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Abstract

Shallow water is defined as a constant density fluid in hydrostatic balance that is bounded
from below by a rigid surface and from above by another fluid with negligible inertia.
Moreover, the horizontal scale is much larger then the vertical one, e.g. a typical ratio
is 0.05. Integrating the incompressible Navier-Stokes equations along the vertical axis
one can obtain the shallow water equations (SWE). The SWE belong to the class of
hyperbolic systems of partial differential equations (balance laws) that provide suitable
approximations to the large-scale motion of oceans, rivers and the atmosphere. Thereby
mass, momentum as well as energy and potential vorticity for smooth solutions are
conserved. Here, two characteristic velocities are distinguished: the advection velocity,
i.e. the velocity of mass transport, and the gravity wave speed, i.e. the velocity of surface
waves, which carry energy and momentum. The Froude number is a reference number
and is given by the fraction of the advection and the gravity waves reference velocity. It
is typically very small for large-scale flows, e.g. 0.01.

Time-explicit finite volume methods belong to the most frequently used numerical
schemes to solve hyperbolic balance laws. Consequently, we have to respect the CFL
stability condition and the time increment is approximately proportional to the Froude
number. Thus, low Froude numbers, say below 0.2, lead to very small time steps and
result in high computational costs and dissipative solutions. Typical problems arising
from meteorology or oceanography however concentrate on modelling of flow phenomena.
Thus, the advection is the physical quantity of interest. Consequently a desirable stability
condition would only depend on the advection velocity and not on gravity waves. Then,
the time steps would increase approximately with the factor of the reciprocal of the
Froude number, e.g. the time steps could be 100 times larger if the Froude number is
0.01.

In the case of a constant bottom topography, it is well-known that solutions of the
SWE converge to solutions of the lake equations/ zero Froude number SWE as the Froude
number approaches zero, if suitable initial data are provided. In this limiting process, the
equations change their type from hyperbolic to mixed hyperbolic-elliptic. Thus, for small
Froude numbers the convergence order of standard numerical schemes may decrease or
even the numerical solution may break down.

Oceanographic and atmospheric flows are typically small perturbations of an under-
lying equilibrium state. It is well-known that numerical schemes for balance laws have
to preserve certain equilibrium states exactly, otherwise spurious motion may occur.
Thus, the approximation of source terms is crucial. Numerical schemes that preserve
equilibrium states are called well-balanced.

The aim of this thesis is to develop well-balanced numerical schemes for the SWE, so
that a stability constraint on time steps is independent of the Froude number. Moreover,
the convergence order should be uniform with respect to the Froude number. Since
solutions of the SWE converge to solutions of the lake equations as the Froude number
approaches zero, numerical schemes with uniform convergence rates with respect to the
Froude number have to provide a consistent approximation of the lake equations as
the Froude number approaches zero. These schemes are called asymptotic preserving.
In order to derive such schemes we rewrite the SWE in an alternative form. Here we
consider the free surface elevation with respect to a still water level as a variable instead



of the fluid depth. We split the alternative SWE in a stiff, linear part governing the
fast waves and a non-stiff part governing the remaining slow flow. Both, the stiff and
non-stiff subsystems are hyperbolic. Computing the stiff parts implicitly and the non-
stiff ones explicitly we obtain a stability constraint that only depends on the advection
velocity. We use IMEX Runge-Kutta and IMEX multi-step schemes to obtain a semi-
implicit time-discretisation and show that the resulting semi-discrete schemes are well-
balanced. Further, we study the asymptotic preserving property of the semi-discrete
schemes. Particularly, we consider the IMEX Euler, ARS(2,2,2), RK2CN Runge-Kutta
schemes and a consistent BDF-type multi-step scheme (SBDF).

We use the finite volume space discretisation and propose two approaches to solve an
initial value problem: the straight and the elliptic approach. In the straight approach we
approximate the surface integrals resulting from the finite volume space discretisation by
numerical flux functions. To approximate the stiff part we use central finite differences
or approximated evolution operators, that take into account multi-dimensional wave
propagation. The non-stiff part is approximated by standard compressible solvers, e.g.
the Rusanov flux. We obtain the solution at a new time step by solving the resulting
linear systems. Here the source term approximation is motivated by the well-balanced
property. More precisely, the "lake at rest”- equilibrium state will be preserved exactly.
Using the elliptic approach, we compute the free surface elevation at a new time step
by solving an elliptic equation. The elliptic equation can be derived by plugging the
momentum equation into the continuity equation. Afterwards, the momentum update
can be computed in an explicit way. The stiff terms are approximated by central finite
differences in the elliptic approach, whereas the non-stiff terms are approximated by
means of the Rusanov flux, as in the straight approach. Here, a special source term
discretisation is not necessary in order to achieve a well-balanced scheme. We show
that some of our derived IMEX finite volume schemes are indeed well-balanced and
asymptotic preserving under certain conditions. To this end we apply the theory of
circulant matrices.

The well-balanced and asymptotic preserving properties for both, first and second
order methods, are verified by numerical tests. We show the uniform convergence with
respect to the Froude number is only achieved when the stiff terms are approximated
by central finite differences using the straight approach or elliptic approach which can
be derived from the straight approach. Moreover, corresponding schemes are stable and
asymptotic preserving.

Kurzdarstellung

Flachwasser ist per Definition ein Fluid mit konstanter Dichte, dass sich in hydrostati-
schem Gleichgewicht befindet. Ferner befindet sich unterhalb des Fluids ein fester und
unbeweglicher Boden. Oberhalb des Fluids befindet sich ein anderes Fluid mit ver-
nachlassighbarer Reibung. Zudem ist die horizontale Ausbreitung wesentlich grofier als
die Vertikale - beispielsweise mit dem Groflenverhéltnis 0.05. Durch die Integration
der Navier-Stokes Gleichung entlang der vertikalen Achse erhalten wir ein vereinfachtes
Modell: die Flachwassergleichungen (SWE). Die SWE sind ein hyperbolisches System
von partiellen Differentialgleichungen (Bilanzgleichungen), die grofiskalige Stromungen in



Ozeanen, Flissen und der Atmosphéare addquat modellieren. Dabei wird Masse, Impuls
und im Falle einer glatten Losung die Energie und potentielle Vortizitat erhalten. In dem
vereinfachten System der SWE lassen sich zwei Geschwindigkeiten unterscheiden: Die
Advektionsgeschwindigkeit, d.h. die Geschwindigkeit mit der Masse transportiert wird,
und die Geschwindigkeit von Schwerewellen, d.h. die Geschwindigkeit der Wellen auf
der Oberflache des Fluids. Letztere transportieren Energie und Impuls. Die Froude-Zahl
ist eine Kenngrofle der Stromung und ergibt sich als das Verhéltnis von der Referenzad-
vektionsgeschwindigkeit zu der Referenzgeschwindigkeit der Schwerewellen. Sie ist sehr
klein fiir groskalige Stréomungen, z.B. 0.01.

Explizite Finite-Volumen-Verfahren gehoren zu den meistgenutzten numerischen Ver-
fahren zum Losen von hyperbolische Bilanzgleichungen. Dabei muss die CFL-Stabilitats-
bedingung eingehalten werden, wodurch die Zeitschrittweite sich ndherungsweise pro-
portional zur Froude-Zahl verhalt. Typische Problemstellungen in der Ozeanographie
und Meteorologie sind Beschreibungen von Stromungen mit sehr kleinen Froude-Zahlen.
Dies fiihrt zu sehr kleinen Zeitschritten und resultiert in langen Rechenzeiten und dis-
sipativen Resultaten. Ferner ist die Advektion die bedeutende Gréfle. Somit ist eine
Stabilitatsbedingung die nur von der Advektion und nicht von der Geschwindigkeit der
Schwerewellen abhéngt wiinschenswert. Dadurch wiirden fiir kleine Froude-Zahlen die
Zeitschritte ungefahr um den Faktor des Kehrwertes der Froude-Zahl wachsen. Bei der
Froude-Zahl 0.01 waren die Zeitschritte etwa 100 Mal groBer.

Im Falle einer konstanten Bodentopographie ist bekannt, dass Losungen der SWE
im Grenzwert Froude-Zahl gegen Null zu Losungen der Froude-Zahl Null Flachwasser-
gleichungen konvergieren, falls die Anfangswerte addquat sind. Hierbei wechseln die
Gleichungen ihren Typ von hyperbolisch zu hyperbolisch-elliptisch. Im Ubergangsregime
kleiner Froude-Zahlen kann die Konvergenzgeschwindigkeit von numerischen Verfahren
abnehmen oder sogar das Verfahren selbst abbrechen.

Ozeanographische und atmosphérische Stromungen sind meist kleine Storungen eines
zugrunde liegenden Gleichgewichtszustandes. Es ist bekannt, dass numerische Verfahren
zur Losung von Bilanzgleichungen gewisse Gleichgewichtszustande exakt erhalten miissen
damit keine Stromungen kiinstlich durch das numerische Verfahren erzeugt werden. Da-
her ist die Approximation der Quellterme bei Bilanzgleichungen wesentlich. Numerische
Verfahren die gewisse Gleichgewichtszustinde erhalten heiflen ausbalanciert.

Ziel dieser Arbeit ist die Herleitung numerischer, ausbalancierter Verfahren zur Lo-
sung der SWE, so dass eine Stabilitdtsbedingung nur von der Advektion abhéngt und
die Konvergenzordnung der Verfahren gleichmafig beziiglich der Froude-Zahl ist. Wegen
der Konvergenz der SWE gegen die Froude-Zahl Null Flachwassergleichungen miissen
gleichméfig beziiglich der Froude-Zahl konvergente numerische Verfahren im Grenzfall
Froude-Zahl gegen Null eine konsistente Approximation dieser Gleichungen sein, d.h. die
Verfahren sind asymptotisch erhaltend. Um solche Verfahren herzuleiten schreiben wir
die SWE in eine alternative Form um. Hierbei wird anstatt der Fluidtiefe die Erhebung
des Fluids zu einer konstanten Wasseroberfliche als Variable betrachtet. Die alterna-
tiven SWE teilen wir in einen steifen, linearen Teil, der die schnellen Stromungen mo-
delliert, und einen nicht-steifen Teil, der die tibrigen langsamen Stromungen modelliert.
Hierbei sind das steife und nicht-steife Teilsystem hyperbolisch. Durch eine implizite
Behandlung des steifen Teils und eine Explizite des Nichtsteifen ist die resultierende
CFL-Stabilitatsbedingung nur von der Advektion abhingig. Wir verwenden IMEX



Runge-Kutta und IMEX Mehrschrittverfahren zur semi-impliziten Zeitdiskretisierung
und zeigen, dass die resultierenden semi-diskreten Verfahren ausbalanciert sind. Ferner
untersuchen wir ob die Verfahren asymptotisch erhaltend sind. Die IMEX Euler,
ARS(2,2,2), RK2CN Runge-Kutta Verfahren sowie ein BDF-artiges Mehrschrittverfahren
(SBDF') werden speziell betrachtet.

Zur Ortsdiskretisierung nutzen wir das Finite Volumen Verfahren. Hierbei stellen wir
zwei Methoden zur Losung eines Anfangswertproblems vor: die direkte und die ellip-
tische Methode. Bei der direkten Methode werden die aus der Finite Volumen Orts-
diskretisierung resultierenden Oberflichenintegrale durch numerische Flussfunktionen
approximiert. Fiir den steifen Anteil verwenden wir entweder zentrale finite Differen-
zen oder approximative Evolutionsoperatoren, die auf der Theorie der Bicharakteristiken
beruhen und alle unendlich viele Richtungen der Informationsausbreitung berticksichtigen.
Der nicht-steife Teil wird durch kompressible Standardverfahren approximiert, etwa mit-
tels des Rusanov-Flusses. Die Losung zu einem neuen Zeitschritt erhalten wir durch
Losen der resultierenden Gleichungssysteme. Die Approximation des Quellterms wird
dadurch motiviert, dass die resultierenden Verfahren ausbalanciert sein sollen. Genauer
soll der Ruhe Equilibriumzustand mit Null-Geschwindigkeit exakt gelost werden. Bei der
elliptischen Methode wird die Erhebung des Fluids in einem neuen Zeitschritt durch die
Losung einer elliptischen Gleichung berechnet. Diese elliptische Gleichung kann durch
Einsetzen der Impulserhaltung in die Kontinuitédtsgleichung hergeleitet werden. An-
schliefend kann der Impuls zum neuen Zeitschritt explizit ausgerechnet werden. Bei der
elliptischen Methode wird der steife Teil durch zentrale finite Differenzen approximiert,
wéahrend der nicht-steife Anteil, wie bei der direkten Methode, durch den Rusanov-Fluss
berechnet wird. Eine besondere Quelltermapproximation ist hier nicht notwendig damit
die resultierenden Verfahren ausbalanciert sind. Wir zeigen, dass ein Teil der hergeleit-
eten Verfahren in der Tat unter gewissen Voraussetzungen ausbalanciert und asympto-
tisch erhaltend sind. Dazu benutzen wir unter anderem die Theorie zirkulanter Matrizen.

Numerische Simulationen bestétigen die theoretischen Resultate beziiglich der Ausbal-
anciertheit und asymptotischer Erhaltung. Es werden Verfahren erster und zweiter Ord-
nung untersucht. Dabei stellten wir fest, dass nur bei Diskretisierung der steifen Terme
mittels zentraler finiter Differenzen gleichméaflige Konvergenz beziiglich der Froude-Zahl
erreicht wird. Hierbei sind nur diejenigen Verfahren stabil und asymptotisch erhaltend,
die die direkte Methode verwenden, oder in die direkte Methode umgeschrieben werden
konnen.
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1. Introduction

Free-surfacd] flows under gravity are present in a large set of problems: sloshing in fuel
tanks in rocket technology, tides in ocean, breaking of waves on shallow beaches, roll
waves in open channels, flood waves in rivers, dam break modelling, atmospheric flows,
tsunamis, cf. [T}, 2, TTT],119] and the references therein. Assume that the governing model
equations for fluid flow is given, the main difficulty is to compute the free-surface. It
is a boundary and therefore suitable boundary conditions have to be satisfied. But the
location of the boundary is unknown and thus also the domain where the equations have
to be solved is unknown, too. In the special case of shallow Waterﬁ this problem can be
treated by introducing the water depth as a new variable and integrate the conservation
laws of mass and momentum along the vertical axis, cf. [IT1], I12], leading to the shallow
water equationd] (SWE). The SWE read

(hu); + V - (hu ® u) + ghVh = —ghVb, (1.1b)

where h denotes the water depth, b the bottom topography, g the gravitation constant and
u = (uq,uz) the velocity field averaged along the vertical axis, cf. Figure 211 Here (ITal)
is the continuity equation, i.e. mass conservation, and (LID) conserves the momentum.
Though, the vertical velocity does not appear in the SWE it is neither zero nor constant,
since otherwise the water may not cross a bottom hump. If the solution is smooth, the
SWE conserve the energy £ = (hu-u+ gh?)/2 and the potential vorticity w/h with the
vorticity w = g—gf — g—;;, [88], too. Shallow water models are suitable approximations of
large-scale oceanographic and atmospheric flows or river flows, cf. [88, [T}, 112].

From a mathematical point of view, the SWE belong to the class of hyperbolic system
of balance laws, that are typically solved numerically by (time-)explicit finite volume
schemes. Then, the CFL-condition [28] has to be satisfied, i.e. the numerical domain
of dependence must cover the real domain of dependence. In case of the SWE the
transported information is mass, momentum and energy. The mass is transported by
the advection velocity u, whereas energy and momentum are carried by the gravity waves

(surface waves) with the velocity ¢ = v/gh [73], 88, T12]. Thus the CFL-stability condition
for the SWE

{|u1| +c |ug|+ ¢
max

< .
Ar Ay }Ap_CFL<1 (1.2)

!Typically a fluid is bounded by some other fluid from above. If we speak about a free-surface, we
think of a fluid bounded from above by another fluid with negligible inertia.

2An incompressible fluid in hydrostatic balance, bounded from above by a free-surface and from below
by a rigid surface is called shallow water, if the horizontal scale L is much larger then any vertical
scale H, H/L < 0.05 [74].

3In the French scientific community the SWE are also called St. Venaint equations. Note that St.
Venaint derived only the one dimensional version [39].
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has to be satisfied for time-explicit approximations using a grid with widths Az, Ay in
space and time increment At.

Typical problems arising from meteorology or oceanography however concentrate on
modelling of low phenomena, e.g. weather forecasting. Thus the advection is the physical
quantity of interest. Relevant advection velocity reference values concerning large-scale
motions are 10m/s in the atmosphere and 0.1 — 2m/s in the ocean, cf. [73], B8, 112].
Gravity waves may exceed the speed of 200m/s in the ocean [73] and 300m/s in the
atmosphere [88]. The ratio between advection and gravity wave reference velocities
is called the Froude number € = uyes/crep. It is a characteristic number of the flow
with values that rarely exceed 0.2 [T19] and are of order 1072 for large-scale phenomena
[8, 73, 88, I12]. A desirable restriction on time steps would be to consider only the
propagation of information that is of concern, i.e. the advection. However, for low Froude
numbers the velocity of gravity waves dictates the time increment At:

I TRYAN (1 1> Upep At  (tpeg + crep) Al (1.3)

gmin{Aw,Ay} ~ e/ min{Az, Ay} min{Az, Ay}

lur| + ¢ |us| + ¢
~ At < CFL < 1.
max{ Ar | Ay =

Consequently the time step At is several orders of magnitude smaller then the advection
time scale. For example a vortex that moves with the advection reference velocity s
needs around 1/¢, e.g. 100, time steps to pass a single cell. Therefore computations in the
low Froude number regime with the explicit finite volume schemes are computationally
expensive, and use many small times steps that yield to dissipative results, cf. [55].

In order to overcome the strong stability condition on the time step (3], i.e. to
use larger time steps, several split-explicit, semi-implicit and implicit schemes have been
proposed in literature [14], 37, [44), [45], [54], 53], [64), [65] (66, 00, 9T, 95], 98], 99, T08], as well as
[4l, [15], 92, [TT8] for recent results. Using fully implicit schemes circumvents successfully
the CFL-condition, but a large nonlinear system is introduced that is computationally
very expensive, cf. [55]. Another strategy is to split the SWE into a stiff subsystem
governing the fast waves and another non-stiff one responsible for the remaining slow
flow. Here, the stiff subsystem is preferably linear and thus easy to solve. Applying an
explicit scheme with smaller time steps to the stiff subsystem one obtains a split-explicit
scheme. Another possibility is to treat the stiff part implicitly and the non-stiff one
explicitly. Consequently the stability condition depends only on the velocity of the slow
waves. Since the problem is fully nonlinear, it is crucial and nontrivial how to split the
governing equations into subsystems modelling slow and fast waves.

If the bottom topography is constant, the SWE are equivalent to the isentropic Eu-
ler equations with the pressure-density relation p(p) = gp*/2 and the Froude number
coincides with the Mach number. Thus, the SWE admit "compressible” effects. The
Mach number is a measure of the compressibility of the flow in the isentropic Euler
equations. If the Mach number ¢ = O(1) the flow is in the compressible regime. If
the Mach number 0 < ¢ < 1, then the flow is in the weakly compressible regime. For
¢ — 0 we speak about the incompressible regime. Analogously we speak formally about
the compressible, weakly compressible and incompressible regimes for the SWE if the
Froude number ¢ = O(1) or € < 1, even though the incompressible fluid model is used

11



for the description of the SWE. It is a well-known result due to Klainerman and Majda
[62, [63] and Ebin [40] that the isentropic Euler equations converge to the incompress-
ible Euler equations as the Mach number approaches zero, if suitable assumptions are
satisfied. The equivalent counterpart of the incompressible Euler equations are the zero
Froude number SWE that are also referred to as the lake equations, cf. ([234). Thus
the SWE (L)) should converge to the zero Froude number SWE as the Froude number
approaches zero. Moreover the hyperbolic SWE/ isentropic Euler equations change to
the hyperbolic-elliptic type incompressible Euler equations/ zero Froude number SWE.
Further, the velocity u is restricted by a divergence constraint, cf. [21], 62} [63]. Therefore
compressible solvers may break down or experience poor convergence in the weakly com-
pressible/ incompressible regime, cf. [I4]. Consequently numerical schemes with uniform
convergence order with respect to the Froude number have to behave like a compressible
solver in the compressible regime, i.e. they provide non-oscillatory solutions and good
resolution of shock-type discontinuities; whereas in the low Froude number limit ¢ — 0
the numerical schemes have to approximate the limit equations, i.e. zero Froude number
SWE/ incompressible Euler equations. If there is no stability condition needed, that de-
pends on the Froude number, such schemes are asymptotic preserving. More precisely, we
call a numerical scheme for the compressible regime asymptotic preserving, if it provides
a consistent approximation of the zero Froude-number equations as the Froude-number
approaches zero and there is no stability constraint that depends on the Froude-number.
The concept of asymptotic preserving schemes was introduced by Jin [57] for multi-scale
kinetic equations as well as for hyperbolic balance laws [37, [92], [T08], see also the review
paper [58].

Let us point out, that the source term approximation for balance laws is crucial.
The description of oceanographic and atmospheric flows is the main application for the
SWE. Here, the solution is typically a perturbation of an underlying equilibrium state.
It is well-known, that numerical schemes used to solve balance laws have to preserve
certain equilibrium states exactly by properly balancing the fluxes and source terms,
otherwise non-physical behaviour like spurious waves may occur. Such schemes are called
well-balanced or satisfying the C-property. Various techniques to design well-balanced
schemes have been presented in literature [7, 20] 25], 49, [72] [76], 85]. The C-property was
introduced in [I3]. For the SWE, the so-called lake at rest solution, where the water level
is constant and no flow occurs, i.e. h + b =const., u = 0, is an important equilibrium
state. Note, that many of relevant flows are small deviations of this state. Let us point
out that typically the Coriolis force plays an important role for large-scale phenomena.
The corresponding equilibrium state is called the geostrophic equilibrium, cf. [I12]. But
since we want to focus on low Froude numbers we neglect the Coriolis force for the sake
of simplicity.

The aim of this thesis is to develop and analyse semi-implicit, asymptotic preserving,
well-balanced numerical schemes to solve the SWE for all Froude numbers, where the
CFL-stability condition is independent of the Froude number. Thus the scheme should
use large time steps analogous to a purely advective flows with no gravity waves. More-
over the order of convergence should be uniform with respect to the Froude number. To
this end we use an alternative formulation of the SWE, where the free surface elevation

above a still water level is considered as an unknown variable instead of the water depth.
Similar formulations have been considered in [44], [72], [79] 80, 102, T0I]. We benefit by
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using the above mentioned alternative formulation in the following way: the water depth
is decomposed into a given lake at rest depth h(®) and its small perturbation - the free
surface elevation. This helps to avoid cancellation errors for very low Froude numbers,
e.g. 1077, cf. [104].

Following Giraldo et al. [44] we split the alternative SWE into a linear, hyperbolic,
stiff system and a hyperbolic, non-stiff one. Here, the linear system is the first order
wave equation system, analogous to linear acoustic equations, with the wave velocity

\/g-h® =~ c. We approximate the stiff linear part implicitly and the non-stiff one ex-
plicitly. To this end IMEX (implicit-ezplicit) Runge-Kutta or IMEX multi-step schemes
are used for the time discretisation, cf. [5] [0, 17, I8, [19]. Consequently we obtain a time
step restriction of the type

ua|  Jus|
maX{Ax’ Ay}A7§§C’FLu< 1, (1.4)
that is independent of the gravity wave speed. Since this CFL condition only depends
on the advection velocity u, we refer to the corresponding CFL number as CF'L,. We
show that suitable IMEX schemes are well-balanced and enforce the asymptotic pre-
serving property for the semi-discrete schemes. The spatial discretisation is realised by
the finite volume method. In order to advance the numerical solution in time two ap-
proaches are introduced: the straight and the elliptic approach. The straightforward
solving of the resulting linear systems is the straight approach, cf. [15, [44]. Another
way to compute time evolution is to use an underlying elliptic equation for the surface
elevation, cf. [4, 37, O2, [108]. In the straight approach, the implicit surface integrals
associated with the fast waves are approximated either by central finite differences or
in a genuinely multidimensional way. The multidimensional approximation is realised
by applying multidimensional approximated evolution operators, which are based on the
theory of bicharacteristics and take all of the infinitely many directions of wave propaga-
tion into account, cf. [3, 15l 811 [82],[83]. Suitable source term discretisations are presented
to enforce the well-balanced property of the fully discrete schemes. In case of the ellip-
tic approach, implicit terms are approximated by central finite differences. The surface
integrals of the resulting non-linear part, treated explicitly in time, can be computed
by standard shock-capturing schemes for both approaches. We consider first and second
order discretisations in time and space. Numerical experiments demonstrate that the
schemes developed in this thesis are well-balanced. We also investigate and discuss the
question of accuracy, stability and the asymptotic preserving property.

The thesis is organised in the following way: In Chapter Pl we introduce the governing
equations. Particularly, we derive the alternative SWE and present a suitable splitting.
In Chapter B], we introduce exact and approximated evolution operators using the theory
of bicharacteristics. The IMEX schemes as well as the straight and elliptic approaches are
introduced in Chapter[dl Particularly we consider the IMEX Euler, ARS(2,2,2), RK2CN
IMEX Runge-Kutta schemes and the SBDF IMEX multi-step scheme. We finish this
chapter by discussing the well-balanced property of the semi-discrete IMEX schemes. In
Chapter B the asymptotic preserving property of semi-discrete IMEX schemes is shown.
In Chapter [@l we introduce the finite volume method and derive the IMEX finite volumes
scheme as well as suitable source term discretisations. The source term discretisation
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is motivated by the well-balanced property. Then we analyse the asymptotic preserving
property of the IMEX finite volume schemes in Chapter [l The numerical results are
presented in Chapter 8l Finally we conclude in Chapter [ the thesis and formulate open
problems. In the appendix [Al an application of the theory of bicharacteristics to the
multidimensional non-hydrostatic Euler equations is shown. In particular we derive exact
and approximate evolution operators for a multidimensional linear subsystem, which is
stiff with respect to small Mach number.
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2. Governing equations

In this chapter we introduce the governing equations used to describe the shallow water
flow. We will analyse this model briefly and present its eigenstructure, as well as the
so-called zero Froude number equations.

First, we recall the definition of a hyperbolic balance law in Section Il The SWE in
dimensional and non-dimensional form are presented in Section and the zero Froude
number SWE in Section The numerical schemes, that will be presented in the
following chapters are based on an alternative formulation of the SWE, cf. [15] [44, [72)
[79, [80l, MOTL, 102], where the free surface elevation above a still water level is considered
instead of the water depth. We present this formulation in Section 24l In Section
we derive the low Froude number limit equations of the alternative SWE formulation.
To this end we use asymptotic analysis, cf. [61]. We overcome the strong time restriction
due to the CFL-condition (LZ) by splitting the flux function of the SWE into a linear
part, governing the fast waves, and a nonlinear one, cf. [I5, [44]. The fast waves are
treated implicitly and therefore do not need to be considered in the CFL-condition.
Thus, the time restriction is independent of the Froude number. We present and discuss
the linear /nonlinear splitting in Section 2.6l At the end of this chapter, in Section 27, we
comment on the eigenstructure of the shallow water systems and the stiff and non-stiff
subsystems that have been previously derived. In particular we demonstrate that the
stiff and non-stiff subsystems of the alternative SWE are indeed stiff and non-stiff.

2.1. Hyperbolic balance laws

Hyperbolic partial differential equations (PDEs) are used in many areas, such as me-
teorology, oceanography, aviation and astronautics in order to describe time evolution
of systems with finite speed of information propagation. Typically, they arise from the
conservation of physical quantities like mass, momentum or energy and are given in the
form of a balance law

w,+ V- F(x,t,w) = K(x,t,w), (2.1a)

where
w:iR' xR = RF, (x,t)— wW(x,t) (2.1b)
F:RIXxRxRF - RP (x,t,w) = [Fi(x,t, W), ..., Fy(x,t,w)], (2.1c)
K:R'xRxRP =R, (x,t,w)— K(x,t,w). (2.1d)
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Here, w is a vector containing conserved quantities, F is a flux function that consists of
the columns F; and K is a source term. We have

(2.2)

4 [dF; dF
v.}__;[dwwﬁjL ]7

d.Ti

if 7 € (CYR?x R x R?))P*4, Denoting the Jacobians of dF;/dw in (Z2)) by A; we obtain
the system (ZTIal) in quasi-linear form

d d
we+ > Axt,w)w,, = K(x,t,w) — ) f(x,t, w) = Q(x,t,w). (2.3)
i—1 i—1 Oi

Note that not every equation of the form (Z.Tal) or (Z3)) is hyperbolic.

Definition 2.1.1

1. The matriz pencil of a system of the form (2.3) is the matriz valued function

d dE
P(w,n) =) T (x,t,wW)n;, n=(ng,..,ng)" €RL (2.4)

i=1

2. Let Q C RY D C RP be domains. The system (Z3) is hyperbolic in Q x D, if all
eigenvalues of the corresponding matriz pencil P are real for allx € Q,t e R,w € D
and n € RY. We say that a system (Z3) is hyperbolic, if it is hyperbolic in Q x RP.

3. System (Z1d) is hyperbolic, if the corresponding system (2Z.3) is hyperbolic.

4. A hyperbolic system (Z3) is strictly hyperbolic, if all matriz pencil eigenvalues are
simple.

5. A hyperbolic system (2Z.3) is diagonally hyperbolic, if the matriz pencil is diagonal-
isable.

Remark 2.1.2 Note that some textbooks call a quasi-linear balance law (2:3) hyperbolic,
if it is diagonally hyperbolic.

It is well-known, that solutions of hyperbolic balance laws may become discontinuous
or blow up in finite time - even for smooth initial data, cf. [I2, [56]. Therefore the concept
of weak solutions needs to be introduced.

Definition 2.1.3 Let Q = R?, w® € L2 (RY). A function w € L2 (R? x [0,00]) is a

loc loc

weak solution of (Z1d) with K = 0 and the initial value w°, if

oo

/ / W, + F(w)Ve dx dt + / wO(x)$(x, 0) dx = 0 (2.5)

0 R4

for all ¢ € C°(RY x [0, 0)).
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By using the concept of weak solutions we are able to describe a larger range of discon-
tinuous phenomena, e.g. shock and contact discontinuities. But weak solutions are not
unique. In order to take the "physical right” solution the concept of entropy solutions is
used.

Definition 2.1.4 We call n € C*(RP) the entropy of the system (Z1d), if there exist
functions ®y, ..., &, € C(RP) so that

Van(w)TAj(w) = Vo di(w), j=1,...d (2.6)

If the function n is convex, n is a convex entropy. The functions ®1,..., P4 are called
entropy fluzes. The pair (n, ®) is called (convex) entropy-entropy flux pair.

Definition 2.1.5 A weak solution of the homogeneous system (Z1d) is called an (con-
vex) entropy solution, if for any (convex) entropy-entropy flux pair the condition

(n(w)): + > Gs(w) <0 (2.7)

is satisfied in the sense of distributions on R% x (0,00), i.e.

//n(w)@ + z_: Gij(W)py, dx dt >0 (2.8)

0 Rd
for all non-negative test functions ¢ € Cg°(R? x (0, 00)).

The entropy inequality corresponds to the second law of thermodynamics, i.e. the entropy
in a thermodynamic process is non-decreasing in time.

Remark 2.1.6

e [f (Z1d) is a scalar equation, then every (convex) continuously differentiable func-
tion n is a (convex) entropy of (Z1d), where the corresponding entropy fluzes are
obtained by integration of G =n'Fj, j =1,..,d.

e Note that the mathematical entropy n(w) has the negative sign in comparison with
the physical entropy

s =ertos (2775 2

of an inviscid gas.

In the following of this section, we will state some fundamental results about the exis-
tence and uniqueness of hyperbolic conservation laws. First we consider one-dimensional
hyperbolic conservation laws in a quasi-linear form

w, + A(w)w, =0, w(x,0)=w’(x), xecR% (2.10)
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Definition 2.1.7 Let the system (ZI10) be strictly hyperbolic. We call an eigenvalue
A= Aw) of A(w) genuinely nonlinear in D, if

(VW A(W)) - T(w) £ 0 (2.11)
for all w € D, where r is an eigenvector corresponding to X. If we have

(VWA(W)) - T(w) = 0 (2.12)
instead, we call \ linearly degenerate.

If the eigenvalues of the matrix A from the conservation law (ZI0) are either linearly
degenerate or genuinely nonlinear, the Riemann problem (ZI0)), where

if x <0
w(x) = {“L PE=T (2.13)
up else

has a unique weak entropy solution for |[u;, — ug|| small enough. This solution consists
of at most d + 1 constant states separated by shock waves, contact discontinuities or
rarefaction waves, cf. [47]. In [46], Glimm constructed a family of approximative solutions
by means of a sequence of solutions of Riemann problems. This allowed him to prove
the existence of (ZI0) for small data. Around 30 years later Bressan et al. [22, 23] 24]
proved the uniqueness and the continuous dependence on the initial data.

Theorem 2.1.8 Let the system in (Z10) be strictly hyperbolic and either genuinely non-
linear or linearly degenerate in a neighbourhood of a constant state w. Then there exist
two constants Cy,Cy > 0, so that if the initial data w° satisfies

HWO — WHL‘”(R) S Cl, TVR(WO) S CQ, (214)

the initial value problem (ZI0) has a unique global weak entropy solution w € C([0,00), L}, .(R))
and the initial value is satisfied in the sense of traces, i.e. w(-,0) = w" in L}, (R).

Remark 2.1.9 The abbreviation TV in Theorem [2Z.1.8 denotes the total variation. We
refer the reader for a definition to the textbook [93]. However, one finds

k-1
TViap)(w) = sup {Z lw(zj) —w(z)|ra<x <..<zp < b} (2.15)

for w € H'(a,b).

Concerning scalar multi-dimensional equations (ZTIal), Kruzhkov [71] showed the fol-
lowing theorem.

Theorem 2.1.10 The scalar hyperbolic balance law (Z1d) with an initial value w® €
L>®(R%) has a unique weak entropy solution w € C((0,00), L} (R?)).
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Thus, existence and uniqueness of a weak entropy solution can be shown for scalar
multi-dimensional hyperbolic balance laws and systems of hyperbolic conservation laws.
However, it turns out that the entropy condition (ZI.7]) is not enough to single out a
weak solution for multi-dimensional systems of hyperbolic conservation laws. De Lellis
and Székelyhidi Jr. proved the non-uniqueness of the weak entropy solution for the
compressible Euler equations (2.16]), cf. [35, [36],

pr+V-(pu) =0, (2.16a)
(pu) + V- (pu®u)+ Vp(p) =0, (2.16Db)

where the pressure p is a known function that satisfies p’ > 0, e.g. p(p) = Ap? with a
constant A > 0,y > 1.

Theorem 2.1.11 Let d > 2. Then, for any given function p there exist bounded initial
data (p°,u®) with p° > const. > 0 for which there are infinitely many bounded admissible
solutions (p,u) of (ZI8) with p > const. > 0.

Hence, the well-posedness of multi-dimensional isentropic Euler and shallow water
equations with constant bottom topography is an open problem.

2.2. Standard form of the SWE

In oceanography, meteorology or river flow engineering the SWE

ht—i-V‘(hu):O, m
(hu); + V - (hu @ u) + ghVh = —ghVb, (1D)

describe a thin layer of constant density fluid in hydrostatic balance bounded from below
by a rigid and from above by a free surface, where the horizontal scale is much larger
then the vertical one, say 20 times larger [74]. Here, h denotes the water depth, b the
bottom topography, g &~ 9.81m/s* the gravity constant and u the velocity field averaged
along the vertical axis. For given characteristic scales t,ef, hyef, Lyef, Uref = Lyef/trep We
apply the standard non-dimensionalisation procedure by rewriting the SWE (L)) in the
dimensionless variables

.t . h s b
LA L S F L SR (2.17)
tref href Lref Uref href
This gives us the dimensionless SWE
hy +V - (hu) =0, (2.18a)
1 1 -
(hu); + V- (hu®u) + ?th = —6—2th, (2.18b)
where we dropped the hats in the notation. Here,
E = uref = uref (2].9)

Cref \/ ghref

denotes the Froude number, which rarely exceeds 0.2 [I19]. For large scale phenomena
e ~ 1072 is a typical value, [8 [73, 88, [112]. In the following we will only work with the
dimensionless equations.
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2.3. Zero Froude number limit of the SWE

Let us consider an initial value problem for the SWE (ZI8)) on a domain 2. By varying
the Froude number € > 0 we obtain a family of initial value problems. Let us recall from
Chapter [ that the SWE (ZI8) with constant bottom topography are the isentropic
Euler equations with the pressure-density relation p(p) = p?/2. Then, due to the work of
Klainerman and Majda [62], [63] and Ebin [40], it is well-known that the above mentioned
family of initial value problems posses unique solutions w'®) = (h(s), REuE)T under
suitable assumptions, e.g. the initial data are small perturbations of incompressible
Euler equations initial data. Moreover the series of solutions (w®)). converges in a weak
sense to the solution w(®) of the incompressible Euler equations. In the following of this
section, we will derive the zero Froude number SWE/ lake equations using asymptotic
analysis, where we follow Bresch et al. [21].

Motivated by the results for the isentropic Euler equations we assume that for every
e > 0 there is a unique solution of the SWE (2.18)

w® = w® 4 ew® + 2w 4 O3, (2.20)

that converges to w(® as the Froude number ¢ approaches zero. Further, we assume that
w i =0,1,2, is independent of the Froude number . Plugging the expansion (Z20)
into the SWE (2.I8) and comparing the like powers of the Froude number e, we obtain
first

2 hOV(R© +b) =0, (2.21)
et AOV(AO 15) + nOVAD = 0. (2.22)
We assume that the water depth is always positive, thus h(9 is positive and
V(R +b) =0, ie. HO() := hO(x,t) + b(x) is constant in space. Thus the time
derivative of h(®) is as well constant in space and VA1) = 0. Further, averaging the
continuity equation (2I8al) we get

dh© 1
— =V (M) = — / hOu® . n ds, (2.23)
dt |Q|a§z
dh™M 1
it V- (hWu® 4+ pOuy = Ql /(h(l)u(o) + hOuWy . n ds. (2.24)
2]
Consequently we obtain the zero Froude number SWE/ lake equations
A b =HO®@), (2.25a)
1 dH®O©
V- (hOu0) = / AOu® . nds = — , (2.25Db)
|Q|aQ dt
(FOu), + v - (hOu® @ u?) + nOVr® =0, (2.25¢)
The zero Froude number SWE (228 simplify to
A +b=HO = const., (2.26a)
V- (h9u®) =0, (2.26b)
(h(o)u(o))t + V- (h(o)u(o) ® u(o)) +hOvh?) = 0, (2.26¢)
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if the surface integral in (2.25H) vanishes. For example, [ h®u®.n ds = 0 in the case of
89

periodic boundary conditions - then also h") is constant and u") divergence free. Note
that the zero Froude number SWE (Z26]) are the incompressible Euler equations with
the equation of state p(p) = p?/2, if the bottom topography is constant.

The zero Froude number SWE (2:27) model a balanced flow without gravity waves
and have been described by Greenspan [50]. The initial value problem consists of given
initial values for h(9) u(® as well as the bottom topography b. The evolution of u as well
as the water depth component h®) have to be computed. Levermore et al. [78] showed
that this initial value problem is well-posed.

2.4. Alternative SWE formulation

Typically, solutions of oceanographic or atmospheric flows are small perturbations of
an underlying equilibrium state. If we assume periodic boundary conditions, we can
illustrate this fact by considering the formal single scale expansion (Z20) of the primitive
variables

H(x,t) = h(x,t) + b(x) = (MY +b) + b + 2P (x, 1) + O(£), (2.27a)
u(x,t) = u(x,t) + euV (x,t) + 2u? (x, 1) + O(&?), (2.27Db)
where h(© h® u® are solutions of (ZZ). Hence, the underlying equilibrium state is
the so-called lake at rest state w = (h(?),0)T, where the water level H® = h(®) 4 b is

constant and no motion occurs. Following Giraldo and Restelli [44], we divide the water
depth into a constant water level H® and the free surface elevation z

h(x,t) +b(x) = HO + 2(x,t), z=ech® +2nP(x,1). (2.28)

Here, z = O(e) is a small perturbation of the underlying constant water surface H(©).
Introducing the new bottom topography

b=0b—H® = —pO (2.29)

we rewrite the SWE ([2I8]) using the conservative set of variables (z,m = hu), cf. Fig-
ure [Z1]

2+V-m=0, (2.30a)

mQ®m z—2b
. 1
m; +V (z—b Tt 2e2 )

z
=-5Vb (2.30b)

System (Z30) was first introduced in literature by Rogers et al [I0T], [102]. It was also
used in [44) [72, [79, 80]. However there is a slight difference: our bottom topography has
the opposite sign.

Remark 2.4.1 The information about the constant H®) is necessary to define the free
surface elevation z. Although, it is typically unknown. We can estimate it up to O(g).
This can be done for example by setting H®) to be the average water level or the mazimum
or minimum water level.
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original variables new variables

—h+b

H® <0

Figure 2.1.: Shallow water equations variables.

Remark 2.4.2 For low Froude numbers, we expect water depth fluctuations of the order
O(e?) in space. For very small Froude numbers, e.g. € = 1077, the alternative formula-
tion (Z230) should experience a better behaviour then the standard one (Z18) with regard
to round off and cancellation errors, cf. [107)].
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2.5. Zero Froude number limit of the alternative SWE
formulation

We repeat the asymptotic analysis approach from Section to derive the zero Froude
number equations of the alternative shallow water formulation ([Z30). To this end, we
plug in the formal expansion (Z20) into the alternative SWE (230) and compare the
like orders of e:

e (29 -V =, (2.31a)
et (29— v 4 WvO0 =, (2.31b)
£ 294 v.m©® =0, (2.31c)
(0) (0)
m v M P —— +((z=h)Va)® =0. (2.31d)
S(0) —

We assume the water depth to be positive, i.e. 2 —b > 0. Thus, it follows from ([Z31al),

2.310)
RO (x,t) + b(x) = 2O(x,t) = 20(t), 2W(x,t) =2 (). (2.32)

We average the continuity equation (230al) over the domain 2 and obtain by the Gauss
theorem

1
e — / m® . n ds. (2.33)
2]

For certain boundary conditions, e.g. periodic or no-slip boundary conditions, the surface
integral in (2:33)) vanishes and we obtain the alternative zero Froude number SWE

20 — const., (2.34a)
(0) (0)

mEO) +V- m(o;ébn’ll) + (29 —p) V2@ = 0. (2.34c)
~(0) _

Then we also have z(!) = const. and V- m® = 0.

2.6. Splitting of the alternative SWE formulation

In the introduction, we have pointed out that one may experience difficulties solving low
Froude/ Mach number problems with standard compressible solvers. This may be the
high computational costs and dissipative results due to the severe time step-restriction
(L2). Also slower convergence rates or even the breakdown of numerical solution may
occur. Following Giraldo and Restelli |44, 45, 98, Q9] we split the alternative SWE (230)
into a hyperbolic, stiff, linear part that governs the fast waves and a non-stiff one. Using
a semi-implicit time discretisation we can treat the stiff part in an implicit way, whereas
the non-stiff one is treated explicitly. Consequently, the fast waves do not affect the
CFL-stability condition. The purpose of this section is to present the splitting.
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The linear subsystem of the alternative SWE (Z30) reads
2+ V- -m=0, (2.35a)

1 1
Note that (230) are the equations of linear acoustics with velocity v/—b/e, if the bottom
topography b is constant. Further,

2z =0 (2.36a)
2

m & m z
. Z 11 = 2.

is the corresponding nonlinear subsystem of the alternative SWE (Z:30). Both subsystems
can be written in the form of hyperbolic balance laws in divergence form

w,+ V- Fr(w)=K(w), w;+V-Fyr(w)=0, (2.37a)
m 0
Fr(w) = [ b ] , Fo(w) = m@m’ 22 ; (2.37b)
=t oy ool
0
K(w)=| =2Vb |. (2.37¢c)
22

This splitting is crucial for the schemes that are presented in this thesis. First of all, it
is suitable from the viewpoint of the eigenstructure in the following way: The eigenvalues
of the matrix pencil corresponding to the linear flux F, are of order O(1/e), whereas the
eigenvalues corresponding to the nonlinear system are only of order O(1) - see Section
27 Thus, the linear part is stiff and the nonlinear one is non-stiff. Let us remark, that
the Froude number to the power two appears in a denominator in the nonlinear flux but
there is no influence on the matrix pencil eigenvalues. Second, the linear part covers the
constraints (2:34al), ([2.34D)) in the low Froude number limit. Therefore, we will be able
to show that the IMEX schemes developed in Chapters [, [6] are asymptotic preserving,
see Chapters [, [7

2.7. Eigenstructure of the governing equations

We have introduced the governing equations and presented the behaviour of the stan-
dard and alternative SWE (ZI8)), (Z30) in the low Froude number limit by considering
asymptotic expansions. In this section, we will analyse the eigenstructure of the govern-
ing equations. This is necessary for several reasons:

e prove that the governing equations are hyperbolic
e the eigenstructure is needed to derive the evolution Galerkin operator

e the linear subsystem (Z:37]) must have eigenvalues that are O(1/¢) for e — 0
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e the nonlinear subsystem (Z30]) must have eigenvalues that are O(1) for ¢ — 0

e the spectral radius of the matrix pencil is the maximum propagation speed of
information in a system, thus the eigenstructure of the nonlinear system (Z30])
gives us the necessary time restriction, i.e. CFL-condition

This section is divided in four parts, where each part presents the eigenstructure of a
governing equation.

2.7.1. Shallow water equations

The SWE ([ZIX) written in conservative variables w = (h, hu)” read
w+V-F(w)=K (2.38)

with

—c2Vb

hu
F(w) = |, K 0 | .= Vh (2.39)

in divergence form. We can rewrite the SWE into quasilinear form

d
w; + Z Aiw,, = K, (2.40a)
i=1
0 el .

If d = 2 we obtain the SWE by averaging of the three-dimensional Euler equations.
However, we can formally generalise our system to any space dimension d > 2. The
eigenvalues of the matrix pencil

d T
0 n
P 3:;141‘7%‘ = l “(u-mu+tn u-n’+(u-n)l ] ,mll =1, (2.41)
are
Al=u-n—c¢, M=..=)N=u-n, Myi=u-n+eg, (2.42)

if the spatial dimension d > 2. It is easy to verify that the corresponding right and left
eigenvectors are

1 1 2 _ 0 d __ 0 d+1 _ 1
r = [ u—en | Tl o = | T = (2.43a)
1 u-n+ec —u-t! —u - td!
1} = % l . ] , 1? = [ i1 ] - 194 = [ fd—1 ) (2.43Db)
ld+1 o i —u-n+c
2 n '

Here, {t!,...,t?!} is an orthonormal basis of the tangential space to n. In the 1D case,
n = 1 and the eigenvalues are u 4 ¢ with corresponding eigenvectors r* = (1,u — ¢)7,
r’=(Lu+co)l, ' = (u+c,—1)T/(2c), 12 = (—(u—c),1)T /(2¢). Since c is non-zero, the
eigenvectors (r’); create a basis. Therefore, the matrix pencil P is diagonalisable and the
SWE (ZI8)) are diagonally hyperbolic.
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2.7.2. Alternative form of the shallow water equations
For the alternative SWE (Z.30)

w,+ V- F(w)=K(w) (2.44)
with
m 0
F(w)=| m@m? 2—=20, |, K(w)= [ 2Vb ] , (2.45)
+z 1 ——
z—0b 2e2 g2
the quasilinear form reads
d
we+ > Awy,, = 0. (2.46)
i=1

Here, A; are the Jacobians given in (Z40al). Since the A; are the same as in the previ-
ous section, the matrix P is also the same - as the eigenvalues and their eigenvectors.
Consequently, the alternative SWE (Z30) are diagonally hyperbolic.

2.7.3. Linear subsystem of the alternative shallow water equations
The linear subsystem of the alternative SWE (Z233) reads in conservative variables

w = (z,m)’

d
we+ > Awy, =0, (2.47)

=1

T —
Ai:[ 0 ei], Cb:\/gb‘

(2.48)

2

Note that the Jacobians in (Z48) can be obtained by setting the advection velocity u to
zero and ¢ = ¢, in (2.40D). Thus eigenvalues of the matrix pencil

d 0 =n'
P .= ;Am@ = [ n 0 ] . |mf =1, (2.49)
are
M=—0, d=..=X=0, Ngi1=0p, (2.50)
if the spatial dimension d > 2. The corresponding right and left eigenvectors are
1 0 0 1
r'=| ¢ |, = [tl ] T [td_l 1 ;o= ¢ |, (2.51a)
—n n
11:;[_0’;11, 12:“)1], 1d:[td0_11, ld“:;[if]. (2.51b)

Here, {t!,...,t4"1} is an orthogonal basis of the tangential space to n. In the 1D case,
n = 1 and the eigenvalues are +c, with corresponding eigenvectors r' = (1/¢,, —1)7,
r2 = (1/cy, DT, 11 = (¢, —1)7/2, 12 = (¢, 1)T /2. Also the right eigenvectors (r?); are
linearly independent. Therefore, the matrix pencil P is diagonalisable. Hence, the linear
system (230 is diagonally hyperbolic.
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2.7.4. Nonlinear subsystem of the alternative shallow water
equations

The nonlinear subsystem of the SWE (Z38]) reads in conservative variables w = (z, m)”

d
we+ > Ayw,, =0, (2.52a)
i=1
0 0
A=  m mt Ze me! LMy ] (2.52b)
(z — b)? e2"' z2—-b z-1b
The eigenvalues of the matrix pencil
d 0 0
P:=> Amn; = m-n z m-n? m-n , |nf| =1, (2.53)
; — — 1
=1 (z—b)2m+52n z—0b +z—b
are m-n m-n
M=0, M=.=N=——F, Agy1=2 2.54
1 ;A2 4= T A PR (2.54)

if the spatial dimension d > 2. It is easy to verify that the corresponding right eigenvec-
tors are

1 2(? n)2 , [0
e [ (u'n)Qu_g[Q(u'n)n—u] ] , IT= [tl ], ey (2.55a)

0 0
2] -[2]

Here, {t!,...,t4"1} is an orthonormal basis of the tangential space to n. If and only if
m - n # 0, the eigenvectors (r?); are linearly independent. Then, the corresponding left
eigenvectors are

2th-u
€ B . 2
1=_% _ p_| (sun 2.55b
2(11'11)2’ tl tl'u ) ) ( )
— n
u-n
14 — (eu-n)? 19+t — | 2 |(eu-n)?
td—l ‘u ’ n 3.
td—l _ n N
u-n u-n

If m-n = 0, the velocity vector u lies in the tangential plane to n and the right
eigenvectors (r'); are linearly dependent. In the 1D case, n = 1 and the eigenvalues are
0,2u with corresponding eigenvectors r' = (2u,u® — 2u/e?)T, r? = ue,, I' = e;/(2u?),
1> = ((z/(ew)® — 1)/2,1/u)”. The nonlinear subsystem (Z38]) is hyperbolic.
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3. Evolution operators

Over the last 14 years the finite volume evolution Galerkin (FVEG) schemes have been
developed to approximate hyperbolic balance laws. They have been studied extensively
by Lukacova, Noelle, Arun and collaborators, where the FVEG methods have been
applied to approximate solutions of wave equation [81], 82 [83], Euler equations [3] 83,
84, [86], shallow water equations [15], 16}, 53], 83, [85]. We point out the recent paper [121],
where a discontinuous Galerkin scheme combined with evolution operators is applied to
meteorological problems using non-hydrostatic Euler equations. The derivation of the
corresponding exact and approximate evolution operators with locally frozen Jacobians
is presented in the appendix [Al The numerical results indicate that multidimensional
flow phenomena are approximated in an accurate and stable way, see the review paper
[83] and the references therein for more details. The main idea of a FVEG scheme
is to predict cell interface values with an evolution operator, also called EG operator,
and to use the values to evaluate the flux integrals by means of numerical quadrature.
Approximate evolution operators are main building blocks of a FVEG scheme.

The aim of this chapter is to derive exact and approximate evolution operators for
the alternative SWE (2Z30) for spatial dimensions d > 2. Required properties for the
derivation are presented in Section Bl In Section we present the general approach
of deriving an exact evolution operator for a hyperbolic balance law. In Section we
apply the previously introduced approach to the alternative SWE ([230). In order to
evaluate the exact evolution operator we have to approximate it. This is done in Section
3.4l The so-called local evolution operator is derived in Section

3.1. Spherical coordinates

In the following section we will present a procedure to represent evolution operators for
quasi-linear hyperbolic systems, where normal and tangential vectors on the unit sphere
and their properties are excessively used. Therefore, in this section we recall some stan-
dard calculus, introduce notation and provide required properties to derive exact and
approximate evolution operators.

Let us first recall the parametrisation of the unit (d — 1)-sphere St for d > 1, that
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we will refer to as ”sphere” for the sake of brevity. We use the spherical coordinates

sin(¢y) - ... - sin(¢g_1) kq_1sin(¢g_1) |
sin(¢y) - ... - sin(¢g—2) - cos(pg_1) kq—1 cos(da—1)

() = 0l ryr) = | SO sl | e eon(0ec)

éin(¢1) - cos(¢p2) }€2 cos(

b2)
| cos(¢1) i | k1cos(¢n) i
(3.1)
with
kj = ki(¢1, ..., 0j-1) = l_lsmgbZ sgn(k;) j;l (3.2)

The last equality in (8:2)) can be obtained by a straightforward computation. The domain
of definition of the mapping n is

(3.3a)

0,742 x [0,27) ifd >3
~1[0,27) if d=2.

Due to the periodicity of sine and cosine functions the intervals of the set O can be
shifted by multiples of 7, e.g. the set

[—7,0] x [0,7]93 x [0,27) ifd >3
O = [-m,0] x [0,27) ifd=3 (3.3b)
[—m, ) if d =2
is a domain of definition, too. Note that shifting a sine or cosine function by +7 is the
same as to multiply it by —1. Thus, the mapping n : O — S9! is the point reflection of
the mapping n : O — S9-1,
In the following we will integrate the components of n(¢) over the sphere to obtain
the exact evolution operator of the linear part of the SWE (2.35). One finds

/dedl /f $))[ds"~'|(@) d¢ (3.4
where the surface element reads
a5t t = a5 (@)io = (TL k) o = (T st o) as. (9
i=1
Here, the representation of the surface element d.S in ([3.3) can be computed by induction

over the spatial dimension d. If f is a polynomial, we can simplify calculations with the
following lemma that describes the L2-orthogonality property of the normal components:

Lemma 3.1.1 The components of the spheric coordinates n(¢) are L?-orthogonal, i.e.

/ ziz; dS4! = /ni(qb)nj(qb) dS4Y (@) dp =0, 1<i<j<d  (3.6)

Sd—1 O

29



Proof: We obtain
/ Tl dsdil = — / T deil (37)

Sd—1 Sd—1

using in addition another suitable parametrisation of the sphere. Thus the integral is
Zero. U

Definition 3.1.2 We define the squared L?-norm of the normal components as N3, i.e.

N = [ 2t astt = [ni(g)ds i (@) do (3.8)
(@)

Sd—1

for i =1,...d. Note that N3 is well-defined due to the symmetry of the sphere. One
finds

4 2

—, Ni=—. 3.9

3 ? 4 2 ( )
Let n(¢) be a point on the sphere. The outer unit normal to n(¢) is n(¢) itself. An

orthogonal basis of the corresponding tangential space can be obtained by differentiation

of n(¢) with respect to the parameters ¢y, ..., 4_1. In this way we obtain the following

orthonormal basis of the tangential space

1 dn {COS(%)H(@H,.-.,%Q

tj(¢) = tj(¢j7 ey Pd—1) = kf% = —Sig(%) ] , Jg=1..,d—1.

N}=m, Ni=

(3.10)
Here, we use formally that k; and n map the empty set onto the number 1.

Example 3.1.3 For d =2 and d = 3 we have the following orthonormal basis of RY

i=2. n<¢>:[sm¢], t<¢>=[ 059 ] (311a)

cos ¢ —sin ¢

sin ¢y sin ¢y COS ¢ sin ¢ COS (9
d=3: n(¢)= [ sin ¢y cos ¢ ] . ti(o) = { COS (b1 COS (9 ] . ti(o) = { — Sin ¢ ] .
cos ¢y —sin ¢, 0
(3.11b)
Lemma 3.1.4 Ford > 2 we have
s 4 L@ _ () 1)jasi)(gn(g). (3.12)

j=1 d¢j kj

Proof: Without loss of generality we assume ¢ € O and proof the lemma by induction
with respect to the spatial dimension d. First, note that the surface element dS9-! > 0
on O, d > 2. Thus we can neglect the absolute value. The first induction step is done

for d =2
— 25 (€(0)1d5"1(9)) = n(@)las*|(9) (3.13)
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and is obviously true. Let us assume that the statement holds for a fixed d > 2. Then
we have to show that

L d t(¢)|dS"|(9)

_ d
s ks = d [dS°|(¢)n(9). (3.14)
We split the sum in two parts
L d t(¢))dSY(¢) _ d d L d t/()|dS|(¢)
X & i (t(¢)lds"l(e)) X o B
The first part satisfies
d Ccos ¢

(t'(#)[dS*|(#)) = n(e)|dS"|(¢) — t' (¢)(d — 1)|dS"|(¢) (3.16)

doy sin ¢y
due to () and ([BI0), whereas the second part can be rewritten in the following way

d d t]( )|d8d|( d d COS(ij)n(q.Zﬁj_,_l, ...,gbd) d
k. - j : k; 3.17
=10 £ Z:: 40; 0 .s11r;¢1 z‘g?fj 4

d COS(¢j)n(¢j+1a '--7¢d) d i-1

= —sin( gzﬁld 22 —sin ¢; . H Hsingbl
5 do; 0-1; 4 i=2,i£] 1=2

= sin(1)*2(d — D]dS* (G, 6a) [ {02 o ) ]

_ (A= 1)|ds’|(#) [ n(6s, .. ) 1 |

N sin(¢y) 0

Here, we first plugged in (32)) and (BI0) and then pulled the terms depending on ¢; in
front of the sum. Thus, we find ourselves in the situation of the spatial dimension d — 1
with the angles ¢s, ..., ¢4_1 and can apply the induction hypothesis.

Putting together (B.I5)-(BI1) we obtain
L d t(¢)|dS(¢)

Z a6  —M0)ase) (3.18)
+a- st { [ M ] - v

Hence, we show that the bracket on the right-hand side equals n(¢) to prove the lemma.
Plugging in (BI0) we obtain

1 (g, ..., ¢q) cos ¢1
sin ¢y [ 0 ] ~ (@) sin ¢y (3.19)
1 n(py, ..., 0a) | | cos(¢i)n(ga, ..., Pa) | COS P
 singy 0 — sin ¢y sin ¢,
=n(e).
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Remark 3.1.5 If ki(¢p) =0, then kj(¢p) =0 for all j > i. If additionally the index i is
minimal with that property, i.e. k;_1(¢) # 0, then

1. ¢i-1 € {0, 7}

2. the normal vector is

0
n(¢) = j:ki_l N ki_l o8 gbi_l = n<¢17 ) ¢i717 07 ES) O) (320)

ki_2 cos ¢;_o

}{?2 cos(¢s)
| k1 cos(¢1)

3. the vectors
7 (P) = eqip1coshi 1 = Feqip1, V() =es;, j=i,...d—1, (321)

are tangential vectors, where ¢ = (¢, ..., pg—1) = (1, ..., i-1,0,...,0). Thus, we
have

(€1, e_in1) = (tH(), ...t () (3.22)

In the 3D case ko(@) is zero, if and only if n(¢p) is the north or south pole of the sphere.
Then, the tangential plane is the (x,y)-plane with an orthonormal basis {+es, e;}.

For a quasi-linear hyperbolic partial differential equation with spatial dependent Ja-
cobians, the outer unit normal of a wave front, cf. Section or [29, for details, is a
non-trivial continuously differentiable curve n(¢(t)) on the sphere, that is given by the
ordinary differential equation

d
R L0) (323)

see [96]. Here, the mapping ¢ : R — R?"! is not unique due to the periodicity of sine
and cosine functions; and also due to Remark B.I.5l Moreover, ¢ may be discontinuous.
Without loss of generality we assume that ¢ : R — O. Since n : O\0O — n(O\00) is a
diffeomorphism and n(¢) is continuously differentiable, the mapping ¢ is continuously
differentiable on ¢~ '(O \ 90). Hence, we have

_d C Sdndy;, L dey
Y= %n(qb(t)) = Qo dt > kit il (3.24)

i=1 i=1

for all t € ¢~ (O \ 00).
In [3, 5], where spatial dependent Jacobians and the spatial dimension d = 2 were
concerned, the following ODE system for the angle ¢ = ¢, is used

dpy
=t (3.25)
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This is obtained by multiplying ([B:24) with the tangential vector t'. In the case d > 2
multiplying (324]) with the tangential vector t/, j = 1,...,d — 1, gives us the following
ODE system

d¢;

S

dt
for the angles ¢; € O\ 00 , j = 1,...,d — 1. But we are going to use the the ordinary
differential equations (B:24)) instead.

= ap -t/ (3.26)

3.2. Evolution operator for a quasi-linear hyperbolic
system

Consider a diagonally hyperbolic balance law of the quasi-linear form

d
wi+ Y Ai(w,x, t)w,, = Q(w) eR?, xeRY >0, (3.27)

=1

with the corresponding matrix pencil
d
P=> An; |n=1 (3.28)
i=1

Let Ai, ..., A\, be the eigenvalues of the matrix pencil P with the corresponding linear
independent right and left eigenvectors r', ...,x?, I', ..., 17, so that 1" - v/ = §;;.

Applying the classic theory of hyperbolic partial differential equations |29, 96] it is
known, that time evolution happens along the characteristic conoids (or surfaces) in
space-time. For a point P = (xp,t"™!) in space-time, the domain of dependence is
the union of p conoid mantles, not necessarily pairwise different, with the apex P. A
characteristic conoid is generated by a (d—1)-parameter family of bicharacteristic curves.
The i-th family is generated by solutions of

dz’ : . -~ dnj(@") : d DA DA : :
_—J g ay = i J = —(I* T _ L— v —. 4
o (1) Ajr* =0 x5, o (I k?ll nEng | Mg o, n; o r' =1

(3.29)
and initial values x'(t"*1) = xp,n(¢'(t""")) = n(w) € S fori =1,...p, j = 1,...,d,
cf. [96, 97]. Here, x' = x*(t) denotes the projection onto space of a bicharacteristic curve
lying onto the i-th characteristic conoid - the so-called rays. Further, n(¢'(t)) € S% ! is
the outer normal vector of the wave frontl] corresponding to the i-th conoid at time .
In the following of this section, we will develop an exact representation of the solution
of system (B.27), that is based on rewriting the system in characteristic variables.
Let .
R= [rl rp} ., R'= [11 11’] , (3.30)

be the matrices consisting of left and right eigenvectors and diagonalising the matrix
pencil. Then,
v=R'w (3.31)

LA wave front of a characteristic conoid consists of the points x, so that (x(t*),¢*) lies on the charac-
teristic conoid at a fixed time ¢*.
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are the characteristic variables. We plug in w = Rv in system ([B.27)). First, we differen-
tiate by means of the product rule. Then, we multiply the equation with the matrix R~
from the left. This leads us to the system (B27) rewritten in characteristic variables

v + zd: Biv,, = R [Q — (Rt + zd:A,-in> V] , (3.32)

i=1 i=1

where

B;=R1'AR, i=1,..4d. (3.33)
Denoting the diagonal of B; by D; for ¢ = 1, ..., p, we can quasi-diagonalise the system

(332) and obtain
d
vi+ > Div, =F+5, (3.34)

i=1
with

d d

i=1 i=1
Here, (D;); = X; is the j-th component of the ray wvelocity corresponding to the i-th

eigenvalue );. Therefore, the p transport equations of the left-hand side of (334]) are
derivatives along bicharacteristics. More precisely, we have

dv. (x9 d .
U]d(tX) = (vt +2Divxi> (x), j=1,..,p (3.36)
J

i=1

Integrating (3:34)) along the bicharacteristic curves (x?(t;w),t) B29), j = 1, ..., p, from
t" to t"* and applying (B.36]) we obtain

tn+1

v;(P) = vj(x! (1" w), t") + / (F+9) (X (t;w),t) dt, j=1,...p. (3.37)

tTL

We multiply ([B37) with the right-eigenvectors matrix R from the left to switch back to
the conservative variables

tn+1

W(P) = R(xp,w)¥"*! = R(xp,w)¥" + / R(F + §)(1) dt, (3.38)

tn

where the tilde denotes that the i-th component is considered along the i-th bicharac-
teristic. However, only one bicharacteristic is taken into account explicitly in (B38),
namely the one determined by the condition n(¢(¢"™)) = n(w). We average along all
possible normal directions n(w) with w € O, so that all infinitely many directions of
information propagation are explicitly taken into account. Thus we obtain the genuine
multidimensional representation

tn+1

1 ~n n R d—1
w(P) = [ O/ R(xp,w)¥" + / R(xp,w)(F + §)(1) dt b |45 |(w) dw. (3.39)

tn
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Remark 3.2.1 Usually the Jacobians of system (FZ27) are locally frozen, when evolu-
tion operators are derived for practical application in the literature. To the authors best
knowledge there are only two publications [3, [15], where spatially varying fluxes are con-
sidered without a local linearisation of the PDE.

The evolution operator development simplifies for linear systems in the following way:
The Jacobians and the eigenvectors of the matriz pencil are constant. Hence, the ODE
system ([(3Z9) that determines the bicharacteristic curves simplifies, since ¢' = w is con-
stant fori=1,....p. Moreover, the term denoted by F in [3:33) simplifies to F = R71Q.
The evolution operators and the corresponding FVEG schemes with local linearisation
and no linearisation have been compared in [3] without observing significant differences.

3.3. Exact evolution operator for the linear subsystem of
the alternative SWE

Let us recall a quasi-linear form of the linear subsystem for the alternative SWE (Z30)

d
Wy + Z Azwxl =0, Gm)

i=1

) AL 7] B e

m cie; £

where we assume the bottom topography b to be smooth. Our goal is to obtain the
evolution operator ([B:39) for the linear part (2:47), (2-48)) following the procedure from
the previous section. The first step is to obtain the quasi-diagonalised form

d
Vi+ Y Divy, =F+S8, B37)

i=1

with £, S from (3358). From the eigenstructure that has been provided in Section 27 we
get the matrices consisting of right- and left-eigenvectors

- T -

>
1 0 (tl)T
— 0 .. 0 — 1 . .
R= Ch o |, R = : : : (3.40)
—n t' ...t n 0 (¢t
Cp n”
L 2 2 |

Further, we compute the characteristic variables

Cpz — 11 -1
2m - t!

: (3.41)

2m - t4!

bz +Im-n
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and

[ tl -t ]
—n; J 0
My 2
tt0 ... 0 !
B;=R'AR=¢| : : o, di=1,...d. (3.42)
t=t 0 0 &t
tl 4t
0 = : ;
i 2 g M

Due to (B34), we get

[t Vg + ...+t Vo, |
2t V(cp2)
§=-2 : , (3.43)
2
26971 - V(ep2)
|t Vo +t . Vo, ]
[ Ve, ] d dt/
2 1, £  —
Vey - t! ST 1 dt
F =zq : — (m-n) : —> (m-t/) : . (3.44)
Vlcb ! gd-1. dén = gd-1. at?
3Ve-n | dt dt
L 0 i 1. dn
e
L dt |

Next, we calculate the bicharacteristic curves using (3.29). Thus, we have x = (B;):.
The right-hand side of the ODEs for the normal direction is

P'=Ve,—(n-Ve)n, ¥’ =..=9"=0, ¥ =—-(Ve,—(n-Ve)n) (3.45)

by ([B29). Therefore, the ODE systems for the p families of bicharacteristic curves read

dx! N dx? dx? dx4t1 J

ar ~ ebom dt a =0 g el (3.46)
dn! dn? d d d d+1

d—r; = Ve, — (n' - Vey)n'!, d—rz = .= d—j =0, I;t = (Ve — (n*. Vcb)nd+1),
where n’ := n(¢') for i = 1,...,d + 1. Note that if ¢, is smooth, there exist a unique

solution of ([B:46]) due to the Picard-Lindel6f theorem.
The next step is to compute the exact evolution operator

tn+1

w(P)zlsdlllo/ R(Xp,w){f”+t[ R(xp,w)(F + 3)(t) dt $ |d59Y|(w) dw. B3R
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Here, the integrals along all bicharacteristics appear. Due to the symmetry of the first
and last bicharacteristic in (8.40]), we can rewrite the integrals along the last bicharacter-
istic in ones along the first one, which simplifies the representation and saves computation
time of discrete approximations.

Lemma 3.3.1 Let x'(t;w), @' (t;w), i = 1,...,d+ 1, be the solutions of the ODE system
(340) with initial values xp € R? and n(w) € ST ! e; = (1,0...,0)7 € R¥. Then we
have

x'(t;w + mey) = x4 w), n(¢'(t;w + mep)) = —n(p™(t;w)), (3.47a)
xM (tw +me) = x! (t; w), n(¢™ (t;w + mey)) = —n(P'(t;w)), (3.47b)
XX(thw)=..=xUt;w) =xp, n(P*(t;w)) =..=n(¢t;w)) =n(w). (3.47¢)

Proof: We obtain (3.470) by replacing w with w + 7e; in (B47al).

The statement ([347d) is obviously true due to the corresponding ODEs ([3.40]). Thus,
it suffices to prove (B47a). To this end, we show that x'(t;w), —n(¢**'(t;w)) is a
solution of the differential equations ([B40) for x!(t;w + 7ei),n(¢p'(t;w + mey)). The
initial values are identical. Further we have

d

g e) = al (e (5 w) (3.48)
=~ (0)n(6 (1) + 7e),
- (e (w)) = (Va) (' 1) (3.48b)

—n(¢™ (Hw) (¢ (tw)) - (Ve (xT (B w)),

due to the ODE system (B:40) for the (d + 1)-st bicharacteristic. Here, we obtain (B.48])
using that sin(¢ + 7) = —sin(¢),cos(¢ + m) = —cos(¢) and that in each line of the
parametrization n(¢) either there is exactly one sine- or cosine function of the variable
¢1. Therefore shifting w; by 7 equals multiplication with —1. O]

Corollary 3.3.2 The integrals along the last bicharacteristic can be rewritten as integrals
along the first one via

[ 1ot ) T 960" (tw))dS™ () dw (3.49)
o k=1
!
= (-1 [ fx ) T or(6 (1 )lds" (@) o
5 k=1
where g, k = 1,...,1, are components of the normal vector n or its derivatives with

respect to ¢;, i.e. dn/do; = kit', i=1,....d — 1.

Proof: Note that gi(¢1, ..., pa—1) = —gr(P1 + 7, b2, ooy pa—1), k = 1,...;,d — 1. Thus, the
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substitution w = w + we; and application of Lemma B.3.7] yield

/ Fct# (t:00) T 906 (t500)) 145" @) o (3.50)

k=1

!
:/f(xd+1(t;w+7re1 H Tt w + me))|dSTHw + Tey)| dw

- (-1 o) TLok(@ (:0)ds* ) deo

= (-1 Yt w)) 1:[ @' (t;w))|dSH(w) dw

o\ ox\

Here, the last equation follows since O and O are different definition domains of parametri-

sation (B.1I), see (B.3). O

Let us split the evolution operator ([B.38) in two parts - integral of RV(t") and of
R(F + S). We start with Rv(t"). Here, we apply the Corollary and then the
Lemma BTt

L xp; W)V [dS4 ! (w) dw
|Sd_1|O/R( pyw)V(t")[dS" |(w) d (3.51)

1

. |53—1| s =] . o Jlast ) o

‘Sd i) [me,t” (m(xop,t”) n(w))n(w )]

1454 (w) dew

1

[z — m - 1 >]<x,t">[ n’;wﬂidsd (e >dw+(l—|s]dvle|)[m<x?a,t”>]

with x = x!(t"; w), ¢ = ¢'(t";w) and N3 according to [BH).

Now, let us compute the integral over R(F +S). The time derivatives of the tangents
t ,...,td I and the outer normal n in ([B:44) vanish along the middle bicharacteristics,
since ¢* = ..., ¢ = w remain constant. Further, we plug the time derivatives of the
outer normal vector along the first and last bicharacteristic from ([346) into £, .S, (3:43),

(B:44), to obtain

0\

|Sd 1

[ () Ve (x) ] [ ti(¢)) - V(e(x))ti(¢)) - m(x)))
—c*(xp)t!(w) - Va(xp) = 0
F+S = : —5 Z :
d_102<>§P1)td_1(w) -Vz(xp) j=1 0 |
| n (™) - Vo (x| [ E(¢") - V(a(x (¢ - m(xt))
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After some tedious calculations we have

|Sdl_1| / /R(Xp,w)(ﬁ’—l— g)(t;w)|de’1|(w) dw dt (3.53a)
in O

tn+1

2 Ni 0
— ¢y(xp) (1— ‘Sd_1‘> t[ [ (V) cp 1 1 dt

with

F(x,8) = e,(x)=(x,)n($) - Vau(x) + /() - V [a(x)t7 () -m(x,1)]  (3.53D)

j=1

and x = x'(t,w), ¢ = ¢'(t;w). Here, we used Corollary 332 to rewrite the last
family of bicharacteristics into the first one. The surface integrals along the middle
bicharacteristics are executed, since the angles ¢'(t;w) = w, i = 2,...,d, are constant in

time. Combining (351]), (3:53) we obtain

w 2; cpz —m-n(op")] (x", " r:blxm] d—1
(P) = g [ o @l | w0 s e a @

ni{w

1
tm 1

‘WLJJf“@“[ﬁ%h“““)
Nj
)

with f(x, ¢) from (Imq)land x" = x' (1" w),x =x'(t;w), " = ¢' (1" W), P = P (t;w).
In order to rewrite [f (Vz)(xp,t) dt we further integrate the momentum equation
(2.35D)) from ¢" to t"*! along the second bicharacteristic, which gives us

0
tn+1

m(xp,t") —c [ (Vz)(xp,t) dt
tn

tn+1

m(P) = m(xp, ") — / (V2)(xp, 1) dt. (3.55)

tn
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Plugging (B:59) in (354 we obtain the so-called exact evolution operator

1 n n o 4n d—1
cp(xp)z(P) = |Sd1|o/ [cpz —m - n(@")] (x",t")[dS*|(w) dw (3.56a)
TS B
_‘Sdl‘o/ t[ F(x, 1, @) dt|dS*|(w) dw,
1 n n jn —1
m;(P) = —NC%O/ [cpz — m - n(p™)] (X", ") (w)]dS* ™ |(w) dw (3.56b)

n ]\1[2/ / F(x,, @)ni(w) dit]dS|(w) duw,
a5 in
d—1
f(x,t,¢) = {cbzn(qb) -Vep + Z t/ () - V(cpt! () - m)] (x,1)

where x" = x'(t"; w),x = x!(t;w), ¢" = ¢' (1";w), ¢ = ¢' (t;w). For d = 2 and

o) = | o) | e =| o)), (357)

(B50) equals our result from [I5]

2

1
a(xp)2(P) = 5 / [eyz — My cos ¢ — ma sin ¢"] (x, ) dw (3.582)
0
1 2m ¢l
— %/ / [cszg [co] + Dy [macy]sin ¢ — Dy [macy] cos gb} (x,t) dt dw,
0 in
1 27
my(P) = —— / [cpz — my cos ¢ — mgsin @] (X", ") cosw dw (3.58b)
7r
0

2m ¢t

1
+— / / {csz;; [co] + Dy [macy] sin ¢ — D [macy] cos gb} (x,t) cosw dt dw,
77
0 i

2m
1
mo(P) = —— / [cpz — my cos @ — mygsin ¢"] (X", ") sinw dw (3.58¢)
T
0
1 27 ¢t
+ 7/ / [csz;{ [co] + Dy [macy] sin ¢ — D [macy] cos (ﬂ (x,t)sinw dt dw,
T
0 i

where x" = x! (t";w), x = x' (t;w), ¢" = ¢*(t";w), ¢ = ¢'(t; w) and
Dg[f] =n-Vf, Djlf]=-t-Vf (3.59)

denote normal and tangential derivatives.
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3.4. Approximate evolution operator for the linear
subsystem of the alternative SWE

In the previous section we have derived the exact evolution operator (3.56) for the linear
subsystem of the alternative SWE. However, we are not able to evaluate any of the
appearing integrals for two reasons: first, we do not have an analytical solution for the
curves x', ¢'. Second, we can not calculate the time integral, since the representation is
implicit in time and the solution w is unknown for ¢t > ¢".

We apply the explicit rectangle rule to approximate the time integrals and solve the
ODE systems (8.46) numerically. Thus it suffices to approximate x'(t; w), @' (t;w) up to
O(At?)-terms. Let ¢ € [t",t"T!), then we have

x!(tw) = x (" w) — / = (riw) dr (3.60a)
= xp + a(xp)n(w) (" —t) + O(AL?) = x(t;w) + O(A?),

n(¢'(f;w)) = n(¢' (1" w)) - / dn(?rm)

=n(w) — {(Vey)(xp) — n(w) (w) - (Vey) (xp) (" — 1) + O(AL)

(1;w) dr (3.60b)

= n(w) — 21:]’(@;) t(w) - (Ve (xp)| (171 = 1) + O(A#),
cp(x (t;w)) = cp(xp) + (" —t)ep(xp)n(w) - Veo(xp) + O(AL?). (3.60c)

Plugging ([3.60) into the exact evolution operator ([B.56) and dropping O(At?) terms, we
obtain the approximate evolution operator

1 n d—1
(cp2)(P) =~ |Sd—1|o/ [p(xp)z — m - n(w)] (x,t")|dS|(w) dw (3.61a)

Tl [Cb(XP) >t (w) V(t (w)- m)] (x,£")]dS"|(w) dw
O

1
Ni

+At/
AT2

where x = x(t"; w).

The appearance of derivatives of w is not very suitable for the first order schemes.
To this end we are going to rewrite the approximate evolution operator (B.61l) without
derivatives of w using the integration by parts.

m;(P) =~ / [co(xp)z — m - n(w)] (x, t")n;(w)|dS* ™ (w) dw (3.61Db)

o

euocr) 3 (e) - V() m)] (5, ), ()| dS" | (w) deo,
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Lemma 3.4.1 Let f € CY(R?), p € CYRI™Y) and x(t;w) be the approzimation (I60d)
to the first bicharacteristic x'(t;w). Then we have

B
) (x(t) doy = plo) ()], oy + ) [l ]yey (362

B
(" = M)y (xp k(@) [ @) (@) - (VF)(x(t:w)) d

forj=1,..d—1and a,p € R.
Proof: We apply the product rule

Cfuj(p(W)f(X(t;W))) = ;ZZ(W)J”(X(t;w)) (3.63)
+ap(xp) (1" — O)p(w)kj (W)t (w) - (V) (x(tw)).
Thus integrating (3.63) from « to 8 over w; proves the lemma. O

Thus, for d = 2 we have

/ P(w)f(x(t:w) dw = p(B)f (x(t: 3)) + pla) f(x(t: ) (3.61)

B
= (= ")en(xp) [ plw) D 1(x(tw)) de
with f,p,x as in Lemma B ATl and D, from (3.59).

In a finite volume framework with hyperrectangle elementsﬁ we can divide the domain
O into a union of subdomains O, [ = 1,..., N, so that the numerical solution w| o, 18
smooth for [ = 1,...,N. We apply Lemma B.41] to the sum of tangential components
in the approximate evolution operator (BG1) to obtain a representation that does not
contain momentum derivatives. To this end, we introduce the following notation. Let

Or=[ad, Bi] x .. x [ag_y, By ] = e, B] (3.65)
with
o = (. ap )", B = (8 BT (3.66)
Further, we define
a(z) = (0417 ey O 1, QG e Oéd_l), d(.d(Z) = dwl...dwi_ldwiﬂ...dwd_l, (367)

fori=1,...,d—1, and

1 B :
/f ) dw = 7 : / flw) dwy...dwg—q =: 7f(w) dw. (3.68)

2intervals for 1D, rectangles for 2D,...
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Then we have

d—1
xp)At [ 78(w) - V(E (@) - mx, 11)|d5"(w) ) deo (369
0, 7=1
d-1 d 8! '
= 3 D alxn)Ar [ £t @) - Vinilx )]dS" ) (w) de
B() B;
SR J (04 n S |(w) :

Now, applying Lemma BT with p(w) = —t!(w)[dS* | (w) f(w)/kj(w), j = 1,...,d — 1,
to the last line of (869), the product rule and afterwards Lemma B4 we obtain

axp)t [ Yt (w) - V(6 (w) - m(x, £7))|dS¢ | (w) f(w) dw (3.70)

O, 7=1

BEISS [ [ (- MM ) ey dts ()

E(w)my(x, 1) f()[dS™ ()]
[ i ] 4w () (5)

[ (_ o) A ) _ 5 d{ﬁu)) ) do b )

dw(7)

T
—_
®
—~
<
=
| — |
[

J(w) - m(x, tn>f<w>|de—1\<w>rfﬁf

kj(w) S

@/ [(d ~ D) f(w)m(x, ") - n(w) - 3 tJ(w)k;;z()x, ) dj;fj)

Jj=1 J

] |dST|(w) dw (C)

@]

Shed o) tn>f<w>|d5d-1\<w>rf‘:ﬁj

+j2::1 / kj(w)

ot (5)

dw (j).

Wj=0ag

In the approximate evolution operator ([B.61]) the function f(w) is n;(w) for the m;-

A=l i () m(x,t7) df (W)
component and f(w) = 1 for z-component. Thus, the sum » ==<- ) e 0 @) of
j:]. J J
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B1M) is zero for z, because ddf = 0. For m; we obtain
wj

(d—1)f(w)m(x,t") -n(w) — z_: t/(w) - m(x, t") df (w)

(3.71)

j=1 k’](W) dwj
= (@~ Dms(e)m(x, ) -n(w) — 3 tj(‘*’lﬁgx’tn)@(w)tz ()

=(d—1Dnj(wm(x,t") - n(w) — (m;(x,t") — nn(w) - m(w))
=d ni(w)m(x,t") - n(w) — m;(x,t").

Putting together ([B.61)), (B.70) and (B71) we obtain the following approximate evolution
operator

(cp2)(P |Sd y lzlo/l p(xp)z —d m-n(w)] (x,t")|dS|(w) dw (3.72a)

L& [0 mx s )|
[ kj(w) Lj:ag dw(j)

m;(P) ~ —13?:/ [cbz —(d+1)m-n(w)+

Uk ] (x, )15 (w)|dS | (w) dw

(3.72b)

_ ) . _ wv:ﬂl,

1 Q= 7T (w) - mix, £)n (w)| S (w) ]9
: :: : Y (2 d . )
TN / [ kj(w) ] —al Ul
ol(j) Y
Particularly, we have for d = 2 and n(w) = (cos(w), sin(w))T

[ep(xp)z — 2 my cos(w) — 2 mysin(w)] (x,t") dw (3.73a)

¥~

[— sin(w)ma (x, ) + cos(w)ma(x, )] *=2,

W=

/ [cbz + (1 — 3 cos*(w))my — 3 cos(w) sin(w)mg)} (x,t") dw  (3.73b)

w=p"

w=al

> [— sin(w) cos(w)my (x, ") 4 cos? (w)ma(x, t")}

{cbz — 3cos(w) sin(w))my + (1 — 3sin2(w))m2} (x,t") dw  (3.73¢)

o\§ =

w=p!

w=al

1

+ =37 [ sin(w)ma (x, ) + cos(w) sin(w)ma(x, )]

Remark 3.4.2 If we would have used locally frozen coefficients, i.e. locally frozen bottom
topography, to derive the evolution operator we would also obtain (F773).
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3.5. Local evolution operator for the linear part of the
alternative SWE

In the previous section we derived the explicit evolution operator ([B.72)). However, we
want to use the evolution operator in the implicit scheme, as we did in [I5]. To this end
we consider the asymptotic behaviour of the evolution operator (B:72)) for At — 0.

This coincides with the derivation of the so-called local evolution operator in [107].
In this paper the authors derived an evolution operator for the Euler equations of gas
dynamics. Letting the time increment At tend to zero in the operator provides an
approximate solver for the generalised Riemann problem. Thus, an explicit scheme was
obtained using the explicit rectangle rule as the time integrator. In [120] the same
approach has been applied to the relativistic hydrodynamics equations.

Following the procedure used in [I5], 107, [120] we point out that the sum (B.70]) vanishes
as the time increment At approaches zero. This can be obtained by considering the
first equality of ([B.10), resulted using Lemma BZTl If At approaches zero, m;(x,t")
approaches the cell interface value ml|O, (xp) given by the smooth representation in the
cell that contains the arch {x(t";w) : w € O;}. Through m; becoming the constant
constant my|, (xp) we can apply the fundamental theorem of calculus for the term (A)
and obtain (IEi) with the opposite sign in ([B70). Hence, the sum of (Al and (B]) is zero
in the limit At — 0. Finally we obtain the local evolution operator for the linear part of
the alternative SWE (Z30)

(cs2)(P Sd : ; / e (xp)z —m - n(w)] (x, 1)[dS*|(w) dw (3.74a)
m( 2 lzl / & (xp)z — M- n(w)] (%, 1")ny(w)|dS* (W) dw,  (3.74D)

where
x = x(T;w) = xp + Top(xp)n(w), T > 0. (3.74c¢)

Here 7 is zero or a positive small real number. In the case of 7 = 0 the approximate
operator (B72) corresponds to the local evolution operators used in [107), [120]. We think
that the scheme is more stable, if we use a positive 7. In our numerical experiments we
choose it using the CFL-condition

lur| + ¢ |us| + ¢
=CFL,q 3.75
X( ALE 9 Ay T g ( )

with the CFL-number C'F' Ly, = 0.01. For low Froude numbers this is basically the
local time step 7 from [I5].

For d = 2 and the normal vector n(w) = (cos(w), sin(w))” the local evolution operator
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B4) reads

(p2)(P) =~ i / [ep(xp)z — cos(w)my — sin(w)ms] (x,1") dw (3.76a)
71r/ cb Xp)z — cos?(w)m; — cos(w) sin(w)mg] (x,t") dw, (3.76Db)
71T/ cb xp)z — cos(w) sin(w)my — sin2(w)m2} (x,t") dw (3.76¢)

with x from (B74d).
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4. Time discretisation

In Chapter [l we have pointed out that standard explicit schemes for the weakly compress-
ible regime, i.e. let us say the Froude number € < 0.2, are slow with regard to computa-
tional time. This is due to the strong time step restriction by the CFL-condition (L3]).
Moreover, lower convergence rates or even breakdown of numerical solution may occur.
In order to circumvent this problems we have introduced a splitting of the alternative
SWE (230) into a stiff, linear subsystem governing the fast waves and a non-linear one
taking care of the remaining slow waves in Chapter 2l Particularly, the corresponding
systems read

Wi+ V- Fir(w) = K(w), Wi+ V- Fyr(w) =0, (2.37a)

m 0

.FL<W> = [ bz ] , .FNL(W) = m®mT 22 11 (m

_;2]1

z2—0 2e2

0

K(w) = [ 2Vb ] : (Z37d)

o2
where F, is the stiff, linear and Fy, the non-stiff, non-linear part of the flux. We present
semi-implicit, also called implicit-explicit (IMEX), schemes of one- and multi-step type,
cf. [B, 6, 17, 18, 19]. Here the stiff, linear system is treated implicitly, whereas the
non-linear one explicitly. Thus, the corresponding CFL-condition for the semi-implicit,
or implicit-explicit (IMEX), scheme becomes independent of the Froude number €. Of
course the presented schemes in this chapter can be applied to any ODE system with
similar properties

y'(t) = L(y) + N(y)- (4.1)

Here the right-hand side is splitted in the two parts L(y), N(y). There are several
publications, where IMEX schemes for hyperbolic balance laws are used. In [38] [44]
45, 92), T08] the Euler, the isentropic Euler, the Navier-Stokes and the shallow water
equations are considered. To this end, implicit and explicit backward difference formulas
(BDF) or the so-called RK2CN scheme are used. Consequently, the stiff system is solved
in time with the Crank-Nicholson method and the explicit one with the midpoint-rule.
In Section 1] we introduce the general formulation of IMEX R-K schemes in the
context of the so-called partitioned schemes, see [I8 52]. Further, for a given IMEX
Runge-Kutta (R-K) scheme we introduce two approaches to apply the scheme to the
alternative SWE (Z30): the straight and elliptic approach. Particularly, in Section
we present a first order IMEX R-K scheme - IMEX Euler scheme - and in Section
two second order IMEX R-K schemes: ARS(2,2,2) and RK2CN scheme. In Section 4]
we introduce the IMEX multi-step schemes. We also introduce the IMEX multi-step
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straight and elliptic approach for the alternative SWE (Z30). Further we present the
second order SBDF IMEX two-step scheme in Section LAl Finally we discuss the well-
balanced property of the introduced IMEX time discretisations in Section 4.6

4.1. IMEX Runge-Kutta schemes

An IMEX R-K scheme consists of one implicit and one explicit R-K scheme, i.e. there
are two R-K tables

‘ e ‘ LT (4.2)

where the tables (zzl,f),f:) represents the implicit and (A, b, c) the explicit scheme [,
Further, we assume that

c=A1, c=A41, 1=(1,..,1)7, (4.3)

and that A is a lower triangular matrix, i.e. the implicit R-K scheme is a diagonally
implicit R-K (DIRK) scheme. The latter assumption assures that the explicit flux Fyy,
is always treated explicitly. We consider three types of IMEX R-K schemes, depending
on the properties of the matrix A.

Definition 4.1.1 We call an IMEX R-K scheme of type :
o A (see [9])]) if the matriz A is invertible.

o CK (after Carpenter and Kennedy [60]) if the matrix A e R, s > 2, can be

written as
~ 0 0
(00, »

where o« € R and A,_; € R0 s jnvertible. If additionally o = 0 the
scheme is called of type ARS ( after Asher, Ruuth and Spiteri [3]).

Definition 4.1.2 We call an s-stage IMEX R-K scheme consistent, if the condition

S

Sbi=>b=1 (4.5)
j=1 j=1

is satisfied.

Particularly, IMEX R-K schemes belong to the class of the so-called partitioned R-K
methods, cf. [52]. Consider the ODE system

2z = f(z,m), (4.6a)
my = g(z,m), (4.6b)

ITypically the R-K scheme (4, b, &) is the explicit one and (A, b, c) is implicit. However, we want to
follow the notation of [92], where F denotes the stiff flux.
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where z, m may be vector-valued functions of different size. Due to different characters
of ([LGal), (L6D) it might be reasonable to treat these equations with different R-K
schemes. For example, let the system (6] be stiff, where the stiffness is associated with
the variable z. Then, we can apply an L-stable R-K scheme for (LGal) and an explicit
one for (AL6D]). Thus, the corresponding partitioned R-K scheme reads

k’i = f(Zn + At zs: dijk’j, m" + At i aijlj), (47&)
i=1 j=1

li = g(Zn + At zs: &ijkj, m' -+ At Zs: aijlj)7 (47b)
i=1 j=1

Zn+1 =z"4+ At i Bjk’j, (47C)
j=1

m”+1 = m” + At i bjlj, (47(:1)

j=1

where the coefficients @;;, a;;,b;,b; represent two R-K schemes, cf. [52]. Clearly, our
splitting

WtI—V'.FNL—i-[K—V'.FL] (48)
has not the same structure as (L0). However, we can rewrite (L) in the following way
¢t:_vaL(w)7 d;t:K_VfL(W)v W:¢+wa (49)

to apply the partitioned method, which results in

Wn—i-l =w" — AtV - Z [i)ka(Wk) + bk]:NL(Wk:ﬂ + At Z lNJkK(Wk), (410&)
k=1 k=1
k s
W = w" — AtV - Z {EL}CJ'./—'.L(W]') + akijL(Wj)] -+ At Z ngJK(WJ) (410b)
j=1 j=1

The theory of partitioned methods provides the order conditions for numerical methods
of order p, cf. [52]. We recall the conditions for p = 1,2 in the following theorem.

Theorem 4.1.3 1. A partitioned R-K scheme (1.7) is of order 1, if and only if both
R-K schemes are of order 1.

2. A partitioned R-K scheme ({{.7) is of order 2, if and only if both R-K schemes are
of order 2 and the coupling conditions

- 1
b-c=b-c=

5 (4.11)

are satisfied.

If a space discretisation is given, time evolution of the splitted SWE (2:30)) is obtained
by solving the linear system corresponding to (AI0). Since it is a natural approach, we
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call it the straight approach.

Another time marching strategy for splitted isentropic Euler equations, Euler equations
and SWE, often used in literature, is based on solving an underlying elliptic equation for
the pressure/ water depth. From the pressure/ water depth values at the new time level
the momentum/ velocities can be updated explicitly, cf. [4, 38 92 [108]. By using basi-
cally the same approach, we can derive an elliptic equation for the free surface elevation
z. To this end, let us rewrite the R-K stages (410D in the following way:

k-1 k—1
VAVk =w"'—AtV- Z [dkjfL(Wj) + akj]-"NL(wj)] + At Z &ij(Wj), (412&)
j=1 j=1
N - szk
m; = my + Atakk -2 y (412(})

where ([EI2al) is the explicit update of the stiff and non-stiff parts. Plugging ([£I2d) in
({.12D), we get the desired elliptic equation

N
2+ (Atg’f’“> V- (bVz) = 2 — AtagV - fy, (4.13)
for the free surface elevation internal R-K stage 2z, k = 1, ..., s. Then, we can compute
the internal R-K stages for the alternative SWE (Z30) by the following three steps:
1. compute the explicit update (LI2al)
2. obtain surface elevation at a new time step by solving the elliptic equation ([AI3)])
3. obtain new momentum at a new time step by explicit computation of (II2d).

The time evolution using this method will be called the elliptic approach. Note that the
straight and elliptic approach give the same results, if the solution is unique. But if we
use a fully discrete scheme the two approaches may differ, cf. Chapter @l The advantage
of the elliptic approach is the following: the linear systems to be solved in every time
step are two/three times smaller (for 1D/2D SWE) than solving the whole implicit part.

Remark 4.1.4 In Chapter[d we prove that IMEX R-K schemes of type A and C'K are
asymptotic preserving, if the last internal R-K stage is the solution at a new time level,
i.e. wg = WL Therefore we only use schemes with this property. Consequently we do

not need to calculate ([-10d).

4.2. First order IMEX Euler scheme

The simplest way to obtain an IMEX scheme is to apply the Euler schemes, i.e. we use
implicit Euler scheme for the linear part and explicit Euler for the non-linear one. Thus,
we obtain

Wt = W= AV - [Fp(w") + Fo(w)] + Atk (wr ). (414)
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The corresponding R-K tables read

1]1
[

0]0
T

(4.15)

Thus, the IMEX Euler scheme is of type A.

If a space discretisation is given, the straight approach for the IMEX Euler scheme
is to solve the linear system corresponding to (fI4]) in every time step. The elliptic
approach consists of the following three steps in every time step

w=w"— AtV Fyr(w"), (4.16a)
nt1 At)’ ntly _ 2 -
2"+ — V- (V") =2 — AtV - m, (4.16Db)

bvzn—H

m" =+ Af—
5

(4.16¢)

4.3. Second order time discretisations

In this section we present two second order IMEX R-K schemes in order to approximate
the alternative SWE (2.30).

4.3.1. ARS(2,2,2) scheme
The ARS(2,2,2) scheme is given by the R-K tables

0lo 0 0 0ol0 0 0
yiv 0 0 Y0 v 0
1|6 1=6 07 1]0 1=~ ~° (4.17)
|6 1—-0 0 [0 1—v 0

where v = 1—1/y/2 and § = 1 —1/(2y), cf. [5]. It is of the ARS type, as indicated by its
name. It consists of an explicit and implicit second order R-K scheme that satisty the
second order coupling condition ([III]). The three R-K stages applied to the splitting

(Z37al) read

w; =Ww", (4.18a)
wo = W' — Aty [V - Fyp(wi) + V- Fr(wa) — K(w2)], (4.18b)
ws = w" — At [(SV.FNL(Wl) + (1 —(5>V'FNL(W2>] (418C)

— A1 =) (V- FL(w2) = K(wa)) +7(V - Fi(ws) — K(ws))].

The first R-K stage only constitutes that w; = w”. Hence, the straight approach consists
of two steps. In the first step we solve the linear system associated with the second R-K
stage

Wy + Aty [V - Fr(w2) — K(wa)] = w" — Aty V - Fyp(w"), (4.19)
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that corresponds to the IMEX Euler scheme with the time step vAt. In the second step
we solve the linear system associated with the third R-K stage

w4+ Aty (V- Fr(w™th) — K(w" ™)) (4.20)
=w"'—At[0V - Fnr(W") + (1 —0)V - Fxr(wa)]
— At[(1 =) (V - Fr(ws) — K(ws))].

Let us note that two steps are also needed for the elliptic approach. In the first step
the IMEX Euler scheme with time step yAt is applied

W =w"— YAV - Fyr(w"), (4.21a)
At)°
29 + <7€) V- (bVz) = 2 — yAtV - m, (4.21b)
m, = 1 + mthj? . (4.21¢)
The second step reads
w=w"—At [(5V : ./T"NL(Wn) + (1 — 5)V . .FNL(WQ)] (422&)
— At(1 = 7)(V - Fr(wa) — K(w2)),
At
2"+ (l) V- (bV2"T) = 2 — yAtV - 1, (4.22b)
n+1
m" ! = + YAt V= . (4.22¢)

e2

4.3.2. RK2CN scheme

The RK2CN scheme is a frequently used second order IMEX time discretisation, see
e.g. [4, 92, O3, [108]. Here, the stiff subsystem is treated implicitly by means of the
Crank-Nicholson scheme, whereas the second order Runge-Kutta scheme is applied for
the non-linear part. More precisely, we apply the midpoint rule. Therefore, the first step
of the scheme is to compute the values of w at the intermediate time step ¢n+3. This is
achieved by an IMEX Euler step. Thus, the straight approach for the RK2CN scheme
reads

) At 1 At 1
W' = w" — 7V : [JT"NL(WTL) + .FL(WnJri)} + TK(WnJri)v (4.23a)
Wn+1 =w" — AtV - FNL (WTH—%) (423b)
At

=5V [Frw) + Frwrth] + A; (K (w") + K(w")].

The RK2CN method can be described by the following R-K tables

0[0 0 0 0l0 0 o
112 0 0 10 30
o1 0 T]10 1> (4.24)
010 10 1
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and is therefore of type CK. Let us note that the method satisfies the standard and

coupling second order conditions (ZIT]).

For the elliptic approach using the RK2CN scheme we first apply the IMEX Euler step

At

w=w"— ?V : FNL(WH)7

NS At

P () V- (bVz)=2——V -m,

€ 2
nil o AtDVZ'T2
m'T: =m+ — ,
2 g2

with half time stepping and then the second step

At
W= W' AV Fp(w'E) = SV Fr(w) - K(w)],
At)? At
n+1 = . n+1 — 5 _ = LB
z +<2€>V (bV2"T) =2 2V m,
mn+1 —m gbvznﬁ-l.
2 g2

4.4. IMEX multi-step schemes

An IMEX k-step scheme for the alternative SWE ([230) reads

k—1
whtl — Z ajwn—j _ B [V ) ]_-L(Wn+1) _ K(Wn—i-l)}
3=0

k—1

3B [V Fuw ) = KW 4+ 5V - Fro(w"

J=0

It consists of the explicit k-step scheme
k—1 ! A
Wn+1 - Z O./jWn_] _ ZBJV . JTNL(Wn_])v
j=0 j=0

and the implicit k-step scheme

whth — kilajwn_] =5 [V - Fr(w™th) K(W”H)}
=0
k—1
+ 35 [V Frw ) = K(w )
=0

for the ODEs

(4.25a)

(4.25b)

(4.25¢)

(4.25d)
(4.25¢)

(4.25¢)

(4.26)

).

(4.27a)

(4.27b)

(4.28)
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Definition 4.4.1 We call the k-step schemes ({{-26)), {4-27) consistent, if

k-1
daj=1 (4.29)
j=0

is satisfied.

The order conditions of the IMEX multi-step schemes for constant time increment At
can be found in [6]. Using Taylor expansion they can be easily generalised to varying
time increments, e.g. for an IMEX two-step scheme, ({20 with & = 2, the second order
conditions read

ag+ay =1, (4.30a)

a+alc:6~+31+50:50+51, (4.30b)
2 _ 2 B

a 20‘10 = Ba — Brc = —Bie. (4.30c)

Here, the time increments are a = t"*1 — " ¢ = t" — ¢t""1. Note that the second
order conditions (£30) have two degrees of freedom: we can choose one of the a- and
B-coefficients.

As in the case of IMEX R-K schemes we introduce the straight and elliptic approach.
For the sake of completeness we repeat: If a space discretisation is given, time evolution
of the SWE (Z30) can be obtained by solving the linear system corresponding to (f20).
This is referred to as the straight approach.

Similar to the IMEX R-K schemes, we can also derive an underlying elliptic equation
for the free surface elevation z by rewriting (£20]) in the following way

k=1
W= {a;w" 7 + BV Fyp(w' ) + 5; [V Fu(w"?) = K(w" )|}, (4.31a)
=0
2 =24 BV - m™, (4.31Db)
b n+1
m"* = — j VZ2 : (4.31¢)
£
Plugging [£31d) in (£.311) we obtain the desired elliptic equation
2
2" 4 (f) V- (bV"t) = 24+ BV - . (4.32)

Then, we can compute time evolution for the alternative SWE (Z30) by the following
three steps

1. compute the explicit update (E3Tal)

2. obtain free surface elevation at a new time step by solving the elliptic equation

E32)

3. obtain new momentum at a new time step by explicit computation of (A31d).

The time evolution using this method is called elliptic approach. The advantage of the
elliptic approach is the following: the linear systems to be solved in every time step are
two/three times smaller (for 1D/2D SWE) than solving the whole implicit part.
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Qo ! s Bo b
(a+c)? __a? _alate) | a(atc)? | a?(atc)
c(2a+c) c(2a+-c) 2a+c c(2a+c) c(2a+-c)

Table 4.1.: Coefficients of the backward difference method for non-constant times steps
a=t"t — ¢ c=t — L

4.5. Second order SBDF time discretisation

The BDF schemes can also be used in a semi-implicit way. Here, we can approximate
the stiff / non-stiff part by implicit/ explicit BDF schemes. In [44], 59, O8] the so-called
SBDF is used with constant time steps, whereas in [I5],95] the SBDF scheme is applied for
adaptive time steps. To this end, the coefficients have to be chosen adaptively depending
on the current and previous time steps.

Let us approximate time derivative at new time level by the adaptive BDF2 scheme, i.e.

Wn+1 _ OéoWn _ alwn—l

—p

This yields the fully implicit scheme

~w't=-V. [FL(WH+1) + ]:NL(WnH)] +K(w"). (4.33)

W' = aew" + ayw" T 4 3 {V - Fyp (W) 4+ V- Fr(wt) — K(W”“)} (4.34)
with ag, a1, 8 coefficients from the corresponding Taylor expansion, see Table 1.1l Since
we want to approximate the non-linear flux explicitly, we further approximate Fyr,(w™*!)
by a linear interpolation. This yields the straight approach

w't = qew" + ayw" !
+ V- {BFLW") + BoFwr(w") + BiFwp(w" )} (4.35)
_ BK(WTL—H).
The corresponding elliptic approach reads
W= ayW" + ap, WL+ V- [ﬁofNL(W") + 51}"NL(W"’1)] , (4.36a)
~\ 2
P (f) V- (V") =2+ BV -, (4.36b)
N n+1
m™! = 1 — ﬁbvi (4.36¢)
€

Remark 4.5.1 In [1] we additionally proposed to evaluate the non-linear flur Fny, at
intermediate time steps t"*3. Thus we can not imply from Section[{.4) that it is a second
order time discretisation. Indeed the obtained numerical results are worse then for the
time-discretisation ([{-39). Therefore we do not consider this scheme anymore.
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4.6. Well-balanced property

In the introduction, we pointed out that a numerical scheme for the SWE has to be
well-balanced. Let us recall:

Definition 4.6.1 We call a numerical scheme for the alternative SWE (Z.30) well-
balanced, if it preserves the lake at rest equilibrium state,i.e. z = const.,m = 0, exactly.

In [I5], we already proved the well-balanced property for the IMEX Euler, RK2CN,
and SBDF schemes, if suitable assumptions are satisfied. The aim of this section is to
generalise this result for IMEX R-K and multi-step time discretisations. More precisely
we prove the following theorem:

Theorem 4.6.2 Let Q C R? be a bounded Lipshitz-continuous domain and the bottom
topography b € L>(Q)). Then a lake at rest state, z = const., u = 0, is preserved exactly
for all times, if an IMEX R-K or an IMEX multi-step time discretisation is used and

/szz ‘nds>0 (4.37)
B

holds.

Remark 4.6.3 Condition ([4-37) is satisfied for many practical situations; for example,
when the homogeneous Dirichlet or Neumann boundary conditions are assumed for the
perturbation z or in the case of periodic boundary conditions.

Remark 4.6.4 Let us recall that the straight and elliptic approach time discretisations
are equivalent. Thus, it suffices to show Theorem[{.6.9 for the straight approach.

Let w = (Z,0) be a lake at rest solution at a time step tY and in the case of a k-step
scheme also at times ¢, ...,t~ =1 We prove Theorem for multi-step schemes in
two steps. In the first step, we show that the lake at rest state w is a solution of the
discrete alternative SWE (Z30). In the second step, we show that the soluti