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Abstract

The observation of neutrino flavour transitions including the periodic “oscillation”
phenomenon has led to increasingly deep insights into the nature of leptonic mass-
flavour mixing and the neutrino mass spectrum. Ever since the earliest experiments,
new neutrino interactions have also been scrutinised as an additional mechanism
that could give rise to flavour transitions in the terrestrial or solar medium. This
thesis presents two studies with very-large-volumeCherenkov detectors in deep gla-
cial ice at the Geographic South Pole which investigate the flavour-, energy-, and
zenith-dependent signatures of the aforementionedphysics beyond theminimal Stand-
ard Model on the flux spectra of neutrinos produced in the Earth’s atmosphere.

The first studymakes use of a sample of atmospheric neutrino events created from
three years of operation with the existing IceCube DeepCore detector, with energies
from 5.6GeV to 100GeV, in order to search for and constrain neutral-current non-
standard interactions which modify the potential for coherent forward scattering
encountered by atmospheric neutrinos as they propagate through the Earth. The
measurement consists of separate tests of several hypotheses about the flavour struc-
ture of the interactions in the presence of standard oscillations and reports limits on
effective coupling strengths for Earthmatter. While oscillationmeasurements in gen-
eral are not sensitive to the scale of flavour-diagonal interactions, which corresponds
to an unobservable phase common to all of the propagating neutrino states, the van-
ishing four-momentum transfer in forward scattering renders them independent of
the energy scale of the physics beyond the Standard Model.

The second analysis solely draws from the Monte Carlo simulation of the detector
response of the proposed IceCube low-energy upgrade PINGU, whose dense instru-
mentation is expected to lead to a lowered energy threshold of ∼1GeV and improved
reconstruction capabilities for GeV-scale atmospheric neutrinos. Working within a
frequentist statistical framework, different approaches to projecting PINGU’s sensit-
ivity to the still unresolved ordering of the neutrino mass eigenstates are discussed,
assuming standard neutrino interactions with Earth matter. In particular, the sensit-
ivity dependence on the values of the atmospheric neutrino oscillation parameters,
the leptonic mixing angle 𝜃23 and the mass-squared difference Δ𝑚2

31, is investigated
in detail.
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Contributions

Undoubtedly, the combined efforts of the IceCube collaboration as a whole have laid
the foundations of thiswork and enabledmy researchwith theDeepCore experiment
in Part III and with PINGU in Part IV in the first place. Below is a synopsis of the
specific contributions made by me, beginning chronologically with the content of
Part IV.

• Sensitivity studies on the neutrino mass ordering with PINGU:

– porting of the Fisher information formalism from the PaPA software frame-
work for preceding PINGU sensitivity projections to the generalised PISA

codebase used to obtain the results presented in the revised Letter of In-
tent (LoI) [1]

– identification of limitations of the Fisher informationmatrix and extension
for application to semianalytic minimisation

– implementation of the Asimov Δ𝜒2 approach in PISA and study and res-
olution of discrepancies with respect to predictions made by the Fisher
information matrix and by fits to large ensembles of pseudoexperiments

– analysis of the performance of various detector deployment candidates
in preparation for the LoI, thereby informing the selection of the new
baseline geometry with 26 strings (publication of sensitivities to the neut-
rino mass ordering and to atmospheric oscillation parameters in Refs. [1,
2, 3])

– significant contributions to the verification of the various smoothingmeth-
ods of the PISA staged approach to the PINGU event template generation
(publication in Ref. [4])

• Search for non-standard neutrino interactions with DeepCore:

– addition of a more general description of the Earth matter potential to the
code which calculated atmospheric neutrino oscillation probabilities on a
GPU for the PINGU sensitivity studies

– development of the full analysis approach with the aim of extending the
physics reach with respect to any similar prior measurements made by
individual neutrino oscillation experiments:

∗ selection of a suitable pre-existing DeepCore event sample
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∗ selection of the hypotheses and parameters to be tested

∗ design of customised fitting techniques tailored to the encountered
test-statistic landscapes

∗ nuisance-parameter and sensitivity studies

∗ conducting and interpreting the measurement (summary of results
published in Ref. [5])
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1
Introduction

Nearly 40 years ago, the IMB (Irvine–Michigan–Brookhaven) experiment revealed
a surprising result which would come to be known as the “atmospheric neutrino
anomaly” [6]. In fact designed to search for proton decay—a key prediction made
by “Grand Unified Theories” such as the SU(5)model [7] whose gauge symmetry is
broken to that of the SMbelow some extremely high unification energy scale—the ex-
periment consisted of a nearly cubical tank filled with around 8kt of ultrapure water
located 610m underground in a salt mine near Lake Erie, US. 2 048 photomultiplier
tubes that observed Cherenkov photons on the tank’s inner surface had sufficient
directional reconstruction capabilities for distinguishing downgoing from upgoing
events. Based on 417 days of data taking, 401 events with reconstructed interac-
tion vertices within the detector’s fiducial volume were observed and assumed to
originate from atmospheric neutrinos [8]. Compared to simulation, the fraction of
events showing a delayed signal due to 𝜇± decay1, indicative of a charged-current
interaction of an atmospheric (−)𝜈𝜇, exhibited a deficit of greater than three standard
deviations [9, 10, 11]. The IMB collaboration cautiously provided several possible
interpretations thereof [10]:

This discrepancy could be a statistical fluctuation or a systematic error
due to (i) an incorrect assumption as to the ratio of muon neutrinos to
electron neutrinos in the atmospheric fluxes, (ii) an incorrect estimate of
the efficiency for our observing a muon decay, or (iii) some other as-yet-
unaccounted-for physics.

A clear deficit soon after also showed up in 𝜇±-like events in the Kamiokande exper-
iment [12], simultaneously giving credence to the third interpretation above. When
1Either 𝜇− → 𝑒−𝜈̄𝑒𝜈𝜇 or 𝜇+ → 𝑒+𝜈𝑒𝜈̄𝜇, with an observed average time delay of the decay signal of
2.02µs [8].

1



1 Introduction

Super-Kamiokande reported the exceedingly high-significance evidence of the dis-
appearance of upgoing atmospheric (−)𝜈𝜇’s, but not

(−)𝜈𝑒’s, in 1998 [13], a breakthrough
was finally achieved. This result represents a major cornerstone of our modern un-
derstanding of the anomaly—as a manifestation of (−)𝜈𝜇 →

(−)𝜈𝜏 oscillations within the
six-parameter Pontecorvo–Maki–Nakagawa–Sakata (PMNS) paradigm of three act-
ivemassive (mixed) neutrinos [14], comprising the three leptonic mixing angles 𝜃12,
𝜃13, 𝜃23, the charge-parity-violating phase 𝛿CP, and the two differences of squared
neutrinomassesΔ𝑚2

21 andΔ𝑚2
31. These are not part of the (minimal) StandardModel

of particle physics, which requires neutrinos to be strictly massless [15].

The discovery of atmospheric neutrino oscillations followed a century of exper-
imental efforts motivated by quantitative measurements in 1900 [16, 17] that had
shown a spontaneous discharge of electroscopes in air despite intact insulation [18],
suggesting the existence of highly penetrating ionising radiation. In 1911, systematic
measurements of electroscope discharge rates off-shore, at sea level, and underwater
led Italian meteorologist Pacini to conclude at high significance “that a sizable cause
of ionisation exists in the atmosphere, originating from penetrating radiation, inde-
pendent of the direct action of radioactive substances in the crust” [19]. The same
year, Austrian physicist Hess embarked on his first two balloon flights [20], followed
by a series of seven thoroughly planned ones during which he found strongly in-
creased radiation intensities at altitudes of up to 5 350m, thus asserting the existence
of a cosmic radiation component [21]. With the demonstration of a latitude depend-
ence of the cosmic-ray flux in 1933 [22] and of an “east-west effect” [23] it became
evident that the primaries were predominantly positively charged particles. While
the existence of atmospheric neutrinos was unambiguously inferred from observing
the decays of cosmic-ray muons in 1940 [24], they were only directly detected for
the first time in 1965, by deep-underground experiments performed in gold mines
in India [25] and South Africa [26]. Relying on the exponential suppression of the
atmospheric 𝜇± flux with depth, as well as on its primarily vertical direction of in-
cidence, both experiments were optimised to detect near-horizontally travelling 𝜇±’s
from charged-current interactions of atmospheric (−)𝜈𝜇’s interacting in the surround-
ing rock. To this end, each detector was formed by two parallel walls of scintillators
in the vertical plane whose light outputs were measured by photomultiplier tubes.

Today, atmospheric neutrino interactions are routinely recorded in large quantit-
ies, contributing to increasingly precise constraints on the parameters of the PMNS
framework. Nevertheless, even after combining all available measurements from at-
mospheric with those from solar, reactor, or accelerator neutrino experiments, open

2



questions of fundamental importance remain [15], such as which neutrino is the
heaviest (sign of Δ𝑚2

31), whether the mixing angle responsible for the pronounced
disappearance of atmospheric (−)𝜈𝜇’s is maximal (𝜃23 = 45°), or whether leptons are
subject to charge-parity violation (𝛿CP ≠ 0, 𝜋). Furthermore, the possibility of neutri-
nos undergoing new interactionswith regularmatter during propagation [27] as an-
other, subdominant, mechanism giving rise to flavour transformations has not been
ruled out, which in turn impedes the determination of the PMNS parameters [28,
29, 30]. Obtaining accurate experimental answers to these questions is paramount
in distinguishing between various theoretical models extending the StandardModel
to incorporate neutrino masses [31, 32, 33].

The IceCube Neutrino Observatory is a highly versatile neutrino experiment em-
bedded deep in theAntarctic ice sheet at the Geographic South Pole, where it encom-
passes one cubic kilometre of extremely clear glacial ice. Since the beginning of its
data taking in 2005 [34], IceCube has made important contributions to the emerging
modern understanding of neutrinos across about ten decades in neutrino energy, in-
cluding the first detection of high-energy cosmic neutrinos [35], the identification
of active galaxies as their possible sources [36, 37], or the measurement of the total
neutrino-nucleon cross section up to centre-of-mass energies of ∼1TeV, correspond-
ing to neutrino energies as high as ∼10PeV [38]. Near the low-energy threshold, the
DeepCore infill array [39, 40] has extended IceCube’s neutrino physics reach much
beyond what was originally conceived [41], resulting in the highest-precision meas-
urement using atmospheric neutrinos of 𝜃23 and Δ𝑚2

31 to date [42]. Still, at both
the low- and high-energy detection limits promising efforts are being undertaken to
expand IceCube’s capabilities even further [43].

Drawing on atmospheric neutrino events at the GeV energy scale as observed in
DeepCore or simulated with the proposed IceCube extension PINGU [1, 2], this
thesis investigates the issues of non-standard neutrino interactions and the order-
ing of neutrino masses raised above. It is organised into five main parts. The first
lays the theoretical foundations and consists of four chapters, of which Chapter 2
presents the embedding of massless neutrinos into the minimal Standard Model of
particle physics, Chapter 3 investigates neutrino mass mechanisms and the associ-
ated effects of leptonic mixing and neutrino flavour transformations in vacuum and
matter, Chapter 4 explores a well-motivated model-independent effective formalism
which describes non-standard interactions of propagating neutrinos, and Chapter 5
summarises the production and propagation processes of neutrinos from a variety
of natural and artificial sources and gives an overview of current experimental con-

3



1 Introduction

straints on neutrino theory parameters relevant to this thesis.

The second part introduces the experimental setting at the South Pole with a fo-
cus on the detection of atmospheric neutrinos, beginning with a discussion of the
interaction and optical properties of the glacial ice sheet in Chapter 6, followed by
an overview of the working principles behind the existing IceCube detector and its
low-energy extension DeepCore in Chapter 7 and a brief outlook to the planned fu-
ture extension PINGU and the imminent IceCube Upgrade aiming at enhancing the
detection capabilities for GeV-scale neutrinos in Chapter 8.

A measurement of non-standard neutrino interactions using tens of thousands
of atmospheric neutrino events collected by DeepCore over a span of three years
comprises the third part of this thesis. Since the nature of these effective interac-
tions diverges between theoretical models, which encompass flavour-changing or
flavour-non-universal couplings to the new interaction mediators, a number of dis-
tinct hypotheses are separately studied and constrained. Chapter 9 reveals the im-
pacts of each hypothesis on the flavour transition probabilities of atmospheric neut-
rinos. Chapter 10 outlines the step-by-step process of transforming a simulated neut-
rino interaction into a detailed and accurate DeepCore detector response, which in
turn is converted into a set of observable neutrino properties through a maximum-
likelihood reconstruction process which is identically applied to the real detector
response. The set of event selection criteria, which may only depend on observables
and not true neutrino properties, is slightly adapted from preceding atmospheric
neutrino studieswithDeepCore and recapitulated inChapter 11. Chapter 12 scrutin-
ises collective properties of the resultant event sample as well as the characteristics of
the expected event histograms from which statistical inferences will be made. In the
case of atmospheric neutrino events, an event-by-event reweighting approach is ad-
opted in order to efficientlymodify anyunderlyingphysics assumptions, either about
non-standard neutrino interactions or about nuisance parameters which represent
various sources of systematic uncertainty. A histogram of background events is ad-
ded in the form of an adequately rescaled sideband of the observed event sample.
Chapter 13 introduces the statistical analysis methodology with which frequentist
confidence regions are constructed in the parameters of interest. Here, a weighted-
least-squares statistic is used to create a test statistic motivated by Wilks’ theorem.
Chapter 14 draws upon the thus established analysis framework to quantify the
expected DeepCore sensitivity to the parameters of the various hypotheses under
study, based on the “typical” event histogram for any given assumption about the
true values of model parameters. This is done first in the absence of nuisance para-
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meters to understand how statistical uncertainties limit the measurement precision.
Complementary investigations of the simulated measurement outcomes of large en-
sembles of pseudoexperiments are made in order to deduce the expected distribu-
tion of the test statistic and validate the frequentist coverage probability of inferred
confidence regions. The results of all measurements are presented in Chapter 15 and
contextualised within the broader experimental landscape related to non-standard
neutrino interactions.

The fourth part of this thesis employs a sample of simulated atmospheric neut-
rino events which have undergone a rudimentary selection procedure with the pro-
posed PINGU detector in order to study the latter’s capabilities of distinguishing
between the two allowed orderings of neutrino masses. Analysing and optimising
the sensitivity of an experiment that is yet to be built comes with its own unique
set of challenges. Crucially, one needs an analysis framework that allows for the
quick adaptation of design assumptions, taking into account changing knowledge
about the existing IceCube observatory, progress in research and development, as
well as evolving budgetary constraints. Furthermore, in principle all of these con-
siderations, together with their associated uncertainties, should be projected into the
future, so that the external constraints applying to PINGU at the time of its opera-
tion are accurately captured. However, the expected experimental outcome for any
detector configuration can only be found after a detailed simulation. Projecting the
statistical distribution of PINGU’s sensitivity to the neutrino mass ordering given
all conceivable designs is a task that is therefore computationally far out of reach.
As a result, efforts have concentrated on finding sensitivity estimates for conservat-
ive experimental conditions, which are likely to be achieved with the technologies
and data processing methods that have proven reliable for DeepCore. Still, this has
required the simulation and analysis of a large number of different PINGU layouts.
Exacerbating the above computational challenge, even for a single layout the number
of simulated events required for a “brute-force” sensitivity calculation with a reas-
onable precision would be enormous [4]. An early example of PINGU sensitivity
projections for different detector designs, event selection efficiencies, and statistical
analysis methods can be found in Ref. [44].

During the PINGU design optimisation process, a statistical analysis software
framework was developed in Ref. [45] for the fast computation of the sensitivity
to the mass ordering, even when drawing on low event statistics. Given a set of re-
constructed events generated for a particular PINGU design, parameterisations are
created of the intermediate “stages” (e.g., detection, reconstruction, event classifica-

5



1 Introduction

tion) into which the detector response can be divided. Then, assuming a multivari-
ate normal distribution of the model-parameter estimates [45, 46] of the staged ap-
proach has been the collaboration’s baseline method of determining PINGU’s sensit-
ivity to the neutrino mass ordering. Enabling to relax the latter assumption, a meth-
odological study of the frequentist inference of PINGU’s sensitivity using an optim-
ised detector design that accounts for more up-to-date experimental assumptions [1,
2] is performed in this work. Chapter 16 outlines the construction of the underlying
event sample. Chapter 17 reviews our methods of generating the expected event dis-
tribution, characterises typical imprints of the physics effects under study, and intro-
duces the sources of systematic uncertainty included as nuisance parameters in the
analysis. Chapter 18 sketches the challenges associated with a discrete hypothesis
test as it applies to the mass ordering, derives and scrutinises computationally effi-
cient sensitivity proxies, and compares these to the predictions from large ensembles
of pseudoexperiments in the absence of systematic uncertainties. Finally, Chapter 19
reports a detailed study of the impact of nuisance parameters on the hypothesis test
and of the sensitivity dependence on their true values, simultaneously pointing out
regions of parameter spacewhere a previously adopted pragmatic analysis approach
succeeds and where it is overly optimistic.

The fifth part concludes the thesis with a summary and outlook in Chapter 20.
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Part I

The physics of Standard Model
neutrinos and beyond
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2
Massless neutrinos in the minimal
Standard Model

The Standard Model of particle physics (SM) as we know it today is the result of
the collective endeavour of both theoretical and experimental physics toward find-
ing a unified theory of the interactions of fundamental particles. As a relativistic
quantum field theory1, it succeeds in the joint description of electromagnetism, the
weak interaction, and the strong interaction (but not the gravitational interaction)
by combining the principles of special relativity, quantum mechanics, and classical
field theory. This chapter provides an introduction into the Standard Model’s the-
oretical underpinning, in particular into the electroweak sector, in which neutrino
interactions are embedded.

2.1 Fundamental interactions from symmetry

The “language” of the SM is group theory [48, 49]. A group can be considered a
mathematical prescription for modifying a system without changing some property
of the system, i.e., applying a symmetry transformation. According toNoether’s the-
orem [50], the invariance of the Lagrangian2 of some system under such a group of
transformations results in a conserved current, which in turn results in an observ-
able conserved charge. In fact, all the dynamics of interactions between fundamental

1The conceptual developments behind modern quantum field theories are discussed in detail in
Ref. [47].

2Lagrangian densityL in field theory, which by integration over spacetime yields the “action” func-
tional 𝑆 = ∫d4𝑥L. By requiring the action to be stationary, the equations of motion associated
with a given Lagrangian can be derived.
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2 Massless neutrinos in the minimal Standard Model

particles in the SM can be derived from “gauge” symmetries of its Lagrangian. This
was already envisioned by Salam andWard—two of the main authors of the SM—in
1961 [51]:

Our basic postulate is that it should be possible to generate strong, weak
and electro-magnetic interaction terms (with all their correct symmetry
properties and alsowith clues regarding their relative strengths), bymak-
ing local gauge transformations on the kinetic-energy terms in the free
Lagrangian for all particles.

In the gauge theory underlying the SM, gauge fields are brought about by requir-
ing the invariance of a free (non-interacting) Lagrangian under local matter-field
transformations that form a Lie group [49]. Gauge bosons are the gauge fields’
quanta and act as carriers of a force. The strength of the force is given by the gauge
coupling constant associated with the symmetry group. Of particular relevance to
the SM is the fact that when the symmetry group is the direct product of at least two
subgroups, each of these is associated with an independent coupling constant.

An unbroken gauge symmetry is unable to account for masses of gauge bosons, in
contradiction with the observed short range of the weak interaction. Contrariwise,
the (explicit or spontaneous) breaking of a gauge symmetry allows its gauge fields
to acquire non-zero masses. In the SM, the “Brout–Englert–Higgs mechanism” [52,
53, 54, 55, 56, 57] is responsible for the spontaneous breaking of the symmetry group
of the unified electroweak interaction.

Gauge groups of the Standard Model

The SM gauge symmetry is described by the Lie groups U(𝑛) and SU(𝑛), the sets of
all 𝑛 × 𝑛 unitary matrices 𝑢, with det 𝑢 = exp�𝑖𝜙� and det 𝑢 = 1, respectively. U(𝑛)
is of dimension 𝑑 = 𝑛2, corresponding to the 2𝑛2 independent real parameters of a
complex 𝑛 × 𝑛 matrix of which 𝑛2 are removed by the unitarity constraint. SU(𝑛) is
of dimension 𝑛2 − 1 owing to the additional constraint on the determinant.

In general, there is one “generator” for each continuous parameter of the groups
above. The set of 𝑑 linearly independent generators—which must satisfy certain
commutation relations (“Lie algebra”)—then completely determines the group ele-
ments. An “Abelian” group has mutually commuting generators only, whereas a
“non-Abelian” group exhibits a non-trivial Lie algebra. Any given “representation”
of the Lie algebra consists of 𝑑 𝑚×𝑚 generator matrices which preserve the original
commutation relations. It allows finding a group representation in an𝑚-dimensional
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2.2 Development of Standard Model building blocks

vector space. The “fundamental” representation has 𝑚 = 𝑛 and is denoted as n.
For example, the generators of the fundamental representation, 2, of SU(2) are the
matrices 𝜎𝑖/2 (𝑖 = 1, 2, 3), where 𝜎𝑖 is the 𝑖th Pauli spin matrix. This representation is
also referred to as the “spin-1/2” or “doublet” representation.

2.2 Development of Standard Model building blocks

Stated succinctly, the SM corresponds to a spontaneously broken quantised Yang–
Mills theory with a (local) 𝐺SM ≡ SU(3)𝐶 × SU(2)𝐿 ×U(1)𝑌 gauge symmetry: the ele-
ments of the SU(3)𝐶 symmetry group act non-trivially only on matter fields carrying
“colour charge”, those of SU(2)𝐿 only on “left-chiral” field components, and those
of U(1)𝑌 only on fields carrying “weak hypercharge”. As sketched below (mainly
based on reviews from Refs. [58, 59, 60, 47]), it was only the combination of ex-
periment, theoretical reasoning, mathematical calculations, and aesthetic ideals that
would eventually bring into existence the vision of Salam and Ward.

Quantum electrodynamics

The first building block of the SM is the quantum field theory of electromagnetism,
or “quantum electrodynamics” (QED). The theoretical foundations of QED specific-
ally, and of quantum field theory (QFT) more broadly, were laid by painstaking, of-
ten confused efforts in the 1920s to quantise the classical electromagnetic field [47].
Most notably, in a groundbreaking work [61] in 1927, Dirac devised a quantum the-
ory of a non-relativistic atom interacting with quanta of light, or “photons” [62].
This work also laid the conceptual foundation of QFT in general, the inappropriately
named [47] framework of “second quantisation”.

QEDhas aU(1)𝑄 gauge symmetry, which implies the existence of the photon as the
gauge boson responsible for the electromagnetic interaction between two electrically
charged particles. It represents the residual gauge symmetry of the electroweak in-
teraction at energies below the unification scale.

The QED prediction of the electron anomalous magnetic moment has a relative
precision of the order of 0.1 parts per billion and has impressively withstood exper-
imental tests to the tenth significant digit [63].3

3Confronting the predicted values of both the electron and the muon anomalous magnetic moment
with experiment at ever-increasing precision provides a powerful test of the SM and leads to con-
straints on possible physics beyond the SM [64, 65].

11



2 Massless neutrinos in the minimal Standard Model

Electroweak unification

By unifying the electromagnetic with the weak interaction, “electroweak theory”
represents the second core building block of the SM.

The theoretical foundations of the weak interaction were laid by Fermi in 1934.
He formulated his theory of 𝛽-decay [66, 67]—which adopted Pauli’s earlier pro-
posal of the neutrino [68]—by analogy to photon emission from an excited atom in
QED: a four-fermion contact interaction is expressed as the product of two vector
currents (see Sec. 2.3 below) at a single spacetime point, i.e., the weak current of the
proton-neutron pair and that of the electron-neutrino pair. The theory led to extens-
ive research into the neutrino hypothesis (including the neutrino mass) or the shape
of the electron energy spectrum.

Eventually, experimental studies culminated in the “𝜃-𝜏” puzzle, the intrinsic left-
right (parity) mismatch between two weak decays whose parent mesons share the
samemass and lifetime. Itwas resolved in 1956whenLee andYang suggested a num-
ber of experimental tests to look for a breakdown of parity in weak interactions [69],
which was confirmed only a few months later in weak decays [70, 71, 72]. As a res-
ult, the theory of themassless “two-component” neutrinowas invoked [73, 74, 75] as
a natural explanation for the observed non-conservation of parity, at least for weak
charged-current processes involving the neutrino.

The two-component theory was confirmed by Goldhaber et al. in 1958 [76], but a
generalisation realised in “𝑉 − 𝐴 theory” [77, 78, 79, 80] was still necessary. Here,
the Hamiltonian of the weak charged-current interaction is the product of a pair of
currents which are differences between a term transforming like a vector (𝑉) and a
term transforming like an axial vector (𝐴) under parity.

A complete joint theory of the weak and electromagnetic interaction was de-
veloped through the seminal work of Glashow, Salam, and Weinberg [81, 82, 83, 84]
during the 1960s. Its final formulation relied on twomajor theoretical advancements
which had occurred a few years before: Yang and Mills generalised the local gauge
principle behind QED [85], and the Brout–Englert–Higgs mechanism [52, 53, 54, 55,
56, 57] allowed for the existence of massive charged gauge bosons as the result of
spontaneous symmetry breaking. However, it was only after the proof [86, 87] that
spontaneously broken Yang–Mills theories were indeed “renormalisable” [47] that
electroweak theory received significant attention [88]. Its underlying SU(2)𝐿 ×U(1)𝑌
symmetry structure—which exhibits a spontaneous breakdown to the U(1)𝑄 gauge
group of QED—gives rise to one neutral gauge boson, 𝑍0, and two charged gauge
bosons,𝑊±, responsible for the interactions of neutrinos, among others.
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Experiments at CERN soon confirmed the existence of the weak neutral cur-
rent [89, 90, 91]—involving a neutrino interactionwith an electron or a nucleon—and
of the postulated 𝑍0 [92, 93] and𝑊± bosons [94, 95]. In 2012, the ATLAS and CMS
experiments, also at CERN, announced the observation of a particle compatible with
the Higgs boson predicted by the Brout–Englert–Higgs mechanism [96, 97, 15].

Quantum chromodynamics

Strong interactions within the SM are described by “quantum chromodynamics”
(QCD), characterised by SU(3)𝐶. Significant insight into its nature was gained
through the discovery of an approximate, “accidental” SU(3) symmetry obeyed by
hadrons, referred to as the “eightfold way” [98, 99, 100], by Gell-Mann andNe’eman
in 1961 [101]. This is a classification scheme devised in response to the preceding
discovery of a number of strongly interacting particles in cosmic-ray and collider
experiments, the first being the charged pion in 1947 [102].

Another significant discovery was made around the same time when “two pho-
tographs containing forked tracks of a very striking character” [103]—taken with a
cloud chamber exposed to cosmic rays—proved the existence of the neutral kaon.
In order to explain the unexpectedly large decay times of the kaon, and of the
heavier hyperons Σ, Λ0, and Ξ, all of which had been observed only shortly there-
after [104, 105], Nakano, Nishijima, and Gell-Mann introduced the concept of
“strangeness” [106, 107, 108, 109, 110], a quantum number conserved by strong but
violated by weak interactions.

According to the eightfold way, mesons and baryons are classified into differ-
ent representations (“multiplets”) of SU(3), with each multiplet member described
by either its electric charge and strangeness, or, equivalently, by its “strong hyper-
charge” and by the third component of its “strong isospin”. The eightfold way fam-
ously predicted theΩ−with strangeness−3, whichwas discovered in 1964 [111, 112].
In addition, it led to the identification of the “up” (𝑢), “down” (𝑑), and “strange”
(𝑠) quarks with the fundamental (3 or “triplet”) representation of the approximate
SU(3) flavour symmetry by Gell-Mann and Zweig [113, 114].

Shortly after, the notion of “colour charge” was introduced as an additional
quantum number in order to solve quark-statistics problems [115, 116]. “Deep in-
elastic” electron-nucleon scattering experiments conducted at SLAC in 1968 exposed
the proton’s quark structure [117, 118, 119, 120], thereby directly confirming the ex-
istence of the up and the down quark and proving that they were not purely “ficti-
tious, mathematical devices” [60] responsible for the symmetry pattern of hadronic
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bound states. The fourth, “charm” (𝑐), quark was predicted in 1970 as a require-
ment of the “GIM” mechanism [121]. Neutrino scattering in the Gargamelle bubble
chamber [122, 123] was employed to gain further insight into the nature of quarks
as point-like constituents of the nucleon.

Soon, during the early 1970s, QCD was proposed as the gauge theory describing
the strong interactions of quarks [124, 125, 126, 127]. The non-Abelian character
of QCD implies that the exchange particles, massless neutral gauge bosons called
“gluons”, interact with each other as a result of carrying colour charge themselves.
“Asymptotic freedom” [126, 127] dictates that neither quarks nor gluons be observ-
able as free particles.

2.3 Free Dirac fermions

The theory of free Dirac fermions, which is briefly summarised below based on
Ref. [128], serves as the foundation for the description of neutrinos in the SM. As
particles with spin 1/2—as are all other fundamental fermions of the SM—their kin-
ematics are described by the Dirac equation [129]

�𝑖 /𝜕 − 𝑚�Ψ (𝑥) = 0 . (2.1)

Here, Ψ(𝑥) is a non-interacting four-component fermion field, 𝑚 is the associated fer-
mion’s mass, and /𝜕 ≡ 𝛾𝜇𝜕𝜇, where 𝛾𝜇 (𝜇 = 0, 1, 2, 3) are 4×4matrices. These (“Dirac”
or “𝛾”) matrices are defined by the anticommutation relations

𝛾𝜇𝛾𝜈 + 𝛾𝜈𝛾𝜇 = 2𝑔𝜇𝜈𝟙 , (2.2)

where 𝑔𝜇𝜈 is themetric tensor, and 𝛾0𝛾𝜇†𝛾0 = 𝛾𝜇. Despite the notation, the 𝛾matrices
are not four-vectors but constants that may occur in different representations.

The “adjoint” field Ψ(𝑥) ≡ Ψ† (𝑥) 𝛾0 can be employed to construct the conserved
current 𝑗𝜇 ≡ Ψ (𝑥) 𝛾𝜇Ψ(𝑥), which transforms as a four-vector (Lorentz vector). More
generally, any fermion “bilinear” Ψ(𝑥) ΓΨ (𝑥), where Γ is any constant 4 × 4 matrix,
can be decomposed into 16 linearly independent bilinears with well-defined Lorentz
transformation properties:

• the single component of 𝑆 ≡ ΨΨ transforms as a Lorentz scalar and

• the single component of 𝑆̃ ≡ Ψ𝛾5Ψ (where 𝛾5 ≡ 𝑖𝛾0𝛾1𝛾2𝛾3) as a pseudoscalar,
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• the four components of 𝑉𝜇 ≡ Ψ𝛾𝜇Ψ transform as a vector and

• the four components of 𝑉̃𝜇 ≡ Ψ𝛾5𝛾𝜇Ψ as an axial vector,

• and the six components of 𝑇𝜇𝜈 ≡ Ψ𝜎𝜇𝜈Ψ (where 𝜎𝜇𝜈 ≡ 𝑖𝛾𝜇𝛾𝜈, 𝜇 ≠ 𝜈) transform
as a tensor.

Such bilinear currents serve the construction of the necessarily Lorentz-scalar terms
of the Hermitian Lagrangian of the theory, whether it contains only a single free
fermion field or several different interacting fermion and boson fields (such as the
SM). For example, the Lagrangian from which the Dirac equation (2.1) can be de-
rived reads

LD =
𝑖
2
�Ψ𝛾𝜇𝜕𝜇Ψ − 𝜕𝜇Ψ𝛾𝜇Ψ� − 𝑚ΨΨ , (2.3)

where the first two are “kinetic terms” and the third is a “mass term”.
Each current also exhibits specific transformation properties under space inversion

(parity) P, charge conjugation C, and time reversal T; the combination CPT of these,
no matter the order of the individual operations, leaves each bilinear invariant up
to a possible and irrelevant phase. Hence, CPT corresponds to an exact symmetry
of a Lorentz-invariant quantum field theory such as the SM [130, 131, 132, 133]. It
implies the simultaneous conservation or violation of

CP⟷ T , CT⟷ P , PT⟷ C . (2.4)

Chirality

A general fermion field Ψ(𝑥) which solves the Dirac equation is a “bispinor”, con-
structed from two two-component, “Weyl” spinors. AWeyl spinor transforms under
either one of two distinct irreducible two-dimensional representations (“left-” vs.
“right-chiral”) of the Lorentz group SO (1, 3), which transform in opposite manners
under Lorentz boosts and which are related to each other by the parity transforma-
tion [49, 128]. Using the “chiral representation” of the Dirac matrices, a bispinor can
be written as

Ψ ≡
⎛
⎜⎜⎜⎝
𝜒𝑅
𝜒𝐿

⎞
⎟⎟⎟⎠ , (2.5)
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where 𝜒𝑅 and 𝜒𝐿 are both two-component spinors. The Dirac equation (2.1) then
splits into the two coupled equations

𝑖 /𝜕Ψ𝑅 = 𝑚Ψ𝐿 , (2.6)
𝑖 /𝜕Ψ𝐿 = 𝑚Ψ𝑅 , (2.7)

with right- and left-chiral fields

Ψ𝑅 =
⎛
⎜⎜⎜⎝
𝜒𝑅
0

⎞
⎟⎟⎟⎠ , Ψ𝐿 =

⎛
⎜⎜⎜⎝
0
𝜒𝐿

⎞
⎟⎟⎟⎠ , (2.8)

respectively.
In any representation of the Dirac matrices, the chiral components of a general

Dirac spinorΨ are projected out by the two projection matrices

𝑃𝐿 ≡
1 − 𝛾5

2
, 𝑃𝑅 ≡

1 + 𝛾5

2
, (2.9)

with Ψ𝐿 = 𝑃𝐿Ψ and Ψ𝑅 = 𝑃𝑅Ψ. The chirality of a field Ψ is well-defined only if Ψ
is an eigenfunction of the “chirality matrix” 𝛾5 ≡ 𝛾5, which anticommutes with all
Diracmatrices. On the one hand, this property implies that chirality is not conserved,
since 𝛾5 anticommutes with the mass term in Eq. (2.3). On the other, chirality is
Lorentz-invariant, since 𝛾5 commutes with the generators of the Lorentz group [49].
By convention, the right-chiral field Ψ𝑅 is assigned the eigenvalue +1, whereas the
left-chiral field Ψ𝐿 is assigned the eigenvalue −1. In any case, a bispinor Ψ can be
written as the sum of its chiral components,Ψ = Ψ𝐿 +Ψ𝑅.

The fact that the Dirac equation reduces to a simpler version in the case of a
massless fermion—requiring fields with only two independent components—was
demonstrated by Weyl in 1929 [134]. Due to the decoupling of the dynamics of the
chiral fields Ψ𝑅 and Ψ𝐿 for 𝑚 = 0, as seen from Eqs. (2.6) and (2.7), a massless
fermion can in principle be described by either of these alone. Note that both the
quantised left-chiral field (operator) as well as its adjoint, Ψ𝐿 respectively Ψ𝐿, de-
scribe only particles with left-handed helicity (antiparallel spin and momentum)
and antiparticles with right-handed helicity (parallel spin and momentum). The
right-chiral field as well as its adjoint,Ψ𝑅 respectivelyΨ𝑅, in contrast, describe only
particles with right-handed helicity and antiparticles with left-handed helicity.4 The

4More precisely, the left-chiral field, for instance, contains annihilation operators for left-handed
particles and creation operators for right-handed antiparticles, whereas its adjoint contains cre-
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left-chiral fieldΨ𝐿 (𝑥)
particles
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particles
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antiparticles
s

p

Figure 2.1: Helicity states of left- and right-chiral fermion fields, for particles and anti-
particles, with spin s and momentum p either parallel (right-handed) or antiparallel (left-
handed). Figure adapted from Ref. [128].

possible helicity states are sketched in Fig. 2.1.
Fromahistorical perspective, the parity-violating nature ofWeyl’s two-component

theory of massless fermions was pointed out by Pauli in 1933 [135]: since P trans-
forms between the left- and right-chiral components Ψ𝐿 and Ψ𝑅, a theory which
only implements one of these necessarily violates invariance under parity. Once par-
ity violation had been experimentally observed, integrating the neutrino as a mass-
less left-handed Weyl fermion into the SM represented the most economical route—
thereby mimicking the left-chiral (𝑉 −𝐴) nature of the weak charged current within
the electroweak Standard Model of Sec. 2.4 below. A two-component spinor also
fully specifies a special solution of the Dirac equation referred to as “Majorana fer-
mion” [136, 137]. As explained in Sec. 3.1, a massive neutrino could be such a type
of field.

2.4 Elements of electroweak theory

Neutrino interactions are embedded in the Standard Model of electroweak interac-
tions (EWSM), whose unified theory demands the joint consideration of the SU(2)𝐿
and U(1)𝑌 gauge groups. No reference to strong interactions is required, owing to
the lacking mixing between the electroweak, SU(2)𝐿 × U(1)𝑌, and the QCD, SU(3)𝐶,
sectors of the SM. This section elucidates salient features of the EWSM by strongly
drawing from Ref. [128].

2.4.1 Gauge fields and fermion fields

One of the key elements of gauge theory is requiring the invariance of a non-
interacting Lagrangian under a gauge transformation 𝑈 (𝑥), such that a matter field

ation operators for left-handed particles and annihilation operators for right-handed antiparticles.
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Ψ(𝑥) transforms as Ψ(𝑥) → Ψ ′ (𝑥) = 𝑈 (𝑥)Ψ (𝑥), where 𝑈 (𝑥) is an element of the
considered gauge group, chosen independently at each point 𝑥 in spacetime. In gen-
eral, the symmetry of the Lagrangian is ensured by introducing a gauge field 𝐴𝜇 (𝑥)
and replacing the four-derivative 𝜕𝜇 with the derivative 𝐷𝜇 ≡ 𝜕𝜇 + 𝑖𝑔𝐴𝜇 (𝑥).

Given a particular gauge group representation 𝑅 and its associated generators
𝑇𝑎𝑅 (𝑎 = 1,… , 𝑑), the gauge field can be written as the linear combination 𝐴𝜇 (𝑥) =
𝐴𝑎𝜇 (𝑥) 𝑇𝑎𝑅, with a set of vector gauge fields 𝐴𝑎𝜇. Accordingly, the EWSM introduces
𝑑 = 4 of the latter:

SU(2)𝐿 ∶ 𝑊1
𝜇, 𝑊2

𝜇, 𝑊3
𝜇 ,

U(1)𝑌 ∶ 𝐵𝜇 .

On the one hand, the gauge group choice uniquely fixes the interaction properties
and number of vector gauge boson fields. On the other, experimental observations
dictate the number and types of matter fields and guide the way of assigning them
to representations of the group.

Leptons and quarks constitute the fundamental fermion fields, which for reasons
unknown occur asmembers of three “families” or “generations”with identical prop-
erties except for their mass. The left-chiral fermion fields within each family are as-
signed to an SU(2)𝐿 doublet, which has “weak isospin” 𝑇 = 1/2, whereas their right-
chiral counterparts are singlets, with isospin 𝑇 = 0. The lepton respectively quark
doublets 𝐿′𝛼𝐿 and 𝑄′

𝑖𝐿 are

𝐿′𝑒𝐿 =
⎛
⎜⎜⎜⎝
𝜈′𝑒𝐿
𝑒′𝐿

⎞
⎟⎟⎟⎠ , 𝐿′𝜇𝐿 =

⎛
⎜⎜⎜⎝
𝜈′𝜇𝐿
𝜇′𝐿

⎞
⎟⎟⎟⎠ , 𝐿′𝜏𝐿 =

⎛
⎜⎜⎜⎝
𝜈′𝜏𝐿
𝜏′𝐿

⎞
⎟⎟⎟⎠ , (2.10)

𝑄′
1𝐿 =

⎛
⎜⎜⎜⎝
𝑢′𝐿
𝑑′𝐿

⎞
⎟⎟⎟⎠ , 𝑄′

2𝐿 =
⎛
⎜⎜⎜⎝
𝑐′𝐿
𝑠′𝐿

⎞
⎟⎟⎟⎠ , 𝑄′

3𝐿 =
⎛
⎜⎜⎜⎝
𝑡′𝐿
𝑏′𝐿

⎞
⎟⎟⎟⎠ . (2.11)

The right-chiral charged-lepton and quark singlets are given by ℓ′𝛼𝑅 = 𝑒′𝑅, 𝜇′𝑅, 𝜏′𝑅 re-
spectively 𝑞′𝑈𝑖𝑅 = 𝑢′𝑅, 𝑐′𝑅, 𝑡′𝑅 and 𝑞′𝐷𝑖𝑅 = 𝑑′𝑅, 𝑠′𝑅, 𝑏′𝑅, where the superscript 𝑈 (𝐷) denotes
up-type (down-type) quark fields.

The matter fields above couple to the gauge bosons via the covariant derivative

𝐷𝜇 =

⎧⎪⎪⎨
⎪⎪⎩
𝜕𝜇 + 𝑖𝑔𝑊

𝑗
𝜇
𝜎𝑗

2 + 𝑖𝑔
′𝐵𝜇

𝑌
2 (𝐿)

𝜕𝜇 + 𝑖𝑔′𝐵𝜇
𝑌
2 (𝑅)

(2.12)

for doublets (𝐿) respectively singlets (𝑅). The coupling constant 𝑔 is associated with
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2.4 Elements of electroweak theory

𝑇 𝑇3 𝑌 𝑄

lepton doublet 𝐿′𝛼𝐿 = �
𝜈′𝛼𝐿
ℓ′𝛼𝐿

� 1/2 1/2 −1 0
−1/2 −1

lepton singlet ℓ′𝛼𝑅 0 0 −2 −1

quark doublet 𝑄′
𝑖𝐿 = �

𝑞′𝑈𝑖𝐿
𝑞′𝐷𝑖𝐿
� 1/2 1/2 1/3 2/3

−1/2 −1/3

quark singlets 𝑞′𝑈𝑖𝑅 0 0 4/3 2/3
𝑞′𝐷𝑖𝑅 −2/3 −1/3

Table 2.1: Weak isospin 𝑇, its third component 𝑇3, weak hypercharge 𝑌, and electric charge
𝑄 (in units of the elementary charge |𝑒|) of the SU(2)𝐿 fundamental fermion doublets and
singlets. Table adapted from Ref. [128].

SU(2)𝐿, whereas 𝑔′ is associatedwithU(1)𝑌. Togetherwith the hypercharge generator
𝑌 of U(1)𝑌, the third component of the weak isospin, 𝑇3, satisfies the “Gell-Mann–
Nishijima relation”

𝑄 = 𝑇3 +
𝑌
2

, (2.13)

where 𝑄 is the fermion’s electric charge in units of the elementary charge. Table 2.1
specifies the different quantum numbers from Eq. (2.13) for all fermion fields in the
SM.

As motivated in Sec. 2.3, right-chiral neutrino fields (𝜈′𝑒𝑅, 𝜈′𝜇𝑅, 𝜈′𝜏𝑅)—which
Eq. (2.13) would require to have 𝑌 = 0—are not included in the SM.

2.4.2 Interactions

The EWSM is given by the most general renormalisable Lagrangian invariant under
local SU(2)𝐿×U(1)𝑌 gauge transformations, constructed from the fermion and gauge
fields as well as the Higgs field. Leaving the latter aside to begin with—for the case
of massless fermions and gauge bosons—the gauge-invariant Lagrangian is given by
the sum of a kinetic termL𝑓 for the fermion fields, a termLgauge for the gauge fields’
kinetics and self-interactions, and an interaction term Lint containing the couplings
between the fermion and gauge fields,

Lmassless ≡ L𝑓 +Lgauge +Lint . (2.14)
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2 Massless neutrinos in the minimal Standard Model

Here, L𝑓 is just the free Dirac Lagrangian for the fermion fields of Sec. 2.4.1. The
interaction term Lint follows naturally from the requirement of gauge invariance:

L𝑓 +Lint = 𝑖𝐿′𝛼𝐿 /𝐷𝐿′𝛼𝐿 + 𝑖𝑄′
𝑗𝐿 /𝐷𝑄′

𝑗𝐿 + 𝑖ℓ′𝛼𝑅 /𝐷ℓ′𝛼𝑅 + 𝑖𝑞′𝑈𝛼𝑅 /𝐷𝑞′𝑈𝛼𝑅 + 𝑖𝑞′𝐷𝛼𝑅 /𝐷𝑞′𝐷𝛼𝑅 . (2.15)

Its leptonic part describes neutrino interactions, whose investigation can proceed
without taking into account the mass generation mechanism, to which we briefly
return afterwards.

Substituting the covariant derivative (2.12) together with the isospin and hyper-
charge eigenvalues of the fermion fields from Table 2.1 into Eq. (2.15) yields the
following expression for the leptonic part of Lint:

Lint,ℓ = −
1
2
�𝜈′𝛼𝐿 ℓ′𝛼𝐿�

⎛
⎜⎜⎜⎝
𝑔 /𝑊3 − 𝑔′ /𝐵 𝑔 � /𝑊1 − 𝑖 /𝑊2�
𝑔 � /𝑊1 + 𝑖 /𝑊2� −𝑔 /𝑊3 − 𝑔′ /𝐵

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝
𝜈′𝛼𝐿
ℓ′𝛼𝐿

⎞
⎟⎟⎟⎠ + 𝑔′ℓ′𝛼𝑅 /𝐵ℓ′𝛼𝑅 . (2.16)

While its off-diagonal terms describe charged-current (CC) interactions, the diag-
onal terms give rise to neutral-current (NC) interactions.

By defining the linear combination 𝑊𝜇 ≡ �𝑊𝜇
1 − 𝑖𝑊

𝜇
2 � /√2, the leptonic CC Lag-

rangian can be written as

LCC,ℓ = −
𝑔

√2
�𝜈′𝛼𝐿 /𝑊ℓ′𝛼𝐿 + ℓ′𝛼𝐿 /𝑊

†𝜈′𝛼𝐿�

= −
𝑔
2√2

𝜈′𝛼𝛾𝜇 �1 − 𝛾5� ℓ′𝛼𝑊𝜇 + h.c.

= −
𝑔
2√2

𝑗𝜇𝑊,ℓ𝑊𝜇 + h.c. , (2.17)

with the leptonic charged current

𝑗𝜇𝑊,ℓ = 2𝜈′𝛼𝐿𝛾𝜇ℓ′𝛼𝐿 . (2.18)

The description of NC interactions is more involved because electroweak unifica-
tion requires these to contain the leptonic QED Lagrangian

L𝛾,ℓ = −𝑒𝑗
𝜇
𝛾,ℓ𝐴𝜇 , (2.19)

with the leptonic electromagnetic current 𝑗𝜇𝛾,ℓ = −ℓ′𝛼𝛾𝜇ℓ′𝛼. This can be achieved via a
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2.4 Elements of electroweak theory

rotation in the𝑊𝜇
3 –𝐵𝜇 plane, through the “weak mixing angle” 𝜗𝑤:

⎛
⎜⎜⎜⎝
𝐴𝜇

𝑍𝜇

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
cos𝜗𝑤 sin𝜗𝑤
− sin𝜗𝑤 cos𝜗𝑤

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝
𝐵𝜇

𝑊𝜇
3

⎞
⎟⎟⎟⎠ . (2.20)

Here, 𝑍𝜇 is a vector boson field that is orthogonal to 𝐴𝜇. Combining the mixing
relation (2.20) with the NC part of the interaction Lagrangian (2.16) results in the
leptonic NC Lagrangian

LNC,ℓ = −
𝑔

2 cos𝜗𝑤
�𝜈′𝛼𝐿 /𝑍𝜈′𝛼𝐿 − �1 − 2 sin2 𝜗𝑤� ℓ′𝛼𝐿 /𝑍ℓ′𝛼𝐿 + 2 sin2 𝜗𝑤ℓ′𝛼𝑅 /𝑍ℓ′𝛼𝑅�

+ 𝑔 sin𝜗𝑤ℓ′𝛼 /𝐴ℓ′𝛼 . (2.21)

The relation tan𝜗𝑤 = 𝑔′/𝑔, which prevents any coupling between the neutrinos and
the photon, has been employed in order to arrive at this expression. In addition,
by identifying the NC Lagrangian as the sum LNC,ℓ = L𝛾,ℓ + L𝑍,ℓ of the QED Lag-
rangian (2.19) and the weak NC Lagrangian L𝑍,ℓ, one finds that 𝑔 and 𝑔′ are related
to the elementary charge 𝑒 as 𝑔 sin𝜗𝑤 = 𝑒 respectively 𝑔′ cos𝜗𝑤 = 𝑒. The weak NC
Lagrangian follows as

L𝑍,ℓ = −
𝑔

2 cos𝜗𝑤
𝑗𝜇𝑍,ℓ𝑍𝜇 , (2.22)

where the leptonic weak neutral current 𝑗𝜇𝑍,ℓ has been introduced. The latter is typ-
ically written as

𝑗𝜇𝑍,ℓ = 2𝑔𝜈𝐿𝜈′𝛼𝐿𝛾𝜇𝜈′𝛼𝐿 + 2𝑔ℓ𝐿ℓ′𝛼𝐿𝛾𝜇ℓ′𝛼𝐿 + 2𝑔ℓ𝑅ℓ′𝛼𝑅𝛾𝜇ℓ′𝛼𝑅
= 𝜈′𝛼𝛾𝜇 �𝑔𝜈𝑉 − 𝑔𝜈𝐴𝛾5� 𝜈′𝛼 + ℓ′𝛼𝛾𝜇 �𝑔ℓ𝑉 − 𝑔ℓ𝐴𝛾5� ℓ′𝛼 . (2.23)

The coefficients of the NC terms coupling only left-chiral respectively right-chiral
fermions in the first line of Eq. (2.23) are 𝑔𝑓𝐿 = 𝑇3 − 𝑄 sin2 𝜗𝑤 and 𝑔𝑓𝑅 = −𝑄 sin2 𝜗𝑤.
However, 𝑗𝜇𝑍,ℓ can also be expressed in terms of its vector and axial components, as
done in the second line. The vector coefficients then correspond to the sum of the
left- and right-chiral coefficients for the fermion in question, 𝑔𝑓𝑉 = 𝑔𝑓𝐿 + 𝑔

𝑓
𝑅, whereas

the axial coefficients correspond to their difference, 𝑔𝑓𝐴 = 𝑔
𝑓
𝐿 − 𝑔

𝑓
𝑅.
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2 Massless neutrinos in the minimal Standard Model

2.4.3 Mass generation

If gauge invariance is to hold, the addition of charged-fermion5 and gauge-boson
mass terms to the Lagrangian (2.14) is forbidden. In the case of a charged SM fer-
mion field 𝑓 = ℓ𝛼, 𝑞

𝑈(𝐷)
𝑖 (unprimed for reasons that will become clear below), a mass

term couples left- and right-chiral components, whose transformation behaviours
under SU(2)𝐿 differ though. In the presence of a complex SU(2)𝐿 doublet consisting
of a charged (𝜙+) and a neutral (𝜙0) scalar field,

Φ (𝑥) ≡
⎛
⎜⎜⎜⎝
𝜙+ (𝑥)
𝜙0 (𝑥)

⎞
⎟⎟⎟⎠ , (2.24)

however, the following combination (considering leptons only) is invariant under
the SU(2)𝐿 ×U(1)𝑌 gauge transformation:

LYukawa,ℓ = −𝑌′ℓ𝛼𝛽𝐿′𝛼𝐿Φℓ′𝛽𝑅 − 𝑌′ℓ
∗

𝛼𝛽ℓ′𝛽𝑅Φ†𝐿′𝛼𝐿 , (2.25)

where 𝑌′ℓ𝛼𝛽 is a complex 3 × 3matrix of “Yukawa couplings”. These gauge-invariant
terms give rise to lepton masses via the Brout–Englert–Higgs mechanism [52, 53, 54,
55, 56, 57], which assigns the Lagrangian

LHiggs = �𝐷𝜇Φ�
†
�𝐷𝜇Φ� − 𝑉 (Φ) (2.26)

to the scalar doublet. The gauge-invariant Higgs potential reads

𝑉 (Φ) = 𝜇2Φ†Φ + 𝜆 �Φ†Φ�
2
, (2.27)

with a self-coupling 𝜆 > 0. When the parameter 𝜇2 < 0, the potential 𝑉 (Φ) exhibits
an infinite number of states with minimal energy, all degenerate with each other.

These states satisfy Φ†Φ = −𝜇
2

2𝜆 ≡ 𝑣2

2 , where 𝑣 ≡
�
−𝜇

2

𝜆 is the vacuum expectation
value (VEV).

After spontaneous symmetry breaking, which corresponds to arbitrarily selecting
a ground state from the set of degenerate vacuum states,6 the Higgs doublet can be

5A charged fermion has to be a “Dirac” fermion, which has a distinct antiparticle with opposite
electric charge, etc. [138].

6The original gauge symmetry becomes hidden [128].
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2.4 Elements of electroweak theory

expressed as

Φ (𝑥) =
1

√2

⎛
⎜⎜⎜⎝

0
𝑣 + 𝐻 (𝑥)

⎞
⎟⎟⎟⎠ , (2.28)

where 𝐻 (𝑥) is the (real) scalar Higgs field.

Charged-lepton masses

Evaluating the charged-lepton Yukawa Lagrangian (2.25) after symmetry breaking
allows identifying the charged-lepton mass matrix 𝑀′ℓ

𝛼𝛽 ≡ 𝑌′ℓ𝛼𝛽𝑣/√2, which need not
be diagonal. As shown in Ref. [128], a “biunitary” transformation can be performed
by introducing two suitable 3 × 3 unitary matrices 𝑉ℓ

𝐿 and 𝑉ℓ
𝑅 which yield a diag-

onal mass matrix𝑀ℓ ≡ 𝑉ℓ†
𝐿 𝑀′ℓ𝑉ℓ

𝑅 with real and positive diagonal elements 𝑚ℓ
𝛼. The

charged lepton fields with definite masses are then ℓ𝛼 = ℓ𝛼𝐿 + ℓ𝛼𝑅, with components
that comprise the column vector

ℓ𝐿(𝑅) ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒𝐿(𝑅)
𝜇𝐿(𝑅)
𝜏𝐿(𝑅)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑉ℓ†

𝐿(𝑅)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒′𝐿(𝑅)
𝜇′𝐿(𝑅)
𝜏′𝐿(𝑅)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.29)

The associated Yukawa coupling strengths to the Higgs field, 𝑦ℓ𝛼 = 𝑚ℓ
𝛼√2/𝑣, are not

constrained by the SM.

Charged-lepton flavour and mass basis

With themass generationmechanism in place, the question ariseswhat the change of
basis (2.29)—from the flavour to themass basis—implies for CC andNC interactions
of leptons.

According to Eq. (2.29), the leptonic charged current (2.18) becomes 𝑗𝜌𝑊,ℓ =
2𝝂′𝐿𝛾𝜌𝑉ℓ

𝐿ℓ𝐿, where 𝝂′𝐿 ≡ (𝜈′𝑒𝐿, 𝜈′𝜇𝐿, 𝜈′𝜏𝐿). Since all neutrinos are massless, any choice
for their basis leaves the Yukawa Lagrangian unaffected. We are thus free to apply
the same rotation through 𝑉ℓ†

𝐿 as for the charged lepton fields,

𝝂𝐿 ≡ 𝑉ℓ†
𝐿 𝝂′𝐿 . (2.30)

The resulting charged current 𝑗𝜌𝑊,ℓ = 2𝝂𝐿𝛾𝜌ℓ𝐿 = 2𝜈𝛼𝐿𝛾𝜌ℓ𝛼𝐿 differs from Eq. (2.18)
only via the replacement of primed fields (flavour basis) by unprimed fields (mass
basis). The same applies to the leptonic weak neutral current (2.23).
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2 Massless neutrinos in the minimal Standard Model

In summary, the fields of definite masses created through the Yukawa interaction
of the charged lepton fields with the Higgs field are identical to the flavour fields—a
direct consequence of the assumption of massless neutrinos.

Quark masses and mixing

There need to existmass terms for bothmembers of eachweak-isospin quarkdoublet.
TheHiggs–YukawaLagrangian for down-type quarks is constructed in the sameway
as the leptonic one in Eq. (2.25), and that for up-type quarks with the aid of the
“conjugate” Higgs doublet Φ̃ ≡ 𝑖𝜎2Φ ∗, which transforms just as Φ under SU (2)𝐿
but has opposite hypercharge. The fields of definite masses are then determined in
analogy to the case of charged leptons, but with a total of four suitable 3 × 3 unitary
matrices, 𝑉𝑈

𝐿 , 𝑉𝑈
𝑅 , 𝑉𝐷

𝐿 , and 𝑉𝐷
𝑅 , instead.

An important consequence of the Yukawa interaction of quarks with the Higgs
field is revealed through the quark charged current: it is not diagonal in the mass
basis but depends on the complex 3 × 3 product matrix

𝑉CKM ≡ 𝑉𝑈†
𝐿 𝑉𝐷

𝐿 , (2.31)

called the “Cabibbo–Kobayashi–Maskawa” (CKM)matrix [139, 140]. Therefore, it is
possible to choose the flavour fields of the up-type quarks to correspond to definite-
mass fields, q′𝑈𝐿 → q𝑈𝐿 , and the flavour fields of the down-type quarks to correspond
to the rotated fields

q′𝐷𝐿 → 𝑉CKM q𝐷𝐿 . (2.32)

Since the quark neutral current (bothweak and electromagnetic) is unaffected by the
change of basis, the SM does not accommodate flavour-changing neutral currents
(FCNCs).

2.4.4 Effective low-energy theory

Low-energy processes for which the four-momentum transfer �𝑞2� ≪ 𝑚2
𝑊,𝑍 appear

as point-like, zero-range, interactions, in analogy to Fermi’s theory of 𝛽-decay. Ac-
cordingly, the effective low-energy weak CC and NC interactions are described by
products of two currents,

L
(eff)
𝑊,ℓ = −

𝐺𝐹
√2

𝑗†𝑊,ℓ 𝜇 𝑗
𝜇
𝑊,ℓ , (2.33)
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2.5 Neutrino scattering

and
L
(eff)
𝑍,ℓ = −

𝐺𝐹
√2

𝑗𝜇𝑍,ℓ 𝑗𝑍,ℓ 𝜇 , (2.34)

where 𝑗𝜇𝑊,ℓ is given in Eq. (2.18), 𝑗𝜇𝑍,ℓ in Eq. (2.23), and where 𝐺𝐹 is Fermi’s coupling
constant, with

𝐺𝐹
√2

=
𝑔2

8𝑚2
𝑊
=

𝑔2

8 cos2 𝜗𝑤𝑚2
𝑍
. (2.35)

Figure 2.2 shows how the𝑊± gauge boson propagator in the Feynman diagram (see
Sec. 2.5.1) for the CC interaction 𝜈𝛼+ℓ−𝛼 → 𝜈𝛼+ℓ−𝛼 is contracted to a four-lepton vertex
in this limit.

𝑊(𝑞)

𝜈𝛼 𝑔
2√2

𝑗𝑊 ℓ−𝛼

𝑔
2√2

𝑗†𝑊ℓ−𝛼 𝜈𝛼

�𝑞2� ≪ 𝑀2
𝑊�����������⃯

ℓ−𝛼

𝜈𝛼

𝐺𝐹

√2

𝑗𝑊

𝑗†𝑊

ℓ−𝛼

𝜈𝛼

Figure 2.2: Lowest-order Feynman diagram of the CC process 𝜈𝛼+ℓ−𝛼 → 𝜈𝛼+ℓ−𝛼 (left), leading
to an effective Fermi interaction in the case of sufficiently small four-momentum transfer
(right). Figure adapted from Ref. [128].

2.5 Neutrino scattering

Ever since the experimental discovery of the weak neutral current via the reactions
(−)𝜈𝜇 +𝑁 → (−)𝜈𝜇 +𝑋 and (−)𝜈𝜇 + 𝑒− →

(−)𝜈𝜇 + 𝑒− and the first measurements of the weak mix-
ing angle sin2 𝜗𝑤 (using the CC reaction (−)𝜈𝜇 + 𝑁 → 𝜇± + 𝑋 in addition) [89, 90, 91],
the use of neutrinos as scattering projectiles has not only furthered our understand-
ing of electroweak interactions but also shed light on the internal nucleon structure.
Nowadays, in particular experiments studying neutrino oscillations stand to bene-
fit from improved neutrino interaction models for nuclear targets, as the associated
systematic uncertainties limit the measurement precision and potentially introduce
biasses [141].

25



2 Massless neutrinos in the minimal Standard Model

This thesis exploits the coherent (elastic) forward scattering on Earth matter of
propagating neutrinos that are naturally produced in the atmosphere to search for
neutrino properties beyond the minimal SM considered throughout this chapter. A
minor fraction of these neutrinos can subsequently be detected as they undergo inco-
herent interactions—which give rise to charged leptons or lead to the breaking-up of
a nucleus—with the constituents of large volumes of transparent media. In light of
the magnitudes of the four-momentum transfers associated with both, coherent and
incoherent, types of interactions in this work, it is possible to adopt the low-energy
limit from Sec. 2.4.4.

To gain insight into the above scattering processes, an introduction of useful gen-
eral concepts is followed by brief accounts of the specific processes’ theoretical de-
scriptions as well as selected phenomenological aspects and experimental applica-
tions. All discussions are restricted to the lowest order, or “tree level”.7

2.5.1 General concepts

The probability for a neutrino interaction to occur is represented by the interaction
cross section, which allows obtaining the total interaction rate from an impinging
neutrino flux (per unit area and time) as

interaction rate = flux × number of target particles × cross section . (2.36)

In principle, the cross section is fully specified by the SM Lagrangian and the kin-
ematics of the process under consideration. Indeed, Lorentz-covariant scattering
theory allows deriving a general formula for the (differential or total) cross section of
a process with two incoming particles and an arbitrary number of outgoing particles
(see, e.g., Refs. [143, 144]). Crucially, this expression contains the squared mag-
nitude of the “scattering matrix” element, �𝑇𝑓𝑖�

2.
The scattering matrix 𝑇 is related to the “𝑆-matrix” of probability amplitudes for

the transitions (including no scattering, represented by the identity matrix) from
initial to final states via [143]

𝑆𝑓𝑖 − 𝛿𝑓𝑖 = 𝑖 (2𝜋)
4 𝛿(4) �𝑃𝑖 − 𝑃𝑓� 𝑇𝑓𝑖 , (2.37)

where 𝑃𝑖 and 𝑃𝑓 are the total four-momenta of the initial and final states, respectively.

7See Ref. [142] for a recent and comprehensive overview of advanced theoretical approaches to the
description of neutrino scattering.
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2.5 Neutrino scattering

The “reactionmatrix” elements (2.37) can be obtained from “Feynman rules”, which
are graphically represented by diagrams such as those in Fig. 2.2. Each diagram cor-
responds to an amplitude contributing to the elements’ perturbative expansion. In
the case of electroweak interactions, lowest-order diagrams—containing the lowest
number of vertices—contribute with the highest weight.

Specifically, at tree level, the scattering matrix element factorises into the weak
leptonic current, a propagator term, and the second, e.g., weak hadronic, cur-
rent [145]. Single-particle-current matrix elements, with which we are concerned,
are typically evaluated at the (arbitrary) spacetime point 𝑥 = 0, as each can be
straightforwardly translated to any other point. When the current is unknown a
priori—as a result of incalculable effects of virtual strong interactions—its matrix
element is expressed in the most general way compatible with the required Lorentz
transformation behaviour, namely as a sum of covariant (e.g., hadron field) bilin-
ears constructed from the available particle momenta and, if applicable, spins. In
(quasi)elastic scattering processes, each term now contributes not with a constant
coupling strength but with an a-priori unknown Lorentz-invariant “form factor”,
which only depends on𝑄2. In inelastic processes, the “hadronic tensor”—a sumover
spin-averaged bilinear products of hadronic current matrix elements—is expressed
in the most general way through terms proportional to Lorentz-invariant “structure
functions”, which generically depend on two linearly independent kinematic invari-
ants (one of which could be 𝑄2). Additional symmetry arguments often further
restrict the structure of the hadronic current or tensor and thereby determine the
number and properties of non-zero form factors respectively structure functions.

The reader is referred to Refs. [143, 146] for a more in-depth discussion of the
scattering matrix element and its various ingredients above.

2.5.2 Neutrino-electron scattering

The elastic scattering process

(−)𝜈𝛼 + 𝑒− →
(−)𝜈𝛼 + 𝑒− (2.38)

allows low-energy neutrinos and antineutrinos of any flavour to interact with elec-
trons because it is without an energy threshold. Depending on the flavour, different
interaction channels contribute to the scattering amplitude.

When 𝛼 = 𝜇, 𝜏 the scattering matrix element only receives a single contribution,
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from the exchange of a 𝑍0, [128, 143]

𝑇(eff) = 𝑇(eff)𝑍 ∝
𝐺𝐹
√2

�𝜈𝛼𝛾𝜌 �1 − 𝛾5� 𝜈𝛼� �𝑒𝛾𝜌 �𝑔𝑒𝑉 − 𝑔𝑒𝐴𝛾5� 𝑒� �𝛼 = 𝜇, 𝜏� , (2.39)

where 𝑔𝑒𝑉 is the vector and 𝑔𝑒𝐴 the axial coupling constant for the electron defined in
Sec. 2.4.2.

The electron (anti)neutrino in addition interacts with the electron via the CC pro-
cess depicted in Fig. 2.2. Accordingly, the scattering amplitude takes the form

𝑇(eff) = 𝑇(eff)𝑊 + 𝑇(eff)𝑍 ∝
𝐺𝐹
√2

� �𝑒𝛾𝜇 �1 − 𝛾5� 𝜈𝑒��𝜈𝑒𝛾𝜇 �1 − 𝛾5� 𝑒� + �𝜈𝑒𝛾𝜇 �1 − 𝛾5� 𝜈𝑒��𝑒𝛾𝜇 �𝑔𝑒𝑉 − 𝑔𝑒𝐴𝛾5� 𝑒� � .

(2.40)

By making a “Fierz transformation” (see Ref. [128], for example), Eq. (2.40) can be
cast into the same form as the NC amplitude (2.39), resulting in

𝑇(eff)𝑊 + 𝑇(eff)𝑍 ∝
𝐺𝐹
√2

�𝜈𝑒𝛾𝜇 �1 − 𝛾5� 𝜈𝑒� �𝑒𝛾𝜇 ��𝑔𝑒𝑉 + 1� − �𝑔𝑒𝐴 + 1� 𝛾5� 𝑒� , (2.41)

where the interference between the CC and NC amplitudes is reflected by the effect-
ive shifts 𝑔𝑒𝑉,𝐴 → 𝑔𝑒𝑉,𝐴 + 1 of the couplings between the 𝑍0 and the electron.

For any neutrino type and in any frame, the total cross section is proportional to
the invariant squared centre-of-mass energy 𝑠 = (𝑝𝐴 + 𝑝𝐵)2 [128],

𝜎(eff)(−)𝜈𝛼
≡ 𝜎(eff) �(−)𝜈𝛼𝑒 →

(−)𝜈𝛼𝑒� ∝ 𝐺2𝐹𝑠 . (2.42)

In the limit √𝑠 ≫ 𝑚𝑒, the complete expressions (including antineutrino cross sec-
tions) [128, 147] correspond to the relative ratios 𝜎(eff)𝜈𝑒 ∶ 𝜎(eff)𝜈̄𝑒 ∶ 𝜎(eff)𝜈𝜇,𝜏 ∶ 𝜎(eff)𝜈̄𝜇,𝜏 ≈ 1 ∶
0.42 ∶ 0.16 ∶ 0.14. For reference, the numerical value 𝜎(eff)𝜈𝑒 ≈ 93 × 10−46 cm2 𝑠

MeV2
[128].

Evaluated in the laboratory frame, with the electron at rest, for a neutrino energy of
𝐸𝜈 = 1GeV this cross section amounts to approximately 10−41 cm2.

All processes’ cross sections in principle allow for the determination of the weak
mixing angle sin2 𝜗𝑤 [148]. For example, a precision of a few percent has been
achieved by measuring the ratio of differential cross sections for 𝜈𝜇 and 𝜈̄𝜇, using
accelerator (anti)neutrinos with energies of some tens of GeV [149]. Furthermore,
the combination of existing elastic scattering measurements of lower-energy 𝜈𝑒’s and
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2.5 Neutrino scattering

𝜈̄𝑒’s, produced in accelerators respectively nuclear reactors, constrains sin2 𝜗𝑤 to the
level of 10% [150].

The purely leptonic “quasielastic” scattering of neutrinos or antineutrinos on elec-
trons is possible via the CC processes

𝜈𝛼 + 𝑒− → ℓ𝛼 + 𝜈𝑒 and 𝜈̄𝑒 + 𝑒− → ℓ𝛼 + 𝜈̄𝛼 ,

where 𝛼 = 𝜇, 𝜏. These are strongly kinematically suppressed with respect to the
reaction (2.38): in order to produce a 𝜇− (𝜏−) in the laboratory frame, the energy of
the incoming neutrino needs to exceed approximately 11GeV (3TeV). The mass 𝑚ℓ𝛼
of the final-state lepton leads to a suppression factor ∝ 1 − 𝑚2

ℓ𝛼/𝑠 [128] relative to the
cross section (2.42) for the elastic scattering processes.

Finally, 𝜈̄𝑒 and 𝑒− can annihilate to produce negatively charged hadronic stateswith
zero baryon number, such as the semileptonic process resulting in a pair of quarks,

𝜈̄𝑒 + 𝑒− → 𝑑 + 𝑢̄, 𝑠 + 𝑢̄, 𝑑 + 𝑐̄, … . (2.43)

For sufficiently high centre-of-mass energies, these processes become more complic-
ated to describe than their purely leptonic counterparts due to the occurrence of
negatively charged intermediate vector-meson (𝐽𝑃 = 1−) resonances; the two low-
est corresponding resonant 𝜈̄𝑒 energies are 580GeV for the 𝜌− and 780GeV for the
𝐾−∗, with a cross section of O�10−38 cm2� [151]. As of today, these are unobserved,
but are considered realistic near-term targets for the LHC forward physics facility or
IceCube [152]. The “Glashow resonance” [153], 𝜈̄𝑒𝑒− → 𝑊−, has a resonant energy
of 6.3PeV and a strongly enhanced cross section of O�10−32 cm2�; a single candid-
ate event, hinting at the existence of astrophysical 𝜈̄𝑒’s, has been detected so far, by
IceCube [154].

2.5.3 Neutrino-nucleon scattering

When a neutrino incident on a nuclear target is high enough in energy, the target’s
substructure becomes resolvable. A composite particle serving as a neutrino scat-
tering target is probed by the exchanged virtual gauge boson, whose de Broglie
wavelength 𝜆 determines the relevant distance scale of the process at hand. Since,
for a given neutrino energy 𝐸𝜈 in the laboratory frame, the maximum squared four-
momentum transfer𝑄2

max = 2𝑚𝑇𝐸𝜈 (𝑚𝑇: targetmass), it follows that smaller distance
scales can be probed with increasing neutrino energy. For neutrino-nucleon scatter-
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Figure 2.3: From left to right, example Feynman diagrams for CC quasielastic scattering,
resonant single pion production, and deep inelastic scattering of (anti)neutrinos on protons,
respectively.

ing, 𝑄2
max only reaches the order of 𝑚2

𝑊,𝑍 when 𝐸𝜈 ∼ O(TeV), which means that a
contact interaction can be assumed as long as the incident energy is well below this
scale.

In the case of the charged current, the target’s structure causes a variety of pro-
cesses to contribute to the total neutrino-nucleon cross section depending on neut-
rino energy, as illustrated by the Feynman diagrams in Fig. 2.3. From the 𝜇− pro-
duction threshold to several hundred MeV, only quasielastic scattering (QES) is of
relevance, which transforms between a proton and a neutron. As the neutrino energy
increases (and the maximal 𝑄2 transfer grows), baryonic resonances of the nucleon
can be created, followed by their subsequent decay into various multi-particle final
states. These scattering processes are of the “resonance production” (RES) type.
Clearly, RES is accompanied by a “continuum” of non-resonant inelastic processes
that give rise to the same final states. Once the neutrino energy exceeds a few GeV,
“deep inelastic” scattering (DIS) is by far the dominant interaction. Here, the neut-
rino scatters directly on the constituent quarks inside the nucleon, which in turn is
reflected by the characteristic cross-section behaviour ∝ 𝑠 also observed for neutrino
scattering on an electron in Eq. (2.42).

One should keep in mind that there is ambiguity in the definition of the kinematic
regions across which inelastic processes generally, as well as DIS specifically, occur.
Usually, the onset of “shallow” inelastic scattering (SIS) is taken as the pion produc-
tion threshold, corresponding to an invariant mass (centre-of-mass energy) of the
final-state hadronic system of 𝑊 ≈ 1.08GeV, whereas DIS is primarily defined by
𝑄2 > 1GeV2 with an additional kinematic criterion of typically 𝑊 > 2GeV [155]
to remove resonant contributions. The accessible region in the 𝑊–𝑄2 plane for the
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2.5 Neutrino scattering

Figure 2.4: 𝑊–𝑄2 plane for inelastic neutrino-nucleon scattering at 𝐸𝜈 = 7GeV, with an as-
sumed onset of DIS at 𝑄2 = 1GeV2 and 𝑊 = 2GeV. Figure taken from Ref. [142]. See text
for details.

inelastic neutrino-nucleon scattering at an example neutrino energy of 𝐸𝜈 = 7GeV
in the laboratory frame is depicted in Fig. 2.4, subdivided into the aforementioned
kinematic regimes (among others). Many theoretical and experimental efforts are
dedicated to improving our understanding of the transition region from SIS to DIS—
from scattering on hadrons to scattering on quarks—reflecting its strong contribu-
tions to event samples of current and upcoming long-baseline neutrino oscillation
experiments [156, 142].

Figure 2.5 shows specific predictions as well as a compilation of measurements
for the total 𝜈𝜇 CC scattering cross section per “isoscalar” nucleon8 across neutrino
energies from approximately 100MeV to several hundreds of GeV [157]. The expec-
ted contributions from QES, RES, and DIS (here, different criterion of𝑊 > 1.4GeV)
are shown in addition, as is the predicted total NC cross section, which is flavour-
independent. Note that themeasurement of the ratio ofNC toCCDIS event numbers
induced by (predominantly) 𝜈𝜇’s with energies of the order of 100GeV has permitted
the CCFR experiment [158] included in the figure to constrain sin2 𝜗𝑤 to a somewhat
higher ∼2% precision than what has been achieved in elastic (−)𝜈𝜇𝑒 scattering.

8An isoscalar target has an equal number of protons and neutrons and is in a state of zero total strong
isospin [145].
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2 Massless neutrinos in the minimal Standard Model

Figure 2.5: Predictions for CC 𝜈𝜇 + 𝑁 → 𝜇− + 𝑋 and all-flavour (elastic and inelastic) NC
𝜈𝛼+𝑁 → 𝜈𝛼+𝑋 cross section per unit neutrino energy, as a function of energy, together with
measurements, for the scattering on an isoscalar nucleon, with individual calculations for
QES, RES, and DIS. The central values of “axial mass” parameters, discussed in Sec. 2.5.3.1,
are specified in addition, as is the invariantmass𝑊 = 1.4GeV of the final-state hadron system
at the assumed boundary between the phase spaces of RES andDIS. Modelling uncertainties
are represented by coloured bands, and a separate prediction of the CC cross section by the
GENIE event generator (revisited in Sec. 10.1) by the thick red dashed line. Figure taken from
Ref. [157].
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2.5.3.1 Elastic and quasielastic interactions

Lowest-energy neutrino interactions with nucleons either leave the latter intact, in
which case the interaction is referred to as “elastic”, or lead to a change in type,
𝑝 ↔ 𝑛, in which case it is referred to as “quasielastic”. Reactions involving a neutron
in the initial state always occur in a nuclear target. However, we proceed by assuming
the absence of nuclear effects in any case.

In analogy to elastic neutrino-electron scattering, the elastic (NC)process (−)𝜈𝛼+𝑁 →
(−)𝜈𝛼 + 𝑁 with 𝑁 = 𝑛, 𝑝 has no energy threshold. The quasielastic (CC) processes
𝜈𝛼 + 𝑛 → ℓ𝛼 + 𝑝 and 𝜈̄𝛼 + 𝑝 → ℓ+𝛼 + 𝑛, in contrast, create massive (charged) leptons.
Among the possible quasielastic interactions with a proton, “inverse 𝛽-decay” (IBD,
also: “inverse neutron decay”),

𝜈̄𝑒 + 𝑝 → 𝑒+ + 𝑛 , (2.44)

has the lowest threshold. It can be induced by an electron antineutrino as low as
1.806MeV in energy impinging on a free proton at rest. This renders IBD suitable
for the detection of 𝜈̄𝑒’s produced by nuclear fission. Notably, it was the reaction of
choice in the Cowan–Reines experiment at the Savannah River Plant, which resulted
in the first experimental observation of the electron antineutrino (or in fact any type
of neutrino) in 1956 [159, 160].

When computing elastic and quasielastic neutrino-nucleon scattering cross sec-
tions, it is common to employ the formalism of Llewellyn Smith [161]. One of its
core elements consists of constraining the structure of the weak nucleon current en-
tering the scattering matrix element. Key steps and assumptions in deriving cross
sections are summarised below based on Llewellyn Smith and Ref. [128].

Considering elastic scattering for definiteness and owing to itsmajor impact on the
propagation of atmospheric neutrinos through the Earth (see Sec. 3.3.1), a priori,
since the electroweak SM only implements vector and axial-vector couplings, one
typically splits the quark weak neutral current into the same two components, i.e.,

𝑗𝜇𝑍,𝑄 (𝑥) ≡ 𝑣
𝜇
𝑍 (𝑥) − 𝑎

𝜇
𝑍 (𝑥) . (2.45)

Both here and in the case of QES, for each component Lorentz covariance permits
three independent complex form factors, one ofwhich vanishes due to the absence of
“second-class” currents [162].9 The vector and axial-vector current matrix elements
9The third vector, but not axial-vector, form factor is expected to vanish also as a consequence of the

“conserved vector current hypothesis” (CVC).
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between the two nucleon states follow as [128]

�𝑁 �𝑝𝑓��𝑣
𝜇
𝑍 (0)�𝑁 �𝑝𝑖�� = 𝑢𝑁 �𝑝𝑓� �𝛾𝜇𝐹𝑍𝑁1 �𝑄2� +

𝑖
2𝑚𝑁

𝜎𝜇𝜈𝑞𝜈𝐹𝑍𝑁2 �𝑄2�� 𝑢𝑁 �𝑝𝑖� , (2.46)

�𝑁 �𝑝𝑓��𝑎
𝜇
𝑍 (0)�𝑁 �𝑝𝑖�� = 𝑢𝑁 �𝑝𝑓� �𝛾𝜇𝛾5𝐺𝑍𝑁𝐴 �𝑄2� +

𝑞𝜇

𝑚𝑁
𝛾5𝐺𝑍𝑁𝑃 �𝑄2�� 𝑢𝑁 �𝑝𝑖� , (2.47)

where 𝑢𝑁 �𝑝𝑖,𝑓� is the free nucleon’s Dirac spinor and 𝐹𝑍𝑁1 , 𝐹𝑍𝑁2 , 𝐺𝑍𝑁𝐴 , 𝐺𝑍𝑁𝑃 are the
“Dirac” (vector), “Pauli”, axial, and pseudoscalar weak NC form factors, respect-
ively. 𝐹𝑍𝑁2 and 𝐺𝑍𝑁𝑃 are form factors of “induced” currents [163], whose Lorentz
structures deviate from the intrinsic (“bare”) vector (𝛾𝜇) and axial-vector (𝛾𝜇𝛾5)
types and which do not contribute in the 𝑄2 = 0 limit. All form factors have to be
real if strong interactions are not to violate T (CP) invariance.

Proceeding with the calculation of the cross section for elastic (−)𝜈𝛼𝑁 scattering,
based on the scattering matrix element

𝑇(eff)(−)𝜈𝛼𝑁→
(−)𝜈𝛼𝑁

∝
𝐺𝐹
√2

𝑗𝑍,ℓ 𝜇 �𝑁 �𝑝𝑓��𝑗
𝜇
𝑍,𝑄 (0)�𝑁 �𝑝𝑖�� , (2.48)

it turns out that no contribution from 𝐺𝑍𝑁𝑃 remains, due to the vanishing neutrino
mass. For 𝑄2 → 0, the finite extent of the nucleon is unresolved and all form factors
become coupling constants. Generally, in the low-energy regime 𝐸𝜈 ≪ 𝑚𝑁, any de-
pendence on 𝐹𝑍𝑁2 is also removed, and the total cross section for NC elastic scattering
follows as [128]

𝜎(eff)(−)𝜈𝛼𝑁→
(−)𝜈𝛼𝑁

=
𝐺2𝐹𝐸2𝜈
𝜋 ��𝐹𝑍𝑁1 (0)�

2
+ 3 �𝐺𝑍𝑁𝐴 (0)�

2
� . (2.49)

Here, for the proton 𝐹𝑍𝑝1 (0) = 1/2 − 2 sin2 𝜗𝑤 ≈ 0.04 and 𝐺𝑍𝑝𝐴 (0) ≈ 1.27/2, and for the
neutron 𝐹𝑍𝑛1 (0) = −1/2 and 𝐺𝑍𝑛𝐴 (0) ≈ −1.27/2.

An expression closely resembling Eq. (2.49) emerges in the low-energy limit of
QES. Its cross section depends on the squares of the CC couplings 𝐹1(0) = 1 and
𝐺𝐴(0) ≈ 1.27, as well as on the squared modulus |𝑉𝑢𝑑|

2 ≈ 0.95 of the CKM matrix
element for the conversion between up and down quarks, cf. Eq. (2.32).

The values substituted above for the NC and CC form factors at 𝑄2 = 0 satisfy
several theoreticallymotivated relations (for arbitrary𝑄2) expressing, first, weak CC
form factors in terms of their (known) electromagnetic counterparts, and, second,
weak NC form factors in terms of both, weak CC and electromagnetic form factors.
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Their details can be found in Ref. [155] for example. As a consequence, the only
unknown form factor entering the QES cross section is the axial one. It is typically
fit by assuming a “dipole” shape

𝐺𝐴 �𝑄2� =
𝐺𝐴 (0)

�1 + 𝑄2

𝑀2
𝐴
�
2 (2.50)

with some “axial mass” parameter𝑀𝐴. Beyond this, the only unknown form factors
entering the general expression for the elastic scattering cross section are associated
with the virtual heavier quarks’ bare vector and axial-vector neutral currents, re-
ferred to as “strange(ness) form factors” [128, 155].

2.5.3.2 Resonance production

As can be seen from Fig. 2.5, the excitation of nucleon resonances is an appreciable
contribution to the total 𝜈𝜇 CC cross section only in the energy range of a few GeV.
Most likely, the decay of the resonance 𝑁∗ results in the creation of a single pion, in
which case the full reaction chain is [164]

(−)𝜈𝛼 + 𝑁 → ℓ±𝛼+𝑁∗

𝑁∗ → 𝜋𝑁′ ,

where 𝑁,𝑁′ = 𝑛, 𝑝 and 𝜋 = 𝜋+, 𝜋0, 𝜋−. In total, there are 14 processes producing
a single pion, whose cross sections are subject to interference between the resonant
and non-resonant contributions to the matrix element of the hadronic current [155].
The popular yet outdatedmodel by Rein and Sehgal [165] implements 18 resonances
with central invariant masses of𝑊𝜋𝑁 < 2GeV [165, Table 1], including the Δ (1232)
resonance, which is dominant at low 𝑊. While the structure of the current mat-
rix elements responsible for the transitions from a ground-state nucleon to spin-1/2
resonances is precisely that introduced in the investigation of (Q)ES, a more com-
plicated structure arises for transitions to spin-3/2 resonances such as Δ (1232) [155].
Processes producing final states containing, for example, photons, multiple pions, or
kaons, are subdominant compared to single pion production, but contribute to the
overall modelling complexity of SIS.
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2.5.3.3 Deep inelastic scattering

The elastic scattering on an individual quark within the nucleon may result in the
breakup of the latter, which in turn gives rise to a hadronic shower due to quark
recombination. Since CC or NC DIS is possible, DIS generally is defined by the (in-
clusive) processes

(−)𝜈𝛼 + 𝑁 → (−)𝜈𝛼(ℓ∓𝛼) + 𝑋 , (2.51)

where 𝑋 represents the set of final-state hadrons (not restricted to a single nucleon).
The quark-level counterparts of Eq. (2.51) are [128]

𝜈𝛼 + 𝑁 CC ∶ 𝑊+ + 𝑑, 𝑠, 𝑏 (𝑢̄, 𝑐̄, ̄𝑡) → 𝑢, 𝑐, 𝑡 ( ̄𝑑, 𝑠̄, 𝑏̄) , (2.52)
𝜈̄𝛼 + 𝑁 CC ∶ 𝑊− + 𝑢, 𝑐, 𝑡 ( ̄𝑑, 𝑠̄, 𝑏̄) → 𝑑, 𝑠, 𝑏 (𝑢̄, 𝑐̄, ̄𝑡) , (2.53)

(−)𝜈𝛼 + 𝑁 NC ∶ 𝑍0 + (−)𝑞𝑖 →
(−)𝑞𝑖 . (2.54)

The description of DIS kinematics commonly invokes the “Bjorken scaling vari-
able”

𝑥 ≡
𝑄2

2𝑝𝑁 ⋅ 𝑞
(2.55)

and the “inelasticity”
𝑦 =

𝑝𝑁 ⋅ 𝑞
𝑝𝑁 ⋅ 𝑝𝜈

, (2.56)

where 𝑝𝑁 is the nucleon and 𝑝𝜈 the neutrino four-momentum before scattering. The
pair of invariants 𝑥 and 𝑦 is related to the pair 𝑄2 and 𝑠 as 𝑥𝑦 = 𝑄2

𝑠−𝑚2𝑁
[128].

Themost general weak hadronic tensor relevant to any of the above DIS processes,
𝑊𝜇𝜈, is typically initially expressed through six real dimensionful weak nucleon
structure functions𝑊𝑖 �𝑥,𝑄2� (𝑖 = 1, 2, … , 6), the last three of which can be neglected
in the limit of vanishing lepton masses [146, 155].

Quark-parton model

While the DIS differential cross sections can be given directly in terms of the 𝑊𝑖 by
contracting the hadronic tensor with the leptonic tensor, the “quark-parton” model
(QPM) [166, 167] provides an intuitive and physically well-motivated framework.
Here, the nucleon is a composite systemof three valence quarks and a “sea” of virtual
gluons which give rise to quark-antiquark pairs. In the “Breit frame”—the frame of
reference in which the nucleon carries infinite momentum along the axis of collision
with the virtual gauge boson—quark transverse momenta and masses vanish. In
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2.5 Neutrino scattering

this system, 𝑥 corresponds to the nucleon four-momentum fraction carried by the
quark with which the gauge boson with four-momentum 𝑞 (𝑞2 = −�q�2) interacts.
Furthermore, the interacting quark is considered to be (asymptotically) free [128]
(“impulse approximation”, see Sec. 2.5.4 below).

The QPM was developed in response to the “scaling” phenomenon predicted by
Bjorken [168] and observed in the inelastic electron-proton scattering program of the
late 1960s [169]: the dimensionful structure functions can be transformed into the
dimensionless counterparts

𝐹1 �𝑥,𝑄2� ≡ 𝑚𝑁𝑊1 �𝑥,𝑄2� , 𝐹2,3 �𝑥,𝑄2� ≡
𝑄2

2𝑚𝑁𝑥
𝑊2,3 �𝑥,𝑄2� , (2.57)

which depend only on 𝑥 in the “Bjorken limit” of𝑄2, 𝑞0 →∞with finite 𝑥 [146, 155].
With these structure functions, the doubly differential weak CC DIS cross section is
given by [128, 155]

𝜕2𝜎
(−)𝜈𝑁
CC

𝜕𝑥𝜕𝑦
=
𝐺2𝐹𝑠
2𝜋 �1 +

𝑄2

𝑚2
𝑊
�
−2

�𝑥𝑦2𝐹𝑊±𝑁
1 + �1 − 𝑦� 𝐹𝑊±𝑁

2 ± 𝑥𝑦 �1 −
𝑦
2
� 𝐹𝑊±𝑁

3 � . (2.58)

To obtain the corresponding NC cross sections, the substitutions 𝑚2
𝑊 → 𝑚2

𝑍 and
𝐹𝑊±𝑁
𝑖 → 𝐹𝑍𝑁𝑖 are necessary.

The QPM considers neutrino-nucleon DIS as the incoherent scattering on free and
point-like constituents, such that a given nucleon structure function follows from
the sum over all “point” structure functions, i.e., quark and antiquark contributions,
𝐹𝑖 = ∑

𝑞 𝐹𝑖𝑞 + ∑𝑞̄ 𝐹𝑖𝑞̄. Hence, the nucleon structure functions depend on the “par-
ton distribution functions” 𝑓𝑁(−)

𝑞
(𝑥), which encode the distributions of the fractional

nucleon momentum 𝑥 for the various quark flavours. The relations can be found in
Refs. [128, 170], for example. A general expectation of the QPM is that the first two
structure functions are related by 𝐹2 = 2𝑥𝐹1 [171].

In the experimentally relevant case of an isoscalar target, each structure function
is the average of the corresponding proton and neutron ones. To halve the number
of parton distribution functions required to describe the cross section for a given DIS
process, simple relations [128] between the various distribution functions of the pro-
ton and neutron can be applied under the assumptions of strong-isospin symmetry
and of a symmetric sea. Even though the QPM does not predict the individual par-
ton distribution functions, in the absence of sea quarks it would imply a ratio of the
integrated isoscalar neutrino and antineutrino CC cross sections of 𝜎𝜈CC/𝜎𝜈̄CC = 3.
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2 Massless neutrinos in the minimal Standard Model

Experiment however obtains a neutrino cross section that is only roughly twice as
large as its antineutrino counterpart, due to the antiquark component within the
nucleon [145]. As a further example, the two integrated CC cross sections also allow
determining the fraction of the total nucleon momentum carried by quarks and anti-
quarks combined, measured to be 𝑟𝑞+𝑞̄ ≈ 0.5, with a relative contribution from (sea)
antiquarks of 𝑟𝑞̄ ≈ 0.15𝑟𝑞+𝑞̄ [155]; the other half must thus originate from gluons.

2.5.4 Nuclear targets

Figure 2.6: Sketch of two different ap-
proaches to modelling neutrino-nucleus
interactions, with interactions between
individual nucleons modifying the scat-
tering dynamics (top) or scattering on a
single independent nucleon surrounded
by “spectators” (bottom). Figure adapted
from Ref. [172].

When scattering takes place on a nucleus—
for example in modern neutrino experi-
ments that rely on heavy targets such as
oxygen, carbon, or argon to maximise event
rates—the description of neutrino-nucleon
interactions needs to be supplemented with
a characterisation of nuclearmedium effects.
It should account for, among others, the nuc-
leon’s Fermi motion and nuclear binding en-
ergy, the Pauli exclusion principle (or “Pauli
blocking”, which leads to a reduction of the
scattering phase space for a nucleon remain-
ing in the nucleus), nucleon-nucleon correl-
ations beyond the Pauli principle, and the
intranuclear hadron transport including the
possibility of reinteraction [155]. Figure 2.6
sketches and contrasts this complex picture
with a simpler interaction model, the “im-
pulse approximation” (IA) [173], in which the nucleus is characterised by a “spec-
tral function” describing the momentum and energy distributions of the constituent
nucleons and in which scattering is assumed to proceed on a single nucleon, thereby
producing some hadronic state that does not interact with the remaining 𝐴 − 1 non-
interacting “spectator” nucleons. This picture constitutes a rough nuclear equival-
ent of the QPM employed for DIS, one of the main differences being the ability of an
ejected hadron to remain free. Electron scattering data suggests that the IA is only
applicable in the regime �q� ≳ 400MeV [174, 175]. Processes with a lower three-
momentum transfer probe more than a single nucleon.
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2.5 Neutrino scattering

In fact, in the limit
�q�𝑅𝐴 ≪ 1 , (2.59)

where 𝑅𝐴 is the nuclear radius of a few fm, the scattering takes place on the nucleus
as a whole, which allows for the occurrence of coherent neutrino-nucleus scattering
(CE𝜈NS). The associated experimental challenges—in particular detecting nuclear
recoils with small kinetic energy 𝑇𝐴 ∼ O(keV)—are reflected by the passing of more
than 40 years between the first suggestions [176, 177] to exploit CE𝜈NS as a probe of
the weak neutral current and its first observation [178] in 2017 by the COHERENT
experiment [179].

To conclude this chapter, below we investigate coherence in the context of the in-
clusive NC neutrino-nucleus scattering process, making use of the arguments and
cross-section derivations in Refs. [180, 181].

2.5.4.1 Coherence

NC scattering processes of the type

(−)𝜈𝛼 + 𝐴𝑍𝑁 →
(−)𝜈𝛼 + 𝐴

(∗)𝑍
𝑁 (2.60)

conserve the integrity of the nucleus 𝐴𝑍𝑁 but might leave it in some excited state 𝐴∗𝑍𝑁 .
Without excitation, the scattering is elastic, otherwise inelastic. With characteristic
inverse nuclear sizes ranging from 25MeV to 150MeV, neutrinos from a variety of
sources (reactor, supernovae, solar, accelerator) are likely to satisfy the coherence
limit (2.59) [182], inwhich “all nucleons take part in the scattering at the level of scat-
tering amplitudes (and not cross sections)” [181]—independent of whether elastic
or inelastic scattering is considered.

In theory, the internal excitation of the nucleus by an amount Δ𝜖𝑓𝑖 modifies its
recoil energy with respect to elastic (Δ𝜖𝑓𝑖 = 0) scattering. When the neutrino is
scattered forward, the recoil energy 𝑇𝐴 takes its minimum value, and when it is
scattered backward, the recoil energy becomes maximal. An experiment with 𝐸𝜈 ≫
Δ𝜖𝑓𝑖 and without sensitivity to 𝛾-rays from nuclear de-excitation is unable to distin-
guish elastic from inelastic processes. According to Refs. [180, 181], a constructive
interference of the individual neutrino-nucleon scattering amplitudes, with a cross
section proportional to the squared number of nucleons, on theoretical grounds is
exclusively obtained in the case of elastic scattering. Crucially, the latter is assumed
to preclude the possibility of an individual nucleon’s spin flip, as opposed to inelastic
scattering. The nuclear recoils observed in the COHERENT experiment, for instance,
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2 Massless neutrinos in the minimal Standard Model

have contributions from elastic (or coherent) and inelastic (or incoherent) scattering.
The three-momentum transfer q effectuates a smooth transition between the two

scattering regimes. Illustratively, the elastic process contributes to the cross section
a term ∝ 𝐴2𝑁�𝐹𝑁 �q2��

2
(q2 ≡ �q�2), while the inelastic process contributes a term ∝

𝐴𝑁 �1 − �𝐹𝑁 �q2��
2
�, where 𝐹𝑁 �q2� is the nucleon form factor10 of the nucleus, whose

limits are

lim
�q�→0

𝐹𝑁 �q2� = 1 (full coherence) , (2.61)

lim
�q�→∞

𝐹𝑁 �q2� = 0 (full loss of coherence) . (2.62)

This implies that as �q� grows beyond 𝑅−1𝐴 , and the “classical” coherence limit (2.59)
is violated, elastic scattering becomes exceedingly improbable.

In the case of an unpolarised target, starting from Ref. [181, Eq. (131)], one finds
that the coherent contribution to the observable (inclusive) differential cross section
for a spin-zero nucleus can be expressed as

d𝜎coh
d𝑇𝐴

≈
𝐺2𝐹𝑚𝐴
𝜋 �1 −

𝑇𝐴
𝑇𝐴,max

� |𝐹|2
𝑄2
𝑊
4

, (2.63)

where the form factors for neutrons and protons are assumed to be the same [179,
181]. This expression also introduces a quantity of which literature makes frequent
use [155], namely the “weak charge” 𝑄𝑊 of the nucleus, which is related to the lat-
ter’s NC vector coupling 𝐺𝑉 as

𝑄𝑊 ≡ 2𝐺𝑉 = 2 �𝑍𝑔
𝑝
𝑉 + 𝑁𝑔𝑛𝑉� . (2.64)

The quantity 𝑔𝑁𝑉 ≡ 𝐹𝑍𝑁1 (0) is the nucleon’s weak NC vector coupling previously en-
countered in Sec. 2.5.3.1. Due to the smallness of 𝑔𝑝𝑉,𝑄𝑊 is dominated by the neutron
number 𝑁 of the target nucleus.

The observable cross section is nearly independent of whether a neutrino or an an-
tineutrino is impinging on the target. Any differences are suppressed by at least one
power in the small inelasticity 𝑦 = 𝑇𝐴/𝐸𝜈 or by products of the numbers of unpaired
nucleon spins. Furthermore, in the forward direction, where the nuclear recoil en-
ergy 𝑇𝐴 → 0 (q→ 0), the coherent cross section is independent of 𝐸𝜈.

10Form factors are not explicitly constructed to be Lorentz scalars here. Their indicated sole depend-
ence on �q� applies to spherically symmetric proton/neutron density distributions [143].
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3
Neutrino mass and mixing

The minimal Standard Model laid out in Chapter 2 must be incomplete because its
combination of particle content and gauge group leaves no room for massive neut-
rinos. Generically, neutrino mass is expected to lead to a wealth of intriguing effects
that can be investigated experimentally, such as transitions between the known neut-
rino flavours in vacuum and matter, or new interactions with fermions included in
the SM. After a necessarily condensed introduction into the vast topic of neutrino
mass and the leptonic mixing it entails, the concept of an oscillation probability is ex-
amined for vacuum. The theory is then generalised to the case of ordinary matter, in
which SM neutrino interactions (SI) are expected to manifest themselves in diverse
ways.

3.1 Massive neutrinos

To date, only neutrino oscillations—more precisely, the oscillatory or non-oscillatory
evolution of lepton flavour as a function of distance for propagating neutrinos—have
provided undisputable evidence for the existence of new physics beyond the SM: at
least two non-zero neutrino masses are required to adequately describe the large
variety of experimental data.1

The minimal SM implements the two-component theory of massless neutrinos
because—besides only the left-chiral component taking part in weak interaction
processes—at the time of its formulation there was no evidence for the existence of
neutrino mass. Neutrinos must be strictly massless in the minimal SM even if higher
orders in perturbation theory, beyond the tree level, and non-perturbative effects

1As explained in Ref. [183], oscillations do not trivially imply neutrino masses.
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3 Neutrino mass and mixing

are taken into account. This is due to the “accidental” and “non-anomalous” global
symmetry of the SM Lagrangian under U (1)𝐵−𝐿, where 𝐵 is total baryon number
and 𝐿 total lepton number (see, e.g., Ref. [184] for details).2 Consequently, without
additional SM gauge singlet leptons among the SM’s field content, neutrino mass
necessarily implies additional degrees of freedom. These could be new fields or a
qualitatively differentmass generationmechanism. Conceivable theories formassive
neutrinos can be broadly assigned to three types [186]:

1. Yukawa interactions between neutrinos and the SM Higgs field could be
enabled by the existence of 𝑁𝑠 neutrino singlets 𝜈𝑠𝑅. These are called
“sterile” [187] in contrast to the “active” neutrinos which participate in weak
interactions. Electroweak symmetry breaking (EWSB) then allows for Dirac
mass terms. If total lepton number is imposed as a fundamental symmetry
of nature, massive neutrinos are Dirac fermions. If not, bare Majorana mass
terms, constructed from the Weyl spinors 𝜈𝑠𝑅 alone, are also possible, with the
result that massive neutrinos are Majorana fermions. This possibility is scru-
tinised in more detail in Sec. 3.1.2.

2. Instead of adding neutrino fields to the SM, a scalar SU (2) triplet (“Higgs”)
fieldwith a non-zeroVEVmay act as a new source of EWSB, thereby generating
distinct Majorana neutrino masses.

3. The existence of some new source of mass, independent of the EWSB scale,
could give rise to Majorana neutrino masses whose values are determined by
the relative magnitudes of the two scales.

As Fig. 3.1 illustrates, the three known neutrinos have masses at the eV scale or
below and are lighter than the charged fermions by at least six orders of magnitude.
Neutrino Yukawa couplings to the SM Higgs field would have to be more than nine
orders of magnitude smaller than those of the heaviest, third-generation quarks and
leptons. Moreover, the mass range between the top quark and the electron is popu-
lated, whereas no particles fill the gap between the heaviest neutrino and the elec-
tron. These observations in turn are usually considered as indications that the SM
Higgs mechanism is not the origin of neutrino mass, motivating the potential Ma-

2Given the SM field content, local gauge invariance and renormalisability requirements alone pro-
hibit terms in the SM Lagrangian which violate the symmetry under global [185] 𝐺glob

SM = U (1)𝐵 ×
U (1)𝐿𝑒 ×U (1)𝐿𝜇 ×U (1)𝐿𝜏 transformations, where 𝐿𝑒,𝜇,𝜏 are lepton flavour numbers. U (1)𝐿,𝐵,𝐵−𝐿 are

all subgroups of 𝐺glob
SM .
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3.1 Massive neutrinos

Figure 3.1: Schematic overview of the masses of the known fundamental fermions, grouped
into three generations, each comprising three charged fermions (charged leptons, down-type
quarks, or up-type quarks) and one definite-mass neutrino. Here, the lower bound on the
mass of the neutrino 𝜈3 is assumed to be the largest, whereas 𝜈1 is allowed to be massless
(see Sec. 3.2.4). Figure taken from Ref. [188].

jorana nature of neutrinos and the associated requirement of total lepton number
violation.3

3.1.1 Right-chiral or sterile?

According to Sec. 2.3, chiral fermions are Weyl fermions and a general fermion field
is described using the combination of a left- and a right-chiral Weyl fermion field.
In a CPT-invariant theory, given a left-chiral fermion field, its CP conjugate, a right-
chiral field, exists as well (and vice versa)—the two states are “Lorentz-covariant
conjugates” (LCCs) of each other [138]. A sterile neutrino field is thus not per se
right-chiral in nature, but a singlet of 𝐺SM (or some extended gauge group). Mass
mixing with active neutrinos and the exchange of a Higgs boson are possible. While
sterilewith respect to𝐺SM, a right-chiral neutrinomight take part in new gauge inter-
actions beyond the SM [189]. Oscillations between active and sterile neutrinos can
only exist if both are superpositions of the same neutrino fields with definite mass,
which in turn depends on whether the neutrino is a Dirac or Majorana fermion and
on the number of active and sterile neutrino fields.
3Total lepton number and baryon number are violated also within the minimal SM, but by non-

perturbative effects [184].
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3 Neutrino mass and mixing

3.1.2 Majorana neutrinos

In 1937,Majorana employed a purely imaginary representation of theDiracmatrices,
𝛾̃𝜇 = −𝛾̃∗𝜇, which renders the Dirac equation (2.1) real and allows for real solu-
tions [138]

�Ψ = �Ψ ∗ (3.1)

to find that “there is no reason now to infer [...] the existence of [...] antineutri-
nos” [136, 137]. These solutions represent Majorana fermions. Switching from the
Majorana representation to any representation of the Dirac matrices, the reality con-
dition (3.1) transforms into the Lorentz-covariant expression [128, 138]

Ψ = �Ψ ≡ 𝐶Ψ
𝑇
= −𝛾0𝐶Ψ ∗ , (3.2)

where 𝐶 is the antisymmetric unitary “charge conjugation matrix”, defined by
𝐶−1𝛾𝜇𝐶 = −𝛾𝑇𝜇 in any representation. Hence, any fermion field that satisfies Eq. (3.2)
is of the Majorana type. �Ψ is an LCC of Ψ since it transforms in the same way as
the latter under Lorentz transformations [138]. It is also equivalent to the charge
conjugate ofΨ, CΨC (with the unitary charge conjugation operator C [128]), up to
a possible phase.

Weyl fields, as the fundamental building blocks of general fermion fields, can be
combined to allow for mass in a way that is compatible with the Lorentz-covariant
Majorana condition (3.2). If 𝜒 denotes a left-chiral Weyl field, it is straightforward to
conclude that its LCC, 𝜒̂, satisfies 𝑃𝐿𝜒̂ = 0, i.e., that it is right-chiral. The field 𝜒 + 𝜒̂
therefore satisfies Eq. (3.2). It constitutes a Majorana fermion, whose Lagrangian
can contain a mass term [138].

As pointed out in Refs. [190, 138, 191], charge conjugation applied to a chiral field
does not change chirality. Accordingly, the right-chiral componentΨ𝑅 of a Majorana
field must not be identified as the charge conjugate of the field’s left-chiral compon-
entΨ𝐿 (and vice versa). Instead, the two chiral fields are LCCs, and (effectively, see
Ref. [138] and references therein) CP conjugates, of each other.

In the following, we examine neutrino mixing for the example of active Majorana
neutrinos only and illustrate how it generalises to the more complex case of coexist-
ing active and sterile neutrinos. Both discussions are based on Ref. [128], to which
the reader is referred for much more detail. The leptonic mixing matrix frequently
relied on throughout the remainder of this work is also defined.
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3.1 Massive neutrinos

3.1.2.1 Active neutrinos only

In the case of a single neutrino species, assuming no sterile neutrino field 𝜈𝑅 exists,

L𝐿
mass = −

1
2
𝑚𝐿 �(𝜈𝐿)𝜈𝐿 −

1
2
𝑚𝐿𝜈𝐿 �(𝜈𝐿)

(3.2)
=

1
2
𝑚𝐿𝜈𝑇𝐿𝐶†𝜈𝐿 −

1
2
𝑚𝐿𝜈𝐿𝐶𝜈𝐿

𝑇 (3.3)

is the only possible (Majorana) mass term [128]. While it is forbidden by 𝐺SM, the
term could arise as the low-energy manifestation of some high-energy theory which
encompasses the symmetries of the SM above the EWSB scale (see Sec. 3.1.4). For
three generations, Eq. (3.3) reads (dropping the explicit Hermitian conjugate of the
first term)

L𝐿
mass =

1
2
𝜈′𝑇𝛼𝐿𝐶†𝑀𝐿

𝛼𝛽𝜈′𝛽𝐿 + h.c. , (3.4)

with a complex symmetric mass matrix𝑀𝐿. It can be diagonalised by the transform-
ation �𝑉𝜈

𝐿�
𝑇
𝑀𝐿𝑉𝜈

𝐿 = 𝑀 with𝑀𝑖𝑗 = 𝑚𝑖𝛿𝑖𝑗 (𝑖, 𝑗 = 1, 2, 3). In the mass basis,

L𝐿
mass =

1
2

3
�
𝑘=1

𝑚𝑘𝜈𝑇𝑘𝐿𝐶†𝜈𝑘𝐿 + h.c. , (3.5)

with 𝜈𝑘𝐿 and �(𝜈𝑘𝐿) combining into the massive Majorana neutrino fields
𝜈𝑘 ≡ 𝜈𝑘𝐿 + �(𝜈𝑘𝐿).

The leptonicweak charged current expressed in terms of the threemass eigenstates
of charged leptons, ℓ𝐿, and neutrinos, n𝑇𝐿 ≡ �𝜈𝑇1𝐿, 𝜈𝑇2𝐿, 𝜈𝑇3𝐿�, depends on the complex
symmetric 3 × 3 “leptonic mixing matrix”

𝑈3×3 ≡ 𝑉ℓ†
𝐿 𝑉𝜈

𝐿 , (3.6)

which can be viewed as the lepton analogue of the CKM matrix in the quark sector,
compare Eq. (2.31). The mixing is assigned without ambiguity to the upper (neut-
rino) members of the lepton doublets (2.10),

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈𝑒𝐿
𝜈𝜇𝐿
𝜈𝜏𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑈3×3n𝐿 = 𝑉ℓ†

𝐿

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈′𝑒𝐿
𝜈′𝜇𝐿
𝜈′𝜏𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.7)

such that the leptonic weak charged current can be expressed as

𝑗𝜌𝑊,ℓ = 2𝜈𝛼𝐿𝛾𝜌ℓ𝛼𝐿 , (3.8)
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3 Neutrino mass and mixing

with ℓ𝛼𝐿 given in Eq. (2.29).

The choice of identifying the weak eigenstates of charged leptons with their
mass eigenstates and the weak eigenstates of neutrinos to correspond to the rotated
states (3.7) is motivated by the large mass differences between the three charged
leptons. These ensure that they are either produced and detected incoherently, as
mass eigenstates (with mass determining flavour), or lose coherence over micro-
scopic distances in practice [192].

The leptonic mixing matrix of three Majorana neutrinos can be parameterised us-
ing three physical phases and three mixing angles, andwritten as the product of two
unitary matrices,

𝑈3×3 = 𝑈D𝐷M , (3.9)

where

𝑈D =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐12𝑐13 𝑠12𝑐13 𝑠13𝑒−𝑖𝛿CP
−𝑠12𝑐23 − 𝑐12𝑠23𝑠13𝑒𝑖𝛿CP 𝑐12𝑐23 − 𝑠12𝑠23𝑠13𝑒𝑖𝛿CP 𝑠23𝑐13
𝑠12𝑠23 − 𝑐12𝑐23𝑠13𝑒𝑖𝛿CP −𝑐12𝑠23 − 𝑠12𝑐23𝑠13𝑒𝑖𝛿CP 𝑐23𝑐13

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.10)

with 𝑠𝑖𝑗 ≡ sin𝜃𝑖𝑗, 𝑐𝑖𝑗 ≡ cos𝜃𝑖𝑗, the mixing angles 𝜃12, 𝜃13, and 𝜃23, the “Dirac phase”
𝛿CP, and

𝐷M = diag �𝑒𝑖𝜆1, 𝑒𝑖𝜆2, 𝑒𝑖𝜆3� , (3.11)

choosing, e.g., 𝜆3 = 0. The ranges to which all mixing parameters can be restricted
are detailed in Sec. 3.2.4.

3.1.2.2 Coexisting active and sterile neutrinos

In the single-generation example (3.3), if the right-chiral field 𝜈𝑅 exists in addition,

L𝑅
mass = −

1
2𝑚𝑅 �(𝜈𝑅)𝜈𝑅+h.c., provides another Majorana mass term. It does not violate

SM gauge invariance in contrast to L𝐿
mass.

When the coexistence of (three) active and 𝑁𝑠 sterile neutrino fields is assumed,
the most general mass term is the sum of the two mentioned Majorana mass terms
and of a familiar Dirac mass term from Sec. 2.4.3:

LD+M
mass ≡ L𝐿

mass +L𝑅
mass +LD

mass . (3.12)
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3.1 Massive neutrinos

All 𝑁 = 3 +𝑁𝑠 available left-chiral neutrino fields can be placed in a column matrix,

N′𝑇
𝐿 ≡ �𝜈′𝑇𝑒𝐿, 𝜈′𝑇𝜇𝐿, 𝜈′𝑇𝜏𝐿,

��𝜈𝑠1𝑅�
𝑇
, … , ��𝜈𝑠𝑁𝑠𝑅�

𝑇
� , (3.13)

in order to express Eq. (3.12) with the help of an 𝑁 ×𝑁mass matrix,

𝑀D+M ≡
⎛
⎜⎜⎜⎜⎝
𝑀𝐿 𝑀D𝑇

𝑀D 𝑀𝑅

⎞
⎟⎟⎟⎟⎠ , (3.14)

as
LD+M

mass =
1
2
N′𝑇
𝐿 𝐶†𝑀D+MN′

𝐿 + h.c. , (3.15)

with 3×3,𝑁𝑠×𝑁𝑠, and𝑁𝑠×3mass matrices𝑀𝐿,𝑀𝑅, and𝑀D, respectively. Themass
eigenstates can be obtained in a manner analogous to Sec. 3.1.2.1, but now through
a square 𝑁-dimensional unitary neutrino mixing matrix 𝑉𝜈

𝐿. This approach results
in the same structure for LD+M as Eq. (3.5), with the difference that the sum now
runs over 𝑁massive left-chiral fields. Again, 𝜈𝑘𝐿 and �(𝜈𝑘𝐿) combine into the massive
Majorana neutrino fields 𝜈𝑘 ≡ 𝜈𝑘𝐿 + �(𝜈𝑘𝐿).

The leptonic mixing matrix 𝑈3×𝑁 entering the leptonic weak charged current is of
dimension 3 × 𝑁 and is non-unitary,

𝑈3×𝑁 ≡ 𝑉ℓ†
𝐿 𝑉𝜈

𝐿 , (3.16)

as it describes the mixing of𝑁massive neutrino fields n𝑇𝐿 ≡ �𝜈𝑇1𝐿, 𝜈𝑇2𝐿, … , 𝜈𝑇𝑁𝐿� into the
three active ones, ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈𝑒𝐿
𝜈𝜇𝐿
𝜈𝜏𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑈3×𝑁n𝐿 = 𝑉ℓ†

𝐿

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈′𝑒𝐿
𝜈′𝜇𝐿
𝜈′𝜏𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.17)

in analogy to Eq. (3.7). This gives rise to the same form of the leptonic weak charged
current as Eq. (3.8). 𝑈3×𝑁 is parameterised by an equal number (3 + 3𝑁𝑠) of mixing
angles and physical phases (1 + 2𝑁𝑠 Dirac phases, 2 + 𝑁𝑠 Majorana phases).

The non-unitarity of𝑈3×𝑁 implies the possibility of oscillations between active and
sterile neutrinos, as both are linear combinations of the 𝜈𝑘𝐿,

N𝐿 = 𝑈𝑁×𝑁n𝐿 , (3.18)

with the columnmatrixN𝐿 of𝑁 left-chiral fields and the unitary𝑁×𝑁mixingmatrix

47



3 Neutrino mass and mixing

𝑈𝑁×𝑁 respectively defined as

N𝑇
𝐿 ≡ �𝜈𝑇𝑒𝐿, 𝜈𝑇𝜇𝐿, 𝜈𝑇𝜏𝐿,

��𝜈𝑠1𝑅�
𝑇
, … , ��𝜈𝑠𝑁𝑠𝑅�

𝑇
� (3.19)

and

𝑈𝑁×𝑁 ≡
⎛
⎜⎜⎜⎜⎝
𝑈3×𝑁
𝑉𝜈
𝐿�𝑁𝑠×𝑁

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝
𝑉ℓ†
𝐿 𝑉𝜈

𝐿�3×𝑁
𝑉𝜈
𝐿�𝑁𝑠×𝑁

⎞
⎟⎟⎟⎟⎟⎠ . (3.20)

Here, 𝑉𝜈
𝐿�3×𝑁 and 𝑉𝜈

𝐿�𝑁𝑠×𝑁
are the matrices corresponding to the first three respect-

ively last 𝑁𝑠 rows of 𝑉𝜈
𝐿.

The frequently considered pure Dirac scenario with three Dirac neutrinos is con-
structed by assuming vanishing Majorana mass matrices 𝑀𝐿 = 𝑀𝑅 = 0. In this
case, there are no sterile neutrino fields with admixtures from the left-chiral com-
ponents of the neutrino fields with definite masses because the diagonalisation of
the Dirac mass matrix 𝑀D does not mix active and sterile fields—in contrast to
Eqs. (3.18) to (3.20). This precludes oscillations between active and sterile neutri-
nos.

3.1.3 PMNS mixing matrix

The various types of mixing matrices defined above either describe changes of basis
or more generally the relations between two different sets of neutrino fields. How-
ever, the remainder of this work exclusively deals with the upper left 3×3 submatrix
of the unitary mixing matrix 𝑈𝑁×𝑁, Eq. (3.20), describing the mixing of the three
light neutrinos with definite masses, 𝜈1𝐿, 𝜈2𝐿, and 𝜈3𝐿, into the three known active
neutrinos. The matrix is henceforth denoted simply as 𝑈 and referred to by conven-
tion [14] as the “Pontecorvo–Maki–Nakagawa–Sakata” (PMNS) matrix [193, 194,
195].

The prominent role of the 3 × 3 PMNS matrix is motivated by neutrino mass
mechanisms of the “seesaw” type [196], which naturally bring about small neutrino
masses (see, e.g., Ref. [128] and references therein). They assume that the eigenval-
ues of𝑀𝑅 are much greater than the elements of𝑀D and𝑀𝐿 [197], with𝑀𝐿 = 0 in
“type-I” and “type-III” and𝑀𝐿 ≠ 0 in “type-II” seesawmodels [186]. This gives rise
to one “light” 3 × 3 and one “heavy” 𝑁𝑠 × 𝑁𝑠 mass matrix,

�𝑉𝜈
𝐿�
𝑇
𝑀D+M𝑉𝜈

𝐿 =
⎛
⎜⎜⎜⎝
𝑀light 0
0 𝑀heavy

⎞
⎟⎟⎟⎠ . (3.21)
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3.1 Massive neutrinos

As a consequence, the three active neutrinos are composed predominantly of the
three light, and the 𝑁𝑠 sterile neutrinos mainly of the 𝑁𝑠 heavy neutrinos. In partic-
ular, the entries of the upper-right 3×𝑁𝑠 sub-block of the neutrino mixing matrix 𝑉𝜈

𝐿
are small compared to those in its upper-left 3 × 3 sub-block. From Eq. (3.17) one
thus finds ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈𝑒𝐿
𝜈𝜇𝐿
𝜈𝜏𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
≃ 𝑈

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜈1𝐿
𝜈2𝐿
𝜈3𝐿

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.22)

such that 𝑈 is unitary up to small corrections [198] and can be parameterised ac-
cording to Eqs. (3.9) to (3.11).

The approximate relation (3.22) becomes exact, and 𝑈 unitary, in the “minimal”
modelwith threemassiveMajorana neutrinos scrutinised in Sec. 3.1.2.1 (𝑁𝑠 = 0, with
unphysical𝑀𝑅 and𝑀D). The same applies to the phenomenologically relevant cases
of two or three massive Dirac neutrinos (𝑀𝐿,𝑅 = 0, 𝐷M = 𝟙), in which—whether
𝑁𝑠 = 2 or 𝑁𝑠 = 3—the parameterisation of 𝑈 requires the same number of mixing
angles (three) and physical phases (one) [199]. More generally, all models with
exactly three massive Dirac neutrinos (𝑁𝑠 > 3) also have a unitary matrix 𝑈 that is
parameterisable in the samemanner, as they contain𝑁𝑠−3 completely unobservable
massless sterile neutrinos [200].

3.1.4 Weinberg operator

The most economic way of generating neutrino masses—that is, without extending
the SM field content and without imposing additional symmetries—is by means of
an effective Lagrangian. It is assumed to be brought about by new physics at an
energy scale Λ well beyond the energies at which the predictions of the SM hold.
Once the SM is viewed as such an effective low-energy theory, non-renormalisable
contributions (terms with energy dimension greater than four) to its Lagrangian
have to be taken into account, as explained for example in Ref. [201]:

Leff
4+𝑛 = �

𝑛=1,2,…

O4+𝑛
Λ𝑛

+ h.c. , (3.23)

with 𝐺SM-invariant operators O4+𝑛 (𝑛 = 1, 2, … ) of energy dimension 4 + 𝑛. The
presence of the factors Λ−𝑛 implies a suppression of the low-energy effects due to
the new physics beyond the SM, in analogy to the dimension-six Lagrangian of the
effective low-energy weak interaction discussed in Sec. 2.4.4, which is proportional
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3 Neutrino mass and mixing

to 𝐺𝐹 ∝ 𝑚−2
𝑊(𝑍).

The lowest-dimensional non-renormalisable term which can be constructed from
SM fields and which respects the SM gauge symmetry is the well-known “Wein-
berg dimension-5 operator” [202] (set of operators implied), which can be written
as [128]

Leff
5 =

𝑔𝛼𝛽
Λ
�𝐿′𝑇𝛼𝐿𝜎2Φ�𝐶† �Φ𝑇𝜎2𝐿′𝛽𝐿� + h.c. . (3.24)

After EWSB, Eq. (3.24) brings about the Majorana mass term

L𝐿
mass =

1
2
𝑣2

Λ
𝑔𝛼𝛽𝜈′𝑇𝛼𝐿𝐶†𝜈′𝛽𝐿 + h.c. . (3.25)

If the new-physics scale significantly exceeds the Higgs VEV, Λ ≫ 𝑣, the Weinberg
operator’s observable effect at low energies is the non-zero Majorana neutrino mass
matrix𝑀𝐿

𝛼𝛽 = 𝑔𝛼𝛽𝑣2/Λ encountered in Eq. (3.4). Its entries are suppressed as 𝑣/Λwith
respect to the charged-fermion masses from Sec. 2.4.3.

Different implementations of the seesaw mechanism are commonly invoked as
means of generating the effective Lagrangian (3.24) at the tree level. Higher-
dimensional effective operators which may give rise to new neutrino interactions
are considered in Chapter 4.

3.2 Neutrino propagation in vacuum

The idea that neutrinos could oscillate, that is, undergo periodic flavour transform-
ations, was pioneered by Pontecorvo in 1957 and 1958 [193, 194]. To this end, he
assumed that there could be vacuum transitions between the electron neutrino and
antineutrino—processes at variance with the prevailing two-component neutrino
theory [203]. In 1962, Maki, Nakagawa, and Sakata discussed neutrino mixing in
the case of two flavours and foresaw the “virtual transmutation 𝜈𝑒 ↔ 𝜈𝜇” [195].
The muon neutrino was discovered in the first high-energy accelerator neutrino
experiment at the Brookhaven National Laboratory [204] in the same year, after
independent proposals had been made by Pontecorvo [205], Markov [206], and
Schwartz [207]. Shortly after, Pontecorvo introduced the term “sterile neutrino” to
refer to left-handed antiparticles of 𝜈𝑒 and 𝜈𝜇 [187]. The same work also anticipated
oscillations between 𝜈𝑒 and 𝜈𝜇, as well as an observable 𝜈𝑒 deficit from the Sun (see
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3.2 Neutrino propagation in vacuum

also Ref. [208]).4

This section briefly outlines the nowadays widely employed “standard oscillation
formula” alongwith its implied assumptions, as well as the parameters governing its
behaviour. The review is based on Refs. [210, 211, 212, 213], which provide further
details and references.

3.2.1 Foundations

We consider the evolution of neutrinos that are produced with definite flavour, by
the leptonic charged current

𝑗𝜌𝑊,ℓ = 2 �
𝛼=𝑒,𝜇,𝜏

�
𝑘
𝑈∗
𝛼𝑘𝜈𝑘𝐿𝛾𝜌ℓ𝛼𝐿 , (3.26)

which either induces transitions ℓ−𝛼 → 𝜈𝑘 or the creation of ℓ+𝛼𝜈𝑘 pairs [128]. The
neutrino of definite flavour is a coherent superposition of the mass eigenstates—the
single-particle states created by the field operators with definite masses—only if the
process of neutrino production does not allow identifying which massive neutrino
is emitted. For this to apply, the intrinsic uncertainty on the square of the mass of
the produced neutrino state, 𝜎𝑚2, must exceed the squared-mass differences separ-
ating the neutrino mass eigenstates, Δ𝑚2. More generally, this requirement can be
recast into the condition that the neutrino production and detection regions both
have much smaller spatial extents than the “oscillation length” [210]. If the emit-
ted neutrino is a mass eigenstate, on the other hand, no flavour transformation is
possible in vacuum.

Plane waves, quantum mechanics, or QFT

Due to its simplicity, the plane-wave approximation to the neutrino states of def-
inite masses adopted in Ref. [209] still today serves as the de-facto standard ap-
proachwhen neutrino oscillations are derived, often together with either the “equal-
momentum” or “equal-energy” assumption. Plane waves are not localised, though,
and thus cannot describe propagating particles. Moreover, neutrinomass eigenstates
composing the flavour eigenstates in general have different energies as well as dif-
ferent momenta [214].

4An important early review on neutrino oscillations by Bilenky and Pontecorvo, made prior to any
dedicated experimental efforts, can be found in Ref. [209].
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3 Neutrino mass and mixing

Even though the second issue can be overcome even in the plane-wave ap-
proach [128], the first means that one has to resort to a quantum-mechanical (QM)
wave-packet ansatz or a QFT approach. The goal in each case is to obtain the probab-
ility 𝑃𝛼𝛽 ≡ 𝑃𝜈𝛼→𝜈𝛽 for producing a neutrino of flavour 𝛼 and detecting it as a neutrino
of flavour 𝛽 after propagation over the distance (“baseline”) 𝐿, with universal applic-
ability to experiment. The key points underlying both approaches can be contrasted
in the following manner [211]:

• The QM approach describes neutrinos produced in weak-interaction processes
as spatially extended propagating wave packets. The transition amplitude

A𝛼𝛽 = �𝜈𝛽𝐷�𝜈𝛼𝑆 (𝑡𝐷)� (3.27)

is the projection of the evolved state |𝜈𝛼𝑆 (𝑡𝐷)⟩ onto the detected state ⟨𝜈𝛽𝐷|.
Both are flavour eigenstates, identified as linear combinations of mass eigen-
states. The oscillation probability corresponds to the squared modulus of the
amplitude, integrated over the unknown time 𝑇 ≡ 𝑡𝐷 − 𝑡𝑆 elapsed between
production and detection,

𝑃𝛼𝛽 (𝐿) ∝ �d𝑇 �A𝛼𝛽 (𝐿, 𝑇)�
2 . (3.28)

The normalisation factor is determined from the requirement ∑𝛽 𝑃𝛼𝛽 = 1.
While the neutrino production and detection processes themselves are not
treated explicitly, only a small number of assumptions about the wave pack-
ets of the involved states are required, as demonstrated in Ref. [210]. Other
important assumptions such as the unitarity condition of the oscillation prob-
ability need to be preimposed by hand.

• QFT treats production, propagation, and detection as a single process de-
scribed by a tree-level Feynman diagramwith two vertices that distinguish the
neutrino flavour, connected by an internal line that corresponds to a neutrino
propagator. External particles, which take part in the production and detec-
tion processes, are described by wave packets in case they are detected and
as plane waves otherwise. The overall amplitude A𝛼𝛽 for the whole process
follows from applying Feynman rules. The time-integrated squared modulus
of A𝛼𝛽 does not yield an oscillation probability but a time-integrated probab-
ility for the combined process to occur. Only because this quantity factorises
into individual terms for almost all relevant applications can the concept of an

52



3.2 Neutrino propagation in vacuum

Figure 3.2: Spacetime diagram representing a simplified neutrino oscillation process. At the
source, a muon neutrino is first produced in the decay of a charged pion at the time 𝑇𝑆 and
location𝑋𝑆. The oscillated neutrino, taken as the superposition of the twomass eigenstates 𝜈1
and 𝜈2, is then observed via theCC scattering on a target nucleus𝑁 at the distance 𝐿 = 𝑋𝐷−𝑋𝑆
and after the time 𝑇 = 𝑇𝐷 − 𝑇𝑆 at the detector. Coloured bands represent the localisation of
the various wave packets. The interaction regions for production and detection are sketched
with filled rectangles. Figure taken from Ref. [212].

“oscillation probability” be adopted in the first place. It is given by

𝑃𝛼𝛽 (𝐿, 𝐸𝜈) =

dΓtot𝛼𝛽(𝐸𝜈)

d𝐸𝜈
𝜎𝛽(𝐸𝜈)
4𝜋𝐿2

dΓprod𝛼
d𝐸𝜈

, (3.29)

where Γtot𝛼𝛽 is the overall rate for the process under consideration, Γprod𝛼 the neut-
rino production rate, and 𝜎𝛽 the detection cross section.

Figure 3.2 depicts an example spacetime diagram of the neutrino oscillation pro-
cess [212], initiated by a charged-pion decay (approximately at rest) producing a
muon neutrino. The latter undergoes oscillation and is detected as an electron neut-
rino via the CC interaction with a target nucleus (also at rest)—a process that is
relevant in both accelerator and atmospheric neutrino experiments (discussed in
Chapter 5). In the figure, each coloured band shows the localisation in spacetime
of the wave packet corresponding to a given particle. The propagating neutrino is
assumed to be the superposition of only twomass eigenstates, for example 𝜈1 and 𝜈2.
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Their different group velocities appear as slightly different slopes of the two corres-
ponding bands. Owing to the small range of theweak-interaction processes involved,
the two interaction regions are defined by the overlaps of the wave packets.

3.2.2 Standard vacuum oscillation formula

Given known neutrino mass-squared differences and leptonic mixing matrix ele-
ments, a universal neutrino oscillation probability only depends on the energy and
flavour of the neutrino produced at the source, as well as on the distance to the de-
tector. It is independent of the details of the production and detection processes.

Two conditions have to be met for such a universal expression to exist: the neutri-
nos are ultrarelativistic or have quasidegenerate masses, and all decoherence effects
are negligible, such that it is impossible to observe the mass of the produced neut-
rino [210, 212]. Both apply to current neutrino oscillation experiments that make
use of terrestrial baselines and that are compatible with transitions between three
active neutrino flavours [215]. Then, for neutrinos in vacuum one has the oscillation
probability

𝑃𝜈𝛼→𝜈𝛽 (𝐿, 𝐸𝜈) = �
𝑗,𝑘
𝑈∗
𝛼𝑗𝑈𝛽𝑗𝑈𝛼𝑘𝑈∗

𝛽𝑘𝑒
−𝑖
Δ𝑚2𝑗𝑘
2𝐸𝜈

𝐿 , (3.30)

whereas for antineutrinos one has

𝑃𝜈̄𝛼→𝜈̄𝛽 (𝐿, 𝐸𝜈) = �
𝑗,𝑘
𝑈𝛼𝑗𝑈∗

𝛽𝑗𝑈∗
𝛼𝑘𝑈𝛽𝑘𝑒

−𝑖
Δ𝑚2𝑗𝑘
2𝐸𝜈

𝐿 . (3.31)

The case 𝛼 = 𝛽 describes a “survival” or “disappearance” probability, the case 𝛼 ≠ 𝛽
a “transition” or “appearance” probability.

Oscillation amplitudes

From the expressions (3.30) and (3.31) one can tell that the oscillation amplitudes are
fully determined by the quartic products of elements of the leptonic mixing matrix,
which are unaffected by any possibleMajorana phases.5 All amplitudes depend only
on the mixing angles 𝜃12, 𝜃13, and 𝜃23, as well as on the phase 𝛿CP.

5The Dirac or Majorana nature of neutrinos has no observable consequence on neutrino oscilla-
tions [216, 217].
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Oscillation phases

The oscillation phases

Φ𝑗𝑘 ≡ 𝜔vac𝐿 ≡
Δ𝑚2

𝑗𝑘

2𝐸𝜈
𝐿 , (3.32)

are governed by the differencesΔ𝑚2
𝑗𝑘 ≡ 𝑚2

𝑗 −𝑚2
𝑘 of squared neutrinomasses, the oscil-

lation baseline 𝐿, and the neutrino energy 𝐸𝜈. 𝜔vac is the oscillation frequency. Each
of the ratios 𝐿osc𝑗𝑘 ≡ 2𝜋

𝜔vac
= 4𝜋𝐸𝜈

Δ𝑚2𝑗𝑘
can be referred to as an “oscillation length”, because

it corresponds to the distance after which the phase arising from Δ𝑚2
𝑗𝑘 reaches 2𝜋.

For atmospheric (and accelerator long-baseline) neutrino oscillation experiments,
the choice of units 𝐿 [km], Δ𝑚2

𝑗𝑘 [eV
2], 𝐸𝜈 [GeV] is appropriate, in which case

Φ𝑗𝑘 ≈ 2.53
Δ𝑚2

𝑗𝑘 [eV
2] 𝐿 [km]

𝐸𝜈 [GeV]
. (3.33)

In order to be able to observe an oscillatory behaviour due to the mass-squared dif-
ferenceΔ𝑚2

𝑗𝑘, the corresponding phase should be ofO(1). Since atmospheric neutrino
experiments study neutrino oscillations with baselines 𝐿 up to Earth’s diameter and
at energies 𝐸𝜈 of severalGeV, theminimal mass-squared difference they are sensitive
to is Δ𝑚2

𝑗𝑘 ∼ O�10−4 eV2�.

The oscillation phases are always averaged over some distribution of 𝐿/𝐸𝜈 in prac-
tice [128]. One reason is that the baseline 𝐿 is subject to spatial uncertainty that arises
as a result of the finite extent of both the source and detector, and possibly also as
a result of the detector’s directional resolution. The other is that neutrinos are usu-
ally produced with some energy spectrum, and their detection process is subject to
a finite energy resolution.

3.2.3 Discrete symmetries

The study of neutrino oscillations in vacuum allows searching for fundamental vi-
olations of discrete symmetries such as T or CP, which are uniquely related if CPT
symmetry holds, as motivated in Sec. 2.3. To gain more insight, it is useful to split
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Eqs. (3.30) and (3.31) into their real and imaginary parts [128],

𝑃(−)𝜈𝛼→
(−)𝜈 𝛽
(𝐿, 𝐸𝜈) = 𝛿𝛼𝛽 − 4�

𝑘>𝑗
Re �𝑈∗

𝛼𝑘𝑈𝛽𝑘𝑈𝛼𝑗𝑈∗
𝛽𝑗� sin

2

⎛
⎜⎜⎜⎜⎝
Δ𝑚2

𝑘𝑗𝐿
4𝐸𝜈

⎞
⎟⎟⎟⎟⎠

± 2�
𝑘>𝑗

Im �𝑈∗
𝛼𝑘𝑈𝛽𝑘𝑈𝛼𝑗𝑈∗

𝛽𝑗� sin
⎛
⎜⎜⎜⎜⎝
Δ𝑚2

𝑘𝑗𝐿
2𝐸𝜈

⎞
⎟⎟⎟⎟⎠ , (3.34)

where “±” evaluates to “+” for neutrinos and “−” for antineutrinos. Figure 3.3 de-
picts the theoretically expected relationships between all possible neutrino and anti-
neutrino oscillation channels under the individual T andCP transformations, as well
as under the combined CPT operation.

𝜈𝛼 → 𝜈𝛽 𝜈̄𝛽 → 𝜈̄𝛼
CPT

T CP

TCP

𝜈𝛽 → 𝜈𝛼

𝜈̄𝛼 → 𝜈̄𝛽
Figure 3.3: Relations between different
(anti)neutrino flavour transition chan-
nels in terms of discrete transformations.
Figure adapted from Ref. [128].

First of all, a direct reflection of CPT sym-
metry is the equality 𝑃𝜈𝛼→𝜈𝛽 = 𝑃𝜈̄𝛽→𝜈̄𝛼,
which can be easily verified by comparing
Eq. (3.30) to Eq. (3.31) with exchanged fla-
vour indices. Any experimentally observed
difference between these oscillation prob-
abilities (or between mass-squared split-
tings or mixing parameters from neutrino
vs. antineutrino probabilities [218, 219])
would imply a violation of CPT symmetry
and thereby challenge our fundamental ap-
proach to the description of nature.

CP symmetry holds if the neutrino and
antineutrino oscillation probabilities are
found to be identical, 𝑃𝜈𝛼→𝜈𝛽 = 𝑃𝜈̄𝛼→𝜈̄𝛽. Since

the last term on the right-hand side of Eq. (3.34) is zerowhen 𝛼 = 𝛽, aCP asymmetry
can only be established through appearance channels.

Finally, one expects 𝑃(−)𝜈𝛼→
(−)𝜈 𝛽
= 𝑃(−)𝜈 𝛽→

(−)𝜈𝛼
to hold under T invariance. The only known

potential source of violation of CP (and, assuming the CPT theorem, T) symmetry
in neutrino oscillations in vacuum is 𝛿CP. On the one hand, 𝛿CP = 0, 𝜋 renders 𝑈
real and no violation of the aforementioned symmetries should be observed. On the
other hand, their maximal violation is expected for 𝛿CP = 𝜋/2, 3𝜋/2.
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3.2 Neutrino propagation in vacuum

3.2.4 Physical parameter space and neutrino mass ordering

Consistency in choosing the space of fundamentalmixing andmass parameters such
that it allows “[...] to describe all physically distinguishable values of all observ-
ables” [220] is a rather subtle problem in the lepton sector. The physical ranges of the
mixing parameters are intricately connected to the definition of the neutrinomass ei-
genstates: it is physicallymeaningful how the variousmass eigenstatesmix into each
flavour eigenstate, but a given ordering or numbering scheme (see, e.g., Ref. [221])
must lead to the same physics as any other scheme. This definition is not as straight-
forward as in the quark sector. Not only are neutrinos for all intents and purposes
never produced or detected as mass eigenstates in the laboratory, but leptonic mix-
ing angles are also larger than quark mixing angles [15]. We are free to choose real
and positivemasses of charged leptons (𝑚𝑒,𝑚𝜇,𝑚𝜏) and neutrinos (𝑚1,𝑚2,𝑚3) [220,
190].

In a hypothetical two-neutrino case [220] with the Majorana mixing matrix

𝑈2×2 ≡
⎛
⎜⎜⎜⎝
𝑈𝑒1 𝑈𝑒2
𝑈𝜇1 𝑈𝜇2

⎞
⎟⎟⎟⎠ ≡

⎛
⎜⎜⎜⎝
cos𝜃 sin𝜃
− sin𝜃 cos𝜃

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝
0 0
0 𝑒𝑖𝜆

⎞
⎟⎟⎟⎠ , (3.35)

whilst the neutrino flavour eigenstates are uniquely defined by the charged leptons
to which they are coupled through𝑊± exchange, with𝑚𝑒 < 𝑚𝜇, freedom remains in
defining 𝜈1 and 𝜈2:

(a) 𝜈1 is lighter than 𝜈2, 𝑚1 < 𝑚2;

(b) 𝜈1 has a larger admixture of 𝜈𝑒 than 𝜈2, �𝑈𝑒1�
2 > �𝑈𝑒2�

2, and 𝜈2 has a larger ad-
mixture of 𝜈𝜇 than 𝜈1, �𝑈𝜇2�

2 > �𝑈𝜇1�
2.

Different physical mixing parameter ranges result simply from these two definitions
of the neutrino mass eigenstates [220]. Choice (a) does not place any restrictions
on the mixing matrix elements and therefore leads to continuous 2𝜋 ranges 𝜃, 𝜆 ∈
[−𝜋, 𝜋]. Choice (b) leads to the same domain for 𝜆, but to the discontinuous domain
𝜃 ∈ [−𝜋, −3𝜋/4]∪[−𝜋/4, 𝜋/4]∪[3𝜋/4, 𝜋]. Theirminimal ranges can then be determined
from using freedom in redefining the charged-lepton and neutrino fields. These do
not remove the discrepancy in the physical parameter space for the mixing angle 𝜃
though: in case (a) it can only be restricted to 𝜃 ∈ [0, 𝜋/2], but to 𝜃 ∈ [0, 𝜋/4] in case
(b). This is the result of the two discrete orderings of neutrino mass eigenstates that
are possible under choice (b), namely 𝑚1 < 𝑚2 and 𝑚1 > 𝑚2.
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3 Neutrino mass and mixing

Figure 3.4: Graphical representation of the two possible orderings of the neutrino mass ei-
genstates, together with their flavour compositions. The normal ordering is shown on the
left, and the inverted one on the right. The widths of the coloured regions encode vacuum
admixture probabilities of the various flavour eigenstates in each mass eigenstate, based on
global knowledge of the three mixing angles. The effect of varying 𝛿CP is also illustrated.
Diagram taken from Ref. [222].

The (more complex) discussion for three neutrinos can also be found in Ref. [220],
which distinguishes three unambiguous mass-eigenstate definitions. One of these
has become the de-facto standard throughout the literature:

𝑚1 < 𝑚2 with �Δ𝑚2
21� < �Δ𝑚2

31�, �Δ𝑚2
32� , (3.36)

which allows for two distinct orderings of the pair of 𝑚1 and 𝑚2 with respect to 𝑚3.
This is referred to as the “neutrinomass ordering” (NMO) problem. Given the “nor-
mal” ordering (NO), 𝜈1 is the lightest state, 𝜈3 the heaviest, 𝑚1 < 𝑚2 < 𝑚3, such that
Δ𝑚2

31 > Δ𝑚2
32 > 0. Given the “inverted” ordering (IO), 𝜈3 is the lightest state, 𝜈2 the

heaviest, 𝑚3 < 𝑚1 < 𝑚2, such that 0 > Δ𝑚2
31 > Δ𝑚2

32. By choosing all mixing angles
to be positive, 𝛿CP is allowed to vary over the full 2𝜋 range. This yields the physical
parameter intervals

𝜃12, 𝜃13, 𝜃23 ∈ [0, 𝜋/2] , 𝛿CP ∈ [−𝜋, 𝜋] , 𝜆2, 𝜆3 ∈ [0, 𝜋] . (3.37)

The two possible mass orderings are depicted schematically in Fig. 3.4. Based on
current knowledge of the three mixing angles (see Sec. 5.2), the diagram shows the
probabilities for encountering each of the three active flavour eigenstates in a given
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3.2 Neutrino propagation in vacuum

mass eigenstate, using the fact that their incoherent sums yield unity:

�𝑈𝑒𝑖�
2 + �𝑈𝜇𝑖�

2 + �𝑈𝜏𝑖�
2 = 1 . (3.38)

No knowledge is assumed about 𝛿CP. The standard parameterisation (3.10) of the
leptonic mixing matrix reveals that only �𝑈𝜇1,2�

2 and �𝑈𝜏1,2�
2 depend on 𝛿CP.

Indeterminability of NMO in vacuum

The physical parameter space (3.37) suffers from an intrinsic degeneracy which pre-
vents the determination of theNMO in vacuum. When the PMNSmatrix is rephased
as [223]

𝑈′ ≡ 𝑃𝑈𝑃† , with 𝑃 ≡ diag �𝑒𝑖𝛿CP, 1, 1� (3.39)

or parameterised slightly differently than in the standard convention (3.10), by asso-
ciating 𝛿CP with the 1–2 instead of the 1–3 rotation [224], the following combined set
of parameter transformations reproduces the CPT operation and leaves the neutrino
evolution invariant [225, 226, 224, 223]:6

Δ𝑚2
31 → −Δ𝑚2

31 + Δ𝑚2
21 = −Δ𝑚2

32 ,
𝜃12 → 𝜋/2 − 𝜃12 , (3.40)
𝛿CP → 𝜋 − 𝛿CP .

The first line corresponds to a change of the NMO because Δ𝑚2
21 < �Δ𝑚2

31� (the signs
of Δ𝑚2

31 and Δ𝑚2
32 coincide within both orderings).

“Light” and “dark” sides of physical parameter space

Data from solar neutrino experiments originally used to be analysed in an effective
two-neutrino frameworkwith the relevant (“solar”) oscillation parametersΔ𝑚2

21 and
𝜃12. For historical reasons, only the “light” side 0 ≤ 𝜃12 ≤ 𝜋/4 used to be considered,
while Δ𝑚2

21 was assumed to be positive definite, corresponding to case (a) above.
Matter effects in the Sun, however, introduce an observable dependence on the octant
of 𝜃12. Accordingly, one has to additionally consider the “dark” side 𝜋/4 < 𝜃12 ≤
𝜋/2 in order to cover the full physically observable parameter space [227, 228, 229].
Claims about NMO sensitivity of oscillations in vacuum usually implicitly rely on
6These transformations correspond to the mapping 𝐻𝜈 → −𝐻∗

𝜈 up to an overall phase, which does
not affect the oscillation probabilities.
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3 Neutrino mass and mixing

the assumption that the true octant of 𝜃12 is known.7

3.3 Neutrino propagation with standard matter effects

The case of neutrino oscillations in (non-uniform) matter was pioneered by Wolfen-
stein in his seminal papers [27, 231]. The standard approach (reviewed, e.g., in
Ref. [213]) proceeds via the Schrödinger-like equation

𝑖
d
d𝑥

|𝝂⟩ = 𝐻𝜈 (𝑥) |𝝂⟩ , (3.41)

which is assumed to describe the flavour evolution of ultrarelativistic left-handed
neutrinos |𝝂⟩ ≡ � |𝜈𝑒⟩ , |𝜈𝜇⟩ , |𝜈𝜏⟩�

𝑇
in one dimension (𝑥 ≡ |x|) in matter. The Hamilto-

nian
𝐻𝜈 (𝑥) = 𝐻vac + 𝐻mat (𝑥) (3.42)

is the sum of the vacuum (kinetic) term𝐻vac and the position-dependent interaction
(matter) term 𝐻mat (𝑥). Substituting

𝐻vac = 𝑈
𝑀2

diag

2𝐸𝜈
𝑈† , (3.43)

𝐻mat (𝑥) = 𝑉 (𝑥) , (3.44)

where𝑀2
diag ≡ diag �𝑚2

1, 𝑚2
2, 𝑚2

3� and 𝑉 (𝑥) is the matrix of neutrino potentials in the
flavour basis, one arrives at the standard evolution equation

𝑖
d
d𝑥

|𝝂⟩ =
⎛
⎜⎜⎜⎜⎝𝑈
𝑀2

diag

2𝐸𝜈
𝑈† + 𝑉 (𝑥)

⎞
⎟⎟⎟⎟⎠ |𝝂⟩ . (3.45)

For antineutrinos the full Hamiltonian reads [225]

𝐻𝜈̄ = (𝐻vac − 𝐻mat)
∗ . (3.46)

The Schrödinger-like macroscopic evolution equation (3.45) has served as a near-
exclusive starting point of studies of neutrino oscillations in literature, despite its
heuristic nature. QFT treatments—both for the case of vacuum oscillations [211],
for which 𝑉 (𝑥) = 0, as well as for non-uniform matter [232, 213, 233]—have only

7For instance, compare Ref. [230] to Ref. [226].
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𝜈𝑒 𝑒−

𝑒− 𝜈𝑒

𝑊

(−)𝜈𝛼
(−)𝜈𝛼

𝑒−, 𝑁 𝑒−, 𝑁

𝑍

Figure 3.5: All possible tree-level Feynman diagrams for (anti)neutrino coherent forward
scattering on electrons or nucleons in Earth matter (CC on the left, NC on the right).

recently confirmed its validity for typical experimental settings.

3.3.1 Effective matter potential

In Earth matter, electrons, protons, and neutrons constitute an unpolarised back-
ground of fermions at rest. In the evolution equation (3.45), 𝑉 (𝑥) is the matrix of
neutrino potentials for coherent forward scattering. Coherence requires each back-
ground fermion to remain in the same quantum state [180]. Since forward scattering
is characterised by a lack of momentum transfer to the scattering centres, the low-
energy effective formalism of Sec. 2.4.4 applies. The absence of FCNCs in the SM
results in the diagonal nature of the matrix potential in the flavour basis,

𝑉 (𝑥) ≡ diag �𝑉𝑒 (𝑥) , 𝑉𝜇 (𝑥) , 𝑉𝜏 (𝑥)� . (3.47)

Figure 3.5 shows the tree-level Feynman diagrams that have to be taken into ac-
count. Neutrinos and antineutrinos of all flavours interact with electrons and nucle-
ons through the exchange of a 𝑍0, but only electron neutrinos and antineutrinos ex-
change a𝑊± with electrons. Any deviations between the potentials for the different
neutrino flavour components yield additional phase differences for the propagating
states.

The effective Hamiltonian density for the NC interaction of a neutrino of flavour
𝛼 with background fermions of type 𝑓, averaged over the background, ⟨H(eff)

𝑍 ⟩ (𝑥) =
− ⟨L(eff)

𝑍 ⟩ (𝑥), depends solely on the true vector component of the background fermion
current, and not on its axial component [234]. Computing the integrated matrix
elements of the averaged Hamiltonian densities yields the following NC potentials
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3 Neutrino mass and mixing

for ultrarelativistic left-handed neutrinos [128]:

𝑉𝑓
NC (𝑥) = √2𝐺𝐹𝑁𝑓 (𝑥) 𝑔

𝑓
𝑉 . (3.48)

The averaged Hamiltonian density for the CC process 𝜈𝑒𝑒− → 𝜈𝑒𝑒−, ⟨H
(eff)
𝑊 ⟩, can be

cast into the required form containing separate neutrino and background-fermion
bilinears by means of the Fierz transformation mentioned in Sec. 2.5.2. The result
deviates from Eq. (3.48) only through the absence of a factor 𝑔𝑒𝑉:

𝑉CC (𝑥) ≡ 𝑉𝑒
CC (𝑥) = √2𝐺𝐹𝑁𝑒 (𝑥) . (3.49)

The effective matter potentials can be equivalently calculated assuming either
quarks or nucleons as the background scattering centres [235]. First, for𝑄2 = 0 only
the (CC or NC) Dirac form factor 𝐹1 contributes to the respective weak nucleon vec-
tor current, cf. Eq. (2.46). Second, 𝐹1 �𝑄2 = 0� simply reduces to the appropriately
weighted sum of the constituent quarks’ vector couplings.8

Continuing in the nucleon picture, using the medium’s electrical neutrality and
𝑔𝑒𝑉 = −𝑔

𝑝
𝑉 leads to 𝑉𝑒

NC(𝑥) = −𝑉
𝑝
NC(𝑥), while 𝑉𝑛

NC(𝑥) = −√2𝐺𝐹𝑁𝑛 (𝑥) /2. As a result,

𝑉 (𝑥) = diag (𝑉CC (𝑥) , 0, 0) + �
𝑓=𝑒,𝑛,𝑝

𝑉𝑓
NC (𝑥) 𝟙3×3

= √2𝐺𝐹 �𝑁𝑒 (𝑥)diag (1, 0, 0) −
1
2
𝑁𝑛 (𝑥) 𝟙3×3� . (3.50)

Each diagonal entry 𝑉𝛼(𝑥) gives the potential energy of an ultrarelativistic left-
handed neutrino of flavour 𝛼 = 𝑒, 𝜇, 𝜏 in regular matter. For right-handed antineut-
rinos the sign of 𝑉𝛼(𝑥) has to be flipped, in agreement with Eq. (3.46). The potential
energies for ultrarelativistic right-handed neutrinos and left-handed antineutrinos
are negligibly small [128].

Since any term proportional to the identity matrix in the Hamiltonian generates
an overall phase, by convention one considers

𝐻𝜈 (𝑥) → 𝐻𝜈 (𝑥) −
𝑚2
1

2𝐸𝜈
𝟙3×3 −�

𝑓
𝑉𝑓
NC (𝑥) 𝟙3×3 (3.51)

= 𝑈
diag �0, Δ𝑚2

21, Δ𝑚2
31�

2𝐸𝜈
𝑈† + diag (𝑉CC (𝑥) , 0, 0) .

8𝐹𝑍𝑝1 (0) = 1/2−2 sin2 𝜗𝑤 ≡ 𝑔
𝑝
𝑉 = 2𝑔𝑢𝑉+𝑔𝑑𝑉 and 𝐹𝑍𝑛1 (0) = −1/2 ≡ 𝑔𝑛𝑉 = 𝑔𝑢𝑉+2𝑔𝑑𝑉 (cf. Secs. 2.4.2 and 2.5.3.1).
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3.3 Neutrino propagation with standard matter effects

A handy expression for𝑉CC(𝑥) follows from introducing the relative local electron
number density

𝑌𝑒(𝑥) =
𝑁𝑒(𝑥)

𝑁𝑝(𝑥) + 𝑁𝑛(𝑥)
, (3.52)

where 𝑁𝑝(𝑥) = 𝑁𝑒(𝑥) and 𝑁𝑛(𝑥) are the local proton and neutron number densities,
respectively. Given 𝑁𝑝 (𝑥) + 𝑁𝑛 (𝑥) ≈ 𝜌 (𝑥) /𝑚𝑁, with the average nucleon mass 𝑚𝑁 =
(𝑚𝑝 + 𝑚𝑛)/2 and the local matter density 𝜌 (𝑥), we find

𝑁𝑒 (𝑥) ≈ 𝑌𝑒 (𝑥)
𝜌 (𝑥)
𝑚𝑁

, (3.53)

such that
𝑉CC(𝑥) ≈ 0.76 × 10−13 eV ⋅ 𝑌𝑒(𝑥) �

𝜌(𝑥)
𝑔/cm3 � (3.54)

in units that are useful when applied to Earth matter.
𝑌𝑒 is determined by the chemical and isotopic composition of the medium and is

equivalent to the local average of the ratio between the atomic number and the mass
number, ⟨𝑍/𝐴⟩, which is ∼0.5 for heavy elements. The Earth’s average matter density
of �𝜌� ∼ 5.5 g cm−3 results in a characteristic matter potential 𝑉CC ∼ O�10−13 eV�.

3.3.2 Standard oscillation formula in uniform matter

In matter the neutrino oscillation probability factorises from the probability for the
overall production-propagation-detection process only for ultrarelativistic neutri-
nos, when their energy is large compared to the matter potential, and when they
are produced and detected coherently [213]. Under these conditions a local mixing
matrix in matter, 𝑈̃ (𝑥), transforms between the flavour eigenstates |𝜈𝛼⟩ and the local
eigenstates |𝜈𝑘 (𝑥)⟩ of 𝐻𝜈 (𝑥), such that [213]

|𝜈𝛼⟩ = �
𝑘
𝑈̃∗
𝛼𝑘 (𝑥) |𝜈𝑘 (𝑥)⟩ . (3.55)

The presence of 𝑈̃∗ is due to the definition (3.22) and the fact the adjoint field creates
particles [14].

In uniform matter the Hamiltonian 𝐻𝜈 remains constant, as do the local matter
eigenstates and the mixing matrix. As a consequence of Eq. (3.55), the expression
for the oscillation probability has the same structure as Eq. (3.30), after replacing
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𝑈 → 𝑈̃ and the mass-squared difference with an effective one, Δ𝑚2 →�Δ𝑚2:

𝑃𝜈𝛼→𝜈𝛽 (𝐿, 𝐸𝜈) ≃ �
𝑗,𝑘
𝑈̃∗
𝛼𝑗𝑈̃𝛽𝑗𝑈̃𝛼𝑘𝑈̃∗

𝛽𝑘𝑒
−𝑖
�Δ𝑚2𝑗𝑘
2𝐸𝜈

𝐿 (𝑉 (𝑥) = const.) . (3.56)

In non-uniform matter in general no analytic expression for the oscillation prob-
ability exists, and one has to resort to numerical methods for solving the neutrino
evolution equation.

3.3.3 Discrete symmetries

Since ordinary matter violates both CP and CPT symmetry [236], CP- and T-
violation effects on neutrino oscillations are not necessarily related—in contrast to
the vacuum case. Whilst 𝛿CP still gives rise to an intrinsic (“genuine”) violation ofCP
(T) symmetry, the mere presence of matter provides an additional, extrinsic source
of CP violation. In matter, an overall CP violation therefore generally occurs not just
in appearance channels, but also in survival channels. Also, only neutrinos travers-
ing an asymmetric matter density profile are subject to extrinsic T violation. This im-
plies, for example, that the oscillations of atmospheric neutrinos—which encounter
the symmetric Earth density profile [237]—are symmetric under the exchange of the
produced and the detected neutrino flavour in the absence of intrinsic CP violation.
A thorough discussion of these and further aspects of symmetries of neutrino oscil-
lation probabilities under discrete transformations in various media can be found in
Ref. [236].

Remarkably, matter with SM interactions lifts the degeneracy (3.40) due to CPT:
given 𝐻mat ≠ 0, no parameter transformation allows for the mapping 𝐻𝜈 → −𝐻∗

𝜈. As
a consequence, regular,CP-asymmetricmatterwith SM interactions generally allows
distinguishing between the NO and the IO, which is exploited in Part IV. This also
allows distinguishing between the “light” and the “dark” side of the neutrino para-
meter space. In fact, the detection of the matter effect in the Sun excludes the second
octant of 𝜃12 at a high level of confidence.9 The assumption of non-standard neutrino
interactions, however, can “restore” CPT symmetry in matter (see Chapter 4). This
impacts the neutrino physics reach of the analysis conducted in Part III.

9This problem is explicitly addressed, e.g., in the global analysis [238] from 2002 and themore recent
one in Ref. [223].
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3.3 Neutrino propagation with standard matter effects

3.3.4 Flavour transition characteristics in different types of matter

Medium properties strongly impact the nature of the neutrino flavour transitions
that take place as a consequence of neutrino mixing and interfering propagating
states. Discussed below are the most relevant mechanisms affecting the propagation
of neutrinos in the Sun and the Earth. A two-neutrino scenario suffices to demon-
strate the salient features that arise in the two media. It also exhibits an inherent
quantitative usefulness because one can often describe the three-neutrino propaga-
tion by means of an effective two-neutrino system.

The “evolution matrix” 𝑆 (𝑡, 𝑡0) [239] relates the neutrino system at some time 𝑡 to
that at the initial time 𝑡0 and satisfies the Schrödinger equation, just like the neutrino
state vector. In the flavour basis, the elements 𝑆 (𝑡, 𝑡0)𝛼𝛽 represent the transition amp-

litudes from which the probabilities 𝑃𝛼𝛽 = �𝑆 (𝑡, 𝑡0)𝛼𝛽�
2
can be obtained. The unitary

time evolution due to probability conservation, 𝑆†𝑆 = 𝟙, allows parameterising the
evolution matrix of a two-neutrino system as [239]

𝑆 =
⎛
⎜⎜⎜⎝
𝑎 𝑏
−𝑏∗ 𝑎∗

⎞
⎟⎟⎟⎠ , |𝑎|2 + |𝑏|2 = 1 . (3.57)

The dominant effects relevant to neutrino propagation in the Sun and the Earth can
be classified roughly according to the three categories below. The first two summar-
ies are largely based on Ref. [239] (with exceptions noted) and the third in addition
draws upon Refs. [240, 241, 242].

3.3.4.1 Constant density: resonance enhancement

Neutrino oscillations inmatter of constant density proceed in a straightforwardman-
ner. Since the Hamiltonian 𝐻𝜈 is constant, its eigenstates |𝝂̃⟩ ≡ ( |𝜈1𝑚⟩ , |𝜈2𝑚⟩)

𝑇 are the

“propagation eigenstates” with matter eigenvalues 𝐻𝑖𝑚 ≡ 𝑚̃2𝑖
2𝐸𝜈

. The evolution of the
eigenstates is thus described by the diagonal matrix

̃𝑆 (𝐿, 0) =
⎛
⎜⎜⎜⎝
𝑒𝑖𝜙𝑚(𝐿) 0
0 𝑒−𝑖𝜙𝑚(𝐿)

⎞
⎟⎟⎟⎠ , with 𝜙𝑚 (𝐿) =

1
2
(𝐻2𝑚 − 𝐻1𝑚) 𝐿 . (3.58)

The mixing matrix 𝑈̃ in the medium, which relates the matter eigenstates to the
flavour eigenstates according to Eq. (3.55), follows from diagonalising 𝐻𝜈:

𝑈̃†𝐻𝜈𝑈̃ = diag (𝐻1𝑚, 𝐻2𝑚) . (3.59)
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3 Neutrino mass and mixing

For the two-flavour system of |𝜈𝑒⟩ and |𝜈𝑎⟩, the effective matter potential is
𝑉 = diag (𝑉CC, 0). When the mixing matrix is parameterised with one mixing angle
𝜃𝑚 ∈ [0, 𝜋/2] (for Δ𝑚2 > 0), i.e., Eq. (3.35) with the substitution 𝜃 → 𝜃𝑚, the latter is
found from Eq. (3.59) as

sin2 2𝜃𝑚 =
1
𝑅
sin2 2𝜃 ,

with 𝑅 ≡ �cos 2𝜃 −
2𝑉CC𝐸𝜈
Δ𝑚2 �

2

+ sin2 2𝜃 . (3.60)

The “resonance factor” 𝑅 determines whether the two-neutrino mixing in the me-
dium is enhanced or suppressed with respect to that in vacuum. 𝑅 also enters the
expression for the oscillation frequency, which corresponds to the difference between
the eigenvalues of the Hamiltonian, the “level splitting”

𝜔𝑚 ≡ 𝐻2𝑚 − 𝐻1𝑚 =
Δ𝑚2

2𝐸𝜈
√𝑅 , (3.61)

from which the oscillation length in the medium follows as 𝐿𝑚 =
2𝜋
𝜔𝑚

.

The “Mikheyev–Smirnov–Wolfenstein” (MSW) resonance condition

Δ𝑚2 cos 2𝜃 = 2𝑉CC𝐸𝜈 ⇔ 𝑅 = sin2 2𝜃 (3.62)

can be met (for neutrinos) only if 𝜃 < 𝜋/4, because otherwise cos 2𝜃 ≤ 0. At reson-
ance, themixing inmatter is maximal, sin2 2𝜃res𝑚 = 1, independent of the value of 𝜃 in
the first octant. Simultaneously, the level splitting is minimal, 𝜔res

𝑚 = Δ𝑚2

2𝐸𝜈
sin 2𝜃. For

a given electron number density𝑁𝑒, Eq. (3.62) implies that there is always a neutrino
energy for which oscillations are resonantly enhanced, the “resonance energy”

𝐸𝑅 ≡
Δ𝑚2 cos 2𝜃
2𝑉CC

. (3.63)

In the low-energy limit 𝐸𝜈 ≪ 𝐸𝑅, one has 𝜃𝑚 → 𝜃, whereas the high-energy limit
𝐸𝜈 ≫ 𝐸𝑅 suppresses the mixing, 𝜃𝑚 → 𝜋/2. Furthermore, in the regime of small
vacuummixing, with cos 2𝜃 ≈ 1, the MSW condition corresponds to the coincidence
between the vacuum oscillation frequency of the two-neutrino system, 𝜔vac =

Δ𝑚2

2𝐸𝜈
,

and the medium’s “characteristic” frequency 𝜔0 ≡ 𝑉−1
CC.
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3.3 Neutrino propagation with standard matter effects

Figure 3.6 shows the transition probability

𝑃𝑒𝑎 (𝐿, 𝐸𝜈) = ��𝑈̃𝑆̃ (𝐿, 0) 𝑈̃†�
𝑒𝑎
�
2
= sin2 2𝜃𝑚 (𝐸𝜈) sin2 𝜙𝑚 (𝐿, 𝐸𝜈) (3.64)

for different baselines 𝐿 inmatter of constant density, as a function of neutrino energy
𝐸𝜈 scaled by the ratio 2𝑉CC/Δ𝑚2. This yields the dimensionless quantity 𝜔0/𝜔vac =
2𝑉CC𝐸𝜈/Δ𝑚2, which can be evaluated for any combination of values for𝑁𝑒, Δ𝑚2, and
𝐸𝜈.10 The oscillation amplitude sin2 𝜃𝑚 is the envelope: only at the resonance energy
𝐸𝑅 can a full flavour transformation take place in principle. As can be seen in the
figure, whether 𝑃𝑒𝑎 (𝐿, 𝐸𝑅) = 1 is indeed realised, however, depends on the oscillation
“half-phase” (on the baseline):11

𝜙𝑚 =
1
2
𝜔𝑚𝐿

!=
1
2
𝑛𝜋 , with 𝑛 = 1, 3, 5, … . (3.65)

Expressing 𝜙𝑚 = 𝜋𝐿/𝐿𝑚 = 𝜋𝑚𝐿res𝑚 /𝐿𝑚 makes evident that a full transformation takes
place for a baseline 𝐿 that is a half-integer multiple of the oscillation length 𝐿res𝑚 at
resonance, i.e., for 𝑚 = 1/2, 3/2, … (phase condition). Thus, 𝑃𝑒𝑎 = 1 when the amp-
litude (MSW resonance) and the phase condition are satisfied simultaneously. The
full width at half maximum of sin2 2𝜃𝑚 is

Δ�
𝜔0
𝜔vac

� = Δ �
2𝑉CC𝐸𝜈
Δ𝑚2 � = 2 sin 2𝜃 . (3.66)

The smaller the vacuum mixing, the more the parameter space shrinks through-
out which a conversion probability of more than 50% is possible. The dimension-
less resonance width (3.66) can be rescaled straightforwardly into its commonly en-
countered dimensionful counterparts in 𝐸𝜈 or 𝑁𝑒.

3.3.4.2 Slow density changes: MSW effect

When neutrinos traverse a non-uniform medium, the local (instantaneous) eigen-
states |𝝂̃⟩ evolve in time according to [239]

𝑖
d
d𝑡
|𝝂̃⟩ =

⎛
⎜⎜⎜⎝
𝐻1𝑚 −𝑖𝜃̇𝑚
𝑖𝜃̇𝑚 𝐻2𝑚

⎞
⎟⎟⎟⎠ |𝝂̃⟩ . (3.67)

10The continuation of the plot to 𝜔0/𝜔vac < 0 would yield the antineutrino scenario. For two-flavour
antineutrino oscillations a resonance is only possible for 𝜃 > 𝜋/4.

11Note the factor of two distinguishing the definitions (3.65) and (3.32).
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Figure 3.6: 2𝜈 oscillation probability (3.64) as a function of neutrino energy 𝐸𝜈 (scaled by
the constant 2𝑉CC/Δ𝑚2 to construct the dimensionless frequency ratio 𝜔0/𝜔vac), for three
different values of the baseline 𝐿. The vacuum mixing angle, which determines the matter
resonance position and width, is chosen as 𝜃 = 0.16 rad, close to the current global best-fit
value of 𝜃13. Figure inspired by Ref. [239].

Since the off-diagonal Hamiltonian elements ∝ 𝜃̇𝑚 = d𝜃𝑚/d𝑡 induce transitions
𝜈1𝑚 ↔ 𝜈2𝑚, the local eigenstates are not propagation eigenstates. However, if the
rate of change of the mixing angle in matter is small compared to the level splitting,
such that the “adiabaticity parameter”

�
𝜃̇𝑚

𝐻2𝑚 − 𝐻1𝑚
� ≪ 1 , (3.68)

the local eigenstates evolve independently. In this adiabatic approximation, the
Hamiltonian in themass basis is diagonal just as in the case of propagation in vacuum
or uniform matter, but its eigenvalues vary along the neutrino trajectory. Equival-
ently, the flavour compositions of the local eigenstates vary, due to the dependence
of 𝜃𝑚 on the matter potential, as governed by Eq. (3.60). One obtains the evolution
matrix (3.58), but the half-phase is now the integral of the level splitting along the
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3.3 Neutrino propagation with standard matter effects

trajectory,

𝜙𝑚 (𝐿) =
1
2 �

𝐿

0
(𝐻2𝑚 − 𝐻1𝑚)d𝑥 . (3.69)

The adiabatic flavour evolution reflects several aspects:

• the flavour compositions of the local eigenstates, �𝜈𝛼�𝜈𝑖𝑚 (𝑥)� = 𝑈̃𝛼𝑖 (𝑥), follow
the varying matter density;

• the propagating states are constant admixtures of the local eigenstates (due to
the lack of transitions 𝜈1𝑚 ↔ 𝜈2𝑚), fixed by the value of the mixing angle 𝜃𝑚 (0)
at the neutrino source;

• and there is a phase difference between the local eigenstates, 𝜙𝑚 (𝑥), whose rate
of increase is determined by the level splitting 𝐻2𝑚 (𝑥) − 𝐻1𝑚 (𝑥).

A simple, albeit physically relevant, example [183] is that of an electron neutrino
produced where the electron number density is high, 𝑁𝑒 (0) ≫ 𝑁res

𝑒 , i.e., without
mixing (𝜃𝑚 = 𝜋/2). This means that |𝜈𝑒⟩ ≃ |𝜈2𝑚⟩ according to Eq. (3.35). If 𝜈2𝑚
propagates adiabatically, its flavour composition changes as dictated by the evolution
of 𝜃𝑚, and 𝜈1𝑚 is never produced in the first place. The electron neutrino survival
probability is given by

𝑃𝑒𝑒 (𝐿) = ��𝑈̃ (𝐿) 𝑆̃ (𝐿, 0) 𝑈̃ (0)
†�
𝑒𝑒
�
2
= |⟨𝜈𝑒|𝜈2𝑚 (𝐿)⟩|

2 . (3.70)

Assuming the density decreases from𝑁𝑒(0) ≫ 𝑁res
𝑒 → 𝑁𝑒 (𝐿) = 0, the local eigenstate

after propagation over the distance 𝐿 is given by that in vacuum, |𝜈2𝑚 (𝐿)⟩ = |𝜈2⟩. As
a consequence, the survival probability is determined by the vacuum mixing alone,
𝑃𝑒𝑒 (𝐿) = sin2 𝜃. This kind of non-oscillatory flavour conversion is a realisation of the
“MSW effect”. It is sketched in Fig. 3.7, which depicts the propagating neutrino state
as a wave packet, together with its two flavour admixtures as these evolve from high
to low density (vacuum).

If the neutrino production instead happens at 𝑁𝑒 (0) > 𝑁res
𝑒 , |𝜈1𝑚⟩ is present in |𝜈𝑒⟩

with a non-negligible admixture. There is interference between |𝜈2𝑚⟩ and |𝜈1𝑚⟩ and a
flavour transformation 𝜈𝑒 → 𝜈𝑎 arises through the coexistence of adiabatic conversion
and oscillation.

Finally, neutrino production with𝑁𝑒 (0) < 𝑁res
𝑒 results in matter effects which con-

stitute minor modifications to the vacuum oscillation scenario.
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3 Neutrino mass and mixing

Figure 3.7: Two-neutrino example of adiabatic conversion in the case of an electron neutrino
produced at 𝑁𝑒 ≫ 𝑁res

𝑒 (a), such that it nearly coincides with the effective mass eigenstate
|𝜈2𝑚⟩. The flavour composition of the propagating state follows the flavour composition of
|𝜈2𝑚⟩, which at 𝑁res

𝑒 (b) is composed of equal parts |𝜈𝑒⟩ and |𝜈𝑎⟩. For 𝑁𝑒 = 0 (c), the vacuum
mixing angle 𝜃 fixes the flavour admixtures of the state that has now become |𝜈2⟩. Figure
taken from Ref. [183].

3.3.4.3 Periodic density changes: parametric enhancement

The propagation of neutrinos in a medium with a periodically changing matter po-
tential provides the only possibility for strong, 𝑃𝛼𝛽 ∼ 1, flavour transitions in the
absence of large mixing in both vacuum and the medium itself. Strong transitions
occur if the period 𝐿𝑇 of the variation of the matter potential equals an integer mul-
tiple of the matter oscillation length, 𝐿𝑇/ ⟨𝐿𝑚⟩ = 𝑘, or [239]

�
𝐿𝑇

0

d𝑥
𝐿𝑚

= 𝑘 , with 𝑘 = 1, 2, 3, … . (3.71)

A density profile with alternating electron number densities 𝑁1 and 𝑁2 and a
period 𝐿𝑇 = 𝐿1 + 𝐿2, where 𝐿1 and 𝐿2 are the widths of the two layers, serves as
an example with applicability to the Earth. Here, the evolution matrix after 𝑛 peri-
ods of density modulation is given by the 𝑛th power of the product of the pair of
evolution matrices describing propagation in the two layers,

𝑆𝑛 ≡ (𝑆𝑇)
𝑛 ≡ (𝑆2𝑆1)

𝑛 . (3.72)

In layer 𝑘, 𝜙𝑘 =
1
2𝜔𝑚𝑘𝐿𝑘 =

Δ𝑚2

4𝐸𝜈 √𝑅𝑘𝐿𝑘 is the half-phase acquired by the local eigen-
states, where 𝜔𝑚𝑘, 𝑅𝑘, and 𝐿𝑘 are the layer’s level splitting, resonance factor, and
thickness, respectively. A convenient expression for the evolution matrix in the layer
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3.3 Neutrino propagation with standard matter effects

is [239]
𝑆𝑘 = 𝟙2×2 cos𝜙𝑘 − 𝟙2×2 (𝝈 ⋅ 𝒏𝑘) 𝑖 sin𝜙𝑘 , (3.73)

with the vector of Pauli matrices 𝝈 ≡ (𝜎1, 𝜎2, 𝜎3) and 𝒏𝑘 ≡ (sin 2𝜃𝑚𝑘, 0, − cos 2𝜃𝑚𝑘).
Substituting the representation (3.73) into Eq. (3.72) yields the evolution matrix for
𝑛 periods,

𝑆𝑛 = 𝟙2×2 cos 𝑛Φ − 𝟙2×2 (𝝈 ⋅ 𝑿/|𝑿|) 𝑖 sin 𝑛Φ , (3.74)

with 𝑿 ≡ sin𝜙1 cos𝜙2𝒏1 + sin𝜙2 cos𝜙1𝒏2 − sin𝜙1 sin𝜙2 sin (2𝜃𝑚1 − 2𝜃𝑚2) 𝒆𝑦 and
Φ ≡ arcsin |𝑿|. The two-neutrino transition probability after 𝑛 full periods of density
modulation is

𝑃𝑒𝑎 (𝑛𝐿𝑇) = �(𝑆𝑛)𝑒𝑎�
2
=
𝑋21 + 𝑋22
|X|2

sin2 𝑛Φ . (3.75)

In case the neutrino system traverses a non-integer number of periods, 𝐿 = 𝑛𝐿𝑇 + 𝐿′

(with 𝐿′ < 𝐿𝑇), the evolution matrix follows as 𝑆 (𝐿) = 𝑆 (𝐿′, 0) 𝑆𝑛.
The parametric resonance conditions are satisfied when the factor in front of the

sine-squared function in Eq. (3.75) is unity, i.e., when 𝑋3 = − sin𝜙1 cos𝜙2 cos 2𝜃𝑚1 −
sin𝜙2 cos𝜙1 cos 2𝜃𝑚2 = 0. This can be achieved, for example, when each term in 𝑋3
vanishes separately (see Ref. [242] and references therein):

𝜙1 = 𝑘
𝜋
2

, 𝜙2 = 𝑘′
𝜋
2

, with 𝑘, 𝑘′ = 1, 3, 5, … . (3.76)

Evaluating Eq. (3.75) under these assumptions yields a two-neutrino transition prob-
ability with a maximal amplitude:

𝑃res𝑒𝑎 (𝑛𝐿𝑇) ≡ �𝑆𝑛 �𝜙𝑖 = 𝑘(′)
𝜋
2
�
𝑒𝑎
�
2
= sin2 [2𝑛 (𝜃𝑚1 − 𝜃𝑚2)] . (3.77)

Whether this (resonant) probability is subject to an enhancement with respect
to the maximally achievable transition probabilities in either of the two layers,
𝑃res𝑒𝑎 (𝑛𝐿𝑇)

?
> sin2 2𝜃𝑚1,𝑚2, depends on the relation between 𝑁1,2 and the MSW reson-

ance density 𝑁res
𝑒 and on the number 𝑛 of periods traversed.

If𝑁1, 𝑁2 < 𝑁res
𝑒 , the effective mixing angles are in the first octant (𝜃𝑚1, 𝜃𝑚2 < 𝜋/4),

whereas𝑁1, 𝑁2 > 𝑁res
𝑒 yields effectivemixing angles in the second octant (𝜃𝑚1, 𝜃𝑚2 >

𝜋/4). Either way, after evolution over a single period (𝑛 = 1), the resulting transition
probability (3.75) is smaller than one of the individual probability maxima, either
sin2 2𝜃𝑚1 or sin2 2𝜃𝑚2. For sufficiently large values of 𝑛, however, it will be larger than
both, 𝑃𝑒𝑎 (𝑛𝐿𝑇) > sin2 2𝜃𝑚1,𝑚2. A more rapid increase of the transition probability
ensues if 𝑁1 < 𝑁res

𝑒 < 𝑁2, as this relation between densities is equivalent to the
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Figure 3.8: Two-neutrino example of parametric transition probability enhancement as a
function of the number 𝑛 of periods traversed by the neutrino system, with𝜙1 = 𝜙2 = 𝜋/2 and
with realistic assumptions for 𝜃 and𝜔0/𝜔vac (cf. Fig. 3.6). In the upper panel, the solid line is
the 𝜈𝑒 → 𝜈𝑎 transition probability for any (integer and non-integer) number of periods, while
the red markers represent the resonant probability after 𝑛 full periods, given by Eq. (3.77).
The lower panel depicts the assumed “castle wall” density profile, with 𝐿1/𝐿2 ≈ 0.5.

mixing configuration 𝜃𝑚1 < 𝜋/4 < 𝜃𝑚2. Here, the evolution over a small number of
periods already leads to an enhancement of the transition probability.

Figure 3.8 shows how the two-flavour transition probability builds up and de-
creases again as a function of 𝑛 ≤ 10 for an example configuration of the “castle wall”
density profile introduced above. In both layers, it is assumed that 𝑉CC/𝑉res

CC < 1,
or equivalently 𝜔0/𝜔vac = 2𝑉CC𝐸𝜈/Δ𝑚2 < cos 2𝜃. For a given 𝐸𝜈, Δ𝑚2, and va-
cuum mixing angle 𝜃, the density configuration is 𝑁1 < 𝑁2 < 𝑁res

𝑒 . The distance
travelled through each layer is taken to be half the oscillation length in the layer,
𝐿1(2) = 𝐿𝑚1(𝑚2)/2, so that the phase conditions (3.76) hold. Hence, the transition
probability after each full period follows from Eq. (3.77), whose maximum is en-
countered at 𝑛 = 4. To the left of this maximum there is an oscillatory increase of
the transition probability over the course of any given period. To the right, a non-
monotonic decrease is observed up to 𝑛 = 8. This behaviour is a consequence of the
density configuration underlying the depicted example.
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4
Non-standard interactions of
propagating neutrinos

The discovery of the weak neutral current prompted investigations into the possib-
ility of FCNCs such as those by Wolfenstein in 1975 [243]. He realised that neut-
rino mass was not a requirement for the occurrence of neutrino oscillations in mat-
ter, because the necessary phase differences between the propagating states could
also be induced solely by flavour-changing (or “flavour-violating”) effective poten-
tials experienced by the neutrino flavour states. Assuming a system of two mass-
less neutrinos—both with and without including the flavour-diagonal standard po-
tential (3.50)—Wolfenstein estimated the refraction length in Earth matter (here
identical to the oscillation length) to approximately correspond to the Earth’s ra-
dius [27]. This would render the effects of FCNCs observable in long-baseline oscil-
lation experiments.

FCNCs only constitute a subset of all the interactions nowadays collectively re-
ferred to as “non-standard neutrino interactions” (NSI, instead of the less frequently
used acronym “NSIs”). These are usually assumed to include both new flavour-
violating and flavour-diagonal NC neutrino interactions, in addition to new CC in-
teractions.

4.1 Model-independent effective formalism

In the effective theory approach of Eq. (3.23), neutrino interactions beyond the SM
may arise at energy dimension 𝑑 ≥ 6 [244]. Below the scale of EWSB, the effective
Lagrangian has to respect the residual SU(3)𝐶 × U(1)𝑄 symmetry. Above, it has to
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4 Non-standard interactions of propagating neutrinos

be invariant under 𝐺SM, as the high-energy theory needs to encompass the latter. In
agreementwithmost literature, the acronym“NSI” is reserved for 𝑑 = 6 four-fermion
Lorentz-vector operators resulting in new neutrino interactions, while the parent set
of all possible new Lorentz-invariant neutrino interactions are referred to as “general
neutrino interactions” (GNI) [245]. Generically, one expects the largest low-energy
effects from operators of dimension 𝑑 = 6, because higher-dimension operators are
suppressed by higher powers of the new-physics scale Λ.

Considering 𝑑 = 6, a complete overview of the CC and NC effective GNI Lag-
rangians below the EWSB scale can be found in Ref. [245]. The possible operators
are obtained from the five bilinear currents with definite Lorentz transformation be-
haviour in Sec. 2.3. Allowing for chiral fermions increases the number of possible
operators to ten. NSI correspond to the two configurations with Lorentz structures
(𝑉 − 𝐴)(𝑉 ± 𝐴). These only involve left-chiral neutrinos—together with either left-
or right-chiral charged leptons or quarks—and are therefore realisable using the SM
field content. All other operators involve right-chiral neutrino fields [245].

This work investigates the effects of NC NSI on neutrino propagation. Inco-
herent scattering processes can be safely neglected for neutrino energies of up to
O(1TeV) [128].1 Coherence requires the fermion on which the neutrino scatters to
retain its flavour. Correspondingly, the relevant NC NSI Lagrangian to which we
restrict ourselves reads [27, 246, 247, 248, 249]

LNC
NSI = −2√2𝐺𝐹𝜖

𝑓𝐶
𝛼𝛽 �𝜈𝛼𝛾𝜇𝑃𝐿𝜈𝛽� �𝑓𝛾𝜇𝑃𝐶𝑓� , (4.1)

with 𝑓 = 𝑒, 𝑢, 𝑑.

The CC NSI Lagrangian reads (see Ref. [250] and references therein)

LCC
NSI = −2√2𝐺𝐹𝜖

𝑓𝑓′𝐶
𝛼𝛽 �ℓ𝛼𝛾𝜇𝑃𝐿𝜈𝛽� �𝑓′𝛾𝜇𝑃𝐶𝑓� , (4.2)

with 𝑓 ≠ 𝑓′ = 𝑢, 𝑑. CC NSI are relevant for processes which lead to the production
or detection of neutrinos. In this work, however, their effects will not be considered:
new-physics models leading to CC NSI of observable strengths are hard to recon-
cile with existing data, with upper limits on the effective coupling strengths that
are roughly one order of magnitude stronger than those for NC NSI [251] (see also
Sec. 4.5).

1Assuming the NSI cross sections are not larger than their weak CC and NC counterparts.
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4.2 Neutral-current NSI

4.2 Neutral-current NSI

In addition to the couplings of neutrinos to chiral fermions, 𝜖𝑓𝐿𝛼𝛽, 𝜖
𝑓𝑅
𝛼𝛽 , which appear

in Eq. (4.1), it is useful to introduce the vector coupling 𝜖𝑓𝑉𝛼𝛽 and the axial-vector
coupling 𝜖𝑓𝐴𝛼𝛽 as well. These arise when Eq. (4.1) is split into a term containing
a background-fermion vector current and another term containing a background-
fermion axial-vector current [252],

LNC
NSI = −√2𝐺𝐹𝜖

𝑓𝑉
𝛼𝛽 �𝜈𝛼𝛾𝜇𝑃𝐿𝜈𝛽� �𝑓𝛾𝜇𝑓� − √2𝐺𝐹𝜖

𝑓𝐴
𝛼𝛽 �𝜈𝛼𝛾𝜇𝑃𝐿𝜈𝛽� �𝑓𝛾𝜇𝛾5𝑓� , (4.3)

where we have defined

𝜖𝑓𝑉𝛼𝛽 ≡ 𝜖
𝑓𝐿
𝛼𝛽 + 𝜖

𝑓𝑅
𝛼𝛽 , (4.4)

𝜖𝑓𝐴𝛼𝛽 ≡ 𝜖
𝑓𝐿
𝛼𝛽 − 𝜖

𝑓𝑅
𝛼𝛽 . (4.5)

NSI of neutrinos propagating in terrestrial or solar matter can be described by a
matrix of effective potentials 𝑉⊕(⊙)

NSI , in analogy to the SM scenario of Sec. 3.3.1. In
particular, as demonstrated there, it is only the true vector component of the fer-
mion background current in the Lagrangian (4.3) that is relevant, i.e., the Lorentz
structure (𝑉 − 𝐴)(𝑉). The matrix of effective potentials is the linear combination of
the potentials for coherent forward scattering on electrons, up quarks, and down
quarks [250]:

𝑉⊕(⊙)
NSI,𝛼𝛽 (𝑥) = √2𝐺𝐹 �𝜖𝑒𝑉𝛼𝛽𝑁𝑒 (𝑥) + 𝜖𝑢𝑉𝛼𝛽𝑁𝑢 (𝑥) + 𝜖𝑑𝑉𝛼𝛽𝑁𝑑 (𝑥)� . (4.6)

In contrast to the standard potential, 𝑉⊕(⊙)
NSI need not be diagonal: its off-diagonal

components are potentials for flavour-violating interactions that do not modify the
fermion background.

Normalising𝑉⊕(⊙)
NSI to the SMpotential given in Eq. (3.49) yields the following com-

pact expression for the neutrino potential in the presence of NSI:

𝐻mat (𝑥) = 𝑉CC (𝑥)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + 𝜖𝑉𝑒𝑒 (𝑥) 𝜖𝑉𝑒𝜇 (𝑥) 𝜖𝑉𝑒𝜏 (𝑥)
𝜖𝑉𝜇𝑒 (𝑥) 𝜖𝑉𝜇𝜇 (𝑥) 𝜖𝑉𝜇𝜏 (𝑥)
𝜖𝑉𝜏𝑒 (𝑥) 𝜖𝑉𝜏𝜇 (𝑥) 𝜖𝑉𝜏𝜏 (𝑥)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.7)
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4 Non-standard interactions of propagating neutrinos

where the position-dependent effective NSI couplings [223]

𝜖𝑉𝛼𝛽 (𝑥) ≡
𝑉⊕(⊙)
NSI,𝛼𝛽 (𝑥)
𝑉CC (𝑥)

= 𝜖𝑒𝑉𝛼𝛽 +
𝑁𝑢 (𝑥)
𝑁𝑒 (𝑥)

𝜖𝑢𝑉𝛼𝛽 +
𝑁𝑑 (𝑥)
𝑁𝑒 (𝑥)

𝜖𝑑𝑉𝛼𝛽 (4.8)

= 𝜖𝑒𝑉𝛼𝛽 + 𝜖
𝑝𝑉
𝛼𝛽 +

𝑁𝑛 (𝑥)
𝑁𝑒 (𝑥)

𝜖𝑛𝑉𝛼𝛽 (4.9)

have been introduced. The second equality follows from the equivalence of the quark
and nucleon descriptions already exploited in Sec. 3.3.1:

𝜖𝑝𝑉𝛼𝛽 ≡ 2𝜖𝑢𝑉𝛼𝛽 + 𝜖𝑑𝑉𝛼𝛽 , (4.10)

𝜖𝑛𝑉𝛼𝛽 ≡ 𝜖𝑢𝑉𝛼𝛽 + 2𝜖𝑑𝑉𝛼𝛽 . (4.11)

The number densities of up and down quarks expressed in terms of the proton and
neutron number densities are given by 𝑁𝑢 (𝑥) = 2𝑁𝑝 (𝑥) +𝑁𝑛 (𝑥) respectively 𝑁𝑑 (𝑥) =
𝑁𝑝 (𝑥) + 2𝑁𝑛 (𝑥).

While all of the above without distinction applies to neutrinos propagating in the
Earth or the Sun, the effective couplings (4.8) of the former can however be con-
sidered constant. This is due to the fact that the ratio 𝑌𝑛 (𝑥) ≡ 𝑁𝑛 (𝑥) /𝑁𝑒 (𝑥) within
the Earth is constant to approximately ±5%, with a mean value of 𝑌⊕𝑛 ≡ ⟨𝑌𝑛 (𝑥)⟩ ≈
1.051 [223]. Thus, to a good approximation one can view ameasurement of neutrino
oscillations in the Earth as a means of constraining the constant effective couplings

𝜖⊕𝛼𝛽 ≈ 𝜖𝑒𝑉𝛼𝛽 + 𝜖
𝑝𝑉
𝛼𝛽 + 𝑌⊕𝑛 𝜖𝑛𝑉𝛼𝛽 . (4.12)

Modifications of the neutrino detection cross sections arising fromNCNSI are not
accounted for in this work. Their model-independent inclusion would be computa-
tionally intractable because detection cross sections are not determined uniquely by
the vector couplings considered above. This becomes evident from the presence of
the axial-vector fermion currents in the NC NSI Lagrangian (4.3). A more extensive
discussion of these and related aspects can be found in Ref. [253].

4.3 Parameterisations

Standard parameterisation

Since neutrino oscillations are not sensitive to an overall phase shift, it is possible to
eliminate one of the diagonal entries of𝐻mat without affecting the oscillation physics.
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4.3 Parameterisations

It is common to redefine

𝐻mat (𝑥) → 𝐻mat (𝑥) − 𝑉CC (𝑥) 𝜖⊕𝜇𝜇𝟙3×3 , (4.13)

though any other choice is just as valid. Hermiticity (𝐻†
mat = 𝐻mat) gives rise to the

parameter constraints

𝜖⊕𝑒𝑒,𝜏𝜏 − 𝜖⊕𝜇𝜇 ∈ ℝ , (4.14)

𝜖⊕𝛽𝛼 = �𝜖⊕𝛼𝛽�
∗

�𝛼 ≠ 𝛽� . (4.15)

These imply that the observable neutrino potential is fully described by eight real
parameters, one real part for each of the two non-universality (NU) strengths 𝜖⊕𝑒𝑒,𝜏𝜏−
𝜖⊕𝜇𝜇, and one absolute value and complex phase for each of the three flavour-violating
(FV) couplings 𝜖⊕𝑒𝜇, 𝜖⊕𝑒𝜏, and 𝜖⊕𝜇𝜏:

𝜖⊕𝑒𝑒,𝜏𝜏 − 𝜖⊕𝜇𝜇 = Re �𝜖⊕𝑒𝑒,𝜏𝜏 − 𝜖⊕𝜇𝜇� , (4.16)

𝜖⊕𝛼𝛽 ≡ �𝜖⊕𝛼𝛽�𝑒
𝑖𝛿𝛼𝛽 �𝛼 ≠ 𝛽� . (4.17)

Hence,

𝐻mat (𝑥) = 𝑉CC (𝑥)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 𝜖⊕𝑒𝜇 𝜖⊕𝑒𝜏
𝜖⊕∗𝑒𝜇 0 𝜖⊕𝜇𝜏
𝜖⊕∗𝑒𝜏 𝜖⊕∗𝜇𝜏 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.18)

𝑯vac-like parameterisation

Not all eight parameters in the standard parameterisation above are intrinsic prop-
erties of NSI: if the kinetic Hamiltonian was not present (or not observable, as in the
case of massless or degenerate-mass neutrinos), only one combination of the three
off-diagonal couplings’ complex phases would be physical [254]. This is demon-
strated by an alternative parameterisation whose structure resembles that of the va-
cuum Hamiltonian (3.43) [255, 225, 254, 223]:

𝐻mat (𝑥) = 𝑄rel𝑈mat𝐷mat (𝑥)𝑈†
mat𝑄†

rel . (4.19)

This parameterisation, referred to as “generalised matter potential” (GMP) hence-
forth, introduces three new matrices with a total of eight real parameters as follows.
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4 Non-standard interactions of propagating neutrinos

Matter-potential eigenvalues 𝐷mat (𝑥) = 𝑉CC (𝑥)diag(𝜖⊕, 𝜖′⊕, 0) gives the local ei-
genvalues of the GMP, 𝑉CC (𝑥) 𝜖⊕ and 𝑉CC (𝑥) 𝜖′⊕, in analogy to the vacuum Hamilto-

nian, which has the eigenvalues Δ𝑚221
2𝐸𝜈

and Δ𝑚231
2𝐸𝜈

.

Matter-potential rotation 𝑈mat = 𝑅12 �𝜑12� 𝑅13 �𝜑13� 𝑅̃23 �𝜑23, 𝛿NS� rotates the
matter potential into the off-diagonal entries of 𝐻mat via the two real Euler rotations
𝑅12 and 𝑅13, by 𝜑12 in the 1–2 plane and by 𝜑13 in the 1–3 plane, and one complex
Euler rotation 𝑅̃23, by𝜑23 and 𝛿NS. The association of theCP-violating NSI phase 𝛿NS
with the 2–3 rotation is not a unique choice. 𝑈mat plays a similar role in matter as the
PMNS matrix 𝑈 does in vacuum.

Relative matter-vacuum rephasing 𝑄rel = diag �𝑒𝑖𝛼1, 𝑒𝑖𝛼2, 𝑒−𝑖(𝛼1+𝛼2)� rephases the
matter part of the Hamiltonian with respect to its vacuum part by means of the two
phases 𝛼1, 𝛼2. It is a matter of convention whether these are assigned to𝐻mat or𝐻vac.

Out of the three phases 𝛼1, 𝛼2, and 𝛿NS, only 𝛿NS is an intrinsic feature of NSI.
With respect to the standard parameterisation, this implies that the three effective
phases 𝛿𝑒𝜇, 𝛿𝑒𝜏, and 𝛿𝜇𝜏 associated with the FV coupling strengths combine into one
“genuine” complex phase.

Section 5.2.2 presents a convenient reduction of the GMP parameter space when
the parameterisation is applied to data from atmospheric neutrino oscillation ex-
periments, as done in Part III of this work. It also provides the resulting relations
between theGMPparameterisation and the standardparameterisation anddiscusses
the former’s minimal physical parameter space.

4.4 Generalised mass-ordering degeneracy

In the presence of NSI in the standard parameterisation, CPT is realised by the set of
transformations (3.40) of the vacuum Hamiltonian in conjunction with

�𝜖𝑉𝑒𝑒 (𝑥) − 𝜖𝑉𝜇𝜇 (𝑥)� → − �𝜖𝑉𝑒𝑒 (𝑥) − 𝜖𝑉𝜇𝜇 (𝑥)� − 2 ,

�𝜖𝑉𝜏𝜏 (𝑥) − 𝜖𝑉𝜇𝜇 (𝑥)� → − �𝜖𝑉𝜏𝜏 (𝑥) − 𝜖𝑉𝜇𝜇 (𝑥)� , (4.20)

𝜖𝑉𝛼𝛽 (𝑥) → −𝜖𝑉∗𝛼𝛽 (𝑥) �𝛼 ≠ 𝛽� .

The equivalence between these parameter transformations and CPT is referred to
as the “generalised mass-ordering degeneracy” (GMOD) [224] because it prevents
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the determination of the NMO if the non-standard couplings to neutrons vanish
(𝜖𝑛𝑉𝛼𝛽 = 0) or if the relative neutron number density 𝑌𝑛 (𝑥) = const. along the neutrino
trajectory. Crucially, the latter applies to the Hamiltonian (4.18) for Earth matter.

4.5 New-physics origin

Many well-motivated new-physics scenarios—often invoked to explain the small
neutrino masses—naturally give rise to NSI in neutrino propagation. However,
building models which lead to potentially observable NSI without violating con-
straints from low-energy processes—such as neutrino oscillations, charged-lepton
decay, or 𝛽-decay—is challenging. The main characteristics of different types of NSI
models frequently encountered in the literature are briefly sketched below. A com-
prehensive overview with many relevant references can be found in Ref. [31].

As an illustrative example which gives some insight into rather generic con-
straints on NSI coupling strengths, consider the existence of the tree-level process
𝜈𝛼 + 𝑓 → 𝜈𝛽 + 𝑓, in which the initial-state neutrino 𝜈𝛼 interacts with a charged fun-
damental fermion 𝑓 by exchanging a (scalar or vector) boson 𝑋 of mass 𝑚𝑋. On
the one hand, in the limit of an effective contact interaction as described in Sec. 2.4.4
(�𝑞2� ≪ 𝑚2

𝑋) the amplitude of the process is proportional to 𝑔𝛼𝑓𝑔𝛽𝑓/𝑚2
𝑋, where 𝑔𝛼𝑓 and

𝑔𝛽𝑓 represent the couplings associated with the two vertices. The effective coupling
strength relative to Fermi’s coupling constant then reads [256]

𝜖𝑓𝛼𝛽 ∝
𝑔𝛼𝑓𝑔𝛽𝑓
𝑚2
𝑋𝐺𝐹

. (4.21)

As a consequence, the new couplings are comparable in strength to theweak interac-
tion if 𝑔2/𝑚2

𝑋 ∼ O(𝐺𝐹). If �𝑞2� ≳ 𝑚2
𝑋, on the other hand, the NSI scattering amplitude is

suppressed by𝑚2
𝑋/𝑞2 [257] with respect to the contact-interaction limit. This generic

behaviour of the effective coupling strengths has to be kept in mind when compar-
ing the NSI reach of different experiments. A fundamental assumption underlying
the expression (4.6) for the potential due to NSI is that the mediator is much heav-
ier than the inverse extent of the matter distribution traversed by the neutrinos, i.e.,
𝑚𝑋 ≫ 𝑅−1⊕ ∼ 3 × 10−14 eV in the case of the Earth (see for example Refs. [258, 259]
and references therein). For𝑚𝑋 ≲ 𝑅−1⊕ , the local value of the potential would depend
not simply on the local background-fermion number densities but on their spatial
distributions (long-range potential).
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Tree-level NSI

Among the models considered as viable candidates to bring about NSI, there are
approaches to extend the SM with new scalar bosons which generate new tree-level
four-fermion operators of energy dimension 𝑑 = 6 that transform as Lorentz vectors
after a Fierz transformation, for example in scalar-SU(2)𝐿-singlet models, two-Higgs-
doublet models, or the type-II (SU(2)𝐿-triplet) seesawmodel (see Ref. [260] and ref-
erences therein, as well as Ref. [261] for a comprehensive review in the context of
radiative neutrino mass generation). All these share the need for the new effect-
ive scalar operators to be of the form Oscalar ∝ Ψ𝜈𝐿𝜈𝐿Ψ (without family indices),
where Ψ is a (not necessarily chiral) charged fermion field. As a result, the scalar
boson must be electrically charged and in addition carry colour charge (leptoquark)
in case NSI with quarks are to exist. Only under these conditions may vector NSI
couplings as given in Eq. (4.4) arise [260]. However, its electric charge demands the
scalar boson to be heavy—preventing production in existing experiments—owing
to its fixed gauge coupling to the photon [262, 260]. This model-building problem
similarly applies to CC NSI, for which new physics above the TeV scale is therefore
usually required [262].

Notably, model-independent studies of the maximally allowed strengths of NC
NSI produced at tree level by (𝑑 = 6 or 𝑑 = 8) gauge-invariant operators above
the EWSB scale have been conducted in Refs. [263, 244]. Since the high-energy the-
ory must encompass 𝐺SM, processes involving four charged leptons are generically
expected to occur also. For NSI to be large, these interactions should however be
strongly suppressed. At 𝑑 = 6, a systematic operator analysis reveals [244] that there
is just one2 possibility of generating such NSI with a single tree-level mediator—a
heavy scalar SU(2)𝐿 singlet [264, 265].3 For regular matter, this simple model only
permits non-zero couplings in the 𝜇-𝜏 sector, namely 𝜖𝑒𝐿𝜇𝜇, 𝜖𝑒𝐿𝜇𝜏, and 𝜖𝑒𝐿𝜏𝜏 [263]. More
generally, as summarised in Ref. [270], the magnitudes of all NSI coupling strengths
�𝜖⊕𝛼𝛽� (fromgauge-invariant operators and tree-levelmediators) are limited toO�10−2�
or below.

Loop-induced NSI

In contrast to the above “Fierz-transformed” NSI, loop-induced NSI [260] are the
result of neutrino Yukawa interactions with new—electrically neutral or charged—
2An additional possibility arises when the existence of right-chiral neutrinos is allowed [263].
3The scalar singlet occurs in a class of models referred to as “Zee models” [266, 267, 268], which

provide economical mechanisms for the radiative generation of neutrino mass [269].
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Figure 4.1: “Triangle” (left) and “box” (right) diagrams which induce NC vector NSI via
loop corrections to the tree-level 𝑍0 exchange and via pure Yukawa interactions, respectively.
On the left, the two occurrences of 𝜓int represent (SM or new, possibly different) fermions
(either both electrically charged or neutral). In each diagram, 𝜙 is a new scalar boson. Figure
taken from Ref. [260].

scalar (or vector) bosons. Two possible diagrams generating NSI in this way are
shown in Fig. 4.1. In the “triangle” diagram on the left, external neutrinos and in-
ternal fermionswith couplings to the𝑍0 boson are converted into each other through
Yukawa interactions with a new scalar boson (𝜙). In the “box” diagram on the right,
only pure Yukawa interactions are involved. Under the assumption that the mass of
the scalar boson exceeds the fermion masses, both diagrams generate effective four-
fermion operators O

tri,box
scalar ∝ 𝜓𝛾𝜇𝜓𝜈𝛼𝛾𝜇𝑃𝐿𝜈𝛽. These can be combined into effective

Lagrangian terms for loop-induced NSI with (chiral) charged fermions [260],

L
tri+box,𝑓𝐶
scalar =

𝐺𝐹
√2

�𝜖tri,𝑓𝐶𝛼𝛽 + 𝜖box,𝑓𝐶𝛼𝛽 �𝜓𝛾𝜇𝜓𝜈𝛼𝛾𝜇𝑃𝐿𝜈𝛽 , (4.22)

where 𝜓 = 𝑓𝐶 = 𝑒𝐿, 𝑒𝑅, 𝑢𝐿, 𝑢𝑅, 𝑑𝐿, 𝑑𝑅. Vector NSI can be constructed from these via
the summation (4.4).

Loop-induced NSI may occur with both charged leptons and quarks serving as
scattering partners, without the need for the new scalar boson to be electrically
charged or colour-charged. This particular feature of loop-induced NSI in turn is
conducive to their reconcilability with existing experimental limits. The detailed
arguments and calculations, together with general and model-dependent formulae
and constraints for 𝜖tri,box𝛼𝛽 , can be found in Ref. [260].
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New gauge symmetries

The third approach to generating NSI considered here consists of extending the SM
gauge sector with additional gauge symmetries accompanied by new (vector) gauge
bosons, such as newAbelianU(1)′ symmetries with their associated 𝑍′ bosons [271].
The large wealth of realisations deviate for example in the masses and couplings of
the 𝑍′ bosons, the scale of U(1)′ symmetry breaking, or the U(1)′ charges of the SM
fermions and the Higgs doublet. Vector NSI couplings could then emerge by in-
tegrating out a “flavour-sensitive” 𝑍′ with direct couplings to SM fermions, though
other possibilities without direct couplings such as 𝑍-𝑍′ mixing are also conceiv-
able [262, 272]. More specifically, in the light of the GMOD exhibited by neutrino
oscillation experiments, models with a light 𝑍′ with a mass of the order of 10MeV
which can viably generate the large 𝑒-𝜇 NU NSI strength required have received
much attention [273].
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paradigm and NSI

By combiningmultiple types of experiments (solar, atmospheric, accelerator, and re-
actor neutrino, as well as neutrino scattering experiments), global fits exploit com-
plementarities between different observables that are sensitive to the same funda-
mental neutrino parameters. They thereby often reduce degeneracies that impede
the determination of the parameters of interest when the experiments are analysed
individually. While standard three-neutrino oscillation physics has transitioned
from the phase of discovery to an era of precision measurements of the PMNS
paradigm, the existence of NSI is yet to be proven.

Throughout this chapter, we restrict ourselves to the three-neutrino scenario and
begin with an overview of the defining characteristics of the relevant types of neut-
rino fluxes—before and after propagation including flavour transitions—in Sec. 5.1.
Solar neutrinos are discussed first, owing to the striking impact these have had on our
understanding of neutrino flavour transitions [274]. The flux of neutrinos produced
in the Earth’s atmosphere, which is in the centre of this work, is examined next. In
both cases, the key phenomenological aspects of flavour transitions are illustrated
in some detail, with reference to the matter effects with SM interactions introduced
in Sec. 3.3.4. It turns out that the Sun and the Earth represent ideal natural “labor-
atories” in this regard [275, 240, 253]: first and foremost, because the energies of
neutrinos produced within the Sun or the Earth’s atmosphere have similar relative
magnitudes with respect to the relevant mass-squared differences (the “solar” Δ𝑚2

21
and the “atmospheric” Δ𝑚2

31) and this scale is similar to that of the standard mat-
ter potential and to the inverse of the Earth’s radius, 𝑅−1⊕ . Furthermore, the allowed
values of the mixing angles 𝜃12 and 𝜃23 allow for reasonably large or even maximal
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effects in terrestrial oscillation experiments, while the relative smallness of 𝜃13 per-
mits adopting a two-neutrino system in the description of the evolution of both solar
and atmospheric neutrino fluxes (in the absence of NSI). Accelerator and reactor
neutrino experiments are also touched upon.

Section 5.2 concludes this chapterwith a summary of existing global constraints on
the parameters of the PMNS paradigm and considers NSI in neutrino propagation
as additional degrees of freedom in global fits. At the same time, statistical inference
concepts which are re-encountered in the analyses in Parts III and IV are mentioned.

5.1 Neutrino sources

5.1.1 Solar neutrinos

The Sun is an intense source of electron neutrinos, emitted predominantly by two
groups of thermonuclear fusion reactions, the 𝑝𝑝 chain and the catalytic CNO cycle
(see, e.g., Ref. [276] and references therein). In effect, both of these convert four
protons into a 4He nucleus under the emission of two electron neutrinos, 4𝑝 → 4He+
2𝑒+ + 2𝜈𝑒.

“Standard Solar Models”1 predict the neutrino energy spectrum that is produced
by any particular reaction, as exemplified on the left of Fig. 5.1 for the Earth. “𝑝𝑝
neutrinos” are emitted by the initial proton-proton fusion reaction of the 𝑝𝑝 chain,
𝑝+𝑝 → 2H+𝑒++𝜈𝑒. Theirmean energy is 0.27MeV and they contribute approximately
90% of the total solar neutrino flux on Earth, Φ⊙ ∼ 6.5 × 1010 cm−2 s−1 [128]. The
maximal solar neutrino energy of 18.8MeV is the 𝑄 value of the reaction 3He + 𝑝 →
4He + 𝑒+ + 𝜈𝑒 [128]. These neutrinos are known as “ℎ𝑒𝑝 neutrinos” and are also
a product of the 𝑝𝑝 chain. However, the low fusion rate renders their flux almost
seven orders of magnitude smaller than that of 𝑝𝑝 neutrinos [128]. As evidenced by
Fig. 5.1, in terms of both overall flux and mean energy, 𝜈𝑒’s from other reactions that
are part of the 𝑝𝑝 chain (7Be, 𝑝𝑒𝑝, 8B) or the CNO cycle (13N, 15O, 13N + 𝑒−, 15O + 𝑒−)
lie in between. Fluxes of solar 𝜈̄𝑒’s on Earth are exceeded by Earth-originating and
reactor antineutrino backgrounds by several orders of magnitude, and thermal, keV-
range, neutrinos and antineutrinos of all flavours produced in the Sun are similarly
undetectable as of today [277].

Based on up-to-date global knowledge of the PMNS parameters, the panel on the
right of Fig. 5.1 shows the expected probability as a function of neutrino energy for
1Or “Simplified Solar Models” according to Ref. [277].
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Figure 5.1: Calculations and measurements of the properties of solar neutrino flux compon-
ents on Earth. Left panel: solar neutrino flux spectra on Earth. Fluxes from 𝑝𝑝-chain reactions
are shown in blue, with measured normalisations, whereas fluxes generated by the CNO
cycle are shown in orange (calculations and upper limits). Right panel: calculations of the
solar 𝜈𝑒 survival probability for major flux components. Figures taken from Ref. [277]. See
text for details.

𝜈𝑒’s produced in the Sun—by the various nuclear reactions that comprise the 𝑝𝑝 chain
and theCNOcycle—to retain their flavour during propagation from their production
region to the Earth, 𝑃𝑒𝑒 (𝐸𝜈). This survival probability depends on the process of
origin because of the different radial 𝜈𝑒 production distributions (see, for example,
Ref. [277, Fig. 11]).

As detailed in Refs. [278, 183], to high accuracy 𝑃𝑒𝑒 is the result of the independent
and incoherent adiabatic propagation of the neutrino matter eigenstates 𝜈𝑖𝑚 inside
the Sun (cf. Sec. 3.3.4), which transform as 𝜈𝑖𝑚 → 𝜈𝑖 at the Sun’s surface, propagate
without modification to the Earth, at the surface of which each is decomposed into
the eigenstates in Earth matter, which then undergo oscillations as they travel to the
detector. Depending on energy, at night these matter oscillations lead to a small re-
generation or suppression of the 𝜈𝑒 flux arriving at a detector on Earth. The fact that
matter effects are negligible during day time at the detector location, when detec-
ted neutrinos only have to cross the Earth’s crust, results in a few-percent day-night
asymmetry [278] (not included in Fig. 5.1).

The horizontal lines in the right panel mark the low- and high-energy limits of
the survival probability. Under the currently accepted “large-mixing angle (LMA)
MSW solution” [128] to the solar neutrino problem, matter effects in the Sun are
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5 Global knowledge of the PMNS paradigm and NSI

not relevant at low energy, because the encountered electron number density is al-
ways far below the resonance value (cf. Sec. 3.3.4.2). In the corresponding limit, one
simply observes the averaged survival probability for propagation through vacuum,
lim𝐸𝜈→0 𝑃𝑒𝑒 ≈ ⟨𝑃vacuum𝑒𝑒 ⟩ = 1 − 1

2 sin
2 2𝜃12 [128, 278] at leading order. In the high-

energy limit, lim𝐸𝜈→∞ 𝑃𝑒𝑒 ≈ sin2 𝜃12 [128, 278], as the resonance density is crossed
adiabatically.

The range of intermediate energies, referred to as the “transition region”, contains
the value 𝐸𝜈 ≈ 2MeV for which the MSW resonance appears at the maximal density
within the Sun [278]. The size of the 1–2 mixing angle 𝜃12 governs the resonance
width (cf. Fig. 3.6) and thus the width of the transition region.

5.1.2 Atmospheric neutrinos

The fact that Earth’s atmosphere is subject to a constant influx of primary cosmic
rays means that it continuously produces copious amounts of neutrinos2, whose
flux is sufficiently large to be studied with terrestrial detectors across the energy
range from O (100MeV) to O (10TeV). The early phenomenological flux discussions
in Refs. [279, 280] stand in contrast with today’s sophisticated computational mod-
elling tools, such as Refs. [281, 282, 283], which differ in the underlying computa-
tional methods or hadronic-interaction and atmospheric-density models. Analytic
methods based on simplifying assumptions about the primary cosmic-ray spectrum
and hadronic interactions are able to capture the essential flux characteristics (see
Ref. [284] and references therein).

5.1.2.1 Flux characteristics

The spectrum of primary cosmic rays spans more than ten orders of magnitude in
energy. Approximately three out of four cosmic-ray nucleons are free protons; nuc-
leons bound in helium nuclei contribute about 70% of the remaining fraction [15].
At energies in the range from 1GeV to 100TeV, this nucleon flux is reasonably well
described by a power law ∝ 𝐸−𝛼 (𝛼 ≡ 𝛾 + 1 ≈ 2.7), where 𝐸 and 𝛼 respectively 𝛾 are
the energy per nucleon and the differential respectively integral spectral index.3

2The term “neutrinos” here is used to jointly refer to neutrinos and antineutrinos for brevity. Simil-
arly, “muon” refers to the particle and the antiparticle, unless an explicit distinction is made.

3For protons, deviations from such a simple power-law form have begun to emerge from data taken
by various cosmic-ray experiments, and there are similar indications as to the existence of more
complex spectral features for nuclei [285].
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Cosmic-ray reactions typically occur in the stratosphere—at altitudes from ap-
proximately 10km to 40km [128]. They produce particle showers comprising large
numbers of unstable secondary hadrons, which give rise to atmospheric neutrino
fluxes that depend on energy and direction. Here, we are only concerned with the
“conventional” contribution to these fluxes, namely decays of charged pions and
of kaons. Above TeV-scale neutrino energies, weak decays of hadrons containing
a charm (anti)quark produce the “prompt” flux. Particles containing the charm fla-
vour have a lifetime ofO�10−12 s� [15] and almost certainly decay rather than interact
in the atmosphere up to the highest energies, but their production cross section is
kinematically strongly suppressed compared to that of pions and kaons [286, 287].
In the absence of oscillations, charm decays would be the dominant source of atmo-
spheric tau neutrinos by a large margin [288]. The intrinsic conventional flux of tau
neutrinos, however, is negligible [287].

As the main contribution to the flux of atmospheric muon neutrinos with GeV
energies, the decay of a charged pion results in a (−)𝜈𝜇𝜇± pair with a branching ratio of
∼99.99% [15]:

𝜋− → 𝜇− + 𝜈̄𝜇 , 𝜋+ → 𝜇+ + 𝜈𝜇 . (5.1)

The corresponding electron decay mode only has a branching ratio of ∼10−4 [15].
Heavier charged kaons directly generate neutrinos via the leptonic and semileptonic
decays

𝐾− → 𝜇− + 𝜈̄𝜇 , 𝐾+ → 𝜇+ + 𝜈𝜇 , (5.2)
𝐾− → 𝜋0 + 𝑒− + 𝜈̄𝑒 , 𝐾+ → 𝜋0 + 𝑒+ + 𝜈𝑒 , (5.3)

and indirectly through hadronic decays that produce one or two charged pions. Sim-
ilar semileptonic and hadronic neutral-kaon (𝐾0𝐿, 𝐾0𝑆) decays are also relevant [15,
289, 290]. 𝜇±’s generated in any of the above reactions may decay before reaching
the ground, thereby producing both electron and muon neutrinos via the two reac-
tions

𝜇− → 𝑒− + 𝜈̄𝑒 + 𝜈𝜇 , 𝜇+ → 𝑒+ + 𝜈𝑒 + 𝜈̄𝜇 . (5.4)

The resulting neutrino flux spectra (without oscillations) from 100MeV to 10TeV
expected at the South Pole—at an observation height of 2.84km above sea level—are
shown on the left of Fig. 5.2, calculated in Ref. [281]. On the right, the corresponding
flux ratios, namely flavour ratios and neutrino-to-antineutrino ratios, are displayed.
Both fluxes and their ratios are averaged over all directions and over the span of one
year.
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Figure 5.2: Predicted properties of the atmospheric neutrino flux spectra at the South Pole.
Left panel: direction- and year-averaged atmospheric electron andmuon neutrino flux spectra
(scaled by neutrino energy to the third power). Right panel: various direction- and year-
averaged atmospheric neutrino flux ratios as a function of neutrino energy. Figures taken
from Ref. [281]. See text for details.

Since the 𝜇± decay probability above ground decreases the higher the energy, the
neutrino flux at higher energy is dominated by direct charged-pion and kaon de-
cays (up to the cross-over energy above which the prompt component dominates).
Thesemesons’ relative contributions depend on their production ratios, as well as on
their decay and reinteraction probabilities and kinematics. Whether decay or rein-
teraction is the dominant effect for a given parent meson is governed by the relative
size of its decay length compared to its interaction length: above the critical energy
𝐸c—which depends on the atmospheric density profile and on zenith—the meson is
more likely to interact than to decay. For vertical trajectories, the critical energies are
𝐸𝜋±c ≈ 115GeV, 𝐸𝐾

0
𝐿c ≈ 210GeV, 𝐸𝐾±c ≈ 850GeV, and 𝐸𝐾

0
𝑆c ≈ 1.2 × 105GeV [286, 290].

Depending on whether one considers meson decay below or above the critical en-
ergy, the resulting neutrino flux properties differ. Far below the critical energy of the
parent meson, the spectral index coincides with that of the primary nucleon flux, 𝛼,
whereas the slope at high energies is steeper by one unit, 𝛼+1. On the left of Fig. 5.2,
this transition is seen to occur in the few-GeV range for (−)𝜈𝑒’s and to extend over several
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hundreds of GeV for (−)𝜈𝜇’s.
While neutrinos with 𝐸𝜈 ≪ 𝐸𝜋c predominantly originate from the decays of the

lighter charged pions, the relation 𝐸𝐾c ≫ 𝐸𝜋c renders kaons increasingly important
for atmospheric neutrino production at higher energy. Moreover, the rather close
masses of the pion and the muon result in the latter carrying away much of the en-
ergy of the decaying pion, whereas the dominant, leptonic kaon decay splits the kaon
energy almost equally between the muon and the neutrino on average [280]. Des-
pite a comparably small𝐾/𝜋 production ratio [291], kaons are the dominant neutrino
source for 𝐸𝜈 ≳ 100GeV, for both electron and muon neutrinos [292].

Also, the critical energies increase for more inclined trajectories, 𝐸c ∝ 𝐹 (cos𝜗),
where 𝐹 ≈ cos−1 𝜗 for zenith angles 𝜗 ≲ 60°, rising monotonically up to factor of
around 10 at the horizontal [293]. Thus, the larger the zenith angle, the higher the
energy above which the neutrino flux spectra steepen. Not taking into account neut-
rino oscillations or the small interaction probability with Earth matter, this aniso-
tropy exhibits an up-down symmetry [128],

(−)

Φ𝛼unosc (cos𝜗) =
(−)

Φ𝛼unosc (− cos𝜗) , (5.5)

where
(−)

Φ𝛼unosc is the atmospheric flux of (anti)neutrinos of flavour 𝛼.
In the few-GeV energy range, the flux is neither isotropic nor up-down symmetric,

as a result of effects of the geomagnetic field on the incident charged primary nucle-
ons and on charged secondaries within the atmosphere. Furthermore, solar activity
leads to a temporal modulation of the neutrino fluxes at similar energies, though the
impact on neutrinos is dampened with respect to that on primary nucleons due to
the minimal (“cutoff”) rigidity imposed on these by the geomagnetic field [289].

If all muons decayed and the kaon component was negligible, one would expect a
flavour ratio

Φ𝜇
unosc + Φ̄

𝜇
unosc

Φ 𝑒
unosc + Φ̄ 𝑒

unosc
= 2 (5.6)

of the atmospheric fluxes on the ground. As the right panel of Fig. 5.2 underscores,
this is a good approximation at neutrino energies around and below 1GeV. At these
energies, one half of the muon neutrino flux originates from the charged-pion de-
cay (5.1) directly, and the other from the muon decay (5.4) [281]. Correspondingly,
the flux ratio Φ𝜇

unosc/Φ̄
𝜇
unosc ≈ 1. It almost reaches twice this value at 10TeV. The flux

ratioΦ 𝑒
unosc/Φ̄ 𝑒

unosc at low energy reflects the parent pion and secondarymuon charge
ratio,Φ𝜋+/Φ𝜋− = Φ𝜇+/Φ𝜇−, which is somewhat larger than unity because of the excess
of positive charge in cosmic rays [281].
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Figure 5.3: Predicted atmospheric neutrino production height quantiles for vertically down-
going trajectories at the South Pole, averaged over the two annual periods shown, for the
combined flux of (−)𝜈𝜇’s on the left, and for that of (−)𝜈𝑒’s on the right. Figure adapted from
Ref. [281].

5.1.2.2 Standard oscillations

The possible oscillation channels for conventional atmospheric neutrinos are (−)𝜈𝛼 →
(−)𝜈𝑒,

(−)𝜈𝜇,
(−)𝜈𝜏 with 𝛼 = 𝑒, 𝜇. Isocontours of constant probability for each channel as a

function of energy 𝐸𝜈 and zenith angle cos𝜗 are visualised with the help of “oscil-
lograms” [294]. Assuming a universal oscillation probability exists for the problem
at hand (cf. Sec. 3.2.2), inputs to the calculation of a given oscillogram are the pro-
duction height (distribution), the Earth’s electron density distribution, the leptonic
mixing matrix, the neutrino mass-squared differences, and the detector depth.

Production height and baseline

For a neutrino produced at the altitude ℎ impinging on a detector at a depth 𝑑 below
sea level under the zenith angle 𝜗, the baseline follows as [128]

𝐿 (𝜗; ℎ, 𝑑) = �(𝑅⊕ + ℎ)
2 − (𝑅⊕ − 𝑑)

2 sin2 𝜗 − (𝑅⊕ − 𝑑) cos𝜗 , (5.7)
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with 𝑅⊕ ≈ 6 371 km. Usually, the detector is located underground—shielded by sev-
eral kilometres of water equivalent—in order to suppress the background of atmo-
spheric 𝜇±’s, which are penetrating enough for their flux at the detector to nonethe-
less significantly exceed that of (−)𝜈’s.

Figure 5.3 gives an idea of the neutrino production height distributions, show-
ing their simulated 10th, 50th, and 90th percentiles for 𝜈𝜇’s and 𝜈̄𝜇’s or 𝜈𝑒’s and 𝜈̄𝑒’s
combined, restricted to zenith angles cos𝜗 > 0.9 at the South Pole as a function of
neutrino energy, averaged over the months June to August or December to Febru-
ary. As a result of the transition to kaon decay as the dominant neutrino production
mechanism, the high-energy production height distribution closely follows that for
kaons. Large seasonal variations of the atmospheric density at the South Pole are re-
sponsible for theO(10%) greater production heights encountered during the austral
summer months December to February [281].
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Figure 5.4: Atmospheric neutrino
baseline versus zenith, Eq. (5.7), for a
detector at a depth of 𝑑 = 2 km, for two
representative production heights.

As a consequence of the rather
stable average production height
ℎ ∼ 15 km to 20km—also at sites other
than the South Pole [281]—in analysis it
is common to assume ℎ to be fixed. The
relative variations are particularly small
compared to the baselines of neutrinos
reaching the detector from below the ho-
rizon (cos𝜗 < 0)—the only directions for
which significant flavour transitions are
expected to occur—with 𝐿max ≈ 𝐷⊕ ≡ 2𝑅⊕.
This is illustrated in Fig. 5.4, which rep-
resents Eq. (5.7) as a function of cos𝜗 for
two fixed production heights of ℎ = 15 km
and ℎ = 20 km. The baselines for the latter
are larger by between 0.04% (cos𝜗 = −1)
and 29% (cos𝜗 = 1). Neutrinos impinging
horizontally on the underground detector
have a baseline of either 530km or 466km,
almost half of which crosses the Earth’s
crust (see below).
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Density profile

The conventionally employed density profile is provided by the “preliminary refer-
ence Earthmodel” (PREM) [237] in terms of a radialmass density distribution 𝜌⊕ (𝑟).
PREM has to be combined with the relative local number density of electrons, 𝑌𝑒 (𝑟),
via the relation (3.53), in order to obtain the potential 𝑉CC (𝑥; cos𝜗) encountered by
an atmospheric neutrino on a trajectory under the zenith angle 𝜗. Broadly speaking,
PREMdefines an “average Earthmodel, […], amathematical abstraction” [237]with
four principal entities in the form of concentric shells as follows.

• The crust has a thickness of some tens of kilometres and an average density of
�𝜌crust� ∼ 2.8 g cm−3.

• The mantle is the thickest layer, extending over 2 900 km in radius. With an av-
erage density of �𝜌mantle� ∼ 4.5 g cm−3, it contributes approximately two thirds
of the Earth’s total mass.

• The liquid outer core has a radius of nearly 2 200 km and an average density
of �𝜌outer� ∼ 11.5 g cm−3. A sharp jump in density characterises the transition
from the (lower) mantle to the outer core.

• The inner core is a rather spherical ellipsoid extending about 1 220 km in radius.
It is separated from the outer core by a steep density transition. Its density
varies between approximately 12.8g cm−3 close to its boundary and 13.1g cm−3

at its centre.

This work assumes an electron fraction of 𝑌𝑒 = 0.496 for the crust and mantle and
𝑌𝑒 = 0.466 for the (inner and outer) core [1, 295].

Figure 5.5 provides a sketch of the zenith ranges subtended by the mantle, the
outer core, and the inner core. Earth-crossing neutrinos on shallow trajectories with
cos𝜗 ≳ −0.84 only traverse the mantle (“mantle domain”), whereas paths with
cos𝜗 ≲ −0.84 traverse the core (“core domain”), with the transition between the
outer and the inner core occurring at cos𝜗 ≈ −0.98.

Figure 5.6 depicts different matter-potential profiles, Eq. (3.54), encountered de-
pending on zenith angle. These determine how matter effects shape the respective
transition probabilities. Among the displayed choices, the neutrino on a trajectory
with cos𝜗 = −0.1 is the only one with a notable propagation distance through the
atmosphere, where the value of the potential 𝑉CC is at least three orders of mag-
nitude smaller than inside the Earth. Multiple layer transitions are visible for every
trajectory.
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Figure 5.5: Sketch of various Earth-crossing trajectories of atmospheric neutrinos that are
detected at the South Pole, and hence are referred to as “upgoing”. Sharp density changes
exist at the boundary between themantle and the core and at the transition between the outer
and the inner core. Only neutrinos with cos𝜗 ≲ −0.84 (𝐿 ≳ 10 726 km) traverse the core.

Three-flavour oscillation probabilities from two-neutrino effects

All salient features of the neutrino evolution relevant to current and next-generation
very-large-volume atmospheric neutrino experiments (as well as very-long-baseline
accelerator neutrino experiments) can be understood by neglecting the 1–2 mass-
squared difference Δ𝑚2

21 (based on its relative magnitude of only ∼Δ𝑚2
31/30, see

Sec. 5.2). It is then possible to describe neutrino evolution in terms of a 2𝜈 system.
This is shown in Ref. [294], on which the following discussion of standard three-
flavour atmospheric neutrino oscillations at the GeV scale is based, together with
Ref. [239]. The flavour oscillation probabilities derived in this framework are valid
to a good approximation for neutrino energies exceeding 1GeV to 2GeV.

Employing a “propagation basis”4 𝜈′ ≡ (𝜈𝑒, 𝜈′2, 𝜈′3)𝑇 defined by the transformation
4There is no unique definition of the propagation basis in the literature, as the optimal choice de-

pends on the considered oscillation regime. For example, in Refs. [296, 297], which study sub-GeV
neutrino evolution in the Earth, the basis states are additionally rotated through the 1–3 mixing.
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Figure 5.6: Expected matter-potential profiles, Eq. (3.54), encountered by atmospheric neut-
rinos with different zenith angles, based on PREM.

(following the field, not state, notation of Refs. [294, 239])

𝜈𝑓 = 𝑈′𝜈′ ≡ 𝑈23𝐼𝛿CP𝜈
′ (5.8)

with 𝐼𝛿CP ≡ diag �1, 1, 𝑒𝑖𝛿CP� has the advantage that neither 𝜃23 nor 𝛿CP enter the dy-
namical problem. Instead, both parameters’ impact only arises through the projec-
tion from the flavour basis onto the propagation basis and vice versa. Moreover,
the oscillation probabilities in the 3𝜈 system can be expressed in terms of 2𝜈 amp-
litudes for transitions between the various propagation basis states. A further sim-
plification arises from the fact that—at least to a good approximation for upgoing
atmospheric neutrinos with deep trajectories—the symmetric Earth density profile
implies a nearly symmetric potential (cf. Sec. 3.3.3)

𝑉CC (𝑥) ≈ 𝑉CC (𝐿 − 𝑥) . (5.9)

The vector of the propagation basis states evolves as governed by the Hamiltonian

An earlier discussion of the GeV oscillation regime employing the basis (5.8) under the assump-
tion of vanishing 𝛿CP can be found in Ref. [298]. This approach gives the same results that are
obtained in the limit Δ𝑚2

21 ≪ Δ𝑚2
31 [294].
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𝐻′ (𝑥) = 𝑈13𝑈12
𝑀2

diag

2𝐸𝜈
𝑈†
12𝑈†

13 + 𝑉 (𝑥), whose effective potential 𝑉 is unmodified with
respect to the Hamiltonian in the flavour basis. Given Δ𝑚2

21 ≪ Δ𝑚2
31, 𝐻′ suggests

that the state 𝜈′2 evolves independently—it “decouples”. The 3𝜈 evolution matrix in
the propagation basis reflects this,

𝑆′ (𝑥) ≈

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐴𝑒𝑒 (𝑥) 0 𝐴𝑒3 (𝑥)
0 𝐴22 (𝑥) 0

𝐴3𝑒 (𝑥) 0 𝐴33 (𝑥)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.10)

with 𝐴22 (𝑥) ≡ exp�−𝑖𝜙2 (𝑥)�, 𝜙2 (𝑥) ≡
cos2 𝜃12Δ𝑚221𝑥

2𝐸𝜈
.

The evolution of the 2𝜈 subsystem (𝜈𝑒, 𝜈′3) is determined by 𝜃13, Δ𝑚2
31, and 𝑉CC,

with a 𝜈𝑒 ↔ 𝜈′3 transition probability 𝑃𝑒3 ≡ �𝐴𝑒3�
2 = �𝐴3𝑒�

2 = 1 − �𝐴𝑒𝑒�
2 = 1 − �𝐴33�

2

(dependence on 𝑥 and 𝐸𝜈 suppressed).5

In the flavour basis, 𝑆 (𝑥) = 𝑈′𝑆′ (𝑥)𝑈′†, which implies that the observable oscilla-
tion probabilities are given by the matrix elements

𝑃𝛼𝛽 = ��𝑈23𝐼𝛿CP𝑆
′𝐼†𝛿CP𝑈

†
23�𝛼𝛽�

2
. (5.11)

Explicitly, in terms of 𝑃𝑒3 and 𝐴33 and in the limit Δ𝑚2
21 → 0 the oscillation probabil-

ities follow as [298, 294]:

𝑃𝑒𝑒 = 1 − 𝑃𝑒3 , (5.12)
𝑃𝑒𝜇 = 𝑃𝜇𝑒 = 𝑠223𝑃𝑒3 , (5.13)
𝑃𝑒𝜏 = 𝑃𝜏𝑒 = 𝑐223𝑃𝑒3 , (5.14)
𝑃𝜇𝜇 = 1 − 𝑠423𝑃𝑒3 − 2𝑠223𝑐223 (1 − Re𝐴33) , (5.15)
𝑃𝜇𝜏 = 𝑃𝜏𝜇 = −𝑠223𝑐223𝑃𝑒3 + 2𝑠223𝑐223 (1 − Re𝐴33) , (5.16)
𝑃𝜏𝜏 = 1 − 𝑐423𝑃𝑒3 − 2𝑠223𝑐223 (1 − Re𝐴33) , (5.17)

where the shorthand notation 𝑠𝑖𝑗 ≡ sin𝜃𝑖𝑗 and 𝑐𝑖𝑗 ≡ cos𝜃𝑖𝑗 is used. The probabilities
involving 𝜈𝑒 either equal 𝑃𝑒3 up to a constant factor (𝑠223 for 𝜈𝑒 ↔ 𝜈𝜇, 𝑐223 for 𝜈𝑒 ↔ 𝜈𝜏)
or its complementary probability 1 − 𝑃𝑒3 (𝜈𝑒 → 𝜈𝑒). Also, the replacement 𝜈𝜇 ↔ 𝜈𝜏 is
equivalent to switching 𝑠23 ↔ 𝑐23.

5𝐴𝑒3 = 𝐴3𝑒 is the consequence of assuming a symmetric density profile. Similarly, 𝐴𝑒2 = 𝐴2𝑒 and
𝐴23 = 𝐴32, which would be relevant if terms proportional to small parameters such as Δ𝑚2

21/Δ𝑚2
31

were taken into account [239].
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𝜈𝑒
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Figure 5.7: Neutrino transition scheme in the propagation basis 𝜈′ (squares), related to the
flavour basis 𝜈𝑓 (circles) according to Eq. (5.8). On the left, the initial flavour state is projected
onto the propagation basis states. In the centre, transitions between the propagating states
are shown, with 𝜈′2 evolving independently, cf. Eq. (5.10). On the right, the evolved propaga-
tion basis states are projected back onto the flavour basis. Figure adapted from Ref. [239].

Figure 5.7 illustrates how these expressions arise through the various projec-
tion and evolution amplitudes [239]. All transitions involving 𝜈𝑒 can only proceed
through a single path and therefore exhibit no interference of amplitudes. For ex-
ample, the 𝜈𝑒 → 𝜈𝜏 transition results from the 𝜈𝑒 transformation into 𝜈′3 and the sub-
sequent projection of 𝜈′3 onto 𝜈𝜏. The 𝜈𝜇 → 𝜈𝜏 transition, in contrast, can proceed
either through the projection of 𝜈𝜇 onto 𝜈′2, which evolves independently and then
projects onto 𝜈𝜏, or through the projection of 𝜈𝜇 onto 𝜈′3, whose amplitude of survival
after oscillation then projects onto 𝜈𝜏.

The Hamiltonian 𝐻′(2𝜈) for the evolution of the (𝜈𝑒, 𝜈′3) system is the result of re-
moving the second row and column from 𝐻′. It can be expressed in a symmetric
form by the subtraction [294]

𝐻′(2𝜈) → 𝐻′(2𝜈) − �
Δ𝑚2

31
4𝐸𝜈

+
𝑉CC
2 � 𝟙2×2 (5.18)

=
Δ𝑚2

31
4𝐸𝜈

⎛
⎜⎜⎜⎝
− cos 2𝜃13 sin 2𝜃13
sin 2𝜃13 cos 2𝜃13

⎞
⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝
𝑉CC
2 0
0 −𝑉CC

2

⎞
⎟⎟⎟⎟⎠ . (5.19)

The neutrino system evolving according to this Hamiltonian is subject to the matter
effects investigated in Sec. 3.3.4.

In the case of uniformmatter, the effectivemixing angle of the 2𝜈 system is given by
Eq. (3.60) with the substitutions 𝜃 → 𝜃13 and Δ𝑚2 → Δ𝑚2

31. The same substitutions
have to be applied to the level splitting (3.61). It is then straightforward to find the
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full 𝜈𝑒 ↔ 𝜈′3 transition probability, which reads

𝑃𝑒3 (𝐿, 𝐸𝜈) =
sin2 2𝜃13
𝑅13 (𝐸𝜈)

sin2 �
𝐿
4𝐸𝜈

Δ𝑚2
31�𝑅13 (𝐸𝜈)� , (5.20)

where we have defined the resonance factor

𝑅13 (𝐸𝜈) ≡ �cos 2𝜃13 −
2𝑉CC𝐸𝜈
Δ𝑚2

31
�
2

+ sin2 2𝜃13 . (5.21)

Equation (5.20) underscores that each oscillation channel involving 𝜈𝑒, described by
the probabilities (5.12) to (5.14), exhibits an effective 2𝜈 behaviour, with the follow-
ing effective mixing angles governing the oscillation amplitudes [128]:

sin2 2𝜃𝑚𝑒𝑒 ≡ sin2 2𝜃𝑚13 =
sin2 2𝜃13
𝑅13

, (5.22)

sin2 2𝜃𝑚𝑒𝜇 ≡ sin2 𝜃23 sin2 2𝜃𝑚13 , (5.23)
sin2 2𝜃𝑚𝑒𝜏 ≡ cos2 𝜃23 sin2 2𝜃𝑚13 . (5.24)

Earth oscillograms

As seen above, the transition probabilities of atmospheric neutrinos involving 𝜈𝑒 at
the GeV energy scale are governed by two-flavour matter effects. Their features can
be understood through the adoption of a zenith-dependent constant-density approx-
imation for the layers traversed. In this framework, introduced in Ref. [294], either
one or three constant-density layers are encountered along any given trajectory, with
at most two distinct densities. The two possible layer configurations consist of only
themantle or themantle, the core, and again themantle. The average potential faced
by a neutrino travelling the distance 𝐿𝑖 in the 𝑖th layer (mantle or core),

⟨𝑉𝑖 (𝜗)⟩ =
1

𝐿𝑖 (𝜗)
�

𝐿𝑖

0
𝑉𝑖 (𝑥)d𝑥 , (5.25)

is substituted wherever 𝑉CC occurs in Sec. 3.3.4. Points in the 𝐸𝜈–cos𝜗 plane for
which the initial 𝜈𝑒 flux is completely depleted (𝑃𝑒3 = 1 ⇔ 𝑃𝑒𝑒 = 0) are determined
by the amplitude andphase conditions introduced in Sec. 3.3.4. Themanner inwhich
the conditions are realised depends on the considered trajectory.

For propagation through themantle only, the resonance energy can be estimated by
assuming some typical (average) matter potential in Eq. (3.63), which yields 𝐸𝑅 ≈
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6GeV. The value of the zenith angle required to satisfy the phase condition then
follows as (neglecting both ℎ and 𝑑)

cos𝜗 ≈
−𝜋𝐸𝑅

𝑅⊕ sin 2𝜃13Δ𝑚2
31
≈ −0.77 . (5.26)

These conditions constitute the MSW resonance peak of 𝑃𝑒3 (and therefore 𝑃𝑒𝑒, 𝑃𝑒𝜇,
and 𝑃𝑒𝜏), Eq. (5.20), in the mantle.

For core-crossing trajectories, transitions are parametrically enhanced if the condi-
tions are adequate. For the Earth, for any given zenith angle the “castle wall” density
profile from Sec. 3.3.4.3 is a good approximation. The first layer corresponds to the
mantle, and the second one to the core. Since the density profile encountered upon
the second crossing of themantle is T-reversedwith respect to the first, the evolution
matrix follows as 𝑆 = 𝑆𝑇1𝑆2𝑆1. Applying the parametric resonance conditions (3.76)
results in three “ridges” of parametric enhancement of 𝑃𝑒3 appearing in the core do-
main for𝐸𝜈 ≳ 3GeV. These represent different oscillation phases acquired during the
evolution in the core. In addition, at a slightly lower energy 2.5GeV ≲ 𝐸𝜈 ≲ 2.8GeV,
there is a ridge which can be attributed to the MSW resonance enhancement in the
core.

Panel (a) of Fig. 5.8 shows the oscillogram of the appearance channel 𝜈𝑒 → 𝜈𝜇 sub-
ject to the matter effects above. This channel has a maximal transition probability
of sin2 𝜃𝑚𝑒𝜇,max = sin2 𝜃23, whereas the appearance channel 𝜈𝑒 → 𝜈𝜏 has a maximum
of sin2 𝜃𝑚𝑒𝜏,max = cos2 𝜃23. The oscillogram of the 𝜈𝑒 disappearance channel follows
from appropriately rescaling, inverting, and superimposing all features of both ap-
pearance channels.

Panel (c) depicts the oscillogram of the disappearance channel 𝜈𝜇 → 𝜈𝜇. Its main
features, determined by the superposition of multiple terms, can be interpreted as
deviations from the 2𝜈 vacuum oscillation probability

𝑃2𝜈𝜇𝜇 ≡ 1 − sin2 2𝜃23 sin2 �
Δ𝑚2

31𝐿
4𝐸𝜈

� , (5.27)

and are typically of the same order as the latter. In general, these deviations are
significant for regions in 𝐸𝜈 and cos𝜗where 𝑃𝑒3 exhibits a large enhancement due to
matter effects. A similar statement applies to the transition channel 𝜈𝜇 → 𝜈𝜏.

The corresponding antineutrino channels are shown in panels (b) and (d) of
Fig. 5.8. For the normal ordering, matter generally suppresses the oscillations of
antineutrinos; the strongest transitions occur where matter effects are negligible.
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Figure 5.8: Earth oscillograms for atmospheric (anti)neutrino transitions, taken from
Ref. [239]. Panel (a) shows 𝑃𝜈𝑒→𝜈𝜇, (b) 𝑃𝜈̄𝑒→𝜈̄𝜇, (c) 𝑃𝜈𝜇→𝜈𝜇, and (d) 𝑃𝜈̄𝜇→𝜈̄𝜇. See text for details.

A more extensive discussion of all oscillograms is found in Refs. [294, 239].

5.1.3 Accelerator neutrinos

A neutrino beam can be created artificially by aiming a beam of accelerated pro-
tons at a thick nuclear target, thereby leading to the production of hadronic second-
aries such as pions and kaons. These are able to produce neutrinos via the reac-
tions (5.1) to (5.3).

If the target is thick enough, the positively charged antimesons, 𝜋+ and 𝐾+, will
come to rest and decay (DAR), whereas the negatively charged mesons, 𝜋− and 𝐾−,
will mostly be absorbed, as illustrated schematically in Fig. 5.9. In the case of a
stopped-pion source, the resulting neutrino flux will be isotropic and made up of
a prompt monoenergetic 𝜈𝜇 component at 𝐸𝜈 ≈ 29.8MeV and a continuous spec-
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trum of delayed 𝜈𝑒’s and 𝜈̄𝜇’s with an endpoint energy of 𝐸𝜈 ≈ 53MeV from the
𝜇+ decay. Stopped kaons produce a higher-energy monochromatic 𝜈𝜇 component
at 𝐸𝜈 ≈ 236MeV in approximately 64% of their decays, but their production rate is
typically one order of magnitude below that of pions [15].

Figure 5.9: Illustration of pion decay at
rest, after an accelerated proton hits a
thick enough nuclear target. Figure taken
from Ref. [299].

Given their isotropy upon emission, DAR
neutrinos are typically detected at a distance
𝐿 of several tens of metres from their source.
Therefore, these experiments are character-
ised by 𝐿/𝐸𝜈 ∼ 1m/MeV, which results in
sensitivity to oscillations involving a sterile
neutrino state with a characteristic mass-
squared difference Δ𝑚2 ∼ 1 eV2 [128]. To
this end, one can consider the disappearance
channel 𝜈𝑒 → 𝜈𝑒 or the appearance channel
𝜈̄𝜇 → 𝜈̄𝑒. In addition, the pion and muon
DAR flux is employed to constrain the cross
section for the CE𝜈NS process (2.60) and to
search for any deviations from the SM [300].
The 𝜈𝜇 flux from kaon DAR is considered as
a “standard candle” that can benefit the determination of the CC scattering cross
section in the energy range of a few hundred MeV [301]. In the future, measuring
the oscillated DAR neutrino flux at long baselines of 𝐿 ∼ O�102 km� could provide
useful consistency checks of the standard three-neutrino oscillation paradigm [302].

When the hadronic secondaries are allowed to decay in flight (DIF) instead (or in
addition), such as in a decay tunnel of several hundreds of metres in length, depend-
ing on the primary proton energy the decay neutrinos may reach energies of several
GeV. In this case, if a detector is placed at a distance 𝐿 ∼ O(1km), the experiment
also has sensitivity toΔ𝑚2 ∼ 1 eV2 [128]. However, the fact that the DIF neutrino flux
is boosted in the forward direction generally allows adopting longer baselines of up
to 𝐿 ∼ O�103 km�, such that mass-squared differences of Δ𝑚2 ≳ 10−3 eV2 become ac-
cessible [128]. In the context of the aforementioned Earth oscillograms, these long-
baseline (LBL) accelerator neutrino experiments essentially study 3𝜈 oscillations at
a fixed zenith angle and over a narrow range of neutrino energies, depending on the
underlying flux spectrum. As a consequence of the rather shallow neutrino traject-
ories with cos𝜗 ≳ −0.3, matter effects in LBL experiments are not expected to be
as pronounced as in the case of atmospheric neutrino experiments. This makes the
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Figure 5.10: Calculations of the properties of reactor antineutrino fluxes. Left panel: expected
number flux spectra (per fission and MeV energy output) of reactor 𝜈̄𝑒’s from 235U, 238U,
239Pu, and 241Pu fissions and from neutron capture on 238U, with the latter scaled down by a
factor of 20 for display purposes. The dashed vertical line marks the IBD energy threshold.
Figure adapted from Ref. [277]. Right panel: 3𝜈 oscillation probabilities for a 3MeV 𝜈̄𝑒 as a
function of distance between reactor and detector. The vertical axis represents the flavour
composition of the initially pure 𝜈̄𝑒 flux. Shown as an inset is the 𝛿CP-sensitive appearance
probability 𝑃𝜈̄𝑒→𝜈̄𝜇 for three different values of 𝛿CP. Figure adapted from Ref. [304].

former more susceptible to parameter degeneracies brought about by the unknown
neutrino mass ordering, 𝜃13, 𝛿CP, and the octant of 𝜃23 [239].

5.1.4 Reactor neutrinos

Nuclear reactors are the second common source of artificial neutrino fluxes: electron
antineutrinos are emitted in 𝛽−-decays of neutron-rich fission fragments and repres-
ent a few percent of the total reactor energy output, with a number flux of the order
of 1020 s−1. Its energy spectrum is shown in the left panel of Fig. 5.10. The isotopes
235U, 238U, 239Pu, and 241Pu are responsible for more than 99% of all fission pro-
cesses taking place in the reactor core [15]. At the low-energy end of the spectrum,
the flux is dominated by 𝛽−-decays of nuclides produced by neutron-capture pro-
cesses [277]. However, above the threshold of the IBD process (2.44)—which serves
as the primary detection channel for reactor 𝜈̄𝑒’s—their impact on the flux drops be-
low a few percent [303].

Akin to neutrino fluxes from pion, muon, or kaon DAR at accelerators, the reactor
antineutrino flux is emitted isotropically, limiting the maximal distance at which a
detector can be placed from the reactor while still retaining a sufficiently high event
rate—even more so since the IBD threshold renders around 75% of the integrated
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reactor flux output undetectable. With short baselines of a few tens of metres, it is
possible to probe characteristic mass-squared differences Δ𝑚2 ≳ 0.1 eV2. When the
detector is placed hundreds of kilometres away from the reactor, values down to
Δ𝑚2 ≳ 10−5 eV2 can be probed [128].

Oscillations of reactor antineutrinos are analysed by observing the disappearance
channel 𝜈̄𝑒 → 𝜈̄𝑒 through the well understood IBD process in liquid scintillator de-
tectors. The plot on the right of Fig. 5.10 gives the expected reactor antineutrino
flux composition by flavour as a function of distance from the reactor core, assum-
ing an initially pure monoenergetic 3MeV 𝜈̄𝑒 flux. The evolution of its 𝜈̄𝑒 component
can be understood by expressing the corresponding survival probability in vacuum,
Eq. (3.31) with 𝛼 = 𝛽 = 𝑒, as [304]

𝑃𝜈̄𝑒→𝜈̄𝑒 = 1 − cos4 𝜃13 sin2 2𝜃12 sin2 �
Δ𝑚2

21𝐿
4𝐸𝜈

�
�������������������������������������������
large amplitude, low frequency (“solar”)

− sin2 2𝜃13 �cos2 𝜃12 sin2 �
Δ𝑚2

31𝐿
4𝐸𝜈

� + sin2 𝜃12 sin2 �
Δ𝑚2

32𝐿
4𝐸𝜈

��
�����������������������������������������������������������������������������������

small amplitude, high frequency (“atmospheric”)

. (5.28)

For a fixed energy 𝐸𝜈, the large-amplitude but slowly oscillating term with a fre-
quency ∝ Δ𝑚2

21/𝐸𝜈 is superimposedwith two small-amplitude but rapidly oscillating
terms with frequencies ∝ Δ𝑚2

31/𝐸𝜈 and ∝ Δ𝑚2
32/𝐸𝜈. One expects the first 𝜈̄𝑒 disappear-

ancemaximumdue toΔ𝑚2
21 at a distance of 𝐿 ≈ 50 kmwhenΔ𝑚2

21 ≈ 7.5×10−5 eV
2, cf.

Eq. (3.33). The first disappearance maximum due to the rapid oscillation is found at
a value of 𝐿 ∼ O(1km). As can be seen in Fig. 5.10, its amplitude (which is sensitive
to 𝜃13) is expected to be at the 10% level only.

5.2 Status of global fits

Several groups of researchers regularly provide analyses of up-to-date experimental
neutrino data in order to constrain the neutrino mixing parameters and mass-
squared differences (henceforth, simply “PMNS” or “oscillation” parameters) of the
three known active neutrinos, assuming that they interact as in the SM. Among
these, there is the “Bari group”, whose most recent analysis at the time of this writ-
ing is found in Ref. [305], the “NuFIT group” [306, 307], with their latest analysis
in Refs. [308, 309], and the “Valencia group” [310], whose latest analysis is found
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in Ref. [311]. Experiments on neutrino flavour conversion from all four types of
sources enumerated in the previous section enter into each global fit. In order to
infer the absolute neutrino mass scale, data from 𝛽-decay and neutrinoless double
𝛽-decay is also included sometimes, as are cosmological observations (for example
in Refs. [305, 311]).

Recently, some of the authors from the NuFIT group performed a global analysis
of oscillation data with NSI couplings to up and down quarks serving as nuisance
parameters [28]. A minor update was later published in Ref. [29] in order to also in-
clude 𝛿CP-sensitive 𝜈̄𝑒 and 𝜈̄𝜇 appearance data from the LBL accelerator experiments
T2K and NO𝜈A. Omitting the latter, the reverse configuration—with PMNS para-
meters serving as nuisance parameters in the NSI measurement—was also studied
by assuming vector NSI with up and down quarks to be present in oscillation exper-
iments and in CE𝜈NS at COHERENT [223, 312]. Finally, the most recent and sig-
nificantly expanded global analysis in Ref. [30] accounts for vector and axial-vector
NSI couplings to both quarks and electrons. With respect to the included oscillation
experiments, while vector NSI with electrons affect the matrix of effective neutrino
potentials due to coherent forward scattering, vector or axial-vector NSI with elec-
trons and axial-vectorNSIwith quarks are assumed to give rise tomodified detection
cross sections for solar neutrinos, provided the new mediator is sufficiently massive
compared to the typical four-momentum transfers of the scattering processes.

For definiteness, the scenario of neutrino interactions as in the SM in Sec. 5.2.1
is examined based on the global fit “NuFIT 5.2 with Super-Kamiokande (SK) atmo-
spheric data” in Refs. [308, 313]. Here, thematrix of effective neutrino potentials due
to coherent forward scattering for neutrino oscillation experiments is hence assumed
to be given by Eq. (3.50).

The possible presence of NSI is taken into account in Sec. 5.2.2. First, resulting
global constraints on PMNS parameters are discussed based on Refs. [28, 29]. Then,
the global NSI constraints fromRef. [223] are reviewed, which is themost up-to-date
global fit to explicitly construct confidence regions applying to the parameterisation
of Eq. (4.19).

5.2.1 Bounds on PMNS parameters with standard matter potential

Table 5.1 shows the current global best-fit values (“bfp”) and 1𝜎 and 3𝜎 ranges—
equivalent to 68.3% respectively 99.7% confidence intervals—for the oscillation
parameters 𝜃12, 𝜃13, 𝜃23, 𝛿CP, Δ𝑚2

21, and Δ𝑚2
32(1) as obtained with experimental data

available before November 2022 [308, 313], when neutrino interactions in matter are

103



5 Global knowledge of the PMNS paradigm and NSI

Table 5.1: Summary of global constraints on three-neutrino mixing parameters and mass-
squared differences from NuFIT 5.2 [308, 313]. Table taken from Ref. [313].

assumed to be governed by the SM. The left column shows the results under the NO
fit assumption, while the right column shows those under the IO. In each case, the
best fit corresponds to the minimum of a weighted-least-squares test statistic.6 The
various parameter ranges are derived relative to the local minimum under the re-
spective NMO hypothesis, after the projection of the multidimensional test-statistic
surface onto the parameter of interest.7 The IO is disfavoured by 6.4 test-statistic
units with respect to the NO, which can be considered a modest indication for the
latter. In fact, the preference for the NO has remained rather close to the 3𝜎 (when
SK is excluded: 2𝜎) level over the preceding analysis iterations starting with NuFIT
4.1 [314, 315] in 2019.

The 3𝜎 ranges for all parameters within the NO from Table 5.1 are strictly equival-
ent to the ones encountered when the NMO itself is treated as an unknown. Based
on the definition of the relative precision as 2(𝑥+ − 𝑥−)/(𝑥+ + 𝑥−), where 𝑥+ is a given
parameter’s upper bound at the desired confidence level (CL) and 𝑥− its correspond-
ing lower bound, the atmospheric mass-squared difference Δ𝑚2

3ℓ (ℓ = 1 for NO and
ℓ = 2 for IO) is the most precisely measured parameter. At the 3𝜎 CL, it is known
6The test statistic fromwhich confidence intervals are calculated is suggestively denoted as “Δ𝜒2” by

the authors of Refs. [308, 313], owing to the assumption of it being approximately 𝜒2𝑚-distributed.
More details can be found in Sec. 13.2.

7A commonly employed method for the construction of frequentist confidence regions is examined
in Sec. 13.3.
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to a relative precision of approximately 6%. For 𝜃13 one finds a slightly worse pre-
cision of 8%, for 𝜃12 one of 13%, and for 𝜃23 one of 25%. The solar mass-squared
difference Δ𝑚2

21 is known to a precision of 16%, and 𝛿CP is only weakly constrained
to a precision of 83%.

When the allowed ranges for the neutrino mixing parameters in Table 5.1 are com-
bined following the procedure of Ref. [316], the magnitudes of the elements of the
PMNS matrix (unitarity preimposed) are restricted to the following ranges at the 3𝜎
CL [308, 313]:

|𝑈|3𝜎 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.803 → 0.845 0.514 → 0.578 0.143 → 0.155
0.244 → 0.498 0.502 → 0.693 0.632 → 0.768
0.272 → 0.517 0.473 → 0.672 0.623 → 0.761

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (5.29)

Note that the inclusion of oscillation data up to March 2024 in NuFIT 5.3 [309] has
very little impact on the preferred parameter values and confidence intervals quoted
above.

5.2.2 Simultaneous bounds on PMNS and NSI parameters

The past four decades have been characterised by important phenomenological pro-
gress in the interpretation of the available experimental data (reviewed, e.g., in
Ref. [262]) in terms of NSI in neutrino propagation. Above all, it was found that
both flavour-changing and flavour-diagonal interaction types could play a signific-
ant role in the MSW solution of the solar neutrino problem, both in the massive- and
in the massless-neutrino scenario [317, 318, 246, 248, 247, 319, 320, 321].

Immediately following the observation of a decisive deficit of upgoing atmo-
spheric muon neutrinos by Super-Kamiokande in 1998 [13], NSI began to be invest-
igated as a possible explanation thereof [322, 256, 323, 324, 255], becoming more
strongly ruled out as the exclusive cause of the deficit with the accumulation of
several years of atmospheric neutrino data. The authors of Refs. [325, 253] sub-
sequently performed a novel three-flavour analysis of NSI in the 𝑒-𝜏 sector based on
atmospheric (“Super-Kamiokande phase I”) and accelerator (“KEK to Kamioka”)
neutrino data, and found much relaxed bounds as compared to the earlier studies,
which had only considered a two-flavour scenario in the 𝜇-𝜏 sector.

Today, with increasing experimental sensitivity to fundamental unknowns such
as the NMO, 𝛿CP, or the octant and non-maximality of 𝜃23, it is of essence to ensure
that the emerging indications are not actually brought about by new physics that
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has so far been unaccounted for. With regards to these three major unknowns, the
most comprehensive global analysis to date in Ref. [28] (based on the same datasets
as NuFIT 4.0 [314, 326]) respectively its minor update in Ref. [29] (same datasets
as NuFIT 4.1 [315]) fits for the three mixing angles, the two mass-squared differ-
ences, and the CP-violating phase within the PMNS framework, as well as for the
most general matter potential due to NSI. It reports constraints derived exclusively
from oscillation experiments for 𝛿CP, sin2 𝜃23, and the NMO, which thus apply for
NSI mediator masses exceeding 𝑅−1⊕ (cf. Sec. 4.5). In the case of �Δ𝑚2

32(1)� and all NSI
couplings, however, only results with the fit restricted to select regions of the para-
meter space are provided, which aremoreover derived using data fromCOHERENT
(cf. Sec. 2.5.4). Their validity is thus limited to NSI models with mediator masses
aboveO(10MeV). Not least to avoid such a model dependence in this discussion, we
additionally review the global fit results from Ref. [223] (similar datasets as NuFIT
3.2 [327, 328]). The latter only uses datasets with limited or without sensitivity to
CP-violating effects and therefore only draws inferences about CP-conserving para-
meters in the full neutrino Hamiltonian, both from oscillation experiments only and
from their combination with COHERENT.

Both studies above draw upon the same general analysis methodology [223],
which makes the assumption that the NSI flavour structure is independent of the
type of charged background fermion 𝑓 = 𝑢, 𝑑, so that the following factorisation
applies to the NC NSI coupling strengths:

𝜖𝑓𝑉𝛼𝛽 ≡ 𝜖𝛼𝛽𝜉𝑓 , (5.30)

where 𝜖𝛼𝛽 is amatrix of universal couplings, which are independent of 𝑓 and rescaled
by 𝜉𝑓. The factorisation encompasses the special case of equal NSI couplings to up
and down quarks, i.e., 𝜉𝑢 = 𝜉𝑑, which is a prediction made for example by many SM
extensions with a light 𝑍′ associated with a newU(1)′ gauge symmetry (cf. Sec. 4.5),
or the similarly well-motivated case of vanishingNSI with either up or down quarks,
i.e., 𝜉𝑢 = 0 or 𝜉𝑑 = 0 (see Ref. [30] and references therein). Couplings to electrons
are not explicitly considered, without any loss of generality for neutrino propagation
according to Eq. (4.9).

An important distinction between the analysis of solar experiments (and
KamLAND) on the one hand and that of atmospheric and LBL (and trivially MBL
reactor) experiments on the other is that the latter can be performed in terms of
effective NSI parameters for Earth matter: the Earth’s neutrino matter potential be-
haves as if itwere “composed of a unique effective fermion” [254], which is expressed
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5.2 Status of global fits

formally through Eq. (4.18). The Sun’s chemical composition, however, exhibits sub-
stantial variations along the neutrino trajectory, with the consequence that a univer-
sal effective coupling strengthwhich could serve as the phenomenologically relevant
parameter cannot be defined. Instead, in addition to the eight independent real para-
meters related to 𝜖𝛼𝛽 (cf. Sec. 4.3), the authors define the direction in the 𝜉𝑝–𝜉𝑛 plane
via an angle 𝜂 that uniquely fixes the relation between 𝜖𝑝𝑉𝛼𝛽 and 𝜖𝑛𝑉𝛼𝛽 :

𝜉𝑝 = √5 cos 𝜂 , 𝜉𝑛 = √5 sin 𝜂 , (5.31)

with −𝜋/2 ≤ 𝜂 ≤ 𝜋/2. Only in the special case 𝜂 = 0, when all 𝜖𝑛𝑉𝛼𝛽 = 0, does the overall
matter potential have the same structure as Eq. (4.18), and, e.g., an exact cancellation
of the SM matter potential could occur at each point along the trajectory.

Neutrino mass ordering, 2–3 mixing, and leptonic CP-violating phase

Given the aforementioned methodology, a least-squares function fit to the observ-
ables from LBL experiments (MINOS, T2K, and NO𝜈A) is evaluated in the full 15-
dimensional parameter space, whereas the observables from other neutrino oscilla-
tion experiments (solar, KamLAND,MBL reactor, and atmospheric) are fit assuming
a reduced 11-dimensional, CP-conserving, parameter space. In addition, matter ef-
fects are neglected inMBL reactor experiments due to the short oscillation baselines,
the oscillation parameters 𝜃12, 𝜃13, and Δ𝑚2

21 are fixed in the fit to LBL data (with
both octants of 𝜃12 explicitly tested), and the constraints on 𝜃23 and Δ𝑚2

31 from at-
mospheric neutrino experiments are neglected. In contrast to NuFIT in Sec. 5.2.1, the
data analysis including NSI does not incorporate more recent Super-Kamiokande
datasets optimised for the NMO determination.

The best fit of Ref. [28] (and of its minor update [29])—resulting in the minimal
test-statistic value when all oscillation experiments are taken into account—is loc-
ated in the parameter space of the NO with 𝜃12 in the “light” octant (“light-NO”).8

The three other combinations of the octant of 𝜃12 and the NMO are disfavoured by
different degrees of confidence, namely “dark-IO” by approximately 2 units of Δ𝜒2,
“light-IO” by 3.5, and “dark-NO” by 5.5 units with respect to the global minimum.
The “dark” octant is hence rendered a statistically acceptable solution in the presence
of NSI. By lifting the GMOD in Eq. (4.20), solar neutrino data is solely responsible

8The same main conclusions, only with stated exclusion levels increased by Δ �Δ𝜒2� ∼ 1 to 2, are
reached when LBL antineutrino appearance data is additionally included (whether COHERENT
is considered or not only has a minor impact) [29].
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Figure 5.11: Δ𝜒2 as a function of sin2 𝜃23 (left) and 𝛿CP (right) from fits to global neutrino
oscillation data assuming the presence of NSI [28]. The four curves labelled “light-NO”,
“dark-NO”, “light-IO”, “dark-IO” have been obtained by optimising the respective undis-
played standard oscillation and NSI parameters while fixing the NMO and octant of 𝜃12 to
the specified domains. Shown in addition are the Δ𝜒2 projections under the assumption of
the SM matter potential, obtained using the same global data (NuFIT 4.0) [314, 326].

for the weak indications in favour of the NO and, equivalently, the “light” octant.
The Δ𝜒2 offsets separating the four parameter domains can be read off from

Fig. 5.11, which shows the Δ𝜒2 function, relative to the global minimum, in the pres-
ence of NSI projected onto sin2 𝜃23 or 𝛿CP. Also included are the projections of the
fit to the same data in the absence of NSI (NuFIT 4.0), analogously after subtracting
the fit’s global test-statistic minimum. Comparing the two global analyses reveals a
somewhat reduced preference for the NO when NSI are accounted for. The statist-
ical exclusion level of maximal 2–3 mixing is almost unaffected, but the first octant
of 𝜃23 is rendered more acceptable, both overall and under each individual NMO
hypothesis. The most pronounced impact of NSI on the determination of 𝛿CP is the
reduction of the exclusion level of maximal CP violation with 𝛿CP = 3𝜋/2 in the fa-
voured (“light-NO”) parameter domain. Vanishing intrinsic CP violation remains
excluded at a similar confidence level as compared to the scenario without NSI.

NSI couplings and generalised matter potential

The global fit in Ref. [223] reports results for the GMP parameterisation (4.19),
which has a variety of features that are conducive to performing a combined ana-
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lysis of atmospheric and LBL accelerator neutrino oscillation data in the framework
of NSI [225]. First, one can impose the equality of two eigenvalues of the matter
potential—realised by fixing 𝜖′⊕ = 0—because it causes the disappearance of atmo-
spheric (−)𝜈𝜇’s with energies 𝐸𝜈 ≳ 10GeV to proceed with the same 𝐿/𝐸𝜈 dependence as
in the case without NSI, i.e., to mimic the oscillation pattern in vacuum [325]. When
appropriate datasets are analysed, the NSI constraints obtained within this restric-
ted subspace are therefore expected to be a good proxy of those in the most general
parameter space [225, 254, 223, 30]. Adopting this subspace renders the angle 𝜑23
and the CP-violating NSI phase 𝛿NS unphysical. Together with the approximation
Δ𝑚2

21 = 0, which additionally renders 𝜃12 and 𝛿CP unphysical, the assumption of a
single non-degenerate eigenvalue further implies an effective 2𝜈 flavour evolution
that only depends on the parameters Δ𝑚2

31, 𝜃13, 𝜃23, 𝜖⊕, 𝜑12, 𝜑13, 𝛼1, and 𝛼2 [329,
225]. Moreover, a CP-conserving formalism is implemented by setting 𝛼1 = 𝛼2 = 0,
which reduces the number of parameters required to describe the oscillations of at-
mospheric and LBL accelerator neutrinos to six, all of which are real. A given point
in the space of 𝜖⊕, 𝜑12, and 𝜑13 then yields the following NU strengths and FV coup-
lings in the standard parameterisation:

𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = 𝜖⊕ �cos2 𝜑12 − sin2 𝜑12� cos2 𝜑13 − 1 , (5.32)

𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 = 𝜖⊕ �sin2 𝜑13 − sin2 𝜑12 cos2 𝜑13� , (5.33)

𝜖⊕𝑒𝜇 = −𝜖⊕ cos𝜑12 sin𝜑12 cos2 𝜑13 , (5.34)
𝜖⊕𝑒𝜏 = −𝜖⊕ cos𝜑12 cos𝜑13 sin𝜑13 , (5.35)
𝜖⊕𝜇𝜏 = 𝜖⊕ sin𝜑12 cos𝜑13 sin𝜑13 . (5.36)

To allow for the most general real NSI hypotheses within this reduced parameter
space, the ranges of the Euler rotation angles have to be chosen as −𝜋/2 ≤ 𝜑𝑖𝑗 ≤
𝜋/2 [225]. Also, only the relative sign of 𝜖⊕ and Δ𝑚2

31 is physical [225], implying that
one can restrict the atmospheric mass-squared difference to positive values while
allowing both positive and negative values of 𝜖⊕. The choice 𝜑12 = 0 = 𝜑13 with
𝜖⊕ = +1 then corresponds to standard oscillations given NO, and that with 𝜖⊕ = −1
to standard oscillations given IO.

Figure 5.12 shows the regions in the Earth matter parameters 𝜖⊕, 𝜑12, and 𝜑13 that
are compatible with three different combinations of global data at different confid-
ence levels. For each parameter pair, the test statistic is optimised over all undis-
played parameters. No matter whether one considers only atmospheric, LBL, and
MBL reactor experiments, or removes IceCube and reactor experiments, or considers
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5 Global knowledge of the PMNS paradigm and NSI

the full set of experiments, SM interactions with 𝜖⊕ = 1 (and 𝜑12 = 𝜑13 = 0) are
contained within all confidence regions. In other words, no indications for (CP-
conserving) NSI can currently be inferred from the globally available neutrino data.
At the same time, the full global analysis clearly allows placing limits on all three
matter parameters, even at the 3𝜎 CL.

A prominent feature of the two analyses not including solar and KamLAND data
(green and yellow hatched regions) is that the flavour structure of the GMP is un-
constrained at the 3𝜎 CL: the full 𝜑12–𝜑13 plane is allowed. This is the result of the
optimisation over small values of �𝜖⊕� ≲ 0.1, as gauged from the two rightmost pan-
els. In the vacuum limit �𝜖⊕� = 0 the two rotation angles 𝜑12 and 𝜑13 are no longer
observable, rendering the fit independent of their assumed values. The atmospheric,
LBL, and MBL reactor data is compatible with the vacuum scenario at the 3𝜎 CL for
two degrees of freedom. As a consequence, no NSI flavour structure is decisively
rejected. Contrariwise, when large values �𝜖⊕� → 102 are assumed, the 3𝜎 bounds
𝜑12 ≲ 15° and 𝜑13 ≲ 20° emerge. Furthermore, the overall strength 𝜖⊕ of the Earth
matter potential can neither be bounded from below or above, because “the con-
sidered data sample ismainly sensitive toNSI through [(−)𝜈𝜇] disappearance, and lacks
robust constraints on matter effects in the [(−)𝜈𝑒] sector” [223]. The mentioned limita-
tions disappear once solar and KamLAND data is included.

Evaluating the same test statistic with all datasets included in dependence of the
NU and FV NSI parameters in Earth matter that can be constrained by oscillation
experiments yields one-dimensional Δ𝜒2 projections onto 𝜖⊕𝑒𝑒(𝜏𝜏) − 𝜖⊕𝜇𝜇, 𝜖⊕𝑒𝜇, 𝜖⊕𝑒𝜏, and
𝜖⊕𝜇𝜏, from which 90% confidence intervals can be derived [223, Fig. 9]. The extrac-
ted intervals are summarised in Table 5.2. The most precisely determined parameter
is the 𝜇-𝜏 FV coupling 𝜖⊕𝜇𝜏, followed by 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 and 𝜖⊕𝑒𝜇, whose magnitudes may
amount to at most 2%, 7%, and 10%, respectively, of Fermi’s coupling strength. The
confidence intervals on 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 and 𝜖⊕𝑒𝜏 both exhibit a notable asymmetry, with a
higher precision for negative values in the former case, and for positive values (cor-
responding to the phase 𝛿𝑒𝜏 = 0) in the latter. The (global) test-statistic minimum
is located in the “light” 𝜃12 octant and at 𝜂 ≈ −44° [223].9 The intervals in Table 5.2
do not extend into the “dark” octant, because it is disfavoured at greater than 90%
confidence.

9Coincidentally, this best fit is located close to 𝜂 ≈ −43.6°, where the NSI contribution to the Earth’s
matter potential vanishes: at this point, the nucleon couplings 𝜖𝑝𝑉𝛼𝛽 and 𝜖𝑛𝑉𝛼𝛽 cannot be separ-
ately constrained, which becomes evident by combining Eqs. (5.30) and (5.31) with the defini-
tion (4.12). In the Sun, the interval −70° ≲ 𝜂 ≲ −60° gives rise to the weakest (but not vanishing)
NSI constraints.

110



5.2 Status of global fits

Parameter 90% CL interval

𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 [−0.24, 0.25]
𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 [−0.014, 0.07]
𝜖⊕𝑒𝜇 [−0.10, 0.10]
𝜖⊕𝑒𝜏 [−0.26, 0.06]
𝜖⊕𝜇𝜏 [−0.015, 0.021]

Table 5.2: 90% confidence intervals on the real NSI parameters for Earthmatter from a global
fit to CP-conserving neutrino oscillation data [223].

Reference [223] also underlines the robustness of the global knowledge of the
PMNSparametersΔ𝑚2

21, �Δ𝑚2
31�, 𝜃13, and𝜃23 even in the presence of (CP-conserving)

NSI. A reduction of the precision with which these are determined is only en-
countered when synergies between the different types of oscillation experiments are
not fully exploited. For instance, omitting solar and KamLAND as well as MBL re-
actor data from the global NSI fit renders large values �Δ𝑚2

31� ∼ 3×10−3 eV
2 acceptable

and severely impedes its joint determination with 𝜃23 [223, Fig. 6].
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5 Global knowledge of the PMNS paradigm and NSI

Figure 5.12: Two-dimensional confidence regions in pairs of the GMP parameters 𝜖⊕, 𝜑12 (∘),
𝜑13 (∘) from a global fit to neutrino oscillation data without sensitivity to CP-violating ef-
fects [223]. The light and dark hatched green patches cover the regions allowed by atmo-
spheric, LBL, and MBL reactor data at 90% and 3𝜎 CL, respectively. The yellow hatched
regions (same confidence levels) follow from omitting IceCube and reactor data. A fit to all
datasets (including solar and KamLAND) combined yields the coloured 1𝜎, 90%, 2𝜎, 99%,
and 3𝜎 confidence regions. The star is located at the best-fit point of the full analysis. Figure
taken from Ref. [223]. See text for details.
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6
Dual role of glacial ice in IceCube

The glacial ice at the South Pole in which IceCube is embedded serves two major
physics purposes: it provides a target medium for the interactions of neutrinos with
energies spanning many orders of magnitude and simultaneously radiates optical
Cherenkov photons due to the passage of charged secondaries produced by the neut-
rino interaction. The bulk properties of the ice not only determine the probability
for an individual neutrino to interact but also affect the propagation of secondary
particles. Owing to the natural origin of the ice, its optical properties deviate from
those of an idealmediumandhave to be carefully calibrated in situ. Since the deploy-
ment of the “AMANDA-A” prototype detector in 1993 and 1994 [330], efforts to this
end have been pursued by first the AMANDA and later the IceCube collaboration.
Today, the microscopic structure of the ice and its impact on photon propagation
over macroscopic scales remain active subjects of investigation [331].

6.1 Ice as target medium

For a given impinging neutrino rate, Eq. (2.36) shows that the interaction rate per
unit volume is proportional to the product of the cross section for incoherent scat-
tering on ice nuclei and their number density. The surveyable ice volume places
an upper limit on the rate of detectable neutrino interactions. For a first estimate,
consider a cube of ice with a volume of 𝑉ice = 1km3 subject to the total incident
flux of atmospheric neutrinos in the energy range 0.1GeV to 104GeV at the South
Pole, Φtot ∼ O�105 cm−2 s−1� [281]. Using the nucleon density 𝑛ice ≈ 6 × 1023 cm−3,
the mass density 𝜌ice ≈ 0.92 g cm−3, and a typical neutrino-nucleon cross section of
𝜎tot ∼ O�10−38 cm2� then yields a neutrino interaction rate of the order of 106 s−1.
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6 Dual role of glacial ice in IceCube

6.2 Ice as detection medium

Only an ideal detector would be able to observe the above interaction rate. In prac-
tice, considerable efficiency losses can occur, even if the instrumented (detector)
volume 𝑉det and the target volume 𝑉ice fully coincide. Such losses are encapsu-
lated in the detector’s “effective” volume 𝑉eff, which quantifies the fraction of 𝑉ice
that is surveyed effectively. It usually has to be determined from simulation. 𝑉eff is
bounded from above by the target volume𝑉ice, not the instrumented volume𝑉det. A
detector is referred to as “fully efficient” (e.g., above some sufficiently high neutrino
energy) when 𝑉eff ≥ 𝑉det, or when effectively every neutrino interaction occurring
within the instrumented volume is detected. 𝑉eff is converted into a corresponding
effective area 𝐴eff via the relation (any dependence on neutrino energy or arrival
direction suppressed)

𝐴eff ≡ 𝜎tot𝑛ice𝑉eff . (6.1)

Instrumenting the ice with sensors for Cherenkov radiation allows not only to de-
tect a given neutrino scattering process (with some efficiency 𝑉eff/𝑉ice ≤ 1) but also
to infer properties of the neutrino itself, bymeasuring the “visible” energy deposited
in the ice and tracking charged daughter particles. Hence, the detector serves as an
absorption calorimeter with tracking capabilities.

6.2.1 Cherenkov emission

Particle 𝑬th (GeV)

𝑒± 7.83 × 10−4

𝜇± 1.62 × 10−1

𝜏± 2.72
(−)𝑝 1.44
𝜋± 2.14 × 10−1

𝐾± 7.56 × 10−1

Table 6.1: Total energy 𝐸th corres-
ponding to the Cherenkov threshold
for a refractive index of 𝑛 = 1.33 for
leptons and various hadrons.

Any charged particle with a velocity 𝛽 exceed-
ing the local phase velocity of light, 𝑐/𝑛, emits a
cone of Cherenkov radiation with a half-angle of
opening (Cherenkov angle) of 𝜃𝐶 = arccos� 1𝑛𝛽�,
which is azimuthally symmetric around the dir-
ection of particle propagation [15]. Since the
refractive index 𝑛 is a function of frequency 𝜔
in a dispersive medium, 𝜃𝐶 also depends on
𝜔—given the Cherenkov condition 𝛽 > 𝑐/𝑛(𝜔).
In the wavelength range 𝜆 ∼ 0.2µm to 1µm,
in ice 𝑛 slowly decreases from 1.39 to 1.30 [332].
For 𝑛 = 1.33 (corresponding to 𝜆 ≈ 300nm),
Table 6.1 specifies the total energy 𝐸th above
which various charged particles emit Cherenkov
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photons.
The number of Cherenkov photons radiated per unit path length and wavelength

interval by a particle with the charge 𝑧𝑒 is given by [15]

𝜕2𝑁
𝜕𝑥𝜕𝜆

=
2𝜋𝛼𝑧2

𝜆2 �1 −
1

𝛽2𝑛2(𝜆)�
=
2𝜋𝛼𝑧2

𝜆2
sin2 �𝜃𝐶(𝜆)� . (6.2)

A unit charge with 𝛽 = 1 radiates approximately 250 optical Cherenkov photons for
each cm of path length in ice [333].

Energy loss processes ofmassive secondaries in the ice determine the spatial extent
over which Cherenkov photons are emitted and impact the photon spectrum and
overall yield as compared to that of a 𝛽 = 1 charge, according to Eq. (6.2). Losses
due to the Cherenkov emission itself are at the subpercent level and small compared
to those due to ionisation even for a minimum-ionising particle [334]. The optical
properties of the ice dominate the shapes of the photon arrival time distributions at
the photosensor locations.

6.2.2 Energy loss processes

As detailed in Sec. 2.5.3, at energies above a few GeV neutrino-nucleon interactions
proceed predominantly through DIS. According to Eq. (2.51), both CC and NC in-
teractions result in a system of final-state hadrons, which in turn gives rise to a had-
ronic cascade. A charged lepton emerges in addition in the case of a CC interaction.
Sketches of the four interaction categories are shown in Fig. 6.1. The outgoing lepton
at the vertex of the original neutrino interaction is highlighted in each case, but in-
dividual cascade constituents are not resolved. This reflects the fact that the cascade
extents are small compared to the typical photosensor spacing.

𝝁± energy losses Among the charged leptons, only 𝜇±’s are able to propagate
and deposit energy over distances exceeding a few metres. Their mean energy loss
rate in a given material can be viewed as a function of 𝛽 alone and exhibits a broad
minimum dominated by continuous ionisation energy losses for 𝛽𝛾 ∼ 1 to 103 (or a
kinetic energy 𝑇𝜇 ∼ 0.1GeV to 100GeV) [15]. For a minimum-ionising 𝜇± in ice, the
mean energy loss rate is given by [335]

�−
d𝐸𝜇
d𝑥 �

ice
≈ 0.238GeVm−1 . (6.3)
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𝜇±

charged-current interactions neutral-current
interactions

(−)𝜈𝑒

𝑒± 𝜏±

(−)𝜈𝜇
(−)𝜈𝜏

(−)𝜈𝛼

(−)𝜈𝜏

(−)𝜈𝛼

hadronic cascade
electromagnetic cascade

Figure 6.1: Sketch of some typical atmospheric neutrino interaction signatures in ice (not to
scale), cf. Eq. (2.51). The three leftmost processes represent CC interactions, which produce
a hadronic cascade and a charged lepton. The rightmost process represents NC interactions,
which produce a hadronic cascade and an outgoing neutrino.

In the above kinematic regime, radiative processes—bremsstrahlung, pair produc-
tion, or photonuclear interactions—contribute negligibly to the overall energy loss
rate.

𝒆± energy losses An 𝑒± with the energy of a minimum-ionising 𝜇± initiates an
electromagnetic cascade [15] because the (“critical”) energy above which the loss
rate due to bremsstrahlung exceeds that due to ionisation is given by𝐸𝑒−c,ice = 78.6MeV
respectively 𝐸𝑒+c,ice = 76.5MeV [336].

The characteristic distance scale that governs the longitudinal development of the
cascade in ice is the “radiation length” 𝑋0 = 39.3 cm [336], which applies to the en-
ergy losses of high-energy 𝑒±’s (emitting bremsstrahlung) and photons (producing
𝑒+𝑒− pairs). To a first approximation [337, 338], the cascade contains a maximum of
𝑁max = 𝐸0/𝐸c,ice particles, where 𝐸0 is the energy of the primary 𝑒±. The correspond-
ing depth of the cascade along its longitudinal axis depends on 𝐸0 logarithmically,
∝ 𝑋0 ln�𝐸0/𝐸c,ice�. This simple dependence of the depth of the shower maximum
on 𝐸0 is confirmed by realistic simulations [333], according to which for example a
primary 𝑒± of energy 𝐸0 = 10GeV results in amaximum energy deposition at a depth
of 𝑧max ≈ 1.55m.

A large fraction 𝜖vis𝑒 of the energy deposited in the electromagnetic cascade is
“visible” via Cherenkov emission. The total Cherenkov-radiating (“effective”) track
length of an electromagnetic cascade linearly depends on 𝐸0, with an average con-
stant of proportionality of ∼5mGeV−1 and with subpercent statistical fluctuations at
the GeV energy scale [333].
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While an electromagnetic cascade may also be initiated by a decaying 𝜇± [339],
its lifetime 𝜏𝜇 = 2.2µs causes a minimum-ionising 𝜇± to lose a large fraction of its
energy prior to the decay. The energy of the resulting cascade is therefore typically
negligibly small compared to the overall energy deposited in the ice. This is why no
𝜇± decay is included in Fig. 6.1.

𝝉± energy losses As the heaviest of the charged leptons, themean range of a 𝜏± in
the considered energy range is just given by itsmean decay length, which reaches the
cm scale at most. The 𝜏± decays leptonically with a branching ratio of approximately
35%, to approximately equal parts into 𝑒± and 𝜇±, under the emission of a neutrino
and an antineutrino [15]. In nearly two thirds of cases, the 𝜏± decays hadronically,
most likely via the process 𝜏± → 𝜋±+𝜋0+(−)𝜈𝜏 (branching ratio∼25%). As a result, a (−)𝜈𝜏
CC interaction gives rise to a hadronic cascade and either another hadronic cascade,
an electromagnetic cascade, or a low-energy 𝜇±. Independent of the decay channel,
some fraction of the energy of the primary (−)𝜈𝜏 is undetectable because it is carried
away by at least one outgoing (anti)neutrino. Figure 6.1 shows a hadronic 𝜏± decay.

Hadronic energy losses Hadronic cascades accompany all of the above interac-
tions, at the primary interaction vertex itself and possibly at the 𝜏± decay vertex in
the case of (−)𝜈𝜏 CC scattering. The hadronic system produced at such a vertex causes a
cascade of hadronic interactions, with a rapidly multiplying number of secondaries.
The characteristic distance scale between subsequent hadronic interactions is given
by ∼90 cm in ice, which is only weakly dependent on energy [336].

In general, a hadronic cascade consists of a hadronic and an electromagnetic sec-
tor, summarised in Fig. 6.2: during the development of the cascade, 𝜋0 production
removes energy from the hadronic sector through the fast electromagnetic decay
𝜋0 → 𝛾𝛾 [15]. This results in the overall energy transfer of 𝐸𝜋0 = 𝑓𝜋0𝐸0 through-
out all particle generations within the cascade. In Ref. [340], the phenomenological
model

𝑓𝜋0 (𝐸0) = 1 − �
𝐸0
𝐸′ �

𝑚−1

(6.4)

describes the mean energy fraction in the electromagnetic sector, where 𝐸′ and𝑚 are
model parameters that depend on the calorimeter material and the incident hadron
type. The dedicated simulation study in Ref. [341]—performed for ice and based
on realistic energy spectra and species distributions for the hadronic particle system
induced by a neutrino NC interaction—finds that 𝑚 = 0.87 and 𝐸′ = 0.399GeV yield
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incoming hadron
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Figure 6.2: Energy flow within a hadronic cascade initiated by a high-energy hadron with
the incident energy 𝐸0. On average, the fraction 𝑓𝜋0𝐸0 is transferred to the electromagnetic
part of the hadronic cascade through 𝜋0 production. Only the fractions 𝜖vis𝑒 respectively 𝜖visℎ
of the energies in the electromagnetic and the hadronic sector are visible. Figure adapted
from Ref. [342].

a reasonable fit across many orders of magnitude of the incident energy 𝐸0 > 𝐸′. If
𝐸0 is below the pion production threshold, all energy remains in the hadronic sector
(𝐸𝜋0 = 0), whereas in the high-energy limit 𝐸0 is fully transferred to the electromag-
netic sector (𝐸𝜋0 = 𝐸0). The particle multiplication in the hadronic sector subsides
once energy loss processes such as ionisation, nuclear excitation, spallation, and fis-
sion become important.

The relative suppression of the Cherenkov light yield of a hadronic cascade
with respect to that of an electromagnetic cascade with the same incident energy,
𝜖visℎ (𝐸0) /𝜖vis𝑒 (𝐸0), is governed by the ratio of the two corresponding total effective
track lengths. For 𝐸0 = 100GeV, a hadronic cascade generates only approximately
75% of the amount of Cherenkov light produced by an electromagnetic cascade of
the same incident energy [341]. Due to the large variety of possible hadronic physics
processes, below the 100GeV energy scale statistical fluctuations in the Cherenkov
light yield of a hadronic cascade amount to some tens of percent [341].

6.2.3 Optical ice properties

Until recently, light propagation in the glacial ice at the South Pole was thought to be
fully characterised by the local distributions of the absorption and scattering coeffi-
cients, together with their wavelength dependencies, 𝑘𝑎 (x, 𝜆) and 𝑘𝑠 (x, 𝜆), respect-
ively. While the inverse of the absorption coefficient gives the absorption length
𝜆𝑎—the distance overwhich the photon survival probability due to absorption drops
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by 1/𝑒—the inverse of the scattering coefficient gives the scattering length 𝜆𝑠—the
mean distance between consecutive scattering processes. However, recent findings
suggests a more complex photon propagation picture which includes optical aniso-
tropy.

Absorption

Figure 6.3: Absorption coefficient 𝑘𝑎
from UV to IR measured in laborat-
ory ice and deep South Pole ice. Fig-
ure taken from Ref. [343].

For pure ice, there is no known absorp-
tion mechanism that is centred in the near-
ultraviolet (UV) to visible wavelength range 𝜆 ∼
200nm to 700nm: near the lower end of this
range lies the electronic UV absorption edge,
whereas the tails of the near-infrared (IR) mo-
lecular vibration absorption bands extend into
this range from above [344]. Both regimes are
reflected in the measurements of the absorption
coefficient of laboratory-grown ice and of deep
glacial ice at the South Pole in Fig. 6.3. The
measurements at the South Pole were performed
with various pulsed and continuous optical light
sources and receivers deployed with precursors
of IceCube operated by the AMANDA collabora-
tion.1 The measurements allowed disentangling
light extinction due to absorption from extinc-
tion due to scattering bymeans of analytic or nu-
merical fits to the observed photon delay time
distributions [345, 343]. The smallest of the measured absorption coefficients of the
ice at the South Pole correspond to absorption lengths of 𝜆𝑎 ∼ 200m; no other known
solid exhibits such a high transparency (seeRef. [343] and references therein). Light-
absorbing impurities, such as natural fallout of dust, limit the transparency of the
deep glacial ice in the near-UV regime and result in the depth dependence of 𝑘𝑎 ob-
served in Fig. 6.3.2 The concentration and nature of the impurities as a function of

1The AMANDA-A prototype detector was installed at depths between 0.8km and 1.0km. It was su-
perseded by AMANDA-B, which was installed at depths between 1.55km and 1.95km, with some
photosensors placed up to 350m below and above this range. AMANDA-B was decommissioned
in 2009.

2Asdiscussed in Ref. [343], the absorption coefficient of ice is estimated to increasewith temperature
by 1%K−1, which cannot account for its observed depth dependence in the near-UV range, where
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depth reflect the prevailing climate conditions over the time span the glacier formed.
By correlating the depth-dependent optical properties with an ice core extracted in
East Antarctica, it was inferred that the glacial ice at the South Pole provides a climate
record which dates back at least 105 years [346].

Scattering

In contrast to the case of absorption, for near-UV and visible light even pure ice
has a finite scattering coefficient. It stems from small thermally induced optical
inhomogeneities (thermal Rayleigh scattering) or acoustic waves (Brillouin scatter-
ing) [347]. The only measurement of the intrinsic Rayleigh scattering coefficient of
ice published as of today is that by Raman in 1923, who found 𝑘𝑠 (𝜆 = 436nm) =
8 × 10−6 cm−1 at a temperature of 𝑇 ≈ 270K [348, 347].3 Another intrinsic contribu-
tion to the scattering coefficient originates from line defects in its crystal structure,
or “dislocations” [351]. The associated scattering coefficient for visible light in the
deep glacial ice is expected to be subdominant with respect to that of thermal scat-
tering and to have a different wavelength dependence [352, 347]. However, the scat-
tering coefficient is estimated to be approximately four orders of magnitude larger
when dislocations are “decorated” with impurity precipitations, 𝑘𝑠 (𝜆 = 436nm) ∼
O�10−5 cm−1� [347].

More generally, impurities by far dominate the overall scattering coefficient of
visible light in the deep ice. In fact, a four-component model consisting of min-
eral grains, sea salt crystals, acid droplets, and soot was introduced in Ref. [353]
to account for the AMANDA measurements of the local scattering and absorption
coefficients as well as their wavelength dependencies in the depth interval from
1.6km to 1.83km. The model assumes distinct refractive indices, size distributions,
and depth-dependent mass concentrations for the constituent types. Since the mean
sizes of the impurities range fromapproximately 12nm (for soot) to 400nm (for salt),
the scattering properties for visible light lie in the transition regime betweenRayleigh
scattering and geometric scattering. Hence, Mie scattering theory has served as the
method of choice for modelling the optical properties of the ice analytically [353].

Existing scatteringmeasurements in South Pole ice constrain the effective scattering

ice has no intrinsic absorptivity.
3Raman attributed the blue colour of glaciers to Rayleigh scattering on ice molecules [348]—in clear

contradiction with observation [349, 350]. Instead, ice is intrinsically blue, as is the impure South
Pole ice as evidenced by Fig. 6.3.
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coefficient 𝑘𝑒. The latter is related to 𝑘𝑠 as

𝑘𝑒 (𝜆) ≡ 𝑘𝑠 (𝜆) �1 − ⟨cos𝜗𝑠⟩ (𝜆)� , (6.5)

where ⟨cos𝜗𝑠⟩ (𝜆) is the mean cosine of the photon scattering angle 𝜗𝑠 as a function
of wavelength. It is also referred to as the “asymmetry parameter” and denoted by
𝑔 (𝜆). The value of the asymmetry parameter depends on the underlying angular
distribution 𝑓 (𝜗𝑠) of scattering on any given scattering centre. The asymmetry is
positive when photons are predominantly forward-scattered, negative when they
are predominantly scattered in the backward direction, and zero when the scat-
tering proceeds with equal probability in the forward and backward directions,
𝑓 (𝜋 − 𝜗𝑠) = 𝑓 (𝜗𝑠) [354]. In the latter case, the effective scattering length 𝜆𝑒 ≡ 1/𝑘𝑒
is equal to the geometric scattering length 𝜆𝑠. For an average dust composition of the
deep glacial ice at the South Pole, Mie theory predicts 𝑔 ≈ 0.94 when averaged over
the visible-wavelength interval [353]. Such strongly forward-scattered visible light
has an effective scattering length 𝜆𝑒 that is approximately one order of magnitude
greater than its geometric counterpart 𝜆𝑠.

Figure 6.4: Depth-averaged effect-
ive scattering coefficient 𝑘𝑒 (here de-
noted as 𝑏𝑒) from near-UV to vis-
ible wavelengths measured in deep
South Pole ice. Figure taken from
Ref. [343].

Figure 6.4 shows the (depth-averaged)
wavelength dependence 𝑘𝑒 (𝜆) as measured in
deep ice by AMANDA-B [343], normalised
to its value at 𝜆 = 532nm. 𝑘𝑒 approximately
scales as a power law ∝ 𝜆𝛼, with an exponent
of 𝛼 = − (0.90 ± 0.03). This suggests, for ex-
ample, that the effective scattering length for UV
light at 𝜆 = 337.1nm as emitted by a nitrogen
laser is 2/3 as large as that for green light at
𝜆 = 532nm. The exponent 𝛼 is highly sensitive
to the size distribution of the dust constituents.
Mie theory predicts a value 𝛼 ∼ −1 when the
typical modal radius of the impurities is of
the order of 0.1µm [353]. For deeper ice with
lower dust concentrations than those underlying
Fig. 6.4, and for wavelengths further into the UV
region—where the Cherenkov spectrum (6.2)
peaks—it has been posited that Rayleigh-like scattering with 𝛼 = −4 due to thermal
fluctuations and decorated dislocations should become important [353]. Since
the optical acceptance of the commonly deployed photosensors in the UV region

123



6 Dual role of glacial ice in IceCube

𝜆 ≲ 300nm is extremely small though, the corresponding effective scattering
coefficient does not have to be modelled in practice.

Depth dependence of absorption and scattering

Figure 6.5: Depth dependence of absorption coefficient/length (left) and effective scatter-
ing coefficient/length (right) for light with a wavelength of 𝜆 = 400nm as obtained by
measurements with IceCube (“SPICE MIE”) and AMANDA-B (“AHA”). Figure taken from
Ref. [355].

An overall reduction in both absorption and scattering with increasing depth in
South Pole ice is observed in Fig. 6.5, which compares two joint measurements of the
absorption coefficient 𝑘𝑎 (𝜆 = 400nm) (left panel) and the effective scattering coef-
ficient 𝑘𝑒 (𝜆 = 400nm) (right panel) as a function of depth from 1 400m to 2 500m.
“AHA” represent an ice model that is based on the AMANDA-Bmeasurements from
Ref. [343] mentioned in the preceding paragraphs. For the most densely instru-
mented depths between 1.55km and 1.95km, the quoted uncertainty on 𝑘𝑎 is approx-
imately 14%, and that on 𝑘𝑒 approximately 5%. The parameter values at depths be-
low those instrumented by AMANDA have been obtained by comparing the depths
of the various observed peaks in the optical measurements at the South Pole to dust
concentrations in an ice core and extrapolating [356]. A measurement of the same
two parameters with the still incomplete IceCube detector in 2008 is overlaid (la-
belled “SPICE MIE”) [355]. The associated uncertainties are at the level of 10%. In
contrast to previous ice-modelling attempts, the IceCube model has an additional
degree of freedom affecting the shape of the scattering function 𝑓 (𝜗𝑠) in order to
improve the quality of the fit.
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6.2 Ice as detection medium

Tilted layers and anisotropy

Figure 6.5 hides at least two significant findings about the nature of the South Pole
ice, namely tilted ice layers and an optical anisotropy.

First, the depicted depths are measured along a straight vertical line connecting
one particular surface point with the bedrock. High-resolution, sub-cm dust profiles
as a function of depth taken at different surface coordinates reveal shifts in the depths
corresponding to the various peaks (“dust layers”). Themagnitudes of the shifts are
of the order of 10%, corresponding to depth changes of 0.1km over a distance of 1km
along a direction that is approximately perpendicular to the direction of the flow of
the glacier ice [346].

Second, an asymmetry in the amount of light detected by photosensors located at
different azimuthal angles with respect to the light source has been revealed, provid-
ing evidence of an optical anisotropy of the South Pole ice. When averaged over all
depths, this anisotropy manifests itself as a light-yield excess (with respect to the
azimuthal average) at the level of 16% per 100m of propagation distance along a par-
ticular azimuthal axis, accompanied by a similar deficit for light propagating along
the perpendicular azimuthal axis [357]. The fact that the axis alongwhich the excess
is observed closely aligns (to within 5°) with the direction of the ice flow has resul-
ted in explanation attempts calling upon a direction-dependent scattering coefficient
caused by elongated dust constituents, or a direction-dependent absorption coeffi-
cient caused by impurities that have accumulated along the boundaries of elongated
ice grains. However, as both hypotheses exhibit clear deficiencies when compared
to the observed light yields and photon delay time distributions, neither seems to be
the main origin of the anisotropy [358]. Instead, the birefringent nature of the ice
has been identified as a more plausible underlying mechanism [359, 331].
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The present: IceCube and DeepCore

7.1 Detector design

The IceCube detector is embedded in the ice cap in the direct vicinity of the South
Pole. It consists of an array of 5 160 “digital optical modules” (DOMs) attached
to 86 vertical cables (“strings”) containing twisted copper-wire pairs. Serving as a
nearly autonomous fundamental detection unit, each DOM comprises a downward-
facing 25 cm-diameter photomultiplier tube (PMT) [360] together with several cir-
cuit boards enclosed in a 35.6 cm-diameter pressure-resistant spherical glass hous-
ing. IceCube is located in a radio-quiet area known as the “dark sector” [361] and
has been taking data since February 2005, shortly after the water in the borehole sur-
rounding the first string had refrozen [34]. In total, it took seven field seasons of hot
water drilling and string deployment until the detector was completed in December
2010. The refrozen columns of ice, called “hole ice” (as opposed to the unaltered
bulk ice in between strings discussed in Sec. 6.2.3), are characterised by a much re-
duced transparency caused by air bubbles released from the meltwater during the
drilling procedure.
78 strings make up the primary “IceCube” detector array as seen in Fig. 7.1. These

strings are arranged on a triangular grid, within a hexagonal footprint roughly 1km2

in area, with a horizontal spacing of 125m between strings. Each string holds 60
DOMs deployed at depths between 1 450m and 2 450m below the surface. The ver-
tical distance between neighbouring DOMs is 17m.

A denser infill array is located at large depths > 1 750m in the central region of
IceCube, also shown in Fig. 7.1. Its eight strings have inter-string spacings between
41m and 105m. A “veto cap”, which is almost 100m high, is formed by the 10 upper-
most DOMs on these strings. The remaining 50 DOMs on each string are deployed
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at depths between 2 100m to 2 450m, below a layer with an elevated dust concentra-
tion. These DOMs have a vertical spacing of only 7m and are surrounded by the
clearest ice.

By convention, the combined instrumentation at depths ≳ 2 100m of the seven
centralmost IceCube strings and the eight specialised strings is referred to as the
“DeepCore” subarray. It is predominantlymade up ofDOMswith a higher quantum
efficiency (HQE). Six of the specialised DeepCore strings exclusively hold DOMs
with PMTs whose quantum efficiency exceeds that of regular IceCube DOMs by
∼35%, while the other two carry a mixture. As a result of all of the above, the subar-
ray’s energy threshold is as low as a few GeV.

Neutrinos selected for physics analyses with DeepCore are commonly required to
have interacted within a minimal fiducial volume whose boundaries are also depic-
ted in Fig. 7.1 (in the horizontal: dashed cyan hexagon enclosing the centralmost
IceCube and the specialised DeepCore strings in the top panel; in the vertical: green
rectangle below 2 100m in the bottom panel). In addition, the footprint of an exten-
ded fiducial volume is shown in the upper panel. The deep part of the 20 strings
it comprises are used for triggering the detector on dim light signals as outlined in
Sec. 7.2.3.
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Figure 7.1: Top- and sideviews of the IceCube detector including the DeepCore infill array,
together with a depth profile of the absorption coefficient of the bulk ice (cf. Sec. 6.2.3). In
the top panel, the filled green circles represent locations of strings of the primary IceCube
array, whereas the eight red circles show the locations of the more densely instrumented
specialised DeepCore strings. The horizontal footprint of the DeepCore fiducial volume also
includes the seven centralmost IceCube strings, as depicted by the dashed cyan hexagon.
An extended footprint containing five additional IceCube strings is indicated by the purple
dotted shape. The bottom panel shows a selection of IceCube and DeepCore strings in a
sideview. Figure taken from Ref. [362].
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7.2 Data acquisition and processing at the South Pole

Data acquisition (DAQ) in IceCube relies on a decentral process: a large ensemble
of DOMs detect optical Cherenkov photons and digitise and timestamp the result-
ing signals. Accordingly, IceCube can be considered as a gigantic digital network of
DOMs. Each pair of DOMs communicates with the surface via a dedicated twisted-
wire pair that is routed through the main in-ice cable, which is connected to a sur-
face junction box. The twisted-wire pair also provides each connected DOM with
96V of total DC power. Starting from the surface junction boxes, trenched surface
cables between 300m and 800m in length lead to the “IceCube Laboratory” (ICL).
The ICL houses (among others) dedicated computers, called “DOMHubs”, which
are responsible for the DOM readout, power supply, timing, and communication. A
GPS-driven master clock synchronises surface clocks running in the DOMHubs to
UTC. Various crucial elements in the acquisition and basic processing of data are ex-
amined below. A more comprehensive and technical overview of the working prin-
ciples behind IceCube is given in Refs. [363, 364].

7.2.1 Digital optical module

Figure 7.2: Illustration of the main
components of a DOM without its
glass housing. Figure taken from
Ref. [364].

Figure 7.2 contains an overview of themain com-
ponents of a DOM. Themain board (MB) placed
around the PMT’s neck serves as the DOM’s
“central processor”: it is in charge of capturing
and digitising the analog PMT anode signal and
controlling all devices inside the DOM. The MB
also controls the high-voltage (HV) subsystem
responsible for the PMT power supply, which
generates voltages of around 1.3kV (at a target
PMT gain of 107). A crystal oscillator provides
local time stamps for any operations occurring
inside the DOM. In addition, the MB drives a set
of devices for self-calibration purposes, controls
sensors for pressure, temperature, and power
supply voltage, and communicateswith adjacent
DOMs and the surface DAQ system. It is also interfaced with the “flasher board”,
which holds 12 LEDs. These enable inter-module calibration, ice property studies,
or the simulation of physics events, by means of adjustable high-intensity UV light
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pulses.
The analog PMT signal is split into three paths at the input to the MB. The “dis-

criminator” serves triggering purposes: amplified PMT waveforms are compared to
a discriminator threshold set to a typical voltage-equivalent of one fourth of the sig-
nal induced by a single photoelectron (SPE). The detection of a threshold crossing
results in the high-speed waveform capture and digitisation, a “launch”. In addi-
tion, two types of digitisers provide sampled PMT waveforms. The “Analog Tran-
sient Waveform Digitiser” (ATWD) produces a set of analog PMT voltage samples
at an interval of 3.3ns over a time span of 427ns, which is digitally converted when
certain logical conditions are met (see below). The “fast analog-to-digital converter”
(fADC) continuously samples the PMT signal at a lower rate, with a sampling inter-
val of 25ns, over a total duration of 6.4µs. For small long-lasting signals the fADC
can provide essential information.

All of the above components are enclosed in a 1.3 cm-thick borosilicate glass hous-
ing which is able to withstand the extreme long-term pressure of 250 bar in the deep
ice (even higher during freeze-in). The PMT, which is shielded from the ambient
South Polemagnetic field by amu-metal grid, is optically coupled to the glass sphere
via silicone gel. In conjunction with the glass transmissivity, the gel leads to the
short-wavelength cutoff of the DOM at around 350nm.

7.2.2 Local-coincidence logic

DOMs are able to receive, send, and relay “local coincidence” (LC) signals to neigh-
bouring DOMs on the same string. The amount of information included in a DOM’s
digital output record (“hit”) depends on the state of neighbouring DOMs.

The case of no coincidence (“soft local coincidence”, SLC) is characterised by a
lack of discriminator threshold crossingswithin a timewindow of ±1µs in any of the
nearest and next-to-nearest neighbour DOMs on the same string above and below a
givenDOMthat has been launched. Itwill lead to an early abortion of the digitisation
and only three samples of the fADC record centred around the peak value being sent
to the DAQ system at the surface. These samples are chosen such that a coarse charge
stamp can be assigned and the time of the underlying SPE inferred.

If a neighbouring DOM has also signalled a launch, however, the entire digitised
ATWD and fADC waveform information is also transmitted (“hard local coincid-
ence”, HLC). The reasoning behind this logic is that isolated hits are more likely to
originate from PMT dark noise than from actual physics events of interest. As a res-
ult, dead times and noise-induced data flows are significantly limited. On the other
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hand, as physics events sometimes do cause isolated hits, the coarse charge informa-
tion recorded for SLC hits can in principle still aid in the formation of global triggers,
as discussed in the following section.

7.2.3 Triggering

At the surface, software running on the DOMHubs converts DOM hit time stamps
into a calibrated “DAQ time” and performs a time ordering. HLC hit information is
then employed by a set of software algorithms which isolate time windows around
configurable spatial or temporal clusters of hits (or both). Each trigger window is
padded with longer readout windows before and after to ensure the capture of early
and late hits accompanying a physics event. Finally, a global trigger merges and
unifies overlapping trigger readout windows, from which an “event” is created.

Trigger conditions in IceCube are typically simple, and a significant event rate re-
duction happens in online and offline filtering at a later stage. The fundamental and
most commonly used “simple multiplicity” trigger (SMT) searches for time win-
dows of duration 𝑇0 containing at least𝑁HLC hits throughout the detector, without
any spatial requirements. For the primary IceCube array, the corresponding para-
meters are 𝑇0 = 5µs and 𝑁 = 8 (SMT8).

In the case of DeepCore, we require 𝑁 = 3 HLC hits (SMT3) within a time inter-
val of 𝑇0 = 2.5µs throughout the 50 deepest DOMs on each of the eight specialised
DeepCore strings and the 22 deepest DOMs on each of the twelve IceCube strings
which are part of the extended DeepCore footprint in Fig. 7.1 (“SMT3 DOMs” in the
following). This configuration reflects the lower energy threshold of DeepCore as
compared to the surrounding primary IceCube array. The trigger condition is eval-
uated by sliding a time window of duration 𝑇0 across the time series consisting of
the times of all relevant DOM launches. The trigger time is determined by the earli-
est launch within the first time window containing three HLC DOM launches. The
time window keeps sliding until the number of HLC DOM launches within it drops
below the threshold. All launches (HLC and SLC) within a time window for which
the threshold condition is satisfied are included in the trigger time window, whose
duration is 𝑇′ ≥ 𝑇0. Finally, this window is padded by 4µs before its beginning and
6µs after its end. All hits within the resulting readout window constitute what will
be referred to as an “SMT3 event” in the following.

The SMT3 trigger is initiated at a typical rate of 250Hz, roughly one order of mag-
nitude less frequently than IceCube’s SMT8. For a broad overview of triggers used
in the IceCube Neutrino Observatory, see Ref. [364, Sec. 6.4.2].
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7.2.4 Pulse extraction from hit records

Figure 7.3: Result of the simultaneous unfold-
ing of the calibrated ATWD and fADC wave-
forms (in green and purple, respectively) re-
corded by a DOM in response to four simu-
lated photons (blue dotted vertical lines) hit-
ting the photocathode. Figure taken from
Ref. [365].

As a part of the standard online pro-
cessing chain, the digitised PMT wave-
forms included in a given hit are “decon-
volved” into a single time series of pho-
toelectrons ejected from the photocath-
ode of each DOM, in SPE units. The un-
folding algorithm [366] is applied to cal-
ibrated voltage waveforms [367], which
are generated by correcting the raw
ADC counts recorded by the ATWDs
or the fADC for their baselines, their
amplification factors, for certain distor-
tions [368] induced by a transformer
on the PMT base board, and for time
delays due to a delay line on theMB and
the PMT traversal of a photomultiplied
pulse. Remaining temporal shaping ef-

fects applied to the SPE waveform produced by the PMT anode are due to the trans-
former and the amplifier stages preceding the ATWD channels and the fADC. As-
suming the electronics response to act in a linear manner—i.e., that each observed
waveform is a linear superposition of several SPE response functions shifted in time
with respect to each other—allows deconvolving the original series of photoelectron
“pulses”, as described in Refs. [366, 369].

An example is shown in Fig. 7.3, where four simulated photons hit the photocath-
ode of a DOMwithin a time span of 200ns, resulting in pulses with charges between
0.8PE and 1.5PE. Here, the unfolding succeeds in extracting the photon arrival times
and the charges of the associated pulses at high accuracy from the two calibrated
waveforms recorded by the ATWD and the fADC.

7.2.5 Removal of noise pulses

The inclusion of SLC hits in SMT3 events is conducive both to vetoing events due to
atmospheric 𝜇±’s and to the reconstruction of dim neutrino events, depositing only
a few PE in the detector. However, the presence of SLC hits brought about by dark
noise in general complicates both. The “seeded 𝑅-𝑇 cleaning” method devised in
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Figure 7.4: Simplified sketch of the “seeded 𝑅-𝑇” noise-removal procedure, using HLC sig-
nals as seeds. DOMs detecting signals are highlighted by filled pentagons (for HLC hits) or
circles (SLC hits). The large empty circles represent the spatial search radius 𝑅max. The tem-
poral search criterion is not shown explicitly; instead, the signal times are colour-coded (red:
early, blue: late, green: in between). In this sketch, signals detected by DOMs designated
with at least one tick would be retained, while signals with a cross would be discarded. The
number of ticks corresponds to the iteration number in which the signal would be accepted.
The discarded SLC signal is assumed to fail the temporal search criterion, e.g., because it is
not causally connected to the HLC signals in its spatial vicinity.

Ref. [39] represents an effective general-purpose noise-removal technique, which is
able to simultaneously reject a large fraction of noise signals (either launches/hits
or individual pulses) and retain a large fraction of Cherenkov signals. Its working
principle is straightforward: starting from a set of “seeds”—some suitably chosen
initial ensemble of spacetime points {�xseed,𝑖, 𝑡seed,𝑖�}𝑖—it searches for further signals
(xtest, 𝑡test) within a fixed predefined radial (𝑅max) and temporal (𝑇max) vicinity of
each seed. All signals with

�xtest − xseed,𝑖� ≤ 𝑅max and �𝑡test − 𝑡seed,𝑖� ≤ 𝑇max (7.1)
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are accepted and added to the original set of signals. In each of the following it-
erations, the procedure begins from the signals accepted during the previous itera-
tion. Once an iteration does not find any further signals, the procedure is termin-
ated. What remains is an ensemble of signals clustered in space and time. Figure 7.4
provides a sketch of the algorithm for the case of HLC signals serving as the initial
seeds.

7.2.6 Filtering

Figure 7.5: Sketch of the DeepCore
online filtering scheme, taken from
Ref. [40].

In order to reduce the experimental data to an
amount transmittable to the IceCube data centre
in Madison, WI (US) via satellite, a processing
and filtering software in place at the ICL filters
the triggered events it receives from the DAQ
with a latency of only a few tens of seconds. A
rather small set of core filter selections has been
employed with only small modifications since
the start of detector operation [364, Sec. 6.5.4].

The “DeepCore online filter” [40]1 aims at
removing events due to atmospheric 𝜇± en-
ergy losses according to the scheme sketched in
Fig. 7.5. It is the only filter relevant to this work.
The implementation in place at the time of this
writing has been unchanged since the beginning
of the 2012 data-taking season [370, 371]. The fil-
ter decision is based on those pulses in an SMT3
event that are retained by the 𝑅-𝑇method above

when using the times and DOM coordinates of all HLC pulses as initial seeds, with
𝑅max = 150m and 𝑇max = 1µs. For historical reasons, only the earliest pulse on each
DOM is considered. Among these, the algorithm then counts the number of pulses
detected by DOMs that serve as a “veto” for DeepCore, i.e., all but the 664 SMT3
DOMs. In case at least one such veto pulse is present, a simple initial guess of the
event’s vertex position and time is constructed based on a refined [39] average time
and position (“centre of gravity”, COG) of the cleaned pulses recorded by the SMT3
DOMs. The filter then determines the apparent velocities 𝑣𝑖 of hypothetical particles

1Introduced under the name “causally related hit veto” in Ref. [39].
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7 The present: IceCube and DeepCore

propagating toward the COG from all spacetime points corresponding to the pulses
in the veto region. If two or more velocities are found to be “close” to the speed
of light 𝑐 (0.25mns−1 ≤ 𝑣𝑖 ≤ 0.4mns−1), the event is discarded, and otherwise re-
tained. Events devoid of pulses in the veto region are also kept. This scheme results
in an overall rejection of ∼95% of atmospheric 𝜇±’s, at a neutrino signal efficiency of
∼99%, leading to a filtered data rate of O(20Hz) [40].

Events passing the filter selection are transmitted to the north on a daily basis,
while those that are rejected by the filter criterion are written to disk. Disks contain-
ing archival data are shipped to the IceCube data centre for indefinite retainment
annually during the austral summer.

7.3 Detector calibration

The natural stability of the glacial medium in which IceCube is embedded makes it
affordable to limit certain detector calibration campaigns to an annual basis, while
others proceed more continuously. Constantly ongoing calibration efforts include
(see Ref. [364] for details):

• the waveform calibration (once per year), which determines constants re-
quired for translating the waveforms recorded by each IceCube DOM into
Cherenkov photon arrival times by making use of the reference signal sources
(oscillator, DC bias voltage circuit, programmable electrical pulser, low-
intensity UV LED) integrated into each DOM;

• the detector time base calibration (in parallel to regular data taking), which
ensures a global time base for the whole detector at an accuracy of O(ns) via
the reciprocal emission and timestamping of electronic pulses between each
DOMHub and its connected DOMs;

• the overall optical efficiency calibration, for which laboratory measurements
are supplemented by analyses of the PMT charges observed in dedicated offline
event samples containing single low-energy, minimum-ionising, 𝜇±’s, which
stand out as calibration tools due to their well understood and approximately
constant Cherenkov light yield; and

• the bulk ice calibration (annual flasher campaigns), during which optical ice
properties are fit to the hits produced by well-controlled light pulses emitted
by the 12 LEDs on each DOM.
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8
The future: PINGU and the IceCube
Upgrade

In the case of DeepCore, it barely took two years from its first proposal in 2007 to
the beginning of its deployment [39]. PINGU (“Precision IceCube Next Generation
Upgrade”), on the other hand, was first proposed already in 2010 [372], when six
of the eight DeepCore strings had just begun taking data, and remains at the pro-
posal stage as of today. Instead, in 2019 the IceCube “Upgrade” was approved [373,
374] as the “Phase 1” extension of the envisaged “IceCube-Gen2 Observatory”.1 The
idea behind the IceCube Upgrade project is based on the necessarily phased de-
ployment procedure of in-ice detectors at the South Pole together with funding con-
straints. Upon theUpgrade’s first proposal in 2016 [375], the foreseen detector layout
therefore essentially corresponded to a seven-string subset of PINGU, which could
be completed during later deployment seasons. There is a high degree of overlap
between the physics goals of the Upgrade and PINGU.

8.1 The proposed PINGU experiment

PINGU provides an even more densely instrumented multi-megaton volume within
the DeepCore volume. The proven principle of operation behind IceCube—and
in particular its DeepCore extension—serves as the foundation of PINGU’s design,

1This is the major next-generation extension of IceCube, which will integrate the existing IceCube
detector with a much larger, O�10km3�, in-ice Cherenkov telescope and a dense low-energy
core [43]. The in-ice arrays will be complemented by an array of radio antennas at different depths
(to probe the astrophysical neutrino flux at energies above ∼10PeV) and by a diverse array of sur-
face detectors.
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8 The future: PINGU and the IceCube Upgrade

which has undergone extensive optimisation since the proposal.

The PINGU physics analyses in this work assume the detector layout reported
as the “new baseline” geometry in the second version of the PINGU Letter of In-
tent (LoI) [1, 2]. This layout comprises 26 strings instrumented with 192 HQE
DOMs each, at depths between 2 150m and 2 450m—slightly inset with respect to
the boundaries of the DeepCore fiducial volume in order to enable an efficient veto-
ing of the atmospheric 𝜇± background. Neighbouring strings are spaced apart 24m
on average, neighbouring DOMs on the same string 1.5m. Whereas earlier PINGU
geometries comprising a larger number of strings suffered from considerably higher
cost, driven by drilling, cable, and deployment expenses, the suggested number of
strings for the adopted layout allows for a full detector construction within two sea-
sons, based on experience gatheredduring the completion of IceCube andDeepCore:
here, the drilling crew achieved a maximum installation rate of 20 strings per sea-
son (in 2009/2010) [376]. In contrast to past deployment procedures, PINGU could
profit from dedicated degassing and filtering of the meltwater in the boreholes,
which would prevent the refrozen ice in the vicinity of PINGU’s strings and DOMs
from exhibiting similarly enhanced scattering compared to the surrounding bulk ice.

Figure 8.1 shows the positions of the strings in the horizontal 𝑥–𝑦 plane as well
as the 𝑧-coordinates (origin at depth of 1 948m) of the PINGU DOMs in relation to
both the centralmost IceCube as well as the dedicated DeepCore strings and DOMs.
PINGU’s fiducial volume corresponds to a cylinder of 320m in height and 85m in
radius around the detector centre, yielding a fiducial mass of ∼6Mt. Together with
the existing IceCube and DeepCore strings, this results in a detector with 178 strings
and 10 152 DOMs.

Data acquisition with the PINGU detector is foreseen to be fully compatible with
the system in place for IceCube [1, 2]. The reference optical module (PDOM) closely
follows the design of the DeepCore DOM. While the external components of the
PDOM are essentially unchanged with respect to those of the DOM, the internal
readout electronics are simplified and updated, reducing module cost, power con-
sumption, and MB space. In addition, multiple alternative optical module designs
could benefit PINGU’s physics goals if deployed alongside or instead of the PDOM.
These alternate designs aim at minimising module noise, maximising photon sens-
itive area, or improving directional or temporal photoelectron resolutions. Some of
these technologies will soon be deployed with the Upgrade and are briefly men-
tioned in Sec. 8.2.

The PINGU sensitivity studies in this work are conservatively based on the un-
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modified DeepCore DOM, which allowed employing the well-proven standard
IceCube and DeepCore software tools for simulation and reconstruction. Similarly,
while one can expect optimised trigger algorithms to be developed in the future [1],
for the purpose of this work only those events are considered which satisfy an SMT3
trigger criterion just like the one in use for DeepCore, but which is applied to DOMs
on the 41 strings depicted in Fig. 8.1: all 192 DOMs on each of the 26 PINGU strings,
the 50 deepest DOMs on each of the eight specialised DeepCore strings, and the 23
deepest DOMs on each of the seven central IceCube strings. The basic filtering pro-
cedure is outlined together with the full event selection in Part IV.

8.2 The imminent IceCube Upgrade

The seven strings forming the Upgrade array are expected to be deployed during
the Antarctic summer season 2025/2026 [377]. They will be equipped with a wide
variety of novel optical sensor types and calibration devices, for a total of around
700 [378].

One major type of sensor is the “multi-PMT optical module” (mDOM) [379, 380],
shown on the left of Fig. 8.2. By equipping each module with 24 small PMTs—each
approximately 80mm in diameter—a nearly uniform angular photon detection effi-
ciency is achieved. What further distinguishesmDOMs from regular IceCubeDOMs
is their increased effective area for photon detection by more than a factor of two
(when averaged over the Cherenkov spectrum and the full solid angle), and the po-
tential benefit on event reconstruction from knowing the direction of the incident
photon that gives rise to a PMT output charge.

The secondmajormodule type is the “D-Egg” [377], shown on the right of Fig. 8.2.
It features a pair of larger PMTs in an ellipsoidal glass housing, one facing vertic-
ally upward and the other vertically downward. It improves on the PDOM in sev-
eral aspects, such as the UV photon detection efficiency, the uniformity of the angu-
lar acceptance, the intrinsic photon directionality—albeit limited to one hemisphere
versus the other—the effective area for photon detection, or the smaller diameter of
its pressure housing.

Studies of the Upgrade’s atmospheric neutrino oscillation physics potential based
on a dedicated simulation of the novel module types are ongoing [381].
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Figure 8.1: Layout of the proposed PINGU detector considered in this work. The 26 PINGU
strings are surrounded by the seven centralmost IceCube strings and DeepCore. The upper
panel shows a topview (𝑥–𝑦 plane), whereas the lower panel shows a sideview (𝑥–𝑧 plane).
The coordinate value 𝑧 = 0 corresponds to a depth of 1 948m below the surface of the South
Pole ice sheet.
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8.2 The imminent IceCube Upgrade

Figure 8.2: Prototype of the mDOM (left) and the D-Egg (right). Both types of modules will
be used to instrument the seven Upgrade strings. Figure taken from Ref. [43].
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Part III

Search for non-standard neutrino
interactions with DeepCore

143





9
Atmospheric neutrino oscillations in
the presence of NSI

Depending on the assumed flavour structure of the effective NC NSI Hamilto-
nian (4.18) for Earth matter, the oscillations of atmospheric neutrinos at the GeV
energy scale will proceed very differently than in the case of standard Earth matter
effects investigated in Sec. 5.1.2.2. This chapter provides a detailed account of the
expected impacts of the standard NSI couplings on the relevant atmospheric neut-
rino oscillation probabilities and points out the phenomenological implications for
the event sample utilised in the analysis. The underlying calculations are based on a
dedicated adaptation of the Prob3++ software [382], which is briefly summarised in
Appendix A.

In order to scrutinise the atmospheric neutrino oscillation probabilities 𝑃𝛼𝛽 under
the continuous variation of a given NSI parameter at a time, an inclined trajectory
with cos𝜗 = −0.75, which only crosses the Earth’s mantle, is chosen. This choice of
zenith angle corresponds to the baseline 𝐿 ≈ 9.6 × 103 km (cf. Fig. 5.4). We assume
an atmospheric neutrino production height of ℎ = 20 km above the surface [281] and
a detection depth of 𝑑 = 2 km below. The values for the PMNS parameters are taken
from the NuFIT 3.2 NO global best fit [327, 328], except for 𝛿𝐶𝑃, which is set to zero.
These settings also represent the nominal assumptions for the NSI analysis in this
work.

The oscillation probabilities are plotted for each of the six neutrino channels 𝜈𝑒 →
𝜈𝑒, 𝜈𝑒 ↔ 𝜈𝜇, 𝜈𝑒 → 𝜈𝜏, 𝜈𝜇 → 𝜈𝜇, and 𝜈𝜇 → 𝜈𝜏, and as a function of neutrino energy
2GeV ≤ 𝐸𝜈 ≤ 1 000GeV (the antineutrino channels can be found in Figs. C.1 to C.5
in the appendix). While the focus is on real NSI couplings for simplicity, the effects
of complex phases are touched upon where applicable. Interference effects between
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9 Atmospheric neutrino oscillations in the presence of NSI

the transition amplitudes in the mantle and the core are not discussed (the fraction
of events from core-crossing neutrinos included in the analysed DeepCore dataset is
small, see Sec. 12.3.2).

9.1 Rescaled standard matter potential
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Figure 9.1: Oscillation probabilities of atmospheric neutrinos crossing the Earth under the
zenith angle cos𝜗 = −0.75 vs. neutrino energy 𝐸𝜈, for an initial flux of electron neutrinos
in the top, and for an initial flux of muon neutrinos in the bottom row. Shown are different
realisations of the effective matter-potential strength 𝜖⊕, with −5 ≤ 𝜖⊕ ≤ 5. The blue dashed
lines (hardly visible) show the probabilities obtained for 𝜖⊕ < 0, while the red dashed lines
show those obtained for 𝜖⊕ > 0. Darker shades represent larger �𝜖⊕�. The two cases of SI
(𝜖⊕ = 1) and no interactions (vacuum, 𝜖⊕ = 0) are highlighted. See text for details.

The six panels in Fig. 9.1 illustrate the result of varying 𝜖⊕ (or equivalently
1 + 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇) when the matter potential remains restricted to the 𝑒𝑒 entry. All scen-
arios represent the simple rescaling of the SM matter potential, 𝑉CC(𝑥) → 𝑉′(𝑥) ≡
𝜖⊕𝑉CC(𝑥) = �1 + 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇�𝑉CC(𝑥). The formalism of standard matter effects from
Sec. 5.1.2.2 thus applies. Two cases that are nested within the considered parameter
interval are highlighted: no interactions or vacuum (𝜖⊕ = 0) and SI (𝜖⊕ = 1).

At the energies considered here, all transitions involving 𝜈𝑒 are suppressed in va-
cuum compared to those not involving 𝜈𝑒. Once a positive non-zero matter potential
is introduced for 𝜈𝑒, its transitions can be enhanced, while a negativematter potential
leads to their suppression. On the one hand, the 𝜈𝑒 disappearance probability 1 − 𝑃𝑒𝑒
in vacuum remains small in the limit Δ𝑚2

21 → 0: 1 − 𝑃𝑒𝑒 ≤ sin2 2𝜃13. When 𝜖⊕ > 0, on
the other hand, the MSW resonance condition can be satisfied (given Δ𝑚2

31 > 0 and
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𝜃13 < 𝜋/4), and a complete disappearance of the initial 𝜈𝑒 flux can be observed when
the amplitude and phase conditions are satisfied. The example trajectory in Fig. 9.1
ensures that the oscillation half-phase at resonance is given by𝜙𝑅 (𝐿) ≈ 𝜋/2, such that
there is a nearly complete disappearance of 𝜈𝑒’s at the energy 𝐸SI𝑅 ≈ 6GeV for SI. The
appearance probabilities of 𝜈𝜇’s and 𝜈𝜏’s are simply given by 𝑃𝑒𝜇 = sin2 𝜃23 (1 − 𝑃𝑒𝑒)
and 𝑃𝑒𝜏 = cos2 𝜃23 (1 − 𝑃𝑒𝑒), respectively. Since the vacuum 2–3 mixing is close to
maximal, it follows that 𝜈𝑒’s convert to 𝜈𝜇’s and 𝜈𝜏’s with approximately the same
probability, 𝑃𝑒𝜇 �𝐸SI𝑅 � ≈ 𝑃𝑒𝜏 �𝐸SI𝑅 � ≈ 0.5.

Depending on the assumed value 𝜖⊕ > 0, both the resonance energy 𝐸𝑅 and the
resonance half-phase 𝜙𝑅(𝐿) shift. When 0 < 𝜖⊕ < 1, the half-phase 𝜙𝑅(𝐿) < 𝜋/2,
and no full 𝜈𝑒 disappearance can occur for the chosen trajectory. In contrast, the
half-phase becomes an odd multiple of 𝜋/2 when 𝜖⊕ ≈ 3. Accordingly, one observes
full 𝜈𝑒 disappearance also at 𝐸𝑅 ≈ 2GeV in Fig. 9.1. Negative values of 𝑉′ together
with Δ𝑚2

31 > 0 do not give rise to a similar enhancement, because cos 2𝜃13 > 0.
Consequently, there are no significant transitions 𝜈𝑒 → 𝜈𝜇,𝜏 for 𝜖⊕ < 0. Instead, the
antineutrino transitions 𝜈̄𝑒 → 𝜈̄𝑒,𝜇,𝜏 are then subject to the matter effects detailed
above.

Figure 9.1 further demonstrates that the transitions 𝜈𝜇 → 𝜈𝜇,𝜏 proceed as in
vacuum for sufficiently high energy, 𝐸𝜈 ≳ 20GeV for the considered trajectory—
irrespective of the value of 𝜖⊕. As 𝜈𝑒’s decouple from the evolution at high energy,
the 𝜈𝜇 → 𝜈𝜏 transition probability is given by the complementary 𝜈𝜇 survival prob-
ability, namely 𝑃𝜇𝜏 ≈ 1 − 𝑃2𝜈𝜇𝜇, with 𝑃2𝜈𝜇𝜇 given in Eq. (5.27).

9.2 𝝁-𝝉 non-universality and flavour violation

In case 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 is the only source of NSI as in Fig. 9.2, the flavour non-universality
gives rise to an effective potential in the decoupled 𝜇-𝜏 systemmentioned in the pre-
vious section. The 2–3 mixing in matter is modified according to the standard MSW
mechanism, but with a potential 𝑉′(𝑥) = �𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇�𝑉CC(𝑥), leading to a resonance
energy of the two-neutrino system that follows from Eq. (3.63) by substituting 𝜃23
for 𝜃, Δ𝑚2

31 for Δ𝑚2, and 𝑉′ for 𝑉CC [383]. If Δ𝑚2
31 cos 2𝜃23 > 0 (< 0),1 the reson-

ance occurs in the neutrino channel for 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 > 0 (< 0), and in the antineutrino
channel for 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 < 0 (> 0). The resonant enhancement of the 2–3 mixing in
matter is much weaker than that of the 1–3 mixing investigated in Sec. 9.1, or even

1Only the relative sign of Δ𝑚2
31 and 𝜖⊕𝜏𝜏 −𝜖⊕𝜇𝜇 is relevant for the evolution of the two-neutrino system,

compare relations (4.20).
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Figure 9.2: Same as Fig. 9.1, but for different realisations of theNSINU strength 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇, with
−0.10 ≤ 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 ≤ 0.10 (negative values in blue, positive values in red, larger magnitudes
darker).

fully absent. In fact, the introduction of 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 in general reduces 2–3 mixing.
As discussed in Ref. [383], the main observable consequence of 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 is the in-
creased survival probability and therefore flux of both atmospheric 𝜈𝜇’s and 𝜈̄𝜇’s
across the broad range of energies at which the 𝜇-𝜏 system is decoupled. This can be
understood by realising that both 𝜈𝜇 and 𝜈̄𝜇 become eigenstates of the Hamiltonian
as �𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇� → ∞.

On the other hand, if 𝜖⊕𝜇𝜏 is the only non-zero NSI coupling strength as in Fig. 9.3,
the flavour-violating, off-diagonal, elements 𝑉CC(𝑥)𝜖

⊕(∗)
𝜇𝜏 of the two-neutrino inter-

action Hamiltonian result in qualitatively different effects on the neutrino evolu-
tion [383]. For Δ𝑚2

31 > 0 and real NSI, a resonance occurs for neutrinos when 𝜖⊕𝜇𝜏 < 0
and for antineutrinoswhen 𝜖⊕𝜇𝜏 > 0 (independent of the𝜃23 octant), with a resonance
energy of

𝐸𝑅 ≈ ±
Δ𝑚2

31 sin 2𝜃23
4𝜖⊕𝜇𝜏 �𝑉CC�

, (9.1)

and an oscillation half-phase at resonance of

𝜙𝑅 (𝐿) ≈
Δ𝑚2

31𝐿 cos 2𝜃23
4𝐸𝑅

= ±
𝜖⊕𝜇𝜏 �𝑉CC� 𝐿
tan 2𝜃23

. (9.2)

Clearly, when 𝜖⊕𝜇𝜏 is varied as in Fig. 9.3, resonances at 𝐸𝑅 ≳ 60GeV are observed.
Since the corresponding phases are small, 𝜙𝑅 (𝐿) ≪ 𝜋/2, 𝑃𝜇𝜇 becomes nearly maxim-
ally enhanced at high energies when 𝜖⊕𝜇𝜏 < 0. Sufficiently far away from the reson-
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Figure 9.3: Same as Fig. 9.1, but for different realisations of the NSI FV coupling 𝜖⊕𝜇𝜏, with
−0.05 ≤ 𝜖⊕𝜇𝜏 ≤ 0.05 (negative values in blue, positive values in red, largermagnitudes darker).

ance, the overall oscillation half-phase is simply given by the sum of that in vacuum,

𝜙vac =
Δ𝑚231𝐿
4𝐸𝜈

, and that induced by NSI, 𝜙NSI = 𝜖⊕𝜇𝜏 �𝑉CC� 𝐿 [383]. For fixed 𝐿, at en-
ergies at which 𝜙vac is significant, 𝜖⊕𝜇𝜏 results in a shift in energy of the oscillation
pattern in the 𝜇-𝜏 system. When 𝜖⊕𝜇𝜏 > 0, a shift to higher energies appears for neut-
rinos, and a shift to lower energies for antineutrinos (reversed effects for 𝜖⊕𝜇𝜏 < 0).
Asymptotically, the vacuum phase becomes negligible and the oscillation half-phase
in matter approaches the constant 𝜙NSI. Since the mixing angle in matter simultan-
eously becomes maximal, the two-neutrino survival probability of both 𝜈𝜇 and 𝜈̄𝜇 at
high energies tends toward [383]

𝑃2𝜈𝜇𝜇 ≈ 1 − sin2 𝜙NSI . (9.3)

A comparison with Eq. (5.27) reveals that 𝜖⊕𝜇𝜏 reduces the survival probability and
therefore the fluxes of both atmospheric 𝜈𝜇’s and 𝜈̄𝜇’s at high energies, for which 𝜙vac
can be neglected. At energies below this regime, the inverse effects of a given value
of 𝜖⊕𝜇𝜏 on the neutrino and antineutrino oscillation probabilities leads to cancellations
in the observed event spectra.

For the more general case 𝜖⊕𝜇𝜏 ∈ ℂ, the value of the complex phase 𝛿𝜇𝜏 affects the
impact of the magnitude �𝜖⊕𝜇𝜏� on the oscillation probabilities in the 𝜇-𝜏 sector. For
example, their leading-order perturbative expansions [384, 385] reveal that a purely
imaginary coupling (corresponding to 𝛿𝜇𝜏 = 90°, 270°) results in a sensitivity loss at
the probability level. However, this does not necessarily imply minimal NSI effects
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9 Atmospheric neutrino oscillations in the presence of NSI

on the combined oscillated neutrino and antineutrino fluxes across the full spec-
trum. The reasons for this are that no MSW-like enhancement is possible, and the
high-energy survival probabilities of both 𝜈𝜇 and 𝜈̄𝜇 are subject to the same reduc-
tion compared to the SI expectation, reaching an asymptotic limit at a lower energy
than in the case of a real coupling. This implies a smaller reduction of 𝑃2𝜈𝜇𝜇 at the
energies observed in this NSI analysis, but the oscillated 𝜈𝜇 and 𝜈̄𝜇 flux spectra do
not suffer from the previously mentioned cancellations in the energy range from ap-
proximately 30GeV to 100GeV.

9.3 𝒆-𝝁 or 𝒆-𝝉 flavour violation

Similar to 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇, the FV couplings involving the electron flavour, 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏, are
not typically the focus of atmospheric neutrino studies, partly due to their weaker
impacts on the (−)𝜈𝜇 disappearance probabilities. It has been shown perturbatively that
they contribute only at second order when one considers oscillation probabilities far
away from the 1–3MSW resonance regime [384, 385]. However, 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏 also enter
the oscillation probabilities involving the electron flavour at the second order, lower
by one order compared to the four remaining couplings [385]. In the light of this, it is
not possible to neglect any of the oscillation channels when considering DeepCore’s
sensitivity to either of these two FV couplings. Below we restrict ourselves to the
basic phenomenological implications.

Fundamentally, transforming the flavour indices 𝜇 ↔ 𝜏 of a given oscillation chan-
nel in the presence of 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏 is equivalent to substituting 𝜖⊕𝑒𝜇 → 𝜖⊕𝑒𝜏 and 𝜖⊕𝑒𝜏 → −𝜖⊕𝑒𝜇
together with sin𝜃23 → cos𝜃23 and cos𝜃23 → − sin𝜃23 in the calculation of the cor-
responding oscillation probabilities [385]. Only 𝜖⊕𝑒𝜇 results in modifications of the
important atmospheric oscillation channels involving the muon flavour across the
full range of energies, as seen by comparing the appropriate panels in Fig. 9.4. Char-
acteristically, at high energies 𝑒-𝜇 FV is expected to manifest itself in the disappear-
ance of 𝜈𝜇’s and 𝜈̄𝜇’s and the simultaneous appearance of 𝜈𝑒’s and 𝜈̄𝑒’s, whereas 𝑒-𝜏 FV
induces the conversion (−)𝜈𝑒 ↔

(−)𝜈𝜏. Due to the lacking intrinsic atmospheric tau com-
ponent, the comparably low intrinsic atmospheric (−)𝜈𝑒 flux, as well as the reduced (−)𝜈𝜏
CC detection cross section, a priori one expects DeepCore to have a lower sensitivity
to 𝜖⊕𝑒𝜏 than to 𝜖⊕𝑒𝜇.

For detailed phenomenological and numerical discussions of 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏 up to en-
ergies of the order of 20GeV, relevant to future long-baseline and atmospheric neut-
rino experiments, see for example Refs. [386, 387, 388].
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Figure 9.4: Same as Fig. 9.1, but for different realisations of the NSI FV couplings 𝜖⊕𝑒𝜇 (upper
six panels) and 𝜖⊕𝑒𝜏 (lower six panels), with −0.30 ≤ 𝜖⊕𝑒𝜇(𝑒𝜏) ≤ 0.30 (negative values in blue,
positive values in red, larger magnitudes darker).

9.4 Arbitrary NSI flavour structure

Once 𝐻mat is allowed to take an arbitrary flavour structure, atmospheric neutrino
oscillation probabilities do not in general lend themselves to a transparent analytic
discussion any more. Nevertheless, Refs. [325, 253, 329] discuss regimes of neutrino
propagation in which the three-neutrino evolution in the presence of NSI can be
reduced to an analytically treatable effective two-neutrino system, which is rotated
with respect to the flavour basis. They specifically investigate the case in which 𝜖⊕𝑒𝑒 −
𝜖⊕𝜇𝜇, 𝜖⊕𝑒𝜏, and 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 are the only non-zero NSI parameters. Here, two identical
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9 Atmospheric neutrino oscillations in the presence of NSI

eigenvalues result in the “atmospheric parabola” relation [325, 253, 329]

𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 =
�𝜖⊕𝑒𝜏�

2

1 + 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇
, (9.4)

which is able to accommodate two-flavour vacuum-like (−)𝜈𝜇 disappearance at high
energy, independent of the magnitudes of the involved NSI parameters. The as-
sumption of the existence of two degenerate 𝐻mat eigenvalues—which leads to the
parameterisation described by Eqs. (5.32) to (5.36)—constitutes the key prerequisite
for such a two-flavour reduction. It can be considered to be a “natural” generalisa-
tion [329] of the two-flavour approximation applied to neutrino oscillations with SI
in regimes with negligible impact from Δ𝑚2

21.
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10
Event simulation and reconstruction

The IceCube collaboration mostly employs its own set of software projects [389] in
the simulation of its detector and the processing and reconstruction of events. Sim-
ulation is often produced centrally, with dedicated Monte Carlo (MC) simulation
(see, e.g., Ref. [390]) campaigns adapted to and targeting the various types of phys-
ics studies performed by the analysers. Essential common processing steps are ap-
plied in the process. For example, trigger and filter conditions are evaluated on all
simulated events. Different analyses—starting off from these preprocessed events—
then diverge as the respective analysers apply their own targeted processing steps
(though typically based on common tools andmethods), thereby creating dedicated
MC event samples thatmirror the event samples in data. The software constantly un-
dergoes development to be able to account for the ever-improving understanding of
the detector’s response.

This chapter first describes the techniques used to simulate the neutrino events
underlying this NSI search in Sec. 10.1, which provides further insight into the ex-
isting knowledge of DOM properties, such as their optical efficiencies and angular
acceptance functions, both of which constitute important sources of systematic un-
certainty for DeepCore neutrino oscillation analyses. Reconstruction—the process
of inferring neutrino properties such as the energy or direction from any given event
(detector response)—is briefly reviewed in the context of this analysis in Sec. 10.2.
When applied identically to observed and simulated events, it allows us to com-
pare the predicted distributions of reconstructed neutrino properties under different
physics hypotheses to the observed distribution. Both the MC and observed events
required for this work were already prepared with slight variations by the earlier
studies in Refs. [391, 392, 393, 394, 395].
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10 Event simulation and reconstruction

10.1 Detector response modelling: from neutrino
interactions to filtered events

Figure 10.1: Typical DeepCore neutrino simulation scheme, taken from Ref. [393]: neutrino
interactions are generated by GENIE (top left), the energy loss processes of their secondaries
are simulated by PROPOSAL (in the case of 𝜇±’s, bottom left) or GEANT4 (in the case of had-
rons, 𝜏±’s, and low-energy 𝑒±’s and 𝛾’s, centre), Cherenkov photons are propagated through
a given ice model by CLsim (bottom centre), and custom software produces the detector re-
sponse through successive stages, including triggering and filtering (right). Intermediate
results are written to disk and may be discarded after completion. See text for details.

In a typical simulation chain used for low-energy analyses with DeepCore, all the
relevant processes requiring simulation are contained in three consecutive steps, as
illustrated by the flow chart in Fig. 10.1 [393]. The first comprises the neutrino in-
teraction and the 𝜇± propagation, the second the propagation of any other second-
ary particles, their Cherenkov light production, as well as the photon propagation
to the DOMs, while the third models the detector readout and applies the stand-
ard IceCube and DeepCore triggering and filtering algorithms. The following para-
graphs summarise the essential assumptions made at each step.
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10.1 Detector response modelling:
from neutrino interactions to filtered events
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Figure 10.2: Illustration of low-energy neut-
rino generation scheme for DeepCore events
with GENIE (not to scale).

The GENIE MC event generator [396,
397] is used to model the interactions
of atmospheric neutrinos with ener-
gies from several MeV to 1 000GeV.
For each desired neutrino flavour, it
generates an isotropic flux with ener-
gies distributed according to a user-
defined power law. A cylindrical
generation volume is defined as illus-
trated in Fig. 10.2—centred approxim-
ately on DeepCore, aligned with the
propagation direction of the generated
neutrino—with a flavour- and energy-
dependent length 𝐿gen and radius 𝜌gen.
Each neutrino is drawn randomly froma
uniform distribution over the full gener-
ation surface upstreamofDeepCore and
is forced to interact. The point of interaction along the longitudinal axis is sampled
from a uniform distribution over 𝐿gen, and the interaction types implemented by
GENIE are drawn with equal probability. The generation volume is chosen small
enough to prevent a significant fraction of interactions to occur too far outside of
the fiducial volume to result in an SMT3 trigger, but also large enough to preclude
a significant fraction of unsimulated events when compared to measurement. The
cylinder dimensions adopted by the simulation used in this work can be found in
Ref. [393].

To each neutrino interaction, GENIE assigns a weight 𝑤𝑖 that allows removing the
above generation bias at a later step. This weight is the inverse of the probability
density function (PDF) from which the neutrino energy 𝐸𝑖, zenith angle 𝜗𝑖, and azi-
muthal angle 𝜑𝑖 are drawn, multiplied with the generation area (𝜋𝜌2gen) and the
“true” probability for the generated interaction to occur (based on some nominal
cross-section model). After normalising 𝑤𝑖 to the total number of interactions gen-
erated, it can be multiplied with any neutrino flux model Φ�𝐸𝜈, 𝜗𝜈, 𝜑𝜈� to obtain one
sample of the true neutrino interaction rate, evaluated at �𝐸𝑖, 𝜗𝑖, 𝜑𝑖�.
GENIE outputs a tree-like list containing the primary neutrino together with all of

its secondaries, including their energies and directions at the interaction vertex. This
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information in turn can be exploited by software whichmodels the particle propaga-
tion in the target medium. Here we employ the GENIE release version 2.8.6. Newer
versions as from 2.10.0 provide an improved accuracy of the high-energy cross sec-
tions for 𝐸𝜈 ≳ 100GeV due to the inclusion of the vector-boson propagator terms for
DIS [398].

Propagation of secondaries and light production

Different tools and techniques simulate the propagation of all daughter particles of
the initial neutrino interaction. The goal is to obtain an accurate prediction of the
event’s overall Cherenkov light emission profile. Where possible, analytic paramet-
erisations are exploited to speed up the process.

Both ionisation and stochastic energy losses of any 𝜇±’s are modelled by the
PROPOSAL software [399]. In order to prevent simulating a diverging number of
stochastic energy losses, PROPOSAL implements a schemebywhich processes inwhich
the muon loses less than 0.5GeV are treated as continuous and are parameterised
analytically. Stochastic processes with energies above this threshold are considered
individually, as is their Cherenkov emission.
𝑒±’s and 𝛾’s with energies below 0.1GeV and all hadrons and 𝜏±’s are propag-

ated by the GEANT4 toolkit [400, 401, 402]. Here, the trajectory of any secondary or
daughter Cherenkov emitter is split up into a series of light-emitting segments, each
of which is assumed to have a constant velocity 𝛽 and which radiates Cherenkov
photons as described by Eq. (6.2). Due to the regular nature of energetic electromag-
netic cascades, the Cherenkov light outputs of cascades initiated by 𝑒±’s and 𝛾’s with
energies exceeding 0.1GeV are calculated using parameterisations from Ref. [333].

Photon propagation

Individual photons created by the various Cherenkov emitters are subsequently
propagated through the ice by the CLsim software package [403]. It exploits the
publicly available OpenCL library [404] in order to allow efficiently tracking photons
in multiple parallel threads on GPUs or multi-core CPUs.

The Cherenkov angle under which a photon is radiated by a track segment with
constant velocity 𝛽 is calculated based on the refractive index 𝑛 (𝑧, 𝜆) of ice given the
photon’s wavelength 𝜆 and its emission depth 𝑧 in the ice, whereas the azimuthal
emission angle is uniformly sampled. The number of absorption lengths determin-
ing the photon’s total track length is sampled from an exponential distribution, as is
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the spatial distance between two scattering instances. The propagation terminates
once a photon, which carries information about its direction, position, wavelength,
and time of incidence, intersects the surface of a DOM. The photon’s properties are
used in the last simulation step of Fig. 10.1 to generate the responses of all DOMs
that are hit and the readout of the whole detector. A photon not incident on a DOM
prior to covering its total track length is considered absorbed by the medium.

The properties of the pristine glacial ice in simulation here are described by the
first model to incorporate a parameterisation of the optical anisotropy [357] (cf.
Sec. 6.2.3).1 Discrete deviations of the absorption and effective scattering coefficients
from their nominal values are also simulated in order to include the optical proper-
ties as a source of systematic uncertainty in the analysis. More recent ice models
improve on the above in particular by calibrating the ice with the full IceCube de-
tector, that is, by flashing LEDs on more or all IceCube strings.

Photon detection

For each photon stored after the previous step of the simulation chain, one has to
evaluate the probability for the creation of a photoelectron reaching the first dynode,
giving rise to charge multiplication. This would be achieved most straightforwardly
by discarding any photon that impinges on the upper DOM hemisphere, and other-
wise scaling the overall optical DOM efficiency 𝜂0 (𝜆) (cf. Sec. 7.3) by the value of the
collection efficiency 𝜂CE (x) for the given point of incidence x on the photocathode.
However, a different strategy is pursued in practice [360] in order to account for the
presence of the refrozen borehole ice: the DOM is considered as a point-like receiver
with a universal effective angular acceptance function, 𝑔0,𝑖 (cosΘ), which only de-
pends on the cosine of the polar angle between the impinging photon’s path and the
string (𝑧) axis, cosΘ. This function serves as a wavelength-independent rescaling
factor to the position-averaged probability for a photon to produce a signal at the
PMT anode:

𝑝𝑖,hit (𝜆,Θ) = 𝜂0,𝑖 (𝜆) �𝜂CE (x)� 𝑔0,𝑖 (cosΘ) . (10.1)

We assume that 𝑔0,𝑖 (cosΘ) ≡ 𝑔0 (cosΘ) is identical for all DOMs, whereas 𝜂0,𝑖 (𝜆) only
varies by a wavelength-independent relative efficiency factor, 𝜂0,𝑖 (𝜆) ≡ 𝑘𝑖𝜂0 (𝜆). Fig-
ure 10.3 shows the product 𝜂0 (𝜆) �𝜂CE (x)� as a function of wavelength for a regular-
QE DOM, together with a 10% uncertainty band [364]. Dedicated simulation runs
for overall optical efficiencies scaled by between 88% and 112% are available.

1The model is referred to as “SPICE LEA” by the IceCube collaboration [405].
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Figure 10.3: Position-averaged probability for
a photon of wavelength 𝜆 incident on the
lower hemisphere of a regular-QE DOM to
produce a charge at the PMT anode, together
with a 10% uncertainty band, whose impact
is probed by means of multiple dedicated
simulation runs. For a DeepCore high-QE
DOM, the function is scaled up by 35%.
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Figure 10.4: Relative angular DOM accept-
ance as a function of the polar photon angle
cosΘ as measured in the laboratory (dashed
line) andmodified by absorption and scatter-
ing properties of the borehole ice surround-
ing the strings (solid). The range of ac-
ceptances resulting from all simulated hole-
ice variations is indicated by the uncertainty
band.

The angular acceptance function of a DOM is an effective description that accounts
for both the intrinsic PMT angular acceptance measured in the laboratory as well as
scattering and absorptionmodifications of the hole ice surrounding the strings [362].
We parameterise the angular acceptance as a function of 𝑥 ≡ cosΘ as [406]

𝑔0 (𝑥) = 𝐶 �0.34 �1 + 1.5𝑥 − 0.5𝑥3� + 𝑝1𝑥 �𝑥2 − 1�
3
+ 𝑝2𝑒10(𝑥−1.2)� , (10.2)

where 𝐶 is a normalisation constant. The dimensionless parameter 𝑝1 controls the
lateral acceptance and is relatively well constrained by LED flasher calibration stud-
ies, whereas 𝑝2, also dimensionless, allows for large acceptance variations in the for-
ward region (cosΘ ≈ 1). The latter cannot be easily probed via existing in-situmeas-
urements due to the lack of bright upward-pointing LEDs [362].

Several simulation runs allow modelling the systematic impact of hole-ice uncer-
tainties, each performed for a specific pair (𝑝1, 𝑝2) and with the normalisation factor
𝐶 chosen such that the integrated acceptance remains unchanged.2 The nominal
model corresponds to 𝑝1 = 0.25, 𝑝2 = 0. It is depicted in Fig. 10.4 together with the

2We require the integral ∫
1

−1
𝑔0 (𝑥)d𝑥 = 0.68 for all values of 𝑝1 and 𝑝2.
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envelope of the generated systematic variations, covering the ranges 𝑝1 ∈ [0.15, 0.35]
and 𝑝2 ∈ [−5, 2].

DOM noise

Not all photoelectrons emitted from the photocathode are caused by photons ori-
ginating from physics events: “dark noise” occurs at a typical rate of 560Hz and
780Hz for regular- and high-QE DOMs, respectively [364]. This rate has a variety of
contributions, including thermal electronic noise3 and scintillation and fluorescence
emission from radioactive decays in the PMT glass and in the pressure housing. Two
types of noise are distinguished—the “uncorrelated” (Poissonian) and “correlated”
(non-Poissonian) components—with similar overall contributions to the total rate.
Compared to the pure Poissonian expectation, the correlated component leads to a
significant excess of hits separated by short time intervals below some 100µs, for
which it is the dominant source. A large fraction of uncorrelated noise hits can be
attributed to Cherenkov emission from 𝛽-decays of 40K in the glass pressure sphere,
at an estimated rate of 100Bq per DOM. The origin of the uncorrelated noise has not
yet been unambiguously identified. The leading explanation is scintillation lumin-
escence of the glass, with trace elements such as cerium acting as active scintillat-
ors [408]. Resulting noise hits typically occur in “bursts”—temporal clusters of hits
separated by short time intervals up to thems range—with a rate whose temperature
dependence is empirically well described by an exponential [409, 410].

All the known noise sources above are simulated using the Vuvuzela soft-
ware [411]. In Vuvuzela, the noise model for each DOM is characterised by five
parameters: (i) a thermal noise rate, (ii) a radioactive decay rate, (iii) a mean num-
ber of scintillation hits for each decay, and (iv) the mean and (v) standard deviation
of a log-normal distribution of the time intervals between successive scintillation hits
within a burst. In order to obtain the parameters for each individual DOM, the noise
model was fit to ten minutes of raw, untriggered, IceCube data taken in early 2015,
as detailed in Ref. [412].4 Crucially, hits with temporal separations below 2µs are
included.

3This type of noise is knownas “thermionic emission”, first discovered and characterised byRichard-
son [407].

4The underlying “HitSpool” data stream was developed to improve IceCube’s data acquisition for
Supernova detection [410].
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Figure 10.5: PMT jitter distribution, de-
scribed by a right-skewed Gumbel distribu-
tion shifted to the right by 0.15ns and with a
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Figure 10.6: SPE response distribution, de-
scribed by the superposition of a Gaussian
centred at 1PE with a standard deviation of
0.29PE and an exponential with a rate para-
meter of 0.51PE.

PMT response

Once—both physics- and noise-induced—photoelectrons ejected from the pho-
tocathode have been generated, these are converted into amplified pulses at the PMT
anode [413]. Each photoelectron undergoes the effects of the amplification process
initiated by the PMT dynode chain. This process can result in four different pulse
types: “regular” pulses, “prepulses”, “late” pulses, and “afterpulses”.

The variation in the amount of time an (amplified) photoelectron that initiates a
regular pulse needs to reach the anode is sampled from the distribution depicted in
Fig. 10.5, which has a standard deviation of ∼2ns. The observed charge of the result-
ing pulse is distributed according to the superposition of a Gaussian peaked at the
charge-equivalent of one photoelectron (1PE) and a subdominant exponential com-
ponent, leading to a mean charge of 𝑞SPE ≡ 0.85PE,

5 as shown in Fig. 10.6. This SPE
charge response, 𝑝𝑐(𝑞|1), is taken as a representative template across all DOMs, based
on dedicated laboratorymeasurements of a large number of SPE charge distributions
taken at different gains which exhibit only small deviations [360]. Recent calibration
efforts have allowed replacing the universal SPE charge template in Fig. 10.6 with
individual charge response distributions for each DOM [414, 358, 415]. Here, signi-
ficant improvements in the modelling are expected especially for the low-charge re-

5Note that the amplified charge𝑄 follows as the product of photoelectron charge and PMT gain. For
example, 𝑄 = 1.6pC for a typical gain of 107.

160



10.1 Detector response modelling:
from neutrino interactions to filtered events

gion, where a second, steeply-falling exponential provides a better fit to each DOM’s
response distribution.

The other three types of pulses in general have different arrival-time and charge
distributions than a regular pulse and are produced with a combined probability of
only ∼10%. As a result, their number is extremely low for typical DeepCore event
energies. Details on these types of pulses can be found in Ref. [360].

PMT saturation is applied to each pulse using a universal parameterisation of the
PMT current response measured in the laboratory [360]. It describes the (gain-
dependent) reduction of the “ideal” instantaneous anode current, leading to a devi-
ation from the linear relationship between the PMT output and the incident number
of photoelectrons. Since this deviation only sets in above an instantaneous current of
about 50mA—corresponding to a rate of 30PE/ns—saturation effects are negligible
at typical DeepCore event energies.

DOM launching and signal digitisation

Once PMT pulses with associated times and charges have been output by the PMT
response simulation step, the signal processing and waveform capture circuitry im-
plemented on the DOM MB (cf. Sec. 7.2.1) are modelled [416]. After the charges of
the pulses on all DOMs have been compared to each DOM’s discriminator threshold
level, the local-coincidence logic is applied. In particular, if at least one of the nearest
or next-to-nearest neighbouring DOMs signals such a threshold crossing, an HLC
launch is created (unless the considered DOM is still busy processing an earlier sig-
nal). This signals the digitisation of the PMT waveform, sampled by the ATWDs
and the fADC, using waveform constants retrieved during the detector calibration
campaign (cf. Sec. 7.3).

At this point, the simulated detector readout is qualitatively indistinguishable
from real (untriggered) detector data. Hence, one can proceed to simulate the online
triggers and filters in place at the South Pole. Other standard processing steps ap-
plied to observed detector readouts are also reproduced, such as the pulse extraction
and noise removal described in Secs. 7.2.4 and 7.2.5, which are both prerequisites for
the DeepCore online filter.
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10.2 Undoing the detector response: event
reconstruction

The event reconstruction procedure outlined below is applied identically to the de-
tector readouts of observed and simulated events in order to arrive at estimators
of neutrino properties expected to carry imprints of the physics hypotheses under
study. In this analysis, these estimators are the neutrino energy, zenith angle, and an
event classification category, whose joint distribution is sought. Sometimes, faster
“first-guess” and less precise reconstruction algorithms6 are employed in order to
create the final analysis sample that is then subjected to the more computationally
expensive reconstruction. How such an approach applies to the event selection for
this analysis is summarised in Chapter 11.

The estimation of neutrino properties atGeV-scale energies presents distinct chal-
lenges from that at higher energies of TeV and above [369], to which the primary
IceCube array is adapted. While the spatial extents of low-energy events allow these
to be fully contained (within DeepCore or IceCube), the energy deposited in Cher-
enkov emitters is not in general a suitable proxy of the true neutrino energy, ow-
ing to the significant relative average suppression and comparably large statistical
fluctuations of the overall Cherenkov light yield for hadronic cascades compared to
electromagnetic cascades (cf. Sec. 6.2). In addition, outgoing neutrinos carry away
energy in the case of NC interactions or (−)𝜈𝜏 CC interactions. A further complication
stems from the optical scattering properties of ice, which smear out the differences in
the longitudinal, transverse, and angular Cherenkov light emission profiles that ex-
ist between electromagnetic and hadronic cascades, even over small distance scales
of only a few tens of metres [418]. Accordingly, established DeepCore event recon-
struction techniques do not attempt to distinguish between the two cascade types.
Instead, a single cascade template is assumed, which also does not account for the
opening angle between the electromagnetic and the hadronic cascade in the case of
(−)𝜈𝑒 CC or (−)𝜈𝜏 CC interactions. This opening angle decreases with increasing energy
of the incoming neutrino, and is larger when the inelasticity of the interaction ap-
proaches zero or unity [418]. When considering (−)𝜈𝜇 CC interactions, the scattering
of the Cherenkov photons emitted by the hadronic cascade in practice justifies redu-
cing the number of degrees of freedom by assuming the cascade axis to be aligned
with the direction of the outgoing 𝜇±.

6Essential examples with extensive usage throughout the IceCube collaboration can be found, for
example, in Ref. [417].
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10.2 Event reconstruction

Hybrid template likelihood fit

Event hypothesis Based on the considerations above, DeepCore events are
tested for their compatibility with the hypothesis of a single cascade accompanied
by a minimum-ionising 𝜇± track [391, 419]. The point of origin at the neutrino in-
teraction vertex is described by the associated time 𝑡0 and coordinate vector 𝒙0. The
direction of the collinear cascade and track is described by the azimuthal angle 𝜙
and the zenith angle 𝜗. The angles give the direction of the radial vector pointing
back toward the source of the incident particle, i.e., a vertically downgoing particle
has a zenith angle of 𝜗 = 0, while one that is vertically upgoing has a zenith angle
of 𝜗 = 𝜋. The cascade is additionally characterised by its visible energy 𝐸viscasc, and
the track by its length 𝐿track (which uniquely fixes the expected total energy of a
minimum-ionising 𝜇±).

Poisson likelihood The event hypothesis 𝜽 ≡ �𝑡0, 𝒙0, 𝜙, 𝜗, 𝐸viscasc, 𝐿track� is adapted
to an observed ensemble of extracted pulse charges 𝒒obs by means of the Poisson
likelihood function

𝐿 �𝒒obs�𝜽� =
𝑁DOM
�
𝑖=1

𝑁𝑖t
�
𝑗=1

𝑝Pois �𝑞obs𝑖,𝑗 �𝑞
exp
𝑖,𝑗 (𝜽)� , with (10.3)

𝑝Pois �𝑞obs𝑖,𝑗 �𝑞
exp
𝑖,𝑗 � =

�𝑞exp𝑖,𝑗 �
𝑞obs𝑖,𝑗

Γ �𝑞obs𝑖,𝑗 + 1�
𝑒−𝑞

exp
𝑖,𝑗 , (10.4)

where the first product in the likelihood function at the top is taken over all con-
sidered DOMs, and the second over a variable number of time intervals into which
the pulse charges are binned. The likelihood function depends on the hypothesis
parameter values through the ensemble of expected charges 𝒒exp (𝜽) (dependence
on 𝜽 omitted for clarity in the Poisson probability mass function (PMF) 𝑝Pois). The
Γ function in the denominator of Eq. (10.4) allows for a continuous extension of the
Poisson PMF, thereby accounting for the non-integer nature of pulse charges.

The observed pulse ensemble 𝒒obs serving as the data in Eq. (10.3) is chosen to be
that generated by a standard processing step applied to each event before filtering
(cf. Fig. 10.1 for simulation). This pulse ensemble follows from applying at most
three iterations of the “seeded𝑅-𝑇” noise removal explained in Sec. 7.2.5 with𝑅max =
150m and𝑇max = 1µs to an initial set ofHLCpulses, with the additional requirement
that for each such seed there are two or more additional HLC pulses that satisfy the
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Figure 10.7: The expected PMT charge distribution of an IceCube DOM (solid) for some ex-
pectation value (denoted as 𝜆 in the figure, but 𝜇𝛾 in the text) of the number of photons
incident on the photocathode is the convolution of the Poisson PMF 𝑝Pois(𝑛|𝜆) for the ejection
of 𝑛 photoelectrons (dotted) with the PMT charge response distribution 𝑝𝑐(𝑞|𝑛) to 𝑛 photo-
electrons (not shown). The dashed line represents the approximation that the charge ex-
pectation value and the photon number expectation value 𝜆 are related by 𝑞̄SPE. Figure taken
from Ref. [369].

𝑅-𝑇 criterion. If no such seed exists, the algorithm falls back to starting from all HLC
pulses. In addition, a given pulse returned by the algorithm is only kept if it falls into
a time window [𝑡trigger −4µs, 𝑡trigger+5µs] around the SMT3 trigger time, in order to
further suppress pulses due to dark noise.

Cherenkov light-yield templates The lack of an accurate analytic functional
form of the photon arrival time distribution for arbitrary configurations of Cheren-
kov emitters and DOMs—which necessitates the tracking of individual photons in
simulation—poses an even greater challenge in reconstruction. Since reconstruction
has to be applied to large numbers of (in particular MC) events, the direct simula-
tion of the detector response to many different realisations of 𝜽 is computationally
prohibitive.

An alternative approach that is both computationally feasible and reasonably ac-
curate is the use of precomputed light-yield templates [369]. In the case of a cascade
it is justified to employ a single universal template because of (i) the similarity of
the observed light yield from an electromagnetic and from a hadronic cascade with
the same visible energy, (ii) the nearly point-like nature,7 (iii) the nearly universal
angular emission profile, and (iv) the linear relationship between the energy in the
electromagnetic sector and the emitted number of Cherenkov photons. The method
7Both (i) and (ii) apply at the scale of DeepCore’s and, in particular, IceCube’s instrumentation

density.
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of choice is therefore to precalculate the mean normalised photon arrival time dis-
tribution 𝑝𝛾 (𝑡)—with 𝑡 corresponding to the time delay with respect to the time of
arrival of an unscattered photon—together with the mean total number of photons,
𝜇𝛾, expected at any observer position relative to an electromagnetic cascade with
some reference energy 𝐸0 occurring at a given depth and under a given zenith angle
(assuming azimuthal symmetry and lateral translation invariance). By repeating
the procedure for many different cascade depths and zenith angles and creating a
multidimensional spline fit, one obtains a smooth representation of 𝑝𝛾 (𝑡) and 𝜇𝛾,
which can be evaluated for any desired set of cascade properties (position, energy,
direction) and DOM positions [369]. In fact, since a regular-QE DOM is assumed
to be located at each observer position in the template production process, 𝜇𝛾 sim-
ultaneously accounts for the probability of a photon to produce a signal at the PMT
anode, Eq. (10.1), with the wavelength-independent relative efficiency factor 𝑘𝑖 = 1.
Figure 10.7 demonstrates that the assumption of a purely Poissonian process with
the extension to real numbers adopted in Eq. (10.3) is a reasonable approximation
for any number of photons incident on the photocathode, given that the charge ex-
pectation is calculated as

𝑞exp,casc𝑖,𝑗 = 𝑞̄SPE𝑘𝑖
𝐸casc
𝐸0

𝜇𝛾�
𝑡𝑗+1

𝑡𝑗
d𝑡 𝑝𝛾 (𝑡) , (10.5)

where𝐸casc is the energy in the electromagnetic cascade and 𝑡𝑗 and 𝑡𝑗+1 are the bounds
of the considered time interval.

Similarly, templates are available for a minimum-ionising 𝜇± with some reference
energy 𝐸0,𝜇 (3.3GeV in our case), corresponding to an average track length of

�𝐿track� =
𝐸0,𝜇

�− d𝐸𝜇�d𝑥�
ice

Eq. (6.3)
≈ 4.2m �

𝐸0,𝜇
GeV�

. (10.6)

Any integer number𝑁𝜇 = 0, 1, 2, … of these templates can be combined to obtain the
charge expectation due to a 𝜇± of energy 𝐸𝜇 = 𝑁𝜇𝐸0,𝜇,

𝑞exp,𝜇
±

𝑖,𝑗 = 𝑞̄SPE𝑘𝑖
𝑁𝜇
�
𝑘=1

𝜇𝛾,𝑘�
𝑡𝑗+1

𝑡𝑗
d𝑡 𝑝𝛾,𝑘 (𝑡) . (10.7)

In likelihood fits to observed and simulated events for this analysis, the cascade
predictions 𝑞exp,casc𝑖,𝑗 have been generated under the “SPICE MIE” ice model intro-
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duced in Sec. 6.2.3, while the 𝜇± predictions 𝑞exp,𝜇
±

𝑖,𝑗 follow from a slightly earlier
model [420]. While both models are based on the same calibration study, the lat-
ter differs in the employed fitting technique and lacks the degree of freedom in the
shape of the scattering function. In the most general case, including a contribution
due to dark noise that depends on the 𝑖th DOM’s overall noise rate 𝜇noise,𝑖, the charge
expectation for any combination of DOMand time bin is then the sumof three source
terms,

𝑞exp𝑖,𝑗 (𝜽) = 𝑞
exp,casc
𝑖,𝑗 (𝜽) + 𝑞exp,𝜇

±

𝑖,𝑗 (𝜽) + 𝑞noise𝑖,𝑗 �𝜇noise,𝑖� . (10.8)

Solving for maximum-likelihood estimators The Pegleg [419] event recon-
struction method yields the neutrino estimators entering our statistical inferences.
It builds on the various components of the Poisson likelihood approach discussed
in the preceding paragraphs. These are applied widely throughout the IceCube
collaboration, albeit with different event hypotheses [369]. Pegleg employs the
MULTINEST [421, 422, 423] nested sampling algorithm in order to minimise the neg-
ative logarithm of the likelihood (“log-likelihood”) in Eq. (10.3), − ln 𝐿 �𝒒obs�𝜽�.
MULTINEST is a Bayesian inference tool, capable of efficiently sampling model evid-
ences and posterior parameter probability distributions. As such, it is not adapted
to finding the global minimum of a negative log-likelihood, as is a common goal in
frequentist inference. Nevertheless, it has proven to be an efficient numerical min-
imisation algorithm when applied to the multimodal and irregular log-likelihood
hypersurfaces encountered here [391, 424]. Pegleg makes use of MULTINEST only
to sample the six-dimensional parameter subspace 𝜽MN ≡ �𝑡0, 𝒙0, 𝜙, 𝜗�. For each
sample of 𝜽MN, the number of minimum-ionising 𝜇± track segments 𝑁𝜇 is scanned
manually, and for each hypothesised value the maximum-likelihood estimator 𝐸̂casc
is determined with the Newton method as laid out in Ref. [419]. The efficiency and
robustness of this three-layered minimisation compared to letting MULTINEST expli-
citly sample the full eight-dimensional parameter space [391] led to the adoption of
Pegleg for the reconstruction of events in the data sample used in this work [425].
Its performance is shown in Chapter 12.
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Event sample

TheNSImeasurement presented in thiswork examines events detected byDeepCore
over the period of time between April 2012 and May 2015, corresponding to the
second, third, and fourth seasons of data taking with the full, 86-string IceCube
detector. The time range was chosen in this way due to effects which would have
required significant changes to extant simulation routines: prior to this period, the
DOMs’ dark noise rates were still stabilising [364], whereas after it a recalibration
was applied to the observed PMT charges [419].

For the measurement to be feasible, one first needs to identify atmospheric neut-
rino candidates, which only contribute negligibly to the total DeepCore trigger and
filter rates. Due to the large effort involved in developing an event selection scheme
with a good sensitivity to atmospheric neutrino oscillations, the precedingDeepCore
oscillation studies were performed on variants of two (significantly overlapping)
event samples.

11.1 Context

The data sample used here is an extension of that labelled “B” in Ref. [362], which
introduces a second, higher-statistics sample “A” that deviates from B by accepting
a larger fraction of non-neutrino events. Sample B was discussed in the context of
a measurement of standard atmospheric neutrino oscillations [391] and allows pla-
cing competitive constraints on the atmospheric oscillation parameters �Δ𝑚2

31� and
sin2 𝜃23 [426] (as does sample A [362]). The results of a (−)𝜈𝜏 appearance search con-
ducted using the same set of events are discussed in Refs. [394, 362]. Both samples
have also been employed to probe the NMO [419, 392, 427], albeit with modified ac-
ceptance regions in the reconstructed neutrino energy and cosine zenith. Finally, the
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first measurement of the atmospheric neutrino flux spectrum using DeepCore [395]
was performed by accepting reconstructed neutrino energies between 5.6GeV and
180GeV and by relaxing the event containment criteria of sample B to increase event
statistics above reconstructed neutrino energies of around 50GeV. A similar ap-
proach is adopted by this NSI search in order to enhance the sensitivity of sample B
to NSI couplings responsible for deviations from standard three-flavour oscillations
at energies of the order of 100GeV (in particular 𝜖⊕𝑒𝜇 and 𝜖⊕𝜇𝜏, cf. Chapter 9).

11.2 Selection criteria

Data taking by the IceCube detector proceeds in the form of a sequence of time inter-
vals called “runs” of typically and atmost 8h duration, with short breaks in between.
Some runs serve calibration purposes, while others suffer from parts of the detector
(individual DOMs orwhole strings) dropping out from the data acquisition. Instead
of simulating runs with such irregular configurations, it is more practical to exclude
these from the analysis altogether. This approach is feasible because IceCube’s high
reliability combined with the low frequency of calibration runs results in a tiny frac-
tion of detector exposure time (“livetime”) lost. Section 11.2.1 discusses the criteria
that runs have to satisfy in order enter this NSI search. The criteria for selecting
events from a given run are outlined in Sec. 11.2.2.

11.2.1 Data-taking runs

A run must meet three criteria to be considered: (i) a duration of at least 1h, (ii) 86
active strings, and (iii) at least 5 380 active DOMs (including the 324 IceTop DOMs).
For each of the three data-taking seasons considered, Fig. 11.1 shows a histogram
of the run durations and event numbers contributed to the final-level event sample
(after undergoing the full event selection below). The vast majority of runs have a
duration of close to 8h. No more than 32 events in any given run end up in the final
sample. The typical number of events per run is ∼15. The livetimes of all considered
runs add up to 2.8years.

11.2.2 Events

The iterative application of event selection criteria (“cuts”) ensures that the final
event sample is dominated by atmospheric neutrinos and prevents the wasteful ap-
plication of computational resources to events that are of little to no physics value.
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The selection levels 1 to 3 are common tomost DeepCore analyses and consist of trig-
gering and filtering criteria. Three additional levels originally tailored to the men-
tioned oscillationmeasurement yield additional background suppression power and
improve the overall quality of the selected events. As the elements of this selection
process have been laid out in great detail in Refs. [391, 362], wemerely provide a con-
densed text summary below. However, Table 11.1 specifies all of the criteria that are
applied at each selection level and designates their main aims: the removal of noise
events, the removal of atmospheric 𝜇± events, or the enhancement of event quality1.
Furthermore, Fig. 11.2 illustrates how these criteria impact the expected rates of the
various MC event types, starting from the combined event rates surviving at least
one filter.

First (level 1), only events passing the DeepCore SMT3 trigger are considered, as
explained in Sec. 7.2.3.

At level 2, the DeepCore online filter detailed in Sec. 7.2.6 removes the most obvi-
ous atmospheric 𝜇± candidates among the triggered events, leading to a loss of only
roughly 1% of atmospheric neutrinos.

At level 3, a set of general cuts developed by the collaboration for low-energy
DeepCore analyses only keep events with spatial and temporal hit distributions that
are unlikely to be the result of random noise or atmospheric 𝜇±’s. These cuts reduce
the filtered data rate by one additional order of magnitude, down toO(1Hz).2 Here,
restrictions are placed for example on the charge detected near the top of DeepCore
and in the veto region, both of which naturally have power to discriminate between
neutrino interactions and penetrating atmospheric 𝜇±’s. Also, we exploit the fact
that the fraction of charge deposited early in an event is in general higher when an
atmospheric neutrino interaction causes the launch of the SMT3 trigger, as sketched
in Fig. 11.3 [428].

Similar to level 3, variables used at level 4 do not rely on computationally in-
tensive algorithms. Instead, they are directly derived from the observed pattern
of signals in the fiducial and veto regions. Among others, they demand that at
least three DeepCore DOMs record signals due to minimally scattered Cherenkov
photons (“direct” hits), that at least eight DeepCore DOMs record signals that are
not obviously due to random noise, and a charge-equivalent of at least 7PE associ-
ated with clusters of pulses (in space and time) within DeepCore. Two refined ver-
sions of the DeepCore online filter are also applied. The first employs the same range

1“Quality” refers to desirable event properties, which benefit the precision of the reconstruction.
2The event selection used in this work employs a slightly modified version of these common criteria.
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of apparent velocities connecting pulses on a more central subset of SMT3 DOMs to
those observed throughout an extended veto region, and requires the total charge of
pulses corresponding to such velocities to amount to no more than 5PE. The second
represents a complementary strategy of limiting the total charge of isolated signals
due to an incoming 𝜇± in a region of time differences and spatial distances that sug-
gest a causal connection with the observed signals within DeepCore, but here relat-
ive to the HLC pulse closest in time to the SMT3 time, as introduced in Ref. [429].
The integrated charge within this region is limited to 7PE. The idea is sketched in
Fig. 11.4.

The following level 5 applies a cut on the score calculated for each event by a “boos-
ted decision tree” (BDT). The BDT was trained on a set of eleven event variables,
some of which are closely related or identical to those employed in previous selec-
tion levels, and some of which are based on the results of fast event reconstruction
algorithms. The resulting multivariate cut3 further reduces the atmospheric 𝜇± con-
tamination of the sample.4

At level 6, the overall event rate is reduced sufficiently for the computationally ex-
pensive reconstruction algorithm of Sec. 10.2 to be applied to all remaining events.5

Cuts are placed on the “starting” position—the reconstructed position of the inter-
action vertex—but not on the “stopping” position (which in turn is specific to the
event selection used for the NSI search at hand), as sketched in Fig. 11.5. We require
the reconstructed interaction vertex to be located within a volume that is inset with
respect to DeepCore’s fiducial volume, namely within a cylinder of 100m radius and
200m height, with a lower base at a depth of −475m, and which is extended by a
spherical cap with a radius of 125m and a height of 50m at the top. As a final means
of suppressing background, “corridors” of sparse detector instrumentation through
which an atmospheric 𝜇± could have penetrated, depicted in Fig. 11.6, are identified
based on the event’s signal pattern. As explained in Ref. [428], if there is any such
corridor with two ormore nearby DOMs detecting direct signals (with respect to the
respective hypothetical 𝜇± trajectory), the event is discarded.

At the final level of the event selection, the values of two of the three analysis
variables are restricted. Since the range of MC neutrino energies is limited to

3While the original iteration of the event selection kept all events with a score greater than 0.1 (cf.
Ref. [391]), this threshold was later set to a value of 0.2 instead [425, 362].

4Atmospheric 𝜇±’s evading straight veto cuts andmaking it to late selection levels of DeepCore event
samples are typically referred to as “sneaky”.

5The layered approach of the reconstruction ansatz presented in Sec. 10.2 differs from that used in the
original iteration of the event selection. It was adopted for computational efficiency reasons [425]
prior to the publication of Ref. [426].
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𝐸𝜈 ∈ [1GeV, 1TeV], we have to limit reconstructed energies to a range that is sig-
nificantly smaller, here chosen as 𝐸reco ∈ [5.62GeV, 100GeV]. Furthermore, an event
is only kept if the ratio between the likelihood 𝐿cascade+track at the best-fit parameter
values for the combined (cascade and track) hypothesis and that for the single-
cascade hypothesis, 𝐿cascade, satisfies ln (𝐿cascade+track/𝐿cascade) ∈ [−3, 1 000]. As the
single-cascade hypothesis is nested within the more general combined hypothesis, a
smaller likelihood of the event under the combined hypothesis is the result of the nu-
merical minimisation routine failing to locate the globalminimum in −𝐿. Conversely,
an exceedingly high relative compatibility of a given event with the combined hy-
pothesis could indicate an inaccurate minimisation under the single-cascade hypo-
thesis. Such a likelihood preference is bounded from above.

The three histograms in the right column of Fig. 11.1 show the total number of
events resulting from applying all of the above criteria to the selected runs of a
given data-taking campaign. Summed over all three campaigns, 47 855 events are
observed.
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Figure 11.1: Livetimes and numbers of selected events for all runs with at least one selected
event, split up according to data-taking seasons with the full 86-string IceCube detector (top
row: 2012/2013, middle row: 2013/2014, bottom row: 2014/2015).
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Level Criterion Requirement Target

1 + 2 DeepCore SMT3 and online filter noise, 𝜇±

3 max. clustered charge in 300ns > 2PE noise
max. no. of clustered pulses in 300ns > 2 noise
max. no. of causal pulses in 48
solid-angle bins > 2 noise

charge fraction within 600ns after 2nd hit > 0.4 𝜇±
total charge above −200m
within 2µs before trigger < 12PE 𝜇±

total causal veto charge < 7PE 𝜇±
ratio of veto charge to fiducial charge < 1.5 𝜇±
depth of first pulse < −120m 𝜇±

4 no. of DOMs in fiducial seeded 𝑅-𝑇 search ≥ 8 noise
max. clustered charge in
fiducial seeded 𝑅-𝑇 search ≥ 7 noise

std. dev. of depth-COG of cleaned pulses ∈ [7m, 100m] noise
std. dev. of time-COG of cleaned pulses ≤ 1µs noise
spacetime separation of 1st and
4th charge quartiles ∈ [−(400m)2, 0m2] noise

no. of DOMs detecting unscattered light ≥ 3 noise
total causal charge in extended veto region ≤ 5PE 𝜇±
complementary causal track veto charge ≤ 7PE 𝜇±
depth of earliest HLC DOM ∈ [−475m, −200m] 𝜇±
radial distance of earliest HLC DOM ≤ 150m 𝜇±
depth of COG of pulses of 1st
charge quartile ∈ [−475m, −150m] 𝜇±

radial distance of COG of pulses
of 1st charge quartile ≤ 150m 𝜇±

5 11-variable BDT score ≥ 0.2 𝜇±

6 reconstructed starting depth ≥ −475m quality
reconstructed starting radial distance ≤ 100m quality
reconstructed spherical radial
distance from centre above −350m ≤ 125m quality

max. no. of hit DOMs in “blind” corridors ≤ 1 𝜇±

Table 11.1: Summary of the event selection criteria employed in this search for NSI, except
for requirements on analysis variables. Exhaustive explanations of the various variables on
which cuts are placed can be found in Refs. [391, 362].
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Figure 11.2: Event rates after each level of event selection criteria for the various MC event
types. The (accidental) noise background is negligible after level 4. The atmospheric 𝜇±
background contribution is reduced to below that from all atmospheric neutrinos and anti-
neutrinos by the criteria imposed at level 5. See text for details.
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Figure 11.3: Sketch of the light depositions
from a (−)𝜈𝜇 interacting in DeepCore and a 𝜇±
passing throughDeepCore, with a significant
fraction of charge detected near the interac-
tion point of the neutrino. Figure taken from
Ref. [428].

Figure 11.4: Sketch of isolated signals in the
DeepCore veto region from random noise
and an atmospheric 𝜇±, with distances and
time differences 𝑑𝑖 and Δ𝑡𝑖 to the signal caus-
ing the SMT3 trigger (red circle). Figure
taken from Ref. [428].
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Figure 11.5: Illustration of final-level event
containment requirements, highlighting de-
viations from the original set of criteria: only
the interaction vertex (filled circles) is re-
quired to be contained.

Figure 11.6: “Blind” corridors, represen-
ted by dashed arrows, of a hypothetical
DeepCore event with a first strong signal
detected by the DeepCore string marked in
blue. Figure taken from Ref. [428].
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12
Simulation predictions

Correctly weighted, the reconstructedMC events passing the selection criteria of the
preceding chapter allow predicting the expected event distribution for any set of NSI
parameter values. In order to avoid a measurement that wrongly interprets system-
atic deviations from the nominal MC model as a signature of NSI, the combined
effects on the event distribution from systematic uncertainties on the atmospheric
neutrino fluxes, standard oscillation parameters, neutrino interaction cross sections,
or the detector response have to be modelled. Similar considerations apply to the
subdominant atmospheric 𝜇± background distribution. Below, we detail the compu-
tational methods underlying the calculation of the expected event distribution in the
presence of several known sources of systematic uncertainty. A high-level discussion
of the event sample’s properties is followed by an investigation of the possible im-
prints on it left by NSI. An overview of the implementation details for all considered
sources of systematic uncertainty concludes the chapter.

12.1 Event-by-event reweighting

Reweighting an ensemble of weighted MC events simulated according to a nominal
set of model assumptions represents an efficient path toward the generation of ex-
pected event distributions for many different realisations of the physics parameters
under study. The approach is conceptually feasible in our case since the details of
the neutrino interaction in the ice, the detector response to the interaction, and the
subsequent event reconstruction process are independent of assumptions about NSI
in neutrino propagation. As a result, the range of NSI hypotheses that can be probed
is not limited by having to constantly repeat these time-consuming steps.

In more detail, each reconstructed event 𝑅𝑖 that satisfies the selection criteria is
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12 Simulation predictions

the result of exactly one generator-level neutrino of flavour 𝛼, 𝐺𝛼𝑖 . It has the nominal
(GENIE) weight 𝑤𝛼𝑖 attached to it, which does not account for neutrino oscillations.
The event is reweighted as1

𝑤𝛼𝑖 → 𝑤𝛼𝑖 Φ𝛼
osc �𝜽osc; 𝐸𝑖, 𝜗𝑖, 𝜙𝑖� 𝑡live , (12.1)

where Φ𝛼
osc(𝜽osc; 𝐸𝑖, 𝜗𝑖, 𝜙𝑖) is the flux of atmospheric neutrinos of flavour 𝛼 (after os-

cillations) at the location of the detector, evaluated at the energy 𝐸𝑖, zenith 𝜗𝑖, and
azimuth 𝜙𝑖 of the generator-level neutrino 𝐺𝛼𝑖 , and 𝑡live is the effective livetime of the
event sample. This flux depends on a set of parameters 𝜽osc that affect neutrino oscil-
lation probabilities, of which NSI parameters are a subset. Φ𝛼

osc is represented as the
oscillation probability-weighted sum of unoscillated fluxes of atmospheric electron
and muon neutrinos at the detector location:

Φ𝛼
osc(𝜽osc; 𝐸𝑖, 𝜗𝑖, 𝜙𝑖) = �

𝛽=𝑒,𝜇
𝑃𝛽𝛼(𝜽osc; 𝐸𝑖, 𝜗𝑖)Φ

𝛽
unosc(𝐸𝑖, 𝜗𝑖, 𝜙𝑖) . (12.2)

The oscillation probabilities 𝑃𝛽𝛼 are taken to be independent of azimuth 𝜙 (cf.
Sec. 5.1.2.2).

Nominal atmospheric neutrino fluxes

Nominal fluxes of atmospheric electron andmuonneutrinos at theGeographic South
Pole are obtained from MC simulations performed by Honda et al. [281]. Their res-
ults are tabulated in three dimensions, characterising the fluxes as a function of 𝐸𝜈,
cos𝜗, and 𝜙. The simulations span the energy range from 𝐸min = 0.1GeV to 𝐸max =
10TeV and the full 4𝜋 solid angle, employing 101 logarithmic bins in 𝐸𝜈, 20 bins in
cos𝜗, and 12 bins in 𝜙. Seasonal variations are included via the “NRLMSISE-00”
model of the atmosphere [430]. These calculations have been made public via tables
providing the flux average across each bin. In addition, two-dimensional tables are
available with the azimuthal dimension averaged, as well as one-dimensional tables
of fluxes averaged over the full solid angle. This analysis makes use of the year-
and azimuth-averaged flux calculations (at the neutrino energies of interest, the azi-
muthal neutrino flux variations at the South Pole are sufficiently small, as are sea-
sonal variations [392]).

1Keep in mind that the original weight 𝑤𝛼𝑖 has the inverse dimensions of a particle number per
unit area, energy, and solid angle, i.e., we could express it as 𝑤𝛼𝑖 = �Φ𝛼

orig �𝐸𝑖, 𝜗𝑖, 𝜙𝑖� 𝑡live�
−1
. Equa-

tion (12.1) would then look like a “common” reweighting relation.
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12.2 Atmospheric 𝜇± background

In order to not be confined to the granularity offered by these flux tables, an
integral-preserving spline interpolation is performed to obtainΦ𝛽

unosc (𝐸𝑖, 𝜗𝑖), accord-
ing to the method introduced in Ref. [392]. Here, for each of the 20 bins in cos𝜗, the
101 integrals of the tabulated flux over the 𝐸𝜈 intervals �𝐸min, 𝐸𝑗� (𝑗 = 1, 2, … , 101)
are interpolated with a cubic spline. Subsequently, the first derivative of each spline
with respect to 𝐸𝜈 is evaluated at the energy 𝐸𝑖 of the MC event 𝐺𝛽𝑖 . The resulting
binwise fluxes are integrated over the cos𝜗 intervals �−1, cos𝜗𝑗� (𝑗 = 1, 2, … , 20), and
interpolated with another cubic spline. The interpolated value of Φ𝛽

unosc (𝐸𝑖, 𝜗𝑖) fol-
lows from evaluating the first derivative of this spline function with respect to cos𝜗
at the value cos𝜗𝑖. This approach has been shown to yield an accurate continuous
representation of the flux tables [392]. While it is associatedwith a considerable com-
putational cost, a flux value only needs to be calculated once per MC event. In the
reweighting framework, systematic flux uncertainties are implemented as functions
that result in externally computed modifications of the shapes or normalisations of
the nominal fluxes. They are introduced in Sec. 12.5, alongside other sources of sys-
tematic uncertainty.

12.2 Atmospheric 𝝁± background

In principle, an MC simulation method (using the CORSIKA [291] or MuonGun [431]
software) can be employed to predict the distribution of the background of atmo-
spheric 𝜇± events. In practice, an event selection procedure that suppresses the con-
tribution of these events as strongly as the one used by this work poses an extreme
challenge in terms of generator-levelMC statistics. We therefore follow the approach
taken by previous analyses using subsets of the event sample here [426, 362, 427]:
two ensembles of observed events (“data sidebands”) are employed to estimate the
expected three-dimensional shape of the distribution of 𝜇± events at the analysis
level, including a shape uncertainty. A set of MC events from MuonGun was never-
theless subjected to the full event selection procedure in order to estimate the overall
normalisation of the distribution. It also permitted selecting suitable data sidebands.

The shape of the background distribution is found from the data itself by modi-
fying two event selection criteria: the maximum number of hit DOMs in uninstru-
mented corridors imposed at level 6 in Table 11.1 is required to be at least two, and the
cut on the integrated charge in the spacetime region defined by the complementary
causal track veto applied at level 4 is removed. All other criteria are kept in place. Us-
ing the mentioned MC events, the 𝜇± purity of the resulting sample has been shown
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12 Simulation predictions

to amount to ∼97%, and its overall size to exceed the number of 𝜇± events at the
analysis level by a factor of almost three. A second background-dominated sample
with an even higher purity of ∼99.9% is obtained by requiring a maximum number
of hit DOMs in corridors of at least three. This second sample is only 10% greater
in size than the sample of 𝜇± events at analysis level. Its deviation from the former,
higher-statistics, data-sideband estimate of the background distribution is assumed
to correspond to an uncorrelated shape uncertainty. That this uncertainty is indeed
large enough to capture possible deviations from the shape of the distribution ex-
pected after applying the actual selection criteria has also been verified using the
MuonGun simulation.

12.3 Event-sample characterisation

Table 12.1 specifies the predicted composition of the event sample assuming SI and
standard three-flavour neutrino oscillations, given NuFIT 3.2 [327, 328] global best-
fit values for 𝜃12, 𝜃13, 𝜃23, Δ𝑚2

21, and Δ𝑚2
31 under the NO hypothesis, while 𝛿CP is set

to zero. The neutrino prediction follows from reweighting neutrinoMC events to the
Honda et al. atmospheric neutrino flux model as discussed in Sec. 12.1, while the 𝜇±

prediction is determined as described in Sec. 12.2. In all cases, an effective livetime
of 2.5years underlies the event-count calculation. This ∼10% reduction compared
to the effective livetime of the selected IceCube data-taking runs reflects the expec-
ted fraction of vetoed neutrino events due to (unsimulated) coincidences between
atmospheric neutrinos and muons [362]. In contrast, the indicated event rates are
normalised to the effective livetime of all data-taking runs. All investigations in this
section are based on the above assumptions.

As expected, 𝜈𝜇 events by far dominate the sample, selected at a rate of nearly
250µHz, or 0.9 per hour of data taking. In general, the fact that CC events for a given
neutrino or antineutrino type strongly outnumber theirNC counterparts is due to the
larger CC interaction cross sections and higher selection efficiencies. The two CC-to-
NC ratios are smaller in the case of (−)𝜈𝜏 events—whose presence is only expected as the
result of oscillations—because their CC cross sections are kinematically suppressed
and because the outgoing (−)𝜈𝜏 carries away energy. Antineutrino CC interactions of a
given flavour are observed at a relative frequency of between 40% to 50% compared
to CC interactions of a neutrino of the same flavour. This is the combined effect
of smaller intrinsic atmospheric antineutrino fluxes, smaller cross sections, but on
average higher inelasticities. This latter antineutrino selection bias does not apply to

180



12.3 Event-sample characterisation

Event type Count Rate (µHz)

𝜈𝑒 CC 7 234 ± 22 81.87 ± 0.25
𝜈̄𝑒 CC 2 904 ± 13 32.87 ± 0.15
𝜈𝜇 CC 19 415 ± 38 219.73 ± 0.43
𝜈̄𝜇 CC 8 950 ± 26 101.29 ± 0.29
𝜈𝜏 CC 1 260 ± 9 14.26 ± 0.10
𝜈̄𝜏 CC 516 ± 6 5.84 ± 0.07
𝜈𝑒 NC 613 ± 7 6.94 ± 0.08
𝜈̄𝑒 NC 163 ± 3 1.84 ± 0.04
𝜈𝜇 NC 2 435 ± 14 27.56 ± 0.16
𝜈̄𝜇 NC 746 ± 8 8.44 ± 0.09
𝜈𝜏 NC 499 ± 6 5.65 ± 0.06
𝜈̄𝜏 NC 123 ± 3 1.39 ± 0.03
𝜇± 2 451 ± 53 27.74 ± 0.60

Sum 47 309± 78 535.42± 0.88

Table 12.1: Nominal predicted composition of the event sample at analysis level according
to neutrino MC, a data sideband, and 𝜇± MC, together with statistical uncertainties. Neut-
rino events are categorised according to flavour and interaction type. The rightmost column
indicates the rate of selected events per event type, assuming an effective exposure time of
2.8years.

NC interactions. Here, the relative antineutrino selection frequency is only at a level
of 25% to 30%.

12.3.1 Event template

The observed events and their predicted distributions are binned in three recon-
structed parameters: reconstructed neutrino energy 𝐸reco, the cosine of the recon-
structed zenith angle, cos𝜗reco, and the reconstructed classification metric Δ𝐿reco ≡
ln 𝐿cascade+track − ln 𝐿cascade. Eight bins spaced uniformly in log10(𝐸reco/GeV) cover the
range from 𝐸reco,min = 100.75GeV ≈ 5.62GeV to 𝐸reco = 101.75GeV ≈ 56.2GeV. A
single high-energy bin extends this range to 𝐸reco,max = 100GeV. While neutrinos
originating from above the horizon are expected to yield negligible NSI sensitivity,
the inclusion of events with cos𝜗reco > 0 provides a simultaneous control measure-
ment of the atmospheric neutrino fluxes. However, the contamination from atmo-
spheric 𝜇±’s is more significant in this region of parameter space. Eight uniformly
spaced bins are chosen to cover cos𝜗reco ∈ [−1, 1]. In addition, an event is classi-
fied as “cascade-like” if Δ𝐿reco ∈ [−3, 2), and as “track-like” if it has Δ𝐿reco ∈ �2, 103�.
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12 Simulation predictions

Except for the addition of one high-energy bin, this choice of binning is identical to
that employed by preceding neutrino oscillation measurements based on the more
restrictive event selection in Refs. [426, 362]. In principle, a finer binning is desirable
as it reduces cancellations and smearing out of the NSI signatures. However, bin-to-
bin migration owing to statistical uncertainty on the best-fit values returned by the
event reconstruction, as well as the finite amount of neutrinoMC statistics and event
statistics in the 𝜇±-dominated data sideband are limiting factors.

The neutrino MC prediction for this binning, referred to as the “neutrino tem-
plate” in the following, is presented in Fig. 12.1. This three-dimensional event dis-
tribution is depicted by means of two-dimensional slices in the event-classification
dimension, with cascade-like events on the left and track-like events on the right.
The overlaid bin labels give the number of unweighted MC events available per bin.
The unweighted event count in each bin typically exceeds the reweighted count (col-
our scale) by at least one order of magnitude. The relative statistical precision of the
prediction, 𝜎MC,𝑖/𝑁events,𝑖, is better than 5% in all bins, and typically ∼1% to 2%.

Figure 12.2 shows the analogous information for the atmospheric 𝜇± distribution
(“𝜇± template”). Here, the universal scaling factor 𝑤𝜇± relates the unweighted and
weighted event counts by construction, as motivated in Sec. 12.2. The resulting stat-
istical precision of the prediction for a given bin can therefore be straightforwardly
read off from Fig. 12.2, as

Δ𝜇±,𝑖 = �
𝑁sideband,𝑖𝑤2𝜇±

𝑁sideband,𝑖𝑤𝜇±
=

1

�𝑁sideband,𝑖
, (12.3)

where 𝑁sideband,𝑖 is the event count observed in the corresponding bin of the data
sideband. Δ𝜇± ranges from ∼7% to 58%.

The combined distribution, or “event template”, follows by summing each bin’s
weighted neutrino and 𝜇± counts. In the region cos𝜗reco < 0, no bin exhibits a relat-
ive 𝜇± contamination that exceeds 6% of the total expectation in that bin. In contrast,
the event-count expectations in bins with reconstructed directions cos𝜗reco > 0.25
and energies 𝐸reco ≳ 25GeV typically have relative 𝜇± contributions ranging from
∼20% to 40%.
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Figure 12.1: Predicted distribution of neutrino events (colour map) for standard oscillations
using the analysis binning in𝐸reco and cos𝜗reco, with cascade-like events on the left and track-
like events on the right. In addition, bin labels show the unweighted counts ofMC neutrinos.
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Figure 12.2: Predicted distribution of atmospheric 𝜇± events (colour map) using the analysis
binning, in analogy to Fig. 12.1. In addition, bin labels show the unweighted counts of events
observed in the data sideband employed to find the distribution’s shape. A universal scaling
factor of 2.74, determined by MC simulation, relates unweighted and weighted counts.
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Figure 12.3: Predicted distributions of true neutrino energies (left) and zenith angles (right)
according to interaction type (CC or NC) for standard oscillations at analysis level. See text
for details.

12.3.2 Distributions of true neutrino properties

Figure 12.3 shows the expected distributions of 𝐸𝜈 and cos𝜗 of neutrinos that pass
the selection criteria, depending on neutrino and interaction type. One can see that
the average neutrino energy is higher for NC events than for CC events. The true
neutrino energy lies outside of the considered 𝐸reco range for ∼10% of the events.
The fraction of neutrinos with 𝐸𝜈 > 100GeV is largest for 𝜈̄𝜇 NC events, at ∼22%.

The cos𝜗 distributions suggest an overall ∼10% excess of upgoing neutrinos,
cos𝜗 < 0, despite the up-down symmetry of the intrinsic atmospheric neutrino flux
in the absence of oscillations, Eq. (5.5), and the appearance (−)𝜈𝜇 →

(−)𝜈𝜏 through os-
cillations. This observation suggests a preference for selecting upgoing neutrinos.
In fact, an up-down asymmetry in the distributions of selected events exists for all
combinations of neutrino and interaction type except for those involving (−)𝜈𝜇. Here,
whether we consider neutrinos or antineutrinos, and CC or NC interactions, the
fraction of downgoing events is nearly identical to the fraction of upgoing events.
Approximately 6% of the detected neutrinos have trajectories crossing any part of
the Earth’s core, cos𝜗 < −0.84, for which parametrically enhanced transitions (cf.
Sec. 3.3.4.3) could occur. Fewer than 1% traverse both the Earth’s outer and inner
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core, cos𝜗 < −0.98. Approximately one out of four selected (−)𝜈𝜏’s appears from atmo-
spheric (−)𝜈𝑒’s or (−)𝜈𝜇’s with cos𝜗 < −0.84.

12.3.3 Reconstruction resolutions

Neutrino energy and zenith resolutions play a crucial role in DeepCore’s sensitivity
to the oscillation-probability distortions induced by NSI. Finite resolutions imply an
averaging of the oscillation probabilities over the detector resolution functions for
𝐿 and 𝐸𝜈. This reduces the oscillation amplitudes and potentially results in a com-
plete loss of oscillatory signatures [128]. In the case of a Cherenkov telescope such
as DeepCore, the fact that neutrino events cannot in general be distinguished from
antineutrino events on an event-by-event basis presents an additional complication.
As a consequence of the comparably sparse detector instrumentation with respect
to distance scales over which electromagnetic- and hadronic-cascade constituents
interact, only a rudimentary discrimination of (−)𝜈𝜇 CC events is possible. The resol-
ution functions enter the event-by-event reweighting scheme naturally and thereby
account for all resolution dependencies on the underlying event properties and for
all correlations (e.g., between the energy and zenith reconstruction residuals). For
illustration purposes, the only dependence investigated below is that on 𝐸𝜈 (undis-
played dimensions on which the resolution functions depend are integrated over).
For example, in a given range of 𝐸𝜈, the distribution of cos𝜗 will differ from that in
another range of 𝐸𝜈, which in turn impacts the reconstruction resolutions beyond the
effect due to the change in 𝐸𝜈 alone. We employ the weighted neutrino event distri-
butions, whose resolutions as a function of 𝐸𝜈 are not independent of the assumed
model parameter values.

To begin with, the predicted fraction of events of a given interaction type in the
sample to be classified as track-like, 𝑟trck, is depicted in Fig. 12.4, for the range
4GeV ≤ 𝐸𝜈 ≤ 150GeV. As the analysis employs exactly two classification bins, the
cascade-like fraction is just the complementary probability 𝑟cscd (𝐸𝜈) ≡ 1 − 𝑟trck (𝐸𝜈).
The fraction of track-like events among all 𝜈𝜇 CC and 𝜈̄𝜇 CC events grows more rap-
idlywith 𝐸𝜈 than that among all other event types. An increased selection bias affects
events with 𝐸𝜈 outside of the 𝐸reco range considered by the analysis, since only the
tails of the energy resolution functions are sampled (see below). This implies a lim-
ited reconstruction quality for these types of events, which is also expected to affect
their classification accuracy.

Figure 12.5 summarises the predicted distributions of the fractional neutrino en-
ergy reconstruction residual Δ𝐸𝜈/𝐸𝜈 ≡ (𝐸reco − 𝐸𝜈) /𝐸𝜈 and of the cosine-zenith resid-
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Figure 12.4: Predicted track-like classification fraction as a function of neutrino energy ac-
cording to interaction type for standard oscillations at analysis level. See text for details.

ual Δ cos𝜗 ≡ cos𝜗reco − cos𝜗 as a function of 𝐸𝜈. In each panel, the coloured band
extends from the distribution’s 15.84th to its 84.16th percentile, indicating the cent-
ral 1𝜎 (Gaussian-equivalent) interval. Neutrino and antineutrino energy resolutions
are nearly indistinguishable by eye and are shown separately only in the case of the
muon flavour. In general, the precision (here: width of the central 1𝜎 interval on the
residual) with which cos𝜗 is reconstructed is best for (−)𝜈𝜇 CC events, because of the
comparably large spatial extent over which Cherenkov light is deposited by the 𝜇±

track on average. cos𝜗 of the incident (−)𝜈𝜇 is measured with a precision of approx-
imately 0.7 at 𝐸𝜈 ≈ 5GeV, and with a precision of better than 0.2 at 𝐸𝜈 ≈ 100GeV.
Weaker improvements with increasing neutrino energy are observed for other event
types. A slight but consistent bias ofΔ cos𝜗 ≈ 0.1 exists for (−)𝜈𝜏 CC events. The energy
reconstruction precision depends on the underlying event type only weakly. The re-
constructed energies of the central 1𝜎 population of (−)𝜈𝜇 CC events with 𝐸𝜈 ≈ 50GeV
lie within 0.6𝐸𝜈. Energy resolutions areworse by a few tens of percent for other event
types. The bias depends more strongly on event type. As expected, it is particularly
skewed toward small energies for NC and (−)𝜈𝜏 CC interactions.
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Figure 12.5: Predicted fractional neutrino energy reconstruction residuals (left side of each
panel pair) and zenith reconstruction residuals (right side of each pair) as a function of
neutrino energy according to interaction type for standard oscillations at analysis level. In
each panel, the solid line represents the median, whereas the coloured band corresponds to
the central 1𝜎 interval. See text for details.
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12 Simulation predictions

12.4 NSI signatures

When propagated to the event template, the imprints left by NSI at the oscillation-
probability level are diluted by several experimental effects, such as the precision of
the event reconstruction, the summation over different event types, and the presence
of backgrounds without NSI sensitivity (combined NC and atmospheric 𝜇± events).
In order to understand the nature of the residual distortions of the event template in-
duced solely byNSI, herewe investigate the binwise statistical compatibility between
the SI (or “null”) hypothesis and the assumption of a givenNSI coupling strength set
to the lower or upper bound of the corresponding 90% confidence interval allowed
by the fit to global neutrino oscillation data discussed in Sec. 5.2.2. The statistical
compatibility, or “pull”, is expressed through the quantity

n𝑖 ≡
𝜇NSI,𝑖 − 𝜇SI,𝑖
√𝜇SI,𝑖

, (12.4)

where 𝜇SI,𝑖 is the expected event count in the 𝑖th bin under the SI hypothesis (cf.
Sec. 12.3.1), and 𝜇NSI,𝑖 is that under the considered NSI hypothesis. Dividing the dif-
ference between these by the expected statistical (Poissonian) uncertainty √𝜇SI,𝑖 of
the SI event count yields a number of standard deviations n𝑖 at which the NSI hypo-
thesis would be excluded on average2 if the measurement was subject to statistical
uncertainties only. Anegative sign of n𝑖 implies that the assumedNSI strength results
in a bin-count deficit with respect to SI, whereas a positive sign implies a bin-count
excess. The combined significance from all bins is the square root of the individual
significances added in quadrature: ntot ≡ �

∑
𝑖 n
2
𝑖 .

Since the nature of the mentioned dilution effects subtly depends on the specific
NSI example under investigation, quantitative and qualitative conclusions drawn
from studying the statistical pulls cannot be easily transferred to other NSI hypo-
theses.

NU NSI

𝒆-𝝁NU Figure 12.6 shows the expected signature (12.4) arising from the assump-
tion 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = 0.25, which can be interpreted as a 25% rise of the strength of the
standard matter potential 𝑉CC. In a given bin, the magnitude of the change in the
event count is at most ∼15% of the statistical uncertainty. Qualitatively, since we
are considering the scenario 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 > 0 and Δ𝑚2

31 > 0, the observed patterns can
2The underlying “Asimov” approach is explained in Chapter 13.
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Figure 12.6: Predicted binwise statistical significance of 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = 0.25 with respect to SI.
Cascade-like events are displayed on the left, track-like events on the right. See text for de-
tails.

be understood as the net impact on 𝜈𝑒 CC and 𝜈𝜇 CC event counts in the presence
of backgrounds from all NC events, atmospheric 𝜇± events, as well as from 𝜈𝜏 CC
events and all antineutrino CC events.

Within the cascade-like event class, the strongest signature occurs in a cluster of
bins with deficits of similar significance in the upgoing region and below reconstruc-
ted energies of ∼20GeV. A more complex pattern occurs for track-like events, where
there are several sign flips between neighbouring bins. Also here, the overall statist-
ical significance is largest at low energies and for reconstructed zenith angles close
to vertically upgoing.

Within the simplified analytic framework developed in Appendix B, the above
phenomenology is approximated by the following expression for the event-rate
asymmetry in either cascade- or track-like events:

Δ𝑁�Δ �𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇� > 0� ∝
⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝑒
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝑒 +

⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜇 +

Δ𝑃𝜇𝑒
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝜇 . (12.5)

On the one hand, for cascade-like events only the first term ∝ Δ𝑃𝜇𝑒 contributes
without a suppression, because Δ𝑃𝜇𝜇 is suppressed by the small misidentification
probability 𝑟𝜇 compared to 𝑟𝑒 ∼ 80% (cf. 𝑟trck = 1 − 𝑟cscd in Fig. 12.4). On the other,
for track-like events the first two terms are suppressed by the small misidentification
probability 𝑟𝑒. In general, unless near the detection threshold, Δ𝑃𝜇𝜇 is negligible.
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Figure 12.7: Same as Fig. 12.6, but for 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 = 0.07.

Any deficit with respect to the SI scenario is due to the 𝜈𝑒 CC contribution (first
two terms), while any excess is due to the 𝜈𝜇 CC contribution (last two terms). The
higher 𝐸reco one considers, the higher is the (−)𝜈𝜇 CC purity of track-like events in gen-
eral (𝑟𝜇 > 𝑟𝑒). Accordingly, the (weak) high-energy track-like NSI signature is driven
by 𝜈𝜇 CC events.

𝝁-𝝉 NU The pattern of statistical significances for the 𝜇-𝜏 NU strength 𝜖⊕𝜏𝜏 −
𝜖⊕𝜇𝜇 = 0.07 shown in Fig. 12.7 is straightforwardly motivated by the corresponding
probability-level discussion in Sec. 9.2. Most prominently, there is an increased (−)𝜈𝜇
CC event count across a broad 𝐸reco range in the upgoing region for both cascade-
and track-like events, but around four times more significant for the latter. Simul-
taneously, there is a (less significant) reduction of the (−)𝜈𝜏 CC event count, though
shifted to somewhat lower 𝐸reco due to the energy reconstruction bias (cf. Fig. 12.5).
At sufficiently high 𝐸reco, the net signature in both cascade- and track-like events is
thus to a first approximation the result of the rate asymmetry

Δ𝑁�Δ �𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇� > 0� ∝ Δ𝑃𝜇𝜇𝑟𝜇 + Δ𝑃𝜇𝜏
𝑟𝜏
𝑎0𝑒/𝜏

+
1

𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒

⎛
⎜⎜⎜⎝Δ𝑃̄𝜇𝜇𝑟̄𝜇 + Δ𝑃̄𝜇𝜏

𝑟̄𝜏
𝑎̄0𝑒/𝜏

⎞
⎟⎟⎟⎠ .

Minor reductions of the 𝜈𝜇 ↔ 𝜈𝑒 transition probabilities for 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 > 0 at the
matter resonances give rise to a low-significance, n𝑖 ∼ O(−0.1), net decrease of the 𝜈𝑒
CC event count at low energies. In Fig. 12.7, the weak deficits at low energies have
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Figure 12.8: Same as Fig. 12.6, but for 𝜖⊕𝑒𝜇 = 0.10.

their origin in precisely these (−)𝜈𝜏 CC and 𝜈𝑒 CC event types.

FV NSI

𝒆-𝝁 FV In contrast to our previous examples, the complex pattern of statistical
pulls that results from assuming 𝜖⊕𝑒𝜇 = 0.10 in Fig. 12.8 can only be understood by
considering the interplay between several neutrino and antineutrino CC event types.

A rather uniform increase of the 𝜈𝑒 CC event count across the upgoing region at the
level of one standard deviation is encountered for cascade-like events as the result
of the enhancement of the 𝜈𝜇 → 𝜈𝑒 transition probabilities, Δ𝑃𝜇𝑒(𝑒𝜇) > 0, as visible
in Fig. 9.4. In terms of the contributions to Eq. (B.2), this means that any reduced
survival probabilities Δ𝑃𝑒𝑒 < 0 are not sufficient to overcome increased appearance
probabilities due to the higher atmospheric 𝜈𝜇 flux, or Δ𝑃𝜇𝑒 > −Δ𝑃𝑒𝑒/𝑅0𝜇/𝑒. Hence, 𝜈𝑒
CC events are largely responsible for the net 0 < n𝑖 ≲ 0.5 signature in cascade-like
events, after partial cancellations due to reduced 𝜈𝜇, 𝜈𝜏, 𝜈̄𝜏, and (for 𝐸reco ≲ 25GeV)
𝜈̄𝑒 CC event counts.

The most significant negative pulls in the track-like template arise through 𝜈𝜇 CC
events, as the result of Δ𝑃𝜇𝜇 < 0 at the level of several tens of percent (not overcome
byΔ𝑃𝑒𝜇 > 0). Track-like

(−)𝜈𝑒 and 𝜈̄𝜇 CC events are responsible for the cluster of positive
significances at values of 𝐸reco in the range from approximately 25GeV to 55GeV in
the two most upgoing cos𝜗reco bins.
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Figure 12.9: Same as Fig. 12.6, but for 𝜖⊕𝑒𝜏 = −0.26.

𝒆-𝝉 FV Since 𝜖⊕𝑒𝜏 at high energies mainly induces the conversion between (−)𝜈𝑒 and
(−)𝜈𝜏 (Δ

(−)

𝑃𝑒𝜏 > 0 and Δ
(−)

𝑃𝑒𝑒 < 0, cf. Fig. 9.4), whose intrinsic atmospheric fluxes are
small (or negligible) compared to the (−)𝜈𝜇 fluxes, we only encounter comparably low-
significance high-energy signatures in Fig. 12.9, given the large magnitude of the
coupling strength 𝜖⊕𝑒𝜏 = −0.26 assumed.

Still, we find count increases exceeding the statistical uncertainty by more than a
factor of two for 15GeV ≲ 𝐸reco ≲ 30GeV for vertically upgoing track-like events.
These large pulls are brought about by a strong attenuation of the first 𝜈𝜇 disappear-
ance maximum (here, Δ𝑃𝜇𝜇 ∼ 0.15 at cos𝜗 = −0.75 in Fig. 9.4), the more significant
the more vertical the zenith angle, combined with an enhanced appearance probab-
ility Δ𝑃𝑒𝜇 > 0. This 𝜈𝜇 CC event signature is also encountered in the cascade-like
template on the left, though at a lower overall level.

Even though this 𝑒-𝜏 FV hypothesis has a similar impact on 𝜈𝜇 CC events as the
𝜇-𝜏 NU strength considered above, the pulls of cascade-like events are more sig-
nificant and their patterns more complex (compare pull patterns in Fig. 12.7). The
mechanism behind the high-energy deficit of cascade-like—and, to a reduced extent,
track-like—events near the horizontal is analogous to that responsible for the deficit
of high-energy track-like events near the horizontal for non-zero 𝜖⊕𝑒𝜇 in Fig. 12.8. In
the case of 𝑒-𝜏 FV, however, it is a deficit of 𝜈𝑒 CC events, which is only partially can-
celled by the simultaneous excess of 𝜈𝜏 CC events, because in these bins (assuming
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Figure 12.10: Same as Fig. 12.6, but for 𝜖⊕𝜇𝜏 = 0.021.

𝑟𝑒 ≈ 𝑟𝜏)

−
⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝑒
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝑒

⎞
⎟⎟⎟⎟⎠ ≳

⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝜏
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝜏

⎞
⎟⎟⎟⎟⎠
1
𝑎0𝑒/𝜏

, (12.6)

with Δ𝑃𝑒𝑒/𝑅0𝜇/𝑒 < −Δ𝑃𝜇𝑒 < 0 (𝜈𝑒 count deficit) and Δ𝑃𝑒𝜏 > −Δ𝑃𝜇𝜏 > 0 (𝜈𝜏 count
excess).

Almost without exception, the binwise pulls of antineutrino CC events have the
same signs as their neutrino counterparts above, but are less significant.

𝝁-𝝉 FV Given 𝜖⊕𝜇𝜏 = 0.021, the origin of nearly all signs of the pulls of track-
like events is the 𝜈𝜇 CC template. When the latter is considered alone, the max-
imal strength of the NSI signature is about twice as strong than that in Fig. 12.10.
For example, the track-like 𝜈𝜇 CC event counts in the two highest-energy bins with
cos𝜗reco < −0.75 exhibit pulls of n𝑖 ∼ −4.

Only few track-like bins represent an exception, in that the sign of the pull is
determined by that encountered in 𝜈̄𝜇 CC events. For this purpose, starting from
Eq. (B.2), it is sufficient to consider the rate asymmetry

Δ𝑁�Δ𝜖⊕𝜇𝜏 > 0� ∝ Δ𝑃𝜇𝜇𝑟𝜇 +
1

𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒

Δ𝑃̄𝜇𝜇𝑟̄𝜇 , (12.7)

where the neutrino term ∝ Δ𝑃𝜇𝜇 carries more weight than its antineutrino coun-
terpart because 𝑟̄𝜇 < 𝑅0𝜈𝜇/𝜈̄𝜇𝑎

0
𝜈𝑒/𝜈̄𝑒𝑟𝜇. 𝜈̄𝜇 CC events only dominate if �Δ𝑃̄𝜇𝜇� >
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�Δ𝑃𝜇𝜇�𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒𝑟𝜇/𝑟̄𝜇, with 𝑟𝜇/𝑟̄𝜇 < 1 typically (cf. Fig. 12.4). For the vast majority

of track-like bins, the summation over 𝜈𝜇 CC and 𝜈̄𝜇 CC events merely results in a
partial cancellation of the NSI signature of the former.

The net excess of cascade-like events seen in most bins in the upgoing region is
driven by a broad enhancement of the 𝜈𝜏CCevent count, whose excess reaches nearly
four times the magnitude of its statistical uncertainty, due to Δ𝑃𝜇𝜏 > 0 (cf. Fig. 9.3):

Δ𝑁�Δ𝜖⊕𝜇𝜏 > 0� ∝ Δ𝑃𝜇𝜏
𝑟𝜏
𝑎0𝑒/𝜏

. (12.8)

This excess is partially cancelled by adding cascade-like 𝜈̄𝜏 CC (Δ𝑃̄𝜇𝜏 < 0, antineut-
rino rate suppression) and 𝜈𝜇 CC (Δ𝑃𝜇𝜇 < 0, suppressed by the small probability for
the cascade-like classification) events, whereas cascade-like 𝜈̄𝜇 CC events also exhibit
a moderate enhancement for 𝐸reco ≳ 20GeV.
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12.5 Systematic uncertainties

Many of the sources of systematic uncertainty considered in this study generalise
the reweighting prescription (12.1) for the event weight 𝑤𝛼𝑖 : their effects are encap-
sulated by (multiplicative) reweighting functions that only depend on the proper-
ties of the generator-level neutrino 𝐺𝛼𝑖 . While some apply to all events universally
(such as an overall event-rate normalisation), others only affect neutrino events of a
certain flavour or of a certain interaction type. Detector response-related uncertain-
ties require a dedicated treatment because they produce a new mapping from the
generator-level to the reconstruction-level parameter space. This mapping can only
be determined by repeating the whole simulation and reconstruction chain. With
several such datasets at hand, these sources of uncertainty are ultimately implemen-
ted as rescaling factors of binned event counts, not of individual event weights.

In this NSI search, each source of systematic uncertainty is represented by an as-
sociated nuisance parameter with the potential of mitigating the impact of one or
more NSI parameters on the event template, either by varying freely or subject to
some prior (external) constraint. The discussion below introduces all such uncer-
tainty sources (“systematics”) studied for this analysis and describes how their ef-
fects are modelled. A summary is provided in Table 12.2, which also specifies those
parameters whose impacts on the NSI sensitivity are found to be negligible (see also
later Sec. 14.3). The systematics can be classified according to four broad categories.

Atmospheric neutrino fluxes

One of themost detailed treatments of the uncertainties on the atmospheric neutrino
production process to date is provided in Ref. [432], making use of flux predictions
from Ref. [282]. This treatment serves as the basis for the four systematics described
in the following paragraphs, representing flavour-, energy-, and zenith-dependent
deviations from the nominal flux model. The first two systematics make use of em-
pirical parameterisations [433, 434], whose parameter values and flux impacts are
detailed in Ref. [393].

In some cases below, flux dependencies on energy and direction are omitted for
brevity.

𝝂/𝝂̄ flux ratio The uncertainty Δ𝜈𝛼/𝜈̄𝛼 on the relative production yields of atmo-
spheric neutrinos and antineutrinos is parameterised separately for 𝛼 = 𝑒, 𝜇, as a
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function of energy and cosine zenith:

Δ𝜈𝛼/𝜈̄𝛼 (𝐸𝜈, cos𝜗) = Δ
avg
𝜈𝛼/𝜈̄𝛼 (𝐸𝜈) − Δ

shape
𝜈𝛼/𝜈̄𝛼 (𝐸𝜈)

⎛
⎜⎜⎜⎜⎝
𝑘𝛼,1

�2𝜋𝜎2𝛼
𝑒
− cos2 𝜗

2𝜎2𝛼 − 𝑘𝛼,2

⎞
⎟⎟⎟⎟⎠ . (12.9)

Δavg
𝜈𝛼/𝜈̄𝛼 (𝐸𝜈) characterises the uncertainty average over all directions and is implemen-

ted as a power function of 𝐸𝜈,

log10 �Δ
avg
𝜈𝛼/𝜈̄𝛼 (𝐸𝜈)� =

log10 �Δ𝛼,2/Δ𝛼,1�

log10 �𝐸𝛼,2/𝐸𝛼,1�
log10 �𝐸𝜈/𝐸𝛼,1� + log10 �Δ𝛼,1� − 2 , (12.10)

where Δ𝛼,1 and Δ𝛼,2 are the overall uncertainties at some appropriately chosen en-
ergies 𝐸𝛼,1 and 𝐸𝛼,2. The “shape” term on the right of Eq. (12.9) describes the
directional dependence of the uncertainty as a deviation from the average and is
the product between the functional form of Eq. (12.10) (with different parameter
choices) and an exponential energy suppression ∝ exp �−𝐸𝜈/𝐸𝛼,cutoff�. Similarly, 𝑘𝛼,1,
𝑘𝛼,2, and 𝜎𝛼 are flavour-dependent fit parameters.

A single systematic parameter 𝑅𝜈/𝜈̄ is put in place to simultaneously modify the
electron and muon neutrino-to-antineutrino flux ratios according to the paramet-
erisation of Eq. (12.9). The flux ratios are treated as correlated because the same had-
ronic processes are responsible for their generation during the development of the air
shower [432]. For anMC neutrinowith the unoscillated fluxweightΦ𝛼

unosc �𝐸𝑖, 𝜗𝑖, 𝜙𝑖�,
𝑅𝜈/𝜈̄ implements the transformation

Φ𝛼
unosc → Φ𝛼′

unosc = Φ𝛼
unosc �𝐸𝑖, 𝜗𝑖, 𝜙𝑖� �1 +

𝑅𝜈/𝜈̄
2
Δ𝜈𝛼/𝜈̄𝛼 (𝐸𝑖, cos𝜗𝑖)� , (12.11)

whereas for an MC antineutrino, 𝑅𝜈/𝜈̄ transforms the input flux weight as

Φ̄𝛼
unosc → Φ̄𝛼′

unosc =
Φ̄𝛼

unosc �𝐸𝑖, 𝜗𝑖, 𝜙𝑖�

1 + 𝑅𝜈/𝜈̄
2 Δ𝜈𝛼/𝜈̄𝛼 (𝐸𝑖, cos𝜗𝑖)

. (12.12)

Thus, half of the uncertainty is assigned to the neutrino flux, and the other half to
the antineutrino flux. The modified ratio is then given as

Φ𝛼′
unosc

Φ̄𝛼′
unosc

=
Φ𝛼

unosc
Φ̄𝛼

unosc
�1 +

𝑅𝜈/𝜈̄
2
Δ𝜈𝛼/𝜈̄𝛼�

2

, (12.13)
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12.5 Systematic uncertainties

where 𝑅𝜈/𝜈̄Δ𝜈𝛼/𝜈̄𝛼 (𝐸𝜈, cos𝜗) ≪ 1. The value of 𝑅𝜈/𝜈̄ corresponds approximately to the
number of standard deviations by which the neutrino-to-antineutrino ratio differs
from its nominal value. Setting 𝑅𝜈/𝜈̄ = 0 recovers the nominal ratio as predicted by
the Honda et al. model.

Upward-going-to-horizontal (−)𝝂 flux ratio An additional nuisance parameter,
𝑅up/hor, is applied only to the angular distribution of the combined electron neut-
rino and antineutrino flux. Here, the previously introduced parameter 𝑅𝜈/𝜈̄ does not
cover the full range of uncertainty on the ratio between the flux in the upward-going
and that in the horizontal direction.

While the uncertainty Δup/hor is parameterised in an analogous manner
to Eqs. (12.9) and (12.10), the nuisance parameter 𝑅up/hor is implemen-
ted as in Eq. (12.13), but is now understood to modify the flux ratio
�Φ 𝑒

up,unosc + Φ̄ 𝑒
up,unosc� / �Φ 𝑒

hor,unosc + Φ̄ 𝑒
hor,unosc�.

(−)𝝂𝒆/
(−)𝝂𝝁 flux ratio The ratio between atmospheric electron and muon neutrino

fluxes is known to a precision of about 5%. The corresponding uncertainty is real-
ised through a single rescaling parameter𝑅𝑒/𝜇 which conserves the total atmospheric
flux of neutrinos, Φtot,unosc ≡ Φ 𝑒

unosc + Φ𝜇
unosc, and of antineutrinos, Φ̄tot,unosc ≡

Φ̄ 𝑒
unosc + Φ̄

𝜇
unosc. With the nominal flux ratios

(−)

𝑅0𝑒/𝜇 ≡
(−)

Φ𝑒unosc/
(−)

Φ𝜇unosc, the transforma-
tions are given by

(−)

Φ𝑒unosc →
(−)

Φ𝑒′unosc = 𝑅𝑒/𝜇
(−)

𝑅0𝑒/𝜇

(−)

Φtot,unosc

1 + 𝑅𝑒/𝜇
(−)

𝑅0𝑒/𝜇
, (12.14)

(−)

Φ𝜇unosc →
(−)

Φ𝜇′unosc =
(−)

Φtot,unosc

1 + 𝑅𝑒/𝜇
(−)

𝑅0𝑒/𝜇
, (12.15)

⇒
(−)

Φ𝑒′unosc
(−)

Φ𝜇′unosc
= 𝑅𝑒/𝜇

(−)

𝑅0𝑒/𝜇 and
(−)

Φ′tot,unosc =
(−)

Φtot,unosc . (12.16)

𝑅𝑒/𝜇 is subjected to a Gaussian constraint with a standard deviation of 5%, centred
around 𝑅𝑒/𝜇 = 1.

(−)𝝂 flux spectral index The energy dependencies of the atmospheric neutrino and
antineutrino fluxes are allowed to vary via a shiftΔ𝛾 of the spectral index 𝛾, such that
−𝛾 → −𝛾 + Δ𝛾. Δ𝛾 transforms a flux weight

(−)

Φ𝛼unosc as an energy-dependent scaling
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factor 𝑠 �Δ𝛾, 𝐸𝜈�,

(−)

Φ𝛼unosc →
(−)

Φ𝛼′unosc = 𝑠 �Δ𝛾, 𝐸𝑖�
(−)

Φ𝛼unosc �𝐸𝑖, 𝜗𝑖, 𝜙𝑖� , (12.17)

with 𝑠 �Δ𝛾, 𝐸𝜈� = �
𝐸𝜈
𝐸piv

�
Δ𝛾

, (12.18)

where the energy pivot point 𝐸piv = 24.1GeV. A Gaussian constraint with a standard
deviation of 0.10 is assumed, centred around Δ𝛾 = 0.

Neutrino oscillations

The six independent vacuum-Hamiltonian parameters Δ𝑚2
21, Δ𝑚2

31, 𝜃12, 𝜃13, 𝜃23, 𝛿CP
are considered as unconstrained nuisance parameters.

Neutrino interactions

Neutrino interaction uncertainties are obtained from GENIE (cf. Sec. 10.1). In GENIE,
a dimensionless systematic 𝑥𝑝 changes a given physics quantity 𝑝 by the amount 𝑥𝑝𝛿𝑝,
where 𝛿𝑝 is the quantity’s prior standard deviation [397]:

𝑝 → 𝑝′ = 𝑝 �1 + 𝑥𝑝
𝛿𝑝
𝑝 �

. (12.19)

For example, a value of 𝑥𝑝 = −1 gives rise to a −1𝜎 deviation of 𝑝 from its nominal
value. The fractional uncertainty 𝛿𝑝/𝑝 on each systematic is provided by GENIE itself.
Technically, each neutrino MC event is assigned interaction-probability reweighting
factors for the discrete variations 𝑥𝑝 = −2, −1, 0, 1, 2. The reweighting factors are fit
with a second-order polynomial in 𝑥𝑝 in order to create a continuous nuisance para-
meter.

CCQES cross section The axial mass for CC quasielastic neutrino scattering (cf.
Sec. 2.5.3.1) has a nominal value of𝑀CC,QE

𝐴 = 0.990GeV in GENIE, with 1𝜎 deviations
of −15% and 25%.

CC RES cross section The axial mass for neutrino CC resonance production (cf.
Sec. 2.5.3.2) has a nominal value of𝑀CC,RES

𝐴 = 1.120GeV in GENIE, with a 1𝜎 range of
±20%.
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12.5 Systematic uncertainties

CC/NC DIS cross section Four parameters of the “Bodek–Yang” interaction
model [435] for deep inelastic neutrino scattering (cf. Sec. 2.5.3.3) are subject to
uncertainty: 𝐴BY

HT = 0.538 ± 25%, 𝐵BYHT = 0.305 ± 25%, 𝐶𝑢𝑉1 = 0.291 ± 30%, and
𝐶𝑢𝑉2 = 0.189 ± 40%.

Event-count normalisation

Overall (−)𝝂 event-count normalisation No constraint is applied to the overall nor-
malisation of the number of neutrino and antineutrino events. We employ a fully
correlated scaling factor 𝑁(−)𝜈 , which acts as an effective parameter representing vari-
ous physics effects such as interaction cross sections, the effective exposure time, or
coincidences between atmospheric (−)𝜈’s and 𝜇±’s.

Overall (−)𝝂 NC event-count normalisation The NC (−)𝜈 event count is allowed to
vary independently via a fully correlated scaling factor 𝑁NC between 𝜈’s and 𝜈̄’s,
which is subject to a Gaussian constraint with a standard deviation of 20% centred
around unity.

Overall atmospheric𝝁± event-count normalisation In addition to statistical and
shape uncertainties of the atmospheric 𝜇± template included in the test statistic (see
later Sec. 13.2), the overall normalisation of the template serves as an unconstrained
nuisance parameter 𝑁𝜇±.

Neutrino detector response

The impact of systematic uncertainties in IceCube DeepCore’s response to neutrino
interactions is found by means of dedicated MC datasets which have undergone the
whole selection and reconstruction chain. Five nuisance parameters are considered,
which are associated with three uncertainty categories.

Overall optical DOM efficiency Seven MC simulation runs in total have been
performed for different scaling factors 𝑠eff applied to all DOMs’ nominal overall op-
tical efficiencies, such that 𝜂0,𝑖 (𝜆) → 𝑠eff𝜂0,𝑖 (𝜆) in Eq. (10.1). The simulated values
are 𝑠eff = 0.88, 0.94, 0.97, 1.00, 1.03, 1.06, 1.12, with the central value of unity corres-
ponding to the nominal model. We impose a Gaussian constraint with a standard
deviation of 0.10.
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12 Simulation predictions

Optical properties of hole ice The two angular-acceptance parameters 𝑝1
(lateral) and 𝑝2 (forward) in Eq. (10.2) are used to account for uncertainty on the
optical properties of the refrozen column of ice that used to be the drill hole. Simu-
lation runs employed by this analysis have been performed for the points �𝑝1, 𝑝2� =
(15, 0) , (20, 0) , (25, 0) , (30, 0) , (35, 0) , (20, −3) , (30, 2) (30, −5) , (30, −3) , (30, 1) , (30, −1).
Only 𝑝1 is subjected to a prior Gaussian constraint, which is centred around 25 and
has a standard deviation of 10.

Optical properties of bulk ice Four different assumptions about the bulk ice
absorption and effective scattering coefficients are made by dedicated MC runs. In
addition to the nominal ice model, a joint 7% reduction, a 10% increase of the ab-
sorption coefficient alone, and a 10% increase of the effective scattering coefficient
alone have been simulated. A prior Gaussian constraint of 10% is imposed on the
deviation of each coefficient with respect to its value in the nominal ice model.

The bin counts of the event template in dependence of the 𝑛 = 5 detector-response
nuisance parameters are parameterised by multiple linear regression. A dedicated
regression model is created for 𝜈𝑒 + 𝜈̄𝑒 CC, 𝜈𝜇 + 𝜈̄𝜇 CC, and 𝜈𝜏 + 𝜈̄𝜏 CC events each,
as well as for the flavour-agnostic sum of all (−)𝜈 NC events. For a given event group
and the 𝑖th template bin, the ratios between all possible bin counts (given all simu-
lated systematic variations) and the nominal count are subjected to a least-squares
fit assuming a hyperplane. Accordingly, the ratio is parameterised as

𝑓𝑖 (𝜃1, … , 𝜃𝑛) = 𝑓0,𝑖 +
𝑛
�
𝑘=1

𝑚𝑖,𝑘𝜃𝑘 , (12.20)

where 𝜃𝑘 is the nuisance parameter representing the 𝑘th systematic uncertainty, 𝑚𝑖,𝑘
the differential change of the ratio due to 𝜃𝑘, and 𝑓0,𝑖 ≡ 𝑓𝑖 (0, … , 0) is the ratio with
respect to the nominal detector model when all 𝜃𝑖 = 0 (not necessarily physical). Fi-
nally, the expected (−)𝜈 bin count 𝜇(−)𝜈 ,𝑖 in the presence of 𝑛 detector systematics 𝜃1, … , 𝜃𝑛
follows as

𝜇(−)𝜈 ,𝑖 (𝜃1, … , 𝜃𝑛) = �𝜇
𝜈𝑒CC
0,𝑖 + 𝜇𝜈̄𝑒CC0,𝑖 � 𝑓𝜈𝑒+𝜈̄𝑒CC𝑖 (𝜃1, … , 𝜃𝑛)

+ �𝜇
𝜈𝜇CC
0,𝑖 + 𝜇

𝜈̄𝜇CC
0,𝑖 � 𝑓

𝜈𝜇+𝜈̄𝜇CC
𝑖 (𝜃1, … , 𝜃𝑛)

+ �𝜇𝜈𝜏CC0,𝑖 + 𝜇𝜈̄𝜏CC0,𝑖 � 𝑓𝜈𝜏+𝜈̄𝜏CC𝑖 (𝜃1, … , 𝜃𝑛)

+ �𝜇𝜈NC
0,𝑖 + 𝜇𝜈̄NC

0,𝑖 � 𝑓𝜈+𝜈̄NC
𝑖 (𝜃1, … , 𝜃𝑛) . (12.21)
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12.5 Systematic uncertainties

The MC simulation runs enumerated above have been performed by varying
the nuisance parameter(s) of only one of the three uncertainty categories at a
time, resulting in a total of 21 systematically perturbed MC datasets. Five ad-
ditional datasets have been created for which both the DOM efficiency and the
hole-ice properties deviate from their nominal assumptions, namely �𝑠eff, 𝑝1, 𝑝2� =
(0.93, 20, 0) , (0.95, 30, −1) , (0.98, 35, 1) , (1.03, 25, −2) , (1.05, 30, 0). Despite the underly-
ing joint variations, the corresponding event templates are found to be reasonably
well described by the multiple linear regression model without interaction terms in
Eq. (12.20) and are therefore included in the least-squares fit. The sum over

26⏟
no. of MC datasets

⋅ 4⏟
no. of event categories

⋅ 9 ⋅ 8 ⋅ 2�������
no. of analysis bins

= 14 976�
no. of residuals

(12.22)

weighted squared residuals between the simulated count ratios and those predicted
by the optimised hyperplanemodel yields 𝜒2min ≈ 11 224. 4 032 parameters are estim-
ated, resulting in an expected number of degrees of freedom of 10 944.3 This implies
a goodness of fit (see Sec. 14.4)with a 𝑝-value of∼3% for the linear regressionmodel.

3Technically, a sixth parameter for characterising the detector response, a measure of the relative
variation of the optical DOM efficiency, is taken into account during the hyperplane fit but not
considered as a nuisance parameter.
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Nuisance parameter Nominal value ± uncertainty Fit range

Free parameters:
𝑅𝑒/𝜇 1.00 ± 0.05 ±3𝜎
𝑅𝜈/𝜈̄ (𝜎) 0.0 ± 1.0 ±3𝜎
Δ𝛾 0.0 ± 0.1 ±3𝜎
𝑁(−)𝜈 1.0 [0.0, 1.5]
𝑥𝑀CC,QE

𝐴
(𝜎) 0.0 ± 1.0 ±3𝜎

𝑥𝑀CC,RES
𝐴

(𝜎) 0.0 ± 1.0 ±3𝜎
𝑁NC 1.0 ± 0.2 ±3𝜎
𝜃23 (°) 47.2 [30, 60]
Δ𝑚2

31 �10−3 eV
2� 2.494 [1.0, 4.0]

𝑠DOM
eff 1.0 ± 0.1 ±2𝜎
𝑘lat 25 ± 10 +2.5𝜎

−2𝜎
𝑘fwd 0.0 [−5.0, 2.0]
𝑠icescatt 1.0 ± 0.1 ±1𝜎
𝑠iceabs 1.0 ± 0.1 ±1𝜎
𝑁𝜇± 0.146 [0.0, 1.0]

Fixed parameters (also tested):
𝑅up/hor 0.0 ± 1.0 ±3𝜎
𝑥𝐴BY

HT
0.0 ± 1.0 ±3𝜎

𝑥𝐵BYHT
0.0 ± 1.0 ±3𝜎

𝑥𝐶BY
V1u

0.0 ± 1.0 ±3𝜎
𝑥𝐶BY

V2u
0.0 ± 1.0 ±3𝜎

𝜃12 (°) 33.62 [30, 60]
𝜃13 (°) 8.54 ± 0.15 ±3𝜎
Δ𝑚2

21 �10−5 eV
2� 7.40 [6.99, 8.02]

𝛿CP (°) 0 [0, 360]

Table 12.2:Nuisance parameters investigated for inclusion in the NSI analysis, together with
their nominal values and (if applicable) prior uncertainties and fit ranges. The upper 15
parameters (“free parameters”) are included in the analysis, while the nine parameters at
the bottom (“fixed parameters”) are kept fixed, based on their negligible impacts.
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Analysis method

The DeepCore event sample introduced in Chapter 11 is interpreted assuming the
evolution of three active neutrinos according to Eq. (3.45), using six different inter-
action Hamiltonians. Each represents a distinct NSI hypothesis, as summarised in
Table 13.1.

Hypothesis Parameters Sampling grid

𝑒-𝜇 NU 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 [−5, 5]
𝜇-𝜏 NU 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 [−0.10, 0.10]
𝑒-𝜇 FV �𝜖⊕𝑒𝜇�, 𝛿𝑒𝜇 [0, 0.30] × [0°, 360°]
𝑒-𝜏 FV �𝜖⊕𝑒𝜏�, 𝛿𝑒𝜏 [0, 0.35] × [0°, 360°]
𝜇-𝜏 FV �𝜖⊕𝜇𝜏�, 𝛿𝜇𝜏 [0, 0.07] × [0°, 360°]
GMP 𝜖⊕, 𝜑12, 𝜑13 [−10, 10] × [−90°, 90°]2

Table 13.1: Overview of the NSI hypotheses studied in this analysis. The middle and right
columns specify the parameters of the hypothesis as well as the grid used to sample them.
The first two hypotheses allow only for flavour non-universality, and the following three only
for flavour violation. The last one is based on the generalised matter potential in Eq. (4.19)
and does not place as many restrictions on the NSI flavour structure.

The five phenomenological NSI parameters from the standard parameterisation
given by Eq. (4.18) are assumed to be non-zero “one-by-one”: the four remaining
parameters are fixed to zero in each case. In the absence of evidence of NSI, this
necessarily model-dependent approach is widespread throughout the field (see re-
view in Ref. [262] for example). The most generally applicable constraints result
from accounting for the correlations between all couplings. These correlations can
lead to cancellations—as in the case of Eq. (9.4) and the study of high-energy (−)𝜈𝜇
disappearance—and thereby to weakened constraints compared to those resulting
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from assuming one coupling at a time. Nevertheless, the simplified approach is ad-
opted in the first part of this NSI search, not least because there are several theoretical
NSI models that accommodate the possibility of the existence of only a single or a
small number of sizeable coupling strengths relevant to neutrino propagation.1 So
far, no dedicated analyses of IceCube (DeepCore) event samples [383, 438, 439, 440]
have explored 𝑒-𝜇 non-universality or new sources of CP violation through complex
couplings. Testing the generalised matter potential (4.19) with the three non-zero
parameters 𝜖⊕, 𝜑12, and 𝜑13 imposes fewer model constraints than the one-by-one
fits. Simultaneously, this parameter space was still found to present a computation-
ally tractable problem within the frequentist statistical framework adopted below.

13.1 Frequentist inference

We employ standard frequentist inference methods in order to search for NSI and
constrain the associated parameters in Table 13.1. As the analysis was developed
in a “blind” manner [441, 442] in order to avoid experimenter bias, extensive MC
studies were performed to fully define the analysis procedure before the real data
could be revealed and analysed itself. Crucially, this involved the choice of a stat-
istic [443] able to (i) discriminate the tested NSI hypotheses from SI and (ii) con-
strain the parameters constituting a given NSI hypothesis. In principle, (i) repres-
ents a “hypothesis testing” problem, whereas (ii) represents a “parameter determin-
ation” problem, where the latter is assumed to imply both parameter estimation and
confidence interval estimation [444]. However, the SI hypothesis is nested within all
NSI hypotheses, which are composite hypotheses that reduce to the SI hypothesis
in different limits of the matter-potential parameters. As a result, the two types of
problems (i) and (ii) coincide [445]: if the SI hypothesis is not contained within a
confidence region [446] of CL 100% (1 − 𝛼) in the parameters of interest, the hypo-
thesis is excluded with the corresponding confidence at least.

13.2 A weighted-least-squares statistic

Independent of the hypothesis under consideration, its free matter-potential para-
meters 𝒑NSI and nuisance parameters 𝒑nuis are jointly adjusted to best match the ob-

1Some examples of this kind of NSI can be found in Refs. [436, 437, 272].
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served event distribution through the minimisation of [426, 362]

𝜒2mod �𝒑NSI, 𝒑nuis� =
𝑁bins
�
𝑖=1

�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑NSI, 𝒑nuis��
2

𝑛exp,𝑖 �𝒑NSI, 𝒑nuis� + 𝜎2exp,𝑖 �𝒑NSI, 𝒑nuis�
+
𝑁prior

�
𝑗=1

�Δ𝑝nuis,𝑗�
2

𝜎2𝑝nuis,𝑗
,

(13.1)
where 𝑛obs,𝑖 is the observed number of events in bin 𝑖 and 𝑛exp,𝑖 is the combined ex-
pectation due to (−)𝜈 atmospheric and 𝜇± background events in the same bin.

The expectation’s squared residual with respect to the observed event count in
bin 𝑖 is divided by the sum of two uncertainties added in quadrature: the Poisson
variance 𝑛exp,𝑖 and the variance of the expectation (“MC variance”), 𝜎2exp,𝑖. The latter
itself is given by the sum

𝜎2exp,𝑖 = 𝜎2𝜈,𝑖 + 𝜎2𝜇±,𝑖 = 𝜎2𝜈,𝑖 + ��𝜎
stat
𝜇±,𝑖�

2
+ �𝜎shape𝜇±,𝑖 �

2
� (13.2)

of the variance 𝜎2𝜈,𝑖 of the expected number of (−)𝜈 events and the variance 𝜎2𝜇±,𝑖 of the
expected number of atmospheric 𝜇± events in the bin. The variances 𝜎2𝜈,𝑖 depend
on 𝒑NSI and on the subset of nuisance parameters that affect the (−)𝜈 expectation. The
variances 𝜎2𝜇±,𝑖 are taken as constant, set to their nominal values.

The second sum contributing to the statistic (13.1) is taken over all𝑁prior nuisance
parameters subject to external Gaussian constraints: a deviation Δ𝑝nuis,𝑗 of the 𝑗th
such parameter from its nominal value is penalised depending on the parameter’s
prior standard deviation 𝜎𝑝nuis,𝑗.

Figure 13.1 shows the nominal “uncertainty template”, 𝜎total,𝑖 ≡ (𝑛exp,𝑖 + 𝜎2exp,𝑖)1/2,
broken down into its contributions. The top (bottom) row corresponds to the un-
certainty template of cascade-like (track-like) events. Each panel corresponds to one
particular 𝐸reco bin along the cos𝜗reco dimension, with 𝐸reco increasing from left to
right. The Poissonian standard deviation √𝑛exp is always the largest fraction of the
total uncertainty. The MC uncertainty on the prediction itself is typically dominated
by the statistical uncertainty of the combined reweighted neutrino and antineutrino
MC expectation. Bins for which the 𝜇± background uncertainty dominates instead
are almost exclusively encountered in the region cos𝜗reco > 0. This is expected from
the larger overall 𝜇± count expectations in these bins (cf. Fig. 12.2). The relative MC
uncertainty on each bin’s predicted total, 𝜎exp/𝑛exp, is below 6.5% (lowest-energy
bin) for cascade-like events, and below 12% (second-highest-energy bin) for track-
like events. Only two bins have 𝜎exp > √𝑛exp. For these, the relative size of the total
uncertaintywith respect to the expectation, 𝜎total/𝑛exp, therefore appreciably deviates
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Figure 13.1: Nominal binwise event-count uncertainties (𝜎total) used in the statistic (13.1),
broken down into separate contributions that add in quadrature, namely the Poisson stand-
ard deviation √𝑛exp and the MC standard deviation 𝜎exp of the expected event count. Dis-
played in addition are the neutrino MC (𝜎𝜈) and data-sideband (𝜎𝜇±) contributions to the
latter in Eq. (13.2). See text for details.

from the simple Poissonian 1/√𝑛exp relation. Themaximal fractional total uncertainty
in Fig. 13.1 is 19%, its minimum 6%.

13.2.1 Relation to the 𝝌2 distribution

As a test statistic, 𝜒2mod is a stochastic variable of the observed data 𝒏obs whose distri-
bution follows some a-priori unknown PDF for each point in the model-parameter
space. 𝜒2mod can be considered a variant of the classical Pearson’s 𝜒2 statistic 𝜒2𝑃 [447].
The observed event count in a given histogram bin is an independent sample from
a Poisson distribution with an unknown mean. The suggestive notation 𝜒2mod is mo-
tivated by the fact that the minimum of 𝜒2𝑃 follows the 𝜒2 PDF when applied to
mutually independent Poisson samples (or multinomial event distributions [447])
with sufficiently large 𝑛exp,𝑖 [444, 15]. For the nominal event distribution in this ana-
lysis, 𝑛exp,𝑖 ≳ 25 ∀𝑖, as can be seen in Fig. 13.1. Substituting the increased variance
𝑛exp,𝑖 → 𝑛exp,𝑖 + 𝜎2exp,𝑖 represents the attempt to conserve the asymptotic distribution
of the statistic. Its naïvely expected number of degrees of freedom is 𝑁bins − 𝑁free,
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13.3 Construction of confidence regions

where 𝑁free corresponds to the number of estimated parameters [15].

13.3 Construction of confidence regions

As reviewed for example in Ref. [445], in the frequentist framework the coverage
probability of a confidence region on the parameter(s) of interest is given by the
fraction of boundaries in an ensemble of outcomes of statistically independent ex-
periments that enclose the true parameter value(s). Constructing the confidence
region requires a test statistic, specifying the CL of the confidence region (corres-
ponding to the coverage probability), as well as possibly an “ordering rule” which
uniquely determines the range of test-statistic values summed or integrated over. All
of the above can be equivalently achieved by implementing a hypothesis test for all
physical points in the parameters under study, where a given point is included in the
confidence region if the hypothesis is not rejected at the desired CL.

In practice, a rigorous frequentist construction of joint confidence regions in all
considered parameters (i.e., the parameters of interest and nuisance parameters)
quickly becomes intractable [448, 445]. Furthermore, the construction of frequentist
confidence regions in the subspace of the parameters of interest (or any other sub-
space) is subject to conceptual issues [449] and not well studied [445]. As a result,
a variety of “pragmatic” approaches are encountered whose coverage probabilities
should be evaluated by means of pseudoexperiments when feasible.

13.3.1 Choice of test statistic and Wilks’ theorem

A pragmatic approach is also adopted in this work: confidence regions on NSI para-
meters are constructed using differences [448, 442] between locallyminimised values
of 𝜒2mod and the global minimum of 𝜒2mod. Formally, given some observed data 𝒏obs,
the corresponding test statistic in dependence of some fit parameter values 𝒑NSI is
given by

Δ𝜒2mod �𝒑NSI� ≡ 𝜒2mod �𝒑NSI, ̂𝒑̂nuis� − 𝜒
2
mod,min , (13.3)

where ̂𝒑̂nuis denote the “conditional” nuisance-parameter values—which minimise
𝜒2mod at the point 𝒑NSI—and where 𝜒2mod,min ≡ 𝜒2mod �𝒑̂NSI, 𝒑̂nuis�, with 𝒑̂NSI and 𝒑̂nuis
denoting the “unconditional”matter-potential and nuisance-parameter values at the
global minimum. Equation (13.3) is an example of “profiling” (over) nuisance para-
meters in order to eliminate them from the inference problem (see, e.g., Ref. [445]).
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13 Analysis method

The use of Δ𝜒2mod is motivated by a result derived by Wilks in 1938 [450] for the
profile likelihood ratio 𝜆 in the large-sample limit, or when the estimators of the 𝑚
parameters of interest (here: the dimensionality of 𝒑NSI) are Gaussian-distributed
around their respective true values. Wilks’ theorem states that under these circum-
stances −2 ln𝜆 ∼ 𝜒2𝑚, where 𝑚 corresponds to the number of degrees of freedom.2

For Wilks’ theorem to hold independently of the true parameter values, certain
regularity conditions must be met, which are concisely reviewed and illustrated in
Ref. [442]. In this work, owing to the large number of parameters of interest probed
separately according to Table 13.1, the baseline method of constructing confidence
regions is the application ofWilks’ theorem toΔ𝜒2mod profiles in up to three paramet-
ers of interest (henceforth also called “Δ𝜒2mod profile scans” due to the discrete grids
of points on which Δ𝜒2mod is computed). Thus, all confidence levels or significances
employ Wilks’ theorem unless stated otherwise.

2A detailed investigation of the relationships between Poissonian or Gaussian likelihoods and
weighted-least-squares statistics and their performance in counting experiments can be found in
Ref. [451] and references therein.
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14
Monte Carlo studies

An MC event template that yields the values of all injected parameters when used
for parameter estimation is referred to as “Asimov” template, which can always be
obtained in the case of a binned analysis [452]. When parameters are fit (estimated)
via the minimisation of Eq. (13.1) with 𝒏obs = 𝒏exp �𝒑inj� under some “truth model”1

𝒑inj, one finds 𝜒2mod,min = 0 by construction.2

The Asimov template can be employed to approximate an experiment’s median
sensitivity to the parameters of interest without performing pseudoexperiments, by
assuming the test-statistic distribution found in the large-sample limit [452]. Here,
“sensitivity” refers to the statistical significance of excluding any point 𝒑NSI given
𝒑inj, where the latter will usually correspond to SI. Conversely, the statistical signi-
ficance of excluding SI when a non-standard matter potential is injected constitutes
a “discovery potential”.

Throughout Secs. 14.1, 14.2, and 14.3, the basic properties of 𝜒2mod and Δ𝜒2mod are
studied with the Asimov approach, as is the impact of nuisance parameters. In all
of these cases, to indicate that the pseudodata is given by an Asimov template, we
identify 𝜒2mod ≡ 𝜒2mod and Δ𝜒2mod ≡ Δ𝜒2mod. Then, Eq. (13.3) dictates the equality
Δ𝜒2mod �𝒑NSI� = 𝜒2mod �𝒑NSI, ̂𝒑̂nuis� of the two Asimov metrics. Studies of the actual
distributions of both statistics based on pseudoexperiment ensembles are conducted
in Sec. 14.4.

For definiteness, allMC studies assume theNO. In particular, whenever the PMNS
parameters are not varied (during a fit or for the pseudoexperiment generation) they
are again fixed to the NuFIT 3.2 NO global best-fit values (except 𝛿CP = 0).

1In the context of these MC studies the terms “injected” and “true” are used interchangeably.
2This statement holds under the condition that the preferred values of any prior parameter con-

straints match the injected parameter values.

209



14 Monte Carlo studies

−5 0 5
true 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇

−5

0

5

fit
𝜖⊕ 𝑒𝑒

−
𝜖⊕ 𝜇𝜇

−0.1 0.0 0.1
true 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇

−0.1

0.0

0.1

fit
𝜖⊕ 𝜏𝜏

−
𝜖⊕ 𝜇𝜇

Figure 14.1: Distributions of Asimov fit outcomes in the indicated NU strengths in depend-
ence of the true parameter value. 100minimisation trials are performed for each true value.
See text for details.

14.1 Characterisation of test-statistic landscapes

Equation (13.3) implies that the frequentist profiling method assumes not only that
the global test-statistic minimum in the combined parameter space of 𝒑NSI and 𝒑nuis
is reliably found, but also that in 𝒑nuis at a given fixed 𝒑NSI. This section ignores the
subspace of the nuisance parameters entirely and focusses only on the parameters
of interest.

The two-dimensional histograms in Figs. 14.1 and 14.2 demonstrate that 𝜒2mod in
general exhibits more than one minimum in each standard NSI parameter as a func-
tion of its true value.3 Each histogram is produced by fitting the Asimov template
corresponding to a given true value 100 times through the numerical minimisation
of 𝜒2mod, which is initialised with statistically independent starting points (“seeds”)
drawn from a uniformdistribution across the shown range of values. In this analysis,
minimisation always refers to the “sequential least-squares quadratic programming”
algorithm SLSQP [453]. Dark blue bins are empty, i.e., no minimisation converged on
the associated range of fit values, whereas yellow-coloured bins indicate convergence
in a large fraction of trials.

A highly irregular structure characterises the fit values of 𝜖⊕𝑒𝑒−𝜖⊕𝜇𝜇. Only true values
close to zero have a high probability of being accurately recovered by the fit. For the
four remaining NSI parameters we never encounter more than one local minimum

3Here we only allow for real coupling strengths for simplicity.
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Figure 14.2: Same as Fig. 14.1, but for real FV couplings.

in addition to the global minimum. All such local minima are approximately found
by switching the sign of the true parameter value.

The significance levels at which the various local minima in 𝜒2mod are excluded
vary widely (not shown). The local minima encountered in 𝜖⊕𝜇𝜏 are disfavoured by
O�102�, and those in 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏 by O(10) units. Stronger degeneracies occur for the
two NU strengths, whose local minima are excluded by between O�10−4� and O(1)

𝜒2mod units. Taking into account that we expect of the order of 102 degrees of freedom
for 𝜒2mod, it is unlikely that the convergence on a local minimum in an NU strength
would be revealed by a low goodness of fit. For the same reason, in particular in
the case of 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇, such a convergence would have little impact on the accuracy of
confidence intervals (e.g., at > 1𝜎 CL).

Note that the introduction of nuisance parameters will in general change the sig-
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14 Monte Carlo studies

nificances and locations of local minima compared to the above scenario of statistical
uncertainties only.

14.2 Statistics-only sensitivity

In the absence of systematic uncertainties, statistical uncertainties govern 𝜒2mod �𝒑NSI�
and limit the precisionwithwhich the parameters of interest can be determined. Fig-
ures 14.3, 14.4, and 14.5 depict the corresponding statistics-only Asimov sensitivities
of the event sample to the NU, FV, and GMP parameters, respectively.

Method

In the case of the NU hypotheses, the median sensitivity is simply obtained by eval-
uating the one-dimensional Δ𝜒2mod function for a sequence of hypothesised values of
𝜖⊕𝑒𝑒−𝜖⊕𝜇𝜇 and 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇. Horizontal lines are located at certain critical values 𝜒21,𝛼 of a 𝜒2

distribution with one degree of freedom, with upper-tail probabilities of 𝛼 ≈ 0.317
(two-sided tail probability of a central Gaussian 1𝜎 interval), 𝛼 = 0.1 (90% interval),
and 𝛼 ≈ 2.7 × 10−3 (3𝜎 interval). In accordance with Sec. 13.3, parameter values
with Δ𝜒2mod ≤ 𝜒21,𝛼 are included in the 100% (1 − 𝛼) confidence interval. Since the
pseudodata is the Asimov template, a given bound of a confidence interval should
be interpreted as a median: half of the experiments with true SI would yield larger
and half would yield smaller bounds.

In the case of the FV hypotheses, the value of the two-dimensional Δ𝜒2mod func-
tion is computed for each point on a predefined grid of hypothesised points in the
�𝜖⊕𝛼𝛽�–𝛿𝛼𝛽 plane. The resulting samples are colour-coded in the three central panels
of the figure, overlaid with contours of critical values 𝜒22,𝛼 with the same choices of
𝛼 as before. Points to the left of a given contour are accepted at the 100% (1 − 𝛼) CL,
whereas those to the right are excluded. The panels on top and on the right show
the one-dimensional profiles in �𝜖⊕𝛼𝛽� respectively 𝛿𝛼𝛽. Since 𝛿𝛼𝛽 is unphysical when
�𝜖⊕𝛼𝛽� = 0, in the Asimov approach the sensitivity to the complex NSI phase always
vanishes exactly. By construction there can thus be no closed two-dimensional con-
fidence region and Δ𝜒2mod �𝛿𝛼𝛽� cannot give the median sensitivity to the phase. The
thin red lines in the three central panels of Fig. 14.4 represent the conditional estim-
ators ̂𝛿̂𝛼𝛽 for the sequence of probed �𝜖⊕𝛼𝛽� values. The discrete nature of the scans is
the cause for the observed steps. However, the resulting systematic overestimates of
the three profiles in �𝜖⊕𝛼𝛽� are negligible.
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Figure 14.3: Statistics-only sensitivity to NU strengths with the Asimov approach given
pseudodata generated assuming SI. The horizontal lines can be used to read off the para-
meter intervals corresponding to the indicated confidence levels.

When considering the parameters 𝜖⊕, 𝜑12, and 𝜑13 of the GMP in Fig. 14.5, the
fact that Δ𝜒2mod is a three-dimensional function means that only its one- and two-
dimensional profiles are shown, with one or two of thematter parameters eliminated
at a time via profiling. The rotation angles 𝜑12 and 𝜑13 are rendered unphysical
not for the hypothesis of a standard overall strength of the matter potential, 𝜖⊕ = 1,
but for a vanishing matter potential, 𝜖⊕ = 0. Hence, in the Asimov approach the
sensitivity to both is not expected to vanish, but to be bounded from above by the
value of Δ𝜒2mod with which the hypothesis of vacuum oscillations is disfavoured.
Consequently, in principle there may be closed two-dimensional confidence regions
in all three planes, as well as finite confidence intervals on 𝜑12 and 𝜑13. In each
of the three central panels of Fig. 14.5, the points connected by thin lines illustrate
the succession of conditional estimators along which the two-dimensional profiles
Δ𝜒2mod are projected onto their one-dimensional counterparts. There are two non-
trivial paths for each two-dimensional profile (in contrast to the three preceding FV
hypotheses, where the three vertical lines through the origin are omitted), and each
path is associated with the corresponding one-dimensional profile via its colour. As
the order inwhich parameters are profiled is irrelevant, each one-dimensionalΔ𝜒2mod
profile occurs twice.

Both the one- and two-dimensional GMP profiles are subject to profiling over dis-
crete samples of the undisplayed parameters of interest. However, any discreteness
effects on the displayed confidence regions and intervals are small because of the
high density of the three-dimensional scan, which uses ∼1.4 × 105 grid points.
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Figure 14.4: Same as Fig. 14.3, but for FV couplings. The isocontours in the central panels
trace the critical values 𝜒22,𝛼 for the same choices of 𝛼 as in Fig. 14.3 and yield the correspond-
ing two-dimensional confidence regions. The one-dimensional profiles on top are the result
of evaluating Δ𝜒2mod along the thin red paths ( ̂𝛿̂𝛼𝛽 vs. fit �𝜖⊕𝛼𝛽�).

NU sensitivity

The 1𝜎 confidence interval on 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 in the left panel of Fig. 14.3 consists of two
disjoint pieces, separated by a range of values close to 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −1, where the
SM matter potential is exactly cancelled. The central values within this range have
Δ𝜒2mod > 𝜒21,0.1, implying that they are excluded at 90% CL. 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −1 is not
necessarily expected to be the most disfavoured hypothesis, because the neutrino
event distributions (of any flavour) disfavour other parameter intervals than their
antineutrino counterparts. The prominent local minimum at 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≈ −2 reflects
that this NSI hypothesis is physically equivalent to switching from the NO to the IO
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Figure 14.5: Same as Fig. 14.4, but forGMPparameters. The pair of differently coloured paths
in each central panel illustrates how Δ𝜒2mod has to be evaluated to find the associated one-
dimensional profiles after eliminating the remaining parameter (e.g., upper left, red path:
̂𝜑̂12 vs. fit 𝜖⊕, yellow path: ̂𝜖̂⊕ vs. fit 𝜑12).

in the SI scenario, giving rise to standard matter-enhanced oscillations of antineutri-
nos. Clearly, DeepCore has little sensitivity to the NMO even in the absence of NSI.
A large fraction of the considered 𝑒-𝜇 NU range is expected to be barely excluded
at the 1𝜎 CL. Strikingly, the sensitivity flattens for large absolute values. This can
be explained through a combination of several probability-level and detector effects,
which would hold—at a higher overall level of Δ𝜒2mod—even if neutrinos could be
distinguished from antineutrinos and if interactions of different neutrino flavours
could be told apart. For large positive values of 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 in the case of neutrinos,
the matter resonance in transitions involving 𝜈𝑒 shifts below the detection threshold,
leading to the suppression (compared to SI) of oscillations at energies just above the
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detection threshold. A similar suppression of oscillations occurs for negative values
with large moduli. The summation over neutrinos and antineutrinos, as well as over
appearance and disappearance channels, results in a further weakening of the NSI
signature. Moreover, near the detection threshold the discrimination power between
(−)𝜈𝜇 CC events and events of other types is impeded due to the small propagation dis-
tance of the 𝜇± emerging at the interaction vertex.

As expected from the probability and template discussions in Chapter 9 respect-
ively Sec. 12.4, the analysis is more sensitive to 𝜇-𝜏 than to 𝑒-𝜇 NU. The test stat-
istic keeps growing for the largest values of �𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇� probed in the right panel of
Fig. 14.3, resulting in absolute values of ∼0.1 being excluded at more than 3𝜎. In
order to understand the weak asymmetry of Δ𝜒2mod around zero, it is sufficient to
consider how the 𝜇-𝜏NU strength impacts the survival probabilities of 𝜈𝜇’s and 𝜈̄𝜇’s
depending on its sign. Δ𝑚2

31 cos 2𝜃23 > 0 in our nominal scenario, such that the main
impact of 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 < 0 is the increase of the 𝜈𝜇 survival probability. 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 > 0, on
the other hand, mainly increases the 𝜈̄𝜇 survival probability. As a result, the sens-
itivity to negative values stems mostly from 𝜈𝜇 CC events, while the sensitivity to
positive values stems mostly from 𝜈̄𝜇 CC events.

FV sensitivity

Continuing with the FV couplings in Fig. 14.4, we find qualitatively and quantitat-
ively similar Asimov sensitivities to 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏, with upper limits at the 90% CL on
the couplings’ magnitudes of 0.13 and 0.19, respectively. The sensitivity to �𝜖⊕𝑒𝜏� has a
slightly stronger dependence on the complex phase than the sensitivity to �𝜖⊕𝑒𝜇�. Both
NSI hypotheses exhibit two (shallow) minima of Δ𝜒2mod in 𝛿𝛼𝛽 for many values of
�𝜖⊕𝛼𝛽�, evidenced by the shapes of the two-dimensional isocontours. The conditional
estimators ̂𝛿̂𝑒𝜇 lie between approximately 90° and 135°—implying that the best fits to
the Asimov template for non-zero 𝜖⊕𝑒𝜇 are achieved with Re 𝜖⊕𝑒𝜇 < 0 and Im 𝜖⊕𝑒𝜇 > 0.
The estimators ̂𝛿̂𝑒𝜏 lie between approximately 270° and 225°, implying best fits with
Re 𝜖⊕𝑒𝜏 < 0 and Im 𝜖⊕𝑒𝜏 < 0.

At the 90% CL we expect to be able to exclude �𝜖⊕𝜇𝜏� ≳ 0.033 after profiling 𝛿𝜇𝜏.
Δ𝜒2mod has two prominent and nearly fully degenerate minima in 𝛿𝜇𝜏 for a given
fixed value of �𝜖⊕𝜇𝜏�. These minima are so deep that while �𝜖⊕𝜇𝜏� ≳ 0.02 is incompat-
ible with the Asimov pseudodata at significances exceeding 3𝜎 (assuming 𝜒22) for
𝛿𝜇𝜏 = 0°, 180°, even �𝜖⊕𝜇𝜏� ≈ 0.03 is still allowed at 1𝜎 for 𝛿𝜇𝜏 ≈ 120°, 240°. The con-
ditional estimators ̂𝛿̂𝜇𝜏 grow from approximately 90° to 130° as the assumed value
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14.3 Treatment and impact of nuisance parameters

of the coupling’s magnitude increases over the considered range. A priori, there is
no reason to expect DeepCore’s 𝜖⊕𝜇𝜏 sensitivity to be worst for phases of precisely
𝛿𝜇𝜏 = 90° or 𝛿𝜇𝜏 = 270° (cf. Sec. 9.2), though this seems to be the case as �𝜖⊕𝜇𝜏� → 0.

GMP sensitivity

If 𝜑12 and 𝜑13 were both fixed to zero, we would have Δ𝜒2mod (𝜖⊕) =
Δ𝜒2mod �𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 + 1� by construction. The weakly though visibly reduced sensitiv-
ity to 𝜖⊕ ≠ 1 in Fig. 14.5 compared to that to 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≠ 0 in Fig. 14.3 is the result of
profiling over 𝜑12 and 𝜑13. The cross-like shapes of the two-dimensional confidence
regions corresponding to the 90% and 3𝜎 confidence levels on 𝜖⊕ and 𝜑12 or 𝜑13 are
the result of the lacking constraints on the latter two parameters at the correspond-
ing levels of Δ𝜒2mod when 𝜖⊕ → 0 and of the low sensitivity even to large values of
�𝜖⊕� (whether the flavour structure of the matter potential is constrained or not). For
large �𝜖⊕� the Asimov template is best fit with with ̂𝜑̂12 and ̂𝜑̂13 close to zero, that
is, with the standard flavour structure of the matter potential. Conversely, for large
�𝜑12� or �𝜑13�, ̂𝜖̂⊕ ≈ 0 is preferred. Like this, large oscillation-probability changes at
high energy and in channels involving the 𝜇 flavour are avoided. For a given hy-
pothesised sign of 𝜑12, the sign of the corresponding conditional estimator ̂𝜖̂⊕ is the
same, and the same is true when 𝜖⊕ is profiled for the various hypothesised values
of 𝜑13. While two-dimensional confidence regions exist up to large confidence levels
in the overall strength of the matter potential and either of the rotation angles, the
sensitivity to any point in the 𝜑12–𝜑13 plane only reaches the low level of Δ𝜒2mod ≈ 3
at which vacuum oscillations are disfavoured—corresponding to a CL of approxim-
ately 80% (𝜒22). The closed 1𝜎 contour present in the lower central panel of Fig. 14.5
extends furthest into the quadrant with 𝜑12 < 0 and 𝜑13 < 0. All points outside of it
are excluded at confidence levels between 1𝜎 and 80%. The expected constraints on
𝜑13 are weaker than those on 𝜑12 (cf. Fig. 5.12).

14.3 Treatment and impact of nuisance parameters

All MC studies so far have been performed byminimising the test statistics only over
the parameters of interest. This gives an idea of the sensitivity thatwould be obtained
if all sources of systematic uncertainty were known with perfect accuracy and pre-
cision. Minimising over relevant nuisance parameters in addition is of paramount
importance for a robust determination of the confidence regions in the parameters
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of interest. More generally, systematics with noticeable effects on the extents of con-
fidence regions, or which are expected to bias the measurement or reduce its over-
all goodness of fit if our nominal assumptions deviate from the (unknown) truth in
nature, need to be incorporated into the analysis as nuisance parameters. Conversely,
any source of systematic uncertainty that can be removed from the analysis by fixing
the associated nuisance parameter to its nominal value in general reduces computa-
tional cost and improves numerical stability. In the following, these questions are in-
vestigated using the Asimov method, because a prohibitively large number of fits to
ensembles of pseudoexperiments would otherwise be required to produce samples
of the test-statistic distributions.

14.3.1 Profiling techniques

Continuous profiling of nuisance parameters

Evaluating 𝜒2mod on a dense grid ensures that the parameter estimators at the global
minimum are found. However, scanning the full parameter space including nuis-
ance parameters constitutes an intractable problem due to the exponential scaling of
the computational expense with the number of parameters. For example, assuming
even just a small number of 𝑛 = 5 samples in each of 𝑑 = 15 (cf. Table 12.2) di-
mensions, 𝑛𝑑 ∼ O�1010� event templates would have to be generated. For a template
generation time of ∼1 s—typical of the analysis at hand—the minimisation would
take ∼103 years if performed sequentially, and still a single year even if performed on
a realistic number of 103 processing units in parallel. Consequently, nuisance para-
meters have to be profiled not by scanning but by numerical optimisation.
SLSQP is initially seeded with the nominal values of all nuisance parameters. Sub-

sequently, it starts from the opposite octant of 𝜃23 compared to that found in the
initial execution, again seeded with the nominal values of all remaining nuisance
parameters. This profiling technique is feasible because the minimisation is a con-
vex problem in every nuisance parameter except 𝜃23. 𝜒2mod may have one minimum
in the first octant and another in the second—depending on the true value of 𝜃23 and
the hypothesised values of the other parameters. For Asimov pseudodata generated
assuming SI and different examples of fixed NSI fit hypotheses, the dependence of
𝜒2mod on 𝜃23 is illustrated in Fig. 14.6. Two shallow and nearly fully degenerate min-
ima, one in the first and one in the second octant, are encountered when all NSI
parameters are fixed to zero in the fit (SI hypothesis), and when the 𝑒-𝜇NU strength
𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = 1 is tested. Only a single minimum, in the first (wrong) octant of 𝜃23 is
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Figure 14.6: 𝜒2mod(𝜃23) under different fit hypotheses (labelled) for Asimov pseudodata gen-
erated assuming true SI. See text for details.

encountered for the two remaining examples, though there is a strong degeneracy
between the two octants when �𝜖⊕𝑒𝜇� = 0.02.

In order to verify that the profiling technique above succeeds in identifying the
global minimum in the space of nuisance parameters, it was compared to a dedic-
ated, more computationally expensive global optimisation routine also made use of
in this analysis.4 140 Asimov templates were generated for SI and with all values of
nuisance parameters randomisedwithin their allowed ranges. These templates were
fit by fixing one NSI parameter to a random non-zero value at a time andminimising
𝜒2mod. The SLSQP minimisation was performed in the default manner as explained
above, and the resulting 𝜒2mod,min recorded. For comparison, ten separate SLSQPmin-
imisation runs were performed, each starting from a different seed in the nuisance-
parameter space, and the lowest among all ten minima was recorded as 𝜒′2mod,min.
Here, each seed was chosen as the position of the lowest 𝜒2mod value among an initial
population of 200 points randomly sampled from the space of nuisance parameters.
The relative deviation between 𝜒2mod,min and 𝜒′2mod,min was found to be smaller than
10−5 in ∼95% of all Asimov pseudoexperiments. Only in a single pseudoexperiment
did 𝜒2mod,min exceed 𝜒′2mod,min by more than one unit. Since DeepCore has a weak
sensitivity to the octant of 𝜃23 (cf. Fig. 14.6), not finding the global minimum in 𝜃23
in general only has little impact on the Δ𝜒2mod profiles in NSI parameters. Among
the ten fits to each Asimov pseudoexperiment seeded with a random population’s
best estimator, the largest absolute spread between the test-statistic outcomes of any
two minimisation runs amounts to approximately six units in 𝜒2mod (largest relative
spread of around 30%).

4Whenever even a scan of just the subspace of NSI parameters is too time-consuming.
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Profiling over NSI grid parameters

When the use of a similarly high grid density as in Figs. 14.4 and 14.5 is not viable,
profiling over discrete samples of one (FV or GMP) or two (GMP) parameters of
interest in order to obtain some lower-dimensional projection of the Δ𝜒2mod profile
would yield too small confidence regions or intervals, suggesting too high of a meas-
urement precision.5

In order to prevent a lower-dimensional projection to suffer fromabias of this kind,
for each point in the NSI parameters onto which the high-dimensional Δ𝜒2mod profile
is to be projected, we search for local minima on the (𝑑 = 1- or 𝑑 = 2-dimensional)
grid spanning the space of parameters of interest that have to be optimised. Each
detected local minimum is employed as a seed for an additional local SLSQP minim-
isation process. Any nuisance parameters present—profiled in the aforementioned
manner—are simultaneously optimised starting from their conditional best-fit val-
ues at this local minimum. The best fit among all the outcomes is recorded and em-
ployed in the lower-dimensional projection. Projecting from 𝑑 = 2 → 𝑑 = 1 and from
𝑑 = 3 → 𝑑 = 2 proceeds in an identical manner. Projecting from 𝑑 = 3 → 𝑑 = 1 rep-
resents a straightforward generalisation. In the following, this approach is employed
wherever a lower-dimensional projection is required, independent of the used grid.

14.3.2 Systematic uncertainty budgets: one nuisance parameter at a
time and totals

For the five standard NSI strengths constrainable with the Asimov dataset, 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇,
𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇, and �𝜖⊕𝑒𝜇�, �𝜖⊕𝑒𝜏�, �𝜖⊕𝜇𝜏�, and the overall scale 𝜖⊕ of the GMP, Figs. 14.7 and 14.8
illustrate the individual, “one-at-a-time”, sensitivity impacts of all nuisance para-
meters. In each figure panel, the statistics-only Δ𝜒2mod profile already investigated
earlier (e.g., with the complex phase also profiled in the case of the FV hypotheses)
is compared to the envelope of all possible profiles from the optimisation of a single
nuisance parameter. A small number of such profiles, for the three or four most im-
pactful nuisance parameters in each case, are shown explicitly. The selection criterion
is the precision at 90%CL for all NSI strengths except 𝜖⊕𝑒𝑒−𝜖⊕𝜇𝜇 and 𝜖⊕, where the 30%
respectively 20%CL is assumed instead.6 Comparisons to the full profiles—with the
15 free nuisance parameters from Table 12.2 jointly profiled—allow us to gauge how
5Here, the profiled parameters of interest technically act as (temporary) nuisance parameters.
6At these levels, the prominent local Δ𝜒2mod minimum at the location of the IO hypothesis given SI

remains excluded no matter which nuisance parameter is profiled.
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Figure 14.7: One-at-a-time impacts of selected nuisance parameters on the sensitivity to NU
strengths with the Asimov approach, compared to the statistics-only sensitivity (“stats.”).
Also shown is the envelope of all sensitivities in the presence of a single nuisance parameter
(“0+1 range”), as well as the nominal sensitivity (“full”). See text for details.

important the individual impacts are with respect to the overall systematic uncer-
tainty budgets.

A summary of the Asimov 90% confidence intervals from statistical uncertainties
only and after the inclusion of systematic uncertainties is provided in Table 14.1. For
all parameters of interest with upper and lower bounds at the 90% CL, the precision
(here: width of the confidence interval) is expected to be limited by statistical un-
certainties. The relative overall systematic uncertainty budget amounts to 15% for
𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇, 19% for �𝜖⊕𝑒𝜇�, 14% for �𝜖⊕𝑒𝜏�, and only 6% for �𝜖⊕𝜇𝜏�. 𝜃23 alone is responsible
for more than half the systematic uncertainty budget on both 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 and �𝜖⊕𝑒𝜏�. The
budget on �𝜖⊕𝑒𝜇� is dominated by the contribution from Δ𝑚2

31, whereas no single nuis-
ance parameter alone is responsible for the loss in precision on �𝜖⊕𝜇𝜏�. Here, the overall
normalisation of the NC event template and 𝜃23 have the largest impact. Discrepant
nuisance-parameter impacts on 𝜖⊕𝑒𝑒−𝜖⊕𝜇𝜇 and 𝜖⊕ stem from the simultaneous profiling
over 𝜑12 and 𝜑13 in the GMP case. The two associated profiles are not presented in
detail due to the computational cost of ensuring the accurate profiling of 𝜖⊕. Non-
etheless, we find that Δ𝑚2

31 and 𝜃23 are the most impactful nuisance parameters in
the outer regions of the 𝜑12 profile, �𝜑12� ≳ 10°, and together with 𝛿CP also in the
outer regions of the 𝜑13 profile. The associated test-statistic reduction is typically of
the order of some 0.5 units.

As a general remark, the one-at-a-time sensitivity impact of any given nuisance
parameter is not necessarily independent of the considered CL (or hypothesisedNSI
strength). For example, 𝛿CP results in a notable reduction of the sensitivity to 𝑒-𝜇NU
only at theΔ𝜒2mod peak around the vacuumhypothesis, andΔ𝑚2

31 loses its dominance
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Figure 14.8: Same as Fig. 14.7, but for the magnitudes of the FV couplings (top and lower
left) and the overall scale of the GMP (lower right).

over 𝑅𝑒/𝜇 and 𝑁NC the higher the CL on �𝜖⊕𝑒𝜇�.

14.3.3 Systematic fit biasses

Any known systematics that are not included as nuisance parameters in the analysis
should be unable to lead to a significant bias in the measurement of any parameter
of interest. To this end, Asimov pseudoexperiments were generated by injecting a
non-nominal value for one nuisance parameter at a time. These were then fit with
each NSI hypothesis while keeping the nuisance parameter under study fixed to its
nominal value, by minimising over the NSI parameters of interest and the other 14
(free) nuisance parameters from Table 12.2. This models the scenario in which the
unknown true value of a nuisance parameter deviates from the fit assumption about
the same parameter.

Here, only the studies of the nuisance parameters ultimately kept fixed are rel-
evant: the neutrino flux parameter 𝑅up/hor, the cross-section parameters 𝑥𝐴BY

HT
, 𝑥𝐵BYHT

,
𝑥𝐶BY

V1u
, 𝑥𝐶BY

V2u
, the mixing angles 𝜃12 and 𝜃13, the mass-squared difference Δ𝑚2

21, and
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Parameter Statistics Full Most impactful

𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇
[−∞, −1.02] ∪
[−0.76, +∞] - 𝛿CP, 𝑥

CC,QE
𝑀𝐴

, 𝑥CC,RES𝑀𝐴
, Δ𝛾

𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 [−0.043, 0.051] [−0.055, 0.055] 𝜃23, 𝑅𝜈/𝜈̄, 𝑘fwd
�𝜖⊕𝑒𝜇� [0.0, 0.13] [0.0, 0.16] Δ𝑚2

31, 𝑅𝑒/𝜇, 𝛿CP
�𝜖⊕𝑒𝜏� [0.0, 0.19] [0.0, 0.22] 𝜃23, 𝑘fwd, 𝑘lat
�𝜖⊕𝜇𝜏� [0.0, 0.033] [0.0, 0.035] 𝑁NC, 𝜃23, 𝑠iceabs
𝜖⊕ - - Δ𝛾, Δ𝑚2

31, 𝜃12, 𝛿CP

Table 14.1: Asimov 90% confidence intervals on the standard NSI strengths and the GMP
scale (from statistics only and with the final selection of nuisance parameters) and the most
impactful nuisance parameters, determined at a fixed CL as explained in the text.

the CP-violating phase 𝛿CP. For the former five, the injected values are ±1 (corres-
ponding to±1𝜎 variations). For𝜃12, 𝜃13, andΔ𝑚2

21, the injected values are the bounds
of the respective 1𝜎 confidence intervals of NuFIT 3.2 [327, 328]. Lastly, the injected
values of 𝛿CP are 45°, 90°, 135°, 180°, 225°, 270°, and 315°.

As an example, Fig. 14.9 gives the fit outcomes for the 𝜇-𝜏 NU hypothesis, with
the best-fit values of 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 compared to the expected 90% confidence intervals
from statistical uncertainties only and with the final selection of nuisance paramet-
ers from Table 14.1 in the left panel, and the corresponding values of 𝜒2mod,min in the
right panel. It is possible to fix all of the enumerated nuisance parameters, because
the fitmagnitudes of 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇 are extremely small compared to the expectedmeasure-
ment precision and the values of 𝜒2mod,min deviate from zero by ∼10−2 units at most.
Outcomes of analogous studies for the four remaining standard NSI hypotheses can
be found in Figs. C.6 to C.9 in the appendix. The same conclusions hold in all cases
and by extension also apply to the GMP analysis.

14.3.4 Sensitivity with additional nuisance parameters

Figure C.10 in the appendix evidences that the previously derived nominal NSI sens-
itivities are unaffected by the inclusion of the additional systematics investigated for
their bias potentials in Sec. 14.3.3. While the Δ𝜒2mod profiles for the scenario in which
𝒑nuis only encompasses the nominal set of 15 nuisance parameters were computed
with the standard profiling techniques from Sec. 14.3.1, a different approach had to
be applied to the extended set of 24, namely a global optimisation routine consisting
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Figure 14.9: Expected 𝜇-𝜏NUfit bias from nuisance-parameter offsets. Left panel: best-fit val-
ues of 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇 compared to the expectedmeasurement precision at 90%CLwith andwithout
nuisance parameters (cf. Table 14.1). Right panel: corresponding best-fit values of 𝜒2mod. A
triangle pointing upward (downward) represents the outcome of a fit to an Asimov pseudo-
experiment with an accordingly shifted injected value of the indicated nuisance parameter.
Diamonds represent the fit outcomes for the different injected values of 𝛿CP enumerated in
the text.

of several tens of SLSQPminimisation trials on a coarse grid of hypothesisedNSI para-
meter values. At values of Δ𝜒2mod corresponding to confidence levels of 1𝜎, 90%, and
3𝜎, barely any degradation of the corresponding confidence intervals is encountered.
Thus, the nominal set of nuisance parameters represents a suitable choice for all six
fit hypotheses.

14.4 Ensemble studies

For a given truth model 𝒑inj we generate an ensemble of statistically independent
pseudoexperiments as

𝑛obs,𝑖 �𝒑inj� ∼ Pois �N �𝑛exp,𝑖 �𝒑inj� , 𝜎2exp,𝑖 �𝒑inj��� , (14.1)

where 𝑛obs,𝑖 is a given pseudoexperiment’s 𝑖th bin count, N �𝜇, 𝜎2� the Gaussian dis-
tribution with mean 𝜇 and variance 𝜎2, and Pois (𝜆) the Poissonian distribution with
mean 𝜆. A comparably small impact is expected from the Gaussian fluctuations that
reflect the finite amount of neutrino MC and data-sideband statistics, owing to the
dominance of the Poisson uncertainty demonstrated in Fig. 13.1.

Identifying the global 𝜒2mod minimum and calculating the Δ𝜒2mod profile in the
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parameters of interest for each pseudoexperiment allows addressing the following
questions:

• What is the overall goodness of fit of the observed measurement outcome
𝜒2,obsmod,min?

• Given the truth model 𝒑inj and a hypothesised point 𝒑NSI, which measurement
outcomes Δ𝜒2,obsmod �𝒑NSI� are compatible with a statistical fluctuation in the ex-
periment?

• Do confidence regions constructed with Wilks’ theorem have the stated cover-
age or are corrections—which may depend on 𝒑NSI—expected?

The compatibility of the observed minimum 𝜒2,obsmod,min under a given NSI hypo-
thesis with the prediction, the goodness of fit, can be quantified by calculating the
probability

𝑝obs = �
∞

𝜒2,obsmod,min

𝑓 �𝜒2mod,min�d𝜒2mod,min (14.2)

of obtaining an outcome that is equal to or greater than the one observed, 𝜒2mod,min ≥
𝜒2,obsmod,min. An outcome exceedingly far into either tail of the PDF 𝑓 �𝜒2mod,min�, result-
ing in an exceedingly large or small value of 𝑝obs, could indicate a bad modelling of
the data. The PDF could show a weak dependence on the underlying truth model
𝒑inj, which is suppressed in Eq. (14.2).

Independent of the overall goodness of fit, the measurement will yield a profile
Δ𝜒2,obsmod �𝒑NSI� constraining the parameters of interest of the hypothesis under study.
Certain parameter values might be disfavoured at extreme values of Δ𝜒2mod com-
pared to the expectation for true SI, because of statistical fluctuations or because the
unknown truth deviates from our nominal MC assumptions.7 Knowledge of the dis-
tributions of Δ𝜒2mod �𝒑NSI� in dependence of the unknown truth 𝒑inj, here denoted as
𝑓 �Δ𝜒2mod �𝒑NSI�𝒑inj��, permits quantifying the statistical significances of the observed
fluctuations throughout parameter space. In the following, the particular ensemble
of distributions, for various discrete fit assumptions for 𝒑NSI, found by injecting the
nominal SI model is referred to as a “sensitivity distribution” for brevity.

The construction of confidence regions with a coverage of 100% (1 − 𝛼) on 𝒑NSI

7Modelling inaccuracies could also result in a deviation between the observed profile and the MC
expectation.
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would require determining the critical values Δ𝜒2mod,𝛼 �𝒑NSI� such that

𝛼 = �
∞

Δ𝜒2mod,𝛼�𝒑NSI�
𝑓 �Δ𝜒2mod �𝒑NSI�𝒑NSI��dΔ𝜒2mod . (14.3)

In the approach popularised by Feldman and Cousins [454], given an observed pro-
file Δ𝜒2,obsmod �𝒑NSI�, only those hypothesised points would be included in the sought
confidence region that have

Δ𝜒2,obsmod �𝒑NSI� ≤ Δ𝜒2mod,𝛼 �𝒑NSI� . (14.4)

Together with the sensitivity distributions, the critical values Δ𝜒2mod,𝛼 �𝒑NSI� enable
one to explicitly obtain ensembles of confidence regions with the correct coverage
for any 𝒑inj. Using these, one could for example determine the median upper limit
at the desired CL on any parameter of interest for true SI.

With SI (denoted symbolically as 𝒑inj = 0) serving as the null hypothesis for all
NSI hypotheses, pseudoexperiments {𝒏obs,𝑘 (0)}𝑘=1,…,𝑛pseudo,0 are produced according
to Eq. (14.1). Δ𝜒2mod profiles are obtained by scanning 𝒑NSI within the parameter
space of each analysis hypothesis from Table 13.1 and profiling over the nuisance
parameters. Contrary to the Asimov approach from the previous sections, both the
global best-fit point and the associated value 𝜒2mod,min at the global minimum are un-
known a priori, but scanning and profiling yields an approximation of both. In order
to avoid constraining the fit to the predefined grid points in 𝒑NSI, all parameter val-
ues at local minima are refined bymeans of one further SLSQPminimisation per local
minimum, seeded with the position of the latter. The lowest 𝜒2mod value among the
outcomes of the refined fits is taken as 𝜒2mod,min.8 The ensemble of minima obtained
in thismanner for eachNSI analysis hypothesis is a sample of their expected distribu-
tion. For brevity, unless there is ambiguity, hereafter we will denote the distribution
of 𝜒2mod,min as 𝑓 �𝜒2mod� (even after minimisation over free parameters).

Even if the Asimov approach reasonably approximates the median sensitivity,
Wilks’ theorem is not guaranteed to give the correct coverage. In general, both prob-
lems thus need to be addressed separately using pseudoexperiments. To reduce the
associated computational cost, in principle existing pseudoexperiments could be re-
peatedly reweighted to sample different truth models (see, e.g., Ref. [455]), but an
investigation of this technique is beyond the scope of this work.
8This refinement routine for global minimisation closely resembles the method of profiling over NSI

parameters introduced in Sec. 14.3.1, for the projection of two- or three-dimensional profiles onto
some subspace.
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14.4.1 Distribution of the weighted-least-squares statistic
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Figure 14.10: Statistics-only distributions of
𝜒2mod overlaid with different 𝜒2𝑚 PDFs.

The statistics-only distribution of 𝜒2mod
obtained by generating pseudoexperi-
ments for SI is shown in Fig. 14.10 (la-
belled “w/ MC fluct.”). It is superim-
posed with the 𝜒2144 distribution func-
tion, which—because the event tem-
plates have 144 bins—is the expected
asymptotic distribution of Eq. (13.1) un-
der the truth hypothesis. For com-
parison, a second distribution of 𝜒2mod
is shown (labelled “w/o MC fluct.”)
which results from replacing the Gaus-
sian random variates in Eq. (14.1) with
theirmeans. It resembles a 𝜒2127 distribu-
tion, implying an average reduction per bin of the number of degrees of freedom by
17/144 ≈ 0.12. This stems from the underestimated weight of each term contributing
to 𝜒2mod. As long as the asymptotic conditions hold, the 𝜒2mod distribution without
free fit parameters is expected to be independent of the truth model.

In the case of free fit parameters (ranging from 15 to 18, ten of which are subject to
an external constraint), the latter assumption is only guaranteed to be accurate suffi-
ciently far away from the boundary of the physical parameter space. In any case, in
the asymptotic limit one would expect the 𝜒2mod distribution to be well approximated
by 𝜒2𝑚with𝑚 ∼ 130. Figure 14.11 confirms this expectation: it provides histograms of
𝜒2mod,min for O�103� pseudoexperiments fit with each NSI hypothesis. Also included
is the 𝜒2mod,min histogram after minimisation over 𝒑nuis only (SI hypothesis). The
result of a 𝜒2 fit for 𝑚 to each distribution is overlaid, with 𝑚 largest for the SI and
smallest for theGMPfit hypothesis. The observation that the distributions associated
with the two-parameter (FV) hypotheses do not seem to exhibit the naïvely expec-
ted reduction in𝑚 is reasonable due to the unphysicality of 𝛿𝛼𝛽 under SI. In contrast,
the SI model is not located at the boundary of the parameter spaces spanned by the
NU or the GMP hypotheses. This effect is more explicitly demonstrated during the
coverage discussion in Sec. 14.4.3.
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Figure 14.11: Expected distributions of 𝜒2mod after minimisation over 𝒑nuis and, in all panels
but the upper-left one, 𝒑NSI (see labels) for O�103� pseudoexperiments generated according
to Eq. (14.1) for true SI. The outcome of a 𝜒2𝑚 fit to each distribution is superimposed.

14.4.2 NSI sensitivity

For a fixed truth model 𝒑inj, a given ensemble of Δ𝜒2mod profiles—one for each
pseudoexperiment and NSI hypothesis—yields a sample of the expected distribu-
tion of Δ𝜒2mod at each of the 𝒑NSI grid points, 𝑓 �Δ𝜒2mod �𝒑NSI�𝒑inj��. The median sens-
itivity to 𝒑NSI is defined as the median of the test-statistic distribution under that
hypothesis, denoted as Δ𝜒2mod,0.5 �𝒑NSI�0� when true SI are considered. Approxima-
tions of the distributions for the various hypothesised grid points can be produced
with the Asimov method as done in Sec. 14.3.2, where Δ𝜒2mod was assumed to be a
proxy of the median sensitivity. When there are two parameters of interest, instead
of investigating the distribution of the test statistic, we determine the probability of
excluding each hypothesised point at a value ofΔ𝜒2mod which corresponds to the 90%
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CL according to Wilks’ theorem. For the GMP parameters these exclusion probabil-
ities are not computed, owing to the order-of-magnitude increase in the number of
fits required to produce three-dimensional profiles.

NU sensitivity distribution

Figure 14.12 compares the Asimov profile Δ𝜒2mod �𝜖
⊕
𝑒𝑒(𝜏𝜏) − 𝜖⊕𝜇𝜇�0� to the distribution

𝑓 �Δ𝜒2mod �𝜖
⊕
𝑒𝑒(𝜏𝜏) − 𝜖⊕𝜇𝜇�0�� represented by its median and central 1𝜎 and 90% ranges

of statistical uncertainty. By construction, the Asimov test-statistic value must un-
derestimate the median at the injected point, Δ𝜒2mod (0|0) = 0 ≤ Δ𝜒2mod,0.5 (0|0), where
Δ𝜒2mod,0.5 (0|0) = 𝜒21,0.5 ≈ 0.45 if Wilks’ theorem holds.

Considering 𝑒-𝜇NU to begin with, the Asimov profile underestimates the median
Δ𝜒2mod,0.5 consistently, typically by almost one unit. Just as the Asimov profile, the
median, which is around the 1𝜎 exclusion level for most NU values, is relatively flat.
For 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≲ −3 and 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≳ 2, pseudoexperiments suggest that there is a
probability of around 16% to find Δ𝜒2mod > 2.71—the 90% Wilks exclusion level.
The probability to exclude flavour-universal NSI at the same level or higher is ∼5%
(this probability would be 10% if Wilks’ theorem was exact). Vacuum oscillations
are excluded at 90% CL in nearly 50% of experiments.

A different situation presents itself in the case of the 𝜇-𝜏NU hypothesis, in which
theAsimov profile ismore compatiblewith themedian throughout the studied para-
meter range. The largest deviations, at the level ofO(0.1) Δ𝜒2mod units, occur for small
�𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇� ≲ 0.05. For the value 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 = 0.076—close to the global 90% CL up-
per limit in Table 5.2—there is only a ∼5% probability to encounter a rejection at
less than 90% CL. The fact that there seems to be an extremely small probability of
∼5% to exclude flavour-universal NSI even at moderate levels Δ𝜒2mod > 1 ≈ 𝜒21,0.32 is
revisited in Sec. 14.4.3.

FV sensitivity distribution

The three central panels of Fig. 14.13 contain selected two-dimensional isocontours
of the probability of excluding various FV couplings at the level 𝜒22,0.1. In analogy
to the one-dimensional case, the region of parameter space excluded with a prob-
ability between 15.87% (5%) and 84.13% (95%) is defined as the central 1𝜎 (90%)
region of statistical uncertainty. The percentiles of 𝑓 �Δ𝜒2mod� after projection onto
�𝜖⊕𝛼𝛽� respectively 𝛿𝛼𝛽 are displayed in the panels at the top and on the right of each

plot. In each central panel, the Asimov isocontour Δ𝜒2mod = 𝜒22,0.1 agrees well with
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Figure 14.12: Distribution of the sensitivity to NU strengths from 1.5 × 103 pseudoexperi-
ments, expressed as percentiles of 𝑓 �Δ𝜒2mod �𝜖

⊕
𝑒𝑒(𝜏𝜏) − 𝜖⊕𝜇𝜇�0�� as detailed in the text, compared

to the Asimov profiles Δ𝜒2mod �𝜖
⊕
𝑒𝑒(𝜏𝜏) − 𝜖⊕𝜇𝜇�0�. The thin dashed lines represent the individual

pseudoexperiments’ outcomes.

the isocontour of 50% exclusion probability (median) at the same exclusion level.
A distinct feature is the relatively large probability of rejecting even small moduli

�𝜖⊕𝜇𝜏� when 130° ≲ 𝛿𝜇𝜏 ≲ 230°, exceeding 5% for �𝜖⊕𝜇𝜏� as small as 5 × 10−3. The large
range of statistical uncertainty in the one-dimensional Δ𝜒2mod projection onto small
moduli reflects this, as does the “bump” in the centre of the projection onto the phase.
In both projections, within the corresponding parameter region the 95th percentile
extends beyond the level 𝜒21,0.1. The probability of a rejection at 90%CL exceeds 95%
for �𝜖⊕𝜇𝜏� ≳ 0.048.

For 𝜖⊕𝑒𝜇 and 𝜖⊕𝑒𝜏, we are somewhat less likely to reject a vanishing coupling strength
at the level of 𝜒21,0.1 or higher. Similarly, the probability to exclude any value of the
phase 𝛿𝑒𝜇 or 𝛿𝑒𝜏 at the same Δ𝜒2mod level is well below 5%. In general, the Asimov
profile of each FV coupling strength’s magnitude is an accurate proxy of the median
sensitivity, except near the null hypothesis. At 90% CL, the probability of rejecting
�𝜖⊕𝑒𝜇� ≳ 0.22 and �𝜖⊕𝑒𝜏� ≳ 0.27 exceeds 95%. The median sensitivity to each of the
phases 𝛿𝛼𝛽 is nearly independent of the hypothesised value and of the order of some
0.1 test-statistic units.
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Figure 14.13: Distribution of the sensitivity to FV couplings from 7.5 × 102 pseudoexperi-
ments, expressed in the same manner as in Fig. 14.12 for the one-dimensional projections
onto �𝜖⊕𝛼𝛽� and 𝛿𝛼𝛽, and as two-dimensional regions bounded by isocontours representing the
same set of percentiles of the 90% CL exclusion probability in each central panel as detailed
in the text. The one-dimensional Asimov profiles, the Asimov isocontours at 90% CL, and
the individual pseudoexperiments’ one-dimensional projections, two-dimensional isocon-
tours at 90% CL, and best-fit points in the �𝜖⊕𝛼𝛽�–𝛿𝛼𝛽 plane are also shown.
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14.4.3 Coverage of confidence regions

Due to the number of NSI hypotheses studied and the fact that up to three di-
mensions of interest are involved, an extensive and high-precision coverage study
throughout all parameter spaces is beyond the scope of this thesis. Wilks’ theorem
assumes that the surface of critical values is the constant 𝜒2𝑚,𝛼, such that the corres-
ponding isocontour of Δ𝜒2mod is identified as the boundary of the 100% (1 − 𝛼) con-
fidence region. However, at least one of the regularity conditions underlying Wilks’
theorem is violated for true SI when either of the NSI FV hypotheses is considered,
as the complex phase 𝛿𝛼𝛽 is unphysical at this point. Consequently, one degree of
freedom is effectively removed from the problem (cf. Sec. 14.4.1). A significant cor-
relation between a parameter of interest and a nuisance parameter would manifest
itself in a similar manner.

The samples ofΔ𝜒2mod (0|0) are histogrammed in the left column of Fig. 14.14, while
the cumulative histograms are shown in the right column. The latter correspond to
the actual coverage probabilities as a function of the assumed critical value ofΔ𝜒2mod.
For comparison, the PDFs respectively cumulative distribution functions (CDFs) of
𝜒21,2,3 are displayed in addition. In all of the rightmost panels, the horizontal line is
located at a coverage of 90%, while the vertical lines mark the corresponding critical
values of 𝜒21,2,3.

The NU and FV hypotheses result in Δ𝜒2mod distributions that typically fall more
rapidly than 𝜒21. The coverage is therefore generally larger than with Wilks’ the-
orem. This discrepancy is most striking for 𝜇-𝜏 NU, for which Δ𝜒2mod,0.1 ≈ 0.5—a
consequence of its strong correlationwith 𝜃23 explained in Sec. 9.2. Indeed, we could
have already estimated the discrepancy between the critical values for the two NU
hypotheses from Fig. 14.12: in the left panel (𝑒-𝜇NU), Δ𝜒2mod,0.05 (0|0) ≈ 𝜒21,0.1 ≈ 2.71,
whereas in the right (𝜇-𝜏 NU), Δ𝜒2mod,0.05 (0|0) ≈ 𝜒21,0.32 ≈ 1. Thus, if we simply
assumed Wilks’ theorem to hold, the probability of a rejection of 𝜇-𝜏 flavour uni-
versality at 90% CL given true SI would in fact be vanishingly small, prohibiting us
from ever claiming an NSI discovery stemming from a statistical fluctuation given SI
in nature. In the case of 𝑒-𝜇 flavour universality, the probability of such a rejection
would still be half as large as claimed, or 5%. Considering the GMP, the distribution
of Δ𝜒2mod resembles that of 𝜒2𝑚 with 2 < 𝑚 < 3, smaller than the naïve expectation of
𝑚 = 3.
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Coverage for a non-trivial NSI model

Onenon-trivialNSI scenario is explicitly scrutinised using a statistically independent
set of∼103 dedicated pseudoexperiments generated given a non-zero𝜇-𝜏 FV strength
of 𝜖⊕𝜇𝜏 = 0.035, which equals the upper limit of the Asimov 90% confidence interval
on the coupling’s absolute value in Table 14.1. Figure 14.15 shows the pseudoex-
periments’ outcomes and can be compared to the corresponding distributions in the
middle row of Fig. 14.14 in order to gauge howΔ𝜒2mod is affected by the change in the
assumed underlying truthmodel as it is shifted away from the boundary of the phys-
ical parameter space. The histograms now follow the 𝜒22 distribution more closely.
Therefore, if the measured test-statistic outcome at the injected point (�𝜖⊕𝜇𝜏� = 0.035,
𝛿𝜇𝜏 = 0) was Δ𝜒2mod = 𝜒22,0.1 ≈ 4.61, this particular NSI assumption would indeed
be excluded at around 90% CL, in agreement with Wilks’ theorem. The indicated
actual critical value Δ𝜒2mod,0.1 �𝜖⊕𝜇𝜏 = 0.035�𝜖⊕𝜇𝜏 = 0.035� ≈ 5 is only slightly larger.
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Figure 14.14: Expected probability density and distribution functions of Δ𝜒2mod �𝒑NSI = 0� for
true SI compared to 𝜒21,2,3 for the six considered NSI hypotheses. The left column shows the
PDF 𝑓 �Δ𝜒2mod�, whereas the right column shows the CDF 𝐹 �Δ𝜒2mod�, which corresponds to
the coverage probability as defined in Sec. 13.1. The dashed vertical lines indicate the critical
values 𝜒21,0.1, 𝜒22,0.1, and 𝜒23,0.1.
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Figure 14.15: Expected PDF (left) and CDF (right) ofΔ𝜒2mod �𝜖⊕𝜇𝜏 = 0.035�𝜖⊕𝜇𝜏 = 0.035� fit with
the 𝜇-𝜏 FV hypothesis, which can be contrasted with the corresponding histograms in the
middle row of Fig. 14.14.
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15
Measurement results

15.1 Observed event distribution and fit outcomes
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Figure 15.1: Observed distribution (colour maps and bin labels) of cascade-like events on
the left and track-like events on the right.

Figure 15.1 presents the observed distribution of events at the final selection level
of this analysis. Fitting the six separate NSI hypotheses to this distribution yields the
outcomes in Table 15.1, none ofwhich allowmaking anNSI discovery claim. The null
hypothesis is identical across all six scenarios and is comprised of the nested best fit
under the SI hypothesis, whose outcome is also specified. All fits are performed
within the parameter space of the NO.
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Hypothesis Best-fit values 𝝌2,obsmod,min 𝜟𝝌2,obsmod,SI

SI Δ𝑚2
32 = 0.002 37 eV

2, 𝜃23 = 46.4° 146.4 0
𝑒-𝜇 NU 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −0.59 145.1 1.3
𝜇-𝜏 NU 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 = 0.001 6 146.4 0.0
𝑒-𝜇 FV �𝜖⊕𝑒𝜇� = 0.072, 𝛿𝑒𝜇 = 343.7° 145.3 1.1
𝑒-𝜏 FV �𝜖⊕𝑒𝜏� = 0.060, 𝛿𝑒𝜏 = 35.5° 145.9 0.5
𝜇-𝜏 FV �𝜖⊕𝜇𝜏� = 0.003 0, 𝛿𝜇𝜏 = 175.0° 146.3 0.1
GMP 𝜖⊕ = 0.40, 𝜑12 = 2.3°, 𝜑13 = −4.7° 144.3 2.1

Table 15.1: Summary of the observed fit outcomes for the NSI hypotheses considered in
Table 13.1, togetherwith the best-fit values of all NSI parameters, the globalminima 𝜒2,obsmod,min,
and the Δ𝜒2,obsmod values at which the SI hypothesis is excluded. In the SI case, owing to the
lack of freematter-potential parameters, only the best-fit values of the two PMNS parameters
Δ𝑚232 and 𝜃23 are displayed.

SI rejection

The compatibility of the SI hypothesis within each hypothesis’ parameter space can
be gauged from the indicated test-statistic value

Δ𝜒2,obsmod,SI ≡ 𝜒
2,obs
mod �0, ̂𝒑̂nuis� − 𝜒

2,obs
mod,min . (15.1)

If Wilks’ theorem is assumed to hold and a universal 100% (1 − 𝛼) ≈ 75% CL is
preimposed, in all cases the best-fit SI hypothesis is accepted: the strongest statistical
exclusion of SM interactions is observed for the 𝑒-𝜇 NU hypothesis, at a Gaussian-
equivalent significance of ≈ √1.3𝜎 (upper tail probability of 25%, 𝜒21,𝛼=0.25 ≈ 1.3).
Even lower confidence levels are required to accept the null hypothesis in the five
other hypothesis tests, namely 46% (GMP), 44% (𝑒-𝜇 FV), 21% (𝑒-𝜏 FV), 4% (𝜇-𝜏
FV), and 4% (𝜇-𝜏 NU).

Goodness of fit

Each of the fit outcomes is characterised by a reasonable goodness of fit with a 𝑝-
value in the range 𝑝obs ∼ 19% to 22%, sufficiently high to pass the prerequisite of
𝑝obs > 10%. The goodness of fit a given fit hypothesis can only be derived from
Table 15.1 in conjunctionwith Fig. 14.11: it is calculated according to Eq. (14.2) using
the observed value of 𝜒2,obsmod,min and the appropriate 𝜒2mod distribution frompseudoex-
periments generated for SI. Any possible dependence of the latter on the underlying
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Figure 15.2: Observed distribution of the statistical pulls (colour maps and bin labels) at
the 𝜇-𝜏 NU best fit, for cascade-like events on the left and track-like events on the right.
The statistical contribution of each event class to the total 𝜒2,obsmod,min is indicated on top. The
residual difference is the sum over the prior penalty terms in Eq. (13.1).

truth model—as alluded to in Sec. 14.4.1—is neglected in the goodness-of-fit calcu-
lations. This can be justified by theweak observed rejections of the SI hypothesis and
the only minor expected changes ofO(1) in the number of degrees of freedom of the
various 𝜒2𝑚 distributions with 𝑚 ∼ 130.

Pull distributions

The pattern of statistical pulls (here: for the best fit under the 𝜇-𝜏 NU hypothesis)
in Fig. 15.2 reveals the binwise contributions of the event distribution to the global
minimum 𝜒2,obsmod,min. The pull associated with a given bin is the square root of the
appropriate term in the first sum in Eq. (13.1) and is approximated as the number
of standard deviations by which the observed event count differs from the best-fit
expectation, with a negative (positive) sign implying a deficit (excess) in the obser-
vation. The pull patterns of the other fit outcomes are omitted because of their strong
likeness.

The strongest single pull is encountered for cascade-like events with −0.75 ≤
cos𝜗reco < −0.50 in the highest-energy bin, where the best-fit expectation exceeds
the observation by 3.0𝜎. For track-like events, the strongest pull is also encountered
in the highest-energy bin, but in the downgoing region, with a 2.4𝜎 excess in the
observed count. The overall contribution to the weighted-least-squares sum from
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cascade-like events to the total is lower by 20 units than that from track-like events,
however, here 𝜒2,obsmod,cscd. = 61.85 and 𝜒2,obsmod,trck. = 80.91. Histograms of the observed
binwise weighted-least-squares values for the 𝜇-𝜏 NU fit are available in Fig. C.11.

The sumover the ten nuisance-parameter penalty terms, 𝜒2,obsmod,prior = 3.64, is almost
negligible compared to the aforementioned statistical contributions from cascade-
and track-like event counts. This sum alone implies that no significant nuisance-
parameter pull (beyond the level of√3.64𝜎) could have been observed. The detailed
breakdown in Fig. C.12 shows that the only nuisance parameters with pulls of the
order of ±1𝜎 are 𝑥𝑀CC,RES

𝐴
, 𝑅𝜈/𝜈̄, and 𝑠DOM

eff . The pulls are nearly constant across fit
hypotheses.

Atmospheric oscillation parameters

The best-fit values of Δ𝑚2
32 and 𝜃23 under the six NSI hypotheses are within

2.5% and 4%, respectively, of their SI counterparts. The latter values of Δ𝑚2
32 =

0.002 37+0.000 21−0.000 19 eV
2 and 𝜃23 = 46.4+5.0−5.8 ° (Wilks 90% CL) are compatible with the

prior dedicated DeepCore measurements of the two parameters in Refs. [426, 362].
The two-dimensional observed Δ𝜒2,obsmod profile and its projections can be examined in
Fig. C.13.

15.1.1 One-by-one fits

NU NSI

Figure 15.3 shows the observed1 Δ𝜒2mod profiles as a function of the two differences
of the flavour-diagonal NSI coupling strengths, 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 and 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇. The shaded
bands are the central 68.3% and 90% ranges of statistical uncertainty also displayed
in Fig. 14.12. The vertical lines are located at the parameter values that leave flavour
transitions unchangedwith respect to SI—either because there are noNSI or because
these are flavour universal.

𝒆-𝝁 NU The panel on the left of Fig. 15.3 reveals that the data does not allow
constraining 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 beyond the level Δ𝜒2mod,max ≈ 7.2, corresponding to a CL of
around 99%. Values outside of the union of intervals [−2.26, −1.27] ∪ [−0.74, 0.32]
are excluded at 90% CL. Vacuum oscillations, at 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −1, where standard
matter effects are exactly cancelled by NSI, are disfavoured by the data nearly at the
1From this point onwards, when there is no ambiguitywedrop the “obs” superscript to avoid further

notational clutter.

240



15.1 Observed event distribution and fit outcomes

−5 0 5
𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇

0

5

10
Δ𝜒

2 m
od

1𝜎

90%

3𝜎

SI/universal NSI

observed 1𝜎 stat. 90% stat.

−0.1 0.0 0.1
𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇

0

10

Δ𝜒
2 m
od

1𝜎
90%

3𝜎
SI/universal NSI

observed
1𝜎 stat.
90% stat.

Figure 15.3: Observed Δ𝜒2mod profiles as a function of the effective NSI flavour-non-
universality strengths 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 (left) and 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 (right), together with the central 68.3%
and 90% statistical uncertainty regions of the sensitivity shown as shaded bands.

above maximal test-statistic value of Δ𝜒2mod,max with respect to the best fit at 𝜖⊕𝑒𝑒 −
𝜖⊕𝜇𝜇 ≈ −0.59, somewhat more strongly than expected from the 90% sensitivity range.
Compared to the hypothesis of 𝑒-𝜇 flavour universality or SI, vacuum oscillations are
disfavoured by Δ𝜒2mod ≈ 5.9.

The GMOD (4.20) implies that the sign of 1 + 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 is fully degenerate with
the NMO at the level of the (anti)neutrino evolution equation. Only within the NO
do we observe a minor preference for a positive sign. This also implies that flavour
universality, at which neutrinos and antineutrinos are subject to the standard matter
potentials, is favoured over 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −2, at which the signs of the potentials are
effectively interchanged. When the IO is assumed in the measurement instead, a
degenerate best fit (𝜒2mod,min ≈ 145.1) is encountered at 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≈ −1.4, and a slight
preference for 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −2 over flavour universality. These observations in turn
hint at a small preference for the NO over the IO under the assumption of SI. Such
a dedicated NMO measurement in the absence of NSI with two related DeepCore
event samples is touched upon in Part IV.

𝝁-𝝉NU From the right panel of Fig. 15.3, one is able to tell that the observed event
sample is highly compatible with flavour-universal NSI 𝜖⊕𝜏𝜏 = 𝜖⊕𝜇𝜇. As a result, strin-
gent constraints emerge, with values of 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇 outside of the interval [−0.041, 0.042]
excluded at 90% CL. The measurement precision exceeds the median sensitivity (cf.
Fig. 14.12) for any CL, but it is still compatible with the expected central 68.3% range
of statistical uncertainty (even if close to or at its upper bound).

Taking into account the GMOD and the fact that the sensitivity to 𝜇-𝜏 NU ori-
ginates from (decoupled) 2𝜈 oscillations in the 𝜇-𝜏 sector, it is reasonable to expect
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the measured profile under the IO to follow approximately by mirroring that from
Fig. 15.3 about the origin, which has been explicitly verified. The best fit is not de-
generate with that under theNO because the 𝑒𝑒 entry of the effectivematter potential
is not permitted to change sign.

FV NSI

The central panel of the each of the three plots in Fig. 15.4 shows the observed two-
dimensional 90% confidence region (isocontour at Δ𝜒2mod = 𝜒22,0.1 ≈ 4.61) in the
NSI magnitude and complex phase from the fit of a given FV NSI coupling strength.
Points to the right of the observed isocontour are excluded. Each isocontour is ac-
companied by the central 68.3% and 90% regions of statistical uncertainty displayed
in the corresponding part of Fig. 14.13. The profile’s projection onto the modulus of
the coupling strength is depicted on top, and that onto the phase on the right. Lines
and shaded bands have the same interpretation as in Fig. 15.3. Due to the fact that a
vanishing coupling renders its phase unphysical, the appropriate entry for Δ𝜒2mod,SI
in Table 15.1 provides the maximal projected test-statistic value at which any given
value of the phase can be excluded in principle.

Generically, only without restrictions on the NSI flavour structure, 𝛿CP, 𝜃12, and
the NMO should 𝜖⊕𝛼𝛽 and −𝜖⊕∗𝛼𝛽 (or 𝛿𝛼𝛽 and 180° − 𝛿𝛼𝛽) yield physically equivalent
solutions, cf. Eq. (4.20). Given that 𝑒-𝜇NUas a prerequisite for this exact degeneracy
is not accommodated by our FV NSI hypotheses, we have explicitly verified that all
three �𝜖⊕𝛼𝛽� measurements are only negligibly affected by switching from the NO to
the IO hypothesis, and that optimising over both NMO realisations does not modify
the confidence intervals compared to those specified below for the NO hypothesis.

𝒆-𝝁 FV From the top left part of Fig. 15.4, an upper bound of �𝜖⊕𝑒𝜇� ≤ 0.146 at
90% CL is obtained on 𝑒-𝜇 FV NSI when the full range of phases, 0° ≤ 𝛿𝑒𝜇 ≤ 360°,
is tested. The constraint becomes stronger when 𝛿𝑒𝜇 is allowed to vary only over
the range (160 ± 90)°, for which the conditional value of the magnitude that best fits
the data is zero, ̂̂�𝜖⊕𝑒𝜇� = 0. This explains the plateau in the projection onto 𝛿𝑒𝜇 with
Δ𝜒2mod = Δ𝜒2mod,SI ≈ 1.1. A somewhat stronger exclusion of real negative values of
𝜖⊕𝑒𝜇 (corresponding to 𝛿𝑒𝜇 = 180°) with respect to the expectation from pseudoexper-
iments is observed.

𝒆-𝝉 FV Compared to 𝑒-𝜇 FV NSI, we find both qualitatively and quantitatively
similar bounds on 𝑒-𝜏 FV NSI from the upper right panels of Fig. 15.4. The mag-
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nitude’s upper bound at 90% CL after optimising over 0° ≤ 𝛿𝑒𝜏 ≤ 360° is almost 20%
larger, �𝜖⊕𝑒𝜏� ≤ 0.173, and the statistical compatibility between the best fit and the SI
hypothesis is even higher. For values of 𝛿𝑒𝜏 contained within the range (200 ± 90)°,
the magnitude is somewhat more strongly bounded from above than expected from
pseudoexperiments. As before, the conditional NSI hypotheses in this limited 𝛿𝑒𝜏
interval are characterised by vanishing conditional absolute values ̂̂�𝜖⊕𝑒𝜏� = 0, giving
rise to a plateau in the projection onto 𝛿𝑒𝜏 with Δ𝜒2mod = Δ𝜒2mod,SI ≈ 0.5.

𝝁-𝝉 FV The lower part of Fig. 15.4 confirms that the selected event sample is able
to more strongly constrain flavour violation in the 𝜇-𝜏 sector than in the electron
sector. Under the full 𝛿𝜇𝜏 range, �𝜖⊕𝜇𝜏� ≤ 0.0232 at 90% CL. We observe the strongest
bounds for real and positive NSI couplings (𝛿𝜇𝜏 = 0°). Hypotheses with 𝛿𝜇𝜏 ≈ 125°
and 𝛿𝜇𝜏 ≈ 235° result in the weakest upper limits on the magnitude. In turn, the
measurement is almost unable to place any constraints on 𝛿𝜇𝜏, as Δ𝜒2mod,SI ≈ 0.1 is
the maximum of the parameter’s test-statistic projection.

While the isocontour is well contained within the 90% region of statistical un-
certainty, the profile’s projection onto �𝜖⊕𝜇𝜏� is only barely compatible with the 90%
sensitivity range. Just from the shape of the latter, one can tell that the smallness of
the observed best-fit value �𝜖⊕𝜇𝜏� = 0.003 0 is rather untypical. This simultaneously
brings about a stronger-than-observed exclusion of the SI hypothesis by the median
pseudoexperiment and also a larger-than-observed upper limit.
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Figure 15.4:Observed 90% confidence regions in themoduli �𝜖⊕𝛼𝛽� and phases 𝛿𝛼𝛽 of the effect-
ive flavour-violating NSI coupling strengths 𝜖⊕𝑒𝜇 (upper left), 𝜖⊕𝑒𝜏 (upper right), and 𝜖⊕𝜇𝜏 (bot-
tom), together with each parameter’s projected one-dimensional Δ𝜒2mod profile. The best-fit
point for each pair of parameters is indicated by a cross. The central 68.3% and 90% statist-
ical uncertainty regions and intervals of the sensitivity are shown as shaded bands.
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15.1.2 Generalised matter potential
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Figure 15.5: Observed 1𝜎, 90%, and 3𝜎 confidence regions in pairs of the GMP parameters
𝜖⊕, 𝜑12, and 𝜑13, together with each parameter’s projected one-dimensional Δ𝜒2mod profile.
In addition, the colour in each of the three central panels encodes the local value of the pro-
jected two-dimensional Δ𝜒2mod profile. A cross indicates the best-fit point for each pair of
parameters.

Our final fit to data employs the GMP that is characterised by the three intrinsic
matter parameters 𝜖⊕, 𝜑12, and 𝜑13. Figure 15.5 shows the resulting constraints, by
means of the two- and one-dimensional Δ𝜒2mod profiles, all of which are projections
of the complete three-dimensional profile. In terms of the five standard NSI para-
meters, the global best fit, also provided in Table 15.1, corresponds to

𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = −0.60 , 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 = 0.002 0 ,
𝜖⊕𝑒𝜇 = −0.016 , 𝜖⊕𝑒𝜏 = 0.033 , 𝜖⊕𝜇𝜏 = −0.001 3 . (15.2)
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15 Measurement results

This point is weakly favoured over the hypothesis of SI (or flavour-universal NSI),
at the level of Δ𝜒2mod,SI = 2.2 (upper tail probability of 55.2%, 𝜒23,0.552 ≈ 2.2)—a
difference that cannot be derived from any of the projections in Fig. 15.5 because
none of these contain the two points also contained within the SI parameter space
(𝜖⊕ = ±1, 𝜑12 = 0°, 𝜑13 = 0°). The one-dimensional projections yield the 90% confid-
ence intervals −9° ≲ 𝜑12 ≲ 8°, −14° ≲ 𝜑13 ≲ 9°, and the union [−1.2, −0.3] ∪ [0.2, 1.4]
for 𝜖⊕.

Compared to keeping 𝜑12 and 𝜑13 fixed at zero, their joint optimisation almost
leaves the bounds on 𝜖⊕ at 90% CL unaffected, and it does not change the overall
shape of its one-dimensional Δ𝜒2mod profile, which follows from contrasting it with
the profile for 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 = 𝜖⊕ − 1 in Fig. 15.3.

The two-dimensional Δ𝜒2mod projection onto 𝜖⊕ and 𝜑12 demonstrates that all hy-
potheses with �𝜖⊕� > 0.05 and �𝜑12� > 10° are excluded with a significance above 3𝜎
(for any value of 𝜑13). Conversely, hypotheses with �𝜖⊕� > 0.1 and �𝜑13� > 20° are
excluded. Hypotheses with any value of 𝜖⊕ and smaller values of �𝜑12� and �𝜑13� are
allowed at the 3𝜎 level.

In the projection onto 𝜑12 and 𝜑13 an isocontour corresponding to the 90% CL is
observed, but not the 99.7% (3𝜎) CL. The maximal significance of excluding any
particular pair of values of the rotation angles cannot exceed the Δ𝜒2mod value of
vacuum oscillations (𝜖⊕ = 0), which renders both parameters unphysical. In fact,
no value of 𝜖⊕ is excluded at a higher CL than 𝜖⊕ = 0, by Δ𝜒2mod ≈ 8.0 < 𝜒21,0.003 <
𝜒22,0.003 ≈ 11.62. As a consequence, we also encounter the cross-like shapes of the 3𝜎
isocontours in the two upper central panels in Fig. 15.5.
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Hypothesis Parameter 90% confidence interval

𝑒-𝜇 NU 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 [−2.26, −1.27] ∪ [−0.74, 0.32]
𝜇-𝜏 NU 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 [−0.041, 0.042]

𝑒-𝜇 FV �𝜖⊕𝑒𝜇� ≤ 0.146
𝛿𝑒𝜇 [0°, 360°]

𝑒-𝜏 FV �𝜖⊕𝑒𝜏� ≤ 0.173
𝛿𝑒𝜏 [0°, 360°]

𝜇-𝜏 FV �𝜖⊕𝜇𝜏� ≤ 0.023 2
𝛿𝜇𝜏 [0°, 360°]

GMP
𝜖⊕ [−1.2, −0.3] ∪ [0.2, 1.4]
𝜑12 [−9°, 8°]
𝜑13 [−14°, 9°]

Table 15.2: Summary of the observed 90% confidence intervals according to Wilks’ theorem
on NU and FV NSI parameters within the one-by-one fits and on the GMP parameters. All
measurements make the assumption Δ𝑚231 > 0, which does not necessarily result in a loss of
generality (see text).

15.2 Summary and experiment comparison

Table 15.2 compiles a summary of the intervals at 90% CL placed on the parameters
of interest to this work. Only the constraints on the strength of 𝑒-𝜇NUNSI are at the
level of the strength of SM weak interactions, all others are stronger by almost one
(𝑒-𝜇 and 𝑒-𝜏 FV) or two (𝜇-𝜏NU or FV) orders of magnitude. None of the FV phases
are restricted.

For comparison with existing measurements, in Fig. 15.6 we restrict the FV coup-
ling strengths to the real plane, defined by 𝛿𝛼𝛽 = 0°, 180°, and show the allowed
intervals at 90% CL for the real-valued signed quantities 𝜖⊕𝛼𝛽. In the cases of 𝜖⊕𝑒𝜇
and 𝜖⊕𝑒𝜏, the lower limits (𝛿𝛼𝛽 = 180°) are stronger than the upper limits (𝛿𝛼𝛽 = 0°).
The latter reproduce the observed constraints on �𝜖⊕𝑒𝜇� and �𝜖⊕𝑒𝜏� under the hypotheses
of complex coupling strengths in Table 15.2. In the case of 𝜖⊕𝜇𝜏, the upper limit is
∼20% stronger than the lower limit, −0.016 5 ≤ 𝜖⊕𝜇𝜏 ≤ 0.013 0. This range improves
upon the 90% confidence interval reported by the preceding DeepCore measure-
ment, −0.020 ≲ 𝜖⊕𝜇𝜏 ≲ 0.024 [439].2 Neither limit’s modulus reproduces the limit on

2After translating from the assumed NSI with down quarks, 𝜖𝑑𝑉𝜇𝜏 , to the effective coupling strength
in Eq. (4.12) employed in this work.
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Figure 15.6: Summary of the one-by-one 90% confidence intervals on real NSI parameters
obtained in this work compared to previous limits. Constraints on the complex NSI coupling
strengths are given for the associated phase restricted to 𝛿𝛼𝛽 = 0°, 180°. See text for details.

�𝜖⊕𝜇𝜏� in Table 15.2 because the precision on �𝜖⊕𝜇𝜏� is weakest for a complex coupling
strength.

Data from a number of other neutrino experiments has been used to set limits on
theNSI quark coupling strengths 𝜖𝑢𝑉𝛼𝛽 and 𝜖𝑑𝑉𝛼𝛽 , which are also presented in Figure 15.6
after rescaling them to the convention (4.12) adopted by this work.

Limits on 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 and 𝜖⊕𝜇𝜏 (two-dimensional analysis including correla-
tions) have been obtained from atmospheric neutrino data collected by Super-
Kamiokande [456], as well as one-by-one limits on 𝜖⊕𝜇𝜏 from LBL accelerator (−)𝜈𝜇 dis-
appearance data from MINOS [457] and high-energy, O(TeV), atmospheric (−)𝜈𝜇 dis-
appearance data from IceCube (“IC 2017 (public)”) [438].

The figure also allows gauging the combined impact of the increased event statist-
ics and the inclusion of higher-energy events in the event sample prepared for this
work compared to an external analysis [440] on the publishedDeepCore sample “B”
mentioned in Sec. 11.1 (“IC DC 2020 (public)”). The widths of the 90% confidence
intervals in this thesis are smaller by between∼25% (for 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇, 𝜖⊕𝑒𝜏, 𝜖⊕𝜇𝜏) and ∼50%
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(𝜖⊕𝑒𝜇) with respect to their counterparts from the external measurement. The latter
does not study 𝑒-𝜇 NU, complex NSI phases, or a generalised matter potential with
a less restrictive flavour structure.

Furthermore, we show the limits on FV couplings reported by a measurement
using the published timing (or flavour) data from CE𝜈NS at COHERENT [273].
Here, the assumed underlying NSI model based on the exchange of a 𝑍′ mediator
with 𝑀𝑍′ ∼ O(10MeV) dictates 𝜖𝑢𝛼𝛽 = 𝜖𝑑𝛼𝛽, such that no cancellations between NSI
with different quark flavours occur (see Ref. [458] for a comprehensive analysis).
While CE𝜈NS only yields constraints that are valid for a new-physics energy scale
above O(10MeV), in contrast to oscillation experiments it is sensitive to the indi-
vidual flavour-diagonal coupling strengths 𝜖𝑢𝑉,𝑑𝑉𝑒𝑒 and 𝜖𝑢𝑉,𝑑𝑉𝜇𝜇 . The results of thiswork
are also not directly comparable to NSI measurements from collider experiments, as
these commonly depend strongly on the underlying new-physics model and energy
scale [459].

Limits derived by the combined analysis [223] of global neutrino oscillation data
with negligible sensitivity to CP-violating effects scrutinised in Sec. 5.2.2 are depic-
ted in addition (“global 2018 (w/ correl.)”). These constraints are no more stringent
than ours because all NSI couplings are simultaneously fit to the global set of exper-
imental data, such that correlations between couplings with different flavour indices
reduce the precision with which any single parameter can be measured.

15.2.1 Assessment of subsequent NSI studies

Results from a small number of NSI studies with atmospheric neutrinos have ap-
peared after the conclusion of the analysis presented in this thesis and are briefly
reviewed and contextualised below.

IceCube

A new high-energy IceCube measurement [460, 461] of 𝜇-𝜏 FV based on more than
3 × 105 upgoing track-like events with reconstructed energies between 500GeV and
10TeV has constrained the associated coupling strength with an unprecedented pre-
cision to the range −0.004 1 ≲ 𝜖𝑑𝑉𝜇𝜏 ≲ 0.003 1 (or −0.012 3 ≲ 𝜖⊕𝜇𝜏 ≲ 0.009 3) at 90% CL
according to Wilks under the assumption of real NSI and the NO.

For the case of complex NSI, Fig. 15.7 (reproduced from Ref. [461, Fig. 4]) also
provides a comparison to the 90% confidence region observed in this work, after
conversion to its representation in the Re 𝜖𝑑𝑉𝜇𝜏–Im 𝜖𝑑𝑉𝜇𝜏 plane. For this purpose, the
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confidence region of the high-energy measurement has been constructed by apply-
ingWilks’ theoremwith a single degree of freedom to the observed two-dimensional
profile likelihood ratio (cf. Sec. 13.3). Consequently, the critical test-statistic value
for a given confidence level is reducedwith respect to the assumption of two degrees
of freedom. The existence of only one degree of freedom is expected, however, from
the degeneracies of the high-energy expression for the (−)𝜈𝜇 survival probability (9.3)
and has been validated via the Feldman–Cousins procedure (cf. Sec. 14.4). In con-
trast, the confidence region on themodulus and phase of 𝜖⊕𝜇𝜏 in the bottomof Fig. 15.4
assumes Wilks’ theorem with two degrees of freedom. The latter might not be ex-
ceedingly conservative in light of the coverage study conducted for the non-trivial
NSI model 𝜖⊕𝜇𝜏 = 0.035 in Fig. 14.15.

Figure 15.7:Observed 90% confidence re-
gions on complex 𝜖𝑑𝑉𝜇𝜏 from a high-energy
IceCube measurement (solid black) and
this work (blue). Figure taken from
Ref. [461].

Contrary to this work, the high-energy
measurement omits Δ𝑚2

31 and 𝜃23 as nuis-
ance parameters, an approach adopted from
preceding IceCube searches for sterile neut-
rinos for which the event selection was ori-
ginally developed [462, 463]. Completely
vanishing effects from both parameters are
only expected in the asymptotic limit rep-
resented by Eq. (9.3) though, which is ac-
companied by a full degeneracy between the
two signs of 𝜖⊕𝜇𝜏 (for real NSI). This limit is
not quite satisfied by the high-energy meas-
urement, as evidenced by the weak pref-
erence for a particular sign of 𝜖⊕𝜇𝜏 under a
given NMO [461, Fig. 2]. When vacuum
oscillation terms are considered, at a neut-
rino energy of, e.g., 𝐸𝜈 = 1TeV, their con-
tribution to the (−)𝜈𝜇 survival probability half-

phase [383] is Δ𝑚231
4𝐸𝜈

∼ ±10−24GeV. Since
�𝑉CC� ∼ 10−22GeV (as illustrated in Fig. 5.6),
the NSI contribution 𝜖⊕𝜇𝜏 �𝑉CC� is of the same order as the standard one when �𝜖⊕𝜇𝜏� ∼
10−2. This coincides with the precision to which the high-energy measurement con-
strains the coupling.
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ANTARES

Also focussing solely on NSI in the 𝜇-𝜏 sector, the underwater neutrino telescope
“ANTARES” [464] off the coast of France in the Mediterranean Sea has performed a
joint measurement [465] of 𝜖𝑑𝑉𝜏𝜏 − 𝜖𝑑𝑉𝜇𝜇 and real 𝜖𝑑𝑉𝜇𝜏 based on 7 710 track-like events
with reconstructed energies from 16GeV to 100GeV collected between 2007 and
2016 [466]. This NSI hypothesis is constructed in the same manner as in the Super-
Kamiokande study [456] whose results are depicted in Fig. 15.6. In the case of
�𝜖𝑑𝑉𝜏𝜏 − 𝜖𝑑𝑉𝜇𝜇�, theANTARES upper bound is roughly 60%weaker than that from Super-
Kamiokande. In the case of �𝜖𝑑𝑉𝜇𝜏 �, it is stronger by a factor of approximately two
(and, after rescaling, slightly stronger than the limits on real 𝜖⊕𝜇𝜏 obtained in this
work). In fact, ANTARES observes a preference for 𝜇-𝜏 NU over SI at 90% CL ac-
cording toWilks when 𝜖𝑑𝑉𝜇𝜏 is treated as a nuisance parameter. This preference in turn
evidently contributes to a weaker upper bound on �𝜖𝑑𝑉𝜏𝜏 − 𝜖𝑑𝑉𝜇𝜇� with respect to Super-
Kamiokande. The ANTARES fit considers the atmospheric oscillation parameters as
unconstrained sources of systematic uncertainty, together with 𝛿CP (unconstrained
but without impact) and 𝜃13 (subject to a Gaussian prior).

KM3NeT/ORCA

Figure 15.8: Various observed 90% confidence intervals on real couplings 𝜖𝑑𝑉𝛼𝛽 , including this
work (“IC DeepCore 2021”). Figure taken from Ref. [467].

Serving as a low-energy successor to ANTARES and situated close to the latter’s
location, the densely instrumented Gt-scale “KM3NeT/ORCA” neutrino telescope
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in its partial, six-string configuration (“ORCA6”) has already allowed conducting
proof-of-concept NSI measurements [468, 467]. These closely follow the analysis
approach of this work (with fits of the hypotheses in Table 13.1 except for 𝑒-𝜇 NU
and the GMP). A study based on an exposure of 433kt-years [467], corresponding
to 5 828 events distributed over two track-like bins (with different (−)𝜈𝜇 CC purities)
and one cascade-like bin, reports intervals allowed at 90% CL (Wilks) on the real
NSI couplings 𝜖𝑑𝑉𝜏𝜏 − 𝜖𝑑𝑉𝜇𝜇, 𝜖𝑑𝑉𝑒𝜇 , 𝜖𝑑𝑉𝑒𝜏 , and 𝜖𝑑𝑉𝜇𝜏 . Figure 15.8 shows that the widths of these
intervals deviate by at most some tens of percent from the rescaled results of this
work. Most prominently, ORCA6 yields a weaker bound on the absolute value of
𝜖𝑑𝑉𝑒𝜇(𝑒𝜏) when the phase 𝛿𝑒𝜇(𝑒𝜏) = 180°, but a somewhat stronger bound for 𝛿𝑒𝜇(𝑒𝜏) = 0°.
Also depicted are the aforementionedmeasurement results for real 𝜖𝑑𝑉𝜇𝜏 from IceCube
and ANTARES, representing the highest-precision constraints on 𝜖𝑑𝑉𝜇𝜏 to date, as well
as theMINOSmeasurement of the same parameter [457]. As is the case in this work,
the atmospheric oscillation parameters serve as unconstrained nuisance parameters
in the ORCA6 measurement; the NMO is treated as a nuisance parameter through-
out.

Ongoing DeepCore studies

Today, as the number of recorded DeepCore trigger events exceeds that underlying
this work by a factor greater than three, analysis efforts aiming at constantly expand-
ing the experiment’s standard and non-standard oscillation physics reach are ongo-
ing. Reference [469] has made use of several modified data-processing and simu-
lation procedures to investigate the NSI sensitivity of an all-flavour event sample of
∼1.5 × 105 exclusively upgoing events with reconstructed energies of up to 100GeV
and a low (𝜇± and noise) background contamination of less than 1%. One-by-one
fits of the 𝜇-𝜏 NU and the three FV NSI scenarios to the Asimov pseudodata reveal
expected improvements at the level of several tens of percent with respect to this
work’s observed 90% confidence intervals on real NSI couplings. For example, the
median interval to which real 𝜇-𝜏 FV is expected to be constrained given true NO is
−0.009 ≲ 𝜖⊕𝜇𝜏 ≲ 0.011, whose width is almost identical to that of the aforementioned
high-energy IceCube measurement.

15.3 Rejecting SI: from Wilks to Feldman–Cousins

The available pseudoexperiments generated under the SI hypothesis and examined
in Sec. 14.4 enable us in principle to refine our prior statements about the significance
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Figure 15.9: Feldman–Cousins approach for determining the significance of rejecting the SI
hypothesis in the two one-by-oneNUNSImeasurements. In each case, the left panel shows a
small interval of the observedΔ𝜒2mod profile around the SI hypothesis, and the right panel the
CDF 𝐹 �Δ𝜒2mod�0� fromwhich the confidence level of the SI rejection can be read off (solid and
dashed red lines). The CDF of 𝜒21, used in conjunction with Wilks’ theorem, is also provided
for comparison as a dotted line.

of rejecting the SI hypothesis (or flavour-universal NSI in the case of either NSI NU
measurement) by locally adopting the Feldman–Cousins approach. An enhanced
rejection will be encountered if the PDF of Δ𝜒2mod (0|0) displayed in Fig. 14.14 asso-
ciated with a given NSI scenario drops off much more rapidly than expected from
Wilks’ theorem. In the cases of 𝑒-𝜇, 𝑒-𝜏, and 𝜇-𝜏 FV, in which the complex phases be-
come unphysical under the SI hypothesis, the observed confidence level of rejecting
the latter will coincide with that of rejecting �𝜖⊕𝛼𝛽� = 0. In the case of the GMP, the
rejection level for the SI hypothesis (𝜖⊕ = 1, 𝜑12 = 0, 𝜑13 = 0) need not coincide with
that for a standard strength of the matter potential (𝜖⊕ = 1 ∀𝜑12, 𝜑13).

Nominal nuisance-parameter values underlie the generation of the available
pseudoexperiments, not their observed best-fit values. It is conceivable for these
offsets to affect the shapes of theΔ𝜒2mod (0|0) PDFs—even after profiling over all nuis-
ance parameters. Here, however, we address the above questions by neglecting any
dependence on the true nuisance-parameter values. This is justified because the de-
viations between the nominal and best-fit points are not significant or neither are
close to the bounds of their manually preimposed or physical ranges. We thus use
the nominal distributions displayed in Fig. 14.14 directly in order to compute the tail
probabilities with respect to the observed outcomes Δ𝜒2mod,SI in Table 15.1. Then,
as illustrated in Figs. 15.9 to 15.11, the SI hypothesis is rejected by the data at the
following confidence levels and significances (compared to using Wilks’ theorem):

• 𝑒-𝜇 NU: 77% (vs. 75%Wilks and 𝜒21), or 1.20𝜎 (vs. 1.15𝜎);
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Figure 15.10: Same as Fig. 15.9, but for the FV NSI measurements. The CDF of 𝜒22 represents
Wilks’ theorem applied to a hypothesis with two parameters of interest in spite of the un-
physical complex phases for SI (see text).

• 𝜇-𝜏 NU: 34% (vs. 4%Wilks and 𝜒21), or 0.44𝜎 (vs. 0.05𝜎);

• 𝑒-𝜇 FV: 78% (vs. 44%Wilks and 𝜒22), or 1.23𝜎 (vs. 0.58𝜎);

• 𝑒-𝜏 FV: 56% (vs. 21%Wilks and 𝜒22), or 0.77𝜎 (vs. 0.27𝜎);

• 𝜇-𝜏 FV: 18% (vs. 4%Wilks and 𝜒22), or 0.23𝜎 (vs. 0.05𝜎);

• GMP: 56% (vs. 46%Wilks and 𝜒23), or 0.77𝜎 (vs. 0.61𝜎).

While the confidence level of excluding SI rises considerably in all measurements but
those of 𝑒-𝜇NU and the GMP, it remains low overall and far below any conventional
threshold required for a discovery claim. With the Feldman–Cousins method, the
strongest statistical exclusion of SI is encountered in the 𝑒-𝜇 FV and 𝑒-𝜇 NU meas-
urements, at a Gaussian-equivalent significance of ∼1.2𝜎.
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Figure 15.11: Same as Fig. 15.9, but for the GMP fit. The displayed profile is a slice along 𝜖⊕
through the full three-dimensional profile for fixed 𝜑12 = 𝜑13 = 0°, allowing to read off the
SI rejection level at the value 𝜖⊕ = 1. By definition, the profile slice is shifted upward by a
constant number of units relative to the Δ𝜒2mod profile in 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 (after taking into account
the translation 𝜖⊕ = 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 + 1).
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Part IV

Monte Carlo studies on the neutrino
mass ordering with PINGU
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16
Event sample

The MC event sample employed in this analysis of the PINGU experiment has been
generated with the same IceCube software tools used in Part III. Therefore, Sec. 16.1
only gives a condensed summary of the assumptions and procedures underlying
the PINGU event simulation and reconstruction. The criteria according to which
events are selected for the NMO sensitivity study are presented in Sec. 16.2, which
is followed by a brief assessment of the criteria’s feasibility once PINGU is deployed
in Sec. 16.3.

16.1 Simulation and reconstruction

Given the PINGU geometry detailed in Sec. 8.1, for each atmospheric neutrino
event generated by GENIE the propagation of Cherenkov photons is subjected to the
“SPICEMIE” model of the bulk ice mentioned in Sec. 6.2.3. The nominal hole-ice as-
sumptions represented by the effective angular acceptance functions of IceCube and
DeepCore DOMs in Fig. 10.4 are conservatively equally applied to PINGU DOMs.
The latter are assumed to have universal response functions and dark-noise distribu-
tions, given by the nominal model of a high-QE DOM.

The event reconstruction algorithm producing the neutrino properties’ analysis-
level estimators is in line with the general considerations of Sec. 10.2. It consists
of the hybrid template likelihood ansatz for the hypothesis of a single cascade ac-
companied by a collinear minimum-ionising 𝜇± track. The charge expectations for
both types of sources are generated with the bulk- and hole-ice models of the sim-
ulation. The reference energy of each minimum-ionising 𝜇± template is assumed
to be ∼1.7GeV, which corresponds to an average track length of 7m according to
Eq. (10.6). MULTINEST explicitly samples the full eight-dimensional parameter space.
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16.2 Selection criteria

The PINGU event sample at the analysis level is extracted from all simulated atmo-
spheric neutrino events by applying three sets of event criteria applied in succession
and summarised in Table 16.1.

The first set (level 1) corresponds to the dedicated PINGU SMT3 defined in
Sec. 8.1. It results in an expected event rate of the order of 100Hz, with the atmo-
spheric 𝜇± contribution still exceeding that of atmospheric neutrinos by almost four
orders of magnitude [470].

As alluded to in Sec. 8.1, the second level of the event selection is intended to
serve as a proxy of the online filter, in terms of both background-removal efficiency
and computational cost. Here, we encounter a number of simple cuts based on the
temporal and spatial distribution of preselected ensembles of pulses throughout the
event (“seeded 𝑅-𝑇” and time-window cleaning procedures with parameters adap-
ted to the PINGU geometry). At least eight DOMs are required to record signals,
50% respectively 90% of the total charge has to be detected within 600ns after the
second hit and within 2µs after the first hit of the event (cf. Fig. 11.3), and the earli-
est quartile of hits must have a mean depth which is on average at least 30m closer
to the bottom of the detector than the full set of hits. The latter criterion is a spatial
complement to the preceding pair of temporal 𝜇±-rejection criteria. A fast estim-
ate of the interaction position, taken as the charge-weighted spatial average of hit
DOMs, must yield a depth 𝑧 < −200m for the event to be considered. Any event
that passes the previous cuts then undergoes a first likelihood-based cascade recon-
struction. The event is only retained if the radial distance of the reconstructed vertex
from the centremost IceCube string is below 95m. This ensures that only interac-
tions occurring at most a few tens of metres outside of the densely instrumented
PINGU volume in the horizontal are considered. Together, the above criteria reduce
the atmospheric 𝜇± event rate by approximately two orders of magnitude, whereas
the atmospheric neutrino rate is nearly cut in half [470].

Prior to the application of the third level of selection criteria, events surviving
all preceding ones undergo the computationally expensive MULTINEST-based hybrid
event reconstruction algorithm. The outcome of the third level depends solely on
the resulting estimators: an event is only retained if the radial distance of its recon-
structed vertex to the centremost IceCube string is at most 85m, and if in addition its
reconstructed interaction depth lies in the range between −500m and −180m. This
reduces the expected atmospheric 𝜇± event rate to the order of 10mHz, which is
comparable to the rate of atmospheric neutrino events [470].
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Level Criterion Requirement Target

1 PINGU SMT3 noise

2 number of DOMs hit ≥ 8 quality
charge fraction within 600ns
after 2nd hit > 0.5 𝜇±

charge fraction within 2µs
after 1st hit > 0.9 𝜇±

mean hit depth difference to
mean depth of 1st hit quartile > 30m 𝜇±

fast estimate of interaction depth < −200m quality, 𝜇±
first estimate of radial cascade
distance < 95m quality, 𝜇±

3 reconstructed starting radial distance ≤ 85m quality, 𝜇±
reconstructed starting depth ∈ [−500m, −180m] quality, 𝜇±

Table 16.1: Summary of the event selection criteria employed by the PINGUNMO sensitivity
studies, except for requirements on analysis variables. The criteria of both level 2 and level 3
are applied to variables derived from pulse ensembles that have undergone noise removal.
The formal definitions of the various cut criteria can be found in Refs. [45, 470].

The variables considered at the analysis level are the reconstructed neutrino en-
ergy, zenith angle, and an event classification score. Only upgoing trajectories are
included, cos𝜗reco ≤ 0, the energy is restricted to the range 𝐸reco ∈ [1GeV, 80GeV],
and events are separated into cascade- and track-like categories. The event classific-
ation score is obtained by a neural network whose input variables are taken from the
event’s observed hit pattern and the hybrid event reconstruction algorithm applied
prior to level 3. The reconstructed variables include the length of the minimum-
ionising 𝜇± track, the fraction of the total neutrino energy carried away by the latter,
and the likelihood ratio 𝐿cascade+track/𝐿cascade (cf. Sec. 11.2.2). More details about this
procedure can be found in Ref. [1].

16.3 Practicability

The event selection procedure considered in this part consists of a relatively simple
set of criteria which nonetheless result in a large relative suppression of the back-
ground compared to the atmospheric neutrino event rate. The criteria’s prelim-
inary and ad-hoc nature was necessitated by (the need for) repeated changes in
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PINGU design assumptions and the continuous adaptation of the event simulation
and reconstruction software to these. Their practicability is investigated in detail
in Ref. [470], whose key findings provide support for the assumed neutrino selec-
tion efficiency and assumed lack of background contamination of the PINGU event
sample on which this work relies.

It is found that sequentially estimating the radial cascade distance of the event—
which underlies the last criterion of level 2 in Table 16.1—proceeds at a rate two or-
ders of magnitude below the expected (online) event rate of the aggregate of all six
prior requirements. Furthermore, in order to be able to perform the third level’s
cuts at the same rate at which events pass the second level, on the order of 103

concurrently running reconstruction processes would be necessary. While the lat-
ter is achievable in practice because the reconstruction would be performed offline,
after the transmission of the filtered event data to the north, the resource capacity
of the ICL renders the online suitability of the requirements of level 2 questionable.
However, it turns out that it is possible to find an extended set of computationally
lightweight background veto criteria with proven performance in DeepCore instead,
whose background rejection and atmospheric neutrino efficiencies exceed those of
the level 2 at hand.

At the same time, Ref. [470] also suggests that by further filtering the resulting
event data stream arriving in the north the number of events to reconstruct could
be reduced by roughly one order of magnitude. As a desired side effect of all of the
above, the background contamination of the final event sample also decreases by
nearly one order of magnitude without a loss in the overall neutrino efficiency of the
selection.
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Simulation predictions

Finding the expected event distribution (template) from the PINGU event sample
described in the previous chapter for any set of oscillation parameter values is the
core prerequisite for an accurate projection of the experiment’s sensitivity to any of
these parameters. To this aim, in Sec. 17.1 we discuss a staged approach consisting
of consecutive transformations of histograms representing the intrinsic atmospheric
neutrino fluxes. This allows us to efficiently and accurately calculate the sought tem-
plate and quantify the detector response characteristics even in the case of compar-
ably low MC event statistics [4]. Many of the issues pertaining to the prediction
of the neutrino template via the event-by-event reweighting scheme from Sec. 12.1
are also relevant here. For example, the concept of the staged approach also lacks
the need to repeatedly simulate and reconstruct events each time the injected value
of a model parameter is changed. While the nominal template is characterised in
Sec. 17.2, the imprints left by the atmospheric oscillation parameters are scrutinised
in Sec. 17.3. An overview of various sources of systematic uncertainty that will likely
be of importance in the operating experiment follows in Sec. 17.4.
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17.1 Staged approach
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Figure 17.1: Schematic illustration of the staged approach adopted in the generation of the
neutrino template for PINGU, where separate stages are numbered as follows: 1) atmo-
spheric flux, 2) oscillation, 3) detection, 4) reconstruction, 5) event classification. All fluxes,
transformations, and event counts are shown as one-dimensional functions of energy for
simplicity only. Transformation functions relying on PINGU MC events are shown in cyan,
while transformations (and the atmospheric neutrino flux) relying on external MC or nu-
merical calculations are shown in blue. The multiplication and convolution operators “×”
respectively “⊗” should only be understood symbolically, as the actual operations mapping
the output of one stage to that of the next aremore complex (e.g., additional summation over
different oscillation channels in stage 2). Figure adapted from Ref. [4]. See text for details.

A simplified high-level overview of the staged approach is shown in Fig. 17.1. We
factorise the description of the physics into neutrino production in the atmosphere,
propagation including flavour transitions, detection, reconstruction, and event clas-
sification. For illustration, a particular neutrino type is tracked from its intrinsic
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17.1 Staged approach

(unoscillated) atmospheric flux to the associated distributions of cascade-like and
track-like (CC or NC) events for a given detector exposure time.

The starting point is a histogram representation of the flux. Each subsequent stage
(2 to 5) outputs and applies a transformation which is evaluated on a discrete set of
grid points in the—generator-level or reconstructed—space of neutrino energy and
zenith (only energy displayed for simplicity). The number of grid points considered
by each stage is smaller than the number of MC events based on which the corres-
ponding transformation function is calculated. At each stage and for each transform-
ation, a suitable parameterisation or smoothing method can be applied that is adap-
ted to the nature of the neutrino physics processes governing that particular com-
ponent of the experiment. In this way, statistical fluctuations in the underlying MC
event sample are more easily mitigated than by applying generic smoothing meth-
ods to the final event template (either before or after superimposing the different
event types). The latter is the convolution of many physics processes with highly
disparate impacts on the shapes of the original unoscillated atmospheric neutrino
fluxes.

In order to complete this high-level overview, Fig. 17.2 illustrates the various paths
across neutrino and interaction type connecting the outputs of successive stages.
Each stage computes transformations either for each individual neutrino (and pos-
sibly interaction) type or for several suitably chosen groupings (such as all NC
events).

Initially, unoscillated flux histograms are obtained separately for 𝜈𝑒, 𝜈̄𝑒, 𝜈𝜇, and
𝜈̄𝜇. These are used as inputs to the oscillation stage, which computes the respective
probabilities for neutrino or antineutrino oscillation into any of (−)𝜈𝑒,𝜇,𝜏 and returns the
six resulting oscillated flux histograms according to Eq. (12.2).

Drawing on PINGU generator-level events and their associated GENIE weights
(cf. Sec. 10.1), the detection stage calculates a dedicated effective area (scaled with
the assumed exposure time) for each of the six CC event types, for neutrino NC
events, and for antineutrino NC events, where (anti)neutrino NC events of all fla-
vours are grouped together to enhance statistics. Multiplying each effective area
with the appropriate oscillated flux yields the expected event counts in the space
of the generator-level variables for all twelve types.

The reconstruction stage uses PINGU MC events which have already undergone
the reconstruction algorithm of Sec. 16.1 to generate its transformations. These rep-
resent mappings from the event-count histograms in the space of generator-level to
those in the space of reconstructed variables. In this process, CC neutrino and an-
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Figure 17.2: Neutrino- and interaction-type flow chart of the staged approach for PINGU,
where the contents of the white boxes specify the event types output by the various stages.
(−)𝜈𝛼 indicates summation over neutrinos and antineutrinos of flavour 𝛼, and the absence of a
subscript summation over all three flavours in addition. Figure adapted from Ref. [4]. See
text for details.

tineutrino events of a particular flavour are grouped together, as are all NC events.
For convenience, the stage also only outputs the four corresponding histograms.

Finally, the last stage translates the distribution of the classification score (precom-
puted for each MC event) within a given input event group into track- and cascade-
like classification probabilities. These split each input histogram into a track-like and
a cascade-like output histogram. All four output histograms of either class are then
summed to produce the analysis-level event template. For all practical intents and
purposes, we can consider the event class as a third binning dimension of this tem-
plate, just as in Part III, where the event template is directly populatedwithDeepCore
MC events, however.

Stage implementations

Below we describe the assumptions and computational techniques employed in the
calculation of each stage’s transformations (or, in the case of the flux stage, outputs)
in greater depth. Minor deviations exist with respect to Ref. [4] because this thesis
is based on a slightly earlier iteration of the staged approach.
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Flux The atmospheric neutrino flux predictions are obtained from the tables by
Honda et al. [281] discussed in Sec. 12.1, which are interpolated with cubic splines in
order to obtain smooth representations [392] of the unoscillated fluxesΦ𝛼

unosc (𝐸𝜈, 𝜗).
These are histogrammedon a two-dimensional grid consisting of 𝑛𝐸 = 39 bins spaced
uniformly in log10 (𝐸𝜈/GeV) that cover the range [1GeV, 80GeV] and of 𝑛𝜗 = 20 bins
spaced uniformly in cos𝜗 that cover the range [−1, 0]. Contributions from downgo-
ing neutrinos and those with energies outside the specified range, from which no
NMO sensitivity is expected, are not accounted for by this analysis.

Oscillation The neutrino oscillation probabilities are calculated via a GPU-
accelerated adaptation of Prob3++ according to the approachdetailed inAppendixA,
assuming the standard Earth matter potential. For a given oscillation channel 𝜈𝛼 →
𝜈𝛽 and each histogram bin of the unoscillated flux Φ𝛼

unosc, a single oscillation prob-
ability is obtained as the average over an enclosed 10 × 10 grid in 𝐸𝜈 and cos𝜗. This
degree of sampling granularity—necessitated by the histogram nature of the staged
approach—has been found to yield accurate representations of the oscillated flux in
any given bin while keeping the overall computational cost of the template genera-
tion process manageable.

Detection In order to convert the oscillated fluxes into event counts still in the
space of the generator-level variables 𝐸𝜈 and cos𝜗, the detection stage is the first
of three consecutive stages to employ dedicated PINGU MC events. The detector’s
effective areas are smoothed two-dimensional functions of 𝐸𝜈 and cos𝜗, extracted
from MC events satisfying the selection criteria of Table 16.1.

The stage first performs MC integration on a two-dimensional grid with a user-
defined binning in 𝐸𝜈 and cos𝜗 (here: same as flux stage). For a given neutrino- and
interaction-type grouping, the energy dependence of the effective area is then char-
acterised by cubic splines through the individual cos𝜗 slices, {𝐴eff (𝐸𝜈)}𝑖=1,…,𝑛′𝜗, which
are subsequently evaluated at the 𝑛′𝐸 energy bins’ centres. One such slice (vertically
upgoing) is shown on the left of Fig. 17.3 for 𝜈𝑒 CC events. Afterwards, the zenith
dependencies are characterised in an analogous manner, {𝐴eff (cos𝜗)}𝑖=1,…,𝑛′𝐸, using
the aforementioned smoothed energy dependencies as the values to be interpolated.

Finally, the above samples {𝐴eff (𝐸𝜈, cos𝜗)}𝑖=1,…,𝑛′𝐸𝑛′𝜗 are interpolated with a two-
dimensional cubic spline that can be evaluated on any grid specified by the user
(here: also that of the flux stage). The panel on the right of Fig. 17.3 gives the full
effective-area transformation for 𝜈𝑒 CC events as computed by the stage.
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Figure 17.3: RawMC (left) and smoothed representations (left and right) of PINGU’s effect-
ive area for the detection of (vertically upgoing) 𝜈𝑒 CC events selected for analysis. See text
for details.

Reconstruction The reconstruction stage maps the various event distributions
in the space of the generator-level variables 𝐸𝜈 and cos𝜗 onto their counterparts in
the space of the reconstructed observables 𝐸reco and cos𝜗reco by means of smoothed
detector resolution functions. The integration of a given event group’s resolution
functions over the stage’s 𝑛𝐸𝑛𝜗 output bins in 𝐸reco and cos𝜗reco then yields the trans-
formation to be applied to the histograms of its constituent event types, which is a
fourth-order “migration” tensor (here: with 780 entries).

For a given grouping, an ensemble of resolution functions is built up across the
𝑛𝐸 input bins in 𝐸𝜈. The dependence of the resolution functions on cos𝜗 is weak
and thus not taken into account. Within a given energy bin, the energy and zenith
reconstruction residuals of all 𝑛evts contained events are considered as uncorrelated
samples from the same one-dimensional resolution functions in Δ𝐸 ≡ 𝐸reco − 𝐸𝜈 and
Δ cos𝜗 ≡ cos𝜗reco−cos𝜗, respectively. The width of the bin is allowed to expand for
two reasons: first, in order to reach a predefined minimum threshold of 𝑛min = 100
events, and, second, in order to reach a predefined target threshold of 𝑛tgt = 300
events. The expansion is performed by increasing the maximally allowed absolute
deviation between an event’s true energy and the bin centre 𝐸mid, |𝐸𝜈 − 𝐸mid|. For the
first purpose, no maximum is imposed on the deviation, whereas for the second a
maximum of the quadruple width of the original bin is imposed. Only the condition
𝑛evts ≥ 𝑛min is therefore guaranteed.

For each bin’s MC events, we generate one variable-bandwidth kernel density es-
timate (VBWKDE) of the distribution of Δ𝐸, and one of the distribution of Δ cos𝜗.
Each VBWKDE construction is initiated via a fixed-bandwidth KDE [471] based
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Figure 17.4: VBWKDEs of PINGU’s energy (left) and cosine-zenith (right) reconstruction
residuals for the four event groups of the reconstruction stage, with true energies restricted to
the narrow interval indicated at the top. For comparison, histograms of the rawMC residuals
of 𝜈𝑒 + 𝜈̄𝑒 CC events are also shown.

on an improved version of the “Sheather-Jones” bandwidth selection criteria [472]
which does not assume a Gaussian distribution of the reconstruction residuals. Each
individual kernel’s bandwidth is subsequently adaptively rescaled by the inverse
square root [473] of the initial probability density estimate of the residuals at its
location; a second, constant rescaling factor ensures that the narrowest bandwidth
corresponds to the initial estimate and occurs at the density maximum [4]. The
shapes of the individual kernels to be summed over are Gaussian. As an example,
Fig. 17.4 contrasts the resulting VBWKDEs of the four event groups for the energy
interval 10.59GeV ≤ 𝐸𝜈 ≤ 11.85GeV. The original residual distributions themselves
are provided for 𝜈𝑒 + 𝜈̄𝑒 CC events in addition.

Classification The final, classification, stage carries over the four two-
dimensional event distributions in the space of 𝐸reco and cos𝜗reco to a single three-
dimensional event distribution, with an added dual-bin event-class dimension.
This is achieved through smoothed classification probabilities, assumed to be one-
dimensional functions of 𝐸reco.

After predefining a cascade-like and a track-like range for the event classification
score, the probability of classifying a given grouping’s events as either of the two
is described in dependence of 𝐸reco. The cos𝜗reco dimension is disregarded because
the classification-score distributions show a negligible dependence on it. The final
transformation functions are computed by applying “Blackman-window” smooth-
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Figure 17.5: Smoothed probabilities of classifying PINGU events as track-like for the four
event groups of the last stage, together with a histogram of the raw MC values of 𝜈𝜇 + 𝜈̄𝜇 CC
events.

ing [474] to finely binned (300 intervals spaced uniformly in log10 (𝐸reco/GeV)) raw
classification probabilities for the cascade-like event class anddownsampling the res-
ult (respectively its complement) to the 𝑛𝐸 = 39 energy bins of the input and output
event-count histograms of the stage. The transformation functions of the four event
groups are displayed in Fig. 17.5. The original probabilities for the classification of
𝜈𝜇 + 𝜈̄𝜇 CC events as track-like are provided in addition.

17.2 Event-sample characterisation

For the remainder of this part, the nominal neutrino oscillation parameter values are
chosen to correspond to those obtained by NuFIT 2.0 [475, 476], both for the NO and
the IO hypothesis. Where predictions about the sample are made without reference
to the NMO choice, it is understood that we assume the best-fit parameters within
the global fit’s NO parameter space. A single exception to this rule is again made for
𝛿CP, which is set to zero. Under these assumptions, the staged approach predicts an
overall event rate of 2.2mHz at the analysis level, towhich cascade-like and track-like
events contribute 1.6mHz and 0.6mHz, respectively.

The nominal PINGU event template, based on which statistical inference is made,
is depicted in Fig. 17.6 (event count normalised to one year, or 365 days, of expos-
ure). It employs 39 bins spaced uniformly in log10 (𝐸reco/GeV), covering the range
from 𝐸reco,min = 1GeV to 𝐸reco,max = 80GeV, and 20 bins spaced uniformly across
−1 ≤ cos𝜗reco ≤ 0. The highest rate is expected for rather weakly inclined cascade-
like events (left panel) with reconstructed energies of around 2GeV. Less frequently
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Figure 17.6: Predicted distribution of neutrino events for standard oscillations after one year
of PINGUoperation using the analysis binning in 𝐸reco and cos𝜗reco, with cascade-like events
on the left and track-like events on the right.

detected track-like events (right panel) are most likely to occur at slightly higher re-
constructed energies. The visible “valley” extending almost diagonally across to the
histogram’s upper left corner corresponds to the first survival minimum of (−)𝜈𝜇’s (and
the associated appearance maximum of (−)𝜈𝜏’s). As demonstrated in the following sec-
tion, the net effect of this disappearance is both a localised and an overall event rate
reduction compared to the no-oscillation scenario. Its amplitude and location are
governed by 𝜃23 and Δ𝑚2

31.

17.3 Atmospheric neutrino oscillation signatures

Using the statistical pull fromSec. 12.4 allowsus to quantify the impact on the PINGU
event template due to oscillation in the effective 2𝜈 subsystem (𝜈𝑒, 𝜈′3) defined in
Sec. 5.1.2.2. A few discrete combinations of injected and hypothesised values of the
atmospheric oscillation parameters 𝜃23 and Δ𝑚2

31 (including its sign) are considered
in order to gain a basic understanding of the origins and limitations of PINGU’s
sensitivity to these.
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Figure 17.7: Expected annual event rate distribution in PINGU as a function of the ratio of
reconstructed neutrino propagation distance to reconstructed energy, 𝐿reco/𝐸reco, assuming
standard oscillations (black) or no oscillations (red dashed), for cascade-like events on the
left and track-like events on the right. The lower panels show the ratios of the two pairs
of distributions. The gray bands therein correspond to the sizes of the expected statistical
(Poissonian) uncertainties. See text for details.

General oscillation signature

Figure 17.7 contrasts the nominal event template as a function of the reconstructed
𝐿/𝐸𝜈 ratio to the event template under the assumption of no oscillations (equivalent
to setting Δ𝑚2

21 = Δ𝑚2
31 = 0). All histograms peak at 𝐿reco/𝐸reco ∼ 2 × 103 km/GeV,

where oscillations are expected to suppress the event rate by some 30%with respect
to the no-oscillation scenario. This suppression remains flat for even higher values
of 𝐿reco/𝐸reco, but a pronounced disappearance maximum of the order of 50% is en-
countered for track-like events as 𝐿reco/𝐸reco approaches 5 × 102 km/GeV. Much less
structure exists in the ratio of the cascade-like event counts.

According to Eq. (3.33), requiring the Δ𝑚2
31-induced oscillation phase Φ31 = 𝜋

withΔ𝑚2
31 = 2.5×10−3 eV

2 yields 𝐿/𝐸𝜈 ≈ 5×102 km/GeV. The fact that this is precisely
where the most pronounced disappearance occurs in the track-like event sample
hints at the applicability of the 2𝜈 vacuum survival probability 𝑃2𝜈𝜇𝜇 in Eq. (5.27).

The second minimum of 𝑃2𝜈𝜇𝜇, at (𝐿/𝐸𝜈)2nd ≈ 1.5 × 10
3 km/GeV, is largely indiscern-

ible even in the distribution of track-like events. Due to the upper bound 𝐿 ≲ 𝑑⊕, the
corresponding true neutrino energy is also bounded from above, 𝐸𝜈,2nd ≲ 8.5GeV.
The largest contribution stems from events with energies well below this bound, be-
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Figure 17.8: PINGU’s predicted binwise annual statistical significance of 𝜃23 = 𝜋/4 with re-
spect to the nominal, first-octant model. Cascade-like events are displayed on the left, track-
like events on the right. See text for details.

cause the intrinsic atmospheric neutrino flux does not peak near the vertical direc-
tion. Hence, the second minimum is substantially smeared out in the reconstructed
ratio 𝐿reco/𝐸reco. In addition, at energies of a few GeV the discriminating power of
the event classification is weak, with a large majority of events being classified as
cascade-like. For illustration, Fig. D.1 in the appendix shows the oscillation signature
in the 𝜈𝜇 event template without dilution or smearing effects. Here, the higher-order
survival minima are easily discernible.1

Atmospheric mixing angle 𝜽23

Setting 𝜃23 = 𝜋/4, corresponding to a relative increase (decrease) of approximately
10% in sin2 𝜃23 (cos2 𝜃23) and a 1% increase in sin2 2𝜃23 with respect to the nominal,
first-octant model leads to the annual event-count pull distribution of Fig. 17.8, with
magnitudes reachingO(0.1). For cascade-like events, a weak deficit is brought about
in the energy regime of a few GeV, whereas a slightly more pronounced excess ap-
pears above, in particular for 𝐸reco between 5GeV and 12GeV. Track-like events on
the other hand exhibit a deficit across all bins. The strongest occurs along the first

1The assumption that the intrinsic 𝜈𝜇 flux is reduced by 𝑃2𝜈𝜇𝜇 is a good approximation except for small
regions in the 𝐸𝜈–cos𝜗 plane where matter effects dominate the survival probability. Accordingly,
matter effects result in a small decrease of the amplitudes of the oscillations observed in Fig. D.1
with respect to propagation in vacuum.
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survival minimum of 𝑃2𝜈𝜇𝜇 and along a horizontal band extending across the energy
range of 6GeV to 8GeV.

It is straightforward to understand the signature of 𝜃23 in the regime of high ener-
gies or weak matter effects on 1–3 mixing. Here, PINGU essentially observes oscil-
lations only through the 2𝜈 vacuum-like disappearance of the intrinsic atmospheric
𝜈𝜇 and 𝜈̄𝜇 fluxes and the accompanying appearance of 𝜈𝜏 and 𝜈̄𝜏 fluxes. The small
increase in sin2 2𝜃23 from assuming maximal 2–3 mixing instead of the first octant
either reduces the (−)𝜈𝜇 flux by the same factor or causes it to vanish precisely at the sur-
vival minimum. It also gives rise to a correspondingly higher (−)𝜈𝜏 flux, whose events
are identified predominantly as cascade-like. Since the first (−)𝜈𝜇 survival minimum
has sin2 𝜙vac = 1, the largest probability-level sensitivity to 𝜃23 is expected along the
corresponding valley in the nominal event template on the right of Fig. 17.6. This is
directly reflected in the valley of statistical pulls at the same location in the right panel
of Fig. 17.8. Along this valley itself, the significance is lowest for more inclined and
higher-energy events, owing to their reduced intrinsic (−)𝜈𝜇 fluxes. The fact that no pro-
nounced ridge of positive pulls exists along the first (−)𝜈𝜏 appearance maximum in the
cascade-like event category is due to their smaller detection cross sections andworse
reconstruction resolutions, combinedwith the non-trivial superposition of contribu-
tions from all flavours in the cascade-like event category.

In the region near the mantle resonance, the positive pull pattern observed in the
cascade-like event distribution is dominated by the transition channel 𝜈𝜇 → 𝜈𝑒, with
subleading contributions from the transitions 𝜈𝑒 → 𝜈𝜇,𝜏 and the disappearance 𝜈𝜇 →
𝜈𝜇. Making use of Eq. (B.2), neglecting antineutrinos as well as Δ𝑃𝑒𝑒 and Δ𝑃𝜇𝜏, it
follows that

Δ𝑁 (Δ𝜃23 > 0) ∝ Δ𝑃𝜇𝑒𝑟𝑒 +
⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜇 +

Δ𝑃𝜇𝑒
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝜇 +

Δ𝑃𝑒𝜏
𝑅0𝜇/𝑒𝑎0𝑒/𝜏

𝑟𝜏 . (17.1)

Here, only the first term ∝ Δ𝑃𝜇𝑒 > 0 is unsuppressed and is therefore largely re-
sponsible for the net positive 𝜃23 signature. Δ𝑃𝜇𝜇 < 0 only contributes in proportion
to the comparably small 𝜈𝜇 misidentification probability 𝑟𝜇 < 𝑟𝑒. The second term
∝ Δ𝑃𝜇𝑒 > 0 is doubly suppressed, as is the contribution ∝ Δ𝑃𝑒𝜏 < 0. A similar
reasoning can be adopted for the same region in the track-like event category, where
𝑟𝜇 ≫ 𝑟𝑒,𝜏 though.

For cascade-like events with energies 𝐸reco ≲ 5GeV near the threshold, 𝑃𝜇𝑒 and
𝑃𝑒𝜏 become exceedingly small, and therefore so do Δ𝑃𝜇𝑒 and Δ𝑃𝑒𝜏. The factors 𝑟𝑒, 𝑟𝜏,
and 𝑅0𝜇/𝑒 ∼ 2 remain nearly constant, but 𝑟𝜇 rapidly grows to become comparable in
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Figure 17.9: Same as Fig. 17.8, but for increasing the value of Δ𝑚231 to 2.5 × 10−3 eV2 with
respect to the nominal model.

magnitude to 𝑟𝑒. The negative pulls are thus the residual signature of Δ𝑃𝜇𝜇 < 0.

Modulus of atmospheric mass-squared difference 𝜟𝒎2
31

Increasing Δ𝑚2
31 by almost 2% to 2.5 × 10−3 eV2 leaves a qualitatively similar imprint

on cascade-like events as it does on track-like events, as evidenced by the pull dis-
tributions in Fig. 17.9. The overall scale of the significance is at the same level as the
significance of observing maximal 2–3 mixing, but more sign changes are observed
here because the parameter shift is equivalent to an increase of the oscillation fre-
quency.

The strongest impact of Δ𝑚2
31, at the level of 10% of the expected statistical un-

certainty in a given bin, appears at 𝐸reco ≈ 15GeV and close to the vertically up-
going region of the track-like event distribution. This primarily reflects the shift of
the first survival maximum of (−)𝜈𝜇’s to a smaller value of 𝐿/𝐸𝜈. The signature does
not strengthen when moving away from cos𝜗reco = −1 along fixed 𝐿/𝐸𝜈 because the
amplitude of the first survival maximum of 𝜈𝜇’s (but not 𝜈̄𝜇’s) that only traverse the
mantle is reduced with respect to those that cross the core, which weakens the sens-
itivity to Δ𝑚2

31 at the (𝑃𝜇𝜇) probability level. The surrounding regions of negative
pulls reflect the corresponding displacements of the first and second survival min-
ima of both 𝜈𝜇’s and 𝜈̄𝜇’s. The most significant deficit exists in the core region and
for 𝐸reco ∼ 7GeV to 9GeV.
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17 Simulation predictions

The cascade-like event distribution exhibits weaker pulls overall and lacks the sign
flip for events with nearly vertical trajectories at energies 𝐸reco ≳ 25GeV. Instead, the
band containing the first (−)𝜈𝜇 survival maximum appears to be smeared out to higher
energies. It is helpful once more to investigate the relative weights of the various
contributions to Eq. (B.2), where we can neglect all antineutrino oscillation channels
except for 𝜈̄𝜇 → 𝜈̄𝜇,𝜏 a priori:

Δ𝑁�Δ �Δ𝑚2
31� > 0� ∝

⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝑒
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝑒 +

⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜇 +

Δ𝑃𝜇𝑒
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝜇 +

⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝜏
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝜏

⎞
⎟⎟⎟⎟⎠
𝑟𝜏
𝑎0𝑒/𝜏

+
1

𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒

⎡
⎢⎢⎢⎣Δ𝑃̄𝜇𝜇𝑟̄𝜇 +

Δ𝑃̄𝜇𝜏
𝑎̄0𝑒/𝜏

𝑟̄𝜏

⎤
⎥⎥⎥⎦ . (17.2)

In the regime of 𝐿/𝐸𝜈 between the position of the first (−)𝜈𝜇 survival maximum and the
first survival minimum (𝐸𝜈 ∼ 12GeV to 25GeV for cos𝜗 = −1), the excess of misid-
entified (−)𝜈𝜇 CC events drives the net significance, since the (−)𝜈𝑒 survival probabilities
are close to unity and cancellations owing to Δ

(−)

𝑃𝜇𝜏 < 0 are weak due to the small (−)𝜈𝜏
CC effective areas.

At even smaller 𝐿/𝐸𝜈 for cos𝜗reco ≲ −0.5, below the first (−)𝜈𝜇 survival minimum, the
terms ∝ Δ

(−)

𝑃𝜇𝜏 > 0 gain more weight as
(−)

𝐴𝜏eff →
(−)

𝐴𝑒,𝜇eff . Hence, the enhanced appearance
of high-energy (−)𝜈𝜏’s due to the increase in Δ𝑚2

31 is the origin of the extended region
of positive pulls in the cascade-like event distribution.

Neutrino mass ordering

The signature in Fig. 17.10 of simply switching the sign of Δ𝑚2
31 in the nominal NO

model is characterised by a pronounced deficit of cascade-like events—at the level of
up to 25% of the expected statistical uncertainty—across an extended region roughly
covering themantle’s and the core’sMSWresonance peaks and the parametric ridges
of the 𝜈𝑒 → 𝜈′3 transition. A more significant excess of track-like events is observed
along a band similar to the one seen in the right panel of Fig. 17.9, butwith the largest
significances occurring outside of the core region. Overall, the considered NMO flip
affects track-like events in a similar manner as does raising Δ𝑚2

31 within the NO.
Why does the NMO give rise to the above signature in PINGU? First of all, un-

der the IO hypothesis matter effects only enhance the antineutrino equivalent of the
transition 𝜈𝑒 → 𝜈′3, in exactly the same manner as described in Sec. 5.1.2.2. Secondly,
even though PINGU is unable to distinguish between neutrinos and antineutrinos
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Figure 17.10: Same as Fig. 17.8, but for the simple flip of sign Δ𝑚231 > 0 → −Δ𝑚2
31.

on an event-by-event basis, it has statistical discrimination power, governed by the
deviations from unity of the neutrino-to-antineutrino flux and cross-section ratios.
Neglecting Δ𝑚2

21-driven transitions implies that Δ𝑃𝑒𝑒 = −Δ𝑃̄𝑒𝑒, Δ𝑃𝜇𝑒 = −Δ𝑃̄𝜇𝑒, and
Δ𝑃𝑒𝜏 = −Δ𝑃̄𝑒𝜏 in Eq. (B.2), but one has to in general take Δ𝑃𝜇𝜇 ≠ −Δ𝑃̄𝜇𝜇 and
Δ𝑃𝜇𝜏 ≠ −Δ𝑃̄𝜇𝜏. This leads to the expression

Δ𝑁�Δ𝑚2
31 → −Δ𝑚2

31�

∝
⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝑒
𝑅0𝜇/𝑒
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⎞
⎟⎟⎟⎟⎠ 𝑟𝑒 +

⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜇 +
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𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝜇 +

⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜏 +

Δ𝑃𝑒𝜏
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠
𝑟𝜏
𝑎0𝑒/𝜏

−
1

𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒

⎡
⎢⎢⎢⎢⎣

⎛
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Δ𝑃𝑒𝑒
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+ Δ𝑃𝜇𝑒

⎞
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⎞
⎟⎟⎟⎟⎠ 𝑟̄𝜇 +

⎛
⎜⎜⎜⎜⎝−Δ𝑃̄𝜇𝜏 +

Δ𝑃𝑒𝜏
𝑅̄0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠
𝑟̄𝜏
𝑎̄0𝑒/𝜏

⎤
⎥⎥⎥⎥⎦ .

(17.3)

Here, in general each neutrino term carries more weight than its (opposite-sign)
antineutrino counterpart, because 𝑟̄𝛼/𝑟𝛼 < 𝑅0𝜈𝜇/𝜈̄𝜇𝑎

0
𝜈𝑒/𝜈̄𝑒.

In the case of cascade-like events, the deficit in regionswherematter effects induce
strong transitions 𝜈𝑒 ↔ 𝜈𝜇 given NO is driven primarily by the net negative contri-
bution from the four terms containing Δ𝑃𝜇𝑒 < 0. The net-positive terms containing
Δ𝑃𝑒𝑒 > 0 only cause a partial cancellation, while the net-negative ones containing
Δ𝑃𝑒𝜏 < 0 are strongly suppressed at these energies. Δ𝑃𝜇𝜇 and Δ𝑃𝜇𝜏 are subject to
rapid sign changes of similarly substantial sizes, which are severely averaged out
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17 Simulation predictions

due to PINGU’s limited resolutions. As an example, at the MSW resonance peak in
the mantle our parameter assumptions result in Δ𝑃𝑒𝑒 ∼ 1 and Δ𝑃𝜇𝑒 ∼ −0.5. Given
𝑅0𝜇/𝑒 ∼ 2.5, in order to determine the sign of Δ𝑁 even after event reconstruction it
is sufficient to notice that the full survival of the intrinsic 𝜈𝑒 flux is more than com-
pensated by the lacking appearance of 𝜈𝑒’s from the intrinsic 𝜈𝜇 flux. The excess
of nearly vertically upgoing high-energy events is due to the enhanced transitions
(−)𝜈𝜇 →

(−)𝜈𝜏, i.e., Δ𝑃𝜇𝜏 ≈ Δ𝑃̄𝜇𝜏 > 0 (see below). That these transitions govern the overall
signature in this particular region of the cascade-like event distribution is due to the
combination of the following high-energy conditions: (−)𝑎0𝑒/𝜏 → 1, Δ𝑃𝑒𝑒,𝑒𝜇 → 0, 𝑅0𝜇/𝑒 ≫ 1,
and (−)𝜈𝜇 survival is irrelevant because (−)𝑟𝜇 ≪

(−)𝑟 𝑒,𝜏.

The more significant maximal pull of up to ∼0.45 on track-like event counts stems
from 𝜈𝜇 survival proceeding as in vacuum under the IO, unsuppressed by matter
effects. The strong enhancement occurs between the location of the first survival
minimum and that of the first survival maximum and is also visible in cascade-like
events. At higher levels of 𝐿/𝐸𝜈, the deficit of track-like events is the result of a minor
shift of the (−)𝜈𝜇 survival probability patterns to smaller values of 𝐿/𝐸𝜈.

17.4 Systematic uncertainties

This analysis takes into account the eight sources of systematic uncertainty listed
in Table 17.1, which are implemented as nuisance parameters. Five of these are as-
signed a Gaussian prior constraint.

Atmospheric neutrino fluxes

𝝂/𝝂̄ flux ratio The uncertainty on the relative production yields of atmospheric
neutrinos and antineutrinos is realised through a universal rescaling parameter 𝑅𝜈/𝜈̄
that conserves the total atmospheric flux of neutrinos and antineutrinos, Φ𝛼

unosc +
Φ̄𝛼

unosc, for each flavour 𝛼 = 𝑒, 𝜇. With the nominal flux ratios 𝑅0𝜈𝛼/𝜈̄𝛼 ≡ Φ
𝛼
unosc/Φ̄𝛼

unosc,
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17.4 Systematic uncertainties

the transformations are given by2

Φ𝛼
unosc → Φ𝛼′

unosc = 𝑅𝜈/𝜈̄𝑅0𝜈𝛼/𝜈̄𝛼
Φ𝛼

unosc + Φ̄𝛼
unosc

1 + 𝑅𝜈/𝜈̄𝑅0𝜈𝛼/𝜈̄𝛼
, (17.4)

Φ̄𝛼
unosc → Φ̄𝛼′

unosc =
Φ𝛼

unosc + Φ̄𝛼
unosc

1 + 𝑅𝜈/𝜈̄𝑅0𝜈𝛼/𝜈̄𝛼
, (17.5)

⇒
Φ𝛼′

unosc
Φ̄𝛼′

unosc
= 𝑅𝜈/𝜈̄𝑅0𝜈𝛼/𝜈̄𝛼 . (17.6)

𝑅𝜈/𝜈̄ is subjected to a Gaussian constraint with a standard deviation of 10%, centred
around unity.

(−)𝝂𝒆/
(−)𝝂𝝁 flux ratio The uncertainty on the ratio between atmospheric electron and

muon (anti)neutrino fluxes is realised through a rescaling parameter 𝑅𝑒/𝜇 as defined
in Eqs. (12.14) to (12.16). 𝑅𝑒/𝜇 is subjected to a Gaussian constraint with a standard
deviation of 3%, centred around unity.

(−)𝝂 flux spectral index The energy dependencies of the atmospheric neutrino and
antineutrino fluxes are allowed to vary via a shift Δ𝛾 of the spectral index 𝛾, as
defined in Eqs. (12.17) to (12.18). A Gaussian constraint with a standard deviation
of 0.05 is assumed, centred around zero.

Neutrino oscillations

Both Δ𝑚2
31 and 𝜃23 are considered as unconstrained nuisance parameters. 𝜃13 is sub-

jected to a Gaussian constraint with a standard deviation of 0.2°, centred around
𝜃13 = 8.5°. The solar oscillation parameters 𝜃12 and Δ𝑚2

21 as well as 𝛿CP remain fixed
at their nominal values specified in Table 17.1.

Detector response

Overall (−)𝝂 event-count normalisation No constraint is applied to the overall nor-
malisation of the number of neutrino and antineutrino events, which is scaled by the
nuisance parameter 𝑁(−)𝜈 (cf. Sec. 12.5).

(−)𝝂 energy scale Auniversal energy scaling factor 𝑠𝐸 is introduced, which accounts
for the possibility of a systematic under- or overestimation of the true (anti)neutrino
2Compare Eqs. (12.14) to (12.16).
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17 Simulation predictions

Nuisance parameter Nominal value ± uncertainty Fit range

Free parameters:
𝑅𝑒/𝜇 1.00 ± 0.03 [0.70, 1.30]
𝑅𝜈/𝜈̄ 1.00 ± 0.10 [0.70, 1.30]
Δ𝛾 0.00 ± 0.05 [−0.20, 0.20]
𝑁(−)𝜈 1.0 [0.70, 1.30]
𝜃23 (°) 42.3 (49.5) [38.3, 53.3]
Δ𝑚2

31 �10−3 eV
2� 2.46 (−2.37) [2.10 (−2.70), 3.00 (−1.90)]

𝜃13 (°) 8.50 ± 0.20 [7.85, 9.10]
𝑠𝐸 1.00 ± 0.10 [0.70, 1.30]

Fixed parameters (also tested):
𝜃12 (°) 33.50
Δ𝑚2

21 �10−5 eV
2� 7.50

𝛿CP (°) 0

Table 17.1: Nuisance parameters investigated for inclusion in the PINGU sensitivity studies,
together with their nominal values and (if applicable) prior uncertainties and fit ranges. The
upper eight parameters are allowed to vary, whereas the three parameters at the bottom are
kept fixed at the indicated values.

energy. 𝑠𝐸 is subjected to a Gaussian constraint with a standard deviation of 10%,
centred around unity, which intends to capture the uncertainty on the overall DOM
efficiency.

280



18
Statistical techniques

While not the core physics goal at PINGU’s conception, the NMO came under scru-
tiny [477, 478, 44, 46] when the first indications for a non-zero value of 𝜃13 appeared,
in the T2K and MINOS neutrino accelerator experiments (see Ref. [479] and refer-
ences therein). The study of PINGU’s NMO sensitivity lends itself to a variety of
frequentist analysis approaches which exhibit distinct challenges and tradeoffs ex-
amined in this chapter.

18.1 Frequentist hypothesis test: NO or IO?

For all practical intents and purposes, the NMO measurement in PINGU represents
a binary hypothesis-testing problem, consisting of the two mutually exclusive hypo-
theses of theNOand the IO, as defined in Sec. 3.2.4. Following common conventions,
our test-statistic choices are guided by the Neyman–Pearson lemma [480]. It states
that for two simple hypotheses, the likelihood ratio 𝜆 yields the “best” critical region
for the null hypothesis (H0) with regard to its alternative (H1). That is, for each
choice of critical value, corresponding to the probability 𝛼 of rejecting H0 when it
is in fact true (“type-I error”), the use of the likelihood ratio results in the smallest
probability 𝛽 of acceptingH0 when in fact the alternativeH1 is true (“type-II error”).
The complementary probability 1 − 𝛽 is referred to as the “power” of the hypothesis
test.

In this work we produce pseudoexperiments and explicitly generate distributions
of the test statistic −2 ln𝜆 for the two NMO hypotheses (cf. Sec. 13.3). In addition,
merely by generating Asimov templates, the distributions of a closely related “Δ𝜒2”
test statistic, a difference between two weighted-least-squares statistics, are derived.
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18 Statistical techniques

18.1.1 Sensitivity definition

It is crucial to evaluate how a chosen test statistic can be translated into anNMOsens-
itivity proxy, with reasonable choices for the sizes of the type-I and type-II errors.
This problem is scrutinised in detail in Ref. [481]. Its findings are at the core of the
the statistical methodology underlying the frequentist NMO inference approaches
adopted in this work. In particular, we seek the confidence level 1 − 𝛼 at which the
“wrong ordering” (WO, the null hypothesis) has a probability of 50% of being re-
jected (or accepted). The outcome is interpreted as the median sensitivity.

We take the test statistic, T, to be governed by the PDF 𝑓 �T�IO� under the IO and
by 𝑓 �T�NO� under the NO. Choosing the IO as our null hypothesis for definiteness
and assuming we reject it if T is exceedingly small, the type-I error probability is
defined as

𝛼 = �
T𝛼

−∞
𝑓 �T�IO� . (18.1)

It is determined by equating the critical valueT𝛼 with the median of the distribution
of T given the true ordering (TO, in this case the NO), or

𝛽 = �
T𝛼

−∞
𝑓 �T�NO� = 0.5 = �

∞

T𝛼

𝑓 �T�NO� , (18.2)

where 𝛽 is the type-II error. Hence, we define PINGU’s median NMO sensitivity as
𝛼 �𝛽 = 0.5�. It is converted into a corresponding number of standard deviations, the
significance 𝑛𝜎, by assuming a two-sided Gaussian test [481],

𝑛𝜎 (𝛼) = √2 erfc
−1 (𝛼) , (18.3)

where erfc−1 is the inverse of the complementary error function. This choice implies
that 𝑛𝜎 = 1 corresponds to a CL of 1 − 𝛼 = 68.27% for example, and 𝑛𝜎 = 1.65 to
the 90% CL.1 Below, the median test-statistic outcome (𝛽 = 0.5) is assumed except
where otherwise stated. Accordingly, when given without an argument, 𝑛𝜎 refers to
the median significance 𝑛𝜎 �𝛽 = 0.5�.

1The two-sided relationship between the confidence level and the number of standard deviations is
a common convention in the field and agrees with that in Part III, but deviates from the one-sided
choice in Ref. [427], for example. The two-sided choice results in a non-zero median significance
of 𝑛𝜎 ≈ 0.48 when the distributions under the two orderings coincide.
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18.1 Frequentist hypothesis test: NO or IO?

18.1.2 Challenges of testing discrete composite hypotheses

The discussion in the preceding paragraphs does not explicitly account for the fact
that both hypotheses under consideration are composite. Since they depend on free
parameters, the definitions (18.2) and (18.3) do not uniquely define the NMO infer-
ence approach.

When the sensitivity associated with given sizes of the type-II error 𝛽 is sought,
the critical value T𝛼—which decides whether H0 (WO) is rejected—is determined
uniquely by the assumed true values of the (nuisance) parameters within H1 (TO).
Consequently, without reference to a specific point 𝒑WO in the nuisance-parameter
space of the WO, it is understood that all possible realisations of the latter should
be excluded at the stated confidence level [481]. Theoretically, this would require
finding the maximum type-I error 𝛼WO,max ≡ max𝒑WO 𝛼 �𝒑WO� for the selected value
of 𝛽 by generating all test-statistic distributions allowed under theWO via pseudoex-
periments. Only this Feldman–Cousins-like approach ensures the correct coverage
of the stated confidence level.

For common test-statistic choices (see Ref. [481] and sections below), the actual
measurement would yield a single observed value Tobs. The knowledge of the test-
statistic distributions over the parameter spaces of both NMO hypotheses would
then allow looking up the maximum type-I error 𝛼H,max for each. In turn, confid-
ence levels 1 − 𝛼NO,max and 1 − 𝛼IO,max for the exclusion of either would be obtained.
Alternatively, given any predefined CL 1 −𝛼, the measurement has four distinct out-
comes: 1) both NMO hypotheses are rejected, 2) the IO is rejected but the NO is
accepted, 3) the NO is rejected but the IO is accepted, and 4) both are accepted.

Existing neutrino oscillation measurements of the NMO typically make use of ap-
proximate coverage studies, due to the computational cost prohibiting the full pro-
cedure laid out above. For example, in the case of a recent proof-of-concept meas-
urement by DeepCore [427], only two sets of test-statistic outcomes of pseudoexper-
iments (“trials”) are compared to the observation to derive associated type-I errors.
These trials are generated by injecting the observed best-fit point within each NMO
hypothesis. The result is shown in Fig. 18.1 for one of the two DeepCore analyses
that have been performed.2 Here, the hypothesis test is defined such that the NO is
rejected for exceedingly large test-statistic values, whereas the IO is rejected for ex-
ceedingly small test-statistic values, resulting in the observed type-I error probability
of 11.4% for true NO and 84.5% for true IO. This pair is converted into a pair of ra-

2Similar to the NSI measurement in Part III, “Analysis B” makes use of a slightly modified version
of the event sample of the same name in Ref. [362].
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18 Statistical techniques

Figure 18.1:DeepCore NMOmeasurement outcome for “AnalysisB“, taken from Ref. [427].
Shown are the trial histograms of the test statistic Δ𝜒2 (see Sec. 18.1.3) given the observed
best fits, together with its measured value (“data”). See text for details.

tios, referred to as “CL𝑆” values, that can be constructed from the observed exclusion
confidence level for one NMO hypothesis and the observed type-I error probability
for its alternative, thereby removing the directionality from the hypothesis test. If
CL𝑆 equals unity, no NMO preference is observed; if CL𝑆 vanishes, there is a max-
imal preference for one NMO over the alternative. However, unless the distributions
are independent of the true values of the nuisance parameters, this procedure is not
guaranteed to minimise the confidence level for excluding either NMO.

A study of the above issues is performed in this analysis using PINGU MC events
and pseudoexperiments alone. For computational feasibility and to adhere to con-
vention (see, e.g., Refs. [46, 1, 482, 427]), our baseline approach adopts the best WO
fit to the Asimov experiment under a given TO model 𝒑TO as the null hypothesis. In
searching for this hypothesis, only the two impactful oscillation parameters 𝜃23 and
Δ𝑚2

31 are allowed to vary—within the WO half-space, but otherwise in an uncon-
strained manner—while the other nuisance parameters remain at their nominal WO
values. The resultingmodel, denoted as 𝒑test, serves as a proxy of the model 𝒑WO,𝛼max

which gives rise to themaximum type-I error probability 𝛼WO,max in the rigorous but
computationally prohibitive analysis.
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18.1 Frequentist hypothesis test: NO or IO?

18.1.3 Sensitivity from Asimov templates

The goal of the Asimov ansatz is to quantify the NMO sensitivity for arbitrary type-
II error probabilities without having to resort to fits to pseudoexperiments, in close
analogy to Chapter 14. To this end, we assume that the measurement will make use
of the weighted sum of squared residuals

𝜒2 �𝒑H� ≡
𝑁bins
�
𝑖=1

�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑H��
2

𝑛exp,𝑖 �𝒑H�
+
𝑁prior

�
𝑗=1

�Δ𝑝H,𝑗�
2

𝜎2𝑝H,𝑗
, (18.4)

where 𝒑H are free parameters within H = NO, IO, 𝑛obs,𝑖 the observed event count
in bin 𝑖, and 𝑛exp,𝑖 �𝒑H� the expectation due to (−)𝜈 events evaluated at the point 𝒑H,
retrieved according to Chapter 17. The expectation’s squared residual with respect
to the observed event count in bin 𝑖 is divided by the Poisson variance. The second
sum contributing to Eq. (18.4) is taken over all 𝑁prior parameters subject to external
Gaussian constraints, in analogy to Eq. (13.1).

Optimising 𝒑H to best match the observed event distribution yields the two min-
ima

𝜒2NO ≡ 𝜒2 �𝒑̂NO� and 𝜒2IO ≡ 𝜒2 �𝒑̂IO� , (18.5)

where 𝒑̂H are the nuisance-parameter values at the conditional 𝜒2 minimum (given
H). The two hypotheses are distinguished by the half-space to which Δ𝑚2

31 ⊂ 𝒑H is
restricted during the minimisation of Eq. (18.4).

Finally, the two statistics of Eq. (18.5) are combined into a single suitable statistic
for the NMO hypothesis test:

Δ𝜒2 ≡ 𝜒2NO − 𝜒2IO . (18.6)

The sign ofΔ𝜒2 indicateswhich hypothesis constitutes a bettermatch to the observed
event distribution, with Δ𝜒2 < 0 (Δ𝜒2 > 0) in the case of the NO (IO). We require
the distributions of Δ𝜒2 �𝒑TO� and Δ𝜒2 �𝒑test� in order to quantify PINGU’s NMO
sensitivity given 𝒑TO in nature.

In the Asimov approach 𝑛obs,𝑖 is set to its expectation value 𝑛exp,𝑖 �𝒑inj� given the
injected model 𝒑inj = 𝒑TO, 𝒑test. When the latter is centred with respect to all prior
constraints, the conditionalminimumgivenHinj must be located at 𝒑̂Hinj = 𝒑inj, where

the Asimov-equivalent of Eq. (18.4) identically vanishes, 𝜒2Hinj
≡ 𝜒2 �𝒑̂Hinj� = 0. Mov-

ing forward, we only add the injected hypothesis Hinj as a subscript to the Asimov-
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equivalent of the Δ𝜒2 statistic (18.6):

Δ𝜒2Hinj
≡

⎧⎪⎪⎨
⎪⎪⎩
−𝜒2IO , Hinj = NO

𝜒2NO , Hinj = IO
. (18.7)

Whether the injected hypothesis is assumed to correspond to some truth realised in
nature or represents the WO hypothesis will always be apparent from the context.

Since we are dealing with non-nested hypotheses, there is no a-priori justification
for applying Wilks’ theorem to Eq. (18.6). However, under certain regularity condi-
tions Δ𝜒2 is distributed as [481]

𝑓 �Δ𝜒2�Hinj� ∼ N

⎛
⎜⎜⎜⎝Δ𝜒2Hinj

, 2
�
�Δ𝜒2Hinj

�
⎞
⎟⎟⎟⎠ , (18.8)

where N �𝜇, 𝜎� is the Gaussian distribution. Under such conditions the type-I re-
spectively type-II error is given by

𝛼 =
1
2
erfc

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

±Δ𝜒2WO ∓ Δ𝜒2𝛼

�
8�Δ𝜒2WO�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (18.9)

𝛽 =
1
2
erfc

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

±Δ𝜒2𝛼 ∓ Δ𝜒2TO

�
8�Δ𝜒2TO�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (18.10)

where the upper (lower) signs apply when the NO (IO) is assumed to be true.

The case 𝛽 = 0.5 requires the critical value to coincide with the TO distribution
mean, Δ𝜒2𝛼 = Δ𝜒2TO. The corresponding median significance, expressed through the
equivalent number of two-sided Gaussian standard deviations (18.3), becomes

𝑛𝜎 �𝛽 = 0.5� = √2 erfc
−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
erfc

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

±Δ𝜒2WO ∓ Δ𝜒2TO

�
8�Δ𝜒2WO�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (18.11)

The values it can take for different combinations of Δ𝜒2WO and Δ𝜒2TO are provided
in Fig. 18.2, which shows different fixed choices of �Δ𝜒2WO� (opposite signs of the
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Figure 18.2: Possible values (shaded region) and minimum (thick solid line) of the Asimov
median NMO significance (18.11) in dependence of the TO test-statistic mean’s absolute
value, compared to the latter’s square root (dashed line)—a commonly used NMO signi-
ficance proxy. Thin solid lines represent different choices of the WO test-statistic mean, with
larger moduli corresponding to smaller slopes. The WO test-statistic mean that minimises
themedian significance (maximises themedian type-I error probability) can be read off from
the secondary vertical axis (dotted line).

two means are implied). Without any constraint on the latter, for a given value
of Δ𝜒2TO the median significance has a lower but no upper bound. The figure
also demonstrates that the lower bound is realised by the symmetric configuration
Δ𝜒2WO = −Δ𝜒2TO. In an actual sensitivity study, without sampling the allowed range
of Δ𝜒2WO across the (reasonably constrained) WO parameter space—from which the
null hypothesis emerges—quoting the lower bound could amount to underestimat-
ing the confidence level at which the WO can be excluded. Similar considerations

apply to the quantity
�
�Δ𝜒2TO�, which represents an NMO significance proxy that is

frequently encountered in the literature and that approaches the lower bound of 𝑛𝜎
as �Δ𝜒2TO� grows. Its interpretation is elucidated in Sec. 18.1.3.1 below.

Note that critical values Δ𝜒2𝛼 ≠ Δ𝜒2TO correspond to different probabilities of being
able to exclude the WO at higher or lower confidence levels 1 − 𝛼 than in the median
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case. The central 𝑚𝜎 band of confidence levels due to statistical fluctuations is ob-

tained by varying Δ𝜒2𝛼 over the range Δ𝜒2TO ± 2𝑚�
�Δ𝜒2TO�. In general, increasing the

probability 1 − 𝛽 of rejecting the WO by suitably choosing Δ𝜒2𝛼 comes at the cost of a
reduced confidence level of the NMO measurement [481, Fig. 2].

Similar to Sec. 14.3.1, a numerical minimisation routine serves as the reference
method for obtaining theAsimovmetrics (18.7). Here, the L-BFGS-B algorithm [453]
is seeded with points in both octants of 𝜃23 and the best outcome is recorded. The
combination of this minimisation technique with the statistical assumptions above
is referred to as the “(Asimov) Δ𝜒2” approach in the remainder of this chapter. Two
closely related analysis methods are investigated in addition: by imposing more re-
strictive regularity conditions, the need for numerical minimisation is obviated. As
a result, computational costs are further reduced because fewer templates have to be
produced in order to arrive at an NMO significance projection—albeit at the cost of
its accuracy.

18.1.3.1 Fisher information

Given the likelihood function 𝐿 �𝒑� for a sample of random variables, the observed
“Fisher information” is a measure of the amount of information about 𝒑 contained
in the sample. In the univariate case, the Fisher information is identified with the
negative of the second derivative of the log-likelihood with respect to the parameter
𝑝, and in practice is typically evaluated at the maximum-likelihood estimate 𝑝̂ [443,
483]. The metric’s multivariate equivalent is the observed Fisher information matrix
(“Fisher matrix” for short), whose elements are the second partial derivatives (see,
e.g., Ref. [484] and references therein)

F𝑖𝑗 �𝒑� = −
𝜕2

𝜕𝑝𝑖𝜕𝑝𝑗
ln 𝐿 �𝒑� . (18.12)

The Fisher matrix evaluated at 𝒑̂ is commonly interpreted as the inverse of the cov-
ariance matrix of the maximum-likelihood estimators of all parameters:

F−1 �𝒑̂� ≡ C �𝒑̂� . (18.13)

The validity of this relation is discussed at the bottom of this section.
In the case of the Asimov experiment there is no distinction between the observed
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Fisher matrix and its expectation [452]. Substituting the Poisson likelihood3 into
Eq. (18.12) yields [452, 45]

F𝑖𝑗 �𝒑� =
𝑁bins
�
𝑘=1

1
𝑛exp,𝑘 �𝒑�

𝜕𝑛exp,𝑘 �𝒑�
𝜕𝑝𝑖

𝜕𝑛exp,𝑘 �𝒑�
𝜕𝑝𝑗

, (18.14)

where the sum is taken over all template bins. The covariance matrix of parameter
estimators at some injected point 𝒑inj, C �𝒑inj�, allows inferring confidence regions for
these parameters under the assumption of 𝒑inj being true (𝒑̂ = 𝒑inj by definition). A
prior Gaussian uncertainty 𝜎𝑝𝑗 centred around 𝑝inj,𝑗 is accounted for by adding the
inverse variance 𝜎−2𝑝𝑗 to the diagonal element F𝑗𝑗 [45].

By employing finite differences for the partial derivatives at 𝒑inj, in principle only
two Asimov templates need to be generated per free parameter 𝑝𝑖 in order to obtain
the Fisher matrix and its inverse. However, the question arises how this method can
be reconciled with the inference approach to the discrete NMO hypothesis test. To
this end, Ref. [45] introduces a continuous parameter 0 ≤ h ≤ 1 which interpolates
between the two orderings as

𝑛exp,𝑘 �h; 𝒑NO, 𝒑IO� ≡ h𝑛exp,𝑘 �𝒑NO� + (1 − h) 𝑛exp,𝑘 �𝒑IO� , (18.15)

assuming hIO = 0 and hNO = 1 for definiteness and without loss of generality. The
parameter implies the following prescription for computing PINGU’s NMO sensit-
ivity:

1. Let 𝒑inj = 𝒑WO represent the desiredWOhypothesis (referred to as the “fiducial
model” in Ref. [45]). This is 𝒑test in this work’s baseline method.

2. Evaluate the partial derivatives with respect to h of the expected bin
counts (18.15) as

𝜕𝑛exp,𝑘
𝜕h

= ±𝑛exp,𝑘 �𝒑WO� ∓ 𝑛exp,𝑘 �𝒑TO� , (18.16)

where the upper (lower) signs apply for true IO (NO).

3. Evaluate the partial derivatives with respect to 𝑝𝑖 ≠ h, keeping the remaining

3Discussed later in the context of ensemble studies, see Eq. (18.33).
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parameters 𝑝𝑗≠𝑖 as well as h fixed at their injected values,

𝜕𝑛exp,𝑘
𝜕𝑝𝑖

�
𝒑WO

≈
𝑛exp,𝑘 �𝑝WO,𝑖 + 𝜖� − 𝑛exp,𝑘 �𝑝WO,𝑖�

𝜖 �
𝑝𝑗≠𝑖=𝑝WO,𝑗

. (18.17)

4. Calculate the covariance matrix using Eqs. (18.14) and (18.13) to find 𝜎h ≡
√Chh.

5. Calculate the type-I error probability 𝛼 by assuming that h is Gaussian-
distributed under the WO hypothesis,

𝑓 �h�WO� = N (hWO, 𝜎h) , (18.18)

and that hTO is the median of the distribution of h given the TO hypothesis,

�
hTO

−∞
𝑓 �h�TO� = 0.5 . (18.19)

If one converts this type-I error probability into the equivalent number of one-sided
Gaussian standard deviations, Eq. (18.19) gives rise to the median NMO signific-
ance [45]

𝑛𝜎,one−sided =
1
𝜎h

=
1

�
�F−1�

hh

, (18.20)

which was chosen as the baseline sensitivity proxy in the original PINGU LoI [46].
However, for later reference, 𝜎h can be also converted into the two-sided median
significance

𝑛𝜎 = √2 erfc
−1 �

1
2
erfc �

1

√2𝜎h
�� . (18.21)

Note that any dependence of the significance on the truth 𝒑TO originates from
Eq. (18.16) in the second step above.

An exact equivalence to the significance proxies based on the Gaussian Δ𝜒2 test
statistic (18.8) is encountered in the absence of nuisance parameters and when the
means of the two Δ𝜒2 distributions satisfy Δ𝜒2TO = −Δ𝜒2WO, that is, when the sym-
metric Gaussian configuration is realised, which bounds the NMO sensitivity from
below. On the one hand, the former assumption in the Fisher matrix approach gives
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rise to the one-sided median significance [45]

𝑛𝜎,one−sided = �Fhh =

�
⃓⃓
⃓
⎷

𝑁bins
�
𝑘=1

�𝑛exp,𝑘 �𝒑TO� − 𝑛exp,𝑘 �𝒑WO��
2

𝑛exp,𝑘 �𝒑WO�
. (18.22)

and the two-sided median significance

𝑛𝜎 = √2 erfc
−1
⎡
⎢⎢⎢⎢⎣
1
2
erfc

⎛
⎜⎜⎜⎜⎝�

Fℎℎ
2

⎞
⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎦ . (18.23)

On the other hand, with or without nuisance parameters in the Δ𝜒2 approach under
the symmetric configuration one has

𝑛𝜎,one−sided = �
�Δ𝜒2TO� (18.24)

and

𝑛𝜎 = √2 erfc
−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
erfc

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�
⃓
⃓
⎷

�Δ𝜒2TO�

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (18.25)

The equivalence of the two approaches then follows from the equalityFhh = �Δ𝜒2TO�.

Validity of Fisher matrix approach

The strict equivalence (18.13) between the covariance matrix of all parameter estim-
ators and the inverse of the Fisher matrix is an asymptotic formula which is con-
tingent upon a variety of regularity conditions. Key pillars of its derivation are the
multivariate central limit theorem and the law of large numbers, whether the inde-
pendent data samples are identically [485] distributed or not [484]. By expanding
the gradient of the log-likelihood function into a Taylor series around the injected
point 𝒑inj and neglecting terms of higher than second order, their application allows
demonstrating the convergence in distribution of themaximum-likelihood estimator
to

𝒑̂ ∼ N �𝒑inj,F−1 �𝒑̂�� , (18.26)

where no distinction is made between the observed and the expected Fisher inform-
ation due to their asymptotic convergence in probability. In addition, the likelihood
(log-likelihood) function itself becomes Gaussian (hyperparabolic) [15]. Equa-
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Figure 18.3: 1𝜎, 90%, and 3𝜎 error ellipses from two variants of the Fisher matrix approach
(thick dashed and solid lines) compared to the corresponding isocontours of 𝜒2 surfaces in
PINGU toyNMO sensitivity studies with a single nuisance parameter (overall normalisation
on the left, 𝜃23 on the right). See text for details.

tion (18.13) also always holds in the special case of Gaussian samples whose means
are linear in all model parameters [15].

In the NMO sensitivity analysis, the choice of the injected model 𝒑inj for the Fisher
matrix entails the assumption that the distribution of the maximum-likelihood es-
timator for pseudoexperiments generated under the WO is approximately given by
Eq. (18.26), where 𝒑inj is the WO hypothesis which maximises the type-I error for a
fixed TOmodel, cf. Eqs. (18.18) and (18.19). In our baseline approach, it is the same
numerically determined function 𝒑inj ≡ 𝒑test �𝒑TO� as in the case of the Δ𝜒2 method.

The suitability of the Fishermatrix formalism for determining theNMOsensitivity
of an earlier PINGU baseline geometry has been scrutinised with empirical methods
in Ref. [45] for one fixed pair of injectedmodels with identical values of 𝜃23 ≈ 39° far
in the first octant and assuming true IO. However, depending on the choice of 𝒑inj,
the octant degeneracy in PINGU’s 𝜃23 sensitivity, partially discernible for example
in Ref. [45, Fig. B.3b], will necessarily invalidate constraints derived from the Fisher
matrix at least at sufficiently high confidence levels.

Substantiating the above assertion, Fig. 18.3 presents outcomes of two bivariate toy
PINGU NMO studies with the Fisher matrix approach (for true NO), whose error
ellipses of 1𝜎, 90%, and 3𝜎 CL are contrasted with the corresponding isocontours
𝜒2 ≈ 𝜒22,0.32, 𝜒22,0.1, 𝜒22,0.003. The sole nuisance parameter in the panel on the left is
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the overall normalisation, 𝑁(−)𝜈 , and in the one on the right 𝜃23. Two variants of the
Fisher matrix approach are shown: in the first (‘finite diffs.”), the partial derivat-
ives (18.17) are determined with the finite-difference method, yielding the average
rates of change of the expected event counts across the full fit range of the nuisance
parameter (cf. Table 17.1); in the second (“polyn.”), the count expectations are cal-
culated at 20 equally spaced values across the parameters’ full range and fit with
second-order polynomials whose first derivatives are evaluated analytically at the
injected value. Thus, the number of templates generated by the second variant to
obtain count derivatives with respect to nuisance parameters is higher by a factor of
ten. Disagreeing confidence regions between the two variants are evidence of count
non-linearities in the nuisance parameter under study (at the scale of the fit range).
In contrast to an actual NMO sensitivity analysis, in order to be able to verify the ac-
curacy of the Fisher matrix approach by means of a comparison to 𝜒2 isocontours, it
is necessary to inject the same nuisance-parameter value in the TO and theWO(here:
𝑁(−)𝜈 = 1 respectively 𝜃23 = 49.5°), or, if we considered Δ𝑚2

31 as nuisance parameter,
the same absolute value. The pseudoexperiment of the 𝜒2 scan is the Asimov experi-
ment under the injectedWOmodel of the Fisher matrix approach. By definition, the
location of the scan’s global minimum (here: 𝜒2IO = 0) coincides with that model,
whereas its minimum within the other NMO (here: 𝜒2NO > 0)—the TO of the Fisher
matrix approach—may be displaced with respect to the truth. Such a displacement
is encountered in both toy studies, with a nearly 1% larger 𝑁(−)𝜈 respectively a first-
octant 𝜃23 best fit within the NO. The accuracy of the constraints from the Fisher
matrix breaks down at the confidence level (here: 3𝜎) at which the octant degen-
eracy appears. This is the result of 𝜒2 deviating from a parabolic behaviour across
𝜃23 octants. Contrariwise, the explicitly linear model comprising h and 𝑁(−)𝜈 does not
exhibit any internal inconsistencies, either between the 𝜒2 scan and the Fisher matrix
approach or between the two implementation variants adopted for the latter.

The applicability to the NMO problem of the Fisher matrix approach in combin-
ation with the continuous parameter h is not re-evaluated in detail in this work. In-
stead, certain sensitivities derived from it are mentioned in passing in the context
of the results from the other, less approximate, methods discussed throughout this
part. In particular, Sec. 18.1.3.2 below presents a modified statistical inference ap-
proach which makes use of the Fisher information matrix but mitigates some of its
mentioned deficiencies.
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18.1.3.2 Semianalytic minimisation: pull approach

The “pull approach” [486] explicitly describes the effects of model parameters on
observables by linear error propagation. A change 𝜉𝑘 in each of the 𝑛 parameters 𝑝𝑘
is propagated to a corresponding change ∝ 𝜉𝑘 in the count expectation 𝑛exp,𝑖 through
the latter’s first-order Taylor expansion around the injected parameter value 𝑝inj,𝑘
(see, e.g., Ref. [487]):

𝑝̃𝑘 ≡ 𝑝inj,𝑘 + 𝜉𝑘 ⟹ 𝑛exp,𝑖 �𝒑̃� = 𝑛exp,𝑖 �𝒑inj� +
𝑛
�
𝑘=1

𝜉𝑘
𝜕𝑛exp,𝑖 �𝒑�

𝜕𝑝𝑘
�
𝑝𝑘=𝑝inj,𝑘�����������������������

≡𝜕𝑘𝑛exp,𝑖

. (18.27)

Substituting this expansion into Eq. (18.4) results in the weighted sum of squared
residuals of the pull approach,

𝜒2pull �𝒑̃� ≡
𝑁bins
�
𝑖=1

�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑inj� − ∑𝑘 𝜉𝑘𝜕𝑘𝑛exp,𝑖�
2

𝑛exp,𝑖 �𝒑inj� + ∑𝑘 𝜉𝑘𝜕𝑘𝑛exp,𝑖
+
𝑁prior

�
𝑗=1

𝜉2𝑗
𝜎2𝑝𝑗

, (18.28)

assuming that the injected value of each parameter with a prior Gaussian constraint
coincides with the prior’s preferred value. Crucially, the assumption of linear para-
meter dependencies of the event counts allows us to minimise 𝜒2pull semianalytically
(the partial derivatives in Eq. (18.27) cannot in general be found analytically), by
simultaneously solving for all the parameter variations 𝜉̂𝑘 that minimise 𝜒2pull:

𝜒2pull,min ≡ min
�𝜉𝑘�

𝜒2pull = 𝜒2pull � ̂𝝃� . (18.29)

The best-fit parameter values, encountered at the minimum 𝜒2pull,min, are given by

𝑝̂𝑘 = 𝑝inj,𝑘 + 𝜉̂𝑘 . (18.30)

For the purpose of extending the Fisher matrix approach, an expression for 𝜉̂𝑘 has
been derivedwhichmakes use of the partial derivatives required by the computation
of the Fisher matrix and of its elements themselves. The derivation, whose steps are
provided in Appendix D.1, yields

𝜉̂𝑘 =�
𝑙
�F−1�

𝑘𝑙

𝑁bins
�
𝑖=1

�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑inj�� 𝜕𝑙𝑛exp,𝑖
𝑛exp,𝑖 �𝒑inj�

. (18.31)
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We refer to the optimal parameter variations 𝜉̂𝑘 of the linearisedmodel as the para-
meters’ “pulls” even though these cannot be assumed to represent normally distrib-
uted random variables (not all of our parameters are subject to external constraints,
in contrast to Ref. [486]). Any count non-linearities (and numerical errors) will ap-
pear and can be quantified through an overestimate of the unknown true minimum
𝜒2min ≡ min�𝑝𝑘� 𝜒

2 ≡ 𝜒2 �𝒑opt�, with a contribution Δpull,stat from counting statistics
and a contribution Δpull,prior from priors, whose sum exceeds zero:

Δpull ≡ 𝜒2 �𝒑inj + ̂𝝃� − 𝜒2min (18.32)

=
𝑁bins
�
𝑖=1

�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑inj + ̂𝝃��
2

𝑛exp,𝑖 �𝒑inj + ̂𝝃�
−
�𝑛obs,𝑖 − 𝑛exp,𝑖 �𝒑opt��

2

𝑛exp,𝑖 �𝒑opt������������������������������������������������������������������������������
≡Δpull,stat

+
𝑁prior

�
𝑗=1

𝜉̂2𝑗 − �Δ𝑝opt,𝑗�
2

𝜎2𝑝𝑗�������������������������
≡Δpull,prior

> 0 .

The least-squares statistic (18.29) of the linearised model itself is never explicitly
evaluated in thiswork, because it effectively assumes the existence of event templates
which are in fact unphysical (accordingly, for a given pseudoexperiment, 𝜒2pull,min
may turn out to be smaller than 𝜒2min), and because of the small computational
overhead of generating the template 𝒏exp,𝑖 �𝒑inj + ̂𝝃� numerically with the staged ap-
proach.

Note that the pull approach is strictly equivalent to the “covariance approach”,
where the least-squares statistic accounts for observables’ covariances [486]. When
𝑛 < 𝑁bins, performing the minimisation within the pull approach is less computa-
tionally expensive though: a system of 𝑛, not𝑁bins, linear equations has to be solved.

Pull approach in practice

In particular when template generation and numerical minimisation have an exceed-
ingly high computational cost and the assumption of linear parameter dependencies
made by Eq. (18.27) is accurate, the pull approach can serve as a drop-in replacement
and thus for example be used to approximate the median NMO sensitivity (without
any reference to the parameter h).

For the analysis at hand, the approachwas primarily investigated during the initial
development of the statistical inference framework to reduce the encountered limita-
tions of the Fisher information matrix—specifically, in combination with a grid scan
of the fit value of 𝜃23 (within the WO, but also the TO). Any 𝜒2 profile yields con-
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fidence intervals for 𝜃23 assuming Wilks’ theorem (cf. Sec. 13.3), whether the NMO
is assumed to be correctly identified in the fit or not. Each hypothesised value of 𝜃23
is also accompanied by the Fisher matrix entering the calculation of the conditional
pulls of the remaining model parameters in Eq. (18.31). When the injected model
coincides with that preferred by our priors within the hypothesised NMO, the mat-
rix inverse is the covariance matrix. When it does not, the matrix inverse still permits
us to determine the parameters’ pulls through a generalisation of Eq. (18.31) which
is also given in Appendix D.1.

Figure 18.4 demonstrates some of the above possibilities offered by the pull ap-
proach. Underlying are seven separate 𝜒2 profiles in dependence of 𝜃23 within the
NO, given the nominal IO Asimov pseudoexperiment, and performed by either nu-
merically minimising 𝜒2 over a single nuisance parameter or by determining the
parameter’s pull within the linearised model of Eq. (18.27) starting from the nom-
inal parameter value. The top part shows the nuisance-parameter estimates condi-
tional on the fit value of 𝜃23, where each shaded band represents the parameter’s
central 68.3% range of (here: either statistical or, if applicable, combined statistical
and prior) uncertainty, corresponding to twice the square root of the inverse of the
(here: scalar) Fisher information at the nominal value. For comparison, the vertical
extents of the hatched regions correspond to the various parameters’ prior standard
deviations. In all cases, the conditional parameter estimates from the pull approach
deviate by at most a few percent from their numerically optimised counterparts, res-
ulting in barely visible overestimates of the associated 𝜒2 (here: equivalent to Δ𝜒2IO)
profiles depicted in the lower part of Fig. 18.4. Since deviations between the depths
and locations of each pair of profiles’minima are negligible, the approximatemedian
NMO significances (here: of rejecting the NO) as given by Eq. (18.25), allowing any
fit value of 𝜃23, also agree well.
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Figure 18.4: Results of seven Δ𝜒2IO profile scans in dependence of the fit value of 𝜃23 within
the NO, in the presence of one nuisance parameter at a time, using numerical minimisation
and the pull approach. The upper part shows the conditional nuisance-parameter estimates
and the lower part the seven profiles themselves, contrasted with the scenario of statistical
uncertainties only. See text for details.
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Figure 18.5: Same as the lower part of Fig. 18.4, but for the simultaneous optimisation over
all nuisance parameters. In addition, an implementation of the pull approach which makes
use of a second iteration is employed. The panel at the bottom shows the same results after
subtracting the profile obtained via numerical minimisation. See text for details.

Figure 18.5 reveals limitations of the pull approach, in particular of the simple
variant based on finite differences, when all seven nuisance parameters are jointly
optimised. The Δ𝜒2IO profile is significantly overestimated (differences with respect
to numerical minimisation at the bottom) across a large portion of the considered
𝜃23 interval. Also, as Fig. D.2 in the appendix evidences, the conditional best-fit
values of several nuisance parameters do not give accurate representations of their
(numerically optimised) actual dependencies on the fit value of 𝜃23 anymore. When
the initial pull calculation with finite differences is followed by a second iteration—
here with polynomial fits of the count expectations, whose derivatives are evaluated
at the best-fit parameter values from the first iteration—the overestimate of Δ𝜒2IO is
strongly reduced for most 𝜃23 values. While the NMO significance (18.25) for any fit
value of 𝜃23 from numerical minimisation over the nuisance parameters is 𝑛𝜎 ≈ 2.65,
those of the two implementations of the pull approach are 𝑛𝜎 ≈ 2.78 and 𝑛𝜎 ≈ 3.36.
For reference, the significance found in the absence of other nuisance parameters
besides 𝜃23 is 𝑛𝜎 ≈ 3.67.

In case one did not have recourse to a reliable or fast numerical minimisation
routine, one could conceive of further optimisations of the pull approach, such as
adaptively imposing more restrictive parameter intervals during the calculations of
the partial derivatives (18.17) in order to improve their accuracy in the vicinity of
the true minimum of the least-squares statistic.

In general, any (conditional or global) best fit from the pull approach can be used
as a cross-check for a numerical least-squares minimisation routine. In fact, such a
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cross-check uncovered an initial failure in the joint optimisation of several nuisance
parameters. This was subsequently fixed by adapting the minimiser configuration
until fit outcomes were achieved which consistently improved on those of the pull
approach as seen above.

18.1.4 Sensitivity from ensemble studies

Based on the coverage discussion in Sec. 13.3, only the explicit sampling of test-
statistic distributions under the two NMO hypotheses, by means of ensembles of
fits to pseudoexperiments, guarantees accurate sensitivity projections across the full
model-parameter space. Using the Poissonian log-likelihood function of observing
the data 𝒏obs given the hypothesis 𝒑H,

L �𝒑H� ≡ ln 𝐿 �𝒏obs�𝒑H� (18.33)

=
𝑁bins
�
𝑖=1

�𝑛obs,𝑖 ln 𝑛exp,𝑖 �𝒑H� − 𝑛exp,𝑖 �𝒑H� − ln �𝑛obs,𝑖!�� −
𝑁prior

�
𝑗=1

Δ𝑝H,𝑗
2𝜎2𝑝H,𝑗

,

our test statistic is defined as double the difference between the log-likelihood max-
ima within the two NMO hypotheses,

S ≡ −2 �L �𝒑̂NO� −L �𝒑̂IO�� = −2 ln
𝐿 �𝒏obs�𝒑̂NO�

𝐿 �𝒏obs�𝒑̂IO�
. (18.34)

The log-likelihood function is maximised numerically by minimising −L, using the
same routine relied upon by the Δ𝜒2 approach.

For a given truth model 𝒑TO, the two distributions of S follow from generating a
set of𝑁pseudo statistically independent pseudoexperiments for eachNMOhypothesis
𝒑inj = 𝒑TO, 𝒑test as

𝑛obs,𝑖 �𝒑inj� ∼ Pois �𝑛exp,𝑖 �𝒑inj�� . (18.35)

Since each Asimov template is a smoothed event distribution, no fluctuations owing
to finite MC event statistics are considered.

TheNMOsensitivity derived from the above procedure is subject to statistical fluc-
tuations. As an example, if S were Gaussian distributed and our experiment able
to exclude the WO at ∼3𝜎 in the median case, at least 𝑁pseudo ∼ O�104� pseudo-
experiments would be required to achieve a relative statistical uncertainty of less
than 1% [4]. Here, the most extreme outcomes of the distribution of S under
𝒑test—beyond the median of the distribution under 𝒑TO—would be sampled by ∼30
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Figure 18.6: Test-statistic probability densities of a test for the IO without systematics, using
pseudoexperiments and the Asimov approach. Here, the median significance of excluding
the IO is estimated from an unbinnedGaussian likelihood fit (solid blue curve) to the sample
of S under the nominal IO model (blue histogram). The standard deviation 𝜎 = 10.8 of this
fit is indicated. The vertical blue line marks the mean of the fit, whereas the vertical red line
marks the median of the sample of S given the nominal NO model. For comparison, the
dashed black curve represents Eq. (18.8) under the IO in the Asimov approach, and the ver-
tical dashed black lines are the means of the two Gaussians (Asimov Gaussian distribution
under the NO not displayed).

pseudoexperiments on average.
The statistic S coincides with the Δ𝜒2 statistic defined in Eq. (18.6) in the asymp-

totic (Gaussian) limit, which is also a sufficient condition for the Gaussian distri-
bution (18.8) of Δ𝜒2 [481]. While the same sensitivity discussion would therefore
apply to S (see, e.g., Ref. [419]), the aim of the ensemble studies is to determine
PINGU’s NMO sensitivity without a-priori assumptions about the distribution of
the test statistic.

18.2 Statistical uncertainties only

We use the idealised scenario of only statistical uncertainties to provide an initial
overview of PINGU’s NMO potential, compare the sensitivity predictions made by
the different statistical approaches, and illustrate general computational challenges
encountered with the ensemble method. For these purposes, only the two nominal
NMO hypotheses are tested against each other.

For illustration, Fig. 18.6 displays two histogrammed samples of S obtained from
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Method True NO True IO

ensemble (Gauss.) 5.49 ± 0.06 5.54 ± 0.06
ensemble (reweight.) 5.50 ± 0.02 5.52 ± 0.02
Δ𝜒2 5.49 5.54
Fisher matrix 5.48 5.54

Table 18.1:MedianNMOsignificance (18.3)without systematics after four years of exposure
time using different analysis methods. See text for details.

5 × 103 pseudoexperiments per injected model, assuming four (calendar) years of
PINGU exposure time. Owing to the lack of free parameters in this problem, no
minimisation is required: when calculating S, 𝒑̂NO and 𝒑̂IO are simply set to the in-
jected hypotheses. For definiteness, the plot shows how the projected median signi-
ficance of excluding the IO given true NO is found. The available number of pseudo-
experiments prohibits directly sampling test-statistic outcomes that are sufficiently
“extreme” for the determination of 𝛼 �𝛽 = 0.5�. Hence, the latter has to be obtained
through indirect means, such as an unbinned Gaussian maximum-likelihood fit to
the sample of S under the WO. The result is superimposed on the histogram. The
two values of the Asimov metric Δ𝜒2Hinj

are displayed in addition, as is the Gaussian
approximation (18.8) of the distribution of Δ𝜒2 under the WO. This approximation
is completely indistinguishable from the aforementioned likelihood fit.

Table 18.1 summarises the median sensitivities from ensemble studies—with and
without (see below) Gaussian assumptions—and from the Asimov Δ𝜒2 and the
Fisher matrix approach. In the ensemble case, each entry corresponds to the mean
of the median significances from 103 statistically independent analyses, with the
bounds of the resulting (approximately symmetric) central 1𝜎 interval indicated.
The NMO choice has a negligible impact on the sensitivity given our pair of nom-
inal truth models. The various estimates at the level of 5.5 standard deviations are
in excellent agreement with each other.

18.2.1 Sampling extreme test-statistic outcomes

A high-significance scenario as the one encountered above would require
producing—and, in the presence of nuisance parameters, fitting—on average at least
O�107� pseudoexperiments under theWOhypothesis in order to sample correspond-
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ingly extreme test-statistic outcomes.4 This is generally unfeasible in our case and
represents a problem which is exacerbated during the detector design stage.

As an alternative to imposing a Gaussian test-statistic distribution, when the me-
dian sensitivity is sought the sample of test-statistic outcomes under the TO hypo-
thesis by construction is well suited to be reweighted to the WO hypothesis [488]. A
given unweighted (unit weight) pseudoexperiment produced under the model 𝒑TO
and characterised by a set of observed bin counts has the statistical weight

𝑤TO
obs �𝒑test� =

𝑁bins
�
𝑖=1

𝑝Pois �𝑛obs,𝑖�𝑛exp,𝑖 �𝒑test��

𝑝Pois �𝑛obs,𝑖�𝑛exp,𝑖 �𝒑TO��
(18.36)

to be observed under the null hypothesis 𝒑test. The superscript TO specifies the
originally underlying hypothesis. Equation (18.36) is nothing other than the ratio
between the Poisson likelihoods of observing the pseudoexperiment under 𝒑test and
𝒑TO. In the absence of nuisance parameters, the weight follows directly from the test-
statistic outcome Sobs as

ln𝑤TO
obs �𝒑test� =

⎧⎪⎪⎨
⎪⎪⎩
−Sobs/2, TO = IO

+Sobs/2, TO = NO
. (18.37)

If all unweighted pseudoexperiments produced under 𝒑TO were considered, the log-
arithm of the weight would thus be approximately Gaussian distributed. As an ex-
ample, the weight under the nominal IOmodel of an originally unweighted pseudo-
experiment with Sobs = SNO

med ∼ −30 generated under the assumption Hinj = NO (cf.
Fig. 18.6) is merely of the order of 10−7.

The type-I error probability from the set of weights
�𝑤TO

obs,1 �𝒑test� , 𝑤TO
obs,2 �𝒑test� , … , 𝑤TO

obs,𝑁<(>) �𝒑test�� of all 𝑁<(>) ≈ 𝑁pseudo/2 test-statistic

outcomes under the TO with Sobs < (>)STO
med corresponding to a rejection power of

50% reads

𝛼 �𝛽 = 0.5� =
∑𝑁<(>)
𝑖=1 𝑤TO

obs,𝑖 �𝒑test�
𝑁pseudo

. (18.38)

The result of reweighting the corresponding ensemble of trials produced under the
NO in Fig. 18.6 to the nominal IO model is shown in Fig. 18.7, together with the ori-
ginal unweighted ensemble of trials produced under the IO. The weighted sample
has a visibly Gaussian shape and results in a median significance of 𝑛𝜎 = 5.51. The

4Assuming that the tail of the distribution is Gaussian.
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Figure 18.7: Use of the reweighted pseudoexperiments generated under the NO from
Fig. 18.6 in order to sample the left tail of test-statistic outcomes under the IO. This allows
determining the median significance without employing a Gaussian approximation of the
test-statistic distribution shape. The vertical red line, the dashed lines, and the histogrammed
samples to the right of T ≈ −12 are the same as in Fig. 18.6.

distribution ofmedian significances from repeated reweighting procedures is in stat-
istical agreement with the other results in Table 18.1.

The generalisation of Eq. (18.36) with appropriate substitutions for 𝒑TO and 𝒑test
in principle enables sampling the test-statistic distribution across the space of true
parameter valueswithout repeatedly producing new trials. Simply reweighting each
existing pseudoexperiment to the desired injected parameter values (𝒑Hinj → 𝒑′Hinj

)
is then not sufficient. In addition, the trial’s test-statistic value Sobs must be recal-
culated using the two new hypotheses to be tested against each other. Otherwise,
the sensitivity after reweighting would reflect a situation in which the assumed val-
ues of fixed model parameters systematically deviated from the true values realised
in nature. When at least one nuisance parameter is considered, the same reason-
ing implies that only the injected values of parameters which are among the set of
parameters optimised in the search for the log-likelihood maxima Lobs �𝒑̂NO� and
Lobs �𝒑̂IO�may be modified.

Whether the above generalised reweighting approach is a viable alternative
throughout the parameter space of interest depends on the accuracy and precision of
the resulting NMO significance estimate and is not further scrutinised in this thesis.
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18.2.2 Sensitivity evolution with exposure time

Figure 18.8 demonstrates how themedian significancewithout systematic uncertain-
ties is projected to scale with PINGU exposure time 𝑡live for true NO, according to the
ensemble reweighting, the Asimov Δ𝜒2, and the Fisher matrix approach. The scen-
ario of true IO is nearly indistinguishable from the one shown and therefore omitted.
With the considered exposure time spanning a range from below one up to ten years,
each template bin’s count expectation 𝑛exp,𝑖 ∝ 𝑡live also varies by more than one order
of magnitude. Still, there is no indication of a disagreement between the predictions
made by the three methods even for the lowest exposure times studied. The typical
standard deviation of the ensemble method’s significance projections is similar to
that in Table 18.1, much smaller than the marker height.

Given the median experimental outcome under the nominal NO model, one can
tell that the IO is expected to be excluded at the 3𝜎 CL within slightly more than
one year of measurement, and at the 5𝜎 CL within four years. The impact of a
more or less extreme statistical fluctuation of the observed test-statistic value is illus-
trated based on the Asimov Δ𝜒2 approach: deviations from the median by no more
than one respectively two standard deviations result in the NMO significance ranges
represented by the green and yellow bands. These correspond to rejection powers
0.159 ≲ 1 − 𝛽 ≲ 0.841 respectively 0.046 ≲ 1 − 𝛽 ≲ 0.954. After one year of measure-
ment, a statistical fluctuation at the level of two standard deviations is sufficient to
yield an NMO significance of less than 1𝜎. Around four (seven) years of exposure
time are required to reduce the probability of a statistical fluctuation resulting in a
significance below 3𝜎 (5𝜎) to less than 5%.

Finally, the figure also explores the scaling with time of the median significance.
While a scaling with the square root √𝑡live would apply to the “naïve” sensitivity
proxy (18.22), a somewhat slower scaling is encountered for the two-sided conven-
tion (18.3). In any case, the growth would become weaker in the presence of nuis-
ance parameters, once statistical uncertainties become sufficiently small [45, 489].
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Figure 18.8: Exposure time evolution of the median significance for true NO, using the
pseudoexperiment ensemble reweighting (diamonds) and the Asimov Δ𝜒2 (solid line) and
Fisher matrix (thick dashed line) approaches. The function ∝ √𝑡live (thin dashed line) is
scaled to agree with the significance from reweighted pseudoexperiments at 𝑡live = 1 year.
The green (yellow) band corresponds to the range of significances obtained when allowing
for statistical fluctuations within the central 1𝜎 (2𝜎) interval of the Gaussian distribution of
Δ𝜒2 under the NO.
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19
Sensitivity projections under the
Gaussian approximation

The final NMO sensitivity projections for the PINGU MC event sample at hand in-
clude the impacts of the nuisance parameters introduced in Sec. 17.4which represent
known sources of systematic uncertainty. No possible improvements in our know-
ledge or description of these uncertainties over time are taken into account. During
the eventual data-taking period, however, it is conceivable that the smallness of the
encountered statistical uncertainties will require a high degree of scrutiny with re-
spect to known and unknown sources of uncertainty [489].

All results presented in the following, pertaining to the roles of the various nuis-
ance parameters in the NMO determination, are derived from the Asimov Δ𝜒2 ap-
proach for computational feasibility reasons. When not stated explicitly, an exposure
time of four years underlies any given sensitivity projection.

19.1 Sensitivity impact by uncertainty category

Table 19.1 presents the median NMO significance resulting from including either
one of three categories of nuisance parameters: those related to the intrinsic atmo-
spheric (−)𝜈 fluxes (𝑅𝑒/𝜇, 𝑅𝜈/𝜈̄, Δ𝛾), to the detector (𝑠𝐸, 𝑁(−)𝜈 ), and to oscillations (Δ𝑚2

31,
𝜃13, 𝜃23). Only when Δ𝑚2

31 and 𝜃23 are among the set of free nuisance parameters
is the WO hypothesis 𝒑test determined by a fit to the Asimov template of the TO, in
accordance with the baseline sensitivity definition in Sec. 18.1.2. The significances
without any systematic uncertainties (“none”, from Table 18.1), and with all eight
nuisance parameters (“all”) are also given. We can interpret the difference between
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the significance in the presence of statistical uncertainties only and the significance in
the presence of any given group of nuisance parameters as the associated systematic
error on the NMO.

Category True NO True IO

none 5.49 5.54
flux 4.09 4.36
detector 4.35 4.37
oscillations 3.27 3.04
all 2.78 2.64

Table 19.1: Median Δ𝜒2 NMO significance
with select categories of nuisance parameters
included, as well as without any and with all
together.

When accounting for all nuisance
parameters, the sensitivity is approxim-
ately halved, below the level of 3𝜎, com-
pared to the case of purely statistical un-
certainties.

Oscillation parameters are by far the
dominant source of systematic uncer-
tainty and give rise to a systematic er-
ror exceeding 2𝜎. This is the combined
effect of a modified null hypothesis 𝒑test
and a reduction in Δ𝜒2Hinj

with respect to
the statistics-only scenariowhen𝜃23 and
Δ𝑚2

31 are jointly optimised. When 𝜃23 is
included alone the systematic error amounts to ∼75% of that of the pair. The fact
that uncertainty on 𝜃23 should in principle be able to reduce PINGU’s NMO sensit-
ivity to a considerable degree is expected just from a comparison by eye of the pair
of template signatures in Fig. 17.8 and Fig. 17.10, which suggest that changes in 𝜃23
and a flip of the NMO impact similar regions in 𝐸reco and cos𝜗reco, possibly with
opposite signs.

Flux and detector nuisance parameters only induce approximately half as large
systematic errors, ranging from 1.1𝜎 to 1.4𝜎. All four corresponding analyses test the
two nominal NMO hypotheses against each other. Among the flux parameters, 𝑅𝜈/𝜈̄
is by far the most impactful when optimised alone. Both nuisance parameters 𝑠𝐸 and
𝑁(−)𝜈 in the detector category have almost the same individual impact as𝑅𝜈/𝜈̄ (compare
Fig. 18.4).

Note that the solar oscillation parameters 𝜃12 and Δ𝑚2
21 are omitted because their

additional inclusion in the analysis is not found to reduce the sensitivity further. 𝛿CP
has a similarly minor impact and would cause an exceedingly large computational
burden on the optimisation process as a result of introducing additional degeneracies
into the 𝜒2 function.

When the Fisher matrix method with polynomial fits is employed for a fast cross-
check of the systematics impacts determined above, its significance projections agree
to within ∼1.5% for all categories.
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Figure 19.1: Median systematic errors on the NMO (as number of Gaussian standard devi-
ations), as defined in Secs. 19.1 and 19.2, for true NO on the left and true IO on the right,
using the Asimov Δ𝜒2 approach. See text for details.

19.2 One-by-one sensitivity potential

By determining the expected sensitivity gain from an improved knowledge of each
individual source of systematic uncertainty, one at a time, a different type of system-
atic error on the NMO is uncovered. We consider the most optimistic scenario for
each nuisance parameter, in which the latter is kept fixed at its true value, whereas
the remaining seven are optimised together. The difference between the median sig-
nificance obtained in this manner and the baseline significance, in the presence of all
eight nuisance parameters, can also be considered an “incremental” systematic error
on the NMO.

By and large, the individual sensitivity gains (or incremental systematic errors)
are much smaller than the overall sensitivity loss from optimising all nuisance para-
meters simultaneously (full systematic error). This is demonstrated in Fig. 19.1,
which also includes the systematic errors induced by the various uncertainty categor-
ies defined previously. For example, for true IO the overall systematic error amounts
to 2.9𝜎, cf. Table 19.1, which can be contrasted with the incremental systematic error
of close to 0.8𝜎 for𝜃23—the nuisance parameterwith the strongest impact in this case.
Fixing the energy scale or the overall rate normalisation leads to moderate gains cor-
responding to incremental systematic errors of a few tenths of standard deviations.
Small or almost vanishing gains are encountered in the case of the flux parameters
and 𝜃13.

In general, the sizes of the various types of systematic error on the NMO are rather
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stable under the exchange of the TO, and the atmospheric oscillation parameters
Δ𝑚2

31 and 𝜃23 are the two dominant sources of systematic uncertainty.

19.3 Event-classification synergies

So far, we have not focussed on themechanism throughwhich PINGU’s sensitivity to
the NMO is brought about at the highest andmost straightforward level, namely the
joint fit of the cascade- and track-like event templates to a given pseudoexperiment.

Consider the Asimov median significance (18.11) for illustration. Each of the two
minima Δ𝜒2WO and Δ𝜒2TO can be written as a sum of three terms,

Δ𝜒2Hinj
= Δ𝜒2Hinj,cscd + Δ𝜒

2
Hinj,trck + Δ𝜒

2
Hinj,prior , (19.1)

with a contribution from the cascade-like event template, the track-like event tem-
plate, and the nuisance parameters’ external constraints, respectively, at the min-
imum within the other ordering with respect to Hinj. Considering only one con-
tribution at a time and ignoring the remaining two yields the median significance
originating from this contribution within the joint fit. In the case of either template
this quantity is referred to as the “statistical” contribution [3]. Synergistic effects
occur when there is tension between the parameter values preferred by the various
contributions. The magnitude of the synergy corresponds to the enhancement of
the median significance compared to the result of the simple addition in the sense of
Eq. (19.1) but after performing separate fits.

The assumption of statistical uncertainties only as done in Sec. 18.2 removes any
distinction between the joint analysis and the simple addition of individual contri-
butions. It also renders Δ𝜒2Hinj,prior = 0. Accordingly, the statistical contribution from
cascade- or track-like events coincides with their standalone sensitivity to the NMO.
For both, it is ∼4𝜎 after four years of exposure time, independent of whether we as-
sume true NO or true IO. Hence, both event classes contribute evenly to the overall
sensitivity.

This picture is modified in the presence of nuisance parameters, which results
in the cascade-like event template contributing most of the overall sensitivity. Fig-
ure 19.2 demonstrates this bymeans of the time evolution of the baseline PINGUme-
dian significance, the statistical contributions from cascade-like and track-like events,
their standalone significances, and the significance resulting from the simple addi-
tion of the standalone analysis results, for the two nominal NMO models. First of
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Figure 19.2: Exposure time evolution of the synergy effect on the median NMO significance
from jointly fitting the cascade-like and the track-like event template, with respect to the
simple addition of their standalone best-fit metric values, using the Asimov Δ𝜒2 approach.
True NO is assumed on the left, and true IO on the right. The three thick lines in each
panel give the baseline median significance, the statistical contribution to it from cascade-
like events, and the statistical contribution from track-like events. The thin lines give the
median significance from the simple addition of the standalone Δ𝜒2 values from separately
fitting the two types of templates, and the significances from the standalone analyses them-
selves. See text for details.

all, note that the prior constraints on nuisance parameters are included in the stan-
dalone analyses, i.e., as penalty terms in every minimisation and as a contribution
to the standalone significance. Hence, the observable synergy effect, given by the
difference between the baseline significance and the significance derived from the
simple sum, is a “conservative” estimate. In contrast, by definition there is no ex-
plicit contribution from prior constraints to the statistical contributions. The latter
exceed the standalone significances visibly in the case of true IO, for which the joint
analysis is projected to be subject to a non-negligible synergy, of 0.3𝜎 after four years,
and 0.5𝜎 after ten years of measurement. The joint analysis benefits the significance
originating from the cascade-like event template in particular.

The origin of the stronger synergy for true IO lies in a stronger tension between the
best-fit points preferred by cascade-like and track-like events within each opposite
half-space in relation to 𝒑TO respectively 𝒑test. To illustrate this point, we consider the
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19 Sensitivity projections under the Gaussian approximation

one-dimensional Asimov profile 𝜒2 �𝑝WO,scan, ̂𝒑̂WO,nuis
�, where 𝑝WO,scan is a parameter

on a predefined grid of hypothesised points within the WO, and ̂𝒑̂WO,nuis represent
the conditional nuisance-parameter best-fit values. The square root of the profile’s

minimum is equivalent to the “naïve” sensitivity proxy
�
�Δ𝜒2TO� for excluding the

WO. This can be interpreted as a one-sided median significance (under the assump-
tions stated in the derivation of Eq. (18.24)), which will deviate slightly from the
corresponding significance (18.11) in Fig. 19.2.

True IO
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Figure 19.3: Asimov 𝜒2 profile scans of Δ𝑚231
within the NO, for true IO. The lines refer to
the same analysis types as in Fig. 19.2.

Figure 19.3 shows profile scans of
Δ𝑚2

31 > 0 for true IO for the same types
of analysis as in Fig. 19.2. As the NMO
sensitivity is the primary interest, and
not the constraints on Δ𝑚2

31 within the
WO, the synergistic effects that manifest
themselves through comparisons of
the 𝜒2 minima are studied, and not the
various profiles’ shapes.

The synergy due to tension in Δ𝑚2
31 is

visible in particular in the simple sum
of the two standalone profiles. The sum
profile exhibits a “global” synergy: its
minimum is moderately enhanced with
respect to the sum of the minima of
the two standalone profiles, namely by
∼6%, or 0.27 units of 𝜒2. This enhance-
ment is brought about by effectively for-
cing the fit of the cascade-like and the
track-like template to assume the same
hypothesised value of Δ𝑚2

31—while be-
ing allowed to find standalone minima in the space of the remaining, undisplayed,
nuisance parameters.

The fact that this freedom is removed by the full joint fit is reflected in the strictly
larger conditional 𝜒2 values of the corresponding profile (“baseline” vs. “simple
sum”). The minimal additional increase in 𝜒2 from jointly optimising also the un-
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19.3 Event-classification synergies

displayed nuisance parameters is ∼10%, or 0.61 units of 𝜒2, and occurs at Δ𝑚2
31 ≈

2.62 × 10−3 eV2. The global synergy—irrespective of Δ𝑚2
31 and relevant for the NMO

sensitivity—stemming from these parameters amounts to 1.28 units of 𝜒2.
In total, the synergy of the combined fit with respect to the sum of the minima of

the two standalone fits results in an enhancement of the 𝜒2 metric by 1.55 units. The
combined fit generates an increase of 0.80 units of the 𝜒2 minimum for cascade-like
events with respect to their standalone fit, but only a barely noticeable one of 0.07
units for track-like events.

True NO
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Figure 19.4: Same as Fig. 19.3, but for true NO
and Δ𝑚231 within the IO.

The scenario of hypothesising Δ𝑚2
31 < 0

when the NO is assumed to be true is
displayed in Fig. 19.4. No tension oc-
curs between the best-fit values of Δ𝑚2

31
from cascade-like and track-like events.
Hence, the parameter’s joint optimisa-
tion (“simple sum”) does not increase
the 𝜒2 minimum beyond the simple ad-
dition of the two standalone minima,
which is dominated by the contribution
from cascade-like events.

Theminima of the three profiles of the
baseline analysis and its statistical con-
tributions all appear at Δ𝑚2

31 ≈ −2.24 ×
10−3 eV2. At its minimum, the statistical
contribution of the cascade-like (track-
like) event template exceeds the min-
imum of its standalone counterpart by
0.26 (0.07) 𝜒2 units. Thus, there is syn-
ergy from the joint optimisation of the
undisplayed nuisance parameters in addition to Δ𝑚2

31. Locally, there is a small in-
terval around Δ𝑚2

31 ≈ −2.2 × 10−3 eV2 where the joint fit of the remaining nuisance
parameters has a nearly vanishing impact on the 𝜒2 values.

The global synergy of the baseline analysis with respect to the sum of the minima
of the two standalone fits is given by 0.64 units of 𝜒2, less than half as much as in the
case of true IO.
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19 Sensitivity projections under the Gaussian approximation

19.4 Coverage in dependence of truth assumptions

The most thorough understanding of PINGU’s NMO potential and the frequent-
ist sensitivity approach is gained by studying a broader range of truth assumptions
made about nuisance parameters. Our focus is on the atmospheric oscillation para-
metersΔ𝑚2

31 and 𝜃23. These have already been shown to give rise to considerable sys-
tematic errors in Secs. 19.1 and 19.2. The question remains to which degree the test-
statistic distribution under each NMO hypothesis, and therefore the median sens-
itivity, depends on the values of Δ𝑚2

31 and 𝜃23. In this context, the issue of obtain-
ing proper coverage raised in Sec. 18.1.2 is revisited with the Δ𝜒2 approach. Both
problems are addressed simultaneously by determining the function Δ𝜒2TO �𝒑TO�,
which fully specifies the distribution ofΔ𝜒2 according to Eq. (18.8) for any nuisance-
parameter values within the TO hypothesis. In practice, we keep all nuisance para-
meters except Δ𝑚2

31 and 𝜃23 fixed at their nominal values.1

The results are depicted in Fig. 19.5 for the rectangular parameter regions defined
by the 3𝜎 confidence intervals on Δ𝑚2

31 and 𝜃23 as obtained by NuFIT 2.0 [475, 476].
On the one hand, large variations are observed in �Δ𝜒2NO�, which ranges from around

5.2 to 34.9. �Δ𝜒2IO�, on the other hand, only varies from about 5.3 to 12.7. Bothmetrics
increase monotonically with the absolute value of Δ𝑚2

31. Non-monotonic behaviour
is observed in dependence of 𝜃23: �Δ𝜒2NO� exhibits a valley in the first octant, at ∼41°,

whereas �Δ𝜒2IO� exhibits one in the second octant, at ∼49°. The maximum is located
at the largest sampled values of 𝜃23 and �Δ𝑚2

31� in either case. The disparate upper
bounds on the twoAsimovmetrics imply that the scenario of symmetric test-statistic
distributions is not always realised, namely when the NO is true and 𝜃23 ≳ 45°,
almost regardless of Δ𝑚2

31. Under these conditions �Δ𝜒2NO� > �Δ𝜒2IO�, no matter which
hypothesis from the allowed IO parameter region is tested.

For any grid point within the TO, the two Δ𝜒2TO maps enable us to compute the as-
sociatedmaximum type-I error probability 𝛼3𝜎WO,max by performing a dedicated hypo-
thesis test with each point in theWO as the null hypothesis. This search is identically
performed across the displayed 3𝜎 parameter ranges. The resulting median NMO
significance (18.11) is given in Fig. 19.6. It varies between 2.5𝜎 and 6.8𝜎 in the case
of true NO, and between 2.5𝜎 and 3.7𝜎 in the case of true IO. The behaviour of
1The distinct treatment of the atmospheric oscillation parameters applies only to the sampling of

the TO model space—and, by extension, to the construction of the WO model within the NMO
hypothesis test—not to the definition of the Δ𝜒2TO metric. The value of the latter is always found
through the joint optimisation of all nuisance parameters within the WO.
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Figure 19.5: Gaussian test-statistic mean �Δ𝜒2TO� in dependence of the true values of Δ𝑚231
and 𝜃23, for TO = NO on the left and TO = IO on the right. The displayed parameter ranges
correspond to the respective 3𝜎 confidence intervals obtained by NuFIT 2.0 [475, 476].

the �Δ𝜒2TO� surfaces is reproduced qualitatively, because, regardless of the assumed
point in the TO, the maximum type-I error probability for an outcome as or more
extreme than ±Δ𝜒2TO is always selected from the same set of Δ𝜒2 distributions under
the WO. The ordering of the sampled TO models thus remains the same, irrespect-
ive of whether they are sorted according to �Δ𝜒2TO� or 𝑛𝜎. Quantitatively, however,
the impact of the maximisation over WO hypotheses depends strongly on the true
values of Δ𝑚2

31 and 𝜃23.
This dependence is evidenced as a function of 𝜃23 for the two nominal values

Δ𝑚2
31 = 2.46 × 10−3 eV2 and Δ𝑚2

31 = −2.37 × 10−3 eV2 in Fig. 19.7. In the case of true
NO and the first octant, the width of the range of median significances obtained by
testing all WO models is only at the level of a few tenths of standard deviations. For
the second octant or true IO, the width is generally larger, and reaches up to one
(true IO) or two (true NO, second octant) standard deviations. The lower bound of
the range—determined by the WO model with the largest type-I error 𝛼3𝜎WO,max—can
also be read off from the vertical slice at the corresponding value of Δ𝑚2

31 in Fig. 19.6.
In the considered 𝜃23 interval this sensitivity minimum reaches up to 6.5𝜎, namely
when the NO is true and 𝜃23 is at its upper bound. The sensitivity is lowest, around
2.6𝜎, for true NO and 𝜃23 ≈ 41.5°, as well as for true IO and 𝜃23 ≈ 49°. The two latter
values of 𝜃23 roughly coincide with those of our nominal NMOmodels. For compar-
ison, the median significance calculated with the baseline approach of excluding the
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Figure 19.6: Dependence of the median NMO significance 𝑛𝜎 on the true values of Δ𝑚231 and
𝜃23, for TO = NO on the left and TO = IO on the right, using the test-statistic means of
Fig. 19.5. In order to ensure correct coverage, for each pair of true values the null hypothesis
is chosen such that the type-I error is maximised over Δ𝑚231 and 𝜃23 within the WO.

WO model that yields the best fit to the TO Asimov experiment is also shown. The
coverage of the approach is found to be accurate for true NO and 𝜃23 in the first oct-
ant, as well as at the upper bound of its sampled range in the second octant, and for
all but the largest values 𝜃23 ≳ 52° and true IO. Only for 𝜃23 in the second octant and
true NO does it consistently and significantly overestimate the minimal confidence
level of excluding any reasonably constrained IO model. Furthermore, as expected
from the investigation of Fig. 19.5, the theoretical significance minimum for a given
TO model yields a lower confidence level than the other two methods for true NO
and 𝜃23 ≳ 46°.

The observed shape of the median significance is elucidated by considering the
various hypothesised or best-fit values encountered for a given truth 𝜃23. We de-
note the best-fit value at the minimum of 𝜒2WO as 𝜃̂23,WO, the value within the null
hypothesis (WO model) of the baseline analysis as 𝜃̂bl23,WO, the value within the null
hypothesis of the analysis that maximises the type-I error as 𝜃̂𝛼max

23,WO, and the best-fit
value within the TO model which constitutes the best Asimov fit to the null hypo-
thesis as 𝜃̂bl23,TO or 𝜃̂𝛼max

23,TO. Hence, depending on the type of analysis conducted, one
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Figure 19.7:Dependence of the median NMO significance on the true value of 𝜃23, for differ-
ent choices of the WO model, for TO = NO on the left and TO = IO on the right. Δ𝑚231 is set
to its nominal truth assumption in each case. The curve resulting frommaximising the type-I
error probability is a vertical slice of the two-dimensional surface given the corresponding
TO in Fig. 19.6. See text for details.

of the following sets of parameter values is encountered:

𝜽bl
23 ≡ �𝜃23, 𝜃̂23,WO, 𝜃̂bl23,WO, 𝜃̂bl23,TO� or (19.2)

𝜽𝛼max
23 ≡ �𝜃23, 𝜃̂23,WO, 𝜃̂

𝛼max
23,WO, 𝜃̂

𝛼max
23,TO� . (19.3)

The six distinct quantities for each TO model are compared in Fig. 19.8. Once
more the true parameter value is the independently varied quantity. 𝜃̂𝛼max

23,WO is the
only other variable which is not the direct result of a fit to an Asimov template. The
existence of rapid changes in its value reflect the fact that Δ𝜒2WO is not an injective
function of the two oscillation parameters (combined with the discreteness of the
sampling grids). As a result, there can be a complete degeneracy between two or
more WO models with the same type-I error probability 𝛼3𝜎WO,max. Since 𝜃̂𝛼max

23,TO is
the result of a full (eight-dimensional) fit to the Asimov template given 𝜃̂𝛼max

23,WO (and
�Δ𝑚

2,𝛼max
31,WO), its variations are correlated with those of the latter.
𝜃̂23,WO and 𝜃̂bl23,WO, which differ only in the set of jointly fit nuisance parameters,

closely follow each other. They lie in the wrong octant in the case of true NO and
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Figure 19.8: Dependence of various best-fit or hypothesised values of 𝜃23 on the latter’s true
value in Asimov NMO hypothesis tests, for TO = NO on the left and TO = IO on the right.
See text for details.

39.5° ≲ 𝜃23 < 45°, and in the case of true IO and 𝜃23 > 45°. This implies a degeneracy
between theNMOand the octant of 𝜃23: theWOmodel thatminimises theweighted-
least-squares sum misidentifies the true octant of 𝜃23. For true NO, the jump to the
second octant around 39.5° coincides with a local maximum of the baseline signific-
ance at which the IO is excluded in the left panel of Fig. 19.7. The local minimum
at 𝜃23 ≈ 41.5° follows from the fact that the two test-statistic distributions are both
centred around similarly low absolute values at the level of five units, cf. Fig. 19.5.
This can be contrastedwith the situation at𝜃23 ≈ 50°, where the significance obtained
within the baseline approach is maximal: whereas the median absolute test-statistic
value under the NO shows an increase by a factor of ∼5, the distribution under the
null hypothesis (for which again 𝜃̂bl23,WO=IO ≈ 50°) remains nearly unchanged. The
same considerations in reverse explain why the significance of excluding the NO in
the case of true IO exhibits a local minimum at the same value of 𝜃23. It starts to
grow again for even higher values of 𝜃23 due to the increase in the median Δ𝜒2IO,
roughly where 𝜃̂bl23,TO=IO jumps from the second into the first octant. Both observed
jumps in 𝜃̂bl23,TO=IO are in agreement with the coincidence of the octant of 𝜃̂23,WO=IO
with that of 𝜃23 ≲ 39.5° within the NO in the panel on the left. For true NO, the
baseline significance of excluding the IO drops for 𝜃23 ≳ 50° even though �Δ𝜒2NO�
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Figure 19.9: Same as Fig. 19.7, but in dependence of the true value of Δ𝑚231, with maximal
2–3 mixing in nature.

keeps growing. This growth is compensated by the increasing standard deviation of
the test-statistic distribution under the baseline IO model for a similarly large value
of 𝜃̂bl23,WO=IO. The IOmodel thatmaximises the type-I error probability remains at the
largest allowed value for all 𝜃23 ≳ 44°, which follows from the aforementioned guar-
anteed regime of asymmetry with �Δ𝜒2NO� > �Δ𝜒2IO� which takes effect here.2 The
associated monotonic increase of the significance above this 𝜃23 threshold value is
then just a reflection of the monotonic increase of �Δ𝜒2NO�. The significance appears
to become linear at 𝜃23 ≈ 48°, above which we also find an approximate propor-
tionality between 𝜃23 and 𝜃̂23,WO=IO or 𝜃̂bl23,WO=IO. Given true IO, 𝜃̂𝛼max

23,WO=NO always
remains in the first octant, as this is the only way the symmetric configuration can
be realised. Correspondingly, for values of 𝜃23 in the two aforementioned valleys
of Δ𝜒2IO, 𝜃̂

𝛼max
23,WO=NO jumps back and forth between the two degenerate parameter re-

gions where Δ𝜒2NO reaches equally low levels. For all other true parameter values,
40° ≲ 𝜃23 ≲ 47° and 𝜃23 ≳ 51°, the null hypothesis remains comparably stable.

For the two slices at true maximal mixing, Fig. 19.9 exemplifies that the median
NMO significance grows rather weakly with �Δ𝑚2

31�. The significance of excluding
the IO lies between 3.5𝜎 and 4𝜎, whereas that of excluding the NO only slightly ex-

2In this regime the maximum of Δ𝜒2IO always maximises 𝛼3𝜎IO.
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Figure 19.10: Same as Fig. 19.8, but for Δ𝑚231.

ceeds 3𝜎. Generally, the impact of sampling different WO hypotheses is larger for
true IO than it is for true NO, evidenced by the consistently wider range of signific-
ances associated with the allowed values of 𝛼3𝜎WO=NO. The baseline approach yields
a consistent minor overestimate of the actual confidence level when the NO is true.
Its prediction agrees with the lower bound of the allowed range of significances for
true IO. The theoretical significance minimum given true IO also coincides with the
lower bound because the symmetric test-statistic configuration is always achievable.
In the case of the NO and maximal mixing, any asymmetric test-statistic configura-
tions (which occur for Δ𝑚2

31 ≳ 2.44 × 10−3 eV
2) are too insignificant to be discernible

here.
The various hypothesised or best-fit values of Δ𝑚2

31—the counterparts of
Eqs. (19.2) and (19.3)—encountered in dependence of the true value of Δ𝑚2

31 when
conducting sensitivity studies for maximal 2–3 mixing are presented in Fig. 19.10.
All three best-fit quantities obtained within the baseline approach, �Δ𝑚

2
31,WO and

�Δ𝑚
2,bl
31,WO,TO, are proportional to the true valueΔ𝑚2

31. In particular, the greater the true
magnitude �Δ𝑚2

31�, the greater is the magnitude of each of the three best-fit values.
When theNO is true, a fit of the IO hypothesis (lower left plot) yields amagnitude of
the mass-squared difference that is smaller than in nature. The opposite holds when
the IO is true and a fit with the NO hypothesis (upper right plot) is performed. For
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true NO and Δ𝑚2
31 ≳ 2.44 × 10−3 eV2, an outcome �Δ𝑚

2,𝛼max
31,WO=IO at the lower bound of

the respective 3𝜎 range maximises �Δ𝜒2IO� and therefore the type-I error probability.

For true IO, the observed behaviour of �Δ𝑚
2,𝛼max
31,WO=NO reflects the degeneracy between

different null hypotheses with respect to conserving the symmetry �Δ𝜒2NO� = �Δ𝜒2IO�:
a small change in Δ𝑚2

31 can be compensated by an appropriate small change in either
�Δ𝑚

2,𝛼max
31,WO=NO or 𝜃̂𝛼max

23,WO=NO or simultaneous changes in both. The specific locations of
the grid points alongwhich �Δ𝜒2NO� is evaluated result in null hypotheses with a total
of three different discrete values of 𝜃̂𝛼max

23,WO=NO (not displayed). As hinted at in the
figure, if the analysis were forced to fix the null hypothesis to either one of these,
there would be a characteristic linear relationship between the associated value of
�Δ𝑚

2,𝛼max
31,WO=NO and Δ𝑚2

31.
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Conclusion
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20
Summary and outlook

Experimental advances achieved during the past few decades suggest that the Stand-
ard Model’s description of the neutrino sector is lacking crucial elements, first and
foremost a mechanism which explains the small overall neutrino mass scale and the
tiny mass differences underlying the flavour transitions unambiguously observed in
vacuum and in matter.

If the Standard Model was the effective low-energy manifestation of some com-
plete physics theory at high energies, neutrino mass could be the dominant new-
physics effect to appear at the experimentally accessible energy scales. As of yet,
both the absolute masses and their ordering—given the most common definition
of the three known mass eigenstates—remain unresolved. Interestingly, new, non-
standard types of neutrino interactions may accompany neutrino masses. The ex-
perimentally allowed strengths of certain non-standard neutral-current couplings
which affect neutrino propagation in matter are of the order of the strength of the
weak interaction. More precise measurements of non-standard interactions and the
determination of the elusive mass ordering will serve as crucial theory inputs and
reduce uncertainties of measurements targeting other important parameters within
the leptonic sector of the Standard Model. However, intrinsic degeneracies of the
neutrino evolution for example in the Earth hamper the simultaneous resolution of
both problems. The latter requires complementary observables from measurements
of flavour transitions in the Sun or neutrino scattering cross-section measurements.

This thesis contributes to the investigation of both of these open issues. One the
one hand, it makes use of a sample of around 45 × 103 atmospheric neutrinos collec-
ted over three years with the existing low-energy core (DeepCore) of the IceCube
Observatory at the South Pole to present a comprehensive measurement of neutral-
current non-standard interactions (NCNSI). On the other hand, it draws upon simu-
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20 Summary and outlook

lated atmospheric neutrino interactions in a proposed low-energy IceCube upgrade
(PINGU)—which is even more densely instrumented and expected to result in an
event-rate enhancement by a factor of around four—to study the potential of resolv-
ing the neutrinomass ordering (NMO), by employing statistical techniques differing
by many orders of magnitude in computational expense.

In the absence of any experimental evidence for NC NSI so far and due to the
large number of unknown coupling strengths in the most general effective NC in-
teraction Lagrangian, the observed DeepCore data sample was separately fit with
hypotheses with manageable numbers—either one, two, or three—effective para-
meters of interest. This approach was also motivated by the existence of theoretical
models predicting one (dominant) non-zero coupling and ensured the comparabil-
ity with other measurements. The underlying event selection could be adopted with
few modifications from a preceding DeepCore measurement of the atmospheric os-
cillation parameters Δ𝑚2

31 and 𝜃23, the constraints on which mainly originate in the
observation of (−)𝜈𝜇 disappearance. While NSI couplings to muon and tau flavours
were shown to modify this disappearance pattern in distinctive ways, couplings in-
volving the electron flavour were found to give rise to other, harder-to-resolve dis-
tortions of the expected event distribution. In any case, only moderate impacts from
several sources of systematic uncertainty were encountered on the expected 90%
confidence intervals on the various parameters of interest.

We found no evidence of NSI in either of our six fits to the observed DeepCore
event distribution. In turn, assuming the normal ordering for definiteness, limits
at the 90% confidence level could be placed on all NSI strengths in their standard
parameterisation. The most restrictive is that on 𝜇-𝜏 flavour violation, �𝜖⊕𝜇𝜏� ≤ 0.023 2,
followed by that on 𝜇-𝜏 non-universality, −0.041 ≤ 𝜖⊕𝜏𝜏 − 𝜖⊕𝜇𝜇 ≤ 0.042, on 𝑒-𝜇 flavour
violation, �𝜖⊕𝑒𝜇� ≤ 0.146, and on 𝑒-𝜏 flavour violation, �𝜖⊕𝑒𝜏� ≤ 0.173. The only type of
NSI whose strength could not be constrained beyond that of the Standard Model’s
weak interaction is 𝑒-𝜇 non-universality, which effectively rescales the Earth’s stand-
ard neutrino matter potential and thus allows for example for the complete cancella-
tion of standard matter effects. Here, the disjoint intervals −2.26 ≤ 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≤ −1.27
and −0.74 ≤ 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇 ≤ 0.32 are allowed at the 90% confidence level. In addition,
limitswere placedwithin an alternative parameterisation of the Earth’smatter poten-
tial, after a physicallymotivated reduction from themost general, eight-dimensional,
parameter space to one comprising three (intrinsic) matter parameters, namely an
overall scale parameter 𝜖⊕ and two rotation angles 𝜑12 and 𝜑13. This parameterisa-
tion has been employed by various global analyses of neutrino oscillation experi-
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ments and accommodates a less restrictive NSI flavour structure than the aforemen-
tioned one-by-one fits. By construction, 𝜖⊕ could not be measured more precisely
than 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇, while similar widths of ∼20° were obtained for the 90% confidence
intervals on 𝜑12 and 𝜑13.

The NSI measurements reported in this thesis are compatible with other results
from the broader landscape of neutrino oscillation and scattering experiments. The
high-energy reach of our DeepCore atmospheric neutrino event sample limits the
sensitivity to 𝜇-𝜏 and 𝑒-𝜇, and to a more limited extent 𝑒-𝜏, flavour-violating NSI. A
lower energy threshold would benefit the sensitivity to standard matter effects and
equivalently 𝑒-𝜇 non-universality, which in turn would give a better handle on the
overall strength of the generalised matter potential with its arbitrary flavour struc-
ture. In this regard, near-term improvements can be expected from the anticipated
IceCube Upgrade and KM3NeT/ORCA, whose partial configuration has already
yielded competitive limits (albeit not yet on 𝑒-𝜇non-universality). An event-by-event
discrimination between neutrinos and antineutrinos would increase the sensitivity
to many NSI scenarios which currently suffer from cancellations owing to opposite-
sign effects at the level of the oscillation probabilities. Similarly, cancellations occur
between events with different flavours which currently can only be separated stat-
istically, such as (−)𝜈𝑒 and

(−)𝜈𝜏 CC events. The measurement of any given NSI parameter
would benefit from better energy and zenith reconstruction resolutions, in particular
when different parameter values result in rapid variations of the oscillation probabil-
ities in both dimensions. While the sensitivity analyses suggest an only subdued role
of systematic uncertainties, it stands to reason that those on 𝜖⊕𝜏𝜏−𝜖⊕𝜇𝜇 and 𝜖⊕𝑒𝜏 could be
somewhat reduced if the true value of the leptonic mixing angle 𝜃23—which each of
our measurements simultaneously constrained to a certain extent—was knownwith
a higher precision.

The NMO sensitivity studies in this thesis were built and expanded upon preced-
ing efforts of projecting PINGU’s performance. The focus was placed on methods
which are particularly useful during the detector optimisation stage. First, differ-
ent approaches which derive their sensitivity estimates from our prediction of the
typical event distribution, the “Asimov” template, were discussed and compared in
detail. The one with the least restrictive regularity conditions requires evaluating
the difference between two minimised weighted-least-squares statistics to infer the
shapes of Gaussian test-statistic distributions under the pair of discrete ordering hy-
potheses. Constraints from the expected Fisher information matrix were scrutinised
byway of comparison to the sameweighted-least-squares statistic and demonstrated
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20 Summary and outlook

to be ill-suited to describe the octant degeneracy of the mixing angle 𝜃23: when the
NMO is assumed to be correctly identified, in addition to the global best fit at the
true value of 𝜃23 a local solution within the wrong octant is often also present, but
when theNMO is assumed to bemisidentified, thewrong octantmay even provide a
better fit than the correct one. Thismotivated adopting the Fisher informationmatrix
for parameter estimation via the semianalytic minimisation of a modified weighted-
least-squares statistic that explicitly assumes linear dependencies of the event-count
expectations on the model parameters. The proposed application of this “pull ap-
proach” permits constructing a confidence interval for 𝜃23 while approximating the
NMO sensitivity, without being fundamentally limited by the octant degeneracy.

Given the assumed PINGU detector and event-sample characteristics, it was
shown for example that statistical uncertainties are small enough to allow for a prob-
ability of around 50% to achieve a 5𝜎 determination of the NMO within four years
of measurement. Explicitly sampling the test-statistic distributions by reweighting
ensembles of statistically fluctuated pseudoexperiments confirmed the suitability of
the Asimov method. In the presence of sources of systematic uncertainty related
to neutrino fluxes, oscillations, and the detector response, the median significance
after four years was still found to exceed 2.6𝜎. For the lowest-significance scenarios,
improving our knowledge of any one of the considered flux or detector nuisance
parameters is unlikely to strongly enhance PINGU’s NMO sensitivity.

More generally, the importance of a systematic evaluation of the possible shapes
of the test-statistic distribution, over the allowed space of true nuisance-parameter
valueswithin both orderings, in order to create a comprehensive evaluation of the ex-
periment’s potential measurement outcomes and achieving proper frequentist cov-
eragewas highlighted. For example, depending on the value of𝜃23 in nature, theme-
dian significance after four years of PINGU operation could exceed 6𝜎. Also, the po-
tential inaccuracies inherent to pragmatic methods of approximating the maximum
probability to mistakenly accept the wrong ordering were quantified in dependence
of 𝜃23 and Δ𝑚2

31. Adopting the Gaussian approximation of the Asimov approach, a
theoretical lower bound on the PINGU sensitivity follows directly from the true test-
statistic distribution and is too conservative only when the normal ordering is true
and 𝜃23 lies in the second octant. Instead, explicitly selecting the wrong-ordering
model whose expected PINGU event distribution resembles the true one the most as
the null hypothesis yields accurate results when the inverted ordering is true.

The NMO significance projections presented in this thesis rely on expected event
distributions whichmost likely deviate in both their shape and overall normalisation

328



from those thatwill be available in the presence of updated experimental designs and
accordingly adapted detector-simulation and event-reconstruction tools. Hence, all
of the quoted sensitivities should only be taken as indicative of the eventual perform-
ance of a very-large-volume neutrino telescope with a neutrino energy threshold of
∼1GeV and an effective mass of a few Mt of ice. Further enhancing the discrim-
ination power between the various neutrino interaction types—including between
neutrinos and antineutrinos—and improving reconstruction resolutions in both en-
ergy and zenith, especially in the few-GeV range for 𝜈𝑒 and 𝜈̄𝑒 CC events and below
∼20GeV for 𝜈𝜇 and 𝜈̄𝜇 CC events, represent promising routes that would reduce can-
cellations and limit the smearing out of the NMO signature. In this case, the sens-
itivity to the NMO could indirectly benefit from an improved precision on nuisance
parameters such as (the absolute value of) Δ𝑚2

31, which is known to be responsible
for strong synergy effects that emerge when data from long-baseline atmospheric
and medium-baseline reactor neutrino experiments is jointly analysed. Combining
the staged template generation scheme with, e.g., the Asimov Δ𝜒2 hypothesis test-
ing approach permits us not least to quicklymodify thementioned detector response
characteristics in order to quantify their impact accurately.

While the construction of the PINGUexperiment is not foreseen at the time ofwrit-
ing, the imminent deployment of the smaller IceCubeUpgradewill allow addressing
many of the same physics goals and applying the knowledge gained during the ex-
tensive PINGU design and sensitivity analysis phase.
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A
Analytic calculation of oscillation
probabilities

There are several codes available for solving the Wolfenstein equation (3.45), which
also governs the 𝜈𝛼 → 𝜈𝛽 transition amplitudes 𝑆𝛼𝛽 (cf. Sec. 3.3.4) in typical exper-
imental settings [213]. The Wolfenstein equation consists of a set of homogeneous
linear ordinary differential equations (ODEs) of first orderwith respect to the flavour
transition amplitudes. The ODEs have constant coefficients in uniform and variable
coefficients in non-uniform matter. However, when the continuous matter density
profile along a neutrino trajectory traversing non-uniform matter is approximated
by an adequate number of layers of uniform matter, 𝑛, solving one set of variable-
coefficient ODEs becomes equivalent to solving 𝑛 sets of constant-coefficient ODEs.
This is a generalisation of the case of periodic density changes discussed for twoneut-
rino flavours in Sec. 3.3.4.3. In both scenarios, analytic expressions for the transition
amplitudes exist if no more than three neutrino flavours are assumed.

For this work, a GPU-accelerated Python adaptation [490] of Prob3++1 was gener-
alised to the case of an arbitrary Hermitian matter potential in either of the paramet-
erisations (4.18) or (4.19). Prob3++ solves the three-neutrino evolution in uniform
matter following an approach introduced in 1980 by Barger et al. [492]. Here, the
evolution matrix in the basis of the neutrino mass eigenstates in vacuum, S = 𝑈𝑆𝑈†,
with initial conditions S (𝐿 = 0) = 𝟙, is found as

S (𝐿) = �
𝑘

⎡
⎢⎢⎢⎢⎢⎣�
𝑗≠𝑘

2𝐸𝜈𝐻𝜈,mass − 𝑚̃2
𝑗 𝟙

�Δ𝑚2
𝑘𝑗

⎤
⎥⎥⎥⎥⎥⎦ exp �−𝑖

𝑚̃2
𝑘𝐿
2𝐸𝜈

� . (A.1)

1Originally ported to CUDA C code for the case of a single constant-density layer in Ref. [491].
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A Analytic calculation of oscillation probabilities

𝐻𝜈,mass is the constant-density neutrino Hamiltonian in the mass eigenstate basis,
𝑚̃2
𝑗 are the neutrinos’ effective mass-squared eigenvalues, and �Δ𝑚2

𝑘𝑗 ≡ 𝑚̃2
𝑘 − 𝑚̃2

𝑗 the
effective mass-squared differences in matter. Equation (A.1) holds for an arbitrary
number of neutrinos, but the analytic diagonalisation of 𝐻𝜈 is only possible for up
to three of them. In the original Prob3++ implementation, the mass eigenvalues in
matter are explicitly evaluated for SI [492, Eqs. (21) and (22)]. It is also possible,
however, to find the eigenvalues of the neutrino Hamiltonian𝐻𝜈 in matter with NSI,
i.e., with the matter part given by Eq. (4.7), by solving for the cubic roots of the char-
acteristic polynomial of 𝐻𝜈 [493, 494, 495, 496]. This procedure yields the effective
mass eigenvalues [496]

𝑚̃2
𝑖

2𝐸𝜈
=
2
3√

𝑝 cos
⎡
⎢⎢⎢⎢⎣
1
3
arctan

⎛
⎜⎜⎜⎜⎝
�𝑝3 − 𝑞2

𝑞

⎞
⎟⎟⎟⎟⎠ + 𝑘𝑖

⎤
⎥⎥⎥⎥⎦ −

𝑐2
3

(𝑖 = 1, 2, 3) , (A.2)

with 𝑘1 =
2
3𝜋, 𝑘2 = −23𝜋, and 𝑘3 = 0, 𝑝 = 𝑐22 − 3𝑐1 and 𝑞 = −272 𝑐0 − 𝑐

3
2 +

9
2𝑐1𝑐2, and the

coefficients

𝑐0 = 𝐻𝜈,𝑒𝑒�𝐻𝜈,𝜇𝜏�
2 + 𝐻𝜈,𝜇𝜇�𝐻𝜈,𝑒𝜏�

2 + 𝐻𝜈,𝜏𝜏�𝐻𝜈,𝑒𝜇�
2 − 2Re �𝐻𝜈,𝑒𝜇𝐻𝜈,𝜇𝜏𝐻𝜈,𝑒𝜏� − 𝐻𝜈,𝑒𝑒𝐻𝜈,𝜇𝜇𝐻𝜈,𝜏𝜏 ,

(A.3)

𝑐1 = 𝐻𝜈,𝑒𝑒𝐻𝜈,𝜇𝜇 + 𝐻𝜈,𝑒𝑒𝐻𝜈,𝜏𝜏 + 𝐻𝜈,𝜇𝜇𝐻𝜈,𝜏𝜏 − �𝐻𝜈,𝑒𝜇�
2 − �𝐻𝜈,𝜇𝜏�

2 − �𝐻𝜈,𝑒𝜏�
2 , (A.4)

𝑐2 = −𝐻𝜈,𝑒𝑒 − 𝐻𝜈,𝜇𝜇 − 𝐻𝜈,𝜏𝜏 . (A.5)

By substituting the 𝑚̃2
𝑖 into Eq. (A.1) and transforming to the flavour basis one

obtains the flavour evolution matrix in the uniform medium. The oscillation prob-
abilities correspond to the absolute squares of the various elements of the product
of all 𝑛 evolution matrices,

𝑃𝛼𝛽 (𝐿) = ��𝑆𝑛 (𝐿𝑛) 𝑆𝑛−1 (𝐿𝑛−1) … 𝑆1 (𝐿1) �𝛼𝛽�
2
, (A.6)

where 𝑆𝑖 is the evolution matrix and 𝐿𝑖 the neutrino path length in the 𝑖th layer and
the total baseline is given by 𝐿 = 𝐿𝑛 + 𝐿𝑛−1 +⋯+ 𝐿1.

Computational efficiency is the main advantage of the preceding analytic calcula-
tion with respect to numerical approaches, which is why Prob3++ or the oscillation
code included in the GLoBES software package [497, 498] are favoured in practice.
Numerical approaches such as nuSQuIDS [499, 500] provide quasicontinuous dens-
ity profiles and are typically able to handle more than three neutrino species. A per-
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formance comparison between Prob3++ and nuSQuIDS for three-neutrino oscillations
in Earth matter for both CPU and GPU implementations performed in Ref. [501]
shows a runtime reduction by approximately two orders of magnitude.

In preparation for Part III of this work, the analytically computed oscillation prob-
abilities have been found to be in excellent agreement with numerical approaches for
typical settings of atmospheric and long-baseline neutrino oscillation experiments,
and for several SI and NSI hypotheses.
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B
Analytic breakdown of atmospheric
(anti)neutrino event rates

Before attempting to analytically break down the rate of atmospheric neutrino and
antineutrino events in DeepCore or PINGU, it is useful to introduce

1. the ratio of the unoscillated fluxes of (−)𝜈𝜇’s and (−)𝜈𝑒’s,
(−)

𝑅0𝜇/𝑒 ≡
(−)

Φ𝜇unosc/
(−)

Φ𝑒unosc,

2. the ratio of the unoscillated fluxes of 𝜈𝜇’s and 𝜈̄𝜇’s, 𝑅0𝜈𝜇/𝜈̄𝜇 ≡ Φ
𝜇
unosc/Φ̄

𝜇
unosc,

3. the differences Δ
(−)

𝑃𝛼𝛽 ≡
(−)

𝑃′𝛼𝛽−
(−)

𝑃𝛼𝛽 between the (anti)neutrino oscillation probab-
ilities for different oscillation or NSI parameter values, for example 𝜃′23 > 𝜋/4 >
𝜃23 or 𝜖′⊕ = −1 vs. 𝜖⊕ = 0,

4. the effective areas
(−)

𝐴𝑒eff,
(−)

𝐴𝜇eff, and
(−)

𝐴𝜏eff for detecting (−)𝜈𝑒 CC, (−)𝜈𝜇 CC, and (−)𝜈𝜏 CC
events, respectively,

5. the ratio of the effective areas for (−)𝜈𝑒 CC and (−)𝜈𝜏 CC events, (−)𝑎0𝑒/𝜏 ≡
(−)

𝐴𝑒eff/
(−)

𝐴𝜏eff,

6. the ratio of the effective areas for 𝜈𝑒 CC and 𝜈̄𝑒 CC events, 𝑎0𝜈𝑒/𝜈̄𝑒 ≡ 𝐴
𝑒
eff/𝐴̄𝑒eff

7. and the probabilities (−)𝑟 𝑒,
(−)𝑟𝜇, and

(−)𝑟𝜏 to classify (anti)neutrino CC events of the
three flavours as cascade-like, for example.

Then we can write the nominal total rate of CC events of a particular event class—
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including both neutrino and antineutrino events—as (antineutrino terms implicit)

𝑁 =�
𝜈,𝜈̄
𝑁𝑒 + 𝑁𝜇 + 𝑁𝜏

=�
𝜈,𝜈̄
Φ𝜇

unosc

⎡
⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎝
𝑃𝑒𝑒
𝑅0𝜇/𝑒

+ 𝑃𝜇𝑒

⎞
⎟⎟⎟⎟⎠𝐴

𝑒
eff𝑟𝑒 +

⎛
⎜⎜⎜⎜⎝𝑃𝜇𝜇 +

𝑃𝑒𝜇
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠𝐴

𝜇
eff𝑟𝜇 +

⎛
⎜⎜⎜⎜⎝
𝑃𝑒𝜏
𝑅0𝜇/𝑒

+ 𝑃𝜇𝜏

⎞
⎟⎟⎟⎟⎠𝐴

𝜏
eff𝑟𝜏

⎤
⎥⎥⎥⎥⎦ . (B.1)

To a first approximation, for DeepCore and PINGU we can assume
(−)

𝑃𝑒𝜇 ≈
(−)

𝑃𝜇𝑒, as
well as

(−)

𝐴𝑒eff ≈
(−)

𝐴𝜇eff. Now making the antineutrino contributions explicit and using
all of the variables enumerated at the top, the rate difference Δ𝑁 ≡ 𝑁′ − 𝑁 induced
by oscillation-parameter variations and normalised to the product of the 𝜈𝜇 flux and
the 𝜈𝑒 (or 𝜈𝜇) CC effective area becomes

Δ𝑁
Φ𝜇

unosc𝐴𝑒eff
=
∑
𝜈,𝜈̄ Δ𝑁𝑒 + Δ𝑁𝜇 + Δ𝑁𝜏

Φ𝜇
unosc𝐴𝑒eff

≈
⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝑒
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝑒 +

⎛
⎜⎜⎜⎜⎝Δ𝑃𝜇𝜇 +

Δ𝑃𝜇𝑒
𝑅0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟𝜇 +

⎛
⎜⎜⎜⎜⎝
Δ𝑃𝑒𝜏
𝑅0𝜇/𝑒

+ Δ𝑃𝜇𝜏

⎞
⎟⎟⎟⎟⎠
𝑟𝜏
𝑎0𝑒/𝜏

+
1

𝑅0𝜈𝜇/𝜈̄𝜇𝑎
0
𝜈𝑒/𝜈̄𝑒

⎡
⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎝
Δ𝑃̄𝑒𝑒
𝑅̄0𝜇/𝑒

+ Δ𝑃̄𝜇𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟̄𝑒 +

⎛
⎜⎜⎜⎜⎝Δ𝑃̄𝜇𝜇 +

Δ𝑃̄𝜇𝑒
𝑅̄0𝜇/𝑒

⎞
⎟⎟⎟⎟⎠ 𝑟̄𝜇 +

⎛
⎜⎜⎜⎜⎝
Δ𝑃̄𝑒𝜏
𝑅̄0𝜇/𝑒

+ Δ𝑃̄𝜇𝜏

⎞
⎟⎟⎟⎟⎠
𝑟̄𝜏
𝑎̄0𝑒/𝜏

⎤
⎥⎥⎥⎥⎦ .

(B.2)

Equation (B.2) holds for a given event class at any point in true neutrino energy
and zenith (dependence on both suppressed). It enables a qualitative derivation of
the origins and limitations of the DeepCore or PINGU sensitivity to NSI coupling
strengths or oscillation parameters given the characteristics of Earth oscillograms
and a coarse understanding of the relations between various detector response func-
tions (relative effective areas and classification efficiencies)—in the limit of perfect
(𝛿-like) detector resolution functions. A priori, it is straightforward to tell that

• the weights of all antineutrino terms are reduced by the product of the
neutrino-to-antineutrino flux and effective-area ratios;

• the terms related to (−)𝜈𝜏 appearance are suppressed by the smallness of the cor-
responding CC cross section;

• and that the induced differences of oscillation probabilities (−)𝜈𝑒 →
(−)𝜈𝛽, that is,

Δ
(−)

𝑃𝑒𝑒, Δ
(−)

𝑃𝑒𝜇, and Δ
(−)

𝑃𝑒𝜏, are suppressed due to the reduced intrinsic (−)𝜈𝑒 fluxes.
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B Analytic breakdown of atmospheric (anti)neutrino event rates

The sum of all NC events within a given event class does not need to be taken
into account when considering oscillation-induced event rate differences, because
the rate of NC events is a constant (antineutrino terms implicit):

𝑁NC =�
𝜈,𝜈̄
𝑟NC𝐴eff,NC �Φ 𝑒

unosc + Φ
𝜇
unosc� . (B.3)

This phenomenon is the combined result of the flavour-universal effective area
𝐴eff,NC for NC events (cf. Fig. 2.5), the indistinguishability of NC events of different
flavours (cf. Fig. 6.1), which gives rise to a flavour-universal classification probabil-
ity 𝑟NC, and the unitarity of the leptonic mixing matrix (cf. Sec. 3.1.3). Accordingly,
NC events constitute a background in the measurement of neutrino oscillations with
DeepCore or PINGU.
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Figure C.1: Same as Fig. 9.1, but for antineutrinos.
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Figure C.2: Same as Fig. 9.2, but for antineutrinos.
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Figure C.3: Same as Fig. 9.3, but for antineutrinos.
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Figure C.4: Same as the upper six panels of Fig. 9.4, but for antineutrinos.
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Figure C.5: Same as the lower six panels of Fig. 9.4, but for antineutrinos.
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Figure C.6: Same as Fig. 14.9, but for 𝜖⊕𝑒𝑒 − 𝜖⊕𝜇𝜇.
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Figure C.7: Same as Fig. C.6, but for �𝜖⊕𝑒𝜇�.
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Figure C.8: Same as Fig. C.6, but for �𝜖⊕𝑒𝜏�.
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Figure C.9: Same as Fig. C.6, but for �𝜖⊕𝜇𝜏�.
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FigureC.10:Asimov sensitivity to standardNSI parameters given true SM interactions. Solid
lines (“full”) result from profiling the final selection of nuisance parameters (“free paramet-
ers” in Table 12.2), while the red markers (“full+”, connected with dashed lines to guide
the eye) result from profiling all nuisance parameters in Table 12.2. Each Δ𝜒2mod profile in
the magnitude of a flavour-violating coupling strength is also profiled over the undisplayed
corresponding complex phase.
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Event type Cascade-like Track-like

𝜈𝑒 CC 5 756 ± 20 1 799 ± 11
𝜈̄𝑒 CC 2 481 ± 13 765 ± 7
𝜈𝜇 CC 9 811 ± 27 9 429 ± 27
𝜈̄𝜇 CC 4 328 ± 18 4 935 ± 20
𝜈𝜏 CC 835 ± 7 317 ± 4
𝜈̄𝜏 CC 374 ± 5 144 ± 3
𝜈𝑒 NC 465 ± 6 141 ± 3
𝜈̄𝑒 NC 135 ± 3 43 ± 2
𝜈𝜇 NC 1 731 ± 11 569 ± 7
𝜈̄𝜇 NC 584 ± 7 193 ± 4
𝜈𝜏 NC 342 ± 4 104 ± 3
𝜈̄𝜏 NC 93 ± 2 31 ± 1
𝜇± 1 187 ± 37 1 353 ± 38

Sum 28 123± 57 19 823± 53

Table C.1: Predicted best-fit composition of the DeepCore event sample under the GMP hy-
pothesis (cf. Table 15.1), split up into the two event classes of cascade-like and track-like
events. The sums of the event counts in each row can be compared to our nominal expecta-
tions in Table 12.1.
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Figure C.11: Histogram of the observed binwise weighted-least-squares values for the 𝜇-𝜏
NU measurement on the left, and cumulative histogram on the right. The samples are
stacked across both event classes in the left panel—such that the sum over all histogram
entries corresponds to the total number of template bins—but not in the one on the right.
The (rescaled) PDF respectively CDF of 𝜒21 is only shown to guide the eye, not because it
represents the exact expectation (see goodness of fit).
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Figure C.12: Relative deviations between the best-fit and nominal values of nuisance para-
meters subject to external constraints observed in the various NSI measurements, given in
numbers of prior standard deviations (“pulls”).

0

10

Δ𝜒
2 m
od

1𝜎90%

3𝜎

0.0022 0.0028

Δ𝑚2
31 (eV

2)

35

45

55

𝜃 2
3
(∘ )

1𝜎
90%
3𝜎

0 10

Δ𝜒2
mod

1𝜎 90%

3𝜎

0
25
50
75
100

Δ𝜒
2 m
od

Figure C.13: Observed joint 1𝜎, 90%, and 3𝜎 confidence regions in 𝜃23 and Δ𝑚231 within the
SI measurement, together with each parameter’s projected one-dimensional Δ𝜒2mod profile.
The colour in the central panel encodes the local value of the two-dimensional Δ𝜒2mod profile
and the cross indicates the best-fit point. The latter serves as the truth model of the pseudo-
experiments underlying the sensitivity distribution provided for 𝜃23 on the right.

344



D
PINGU NMO studies: supplementary
material

101

102

103

ev
en

ts
pe

ry
ea
r 𝜈𝜇 CC

osc. no osc.

101 102 103

𝐿/𝐸𝜈 (km/GeV)

0.0

0.5

1.0

ra
tio

𝜈𝜇 NC

101 102 103

𝐿/𝐸𝜈 (km/GeV)
Figure D.1: Same as Fig. 17.7, but for 𝜈𝜇 CC and NC events and as a function of the true ratio
of neutrino propagation distance to energy, 𝐿/𝐸𝜈.

345



D PINGU NMO studies: supplementary material

D.1 Parameter pulls from Fisher information

The definition of the 𝜒2pull function (18.28)within the pull approach transformed into
index notation reads (summing over repeated indices within each product)

𝜒2pull = �Δ𝛼𝑖 − 𝜉𝑘𝜕𝑘𝑛𝛼exp,𝑖�
𝛿𝑖𝑗𝛿𝛼𝛽
𝜎𝛼𝑖 𝜎

𝛽
𝑗

�Δ𝛽𝑗 − 𝜉𝑙𝜕𝑙𝑛
𝛽
exp,𝑗� +

𝜉𝑘
𝜎𝑘
𝛿𝑘𝑙
𝜉𝑙
𝜎𝑙

, (D.1)

where 𝑛𝛼exp,𝑖 ≡ 𝑛𝛼exp,𝑖 �𝒑inj�, Δ𝛼𝑖 ≡ 𝑛𝛼obs,𝑖 − 𝑛𝛼exp,𝑖, and 𝜎𝛼𝑖 ≡
�
𝑛𝛼exp,𝑖. Note the minor

notational variation here with respect to Eq. (18.28) through the use of greek in-
cides, which in this work represent the different PINGU analysis “classes” (cascade-
like and track-like events), but which generalise to independent experiments (e.g.,
PINGU and JUNO in Ref. [45]).

After expanding Eq. (D.1), such that

𝜒2pull =
𝛿𝑖𝑗𝛿𝛼𝛽
𝜎𝛼𝑖 𝜎

𝛽
𝑗

�Δ𝛼𝑖Δ
𝛽
𝑗 − 2Δ𝛼𝑖𝜉𝑙𝜕𝑙𝑛

𝛽
exp,𝑗 + 𝜉𝑘𝜕𝑘𝑛𝛼exp,𝑖𝜉𝑙𝜕𝑙𝑛

𝛽
exp,𝑗� +

𝜉𝑘
𝜎𝑘
𝛿𝑘𝑙
𝜉𝑙
𝜎𝑙

,

and extremising with respect to the 𝑟th parameter’s pull, by imposing a vanishing

derivative
𝜕𝜒2pull
𝜕𝜉𝑟

�
𝜉̂𝑟
= 0, one finds

0 =
𝛿𝑖𝑗𝛿𝛼𝛽
𝜎𝛼𝑖 𝜎

𝛽
𝑗

�−2Δ𝛼𝑖𝜕𝑟𝑛
𝛽
exp,𝑗 + 𝜕𝑟𝑛𝛼exp,𝑖𝜉̂𝑙𝜕𝑙𝑛

𝛽
exp,𝑗 + 𝜉̂𝑘𝜕𝑘𝑛𝛼exp,𝑖𝜕𝑟𝑛

𝛽
exp,𝑗� +

2
𝜎𝑟
𝛿𝑟𝑙
𝜉̂𝑙
𝜎𝑙

.

“Executing” 𝛿𝛼𝛽 and introducing 𝑑𝑙 ≡ Δ𝛼𝑖
𝛿𝑖𝑗
𝜎𝛼𝑖 𝜎

𝛼
𝑗
𝜕𝑙𝑛𝛼exp,𝑗 then leads to

𝑛
�
𝑟=1

𝑁bins
�
𝑖,𝑗=1

�
𝛼∈{cscd,trck}

⎛
⎜⎜⎜⎝𝜕𝑟𝑛𝛼exp,𝑖

𝛿𝑖𝑗
𝜎𝛼𝑖 𝜎𝛼𝑗

𝜕𝑙𝑛𝛼exp,𝑗 +
𝛿𝑟𝑙
𝜎𝑟𝜎𝑙

⎞
⎟⎟⎟⎠
−1

𝑑𝑟 = 𝜉̂𝑙 , (D.2)

which represents the multiplication of the inverse of the overall Fisher matrix (sum
of the Fisher matrices of cascade- and track-like events and the diagonal matrix of
inverse prior variances) with the 𝑛-dimensional column vector 𝑑𝑟. This expression is
equivalent to Eq. (18.31).

Relaxing the assumption of the injected parameter values 𝑝inj,𝑘 coinciding with
all prior preferred values 𝑝nom,𝑘, 𝜉𝑘/𝜎𝑘 → �𝑝inj,𝑘 − 𝑝nom,𝑘 + 𝜉𝑘� /𝜎𝑘, necessitates the re-
placement 𝑑𝑟 → 𝑑𝑟 − �𝑝inj,𝑟 − 𝑝nom,𝑟� /𝜎2𝑟 (for every parameter with a defined prior
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uncertainty) in Eq. (D.2). This modification enables iterative pull calculations, for
example.

A literature solution that is of the same form as Eq. (D.2) can be found in Ref. [486,
Eq. (A6)]. This reference also provided the original motivation to search for a semi-
analytic expression for the best-fit parameter values that depends only on known
quantities employed in the construction of PINGU’s Fisher information matrix in
this thesis.
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Fig. 18.5. See also Fig. 18.4.
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