
❈♦♥tr✐❜✉t✐♦♥s t♦
❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❆❧❣♦r✐t❤♠s

❢♦r ❘♦✉t✐♥❣ Pr♦❜❧❡♠s

❉✐ss❡rt❛t✐♦♥
③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ●r❛❞❡s ❡✐♥❡s ❉♦❦t♦rs ❞❡r

✇✐rts❝❤❛❢t❧✐❝❤❡♥ ❙t❛❛ts✇✐ss❡♥s❝❤❛❢t❡♥
✭❉r✳ r❡r✳ ♣♦❧✳✮

❞❡s ❋❛❝❤❜❡r❡✐❝❤s ❘❡❝❤t✲ ✉♥❞ ❲✐rts❝❤❛❢ts✇✐ss❡♥s❝❤❛❢t❡♥
❞❡r ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät ▼❛✐♥③

✈♦r❣❡❧❡❣t ✈♦♥

▼✳ ❙❝✳ ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r

✐♥ ▼❛✐♥③

✐♠ ❏❛❤r❡ ✷✵✶✼



❚❛❣ ❞❡r ♠ü♥❞❧✐❝❤❡♥ Prü❢✉♥❣✿ ✶✾✳✶✵✳✷✵✶✼
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❉❛♥❦s❛❣✉♥❣

❩✉❛❧❧❡r❡rst ♠ö❝❤t❡ ✐❝❤ ♠✐❝❤ ❣❛♥③ ❤❡r③❧✐❝❤ ❜❡✐ ♠❡✐♥❡♠ ❉♦❦t♦r✈❛t❡r ❜❡❞❛♥❦❡♥✱ ❞❡r ❢❛❝❤❧✐❝❤
✉♥❞ ♠❡♥s❝❤❧✐❝❤ ❡✐♥ ❣r♦ÿ❛rt✐❣❡r ▲❡❤rst✉❤❧❧❡✐t❡r ✐st ✉♥❞ ♠✐❝❤ ❜❡✐ ❞❡r ❊rst❡❧❧✉♥❣ ❞✐❡s❡r
❉♦❦t♦r❛r❜❡✐t st❡ts ✉♥t❡rstüt③t ❤❛t✳ ❊✐♥ ❣r♦ÿ❡r ❉❛♥❦ ❣❡❤t ❛✉❝❤ ❛♥ ❞✐❡ ❑♦❧❧❡❣✐♥♥❡♥ ✉♥❞
❑♦❧❧❡❣❡♥ ❛♠ ▲❡❤rst✉❤❧✱ ❞✐❡ ❛❧❧❡ ✐♥ ❞❡♥ ✈❡r❣❛♥❣❡♥❡♥ ❞r❡✐ ❏❛❤r❡♥ ③✉ r✐❝❤t✐❣ ❣✉t❡♥ ❋r❡✉♥❞❡♥
❣❡✇♦r❞❡♥ s✐♥❞✳ ❉✐❡ ❩✉s❛♠♠❡♥❛r❜❡✐t ♠✐t ✐❤♥❡♥ ✇❛r st❡ts s❡❤r ❛♥❣❡♥❡❤♠✳
❉❛rü❜❡r ❤✐♥❛✉s ♠ö❝❤t❡ ✐❝❤ ♠❡✐♥❡♠ ❋r❡✉♥❞✱ ♠❡✐♥❡♥ ❊❧t❡r♥ ✉♥❞ ♠❡✐♥❡♥ ●❡s❝❤✇✐st❡r♥

✈♦♥ ❣❛♥③❡♠ ❍❡r③❡♥ ❞❛❢ür ❞❛♥❦❡♥✱ ❞❛ss s✐❡ ✐♠♠❡r ③✉ ♠✐r ❤❛❧t❡♥ ✉♥❞ ♠✐r ✈✐❡❧ ❋r❡✉❞❡
s❝❤❡♥❦❡♥✳
❆✉❝❤ ❛❧❧❡♥ ❛♥❞❡r❡♥ ▼❡♥s❝❤❡♥✱ ❞✐❡ ♠✐❝❤ ❜❡r❡✐ts ❛✉❢ ♠❡✐♥❡♠ ▲❡❜❡♥s✇❡❣ ❜❡❣❧❡✐t❡t ❤❛❜❡♥✱

❣✐❧t ♠❡✐♥ ❉❛♥❦✳
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▲✐st ♦❢ P❛♣❡rs ✐①
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▲✐st ♦❢ ❚❛❜❧❡s ①✐✐✐

▲✐st ♦❢ ❆❧❣♦r✐t❤♠s ①✈
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❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✷✻✶ ✭✷✮✳ ♣♣✳ ✻✸✵✕✺✸✾✳

• ❚✐♠♦ ●s❝❤✇✐♥❞✱ ❙t❡❢❛♥ ■r♥✐❝❤✱ ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ❈❤r✐st✐❛♥ ❚✐❧❦ ✭✷✵✶✼✮✳
❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✐♥ ❈♦❧✉♠♥✲●❡♥❡r❛t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r②
Pr♦❜❧❡♠s✳ ❋♦rt❤❝♦♠✐♥❣ ✐♥ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✳

• ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ▼✐❝❤❛❡❧ ❉r❡①❧✷✱ ❙t❡❢❛♥ ■r♥✐❝❤ ✭✷✵✶✻✮✳ ❇r❛♥❝❤✲❛♥❞✲
Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r t❤❡ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❚✐♠❡ ❲✐♥❞♦✇s✳
❋♦rt❤❝♦♠✐♥❣ ✐♥ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✳

• ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r ✭✷✵✶✼✮✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r t❤❡ P❡r✐♦❞✐❝ ❱❡✲
❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❋❧❡①✐❜❧❡ ❙❝❤❡❞✉❧❡ ❙tr✉❝t✉r❡s✳ ❙✉❜♠✐tt❡❞ t♦ ❚r❛♥s♣♦rt❛✲
t✐♦♥ ❙❝✐❡♥❝❡✳

• ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ▼✐❝❤❛❡❧ ❉r❡①❧✱ ❙t❡❢❛♥ ■r♥✐❝❤ ✭✷✵✶✻✮✳ ❇r❛♥❝❤✲❛♥❞✲
Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r ❛ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠✳ ❊✉r♦♣❡❛♥
❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✷✺✺ ✭✸✮✳ ♣♣✳ ✾✸✺✕✾✹✼✳

✶❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät ▼❛✐♥③✱ ▲❡❤rst✉❤❧ ❢ür ❇❲▲ ✐♥s❜✳ ▲♦❣✐st✐❦♠❛♥❛❣❡♠❡♥t✱ ❏❛❦♦❜✲

❲❡❧❞❡r✲❲❡❣ ✾✱ ✺✺✶✷✽ ▼❛✐♥③✱ ●❡r♠❛♥②
✷❚❡❝❤♥✐s❝❤❡ ❍♦❝❤s❝❤✉❧❡ ❉❡❣❣❡♥❞♦r❢✱ ❙t❛t✐st✐❝s ❛♥❞ ▲♦❣✐st✐❝s✱ ❉✐❡t❡r✲●ör❧✐t③✲P❧❛t③ ✶✱ ✾✹✹✻✾ ❉❡❣❣❡♥❞♦r❢✱

●❡r♠❛♥②

✐①





▲✐st ♦❢ ❋✐❣✉r❡s

✷✳✶ ❊①❛♠♣❧❡ ♦❢ ❛♥ ❙PP❘❈ ✐♥st❛♥❝❡ ✇✐t❤ ✉♥❜❛❧❛♥❝❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞
❧❛❜❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❙✉❜♥❡t✇♦r❦ ❢♦r ❛r❝ (i, j) ∈ A ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r✐❝✐♥❣ t✐♠❡s ♦❢ t❤r❡❡ ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✷ P❡r❢♦r♠❛♥❝❡ ♣r♦✜❧❡s ♦❢ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡ s✐① ❞✐❢✲

❢❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✶ ❊①❛♠♣❧❡ ♦❢ t❤❡ ❚❚❘P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✹✳✷ ❊①❛♠♣❧❡ ❢♦r tr❛♥s❢❡r ❛♠♦✉♥ts t❤❛t ❛r❡ ♥♦t ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ✻✾
✹✳✸ ❊①❛♠♣❧❡ ♦❢ ❢♦✉r ❢r❛❝t✐♦♥❛❧ ♣❛t❤s ♦❢ s❛♠❡ ✈❡❤✐❝❧❡ ❝❧❛ss ❞❡s♣✐t❡ ✐♥t❡❣r❛❧ ❛r❝

✢♦✇s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✹✳✹ ❊①❛♠♣❧❡ ♦❢ t❤❡ t✇♦ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❢♦r ❛ ❝✉st♦♠❡r i ∈ N♦♣t✐♦♥ ✭❝♦❧❧❡❝t✐♦♥

❡✈❡r② ♦t❤❡r ❞❛② ❛❧❧♦✇❡❞✮ ❛♥❞ ❛ ❝✉st♦♠❡r j ∈ N ❡✈❡r② ✭♠✉st ❜❡ ✈✐s✐t❡❞ ❡✈❡r②
❞❛②✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✺ ❊①❛♠♣❧❡ ❢♦r tr❛❞❡♦✛ ♣r♦♣❛❣❛t✐♦♥ ✇✐t❤ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s ✳ ✼✼
✹✳✻ ❙♣❡❝✐❛❧ ❝❛s❡s ❢♦r ❛rr✐✈❛❧ ❛t ❝✉st♦♠❡r ❝♦♥❝❡r♥✐♥❣ t❤❡ tr❛❞❡♦✛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✹✳✼ ❙❤❛♣❡ ♦❢ t❤❡ tr❛❞❡♦✛ ❝✉r✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✺✳✶ ❊①❛♠♣❧❡ ♦❢ ❛ P❱❘P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
✺✳✷ ❊①❛♠♣❧❡ ♦❢ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
✺✳✸ ❊①❛♠♣❧❡ ♦❢ t❛s❦ ♥❡t✇♦r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✻✳✶ ❙❝❤❡♠❛t✐❝ str✉❝t✉r❡ ♦❢ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
✻✳✷ ❊①❛♠♣❧❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ ✇✐t❤ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹
✻✳✸ ▲❛②❡r❡❞ ♥❡t✇♦r❦ ❢♦r t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠✱ u♠❛① = 4 ✳ ✳ ✳ ✳ ✳ ✶✹✸
✻✳✹ ❙♦❧✉t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r t❤❡ t✇♦ ❧❛r❣❡ ✐♥st❛♥❝❡s ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡rs

♦❢ ❤✉❜s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

①✐





▲✐st ♦❢ ❚❛❜❧❡s

✷✳✶ P❛r❛♠❡t❡rs ✐♠♣♦s❡❞ ❜② t❤❡ ♥❡✇ ❯✳❙✳ ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✶✽
✷✳✷ ❱❘P❚❲✿ ❘❛t✐♦s ❢♦r ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❛♥❞ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇✐t❤

✐❞❡♥t✐❝❛❧ r❡❞✉❝❡❞ ❝♦st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✷✳✸ ❱❘P❚❲✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✉s✐♥❣ st❛t✐❝ ✈s✳ ❞②♥❛♠✐❝ ❤❛❧❢✲

✇❛② ♣♦✐♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✷✳✹ ❊❱❘P❚❲✿ ❘❛t✐♦s ❢♦r ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❛♥❞ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇✐t❤

✐❞❡♥t✐❝❛❧ r❡❞✉❝❡❞ ❝♦st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✺ ❊❱❘P❚❲✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✉s✐♥❣ st❛t✐❝ ✈s✳ ❞②♥❛♠✐❝

❤❛❧❢✲✇❛② ♣♦✐♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✻ ❱❘❚❉❙P✿ ❘❛t✐♦s ❢♦r ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❛♥❞ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇✐t❤

✐❞❡♥t✐❝❛❧ r❡❞✉❝❡❞ ❝♦st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✼ ❱❘❚❉❙P✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✉s✐♥❣ st❛t✐❝ ✈s✳ ❞②♥❛♠✐❝ ❤❛❧❢✲

✇❛② ♣♦✐♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❛r❡ ♣♦✇❡r❢✉❧ ❛♣♣r♦❛❝❤❡s ❢♦r s♦❧✈✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s t♦ ♦♣t✐♠❛❧✐t② ✭❉❡sr♦s✐❡rs ❛♥❞ ▲ü❜❜❡❝❦❡✱ ✷✵✶✶✮✳ ■♥ ❣❡♥❡r❛❧✱ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛✐♠ t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦✈❡r ❛ ✜♥✐t❡ s❡t ♦❢
❞✐s❝r❡t❡ ♣♦✐♥ts t❤❛t ❢✉❧✜❧❧ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ✭❙❝❤r✐❥✈❡r✱ ✷✵✵✸✮✳ ❚❤❡② ❝❛♥ ✉s✉❛❧❧② ❜❡ r❡♣✲
r❡s❡♥t❡❞ ❜② ❛ ❣r❛♣❤ ❛♥❞ ❝❛♥ ♦❢t❡♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛♥ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠ ✭■P✮✳ ❆
❝♦♠♣❛❝t ❢♦r♠✉❧❛t✐♦♥ ✭t②♣✐❝❛❧❧② ❛r❝✲❜❛s❡❞✮ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ t♦ ❛♥ ❡①t❡♥s✐✈❡ ❢♦r♠✉❧❛✲
t✐♦♥ ✭t②♣✐❝❛❧❧② ♣❛t❤✲❜❛s❡❞✮ ❜② r❡❞❡✜♥✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s ✭❉❛♥t③✐❣ ❛♥❞ ❲♦❧❢❡✱ ✶✾✻✵✮✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞✱ t❤✐s ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s s✐❣♥✐✜❝❛♥t❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s
r❡❢♦r♠✉❧❛t✐♦♥ ❤❛s ❛ s❤❛r♣❡r ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❛♥❞ r❡❞✉❝❡s t❤❡ s②♠♠❡tr② ♦❢ s♦♠❡ ♣r♦❜✲
❧❡♠s✳ ❘♦✉t✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ❛♥ ✐♠♣♦rt❛♥t r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s✳ ■♥ t❤✐s t❤❡s✐s✱ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❛♥❞ ✐♠♣r♦✈❡♠❡♥ts ♦♥ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t
❛❧❣♦r✐t❤♠s ❢♦r r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✶✳✶ ❡①♣❧❛✐♥s t❤❡ ❜❛s✐❝ ♣r✐♥❝✐✲
♣❧❡s ♦❢ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s✱ ❙❡❝t✐♦♥ ✶✳✷ ✐♥tr♦❞✉❝❡s t❤❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠s
st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❛♥❞ ❙❡❝t✐♦♥ ✶✳✸ ❞❡s❝r✐❜❡s t❤❡ ♦✉t❧✐♥❡ ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s
t❤❡s✐s✳

✶✳✶ ❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ♠❡t❤♦❞♦❧♦❣②

❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❝♦♠♣r✐s❡ t❤❡ t❡❝❤♥✐q✉❡s ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞✱ ❝♦❧✉♠♥
❣❡♥❡r❛t✐♦♥✱ ❛♥❞ ❛❞❞✐t✐♦♥ ♦❢ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ ✐♥t❡r❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❜r❛♥❝❤✲
❛♥❞✲❜♦✉♥❞ ♠❡t❤♦❞ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❉❛❦✐♥ ✭✶✾✻✺✮ ❛♥❞ ❡♥s✉r❡s ❢❡❛s✐❜❧❡ ✐♥t❡❣❡r s♦❧✉t✐♦♥s
t❤r♦✉❣❤ ❛ s②st❡♠❛t✐❝ ❛♥❞ ✉s❡❢✉❧❧② r❡str✐❝t❡❞ ❡♥✉♠❡r❛t✐♦♥✳ ❈♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ✐s ❛♣♣❧✐❡❞
t♦ ❢♦r♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s t♦ ✜♥❞ ❛♥❞ ❛❞❞ ✐♠♣r♦✈✐♥❣ ❝♦❧✉♠♥s
❞②♥❛♠✐❝❛❧❧② ✭❇❛r♥❤❛rt ❡t ❛❧✳✱ ✶✾✾✻❀ ▲ü❜❜❡❝❦❡ ❛♥❞ ❉❡sr♦s✐❡rs✱ ✷✵✵✺✮✳ ❱❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s
✭❝✉ts✮ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ ❛❞❞❡❞ t♦ ❛ ❢♦r♠✉❧❛t✐♦♥ t♦ str❡♥❣t❤❡♥ ✐ts ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳
❚❤❡ ❞❡t❛✐❧s ♦❢ ❛❧❧ t❤r❡❡ ♣❛rts ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✐s t❛❝❦❧❡❞✳
❇r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ♠❛② ❜❡ t❛❦❡♥ ♦♥ ✐♥❞✐✈✐❞✉❛❧ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s✱ ❜✉t ❛❧s♦ ♦♥ s✉❜s❡ts ♦❢

✈❛r✐❛❜❧❡s ♦r ♦♥ ♣r♦♣❡rt✐❡s t❤❡ ✈❛r✐❛❜❧❡s ❤❛✈❡✳ ❍♦✇❡✈❡r✱ ❞❡❝✐❞✐♥❣ ♦♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✈❛r✐❛❜❧❡
t❤❛t ✇❛s ❣❡♥❡r❛t❡❞ s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞✱ ❜❡❝❛✉s❡ ✐t ✐s ❤❛r❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❝♦❧✉♠♥ ✐s ♥♦t
❣❡♥❡r❛t❡❞ ❛❣❛✐♥✳ ❚❤❡ ♦r❞❡r ♦❢ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s s❤♦✉❧❞ ❝♦♠♣❧② ✇✐t❤ ❛ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r
♦❢ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✇❤♦❧❡ ♣r♦❜❧❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ ❜r❛♥❝❤✐♥❣ r✉❧❡s ❤❛✈❡ t♦ ❜❡ ❝♦♠♣❧❡t❡✱ ✐✳❡✳
t❤❡② ❤❛✈❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t ♥♦ ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥s r❡♠❛✐♥✳
❈✉ts ❛r❡ ❝♦♥str❛✐♥ts t❤❛t ❛r❡ ♥♦t ♥❡❝❡ss❛r② t♦ ❞❡✜♥❡ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ✇❤✐❧❡ ✐♥t❡✲

✶



✷ ✶✳✷✳ ❈♦♥s✐❞❡r❡❞ r♦✉t✐♥❣ ♣r♦❜❧❡♠s

❣❡r ✈❛r✐❛❜❧❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❜✉t ❝✉t ♦✛ ❢r❛❝t✐♦♥❛❧ ♣♦✐♥ts ✐♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ❛♥
■P✳ ❚❤❡r❡ ❛r❡ ❣❡♥❡r✐❝ ❝✉ts t❤❛t ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛❧❧ ■Ps s✉❝❤ ❛s t❤❡ ❈❤✈❛t❛❧✲●♦♠♦r②
❝✉ts ✭❈❤✈át❛❧✱ ✶✾✼✸❀ ●♦♠♦r②✱ ✶✾✻✸✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❛r❡ s♣❡❝✐❛❧✐③❡❞ ❝✉ts ❢♦r ❝❡rt❛✐♥
♣r♦❜❧❡♠ str✉❝t✉r❡s s✉❝❤ ❛s ❝❛♣❛❝✐t② ❝✉ts ♦r s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s ✭❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉✱
✷✵✵✾❀ ❏❡♣s❡♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❚❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ✈✐♦❧❛t❡❞ ❝✉ts ✐s ❝❛❧❧❡❞ s❡♣❛r❛t✐♦♥ ❛♥❞ ♠❛②
❜❡ ❝♦st❧②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛❞❞✐♥❣ ❝✉ts t♦ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ♠♦r❡
❞✐✣❝✉❧t ❛♥❞ ✐♥❞✉❝❡s ❤✐❣❤❡r r✉♥ t✐♠❡s ✐♥ t❤❡ ▲P ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ s♦♠❡t✐♠❡s ✐♥ t❤❡ ❝♦❧✲
✉♠♥ ❣❡♥❡r❛t✐♦♥✳ ❚❤✉s✱ t❤❡ ❜❡♥❡✜t ♦❢ t✐❣❤t❡♥✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❤❛s t♦ ❜❡ ✇❡✐❣❤❡❞
✉♣ ❛❣❛✐♥st t❤❡s❡ ❞r❛✇❜❛❝❦s ❛♥❞ ♦♥❧② ❤❡❧♣❢✉❧ ❝✉ts s❤♦✉❧❞ ❜❡ ❛❞❞❡❞✳
❈♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ♣r♦❜❧❡♠ t♦ ❛ ♠❛st❡r ♣r♦❜❧❡♠

❛♥❞ ❛ s✉❜♣r♦❜❧❡♠ ✭♦r ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✮✳ ❚❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ✉s✉❛❧❧② ❝♦♥t❛✐♥s ❛ ❤✉❣❡
♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ♣r♦❜❧❡♠ s✐③❡✳ ❚❤✉s✱ ♦♥❧② ❛ s♠❛❧❧ s✉❜s❡t
♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐s ❣✐✈❡♥ ❛t t❤❡ st❛rt✱ ❢♦r♠✐♥❣ t❤❡ r❡str✐❝t❡❞ ♠❛st❡r ♣r♦❜❧❡♠✳ ❚❤❡ ❞✉❛❧
✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ r❡str✐❝t❡❞ ♠❛st❡r ♣r♦❜❧❡♠ ✐s t❤❡♥ ✉s❡❞ ✐♥ ♦♥❡ ♦r s❡✈❡r❛❧
s✉❜♣r♦❜❧❡♠s t♦ ✜♥❞ ♥❡✇ ❝♦❧✉♠♥s ✭✈❛r✐❛❜❧❡s✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ s✉❜♣r♦❜❧❡♠ ❤❛s t♦ ✜♥❞
❛t ❧❡❛st ♦♥❡ ❝♦❧✉♠♥ ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts ♦r ❤❛s t♦ ❞❡t❡r♠✐♥❡ t❤❛t ♥♦ s✉❝❤ ❝♦❧✉♠♥
❡①✐sts✳ ❚❤❡r❡❜②✱ t❤❡ r❡❞✉❝❡❞ ❝♦sts ♦❢ ❛ ❝♦❧✉♠♥ ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ❛♥❞
❛❞❞❡❞ ❝✉ts✳
■♥ r♦✉t✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ s✉❜♣r♦❜❧❡♠ ✐s ✉s✉❛❧❧② ❛♥ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜✲

❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭❊❙PP❘❈✱ ■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ❍❡r❡✱ t❤❡ t❛s❦
✐s t♦ ✜♥❞ t❤❡ ❜❡st ♣❛t❤ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❞✉❝❡❞ ❝♦sts✮ ❢r♦♠ ❛ ❣✐✈❡♥ s♦✉r❝❡ t♦ ❛
❣✐✈❡♥ s✐♥❦ t❤❛t ❢✉❧✜❧❧s ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ♦✈❡r ❛ s❡t ♦❢ r❡s♦✉r❝❡s✳ ❆❧t❤♦✉❣❤
t❤❡ ❊❙PP❘❈ ✐s ❦♥♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞ ✭❉r♦r✱ ✶✾✾✹✮✱ ✐t ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✛❡❝t✐✈❡❧② ✇✐t❤
❛ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❜❛s❡❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✭❉✐❥❦str❛✱ ✶✾✺✾❀ ❆❤✉❥❛ ❡t ❛❧✳✱ ✶✾✾✸✮✳
▲❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❡♥t❛✐❧ t❤❡ ❜❡♥❡✜t t❤❛t ✐t ✐s ❡❛s② t♦ ✜♥❞ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❛t❤ ✇✐t❤
♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts✱ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧② ❤❡❧♣❢✉❧ ✐♥ ❛ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❚❤❡
✐♥❣r❡❞✐❡♥ts ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❊❙PP❘❈ ✇✐t❤ ❛ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❛r❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ ♥❡t✇♦r❦✱ ♦❢ t❤❡ ❧❛❜❡❧ ♣r♦♣❛❣❛t✐♦♥ ❢✉♥❝t✐♦♥s ✭r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✱
❘❊❋✮✱ ❛♥❞ ♦❢ ❛ ❞♦♠✐♥❛♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❧❛❜❡❧s✳ ❖❜✈✐♦✉s❧②✱ ❛❧❧ ♦❢ t❤❡♠ ❞❡♣❡♥❞ ♦♥ t❤❡
❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❝❝❡❧❡r❛t✐♦♥ str❛t❡❣✐❡s ❢♦r t❤❡ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠ s✉❝❤ ❛s ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ s❡❛r❝❤ ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮ ❛♥❞ r❡❧❛①❛t✐♦♥s ♦❢ t❤❡
❡❧❡♠❡♥t❛r✐t② ❝♦♥str❛✐♥t✱ ❡✳❣✳ ✇✐t❤ t❤❡ ng✲♥❡✐❣❤❜♦r❤♦♦❞ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❞✮✳
❆❧❧ ✐♥ ❛❧❧✱ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❝♦♠❡ ♣r❡❞♦♠✐♥❛♥t ❢♦r t❤❡ ❡①❛❝t

s♦❧✉t✐♦♥ ♦❢ ♠❛♥② t②♣❡s ♦❢ r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✭❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✵✺✮✳

✶✳✷ ❈♦♥s✐❞❡r❡❞ r♦✉t✐♥❣ ♣r♦❜❧❡♠s

❘♦✉t✐♥❣ r❡❢❡rs t♦ t❤❡ t❛s❦ ♦❢ s❡❧❡❝t✐♥❣ ❛ ♣❛t❤ t❤r♦✉❣❤ ❛ ♥❡t✇♦r❦✳ ❆ ✈❡r② ❢❛♠♦✉s r♦✉t✐♥❣
♣r♦❜❧❡♠ ✐s t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✭❱❘P✮ ✇❤❡r❡ ❛ ✢❡❡t ♦❢ ✈❡❤✐❝❧❡s ❤❛s t♦ ♣❡r❢♦r♠ ❛
s❡t ♦❢ t❛s❦s ✇✐t❤ ♠✐♥✐♠❛❧ ❝♦sts ✭❚♦t❤ ❛♥❞ ❱✐❣♦✱ ✷✵✶✹✮✳ ❚❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s ✈❛r✐❛♥ts ♦❢
t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ✈❛r✐❛♥ts r❡❧❡✈❛♥t ❢♦r t❤✐s ❞✐ss❡rt❛t✐♦♥
✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛♣♣❡❛r❛♥❝❡ ✐♥ t❤❡ t❤❡s✐s✳
■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ✈❡❤✐❝❧❡s ❞❡❧✐✈❡r ❣♦♦❞s t♦ ❝✉st♦♠❡rs ❛♥❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ ✸

✈❡❤✐❝❧❡s ✐s ❧✐♠✐t❡❞✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘P ✭♦❢t❡♥ ❥✉st ♥❛♠❡❞ ❱❘P✮✳ ❲❤❡♥
t❤❡ ❝✉st♦♠❡rs s♣❡❝✐❢② ❝❡rt❛✐♥ t✐♠❡ ✐♥t❡r✈❛❧s ❢♦r t❤❡✐r ✈✐s✐ts✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❛ ❱❘P
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❱❘P❚❲✱ ❈♦r❞❡❛✉ ❡t ❛❧✳✱ ✷✵✵✷❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✵❀ ❇❛❧❞❛❝❝✐
❡t ❛❧✳✱ ✷✵✶✷❜❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✹✮✳ ❙❡✈❡r❛❧ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ✇❡r❡
♣r♦♣♦s❡❞ ❢♦r t❤❡ ❱❘P❚❲ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳✱ ❉❡sr♦❝❤❡rs ❡t ❛❧✳✱ ✶✾✾✷❀ ❑♦❤❧ ❡t ❛❧✳✱ ✶✾✾✾❀
■r♥✐❝❤ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱ ✷✵✵✻❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✵✽✮✳
■♥ t❤❡ ❡❧❡❝tr✐❝ ❱❘P ✭❊❱❘P✮✱ ❧✐♠✐t❡❞ ❞r✐✈✐♥❣ r❛♥❣❡s ♦❢ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡s ❛♥❞ t❤❡ ♣♦ss✐✲

❜✐❧✐t② t♦ r❡❝❤❛r❣❡ ❛t ❝❡rt❛✐♥ st❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s ✜rst ♠❡♥t✐♦♥❡❞
❜② ❙❝❤♥❡✐❞❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ✇❤♦ ♣r♦♣♦s❡❞ ❛♥ ❡✛❡❝t✐✈❡ ❤②❜r✐❞ ♠❡t❛❤❡✉r✐st✐❝✳ ❚❤❡ ✜rst ❡①❛❝t
❛♣♣r♦❛❝❤ ✇❛s ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❜② ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✶✻❛✮✳
■♥ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✭❱❘❚❉❙P✮✱ t❤❡ ❤♦✉rs ♦❢

s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s ❢♦r tr✉❝❦ ❞r✐✈❡rs ❛r❡ ✐♥❝♦r♣♦r❛t❡❞✱ ✐♥❝❧✉❞✐♥❣ ❛❧❧♦✇❡❞ ❞r✐✈✐♥❣ t✐♠❡s ❛♥❞
r❡q✉✐r❡❞ ❜r❡❛❦s✳ ●♦❡❧ ❛♥❞ ■r♥✐❝❤ ✭✷✵✶✼✮ ♣r❡s❡♥t❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤
✇❛s t❤❡ ✜rst ❡①❛❝t ♠❡t❤♦❞ ❢♦r t❤❡ ❱❘❚❉❙P ❝♦♠♣❧②✐♥❣ ✇✐t❤ t❤❡ ♥❡✇ ❯✳❙✳ r❡❣✉❧❛t✐♦♥s✳
❚❤❡✐r ❛♣♣r♦❛❝❤ ✇❛s r❡✜♥❡❞ ❜② ❚✐❧❦ ✭✷✵✶✻✮ ✇❤♦ ♣r❡s❡♥t❡❞✱ ❛♠♦♥❣ ♦t❤❡r ❡♥❤❛♥❝❡♠❡♥ts✱ ❛
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❱❘❚❉❙P✲s♣❡❝✐✜❝ s✉❜♣r♦❜❧❡♠✳
❚❤❡ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✭P❉P✮ ❞❡❛❧s ✇✐t❤ r❡q✉❡sts ♦❢ tr❛♥s♣♦rt✐♥❣ ❣♦♦❞s ♦r

♣❛ss❡♥❣❡rs ❢r♦♠ s♣❡❝✐✜❝ ♣✐❝❦✉♣ ❧♦❝❛t✐♦♥s t♦ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❧✐✈❡r② ❧♦❝❛t✐♦♥s ✭P❛rr❛❣❤
❡t ❛❧✳✱ ✷✵✵✽❀ ❇❛tt❛rr❛ ❡t ❛❧✳✱ ✷✵✶✹✮✳ ❚❤✉s✱ t❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ ♣❛✐r✐♥❣ ❛♥❞ ♣r❡❝❡❞❡♥❝❡
❝♦♥str❛✐♥ts ♦♥ t❤❡ ❧♦❝❛t✐♦♥s t❤❛t ♥❡❡❞ t♦ ❜❡ ✈✐s✐t❡❞✳ ❆ s✉❝❝❡ss❢✉❧ ❡①❛❝t ❛♣♣r♦❛❝❤ ❜❛s❡❞
♦♥ s♣❡❝✐❛❧✐③❡❞ ❜♦✉♥❞✐♥❣ ♣r♦❝❡❞✉r❡s ❛♥❞ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❝✮✳
❚❤❡ tr✉❝❦✲❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✭❚❚❘P✮ ❝♦♥❝❡r♥s s✐t✉❛t✐♦♥s ✇❤❡r❡ tr✉❝❦s ❛♥❞

❛tt❛❝❤❡❞ tr❛✐❧❡rs ❛r❡ ✉s❡❞ t♦ ✈✐s✐t ❝✉st♦♠❡rs ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ t❤❛t s♦♠❡ ❝✉st♦♠❡rs ❛r❡
♥♦t r❡❛❝❤❛❜❧❡ ❜② tr❛✐❧❡rs ✭❈❤❛♦✱ ✷✵✵✷❀ ❈✉❞❛ ❡t ❛❧✳✱ ✷✵✶✺✮✳ ❍❡♥❝❡✱ tr❛✐❧❡rs ❝❛♥ ❜❡ ♣❛r❦❡❞
❛t s♦♠❡ ❧♦❝❛t✐♦♥s ❛♥❞ ❤❛✈❡ t♦ ❜❡ r❡❝♦✉♣❧❡❞ ❧❛t❡r✳ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮ ♣r❡s❡♥t
❜♦t❤ ❛♥ ❛❞❛♣t✐✈❡ ❧❛r❣❡ ♥❡✐❣❤❜♦r❤♦♦❞ ❤❡✉r✐st✐❝ ❛♥❞ ❛♥ ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ♠❡t❤♦❞ t♦
t❛❝❦❧❡ t❤❡ ❚❚❘P✳
■♥ t❤❡ ♣❡r✐♦❞✐❝ ❱❘P ✭P❱❘P✮✱ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ✐s ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐♣❧❡ ♣❡r✐♦❞s

❛♥❞ ❝✉st♦♠❡rs ♥❡❡❞ t♦ ❜❡ ✈✐s✐t❡❞ s❡✈❡r❛❧ t✐♠❡s ❛❝❝♦r❞✐♥❣ t♦ ♦♥❡ ♦❢ t❤❡✐r ♦✛❡r❡❞ ✈✐s✐t✐♥❣
♣❛tt❡r♥s ✭❋r❛♥❝✐s ❡t ❛❧✳✱ ✷✵✵✽❀ ❈❛♠♣❜❡❧❧ ❛♥❞ ❲✐❧s♦♥✱ ✷✵✶✹❀ ■r♥✐❝❤ ❡t ❛❧✳✱ ✷✵✶✹❜✮✳ ■♥ t❤❡
st❛♥❞❛r❞ ✈❛r✐❛♥t✱ t❤❡ ❝✉st♦♠❡rs ♥❡❡❞ t♦ ❜❡ ✈✐s✐t❡❞ r❡❣✉❧❛r❧② ✇✐t❤ ❛ ♣r❡s❡t ✈✐s✐t ❢r❡q✉❡♥❝②✳
❋r❛♥❝✐s ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ❋r❛♥❝✐s ❡t ❛❧✳ ✭✷✵✵✼✮ ♣r❡s❡♥t❡❞ ❡①❛❝t ❛♥❞ ❤❡✉r✐st✐❝ ♠❡t❤♦❞s
❞❡❛❧✐♥❣ ✇✐t❤ ♠♦r❡ ✢❡①✐❜❧❡ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s✳
❚❤❡ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ✭❙◆❉❍▲P✮ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦

❱❘Ps✱ ❜✉t ✐t ❛❧s♦ ✐♥❝❧✉❞❡s r♦✉t✐♥❣ ❞❡❝✐s✐♦♥s✳ ■ts t❛s❦ ✐s t♦ s❡❧❡❝t ❧♦❝❛t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s
❜❡t✇❡❡♥ t❤❡♠ t♦ ❡st❛❜❧✐s❤ ❛ ♥❡t✇♦r❦ ❢♦r t❤❡ r♦✉t✐♥❣ ♦❢ ❛ ❣✐✈❡♥ s❡t ♦❢ tr❛♥s♣♦rt r❡q✉❡sts✳
❙✉r✈❡②s ♦♥ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❲✐❡❜❡r♥❡✐t✱ ✷✵✵✽✮ ❛♥❞ ✭❨❛❣❤✐♥✐ ❛♥❞
❆❦❤❛✈❛♥✱ ✷✵✶✷✮ ✇❤❡r❡❛s ❛♥ ♦✈❡r✈✐❡✇ ♦✈❡r ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s ✐s ❣✐✈❡♥ ❜② ❆❧✉♠✉r
❛♥❞ ❑❛r❛ ✭✷✵✵✽✮✳ ❈♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡s❡ t✇♦ ❛s♣❡❝ts ❛r❡ ♠❛♥✐❢♦❧❞ ❛♥❞ ❞✐✛❡r ✐♥ s❡✈❡r❛❧
♣r♦❜❧❡♠ ❛s♣❡❝ts✳



✹ ✶✳✸✳ ❖✉t❧✐♥❡ ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s

✶✳✸ ❖✉t❧✐♥❡ ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s

❚❤✐s t❤❡s✐s ❜② ♣✉❜❧✐❝❛t✐♦♥ ❝♦♥s✐sts ♦❢ ✜✈❡ ♣❛♣❡rs t❤❛t ❤❛✈❡ ❡✐t❤❡r ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ♦r
s✉❜♠✐tt❡❞ t♦ s❝✐❡♥t✐✜❝ ❥♦✉r♥❛❧s✳ ❆❧❧ ♣❛♣❡rs ❝♦♥tr✐❜✉t❡ t♦ ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t
❛❧❣♦r✐t❤♠s ❢♦r r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❢♦❝✉s ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❙PP❘❈ ♣r✐❝✐♥❣
♣r♦❜❧❡♠✳ ◆❡✇ t❡❝❤♥✐q✉❡s ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s ❛♥❞ ♥❡✇
♣r♦❜❧❡♠ ✈❛r✐❛♥ts ❝❛♥ ❜❡ t❛❝❦❧❡❞✳ ❚❤❡ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s ✐♥❝❧✉❞❡ ❣❡♥❡r❛❧ ❛❝❝❡❧❡r❛t✐♦♥
t❡❝❤♥✐q✉❡s ❛♥❞ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❜❧❡♠ ❝❤❛r❛❝t❡r✐st✐❝s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡
str✉❝t✉r❡ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛♣❡rs ❛r❡ ❞❡s❝r✐❜❡❞✳
❈❤❛♣t❡r ✷ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ s❡❛r❝❤ str❛t❡❣② ❢♦r ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ ❊❙PP❘❈s✳

❚❤❡ ✐❞❡❛ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ s❡❛r❝❤ t❤❛t st❛rts s✐♠✉❧t❛♥❡♦✉s❧② ✭❢♦r✇❛r❞✮ ❛t t❤❡
st❛rt ❛♥❞ ✭❜❛❝❦✇❛r❞✮ ❛t t❤❡ ❡♥❞ ♦❢ ❛ ♣❛t❤ ❛♥❞ ♠❡r❣❡s t❤❡s❡ t✇♦ s✉❜✲♣❛t❤s ❛t ❛ ✜①❡❞ ❤❛❧❢✲
✇❛② ♣♦✐♥t ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✳ ❚❤✐s ❜✐❞✐r❡❝t✐♦♥❛❧ s❡❛r❝❤ ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ t❤❡
♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❝♦✉♥t❡r♣❛rt ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s t②♣✐❝❛❧❧② ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧ ✐♥
t❤❡ ♣❛t❤ ❧❡♥❣t❤✳ ❍♦✇❡✈❡r✱ t❤❡ ✇♦r❦❧♦❛❞ ✐♥ t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s ✐s ♦❢t❡♥ ✉♥❜❛❧❛♥❝❡❞✱ ❡✐t❤❡r
❜❡❝❛✉s❡ ♦❢ ❛s②♠♠❡tr✐❝ ✐♥♣✉t ❞❛t❛ ♦r ❜❡❝❛✉s❡ ♦❢ ❞✐✛❡r❡♥t ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❞♦♠✐♥❛♥❝❡
❢✉♥❝t✐♦♥s ✐♥ t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s✳ ❚❤✉s✱ ✐♥st❡❛❞ ♦❢ ❝❤♦♦s✐♥❣ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛ ♣r✐♦r✐✱ ♦✉r
❝♦♥tr✐❜✉t✐♦♥ ✐s ❛ ♣r♦❝❡❞✉r❡ t♦ ❞❡t❡r♠✐♥❡ t❤✐s ♣♦✐♥t ❞②♥❛♠✐❝❛❧❧② ❜② ❡st✐♠❛t✐♥❣ t❤❡ ✇♦r❦✲
❧♦❛❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤✐s ✐❞❡❛ ✐s ❞❡♠♦♥str❛t❡❞ ❜② ❝♦♠♣✉t❛t✐♦♥❛❧
st✉❞✐❡s ✇✐t❤ t❤❡ ❱❘P❚❲✱ t❤❡ ❊❱❘P❚❲ ❛♥❞ t❤❡ ❱❘❚❉❙P✳
■♥ ❈❤❛♣t❡r ✸✱ t❤❡ ✜rst ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r s✉❜♣r♦❜❧❡♠s ♦❢ P❉Ps ✐s

♣r❡s❡♥t❡❞✳ ❆ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r❡❧❛t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ ✐t ✐s ♥❡✈❡r ❜❡♥❡✜❝✐❛❧
t♦ ✈✐s✐t t❤❡ s❡❝♦♥❞ ❧♦❝❛t✐♦♥ ♦❢ ❛ r❡q✉❡st ✭t❤❡ ❞❡❧✐✈❡r② ♣♦✐♥t ✐♥ ❢♦r✇❛r❞ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡
♣✐❝❦✉♣ ♣♦✐♥t ✐♥ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✮✳ ❇❡❝❛✉s❡ t❤❡ ❝♦sts ❝❛♥ ♥♦t ❜❡ ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❛r❝s
s✉❝❤ t❤❛t t❤✐s ✐s tr✉❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ❜✐❞✐r❡❝t✐♦♥❛❧ s❡❛r❝❤ s❡❡♠❡❞ t♦ ❜❡ ✉♥❛ttr❛❝t✐✈❡
❢♦r ❊❙PP❘❈s ✇✐t❤ ❛ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② str✉❝t✉r❡✳ ❲❡ ❝♦✉❧❞ s❤♦✇ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦
✉s❡ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s ❢♦r t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s ✇❤❡♥ t❤❡ ♠❡r❣❡ ♣r♦❝❡❞✉r❡ ✐s ❛❞❛♣t❡❞
❛❝❝♦r❞✐♥❣❧②✳ ❚❤✉s✱ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ♠❛❦✐♥❣
t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ s❡❛r❝❤ ❛ttr❛❝t✐✈❡ ❛❣❛✐♥✳ ❊①t❡♥s✐✈❡ ❡①♣❡r✐♠❡♥ts ♦♥ P❉P❚❲ ❜❡♥❝❤♠❛r❦
✐♥st❛♥❝❡s ❝♦♥✜r♠ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❝♦♠♣❛r❡❞ t♦ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣s✳
❈❤❛♣t❡r ✹ ❞❡❛❧s ✇✐t❤ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❚❚❘P ✇✐t❤ t✐♠❡

✇✐♥❞♦✇s ❛♥❞ t✇♦ ♥❡✇ ❡①t❡♥s✐♦♥s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠❜✐♥❡s s❡✈❡r❛❧ st❛t❡✲♦❢✲t❤❡✲❛rt
t❡❝❤♥✐q✉❡s ❢♦r ❱❘Ps✱ s✉❝❤ ❛s ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✱ t❤❡ ✉s❛❣❡ ♦❢ t❤❡ ng✲
♥❡✐❣❤❜♦r❤♦♦❞✱ ❛♥❞ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ s✉❜s❡t✲r♦✇ ❝✉ts✳ ❚❤❡ ✜rst ♣r♦❜❧❡♠ ❡①t❡♥s✐♦♥ ✐s
t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❢r♦♠ ♦♥❡ t♦ t✇♦ ❞❛②s✳ ❚❤❡r❡❜②✱ ❛ s②♠♠❡tr②
❛r✐s❡s✱ ✇❤✐❝❤ ✐s t❛❝❦❧❡❞ ❜② ❛ t❛✐❧♦r❡❞ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ s❡❝♦♥❞
♣r♦❜❧❡♠ ❡①t❡♥s✐♦♥ ✐s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s ❢♦r t❤❡ ❧♦❛❞
tr❛♥s❢❡rs ❢r♦♠ t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r✳ ❲❡ ♣r♦♣♦s❡ ❛♥ ❛❞❛♣t❡❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t
❝❛♥ ❤❛♥❞❧❡ t❤❡ ❡♠❡r❣✐♥❣ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ❝♦♥s✉♠❡❞ t✐♠❡ ❛♥❞ t❤❡ ❢r❡❡ s♣❛❝❡ ✐♥ t❤❡
tr✉❝❦✳ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ♣r♦✈✐❞❡ ✐♥s✐❣❤ts ♦♥ t❤❡ ♥❡✇ ❡①t❡♥s✐♦♥s ❛♥❞ ❞❡♠♦♥str❛t❡
t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ♦✉t♣❡r❢♦r♠s ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ♦♥ ❚❚❘P ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✳
■♥ ❈❤❛♣t❡r ✺✱ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P ✇✐t❤ t✐♠❡

✇✐♥❞♦✇s ❛♥❞ ❛♥ ❡①t❡♥s✐♦♥ t♦ ♠♦r❡ ❞✐✛❡r❡♥t ✈✐s✐t✐♥❣ ♣❛tt❡r♥s ✐s ♣r❡s❡♥t❡❞✳ ❲❤❡r❡❛s t❤❡



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ ✺

❝❧❛ss✐❝❛❧ P❱❘P ❡①♣❡❝ts ✈✐s✐t✐♥❣ ♣❛tt❡r♥s ✇✐t❤ r❡❣✉❧❛r ✐♥t❡r✈❛❧s ❜❡t✇❡❡♥ t❤❡ ✈✐s✐ts ❛♥❞ ❛
✜①❡❞ ✈✐s✐t ❢r❡q✉❡♥❝② ❢♦r ❡✈❡r② ❝✉st♦♠❡r ❞✉r✐♥❣ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✱ t❤✐s ♣❛♣❡r ❡♥❛❜❧❡s
❛❧❧ ❦✐♥❞s ♦❢ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s✳ ❚❤❡r❡❢♦r✱ t✇♦ ♥❡✇ ✇❛②s t♦ ♠♦❞❡❧ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝✐♥❣
♥❡t✇♦r❦ ❛r❡ ✐♥tr♦❞✉❝❡❞✱ ♦♥ ✇❤✐❝❤ ❛ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ ♠❛♥② ❦♥♦✇♥ ❛❝❝❡❧❡r❛t✐♦♥
t❡❝❤♥✐q✉❡s ❝❛♥ ✜♥❞ ♥❡✇ ❝♦❧✉♠♥s✳ ▼♦r❡♦✈❡r✱ ❢♦r ✐♥st❛♥❝❡s t❤❛t ❢✉❧✜❧❧ ❛ s♣❡❝✐❛❧ s②♠♠❡tr②✱
✇❡ s❤♦✇ t❤❛t ❝♦♥str❛✐♥t ❛❣❣r❡❣❛t✐♦♥ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡s t❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡ss✳ ❉✐✛❡r❡♥t
P❱❘P✲s♣❡❝✐✜❝ s❡tt✐♥❣s ❛r❡ ❡✈❛❧✉t❛t❡❞ ❜② ❝♦♠♣✉t❛t✐♦♥❛❧ t❡sts ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t✇♦
P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦r t❤❡ ✜rst t✐♠❡✳
❈❤❛♣t❡r ✻ t❛❝❦❧❡s t❤❡ ❙◆❉❍▲P ✐♥ ❝♦♥t❡①t ♦❢ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✇✐t❤ ❛ ❜r❛♥❝❤✲❛♥❞✲

♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❘❡q✉❡sts ❤❛✈❡ t♦ ❜❡ tr❛♥s♣♦rt❡❞ ✈✐❛ r♦❛❞ ❛♥❞ r❛✐❧ t❤r♦✉❣❤ ❛
♥❡t✇♦r❦ ✇❤♦s❡ ❤✉❜ ♥♦❞❡s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠ ❤❛✈❡ t♦ ❜❡ s❡❧❡❝t❡❞✳ ■♥ ❝♦♥tr❛st
t♦ ♠♦st ♦t❤❡r r❡❧❛t❡❞ ✇♦r❦s✱ t❤❡ ❞❡❝✐s✐♦♥ ♦♥ ❛ ❝♦♥♥❡❝t✐♦♥ ✐s ♥♦t ♦♥❧② ❛❜♦✉t ✐ts ❡①✐st❡♥❝❡
❜✉t ❛❜♦✉t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r❡q✉❡♥❝② ♦❢ s❡r✈✐❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ s❡✈❡r❛❧ ♦t❤❡r r❡❛❧✲
✇♦r❧❞ ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s r❡str✐❝t❡❞ ♥✉♠❜❡r ♦❢ tr❛♥ss❤✐♣♠❡♥ts✱ tr❛♥s♣♦rt t✐♠❡ ❧✐♠✐ts ❛♥❞
s♣❧✐tt❛❜❧❡ r❡q✉❡sts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝♦♠❜✐♥❛t✐♦♥ ❢♦r t❤❡ ✜rst t✐♠❡✳ ❚❤❡ ❜r❛♥❝❤✲❛♥❞✲
♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ❜② ❛ s♣❡❝✐✜❝ ❧❛②❡r❡❞ ♣r✐❝✐♥❣ ♥❡t✇♦r❦✱
❛♥ ❤✐❡r❛r❝❤✐❝❛❧ ❜r❛♥❝❤✐♥❣ s❝❤❡♠❡✱ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤r❡❡ t②♣❡s ♦❢ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✱
❛♥❞ ❢✉rt❤❡r ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ t❡sts ♦♥ r❡❛❧ ✇♦r❧❞ ✐♥st❛♥❝❡s ♦❢ t❤❡
♠❛❥♦r ●❡r♠❛♥ r❛✐❧ ❝♦♠♣❛♥② ❝♦✉❧❞ ♣r♦✈❡ t❤❡ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳
❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✼ s✉♠♠❛r✐③❡s ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ t❤❡s✐s✳





❈❤❛♣t❡r ✷

❆s②♠♠❡tr② ♠❛tt❡rs✿ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛②
P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r ❙♦❧✈✐♥❣
❙❤♦rt❡st P❛t❤ Pr♦❜❧❡♠s ✇✐t❤ ❘❡s♦✉r❝❡
❈♦♥str❛✐♥ts ❋❛st❡r
❈❤r✐st✐❛♥ ❚✐❧❦✱ ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ❚✐♠♦ ●s❝❤✇✐♥❞✱ ❙t❡❢❛♥

■r♥✐❝❤

❆❜str❛❝t

❲✐t❤ t❤❡✐r ♣❛♣❡r ✏❙②♠♠❡tr② ❤❡❧♣s✿ ❇♦✉♥❞❡❞ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❢♦r
t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✑ ❬❉✐s❝r❡t❡ ❖♣t✐♠✐③❛t✐♦♥
✸✱ ✷✵✵✻✱ ♣♣✳ ✷✺✺✕✷✼✸❪ ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✐♥tr♦❞✉❝❡❞ ❜♦✉♥❞❡❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ✭❉P✮ ❛s ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r s♦❧✈✐♥❣ ✈❛r✐❛♥ts ♦❢ t❤❡ s❤♦rt❡st ♣❛t❤
♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭❙PP❘❈✮✳ ❙PP❘❈s ♠✉st ❜❡ s♦❧✈❡❞ ✐t❡r❛t✐✈❡❧② ✇❤❡♥
✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❛r❡ t❛❝❦❧❡❞ ✈✐❛ ▲❛❣r❛♥❣✐❛♥ r❡❧❛①❛t✐♦♥ ♦r ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ❛♥❞ s❡✈❡r❛❧ s✉❜s❡q✉❡♥t ✇♦r❦s ❤❛✈❡ s❤♦✇♥ t❤❛t
❜♦✉♥❞❡❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❉P ❛❧❣♦r✐t❤♠s ❛r❡ ♦❢t❡♥ s✉♣❡r✐♦r t♦ t❤❡✐r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❝♦✉♥t❡r✲
♣❛rts✱ s✐♥❝❡ t❤❡ ❢♦r♠❡r ❝❛♥ ♠✐t✐❣❛t❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ✐♥❝r❡❛s❡s str♦♥❣❧②
✇✐t❤ t❤❡ ♣❛t❤ ❧❡♥❣t❤✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ❉P ❤❛s ❜❡❝♦♠❡ ❛ q✉❛s✐✲st❛♥❞❛r❞ ❢♦r s♦❧✈✐♥❣ ❙PP❘❈s
✇✐t❤ ❣❡♥❡r❛❧ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✳ ■♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts✱ ❤♦✇❡✈❡r✱ ♦♥❡
❝❛♥ st✐❧❧ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❡①t❡♥s✐♦♥s ✐s ✈❡r② ✉♥✲
❜❛❧❛♥❝❡❞ ❞❡s♣✐t❡ ❛ s②♠♠❡tr✐❝ ❜♦✉♥❞✐♥❣ ♦❢ ❛ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ ✐ts ❢❡❛s✐❜❧❡
❞♦♠❛✐♥✳ ❲❡ ❡①♣❧♦✐t t❤✐s ❛s②♠♠❡tr② ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❡①t❡♥s✐♦♥s t♦ r❡❞✉❝❡
t❤❡ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s♦✲❝❛❧❧❡❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❛ ❞②✲
♥❛♠✐❝ ❜♦✉♥❞✐♥❣ ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ s✐♠✉❧t❛♥❡♦✉s❧② s♦❧✈❡❞ ❢♦r✇❛r❞
❛♥❞ ❜❛❝❦✇❛r❞ ❉Ps✳ ❊①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜✲
❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❛s ✇❡❧❧ ❛s t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠
❝♦♥✜r♠ t❤❛t ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❜❡tt❡r ❜❛❧❛♥❝❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❛♥❞
r❡❞✉❝❡ t❤❡ ♦✈❡r❛❧❧ r✉♥t✐♠❡✳

✼



✽ ✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❱❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ t❤❡ s✉❜❥❡❝t ♦❢ ✐♥t❡♥s✐✈❡ st✉❞② ❢♦r ♠♦r❡
t❤❛♥ ❤❛❧❢ ♦❢ ❛ ❝❡♥t✉r② ♥♦✇✳ ❙t❛♥❞❛r❞ ✈❛r✐❛♥ts ♦❢ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✭❱❘P✮✱ s✉❝❤
❛s t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘P ❛♥❞ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❱❘P❚❲✮✱
❛r❡ ✇❡❧❧ st✉❞✐❡❞ ❛♥❞ ❡✛❡❝t✐✈❡ s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❊✈❡♥
♠♦r❡✱ ❛ ♣❧❡t❤♦r❛ ♦❢ ✈❛r✐❛♥ts ♦❢ t❤❡ ❱❘P ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤♦✉s❛♥❞s ♦❢ s❝✐❡♥t✐✜❝
♣❛♣❡rs ❛♥❞ ♣♦✇❡r❢✉❧ ❝♦♠♠❡r❝✐❛❧ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ s♦❢t✇❛r❡ ✐s ❛✈❛✐❧❛❜❧❡✳ ❘❡s❡❛r❝❤ ♦♥ t❤❡s❡
♠♦r❡ ❝♦♠♣❧❡① ❱❘P ✈❛r✐❛♥ts ✐s ❝♦♥st❛♥t❧② ♦♥❣♦✐♥❣✱ ♠♦t✐✈❛t❡❞ ❜② ✉♥s♦❧✈❡❞ t❤❡♦r❡t✐❝❛❧
♣r♦❜❧❡♠s ❛s ✇❡❧❧ ❛s ❝♦♥t✐♥✉♦✉s ✐♥♣✉t ❢r♦♠ ❧♦❣✐st✐❝s ♣r❛❝t✐❝❡ ✭❉r❡①❧✱ ✷✵✶✷❀ ■r♥✐❝❤ ❡t ❛❧✳✱
✷✵✶✹❛✮✳
❋♦r s♦❧✈✐♥❣ ❱❘Ps ❡①❛❝t❧②✱ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♥❞ ▲❛❣r❛♥❣✐❛♥

r❡❧❛①❛t✐♦♥ ❛r❡ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✭s❡❡✱ ❡✳❣✳✱ P♦❣❣✐ ❛♥❞ ❯❝❤♦❛✱ ✷✵✶✹❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱
✷✵✶✹✮✳ ❍❡r❡✐♥✱ t❤❡ ♠❛st❡r ♣r♦❣r❛♠ t②♣✐❝❛❧❧② ✐s ❛ ✭♣♦ss✐❜❧② ❡①t❡♥❞❡❞✮ s❡t✲♣❛rt✐t✐♦♥✐♥❣
❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ s✉❜♣r♦❜❧❡♠ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡
❝♦♥str❛✐♥ts ✭❙PP❘❈✱ ■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ❆♥② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❙PP❘❈
❞❡s❝r✐❜❡s ❛ ❢❡❛s✐❜❧❡ r♦✉t❡ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❱❘P✳ ❚❤❡ t❛s❦ ♦❢ t❤❡ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠ ✐s
t♦ ✜♥❞ ❛t ❧❡❛st ♦♥❡ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞✲❝♦st r♦✉t❡✱ ♦r t♦ ♣r♦✈❡ t❤❛t ♥♦ s✉❝❤ r♦✉t❡ ❡①✐sts✳
■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙PP❘❈ s✉❜♣r♦❜❧❡♠ r❡q✉✐r❡s ❜② ❢❛r t❤❡ ❧❛r❣❡st
♣♦rt✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ❧♦t ♦❢ r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ s♣❡♥t
✐♥ ❡♥❤❛♥❝✐♥❣ ❙PP❘❈ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❤❛♥❞❧✐♥❣ ♦❢ ❡❧❡♠❡♥t❛r✐t② ❝♦♥str❛✐♥ts
✭❋❡✐❧❧❡t ❡t ❛❧✳✱ ✷✵✵✹❀ ❇♦❧❛♥❞ ❡t ❛❧✳✱ ✷✵✵✻✮ ❛♥❞ r❡❧❛①✐♥❣ ❡❧❡♠❡♥t❛r✐t② ✭■r♥✐❝❤ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱
✷✵✵✻❀ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❞❀ ❇♦❞❡ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✹✮✱ ❤❛♥❞❧✐♥❣ ♦❢ ♥♦♥✲r♦❜✉st ❝✉ts ✭❏❡♣s❡♥
❡t ❛❧✳✱ ✷✵✵✽❀ ❈♦♥t❛r❞♦ ❡t ❛❧✳✱ ✷✵✶✺✮✱ t❤❡ ✉s❡ ♦❢ ❝♦♠♣❧❡t✐♦♥ ❜♦✉♥❞s ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❞✮✱
❛♥❞ ❙PP❘❈ ❤❡✉r✐st✐❝s ❡✐t❤❡r ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ✭❉P✮ ❜❛s❡❞ ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱
✷✵✵✺❀ ❋❡✐❧❧❡t ❡t ❛❧✳✱ ✷✵✵✼✮ ♦r ❜❛s❡❞ ♦♥ ♠❡t❛❤❡✉r✐st✐❝s ✭❡✳❣✳✱ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✵✽✮✳
❚❤❡ ✈❛r✐❛♥ts ♦❢ ❙PP❘❈ ✇❡ ❢♦❝✉s ♦♥ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ t❤♦s❡ ✇✐t❤ ❝♦♥str❛✐♥❡❞ r❡s♦✉r❝❡s

t❤❛t ❛r❡ ♣r♦♣❛❣❛t❡❞ ✐♥ ❛ ❣❡♥❡r❛❧✱ ♥♦t ♥❡❝❡ss❛r✐❧② ♣✉r❡❧② ❛❞❞✐t✐✈❡ ❢❛s❤✐♦♥✳ ❚❤✐s ✐♥❝❧✉❞❡s
t❤❡ ❤❛♥❞❧✐♥❣ ♦❢ t✐♠❡ ✇✐♥❞♦✇s✱ r❡s♦✉r❝❡✲❞❡♣❡♥❞❡♥t ❝♦st ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✐♥t❡r❞❡♣❡♥❞❡♥t
r❡s♦✉r❝❡s ❛s ♥❡❡❞❡❞ ✐♥ ♠❛♥② r✐❝❤ ❱❘Ps✳ ■♥ ❝♦♥tr❛st✱ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♣❛t❤s ❝♦♥str❛✐♥❡❞
❜② ❝♦♠♣❧❡t❡❧② ❛❞❞✐t✐✈❡ r❡s♦✉r❝❡s ✐s ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✭r❡s♦✉r❝❡✮ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st
♣❛t❤ ♣r♦❜❧❡♠ ✭❈❙PP✮✳ ❙❡✈❡r❛❧ ❤✐❣❤❧② ❡✛❡❝t✐✈❡ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡
❈❙PP ✭❡✳❣✳✱ ●❛r❝✐❛✱ ✷✵✵✾❀ ▲♦③❛♥♦ ❛♥❞ ▼❡❞❛❣❧✐❛✱ ✷✵✶✸❀ P✉❣❧✐❡s❡ ❛♥❞ ●✉❡rr✐❡r♦✱ ✷✵✶✸❀
❍♦r✈át❤ ❛♥❞ ❑✐s✱ ✷✵✶✻✮✳
❋♦r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ❙PP❘❈s ✇✐t❤ ❣❡♥❡r❛❧ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✱ ❉P ❜❛s❡❞ ❧❛❜❡❧✐♥❣

❛❧❣♦r✐t❤♠s ❛r❡ ♣r❡❞♦♠✐♥❛♥t ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ▲❡t G = (V,A) ❜❡ t❤❡
❞✐❣r❛♣❤ ♦❢ t❤❡ ❙PP❘❈ ✇✐t❤ ✈❡rt❡① s❡t V ❛♥❞ ❛r❝ s❡t A✳ ■♥ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✱ ❛ ❧❛❜❡❧
r❡❢❡rs t♦ ❛ ♣❛rt✐❛❧ ♣❛t❤ ❢r♦♠ t❤❡ ❣✐✈❡♥ s♦✉r❝❡ ✈❡rt❡① s ∈ V t♦ s♦♠❡ ✈❡rt❡① i ∈ V ✳ ■t
❤♦❧❞s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ ❛❧♦♥❣ t❤✐s ♣❛t❤ ❛♥❞ r❡❢❡rs t♦ ✐ts
♣r❡❞❡❝❡ss♦r✱ t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ♣❛rt✐❛❧ ♣❛t❤ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❛❝t✉❛❧ ❧❛❜❡❧ ✇❛s ❡①t❡♥❞❡❞✳
❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ♣❛rt✐❛❧ ♣❛t❤ P = (s)✱ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s
✭✶✮ s❡❧❡❝t ❛♥ ✉♥♣r♦❝❡ss❡❞ ♣❛rt✐❛❧ ♣❛t❤ P = (s, . . . , i)✱
✭✷✮ ❡①t❡♥❞ t❤❡ ♣❛rt✐❛❧ ♣❛t❤ P ❛❧♦♥❣ ❛❧❧ ❛r❝s (i, j) ♦❢ t❤❡ ❢♦r✇❛r❞ st❛r ♦❢ ✈❡rt❡① i✱



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✾

✭✸✮ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ♥❡✇ ♣❛rt✐❛❧ ♣❛t❤s (P, j) = (s, . . . , i, j) ❛r❡ ❢❡❛s✐❜❧❡✱ ❛♥❞ ✐❢ s♦✱
✭✹✮ st♦r❡ t❤❡♠ s♦ t❤❛t t❤❡② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❛t ❛ ❧❛t❡r ♣♦✐♥t✳

▲❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❛❧❧♦✇ t❤❡ st❡♣s ✭✶✮✕✭✹✮ t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♠♣❧✐❝✐t❧② ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢
s♣❡❝✐✜❝ ❛ttr✐❜✉t❡s✱ t❤❡ r❡s♦✉r❝❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧❛❜❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡①t❡♥s✐♦♥ st❡♣ ✭✷✮
♣r♦♣❛❣❛t❡s ❧❛❜❡❧s ❞✐r❡❝t❧② ✉s✐♥❣ s♦✲❝❛❧❧❡❞ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ✭❘❊❋s✱ ❉❡s❛✉❧♥✐❡rs
❡t ❛❧✳✱ ✶✾✾✽✮✳ ❘❡♣❡❛t✐♥❣ t❤❡ st❡♣s ✭✶✮✕✭✹✮ ❝r❡❛t❡s ❛❧❧ ♣♦ss✐❜❧❡ ♣❛t❤s st❛rt✐♥❣ ❛t s✳ ❉♦♠✲
✐♥❛♥❝❡ ♣r♦❝❡❞✉r❡s ❛r❡ t❤❡r❡❢♦r❡ ✐♥✈♦❦❡❞ t♦ ✐❞❡♥t✐❢② ❛♥❞ ❞✐s❝❛r❞ t❤♦s❡ ♣❛rt✐❛❧ ♣❛t❤s ❛♥❞
t❤❡✐r ❧❛❜❡❧s t❤❛t ❝❛♥♥♦t ❧❡❛❞ t♦ ❛♥ ♦♣t✐♠❛❧ ❙PP❘❈ s♦❧✉t✐♦♥✳
❚❤❡ ❛❜♦✈❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✐s ❦♥♦✇♥ ❛s ❛ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠

❜❡❝❛✉s❡ ✐t ❡①t❡♥❞s ♣❛rt✐❛❧ ♣❛t❤s ♦♥❧② ✐♥ t❤❡ ❢♦r✇❛r❞ ❞✐r❡❝t✐♦♥✳ ❋♦r ♠❛♥② t②♣❡s ♦❢ ❙P✲
P❘❈s✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ❝❛♥ ❜❡ r❡✈❡rs❡❞✳ ■t ♠❡❛♥s t❤❛t t❤❡ ✜rst ♣❛rt✐❛❧ ♣❛t❤
✐s P = (t)✱ ✇❤❡r❡ t ✐s t❤❡ s✐♥❦ ✈❡rt❡①✱ ❛♥❞ ♣❛rt✐❛❧ ♣❛t❤s P = (j, . . . , t) ❛r❡ t❤❡♥ ❡①t❡♥❞❡❞
❛❣❛✐♥st t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛♥ ❛r❝ (i, j) ❝r❡❛t✐♥❣ ♥❡✇ ♣❛rt✐❛❧ ♣❛t❤s P ′ = (i, j, . . . , t)✳ ❚❤✐s
r❡q✉✐r❡s t❤❛t ❘❊❋s ❝❛♥ ❜❡ ✐♥✈❡rt❡❞✳ ❆ s②st❡♠❛t✐❝ ✇❛② t♦ ❞♦ t❤✐s ✐s ❞❡s❝r✐❜❡❞ ✐♥ ✭■r✲
♥✐❝❤✱ ✷✵✵✽✮✳ ❍♦✇❡✈❡r✱ r❡✈❡rs✐♦♥ ♠❛② ❜❡ ❝♦♠♣❧✐❝❛t❡❞ ♦r ❝r❡❛t❡ ❛ ❞✐✛❡r❡♥t s❡t ♦❢ r❡s♦✉r❝❡s
♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤s✳ ❲❤❡t❤❡r ❢♦r✇❛r❞ ♦r ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ✐s
t❤❡♥ ❜❡♥❡✜❝✐❛❧ st✐❧❧ ❞❡♣❡♥❞s ♦♥ ♠❛♥② ❢❛❝t♦rs✱ ❛♥❞ ✐s ♦❢t❡♥ ♥♦t ❝❧❡❛r ✐♥ ❛❞✈❛♥❝❡✳ ❊✈❡♥
✇♦rs❡✱ ❜♦t❤ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞ ❛♥❞ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ t②♣✐❝❛❧❧②
s✉✛❡r ❢r♦♠ ❛♥ ❡①♣❧♦s✐♦♥ ♦❢ ❧❛❜❡❧s✳ ❚❤✐s ❡✛❡❝t✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥✱
❞❡s❝r✐❜❡s t❤❛t ♣r♦❣r❡ss✐✈❡❧② ♠♦r❡ ❧❛❜❡❧s ❛r❡ ❝r❡❛t❡❞✱ ❛r❡ ❡①t❡♥❞❡❞✱ ❛♥❞ ♥❡❡❞ t♦ ❜❡ st♦r❡❞
✇❤❡♥ t❤❡ ❧❡♥❣t❤ ✭❂♥✉♠❜❡r ♦❢ ❛r❝s✮ ♦❢ ♣❛rt✐❛❧ ♣❛t❤s ✐♥❝r❡❛s❡s✳
❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❜♦✉♥❞❡❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✐♥ ♦r❞❡r t♦

♠✐t✐❣❛t❡ t❤❡ ❡①♣❧♦s✐♦♥ ♦❢ ❧❛❜❡❧s✳ ❇♦t❤ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤s ❛♥❞ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤s
❛r❡ ❝r❡❛t❡❞✱ ❜✉t ♣r♦❝❡ss❡❞ ♦♥❧② ✉♣ t♦ ❛ s♦✲❝❛❧❧❡❞ ❤❛❧❢✲✇❛② ♣♦✐♥t✳ ❚❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s
❞❡✜♥❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ✭❡✳❣✳✱ t❤❡ t✐♠❡✮✱ ♦❢t❡♥ ❛s t❤❡ ♠✐❞♣♦✐♥t ♦❢ ✐ts
❢❡❛s✐❜❧❡ ❞♦♠❛✐♥✳ ❲❤❡♥ ❧❛❜❡❧✐♥❣ t❡r♠✐♥❛t❡s✱ s✉✐t❛❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ♠✉st
❜❡ ♠❡r❣❡❞ t♦ ♦❜t❛✐♥ ❝♦♠♣❧❡t❡ ❢❡❛s✐❜❧❡ s✲t✲♣❛t❤s✳
❚❤❡ ♣❛♣❡r ❜② ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ ❛♥❞ s❡✈❡r❛❧ s✉❜s❡q✉❡♥t ✇♦r❦s ❤❛✈❡ s❤♦✇♥ t❤❛t

❜♦✉♥❞❡❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s✉❛❧❧② s✉♣❡r✐♦r t♦ t❤❡✐r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧
❝♦✉♥t❡r♣❛rts✳ ❍❡♥❝❡✱ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❤❛s ❜❡❝♦♠❡ ❛ q✉❛s✐✲st❛♥❞❛r❞ ❢♦r s♦❧✈✐♥❣ ❙P✲
P❘❈s ✇✐t❤ ❣❡♥❡r❛❧ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✳ ■t ✇♦r❦s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ ✐❢ ❢♦r✇❛r❞
❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❛r❡ s✐♠✐❧❛r✱ ✐✳❡✳✱ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ r❡s♦✉r❝❡s ❝❛♥ ❜❡ ✉s❡❞ ❛♥❞
❢❛t❤♦♠✐♥❣ ❝r✐t❡r✐❛ ♦❢ ❝♦♠♣❛r❛❜❧❡ str❡♥❣t❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❍♦✇❡✈❡r✱
✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧②✱ ✐t ✐s ✉♥❝❧❡❛r
❤♦✇ ❛ r❡❛s♦♥❛❜❧❡ ❤❛❧❢✲✇❛② ♣♦✐♥t s❤♦✉❧❞ ❜❡ ❞❡✜♥❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❱❘Ps ✇✐t❤ r❡♥❡✇❛❜❧❡
r❡s♦✉r❝❡s s✉❝❤ ❛s t❤❡ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❉❡s❛✉❧♥✐❡rs
❡t ❛❧✳✱ ✷✵✶✻❛✮✱ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❝❛♥ r❡q✉✐r❡ ❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ❛♥❞ ❞✐✛❡r❡♥t
t②♣❡s ♦❢ r❡s♦✉r❝❡s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✷✮✳ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ s♣❡♥t ✐♥
♦♥❡ ❧❛❜❡❧✐♥❣ ❞✐r❡❝t✐♦♥ ❝❛♥ str♦♥❣❧② ❡①❝❡❡❞ t❤❡ t✐♠❡ s♣❡♥t ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✳ ❇✉t ❡✈❡♥
✐♥ ❝❛s❡s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ r❡s♦✉r❝❡s ❛♥❞ s✐♠✐❧❛r ❢❛t❤♦♠✐♥❣ ❝r✐t❡r✐❛ ❢♦r ❜♦t❤ ❞✐r❡❝✲
t✐♦♥s✱ ✐t ❝❛♥ st✐❧❧ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞
❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❡①t❡♥s✐♦♥s ✐s ✈❡r② ✉♥❜❛❧❛♥❝❡❞ ❞❡s♣✐t❡ ♦❢ ❛ s②♠♠❡tr✐❝ ❜♦✉♥❞✐♥❣ ✇✐t❤
t❤❡ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ ✐ts ❢❡❛s✐❜❧❡ ❞♦♠❛✐♥✳ ❚❤✐s ❝❛♥ ❜❡ ❝❛✉s❡❞ ❜② ❛s②♠✲



✶✵ ✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥

♠❡tr✐❝ ❱❘P ✐♥st❛♥❝❡ ❞❛t❛✱ ❡✳❣✳✱ t✐♠❡ ✇✐♥❞♦✇s ❜❡✐♥❣ ✉♥❡✈❡♥❧② s♣r❡❛❞ ♦✈❡r t❤❡ ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❞✉❛❧ ♣r✐❝❡s ♦✈❡r t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ✐t❡r❛t✐♦♥s ❝❛♥
❝❛✉s❡ ❢✉rt❤❡r ❛s②♠♠❡tr② ✐♥ ❙PP❘❈ ✐♥st❛♥❝❡s✳ ◆♦t❡ ❛❧s♦ t❤❛t ✐♥ ♠❛♥② ❱❘Ps✱ t❤❡ ❞✉❛❧
♣r✐❝❡ ♦❢ ♦♥❡ ✈❡rt❡① ♠❛② ❡✐t❤❡r ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ✐♥❣♦✐♥❣ ♦r ♦✉t❣♦✐♥❣ ❛r❝s ♦❢ t❤✐s ✈❡rt❡①✱
♣r♦❞✉❝✐♥❣ ❛♥♦t❤❡r ❢♦r♠ ♦❢ ❛s②♠♠❡tr②✳ ❲✐t❤ t❤❡ ❣♦❛❧ ♦❢ ❜❛❧❛♥❝✐♥❣ t❤❡ ✇♦r❦❧♦❛❞ ❜❡t✇❡❡♥
t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ♦♥❡ ♠❛② ❞❡✜♥❡ ❛ ❞✐✛❡r❡♥t ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥ ❡❛❝❤
❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ✐t❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✉♥❝❧❡❛r ❤♦✇ t♦ ❛ ♣r✐♦r✐ s❡t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧②
❝♦♥✈❡♥✐❡♥t ❤❛❧❢✲✇❛② ♣♦✐♥t s♦ t❤❛t t❤❡ ♦✈❡r❛❧❧ ✇♦r❦❧♦❛❞ ✐s ♠✐♥✐♠✐③❡❞✳
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❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛♥ ❙PP❘❈ ✐♥st❛♥❝❡ ✇✐t❤ ✉♥❜❛❧❛♥❝❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞
❧❛❜❡❧✐♥❣❀ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t Hstat = 6,180 ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ t✐♠❡
❤♦r✐③♦♥ ❛♥❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t Hdyn = 4,158

■♥ ❋✐❣✉r❡ ✷✳✶✱ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❙PP❘❈ ✐♥st❛♥❝❡ ✇✐t❤ ✉♥❜❛❧❛♥❝❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✲
✇❛r❞ ❧❛❜❡❧✐♥❣ ✐s ❞❡♣✐❝t❡❞✳ ❍❡r❡✐♥✱ t✐♠❡ ✐s ❝❤♦s❡♥ ❛s t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡✳ ❚❤❡ ❢✉♥❝t✐♦♥s
s❤♦✇✱ ❢♦r ❛♥② ✈❛❧✉❡ T ♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡❞ ❢♦r✇❛r❞ ❧❛❜❡❧s
✇✐t❤ t✐♠❡ ≤ T ✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ✇✐t❤ t✐♠❡ ≥ T ✱ ❛♥❞ t❤❡ s✉♠
♦❢ ❜♦t❤ ✈❛❧✉❡s✳ ❖❜✈✐♦✉s❧②✱ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❝r❡❛t❡s ❧❡ss ❧❛❜❡❧s t❤❛♥ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱
❛♥❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❡✈❡♥ ❧❡ss ✇❤❡♥❡✈❡r ❛ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ❝❤♦s❡♥ s♦♠❡✇❤❡r❡ ✐♥ t❤❡
♠✐❞❞❧❡ ✭❤❡r❡ ❜❡t✇❡❡♥ ✷✱✺✷✸ ❛♥❞ ✶✶✱✶✶✽✮✳ ◆♦t❡ t❤❛t ✇✐t❤ ❛ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥ t❤❡ ♠✐❞♣♦✐♥t
✻✱✶✽✵ ♦❢ t❤❡ t✐♠❡ ❤♦r✐③♦♥ [0; 12,360]✱ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ♣r♦❞✉❝❡s ♠♦r❡ ❢♦r✇❛r❞ ❛♥❞
❜❛❝❦✇❛r❞ ❧❛❜❡❧s ✐♥ t♦t❛❧ t❤❛♥ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡❧② ❝❤♦s❡♥ s♠❛❧❧❡r ❤❛❧❢✲✇❛② ♣♦✐♥ts✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ❛t ❤❛♥❞ ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✱

✇❤✐❝❤ ✐s ❛ ❞②♥❛♠✐❝ ❜♦✉♥❞✐♥❣ ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ s✐♠✉❧t❛♥❡♦✉s❧②
s♦❧✈❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❙PP❘❈✳ ❚❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❡①♣❧♦✐ts t❤❡ ❛s②♠♠❡✲
tr② ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❡①t❡♥s✐♦♥s✳ ■t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛❧❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s
t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ✐❞❡❛ ♦❢ ❛ ❞②✲
♥❛♠✐❝ ❜♦✉♥❞✐♥❣ ❝r✐t❡r✐♦♥ ❤❛s ❜❡❡♥ s❦❡t❝❤❡❞ ✐♥ ❛♥ ❡❛r❧✐❡r ✇♦r❦ ♦❢ P❡❝✐♥ ✭✷✵✶✹✮ ❛♥❞ ✇❛s
✉s❡❞ ✐♥ ✭P❡❝✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮ ❢♦r s✉❝❝❡ss❢✉❧❧② s♦❧✈✐♥❣ ❧❛r❣❡✲s❝❛❧❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘Ps ✉s✐♥❣ ❛
t❛✐❧♦r❡❞ ❛r❝✲❧♦❛❞ ✐♥❞❡①❡❞ ❢♦r♠✉❧❛t✐♦♥ t❤❛t ❝r❡❛t❡s ♠✉❧t✐♣❧❡ st❛rt✲❧❛❜❡❧s ♦♥ ♦♥❡ s✐❞❡ ❛♥❞



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✶✶

❤❡r❡✇✐t❤ ❛ str♦♥❣ ✐♠❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱
❤♦✇❡✈❡r✱ t❤❡ ✐❞❡❛ ❤❛s ♥♦t ❜❡❡♥ t❤♦r♦✉❣❤❧② ❛♥❛❧②③❡❞ ❢♦r ❱❘Ps ✇✐t❤ ❣❡♥❡r❛❧ r❡s♦✉r❝❡s✳
❖✉r ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤r❡❡ t②♣❡s ♦❢ ❱❘Ps ❝♦♥✜r♠ t❤❛t ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❜❡tt❡r
❜❛❧❛♥❝❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ✇♦r❦❧♦❛❞✳ ❲❡ ❤❛✈❡ s❡❧❡❝t❡❞ t❤❡ ❱❘P❚❲ ❛s ❛♥ ❡①❛♠♣❧❡
♦❢ ❛ st❛♥❞❛r❞ ❱❘P ✇✐t❤ r❡❧❛t✐✈❡❧② ❢❡✇ r❡s♦✉r❝❡s t❤❛t ❤❛✈❡ s✐♠✐❧❛r ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞
❘❊❋s✳ ❚❤❡ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❊❱❘P❚❲✮✱ ♦♥ t❤❡ ❝♦♥✲
tr❛r②✱ ❤❛s ❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ r❡s♦✉r❝❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ✈❡❤✐❝❧❡
r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✭❱❘❚❉❙P✮ ❤❛s ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ r❡s♦✉r❝❡s
r❡s✉❧t✐♥❣ ✐♥ ❣❡♥❡r❛❧❧② ♠♦r❡ ❞✐✣❝✉❧t ❙PP❘❈ ✐♥st❛♥❝❡s✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❢♦r♠❛❧❧② ❞❡s❝r✐❜❡ ❜✐❞✐r❡❝t✐♦♥❛❧

❧❛❜❡❧✐♥❣ ❢♦r ❙PP❘❈s ✇❤✐❧❡ ❡♠♣❤❛s✐③✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡s ♦❢ ✉s✐♥❣ ❛ st❛t✐❝ ♦r ❛ ❞②♥❛♠✐❝
❤❛❧❢✲✇❛② ♣♦✐♥t✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❱❘P ✈❛r✐❛♥ts ❛♥❞ t❤❡✐r ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✲
✇❛r❞ ❧❛❜❡❧s ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ✉s✐♥❣ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s
❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✈❛❧✉❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳ ❋✐♥❛❧❧②✱ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝✲
t✐♦♥ ✷✳✺✳

✷✳✷ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣

❲❡ st❛rt ✇✐t❤ ❛ ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❣❡♥❡r✐❝ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❆♥
✐♥st❛♥❝❡ ♦❢ t❤❡ ❙PP❘❈ ✐s ❣✐✈❡♥ ❜② t❤❡ ❙PP❘❈ ♥❡t✇♦r❦ G = (V,A)✱ t❤❡ s♦✉r❝❡ ✈❡rt❡①
s ∈ V ✱ t❤❡ s✐♥❦ ✈❡rt❡① t ∈ V ✱ ❛♥❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❘❊❋s fij ❛♥❞ bij ✱ r❡s♣❡❝t✐✈❡❧②✱
❢♦r ❡❛❝❤ ❛r❝ (i, j) ∈ A✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❛ss✉♠❡ t❤❛t G ✐s s✐♠♣❧❡ s♦ t❤❛t ❛r❝s (i, j)
❛♥❞ t❤❡✐r ❘❊❋s ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❞❡s❝r✐❜❡❞ ❜② t❛✐❧ ❛♥❞ ❤❡❛❞ ✈❡rt❡①✳ ❋♦r✇❛r❞ ❧❛❜❡❧s ❛r❡
❞❡♥♦t❡❞ ❜② F ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ❜② B✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡ ❢♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✿ ❇♦t❤ ❢♦r✇❛r❞

❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ❤❛✈❡ ❛ s♣❡❝✐✜❝ r❡s♦✉r❝❡ res✳ ▲❡t Fi = F (P ) ❞❡♥♦t❡ t❤❡ ❢♦r✇❛r❞
❧❛❜❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ P = (s, . . . , i) ❛♥❞ ❞❡✜♥❡ v(Fi) = i✳ ❚❤❡♥✱
❢♦r ❛♥② ❛r❝ (i, j) ∈ A ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ Fj := fij(Fi) t❤❡ ✐♥❡q✉❛❧✐t② F res

i ≤ F res
j ❤♦❧❞s✳

❙✐♠✐❧❛r❧②✱ ❧❡t Bj = B(P ) ❞❡♥♦t❡ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧
♣❛t❤ P = (j, . . . , t) ❛♥❞ ❞❡✜♥❡ v(Bj) = j✳ ❚❤❡♥✱ ❢♦r ❛♥② ❛r❝ (i, j) ∈ A ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥
Bi := bij(Bj) t❤❡ ✐♥❡q✉❛❧✐t② Bres

i ≤ Bres
j ❤♦❧❞s✳ ❲❡ ❝❛❧❧ t❤✐s r❡s♦✉r❝❡ res t❤❡ ♠♦♥♦t♦♥❡

r❡s♦✉r❝❡ ❛♥❞ ❛ss✉♠❡ t❤❛t ✐ts ❞♦♠❛✐♥ ✐s t❤❡ ✐♥t❡r✈❛❧ [L,U ]✳ ◆♦t❡ t❤❛t ✐♥ ♠♦st ❛♣♣❧✐❝❛✲
t✐♦♥s ❛t ❧❡❛st ♦♥❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ✐s ♥❛t✉r❛❧❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✱ s✐♥❝❡ t✐♠❡ ❛♥❞
❧♦❛❞✴r❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ✉s✉❛❧❧② ❢✉❧✜❧❧ t❤❡ r❡q✉✐r❡♠❡♥ts✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ❛ ♠♦♥♦t♦♥❡
r❡s♦✉r❝❡ ❝❛♥ ❛❧✇❛②s ❜❡ ❝r❡❛t❡❞ ❛rt✐✜❝✐❛❧❧②✱ ❡✳❣✳✱ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s ✐♥ ❛ ♣❛t❤✳
❉✐✛❡r❡♥t str❛t❡❣✐❡s t♦ ✐♠♣❧❡♠❡♥t ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❛♥❞ t❤❡s❡ str❛t❡❣✐❡s ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♦✈❡r❛❧❧ ❛❧✲
❣♦r✐t❤♠ ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✳ ❆❧❣♦r✐t❤♠ ✶ s❤♦✇s ❛ ❣❡♥❡r✐❝ ✈❡rs✐♦♥ ♦❢ ❛ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❛♥ ❙PP❘❈✳ ❚❤❡ ❣❡♥❡r✐❝ ♣❛rts ❛r❡ t❤❡ ❧❛❜❡❧ s❡❧❡❝t✐♦♥ str❛t❡❣② ✭❧❛✲
❜❡❧ s❡tt✐♥❣✱ ❧❛❜❡❧ ❝♦rr❡❝t✐♥❣✮ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥s ❣❡t◆❡①t❋♦r✇❛r❞▲❛❜❡❧✭✮
❛♥❞ ❣❡t◆❡①t❇❛❝❦✇❛r❞▲❛❜❡❧✭✮✱ t❤❡ ❞♦♠✐♥❛♥❝❡ str❛t❡❣② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥
❝❤❡❝❦❉♦♠✐♥❛♥❝❡✭✮✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❣❡t◆❡①t❉✐r❡❝t✐♦♥✭✮ t❤❛t ❝♦♥tr♦❧s ✇❤❡t❤❡r



✶✷ ✷✳✷✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣

t❤❡ ♥❡①t ❧❛❜❡❧ t♦ ❡①t❡♥❞ ✐s ❛ ❢♦r✇❛r❞ ♦r ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✳
❆❧❣♦r✐t❤♠ ✶✿ ●❡♥❡r✐❝ ▲❛❜❡❧✐♥❣ ❆❧❣♦r✐t❤♠ ❢♦r ❙PP❘❈s
■♥♣✉t✿ ❋♦r✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥t HF ❛♥❞ ❜❛❝❦✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥t HB ✭r❡q✉✐r❡❞

HF ≥ HB✮
✶ F := F (s)✱ B := B(t)❀
✷ ✇❤✐❧❡ F 6= null ♦r B 6= null ❞♦
✸ ❞✐r❡❝t✐♦♥ := ❣❡t◆❡①t❉✐r❡❝t✐♦♥✭✮❀
✹ ✐❢ ❞✐r❡❝t✐♦♥ = forward t❤❡♥

✺ ✐❢ F res ≤ HF t❤❡♥

✻ ❢♦r (i, j) ∈ A ✇✐t❤ i = v(F ) ❞♦
✼ Pr♦♣❛❣❛t❡ F t♦ ✈❡rt❡① j ✇✐t❤ ❘❊❋ fij ❀

✽ HB := max
{
HB,min{F res, HF }

}
❀

✾ F := ❣❡t◆❡①t❋♦r✇❛r❞▲❛❜❡❧✭✮❀

✶✵ ❡❧s❡

✶✶ ✐❢ Bres > HB t❤❡♥

✶✷ ❢♦r (i, j) ∈ A ✇✐t❤ j = v(B) ❞♦
✶✸ Pr♦♣❛❣❛t❡ B t♦ ✈❡rt❡① i ✇✐t❤ ❘❊❋ bij ❀

✶✹ HF := min
{
HF ,max{Bres, HB}

}
❀

✶✺ B := ❣❡t◆❡①t❇❛❝❦✇❛r❞▲❛❜❡❧✭✮❀

✶✻ ✐❢ ❝❤❡❝❦❉♦♠✐♥❛♥❝❡✭✮ t❤❡♥

✶✼ ❆♣♣❧② ❞♦♠✐♥❛♥❝❡ r✉❧❡s❀

❲❡ ❝♦♠♠❡♥t ♦♥ ❆❧❣♦r✐t❤♠ ✶ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ❚❤❡ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s t❤❡ ❢♦r✇❛r❞ ❤❛❧❢✲
✇❛② ♣♦✐♥t HF ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥t HB ❛s ❛♥ ✐♥♣✉t✳ ❖♥❧② ❢♦r HF ≥ HB

♦♣t✐♠❛❧✐t② ✐s ❣✉❛r❛♥t❡❡❞✳ ■♥✐t✐❛❧ ❧❛❜❡❧s F ❛♥❞ B ❛r❡ ❝r❡❛t❡❞ ❢♦r t❤❡ tr✐✈✐❛❧ ❢♦r✇❛r❞ ❛♥❞
❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤s ✐♥ ❙t❡♣ ✶✳ ❆s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧s✱ t❤❡ ❙t❡♣s ✸✕✶✼
❛r❡ r❡♣❡❛t❡❞✳ ❋✐rst✱ ✐♥ ❙t❡♣ ✸✱ t❤❡ ❢✉♥❝t✐♦♥ ❣❡t◆❡①t❉✐r❡❝t✐♦♥✭✮ ❝♦♥tr♦❧s t❤❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ♥❡①t ❡①t❡♥s✐♦♥ st❡♣✳ ❖♥❡ ♠✉st ❡♥s✉r❡ t❤❛t ✐t r❡t✉r♥s forward ✐❢ F 6= null ❛♥❞
B = null✱ ❛♥❞ backward ✐❢ F = null ❛♥❞ B 6= null✱ ✇❤✐❧❡ ✐♥ ❝❛s❡ ♦❢ F,B 6= null ❜♦t❤
❞✐r❡❝t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ ■♥ ❙t❡♣s ✺ ❛♥❞ ✶✶✱ ✐t ✐s ❡♥s✉r❡❞ t❤❛t ♦♥❧② ❧❛❜❡❧s r❡s♣❡❝t✐♥❣ t❤❡
❤❛❧❢✲✇❛② ❝r✐t❡r✐♦♥ ❛r❡ ❡①t❡♥❞❡❞✳ ❚❤❡ ❢♦r✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❙t❡♣ ✼ ✐♥❝❧✉❞❡s t❤❡ ❝r❡❛t✐♦♥
♦❢ t❤❡ t❡♥t❛t✐✈❡ ♥❡✇ ❧❛❜❡❧ Fj := fij(F )✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝❤❡❝❦ ♦❢ t❤❡ ♣❛t❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤
Fj ✱ ❛♥❞ ✐❢ ❢❡❛s✐❜❧❡✱ t❤❡ st♦r❛❣❡ ♦❢ t❤❡ ♥❡✇ ❧❛❜❡❧ Fj s♦ t❤❛t ✐t ❝❛♥ ❧❛t❡r ❜❡ r❡tr✐❡✈❡❞
✈✐❛ ❣❡t◆❡①t❋♦r✇❛r❞▲❛❜❡❧✭✮✳ ❚❤❡ ❜❛❝❦✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❙t❡♣ ✶✸ ♣❡r❢♦r♠s t❤❡
r❡s♣❡❝t✐✈❡ ♦♣❡r❛t✐♦♥s ❢♦r t❤❡ t❡♥t❛t✐✈❡ ❧❛❜❡❧ Bi := bij(B) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐❛❧
❜❛❝❦✇❛r❞ ♣❛t❤✳ ❚❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❛r❡ ✉♣❞❛t❡❞ ✐♥ ❙t❡♣s ✽ ❛♥❞ ✶✹✳
■♥ ❙t❡♣s ✾ ❛♥❞ ✶✺✱ t❤❡ ❢✉♥❝t✐♦♥ ❣❡t◆❡①t❋♦r✇❛r❞▲❛❜❡❧✭✮✴❣❡t◆❡①t❇❛❝❦✇❛r❞✲

▲❛❜❡❧✭✮ r❡t✉r♥s ❛♥ ✉♥♣r♦❝❡ss❡❞ ❢♦r✇❛r❞✴❜❛❝❦✇❛r❞ ❧❛❜❡❧ t❤❛t ✐s ✉s❡❞ ❢♦r ❡①t❡♥s✐♦♥
t❤❡ ♥❡①t t✐♠❡ t❤❡ ❛❧❣♦r✐t❤♠ ❝❤♦♦s❡s t❤❡ r❡s♣❡❝t✐✈❡ ❞✐r❡❝t✐♦♥✳ ■❢ ♥♦ ✉♥♣r♦❝❡ss❡❞ ❢♦r✲
✇❛r❞✴❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❡①✐sts✱ t❤❡ ✈❛❧✉❡ null ✐s r❡t✉r♥❡❞✳ ❚♦ ❛❧❧♦✇ t❤❡ ❡✣❝✐❡♥t r❡tr✐❡✈❛❧ ♦❢
t❤❡ ♥❡①t ❧❛❜❡❧ t♦ ♣r♦❝❡ss✱ t❤❡ ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧s s❤♦✉❧❞ ❜❡ ♠❛♥❛❣❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✶✸

❞❛t❛ str✉❝t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❛❜❡❧s ♠❛② ❜❡ st♦r❡❞ ✐♥ ❤❛s❤ t❛❜❧❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡
♦❢ t❤❡ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡ s♦ t❤❛t ❛ ❧❛❜❡❧✲s❡tt✐♥❣ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② r❡tr✐❡✈✐♥❣
❢♦r✇❛r❞✴❜❛❝❦✇❛r❞ ❧❛❜❡❧s ✐♥ ❛s❝❡♥❞✐♥❣✴❞❡s❝❡♥❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡✳
■♥ ❙t❡♣ ✶✼✱ ❛ ❞♦♠✐♥❛♥❝❡ ❛❧❣♦r✐t❤♠ ✐s ❝❛❧❧❡❞ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ❛♥❞ ❞✐s❝❛r❞ ♣r♦✈❛❜❧②

♥♦♥✲♦♣t✐♠❛❧ ❧❛❜❡❧s✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✈♦❝❛t✐♦♥ ♦❢ ❛ ❞♦♠✐♥❛♥❝❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❛❧✇❛②s ❜❡
❞❡❧❛②❡❞ t♦ s♦♠❡ ❝♦♥✈❡♥✐❡♥t ♣♦✐♥t ✐♥ t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❞♦♠✐♥❛t❡❞
❧❛❜❡❧s✱ ❡✈❡r② t✐♠❡ ❛ ♥❡✇ ❢❡❛s✐❜❧❡ ❧❛❜❡❧ ✐s ❝r❡❛t❡❞✱ ✐s ❣❡♥❡r❛❧❧② ♥♦t ❡✣❝✐❡♥t ❜❡❝❛✉s❡ ✐t
r❡q✉✐r❡s ❛ q✉❛❞r❛t✐❝ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛r✐s♦♥s ♦❢ ❧❛❜❡❧s ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ▼♦r❡ ❡✣❝✐❡♥t
❛❧❣♦r✐t❤♠s✱ ❡✳❣✳✱ ❜❛s❡❞ ♦♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✈✐❞❡✲❛♥❞✲❝♦♥q✉❡r ♣r✐♥❝✐♣❧❡ ❡①✐st ✭s❡❡
❇❡♥t❧❡②✱ ✶✾✽✵✮ ❜✉t r❡q✉✐r❡ t❤❛t ❜❛t❝❤❡s ♦❢ ❧❛❜❡❧s ❛r❡ t❡st❡❞ ❢♦r ❞♦♠✐♥❛♥❝❡✳ ❚❤❡ ❢✉♥❝t✐♦♥
❝❤❡❝❦❉♦♠✐♥❛♥❝❡✭✮ ✐♥ ❙t❡♣ ✶✻ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❞♦♠✐♥❛♥❝❡ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ t❤❡r❡❢♦r❡
❝❛❧❧ ✐t ♦♥❧② ✇❤❡♥ t❤❡r❡ ✐s t❤❡ ❝❤❛♥❝❡ t❤❛t t❤❡ ♥❡①t ❧❛❜❡❧ t♦ ♣r♦❝❡ss ✐s ❞♦♠✐♥❛t❡❞✳
❚❤❡ t✇♦ ❤❛❧❢✲✇❛② ♣♦✐♥ts HF ❛♥❞ HB ❛r❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s r❡s♣❡❝t✐✈❡❧② ❢♦r

t❤❡ ✜♥❛❧ ❤❛❧❢✲✇❛② ♣♦✐♥t H✳ ❚❤❡ ✉♣❞❛t❡ ❙t❡♣s ✽ ❛♥❞ ✶✹ ❣✉❛r❛♥t❡❡ t❤❛t HF ≥ HB✳
■♥✐t✐❛❧❧② s❡tt✐♥❣ HF ❛♥❞ HB t♦ t❤❡ s❛♠❡ ✈❛❧✉❡✱ t❤❡r❡❢♦r❡✱ ❧❡❛✈❡s t❤❡s❡ ♣❛r❛♠❡t❡rs ✜①❡❞✱
❛♥❞ H = HF = HB r❡s✉❧ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜❛❝❦✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥t HB ❝❛♥ ♦♥❧②
❜❡ ✐♥❝r❡❛s❡❞✳ ❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ♣r♦❝❡ss❡❞ ❢♦r✇❛r❞ ❧❛❜❡❧ ❤❛s ❛ ❧❛r❣❡r ✈❛❧✉❡ ♦❢
t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ✭❙t❡♣ ✽✮✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ❢♦r✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥t HF ❝❛♥ ♦♥❧②
❜❡ ❞❡❝r❡❛s❡❞ ✇❤❡♥ t❤❡ ♣r♦❝❡ss❡❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❤❛s ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♥♦t♦♥❡
r❡s♦✉r❝❡ ✭❙t❡♣ ✶✹✮✳ ■♥ t❤❡ ❝♦✉rs❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✱ HF ❛♥❞ HB ❛♣♣r♦❛❝❤ ❡❛❝❤ ♦t❤❡r ❛♥❞
✐t t❡r♠✐♥❛t❡s ✇✐t❤ H = HF = HB✳ ❚❤✉s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ HF ❛♥❞ HB✱
t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ❜❡❤❛✈❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿

HF = HB > U ✿ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠❀

HF = HB < L✿ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠❀

HF = HB ∈ (L,U)✿ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t❀

U = HF > HB = L✿ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✳

■♥ t❤❡ t✇♦ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❝❛s❡s HF = HB > U ❛♥❞ HF = HB < L ❡✐t❤❡r ♦❢ t❤❡
❝♦♥❞✐t✐♦♥s ✐♥ ❙t❡♣ ✶✶ ♦r ❙t❡♣ ✺ ✐s ❛❧✇❛②s ❢❛❧s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❡①t❡♥s✐♦♥s ♦❝❝✉r ♦♥❧②
✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡r❡ ✐s ♥♦ s♣❡❝✐✜❝ r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ♦r❞❡r✐♥❣ ✐♥ ✇❤✐❝❤ ❧❛❜❡❧s ❛r❡
r❡tr✐❡✈❡❞ ✐♥ ❙t❡♣s ✾ ❛♥❞ ✶✺✳
■♥ t❤❡ ✈❡rs✐♦♥ ✇✐t❤ ❛ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✱ HF ❛♥❞ HB ❛r❡ ✐♥✐t✐❛❧✐③❡❞ t♦ t❤❡ s❛♠❡

✈❛❧✉❡ ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡✱ ❡✳❣✳✱ t❤❡ ♠✐❞❞❧❡ (U +L)/2✳ ❇② ❞❡✜♥✲
✐♥❣ ❣❡t◆❡①t❉✐r❡❝t✐♦♥✭✮ ❛s forward ✇❤❡♥❡✈❡r F 6= null✱ ❛♥❞ backward ♦t❤❡r✇✐s❡✱
❆❧❣♦r✐t❤♠ ✶ ♣❡r❢♦r♠s ❛❧❧ ❢♦r✇❛r❞ ❡①t❡♥s✐♦♥s ❜❡❢♦r❡ t❤❡ ❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥s✳ ❆♥② ♦t❤❡r
str❛t❡❣②✱ ❤♦✇❡✈❡r✱ st✐❧❧ ♣r♦❞✉❝❡s t❤❡ s❛♠❡ s❡t ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s✳ ❆❣❛✐♥✱ ✐♥
t❤❡ ❢♦r✇❛r❞ ❛♥❞ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt✱ ❧❛❜❡❧s ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ ❛♥② ♦r❞❡r✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ t❤❡ ✈❡rs✐♦♥ ✇✐t❤ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✭HF > HB✮✱ t❤❡ ❢♦r✇❛r❞

♣r♦❝❡ss✐♥❣ s❤♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ✇❤✐❧❡ t❤❡ ❜❛❝❦✇❛r❞ ♣r♦❝❡ss✐♥❣ s❤♦✉❧❞
❜❡ ❞♦♥❡ ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥
s✉❜s❡q✉❡♥t ✐t❡r❛t✐♦♥s F := ❣❡t◆❡①t❋♦r✇❛r❞▲❛❜❡❧✭✮ s❤♦✉❧❞ r❡t✉r♥ ♥♦♥✲❞❡❝r❡❛s✐♥❣
✈❛❧✉❡s F res ❛♥❞ B := ❣❡t◆❡①t❇❛❝❦✇❛r❞▲❛❜❡❧✭✮ s❤♦✉❧❞ r❡t✉r♥ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✈❛❧✲
✉❡s Bres✳ ❖t❤❡r✇✐s❡✱ ❡✳❣✳✱ ♣r❡♠❛t✉r❡❧② ♣r♦❝❡ss✐♥❣ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧ ✇✐t❤ ❛ ❧❛r❣❡ ✈❛❧✉❡



✶✹ ✷✳✷✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣

♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ✇♦✉❧❞ ❢♦r❝❡ t❤❡ ✭❜❛❝❦✇❛r❞✮ ❤❛❧❢✲✇❛② ♣♦✐♥t t♦✇❛r❞s U r❡✲
s✉❧t✐♥❣ ✐♥ ❛❧♠♦st ♣✉r❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❆♥②✇❛②✱ ❆❧❣♦r✐t❤♠ ✶ ♠❛✐♥t❛✐♥s HB ≤ HF

s♦ t❤❛t ❡✈❡♥ ❛ ♥♦♥✲♠♦♥♦t♦♥❡ ❧❛❜❡❧ ❡①t❡♥s✐♦♥ ❞♦❡s ♥♦t ♣r♦❞✉❝❡ ✐♥❝♦rr❡❝t r❡s✉❧ts✳ ❋✉r✲
t❤❡r♠♦r❡✱ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s F res ❛♥❞ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s Bres ❣✉❛r❛♥t❡❡ t❤❛t ❛❧❧
❢♦r✇❛r❞✴❜❛❝❦✇❛r❞ ❧❛❜❡❧s ✇✐t❤ ❛ ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ s♠❛❧❧❡r✴❣r❡❛t❡r t❤❛♥
HB✴HF ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❡①t❡♥❞❡❞✳
■♥ t❤❡ ❝♦✉rs❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✱ t❤❡ t✇♦ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❛♣♣r♦❛❝❤ ❡❛❝❤ ♦t❤❡r ❞✉❡ t♦ t❤❡

✉♣❞❛t❡ ❙t❡♣s ✽ ❛♥❞ ✶✹✳ ❈❧❡❛r❧②✱ ❛s s♦♦♥ ❛s HF = HB✱ t❤❡ ❧❛❜❡❧✐♥❣ ❜❡❤❛✈❡s ❧✐❦❡ t❤❡
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ t❤✐s st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✳ ◆♦t❡ t❤❛t ❝❤♦♦s✐♥❣ ✐♥✐t✐❛❧ ✈❛❧✉❡s
HF < U ❛♥❞✴♦r HB > L r❡str✐❝ts t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t t♦ ❧✐❡ ✐♥ t❤❡
✐♥t❡r✈❛❧ [HF , HB]✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐✛❡r❡♥❝❡ t♦ ❛ ❝❧❛ss✐❝❛❧ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠
✐s t❤❛t t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ✐♠♣❧✐❝✐t❧② ❝❤♦s❡♥ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ ❣❡t◆❡①t❉✐r❡❝t✐♦♥✭✮✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❝r✐t❡r✐♦♥ ❢♦r ❛❧t❡r♥❛t✐♥❣ ❜❡t✇❡❡♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ✐s ♦❢
❝r✉❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r ❝❤♦♦s✐♥❣ ❛ ❣♦♦❞ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢
❆❧❣♦r✐t❤♠ ✶✳
❆♥ ✐❞❡❛❧ str❛t❡❣② t♦ ❝❤♦♦s❡ ❛ ❞✐r❡❝t✐♦♥ ✇♦✉❧❞ ❜❡ ♦♥❡ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣✉✲

t❛t✐♦♥ t✐♠❡✳ ■t ✐s ♥♦t ❝❧❡❛r ✐♥ ❛❞✈❛♥❝❡ ❤♦✇ t❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✱ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt ✐s ✐♥✢✉❡♥❝❡❞ ❜② ♠❛♥② ❞✐✛❡r❡♥t ❢❛❝t♦rs✳ ❆ ❣♦♦❞ ✐♥❞✐❝❛t♦r ♠❛② ❜❡ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r
♦❢ ❧❛❜❡❧s t❤❛t ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✳ ❍♦✇❡✈❡r✱ t❤✐s ♦✈❡r❛❧❧
♥✉♠❜❡r ✐s ♥♦t ❦♥♦✇♥ ❛t t❤❡ t✐♠❡ ✇❤❡♥ ❛ ❞✐r❡❝t✐♦♥ ♠✉st ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❘❡❛s♦♥❛❜❧❡
❝❤♦✐❝❡s tr② t♦ ❡st✐♠❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ ❡✛♦rt✱ ❡✳❣✳✱ ❜② ❝❤♦♦s✐♥❣
✭✶✮ t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s✱
✭✷✮ t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡❞ ❧❛❜❡❧s✱
✭✸✮ t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧s✳

❆❧❧ t❤❡s❡ ♠❡❛s✉r❡s ❛r❡ ❡st✐♠❛t❡s ♦♥❧② ❜❡❝❛✉s❡ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐s ❛❧s♦
✐♥✢✉❡♥❝❡❞✱ ❡✳❣✳✱ ❜② t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡ t✐♠❡ s♣❡♥t ✐♥ ❞♦♠✐♥❛♥❝❡ t❡sts✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥
t✐♠❡ ✐s ❤♦✇❡✈❡r ♥♦t ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s✳
❲❤❡♥ ❆❧❣♦r✐t❤♠ ✶ t❡r♠✐♥❛t❡s✱ ❝♦♠♣❛t✐❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ♠✉st ❜❡

♠❡r❣❡❞ t♦ ♦❜t❛✐♥ ❝♦♠♣❧❡t❡ s✲t✲♣❛t❤s✳ ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ ❡❧❛❜♦r❛t❡ ❛ ❤❛❧❢✲✇❛②
♣♦✐♥t t❡st t❤❛t ❛✈♦✐❞s t❤❡ ❝r❡❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ s✲t✲♣❛t❤ ❢r♦♠ ❞✐✛❡r❡♥t ♣❛✐rs ♦❢ ❢♦r✇❛r❞
❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s✳
❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✳ ❘❡❝❛❧❧ t❤❛t ❜✐❞✐r❡❝t✐♦♥❛❧

❧❛❜❡❧✐♥❣ ✇✐t❤ ❛ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t Hstat = 6,180 ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ t✐♠❡ ❤♦r✐③♦♥ r❡✲
❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ❜② ❛♣♣r♦①✐♠❛t❡❧② ✺✵✪ ❝♦♠♣❛r❡❞ t♦ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞
❧❛❜❡❧✐♥❣ ✭❡✈❡♥ ♠♦r❡ ❝♦♠♣❛r❡❞ t♦ ❜❛❝❦✇❛r❞✮✳ ❆❧t❤♦✉❣❤ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❜❛❝❦✇❛r❞
❧❛❜❡❧s ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r✇❛r❞ ❧❛❜❡❧s✱ ♦✉r ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s s♠❛❧❧❡r
t❤❛♥ t❤❡ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✳ ❚❤✐s ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✲
✇❛r❞ ❧❛❜❡❧✐♥❣✱ s✐♥❝❡ t❤❡ str♦♥❣ ✐♥❝r❡❛s❡ ♦❢ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ♦❝❝✉rs ❛t s♠❛❧❧ t✐♠❡ ✈❛❧✉❡s T
t❤❛t ❛r❡ ♥♦t r❡❧❡✈❛♥t ❢♦r t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✐❢ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐st ❝❤♦s❡♥ ❧❛r❣❡r✳
❚❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶ r❡s✉❧ts ❢r♦♠ t❤❡ str❛t❡❣② ♦❢ ❝❤♦♦s✐♥❣
t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧s✳ ❋♦r t❤✐s ❙PP❘❈ ✐♥st❛♥❝❡✱
t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t Hdyn = 4,158 ♠✐ss❡s t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ Min = 4,941 ♦❢
t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ st❛t✐❝ ❤❛❧❢✲✇❛②



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✶✺

♣♦✐♥t✱ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s ✐s ❢✉rt❤❡r r❡❞✉❝❡❞ ❜② ❛r♦✉♥❞ ✸✵✪✳

✷✳✸ Pr♦❜❧❡♠ ❉❡s❝r✐♣t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❦❡t❝❤ t❤❡ t❤r❡❡ ❝♦♥s✐❞❡r❡❞ ❱❘P ✈❛r✐❛♥ts✱ ❣✐✈❡ r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ♠♦st
❡✛❡❝t✐✈❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❜❛s❡❞ ❛❧❣♦r✐t❤♠s✱ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ r❡s♦✉r❝❡s t❤❛t ❤❛✈❡ ❜❡❡♥
✉s❡❞ ✐♥ t❤❡ ❉P ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣♦✐♥t ♦✉t t❤♦s❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❞✐✛❡r
s✐❣♥✐✜❝❛♥t❧②✳

✷✳✸✳✶ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❚✐♠❡ ❲✐♥❞♦✇s ✭❱❘P❚❲✮

❚❤❡ ❱❘P❚❲ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘P ✐♥ ✇❤✐❝❤ ❛❞❞✐t✐♦♥❛❧❧② tr❛✈❡❧ t✐♠❡s
❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❛♥❞ ✐t ✐s r❡q✉✐r❡❞ t❤❛t t❤❡ s❡r✈✐❝❡ ❛t ❛ ❝✉st♦♠❡r st❛rts
✇✐t❤✐♥ ❛ ♣r❡✲s♣❡❝✐✜❡❞ ❤❛r❞ t✐♠❡ ✇✐♥❞♦✇✳ ❙✉r✈❡②s ♦♥ t❤❡ ❱❘P❚❲ ❛r❡ ✭❈♦r❞❡❛✉ ❡t ❛❧✳✱
✷✵✵✷❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✵❀ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✷❜❀ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✹✮✳ ❉✐✛❡r❡♥t
❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ✇❡r❡ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❱❘P❚❲ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
✭❡✳❣✳✱ ❉❡sr♦❝❤❡rs ❡t ❛❧✳✱ ✶✾✾✷❀ ❑♦❤❧ ❡t ❛❧✳✱ ✶✾✾✾❀ ■r♥✐❝❤ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱ ✷✵✵✻❀ ❉❡s❛✉❧♥✐❡rs
❡t ❛❧✳✱ ✷✵✵✽✮✳
❲❤❡♥ s♦❧✈✐♥❣ t❤❡ ❙PP❘❈ ♦❢ t❤❡ ❱❘P❚❲ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s♦✉r❝❡s

❞❡s❝r✐❜❡ t❤❡ st❛t❡ ♦❢ ❛ ✈❡❤✐❝❧❡ ❛t t❤❡ ❡♥❞ ♦❢ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ P ❢r♦♠ t❤❡ s♦✉r❝❡
✈❡rt❡① s t♦ ❛ ✈❡rt❡① i ∈ V ✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❛❜❡❧ Fi =

(
F cost
i , F load

i , F time
i , (F custn

i )n∈N
)
✱

✇❤❡r❡ N ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❝✉st♦♠❡rs✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❧❛❜❡❧ ❛r❡✿

F cost
i ✿ r❡❞✉❝❡❞ ❝♦st ♦❢ ♣❛t❤ P ❀

F load
i ✿ t♦t❛❧ ❧♦❛❞ ❝♦❧❧❡❝t❡❞ ❛❧♦♥❣ ♣❛t❤ P ❀

F time
i ✿ ❡❛r❧✐❡st s❡r✈✐❝❡ st❛rt t✐♠❡ ❛t ✈❡rt❡① i❀

F custn
i ✿ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t ❝✉st♦♠❡r n ∈ N ✐s ✈✐s✐t❡❞ ❛❧♦♥❣ ♣❛t❤ P ✳ ❚❤❡ ❛t✲

tr✐❜✉t❡ ✐s ❛❧s♦ s❡t t♦ 1 ✐❢ ❝✉st♦♠❡r n ✐s ✉♥r❡❛❝❤❛❜❧❡ ❢r♦♠ P ✭❢♦r ❞❡t❛✐❧s s❡❡
❋❡✐❧❧❡t ❡t ❛❧✳✱ ✷✵✵✹✮✳

❆ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Bi ❞❡s❝r✐❜❡s t❤❡ st❛t❡ ♦❢ ❛ ✈❡❤✐❝❧❡ ❛t t❤❡ st❛rt ♦❢ ❛ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧
♣❛t❤ P ❢r♦♠ ❛ ✈❡rt❡① i ∈ V t♦ t❤❡ s✐♥❦ ✈❡rt❡① t✳ ■ts ❝♦♠♣♦♥❡♥ts Bcost

i ❛♥❞ (Bcustn
i )n∈N

❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ❢♦r✇❛r❞ ❝❛s❡✱ ✇❤❡r❡❛s t❤❡ t✐♠❡✲r❡❧❛t❡❞ r❡s♦✉r❝❡ Btime
i ❛♥❞ t❤❡

❧♦❛❞✲r❡❧❛t❡❞ r❡s♦✉r❝❡ Bload
i ❤❛✈❡ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♠❡❛♥✐♥❣✿

Bload
i ✿ r❡s✐❞✉❛❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ ❛❧♦♥❣ ♣❛t❤ P ❀

Btime
i ✿ ❧❛t❡st s❡r✈✐❝❡ st❛rt t✐♠❡ ❛t ✈❡rt❡① i✳

❉❡t❛✐❧s ❛❜♦✉t t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧s✱ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡s♦✉r❝❡s✱
t❤❡ ❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❢♦r✇❛r❞ ♦r t✇♦ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛
❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❘✐❣❤✐♥✐ ❛♥❞
❙❛❧❛♥✐✱ ✷✵✵✻❀ ■r♥✐❝❤✱ ✷✵✵✽✮✳ ◆♦t❡ t❤❛t ✐t ✐s ❣❡♥❡r❛❧❧② ♥♦t ♥❡❝❡ss❛r② t♦ s♦❧✈❡ t❤❡ ❞❡s❝r✐❜❡❞
❡❧❡♠❡♥t❛r② ✈❡rs✐♦♥ ♦❢ t❤❡ ❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s NP ✲❤❛r❞ ✐♥ t❤❡ str♦♥❣ s❡♥s❡✳
■♥❞❡❡❞✱ st❛t❡✲♦❢✲t❤❡✲❛rt ❛♣♣r♦❛❝❤❡s t♦ ♠♦st ❱❘P ✈❛r✐❛♥ts r❡❧② ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ng✲♣❛t❤



✶✻ ✷✳✸✳ Pr♦❜❧❡♠ ❉❡s❝r✐♣t✐♦♥s

r❡❧❛①❛t✐♦♥ t❤❛t ❛❧❧♦✇s ❝❡rt❛✐♥ ♥♦♥✲❡❧❡♠❡♥t❛r✐t✐❡s✳ ❋♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙PP❘❈s✱ t❤❡
❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ♣s❡✉❞♦✲♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t②✳ ■♥❢❡❛s✐❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❡❧❡♠❡♥t❛r✐t② ❝♦♥❞✐t✐♦♥ ♦❢ r♦✉t❡s ✐s t❤❡♥ ❡❧✐♠✐♥❛t❡❞ ❜② ❜r❛♥❝❤✐♥❣ ♦r ❜② ❞②♥❛♠✐❝❛❧❧②
❡♥❧❛r❣✐♥❣ t❤❡ ng✲♥❡✐❣❤❜♦r❤♦♦❞ s✐③❡ ✭s❡❡ ❇♦❧❛♥❞ ❡t ❛❧✳✱ ✷✵✵✻❀ ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✽❀
❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✷❜✮✳ ❋♦r ♥❡❝❡ss❛r② ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ r❡s♦✉r❝❡s (F custn

i )n∈N ❛♥❞
(Bcustn

i )n∈N ✇❤❡♥ ✉s✐♥❣ t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ s❡❡ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❞✮✳
◆♦t❡ t❤❛t ❛❧♦♥❣ ❛ ♣❛rt✐❛❧ ♣❛t❤ t❤❡ t✐♠❡✲r❡❧❛t❡❞ ❛♥❞ ❧♦❛❞✲r❡❧❛t❡❞ r❡s♦✉r❝❡s ❛r❡ ♠♦♥♦✲

t♦♥❡✳ ❆❧♦♥❣ ❛ ❢♦r✇❛r❞ ♣❛t❤✱ ❡❛r❧✐❡st s❡r✈✐❝❡ st❛rt t✐♠❡s ❛♥❞ ❝♦❧❧❡❝t❡❞ q✉❛♥t✐t✐❡s ❛r❡
♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❆❧♦♥❣ ❛ ❜❛❝❦✇❛r❞ ♣❛t❤✱ ♥♦✇ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ s✐♥❦
✈❡rt❡① t t♦ t❤❡ s♦✉r❝❡ ✈❡rt❡① s✱ ❧❛t❡st s❡r✈✐❝❡ st❛rt t✐♠❡s ❛♥❞ r❡s✐❞✉❛❧ ❝❛♣❛❝✐t✐❡s ❛r❡ ♥♦♥✲
✐♥❝r❡❛s✐♥❣✳ ❍❡♥❝❡✱ ❜♦t❤ r❡s♦✉r❝❡s ❛r❡ s✉✐t❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡✳ ■❢ t❤❡
t✐♠❡ r❡s♦✉r❝❡ ✐s ❝❤♦s❡♥✱ t❤❡ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ♦❢t❡♥ s❡t t♦ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ t✐♠❡
❤♦r✐③♦♥✱ ✐✳❡✳✱ Htime = (as+bt)/2✱ ✇❤❡r❡ as ✐s t❤❡ ❡❛r❧✐❡st st❛rt t✐♠❡ ❛t t❤❡ s♦✉r❝❡ ✈❡rt❡① s
❛♥❞ bt ✐s t❤❡ ❧❛t❡st ❛rr✐✈❛❧ t✐♠❡ ❛t t❤❡ s✐♥❦ ✈❡rt❡① t✳ ■❢ t❤❡ ❧♦❛❞ r❡s♦✉r❝❡ ✐s ❝❤♦s❡♥✱ t❤❡
st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s t②♣✐❝❛❧❧② s❡t t♦ H load = Q/2✱ ✇❤❡r❡ Q ✐s t❤❡ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t②✳ ❚❤❡
❞❡❝✐s✐♦♥ ♦❢ ✉s✐♥❣ Htime ♦r H load s❤♦✉❧❞ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡t❤❡r t✐♠❡✲✇✐♥❞♦✇ ♦r ❝❛♣❛❝✲
✐t② ❝♦♥str❛✐♥ts ❛r❡ ♠♦r❡ r❡str✐❝t✐✈❡ ✐♥ ❛ ❣✐✈❡♥ ❱❘P❚❲ ✐♥st❛♥❝❡✳ ❚❤❡ ♠♦r❡ ❝♦♥str❛✐♥❡❞
t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ✐s✱ t❤❡ ♠♦r❡ ❡✛❡❝t✐✈❡ ✐s ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳

✷✳✸✳✷ ❊❧❡❝tr✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❚✐♠❡ ❲✐♥❞♦✇s
✭❊❱❘P❚❲✮

❚❤❡ ❊❱❘P❚❲ ✐s ❛ s♣❡❝✐❛❧ ✈❛r✐❛♥t ♦❢ t❤❡ ❱❘P❚❲ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧✐♠✐t❡❞ ❞r✐✈✐♥❣
r❛♥❣❡ ♦❢ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❝❤❛r❣❡ ❛t r❡❝❤❛r❣✐♥❣ st❛t✐♦♥s✳ ❆s ✐♥
t❤❡ ❱❘P❚❲✱ ❛ s❡t ♦❢ ❝✉st♦♠❡rs ♠✉st ❜❡ ✈✐s✐t❡❞ ❡①❛❝t❧② ♦♥❝❡ ❞✉r✐♥❣ t❤❡✐r s❡r✈✐❝❡ t✐♠❡
✇✐♥❞♦✇s ❜② ✈❡❤✐❝❧❡s ✇✐t❤ ❛ ❧✐♠✐t❡❞ ❝❛♣❛❝✐t②✳ ❇❡❝❛✉s❡ ♦❢ r❛t❤❡r s❤♦rt ❝r✉✐s✐♥❣ r❛♥❣❡s ♦❢
❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡s ❛♥❞ t❤❡ r❡str✐❝t❡❞ ♥✉♠❜❡r ♦❢ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥s✱ t❤❡ r❡❢✉❡❧✐♥❣ ❤❛s t♦ ❜❡
❝♦♥s✐❞❡r❡❞ ❡①♣❧✐❝✐t❧② ✇✐t❤ ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ r❡❝❤❛r❣✐♥❣ t✐♠❡✳
❚❤❡ ♣r♦❜❧❡♠ ✇❛s ✜rst ♠❡♥t✐♦♥❡❞ ❜② ❙❝❤♥❡✐❞❡r ❡t ❛❧✳ ✭✷✵✶✹✮ ✇❤♦ ♣r♦♣♦s❡❞ ❛♥ ❡✛❡❝t✐✈❡

❤②❜r✐❞ ♠❡t❛❤❡✉r✐st✐❝✳ ❚❤❡ ✜rst ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❊❱❘P❚❲ ✇❛s
❞❡✈❡❧♦♣❡❞ ❜② ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✶✻❛✮✳ ❚❤❡② ❝♦♥s✐❞❡r ❢♦✉r ♣r♦❜❧❡♠ ✈❛r✐❛♥ts ❜② ❞✐st✐♥✲
❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ❛ ♠❛①✐♠✉♠ ♦❢ ♦♥❡ r❡❝❤❛r❣❡ ♣❡r r♦✉t❡ ❛♥❞ ♠✉❧t✐♣❧❡ ♣♦ss✐❜❧❡ r❡❝❤❛r❣❡s
❛s ✇❡❧❧ ❛s ❜❡t✇❡❡♥ t❤❡ ❢✉❧❧ ❛♥❞ t❤❡ ♣❛rt✐❛❧ r❡❝❤❛r❣❡ ♣♦❧✐❝✐❡s✳ ❚❤❡ ❢✉❧❧ r❡❝❤❛r❣❡ ♣♦❧✐❝② r❡✲
q✉✐r❡s t❤❛t t❤❡ ❜❛tt❡r② ✐s ❛❧✇❛②s ✜❧❧❡❞ ✉♣ ❝♦♠♣❧❡t❡❧② ❛t ❡✈❡r② r❡❝❤❛r❣❡ ✇❤✐❧❡ t❤❡ ♣❛rt✐❛❧
r❡❝❤❛r❣❡ ♣♦❧✐❝② ❛❧❧♦✇s ❛♥② ❛♠♦✉♥t ♦❢ ❡❧❡❝tr✐❝❛❧ ❡♥❡r❣② t♦ ❜❡ r❡❝❤❛r❣❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ✈❛r✐❛♥t ✇✐t❤ ♠✉❧t✐♣❧❡ ❢✉❧❧ r❡❝❤❛r❣❡s ✭▼❋✮ t❤❛t r❡q✉✐r❡s ❛ ❞✐✣❝✉❧t
❛♥❞ t❤❡ ♠♦st ❛s②♠♠❡tr✐❝ ❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❛♠♦♥❣ t❤❡s❡ ❢♦✉r ✈❛r✐❛♥ts✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❙PP❘❈ r❡s♦✉r❝❡s ✭F cost

i , F load
i , F time

i ✱ ❛♥❞ F custn
i )

♦❢ t❤❡ ❱❘P❚❲✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❤❛s t♦ ❜❡ st♦r❡❞ ✐♥ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧ Fi t♦
❞❡t❡r♠✐♥❡ t❤❡ st❛t✉s ♦❢ t❤❡ ✈❡❤✐❝❧❡ r♦✉t❡❞ ❛❧♦♥❣ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ P ❢r♦♠ t❤❡
s♦✉r❝❡ ✈❡rt❡① s ✉♣ t♦ ✈❡rt❡① i ∈ V ✿

F rch
i ✿ ♥✉♠❜❡r ♦❢ r❡❝❤❛r❣❡s ♣❡r❢♦r♠❡❞ ❛❧♦♥❣ ♣❛t❤ P ❀

F rt
i ✿ ❝✉♠✉❧❛t❡❞ r❡q✉✐r❡❞ r❡❝❤❛r❣✐♥❣ t✐♠❡ s✐♥❝❡ t❤❡ ❧❛st r❡❝❤❛r❣❡ ❛❧♦♥❣ ♣❛t❤ P



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✶✼

✭♦r s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ P ✐❢ P ❝♦♥t❛✐♥s ♥♦ r❡❝❤❛r❣❡✮✳

❚❤❡r❡ ❛r❡ ❢♦✉r t②♣❡s ♦❢ ✈❡rt✐❝❡s ✐♥ t❤❡ ❊❱❘❚P❲✿ t❤❡ s♦✉r❝❡ ✈❡rt❡① s✱ t❤❡ s✐♥❦ ✈❡rt❡① t✱
t❤❡ ❝✉st♦♠❡rs n ∈ N ✱ ❛♥❞ t❤❡ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥s r ∈ R✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ t✇♦ t②♣❡s
♦❢ ❘❊❋s fij ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ ✈❡rt❡① i ❢r♦♠ ✇❤✐❝❤ t❤❡ ❧❛❜❡❧ ✐s ❡①t❡♥❞❡❞✳ ▲❡❛✈✐♥❣
❛ ❝✉st♦♠❡r ♦r ❞❡♣♦t ✈❡rt❡① r❡q✉✐r❡s t❤❡ s❛♠❡ r❡s♦✉r❝❡ ✉♣❞❛t❡ ❛s ✐♥ t❤❡ ❱❘P❚❲ ❛♥❞ ❛♥
✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡q✉✐r❡❞ r❡❝❤❛r❣✐♥❣ t✐♠❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❛ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ ✐s ❧❡❢t✱ t❤❡
r❡q✉✐r❡❞ r❡❝❤❛r❣✐♥❣ t✐♠❡ F rt

i ✐s ❛❞❞❡❞ t♦ t❤❡ t✐♠❡ r❡s♦✉r❝❡ F time
j t♦ r❡♣r❡s❡♥t t❤❡ ❢✉❧❧

r❡❝❤❛r❣❡✱ F rt
j ✐s r❡s❡t✱ ❛♥❞ t❤❡ r❡❝❤❛r❣❡ ❝♦✉♥t❡r ✐s ✐♥❝r❡❛s❡❞ ❜② ✶✳

❚❤❡ ❜❛❝❦✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ s✐♥❝❡ t❤❡ ♥❡❝❡ss❛r② r❡❝❤❛r❣✐♥❣ ❛♠♦✉♥t
❛t ❛ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ ✐s ♥♦t ❡①❛❝t❧② ❦♥♦✇♥✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠❡❞ ❝❤r♦♥♦✲
❧♦❣✐❝❛❧❧② ❜❡❢♦r❡ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♥♦t ②❡t ❞❡t❡r♠✐♥❡❞ ✇❤❡♥ ❛ r❡❝❤❛r❣✐♥❣ st❛✲
t✐♦♥ ✐s r❡❛❝❤❡❞ ✐♥ ❛ ❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥ st❡♣✳ ❚❤✉s✱ ❢♦r ❞❡s❝r✐❜✐♥❣ ❛ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧
♣❛t❤ P ❢r♦♠ ❛ ✈❡rt❡① i ∈ V t♦ t❤❡ s✐♥❦ ✈❡rt❡① t r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❛❜❡❧ Bi✱ t❤❡ st❛♥❞❛r❞
r❡s♦✉r❝❡s ✭Bcost

i , Bload
i , Btime

i ✱ ❛♥❞ Bcustn
i ✮ ♦❢ t❤❡ ❱❘P❚❲ ❛r❡ ❝♦♠♣❧❡♠❡♥t❡❞ ❜② ❢♦✉r

♦t❤❡r r❡s♦✉r❝❡s❀ t✇♦ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛♥❞ t✇♦ ♥❡✇ r❡s♦✉r❝❡s✿

Bnrch
i ✿ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r ♦❢ r❡❝❤❛r❣❡s ♣❡r❢♦r♠❡❞ ❛❧♦♥❣ ♣❛t❤ P ❡①❝❡♣t ❛t t❤❡ ❧❛st

✈❡rt❡① i❀

Brt
i ✿ ❝✉♠✉❧❛t❡❞ r❡q✉✐r❡❞ r❡❝❤❛r❣✐♥❣ t✐♠❡ ♥❡❡❞❡❞ t♦ r❡❝♦✈❡r t❤❡ ❡♥❡r❣② ❝♦♥s✉♠❡❞

✉♣ t♦ t❤❡ ♥❡①t r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ r ✭♦r ❝♦♥s✉♠❡❞ ❛❧♦♥❣ P ✐❢ ♥♦ r❡❝❤❛r❣❡ ✐s
♣❡r❢♦r♠❡❞✮❀

Bsl
i ✿ ✐❢ ❛ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ ✐s ✈✐s✐t❡❞ ❛❧♦♥❣ ♣❛t❤ P ✱ t❤✐s ✐s t❤❡ ❝✉♠✉❧❛t❡❞ s❧❛❝❦

t✐♠❡ ❛t ✈❡rt❡① i t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r r❡❝❤❛r❣✐♥❣ ❛t t❤❡ ♥❡①t r❡❝❤❛r❣✐♥❣
st❛t✐♦♥ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❧❛t❡st s❡r✈✐❝❡ st❛rt t✐♠❡ ❛t i❀

Bavrt
i ✿ ✐❢ ❛ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ ✐s ✈✐s✐t❡❞ ❛❧♦♥❣ ♣❛t❤ P ✱ t❤✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❛❞✲

❞✐t✐♦♥❛❧❧② ❛✈❛✐❧❛❜❧❡ r❡❝❤❛r❣✐♥❣ t✐♠❡ ❛t t❤❡ ♥❡①t r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ t❤❛t
❡♥s✉r❡s t✐♠❡ ✇✐♥❞♦✇ ❢❡❛s✐❜✐❧✐t② ❛❧♦♥❣ P ✳

❇❛❝❦✇❛r❞ ❘❊❋s bij ❞❡♣❡♥❞ ♦♥ ✇❤❡t❤❡r ❛ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥ ✇❛s ✈✐s✐t❡❞ ♦♥ t❤❡ ♣❛t❤
❛♥❞ ♦♥ t❤❡ t②♣❡ ♦❢ ✈❡rt❡① j✳ ❋✉rt❤❡r ❞❡t❛✐❧s s✉❝❤ ❛s t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧s✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛❧❧ ❘❊❋s✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝❤❡❝❦s✱ t❤❡ ❞♦♠✐♥❛♥❝❡ r✉❧❡s✱ ❛♥❞ t❤❡ ♠❡r❣✐♥❣ ❝♦♥❞✐t✐♦♥s ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ✭❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✻❛✮✳ ❙✉♠♠❛r✐③✐♥❣✱ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ✉s❡s t✇♦
❛❞❞✐t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ❤❛s ❛ ✇❡❛❦❡r ❞♦♠✐♥❛♥❝❡ t❤❛♥ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ ❛♥❞ r❡q✉✐r❡s
♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt✳
❆s ✐♥ t❤❡ ❱❘P❚❲✱ ❜♦t❤ t❤❡ t✐♠❡ ❛♥❞ t❤❡ ❧♦❛❞ r❡s♦✉r❝❡ ❛r❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛❧♦♥❣ ❛

❢♦r✇❛r❞ ♣❛t❤ ❛♥❞ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❛❧♦♥❣ ❛ ❜❛❝❦✇❛r❞ ♣❛t❤✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❛r❡ s✉✐t❛❜❧❡
♠♦♥♦t♦♥❡ r❡s♦✉r❝❡s ❢♦r t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ❞❡✜♥✐t✐♦♥✳

✷✳✸✳✸ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ ❛♥❞ ❚r✉❝❦ ❉r✐✈❡r ❙❝❤❡❞✉❧✐♥❣ Pr♦❜❧❡♠
✭❱❘❚❉❙P✮

❚❤❡ ❱❘❚❉❙P ✐s t❤❡ ✈❛r✐❛♥t ♦❢ t❤❡ ❱❘P❚❲ t❤❛t s❝❤❡❞✉❧❡s t❤❡ ✈❡❤✐❝❧❡s ❛❝❝♦r❞✐♥❣ t♦
❝✉st♦♠❡r s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s✳ ❍♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉✲
❧❛t✐♦♥s ❢♦r tr✉❝❦ ❞r✐✈❡rs ❤❛✈❡ ❜❡❡♥ ✐♠♣♦s❡❞ ❜② ♠❛♥② ❣♦✈❡r♥♠❡♥ts ✇♦r❧❞✇✐❞❡ t♦ ❡♥s✉r❡



✶✽ ✷✳✸✳ Pr♦❜❧❡♠ ❉❡s❝r✐♣t✐♦♥s

t❤❛t ❜r❡❛❦ ❛♥❞ r❡st ♣❡r✐♦❞s ❛r❡ r❡❣✉❧❛r❧② t❛❦❡♥✳ ❚r❛♥s♣♦rt ❝♦♠♣❛♥✐❡s ❤❛✈❡ t♦ t❛❦❡ t❤❡s❡
✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ♣❧❛♥ t❤❡ r♦✉t❡s ❛♥❞ s❝❤❡❞✉❧❡s ♦❢ t❤❡✐r tr✉❝❦ ❞r✐✈❡rs s✐♠✉❧t❛♥❡♦✉s❧②✳
❘❡❝❡♥t❧②✱ ●♦❡❧ ❛♥❞ ■r♥✐❝❤ ✭✷✵✶✼✮ ♣r❡s❡♥t❡❞ t❤❡ ✜rst ❡①❛❝t ❛♣♣r♦❛❝❤ t♦ t❤❡ ❱❘❚❉❙P
❝♦♠♣❧②✐♥❣ ✇✐t❤ t❤❡ ♥❡✇ ❯✳❙✳ ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s✳ ❚❤❡② ✉s❡ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡
❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤❡ r❡s✉❧t✐♥❣ ❱❘❚❉❙P✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✉rr❡♥t ❯✳❙✳ r❡❣✉❧❛t✐♦♥s✱ ❛
❞r✐✈❡r ♠❛② t❛❦❡ ❜r❡❛❦ ❛♥❞ r❡st ♣❡r✐♦❞s ❛t ❛♥② t✐♠❡ ❛♥❞ ✇✐t❤ ❛♥② ❞✉r❛t✐♦♥ ❧❛r❣❡r t❤❛♥
✸✵ ♠✐♥✉t❡s ❛♥❞ t❡♥ ❤♦✉rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❞r✐✈✐♥❣ ♣❡r✐♦❞s ♠✉st ❜❡ s❝❤❡❞✉❧❡❞ ✐♥
❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ❞r✐✈❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ♥♦ ❧✐♠✐t❛t✐♦♥s r❡❣❛r❞✲
✐♥❣ s❡r✈✐❝❡ ❛❝t✐✈✐t✐❡s ❛r❡ ✐♠♣♦s❡❞ ❜② t❤❡ ❯✳❙✳ r❡❣✉❧❛t✐♦♥s✳ ❚❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❛r❡
s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✷✳✶✳

❙②♠❜♦❧ ❱❛❧✉❡ ❉❡s❝r✐♣t✐♦♥

tdrive ✶✶ ❤♦✉rs ❚❤❡ ♠❛①✐♠✉♠ ❛❝❝✉♠✉❧❛t❡❞ ❞r✐✈✐♥❣ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡
r❡st ♣❡r✐♦❞s

tbreak 1

2
❤♦✉rs ❚❤❡ ♠✐♥✐♠✉♠ ❞✉r❛t✐♦♥ ♦❢ ❛ ❜r❡❛❦ ♣❡r✐♦❞

trest ✶✵ ❤♦✉rs ❚❤❡ ♠✐♥✐♠✉♠ ❞✉r❛t✐♦♥ ♦❢ ❛ r❡st ♣❡r✐♦❞
tel|B ✽ ❤♦✉rs ❚❤❡ ♠❛①✐♠✉♠ t✐♠❡ ❛❢t❡r t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ❜r❡❛❦ ♦r r❡st ♣❡r✐♦❞

✉♥t✐❧ ✇❤✐❝❤ ❛ ❞r✐✈❡r ♠❛② ❞r✐✈❡

tel|R ✶✹ ❤♦✉rs ❚❤❡ ♠❛①✐♠✉♠ t✐♠❡ ❛❢t❡r t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st r❡st ♣❡r✐♦❞ ✉♥t✐❧
✇❤✐❝❤ ❛ ❞r✐✈❡r ♠❛② ❞r✐✈❡

❚❛❜❧❡ ✷✳✶✿ P❛r❛♠❡t❡rs ✐♠♣♦s❡❞ ❜② t❤❡ ♥❡✇ ❯✳❙✳ ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s ✭❚❛❜❧❡ ✶ ✐♥
●♦❡❧ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✼✮

i nij j
f start
ij

fdrive
ij

f rest
ijf break

ij

fvisit
ij

❋✐❣✉r❡ ✷✳✷✿ ❙✉❜♥❡t✇♦r❦ ❢♦r ❛r❝ (i, j) ∈ A ✭s✐♠✐❧❛r t♦ ❋✐❣✉r❡ ✶ ✐♥ ❚✐❧❦✱ ✷✵✶✻✮

❚❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠ ♦❢ t❤❡ ❱❘❚❉❙P ✐s ❛♥ ❙PP❘❈ t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t ❝❛♣❛❝✐t② ❛♥❞ t✐♠❡✲✇✐♥❞♦✇ ❝♦♥str❛✐♥ts ❛s ✇❡❧❧ ❛s ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s✳ ■♥
✭●♦❡❧ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✼✮✱ ✐t ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐♥ ❛♥ ❛✉①✐❧✐❛r②
♥❡t✇♦r❦ ✇❤❡r❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✈❡rt❡① nij ✐s ❝r❡❛t❡❞ ❢♦r ❡✈❡r② ❢❡❛s✐❜❧❡ ❛r❝ (i, j) ∈ A✳ ❋✐✈❡
❞✐✛❡r❡♥t ❘❊❋s ❛r❡ t❤❡♥ ♥❡❡❞❡❞ t♦ ♠♦❞❡❧ t❤❡ ❛❝t✐✈✐t✐❡s ♦❢ ❛ ✈❡❤✐❝❧❡ ❛♥❞ ✐ts ❞r✐✈❡r ♦♥ t❤❡



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✶✾

tr✐♣ ❢r♦♠ i t♦ j✱ s❡❡ ❋✐❣✉r❡ ✷✳✷✳ ❚❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❛ ♣❛rt✐❛❧ ♣❛t❤ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ❞r✐✈❡r✬s ❝✉rr❡♥t st❛t❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st❛♥❞❛r❞ ❱❘P❚❲ r❡s♦✉r❝❡s ✭F cost

i , F load
i , F time

i

❛♥❞ (F custn
i )n∈N ✮ ♦❢ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧ Fi ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ♣❛t❤ P ❢r♦♠ t❤❡ s♦✉r❝❡

✈❡rt❡① s t♦ ❛ ✈❡rt❡① i ∈ V ❛r❡ s✉♣♣❧❡♠❡♥t❡❞ ❜② s✐① ❛❞❞✐t✐♦♥❛❧ r❡s♦✉r❝❡s✿

F dist
i ✿ r❡♠❛✐♥✐♥❣ ❞r✐✈✐♥❣ t✐♠❡ t♦ r❡❛❝❤ t❤❡ ♥❡①t ❝✉st♦♠❡r❀

F drive
i ✿ ❛❝❝✉♠✉❧❛t❡❞ ❞r✐✈✐♥❣ t✐♠❡ s✐♥❝❡ t❤❡ ❧❛st r❡st❀

F
el|B
i ✿ t✐♠❡ ❡❧❛♣s❡❞ s✐♥❝❡ t❤❡ ❧❛st ❜r❡❛❦❀

F
el|R
i ✿ t✐♠❡ ❡❧❛♣s❡❞ s✐♥❝❡ t❤❡ ❧❛st r❡st❀

F
la|B
i ✿ ❧❛t❡st ♣♦ss✐❜❧❡ ♣♦✐♥t ✐♥ t✐♠❡ t♦ ✇❤✐❝❤ t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ❜r❡❛❦ ♣❡r✐♦❞ ❝❛♥

❜❡ ❡①t❡♥❞❡❞ ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ ❛♥② r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts❀

F
la|R
i ✿ ❧❛t❡st ♣♦ss✐❜❧❡ ♣♦✐♥t ✐♥ t✐♠❡ t♦ ✇❤✐❝❤ t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st r❡st ♣❡r✐♦❞ ❝❛♥ ❜❡

❡①t❡♥❞❡❞ ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ ❛♥② r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳

❚❤❡ ✜✈❡ ❘❊❋s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❋✐rst✱ t❤❡ ❘❊❋ f start
ij ♠♦❞❡❧s t❤❡ st❛rt ♦❢

t❤❡ tr✐♣ ❢r♦♠ i t♦ j ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r i ✇❛s s❡r✈✐❝❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ❘❊❋ fdrive
ij ✐♠♣❧❡♠❡♥ts

❛ ❞r✐✈✐♥❣ ❛❝t✐✈✐t② ♦❢ ∆ij t✐♠❡ ✉♥✐ts ✇✐t❤✐♥ t❤❡ tr✐♣ ❢r♦♠ i t♦ j✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❞r✐✈✐♥❣

t✐♠❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ∆ij = min{F dist
i , tdrive − F drive

i , tel|B − F
el|B
i , tel|R − F

el|R
i }✳ ■t

✐s t❤❡ ♠❛①✐♠❛❧ ❞r✐✈✐♥❣ t✐♠❡ t❤❛t ❞♦❡s ♥♦t ✈✐♦❧❛t❡ ❛♥② t✐♠❡✲✇✐♥❞♦✇ ♦r ❤♦✉rs ♦❢ s❡r✈✐❝❡
❝♦♥str❛✐♥ts✳ ❚❤✐r❞✱ t❛❦✐♥❣ ❛ ✸✵✲♠✐♥✉t❡ ❜r❡❛❦ ♦r ❛ t❡♥✲❤♦✉r r❡st ♦♥ t❤❡ tr✐♣ ❢r♦♠ i t♦ j
✐s ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡ ❘❊❋s f break

ij ❛♥❞ f rest
ij ✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐♥❛❧❧②✱ ♣❡r❢♦r♠✐♥❣ t❤❡ s❡r✈✐❝❡

❛t ❝✉st♦♠❡r j ✐s ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❘❊❋ fvisit
ij ✳ ❚❤✐s ❘❊❋ ❛❧s♦ ❡①t❡♥❞s t❤❡

❧❡♥❣t❤ ♦❢ t❤❡ ❧❛st r❡st ❛♥❞ ❜r❡❛❦ ♣❡r✐♦❞ ❜② ❛♥② ✉♥❛✈♦✐❞❛❜❧❡ ✇❛✐t✐♥❣ t✐♠❡✳
❚✐❧❦ ✭✷✵✶✻✮ r❡✜♥❡❞ t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ ♣r❡s❡♥t❡❞✱ ❛♠♦♥❣ ♦t❤❡r ❡♥❤❛♥❝❡♠❡♥ts✱ ❛ ❜✐❞✐✲

r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❱❘❚❉❙P✲s♣❡❝✐✜❝ ❙PP❘❈✳ ❚❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣
✐s ❞❡✜♥❡❞ ♦♥ ❛ t✐♠❡✲r❡✈❡rs❡❞ ♥❡t✇♦r❦ ✐♥ ✇❤✐❝❤ ❛❧❧ t✐♠❡ ✇✐♥❞♦✇s ❛r❡ ✐♥✈❡rt❡❞ ❛♥❞ ❛r❝s
❛r❡ r❡✈❡rs❡❞✳ ❚❤✐s ❛❧❧♦✇s t♦ ✉s❡ t❤❡ s❛♠❡ r❡s♦✉r❝❡s ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣ ❛s ✐♥ t❤❡
❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❘❊❋s ♥❡❡❞ t♦ ❜❡ s❧✐❣❤t❧② ❛❧t❡r❡❞ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❛t ✇❛✐t✐♥❣ ❛♥❞ s❡r✈✐❝❡ t✐♠❡s ❞♦ ♥♦t ❝♦✉♥t ❛s ❞r✐✈✐♥❣ t✐♠❡s ❛♥❞ ❛r❡✱ t❤❡r❡❢♦r❡✱
♥♦t r❡str✐❝t❡❞ ❜② t❤❡ ❤♦✉rs ♦❢ s❡r✈✐❝❡ r❡❣✉❧❛t✐♦♥s✳ ❆s ✇❛✐t✐♥❣ ♦❝❝✉rs ♦♥❧② ❜❡❢♦r❡ ❛♥❞
s❡r✈✐❝❡ ❛❢t❡r t❤❡ st❛rt ♦❢ ❛ s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇✱ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❛r❡
❛s②♠♠❡tr✐❝ ❞✉❡ t♦ t❤✐s ✜①❡❞ ❝❤r♦♥♦❧♦❣✐❝❛❧ ♦r❞❡r✳ ❉❡t❛✐❧s ❛❜♦✉t t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧s✱ t❤❡
❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡s♦✉r❝❡s✱ t❤❡ ❞♦♠✐♥❛♥❝❡ r✉❧❡s✱ t❤❡ ❢❡❛s✐❜✐❧✐t②
❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥❝❛t❡♥❛t✐♥❣ ❛ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✱ t❤❡ ❛❞❛♣t✐♦♥ ♦❢ t❤❡ ng✲♣❛t❤
r❡❧❛①❛t✐♦♥✱ ❛♥❞ ♦t❤❡r ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❚✐❧❦✱ ✷✵✶✻✮✳
❙✐♥❝❡ t❤❡ ❜❛❝❦✇❛r❞ t✐♠❡s ❛r❡ ♥❡❣❛t✐✈❡ ❞✉❡ t♦ t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦✱ t❤❡ t✐♠❡✲

r❡❧❛t❡❞ r❡s♦✉r❝❡ Btime ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ✐✳❡✳✱ Btime
i ≥ Btime

j

❢♦r ❛ ❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥ ❛❧♦♥❣ ❛r❝ (i, j) ∈ A✳ ❚♦ ♥❡✈❡rt❤❡❧❡ss ❛♣♣❧② ❆❧❣♦r✐t❤♠ ✶✱
t❤❡ ❢♦❧❧♦✇✐♥❣ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥ ✐s ♥❡❝❡ss❛r②✿ Btime ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② ✐ts ♥❡❣❛t✐✈❡
✈❛❧✉❡ Bres = −Btime ✐♥ ❙t❡♣s ✶✶ ❛♥❞ ✶✹✳ ❚❤❡ ❧♦❛❞✲r❡❧❛t❡❞ r❡s♦✉r❝❡ ❜❡❤❛✈❡s ❛s ✐♥ t❤❡
❱❘P❚❲✱ t❤✉s✱ ❜♦t❤ r❡s♦✉r❝❡s ❛r❡ s✉✐t❛❜❧❡ t♦ ❞❡✜♥❡ ❛ ❤❛❧❢✲✇❛② ♣♦✐♥t✳



✷✵ ✷✳✹✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

✷✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ r❡♣♦rts t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ♦♥ t❤❡ t❤r❡❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❱❘P ✈❛r✐❛♥ts✳
❆❧❧ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ P❈ ✇✐t❤ ❛♥ ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮ ✐✼✲✺✾✸✵❦
✸✳✺ ●❍③ ♣r♦❝❡ss♦r ❛♥❞ ✻✹ ●❇ ♦❢ ♠❛✐♥ ♠❡♠♦r②✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡r❡ ❝♦❞❡❞ ✐♥ ❈✰✰
❛♥❞ ❝♦♠♣✐❧❡❞ ✐♥t♦ ✻✹✲❜✐t s✐♥❣❧❡✲t❤r❡❛❞ ❝♦❞❡ ✇✐t❤ ▼❙ ❱✐s✉❛❧ ❙t✉❞✐♦ ✷✵✶✸✳ ❚❤❡ ❝❛❧❧❛❜❧❡
❧✐❜r❛r② ♦❢ ❈P▲❊❳ ✶✷✳✻✳✵ ✇❛s ✉s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ r❡str✐❝t❡❞ ♠❛st❡r ♣r♦❣r❛♠s ✭❘▼Ps✮
✐♥ t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ◆♦ ❜r❛♥❝❤✐♥❣ ✐s ♣❡r❢♦r♠❡❞✱ s✐♥❝❡ ✐♥ ♠♦st ❝❛s❡s
❞✐✛❡r❡♥t ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡s r❡s✉❧t ✇❤❡♥ ❝♦❧✉♠♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❞✐✛❡r❡♥t ❙PP❘❈
❛❧❣♦r✐t❤♠s✳ ❚❤✐s ♠❛❦❡s ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❢♦r t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ s❝❛tt❡r ♠♦r❡
❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ ✉s✐♥❣ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❝❛♥♥♦t ❜❡ ❞❡t❡r♠✐♥❡❞ ❛❝❝✉r❛t❡❧②
✇✐t❤ t❤❡ ✭r❡❧❛t✐✈❡❧② s♠❛❧❧✮ ❜❡♥❝❤♠❛r❦ s❡ts ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❣❡♥❡r❛❧
❜❡❤❛✈✐♦✉r ♦❢ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✭✲❛♥❞✲❝✉t✮ ❞♦❡s ♥♦t ❞✐✛❡r ♠✉❝❤✱ ♦♥ ❛✈❡r❛❣❡✱ ❢r♦♠ t❤❡
r❡s✉❧ts ✇❡ ♣r❡s❡♥t ❤❡r❡✳
Pr❡✲t❡sts r❡✈❡❛❧❡❞ t❤❛t t❤❡ t✐♠❡ r❡s♦✉r❝❡ ✐s ❜❡tt❡r s✉✐t❡❞ t♦ ❞❡✜♥❡ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t

t❤❛♥ t❤❡ ❧♦❛❞ r❡s♦✉r❝❡ ✐♥ ❛❧❧ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts✳ ❲❡ s❡t Htime = (as + bt)/2 t♦
❞❡✜♥❡ t❤❡ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛♥❞ ✐♥✐t✐❛❧✐③❡ t❤❡ ❞②♥❛♠✐❝ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❜② s❡tt✐♥❣
HF = bt ❛♥❞ HB = as✳ ▲❛❜❡❧s ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ ♦r❞❡r ♦❢ t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ❛♥❞ t✐❡s
❛r❡ ❜r♦❦❡♥ ❛r❜✐tr❛r✐❧②✳ ❚❤❡ ❞♦♠✐♥❛♥❝❡ ❛❧❣♦r✐t❤♠ ✐s ✐♥✈♦❦❡❞ ❡✈❡r② t✐♠❡ t❤❡ ✈❛❧✉❡ ♦❢ HF

♦r HB ❝❤❛♥❣❡s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ♥❡①t ❧❛❜❡❧ t♦ ❡①t❡♥❞ ✐s ❛ ❢♦r✇❛r❞ ♦r ❛
❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❜② ❝❤♦♦s✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧s
✭❢♦r✇❛r❞ ✐❢ t❤❡ ♥✉♠❜❡rs ❛r❡ ✐❞❡♥t✐❝❛❧✮✳ ■♥ ♣r❡✲t❡sts ♦♥ r❡❞✉❝❡❞ ✐♥st❛♥❝❡ s❡ts✱ t❤✐s str❛t❡❣②
❤❛s ♣r♦✈❡♥ t♦ ❜❡ s✉♣❡r✐♦r ♦♥ ❛✈❡r❛❣❡ t♦ t❤❡ ♦t❤❡r str❛t❡❣✐❡s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ❢♦r
t❤❡ t❤r❡❡ ❝♦♥s✐❞❡r❡❞ ❱❘P ✈❛r✐❛♥ts✳
❲❡ r✉♥ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ t❡sts✳ ■♥ t❤❡ ✜rst t②♣❡ ♦❢ t❡st✱ ✇❡ s♦❧✈❡ ❡✈❡r② ✐♥st❛♥❝❡

♦❢ t❤❡ ❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✉s✐♥❣ ❜♦t❤ t❤❡ st❛t✐❝ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥
❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♠❛st❡r ♣r♦❣r❛♠✳ ❙✐♥❝❡ ❜♦t❤ ✈❡rs✐♦♥s ❛r❡
s♦❧✈❡❞ ✇✐t❤ ✐❞❡♥t✐❝❛❧ r❡❞✉❝❡❞ ❝♦sts ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✐s ♥♦t ✐♠♣❛❝t❡❞ ❜②
❛♥ ♦t❤❡r✇✐s❡ ❞✐✛❡r❡♥t tr❛❥❡❝t♦r② ♦❢ t❤❡ ❞✉❛❧ ♣r✐❝❡s✳ ❚❤✉s✱ ✇❡ ❡①♣❡❝t t❤❡ ❞②♥❛♠✐❝✲t♦✲
st❛t✐❝ r❛t✐♦s t♦ ❜❡ ♠♦r❡ st❛❜❧❡ ❧❡❛❞✐♥❣ t♦ ♠♦r❡ r❡❧✐❛❜❧❡ r❡s✉❧ts✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
✈❛❧✉❡s ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡✿ t❤❡ r❛t✐♦s ❞②♥❛♠✐❝ t♦ st❛t✐❝ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s✱
t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡❞ ❧❛❜❡❧s✱ ❛♥❞ t❤❡ t✐♠❡ s♣❡♥t ✐♥ t❤❡ ♣r✐❝✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦❡✣❝✐❡♥t
♦❢ ✈❛r✐❛t✐♦♥ ✭❈❖❱✮ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✳ ❆❧❧ r❛t✐♦s ❛r❡ ❝♦♠♣✉t❡❞ ❛s ❣❡♦♠❡tr✐❝
♠❡❛♥s ♦✈❡r ❛❧❧ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s✳ ❲❡ ♣r♦✈✐❞❡ ♠✐♥✐♠✉♠✱ ❣❡♦♠❡tr✐❝ ♠❡❛♥✱ ❛♥❞ ♠❛①✐♠✉♠
♦❢ t❤❡s❡ ✈❛❧✉❡s✱ ❛❣❣r❡❣❛t❡❞ ♦✈❡r t❤❡ ❞✐✛❡r❡♥t ✐♥st❛♥❝❡ ❣r♦✉♣s✳ ❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ t✐♠❡ r❛t✐♦✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② t❤♦s❡ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ t❤❛t
t❛❦❡ ♠♦r❡ t❤❛♥ ✵✳✶ s❡❝♦♥❞s ✐♥ t❤❡ st❛t✐❝ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥✳ ❍❡r❡✇✐t❤✱ t❤❡ ✐♠♣❛❝t
♦❢ ✐♥❛❝❝✉r❛❝✐❡s ✐♥ t✐♠❡ ♠❡❛s✉r❡♠❡♥t ✐s r❡❞✉❝❡❞✳ ❲❤❡♥❡✈❡r t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ✐s ♥♦t
❝♦♠♣❧❡t❡❧② s♦❧✈❡❞ ✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t✱ t❤❡ ✈❛❧✉❡ ✐s t❛❦❡♥ ♦✈❡r t❤❡ ✐t❡r❛t✐♦♥s s♦❧✈❡❞ ❜②
❜♦t❤ ✈❡rs✐♦♥s ✉♣ t♦ t❤✐s ♣♦✐♥t✳
■♥ t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ t❡st✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘▼Ps ✇❤❡♥ ❡✐t❤❡r t❤❡

❞②♥❛♠✐❝ ♦r t❤❡ st❛t✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ✉s❡❞ ✐♥ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✳ ❋♦r
❡❛❝❤ ✐♥st❛♥❝❡ ❣r♦✉♣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❛r❡ r❡♣♦rt❡❞✿ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧❧② s♦❧✈❡❞



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✷✶

❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ❛♥❞ t❤❡ ❛✈❡r❛❣❡ s♦❧✉t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s ♥❡❡❞❡❞ ✐♥ t❤❡ st❛t✐❝ ❛♥❞
❞②♥❛♠✐❝ ✈❡rs✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❛✈❡r❛❣❡ ✐s t❛❦❡♥ ♦♥❧② ♦✈❡r t❤❡ ✐♥st❛♥❝❡s t❤❛t ✇❡r❡
s♦❧✈❡❞ ❜② ❜♦t❤ ✈❡rs✐♦♥s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s r❡♣♦rt t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❞✐✛❡r❡♥t ❱❘P ✈❛r✐❛♥ts ❛❧♦♥❣ ✇✐t❤

t❤❡ s❡tt✐♥❣s ❛♥❞ ✐♥st❛♥❝❡s t❤❡② ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤✳

✷✳✹✳✶ ❱❘P❚❲ ❘❡s✉❧ts

❲❡ t❡st ♦✉r ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❱❘P❚❲ ♦♥ t❤❡ ✺✻ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s
♦❢ ❙♦❧♦♠♦♥ ✭✶✾✽✼✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✉s❡ t❤❡ ✻✵ ✐♥st❛♥❝❡s ✇✐t❤ ✷✵✵ ❝✉st♦♠❡rs ♣r♦♣♦s❡❞
❜② ●❡❤r✐♥❣ ❛♥❞ ❍♦♠❜❡r❣❡r ✭✷✵✵✷✮✳ ❆ ❈P❯ t✐♠❡ ❧✐♠✐t ♦❢ ♦♥❡ ❤♦✉r ✐s ✉s❡❞ ❢♦r ❛❧❧ ❝♦♠♣✉✲
t❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ ✇✐t❤ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ s✐③❡ ♦❢ t❡♥ ✐s ❛♣♣❧✐❡❞✱
❛♥❞ ♥❡t✇♦r❦s ✇✐t❤ ❛ r❡❞✉❝❡❞ ❛r❝ s❡t ❛r❡ ✉s❡❞ ❛s ♣r✐❝✐♥❣ ❤❡✉r✐st✐❝s✳

■♥st❛♥❝❡ ❣r♦✉♣ ●❡♥❡r❛t❡❞ ❧❛❜❡❧s Pr♦❝❡ss❡❞ ❧❛❜❡❧s ❚✐♠❡ ❈❖❱

♠✐♥ ❛✈❣ ♠❛① ♠✐♥ ❛✈❣ ♠❛① ♠✐♥ ❛✈❣ ♠❛① ♠✐♥ ❛✈❣ ♠❛①

❙♦❧♦♠♦♥ ✵✳✼✻ ✵✳✾✺ ✶✳✵✽ ✵✳✻✽ ✵✳✾✷ ✶✳✵✽ ✵✳✻✽ ✵✳✾✻ ✶✳✶✺ ✵✳✵✷ ✵✳✶✺ ✵✳✺✷
●❡❤r✐♥❣ ✫ ❍♦♠❜❡r❣❡r ✵✳✼✷ ✵✳✾✶ ✶✳✵✽ ✵✳✺✽ ✵✳✽✹ ✶✳✵✻ ✵✳✸✷ ✵✳✼✼ ✶✳✶✻ ✵✳✵✽ ✵✳✷✷ ✶✳✶✾

❛❧❧ ✵✳✾✸ ✵✳✽✽ ✵✳✽✻ ✵✳✶✾

❙♦❧♦♠♦♥ ✭❙❘✮ ✵✳✼✻ ✵✳✾✹ ✶✳✵✽ ✵✳✻✽ ✵✳✾✷ ✶✳✵✾ ✵✳✹✼ ✵✳✽✾ ✶✳✷✽ ✵✳✵✷ ✵✳✶✹ ✵✳✺✷
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❚❛❜❧❡ ✷✳✷✿ ❱❘P❚❲✿ ❘❛t✐♦s ❢♦r ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❛♥❞ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇✐t❤ ✐❞❡♥✲
t✐❝❛❧ r❡❞✉❝❡❞ ❝♦st

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✜rst t②♣❡ ♦❢ t❡st✱ ✇❤❡r❡ ❧❛❜❡❧✐♥❣ ✇✐t❤ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛②
♣♦✐♥ts ✐s ❛♣♣❧✐❡❞ ✇✐t❤ ✐❞❡♥t✐❝❛❧ r❡❞✉❝❡❞ ❝♦st✱ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✷✳✷✳ ❚❤❡ ✈❛❧✉❡s
❛r❡ ❛❣❣r❡❣❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥st❛♥❝❡ ❣r♦✉♣✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ r❡s✉❧ts ❢♦r s♦❧✈✐♥❣ t❤❡
❧✐♥❡❛r r❡❧❛①❛t✐♦♥✱ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ✇❤❡♥ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s ✭❙❘✮ ❛r❡ ❛❞❞❡❞ ✭❏❡♣s❡♥
❡t ❛❧✳✱ ✷✵✵✽✮✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤♦s❡ ❙❘ ✐♥❡q✉❛❧✐t✐❡s ❞❡✜♥❡❞ ♦♥ s✉❜s❡ts ✇✐t❤ t❤r❡❡
✈❡rt✐❝❡s ❛s ♣r♦♣♦s❡❞ ❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❚♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ✈✐♦❧❛t❡❞ ✐♥❡q✉❛❧✐t✐❡s
❛❞❞❡❞ t♦ t❤❡ ❘▼P✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❝✉t✲❣❡♥❡r❛t✐♦♥ str❛t❡❣② ✇✐t❤ ✐❞❡♥t✐❝❛❧ ♣❛r❛♠❡t❡rs
❛s ♣r♦♣♦s❡❞ ❜② ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✵✽✮✳
❚❤❡ r❡s✉❧ts ❢♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ✇✐t❤♦✉t ❝✉ts ❛❧r❡❛❞② ✐♥❞✐❝❛t❡ t❤❛t t❤❡

❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s s✉♣❡r✐♦r✳ ❖♥❧② ✾✸✪ ♦❢ t❤❡ ❧❛❜❡❧s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ st❛t✐❝
✈❡rs✐♦♥ ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥✱ ❛♥❞ ♦♥❧② ✽✽✪ ♦❢ t❤❡ ❧❛❜❡❧s ♣r♦❝❡ss❡❞ ✐♥
t❤❡ st❛t✐❝ ✈❡rs✐♦♥ ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥✳ ❚❤❡ ❛✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢
t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ✐s r❡❞✉❝❡❞ t♦ ✽✻✪ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ st❛t✐❝✳ ❚❤❡ r❡♣♦rt❡❞ ❝♦❡✣❝✐❡♥t
♦❢ ✈❛r✐❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ✈❛r② ❜② ✶✾✪ ♦♥ ❛✈❡r❛❣❡
❛♠♦♥❣ t❤❡ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s ♦❢ ❡❛❝❤ ❱❘P ✐♥st❛♥❝❡✳ ❖✉r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s r❡s✉❧t ✐s
t❤❛t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦♥✈❡♥✐❡♥t ❤❛❧❢✲✇❛② ♣♦✐♥t ❞✐✛❡rs ❢r♦♠ ✐t❡r❛t✐♦♥ t♦ ✐t❡r❛t✐♦♥ ♦❢ t❤❡
♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ❚❤✉s✱ ❛♥② ❝❧❡✈❡r❧② ❝❤♦s❡♥ ❜✉t ✜①❡❞ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ♥♦♥❡t❤❡❧❡ss
✐♥❢❡r✐♦r ✐♥ ♠♦st ✐t❡r❛t✐♦♥s✳



✷✷ ✷✳✹✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

❲❤❡♥ ❙❘ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❘▼P✱ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❤❛r❞❡r
❜❡❝❛✉s❡ ♠♦r❡ r❡s♦✉r❝❡s ❛r❡ ✐♥✈♦❧✈❡❞ ❛♥❞ ❧❛❜❡❧s ❛r❡ ❧❡ss ❝♦♠♣❛r❛❜❧❡ ✐♥ t❡r♠s ♦❢ ❞♦♠✐♥❛♥❝❡✳
❚❤❡ r❛t✐♦s ❢♦r ❣❡♥❡r❛t❡❞ ❛♥❞ ♣r♦❝❡ss❡❞ ❧❛❜❡❧s ❞❡❝r❡❛s❡ s❧✐❣❤t❧②✱ ❜✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡
r❛t✐♦ ❞❡❝r❡❛s❡s ❜② ❛♥♦t❤❡r ✜✈❡ ♣❡r❝❡♥t ♦♥ ❛✈❡r❛❣❡✳
❚❛❜❧❡ ✷✳✸ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ t❡st✱ ✐✳❡✳✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥

st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❢♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ❍❡r❡✐♥✱ t❤❡ r❡s✉❧ts
❛r❡ ❛❧s♦ ❛❣❣r❡❣❛t❡❞ ♣❡r ✐♥st❛♥❝❡ ❣r♦✉♣✳ ◆♦ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✇❤❡♥
s♦❧✈✐♥❣ t❤❡ ❙♦❧♦♠♦♥ ✐♥st❛♥❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t
✐s ❛❜❧❡ t♦ s♦❧✈❡ t❤r❡❡ ♠♦r❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ♦❢ t❤❡ ●❡❤r✐♥❣ ✫ ❍♦♠❜❡r❣❡r ✐♥st❛♥❝❡s ❛♥❞
t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ❞❡❝r❡❛s❡s ❜② ❛r♦✉♥❞ ✸✵✪✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❜❡♥❡✜t ♦❢ ✉s✐♥❣ ❛
❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ❛♥❞ ❞✐✣❝✉❧t② ♦❢ t❤❡ ❙PP❘❈ ✐♥st❛♥❝❡s✳

■♥st❛♥❝❡ ❣r♦✉♣ ◆♦✳ s♦❧✈❡❞ ❆✈❣ t✐♠❡ ❬s❪

st❛t✐❝ ❞②♥❛♠✐❝ st❛t✐❝ ❞②♥❛♠✐❝

❙♦❧♦♠♦♥ ✺✻✴✺✻ ✺✻✴✺✻ ✶✶✽✳✻✹ ✶✶✶✳✷✹
●❡❤r✐♥❣ ✫ ❍♦♠❜❡r❣❡r ✹✻✴✻✵ ✹✾✴✻✵ ✻✼✹✳✸✷ ✹✻✻✳✺✶

❛❧❧ ✶✵✷✴✶✶✻ ✶✵✺✴✶✶✻ ✸✻✾✳✷✹ ✷✼✶✳✹✻

❚❛❜❧❡ ✷✳✸✿ ❱❘P❚❲✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✉s✐♥❣ st❛t✐❝ ✈s✳ ❞②♥❛♠✐❝ ❤❛❧❢✲
✇❛② ♣♦✐♥ts

✷✳✹✳✷ ❊❱❘P❚❲ ❘❡s✉❧ts

❚❤❡ ❡①♣❡r✐♠❡♥ts ❢♦r t❤❡ ❊❱❘P❚❲ ❛r❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ✺✻ ✐♥st❛♥❝❡s ✇✐t❤ ✶✵✵ ❝✉st♦♠❡rs
✐♥tr♦❞✉❝❡❞ ❜② ❙❝❤♥❡✐❞❡r ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❲❡ ✐♥❝♦r♣♦r❛t❡❞ t❤❡ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥s s✉❣❣❡st❡❞
❜② ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✶✻❛✮✳ ❙♠❛❧❧❡r ✐♥st❛♥❝❡s ❛r❡ ❝r❡❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ✜rst
✷✺ ❛♥❞ ✺✵ ❝✉st♦♠❡rs✳ ❚❤❡ ❈P❯ t✐♠❡ ❧✐♠✐t ✐s s❡t t♦ ♦♥❡ ❤♦✉r ♣❡r ✐♥st❛♥❝❡✳ ❆s ❢♦r t❤❡
❱❘P❚❲✱ t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ ✇✐t❤ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ s✐③❡ ♦❢ t❡♥ ✐s ❛♣♣❧✐❡❞✱ ❛♥❞ ❤❡✉r✐st✐❝
♣r✐❝✐♥❣ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② ✉s✐♥❣ r❡❞✉❝❡❞ ♥❡t✇♦r❦s✳
❚❤❡ ✈❛❧✉❡s ❛r❡ ❛❣❣r❡❣❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✐♥st❛♥❝❡s✳ ❈❤❛r❛❝✲

t❡r✐st✐❝s ♦❢ t❤❡ ✐♥st❛♥❝❡s ❛r❡ t❤❡ ❝✉st♦♠❡r ❞✐str✐❜✉t✐♦♥ ✭❈❂❝❧✉st❡r❡❞✱ ❘❂r❛♥❞♦♠✱ ❛♥❞
❘❈❂❜♦t❤✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ♣❡r ✐♥st❛♥❝❡ ✭✷✺✱ ✺✵✱ ❛♥❞ ✶✵✵✮✱ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ✭❙❡r✐❡s ✶ ❛♥❞ ❙❡r✐❡s ✷✮✳ ❙❡r✐❡s ✶ ❝♦♥t❛✐♥s t❤❡ ✐♥st❛♥❝❡ ❣r♦✉♣s C1✱
R1✱ ❛♥❞ RC1 ✇✐t❤ s❤♦rt❡r ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✱ ✇❤❡r❡❛s ❙❡r✐❡s ✷ ❝♦♠♣r✐s❡s t❤❡ r❡♠❛✐♥✐♥❣
✐♥st❛♥❝❡s ♦❢ t②♣❡ C2✱ R2✱ ❛♥❞ RC2 ✇✐t❤ ❧♦♥❣❡r ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✳
❚❛❜❧❡ ✷✳✹ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✜rst t②♣❡ ♦❢ t❡st✱ ✐✳❡✳✱ t❤❡ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥
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✵✳✼✹✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♥st❛♥❝❡ s✐③❡s✳ ❚❤❡ ❛✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡
r❡❞✉❝❡s t♦ ✻✸✪ ❢♦r t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ st❛t✐❝✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✈❛r✐❡s ❜② ✶✷✪ ♦♥ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ✐♥st❛♥❝❡✳
❆ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❢❛st❡r ✇✐t❤ t❤❡ st❛t✐❝ ❤❛❧❢✲
✇❛② ♣♦✐♥t ✐♥ ♦♥❧② ❡❧❡✈❡♥ ♦❢ t❤❡ ✶✻✽ ✐♥st❛♥❝❡s✱ ✇❤❡r❡ ♥♦♥❡ ♦❢ t❤❡s❡ ♠❛st❡r ♣r♦❣r❛♠s t❛❦❡s
❧♦♥❣❡r t❤❛♥ ✷✵ s❡❝♦♥❞s✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡s❡ ❡❧❡✈❡♥ ✐♥st❛♥❝❡s✱ ❡✐t❤❡r t❤❡ st❛t✐❝ ✐s ✈❡r②
❝❧♦s❡ t♦ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥ ❛❧❧ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s ♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s✐♥❣❧❡
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ t❛❦❡s ❧❡ss t❤❛♥ ✵✳✷ s❡❝♦♥❞s✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❊❱❘P❚❲✱ ❛❞❞✐♥❣ ❙❘
✐♥❡q✉❛❧✐t✐❡s t♦ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❤❛s ♥♦ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ❞②♥❛♠✐❝✲t♦✲st❛t✐❝
r❛t✐♦s✳

■♥st❛♥❝❡ ❣r♦✉♣ ◆♦✳ s♦❧✈❡❞ ❆✈❣ t✐♠❡ ❬s❪

st❛t✐❝ ❞②♥❛♠✐❝ st❛t✐❝ ❞②♥❛♠✐❝

✷✺ ✺✻✴✺✻ ✺✻✴✺✻ ✾✻✳✽✵ ✸✾✳✶✶
✺✵ ✺✶✴✺✻ ✺✹✴✺✻ ✼✵✷✳✵✽ ✸✽✽✳✸✷
✶✵✵ ✶✾✴✺✻ ✷✻✴✺✻ ✷✶✷✸✳✾✽ ✶✵✷✸✳✸✽

❛❧❧ ✶✷✻✴✶✻✽ ✶✸✻✴✶✻✽ ✻✹✻✳✻✵ ✸✷✼✳✾✷

❚❛❜❧❡ ✷✳✼✿ ❱❘❚❉❙P✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✉s✐♥❣ st❛t✐❝ ✈s✳ ❞②♥❛♠✐❝ ❤❛❧❢✲
✇❛② ♣♦✐♥ts

❚❛❜❧❡ ✷✳✼ r❡♣♦rts t❤❡ r❡s✉❧t ♦❢ t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ t❡st s❤♦✇✐♥❣ t❤❛t ❛❣❛✐♥ ❧❛❜❡❧✐♥❣ ✇✐t❤ ❛



❈❤❛♣t❡r ✷✳ ❉②♥❛♠✐❝ ❍❛❧❢✲❲❛② P♦✐♥ts ✐♥ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✷✺

❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s s✉♣❡r✐♦r t♦ t❤❡ st❛t✐❝ ✈❡rs✐♦♥✳ ❚❡♥ ❛❞❞✐t✐♦♥❛❧ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s
❛r❡ s♦❧✈❡❞✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ✐♥st❛♥❝❡ t❛❦❡s ♦♥ ❛✈❡r❛❣❡ ❛♣♣r♦①✐♠❛t❡❧② ❤❛❧❢ ♦❢
t❤❡ t✐♠❡✳

✷✳✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❞❞r❡ss❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ✈❛r✐❛♥ts ♦❢ t❤❡ ❙PP❘❈ ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ ❜✐❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s t②♣❡ ♦❢ ❛❧❣♦r✐t❤♠
✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♦✲❝❛❧❧❡❞ ❤❛❧❢✲✇❛② ♣♦✐♥t s❡♣❛r❛t✐♥❣ t❤❡ ❢♦r✇❛r❞ ❢r♦♠ t❤❡
❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ■♥ ♣r❡✈✐♦✉s ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✱ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ❤❛❞
t♦ ❜❡ s♣❡❝✐✜❡❞ ❛ ♣r✐♦r✐✱ ❜❡❢♦r❡ t❤❡ ❧❛❜❡❧✐♥❣ ♣r♦❝❡❞✉r❡ st❛rts✳ ❲❡ ❡①♣❧♦✐t ❛s②♠♠❡tr②
✐♥ ✐♥♣✉t ❞❛t❛ ✭❝♦♥str❛✐♥ts ❛♥❞ r❡❞✉❝❡❞ ❝♦sts✮ ❛s ✇❡❧❧ ❛s ❛s②♠♠❡tr② ✐♥ t❤❡ ❢♦r✇❛r❞ ❛♥❞
❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ♣r♦❝❡ss ✭❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s✱ ❜♦✉♥❞✐♥❣ ♣r♦❝❡❞✉r❡s✱ ❛♥❞ ❞♦♠✐✲
♥❛♥❝❡ r✉❧❡s ♦❢ ❞✐✛❡r❡♥t str❡♥❣t❤✮ ❜② ❞❡✜♥✐♥❣ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥ts t❤❛t
❛r❡ ❞②♥❛♠✐❝❛❧❧② ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ❡①♣❡❝t❡❞ ✇♦r❦❧♦❛❞ t♦ ❜❡ s♣❡♥t ✐♥ ❢♦r✇❛r❞ ❛♥❞
❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❚❤❡s❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦❢ ❛ ♣♦ss✐❜❧❡ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t✳
❲❡ ❤❛✈❡ ❝♦♥❞✉❝t❡❞ ❡①t❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤r❡❡ t②♣❡s ♦❢ ❱❘Ps

✇❤❡r❡ ✇❡ ❝♦♠♣❛r❡❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s
✉s✐♥❣ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❋♦r t❤❡ ❱❘P❚❲✱ r❡♣❧❛❝✐♥❣ t❤❡ st❛t✐❝ ❜② t❤❡
♥❡✇ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t r❡❞✉❝❡s t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ♦❢ ❙PP❘❈s ❜② ❛♣♣r♦①✐♠❛t❡❧② ✶✺
t♦ ✷✵✪✳ ❈♦♠♣❛r✐♥❣ r❡s✉❧ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ✐♥❝♦r♣♦r❛t✐♥❣ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s ❛s
✇❡❧❧ ❛s ❙♦❧♦♠♦♥✬s ✶✵✵ ❝✉st♦♠❡rs ❛♥❞ ●❡❤r✐♥❣ ✫ ❍♦♠❜❡r❣❡r✬s ✷✵✵ ❝✉st♦♠❡r ✐♥st❛♥❝❡s✱ ✇❡
❢♦✉♥❞ t❤❛t t❤❡ ♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ ❧❛r❣❡r ❱❘P❚❲ ✐♥st❛♥❝❡s ❜❡♥❡✜t ♠♦r❡ ❢r♦♠ ❛ ❞②♥❛♠✐❝
❤❛❧❢✲✇❛② ♣♦✐♥t✳ ❋♦r t❤❡ ❊❱❘P❚❲✱ ✇❤✐❝❤ ❤❛s ♠♦r❡ ❙PP❘❈ r❡s♦✉r❝❡s ❛♥❞ ✐s ❛s②♠♠❡tr✐❝
✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ❛✈❡r❛❣❡
r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❜② ❛♣♣r♦①✐♠❛t❡❧② ✷✺✪✳ ❆❧s♦ ❤❡r❡✱ ♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ ❧❛r❣❡r
❙PP❘❈ ✐♥st❛♥❝❡s s✉❝❤ ❛s t❤❡ s❡❝♦♥❞ s❡r✐❡s ✇✐t❤ ✶✵✵ ❝✉st♦♠❡rs ♣r♦✜t ♠♦r❡ ✭✸✽✪ s♣❡❡❞✉♣
♦♥ ❛✈❡r❛❣❡✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❱❘❚❉❙P ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❱❘P ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❙PP❘❈ r❡s♦✉r❝❡s ❛♥❞ ❝♦♠♣❧❡① ❘❊❋s✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ r❡✈❡❛❧❡❞ t❤❛t ♦♥ ❛✈❡r❛❣❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❛r❡ r❡❞✉❝❡❞ ❜② ✸✼✪ ✭✹✶✪ ❢♦r t❤❡ ✶✵✵ ❝✉st♦♠❡r ✐♥st❛♥❝❡s✮✳
❚❤❡ ❣❡♥❡r❛❧ ✐♥s✐❣❤t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡ ❤❛r❞❡r t❤❡ ❙PP❘❈ ✐♥st❛♥❝❡✱

t❤❡ ♠♦r❡ ❡✛❡❝t✐✈❡ ✐s t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✈❡rs✐♦♥✳ ❚❤❡ ♥❡❝❡ss❛r② ♠♦❞✐✜❝❛t✐♦♥s
♥❡❡❞❡❞ t♦ ❛❧t❡r ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❙PP❘❈ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ st❛t✐❝ ✐♥t♦ ♦♥❡ ✇✐t❤ ❞②✲
♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛r❡ ✈❡r② ♠✐♥♦r✳ ❚❤✉s✱ ❛ s✐❣♥✐✜❝❛♥t ❡✛❡❝t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤
❧✐tt❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡✛♦rt✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊❞✉❛r❞♦ ❯❝❤♦❛ ❢r♦♠ P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡ ❈❛tó❧✐❝❛ ✭P❯❈✮ ✐♥
❘✐♦ ❞❡ ❏❛♥❡✐r♦ ❢♦r ♣♦✐♥t✐♥❣ ✉s t♦ t❤❡ ✇♦r❦s ✭P❡❝✐♥✱ ✷✵✶✹❀ P❡❝✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮✳
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❇❛❧❞❛❝❝✐✱ ❘✳✱ ▼✐♥❣♦③③✐✱ ❆✳✱ ❛♥❞ ❘♦❜❡rt✐✱ ❘✳ ✭✷✵✶✶❝✮✳ ◆❡✇ r♦✉t❡ r❡❧❛①❛t✐♦♥ ❛♥❞ ♣r✐❝✐♥❣
str❛t❡❣✐❡s ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✾✭✺✮✱ ✶✷✻✾✕✶✷✽✸✳

❇❛❧❞❛❝❝✐✱ ❘✳✱ ▼✐♥❣♦③③✐✱ ❆✳✱ ❛♥❞ ❘♦❜❡rt✐✱ ❘✳ ✭✷✵✶✷❜✮✳ ❘❡❝❡♥t ❡①❛❝t ❛❧❣♦r✐t❤♠s ❢♦r s♦❧✈✐♥❣
t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✉♥❞❡r ❝❛♣❛❝✐t② ❛♥❞ t✐♠❡ ✇✐♥❞♦✇ ❝♦♥str❛✐♥ts✳ ❊✉r♦♣❡❛♥
❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✷✶✽✱ ✶✕✻✳

❇❡♥t❧❡②✱ ❏✳ ✭✶✾✽✵✮✳ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✈✐❞❡✲❛♥❞✲❝♦♥q✉❡r✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱
✷✸✭✹✮✱ ✷✶✹✕✷✷✾✳

❇♦❞❡✱ ❈✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✹✮✳ ❚❤❡ s❤♦rt❡st✲♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts
✇✐t❤ (k, 2)✲❧♦♦♣ ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❛r❝✲r♦✉t✐♥❣ ♣r♦❜❧❡♠✳
❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✷✸✽✭✷✮✱ ✹✶✺✕✹✷✻✳

❇♦❧❛♥❞✱ ◆✳✱ ❉❡t❤r✐❞❣❡✱ ❏✳✱ ❛♥❞ ❉✉♠✐tr❡s❝✉✱ ■✳ ✭✷✵✵✻✮✳ ❆❝❝❡❧❡r❛t❡❞ ❧❛❜❡❧ s❡tt✐♥❣ ❛❧❣♦r✐t❤♠s
❢♦r t❤❡ ❡❧❡♠❡♥t❛r② r❡s♦✉r❝❡ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤
▲❡tt❡rs✱ ✸✹✭✶✮✱ ✺✽✕✻✽✳

❈♦♥t❛r❞♦✱ ❈✳✱ ❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❛♥❞ ▲❡ss❛r❞✱ ❋✳ ✭✷✵✶✺✮✳ ❘❡❛❝❤✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ❧♦✇❡r
❜♦✉♥❞ ✐♥ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ◆❡t✇♦r❦s✱ ✻✺✭✶✮✱ ✽✽✕✾✾✳

❈♦r❞❡❛✉✱ ❏✳✲❋✳✱ ❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❙♦❧♦♠♦♥✱ ▼✳▼✳✱ ❛♥❞ ❙♦✉♠✐s✱ ❋✳ ✭✷✵✵✷✮✳
❱❘P ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❚❤❡ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✱
❝❤❛♣t❡r ✼✱ ♣❛❣❡s ✶✺✺✕✶✾✹✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧✲
♣❤✐❛✱ P❆✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ■♦❛❝❤✐♠✱ ■✳✱ ❙♦❧♦♠♦♥✱ ▼✳▼✳✱ ❙♦✉♠✐s✱ ❋✳✱ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱
❉✳ ✭✶✾✾✽✮✳ ❆ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡ ❝♦♥str❛✐♥❡❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞
❝r❡✇ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✳ ■♥ ❚✳ ❈r❛✐♥✐❝ ❛♥❞ ●✳ ▲❛♣♦rt❡✱ ❡❞✐t♦rs✱ ❋❧❡❡t ▼❛♥❛❣❡♠❡♥t
❛♥❞ ▲♦❣✐st✐❝s✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✼✕✾✸✳ ❙♣r✐♥❣❡r✱ ❇♦st♦♥✱ ▼❆✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ▲❡ss❛r❞✱ ❋✳✱ ❛♥❞ ❍❛❞❥❛r✱ ❆✳ ✭✷✵✵✽✮✳ ❚❛❜✉ s❡❛r❝❤✱ ♣❛rt✐❛❧ ❡❧❡♠❡♥t❛r✐t②✱
❛♥❞ ❣❡♥❡r❛❧✐③❡❞ k✲♣❛t❤ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳
❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✷✭✸✮✱ ✸✽✼✕✹✵✹✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❛♥❞ ❙♣♦♦r❡♥❞♦♥❦✱ ❙✳ ✭✷✵✶✵✮✳ ❚❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✿ ❙t❛t❡✲♦❢✲t❤❡✲❛rt ❡①❛❝t s♦❧✉t✐♦♥ ♠❡t❤♦❞s✳ ■♥ ❏✳ ❏✳ ❈♦❝❤r❛♥✱ ▲✳ ❆✳
❈♦①✱ P✳ ❑❡s❦✐♥♦❝❛❦✱ ❏✳ P✳ ❑❤❛r♦✉❢❡❤✱ ❛♥❞ ❏✳ ❈✳ ❙♠✐t❤✱ ❡❞✐t♦rs✱ ❲✐❧❡② ❊♥❝②❝❧♦♣❡❞✐❛
♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ❛♥❞ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✈♦❧✉♠❡ ✽✱ ♣❛❣❡s ✺✼✹✷✕✺✼✹✾✳ ❏♦❤♥
❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳

✷✻
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❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ▼❛❞s❡♥✱ ❖✳❇✳●✳✱ ❛♥❞ ❘♦♣❦❡✱ ❙✳ ✭✷✵✶✹✮✳ ❚❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✺✱ ♣❛❣❡s
✶✶✾✕✶✺✾✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❊rr✐❝♦✱ ❋✳✱ ■r♥✐❝❤✱ ❙✳✱ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ▼✳ ✭✷✵✶✻❛✮✳ ❊①❛❝t ❛❧❣♦r✐t❤♠s ❢♦r
❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✳ ❋♦rt❤❝♦♠✲
✐♥❣✳

❉❡sr♦❝❤❡rs✱ ▼✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❛♥❞ ❙♦❧♦♠♦♥✱ ▼✳▼✳ ✭✶✾✾✷✮✳ ❆ ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠
❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✷✮✱ ✸✹✷✕
✸✺✹✳

❉r❡①❧✱ ▼✳ ✭✷✵✶✷✮✳ ❘✐❝❤ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ✐♥ t❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡✳ ▲♦❣✐st✐❝s ❘❡s❡❛r❝❤✱ ✺✭✶✮✱
✹✼✕✻✸✳

❋❡✐❧❧❡t✱ ❉✳✱ ❉❡❥❛①✱ P✳✱ ●❡♥❞r❡❛✉✱ ▼✳✱ ❛♥❞ ●✉é❣✉❡♥✱ ❈✳ ✭✷✵✵✹✮✳ ❆♥ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r
t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ s♦♠❡
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❋❡✐❧❧❡t✱ ❉✳✱ ●❡♥❞r❡❛✉✱ ▼✳✱ ❛♥❞ ❘♦✉ss❡❛✉✱ ▲✳✲▼✳ ✭✷✵✵✼✮✳ ◆❡✇ r❡✜♥❡♠❡♥ts ❢♦r t❤❡ s♦❧✉t✐♦♥
♦❢ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ ❜r❛♥❝❤ ❛♥❞ ♣r✐❝❡✳ ■◆❋❖❘✱ ✹✺✭✹✮✱ ✷✸✾✕✷✺✻✳

●❛r❝✐❛✱ ❘✳ ✭✷✵✵✾✮✳ ❘❡s♦✉r❝❡ ❈♦♥str❛✐♥❡❞ ❙❤♦rt❡st P❛t❤s ❛♥❞ ❊①t❡♥s✐♦♥s✳ P❤✳❉✳ t❤❡✲
s✐s✱ ❙❝❤♦♦❧ ♦❢ ■♥❞✉str✐❛❧ ❛♥❞ ❙②st❡♠s ❊♥❣✐♥❡❡r✐♥❣✱ ●❡♦r❣✐❛ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱
❆t❧❛♥t❛✱ ❯✳❙✳❆✳

●❡❤r✐♥❣✱ ❍✳ ❛♥❞ ❍♦♠❜❡r❣❡r✱ ❏✳ ✭✷✵✵✷✮✳ P❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ❛ t✇♦✲♣❤❛s❡ ♠❡t❛❤❡✉r✐st✐❝ ❢♦r
r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❏♦✉r♥❛❧ ♦❢ ❍❡✉r✐st✐❝s✱ ✽✭✸✮✱ ✷✺✶✕✷✼✻✳

●♦❡❧✱ ❆✳ ✭✷✵✵✾✮✳ ❱❡❤✐❝❧❡ s❝❤❡❞✉❧✐♥❣ ❛♥❞ r♦✉t✐♥❣ ✇✐t❤ ❞r✐✈❡rs✬ ✇♦r❦✐♥❣ ❤♦✉rs✳ ❚r❛♥s♣♦rt❛✲
t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✸✭✶✮✱ ✶✼✕✷✻✳

●♦❡❧✱ ❆✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✻✮✳ ❆♥ ❡①❛❝t ♠❡t❤♦❞ ❢♦r ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✳ ❉❖■✿ ✶✵✳✶✷✽✼✴trs❝✳✷✵✶✻✳✵✻✼✽✳

❍♦r✈át❤✱ ▼✳ ❛♥❞ ❑✐s✱ ❚✳ ✭✷✵✶✻✮✳ ❙♦❧✈✐♥❣ r❡s♦✉r❝❡ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s
✇✐t❤ ▲P✲❜❛s❡❞ ♠❡t❤♦❞s✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✼✸✱ ✶✺✵✕✶✻✹✳

■r♥✐❝❤✱ ❙✳ ✭✷✵✵✽✮✳ ❘❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✿ Pr♦♣❡rt✐❡s✱ ✐♥✈❡rs✐♦♥✱ ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥
t♦ s❡❣♠❡♥ts✳ ❖❘ ❙♣❡❝tr✉♠✱ ✸✵✭✶✮✱ ✶✶✸✕✶✹✽✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ●✳ ✭✷✵✵✺✮✳ ❙❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳
■♥ ●✳ ❉❡s❛✉❧♥✐❡rs✱ ❏✳ ❉❡sr♦s✐❡rs✱ ❛♥❞ ▼✳▼✳ ❙♦❧♦♠♦♥✱ ❡❞✐t♦rs✱ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥✱
❝❤❛♣t❡r ✷✱ ♣❛❣❡s ✸✸✕✻✺✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ◆❨✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱ ❉✳ ✭✷✵✵✻✮✳ ❚❤❡ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts
❛♥❞ k✲❝②❝❧❡ ❡❧✐♠✐♥❛t✐♦♥ ❢♦r k ≥ 3✳ ■◆❋❖❘▼❙ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✶✽✭✸✮✱ ✸✾✶✕✹✵✻✳



✷✽ ❇✐❜❧✐♦❣r❛♣❤②

■r♥✐❝❤✱ ❙✳✱ ❚♦t❤✱ P✳✱ ❛♥❞ ❱✐❣♦✱ ❉✳ ✭✷✵✶✹❛✮✳ ❚❤❡ ❋❛♠✐❧② ♦❢ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠s✳
■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✶✱ ♣❛❣❡s ✶✕✸✸✳ ❙♦❝✐❡t② ❢♦r
■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❏❡♣s❡♥✱ ▼✳✱ P❡t❡rs❡♥✱ ❇✳✱ ❙♣♦♦r❡♥❞♦♥❦✱ ❙✳✱ ❛♥❞ P✐s✐♥❣❡r✱ ❉✳ ✭✷✵✵✽✮✳ ❙✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✲
✐t✐❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱
✺✻✭✷✮✱ ✹✾✼✕✺✶✶✳

❑♦❤❧✱ ◆✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ▼❛❞s❡♥✱ ❖✳❇✳●✳✱ ❙♦❧♦♠♦♥✱ ▼✳▼✳✱ ❛♥❞ ❙♦✉♠✐s✱ ❋✳ ✭✶✾✾✾✮✳ 2✲♣❛t❤
❝✉ts ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✸✸✭✶✮✱
✶✵✶✕✶✶✻✳

▲♦③❛♥♦✱ ▲✳ ❛♥❞ ▼❡❞❛❣❧✐❛✱ ❆✳ ▲✳ ✭✷✵✶✸✮✳ ❖♥ ❛♥ ❡①❛❝t ♠❡t❤♦❞ ❢♦r t❤❡ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st
♣❛t❤ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✶✮✱ ✸✼✽ ✕ ✸✽✹✳

P❡❝✐♥✱ ❉✳ ✭✷✵✶✹✮✳ ❊①❛❝t ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ❈❛♣❛❝✐t❛t❡❞ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✳ P❤✳❉✳
t❤❡s✐s✱ P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡ ❈❛tó❧✐❝❛ ❞♦ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❇r❛③✐❧✳

P❡❝✐♥✱ ❉✳✱ P❡ss♦❛✱ ❆✳✱ P♦❣❣✐✱ ▼✳✱ ❛♥❞ ❯❝❤♦❛✱ ❊✳ ✭✷✵✶✼✮✳ ■♠♣r♦✈❡❞ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡
❢♦r ❝❛♣❛❝✐t❛t❡❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣ ❈♦♠♣✉t❛t✐♦♥✳ ✾✭✶✮✱ ✻✶ ✕
✶✵✵✳

P♦❣❣✐✱ ▼✳ ❛♥❞ ❯❝❤♦❛✱ ❊✳ ✭✷✵✶✹✮✳ ◆❡✇ ❊①❛❝t ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ❈❛♣❛❝✐t❛t❡❞ ❱❡❤✐❝❧❡
❘♦✉t✐♥❣✳ ■♥ ❉✳ ❱✐❣♦ ❛♥❞ P✳ ❚♦t❤✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✾✕✽✻✳
❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

P✉❣❧✐❡s❡✱ ▲✳❉✳P✳ ❛♥❞ ●✉❡rr✐❡r♦✱ ❋✳ ✭✷✵✶✸✮✳ ❆ r❡❢❡r❡♥❝❡ ♣♦✐♥t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ r❡s♦✉r❝❡
❝♦♥str❛✐♥❡❞ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✼✭✷✮✱ ✷✹✼✕✷✻✺✳

❘✐❣❤✐♥✐✱ ●✳ ❛♥❞ ❙❛❧❛♥✐✱ ▼✳ ✭✷✵✵✻✮✳ ❙②♠♠❡tr② ❤❡❧♣s✿ ❇♦✉♥❞❡❞ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳ ❉✐s❝r❡t❡
❖♣t✐♠✐③❛t✐♦♥✱ ✸✭✸✮✱ ✷✺✺✕✷✼✸✳

❘✐❣❤✐♥✐✱ ●✳ ❛♥❞ ❙❛❧❛♥✐✱ ▼✳ ✭✷✵✵✽✮✳ ◆❡✇ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ r❡s♦✉r❝❡
❝♦♥str❛✐♥❡❞ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠✳ ◆❡t✇♦r❦s✱ ✺✶✭✸✮✱ ✶✺✺✕✶✼✵✳

❙❝❤♥❡✐❞❡r✱ ▼✳✱ ❙t❡♥❣❡r✱ ❆✳✱ ❛♥❞ ●♦❡❦❡✱ ❉✳ ✭✷✵✶✹✮✳ ❚❤❡ ❡❧❡❝tr✐❝ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ r❡❝❤❛r❣✐♥❣ st❛t✐♦♥s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✽✭✹✮✱ ✺✵✵✕✺✷✵✳

❙♦❧♦♠♦♥✱ ▼✳▼✳ ✭✶✾✽✼✮✳ ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤
t✐♠❡ ✇✐♥❞♦✇ ❝♦♥str❛✐♥ts✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✸✺✭✷✮✱ ✷✺✹✕✷✻✺✳

❚✐❧❦✱ ❈✳ ✭✷✵✶✻✮✳ ❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ▲▼✲✷✵✶✻✲✵✹✱ ❈❤❛✐r ♦❢ ▲♦❣✐st✐❝s ▼❛♥❛❣❡♠❡♥t✱
❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣ ❯♥✐✈❡rs✐t②✱ ▼❛✐♥③✱ ●❡r♠❛♥②✳



❈❤❛♣t❡r ✸

❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ✐♥
❈♦❧✉♠♥✲●❡♥❡r❛t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r
P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s
❚✐♠♦ ●s❝❤✇✐♥❞✱ ❙t❡❢❛♥ ■r♥✐❝❤✱ ❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ❈❤r✐st✐❛♥

❚✐❧❦

❆❜str❛❝t

❋♦r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ♠❛♥② t②♣❡s ♦❢ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s✱ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥
❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❝♦♠❡ ♣r❡❞♦♠✐♥❛♥t✳ ❚❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠s ❛r❡
t❤❡♥ ✈❛r✐❛♥ts ♦❢ t❤❡ s❤♦rt❡st✲♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞
✇❡❧❧ ✇✐t❤ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❋♦r ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤
❛ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✱ t❤❡ str♦♥❣❡st ❦♥♦✇♥ ❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❧❛❜❡❧s r❡✲
q✉✐r❡s t❤❡ ❞❡❧✐✈❡r② tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✭❉❚■✮ ❢♦r r❡❞✉❝❡❞ ❝♦sts t♦ ❤♦❧❞✳ ❲❤❡♥ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ ❧❛❜❡❧✐♥❣ ✐s ❛❧t❡r❡❞ ❢r♦♠ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ t♦ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❉❚■ r❡q✉✐r❡♠❡♥t
❜❡❝♦♠❡s t❤❡ ♣✐❝❦✉♣ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✭P❚■✮✳ ❉❚■ ❛♥❞ P❚■ ❝❛♥♥♦t ❜❡ ❣✉❛r❛♥t❡❡❞ ❛t
t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ s❡❡♠❡❞ t♦ ❜❡ t❤❛t ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✱ ♦♥❡ ♦❢ t❤❡
♠♦st s✉❝❝❡ss❢✉❧ ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ❧❛st ②❡❛rs✱ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡
✇✐t❤ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ♦♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❛ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r②
str✉❝t✉r❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤♦✇ t❤❛t ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡
r✉❧❡s ✐♥ ❢♦r✇❛r❞ ❛s ✇❡❧❧ ❛s ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❜② ✉s✐♥❣ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s
✐♥ t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s✳ ❲❡ ❛❞♦♣t t❤❡ ❜♦t❤✲s✐❞❡❞ str♦♥❣ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛♣♣r♦❛❝❤
t♦ ✐♥t❡❣r❛t❡ t❤❡ st❛♥❞❛r❞ r♦❜✉st ❛♥❞ ♥♦♥✲r♦❜✉st ❝✉ts✳ ▼♦r❡♦✈❡r✱ ❛ r❡❝❡♥t ❛❝❝❡❧❡r❛t✐♦♥
t❡❝❤♥✐q✉❡ t❤❛t ❞②♥❛♠✐❝❛❧❧② ❛❞❥✉sts t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❋✉❧❧✲
✢❡❞❣❡❞ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ❛r❡ t❡st❡❞ ♦♥ t❤❡ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭P❉P❚❲✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ♦❢ ❞✐✛❡r❡♥t ♠♦♥♦✲ ❛♥❞
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✐s ♣r❡s❡♥t❡❞✳ ❖✈❡r❛❧❧✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ st❛♥❞❛r❞ ♣✉r❡
❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✲❜❛s❡❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ♦❜t❛✐♥ ❛✈❡r❛❣❡ r❡❞✉❝t✐♦♥s ✐♥ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢
♠♦r❡ t❤❛♥ ✹✵ ♣❡r❝❡♥t ✇❤❡♥ s♦❧✈✐♥❣ P❉P❚❲ ✐♥st❛♥❝❡s ❡①❛❝t❧②✳

✷✾



✸✵ ✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝❧❛ss✐❝❛❧ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✭P❉P✮ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ tr❛♥s♣♦rt❛t✐♦♥ ♦❢
♣❛ss❡♥❣❡rs ♦r ❣♦♦❞s ❢r♦♠ r❡q✉❡st✲s♣❡❝✐✜❝ ♣✐❝❦✉♣ ♣♦✐♥ts t♦ t❤❡✐r ❞❡❧✐✈❡r② ♣♦✐♥ts ✭P❛rr❛❣❤
❡t ❛❧✳✱ ✷✵✵✽✮✳ ❚❤❡ ❝❛s❡ ♦❢ ♣❛ss❡♥❣❡r tr❛♥s♣♦rt❛t✐♦♥ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❞✐❛❧✲❛✲r✐❞❡
♣r♦❜❧❡♠ ✭❉❆❘P✱ ❉♦❡r♥❡r ❛♥❞ ❙❛❧❛③❛r✲●♦♥③á❧❡③✱ ✷✵✶✹✮✳ P✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ❢♦r ❣♦♦❞s
tr❛♥s♣♦rt❛t✐♦♥ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② s✉r✈❡②❡❞ ❜② ❇❛tt❛rr❛ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❱❛r✐❛♥ts ♦❢ t❤❡ P❉P
✐♥❝❧✉❞❡ t✐♠❡ ✇✐♥❞♦✇s ✭P❉P❚❲✮✱ ❧♦❛❞✐♥❣ ❝♦♥str❛✐♥ts s✉❝❤ ❛s ❧❛st✲✐♥✲✜rst✲♦✉t ✭▲■❋❖✮
❧♦❛❞✐♥❣ ❛♥❞ ♠✉❧t✐♣❧❡ ❝♦♠♣❛rt♠❡♥ts ✭❈❤❡r❦❡s❧② ❡t ❛❧✳✱ ✷✵✶✻✮✱ ❛♥❞ ❤❛♥❞❧✐♥❣ ♦♣❡r❛t✐♦♥s
✭❱❡❡♥str❛ ❡t ❛❧✳✱ ✷✵✶✼✮✳ ❚❤✉s✱ t❤❡ P❉P ❛♥❞ ✐ts ✈❛r✐❛♥ts ❛r❡ ❛♥ ✐♠♣♦rt❛♥t ❢❛♠✐❧② ♦❢
✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✭❱❘Ps✱ ❚♦t❤ ❛♥❞ ❱✐❣♦✱ ✷✵✶✹✮✳
❋♦r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ♠❛♥② t②♣❡s ♦❢ ❱❘Ps✱ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❜❛s❡❞ ❛❧❣♦r✐t❤♠s

❤❛✈❡ ❜❡❝♦♠❡ ♣r❡❞♦♠✐♥❛♥t ✭❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✵✺❀ P♦❣❣✐ ❛♥❞ ❯❝❤♦❛✱ ✷✵✶✹✮✳ ❚❤❡ ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠s ❛r❡ t❤❡♥ ✈❛r✐❛♥ts ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st✲♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤
r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭❊❙PP❘❈✮ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇❡❧❧ ✇✐t❤ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣
❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ❋♦r ❊❙PP❘❈s ✇✐t❤ ❛ ♣✐❝❦✉♣✲❛♥❞✲
❞❡❧✐✈❡r② str✉❝t✉r❡✱ t❤❡ str♦♥❣❡st ❦♥♦✇♥ ❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❧❛❜❡❧s ✭s❡❡ t❤❡ str♦♥❣
❞♦♠✐♥❛♥❝❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❘✉❧❡s ✷ ❛♥❞ ✹✱ r❡s♣❡❝✐✈❡❧②✮ r❡q✉✐r❡s t❤❛t t❤❡ r❡❞✉❝❡❞
❝♦st ♠❛tr✐① ❢✉❧✜❧❧s s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s✳ ■♥ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❞❡❧✐✈✲
❡r② tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✭❉❚■✮ ❢♦r r❡❞✉❝❡❞ ❝♦sts ♠✉st ❤♦❧❞ ✭❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉✱ ✷✵✵✾✮✳
❚❤✐s ♠❡❛♥s t❤❛t ❛ ❞❡t♦✉r ♦✈❡r ❛ ❞❡❧✐✈❡r② ♣♦✐♥t ✐s ❛❧✇❛②s ❛t ❧❡❛st ❛s ❝♦st❧② ✐♥ t❡r♠s ♦❢
r❡❞✉❝❡❞ ❝♦sts ❛s ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts✳ ❲❤❡♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❧❛❜❡❧✐♥❣
✐s ❛❧t❡r❡❞ ❢r♦♠ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ t♦ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❉❚■ r❡q✉✐r❡♠❡♥t ❜❡❝♦♠❡s t❤❡
♣✐❝❦✉♣ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✭P❚■✮✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤✐s ♠❡❛♥s t❤❛t ❛ ❞❡t♦✉r ♦✈❡r ❛ ♣✐❝❦✉♣
❧♦❝❛t✐♦♥ ✐s ❛❧✇❛②s ❛t ❧❡❛st ❛s ❝♦st❧② ✐♥ t❡r♠s ♦❢ r❡❞✉❝❡❞ ❝♦sts ❛s ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥✳ ❉❚■
❛♥❞ P❚■ ❝❛♥♥♦t ❜❡ ❣✉❛r❛♥t❡❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ s❡❡♠❡❞ t♦ ❜❡ t❤❛t
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✱ ♦♥❡ ♦❢ t❤❡ ♠♦st s✉❝❝❡ss❢✉❧ ❛❝❝❡❧❡r❛t✐♦♥
t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ❧❛st ②❡❛rs✱ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ✇✐t❤ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥
❜♦t❤ ❞✐r❡❝t✐♦♥s ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❛ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✳ ❈❧❡❛r❧②✱ r❡❧②✐♥❣ ♦♥ ❛
✇❡❛❦❡r ❞♦♠✐♥❛♥❝❡ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ✐s ❢❡❛s✐❜❧❡ ❜✉t ♠❛❦❡s t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❧❡ss
♣♦✇❡r❢✉❧✳
❚❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ s❤♦✇ t❤❛t ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣

✇✐t❤ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥ ❢♦r✇❛r❞ ❛s ✇❡❧❧ ❛s ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ❚❤✐s ✐s
❛❝❤✐❡✈❡❞ ❜② ❝♦♥str✉❝t✐♥❣ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s ❢✉❧✜❧❧✐♥❣ ❉❚■ ❛♥❞ P❚■✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡
✉s❡ t❤❡ P❉P❚❲ ❛s ❛ t❡st ❝❛s❡ t♦ ❡♠♣✐r✐❝❛❧❧② ♣r♦✈❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❛t ❞♦♠✐♥❛♥❝❡
♣r✐♥❝✐♣❧❡✳ ❖✉r ♥❡✇ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❝♦♠♣❛r❡❞ ❛❣❛✐♥st ♣✉r❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛✲
❜❡❧✐♥❣ ❛s ✇❡❧❧ ❛s ❜✐❞✐r❡❝t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s t❤❛t ✉s❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ♦♥❧② ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥t❡❣r❛t❡ ♦♥❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣
✇❤✐❝❤ ✐s t❤❡ ✉s❡ ♦❢ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ❛s s✉❣❣❡st❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❈❤❛♣t❡r ✷ ❛♥❞
❜② P❡❝✐♥ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❲❡ ✐♠♣❧❡♠❡♥t ❛ ❢✉❧❧✲✢❡❞❣❡❞ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ t❤❛t
✉s❡s st❛t❡✲♦❢✲t❤❡✲❛rt ❝✉tt✐♥❣ ♣❧❛♥❡s ❛♥❞ ❛ P❉P✲s♣❡❝✐✜❝ ❜r❛♥❝❤✐♥❣ s❝❤❡♠❡✳ ❲❡ t❤❡♥ t❡st
❛❧❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ♦♥ t❤♦✉s❛♥❞s ♦❢ P❉P❚❲ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s t❤❛t ♥❡❡❞ t♦ ❜❡ s♦❧✈❡❞
✐♥ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ✐t❡r❛t✐♦♥s✳ ❚❤❡ ♥❡✇ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ str♦♥❣ ❞♦♠✐♥❛♥❝❡
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✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s t✉r♥s ♦✉t s✉♣❡r✐♦r t♦ ❛❧❧ t❤❡s❡ ❛❧t❡r♥❛t✐✈❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✸✳✷ ❢♦r♠❛❧❧② ❞❡✜♥❡s

t❤❡ P❉P❚❲ ❛♥❞ s❦❡t❝❤❡s t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜② ❞✐s❝✉ss✐♥❣ ✐ts ❡①t❡♥❞❡❞
s❡t✲♣❛rt✐t✐♦♥✐♥❣ ♠❛st❡r ♣r♦❜❧❡♠ ❛♥❞ ❊❙PP❘❈ s✉❜♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱ t❤❡ r♦❧❡ ♦❢ t❤❡
❉❚■✴P❚■ ❢♦r str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥ ❊❙PP❘❈ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✐s ❝❧❛r✐✜❡❞✳ ❚❤❡ s❡❝t✐♦♥
❛❧s♦ ❞❡r✐✈❡s t❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r✳ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞
✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❋✐♥❛❧ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ❞r❛✇♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳
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❚❤❡ P❉P❚❲ ❝❛♥ ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ▲❡t n ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉❡sts ❛♥❞
R = {(i, i + n) : i = 1, . . . , n} ❜❡ t❤❡ s❡t ♦❢ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② r❡q✉❡sts✱ ✇❤❡r❡ i
r❡♣r❡s❡♥ts t❤❡ ♣✐❝❦✉♣ ♦♣❡r❛t✐♦♥ ❛♥❞ i + n t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❧✐✈❡r② ♦♣❡r❛t✐♦♥✳ ❲❡
❞❡✜♥❡ t❤❡ P❉P❚❲ ♦♥ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ ✈❡rt❡① s❡t V ❛♥❞ ❛r❝ s❡t A✳ ❚❤❡ s❡t ♦❢
✈❡rt✐❝❡s V = {0, 1, . . . , 2n+1} ❝♦♠♣r✐s❡s t✇♦ ❝♦♣✐❡s ♦❢ t❤❡ ❞❡♣♦t ✇✐t❤ ♦r✐❣✐♥ ❞❡♣♦t 0 ❛♥❞
❞❡st✐♥❛t✐♦♥ ❞❡♣♦t 2n+1✱ t❤❡ s❡t ♦❢ ♣✐❝❦✉♣ ✈❡rt✐❝❡s P = {1, . . . , n}✱ ❛♥❞ t❤❡ s❡t ♦❢ ❞❡❧✐✈❡r②
✈❡rt✐❝❡s D = {n+ 1, . . . , 2n}✳ ❋♦r ❡❛❝❤ ✈❡rt❡① i ∈ V ✱ ❛ t✐♠❡ ✇✐♥❞♦✇ [ai, bi] r❡♣r❡s❡♥t✐♥❣
t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ s❡r✈✐❝❡ ♠✉st st❛rt ✐s ❣✐✈❡♥✳ ❋♦r ❡❛❝❤ r❡q✉❡st (i, i+n) ∈ R✱ t❤❡
❞❡♠❛♥❞ ❛t ✐ts ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ✈❡rt✐❝❡s s❛t✐s✜❡s qi = −qi+n > 0✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡
❞❡✜♥❡ q0 = q2n+1 = 0✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ✢❡❡t ♦❢ K ❤♦♠♦❣❡♥❡♦✉s ✈❡❤✐❝❧❡s ✇✐t❤ ❝❛♣❛❝✐t② Q
✐s ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ ❞❡♣♦t✳ ❲✐t❤ ❡❛❝❤ ❛r❝ (i, j) ∈ A ❛r❡ ❛ss♦❝✐❛t❡❞ ❛ tr❛✈❡❧ t✐♠❡ tij ❛♥❞ ❛
r♦✉t✐♥❣ ❝♦st cij ✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❛✈❡❧ t✐♠❡ tij ♦❢ ❛r❝ (i, j) ∈ A ❛❧r❡❛❞② ✐♥❝❧✉❞❡s ❛
s❡r✈✐❝❡ ❞✉r❛t✐♦♥ ❛t ✈❡rt❡① i✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❜♦t❤
r♦✉t✐♥❣ ❝♦sts (cij) ❛♥❞ tr❛✈❡❧ t✐♠❡s (tij)✳

✸✳✷✳✶ ▼❛st❡r Pr♦❜❧❡♠

❚❤❡ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❢♦r t❤❡ P❉P❚❲ ✉s❡s ❛♥ ❡①t❡♥❞❡❞ s❡t✲♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥
t❤❛t ✇❡ ❞❡s❝r✐❜❡ ♥♦✇✳ ▲❡t Ω ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ P❉P❚❲ r♦✉t❡s✳ ❆ r♦✉t❡ r ∈ Ω ✐s
❞❡✜♥❡❞ ❛s ❛♥ ❡❧❡♠❡♥t❛r② 0✲(2n+1)✲♣❛t❤✳ ■t ✐s ❢❡❛s✐❜❧❡ ✐❢ ✐t ❢✉❧✜❧❧s t✐♠❡✲✇✐♥❞♦✇✱ ❝❛♣❛❝✐t②✱
❛♥❞ ♣❛✐r✐♥❣ ❛♥❞ ♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥ts ✭s❡❡ ❉✉♠❛s ❡t ❛❧✳✱ ✶✾✾✶✱ ❢♦r ❞❡t❛✐❧s✮✳ ❚❤❡ ❝♦st
cr ♦❢ ❛ r♦✉t❡ r ∈ Ω ✐s ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ tr❛✈❡❧ ❝♦sts ♦❢ t❤❡ tr❛✈❡rs❡❞ ❛r❝s✳ ❚❤❡
❣♦❛❧ ♦❢ t❤❡ P❉P❚❲ ✐s t♦ ✜♥❞ ❛ s❡t ♦❢ ❢❡❛s✐❜❧❡ r♦✉t❡s s❡r✈✐♥❣ ❡❛❝❤ r❡q✉❡st ❡①❛❝t❧② ♦♥❝❡
♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ r♦✉t✐♥❣ ❝♦sts✳ ❚❤❡ s❡t✲♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ✉s❡s ❜✐♥❛r② ✈❛r✐❛❜❧❡s
λr ✐♥❞✐❝❛t✐♥❣ ✇❤❡t❤❡r r♦✉t❡ r ∈ Ω ✐s ✉s❡❞ ♦r ♥♦t✳ ■t ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿
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min
∑

r∈Ω

crλr ✭✸✳✶❛✮

s✳t✳
∑

r∈Ω

airλr = 1 ∀(i, i+ n) ∈ R ✭✸✳✶❜✮

∑

r∈Ω

λr ≤ K ✭✸✳✶❝✮

λr ∈ {0, 1} ∀r ∈ Ω ✭✸✳✶❞✮

❚❤❡ ♦❜❥❡❝t✐✈❡ ✭✸✳✶❛✮ ♠✐♥✐♠✐③❡s t❤❡ t♦t❛❧ tr❛✈❡❧ ❝♦sts✳ P❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✸✳✶❜✮
❡♥s✉r❡ t❤❛t ❡❛❝❤ r❡q✉❡st ✐s s❡r✈❡❞ ❡①❛❝t❧② ♦♥❝❡✳ ❍❡r❡✐♥✱ t❤❡ ❜✐♥❛r② ❝♦❡✣❝✐❡♥ts air ❛r❡
❡q✉❛❧ t♦ ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r❡q✉❡st (i, i + n) ∈ R ✐s s❡r✈❡❞ ❜② r♦✉t❡ r✳ ❲❡ r❡♣❧❛❝❡ ✭✸✳✶❜✮
❜② ❡q✉✐✈❛❧❡♥t ❝♦✈❡r✐♥❣ ❝♦♥str❛✐♥ts ✭≥ 1✮✱ ✇❤✐❝❤ ✐s ❛❧❧♦✇❡❞ ❛s t❤❡ r♦✉t✐♥❣ ❝♦sts ❛♥❞ tr❛✈❡❧
t✐♠❡s ❢✉❧✜❧❧ t❤❡ tr✐❛♥❣❧❡ ❡q✉❛❧✐t②✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r♦✉t❡s ✐s ❧✐♠✐t❡❞ ❜② ✭✸✳✶❝✮✱ ❛♥❞ t❤❡
✈❛r✐❛❜❧❡ ❞♦♠❛✐♥s ❛r❡ ❣✐✈❡♥ ✐♥ ✭✸✳✶❞✮✳
❋♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✮✱ ❛ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

✭❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✵✺✮ ✐s ❡♠♣❧♦②❡❞✳ ❙t❛rt✐♥❣ ✇✐t❤ ❛ s✉❜s❡t Ω̄ ⊂ Ω ♦❢ t❤❡ ❢❡❛s✐❜❧❡ r♦✉t❡s✱
t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✮ ❞❡✜♥❡❞ ♦✈❡r Ω̄ ✐s ❞❡♥♦t❡❞ ❛s t❤❡ r❡str✐❝t❡❞
♠❛st❡r ♣r♦❣r❛♠ ✭❘▼P✮✳ ❚❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ t❤❡ r❡✲
♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❘▼P ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠
t❤❛t ❛❞❞s ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞✲❝♦st ✈❛r✐❛❜❧❡s ✭❝♦❧✉♠♥s✮ t♦ t❤❡ ❘▼P✱ ✐❢ ♦♥❡ ❡①✐sts✳ ■❢ ♥♦
r❡❞✉❝❡❞✲❝♦st ✈❛r✐❛❜❧❡s ❡①✐st✱ t❤❡ ❝✉rr❡♥t ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ✐s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳
❚❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❝❛♥ ❜❡ str❡♥❣t❤❡♥❡❞ ❜② ❛❞❞✐♥❣ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✸✮✱

❛♥❞ ❜r❛♥❝❤✐♥❣ ✐s r❡q✉✐r❡❞ t♦ ✜♥❛❧❧② ❡♥s✉r❡ ✐♥t❡❣❡r s♦❧✉t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✹✮✳ ❚❤❡ ♠♦st
t✐♠❡✲❝♦♥s✉♠✐♥❣ ♣❛rt ♦❢ t❤✐s ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣
s✉❜♣r♦❜❧❡♠✱ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✳✷✳✷ Pr✐❝✐♥❣ ❙✉❜♣r♦❜❧❡♠

▲❡t πi ❢♦r (i, i+n) ∈ R ❜❡ t❤❡ ❞✉❛❧ ♣r✐❝❡s ♦❢ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✸✳✶❜✮ ❛♥❞ µ t❤❡
❞✉❛❧ ♣r✐❝❡ ♦❢ ❝♦♥str❛✐♥t ✭✸✳✶❝✮✳ ❚❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♠✉st ❝♦♠♣✉t❡ ❛t ❧❡❛st ♦♥❡ ❢❡❛s✐❜❧❡
r♦✉t❡ r ∈ Ω ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦st c̄r := cr−µ−

∑
(i,i+n)∈R airπi ✭♦r ❣✉❛r❛♥t❡❡ t❤❛t

♥♦ s✉❝❤ r♦✉t❡ ❡①✐sts✮✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❛♥ ❊❙PP❘❈ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♠❡❛♥s ♦❢
❛ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ❍❡r❡✐♥✱ ❢♦r
❞❡✜♥✐♥❣ r❡❞✉❝❡❞ ❝♦sts ♦❢ ❛r❝s✱ ♥♦t❡ t❤❛t t❤❡ ❞✉❛❧ ♣r✐❝❡ πi ❢♦r s❡r✈✐♥❣ r❡q✉❡st (i, i+n) ∈ R
❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣✐❝❦✉♣ ✈❡rt❡① i✱ t❤❡ ❞❡❧✐✈❡r② ✈❡rt❡① i+ n✱ ♦r ❜❡ ❛r❜✐tr❛r✐❧② s♣❧✐t
❛♠♦♥❣ t❤❡♠✳ ❆❝❝♦r❞✐♥❣❧②✱ ❢♦r ❛♥② ❣✐✈❡♥ ❛♥❞ ✜①❡❞ α ∈ R✱ ❞❡✜♥❡

π̄i(α) := απi ❛♥❞ π̄i+n(α) := (1− α)πi



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✸✸

❛♥❞ π̄0(α) := π̄2n+1(α) := µ✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ r❡❞✉❝❡❞ ❝♦st ♦❢ ❛♥ ❛r❝ (i, j) ∈ A ✐s t❤❡♥
❞❡✜♥❡❞ ❛s

c̄ij(α) := cij −
1

2
π̄i(α)−

1

2
π̄j(α).

❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ c̄r =
∑

(i,j)∈r c̄ij(α) ❤♦❧❞s ❢♦r ❛❧❧ r♦✉t❡s r ∈ Ω✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ✇✐❧❧ ✉s❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r α ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s✉❜♣r♦❜❧❡♠ ✐s
s♦❧✈❡❞✳

▲❛❜❡❧✐♥❣ ❆❧❣♦r✐t❤♠s ❆ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ st❛rts ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❧❛❜❡❧ ❛t t❤❡
♦r✐❣✐♥ ❞❡♣♦t 0✳ ■t ♣r♦♣❛❣❛t❡s ❢♦r✇❛r❞ ❧❛❜❡❧s ♦✈❡r ❛r❝s t♦✇❛r❞ t❤❡ ❞❡st✐♥❛t✐♦♥ ❞❡♣♦t ✇✐t❤
t❤❡ ❤❡❧♣ ♦❢ s♦✲❝❛❧❧❡❞ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ✭❘❊❋s✱ s❡❡ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✶✾✾✽✮✳
❊❛❝❤ ❢♦r✇❛r❞ ❧❛❜❡❧ st♦r❡s t❤❡ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐❛❧ ♣❛t❤
(0, . . . , i) st❛rt✐♥❣ ❛t t❤❡ ♦r✐❣✐♥ ❞❡♣♦t 0 ❛♥❞ ❡♥❞✐♥❣ ❛t s♦♠❡ ✈❡rt❡① i ∈ V ✳ ❚♦ ❛✈♦✐❞ t❤❡
❡♥✉♠❡r❛t✐♦♥ ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ ♣❛t❤s✱ ♣r♦✈❛❜❧② r❡❞✉♥❞❛♥t ❧❛❜❡❧s ❛r❡ ❡❧✐♠✐♥❛t❡❞ t❤r♦✉❣❤ ❛
❞♦♠✐♥❛♥❝❡ ❝r✐t❡r✐♦♥✳
❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ ❛♥❞ s❡✈❡r❛❧ s✉❜s❡q✉❡♥t ✇♦r❦s ❤❛✈❡ s❤♦✇♥ t❤❛t ❜♦✉♥❞❡❞ ❜✐❞✐✲

r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s✉❛❧❧② s✉♣❡r✐♦r t♦ t❤❡✐r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❝♦✉♥t❡r♣❛rts✳
❆ r❡q✉✐r❡♠❡♥t ❢♦r ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✐s t❤❛t ❘❊❋s ❝❛♥ ❜❡ ✐♥✈❡rt❡❞✱ ❛s ❞✐s❝✉ss❡❞ ❜②
■r♥✐❝❤ ✭✷✵✵✽✮✳ ❚❤❡ r❡s♣❡❝t✐✈❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❝♦♠♣♦♥❡♥t st❛rts ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❧❛❜❡❧
❛t t❤❡ ❞❡st✐♥❛t✐♦♥ ❞❡♣♦t ❛♥❞ ♣r♦♣❛❣❛t❡s ❧❛❜❡❧s ✐♥ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✱ ✐✳❡✳✱ ❛❣❛✐♥st t❤❡
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛r❝s✱ t♦✇❛r❞ t❤❡ ♦r✐❣✐♥ ❞❡♣♦t✳ ❊❛❝❤ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ st♦r❡s t❤❡ r❡s♦✉r❝❡
❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛ ♣❛rt✐❛❧ ♣❛t❤ (i, . . . , 2n+1) st❛rt✐♥❣ ❛t s♦♠❡ ✈❡rt❡① i ∈ V ❛♥❞ ❡♥❞✐♥❣
❛t t❤❡ ❞❡st✐♥❛t✐♦♥ ❞❡♣♦t 2n+1✳ ❆ ♠❛❥♦r ❞❡s✐❣♥ ❞❡❝✐s✐♦♥ ❢♦r ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✐s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♦✲❝❛❧❧❡❞ ❤❛❧❢✲✇❛② ♣♦✐♥t✳ ■ts ♣✉r♣♦s❡ ✐s t♦ ❛❧❧❡✈✐❛t❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦✲
s✐♦♥✱ s✐♥❝❡ ❜♦t❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ❛r❡ ❡①t❡♥❞❡❞ ♦♥❧② ✉♣ t♦ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t✳
❲❤❡♥ ❧❛❜❡❧✐♥❣ t❡r♠✐♥❛t❡s✱ s✉✐t❛❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ❛r❡ ♠❡r❣❡❞ t♦ ♦❜t❛✐♥
❝♦♠♣❧❡t❡ ❢❡❛s✐❜❧❡ 0✲(2n+1)✲♣❛t❤s✳ ❋♦r ❱❘Ps ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✱ tr❛❞✐t✐♦♥❛❧ ✭st❛t✐❝✮ ❛♣✲
♣r♦❛❝❤❡s ♦❢t❡♥ ❝❤♦♦s❡ t❤❡ ♠✐❞❞❧❡ (a0 + b2n+1)/2 ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❛s t❤❡ ❤❛❧❢✲✇❛②
♣♦✐♥t✳
❯♣ t♦ ♥♦✇✱ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❤❛s ♥♦t ❜❡❡♥ ✉s❡❞ ❢♦r s♦❧✈✐♥❣ ❊❙PP❘❈ ✇✐t❤ ❛ ♣✐❝❦✉♣✲

❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✱ ❜❡❝❛✉s❡ ✐t ✇❛s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② str♦♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ✐♥
❜♦t❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡ P❚■✱ ✇❡ s❤♦✇ ❛t t❤❡ ❡♥❞ ♦❢
t❤✐s s❡❝t✐♦♥ ❤♦✇ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣❛t❤s ❝❛♥ ❜❡ ♠❡r❣❡❞ ❡✈❡♥ ✐❢ t❤❡✐r ❧❛❜❡❧s ❛r❡
❜✉✐❧t ♦♥ t❤❡ ❜❛s✐s ♦❢ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s✳ ❲❡ st❛rt ❤♦✇❡✈❡r ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳

❋♦r✇❛r❞ ▲❛❜❡❧✐♥❣ ❆ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ (0, . . . , i) ✐♥ G ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢♦r✇❛r❞
❧❛❜❡❧ Lf = (i, c̄f , tf , lf , Sf , Of )✳ ■ts ❛ttr✐❜✉t❡s ❛r❡ t❤❡ ❧❛st ✈✐s✐t❡❞ ✈❡rt❡① i✱ t❤❡ ❛❝❝✉♠✉✲
❧❛t❡❞ r❡❞✉❝❡❞ ❝♦st c̄f ✱ t❤❡ ❡❛r❧✐❡st ❢❡❛s✐❜❧❡ st❛rt ♦❢ s❡r✈✐❝❡ tf ❛t ✈❡rt❡① i✱ t❤❡ ❛❝❝✉♠✉❧❛t❡❞
❧♦❛❞ lf ✱ t❤❡ s❡t ♦❢ ❝♦♠♣❧❡t❡❞ r❡q✉❡sts Sf ✱ ❛♥❞ t❤❡ s❡t ♦❢ ♦♣❡♥ r❡q✉❡sts Of ❛t ✈❡rt❡① i✳
❘❡q✉❡sts ❛r❡ ♦♣❡♥ ✐❢ t❤❡② ❤❛✈❡ ❜❡❡♥ ♣✐❝❦❡❞ ✉♣ ❜✉t ♥♦t ②❡t ❞❡❧✐✈❡r❡❞✳ ❚❤❡ ✐♥✐t✐❛❧ ❢♦r✇❛r❞
❧❛❜❡❧ ✐s ❣✐✈❡♥ ❜② (0, 0, a0, 0,∅,∅)✳
Pr♦♣❛❣❛t✐♥❣ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧ Lf ♦✈❡r ❛♥ ❛r❝ (i, j) ∈ A ♦♥❧② r❡s✉❧ts ✐♥ ❛ ❢❡❛s✐❜❧❡ ❡①t❡♥s✐♦♥



✸✹ ✸✳✷✳ ❇r❛♥❝❤✲❈✉t✲❛♥❞✲Pr✐❝❡ ❢♦r P❉P❚❲

L′f ❛t ✈❡rt❡① j ✐❢ ❡✐t❤❡r j ∈ P ❛♥❞ (j, j + n) /∈ Of ∪ Sf ✱ ♦r j ∈ D ❛♥❞ (j − n, j) ∈ Of ✱
♦r j = 2n+1 ❛♥❞ Of = ∅✳ ❖t❤❡r✇✐s❡✱ ♣❛✐r✐♥❣ ❛♥❞ ♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥ts ❛r❡ ✈✐♦❧❛t❡❞
r❡s✉❧t✐♥❣ ✐♥ ❛♥ ✐♥❢❡❛s✐❜❧❡ ❧❛❜❡❧✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐st❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✲✇✐♥❞♦✇
❛♥❞ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts ✐s ❡♥s✉r❡❞ ❜② r❡q✉✐r✐♥❣ tf+tij ≤ bj ❛♥❞ lf+qj ≤ Q✱ r❡s♣❡❝t✐✈❡❧②✳
■❢ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ Lf ❛❧♦♥❣ ❛r❝ (i, j) ∈ A ✐s ❢❡❛s✐❜❧❡✱ ❛ ♥❡✇ ❢♦r✇❛r❞ ❧❛❜❡❧ L′f =

(j, c̄′f , t
′
f , l
′
f , S

′
f , O

′
f ) ✐s ❝r❡❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❘❊❋s✿

c̄′f = c̄f + c̄ij(α) ✭✸✳✷❛✮

t′f = max{tf + tij , aj} ✭✸✳✷❜✮

l′f = lf + qj ✭✸✳✷❝✮

S′f =

{
Sf ∪ {(j − n, j)} ✐❢ j ∈ D

Sf otherwise
✭✸✳✷❞✮

O′f =





Of ∪ {(j, j + n)} ✐❢ j ∈ P

Of \ {(j − n, j)} ✐❢ j ∈ D

Of otherwise

✭✸✳✷❡✮

◆♦t❡ t❤❛t t❤❡ ❧♦❛❞ r❡s♦✉r❝❡ ✭lf ❛♥❞ l′f ✮ ✐s r❡❞✉♥❞❛♥t ❛s lf =
∑

(o,o+n)∈Of
qo ❛♥❞ l′f =∑

(o,o+n)∈O′

f
qo✳ ■t ✐s ❤♦✇❡✈❡r ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ❛ttr✐❜✉t❡s ❢♦r ❛ q✉✐❝❦ t❡st ♦❢ t❤❡

❢❡❛s✐❜✐❧✐t② ♦❢ ❡①t❡♥s✐♦♥s✳
❙✐♥❝❡ t❤❡ ❢♦r✇❛r❞ ❘❊❋s ❛r❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ r❡s♦✉r❝❡s c̄f ✱ tf ✱ ❛♥❞ Sf ✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❞♦♠✐♥❛♥❝❡ r✉❧❡ ✐s ❞✐r❡❝t❧② ❛♣♣❧✐❝❛❜❧❡ ✭❉✉♠❛s ❡t ❛❧✳✱ ✶✾✾✶✮✿

❘✉❧❡ ✶✳ ✭❲❡❛❦ ❉♦♠✐♥❛♥❝❡ ❋♦r✇❛r❞✮ ❆ ❢♦r✇❛r❞ ❧❛❜❡❧ L1
f = (i, c̄1f , t

1
f , l

1
f , S

1
f , O

1
f ) ❞♦♠✲

✐♥❛t❡s ❛♥♦t❤❡r ❢♦r✇❛r❞ ❧❛❜❡❧ L2
f = (i, c̄2f , t

2
f , l

2
f , S

2
f , O

2
f ) ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❧❛st ✈❡rt❡① i ✐❢

c̄1f ≤ c̄2f ✱ t
1
f ≤ t2f ✱ S

1
f ⊆ S2

f ✱ ❛♥❞ O1
f = O2

f ❤♦❧❞✳

❯s✐♥❣ α = 1 ✐♥ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❞✉❛❧ ♣r✐❝❡s ♦❢ ❝♦✈❡r✐♥❣ r❡q✉❡sts ❛r❡ ❝♦♠♣❧❡t❡❧②
❛ss✐❣♥❡❞ t♦ t❤❡ ♣✐❝❦✉♣ ✈❡rt✐❝❡s ❛s ❛❧r❡❛❞② s✉❣❣❡st❡❞ ❜② ❉✉♠❛s ❡t ❛❧✳ ✭✶✾✾✶✮✳ ❋♦r♠❛❧❧②✱
α = 1 ❣✐✈❡s π̄i(α) = πi ❢♦r ❛❧❧ ♣✐❝❦✉♣ ✈❡rt✐❝❡s i ∈ P ❛♥❞ π̄i+n(α) = 0 ❢♦r ❛❧❧ ❞❡❧✐✈❡r②
✈❡rt✐❝❡s i+n ∈ D✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ t❤❡ ❢♦r✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐① (c̄fij) := (c̄ij(1))

s❛t✐s✜❡s c̄fij ≤ c̄fik + c̄fkj ❢♦r ❛❧❧ (i, j) ∈ A ❛♥❞ k ∈ D✳ ❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✵✾✮ ❝❛❧❧
t❤✐s ♣r♦♣❡rt② t❤❡ ❉❚■✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ❉❚■ ❡♥s✉r❡s t❤❛t ✈✐s✐t✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧
❞❡❧✐✈❡r② ✈❡rt❡① ✐s ♥❡✈❡r ❜❡♥❡✜❝✐❛❧✳ ❚❤✐s ♣r♦♣❡rt② ❡♥❛❜❧❡s t❤❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r
❞♦♠✐♥❛♥❝❡ r✉❧❡ ✭❉✉♠❛s ❡t ❛❧✳✱ ✶✾✾✶✮✿

❘✉❧❡ ✷✳ ✭❙tr♦♥❣ ❉♦♠✐♥❛♥❝❡ ❋♦r✇❛r❞✮ ▲❡t t❤❡ ❢♦r✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐① ❢✉❧✜❧❧ t❤❡
❉❚■✳
❆ ❢♦r✇❛r❞ ❧❛❜❡❧ L1

f = (i, c̄1f , t
1
f , l

1
f , S

1
f , O

1
f ) ❞♦♠✐♥❛t❡s ❛♥♦t❤❡r ❢♦r✇❛r❞ ❧❛❜❡❧ L2

f =

(i, c̄2f , t
2
f , l

2
f , S

2
f , O

2
f ) ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❧❛st ✈❡rt❡① i ✐❢ c̄1f ≤ c̄2f ✱ t

1
f ≤ t2f ✱ S

1
f ⊆ S2

f ✱ ❛♥❞ O1
f ⊆ O2

f

❤♦❧❞✳



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✸✺

❇❛❝❦✇❛r❞ ▲❛❜❡❧✐♥❣ ■♥ ❛♥❛❧♦❣② t♦ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ ❛ ❜❛❝❦✇❛r❞ ♣❛t❤ (j, . . . , 2n+1)
✐♥ G ❞❡✜♥❡s ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Lb = (j, c̄b, tb, lb, Sb, Ob)✳ ■ts ❛ttr✐❜✉t❡s ❛r❡ t❤❡ ✜rst ✈✐s✐t❡❞
✈❡rt❡① j✱ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ r❡❞✉❝❡❞ ❝♦st c̄b✱ t❤❡ ❧❛t❡st ❢❡❛s✐❜❧❡ st❛rt ♦❢ s❡r✈✐❝❡ tb ❛t ✈❡rt❡①
j✱ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ❧♦❛❞ lb✱ t❤❡ s❡t ♦❢ ❝♦♠♣❧❡t❡❞ r❡q✉❡sts Sb✱ ❛♥❞ t❤❡ s❡t ♦❢ ♦♣❡♥ r❡q✉❡sts
Ob ❛t ✈❡rt❡① j✳ ❘❡q✉❡sts ❛r❡ ♦♣❡♥ ✐❢ t❤❡② ❤❛✈❡ ❜❡❡♥ ❞❡❧✐✈❡r❡❞ ❜✉t ♥♦t ②❡t ♣✐❝❦❡❞ ✉♣✳ ❚❤❡
✐♥✐t✐❛❧ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ✐s ❣✐✈❡♥ ❜② Lb = (2n+1, 0, b2n+1, 0,∅,∅)✳
Pr♦♣❛❣❛t✐♥❣ ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Lb ❛❣❛✐♥st t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛r❝ (i, j) ∈ A ♦♥❧② r❡s✉❧ts

✐♥ ❛ ❢❡❛s✐❜❧❡ ❡①t❡♥s✐♦♥ L′b ❛t ✈❡rt❡① i ✐❢ ❡✐t❤❡r i ∈ P ❛♥❞ (i, i + n) ∈ Ob✱ ♦r i ∈ D ❛♥❞
(i − n, i) /∈ Ob ∪ Sb✱ ♦r i = 0 ❛♥❞ Ob = ∅✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐st❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦
t✐♠❡✲✇✐♥❞♦✇ ❛♥❞ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts ✐s ❡♥s✉r❡❞ ❜② r❡q✉✐r✐♥❣ tb−tij ≥ ai ❛♥❞ lb+qi ≤ Q
✭r❡❝❛❧❧ t❤❛t qi < 0 ❢♦r i ∈ D✮✱ r❡s♣❡❝t✐✈❡❧②✳
■❢ t❤❡ ❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ Lb ❛❣❛✐♥st t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛r❝ (i, j) ✐s ❢❡❛s✐❜❧❡✱ t❤❡ ♥❡✇

❜❛❝❦✇❛r❞ ❧❛❜❡❧ L′b = (i, c̄′b, t
′
b, l
′
b, S
′
b, O

′
b) ✐s ❝r❡❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❘❊❋s✿

c̄′b = c̄b + c̄ij(α) ✭✸✳✸❛✮

t′b = min{tb − tij , bi} ✭✸✳✸❜✮

l′b = lb − qi ✭✸✳✸❝✮

S′b =

{
Sb ∪ {(i, i+ n)} ✐❢ i ∈ P

Sb otherwise
✭✸✳✸❞✮

O′b =





Ob ∪ {(i− n, i)} ✐❢ i ∈ D

Ob \ {(i, i+ n)} ✐❢ i ∈ P

Ob otherwise

✭✸✳✸❡✮

❆s ✐♥ t❤❡ ❢♦r✇❛r❞ ❝❛s❡✱ ❛❧s♦ ❜❛❝❦✇❛r❞ ❘❊❋s ❛r❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ r❡s♦✉r❝❡s c̄b ❛♥❞
Sb ❛♥❞ tb s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ✐s ✈❛❧✐❞✿

❘✉❧❡ ✸✳ ✭❲❡❛❦ ❉♦♠✐♥❛♥❝❡ ❇❛❝❦✇❛r❞✮ ❆ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ L1
b = (j, c̄1b , t

1
b , l

1
b , S

1
b , O

1
b ) ❞♦♠✲

✐♥❛t❡s ❛♥♦t❤❡r ❜❛❝❦✇❛r❞ ❧❛❜❡❧ L2
b = (j, c̄2b , t

2
b , l

2
b , S

2
b , O

2
b ) ✇✐t❤ ✐❞❡♥t✐❝❛❧ ✜rst ✈❡rt❡① j ✐❢

c̄1b ≤ c̄2b ✱ t
1
b ≥ t2b ✱ S

1
b ⊆ S2

b ✱ ❛♥❞ O1
b = O2

b ❤♦❧❞✳

❯s✐♥❣ α = 0 ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❞✉❛❧ ♣r✐❝❡s ♦❢ ❝♦✈❡r✐♥❣ r❡q✉❡sts ❛r❡ ❝♦♠✲
♣❧❡t❡❧② ❛ss✐❣♥❡❞ t♦ t❤❡ ❞❡❧✐✈❡r② ✈❡rt✐❝❡s✱ ✐✳❡✳✱ π̄i(α) = 0 ❢♦r ❛❧❧ ♣✐❝❦✉♣ ✈❡rt✐❝❡s i ∈ P ❛♥❞
π̄i+n(α) = πi ❢♦r ❛❧❧ ❞❡❧✐✈❡r② ✈❡rt✐❝❡s i + n ∈ D✳ ❚❤❡ ❜❛❝❦✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐①
(c̄bij) := (c̄ij(0)) s❛t✐s✜❡s c̄bij ≤ c̄bik + c̄bkj ❢♦r ❛❧❧ (i, j) ∈ A ❛♥❞ k ∈ P ✳ ❲❡ ❝❛❧❧ t❤✐s ♣r♦♣❡rt②
t❤❡ P❚■✳ ■t ❡♥s✉r❡s t❤❛t✱ ❢♦r ❛♥② ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤✱ ✈✐s✐t✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣✐❝❦✉♣
✈❡rt❡① ✐s ♥❡✈❡r ❜❡♥❡✜❝✐❛❧✳ ❆s ✇✐t❤ ❉❚■ ✐♥ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ P❚■ ❡♥❛❜❧❡s t❤❡ ✉s❡ ♦❢ ❛
str♦♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✿

❘✉❧❡ ✹✳ ✭❙tr♦♥❣ ❉♦♠✐♥❛♥❝❡ ❇❛❝❦✇❛r❞✮ ▲❡t t❤❡ ❜❛❝❦✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐① ❢✉❧✜❧❧ t❤❡
P❚■✳
❆ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ L1

b = (j, c̄1b , t
1
b , l

1
b , S

1
b , O

1
b ) ❞♦♠✐♥❛t❡s ❛♥♦t❤❡r ❜❛❝❦✇❛r❞ ❧❛❜❡❧ L2

b =
(j, c̄2b , t

2
b , l

2
b , S

2
b , O

2
b ) ✇✐t❤ ✐❞❡♥t✐❝❛❧ ✜rst ✈❡rt❡① j ✐❢ c̄1b ≤ c̄2b ✱ t

1
b ≥ t2b ✱ S

1
b ⊆ S2

b ✱ ❛♥❞ O1
b ⊆ O2

b

❤♦❧❞✳



✸✻ ✸✳✷✳ ❇r❛♥❝❤✲❈✉t✲❛♥❞✲Pr✐❝❡ ❢♦r P❉P❚❲

❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❋♦r t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
❢♦r✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐① ✐s (c̄fij) := (c̄ij(1)) ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞ r❡❞✉❝❡❞✲❝♦st ♠❛tr✐① ✐s

(c̄bij) := (c̄ij(0)) s♦ t❤❛t t❤❡ ❉❚■ ❛♥❞ P❚■ ❛r❡ ❢✉❧✜❧❧❡❞✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ✉s❡
♦❢ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ✭❘✉❧❡ ✷ ❛♥❞ ❘✉❧❡ ✹✮✳
❚❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❧✐♠✐ts t❤❡ ❡✛♦rt ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ s✐♥❝❡ ♥♦t ❛❧❧ ❢♦r✇❛r❞

✭❜❛❝❦✇❛r❞✮ ❧❛❜❡❧s ❛r❡ ♣r♦♣❛❣❛t❡❞ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ ✭♦r✐❣✐♥✮ ❞❡♣♦t✳ ■♥st❡❛❞✱ ❧❛❜❡❧s ❛r❡
♣r♦♣❛❣❛t❡❞ ♦♥❧② ✉♣ t♦ ❛ s♦✲❝❛❧❧❡❞ ❤❛❧❢✲✇❛② ♣♦✐♥t h t❤❛t ✐s ❞❡✜♥❡❞ ♦♥ ❛ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡
♦❢ t❤❡ ❧❛❜❡❧s✳ ❚❤✐s ❧✐♠✐ts t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❝r❡❛t❡❞ ❧❛❜❡❧s✳ ■♥ t❤❡✐r s❡♠✐♥❛❧ ✇♦r❦✱
❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ s✉❣❣❡st t♦ s❡t h ❡q✉❛❧ t♦ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ ❞♦♠❛✐♥ ♦❢
t❤❡ ❝❤♦s❡♥ r❡s♦✉r❝❡✳ ■♥ t❤❡ P❉P❚❲✱ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t h ✐s ❜❡st ❞❡✜♥❡❞ ♦♥ t❤❡ t✐♠❡
r❡s♦✉r❝❡ s♦ t❤❛t ❢♦r✇❛r❞ ❧❛❜❡❧s Lf ❛r❡ ♣r♦♣❛❣❛t❡❞ ♦♥❧② ✐❢ tf ≤ h ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s Lb

♦♥❧② ✐❢ tb > h✳ ❈♦♠♣❛t✐❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ♠✉st t❤❡♥ ❜❡ ♠❡r❣❡❞ t♦ ♦❜t❛✐♥
❝♦♠♣❧❡t❡ 0✲(2n+1)✲♣❛t❤s✳
❘❡❝❡♥t❧②✱ ❈❤❛♣t❡r ✷ ❞❡♠♦♥str❛t❡❞ t❤❛t ✐t ✐s ♦❢t❡♥ ❜❡♥❡✜❝✐❛❧ t♦ ❝❤♦♦s❡ ❛ ❤❛❧❢✲✇❛② ♣♦✐♥t

h t❤❛t ❞✐✛❡rs ❢r♦♠ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❝❤♦s❡♥ r❡s♦✉r❝❡✳ ❚❤❡ r❡❛s♦♥
✐s t❤❛t ❞✉❡ t♦ ❛s②♠♠❡tr✐❡s✱ ❡✳❣✳✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡s✱ ❧❛❜❡❧✐♥❣ ✐♥ ♦♥❡ ♦❢
t❤❡ ❞✐r❡❝t✐♦♥s ✭❢♦r✇❛r❞ ♦r ❜❛❝❦✇❛r❞✮ ♠✐❣❤t ❜❡ s✐❣♥✐✜❝❛♥t❧② ❤❛r❞❡r t❤❛♥ t❤❡ ♦♣♣♦s✐t❡
❞✐r❡❝t✐♦♥ ❢♦r ❛ s♣❡❝✐✜❝ ❊❙PP❘❈ ✐♥st❛♥❝❡✳ ❊✈❡♥ ♠♦r❡✱ t❤✐s r❡❧❛t✐♦♥ ♦❢ t❤❡ ❤❛r❞♥❡ss ♦❢ t❤❡
t✇♦ ❞✐r❡❝t✐♦♥s ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ✐♥ ❡❛❝❤ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ✐t❡r❛t✐♦♥✳ ❚♦ ❣❡♥❡r❛❧❧② ❜❡tt❡r
❜❛❧❛♥❝❡ t❤❡ ✇♦r❦❧♦❛❞ ❜❡t✇❡❡♥ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ❈❤❛♣t❡r ✷ ✐♥tr♦❞✉❝❡❞
❛ s♦✲❝❛❧❧❡❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇❤✐❝❤ ✐s ❛ ❞②♥❛♠✐❝ ❜♦✉♥❞✐♥❣ ❝r✐t❡r✐♦♥ t❤❛t t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡♠❛✐♥✐♥❣ ❡✛♦rts ✐♥ t❤❡ s✐♠✉❧t❛♥❡♦✉s❧② s♦❧✈❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞
❧❛❜❡❧✐♥❣✳ ❚❤❡② ❡st✐♠❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ ✇♦r❦❧♦❛❞ ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥ ❜②
t❤❡ ♥✉♠❜❡r ♦❢ ✉♥♣r♦❝❡ss❡❞ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✉s❡ t❤❡ s❛♠❡
❤❡✉r✐st✐❝ ❝r✐t❡r✐♦♥ ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲
✇❛② ♣♦✐♥t✳
❚♦ ❛✈♦✐❞ ❝r❡❛t✐♥❣ t❤❡ s❛♠❡ ♣❛t❤ ♠✉❧t✐♣❧❡ t✐♠❡s ❢r♦♠ ❞✐✛❡r❡♥t ♣❛✐rs ♦❢ ❢♦r✇❛r❞ ❛♥❞

❜❛❝❦✇❛r❞ ❧❛❜❡❧s✱ ❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐ ✭✷✵✵✻✮ ✐♥tr♦❞✉❝❡❞ ❛ ❤❛❧❢✲✇❛② ♣♦✐♥t t❡st✳ ❆ ❢♦r✇❛r❞
❧❛❜❡❧ Lf ❛t ❛ ✈❡rt❡① i ∈ V ✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ♠❡r❣✐♥❣ ✐❢ i = 2n+1 ♦r tf > h✳ ❆❧❧
❜❛❝❦✇❛r❞ ❧❛❜❡❧s Lb ❛t ✈❡rt❡① i ❛r❡ t❤❡♥ ❝❤❡❝❦❡❞ ✇❤❡t❤❡r ♦r ♥♦t t❤❡② ❝❛♥ ❜❡ ♠❡r❣❡❞ ✇✐t❤
t❤✐s ❝❛♥❞✐❞❛t❡ ❢♦r✇❛r❞ ❧❛❜❡❧ Lf ✳ ❚❤❡ r❡s✉❧t✐♥❣ ♣❛t❤ ✐s ❢❡❛s✐❜❧❡ ✐❢ t❤❡ t✇♦ ❧❛❜❡❧s Lf ❛♥❞
Lb ❢✉❧✜❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♠❡r❣❡ ❝♦♥❞✐t✐♦♥s✿

Sf ∩ Sb = ∅ ✭✸✳✹❛✮

tf ≤ tb ✭✸✳✹❜✮




Ob = Of \ {(i, i+ n)} ✐❢ i ∈ P

Of = Ob \ {(i− n, i)} ✐❢ i ∈ D

Ob = Of ♦t❤❡r✇✐s❡

✭✸✳✹❝✮

✇❤❡r❡ ✭✸✳✹❛✮ ❡♥s✉r❡s t❤❛t ❡❛❝❤ r❡q✉❡st ✐s s❡r✈❡❞ ❛t ♠♦st ♦♥❝❡✱ ✭✸✳✹❜✮ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡
♣❛t❤ ✐s ❢❡❛s✐❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ r❡s♦✉r❝❡✱ ❛♥❞ ✭✸✳✹❝✮ r❡q✉✐r❡s t❤❛t t❤❡ ❝♦♥❝❛t❡✲
♥❛t✐♦♥ ❝♦♠♣❧❡t❡s ❛❧❧ ♦♣❡♥ r❡q✉❡sts✳



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✸✼

❘❡❝❛❧❧ t❤❛t r❡❞✉❝❡❞ ❝♦sts ♦❢ ♣❛rt✐❛❧ ♣❛t❤s ✐♥ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ r❡❧②
♦♥ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s (c̄fij) ❛♥❞ (c̄bij)✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ ❛
♣❛t❤ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ♠❡r❣❡ ✐s ❣❡♥❡r❛❧❧② ♥♦t t❤❡ s✉♠ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦sts ♦❢ ✐ts ❢♦r✇❛r❞
❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s ❤♦✇ r❡❞✉❝❡❞ ❝♦sts ❝❛♥✱ ❤♦✇❡✈❡r✱ ❜❡
❝♦♠♣✉t❡❞✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❚❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ ❛ r♦✉t❡ r ❣❡♥❡r❛t❡❞ ❜② ❛ ❢❡❛s✐❜❧❡ ♠❡r❣❡ ♦❢ ❛
❢♦r✇❛r❞ ❧❛❜❡❧ Lf ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Lb ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

c̄r = c̄f + c̄b +
∑

(k,k+n)∈
{Ob∩Of}

πk +
∑

(k,k+n)∈
{Ob∪Of}\{Ob∩Of}

πk
2
. ✭✸✳✺✮

Pr♦♦❢✳ ❖❜✈✐♦✉s❧②✱ ❢♦r ❛❧❧ r❡q✉❡sts (k, k + n) ∈ R t❤❛t ❛r❡ ❝♦♠♣❧❡t❡❞ ✭♣✐❝❦❡❞ ✉♣ ❛♥❞
❞❡❧✐✈❡r❡❞✮ ❡✐t❤❡r ✐♥ Lf ♦r Lb✱ t❤❡ ❞✉❛❧ ♣r✐❝❡ πk ✐s ❝♦rr❡❝t❧② ✐♥❝♦r♣♦r❛t❡❞✳ ▲❡t i ❜❡ t❤❡
✈❡rt❡① ❛t ✇❤✐❝❤ t❤❡ ♠❡r❣❡ ✐s ♣❡r❢♦r♠❡❞✳ ❋♦r ❛❧❧ r❡q✉❡sts (k, k + n) ∈ R ✇✐t❤ k 6= i ❛♥❞
k + n 6= i t❤❛t ❛r❡ ♦♣❡♥ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ✐✳❡✳✱ (k, k + n) ∈ Of ∩ Ob✱ t❤❡ ❞✉❛❧ ♣r✐❝❡ πk
✇❛s s✉❜tr❛❝t❡❞ t✇✐❝❡ ✭♦♥❝❡ ✐♥ c̄f ❛♥❞ ♦♥❝❡ ✐♥ c̄b✮✳ ❚❤✐s ✐s ❝♦rr❡❝t❡❞ ❜② ❛❞❞✐♥❣ ✐t ♦♥❝❡ t♦
c̄f + c̄b✳ ❋✐♥❛❧❧②✱ ✐❢ t❤❡ ♠❡r❣❡ ✈❡rt❡① i ✐s ❛ ♣✐❝❦✲✉♣ ♦r ❛ ❞❡❧✐✈❡r② ✈❡rt❡①✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r❡q✉❡st ✐s ♦♣❡♥ ❡✐t❤❡r ✐♥ Lf ♦r Lb ❛♥❞ ✐ts ❞✉❛❧ ♣r✐❝❡ πi ✭πi−n✮ ❢♦r i ∈ P ✭i ∈ D✮ ✇❛s
s✉❜tr❛❝t❡❞ ❡①❛❝t❧② ✶✳✺ t✐♠❡s✱ ✇❤✐❝❤ ✐s ❝♦rr❡❝t❡❞ ❜② ❛❞❞✐♥❣ πi/2 ✐♥ ✭✸✳✺✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ♦✉r ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❡①❛❝t✱
❛❧t❤♦✉❣❤ ✇❡ ✭✐✮ ♣❡r❢♦r♠ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ♦♥ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s ❛♥❞
✭✐✐✮ ✉s❡ ❛ s✉❜s❡t r❡❧❛t✐♦♥ ❢♦r ♦♣❡♥ r❡q✉❡sts ✐♥ t❤❡ ❞♦♠✐♥❛♥❝❡ ✇❤✐❧❡ ❡q✉❛❧✐t② ✐s r❡q✉✐r❡❞ ✐♥
t❤❡ ♠❡r❣❡ ♣r♦❝❡❞✉r❡✳✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❆ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ✉s❡s t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡
✭❘✉❧❡ ✷ ❛♥❞ ❘✉❧❡ ✹✮ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ❛♥❞ t❤❡ ❞❡s❝r✐❜❡❞ ♠❡r❣❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ ✭✸✳✹✮
❛♥❞ ✭✸✳✺✮ ✜♥❞s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠ ♦❢ t❤❡ P❉P❚❲✳

Pr♦♦❢✳ ▲❡t P ❜❡ ❛♥ ♦♣t✐♠❛❧ ♣❛t❤✱ ✐✳❡✳✱ ❛♥ ❡❧❡♠❡♥t❛r②✱ ❢❡❛s✐❜❧❡ 0✲(2n + 1)✲♣❛t❤ ✇✐t❤
♠✐♥✐♠✉♠ r❡❞✉❝❡❞ ❝♦st✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✜♥❞s
t❤✐s ♣❛t❤ ♦r ♦♥❡ ✇✐t❤ t❤❡ s❛♠❡ r❡❞✉❝❡❞ ❝♦st✳
◆♦t❡ t❤❛t t❤❡ ♣✉r❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ❘✉❧❡ ✷ ✐s

❝❧❡❛r❧② ✈❛❧✐❞ ❜❡❝❛✉s❡ t❤❡ r❡❞✉❝❡❞ ❝♦st ♠❛tr✐① (c̄fij) s❛t✐s✜❡s t❤❡ ❉❚■ ✭s❡❡✱ ❡✳❣✳✱ ❉✉♠❛s
❡t ❛❧✳✱ ✶✾✾✶✮✳ ❚❤✐s ❤❛s t✇♦ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst✱ ❛❧❧ ♣❛t❤s t❤❛t ❛rr✐✈❡ ❛t t❤❡ ❞❡st✐♥❛t✐♦♥
❞❡♣♦t 2n+1 ✇✐t❤ ❢❡❛s✐❜❧❡ st❛rt ♦❢ s❡r✈✐❝❡ ♥♦t ❧❛t❡r t❤❛♥ h ❛r❡ ❢♦✉♥❞ ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛rt
♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❝❛s❡s ✇❤❡r❡ ❛❧❧ ♦♣t✐♠❛❧
P r❡s✉❧t ❢r♦♠ ❛ ♠❡r❣❡ ♦❢ ❛ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✳ ❙❡❝♦♥❞✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞
t❤❛t P ✐s ❛ ♣❛t❤ t❤❛t ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝♦♠♣❧❡t❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t P ❤❛s ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ s❡r✈❡❞ r❡q✉❡sts✳
❚❤❡♥✱ P ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s P = (F,B)✱ ✇❤❡r❡ F ✐s ✐ts ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❡♥❞✐♥❣

❛t t❤❡ ♠❡r❣❡ ✈❡rt❡① i ❛♥❞ B ✐s t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ st❛rt✐♥❣ ❛t t❤❡ ♠❡r❣❡ ✈❡rt❡① i✳
❉❡♥♦t❡ ❜② Lf = (i, c̄f , tf , lf , Sf , Of ) t❤❡ ❧❛❜❡❧ r❡♣r❡s❡♥t✐♥❣ F t❤❛t ✐s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡

❢♦r✇❛r❞ ♣❛rt ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳



✸✽ ✸✳✷✳ ❇r❛♥❝❤✲❈✉t✲❛♥❞✲Pr✐❝❡ ❢♦r P❉P❚❲

◆♦t❡ ✜rst t❤❛t ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ✇✐t❤ ❘✉❧❡ ✹ ✐s ❛❧s♦ ✈❛❧✐❞ ❜❡❝❛✉s❡ (c̄bij) ❢✉❧✜❧❧s
t❤❡ P❚■✳ ■❢ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ♣r♦❞✉❝❡s t❤❡ ❧❛❜❡❧ L1

b =
(i, c̄1b , t

1
b , l

1
b , S

1
b , O

1
b ) ❛ss♦❝✐❛t❡❞ ✇✐t❤ B✱ t❤❡♥ t❤❡ ♠❡r❣❡ st❡♣ ❣❡♥❡r❛t❡s P = (F,B) ❛♥❞

♥♦t❤✐♥❣ r❡♠❛✐♥s t♦ s❤♦✇✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❧❛❜❡❧ L1
b ❞♦❡s ♥♦t ❡①✐st ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt✳

❍♦✇❡✈❡r✱ t❤❡r❡ ♠✉st ❡①✐st ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ L2
b = (i, c̄2b , t

2
b , l

2
b , S

2
b , O

2
b ) t❤❛t ❞♦♠✐♥❛t❡s

L1
b ✱ ✐✳❡✳✱ t

2
b ≥ t1b ✱ S

2
b ⊆ S1

b ✱ O
2
b ⊆ O1

b ✱ ❛♥❞ c̄2b ≤ c̄1b ✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r ✐♥❡q✉❛❧✐t② r❡❢❡rs t♦
t❤❡ r❡❞✉❝❡❞ ❝♦sts ❣✐✈❡♥ ❜② t❤❡ ❜❛❝❦✇❛r❞ r❡❞✉❝❡❞ ❝♦st ♠❛tr✐① (c̄bij)✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦
❝❛s❡s✳
❆ss✉♠❡ ✜rst t❤❛t O2

b = O1
b ✳ ❚❤❡♥ Lf ❛♥❞ L2

b ❢✉❧✜❧❧ t❤❡ ♠❡r❣❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✹✮✱ s✐♥❝❡
Lf ❛♥❞ L1

b ❢✉❧✜❧❧ ✐t ❞✉❡ t♦ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P= (F,B)✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ t❤❡
♣❛t❤ P ′ = (F,B′) r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♠❡r❣❡ ♦❢ Lf ❛♥❞ L2

b ❤❛s r❡❞✉❝❡❞ ❝♦st ♥♦t ❣r❡❛t❡r
t❤❛♥ P = (F,B)✱ ❜❡❝❛✉s❡ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐♥ ✭✸✳✺✮ ✐s t❤❛t c̄1b ✐s r❡♣❧❛❝❡❞ ❜② c̄2b ≤ c̄1b ✳
❚❤✉s✱ P ′ = (F,B′) ✐s ❛♥♦t❤❡r ❢❡❛s✐❜❧❡ 0✲(2n+1)✲♣❛t❤ ✇✐t❤ ♠✐♥✐♠✉♠ r❡❞✉❝❡❞ ❝♦st ✇❤✐❝❤
✐s ❢♦✉♥❞ ✐♥ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳
❙❡❝♦♥❞✱ ❛ss✉♠❡ t❤❛t O2

b ( O1
b ❤♦❧❞s✳ ❲❡ ♥♦✇ s❤♦✇ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t s✉❝❤ ❛

❜❛❝❦✇❛r❞ ❧❛❜❡❧ L2
b ❝❛♥♥♦t ❡①✐st✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ F ′ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠

r❡♠♦✈✐♥❣ ❛❧❧ ♣✐❝❦✉♣ ✈❡rt✐❝❡s ♦❢ r❡q✉❡sts (k, k+n) ∈ O1
b \O

2
b ❢r♦♠ F ✳ ❚❤❡♥✱ P∗ = (F ′, B′)

✐s ❛ ❢❡❛s✐❜❧❡ 0✲(2n + 1)✲♣❛t❤✳ ▼♦r❡♦✈❡r✱ ✐t s❡r✈❡s ❛ s♠❛❧❧❡r ♥✉♠❜❡r ♦❢ r❡q✉❡sts t❤❛♥ P
❜❡❝❛✉s❡ S2

b ⊆ S1
b ❞✉❡ t♦ t❤❡ ❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ L2

b ❛♥❞ L1
b ✳ ◆♦t❡ t❤❛t t❤✐s ✐♠♣❧✐❝❛t✐♦♥

r❡❧✐❡s ♦♥ ❡❧❡♠❡♥t❛r✐t② ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s✳ ❚❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ P∗ = (F ′, B′) ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r P∗ ❛s ❛ ❜❛❝❦✇❛r❞ ♣❛t❤✳ ❉✉❡ t♦ t❤❡ P❚■✱ t❤❡ ❜❛❝❦✇❛r❞
r❡❞✉❝❡❞ ❝♦sts ♦❢ F ′ ❛♥❞ F ❢✉❧✜❧❧ c̄b(F ′) ≤ c̄b(F )✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ L2

b

❛♥❞ L1
b ✐♠♣❧✐❡s c̄2b ≤ c̄1b ✳ ❍❡♥❝❡✱ t❤❡ r❡❞✉❝❡❞ ❝♦st c̄b(F ′)+ c̄2b ♦❢ P

∗ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡
r❡❞✉❝❡❞ ❝♦st c̄b(F ) + c̄1b ♦❢ P✳ ❚❤✐s ♠❡❛♥s t❤❛t P∗ ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛t❤ ✇✐t❤ ❢❡✇❡r s❡r✈❡❞
r❡q✉❡sts ❛s P ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ r❡q✉❡st✲♠✐♥✐♠❛❧✐t② ♦❢ P✳

✸✳✷✳✸ ❈✉tt✐♥❣ P❧❛♥❡s

❲❡ ♥♦✇ ♣r❡s❡♥t ❞❡t❛✐❧s ♦♥ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s t❤❛t ❛r❡ ✉s❡❞ ✐♥ ♦✉r ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡
❛❧❣♦r✐t❤♠ ✇✐t❤ ❛ ❢♦❝✉s ♦♥ t❤❡✐r ✐♠♣❧✐❝❛t✐♦♥ ❢♦r t❤❡ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠✳

❘♦❜✉st ❈✉ts ❲❡ ✉s❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ r♦❜✉st ❝✉ts✱ ✐✳❡✳✱ ✐♥❡q✉❛❧✐t✐❡s ♦♥ t❤❡ ❛❣❣r❡❣❛t❡❞
✢♦✇s ♦❢ ❛r❝s (i, j) ∈ A✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ✉s✐♥❣ ❡①♣r❡s✲
s✐♦♥s x(δ+(S)) ≤ rhs ♦r x(δ+(S)) ≥ rhs✳ ❍❡r❡✱ δ+(S) = {(i, j) ∈ A : i ∈ S, j ∈
V \ S} ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛r❝s ❧❡❛✈✐♥❣ t❤❡ ✈❡rt❡① s✉❜s❡t S ⊂ V ❛♥❞ x(δ+(S)) :=∑

r∈Ω

∑
(i,j)∈δ+(S) bijrλr ❣✐✈❡s t❤❡ ✢♦✇ ♦✉t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t S✳ P❛r❛♠❡t❡r bijr

❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s r♦✉t❡ r ∈ Ω tr❛✈❡rs❡s ❛r❝ (i, j)✳ ❚❤❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ❝✉ts
t❤❛t ✇❡ ✉s❡ ❛r❡ r♦✉♥❞❡❞ ❝❛♣❛❝✐t② ❝✉ts ❛♥❞ ✷✲♣❛t❤ ❝✉ts ✭❑♦❤❧ ❡t ❛❧✳✱ ✶✾✾✾✮✳ ❉❡t❛✐❧s ♦♥
t❤❡s❡ ❝✉ts ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡♣❛r❛t✐♦♥ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❘♦♣❦❡
❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✵✾✮✳
❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❜♦t❤ ❢❛♠✐❧✐❡s ♦❢ ❝✉ts ❛r❡ ❛❞❞✐t✐♦♥❛❧ ❞✉❛❧ ♣r✐❝❡s ♦♥ ❛r❝s (i, j) t❤❛t

❤❛✈❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡❞✉❝❡❞ ❝♦sts c̄fij ❛♥❞ c̄bij ✐♥ t❤❡ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠✳ ❆s ❛ r❡s✉❧t✱
t❤❡ ❢♦r✇❛r❞ ✭❜❛❝❦✇❛r❞✮ r❡❞✉❝❡❞ ❝♦st ♠❛tr✐① ❞♦❡s ❣❡♥❡r❛❧❧② ♥♦t ❢✉❧✜❧❧ t❤❡ ❉❚■ ✭P❚■✮✳ ■♥



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✸✾

♦r❞❡r t♦ ✉s❡ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ✐♥ ❢♦r✇❛r❞ ✭❜❛❝❦✇❛r❞✮ ❧❛❜❡❧✐♥❣✱ ❤♦✇❡✈❡r✱ t❤❡
❉❚■ ✭P❚■✮ ✐s ✐♥❞✐s♣❡♥s❛❜❧❡✳ ❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✵✾✮ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ tr❛♥s❢♦r♠
❛♥ ❛r❜✐tr❛r② ❝♦st ♠❛tr✐① ✐♥t♦ ♦♥❡ t❤❛t t❤❛t ❢✉❧✜❧❧s t❤❡ ❉❚■ ✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡
❦❡❡♣✐♥❣ t❤❡ r❡❞✉❝❡❞ ❝♦sts ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ r♦✉t❡s ✉♥❝❤❛♥❣❡❞✳ ❚❤❡② ❝♦♠♣✉t❡ ❢♦r ❡❛❝❤ r❡q✉❡st
(j, j + n) ∈ R t❤❡ ♠❛①✐♠✉♠ ✈✐♦❧❛t✐♦♥ θfj = maxi,k∈V {c̄

f
ik − (c̄fi,j+n + c̄fj+n,k)}

+ ♦❢ t❤❡

❉❚■✳ ❚❤❡♥✱ θfj /2 ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❝♦st c̄fij ❛♥❞ c̄fji ♦❢ ❛❧❧ ✐♥✲ ❛♥❞ ♦✉t❣♦✐♥❣
❛r❝s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣✐❝❦✉♣ ✈❡rt❡① j ∈ P ✳ ❋♦r t❤❡ ❞❡❧✐✈❡r② ✈❡rt❡① j + n ∈ D✱ t❤❡
s❛♠❡ ❛♠♦✉♥t θfj /2 ✐s ❛❞❞❡❞ t♦ t❤❡ r❡❞✉❝❡❞ ❝♦sts c̄fi,j+n ❛♥❞ c̄fj+n,i ♦❢ ❛❧❧ ✐♥✲ ❛♥❞ ♦✉t❣♦✐♥❣
❛r❝s✳ ❙✐♥❝❡ ❡❛❝❤ ❢❡❛s✐❜❧❡ r♦✉t❡ ❡✐t❤❡r ✈✐s✐ts ❜♦t❤ t❤❡ ♣✐❝❦✉♣ ❛♥❞ t❤❡ ❞❡❧✐✈❡r② ✈❡rt❡① ♦❢ ❛
r❡q✉❡st ♦r ♥♦♥❡ ♦❢ t❤❡ t✇♦✱ ✐ts r❡❞✉❝❡❞ ❝♦st r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ✇✐t❤ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✳
❈❧❡❛r❧②✱ ❛♥ ❛♥❛❧♦❣ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ t♦ ❡♥s✉r❡ t❤❡ P❚■ ❢♦r t❤❡ ❜❛❝❦✇❛r❞
r❡❞✉❝❡❞ ❝♦st ♠❛tr✐① c̄bij , i, j ∈ V ✉s✐♥❣ t❤❡ t❡r♠s θbj = maxi,k∈V {c̄

b
ik − (c̄bij + c̄bjk)}

+ ❢♦r ❛❧❧
(j, j + n) ∈ R✳
❚❤❡ ♠❡r❣❡ ♣r♦❝❡❞✉r❡ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠♦❞✐✜❡❞ ❝♦st ♠❛tr✐❝❡s ✐♥ ❢♦r✇❛r❞

❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❲❤❡♥ ♠❡r❣✐♥❣ s✉✐t❛❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s Lf ❛♥❞ Lb

t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ t❤❡ r❡s✉❧t✐♥❣ r♦✉t❡ r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s✿

c̄r = c̄f + c̄b +
∑

(k,k+n)∈
{Ob∩Of}

(
πk + θbk + θfk

)
+

∑

(k,k+n)∈
{Ob∪Of}\{Ob∩Of}

πk + θbk + θfk
2

.

❚❤❡ ❝♦rr❡❝t♥❡ss ❢♦❧❧♦✇s str❛✐❣❤t❢♦r✇❛r❞❧② ❜② ❛♥❛❧♦❣ ❝♦♥s✐❞❡r❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ❛❧t❡r❡❞
r❡❞✉❝❡❞✲❝♦st ❢♦r♠✉❧❛✳

❙✉❜s❡t✲❘♦✇ ❈✉ts ❙✉❜s❡t✲r♦✇ ❝✉ts ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮ ❢♦r
t❤❡ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❱❘P❚❲✮✳ ❚❤❡② ❛r❡ ❈❤✈át❛❧✲●♦♠♦r②
r❛♥❦✲✶ ❝✉ts ❜❛s❡❞ ♦♥ ❛ s✉❜s❡t ♦❢ t❤❡ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ♠❛st❡r ♣r♦❣r❛♠✳ ❇❡❝❛✉s❡ t❤❡②
❝❤❛♥❣❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❊❙PP❘❈ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠ ✭❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ ❝✉t r❡q✉✐r❡s ❛♥
❛❞❞✐t✐♦♥❛❧ r❡s♦✉r❝❡✮✱ t❤❡ s✉❜s❡t✲r♦✇ ❝✉ts ❛r❡ ♥♦♥✲r♦❜✉st✳ ❋♦r t❤❡ P❉P❚❲✱ ❛ s✉❜s❡t✲r♦✇
❝✉t ✐s ❞❡✜♥❡❞ ♦♥ ❛ s✉❜s❡t ♦❢ r❡q✉❡sts✳ ❚❤❡ ❝✉t ❢♦r ❛ r❡q✉❡st s❡t Uk ⊂ P ❛♥❞ ❛ ♣❛r❛♠❡t❡r
1 ≤ l ≤ |Uk|✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥♦t❡❞ ❜② SR(Uk, l)✱ ✐s ❣✐✈❡♥ ❜②

∑
r∈Ω⌊(

∑
i∈Uk

air)/l⌋λr ≤
⌊|Uk|/l⌋✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤♦s❡ ❝✉ts ❞❡✜♥❡❞ ❢♦r l = 2 ❛♥❞ |Uk| = 3 ❛s ♣r♦♣♦s❡❞
❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ❜② str❛✐❣❤t❢♦r✇❛r❞ ❡♥✉♠❡r❛t✐♦♥✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇r✐t❡ SR(Uk) ✐♥st❡❛❞ ♦❢ SR(Uk, 2)✳
❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ s✉❜s❡t✲r♦✇ ❝✉ts ✐♥ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥✉st✲

♠❡♥ts t♦ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✿ ▲❡t σk ≤ 0 ❜❡ t❤❡ ❞✉❛❧ ♣r✐❝❡ ♦❢ t❤❡ s✉❜s❡t✲r♦✇ ❝✉t SR(Uk)✳
■♥ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ✈❛❧✉❡ σk ♠✉st ❜❡ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢♦r ❡✈❡r② s❡❝✲
♦♥❞ ✈✐s✐t t♦ ❛ r❡q✉❡st (i, i+ n) ∈ Uk✳ ❚❤❡r❡❜②✱ ✐t ✐s ❜❡♥❡✜❝✐❛❧ ✐♥ t❡r♠s ♦❢ ❞♦♠✐♥❛♥❝❡ t♦
✐♥❝♦r♣♦r❛t❡ t❤✐s ♣❡♥❛❧t② ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡ ✐♥t♦ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ ❛ r❡s♣❡❝t✐✈❡ ♣❛t❤✳
❚❤✉s✱ ✇❡ s✉❜tr❛❝t σk ❛t t❤❡ s❡❝♦♥❞ ✈✐s✐t t♦ ♣✐❝❦✉♣ ✈❡rt✐❝❡s i ✇✐t❤ (i, i+n) ∈ Uk✳ ❈♦♥tr❛r②✱
✐♥ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ✈❛❧✉❡ σk ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢♦r ❡✈❡r② s❡❝♦♥❞
✈✐s✐t t♦ ❞❡❧✐✈❡r② ✈❡rt✐❝❡s i ✇✐t❤ (i − n, i) ∈ Uk✳ ❚❤❡r❡❢♦r❡✱ ❛❞❞✐t✐♦♥❛❧ ❜✐♥❛r② r❡s♦✉r❝❡s



✹✵ ✸✳✷✳ ❇r❛♥❝❤✲❈✉t✲❛♥❞✲Pr✐❝❡ ❢♦r P❉P❚❲

srf (k) ❛♥❞ srb(k)✱ ♦♥❡ ❢♦r ❡❛❝❤ ❝✉t SR(Uk)✱ ❛r❡ ♥❡❝❡ss❛r② ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛✲
❜❡❧✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣❛r✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❛ ♣✐❝❦✉♣ ♦r ❞❡❧✐✈❡r②
✈❡rt❡① ♦❢ ❛ r❡q✉❡st ✐♥ Uk ✐s ✈✐s✐t❡❞✳
❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ t❛✐❧♦r❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡ t❤❛t ❛✈♦✐❞s ❛ ♣♦✐♥t✲

✇✐s❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❧❧ r❡s♦✉r❝❡s srf (k) ❛♥❞ srb(k) r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝♦♠♣❛r❛❜❧❡
❧❛❜❡❧s s✐❣♥✐✜❝❛♥t❧②✳ ■♥ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❞♦♠✐♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ r❡s♦✉r❝❡
c̄f ❝❤❛♥❣❡s ❛s ❢♦❧❧♦✇s✿ ▲❡t Lf ❛♥❞ L′f ❜❡ t✇♦ ❧❛❜❡❧s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❧❛st ✈❡rt❡① i ❛♥❞ ❧❡t
H := {k : srf (k) = 0 and sr′f (k) = 1} ❜❡ t❤❡ ✐♥❞❡① s❡t ♦❢ t❤❡ ♥❡✇ r❡s♦✉r❝❡s ♦♥ ✇❤✐❝❤
Lf ✐s ✐♥❢❡r✐♦r ❝♦♠♣❛r❡❞ t♦ L′f ✳ ❚❤❡♥✱ c̄f −

∑
k∈H σk ≤ c̄′f ❤❛s t♦ ❤♦❧❞ ✐❢ Lf ❞♦♠✐♥❛t❡s

L′f ✳ ❚❤❡ t❛✐❧♦r❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ✐♥ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ r❡❣❛r❞✐♥❣ t❤❡ r❡s♦✉r❝❡ c̄b ❝❛♥ ❜❡
❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ ❛ ♠❡r❣❡❞ ♣❛t❤ ✐♥ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣

❛❧❣♦r✐t❤♠ ❛❧s♦ ❤❛s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♥❡✇ r❡s♦✉r❝❡s ❛♥❞ ❞✉❛❧ ♣r✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤
❝✉t SR(Uk)✳ ▲❡t Lf ❛♥❞ Lb ❜❡ ❛ ♣❛✐r ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ❢✉❧✜❧❧✐♥❣ t❤❡ ♠❡r❣❡
❝♦♥❞✐t✐♦♥s ✭✸✳✹✮✳ ■❢ ❜♦t❤ Lf ❛♥❞ Lb ❤❛✈❡ ✈✐s✐t❡❞ ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ r❡q✉❡sts ✐♥ Uk✱ ✐✳❡✳✱
srf (k) = srb(k) = 1✱ t❤❡♥ t❤❡ ❞✉❛❧ ♣r✐❝❡ σk ♦❢ t❤❡ s✉❜s❡t✲r♦✇ ❝✉t SR(Uk) ❤❛s t♦ ❜❡
s✉❜tr❛❝t❡❞ ♦♥❝❡ ♠♦r❡ ✐♥ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ t❤❡ ♠❡r❣❡❞ ♣❛t❤✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡
♠❡r❣❡ ♣r♦❝❡❞✉r❡ ✐♥ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛♥② ♦t❤❡r ❊❙PP❘❈ ✈❛r✐❛♥ts✳ ❆❞❞✐t✐♦♥❛❧
❝❛r❡ ❤❛s t♦ ❜❡ t❛❦❡♥ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❢♦r t❤❡ P❉P❚❲ ❜❡❝❛✉s❡
✈✐s✐t❡❞ r❡q✉❡sts (i, i+n) ∈ Uk ❛r❡ ❝♦✉♥t❡❞ ❛t t❤❡ ♣✐❝❦✉♣s ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❛t t❤❡ ❞❡❧✐✈❡r✐❡s
✐♥ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✳ ❚❤✉s✱ ✐❢ s♦♠❡ r❡q✉❡sts (i, i + n) ∈ Uk ❛r❡ ♦♣❡♥ ✐♥ t❤❡ ❢♦r✇❛r❞
❧❛❜❡❧ Lf ♦r ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Lb✱ t❤❡② ❤❛✈❡ ❜❡❡♥ ❝♦✉♥t❡❞ t✇✐❝❡ ✭♦♥❝❡ ❛t t❤❡ ♣✐❝❦✉♣
✈❡rt❡① ✐♥ Lf ❛♥❞ ♦♥❝❡ ❛t t❤❡ ❞❡❧✐✈❡r② ✈❡rt❡① ✐♥ Lb✮ ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❞✉❛❧ ♣r✐❝❡ σk
♠✐❣❤t ❤❛✈❡ ❜❡❡♥ s✉❜tr❛❝t❡❞ t♦♦ ♦❢t❡♥✳ ❚♦ r❡♣❛✐r t❤✐s ❞❡❢❡❝t✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r
♦❢ r❡q✉❡sts t❤❛t ❤❛✈❡ ❜❡❡♥ ❝♦✉♥t❡❞ t✇✐❝❡ ❛s cntk := |Uk ∩ (Of ∪ Ob)|✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t
Θk := 1 − |srf (k) − srb(k)| ❜❡ t❤❡ ✐♥❞✐❝❛t♦r t❡❧❧✐♥❣ ✇❤❡t❤❡r t❤❡ s✉♠ ♦❢ ❝♦✉♥t❡❞ ✈✐s✐ts
✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ✐s ❡✈❡♥✳ ■❢ t❤✐s s✉♠ ✐s ❡✈❡♥✱ ✇❡ ❤❛✈❡ t♦ ❛❞❞ t❤❡ ❞✉❛❧ ♣r✐❝❡ ❢♦r ❡✈❡r②
♦❞❞ ♥✉♠❜❡r ♦❢ ❞♦✉❜❧❡✲❝♦✉♥ts✳ ❱✐❝❡ ✈❡rs❛✱ ✐❢ t❤❡ s✉♠ ♦❢ ❝♦✉♥t❡❞ ✈✐s✐ts ✐s ♦❞❞✱ ✇❡ ❤❛✈❡
t♦ ❛❞❞ t❤❡ ❞✉❛❧ ♣r✐❝❡ ❢♦r ❡✈❡r② ❡✈❡♥ ♥✉♠❜❡r ♦❢ ❞♦✉❜❧❡✲❝♦✉♥ts✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡
t♦ ❛❞❞ ⌊ cntk+Θk

2 ⌋ t✐♠❡s σk t♦ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ t❤❡ ♠❡r❣❡❞ ♣❛t❤ t♦ ❛❞❥✉st ❢♦r ♣♦ss✐❜❧❡
❞♦✉❜❧❡✲✐♥❝❧✉s✐♦♥s✳ ❆❣❛✐♥✱ t❤❡s❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st ♦❢ t❤❡
♠❡r❣❡ ♦❢ ❧❛❜❡❧s Lf ❛♥❞ Lb ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✸✳✷✳

✸✳✷✳✹ ❇r❛♥❝❤✐♥❣

◆♦t❡ ✜rst t❤❛t ❜r❛♥❝❤✐♥❣ ♦♥ ❛r❝s ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ P❉Ps ✐❢ ♦♥❡ ✇❛♥ts t♦ ♣r❡s❡r✈❡ t❤❡
❉❚■ ♦r P❚■ ✭s❡❡ ❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉✱ ✷✵✵✾✱ ❢♦r ❞❡t❛✐❧s✮✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❤✐❡r❛r❝❤✐❝❛❧ ❜r❛♥❝❤✐♥❣ s❝❤❡♠❡✳ ❋✐rst✱ ✇❡ tr② t♦ ❜r❛♥❝❤ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s✳ ■❢ t❤❡
♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ✐s ✐♥t❡❣❡r✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ♦✉t✢♦✇ ♦❢ ❛ s❡t ♦❢ ✈❡rt✐❝❡s ❛s ♣r♦♣♦s❡❞
❢♦r t❤❡ ❈❱❘P ❜② ◆❛❞❞❡❢ ❛♥❞ ❘✐♥❛❧❞✐ ✭✷✵✵✷✮ ❛♥❞ ❛♣♣❧✐❡❞ t♦ t❤❡ P❉P❚❲ ❜② ❘♦♣❦❡ ❛♥❞
❈♦r❞❡❛✉ ✭✷✵✵✾✮✳ ❇♦t❤ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ✐♥❝❧✉❞✐♥❣ ❛ s✐♥❣❧❡
✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ❢♦r♠ x(δ+(S)) ≤ rhs ♦r x(δ+(S)) ≥ rhs ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✸✮ ✐♥ t❤❡
♠❛st❡r ♣r♦❜❧❡♠✳



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✹✶

✸✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡♣♦rt ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧
❛♥❞ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉P❚❲ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✳ ❆❧❧ r❡s✉❧ts ✇❡r❡
♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ P❈ ✇✐t❤ ❛♥ ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮ ✐✼✲✺✾✸✵❦ ♣r♦❝❡ss♦r ❝❧♦❝❦❡❞ ❛t
✸✳✺ ●❍③✱ ✻✹ ●❇ ❘❆▼✱ ❛♥❞ ❲✐♥❞♦✇s ✼ ❊♥t❡r♣r✐s❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞
✐♥ ❈✰✰ ❛♥❞ ❝♦♠♣✐❧❡❞ ✐♥t♦ ✻✹✲❜✐t s✐♥❣❧❡✲t❤r❡❛❞ ❝♦❞❡ ✇✐t❤ ▼❙ ❱✐s✉❛❧ ❙t✉❞✐♦ ✷✵✶✵✳ ❚❤❡
❝❛❧❧❛❜❧❡ ❧✐❜r❛r② ♦❢ ❈P▲❊❳ ✶✷✳✻✳✵ ✇❛s ✉s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❘▼Ps✳

❇❡♥❝❤♠❛r❦ ■♥st❛♥❝❡s ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞✐❡s ✉s❡ t✇♦ ❣r♦✉♣s ♦❢ ✐♥st❛♥❝❡s ❢r♦♠
t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ✹✵ ✐♥st❛♥❝❡s ♦❢ ❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✵✾✮ ❝❛❧❧❡❞ ❘❈✱ ❛♥❞ ✸✵ ✐♥st❛♥❝❡s
♦❢ ▲✐ ❛♥❞ ▲✐♠ ✭✷✵✵✸✮ ❞❡♥♦t❡❞ ❜② ▲▲✳ ❚❤❡ ❘❈ ✐♥st❛♥❝❡s ❝♦♠♣r✐s❡ ✸✵ t♦ ✼✺ r❡q✉❡sts ❛♥❞
❤❛✈❡ ❤✐❣❤ ✈❡❤✐❝❧❡ ✜①❡❞ ❝♦sts s✉❝❤ t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ✐s t❤❡
♣r✐♠❛r② ♦❜❥❡❝t✐✈❡✳ ▼♦r❡♦✈❡r✱ t❤❡② ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② s♠❛❧❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t✐❡s✱ ♥❛rr♦✇
t✐♠❡ ✇✐♥❞♦✇s✱ ❛♥❞ t✐♠❡ ✇✐♥❞♦✇s ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ❧♦❝❛t✐♦♥s t❤❛t ❛r❡
✈❡r② ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡s❡ ✐♥st❛♥❝❡s r❛r❡❧② ❛❧❧♦✇ ♠✉❧t✐♣❧❡ ♦♣❡♥ r❡q✉❡sts
❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ♦♥ ❛✈❡r❛❣❡ ♦♥❧② ✷✷ ♣❡r❝❡♥t ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s ❞✉r✐♥❣
❛ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ♦♣❡♥ r❡q✉❡sts ✭♥♦t ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡q✉❡st ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❝✉rr❡♥t ✈❡rt❡①✮✳ ❆s ❛ r❡s✉❧t✱ ♠♦st r♦✉t❡s ✈✐s✐t t❤❡ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ✈❡rt✐❝❡s
♦❢ ❡❛❝❤ r❡q✉❡st ✐♥ ❞✐r❡❝t s❡q✉❡♥❝❡✳ ❚❤✉s✱ t❤❡ ❘❈ ✐♥st❛♥❝❡s r❡s❡♠❜❧❡ ♠♦r❡ ❱❘P❚❲
✐♥st❛♥❝❡s ✇✐t❤♦✉t ❝❛♣❛❝✐t② r❡str✐❝t✐♦♥s r❛t❤❡r t❤❛♥ ❜❡✐♥❣ tr✉❡ P❉P❚❲ ✐♥st❛♥❝❡s✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ ❝♦♥s✐❞❡r❛❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✇❡❛❦ ❛♥❞ str♦♥❣ ❞♦♠✐♥❛♥❝❡
✐♥ t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ♦♥ s✉❝❤ ✐♥st❛♥❝❡s✳ ❲❡ t❤❡r❡❢♦r❡ ♠♦❞✐✜❡❞ t❤❡ ♦r✐❣✐♥❛❧ s❡t ♦❢
❘❈ ✐♥st❛♥❝❡s ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❛❧❧ t✐♠❡ ✇✐♥❞♦✇s ❜② ✷✺ ✉♥✐ts ❛♥❞ t❤❡
✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② ❜② ✶✵ ✉♥✐ts✳
❲✐t❤ t❤✐s ♠♦❞✐✜❝❛t✐♦♥✱ ✻✺ ♣❡r❝❡♥t ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s ✐♥ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❤❛✈❡

❛❞❞✐t✐♦♥❛❧ ♦♣❡♥ r❡q✉❡sts✳
❚❤❡s❡ ✐♥st❛♥❝❡s ❛r❡ ❞❡♥♦t❡❞ ❘❈✰✳
❚❤❡ ▲▲ ✐♥st❛♥❝❡s ❝♦♠♣r✐s❡ ❛r♦✉♥❞ ✶✵✵ r❡q✉❡sts ❛♥❞ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❙♦❧♦♠♦♥ ❜❡♥❝❤✲

♠❛r❦ s❡t ❢♦r t❤❡ ❱❘P❚❲✳ ◆♦ ✜①❡❞ ❝♦sts ❢♦r t❤❡ ✈❡❤✐❝❧❡s ❛r❡ ❛ss✉♠❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❧❡♥❣t❤s ♦❢ t❤❡ t✐♠❡ ✇✐♥❞♦✇s ✈❛r② str♦♥❣❧② ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥❝❡s s♦ t❤❛t ♠✉❧t✐♣❧❡ ♦♣❡♥
r❡q✉❡sts ❛t t❤❡ s❛♠❡ t✐♠❡ ❛r❡ ♣♦ss✐❜❧❡✳
■♥ ♣r❡❧✐♠✐♥❛r② t❡sts✱ ✇❡ ❛❧s♦ ❞❡t❡❝t❡❞ t❤❛t ✐♥ ❛❧♠♦st ❛❧❧ ✐♥st❛♥❝❡s t❤❡ t✐♠❡ ✇✐♥❞♦✇s

✇❡r❡ ❞✐str✐❜✉t❡❞ ❛s②♠♠❡tr✐❝❛❧❧② ♦✈❡r t❤❡ t✐♠❡ ❤♦r✐③♦♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✐♥st❛♥❝❡s ❛r❡
♠✉❝❤ ❤❛r❞❡r ✇❤❡♥ s♦❧✈✐♥❣ t❤❡♠ ✐♥ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✳ ❚♦ ❛❝❤✐❡✈❡ ❛ ❜❛❧❛♥❝❡❞ r❛t✐♦
♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ❜✉✐❧t r❡✈❡rs❡❞ ✐♥st❛♥❝❡s ❜② ✐♥✈❡rt✲
✐♥❣ t❤❡ t✐♠❡ ✇✐♥❞♦✇s✱ ✐✳❡✳✱ s✇❛♣♣✐♥❣ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ❛♥❞ t❛❦✐♥❣ ♥❡✇ t✐♠❡ ✇✐♥✲
❞♦✇s [b2n+1 − bi, b2n+1 − ai] ❢♦r ❡❛❝❤ ✈❡rt❡① i ∈ V ✳ ❚♦ ♦❜t❛✐♥ ✐♥st❛♥❝❡s t❤❛t ❛r❡ r❡❛❧❧②
❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s✱ ✇❡ ❛❧s♦ ♣❡r♠✉t❡❞ t❤❡ ❞❡♠❛♥❞s ♦❢ t❤❡ r❡q✉❡sts r❛♥❞♦♠❧②✳
❚❤❡ ✐♥✈❡rs❡ ✐♥st❛♥❝❡ s❡ts ✐s ❞❡♥♦t❡❞ ❜② ❘❈←✱ ❘❈✰←✱ ❛♥❞ ▲▲← ❢♦r ❘❈✱ ❘❈✰✱ ❛♥❞ ▲▲ ✐♥st❛♥❝❡s✱
r❡s♣❡❝t✐✈❡❧②✳



✹✷ ✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

❈♦♠♣✉t❛t✐♦♥❛❧ ❙❡t✉♣ ❚♦ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❢♦r s♦❧✈✐♥❣ t❤❡
P❉P❚❲✱ t❤❡② ❛r❡ ❛❧❧ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ s❛♠❡ ❜❛s✐❝ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠✳
■t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦♥❡♥ts✳ ❚♦ s♣❡❡❞ ✉♣ t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❤❡✉r✐s✲
t✐❝ ♣r✐❝❡r ✉s❡s ❛r❝✲r❡❞✉❝❡❞ ♥❡t✇♦r❦s ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✱ ♣✳ ✺✽✮✳ ❲❤❡♥ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘▼P ✐s ❢r❛❝t✐♦♥❛❧✱ ✇❡ ✜rst s❡♣❛r❛t❡ r♦❜✉st ❝✉ts ✭r♦✉♥❞❡❞ ❝❛♣❛❝✐t② ❝✉ts
❛♥❞ ✷✲♣❛t❤ ❝✉ts✮ ❢♦❧❧♦✇❡❞ ❜② t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲r♦❜✉st ❙❘ ❝✉ts✳ ■❢ ♥♦ ♠♦r❡ ❝✉ts
❛r❡ ❢♦✉♥❞✱ ❜r❛♥❝❤✐♥❣ ✐s ♣❡r❢♦r♠❡❞✳ ❆s ❞♦♥❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉✱ ✷✵✵✾✮✱
✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ❜❡❢♦r❡ s❡♣❛r❛t✐♥❣ ❝✉ts ❢♦r t❤❡ ❘❈✱ ❘❈✰✱ ❘❈←✱ ❛♥❞
❘❈✰← ✐♥st❛♥❝❡s✳ ❈✉ts ❛r❡ s❡♣❛r❛t❡❞ ❛t ❛❧❧ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡s✳ ❋♦r t❤❡ ❙❘ ❝✉ts✱
❤♦✇❡✈❡r✱ ✇❡ s❡t ❛ ❧✐♠✐t ♦❢ ✻✵ ❝✉ts ✐♥ t♦t❛❧✳
❖✈❡r❛❧❧✱ ✇❡ ❝♦♠♣❛r❡ s✐① ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❙PP❘❈

♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✿ ♣✉r❡ ✭♠♦♥♦❞✐r❡❝t✐♦♥❛❧✮ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ✭❋✇✲❙ ❛♥❞
❇✇✲❙✮✱ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ ❛ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✉s✐♥❣ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥
t❤❡ ❢♦r✇❛r❞ ♣❛rt ❛♥❞ ✇❡❛❦ ♦r str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt ✭❇✐✲❙t✲❙❲ ♦r
❇✐✲❙t✲❙❙✮✱ ❛♥❞ t❤❡ t✇♦ ❛♥❛❧♦❣ str❛t❡❣✐❡s ❇✐✲❉②✲❙❲ ❛♥❞ ❇✐✲❉②✲❙❙ ❢♦r ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✲
✐♥❣ ✇✐t❤ ❛ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s ❛r❡
s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✸✳✶✳ ◆♦t❡ t❤❛t ✇❡ r❡❢r❛✐♥ ❢r♦♠ ♣r❡s❡♥t✐♥❣ r❡s✉❧ts ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧
❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ✇✐t❤ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛rt ❛♥❞ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥
t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt ✭❲❙✮✱ ❜❡❝❛✉s❡ t❤❡ ♦✈❡r❛❧❧ ✐♥st❛♥❝❡ s❡t ✐s r❡❧❛t✐✈❡❧② s②♠♠❡tr✐❝ ❛♥❞ ♥♦
s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ t♦ t❤❡ r❡s✉❧ts ✇✐t❤ ❞♦♠✐♥❛♥❝❡ ❙❲ ♦❝❝✉rr❡❞ ✐♥ ♣r❡❧✐♠✐♥❛r② t❡sts✳

❉✐r❡❝t✐♦♥✭s✮ ❍❛❧❢✲✇❛② P♦✐♥t ❉♦♠✐♥❛♥❝❡ ❋✇ ❉♦♠✐♥❛♥❝❡ ❇✇

❙tr❛t❡❣② ❋♦r✇✳ ❇❛❝❦✇✳ ❙t❛t✐❝ ❉②♥❛♠✐❝ ❙tr♦♥❣ ❲❡❛❦ ❙tr♦♥❣ ❲❡❛❦

❋✇✲❙ × ×
❇✇✲❙ × ×
❇✐✲❙t✲❙❲ × × × × ×
❇✐✲❙t✲❙❙ × × × × ×
❇✐✲❉②✲❙❲ × × × × ×
❇✐✲❉②✲❙❙ × × × × ×

❚❛❜❧❡ ✸✳✶✿ ▲❛❜❡❧✐♥❣ str❛t❡❣✐❡s

❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts ❲❡ ❝♦♥❞✉❝t t✇♦ t②♣❡s ♦❢ t❡sts t♦ ♠❡❛s✉r❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡
❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s✳ ■♥ t❤❡ ✜rst t②♣❡ ♦❢ t❡st✱ ❡✈❡r② ✐♥st❛♥❝❡ ♦❢ t❤❡ ❊❙PP❘❈
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✉s✐♥❣ ❛❧❧ ❝♦♥s✐❞❡r❡❞ ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡
❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♠❛st❡r ♣r♦❣r❛♠✳ ■♥ t❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞✐r❡❝t❧② ❝♦♠♣❛r❡
t❤❡ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❜❡❝❛✉s❡ t❤❡② ❛❧❧ s♦❧✈❡ t❤❡ ❡①❛❝t s❛♠❡ ❊❙PP❘❈ ✐♥st❛♥❝❡s
✭✐❞❡♥t✐❝❛❧ ❞✉❛❧ ♣r✐❝❡s✮ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠✳ ❇❡❝❛✉s❡ ❡❛❝❤
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❤❛s t♦ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛❧❧ s✐① ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s✱ t❤❡ t✐♠❡ ❧✐♠✐t ✐s s❡t t♦
t✇♦ ❤♦✉rs ♣❡r ✐♥st❛♥❝❡ ✐♥ t❤❡s❡ t❡sts✳
❋♦r ❡❛❝❤ P❉P❚❲ ✐♥st❛♥❝❡ ❛♥❞ ❧❛❜❡❧✐♥❣ str❛t❡❣②✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ r❛t✐♦ ♦❢ t❤❡

♣r✐❝✐♥❣ t✐♠❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛s❡❧✐♥❡ str❛t❡❣② ❋✇✲❙ ❛s t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦✈❡r ❛❧❧ ♣r✐❝✐♥❣



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✹✸

✐t❡r❛t✐♦♥s✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ ✐♥❛❝❝✉r❛❝✐❡s ✐♥ t✐♠❡ ♠❡❛s✉r❡♠❡♥t✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
♦♥❧② t❤♦s❡ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s t❤❛t ❝♦♥s✉♠❡❞ ♠♦r❡ t❤❛♥ ✵✳✶ s❡❝♦♥❞s ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡
❢♦r ❛❧❧ s✐① ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s✳ ❲❤❡♥❡✈❡r t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② s♦❧✈❡❞
✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t✱ t❤❡ ❛✈❡r❛❣❡ ✐s t❛❦❡♥ ♦✈❡r t❤❡ ✐t❡r❛t✐♦♥s s♦❧✈❡❞ ❜② ❛❧❧ str❛t❡❣✐❡s ✉♣
t♦ t❤✐s ♣♦✐♥t✳
❚❛❜❧❡ ✸✳✷ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ❢♦r t❤✐s ✜rst t②♣❡ ♦❢ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ✜rst ❝♦❧✉♠♥

✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ♦♥❧② t❤❡ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s ❢♦r t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ✭✸✳✶✮ ✭▲P✮ ♦r
t❤♦s❡ ♦❢ t❤❡ ❡♥t✐r❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡ ✭❇✫❇✮ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥
✭●r♦✉♣✮ ❣✐✈❡s t❤❡ ✐♥st❛♥❝❡ ❣r♦✉♣ ❛♥❞ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ✭★✐♥st✮ ❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢
✐♥st❛♥❝❡s ❢♦r ✇❤✐❝❤ t❤❡r❡ ✇❛s ❛t ❧❡❛st ♦♥❡ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥ r❡q✉✐r✐♥❣ ❛t ❧❡❛st t❤❡ ♠✐♥✐♠❛❧
t✐♠❡ ♦❢ ✵✳✶ s❡❝♦♥❞s✳ ❚❤❡ ❢♦✉rt❤ ❝♦❧✉♠♥ ✭★❇❇✮ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ s♦❧✈❡❞
❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡s✱ t❤❡ ✜❢t❤ ❝♦❧✉♠♥ ✭★❙❘✮ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞
s✉❜s❡t✲r♦✇ ❝✉ts✱ ❛♥❞ t❤❡ s✐①t❤ ❝♦❧✉♠♥ ✭★❘❖✮ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞ r♦❜✉st
❝✉ts✳
❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦❧✉♠♥s ♣r❡s❡♥t t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥s ♦✈❡r t❤❡ ✐♥st❛♥❝❡s ♦❢ t❤❡ ♣r✐❝✐♥❣

t✐♠❡ r❛t✐♦s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❝♦♠♣❛r❡❞ t♦ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✳

●❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ r❛t✐♦ ♦❢ ♣r✐❝✐♥❣ t✐♠❡s
r❡❧❛t✐✈❡ t♦ ❋✇✲❙

●r♦✉♣ ★✐♥st ★❇❇ ★❙❘ ★❘❖ ❇✇✲❙ ❇✐✲❙t✲❙❲ ❇✐✲❙t✲❙❙ ❇✐✲❉②✲❙❲ ❇✐✲❉②✲❙❙
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❘❈✰ ✸✸✴✹✵ ✶✳✹✶ ✶✳✽✺ ✶✳✹✹ ✶✳✵✹ ✵✳✾✸
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❘❈← ✶✸✴✹✵ ✵✳✾✻ ✶✳✶✶ ✵✳✾✾ ✶✳✵✻ ✶✳✵✶
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▲▲← ✷✶✴✸✵ ✵✳✹ ✷✳✹ ✶✳✸ ✵✳✽✻ ✹✳✵✸ ✵✳✾✹ ✶✳✵✺ ✵✳✼✼

❚♦t❛❧ ✶✹✸✴✷✷✵ ✶✳✶✸ ✶✳✷✵ ✵✳✼✸ ✵✳✻✽ ✵✳✺✽

❚❛❜❧❡ ✸✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ♦♥ s❛♠❡ ❊❙PP❘❈ ✐♥st❛♥❝❡s ✭✐❞❡♥✲
t✐❝❛❧ ❞✉❛❧ ♣r✐❝❡s✮

❚❤❡ r❡s✉❧ts r❡✈❡❛❧ t❤❛t ❡♠♣❧♦②✐♥❣ t❤❡ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ♦❢ ❛ ❜✐❞✐r❡❝✲
t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❜❡♥❡✜❝✐❛❧✿ ❇♦t❤ str❛t❡❣✐❡s ❇✐✲❙t✲❙❙ ❛♥❞ ❇✐✲❉②✲❙❙ ❞♦♠✐♥❛t❡
t❤❡✐r r❡s♣❡❝t✐✈❡ ❝♦✉♥t❡r♣❛rt ❇✐✲❙t✲❙❲ ♦r ❇✐✲❉②✲❙❲ t❤❛t ✉s❡s t❤❡ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡
❜❛❝❦✇❛r❞ ♣❛rt✳ ▼♦r❡♦✈❡r✱ str❛t❡❣② ❇✐✲❉②✲❙❙ ❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠s t❤❡ ♦t❤❡r str❛t❡❣✐❡s✳



✹✹ ✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

❊s♣❡❝✐❛❧❧② ✇❤❡♥ ❝♦♠♣❛r✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ❡♥t✐r❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡ ❇✐✲❉②✲❙❙ ❝❛♥ ♦♥
❛✈❡r❛❣❡ ❞❡❝r❡❛s❡ t❤❡ ♣r✐❝✐♥❣ t✐♠❡ ❜② ♠♦r❡ t❤❛♥ ✹✵ ♣❡r❝❡♥t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢♦r✇❛r❞
❧❛❜❡❧✐♥❣ ✇❤✐❝❤ ❝♦♥st✐t✉t❡s t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt✳ ■t ✐s ❛❧s♦ ♠♦r❡ t❤❛♥ ✶✺ ♣❡r❝❡♥t ❢❛st❡r t❤❛♥
t❤❡ r✉♥♥❡r✲✉♣ str❛t❡❣② ❇✐✲❉②✲❙❲✳ ◆♦t✐❝❡❛❜❧❡ ✐s t❤❛t t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧
❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❝♦♠♣❛r❡❞ t♦ t❤❡✐r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❝♦✉♥t❡r♣❛rts ❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t
✇❤❡♥ ❣♦✐♥❣ ❜❡②♦♥❞ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ❆♣♣❛r❡♥t❧②✱ t❤❡② ❝❛♥ ❜❡tt❡r ❤❛♥❞❧❡ t❤❡ ✐♥❝r❡❛s✲
✐♥❣ ❞✐✣❝✉❧t② ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s t❤❛t st❡♠s ❢r♦♠ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ♥♦♥✲r♦❜✉st ❙❘
❝✉ts✳ ❚❤❡ ♦♥❧② ♠❛r❣✐♥❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❛♥❞ t❤❡ ❡♥t✐r❡ ❜r❛♥❝❤✲
❛♥❞✲❜♦✉♥❞ tr❡❡ ❢♦r t❤❡ ✷✶ ❝♦♥s✐❞❡r❡❞ ▲▲ ✐♥st❛♥❝❡s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ♦♥❧②
❢♦r t❤r❡❡ ♦❢ t❤❡s❡ ✐♥st❛♥❝❡s ❛❞❞✐t✐♦♥❛❧ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛❢t❡r s♦❧✈✐♥❣ t❤❡
r♦♦t ♥♦❞❡ ✭❡✐t❤❡r ❜❡❝❛✉s❡ t❤❡ ▲P s♦❧✉t✐♦♥ ✇❛s ❛❧r❡❛❞② ✐♥t❡❣❡r ♦r t❤❡ r✉♥ t✐♠❡ ❧✐♠✐t ✇❛s
r❡❛❝❤❡❞✮✳
❚❛❜❧❡ ✸✳✷ ❛❧s♦ s❤♦✇s t❤❛t ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ ❛ st❛t✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛♥❞ ✇❡❛❦

❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt ♣❡r❢♦r♠s r❛t❤❡r ❞✐s❛♣♣♦✐♥t✐♥❣✿ ❇✐✲❙t✲❙❲ ✐s ❝❧❡❛r❧②
✐♥❢❡r✐♦r t♦ str❛t❡❣② ❋✇✲❙✳ ❚❤❡s❡ ✜♥❞✐♥❣s ❛r❡ ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✐♥st❛♥❝❡ s❡ts
✭r❡❝❛❧❧ t❤❛t t❤❡② ❛r❡ ♠✉❝❤ ❤❛r❞❡r t♦ s♦❧✈❡ ✐♥ ❜❛❝❦✇❛r❞ t❤❛♥ ✐♥ ❢♦r✇❛r❞ ❞✐r❡❝t✐♦♥✱ s❡❡ ❛❧s♦
❝♦❧✉♠♥ ❇✇✲❙ ♦❢ ❚❛❜❧❡ ✸✳✷✮ ❛♥❞ ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ✜♥❞✐♥❣s ♦❢ ❘♦♣❦❡ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✵✾✮
❢♦r t❤❡✐r ♣r♦t♦t②♣❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ str❛t❡❣② ❇✐✲❙t✲❙❲✳
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✭❜✮ ❇✐✲❉②✲❙❙ ❛❣❛✐♥st ❋✇✲❙

❋✐❣✉r❡ ✸✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r✐❝✐♥❣ t✐♠❡s ✭✐♥ s❡❝♦♥❞s✮ ♦❢ t❤r❡❡ ❧❛❜❡❧✐♥❣ str❛t❡✲
❣✐❡s

❋✐❣✉r❡ ✸✳✶ ❞✐s♣❧❛②s t✇♦ s❝❛tt❡r ♣❧♦ts ♦❢ t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s
♦❢ ❇✇✲❙ ❛♥❞ ❇✐✲❉②✲❙❙ ❝♦♠♣❛r❡❞ t♦ ❋✇✲❙✳ ❋✐❣✉r❡ ✸✳✶❛ ✭♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✮ s❤♦✇s t❤❛t
s♦❧✉t✐♦♥ t✐♠❡s ♦❢ t❤❡ t✇♦ ♣✉r❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ str❛t❡❣✐❡s ❇✇✲❙ t♦ ❋✇✲❙ ❜❡❤❛✈❡ ❛❧♠♦st
r❛♥❞♦♠❧②✳ ■♥❞❡❡❞✱ ✐t s❡❡♠s ✐♠♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t ✇❤❡t❤❡r ❢♦r✇❛r❞ ♦r ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣
r❡q✉✐r❡s ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ❢♦r ❛ ❣✐✈❡♥ ❊❙PP❘❈ ✐♥st❛♥❝❡✳ ❋✐❣✉r❡ ✸✳✶❜ ✭♦♥ t❤❡



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✹✺

r✐❣❤t✲❤❛♥❞ s✐❞❡✮ s❤♦✇s t❤❡ s❛♠❡ ♣❧♦t ❢♦r t❤❡ ♥❡✇ ❛♥❞ ❜❡st✲♣❡r❢♦r♠✐♥❣ ❧❛❜❡❧✐♥❣ str❛t❡❣②
❇✐✲❉②✲❙❙ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❋✇✲❙✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❞❛t❛ ♣♦✐♥ts ❧❛② ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧
s❤♦✇✐♥❣ t❤❛t ✐♥ ❛❧♠♦st ❛❧❧ ❝❛s❡s ❇✐✲❉②✲❙❙ ✐s ♣❡r❢♦r♠✐♥❣ ❛t ❧❡❛st ❛s ✇❡❧❧ ❛s ❋✇✲❙✳ ❚❤❡
♠❛♥② ❞❛t❛ ♣♦✐♥ts ❝❧♦s❡ t♦ t❤❡ ❛❜s❝✐ss❛ st❛♥❞ ❢♦r t❤♦s❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❇✐✲❉②✲❙❙ ✐s str♦♥❣❧②
s✉♣❡r✐♦r t♦ ❋✇✲❙✳
■♥ ❛ s❡❝♦♥❞ t②♣❡ ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ s✐① ❢✉❧❧✲✢❡❞❣❡❞ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡

❛❧❣♦r✐t❤♠s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ✉s❡ ♦❢ t❤❡ s✐① ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s✳ ❈❧❡❛r❧②✱ t❤❡
❣❡♥❡r❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❝♦❧✉♠♥s ✇❤❡♥ ✉s✐♥❣ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ♣r✐❝✐♥❣
♣r♦❜❧❡♠s ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ❝♦✉rs❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s r❡s✉❧t✐♥❣ ✐♥ ❞✐✛❡r❡♥t ❊❙PP❘❈
✐♥st❛♥❝❡s✱ ❞✐✛❡r❡♥t r❡s✉❧ts ♦❢ t❤❡ ❘▼Ps✱ ❛♥❞ ❞✐✛❡r❡♥t ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡s ❢♦r t❤❡ s✐①
❛❧❣♦r✐t❤♠s✳ ❚❤❡ t❡st ❛✐♠s ❛t s❤♦✇✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ♦♥ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠ ❛♥❞ ❛t t❤❡ ❛♥❛❧②s✐s ✇❤❡t❤❡r t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ❝♦❧✉♠♥s
❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦✈❡r❛❧❧ s♦❧✉t✐♦♥ t✐♠❡✳ ❚♦ ❢✉rt❤❡r ❛❝❝❡❧❡r❛t❡ ♣r✐❝✐♥❣ ❛♥❞ t♦ ♦❜t❛✐♥
r❡❛s♦♥❛❜❧❡ ♦✈❡r❛❧❧ r❡s✉❧ts✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣r✐❝✐♥❣ ❤❡✉r✐st✐❝ t❤❛t ✉s❡s ❛ ❤❡✉r✐st✐❝ ❞♦♠✐♥❛♥❝❡
r❡❧❛t✐♦♥ ✐❣♥♦r✐♥❣ t❤❡ ♦♣❡♥ r❡q✉❡sts ✇❛s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✳
◆♦t❡ t❤❛t t❤❡ ❤❡✉r✐st✐❝ ❞♦♠✐♥❛♥❝❡ r❡❞✉❝❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡
❛❧❣♦r✐t❤♠s ✉s✐♥❣ ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ✇✐t❤ str♦♥❣ ❛♥❞ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞
♣❛rt✳ ❚❤❡ t✐♠❡ ❧✐♠✐t ♣❡r P❉P❚❲ ✐♥st❛♥❝❡ ✇❛s s❡t t♦ ♦♥❡ ❤♦✉r ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts✳

❋✇✲❙ ❇✇✲❙ ❇✐✲❙t✲❙❲ ❇✐✲❙t✲❙❙ ❇✐✲❉②✲❙❲ ❇✐✲❉②✲❙❙

●r♦✉♣★♦♣t t✐♠❡ ★♦♣t t✐♠❡ ★♦♣t t✐♠❡ ★♦♣t t✐♠❡ ★♦♣t t✐♠❡ ★♦♣t t✐♠❡
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❚❛❜❧❡ ✸✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ♦♥ s❡♣❛r❛t❡ r✉♥s✿ ♥✉♠❜❡r ♦❢ ✐♥✲
st❛♥❝❡s s♦❧✈❡❞ t♦ ♣r♦✈❡♥ ♦♣t✐♠❛❧✐t② ✭★♦♣t✮ ❛♥❞ ❛✈❡r❛❣❡ r✉♥ t✐♠❡s ✭✐♥ s❡❝✲
♦♥❞s✮

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ ❡①♣❡r✐♠❡♥t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✸✳✸✳ ■t r❡♣♦rts ❢♦r
❡❛❝❤ ✐♥st❛♥❝❡ ❣r♦✉♣ ✭●r♦✉♣✮ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡ s✐① ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✿
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♣r♦✈❡♥ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t ✭★♦♣t✮ ❛♥❞
t❤❡ ❛✈❡r❛❣❡ s♦❧✉t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s✳ ❚❤❡ ❛✈❡r❛❣❡ ✐s t❛❦❡♥ ♦♥❧② ♦✈❡r t❤♦s❡ ✐♥st❛♥❝❡s
t❤❛t ✇❡r❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❜② ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ s✐① ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s
✭❝♦✉♥t✐♥❣ t❤❡ t✐♠❡ ❧✐♠✐t ❢♦r ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s t❤❛t ❞✐❞ ♥♦t ✜♥✐s❤✮✳ ❖✈❡r❛❧❧✱ ❚❛❜❧❡ ✸✳✸
❝♦♥✜r♠s t❤❡ r❡s✉❧t ♦❢ t❤❡ ✜rst t②♣❡ ♦❢ t❡st✿ ❚❤❡ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ✇✐t❤
❧❛❜❡❧✐♥❣ str❛t❡❣② ❇✐✲❉②✲❙❙ ♣r♦❞✉❝❡s t❤❡ ❜❡st r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❜♦t❤ ♥✉♠❜❡r ♦❢ s♦❧✈❡❞
✐♥st❛♥❝❡s ❛♥❞ t♦t❛❧ s♦❧✉t✐♦♥ t✐♠❡s✳ ❍♦✇❡✈❡r✱ ♦✈❡r t❤❡ s✉❜s❡ts ❘❈✱ ❘❈✰✱ ❛♥❞ ❘❈←✱ t❤❡



✹✻ ✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❘❡s✉❧ts

str❛t❡❣② ❇✐✲❉②✲❙❲ ♣❡r❢♦r♠s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ ❇✐✲❉②✲❙❙ ❛♥❞ s♦❧✈❡s t✇♦ ✐♥st❛♥❝❡s t❤❛t
❛r❡ ✉♥s♦❧✈❡❞ ❜② ❇✐✲❉②✲❙❙✱ ✇❤✐❧❡ t❤r❡❡ ✐♥st❛♥❝❡s ❝❛♥ ♦♥❧② ❜❡ s♦❧✈❡❞ ❜② ❇✐✲❉②✲❙❙✳ ❆s
t❤❡r❡ ❛r❡ ❛❧♠♦st ♥♦ ❛❞❞✐t✐♦♥❛❧ ♦♣❡♥ r❡q✉❡sts ✐♥ t❤❡ s✉❜s❡ts ❘❈ ❛♥❞ ❘❈←✱ t❤❡ ❞✐✛❡r❡♥❝❡
✐♥ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥♥♦t ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ t✇♦ ❞♦♠✐♥❛♥❝❡ str❛t❡❣✐❡s ✭❙❙ ✈s✳ ❙❲✮ ❜✉t t♦
❞✐✛❡r❡♥t ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s✳ ◆♦t❡ ❛❧s♦ t❤❛t ❢♦r ❘❈✰ t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ✐♥ r✉♥t✐♠❡
❜❡t✇❡❡♥ ❇✐✲❉②✲❙❙ ❛♥❞ ❇✐✲❉②✲❙❲ ✐s ♠❛r❣✐♥❛❧✳
▼♦r❡♦✈❡r✱ ❛❧❧ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ♦✉t♣❡r❢♦r♠ t❤♦s❡ ✉s✐♥❣ ♠♦♥♦❞✐✲

r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳
❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♥✜r♠❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣r♦✜❧❡s ♦❢ t❤❡ s✐① ❜r❛♥❝❤✲

❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳ ❆❝❝♦r❞✐♥❣ t♦ ❉♦❧❛♥ ❛♥❞ ▼♦ré ✭✷✵✵✷✮✱
❣✐✈❡♥ ❛ s❡t A = {A1, A2, . . . , Ap} ♦❢ ❛❧❣♦r✐t❤♠s✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣r♦✜❧❡ ρA(τ) ♦❢ ❛♥
❛❧❣♦r✐t❤♠ A ∈ A ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐♥st❛♥❝❡s t❤❛t ❛❧❣♦r✐t❤♠ A ❝❛♥ s♦❧✈❡ ✇✐t❤✐♥ ❛ ❢❛❝t♦r τ
♦❢ t❤❡ ❢❛st❡st ❛❧❣♦r✐t❤♠ ♦❢ A✳ ❆♥② ✉♥s♦❧✈❡❞ ✐♥st❛♥❝❡s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇✐t❤ ✐♥✜♥✐t❡
r✉♥ t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ρA(1) ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✐♥st❛♥❝❡s ♦♥ ✇❤✐❝❤ A ✇✐♥s✳ ❋♦r t❤❡
s❛♠❡ ❛❧❣♦r✐t❤♠ A✱ 100− ρA(∞) ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✉♥s♦❧✈❡❞ ✐♥st❛♥❝❡s✳
❖✈❡r❛❧❧✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣r♦✜❧❡s ✐♥ ❋✐❣✉r❡ ✸✳✷ ❝♦♥✜r♠ t❤❛t t❤❡ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡

✇✐t❤ ❧❛❜❡❧✐♥❣ str❛t❡❣② ❇✐✲❉②✲❙❙ ❝❧❡❛r❧② ❞♦♠✐♥❛t❡s ❛❧❧ ♦t❤❡r ❛❧❣♦r✐t❤♠s ♦♥ t❤❡ ✷✷✵
P❉P❚❲ t❡st ✐♥st❛♥❝❡s ♦❢ ✇❤✐❝❤ ✻✺✳✺ ♣❡r❝❡♥t ❛r❡ s♦❧✈❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ❛❧❣♦r✐t❤♠✳ ■♥✲
❞❡❡❞✱ ❇✐✲❉②✲❙❙ ✐s ❛t ♠♦st ✶✳✺ t✐♠❡s s❧♦✇❡r t❤❛♥ t❤❡ ❢❛st❡st ❛❧❣♦r✐t❤♠ ❢♦r ♠♦r❡ t❤❛♥ ✾✵
♣❡r❝❡♥t ♦❢ t❤❡ ✐♥st❛♥❝❡s s♦❧✈❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲
♣r✐❝❡ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛♥❞ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ❛r❡
❝♦♥s✐st❡♥t❧② ❛♥❞ s✐❣♥✐✜❝❛♥t❧② s✉♣❡r✐♦r t♦ t❤❡✐r ❝♦✉♥t❡r♣❛rts ✇✐t❤ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ ✐♥ t❤❡
❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳
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❋✐❣✉r❡ ✸✳✷✿ P❡r❢♦r♠❛♥❝❡ ♣r♦✜❧❡s ♦❢ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡ s✐① ❞✐❢✲
❢❡r❡♥t ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✹✼

❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮ ❆ ❞❡❞✐❝❛t❡❞ ❡①❛❝t ❛♣♣r♦❛❝❤ ❢♦r t❤❡
P❉P❚❲ ❜❛s❡❞ ♦♥ ❛ s❡t✲♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥✱ ❜♦✉♥❞✐♥❣ ♣r♦❝❡❞✉r❡s✱ ❝✉t✲❛♥❞✲❝♦❧✉♠♥
❣❡♥❡r❛t✐♦♥ ♣r♦❝❡❞✉r❡s✱ ❛♥❞ r♦✉t❡ ❡♥✉♠❡r❛t✐♦♥ ✇❛s s✉❣❣❡st❡❞ ❜② ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮✳
❚❤❡ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ s♦❧✈❡r ❈P▲❊❳ ✐s ✜♥❛❧❧② ✉s❡❞ t♦ ♦❜t❛✐♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥s✳ ❚❤❡
❛✉t❤♦rs ✉s❡ t✇♦ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠✐❝ s❡t✉♣s ❢♦r t❤❡ ❘❈ ❛♥❞ ▲▲ ✐♥st❛♥❝❡s ❡①♣❧♦✐t✐♥❣ t❤❡✐r
s♣❡❝✐✜❝ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❆❧t❤♦✉❣❤ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ❞✐✛❡r❡♥t ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥
♣r✐♥❝✐♣❧❡✱ t❤❡ ♦✈❡r❛❧❧ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❛❜❧❡✳ ❋♦r t❤❡ ❘❈ ❜❡♥❝❤♠❛r❦✱ t❤❡② s♦❧✈❡❞ ✸✷ ♦❢
t❤❡ ✹✵ ✐♥st❛♥❝❡s t♦ ♣r♦✈❡♥ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ ♦♥❡ ❤♦✉r ✭❇✐✲❉②✲❙❙ ♣r♦❞✉❝❡s ✸✸ ♦♣t✐♠❛✱
s❡❡ ❚❛❜❧❡ ✸✳✸✮✳ ❙❡✈❡♥ ♦❢ t❤❡ ▲▲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s r❡♠❛✐♥ ❝♦♠♣❧❡t❡❧② ✉♥tr❛❝t❛❜❧❡ ❢♦r
❜♦t❤ ❛♣♣r♦❛❝❤❡s✱ s✐♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ r✉♥s ♦✉t ♦❢ ♠❡♠♦r② ❛♥❞ ♦✉rs
❢❛✐❧s t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ✭r♦♦t ♥♦❞❡✮✳ ❲✐t❤✐♥ ♦♥❡ ❤♦✉r ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ❝❛♥♥♦t ❝❧♦s❡ t❤❡ ✐♥t❡❣r❛❧✐t② ❣❛♣ ❢♦r ♦♥❡ ♦t❤❡r ✐♥st❛♥❝❡
✇❤✐❧❡ ♦✉rs ❢❛✐❧s ♦♥ ❛♥♦t❤❡r ✜✈❡ ✐♥st❛♥❝❡s✳ ❆s t❤❡ ❡♥✉♠❡r❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ✈❡r② ♠✉❝❤
t❛✐❧♦r❡❞ t♦ t❤❡ P❉P❚❲✱ ✐t s❡❡♠s ❤❛r❞ t♦ ❣❡♥❡r❛❧✐③❡ ✐t t♦ ♦t❤❡r ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s
✇✐t❤ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✳ ❆♥ ✐♥st❛♥❝❡✲✇✐s❡ ❝♦♠♣❛r✐s♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
❆♣♣❡♥❞✐①✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥tr♦❞✉❝❡❞ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❜❡ ✉s❡❞ ✐♥ ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ ❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ P❉P❚❲✳ ❲❡ ❝♦♥str✉❝t ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s ✐♥
❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥ t❤❛t ❢✉❧❧✜❧❧ t❤❡ ❉❚■ ❛♥❞ t❤❡ P❚■✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s
❡♥❛❜❧❡s✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ t❤❡ ✉s❡ ♦❢ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❊①t❡♥✲
s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡sts s❤♦✇❡❞ t❤❛t t❤❡ ♥❡✇ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ♦✉t♣❡r❢♦r♠s ❢♦r♠❡r
❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s✳
▼♦r❡♦✈❡r✱ t❤❡ ♥❡✇ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♦t❤❡r ✈❛r✐❛♥ts ♦❢ ✈❡❤✐❝❧❡✲

r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✳ ■t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t❤❛t ❜✐❞✐r❡❝✲
t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ str♦♥❣ ❞♦♠✐♥❛♥❝❡ ♣❡r❢♦r♠s ❡✈❡♥ ❜❡tt❡r ❢♦r ♠♦r❡ ❞✐✣❝✉❧t P❉Ps✱ s✐♥❝❡
t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜✐❞✐r❡❝t✐♦♥❛❧ ♦✈❡r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s t②♣✐❝❛❧❧② ✐♥❝r❡❛s❡s ✇✐t❤
♣r♦❜❧❡♠ ❞✐✣❝✉❧t②✱ ❡✳❣✳✱ ♠♦r❡ ❊❙PP❘❈ r❡s♦✉r❝❡s ♦r ✇❡❛❦❡r ❞♦♠✐♥❛♥❝❡✳
❆ ♣r♦♠✐s✐♥❣ ❛✈❡♥✉❡ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣

t♦ t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥s ♦❢ t❤❡ ❊❙PP❘❈ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✷❛✮✳ ❙✉❝❤ ❛♥ ❡①t❡♥s✐♦♥
✐s✱ ❤♦✇❡✈❡r✱ ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ❲❤❡♥ ✉s✐♥❣ ❛♥ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ ✐♥ t❤❡ P❉P❚❲
✇✐t❤ ▲■❋❖ ❧♦❛❞✐♥❣✱ ❈❤❡r❦❡s❧② ❡t ❛❧✳ ✭✷✵✶✺✮ ❤❛✈❡ s❤♦✇♥ t❤❛t ♥♦♥✲❡❧❡♠❡♥t❛r② ♣❛t❤s ❝❛♥
❜❡ ✐♥❝♦rr❡❝t❧② ❞♦♠✐♥❛t❡❞✳ ◆♦t❡ t❤❛t s✐♠✐❧❛r ❛♥♦♠❛❧✐❡s r❡s✉❧t ❢r♦♠ t❤❡ ✇✐❞❡❧②✲✉s❡❞ ♣r❡✲
♣r♦❝❡ss✐♥❣ ❛♥❞ ❛r❝✲❡❧✐♠✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥ ♥♦♥✲❡❧❡♠❡♥t❛r② ♣r✐❝✐♥❣ ❢♦r P❉Ps✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡s❡ r❡❧❛①❛t✐♦♥s ❛r❡ ♥♦t ✉♥✐q✉❡✳ ❍♦✇✲
❡✈❡r✱ ❜♦✉♥❞s ❛r❡ ✈❛❧✐❞ ❛s ❡①♣❧♦✐t❡❞ ✐♥ t❤❡ s❡❧❡❝t✐✈❡ ♣r✐❝✐♥❣ ♣❛r❛❞✐❣♠ ♦❢ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳
✭✷✵✶✻❜✮✳ ❚❤❡ ✐♥❝♦rr❡❝t ❞♦♠✐♥❛♥❝❡ ✐s ♣❛rt✐❝✉❧❛r❧② ❝r✐t✐❝❛❧ ✐♥ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣
❜❡❝❛✉s❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♠♣❛t✐❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣❛✐rs ♦❢ ❧❛❜❡❧s ❝❛♥ ♥♦ ❧♦♥❣❡r
❜❡ ❡♥s✉r❡❞ ✇✐t❤ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳



❇✐❜❧✐♦❣r❛♣❤②

❇❛❧❞❛❝❝✐✱ ❘✳✱ ❇❛rt♦❧✐♥✐✱ ❊✳✱ ❛♥❞ ▼✐♥❣♦③③✐✱ ❆✳ ✭✷✵✶✶❜✮✳ ❆♥ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣✐❝❦✉♣
❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✾✭✷✮✱ ✹✶✹✕✹✷✻✳

❇❛❧❞❛❝❝✐✱ ❘✳✱ ▼✐♥❣♦③③✐✱ ❆✳✱ ❛♥❞ ❘♦❜❡rt✐✱ ❘✳ ✭✷✵✶✷❛✮✳ ◆❡✇ st❛t❡✲s♣❛❝❡ r❡❧❛①❛t✐♦♥s ❢♦r
s♦❧✈✐♥❣ t❤❡ tr❛✈❡❧✐♥❣ s❛❧❡s♠❛♥ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ■◆❋❖❘▼❙ ❏♦✉r♥❛❧ ♦♥
❈♦♠♣✉t✐♥❣✱ ✷✹✭✸✮✱ ✸✺✻✕✸✼✶✳

❇❛tt❛rr❛✱ ▼✳✱ ❈♦r❞❡❛✉✱ ❏✳✲❋✳✱ ❛♥❞ ■♦r✐✱ ▼✳ ✭✷✵✶✹✮✳ P✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠s ❢♦r
❣♦♦❞s tr❛♥s♣♦rt❛t✐♦♥✳ ■♥ ❉✳ ❱✐❣♦ ❛♥❞ P✳ ❚♦t❤✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✻✱
♣❛❣❡s ✶✻✶✕✶✾✶✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❈❤❡r❦❡s❧②✱ ▼✳✱ ❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❛♥❞ ▲❛♣♦rt❡✱ ●✳ ✭✷✵✶✺✮✳ ❇r❛♥❝❤✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s
❢♦r t❤❡ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ ❧❛st✲✐♥✲✜rst✲♦✉t ❧♦❛❞✐♥❣✳
❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✾✭✹✮✱ ✼✺✷✕✼✻✻✳
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❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ ♠✉❧t✐♣❧❡ st❛❝❦s✳
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✭✶✾✾✽✮✳ ❆ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡ ❝♦♥str❛✐♥❡❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞
❝r❡✇ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✳ ■♥ ❚✳ ❈r❛✐♥✐❝ ❛♥❞ ●✳ ▲❛♣♦rt❡✱ ❡❞✐t♦rs✱ ❋❧❡❡t ▼❛♥❛❣❡♠❡♥t
❛♥❞ ▲♦❣✐st✐❝s✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✼✕✾✸✳ ❙♣r✐♥❣❡r✱ ❇♦st♦♥✱ ▼❆✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❛♥❞ ❙♦❧♦♠♦♥✱ ▼✳✱ ❡❞✐t♦rs ✭✷✵✵✺✮✳ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥✳
❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ◆❨✳

❉❡s❛✉❧♥✐❡rs✱ ●✳✱ ❈♦♥t❛r❞♦✱ ❈✳✱ ❛♥❞ P❡❝✐♥✱ ❉✳ ✭✷✵✶✻✮✳ ❙❡❧❡❝t✐✈❡ ♣r✐❝✐♥❣ ✐♥ ❜r❛♥❝❤✲♣r✐❝❡✲
❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❢♦r ✈❡❤✐❝❧❡ r♦✉t✐♥❣✳ ▲❡s ❈❛❤✐❡rs ❞✉ ●❊❘❆❉ ●✲✷✵✶✻✲✶✶✵✱ ●❊❘❆❉✱
▼♦♥tré❛❧✱ ❈❛♥❛❞❛✳

❉♦❡r♥❡r✱ ❑✳ ❋✳ ❛♥❞ ❙❛❧❛③❛r✲●♦♥③á❧❡③✱ ❏✳✲❏✳ ✭✷✵✶✹✮✳ P✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠s ❢♦r
♣❡♦♣❧❡ tr❛♥s♣♦rt❛t✐♦♥✳ ■♥ ❉✳ ❱✐❣♦ ❛♥❞ P✳ ❚♦t❤✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✼✱
♣❛❣❡s ✶✾✸✕✷✶✷✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❉♦❧❛♥✱ ❊✳ ❉✳ ❛♥❞ ▼♦ré✱ ❏✳ ❏✳ ✭✷✵✵✷✮✳ ❇❡♥❝❤♠❛r❦✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ s♦❢t✇❛r❡ ✇✐t❤ ♣❡r❢♦r✲
♠❛♥❝❡ ♣r♦✜❧❡s✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✾✶✭✷✮✱ ✷✵✶✕✷✶✸✳

❉✉♠❛s✱ ❨✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❛♥❞ ❙♦✉♠✐s✱ ❋✳ ✭✶✾✾✶✮✳ ❚❤❡ ♣✐❝❦✲✉♣ ❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠
✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✺✹✱ ✼✕✷✷✳
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■r♥✐❝❤✱ ❙✳ ✭✷✵✵✽✮✳ ❘❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✿ Pr♦♣❡rt✐❡s✱ ✐♥✈❡rs✐♦♥✱ ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥
t♦ s❡❣♠❡♥ts✳ ❖❘ ❙♣❡❝tr✉♠✱ ✸✵✭✶✮✱ ✶✶✸✕✶✹✽✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ●✳ ✭✷✵✵✺✮✳ ❙❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳
■♥ ●✳ ❉❡s❛✉❧♥✐❡rs✱ ❏✳ ❉❡sr♦s✐❡rs✱ ❛♥❞ ▼✳▼✳ ❙♦❧♦♠♦♥✱ ❡❞✐t♦rs✱ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥✱
❝❤❛♣t❡r ✷✱ ♣❛❣❡s ✸✸✕✻✺✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ◆❨✳

❏❡♣s❡♥✱ ▼✳✱ P❡t❡rs❡♥✱ ❇✳✱ ❙♣♦♦r❡♥❞♦♥❦✱ ❙✳✱ ❛♥❞ P✐s✐♥❣❡r✱ ❉✳ ✭✷✵✵✽✮✳ ❙✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✲
✐t✐❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱
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t✐♠❡ ✇✐♥❞♦✇s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❚♦♦❧s ✶✷✭✷✮✱ ✶✼✸✕✶✽✻✳

◆❛❞❞❡❢✱ ❉✳ ❛♥❞ ❘✐♥❛❧❞✐✱ ●✳ ✭✷✵✵✷✮✳ ❇r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘P✳
■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❚❤❡ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✸✕✽✹✳
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❘❡s❡❛r❝❤✱ ✼✼✱ ✶✷✼✕✶✹✵✳



✺✵ ❆♣♣❡♥❞✐①

❆♣♣❡♥❞✐①

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s✱ ✇❡ ♣r♦✈✐❞❡ ✐♥st❛♥❝❡✲✇✐s❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡ss
♦❢ ♦✉r ❜❡st ❧❛❜❡❧✐♥❣ str❛t❡❣② ❇✐✲❉②✲❙❙✳ ❲❡ s❤♦✇ ♦✉r ❧♦✇❡r ❜♦✉♥❞ ✭▲❇✮✱ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✭♦♣t✮ ✇❤❡♥❡✈❡r ✇❡ s♦❧✈❡❞ t❤❡ ✐♥st❛♥❝❡ t♦ ♣r♦✈❡♥ ♦♣t✐♠❛❧✐t②✱ t❤❡ r✉♥ t✐♠❡ ✭t✐♠❡✮✱
t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡s ✭★❇❇✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞ s✉❜s❡t✲r♦✇ ❝✉ts
✭★❙❘✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞ r♦❜✉st ❝✉ts ✭★❘❖✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❢♦r t❤❡ ✐♥st❛♥❝❡s
t❛❝❦❧❡❞ ❜② ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮✱ ✇❡ ♣r♦✈✐❞❡ t❤❡✐r r✉♥ t✐♠❡ ✭t✐♠❡✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✭♦♣t✮ ✇❤❡♥❡✈❡r t❤❡② s♦❧✈❡❞ t❤❡ ✐♥st❛♥❝❡✳

❲❤✐❧❡ ♦✉r ♠❛①✐♠❛❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✭✐♥❞✐❝❛t❡❞ ❜② ❚▲✮ ✇❛s ✸✻✵✵ s❡❝♦♥❞s ✭✶ ❤♦✉r✮✱
❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮ ❛❧❧♦✇❡❞ ✶✵ t✐♠❡s ❧♦♥❣❡r ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ♦❢ ✸✻✱✵✵✵ s❡❝♦♥❞s
✭✶✵ ❤♦✉rs✮✳ ❆♥ ❡♥tr② ▼❊▼ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮
❝❛✉s❡❞ ❛♥ ♦✉t✲♦❢✲♠❡♠♦r② ❡①❝❡♣t✐♦♥✳



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✺✶

❖✉r r❡s✉❧ts ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❝✮

■♥st❛♥❝❡ ▲❇ ♦♣t t✐♠❡ ★❇❇ ★❙❘ ★❘❖ t✐♠❡ ♦♣t

AA30 ✸✶✶✶✾✳✶ ✸✶✶✶✾✳✶ ✶✶✳✽ ✸ ✸ ✵ ✸✳✷ ✸✶✶✶✾✳✶
AA35 ✸✶✷✾✾✳✽ ✸✶✷✾✾✳✽ ✷✸✳✼ ✺ ✸ ✻✸ ✷✹✳✷ ✸✶✷✾✾✳✽
AA40 ✸✶✺✶✺✳✾ ✸✶✺✶✺✳✾ ✶✼✳✽ ✶ ✵ ✾✻ ✷✻✳✶ ✸✶✺✶✺✳✾
AA45 ✸✶✼✺✾✳✽ ✸✶✼✺✾✳✽ ✽✳✵ ✶ ✵ ✵ ✶✵✳✷ ✸✶✼✺✾✳✽
AA50 ✹✶✼✼✺✳✵ ✹✶✼✼✺✳✵ ✹✽✳✹ ✾ ✸✷ ✷✽ ✾✼✳✻ ✹✶✼✼✺✳✵
AA55 ✹✶✾✵✼✳✽ ✹✶✾✵✼✳✽ ✸✵✳✼ ✸ ✵ ✸✸ ✾✳✼ ✹✶✾✵✼✳✽
AA60 ✹✷✶✹✵✳✼ ✹✷✶✹✵✳✼ ✽✻✳✻ ✶✵ ✻✵ ✷✷ ✾✶✳✶ ✹✷✶✹✵✳✼
AA65 ✹✷✷✺✵✳✷ ✹✷✷✺✵✳✷ ✽✵✳✸ ✸ ✺✵ ✶✹✾ ✼✷✳✺ ✹✷✷✺✵✳✷
AA70 ✹✷✹✺✷✳✸ ✹✷✹✺✷✳✸ ✷✺✵✳✾ ✸✼ ✻✵ ✷✽ ✹✸✽✳✷ ✹✷✹✺✷✳✸
AA75 ✺✷✹✻✶✳✻ ✺✷✹✻✶✳✻ ✶✶✼✳✸ ✶✺ ✻✵ ✹✾ ✻✹✹✷✳✹ ✺✷✹✻✶✳✻
BB30 ✸✶✵✽✻✳✸ ✸✶✵✽✻✳✸ ✺✳✺ ✸ ✵ ✵ ✷✳✺ ✸✶✵✽✻✳✸
BB35 ✸✶✷✽✶✳✷ ✸✶✷✽✶✳✷ ✶✵✳✼ ✺ ✾ ✵ ✺✳✶ ✸✶✷✽✶✳✷
BB40 ✸✶✹✾✸✳✹ ✸✶✹✾✸✳✹ ✶✸✳✽ ✸ ✶✵ ✹ ✹✳✽ ✸✶✹✾✸✳✹
BB45 ✹✶✺✺✺✳✶ ✹✶✺✺✺✳✶ ✶✽✳✺ ✸ ✸✵ ✶ ✼✳✷ ✹✶✺✺✺✳✶
BB50 ✹✶✼✵✶✳✵ ✹✶✼✵✶✳✵ ✸✶✳✽ ✼ ✻✵ ✶✵ ✾✳✻ ✹✶✼✵✶✳✵
BB55 ✹✶✽✽✺✳✼ ✹✶✽✽✺✳✼ ✶✺✳✷ ✸ ✵ ✵ ✽✳✷ ✹✶✽✽✺✳✼
BB60 ✻✷✹✷✵✳✶ ✻✷✹✷✵✳✶ ✺✶✳✸ ✶✺ ✻✵ ✵ ✶✼✳✻ ✻✷✹✷✵✳✶
BB65 ✻✷✻✸✾✳✶ ✻✷✻✸✾✳✶ ✼✹✳✻ ✶✾ ✻✵ ✵ ✹✹✳✵ ✻✷✻✸✾✳✶
BB70 ✻✷✾✺✶✳✵ ✻✷✾✺✶✳✵ ✶✸✸✳✸ ✷✸ ✻✵ ✺ ✹✶✽✳✶ ✻✷✾✺✶✳✵
BB75 ✻✸✶✷✼✳✺ ✻✸✶✷✼✳✺ ✸✵✽✾✳✸ ✸✾✶ ✻✵ ✵ ▼❊▼
CC30 ✸✶✵✽✼✳✼ ✸✶✵✽✼✳✼ ✾✳✸ ✸ ✹✵ ✵ ✸✳✾ ✸✶✵✽✼✳✼
CC35 ✸✶✷✸✵✳✻ ✸✶✷✸✵✳✻ ✶✹✳✽ ✸ ✹✸ ✼ ✺✳✽ ✸✶✷✸✵✳✻
CC40 ✸✶✸✺✽✳✺ ✸✶✸✺✽✳✺ ✸✾✳✷ ✺ ✻✵ ✸ ✷✻✳✹ ✸✶✸✺✽✳✺
CC45 ✸✶✺✵✾✳✶ ✸✶✺✵✾✳✶ ✺✾✳✸ ✸ ✺✵ ✷✾ ✶✼✳✵ ✸✶✺✵✾✳✶
CC50 ✹✶✻✽✺✳✸ ✹✶✻✽✺✳✸ ✾✾✳✽ ✷✸ ✻✵ ✶✷ ✸✽✳✾ ✹✶✻✽✺✳✸
CC55 ✹✶✽✸✻✳✸ ✹✶✽✸✻✳✸ ✷✻✸✳✸ ✺✸ ✻✵ ✺ ✶✽✺✳✷ ✹✶✽✸✻✳✸
CC60 ✹✷✵✵✼✳✾ ❚▲ ✷✾✽ ✻✵ ✹✽ ✷✶✷✽✳✷ ✹✷✵✵✾✳✸
CC65 ✹✷✶✺✼✳✻ ❚▲ ✷✶✼ ✻✵ ✺✹ ✼✶✶✶✳✷ ✹✷✶✻✹✳✵
CC70 ✹✷✸✽✻✳✾ ❚▲ ✶✼ ✻✵ ✶✵ ✺✺✻✺✳✼ ✺✷✷✵✶✳✼
CC75 ✺✷✸✺✾✳✵ ✺✷✸✺✾✳✵ ✾✶✹✳✺ ✶✵✸ ✻✵ ✺ ✷✺✾✳✻ ✺✷✸✺✾✳✵
DD30 ✷✶✶✸✸✳✸ ✷✶✶✸✸✳✸ ✶✸✳✻ ✸ ✵ ✽✻ ✼✳✶ ✷✶✶✸✸✳✸
DD35 ✸✶✷✶✵✳✾ ✸✶✷✶✵✳✾ ✶✾✳✺ ✸ ✶✵ ✷✻ ✺✳✹ ✸✶✷✶✵✳✾
DD40 ✸✶✸✺✷✳✷ ✸✶✸✺✷✳✷ ✸✸✳✼ ✸ ✸✵ ✷✽ ✶✸✳✼ ✸✶✸✺✷✳✷
DD45 ✸✶✹✽✸✳✾ ✸✶✹✽✸✳✾ ✹✸✳✷ ✸ ✸✵ ✶✺ ✻✷✳✾ ✸✶✹✽✸✳✾
DD50 ✸✶✻✵✵✳✾ ✸✶✻✵✵✳✾ ✶✼✹✳✼ ✼ ✻✵ ✶✺ ✾✻✳✼ ✸✶✻✵✵✳✾
DD55 ✸✶✼✹✸✳✸ ✸✶✼✹✸✳✸ ✶✽✾✳✺ ✸ ✻✵ ✶✼ ✸✻✳✺ ✸✶✼✹✸✳✸
DD60 ✸✷✵✵✹✳✹ ❚▲ ✷✽ ✻✵ ✼ ✶✸✵✹✽✳✸ ✸✷✵✻✾✳✷
DD65 ✹✷✶✵✸✳✺ ❚▲ ✶✽✻ ✻✵ ✸✽ ✷✺✾✷✾✳✶ ✹✷✶✵✼✳✸
DD70 ✹✷✷✵✽✳✷ ❚▲ ✶✶✸ ✻✵ ✶✼ ✷✵✼✸✼✳✺ ✹✷✷✶✹✳✷
DD75 ✹✷✸✺✵✳✹ ❚▲ ✶✸✹ ✻✵ ✷✹ ✸✹✼✶✽✳✻ ✹✷✸✺✾✳✾



✺✷ ❆♣♣❡♥❞✐①

❖✉r r❡s✉❧ts

■♥st❛♥❝❡ ▲❇ ♦♣t t✐♠❡ ★❇❇ ★❙❘ ★❘❖

AA30+ ✷✵✽✾✸✳✽ ✷✵✽✾✸✳✽ ✷✺✳✶ ✸ ✷✵ ✺
AA35+ ✷✶✵✵✽✳✻ ✷✶✵✵✽✳✻ ✹✹✳✶ ✸ ✷✵ ✶✾
AA40+ ✸✶✶✸✷✳✼ ✸✶✶✸✷✳✼ ✹✾✳✼ ✸ ✸✵ ✹✻
AA45+ ✸✶✷✼✽✳✹ ✸✶✷✼✽✳✹ ✶✾✶✳✻ ✺ ✻✵ ✹✹
AA50+ ✸✶✸✻✶✳✶ ✸✶✸✻✶✳✶ ✶✹✾✾✳✺ ✹✾ ✻✵ ✺✺
AA55+ ✸✶✹✼✶✳✶ ✸✶✹✼✶✳✶ ✸✵✾✳✽ ✼ ✻✵ ✻✵
AA60+ ✸✶✺✾✼✳✸ ❚▲ ✽✷ ✻✵ ✷✼
AA65+ ✸✶✻✼✻✳✼ ✸✶✻✼✻✳✼ ✸✷✽✳✼ ✼ ✻✵ ✹✹
AA70+ ✸✶✽✶✻✳✽ ❚▲ ✷✺ ✻✵ ✸✸
AA75+ ✸✶✾✵✶✳✹ ❚▲ ✼ ✻✵ ✸✵
BB30+ ✷✵✾✹✶✳✺ ✷✵✾✹✶✳✺ ✽✳✶ ✸ ✵ ✵
BB35+ ✷✶✵✽✾✳✷ ✷✶✵✽✾✳✷ ✶✶✳✽ ✸ ✵ ✵
BB40+ ✸✶✷✵✵✳✺ ✸✶✷✵✵✳✺ ✸✺✳✻ ✸ ✷✻ ✾
BB45+ ✸✶✷✽✸✳✹ ✸✶✷✽✸✳✹ ✶✻✺✳✻ ✶✾ ✻✵ ✸✽
BB50+ ✸✶✸✽✽✳✼ ✸✶✸✽✽✳✼ ✻✵✳✶ ✸ ✶✵ ✵
BB55+ ✸✶✺✼✻✳✼ ✸✶✺✼✻✳✼ ✽✸✽✳✾ ✺ ✻✵ ✶✽
BB60+ ✹✶✾✼✶✳✻ ❚▲ ✷✵✻ ✻✵ ✽
BB65+ ✹✷✶✼✵✳✵ ✹✷✶✼✵✳✵ ✷✻✻✽✳✸ ✶✵✶ ✻✵ ✶
BB70+ ✺✷✷✷✸✳✷ ❚▲ ✷✼✼ ✻✵ ✶✶
BB75+ ✺✷✷✼✽✳✷ ❚▲ ✶✼✼ ✻✵ ✷✵
CC30+ ✷✵✾✵✶✳✻ ✷✵✾✵✶✳✻ ✾✹✳✷ ✸ ✸✵ ✷
CC35+ ✷✶✵✵✵✳✷ ✷✶✵✵✵✳✷ ✷✼✷✳✻ ✸ ✶✵ ✵
CC40+ ✷✶✶✵✷✳✽ ❚▲ ✹ ✻✵ ✶✵
CC45+ ✷✶✵✺✷✳✾ ❚▲ ✷ ✵ ✵
CC50+ ✷✹✶✹✶✳✺ ❚▲ ✶ ✵ ✵
CC55+ ✻✻✹✷✳✵✷ ❚▲ ✶ ✵ ✵
CC60+ ✵ ❚▲ ✵ ✵ ✵
CC65+ ✵ ❚▲ ✵ ✵ ✵
CC70+ ✵ ❚▲ ✵ ✵ ✵
CC75+ ✵ ❚▲ ✵ ✵ ✵
DD30+ ✷✵✾✶✾✳✻ ✷✵✾✶✾✳✻ ✶✽✻✻✳✶ ✶✶ ✻✵ ✻
DD35+ ✷✶✵✶✹✳✻ ❚▲ ✻ ✻✵ ✵
DD40+ ✷✶✵✼✽✳✷ ✷✶✵✼✽✳✷ ✹✷✼✳✵ ✸ ✷✵ ✷
DD45+ ✷✶✷✶✽✳✶ ❚▲ ✷ ✹✵ ✶
DD50+ ✷✶✸✷✽✳✻ ❚▲ ✷ ✶✵ ✹
DD55+ ✷✷✶✺✻✳✶ ❚▲ ✶ ✵ ✵
DD60+ ✷✹✵✼✾✳✾ ❚▲ ✶ ✵ ✵
DD65+ ✷✼✷✼✺✳✶ ❚▲ ✶ ✵ ✵
DD70+ ✷✽✸✸✻✳✼ ❚▲ ✶ ✵ ✵
DD75+ ✵ ❚▲ ✵ ✵ ✵
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LC1❴2❴1 ✷✼✵✹✳✺✼ ✷✼✵✹✳✺✼ ✸✳✺ ✶ ✵ ✵ ✸✳✸ ✷✼✵✹✳✺✼
LC1❴2❴2 ✷✼✻✹✳✺✻ ✷✼✻✹✳✺✻ ✶✻✳✶ ✶ ✵ ✵ ✷✶✳✺ ✷✼✻✹✳✺✻
LC1❴2❴3 ✷✼✼✷✳✶✽ ✷✼✼✷✳✶✽ ✷✸✶✳✵ ✶ ✵ ✵ ✶✶✹✳✾ ✷✼✼✷✳✶✽
LC1❴2❴4 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LC1❴2❴5 ✷✼✵✷✳✵✺ ✷✼✵✷✳✵✺ ✺✳✷ ✶ ✵ ✵ ✹✳✽ ✷✼✵✷✳✵✺
LC1❴2❴6 ✷✼✵✶✳✵✹ ✷✼✵✶✳✵✹ ✼✳✶ ✶ ✵ ✵ ✼✳✹ ✷✼✵✶✳✵✹
LC1❴2❴7 ✷✼✵✶✳✵✹ ✷✼✵✶✳✵✹ ✻✳✾ ✶ ✵ ✵ ✼✳✼ ✷✼✵✶✳✵✹
LC1❴2❴8 ✷✻✽✾✳✽✸ ✷✻✽✾✳✽✸ ✶✷✳✶ ✶ ✵ ✵ ✶✻✳✵ ✷✻✽✾✳✽✸
LC1❴2❴9 ✷✼✷✹✳✷✹ ✷✼✷✹✳✷✹ ✸✺✷✳✹ ✶ ✶✺ ✵ ✺✺✳✸ ✷✼✷✹✳✷✹
LC1❴2❴10 ✷✼✸✾✳✹✾ ❚▲ ✶ ✷✻ ✶✷ ✶✸✼✳✶ ✷✼✹✶✳✻✵
LR1❴2❴1 ✹✽✶✾✳✶✷ ✹✽✶✾✳✶✷ ✷✳✾ ✶ ✵ ✵ ✶✳✻ ✹✽✶✾✳✶✷
LR1❴2❴2 ✹✵✾✸✳✵✺ ✹✵✾✸✳✵✺ ✺✶✳✶ ✶ ✵ ✵ ✷✵✳✻ ✹✵✾✸✳✵✺
LR1❴2❴3 ✵ ❚▲ ✵ ✵ ✵ ✸✻✾✵✳✽ ✸✹✽✻✳✽✵
LR1❴2❴4 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LR1❴2❴5 ✹✷✷✶✳✻✷ ✹✷✷✶✳✻✷ ✶✷✳✸ ✶ ✸ ✵ ✷✳✻ ✹✷✷✶✳✻✷
LR1❴2❴6 ✸✼✻✸✳✵✵ ✸✼✻✸✳✵✵ ✷✷✷✳✻ ✶ ✵ ✵ ✶✽✵✳✾ ✸✼✻✸✳✵✵
LR1❴2❴7 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LR1❴2❴8 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LR1❴2❴9 ✸✾✺✸✳✹✼ ✸✾✺✸✳✹✼ ✷✼✺✳✸ ✶ ✹✾ ✷ ✶✺✳✹ ✸✾✺✸✳✹✼
LR1❴2❴10 ✸✸✼✺✳✽✺ ❚▲ ✶ ✵ ✵ ✶✸✼✻✳✼ ✸✸✽✻✳✸✵
LRC1❴2❴1 ✸✻✵✻✳✵✻ ✸✻✵✻✳✵✻ ✶✷✳✵ ✶ ✵ ✶✷ ✸✳✶ ✸✻✵✻✳✵✻
LRC1❴2❴2 ✸✷✾✷✳✹✸ ✸✷✾✷✳✹✸ ✸✻✻✳✻ ✶ ✶✵ ✾ ✸✷✷✳✸ ✸✷✾✷✳✹✸
LRC1❴2❴3 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LRC1❴2❴4 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
LRC1❴2❴5 ✸✼✶✺✳✽✶ ✸✼✶✺✳✽✶ ✷✸✽✳✺ ✶ ✶✽ ✽ ✹✷✳✶ ✸✼✶✺✳✽✶
LRC1❴2❴6 ✸✸✻✵✳✽✻ ✸✸✻✵✳✽✻ ✷✸✳✼ ✶ ✵ ✵ ✼✳✵ ✸✸✻✵✳✽✻
LRC1❴2❴7 ✸✸✶✼✳✼✹ ✸✸✶✼✳✼✹ ✷✻✽✻✳✵ ✼ ✻✵ ✶✵ ✹✵✽✳✷ ✸✸✶✼✳✼✹
LRC1❴2❴8 ✸✵✷✹✳✷✻ ❚▲ ✶ ✵ ✵ ✶✺✻✷✳✼ ✸✵✽✻✳✺✵
LRC1❴2❴9 ✷✾✽✷✳✺✽ ❚▲ ✶ ✵ ✷ ✶✼✺✼✳✷ ✸✵✺✸✳✽✵
LRC1❴2❴10 ✵ ❚▲ ✵ ✵ ✵ ▼❊▼
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AA30← ✸✶✶✼✾✳✶ ✸✶✶✼✾✳✶ ✸✺✳✹ ✶✶ ✺✵ ✻
AA35← ✸✶✸✹✾✳✾ ✸✶✸✹✾✳✾ ✸✶✳✸ ✺ ✶✵ ✼
AA40← ✹✶✺✷✶✳✸ ✹✶✺✷✶✳✸ ✷✵✳✹ ✸ ✵ ✶✵
AA45← ✹✶✼✹✾✳✵ ✹✶✼✹✾✳✵ ✸✵✳✽ ✸ ✵ ✾
AA50← ✹✶✾✶✷✳✽ ✹✶✾✶✷✳✽ ✷✻✳✵ ✸ ✵ ✵
AA55← ✹✷✵✻✾✳✶ ✹✷✵✻✾✳✶ ✻✽✳✽ ✶✶ ✻✵ ✸
AA60← ✹✷✷✺✹✳✺ ✹✷✷✺✹✳✺ ✼✵✳✼ ✾ ✻✵ ✺
AA65← ✹✷✸✻✷✳✾ ✹✷✸✻✷✳✾ ✻✶✳✼ ✸ ✻✵ ✶✷
AA70← ✹✷✺✺✺✳✸ ✹✷✺✺✺✳✸ ✹✷✳✽ ✶ ✸✵ ✶✶
AA75← ✺✷✺✷✼✳✸ ✺✷✺✷✼✳✸ ✺✽✾✳✷ ✼✺ ✻✵ ✷✵
BB30← ✸✶✷✾✽✳✹ ✸✶✷✾✽✳✹ ✽✳✺ ✶ ✵ ✽
BB35← ✹✶✻✶✵✳✼ ✹✶✻✶✵✳✼ ✷✹✳✾ ✸ ✵ ✶✽✵
BB40← ✹✶✼✽✼✳✻ ✹✶✼✽✼✳✻ ✶✺✳✾ ✶ ✵ ✶✷✹
BB45← ✺✶✾✵✸✳✷ ✺✶✾✵✸✳✷ ✹✸✳✶ ✼ ✻✵ ✽✽
BB50← ✺✶✾✾✽✳✸ ✺✶✾✾✽✳✸ ✷✻✳✻ ✸ ✵ ✽✶
BB55← ✺✷✷✶✺✳✵ ✺✷✷✶✺✳✵ ✺✶✳✸ ✺ ✹✵ ✶✷✺
BB60← ✺✷✹✻✾✳✼ ✺✷✹✻✾✳✼ ✷✶✳✶ ✸ ✵ ✵
BB65← ✻✷✻✺✹✳✵ ✻✷✻✺✹✳✵ ✸✷✶✳✼ ✺✶ ✻✵ ✽✷
BB70← ✻✷✽✾✸✳✻ ✻✷✽✾✸✳✻ ✻✻✳✹ ✸ ✹✵ ✷
BB75← ✻✷✾✻✾✳✼ ✻✷✾✻✾✳✼ ✷✾✺✳✵ ✹✾ ✻✵ ✶✶
CC30← ✷✶✶✸✶✳✾ ✷✶✶✸✶✳✾ ✼✳✾ ✸ ✵ ✵
CC35← ✸✶✷✶✹✳✺ ✸✶✷✶✹✳✺ ✷✶✳✻ ✸ ✷✵ ✶✸✼
CC40← ✸✶✸✹✼✳✶ ✸✶✸✹✼✳✶ ✼✷✳✸ ✶✸ ✻✵ ✶✸
CC45← ✸✶✹✻✸✳✹ ✸✶✹✻✸✳✹ ✸✽✷✳✾ ✺✸ ✻✵ ✶
CC50← ✸✶✼✶✶✳✵ ❚▲ ✷✶ ✻✵ ✸
CC55← ✹✶✼✺✸✳✺ ✹✶✼✺✸✳✺ ✶✺✵✳✶ ✶✸ ✻✵ ✷✻
CC60← ✹✶✾✵✶✳✽ ✹✶✾✵✶✳✽ ✺✼✾✳✺ ✹✾ ✻✵ ✾✶
CC65← ✹✷✵✾✽✳✷ ❚▲ ✶✻✸ ✻✵ ✾
CC70← ✹✷✸✵✽✳✺ ❚▲ ✼✼ ✻✵ ✶✷
CC75← ✹✷✹✼✾✳✺ ❚▲ ✻ ✻✵ ✶✻
DD30← ✷✶✶✻✼✳✼ ✷✶✶✻✼✳✼ ✻✳✾ ✸ ✵ ✵
DD35← ✸✶✷✾✺✳✹ ✸✶✷✾✺✳✹ ✶✻✳✻ ✸ ✶✻ ✵
DD40← ✸✶✺✶✶✳✾ ✸✶✺✶✶✳✾ ✽✼✳✼ ✷✼ ✻✵ ✵
DD45← ✸✶✻✽✵✳✾ ✸✶✻✽✵✳✾ ✹✼✳✷ ✼ ✻✵ ✸
DD50← ✸✶✽✵✵✳✻ ✸✶✽✵✵✳✻ ✻✺✳✻ ✸ ✺✵ ✸
DD55← ✸✶✾✾✶✳✾ ❚▲ ✸✺ ✻✵ ✵
DD60← ✹✷✵✶✷✳✸ ✹✷✵✶✷✳✸ ✹✹✽✳✹ ✸✾ ✻✵ ✵
DD65← ✹✷✶✸✶✳✼ ✹✷✶✸✶✳✼ ✸✷✻✺✳✸ ✷✺✶ ✻✵ ✵
DD70← ✹✷✷✹✾✳✺ ✹✷✷✹✾✳✺ ✺✺✽✳✼ ✸✶ ✻✵ ✷
DD75← ✹✷✸✽✾✳✺ ✹✷✸✽✾✳✺ ✶✵✸✽✳✺ ✶✸ ✻✵ ✽



❈❤❛♣t❡r ✸✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣ ❢♦r P✐❝❦✉♣✲❛♥❞✲❉❡❧✐✈❡r② Pr♦❜❧❡♠s ✺✺

❖✉r r❡s✉❧ts

■♥st❛♥❝❡ ▲❇ ♦♣t t✐♠❡ ★❇❇ ★❙❘ ★❘❖

AA30+← ✷✵✾✶✽✳✻ ✷✵✾✶✽✳✻ ✸✽✳✸ ✸ ✸✾ ✷✵
AA35+← ✷✶✵✸✼✳✼ ✷✶✵✸✼✳✼ ✻✼✳✻ ✸ ✸✾ ✶
AA40+← ✸✶✶✸✸✳✻ ✸✶✶✸✸✳✻ ✼✷✳✾ ✸ ✺✵ ✹✶
AA45+← ✸✶✷✽✻✳✹ ✸✶✷✽✻✳✹ ✾✹✳✶ ✸ ✸✵ ✶✸✼
AA50+← ✸✶✸✾✼✳✽ ✸✶✸✾✼✳✽ ✺✾✻✳✽ ✷✾ ✻✵ ✼✹
AA55+← ✸✶✹✽✶✳✽ ✸✶✹✽✶✳✽ ✶✼✹✳✷ ✼ ✻✵ ✺✶
AA60+← ✸✶✺✽✶✳✷ ✸✶✺✽✶✳✷ ✽✹✽✳✽ ✸✾ ✻✵ ✺✵
AA65+← ✸✶✻✽✾✳✷ ❚▲ ✹✽ ✻✵ ✽✷
AA70+← ✸✶✽✷✼✳✺ ❚▲ ✶✾ ✻✵ ✹✻
AA75+← ✸✶✾✶✹✳✸ ❚▲ ✻ ✻✵ ✸✽
BB30+← ✸✶✵✽✹✳✷ ✸✶✵✽✹✳✷ ✶✹✳✵ ✸ ✵ ✵
BB35+← ✸✶✸✷✵✳✽ ✸✶✸✷✵✳✽ ✹✵✳✾ ✸ ✷✽ ✷✼
BB40+← ✸✶✹✸✸✳✾ ✸✶✹✸✸✳✾ ✷✾✳✸ ✶ ✻ ✵
BB45+← ✹✶✺✹✸✳✻ ✹✶✺✹✸✳✻ ✹✹✵✳✸ ✽✾ ✻✵ ✼✽
BB50+← ✹✶✻✵✺✳✼ ✹✶✻✵✺✳✼ ✹✶✸✳✾ ✼✶ ✻✵ ✸✹
BB55+← ✹✶✼✼✷✳✼ ✹✶✼✼✷✳✼ ✶✻✻✹✳✽ ✶✸✺ ✻✵ ✷✻
BB60+← ✹✶✾✸✻✳✵ ✹✶✾✸✻✳✵ ✷✼✷✳✺ ✼ ✻✵ ✻✺
BB65+← ✹✷✶✻✷✳✾ ❚▲ ✶✵✾ ✻✵ ✾
BB70+← ✺✷✷✻✶✳✶ ❚▲ ✷✸✾ ✻✵ ✸✻
BB75+← ✺✷✸✶✸✳✻ ❚▲ ✶✾✶ ✻✵ ✸✸
CC30+← ✷✵✽✺✵✳✻ ✷✵✽✺✵✳✻ ✶✵✹✶✳✾ ✼ ✻✵ ✶✹
CC35+← ✷✵✾✺✸✳✽ ✷✵✾✺✸✳✽ ✶✷✻✻✳✼ ✸ ✺✵ ✶✺
CC40+← ✷✶✵✷✶✳✽ ✷✶✵✷✶✳✽ ✷✵✹✾✳✹ ✸ ✷✵ ✹
CC45+← ✶✼✼✷✵✳✹ ❚▲ ✶ ✵ ✵
CC50+← ✵ ❚▲ ✵ ✵ ✵
CC55+← ✵ ❚▲ ✵ ✵ ✵
CC60+← ✵ ❚▲ ✵ ✵ ✵
CC65+← ✵ ❚▲ ✵ ✵ ✵
CC70+← ✵ ❚▲ ✵ ✵ ✵
CC75+← ✵ ❚▲ ✵ ✵ ✵
DD30+← ✷✵✽✾✷✳✻ ✷✵✽✾✷✳✻ ✶✹✶✳✹ ✸ ✻✵ ✶✵
DD35+← ✷✶✵✺✷✳✹ ❚▲ ✺ ✻✵ ✶✵
DD40+← ✷✶✶✼✼✳✸ ✷✶✶✼✼✳✸ ✹✻✽✳✷ ✸ ✷✵ ✼
DD45+← ✷✶✸✶✼✳✹ ❚▲ ✷ ✹✵ ✼
DD50+← ✸✶✸✽✶✳✵ ✸✶✸✽✶✳✵ ✷✽✺✺✳✽ ✻✸ ✻✵ ✻
DD55+← ✸✶✹✺✸✳✼ ❚▲ ✷ ✻✵ ✶✹
DD60+← ✷✺✵✵✾✳✼ ❚▲ ✶ ✵ ✵
DD65+← ✷✷✶✾✵✳✾ ❚▲ ✶ ✵ ✵
DD70+← ✵ ❚▲ ✵ ✵ ✵
DD75+← ✵ ❚▲ ✵ ✵ ✵



✺✻ ❆♣♣❡♥❞✐①

❖✉r r❡s✉❧ts

■♥st❛♥❝❡ ▲❇ ♦♣t t✐♠❡ ★❇❇ ★❙❘ ★❘❖

LC1❴2❴1← ✷✼✵✹✳✺✼ ✷✼✵✹✳✺✼ ✸✳✽ ✶ ✵ ✵
LC1❴2❴2← ✷✼✻✹✳✺✻ ✷✼✻✹✳✺✻ ✶✶✳✵ ✶ ✵ ✵
LC1❴2❴3← ✷✼✼✷✳✶✽ ✷✼✼✷✳✶✽ ✶✸✸✽✳✹ ✶ ✵ ✵
LC1❴2❴4← ✵ ❚▲ ✵ ✵ ✵
LC1❴2❴5← ✷✼✵✷✳✵✺ ✷✼✵✷✳✵✺ ✻✳✵ ✶ ✵ ✵
LC1❴2❴6← ✷✼✵✶✳✵✹ ✷✼✵✶✳✵✹ ✹✳✾ ✶ ✵ ✵
LC1❴2❴7← ✷✼✵✶✳✵✹ ✷✼✵✶✳✵✹ ✽✳✽ ✶ ✵ ✵
LC1❴2❴8← ✷✻✽✾✳✽✸ ✷✻✽✾✳✽✸ ✶✻✳✶ ✶ ✵ ✵
LC1❴2❴9← ✷✼✷✹✳✷✹ ✷✼✷✹✳✷✹ ✺✷✽✳✽ ✶ ✶✺ ✵
LC1❴2❴10← ✷✼✹✵✳✹✾ ❚▲ ✶ ✷✺ ✻
LR1❴2❴1← ✹✽✶✾✳✶✷ ✹✽✶✾✳✶✷ ✸✳✺ ✶ ✵ ✵
LR1❴2❴2← ✹✵✾✸✳✵✺ ✹✵✾✸✳✵✺ ✷✻✳✶ ✶ ✵ ✵
LR1❴2❴3← ✵ ❚▲ ✵ ✵ ✵
LR1❴2❴4← ✵ ❚▲ ✵ ✵ ✵
LR1❴2❴5← ✹✷✷✶✳✻✷ ✹✷✷✶✳✻✷ ✶✷✳✶ ✶ ✸ ✵
LR1❴2❴6← ✸✼✻✸✳✵✵ ✸✼✻✸✳✵✵ ✸✼✸✳✺ ✶ ✵ ✵
LR1❴2❴7← ✵ ❚▲ ✵ ✵ ✵
LR1❴2❴8← ✵ ❚▲ ✵ ✵ ✵
LR1❴2❴9← ✸✾✺✸✳✹✼ ✸✾✺✸✳✹✼ ✷✾✸✳✸ ✶ ✺✶ ✹
LR1❴2❴10← ✵ ❚▲ ✵ ✵ ✵
LRC1❴2❴1← ✸✻✵✻✳✵✻ ✸✻✵✻✳✵✻ ✶✷✳✼ ✶ ✵ ✷✶
LRC1❴2❴2← ✸✷✾✷✳✹✸ ✸✷✾✷✳✹✸ ✼✾✷✳✻ ✶ ✶✸ ✷✵
LRC1❴2❴3← ✵ ❚▲ ✵ ✵ ✵
LRC1❴2❴4← ✵ ❚▲ ✵ ✵ ✵
LRC1❴2❴5← ✸✼✶✺✳✽✶ ✸✼✶✺✳✽✶ ✷✼✸✳✺ ✶ ✷✼ ✺
LRC1❴2❴6← ✸✸✻✵✳✽✻ ✸✸✻✵✳✽✻ ✷✶✳✵ ✶ ✵ ✵
LRC1❴2❴7← ✸✸✶✼✳✼✹ ✸✸✶✼✳✼✹ ✷✵✾✷✳✶ ✷ ✻✵ ✶✵
LRC1❴2❴8← ✵ ❚▲ ✵ ✵ ✵
LRC1❴2❴9← ✷✾✽✷✳✺✽ ❚▲ ✶ ✵ ✵
LRC1❴2❴10← ✵ ❚▲ ✵ ✵ ✵



❈❤❛♣t❡r ✹

❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r t❤❡
❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤
❚✐♠❡ ❲✐♥❞♦✇s
❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ▼✐❝❤❛❡❧ ❉r❡①❧✱ ❙t❡❢❛♥ ■r♥✐❝❤

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤❡ tr✉❝❦✲
❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❚❚❘P❚❲✮ ❛♥❞ t✇♦ r❡❛❧✲✇♦r❧❞ ❡①t❡♥✲
s✐♦♥s✳ ■♥ ❛❧❧ ❚❚❘P❚❲ ✈❛r✐❛♥ts✱ t❤❡ ✢❡❡t ❝♦♥s✐sts ♦❢ ♦♥❡ ♦r ♠♦r❡ tr✉❝❦s t❤❛t ♠❛② ❛tt❛❝❤
❛ tr❛✐❧❡r✳ ❙♦♠❡ ❝✉st♦♠❡rs ❛r❡ ♥♦t ❛❝❝❡ss✐❜❧❡ ✇✐t❤ ❛ tr✉❝❦✲❛♥❞✲tr❛✐❧❡r ❝♦♠❜✐♥❛t✐♦♥✱ ❜✉t
❝❛♥ ❤♦✇❡✈❡r ❜❡ s❡r✈✐❝❡❞ ❜② ♦♥❡ ✐❢ t❤❡ tr❛✐❧❡r ✐s ♣r❡✈✐♦✉s❧② ❞❡t❛❝❤❡❞ ❛♥❞ ♣❛r❦❡❞ ❛t ❛
s✉✐t❛❜❧❡ ❧♦❝❛t✐♦♥✳ ■♥ t❤❡ ✜rst ❡①t❡♥s✐♦♥✱ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❝♦♠♣r✐s❡s t✇♦ ❞❛②s ❛♥❞
❝✉st♦♠❡rs ♠❛② ❜❡ ✈✐s✐t❡❞ ❡✐t❤❡r ♦♥ ❜♦t❤ ❞❛②s ♦r ♦♥❧② ♦♥❝❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t✇✐❝❡ t❤❡
❞❛✐❧② s✉♣♣❧② ♠✉st ❜❡ ❝♦❧❧❡❝t❡❞✳ ❚❤❡ s❡❝♦♥❞ ❡①t❡♥s✐♦♥ ✐♥❝♦r♣♦r❛t❡s ❧♦❛❞ tr❛♥s❢❡r t✐♠❡s
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ q✉❛♥t✐t② ♠♦✈❡❞ ❢r♦♠ ❛ tr✉❝❦ t♦ ✐ts tr❛✐❧❡r✳ ❚❤❡ ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲
♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ st❛♥❞❛r❞ ✈❛r✐❛♥t ❛♥❞ t❤❡ t✇♦ ♥❡✇ ❡①t❡♥s✐♦♥s ✐s ❜❛s❡❞ ♦♥
❛ s❡t✲♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❝♦❧✉♠♥s ❛r❡ r♦✉t❡s ❞❡s❝r✐❜✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ♦❢
❛ tr✉❝❦ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ tr❛✐❧❡r✳ ▲✐♥❡❛r r❡❧❛①❛t✐♦♥s ♦❢ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❛r❡ s♦❧✈❡❞ ❜②
❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ✇❤❡r❡ ♥❡✇ r♦✉t❡s ❛r❡ ❣❡♥❡r❛t❡❞ ✇✐t❤ ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤✐s ♣r✐❝✐♥❣ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❛❞❛♣t❛t✐♦♥
♦❢ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✱ t❤❡ ng✲♥❡✐❣❤❜♦✉r❤♦♦❞✱ ❛♥❞ ❤❡✉r✐st✐❝ ♣r✐❝✐♥❣
✉s✐♥❣ ❞②♥❛♠✐❝❛❧❧② r❡❞✉❝❡❞ ♥❡t✇♦r❦s ❛♥❞ r❡❧❛①❡❞ ❞♦♠✐♥❛♥❝❡✳ ❚❤❡ ❝✉tt✐♥❣ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❞❞s ✈✐♦❧❛t❡❞ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s t♦ str❡♥❣t❤❡♥ t❤❡
❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ❈♦♠♣✉t❛t✐♦♥❛❧ st✉❞✐❡s s❤♦✇ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ♦✉t♣❡r❢♦r♠s ❡①✐st✐♥❣
❛♣♣r♦❛❝❤❡s ♦♥ ❚❚❘P ❛♥❞ ❚❚❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✺✼



✺✽ ✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❝♦♥s✐❞❡r ✈❛r✐❛♥ts ♦❢ t❤❡ tr✉❝❦✲❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s
✭❚❚❘P❚❲✮ ♠♦t✐✈❛t❡❞ ❜② ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ r❛✇ ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥ ✐♥ ❇❛✈❛r✐❛✳ ❱❡❤✐❝❧❡s
♦❢ ❛ ❞❛✐r② ♥❡❡❞ t♦ ♣✐❝❦ ✉♣ ♠✐❧❦ ❢r♦♠ ❢❛r♠s✳ ❇❡❝❛✉s❡ ♦❢ ✉s✉❛❧❧② ❧❛r❣❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥
❞❛✐r② ❛♥❞ ❢❛r♠s ❛♥❞ ❤✐❣❤ ♠✐❧❦ ♣r♦❞✉❝t✐♦♥ r❛t❡s✱ tr✉❝❦s ✇✐t❤ ❛tt❛❝❤❡❞ tr❛✐❧❡rs ❛r❡ ✉s❡❞
t♦ ✐♥❝r❡❛s❡ t❤❡ t♦t❛❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t②✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❢❛r♠s ❛r❡ ♥♦t ❛❝❝❡ss✐❜❧❡ ❜② tr✉❝❦✲
❛♥❞✲tr❛✐❧❡r ❝♦♠❜✐♥❛t✐♦♥s ✭❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❛s ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡s✮ ❜❡❝❛✉s❡ ♦❢ s♠❛❧❧
②❛r❞s ♦r r❡str✐❝t❡❞ ❛❝❝❡ss r♦❛❞s✳ ❚❤❡s❡ ❢❛r♠s✱ ❝❛❧❧❡❞ tr✉❝❦ ❝✉st♦♠❡rs✱ ❝❛♥ t❤♦✉❣❤ ❜❡ s❡r✲
✈✐❝❡❞ ❜② ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ✐❢ t❤❡ tr❛✐❧❡r ✐s ♣r❡✈✐♦✉s❧② ❞❡t❛❝❤❡❞ ❛♥❞ ♣❛r❦❡❞ ❛t ❛ s✉✐t❛❜❧❡
❧♦❝❛t✐♦♥✳ ❚❤❡ ♦t❤❡r ❢❛r♠s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s tr❛✐❧❡r ❝✉st♦♠❡rs❀ t❤❡② ❝❛♥ ❜❡ s❡r✈✐❝❡❞ ❜②
❡✐t❤❡r ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ♦r ❛ s✐♥❣❧❡ tr✉❝❦✳ ❆t tr❛✐❧❡r ❝✉st♦♠❡rs ❛♥❞ ❛t ❛ s❡t ♦❢ ♦♣t✐♦♥❛❧
tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✱ ❛ tr❛✐❧❡r ❝❛♥ ❜❡ ❞❡❝♦✉♣❧❡❞ ❢r♦♠ ✐ts tr✉❝❦ ❛♥❞ ♣❛r❦❡❞✳ ❚❤❡ tr✉❝❦
❝❛♥ t❤❡♥ ✈✐s✐t tr✉❝❦ ❛♥❞✴♦r tr❛✐❧❡r ❝✉st♦♠❡rs ✇✐t❤♦✉t t❤❡ tr❛✐❧❡r✳ ❚❤✐s ✐s r❡❢❡rr❡❞ t♦ ❛s ❛
s✉❜t♦✉r✳ ❆ tr✉❝❦ ❝❛♥ t❡r♠✐♥❛t❡ ❛ s✉❜t♦✉r✱ ✐✳❡✳✱ r❡t✉r♥ t♦ ✐ts ♣❛r❦❡❞ tr❛✐❧❡r✱ ❛t ❛♥② t✐♠❡✳ ■t
❝❛♥ t❤❡♥ tr❛♥s❢❡r ❧♦❛❞ t♦ t❤❡ tr❛✐❧❡r✳ ❆❢t❡r ❛ s✉❜t♦✉r✱ t❤❡ tr✉❝❦ ❝❛♥ st❛rt ❛♥♦t❤❡r ♦♥❡ ♦r
r❡❝♦✉♣❧❡ t❤❡ tr❛✐❧❡r ❛♥❞ ♣✉❧❧ ✐t ❛✇❛②✳ ❲❡ ❛ss✉♠❡ t❤❛t ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ✐s ❞✐r❡❝t❧② ❧♦❛❞❡❞
✐♥t♦ t❤❡ tr❛✐❧❡r ✐❢ t❤❡ tr❛✐❧❡r ✐s ❛tt❛❝❤❡❞ ❛♥❞ ❤❛s r❡s✐❞✉❛❧ ❝❛♣❛❝✐t②✳ ❆t tr✉❝❦ ❝✉st♦♠❡rs
❛♥❞ ✇❤❡♥❡✈❡r s✉♣♣❧② ❡①❝❡❡❞s t❤❡ tr❛✐❧❡r✬s r❡s✐❞✉❛❧ ❝❛♣❛❝✐t②✱ s✉♣♣❧② ❣♦❡s ❞✐r❡❝t❧② ✐♥t♦ t❤❡
tr✉❝❦✳ ❇❡❢♦r❡ ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ❞❡♣♦t✱ t❤❡ tr✉❝❦ ♠✉st r❡t✉r♥ t♦ t❤❡ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥ ♦❢
✐ts tr❛✐❧❡r ❛♥❞ r❡❝♦✉♣❧❡ ✐t✳
●✐✈❡♥ ❛ ✈❡❤✐❝❧❡ ✢❡❡t ❛♥❞ ❛ s❡t ♦❢ ❝✉st♦♠❡rs✱ t❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ ❝♦st✲♠✐♥✐♠❛❧ s❡t ♦❢

r♦✉t❡s t♦ ❝♦❧❧❡❝t t❤❡ ✇❤♦❧❡ s✉♣♣❧② ♦❢ ❛❧❧ ❝✉st♦♠❡rs ✇❤✐❧❡ r❡s♣❡❝t✐♥❣ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t✐❡s✱
t✐♠❡ ✇✐♥❞♦✇ ❝♦♥str❛✐♥ts✱ ❛♥❞ ❛❝❝❡ss✐❜✐❧✐t② r❡str✐❝t✐♦♥s✳ ❚❤❡ ✈❡❤✐❝❧❡ ✢❡❡t ✐s ❤❡t❡r♦❣❡♥❡♦✉s✱
❝♦♥t❛✐♥✐♥❣ s❡✈❡r❛❧ t②♣❡s ♦❢ tr✉❝❦s ❛♥❞ tr❛✐❧❡rs ✇✐t❤ ❞✐✛❡r❡♥t ❝♦sts ❛♥❞ ❝❛♣❛❝✐t✐❡s✳ ❚r✉❝❦s
❝❛♥ ❡✐t❤❡r ♣❡r❢♦r♠ ❛ r♦✉t❡ ❛❧♦♥❡✱ ♦r t❤❡② ❝❛♥ ♣✉❧❧ ❛ s✐♥❣❧❡✱ ✉♥✐q✉❡❧② ❛ss✐❣♥❡❞ tr❛✐❧❡r✱
✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❛❝❤❡❞ t❡♠♣♦r❛r✐❧② ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❖♣t✐♠✐③❛t✐♦♥ ✐♥❝❧✉❞❡s ❞❡❝✐❞✐♥❣
✇❤❡t❤❡r t♦ ✉s❡ ❛ ❣✐✈❡♥ tr✉❝❦ ❛s ❛ s✐♥❣❧❡ ✈❡❤✐❝❧❡ ♦r ❛s t❤❡ ♠♦t♦r✐③❡❞ ♣❛rt ♦❢ ❛ ❝♦♠♣❧❡t❡
✈❡❤✐❝❧❡✳
❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❚❚❘P ✭❢♦r s✐♠♣❧✐❝✐t② ✇✐t❤♦✉t t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ ❧♦❛❞ ❛♠♦✉♥ts✮

✇✐t❤ ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✳ ❚❤❡ ✢❡❡t ❝♦♥s✐sts ♦❢ t✇♦ tr✉❝❦s ❛♥❞
t✇♦ tr❛✐❧❡rs t❤❛t ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ✜❣✉r❡✳ ❆❧❧ ✈❡❤✐❝❧❡s ❛r❡ ❜❛s❡❞ ❛t
❛ ❝❡♥tr❛❧ ❞❡♣♦t ✇❤❡r❡ ❛❧❧ r♦✉t❡s st❛rt ❛♥❞ ❡♥❞✳ ❚❤❡r❡ ❛r❡ ❢♦✉r tr✉❝❦ ❛♥❞ ❢♦✉r tr❛✐❧❡r
❝✉st♦♠❡rs t♦ s❡r✈❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t✇♦ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s ❛r❡ ♦✛❡r❡❞ ✇❤♦s❡ ✈✐s✐t ✐s
♦♣t✐♦♥❛❧✳ ❚❤❡ ❞❡♣✐❝t❡❞ s♦❧✉t✐♦♥ ❝♦♠♣r✐s❡s t✇♦ r♦✉t❡s✿ t❤❡ ♦r❛♥❣❡ r♦✉t❡ ✐s ♣❡r❢♦r♠❡❞
❜② tr✉❝❦ ✶✱ ❛♥❞ t❤❡ ❧✐❣❤t ❜❧✉❡✴♣✉r♣❧❡ r♦✉t❡✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t✇♦ s✉❜t♦✉rs✱ ✐s ❡①❡❝✉t❡❞
❜② ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ❝♦♥s✐st✐♥❣ ♦❢ tr✉❝❦ ✷ ❛♥❞ tr❛✐❧❡r ✷✳ ❚r❛✐❧❡r ✶ ❛♥❞ tr❛♥ss❤✐♣♠❡♥t
❧♦❝❛t✐♦♥ ✶✵ ❛r❡ ♥♦t ✉s❡❞✳
❚❤❡ t✇♦ ❝❤❛❧❧❡♥❣✐♥❣ ❡①t❡♥s✐♦♥s t❤❛t ✇❡ ❛❞❞r❡ss ❛r❡ ♦❢ ❤✐❣❤ ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡ ❛♥❞✱ t♦

t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡② ❤❛✈❡ ♥♦t ②❡t ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋✐rst✱ ❛♥
✐♠♣♦rt❛♥t tr❡♥❞ ✐♥ t❤❡ ❞❛✐r② ❜✉s✐♥❡ss ✐s t✇♦✲❞❛② ❝♦❧❧❡❝t✐♦♥✿ ♠❛♥② ♠♦❞❡r♥ ❢❛r♠s ❞✐s♣♦s❡
♦❢ s✉✣❝✐❡♥t st♦r❛❣❡ ❝❛♣❛❝✐t② t♦ ❦❡❡♣ t❤❡✐r ♠✐❧❦ ❢♦r ❛t ❧❡❛st ♦♥❡ ❞❛② ❜❡❢♦r❡ ✐t ♠✉st ❜❡
❝♦❧❧❡❝t❡❞✳ ❙✉❝❤ ❝✉st♦♠❡rs ❝❛♥ t❤❡♥ ❜❡ ✈✐s✐t❡❞ ❡✐t❤❡r ❞❛✐❧② ♦r ♦♥❧② ❡✈❡r② ♦t❤❡r ❞❛②✳ ❚❤❡



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✺✾

✵

✶

✷✸

✹

✺

✻

✼

✽

✾

✶✵

❉❡♣♦t

❚r✉❝❦ ❝✉st♦♠❡r

❚r❛✐❧❡r ❝✉st♦♠❡r

❚r❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥

❚r✉❝❦ ✶

❚r✉❝❦ ✶ ❚r❛✐❧❡r ✶

❚r✉❝❦ ✷

❚r✉❝❦ ✷ ❚r❛✐❧❡r ✷

❋✐❣✉r❡ ✹✳✶✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ ❚❚❘P

❞❡❝✐s✐♦♥s t♦ t❛❦❡ ✐♥ t❤❡ r❡s✉❧t✐♥❣ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ✐♥❝❧✉❞❡ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢
t❤♦s❡ ❝✉st♦♠❡rs t❤❛t ❛r❡ s❡r✈✐❝❡❞ ♦♥❧② ♦♥❝❡ ❜② ❝♦❧❧❡❝t✐♥❣ t❤❡✐r ❡♥t✐r❡ t✇♦✲❞❛② s✉♣♣❧②✱ ❛♥❞✱
✐❢ s♦✱ ♦♥ ✇❤✐❝❤ ❞❛② t❤❡ ✈✐s✐t ♦❝❝✉rs ✭❞❛② ✶ ♦r ❞❛② ✷✮✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ♣❡r❢❡❝t❧② s②♠♠❡tr✐❝
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✇♦ ❞❛②s✳ ❲❡ ❡①♣❧♦✐t t❤✐s s②♠♠❡tr② ❜② ❛♣♣❧②✐♥❣ ❛ t❛✐❧♦r❡❞ ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❤❛❧✈❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s
t♦ ❜❡ s♦❧✈❡❞✱ ❛t ❧❡❛st ❜❡❢♦r❡ ❞❛②✲s♣❡❝✐✜❝ ❜r❛♥❝❤✐♥❣ ✐s ♣❡r❢♦r♠❡❞✳
❙❡❝♦♥❞✱ ❛♥ ❛s♣❡❝t ✉♣ t♦ ♥♦✇ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ❚❚❘P ❧✐t❡r❛t✉r❡ ✐s t❤❛t ✐♥ ♣r❛❝t✐❝❡✱ t❤❡

t✐♠❡ ❢♦r tr❛♥s❢❡rr✐♥❣ ❧♦❛❞ ❢r♦♠ tr✉❝❦ t♦ tr❛✐❧❡r ♦❢t❡♥ ❞❡♣❡♥❞s ♦♥ t❤❡ tr❛♥s❢❡rr❡❞ q✉❛♥t✐t②✳
◆♦t❛❜❧②✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥✳ ❚❤❡ ❧✐t❡r❛t✉r❡ ❡✐t❤❡r ❛ss✉♠❡s ❛♥ ✐♠♠❡❞✐❛t❡
tr❛♥s❢❡r ♦r ❛ ✜①❡❞ ♣♦s✐t✐✈❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ q✉❛♥t✐t②✳ ❈♦♥s❡q✉❡♥t❧②✱ ♦✉r s❡❝♦♥❞
❡①t❡♥s✐♦♥ ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t ❧♦❛❞ tr❛♥s❢❡r t✐♠❡✱ ✇❤✐❝❤ ✐♠♣♦s❡s
❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ❞✉r❛t✐♦♥ ♦❢ ❛ tr❛♥s❢❡r ♦♣❡r❛t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❢r❡❡ ❝❛♣❛❝✐t② ✐♥
t❤❡ tr✉❝❦✳ ❙✉❝❤ ❛ tr❛❞❡♦✛ ❤❡❛✈✐❧② ❝♦♠♣❧✐❝❛t❡s t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳
❖✈❡r❛❧❧✱ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧✲

❣♦r✐t❤♠s ❢♦r t❤❡ ❚❚❘P❚❲ ❛♥❞ t❤❡ t✇♦ ❡①t❡♥s✐♦♥s✳ ❋♦r t❤❡ ❝❧❛ss✐❝❛❧ ❚❚❘P❚❲✱ ♦✉r ♥❡✇
❛❧❣♦r✐t❤♠ ♦✉t♣❡r❢♦r♠s ❛❧t❡r♥❛t✐✈❡ ❡①❛❝t ❛♣♣r♦❛❝❤❡s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ s✉❝❝❡ss ♦❢
t❤❡ ♥❡✇ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❛ ♥❡✇ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ s✉❜s❡t✲r♦✇ ❝✉ts t♦ str❡♥❣t❤❡♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥
♦❢ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ✭s❡❡ ❏❡♣s❡♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ r❡✈✐❡✇ ♦❢ t❤❡ r❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡

✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ♦✉r ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠
✐s ❡①♣❧❛✐♥❡❞ ✇✐t❤ ❡♠♣❤❛s✐s ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ s✉❜♣r♦❜❧❡♠ ❛♥❞ ❜r❛♥❝❤✐♥❣
str❛t❡❣②✳ ❙❡❝t✐♦♥ ✹✳✹ ❡st❛❜❧✐s❤❡s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❢r♦♠ ♦♥❡ t♦ t✇♦
❞❛②s✳ ❙❡❝t✐♦♥ ✹✳✺ ♣r❡s❡♥ts t❤❡ ♥❡❝❡ss❛r② ❛❞❛♣t❛t✐♦♥s ✇❤❡♥ ❛ ♣♦s✐t✐✈❡ ❧♦❛❞ tr❛♥s❢❡r t✐♠❡ ✐s
❛ss✉♠❡❞✳ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✻✱ ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ❞r❛✇♥



✻✵ ✹✳✷✳ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

✐♥ ❙❡❝t✐♦♥ ✹✳✼✳

✹✳✷ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❆❧t❤♦✉❣❤ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ tr❛✐❧❡rs ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠s
✭❱❘Ps✮ ❞❛t❡s ❜❛❝❦ s❡✈❡r❛❧ ❞❡❝❛❞❡s✱ t❤❡ ❚❚❘P ❤❛s ❛ttr❛❝t❡❞ ✐♥❝r❡❛s❡❞ ❛tt❡♥t✐♦♥ ♦❢ t❤❡
r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t② ♦♥❧② ✐♥ t❤❡ ❧❛st ❢❡✇ ②❡❛rs✳ ❚❤✐s ✐s s✉r♣r✐s✐♥❣✱ ❣✐✈❡♥ t❤❡ ❧❛r❣❡ ♥✉♠✲
❜❡r ♦❢ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡①✐st✐♥❣ ♣✉❜❧✐❝❛t✐♦♥s✿ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡
❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ r❛✇ ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥✱ ❚❚❘P ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
❣♦♦❞s t♦ ❣r♦❝❡r② st♦r❡s ✭❙❡♠❡t ❛♥❞ ❚❛✐❧❧❛r❞✱ ✶✾✾✸✮✱ ♦❢ ✜♥✐s❤❡❞ ❞❛✐r② ♣r♦❞✉❝ts t♦ ❝✉s✲
t♦♠❡rs ✭●❡r❞❡ss❡♥✱ ✶✾✾✻✮✱ ♦❢ ❝♦♠♣♦✉♥❞ ❛♥✐♠❛❧ ❢♦♦❞ t♦ ❢❛r♠❡rs ✭●❡r❞❡ss❡♥✱ ✶✾✾✻✮✱ ♣♦st❛❧
♠❛✐❧ ❞❡❧✐✈❡r② ✭❇♦❞✐♥ ❛♥❞ ▲❡✈②✱ ✷✵✵✵✮✱ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❡♠♣t② ❛♥❞ ❧♦❛❞❡❞ ❝♦♥t❛✐♥❡rs ❢♦r
❛ ❧♦❣✐st✐❝s ❝♦♠♣❛♥② ✭❚❛♥ ❡t ❛❧✳✱ ✷✵✵✻✮✱ ❛♥❞ ❢✉❡❧ ♦✐❧ ❞❡❧✐✈❡r② t♦ ♣r✐✈❛t❡ ❤♦✉s❡❤♦❧❞s ✭❉r❡①❧✱
✷✵✶✶✮✳
❚❤❡ t❡r♠ ✏tr✉❝❦✲❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠✑ ✇❛s ❝♦✐♥❡❞ ❜② ❈❤❛♦ ✭✷✵✵✷✮✳ ❙✐♥❝❡ t❤❡♥✱

♥✉♠❡r♦✉s ❛❞✈❛♥❝❡❞ ♠❡t❛❤❡✉r✐st✐❝s ❢♦r ❞✐✛❡r❡♥t ❚❚❘P ✈❛r✐❛♥ts ✇❡r❡ ♣r❡s❡♥t❡❞ ❜②✱ ❡✳❣✳✱
❙❝❤❡✉❡r❡r ✭✷✵✵✻✮✱ ❱✐❧❧❡❣❛s ❡t ❛❧✳ ✭✷✵✶✵✱ ✷✵✶✶✱ ✷✵✶✸✮✱ ❈❛r❛♠✐❛ ❛♥❞ ●✉❡rr✐❡r♦ ✭✷✵✶✵❛✱❜✮✱
▲✐♥ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❉❡r✐❣s ❡t ❛❧✳ ✭✷✵✶✸✮✱ P❛s❤❛ ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❛♥❞ ❇❛ts②♥ ❛♥❞ P♦♥♦♠❛r❡♥❦♦
✭✷✵✶✹✮✳ ❆❧❧ ♦❢ t❤❡s❡ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❜❧❡♠ s❡tt✐♥❣s✳ ❇② ❝♦♥tr❛st✱ ❚♦rr❡s
❡t ❛❧✳ ✭✷✵✶✺✮ ❝♦♥s✐❞❡r ❛ ❚❚❘P ✇✐t❤ ❢✉③③② ❝♦♥str❛✐♥ts✱ ❛♥❞ ▼✐r♠♦❤❛♠♠❛❞s❛❞❡❣❤✐ ❛♥❞
❆❤♠❡❞ ✭✷✵✶✺✮ ❤❛♥❞❧❡ st♦❝❤❛st✐❝ ❞❡♠❛♥❞s✳ ❖♥❧② ▲✐♥ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❉❡r✐❣s ❡t ❛❧✳ ✭✷✵✶✸✮
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t✐♠❡ ✇✐♥❞♦✇s✳ ❚❤❡ ♣❛♣❡r ❜② ❈✉❞❛ ❡t ❛❧✳ ✭✷✵✶✺✮ ❝♦♥t❛✐♥s ❛ ❞❡t❛✐❧❡❞
♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❚❚❘P ❧✐t❡r❛t✉r❡✱ ❞✐s❝✉ss✐♥❣ ♠♦❞❡❧✐♥❣ ❛s♣❡❝ts ❛♥❞ ❞❡t❛✐❧s ♦❢ s♦❧✉t✐♦♥
❛♣♣r♦❛❝❤❡s✳
❊①❛❝t ♣r♦❝❡❞✉r❡s ❢♦r ❚❚❘Ps ❛r❡ st✐❧❧ s❝❛r❝❡✳ ❲❡ ❛r❡ ❛✇❛r❡ ♦❢ ♦♥❧② t❤r❡❡ ✇♦r❦s ♦♥

t❤✐s t♦♣✐❝✿ ❇❡❧❡♥❣✉❡r ❡t ❛❧✳ ✭✷✵✶✻✮ ♣r♦♣♦s❡ ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r ❛ s✐♥❣❧❡✲
✈❡❤✐❝❧❡ ✈❛r✐❛♥t ♦❢ t❤❡ ❚❚❘P ✇✐t❤♦✉t t✐♠❡ ✇✐♥❞♦✇s✳ ❖♥ ❛ t❡st ❜❡❞ ✇✐t❤ ✸✷ r❛♥❞♦♠
❊✉❝❧✐❞❡❛♥ ✐♥st❛♥❝❡s✱ t❤❡ ❧❛r❣❡st ✐♥st❛♥❝❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❤❛s ✶✵✵ ❝✉st♦♠❡rs ❛♥❞
✶✵ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♦♥❧② ♣✉❜❧✐s❤❡❞ ❡①❛❝t
❛❧❣♦r✐t❤♠s t❛❝❦❧✐♥❣ ❛ ♠✉❧t✐✲✈❡❤✐❝❧❡ ❚❚❘P ❛r❡ t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ❜② ❉r❡①❧
✭✷✵✶✶✮ ❛♥❞ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡s❡ t✇♦ ♣❛♣❡rs ✇✐t❤ t❤❡
♣r❡s❡♥t ✇♦r❦✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛s♣❡❝ts ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞s ✉s❡❞✱
✐s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✳

✹✳✸ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

❲❡ st❛rt ✇✐t❤ ❛ ♣❛rt✐❛❧ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ♣r❡s❡♥t t❤❡ ♣❛t❤✲❜❛s❡❞ ❢♦r♠✉✲
❧❛t✐♦♥ ♦❢ t❤❡ ❚❚❘P❚❲ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✶✳ ❚❤❡ ♣❛t❤✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s s♦❧✈❡❞ ✇✐t❤ ❛
❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠ ❛♥❞ ✐ts r❡s♦❧✉✲
t✐♦♥ ❜② ❛ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳
❙❡❝t✐♦♥ ✹✳✸✳✸ ❞❡s❝r✐❜❡s t❤❡ ❜r❛♥❝❤✐♥❣ str❛t❡❣②✱ ❙❡❝t✐♦♥ ✹✳✸✳✹ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ s✉❜s❡t✲r♦✇
❝✉ts✱ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✸✳✺ ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s✳



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✻✶

❖✉r ♣❛♣❡r P❛rr❛❣❤ ❛♥❞
❈♦r❞❡❛✉ ✭✷✵✶✼✮

❉r❡①❧
✭✷✵✶✶✮

❚✐♠❡ ✇✐♥❞♦✇s X X X

❍❡t❡r♦❣❡♥❡♦✉s ✢❡❡t X X

❉❡❞✐❝❛t❡❞ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s X X

❚✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ X

◗✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t ❧♦❛❞ tr❛♥s❢❡r t✐♠❡s X

❍❡✉r✐st✐❝ ❛♥❞ ❡①❛❝t ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ X X X

❇✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ X

▼❡t❛❤❡✉r✐st✐❝ ❢♦r ♣r✐❝✐♥❣ X

ng✲r♦✉t❡ r❡❧❛①❛t✐♦♥ X X

❱❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s X

❙t❛❜✐❧✐③❛t✐♦♥ X X

❚❛❜❧❡ ✹✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠s ❢♦r ❞✐✛❡r❡♥t ❚❚❘P ✈❛r✐❛♥ts

✹✳✸✳✶ P❛t❤✲❇❛s❡❞ ❋♦r♠✉❧❛t✐♦♥

▲❡t N ❜❡ t❤❡ s❡t ♦❢ ❝✉st♦♠❡rs✱ L ❜❡ t❤❡ s❡t ♦❢ tr✉❝❦ t②♣❡s✱ ❛♥❞ H ❜❡ t❤❡ s❡t ♦❢ tr❛✐❧❡r
t②♣❡s✳ ❚❤❡ s❡t ♦❢ ✈❡❤✐❝❧❡ ❝❧❛ss❡s K ❝♦♥t❛✐♥s ❜♦t❤ s✐♥❣❧❡ tr✉❝❦s ❛♥❞ ❝❡rt❛✐♥ ❝♦♠❜✐♥❛t✐♦♥s
♦❢ ❛ tr✉❝❦ ❛♥❞ ❛ tr❛✐❧❡r ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s ❛ s✉❜s❡t ♦❢ L× (H ∪ {0})✳ ❊❧❡♠❡♥ts k = (l, 0)
r❡♣r❡s❡♥t t❤❡ s✐♥❣❧❡ tr✉❝❦s ♦❢ t②♣❡ l ∈ L✳ ❚❚❘P❚❲ ✈❛r✐❛♥ts ♠❛② ❛ss✉♠❡ ❛ ❧✐♠✐t❡❞ ✢❡❡t
s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ✈❡❤✐❝❧❡s ♦❢ t②♣❡ f ∈ L ∪ H ✐s ❝♦♥str❛✐♥❡❞ ❜② nf ✳ ❋♦r
❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❡❤✐❝❧❡ ✐♥❞✐❝❛t♦r bkf t♦ ❜❡ 1 ✐❢ ✈❡❤✐❝❧❡ ❝❧❛ss k ∈ K ✉s❡s ✈❡❤✐❝❧❡
t②♣❡ f ∈ L ∪H✱ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t s❡✈❡r❛❧ ✈❡❤✐❝❧❡s ♦❢ ♦♥❡ ✈❡❤✐❝❧❡ ❝❧❛ss ♠❛② ❜❡
❛✈❛✐❧❛❜❧❡✳
❚❤❡ ♣❛t❤✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛ s❡t✲♣❛rt✐t✐♦♥✐♥❣ ♠♦❞❡❧ ✇✐t❤ ♦♥❡ ✈❛r✐❛❜❧❡ ❢♦r ❡❛❝❤

♣♦ss✐❜❧❡ ❚❚❘P❚❲ r♦✉t❡ ❞❡s❝r✐❜✐♥❣ t❤❡ s❝❤❡❞✉❧❡❞ ♠♦✈❡♠❡♥t ♦❢ ❛ tr✉❝❦ ❛♥❞✱ ✐❢ ♣r❡s❡♥t✱
✐ts ❛ss♦❝✐❛t❡❞ tr❛✐❧❡r✳ ❋♦r ❛ ✈❡❤✐❝❧❡ ♦❢ ❝❧❛ss k✱ t❤❡ s❡t ♦❢ ❛❧❧ ✈❛❧✐❞ r♦✉t❡s ✐s Rk✳ ❊❛❝❤ r♦✉t❡
r ∈ Rk ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ λk

r ✱ ✇❤✐❝❤ ❡q✉❛❧s 1 ✐❢ t❤❡ r♦✉t❡ ✐s ❝❤♦s❡♥✱
❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ ❚❚❘P❚❲ ✈❛r✐❛♥t✱ r♦✉t❡ ❝♦sts cr ❝❛♥ ✐♥❝❧✉❞❡
✈❛r✐❛❜❧❡ tr❛✈❡❧ ❝♦sts✱ ❞❡♣❡♥❞✐♥❣ ♦♥ tr❛✈❡❧❡❞ ❞✐st❛♥❝❡ ❛♥❞ ♦♥ ✇❤❡t❤❡r t❤❡ tr✉❝❦ ✐s ♠♦✈✐♥❣
❛❧♦♥❡ ♦r t♦✇✐♥❣ t❤❡ tr❛✐❧❡r✱ ❛♥❞ ❤❛♥❞❧✐♥❣ ❝♦sts✳ ❍❛♥❞❧✐♥❣ ❝♦sts ♦❝❝✉r ✇❤❡♥❡✈❡r tr❛✐❧❡rs
❛r❡ ❝♦✉♣❧❡❞ ♦r ❞❡❝♦✉♣❧❡❞✱ ♦r ❧♦❛❞ ✐s tr❛♥s❢❡rr❡❞ ❢r♦♠ tr✉❝❦ t♦ tr❛✐❧❡r✳ ❲❡ ❞❡✜♥❡ arn ❛s t❤❡
♥✉♠❜❡r ♦❢ t✐♠❡s r♦✉t❡ r s❡r✈❡s ❝✉st♦♠❡r n. ❚❤❡ ❝♦❡✣❝✐❡♥t arn ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ✈✐s✐ts t♦
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ n t❤❛t ❛r❡ ♦♥❧② ✉s❡❞ ❢♦r ♣❛r❦✐♥❣ ♦r ❝♦✉♣❧✐♥❣ t❤❡ tr❛✐❧❡r ♦r ❢♦r tr❛♥s❢❡rr✐♥❣
❧♦❛❞✳
❚❤❡ ♣❛t❤✲❜❛s❡❞ ♠♦❞❡❧ ✐s✿

min
∑

k∈K

∑

r∈Rk

crλ
k
r ✭✹✳✶❛✮

s✳t✳
∑

k∈K

∑

r∈Rk

arnλ
k
r = 1 (πn) ∀ n ∈ N ✭✹✳✶❜✮



✻✷ ✹✳✸✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

∑

k∈K

∑

r∈Rk

bkfλ
k
r ≤ nf (µf ) ∀ f ∈ L ∪H ✭✹✳✶❝✮

λk
r ≥ 0, ✐♥t❡❣❡r ∀ k ∈ K, r ∈ Rk ✭✹✳✶❞✮

❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✳✶❛✮ ❛✐♠s ❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✳ ❚❤❡♥✱
t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✶❜✮ ❡♥s✉r❡ t❤❛t ❡✈❡r② ❝✉st♦♠❡r ✐s s❡r✈❡❞ ❡①❛❝t❧② ♦♥❝❡✳
❈♦♥str❛✐♥ts ✭✹✳✶❝✮ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✢❡❡t s✐③❡ ✐s ♥♦t ❡①❝❡❡❞❡❞ ❜② t❤❡ s❡❧❡❝t❡❞ r♦✉t❡s✳
❋✐♥❛❧❧②✱ t❤❡ ✈❛r✐❛❜❧❡ ❞♦♠❛✐♥s ❛r❡ ❣✐✈❡♥ ❜② ✭✹✳✶❞✮✳

✹✳✸✳✷ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥

▼♦❞❡❧ ✭✹✳✶✮ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❞✐r❡❝t❧② ❞✉❡ t♦ t❤❡ ❤✉❣❡ ♥✉♠❜❡r ♦❢ r♦✉t❡ ✈❛r✐❛❜❧❡s✳ ■♥st❡❛❞
✇❡ ❝❛♥ s♦❧✈❡ ✐t ✇✐t❤ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✉s❡s ❛ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜✲
♣r♦❜❧❡♠✱ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✱ t♦ ❞②♥❛♠✐❝❛❧❧② ❣❡♥❡r❛t❡ r♦✉t❡ ✈❛r✐❛❜❧❡s ❛s t❤❡② ❛r❡ ♥❡❡❞❡❞
✭▲ü❜❜❡❝❦❡ ❛♥❞ ❉❡sr♦s✐❡rs✱ ✷✵✵✺✮✳ ❙✐♠✐❧❛r t♦ ♠❛♥② ♦t❤❡r ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡
♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ♦❢ t❤❡ ❚❚❘P❚❲ ❛r❡ ✈❛r✐❛♥ts ♦❢ ❛ s❤♦rt❡st✲♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡
❝♦♥str❛✐♥ts ✭❙PP❘❈✮ ♦♥ ❣r❛♣❤s ✇✐t❤ ♥❡❣❛t✐✈❡ ❝♦st ❝②❝❧❡s ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳
❋♦r ❡❛❝❤ ✈❡❤✐❝❧❡ ❝❧❛ss k ∈ K✱ t❤❡r❡ ✐s ❛ s♣❡❝✐✜❝ ✈❛r✐❛♥t ♦❢ ❙PP❘❈ t❤❛t ❤❛s t♦ ❜❡ s♦❧✈❡❞✳
❍❡r❡✱ t❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ ❛t ❧❡❛st ♦♥❡ r♦✉t❡ ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts ♦r t♦ ♣r♦✈❡ t❤❛t
♥♦ s✉❝❤ r♦✉t❡ ❡①✐sts✳
❲❡ st❛rt ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳ ❚❤❡

r❡s♦✉r❝❡s ❛♥❞ t❤❡✐r r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✱ ✇❤✐❧❡
t❤❡ ❚❚❘P❚❲✲s♣❡❝✐✜❝ ❞♦♠✐♥❛♥❝❡ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳ ❉❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ ❜✐❞✐✲
r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳

◆❡t✇♦r❦

❚❤❡ ✈❡❤✐❝❧❡✲❝❧❛ss s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ Dk = (V,Ak) ❢♦r ✈❡❤✐❝❧❡ ❝❧❛ss k ∈ K ✐s ❝♦♥✲
str✉❝t❡❞ ❛s ✐♥ ✭❉r❡①❧✱ ✷✵✶✶✮ s♦ t❤❛t ❡❛❝❤ ❧♦❝❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦♥❡ ♦r s❡✈❡r❛❧ ✈❡rt✐❝❡s✳
❚❤❡ ❢♦✉r t②♣❡s ♦❢ r❡❧❡✈❛♥t ❧♦❝❛t✐♦♥s ❛r❡ t❤❡ ❞❡♣♦t✱ tr✉❝❦ ❝✉st♦♠❡rs✱ tr❛✐❧❡r ❝✉st♦♠❡rs✱
❛♥❞ ❞❡❞✐❝❛t❡❞ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳ ❚❤❡ ❞❡♣♦t ✐s ♠♦❞❡❧❡❞ ❜② ❛ st❛rt ✈❡rt❡① d+ ❛♥❞
❛ ❞❡st✐♥❛t✐♦♥ ✈❡rt❡① d−✳ ▲❡t NL ⊂ N ❜❡ t❤❡ s❡t ♦❢ tr✉❝❦ ❝✉st♦♠❡rs ❛♥❞ ❧❡t NH ⊂ N
❜❡ t❤❡ s❡t ♦❢ tr❛✐❧❡r ❝✉st♦♠❡rs✳ ❊❛❝❤ tr✉❝❦ ❝✉st♦♠❡r ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ s✐♥❣❧❡ ✈❡rt❡①
n ∈ NL✱ ✇❤✐❧❡ tr❛✐❧❡r ❝✉st♦♠❡rs ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❢♦✉r ✈❡rt✐❝❡s✱ ✐✳❡✳✱ n ❢♦r t❤❡ s❡r✈✐❝❡✱
d(n) ❢♦r ❞❡t❛❝❤✐♥❣ t❤❡ tr❛✐❧❡r✱ τ(n) ❢♦r ❧♦❛❞ tr❛♥s❢❡r✱ ❛♥❞ c(n) ❢♦r ❝♦✉♣❧✐♥❣ t❤❡ tr❛✐❧❡r ❛t
t❤❡ ❝✉st♦♠❡r✬s ❧♦❝❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ❧❡t T ❜❡ t❤❡ s❡t ♦❢ ♦♣t✐♦♥❛❧ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳
❚❤❡r❡ ❛r❡ t❤r❡❡ ✈❡rt✐❝❡s ❢♦r ❡❛❝❤ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥ t ∈ T ✱ ♥❛♠❡❧②✱ d(t) ❢♦r ❞❡t❛❝❤✐♥❣
t❤❡ tr❛✐❧❡r✱ τ(t) ❢♦r ❧♦❛❞ tr❛♥s❢❡r✱ ❛♥❞ c(t) ❢♦r ❝♦✉♣❧✐♥❣ t❤❡ tr❛✐❧❡r ❛t t❤❡ tr❛♥ss❤✐♣♠❡♥t
❧♦❝❛t✐♦♥✳ ❆s ❜♦t❤ tr❛✐❧❡r ❝✉st♦♠❡rs ❛♥❞ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s ♦✛❡r t❤❡ ♣❛r❦✐♥❣ ❛♥❞
❧♦❛❞ tr❛♥s❢❡r ♣♦ss✐❜✐❧✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥s P = NH ∪ T ✳ ❙✉♠♠❛✲
r✐③✐♥❣✱ t❤❡ ✈❡rt✐❝❡s V ❝♦♠♣r✐s❡ t❤❡ ❞❡♣♦ts {d+, d−}✱ ✈❡rt✐❝❡s NL ∪ NH ❢♦r s❡r✈✐❝❡ ❛t
❝✉st♦♠❡rs✱ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s D = {d(p) : p ∈ P}✱ tr❛♥s❢❡r ✈❡rt✐❝❡s T = {τ(p) : p ∈ P}✱
❛♥❞ ❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s C = {c(p) : p ∈ P}✳ ❚❛❜❧❡ ✹✳✷✭❛✮ ❧✐sts t❤❡ ✈❡rt✐❝❡s ❢♦r t❤❡ ♥❡t✇♦r❦
Dk✳



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✻✸

▲♦❝❛t✐♦♥ ❆ss♦❝✐❛t❡❞ ✈❡rt✐❝❡s ❋♦r ❛❧❧

❉❡♣♦t d+, d−

❚r✉❝❦ ❝✉st♦♠❡rs n n ∈ NL

❚r❛✐❧❡r ❝✉st♦♠❡rs n, d(n), τ(n), c(n) n ∈ NH

❚r❛♥s❢❡r ❧♦❝❛t✐♦♥s d(t), τ(t), c(t) t ∈ T

✭❛✮ ❱❡rt✐❝❡s i ∈ V

❆r❝s t♦ j ∈

(i, j) NL NH D T C d−

d+ ❙❚ X ❈❱

NL
X X ❈❱ ❈❱ ❙❚

❢r♦♠ NH
X X ❈❱ ❈❱ ❈❱ X

i ∈ D ❈❱ ❈❱

T ❈❱ ❈❱

C ❈❱ ❈❱ ❈❱

✭❜✮ ❆r❝s (i, j) ∈ Ak ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❡❤✐❝❧❡
❝❧❛ss k ✭❈❱❂❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ♦♥❧②✱ ❙❚❂s✐♥❣❧❡

tr✉❝❦ ♦♥❧②✱ ❛♥❞ X❂❜♦t❤✮

❚❛❜❧❡ ✹✳✷✿ ◆❡t✇♦r❦ Dk = (V,Ak)

❚❤❡ t②♣❡ ♦❢ ❛r❝s ♣r❡s❡♥t ✐♥ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❡❤✐❝❧❡ ❝❧❛ss k✳ ❋♦r
s✐♥❣❧❡ tr✉❝❦s k = (l, 0)✱ t❤❡ ❛r❝ s❡t Ak ❝♦♥t❛✐♥s ♦♥❧② ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝✉st♦♠❡r
✈❡rt✐❝❡s ❛♥❞ ❢r♦♠✴t♦ t❤❡ ❞❡♣♦t✳ ❚❛❜❧❡ ✹✳✷✭❜✮ r❡♣♦rts t❤❡s❡ ❛r❝s ✇✐t❤ t❤❡ s②♠❜♦❧s ❙❚
✭s✐♥❣❧❡ tr✉❝❦ ♦♥❧②✮ ❛♥❞ X✳ ❋♦r ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡s k = (l, h) ✇✐t❤ h 6= 0✱ t❤❡r❡ ❡①✐st ♠❛♥②
♠♦r❡ ♣♦ss✐❜❧❡ ❝♦♥♥❡❝t✐♦♥s✳ ❚❤❡② ❛r❡ ✐♥❞✐❝❛t❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷✭❜✮ ✇✐t❤ t❤❡ s②♠❜♦❧s ❈❱
✭❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ♦♥❧②✮ ❛♥❞ X✳
❉❡❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞ ♦♥❧② ✇✐t❤ t❤❡ tr❛✐❧❡r ❛tt❛❝❤❡❞❀ tr❛♥s❢❡r ❛♥❞ ❝♦✉✲

♣❧✐♥❣ ✈❡rt✐❝❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞ ♦♥❧② ✐❢ t❤❡ tr❛✐❧❡r ✐s ✇❛✐t✐♥❣ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛t✐♦♥✳
❉❡❝♦✉♣❧✐♥❣ ❛♥❞ tr❛♥s❢❡r ✈❡rt✐❝❡s ❝❛♥ ❜❡ ❧❡❢t ♦♥❧② ❜② t❤❡ tr✉❝❦❀ ❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s ❝❛♥ ❜❡
❧❡❢t ♦♥❧② ✇✐t❤ t❤❡ tr❛✐❧❡r ❛tt❛❝❤❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ tr❛✐❧❡r ♣❛r❦❡❞ ❛t ❛ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥
✐♠♣❧✐❝✐t❧② ❵♠♦✈❡s✬ ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt❡① t♦ t❤❡ tr❛♥s❢❡r ✈❡rt❡① ✭♠❛②
❜❡ s❦✐♣♣❡❞✮ ❛♥❞ ❢r♦♠ t❤❡r❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ✈❡rt❡①✳ ❆❢t❡r ♣❛r❦✐♥❣ ❛ tr❛✐❧❡r ❛t ❛ ❧♦❝❛t✐♦♥
❛♥❞ ❜❡❢♦r❡ ❛tt❛❝❤✐♥❣ ✐t ❛❣❛✐♥✱ t❤❡ tr✉❝❦ ♠❛② ♣❡r❢♦r♠ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ s✉❜t♦✉rs
❛♥❞ ✈✐s✐ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s❢❡r ✈❡rt❡①✳ ❱✐s✐t✐♥❣ ❛ tr❛♥s❢❡r ♦r ❛ ❝♦✉♣❧✐♥❣ ✈❡rt❡① ✐♥✲
❝❧✉❞❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❧♦❛❞ tr❛♥s❢❡r ❛t ③❡r♦ ❝♦st ❛♥❞ t✐♠❡✳ ■♥❞❡❡❞✱ ♦✉r tr❛♥s❢❡r str❛t❡❣②
r❡q✉✐r❡s t♦ ❛❧✇❛②s tr❛♥s❢❡r ❛s ♠✉❝❤ ❧♦❛❞ ❛s ♣♦ss✐❜❧❡ ❢r♦♠ t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r ❛t t❤❡s❡
✈❡rt✐❝❡s ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳ ❇② ❝♦♥tr❛st✱ ✇❤❡♥ r❡❛❝❤✐♥❣ ❛ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt❡①✱ ❛ tr❛♥s❢❡r ✐s
♥♦t ♥❡❡❞❡❞✱ ❜❡❝❛✉s❡✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡ s✉♣♣❧② ❝♦❧❧❡❝t❡❞ s✐♥❝❡ t❤❡ ❧❛st
✈✐s✐t t♦ ❛ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥ ✐s ❧♦❛❞❡❞ ✐♥ t❤❡ tr❛✐❧❡r ❛s ❢❛r ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ❧♦❣✐❝ ✐s
❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡ ❛♥❞ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝❤❡❝❦s ♦❢ t❤❡ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥
❢✉♥❝t✐♦♥s ✭❘❊❋s✮ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❛❜❡❧✐♥❣ ❆❧❣♦r✐t❤♠

❲❡ st❛rt ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦st ♦❢ ❛ ❚❚❘P❚❲ r♦✉t❡ ❢♦r ❛ ✜①❡❞ ✈❡❤✐❝❧❡ k =
(l, h) ∈ K ❛♥❞ ✐♥tr♦❞✉❝❡ ❛❧❧ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ r❡s♦✉r❝❡s ❛♥❞
t❤❡✐r ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡ ❝♦sts ♦❢ ❛♥ ❛r❝ (i, j) ∈ Ak ❝♦♥s✐st ♦❢ tr❛✈❡❧ ❝♦sts ❛♥❞ ❤❛♥❞❧✐♥❣
❝♦sts ♦❝❝✉rr✐♥❣ ✇❤❡♥ ❛ ❝❡rt❛✐♥ ♦♣❡r❛t✐♦♥ ✭s❡r✈✐❝❡✱ ❞❡❝♦✉♣❧✐♥❣✱ tr❛♥s❢❡r✱ ♦r ❝♦✉♣❧✐♥❣✮ ✐s
♣❡r❢♦r♠❡❞ ❛t ❛ ❧♦❝❛t✐♦♥✳ ❚r❛✈❡❧ ❝♦sts ❝❛♥ ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❡❝✐✜❝ ✈❡❤✐❝❧❡ ❝❧❛ss k ❛♥❞



✻✹ ✹✳✸✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

♦♥ ✇❤❡t❤❡r t❤❡ tr❛✐❧❡r ✐s t♦✇❡❞✳ ❲❡ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❤❛♥❞❧✐♥❣ ❝♦sts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
t❛✐❧ ✈❡rt❡① i ✐♥t♦ t❤❡ ❝♦sts ♦❢ (i, j)✳ ❍❛♥❞❧✐♥❣ ❝♦sts ❝❛♥ ❜❡ ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝✱ ❡✳❣✳✱ s❡r✈✐❝❡
❝♦sts ❝❛♥ ❞❡♣❡♥❞ ♦♥ t❤❡ s✉♣♣❧② t❤❛t ❛ ❝✉st♦♠❡r ♣r♦✈✐❞❡s✳ ■♥ ❛♥② ❝❛s❡✱ t❤❡ ❝♦st ♦❢ ❛r❝
(i, j) ∈ Ak ❢♦r k = (l, h) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

ckij(δ) = clij + δ · chij ,

✇❤❡r❡ clij ❛r❡ tr✉❝❦✲❞❡♣❡♥❞❡♥t ❛♥❞ chij ❛r❡ tr❛✐❧❡r✲❞❡♣❡♥❞❡♥t ❝♦sts✱ ❛♥❞ δ ∈ {0, 1} ✐♥❞✐❝❛t❡s
✇❤❡t❤❡r tr❛✐❧❡r h ✐s ❛❝t✉❛❧❧② t♦✇❡❞ ❢r♦♠ i t♦ j✳ ❙✐♠✐❧❛r❧②✱ t❤❡ t✐♠❡ tij ❝♦♥s✉♠❡❞ ❜②
tr❛✈❡rs✐♥❣ ❛r❝ (i, j) ❝♦♠♣r✐s❡s t❤❡ tr❛✈❡❧ t✐♠❡ ❛♥❞ t❤❡ ❤❛♥❞❧✐♥❣ t✐♠❡ ❛t t❤❡ ✈❡rt❡① i✳ ❲❡
❛ss✉♠❡ t❤❛t tij ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❡❤✐❝❧❡ k ✭❜✉t t❤✐s ❝♦✉❧❞ ❡❛s✐❧② ❜❡ ♠♦❞❡❧❡❞✱ t♦♦✮✳
❲❤✐❧❡ t❤❡ s❡r✈✐❝❡ t✐♠❡ ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝✉st♦♠❡r✬s s✉♣♣❧②✱ t❤❡ ❝♦✉♣❧✐♥❣✱ t❤❡ tr❛♥s❢❡r✱
❛♥❞ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦♣❡r❛t✐♦♥s ❡❛❝❤ ❝♦♥s✉♠❡ ❛ ✜①❡❞ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❧♦❝❛t✐♦♥✳
■♥ ❙❡❝t✐♦♥ ✹✳✺ ✇❡ ✇✐❧❧ r❡❧❛① t❤❡ ❝♦♥st❛♥t✲t✐♠❡ ❛ss✉♠♣t✐♦♥ ❢♦r ❧♦❛❞ tr❛♥s❢❡r✳
❋♦r ❛♥② ❢❡❛s✐❜❧❡ r♦✉t❡ r ✐♥ Dk = (V,Ak) ❢r♦♠ t❤❡ st❛rt d+ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ d−✱ t❤❡

s❡q✉❡♥❝❡ ♦❢ ✈❡rt✐❝❡s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s ✇❤❡♥ ❛♥❞ ✇❤❡r❡ t❤❡ tr❛✐❧❡r ✐s ❛tt❛❝❤❡❞ t♦ t❤❡
tr✉❝❦✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛♥ ✐♥❞✐❝❛t♦r δtrailerr,ij ∈ {0, 1} ❜❡✐♥❣ ❡q✉❛❧ t♦ ✶ ✐❢ t❤❡ tr❛✐❧❡r
✐s ❛tt❛❝❤❡❞ t♦ t❤❡ tr✉❝❦ ✇❤❡♥ tr❛✈❡❧✐♥❣ ❛❧♦♥❣ ❛r❝ (i, j) ∈ Ak✳ ▼♦r❡♦✈❡r✱ ❧❡t t❤❡ s❡t ♦❢
❝✉st♦♠❡r ✈❡rt✐❝❡s ❛♥❞ ❛r❝s ❝♦✈❡r❡❞ ❜② r ❜❡ ❞❡✜♥❡❞ ❛s N(r) ❛♥❞ A(r) r❡s♣❡❝t✐✈❡❧②✳ ▲❡t
(πn) ❜❡ t❤❡ ❞✉❛❧ ♣r✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✶❜✮ ❛♥❞ (µf ) ❜❡
t❤❡ ❞✉❛❧ ♣r✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✢❡❡t✲s✐③❡ ❝♦♥str❛✐♥ts ✭✹✳✶❝✮✳ ◆♦✇✱ t❤❡ r❡❞✉❝❡❞ ❝♦sts
♦❢ ❛ r♦✉t❡ r ♣❡r❢♦r♠❡❞ ❜② ❛ ✈❡❤✐❝❧❡ k = (l, h) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

c̃kr =
∑

(i,j)∈A(r)

ckij(δ
trailer
r,ij )−

∑

n∈N(r)

πn −
∑

f∈L∪H

bkfµf =
∑

(i,j)∈A(r)

c̃kij(δ
trailer
r,ij ),

✇❤❡r❡ ✇❡ ❞❡✜♥❡

c̃kij(δ) = ckij(δ)−

{
πj , j ∈ N
0, ♦t❤❡r✇✐s❡

−

{
µl + µh, i = d+

0, ♦t❤❡r✇✐s❡

✇✐t❤ µh = 0 ✐❢ h = 0✱ ✐✳❡✳✱ ✐❢ ♥♦ tr❛✐❧❡r ✐s ✉s❡❞✳
❆ ❚❚❘P❚❲ r♦✉t❡ ✐s t✐♠❡✲❢❡❛s✐❜❧❡✱ ✐❢ s❡r✈✐❝❡ ❛t ❛ ✈✐s✐t❡❞ ❝✉st♦♠❡r n st❛rts ✇✐t❤✐♥ ✐ts

s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇ [en, ℓn]✳ ❚❤❡ t✐♠❡ ✇✐♥❞♦✇ [ed+ , ℓd+ ] = [ed− , ℓd− ] ♠♦❞❡❧s t❤❡ ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s v ∈ D ∪ T ∪ C ❤❛✈❡ ❛ ♥♦♥✲r❡str✐❝t✐✈❡ t✐♠❡
✇✐♥❞♦✇✳ ❚❤✐s ♠❡❛♥s t❤❛t tr❛✐❧❡r ❝✉st♦♠❡rs ♠❛② ❤❛✈❡ ❛ r❡str✐❝t❡❞ s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇✱
❜✉t t❤❛t t❤❡✐r ❧♦❝❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♣❛r❦✐♥❣ ❛♥❞ ❧♦❛❞ tr❛♥s❢❡r ❛t ❛♥② t✐♠❡✳
❊❛❝❤ ❝✉st♦♠❡r n ∈ N ❤❛s ❛ ♣♦s✐t✐✈❡ s✉♣♣❧② qn✳ ❚❤❡ ❝❛♣❛❝✐t② ♦❢ ❛ ✈❡❤✐❝❧❡ k = (l, h)

✐s ❣✐✈❡♥ ❜② ✐ts tr✉❝❦ ❛♥❞ ✐ts tr❛✐❧❡r ❝❛♣❛❝✐t② Qk
L ❛♥❞ Qk

H r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❣❧❡ tr✉❝❦s✱ ✐✳❡✳✱
✈❡❤✐❝❧❡s ✇✐t❤ h = 0✱ ❤❛✈❡ Qk

H = 0✳ ❆ ❚❚❘P❚❲ r♦✉t❡ ✐s ❧♦❛❞✲❢❡❛s✐❜❧❡✱ ✐❢ ❛t ♥♦ ♣♦✐♥t
tr✉❝❦ ♦r tr❛✐❧❡r ❝❛rr② ♠♦r❡ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② t❤❛♥ t❤❡✐r ❣✐✈❡♥ ❝❛♣❛❝✐t②✳
❖✉r ❧❛❜❡❧✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❚❚❘P❚❲ ✉s❡s s✐① t②♣❡s ♦❢ r❡s♦✉r❝❡s t♦ ❡♥s✉r❡

❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ r♦✉t❡ ♦❢ ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡✳ ❆ ♣❛rt✐❛❧ ♣❛t❤ r ❢r♦♠ d+ t♦ ❛ ✈❡rt❡① i ∈ V
✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❛❜❡❧ Ei = (Ecost

i , Etime
i , EloadL

i , EloadH
i , EposH

i , (Ecustn
i )n∈N )✱ ✇❤❡r❡



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✻✺

t❤❡ ❧❛❜❡❧ ❝♦♠♣♦♥❡♥ts ❛r❡✿

Ecost
i ✿ r❡❞✉❝❡❞ ❝♦st ♦❢ ♣❛t❤ r❀

Etime
i ✿ ❡❛r❧✐❡st s❡r✈✐❝❡✴♦♣❡r❛t✐♦♥ st❛rt t✐♠❡ ❛t ✈❡rt❡① i❀

EloadL
i ✿ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ❧♦❛❞❡❞ ✐♥t♦ t❤❡ tr✉❝❦ ❛t ✈❡rt❡① i❀

EloadH
i ✿ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ❧♦❛❞❡❞ ✐♥t♦ t❤❡ tr❛✐❧❡r ❛t ✈❡rt❡① i❀

EposH
i ✿ ❝✉rr❡♥t ♣♦s✐t✐♦♥ p ∈ P ♦❢ t❤❡ tr❛✐❧❡r ✐❢ ❞❡t❛❝❤❡❞ ❢r♦♠ t❤❡ tr✉❝❦✱ ♦t❤❡r✇✐s❡ ⊥❀

Ecustn
i ✿ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t ❝✉st♦♠❡r n ∈ N ✐s ✈✐s✐t❡❞ ❛❧♦♥❣ ♣❛t❤ r✳ ❆❧s♦ s❡t t♦ ✶ ✐❢

❝✉st♦♠❡r n ✐s ♥♦t ✈✐s✐t❡❞ ❜✉t ✐s ✉♥r❡❛❝❤❛❜❧❡ ❢r♦♠ r✳ ❆ ❝✉st♦♠❡r n ✐s ✉♥r❡❛❝❤❛❜❧❡
✐❢ EloadL

i +EloadH
i + qn > Qk

L +Qk
H ♦r Etime

i + tin > ℓn ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t ❝❛♥♥♦t
❜❡ ♣❛rt ♦❢ ❛♥② ❢❡❛s✐❜❧❡ ❡①t❡♥s✐♦♥ ♦❢ ♣❛t❤ r✳

■♥ t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧ ❛t ✈❡rt❡① d+✱ ❛❧❧ ❝♦♠♣♦♥❡♥ts ❛r❡ s❡t t♦ ✵ ❡①❝❡♣t Etime
i = ed+ ❛♥❞

EposH
i = ⊥✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❧❛❜❡❧ Ei ❛❧♦♥❣ ❛♥ ❛r❝ (i, j) ∈ Ak ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡

❢♦❧❧♦✇✐♥❣ ❘❊❋s✿

Ecost
j = Ecost

i + c̃kij(δEposH
i ,⊥

) ✭✹✳✷❛✮

Etime
j = max{ej , E

time
i + tij} ✭✹✳✷❜✮

EloadL
j =





EloadL
i + qj , j ∈ N ❛♥❞ EposH

i 6= ⊥

EloadL
i +min{EloadH

i + qj −Qk
H , 0}, j ∈ NH ❛♥❞ EposH

i = ⊥

EloadL
i , j ∈ D ∪ {d−}

EloadL
i −min{EloadL

i , Qk
H − EloadH

i }, j ∈ T ∪ C

✭✹✳✷❝✮

EloadH
j =





EloadH
i , (j ∈ N ❛♥❞ EposH

i 6= ⊥) ♦r

j ∈ D ∪ {d−}

min{EloadH
i + qj , Q

k
H}, j ∈ NH ❛♥❞ EposH

i = ⊥

EloadH
i +min{EloadL

i , Qk
H − EloadH

i }, j ∈ T ∪ C

✭✹✳✷❞✮

EposH
j =





EposH
i , j ∈ N ∪ T

p, j ∈ D ✇❤❡r❡ j = d(p), p ∈ P

⊥, j ∈ C ∪ {d−}

✭✹✳✷❡✮

Ecustn
j =

{
Ecustn

i + 1, j ∈ N ❛♥❞ j = n

max{Ecustn
i , Un(Ej)}, ♦t❤❡r✇✐s❡✳

✭✹✳✷❢✮

❲❡ ❜r✐❡✢② ❡①♣❧❛✐♥ t❤❡ ♥♦♥✲tr✐✈✐❛❧ ♣❛rts ♦❢ t❤❡ ❘❊❋s✳ ■♥ ✭✹✳✷❛✮✱ t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛
δ
E

posH
i ,⊥

✐♥❞✐❝❛t❡s ✇❤❡t❤❡r t❤❡ tr❛✐❧❡r ✐s ❝✉rr❡♥t❧② ❛tt❛❝❤❡❞✱ ✐✳❡✳✱ ✇❤❡t❤❡r EposH
i = ⊥✳ ■♥

✭✹✳✷❝✮ ❛♥❞ ✭✹✳✷❞✮✱ ✇❡ ❞✐str✐❜✉t❡ t❤❡ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ❛♠♦♥❣ t❤❡ tr✉❝❦ ❛♥❞ t❤❡ tr❛✐❧❡r✳
❆s t❤❡ tr✉❝❦ ❝❛♥ r❡❛❝❤ ❝✉st♦♠❡rs t❤❛t t❤❡ tr❛✐❧❡r ❝❛♥♥♦t✱ t❤❡ ❜❡st str❛t❡❣② ✐s t♦ ❦❡❡♣
t❤❡ tr✉❝❦ ❛s ❢r❡❡ ❛s ♣♦ss✐❜❧❡✳ ❚❤✉s✱ s✉♣♣❧② ✐s ❛❧✇❛②s ❞✐r❡❝t❧② ❧♦❛❞❡❞ ✐♥t♦ t❤❡ tr❛✐❧❡r
✇❤❡♥❡✈❡r ✐t ✐s ❛tt❛❝❤❡❞ ✉s✐♥❣ t❤❡ r❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ♦❢ t❤❡ tr❛✐❧❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉r✐♥❣
❡❛❝❤ ❝♦✉♣❧✐♥❣ ❛♥❞ tr❛♥s❢❡r ♦♣❡r❛t✐♦♥✱ ❛s ♠✉❝❤ ❧♦❛❞ ❛s ♣♦ss✐❜❧❡ ✐s tr❛♥s❢❡rr❡❞ ❢r♦♠ t❤❡
tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r✳ ❆s ♠❡♥t✐♦♥❡❞✱ ♥♦ ❧♦❛❞ tr❛♥s❢❡r t❛❦❡s ♣❧❛❝❡ ❛t ❞❡❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s✳
■♥ ✭✹✳✷❡✮✱ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦♣❡r❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ ✇❤✐❝❤ ✇❡ r❡❝♦r❞



✻✻ ✹✳✸✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

t❤❡ ♣❤②s✐❝❛❧ ❧♦❝❛t✐♦♥ ✇❤❡r❡ t❤❡ tr❛✐❧❡r ✐s ♣❛r❦❡❞✳ ❚❤✐s ✐s ❡✐t❤❡r ❛ tr❛✐❧❡r ❝✉st♦♠❡r ♦r ❛
tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ r❡❝♦✉♣❧✐♥❣ ♦♣❡r❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ✐♥ t❤❡ t❤✐r❞ ❝❛s❡
♦❢ ✭✹✳✷❡✮✳ ❋✐♥❛❧❧②✱ ✐♥ ✭✹✳✷❢✮✱ t❤❡ ✈✐s✐t❡❞ ❛♥❞ ✉♥r❡❛❝❤❛❜❧❡ ❝✉st♦♠❡rs ❛r❡ ✉♣❞❛t❡❞✱ ✇❤❡r❡
Un(Ej) ∈ {0, 1} ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ❝✉st♦♠❡r n ❤❛s ❜❡❝♦♠❡ ✉♥r❡❛❝❤❛❜❧❡ ❡✐t❤❡r ❞✉❡ t♦ t❤❡
t✐♠❡ Etime

j ♦r t❤❡ t♦t❛❧ ❧♦❛❞ EloadL
j + EloadH

j ✳
❚❤❡ ❧❛❜❡❧ Ej r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❡①t❡♥s✐♦♥ ❛❧♦♥❣ ❛r❝ (i, j) ∈ Ak ✐s ❢❡❛s✐❜❧❡ ✐❢ Etime

j ≤ ℓj ✱

EloadL
j ≤ Qk

L✱ E
loadH
j ≤ Qk

H ✱ E
custn
j ≤ 1 ❢♦r ❛❧❧ n ∈ N ✱ ❛♥❞ t❤❡ tr❛✐❧❡r ♣♦s✐t✐♦♥ ❛❧❧♦✇s

t❤❡ ✈✐s✐t ♦❢ ✈❡rt❡① j✳ ❚❤❡ ❧❛tt❡r ✐s tr✉❡ ✐❢ j ∈ NH ♦r ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✐s
❢✉❧✜❧❧❡❞✿

EposH
i 6= ⊥ ❢♦r j ∈ NL

EposH
i = ⊥ ❢♦r j ∈ D ∪ {d−}

EposH
i = p ❢♦r j ∈ T ∪ C ✇✐t❤ j = t(p) ♦r j = c(p)

❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ♠❡❛♥s t❤❛t tr❛♥s❢❡r ❛♥❞ ❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s ❝❛♥ ♦♥❧② ❜❡ r❡❛❝❤❡❞ ✐❢ t❤❡
tr❛✐❧❡r ✐s ♥♦t ❛tt❛❝❤❡❞ ❛♥❞ ✇❛✐t✐♥❣ ❛t t❤✐s ❧♦❝❛t✐♦♥✳
❋♦r t❤❡ r♦✉t❡s ♦❢ s✐♥❣❧❡ tr✉❝❦s k = (l, 0)✱ t❤❡ r❡s♦✉r❝❡s EloadH

i ❛♥❞ EposH
i ❛r❡ ♥♦t

♥❡❡❞❡❞✳ ❚❤❡ ❘❊❋s ❢♦r ❝♦st✱ t✐♠❡✱ tr✉❝❦ ❧♦❛❞✱ ❛♥❞ ✉♥r❡❛❝❤❛❜❧❡ ❝✉st♦♠❡rs ❛r❡ ❞❡✜♥❡❞ ❛s
✐♥ t❤❡ st❛♥❞❛r❞ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❱❘P❚❲✮✳
◆♦t❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r ❧♦❝❛t✐♦♥s ♦❢ tr❛✐❧❡r ❝✉st♦♠❡rs ❛s ♣♦t❡♥t✐❛❧ tr❛♥ss❤✐♣♠❡♥t ❧♦✲

❝❛t✐♦♥s ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts✳ ❆♥② ♥✉♠❜❡r ♦❢ tr❛✐❧❡rs ♠❛② ❜❡ ♣❛r❦❡❞ t❤❡r❡✳
❚r❛♥s❢❡r ✐s ♣♦ss✐❜❧❡ ✇✐t❤✐♥ ❛♥❞ ♦✉ts✐❞❡ t❤❡ ❝✉st♦♠❡r✬s s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇✳ ▼♦r❡♦✈❡r✱
♣❛r❦✐♥❣ t❤❡ tr❛✐❧❡r ❛♥❞ s❡r✈✐♥❣ t❤❡ ❝✉st♦♠❡r ❛r❡ ✐♥❞❡♣❡♥❞❡♥t s♦ t❤❛t t❤✐s ❝✉st♦♠❡r ♠❛②
❜❡ s❡r✈❡❞ ❜② ❛♥♦t❤❡r ✈❡❤✐❝❧❡ ♦r ❜② t❤❡ ✈❡❤✐❝❧❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❜✉t ❛t ❛♥♦t❤❡r st♦♣
❡❛r❧✐❡r ♦r ❧❛t❡r ✐♥ t❤❡ r♦✉t❡✳ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮✱ ❤♦✇❡✈❡r✱ r❡q✉✐r❡ t❤❛t ❧♦❝❛✲
t✐♦♥s ♦❢ tr❛✐❧❡r ❝✉st♦♠❡rs ❛r❡ ♦♥❧② ✉s❡❞ ❛s ♣❛r❦✐♥❣ ♣❧❛❝❡s ✐❢ t❤❡✐r s✉♣♣❧② ✐s ❝♦❧❧❡❝t❡❞ ❞✉r✐♥❣
t❤❡ st♦♣ ✭❝❛❧❧❡❞ str✐❝t ♣❛r❦✐♥❣ r✉❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✳ ❋♦r t❤✐s s❡tt✐♥❣✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥
❛❞❞✐t✐♦♥❛❧ ❜✐♥❛r② ❧❛❜❡❧ ❝♦♠♣♦♥❡♥t EcollPosH

i ✐♥❞✐❝❛t✐♥❣ ✇❤❡t❤❡r t❤❡ tr❛✐❧❡r ✐s ❝✉rr❡♥t❧②
♣❛r❦❡❞ ✭✐♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❛t t❤❡ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥ EposH

i ✮ ❛♥❞ t❤❡ s✉♣♣❧② ♦❢ t❤❛t ❝✉st♦♠❡r
st✐❧❧ ♥❡❡❞s t♦ ❜❡ ❝♦❧❧❡❝t❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛ttr✐❜✉t❡ ✐s s❡t t♦ 1 ✇❤❡♥❡✈❡r ❛ ❞❡❝♦✉♣❧✐♥❣
✈❡rt❡① d(n) ♦❢ ❛ ❝✉st♦♠❡r n ✐s r❡❛❝❤❡❞ ❢r♦♠ ❛ ✈❡rt❡① v 6= n✳ ■ts ✈❛❧✉❡ ✐s ♦♥❧② ❝❤❛♥❣❡❞ t♦
0 ✐❢ t❤❡ s✉♣♣❧② ✈❡rt❡① st♦r❡❞ ✐♥ EposH

i ✐s ✈✐s✐t❡❞✳
■♥✐t✐❛❧❧②✱ EcollPosH

d+
✐s s❡t t♦ 0 ❛♥❞ t❤❡ ❘❊❋ ❢♦r ❛♥② ❛r❝ (i, j) ∈ Ak ✐s

EcollPosH
j =





1, j = d(n) ∈ D,n ∈ NH , ❛♥❞ i 6= n

0, j ∈ NH ❛♥❞ (j = EposH
i ♦r c(j) = i)

EcollPosH
i , ♦t❤❡r✇✐s❡

.

❋♦r t❡st✐♥❣ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❧❛❜❡❧ Ej ❛❢t❡r t❤❡ ❡①t❡♥s✐♦♥ ❛❧♦♥❣ ❛r❝ (i, j)✱ ✇❡
♠✉st ❝❤❡❝❦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥

EcollPosH
i = 0 ♦r j ∈ NH ✇✐t❤ c(j) = i



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✻✼

✇❤❡♥❡✈❡r t❤❡ ♣❛rt✐❛❧ ♣❛t❤ ✐s ❡①t❡♥❞❡❞ ❢r♦♠ ❛ ❝♦✉♣❧✐♥❣ ✈❡rt❡① i ∈ C✳

❉♦♠✐♥❛♥❝❡

▲❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ✉s❡ ❞♦♠✐♥❛♥❝❡ t♦ ❞✐s❝❛r❞ ❧❛❜❡❧s t❤❛t ❝❛♥♥♦t ❧❡❛❞ t♦ ❛♥ ✐♠♣r♦✈❡❞
d+✲d−✲♣❛t❤ ✇✳r✳t✳ ❛♥♦t❤❡r ❧❛❜❡❧ ✭♦r s❡t ♦❢ ❧❛❜❡❧s✮✳ ❆ ❧❛❜❡❧ Ej ❞♦♠✐♥❛t❡s ❛♥♦t❤❡r ❧❛❜❡❧
E′j ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❛♠❡ ✈❡rt❡① j ✐❢ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✿

Eres
j ≤ E′j

res
res ∈ {cost, time, loadL, custn(n ∈ N)} ✭✹✳✹❛✮

EloadL
j + EloadH

j ≤ E′j
loadL

+ E′j
loadH ✭✹✳✹❜✮

EposH
j = E′j

posH ✭✹✳✹❝✮

❛♥❞

EcollPosH
j = E′j

collPosH ✭✹✳✹❞✮

❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✭✹✳✹❞✮ ✐s ♦♥❧② r❡❧❡✈❛♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ str✐❝t ♣❛r❦✐♥❣ r✉❧❡ ♦❢ P❛rr❛❣❤
❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮✳

❚❤❡ ❛❜♦✈❡ ❞♦♠✐♥❛♥❝❡ ❝❛♥ ❜❡ str❡♥❣t❤❡♥❡❞ ✉s✐♥❣ t❤r❡❡ ❛❞❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥ts✳

❉✐✛❡r❡♥t ❚r❛✐❧❡r P♦s✐t✐♦♥s EposH
j 6= E′j

posH ✳ ❈♦♥❞✐t✐♦♥ ✭✹✳✹❝✮ ❝❛♥ ♦♥❧② ❜❡ ✈✐♦❧❛t❡❞
❛t ❛ ❝✉st♦♠❡r ✈❡rt❡① j✳ ❚❤❡♥✱ t❤❡r❡ ✐s ♥♦ ❝❧❡❛r ♣r❡❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ❤❛✈✐♥❣ t❤❡ tr❛✐❧❡r
❛tt❛❝❤❡❞ ♦r ♣❛r❦❡❞✱ ❜❡❝❛✉s❡ ✐♥ t❤❡ ✜rst ❝❛s❡ t❤❡ tr✉❝❦ ❞♦❡s ♥♦t ♥❡❡❞ t♦ r❡t✉r♥ t♦ t❤❡
♣❛r❦✐♥❣ ♣❧❛❝❡✱ ✇❤❡r❡❛s ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ tr✉❝❦ ❝✉st♦♠❡rs ❝❛♥ ❜❡ ❛♣♣r♦❛❝❤❡❞ ✐♠♠❡❞✐✲
❛t❡❧②✳ ▼♦r❡♦✈❡r✱ t✇♦ ❧❛❜❡❧s ✇✐t❤ ❞✐✛❡r❡♥t ❝✉rr❡♥t ♣❛r❦✐♥❣ ♣♦s✐t✐♦♥s ♦❢ t❤❡ tr❛✐❧❡rs ✭✇✐t❤
EposH

j , E′j
posH 6= ⊥✮ ❛r❡ ♥♦t ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡✱ ❛s ♥♦ ❝♦♠♣❧❡t✐♦♥ ♦❢ ♦♥❡ ♣❛t❤ ✐s ❛

❢❡❛s✐❜❧❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♣❛t❤✳
❍♦✇❡✈❡r✱ ❧❛❜❡❧ Ej ♠❛② st✐❧❧ ❞♦♠✐♥❛t❡ E′j ✐❢ t❤❡ ✜rst ✈❡❤✐❝❧❡ ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ✐♥t♦ t❤❡

s❛♠❡ tr❛✐❧❡r st❛t✉s ❛s t❤❡ s❡❝♦♥❞ ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ t❤❡ ❞♦♠✐♥❛♥❝❡ ❝♦♥str❛✐♥ts ✭✹✳✹✮✳ ❚♦
❝❤❡❝❦ t❤✐s✱ ✇❡ ❤②♣♦t❤❡t✐❝❛❧❧② ♠♦✈❡ t❤❡ ✜rst ✈❡❤✐❝❧❡ ✐♥ ✉♣ t♦ t❤r❡❡ st❡♣s✿ ✭✶✮ ■❢ EposH

j 6= ⊥✱

t❤❡ ✜rst tr✉❝❦ ♠✉st ♣✐❝❦ ✉♣ ✐ts tr❛✐❧❡r ❛t ❧♦❝❛t✐♦♥ EposH
j ✳ ✭✷✮ ■❢ E′j

posH 6= ⊥✱ t❤❡ ✜rst tr✉❝❦

♠✉st ♣❛r❦ ✐ts tr❛✐❧❡r ❛t ❧♦❝❛t✐♦♥ E′j
posH ✳ ✭✸✮ ❚❤❡ ✜rst tr✉❝❦ ♠✉st ♠♦✈❡ ❜❛❝❦ t♦ t❤❡ ❝✉rr❡♥t

❝✉st♦♠❡r j✳ ❚❤✐s ❝r❡❛t❡s ❛ ❞❡t♦✉r ✐♠♣♦s✐♥❣ ❤✐❣❤❡r ✈❛❧✉❡s ✐♥ t❤❡ ❝♦st ❛♥❞ t✐♠❡ r❡s♦✉r❝❡s
♦❢ Ej ✱ ❜✉t ✐❢ t❤❡ r❡s✉❧t✐♥❣ ❧❛❜❡❧ st✐❧❧ ❢✉❧✜❧❧s ❝♦♥❞✐t✐♦♥ ✭✹✳✹✮✱ ❧❛❜❡❧ E′j ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞✳
❚❤❡ r❡t✉r♥ t♦ ✈❡rt❡① j ❝♦♥✢✐❝ts ✇✐t❤ t❤❡ ❡❧❡♠❡♥t❛r✐t② ❝♦♥str❛✐♥ts✳ ❲❡ ❡❧✐♠✐♥❛t❡ t❤✐s
❝♦♥✢✐❝t ❜② r❡♠♦✈✐♥❣ j ❢r♦♠ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❞❡t♦✉r✳ ■❢ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✱
s✉❝❤ ❛♥ ♦♣❡r❛t✐♦♥ ❝r❡❛t❡s ❛ ♣❛t❤ t❤❛t ✐s ♥♦t ❧♦♥❣❡r t❤❛♥ t❤❡ ♥♦♥✲❡❧❡♠❡♥t❛r② ♣❛t❤✳ ❚❤❡♥✱
t❤❡ ❛❜♦✈❡ ❝❤❡❝❦ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ s❤♦✇ t❤❛t ❛❧❧ ❡①t❡♥s✐♦♥s ♦❢ E′j ❛r❡ ❞♦♠✐♥❛t❡❞✳

❍✐❣❤❡r ❚r✉❝❦ ▲♦❛❞ EloadL
j ≥ E′j

loadL✳ ❋✉❧✜❧❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✹✳✹❜✮ ❛♥❞ ❛t t❤❡ s❛♠❡

t✐♠❡ EloadL
j > E′j

loadL ✐s ♦♥❧② ♣♦ss✐❜❧❡ ❞✉r✐♥❣ ❛ s✉❜t♦✉r✱ ✐✳❡✳✱ ❢♦r EposH
j 6= ⊥✳ ❆❣❛✐♥✱
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❧❛❜❡❧ Ej ♠❛② ❞♦♠✐♥❛t❡ E′j ❢✉❧✜❧❧✐♥❣ ❛❧❧ ❞♦♠✐♥❛♥❝❡ ❝♦♥❞✐t✐♦♥s ❡①❝❡♣t EloadL
j ≤ E′j

loadL ✐❢
t❤❡ ✜rst ✈❡❤✐❝❧❡ ❝♦✉❧❞ ♣❡r❢♦r♠ ❛ ❞❡t♦✉r t♦ ✐ts tr❛✐❧❡r ♣♦s✐t✐♦♥ ✐♥ ♦r❞❡r t♦ tr❛♥s❢❡r ❧♦❛❞
❢r♦♠ tr✉❝❦ t♦ tr❛✐❧❡r✳ ■❢ t❤❡ r❡s✉❧t✐♥❣ ❧❛❜❡❧ ❤❛s s♠❛❧❧❡r ♦r ❡q✉❛❧ ❝♦st ❛♥❞ t✐♠❡ r❡s♦✉r❝❡s✱
✐t ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞ ❧❛❜❡❧✳

❉✐✛❡r❡♥t ❱❛❧✉❡s ♦❢ ❈♦❧❧❡❝t✐♦♥ ❛t t❤❡ ❚r❛✐❧❡r P♦s✐t✐♦♥ EcollPosH
j < E′j

collPosH ✳

❆ str❡♥❣t❤❡♥❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r t❤❡ ❝❛s❡ t❤❛t EcollPosH
j = 0 ❛♥❞

E′j
collPosH = 1 ❤♦❧❞✳ ❇♦t❤ ✈❡❤✐❝❧❡s ❤❛✈❡ t♦ r❡t✉r♥ t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❝✉st♦♠❡r n = EposH

j ✱
❜✉t t❤❡ ✜rst ❝❛♥♥♦t ❝♦❧❧❡❝t t❤❡ r❡✇❛r❞ πn ❛♥②♠♦r❡✳ ❚❤❡ s❡❝♦♥❞✱ ❤♦✇❡✈❡r✱ ♥❡❡❞s t♦ s❡r✈❡
t❤❡ ❝✉st♦♠❡r n✱ ✜♥❛❧❧② ✐♠♣♦s✐♥❣ ❤✐❣❤❡r ❝♦sts ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ❧♦❛❞ ❛♥❞ s❡r✈✐❝❡ t✐♠❡✳ ■t
✐s ❛❧s♦ ❧❡ss ✢❡①✐❜❧❡ ♦♥ t❤❡ ❝✉rr❡♥t s✉❜t♦✉r ❞✉❡ t♦ t❤❡ ❝✉st♦♠❡r✬s s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇
[en, ℓn]✳ ❚❤❡ ♠♦❞✐✜❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡ ❢♦r EcollPosH

j = 0 ❛♥❞ E′j
collPosH = 1 ✐s✿

Eres
j ≤ E′j

res
res ∈ {time, loadL} ✭✹✳✺❛✮

Ecost
j ≤ E′j

cost
− π

E
posH
j

✭✹✳✺❜✮

Ecustn
j ≤ E′j

custn n ∈ N,n 6= EposH
j ✭✹✳✺❝✮

EloadL
j + EloadH

j ≤ E′j
loadL

+ E′j
loadH

+ q
E

posH
j

✭✹✳✺❞✮

EposH
j = E′j

posH ✭✹✳✺❡✮

❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣

❲❤❡♥ s♦❧✈✐♥❣ ❤❛r❞ ❙PP❘❈ ✐♥st❛♥❝❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ♦❢t❡♥ ✐♥❝r❡❛s❡s str♦♥❣❧② ✇✐t❤
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ♣❛rt✐❛❧ ♣❛t❤s✳ ❇✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧②
❛♣♣❧✐❡❞ t♦ ♠✐t✐❣❛t❡ t❤✐s t②♣❡ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥✳ ❋♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s
❛r❡ ♦♥❧② ❡①t❡♥❞❡❞ ✉♣ t♦ ❛ s♦✲❝❛❧❧❡❞ ❤❛❧❢✲✇❛② ♣♦✐♥t t❤❛t s♣❧✐ts t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ ♠♦♥♦t♦♥❡
r❡s♦✉r❝❡ ✐♥t♦ t✇♦ ✐♥t❡r✈❛❧s✱ ♦♥❡ ❢♦r t❤❡ ❢♦r✇❛r❞ ❛♥❞ ♦♥❡ ❢♦r t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✳ ❋♦r
t❤❡ ❚❚❘P❚❲✱ ✇❡ ✉s❡ t❤❡ t✐♠❡ r❡s♦✉r❝❡ ❛s t❤❡ ♠♦♥♦t♦♥❡ r❡s♦✉r❝❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ❤❛❧❢✲
✇❛② ♣♦✐♥t ❛s t❤❡ ♠✐❞❞❧❡ thwp = (ed+ + ℓd−)/2 ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✳ ❆❢t❡r ❧❛❜❡❧✐♥❣
✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ❤❛s t❡r♠✐♥❛t❡❞✱ ❝♦♠♣❛t✐❜❧❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤s ❛r❡
♠❡r❣❡❞ ✐♥t♦ ❝♦♠♣❧❡t❡ d+✲d−✲♣❛t❤s✳ ❋♦r ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✳
❆s t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❢♦r t❤❡ ❚❚❘P❚❲ ✐s ❛❧r❡❛❞② ♥♦♥✲tr✐✈✐❛❧ t♦ ❞❡s❝r✐❜❡✱ ✇❡ ✇♦✉❧❞

❧✐❦❡ t♦ ❛✈♦✐❞ ❣✐✈✐♥❣ ❛ ❧♦♥❣✲✇✐♥❞❡❞ ❛♥❞ ❝♦♠♣❧✐❝❛t❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❝❛s❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ r❡❧② ♦♥ ❛ ❢♦r♠❛❧ ❛r❣✉♠❡♥t ❛♥❞ ❞❡s✐❣♥ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠
❢♦r t❤❡ ❚❚❘P❚❲ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ t♦ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚♦ t❤✐s ❡♥❞✱
✇❡ ❞❡✜♥❡ ❛ r❡✈❡rs❡❞ ❙PP❘❈ ✐♥st❛♥❝❡ ✐♥ ✇❤✐❝❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ♥❡t✇♦r❦ Dk = (V,Ak) ✐s
r❡♣❧❛❝❡❞ ❜② t❤❡ ✐♥✈❡rs❡ ♥❡t✇♦r❦ (V,Bk) ✇✐t❤ (i, j) ∈ Bk ✐❢ ❛♥❞ ♦♥❧② ✐❢ (j, i) ∈ Ak✱ ❛❧❧ t✐♠❡
✇✐♥❞♦✇s [ei, ℓi] r❡♣❧❛❝❡❞ ❜② [−ℓi,−ei]✱ ❛♥❞ ❛❧❧ ♦t❤❡r ❝♦❡✣❝✐❡♥t ❛r❡ ❦❡♣t✳ ▼♦r❡♦✈❡r✱ st❛rt
❛♥❞ ❞❡st✐♥❛t✐♦♥ ✈❡rt✐❝❡s d+ ❛♥❞ d− ❛s ✇❡❧❧ ❛s t❤❡ r♦❧❡ ♦❢ ❝♦✉♣❧✐♥❣ ❛♥❞ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s
❛r❡ s✇❛♣♣❡❞✳ ❲❡ ❝❧❛✐♠ t❤❛t ❢♦r ❡✈❡r② ❢❡❛s✐❜❧❡ r♦✉t❡ ♦❢ t❤❡ ❣✐✈❡♥ ❙PP❘❈ ✐♥st❛♥❝❡✱ t❤❡
r❡✈❡rs❡❞ r♦✉t❡ ✐s ❢❡❛s✐❜❧❡ ✐♥ t❤❡ r❡✈❡rs❡❞ ❙PP❘❈ ✐♥st❛♥❝❡✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ◆♦t❡ ✜rst
t❤❛t t❤❡ st❛t❡♠❡♥t ✐s ❝❡rt❛✐♥❧② tr✉❡ ❢♦r s✐♥❣❧❡ tr✉❝❦s k = (l, 0) ❛♥❞ r♦✉t❡s ♦❢ ❝♦♠♣❧❡t❡



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✻✾

✈❡❤✐❝❧❡s k = (l, h) t❤❛t ❝♦❧❧❡❝t ❧❡ss s✉♣♣❧② t❤❛♥ t❤❡ tr✉❝❦✬s ❝❛♣❛❝✐t②✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡
r❡✈❡rs❡❞ ❙PP❘❈ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✇❤❛t ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ ❢♦r t❤❡ ❱❘P❚❲ ✐♥ ✭❘✐❣❤✐♥✐ ❛♥❞
❙❛❧❛♥✐✱ ✷✵✵✻✮ ❛♥❞ s❡✈❡r❛❧ s✉❜s❡q✉❡♥t ♣✉❜❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐❢ ♠♦r❡ s✉♣♣❧② ✐s ❝♦❧❧❡❝t❡❞✱
♦✉r ❧♦❛❞✐♥❣ ♣♦❧✐❝② t❤❛t tr❛♥s❢❡rs ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❢r♦♠ t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r ✐s
♥♦t ❞✐r❡❝t❧② ✐♥t❡r❝❤❛♥❣❡❛❜❧❡ ❜❡t✇❡❡♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ s♦❧✉t✐♦♥s ❜❡❝❛✉s❡ ❢❡❛s✐❜❧❡
tr❛♥s❢❡r ❛♠♦✉♥ts ❢♦r ♦♥❡ ❞✐r❡❝t✐♦♥ ♠❛② ❜❡ ✐♥❢❡❛s✐❜❧❡ ❢♦r t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚♦ s❡❡
t❤✐s✱ ❝♦♥s✐❞❡r ❋✐❣✉r❡ ✹✳✷✳ ❆t t❤❡ tr❛♥s❢❡r ✈❡rt❡① ✐♥ t❤❡ ♠✐❞❞❧❡✱ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② t♦
tr❛♥s❢❡r ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❧❡❛❞s t♦ ❛ tr❛♥s❢❡r ♦❢ ✶✵✵ ✉♥✐ts ✐♥ t❤❡ ❢♦r✇❛r❞ ❞✐r❡❝t✐♦♥✳
❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✱ ♦♥❧② ✺✵ ✉♥✐ts ❤❛✈❡ ❜❡❡♥ ❝♦❧❧❡❝t❡❞ ✉♣ t♦ t❤✐s ✈❡rt❡①✱
s♦ t❤❛t ❛ tr❛♥s❢❡r ♦❢ ✶✵✵ ✉♥✐ts ✐s ✐♠♣♦ss✐❜❧❡ t❤❡r❡✳ ❚♦ ♣r♦✈❡ ♦✉r ❝❧❛✐♠ ✐♥ t❤✐s ❝❛s❡✱ ✇❡

d(p)
✶

✶✵✵

τ(p)
✷

✺✵

c(p)

✵

✵

✺✵

✶✵✵

✵

✵

✺✵

✶✵✵

✶✵✵

✵

✶✵✵

✺✵

✵

✶✵✵

✵

✺✵

✺✵

✶✵✵

✺✵

✵

✺✵

✶✵✵

✵

✵

✺✵

✶✵✵

✵

✵

loadL

loadH

loadL

loadH

❋♦r✇❛r❞

❇❛❝❦✇❛r❞

❋✐❣✉r❡ ✹✳✷✿ ❊①❛♠♣❧❡ ❢♦r tr❛♥s❢❡r ❛♠♦✉♥ts t❤❛t ❛r❡ ♥♦t ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥
✭Qk

L = Qk
H = 100

❛r❣✉❡ s✐♠✐❧❛r t♦ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✶✻❛✮ ❛♥❞ ❝♦♥s✐❞❡r ❛ ❢❡❛s✐❜❧❡ ❢♦r✇❛r❞ r♦✉t❡ r =
(v0, v1, v2, . . . , vm) ❢♦r ✇❤✐❝❤ t❤❡ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ❡①❝❡❡❞s t❤❡ tr✉❝❦✬s ❝❛♣❛❝✐t② Qk

L✳ ❖♥❡
❝❛♥ ♦❜✈✐♦✉s❧② ❞❡✜♥❡ tr❛♥s❢❡r q✉❛♥t✐t✐❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ tr✉❝❦ ❛rr✐✈❡s ❢✉❧❧② ❧♦❛❞❡❞ ❛t
t❤❡ ❞❡st✐♥❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❧❡t t❤❡ tr❛♥s❢❡r q✉❛♥t✐t✐❡s ❛t t❤❡ ✈❡rt✐❝❡s ❜❡ (t0, t1, t2, . . . , tm)
✭✇✐t❤ ti = 0 ❢♦r ❛❧❧ ♥♦♥✲♣❛r❦✐♥❣ ✈❡rt✐❝❡s i✮ ❛♥❞ t❤❡ s✉♣♣❧② ❧♦❛❞❡❞ ✐♥t♦ t❤❡ tr✉❝❦ ❛t
t❤❡ ✈❡rt✐❝❡s ❜❡ (qL0 , q

L
1 , q

L
2 , . . . , q

L
m) ✭✇✐t❤ qLi = 0 ❢♦r ❛❧❧ ♣❛r❦✐♥❣ ✈❡rt✐❝❡s i✮✳ ❚❤❡♥✱ t❤❡

❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ r♦✉t❡ ✐♠♣❧✐❡s

Qk
L ≥

i∑

j=0

qLj −
i−1∑

j=0

tj ≥
i∑

j=0

qLj −
i∑

j=0

tj ≥ 0,

❢♦r ❛❧❧ i ∈ {0, 1, . . . ,m}✱ ♠❡❛♥✐♥❣ t❤❛t ❜❡❢♦r❡ ✭❧❡❢t t❡r♠✮ ❛♥❞ ❛❢t❡r ✭r✐❣❤t t❡r♠✮ t❤❡
✈✐s✐t ❛t ✈❡rt❡① vi t❤❡ ❝✉rr❡♥t ❧♦❛❞ ✐♥ t❤❡ tr✉❝❦ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❞♦❡s ♥♦t ❡①❝❡❡❞
t❤❡ tr✉❝❦ ❝❛♣❛❝✐t②✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ tr✉❝❦ ❛rr✐✈❡s ❛t d− ❢✉❧❧② ❧♦❛❞❡❞ ✐♠♣❧✐❡s Qk

L =∑m
j=0 q

L
j −

∑m
j=0 tj ✳ ❇② s✉❜tr❛❝t✐♥❣ t❤✐s t❡r♠ ❢r♦♠ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ♠✉❧t✐♣❧②✐♥❣

✇✐t❤ −1✱ ✇❡ ❣❡t

0 ≤
m∑

j=i+1

qLj −
m∑

j=i

tj ≤
m∑

j=i+1

qLj −
m∑

j=i+1

tj ≤ Qk
L,

s❤♦✇✐♥❣ t❤❛t t❤❡ r♦✉t❡ ✇✐t❤ s❛♠❡ t❤❡ tr❛♥s❢❡r q✉❛♥t✐t✐❡s (t0, t1, t2, . . . , tm) ❝♦♥s✐❞❡r❡❞ ✐♥
t❤❡ r❡✈❡rs❡❞ ❞✐r❡❝t✐♦♥ ✐s ❛❧s♦ ❢❡❛s✐❜❧❡✳



✼✵ ✹✳✸✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♠❡r❣❡ ♣r♦❝❡❞✉r❡✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❝✉st♦♠❡r ✈❡rt✐❝❡s
❛s ♠❡r❣❡ ♣♦✐♥ts ❛♥❞ ♠✐♠✐❝ ❛ ❦✐♥❞ ♦❢ ♠❡r❣❡ ♦✈❡r ❛r❝s✳ ❋✐rst✱ t❤❡ r❡str✐❝t✐♦♥ t♦ ❝✉st♦♠❡r
✈❡rt✐❝❡s ✐s ❢❡❛s✐❜❧❡ ❜❡❝❛✉s❡ ❛♥② ✉s❡❢✉❧ r♦✉t❡ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❝✉st♦♠❡r ✈❡rt❡①✳ ❚❤❡
♦♥❧② ♥❡❝❡ss❛r② ♠♦❞✐✜❝❛t✐♦♥ ✐s ♦♥ t❤❡ ❢♦r✇❛r❞ ❤❛❧❢✲✇❛② t❡st✿ ✐t r❡q✉✐r❡s t❤❛t ❢♦r✇❛r❞ ❧❛❜❡❧s
Ei ❛r❡ ❡①t❡♥❞❡❞ ❛❧♦♥❣ ❛r❝s (i, j) ∈ Ak ✉♣ t♦ t❤❡ ✜rst ❝✉st♦♠❡r ✈❡rt❡① j ∈ N t❤❛t ❢✉❧✜❧❧s
Etime

j > thwp✳ ❙❡❝♦♥❞✱ ✇❡ ♠❡r❣❡ ❢♦r✇❛r❞ ❧❛❜❡❧s Ei ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s E′i ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ s❛♠❡ ✈❡rt❡① i ∈ N ✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r t❤❡ ♣r❡❞❡❝❡ss♦r
❧❛❜❡❧ E′j = pred(E′i) ✐♥st❡❛❞ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ E′i ✐ts❡❧❢ ✭t❤✐s tr✐❝❦ ✇❛s ✜rst ❞❡s❝r✐❜❡❞
❜② ❚✐❧❦ ❡t ❛❧✳✱ ✷✵✶✻✮✳ ◆♦✇✱ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❣✐✈❡♥ ❜② Ei

❛♥❞ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❣✐✈❡♥ ❜② E′i ✇✐t❤ E′j = pred(E′i) ✐s ❛ ❢❡❛s✐❜❧❡ d+✲d−✲♣❛t❤
✐❢ ❛♥❞ ♦♥❧② ✐❢

Etime
i + tij ≤ −E′j

time ✭✹✳✻❛✮

EloadL
i + E′j

loadL
≤ Qk

L ✭✹✳✻❜✮

EloadL
i + EloadH

i + E′j
loadL

+ E′j
loadH

≤ Qk
L +Qk

H ✭✹✳✻❝✮

EposH
i = E′j

posH ✭✹✳✻❞✮

Ecustn
i + E′j

custn ≤ 1 ∀ n ∈ N ✭✹✳✻❡✮

EposH
i = ⊥ ♦r EcollPosH

i 6= E′j
collPosH

. ✭✹✳✻❢✮

❚❤❡ r❡s✉❧t✐♥❣ r♦✉t❡ ❤❛s r❡❞✉❝❡❞ ❝♦sts Ecost
i + c̃ij(δEposH

i ,⊥
) + E′j

cost✳ ◆♦t❡ t❤❛t ❝♦♥❞✐✲

t✐♦♥ ✭✹✳✻❛✮ ✉s❡s t❤❡ t✐♠❡ r❡s♦✉r❝❡ E′j
time ❞❡✜♥❡❞ ✐♥ t❤❡ r❡✈❡rs❡❞ ❙PP❘❈✱ ✇❤✐❝❤ ✐s ♥❡❣❛t✐✈❡

✇❤❡♥ ✉s❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥t❡①t✳ ❆s t❤❡ ❧♦rr② ❧♦❛❞ ✐s ❛❧r❡❛❞② ❛s s♠❛❧❧ ❛s ♣♦ss✐❜❧❡ ✐♥
❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ✐ts s✉♠ ♠✉st ♥♦t ❡①❝❡❡❞ t❤❡ ❧♦rr② ❝❛♣❛❝✐t② ✭✹✳✻❜✮✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❛❧✐③❡❞
tr❛✐❧❡r ❧♦❛❞ ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ❜② ❝❤♦♦s✐♥❣ s♠❛❧❧❡r tr❛♥s❢❡r q✉❛♥t✐t✐❡s ❜❡❢♦r❡✳ ❚❤❡r❡❢♦r❡✱
✇❡ ♦♥❧② ❤❛✈❡ t♦ r❡q✉✐r❡ t❤❛t t❤❡ t♦t❛❧ ❝♦❧❧❡❝t❡❞ s✉♣♣❧② ❜❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ t♦t❛❧
✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② ✐♥ ✭✹✳✻❝✮✳ ❈♦♥❞✐t✐♦♥ ✭✹✳✻❞✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ EposH

i = E′i
posH ✱ ❜❡❝❛✉s❡

❛t ❝✉st♦♠❡r ✈❡rt✐❝❡s i ✇❡ ❤❛✈❡ E′i
posH = E′j

posH ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞
❘❊❋✳ ▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥ ✭✹✳✻❡✮ ✐s ♦♥❧② ✈❛❧✐❞ ✐❢ ✐♥ ❛t ❧❡❛st ♦♥❡ ❞✐r❡❝t✐♦♥ t❤❡ ❝✉st♦♠❡r✲
s❡r✈✐❝❡ r❡❧❛t❡❞ r❡s♦✉r❝❡s Ecustn

i ♦r E′j
custn r❡s♣❡❝t✐✈❡❧② ❞❡s❝r✐❜❡ ❡①❛❝t❧② t❤❡ s✉❜s❡t ♦❢

❝✉st♦♠❡rs t❤❛t ❛r❡ s❡r✈❡❞✳ ■❢ ✉♥r❡❛❝❤❛❜❧❡ ❝✉st♦♠❡rs ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱
❝♦♥❞✐t✐♦♥ ✭✹✳✻❡✮ ✐s t♦♦ str✐❝t ❛♥❞ t❤✉s ✐♥❝♦rr❡❝t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛❧❝✉❧❛t❡ ✭♦♥ t❤❡ ✢②✮
t❤❡ s❡t ♦❢ ✈✐s✐t❡❞ ❝✉st♦♠❡rs ♦❢ ❜❛❝❦✇❛r❞ ❧❛❜❡❧s ✐♥ t❤❡ ♠❡r❣❡ st❡♣ t♦ ❝♦♠♣❛r❡ ✐t ❛❣❛✐♥st
Ecustn

i ✳ ❋✐♥❛❧❧②✱ ❝♦♥❞✐t✐♦♥ ✭✹✳✻❢✮ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ✐❢ t❤❡ ❡①t❡♥❞❡❞ ❞♦♠✐♥❛♥❝❡ r❡❧❛t❡❞ t♦
t❤❡ r❡s♦✉r❝❡ collPosH ✐s ✉s❡❞ ✐♥ ❜♦t❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✳

✹✳✸✳✸ ❇r❛♥❝❤✐♥❣

▲❡t λ̃k
r ❜❡ t❤❡ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s λk

r ✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ t♦ ♠♦❞❡❧ ✭✹✳✶✮✳
▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ✢♦✇ ✈❛❧✉❡ x̃kij =

∑
r∈Rk ar,ij λ̃

k
r ❢♦r ❛❧❧ k ∈ K ❛♥❞ (i, j) ∈ Ak✱

✇❤❡r❡ ar,ij ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t r♦✉t❡ r tr❛✈❡rs❡s ❛r❝ (i, j)✳ ▲❡t t❤❡ ❛❣❣r❡❣❛t❡❞
✢♦✇ ✈❛❧✉❡ ♦❢ ❛r❝ (i, j) ❜❡ x̃ij =

∑
k∈K x̃kij ✳ ◆♦t❡ t❤❛t ❢♦r ❛♥ ❛r❝ (i, j) ✇✐t❤ ❛t ❧❡❛st ♦♥❡
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❝✉st♦♠❡r ✈❡rt❡① ❛s ❛♥ ❡♥❞♣♦✐♥t✱ t❤❡ ✈❛❧✉❡s x̃ij ❛♥❞ x̃kij ❛r❡ ❜✐♥❛r② ✐♥ ❛ ❢❡❛s✐❜❧❡ ✐♥t❡❣❡r
s♦❧✉t✐♦♥✳
❆s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ ❢r❛❝t✐♦♥❛❧ ✈❛❧✉❡s λ̃k

r ✱ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r✲❧❡✈❡❧ ❜r❛♥❝❤✐♥❣
s❝❤❡♠❡✳ ❋✐rst✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s✳ ❙❡❝♦♥❞✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡
❛❣❣r❡❣❛t❡❞ ✢♦✇ ✈❛❧✉❡ ❢♦r ❛♥ ❛r❝ (i, j)✳ ❚❤✐r❞✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ✈❡❤✐❝❧❡✲s♣❡❝✐✜❝ ✢♦✇ ✈❛❧✉❡
❢♦r ❛♥ ❛r❝ (i, j)✳ ■♥ t❤❡ t✇♦ ❧❛tt❡r ❝❛s❡s✱ ✇❡ ❛❧✇❛②s s❡❧❡❝t ❛r❝s ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ❝✉st♦♠❡r
✈❡rt❡① ❛s ❛♥ ❡♥❞♣♦✐♥t ✜rst✱ ❛s t❤❡ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♥❡t✇♦r❦
♠♦❞✐✜❝❛t✐♦♥s✳ ■❢ ❛❧❧ ❛r❝s ✇✐t❤ ❢r❛❝t✐♦♥❛❧ ✈❛❧✉❡ ❤❛✈❡ ♥♦ ❝✉st♦♠❡r ✈❡rt✐❝❡s ❛s ❡♥❞♣♦✐♥ts✱
✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ✐♥t❡❣❡r ✢♦✇ ✈❛❧✉❡ ❜② ❛❞❞✐♥❣ ❛♥ ✐♥❡q✉❛❧✐t② t♦ t❤❡ ♠❛st❡r ♣r♦❣r❛♠✳
◆♦t❡ t❤❛t ❜r❛♥❝❤✐♥❣ ♦♥ ❛r❝s ❞✐s❛❜❧❡s t❤❡ ❡①t❡♥❞❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ✐♥❝❧✉❞✐♥❣ ✜❝t✐♦♥❛❧

❞❡t♦✉rs✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢♦r❜✐❞❞❡♥ ❛r❝s ✇♦✉❧❞ r❡q✉✐r❡ ❛ ❝❤❡❝❦ ♦❢ ❛❧❧ ❛r❝s ✐♥ t❤❡ ❞❡t♦✉r
❛♥❞ ❡✈❡♥ ❛❧❧ ❛r❝s ❢r♦♠ t❤❡ ❧❛st ✈✐s✐t❡❞ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥ ✈❡rt❡① ✐♥ t❤✐s ❞❡t♦✉r t♦ ❛❧❧ ♣♦ss✐❜❧❡
s✉❝❝❡ss♦rs✳

d(p)
✶

c(p) d(p′)
✸

c(p′)
✵✳✺

d(p)
✶

c(p) d(p′)
✹

c(p′)
✵✳✺

d(p)
✷

c(p) d(p′)
✸

c(p′)
✵✳✺

d(p)
✷

c(p) d(p′)
✹

c(p′)
✵✳✺

❋✐❣✉r❡ ✹✳✸✿ ❊①❛♠♣❧❡ ♦❢ ❢♦✉r ❢r❛❝t✐♦♥❛❧ ♣❛t❤s ♦❢ s❛♠❡ ✈❡❤✐❝❧❡ ❝❧❛ss ❞❡s♣✐t❡ ✐♥t❡❣r❛❧ ❛r❝
✢♦✇s

❚❤❡r❡ ❝❛♥ st✐❧❧ ❡①✐st ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥s ✇✐t❤ ✐♥t❡❣❡r ❛❣❣r❡❣❛t❡❞ ❛♥❞ ✈❡❤✐❝❧❡✲s♣❡❝✐✜❝
✢♦✇s ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❛❜♦✈❡ ❜r❛♥❝❤✐♥❣ r✉❧❡s✳ ❆♥ ❡①❛♠♣❧❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ❋♦✉r
r♦✉t❡s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✈❡❤✐❝❧❡ ❝❧❛ss k ∈ K ❡❛❝❤ ✇✐t❤ ❛ ✈❛❧✉❡ λ̃k

r ♦❢ ✵✳✺ ✐♠♣♦s❡
✐♥t❡❣❡r ✢♦✇s ♦♥ t❤❡ ❞❡♣✐❝t❡❞ ❛r❝s✳ ❚❤❡ ❛r❝s (d+, d(p))✱ (c(p), d(p′))✱ ❛♥❞ (c(p′), d−) ❤❛✈❡
❛ ✢♦✇ ♦❢ ✷✱ ✇❤✐❧❡ ❛❧❧ ♦t❤❡rs ❤❛✈❡ ❛ ✢♦✇ ♦❢ ✶✳
❚❤❡ r✉❧❡ ❢♦r t❤❡ ❢♦✉rt❤ ❧❡✈❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ✐❢ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r

t❤❡ ♣r❡❞❡❝❡ss♦r ❛♥❞ s✉❝❝❡ss♦r ❝✉st♦♠❡r ✭✐❢ ❛♥②✮ ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✱ ❛ ❜❛s✐❝ s♦❧✉t✐♦♥
t♦ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ✭✹✳✶✮ ✐s ✐♥t❡❣❡r✳ ❚❤✐s ✐s tr✉❡ ❜❡❝❛✉s❡ t❤❡ ♣r❡❞❡❝❡ss♦rs ❛♥❞
s✉❝❝❡ss♦rs ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡✜♥❡ s❡ts ♦❢ ❝✉st♦♠❡rs s❡r✈❡❞ ❜② t❤❡ s❛♠❡ ✈❡❤✐❝❧❡✳ ❚❤❡
❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ♦♥ t❤❡ t❤✐r❞ ❧❡✈❡❧ ❤❛✈❡ ❛❧r❡❛❞② ❞❡t❡r♠✐♥❡❞ t❤❡ ✈❡❤✐❝❧❡ ❝❧❛ss k ∈ K
t❤❛t ✈✐s✐ts t❤❡ ❝✉st♦♠❡r s❡t✳ ❆❧❧ r♦✉t❡s ✇✐t❤ ❛ ✈❡❤✐❝❧❡ ♦❢ ❝❧❛ss k s❡r✈✐♥❣ t❤❡ s❛♠❡ s❡t ♦❢
❝✉st♦♠❡rs ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ✭✹✳✶✮✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛ ❜❛s✐❝
s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ✭✹✳✶✮ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t❡ ✈❛r✐❛❜❧❡s
❝❛♥ ❜❡ ♣♦s✐t✐✈❡ s♦ t❤❛t ♦♥❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❝♦st ✐s s❡❧❡❝t❡❞ ❡①❛❝t❧② ♦♥❝❡✳
❚❤❡ ❢♦✉rt❤ ❧❡✈❡❧ ♦❢ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ✜♥❛❧❧② ❣✉❛r❛♥t❡❡s ✐♥t❡❣❡r ♣❛t❤✲✈❛r✐❛❜❧❡s ✐♥ ✭✹✳✶✮

✇✐t❤♦✉t ❡①♣❧✐❝✐t❧② ❜r❛♥❝❤✐♥❣ ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛r✐❛❜❧❡s✳ ■❢ t✇♦ ❝✉st♦♠❡r ✈❡rt✐❝❡s i ❛♥❞
j ❛r❡ s❡r✈❡❞ ❝♦♥s❡❝✉t✐✈❡❧②✱ i ❜❡❢♦r❡ j✱ t❤❡ t✇♦ ❛r❡ ❡✐t❤❡r ❝♦♥♥❡❝t❡❞ ❞✐r❡❝t❧② ✈✐❛ ❛r❝ (i, j)
✭❤❛♥❞❧❡❞ ❜② t❤❡ r✉❧❡s ❛❜♦✈❡✮ ♦r ✇✐t❤ ❛ s✉❜♣❛t❤ Q ♦❢ ❧❡♥❣t❤ ✷ ♦r ✸✱ ✐✳❡✳✱ Q = (i, v1, j) ♦r
Q = (i, v1, v2, j) ✇❤❡r❡ v1, v2 ∈ C ∪ T ∪D✳ ❲❡ ❜r❛♥❝❤ ♦♥ s✉❝❤ s✉❜♣❛t❤s ❝♦♥♥❡❝t✐♥❣ t✇♦



✼✷ ✹✳✸✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

❝✉st♦♠❡rs i ❛♥❞ j✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t♦ ❡①❝❧✉❞❡ ❛ s✉❜♣❛t❤ Q ✐♥ t❤❡ ♥❡t✇♦r❦Dk t❤✐s s✉❜♣❛t❤
✐s ❞❡❝❧❛r❡❞ ❢♦r❜✐❞❞❡♥✱ ❛♥❞ s❡✈❡r❛❧ s✉❝❤ ❞❡❝✐s✐♦♥s ❛r❡ ♠❛♥❛❣❡❞ ❡✛❡❝t✐✈❡❧② ❜② t❤❡ ♥❡t✇♦r❦
♠♦❞✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ❱✐❧❧❡♥❡✉✈❡ ❛♥❞ ❉❡s❛✉❧♥✐❡rs ✭✷✵✵✺✮✳ ❚♦ ❡♥❢♦r❝❡ ❛ s✉❜♣❛t❤ Q
✐♥ t❤❡ ♥❡t✇♦r❦ Dk✱ ❛♥♦t❤❡r t②♣❡ ♦❢ ♥❡t✇♦r❦ ♠♦❞✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞✳ ❖♥❡ ♠✉st
❝r❡❛t❡ ❝♦♣✐❡s ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❡rt✐❝❡s v1 ❛♥❞ v2 ✭✐❢ ♣r❡s❡♥t✮✱ r❡♠♦✈❡ ❛❧❧ ❛r❝s ❢r♦♠ t❤❡
❢♦r✇❛r❞✴❜❛❝❦✇❛r❞ st❛r ♦❢ i✴j✱ ❛♥❞ ❝♦♥♥❡❝t i ✇✐t❤ j ✈✐❛ t❤❡ ❝♦♣✐❡s✳ ❙✉❝❤ ❜r❛♥❝❤✐♥❣ ♦♥
s❡q✉❡♥❝❡s ♦❢ ❝✉st♦♠❡rs ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ❜✉t ✇✐t❤ s✐♠✐❧❛r ♥❡t✇♦r❦
♠♦❞✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ✭❉❡s❛✉❧♥✐❡rs✱ ✷✵✶✵✮ ❛♥❞ ✭❇♦❞❡ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✷✮✳

✹✳✸✳✹ ❈✉ts

❚♦ str❡♥❣t❤❡♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ s✉❜s❡t✲r♦✇ ✭❙❘✮ ✐♥❡q✉❛❧✐t✐❡s ✐♥t♦
♠♦❞❡❧ ✭✹✳✶✮ ✭s❡❡ ❏❡♣s❡♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❆ ✈❛❧✐❞ ❙❘ ✐♥❡q✉❛❧✐t② ✐s ❞❡✜♥❡❞ ♦♥ ❛ s✉❜s❡t
♦❢ t❛s❦s✳ ❋♦r t❤❡ st❛♥❞❛r❞ ❚❚❘P❚❲✱ t❛s❦s ❛r❡ t❤❡ ✈✐s✐ts t♦ t❤❡ ❝✉st♦♠❡rs✳ ❋♦r t❤❡
❚❚❘P❚❲ ✇✐t❤ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ✭s❡❡ t❤❡ ❧❛t❡r ❙❡❝t✐♦♥ ✹✳✹✮ t❛s❦s ❛r❡ t❤❡ ✈✐s✐ts
t♦ t❤❡ ❝✉st♦♠❡rs ❛t ❛ ♣❛rt✐❝✉❧❛r ❞❛②✱ ✐✳❡✳✱ ♣❛✐rs ♦❢ ❝✉st♦♠❡r ❛♥❞ ❞❛②✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s
t♦ ❙❘ ✐♥❡q✉❛❧✐t✐❡s ❞❡✜♥❡❞ ♦♥ t❤r❡❡ t❛s❦s ❛s ♣r♦♣♦s❡❞ ❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮ ❜❡❝❛✉s❡ t❤❡②
❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ❜② str❛✐❣❤t❢♦r✇❛r❞ ❡♥✉♠❡r❛t✐♦♥✳ ●✐✈❡♥ ❛ s❡t Sf ♦❢ t❤r❡❡ t❛s❦s✱ t❤❡ ❙❘
✐♥❡q✉❛❧✐t② SR(Sf ) ✐s ❣✐✈❡♥ ❜②

∑

k∈K

∑

r∈Rk

⌊gfr
2

⌋
λk
r ≤ 1 (σf ),

✇❤❡r❡ gfr ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s r♦✉t❡ r s❡r✈❡s t❛s❦s ✐♥ Sf ✳
❚❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❙❘ ✐♥❡q✉❛❧✐t✐❡s ✐♥t♦ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ❝♦♠♣❧✐❝❛t❡s t❤❡ ❚❚❘P❚❲

♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✿ ❧❡t σf ≤ 0 ❜❡ t❤❡ ❞✉❛❧ ♣r✐❝❡ ♦❢ t❤❡ ❙❘ ✐♥❡q✉❛❧✐t② SR(Sf )✳ ❚❤❡♥✱ σf
❤❛s t♦ ❜❡ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❝♦sts ♦❢ ❛ r♦✉t❡ ❢♦r ❡✈❡r② s❡❝♦♥❞ s❡r✈✐❝❡ t♦ t❛s❦s
✐♥ Sf ✳ ■♥ ♦r❞❡r t♦ ❦❡❡♣ tr❛❝❦ ♦❢ s✉❝❤ s❡r✈✐❝❡s✱ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ❜✐♥❛r② r❡s♦✉r❝❡ ESRf ❢♦r
❡❛❝❤ ✐♥❡q✉❛❧✐t② SR(Sf ) ♠✉st ❜❡ ❞❡✜♥❡❞✳ ■t ✐♥❞✐❝❛t❡s t❤❡ ♣❛r✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s
t❛s❦s ✐♥ Sf ❛r❡ s❡r✈❡❞✳
❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮ s✉❣❣❡st❡❞ ❛♥ ✐♠♣r♦✈❡❞ ❞♦♠✐♥❛♥❝❡✱ ✐♥ ✇❤✐❝❤ ♦t❤❡r✇✐s❡ ✐♥❝♦♠♣❛✲

r❛❜❧❡ ❧❛❜❡❧s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r t✇♦ ❧❛❜❡❧s Ej ❛♥❞ E′j ❢✉❧✜❧❧✐♥❣ t❤❡ ❞♦♠✐♥❛♥❝❡ ❝♦♥✲
❞✐t✐♦♥s ✭✹✳✹✮✱ t❤❡ r❡❞✉❝❡❞✲❝♦st ❝♦♠♣❛r✐s♦♥ ✐♥ ✭✹✳✹❛✮ ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❣❡♥❡r❛❧❧② t✐❣❤t❡r ❝♦♥❞✐t✐♦♥

Ecost
j −

∑

f :Ej
SRf>E′

j
SRf

σf ≤ E′j
cost

.

■♥ t❤❡ ♠❡r❣❡ st❡♣ ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡
❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❣✐✈❡♥ ❜② Ei ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ ❣✐✈❡♥ ❜② E′i ✇✐t❤ E′j =
pred(E′i) ❤❛s r❡❞✉❝❡❞ ❝♦sts ♦❢

Ecost
i + c̃ij(δEposH

i ,⊥
) + E′j

cost
−

∑

f :Ei
SRf+E′

j
SRf=2

σf .
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✹✳✸✳✺ ❆❝❝❡❧❡r❛t✐♦♥ ❚❡❝❤♥✐q✉❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❦❡t❝❤ s♦♠❡ ❢✉rt❤❡r t❡❝❤♥✐q✉❡s t❤❛t ✇❡ ✉s❡ t♦ ❛❝❝❡❧❡r❛t❡ ♦✉r ❛❧❣♦r✐t❤♠✳
❋✐rst✱ ✇❡ st❛rt t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛ ✈❛❧✐❞ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ♥❡❝❡ss❛r②
t♦ s❡r✈❡ ❛❧❧ ❝✉st♦♠❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r s✉♣♣❧②✳ ❚❤✐s ❜♦✉♥❞ ✐s ❝❛❧❝✉❧❛t❡❞ ❜② s♦❧✈✐♥❣
❛ ❜✐♥✲♣❛❝❦✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❜✐♥ s✐③❡ ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠❛❧ t♦t❛❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② Qmax

❛♠♦♥❣ ❛❧❧ ✈❡❤✐❝❧❡ ❝❧❛ss❡s✳ ■❢ t❤❡ r✉♥ t✐♠❡ ❡①❝❡❡❞s ♦♥❡ ♠✐♥✉t❡✱ t❤❡ tr✐✈✐❛❧ ❧♦✇❡r ❜♦✉♥❞
⌈
∑

n∈N qn/Q
max⌉ ✐s ✉s❡❞✳ ❙❡❝♦♥❞✱ ✇❡ r❡❧❛① t❤❡ ❡❧❡♠❡♥t❛r② r❡q✉✐r❡♠❡♥t ❛♥❞ ✉s❡ t❤❡

ng✲♥❡✐❣❤❜♦r❤♦♦❞ r❡❧❛①❛t✐♦♥ ♣r❡s❡♥t❡❞ ❜② ❇❛❧❞❛❝❝✐ ❡t ❛❧✳ ✭✷✵✶✶❞✮ ✐♥ ♦r❞❡r t♦ ❛❝❝❡❧❡r❛t❡
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ❚❤✐r❞✱ ✐♥ t❤❡ ✜rst ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s✱ ✇❡ s♦❧✈❡ t❤❡
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦♥❧② ❢♦r s✐♥❣❧❡✲tr✉❝❦ ✈❡❤✐❝❧❡ ❝❧❛ss❡s ❛s ❧♦♥❣ ❛s ♥❡✇ ❝♦❧✉♠♥s ❛r❡ ❣❡♥❡r❛t❡❞✳
❚❤✐s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡✲❝♦♥s✉♠✐♥❣ ♣r✐❝✐♥❣s ♦❢ r♦✉t❡s ♦❢ ❝♦♠♣❧❡t❡
✈❡❤✐❝❧❡s✳ ❋♦✉rt❤✱ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ❢♦r ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡s ❛r❡ s♦❧✈❡❞ ❤❡✉r✐st✐❝❛❧❧② ✉♥t✐❧
♥♦ ♥❡✇ ❝♦❧✉♠♥s ❛r❡ ❢♦✉♥❞✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡ ❞♦♠✐♥❛♥❝❡ ❝r✐t❡r✐♦♥ ✐s r❡❧❛①❡❞ ❜② ✐❣♥♦r✐♥❣
❝♦♥❞✐t✐♦♥s ✭✹✳✹❛✮ ❢♦r res = custn✱ ✭✹✳✹❝✮✱ ❛♥❞ ✭✹✳✹❞✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ✉s❡ r❡❞✉❝❡❞ ♥❡t✇♦r❦s
❜② r❡str✐❝t✐♥❣✱ ❢♦r ❡❛❝❤ ✈❡rt❡①✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦✉t❣♦✐♥❣ ❛r❝s t♦ ❜♦t❤ ❝✉st♦♠❡r ✈❡rt✐❝❡s ❛♥❞
✈❡rt✐❝❡s ♦❢ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥s✱ ✇❤❡r❡ t❤♦s❡ ✇✐t❤ ❧♦✇❡r r❡❞✉❝❡❞ ❝♦sts ❛r❡ ♣r❡❢❡rr❡❞✳ ❋✐❢t❤
❛♥❞ ✜♥❛❧❧②✱ ✇❡ ❛♣♣❧② t❤❡ ▼■P s♦❧✈❡r ♦❢ ❈P▲❊❳ ❢♦r ❛ ♠❛①✐♠✉♠ ♦❢ ♦♥❡ ♠✐♥✉t❡ ✉s✐♥❣
t❤❡ ❝♦❧✉♠♥s ❣❡♥❡r❛t❡❞ ✉♣ t♦ t❤✐s ♣♦✐♥t ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❝❤❛♥❝❡ ♦❢ ✜♥❞✐♥❣ ❣♦♦❞
✉♣♣❡r ❜♦✉♥❞s✳ ❚❤❡ ▼■P s♦❧✈❡r ✐s ❝❛❧❧❡❞ ❛❢t❡r s♦❧✈✐♥❣ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ r♦♦t ♥♦❞❡
❛♥❞ ✇❤❡♥ r❡❛❝❤✐♥❣ t❤❡ t✐♠❡ ❧✐♠✐t✳
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❈❛✉s❡❞ ❜② t❤❡ ♥♦✇❛❞❛②s ✇✐❞❡s♣r❡❛❞ ✉s❡ ♦❢ ❧❛r❣❡r st♦r❛❣❡ t❛♥❦s ✇✐t❤ ✐♠♣r♦✈❡❞ ❝♦♦❧✐♥❣
t❡❝❤♥♦❧♦❣②✱ ♠❛♥② ♠♦❞❡r♥ ♠✐❧❦✲♣r♦❞✉❝✐♥❣ ❢❛r♠s ♥♦ ❧♦♥❣❡r ♥❡❡❞ t♦ ❜❡ ✈✐s✐t❡❞ ❡✈❡r② ❞❛②✳
■♥st❡❛❞✱ ❛ ✈✐s✐t ❡✈❡r② s❡❝♦♥❞ ❞❛② s✉✣❝❡s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ s✉♣♣❧② ♦❢ t✇♦
❞❛②s ♠✉st ❜❡ ❝♦❧❧❡❝t❡❞✳ ❲❡ ♠♦❞❡❧ t❤❡ ❝❛s❡ ♦❢ ❛ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ✇✐t❤ t✇♦ t②♣❡s
♦❢ ❝✉st♦♠❡rs ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✜rst s✉❜s❡t ♦❢ ❝✉st♦♠❡rs ✭N ❡✈❡r②✮ st✐❧❧ ♥❡❡❞s ❛ ✈✐s✐t ❡✈❡r②
❞❛②✳ ❚❤❡ ♦t❤❡r ❝✉st♦♠❡rs ✭N♦♣t✐♦♥✮ ❝❛♥ ❜❡ ✈✐s✐t❡❞ ❡✐t❤❡r ❡✈❡r② ❞❛② ❢♦r ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡✐r
❵♥♦r♠❛❧✬✱ ❞❛✐❧② s✉♣♣❧②✱ ♦r ❡✈❡r② s❡❝♦♥❞ ❞❛② ❢♦r ❝♦❧❧❡❝t✐♦♥ ♦❢ t✇✐❝❡ t❤❛t ❛♠♦✉♥t✳
❲❡ s♦❧✈❡ t❤❡ t✇♦✲❞❛② ♣r♦❜❧❡♠ ❜② ❝r❡❛t✐♥❣ t✇♦ t❛s❦s n1, n2 ❢♦r ❡❛❝❤ ❝✉st♦♠❡r n ∈ N ✱

r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ s✉♣♣❧② ♦❢ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❛② r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇
t❤❡r❡ ❡①✐st ❢♦r ❡❛❝❤ ♣❛✐r (k, θ) ∈ K×{1, 2} ♦❢ ✈❡❤✐❝❧❡ ❝❧❛ss ❛♥❞ ❞❛② ❛♥ ❛ss♦❝✐❛t❡❞ ♥❡t✇♦r❦
Dkθ✱ ❛ s❡t Rkθ ♦❢ r♦✉t❡s✱ ❛♥❞ ♦❢ r♦✉t✐♥❣ ✈❛r✐❛❜❧❡s λkθ

r ✳ ❚❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡
♠❛st❡r ♣r♦❜❧❡♠ ✭✹✳✶❜✮ ❛r❡ r❡♣❧❛❝❡❞ ❜②

∑

k∈K

∑

θ∈{1,2}

∑

r∈Rkθ

arnϑλkθ
r = 1 (πnϑ) ∀ n ∈ N,ϑ ∈ {1, 2}, ✭✹✳✼✮

✇❤❡r❡ arnϑ ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r r♦✉t❡ r ❝♦✈❡rs t❛s❦ nϑ✳
❚❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ t②♣❡s ♦❢ ❝✉st♦♠❡rs ✐s r❡❛❧✐③❡❞ ✐♥ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s✳

❚❤❡ ♥❡t✇♦r❦ Dkθ ✐s str✉❝t✉r❡❞ ❛s t❤❡ ♥❡t✇♦r❦ Dk ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷ ❛♥❞ ❝♦♥t❛✐♥s
❞❡♣♦t✱ ❞❡❝♦✉♣❧✐♥❣✱ tr❛♥s❢❡r✱ ❛♥❞ ❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡❛❝❤ ❝✉st♦♠❡r ✈❡rt❡① ✐s
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r❡♣❧❛❝❡❞ ❜② ♦♥❡ ♦r t✇♦ t❛s❦ ✈❡rt✐❝❡s✳ Pr❡❝✐s❡❧②✱ ❝✉st♦♠❡rs n ∈ N ❡✈❡r② ✇❤♦ ♥❡❡❞ t♦ ❜❡
✈✐s✐t❡❞ ❡✈❡r② ❞❛② ❤❛✈❡ ♦♥❡ ✈❡rt❡① nθ ❢♦r t❤❡ t❛s❦ ♦❢ ❞❛② θ ✐♥ t❤❡ ♥❡t✇♦r❦ Dkθ✱ ✇❤✐❧❡
❝✉st♦♠❡rs n ∈ N♦♣t✐♦♥ ✇✐t❤ s❡r✈✐❝❡ ♦♣t✐♦♥ ❤❛✈❡ t✇♦ ✈❡rt✐❝❡s n1 ❛♥❞ n2 ❢♦r ❜♦t❤ t❛s❦s✱
s❡❡ ❋✐❣✉r❡ ✹✳✹✳ ❱❡rt✐❝❡s ❢♦r t❛s❦s ♦❢ t❤❡ s❛♠❡ ❞❛② ❛r❡ ❝♦♥♥❡❝t❡❞ ❛s ✐♥ t❤❡ st❛♥❞❛r❞
❚❚❘P❚❲ ♥❡t✇♦r❦ Dk✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ t❛s❦ ✈❡rt❡① r❡♣r❡s❡♥t✐♥❣ ❛ ❝✉st♦♠❡r n ∈ N♦♣t✐♦♥

✐s ❝♦♥♥❡❝t❡❞ t♦ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ t❛s❦ ✈❡rt❡① ♦❢ t❤❡ ♦t❤❡r ❞❛②✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡❛❝❤ s✉❝❤
✈❡rt❡① ❝❛♥ ❜❡ ❧❡❢t t♦✇❛r❞s ❛❧❧ ✈❡rt✐❝❡s ✐♥ t❤❡ ♥❡t✇♦r❦ ♦❢ ❞❛② θ t❤❛t ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠
❝✉st♦♠❡r n✳

i1

i2

j1

✭❛✮ ◆❡t✇♦r❦ ❢♦r ❝♦❧❧❡❝t✐♦♥ ♦♥ t❤❡ ✜rst
❞❛② ✭θ = 1✮

i1

i2 j2

✭❜✮ ◆❡t✇♦r❦ ❢♦r ❝♦❧❧❡❝t✐♦♥ ♦♥ t❤❡ s❡❝♦♥❞
❞❛② ✭θ = 2✮

❋✐❣✉r❡ ✹✳✹✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ t✇♦ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❢♦r ❛ ❝✉st♦♠❡r i ∈ N♦♣t✐♦♥ ✭❝♦❧❧❡❝t✐♦♥
❡✈❡r② ♦t❤❡r ❞❛② ❛❧❧♦✇❡❞✮ ❛♥❞ ❛ ❝✉st♦♠❡r j ∈ N ❡✈❡r② ✭♠✉st ❜❡ ✈✐s✐t❡❞ ❡✈❡r②
❞❛②✮

❙②♠♠❡tr② ❈♦♥s✐❞❡r❛t✐♦♥s✳ ❆ ❞r❛✇❜❛❝❦ ♦❢ t❤❡ t✇♦✲❞❛② ♠♦❞❡❧✐♥❣ ❛♥❞ s♦❧✉t✐♦♥ ❛♣✲
♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✼✮ ♦❢ t❤❡ ♣❛t❤✲
❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠s t❤❛t ♥❡❡❞ t♦ ❜❡
s♦❧✈❡❞ ✐s ❞♦✉❜❧❡❞✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♣❡r❢❡❝t s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✇♦
♣❧❛♥♥✐♥❣ ❞❛②s ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ s♦ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐s ❛♣♣r♦①✐♠❛t❡❧② ❤❛❧✈❡❞
❛❣❛✐♥✳
❲❡ ❝❧❛✐♠ t❤❛t ❢♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ t✇♦✲❞❛② ❤♦r✐③♦♥ ♠❛st❡r ♣r♦❣r❛♠✱

✐✳❡✳✱ ✭✹✳✶✮ ✇✐t❤ ✭✹✳✶❜✮ r❡♣❧❛❝❡❞ ❜② ✭✹✳✼✮✱ ♥♦t❤✐♥❣ ✐s ❧♦st ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str❡♥❣t❤ ♦❢
t❤❡ ❞✉❛❧ ❜♦✉♥❞ ✇❤❡♥ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ ❛❣❣r❡❣❛t❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❡✈❡r② t✇♦
❝♦♥str❛✐♥ts ✭✹✳✼✮ ❢♦r ϑ ∈ {1, 2} ♦❢ ❛ ❝✉st♦♠❡r n ∈ N ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛❣❣r❡❣❛t❡❞
❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠

∑

k∈K

∑

r∈Rk1

(arn1 + arn2)λk1
r = 2 ∀ n ∈ N. ✭✹✳✽✮

◆♦t❡ t❤❛t ✭✹✳✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
∑

k∈K

∑
θ∈{1,2}

∑
r∈Rkθ(arn1 + arn2)λkθ

r = 2✱ ❜❡❝❛✉s❡

♣❛✐rs ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t❡s r ∈ Rk1 ❛♥❞ r′ ∈ Rk2 ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ❝♦❡✣❝✐❡♥ts (arn1 +
arn2 = ar′n1 + ar′n2)✳
❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡❡♣ ❞✉❛❧✲♦♣t✐♠❛❧ ✐♥❡q✉❛❧✐t✐❡s ✭❉❉❖■s✱ ❇❡♥ ❆♠♦r

❡t ❛❧✳✱ ✷✵✵✻✮✱ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ st❛❜✐❧✐③❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s✿
♣❛✐r✇✐s❡ ❛❣❣r❡❣❛t✐♦♥ ♦❢ t✇♦ ❝♦♥str❛✐♥ts ❛s s✉❣❣❡st❡❞ ❜② ✭✹✳✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✐♠♣♦s✐♥❣



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✼✺

❝♦♥str❛✐♥ts

πn1 = πn2 ∀ n ∈ N,

t♦ t❤❡ ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛s s❤♦✇♥ ❜② ●s❝❤✇✐♥❞ ❛♥❞ ■r♥✐❝❤ ✭✷✵✶✻✱ Pr♦♣♦s✐t✐♦♥ ✻✮✳ ❚❤✐s
✐s ❛❣❛✐♥ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ ✉♥❝♦♥str❛✐♥❡❞ ✈❛r✐❛❜❧❡s ηn ✭❂❛❞❞✐✲
t✐♦♥❛❧ ❝♦❧✉♠♥s✮✱ ♦♥❡ ♣❡r ❝✉st♦♠❡r✱ t♦ t❤❡ ♣r✐♠❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ♥❡✇ ✈❛r✐❛❜❧❡ ηn ❤❛s
❝♦❡✣❝✐❡♥t +1 ✐♥ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❞❛②✲♦♥❡✲t❛s❦ ❛♥❞ −1 ✐♥ t❤❡ ❝♦♥str❛✐♥t
♦❢ t❤❡ ❞❛②✲t✇♦✲t❛s❦ s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ❜❡❝♦♠❡

∑

k∈K

∑

θ∈{1,2}

∑

r∈Rkθ

arn1λkθ
r + ηn = 1 ∀ n ∈ N ✭✹✳✾❛✮

∑

k∈K

∑

θ∈{1,2}

∑

r∈Rkθ

arn2λkθ
r − ηn = 1 ∀ n ∈ N. ✭✹✳✾❜✮

❚❤✉s✱ t❤❡ ❡①t❡♥❞❡❞ ♣r✐♠❛❧ ❢♦r♠✉❧❛t✐♦♥ ❤❛s ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ηn ❛♥❞ t❤❡ t❛s❦✲
♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✼✮ ❛r❡ r❡♣❧❛❝❡❞ ❜② ✭✹✳✾✮✳ ❆♥② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r
r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❡①t❡♥❞❡❞ ♣r✐♠❛❧ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥
t♦ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❤❛✈✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✼✮ ✇✐t❤ ✐❞❡♥t✐❝❛❧
❝♦sts✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ▲❡t λ̃kθ

r ❜❡ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡①t❡♥❞❡❞ ♣r✐✲
♠❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❘❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ ηn✱ ❞❡✜♥❡ ❢♦r ❡❛❝❤ r♦✉t❡ r ∈ Rkθ ♦♣❡r❛t❡❞ ♦♥
❞❛② θ ❜② ✈❡❤✐❝❧❡ k ∈ K t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t❡ r′ ♦♣❡r❛t❡❞ ♦♥ t❤❡ ♦t❤❡r ❞❛② θ′✳ ❋✉rt❤❡r
❞❡✜♥❡ ❛ ♥❡✇ s♦❧✉t✐♦♥ ❜② λ̂kθ

r = (λ̃kθ
r + λ̃kθ′

r′ )/2 ❢♦r ❛❧❧ ✈❡❤✐❝❧❡s k ∈ K✱ ❞❛②s θ ∈ {1, 2}✱ ❛♥❞
r♦✉t❡s r ∈ Rkθ✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❡q✉✐✈❛❧❡♥t ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r ❢♦r♠✉❧❛t✐♦♥ ✭✹✳✶✮ ✇✐t❤
t❛s❦✲♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✼✮✳ ◆♦✇✱ Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ✭●s❝❤✇✐♥❞ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✻✮
❡♥s✉r❡s t❤❛t ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❞✉❛❧ ❜♦✉♥❞ ♦❢ t❤❡ ❡①t❡♥❞❡❞ ♣r✐♠❛❧ ❢♦r♠✉❧❛t✐♦♥
❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❝♦✐♥❝✐❞❡✳
■♥ s✉♠♠❛r②✱ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥ts ✭✹✳✽✮ ❛❝❝♦♠♣❧✐s❤❡s

t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♦♥❡✲❞❛② ♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱ ✐t
✐♥❞✉❝❡s ✐❞❡♥t✐❝❛❧ s✉❜♣r♦❜❧❡♠s ❢♦r ❜♦t❤ ❞❛②s θ = 1 ❛♥❞ θ = 2✱ s♦ t❤❛t ♦♥❧② ♦♥❡ ♣r✐❝✐♥❣
s✉❜♣r♦❜❧❡♠✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r ❞❛② θ = 1✱ ♥❡❡❞s t♦ ❜❡ s♦❧✈❡❞✳ ❆❞♠✐tt❡❞❧②✱ t❤✐s s✉❜♣r♦❜❧❡♠
✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡✲❞❛② s✉❜♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ ❛ ❜②✲♣r♦❞✉❝t ♦❢ ❛❣❣r❡❣❛t✐♦♥ ✐s t❤❛t
t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡s ❛r❡ st❛❜✐❧✐③❡❞✱ ❧❡❛❞✐♥❣ t♦ ❛ ❣❡♥❡r❛❧❧② ❢❛st❡r t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ ♣r♦❝❡❞✉r❡✳
❇r❛♥❝❤✐♥❣ ❛♥❞ ❝✉tt✐♥❣ ❝❛♥ ❞❡str♦② t❤❡ ♣❡r❢❡❝t s②♠♠❡tr②✳ ■♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ s②♠✲

♠❡tr② ❛s ❧♦♥❣ ❛s ♣♦ss✐❜❧❡✱ ✇❡ ❛❧✇❛②s ❣❡♥❡r❛t❡ s②♠♠❡tr✐❝ ♣❛✐rs ♦❢ ❙❘ ✐♥❡q✉❛❧✐t✐❡s✳ ❍❡♥❝❡✱
✐❢ SR(Sf ) ✐s s❡♣❛r❛t❡❞ ❢♦r t❛s❦s Sf ✱ t❤❡ ✐♥❡q✉❛❧✐t② SR(Sf ′) ❢♦r t❤❡ ♦t❤❡r✲❞❛② t❛s❦s Sf ′

✐s ❛❧s♦ ❣❡♥❡r❛t❡❞✳ ❲❡ ❡♥❢♦r❝❡ t❤❡ s❛♠❡ ❞✉❛❧ ♣r✐❝❡ ❢♦r t❤❡s❡ ♣❛✐r❡❞ ❙❘ ✐♥❡q✉❛❧✐t✐❡s ❛s
❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♥str❛✐♥t ❜② ❛❞❞✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡❞ ✐♥❡q✉❛❧✐t②✱ ✐✳❡✳✱∑

k∈K

∑
r∈Rk1(⌊gfr/2⌋+ ⌊gf ′r/2⌋)λ

k1
r ≤ 2✳

❲❤✐❧❡ ❜r❛♥❝❤✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ♣r❡s❡r✈❡s s②♠♠❡tr②✱ ❜r❛♥❝❤✐♥❣ ♦♥ ✐♥❞✐✲
✈✐❞✉❛❧ ❛r❝s ♦❢ t❤❡ t✇♦ ❞❛②✲s♣❡❝✐✜❝ ♥❡t✇♦r❦s ✭s❡❡ ❋✐❣✉r❡ ✹✳✹✮ r❡q✉✐r❡s t❤❛t t❤❡ ❝♦❧✉♠♥✲
❣❡♥❡r❛t✐♦♥ ♠❛st❡r ♣r♦❣r❛♠ ❜❡ ❞✐s❛❣❣r❡❣❛t❡❞✳ ❲❡ ❞♦ s♦ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡❞
❝♦♥str❛✐♥ts ✭✹✳✽✮ ✇✐t❤ t❤❡ ❞✐s❛❣❣r❡❣❛t❡❞ ♦♥❡s ✭✹✳✼✮✱ ❛♥❞ ❜② ❛❞❞✐♥❣ t❤❡ ♦t❤❡r✲❞❛② r♦✉t❡



✼✻ ✹✳✺✳ ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t ❚r❛♥s❢❡r ❚✐♠❡

✈❛r✐❛❜❧❡s λk
r′ ❢♦r ❛❧❧ ❛❝t✐✈❡ r♦✉t❡ ✈❛r✐❛❜❧❡s λ

k
r ✳

❖✈❡r♥✐❣❤t ❘❡t✉r♥ ♦❢ ❚r❛✐❧❡rs✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❜② ❚r✐❝♦✐r❡ ✭✷✵✶✻✮✱ ❛ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥ ❛❧❧♦✇s ❢✉rt❤❡r s❛✈✐♥❣s ✇❤❡♥ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t ❛❧❧ ✈❡❤✐❝❧❡s r❡t✉r♥ t♦ t❤❡ ❞❡♣♦t
❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ❞❛② ✐s r❡❧❛①❡❞ ❛♥❞ ✐t ✐s ❛❧❧♦✇❡❞ t♦ ♣❛r❦ ❛♥ ❡♠♣t② tr❛✐❧❡r ♦✈❡r♥✐❣❤t
❛t ❛ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡t❤❡r t❤✐s ❝❛♥ ❜❡ ❞♦♥❡
✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r♥✐❣❤t ♣❛r❦✐♥❣ ♦♣t✐♦♥ r❡q✉✐r❡s ❝♦♥s✐❞❡r❛❜❧❡
♠♦❞✐✜❝❛t✐♦♥s t♦ ♦✉r ♠♦❞❡❧ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱
✇❡ ❡①♣❡❝t t❤❡ ❛❞❞✐t✐♦♥❛❧ s❛✈✐♥❣s t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② s✇✐t❝❤✐♥❣
❢r♦♠ ❛ ♦♥❡✲❞❛② t♦ ❛ t✇♦✲❞❛② ❤♦r✐③♦♥✱ s♦ ✇❡ ❧❡❛✈❡ t❤✐s ❛s ❛ t♦♣✐❝ ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳

✹✳✺ ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t ❚r❛♥s❢❡r ❚✐♠❡

❯♣ t♦ ♥♦✇✱ t❤❡ ❚❚❘P ❧✐t❡r❛t✉r❡ ❡✐t❤❡r ❛ss✉♠❡s ❛♥ ✐♠♠❡❞✐❛t❡ tr❛♥s❢❡r ♦❢ ❧♦❛❞ ❢r♦♠ tr✉❝❦
t♦ tr❛✐❧❡r ♦r ❛ ✜①❡❞ ♣♦s✐t✐✈❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ q✉❛♥t✐t②✳ ■♥ r❡❛❧✐t②✱ ❤♦✇❡✈❡r✱ t❤❡
t✐♠❡ ❢♦r tr❛♥s❢❡rr✐♥❣ ❧♦❛❞ ❢r♦♠ tr✉❝❦ t♦ tr❛✐❧❡r ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ tr❛♥s❢❡rr❡❞ q✉❛♥t✐t②✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ♥♦♥✲tr✐✈✐❛❧ ♠♦❞✐✜❝❛t✐♦♥s t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ❡①❛❝t❧② ♠♦❞❡❧
q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t ❧♦❛❞ tr❛♥s❢❡r t✐♠❡s ✐♥ t❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ s✉❜♣r♦❜❧❡♠✳ ❚❤❡ ♠♦❞✲
✐✜❡❞ ❙PP❘❈ ✐♥ t❤✐s ❝❛s❡ ♠✉st ❝♦♥s✐❞❡r t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ✈✐s✐t t✐♠❡ ❛t ♣❛r❦✐♥❣
❧♦❝❛t✐♦♥s ❛♥❞ t❤❡ ❢r❡❡ ❝❛♣❛❝✐t② ✐♥ t❤❡ tr✉❝❦✳ ❆ s✐♠✐❧❛r ✐ss✉❡ ❛r✐s❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❤✐♣
r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ✇❤❡♥ ♣♦rt ✈✐s✐ts ❛r❡ t✐♠❡✲❝♦♥str❛✐♥❡❞ ❛♥❞ t❤❡ ♣♦rt st❛② t✐♠❡s
❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❛♠♦✉♥t ♦❢ ❝❛r❣♦ ❧♦❛❞❡❞ ♦r ✉♥❧♦❛❞❡❞✳ ❇rø♥♠♦ ❡t ❛❧✳ ✭✷✵✵✼✮ ❛♥❞
❍❡♥♥✐❣ ❡t ❛❧✳ ✭✷✵✶✷✮ st✉❞② s✉❝❤ ♣r♦❜❧❡♠s ❛♥❞ r❡s♣❡❝t✐✈❡❧② ❛♣♣❧② ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♥❞
❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✳ ❇rø♥♠♦ ❡t ❛❧✳ s♦❧✈❡ ❛♥ ▲P t♦ ❞❡t❡r♠✐♥❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❛♥❞
❧♦❛❞ q✉❛♥t✐t✐❡s ❢♦r ❣✐✈❡♥ ♣♦rt ✈✐s✐t s❡q✉❡♥❝❡s✳ ❍❡♥♥✐❣ ❡t ❛❧✳ ✉s❡ ♥❡st❡❞ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✿
t❤❡② s♦❧✈❡ t❤❡ s✉❜♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ ❛ t✐♠❡✲ ❛♥❞ ❧♦❛❞✲❢❡❛s✐❜❧❡ s❤✐♣ r♦✉t❡ ✭♣♦rt ✈✐s✐t
s❡q✉❡♥❝❡✮ ❜② ❞❡❝♦♠♣♦s✐♥❣ ✐t ✐♥t♦ ❛ ♠❛st❡r ♣r♦❜❧❡♠ t❤❛t ❝♦♠♣✉t❡s s❝❤❡❞✉❧❡s ❛♥❞ ❧♦❛❞
♣❛tt❡r♥s ❛♥❞ ❛ s✉❜♣r♦❜❧❡♠ ❢♦r ❝♦♠♣✉t✐♥❣ s❤✐♣ r♦✉t❡s ✭❛ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡
✇✐♥❞♦✇s s♦❧✈❡❞ ❜② ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✮✳ ❍♦✇❡✈❡r✱ ❛s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ✇❡ ❤❡r❡✇✐t❤
♣r❡s❡♥t t❤❡ ✜rst ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s t②♣❡ ♦❢ tr❛❞❡♦✛✱ ✐✳❡✳✱ t❤❡ ✜rst t❤❛t ❤❛♥❞❧❡s
t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ r♦✉t❡✱ s❝❤❡❞✉❧❡✱ ❛♥❞ ❧♦❛❞ tr❛♥s❢❡r q✉❛♥t✐t② s✐♠✉❧t❛♥❡♦✉s❧②✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❧❡t ρ > 0 ❜❡ t❤❡ tr❛♥s❢❡r r❛t❡ ❢♦r t❤❡ q✉❛♥t✐t② tr❛♥s❢❡rr❛❜❧❡ ❢r♦♠

t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r ❞✉r✐♥❣ ♦♥❡ t✐♠❡ ✉♥✐t✳ ❇❡❝❛✉s❡ t❤❡ t❡❝❤♥✐❝❛❧ ❡q✉✐♣♠❡♥t ♦❢ t❤❡
✈❡❤✐❝❧❡s ✉s✉❛❧❧② ❞❡t❡r♠✐♥❡s t❤❡ tr❛♥s❢❡r r❛t❡✱ t❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❛ss✉♠❡❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ tr❛♥s❢❡r ❧♦❝❛t✐♦♥✳ ◆♦t❡ t❤❛t ✇✐t❤ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s✱ t❤❡ str❛t❡❣② t♦
❛❧✇❛②s tr❛♥s❢❡r ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❢r♦♠ t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r ✐s ♥♦ ❧♦♥❣❡r ♦♣t✐♠❛❧✳ ■❢
♠♦r❡ ❧♦❛❞ t❤❛♥ ♥❡❝❡ss❛r② ✐s tr❛♥s❢❡rr❡❞✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞❡❧❛② ♠❛② ❝❛✉s❡ ❛ t✐♠❡ ✇✐♥❞♦✇
♦❢ ❛ ❝✉st♦♠❡r ✈✐s✐t❡❞ ❧❛t❡r t♦ ❜❡ ♠✐ss❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧♦❛❞✲t✐♠❡ tr❛❞❡♦✛ ♥❡❡❞s t♦ ❜❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❡①♣❧✐❝✐t❧②✳
❋✐❣✉r❡ ✹✳✺ ❞❡♣✐❝ts t❤❡ r♦✉t❡ (d+, d(p), 1, τ(p), 2, c(p), d−) ✈✐s✐t✐♥❣ ❝✉st♦♠❡rs ✶ ❛♥❞ ✷

❛♥❞ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt❡① d(p)✱ t❤❡ tr❛♥s❢❡r ✈❡rt❡① τ(p)✱ ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ✈❡rt❡① c(p) ♦❢
❛ ♣❛r❦✐♥❣ ❧♦❝❛t✐♦♥ p✱ ✇❤❡r❡ ❧♦❛❞ ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞✳ ❇❡❧♦✇ ❡❛❝❤ ♣❛r❦✐♥❣ ❛♥❞ ❝✉st♦♠❡r
✈❡rt❡①✱ ❛ ❞✐❛❣r❛♠ ♦❢ tr✉❝❦ ❧♦❛❞ ✈s✳ t✐♠❡ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ t✐♠❡ ❛①✐s ✐s ♠❛r❦❡❞ ✇✐t❤



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✼✼

d(p) ✶ τ(p) ✷ c(p)

time

loadL

EAT

time

loadL

e1 ℓ1
EAT

q1

time

loadL

EAT

time

loadL

e2 ℓ2
EAT

q2

q1

time

loadL

EAT

❋✐❣✉r❡ ✹✳✺✿ ❊①❛♠♣❧❡ ❢♦r tr❛❞❡♦✛ ♣r♦♣❛❣❛t✐♦♥ ✇✐t❤ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s

EAT r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡❛r❧✐❡st ❛rr✐✈❛❧ t✐♠❡ ❛t t❤❡ ✈❡rt❡① ✭t❤✐s t✐♠❡ ❝❛♥ ❜❡ ❜❡❢♦r❡ t❤❡
s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇ ♦♣❡♥s✮✳ ▼♦r❡♦✈❡r✱ ❛t ❝✉st♦♠❡rs ✶ ❛♥❞ ✷✱ t❤❡ t✐♠❡ ✇✐♥❞♦✇s [e1, ℓ1]
❛♥❞ [e2, ℓ2] ❛r❡ s❤♦✇♥✳ ❲❡ ❞✐s❝✉ss t❤❡ ✜✈❡ tr❛❞❡♦✛ ❝✉r✈❡s ✭❞❡♣✐❝t❡❞ ✐♥ ❣r❡❡♥✮ ❢♦r t❤❡
✈❡rt✐❝❡s d(p), 1, τ(p), 2✱ ❛♥❞ c(p)✳ ❊❛❝❤ tr❛❞❡♦✛ ❝✉r✈❡ ❞✐s♣❧❛②s t♦ ✇❤✐❝❤ ❡①t❡♥t ❛ ❧❛t❡r
st❛rt ♦❢ s❡r✈✐❝❡ ✭st❛rt✐♥❣ ♥♦t ❡❛r❧✐❡r t❤❛♥ Etime

i ✮ ❛❧❧♦✇s t♦ r❡❞✉❝❡ t❤❡ ❧♦❛❞ ✐♥s✐❞❡ t❤❡
tr✉❝❦ ✭r❡s♦✉r❝❡ EloadL

i ✮✳ ❲❤❡♥ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ✈❡rt❡① d(p) ✐s r❡❛❝❤❡❞✱ ♥♦ ❧♦❛❞ ❤❛s ❜❡❡♥
❝♦❧❧❡❝t❡❞ ②❡t✳ ❚❤✉s✱ ♥♦ tr❛♥s❢❡r ♣♦ss✐❜✐❧✐t② ❛r✐s❡s ❛t d(p)✱ r❡✢❡❝t❡❞ ❜② t❤❡ ✵✲❢✉♥❝t✐♦♥✳
❉✉r✐♥❣ t❤❡ ✜rst s✉❜t♦✉r t♦ ❝✉st♦♠❡r ✶✱ ❧♦❛❞ ❤❛s t♦ ❜❡ ❝♦❧❧❡❝t❡❞ t♦ t❤❡ tr✉❝❦ s♦ t❤❛t st✐❧❧
♥♦ tr❛❞❡♦✛ ✐s ✈✐s✐❜❧❡✳ ❲❤❡♥ t❤❡ tr✉❝❦ ♠❡❡ts ✐ts tr❛✐❧❡r ❛❣❛✐♥ ❛t τ(p)✱ t❤❡ ♦♣t✐♦♥ ✐s t♦
❡✐t❤❡r ❝♦♥t✐♥✉❡ t❤❡ r♦✉t❡ ✐♠♠❡❞✐❛t❡❧② ✭✇✐t❤ q1 ❧♦❛❞❡❞ ✐♥ t❤❡ tr✉❝❦✮ ♦r t♦ s♣❡♥❞ t✐♠❡ t♦
tr❛♥s❢❡r ❧♦❛❞ ❢r♦♠ tr✉❝❦ t♦ tr❛✐❧❡r✳ ❚❤❡ ♥♦♥✲③❡r♦ s❧♦♣❡ ♦❢ t❤❡ tr❛❞❡♦✛ ❝✉r✈❡ ✐s −ρ✳ ■♥ ♦✉r
❡①❛♠♣❧❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr✉❝❦ ❛s ✇❡❧❧ ❛s t❤❡ tr❛✐❧❡r ❡❛❝❤ ❤❛✈❡ s✉✣❝✐❡♥t ❝❛♣❛❝✐t② t♦
❛❝❝♦♠♠♦❞❛t❡ t❤❡ ❝♦♠♣❧❡t❡ s✉♣♣❧② ♦❢ ❜♦t❤ ❝✉st♦♠❡rs✱ q1+ q2✳ ❍❡♥❝❡✱ t❤❡ tr❛❞❡♦✛ ❝✉r✈❡s
✐♥ t❤❡ ❞✐❛❣r❛♠s ❜❡❧♦✇ τ(p) ❛♥❞ ❜❡❧♦✇ ❝✉st♦♠❡r ✷ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s✉♣♣❧② ♦❢ ❝✉st♦♠❡r ✶
❝❛♥ ❜❡ ♣❛rt❧② ♦r ❝♦♠♣❧❡t❡❧② tr❛♥s❢❡rr❡❞ t♦ t❤❡ tr❛✐❧❡r ❛t τ(p)✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❝✉r✈❡ ✐♥ t❤❡
❞✐❛❣r❛♠ ❜❡❧♦✇ c(p) s❤♦✇s t❤❛t t❤❡ ❡♥t✐r❡ ❝✉st♦♠❡r s✉♣♣❧② ❝❛♥ ❡✐t❤❡r r❡♠❛✐♥ ✐♥ t❤❡ tr✉❝❦
♦r ❜❡ tr❛♥s❢❡rr❡❞ ♣❛rt❧② ♦r ❝♦♠♣❧❡t❡❧②✳

time

loadL

e ℓ

EAT

q

lL

✇

✭❛✮ ❲❛✐t✐♥❣ t✐♠❡ ✉s❡❞
❢♦r tr❛♥s❢❡r

time

loadL

e ℓ

EAT

Qk
L

q

lL

✭❜✮ ❚r❛♥s❢❡r ♥❡❝❡ss❛r②
❜❡❝❛✉s❡ ♦❢ tr✉❝❦

❝❛♣❛❝✐t②

time

loadL

e ℓ

EAT

q

lL

✭❝✮ ❚✐♠❡ ✇✐♥❞♦✇
❧✐♠✐ts tr❛♥s❢❡r
t✐♠❡

time

loadL

e ℓ

EAT

q

lL
❢r❡❡
loadH

✭❞✮ ❚r❛✐❧❡r ❝❛♣❛❝✐t②
❧✐♠✐ts

tr❛♥s❢❡rr❛❜❧❡ ❧♦❛❞

❋✐❣✉r❡ ✹✳✻✿ ❙♣❡❝✐❛❧ ❝❛s❡s ❢♦r ❛rr✐✈❛❧ ❛t ❝✉st♦♠❡r ❝♦♥❝❡r♥✐♥❣ t❤❡ tr❛❞❡♦✛



✼✽ ✹✳✺✳ ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t ❚r❛♥s❢❡r ❚✐♠❡

■♥ ❣❡♥❡r❛❧✱ ❛ ♥♦♥✲③❡r♦ t✐♠❡✲❧♦❛❞ tr❛❞❡♦✛ ❝❛♥ ♦r ♠✉st ❜❡ ❝♦♥s✉♠❡❞ ♦r r❡❞✉❝❡❞✳ ❋✐❣✲
✉r❡ ✹✳✻ ✐❧❧✉str❛t❡s ❢♦✉r ❝❛s❡s ✇❤❡♥ t❤✐s ♦❝❝✉rs✳ ❆❧❧ ✈❛r✐❛♥ts ❞❡♣✐❝t ❛ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥ ❢♦r
t❤❡ ✈✐s✐t ♦❢ ❛ ❝✉st♦♠❡r ✇✐t❤ s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇ [e, ℓ]✱ ✐♥ ✇❤✐❝❤ lL r❡❢❡rs t♦ t❤❡ ♠❛①✐♠✉♠
♣♦t❡♥t✐❛❧❧② tr❛♥s❢❡r❛❜❧❡ ❧♦❛❞ ♦♥ ❜♦❛r❞ t❤❡ tr✉❝❦ ❜❡❢♦r❡ t❤❡ ✈✐s✐t ❛♥❞ q ✐s t❤❡ s✉♣♣❧② ♦❢
t❤❡ ❝✉rr❡♥t❧② ✈✐s✐t❡❞ ❝✉st♦♠❡r✳ ❋✐rst✱ ✐❢ ❛ ❝✉st♦♠❡r ✐s r❡❛❝❤❡❞ ❜❡❢♦r❡ t❤❡ t✐♠❡ ✇✐♥❞♦✇
♦♣❡♥s✱ ✐t ✐s ❛♥ ♦♣t✐♠❛❧ ♣♦❧✐❝② t♦ ✉s❡ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ♦❢ t❤❡ ✉♥❛✈♦✐❞❛❜❧❡ ✇❛✐t✐♥❣
t✐♠❡ ❢♦r tr❛♥s❢❡r✱ s❡❡ ❋✐❣✉r❡ ✹✳✻✭❛✮✳ ❙❡❝♦♥❞✱ ✐❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ tr✉❝❦ ❞♦❡s
♥♦t s✉✣❝❡ t♦ ❝♦❧❧❡❝t t❤❡ ❝♦♠♣❧❡t❡ s✉♣♣❧②✱ t❤❡ s✉r♣❧✉s ♠✉st ❜❡ tr❛♥s❢❡rr❡❞ ❧♦✇❡r✐♥❣ t❤❡
❞✐s♣♦s❛❜❧❡ ❛♠♦✉♥t ♦❢ ❧♦❛❞✱ s❡❡ ❋✐❣✉r❡ ✹✳✻✭❜✮✳ ❚❤✐r❞✱ ✐❢ ❛ ❝✉st♦♠❡r ✐s r❡❛❝❤❡❞ ✇✐t❤✐♥ ✐ts
s❡r✈✐❝❡ t✐♠❡ ✇✐♥❞♦✇ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ t✐♠❡ ❧✐♠✐ts t❤❡ tr❛♥s❢❡r t✐♠❡✱ s❡❡ ❋✐❣✉r❡ ✹✳✻✭❝✮✳
❋♦✉rt❤ ❛♥❞ ✜♥❛❧❧②✱ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ tr❛✐❧❡r ❧✐♠✐ts t❤❡ tr❛♥s❢❡rr❛❜❧❡ ❛♠♦✉♥t✱
s❡❡ ❋✐❣✉r❡ ✹✳✻✭❞✮✳

✹✳✺✳✶ ❚✐♠❡✲▲♦❛❞ ❚r❛❞❡♦✛✱ ❘❡s♦✉r❝❡s✱ ❛♥❞ t❤❡✐r Pr♦♣❛❣❛t✐♦♥

❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ t✐♠❡✲❧♦❛❞ tr❛❞❡♦✛ ❝✉r✈❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ■t ❝❛♥ ❜❡
❞❡✜♥❡❞ ❜② t❤r❡❡ ♣❛r❛♠❡t❡rs✿ t❤❡ ❡❛r❧✐❡st ♣♦ss✐❜❧❡ st❛rt✐♥❣ t✐♠❡ ♦❢ t❤❡ s❡r✈✐❝❡ ❛t t❤❡
✈❡rt❡① ✭Etime

i ✮✱ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ tr✉❝❦ ❧♦❛❞ ❛t t❤✐s t✐♠❡ ✭EloadL
i ✮✱ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧

❛❝❤✐❡✈❛❜❧❡ tr✉❝❦ ❧♦❛❞ ✭EloadL
i ✮✳ ❚❤❡ ❧❛tt❡r t✇♦ ✈❛❧✉❡s ❞❡✜♥❡ t✇♦ ♥❡✇ r❡s♦✉r❝❡s ❛♥❞ r❡♣❧❛❝❡

t❤❡ r❡s♦✉r❝❡ EloadL
i ♦❢ t❤❡ ❝❛s❡ ✇✐t❤ ❝♦♥st❛♥t tr❛♥s❢❡r t✐♠❡s ❤❛♥❞❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳

❆❝❝♦r❞✐♥❣❧②✱ ♥❡✇ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ r❡s♦✉r❝❡s Etime
i ✱ EloadL

i ✱ EloadL
i ✱

❛♥❞ EloadH
i ♠✉st ❜❡ ❞❡✜♥❡❞ ✇❤❡r❡❛s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❢❡❛s✐❜✐❧✐t② ❝❤❡❝❦s ♦❢ ❛❧❧ ♦t❤❡r

r❡s♦✉r❝❡s ✭Ecost
i , EposH

i , Ecustn
i ✱ ❛♥❞ EcollPosH

i ✮ ❛r❡ ♥♦t ❛✛❡❝t❡❞✳

time

loadL

Etime
i

EloadL
i

E
loadL
i

❋✐❣✉r❡ ✹✳✼✿ ❙❤❛♣❡ ♦❢ t❤❡ tr❛❞❡♦✛ ❝✉r✈❡

▲❡t (i, j) ∈ Ak ❜❡ ❛♥② ❛r❝ ✐♥ t❤❡ s✉❜♥❡t✇♦r❦ ♦❢ ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ k ∈ K✳ ❲❡ ❞❡✜♥❡
s♦♠❡ ❛✉①✐❧✐❛r② ✈❛❧✉❡s ✉s❡❢✉❧ ❢♦r ❞❡✜♥✐♥❣ t❤❡ ♥❡✇ ❘❊❋s ❢♦r ♣r♦♣❛❣❛t✐♥❣ t❤❡ ♥❡✇ r❡s♦✉r❝❡s
❛❧♦♥❣ (i, j)✳ ❋✐rst✱ t❤❡ ❧♦❛❞ t❤❛t ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ✐♥ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ✭LTWT ✮ ❞❡♣❡♥❞s
♦♥ t❤❡ ✉♥❛✈♦✐❞❛❜❧❡ ✇❛✐t✐♥❣ t✐♠❡✱ ✇❤✐❝❤ ✐s t❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡❛r❧✐❡st ❛rr✐✈❛❧
t✐♠❡ ❛♥❞ t❤❡ st❛rt ♦❢ t❤❡ t✐♠❡ ✇✐♥❞♦✇✱ ❛♥❞ ✐t ✐s ❛❧s♦ ❧✐♠✐t❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♣♦t❡♥t✐❛❧❧②
tr❛♥s❢❡r❛❜❧❡ ❧♦❛❞ ❛t ♣r❡✈✐♦✉s tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳ ❍❡♥❝❡✱ t❤✐s ✈❛❧✉❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞
❛s

RLTWT
ij (Ei) = min{ρ ·max{ej − (Etime

i + tij), 0}, E
loadL
i − E

loadL
i }.

❙❡❝♦♥❞✱ ✐♥ ♦r❞❡r t♦ s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✉st♦♠❡r j✱ t❤❡r❡ ♠❛② ❜❡ s♦♠❡ ❧♦❛❞ t❤❛t ♠✉st ❜❡



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✼✾

tr❛♥s❢❡rr❡❞ t♦ t❤❡ tr❛✐❧❡r ❜❡❢♦r❡ ✭NLTB✮✳ ❚❤✐s ❛♠♦✉♥t ✐s

RNLTB
ij (Ei) = max{EloadL

i + qj −Qk
L, 0}.

❚❤✐r❞✱ t❤❡ ♠✐♥✐♠❛❧ ❧♦❛❞ t❤❛t ❤❛s t♦ r❡♠❛✐♥ ✐♥ t❤❡ tr✉❝❦ ✭MinLL✮ ✐s r❡str✐❝t❡❞ ❜② t❤❡
tr❛✐❧❡r✬s ❝❛♣❛❝✐t② ❛♥❞ t❤❡ t✐♠❡ ✇✐♥❞♦✇ ♦❢ t❤❡ ❝✉rr❡♥t ✈❡rt❡① j✱ ✐✳❡✳✱

RMinLL
ij (Ej) = max{0, EloadL

j − (Qk
H − EloadH

j ), EloadL
j − ρ · (ℓj − Etime

j )}.

❚❤❡ ❘❊❋s ❢♦r ❡①t❡♥❞✐♥❣ ❛ ❧❛❜❡❧ Ei ❛❧♦♥❣ ❛♥ ❛r❝ (i, j) ♣r✐♠❛r✐❧② ❞❡♣❡♥❞ ♦♥ t❤❡ t②♣❡ ♦❢
t❤❡ ❤❡❛❞ ✈❡rt❡① j✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❘❊❋s ❜② ❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
❝❛s❡s✿
✭✶✮ t❤❡ ❛rr✐✈❛❧ ❛t ❛ ❝✉st♦♠❡r ✇✐t❤♦✉t t❤❡ tr❛✐❧❡r✱
✭✷✮ t❤❡ ❛rr✐✈❛❧ ❛t ❛ ❝✉st♦♠❡r ✇✐t❤ t❤❡ tr❛✐❧❡r ❛tt❛❝❤❡❞✱ ❛♥❞
✭✸✮ t❤❡ ❛rr✐✈❛❧ ❛t ❛ ❝♦✉♣❧✐♥❣✱ tr❛♥s❢❡r✱ ❞❡❝♦✉♣❧✐♥❣✱ ♦r t❤❡ ❞❡♣♦t ✈❡rt❡① d−✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❛❧s♦ ♣r❡s❡♥t ❛❧❧ ❘❊❋s ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r
t✐♠❡s ✐♥ t❤❡ st❛♥❞❛r❞ ❢♦r♠✱ ✐✳❡✳✱ ❣r♦✉♣❡❞ ❜② r❡s♦✉r❝❡s✱ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❙❡❝t✐♦♥ ✹✳❆✳

❆rr✐✈❛❧ ❛t ❈✉st♦♠❡r ✇✐t❤♦✉t ❚r❛✐❧❡r✳ ❆❧❧ ❧♦❛❞ ❤❛s t♦ ❜❡ ❝♦❧❧❡❝t❡❞ t♦ t❤❡ tr✉❝❦✱ ❜✉t
s♦♠❡t✐♠❡s t❤❡ tr✉❝❦ ❧♦❛❞ ❝❛♥ ✭LTWT ✮ ♦r ♠✉st ✭NLTB✮ ❜❡ r❡❞✉❝❡❞✳

Etime
j = max{ej , Etime

i + tij +RNLTB
ij (Ei)/ρ}

EloadL
j = EloadL

i + qj −max{RNLTB
ij (Ei), RLTWT

ij (Ei)}

EloadH
j = EloadH

i +max{RNLTB
ij (Ei), RLTWT

ij (Ei)}

E
loadL
j = max{EloadL

i + qj , R
MinLL
ij (Ej)}

❚❤❡ ❧❛❜❡❧ Ej r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❡①t❡♥s✐♦♥ ❛❧♦♥❣ ❛r❝ (i, j) ∈ Ak ✐s ❢❡❛s✐❜❧❡ ✐❢ Etime
j ≤ ℓj ✱

EloadH
j ≤ Qk

H ✱ ❛♥❞ RNLTB
ij ≤ EloadL

i −E
loadL
i ❤♦❧❞s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡

r❡♠❛✐♥✐♥❣ r❡s♦✉r❝❡s ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✷✮✳

❆rr✐✈❛❧ ❛t ❈✉st♦♠❡r ✇✐t❤ ❚r❛✐❧❡r ❛tt❛❝❤❡❞✳ ❚❤❡ s✉♣♣❧② ✐s ❝♦❧❧❡❝t❡❞ ❛s ♠✉❝❤ ❛s
♣♦ss✐❜❧❡ ❞✐r❡❝t❧② t♦ t❤❡ tr❛✐❧❡r t♦ ❦❡❡♣ t❤❡ tr✉❝❦ ✢❡①✐❜❧❡✳ ❚❤✉s✱ t❤❡ ♠❛①✐♠❛❧ tr✉❝❦
❧♦❛❞ EloadL

j ❡✐t❤❡r r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ♦r ✐s r❡❞✉❝❡❞ ❞✉r✐♥❣ t❤❡ ✉♥❛✈♦✐❞❛❜❧❡ ✇❛✐t✐♥❣ t✐♠❡
✭LTWT ✮ ♦r ✐s ✐♥❝r❡❛s❡❞ ✐❢ t❤❡ r❡s✐❞✉❛❧ tr❛✐❧❡r ❝❛♣❛❝✐t② ❞♦❡s ♥♦t s✉✣❝❡ t♦ ❝♦❧❧❡❝t t❤❡
✇❤♦❧❡ s✉♣♣❧②✳ ❚❤❡ tr❛✐❧❡r ❧♦❛❞ EloadH

j ✐s ❛❞❛♣t❡❞ ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡ ♠✐♥✐♠❛❧ tr✉❝❦ ❧♦❛❞

E
loadL
j ✐s ✐♥❝r❡❛s❡❞ ❜② t❤❡ s✉♣♣❧② ❝♦❧❧❡❝t❡❞ t♦ t❤❡ tr✉❝❦ ❛♥❞ ❧✐♠✐t❡❞ ❛s ❛❜♦✈❡ ❜② t❤❡

r❡s✐❞✉❛❧ tr❛✐❧❡r ❝❛♣❛❝✐t② ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t✐♠❡ s❧❛❝❦ ✭MinLL✮✳

Etime
j = max{ej , Etime

i + tij}

EloadL
j = EloadL

i −min{RLTWT
ij (Ei), Q

k
H − EloadH

i − qj}

EloadH
j = EloadH

i + qj +min{RLTWT
ij (Ei), Q

k
H − EloadH

i − qj}



✽✵ ✹✳✺✳ ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t ❚r❛♥s❢❡r ❚✐♠❡

E
loadL
j = max{EloadL

i +max{EloadH
i +RLTWT

ij (Ei) + qj −Qk
H , 0}, RMinLL

ij (Ej)}

❙✐♠✐❧❛r❧② t♦ t❤❡ ✜rst ❝❛s❡✱ t❤❡ ❧❛❜❡❧ Ej ✐s ❢❡❛s✐❜❧❡ ✇✳r✳t✳ t❤❡s❡ r❡s♦✉r❝❡s ✐❢ Etime
j ≤ ℓj ❛♥❞

t❤❡ ♠✐♥✐♠❛❧ tr✉❝❦ ❧♦❛❞ ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡ tr✉❝❦ ❝❛♣❛❝✐t②✱ ✐✳❡✳✱ EloadL
j ≤ Qk

L✳

❆rr✐✈❛❧ ❛t ❈♦✉♣❧✐♥❣✱ ❚r❛♥s❢❡r✱ ❉❡❝♦✉♣❧✐♥❣✱ ♦r ❉❡♣♦t✳ ◆♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧♦❛❞s ✐s
r❡❛❧✐③❡❞✱ ♦♥❧② t❤❡ ♣♦t❡♥t✐❛❧ tr❛♥s❢❡r ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❢r❡❡ ❝❛♣❛❝✐t② ✐♥ t❤❡ tr❛✐❧❡r✳

Etime
j = Etime

i + tij

EloadL
j = EloadL

i

EloadH
j = EloadH

i

E
loadL
j = RMinLL

ij (Ej)

❚❤❡ ♦♥❧② ❢❡❛s✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡s❡ r❡s♦✉r❝❡s ✐s Etime
j ≤ ℓj ✇❤❡♥ ❛rr✐✈✐♥❣ ❛t t❤❡ ❞❡♣♦t

j = d−✳

✹✳✺✳✷ ❉♦♠✐♥❛♥❝❡

❚❤❡ ♦r✐❣✐♥❛❧ ❞♦♠✐♥❛♥❝❡ ❤❛s t♦ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠♦❞❡❧ t❤❡ tr❛❞❡♦✛ ❝♦rr❡❝t❧②✳ ❆ ❧❛❜❡❧
Ej ✐s ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r ❧❛❜❡❧ E′j ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ✈❡rt❡① j✱ ✐❢ t❤❡ ❞♦♠✐♥❛♥❝❡
❝r✐t❡r✐❛ ✭✹✳✹✮ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✉♥❝❤❛♥❣❡❞ r❡s♦✉r❝❡s ❛r❡ ❢✉❧✜❧❧❡❞ ❛♥❞ ✐❢ ❢✉rt❤❡r♠♦r❡ t❤❡
tr❛❞❡♦✛ ❝✉r✈❡ ♦❢ Ej ❧✐❡s ❝♦♠♣❧❡t❡❧② ❧❡❢t ❜❡❧♦✇ t❤❡ ❝✉r✈❡ ♦❢ E′j ✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❛t ❡✈❡r②
❢❡❛s✐❜❧❡ s❡r✈✐❝❡ st❛rt t✐♠❡ ♦❢ ❧❛❜❡❧ E′j ✱ t❤❡ tr✉❝❦ ❧♦❛❞ ♦❢ Ej ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡
tr✉❝❦ ❧♦❛❞ ♦❢ E′j ✳ ❇❡❝❛✉s❡ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❞❡❝r❡❛s✐♥❣ ♣❛rt ♦❢ ❛❧❧ tr❛❞❡♦✛ ❝✉r✈❡s ✐s ❡q✉❛❧✱
t❤✐s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② r❡q✉✐r✐♥❣ ❛ s♠❛❧❧❡r ♦r ❡q✉❛❧ tr✉❝❦ ❧♦❛❞ ♦❢ ❧❛❜❡❧ Ej ❛t t❤❡ st❛rt✐♥❣
t✐♠❡ ♦❢ E′j ❛♥❞ ❛ ♥♦t ❣r❡❛t❡r ♠✐♥✐♠❛❧ tr✉❝❦ ❧♦❛❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♥♦t ❣r❡❛t❡r t✐♠❡✳ ❙♦
Ej ❞♦♠✐♥❛t❡s E′j ✱ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭✹✳✹❛✮ ✇✐t❤ res ∈ {cost, time, custn(n ∈ N)}✱ ✭✹✳✹❝✮✱ ✭✹✳✹❞✮

EloadL
j + EloadH

j ≤ E′j
loadL

+ E′j
loadH

EloadL
j − ρ · (E′j

time
− Etime

j ) ≤ E′j
loadL

E
loadL
j ≤ E′j

loadL

✹✳✺✳✸ ❇✐❞✐r❡❝t✐♦♥❛❧ ▲❛❜❡❧✐♥❣

❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✱ ❜❛❝❦✇❛r❞ ♣r♦♣❛❣❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ♦♥ ❛ r❡✈❡rs❡❞ ♥❡t✇♦r❦✳
❚❤❡ ♠❡r❣❡ ❝♦♥❞✐t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❛❞❛♣t❡❞ s❧✐❣❤t❧② t♦ ❝♦♥s✐❞❡r t❤❡ t✐♠❡✲❧♦❛❞ tr❛❞❡♦✛✳ ❚❤❡
t♦t❛❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② ❧✐♠✐ts t❤❡ s✉♠ ♦❢ t❤❡ ♠❛①✐♠❛❧ tr✉❝❦ ❧♦❛❞s ❛♥❞ t❤❡ tr❛✐❧❡r ❧♦❛❞s✳
❚❤❡ ❝♦♠❜✐♥❡❞ tr✉❝❦ ❧♦❛❞ ❤❛s t♦ r❡s♣❡❝t t❤❡ ❝❛♣❛❝✐t② ❜✉t ❝❛♥ ✉s❡ t❤❡ tr❛♥s❢❡r ♣♦t❡♥t✐❛❧s
❢r♦♠ ❜♦t❤ ♣❛rt✐❛❧ ♣❛t❤s✳ ❚❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢♦r✇❛r❞ ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞
❧❛❜❡❧ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r tr❛♥s❢❡r✱ ❜✉t ✐s r❡str✐❝t❡❞ ❜② t❤❡ s✉♠ ♦❢ t❤❡ tr❛♥s❢❡r ♣♦t❡♥t✐❛❧s



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✽✶

(loadL − loadL)✳ ❚❤✉s✱ ❛ ❢♦r✇❛r❞ ❧❛❜❡❧ Ei ❝❛♥ ❜❡ ❝♦♥❝❛t❡♥❛t❡❞ ✇✐t❤ ❛ ❜❛❝❦✇❛r❞ ❧❛❜❡❧
E′i ✇❤♦s❡ ♣r❡❞❡❝❡ss♦r ✐s ❣✐✈❡♥ ❜② E′j = pred(E′i)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛r❡ r❡s♣❡❝t❡❞✿

✭✹✳✻❛✮, ✭✹✳✻❞✮✕✭✹✳✻❢✮

EloadL
i + EloadH

i + E′j
loadL

+ E′j
loadH

≤ Qk
L +Qk

H

EloadL
i + E′j

loadL

−min{ρ · (E′j
time

− tij − Etime
i ), EloadL

i − E
loadL
i + E′j

loadL
− E′j

loadL
} ≤ Qk

L

✹✳✻ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰ ❛♥❞ ✉s❡ t❤❡ ▲P ❛♥❞ ▼■P s♦❧✈❡r ♦❢ ❈P▲❊❳
✶✷✳✻✳✵✳ ❆❧❧ ❝♦♠♣✉t❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ s✐♥❣❧❡ t❤r❡❛❞ ♠♦❞❡ ♦♥ ❛ P❈ ✇✐t❤ ❛♥ ■♥t❡❧
❈♦r❡ ✐✼✲✹✼✾✵❑ ❈P❯ ❝❧♦❝❦❡❞ ❛t ✸✳✻✵ ●❍③✱ ✇✐t❤ ✽ ●❇ ❘❆▼✱ r✉♥♥✐♥❣ ❲✐♥❞♦✇s ✼ ❊♥t❡r✲
♣r✐s❡✳ ❆♣❛rt ❢r♦♠ t❤❡ s✐♥❣❧❡✲t❤r❡❛❞ ♠♦❞❡✱ ❞❡❢❛✉❧t s❡tt✐♥❣s ✇❡r❡ ✉s❡❞ ❢♦r t❤❡ ❈P▲❊❳
▼■P s♦❧✈❡r✳ ❆❧❧ t❡sts ✇❡r❡ r✉♥ ✇✐t❤ ❛ ❈P❯ t✐♠❡ ❧✐♠✐t ♦❢ ♦♥❡ ❤♦✉r✳

✹✳✻✳✶ ■♥st❛♥❝❡s

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❡ ✉s❡❞ t✇♦ ❞✐✛❡r❡♥t t❡st s❡ts✳
❚❤❡ ✜rst ✐♥st❛♥❝❡ s❡t ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❉r❡①❧ ✭✷✵✶✶✮✳ ❚❤❡ ✐♥st❛♥❝❡s ❛r❡ str✉❝t✉r❡❞ s♦ ❛s

t♦ r❡s❡♠❜❧❡ t❤❡ s✐t✉❛t✐♦♥ ♦❢ r❛✇ ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥ ✐♥ ❇❛✈❛r✐❛✱ ●❡r♠❛♥②✳ ❊❛❝❤ ✐♥st❛♥❝❡ ❤❛s
t❤❡ s❛♠❡ ♥✉♠❜❡r n ♦❢ tr✉❝❦ ❝✉st♦♠❡rs✱ tr❛✐❧❡r ❝✉st♦♠❡rs✱ ❛♥❞ ❞❡❞✐❝❛t❡❞ tr❛♥ss❤✐♣♠❡♥t
❧♦❝❛t✐♦♥s✱ ✇✐t❤ n ∈ {6, . . . , 10, 25}✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡s❡ ✐♥st❛♥❝❡s ❛r❡ ❞❡♥♦t❡❞ ❜②
✏❚❚❘P❴♥✑✳ ◆♦t❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛t✐♦♥s ✐s 1 + 3n ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s
❡q✉❛❧s 2 + 8n✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✷✳ ❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ n✱ t❤❡r❡ ❛r❡ ✸✵ ❞✐✛❡r❡♥t
✐♥st❛♥❝❡s✳ ❚❤❡ ✈❡❤✐❝❧❡ ✢❡❡t ✐s ❤❡t❡r♦❣❡♥❡♦✉s✱ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t tr✉❝❦ t②♣❡s t❤❛t ❝❛♥
❜♦t❤ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ s✉✐t❛❜❧❡ tr❛✐❧❡r✱ ❧❡❛❞✐♥❣ t♦ ❢♦✉r ✈❡❤✐❝❧❡ ❝❧❛ss❡s ❛❧t♦❣❡t❤❡r✳ ❈♦sts
❛r❡ ✐♥❝✉rr❡❞ ❢♦r t❤❡ ❝♦✈❡r❡❞ ❞✐st❛♥❝❡✱ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❝♦sts ❢♦r ❛ ❝♦✉♣❧❡❞ tr❛✐❧❡r✳ ❚❤❡
❝✉st♦♠❡rs ❤❛✈❡ ♥♦ t✐♠❡ ✇✐♥❞♦✇s✱ ❜✉t ❛ ♠❛①✐♠❛❧ r♦✉t❡ ❞✉r❛t✐♦♥ ✐s ❣✐✈❡♥✳ ❲❡ ❞♦ ♥♦t
❛♣♣❧② t❤❡ str✐❝t ♣❛r❦✐♥❣ r✉❧❡ ♦❢ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮ ❢♦r t❤❡s❡ ✐♥st❛♥❝❡s✳
❚❤❡ s❡❝♦♥❞ ✐♥st❛♥❝❡ s❡t ✇❛s ❝r❡❛t❡❞ ❜② P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮ ❢r♦♠ t❤❡ ❙♦❧♦♠♦♥

✐♥st❛♥❝❡s ✭❙♦❧♦♠♦♥✱ ✶✾✽✼✮ ❜② ✐❞❡♥t✐❢②✐♥❣ tr✉❝❦ ❝✉st♦♠❡rs ❛s ❞❡s❝r✐❜❡❞ ❜② ▲✐♥ ❡t ❛❧✳
✭✷✵✶✶✮✿ ❝✉st♦♠❡rs ✇❡r❡ s♦rt❡❞ ❜② ✐♥❝r❡❛s✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡✐r ♥❡❛r❡st ♥❡✐❣❤❜♦r✱ ❛♥❞
❢r♦♠ ❡❛❝❤ ✐♥st❛♥❝❡✱ t❤r❡❡ ♥❡✇ ✐♥st❛♥❝❡s ✇❡r❡ ❞❡r✐✈❡❞ ❜② t❛❦✐♥❣ t❤❡ ✜rst ✷✺✪✱ ✺✵✪✱
❛♥❞ ✼✺✪ ♦❢ ❝✉st♦♠❡rs ❛s tr✉❝❦ ❝✉st♦♠❡rs ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s ❛s tr❛✐❧❡r ❝✉st♦♠❡rs✳
❚❤❡s❡ ✐♥st❛♥❝❡s ❛r❡ ❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❜② ✏❖r✐❣✐♥❛❧◆❛♠❡❴♥❴♣✑✱ ✇✐t❤ n ✐♥❞✐❝❛t✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✭✷✺✱ ✺✵✱ ✶✵✵✮ ❛♥❞ p st❛♥❞✐♥❣ ❢♦r t❤❡ r♦✉♥❞❡❞ ♣❡r❝❡♥t❛❣❡ ♦❢ tr✉❝❦
❝✉st♦♠❡rs ✭✷✺✱ ✺✵✱ ✼✺✮✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛t✐♦♥s ✐s 1+n ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❡q✉❛❧s
2 + pn+ 4(1− p)n✳ ❇❡s✐❞❡s✱ ❛ tr❛✐❧❡r ❝❛♣❛❝✐t② ✇❛s ❛❞❞❡❞✱ s♦ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✈❡❤✐❝❧❡
❝❧❛ss❡s✱ ♦♥❡ r❡♣r❡s❡♥t✐♥❣ ❛ ❝♦♠♣❧❡t❡ ✈❡❤✐❝❧❡ ❛♥❞ ♦♥❡ ❛ tr✉❝❦ ✇✐t❤♦✉t ❛ tr❛✐❧❡r✳ ❆s ❦♥♦✇♥✱
t❤❡ ❙♦❧♦♠♦♥ ✐♥st❛♥❝❡s ❤❛✈❡ t✐♠❡ ✇✐♥❞♦✇s✱ ❛♥❞ ❝♦sts ❛♥❞ t✐♠❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡



✽✷ ✹✳✻✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✇❤❡t❤❡r ♦r ♥♦t ❛ tr❛✐❧❡r ✐s ❛tt❛❝❤❡❞✳
◆♦t❡ t❤❛t ✇❡ r♦✉♥❞❡❞ ✉♣ t❤❡ t✐♠❡s t♦ ♦♥❡ ❞❡❝✐♠❛❧ ♣❧❛❝❡✳ ■♥ t❤❡s❡ ✐♥st❛♥❝❡s✱ t❤❡r❡ ❛r❡ ♥♦
❞❡❞✐❝❛t❡❞ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳ ❆s ♠❡♥t✐♦♥❡❞✱ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮ r❡q✉✐r❡
t❤❛t tr❛✐❧❡r ❝✉st♦♠❡r ❧♦❝❛t✐♦♥s ❜❡ ✉s❡❞ ❛s ♣❛r❦✐♥❣ ♣❧❛❝❡s ♦♥❧② ✐❢ t❤❡✐r s✉♣♣❧② ✐s ❝♦❧❧❡❝t❡❞
❞✉r✐♥❣ t❤❡ st♦♣✳ ❚❤✉s✱ ✇❡ ❛❧s♦ r❡s♣❡❝t t❤✐s str✐❝t ♣❛r❦✐♥❣ r✉❧❡ ❢♦r t❤❡s❡ ✐♥st❛♥❝❡s✳

✹✳✻✳✷ ❘❡s✉❧ts

Pr❡❧✐♠✐♥❛r② t❡sts s❤♦✇❡❞ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ r❡❞✉❝❡❞ ♥❡t✇♦r❦✱ ❛ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢
❝♦❧✉♠♥s t♦ ❛❞❞ ♣❡r ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ng✲♥❡✐❣❤❜♦r❤♦♦❞ ✭ng✲s✐③❡✮ ❝❛♥
❜❡ s✐❣♥✐✜❝❛♥t✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡ ❜❡st r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ t❤✐♥♥❡❞✲♦✉t ♥❡t✇♦r❦ ✇❡r❡
♦❜t❛✐♥❡❞ ❜② ❦❡❡♣✐♥❣✱ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r✱ ♦♥❧② t❤❡ ❛r❝s ❧❡❛❞✐♥❣ t♦ t❤❡ ✼ ♠♦st ♣r♦♠✐s✐♥❣
♥❡✐❣❤❜♦rs ✭t❤♦s❡ ✇✐t❤ ❧♦✇❡st r❡❞✉❝❡❞ ❝♦sts✮ ❛♥❞ t♦ t❤❡ ✺ ♥❡❛r❡st tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳
❆❧s♦ t❤❡ ❞❡♣♦t ✇❛s ❝♦♥♥❡❝t❡❞ ♦♥❧② t♦ t❤❡s❡ ✶✷ ❜❡st ♥❡✐❣❤❜♦rs✳ ❚❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r
♦❢ ❝♦❧✉♠♥s t♦ ❛❞❞ ♣❡r ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥ ✇❛s ❝❤♦s❡♥ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐♥st❛♥❝❡ s✐③❡✿ ✐t
✇❛s ❜❡st t♦ ❛❞❞ ❛t ♠♦st s✐① t✐♠❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳ ❚❤❡ ❜❡st ng✲s✐③❡ ❢♦r t❤❡
❚❚❘P✲✐♥st❛♥❝❡s ✇❛s ✻✱ ✇❤❡r❡❛s t❤❡ ♠♦❞✐✜❡❞ ❙♦❧♦♠♦♥ ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❜❡tt❡r
✇✐t❤ ❛♥ ng✲s✐③❡ ♦❢ ✽✳ ❲❡ ❧✐♠✐t❡❞ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ s✉❜s❡t✲r♦✇ ❝✉ts t♦ ✶✷✵ ❛♥❞
❣❡♥❡r❛t❡❞ ❛ ♠❛①✐♠✉♠ ♦❢ ✶✵ ❝✉ts s✐♠✉❧t❛♥❡♦✉s❧②✳ ❲❡ r❡q✉✐r❡❞ ❛ ♠✐♥✐♠✉♠ ✈✐♦❧❛t✐♦♥ ♦❢
✵✳✶ ❛♥❞ st♦♣♣❡❞ t❤❡ s❡♣❛r❛t✐♦♥ ❛❢t❡r t❤❡ t❤✐r❞ ❧❡✈❡❧ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡✳ ❲❡
r❡♣♦rt ❛❧❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ✐♥ s❡❝♦♥❞s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡❧❛t✐✈❡ ♦♣t✐♠❛❧✐t②
❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❜❡st ❢♦✉♥❞ ✉♣♣❡r ❜♦✉♥❞ ub ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ lb ❛t t❡r♠✐♥❛t✐♦♥ ❛s
(ub− lb)/ub · 100%✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r t❤❡ t✇♦ ✐♥st❛♥❝❡ s❡ts✳ ▼♦r❡ ❞❡t❛✐❧❡❞

r❡s✉❧ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱
❙❡❝t✐♦♥ ✹✳❇✳ ◆♦t❡ t❤❛t✱ ✉♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❡①t❡♥❞❡❞ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✹✳✸✳✷ ❞✐❞ ♥♦t ❝♦♥s✐st❡♥t❧② r❡❞✉❝❡ s♦❧✉t✐♦♥ t✐♠❡s❀ ❢♦r s❡✈❡r❛❧ ✐♥st❛♥❝❡s✱ t❤❡ str♦♥❣❡r
❞♦♠✐♥❛♥❝❡ ✇❛s ♦✛s❡t ❜② t❤❡ ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❢♦r t❤❡ ❞♦♠✐♥❛♥❝❡ ❝❤❡❝❦✳ ❋♦r t❤✐s
r❡❛s♦♥✱ ❛❧❧ ♣r❡s❡♥t❡❞ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t t❤❡ ❡①t❡♥❞❡❞ ❞♦♠✐♥❛♥❝❡ t❡sts✳
❚❤❡ ❛❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r t❤❡ ❚❚❘P ✐♥st❛♥❝❡s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹✳✸✳ ❖♥❧② t❡♥

♦❢ t❤❡ ❚❚❘P ✐♥st❛♥❝❡s ✇✐t❤ n ❜❡t✇❡❡♥ ✻ ❛♥❞ ✶✵ ❝♦✉❧❞ ♥♦t ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②
✇✐t❤✐♥ ♦♥❡ ❤♦✉r✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢ ❉r❡①❧ ✭✷✵✶✶✮✱ ✸✻ ♥❡✇ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✇❡r❡
❢♦✉♥❞✳ ❚❤❡ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s s♦❧✈❡❞ ✐♥ t❤❡ ❡①t❡♥❞❡❞ r♦♦t ♥♦❞❡ ❜② ✐♥❝♦r♣♦r❛t✐♥❣
t❤❡ s✉❜s❡t✲r♦✇ ❝✉ts ❞❡♠♦♥str❛t❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s✳ ❚❤❡ ❤✐❣❤❡st
r❡♠❛✐♥✐♥❣ ♦♣t✐♠❛❧✐t② ❣❛♣ ♦✈❡r❛❧❧ ✇❛s ❧❡ss t❤❛♥ ✺✪✱ ❛♥❞ t❤❡ ❧❛r❣❡st ✐♥st❛♥❝❡ t❤❛t ❝♦✉❧❞
❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❤❛❞ ✼✻ ❧♦❝❛t✐♦♥s✱ ✐✳❡✳✱ ✷✵✷ ✈❡rt✐❝❡s✳
❚❤❡ ❛❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r t❤❡ ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ✇✐t❤ ✷✺ ❝✉st♦♠❡rs ❛r❡ ♣r❡✲

s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✹✳✹✳ ❆❧❧ ✐♥ ❛❧❧✱ ♦♥❧② ✷ ♦❢ t❤❡s❡ ✶✻✽ ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ❝♦✉❧❞ ♥♦t
❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ ♦♥❡ ❤♦✉r ♦❢ ❈P❯ t✐♠❡✳ ❆s ❡①♣❡❝t❡❞✱ ❛ ❤✐❣❤❡r ♣❡r❝❡♥t❛❣❡
♦❢ tr✉❝❦ ❝✉st♦♠❡rs s✐♠♣❧✐✜❡s t❤❡ ♣r♦❜❧❡♠✱ ❜❡❝❛✉s❡ ❢❡✇❡r ♣❛r❦✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s ❡①✐st✳ ❆❧s♦
❢♦r t❤❡ ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s✱ t❤❡ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s ❤❛❞ ❛ ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
r❡s✉❧ts✳ ■♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❙❡❝t✐♦♥ ✹✳❇✱ ✐♥ ❚❛❜❧❡s ✹✳✽ ❛♥❞ ✹✳✾✱ ✇❡ ❛❧s♦ s❤♦✇ ♦✉r r❡s✉❧ts ❢♦r
t❤❡ ✺✵✲ ❛♥❞ ✶✵✵✲❝✉st♦♠❡r ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ♣r❡s❡♥t❡❞ ❜② P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉
✭✷✵✶✼✮✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢ P❛rr❛❣❤ ❛♥❞ ❈♦r❞❡❛✉ ✭✷✵✶✼✮✱ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥



❈❤❛♣t❡r ✹✳ ❚r✉❝❦✲❛♥❞✲❚r❛✐❧❡r ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✽✸

■♥st❛♥❝❡ s❡t ★ ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ∅ ❈P❯ t✐♠❡ ∅ ❣❛♣

❚♦t❛❧ ❘♦♦t ✇✴♦
❝✉ts

❘♦♦t ✇✐t❤
❝✉ts

❚❚❘P❴✻ ✸✵✴✸✵ ✻ ✷✾ ✶✳✺ ✵✳✵✵

❚❚❘P❴✼ ✸✵✴✸✵ ✻ ✷✽ ✸✻✳✼ ✵✳✵✵

❚❚❘P❴✽ ✷✾✴✸✵ ✹ ✷✼ ✶✽✷✳✹ ✵✳✵✷

❚❚❘P❴✾ ✷✼✴✸✵ ✸ ✷✺ ✸✾✷✳✺ ✵✳✵✺

❚❚❘P❴✶✵ ✷✹✴✸✵ ✷ ✷✵ ✽✹✷✳✹ ✵✳✷✵

❚❚❘P❴✷✺ ✶✴✸✵ ✵ ✶ ✸✺✺✾✳✺ ✶✳✺✶

❚♦t❛❧ ✶✹✶✴✶✽✵ ✷✶ ✶✸✵ ✽✸✺✳✽ ✵✳✷✾

❚❛❜❧❡ ✹✳✸✿ ❆❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r ❚❚❘P ✐♥st❛♥❝❡s

✇❛s ❢♦✉♥❞ ❢♦r ✸✺ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s✳
❘✉♥♥✐♥❣ t❤❡ ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ❢♦r ❛ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ②✐❡❧❞❡❞ t❤❡ r❡✲

s✉❧ts s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✺✳ ❲❡ ❛ss✉♠❡❞ t❤❛t ❡✈❡r② s❡❝♦♥❞ ❝✉st♦♠❡r ✇❛s ❛❧❧♦✇❡❞ t♦ ❜❡
✈✐s✐t❡❞ ❡✈❡r② ♦t❤❡r ❞❛②✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ r♦♦t st❛❜✐❧✐③❛t✐♦♥ ❞❡✲
s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ ❧❡❛❞s t♦ ❛ s✉r♣r✐s✐♥❣ r❡s✉❧t✳ ❉❡s♣✐t❡ ❛ ♠✉❝❤ s♠❛❧❧❡r r♦♦t s♦❧✉t✐♦♥
t✐♠❡ ✇❤❡♥ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♠❡t❤♦❞s✱ t❤❡ t♦t❛❧ s♦❧✉t✐♦♥ t✐♠❡ ✇❛s ♥♦t r❡✲
❞✉❝❡❞ ❝♦♥s✐st❡♥t❧②✱ ❛♥❞ ❡✈❡♥ s♦♠❡ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r ♦♣t✐♠❛❧✐t② ❣❛♣s ♦❝❝✉rr❡❞✳ ❚❤❡
r❡❛s♦♥ ✐s t❤❛t ♠❛♥② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛❧r❡❛❞② ✐♥ t❤❡ ❡①t❡♥❞❡❞ r♦♦t ♥♦❞❡
✭✇✐t❤ t❤❡ ❙❘ ❝✉ts✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ r♦♦t st❛❜✐❧✐③❛t✐♦♥✱ t❤❡ ❢♦r♠❡r ✐♥t❡❣r❛❧ s♦❧✉t✐♦♥ ✐s s♣❧✐t
❡✈❡♥❧② ❜❡t✇❡❡♥ ❜♦t❤ ❞❛②s✱ s♦ t❤❛t ❛ ♣♦t❡♥t✐❛❧ ✐♥t❡❣r❛❧✐t② ✐s ♠♦st❧② ❞❡str♦②❡❞✳ ❖✈❡r❛❧❧✱
♥❡❛r❧② ✼✵✪ ♦❢ t❤❡ t✇♦✲❞❛② ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ ♦♥❡ ❤♦✉r ♦❢
❈P❯ t✐♠❡✱ ❛❧t❤♦✉❣❤ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✐s t✇✐❝❡ ❛s ❤✐❣❤ ❛s ❢♦r t❤❡ ♦♥❡✲❞❛② ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥✳ ▼♦r❡♦✈❡r✱ ✐t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ♠♦r❡ t❤❛♥ ✶✹✪ ♦❢ t❤❡ ❝♦sts ❝❛♥ ❜❡ s❛✈❡❞ ❜②
s❡r✈✐♥❣ ❛ ♣❛rt ♦❢ t❤❡ ❝✉st♦♠❡rs ♦♥❧② ❡✈❡r② ♦t❤❡r ❞❛②✳
❘❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡

❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s✱ ❛s t❤❡ ♦♥❡s ♦❢ ❉r❡①❧ ✭✷✵✶✶✮ ❤❛✈❡ ♥♦ t✐♠❡ ✇✐♥❞♦✇s ❛♥❞ ❛r❡
t❤✉s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② ♥♦♥✲❝♦♥st❛♥t tr❛♥s❢❡r t✐♠❡s✳ ❲❡ ❛ss✉♠❡❞ ❛ tr❛♥s❢❡r r❛t❡ ♦❢ ♦♥❡
✉♥✐t ♣❡r s❡❝♦♥❞✱ ✐✳❡✳✱ ρ = 1✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✻✳
■♥ t❤❡ ✐♥st❛♥❝❡ s❡ts ❘✶✱ ❘✷✱ ❛♥❞ ❘❈✷✱ ❛❧❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♠❛t❝❤❡❞ t❤♦s❡ ❢♦r ❝♦♥st❛♥t
tr❛♥s❢❡r t✐♠❡s✳ ❚❤✐s ✐s s✐♠♣❧② ❜❡❝❛✉s❡ ✐♥ ❜♦t❤ ✈❡rs✐♦♥s✱ ❛❧❧ r♦✉t❡s ♦❢ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❛r❡
♣❡r❢♦r♠❡❞ ❜② s✐♥❣❧❡ tr✉❝❦s✳ ■♥ t❤❡ ❈✶✱ ❈✷✱ ❛♥❞ ❘❈✶ ✐♥st❛♥❝❡ ❣r♦✉♣s✱ ❤♦✇❡✈❡r✱ s❡✈❡r❛❧
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❞✐✛❡r❡❞ ❢r♦♠ t❤♦s❡ ❢♦r ❝♦♥st❛♥t tr❛♥s❢❡r t✐♠❡s ❛♥❞ ❤❛❞ ❤✐❣❤❡r ❝♦sts✳
◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s ✐s ❧✐♠✐t❡❞
✐❢ t❤❡ t✐♠❡ ✇✐♥❞♦✇s ❛r❡ ♥♦t t✐❣❤t ❛♥❞ ✐❢ t❤❡ ❛♠♦✉♥t ❝♦❧❧❡❝t❡❞ ❞✉r✐♥❣ ❛❧❧ s✉❜t♦✉rs ❜❛r❡❧②
❡①❝❡❡❞s t❤❡ tr✉❝❦ ❝❛♣❛❝✐t②✳ ❋✐♥❛❧❧②✱ ✐t ✐s ♥♦t❡✇♦rt❤② t❤❛t✱ ❞❡s♣✐t❡ t❤❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞
r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✈❡❞ ✐♥st❛♥❝❡s ❛♥❞ t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ❛r❡
♥❡❛r❧② ❛s ❣♦♦❞ ❛s t❤♦s❡ ❢♦r ❝♦♥st❛♥t tr❛♥s❢❡r t✐♠❡s✳
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❚❛❜❧❡ ✹✳✹✿ ❆❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ✇✐t❤ ✷✺ ❝✉st♦♠❡rs

✹✳✼ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ tr✉❝❦✲❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s
❛♥❞ t✇♦ ♥❡✇ ❡①t❡♥s✐♦♥s✿ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ✇❤❡r❡ ✐t ✐s ❛❧✲
❧♦✇❡❞ t♦ ✈✐s✐t s♦♠❡ ❝✉st♦♠❡rs ❡✈❡r② ♦t❤❡r ❞❛②✱ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t
t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ❢♦r t❤❡ tr❛♥s❢❡r ♦❢ ❧♦❛❞ ❢r♦♠ ❛ tr✉❝❦ t♦ ✐ts tr❛✐❧❡r✳ ❆❧❧ ✈❛r✐❛♥ts ✇❡r❡
t❛❝❦❧❡❞ ❜② ❡✛❡❝t✐✈❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s✱ ✉s✐♥❣ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s t♦
str❡♥❣t❤❡♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ❚❤❡ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❧❡❛❞s
t♦ ✉♥❞❡s✐r❛❜❧❡ s②♠♠❡tr✐❡s✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤❡s❡✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ❝♦♥str❛✐♥t✲❛❣❣r❡❣❛t✐♦♥ ❛♥❞
st❛❜✐❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡❡♣ ❞✉❛❧✲♦♣t✐♠❛❧ ✐♥❡q✉❛❧✐t✐❡s✳ ◗✉❛♥t✐t②✲
❞❡♣❡♥❞❡♥t ❧♦❛❞ tr❛♥s❢❡r t✐♠❡s ❝❛✉s❡ ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r t❤❡ tr❛♥s❢❡r
♦♣❡r❛t✐♦♥ ❛♥❞ t❤❡ tr✉❝❦ ❝❛♣❛❝✐t② ❣❛✐♥❡❞✳ ❚❤✐s r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ♣r✐❝✐♥❣
♣r♦❜❧❡♠s✳
❈♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❡st❛❜❧✐s❤❡❞ ❚❚❘P❚❲ ❜❡♥❝❤♠❛r❦

✐♥st❛♥❝❡s✳ ❚❤❡ r❡s✉❧ts ❝♦♠♣❛r❡ ✈❡r② ❢❛✈♦r❛❜❧② ✇✐t❤ t❤♦s❡ ❦♥♦✇♥ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡❀
♠❛♥② ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❢♦r t❤❡ ✜rst t✐♠❡✳ ❲❡ ❛ttr✐❜✉t❡ t❤✐s s✉❝❝❡ss
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❚❛❜❧❡ ✹✳✻✿ ❆❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ✇✐t❤ ✷✺ ❝✉st♦♠❡rs ❛♥❞
q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t tr❛♥s❢❡r t✐♠❡s

♠❛✐♥❧② t♦ t❤❡ ✉s❡ ♦❢ s✉❜s❡t✲r♦✇ ❝✉ts ❛♥❞ t❤❡ ♥❡✇ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳
❋✉rt❤❡r r❡s❡❛r❝❤ ❝❛♥ ❜❡ ❞♦♥❡ r❡❣❛r❞✐♥❣ ❛❧❣♦r✐t❤♠✐❝ ❛s ✇❡❧❧ ❛s ♣r♦❜❧❡♠ ❛s♣❡❝ts✳ ❆s

❢♦r ❛❧❣♦r✐t❤♠✐❝s✱ ❢♦r t❤❡ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✱ ❛♥ ✐♠♣r♦✈❡❞ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡
s②♠♠❡tr✐❝ t♦ t❤❡ ❛s②♠♠❡tr✐❝ tr❡❛t♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠ ♠✐❣❤t r❡❞✉❝❡ t❤❡ r✉♥ t✐♠❡s
s✐❣♥✐✜❝❛♥t❧②✳ ❚♦ t❤✐s ❡♥❞✱ ✐t ✇♦✉❧❞ ❜❡ ♥❡❝❡ss❛r② t♦ ❞❡✈✐s❡ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♣r♦❝❡❞✉r❡
❢♦r ✜♥❞✐♥❣ s✉✐t❛❜❧❡ s✉❜s❡ts ♦❢ t❤❡ ✜rst✲❞❛② ❝♦❧✉♠♥s t♦ ❝♦♣② t♦ t❤❡ s❡❝♦♥❞ ❞❛②✳
❋r♦♠ ❛ ♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♥❡①t ❜✐❣ st❡♣ ✇♦✉❧❞ ❜❡ t♦ ❛❜❛♥❞♦♥ t❤❡ ✜①❡❞

❛ss✐❣♥♠❡♥t ♦❢ tr❛✐❧❡rs t♦ tr✉❝❦s✳ ❊s♣❡❝✐❛❧❧② ✐❢ t❤❡ s❡r✈✐❝❡ ❛t ❝✉st♦♠❡rs t❛❦❡s ❛ s✐❣♥✐✜❝❛♥t
❛♠♦✉♥t ♦❢ t✐♠❡✱ ✐t ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ❧❡❛✈❡ ❛ tr❛✐❧❡r ❛t ❛ ❝✉st♦♠❡r ❢♦r ❧♦❛❞✐♥❣✱ ❝♦♥t✐♥✉❡
t❤❡ r♦✉t❡ ✇✐t❤ t❤❡ tr✉❝❦ ♦♥❧②✱ ❛♥❞ r❡❝♦✉♣❧❡ t❤❡ tr❛✐❧❡r ❧❛t❡r ✇✐t❤ t❤❡ s❛♠❡ ♦r ❛ ❞✐✛❡r❡♥t
❝♦♠♣❛t✐❜❧❡ tr✉❝❦✳ ❚❤✐s ❝♦♠♣❧✐❝❛t❡s t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❛❜❧②✱ ❜❡❝❛✉s❡ ❛ s②♥❝❤r♦♥✐③❛t✐♦♥
❜❡t✇❡❡♥ ❛❧❧ ✈❡❤✐❝❧❡s ❜❡❝♦♠❡s ♥❡❝❡ss❛r② ❛♥❞ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ❢♦r t❤❡ ❞✐✛❡r❡♥t ✈❡❤✐❝❧❡s
❜❡❝♦♠❡ ✐♥t❡r❞❡♣❡♥❞❡♥t✳
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❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ t❤r❡❡ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs ❢♦r t❤❡✐r ✈❡r② ❝❛r❡❢✉❧ r❡❛❞✐♥❣ ❛♥❞
❝♦♥str✉❝t✐✈❡ ❝♦♠♠❡♥ts t❤❛t ❤❡❧♣❡❞ t♦ s✐❣♥✐✜❝❛♥t❧② ❝❧❛r✐❢② t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t❡❞
♠❛t❡r✐❛❧✳ ❚❤❡ r❡s❡❛r❝❤ ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❉❡✉ts❝❤❡
❋♦rs❝❤✉♥❣s❣❡♠❡✐♥s❝❤❛❢t ✭❉❋●✮ ✉♥❞❡r ❣r❛♥ts ❉❘ ✾✻✸✴✷✲✶ ❛♥❞ ■❘ ✶✷✷✴✻✲✶ r❡s♣❡❝t✐✈❡❧②✳
❚❤✐s s✉♣♣♦rt ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳
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str❛t❡❣✐❡s ❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✾✭✺✮✱ ✶✷✻✾✕✶✷✽✸✳

❇❛ts②♥✱ ▼✳ ❛♥❞ P♦♥♦♠❛r❡♥❦♦✱ ❆✳ ✭✷✵✶✹✮✳ ❍❡✉r✐st✐❝ ❢♦r ❛ r❡❛❧✲❧✐❢❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣
♣r♦❜❧❡♠✳ Pr♦❝❡❞✐❛ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✶✱ ✼✼✽✕✼✾✷✳

❇❡❧❡♥❣✉❡r✱ ❏✳✱ ❇❡♥❛✈❡♥t✱ ❊✳✱ ▼❛rtí♥❡③✱ ❆✳✱ Pr✐♥s✱ ❈✳✱ Pr♦❞❤♦♥✱ ❈✳✱ ❛♥❞ ❱✐❧❧❡❣❛s✱ ❏✳
✭✷✵✶✻✮✳ ❆ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✐♥❣❧❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ s❛t❡❧❧✐t❡ ❞❡♣♦ts✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✺✵✭✷✮✱ ✼✸✺✕✼✹✾✳

❇❡♥ ❆♠♦r✱ ❍✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ❛♥❞ ❱❛❧ér✐♦ ❞❡ ❈❛r✈❛❧❤♦✱ ❏✳ ▼✳ ✭✷✵✵✻✮✳ ❉✉❛❧✲♦♣t✐♠❛❧
✐♥❡q✉❛❧✐t✐❡s ❢♦r st❛❜✐❧✐③❡❞ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✹✭✸✮✱ ✹✺✹✕✹✻✸✳

❇♦❞❡✱ ❈✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✷✮✳ ❈✉t✲✜rst ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲s❡❝♦♥❞ ❢♦r t❤❡ ❝❛♣❛❝✐t❛t❡❞
❛r❝✲r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✻✵✭✺✮✱ ✶✶✻✼✕✶✶✽✷✳

❇♦❞✐♥✱ ▲✳ ❛♥❞ ▲❡✈②✱ ▲✳ ✭✷✵✵✵✮✳ ❙❝❤❡❞✉❧✐♥❣ ♦❢ ❧♦❝❛❧ ❞❡❧✐✈❡r② ❝❛rr✐❡r r♦✉t❡s ❢♦r t❤❡ ✉♥✐t❡❞
st❛t❡s ♣♦st❛❧ s❡r✈✐❝❡✳ ■♥ ▼✳ ❉r♦r✱ ❡❞✐t♦r✱ ❆r❝ ❘♦✉t✐♥❣✿ ❚❤❡♦r②✱ ❙♦❧✉t✐♦♥s✱ ❛♥❞ ❆♣♣❧✐✲
❝❛t✐♦♥s✱ ♣❛❣❡s ✹✶✾✕✹✹✷✳ ❙♣r✐♥❣❡r✱ ❇♦st♦♥✱ ▼❆✳

❇rø♥♠♦✱ ●✳✱ ❈❤r✐st✐❛♥s❡♥✱ ▼✳✱ ❛♥❞ ◆②❣r❡❡♥✱ ❇✳ ✭✷✵✵✼✮✳ ❙❤✐♣ r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ✇✐t❤
✢❡①✐❜❧❡ ❝❛r❣♦ s✐③❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❙♦❝✐❡t②✱ ✺✽✭✾✮✱ ✶✶✻✼✕✶✶✼✼✳

❈❛r❛♠✐❛✱ ▼✳ ❛♥❞ ●✉❡rr✐❡r♦✱ ❋✳ ✭✷✵✶✵❛✮✳ ❆ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r
r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❙♦❝✐❡t②✱ ✻✶✭✼✮✱ ✶✶✻✽✕✶✶✽✵✳

❈❛r❛♠✐❛✱ ▼✳ ❛♥❞ ●✉❡rr✐❡r♦✱ ❋✳ ✭✷✵✶✵❜✮✳ ❆ ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ✐♥❝♦♠♣❛t✐❜✐❧✐t②
❝♦♥str❛✐♥ts✳ ■♥t❡r❢❛❝❡s✱ ✹✵✭✷✮✱ ✶✸✵✕✶✹✸✳

❈❤❛♦✱ ■✳ ✭✷✵✵✷✮✳ ❆ t❛❜✉ s❡❛r❝❤ ♠❡t❤♦❞ ❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❈♦♠✲
♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✷✾✭✶✮✱ ✸✸✕✺✶✳

❈✉❞❛✱ ❘✳✱ ●✉❛st❛r♦❜❛✱ ●✳✱ ❛♥❞ ❙♣❡r❛♥③❛✱ ▼✳ ✭✷✵✶✺✮✳ ❆ s✉r✈❡② ♦♥ t✇♦✲❡❝❤❡❧♦♥ r♦✉t✐♥❣
♣r♦❜❧❡♠s✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✺✱ ✶✽✺✕✶✾✾✳

❉❡r✐❣s✱ ❯✳✱ P✉❧❧♠❛♥♥✱ ▼✳✱ ❛♥❞ ❱♦❣❡❧✱ ❯✳ ✭✷✵✶✸✮✳ ❚r✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣✖Pr♦❜❧❡♠s✱
❤❡✉r✐st✐❝s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐❡♥❝❡✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✷✮✱
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❉❡s❛✉❧♥✐❡rs✱ ●✳ ✭✷✵✶✵✮✳ ❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❢♦r t❤❡ s♣❧✐t✲❞❡❧✐✈❡r② ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✺✽✭✶✮✱ ✶✼✾✕✶✾✷✳
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❤♦♦❞ s❡❛r❝❤ ❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❈♦♠♣✉t❡rs
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✼✽✵✕✼✾✹✳
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✇✐t❤ ❡✈♦❧✉t✐♦♥❛r② ♣❛t❤ r❡❧✐♥❦✐♥❣ ❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡rs
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❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱
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♣❛t❤s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✻✺✭✶✮✱ ✾✼✕✶✵✼✳



✾✵ ✹✳❆✳ ❘❡s♦✉r❝❡ ❊①t❡♥s✐♦♥ ❋✉♥❝t✐♦♥s ❢♦r ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t ▲♦❛❞ ❚r❛♥s❢❡r ❚✐♠❡s

❆♣♣❡♥❞✐①

✹✳❆ ❘❡s♦✉r❝❡ ❊①t❡♥s✐♦♥ ❋✉♥❝t✐♦♥s ❢♦r ◗✉❛♥t✐t②✲❉❡♣❡♥❞❡♥t

▲♦❛❞ ❚r❛♥s❢❡r ❚✐♠❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❘❊❋s ❢♦r q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t ❧♦❛❞ tr❛♥s❢❡r
t✐♠❡s ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✺✮ ❣r♦✉♣❡❞ ❜② r❡s♦✉r❝❡✳

Ecost
j = Ecost

i + c̃kij(δEposH

i
,⊥)

Etime
j =

{
max{ej , Etime

i + tij +RNLTB
ij (Ei)/ρ}, j ∈ N ❛♥❞ EposH

i 6= ⊥

max{ej , Etime
i + tij}, ♦t❤❡r✇✐s❡.

EloadL
j =





EloadL
i + qj −max

{
RNLTB

ij (Ei), RLTWT
ij (Ei)

}
, j ∈ N ❛♥❞ EposH

i 6= ⊥

EloadL
i −min{RLTWT

ij (Ei), Q
k
H − EloadH

i − qj}, j ∈ NH ❛♥❞ EposH
i = ⊥

EloadL
i , j ∈ D ∪ T ∪ C ∪ d−

E
loadL
j =





max{E
loadL
i + qj , R

MinLL
ij (Ej)}, j ∈ N ❛♥❞ EposH

i 6= ⊥

max{E
loadL
i +max{EloadH

i + qj −Qk
H , 0}, RMinLL

ij (Ej)}, j ∈ NH ❛♥❞ EposH
i = ⊥

RMinLL
ij (Ej), j ∈ D ∪ T ∪ C ∪ d−

EloadH
j =





EloadH
i +max{RNLTB

ij (Ei), RLTWT
ij (Ei)}, j ∈ N ❛♥❞ EposH

i 6= ⊥

EloadH
i + qj +min{RLTWT

ij (Ei), Q
k
H − EloadH

i − qj}, j ∈ NH ❛♥❞ EposH
i = ⊥

EloadH
i , j ∈ D ∪ T ∪ C ∪ d−

EposH
j =





EposH
i , j ∈ N ∪ T

p, j ∈ D ✇❤❡r❡ j = d(p), p ∈ P

⊥, j ∈ C ∪ {d−}

Ecustn
j =

{
Ecustn

i + 1, j ∈ N ❛♥❞ j = n

max{Ecustn
i , Un(Ej)}, ♦t❤❡r✇✐s❡✳
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❚❛❜❧❡ ✹✳✼ s❤♦✇s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❧❛❜❡❧✐♥❣ ❞✐r❡❝t✐♦♥s ✐♥
t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ❋♦r t❤❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞✱ t❤❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❜❛❝❦✇❛r❞
❛♥❞ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✱ t❤❡ ❛✈❡r❛❣❡
❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s✱ t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❣❛♣ ❜❡t✇❡❡♥ ❜❡st ✉♣♣❡r ❜♦✉♥❞ ❛♥❞ t❤❡ ❧♦✇❡r
❜♦✉♥❞ ❛t t❡r♠✐♥❛t✐♦♥✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ❧❛❜❡❧s ♣❡r ✐♥st❛♥❝❡ ❣r♦✉♣ ✐♥ 106 ❛r❡
❣✐✈❡♥✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❝♦✉❧❞ r❡❞✉❝❡ t❤❡ r✉♥t✐♠❡ ❜② ❛❜♦✉t ✹✵✪
❝♦♠♣❛r❡❞ t♦ t❤❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳

❋♦r✇❛r❞ ❇❛❝❦✇❛r❞ ❇✐❞✐r❡❝t✐♦♥❛❧
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❚❛❜❧❡ ✹✳✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧❛❜❡❧✐♥❣ str❛t❡❣✐❡s ❢♦r ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥st❛♥❝❡s ✇✐t❤ ✷✺ ❝✉s✲
t♦♠❡rs

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s s❤♦✇ ❞❡t❛✐❧❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r t❤❡ ❙♦❧♦♠♦♥✲❜❛s❡❞ ✐♥✲
st❛♥❝❡s ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ❚❚❘P ✐♥st❛♥❝❡s ✇✐t❤ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ❛♥❞ ❛❞✲
❞✐t✐♦♥❛❧ tr❛♥ss❤✐♣♠❡♥t ❧♦❝❛t✐♦♥s✳ ❆❧❧ ❝♦❧✉♠♥s ❤❛✈❡ t❤❡ s❛♠❡ ❤❡❛❞❡rs ❛♥❞ ✐♥❢♦r♠ ❛❜♦✉t
t❤❡ t❡st❡❞ ✐♥st❛♥❝❡✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞✱ t❤❡ r❡s✉❧t✐♥❣ ♦♣t✐♠❛❧✐t② ❣❛♣✱ t❤❡
s♦❧✉t✐♦♥ t✐♠❡ ✐♥ s❡❝♦♥❞s ✭✇✐t❤ ❚✳▲✳ ✐♥❞✐❝❛t✐♥❣ t❤❡ t✐♠❡ ❧✐♠✐t ♦❢ ✶ ❤♦✉r✮✱ t❤❡ ♥✉♠❜❡r ♦❢
❛❞❞❡❞ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡s ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ❣❡♥❡r❛t❡❞ r♦✉t❡s✳ ■♥st❛♥❝❡s t❤❛t ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❢♦r t❤❡ ✜rst t✐♠❡ ❛r❡
♣r✐♥t❡❞ ✐♥ ❜♦❧❞✳
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❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r t❤❡ P❡r✐♦❞✐❝
❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❋❧❡①✐❜❧❡
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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❛❞❞r❡ss❡s t❤❡ ♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s
✭P❱❘P❚❲✮✳ ❚❤❡r❡✐♥✱ ❝✉st♦♠❡rs r❡q✉✐r❡ ♦♥❡ ♦r s❡✈❡r❛❧ ✈✐s✐ts ❞✉r✐♥❣ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥
♦❢ s❡✈❡r❛❧ ♣❡r✐♦❞s✳ ❚❤❡ ♣♦ss✐❜❧❡ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s ✭s❝❤❡❞✉❧❡s✮ ♣❡r ❝✉st♦♠❡r ❛r❡ ❧✐♠✐t❡❞✳
■♥ t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P❚❲✱ ✐t ✐s ❝♦♠♠♦♥ t♦ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ❝✉st♦♠❡r r❡q✉✐r❡s ❛ s♣❡❝✐✜❝
✈✐s✐t ❢r❡q✉❡♥❝② ❛♥❞ ♦✛❡rs ❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡❞✉❧❡s ✇✐t❤ r❡❣✉❧❛r ✐♥t❡r✈❛❧s ❜❡t✇❡❡♥ t❤❡
✈✐s✐ts✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣❡r♠✐t ❛❧❧ ❦✐♥❞s ♦❢ s❝❤❡❞✉❧❡ str✉❝t✉r❡s ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡r✲
✈✐❝❡ ❢r❡q✉❡♥❝②✳ ❲❡ ♣r❡s❡♥t ❛♥ ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧
P❱❘P❚❲ ❛♥❞ ✐ts ✈❛r✐❛♥t ✇✐t❤ ✢❡①✐❜❧❡ s❝❤❡❞✉❧❡s✳ ❚❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ❡❧❡♠❡♥t❛r②
s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳ ❚❤❡② ❝❛♥ ❜❡ ❜❛s❡❞ ♦♥ ♦♥❡ ♦❢ t✇♦ ♥❡✇
t②♣❡s ♦❢ ♥❡t✇♦r❦s ❛♥❞ s♦❧✈❡❞ ✇✐t❤ ❛ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✉s❡s s❡✈❡r❛❧ ❦♥♦✇♥ ❛❝❝❡❧✲
❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ ❛♥❞ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥ts ✇✐t❤✐♥
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳ ❋♦r ✐♥st❛♥❝❡s ✇❤♦s❡ s❝❤❡❞✉❧❡ s❡ts ❢✉❧✜❧❧ ❛ ❝❡rt❛✐♥ s②♠♠❡tr② ❝♦♥❞✐✲
t✐♦♥✱ ✇❡ ♣r❡s❡♥t s♣❡❝✐❛❧✐③❡❞ ✐♠♣r♦✈❡♠❡♥ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ s✉❝❤ ❛s ❝♦♥str❛✐♥t ❛❣❣r❡❣❛t✐♦♥
❛♥❞ s②♠♠❡tr② ❜r❡❛❦✐♥❣✳ ❈♦♠♣✉t❛t✐♦♥❛❧ t❡sts ♦♥ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❢♦r t❤❡ P❱❘P❚❲
s❤♦✇ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ ❞✐✛❡r❡♥t
s❝❤❡❞✉❧❡ str✉❝t✉r❡s ♦♥ r✉♥ t✐♠❡s ❛♥❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s✳
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❚❤❡ ♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✭P❱❘P✮ ❡①t❡♥❞s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠ t♦ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ♠✉❧t✐♣❧❡ ♣❡r✐♦❞s✱ ✇❤✐❝❤ r❡♣❡❛ts ❝♦♥t✐♥✉♦✉s❧② ♦✈❡r t✐♠❡✳
❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ r❡❢❡r t♦ ❛ ❞❛② ✐♥st❡❛❞ ♦❢ ❛ ♣❡r✐♦❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❈✉st♦♠❡rs
♥❡❡❞ t♦ ❜❡ s❡r✈❡❞ ♦♥❡ ♦r s❡✈❡r❛❧ t✐♠❡s ❞✉r✐♥❣ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✱ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ♦❢ t❤❡✐r
♦✛❡r❡❞ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s✳ ❇② r❡s♣❡❝t✐♥❣ t✐♠❡ ✇✐♥❞♦✇s ♦❢ t❤❡ ❝✉st♦♠❡rs ❞✉r✐♥❣ ❡❛❝❤ ❞❛②✱
t❤❡ P❱❘P ❜❡❝♦♠❡s t❤❡ ♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭P❱❘P❚❲✮✳
❚❤❡ ♣r♦❜❧❡♠ ♦❝❝✉rs ✐♥ ♠❛♥② r❡❛❧✲✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ♣r♦❞✉❝t ❞❡❧✐✈❡r②✱ ✐♥
✇❛st❡ ❝♦❧❧❡❝t✐♦♥ ❛♥❞ ✐♥ s♦♠❡ ❤❡❛❧t❤✲❝❛r❡ s❡r✈✐❝❡s✳
❚❤❡ P❱❘P ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❞❡♣♦t✱ ❛ s❡t ♦❢ ❝❛♣❛❝✐✲

t❛t❡❞ ✈❡❤✐❝❧❡s ❝❛♥ ♣❡r❢♦r♠ r♦✉♥❞ tr✐♣s ✇✐t❤ ❛ ❧✐♠✐t❡❞ ❞✉r❛t✐♦♥ ♦♥ ❡✈❡r② ❞❛②✳ ❚❤❡s❡ r♦✉♥❞
tr✐♣s✱ ❝❛❧❧❡❞ r♦✉t❡s✱ s❡r✈❡ ❛ s✉❜s❡t ♦❢ t❤❡ ❝✉st♦♠❡rs ❛♥❞ ♠❛② ❞✐✛❡r ❢r♦♠ ❞❛② t♦ ❞❛②✳ ❊✈✲
❡r② ❝✉st♦♠❡r ❤❛s ❛ ❞❛✐❧② ❞❡♠❛♥❞ ❛♥❞ ♦✛❡rs ❛ s❡t ♦❢ ❝♦♥✈❡♥✐❡♥t ✈✐s✐t✐♥❣ ♣❛tt❡r♥s t❤❛t ❛r❡
❝❛❧❧❡❞ s❝❤❡❞✉❧❡s✳ ❆ s❝❤❡❞✉❧❡ ❝♦♥t❛✐♥s ❛ s✉❜s❡t ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞❛②s ✇❤♦s❡ ❝♦♠❜✐♥❛t✐♦♥
✐s ❛❧❧♦✇❡❞ ❢♦r ✈✐s✐t✐♥❣ t❤❡ ❝✉st♦♠❡r✳ ❚❤r♦✉❣❤ t❤❡ ✈✐s✐t✐♥❣ ❞❛②s s♣❡❝✐✜❡❞ ❜② ❛ s❝❤❡❞✉❧❡✱
t❤❡ ❞❡❧✐✈❡r② ❛♠♦✉♥t ❢♦r ❡✈❡r② ✈✐s✐t ✐s ❛❧s♦ ❞❡t❡r♠✐♥❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ r❡❣❛r❞✐♥❣ ❛ ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥ ♦❢ s✐① ❞❛②s ❢r♦♠ ▼♦♥❞❛② t♦ ❙❛t✉r❞❛②✱ ❛ ❝✉st♦♠❡r ♠❛② ♦✛❡r t♦ ❜❡ ✈✐s✐t❡❞ ❡✐t❤❡r
♦♥ ▼♦♥❞❛② ❛♥❞ ❚❤✉rs❞❛②✱ ♦r ♦♥ ❚✉❡s❞❛② ❛♥❞ ❋r✐❞❛②✱ ♦r ♦♥ ❲❡❞♥❡s❞❛② ❛♥❞ ❙❛t✉r❞❛②✳
■♥ ❡✈❡r② ❝❛s❡✱ t❤❡ ❞❡♠❛♥❞ ❢♦r t❤r❡❡ ❞❛②s ❤❛s t♦ ❜❡ ❞❡❧✐✈❡r❡❞ ❛t ❡❛❝❤ ✈✐s✐t✳ ❚❤❡ ❣♦❛❧ ✐s t♦
♠✐♥✐♠✐③❡ t❤❡ ♦✈❡r❛❧❧ r♦✉t✐♥❣ ❝♦sts✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ P❱❘P ❝♦♠❜✐♥❡s ❛♥ ❛ss✐❣♥♠❡♥t ❛♥❞ ❛ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❞❡❝✐s✐♦♥✳ ❊①❛❝t❧②

♦♥❡ s❝❤❡❞✉❧❡ ❤❛s t♦ ❜❡ s❡❧❡❝t❡❞ ❢♦r ❡✈❡r② ❝✉st♦♠❡r✳ ■❢ t❤✐s ❞❡❝✐s✐♦♥ ✇❛s ✜①❡❞✱ ❛ ✈❡❤✐❝❧❡
r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇♦✉❧❞ ♥❡❡❞ t♦ ❜❡ s♦❧✈❡❞ ❢♦r ❡✈❡r② ❞❛② t♦ ❞❡t❡r♠✐♥❡ t❤❡ s❡t ♦❢ ❝✉st♦♠❡rs
s❡r✈❡❞ ♦♥ t❤❡ s❛♠❡ r♦✉t❡ ❛♥❞ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ s❡r✈❡❞✳
■♥ t❤❡ P❱❘P ❧✐t❡r❛t✉r❡✱ ✐t ✐s ❝♦♠♠♦♥ t♦ ❛ss✉♠❡ ❛ s♣❡❝✐❛❧ ♣❡r✐♦❞✐❝ str✉❝t✉r❡ ♦❢ t❤❡

s❝❤❡❞✉❧❡s✳ ❆ s❝❤❡❞✉❧❡ ✐s ❝❛❧❧❡❞ r❡❣✉❧❛r ✐❢ t❤❡ ✐♥t❡r✈❛❧s ❜❡t✇❡❡♥ t✇♦ ✈✐s✐ts ❛r❡ ❛❧✇❛②s ❡q✉❛❧
✭❛ss✉♠✐♥❣ ❛ ❝②❝❧✐❝ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✮✳ ❚✇♦ s❝❤❡❞✉❧❡s ❛r❡ ♦✈❡r❧❛♣♣✐♥❣ ✐❢
❜♦t❤ ❛❧❧♦✇ ❛ ✈✐s✐t ♦♥ t❤❡ s❛♠❡ ❞❛②✳ ❚②♣✐❝❛❧❧②✱ t❤❡ s❝❤❡❞✉❧❡s ♦❢ ❛ ❝✉st♦♠❡r ❛r❡ ❛ss✉♠❡❞ t♦
❜❡ r❡❣✉❧❛r ❛♥❞ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞ ✈✐s✐ts t♦ ❛ ❝❡rt❛✐♥
❝✉st♦♠❡r ❞✉r✐♥❣ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✱ ❝❛❧❧❡❞ t❤❡ ✈✐s✐t ❢r❡q✉❡♥❝②✱ ✐s ✉s✉❛❧❧② s♣❡❝✐✜❡❞✳ ■♥
❛❞❞✐t✐♦♥✱ ❢♦r♠❡r ♣✉❜❧✐❝❛t✐♦♥s ✉s✉❛❧❧② ♣r❡s✉♠❡❞ t❤❛t ❡✈❡r② ❝✉st♦♠❡r ❝❛♥ ❜❡ ✈✐s✐t❡❞ ♦♥
❡✈❡r② ❞❛②✳ ❲❡ ❝❛❧❧ ❛ s❡t ♦❢ s❝❤❡❞✉❧❡s st❛♥❞❛r❞ ✐❢ ❛❧❧ s❝❤❡❞✉❧❡s ❛r❡ r❡❣✉❧❛r✱ ♣❛✐r✇✐s❡ ♥♦♥✲
♦✈❡r❧❛♣♣✐♥❣✱ r❡q✉✐r❡ t❤❡ s❛♠❡ ✈✐s✐t ❢r❡q✉❡♥❝② ❛♥❞ ✐❢ ❡✈❡r② ❞❛② ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛t ❧❡❛st ♦♥❡
s❝❤❡❞✉❧❡✳ ❚❤❡ ❝✉st♦♠❡rs✬ s❝❤❡❞✉❧❡ s❡ts ✐♥ ❡①✐st✐♥❣ P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❛r❡
❛❧✇❛②s st❛♥❞❛r❞✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ r❡❧❛① t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❝♦♥s✐❞❡r ❛❞❞✐t✐♦♥❛❧❧②
✐rr❡❣✉❧❛r ❛♥❞ ♦✈❡r❧❛♣♣✐♥❣ s❝❤❡❞✉❧❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ♣❡r ❝✉st♦♠❡r✳
❆ s♠❛❧❧ ❡①❛♠♣❧❡ ♦❢ ❛ P❱❘P ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❢♦✉r ❞❛②s ✭0, 1, 2, 3✮ ❛♥❞ ✐ts

♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ ❛✈❛✐❧❛❜❧❡ ✈❡❤✐❝❧❡ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❋♦r ❡✈❡r② ❝✉st♦♠❡r
✭A,B,C,D,E✮✱ t❤❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s ❛r❡ ✐♥❞✐❝❛t❡❞ ❝❧♦s❡ t♦ ❡❛❝❤ ♥♦❞❡ ❛♥❞ t❤❡ ❝❤♦s❡♥
s❝❤❡❞✉❧❡ ✐s ✉♥❞❡r❧✐♥❡❞✳ ❙♦♠❡ ❝✉st♦♠❡rs ♦✛❡r st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts ✭✐✳❡✳✱ ❝✉st♦♠❡rs
❆ ❛♥❞ ❊✮✳ ■♥ ❝♦♥tr❛st✱ t❤❡ s❝❤❡❞✉❧❡ s❡t ♦❢ ❝✉st♦♠❡r ❇ ❢✉❧✜❧❧s ♥♦♥❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s
❢♦r st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✳ ❚❤❡ s❝❤❡❞✉❧❡ {0, 2, 3} ✐s ✐rr❡❣✉❧❛r ❜❡❝❛✉s❡ ✐t ✐♥❞✉❝❡s ✈✐s✐t



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✵✸

✐♥t❡r✈❛❧s ♦❢ ✶ ❛♥❞ ✷ ❞❛②s✳ ❆❧❧ s❝❤❡❞✉❧❡s ♦❢ ❇ ❛r❡ ♦✈❡r❧❛♣♣✐♥❣ ❜❡❝❛✉s❡ ❡❛❝❤ ❛❧❧♦✇s ❛ ✈✐s✐t
♦♥ ❞❛② ✵✳ ❚❤❡ ✈✐s✐t ❢r❡q✉❡♥❝② ✈❛r✐❡s ❜❡t✇❡❡♥ ✷ ❛♥❞ ✸ ✈✐s✐ts ❞✉r✐♥❣ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✳
▼♦r❡♦✈❡r✱ ♥♦♥❡ ♦❢ ❤✐s s❝❤❡❞✉❧❡s ❛❧❧♦✇s ❛ ✈✐s✐t ♦♥ ❞❛② ✶✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡
✈✐s✐ts ❛t ❝✉st♦♠❡r ❉ s❤♦✇s t❤❛t ✐t ♠❛② ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ ♥♦t ❝❤♦♦s❡ t❤❡ s❝❤❡❞✉❧❡ ✇✐t❤ t❤❡
❧♦✇❡st ✈✐s✐t ❢r❡q✉❡♥❝②✳

✵

❆

❊

❇

❈

❉
❘♦✉t❡ ♦♥ ❞❛② ✵

❘♦✉t❡ ♦♥ ❞❛② ✶

❘♦✉t❡ ♦♥ ❞❛② ✷

❘♦✉t❡ ♦♥ ❞❛② ✸
④✵✱✷⑥✱④✶✱✸⑥

④✵✱✶✱✷✱✸⑥

④✵✱✷⑥✱④✵✱✸⑥✱④✵✱✷✱✸⑥

④✶✱✸⑥

④✵⑥✱④✶✱✸⑥

❋✐❣✉r❡ ✺✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛ P❱❘P

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ❛t ❤❛♥❞ ✐s t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✜rst ❡①❛❝t
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P❚❲ ❛♥❞ ❢♦r ✈❛r✐❛♥ts ✇✐t❤ ❛❧❧ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡ str✉❝✲
t✉r❡s✳ ❲❡ ♣r♦♣♦s❡ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❛ ♥❡✇ ❡①t❡♥❞❡❞ s❡t✲
♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✐s ❛♥ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠
✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭❊❙PP❘❈✮✳ ■t ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✱
✇❤✐❝❤ ❝❛♥ ♦♣❡r❛t❡ ♦♥ t✇♦ ♥❡✇ t②♣❡s ♦❢ ❛✉①✐❧✐❛r② ♥❡t✇♦r❦s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ ❛
s②♠♠❡tr② ❝♦♥❝❡♣t ❞❡♣❡♥❞✐♥❣ ♦♥ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝✉st♦♠❡rs✬ s❝❤❡❞✉❧❡ s❡ts✳ ❋♦r
✐♥st❛♥❝❡s t❤❛t ❤❛✈❡ t❤✐s s②♠♠❡tr② ♣r♦♣❡rt②✱ ✇❡ ♣r❡s❡♥t s♦♠❡ t❡❝❤♥✐q✉❡s t♦ r❡❞✉❝❡ t❤❡
♥✉♠❜❡r ♦❢ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✺✳✷ ❣✐✈❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢

t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ♣r❡s❡♥t t❤❡
♠❛st❡r ♣r♦❜❧❡♠✳ ❙❡❝t✐♦♥ ✺✳✹ ❞❡s❝r✐❜❡s ♦✉r ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ■t
✐♥❝❧✉❞❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t✇♦ ♥❡✇ t②♣❡s ♦❢ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s✱ ✇❤✐❝❤ ❛r❡ ❡s♣❡❝✐❛❧❧② ❞❡s✐❣♥❡❞
❢♦r ♥♦♥✲st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✱ ❛♥❞ t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛r✐s✐♥❣
❊❙PP❘❈✳ ▼♦r❡♦✈❡r✱ ✐t ♣r❡s❡♥ts ♦✉r ❜r❛♥❝❤✐♥❣ str❛t❡❣② ❛♥❞ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ s✉❜s❡t✲
r♦✇ ✐♥❡q✉❛❧✐t✐❡s ✭❏❡♣s❡♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❙❡❝t✐♦♥ ✺✳✺ ❡①♣❧❛✐♥s ✐❞❡❛s ❢♦r t❛❝❦❧✐♥❣ ✐♥st❛♥❝❡s t❤❛t
❢✉❧✜❧❧ ❛ s②♠♠❡tr② ♣r♦♣❡rt②✳ ■♥ ❙❡❝t✐♦♥ ✺✳✻✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧
st✉❞②✳ ❋✐♥❛❧❧②✱ ✇❡ ✜♥✐s❤ ✇✐t❤ ❛ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ❛ s❤♦rt ♦✉t❧♦♦❦ ✐♥ ❙❡❝t✐♦♥ ✺✳✼✳

✺✳✷ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❘❡s❡❛r❝❤ ♦♥ t❤❡ P❱❘P st❛rt❡❞ ✇✐t❤ ❇❡❧tr❛♠✐ ❛♥❞ ❇♦❞✐♥ ✭✶✾✼✹✮ ✇❤♦ t❛❝❦❧❡❞ ❛ ♣r♦❜❧❡♠
♦❢ ✇❛st❡ ❝♦❧❧❡❝t✐♦♥ ♦✈❡r s❡✈❡r❛❧ ❞❛②s t❤r♦✉❣❤ ❤❡✉r✐st✐❝s✱ tr❡❛t✐♥❣ t❤❡ ❛ss✐❣♥♠❡♥t ❛♥❞



✶✵✹ ✺✳✷✳ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

t❤❡ r♦✉t✐♥❣ s✉❝❝❡ss✐✈❡❧②✳ ❘✉ss❡❧❧ ❛♥❞ ■❣♦ ✭✶✾✼✾✮ ❛♥❞ ❈❤r✐st♦✜❞❡s ❛♥❞ ❇❡❛s❧❡② ✭✶✾✽✹✮
❢♦r♠❛❧✐③❡❞ t❤❡ ♣r♦❜❧❡♠✱ ❝♦✐♥❡❞ t❤❡ ♥❛♠❡ P❱❘P✱ ❛♥❞ ♣r❡s❡♥t❡❞ ❢✉rt❤❡r ❤❡✉r✐st✐❝s✳ ❙✐♥❝❡
t❤❡♥ ❛ ❧♦t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ s♦♣❤✐st✐❝❛t❡❞ ❤❡✉r✐st✐❝s ❤❛✈❡ ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
♦♥ t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P ✇✐t❤♦✉t t✐♠❡ ✇✐♥❞♦✇s ✭❍❡♠♠❡❧♠❛②r ❡t ❛❧✳✱ ✷✵✵✾❀ ❈❛❝❝❤✐❛♥✐ ❡t ❛❧✳✱
✷✵✶✹✮✱ ❛♥❞ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✭❈♦r❞❡❛✉ ❡t ❛❧✳✱ ✷✵✵✹❀ P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧✱ ✷✵✵✾❛❀ ❱✐❞❛❧
❡t ❛❧✳✱ ✷✵✶✸✮✳ ❙✉r✈❡②s ♦♥ t❤❡ P❱❘P ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❋r❛♥❝✐s ❡t ❛❧✳✱ ✷✵✵✽✮✱ ✭❈❛♠♣❜❡❧❧
❛♥❞ ❲✐❧s♦♥✱ ✷✵✶✹✮✱ ❛♥❞ ✭■r♥✐❝❤ ❡t ❛❧✳✱ ✷✵✶✹❜✮✳ P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧ ✭✷✵✵✾❜✮ ✇❡r❡ t❤❡
✜rst t♦ ❝♦♠♣✉t❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ P❱❘P❚❲ ❜② s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢
❛ s❡t✲❝♦✈❡r✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥✳ ❚❤❡ ❊❙PP❘❈ s✉❜♣r♦❜❧❡♠s ✇❡r❡
s♦❧✈❡❞ ✇✐t❤ ❛ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♦♥❧② ❡①❛❝t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♣✉r❡ P❱❘P s♦ ❢❛r
✇❛s ♣r❡s❡♥t❡❞ ✐♥ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❜✮✳ ❚❤❡② ✉s❡❞ t❤r❡❡ r❡❧❛①❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ s❡t✲
♣❛rt✐t✐♦♥✐♥❣ ❢♦r♠✉❧❛t✐♦♥ t♦ ♦❜t❛✐♥ ❧♦✇❡r ❜♦✉♥❞s✱ ❣❡♥❡r❛t❡❞ ❛❧❧ r❡♠❛✐♥✐♥❣ r♦✉t❡s ✇✐t❤
r❡❞✉❝❡❞ ❝♦sts s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧✐t② ❣❛♣✱ ❛♥❞ ✜♥❛❧❧② s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ■P
s♦❧✈❡r✳
❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♥♦♥✲st❛♥❞❛r❞ s❝❤❡❞✉❧❡ str✉❝t✉r❡s ✐s ✈❡r② s♣❛rs❡✳ ●❛✉❞✐♦s♦ ❛♥❞

P❛❧❡tt❛ ✭✶✾✾✷✮ ♣r♦♣♦s❡❞ ❛ t❤r❡❡✲♣❤❛s❡ ❤❡✉r✐st✐❝ ❢♦r ❛ P❱❘P✱ ✐♥ ✇❤✐❝❤ s❝❤❡❞✉❧❡s ✇❡r❡
❛❧❧♦✇❡❞ t♦ ❜❡ ✐rr❡❣✉❧❛r ❛♥❞ ♦✈❡r❧❛♣♣✐♥❣✱ ❜✉t ❡✈❡r② ❝✉st♦♠❡r st✐❧❧ ❤❛❞ ❛ ✜①❡❞ ✈✐s✐t ❢r❡✲
q✉❡♥❝②✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❋r❛♥❝✐s ❡t ❛❧✳ ✭✷✵✵✻✮ st✉❞✐❡❞ s❡❧❡❝t❛❜❧❡ ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ❛♥❞
✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ P❱❘P ✇✐t❤ ❙❡r✈✐❝❡ ❈❤♦✐❝❡✳ ❲✐t❤ t❤❡✐r ❡①❛❝t ❛♣✲
♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ▲❛❣r❛♥❣❡❛♥ r❡❧❛①❛t✐♦♥ ❛♥❞ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞✱ t❤❡② s❤♦✇❡❞ ♣♦ss✐❜❧❡
s❛✈✐♥❣s t❤r♦✉❣❤ ❛♥ ✐♥❝r❡❛s❡❞ ✈✐s✐t ❢r❡q✉❡♥❝②✳ ❍♦✇❡✈❡r✱ t❤❡② ❧✐♠✐t❡❞ t❤❡✐r st✉❞② t♦ ♥♦♥✲
♦✈❡r❧❛♣♣✐♥❣ s❝❤❡❞✉❧❡s ❛♥❞ ✉s❡❞ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ❝✉st♦♠❡r ❞❡♠❛♥❞ ♣❡r ✈✐s✐t✳ ❚❤❡ s❛♠❡
❛✉t❤♦rs ♣✉❜❧✐s❤❡❞ ❛ ❚❛❜✉ ❙❡❛r❝❤ ❤❡✉r✐st✐❝✱ ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ t❛❝❦❧❡ t❤❡ ❢✉❧❧ r❛♥❣❡ ♦❢ ♣♦s✲
s✐❜❧❡ s❝❤❡❞✉❧❡s ✭❋r❛♥❝✐s ❡t ❛❧✳✱ ✷✵✵✼✮✳ ▼♦r❡♦✈❡r✱ t❤❡② ❛♥❛❧②③❡❞ t❤❡ ✐♠♣❛❝t ♦❢ ❞✐✛❡r❡♥t
❞✐♠❡♥s✐♦♥s ♦❢ ♦♣❡r❛t✐♦♥❛❧ ✢❡①✐❜✐❧✐t② ♦♥ ❞✐✛❡r❡♥t ❛s♣❡❝ts ♦❢ s❡r✈✐❝❡ ❝♦♥s✐st❡♥❝②✳
❆ s✉♠♠❛r✐③✐♥❣ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❛♣❡r ❛t ❤❛♥❞ ❛♥❞ t❤❡ ♠♦st r❡❧❛t❡❞ ♣❛♣❡rs✱ ❝♦♥❝❡r♥✲

✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠ ❛s♣❡❝ts✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳

❙♦♠❡ ♦t❤❡r ♣r♦❜❧❡♠s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ P❱❘P✳ ❚❤❡ ▼✉❧t✐✲P❡r✐♦❞ ❱❘P
✭▼P❱❘P✮ ❞❡❛❧s ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ s❡✈❡r❛❧ ❞❛②s ❞✉r✐♥❣ ✇❤✐❝❤ ❡✈❡r② ❝✉st♦♠❡r
♦✛❡rs ❛ t✐♠❡ s♣❛♥ ♦❢ s❡✈❡r❛❧ ❝♦♥s❡❝✉t✐✈❡ ❞❛②s ✐♥ ✇❤✐❝❤ ❤❡ ❤❛s t♦ ❜❡ s❡r✈❡❞ ♦♥❝❡✳ ❇♦st❡❧
❡t ❛❧✳ ✭✷✵✵✽✮ s♦❧✈❡❞ ❛♥ ▼P❱❘P ✇✐t❤ ♠✉❧t✐♣❧❡ ❞❡♣♦ts✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛❜♦r r✉❧❡s
✇✐t❤ ❛ ♠❡t❛❤❡✉r✐st✐❝ ❛♥❞ ❛♥ ❡①❛❝t ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❆ ❞②♥❛♠✐❝ ✈❛r✐❛♥t ♦❢
t❤❡ ▼P❱❘P✱ ✐♥ ✇❤✐❝❤ ❝✉st♦♠❡r ❞❡♠❛♥❞s ❛r❡ r❡✈❡❛❧❡❞ ♦✈❡r t✐♠❡✱ ✇❛s t❛❝❦❧❡❞ ✇✐t❤ ❛
t❤r❡❡✲♣❤❛s❡ ❤❡✉r✐st✐❝ ❜② ❲❡♥ ❡t ❛❧✳ ✭✷✵✶✵✮ ❛♥❞ ✇✐t❤ ❛♥ ❡①❛❝t ❛♣♣r♦❛❝❤ ❜② ❇❛❧❞❛❝❝✐ ❡t ❛❧✳
✭✷✵✶✶❜✮ ✭✇❤♦ ❝❛❧❧❡❞ ✐t ❚❛❝t✐❝❛❧ P❧❛♥♥✐♥❣ ❱❘P✮✳ ❆ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
▼P❱❘P ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ✇❛s ♣r❡s❡♥t❡❞ ❜② ❆t❤❛♥❛s♦♣♦✉❧♦s ❛♥❞ ▼✐♥✐s ✭✷✵✶✸✮✳ ❚❤❡②
❛❧s♦ ❞❡s❝r✐❜❡❞ s♦♠❡ t❡❝❤♥✐q✉❡s t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐❝✐♥❣✲♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✉s✐♥❣
t❤❡ s✐♠✐❧❛r✐t✐❡s ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❞❛②s✳ ❘❡❝❡♥t❧②✱ ❆r❝❤❡tt✐ ❡t ❛❧✳
✭✷✵✶✺✮ ✐♥tr♦❞✉❝❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r ❛ ▼P❱❘P ✈❛r✐❛♥t t❤❛t ❝♦♥s✐❞❡rs ✐♥✲
✈❡♥t♦r② ❝♦sts✳
❚❤❡ ✐♥✈❡♥t♦r② r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✭■❘P✮ ❛❧s♦ ❞❡❛❧s ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ s❡✈❡r❛❧

❞❛②s✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ t❤❡ ❝✉st♦♠❡rs ♥❡❡❞ t♦ ❜❡ s❡r✈❡❞ s✉❝❤ t❤❛t ♥♦ st♦❝❦✲♦✉t ♦❝❝✉rs✳
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❚❛❜❧❡ ✺✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦✉r ♣❛♣❡r ✇✐t❤ t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡

❖✉r
♣❛♣❡r

✭P✐r❦✇✐❡s❡r
❛♥❞ ❘❛✐❞❧✱
✷✵✵✾❜✮

✭❇❛❧❞❛❝❝✐
❡t ❛❧✳✱
✷✵✶✶❜✮

●❛✉❞✐♦s♦
❛♥❞

P❛❧❡tt❛
✭✶✾✾✷✮

❋r❛♥❝✐s
❡t ❛❧✳

✭✷✵✵✻✮

✭❋r❛♥❝✐s
❡t ❛❧✳✱
✷✵✵✼✮

❈♦♠♣✉t❡s ❧♦✇❡r ❜♦✉♥❞s X X X X

❈♦♠♣✉t❡s ✉♣♣❡r ❜♦✉♥❞s X X X X X

❈♦♥s✐❞❡rs t✐♠❡ ✇✐♥❞♦✇s X X

❆❧❧♦✇s ✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s X X X X

❆❧❧♦✇s ♦✈❡r❧❛♣♣✐♥❣
s❝❤❡❞✉❧❡s

X X X

❆❧❧♦✇s ❞✐✛❡r❡♥t ✈✐s✐t
❢r❡q✉❡♥❝✐❡s

X X X

❉❡❧✐✈❡r② q✉❛♥t✐t✐❡s✱ ✈✐s✐t✐♥❣ ❞❛②s✱ ❛♥❞ ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ❛r❡ ♥♦t ♣r❡❞❡t❡r♠✐♥❡❞ ❜✉t ♣❛rt ♦❢
t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠✳ ❘❡❝❡♥t s✉r✈❡②s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❇❡rt❛③③✐ ❡t ❛❧✳✱ ✷✵✵✽✮ ❛♥❞ ✭❈♦❡❧❤♦
❡t ❛❧✳✱ ✷✵✶✹✮✳
❈❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ■❘P ✐s t❤❡ ✢❡①✐❜❧❡ P❱❘P✱ ✇❤✐❝❤ ✇❛s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❛♥❞

s♦❧✈❡❞ ❜② ❆r❝❤❡tt✐ ❡t ❛❧✳ ✭✷✵✶✼✮ ✇✐t❤ ❛ ❧♦❛❞✲❜❛s❡❞ ▼■P ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ s♦♠❡ ✈❛❧✐❞
✐♥❡q✉❛❧✐t✐❡s✳ ❆❣❛✐♥✱ ❣✐✈❡♥ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ s❡✈❡r❛❧ ❞❛②s ❛♥❞ ❛ t♦t❛❧ ❞❡♠❛♥❞ ❢♦r
❡✈❡r② ❝✉st♦♠❡r ❢♦r t❤✐s t✐♠❡ s♣❛♥✱ t❤❡ ✈✐s✐t✐♥❣ ❞❛②s ❛♥❞ t❤❡ ❞❡❧✐✈❡r② q✉❛♥t✐t✐❡s ❝❛♥ ❜❡
❝❤♦s❡♥ ❢r❡❡❧②✳ ❖♥❧② t❤❡ ❛♠♦✉♥t t♦ ❞❡❧✐✈❡r ♣❡r ❝✉st♦♠❡r ❛♥❞ ❞❛② ✐s ❧✐♠✐t❡❞ ✇❤❡r❡❛s t❤❡
✈✐s✐t✐♥❣ ❞❛② ❝♦♠❜✐♥❛t✐♦♥s ❛r❡ ♥♦t ❧✐♠✐t❡❞ t♦ s❝❤❡❞✉❧❡s ♦✛❡r❡❞ ❜② t❤❡ ❝✉st♦♠❡rs✳

✺✳✸ Pr♦❜❧❡♠ ❋♦r♠✉❧❛t✐♦♥

❚❤❡ P❱❘P❚❲ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t Π = {0, . . . , π − 1} ❜❡ ❛ π✲❞❛② ♣❧❛♥♥✐♥❣
❤♦r✐③♦♥✱ ✇❤✐❝❤ r❡♣❡❛ts ❝♦♥t✐♥✉♦✉s❧② ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❧❛st ❞❛② (π − 1) ✐s ❛❣❛✐♥ ❢♦❧❧♦✇❡❞
❜② t❤❡ ✜rst ❞❛② 0✳ ❆ s❡t ♦❢ ❝✉st♦♠❡rs N ❛♥❞ ❛ s✐♥❣❧❡ ❞❡♣♦t d r❡♣r❡s❡♥t ❛❧❧ r❡❧❡✈❛♥t
❧♦❝❛t✐♦♥s O = N ∪ {d}✳ ❖♥ ❡❛❝❤ ❞❛②✱ ❛ s❡t ♦❢ m ❤♦♠♦❣❡♥❡♦✉s ✈❡❤✐❝❧❡s ✇✐t❤ ❝❛♣❛❝✐t② Q
❛♥❞ ❛ ♠❛①✐♠❛❧ r♦✉t❡ ❞✉r❛t✐♦♥ D ✐s ❛✈❛✐❧❛❜❧❡ t♦ ♣❡r❢♦r♠ r♦✉t❡s st❛rt✐♥❣ ❢r♦♠ ❛♥❞ ❡♥❞✐♥❣
❛t t❤❡ ❞❡♣♦t d ❞✉r✐♥❣ ✐ts t✐♠❡ ✇✐♥❞♦✇ [ad, bd] ❛♥❞ ✈✐s✐t✐♥❣ ❛ s✉❜s❡t ♦❢ t❤❡ ❝✉st♦♠❡rs N
✐♥ ❜❡t✇❡❡♥✳ ❆ r♦✉t❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈✐s✐t❡❞ ❝✉st♦♠❡rs ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
❞❛②s t❤❡ ❞❡❧✐✈❡r✐❡s ❝♦✈❡r✳ ▲❡t R ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ r♦✉t❡s ❛♥❞ Rp ⊂ R ❜❡ t❤❡
s✉❜s❡t ❢❡❛s✐❜❧❡ ❢♦r ❞❛② p ∈ Π✳ ❚❤❡ ❝♦sts cr ❢♦r ❛ r♦✉t❡ r ❞❡♣❡♥❞ ❡①❝❧✉s✐✈❡❧② ♦♥ t❤❡
tr❛✈❡❧❡❞ ❞✐st❛♥❝❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ s✉♠ ♦❢ t❤❡ ❝♦sts ♦❢ ❛❧❧ r♦✉t❡s t❤❛t
❛r❡ ❡①❡❝✉t❡❞✳
❊✈❡r② ❝✉st♦♠❡r n ∈ N ❤❛s ❛ s♣❡❝✐✜❝ ❞❡♠❛♥❞ ♣❡r ❞❛② qn✱ ❛ t✐♠❡ ✇✐♥❞♦✇ [an, bn] ❛♥❞ ❛

s❡t ♦❢ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s Sn ⊆ P(Π)✱ ✇✐t❤ P ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣♦✇❡r s❡t✳ ❇♦t❤ t❤❡ ❝✉st♦♠❡rs✬
❞❡♠❛♥❞s ❛♥❞ t✐♠❡ ✇✐♥❞♦✇s ❝♦✉❧❞ ❜❡ ❞✐✛❡r❡♥t ❢♦r ❡✈❡r② ❞❛② ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❛♣♣❧✐✲
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❝❛❜✐❧✐t② ♦❢ ♦✉r s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ✭❡①❝❡♣t s②♠♠❡tr② ❤❛♥❞❧✐♥❣✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✺✮✳ ❍♦✇❡✈❡r✱
t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P❚❲ ❛ss✉♠❡s ✐❞❡♥t✐❝❛❧ ❞❡♠❛♥❞s ❛♥❞ t✐♠❡ ✇✐♥❞♦✇s ♣❡r ❝✉st♦♠❡r ♦✈❡r
t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ s✉❝❤ t❤❛t ✇❡ ♦♠✐t ❛ ❞❛② ✐♥❞❡① ❢♦r t❤❡ ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥✳ ❚❤❡ ❞❡❧✐✈❡r②
♦❢ t❤❡ ❞❡♠❛♥❞ ♦❢ ❝✉st♦♠❡r n ❢♦r ♦♥❡ ❞❛② p ✐s ❝❛❧❧❡❞ t❤❡ t❛s❦ np✳ ❚❤❡ t❛s❦ np ❞♦❡s ♥♦t
♥❡❡❞ t♦ ❜❡ ❢✉❧✜❧❧❡❞ ♦♥ ❞❛② p✳ ■♥st❡❛❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛t ❡✈❡r② ✈✐s✐t t♦ ❛ ❝✉st♦♠❡r✱ ❤✐s
t❛s❦s ❢♦r ❛❧❧ ❞❛②s ✉♣ t♦ t❤❡ ♥❡①t ✈✐s✐t ❤❛✈❡ t♦ ❜❡ ❢✉❧✜❧❧❡❞ ✭t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝②❝❧✐❝
r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✮✳ ❍❡♥❝❡✱ ✐♥ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❢♦✉r ❞❛②s ✭0, 1, 2, 3✮✱
✈✐s✐ts t♦ ❛ ❝✉st♦♠❡r A ♦♥ t❤❡ ❞❛②s 1 ❛♥❞ 2 r❡q✉✐r❡ t❤❡ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ ❞❛②✲✶ t❛s❦ ✭A1✮
❛t t❤❡ ✜rst ✈✐s✐t ❛♥❞ t❤❡ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ t❛s❦s ♦❢ t❤❡ ❞❛②s ✷✱ ✸ ❛♥❞ ✵ ✭A2, A3, A0✮ ❛t t❤❡
s❡❝♦♥❞ ✈✐s✐t✳ ❆ss✉♠✐♥❣ ❛ ❞❛✐❧② ❞❡♠❛♥❞ ♦❢ ♦♥❡ ✉♥✐t ❢♦r t❤✐s ❝✉st♦♠❡r✱ ♦♥❡ ✉♥✐t ❤❛s t♦ ❜❡
❞❡❧✐✈❡r❡❞ ❛t t❤❡ ✜rst ✈✐s✐t ❛♥❞ t❤r❡❡ ✉♥✐ts ❤❛✈❡ t♦ ❜❡ ❞❡❧✐✈❡r❡❞ ❛t t❤❡ s❡❝♦♥❞ ✈✐s✐t✳
❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡ s❡ts ♦❢ ❛ ❝✉st♦♠❡r Sn ❛r❡ ❛❧❧♦✇❡❞

t♦ ❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ❛♥❞ str✉❝t✉r❡ ♦❢ s❝❤❡❞✉❧❡s✳ ❋♦r ❛ ❣✐✈❡♥ s❝❤❡❞✉❧❡✱ ✇❡ ❝❛❧❧ ❡✈❡r②
✐♥❞✉❝❡❞ ♣❛✐r ♦❢ ✈✐s✐t✐♥❣ ❞❛② ❛♥❞ ♥✉♠❜❡r ♦❢ ❢✉❧✜❧❧❡❞ t❛s❦s ❛ s❝❤❡❞✉❧❡ ♣❛rt✳ ❋♦r ❡①❛♠♣❧❡✱
✐♥ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❢r♦♠ ▼♦♥❞❛② t♦ ❙❛t✉r❞❛②✱ t❤❡ s❝❤❡❞✉❧❡ ④❚✉❡s❞❛②✱ ❋r✐❞❛②⑥ ✐♥❞✉❝❡s
t❤❡ s❝❤❡❞✉❧❡ ♣❛rts ✭❚✉❡s❞❛② ✿ ✸✮ ❛♥❞ ✭❋r✐❞❛② ✿ ✸✮✱ ❜❡❝❛✉s❡ ✐t r❡♣r❡s❡♥ts t❤❡ ❞❡❧✐✈❡r② ♦❢
t❤❡ ❞❡♠❛♥❞ ❢♦r t❤r❡❡ ❞❛②s ♦♥ ❚✉❡s❞❛② ❛♥❞ ❋r✐❞❛②✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♦❢ ❛
❝✉st♦♠❡r n t❤❛t r❡♣r❡s❡♥ts t❤❡ ❞❡❧✐✈❡r② ♦❢ t❤❡ ❞❡♠❛♥❞ ♦❢ l ❞❛②s ❛t ❛ ✈✐s✐t ♦♥ ❞❛② p ✐s
❞❡♥♦t❡❞ ❜② np✿l✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦✈❡r❡❞ ❞❡♠❛♥❞ ❞❛②s l ♦❢ ❛ s❝❤❡❞✉❧❡ ♣❛rt np✿l ✐s ❛❧s♦
❝❛❧❧❡❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ❛♥❞ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t L = {1, ..., π}✳ ▲❡t
t❤❡ s❡t Sp:l

n ✐❞❡♥t✐❢② t❤❡ s✉❜s❡t ♦❢ s❝❤❡❞✉❧❡s Sn ♦✛❡r❡❞ ❜② ❝✉st♦♠❡r n t❤❛t ✐♥❝❧✉❞❡ t❤❡
s❝❤❡❞✉❧❡✲♣❛rt np✿l✳
◆♦t❡ t❤❛t ❢♦r r❡❣✉❧❛r s❝❤❡❞✉❧❡s ❛♥❞ ❛ ✜①❡❞ ✈✐s✐t ❢r❡q✉❡♥❝② ♣❡r ❝✉st♦♠❡r✱ t❤❡ ❛♠♦✉♥t

t♦ ❞❡❧✐✈❡r ♣❡r ✈✐s✐t ✭❛♥❞ t❤✉s t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ s❝❤❡❞✉❧❡ ♣❛rt✮ ✐s ✜①❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ❝❤♦s❡♥ s❝❤❡❞✉❧❡✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s ❛s ❞✐✛❡r❡♥t
♥✉♠❜❡rs ♦❢ t❛s❦s ❝❛♥ ❜❡ ❢✉❧✜❧❧❡❞ ❜② ♦♥❡ ✈✐s✐t✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ❛❧❧♦✇✐♥❣ ♦✈❡r❧❛♣♣✐♥❣
s❝❤❡❞✉❧❡s✱ t❤❡ ❞❡♠❛♥❞ t♦ ❞❡❧✐✈❡r ✐s ♥♦t ❞❡t❡r♠✐♥❡❞ ❡✈❡♥ ✐❢ ❛ ✈✐s✐t✐♥❣ ❞❛② ✐s ❝❤♦s❡♥✳

❘♦✉t❡✲❜❛s❡❞ ❋♦r♠✉❧❛t✐♦♥ ▲❡t t❤❡ ❜✐♥❛r② ✈❛r✐❛❜❧❡ λp
r ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r t❤❡ r♦✉t❡

r ∈ Rp ✐s ♣❡r❢♦r♠❡❞ ♦♥ ❞❛② p ∈ Π✳ ▼♦r❡♦✈❡r✱ ❧❡t t❤❡ ✈❛r✐❛❜❧❡ zsn ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r
t❤❡ s❝❤❡❞✉❧❡ s ∈ Sn ✐s ❝❤♦s❡♥ ❢♦r ❝✉st♦♠❡r n ∈ N ✳ ❚❤❡♥✱ ❛ r♦✉t❡✲❜❛s❡❞ ❡①t❡♥❞❡❞
s❡t✲♣❛rt✐t✐♦♥✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ P❱❘P❚❲ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

min
∑

p∈Π

∑

r∈Rp

crλ
p
r ✭✺✳✶❛✮

s✳t✳
∑

s∈Sn

zsn = 1 ∀ n ∈ N ✭✺✳✶❜✮

∑

r∈Rp

ap:lrnλ
p
r =

∑

s∈Sn

bp:ls zsn (ρp:ln ) ∀ n ∈ N, p ∈ Π, l ∈ L : Sp:l
n 6= ∅ ✭✺✳✶❝✮

∑

r∈Rp

λp
r ≤ m (µp) ∀ p ∈ Π ✭✺✳✶❞✮

zsn ∈ {0, 1} ∀ n ∈ N, s ∈ Sn ✭✺✳✶❡✮
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λp
r ∈ {0, 1} ∀ p ∈ Π, r ∈ Rp ✭✺✳✶❢✮

✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r aplrn st❛t✐♥❣ ❤♦✇ ♦❢t❡♥ t❤❡ r♦✉t❡ r ✐♥❝❧✉❞❡s t❤❡ s❝❤❡❞✉❧❡ ♣❛rt np✿l ❛♥❞
t❤❡ ♣❛r❛♠❡t❡r bpls st❛t✐♥❣ ✇❤❡t❤❡r s❝❤❡❞✉❧❡ s ✐♥❞✉❝❡s t❤❡ s❝❤❡❞✉❧❡ ♣❛rt (p✿l)✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✺✳✶❛✮ ♠✐♥✐♠✐③❡s t❤❡ t♦t❛❧ r♦✉t✐♥❣ ❝♦sts✳ ❚❤❡ ✜rst ❝♦♥✲

str❛✐♥ts ✭✺✳✶❜✮ ❡♥s✉r❡ t❤❛t ❢♦r ❡❛❝❤ ❝✉st♦♠❡r ❡①❛❝t❧② ♦♥❡ ♦❢ ✐ts ♦✛❡r❡❞ s❝❤❡❞✉❧❡s ✐s ❝❤♦s❡♥✳
❈♦♥str❛✐♥ts ✭✺✳✶❝✮ ❧✐♥❦ t❤❡ r♦✉t❡ ❛♥❞ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s✳ ❆ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡ ♠❛② ♦♥❧② ❜❡
s❡❧❡❝t❡❞ ✐❢ ❛❧❧ ✐ts ✐♥❞✉❝❡❞ s❝❤❡❞✉❧❡ ♣❛rts ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ r❡❛❧✐③❡❞ r♦✉t❡✳ ◆♦t❡ t❤❛t t❤❡
❡q✉❛❧✐t② s✐❣♥s ✐♥ t❤❡ ❢♦r♠❡r ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ≥✲s✐❣♥ ✇❤❡♥❡✈❡r r❡♠♦✈✐♥❣ ❛
❝✉st♦♠❡r ❢r♦♠ ❛ r♦✉t❡ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ t❤❡ r♦✉t✐♥❣ ❝♦sts✳❚❤❡ ❝♦♥str❛✐♥ts ✭✺✳✶❞✮ ❧✐♠✐t t❤❡
♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ✈❡❤✐❝❧❡s ♦♥ ❡✈❡r② ❞❛②✳ ❋✐♥❛❧❧②✱ ✭✺✳✶❡✮ ❛♥❞ ✭✺✳✶❢✮ r❡str✐❝t t❤❡ ✈❛r✐❛❜❧❡s
t♦ ❜✐♥❛r② ✈❛❧✉❡s✳
◆♦t❡ t❤❛t s✉♠♠✐♥❣ ✉♣ ❝♦♥str❛✐♥ts ✭✺✳✶❝✮ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡ ♣❛rt ❧❡♥❣t❤s l ∈ L

❧❡❛❞s t♦ t❤❡ ❡q✉❛❧✐t✐❡s

∑

r∈Rp

arnλ
p
r =

∑

s∈Sn

bpsz
s
n ∀ n ∈ N, p ∈ Π ✭✺✳✷✮

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r arn st❛t❡s ❤♦✇ ♦❢t❡♥ t❤❡ r♦✉t❡ r ✈✐s✐ts t❤❡ ❝✉st♦♠❡r n ❛♥❞ t❤❡
♣❛r❛♠❡t❡r bps st❛t❡s ✇❤❡t❤❡r t❤❡ s❝❤❡❞✉❧❡ s r❡q✉✐r❡s ❛ ✈✐s✐t ♦♥ ❞❛② p✳ ❚❤✐s ❛❣❣r❡❣❛t❡❞
✈❛r✐❛♥t ✐s ❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧✱ ✷✵✵✾❜❀ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱
✷✵✶✶❜✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ❛♥❞ ✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s✱
s✐♥❝❡ ✈✐s✐t✐♥❣ ❛ ❝✉st♦♠❡r ♦♥ ❛ ❝❡rt❛✐♥ ❞❛② ❞♦❡s ♥♦t s♣❡❝✐❢② ❤♦✇ ♠✉❝❤ ❞❡♠❛♥❞ ✐s ❞❡❧✐✈❡r❡❞✳
❚❤✉s✱ ❡✈❡r② ✈✐s✐t ✇♦✉❧❞ ❜❡ ❛❝❝❡♣t❡❞ ❛s ♣❛rt ♦❢ ❡✈❡r② s❝❤❡❞✉❧❡ t❤❛t ✐♥❝❧✉❞❡s t❤✐s ❞❛②
✇✐t❤♦✉t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❢✉❧✜❧❧❡❞ t❛s❦s✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r π = 4 ❛♥❞ ❛ ❝✉st♦♠❡r
✇❤♦ ♦✛❡rs t❤❡ t✇♦ ♦✈❡r❧❛♣♣✐♥❣ s❝❤❡❞✉❧❡s ④✵⑥ ❛♥❞ ④✵✱✷⑥✱ ❛♥❞ ❛ r♦✉t❡ ♣❡r❢♦r♠❡❞ ♦♥ ❞❛② ✵
✇❤✐❝❤ ❞❡❧✐✈❡rs t❤❡ ❝✉st♦♠❡r✬s ❞❡♠❛♥❞ ❢♦r t✇♦ ❞❛②s✳ ❚❤❡ ❝♦♥str❛✐♥ts ✭✺✳✷✮ ❛❧❧♦✇ t♦ s❡t
t❤❡ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡ r❡❢❡rr✐♥❣ t♦ t❤❡ s❝❤❡❞✉❧❡ ④✵⑥ t♦ ✶✱ ❜✉t t❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ ✉♥❢✉❧✜❧❧❡❞
❞❡♠❛♥❞ ♦♥ t❤❡ ❧❛st t✇♦ ❞❛②s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✱ ❜♦t❤
❝♦♥str❛✐♥ts ✭✺✳✶❝✮ ❛♥❞ ✭✺✳✷✮ ❛r❡ ✐❞❡♥t✐❝❛❧✱ ❜❡❝❛✉s❡ ❢♦r ❡✈❡r② ❝✉st♦♠❡r ❛♥❞ ✈✐s✐t✐♥❣ ❞❛②
t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ s❝❤❡❞✉❧❡ ♣❛rt✳
◆♦t❡ ❢✉rt❤❡r t❤❛t t❤❡ ♦t❤❡r ✐♥t✉✐t✐✈❡ ✐❞❡❛ t♦ ✉s❡ ❝♦✈❡r✐♥❣✲♦❢✲t❛s❦s ❝♦♥str❛✐♥ts ✐♥st❡❛❞

♦❢ ✭✺✳✶❝✮✱ ✐✳❡✳ ∑

p∈Π

∑

r∈Rp

arnp′λ
p
r ≥ 1 ∀ n ∈ N, p′ ∈ Π

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r arnp′ st❛t❡s ❤♦✇ ♦❢t❡♥ t❤❡ r♦✉t❡ r ❢✉❧✜❧❧s t❤❡ t❛s❦ np′ ✱ ✐s ❛❧s♦ ♥♦t
✈❛❧✐❞ ✐♥ ❣❡♥❡r❛❧ ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ❡♥❛❜❧❡ ✉♥❛❧❧♦✇❡❞ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s❝❤❡❞✉❧❡ ♣❛rts✳ ❋♦r
❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r π = 3 ❛♥❞ ❛ ❝✉st♦♠❡r ✇❤♦ ♦✛❡rs t❤❡ s❝❤❡❞✉❧❡s ④✵✱✶⑥✱ ④✶✱✷⑥✱ ❛♥❞ ④✵✱✷⑥✳
❚❤❡♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡ r♦✉t❡s ❢✉❧✜❧❧✐♥❣ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ ❛❧❧♦✇❡❞ s❝❤❡❞✉❧❡ ♣❛rts
0✿1✱ 1✿1 ❛♥❞ 2✿1 ✇♦✉❧❞ ❧❡❛❞ t♦ t❤❡ s❝❤❡❞✉❧❡ ④✵✱✶✱✷⑥✱ ✇❤✐❝❤ ✐s ♥♦t ♦✛❡r❡❞ ❜② t❤❡ ❝✉st♦♠❡r✳
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✺✳✹ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❆❧❣♦r✐t❤♠

❚❤❡ r♦✉t❡✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✶✮ ✐s ❝❛❧❧❡❞ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ❛♥❞ ✐s s♦❧✈❡❞ ✇✐t❤ ❛
❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♠❛♥❛❣❡s t❤❡ s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ ▲P r❡❧❛①❛t✐♦♥ ♦❢ t❤✐s ♠❛st❡r ♣r♦❜❧❡♠✳ ❱❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡ s❡♣❛r❛t❡❞
❛♥❞ ❛❞❞❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ t♦ t✐❣❤t❡♥ t❤❡ ▲P ❜♦✉♥❞✳ ❇r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ❢♦r❝❡ t❤❡
✈❛r✐❛❜❧❡s t♦ ❤❛✈❡ ✐♥t❡❣❡r ✈❛❧✉❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶ t❤❡ s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ t♦ ❣❡♥❡r❛t❡ ❝♦❧✉♠♥s✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✷ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢
t❤❡ s✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✐t✐❡s ✐♥tr♦❞✉❝❡❞ ❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✸ t❤❡
❜r❛♥❝❤✐♥❣ str❛t❡❣② ❢♦r t❤❡ P❱❘P❚❲✳

✺✳✹✳✶ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥

❇❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢❡❛s✐❜❧❡ r♦✉t❡s ✐s ❤✉❣❡✱ ♣r♦♠✐s✐♥❣ r♦✉t❡s s❤♦✉❧❞ ❜❡ ❛❞❞❡❞ ❞②✲
♥❛♠✐❝❛❧❧②✳ ❚❤✉s✱ ✇❡ ✉s❡ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❢♦r t❤❡ r♦✉t❡ ✈❛r✐❛❜❧❡s ✭s❡❡ ▲ü❜❜❡❝❦❡ ❛♥❞
❉❡sr♦s✐❡rs✱ ✷✵✵✺✮✳ ❚❤❡ r❡str✐❝t❡❞ ♠❛st❡r ♣r♦❜❧❡♠ ✭❘▼P✮ ✐s ❞❡✜♥❡❞ ❛s ♠♦❞❡❧ ✭✺✳✶✮ ♠♦❞✐✲
✜❡❞ ❜② ✐♥❝❧✉❞✐♥❣ ♦♥❧② ❛ s✉❜s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ r♦✉t❡s R′ ⊆ R ❛♥❞ ❜② r❡❧❛①✐♥❣ t❤❡ ✐♥t❡❣r❛❧✐t②
❝♦♥❞✐t✐♦♥s ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s✳ ▲❡t t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡s ρp:ln ❛♥❞ µp ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥✲
str❛✐♥ts ✭✺✳✶❝✮ ❛♥❞ ✭✺✳✶❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ t❤❡ r❡❞✉❝❡❞ ❝♦sts c̃r ♦❢ ❛ r♦✉t❡ r ∈ Rp

♣❡r❢♦r♠❡❞ ♦♥ ❞❛② p ❛r❡ ❣✐✈❡♥ ❜②

c̃r = cr −
∑

n∈N

∑

l∈L

ap:lrn · ρp:ln − µp.

■♥ ❣❡♥❡r❛❧✱ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ❤❛✈❡ t♦ ✜♥❞ ❝♦❧✉♠♥s ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts ♦r ♥❡❡❞ t♦
❞❡t❡❝t t❤❛t ♥♦ ♠♦r❡ s✉❝❤ ❝♦❧✉♠♥s ❡①✐st✳ ❍❡r❡✱ ❛♥ ❊❙PP❘❈ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♥❡❡❞s t♦ ❜❡
s♦❧✈❡❞ ❢♦r ❡✈❡r② ❞❛② ✭s❡❡ ■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✐♥tr♦❞✉❝❡
t✇♦ ❞✐✛❡r❡♥t ✇❛②s t♦ ♠♦❞❡❧ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s t❤❛t r❡s♣❡❝t t❤❡ ❝❤❛❧❧❡♥❣❡s
r❡s✉❧t✐♥❣ ❢r♦♠ ✐rr❡❣✉❧❛r ❛♥❞ ♦✈❡r❧❛♣♣✐♥❣ s❝❤❡❞✉❧❡s✱ ❛♥❞ t❤❡ ❝♦rr❡❝t tr❡❛t♠❡♥t ♦❢ t❤❡
❞❡♠❛♥❞✳ ❆❢t❡r✇❛r❞✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡
t❤❡ ❊❙PP❘❈✳

Pr✐❝✐♥❣ ◆❡t✇♦r❦s

❋♦r st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✱ ❛ r♦✉t❡ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈✐s✐t❡❞
❝✉st♦♠❡rs✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❢♦r ❡✈❡r② ❝✉st♦♠❡r t❤❡ ♥✉♠❜❡r ♦❢ ❢✉❧✜❧❧❡❞ t❛s❦s ❜② ❡❛❝❤
✈✐s✐t ✐s ✐❞❡♥t✐❝❛❧ ❛♥❞ t❤✉s t❤❡ ❞❡♠❛♥❞ t♦ ❞❡❧✐✈❡r ✐s ❦♥♦✇♥✳ ❋♦r t❤✐s ❝❛s❡✱ ❛ ♣r✐❝✐♥❣ ♥❡t✇♦r❦
❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ ✈❡rt❡① ❢♦r ❡✈❡r② ❝✉st♦♠❡r ❛♥❞ t❤❡ ❞❡♣♦t ✇♦✉❧❞ s✉✣❝❡✳ ❍♦✇❡✈❡r✱ ❢♦r
✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s✱ ❛ r♦✉t❡ ❤❛s t♦ s♣❡❝✐❢② ❤♦✇ ♠❛♥② t❛s❦s ❛r❡ ❢✉❧✜❧❧❡❞ ❜② ❡❛❝❤ ✈✐s✐t✱
✐✳❡✳✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❤❡❞✉❧❡ ♣❛rt✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ♣r✐❝✐♥❣
♥❡t✇♦r❦ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤ ❢♦r ❡✈❡r② ❝✉st♦♠❡r ✇❤✐❝❤ ♦❢ ❤✐s t❛s❦s ❛r❡ ❢✉❧✜❧❧❡❞ ✇❤❡♥ t❤❡
✈❡rt❡① ✐s ✈✐s✐t❡❞✳ ▼♦r❡♦✈❡r✱ ❢♦r ♥♦♥✲st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✱ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❞✐✛❡r
♣❡r ❞❛②✳ ❲❡ ♣r♦♣♦s❡ t✇♦ str✉❝t✉r❛❧❧② ❞✐✛❡r❡♥t ❧❛②♦✉ts ❢♦r t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s✱ ♥❛♠❡❧②
t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ ❛♥❞ t❤❡ t❛s❦ ♥❡t✇♦r❦✳



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✵✾

▲❡t to1o2 ❛♥❞ co1o2 ❡①♣r❡ss t❤❡ t✐♠❡ ❛♥❞ ❝♦st ❢♦r tr❛✈❡❧✐♥❣ ❢r♦♠ ❧♦❝❛t✐♦♥ o1 ∈ O t♦
❧♦❝❛t✐♦♥ o2 ∈ O✱ r❡s♣❡❝t✐✈❡❧② ✭✇✐t❤ to1o2 ✐♥❝❧✉❞✐♥❣ t❤❡ s❡r✈✐❝❡ t✐♠❡ ❛t ❧♦❝❛t✐♦♥ o1✮✳

❙❝❤❡❞✉❧❡ P❛rt ◆❡t✇♦r❦ ❲❡ ❞❡✜♥❡ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ ❢♦r ❡❛❝❤ ❞❛② p ∈ Π
❛s t❤❡ ❣r❛♣❤ Gp

SP = (V p
SP , A

p
SP ) ✇✐t❤ ✈❡rt✐❝❡s V p

SP ❛♥❞ ❛r❝s Ap
SP ✳ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s

V p
SP ❝♦♥s✐sts ♦❢ ♦♥❡ ✈❡rt❡① ❢♦r ❡✈❡r② ❛❧❧♦✇❡❞ s❝❤❡❞✉❧❡ ♣❛rt ♦❢ ❛ ❝✉st♦♠❡r ✇✐t❤ ❛ ✈✐s✐t

♦♥ ❞❛② p ❛♥❞ t✇♦ ✈❡rt✐❝❡s d+ ❛♥❞ d− ♠♦❞❡❧✐♥❣ t✇♦ ❝♦♣✐❡s ♦❢ t❤❡ ❞❡♣♦t✳ ❆ s❝❤❡❞✉❧❡
♣❛rt np✿l ✐s ❛❧❧♦✇❡❞✱ ✐❢ ❛t ❧❡❛st ♦♥❡ s❝❤❡❞✉❧❡ s ∈ Sn ❡①✐sts✱ t❤❛t ✐♥❞✉❝❡s t❤❡ s❝❤❡❞✉❧❡
♣❛rt (p : l)✳ ▲❡t o(j) ∈ O ❜❡ t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ l(j) ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt
r❡♣r❡s❡♥t❡❞ ❜② ❛ ✈❡rt❡① j ∈ V p

SP \ {d+, d−}✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s❡t ♦❢ ❛r❝s Ap
SP ❝♦♥t❛✐♥s

❛❧❧ ❛r❝s (i, j) ∈ (V p
SP \ {d−})× (V p

SP \ {d+}) ❜❡t✇❡❡♥ t✇♦ ✈❡rt✐❝❡s ♦❢ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s✱
✐✳❡✳✱ ✇✐t❤ o(i) 6= o(j)✳ ❖❜✈✐♦✉s❧②✱ s♦♠❡ ❛r❝s ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❞✉❡ t♦ t❤❡ ❝✉st♦♠❡rs✬ t✐♠❡
✇✐♥❞♦✇s✳
❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦s ♦❢ ❛♥ ✐♥st❛♥❝❡ ✇✐t❤ π = 4 ❛♥❞ t✇♦ ❝✉st♦♠❡rs

A ❛♥❞ B ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥❝✐s❡♥❡ss✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t✐♠❡
✇✐♥❞♦✇s r❡q✉✐r❡ ❝✉st♦♠❡r A t♦ ❜❡ ✈✐s✐t❡❞ ❜❡❢♦r❡ ❝✉st♦♠❡r B✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❛t
t❤❡ ♥❡t✇♦r❦s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❞❛②s ❛r❡ ❝♦♠♣❧❡t❡❧② s❡♣❛r❛t❡❞✳ ■t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t t❤❡
♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ❛♥❞ str✉❝t✉r❡
♦❢ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s✳ ❋♦r ❛ ❝✉st♦♠❡r ✇✐t❤ ❛ st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡t ❛s ❝✉st♦♠❡r A✱ ❡①❛❝t❧②
♦♥❡ ✈❡rt❡① ✐♥ t❤❡ ♥❡t✇♦r❦ ♦❢ ❡❛❝❤ ❞❛② ✐s ♥❡❝❡ss❛r②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❝✉st♦♠❡r ✇❤♦
♦✛❡rs ❛❧❧ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡s ♥❡❡❞s π ✈❡rt✐❝❡s ♣❡r ❞❛✐❧② ♥❡t✇♦r❦✳ ❇❡❝❛✉s❡ ❛❧❧ ✈❡rt✐❝❡s ♦❢ ♦♥❡
❝✉st♦♠❡r ♥❡❡❞ ❛♥ ♦✉t❣♦✐♥❣ ❛r❝ t♦ ❛❧❧ ✈❡rt✐❝❡s ♦❢ ❛❧❧ ✭t✐♠❡✲❢❡❛s✐❜❧❡✮ s✉❝❝❡ss✐✈❡ ❝✉st♦♠❡rs✱
t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s ♣❡r ❞❛② ❝❛♥ r❡❛❝❤ O(|N |2π2)✳

d+

d+

d+

d+

A0✿2

A1✿2

A2✿2

A3✿2

B0✿2

B0✿3

B2✿1

B2✿2

B3✿1

d−

d−

d−

d−

❆r❝s ♦❢ ❞❛② ✵

❆r❝s ♦❢ ❞❛② ✶

❆r❝s ♦❢ ❞❛② ✷

❆r❝s ♦❢ ❞❛② ✸

❋✐❣✉r❡ ✺✳✷✿ ❊①❛♠♣❧❡ ♦❢ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦s ✇✐t❤ SA = {{0, 2}, {1, 3}} ❛♥❞ SB =
{{0, 2}, {0, 3}, {0, 2, 3}}

❚❤❡ ❝♦st ❛♥❞ t✐♠❡ ❢♦r tr❛✈❡❧✐♥❣ ❛❧♦♥❣ ❛r❝ (i, j) ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❝♦sts ❛♥❞ t✐♠❡ ❢♦r
tr❛✈❡❧✐♥❣ ❢r♦♠ ❧♦❝❛t✐♦♥ o(i) t♦ ❧♦❝❛t✐♦♥ o(j)✳ ❚❤❡ ❞✉❛❧ ♣r✐❝❡ ❢♦r t❤❡ ✢❡❡t ❝♦♥str❛✐♥t ✭✺✳✶❞✮
✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❝♦sts ♦❢ ❛❧❧ ❛r❝s ❧❡❛✈✐♥❣ t❤❡ st❛rt ❞❡♣♦t ✇❤❡r❡❛s t❤❡ ❞✉❛❧ ♣r✐❝❡s
❢♦r ❝♦♥str❛✐♥ts ✭✺✳✶❝✮ ❛r❡ ❝♦♥s✐❞❡r❡❞ ♦♥ t❤❡ ❛r❝s ❧❡❛✈✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❤❡❞✉❧❡ ♣❛rts✳
❚❤❡ ❧♦❛❞ ❝♦❧❧❡❝t❡❞ ❛t ❛ ✈❡rt❡① ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❝✉st♦♠❡r✬s ❞❡♠❛♥❞ ♣❡r ❞❛② ❛♥❞ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❤❡❞✉❧❡ ♣❛rt✳ ❚❤✉s✱ t❤❡ ❛r❝ ✇❡✐❣❤ts ❢♦r t❤❡ r❡❞✉❝❡❞ ❝♦sts c̃pij ✱



✶✶✵ ✺✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❆❧❣♦r✐t❤♠

t❤❡ ❧♦❛❞ dij ✱ ❛♥❞ t❤❡ t✐♠❡ tij ✐♥ t❤❡ ❣r❛♣❤ Gp
SP ❛r❡✿

c̃pij :=

{
co(i)o(j) − µp, ✐❢ i = d+

co(i)o(j) − ρ
pl(i)
o(i) , ♦t❤❡r✇✐s❡

dij := qo(j) · l(j)

tij := to(i)o(j).

❚❛s❦ ◆❡t✇♦r❦ ❆♥♦t❤❡r ✈❛r✐❛♥t t♦ ♠♦❞❡❧ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ✐s ❜❛s❡❞ ♦♥ t❤❡ t❛s❦s
t❤❛t ♥❡❡❞ t♦ ❜❡ ❢✉❧✜❧❧❡❞✳ ❲❡ ❞❡✜♥❡ t❤❡ t❛s❦ ♥❡t✇♦r❦ ❢♦r ❞❛② p ❛s t❤❡ ❣r❛♣❤Gp

T = (V p
T , A

p
T )

✇✐t❤ t❤❡ ✈❡rt❡① s❡t V p
T ✱ ✇❤✐❝❤ ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ❞❛②✲✐♥❞❡♣❡♥❞❡♥t ✈❡rt❡① s❡t VT ✱ ❛♥❞ t❤❡

❛r❝ s❡t Ap
T ✳ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s VT ❝♦♥t❛✐♥s t✇♦ ❞❡♣♦t ✈❡rt✐❝❡s ❛♥❞ ♦♥❡ ✈❡rt❡① ❢♦r ❡✈❡r②

❝✉st♦♠❡r n ∈ N ❛♥❞ ❞❛② p ∈ Π✱ ✇❤✐❝❤ r❡❢❡rs t♦ t❤❡ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ t❛s❦ np✳
❚❤❡ ❞❛②✲❞❡♣❡♥❞❡♥t ✈❡rt❡① s❡t V p

T ❝♦♥t❛✐♥s t❤❡ t✇♦ ❞❡♣♦t ✈❡rt✐❝❡s d+ ❛♥❞ d− ❛♥❞ ❛❧❧
✈❡rt✐❝❡s r❡❢❡rr✐♥❣ t♦ t❛s❦s t❤❛t ❝❛♥ ❜❡ ❢✉❧✜❧❧❡❞ ❞✉r✐♥❣ ❛ r♦✉t❡ ♦♥ ❞❛② p✱ ✐✳❡✳✱ ✐t ❝♦♥t❛✐♥s ❛
✈❡rt❡① ❢♦r t❤❡ t❛s❦ np′ ✇❤❡♥❡✈❡r t❤❡ ❝✉st♦♠❡r ♦✛❡rs ❛ s❝❤❡❞✉❧❡ t❤❛t ❛❧❧♦✇s ❛ ✈✐s✐t ♦♥ ❞❛② p
t❤❛t ✐♥❝❧✉❞❡s t❤❡ ❞❡♠❛♥❞ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ ❞❛② p′✳ ▲❡t ❛❣❛✐♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛ ✈❡rt❡①
i ∈ VT ❜❡ ❣✐✈❡♥ ❜② o(i) ❛♥❞ ❧❡t t❤❡ ❛ss♦❝✐❛t❡❞ ❞❛② ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② p(i)✳ ▼♦r❡♦✈❡r✱ ❧❡t
∆(p, p′) ✐♥❞✐❝❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❛②s s♣❛♥♥❡❞ ❜② p ❛♥❞ p′ ✐♥❝❧✉❞✐♥❣ t❤❡s❡ t✇♦✱ ✐✳❡✳ ✇❡ s❡t

∆(p, p′) :=
[
(p′ − p) ♠♦❞ π

]
+ 1.

❆♥ ❛r❝ (i, j) ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ♦❢ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s ❡①✐sts ✐♥ Ap
T ✱ ✇❤❡♥❡✈❡r ❛ s❝❤❡❞✉❧❡

♣❛rt ♦❢ t❤❡ ❝✉st♦♠❡r o(i) st❛rts ♦♥ ❞❛② p ❛♥❞ ❢✉❧✜❧❧s ❛❧❧ ❞❡♠❛♥❞s ✉♣ t♦ ♣❡r✐♦❞ p(i)✱ ❛♥❞
❛ s❝❤❡❞✉❧❡ ♣❛rt ♦❢ t❤❡ ❝✉st♦♠❡r o(j) st❛rts ♦♥ ❞❛② p✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❛♥ ❛r❝ (i, j) ✇✐t❤
o(i) 6= o(j) ❡①✐sts ✐♥ Ap

T ✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ♣❛rt o(i)p:l ✇✐t❤ (p+ l− 1) ≡ p(i) ❛♥❞
p(j) = p✳ ❆♥ ❛r❝ (i, j) ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ♦❢ t❤❡ s❛♠❡ ❝✉st♦♠❡r ❡①✐sts ✐♥ Ap

T ✱ ✇❤❡♥❡✈❡r ❞❛②
p(i) ✐s ❢♦❧❧♦✇❡❞ ❜② ❞❛② p(j) ❛♥❞ ❜♦t❤ ❞❛②s ❛r❡ ❝♦✈❡r❡❞ ❜② ❛ s❝❤❡❞✉❧❡ ♣❛rt ♦❢ ❝✉st♦♠❡r o(i)
st❛rt✐♥❣ ♦♥ ❞❛② p✳ ❋♦r♠❛❧❧②✱ ❛♥ ❛r❝ (i, j) ✇✐t❤ o(i) = o(j) ❡①✐sts ✐♥ Ap

T ✱ ✐❢ p(i) + 1 ≡ p(j)
❛♥❞ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ♣❛rt o(i)p:l ✇✐t❤ ∆(p, p(i)) ≤ l ❛♥❞ ∆(p, p(j)) ≤ l✳
❚❤❡ ❢♦✉r t❛s❦ ♥❡t✇♦r❦s ❢♦r t❤❡ ❡①❛♠♣❧❡ ❢r♦♠ ❛❜♦✈❡ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✸✳ ■♥

❝♦♥tr❛st t♦ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦✱ t❤❡ t❛s❦ ♥❡t✇♦r❦s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❞❛②s s❤❛r❡ t❤❡
✈❡rt❡① s❡t✳ ❍♦✇❡✈❡r✱ ❡✈❡r② ❛r❝ ❡①✐sts ❡①❝❧✉s✐✈❡❧② ✐♥ t❤❡ ♥❡t✇♦r❦ ♦❢ ❛ ❝❡rt❛✐♥ ❞❛②✳ ❍❡r❡✱
❡✈❡♥ ❢♦r ❛ ❝✉st♦♠❡r ✇✐t❤ st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡t✱ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ ❛ ❞❛✐❧② ♥❡t✇♦r❦
❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉st♦♠❡r✬s ✈✐s✐t ❢r❡q✉❡♥❝② ❛♥❞ ❝❛♥ r❛♥❣❡ ❢r♦♠ ✶ t♦ π✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡
♦❢ t❤❡ t❛s❦ ♥❡t✇♦r❦ ✐s t❤❛t ❛ ❝✉st♦♠❡r ❝❛♥ ♦♥❧② ❜❡ ❡♥t❡r❡❞ t❤r♦✉❣❤ ♦♥❡ s✐♥❣❧❡ ✈❡rt❡① ✐♥
❡✈❡r② ♥❡t✇♦r❦✳ ❚❤✉s✱ ✇❤❡♥ ❛❧❧ ❝✉st♦♠❡rs ♦✛❡r ❛❧❧ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s
✐s ✐♥ O(|N |2π) ❛♥❞ t❤✉s s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦✳ ❆❧t♦❣❡t❤❡r✱ t❤❡r❡ ✐s
♥♦ ❝❧❡❛r ♣r❡❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ t②♣❡s ❛s t❤❡ ♥❡t✇♦r❦ s✐③❡s ❞❡♣❡♥❞
✈❡r② ♠✉❝❤ ♦♥ t❤❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡ s❡ts✳ ❚❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ❢♦r ✐♥st❛♥❝❡s ✇✐t❤ ✈❛r②✐♥❣
s❝❤❡❞✉❧❡ s❡ts ✐s ❡✈❛❧✉❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✻✳✷✳
❚❤❡ ❝♦st ❛♥❞ t✐♠❡ ❢♦r tr❛✈❡❧✐♥❣ ❜❡t✇❡❡♥ t✇♦ ✈❡rt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s

❡q✉❛❧ ❛❣❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❢♦r tr❛✈❡❧✐♥❣ ❜❡t✇❡❡♥ t❤❡s❡ ❧♦❝❛t✐♦♥s✳ ❆❝❝♦r❞✐♥❣❧②✱
♥♦ ❝♦st ❛♥❞ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ♦❝❝✉rs ♦♥ ❛r❝s ❜❡t✇❡❡♥ t✇♦ ✈❡rt✐❝❡s ♦❢ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥✳



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✶✶

d+

d+

d+

d+

A0

A1

A2

A3

B0

B1

B2

B3

d−

d−

d−

d−

❆r❝s ♦❢ ❞❛② ✵

❆r❝s ♦❢ ❞❛② ✶

❆r❝s ♦❢ ❞❛② ✷

❆r❝s ♦❢ ❞❛② ✸

❋✐❣✉r❡ ✺✳✸✿ ❊①❛♠♣❧❡ ♦❢ t❛s❦ ♥❡t✇♦r❦s ✇✐t❤ SA = {{0, 2}, {1, 3}} ❛♥❞ SB =
{{0, 2}, {0, 3}, {0, 2, 3}}

❆❧❧ ❞✉❛❧ ♣r✐❝❡s ❛r❡ ❛❣❛✐♥ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❛r❝s ❧❡❛✈✐♥❣ ❛ ❧♦❝❛t✐♦♥✳ ❙✐♥❝❡ ❡✈❡r② ✈❡r✲
t❡① r❡♣r❡s❡♥ts t❤❡ ❢✉❧✜❧❧♠❡♥t ♦❢ ❛ s✐♥❣❧❡ t❛s❦✱ t❤❡ ❞❡♠❛♥❞ ♣❡r ❞❛② ✐s ❛ss✐❣♥❡❞ t♦ ❡✈❡r②
✈❡rt❡①✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♣r✐❝✐♥❣ ♥❡t✇♦r❦✱ t❤❡ ❝♦✈❡r❡❞ s❝❤❡❞✉❧❡ ♣❛rt ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❧②
✇❤❡♥ ❛ ❝✉st♦♠❡r ❧♦❝❛t✐♦♥ ✐s ❧❡❢t ❜❡❝❛✉s❡ ❢♦r ♦✈❡r❧❛♣♣✐♥❣ s❝❤❡❞✉❧❡s s❡✈❡r❛❧ s❝❤❡❞✉❧❡ ♣❛rts
❛r❡ ♣♦ss✐❜❧❡ ✇❤❡♥ ❡♥t❡r✐♥❣ ❛ ❝✉st♦♠❡r ❧♦❝❛t✐♦♥✳ ❚❤✉s✱ t❤❡ ❛r❝ ✇❡✐❣❤ts ❢♦r t❤❡ r❡❞✉❝❡❞
❝♦sts c̃pij ✱ t❤❡ ❧♦❛❞ dij ✱ ❛♥❞ t❤❡ t✐♠❡ tij ✐♥ t❤❡ ❣r❛♣❤ Gp

T ❛r❡✿

c̃pij :=





co(i)o(j) − µp, ✐❢ i = d+

co(i)o(j) − ρ
p∆(p,p(i))
o(i) , ✐❢ i 6= d+ ❛♥❞ o(i) 6= o(j)

0, ♦t❤❡r✇✐s❡

dij := qo(j)

tij :=

{
to(i)o(j), ✐❢ o(i) 6= o(j)

0, ♦t❤❡r✇✐s❡✳

▲❛❜❡❧✐♥❣ ❆❧❣♦r✐t❤♠

❚❤❡ ❞②♥❛♠✐❝✲♣r♦❣r❛♠♠✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ♦✉r P❱❘P❚❲ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ♦❢ t❤❡
❞✐✛❡r❡♥t ❞❛②s ❝❛♥ ♦♣❡r❛t❡ ♦♥ ❜♦t❤ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ t②♣❡s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ t♦ ✜♥❞ ❢❡❛s✐❜❧❡
r♦✉t❡s ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts✳ ❚❤✉s✱ ❧❡t t❤❡ ❣r❛♣❤ Gp = (V p, Ap) ❢♦r ❞❛② p ❜❡ ❡✐t❤❡r
t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ Gp

SP = (V p
SP , A

p
SP ) ♦r t❤❡ t❛s❦ ♥❡t✇♦r❦ Gp

T = (V p
T , A

p
T )✳ ❚❤❡

❢❡❛s✐❜✐❧✐t② ♦❢ ❛ r♦✉t❡ ✐s ❣✐✈❡♥ ✐❢ ❜♦t❤ t❤❡ ❝❛♣❛❝✐t② ❛♥❞ t❤❡ r♦✉t❡ ❞✉r❛t✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ✈❡❤✐❝❧❡
❛r❡ r❡s♣❡❝t❡❞✱ ✐❢ ❛❧❧ ❝✉st♦♠❡rs ❛r❡ ✈✐s✐t❡❞ ✇✐t❤✐♥ t❤❡✐r t✐♠❡ ✇✐♥❞♦✇✱ ❛♥❞ ✐❢ t❤❡ ✈✐s✐t✐♥❣
❞❛② ❛♥❞ t❤❡ ❞❡❧✐✈❡r② ❛♠♦✉♥t ✜t t♦ ❛t ❧❡❛st ♦♥❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡✳ ❲❤✐❧❡ t❤❡ s❝❤❡❞✉❧❡
❢❡❛s✐❜✐❧✐t② ✐s ❡♥s✉r❡❞ ❜② t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s✱ t❤❡ ♦t❤❡r r❡str✐❝t✐♦♥s
❛r❡ ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚♦ ♦❜t❛✐♥ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s t❤❡ ♠♦st s✉❝❝❡ss❢✉❧ ✈❡rs✐♦♥ ❢♦r ❊❙PP❘❈s ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✱
✇❡ ❡①♣❧❛✐♥ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✱ t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ❛♥❞ ✜♥❛❧❧② t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥
♣r♦❝❡❞✉r❡ s✉❜s❡q✉❡♥t❧②✳



✶✶✷ ✺✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❆❧❣♦r✐t❤♠

❆ ♣❛rt✐❛❧ ❢♦r✇❛r❞ ♣❛t❤ r ❢r♦♠ t❤❡ st❛rt ❞❡♣♦t d+ t♦ ❛ ✈❡rt❡① i ∈ V ✐s r❡♣r❡s❡♥t❡❞ ❜②
❛ ❧❛❜❡❧ Ei = (Ecost

i , Eload
i , Etime

i , Edur
i , Ehelp

i , (Ecustn
i )n∈N )✱ ✇❤❡r❡ t❤❡ ❧❛❜❡❧ ❝♦♠♣♦♥❡♥ts

❛r❡✿

Ecost
i ✿ r❡❞✉❝❡❞ ❝♦st ♦❢ ♣❛t❤ r❀

Eload
i ✿ ❞❡❧✐✈❡r❡❞ ❞❡♠❛♥❞ ♦♥ t❤❡ ♣❛t❤ r❀

Etime
i ✿ ❡❛r❧✐❡st s❡r✈✐❝❡ st❛rt t✐♠❡ ❛t ✈❡rt❡① i ♦♥ t❤❡ ♣❛t❤ r❀

Edur
i ✿ ♠✐♥✐♠✉♠ r♦✉t❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ♣❛t❤ r❀

Ehelp
i ✿ ♥❡❣❛t✐✈❡ ♦❢ t❤❡ ❧❛t❡st ♣♦ss✐❜❧❡ ❞❡♣❛rt✉r❡ t✐♠❡ ❛t t❤❡ ❞❡♣♦t ❢♦r t❤❡

♣❛t❤ r❀
Ecustn

i ✿ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t ❝✉st♦♠❡r n ∈ N ✐s ✈✐s✐t❡❞ ❛❧♦♥❣ ♣❛t❤ r✳
❚❤❡ r❡s♦✉r❝❡s Edur

i ❛♥❞ Ehelp
i ❛r❡ t❛❦❡♥ ❢r♦♠ ✭❚✐❧❦ ❛♥❞ ■r♥✐❝❤✱ ✷✵✶✼✮ ❛♥❞ ❛r❡ ♥❡❝❡ss❛r②

❢♦r ❤❛♥❞❧✐♥❣ t❤❡ r♦✉t❡ ❞✉r❛t✐♦♥✳ ■♥ t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧ ❛t ✈❡rt❡① d+✱ ❛❧❧ ❝♦♠♣♦♥❡♥ts ❛r❡ s❡t
t♦ ✵ ❡①❝❡♣t Etime

i = ad ❛♥❞ Ehelp
i = −bd✳ ❚❤❡ ❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❧❛❜❡❧ Ei ❛❧♦♥❣ ❛♥

❛r❝ (i, j) ∈ Ap ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s ✭❘❊❋s✮✿

Ecost
j = Ecost

i + c̃pij

Eload
j = Eload

i + dij

Etime
j = max{ao(j), E

time
i + tij}

Edur
j = max{Edur

i + tij , E
help
i + ao(j)}

Ehelp
j = max{Edur

i + tij − bo(j), E
help
i }

Ecustn
j =

{
Ecustn

i + 1, o(j) ∈ N, o(j) = n✱ ❛♥❞ o(i) 6= o(j)

Ecustn
i , ♦t❤❡r✇✐s❡✳

❢♦r ❛❧❧ n ∈ N

❆ ❢♦r✇❛r❞ ❧❛❜❡❧ Ej ✐s ❢❡❛s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Eload
j ≤ Q✱ Etime

j ≤ bo(j)✱ E
dur
j ≤ D✱ ❛♥❞

Ecustn
j ≤ 1 ❢♦r ❛❧❧ ❝✉st♦♠❡rs n ∈ N ✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❘❊❋s✱ ❛ ❢♦r✇❛r❞

❧❛❜❡❧ Ej ❞♦♠✐♥❛t❡s ❛♥♦t❤❡r ❢♦r✇❛r❞ ❧❛❜❡❧ E′j ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ✈❡rt❡① j✱ ✐❢ Ej ≤
E′j ❝♦♠♣♦♥❡♥t✲✇✐s❡✳ ◆♦t❡ t❤❛t✱ ✇❤❡♥ ✉s✐♥❣ t❤❡ t❛s❦ ♥❡t✇♦r❦✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ ❢♦r
❞♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ ❧❛❜❡❧s r❡❢❡rr✐♥❣ t♦ t❤❡ ❡♥tr❛♥❝❡ ✈❡rt❡① ♦❢ ❡❛❝❤ ❝✉st♦♠❡r ❜❡❝❛✉s❡
t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❧❛❜❡❧s ❞♦ ♥♦t ❝❤❛♥❣❡ ✇❤✐❧❡ t❤❡② ❛r❡ ♣r♦♣❛❣❛t❡❞ ❛t t❤❡ s❛♠❡
❧♦❝❛t✐♦♥✳
❆ ♣❛rt✐❛❧ ❜❛❝❦✇❛r❞ ♣❛t❤ r ❢r♦♠ ❛ ✈❡rt❡① i ∈ V t♦ t❤❡ ❡♥❞ ❞❡♣♦t d− ✐s r❡♣r❡s❡♥t❡❞ ❜②

❛ ❧❛❜❡❧ Ēi = (Ēcost
i , Ēload

i , Ētime
i , Ēdur

i , Ēhelp
i , (Ēcustn

i )n∈N )✱ ✇❤❡r❡ t❤❡ t❤r❡❡ t✐♠❡✲r❡❧❛t❡❞
r❡s♦✉r❝❡s ❤❛✈❡ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♠❡❛♥✐♥❣ t❤❛♥ ✐♥ t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧✐♥❣✿
Ētime

i ✿ ❧❛t❡st s❡r✈✐❝❡ st❛rt t✐♠❡ ❛t ✈❡rt❡① i❀
Ēdur

i ✿ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠❛❧ r♦✉t❡ ❞✉r❛t✐♦♥ D ❛♥❞ t❤❡ ♠✐♥✐♠✉♠
r♦✉t❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ♣❛t❤ r❀

Ēhelp
i ✿ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠❛①✐♠❛❧ r♦✉t❡ ❞✉r❛t✐♦♥ D ❛♥❞ t❤❡ ❡❛r❧✐❡st ♣♦ss✐❜❧❡

❛rr✐✈❛❧ t✐♠❡ ❛t t❤❡ ❞❡♣♦t ✇✐t❤ r♦✉t❡ ❞✉r❛t✐♦♥ Ēdur
i ❀

❚❤❡ ✐♥✐t✐❛❧ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ ❛t t❤❡ ❡♥❞ ❞❡♣♦t d− ✐s Ēd− = (0, 0, bd, D,D − ad, 0)✳ ❚❤❡
❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❧❛❜❡❧ Ēj ❛❧♦♥❣ ❛♥ ❛r❝ (i, j) ∈ Ap ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✶✸

❘❊❋s✿

Ēcost
i = Ēcost

j + c̃pij

Ēload
i = Ēload

j + dij

Ētime
i = min{bo(i), Ē

time
j − tij}

Ēdur
i = min{Ēdur

j − tij , Ē
help
j − tij + bo(j)}

Ēhelp
i = min{Ēdur

j − ao(j), Ē
help
j }

Ēcustn
i =

{
Ēcustn

j + 1, o(i) ∈ N, o(i) = n✱ ❛♥❞ o(i) 6= o(j)

Ēcustn
j , ♦t❤❡r✇✐s❡✳

❢♦r ❛❧❧ n ∈ N

❆ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Ēi ✐s ❢❡❛s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ēload
i ≤ Q✱ Ētime

i ≥ ao(i)✱ Ē
dur
i ≤ D✱ ❛♥❞

Ēcustn
i ≤ 1 ❢♦r ❛❧❧ ❝✉st♦♠❡rs n ∈ N ✳ ❆ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Ēi ❞♦♠✐♥❛t❡s ❛♥♦t❤❡r ❜❛❝❦✇❛r❞

❧❛❜❡❧ Ē′i ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ✈❡rt❡① i✱ ✐❢ t❤❡ t✐♠❡✲r❡❧❛t❡❞ r❡s♦✉r❝❡s ♦❢ t❤❡ ❢♦r♠❡r ❧❛❜❡❧
❛r❡ ❣r❡❛t❡r ❡q✉❛❧ ❛♥❞ ❛❧❧ ♦t❤❡r r❡s♦✉r❝❡s ❛r❡ ❧❡ss ❡q✉❛❧ t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦✉r❝❡s
♦❢ t❤❡ s❡❝♦♥❞ ❧❛❜❡❧✱ ✐✳❡✳✱ ✐❢ Ēcost

i ≤ Ē′costi ✱ Ēload
i ≤ Ē′loadi ✱ Ēcustn

i ≤ Ē′custni ∀n ∈ N ✱
Ētime

i ≥ Ē′time
i ✱ Ēdur

i ≥ Ē′duri ❛♥❞ Ēhelp
i ≥ Ē′helpi ✳

❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦r✇❛r❞ ❧❛❜❡❧ Ej ❛♥❞
❛ ❜❛❝❦✇❛r❞ ♣❛rt✐❛❧ ♣❛t❤ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❛❝❦✇❛r❞ ❧❛❜❡❧ Ēj ❛t t❤❡ ✈❡rt❡① j ✐s ❢❡❛s✐❜❧❡✱
✐❢ ❛♥❞ ♦♥❧② ✐❢

Eload
j + Ēload

j − qo(j) ≤ Q

Etime
j ≤ Ētime

j

Edur
j ≤ Ēdur

j

Ehelp
j ≤ Ēhelp

j

Ecustn
j + Ēcustn

j ≤ 1 ∀ n ∈ N \ {o(j)}.

❋✉rt❤❡r ❆❝❝❡❧❡r❛t✐♦♥ ❚❡❝❤♥✐q✉❡s

❚♦ ❛❝❝❡❧❡r❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✱ ✇❡ ✐♥❝❧✉❞❡ s❡✈❡r❛❧ ❦♥♦✇♥ t❡❝❤♥✐q✉❡s✳
❋✐rst✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ t♦ ❛❝❤✐❡✈❡ ♠♦r❡ ❞♦♠✐♥❛♥❝❡ ✇❤✐❧❡ ✇❡ ♥❡❡❞
t♦ ❛❝❝❡♣t s♦♠❡ ♥♦♥✲❡❧❡♠❡♥t❛r② r♦✉t❡s ✭s❡❡ ❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❞✮✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ng✲
♥❡✐❣❤❜♦r❤♦♦❞s ✐s ❞②♥❛♠✐❝❛❧❧② ✐♥❝r❡❛s❡❞ ❛❢t❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞✲
♥♦❞❡✱ ❛s ✇❡ ❛❧✇❛②s s❡❛r❝❤ ❢♦r ❛❧❧ ❝②❝❧❡s ✐♥ t❤❡ ❝❤♦s❡♥ r♦✉t❡s ❛♥❞ ❛❞❞ t❤❡ ❞♦✉❜❧❡ ✈✐s✐t❡❞
✈❡rt❡① t♦ t❤❡ ng✲♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ ❜❡t✇❡❡♥ ✭❇❛❧❞❛❝❝✐ ❡t ❛❧✳✱ ✷✵✶✶❛❀ ❇♦❞❡
❛♥❞ ■r♥✐❝❤✱ ✷✵✶✺✮✳ ❙❡❝♦♥❞✱ ✇❡ ❛❝❝❡❧❡r❛t❡ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❜② ❛ ❞②♥❛♠✐❝ ❝❤♦✐❝❡
♦❢ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❤❛❧❢✲✇❛② ♣♦✐♥t
✐s ♥♦t ♣r❡❞❡t❡r♠✐♥❡❞ t♦ t❤❡ ♠✐❞❞❧❡ ♦❢ ❛ r❡s♦✉r❝❡ ❞♦♠❛✐♥ ❜✉t ✐s ❞②♥❛♠✐❝❛❧❧② ❛❞❥✉st❡❞
❞✉❡ t♦ ❛ ❤❡✉r✐st✐❝ ❝r✐t❡r✐♦♥ t❤❛t ❛✐♠s t♦ ❜❛❧❛♥❝❡ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ✇♦r❦❧♦❛❞✳
❚❤✐r❞✱ ✇❡ ✉s❡ r❡str✐❝t❡❞ ♥❡t✇♦r❦s ❛s ❛ ❤❡✉r✐st✐❝ ♣r✐❝✐♥❣ ❛s ❧♦♥❣ ❛s t❤✐s ❣❡♥❡r❛t❡s ❝♦❧✉♠♥s
✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts✳ ❋♦✉rt❤✱ ✇❡ ✉s❡ t❤❡ s♣❡❝✐❛❧ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦r❞❡r s✉❣❣❡st❡❞



✶✶✹ ✺✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❆❧❣♦r✐t❤♠

❜② P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧ ✭✷✵✵✾❜✮ t♦ ❛❧✇❛②s ❝♦♠♣❧❡t❡ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦❢ ♦♥❡ ❞❛② ✭✇✐t❤
❛ ❝❡rt❛✐♥ ♥❡t✇♦r❦ s✐③❡✮ ✉♥t✐❧ ✐t ✜♥❞s ♥♦ ♠♦r❡ ❝♦❧✉♠♥s ❜❡❢♦r❡ ❝❤❛♥❣✐♥❣ t♦ t❤❡ ♥❡①t ❞❛②✳
❚❤✐s ✐s ❛ ✈❛r✐❛♥t ♦❢ ♣❛rt✐❛❧ ♣r✐❝✐♥❣ ✭●❛♠❛❝❤❡ ❡t ❛❧✳✱ ✶✾✾✾✮✳

✺✳✹✳✷ ❙✉❜s❡t✲❘♦✇ ❈✉ts

❱❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❛❞❞❡❞ t♦ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ t♦ ❝✉t ♦✛ ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥s ❛♥❞ t❤✉s
str❡♥❣t❤❡♥ t❤❡ ▲P r❡❧❛①❛t✐♦♥✳ ❋♦r t❤❡ P❱❘P❚❲✱ ✇❡ ❛❞❞ t❤❡ ♥♦♥✲r♦❜✉st s✉❜s❡t✲r♦✇
✭❙❘✮ ✐♥❡q✉❛❧✐t✐❡s ✐♥tr♦❞✉❝❡❞ ❜② ❏❡♣s❡♥ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❚❤❡s❡ ❝✉ts ❛r❡ ✉s✉❛❧❧② ❞❡✜♥❡❞ ♦♥
❛ s✉❜s❡t ♦❢ ❝✉st♦♠❡rs ❛♥❞ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ r♦✉t❡s s❡r✈✐♥❣ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ t❤❡s❡
❝✉st♦♠❡rs✳ ❍♦✇❡✈❡r✱ ❛ ♣r❡❝♦♥❞✐t✐♦♥ ✐s t❤❛t ❡✈❡r② ❝✉st♦♠❡r ❤❛s t♦ ❜❡ s❡r✈❡❞ ❛t ♠♦st
♦♥❝❡✱ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ P❱❘P❚❲✳ ❲❡ t❤❡r❡❢♦r❡ ♥❡❡❞ t♦ ❛❞❥✉st t❤❡
❙❘ ❝✉ts t♦ ♦✉r ❝♦♥t❡①t ❛♥❞ ❧♦♦❦ ❛t s✉❜s❡ts ♦❢ t❛s❦s ♦r s❝❤❡❞✉❧❡ ♣❛rts✱ ❜❡❝❛✉s❡ ❜♦t❤ ❛
s✐♥❣❧❡ t❛s❦ ❛♥❞ ❛ s✐♥❣❧❡ s❝❤❡❞✉❧❡ ♣❛rt ❝❛♥ ❜❡ s❡r✈❡❞ ❛t ♠♦st ♦♥❝❡ ✐♥ t❤❡ P❱❘P✳ ❚❤❡ ❙❘
❝✉t ❞❡✜♥❡❞ ♦♥ ❛ s✉❜s❡t S ♦❢ ❡✐t❤❡r t❛s❦s ♦r s❝❤❡❞✉❧❡ ♣❛rts ✇✐t❤ 0 < k ≤ |S| ❝❛♥ ❜❡ st❛t❡❞
❛s ∑

p∈Π

∑

r∈Rp

⌊∑
i∈S apri
k

⌋
λp
r ≤

⌊
|S|

k

⌋
, ✭✺✳✸✮

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r apri ✐♥❞✐❝❛t❡s ❤♦✇ ♦❢t❡♥ r♦✉t❡ r ♣❡r❢♦r♠❡❞ ♦♥ ❞❛② p ❝♦♥t❛✐♥s t❤❡
t❛s❦✴t❤❡ s❝❤❡❞✉❧❡ ♣❛rt i✳
❇❡❝❛✉s❡ ♦❢ ♣r❡t❡sts✱ ✇❡ ❝♦♥s✐❞❡r ❙❘ ❝✉ts ❞❡✜♥❡❞ ❢♦r s✉❜s❡t ♦❢ t❛s❦s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆s

❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❙❘ ❝✉ts ✇✐t❤ s✉❜s❡ts ♦❢ ❝❛r❞✐♥❛❧✐t② S =
3 ❛♥❞ k = 2✱ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❜❡ q✉✐❝❦❧② s❡♣❛r❛t❡❞ t❤r♦✉❣❤ ❡♥✉♠❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡
♥✉♠❜❡r ♦❢ t❛s❦ s✉❜s❡ts ✐s O(π3) t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡r s✉❜s❡ts✳
❚❤❡r❡❢♦r❡✱ ✇❡ ♦♥❧② s❡♣❛r❛t❡ s✉❜s❡ts ♦❢ t❛s❦s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❞❛②✱ ❡✈❡♥ t❤♦✉❣❤
t❤❡r❡ ❝❛♥ ❜❡ ✈✐♦❧❛t❡❞ ❙❘ ❝✉ts ✇✐t❤ s✉❜s❡ts ❝♦♥s✐st✐♥❣ ♦❢ t❛s❦s ♦❢ ❞✐✛❡r❡♥t ❞❛②s✳
❚❤❡ ♥❡❝❡ss❛r② ❛❞❛♣t❛t✐♦♥s t♦ ✐♥t❡❣r❛t❡ ❙❘ ❝✉ts ✐♥ t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❢♦✉♥❞

✐♥ ✭❏❡♣s❡♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❚❤❡ ♦♥❧② P❱❘P✲s♣❡❝✐✜❝ ♣♦✐♥t ✐s t❤❛t ❛❧❧ t❛s❦ s✉❜s❡ts ♥❡❡❞ t♦
❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ❛❧❧ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❛♥❞ ♥♦t ❥✉st t❤♦s❡ ✇✐t❤ t❛s❦s ❜❡❧♦♥❣✐♥❣ t♦
t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❛②✳

✺✳✹✳✸ ❇r❛♥❝❤✐♥❣ ❙tr❛t❡❣②

❚♦ ❛❝❤✐❡✈❡ ✐♥t❡❣r❛❧✐t② ♦❢ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s✱ ❛ ❜r❛♥❝❤✐♥❣ str❛t❡❣② ♥❡❡❞s t♦ ❜❡ ✐♠♣❧❡✲
♠❡♥t❡❞✳ ❍❡r❡✱ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❢♦✉r✲❧❡✈❡❧ ❜❛s❡❞ str❛t❡❣② ✐s ✉s❡❞✱ ✇❤✐❝❤ tr✐❡s t♦ ✜① ❞❡❝✐s✐♦♥s
✐♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✳
❖♥ t❤❡ ✜rst ❧❡✈❡❧✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ r♦✉t❡s ✇❤❡♥❡✈❡r ✐t ✐s ❢r❛❝t✐♦♥❛❧✳

❖♥ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧✱ ✇❡ ❜r❛♥❝❤ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ r♦✉t❡s ♣❡r❢♦r♠❡❞ ♦♥ ♦♥❡ ❞❛②✳ ❲❤❡♥ ❛♥
✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ✐s ✉s❡❞ ♦♥ ❛❧❧ ❞❛②s✱ ✇❡ ❜r❛♥❝❤ ♦♥ ❛ ✈✐s✐t✐♥❣ ❞❛② ♦❢ ❛ ❝✉st♦♠❡r
♦♥ t❤❡ t❤✐r❞ ❧❡✈❡❧ ❜② ❢♦r❜✐❞❞✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ s❝❤❡❞✉❧❡ ❝♦❧✉♠♥s✳ ❆❢t❡r ♥♦ ♠♦r❡ ❢r❛❝t✐♦♥❛❧
✈❛❧✉❡s ♦♥ ✈✐s✐t✐♥❣ ❞❛②s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝✉st♦♠❡rs ❝❛♥ ❜❡ ❞❡t❡❝t❡❞✱ ❡①❛❝t❧② ♦♥❡ s❝❤❡❞✉❧❡ ✐s
❝❤♦s❡♥ ❢♦r ❡✈❡r② ❝✉st♦♠❡r✳ ❚❤✉s✱ ❢♦r ❡✈❡r② ❞❛② r❡♠❛✐♥s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❱❘P❚❲ ✇✐t❤
❦♥♦✇♥ ❝✉st♦♠❡rs ❛♥❞ ❞❡♠❛♥❞s✳ ❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ✜♥❛❧❧② ❜r❛♥❝❤ ♦♥ t❤❡ ❞❡❝✐s✐♦♥



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✶✺

t♦ ✈✐s✐t t✇♦ ❝✉st♦♠❡rs s✉❝❝❡ss✐✈❡❧② ♦♥ ❛ ❝❡rt❛✐♥ ❞❛②✳ ❚❤✐s ✐s r❡❛❧✐③❡❞ ❜② r❡♠♦✈✐♥❣ t❤❡
r❡s♣❡❝t✐✈❡ ❛r❝s ❢r♦♠ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❛♥❞ ❜② ❡①❝❧✉❞✐♥❣ ❛❧❧ ❛❧r❡❛❞② ❣❡♥❡r❛t❡❞ r♦✉t❡
❝♦❧✉♠♥s t❤❛t ❝♦♥tr❛❞✐❝t t❤✐s ❞❡❝✐s✐♦♥✳ ❆❢t❡r t❤❡s❡ ❢♦✉r ❜r❛♥❝❤✐♥❣ ❧❡✈❡❧s t❤❡r❡ ✐s ❡✐t❤❡r ❛♥
✐♥t❡❣❡r s♦❧✉t✐♦♥ ♦r t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥❢❡❛s✐❜❧❡✳ ❆ ❜❡st✲✜rst s❡❛r❝❤ ✐s ❡①❡❝✉t❡❞ t♦ ❞❡t❡r♠✐♥❡
t❤❡ ♥❡①t ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡ t♦ ♣r♦❝❡ss✳

✺✳✺ ❙②♠♠❡tr②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❜♦t❤ ❞❡♠❛♥❞s ❛♥❞ t✐♠❡ ✇✐♥❞♦✇s ♦❢ t❤❡ ❝✉st♦♠❡rs ❞♦ ♥♦t
✈❛r② ❢r♦♠ ❞❛② t♦ ❞❛②✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ P❱❘P ❧✐t❡r❛t✉r❡✳ ❲❤❡♥ t❤❡
s❝❤❡❞✉❧❡ s❡ts ♦❢ ❛❧❧ ❝✉st♦♠❡rs ❛r❡ st❛♥❞❛r❞✱ t❤❡ ♣r♦❜❧❡♠ ✐s s②♠♠❡tr✐❝ ✐♥ t❤❡ ✇❛② t❤❛t t❤❡
r♦✉t❡s ✐♥ ❡✈❡r② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ s❤✐❢t❡❞ ❜② ❛♥② ♥✉♠❜❡r ♦❢ ❞❛②s ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ♦r ❞❡str♦②✐♥❣ t❤❡ ❢❡❛s✐❜✐❧✐t②✳ ■♥ ❣❡♥❡r❛❧✱ ❡✈❡♥ ♥♦♥✲st❛♥❞❛r❞
✐♥st❛♥❝❡s ♠❛② ♣♦ss❡ss ❛ ✭✇❡❛❦❡r✮ ❢♦r♠ ♦❢ s②♠♠❡tr②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥
♦❢ s✐① ❞❛②s✱ t❤❡ s❝❤❡❞✉❧❡ s❡t S = {{0, 1}, {3, 4}} ❝♦✉❧❞ ❜❡ s❤✐❢t❡❞ ❜② t❤r❡❡ ❞❛②s ❛♥❞ ✇♦✉❧❞
r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳ ❚❤✉s✱ s❡✈❡r❛❧ ❞❛②s ♠❛② ❜❡ ❡q✉✐✈❛❧❡♥t✱ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❡✈❡r② s✐♥❣❧❡ ❞❛② ❝r❡❛t❡s ✉♥♥❡❝❡ss❛r② ❡✛♦rt✳ ❋✉rt❤❡r♠♦r❡✱ s②♠♠❡tr②
❝❛✉s❡s ♠✉❧t✐♣❧❡ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ str✉❝t✉r❡ ❛♥❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❛t ❞✐✛❡r❡♥t
♥♦❞❡s ✐♥ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡✳ ❚♦ ❛✈♦✐❞ t❤❡s❡ ❞r❛✇❜❛❝❦s✱ t❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛
❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ s②♠♠❡tr② ✐♥ t❤❡ P❱❘P ❝♦♥t❡①t ❛♥❞ ✐♥tr♦❞✉❝❡s s♦♠❡ t❡❝❤♥✐q✉❡s t♦
❞❡❛❧ ✇✐t❤ s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s✳
❲❡ ❞❡✜♥❡ t❤❡ s❤✐❢t ❢✉♥❝t✐♦♥ fk : P(Π) → P(Π) ✇✐t❤ k ∈ Π ❢♦r ❛ s❝❤❡❞✉❧❡ s ∈ S ❛s✿

fk(s) = {(p+ k) ♠♦❞ π : p ∈ s}.

❆ s❡t ♦❢ s❝❤❡❞✉❧❡s S ✐s ❝❛❧❧❡❞ k✲s❤✐❢t✲s②♠♠❡tr✐❝✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛❧❧ s❝❤❡❞✉❧❡s
s ∈ S ✈✐❛ fk(s) ②✐❡❧❞s t❤❡ ♦r✐❣✐♥❛❧ s❝❤❡❞✉❧❡ s❡t S ❛❣❛✐♥✱ ✐✳❡✳✱ ✐❢ S = {fk(s) : s ∈ S}✳
❆❝❝♦r❞✐♥❣❧②✱ ❛ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ ✐s ❝❛❧❧❡❞ k✲s❤✐❢t✲s②♠♠❡tr✐❝✱ ✐❢ k ✐s t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ❢♦r
t❤❛t ❛❧❧ t❤❡ s❝❤❡❞✉❧❡ s❡ts Sn ♦❢ ❛❧❧ ❝✉st♦♠❡rs n ∈ N ❛r❡ s❤✐❢t✲s②♠♠❡tr✐❝✳ ■❢ ❛ ♣r♦❜❧❡♠
✐♥st❛♥❝❡ ✐s 1✲s❤✐❢t✲s②♠♠❡tr✐❝✱ ✇❡ ❝❛❧❧ ✐t ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝✳
❋♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ k✲s❤✐❢t✲s②♠♠❡tr✐❝ ✐♥st❛♥❝❡✳ ❋♦r ❛

❣✐✈❡♥ s❝❤❡❞✉❧❡ s ∈ Sn✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥t s❝❤❡❞✉❧❡s ❛s Ms = {s̄ ∈ Sn :
∃m ∈ N : fmk(s) = s̄}✳ ❚❤❡ ♥✉♠❜❡r ms ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤✐s s❡t Ms ❛❧s♦ r❡♣r❡s❡♥ts t❤❡
♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ k✲s❤✐❢ts s✉❝❤ t❤❛t t❤❡ s❝❤❡❞✉❧❡ s ✐s ♠❛♣♣❡❞ t♦ ✐ts❡❧❢✱ ✐✳❡✳✱ ms =
❛r❣♠✐♥{m ∈ N : fmk(s) = s}✳
❚✇♦ ❞❛②s p, p̄ ∈ Π ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ ❛ k✲s❤✐❢t✲s②♠♠❡tr✐❝ ✐♥st❛♥❝❡✱ ✇r✐tt❡♥ ❛s p ∼ p̄✱

✐❢ t❤❡r❡ ❡①✐sts ❛ ♠✉❧t✐♣❧✐❡r m ∈ N0✱ s✉❝❤ t❤❛t |p̄− p| = mk✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ❡✈❡r②
r♦✉t❡ ♣❡r❢♦r♠❡❞ ♦♥ ❞❛② p ❝♦✉❧❞ ❛❧s♦ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ❞❛② p̄ ✇❤✐❧❡ st✐❧❧ ✜tt✐♥❣ t♦ ♦✛❡r❡❞
s❝❤❡❞✉❧❡ ♣❛rts✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss [p] ♦❢ ❛ ❞❛② p ∈ Π ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❞❛②s t❤❛t ❛r❡
❡q✉✐✈❛❧❡♥t t♦ p✱ ✐✳❡✳✱ [p] = {p̄ ∈ Π : p ∼ p̄} = {(p+mk) ♠♦❞ π : m ∈ N0}✳ ▲❡t U ⊆ Π ❜❡
❛ s❡t ♦❢ ❝❧❛ss r❡♣r❡s❡♥t❛t✐✈❡s✳
■♥ ❙❡❝t✐♦♥ ✺✳✺✳✶✱ ✇❡ ❡①♣❧❛✐♥ ❛ ✈❛❧✐❞ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢

❝♦♥s✐❞❡r❡❞ ❞❛②s ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✷✱ ✇❡ ❞❡s❝r✐❜❡ t✇♦ ❢✉rt❤❡r t❡❝❤♥✐q✉❡s t♦ ❡①♣❧♦✐t t❤❡



✶✶✻ ✺✳✺✳ ❙②♠♠❡tr②

s②♠♠❡tr②✳

✺✳✺✳✶ ❆❣❣r❡❣❛t✐♦♥

❊✈❡♥ ✐♥ s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s✱ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s ♦❢ t✇♦ ❡q✉✐✈❛❧❡♥t ❞❛②s ♠❛② ❣❡♥❡r❛t❡
❞✐✛❡r❡♥t ❝♦❧✉♠♥s ❛♥❞ t❤❡ s❛♠❡ r♦✉t❡ ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t r❡❞✉❝❡❞ ❝♦sts ✇❤❡♥ ❛ss✐❣♥❡❞ t♦
t❤❡s❡ ❞❛②s✳ ❚❤❡ r❡❛s♦♥ ✐s ♣r✐♠❛❧ ❞❡❣❡♥❡r❛❝② ❧❡❛❞✐♥❣ t♦ s❡✈❡r❛❧ ♦♣t✐♠❛❧ ❞✉❛❧ s♦❧✉t✐♦♥s✳
❍♦✇❡✈❡r✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❞❛②s ✭✐♥ t❤❡ s❡♥s❡ p ∼ p̄✮ ❝❛♥ ❜❡ ✉s❡❞ s♦ t❤❛t ♦♥❧② ♦♥❡ ♣r✐❝✐♥❣
♣r♦❜❧❡♠ ♣❡r ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♥❡❡❞s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❛❣❣r❡❣❛t❡ ❛❧❧ ❞❛②✲
s♣❡❝✐✜❝ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ P❱❘P ♠♦❞❡❧ ✭✺✳✶✮ ♦✈❡r ❛❧❧ ❞❛②s p ✐♥ t❤❡
s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss [p]✳ ❚❤❡ s❛♠❡ ❛❣❣r❡❣❛t✐♦♥ ❛♣♣r♦❛❝❤ ✇❛s s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥
❈❤❛♣t❡r ✹ ❢♦r t❤❡ tr✉❝❦✲❛♥❞✲tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ❛ t✇♦✲❞❛② ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✜rst ♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ ❛❣❣r❡❣❛t✐♦♥ ❢♦r ❛ k✲s❤✐❢t✲s②♠♠❡tr✐❝ ✐♥st❛♥❝❡ ❛♥❞
t❤❡♥ ❛ ❢✉rt❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ❢♦r ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ r❡❣✉❧❛r s❝❤❡❞✉❧❡s✳

●❡♥❡r❛❧ ❆❣❣r❡❣❛t✐♦♥

❆❣❣r❡❣❛t✐♥❣ ✭s✉♠♠✐♥❣ ✉♣✮ ❛❧❧ ❞❛②✲❡q✉✐✈❛❧❡♥t ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡
P❱❘P ♠♦❞❡❧ ✭✺✳✶✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ✿

min
∑

p∈U

∑

r∈Rp

crλ
p
r ✭✺✳✹❛✮

s✳t✳
∑

s∈Sn

zsn = 1 ∀ n ∈ N ✭✺✳✹❜✮

∑

r∈Rp

ap:lrnλ
p
r =

∑

s∈Sn

∑

p̄∈[p]

bp̄:ls zsn ∀ n ∈ N, p ∈ U, l ∈ L : Spl
n 6= ∅ ✭✺✳✹❝✮

∑

r∈Rp

λp
r ≤ |[p]|m ∀ p ∈ U ✭✺✳✹❞✮

0 ≤ zsn ≤ 1 ∀ n ∈ N, s ∈ Sn ✭✺✳✹❡✮

0 ≤ λp
r ≤ |[p]| ∀ p ∈ U, r ∈ Rp ✭✺✳✹❢✮

■t s✉✣❝❡s t♦ ✐♥❝❧✉❞❡ t❤❡ r♦✉t❡ ✈❛r✐❛❜❧❡s ❢♦r t❤❡ ❝❧❛ss r❡♣r❡s❡♥t❛t✐✈❡s✱ ❜❡❝❛✉s❡ t✇♦ ✐❞❡♥t✐❝❛❧
r♦✉t❡s r ∈ Rp ❛♥❞ r̄ ∈ Rp̄ ♣❡r❢♦r♠❡❞ ♦♥ ❡q✉✐✈❛❧❡♥t ❞❛②s p ∼ p̄ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❡✣❝✐❡♥ts✱
✐✳❡✳✱ ap:lrn = ap̄:lr̄n ❢♦r ❛❧❧ n ∈ N, l ∈ L✱ ❛♥❞ ✐❞❡♥t✐❝❛❧ ❝♦sts cr = cr̄✳ ❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢
t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ❛r❡ ❛ s♠❛❧❧❡r ♣r♦❜❧❡♠ s✐③❡ r❡❣❛r❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞
❝♦♥str❛✐♥ts ❛♥❞ ❛ r❡❞✉❝❡❞ ♥✉♠❜❡r ♦❢ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s t❤❛t ❤❛✈❡ t♦ ❜❡ s♦❧✈❡❞✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ♦❢ t❤❡ P❱❘P ♠♦❞❡❧ ✭✺✳✶✮ ❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡❞
♠♦❞❡❧ ✭✺✳✹✮ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r k✲s❤✐❢t s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✐♥ t❤❡ s❡♥s❡ t❤❛t
✭✐✮ t❤❡② ♣r♦✈✐❞❡ ✐❞❡♥t✐❝❛❧ ❧♦✇❡r ❜♦✉♥❞s ❛♥❞
✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ tr❛♥s❢♦r♠ ❛ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ ♦❢ t❤❡♠ t♦ ❛

s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦t❤❡r ♦♥❡✳

Pr♦♦❢✳ ❚❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r k✲s❤✐❢t✲s②♠♠❡tr✐❝
✐♥st❛♥❝❡s✱ ❜❡❝❛✉s❡ ❢r♦♠ ❛ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ ♦❢ t❤❡♠✱ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦t❤❡r ✇✐t❤ t❤❡ s❛♠❡



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✶✼

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ t♦ t❤❡
❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ✐s ❝❧❡❛r✱ ❜❡❝❛✉s❡ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ✐s ❛❧✇❛②s ❛ r❡❧❛①❛t✐♦♥✳ ❚❤❡
♦t❤❡r ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥ ❜② st❛t✐♥❣ ❛ ❢❡❛s✐❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❋♦r ❛♥② s♦❧✉t✐♦♥ λ̄p

r

✇✐t❤ p ∈ U, r ∈ Rp ❛♥❞ z̄sn ✇✐t❤ n ∈ N, s ∈ Sn ♦❢ ✭✺✳✹✮✱ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r
r❡❧❛①❛t✐♦♥ ♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ✐s ❣✐✈❡♥ ❜② s❡tt✐♥❣

λ̂p̄
r =

1

|[p]|
λ̄p
r ∀p ∈ U, r ∈ Rp, p̄ ∈ [p] ❛♥❞ ẑsn =

1

ms

∑

s̄∈Ms

z̄sn ∀n ∈ N, s ∈ Sn.

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢❡❛s✐❜✐❧✐t② ❛♥❞ t❤❡ ✉♥❝❤❛♥❣❡❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
❜② r❡❝❛❧❝✉❧❛t✐♦♥✳

❊①❛♠♣❧❡ ❈♦♥s✐❞❡r ❛♥ ✐♥st❛♥❝❡ ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❢♦✉r ❞❛②s ❛♥❞ t✇♦ ❝✉st♦♠❡rs
A ❛♥❞ B ✇✐t❤ s❝❤❡❞✉❧❡ s❡ts SA = {s1A = {0, 1}, s2A = {1, 2}, s3A = {2, 3}, s4A = {3, 0}} ❛♥❞
SB = {s1B = {0, 2}}✳ ❆❧t❤♦✉❣❤ t❤❡ s❝❤❡❞✉❧❡s ♦❢ ❝✉st♦♠❡r A ❛r❡ ✐rr❡❣✉❧❛r✱ SA ✐s 1✲s❤✐❢t✲
s②♠♠❡tr✐❝✱ ✇❤✐❧❡ SB ✐s ♦♥❧② 2✲s❤✐❢t✲s②♠♠❡tr✐❝ ❡✈❡♥ t❤♦✉❣❤ ❝✉st♦♠❡r B ♦✛❡rs ❛ r❡❣✉❧❛r
s❝❤❡❞✉❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✇❤♦❧❡ ✐♥st❛♥❝❡ ✐s ♦♥❧② 2✲s❤✐❢t✲s②♠♠❡tr✐❝✳ ❚❤✉s✱ t❤❡ t✇♦
❞❛②s 0 ❛♥❞ 1 ❝♦♥st✐t✉t❡ ❛ s❡t ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ❛♥❞ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡s❡ t✇♦ ❞❛②s
✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✉♥t✐❧ t❤❡ s②♠♠❡tr② ✐s ❜r♦❦❡♥✳ ❆♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞
♠♦❞❡❧ ✭✺✳✹✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡ ❛ss✐❣♥♠❡♥ts✿

λ̄0
r1

= 1 ✇✐t❤ r1 = (d+, Al=1, Bl=2, d−), z̄1A = 1✱ z̄2A = z̄3A = z̄4A = 0,

λ̄0
r2

= 1 ✇✐t❤ r2 = (d+, Bl=2, d−), z̄1B = 1,

λ̄1
r3

= 1 ✇✐t❤ r3 = (d+, Al=3, d−).

◆♦t❡ t❤❛t s❡tt✐♥❣ z̄1A = 1 ✐s ♥♦t t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s
♦❢ ❝✉st♦♠❡r A ✐♥ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧✳ ❆❧❧ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s ✇✐t❤ s❝❤❡❞✉❧❡s ✐♥ t❤❡
s❛♠❡ s❡t Ms ❛r❡ tr❡❛t❡❞ ❡q✉❛❧❧②✱ s✉❝❤ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ Ms1

A
= {s1A, s

3
A}✱ ❡✈❡r② ✈❛r✐❛❜❧❡

❛ss✐❣♥♠❡♥t ❢✉❧✜❧❧✐♥❣ z̄1A + z̄3A = 1, z̄2A = z̄4A = 0 ✐s ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ❣✐✈❡♥ r♦✉t❡s✳ ❆♥
❡q✉✐✈❛❧❡♥t s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦r✐❣✐♥❛❧✱ ❞✐s❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ✭✺✳✶✮ ✐s ❣✐✈❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧
❢♦✉r ❞❛②s ❛♥❞ r❡❞✐str✐❜✉t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✿

λ̂0
r1

= λ̂2
r1

= 0.5, ẑ1A = ẑ3A = 0.5✱ ẑ2A = ẑ4A = 0,

λ̂0
r2

= λ̂2
r2

= 0.5, ẑ1B = 1,

λ̂1
r3

= λ̂3
r3

= 0.5.

❚❤❡ ❙❘ ❝✉ts ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✐♥ ❛♥ ❛❣❣r❡❣❛t❡❞ ✈❡rs✐♦♥✳ ❘❡❝❛❧❧ t❤❛t ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s
t♦ ❙❘ ❝✉ts ❜❛s❡❞ ♦♥ s✉❜s❡ts ♦❢ t❛s❦s r❡❢❡rr✐♥❣ t♦ t❤❡ s❛♠❡ ❞❛②✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ❙❘
❝✉t ❢♦r ❛ s✉❜s❡t Sp ♦❢ t❛s❦s ❜❡❧♦♥❣✐♥❣ t♦ ♦♥❡ ❝❡rt❛✐♥ ❞❛② p ✇♦✉❧❞ ❞❡str♦② t❤❡ s②♠♠❡tr②
♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤✉s✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙❘ ❝✉ts ✇✐t❤ s✉❜s❡ts Sp̄ ♦❢ t❛s❦s r❡❢❡rr✐♥❣ t♦
t❤❡ s❛♠❡ ❝✉st♦♠❡rs✱ ❜✉t t♦ t❤❡ ♦t❤❡r ❞❛②s p̄ ∈ [p] \ p ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ ❤❛✈❡ t♦
❜❡ ❣❡♥❡r❛t❡❞ t♦♦✳ ❚❤❡♥✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❝✉ts ♦❢ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❤❛✈❡ t♦ ❜❡



✶✶✽ ✺✳✺✳ ❙②♠♠❡tr②

❛❣❣r❡❣❛t❡❞ ❛s ❛❜♦✈❡ t♦

∑

p∈U

∑

r∈Rp

∑

p̄∈[p]

⌊∑
i∈Sp̄ a

p
ri

k

⌋
λp
r ≤ |[p]|

⌊
|Sp|

k

⌋
.

❆s s♦♦♥ ❛s t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❜r♦❦❡♥✱ ❢♦r ❡①❛♠♣❧❡ ❞✉❡ t♦ ❞❛②✲s♣❡❝✐✜❝
❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s✱ t❤❡ ❝♦♥str❛✐♥ts ❤❛✈❡ t♦ ❜❡ ❞✐s❛❣❣r❡❣❛t❡❞✳ ❚❤✉s✱ ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✶✮
❤❛s t♦ ❜❡ ✉s❡❞ ❛❣❛✐♥✳ ❚♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡✱ r♦✉t❡ ✈❛r✐❛❜❧❡s
r❡❢❡rr✐♥❣ t♦ t❤❡ ❞❛②s t❤❛t ✇❡r❡ ✐❣♥♦r❡❞✱ ❤❛✈❡ t♦ ❜❡ ❛❞❞❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ r♦✉t❡ r ♦❢
❛ ✈❛r✐❛❜❧❡ λp

r ✇✐t❤ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧✱ ❤❛s t♦ ❜❡ s❤✐❢t❡❞
t♦ ❛❧❧ ♦t❤❡r ❞❛②s ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ t❤❡ ❞❛② p✳ ❚❤❡ r❡s✉❧t✐♥❣ r♦✉t❡ ✈❛r✐❛❜❧❡s λp̄

r

✇✐t❤ p̄ ∈ [p] \ p ❤❛✈❡ t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥✳

❆❣❣r❡❣❛t✐♦♥ ❢♦r ❈♦♠♣❧❡t❡❧② ❙②♠♠❡tr✐❝ ■♥st❛♥❝❡s ✇✐t❤ ❘❡❣✉❧❛r ❙❝❤❡❞✉❧❡s

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s✱ t❤❡
❧✐♥❦✐♥❣ ❝♦♥str❛✐♥ts ✭✺✳✹❝✮ ❝❛♥ ❜❡ ❢✉rt❤❡r ❛❣❣r❡❣❛t❡❞✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ s②♠♠❡✲
tr②✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ ✐✳❡✳✱ U = {0}✳ ❇② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢
❝♦♥str❛✐♥ts ✭✺✳✹❝✮ ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ❧❡♥❣t❤ ❛♥❞ ❛❣❣r❡❣❛t✐♥❣ ♦✈❡r t❤❡ ❧❡♥❣t❤s✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts r❡s✉❧t✿

∑

r∈R0

∑

l∈L

l a0:lrnλ
0
r =

∑

s∈Sn

∑

l∈L

l
∑

p̄∈[0]

bp̄:ls

︸ ︷︷ ︸
r❡❣✉❧❛r✐t② ♦❢ s❝❤❡❞✉❧❡s

= π

zsn
✭✺✳✶❜✮
= π ∀ n ∈ N ✭✺✳✺✮

❜❡❝❛✉s❡✱ ❢♦r ❛ ✜①❡❞ s❝❤❡❞✉❧❡✱ t❤❡ ✉♥✐q✉❡ s❝❤❡❞✉❧❡ ♣❛rt ❧❡♥❣t❤ t✐♠❡s t❤❡ ♥✉♠❜❡r ♦❢ s❝❤❡❞✲
✉❧❡ ♣❛rts ✐♥ t❤✐s s❝❤❡❞✉❧❡ ❣✐✈❡s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞❛②s✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ r♦✉t❡ ✈❛r✐✲
❛❜❧❡s ❛♥❞ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❙✐♥❝❡ t❤❡ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s ❤❛✈❡ ♥♦
✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ t❤❡② ❝❛♥ ❜❡ ✐❣♥♦r❡❞ ✐♥ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ❢♦r
❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s✳ ❚❤✉s✱ ❝♦♥str❛✐♥ts ✭✺✳✹❜✮
❛♥❞ ✭✺✳✹❡✮ ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❆❧❧ ✐♥ ❛❧❧✱ t❤❡ r❡s✉❧t✐♥❣ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ❢♦r
❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s ✐s ❣✐✈❡♥ ❜②✿

min
∑

r∈R0

crλ
0
r

s✳t✳ ✭✺✳✺✮, ✭✺✳✹❞✮ ❛♥❞ ✭✺✳✹❢✮

✭✺✳✻✮

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ♦❢ t❤❡ P❱❘P ♠♦❞❡❧ ✭✺✳✶✮ ❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡❞
♠♦❞❡❧ ✭✺✳✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s
✐♥ t❤❡ s❡♥s❡ t❤❛t
✭✐✮ t❤❡② ♣r♦✈✐❞❡ ✐❞❡♥t✐❝❛❧ ❧♦✇❡r ❜♦✉♥❞s ❛♥❞
✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ tr❛♥s❢♦r♠ ❛ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ ♦❢ t❤❡♠ t♦ ❛

s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦t❤❡r ♦♥❡✳

Pr♦♦❢✳ ❆❣❛✐♥✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤✐s ❡①♣❛♥❞❡❞ ❛❣❣r❡❣❛t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② s❤♦✇✐♥❣ t❤❡



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✶✾

♥❡❝❡ss❛r② tr❛♥s❢♦r♠❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ✭✺✳✶✮✳ ❋♦r ❛♥② s♦❧✉t✐♦♥
λ̄0
r ✇✐t❤ r ∈ R0 ♦❢ ✭✺✳✻✮ ♦❢ ❛ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡ ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s✱

❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡
✐s ❣✐✈❡♥ ❜② s❡tt✐♥❣

λ̂p̄
r =

1

π
λ̄0
r ∀r ∈ R0, p̄ ∈ [0] ❛♥❞ ẑsn =

1

π

∑

r∈R0

a0:lsrn λ̄0
r ∀n ∈ N, s ∈ Sn,

✇❤❡r❡ ls ✐s t❤❡ ✉♥✐q✉❡ s❝❤❡❞✉❧❡ ♣❛rt ❧❡♥❣t❤ ♦❢ ❛❧❧ s❝❤❡❞✉❧❡ ♣❛rts ♦❢ ❛ r❡❣✉❧❛r s❝❤❡❞✉❧❡✳
❆❣❛✐♥✱ t❤❡ ✈❛❧✐❞✐t② ❝❛♥ ❜❡ s❡❡♥ ❜② r❡❝❛❧❝✉❧❛t✐♦♥✳

❊①❛♠♣❧❡ ❈♦♥s✐❞❡r ❛♥ ✐♥st❛♥❝❡ ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❢♦✉r ❞❛②s ❛♥❞ ♦♥❡ ❝✉s✲
t♦♠❡r A ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ s❡t SA = {s1A = {0, 1, 2, 3}, s2A = {0, 2}, s3A = {1, 3}}✳ ❉❡s♣✐t❡
❞✐✛❡r❡♥t ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s✱ ❛❧❧ s❝❤❡❞✉❧❡s ❛r❡ r❡❣✉❧❛r ❛♥❞ t❤❡ ✐♥✲
st❛♥❝❡ ✐s ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝✳ ❆♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ❢♦r ❝♦♠✲
♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s❝❤❡❞✉❧❡s ✭✺✳✻✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
✈❛r✐❛❜❧❡ ❛ss✐❣♥♠❡♥ts✿

λ̄0
r1

= 2 ✇✐t❤ r1 = (d+, Al=1, d−),

λ̄0
r2

= 1 ✇✐t❤ r2 = (d+, Al=2, d−).

❚❤❡r❡❜②✱ r♦✉t❡ r1 ❢✉❧✜❧❧s ♦♥❡ t❛s❦ ♦❢ ❝✉st♦♠❡r A ❛♥❞ ✐s ♣❡r❢♦r♠❡❞ t✇♦ t✐♠❡s ❛♥❞ r♦✉t❡
r2 ❢✉❧✜❧❧s t❤❡ r❡♠❛✐♥✐♥❣ t✇♦ t❛s❦s✳ ❆♥ ❡q✉✐✈❛❧❡♥t s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ✭✺✳✶✮ ✐s
❣✐✈❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ❢♦✉r ❞❛②s✱ r❡❞✐str✐❜✉t✐♥❣ t❤❡ r♦✉t❡ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ❡q✉❛❧❧② t♦ ❛❧❧
❞❛②s✱ ❛♥❞ ✐♥❝❧✉❞✐♥❣ t❤❡ s❝❤❡❞✉❧❡ ❝♦❧✉♠♥s ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✿

λ̂0
r1

= λ̂1
r1

= λ̂2
r1

= λ̂3
r1

= 0.5, ẑ1A = 0.5✱ ẑ2A = ẑ3A = 0.25,

λ̂0
r2

= λ̂1
r2

= λ̂2
r2

= λ̂3
r2

= 0.25.

❲❤❡♥ t❤❡ s②♠♠❡tr② ✐s ❜r♦❦❡♥✱ ❛❧❧ s❝❤❡❞✉❧❡ ✈❛r✐❛❜❧❡s ❤❛✈❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧
❛♥❞ ❝❡rt❛✐♥ r♦✉t❡ ✈❛r✐❛❜❧❡s ❤❛✈❡ t♦ ❜❡ ❛❞❞❡❞ ❛s ❞❡s❝r✐❜❡❞ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❛❣❣r❡❣❛t✐♦♥
❛❜♦✈❡✳

✺✳✺✳✷ ❋✉rt❤❡r ❚❡❝❤♥✐q✉❡s ❍❛♥❞❧✐♥❣ ❙②♠♠❡tr②

❋♦r ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s✱ t❤❡ ♠♦❞❡❧ ✐♥ ✐ts ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✶✮ ♦✛❡rs
♠♦r❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t❤❛♥ ♥❡❝❡ss❛r②✳ ❆s ♠❡♥t✐♦♥❡❞✱ ❡✈❡r② s♦❧✉t✐♦♥ ❝❛♥ ❜❡ s❤✐❢t❡❞
❜② ❛♥② ♥✉♠❜❡r ♦❢ ❞❛②s t♦ ✇❤✐❝❤ t❤❡ ✐♥st❛♥❝❡ ✐s s②♠♠❡tr✐❝✳ ❚❤✉s✱ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
r❡♠❛✐♥s r❡❛❝❤❛❜❧❡ ✐❢ ❢♦r ♦♥❡ s✐♥❣❧❡ ❝✉st♦♠❡r t❤❡ ❞❡❝✐s✐♦♥ t♦ ✈✐s✐t ❤✐♠ ♦♥ ♦♥❡ ❝❡rt❛✐♥ ❞❛②
✐s ✜①❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❤♦♦s❡ ❛ ❝✉st♦♠❡r ✇✐t❤ t❤❡ ❤✐❣❤❡st ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡s
❛♥❞ ❛♠♦♥❣ t❤❡♠ ♦♥❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ❞❡♠❛♥❞✱ ❛♥❞ ✜① ❤✐♠ t♦ ❜❡ ✈✐s✐t❡❞ ♦♥ ❛ ❝❡rt❛✐♥
❞❛② t❤❛t ✐s ❛❧❧♦✇❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ♦❢ ❤✐s ♦✛❡r❡❞ s❝❤❡❞✉❧❡s✳ ❚❤✐s ♣❛rt✐❛❧❧② ❜r❡❛❦s t❤❡
s②♠♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞



✶✷✵ ✺✳✻✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

tr❡❡✳
❋✉rt❤❡r♠♦r❡✱ ❢♦r k✲s❤✐❢t✲s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s✱ ❛s ❧♦♥❣ ❛s ♥♦ ❞❛②✲s♣❡❝✐✜❝ ❜r❛♥❝❤✐♥❣ ✐s

❛♣♣❧✐❡❞ ✭✐✳❡✳✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✜rst ❜r❛♥❝❤✐♥❣ ❧❡✈❡❧✮✱ ❛❧❧ ❣❡♥❡r❛t❡❞ r♦✉t❡s t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥
t❤❡ ✜①❡❞ ❝✉st♦♠❡r ❛r❡ ✈❛❧✐❞ ❢♦r ❛❧❧ ❞❛②s ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳ ❍❡♥❝❡✱ ✇❡ s❤✐❢t
❡✈❡r② r♦✉t❡ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛ s♣❡❝✐✜❝ ❞❛② t♦ ❛❧❧ ♦t❤❡r ❞❛②s ✐♥ t❤❡
s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❛♥❞ ❝♦♠♣✉t❡ t❤❡ r❡❞✉❝❡❞ ❝♦sts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❧✉♠♥✳ ■❢
✐ts r❡❞✉❝❡❞ ❝♦sts ❛r❡ ❛❧s♦ ♥❡❣❛t✐✈❡✱ ✇❡ ❞✐r❡❝t❧② ❛❞❞ ✐t t♦ t❤❡ ❘▼P✳ ❚❤✐s ❝❛♥ r❡❞✉❝❡ t❤❡
♥✉♠❜❡r ♦❢ ♥❡❝❡ss❛r② ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥s✳

✺✳✻ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

❚❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰ ❛♥❞ ✉s❡s ❈P▲❊❳
✶✷✳✻✳✵✳ ❆❧❧ ❝♦♠♣✉t❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ s✐♥❣❧❡ t❤r❡❛❞ ♠♦❞❡ ♦♥ ❛ P❈ ✇✐t❤ ❛♥ ■♥t❡❧
❈♦r❡ ✐✼✲✹✼✾✵❑ ❈P❯ ❝❧♦❝❦❡❞ ❛t ✸✳✻✵ ●❍③✱ ✇✐t❤ ✽ ●❇ ❘❆▼✱ r✉♥♥✐♥❣ ❲✐♥❞♦✇s ✼ ❊♥t❡r✲
♣r✐s❡✳ ❆♣❛rt ❢r♦♠ t❤❡ s✐♥❣❧❡✲t❤r❡❛❞ ♠♦❞❡✱ ❞❡❢❛✉❧t s❡tt✐♥❣s ✇❡r❡ ✉s❡❞ ❢♦r t❤❡ ❈P▲❊❳
s♦❧✈❡r✳ Pr❡❧✐♠✐♥❛r② t❡sts r❡✈❡❛❧❡❞ t❤❛t t❤❡ ❜❡st r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ s✐③❡ ♦❢
✶✷ ❢♦r t❤❡ ng✲♥❡✐❣❤❜♦r❤♦♦❞s ✇❤✐❝❤ ♠❛② ❜❡ ✐♥❝r❡❛s❡❞ ❞②♥❛♠✐❝❛❧❧② ✉♣ t♦ ✶✽✱ ❛♥❞ r❡❞✉❝❡❞
♣r✐❝✐♥❣ ♥❡t✇♦r❦s ✇✐t❤ ✺✱ ✶✵✱ ✷✵✱ ❛♥❞ ✹✵ ♥❡✐❣❤❜♦rs ♣❡r ✈❡rt❡①✳ ❚❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❙❘
❝✉ts ✇❛s ❧✐♠✐t❡❞ t♦ ✶✵✵✱ ✇❤❡r❡❜② ❛t ♠♦st ❢♦✉r ❙❘ ❝✉ts ♣❡r ❞❛② ✇❡r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ❛❞❞❡❞
♣❡r ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥✳
❲❡ st❛rt ✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ P❱❘P❚❲ ✐♥st❛♥❝❡s ✐♥ ❙❡❝t✐♦♥ ✺✳✻✳✶✳ ■♥

❙❡❝t✐♦♥ ✺✳✻✳✷✱ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ P❱❘P✲s♣❡❝✐✜❝ s❡tt✐♥❣s ✐s ❡✈❛❧✉❛t❡❞ ❛♥❞ t❤❡
t✇♦ ✐♥tr♦❞✉❝❡❞ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ t②♣❡s ❛r❡ ❝♦♠♣❛r❡❞✳ ❙❡❝t✐♦♥ ✺✳✻✳✸ s❤♦✇s t❤❡ ❡✛❡❝ts ♦❢
❞✐✛❡r❡♥t s❝❤❡❞✉❧❡ str✉❝t✉r❡s ❛♥❞ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ❢♦r P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✳

✺✳✻✳✶ ■♥st❛♥❝❡s

❚❤❡ ❜❛s✐s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ t❤❡ ✷✵ P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ♣✉❜✲
❧✐s❤❡❞ ❜② ❈♦r❞❡❛✉ ❡t ❛❧✳ ✭✷✵✵✶✮✱ ❝❛❧❧❡❞ P❘ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❍❡r❡✐♥✱ t❤❡ ♥✉♠❜❡r ♦❢
❝✉st♦♠❡rs r❛♥❣❡s ❢r♦♠ ✹✽ t♦ ✷✽✽ ❝✉st♦♠❡rs ❛♥❞ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥s ♦❢ ❢♦✉r ❛♥❞ s✐① ❞❛②s
❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ t✐♠❡ ✇✐♥❞♦✇s ✐♥ t❤❡ ✜rst ✶✵ ✐♥st❛♥❝❡s ❛r❡ ♥❛rr♦✇ ❛♥❞ ❧❛r❣❡r ✐♥
t❤❡ r❡♠❛✐♥✐♥❣ ✶✵ ✐♥st❛♥❝❡s✳ ❆❧❧ ❝✉st♦♠❡rs ♦✛❡r st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✱ s✉❝❤ t❤❛t t❤❡
✐♥st❛♥❝❡s ❛r❡ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝✳ ❋♦r t❤❡ ✐♥st❛♥❝❡s ✇✐t❤ ❢♦✉r ❞❛②s✱ t❤❡r❡ ❡①✐st t❤r❡❡
❣r♦✉♣s ♦❢ ❝✉st♦♠❡rs r❡q✉✐r✐♥❣ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ✶✱ ✷✱ ❛♥❞ ✹✳ ❋♦r
t❤❡ ✐♥st❛♥❝❡s ✇✐t❤ s✐① ❞❛②s✱ t❤❡r❡ ❡①✐st ❢♦✉r ❣r♦✉♣s ♦❢ ❝✉st♦♠❡rs r❡q✉✐r✐♥❣ t❤❡ ❞✐✛❡r❡♥t
♣♦ss✐❜❧❡ ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ✶✱ ✷✱ ✸✱ ❛♥❞ ✻✳ ❯♣ t♦ ♥♦✇✱ t❤❡s❡ ✐♥st❛♥❝❡s ✇❡r❡ ♥♦t t❛❝❦❧❡❞
✇✐t❤ ❡①❛❝t ❛♣♣r♦❛❝❤❡s✳ ❈♦♥❝❧✉❞✐♥❣ ❢r♦♠ t❤❡ s✉❝❝❡ss❡s ♦♥ ❱❘P❚❲ ✐♥st❛♥❝❡s ✇✐t❤ ✶✵✵
❝✉st♦♠❡rs ❛♥❞ ♠♦r❡✱ ♠♦st ♦❢ t❤❡ ✐♥st❛♥❝❡s ✐♥ P❘ ❛r❡ t♦♦ ❧❛r❣❡ t♦ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②
✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡s ✭s❡❡ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳✱ ✷✵✶✹✮✳
❚❤✉s✱ ✇❡ ❝r❡❛t❡❞ ✷✵ s♠❛❧❧❡r ✐♥st❛♥❝❡s ❜② s❡❧❡❝t✐♥❣ ❛ s✉❜s❡t ♦❢ ✸✻ ❝✉st♦♠❡rs ❢♦r t❤❡

✐♥st❛♥❝❡s ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❢♦✉r ❞❛②s ❛♥❞ ❛ s✉❜s❡t ♦❢ ✷✹ ❝✉st♦♠❡rs ❢♦r t❤❡
✐♥st❛♥❝❡s ✇✐t❤ ❛ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ s✐① ❞❛②s✳ ❲❡ t♦♦❦ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs
♦❢ ❡❛❝❤ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❣r♦✉♣s ✇✐t❤ ❞✐✛❡r❡♥t ✈✐s✐t ❢r❡q✉❡♥❝✐❡s t♦ ❦❡❡♣ t❤❡ r❛t✐♦s



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✷✶

❜❡t✇❡❡♥ t❤❡s❡ ❣r♦✉♣s ✉♥❝❤❛♥❣❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❧✐♠✐t❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ✐♥ t❤❡s❡
s♠❛❧❧❡r ✐♥st❛♥❝❡s t♦ t❤r❡❡✳ ❲❡ r❡❢❡r t♦ t❤❡s❡ s♠❛❧❧❡r ✐♥st❛♥❝❡s ❛s P❘s✳
❚♦ t❡st t❤❡ ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t s❝❤❡❞✉❧❡ str✉❝t✉r❡s✱ ✇❡ ❝r❡❛t❡❞ t✇♦ ♠♦r❡ ✈❛r✐❛♥ts ♦❢ t❤❡

✐♥st❛♥❝❡ s❡t P❘s ❜② ♠♦❞✐❢②✐♥❣ t❤❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡ s❡ts✳ ■♥ t❤❡ ✐♥st❛♥❝❡ s❡t P❘+
s ✱ ✇❡

❛❞❞❡❞ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r ❛❧❧ r❡❣✉❧❛r s❝❤❡❞✉❧❡s ✇✐t❤ ❛ ❤✐❣❤❡r ✈✐s✐t ❢r❡q✉❡♥❝② t❤❛♥ ♦r✐❣✐♥❛❧❧②
r❡q✉✐r❡❞✳ ❚❤❡ ✐♥t❡♥t✐♦♥ ✐s t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❝✉st♦♠❡rs ♥❡❡❞ ❛ ❝❡rt❛✐♥ ♠✐♥✐♠❛❧ ✈✐s✐t
❢r❡q✉❡♥❝② ❜✉t ❛r❡ ✇✐❧❧✐♥❣ t♦ ❜❡ ✈✐s✐t❡❞ ♠♦r❡ ♦❢t❡♥✳ ■♥❞❡❡❞✱ ❡✈❡♥ ❛ ❜♦♥✉s ❢♦r ♠♦r❡ ❢r❡q✉❡♥t
✈✐s✐ts s❡❡♠s r❡❛❧✐st✐❝ ❛♥❞ ✇❛s ♣r❡s✉♠❡❞ ❢♦r ❡①❛♠♣❧❡ ❜② ❋r❛♥❝✐s ❡t ❛❧✳ ✭✷✵✵✻✮✳
❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ ✐♥st❛♥❝❡ s❡t P❘++

s ✱ ✇❡ ❡①t❡♥❞❡❞ P❘s ❜② ❛❞❞✐♥❣ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r
❛❧❧ ✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts ❛s ♦r✐❣✐♥❛❧❧② r❡q✉✐r❡❞✳ ❲❡ ❛s✲
s✉♠❡ t❤❛t ❝✉st♦♠❡rs ❞♦ ♥♦t r❡q✉✐r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ✐♥t❡r✈❛❧s ❜❡t✇❡❡♥ ❡❛❝❤ t✇♦ ✈✐s✐ts✱
❜✉t ♥❡❡❞ ♦♥❧② ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✈✐s✐ts ❞✉r✐♥❣ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥✳ ❖❜✈✐♦✉s❧②✱ ❜♦t❤
♠♦❞✐✜❡❞ ✐♥st❛♥❝❡ s❡ts ❛r❡ ❤❛r❞❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ s❝❤❡❞✉❧❡s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♦❧✉t✐♦♥ ✈❛❧✉❡s ❝❛♥ ♦♥❧② ❜❡ ❞❡❝r❡❛s❡❞✱ s✐♥❝❡ ❛❧❧ s♦❧✉t✐♦♥s t❤❛t
❛r❡ ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✐♥st❛♥❝❡s ✐♥ P❘s st❛② ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠♦❞✐✜❡❞
✐♥st❛♥❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡s❡ t✇♦ s❡ts ❝♦✉❧❞ ♥♦t ❜❡ t❛❝❦❧❡❞
❜② ❡①❛❝t ❛♣♣r♦❛❝❤❡s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ✭❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞
❝❛s❡ ✐rr❡❣✉❧❛r✮ s❝❤❡❞✉❧❡s✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❣❛r❞❡❞ ✐♥st❛♥❝❡ s❡ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛✲

❜❧❡ ✺✳✷✳

❚❛❜❧❡ ✺✳✷✿ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ P❱❘P❚❲ ✐♥st❛♥❝❡ s❡ts

■♥st❛♥❝❡
s❡t

★❉❛②s ★❈✉st♦♠❡rs ❆✈❣✳ ⑤Sn⑤ ■rr❡❣✉❧❛r
s❝❤❡❞✉❧❡s

❖✈❡r❧❛♣♣✐♥❣
s❝❤❡❞✉❧❡s

❱❛r②✐♥❣ ✈✐s✐t
❢r❡q✉❡♥❝②

P❘
✹ ✹✽✕✷✽✽ ✷✳✼✺

✻ ✼✷✕✷✽✽ ✸✳✵✵

P❘s
✹ ✸✻ ✷✳✼✺

✻ ✷✹ ✸✳✵✵

P❘
+
s

✹ ✸✻ ✹✳✺✵ ① ①

✻ ✷✹ ✺✳✺✵ ① ①

P❘
++
s

✹ ✸✻ ✸✳✼✺ ① ①

✻ ✷✹ ✶✵✳✺✵ ① ①

✺✳✻✳✷ P❱❘P ❙♣❡❝✐✜❝ ❙❡tt✐♥❣s ❊✈❛❧✉❛t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ s❡✈❡r❛❧ ♦♣t✐♦♥s t♦ t❛❝❦❧❡ t❤❡ s②♠♠❡tr② ❛♥❞ t♦ ♠♦❞❡❧ t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s
✇❡r❡ ❞✐s❝✉ss❡❞ t❤❛t ❛r❡ s♣❡❝✐✜❝ t♦ P❱❘Ps✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡s❡ s❡tt✐♥❣s ✐s ♠❡❛s✉r❡❞
t❤r♦✉❣❤ ❡①t❡♥s✐✈❡ t❡sts t❤❛t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆ r✉♥ t✐♠❡ ❧✐♠✐t ♦❢ ♦♥❡ ❤♦✉r
✇❛s ✉s❡❞ ❢♦r ❛❧❧ t❡sts ✐♥ t❤✐s s❡❝t✐♦♥✳
❚❛❜❧❡ ✺✳✸ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣s✿ ✭✐✮ ❛❣❣r❡✲

❣❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ✭❙❡❝t✐♦♥ ✺✳✺✳✶✮✱ ✭✐✐✮ s②♠♠❡tr② ❜r❡❛❦✐♥❣ t❤r♦✉❣❤ ✜①❛t✐♦♥ ♦❢ ♦♥❡



✶✷✷ ✺✳✻✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

❝✉st♦♠❡r ✭❙❡❝t✐♦♥ ✺✳✺✳✷✮✱ ✭✐✐✐✮ ❛❞❞✐t✐♦♥ ♦❢ ❝♦❧✉♠♥s s❤✐❢t❡❞ t♦ ♦t❤❡r ❞❛②s ✭❙❡❝t✐♦♥ ✺✳✺✳✷✮✱
❛♥❞ ✭✐✈✮ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦r❞❡r t❤❛t ❝♦♥t✐♥✉❡s ✇✐t❤ ♦♥❡ ❞❛② ✉♥t✐❧ ♥♦ ♠♦r❡ ❝♦❧✉♠♥s
❢♦r t❤✐s ❞❛② ❛r❡ ❢♦✉♥❞ ✭❙❡❝t✐♦♥ ✺✳✹✳✶✮✳ ❊❛❝❤ ❡♥tr② s❤♦✇s t❤❡ ❛✈❡r❛❣❡ r✉♥ t✐♠❡ ❛♥❞ t❤❡
♥✉♠❜❡r ♦❢ s♦❧✈❡❞ ✐♥st❛♥❝❡s ❢r♦♠ ✽✵ t❡st r✉♥s✱ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ✹✵ ✐♥st❛♥❝❡s ♦❢ t❤❡ s❡ts
P❘s ❛♥❞ P❘+

s ✱ t❡st❡❞ ✇✐t❤ ❜♦t❤ t❤❡ t❛s❦ ♥❡t✇♦r❦ ❛♥❞ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦✳ ◆♦t❡
t❤❛t ✇❡ ❞✐❞ ♥♦t ✐♥❝❧✉❞❡ t❤❡ ✐♥st❛♥❝❡ s❡t P❘++

s ✐♥ t❤✐s t❡st✱ ❜❡❝❛✉s❡ ✇❡ ✇❛♥t❡❞ t♦ ❛♣♣❧②
❛ ❝♦♥s✐st❡♥t ❢♦r♠ ♦❢ ❛❣❣r❡❣❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ✭❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ ✭✺✳✻✮ ✐s
♥♦t ❛♣♣❧✐❝❛❜❧❡ ❢♦r P❘++

s ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐rr❡❣✉❧❛r s❝❤❡❞✉❧❡s✮✳

❚❛❜❧❡ ✺✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r✉♥ t✐♠❡s ❢♦r ❞✐✛❡r❡♥t s♦❧✈✐♥❣ str❛t❡❣✐❡s

❙②♠♠❡tr② ❜r❡❛❦✐♥❣

tr✉❡ tr✉❡ ❢❛❧s❡ ❢❛❧s❡

❆❣❣r❡❣❛t✐♦♥

tr✉❡ ✾✼✻✳✹ ✭✻✽✮ ✶✵✷✼✳✼ ✭✻✺✮ ✶✸✼✵✳✶ ✭✻✵✮ ✶✹✶✼✳✻ ✭✺✾✮ tr✉❡
❆❞❞
s❤✐❢t❡❞
❝♦❧✉♠♥s

tr✉❡ ✾✽✷✳✼ ✭✻✼✮ ✶✵✹✺✳✼ ✭✻✻✮ ✶✸✼✶✳✹ ✭✻✵✮ ✶✹✹✻✳✹ ✭✺✽✮ ❢❛❧s❡

❢❛❧s❡ ✶✵✸✺✳✼ ✭✻✼✮ ✶✶✶✻✳✻ ✭✻✻✮ ✶✻✺✷✳✺ ✭✺✺✮ ✶✻✻✽✳✶ ✭✺✺✮ tr✉❡

❢❛❧s❡ ✶✵✺✶✳✶ ✭✻✼✮ ✶✵✺✽✳✾ ✭✻✻✮ ✶✼✵✹✳✺ ✭✺✶✮ ✶✻✵✺✳✶ ✭✺✸✮ ❢❛❧s❡

tr✉❡ ❢❛❧s❡ tr✉❡ ❢❛❧s❡

❙♣❡❝✐❛❧ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦r❞❡r

❚❤❡ ✈❛❧✉❡s s❤♦✇ t❤❡ ❛✈❡r❛❣❡ r✉♥ t✐♠❡s ♦✈❡r ❢♦rt② t❡st ✐♥st❛♥❝❡s s♦❧✈❡❞ ✇✐t❤ ❜♦t❤ t❤❡ t❛s❦
♥❡t✇♦r❦ ❛♥❞ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ ✇✐t❤ t❤❡ P❱❘P s♣❡❝✐✜❝ s❡tt✐♥❣s ✐♥❞✐❝❛t❡❞ ❛t t❤❡

❜♦r❞❡rs✳ ■♥st❛♥❝❡s t❤❛t ✇❡r❡ ♥♦t s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ✐♥ t❤❡ t✐♠❡ ❧✐♠✐t ♦❢ ✶ ❤♦✉r ✇❡r❡ ❝♦✉♥t❡❞
✇✐t❤ t❤❡ t✐♠❡ ❧✐♠✐t✳ ❚❤❡ ♥✉♠❜❡r ✐♥ ❜r❛❝❦❡ts ❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳

❚❤❡ ❜❡st r❡s✉❧ts r❡❣❛r❞✐♥❣ ❜♦t❤ t❤❡ r✉♥ t✐♠❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✈❡❞ ✐♥st❛♥❝❡s
✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s❡tt✐♥❣ ✉s✐♥❣ ❛❧❧ t❤❡ ♦♣t✐♦♥s ❧✐st❡❞ ❛❜♦✈❡✳ ❙✇✐t❝❤✐♥❣ ♦✛ ❛❧❧ t❤❡s❡
♦♣t✐♦♥s ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ r✉♥ t✐♠❡ ❜② ♠♦r❡ t❤❛♥ ✻✵✪✳ ❖❜✈✐♦✉s❧②✱ t❤❡
s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❤❛s t❤❡ ❜✐❣❣❡st ✐♥✢✉❡♥❝❡✱ ❜✉t ❛❧s♦ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧
❧❡❛❞s t♦ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ♦t❤❡r s❡tt✐♥❣s✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ s❤✐❢t❡❞
❝♦❧✉♠♥s ✐s ❡s♣❡❝✐❛❧❧② ❜❡♥❡✜❝✐❛❧ ✇❤❡♥ t❤❡ s♣❡❝✐❛❧ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦r❞❡r ✐s ✉s❡❞✳ ❆❧❧ ✐♥
❛❧❧✱ ✇❡ ❝♦♥❝❧✉❞❡❞ t♦ ✉s❡ ❛❧❧ t❤❡ ♦♣t✐♦♥s ✭✐✮ t♦ ✭✐✈✮ ✐♥ ❛❧❧ ❢♦❧❧♦✇✐♥❣ t❡sts✳
❚❤❡ ♥❡①t t❡st ❡✈❛❧✉❛t❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ✐♥tr♦✲

❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶✳ ❆❧❧ s♠❛❧❧ ✐♥st❛♥❝❡ s❡ts ✇❡r❡ r✉♥ ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦
❛♥❞ t❤❡ t❛s❦ ♥❡t✇♦r❦✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝♦♠♣❛r✐s♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✺✳✹✳ ❆✈❡r❛❣❡
r✉♥ t✐♠❡s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ♦♥❧② ♦✈❡r t❤❡ ✐♥st❛♥❝❡s s♦❧✈❡❞ ✇✐t❤ ❜♦t❤ ♥❡t✇♦r❦ t②♣❡s✳
❖✈❡r❛❧❧✱ t❤❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ❜❡tt❡r ✉s✐♥❣ t❤❡ t❛s❦ ♥❡t✇♦r❦ ✐♥ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳

❲❤❡♥ ♦♥❡ ❡①tr❡♠❡ ♦✉t❧✐❡r ♦❢ t❤❡ t❡sts ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ ✐s ✐❣♥♦r❡❞ ✭✇❤✐❝❤ ✐s
❞✉❡ t♦ ❛♥ ✉♥❢❛✈♦r❛❜❧❡ ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss✮✱ t❤❡ r✉♥ t✐♠❡s ✇❡r❡ s✐♠✐❧❛r ❢♦r t❤❡ s♠❛❧❧ ✐♥st❛♥❝❡
s❡t ✇✐t❤ t❤❡ st❛♥❞❛r❞ s❝❤❡❞✉❧❡ s❡ts✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ♦✛❡r❡❞
s❝❤❡❞✉❧❡s ✭✐♥ ✐♥st❛♥❝❡ s❡ts P❘+

s ❛♥❞ P❘++
s ✮✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢

t❤❡ t✇♦ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ❜❡❝♦♠❡s ❧❛r❣❡r✳ ■♥ t❤❡ ✐♥st❛♥❝❡ s❡t ✇✐t❤ t❤❡ ❤✐❣❤❡st ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s ♣❡r ❝✉st♦♠❡r✱ P❘++

s ✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ t❛s❦ ♥❡t✇♦r❦
✐s ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛s ❢❛st ❛s t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦✳ ❚❤❡r❡❢♦r❡✱



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✷✸

❚❛❜❧❡ ✺✳✹✿ ❚❛s❦ ♥❡t✇♦r❦ ✈❡rs✉s s❝❤❡❞✉❧❡ ♣❛rt ♥❡t✇♦r❦ ♦♥ ❞✐✛❡r❡♥t ✐♥st❛♥❝❡ s❡ts

❙P ♥❡t✇♦r❦ ❚❛s❦ ♥❡t✇♦r❦

■♥st❛♥❝❡ s❡t ❚❲ ★❖♣t ❆✈❣✳ t✐♠❡❬s❪ ★❖♣t ❆✈❣✳ t✐♠❡❬s❪

P❘s

s♠❛❧❧ ✶✵ ✴ ✶✵ ✷✺✳✻ ✶✵✴ ✶✵ ✷✻✳✵

❧❛r❣❡ ✾ ✴ ✶✵ ✶✵✺✾✳✺✯ ✾✴ ✶✵ ✼✸✷✳✹

P❘
+
s

s♠❛❧❧ ✶✵ ✴ ✶✵ ✸✼✼✳✼ ✶✵✴ ✶✵ ✷✾✷✳✻

❧❛r❣❡ ✹ ✴ ✶✵ ✷✵✺✼✳✷ ✻✴ ✶✵ ✶✺✵✺✳✶

P❘
++
s

s♠❛❧❧ ✻ ✴ ✶✵ ✽✷✶✳✸ ✻✴ ✶✵ ✸✽✷✳✼

❧❛r❣❡ ✹ ✴ ✶✵ ✸✵✷✳✼ ✹✴ ✶✵ ✶✷✶✳✾

❚♦t❛❧ ✹✸ ✴ ✻✵ ✼✼✹✳✵ ✹✺ ✴ ✻✵ ✺✶✵✳✶

✯■❣♥♦r✐♥❣ ♦♥❡ ♦✉t❧✐❡r ✐♥st❛♥❝❡✿ ✼✼✻✳✾s
✭t❤✐s ✐♥st❛♥❝❡ ♥❡❡❞❡❞ ♥❡❛r❧② ✽ t✐♠❡s ❛s ♠❛♥② ❇✫❇ ♥♦❞❡s ✇✐t❤ t❤❡ ❙P ♥❡t✇♦r❦ ❛s ✇✐t❤ t❤❡ t❛s❦

♥❡t✇♦r❦✮

✇❡ ❞❡❝✐❞❡❞ t♦ ✉s❡ t❤❡ t❛s❦ ♥❡t✇♦r❦ ❢♦r ❛❧❧ ❢✉rt❤❡r ❝♦♠♣✉t❛t✐♦♥s✳

✺✳✻✳✸ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r t❤❡ s♠❛❧❧ ✐♥st❛♥❝❡ s❡ts ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧
✐♥st❛♥❝❡s✳ ❚❛❜❧❡ ✺✳✺ s❤♦✇s t❤❡ ❛❣❣r❡❣❛t❡❞ r❡s✉❧ts ❢♦r t❤❡ s♠❛❧❧ ✐♥st❛♥❝❡s✳ ❚❤❡ ❝♦❧✉♠♥s
st❛t❡ t❤❡ ♥❛♠❡ ♦❢ t❤❡ ✐♥st❛♥❝❡ s❡t✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❞✉r✐♥❣
♦♥❡ ❤♦✉r✱ t❤❡ ❛✈❡r❛❣❡ r✉♥ t✐♠❡ ✭✉♥s♦❧✈❡❞ ✐♥st❛♥❝❡s ❛r❡ ❝♦✉♥t❡❞ ✇✐t❤ t❤❡ t✐♠❡ ❧✐♠✐t✮✱ ❛♥❞
t❤❡ ❛✈❡r❛❣❡ ♦♣t✐♠❛❧✐t② ❣❛♣ ♦✈❡r ❛❧❧ ✐♥st❛♥❝❡s✳ ❋♦r t❤❡ ✐♥st❛♥❝❡ s❡ts P❘+

s ❛♥❞ P❘
++
s ✱ t❤❡

t❛❜❧❡ ❣✐✈❡s ❛❞❞✐t✐♦♥❛❧❧② t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛s✐s
✐♥st❛♥❝❡ s❡t P❘s✳ ❲❡ ♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s ✇✐t❤ ✐♠♣r♦✈❡❞ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ❛♥❞
❢♦r t❤❡s❡ ✐♥st❛♥❝❡s t❤❡ ❛✈❡r❛❣❡ ♣❡r❝❡♥t❛❧ ✐♠♣r♦✈❡♠❡♥t✳ ■♥ ❝❛s❡s ✇❤❡r❡ ✐♥st❛♥❝❡s ✇❡r❡
♥♦t s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✱ ✇❡ ❝♦♠♣❛r❡❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❛♥ ✐♥st❛♥❝❡ ✐♥ P❘s ✇✐t❤ t❤❡
❜❡st ❢♦✉♥❞ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥st❛♥❝❡ ✐♥ P❘+

s ❛♥❞ P❘
++
s ✱ r❡s♣❡❝t✐✈❡❧②✳

❚❛❜❧❡ ✺✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t s❝❤❡❞✉❧❡ str✉❝t✉r❡s

✐♥st❛♥❝❡ s❡t ★❖♣t ❚✐♠❡❬s❪ ●❛♣❬✪❪ ★■♠♣r♦✈❡❞ s♦❧✉t✐♦♥s ❆✈❣✳ ✐♠♣r♦✈❡♠❡♥t❬✪❪

P❘s ✶✾ ✴ ✷✵ ✺✷✷✳✻ ✵✳✵✸

P❘
+
s ✶✻ ✴ ✷✵ ✶✸✶✼✳✽ ✵✳✺✷ ✹ ✶✳✷

P❘
++
s ✶✵ ✴ ✷✵ ✶✾✸✾✳✷ ✷✳✷✸ ✶✽ ✶✳✹

❆s ❡①♣❡❝t❡❞✱ ✐♥❝r❡❛s✐♥❣ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ❝✉st♦♠❡rs✬ s❝❤❡❞✉❧❡ s❡ts ❧❡❛❞s t♦ ❤✐❣❤❡r r✉♥



✶✷✹ ✺✳✻✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t✉❞②

t✐♠❡s ❛♥❞ ❧❡ss ✐♥st❛♥❝❡s s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❡✈❡r❛❧ ✐♥st❛♥❝❡s
♣r♦❞✉❝❡❞ ❜❡tt❡r s♦❧✉t✐♦♥ ✈❛❧✉❡s ✇❤❡♥ ♠♦r❡ ✢❡①✐❜❧❡ s❝❤❡❞✉❧❡ s❡ts ✇❡r❡ ❛❧❧♦✇❡❞✳ ❊✈❡♥ ✐♥
t❤❡ ✐♥st❛♥❝❡ s❡t P❘+

s ✱ ✇❤❡r❡ ♦♥❧② s❝❤❡❞✉❧❡s ✇✐t❤ ❤✐❣❤❡r ✈✐s✐t ❢r❡q✉❡♥❝✐❡s ✇❡r❡ ❛❞❞❡❞✱
❢♦✉r ✐♠♣r♦✈❡❞ s♦❧✉t✐♦♥s ❝♦✉❧❞ ❜❡ ❞❡t❡❝t❡❞✳ ■♥ t❤❡ ✐♥st❛♥❝❡ s❡t P❘++

s ✱ ✇❤❡r❡ t❤❡ ✈✐s✐t
❢r❡q✉❡♥❝② st❛②❡❞ ✉♥❝❤❛♥❣❡❞✱ ❢♦r ♥❡❛r❧② ❛❧❧ ✐♥st❛♥❝❡s ❛ ❜❡tt❡r s♦❧✉t✐♦♥s ❝♦✉❧❞ ❜❡ ❢♦✉♥❞✳
❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② s✉r♣r✐s✐♥❣ ❜❡❝❛✉s❡ ♦✉r ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❢♦❝✉s ♦♥ t❤❡ s❡❛r❝❤ ❢♦r ❣♦♦❞
✉♣♣❡r ❜♦✉♥❞s ❛♥❞ ❤❛❧❢ ♦❢ t❤❡ ✐♥st❛♥❝❡s ✇❡r❡ ♥♦t s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳ ❚❤✐s ❝♦✉❧❞ ❛❧s♦ ❜❡
❛ r❡❛s♦♥ ❢♦r t❤❡ r❛t❤❡r s♠❛❧❧ ♣❡r❝❡♥t❛❧ ✐♠♣r♦✈❡♠❡♥ts✳ ❉❡t❛✐❧❡❞ r❡s✉❧ts ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧
✐♥st❛♥❝❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✺✳✼ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
■♥ ❚❛❜❧❡ ✺✳✻✱ ✇❡ ♣r❡s❡♥t ♥❡✇ ❧♦✇❡r ❜♦✉♥❞s ❛♥❞ t✇♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦

s❡t P❘✳ ❇❡s✐❞❡ t❤❡ ✐♥st❛♥❝❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ ♥❛♠❡✱ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs✱ ♥✉♠❜❡r ♦❢ ❞❛②s✱
♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ t✐♠❡ ✇✐♥❞♦✇s✱ ✇❡ ❧✐st t❤❡ r♦♦t ❧♦✇❡r ❜♦✉♥❞s
❝♦♠♣✉t❡❞ ❜② P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧ ✭✷✵✵✾❜✮ ✭✐❢ ❛✈❛✐❧❛❜❧❡✮✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ❝♦♠♣✉t❡❞
✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠ ❛❢t❡r t✇♦ ❤♦✉rs ♦❢ r✉♥t✐♠❡✱ t❤❡ ❜❡st ❦♥♦✇♥ ✉♣♣❡r ❜♦✉♥❞s t❤❛t ✇❡r❡
♣✉❜❧✐s❤❡❞ ❜② ❱✐❞❛❧ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ❣❛♣ ❜❡t✇❡❡♥ t❤❡s❡ ✉♣♣❡r ❛♥❞ ♦✉r
❧♦✇❡r ❜♦✉♥❞s✳

❚❛❜❧❡ ✺✳✻✿ ❘❡s✉❧ts ❢♦r P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s P❘

■♥st❛♥❝❡ ★❈✉st✳ ★❉❛②s ★❱❡❤✳ ❚❲ ▲❇❬P❘✵✾❪ ❖✉r ▲❇ ❯❇❬❱✶✸❪ ●❛♣❬✪❪

♣r✵✶ ✹✽ ✹ ✸ s♠❛❧❧ ✷✽✽✷✳✵✶ ✷✾✵✾✳✵✷ ✷✾✵✾✳✵✷ ✵

♣r✵✷ ✾✻ ✹ ✻ s♠❛❧❧ ✹✾✾✸✳✹✽ ✺✵✶✵✳✽✺ ✺✵✷✻✳✺✼ ✵✳✸

♣r✵✸ ✶✹✹ ✹ ✾ s♠❛❧❧ ✻✽✹✶✳✹✹ ✻✽✺✸✳✶✵ ✼✵✷✸✳✾✵ ✷✳✺

♣r✵✹ ✶✾✷ ✹ ✶✷ s♠❛❧❧ ✼✺✸✻✳✵✶ ✼✼✺✺✳✼✼ ✷✳✾

♣r✵✺ ✷✹✵ ✹ ✶✺ s♠❛❧❧ ✼✾✾✶✳✼✽ ✽✸✶✶✳✶✼ ✹✳✵

♣r✵✻ ✷✽✽ ✹ ✶✽ s♠❛❧❧ ✶✵✹✼✸✳✷✹

♣r✵✼ ✼✷ ✻ ✺ s♠❛❧❧ ✻✻✹✶✳✸✾ ✻✼✷✹✳✷✹ ✻✼✽✸✳✷✸ ✵✳✾

♣r✵✽ ✶✹✹ ✻ ✶✵ s♠❛❧❧ ✾✶✺✸✳✼✾ ✾✶✺✾✳✾✷ ✾✺✼✹✳✽✵ ✹✳✺

♣r✵✾ ✷✶✻ ✻ ✶✺ s♠❛❧❧ ✶✷✹✸✾✳✾✵ ✶✸✷✵✶✳✵✻ ✻✳✶

♣r✶✵ ✷✽✽ ✻ ✷✵ s♠❛❧❧ ✶✺✽✾✸✳✾✵ ✶✻✾✷✵✳✾✻ ✻✳✺

♣r✶✶ ✹✽ ✹ ✸ ❧❛r❣❡ ✷✷✺✽✳✽✺ ✷✷✼✼✳✹✹ ✷✷✼✼✳✹✹ ✵

♣r✶✷ ✾✻ ✹ ✻ ❧❛r❣❡ ✹✵✸✹✳✼✼ ✹✶✷✶✳✺✵ ✷✳✶

♣r✶✸ ✶✹✹ ✹ ✾ ❧❛r❣❡ ✺✸✸✺✳✷✼ ✺✹✽✾✳✸✸ ✷✳✾

♣r✶✹ ✶✾✷ ✹ ✶✷ ❧❛r❣❡ ✻✸✹✼✳✼✼

♣r✶✺ ✷✹✵ ✹ ✶✺ ❧❛r❣❡ ✻✼✼✼✳✺✹

♣r✶✻ ✷✽✽ ✹ ✶✽ ❧❛r❣❡ ✽✺✽✷✳✼✷

♣r✶✼ ✼✷ ✻ ✹ ❧❛r❣❡ ✺✸✷✸✳✺✼ ✺✹✽✶✳✻✶ ✸✳✵

♣r✶✽ ✶✹✹ ✻ ✽ ❧❛r❣❡ ✼✺✾✾✳✵✶

♣r✶✾ ✷✶✻ ✻ ✶✷ ❧❛r❣❡ ✶✵✺✸✷✳✺✶

♣r✷✵ ✷✽✽ ✻ ✶✻ ❧❛r❣❡ ✶✸✹✵✻✳✽✾

P❘✵✾ ❂ P✐r❦✇✐❡s❡r ❛♥❞ ❘❛✐❞❧ ✭✷✵✵✾❜✮✱ ❱✶✸ ❂ ❱✐❞❛❧ ❡t ❛❧✳ ✭✷✵✶✸✮



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✷✺

❋♦r s❡✈❡♥ ♦✉t ♦❢ t❤❡s❡ ❧❛r❣❡ ✐♥st❛♥❝❡s✱ t❤❡ ✜rst ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥✲❜❛s❡❞ ❧♦✇❡r ❜♦✉♥❞s
❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t✇♦ ❦♥♦✇♥ s♦❧✉t✐♦♥s ✇❛s ♣r♦✈❡♥ ❢♦r t❤❡ ✜rst
t✐♠❡✳ ❚❤❡ s♠❛❧❧ ❣❛♣s t♦❣❡t❤❡r ✇✐t❤ t❤❡ t✇♦ ♦♣t✐♠❛❧✐t② ♣r♦♦❢s ✐♥❞✐❝❛t❡ t❤❛t ❜♦t❤ t❤❡
❤❡✉r✐st✐❝ ♦❢ ❱✐❞❛❧ ❡t ❛❧✳ ✭✷✵✶✸✮ ❛♥❞ ♦✉r ❧♦✇❡r ❜♦✉♥❞s ❛r❡ s❛t✐s❢❛❝t♦r②✳ ❍♦✇❡✈❡r✱ ✐t ❜❡❝♦♠❡s
❛♣♣❛r❡♥t t❤❛t ❧❛r❣❡r t✐♠❡ ✇✐♥❞♦✇s ❝♦♠♣❧✐❝❛t❡ t❤❡ s♦❧✉t✐♦♥ ❛ ❧♦t ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢
✐♥st❛♥❝❡s ✇❤♦s❡ r♦♦t ♥♦❞❡ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❞❡❝r❡❛s❡❞ t♦ ❧❡ss t❤❛♥ ✺✵✪ ❜② ❡♥❧❛r❣✐♥❣ t❤❡
t✐♠❡ ✇✐♥❞♦✇s✳

✺✳✼ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P❚❲ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ ❢✉❧❧② ✢❡①✐❜❧❡ s❝❤❡❞✉❧❡ s❡ts ✇❛s
st✉❞✐❡❞✳ ❲❡ ♣r❡s❡♥t❡❞ ❛ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ♠❛st❡r ♣r♦❜❧❡♠ ❛♥❞ ❛ ♥❡✇ ❡①❛❝t ❜r❛♥❝❤✲❛♥❞✲
♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❋♦r t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✱ t✇♦ ♥❡✇ ✉♥❞❡r❧②✐♥❣ ♥❡t✇♦r❦s ✇❡r❡
❞❡s❝r✐❜❡❞ ♦♥ ✇❤✐❝❤ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ♦♣❡r❛t❡s t♦ ✜♥❞ ♥❡✇ ❝♦❧✉♠♥s✳ ▼♦r❡♦✈❡r✱ ✇❡
♣r❡s❡♥t❡❞ ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ ❞❡❛❧ ✇✐t❤ s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s ✉s✐♥❣ ❝♦♥str❛✐♥t ❛❣❣r❡❣❛t✐♦♥
❛♥❞ ❛ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ✈❛r✐❛❜❧❡ ✜①✐♥❣✳
❆♥ ❡①t❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞② ✇❛s ♣❡r❢♦r♠❡❞ ✇✐t❤ P❱❘P❚❲ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s

❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ s♠❛❧❧❡r ✐♥st❛♥❝❡s ✇✐t❤ ✈❛r②✐♥❣ s❝❤❡❞✉❧❡ str✉❝t✉r❡s✳ ❚❤❡ ❡✛❡❝✲
t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ P❱❘P✲s♣❡❝✐✜❝ ♠❡t❤♦❞s ❝♦✉❧❞ ❜❡ ❝♦♥✜r♠❡❞ ❛♥❞ ❜❡♥❡✜ts ♦❢ t❤❡
t❛s❦✲❜❛s❡❞ ♥❡t✇♦r❦ ❢♦r ✐♥❝r❡❛s✐♥❣ s❝❤❡❞✉❧❡ s❡ts ♣❡r ❝✉st♦♠❡r ✇❡r❡ s❤♦✇♥✳ ❲❤✐❧❡ r❛✐s✐♥❣
✢❡①✐❜✐❧✐t② t❤r♦✉❣❤ ♠♦r❡ ♦✛❡r❡❞ s❝❤❡❞✉❧❡s ♣❡r ❝✉st♦♠❡r ✐♥❝r❡❛s❡s t❤❡ ❞✐✣❝✉❧t② ❛♥❞ t❤✉s
t❤❡ s♦❧✉t✐♦♥ t✐♠❡s✱ ✇❡ s❤♦✇❡❞ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❡r♠s ♦❢ ❝♦sts ✐♥ ♠❛♥② ✐♥st❛♥❝❡s✳ ❋♦r t❤❡
❧❛r❣❡ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✱ s❡✈❡r❛❧ ❧♦✇❡r ❜♦✉♥❞s t❤❛t ❛r❡ ❝❧♦s❡ t♦ ❦♥♦✇♥ ✉♣♣❡r ❜♦✉♥❞s
✇❡r❡ ❢♦✉♥❞ ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t✇♦ s♦❧✉t✐♦♥s ✇❛s ♣r♦✈❡♥✳
❋✉t✉r❡ r❡s❡❛r❝❤ ❝♦✉❧❞ ❛❞❞r❡ss t❤❡ ❜r❛♥❝❤✐♥❣ ❛♥❞✱ ❢♦r s②♠♠❡tr✐❝ ✐♥st❛♥❝❡s✱ t❤❡ tr❛♥✲

s✐t✐♦♥ ❢r♦♠ t❤❡ ❛❣❣r❡❣❛t❡❞ ♠♦❞❡❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✳ ❉✉r✐♥❣ ♣r❡❧✐♠✐♥❛r② t❡sts✱ ✇❡
♦❜s❡r✈❡❞ t❤❛t s❧✐❣❤t❧② ❞✐✛❡r❡♥t t✐❡ ❜r❡❛❦❡rs ✐♥ t❤❡ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ❝❛♥ ❤❛✈❡ ❛ ❤✉❣❡
✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r✉♥ t✐♠❡s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥s ❛♥❞ t❤❡
✉s❛❣❡ ♦❢ str♦♥❣ ❜r❛♥❝❤✐♥❣ ❝♦✉❧❞ ❧❡❛❞ t♦ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥ts✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ tr❛♥✲
s✐t✐♦♥ ❢r♦♠ t❤❡ ❛❣❣r❡❣❛t❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✱ t❤❡ ❝✉rr❡♥t ❛♣♣r♦❛❝❤ ♦❢t❡♥ ♣r♦❞✉❝❡s ❛
✈❡r② ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✱ ❡✈❡♥ ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡❞
♠♦❞❡❧ ✇❛s ✐♥t❡❣❡r✳ ❋✐♥❛❧❧②✱ ❛ ❣♦♦❞ ❤❡✉r✐st✐❝ ❝♦✉❧❞ ❤❡❧♣ t♦ r❡❞✉❝❡ t❤❡ ❡✛♦rt ❢♦r ✜♥❞✐♥❣
❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❚❤❡ P❤❉ s✉♣❡r✈✐s♦r ❛♥❞ ❤✐s r❡s❡❛r❝❤ ❣r♦✉♣ ❛t ❏●❯ ▼❛✐♥③ ✇♦r❦ ♦♥ ❝♦❧✉♠♥✲❣❡♥❡r❛t✐♦♥
st❛❜✐❧✐③❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❤❛✈❡ str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ t❤❡ s②♠♠❡tr② ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ t❤✐s
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❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✿ ▲❛t❡st ❆❞✈❛♥❝❡s ❛♥❞ ◆❡✇ ❈❤❛❧❧❡♥❣❡s✱ ♣❛❣❡s ✼✸✕✶✵✷✳ ❙♣r✐♥❣❡r
❯❙✱ ❇♦st♦♥✱ ▼❆✳

●❛♠❛❝❤❡✱ ▼✳✱ ❙♦✉♠✐s✱ ❋✳✱ ▼❛rq✉✐s✱ ●✳✱ ❛♥❞ ❉❡sr♦s✐❡rs✱ ❏✳ ✭✶✾✾✾✮✳ ❆ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥
❛♣♣r♦❛❝❤ ❢♦r ❧❛r❣❡ s❝❛❧❡ ❛✐r❝r❡✇ r♦st❡r✐♥❣ ♣r♦❜❧❡♠s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✼✱ ✷✹✼✕✷✻✷✳

●❛✉❞✐♦s♦✱ ▼✳ ❛♥❞ P❛❧❡tt❛✱ ●✳ ✭✶✾✾✷✮✳ ❆ ❤❡✉r✐st✐❝ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳
❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✷✻✭✷✮✱ ✽✻✕✾✷✳

❍❡♠♠❡❧♠❛②r✱ ❱✳ ❈✳✱ ❉♦❡r♥❡r✱ ❑✳ ❋✳✱ ❛♥❞ ❍❛rt❧✱ ❘✳ ❋✳ ✭✷✵✵✾✮✳ ❆ ✈❛r✐❛❜❧❡ ♥❡✐❣❤❜♦r✲
❤♦♦❞ s❡❛r❝❤ ❤❡✉r✐st✐❝ ❢♦r ♣❡r✐♦❞✐❝ r♦✉t✐♥❣ ♣r♦❜❧❡♠s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧
❘❡s❡❛r❝❤✱ ✶✾✺✭✸✮✱ ✼✾✶✕✽✵✷✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ●✳ ✭✷✵✵✺✮✳ ❙❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳
■♥ ●✳ ❉❡s❛✉❧♥✐❡rs✱ ❏✳ ❉❡sr♦s✐❡rs✱ ❛♥❞ ▼✳ ❙♦❧♦♠♦♥✱ ❡❞✐t♦rs✱ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥✱ ♣❛❣❡s
✸✸✕✻✺✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✳

■r♥✐❝❤✱ ❙✳✱ ❙❝❤♥❡✐❞❡r✱ ▼✳✱ ❛♥❞ ❱✐❣♦✱ ❉✳ ✭✷✵✶✹❜✮✳ ❋♦✉r ✈❛r✐❛♥ts ♦❢ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠✳ ■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✾✱ ♣❛❣❡s ✷✹✶✕✷✼✶✳
❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳



✶✷✽ ❇✐❜❧✐♦❣r❛♣❤②

❏❡♣s❡♥✱ ▼✳✱ P❡t❡rs❡♥✱ ❇✳✱ ❙♣♦♦r❡♥❞♦♥❦✱ ❙✳✱ ❛♥❞ P✐s✐♥❣❡r✱ ❉✳ ✭✷✵✵✽✮✳ ❙✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✲
✐t✐❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱
✺✻✭✷✮✱ ✹✾✼✕✺✶✶✳

▲ü❜❜❡❝❦❡✱ ▼✳ ❛♥❞ ❉❡sr♦s✐❡rs✱ ❏✳ ✭✷✵✵✺✮✳ ❙❡❧❡❝t❡❞ t♦♣✐❝s ✐♥ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥✳ ❖♣❡r❛t✐♦♥s
❘❡s❡❛r❝❤✱ ✺✸✭✻✮✱ ✶✵✵✼✕✶✵✷✸✳

P✐r❦✇✐❡s❡r✱ ❙✳ ❛♥❞ ❘❛✐❞❧✱ ●✳ ❘✳ ✭✷✵✵✾❛✮✳ ❇♦♦st✐♥❣ ❛ ✈❛r✐❛❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞ s❡❛r❝❤ ❢♦r t❤❡
♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❜② ■▲P t❡❝❤♥✐q✉❡s✳ ■♥ ❙✳ ❱♦ss ❛♥❞
▼✳ ❈❛s❡rt❛✱ ❡❞✐t♦rs✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✽t❤ ▼❡t❛❤❡✉r✐st✐❝ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡✳

P✐r❦✇✐❡s❡r✱ ❙✳ ❛♥❞ ❘❛✐❞❧✱ ●✳ ❘✳ ✭✷✵✵✾❜✮✳ ❆ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♣❡r✐♦❞✐❝
✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ■♥ ▼✳ ❙❝✉t❡❧❧à ❡t ❛❧✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✐♥❣s
♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ◆❡t✇♦r❦ ❖♣t✐♠✐③❛t✐♦♥ ❈♦♥❢❡r❡♥❝❡❡✳

❘✐❣❤✐♥✐✱ ●✳ ❛♥❞ ❙❛❧❛♥✐✱ ▼✳ ✭✷✵✵✻✮✳ ❙②♠♠❡tr② ❤❡❧♣s✿ ❇♦✉♥❞❡❞ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳ ❉✐s❝r❡t❡
❖♣t✐♠✐③❛t✐♦♥✱ ✸✭✸✮✱ ✷✺✺✕✷✼✸✳

❘✉ss❡❧❧✱ ❘✳ ❛♥❞ ■❣♦✱ ❲✳ ✭✶✾✼✾✮✳ ❆♥ ❛ss✐❣♥♠❡♥t r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ◆❡t✇♦r❦s✱ ✾✭✶✮✱ ✶✕✶✼✳

❚✐❧❦✱ ❈✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✼✮✳ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❢♦r t❤❡ ♠✐♥✐♠✉♠ t♦✉r ❞✉r❛t✐♦♥
♣r♦❜❧❡♠✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✺✶✭✷✮✱ ✺✹✾✕✺✻✺✳

❚♦t❤✱ P✳ ❛♥❞ ❱✐❣♦✱ ❉✳✱ ❡❞✐t♦rs ✭✷✵✶✹✮✳ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❱✐❞❛❧✱ ❚✳✱ ❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ●❡♥❞r❡❛✉✱ ▼✳✱ ❛♥❞ Pr✐♥s✱ ❈✳ ✭✷✵✶✸✮✳ ❆ ❤②❜r✐❞ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠
✇✐t❤ ❛❞❛♣t✐✈❡ ❞✐✈❡rs✐t② ♠❛♥❛❣❡♠❡♥t ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤
t✐♠❡✲✇✐♥❞♦✇s✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✶✮✱ ✹✼✺✕✹✽✾✳

❲❡♥✱ ▼✳✱ ❈♦r❞❡❛✉✱ ❏✳✲❋✳✱ ▲❛♣♦rt❡✱ ●✳✱ ❛♥❞ ▲❛rs❡♥✱ ❏✳ ✭✷✵✶✵✮✳ ❚❤❡ ❞②♥❛♠✐❝ ♠✉❧t✐✲♣❡r✐♦❞
✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✸✼✭✾✮✱ ✶✻✶✺✕✶✻✷✸✳



❈❤❛♣t❡r ✺✳ P❡r✐♦❞✐❝ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠ ✶✷✾

❆♣♣❡♥❞✐①

❚❛❜❧❡ ✺✳✼ ❧✐sts t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❛s ✇❡❧❧ ❛s t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ❢♦r t❤❡ s♠❛❧❧
✐♥st❛♥❝❡s P❘s✱ P❘+

s ✱ ❛♥❞ P❘
++
s ❢♦r ❛ r✉♥ t✐♠❡ ❧✐♠✐t ♦❢ ♦♥❡ ❤♦✉r✳ ❯♣♣❡r ❜♦✉♥❞s ❢♦r

✐♥st❛♥❝❡s ✐♥ P❘+
s ❛♥❞ P❘++

s t❤❛t ✇❡r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ ✐♥ P❘s

❛r❡ ✐♥❞✐❝❛t❡❞ ✐♥ ❜♦❧❞✳

❚❛❜❧❡ ✺✳✼✿ ❉❡t❛✐❧❡❞ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t s❝❤❡❞✉❧❡ str✉❝t✉r❡s

P❘s P❘
+
s P❘

++
s

■♥st❛♥❝❡ ▲❇ ❯❇ ❚✐♠❡❬s❪ ▲❇ ❯❇ ❚✐♠❡❬s❪ ▲❇ ❯❇ ❚✐♠❡❬s❪

♣r✵✶s ✷✺✶✵✳✷✼ ✷✺✶✵✳✷✼ ✸✳✾ ✷✺✶✵✳✷✼ ✷✺✶✵✳✷✼ ✷✾✳✵ ✷✺✵✻✳✻✵ ✷✺✵✾✳✵✻ ❚▲

♣r✵✷s ✸✸✷✹✳✻✽ ✸✸✷✹✳✻✽ ✹✸✳✽ ✸✸✷✹✳✻✽ ✸✸✷✹✳✻✽ ✺✼✸✳✺ ✸✸✵✻✳✼✸ ✸✸✵✻✳✼✸ ✷✹✶✳✸

♣r✵✸s ✷✽✵✷✳✵✷ ✷✽✵✷✳✵✷ ✻✳✸ ✷✽✵✷✳✵✷ ✷✽✵✷✳✵✷ ✸✺✳✺ ✷✼✾✼✳✷✸ ✷✼✾✼✳✷✸ ✸✶✸✳✻

♣r✵✹s ✸✵✶✷✳✶✾ ✸✵✶✷✳✶✾ ✷✺✳✵ ✸✵✶✷✳✶✾ ✸✵✶✷✳✶✾ ✷✼✵✱✵ ✷✾✾✻✳✷✽ ✷✾✾✻✳✷✽ ✼✾✸✳✸

♣r✵✺s ✷✸✽✼✳✾✵ ✷✸✽✼✳✾✵ ✸✺✳✻ ✷✸✽✼✳✾✵ ✷✸✽✼✳✾✵ ✺✺✾✳✼ ✷✸✺✸✳✺✹ ✷✸✺✸✳✺✹ ✾✳✻

♣r✵✻s ✷✽✾✶✳✶✺ ✷✽✾✶✳✶✺ ✸✳✾ ✷✽✾✶✳✶✺ ✷✽✾✶✳✶✺ ✷✸✳✽ ✷✽✽✶✳✵✵ ✷✽✽✶✳✵✵ ✾✸✻✳✻
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❈❤❛♣t❡r ✻

❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t ❢♦r ❛ ❙❡r✈✐❝❡
◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥
Pr♦❜❧❡♠
❆♥♥✲❑❛t❤r✐♥ ❘♦t❤❡♥❜ä❝❤❡r✱ ▼✐❝❤❛❡❧ ❉r❡①❧✱ ❙t❡❢❛♥ ■r♥✐❝❤

❆❜str❛❝t

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠❜✐♥❡❞ r♦❛❞✲r❛✐❧ ❢r❡✐❣❤t tr❛♥s♣♦rt✱ ✇❡ st✉❞② t❤❡ ✐♥t❡❣r❛t❡❞ t❛❝t✐❝❛❧
♣❧❛♥♥✐♥❣ ♦❢ ❤✉❜ ❧♦❝❛t✐♦♥s ❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❢r❡q✉❡♥❝② s❡r✈✐❝❡ ♥❡t✇♦r❦✳ ❲❡ ❝♦♥s✐❞❡r
❛ ♥✉♠❜❡r ♦❢ r❡❛❧✲✇♦r❧❞ ❝♦♥str❛✐♥ts s✉❝❤ ❛s ♠✉❧t✐♣❧❡ tr❛♥ss❤✐♣♠❡♥ts ♦❢ r❡q✉❡sts ❛t ❤✉❜s✱
tr❛♥s♣♦rt t✐♠❡ ❧✐♠✐ts ❢♦r r❡q✉❡sts✱ r❡q✉❡st s♣❧✐tt✐♥❣✱ ❛♥❞ ♦✉ts♦✉r❝✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✳ ❲❡
♣r❡s❡♥t ❛ ♣❛t❤✲❜❛s❡❞ ♠♦❞❡❧ ❛♥❞ s♦❧✈❡ ✐t ✇✐t❤ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳
❈♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ❧❛r❣❡ r❡❛❧✐st✐❝ ✐♥st❛♥❝❡s ❢r♦♠ ❛ ♠❛❥♦r ●❡r♠❛♥ r❛✐❧
❢r❡✐❣❤t ❝♦♠♣❛♥② ❝❛♥ ❜❡ s♦❧✈❡❞ ❝❧♦s❡ t♦ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ ♦♥❡ ❤♦✉r ♦♥ ❛ st❛♥❞❛r❞ ❞❡s❦t♦♣
❝♦♠♣✉t❡r✱ ❛❧❧♦✇✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❜❡ ✉s❡❞ ❢♦r ♣r❛❝t✐❝❛❧ ♣❧❛♥♥✐♥❣ ♣✉r♣♦s❡s✳

✶✸✶



✶✸✷ ✻✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛ r❡❛❧✲✇♦r❧❞ ✐♥t❡❣r❛t❡❞ t❛❝t✐❝❛❧ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞
❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ✭❙◆❉❍▲P✮ ❢♦r ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ❜② r♦❛❞ ❛♥❞ r❛✐❧✳ ❈♦♠❜✐♥❡❞
tr❛♥s♣♦rt ✐s ❛ s♣❡❝✐❛❧ ❦✐♥❞ ♦❢ ✐♥t❡r♠♦❞❛❧ tr❛♥s♣♦rt✳ ❚❤❡ ❧❛tt❡r ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❊❝♦✲
♥♦♠✐❝ ❈♦♠♠✐ss✐♦♥ ❢♦r ❊✉r♦♣❡ ✭✷✵✵✶✮ ❛s t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❢r❡✐❣❤t ✐♥ ♦♥❡ ❛♥❞ t❤❡ s❛♠❡
❧♦❛❞✐♥❣ ✉♥✐t✱ s✉❝❤ ❛s ❛ ❝♦♥t❛✐♥❡r ♦r s✇❛♣ ❜♦❞②✱ ✇❤✐❝❤ ✉s❡s s✉❝❝❡ss✐✈❡❧② t✇♦ ♦r ♠♦r❡
♠♦❞❡s ♦❢ tr❛♥s♣♦rt ✇✐t❤♦✉t ❤❛♥❞❧✐♥❣ t❤❡ ❢r❡✐❣❤t ✐ts❡❧❢ ✐♥ ❝❤❛♥❣✐♥❣ ♠♦❞❡s✳ ❈♦♠❜✐♥❡❞
r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡
tr❛♥s♣♦rt ✐s ❜② r❛✐❧✱ ❛♥❞ ♦♥❧② t❤❡ ✐♥✐t✐❛❧ ❛♥❞ t❤❡ ✜♥❛❧ ❧❡❣ ❛r❡ ♣❡r❢♦r♠❡❞ ❜② r♦❛❞✱ s❡❡ ❋✐❣✲
✉r❡ ✻✳✶✳ ■♥t❡r♠♦❞❛❧ ❛♥❞ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ❛r❡ ❡❝♦♥♦♠✐❝❛❧❧② ❛ttr❛❝t✐✈❡ ❜❡❝❛✉s❡ ♦❢ t❤❡
❝♦♥s♦❧✐❞❛t✐♦♥ ❡✛❡❝ts t❤❡② ♦✛❡r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♣♦t❡♥t✐❛❧ ❢♦r ❝♦st s❛✈✐♥❣s ❛♥❞ ❡✣❝✐❡♥❝②
❣❛✐♥s✳ ❈♦♠❜✐♥❡❞ tr❛♥s♣♦rt tr❛✣❝ ❤❛s ♠♦r❡ t❤❛♥ ❞♦✉❜❧❡❞ ✐♥ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ s✐♥❝❡
✶✾✾✵✳ ■♥ ✷✵✶✶✱ ❛❜♦✉t ✻✳✹ ♠✐❧❧✐♦♥ ❝♦♥t❛✐♥❡rs ✇❡r❡ tr❛♥s♣♦rt❡❞ ✇✐t❤ ❛ ❢r❡✐❣❤t ♣❡r❢♦r♠❛♥❝❡
♦❢ ✹✹✳✼ ❜✐❧❧✐♦♥ t♦♥♥❡✲❦✐❧♦♠❡tr❡s✳ ❈♦♠❜✐♥❡❞ tr❛♥s♣♦rt ❤❛s t❤✉s ❜❡❝♦♠❡ ❛ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞
s❡❝t♦r ♦❢ ❢r❡✐❣❤t tr❛♥s♣♦rt✱ ✇✐t❤ ❛ ♠❛r❦❡t ❡♥❝♦♠♣❛ss✐♥❣ ❞♦③❡♥s ♦❢ ❝♦♠♣❛♥✐❡s ❣❡♥❡r❛t✐♥❣
❛ ❥♦✐♥t t✉r♥♦✈❡r ♦❢ s❡✈❡r❛❧ ❜✐❧❧✐♦♥ ❊✉r♦s ♣❡r ②❡❛r ✭❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥✱ ✷✵✶✹✮✳ ❆ ❢✉r✲
t❤❡r ❛s♣❡❝t ♦❢ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✐s ✐ts ♣r❡s✉♠❡❞ ❡♥✈✐r♦♥♠❡♥t✲❢r✐❡♥❞❧✐♥❡ss✳ ❆❧t❤♦✉❣❤
t❤✐s ✈✐❡✇ ✐s ♥♦t ✉♥❞✐s♣✉t❡❞ ✭❉❡❦❦❡r ❡t ❛❧✳✱ ✷✵✶✷✮✱ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✐s ❝♦♠♠♦♥❧② ❝♦♥✲
s✐❞❡r❡❞ ♠♦r❡ ❡❝♦❧♦❣✐❝❛❧❧② ❜❡♥❡✜❝✐❛❧ t❤❛♥ ♣✉r❡ r♦❛❞ tr❛♥s♣♦rt ✭❈r❛✐❣ ❡t ❛❧✳✱ ✷✵✶✸✮✱ ❛♥❞
t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❛♥❞ ♥❛t✐♦♥❛❧ ❣♦✈❡r♥♠❡♥ts ❤❛✈❡ s❡t ✉♣ ♣r♦❣r❛♠♠❡s ❢♦r ❢♦st❡r✐♥❣
❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✭❈♦✉♥❝✐❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✉♥✐t✐❡s✱ ✶✾✾✷✮✳ ■♥ s❤♦rt✱ ♣❧❛♥♥✐♥❣
♣r♦❜❧❡♠s ✐♥ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ❛r❡ ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ s✐❣♥✐✜❝❛♥❝❡ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❡♥t❡r♣r✐s❡s ❛s ✇❡❧❧ ❛s t❤❡ ❡❝♦♥♦♠② ❛♥❞ s♦❝✐❡t② ❛s ❛ ✇❤♦❧❡✳

Main leg Post-carriage Pre-carriage Origin Transport per truck Transport per train Transshipment in hub Transport per truck Destination Transshipment in hub 
❋✐❣✉r❡ ✻✳✶✿ ❙❝❤❡♠❛t✐❝ str✉❝t✉r❡ ♦❢ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt

❚❤❡ ❙◆❉❍▲P ✇❡ ❝♦♥s✐❞❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❛r❡ ❣✐✈❡♥ ❛ s❡t ♦❢ tr❛♥s♣♦rt r❡q✉❡sts ✭♦r
s❤✐♣♠❡♥ts✮✳ ❊❛❝❤ r❡q✉❡st ❝♦♥s✐sts ♦❢ ♦♥❡ ♦r ♠♦r❡ ❝♦♥t❛✐♥❡rs t❤❛t ♠✉st ❜❡ tr❛♥s♣♦rt❡❞
❢r♦♠ ❛♥ ♦r✐❣✐♥ ❧♦❝❛t✐♦♥ t♦ ❛ ❞❡st✐♥❛t✐♦♥ ❧♦❝❛t✐♦♥✳ ❊❛❝❤ ❧♦❝❛t✐♦♥ ♠❛② ❜❡ t❤❡ ♦r✐❣✐♥ ❛♥❞✴♦r
t❤❡ ❞❡st✐♥❛t✐♦♥ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ r❡q✉❡st✱ ❜✉t ❛❧❧ ❝♦♥t❛✐♥❡rs ✇✐t❤ t❤❡ s❛♠❡ ♦r✐❣✐♥ ❛♥❞ t❤❡
s❛♠❡ ❞❡st✐♥❛t✐♦♥ ❝♦♥st✐t✉t❡ ♦♥❡ r❡q✉❡st✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r tr❛♥s♣♦rt✐♥❣ ❛
❝♦♥t❛✐♥❡r✿ ❝♦♠❜✐♥❡❞ r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt ❛♥❞ ❞✐r❡❝t tr❛♥s♣♦rt ❢r♦♠ ♦r✐❣✐♥ t♦ ❞❡st✐♥❛t✐♦♥
❜② r♦❛❞✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♣s✱ ✐✳❡✳✱ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❛ ❝♦♥t❛✐♥❡r ♠❛②
❜❡ tr❛♥ss❤✐♣♣❡❞ ❛t ❤✉❜s✱ ✐s ❧✐♠✐t❡❞ t♦ ❛t ♠♦st ❢♦✉r ✭t❤✐s ✐s ❛♥ ♦♣❡r❛t✐♦♥❛❧ r❡q✉✐r❡♠❡♥t ♦❢
♦✉r ✐♥❞✉str② ♣❛rt♥❡r✮✳ ❚❤✐s ♥✉♠❜❡r ✐♥❝❧✉❞❡s t❤❡ tr❛♥ss❤✐♣♠❡♥ts ❢r♦♠ r♦❛❞ t♦ r❛✐❧ ❛t t❤❡



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✸✸

st❛rt ❤✉❜ ❛♥❞ ❢r♦♠ r❛✐❧ t♦ r♦❛❞ ❛t t❤❡ ❡♥❞ ❤✉❜✳ ❈♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✐s r❡❧❡✈❛♥t ♦♥❧② ❢♦r
r❡q✉❡sts ❜❡②♦♥❞ ❛ ❝❡rt❛✐♥ ♦r✐❣✐♥✲❞❡st✐♥❛t✐♦♥ ❞✐st❛♥❝❡✱ s♦ t❤❛t✱ ❢♦r ❛♥② r❡q✉❡st✱ t❤❡ st❛rt
❛♥❞ t❤❡ ❡♥❞ ❤✉❜ ✉s❡❞ ❛r❡ ❛❧✇❛②s ❞✐✛❡r❡♥t✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♣s ✐s ❛❧✇❛②s ❛t ❧❡❛st
t✇♦✳ ❚❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ t✐♠❡ ❡♥ r♦✉t❡✱ ✐♥❝❧✉❞✐♥❣ tr❛✈❡❧❧✐♥❣ ❛♥❞ tr❛♥ss❤✐♣♠❡♥t✱ ❢♦r ❡❛❝❤
r❡q✉❡st✳ ❚❤✐s t✐♠❡ ✐s ❛ss✉♠❡❞ ♥♦♥✲r❡str✐❝t✐✈❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ r♦❛❞ tr❛♥s♣♦rt✳ ❚❤❡ ❞❡❝✐s✐♦♥
✇❤❡t❤❡r t♦ tr❛♥s♣♦rt ❛ r❡q✉❡st ❜② ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ♦r ❡♥t✐r❡❧② ❜② r♦❛❞ ✐s ♣❛rt ♦❢ t❤❡
♣r♦❜❧❡♠✳
❚❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❤✉❜s✱ ✜①❡❞ ❛♥❞ ♣♦t❡♥t✐❛❧ ♦♥❡s✳ ❋✐①❡❞ ❤✉❜s ❛r❡ ♦♣❡♥ ❛♥❞ ♠❛②

❜❡ ✉s❡❞ ✐♥ ❛♥② s♦❧✉t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❤✉❜s ✐s ❛✈❛✐❧❛❜❧❡ ❛♥❞ ♠❛②
❜❡ ♦♣❡♥❡❞ ❛♥❞ ✉s❡❞✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ t❛❝t✐❝❛❧ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ♦❢ ❜❡t✇❡❡♥ s✐①
♠♦♥t❤s ❛♥❞ ♦♥❡ ②❡❛r✱ ♥♦ ✜①❡❞ ❝♦sts ❛r❡ ✐♥❝✉rr❡❞ ❢♦r ✉s✐♥❣ ♦r ♥♦t ✉s✐♥❣ ❛ ✜①❡❞ ❤✉❜ ♦r
❢♦r ♦♣❡♥✐♥❣ ❛♥❞ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛❧ ❤✉❜✳ ❋r♦♠ t❤❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ r❡❛s♦♥ ✐s
t❤❛t t❤❡s❡ ❝♦sts ❛r❡ ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✉s✐♥❣ ❛ ✜①❡❞ ♦r ♦♣❡♥✐♥❣
❛ ♣♦t❡♥t✐❛❧ ❤✉❜ ❛❝t✉❛❧❧② ♠❡❛♥s t❤❛t t❤❡ r❛✐❧ ❝♦♠♣❛♥② ❜♦♦❦s ❛ ❝❡rt❛✐♥ ♣❛rt ♦❢ ❛ ❤✉❜✬s
♦✈❡r❛❧❧ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❝✐t②✱ s♦ t❤❛t t❤❡ ❝♦sts ❛r❡ ♥❡❣♦t✐❛❜❧❡ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❜♦♦❦❡❞
❝❛♣❛❝✐t②✳ ❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ ♦♣❡♥✐♥❣ ❝♦sts✱ t❤❡ ♥✉♠❜❡r ♦❢ ❤✉❜s ✉s❡❞ ✐♥ t❤❡ s♦❧✉t✐♦♥
✐s ❧✐♠✐t❡❞✳ ❚❤❡ ❞❡❝✐s✐♦♥ ✇❤✐❝❤ ❤✉❜s t♦ ✉s❡ ✐s ♣❛rt ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❤❡♥❡✈❡r t❤❡ ♥✉♠❜❡r
♦❢ ❛❧❧♦✇❡❞ ❤✉❜s ❧✐❡s ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ❤✉❜s ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡
❤✉❜s✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ ♦♥❧② t❤❡ ✜①❡❞ ♦r ❛❧❧ ❤✉❜s ♠❛② ❜❡ ✉s❡❞✱ t❤❡ ❧♦❝❛t✐♦♥ ❛s♣❡❝t
♦❢ t❤❡ ♣r♦❜❧❡♠ ❞✐s❛♣♣❡❛rs✱ ❛♥❞ ♦♥❧② t❤❡ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳
❊❛❝❤ r❡q✉❡st ❝❛♥ ❡♥t❡r t❤❡ r❛✐❧ ♥❡t✇♦r❦✱ ✐✳❡✳✱ ❜❡ tr❛♥ss❤✐♣♣❡❞ ❢r♦♠ r♦❛❞ ✈❡❤✐❝❧❡ t♦ r❛✐❧
✇❛❣♦♥✱ ❛t ❛ ❣✐✈❡♥ r❡q✉❡st✲s♣❡❝✐✜❝ s❡t ♦❢ st❛rt ❤✉❜s✳ ❙✐♠✐❧❛r❧②✱ ❛ r❡q✉❡st ❝❛♥ ❧❡❛✈❡ t❤❡ r❛✐❧
♥❡t✇♦r❦✱ ✐✳❡✳✱ ❜❡ tr❛♥ss❤✐♣♣❡❞ ❢r♦♠ r❛✐❧ ✇❛❣♦♥ t♦ r♦❛❞ ✈❡❤✐❝❧❡✱ ❛t ❛ ❣✐✈❡♥ r❡q✉❡st✲s♣❡❝✐✜❝
s❡t ♦❢ ❡♥❞ ❤✉❜s✳ ❋♦r ❛♥② r❡q✉❡st✱ t❤❡s❡ t✇♦ s❡ts ❛r❡ ❞✐s❥♦✐♥t✱ ❛♥❞ t❤❡② ♠❛② ❡❛❝❤ ❝♦♥t❛✐♥
♦♥❡ ❡❧❡♠❡♥t ♦♥❧②✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ st❛rt ❛♥❞ t❤❡ ❡♥❞ ❤✉❜ ❢♦r ❡❛❝❤ r❡q✉❡st t❤❛t ✉s❡s
❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ✐s ♣❛rt ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❲❡ ❝♦♥s✐❞❡r t✇♦ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts✱ ✇✐t❤ ✉♥s♣❧✐tt❛❜❧❡ ❛♥❞ s♣❧✐tt❛❜❧❡ r❡q✉❡sts✳ ❵❯♥✲

s♣❧✐tt❛❜❧❡✬ ♠❡❛♥s t❤❛t ❛❧❧ ❝♦♥t❛✐♥❡rs ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ r❡q✉❡st ♠✉st t❛❦❡ t❤❡ s❛♠❡
✐t✐♥❡r❛r②✳ ❵❙♣❧✐tt❛❜❧❡✬ ♠❡❛♥s t❤❛t t❤❡ ✐t✐♥❡r❛r✐❡s ♦❢ t✇♦ ❝♦♥t❛✐♥❡rs ❢r♦♠ ♦♥❡ r❡q✉❡st ♠❛②
❜❡ ❞✐✛❡r❡♥t ✭✐♥❝❧✉❞✐♥❣ ❞✐✛❡r❡♥t st❛rt ❛♥❞ ❡♥❞ ❤✉❜s✮✱ ❛♥❞ t❤❛t s♦♠❡ ❝♦♥t❛✐♥❡rs ❢r♦♠ ♦♥❡
r❡q✉❡st ♠❛② ❜❡ tr❛♥s♣♦rt❡❞ ❜② r♦❛❞ ❛♥❞ s♦♠❡ ❜② ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt✳ ❯♥s♣❧✐t r❡q✉❡sts
❛r❡ r❡q✉✐r❡❞ ❜② ❝✉st♦♠❡rs ✇❤♦ ✇❛♥t t♦ r❡❝❡✐✈❡ ❛❧❧ ❝♦♥t❛✐♥❡rs ♦❢ ❛ r❡q✉❡st ❛t t❤❡ s❛♠❡
t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♦♣t✐♦♥ t♦ s♣❧✐t r❡q✉❡sts ❝❛♥ ❧❡❛❞ t♦ ❝♦st s❛✈✐♥❣s ❢♦r t❤❡
tr❛♥s♣♦rt ❝♦♠♣❛♥②✳
❖✇✐♥❣ t♦ t❤❡ t❛❝t✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ❝❛♣❛❝✐t✐❡s ♦❢ t❤❡ r❛✐❧ ❧✐♥❦s ❛r❡ ❛ss✉♠❡❞

♥♦♥r❡str✐❝t✐✈❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ tr❛✐♥s ♠❛②
✉s❡ ❛ r❛✐❧ ❧✐♥❦ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ tr❛✈❡❧ t✐♠❡ ♦❢ ❛ tr❛✐♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s t♦ ♦♣❡r❛t❡
❜❡t✇❡❡♥ ❛♥ ♦r❞❡r❡❞ ♣❛✐r ♦❢ ❤✉❜s ✐s ♣❛rt ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❙✐♠✐❧❛r❧②✱ t❤❡ tr❛♥ss❤✐♣♠❡♥t
❝❛♣❛❝✐t✐❡s ❛t t❤❡ ❤✉❜s ❛r❡ ❛ss✉♠❡❞ ♥♦♥r❡str✐❝t✐✈❡✱ t♦♦✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥ ✉♥❧✐♠✐t❡❞
♥✉♠❜❡r ♦❢ r❡q✉❡sts ❝❛♥ ❜❡ tr❛♥ss❤✐♣♣❡❞ ❛t ❛ ❤✉❜ ✇✐t❤♦✉t ❛♥② r❡q✉❡sts ❤❛✈✐♥❣ t♦ ✇❛✐t
❢♦r tr❛♥ss❤✐♣♠❡♥t✳ ▼♦r❡♦✈❡r✱ ❞✉❡ t♦ t❤❡ t❛❝t✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❛✈❡r❛❣❡❞
r❡q✉❡st ❞❛t❛✱ ♦✉r ✐♥❞✉str② ♣❛rt♥❡r ❛ss✉♠❡s ❤♦♠♦❣❡♥❡♦✉s ❡q✉✐♣♠❡♥t✱ ✐✳❡✳✱ t❤❡r❡ ✐s ♦♥❧②
♦♥❡ t②♣❡ ♦❢ ❝♦♥t❛✐♥❡r✱ r♦❛❞ ✈❡❤✐❝❧❡✱ ❛♥❞ r❛✐❧ ✇❛❣♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤



✶✸✹ ✻✳✶✳ ■♥tr♦❞✉❝t✐♦♥

❋✐❣✉r❡ ✻✳✷✿ ❊①❛♠♣❧❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ ✇✐t❤ s♦❧✉t✐♦♥

k ❍✉❜ k

❘❛✐❧ ❛r❝

❘♦❛❞ ❛r❝

o1

o2

d1

d2

1

2

3
4

5

6

2

6

❛✈❛✐❧❛❜❧❡ r♦❛❞ ✈❡❤✐❝❧❡ ❛♥❞ r❛✐❧ ✇❛❣♦♥ ❝❛♥ ❝❛rr② ♦♥❧② ♦♥❡ ❝♦♥t❛✐♥❡r ❛t ❛ t✐♠❡✳ ❚❤❡ ♥✉♠❜❡r
♦❢ ✇❛❣♦♥s✱ ✐✳❡✳✱ t❤❡ ❝❛♣❛❝✐t② ♦❢ ❛ tr❛✐♥✱ ✐s ❧✐♠✐t❡❞ ❛♥❞ ✐❞❡♥t✐❝❛❧ ❢♦r ❛❧❧ r❛✐❧ ❝♦♥♥❡❝t✐♦♥s✳ ❚❤❡
❝♦st ♦❢ ❛ tr❛✐♥ tr✐♣ ❜❡t✇❡❡♥ t✇♦ ❤✉❜s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛❝t✉❛❧ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ♦❢
t❤❡ tr❛✐♥✱ ✐✳❡✳✱ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r❛✐❧ ✇❛❣♦♥s ❛❝t✉❛❧❧② ♣✉❧❧❡❞✳ ❈♦sts ❢♦r ❞✐r❡❝t r♦❛❞ tr❛♥s♣♦rt
❛r❡ ❦♥♦✇♥ ❢♦r ❡❛❝❤ r❡q✉❡st✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt
♦♣❡r❛t♦r✱ ❞✐r❡❝t r♦❛❞ tr❛♥s♣♦rt ❝❛♥ ❜❡ s❡❡♥ ❛s ♦✉ts♦✉r❝✐♥❣✳ ❚❤❡ t✐♠❡ ❢♦r tr❛♥ss❤✐♣♣✐♥❣
♦♥❡ ❝♦♥t❛✐♥❡r ✐s ❤✉❜✲s♣❡❝✐✜❝✱ ❜✉t ❛t ❡❛❝❤ ❤✉❜✱ ✐t ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ r❡q✉❡sts✳ ❍✉❜✲
s♣❡❝✐✜❝ tr❛♥ss❤✐♣♠❡♥t ❝♦sts ❝♦✉❧❞ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ❛♥❛❧♦❣♦✉s❧② ❜✉t ✇❡r❡ ♥♦t ♣r♦✈✐❞❡❞ ❜②
♦✉r ✐♥❞✉str② ♣❛rt♥❡r✳
❖✈❡r❛❧❧✱ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❞❡❝✐❞❡ ♦♥ t❤❡ ✐t✐♥❡r❛r✐❡s ♦❢ t❤❡ r❡q✉❡sts✱ t❤❡ ✉s❛❣❡ ♦❢ ❤✉❜s✱

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s ♦♣❡r❛t✐♥❣ ❜❡t✇❡❡♥ ❤✉❜s✱ ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡
♦✈❡r❛❧❧ ❝♦sts ❢♦r ❢✉❧✜❧❧✐♥❣ ❛❧❧ r❡q✉❡sts✱ ❡✐t❤❡r ❜② ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ♦r ❜② ♣✉r❡ r♦❛❞
tr❛♥s♣♦rt✳ ❚❤❡s❡ ♦✈❡r❛❧❧ ❝♦sts ❛r❡ ❝♦♠♣r✐s❡❞ ♦❢ t❤❡ ❝♦sts ❢♦r ♦♣❡r❛t✐♥❣ tr❛✐♥s ❜❡t✇❡❡♥
❤✉❜s ❛♥❞ ♦❢ t❤❡ r♦❛❞ tr❛♥s♣♦rt ❝♦sts✳ ■♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♥❡t✇♦r❦ ❞❡s✐❣♥
♣r♦❜❧❡♠s ❜② ❈r❛✐♥✐❝ ✭✷✵✵✵✮✱ t❤❡ ❙◆❉❍▲P ✇❡ ❝♦♥s✐❞❡r ✐s ❛ ❢r❡q✉❡♥❝② s❡r✈✐❝❡ ♥❡t✇♦r❦
❞❡s✐❣♥ ♣r♦❜❧❡♠✱ ❜❡❝❛✉s❡ ✐t ❢♦❝✉s❡s ♦♥ ❞❡t❡r♠✐♥✐♥❣ ✇❤✐❝❤ tr❛✣❝ ✐t✐♥❡r❛r✐❡s t♦ ♦♣❡r❛t❡ ❛♥❞
❤♦✇ ♦❢t❡♥ ♦✈❡r t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ t♦ ♦✛❡r ❛ tr❛✐♥ s❡r✈✐❝❡✳ ❙❝❤❡❞✉❧✐♥❣ ❛s♣❡❝ts r❡❢❡rr✐♥❣
t♦ ✇❤❡♥ s❡r✈✐❝❡s ❞❡♣❛rt✱ ✇❤✐❝❤ ❛r❡ t❤❡ s✉❜❥❡❝t ♦❢ ❞②♥❛♠✐❝ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥✱ ❛r❡
♥♦t ❝♦♥s✐❞❡r❡❞✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♦✉r ♣r♦❜❧❡♠ ♣♦ss❡ss❡s ❛ ❤✉❜ ❧♦❝❛t✐♦♥ ❝♦♠♣♦♥❡♥t✱ ❜❡❝❛✉s❡
❛ r❡str✐❝t❡❞ ♥✉♠❜❡r ♦❢ ❤✉❜s t♦ ✉s❡ ♠✉st ❜❡ s❡❧❡❝t❡❞ ❢r♦♠ ❛ ❧❛r❣❡r s❡t✳
❋✐❣✉r❡ ✻✳✷ s❤♦✇s ❛ s♠❛❧❧ ❡①❛♠♣❧❡ ♥❡t✇♦r❦ ❝♦♥s✐st✐♥❣ ♦❢ s✐① ❤✉❜s ❛♥❞ t✇♦ r❡q✉❡sts ✇✐t❤

❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ❝♦♥t❛✐♥❡rs ✭♦r❛♥❣❡✿ t✇♦ ❝♦♥t❛✐♥❡rs ❢r♦♠ o1 t♦ d1❀ r❡❞✿ ♦♥❡ ❝♦♥t❛✐♥❡r
❢r♦♠ o2 t♦ d2✮✳ ❆ s♦❧✉t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✇❤✐❝❤ ❜♦t❤ r❡q✉❡sts ❛r❡ r♦✉t❡❞ ✈✐❛ ❝♦♠❜✐♥❡❞
r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt ✈✐❛ ❤✉❜s ✷ ❛♥❞ ✻✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❝♦♥s♦❧✐❞❛t✐♦♥✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❝♦♥s✐st ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✭✐✮ ❛ ♣❛t❤✲❜❛s❡❞

♠✐①❡❞✲✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ ❙◆❉❍▲P✱ ❛♥❞ ✭✐✐✮ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✸✺

❛❧❣♦r✐t❤♠ ❝❛♣❛❜❧❡ ♦❢ s♦❧✈✐♥❣ ✐♥st❛♥❝❡s ✇✐t❤ ✉♣ t♦ ✶✵✵ r❡q✉❡sts ❛♥❞ ✶✵ ♣♦t❡♥t✐❛❧ ❤✉❜s
t♦ ♦♣t✐♠❛❧✐t②✳ ❋♦r r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s ✇✐t❤ ✉♣ t♦ ✺✸✵✵ r❡q✉❡sts ❛♥❞ ✹✸ ❤✉❜s✱ ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❣❛♣ ♦❢ ❧❡ss t❤❛♥ ✷ ✪ ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ ✻✵ ♠✐♥✉t❡s✳ ❚❤✐s ❛❧❧♦✇s t♦ ✉s❡
♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ♣r❛❝t✐❝❛❧ ♣❧❛♥♥✐♥❣ ♣✉r♣♦s❡s✳ ▼♦r❡♦✈❡r✱ ♦✉r s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤
❝♦♥s✐st❡♥t❧② ♦✉t♣❡r❢♦r♠s ❛ st❛t❡✲♦❢✲t❤❡✲❛rt ❝♦♠♠❡r❝✐❛❧ s♦❧✈❡r ❛♣♣❧✐❡❞ ♦✉t✲♦❢✲t❤❡✲❜♦① t♦
❛♥ ❛r❝ ✢♦✇ ♠♦❞❡❧✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛ r❡✈✐❡✇

♦❢ ❧✐t❡r❛t✉r❡ ♦♥ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ❙◆❉❍▲P✳
❙❡❝t✐♦♥ ✻✳✸ ♣r❡s❡♥ts ♦✉r ♣❛t❤✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❙◆❉❍▲P✳ ■♥ ❙❡❝t✐♦♥ ✻✳✹✱ t❤❡
❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✐s ❡①♣❧❛✐♥❡❞✳ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥ ✻✳✺✱ ❛♥❞ ✇❡ ❣✐✈❡ ❛ ❝♦♥❝❧✉s✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✻✳

✻✳✷ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇

❆ss❛❞ ✭✶✾✽✵✮ ✇❛s t❤❡ ✜rst t♦ ♣r❡s❡♥t ❛ s✉r✈❡② ♦❢ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠s ✐♥ r❛✐❧ tr❛♥s♣♦rt✳
❋✉rt❤❡r r❡✈✐❡✇s ✇❡r❡ ❣✐✈❡♥ ❜② ❈r❛✐♥✐❝ ❛♥❞ ▲❛♣♦rt❡ ✭✶✾✾✼✮✱ ❈r❛✐♥✐❝ ✭✷✵✵✸✮✱ ❛♥❞✱ ❡s♣❡✲
❝✐❛❧❧② ❢♦r ✐♥t❡r♠♦❞❛❧ tr❛♥s♣♦rt✱ ❜② ❇♦♥t❡❦♦♥✐♥❣ ❡t ❛❧✳ ✭✷✵✵✹✮✱ ❈r❛✐♥✐❝ ❡t ❛❧✳ ✭✷✵✵✻✮✱ ❈❛r✐s
❡t ❛❧✳ ✭✷✵✶✸✮✱ ❛♥❞ ❙t❡❛❞✐❡❙❡✐✜ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r ❛❞❞r❡ss❡s ❜♦t❤
s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞ ❤✉❜ ❧♦❝❛t✐♦♥ ❛s♣❡❝ts✳ ❖❢t❡♥✱ t❤❡s❡ t✇♦ t♦♣✐❝s ❛r❡ tr❡❛t❡❞
✐♥❞❡♣❡♥❞❡♥t❧②✳ ❲✐❡❜❡r♥❡✐t ✭✷✵✵✽✮ ❛♥❞ ❨❛❣❤✐♥✐ ❛♥❞ ❆❦❤❛✈❛♥ ✭✷✵✶✷✮ ❣❛✈❡ r❡✈✐❡✇s ♦❢ s❡r✲
✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠s ♦❝❝✉rr✐♥❣ ✐♥ ❢r❡✐❣❤t tr❛♥s♣♦rt✳ ❆ ❣♦♦❞ ♦✈❡r✈✐❡✇ ♦❢ ❤✉❜
❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆❧✉♠✉r ❛♥❞ ❑❛r❛ ✭✷✵✵✽✮✳ ❚❤❡ s✐♠✉❧t❛♥❡♦✉s ❝♦♥s✐❞✲
❡r❛t✐♦♥ ♦❢ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞ r❡q✉❡st r♦✉t✐♥❣ ❞❡❝✐s✐♦♥s✱ ❛s ✐♥ ♦✉r ❙◆❉❍▲P✱ ✐♥❝r❡❛s❡s t❤❡
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♠♦❞❡❧s✱ ❜✉t ♠❛❦❡s ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ♣♦ss✐❜❧❡✳ ❚❤❡r❡ ❛r❡
s❡✈❡r❛❧ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❜r✐❡✢② ❞❡s❝r✐❜❡
✐♠♣♦rt❛♥t ✈❛r✐❛♥ts ❛♥❞ t❤❡♥ r❡❢❡r ❝❤r♦♥♦❧♦❣✐❝❛❧❧② t♦ ♣❛♣❡rs ❞❡❛❧✐♥❣ ✇✐t❤ ♣r♦❜❧❡♠s t❤❛t
s❤❛r❡ ♣r♦♣❡rt✐❡s ✇✐t❤ t❤❡ ♦♥❡ ✇❡ st✉❞②✳ ❲❡ ❞✐❞ ♥♦t ✜♥❞ ❛ ♣❛♣❡r ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s❛♠❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ❢❡❛t✉r❡s ❛s ♦✉r ❙◆❉❍▲P✳ ❆ s✉♠♠❛r✐③✐♥❣ ❝♦♠♣❛r✐s♦♥ ♦❢ ♣❛♣❡rs
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠ ❛s♣❡❝ts ❛♥❞ t❤❡ ❛♣♣❧✐❡❞ s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡s ✐s
♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✻✳✶✳
❆s ♠❡♥t✐♦♥❡❞✱ r❡q✉❡sts ❝❛♥ ❡✐t❤❡r ❜❡ ❡♥❢♦r❝❡❞ t♦ ❜❡ tr❛♥s♣♦rt❡❞ ❛s ❛ ✇❤♦❧❡ ✭✉♥✲

s♣❧✐tt❛❜❧❡ r❡q✉❡sts✮ ♦r t❤❡ ❧♦❛❞✐♥❣ ✉♥✐ts ♦❢ ❛ r❡q✉❡st ❝❛♥ ✉s❡ ❞✐✛❡r❡♥t r♦✉t❡s ✭s♣❧✐tt❛❜❧❡
r❡q✉❡sts✮✳ ■❢ s❡✈❡r❛❧ r❡q✉❡sts st❛rt✐♥❣ ♦r ❡♥❞✐♥❣ ❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ❤❛✈❡ t♦ ❜❡ ❛ss✐❣♥❡❞
t♦ t❤❡ s❛♠❡ ❤✉❜✱ t❤✐s ✐s ❝❛❧❧❡❞ s✐♥❣❧❡ ❛❧❧♦❝❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ♦♣♣♦s✐t❡ ✐s ❝❛❧❧❡❞ ♠✉❧t✐♣❧❡
❛❧❧♦❝❛t✐♦♥✳ ▼♦st ♣❛♣❡rs ♠♦❞❡❧ ❡❝♦♥♦♠✐❡s ♦❢ s❝❛❧❡ ❝❛✉s❡❞ ❜② ❝♦♥s♦❧✐❞❛t✐♦♥ ✇✐t❤ t❤❡ ❤❡❧♣
♦❢ ❛ ❞✐s❝♦✉♥t ❢❛❝t♦r s♠❛❧❧❡r t❤❛♥ ✶✱ ✇❤✐❝❤ ✐s ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ tr❛♥s♣♦rt ❝♦sts ✐♥❝✉rr❡❞
❢♦r t❤❡ ✉s❡ ♦❢ ❧✐♥❦s ❜❡t✇❡❡♥ t✇♦ ❤✉❜s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ ❢♦r tr❛♥ss❤✐♣♠❡♥ts
✇❤❡♥ ❛ ❢✉❧❧② ❝♦♥♥❡❝t❡❞ ♥❡t✇♦r❦ ✐s ❝♦♥s✐❞❡r❡❞✳ ❆ ♠♦r❡ ❛❝❝✉r❛t❡ tr❡❛t♠❡♥t ❞❡t❡r♠✐♥❡s
t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞ ♠❡❛♥s ♦❢ tr❛♥s♣♦rt t♦ ♣r♦✈✐❞❡ t❤❡ ♥❡❡❞❡❞ ❝❛♣❛❝✐t② ❢♦r ❡❛❝❤ ❧✐♥❦
✐♥❞✐✈✐❞✉❛❧❧②✳ ❚❤✐s ❝❛✉s❡s ❞✐s❝r❡t❡❧② ✐♥❝r❡❛s✐♥❣ ❝♦sts ❛♥❞ t❤❡r❡❜② ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r
❝♦♠♣❧❡①✐t② ✭❈r❛✐♥✐❝✱ ✷✵✵✵✮✳ ❲✐t❤ t❤✐s ❞✐s❝r❡t❡ ❝❛♣❛❝✐t② ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❦s✱ tr❛♥s✲
s❤✐♣♣✐♥❣ ❛t ❤✉❜s ❜❡t✇❡❡♥ ♠❡❛♥s ♦r ♠♦❞❡s ♦❢ tr❛♥s♣♦rt ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ✉t✐❧✐③❛t✐♦♥ ❛♥❞
s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤♦✉❣❤ t❤✐s ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ ❞✐✣❝✉❧t②✳ ❋✉rt❤❡r♠♦r❡✱ ❛s



✶✸✻ ✻✳✷✳ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇

✐♥ ♦✉r ♣r♦❜❧❡♠✱ s♦♠❡ ♣❛♣❡rs ✈✐❡✇ t❤❡ ♦♣t✐♦♥ ♦❢ ❛ ❞✐r❡❝t tr❛♥s♣♦rt ❢r♦♠ ♦r✐❣✐♥ t♦ ❞❡st✐✲
♥❛t✐♦♥ ❛t ♣♦t❡♥t✐❛❧❧② ❤✐❣❤❡r ❝♦sts✱ ❛♥❞ t❤❡r❡ ❛r❡ ❛❧s♦ ♣❛♣❡rs ❝♦♥s✐❞❡r✐♥❣ ❜♦✉♥❞s ❢♦r t❤❡
tr❛♥s♣♦rt t✐♠❡s✳
❚❤❡ ✜rst t♦ ❝♦♥s✐❞❡r ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞ r♦✉t✐♥❣ ♦❢ ❣♦♦❞s s✐♠✉❧t❛♥❡♦✉s❧② ✇❛s ❖✬❑❡❧❧②

✭✶✾✽✻✮✳ ❚❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❤✉❜s ✇❡r❡ ♥♦t ❝❤♦s❡♥ ♦✉t ♦❢ ❛ ❞✐s❝r❡t❡ s❡t ❜✉t ❧♦❝❛t❡❞ ❢r❡❡❧②
✐♥ t❤❡ ♣❧❛♥❡✳ ❖♥❧② t❤❡ ❝❛s❡s ♦❢ ♦♥❡ ❛♥❞ t✇♦ ❤✉❜s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❈❛♠♣❜❡❧❧ ✭✶✾✾✹✮ ❣❛✈❡
s❡✈❡r❛❧ ❢♦r♠✉❧❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ✈❛r✐❛♥ts ♦❢ ❛ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠✱ r❡❣❛r❞✐♥❣ ❡①♣❧✐❝✐t❧②
t❤❡ ❞❡❝✐s✐♦♥ ♦❢ t❤❡ ✉s❛❣❡ ♦❢ ❧✐♥❦s✳ ❇r♦❝❦♠ü❧❧❡r ❡t ❛❧✳ ✭✶✾✾✻✮ st✉❞✐❡❞ ❛ ♥❡t✇♦r❦ ❞❡s✐❣♥
♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ t❤❡ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ s❡❝t♦r✱ ❛❞❞r❡ss✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ♦✈❡r ✐♥t❡❣r❛❧
♥✉♠❜❡rs ♦❢ ❝❛♣❛❝✐t✐❡s t♦ ❜❡ ✐♥st❛❧❧❡❞ ♦♥ t❤❡ ❛r❝s✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❛s s♦❧✈❡❞ ❤❡✉r✐st✐❝❛❧❧②
✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✳ ❇❛r❛❤♦♥❛ ✭✶✾✾✻✮ ❝♦♥s✐❞❡r❡❞ ❛ s✐♠✐❧❛r ♣r♦❜❧❡♠ ✇✐t❤
t❤❡ s❛♠❡ ❛♣♣❧✐❝❛t✐♦♥ r❡❣❛r❞✐♥❣ ❜♦t❤ s♣❧✐tt❛❜❧❡ ❛♥❞ ✉♥s♣❧✐tt❛❜❧❡ ✢♦✇s✳ ❨♦♦♥ ❛♥❞ ❈✉rr❡♥t
✭✷✵✵✽✮ ✇❡r❡ t❤❡ ✜rst t♦ st✉❞② ❛♥ ✐♥t❡❣r❛t❡❞ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠
s✐♠✐❧❛r t♦ ♦✉r s❡tt✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡② ❞❡❝✐❞❡❞ ♦♥❧② ♦♥ t❤❡ ✉s❛❣❡ ♦❢ ❛r❝s ❛♥❞ ♥♦t ♦♥
❛r❝ ❝❛♣❛❝✐t✐❡s✳ ❚❤❡ ✜rst ❛✉t❤♦r ❧♦♦❦✐♥❣ ❛t tr❛♥s♣♦rt t✐♠❡ ❧✐♠✐ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤✉❜
❧♦❝❛t✐♦♥ ❛♥❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ✇❛s ❈❛♠♣❜❡❧❧ ✭✷✵✵✾✮✳ ■s❤❢❛q ❛♥❞ ❙♦① ✭✷✵✶✶✮ ❛❧s♦ ❛❞❞r❡ss❡❞
t✐♠❡ ❧✐♠✐ts✳ ❚❤❡② ✉s❡❞ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠❜✐♥❡❞ r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt ❛♥❞ s✉♣♣♦rt❡❞ t❤❡
♣♦ss✐❜✐❧✐t② t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ ❜♦t❤ ♠♦❞❡s ♦❢ tr❛♥s♣♦rt ♦♥ ❡❛❝❤ ❛r❝✳
❇❛✉❡r ❡t ❛❧✳ ✭✷✵✶✵✮✱ ✐♥ ❛ ❢♦❧❧♦✇✲✉♣ t♦ ❡❛r❧✐❡r ✇♦r❦ ❜② ❆♥❞❡rs❡♥ ❡t ❛❧✳ ✭✷✵✵✾✮✱ st✉❞✐❡❞

❛ ♣r♦❜❧❡♠ s✐♠✐❧❛r t♦ ♦✉r ❙◆❉❍▲P✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ t✇♦ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✿
✭✐✮ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❣r❡❡♥❤♦✉s❡ ❣❛s ❡♠✐ss✐♦♥s✱ ❞✐sr❡❣❛r❞✐♥❣ ❛♥② ❝♦sts✱ ❛♥❞ ✭✐✐✮ t❤❡
♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝♦sts ♦❢ ♣r♦✈✐❞✐♥❣ t❤❡ s❡r✈✐❝❡s ♣❧✉s t❤❡ s✉♠ ♦❢ t❤❡ t✐♠❡✲❡♥✲
r♦✉t❡ ♦❢ ❛❧❧ r❡q✉❡sts ✇❡✐❣❤t❡❞ ❜② ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ t✐♠❡✳ ❚❤❡② ❞❡✈❡❧♦♣❡❞ ❛♥ ❛r❝
✢♦✇ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❛ t✐♠❡✲s♣❛❝❡ ♥❡t✇♦r❦✳ ❯s✐♥❣ ❛ ❝♦♠♠❡r❝✐❛❧ s♦❧✈❡r ❛♥❞ t✇♦ t②♣❡s ♦❢
✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡② ✇❡r❡ ❛❜❧❡ t♦ s♦❧✈❡ s♠❛❧❧ r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s ✇✐t❤ ✉♣ t♦ ✶✺ r❡q✉❡sts
❛♥❞ ✺ ❤✉❜s t♦ ♦♣t✐♠❛❧✐t②✳ ❇❛✉❡r ❡t ❛❧✳ ✭✷✵✶✵✮ ❝♦♠♣❛r❡❞ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
t✇♦ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ❝♦st ♠✐♥✐♠✐③❛t✐♦♥ ✈❡rs✐♦♥ ❧❡❛❞s t♦ ♠♦r❡
s❡r✈✐❝❡s ❜❡✐♥❣ ♦✛❡r❡❞✱ s♦ t❤❛t t❤❡ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ s❡r✈✐❝❡s ✐s ❤✐❣❤❡r ✇❤❡♥
❡♠✐ss✐♦♥s ❛r❡ ♠✐♥✐♠✐③❡❞✳ ❆♥♦t❤❡r ♣r♦❜❧❡♠ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ♦✉r s❡tt✐♥❣ ✇❛s r❡❣❛r❞❡❞
❜② Üst❡r ❛♥❞ ❆❣r❛❤❛r✐ ✭✷✵✶✶✮✳ ❲❤✐❧❡ ❧♦♦❦✐♥❣ ❛t t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥s✱ t❤❡② r❡str✐❝t❡❞
t❤❡♠s❡❧✈❡s t♦ t❤❡ ❝❛s❡ ♦❢ s♣❧✐tt❛❜❧❡ r❡q✉❡sts ❛♥❞ ❛ss✉♠❡❞ t❤❛t ♦♥❧② ♦♥❡ ❧♦♥❣✲❤❛✉❧ ❧✐♥❦ ✐s
✉s❡❞ ❜② ❡❛❝❤ r❡q✉❡st✳ ❚❤❡② s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❇❡♥❞❡rs ❞❡❝♦♠♣♦s✐t✐♦♥✳
■♥ ❤✐s ❞♦❝t♦r❛❧ t❤❡s✐s✱ ❍♦♠❢❡❧❞ ✭✷✵✶✷✮ ❛❞❞r❡ss❡❞ r❛✐❧ ❢r❡✐❣❤t s❡r✈✐❝❡s ✇✐t❤ ❡①♣❧✐❝✐t

❞❡❝✐s✐♦♥s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s r✉♥♥✐♥❣ ♦♥ ❡❛❝❤ ❧✐♥❦ ❜❡t✇❡❡♥ ❤✉❜s✳ ❍❡ ❧♦♦❦❡❞ ❛t
❛ s♣❡❝✐❛❧ ❤✐❡r❛r❝❤✐❝❛❧ ♦r❞❡r ♦❢ ❝♦♥s♦❧✐❞❛t✐♦♥ ❝❡♥tr❡s ❛♥❞ ❝♦♥s✐❞❡rs t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t
t✇♦ r❡q✉❡sts ✇✐t❤ t❤❡ s❛♠❡ ❞❡st✐♥❛t✐♦♥ ❤❛✈❡ t♦ ✉s❡ t❤❡ s❛♠❡ r❡♠❛✐♥✐♥❣ r♦✉t❡✱ ♦♥❝❡
t❤❡② ♠❡❡t ❛t ❛ ❤✉❜✳ ❇② t❤❡✐r ♦✇♥ ❛❝❝♦✉♥t✱ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞
♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇❛s r❡❣❛r❞❡❞ ❜② ❆❧✉♠✉r ❡t ❛❧✳ ✭✷✵✶✷✮✳
❚❤❡② ❛❧❧♦✇❡❞ ♠✉❧t✐♣❧❡ ♠♦❞❡s ♦❢ tr❛♥s♣♦rt ♦♥ ❡❛❝❤ ❧✐♥❦✳ ❈♦♥tr❡r❛s ❛♥❞ ❋❡r♥á♥❞❡③ ✭✷✵✶✷✮
st✉❞✐❡❞ t❤❡ s✐♠✉❧t❛♥❡♦✉s ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❤✉❜ ❧♦❝❛t✐♦♥s ❛♥❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ✉♥❞❡r t❤❡
❛❞❞✐t✐♦♥❛❧ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ ❝❤♦s❡♥ ❛r❝s r❡s✉❧t ✐♥ ❛ tr❡❡✱ ❝♦♥♥❡❝t✐♥❣ ❛❧❧ ❤✉❜s ✇✐t❤ ❛
✉♥✐q✉❡ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡♠✳ ❩❤❛♥❣ ❡t ❛❧✳ ✭✷✵✶✸✮ st✉❞✐❡❞ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ✐♥t❡r♠♦❞❛❧
♥❡t✇♦r❦s ❝♦♥s✐❞❡r✐♥❣ r♦❛❞✱ r❛✐❧✱ ❛♥❞ ✐♥❧❛♥❞ ✇❛t❡r✇❛②✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❝♦sts ❢♦r ❈❖2
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✶✸✽ ✻✳✸✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧

❡♠✐ss✐♦♥s✳ ❆s ✐♥ ♦✉r ♣r♦❜❧❡♠✱ t❤❡② ❝♦♥s✐❞❡r❡❞ ♠✉❧t✐♣❧❡ ❝♦♠♠♦❞✐t✐❡s ❛♥❞ r❡q✉❡st✲s♣❡❝✐✜❝
s❡ts ♦❢ st❛rt ❛♥❞ ❡♥❞ ❤✉❜s✳ ❍♦✇❡✈❡r✱ t❤❡② ❞✐❞ ♥♦t ❝♦♥s✐❞❡r s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱ t✐♠❡✲❡♥✲
r♦✉t❡ ❧✐♠✐ts✱ ♦r tr❛♥s♣♦rt ❡❝♦♥♦♠✐❡s ♦❢ s❝❛❧❡ t❤r♦✉❣❤ ❝♦♥s♦❧✐❞❛t✐♦♥✳ ❚❤❡② s♦❧✈❡❞ t❤❡✐r
♣r♦❜❧❡♠ ✇✐t❤ ❤❡✉r✐st✐❝ ❜✐❧❡✈❡❧ ♣r♦❣r❛♠♠✐♥❣✳ ❚❤❡ ✉♣♣❡r ❧❡✈❡❧✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜② ❛ ❣❡♥❡t✐❝
❛❧❣♦r✐t❤♠✱ s❡❛r❝❤❡s ❢♦r ❤✉❜s t♦ ❜❡ ♦♣❡♥❡❞ ❛♥❞ ❛❞❡q✉❛t❡ ❈❖2 ❡♠✐ss✐♦♥ ♣r✐❝❡s✳ ❚❤❡ ❧♦✇❡r
❧❡✈❡❧✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜② ❛ s❤♦rt❡st✲♣❛t❤ ❛❧❣♦r✐t❤♠ ❢♦r ❡❛❝❤ r❡q✉❡st✱ ❝♦♠♣✉t❡s ♠✐♥✐♠❛❧
tr❛♥s♣♦rt ❛♥❞ ❈❖2 ❝♦sts ❣✐✈❡♥ ❛ ❝❡rt❛✐♥ ♥❡t✇♦r❦ str✉❝t✉r❡ ❛♥❞ ❈❖2 ♣r✐❝❡s✳
❚❤❡ r❡❝❡♥t ♣❛♣❡r ❜② ❈r❛✐♥✐❝ ❡t ❛❧✳ ✭✷✵✶✺✮ ♣r❡s❡♥ts ❛ ♠♦r❡ ✐♥t❡❣r❛t❡❞ ♠♦❞❡❧ ❢♦r ❝♦♠✲

❜✐♥❡❞ ❧♦❝❛t✐♦♥ ❛♥❞ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥✳ ❚❤❡ ♠♦❞❡❧ ❧✐♥❦s str❛t❡❣✐❝ ❛♥❞ t❛❝t✐❝❛❧ ❞❡✲
❝✐s✐♦♥s✱ ❝♦♥s✐❞❡rs ❞✐✛❡r❡♥t t②♣❡s ♦❢ tr❛♥s♣♦rt r❡s♦✉r❝❡s✱ ✐✳❡✳✱ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ✢❡❡t✱ ❛♥❞
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ✈❡❤✐❝❧❡ s❝❤❡❞✉❧✐♥❣ ❛♥❞ r❡♣♦s✐t✐♦♥✐♥❣✳ ❚❤❡✐r s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts
♦❢ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛s ❛ t✐♠❡✲s♣❛❝❡ ♥❡t✇♦r❦ t♦ ✇❤✐❝❤ ❛ ♠❛t❤❡✉r✐st✐❝ ❝♦♠❜✐♥✐♥❣
❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♥❞ s❧♦♣❡ s❝❛❧✐♥❣ ✐s ❛♣♣❧✐❡❞✳

✻✳✸ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧

▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ✇✐t❤ ♥♦❞❡ s❡t V ❛♥❞ ❛r❝ s❡t A✳ ❚❤❡ ♥♦❞❡ s❡t V ❝♦♥t❛✐♥s
♦♥❡ ♦r✐❣✐♥ ❛♥❞ ♦♥❡ ❞❡st✐♥❛t✐♦♥ ♥♦❞❡ ❢♦r ❡❛❝❤ r❡q✉❡st✱ ❛♥❞ ♦♥❡ ♥♦❞❡ ❢♦r ❡❛❝❤ ❤✉❜✳ ❚❤❡
s❡t ♦❢ ❛❧❧ ❤✉❜ ♥♦❞❡s ✐s ❞❡♥♦t❡❞ ❜② H✱ ❛♥❞ t❤❡ s❡t ♦❢ ✜①❡❞ ❤✉❜s ❜② Hf ✱ ✇✐t❤ Hf ❛ s✉❜s❡t
♦❢ H✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❤✉❜s t❤❛t ♠❛② ❜❡ ✉s❡❞ ✐s ❣✐✈❡♥ ❜② nH ✳ ❚❤❡ s❡t ♦❢ ❛r❝s ❝♦♥t❛✐♥s
t❤❡ r❛✐❧ ❛r❝s ❜❡t✇❡❡♥ ❛♥② t✇♦ ❤✉❜s✱ At✱ ✇✐t❤ ❝♦sts ♣❡r ❦✐❧♦♠❡tr❡ ct ❛♥❞ t❤❡ r♦❛❞ ❛r❝s✱
As✱ ✇✐t❤ ❝♦sts ♣❡r ❦✐❧♦♠❡tr❡ cs✳ ❚❤❡ r♦❛❞ ❛r❝s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❞✐r❡❝t r♦❛❞ ❛r❝s
❢r♦♠ t❤❡ ♦r✐❣✐♥s t♦ t❤❡ ❞❡st✐♥❛t✐♦♥s ♦❢ t❤❡ r❡q✉❡sts ❛♥❞ t❤❡ ❛r❝s ❝♦♥♥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥s
❛♥❞ ❞❡st✐♥❛t✐♦♥s t♦ t❤❡ ❤✉❜ ♥❡t✇♦r❦✳ ❊❛❝❤ r❡q✉❡st r ∈ R ❝♦♠♣r✐s❡s mr ❝♦♥t❛✐♥❡rs✳ ❚❤❡
❧❡♥❣t❤ ♦❢ ❛♥ ❛r❝ a ✐s ❣✐✈❡♥ ❜② la✳ ❚❤❡ tr❛✐♥ ❝❛♣❛❝✐t② ✐s kt✳
❲❡ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ♣❛t❤✲❜❛s❡❞ ♠♦❞❡❧✱ ❞✉❡ t♦ ♣❛st ❡①♣❡r✐❡♥❝❡s ✭❍♦♠❢❡❧❞✱

✷✵✶✷✮ ❛s ✇❡❧❧ ❛s t❡sts ❛♥❞ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❛r❝✲❜❛s❡❞ ♠♦❞❡❧s ✭❝❢✳ ❙❡❝t✐♦♥ ✻✳✺✮✳ ❆ ❢❡❛s✐❜❧❡
❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt ♣❛t❤ ❢♦r ❛ r❡q✉❡st ✐s ❛♥ ❡❧❡♠❡♥t❛r② ♣❛t❤ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡q✉❡st
t♦ t❤❡ ❞❡st✐♥❛t✐♦♥✱ ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛♥ ❛❧❧♦✇❡❞ st❛rt ❛♥❞ ❛♥ ❛❧❧♦✇❡❞ ❡♥❞ ❤✉❜✱ ♣❡r❢♦r♠✐♥❣
❛t ♠♦st t❤❡ ❛❧❧♦✇❡❞ ♥✉♠❜❡r ♦❢ ❤♦♣s✱ ❛♥❞ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ tr❛✈❡❧ t✐♠❡ ❝♦♥str❛✐♥t✳ ❆ r♦❛❞
tr❛♥s♣♦rt ♣❛t❤ ❢♦r ❛ r❡q✉❡st ✐s s✐♠♣❧② t❤❡ s✐♥❣❧❡✲❛r❝ ♣❛t❤ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡q✉❡st
t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ ❛♥❞ ✐s ❢❡❛s✐❜❧❡ ❜② ❞❡✜♥✐t✐♦♥✳ ❚❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s ❢♦r ❛ r❡q✉❡st
r ✐s ❞❡♥♦t❡❞ ❜② P r✳ Pi ❛♥❞ Pa ✐♥❞✐❝❛t❡ t❤❡ s❡ts ♦❢ ♣❛t❤s ❝♦♥t❛✐♥✐♥❣ ❤✉❜ i ❛♥❞ ❛r❝ a
r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ P r

i = Pi ∩ P r ❛♥❞ P r
a = Pa ∩ P r✳

❚❤❡ ♠♦❞❡❧ ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s ♦❢ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s✿ ❜✐♥❛r② ✈❛r✐❛❜❧❡s hi ✐♥❞✐❝❛t❡
✇❤❡t❤❡r ❤✉❜ i ∈ H ✐s ✉s❡❞✳ ●❡♥❡r❛❧ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s ta ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s t❤❛t
✉s❡ ❛r❝ a ∈ At✳ ❈♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s yrp ∈ [0, 1] ✐♥❞✐❝❛t❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛✐♥❡rs ♦❢
r❡q✉❡st r ∈ R ✇❤✐❝❤ ❛r❡ tr❛♥s♣♦rt❡❞ ✈✐❛ ♣❛t❤ p ∈ P r✳
●✐✈❡♥ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ t❤❡ ❙◆❉❍▲P ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

min
∑

a∈At

ctlata +
∑

r∈R

∑

p∈P r

∑

a∈p∩As

cslam
ryrp ✭✻✳✶❛✮

s✳t✳ hi = 1 ∀ i ∈ Hf ✭✻✳✶❜✮



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✸✾

∑

i∈H

hi ≤ nH ✭✻✳✶❝✮

∑

p∈P r

yrp = 1 ∀ r ∈ R (γr) ✭✻✳✶❞✮

∑

r∈R

∑

p∈P r
a

mryrp ≤ ktta ∀ a ∈ At (δa) ✭✻✳✶❡✮

∑

p∈P r
i

yrp ≤ hi ∀ i ∈ H, r ∈ R (ǫri ) ✭✻✳✶❢✮

hi ∈ {0, 1} ∀ i ∈ H ✭✻✳✶❣✮

ta ∈ N0 ∀ a ∈ At ✭✻✳✶❤✮

yrp ∈ {0, 1} ∀ r ∈ R, p ∈ P r ✭✻✳✶✐✮

❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✭✻✳✶❛✮✱ s❡❡❦s t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❝♦sts ✐♥❝✉rr❡❞ ❜② t❤❡ ❝♦✈❡r❡❞
r❛✐❧ ❛♥❞ r♦❛❞ ❦✐❧♦♠❡tr❡s✳ ❈♦♥❞✐t✐♦♥s ✭✻✳✶❜✮ ❛♥❞ ✭✻✳✶❝✮ ❡♥s✉r❡ t❤❛t ❛❧❧ ✜①❡❞ ❤✉❜s ❛r❡
♦♣❡♥❡❞ ❛♥❞ t❤❛t ❛t ♠♦st t❤❡ ❛❧❧♦✇❡❞ ♥✉♠❜❡r ♦❢ ❤✉❜s ✐s ✉s❡❞✳ ❈♦♥str❛✐♥t ✭✻✳✶❞✮ ♠❛❦❡s
s✉r❡ t❤❛t ❡✈❡r② r❡q✉❡st ✐s tr❛♥s♣♦rt❡❞✳ ❈♦♥str❛✐♥t ✭✻✳✶❡✮ ❝❛❧❝✉❧❛t❡s t❤❡ ✉s❡❞ ❝❛♣❛❝✐t② ❛♥❞
❞❡t❡r♠✐♥❡s t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❡❞❡❞ tr❛✐♥s ♣❡r ❛r❝✳ ❇② ❝♦♥str❛✐♥t ✭✻✳✶❢✮✱ ❛ ❤✉❜ ✐s ❢♦r❝❡❞ t♦
❜❡ ♦♣❡♥❡❞ ✐❢ ❛ ♣❛t❤ ♣❛ss❡s t❤r♦✉❣❤ ✐t✳ ❚❤❡ ❧❛st t❤r❡❡ ❝♦♥str❛✐♥ts ❞❡t❡r♠✐♥❡ t❤❡ ❞♦♠❛✐♥s
♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳
❚❤❡ ❛❜♦✈❡ ♠♦❞❡❧ t❛r❣❡ts t❤❡ ❝❛s❡ ♦❢ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱ ❜✉t t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡

❞♦♠❛✐♥ ♠♦❞✐✜❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❝❛s❡ ♦❢ s♣❧✐tt❛❜❧❡ r❡q✉❡sts✿

yrp ∈ [0, 1] ∀ r ∈ R, p ∈ P r

◆♦t❡ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♠♦❞❡❧ t❤❡ ♦♣t✐♦♥ t♦ s❡❧❡❝t ❞✐✛❡r❡♥t ✐t✐♥❡r❛r✐❡s ❢♦r
t❤❡ ❝♦♥t❛✐♥❡rs ♦❢ ♦♥❡ ❛♥❞ t❤❡ s❛♠❡ r❡q✉❡st ✐♥ ❛♥ ❡①❛❝t ♠❛♥♥❡r✱ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ❛❧❧
❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥s✱ ♥♦t ♦♥❧② ♠✉❧t✐♣❧❡s ♦❢ 1

mr ✳ ❍❡♥❝❡✱ s♦❧✉t✐♦♥s ✇✐t❤ ❞✐st✐♥❝t r♦✉t❡s ❢♦r
♣❛rts ♦❢ ❝♦♥t❛✐♥❡rs ❝❛♥ ♦❝❝✉r✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ r❡❛❧✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐♥❛❝❝✉r❛❝②
✐s ❛❝❝❡♣t❛❜❧❡✱ ❜❡❝❛✉s❡ tr❛✐♥ ❝♦sts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ tr❛✐♥ ❧♦❛❞✱ ❛♥❞ tr❛✐♥ ❝❛♣❛❝✐t② ✐s ❤✐❣❤
✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥t❛✐♥❡rs ♦❢ s✐♥❣❧❡ r❡q✉❡sts ✭✹✵ t♦ ✸✮✳ ❚❤❡r❡❢♦r❡✱
♠♦st r❡q✉❡sts ❛r❡ ♥♦t s♣❧✐t ❛♥②✇❛②✱ ❛♥❞ ❛♥② r❡♠❛✐♥✐♥❣ ✐♥❛❝❝✉r❛❝✐❡s r❡s✉❧t ❢r♦♠ t❤❡ r♦❛❞
tr❛♥s♣♦rt ♣❛rts ♦♥❧②✳
❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ✇✐t❤ ❛r❝ ✈❛r✐❛❜❧❡s✳ ❚❤❡♥✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡

r♦✉t❡s ❝♦♥❝❡r♥✐♥❣ tr❛♥s♣♦rt t✐♠❡s ❛♥❞ ❧✐♠✐ts ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♣s ❤❛s t♦ ❜❡ ❡①♣r❡ss❡❞
❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ♠♦❞❡❧✳ ❋♦r t❤❡ ✉♥s♣❧✐tt❛❜❧❡ ❝❛s❡✱ t❤✐s ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ✇❤❡r❡❛s ❢♦r t❤❡
s♣❧✐tt❛❜❧❡ ❝❛s❡✱ ❛❞❞✐t✐♦♥❛❧ t✐♠❡ ❛♥❞ ❤♦♣ ❝♦✉♥t❡r ✈❛r✐❛❜❧❡s ❛r❡ ♥❡❡❞❡❞✳ ▲✐♥❡❛r ❢♦r♠✉❧❛t✐♦♥s
❢♦r t❤❡s❡ ♠♦❞❡❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

✻✳✹ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

❚❤❡ ♥✉♠❜❡r ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s ❝❛♥ ❜❡ ❤✉❣❡✱ s♦ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ r♦✉t❡s ✐s
♥♦t ♣r❛❝t✐❝❛❜❧❡✳ ■♥st❡❛❞✱ ✇❡ ✉s❡ ❞❡❧❛②❡❞ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ t♦ ❞②♥❛♠✐❝❛❧❧② ❣❡♥❡r❛t❡



✶✹✵ ✻✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

♣r♦♠✐s✐♥❣ ♣❛t❤s✳ ❚♦ ❛❝❤✐❡✈❡ ✐♥t❡❣r❛❧✐t②✱ t❤✐s ✐s ❡♠❜❡❞❞❡❞ ✐♥ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞✳ ❇❡s✐❞❡s✱
✇❡ ✉s❡ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s t♦ str❡♥❣t❤❡♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳
❚♦ s♦❧✈❡ ♦✉r ♣❛t❤✲❜❛s❡❞ ❙◆❉❍▲P ♠♦❞❡❧ ✭✻✳✶✮✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲

❝✉t ❛❧❣♦r✐t❤♠✱ s❡❡ ❇❛r♥❤❛rt ❡t ❛❧✳ ✭✶✾✾✻✮✱ ❉❡s❛✉❧♥✐❡rs ❡t ❛❧✳ ✭✷✵✵✺✮✱ ❛♥❞ ▲ü❜❜❡❝❦❡ ❛♥❞
❉❡sr♦s✐❡rs ✭✷✵✵✺✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ ♦✉r ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞
♥❡✇ ♣❛t❤s ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ♣r❡s❡♥t ♦✉r ❜r❛♥❝❤✐♥❣ s❝❤❡♠❡
❛♥❞ s♦♠❡ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✱ ❢♦r ✇❤✐❝❤ ✇❡ ❞❡s❝r✐❜❡ t❤❡✐r ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳
❆t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠❡♥t✐♦♥ s♦♠❡ t❡❝❤♥✐q✉❡s t❤❛t ❡♥❤❛♥❝❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳

✻✳✹✳✶ ●❡♥❡r❛t✐♦♥ ♦❢ ♥❡✇ ❝♦❧✉♠♥s

❋♦r t❤❡ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠✳ ❚♦
❤❛✈❡ ❛ ❢❡❛s✐❜❧❡ ♣r♦❜❧❡♠ ✐♥✐t✐❛❧❧②✱ ✇❡ st❛rt ✇✐t❤ ❛ s♠❛❧❧ s✉❜s❡t ♦❢ ♣❛t❤s✱ ❝♦♥t❛✐♥✐♥❣✱ ❢♦r
❡❛❝❤ r❡q✉❡st✱ ♦♥❡ ♣❛t❤ t❤❛t r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣❧❡t❡ tr❛♥s♣♦rt ❜② r♦❛❞✳ ❘❡❝❛❧❧ t❤❛t t❤❡
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ s❡❛r❝❤❡s ❢♦r ✈❛r✐❛❜❧❡s ✇✐t❤ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts t♦ ❛❞❞ t❤❡♠ t♦ t❤❡
❝✉rr❡♥t s❡t ♦❢ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠✳ ▲❡t γr ❜❡ t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡ ❛ss♦❝✐❛t❡❞ t♦
❝♦♥str❛✐♥t ✭✻✳✶❞✮ ❢♦r r❡q✉❡st r ∈ R✱ δa t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛♣❛❝✐t②
r❡str✐❝t✐♦♥ ✭✻✳✶❡✮ ♦❢ ❛r❝ a ∈ A✱ ❛♥❞ ǫri t❤❡ ❞✉❛❧ ❜❡❧♦♥❣✐♥❣ t♦ ❝♦♥str❛✐♥t ✭✻✳✶❢✮ ❢♦r ❤✉❜
i ∈ H ❛♥❞ r❡q✉❡st r ∈ R✳ ❚❤❡♥✱ t❤❡ r❡❞✉❝❡❞ ❝♦sts ❢♦r ❛ ♣❛t❤ p ❢♦r r❡q✉❡st r ❛r❡

c̃p =
∑

a∈p∩As

csm
rla − γr −

∑

a∈p∩At

mrδa −
∑

i∈p∩H

ǫri . ✭✻✳✷✮

❚❤❡ s✉❜♣r♦❜❧❡♠ ❢♦r ❛ ❝❡rt❛✐♥ r❡q✉❡st r ∈ R ✐s ❛ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡✲
s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭❙PP❘❈✮✳ ❙PP❘❈s ❛r❡ ✇❡❧❧ st✉❞✐❡❞✱ ❜❡❝❛✉s❡ t❤❡② ❛♣♣❡❛r ✐♥ ♠❛♥②
❛♣♣❧✐❝❛t✐♦♥s✱ s❡❡ ■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs ✭✷✵✵✺✮✳ ❚❤❡② ❛r❡ ✉s✉❛❧❧② s♦❧✈❡❞ ❜② ❞②♥❛♠✐❝✲
♣r♦❣r❛♠♠✐♥❣ ❜❛s❡❞ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❖♥❡ ♦❢ t❤❡ ✜rst ❛❧❣♦r✐t❤♠s ✐♥ t❤✐s ❝❛t❡❣♦r② ✐s
t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ❜② ❆♥❡❥❛ ❡t ❛❧✳ ✭✶✾✽✸✮✳ ▼♦r❡ r❡❝❡♥t ♣❛♣❡rs ❝♦♠♣❛r❡ ♠♦♥♦✲ ❛♥❞ ❜✐✲
❞✐r❡❝t✐♦♥❛❧ ❡①t❡♥s✐♦♥s ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮ ❛♥❞ ❞❡❛❧ ✇✐t❤ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤
❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ✭❩❤✉ ❛♥❞ ❲✐❧❤❡❧♠✱
✷✵✶✸✮✳
▲❡t r ∈ R ❜❡ ❛ r❡q✉❡st ❢♦r ✇❤✐❝❤ ✇❡ s♦❧✈❡ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ❲❡ ❞❡✜♥❡ ❛ ❧❛❜❡❧

l = (v, l̄, z) t❤❛t ♠❛r❦s ❛ ♣❛t❤ ❢r♦♠ t❤❡ ♦r✐❣✐♥ t♦ ❛ ♥♦❞❡ v ∈ V ✇✐t❤ l̄ ❛s t❤❡ ♣r❡✈✐♦✉s
❧❛❜❡❧ ♦♥ t❤❡ ♣❛t❤ ❛♥❞ z ∈ Rm

+ ❛s t❤❡ ✈❡❝t♦r ♦❢ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥s ♦❢ t❤❡ ♣❛t❤✳ ❋♦r ♦✉r
♣✉r♣♦s❡s✱ t❤❡ r❡s♦✉r❝❡ ✈❡❝t♦r z = (z1, z2, z3) = (c̃, d, h) ❝♦♥t❛✐♥s t❤❡ s✉♠ ♦❢ t❤❡ ♠♦❞✐✜❡❞
❛r❝ ❝♦sts c̃✱ t❤❡ tr❛♥s♣♦rt t✐♠❡ d ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♣s h ♦❢ t❤❡ ♣❛rt✐❛❧ ♣❛t❤ ✉♣ t♦ t❤❡
❛ss♦❝✐❛t❡❞ ♥♦❞❡✳ ❆s ♠♦st ❞✉❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ③❡r♦✱ ♣❛rt✐❝✉❧❛r❧② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ♣r♦❝❡ss✱ ❛♥❞ ❛s s❤♦rt❡r ♣❛t❤s t❡♥❞ t♦ ❜❡ ❝❤❡❛♣❡r ❛♥❞ ❛r❡ ♠♦r❡ ❧✐❦❡❧②
t♦ ❜❡ ♣❛rt ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ s❡❛r❝❤ ❢♦r ♣❛t❤s ✇✐t❤ t❤❡ ♠♦st
♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦sts ❛♥❞✱ ❛♠♦♥❣ t❤❡s❡✱ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ s❤♦rt❡st tr❛♥s♣♦rt t✐♠❡ ❛♥❞
t❤❡ ❧♦✇❡st ♥✉♠❜❡r ♦❢ ❤♦♣s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ♦❢ ♦❜❥❡❝t✐✈❡s
✇✐t❤ ❜♦✉♥❞s ❢♦r t❤❡ ❞♦✇♥str❡❛♠ t❛r❣❡ts✳ ❆❧❧ ❧❛❜❡❧s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ♥♦❞❡ ❝❛♥ ❜❡
❝♦♠♣❛r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s (c̃− d− h)✿



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✹✶

❉❡✜♥✐t✐♦♥ ✻✳✹✳✶ ✭❖r❞❡r ♦❢ ❧❛❜❡❧s✮✳ ❆ ❧❛❜❡❧ l = (v, l̄, z) ✐s ❜❡tt❡r t❤❛♥ ❛ ❧❛❜❡❧ l′ =
(v, l̄′, z′)✱ ✇r✐tt❡♥ l < l′✱ ✐❢

∃ i ∈ {1, 2, 3} : (zj = z′j ∀ j < i) ∧ (zi < z′i).

❇❡s✐❞❡s✱ ✇❡ s❛② ❛ ❧❛❜❡❧ ❞♦♠✐♥❛t❡s ❛♥ ♦t❤❡r ❧❛❜❡❧ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ♥♦❞❡✱ ✐❢ t❤❡
❢♦r♠❡r ✐s ❛t ❧❡❛st ❛s ❣♦♦❞ ❛s t❤❡ ♦t❤❡r ❧❛❜❡❧ ✐♥ ❛❧❧ r❡s♦✉r❝❡ ❝❛t❡❣♦r✐❡s ❛♥❞ str✐❝t❧② ❜❡tt❡r
✐♥ ❛t ❧❡❛st ♦♥❡ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✻✳✹✳✷ ✭❉♦♠✐♥❛♥❝❡ ❜❡t✇❡❡♥ ❧❛❜❡❧s✮✳ ❆ ❧❛❜❡❧ l = (v, l̄, z) ❞♦♠✐♥❛t❡s ❛ ❧❛❜❡❧
l′ = (v, l̄′, z′)✱ ✇r✐tt❡♥ l ≺ l′✱ ✐❢

z ≤ z′ ∧ ∃ i ∈ {1, 2, 3} : zi < z′i.

■♥ ❣❡♥❡r❛❧✱ ❛♥ ❙PP❘❈ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ♦r ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❛❧❣♦✲
r✐t❤♠✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ s♣❡❝✐❛❧ str✉❝t✉r❡ r❡s♣❡❝t✐♥❣ t❤❡ ❧✐♠✐t❡❞ ❤♦♣✲♥✉♠❜❡r✱ ✇❡ ✐♠♣❧❡✲
♠❡♥t❡❞ ❜♦t❤ ❛ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝✐♥❣ r♦✉t✐♥❡ ✐♥ ♦r❞❡r t♦
❝♦♠♣❛r❡ t❤❡♠✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ ✇❡ ❡①t❡♥❞ ♣❛rt✐❛❧ ♣❛t❤s ♦♥❧② ❢r♦♠ t❤❡ ♦r✐❣✐♥✱ ❛❧✇❛②s
❝♦♥t✐♥✉✐♥❣ ✇✐t❤ t❤❡ ❜❡st ✉♥♣r♦❝❡ss❡❞ ❧❛❜❡❧ ❛s ✐♥ t❤❡ ❉✐❥❦str❛ ❛❧❣♦r✐t❤♠✳ ■♥ t❤❡ ❧❛tt❡r
❝❛s❡✱ ✇❡ st❛rt ❢r♦♠ ❜♦t❤ t❤❡ ♦r✐❣✐♥ ❛♥❞ t❤❡ ❞❡st✐♥❛t✐♦♥✱ ♠❛❦❡ ❛ ♣r❡❞❡✜♥❡❞ ♥✉♠❜❡r ♦❢
❤♦♣s ❢r♦♠ ❜♦t❤ s✐❞❡s✱ ❞❡t❡r♠✐♥❡ ❛❧❧ ♥♦♥✲❞♦♠✐♥❛t❡❞ ♣❛t❤s✱ ❛♥❞ ❝❤♦♦s❡ t❤❡ ❜❡st ❛❧t❡r♥❛t✐✈❡
❢r♦♠ ❛ ❝♦♥❝❧✉❞✐♥❣ ♠❡r❣❡ st❡♣✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣❛t❤s✳ ❚❤❡ ❞✉❛❧ ♣r✐❝❡s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤✉❜ ✉s❛❣❡✱ t❤❡ tr❛♥ss❤✐♣♠❡♥t t✐♠❡s ♦♥ t❤❡ ❤✉❜s✱ ❛♥❞ t❤❡ ✐♥❝r❡❛s❡
♦❢ t❤❡ ❤♦♣ ❝♦✉♥t❡r ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ✐♥❣♦✐♥❣ ❛r❝s✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛ ❧❛❜❡❧ l✱ ✇❡ ❧♦♦❦ ❛t
❛❧❧ ♦✉t❣♦✐♥❣ ❛r❝s t♦ ♦t❤❡r ❤✉❜s✱ ❛❞❞ t❤❡ ✇❡✐❣❤t ❛♥❞ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥s ❢♦r t❤✐s ♣❛t❤
❡①t❡♥s✐♦♥✱ ❛♥❞ ❝r❡❛t❡ ❛ ♥❡✇ ❧❛❜❡❧✳ ▲❡t t❤❡ ❤✉❜ ✐♥❞✐❝❛t♦r ζi ❜❡ 1 ✐❢ i ∈ H ❛♥❞ ✵ ♦t❤❡r✇✐s❡✱
❛♥❞ ❧❡t t❤❡ ❛r❝ ✐♥❞✐❝❛t♦r ξa ❜❡ 1 ✐❢ a ∈ At ❛♥❞ 0 ✐❢ a ∈ As✳ ❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✱ ✇❡
✇r✐t❡ ξij ❢♦r ξ(i,j) ✭s✐♠✐❧❛r ❢♦r ♦t❤❡r ✈❛r✐❛❜❧❡s✮✳ ❲✐t❤ da ❛s t❤❡ tr❛♥s♣♦rt t✐♠❡ ♦✈❡r ❛r❝ a
❛♥❞ di ❛s t❤❡ tr❛♥ss❤✐♣♠❡♥t t✐♠❡ ♦♥ ❤✉❜ i✱ t❤❡ ♥❡✇ ❧❛❜❡❧ ✐s ❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

l♥❡✇ = (j, l, c̃(l♥❡✇), d(l♥❡✇), h(l♥❡✇)) ✭✻✳✸✮

✇✐t❤

c̃(l♥❡✇) = c̃(l) + (1− ξij)csm
rlij − ξijm

rδij − ζjǫ
r
j ✭✻✳✹❛✮

d(l♥❡✇) = d(l) + dij + ζjdj ✭✻✳✹❜✮

h(l♥❡✇) = h(l) + ζj . ✭✻✳✹❝✮

❚❤❡♥ ✇❡ t❡st ✇❤❡t❤❡r t❤✐s ✐s ❢❡❛s✐❜❧❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ r❡s♦✉r❝❡ ❧✐♠✐ts✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡
❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❢❡❛s✐❜❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥❡✇ ❧❛❜❡❧ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥ ❡①✐sts✳ ❆❢t❡r✇❛r❞s✱
✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ♥❡✇ ❧❛❜❡❧ ✐s ❞♦♠✐♥❛t❡❞ ❜② ♦♥❡ ♦❢ t❤❡ ❧❛❜❡❧s ❛❧r❡❛❞② ❛ss✐❣♥❡❞ t♦ t❤❡
♥♦❞❡✳ ■❢ ②❡s✱ ✐t ✐s ❞✐s❝❛r❞❡❞✱ ♦t❤❡r✇✐s❡ ✐t ✐s ❛❞❞❡❞ t♦ t❤❡ ❧❛❜❡❧ ❧✐st ♦❢ t❤❡ ♥♦❞❡✳ ❋✐♥❛❧❧②✱
❛❧❧ ♦t❤❡r ❧❛❜❡❧s ❛r❡ t❡st❡❞ ❢♦r ❞♦♠✐♥❛♥❝❡ ❜② t❤❡ ♥❡✇ ♦♥❡ ❛♥❞ ❛r❡ ❞❡❧❡t❡❞ ✐♥ t❤✐s ❝❛s❡✳
❲❡ st♦r❡ t❤❡ ❧❛❜❡❧ ❧✐st ♦❢ ❛ ♥♦❞❡ ❛s ❛♥ ♦r❞❡r❡❞ ❧✐st✱ s♦ t❤❛t ✐♥s❡rt✐♦♥ ❛♥❞ ❞♦♠✐♥❛♥❝❡ ❛r❡



✶✹✷ ✻✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

♣❡r❢♦r♠❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ t❛❦❡ t✐♠❡ ❧✐♥❡❛r ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ❛t t❤❡ ♥♦❞❡✱ s❡❡
❆❧❣♦r✐t❤♠ ✷✳ ❚❤❡ ❜❛❝❦✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ ♣❛t❤s ✇♦r❦s ❛♥❛❧♦❣♦✉s❧②✳

❆❧❣♦r✐t❤♠ ✷✿ P♦t❡♥t✐❛❧ ✐♥s❡rt✐♦♥ ♦❢ ❛ ♥❡✇ ❧❛❜❡❧
■♥♣✉t✿ ❆♥ ♦r❞❡r❡❞ ❧❛❜❡❧ ❧✐st list ❜❡❧♦♥❣✐♥❣ t♦ ❛ ♥♦❞❡✱ ❛ ♥❡✇ ❧❛❜❡❧ l♥❡✇

✶ l = list.✜rst✭✮❀
✷ ✇❤✐❧❡ l < l♥❡✇ ❞♦

✸ ✐❢ l ≺ l♥❡✇ t❤❡♥

✹ ❉❡❧❡t❡ l♥❡✇❀
✺ r❡t✉r♥❀

✻ l = list.♥❡①t✭✮❀

✼ ■♥s❡rt l♥❡✇ ❜❡❢♦r❡ l❀
✽ ✇❤✐❧❡ l 6= list.❡♥❞✭✮ ❞♦
✾ ✐❢ l♥❡✇ ≺ l t❤❡♥
✶✵ ❉❡❧❡t❡ l❀

✶✶ l = list.♥❡①t✭✮❀

❚❤❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ♥❡t✇♦r❦ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳ ❋♦r
t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r✱ ✇❡ ✉s❡ ❛ ❧❛②❡r❡❞ ♥❡t✇♦r❦ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿ ✐❢ u♠❛① ✐s t❤❡
♠❛①✐♠❛❧ ❛❧❧♦✇❡❞ ♥✉♠❜❡r ♦❢ ❤♦♣s✱ ✇❡ ❝♦♣② t❤❡ ❤✉❜s u♠❛①+1 t✐♠❡s t♦ ❝r❡❛t❡ u♠❛①+1 ❤✉❜
♥♦❞❡ ❧❛②❡rs✱ ♥✉♠❜❡r❡❞ ❢r♦♠ ✶ t♦ u♠❛① + 1✳ ❚❤❡ ✜rst ✭❧❛st✮ ❧❛②❡r ❝♦♥t❛✐♥s ♦♥❧② ❝♦♣✐❡s ♦❢
❤✉❜s ✐♥ t❤❡ r❡q✉❡st✲s♣❡❝✐✜❝ s❡t ♦❢ st❛rt ✭❡♥❞✮ ❤✉❜s✳ ❚❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r ♣r♦♣❛❣❛t❡s
❧❛❜❡❧s ❢♦r✇❛r❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✈❡rt❡① ♦♥❧② ✉♣ t♦ ❧❛②❡r ⌊u♠❛①/2⌋+ 1✱ ❛♥❞ ❜❛❝❦✇❛r❞ ❢r♦♠
t❤❡ ❞❡st✐♥❛t✐♦♥ ✈❡rt❡① ♦♥❧② ✉♣ t♦ ❧❛②❡r ⌊u♠❛①/2⌋ + 2✳ ❍❡♥❝❡✱ ❢♦r✇❛r❞ ✭❜❛❝❦✇❛r❞✮ r♦❛❞
❛r❝s ❛r❡ ✐♥s❡rt❡❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✭❞❡st✐♥❛t✐♦♥✮ ✈❡rt❡① t♦ ❛❧❧ ❝♦♣✐❡s ✐♥ t❤❡ ✜rst ✭❧❛st✮ ❧❛②❡r✱
❛♥❞ ❢♦r✇❛r❞ ✭❜❛❝❦✇❛r❞✮ r❛✐❧ ❛r❝s ❛r❡ ✐♥s❡rt❡❞ ❜❡t✇❡❡♥ ❛♥② t✇♦ ❝♦♣✐❡s ♦❢ ❞✐✛❡r❡♥t ❤✉❜s ✐♥
♥❡✐❣❤❜♦✉r✐♥❣ ❧❛②❡rs ❢r♦♠ ❧❛②❡r ✶ ✉♣ t♦ ❧❛②❡r ⌊u♠❛①/2⌋+1 ✭❢r♦♠ ❧❛②❡r u♠❛① ❜❛❝❦ t♦ ❧❛②❡r
⌊u♠❛①/2⌋ + 2✮✳ ❚❤✐s ②✐❡❧❞s ❛ ♥❡t✇♦r❦ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ♦♥ ✇❤✐❝❤ t❤❡ s❤♦rt❡st
♣❛t❤ s❡❛r❝❤ ✐s ❞♦♥❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳
■♥ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ st♦r❡ ❧❛❜❡❧ ❧✐sts ❢♦r ❡❛❝❤ ❤✉❜ ♦♥ ❡❛❝❤ ❧❛②❡r✱ s♦ t❤❛t t❤❡ ❞♦♠✐♥❛♥❝❡

❝r✐t❡r✐♦♥ ♦♥❧② ♥❡❡❞s t♦ ❝♦♥s✐❞❡r t❤❡ ♠♦❞✐✜❡❞ ❛r❝ ❝♦sts ❛♥❞ t❤❡ tr❛♥s♣♦rt t✐♠❡ ♦❢ t❤❡
❧❛❜❡❧s✱ ❜✉t ♥♦t t❤❡ ❤♦♣ ❝♦✉♥t❡r r❡s♦✉r❝❡✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❧❧ ♣♦ss✐❜❧❡ ♥✉♠❜❡rs
♦❢ ❤♦♣s ✭2, . . . , u♠❛①✮✱ ✇❡ ♠❡r❣❡ t❤❡ ❧❛❜❡❧ ❧✐sts ♦❢ ❛❧❧ ❤✉❜s ❛t t❤❡ ❧❛st ❜❛❝❦✇❛r❞ ❧❛②❡r
✭⌊u♠❛①/2⌋ + 2✮ ✇✐t❤ ❛❧❧ ❢♦r✇❛r❞ ❧❛②❡rs ❡①❝❡♣t t❤❡ ✜rst ✭1✮ ❛♥❞ t❤❡ ❧❛❜❡❧ ❧✐sts ♦❢ t❤❡
✜rst ❢♦r✇❛r❞ ❧❛②❡r ✇✐t❤ ❛❧❧ ❜❛❝❦✇❛r❞ ❧❛②❡rs ❡①❝❡♣t t❤❡ ✜rst ✭u♠❛① + 1✮✳ ❚❤❡ ❡①❝❡♣t✐♦♥s
❛r❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t st❛rt ❛♥❞ ❡♥❞ ❤✉❜ ♦❢ ❛ r❡q✉❡st ♣❛t❤ ❛r❡ ❛❧✇❛②s
❞✐✛❡r❡♥t✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳

✻✳✹✳✷ ❇r❛♥❝❤✐♥❣

❋♦r ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ t❤❡ ❤✉❜ ✈❛r✐❛❜❧❡s ✭h✮ ♠✉st ❜❡ ❜✐♥❛r②✱ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s r✉♥♥✐♥❣
❜❡t✇❡❡♥ ❛♥② t✇♦ ❤✉❜s ✭t✮ ♠✉st ❜❡ ✐♥t❡❣❡r✱ ❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱
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❘❛✐❧ ❛r❝
❙tr❡❡t ❛r❝
▼❡r❣❡

21▲❛②❡r✿ 3 4 5
=

⌊

u♠❛①
2

⌋

+ 1 =

⌊

u♠❛①
2

⌋

+ 2 = u♠❛① + 1

❋✐❣✉r❡ ✻✳✸✿ ▲❛②❡r❡❞ ♥❡t✇♦r❦ ❢♦r t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠✱ u♠❛① = 4

❛❧s♦ t❤❡ ♣❛t❤ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ✭y✮ ♠✉st ❜❡ ❜✐♥❛r②✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❜r❛♥❝❤✐♥❣ s❝❤❡♠❡✳

❇r❛♥❝❤✐♥❣ ♦♥ ❤✉❜ ✈❛r✐❛❜❧❡s

❯s✐♥❣ ♦r ♥♦t ✉s✐♥❣ ❛ ❤✉❜ ❤❛s t❤❡ ❜✐❣❣❡st ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s♦❧✉t✐♦♥✱ s♦ t❤❡s❡ ❞❡❝✐s✐♦♥s ❛r❡
t❛❦❡♥ ✜rst✳ ❚♦ ✐❞❡♥t✐❢② t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❤✉❜✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥t❛✐♥❡rs
tr❛♥ss❤✐♣♣❡❞ ❛t ❡❛❝❤ ❤✉❜ ✐♥ t❤❡ ❝✉rr❡♥t ▲P s♦❧✉t✐♦♥✳ ❋♦r t❤❡ ❤✉❜ i ✇✐t❤ t❤❡ ❧❛r❣❡st s✉❝❤
♥✉♠❜❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ hi✱ ✇❡ ❝r❡❛t❡ t✇♦ ❜r❛♥❝❤❡s✱ ♦♥❡ ✜①✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ✈❛r✐❛❜❧❡ hi t♦ ✵ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ t♦ ✶ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❤❡r❡❛s t❤❡ ✶✲❜r❛♥❝❤ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠✱ t❤❡ ✵✲❜r❛♥❝❤
r❡q✉✐r❡s ❛r❝s ❡♥❞✐♥❣ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤✉❜ t♦ ❜❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦✳

❇r❛♥❝❤✐♥❣ ♦♥ tr❛✐♥ ✈❛r✐❛❜❧❡s

❋♦r t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s✱ ✇❡ ✜rst ✉s❡ ❛ ❣❧♦❜❛❧ ❛♣♣r♦❛❝❤✱ r❡❣❛r❞✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r
♦❢ tr❛✐♥s r✉♥♥✐♥❣ ✐♥ t❤❡ ✇❤♦❧❡ ♥❡t✇♦r❦✱ nt✳ ❲❤❡♥❡✈❡r nt ✐s ❢r❛❝t✐♦♥❛❧✱ ✇❡ ❝r❡❛t❡ t✇♦
❜r❛♥❝❤❡s ❛♥❞ ❛❞❞ ❛ ❝♦♥str❛✐♥t t♦ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ✐♥ ❜♦t❤ ❜r❛♥❝❤❡s✱ s❡tt✐♥❣ t❤❡ ✉♣♣❡r
❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s t♦ ⌊nt⌋ ✐♥ ♦♥❡ ❜r❛♥❝❤✱ ❛♥❞ s❡tt✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ t♦ ⌈nt⌉
✐♥ t❤❡ ♦t❤❡r✳ ❚❤✐s r❡q✉✐r❡s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠s✳ ❚♦ ❣✉❛r❛♥t❡❡ ✐♥t❡❣r❛❧✐t②
♦❢ t❤❡ tr❛✐♥ ✈❛r✐❛❜❧❡s ♦♥ ❡❛❝❤ ❛r❝✱ ✇❡ ❤❛✈❡ t♦ ❜r❛♥❝❤ ❢✉rt❤❡r ❜② s❡tt✐♥❣ s✐♠✐❧❛r ❜♦✉♥❞s
♦♥ ✐♥❞✐✈✐❞✉❛❧ tr❛✐♥ ✈❛r✐❛❜❧❡s✳ ■❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛ tr❛✐♥ ✈❛r✐❛❜❧❡ ✐s s❡t t♦ ③❡r♦✱ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❛r❝ ❤❛s t♦ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ■♥ ❛❧❧
♦t❤❡r ❝❛s❡s✱ t❤❡ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ❋♦r s♣❧✐tt❛❜❧❡



✶✹✹ ✻✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

r❡q✉❡sts✱ t❤❡ ❞❡s❝r✐❜❡❞ ❜r❛♥❝❤✐♥❣ r✉❧❡s s✉✣❝❡ t♦ ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳

❇r❛♥❝❤✐♥❣ ♦♥ ♣❛t❤ ✈❛r✐❛❜❧❡s

■♥ t❤❡ ❝❛s❡ ♦❢ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ♣r✐❝✐♥❣ r♦✉t✐♥❡ ❝❛♥♥♦t
s✐♠♣❧② ❜❡ ❢♦r❜✐❞❞❡♥ ❜② s❡tt✐♥❣ t❤❡✐r ✉♣♣❡r ❜♦✉♥❞ t♦ ③❡r♦✱ ❜❡❝❛✉s❡ t❤❡ ❡①❝❧✉❞❡❞ ♣❛t❤
✇✐❧❧ ❜❡ r❡❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ s♦❧✈❡r✳ ❲❡ ❞❡✈✐s❡❞ t✇♦ ❛♣♣r♦❛❝❤❡s t♦ tr❡❛t
✐♥t❡❣r❛❧✐t② r❡q✉✐r❡♠❡♥ts ♦♥ ♣❛t❤ ✈❛r✐❛❜❧❡s✱ ❜♦t❤ ❝♦♥❝❡r♥✐♥❣ s✐♥❣❧❡ ❛r❝s ♦❢ ❛ ♣❛t❤✳
❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ❞✐r❡❝t❧② r❡❣❛r❞s s✐♥❣❧❡ ❛r❝s✳ ❚♦ ❢♦r❜✐❞ ❛♥ ❛r❝✱ ❛❧❧ ♣❛t❤s ❝♦♥t❛✐♥✐♥❣

t❤✐s ❛r❝ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ✐❣♥♦r❡s t❤✐s ❛r❝✳ ❚❤❡
❜r❛♥❝❤ t❤❛t ❡♥❢♦r❝❡s t❤❡ ❛r❝ a ❢♦r r❡q✉❡st r✱ ❤♦✇❡✈❡r✱ ♥❡❡❞s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ✐♥
t❤❡ ♠❛st❡r ♣r♦❜❧❡♠✿ ∑

p∈P r
a

yrp ≥ 1.

❚❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❝♦♥str❛✐♥t t❛❦❡s ♥♦♥♥❡❣❛t✐✈❡ ✈❛❧✉❡s✱ ✇❤✐❝❤ ❝❛♥
❝❛✉s❡ ♥❡❣❛t✐✈❡ ❛r❝ ✇❡✐❣❤ts ✐♥ t❤❡ s✉❜♣r♦❜❧❡♠✳ ❚♦ ❛✈♦✐❞ ❝②❝❧❡s ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♣❛t❤s✱ t❤❡
❛❧❣♦r✐t❤♠ s❡❛r❝❤✐♥❣ ❢♦r t❤❡ ❜❡st ♥❡✇ ✈❛r✐❛❜❧❡ ❡♥t❡r✐♥❣ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠ ✇♦✉❧❞ ❤❛✈❡
t♦ ❜❡ ❛❞❛♣t❡❞✳
❲❡ t❤❡r❡❢♦r❡ ❝❤♦s❡ ❛ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✱ ♦♥❡ t❤❛t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡

♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ■❢ u ✐♥❞✐❝❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❤✉❜s ✐♥ ❛ ♣❛t❤✱ t❤✐s ♣❛t❤ ✇✐❧❧ ❝♦♥t❛✐♥ u+1
st❛❣❡s✳ ❚❤❡ ✜rst st❛❣❡ ❝♦♥s✐sts ♦❢ t❤❡ ❛r❝ ❢r♦♠ t❤❡ ♦r✐❣✐♥ t♦ t❤❡ ✜rst ❤✉❜✱ t❤❡ (u+ 1)t❤
st❛❣❡ ✐s t❤❡ ❛r❝ ❢r♦♠ t❤❡ ut❤ ❤✉❜ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② t♦ ❜r❛♥❝❤
♦♥ ♣❛t❤ ✈❛r✐❛❜❧❡s ♥♦✇ ✉s❡s t❤❡ ✐❞❡❛ t♦ ❢♦r❜✐❞ ❛♥❞ ❡♥❢♦r❝❡ ❛r❝s ❢♦r ✉s❡ ♦♥ ❝❡rt❛✐♥ st❛❣❡s
♦❢ ❛ ♣❛t❤ ❢♦r ❛ r❡q✉❡st✳ ■♥ t❤❡ ❜r❛♥❝❤ ✐♥ ✇❤✐❝❤ ❛♥ ❛r❝ ✐s ❢♦r❜✐❞❞❡♥✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢
❛❧❧ ♣❛t❤s ✉s✐♥❣ t❤✐s ❛r❝ ♦♥ t❤❡ ❝❤♦s❡♥ st❛❣❡ ✐s s❡t t♦ ③❡r♦✱ ❛♥❞ t❤❡ ❛r❝ ✐s ❡①❝❧✉❞❡❞ ❢r♦♠
t❤❡ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠ ❛t t❤✐s st❛❣❡✳ ■♥ t❤❡ ♦t❤❡r ❜r❛♥❝❤✱ ✐♥ ✇❤✐❝❤ t❤❡ ❛r❝ ✐s ❡♥❢♦r❝❡❞
t♦ ❜❡ ✉s❡❞ ❜② t❤✐s r❡q✉❡st ♦♥ t❤❡ r❡q✉❡st❡❞ st❛❣❡✱ ❛❧❧ ♣❛t❤ ✈❛r✐❛❜❧❡s ♥♦t ❢✉❧✜❧❧✐♥❣ t❤✐s
r❡q✉✐r❡♠❡♥t ❛r❡ s❡t t♦ ③❡r♦✱ ❛♥❞ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❡①❝❧✉❞❡s ❛❧❧ ♦t❤❡r ❛r❝s ♦♥ t❤✐s st❛❣❡✳

✻✳✹✳✸ ❈✉ts

❚♦ str❡♥❣t❤❡♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ♦❢ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠✱ ✇❡ ✉s❡ s❡✈❡r❛❧ t②♣❡s ♦❢
✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❢r❛❝t✐♦♥❛❧✐t②✱ t❤❡ ❝❛♣❛❝✐t② r❡str✐❝✲
t✐♦♥ ✭✻✳✶❡✮✳ ❲✐t❤ br =

mr

kt
✱ t❤✐s ❝♦♥str❛✐♥t ❢♦r ❛♥ ❛r❝ a ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∑

r∈R

br
∑

p∈P r
a

yrp ≤ ta.

❖❢ ❝♦✉rs❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❝♦sts ❢♦r t❤❡ tr❛✐♥s✱ t❤✐s ✐♥❡q✉❛❧✐t② ✇✐❧❧ ❛❧✇❛②s ❜❡
❢✉❧✜❧❧❡❞ ✇✐t❤ ❡q✉❛❧✐t② ✐♥ t❤❡ ▲P r❡❧❛①❛t✐♦♥✱ r❡s✉❧t✐♥❣ ✐♥ ♠♦st❧② ❢r❛❝t✐♦♥❛❧ tr❛✐♥ ✈❛r✐❛❜❧❡
✈❛❧✉❡s✳ ▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t ♥♦t ✐♥❞✐✈✐❞✉❛❧ ♣❛t❤s✱ ❜✉t t❤❡ s✉♠ ♦❢ ❛❧❧ ♣❛t❤ ✈❛r✐❛❜❧❡s✱
✐✳❡✳✱ t❤❡ t♦t❛❧ ✢♦✇✱ ❢♦r t❤❡ s❛♠❡ r❡q✉❡st ❝♦♥t❛✐♥✐♥❣ ❛♥ ❛r❝ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t t❤r❡❡ ❝✉ts ✇✐t❤ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛s✳ ❆❞❞✐t✐♦♥❛❧ ❝✉ts ❢♦r
✜①❡❞✲❝❤❛r❣❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤♦✉♠❛♥ ❡t ❛❧✳ ✭✷✵✶✼✮✳



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✹✺

❙✐♠♣❧❡ ❝✉ts

❚❤❡ s✐♠♣❧❡st ✈❛❧✐❞ ✐♥❡q✉❛❧✐t②✱ ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ str♦♥❣ ❝✉ts ❞❡s❝r✐❜❡❞ ✐♥ ✭❈❤♦✉♠❛♥ ❡t ❛❧✳✱
✷✵✵✸✮✱ ✐s ♦♥❧② ✉s❡❢✉❧ ❢♦r ❛r❝s ✇✐t❤ ❧✐❣❤t tr❛✣❝✱ ✐✳❡✳✱ ❢♦r t❤♦s❡ ❛r❝s ✇✐t❤ tr❛✐♥ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s
♦❢ ❧❡ss t❤❛♥ ♦♥❡✳ ■♥ t❤♦s❡ ❝❛s❡s✱ ✇❡ ❝❛♥ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✉t✿

ta ≥
∑

p∈P r
a

yrp ∀ r ∈ Ra. ✭✻✳✺✮

❚❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡s❡ ❝✉ts ✐s ❞♦♥❡ ❜② ✐♥s♣❡❝t✐♦♥✿ ✇❡ ❧♦♦❦ ❛t ❛❧❧ tr❛✐♥ ✈❛r✐❛❜❧❡s ✇✐t❤
✈❛❧✉❡s ✐♥ (0, 1)✱ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ t❤❡ ✢♦✇s ♦❢ t❤❡ r❡q✉❡sts ♦✈❡r t❤✐s ❛r❝✱ ❛♥❞ ❛❞❞
❛❧❧ ✈✐♦❧❛t❡❞ ♦♥❡s✳ ■♥ t❤❡ ♣r✐❝✐♥❣ r♦✉t✐♥❡✱ t❤❡s❡ ❝✉ts ♥❡❡❞ t♦ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ t❤r♦✉❣❤
❛❞❞✐t✐♦♥❛❧ ❛r❝ ❝♦sts✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❞✉❛❧ ♣r✐❝❡ ❤❛s t♦ ❜❡ ❛❞❞❡❞ ♦♥❧② ❢♦r t❤❡ r❡q✉❡st ❛♥❞
t❤❡ ❛r❝ t❤❛t ❛r❡ ❛❞❞r❡ss❡❞ ❜② t❤❡ s✐♠♣❧❡ ❝✉t✳

❘❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ❝✉ts

❋♦r s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱ ✇❡ ✉s❡ t❤❡ s♦ ❝❛❧❧❡❞ r❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ❝✉ts✱ ❞❡✈❡❧♦♣❡❞ ❜② ▼❛❣♥❛♥t✐
❡t ❛❧✳ ✭✶✾✾✸✮✳ ❋♦r ❛ s✉❜s❡t S ⊆ R✱ ❞❡✜♥❡ t❤❡ s✉♠ BS :=

∑
r∈S br✳ ❚❤❡♥✱ t❤❡ ❝✉ts ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s
(BS − ⌊BS⌋)ta +BS − (BS − ⌊BS⌋) ⌈BS⌉ ≥

∑

r∈S

br
∑

p∈P r
a

yrp. ✭✻✳✻✮

❚♦ ❣❡t t❤❡ ♠♦st ✈✐♦❧❛t❡❞ ✐♥❡q✉❛❧✐t② ❢♦r ❛♥ ❛r❝ a✱ ❆t❛♠tür❦ ❛♥❞ ❘❛❥❛♥ ✭✷✵✵✷✮ s❤♦✇❡❞

t❤❛t ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡ t❤❡ s❡t S =
{
r ∈ R :

∑
p∈P r

a
yrp > ta − ⌊ta⌋

}
✳ ❚❤❡♥✱ ✐t s✉✣❝❡s t♦

❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥ s❛t✐s✜❡s

⌊ta⌋ < BS < ⌈ta⌉ ❛♥❞

∑

r∈R

br(1−
∑

p∈P r
a

yrp − ⌈ta⌉+ ta) < (⌈ta⌉ − ta) ⌊ta⌋ .

■❢ s♦✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ❝✉t ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ♠❛st❡r ♣r♦❜❧❡♠✳
❖t❤❡r✇✐s❡✱ ♥♦ ✐♥❡q✉❛❧✐t② ♦❢ t❤✐s t②♣❡ ✐s ✈✐♦❧❛t❡❞ ❜② t❤❡ ❝✉rr❡♥t ▲P s♦❧✉t✐♦♥ ❢♦r t❤❡
❝♦♥s✐❞❡r❡❞ ❛r❝✳ ▲❡t µSa ❜❡ t❤❡ ❞✉❛❧ ♣r✐❝❡ ❢♦r ❛ r❡s✐❞✉❛❧ ❝❛♣❛❝✐t② ❝✉t r❡♣r❡s❡♥t❡❞ ❜②
(S, a)✳ ❚❤❡♥✱ ✐♥ t❤❡ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❛ r❡q✉❡st r✱ t❤❡ ✇❡✐❣❤t brµSa ❤❛s t♦ ❜❡ ❛❞❞❡❞
t♦ t❤❡ ❛r❝ ❝♦sts ♦❢ ❛♥ ❛r❝ a✱ ✐❢ r ∈ S✳

❝✲❙tr♦♥❣ ❝✉ts

■♥ t❤❡ ❝❛s❡ ♦❢ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✱ ❛ str♦♥❣❡r ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ✉s❡❞✳ ❇r♦❝❦✲
♠ü❧❧❡r ❡t ❛❧✳ ✭✶✾✾✻✮ ♣r❡s❡♥t❡❞ t❤❡ s♦ ❝❛❧❧❡❞ ❝✲str♦♥❣✲✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛ ♦❢
t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s✱ ❛♥❞ ❍♦♠❢❡❧❞ ✭✷✵✶✷✮ ❛♣♣❧✐❡❞ t❤❡♠ t♦ ❛ r❛✐❧ ❢r❡✐❣❤t tr❛♥s♣♦rt
♣r♦❜❧❡♠✳
❋♦r ❛ c ∈ N0✱ ❛ s❡t S ⊂ R ✐s ❝❛❧❧❡❞ ❝✲str♦♥❣ ✐❢ c =

∑
r∈R ⌈br⌉ −

⌈∑
r∈R br

⌉
✳ ❋♦r s✉❝❤ ❛

❝✲str♦♥❣ s❡t S✱ ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② ❢♦r ♦✉r ♣r♦❜❧❡♠ ❢♦r ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts ❝❛♥ ❜❡ ✇r✐tt❡♥



✶✹✻ ✻✳✹✳ ❇r❛♥❝❤✲❛♥❞✲Pr✐❝❡✲❛♥❞✲❈✉t

❛s
ta + c ≥

∑

r∈S

⌈br⌉
∑

p∈P r
a

yrp +
∑

r∈Ra\S

(⌈br⌉ − 1)
∑

p∈P r
a

yrp. ✭✻✳✼✮

❚♦ s❡♣❛r❛t❡ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦♥❛♣s❛❝❦ ♣r♦❜❧❡♠ ❤❛s t♦ ❜❡ s♦❧✈❡❞✿

max
∑

r∈Ra

πr
∑

p∈P r
a

yrp

s✳t✳
∑

r∈Ra

(⌈br⌉ − br)πr < c+ 1

πr ∈ {0, 1} ∀ r ∈ Ra

❚❤❡♥✱ t❤❡ s❡t S = {r ∈ Ra ⑤ πr = 1} ②✐❡❧❞s t❤❡ ♠♦st ✈✐♦❧❛t❡❞ ❝✲str♦♥❣ ❝✉t ❢♦r t❤❡ ❛r❝ a✳
❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡s❡ ❝✉ts ✐♥ t❤❡ s✉❜♣r♦❜❧❡♠ s♦❧✈❡r ✐s s✐♠✐❧❛r t♦ ❛❜♦✈❡✳ ▲❡t λSa ❜❡
t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡ ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❝✲str♦♥❣ ❝✉t ✇✐t❤ r❡q✉❡st✲s✉❜s❡t S ❛♥❞ ❛r❝ a✳ ❚❤❡♥ ❛❧❧
r❡q✉❡sts ✐♥ S ♠✉st ❛❞❞ ⌈br⌉λSa t♦ t❤❡ ♠♦❞✐✜❡❞ ❝♦sts ♦❢ ❛r❝ a✱ ✇❤❡r❡❛s ❛❧❧ ♦t❤❡r r❡q✉❡sts
❤❛✈❡ t♦ ❛❞❞ t❤❡ r♦✉♥❞❡❞✲❞♦✇♥ ✈❛r✐❛♥t ⌊br⌋λSa✳

✻✳✹✳✹ ❆❧❣♦r✐t❤♠✐❝ ✐♠♣r♦✈❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠❡♥t✐♦♥ s♦♠❡ t❡❝❤♥✐q✉❡s ✇❡ ✉s❡ t♦ ✐♠♣r♦✈❡ ♦✉r ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲
❝✉t ❛❧❣♦r✐t❤♠✳ ❚❤❡s❡ ❛r❡ ♣❛rt✐❛❧ ♣r✐❝✐♥❣✱ ❞②♥❛♠✐❝ ❝♦♥str❛✐♥t ❣❡♥❡r❛t✐♦♥✱ ❡❛r❧② ❜r❛♥❝❤✐♥❣✱
❛♥❞ ✉s❛❣❡ ♦❢ ❛ ▼■P s♦❧✈❡r t♦ ♦❜t❛✐♥ ✉♣♣❡r ❜♦✉♥❞s✳

P❛rt✐❛❧ ♣r✐❝✐♥❣

❚♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✱ ✇❡ ♣❡r❢♦r♠ ♣❛rt✐❛❧ ♣r✐❝✐♥❣✳ ■♥✲
st❡❛❞ ♦❢ s❡❛r❝❤✐♥❣ ❢♦r ❛ ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦st ♣❛t❤ ❢♦r ❛❧❧ r❡q✉❡sts ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✇❡
s♦♠❡t✐♠❡s r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ♦♥❡s✿ r❡q✉❡sts ❢♦r ✇❤✐❝❤ ❛♥ ❡♥t❡r✐♥❣
♣❛t❤ ✈❛r✐❛❜❧❡ ✇❛s ❢♦✉♥❞ ✐♥ t❤❡ ❧❛st ♣r✐❝✐♥❣ ✐t❡r❛t✐♦♥✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡s❡ r❡q✉❡sts ❛r❡
♠♦r❡ ❧✐❦❡❧② t♦ ②✐❡❧❞ ❛♥♦t❤❡r ♥❡❣❛t✐✈❡ r❡❞✉❝❡❞ ❝♦st ♣❛t❤ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r✐❝✐♥❣ st❡♣✳ ◆❡✈✲
❡rt❤❡❧❡ss✱ s✐♥❣❧❡ ♣❛t❤ ❝❤❛♥❣❡s ❝❛♥ ❝❛✉s❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❞✉❛❧ ✈❛r✐❛❜❧❡s ❛♥❞✱ ❤❡♥❝❡✱
t❤❡r❡ ♠❛② ❛❧s♦ ❜❡ ♦t❤❡r r❡q✉❡sts ✇✐t❤ ✐♠♣r♦✈✐♥❣ ❝♦❧✉♠♥s ✐♥ ❧❛t❡r ✐t❡r❛t✐♦♥s✳ ❚❤✉s✱ ✇✐t❤
♣r♦❜❛❜✐❧✐t②

1−
◆✉♠❜❡r ♦❢ r❡q✉❡sts ✇✐t❤ ♥❡✇ ♣❛t❤ ✐♥ ❧❛st ✐t❡r❛t✐♦♥

❚♦t❛❧ ♥✉♠❜❡r ♦❢ r❡q✉❡sts
,

✇❡ s❡❛r❝❤ ❢♦r ♥❡✇ ❝♦❧✉♠♥s ♦♥❧② ❢♦r t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ r❡q✉❡sts✳ ◆❛t✉r❛❧❧②✱ ✇❤❡♥ t❤❡
♣❛rt✐❛❧ ♣r✐❝✐♥❣ ❞♦❡s ♥♦t ❣❡♥❡r❛t❡ ♥❡✇ ❝♦❧✉♠♥s✱ ❛ ❢✉❧❧ s❡❛r❝❤ ❤❛s t♦ ❜❡ ❞♦♥❡ t♦ ❣✉❛r❛♥t❡❡
♦♣t✐♠❛❧✐t②✳

❉②♥❛♠✐❝ ❝♦♥str❛✐♥t ❣❡♥❡r❛t✐♦♥

❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ❡♥s✉r✐♥❣ t❤❛t ❤✉❜s ♦♥ ✉s❡❞ ♣❛t❤s ❛r❡ ♦♣❡♥❡❞ ❝❛♥ ❜❡ ✈❡r②
❤✐❣❤ ✭♥✉♠❜❡r ♦❢ ❤✉❜s · ♥✉♠❜❡r ♦❢ r❡q✉❡sts✮ ✭✻✳✶❢✮✳ ❇❡❝❛✉s❡ t❤✐s ❝❛♥ ♠❛❦❡ t❤❡ ♠♦❞❡❧
✉♥♥❡❝❡ss❛r✐❧② ❧❛r❣❡✱ ✇❡ ❣❡♥❡r❛t❡ t❤❡♠ ♦♥ ❞❡♠❛♥❞✳ ❲❤❡♥ ♥♦ ♠♦r❡ ✐♠♣r♦✈✐♥❣ ♣❛t❤s ❛r❡



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✹✼

❢♦✉♥❞✱ ✇❡ ❡♥✉♠❡r❛t❡ ❛❧❧ ❤✉❜✲r❡q✉❡st ♣❛✐rs ❛♥❞ ❛❞❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥str❛✐♥t ✭✻✳✶❢✮
✐❢ ✐t ✐s ✈✐♦❧❛t❡❞✳ ❙✐♥❝❡ ♦♥❡ r❡q✉❡st s✉✣❝❡s t♦ ❡♥❢♦r❝❡ ❛ ❤✉❜ t♦ ❜❡ ♦♣❡♥❡❞✱ ✇❡ ❧✐♠✐t t❤❡
♥✉♠❜❡r ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts ❛❞❞❡❞ ✐♥ ♦♥❡ ✐t❡r❛t✐♦♥✳

❊❛r❧② ❜r❛♥❝❤✐♥❣

❆❧t❤♦✉❣❤ ✐♥ ❣❡♥❡r❛❧ t❤❡ ❝✉ts s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ t❤❡② ❡♥❧❛r❣❡ t❤❡
♠♦❞❡❧ ❛♥❞ ❤❡r❡✇✐t❤ ✐♥❝r❡❛s❡ t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ❢♦r t❤❡ ▲P r❡❧❛①❛t✐♦♥✳ ❙♦♠❡t✐♠❡s✱ ❛❧s♦
t❤❡ ❜r❛♥❝❤✐♥❣ ❞❡❝✐s✐♦♥ ❤❛s ❛ ❝♦♥s✐❞❡r❛❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡
r❡str✐❝t t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ ❝✉ts ✐♥ t✇♦ ✇❛②s✳ ❋✐rst❧②✱ ✇❡ s❡t ❛ ✜①❡❞ ❜♦✉♥❞ ♦♥ t❤❡ ♠✐♥✐♠❛❧
✈✐♦❧❛t✐♦♥ r❡q✉✐r❡❞ ❢♦r ❛ ❝✉t t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ♠♦❞❡❧✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢
❝✉t✲❣❡♥❡r❛t✐♦♥ ✐t❡r❛t✐♦♥s ♣❡r ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡✳

❯s❛❣❡ ♦❢ ❛ ▼■P s♦❧✈❡r

❖✉r ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ❛❧❣♦r✐t❤♠ ✇♦r❦s ✇✐t❤ ❛ ❜❡st✲✜rst ❜r❛♥❝❤✐♥❣ str❛t❡❣②✱ s♦ t❤❛t
❛❧✇❛②s t❤❡ ♥♦❞❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st ❧♦✇❡r ❜♦✉♥❞ ✐s ❡①♣❧♦r❡❞ ♥❡①t✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞
❢♦r ❛ ❣♦♦❞ ✉♣♣❡r ❜♦✉♥❞ t♦ r❡❥❡❝t ♥♦❞❡s ❡❛r❧②✱ ❛s t❤♦s❡ ♥♦❞❡s ✇✐t❤ ❧♦✇❡r ❜♦✉♥❞s ❛❜♦✈❡ t❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛r❡ s✐♠♣❧② ❢❛t❤♦♠❡❞ ❛s s♦♦♥ ❛s t❤❡ ❧❛tt❡r ♦♥❡ ✐s ❢♦✉♥❞✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ♠❛② st♦♣ ❜❡❝❛✉s❡ ♦❢ ❛ t✐♠❡♦✉t ✇✐t❤♦✉t ❤❛✈✐♥❣
❢♦✉♥❞ ❛♥ ♦♣t✐♠❛❧ ♦r ❡✈❡♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❝❤❛♥❝❡s ♦❢ ♦❜t❛✐♥✐♥❣ ❛ ❣♦♦❞
❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ✇❡ ❛♣♣❧② ❛ ▼■P s♦❧✈❡r ♦♥ t❤❡ r❡str✐❝t❡❞ ♣r♦❜❧❡♠ ✭✻✳✶✮
✇✐t❤ t❤❡ ❝✉rr❡♥t s❡t ♦❢ ❝♦❧✉♠♥s ❛t ❞✐✛❡r❡♥t st❛❣❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✿ ❛❢t❡r s♦❧✈✐♥❣ t❤❡
r♦♦t ♥♦❞❡✱ ✇❡ ❛♣♣❧② t❤❡ ▼■P s♦❧✈❡r ✇✐t❤ ❛ r✉♥♥✐♥❣ t✐♠❡ ❧✐♠✐t❡❞ t♦ ✻✵ s❡❝♦♥❞s✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❛ t✐♠❡♦✉t✱ ✇❡ st❛rt t❤❡ ▼■P s♦❧✈❡r ❛❣❛✐♥✳ ❇❡❝❛✉s❡ t❤❡ ♠♦❞❡❧ ✐s ♠✉❝❤ ❧❛r❣❡r ❛t
t❤✐s ♣♦✐♥t ✭❝♦♠♣❛r❡❞ t♦ t❤❡ r♦♦t ♥♦❞❡✮ ❛♥❞ t❤❡ ❜❡st ❢♦✉♥❞ s♦❧✉t✐♦♥ ❞✐r❡❝t❧② ❞❡❝r❡❛s❡s
t❤❡ ♦♣t✐♠❛❧✐t② ❣❛♣✱ ✇❡ ❛❧❧♦✇ ❛ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ✜✈❡ ♠✐♥✉t❡s✳

✻✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ st✉❞②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts t♦ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢
t❤❡ ♣r♦♣♦s❡❞ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ♣r♦❝❡❞✉r❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥
❈✰✰✱ ❝♦♠♣✐❧❡❞ ✇✐t❤ ▼✐❝r♦s♦❢t ❱✐s✉❛❧ ❙t✉❞✐♦ ✷✵✶✵✱ ❛♥❞ ✉s❡❞ t❤❡ ❈P▲❊❳ ✶✷✳✻ ❧✐❜r❛r②
❢♦r s♦❧✈✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠s ❛♥❞ ❛s ❛ ▼■P s♦❧✈❡r ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ st❛♥❞❛r❞ P❈ ✇✐t❤ ❛♥ ■♥t❡❧ ❈♦r❡ ✐✼✲✹✼✾✵ ❈P❯ ❛t
✸✳✻✵ ●❍③✱ ✽ ●❇ ♦❢ ❘❆▼✱ r✉♥♥✐♥❣ ❲✐♥❞♦✇s ✼ ❊♥t❡r♣r✐s❡✳

✻✳✺✳✶ ■♥st❛♥❝❡s

❊✉r♦♣❡✬s ❧❛r❣❡st r❛✐❧✇❛② ❝♦♠♣❛♥②✱ ❉❇ ▼♦❜✐❧✐t② ▲♦❣✐st✐❝s ❆●✱ ❦✐♥❞❧② ♣r♦✈✐❞❡❞ ✉s ✇✐t❤
t✇♦ s❡ts ♦❢ r❡q✉❡sts ❜❛s❡❞ ♦♥ r❡❛❧✲❧✐❢❡ ❞❛t❛ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥t❛✐♥❡r✲♣❡r✲r❡q✉❡st r❛t✐♦s✳
❆❝❝♦r❞✐♥❣ t♦ ❝♦♠♣❛♥② ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ r❡q✉❡sts ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ ❞❛✐❧② ❛✈❡r✲
❛❣❡s ♦✈❡r ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❚❤❡s❡ ✐♥st❛♥❝❡s r❡s♣❡❝t✐✈❡❧② ❝♦♥t❛✐♥ ✸✱✸✵✵ ❛♥❞
✺✱✸✵✵ s❤✐♣♠❡♥ts ✐♥s✐❞❡ ●❡r♠❛♥②✱ s✉✐t❛❜❧❡ ❢♦r ❝♦♠❜✐♥❡❞ tr❛♥s♣♦rt✱ ❛♥❞ ✹✸ ❤✉❜ ❧♦❝❛t✐♦♥s✱



✶✹✽ ✻✳✺✳ ❈♦♠♣✉t❛t✐♦♥❛❧ st✉❞②

✶✽ ♦❢ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✜①❡❞✳ ❇② r❛♥❞♦♠❧② ❝❤♦♦s✐♥❣ s✉❜s❡ts ♦❢ r❡q✉❡sts ❛♥❞ s❡❧❡❝t✐♥❣
t❤❡ ❤✉❜s ✇✐t❤ t❤❡ ❧❛r❣❡st ❝❛♣❛❝✐t②✱ ✇❡ ❣❡♥❡r❛t❡❞ s♠❛❧❧❡r ✐♥st❛♥❝❡s✳ ❚❤❡ ❤✉❜s s❡❧❡❝t❡❞ ✐♥
t❤✐s ✇❛② ✇❡r❡ st✐❧❧ ❡✈❡♥❧② s♣r❡❛❞ t❤r♦✉❣❤♦✉t ●❡r♠❛♥②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✈❛r✐❡❞ t❤❡ ♠❛①✲
✐♠❛❧ ❛❧❧♦✇❡❞ ♥✉♠❜❡r ♦❢ ❤✉❜s t♦ ❜❡ ✉s❡❞✳ ■♥ t♦t❛❧✱ ✇❡ ❣❡♥❡r❛t❡❞ ✶✹✹ s♠❛❧❧❡r ✐♥st❛♥❝❡s✱
r❛♥❣✐♥❣ ❢r♦♠ ✶✵✵ t♦ ✺✵✵ r❡q✉❡sts ❛♥❞ ❢r♦♠ ✶✵ t♦ ✷✶ ❤✉❜s✳ ❋♦r t❤❡s❡ s♠❛❧❧ ✐♥st❛♥❝❡s✱ ✇❡
❛ss✉♠❡❞ ♥♦ ✜①❡❞ ❤✉❜s✳ ❚❤❡ r❡q✉❡st✲s♣❡❝✐✜❝ s❡ts ♦❢ ❛❧❧♦✇❡❞ st❛rt ❛♥❞ ❡♥❞ ❤✉❜s ✇❡r❡ ❝♦♥✲
str✉❝t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ❤✉❜s t❤❛t ✇❡r❡ ✇✐t❤✐♥ 1/6 ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ ♦r✐❣✐♥✲❞❡st✐♥❛t✐♦♥
❞✐st❛♥❝❡ ♦❢ ❛ r❡q✉❡st✳ ❚❤✐s r❡s✉❧t❡❞ ✐♥ ❛♥ ❛✈❡r❛❣❡ ♦❢ ✷✳✺ ♣♦t❡♥t✐❛❧ st❛rt ❛♥❞ ❡♥❞ ❤✉❜s
♣❡r r❡q✉❡st ❢♦r t❤❡ ❧❛r❣❡st ❤✉❜ s❡t✳ ❋♦r ✷✶ ❛♥❞ ✶✵ ❤✉❜s✱ t❤❡ ❛✈❡r❛❣❡s ✇❡r❡ ✶✳✾ ❛♥❞ ✶✳✶✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ❤♦♣s ✇❛s s❡t t♦ u♠❛① = 4✳ ❚❤❡ t✐♠❡✲❡♥✲r♦✉t❡ ❧✐♠✲
✐ts ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ r♦❛❞ tr❛♥s♣♦rt t✐♠❡ ✇✐t❤ ❛ ❢❛❝t♦r ♦❢ ❜❡t✇❡❡♥ ✶✳✺
❛♥❞ ✷✳✺✱ ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ❣r♦✇✐♥❣ ♦r✐❣✐♥✲❞❡st✐♥❛t✐♦♥ ❞✐st❛♥❝❡s✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ t❤❡ ❢❛❝t♦r
✐s ✶✳✺ ❢♦r r❡q✉❡sts ✇✐t❤ ♦r✐❣✐♥✲❞❡st✐♥❛t✐♦♥ ❞✐st❛♥❝❡s ♦❢ ✉♣ t♦ ✸✵✵ ❦♠✱ ✷✳✵ ❢♦r t❤♦s❡ ✇✐t❤
❞✐st❛♥❝❡s ♦❢ ✉♣ t♦ ✻✵✵ ❦♠✱ ❛♥❞ ✷✳✺ ❢♦r ❛❧❧ ♦t❤❡rs✳ ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❝♦sts ♣❡r ❦✐❧♦♠❡tr❡ ♦♥
str❡❡t t♦ t❤❡ ❝♦sts ♣❡r ❦✐❧♦♠❡tr❡ ♦♥ r❛✐❧ ✇❛s ❛ss✉♠❡❞ t♦ ❜❡ 3/7✳ ❆❧❧ t❡st ✐♥st❛♥❝❡s ✇❡r❡
t❛❝❦❧❡❞ ❜② ♦✉r ❛❧❣♦r✐t❤♠ r❡❣❛r❞✐♥❣ t❤❡ r❡q✉❡sts ❛s s♣❧✐tt❛❜❧❡ ❛s ✇❡❧❧ ❛s ✉♥s♣❧✐tt❛❜❧❡✳

✻✳✺✳✷ ❆❧❣♦r✐t❤♠✐❝ s❡tt✐♥❣s

❲❡ tr✐❡❞ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠✐❝ ✈❛r✐❛♥ts t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳ ❚❛❜❧❡ ✻✳✷ s❤♦✇s ❛ ❝♦♠♣❛r✐s♦♥
♦❢ ❞✐✛❡r❡♥t s❡tt✐♥❣s✿ ✭✐✮ ✉s❡ ♦❢ ❜✐❞✐r❡❝t✐♦♥❛❧ ♦r ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r✱ ✭✐✐✮ ❜r❛♥❝❤✐♥❣ ♦♥
t❤❡ s✉♠ ♦❢ ❛❧❧ tr❛✐♥s✱ ✭✐✐✐✮ ✉s✐♥❣ t❤❡ ❝✉ts ❢r♦♠ ❙❡❝t✐♦♥ ✻✳✹✳✸✱ ❛♥❞ ✭✐✈✮ ❞②♥❛♠✐❝❛❧❧② ❛❞❞✐♥❣
❝♦♥str❛✐♥ts ✭✻✳✶❢✮ t♦ t❤❡ ♠♦❞❡❧✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ s✐① ✐♥st❛♥❝❡s ✇✐t❤ ✶✵✵ r❡q✉❡sts
❛♥❞ ✷✶ ♣♦t❡♥t✐❛❧ ❤✉❜s ❢r♦♠ ✇❤✐❝❤ ✶✵ ❤❛✈❡ t♦ ❜❡ ❝❤♦s❡♥✱ ❛♥❞ ♦♥ s✐① ✐♥st❛♥❝❡s ✇✐t❤ ✺✵✵
r❡q✉❡sts ❛♥❞ ✷✶ ♣♦t❡♥t✐❛❧ ❤✉❜s ❢r♦♠ ✇❤✐❝❤ ✶✺ ❤❛✈❡ t♦ ❜❡ ❝❤♦s❡♥✱ ✇✐t❤ ❛ r✉♥t✐♠❡ ♦❢
✶✺ ♠✐♥✉t❡s✳ ❚❤❡ ❞❡✈✐❛t✐♦♥s ❧✐st❡❞ ✐♥ t❤❡ t❛❜❧❡ ❞❡♠♦♥str❛t❡ ❝❧❡❛r❧② t❤❛t t❤❡ ❝✉tt✐♥❣
♣❧❛♥❡s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✸ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡
❜❡♥❡✜ts ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ❝♦♥str❛✐♥ts ❛r❡ s♠❛❧❧❡r✱ ❜✉t ❛♣♣❡❛r ✐♥ ❛❧❧ ✐♥st❛♥❝❡s✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t ❜r❛♥❝❤✐♥❣ ♦♥ t❤❡ s✉♠ ♦❢ ❛❧❧ ✉s❡❞ tr❛✐♥s ❞♦❡s
♥♦t ✐♠♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❡st ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞s ♦♥
t❤❡ ✐♥st❛♥❝❡❀ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r ♣r♦❞✉❝❡s s❧✐❣❤t❧② ❜❡tt❡r ❧♦✇❡r ❜♦✉♥❞s ♦♥ ❛✈❡r❛❣❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❝✐❞❡❞ t♦ ❝❤♦♦s❡ ❛s ❵❜❡st s❡tt✐♥❣✬ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝✐♥❣
❛❧❣♦r✐t❤♠✱ ✇✐t❤♦✉t ❜r❛♥❝❤✐♥❣ ♦♥ t❤❡ s✉♠ ♦❢ ❛❧❧ tr❛✐♥s✱ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❛❧❧ ❞❡s❝r✐❜❡❞ ❝✉ts✱
❛♥❞ ✇✐t❤ ❞②♥❛♠✐❝ ❣❡♥❡r❛t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ✭✻✳✶❢✮✳

✻✳✺✳✸ ❘❡s✉❧ts

❚♦ ❛ss❡ss t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ♦✉r ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✱ ✇❡ ❝♦♠♣❛r❡❞ ✐ts
♣❡r❢♦r♠❛♥❝❡✱ ✉s✐♥❣ t❤❡ ❜❡st s❡tt✐♥❣ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t♦ t❤❛t ♦❢ t❤❡ st❛♥❞❛r❞ s♦❧✈❡r
❈♣❧❡①✱ ❛♣♣❧✐❡❞ ♦✉t✲♦❢✲t❤❡✲❜♦① t♦ ❛r❝✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❙◆❉❍▲P ✭s♣❡❝✐✜❡❞ ✐♥ t❤❡
❆♣♣❡♥❞✐①✮✳ ❚❤❡ ✜♥❞✐♥❣s ✇❡r❡ ✉♥❡q✉✐✈♦❝❛❧✿ ❢♦r ❛❧❧ t❡st ✐♥st❛♥❝❡s✱ ♦✉r ❛❧❣♦r✐t❤♠ ②✐❡❧❞❡❞
♠✉❝❤ ❜❡tt❡r ❧♦✇❡r ❜♦✉♥❞s✱ ✉♣ t♦ ✽✻ ✪ ❛❜♦✈❡ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❈♣❧❡①✱ ❛♥❞ ✷✸✳✺ ✪ ❤✐❣❤❡r
♦♥ ❛✈❡r❛❣❡✳ ❇♦t❤ ♦✉r ❛❧❣♦r✐t❤♠ ❛♥❞ ❈♣❧❡① ❤❛❞ ♥♦ ♣r♦❜❧❡♠s ✐♥ ✜♥❞✐♥❣ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s✱
❜✉t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❢r♦♠ ❈♣❧❡① ✇❡r❡✱ ♦♥ ❛✈❡r❛❣❡✱ ✷✼ ✪ ✇♦rs❡ ❢♦r s♣❧✐tt❛❜❧❡ ❛♥❞ ✶✹✳✷ ✪



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✹✾

❚❛❜❧❡ ✻✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦✇❡r ❜♦✉♥❞s ❢♦r ❞✐✛❡r❡♥t s♦❧✈✐♥❣ str❛t❡❣✐❡s

❯s❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♣r✐❝❡r

tr✉❡ tr✉❡ ❢❛❧s❡ ❢❛❧s❡

❇r❛♥❝❤
♦♥ s✉♠ ♦❢
tr❛✐♥s

tr✉❡ ✶✳✺✼ ✭✶✳✼✶✮ ✹✾✳✸✹
✭✹✾✳✼✶✮

✶✳✺✶ ✭✶✳✼✷✮ ✹✾✳✺✹
✭✹✾✳✻✻✮

tr✉❡

●❡♥❡r❛t❡
❞②♥❛♠✐❝
❝♦♥str❛✐♥ts

tr✉❡ ✶✳✻✾ ✭✶✳✾✶✮ ✺✵✳✷✷
✭✺✶✳✶✸✮

✶✳✼✺ ✭✷✳✶✵✮ ✺✵✳✺✶
✭✺✵✳✼✼✮

❢❛❧s❡

❢❛❧s❡ ✵✳✶✸ ✭✵✳✶✶✮ ✹✷✳✷✵
✭✹✷✳✼✵✮

✵✳✷✷ ✭✵✳✶✵✮ ✹✷✳✸✸
✭✹✷✳✹✽✮

tr✉❡

❢❛❧s❡ ✵✳✶✺ ✭✵✳✸✽✮ ✹✷✳✾✹
✭✹✸✳✷✾✮

✵✳✸✽ ✭✵✳✷✾✮ ✹✸✳✷✷
✭✹✸✳✾✺✮

❢❛❧s❡

tr✉❡ ❢❛❧s❡ tr✉❡ ❢❛❧s❡

❯s❡ ❝✉ts

❚❤❡ ✈❛❧✉❡s s❤♦✇ t❤❡ s✉♠ ✭♦✈❡r t❤❡ t✇❡❧✈❡ t❡st ✐♥st❛♥❝❡s ✉s❡❞✮ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡
❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤✐s s❡tt✐♥❣ ❢r♦♠ t❤❡ ❜❡st ❧♦✇❡r ❜♦✉♥❞ ❢♦✉♥❞ ❛♠♦♥❣ ❛❧❧ s❡tt✐♥❣s ❢♦r s♣❧✐tt❛❜❧❡
r❡q✉❡sts ✭❛♥❞✱ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ❢♦r ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✮✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✜rst ✈❛❧✉❡ ✐♥ t❤❡ ✉♣♣❡r r✐❣❤t ❝♦r♥❡r ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r s♣❧✐tt❛❜❧❡
r❡q✉❡sts ❛r❡ ♦♥ ❛✈❡r❛❣❡ 49.54 % ❛❜♦✈❡ t❤❡ ❜❡st ❢♦✉♥❞ ❧♦✇❡r ❜♦✉♥❞s ✇❤❡♥ ❜r❛♥❝❤✐♥❣ ♦♥ t❤❡ s✉♠
♦❢ tr❛✐♥s ❛♥❞ ❣❡♥❡r❛t✐♥❣ ❝♦♥str❛✐♥ts ✭✻✳✶❢✮ ♦♥ ❞❡♠❛♥❞ ✐s ❛❝t✐✈❛t❡❞ ✇❤✐❧❡ t❤❡ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧
♣r✐❝❡r ✐s ✉s❡❞ ❛♥❞ ♥♦ ❝✉ts ❛r❡ ✐♥❝❧✉❞❡❞✳

✇♦rs❡ ❢♦r ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡✛♦rts
s♣❡♥t ♦♥ t❤❡ ♣❛t❤✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳
❲❡ t❤❡♥ ❛♣♣❧✐❡❞ ♦✉r ❛❧❣♦r✐t❤♠ ✭✇✐t❤ t❤❡ ❜❡st s❡tt✐♥❣✮ t♦ ❛❧❧ ✐♥st❛♥❝❡s ❞❡s❝r✐❜❡❞ ✐♥

❙❡❝t✐♦♥ ✻✳✺✳✶✳ ❚❛❜❧❡s ✻✳✸ ❛♥❞ ✻✳✹ ♣r❡s❡♥t t❤❡ r❡s✉❧ts✳ ❚❤❡ t✐♠❡ ❧✐♠✐t ❢♦r t❤❡ ❧❛r❣❡
✐♥st❛♥❝❡s ✇❛s s❡t t♦ ♦♥❡ ❤♦✉r✱ ✇❤❡r❡❛s ❢♦r t❤❡ s♠❛❧❧❡r ✐♥st❛♥❝❡s✱ ✸✵ ♠✐♥✉t❡s ✇❡r❡ ❛❧❧♦✇❡❞✳
❚❛❜❧❡ ✻✳✸ ✐♥❞✐❝❛t❡s✱ ❢♦r ❡❛❝❤ ❧❛r❣❡ ✐♥st❛♥❝❡✱ t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ✭✇❤❡r❡ ❵❚✳▲✳✬ ✐♥❞✐❝❛t❡s t❤❛t
t❤❡ t✐♠❡ ❧✐♠✐t ✇❛s r❡❛❝❤❡❞✮✱ t❤❡ r❡❧❛t✐✈❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ✜♥❛❧ ❧♦✇❡r ❜♦✉♥❞ ❛♥❞ t❤❡
❜❡st ❢♦✉♥❞ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♥❡❡❞❡❞ ❢♦r
❝✉t s❡♣❛r❛t✐♦♥✱ ♣r✐❝✐♥❣✱ ❛♥❞ r❡♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞ ❝✉ts✱ t❤❡ ♥✉♠❜❡r ♦❢
♣r✐❝✐♥❣ r✉♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞ ♣❛t❤s✱ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✈❡❞ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞
♥♦❞❡s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉❡sts t❤❛t ✇❡r❡ tr❛♥s♣♦rt❡❞ ❝♦♠♣❧❡t❡❧② ❜② r♦❛❞ ✐♥ t❤❡ ❜❡st
✐♥t❡❣❡r s♦❧✉t✐♦♥✳ ■♥ ❚❛❜❧❡ ✻✳✹✱ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❞✐s♣❧❛②❡❞ ❢♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ s♠❛❧❧❡r
✐♥st❛♥❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s ✇✐t❤ ❛ ❣❛♣ ♦❢ ❧❡ss t❤❛♥ ✸ ✪ ✐s ✐♥❞✐❝❛t❡❞✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐♥s✐❣❤ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❖✉r ❛❧❣♦r✐t❤♠ ✇❛s ❛❜❧❡ t♦ s♦❧✈❡ t♦ ♦♣t✐♠❛❧✐t② ✐♥st❛♥❝❡s ✇✐t❤ ✉♣ t♦ ✶✵✵ r❡q✉❡sts ❛♥❞ ✷✶
❤✉❜s✳ ❋♦r ❛❧♠♦st ❛❧❧ ✐♥st❛♥❝❡s✱ ❛♥ ♦♣t✐♠❛❧✐t② ❣❛♣ ✐♥ t❤❡ s✐♥❣❧❡✲❞✐❣✐t ❛r❡❛ ✇❛s r❡❛❝❤❡❞
✇✐t❤✐♥ ♦♥❡ ❤♦✉r✳

• ❖❢ t❤❡ ✸✻ ✐♥st❛♥❝❡s ✇✐t❤ ✶✵✵ r❡q✉❡sts✱ ✶✽ s♣❧✐t ✭✶✾ ✉♥s♣❧✐t✮ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳
❋♦r ✺✵✵ r❡q✉❡sts✱ ♦♥❧② ✻ ✭✶✵✮ ♦❢ t❤❡ ✸✻ ✐♥st❛♥❝❡s ✜♥✐s❤❡❞ ✇✐t❤ ❛ ❣❛♣ ❣r❡❛t❡r t❤❛♥ ✸ ✪✳
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✶✹✳✹✼
✷✴✻

✵✳✶
✷✽✳✾

✻✸✳✺
✼✾✺✻

✼✼✸
✶✶✼✵✵

✷✶✽
✼

✶✵✵✲❯
♥
s♣
❧✐t

✶✵
✺

✻✻✺
✵✳✵✵

✻✴✻
✵✳✶

✸✶✳✶
✹✵✳✺

✼✻✾
✹✶✹✷

✷✽✾✸
✸✹✺✾

✹✹
✶✵✵✲❯

♥
s♣
❧✐t

✶✵
✶✵

✶✵✹✶
✶✳✶✷

✺✴✻
✵✳✶

✷✻✳✹
✹✷✳✹

✶✾✷✺
✹✶✽✹

✷✽✵✾
✸✺✵✹

✷
✶✵✵✲❯

♥
s♣
❧✐t

✷✶
✺

✻✸✹
✵✳✷✵

✻✴✻
✵✳✶

✷✻✳✵
✻✽✳✵

✶✹✶✻
✷✵✺✽

✶✷✻✶✻
✷✾✺

✺✼
✶✵✵✲❯

♥
s♣
❧✐t

✷✶
✶✵

✶✷✺✻
✷✳✺✶

✸✴✻
✵✳✶

✶✼✳✽
✼✸✳✹

✷✾✽✸
✷✻✽✶

✶✷✺✵✹
✹✾✼

✷✼
✶✵✵✲❯

♥
s♣
❧✐t

✷✶
✶✺

✶✷✼✵
✹✳✷✾

✷✴✻
✵✳✶

✶✸✳✽
✽✵✳✷

✹✵✷✺
✷✸✵✵

✽✾✾✽
✻✹✺

✶✸
✶✵✵✲❯

♥
s♣
❧✐t

✷✶
✷✶

❚
✳▲
✳

✶✵✳✶✹
✷✴✻

✵✳✷
✶✵✳✺

✽✶✳✾
✹✼✸✹

✸✵✸✽
✽✽✾✷

✶✶✹✻
✺

✺✵✵✲❯
♥
s♣
❧✐t

✶✵
✺

❚
✳▲
✳

✵✳✷✾
✻✴✻

✵✳✸
✸✹✳✶

✹✵✳✸
✶✹✾✹

✺✸✷✸
✶✶✻✻✽

✹✷✻✺
✷✷✻

✺✵✵✲❯
♥
s♣
❧✐t

✶✵
✶✵

❚
✳▲
✳

✶✳✽✹
✻✴✻

✵✳✸
✺✾✳✹

✶✾✳✺
✸✶✼✽

✹✾✶✸
✻✸✹✼

✹✺✹✷
✹

✺✵✵✲❯
♥
s♣
❧✐t

✷✶
✺

❚
✳▲
✳

✵✳✺✹
✻✴✻

✵✳✶
✻✳✾

✽✽✳✷
✶✺✵✹

✶✹✻✾
✹✶✶✹✻

✶✻✺
✷✾✷

✺✵✵✲❯
♥
s♣
❧✐t

✷✶
✶✵

❚
✳▲
✳

✶✳✻✼
✻✴✻

✵✳✶
✶✷✳✺

✽✵✳✺
✷✷✹✶

✶✻✵✼
✸✵✵✺✹

✸✷✺
✶✷✼

✺✵✵✲❯
♥
s♣
❧✐t

✷✶
✶✺

❚
✳▲
✳

✹✳✸✶
✷✴✻

✵✳✶
✶✽✳✻

✼✷✳✹
✸✼✹✷

✶✸✽✹
✶✾✼✸✵

✸✻✼
✹✹

✺✵✵✲❯
♥
s♣
❧✐t

✷✶
✷✶

❚
✳▲
✳

✶✵✳✽✵
✵✴✻

✵✳✶
✷✻✳✹

✻✺✳✽
✻✻✶✼

✾✾✹
✶✷✸✻✽

✸✷✶
✻



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✺✶

❖❢ t❤❡ ✶✷ ❧❛r❣❡ ✐♥st❛♥❝❡s✱ ✷ ✭✹✮ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ ❣❛♣ ♦❢ ❧❡ss t❤❛♥ ✶ ✪✱ ❛♥❞ ♦♥❧②
t❤r❡❡ ❤❛❞ ❛ ❣❛♣ ♦❢ ♠♦r❡ t❤❛♥ ✸ ✪✳

• ◆❛t✉r❛❧❧②✱ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ r❡q✉❡sts✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❤❛r❞❡r✱ ❛♥❞
❢❡✇❡r ✐♥st❛♥❝❡s ✇❡r❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t②✳ ❚❤❡ s❛♠❡ ❤❛♣♣❡♥❡❞ ✇✐t❤ ❣r♦✇✐♥❣ ♥✉♠❜❡rs
♦❢ ❤✉❜s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♠♦r❡ ❤✉❜s ❛❧❧♦✇ ❞✐s♣r♦♣♦rt✐♦♥❛t❡❧② ♠♦r❡ ❝♦♥♥❡❝t✐♦♥s ❛♥❞
t❤✉s r❡q✉✐r❡ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ tr❛✐♥ ✈❛r✐❛❜❧❡s✳

• ❆ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❤✉❜s ♣❡r♠✐tt❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠✉❝❤ ♠♦r❡ ❜r❛♥❝❤✲❛♥❞✲
❜♦✉♥❞ ♥♦❞❡s✱ ❛s ❜♦t❤ t❤❡ ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ r❡♦♣t✐♠✐③❛t✐♦♥ ❝♦♥s✉♠❡❞ ❧❡ss t✐♠❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛t❤s ❢♦✉♥❞ ✇❛s s♠❛❧❧❡r✱ ❛♥❞ ♠✉❝❤ ♠♦r❡ r❡q✉❡sts
✇❡r❡ tr❛♥s♣♦rt❡❞ ❡♥t✐r❡❧② ❜② r♦❛❞ ✐♥ s♦❧✉t✐♦♥s t♦ s✉❝❤ ✐♥st❛♥❝❡s✳

• ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s❡tt✐♥❣s ✇✐t❤ s♣❧✐tt❛❜❧❡ ❛♥❞ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts ✇❛s ✐♥s✐❣♥✐❢✲
✐❝❛♥t✳ ❇♦t❤ t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✈❛❧✉❡s ✇❡r❡ ✈❡r② s✐♠✐❧❛r✳ ❚❤✐s ✐s
♣r♦❜❛❜❧② ❝❛✉s❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❛r❡ ♦♥❧② ❢❡✇ r❡q✉❡sts ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ❝♦♥t❛✐♥❡rs r❡❧❛t✐✈❡ t♦ t❤❡ tr❛✐♥ ❝❛♣❛❝✐t② ✭t❤❡r❡ ❛r❡ ♦♥❧② ✸✽ r❡q✉❡sts ♦✈❡r❛❧❧ ✇✐t❤ ❛
♥✉♠❜❡r ♦❢ ❝♦♥t❛✐♥❡rs ❡①❝❡❡❞✐♥❣ ✷✺ ✪ ♦❢ t❤❡ tr❛✐♥ ❝❛♣❛❝✐t②✮✳ ❆❝t✉❛❧❧②✱ ♠❛♥② ✐♥st❛♥❝❡s
t❤❛t ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ t♦ ♦♣t✐♠❛❧✐t② ❡✈❡♥ ❤❛❞ t❤❡ s❛♠❡ s♦❧✉t✐♦♥✳ ❋♦r t❤❡ ❧❛r❣❡ ✐♥st❛♥❝❡s✱
❤♦✇❡✈❡r✱ t❤❡ s♦❧✉t✐♦♥ str✉❝t✉r❡ ✇❛s ❞✐✛❡r❡♥t✳ ❖♥ ❛✈❡r❛❣❡✱ ❛❜♦✉t ✶✺✵ ❢r❛❝t✐♦♥❛❧ ♣❛t❤
✈❛r✐❛❜❧❡s ♦❝❝✉rr❡❞ ✐♥ t❤❡ ❜❡st ❢♦✉♥❞ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s✳ ❆♠♦♥❣ t❤♦s❡✱ ❛♣♣r♦①✐♠❛t❡❧②
✶✵✵ ♣❛t❤s r❡♣r❡s❡♥t❡❞ t❤❡ tr❛♥s♣♦rt ♦❢ ❛ ❢r❛❝t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥t❛✐♥❡rs✱ ✇❤✐❝❤ ✐s ♥♦t
♣r❛❝t✐❝❛❜❧❡✱ ✐✳❡✳✱ t❤❡ ♣❛t❤ ✈❛r✐❛❜❧❡ ✐s ♥♦ ♠✉❧t✐♣❧❡ ♦❢ 1

mr ✳
• ❋✐♥❛❧❧②✱ ✇❡ r❡♠❛r❦ t❤❛t ❜r❛♥❝❤✐♥❣ ♦♥ ❤✉❜ ✈❛r✐❛❜❧❡s ✐s ❞❡❝✐s✐✈❡✱ ❡✈❡♥ ❢♦r ✉♥s♣❧✐tt❛❜❧❡
r❡q✉❡sts ❢♦r ✇❤✐❝❤ t❤❡ ❤✉❜ ✈❛r✐❛❜❧❡ ✐♥t❡❣r❛❧✐t② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡
♣❛t❤ ✈❛r✐❛❜❧❡s✳ ❲✐t❤♦✉t t❤✐s✱ r❡s✉❧ts ✇❡r❡ ♠✉❝❤ ✇♦rs❡✿ ❢❡✇❡r ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞
t♦ ♦♣t✐♠❛❧✐t②✱ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ❣❛♣ ✐♥❝r❡❛s❡❞ ❜② ♠♦r❡ t❤❛♥ ✹✵ ✪✳

✻✳✺✳✹ ❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s

❲❡ ❛❧s♦ t❡st❡❞ s♦♠❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ t✇♦ ❧❛r❣❡ ✐♥st❛♥❝❡s✿
• ❘❡❣❛r❞✐♥❣ t❤❡ ♠❛①✐♠❛❧ t♦✉r ❞✉r❛t✐♦♥✱ ✇❡ tr✐❡❞ ❜♦t❤ ✐♥st❛♥❝❡s ✇✐t❤ t✇✐❝❡ ❛s ✇❡❧❧ ❛s
❤❛❧❢ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡ ✈❛❧✉❡s✳ ❚❤❡ r❡s✉❧ts s❤♦✇❡❞ t❤❛t t❤❡ st❛♥❞❛r❞ ✈❛❧✉❡s ❛r❡ ♥♦t
✈❡r② r❡str✐❝t✐✈❡✱ ❜❡❝❛✉s❡ t❤❡ ❡♥❧❛r❣❡❞ ❞✉r❛t✐♦♥s ❞✐❞ ♥♦t ❧❡❛❞ t♦ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t
s♦❧✉t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❤♦rt❡♥❡❞ ♠❛①✐♠❛❧ t♦✉r ❞✉r❛t✐♦♥s ❝❛✉s❡❞ ♠❛♥②
❛❞❞✐t✐♦♥❛❧ r❡q✉❡sts t♦ ❜❡ tr❛♥s♣♦rt❡❞ ❜② r♦❛❞ ✭❛❜♦✉t ✺✵ ✪ ♠♦r❡✮✱ ❛♥❞ ❛❧s♦ t❤❡ ❝♦sts
✐♥❝r❡❛s❡❞✳

• ❋♦❝✉ss✐♥❣ ♦♥ t❤❡ ❝♦st r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ tr✉❝❦ ❛♥❞ tr❛✐♥✱ ✐t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ♦♥❡
❦✐❧♦♠❡tr❡ ♦♥ t❤❡ r❛✐❧ ♥❡t✇♦r❦ ❝♦sts ❧❡ss t❤❛♥ t❤❡ t✇❡♥t✐❡t❤ ♣❛rt ♦❢ ❛ r♦❛❞ ❦✐❧♦♠❡tr❡
❢♦r ♦♥❡ ❝♦♥t❛✐♥❡r✱ ❛ss✉♠✐♥❣ t❤❡ tr❛✐♥ ✐s ✉s❡❞ t♦ ✐ts ❝❛♣❛❝✐t②✳ ❚❤❡r❡❢♦r❡✱ ♠♦❞✐❢②✐♥❣ t❤❡
❝♦st ❢♦r r♦❛❞ tr❛♥s♣♦rt ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ s♦❧✉t✐♦♥ str✉❝t✉r❡ s✐❣♥✐✜❝❛♥t❧②✳ ❊✈❡♥ ✇❤❡♥
s♦❧✈✐♥❣ t❤❡ ✐♥st❛♥❝❡s ✇✐t❤ ❛ r♦❛❞ ❝♦st ♣❛r❛♠❡t❡r ♦❢ ♦♥❧② ✶✵ ✪ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡✱ t❤❡
♥✉♠❜❡r ♦❢ r❡q✉❡sts ❜❡✐♥❣ tr❛♥s♣♦rt❡❞ ❝♦♠♣❧❡t❡❧② ❜② tr✉❝❦s ✐♥❝r❡❛s❡s ❜② ❛ ♠❡r❡ ✶✵ ✪
♦♥ ❛✈❡r❛❣❡✳ ❚❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♠♦r❡ ❞✐✣❝✉❧t✱ t❤♦✉❣❤✱ ❛s t❤❡ ❞❡❝✐s✐♦♥ ❜❡t✇❡❡♥ t❤❡
♠♦❞❡s ♦❢ tr❛♥s♣♦rt ✐s ❧❡ss ❝❧❡❛r✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ ❛ ❧❛r❣❡r ❣❛♣✳

• ❚❤❡ t✇♦ ❞✐❛❣r❛♠s ✐♥ ❋✐❣✉r❡ ✻✳✹ ✈✐s✉❛❧✐③❡ ❤♦✇ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❞❡♣❡♥❞
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ ❤✉❜s✳ ❚❤✐s ♥✉♠❜❡r ✐s ❞✐s♣❧❛②❡❞ ❛❧♦♥❣ t❤❡ ①✲❛①❡s✳ ❚❤❡
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✸✸✵✵ r❡q✉❡sts✿

❛❧❣♦r✐t❤♠ ✇❛s r✉♥ ♦♥ ❜♦t❤ ❧❛r❣❡ ✐♥st❛♥❝❡s ✇✐t❤ t❤❡ ❜❡st s❡tt✐♥❣ ✇✐t❤ ✉♥s♣❧✐tt❛❜❧❡
r❡q✉❡sts ❛♥❞ ✶✽✱ ✷✵✱ ✷✷✱ ✳ ✳ ✳ ✱ ✹✵✱ ✹✷✱ ❛♥❞ ✹✸ ❛❧❧♦✇❡❞ ❤✉❜s✳ ❚❤❡ ❜r✐❣❤t ❣r❡❡♥ ❧✐♥❡s ✭ ✮
❧❛❜❡❧❧❡❞ ❵❘❡❧❛t✐✈❡ ▲❇✬ ✐♥❞✐❝❛t❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛t t✐♠❡♦✉t✱ ✇❤❡r❡
✶✵✵ ✪ ✭❧❡❢t ②✲❛①❡s✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❜t❛✐♥❡❞ ✇❤❡♥ ♦♥❧② t❤❡ ✶✽ ✜①❡❞
❤✉❜s ♠❛② ❜❡ ✉s❡❞✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❞❡❝r❡❛s❡s st❡❛❞✐❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ ❤✉❜s✳ ❲❤❡♥ ❛❧❧ ✹✸ ❤✉❜s ♠❛② ❜❡ ✉s❡❞✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ♦♥❧② ❛❜♦✉t
✹✵ ✪ ♦❢ t❤❡ ♦♥❡ ❢♦r ✶✽ ❤✉❜s✳ ❍❡♥❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ ❤✉❜s ❤❛s ❛ s✐❣♥✐✜❝❛♥t
✐♠♣❛❝t ♦♥ t❤❡ t♦t❛❧ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✳ ❚❤❡ ❞❛r❦ ❣r❡❡♥ ❧✐♥❡s ✭ ✮ ❧❛❜❡❧❧❡❞ ❵●❛♣✬
❞❡♣✐❝t t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♣❡r❝❡♥t❛❣❡ ❣❛♣ ❛t t✐♠❡♦✉t ✭❧❡❢t ②✲❛①❡s✮✳ ❚❤❡
❣❛♣ ✐♥❝r❡❛s❡s st❡❛❞✐❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❤✉❜s✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ✐♥st❛♥❝❡s
❜❡❝♦♠❡ ♠♦r❡ ❞✐✣❝✉❧t t♦ s♦❧✈❡✳ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✱ ❣✐✈❡♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡
r❡❣❛r❞✐♥❣ t❤❡ tr❛✐♥ ❞❡❝✐s✐♦♥s ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧♦✇❡❞ ❤✉❜s✳
❋r♦♠ t❤❡s❡ ❧✐♥❡s✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ t❤❛t t❤❡ ❤✉❜ ❧♦❝❛t✐♦♥ ❛s♣❡❝t ❞♦❡s ♥♦t str♦♥❣❧②
❛✛❡❝t t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ ♣r♦❜❧❡♠✿ ✇❤❡♥ ♥♦ ❤✉❜ ❞❡❝✐s✐♦♥ r❡♠❛✐♥s ✭❜❡❝❛✉s❡ ❛❧❧ ✹✸ ❤✉❜s
♠❛② ❜❡ ✉s❡❞✮✱ t❤❡ ❣❛♣ ✐s ❛t ❧❡❛st ❛s ❤✐❣❤ ❛s ✐♥ s❝❡♥❛r✐♦s ✇❤❡r❡ ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ t❤❡
❤✉❜s ♠✉st ❜❡ s❡❧❡❝t❡❞✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡s ✭ ✮ ❧❛❜❡❧❧❡❞ ❵❖♥❧② r♦❛❞✬ ✐♥❞✐❝❛t❡ t❤❡ ♥✉♠❜❡r
♦❢ r❡q✉❡sts tr❛♥s♣♦rt❡❞ ♦♥❧② ❜② r♦❛❞ ✭r✐❣❤t ②✲❛①❡s✮✳ ❈❧❡❛r❧②✱ t❤✐s ♥✉♠❜❡r ❞❡❝r❡❛s❡s
str♦♥❣❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❤✉❜s✱ ❜❡❝❛✉s❡ ♠♦r❡ ❤✉❜s ♠❛❦❡ t❤❡ ✉s❡ ♦❢ tr❛✐♥s
❝❤❡❛♣❡r ❛♥❞ ❢❛st❡r✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ t❤❡ ❝②❛♥ ❧✐♥❡s ✭ ✮ ❧❛❜❡❧❧❡❞ ❵❚r❛✐♥s✬ s❤♦✇ t❤❡
♥✉♠❜❡r ♦❢ tr❛✐♥s r✉♥♥✐♥❣ ✭r✐❣❤t ②✲❛①❡s✮✳ ❆s ✇❛s t♦ ❜❡ ❡①♣❡❝t❡❞✱ t❤✐s ♥✉♠❜❡r ✐♥❝r❡❛s❡s
✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❤✉❜s✱ ❛❧❜❡✐t ♦♥❧② ♠♦❞❡r❛t❡❧②✳ ❋✐♥❛❧❧② ✭t❤✐s ❝❛♥ ♥♦t ❜❡ s❡❡♥
✐♥ t❤❡ ✜❣✉r❡✮✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ s❡ts ♦❢ s❡❧❡❝t❡❞ ❤✉❜s ❛r❡ q✉✐t❡ st❛❜❧❡✱ ❛s ✐♥ ♠♦st
❝❛s❡s✱ ❛❧❧♦✇✐♥❣ ♦♥❡ ♠♦r❡ ❤✉❜ ❝❛✉s❡s ❛ s✉♣❡rs❡t ♦❢ t❤❡ ❢♦r♠❡r ❤✉❜ s❡t t♦ ❜❡ ❝❤♦s❡♥✳



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✺✸

✻✳✻ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ st✉❞✐❡❞ ❛ s♣❡❝✐✜❝ ✈❛r✐❛♥t ♦❢ ❛♥ ✐♥t❡❣r❛t❡❞ t❛❝t✐❝❛❧ s❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞
❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❝♦♠❜✐♥❡❞ r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt✱ ❝♦♥s✐❞❡r✐♥❣ s❡✈❡r❛❧ ♣r❛❝t✐❝❛❧❧②
r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts✳ ❲❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✉s✐♥❣
❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠s✱ t❛✐❧♦r❡❞ ❜r❛♥❝❤✐♥❣ str❛t❡❣✐❡s✱ ❛♥❞ ♣r♦❜❧❡♠✲s♣❡❝✐✜❝ ❝✉tt✐♥❣
♣❧❛♥❡s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ✐♥st❛♥❝❡s ✉s✐♥❣ r❡❛❧✲✇♦r❧❞ ❞❛t❛ s❤♦✇ t❤❛t ♦✉r
♣❛t❤✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ❝❧❡❛r❧② ❛♥❞ ❝♦♥s✐st❡♥t❧② ♦✉t♣❡r❢♦r♠s ❛ ❝♦♠♠❡r❝✐❛❧ s♦❧✈❡r ✉s✐♥❣ ❛♥
❛r❝✲❜❛s❡❞ ♠♦❞❡❧✳ ❖✉r ❛❧❣♦r✐t❤♠ ✐s ❝❛♣❛❜❧❡ ♦❢ ✜♥❞✐♥❣ ❝❧♦s❡✲t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✐♥ ❧❡ss
t❤❛♥ ♦♥❡ ❤♦✉r ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱ ❡✈❡♥ ❢♦r ✐♥st❛♥❝❡s ♦❢ r❡❛❧✐st✐❝ s✐③❡✱ ❛♥❞ ❝❛♥ t❤✉s ❜❡
❛♣♣❧✐❡❞ ❢♦r ♣r❛❝t✐❝❛❧ ♣❧❛♥♥✐♥❣✳
❋✉rt❤❡r r❡s❡❛r❝❤ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✇✐t❤ r❡s♣❡❝t t♦ ♠♦❞❡❧ ❡①t❡♥s✐♦♥s ❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧✲

❣♦r✐t❤♠✐❝ ❡♥❤❛♥❝❡♠❡♥ts✳ ❆s ❢♦r ♠♦❞❡❧ ❡①t❡♥s✐♦♥s✱ ❜❛❧❛♥❝✐♥❣ ❝♦♥str❛✐♥ts ❢♦r ❧♦❝♦♠♦t✐✈❡s
❛♥❞ ✇❛❣♦♥s ❝♦✉❧❞ ❜❡ ❛❞❞❡❞✱ ❛s ✇❡❧❧ ❛s ❝❛♣❛❝✐t✐❡s ❛t ❤✉❜s ❛♥❞ ✜①❡❞ ❝♦sts ❢♦r ❤✉❜ ✉s❛❣❡
❛♥❞ tr❛✐♥ s❡r✈✐❝❡s✳ ❋♦❝✉s✐♥❣ ♦♥ ❛ ♠♦❞❡❧ ❛♥❞ s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ❛ ❝♦♥❝r❡t❡
r❡❛❧✲✇♦r❧❞ ♣r♦❜❧❡♠✱ ✇❡ ❤❛✈❡ ❛❜st❛✐♥❡❞ ❢r♦♠ ❞♦✐♥❣ s♦✳ ❍♦✇❡✈❡r✱ ✐♥ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥
❝♦♥t❡①ts✱ t❤❡s❡ ❛s♣❡❝ts ♠❛② ❜❡ r❡❧❡✈❛♥t✱ ❛♥❞ t❤❡② ❝❛♥ r❛t❤❡r ❡❛s✐❧② ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦
♦✉r ♠♦❞❡❧✳
❲✐t❤ r❡❣❛r❞ t♦ ❛❧❣♦r✐t❤♠✐❝s✱ ♦✉r ♣r♦❝❡❞✉r❡ ❝♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ ♣r✐♠❛❧

❤❡✉r✐st✐❝ t❤❛t r✉♥s ❢❛st❡r t❤❛♥ t❤❡ ❝✉rr❡♥t ❛♣♣r♦❛❝❤ ♦❢ s♦❧✈✐♥❣ ❛♥ ❡①t❡♥❞❡❞ s❡t✲❝♦✈❡r✐♥❣
♣r♦❜❧❡♠ ✇✐t❤ ❡①✐st✐♥❣ ❝♦❧✉♠♥s ✉s✐♥❣ ❛ ▼■P s♦❧✈❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ♠❡t❤♦❞ ❢♦r ✇❤✐❝❤
s✉❝❝❡ss❢✉❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ✐s ❇❡♥❞❡rs ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❛♣♣❧②✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ t♦ t❤❡ ♣r♦❜❧❡♠
❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝♦♥st✐t✉t❡s ❛♥ ✐♥t❡r❡st✐♥❣ r❡s❡❛r❝❤ ❛✈❡♥✉❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❲❡ t❤❛♥❦ ❍❛♥♥♦ ❙❝❤ü❧❧❞♦r❢ ❢r♦♠ ❉❡✉ts❝❤❡ ❇❛❤♥ ▼♦❜✐❧✐t② ▲♦❣✐st✐❝s ❆● ❢♦r ♣r♦✈✐❞✐♥❣ ✉s
t❤❡ r❡❛❧✐st✐❝ ♥❡t✇♦r❦ ❛♥❞ r❡q✉❡st ❞❛t❛✳
❉✉r✐♥❣ ❡❛r❧✐❡r ✇♦r❦ ♦♥ t❤❡ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ▼✳ ❉r❡①❧ ✇❛s ♣❛rt✐❛❧❧②

❢✉♥❞❡❞ ❜② t❤❡ ●❡r♠❛♥ ❋❡❞❡r❛❧ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❘❡s❡❛r❝❤ ✭❇▼❇❋✮ ✇✐t❤✐♥ t❤❡
♣r♦❥❡❝t ❵❊✲▼♦t✐♦♥✬ ✉♥❞❡r ❣r❛♥t ♥♦✳ ✵✺▼✶✸❆◆❆✳ ❍❡ t❤❛♥❦s t❤❡ ❇▼❇❋ ❢♦r t❤❡ ♦♣♣♦rt✉✲
♥✐t② t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ♣r♦❥❡❝t ❊✲▼♦t✐♦♥✳
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❆❧✉♠✉r✱ ❙✳ ❛♥❞ ❑❛r❛✱ ❇✳ ❨✳ ✭✷✵✵✽✮✳ ◆❡t✇♦r❦ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s✿ ❚❤❡ st❛t❡ ♦❢ t❤❡
❛rt✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✾✵✭✶✮✱ ✶✕✷✶✳

❆❧✉♠✉r✱ ❙✳ ❆✳✱ ❑❛r❛✱ ❇✳ ❨✳✱ ❛♥❞ ❑❛r❛s❛♥✱ ❖✳ ❊✳ ✭✷✵✶✷✮✳ ▼✉❧t✐♠♦❞❛❧ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞
❤✉❜ ♥❡t✇♦r❦ ❞❡s✐❣♥✳ ❖♠❡❣❛✱ ✹✵✭✻✮✱ ✾✷✼✕✾✸✾✳

❆♥❞❡rs❡♥✱ ❏✳✱ ❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❛♥❞ ❈❤r✐st✐❛♥s❡♥✱ ▼✳ ✭✷✵✵✾✮✳ ❙❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ✇✐t❤
♠❛♥❛❣❡♠❡♥t ❛♥❞ ❝♦♦r❞✐♥❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ✢❡❡ts✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧
❘❡s❡❛r❝❤✱ ✶✾✸✭✷✮✱ ✸✼✼✕✸✽✾✳

❆♥❡❥❛✱ ❨✳ P✳✱ ❆❣❣❛r✇❛❧✱ ❱✳✱ ❛♥❞ ◆❛✐r✱ ❑✳ P✳ ❑✳ ✭✶✾✽✸✮✳ ❙❤♦rt❡st ❝❤❛✐♥ s✉❜❥❡❝t t♦ s✐❞❡
❝♦♥str❛✐♥ts✳ ◆❡t✇♦r❦s✱ ✶✸✭✷✮✱ ✷✾✺✕✸✵✷✳

❆ss❛❞✱ ❆✳ ❆✳ ✭✶✾✽✵✮✳ ▼♦❞❡❧s ❢♦r r❛✐❧ tr❛♥s♣♦rt❛t✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆✱
✶✹❆✱ ✷✵✺✕✷✷✵✳

❆t❛♠tür❦✱ ❆✳ ❛♥❞ ❘❛❥❛♥✱ ❉✳ ✭✷✵✵✷✮✳ ❖♥ s♣❧✐tt❛❜❧❡ ❛♥❞ ✉♥s♣❧✐tt❛❜❧❡ ✢♦✇ ❝❛♣❛❝✐t❛t❡❞
♥❡t✇♦r❦ ❞❡s✐❣♥ ❛r❝✲s❡t ♣♦❧②❤❡❞r❛✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✾✷✭✷✮✱ ✸✶✺✕✸✸✸✳

❇❛r❛❤♦♥❛✱ ❋✳ ✭✶✾✾✻✮✳ ◆❡t✇♦r❦ ❞❡s✐❣♥ ✉s✐♥❣ ❝✉t ✐♥❡q✉❛❧✐t✐❡s✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❖♣t✐♠✐③❛✲
t✐♦♥✱ ✻✭✸✮✱ ✽✷✸✕✽✸✼✳

❇❛r♥❤❛rt✱ ❈✳✱ ❏♦❤♥s♦♥✱ ❊✳ ▲✳✱ ◆❡♠❤❛✉s❡r✱ ●✳ ▲✳✱ ❙❛✈❡❧s❜❡r❣❤✱ ▼✳ ❲✳ P✳✱ ❛♥❞ ❱❛♥❝❡✱
P✳ ❍✳ ✭✶✾✾✻✮✳ ❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✿ ❈♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❢♦r s♦❧✈✐♥❣ ❤✉❣❡ ✐♥t❡❣❡r ♣r♦❣r❛♠s✳
❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✻✱ ✸✶✻✕✸✷✾✳

❇❛✉❡r✱ ❏✳✱ ❇❡❦t❛➩✱ ❚✳✱ ❛♥❞ ❈r❛✐♥✐❝✱ ❚✳ ●✳ ✭✷✵✶✵✮✳ ▼✐♥✐♠✐③✐♥❣ ❣r❡❡♥❤♦✉s❡ ❣❛s ❡♠✐ss✐♦♥s
✐♥ ✐♥t❡r♠♦❞❛❧ ❢r❡✐❣❤t tr❛♥s♣♦rt✿ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ r❛✐❧ s❡r✈✐❝❡ ❞❡s✐❣♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡
❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❙♦❝✐❡t②✱ ✻✶✭✸✮✱ ✺✸✵✕✺✹✷✳

❇♦♥t❡❦♦♥✐♥❣✱ ❨✳✱ ▼❛❝❤❛r✐s✱ ❈✳✱ ❛♥❞ ❚r✐♣✱ ❏✳ ✭✷✵✵✹✮✳ ■s ❛ ♥❡✇ ❛♣♣❧✐❡❞ tr❛♥s♣♦rt❛t✐♦♥
r❡s❡❛r❝❤ ✜❡❧❞ ❡♠❡r❣✐♥❣❄✕❆ r❡✈✐❡✇ ♦❢ ✐♥t❡r♠♦❞❛❧ r❛✐❧✲tr✉❝❦ ❢r❡✐❣❤t tr❛♥s♣♦rt ❧✐t❡r❛t✉r❡✳
❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆✱ ✸✽✱ ✶✕✸✹✳

❇r♦❝❦♠ü❧❧❡r✱ ❇✳✱ ●ü♥❧ü❦✱ ❖✳✱ ❛♥❞ ❲♦❧s❡②✱ ▲✳ ✭✶✾✾✻✮✳ ❉❡s✐❣♥✐♥❣ ♣r✐✈❛t❡ ❧✐♥❡ ♥❡t✇♦r❦s
✕ ♣♦❧②❤❡❞r❛❧ ❛♥❛❧②s✐s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯♥✐✈❡rs✐té ❈❛t❤♦❧✐q✉❡ ❞❡
▲♦✉✈❛✐♥✱ ❇❡❧❣✐✉♠✳

❈❛♠♣❜❡❧❧✱ ❏✳ ❋✳ ✭✶✾✾✹✮✳ ■♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❞✐s❝r❡t❡ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜✲
❧❡♠s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✼✷✱ ✸✽✼✕✹✵✺✳

✶✺✹



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✺✺

❈❛♠♣❜❡❧❧✱ ❏✳ ❋✳ ✭✷✵✵✾✮✳ ❍✉❜ ❧♦❝❛t✐♦♥ ❢♦r t✐♠❡ ❞❡✜♥✐t❡ tr❛♥s♣♦rt❛t✐♦♥✳ ❈♦♠♣✉t❡rs ✫
❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✸✻✭✶✷✮✱ ✸✶✵✼✕✸✶✶✻✳

❈❛r✐s✱ ❆✳✱ ▼❛❝❤❛r✐s✱ ❈✳✱ ❛♥❞ ❏❛♥ss❡♥s✱ ●✳ ❑✳ ✭✷✵✶✸✮✳ ❉❡❝✐s✐♦♥ s✉♣♣♦rt ✐♥ ✐♥t❡r♠♦❞❛❧
tr❛♥s♣♦rt✿ ❆ ♥❡✇ r❡s❡❛r❝❤ ❛❣❡♥❞❛✳ ❈♦♠♣✉t❡rs ✐♥ ■♥❞✉str②✱ ✻✹✭✷✮✱ ✶✵✺✕✶✶✷✳

❈❤♦✉♠❛♥✱ ▼✳✱ ❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❛♥❞ ●❡♥❞r♦♥✱ ❇✳ ✭✷✵✵✸✮✳ ❆ ❝✉tt✐♥❣✲♣❧❛♥❡ ❛❧❣♦r✐t❤♠ ❜❛s❡❞
♦♥ ❝✉ts❡t ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♠✉❧t✐❝♦♠♠♦❞✐t② ❝❛♣❛❝✐t❛t❡❞ ✜①❡❞ ❝❤❛r❣❡ ♥❡t✇♦r❦ ❞❡s✐❣♥✳
❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ❈■❘❘❊▲❚✲✷✵✵✸✲✶✻✱ ❈❡♥tr❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡ s✉r ❧❡s tr❛♥s♣♦rts✳

❈❤♦✉♠❛♥✱ ▼✳✱ ❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❛♥❞ ●❡♥❞r♦♥✱ ❇✳ ✭✷✵✶✶✮✳ ❈♦♠♠♦❞✐t② r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞
❝✉ts❡t✲❜❛s❡❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♠✉❧t✐❝♦♠♠♦❞✐t② ❝❛♣❛❝✐t❛t❡❞ ✜①❡❞✲❝❤❛r❣❡ ♥❡t✇♦r❦ ❞❡s✐❣♥✳
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rés❡❛✉① ❞✬❡♥tr❡♣r✐s❡✱ ❧❛ ❧♦❣✐st✐q✉❡ ❡t ❧❡ tr❛♥s♣♦rt✳
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♦❢ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✹✺✶✕✺✶✻✳ ❙♣r✐♥❣❡r✱ ❇♦st♦♥✱ ▼❆✳

❈r❛✐♥✐❝✱ ❚✳ ●✳ ❛♥❞ ▲❛♣♦rt❡✱ ●✳ ✭✶✾✾✼✮✳ P❧❛♥♥✐♥❣ ♠♦❞❡❧s ❢♦r ❢r❡✐❣❤t tr❛♥s♣♦rt❛t✐♦♥✳
❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✾✼✱ ✹✵✾✕✹✸✽✳

❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❑✐♠✱ ❑✳ ❍✳✱ ❡t ❛❧✳ ✭✷✵✵✻✮✳ ■♥t❡r♠♦❞❛❧ tr❛♥s♣♦rt❛t✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥✱ ✶✹✱
✹✻✼✕✺✸✼✳

❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❍❡✇✐tt✱ ▼✳✱ ❚♦✉❧♦✉s❡✱ ▼✳✱ ❛♥❞ ❱✉✱ ❉✳ ▼✳ ✭✷✵✶✺✮✳ ▲♦❝❛t✐♦♥ ❛♥❞ s❡r✲
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❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✷✶✾✭✸✮✱ ✻✼✶✕✻✼✾✳



✶✺✻ ❇✐❜❧✐♦❣r❛♣❤②
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♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥s♦❧✐❞❛t✐♦♥ ❛♥❞ ❝❛♣❛❝✐t② ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❖♣❡r❛t✐♦♥s
❘❡s❡❛r❝❤ ▲❡tt❡rs✱ ✸✾✭✷✮✱ ✶✸✽✕✶✹✸✳

❲✐❡❜❡r♥❡✐t✱ ◆✳ ✭✷✵✵✽✮✳ ❙❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❢♦r ❢r❡✐❣❤t tr❛♥s♣♦rt❛t✐♦♥✿ ❆ r❡✈✐❡✇✳ ❖❘
❙♣❡❝tr✉♠✱ ✸✵✭✶✮✱ ✼✼✕✶✶✷✳

❨❛❣❤✐♥✐✱ ▼✳ ❛♥❞ ❆❦❤❛✈❛♥✱ ❘✳ ✭✷✵✶✷✮✳ ▼✉❧t✐❝♦♠♠♦❞✐t② ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ✐♥ r❛✐❧
❢r❡✐❣❤t tr❛♥s♣♦rt❛t✐♦♥ ♣❧❛♥♥✐♥❣✳ Pr♦❝❡❞✐❛ ✕ ❙♦❝✐❛❧ ❛♥❞ ❇❡❤❛✈✐♦r❛❧ ❙❝✐❡♥❝❡s✱ ✹✸✭✵✮✱
✼✷✽✕✼✸✾✳



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✺✼

❨♦♦♥✱ ▼✳✲●✳ ❛♥❞ ❈✉rr❡♥t✱ ❏✳ ✭✷✵✵✽✮✳ ❚❤❡ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠
✇✐t❤ ✜①❡❞ ❛♥❞ ✈❛r✐❛❜❧❡ ❛r❝ ❝♦sts✿ ❋♦r♠✉❧❛t✐♦♥ ❛♥❞ ❞✉❛❧✲❜❛s❡❞ s♦❧✉t✐♦♥ ❤❡✉r✐st✐❝✳ ❚❤❡
❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❙♦❝✐❡t②✱ ✺✾✭✶✮✱ ♣♣✳ ✽✵✕✽✾✳

❩❤❛♥❣✱ ▼✳✱ ❲✐❡❣♠❛♥s✱ ❇✳✱ ❛♥❞ ❚❛✈❛ss③②✱ ▲✳ ✭✷✵✶✸✮✳ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ ♠✉❧t✐♠♦❞❛❧ ♥❡t✇♦r❦s
✐♥❝❧✉❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦sts✿ ❆ ♠♦❞❡❧ ❛♥❞ ✜♥❞✐♥❣s ❢♦r tr❛♥s♣♦rt ♣♦❧✐❝②✳ ❈♦♠♣✉t❡rs
✐♥ ■♥❞✉str②✱ ✻✹✭✷✮✱ ✶✸✻✕✶✹✺✳

❩❤✉✱ ❳✳ ❛♥❞ ❲✐❧❤❡❧♠✱ ❲✳ ❊✳ ✭✷✵✶✸✮✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ t❤r❡❡✲st❛❣❡ ❛♣♣r♦❛❝❤ ❢♦r t❤❡
❞②♥❛♠✐❝ r❡s♦✉r❝❡✲❝♦♥str❛✐♥❡❞ s❤♦rt❡st✲♣❛t❤ s✉❜✲♣r♦❜❧❡♠ ✐♥ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✳ ❈♦♠✲
♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✶✮✱ ✸✽✺✕✸✾✹✳



✶✺✽ ✻✳❆✳ ❆r❝✲❜❛s❡❞ ♠♦❞❡❧ ✇✐t❤ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts

❆♣♣❡♥❞✐①✿ ❆r❝✲❜❛s❡❞ ♠♦❞❡❧s

❍❡r❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛r❝✲❜❛s❡❞ ♠♦❞❡❧s ❢♦r t❤❡ ✉♥s♣❧✐t ❛♥❞ t❤❡ s♣❧✐t r❡q✉❡st ✈❛r✐❛♥ts
♦❢ ♦✉r ❙◆❉❍▲P✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥✿ ❧❡t dr♠❛① ❜❡ t❤❡ ♠❛①✐♠❛❧
❛❧❧♦✇❡❞ tr❛♥s♣♦rt t✐♠❡✱ ❛♥❞ ❧❡t Ar

st❛rt ❛♥❞ Ar
❡♥❞ ❜❡ t❤❡ ♣♦ss✐❜❧❡ str❡❡t ❛r❝s ❝♦♥♥❡❝t✐♥❣ t❤❡

♦r✐❣✐♥ ❛♥❞ ❞❡st✐♥❛t✐♦♥ ♦❢ r❡q✉❡st r t♦ t❤❡ ❤✉❜ ♥❡t✇♦r❦✳ ❚❤❡♥✱ t❤❡ ♣r♦❜❧❡♠ ♣r♦♣♦s❡❞ ✐♥
t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✇✐t❤ ❛♥ ❛r❝✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ❛s ❢♦❧❧♦✇s✿

✻✳❆ ❆r❝✲❜❛s❡❞ ♠♦❞❡❧ ✇✐t❤ ✉♥s♣❧✐tt❛❜❧❡ r❡q✉❡sts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡ ✉s❡❞✿

• hi ∈ {0, 1} ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ♦r ♥♦t ❤✉❜ i ∈ H ✐s ✉s❡❞

• ta ∈ N0 ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s r✉♥♥✐♥❣ ♦♥ ❛r❝ a ∈ At

• xra ∈ {0, 1} ❞❡❝✐❞❡s ✇❤❡t❤❡r ♦r ♥♦t r❡q✉❡st r ∈ R ✉s❡s ❛r❝ a ∈ A

❚❤❡ ♠♦❞❡❧ ✐s t❤❡♥✿

min
∑

a∈At

ctlata +
∑

r∈R

∑

a∈As

csm
rlax

r
a ✭✻✳✽❛✮

s✳t✳ hi = 1 ∀ i ∈ Hf ✭✻✳✽❜✮
∑

i∈H

hi = nH ✭✻✳✽❝✮

∑

a∈Ar
st❛rt

xra = 1 ∀ r ∈ R ✭✻✳✽❞✮

∑

a∈Ar
❡♥❞

xra = 1 ∀ r ∈ R ✭✻✳✽❡✮

∑

a∈Ar∩δ−(i)

xra −
∑

a∈Ar∩δ+(i)

xra = 0 ∀ r ∈ R, i ∈ H ✭✻✳✽❢✮

∑

r∈R

mrxra ≤ ktta ∀ a ∈ At ✭✻✳✽❣✮

∑

a=(i,j)∈Ar

(da + dj)x
r
a ≤ dr♠❛① ∀ r ∈ R ✭✻✳✽❤✮

∑

a∈At

xra ≤ u♠❛① − 1 ∀ r ∈ R ✭✻✳✽✐✮

xra ≤ hi ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✽❥✮

xra ≤ hj ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✽❦✮

hi ∈ {0, 1} ∀ i ∈ H ✭✻✳✽❧✮

ta ∈ N0 ∀ a ∈ At ✭✻✳✽♠✮

xra ∈ {0, 1} ∀ r ∈ R, a ∈ Ar ✭✻✳✽♥✮



❈❤❛♣t❡r ✻✳ ❙❡r✈✐❝❡ ◆❡t✇♦r❦ ❉❡s✐❣♥ ❛♥❞ ❍✉❜ ▲♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✶✺✾

❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❜❥❡❝t✐✈❡ ✭✻✳✽❛✮ s✉♠s t❤❡ ❝♦sts ❢♦r t❤❡ ❝♦✈❡r❡❞ ❦✐❧♦♠❡tr❡s✳ ❈♦♥✲
str❛✐♥ts ✭✻✳✽❜✮ ❛♥❞ ✭✻✳✽❝✮ r❡s♣❡❝t✐✈❡❧② ❡♥s✉r❡ t❤❛t t❤❡ ✜①❡❞ ❤✉❜s ❛r❡ ♦♣❡♥❡❞ ❛♥❞ t❤❛t t❤❡
❝♦rr❡❝t ♥✉♠❜❡r ♦❢ ❤✉❜s ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ♥❡①t t❤r❡❡ ❝♦♥str❛✐♥ts ❡♥s✉r❡ ✢♦✇ ❝♦♥s❡r✈❛t✐♦♥✳
❚❤❡ tr❛✐♥ ❝❛♣❛❝✐t✐❡s ❛r❡ ♠❛✐♥t❛✐♥❡❞ ❜② ❝♦♥str❛✐♥ts ✭✻✳✽❣✮✳ ❈♦♥str❛✐♥ts ✭✻✳✽❤✮ ❛♥❞ ✭✻✳✽✐✮
❧✐♠✐t t❤❡ t♦t❛❧ tr❛♥s♣♦rt t✐♠❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥ss❤✐♣♠❡♥ts ❢♦r ❡❛❝❤ r❡q✉❡st✳ ❈♦♥✲
str❛✐♥ts ✭✻✳✽❥✮ ❛♥❞ ✭✻✳✽❦✮ ❡♥s✉r❡ t❤❛t ❛ ❤✉❜ ✐s ♦♣❡♥ ✐❢ ❛ r❡q✉❡st tr❛✈❡rs❡s ✐t✱ ❛♥❞ t❤❡ ❧❛st
t❤r❡❡ ❝♦♥str❛✐♥ts ❞❡s❝r✐❜❡ t❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳

✻✳❇ ❆r❝✲❜❛s❡❞ ♠♦❞❡❧ ✇✐t❤ s♣❧✐tt❛❜❧❡ r❡q✉❡sts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡ ✉s❡❞✿

• hi ∈ {0, 1} ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ♦r ♥♦t ❤✉❜ i ∈ H ✐s ✉s❡❞

• ta ∈ N0 ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥s r✉♥♥✐♥❣ ♦♥ ❛r❝ a ∈ At

• xra ∈ [0, 1] ❞❡s❝r✐❜❡s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❡q✉❡st r ∈ R tr❛♥s♣♦rt❡❞ ♦✈❡r ❛r❝ a ∈ A

• ura ∈ {0, 1} ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ♦r ♥♦t ❛ ♣❛rt ♦❢ r❡q✉❡st r ∈ R ✉s❡s ❛r❝ a ∈ A

• mr
i ∈ N0 ♠❡❛s✉r❡s t❤❡ t✐♠❡ ❡♥ r♦✉t❡ ♦❢ ❛ ♣❛rt ♦❢ r❡q✉❡st r ∈ R ✉♣♦♥ r❡❛❝❤✐♥❣ ❤✉❜

i ∈ H

• nr
i ∈ N0 ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥ss❤✐♣♠❡♥ts t❤❛t ❛ ♣❛rt ♦❢ r❡q✉❡st r ∈ R ❤❛s

♣❡r❢♦r♠❡❞ ✉♣ t♦ ❤✉❜ i ∈ H

❚❤❡ ♠♦❞❡❧ ✐s t❤❡♥✿

min
∑

a∈At

ctlata +
∑

r∈R

∑

a∈As

csm
rlax

r
a ✭✻✳✾❛✮

s✳t✳ hi = 1 ∀ i ∈ Hf ✭✻✳✾❜✮
∑

i∈H

hi = nH ✭✻✳✾❝✮

∑

a∈Ar
st❛rt

xra = 1 ∀ r ∈ R ✭✻✳✾❞✮

∑

a∈Ar
❡♥❞

xra = 1 ∀ r ∈ R ✭✻✳✾❡✮

∑

a∈Ar∩δ−(i)

xra −
∑

a∈Ar∩δ+(i)

xra = 0 ∀ r ∈ R, i ∈ H ✭✻✳✾❢✮

∑

r∈R

mrxra ≤ ktta ∀ a ∈ At ✭✻✳✾❣✮

xra ≤ ura ∀ r ∈ R, a ∈ At ✭✻✳✾❤✮

(da + dj)u
r
a ≤ mr

j ∀ r ∈ R, a = (i, j) ∈ Ar
st❛rt ✭✻✳✾✐✮



✶✻✵ ✻✳❇✳ ❆r❝✲❜❛s❡❞ ♠♦❞❡❧ ✇✐t❤ s♣❧✐tt❛❜❧❡ r❡q✉❡sts

mr
i + (da + dj)u

r
a ≤ mr

j + dr♠❛①(1− ura) ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✾❥✮

mr
i + dau

r
a ≤ dr♠❛① ∀ r ∈ R, a = (i, j) ∈ Ar

❡♥❞ ✭✻✳✾❦✮

ura ≤ nr
j ∀ r ∈ R, a = (i, j) ∈ Ar

st❛rt ✭✻✳✾❧✮

nr
i + ura ≤ nr

j + u♠❛①(1− ura) ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✾♠✮

nr
i ≤ u♠❛① ∀ r ∈ R, a = (i, j) ∈ Ar

❡♥❞ ✭✻✳✾♥✮

ura ≤ hi ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✾♦✮

ura ≤ hj ∀ r ∈ R, a = (i, j) ∈ At ✭✻✳✾♣✮

hi ∈ {0, 1} ∀ i ∈ H ✭✻✳✾q✮

ta ∈ N0 ∀ a ∈ At ✭✻✳✾r✮

xra ∈ [0, 1] ∀ r ∈ R, a ∈ Ar ✭✻✳✾s✮

ura ∈ {0, 1} ∀ r ∈ R, a ∈ Ar ✭✻✳✾t✮

mr
i ∈ N0 ∀ r ∈ R, i ∈ H ✭✻✳✾✉✮

nr
i ∈ N0 ∀ r ∈ R, i ∈ H ✭✻✳✾✈✮

❆❣❛✐♥✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❝♦sts ❢♦r t❤❡ ❝♦✈❡r❡❞ ❦✐❧♦♠❡tr❡s✳ ❚❤❡ ♥❡①t
❝♦♥str❛✐♥ts✱ ✭✻✳✾❜✮✕✭✻✳✾❣✮✱ ❛r❡ ❛❧s♦ t❤❡ s❛♠❡ ❛s ❛❜♦✈❡✳ ❈♦♥str❛✐♥t ✭✻✳✾❤✮ ❞❡t❡r♠✐♥❡s t❤❡
❝♦rr❡❝t ✈❛❧✉❡s ❢♦r t❤❡ ❜✐♥❛r② ✢♦✇ ✈❛r✐❛❜❧❡s ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ✢♦✇ ✈❛r✐❛❜❧❡s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥str❛✐♥ts ❡♥s✉r❡ t❤❛t t❤❡ t✐♠❡ ❡♥ r♦✉t❡ ♦❢ ❛ r❡q✉❡st ✉♣♦♥ r❡❛❝❤✐♥❣
❛ ❝❡rt❛✐♥ ♥♦❞❡ ✐s s❡t ❝♦rr❡❝t❧②✱ ❛♥❞ t❤❛t t❤❡ t✐♠❡ ❛t t❤❡ ❞❡st✐♥❛t✐♦♥ ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡
❛❧❧♦✇❡❞ ♠❛①✐♠❛❧ t✐♠❡ ❡♥ r♦✉t❡✳ ❚❤✐s r❡q✉✐r❡♠❡♥t ✐s s♣❧✐t ✐♥t♦ t❤❡ ✜rst r♦❛❞ ❧❡❣ ✭✻✳✾✐✮✱
t❤❡ r❛✐❧ ❧❡❣s ✐♥ ❜❡t✇❡❡♥ ✭✻✳✾❥✮✱ ❛♥❞ t❤❡ ❧❛st r♦❛❞ ❧❡❣ ✭✻✳✾❦✮✳ ❚❤❡ s❛♠❡ ✐s ❞♦♥❡ ❢♦r t❤❡
♥✉♠❜❡r ♦❢ tr❛♥ss❤✐♣♠❡♥ts ♣❡r r❡q✉❡st ♦♥ ❡❛❝❤ ❤✉❜ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥str❛✐♥ts✱
✭✻✳✾❧✮✕✭✻✳✾♥✮✳ ❚❤❡♥✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❤✉❜ ❛♥❞ ♣❛t❤ ✈❛r✐❛❜❧❡s ✐s ❡①♣r❡ss❡❞ ❛s ✐♥
t❤❡ ✉♥s♣❧✐tt❛❜❧❡ ❝❛s❡ ❛❜♦✈❡ ❜② ❝♦♥str❛✐♥ts ✭✻✳✾♦✮ ❛♥❞ ✭✻✳✾♣✮✳ ❚❤❡ ❧❛st s✐① ❝♦♥str❛✐♥ts
r❡❣✉❧❛t❡ t❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳



❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s t❤❡s✐s ✇❛s t♦ ❝♦♥tr✐❜✉t❡ t♦ ✜♥❞✐♥❣ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♦❢ r♦✉t✐♥❣ ♣r♦❜❧❡♠s✳
❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❜❡❝❛♠❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❢♦r✲
♠❡r s✉❝❝❡ss❡s ♦♥ t❤❡s❡ t②♣❡s ♦❢ ♣r♦❜❧❡♠s ✭❉❡sr♦s✐❡rs ❛♥❞ ▲ü❜❜❡❝❦❡✱ ✷✵✶✶✮✳ ❚❤❡r❡❜②✱
❡①✐st✐♥❣ ♣r♦❝❡❞✉r❡s s❤♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞ ❛♥❞ ♥❡✇ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts s❤♦✉❧❞ ❜❡❝♦♠❡ s♦❧✈✲
❛❜❧❡✳
◆❡✇ ✐♠♣r♦✈❡♠❡♥ts ♦♥ ❡①✐st✐♥❣ ♣r♦❝❡❞✉r❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡rs ✷ ❛♥❞ ✸✳ ❚❤❡

✐❞❡❛s ❞❡s❝r✐❜❡❞ t❤❡r❡ ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛❧❧ ✈❛r✐❛♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠s✳
■♥ ❈❤❛♣t❡r ✷✱ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t s❡❧❡❝t✐♦♥ ✐♥ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s

❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊❙PP❘❈s ♣r♦✈✐❞❡s ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ s♦❧✉t✐♦♥ ♣r♦❝❡✲
❞✉r❡ ✭■r♥✐❝❤ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ✷✵✵✺✮✳ ■t ♣r♦✈✐❞❡s ❛ ❜❡tt❡r ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✇♦r❦❧♦❛❞
✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥s ❛♥❞ ❝❛♥ t❤✉s r❡❞✉❝❡ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞
❧❛❜❡❧s✳ ❊①t❡♥s✐✈❡ t❡sts ♦♥ s❡✈❡r❛❧ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts ❝♦✉❧❞ s❤♦✇ s✐❣♥✐✜❝❛♥t
r❡❞✉❝t✐♦♥s ♦❢ t❤❡ ♦✈❡r❛❧❧ r✉♥t✐♠❡s ♦❢ ❢✉❧❧✲✢❡❞❣❡❞ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s
✇❤❡♥ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✇❛s ✉s❡❞ ✐♥ t❤❡ s✉❜♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱ ♦❜s❡r✈❛t✐♦♥s
✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❞✐✣❝✉❧t②
♦❢ t❤❡ ❊❙PP❘❈ ✐♥st❛♥❝❡✳ ❚❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤✐s ♥❡✇ ❤❛❧❢✲✇❛② ♣♦✐♥t s❡❧❡❝t✐♦♥ ❜❡♥❡✜ts
❢r♦♠ ❛ ✈❡r② s♠❛❧❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡✛♦rt ♦♥ t♦♣ ♦❢ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣✳
❈❤❛♣t❡r ✸ ❡♥❛❜❧❡s t❤❡ ✉s❛❣❡ ♦❢ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ❊❙PP❘❈s ✇✐t❤ ❛

♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✳ ❲❤✐❧❡ s❡✈❡r❛❧ ✇♦r❦s ❤❛✈❡ s❤♦✇♥ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜✐❞✐✲
r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ❝♦♠♣❛r❡❞ t♦ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✭❘✐❣❤✐♥✐ ❛♥❞ ❙❛❧❛♥✐✱ ✷✵✵✻✮✱ ♥♦
❡✣❝✐❡♥t ✇❛② t♦ ❛♣♣❧② ✐t ❢♦r ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② ♣r♦❜❧❡♠s ✇❛s ❦♥♦✇♥✳ ❚❤❡ ♥❡✇ ✐❞❡❛ t♦
✉s❡ ❞✐✛❡r❡♥t ❝♦st ♠❛tr✐❝❡s ✐♥ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧❛❜❡❧✐♥❣✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ✉s❛❜✐❧✐t②
♦❢ ❛ str♦♥❣ ❞♦♠✐♥❛♥❝❡ r❡❧❛t✐♦♥ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ❛❧❧♦✇❡❞ ❢♦r ❛♥ ❡✣❝✐❡♥t ❜✐❞✐r❡❝t✐♦♥❛❧
❧❛❜❡❧✐♥❣✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ st✉❞② s❤♦✇❡❞ r✉♥ t✐♠❡ s❛✈✐♥❣s ❛r♦✉♥❞ ✹✵✪ ❜② ✉s✐♥❣ t❤❡
❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ ❤❛❧❢✲✇❛② ♣♦✐♥t ✐♥st❡❛❞ ♦❢ ❛ ♠♦♥♦❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✲
✐♥❣✳ ❇❡②♦♥❞ t❤❡ ❜❛s✐❝ P❉P❚❲✱ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣
♣r♦❜❧❡♠s ✇✐t❤ ❛ ♣✐❝❦✉♣✲❛♥❞✲❞❡❧✐✈❡r② str✉❝t✉r❡✱ s✉❝❤ ❛s t❤❡ ❞✐❛❧✲❛✲r✐❞❡ ♣r♦❜❧❡♠ ♦r P❉Ps
✇✐t❤ ❧♦❛❞✐♥❣ ❝♦♥str❛✐♥ts✳
◆❡✇ ❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠ ✈❛r✐❛♥ts ✇❡r❡ t❛❝❦❧❡❞ ✐♥ ❈❤❛♣t❡rs ✹✱ ✺✱ ❛♥❞ ✻✳ ❚❤❡ ❡①t❡♥✲

s✐♦♥s ❛r❡ ♠♦t✐✈❛t❡❞ ❜② r❡❛❧ ✇♦r❧❞ r❡q✉✐r❡♠❡♥ts ❛♥❞ ✐♠♣❧✐❡❞ ❛❞❛♣t❛t✐♦♥s t♦ s❡✈❡r❛❧ ♣❛rts
♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❚❤❡r❡❜②✱ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛❧✇❛②s
❛♣♣❧✐❡❞ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt t❡❝❤♥✐q✉❡s ❢♦r ❛❝❝❡❧❡r❛t✐♦♥s✳
■♥ ❈❤❛♣t❡r ✹✱ ❛♥ ❡✣❝✐❡♥t ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❚❚❘P❚❲ ✇❛s

♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ❝♦✉❧❞ s♦❧✈❡ s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s t♦ ♦♣t✐♠❛❧✐t② ❢♦r t❤❡ ✜rst t✐♠❡✳

✶✻✶



✶✻✷

▼♦r❡♦✈❡r✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❢r♦♠ ♦♥❡ t♦ t✇♦ ❞❛②s ✇❛s ❝♦♥s✐❞❡r❡❞ ❢♦r
t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ ❛r✐s✐♥❣ s②♠♠❡tr② ❝♦✉❧❞ s✉❝❝❡ss❢✉❧❧② ❜❡ t❛❝❦❧❡❞ t❤r♦✉❣❤ ❛ st❛❜✐❧✐③❛t✐♦♥
♣r♦❝❡❞✉r❡✳ ❚❤❡ s❡❝♦♥❞ ❡①t❡♥s✐♦♥ ✇❛s t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛ q✉❛♥t✐t②✲❞❡♣❡♥❞❡♥t t✐♠❡
❢♦r t❤❡ tr❛♥s❢❡r ♦❢ ❧♦❛❞ ❢r♦♠ t❤❡ tr✉❝❦ t♦ t❤❡ tr❛✐❧❡r✳ ❚❤❡r❡❜②✱ ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡
❝♦♥s✉♠❡❞ t✐♠❡ ❛♥❞ t❤❡ ❢r❡❡ s♣❛❝❡ ✐♥ t❤❡ tr✉❝❦ ♦❝❝✉rs✱ ✇❤✐❝❤ ✐♠♣❧✐❡❞ ♠♦r❡ r❡s♦✉r❝❡s ❛♥❞
❛ ♠♦r❡ ❝♦♠♣❧❡① ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✉❜♣r♦❜❧❡♠✳ ❚❤❡ r❡s✉❧ts
r❡❣❛r❞✐♥❣ t❤❡ ❡①t❡♥s✐♦♥s ❞❡♠♦♥str❛t❡❞ t❤❡✐r ✐♥✢✉❡♥❝❡s ♦♥ t❤❡ ♦✈❡r❛❧❧ r♦✉t✐♥❣ ❝♦sts ❛♥❞
s❤♦✇❡❞ t❤❛t t❤❡ s♦❧✈❛❜✐❧✐t② ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❡①❝❡ss✐✈❡❧② ❞❡s♣✐t❡ t❤❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞
♣r♦❜❧❡♠s✳
❈❤❛♣t❡r ✺ ♣r♦♣♦s❡❞ t❤❡ ✜rst ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ P❱❘P❚❲✳ ■♥ ❛❞❞✐t✐♦♥✱

t❤❡ ❢♦r♠❡r❧② str✐❝t r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s ♦❢ t❤❡ ❝✉st♦♠❡rs ✇❡r❡ r❡❧❛①❡❞✱
s✉❝❤ t❤❛t ♠♦r❡ r❡❛❧✲✇♦r❧❞ s✐t✉❛t✐♦♥s ❛r❡ tr❡❛t❛❜❧❡✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ❡①t❡♥s✐♦♥✱ ♥❡✇
str✉❝t✉r❡s ❢♦r t❤❡ ♣r✐❝✐♥❣ ♥❡t✇♦r❦s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❛s ❜❛s✐s ❢♦r ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ ❛ P❱❘P✲s♣❡❝✐✜❝ s②♠♠❡tr② ✇❛s ❞❡✜♥❡❞ ❛♥❞ ♠❡t❤♦❞s t♦ ❞❡❛❧ ✇✐t❤
t❤✐s s②♠♠❡tr② ✇❡r❡ ♣r❡s❡♥t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥str❛✐♥t ❛❣❣r❡❣❛t✐♦♥ r❡❞✉❝❡s s✐❣♥✐✜❝❛♥t❧②
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ■♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t❡sts✱ s♦♠❡ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ✇❡r❡ s♦❧✈❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❛♥❞ s❛✈✐♥❣s t❤r♦✉❣❤ ♠♦r❡
✢❡①✐❜❧❡ ✈✐s✐t✐♥❣ ♣❛tt❡r♥s ✇❡r❡ ♣r♦✈❡♥✳
■♥ ❈❤❛♣t❡r ✻✱ ❛ r❡❛❧✲✇♦r❧❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♥❞ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❝♦♥t❡①t ♦❢

❝♦♠❜✐♥❡❞ r♦❛❞✲r❛✐❧ tr❛♥s♣♦rt ✇❛s t❛❝❦❧❡❞ ✇✐t❤ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳
❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ❛s♣❡❝ts✱ s✉❝❤ ❛s t❤❡ t❛s❦ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛r❝ ❢r❡q✉❡♥❝✐❡s
❛♥❞ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥ss❤✐♣♠❡♥t✱ ✇❛s ♥♦t ❤❛♥❞❧❡❞ ❜❡❢♦r❡✳ ❚❤❡ s♦✲
❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ✐♥❝❧✉❞❡s ❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ❛❧❣♦r✐t❤♠s✱ t❛✐❧♦r❡❞ ❜r❛♥❝❤✐♥❣ str❛t❡❣✐❡s✱ ❛♥❞
♣r♦❜❧❡♠✲s♣❡❝✐✜❝ ❝✉ts✳ ❘❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❝❧♦s❡ t♦ ♦♣t✐♠❛❧✐t② ✇✐t❤✐♥ ♦♥❡
❤♦✉r✳ ❋✉rt❤❡r♠♦r❡✱ ❛ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ❡✈❛❧✉❛t❡❞ t❤❡ ✐♥✢✉❡♥❝❡s ♦❢ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✳
❆❧t♦❣❡t❤❡r✱ ❛❧❧ t❤r❡❡ ♣❛rts ♦❢ ❛ ❜r❛♥❝❤✲❛♥❞✲♣r✐❝❡✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❤❛✈❡ ❛ str♦♥❣ ✐♥✲

✢✉❡♥❝❡ ♦♥ t❤❡ r✉♥ t✐♠❡✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ t♦ ❣❡♥❡r❛t❡ ♥❡✇ r♦✉t❡s ✐s
✉s✉❛❧❧② ❜② ❢❛r t❤❡ ♠♦st t✐♠❡ ❝♦♥s✉♠✐♥❣ ♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤✉s✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
❛ ❣♦♦❞ ♣r✐❝✐♥❣ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡✣❝✐❡♥t s♦❧✉t✐♦♥ ♠❡t❤♦❞ ❧✐❦❡ ❛ ❧❛❜❡❧✐♥❣
❛❧❣♦r✐t❤♠ ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t✳ ❯s✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✲
✐♥❣ ♣r♦❜❧❡♠ s✉❝❤ ❛s t❤❡ ng✲♣❛t❤ r❡❧❛①❛t✐♦♥ ❛♥❞ ❛ ❜✐❞✐r❡❝t✐♦♥❛❧ ❧❛❜❡❧✐♥❣ ✐s ✐♥❞✐s♣❡♥s❛❜❧❡
❢♦r ♦❜t❛✐♥✐♥❣ ❣♦♦❞ r❡s✉❧ts✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ str♦♥❣ ❝✉ts ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ❜r❛♥❝❤✐♥❣
r✉❧❡s ❝❛♥ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♥♦❞❡s✳ ❆s t❤❡ ❢❛st❡st
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ s♦❧✈❡r ❞♦❡s ♥♦t ❤❡❧♣ ✇❤❡♥ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡ ✐s ❤✉❣❡✱ t❤❡s❡ t✇♦
♣❛rts s❤♦✉❧❞ ♥♦t ❜❡ ♥❡❣❧❡❝t❡❞✳



❇✐❜❧✐♦❣r❛♣❤②

❆❤✉❥❛✱ ❘✳ ❑✳✱ ▼❛❣♥❛♥t✐✱ ❚✳ ▲✳✱ ❛♥❞ ❖r❧✐♥✱ ❏✳ ❇✳ ✭✶✾✾✸✮✳ ◆❡t✇♦r❦ ❋❧♦✇s✿ ❚❤❡♦r②✱ ❆❧❣♦✲
r✐t❤♠s✱ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ Pr❡♥t✐❝❡✲❍❛❧❧✱ ■♥❝✳✱ ❯♣♣❡r ❙❛❞❞❧❡ ❘✐✈❡r✱ ◆❏✱ ❯❙❆✳

❆❧✉♠✉r✱ ❙✳ ❛♥❞ ❑❛r❛✱ ❇✳ ❨✳ ✭✷✵✵✽✮✳ ◆❡t✇♦r❦ ❤✉❜ ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s✿ ❚❤❡ st❛t❡ ♦❢ t❤❡
❛rt✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✾✵✭✶✮✱ ✶✕✷✶✳

❆❧✉♠✉r✱ ❙✳ ❆✳✱ ❑❛r❛✱ ❇✳ ❨✳✱ ❛♥❞ ❑❛r❛s❛♥✱ ❖✳ ❊✳ ✭✷✵✶✷✮✳ ▼✉❧t✐♠♦❞❛❧ ❤✉❜ ❧♦❝❛t✐♦♥ ❛♥❞
❤✉❜ ♥❡t✇♦r❦ ❞❡s✐❣♥✳ ❖♠❡❣❛✱ ✹✵✭✻✮✱ ✾✷✼✕✾✸✾✳

❆♥❞❡rs❡♥✱ ❏✳✱ ❈r❛✐♥✐❝✱ ❚✳ ●✳✱ ❛♥❞ ❈❤r✐st✐❛♥s❡♥✱ ▼✳ ✭✷✵✵✾✮✳ ❙❡r✈✐❝❡ ♥❡t✇♦r❦ ❞❡s✐❣♥ ✇✐t❤
♠❛♥❛❣❡♠❡♥t ❛♥❞ ❝♦♦r❞✐♥❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ✢❡❡ts✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧
❘❡s❡❛r❝❤✱ ✶✾✸✭✷✮✱ ✸✼✼✕✸✽✾✳

❆♥❡❥❛✱ ❨✳ P✳✱ ❆❣❣❛r✇❛❧✱ ❱✳✱ ❛♥❞ ◆❛✐r✱ ❑✳ P✳ ❑✳ ✭✶✾✽✸✮✳ ❙❤♦rt❡st ❝❤❛✐♥ s✉❜❥❡❝t t♦ s✐❞❡
❝♦♥str❛✐♥ts✳ ◆❡t✇♦r❦s✱ ✶✸✭✷✮✱ ✷✾✺✕✸✵✷✳

❆r❝❤❡tt✐✱ ❈✳✱ ❏❛❜❛❧✐✱ ❖✳✱ ❛♥❞ ❙♣❡r❛♥③❛✱ ▼✳ ●✳ ✭✷✵✶✺✮✳ ▼✉❧t✐✲♣❡r✐♦❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜✲
❧❡♠ ✇✐t❤ ❞✉❡ ❞❛t❡s✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✻✶✱ ✶✷✷✕✶✸✹✳

❆r❝❤❡tt✐✱ ❈✳✱ ❋❡r♥á♥❞❡③✱ ❊✳✱ ❛♥❞ ❍✉❡rt❛✲▼✉ñ♦③✱ ❉✳ ▲✳ ✭✷✵✶✼✮✳ ❚❤❡ ✢❡①✐❜❧❡ ♣❡r✐♦❞✐❝
✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✽✺✱ ✺✽✕✼✵✳

❆ss❛❞✱ ❆✳ ❆✳ ✭✶✾✽✵✮✳ ▼♦❞❡❧s ❢♦r r❛✐❧ tr❛♥s♣♦rt❛t✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆✱
✶✹❆✱ ✷✵✺✕✷✷✵✳

❆t❛♠tür❦✱ ❆✳ ❛♥❞ ❘❛❥❛♥✱ ❉✳ ✭✷✵✵✷✮✳ ❖♥ s♣❧✐tt❛❜❧❡ ❛♥❞ ✉♥s♣❧✐tt❛❜❧❡ ✢♦✇ ❝❛♣❛❝✐t❛t❡❞
♥❡t✇♦r❦ ❞❡s✐❣♥ ❛r❝✲s❡t ♣♦❧②❤❡❞r❛✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✾✷✭✷✮✱ ✸✶✺✕✸✸✸✳
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❋r❛♥❝✐s✱ P✳ ▼✳✱ ❙♠✐❧♦✇✐t③✱ ❑✳ ❘✳✱ ❛♥❞ ❚③✉r✱ ▼✳ ✭✷✵✵✽✮✳ ❚❤❡ ♣❡r✐♦❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s✳ ■♥ ❇✳ ●♦❧❞❡♥✱ ❙✳ ❘❛❣❤❛✈❛♥✱ ❛♥❞ ❊✳ ❲❛s✐❧✱ ❡❞✐t♦rs✱ ❚❤❡
❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✿ ▲❛t❡st ❆❞✈❛♥❝❡s ❛♥❞ ◆❡✇ ❈❤❛❧❧❡♥❣❡s✱ ♣❛❣❡s ✼✸✕✶✵✷✳ ❙♣r✐♥❣❡r
❯❙✱ ❇♦st♦♥✱ ▼❆✳

●❛♠❛❝❤❡✱ ▼✳✱ ❙♦✉♠✐s✱ ❋✳✱ ▼❛rq✉✐s✱ ●✳✱ ❛♥❞ ❉❡sr♦s✐❡rs✱ ❏✳ ✭✶✾✾✾✮✳ ❆ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥
❛♣♣r♦❛❝❤ ❢♦r ❧❛r❣❡ s❝❛❧❡ ❛✐r❝r❡✇ r♦st❡r✐♥❣ ♣r♦❜❧❡♠s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✼✱ ✷✹✼✕✷✻✷✳

●❛r❝✐❛✱ ❘✳ ✭✷✵✵✾✮✳ ❘❡s♦✉r❝❡ ❈♦♥str❛✐♥❡❞ ❙❤♦rt❡st P❛t❤s ❛♥❞ ❊①t❡♥s✐♦♥s✳ P❤✳❉✳ t❤❡✲
s✐s✱ ❙❝❤♦♦❧ ♦❢ ■♥❞✉str✐❛❧ ❛♥❞ ❙②st❡♠s ❊♥❣✐♥❡❡r✐♥❣✱ ●❡♦r❣✐❛ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱
❆t❧❛♥t❛✱ ❯✳❙✳❆✳

●❛✉❞✐♦s♦✱ ▼✳ ❛♥❞ P❛❧❡tt❛✱ ●✳ ✭✶✾✾✷✮✳ ❆ ❤❡✉r✐st✐❝ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠✳
❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✷✻✭✷✮✱ ✽✻✕✾✷✳



✶✼✵ ❇✐❜❧✐♦❣r❛♣❤②

●❡❤r✐♥❣✱ ❍✳ ❛♥❞ ❍♦♠❜❡r❣❡r✱ ❏✳ ✭✷✵✵✷✮✳ P❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ❛ ❚✇♦✲P❤❛s❡ ♠❡t❛❤❡✉r✐st✐❝ ❢♦r
r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❏♦✉r♥❛❧ ♦❢ ❍❡✉r✐st✐❝s✱ ✽✭✸✮✱ ✷✺✶✕✷✼✻✳

●❡r❞❡ss❡♥✱ ❏✳ ✭✶✾✾✻✮✳ ❱❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ tr❛✐❧❡rs✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r✲
❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✾✸✭✶✮✱ ✶✸✺✕✶✹✼✳

●♦❡❧✱ ❆✳ ✭✷✵✵✾✮✳ ❱❡❤✐❝❧❡ s❝❤❡❞✉❧✐♥❣ ❛♥❞ r♦✉t✐♥❣ ✇✐t❤ ❞r✐✈❡rs✬ ✇♦r❦✐♥❣ ❤♦✉rs✳ ❚r❛♥s♣♦rt❛✲
t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✸✭✶✮✱ ✶✼✕✷✻✳

●♦❡❧✱ ❆✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✼✮✳ ❆♥ ❡①❛❝t ♠❡t❤♦❞ ❢♦r ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ❛♥❞ tr✉❝❦ ❞r✐✈❡r
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✺✶✭✷✮✱ ✼✸✼✕✼✺✹✳

●♦♠♦r②✱ ❘✳ ❊✳ ✭✶✾✻✸✮✳ ❆♥ ❛❧❣♦r✐t❤♠ ❢♦r ✐♥t❡❣❡r s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ♣r♦❣r❛♠s✳ ■♥ ❘✳ ▲✳
●r❛✈❡s ❛♥❞ P✳ ❲♦❧❢❡✱ ❡❞✐t♦rs✱ ❘❡❝❡♥t ❆❞✈❛♥❝❡s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ♣❛❣❡s
✷✻✾✕✸✵✷✳ ▼❝●r❛✇✲❍✐❧❧ ❇♦♦❦ ❈♦♠♣❛♥②✳

●s❝❤✇✐♥❞✱ ❚✳ ❛♥❞ ■r♥✐❝❤✱ ❙✳ ✭✷✵✶✻✮✳ ❉✉❛❧ ✐♥❡q✉❛❧✐t✐❡s ❢♦r st❛❜✐❧✐③❡❞ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥
r❡✈✐s✐t❡❞✳ ■◆❋❖❘▼❙ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✷✽✭✶✮✱ ✶✼✺✕✶✾✹✳

❍❡♠♠❡❧♠❛②r✱ ❱✳ ❈✳✱ ❉♦❡r♥❡r✱ ❑✳ ❋✳✱ ❛♥❞ ❍❛rt❧✱ ❘✳ ❋✳ ✭✷✵✵✾✮✳ ❆ ✈❛r✐❛❜❧❡ ♥❡✐❣❤❜♦r✲
❤♦♦❞ s❡❛r❝❤ ❤❡✉r✐st✐❝ ❢♦r ♣❡r✐♦❞✐❝ r♦✉t✐♥❣ ♣r♦❜❧❡♠s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧
❘❡s❡❛r❝❤✱ ✶✾✺✭✸✮✱ ✼✾✶✕✽✵✷✳

❍❡♥♥✐❣✱ ❋✳✱ ◆②❣r❡❡♥✱ ❇✳✱ ❛♥❞ ▲ü❜❜❡❝❦❡✱ ▼✳ ✭✷✵✶✷✮✳ ◆❡st❡❞ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♣♣❧✐❡❞
t♦ t❤❡ ❝r✉❞❡ ♦✐❧ t❛♥❦❡r r♦✉t✐♥❣ ❛♥❞ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ s♣❧✐t ♣✐❝❦✉♣ ❛♥❞ s♣❧✐t
❞❡❧✐✈❡r②✳ ◆❛✈❛❧ ❘❡s❡❛r❝❤ ▲♦❣✐st✐❝s✱ ✺✾✭✸✕✹✮✱ ✷✾✽✕✸✶✵✳

❍♦♠❢❡❧❞✱ ❍✳ ✭✷✵✶✷✮✳ ❈♦♥s♦❧✐❞❛t✐♥❣ ❈❛r ❘♦✉t❡s ✐♥ ❘❛✐❧ ❋r❡✐❣❤t ❙❡r✈✐❝❡ ❜② ❉✐s❝r❡t❡ ❖♣t✐✲
♠✐③❛t✐♦♥✳ P❤✳❉✳ t❤❡s✐s✱ ❚❡❝❤♥✐s❝❤❡ ❯♥✐✈❡rs✐tät ❉❛r♠st❛❞t✳

❍♦r✈át❤✱ ▼✳ ❛♥❞ ❑✐s✱ ❚✳ ✭✷✵✶✻✮✳ ❙♦❧✈✐♥❣ r❡s♦✉r❝❡ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s
✇✐t❤ ▲P✲❜❛s❡❞ ♠❡t❤♦❞s✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✼✸✱ ✶✺✵✕✶✻✹✳

■r♥✐❝❤✱ ❙✳ ✭✷✵✵✽✮✳ ❘❡s♦✉r❝❡ ❡①t❡♥s✐♦♥ ❢✉♥❝t✐♦♥s✿ Pr♦♣❡rt✐❡s✱ ✐♥✈❡rs✐♦♥✱ ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥
t♦ s❡❣♠❡♥ts✳ ❖❘ ❙♣❡❝tr✉♠✱ ✸✵✭✶✮✱ ✶✶✸✕✶✹✽✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❉❡s❛✉❧♥✐❡rs✱ ●✳ ✭✷✵✵✺✮✳ ❙❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳
■♥ ●✳ ❉❡s❛✉❧♥✐❡rs✱ ❏✳ ❉❡sr♦s✐❡rs✱ ❛♥❞ ▼✳ ❙♦❧♦♠♦♥✱ ❡❞✐t♦rs✱ ❈♦❧✉♠♥ ●❡♥❡r❛t✐♦♥✱ ♣❛❣❡s
✸✸✕✻✺✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✳

■r♥✐❝❤✱ ❙✳ ❛♥❞ ❱✐❧❧❡♥❡✉✈❡✱ ❉✳ ✭✷✵✵✻✮✳ ❚❤❡ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts
❛♥❞ k✲❝②❝❧❡ ❡❧✐♠✐♥❛t✐♦♥ ❢♦r k ≥ 3✳ ■◆❋❖❘▼❙ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✶✽✭✸✮✱ ✸✾✶✕✹✵✻✳

■r♥✐❝❤✱ ❙✳✱ ❚♦t❤✱ P✳✱ ❛♥❞ ❱✐❣♦✱ ❉✳ ✭✷✵✶✹❛✮✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠s✳
■♥ ❉✳ ❱✐❣♦ ❛♥❞ P✳ ❚♦t❤✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✶✱ ♣❛❣❡s ✶✕✸✸✳ ❙♦❝✐❡t② ❢♦r
■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳



❇✐❜❧✐♦❣r❛♣❤② ✶✼✶

■r♥✐❝❤✱ ❙✳✱ ❙❝❤♥❡✐❞❡r✱ ▼✳✱ ❛♥❞ ❱✐❣♦✱ ❉✳ ✭✷✵✶✹❜✮✳ ❋♦✉r ✈❛r✐❛♥ts ♦❢ t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠✳ ■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✾✱ ♣❛❣❡s ✷✹✶✕✷✼✶✳
❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

■s❤❢❛q✱ ❘✳ ❛♥❞ ❙♦①✱ ❈✳ ❘✳ ✭✷✵✶✶✮✳ ❍✉❜ ❧♦❝❛t✐♦♥✲❛❧❧♦❝❛t✐♦♥ ✐♥ ✐♥t❡r♠♦❞❛❧ ❧♦❣✐st✐❝ ♥❡t✇♦r❦s✳
❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✷✶✵✭✷✮✱ ✷✶✸✕✷✸✵✳

❏❡♣s❡♥✱ ▼✳✱ P❡t❡rs❡♥✱ ❇✳✱ ❙♣♦♦r❡♥❞♦♥❦✱ ❙✳✱ ❛♥❞ P✐s✐♥❣❡r✱ ❉✳ ✭✷✵✵✽✮✳ ❙✉❜s❡t✲r♦✇ ✐♥❡q✉❛❧✲
✐t✐❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❤✐❝❧❡✲r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱
✺✻✭✷✮✱ ✹✾✼✕✺✶✶✳

❑♦❤❧✱ ◆✳✱ ❉❡sr♦s✐❡rs✱ ❏✳✱ ▼❛❞s❡♥✱ ❖✳✱ ❙♦❧♦♠♦♥✱ ▼✳✱ ❛♥❞ ❙♦✉♠✐s✱ ❋✳ ✭✶✾✾✾✮✳ 2✲♣❛t❤ ❝✉ts
❢♦r t❤❡ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✸✸✭✶✮✱
✶✵✶✕✶✶✻✳

▲✐✱ ❍✳ ❛♥❞ ▲✐♠✱ ❆✳ ✭✷✵✵✸✮✳ ❆ ♠❡t❛❤❡✉r✐st✐❝ ❢♦r t❤❡ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠ ✇✐t❤
t✐♠❡ ✇✐♥❞♦✇s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❚♦♦❧s✱ ✶✷✭✷✮✱ ✶✼✸✕✶✽✻✳

▲✐♥✱ ❙✳✱ ❨✉✱ ❱✳✱ ❛♥❞ ▲✉✱ ❈✳ ✭✷✵✶✶✮✳ ❆ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❤❡✉r✐st✐❝ ❢♦r t❤❡ tr✉❝❦ ❛♥❞
tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❊①♣❡rt ❙②st❡♠s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✽✭✶✷✮✱
✶✺✷✹✹✕✶✺✷✺✷✳

▲♦③❛♥♦✱ ▲✳ ❛♥❞ ▼❡❞❛❣❧✐❛✱ ❆✳ ▲✳ ✭✷✵✶✸✮✳ ❖♥ ❛♥ ❡①❛❝t ♠❡t❤♦❞ ❢♦r t❤❡ ❝♦♥str❛✐♥❡❞ s❤♦rt❡st
♣❛t❤ ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡rs ✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✹✵✭✶✮✱ ✸✼✽✕✸✽✹✳

▲ü❜❜❡❝❦❡✱ ▼✳ ❛♥❞ ❉❡sr♦s✐❡rs✱ ❏✳ ✭✷✵✵✺✮✳ ❙❡❧❡❝t❡❞ t♦♣✐❝s ✐♥ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥✳ ❖♣❡r❛t✐♦♥s
❘❡s❡❛r❝❤✱ ✺✸✭✻✮✱ ✶✵✵✼✕✶✵✷✸✳

▼❛❣♥❛♥t✐✱ ❚✳✱ ▼✐r❝❤❛♥❞❛♥✐✱ P✳✱ ❛♥❞ ❱❛❝❤❛♥✐✱ ❘✳ ✭✶✾✾✸✮✳ ❚❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t✇♦ ❝♦r❡
❝❛♣❛❝✐t❛t❡❞ ♥❡t✇♦r❦ ❞❡s✐❣♥ ♣r♦❜❧❡♠s✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✻✵✭✶✲✸✮✱ ✷✸✸✕✷✺✵✳

▼✐r♠♦❤❛♠♠❛❞s❛❞❡❣❤✐✱ ❙✳ ❛♥❞ ❆❤♠❡❞✱ ❙✳ ✭✷✵✶✺✮✳ ▼❡♠❡t✐❝ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✲
✐♥❣ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ st♦❝❤❛st✐❝ ❞❡♠❛♥❞s ❛♥❞ t✐♠❡ ✇✐♥❞♦✇s✳
◆❡t✇♦r❦s ❛♥❞ ❙♣❛t✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✺✭✹✮✱ ✶✵✾✸✕✶✶✶✺✳

◆❛❞❞❡❢✱ ❉✳ ❛♥❞ ❘✐♥❛❧❞✐✱ ●✳ ✭✷✵✵✷✮✳ ❇r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❝❛♣❛❝✐t❛t❡❞ ❱❘P✳
■♥ P✳ ❚♦t❤ ❛♥❞ ❉✳ ❱✐❣♦✱ ❡❞✐t♦rs✱ ❚❤❡ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✸✕✽✹✳
❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❖✬❑❡❧❧②✱ ▼✳ ❊✳ ✭✶✾✽✻✮✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♥❣ ❤✉❜ ❢❛❝✐❧✐t✐❡s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱
✷✵✱ ✾✷✕✶✵✺✳

P❛rr❛❣❤✱ ❙✳✱ ❉♦❡r♥❡r✱ ❑✳✱ ❛♥❞ ❍❛rt❧✱ ❘✳ ✭✷✵✵✽✮✳ ❆ s✉r✈❡② ♦♥ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ♣r♦❜❧❡♠s✱
P❛rt ■■✿ ❚r❛♥s♣♦rt❛t✐♦♥ ❜❡t✇❡❡♥ ♣✐❝❦✉♣ ❛♥❞ ❞❡❧✐✈❡r② ❧♦❝❛t✐♦♥s✳ ❏♦✉r♥❛❧ ❢ür ❇❡tr✐❡❜✲
s✇✐rts❝❤❛❢t✱ ✺✽✭✷✮✱ ✽✶✕✶✶✼✳

P❛rr❛❣❤✱ ❙✳ ◆✳ ❛♥❞ ❈♦r❞❡❛✉✱ ❏✳✲❋✳ ✭✷✵✶✼✮✳ ❇r❛♥❝❤✲❛♥❞✲♣r✐❝❡ ❛♥❞ ❛❞❛♣t✐✈❡ ❧❛r❣❡ ♥❡✐❣❤❜♦r✲
❤♦♦❞ s❡❛r❝❤ ❢♦r t❤❡ tr✉❝❦ ❛♥❞ tr❛✐❧❡r r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ❈♦♠♣✉t❡rs
✫ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✽✸✱ ✷✽✕✹✹✳



✶✼✷ ❇✐❜❧✐♦❣r❛♣❤②

P❛s❤❛✱ ❯✳✱ ❍♦✛✱ ❆✳✱ ❛♥❞ ▲ø❦❦❡t❛♥❣❡♥✱ ❆✳ ✭✷✵✶✹✮✳ ❆ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ ❢♦r ♠✐❧❦ ❝♦❧❧❡❝t✐♦♥
✉s✐♥❣ tr✉❝❦s ❛♥❞ tr❛✐❧❡rs✳ ❆♥♥❛❧s ♦❢ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✸✭✶✮✱ ✽✼✕✶✶✵✳

P❡❝✐♥✱ ❉✳ ✭✷✵✶✹✮✳ ❊①❛❝t ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ❈❛♣❛❝✐t❛t❡❞ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣ Pr♦❜❧❡♠✳ P❤✳❉✳
t❤❡s✐s✱ P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡ ❈❛tó❧✐❝❛ ❞♦ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✳

P❡❝✐♥✱ ❉✳✱ P❡ss♦❛✱ ❆✳✱ P♦❣❣✐✱ ▼✳✱ ❛♥❞ ❯❝❤♦❛✱ ❊✳ ✭✷✵✶✼✮✳ ■♠♣r♦✈❡❞ ❜r❛♥❝❤✲❝✉t✲❛♥❞✲♣r✐❝❡
❢♦r ❝❛♣❛❝✐t❛t❡❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣ ❈♦♠♣✉t❛t✐♦♥✱ ✾✭✶✮✱ ✻✶✕
✶✵✵✳

P✐r❦✇✐❡s❡r✱ ❙✳ ❛♥❞ ❘❛✐❞❧✱ ●✳ ❘✳ ✭✷✵✵✾❛✮✳ ❇♦♦st✐♥❣ ❛ ✈❛r✐❛❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞ s❡❛r❝❤ ❢♦r t❤❡
♣❡r✐♦❞✐❝ ✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s ❜② ■▲P t❡❝❤♥✐q✉❡s✳ ■♥ ❙✳ ❱♦ss ❛♥❞
▼✳ ❈❛s❡rt❛✱ ❡❞✐t♦rs✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✽t❤ ▼❡t❛❤❡✉r✐st✐❝ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡✳

P✐r❦✇✐❡s❡r✱ ❙✳ ❛♥❞ ❘❛✐❞❧✱ ●✳ ❘✳ ✭✷✵✵✾❜✮✳ ❆ ❝♦❧✉♠♥ ❣❡♥❡r❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♣❡r✐♦❞✐❝
✈❡❤✐❝❧❡ r♦✉t✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ✇✐♥❞♦✇s✳ ■♥ ▼✳ ❙✳ ❡t ❛❧✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡
■♥t❡r♥❛t✐♦♥❛❧ ◆❡t✇♦r❦ ❖♣t✐♠✐③❛t✐♦♥ ❈♦♥❢❡r❡♥❝❡❡✳

P♦❣❣✐✱ ▼✳ ❛♥❞ ❯❝❤♦❛✱ ❊✳ ✭✷✵✶✹✮✳ ◆❡✇ ❡①❛❝t ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❝❛♣❛❝✐t❛t❡❞ ✈❡❤✐❝❧❡ r♦✉t✐♥❣
♣r♦❜❧❡♠✳ ■♥ ❉✳ ❱✐❣♦ ❛♥❞ P✳ ❚♦t❤✱ ❡❞✐t♦rs✱ ❱❡❤✐❝❧❡ ❘♦✉t✐♥❣✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✺✾✕✽✻✳
❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

P✉❣❧✐❡s❡✱ ▲✳ ❉✳ P✳ ❛♥❞ ●✉❡rr✐❡r♦✱ ❋✳ ✭✷✵✶✸✮✳ ❆ r❡❢❡r❡♥❝❡ ♣♦✐♥t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ r❡s♦✉r❝❡
❝♦♥str❛✐♥❡❞ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❙❝✐❡♥❝❡✱ ✹✼✭✷✮✱ ✷✹✼✕✷✻✺✳

❘✐❣❤✐♥✐✱ ●✳ ❛♥❞ ❙❛❧❛♥✐✱ ▼✳ ✭✷✵✵✻✮✳ ❙②♠♠❡tr② ❤❡❧♣s✿ ❇♦✉♥❞❡❞ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳ ❉✐s❝r❡t❡
❖♣t✐♠✐③❛t✐♦♥✱ ✸✭✸✮✱ ✷✺✺✕✷✼✸✳

❘✐❣❤✐♥✐✱ ●✳ ❛♥❞ ❙❛❧❛♥✐✱ ▼✳ ✭✷✵✵✽✮✳ ◆❡✇ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ r❡s♦✉r❝❡
❝♦♥str❛✐♥❡❞ ❡❧❡♠❡♥t❛r② s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠✳ ◆❡t✇♦r❦s✱ ✺✶✭✸✮✱ ✶✺✺✕✶✼✵✳

❘♦♣❦❡✱ ❙✳ ❛♥❞ ❈♦r❞❡❛✉✱ ❏✳✲❋✳ ✭✷✵✵✾✮✳ ❇r❛♥❝❤ ❛♥❞ ❝✉t ❛♥❞ ♣r✐❝❡ ❢♦r t❤❡ ♣✐❝❦✉♣ ❛♥❞
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