

3.3.1 Self-stabilization by M center formation

The formation of an M center can be described by the following equation

F center + F center→ M center + ∆E, (3.3)

where ∆E is the formation energy of the M center. A positive formation energy
means that the final state is energetically favored with respect to the initial state.
A negative formation energy implies, that energy needs to be put into the system
to create the defects. The formation energy of the M center results to

2× Ca32F63 → Ca32F64 + Ca32F62 + 0.43 eV. (3.4)

For the H center a self-stabilization effect is not observed. Thus, the radiation
induced F centers show self-stabilization, while the radiation induced H centers do
not. This is an important finding on which I later base my laser damage model.

3.3.2 Stabilization by impurities

Impurities have a strong effect on the stabilization of point defects. Because of
the high reactivity of fluorine, it is sufficient to take cation impurities into account.
The only anionic defect discussed in literature is oxygen because of its abundance
[26, 111, 112]. Since CaF2 crystals are today grown in an oxygen free environment,
anionic impurities are not taken into account.

As defect stabilizing impurities Na+ and Y3+ are considered, because they have
a similar ionic radius to Ca2+ (table 3.3) and are therefore easily incorporated in
the CaF2 crystal matrix.

Na+ stabilized defects

Sodium is of special interest because it is incorporated into the CaF2 matrix easily,
and is present in abundance e.g. in form of salts in human sweat. Therefore, the
production of sodium free CaF2 is very demanding. Due to strong efforts in the
past decade, CaF2 can today be produced with an impurity content below the ppb
range. However, during this time it was sodium that caused defect stabilization of
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radiation induced point defects and was identified as an enhancer of laser damage
[14, 17]. The primarily investigated defect structures with sodium are the FNa center
and the MNa center [36, 17], also referred to as the Na+ stabilized F and M center
respectively.

For laser damage purposes the FNa center can be seen as a precursor, because
the FNa center itself is not optically active. The band structure of the FNa center
exhibits a state in the bandgap, but it is not occupied (figure B.5). In the F center
this impurity is occupied by an electron, while in the FNa center this vacancy is
left empty because the monovalent Na+ cation provides one electron less than the
divalent Ca2+, which leads to a stronger lattice distortion (compare figures B.2 and
B.5). Since the bandgap state is not occupied and just below the conduction band,
the excitation energy for electron-hole pair formation in the vicinity of an FNa center
is reduced, however the FNa center is not optically active at 193 nm. The calculated
formation energy for the FNa center is 6.17 eV, which is in the range of the F-H pair
formation energy. Therefore, the recombination of an F-H pair and the stabilization
of the F center at a Na+ impurity are competing processes. This implies that the
formation of an F-H pair at a Na+ impurity is energetically favored, due to the
stabilization of the F center by the Na+ impurity (table 3.1).

With the formation of an MNa center, a second vacancy is stabilized at a Na+

impurity forming a state with one localized electron in the divacancy. The band
structure then exhibits a localized occupied state in the bandgap (figure B.6), which
makes the MNa center optically active at 193 nm. The optical properties of the MNa

center have been studied intensively [93, 36, 17], showing absorption bands at 380
nm (3.25 eV) and 615 nm (2.0 eV) as well as an emission band at 760 nm (1.6 eV).
The formation energy of the MNa center is calculated as the adsorption of a second
F center to a FNa center and results to 0.19 eV.

The stabilization of an H center by a Na+ impurity is unlikely, because the H
center is a localized hole and the monovalent Na+ represents a hole in the lattice
structure as well. The stabilization energy of the H center is almost zero, so that an
effective stabilization is not taking place.

Y3+ stabilized defects

Yttrium impurities in CaF2 are the trivalent counter part to Na+ impurities as
cationic impurities. The effect of Y3+ impurities on the optical properties [113] and
F interstitial diffusion [114] has been investigated. From a laser damage perspective,
doping with trivalent Y3+ is considered as a counterpart to the monovalent Na+

[115].

An Y3+ impurity in CaF2 leads to an occupied state in the conduction band
(figure B.9). In an insulator this will not be a stable state, so that the stabilization
of a defect is expected to have a high probability. Since Y3+ is trivalent, an Y3+

impurity should stabilize an H center because the extra electron provided by the Y3+

will compensate the hole of the H center. The F−2 dimer of the H center results in
two F− ions, of which one is located on an interstitial site (figure B.8). This center
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does not have any occupied states in the bandgap and is thus optically inactive. The
stabilization energy of the HY center is 6.78 eV, which is also in the range of the
F-H pair formation. Therefore, also a Y3+ impurity stabilizes an F-H pair formed
in its vicinity (table 3.1).

In addition to the H center, the Y3+ impurity can also stabilize an F center. The
additional electron supplied by the Y3+ impurity is localized in the vacancy forming
a doubly-occupied non-dispersed state in the bandgap (figure B.10). Therefore, the
FY center is expected to be optically active. Its stabilization energy is 1.13 eV.

According to my calculations also a MY center is possible with three electrons
localized in a divacancy. The band structure shows three occupied localized states
in the bandgap (figure B.11). The stabilization energy results to 0.30 eV.

3.4 Diffusion properties of point defects

3.4.1 F-center diffusion properties

The diffusion barrier of the F center has been calculated in two different ways.
For the first calculation, I calculated the diffusion barrier in the simplest possible
manner, using the VASP code within the MedeA environment. Because of the high
symmetry of CaF2, I assumed that the diffusion path is straight. Then I simply
calculated the energy of images along this path, which is the linear interpolation
between the initial and final state, yielding ∆EF,VASP = 1.50 eV. In a second step, I
fixed the diffusing atom along the direction of diffusion and relaxed the surrounding
structure. This lowered the barrier to ∆EF,VASP = 0.90 eV. The results are shown
in figure 3.12.

Pucchina et al. [116] state that the diffusion path is not straight because the
diffusion barrier is lower if the diffusion path is deviated by 1.25 Å at the saddle
point as the distance of the diffusing fluorine to the nearest two calcium atoms is
thereby reduced. The suggested path deviation is depicted in figure 3.13. However,
I could only confirm this assumption for the static, i.e. the non-relaxed case, which
lowered the diffusion barrier by 0.18 eV.

In order to determine the true diffusion path of the F-center in CaF2, I used
the nudged elastic band method as described in chapter 2.3.2 as implemented in
Quantum Espresso. Since the nudged elastic band method depends on the initial
path guess, I performed calculations starting with the straight path, the displaced
path as suggested by Pucchina et al., and a path displaced even further than that,
as shown in figure 3.13. As a result for all starting paths, I obtained the straight
path with a displacement of the nearest Ca atoms as the minimum energy path
(figure 3.13). The series of images calculated for the final path are shown in figure
3.14. For comparison, I extracted the barrier of the initial path (∆EF,QE = 1.44 eV),
which shows good agreement with the VASP result. For the minimum energy path,
I obtained a barrier of ∆EF,QE = 0.93 eV, also in excellent agreement with my
previous result. The barriers are shown in figure 3.12.
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Figure 3.12: The diffusion barrier of the F center was calculated with VASP and
Quantum Espresso. The upper two curves are the unrelaxed results, i.e. the inter-
polation between the initial and final state without any relaxation. The result from
VASP (green) is ∆E = 1.50 eV, Quantum Espresso yields ∆E = 1.44 eV. The lower
two curves show the barrier for the relaxed calculation. The result from Quantum
Espresso was obtained by the nudged elastic band method and yields ∆E = 0.93 eV.
The result from VASP (∆E = 0.90 eV) was obtained by fixing the coordinate of the
diffusing atom in the direction of diffusion and relaxing the surrounding lattice.

Calculation of the prefactor

The first step to determine the prefactor is to calculate the phonon frequencies of the
initial and final state. They were calculated via linear response and with the frozen
phonon method. then the jumprate is calculated according to equaiton (2.34). Since
the values of hν/2kBT are in the range of 0.13− 1.21, Vineyard’s approximation of
(2.34) results in an error of about 10%. The results for the jump rate are given in
table 3.4.

For the F center the number of stable nearest neighbor sites is 6 and the proba-
bility for a jump to lead forward is 1/6 for the (100) direction. Therefore, the factor
nβ in (2.32) is 1. d = a/2 is given by half of the lattice constant a = 5.46 Å. The
results for the prefactor are shown in table 3.4.

3.4.2 H-center diffusion properties

The calculation of the H center is more cumbersome than for the F center because it
involves the movement of at least 2 atoms. The H center also has less symmetry and
therefore allows more possible diffusion paths. The ground state configuration of
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Figure 3.13: Left: The red arrow shows the diffusion path of the F center. The
blue arrow indicates the diffusion path as proposed by Pucchina et al. [116]. The
light blue circles indicate the calcium ions above and below the diffusion plane The
orange arrow indicates an exaggerated deviation as used as a starting path for the
nudged elastic and method. Right: Rotating the system by 90◦ around the diffusion
path shows that the fluorine atom is moving through the direct connection of two
calcium ions. The nudged elastic band calculations show a displacement of the
calcium atoms in the diffusion process rather than a deviation of the diffusion path.

Initial state Image 1 Image 2 Image 3 Image 4 Image 5 Transition state

Image 7 Image 8 Image 9 Image 10 Image 11 Final state

Figure 3.14: The images of the minimum energy path of the F center diffusion
resulting from a nudged elastic band calculation. The diffusion path is straight.

F center Γ0 [THz] Γ0,Vineyard D0 [m2/s] D0,Vineyard

linear response 45.0 41.8 3.4 · 10−6 3.1 · 10−6

frozen phonon 52.2 50.8 3.9 · 10−6 3.8 · 10−6

Table 3.4: The jump rate Γ0 and prefactor D0 for the diffusion coefficient of the
F center obtained from the calculation of the phonon modes according to (2.34) at
T = 300 K without the exponential factor. The high temperature approximation
by Vineyard (2.35) is given for comparison.
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Figure 3.15: Configuration and possible diffusion paths of the H center. The empty
solid circle indicates the fluorine lattice site, the dashed circle indicates the inter-
stitial site. The two displaced green circles along the 111 axis show the equilibrium
configuration of the H center. The sites 1-3 indicate three possible stable sites within
the same (vacant) fluorine cube. Site 4 is the nearest stable site in the next vacant
fluorine cube, the diffusion path is via the lattice site indicated by the blue arrow.
Site 5 is in the next-to-nearest neighbor cell, as the nearest neighbor cell in 100
direction is occupied by a calcium. The diffusion path is along the fluorine cube
edge indicated by the red arrow.

the H center and the possible diffusion paths are shown in figure 3.15. Because the
H center is not as strongly localized as the F center, I expect the diffusion barrier
of the H center to be lower than the diffusion barrier of the F center.

The indicated sites 1-3 lie within the same fluorine cube as the initial H center.
Site 1 is the displacement in (100) direction, site 2 in (110) direction, and site 3
in (111) direction. As the sites are all within the same fluorine cube, the diffusion
paths are very short and I expect the barriers for these processes to be very low
because they do not involve a strong distortion of the lattice. On the other hand
these displacements do not lead to any “real” diffusion, because the H-center is only
displaced within the fluorine cube. The results for the barrier are shown in figure
3.16 and confirm my expectations. However, a true diffusion requires the movement
of both atoms of the H center.

Site 4 is the nearest stable site for the H center. Since the H center can only
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Figure 3.16: The diffusion barrier of the H center: First estimation of the diffusion
barrier of the H center without any relaxation (left). The unrelaxed barrier for path
4 as well as the result from the nudged elastic band calculation (right).

diffuse to a fluorine cube that does not contain a Ca atom, i.e. it is vacant and
contains an interstitial site, it cannot diffuse to any directly adjacent cube, but only
the diagonally adjacent cubes in (110) direction. I expect the diffusion path to be
via the lattice site (blue arrow in figure 3.15), i.e. both atoms of the H center move.
The atom at the lattice site moves towards the interstitial site (site 4) and the atom
from the interstitial site moves to the position close to the lattice site.

The diffusion process to site 5 involves the movement of three atoms along the
red arrow in figure 3.15. In principle the final state of this path can also be reached
by two diffusion hops equivalent to the hop to site 4. This means that this path is
only relevant if the barrier is considerably lower than the barrier of the path to site
4. My results show that this is not the case (figure 3.16) from which I conclude that
the relevant diffusion path for the H center is given by path 4. The result for the
barrier of the minimum energy path of the H center diffusion is thus ∆EH = 0.25 eV.

The minimum energy path for the H center diffusion is shown in figure 3.17.
The first set of images shows the diffusion path in the [100] plane as proposed.
After a first nudged elastic band calculation the resulting path was perfectly in the
plane shown in figure 3.15. However, two imaginary phonon modes indicated that
this could not be the minimum energy path. By deviating the transition path as
described in chapter 2.3.2, I obtained the minimum energy which exhibits a slight
deviation of the diffusing atoms out of the symmetry plane. In this case the breaking
of the symmetry allows the two F atoms of the H center to maintain the distance to
one another, i.e. the F−2 dimer maintains its bond length throughout the diffusion
process.

In principle one could assume that the easiest diffusion of the H center would
be along its axis, the (111) direction. However, in the fluorite structure every other
fluorine cube is occupied by a cation, so that this diffusion path is not free and the
resulting diffusion path is more complex.
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Initial state Image 1 Image 2 Image 3 Image 4

Image 5 Image 6 Transition state Image 8 Image 9

Image 10 Image 11 Image 12 Image 13 Final state

Initial state Image 1 Image 2 Image 3 Image 4

Image 5 Image 6 Transition state Image 8 Image 9

Image 10 Image 11 Image 12 Image 13 Final state

Figure 3.17: The images of the minimum energy path of the H center diffusion
obtained from a nudged elastic band calculation. The arrow in the top picture
indicates the viewing direction of the bottom pictures and vice versa. Top: The
diffusion path in the [110] plane resembles path 4 as proposed in figure 3.15. Bottom:
Viewed in the [100] plane the diffusion path of the two F atoms is deviated above
and below the diffusion plane. This symmetry-breaking deviation keeps the distance
between the two atoms constant.
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H center Γ0 [THz] Γ0,Vineyard D0 [m2/s] D0,Vineyard

linear response1

frozen phonon 1.0 1.3 6.0 · 10−9 7.8 · 10−9

Table 3.5: The jump rate Γ0 and prefactor D0 for thediffusion coefficient of the H
center obtained from the calculation of the phonon modes according to (2.34) at
T = 300 K without the exponential factor. The high temperature approximation
by Vineyard (2.35) is given for comparison.

Calculation of the prefactor

The calculation of the phonon modes for the H center is analogous to those of the F
center. The results are shown in table 3.5. The H center diffusion along path 4 has
stable final sites in the fluorine cubes which are connected to the initial cube at its
edges. Since the cube has 12 edges and the diffusion process can take place via both
lattice sites at the ends of each edge, there are 24 possible diffusion paths with 24 final
stable sites. Considering diffusion in the (100) direction, the paths to 4 neighboring
cubes, i.e. 8 paths, lead forward in the direction of diffusion, which means the
probability for a diffusion jump in the forward direction is β = 8/24 = 1/3. The
length of each jump projected on the diffusion direction is d = a/2, where I have
assumed that the mean position of the interstitial fluorine of the H center is the
interstitial site. This assumption is valid, because the diffusion barrier within the
fluorine cube is so small, that the H center can easily associate with any of the
fluorine atoms on the corners of the cube. The results for the prefactor are shown
in table 3.5.

3.4.3 Dielectric measurements on CaF2

Dielectric measurements on different CaF2 samples from former Schott Lithotec
have been performed at Schott’s corporate research facility as well as the University
of Augsburg [117] showing good agreement with one another. The results of one
typical CaF2 sample are shown in figure 3.18.

The current understanding of the two conducting mechanisms is the following.
There is a very small but finite intrinsic concentration of F centers in CaF2, while
the intrinsic concentration of H centers is negligible [118]. Since the kinetic energy
of the fluoride ions is Boltzmann-distributed, there is a small probability for F
centers to have sufficient energy to overcome the diffusion barrier and move within
the bulk crystal. This probability obviously increases with increasing temperature,
which leads to an increase of the conductivity. At yet higher energies the Boltzmann-
distribution allows the statistical creation of F-H pairs. Then, there are two different
charge carriers, F centers and H centers. Since the H centers are more mobile
than the F centers, the H centers will make the dominating contribution to the

1At the time of printing the linear response calculation was still running.
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Figure 3.18: Conductivity of a CaF2 sample. The dielectric measurements were
performed by M. Aigner.

conductivity. Because of the extremely high purity of the sample I do not consider
any impurity effects.

The behavior of the depicted curve can be described by Arrhenius law

σ · T ∼ exp
(
−∆E

kBT

)
, (3.5)

and the slope can be identified with the height of the diffusion barrier of the charge
carrier.

Therefore, I interpret the measurements as follows. The low temperature range
on the right (green interpolation) is neglected because the values are so small that
they can be considered as static noise. In the middle region the conductivity is due
to the diffusion of F centers. In the region from 25-23 eV−1 (200-230◦C) the thermal
formation of F-H pairs begins and the H centers start to dominate the conductivity.
At higher temperatures the conductivity is then fully due to H center diffusion.

For the F center the experimentally measured diffusion barrier yields

∆EF = 1.25± 0.06 eV. (3.6)

The measured diffusion barrier of the H-center is

∆EH = 0.83± 0.01 eV. (3.7)

I have only presented the experimental results for one CaF2 sample here, which was
chosen because it shows a characteristic conductivity.
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∆EF [eV] ∆EH [eV]

experimental
Ure [119] 0.52− 0.86a 1.6b

Atobe [100] 0.72 0.46 0.33 (Vk-center)c

Keig, Coble [120] 0.54
Southgate [114] 0.9
Huisinga et al. [121] 0.30 (Vk-center)d

theoretical

Pucchina et al. [116] 1.69 path deviation: 1.25 Å
Keeton, Wilson [122] 0.3− 0.4 0.6− 1.5 semiclassical potentials
Chakravorty [123] 0.64 1.56 Born model

present work
VASP, relaxed 0.90
QE, neb 0.93 0.27
VASP, unrelaxed 1.50 1.03
QE, unrelaxed 1.44 0.92
experiment 1.25 0.83

a200− 690◦C
b690− 920◦C
cthermoluminescence measurement
dphotoconductivity measurement

Table 3.6: Numerical values for the diffusion barriers of the F-center and in the H-
center. The observation of the Vk center diffusion is only possible, while irradiation
of the material.

3.4.4 Discussion of the results

Previous results

The diffusion of point defects in CaF2 has been well investigated experimentally.
As early as 1956 Ure [119] determined the diffusion barrier of the F and H center.
Since then a series of experimental [38, 114, 120, 124, 125, 100, 121] and a few
theoretical [123, 122, 116] studies on the diffusion properties of defects in CaF2 have
been performed. The previous results are summarized in table 3.6.

The experimental values for the F center diffusion are in good agreement with
each other showing a barrier height of ∆EF = 0.52− 0.86 eV. The measured values
for the H center on the other hand scatter over a wide range (∆EH = 0.46−1.6 eV).

It is important to point out that the Vk centers can only be observed in mea-
surements performed while the crystal is irradiated [100, 121] or if the crystal is
cooled down to liquid nitrogen temperatures as the Vk center is not stable at room
temperature [101, 34]. If the material is not irradiated during measurement, the
Vk center will have recombined with an electron or will have formed a self-trapped



3.4 Diffusion properties of point defects 43

exciton at the time of measurement.

All previous measurements were performed before 2000. However, in the past 10
years the impurity concentrations in CaF2 have been reduced drastically to below the
ppb range due to the high requirements of the semiconductor industry. Therefore, I
assume that previous results could have been influenced by impurity contamination,
which could lead to a lower diffusion barrier for the F center and a broader range
for the diffusion barrier of the H center.

Previous theoretical results for the diffusion barrier have been obtained from
semiclassical calculations [122], Born model calculations [123], and ab inito Hartree-
Fock calculations [116].

My results

My calculations and the measurements show a good consistency with one another
(table 3.6). The fully relaxed barrier for the F center is at 0.9 eV and the unrelaxed
barrier lies at 1.5 eV. The measured value of 1.25 eV lies in between. For the H
center the unrelaxed barrier is 0.92−1.03 eV, the relaxed barrier is 0.27 eV, and the
measured barrier is again in between these values at 0.83 eV.

The fully relaxed barrier resembles a diffusion process, which is so slow com-
pared to the lattice dynamics, that the lattice will fully relax throughout the whole
diffusion process. This can be imagined as an infinitely slow diffusion process. The
unrelaxed barrier on the other hand resembles a diffusion process, which is much
faster than the lattice dynamics, so that the lattice will not relax at all. This dif-
fusion process can be imagined as infinitely fast or adiabatic. The diffusion process
in a real material will lie in between these two extremes.

To determine whether the diffusion process is slower or faster than the lattice
dynamics, I estimate the relaxation time of the lattice. An upper bound for the
velocity of the lattice atoms is given by the Debye temperature, which is equivalent
to the energy of the highest available phonon mode. The Debye temperature for
CaF2 is kBTDebye = 43.9 meV [126]. If the energy of the diffusing atom at the
saddle point is much higher than the Debye temperature, the diffusion process is
much faster than the lattice relaxation, and the surrounding lattice does not relax
during the diffusion process, which implies that the barrier should be closer to the
unrelaxed barrier. If the diffusion energy at the saddle point is much less than the
Debye energy, the lattice has time to relax, and the barrier is expected to be closer
to the fully relaxed calculation. Since the diffusion barriers in CaF2 are far above the
Debye temperature, I expect the experimental barriers to be closer to the unrelaxed
barriers.

The kinetic energy of the atoms in CaF2 is Boltzmann distributed. Since the
room temperature energy of kBT = 25 meV is very low compared to the height of the
diffusion barriers, diffusion processes will only take place for atoms in the high-energy
tail of the Boltzmann-distribution. It follows directly that the diffusion process for
the H center is more likely than for the F center. In addition, I conclude that the
kinetic energy at the saddle point for the diffusing atoms in the H center is higher
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than for the F center. The difference in kinetic energy should be approximately the
difference of the barrier heights. Therefore, I expect the measured value for the H
center to be closer to the unrelaxed barrier than for the F center, which is in good
agreement with my calculations and the measurements.
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Figure 3.19: The diffusion barrier of FNa center formation: A relaxation of the images
was necessary in the calculation because of the stronger lattice distortion around the
impurity. The Na+ impurity lowers the barrier significantly. The resulting barrier
is 0.12 eV in forward direction and 0.39 eV in the backwards direction.

In comparison with previous results my barriers are higher. Most likely this is
due to the fact that in recent years the impurity content of synthetically grown CaF2

crystals has been lowered significantly. Since an increased impurity content lowers
the diffusion barrier of the F centers considerably, it is very likely that previous
measurements have been influenced by a rather high impurity content. In order to
verify that impurities actually lower the diffusion barrier of the F centers, I have
calculated the barrier for an F center forming an FNa center (figure 3.19). Even
though the calculation is only a rough estimate, the resulting diffusion barrier is
lowered significantly.

For the H center my results are in the lower range of previous measurements.
The result for the minimum energy path is lower than previous measurements, but
in accordance with my assumptions mentioned above. Southgate [114] observed that
the diffusion barrier of fluorine interstitials in Y3+ doped CaF2 is 0.3 eV higher than
in pure CaF2, which would imply that earlier measurements overestimated the real
barrier height.

The measurements by Atobe [100] confirm my assumption that the F center
barrier is larger than the H center barrier and that the Vk barrier is even lower. I
conclude that the H centers in CaF2 are more mobile than the F centers, which is
an important result, that I will later incorporate in my model of laser damage in
CaF2.
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3.5 Optical properties of Ca colloids in CaF2

3.5.1 Lambert-Beer law

The attenuation of light in a material is described by the Lambert-Beer law. The
transmittance T is given by

T =
I

I0

= e−αd, (3.8)

where I is the intensity, I0 the initial intensity, α the attenuation coefficient, and d
the thickness of the material. Optical materials often exhibit extinction in addition
to the intrinsic attenuation, which is caused by scattering or absorption centers,
such as color centers, impurities or also colloids. I will refer to the intrinsic absorp-
tion of CaF2 as attenuation, while any additional loss of radiation will be referred
to as extinction, which is the sum of absorption and scattering by any defects or
impurities. The Lambert-Beer law can then be written as

T =
I

I0

= e−(α+k)d, (3.9)

where α is the intrinsic attenuation coefficient of CaF2 and k is the turbidity coef-
ficient related to any defect structures or impurities. Since the turbidity describes
absorption and especially scattering in a material, it is often also referred to as haze.

The turbidity coefficient can be calculated from the extinction cross section σext

of the scattering and absorbing defect structure

k = kext = c σext, (3.10)

where c is the number of particles per unit volume and kext is the extinction co-
efficient. The extinction cross section is given as the sum of the absorption cross
section σabs and the scattering cross section σsca

σext = σabs + σsca, (3.11)

as long as multiple scattering does not occur, which is the case if cσscad � 1 and
can be assumed for CaF2. Thus, the turbidity coefficient can be expressed as

kext = kabs + ksca, (3.12)

where kabs = cσabs and ksca = cσsca are the absorption coefficient and scattering
coefficient respectively. For clarity, the relation of scattering, absorption, extinction,
and transmittance are shown in figure 3.20.

For the investigation of laser damage, the intrinsic attenuation is only important
for the initial absorption of light. Laser induced defects will not change the intrinsic
attenuation, and therefore only the change of the extinction after a certain radiation
period is of interest. The general Lambert-Beer law can be rewritten in the form

α = − ln(T )

d
(3.13)
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Figure 3.20: Schematic illustration of extinction, absorption and scattering: The
energy of the absorbed radiation stays in the particle. The scattered radiation is
emitted in a different direction than the incident direction. The extinction is the sum
of the two. The transmitted light is the fraction that is not absorbed or scattered.

and thus the so-called induced extinction can be expressed as

kind ext =
− lnTbefore + lnTafter

d
. (3.14)

In this form all intrinsic absorption of light is eliminated and a measure for the
change of transmittance due to radiation induced defects is defined.

For metallic colloids the extinction can be calculated from

kext =
η

Vcolloid

σext, (3.15)

where η is the colloid fractional volume, i.e. the fraction of the bulk volume that is
occupied by colloids, Vcolloid is the volume of the single colloids, and it is assumed that
the colloids are monodisperse. Absorption and scattering are calculated analogously.
The extinction, absorption and scattering cross sections are calculated from Mie-
theory in chapter 3.5.3.

3.5.2 Optical properties of CaF2 and Ca

The optical properties of a material are described by the complex refractive index
N = n + ik or the complex dielectric function ε = ε′ + iε′′. For a non-magnetic
material the relation between the two is given by

ε′ = n2 − k2 (3.16)

ε′′ = 2nk (3.17)

n =

√√
ε′2 + ε′′2 + ε′

2
(3.18)
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B1 6.188140 · 10−1 C1 2.759866 · 10−3 µm2

B2 4.198973 · 10−1 C2 1.061251 · 10−2 µm2

B3 3.426999 C3 1.068123 · 103 µm2

Table 3.7: The Sellmeier coefficients for CaF2 valid for 184 nm < λ < 2326 nm [6].

k =

√√
ε′2 + ε′′2 − ε′

2
. (3.19)

Refractive index of CaF2

For a transparent material the imaginary part of the refractive index is zero. The
wavelength dependent refractive index for CaF2 is taken from [6] and is given by
the Sellmeier formula

n2 − 1 =
B1λ

2

λ2 − C1

+
B2λ

2

λ2 − C2

+
B3λ

2

λ2 − C3

, (3.20)

where the wavelength λ is given in µm. The Sellmeier coefficients for CaF2 are given
in table 3.7.

Refractive index of Ca

The wavelength dependent complex refractive index for metallic calcium was taken
from [127] and [128], who measured the refractive index in different wavelength
regions. The experimental values were fitted with the ansatz

ε = ε0 +
∑
j

ω2
pj

ω2
j − ω2 − iγjω

, (3.21)

of the multiple-oscillator model, where for the jth oscillator ωpj is the plasmon
frequency, ωj is the resonant frequency, and γj is the damping factor. This ansatz
allows to fit the experimental data and ensures that the Kramers-Kronig relations
are fulfilled at the same time. The complex refractive index of Ca is shown in figure
3.21. For the calculation of cross sections from Mie scattering, a correction of the
refractive index of Ca for small colloids is taken into account. This correction is
necessary because for small particles the mean free path of the electrons is limited
by the particle size. Additionally, a small correction due to the pressure exerted by
the surrounding matrix is made. These corrections are discussed in appendix A.

3.5.3 Cross sections from Mie theory

In 1908 Gustav Mie developed the basic equations for the scattering of light on
a spherical particle with a complex refractive index in a surrounding transparent
matrix [21]. The basic problem is described by an incident plane wave on a spherical
particle. The basic approach and a derivation of the solutions for the scattering cross
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Figure 3.21: The real and imaginary part of the refractive index of metallic Ca. The
data was taken from Mathewson and Myers (MM71) [127] and Nilsson and Forssell
(NF77) [128]. The Kramers-Kronig relations were used for the fit.

sections are given in appendix A. The cross sections are functions of the incident
wavelength and the particle size with the refractive indices of the spherical particle
and the surrounding matrix as parameters.

Extinction, absorption and scattering at different colloid sizes

The results for theoretical extinction, absorption and scattering spectra of metallic
Ca colloids in CaF2 are shown in figure 3.22. The colloids show two characteristic
peaks, one at 200 nm and one between 520–650 nm. The position of the first
extinction peak at 200 nm does not change with increasing colloid size. Its intensity
decreases between 10 and 50 nm before almost vanishing at larger colloid sizes.

The second peak is centered at 520 nm for small colloids up to a few nm in
radius. This is in good agreement with the absorption band of the M center at 520
nm. Since the colloids grow as an agglomeration of F centers in CaF2, the formation
of the M center can be seen as the first step towards colloid formation. The fact that
the absorption bands of the M center and very small colloids coincide shows that
the two defect structures are related. While the formation of an M center from two
F centers shifts the absorption band of the F center from 378 nm to the M center
absorption at 520 nm, further agglomeration of F centers does not seem to have a
strong effect on the absorption band. With increasing colloid size the peak shifts to
about 580 nm at a colloid radius of 25 nm, for a colloid radius of 50 nm the peak
position has shifted to 650 nm.

Further it is important to observe that the contribution of absorption and scat-
tering changes with the colloid size. For very small colloids scattering effects are
negligible. In the range of 22 to 50 nm the ratio of absorption to scattering changes
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Figure 3.22: Extinction (red), absorption (green), and scattering (blue) of Ca col-
loids in CaF2 calculated from Mie-theory for different colloid radii. The colloidal
fractional volume was assumed to be 10−6. For small colloids the extinction is domi-
nated by absorption, larger colloids show stronger scattering and the total extinction
decreases.
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Figure 3.23: Left: Extinction (red), absorption (green), and scattering (blue) coef-
ficients at 193 nm as a function of the colloid radius. The fractional colloid volume
used is 10−6. Right: Extinction (red), absorption (green), and scattering (blue)
cross sections for one Ca colloid at 193 nm as a function of the colloid radius.

from predominant absorption for small colloids to predominant scattering for large
colloids. This can be explained with the penetration depth of light into the metallic
colloids.

Extinction at a fixed wavelength

Extinction, absorption, and scattering coefficients and the corresponding cross sec-
tions of Ca colloids in CaF2 at 193 nm are shown in figure 3.23. For colloid radii
above 20 nm the increase of the extinction cross section with the colloid size is ap-
proximately quadratic, which means that the cross section is proportional to the
geometric cross section in this region.

Energy absorption of colloids

It is straight forward to calculate the energy absorbed by a colloid during radiation
from the absorption cross section. The energy absorbed by a colloid during a laser
pulse with a certain fluence H0 is

Eabs = σabsH0. (3.22)

For colloids with radii between 1 and 5 nm and fluences between 10 and 120 mJ/cm2

the absorbed energy lies between 1.9 · 102 eV and 2.6 · 105 eV.

The extinction itself is scaled with the number of colloids per unit volume, where
a constant fractional colloid volume is assumed. Very small and presumably well
dispersed colloids show a stronger absorption than fewer larger colloids. This will be
an important fact later, because the absorption at small sizes influences the growth
of the colloids.
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c11 [GPa] c12 [GPa] s11 [TPa−1] s12 [TPa−1]

CaF2 165 46 6.94 -1.53
Ca 16 8 94 -31

Table 3.8: The elastic stiffness constants cij and the elastic compliance constants sij
of Ca and CaF2 [129].

3.6 Formation energy of Ca colloids

In addition to the optical properties, I also calculate the formation energy of Ca
colloids in CaF2. The formation of a metallic colloid is the agglomeration of many
F centers, i.e. fluorine vacancies. The main contribution to such a colloid is thus
the “binding” energy of an F center to a colloid. In addition, contributions of the
formation of a Ca/CaF2 interface and the mechanical stress of the colloids need to
be considered.

3.6.1 Binding energy of an F center to a colloid

I estimate this binding energy as the average binding energy of 64 F centers forming
a colloid,

64× Ca32F63 → Ca32 + 63× Ca32F64 + 64Ebind, (3.23)

yielding Ebind = 0.586 eV per F center. The energy is in the same range as the
formation energy of the M center, which was to be expected, because the formation
of an M center is the first step in the agglomeration of F centers.

3.6.2 Energy of the Ca/CaF2 interface

The contributions of the colloid surface to the formation energy can be broken down
into two components. First, the chemical energy of the surface, i.e. an adhesion
energy, and second the relaxation of the surface due to the mechanical stress which
is induced by the CaF2 matrix. Because the stiffness of CaF2 is about one order of
magnitude higher than that of Ca (table 3.8), I assume that the mechanical stress
is taken up by the metallic colloid completely and therefore neglect any surface
relaxation effects. This implies that all calculations are performed at the lattice
constant of CaF2 without structural optimization. This is possible because the
lattice structure of the Ca atoms in metallic Ca and CaF2 is the same. The small
change of the lattice constant is considered separately as mechanical stress.

To determine the interface energy from a quantum mechanical calculation, a
supercell is constructed by stacking n CaF2 unit cells and m Ca unit cells on top
of each other forming a (CaF2)n/2 (Ca)m (CaF2)n/2 stack with periodic boundary
conditions. This results in a stack of Ca and CaF2 layers, which extend infinitely
in two dimensions with a periodic layered structure in the third dimension. The
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lattice constant [Å]

CaF2 5.46
Ca 5.58

Table 3.9: The lattice constants of Ca and CaF2.

interface energy is then calculated from the following abstract reaction

(Ca)m + (CaF2)n → (CaF2)n/2 (Ca)m (CaF2)n/2 + ∆E, (3.24)

which can also be depicted symbolically

where the red color symbolizing Ca and the blue color symbolizing CaF2. The Ca
cells were placed in the middle of the stack for symmetry reasons.

In order to avoid self-interaction of the layers, both layers need to have sufficient
thickness. Therefore, I start with a Ca layer thickness of one lattice constant and
calculate the adhesion energy for increasing CaF2 layer thickness. Then, the num-
ber of Ca layers is successively increased until the values for the adhesion energy
converge. Because the calculation of large stacks is very time consuming, the energy
is first converged with respect to the Ca layer thickness, which is shown in figure
3.24. A layer thickness of two lattice constants was sufficient for the Ca layers.

Because the stiffness constants of CaF2 are about 10 times larger than those of
Ca (table 3.8), the necessary CaF2 layer thickness is expected to be roughly 10 times
the layer thickness of the Ca layer. Unfortunately, the necessary thickness of the
CaF2 layers could not be reached due to limited memory in the available computing
machines. These calculations were attempted for the [100] interface and the [111]
interface (figure 3.25). However, the interface energy shifts toward smaller absolute
values, which means that an upper boundary for the absolute interface energy of
|Esurf | < 3.6 eV/nm2 can be given.

3.6.3 Mechanical stress in colloids

Mechanical stress in Ca colloids is induced by the surrounding CaF2 matrix because
the lattice constant of CaF2 is 2% smaller than the lattice constant of metallic Ca
(table 3.9). As the stiffness of metallic Ca is much lower than that of CaF2, I assume
that the complete stress is absorbed by the metallic Ca.

In general the relation between the stress tensor σij and the deformation tensor
εij is given by

σij = cijklεkl or εij = sijklσkl (3.25)

where cijkl, the elements of a fourth rank tensor, are the elastic stiffness constants
and sijkl are the elastic compliance constants. Because the three dimensional fourth
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Formation energy in [eV/F center] [eV/nm3]

Ebind 0.59 28.80
Estress −7.95 · 10−3 −0.39
Esurf 0 > −3.6 eV/nm2

Table 3.10: Contributions to the formation energy of a Ca colloid in CaF2.

rank tensors cijkl and sijkl are symmetric in ij and kl it is customary to reduce
them to six dimensional second rank tensors cij and sij within the so-called matrix
notation [130]. The stiffness and elastic compliance constants for CaF2 and Ca are
given in table 3.8.

For an isotropic deformation of a cubic material the relation reduces to

σi =
1

κ
εi = Bεi, (3.26)

where κ = 3(s11 +2s12) is the compressibility and B is the bulk modulus. The stress
energy per unit volume is given by

Estress =
∫
σi dεi (3.27)

= 3
∫
B ε dε (3.28)

=
3

2
Bε2, (3.29)

where the deformation ε = ∆l/l for a Ca colloid in CaF2 is given by the relative
change of the lattice constant

ε =
∆l

l
=
aCa − aCaF2

aCaF2

. (3.30)

The resulting stress energy per unit volume in Ca colloids in a CaF2 is thus Estress =
0.06 GPa = 0.39 eV/nm3.

The energy contribution from mechanical stress in the colloids is much smaller
than the contributions of the F center binding and the surface energy, which is in
good agreement with the assumption that relaxation energies can be neglected as
they would be of the same order of magnitude or smaller.

3.6.4 Formation energy

The contributions to the formation energy of a Ca colloid in CaF2 are listed in table
3.10. The formation energy of a Ca colloid and the single contributions are shown
in figure 3.26.

For large colloid sizes the volume dependent binding energy dominates the for-
mation energy of a colloid, which means that energy is gained by the successive
agglomeration of F centers, and colloids could in principle grow infinitely large.
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Figure 3.26: The formation energy of a Ca colloid in CaF2 and the contributions
from the binding of the F centers, the mechanical stress, and the surface energy.

However, this is an idealized picture, because it assumes that there is an infinite
amount of F centers available and that there are no H centers for recombination. In
a real material this is of course not the case. First of all, the number of available
F centers is limited by the amount of radiation-induced F centers, and for every
radiation induced F center there is also an H center created in the material, which
also allows for recombination of F and H centers. I will later discuss that the F
center concentration can be higher than the H center concentration and that thus
colloids are formed, but the conditions for unlimited growth are not provided in the
real material.

Further the calculations show that up to a colloid radius of 0.5 nm, the formation
energy is negative, i.e. the system only gains energy from the growth of colloids once
they are larger than 0.5 nm. In an irradiated crystal sufficient energy is supplied
by the radiation to initially form colloids. After having surpassed the minimum
threshold, the colloids can grow by accumulating more F centers. At the same time
small colloids absorb very strongly, which means that they can also be decomposed
in the irradiation process. In addition, the colloids could grow in a process similar
to Ostwald-ripening [131], where large colloids grow while smaller colloids shrink
and dissolve. By this process the total number of colloids is reduced while the size
of the colloids increases, which leads to a minimization of the surface of the colloids.



Chapter 4

Phenomenology of laser damage in
CaF2

Semiconductors for microchips are structured with optical microlithography. The
semiconductor wafer is first coated with a photoresist, and then the desired structure
is imaged onto the wafer. The actual structuring is then etched into the wafer, and
finally the photoresist is removed leaving the structured wafer.

A central issue in the construction of a microchip is heat dissipation because it
needs to be assured that the heat generated by the currents on the microchip can
be transported and cooled properly. The heat development on a chip is determined
by the flowing current, which is determined by the clock rate and the amount of
electrons that need to be transported. The necessary electron movement can be
reduced by making the structures on the microchips smaller, which then in return
allows for higher clock rates making processors faster. Therefore the semiconduc-
tor industry has been striving towards the manufacturing of smaller and smaller
structures on microchips following Moore’s law [9]. One of the limiting issues is the
optical resolution of the microlithographic structuring of the wafers.

The angular resolution of imaging optics can be estimated by the Rayleigh cri-
terion1

sin θ ∝ λ

A
, (4.1)

where λ is the wavelength and A is the diameter of the aperture of the optics.
In order to reduce the structure size on the microchips the wavelength has been
reduced over the decades and microlithography is today performed at 193 nm, the
wavelength of an ArF-excimer laser [10]. By using immersion liquids between the
last lens and the wafer and by using double-patterning techniques today’s microchips
are produced as the 32 nm half-pitch node, which means that the structures on the
microchip have a spatial separation of 64 nm. These dimensions imply very high
requirements for the imaging optics and therefore also for the lens materials. The
materials need to have a very high homogeneity and the optical properties need to

1The same criterion, also known as the Abbe formula, had been published roughly 20 years
earlier by Ernst Abbe [132].

56
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be stable under the application wavelength.
The alteration of the optical properties under irradiation is referred to as laser

damage. In this chapter, I will discuss phenomenological observations of laser dam-
age. If not stated otherwise, the experimental data in this chapter was provided by
U. Natura.

4.1 Characterization of laser damage

Laser damage is characterized by a loss of the optical performance of the material,
which is observed as a decrease of the transmission and the formation of scattering
centers. For a high precision imaging process, scattering centers have a great effect
on the imaging quality of the lenses. At the precision necessary for microlithogra-
phy also absorption has a great influence as the thermal expansion of the material
influences the refractive index.
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Figure 4.1: Induced extinction in CaF2 [15]: Transmission of an irradiated and a
non-irradiated area measured on the same sample (left). Induced extinction of the
same sample (right).

An example for the change of a transmission curve after irradiation is shown
in figure 4.1. In order to determine the effect of irradiation induced defects, it is
necessary to observe the transmission before and after irradiation. The induced
extinction is given by (3.14) and is also shown in figure 4.1. The induced extinction
shows characteristic peaks which can be associated with different defect structures.

The radiation-induced defect structures in CaF2 can be separated into two groups
depending on the irradiation time necessary to create them in the material. The
formation of point defects like F and H centers, but also M centers and Na stabilized
F and M centers happen on a “short” timescale of about 20 minutes. This time may
seem very long when compared to nearly all intrinsic timescales in solid state mate-
rials, but it is rather short compared to the expected lifetime of a high-performance
optical lens and is therefore referred to as rapid damage. The formation of larger
defect structures such as metallic colloids occurs on a much longer timescale. In
long term measurements CaF2 crystals are typically irradiated for about 2 months
and this type of damage is referred to as long term damage.



58 Phenomenology of laser damage in CaF2

4.2 Rapid damage

The rapid damage process in CaF2 is often related to Na impurities, because when
it was first investigated the stabilization of F centers by Na impurities was the dom-
inant process for laser damage on the short timescale. Rapid damage related to
Na impurities has been investigated thoroughly [36, 94, 14, 96, 17]. Mühlig et al.
describe the formation of the optically active MNa center from an FNa center and
a radiation induced F center and the radiation-induced annealing of these centers.
They observed that the fluorescence of the MNa center increases with rising tem-
perature leading to the conclusion that the formation of MNa centers is a diffusion
driven process [17]. Because of the known Na-induced defect stabilization mecha-
nism, great effort was made to push the impurity content of CaF2 as low as possible
(today it is below the ppb range), because it was expected that stabilized defect
structures could thus be prevented.
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Figure 4.2: Typical induced extinction spectra of three CaF2 samples after irradia-
tion with 104 pulses at 50 mJ/cm2. The peak at 378 nm is associated with F centers,
the peak or shoulder at 310 nm with H centers. The peak at 200 and 580 nm could
be allocated to beginning colloid growth (see chapter 3.5.3).

The extinction spectra of three typical CaF2 samples are shown in figure 4.2.
The samples were irradiated at 193 nm with 104 pulses and a fluence of 50 mJ/cm2.
The absorption of the F center at 378 nm and of the H center at 310 nm are easily
identified. The peaks at about 200 and 580 nm could be indicators for M center
formation and beginning colloid growth. It can be concluded that after an irradiation
time of about 20 minutes F and H centers have been formed in the material, and that
first stabilization processes have taken place. After the transmission measurement
the samples were exposed to UV light for about 15 minutes, and a complete annealing
of the induced extinction was observed.

The annealing with radiation from a UV lamp is characteristic for rapid dam-
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age. Defect structures that cannot be annealed with radiation of a UV lamp are
considered long-term damage effects.

4.3 Long term laser damage

Induced extinction measurements

For the characterization of long-term damage, four laser windows of different laser
durabilities were irradiated in a LPX 220i Lambda Physik laser at 193 nm with up
to 2 · 108 pulses at repetition rates of 60–100 Hz. The average energy density per
pulse was 120 mJ/cm2. The samples are labeled W1 through W4 where sample
W1 has the highest laser durability and sample W4 the lowest. The results for the
induced extinction are shown in figure 4.3.

The laser durability of a CaF2 crystal is measured in a series of tests, which
are not discussed here. They have been developed by former Schott Lithotec as a
quality control tool, to ensure the performance of the produced crystals. The induced
extinction after radiation decreases for the samples with higher laser durability,
which was to be expected.

All samples exhibit the characteristic peaks just below 200 nm and around 550
nm allowing the conclusion that metallic Ca colloids have formed in the material
(see chapter 3.5.3). The position of the peak below 200 nm cannot be determined
exactly from these measurements, but the peak is clearly visible.

The position of the peak around 550 nm varies slightly for the different samples
which can be attributed to different colloid sizes present in the material. For better
comparison the data of all samples has been scaled to the maximum of the peak
around 550 nm (figure 4.3). Due to the laser durability classification, a gradual
change should be observable from sample W4 to W1. However, sample W3 shows
unexpected behavior and I will therefore exclude it from my considerations for now.

With increasing laser durability the peak shifts from 550 nm to 575 nm. At the
same time the extinction peak broadens significantly. In addition, the extinction at
longer wavelengths increases relative to the peak. The shift of the peak position to
longer wavelengths is an indicator that the colloids are larger. At the same time
the broadening of the peak indicates that the size distribution of the colloids is
broadened. The increased extinction at long wavelengths relative to the peak could
be an indicator for large colloids in the range of 50-100 nm.

For an estimate of the size of the colloids created in the irradiation process, the
theoretical extinction obtained from Mie theory are fitted to the experimental data.
For the fit the colloids were assumed to be monodisperse, i.e. they all have the same
size. The two parameters used for fitting the induced extinctions are the colloid
radius and the fractional colloid volume, i.e. the volume fraction of the material
occupied by colloids. The colloid radius was used to fit the peak position and the
fractional colloid volume was fitted to the height of the peak. The fits are shown in
figure 4.3. For sample W4 the fitted colloid radius is 22 nm with a fractional colloid
volume of η = 2.8 · 10−7. For samples W2 and W1, the fitted colloid radii are 26 nm
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Figure 4.3: Top: Induced extinction of laser window samples W1–W4. The peaks
below 200 nm and around 550 nm are characteristic for metallic calcium colloids
in CaF2. With increasing laser durability the induced extinction decreases. The
theoretical extinction cross sections obtained from Mie theory were fitted to the
data. For sample W4 the colloid radius r is 22 nm and the fractional colloid volume
η is 2.8 · 10−7. For sample W2 the fit parameters are r = 26 nm and η = 5.1 · 10−8

and for W1 r = 28 nm and η = 2.0 · 10−8. Sample W3 was not fitted because it
showed slightly different behavior. Bottom: The same data and fits, but scaled to
the maximum of the peak around 550 nm for better comparison.
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and 28 nm, and the fractional colloid volumes are η = 5.1 · 10−8 and η = 2.0 · 10−8

respectively. Figure 4.3 shows that the fit for sample W4 is fairly good with respect
to the shape of the peak. In order to account for the broadening of the peaks
of samples W2 and W1, the peaks were fitted assuming a size distribution of the
colloids, but a significant improvement of the fit was not observed. Nevertheless,
based on the experiments I conclude that the size distribution of the colloids in
sample W4 is very narrow and becomes wider for samples W2 and W1.

Sample W3 did not fit into the picture of a gradual change according to the laser
durability classification. While the absolute induced extinction of sample W3 lies
between that of sample W2 and W4 except for wavelength longer than 740 nm, the
shape and position of the peak lies in between samples W1 and W2. At this point
the reasons for this behavior are subject to speculation.

Further, samples W3 and W4 exhibit the F center peak at 378 nm, which is not
visible in samples W1 and W2. Samples W1, W2, and W3 exhibit a slight shoulder
at 520 nm, which is strongest in sample W1. In addition, samples W1 and W2
show a peak around 350 nm, which is slightly visible as a shoulder in sample W3
as well. The shoulder at 520 nm and the peak around 350 nm can be associated
with the M center absorptions at 365 and 520 nm. Since the observed peaks are
not exactly at 365 nm but a little below hat, I conclude that these M centers are
either only loosely bound or associated with impurities. Rauch and Schwotzer [93]
observed a shift of the absorption bands of the M center to smaller wave lengths
for O2− impurities. Even though impurities are an unlikely explanation due to
the extremely high purity of the crystal, this could still be an explanation, as the
presumable fractional colloid volume in sample W1 is in the range of 10 ppb and
and at this level impurity concentrations in or below the ppb range could be visible
in association with radiation induced point defects.

The M center peaks are visible best in the sample of highest laser durability and
are not visible at all in sample W4. In sample W4 the colloid and F center peaks
are much stronger than in the other samples and therefore most likely superpose the
very small M center peaks.

The induced extinction measurements on irradiated laser windows have shown
that metallic calcium colloids are formed in CaF2 after irradiation with 193 nm. A
higher quality of the material, which is in this case measured in terms of the laser
durability, implies a lower absolute induced extinction. At the same time the size
distribution of colloids is wider. Very good samples do not only exhibit the colloid
peaks, but also M center related peaks.

Absorption and scattering

For samples W3 and W4, also absorption and scattering was observed (figure 4.4).
While sample W3 shows hardly any absorption but strong scattering, sample W4
exhibits strong absorption but very little scattering. This observation first led me to
the assumption that larger defect structures could be the cause for long term laser
damage effects, because with a very similar extinction spectra, point defects should
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Figure 4.4: Absorption (A) and Scattering (B) of laser window samples W3 and W4.
Sample W3 shows little absorption, but strong scattering while sample W4 shows
strong absorption and little scattering.

also show a similar absorption and scattering behavior. For larger defect structures
on the other hand, the absorption and scattering behavior depends on the size of
the structures.

In sample W4, the induced extinction measurements indicate smaller colloids
with a narrower size distribution than in sample W3, and only little scattering is
observed. However, it can be observed that the scattering colloids have a tendency to
grow at lattice defects, such as small angle grain boundaries or line defects [133, 134].
Such lattice defects or in principle also impurities could be seeds for the growth of
stable colloids, which is an indicator that colloids will start growing at defect sites
with a larger probability.

Sample W3 shows strong scattering, from which I conclude that the colloids have
grown larger than in sample W4. The extinction peak of sample W3 corresponds
to colloids with a radius of 28 nm, which already show a strong increase in their
scattering behavior compared to colloids with a radius of 22 nm (figure 3.22).

In addition, the purple coloration of sample W4 is typical for CaF2 and is due to
the F center absorption at 378 nm and the M center absorption at 365 nm, which
is also observed in natural fluorite [23]. This is in good agreement with the induced
extinction measurements (figure 4.3), which also shows the F center absorption at
378 nm in sample W4.
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4.4 AFM measurements

Two CaF2 samples were investigated with non-contact dynamic dynamic atomic
force microscopy (NC-AFM) after irradiation. The measurements were performed
by Prof. Michael Reichling at the University of Osnabrück [134].

Samples with a similar laser durability as samples W3 and W4 were chosen,
because it was expected that a larger number of colloids could be observed. The
samples were irradiated in the same way as the samples in long-term measurements.
The irradiated samples were cleaved in an ultra high vacuum (UHV), where the
AFM measurements were performed on the natural cleavage planes of CaF2 ([111]
plane). The measurements were repeated after two days showing no change of the
observations. The results are shown in figure 4.5.

The AFM images show elevations and indents on the cleaved surface, which are
below 10 nm in diameter and are distributed with a density of 10–20 per µm2, giving
a strong indication for colloid formation in CaF2 [134]. In addition it was observed
that no charges were present on the cleaved surface, as it is the case for non-irradiated
CaF2. This was taken as an indication that the charges were compensated by either
the observed colloids or other defects such as F and M centers.

The results are a good confirmation of the assumption that Ca colloids are the
defect structures formed after long-term irradiation.

4.5 Annealing by tempering

The conductivity measurements showed that F-H pairs are formed thermally above
200–230◦C. As I will point out in section 5.6, the presence of equally distributed F
and H centers should lead to an annealing of the colloids. If F-H pairs are formed
statistically, this should therefore lead to an annealing of the colloids in the crys-
tal above the formation temperature. Thus, I proposed annealing experiments to
determine in what temperature range the annealing would take place.

A CaF2 sample that showed a characteristic induced extinction spectrum was
tempered at 150, 250 and 400◦C for one week each. After each temper period the
induced extinction was measured. The results are shown in figure 4.6.

After the first tempering period at 150◦C, the colloid peak decreases and is
broadened towards longer wavelengths. This is an indication that the colloids grow
larger at these temperatures because of further defect agglomeration, which is due
to the enhanced mobility of F centers at higher temperatures. Microscopically the
colloids grow, as more F centers agglomerate on their surface. Additionally, the size
distribution of the colloids could shift towards larger colloid sizes due to a process
similar to Ostwald-ripening.

After tempering at 250◦C the peak shifts slightly to the left and is narrowed,
which can be interpreted as a decrease in size of the colloids. According to the
conductivity measurements, a complete annealing of the colloids would be expected
at this temperature because of the recombination with thermally created H centers.
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Figure 4.5: NC-AFM measurements performed by Reichling [134]. Images a and b
show the distribution of colloids on the cleaved surface. In images c and d an rough
upper limit of below 10 nm for the colloid size is observed. Images e and f show the
cleaved surface with atomic resolution and subsurface colloids in the range of 1 nm.
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Figure 4.6: Annealing of CaF2: The sample was tempered at 150, 250, and 400◦C.
The induced extinction profile shows slight changes after being tempered at 150 and
250◦C, and vanishes after annealing at 400◦C.

Since only a slight shrinking of the colloids is observed, I conclude that the rate at
which F-H pairs are thermally formed is still too low at these temperatures to lead
to a full annealing.

After tempering at 400◦C, complete annealing of laser damage is observed in the
material. The growing and shrinking of the colloids during tempering at 150 and
250◦C also suggests that the size of the calcium colloids depends on the thermal
equilibrium of the defects in the material. Such a model has been proposed by
Kuzovkov et al. [135].

Long term observation

A sample that showed characteristic laser damage after irradiation with 4 ·108 pulses
at 50 mJ/cm2 was stored for 8 months at room temperature. After this time period
the induced extinction spectrum showed no sign of colloids any more, however the
F center peak had grown with respect to the induced extinction measurements per-
formed immediately after irradiation [136]. This can be seen as a hint that calcium
colloids are not stable in CaF2, but that their formation is enhanced by thermal and
radiative activation.
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4.6 Discussion of the observations

The formation of metallic Ca colloids in CaF2 has been observed after irradiation
with 193 nm laser radiation. The formation of Ca colloids in CaF2 has been observed
prior to this work [137, 138, 139, 140, 141, 142, 143], however in previous studies the
colloids were induced by electron irradiation. The main difference between electron
irradiation and laser irradiation is the locally deposited energy and the penetration
depth of the radiation. The energy deposited locally by low energy electrons with
2 keV is much higher than the locally deposited energy of two 6.4 eV photons. In
addition, the penetration depth of electrons is very small, for low energy electrons
about 160 nm [140]. Irradiation with electrons deposits a large amount of energy
in the surface-near region of samples, leading to much larger defect concentrations
than after irradiation with photons.

In principle the dynamics of colloid formation should be similar after irradiation
with electrons and after irradiation with photons. Since the defect concentration
after electron irradiation is much higher, colloids will form faster. The size of the
colloids will most likely depend on the amount of energy deposited which means
that for a similar colloid formation the irradiation times for laser induced colloid
formation are much longer, which is in good agreement with the timescales on which
laser-induced formation of colloids is observed. The colloid size of 22 − 28 nm
corresponds well with the observations by Bennewitz et al. [140, 141], who observed
the formation of colloids after electron irradiation with mean colloid radii of 18− 32
nm over a temperature range of 300− 400K.

The annealing of colloids by tempering has been observed in CaF2 irradiated
with 0.5− 1 MeV electrons [144] and in neutron-irradiated CaF2 [145]. The conclu-
sion that colloids are annealed at 250◦C, which was deduced from the conductivity
measurements in section 3.4.3, is well confirmed by Izerrouken et al. [145]. Unfor-
tunately, they do not state the size of the colloids they observed. The experimental
observations of this work are better confirmed by Wurster et al.[144], who observe
annealing starting at 300◦C after electron irradiation. It is a reasonable conclusion
that the annealing process of Ca colloids in CaF2 starts at around 250◦C due to
thermally induced F-H pairs, but the kinetics of the annealing of colloids are still
very slow at these temperatures. This would be in agreement with the observations
of annealing, where a decrease in the size of the colloids is observed after tempering
at 250◦C. I conclude that a complete annealing takes place at temperatures above
300◦C in agreement with [144].

In addition to thermal annealing, Cramer et al. [142] reported the annealing
of colloids after irradiation with 532 nm laser radiation, which is interpreted as a
local heating of the colloids by the absorbed radiation, which leads to the “thermal”
decomposition and annealing of the colloids. This observation could also explain
the finding of only small colloids in the AFM measurements. Since the colloids
are formed during radiation and exhibit an absorption peak around the applica-
tion wavelength of 193 nm, I conclude that small colloids are formed during the
irradiation process, but that their growth is limited by the irradiation which they
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absorb at the same time. This also implies that the growth of larger colloids occurs
after irradiation in a process similar to Ostwald-ripening or by high local energy
deposition.

In electron-irradiated CaF2 the desorption of gaseous fluorine from the sample
surface has been observed [146]. In the irradiation experiments fluorine desorption
from the crystals was not observed. The main reason is that the damaging process
is observed in the bulk of the material and not in a surface near region. Since the
colloids are an agglomeration of F centers and the F centers are formed in pairs with
the H centers, the interstitial fluorine ions need to be absorbed in the material as
well. If the defects are created in a surface near region, desorption of fluorine could
be possible. However with the focus on defect formation in the bulk, desorption of
fluorine from the crystals is not expected, but the created interstitials are expected
to remain in the material in the form of H centers.



Chapter 5

A laser damage model

5.1 The pre-irradiation material

Prior to any radiation I assume a perfect CaF2 crystal. However, a real material at
finite temperatures shows intrinsic defect concentrations of F and H centers with an
excess of F centers. At 300 K these defect concentrations have been determined to
be 9.74 · 10−19 ppm for the F centers and 6.84 · 10−119 ppm for the H centers [118].
However at higher temperatures these defect concentrations increase significantly.
At 1500 K the defect concentrations are 5.04 ppm and 4.70 · 10−19 ppm for the F
and H center respectively, at 1650 K they are 13.4 ppm and 6.72 · 10−17 ppm [118].
Since synthetic crystals are grown from the melt and later tempered in a fluorine
atmosphere, it can be assumed that the defect concentrations equilibrate at the
values at room temperature. These defect concentrations are so small that I will
neglect them for reasons of simplicity.

5.2 Irradiation induced defect formation

CaF2 has a band gap of 11.8 eV, and is therefore transparent at 193 nm, which
corresponds to 6.4 eV. Assuming an ideal CaF2 crystal, free of any defects or im-
purities, electromagnetic radiation is absorbed via a two-photon process [147, 148].
The probability for this process is small but finite. Since the probability for two-
photon absorption increases quadratically with the irradiation intensity, two-photon
absorption processes become important at high laser irradiation densities, as they
occur in microlithography. In principle multi-photon absorption processes can also
contribute, but their probability is negligible since it scales with the nth power of
the intensity.

The two-photon absorption process creates a free electron-hole pair. The electron-
hole pair then relaxes via different lattice distortions [103, 106, 102, 107]. First, the
hole localizes as a Vk center, which is an F−2 complex oriented along the (100) direc-
tion. In a second step the electron localizes on one of the fluorine site of the Vk center
forcing the F−2 complex to rotate to the (111) direction. The result is the so-called
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self-trapped exciton (STE), which can also be considered as a nearest-neighbor F-H
pair in halide crystals with the fluorite structure. The STE in CaF2 can recombine
via an optically forbidden transition emitting at 278 nm, which has a fairly large
lifetime of 1.1 µs at room-temperature [107, 94, 109]. Instead of recombination there
is also the chance of the separation of the F center and the H center leading to a
stable F-H pair. Only about 1% of the STEs evolve into stable F-H pairs [102, 106].
However, these stable F-H pairs are the lattice deformations that remain in the
crystal as laser induced defects.

In its application in the semiconductor industry, CaF2 is exposed to extremely
high radiation densities. Since absorption is only possible via the two-photon process
mentioned above, the formation rate of F-H pairs will be proportional to I2, where
I is the radiation intensity. Due to the relatively large lifetime of the F-H pair,
the concentration of F and H centers in the material will increase gradually. The
recombination rate of F and H centers will scale with the concentrations of the
defects cF and cH. After a certain time these defect concentrations will reach a
saturation level, which depends on the incident radiation density. This has been
concluded from experimental results [94].

It is important to note that the 193 nm ArF excimer laser is a pulsed laser and
that the pulse length and shape as well as the laser frequency will have an effect on
the defect formation and recombination rates. Because the initial defect formation
is proportional to I2, a flat stretched pulse will create less defects than a sharp
short pulse. In addition, longer relaxation times between pulses will allow for more
recombination events between two pulses leading to a slower defect formation in the
long run. The effect of the pulse shape and length will not be considered explicitly
in this work, but is topic of on-going research [149].

In principle, no laser damage would occur if all the F and H centers recombined,
as this would lead back to the undamaged state of the crystal. However, at high
radiation densities a large number of F-H pairs is created, increasing the defect
concentration in the irradiated bulk. This induces a concentration gradient at the
boundary between the irradiated and the non-irradiated bulk, resulting in migration
of point defects out of the irradiated bulk into the non-irradiated bulk. Since the
diffusion barrier of the H centers is much lower than the barrier of the F centers, this
leads to an F center excess in the irradiated bulk, while the H centers are distributed
throughout the non-irradiated crystal. This idea is schematically illustrated in figure
5.1.

These assumptions can be described by rate equations for F and H center con-
centrations cF and cH

∂cF

∂t
= A0I

2 − ARcFcH −∇ · JF, (5.1)

∂cH

∂t
= A0I

2 − ARcFcH −∇ · JH, (5.2)

where A0 and AR are the coefficients for the F and H center formation and re-
combination and JF and JH are the fluxes of F and H centers respectively. These
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Figure 5.1: Depicted diffusion model of laser damage. The slice shown is perpendic-
ular to the direction of the laser beam. The radiation induced concentration gradient
leads to a diffusion of point defects to non-irradiated ares of the crystal. Since the
diffusion barrier of the H centers is lower than that of the F centers, the F center
concentration in the irradiated area will be higher than the H center concentration.

equations describe the defect concentrations in the irradiated bulk. Up to this point
any defect stabilization has been neglected.

5.3 Defect agglomeration

The radiation-induced point defects can be stabilized by impurities or by agglomer-
ation. Due to the high purity level of CaF2 I will focus on defect-defect stabilization
and neglect any impurity effects. My calculations have shown that an M center is
energetically favored in comparison to two F centers (see table 3.2). This implies
that two F centers can stabilize themselves by forming an M center. The experimen-
tal observations also show the formation of metallic calcium colloids, which means
that F centers cannot only stabilize by M center formation but also by further
agglomeration.

From an energetic point of view the recombination of F and H centers is ideal.
However, due to the diffusion of the defects the concentration of F centers in the
irradiated area is higher than the H center concentration. Therefore, not all F
centers can recombine with H centers and they start agglomerating in the irradiated
crystal bulk.

A new term is introduced to describe the stabilization and agglomeration of F
centers. Since the formation of M centers is proportional to c2

F and the formation rate
of colloids will also depend on the F center concentration, I denote the stabilization
of point defects by agglomeration as AaggcF and my rate equations yield

∂cF

∂t
= A0I

2 − ARcFcH −∇ · JF − Aagg(cF, η)cF, (5.3)
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∂cH

∂t
= A0I

2 − ARcFcH −∇ · JH − Aann(η)cH, (5.4)

where a term for the annealing of the stabilized defect structures Aann has also been
added. The coefficients of the agglomeration and the annealing rate will depend
on the concentration of stabilized defect structures, which has been introduced as
the fractional colloid volume η, which is the volume fraction occupied by colloidal
structures. I regard all stabilized defect structures in the material as immobile, and
have included the term for M center formation in the agglomeration term because
M center formation is the initial step towards colloid formation. Thus the M center
concentration is also included in the fractional colloid volume η.

5.4 Diffusion based laser damage model

For clearness I will distinguish two steps in the formation process of stable defect
structures in the crystal. The first step is the rapid damage process. At the begin-
ning I assume that the crystal is perfect. Under irradiation F-H pairs are formed
until the formation rate and the recombination rate are approximately the same.
For simplicity, I will assume that agglomeration of F centers does not occur dur-
ing this process. In a real material F center stabilization can also occur already at
this early stage. However, as long as the local concentration of F and H centers
is the same, recombination of F and H centers will be the preferred stabilization
mechanism, because the perfect crystal is always preferred to a defect structure.

After irradiation with 30,000 pulses an equilibrium concentration of F and H
centers has been induced in the material [94]. Under the assumption that no F
center stabilization takes place yet, that the formation and recombination rates are
in equilibrium, and that F and H centers do not interact, the rate equations reduce
to

∂cF

∂t
= −∇ · JF, (5.5)

∂cH

∂t
= −∇ · JH, (5.6)

which according to Fick’s second law can be written as

∂cF(r, t)

∂t
= −DF∆cF(r, t), (5.7)

∂cH(r, t)

∂t
= −DH∆cH(r, t), (5.8)

where ∆ is the Laplace operator. The simplifications lead to independent diffusion
equations for the F and H center. For the solution of these diffusion equations, I
assume that the defect concentration c0 in the irradiated area is constant, because
new defects are continually produced and their concentration will be in an equilib-
rium due to recombination, diffusion and stabilization. Additionally, I assume that
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the initial concentration outside the irradiated area cini is zero for F and H centers
and that the diffusion is not limited by the size of the crystal, i.e. at infinite distance
the concentration is zero. I assume cylindrical symmetry with the z-axis pointing
along the direction of the laser beam. With these boundary conditions the solution
of the diffusion equations results to

ci(r, t) = c0 + (c0 − cini)
2

π

∫ ∞
0

e−Diu
2tJ0(ur)Y0(ar)− Y0(ur)J0(ar)

J2
0 (ua) + Y 2

0 (ua)

du

u
(5.9)

for r > a, where the index i indicates the F or H center, a is the radius of the
laser beam, i.e. the irradiated area, Di is the respective diffusion coefficient, and
J0 and Y0 are the 0th order cylindrical Bessel functions of the first and second kind
respectively.

Figure 5.2: Schematic representation of the concentration profile as a function or
the radius for a timescale of 1 month for F (red) and H (blue) centers at 300 K. A
constant concentration was assumed in the area of irradiation (0 < r < 1). Left:
After the rapid damage process an equal amount of F and H centers are present in
the material. The H centers diffuse much faster than the F centers. This leads to a
quick increase of the F center concentration in the irradiated area of the material,
which is shown on the right. Right: In principle the spacial integrals over the
concentrations should be equal at all times. This effect is schematically depicted
with an increased F center concentration in the irradiated area.

The solution for F and H centers for two different cases on the timescale of
one month is shown in figure 5.2. Since the diffusion process takes place in an
ionic crystal with high energy barriers, it is not surprising that the timescale is so
large compared to the length scale in the range of nm. The left image shows the
concentration profiles after the rapid damage process, when the concentrations of
the F and H centers in the irradiated area are equal. With a constant concentration
of F centers in the irradiated area the diffusion length after one month is below 4
nm for the F centers, while the H centers diffuse into the non-irradiated crystal very
quickly. Therefore, the concentration of F centers in the irradiated area will be much
higher than the concentration of H centers. This concentration difference is shown
in the right image. Under continuous irradiation the F center concentration in the
irradiated area will increase more and more, while the H centers diffuse into the
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non-irradiated area. Under these conditions F centers will agglomerate and form
stable defect structures such as M centers, but under continuous irradiation also
larger agglomerates up to Ca colloids.

Figure 5.3: Left: Concentration profiles of F (red) and H (blue) centers for different
temperatures after a diffusion time of 1 month. Left: Concentration profiles of the
H center for different diffusion times at 300 K.

The concentration profile of the H centers after 1 s, 1 hour, 1 day, and 1 month
are shown in right image in figure 5.3. Already after 1 s a large amount of H
centers has migrated several nm into the non-irradiated material. This implies
that the concentration difference in the irradiated area due to defect diffusion will
already occur during the rapid damage process. Therefore, I conclude that even the
formation of M centers only takes place due to a difference of the F and H center
concentrations.

In addition, the temperature dependence of the diffusion process is shown in the
left image. For increasing temperatures up to 500 K the H center concentration does
not show significant change. The F center diffusion on the other hand increases
strongly coming close to the concentration of the H center. While the F center
does not show significant diffusion at 100K, the diffusion of the H centers at this
temperature is considerably lower.

First, I conclude that the mobilities of both F and H centers play a significant
role in the annealing process of laser damage because an increased mobility allows
for a better recombination. Second, I conclude that for temperatures around or
below 100 K the stabilization of defects is not as strong because the difference of the
concentrations of F and H centers will not be as large as at room temperature due to
the slower diffusion of the H centers in this temperature range. Last, the difference
of the concentrations of F and H centers is also not large for higher temperatures,
but here the reason is that the diffusion of the F centers is in a similar range as the
diffusion of the H centers leading to similar concentrations throughout the crystal
and thus allowing for recombination.
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5.5 Limits of stability of Ca colloids in CaF2

In section 3.6 I have shown that colloids will grow as long as there are F centers
present. However, after irradiation colloids with a finite size of up to 30 nm are
observed. This size was deduced from the induced extinction measurements and in
agreement with other discussed results. In AFM measurements the colloids were
well below 10 nm in size.

Because Ca colloids have an absorption peak in the range of 193 nm, growing col-
loids absorb radiation energy during the irradiation process. The formation energy
of a colloid with a radius of 1 nm is 75 eV according to my calculations (see chap-
ter 3.6.4). During the irradiation with a laser pulse with a fluence of 120 mJ/cm2

this colloid absorbs 3.6 · 103 eV (calculated from equation 3.22). The absorption of
radiation will lead to a heating of the colloids and the absorbed radiation supplies
much more energy than the formation energy of the colloids, which then leads to
the dissolving of the colloids. Thus, I conclude that the formation of colloids takes
place after completion of the radiation process or in between pulses. Since smaller F
centers agglomerates such as the M center do not absorb at 193 nm, these stabilized
defect structures will be formed even during the irradiation process.

For the experimental setup, where the crystals are irradiated continuously, I
conclude that the formation of colloids will take place after the completion of the
irradiation time. However, after the completion of the irradiation process the for-
mation of colloids will take place within a short period of time because of the very
high F center concentration in the irradiated area. The growth of the colloids is
only limited by the F center concentration. During tempering of the material below
250◦C the colloids can grow similar to Ostwald-ripening resulting in larger but fewer
colloids.

5.6 Reversibility of laser damage

After long-term irradiation, stabilized F centers and colloids in the irradiated crystal,
and H centers in the surrounding non-irradiated crystal are present. In order to
reverse the laser damage process, the defects need to recombine, so that the defects
are annealed and the perfect crystal lattice is restored. This can be done by thermal
annealing above 250−300◦C recovering the original optical properties of the material.
I propose the following mechanism for the reversing of laser damage in a tempering
process.

Above a threshold temperature F-H pairs are thermally induced everywhere in
the crystal, leading to a uniform distribution of F and H centers on top of the
radiation induced defect concentration within the crystal. For higher temperatures
the number of thermally induced F-H pairs obviously increases. In addition to the
thermally induced uniform F and H center concentrations, the mobility of the F
centers is much higher at this temperature, which leads to a recombination of F
and H centers, that is not limited to their formation sites because both defects are
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mobile at the annealing temperature. After a certain annealing time all defects have
recombined, and the defect-free crystal lattice is restored.



Chapter 6

Conclusion

High purity single-crystalline CaF2 is one of the key lens materials in microlithog-
raphy. The excellent performance of CaF2 is mainly due to its high laser durability.
It is of crucial importance that the optical properties of the lens material are main-
tained during the manufacturing process and are not altered by the radiation of the
application itself. In the past decade great efforts have been made to produce CaF2

of very high purity and laser damage of the material could be reduced. However,
even in CaF2 of highest purity with an impurity content below the ppb range laser
damage effects are still observed and an understanding of laser damage processes in
CaF2 is necessary.

It is well known that the irradiation with 193 nm induces F-H pairs in CaF2 and
that the stabilization of F centers in the form of M centers plays an important role
in understanding laser damage in CaF2, which is often related to Na+ impurities.
However, CaF2 samples of very high purity, which did not show any sign of Na+-
related defect stabilization, still exhibited laser damage effects, meaning that an
intrinsic defect stabilization process must take place in CaF2.

The intrinsic stabilization mechanism was identified as the formation of metallic
Ca colloids. Because F centers self-stabilize as M centers the further agglomeration
of F centers was a obvious hypothesis, which was found to be in excellent agree-
ment with experimental results. The formation of Ca colloids in CaF2 explains the
intrinsic defect stabilization in CaF2 leading to the necessary understanding for the
underlying defect structures.

The approach of this work is to provide a theoretical description of the relevant
properties of point defects and the other defect structures related to laser damage
in CaF2. I used electronic structure calculations to determine the properties of the
relevant point defects in CaF2, the F center, H center and M center. Because of the
former importance of Na+ impurities, I also looked into the stabilization of the point
defects by Na+ impurities. In addition to the monovalent Na+, I also investigated
the effect of the trivalent Y3+ as a cationic impurity.

The properties of the M center formation in pure CaF2 compared to the formation
in CaF2 with Na+ impurities suggested that the stabilization of point defects was a
dynamical, diffusion driven process, which was also confirmed experimentally. Even
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though the diffusion properties of the F and H centers had been investigated, the
values are widely scattered. I calculated the diffusion coefficients for the F and H
center using ab initio quantum mechanical methods with the nudged elastic band
method to determine the minimum energy path for the diffusion processes and to
determine the diffusion barrier. The phonon modes of the F and H center were
calculated to determine the prefactors of the diffusion coefficients. The diffusion
properties and the mobility of the F and H centers play an important role in the
explanation of laser damage.

The optical properties of metallic Ca colloids in CaF2 were calculated from Mie-
theory showing good agreement with experimental results, which allowed me to
conclude that Ca colloids have been formed in the material. The formation of
metallic colloids in a crystalline matrix is usually rather unlikely, but the unique
property that the structure of the Ca atoms in metallic Ca and CaF2 is the same
and that the lattice constants are almost identical, provides the setting for such an
unusual effect.

With the purpose of determining an upper limit for the stability of colloids in
CaF2, I calculated the formation energy of the colloids. My original assumption
that the pressure exerted on the colloids by the surrounding matrix would limit
the growth of the colloids did not hold true. Thus, the growth of Ca colloids is in
principle only limited by the availability of F centers. However, since the colloids
absorb at 193 nm their growth is also limited by the absorbed energy during the
irradiation process, which does not allow the growth of large colloids during the
irradiation process.

On the basis of my results for the properties of the point defects and Ca colloids,
I propose a diffusion-based laser damage model for CaF2. At room temperature
F-H pairs are induced by 193 nm laser irradiation. A part of the induced H centers
migrates to non-irradiated areas of the crystal in a concentration gradient driven
diffusion process, which leads to a large number of F centers in the irradiated area
which cannot recombine with H centers and therefore start to self-stabilize and
agglomerate forming M centers and eventually Ca colloids. Because the growth
of colloids is limited during the irradiation process due to the absorption of the
colloids at 193 nm, colloid formation most likely takes place after the irradiation
process. Because of the high F center concentration, relatively fast colloid formation
is expected after irradiation with a large number of pulses.

Based on the understanding of the laser damage mechanism on a microscopic
level, I propose three measures for the prevention of laser damage of which I regard
two as not feasible. The basic idea is to maintain an equal concentration of F and H
centers during the irradiation process so that all F and H centers can recombine after
irradiation. This can be achieved by either limiting the mobility of the H centers,
i.e. cooling, increasing the mobility of the F centers, i.e. heating, or by creating F
and H centers uniformly in the crystal by radiation in an appropriate time interval.
The measures for the prevention of laser damage are so far suggestions, which result
from my model for laser damage in CaF2. The prevention measures have not been
tested experimentally, but I am confident that this can be done successfully.
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In addition to the explanation of laser damage in CaF2, this work can also be
seen as a principle study of radiation damage in optical materials. The performance
of any optical material strongly depends on the stability of its properties especially
in its application environment. From a theoretical point of view CaF2 is a very
simple material because it contains only two element species, which are ionically
bound and the fluorite structure is a simple structure with high symmetry. This
makes a theoretical approach much easier than in more complex crystalline struc-
tures or even amorphous structures such as glasses, where the damage process is
referred to as solarization. In addition, the high purity of CaF2 today allows to ac-
cess the intrinsic stabilization mechanisms experimentally. An understanding of the
underlying processes of radiation damage is crucial for the improvement of optical
components for future applications.

While my laser damage model has been developed specifically for CaF2, it has
many aspects which can be generalized to radiation damage processes in any optical
material. Every highly transparent optical materials absorb a small fraction of
the radiation. The absorbed photons cause an electronic excitation in the material,
which can remain stable in the material. In a crystalline material this process occurs
via the formation of an electron-hole pair, which then stabilizes in the material,
such as the self-trapped exciton in CaF2. In amorphous systems such as fused silica
(amorphous SiO2), this process occurs as the breaking of strongly polarized bonds
[150]. This charge separation or charge transfer is the first step towards radiation
damage in a material and is important for the understanding radiation damage
processes.

The stabilization of radiation induced defects is the second step in the radiation
damage process. In CaF2 this occurs as stabilization by impurities, self-stabilization
and colloid formation. This process is strongly influenced by the mobility of the ra-
diation induced defects. The stabilization process of radiation induced defects is the
crucial issue in understanding the damage mechanism. CaF2 is an ideal model sys-
tem because the stabilization mechanism is simple. In more complex structures the
stabilization mechanisms will be very difficult to identify. Today’s optical materials
often contain a multitude of components, whose combination makes the identifi-
cation of defect stabilization almost impossible. Therefore, the understanding of
radiation damage in glasses, which is referred to as solarization, can only be acces-
sible through an approach via the simplest amorphous optical materials. Once the
simplest case has been understood, the influence of additional components can be
investigated.

Concluding, my model is able to explain laser damage in CaF2 and it has the po-
tential to be generalized to optical damaging processes in general. The laser damage
process as such is a very complex dynamical process of defect formation, recombi-
nation, stabilization and diffusion in the material. I have described the aspects of
the laser damage process with some simplifications, and created a consistent model
for laser damage and the annealing of laser damage.



Appendix A

Cross sections from Mie-theory

In 1908 Gustav Mie developed the basic equations for what is today called Mie-
theory [21]. At the time his work was motivated by understanding coloration effects
in minerals and colloidal solutions. Mie-theory yields the absorption, scattering,
and extinction cross sections of spherical particles with a complex refractive index
surrounded by a transparent matrix. These results are obtained from the Maxwell
equations where the only input is the refractive indices of the two media and the
size of the spherical particle.

A.1 The basic equations

I will roughly sketch the solution yielding the basic equations of Mie-theory. I will
follow the derivation in [151] only summarizing the main results.

The basic procedure is to solve the Maxwell equations for an incident plane
wave in a medium with a real refractive index nm and a spherical particle with a
complex refractive index ns, yielding the extinction and scattering cross section of
the particle.

Solution of the vector wave equation in spherical coordinates

In a linear, isotropic, homogeneous medium the electromagnetic fields must satisfy
the Maxwell equations

∇ · E = 0,

∇ ·H = 0, (A.1)

∇× E = iωµH,

∇×H = −iωεE, (A.2)

which implies the vector wave equations

∇2E + k2E = 0, ∇2H + k2H = 0, (A.3)
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where k2 = ω2εµ. Equations (A.1) are fulfilled by constructing a vector function M

M = ∇× (cψ), (A.4)

where ψ is a scalar function and c is an arbitrary constant vector. Evaluating
equation (A.3) for M, shows that M satisfies the vector wave equation if ψ is a
solution to the scalar wave equation

∇2ψ + k2ψ = 0. (A.5)

A second vector function N is now constructed

N =
∇×M

k
, (A.6)

which also satisfies the vector wave equation. For symmetry reasons c = r is chosen,
because this leads to M being perpendicular to any sphere with |r| = constant.

The scalar vector wave equation in spherical coordinates is

1

r2

∂

∂r

(
r2∂ψ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1

r2 sin θ

∂2ψ

∂φ2
+ k2ψ = 0. (A.7)

Solutions of the form
ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ), (A.8)

lead to three separated equations

d2Φ

dφ2
+m2Φ = 0, (A.9)

1

sin θ

(
sin θ

dΘ

dθ

)
+

[
n(n+ 1)− m2

sin θ

]
Θ = 0, (A.10)

d

dr

(
r2dR

dr

)
+
[
k2r2 − n(n+ 1)

]
R = 0, (A.11)

where the separation constants m and n are determined by subsidiary conditions
that ψ has to satisfy. The solutions φm and φ−m are not linearly independent. The
independent solutions are

φe = cosmφ and φo = sinmφ (A.12)

for even and odd values of m.
The solution of the scalar wave function is given by

ψemn = cosmφPm
n (cos θ) zn(kr), (A.13)

ψomn = sinmφPm
n (cos θ) zn(kr), (A.14)

where Pm
n (cos θ) are the associated Legendre functions of the first kind of degree n

and order m and zn is any of the four spherical Bessel functions jn, yn, h(1)
n , or h(2)

n .
The solutions for M and N are then given by

Memn = ∇× (rψemn), Momn = ∇× (rψomn), (A.15)

Nemn =
∇×Memn

k
, Nomn =

∇×Momn

k
. (A.16)
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Expansion of a plane wave in vector spherical harmonics

The fields inside the sphere E1 and H1 and the fields in the surrounding medium E2

and H2 need to be considered, where the fields in the surrounding medium can be
written as the sum of the incident and the scattered field

E2 = Ei + Es, H2 = Hi + Es. (A.17)

The incident plane wave is arbitrarily chosen to be x-polarized. The incident field
Ei in spherical coordinates is given by

Ei = E0 e
ikr cos θ êx, (A.18)

where
êx = sin θ cosφ êr + cos θ cosφ êθ − sinφ êφ. (A.19)

The field is then expanded as

Ei =
∞∑
m=0

∞∑
n=0

(BemnMemn +BomnMomn + AemnNemn + AomnNomn) . (A.20)

The solution for this expansion is

Ei = E0

∞∑
n=1

in
2n+ 1

n(n+ 1)

(
M

(1)
o1n − iN

(1)
e1n

)
, (A.21)

where the superscript (1) indicates that the radial dependence of M and N is given
by jn because of its finiteness at the origin. The corresponding magnetic field is
calculated from the curl of (A.21)

Hi =
−k
ωµ

E0

∞∑
n=1

in
2n+ 1

n(n+ 1)

(
M

(1)
e1n + iN

(1)
o1n

)
. (A.22)

The internal and scattered fields

The scattered electromagnetic fields and the fields inside the sphere can also be
expanded in vector spherical harmonics. At the boundary between the sphere and
the surrounding medium the following conditions have to be fulfilled:

(Ei + Es − E1)× êr = (Hi + Hs −H1)× êr = 0. (A.23)

The solution for the fields inside the sphere is given by

E1 =
∞∑
n=1

En
(
cnM

(1)
o1n − idnN

(1)
e1n

)
, (A.24)

H1 =
−k1

ωµ1

∞∑
n=1

En
(
dnM

(1)
e1n + icnN

(1)
o1n

)
, (A.25)
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where En = inE0(2n+ 1)/n(n+ 1), µ1 is the permeability of the sphere and jn was
again chosen as the appropriate Bessel function due to its behavior at the origin.

The scattered fields result to

Es =
∞∑
n=1

En
(
ianN

(3)
e1n − bnM

(3)
o1n

)
, (A.26)

Hs =
k

ωµ

∞∑
n=1

En
(
ibnN

(3)
o1n + anM

(3)
e1n

)
, (A.27)

where the superscript (3) indicates that the radial dependence is given by the Hankel
functions h(1)

n .
Four boundary conditions are implied at r = a by (A.23)

Eiθ + Esθ = E1θ, Eiφ + Esφ = E1φ, (A.28)

Hiθ +Hsθ = H1θ, Hiφ +Hsφ = H1φ, (A.29)

which allow to determine the coefficients an, bn, cn, and dn. Substituting the so-
lutions of the electromagnetic fields into this system of linear equations leads to a
solution for the scattering coefficients

an =
µm2jn(mx) [xjn(x)]′ − µ1jn(x) [mxjn(mx)]′

µm2jn(mx)
[
xh

(1)
n (x)

]′
− µ1h

(1)
n (x) [mxjn(mx)]′

, (A.30)

bn =
µ1jn(mx) [xjn(x)]′ − µjn(x) [mxjn(mx)]′

µ1jn(mx)
[
xh

(1)
n (x)

]′
− µh(1)

n (x) [mxjn(mx)]′
, (A.31)

and for the coefficients of the field inside the particle

cn =
µ1jn(x)

[
xh(1)

n (x)
]′
− µ1h

(1)
n (x) [xjn(x)]′

µ1jn(mx)
[
xh

(1)
n (x)

]′
− µh(1)

n (x) [mxjn(mx)]′
, (A.32)

dn =
µ1mjn(x)

[
xh(1)

n (x)
]′
− µ1mh

(1)
n (x) [xjn(x)]′

µm2jn(mx)
[
xh

(1)
n (x)

]′
− µ1h

(1)
n (x) [mxjn(mx)]′

, (A.33)

where the prime indicates the derivative with respect to the argument in parentheses
and the dimensionless size parameter x and the relative refractive index are given
by

x = ka =
2πNa

λ
and m =

k1

k
=

ns
nm

. (A.34)

The scattering and extinction cross sections can then be calculated from the
scattering coefficients yielding

Csca =
2π

k2

∞∑
n=1

(2n+ 1)
(
|a|2 + |b|2

)
, (A.35)

Cext =
2π

k2

∞∑
n=1

(2n+ 1) Re{an + bn}. (A.36)
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The absorption cross section can be calculated as

Cabs = Cext − Csca. (A.37)

Numerical evaluation

The numerical evaluation of the cross sections is straight forward. The evaluation
of the infinite sum in equations (A.35) and (A.36) needs to be considered carefully.
Since the contributions of the subsequent terms become smaller with increasing n,
one can chose an appropriate cutoff for the sum. In my evaluation I chose a numerical
accuracy of 10−5.

A.2 Corrections for small colloid sizes

The bulk complex refractive index of metallic calcium was obtained from experi-
ments [127, 128]. However in the calcium-calcium fluoride system, two corrections
need to be taken into account [138]. On the one hand a correction for very small
colloid sizes, which is necessary when the colloid size is smaller than the mean free
path of the electrons in the material. On the other hand a pressure effect needs
to be considered, because of the stress induced in the metallic calcium due to the
difference in the lattice constant to the surrounding calcium fluoride matrix. I will
follow the illustration by Orera and Alcalá [138].

Determining the dielectric constant

The dielectric constant for a metal can be written as

ε(ω) = ε1(ω) + iε2(ω), (A.38)

where

ε1(ω) = ε0 −
ω2
p

ω2 + ω2
0

+B1(ω) (A.39)

and

ε2(ω) =
ω2
p ω0

ω2 + ω2
0

+B2(ω). (A.40)

ε0 is given by
ε0 = 1 + 4πNIαI , (A.41)

where the atomic concentration NI is given by

NI =
NA · ρCa

MCa

= 2.33 · 10−2Å
−3

(A.42)

and the experimental value of the electronic polarizability of calcium is αI(Ca2+) =

1.1 Å
3

[152]. The plasma frequency ωp can be written as

ω2
p =

4π n0 e
2

mopt

, (A.43)
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where n0 is the electron concentration and mopt the optical electron mass. I will
use h̄ωp = 5.78 eV [138]. ω0 is the electron collision frequency and is given by
[ω0]bulk = 0.27 · 1014s−1 for bulk calcium [138]. The inter band contributions are
obtained from the experimental values of the dielectric constant

B1(ω) = ε1(exp)− ε0 +
ω2
p

ω2 + [ω0]2bulk

(A.44)

B2(ω) = ε2(exp)−
ω2
p [ω0]bulk

ω2 + [ω0]2bulk

. (A.45)

Mean free path correction

The mean free path correction is introduced to include an increase of the collision
frequency, which occurs because the particle dimensions are smaller than the mean
free path of the electrons because the electrons scatter at the particle boundaries.
The corrected collision frequency is given by

ω0 = [ω0]bulk +
vF
a
, (A.46)

where vF is the Fermi velocity of the electrons and a is the particle radius. The
Fermi velocity vF can be obtained from

vF =

√
2EF
me

=
h̄

me

(
3π2ZvρNA

MCa

)1/3

= 1.288 · 106m

s
, (A.47)

where Zv is number of valence electrons per atom.

Pressure effect

Due to the difference of the lattice constants of calcium and calcium fluoride, the
calcium colloids are compressed by the CaF2 matrix. The resulting pressure ef-
fect on ω0 is negligible, while the corrections to B1(ω) and B2(ω) are below 1%
and 5% respectively [138]. The plasma frequency is corrected by an empiric factor
ωp(0)/ωp(P ) = 1.11, where ωp(P ) is the plasma frequency at pressure P [138].



Appendix B

Electronic structure results for
CaF2 and its defect structures
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Figure B.1: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of CaF2.
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Figure B.2: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the F center in CaF2.
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Figure B.3: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the M center in CaF2.
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Figure B.4: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the H center in CaF2.
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Figure B.5: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the FNa center in CaF2.
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Figure B.6: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the MNa center in CaF2.
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Figure B.7: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of a Na+ impurity in CaF2.
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Figure B.8: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the HY center in CaF2.
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Figure B.9: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of an Y3+ impurity in CaF2.
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Figure B.10: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the FY center in CaF2.



95

-10

-8

-6

-4

-2

 0

 2

 4

-150 -100 -50  0  50  100  150

E
ne

rg
y 

[e
V

]

Density of States [1/eV]

-10

-8

-6

-4

-2

 0

 2

 4

W L G X W K

E
ne

rg
y 

[e
V

]

Figure B.11: Structure optimized configuration (top), density of states (bottom left)
and band structure (bottom right) of the MY center in CaF2.
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