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Abstract

Molecular Dynamics (MD) simulations play an increasing role in the studies of soft matter and
statistical mechanics. The limitations of MD are unavoidable when comparing results to both,
experiments and theory as it is practically impossible to reach, computationally, large time and
size scales. Nevertheless, the effects of these limitations can be understood and described in a
statistical mechanics compatible manner, therefore corrected. These effects, known as finite-size
effects, come due to finite integration domains, differences in the ensembles and the contributions
attributed to periodic boundary conditions (PBCs) used to mimic an infinite system. Overcoming
these limitations require either larger simulation boxes, implying the need of more resources, or
new techniques and methods to extract information and to extrapolate it to the thermodynamic
limit (TL). In this thesis we focused in the latter. We divided this work into different branches
keeping as a ground basis, the connection between thermodynamics and computer simulations.

First, we took the case of the Kirkwood-Buff integrals (KBI), as they provide a clean link
between thermodynamic properties and microscopic quantities, where the last ones are accessible
directly by MD simulations. We identify and corrected a finite-size version of the KBI, bridging the
density fluctuations with integrals of the radial distribution functions, identifying and correcting
independently all sources of finite-size effects during the process. Along these lines, we extended
the analysis to the computation of the finite-size two-body excess-entropy s2, where despite the fact
of having no ensemble dependent finite-size effect it does scale with the inverse of the simulation
box, and more importantly, we found that the empirical Dzugutov scaling relation also exhibits
a finite-size dependence, where our values in the thermodynamic limit, agree with those of the
literature.

Second, going to applications to the computation of thermodynamics, we moved to the under-
standing of structural properties of liquids by using KBIs, structure factors and chemical potentials.
On the one hand, we studied the effect of small differences in the tail of the radial distribution
functions (RDFs) on the structure of prototypical supercooled liquids, Kob-Andersen mixtures
with and without attractive interactions. Our results suggest that the nucleation of long-range
domains is induced by the attractive potentials when decreasing temperature. This was verified
using the limit k → 0 of the Bathia-Thornton structure factors and the bulk isothermal compress-
ibility. Moreover, after performing similar studies were performed at higher density we found the
two systems indistinguishable regarding structure. Whereas on the other hand, we found simi-
lar behaviour of the creation of domains, for propan-1-ol simulations for a range of temperature
200 < T < 300 K. Where around ∼ 220 K a change in the isothermal compressibility points out
to a transition from a normal to an anomalous liquid. The mechanism for the creation of domains
in this case is rather different, as we found them to nucleate from the creation of well defined
networks of molecules connected via Hydrogen bonds (H-bonds). This results were verified by the
computation of the average number of H-bonds inside the simulation box, the size of the larges
cluster, and more importantly NMR experiments.

Lastly, the development of a Density-functional-theory (DFT) approach to the Hamiltonian
Adaptive Resolution Simulation (H-AdResS) allowed us to show that the external potential needed
to induce a constant density profile coincides with the system’s excess chemical potential. Hence,
given the one-to-one correspondence between equilibrium densities and external potentials in DFT,
it is possible to obtain the excess of chemical potential by imposing a constant density profile.
Which brings us to the most important point of this work, and that is to the study of the statistics



of the atomistic region in the (H-AdResS) method. We considered a slab geometry where the
atomistic region was taken to be the system and the hybrid + Ideal gas the thermal bath. This
implies that the contact system-bath is done purely in one coordination whereas the other two
keep their PBCs. The consequences of these considerations, is that it is necessary to have a
description of a grand canonical simulation where size effects are still present, more specifically,
PBCs contributions. This description was proposed and validated as part of this thesis, were we
identified and corrected all sources of size effects in the Kirkwood-Buff integrals and therefore, in
the density fluctuations. We computed the local density fluctuations inside the atomistic region,
and compare those with the results coming from our method to compute the finite-size Kirkwood-
Buff integrals finding that in order to ensure the correct stable grand canonical statistics having
a H-AdResS set up is not enough. Nevertheless, a correct description of the grand canonical
ensemble in the thermal baths, meaning the ideal gas, actually leads to an excellent agreement
between the H-AdResS and the finite-size integral equation. The way to improve the description
of the bath, is by introducing a particle insertion/deletion algorithm with the correct statistics
which is possible due to the fact that the insertion probabilities for an ideal gas in the grand
canonical ensemble can be computed analytically. Summarizing, the Adaptive Resolution with

Particle insertion/deletion Steps (AdResS+ PI) can be used as a grand canonical simulation
method.



Zusammenfassung

Molekulardynamische Simulationen (MD) spielen eine wichtige Rolle bei der Erforschung der we-
ichen Materie und der statistischen Mechanik. Die Grenzen der MD sind unvermeidlich, wenn
die Ergebnisse sowohl mit Experimenten als auch der Theorie verglichen werden, da es prak-
tisch unmöglich ist, große Zeit- und Größenskalen rechnerisch zu erreichen. Die Auswirkungen
dieser Einschränkungen können jedoch verstanden und in einer mit der statistischen Mechanik
kompatiblen Weise beschrieben und somit korrigiert werden. Diese Effekte, die als Finite-Size-
Effekte bekannt sind, ergeben sich aus endlichen Integrationsbereichen, Unterschiede in den En-
sembles und Beiträgen, die periodischen Randbedingungen (Periodic Boundary Conditions, PBCs)
zugeschrieben werden, die zur Simulation eines unendlichen Systems verwendet werden. Um diese
Einschränkungen zu überwinden, sind entweder größere Simulationsboxen erforderlich, die mehr
Ressourcen erfordern, oder neue Techniken und Methoden, um Informationen zu extrahieren und
bis zum thermodynamischen Grenzfall (Thermodynamic Limit, TL) zu extrapolieren. In dieser Ar-
beit haben wir uns auf die letztere Möglichkeit konzentriert. Wir haben diese Arbeit in verschiedene
Zweige unterteilt, wobei wir die Verbindung zwischen Thermodynamik und Computersimulation
als Grundlage beibehalten haben.

Zuerst haben wir uns mit den Kirkwood-Buff-Integralen (KBI) beschäftigt, da sie eine klare
Verbindung zwischen thermodynamischen Eigenschaften und mikroskopischen Größen herstellen,
wobei letztere direkt durch MD-Simulationen zugänglich sind. Wir haben eine endliche Version
des KBI identifiziert und sie korrigiert, indem wir die Dichtefluktuationen mit Integralen radi-
aler Verteilungsfunktionen überbrückt haben, wobei alle Quellen endlicher Effekte unabhängig
voneinander identifiziert und korrigiert wurden. In diesem Sinne haben wir die Analyse auf die
Berechnung der Zweikörper-Exzessentropie s2 in endlicher Größe erweitert, wo sie trotz der Tat-
sache, dass es keine ensembleabhängigen Finite-Size-Effekte gibt, mit dem Kehrwert der Simula-
tionsbox skaliert. Noch bedeutungsvoller ist, dass wir herausfanden,dass die empirische Dzugutov-
Skalierungsrelation ebenfalls eine Finite-Size-Abhängigkeit aufweist, wobei unsere Werte im ther-
modynamischen Grenzfall mit denen in der Literatur übereinstimmen.

Zweitens sind wir von Anwendungen der Thermodynamik zum Verständnis der strukturellen
Eigenschaften von Flüssigkeiten übergegangen, indem wir KBIs, Strukturfaktoren und chemische
Potentiale verwendet haben. Einerseits untersuchten wir die Auswirkungen kleiner Unterschiede
in den Radialen Verteilungsfunktionen (Radial Distribution Functions, RDFs) auf die Struktur
von prototypischen unterkühlten Flüssigkeiten, Kob-Andersen-Mischungen mit und ohne attrak-
tive Wechselwirkungen. Unsere Ergebnisse deuten darauf hin, dass die Nukleation von Langstreck-
endomänen durch attraktive Potentiale bei sinkender Temperatur induziert wird. Dies wurde durch
die k → 0-Grenze der Bathia-Thornton-Strukturfaktoren und die isotherme Kompressibilität der
Masse bestätigt. Nachdem wir ähnliche Untersuchungen bei höheren Dichten durchgeführt haben,
stellten wir ebenfalls fest, dass sich die beiden Systeme hinsichtlich ihrer Struktur nicht voneinan-
der unterscheiden. Andererseits haben wir ein ähnliches Verhalten bei der Domänenbildung für
Propan-1-ol-Simulationen für einen Temperaturbereich von 200 < T < 300 K gefunden, wobei um
∼ 220 K eine Änderung der isothermen Kompressibilität auf einen Übergang von einer normalen zu
einer anomalen Flüssigkeit hinweist. Der Mechanismus der Domänenbildung ist in diesem Fall et-
was anders, da sie durch die Bildung gut definierter Netzwerke von Molekülen entstehen, die durch
Wasserstoffbrücken (H-Brücken) verbunden sind. Diese Ergebnisse wurden durch die Berechnung
der durchschnittlichen Anzahl von H-Brücken innerhalb der Simulationsbox, der Größe des größten



Clusters und vor allem durch NMR-Experimente verifiziert.
Schließlich konnten wir durch die Entwicklung eines DFT-Ansatzes für die Simulation der

adaptiven Hamilton-Auflösung (Hamiltonian Adaptive Resolution Simulation, H-AdResS) zeigen,
dass das externe Potential, das für ein konstantes Dichteprofil erforderlich ist, mit dem chemis-
chen Überschusspotential des Systems übereinstimmt. Aufgrund der Eins-zu-Eins-Korrespondenz
zwischen Gleichgewichtsdichten und externen Potentialen in der DFT ist es daher möglich, das
chemische Überschusspotential durch Vorgabe eines konstanten Dichteprofils zu erhalten. Damit
kommen wir zum wichtigsten Punkt dieser Arbeit: der Untersuchung der Statistik der atom-
istischen Domäne in der (H-AdResS)-Methode. Wir haben eine Slab-Geometrie betrachtet, in
der die atomistische Region als System und das Hybrid- und Idealgas als thermisches Bad be-
trachtet wurden. Dies bedeutet, dass der System-Bad-Kontakt nur in einer Koordination stat-
tfindet, während die beiden anderen ihre PBCs behalten. Diese Überlegungen führen zu der
Notwendigkeit, eine großkanonische Simulation zu beschreiben, in der die Finite-Size-Effekte noch
vorhanden sind, genauer gesagt die Beiträge der PBCs. Diese Beschreibung wurde in dieser Ar-
beit vorgeschlagen und validiert, indem alle Quellen von Finite-Size-Effekten in den Kirkwood-
Buff-Integralen und somit in den Dichtefluktuationen identifiziert und korrigiert wurden. Wir
berechneten die lokalen Dichtefluktuationen innerhalb der atomistischen Region und verglichen
sie mit den Ergebnissen unserer Methode zur Berechnung der Kirkwood-Buff-Integrale endlicher
Größe. Wir fanden herausdass es nicht ausreicht, ein H-AdResS aufzustellen, um eine korrekte
stabile großkanonische Statistik zu gewährleisten. Dennoch führt eine korrekte Beschreibung des
großkanonischen Ensembles in thermischen Bädern, d.h. des idealen Gases, zu einer ausgezeich-
neten Übereinstimmung zwischen der H-AdResS und der Integralgleichung endlicher Größe. Der
Weg zur Verbesserung der Beschreibung des Bades besteht in der Einführung eines Algorith-
mus zum Einfügen/Löschen von Teilchen mit der korrekten Statistik, was möglich ist, da die
Einfügungswahrscheinlichkeiten für ein ideales Gas in einem großkanonischen Ensemble analytisch
berechnet werden können. Zusammenfassend kann gesagt werden, dass die Adaptive Resolution

with Particle Insertion/Deletion Steps (AdResS+ PI) als großkanonische Ensemble Simula-
tionsmethode verwendet werden kann.
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1. Introduction

In the last few decades, computer simulations have become crucial to research activity in several
fields of physics, particularly in the theory of liquids. The fast development and rapid increase
in software and hardware resources make running longer simulations for increasingly larger sys-
tems possible. Nevertheless, the length and time scales accessible to most computational methods
are several orders of magnitude below the experimental ones, which hinders a direct simulation-
experiment connection. It is thus necessary to develop theoretical frameworks and numerical
strategies to attain a sound description of the statistical mechanics of small systems and a rea-
sonable extrapolation to the thermodynamic limit. Only in this way the comparison between
finite-size computer simulation results and experiments becomes meaningful1.

This thesis is devoted to developing, tuning and applying numerical methods and analysis tools
to study the statistical mechanics of small systems and their extrapolation to the thermodynamic
limit in the context of molecular dynamics simulations. On the one hand, I have developed finite-
size versions of integral equations in statistical mechanics (e.g. Ornstein-Zernicke, Kirkwood-Buff
and two-body entropy) where ensemble, finite-domain and periodic boundary effects are included
explicitly. On the other hand, I have used these techniques to demonstrate that the Hamiltonian
Adaptive Resolution Method (H-AdResS), together with a particle insertion/deletion algorithm,
enables the simulation of liquid systems in the grand canonical ensemble. This result paves the
way for flexible, efficient and theoretically sound open boundary molecular dynamics simulations.

This document is branched into three parts, the first one is an introductory build up for the
methods, quantities and computations used. The second part is a collection of seven research
papers that are the final product of the research leading to this dissertation. And finally, a third
part of conclusions and final comments.

This introductory part of the document is divided in four main sections. First, a brief descrip-
tion of the Adaptive Resolution Simulation Method (AdResS) is presented. This summary covers
the computation of excess chemical potentials, the particle insertion/deletion algorithm and the
connection to density functional theory. The second part includes a discussion of the types of
size effects present in standard molecular dynamics simulations and the need for defining finite-
size integral equations. A third section includes a summary of the thermodynamics for simple
liquids and binary mixtures, i.e., radial distribution functions, structure factors, density fluctua-
tions, Kirkwood-Buff integrals, excess entropy and their corresponding small system corrections.
Finally, these three sections provide the context for discussing the fluctuations of the number of
particles in the grand canonical ensemble with periodic boundary conditions (PBCs). This section

1Note that this situation can be different in other fields of soft matter where, for instance, in some cases polymer
chains can be longer than their experimental counterparts.
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serves the thesis’s main goal, which is to demonstrate that AdResS combined with particle inser-
tion/deletion steps (AdResS + PI) correctly samples the grand canonical ensemble and paves the
way for open-boundary (non-)equilibrium molecular dynamics simulations of soft matter systems.

1.1 Adaptive Resolution Simulation Method

The adaptive resolution simulation (AdResS) is a multi-scale molecular dynamics (MD) method.
The central idea is that two different representations of a system coexist in different subdomains
of the same simulation box, allowing particles to change identity on-the-fly from one region to
another. Typically, the two representations are fully atomistic (AT), where a detailed description
of the system is considered, and a coarse-grained (CG) version with reduced degrees of freedom
or simpler interactions. In the transition domain between the AT and CG representations, the
hybrid region (HY) is defined as the subdomain in which the identity of the particles changes
continuously, parameterized by a switching field λ(Rα) with Rα the instantaneous position of a
molecule α.

As the interactions are well described in both the AT and the CG representations, it is necessary
to define how the transition is done in the HY region. Two possibilities have been proposed to
tackle this aspect: (a) a force interpolation between the two representations weighted by the
correspondent distances (AdResS) [27, 29, 28]; (b) a Hamiltonian based strategy where a global
Hamiltonian is defined in such a manner that the interactions are turned on or off, depending on
the direction of the transition (H-AdResS) [26, 13, 4].

As this thesis focuses on using the Hamiltonian alternative of the method, the following section
will explore and describe such a framework in more detail. For a recent review on the Adaptive
Resolution, see ref [7].

1.1.1 Hamiltonian Adaptive Resolution Simulation (H-AdResS) Method

In the (H-AdResS) method, the two different representations of the system coexist in the same
simulation box, completely described by a global Hamiltonian. In the following, let us consider
the particular coarse-grained representation to coincide with an ideal gas (IG), meaning the inter-
atomic interactions left are those given by elastic collisions. In practice, however, this represen-
tation corresponds to thermalized, non-interacting particles. We have a Hamiltonian as follows
[26, 15],

H[λ](r,p) = K + V intra +
N∑

α=1

{λαVα + V ext(λα)} , (1.1)

with (r,p) the phase-space coordinates. In this Hamiltonian, we can identify,

§ K =
∑Na

i=1 p
2
i /2mi is the total kinetic energy of the system.

§ In the potential term, the Latin indices run over atoms while Greek indices over molecules.

§ The term V intra =
∑N

α=1

∑
i ̸=j∈α V

intra(rij) accounts for intra-molecular interactions, with rij
the distance between atoms i and j belonging to the same molecule α.
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§ The intermolecular interactions are included in the term Vα = 1
2

∑
β ̸=α

∑
i ̸=j V (|rαi − rβj|)

with rαi the position of the atom i in molecule α.

§ The molecules’ identity is determined by the switching field λα ≡ λ(Rα) where Rα is the
position of the centre of mass of the molecule α2.3

§ V ext is a generic external potential. In this context, we added an explicit dependence of λ to
get a more general situation, as both representations undergo different interaction schemes.

To understand better the effect attributed to each term, let us consider the case where V ext = 0
and from the Hamiltonian (1.1), the total force acting on a particular atom i of a molecule α goes
as

Fαi = Fintra
αi +

∑
β,β ̸=α

{
λα + λβ

2
FAT

αi|β +

(
1− λα + λβ

2

)
FIG

αi|β

}
−
[
V AT
α − V IG

α

]
∇αiλα, (1.2)

where it is clear that we used the indexes to highlight the coordinates of the specific atom or
molecule involved. The term of the intra-molecular interactions, as well as the summation, are
those expected from the description of the method, as the interpolation of the interactions happens
as a result of the change of resolution. Nevertheless, the last term corresponds to an artificial force
dragging particles from the AT to the IG region. Note that the addition of this drifft force violates
both Newton’s third law and momentum conservation. As the two representations exhibit different
interactions, the pressures are different between the two subdomains, creating an imbalance of
density governed by such a force. This imbalance has to be compensated in such a way that the
density is constant along the whole simulation box. As the AT and IG regions are described by
characteristic interactions and the thermodynamics are well defined, the place where a free-energy
compensation has to be added is in the HY region, where the dragging force is acting as ∇λ ̸= 0
[14].

The correction is straightforwardly added by including to the Hamiltonian an extra term com-
pensating the drag force applied on the HY region as

H∆ = H −
N∑

α=1

∆H(λα), (1.3)

where the extra term has to satisfy that, on average, the drift force is cancelled out and linear
momentum is conserved,

d∆H(λ)

dλ

∣∣∣∣Drift

λ=λα

=
〈[
V AT
α − V IG

α

]〉
α
≡ V(λα) (1.4)

Finally, besides the drag force, the effects of the difference in pressure have to be corrected in
order to get the correct density profiles. To achieve that, a so-called thermodynamic force has to
be introduced. This force is obtained after an iterative procedure, updating forces at n+1 step as,

2This can also be done by choosing a representative atom of the molecule and keep track of the position of such
an atom as Rα

3When λ = 0 the Hamiltonian describes an homogeneous ideal gas system provided V ext(0) = constant. For the
case of 0 < λ ≤ 1, the interactions start taking place, and the Hamiltonian describes an inhomogeneous system in
the presence of an external field. In particular, when λ = 1, the system is completely atomistic.
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FThermo
n+1 = FThermo

n +
c∇ρ n(r)

ρ∗
, (1.5)

where c is a parameter that modulates the strength of the correction in energy units, while ρ∗ is
a reference density. This updating procedure of the thermodynamic force converges to a uniform
density profile throughout the simulation box, making ∇ρ = 0.

These two effects can be corrected via the external potential V ext and from here the importance
of including it. With these two corrections, the system is free of any artificial effect due to the
change of identity along the direction of interest. To investigate the physical meaning of the
corrections included to the Hamiltonian, we can see how the Hamiltonian changed, as the total
correction to the Hamiltonian has to obey

d∆H(λ)

dλ

∣∣∣∣
λ=λα

= −V(λα)∇λα + FThermo
α . (1.6)

Or, after integrating,

∆H = −
∫ rAT

rAT+HY

dR[−V(λ) + FThermo(R))]. (1.7)

From the equation (1.7), it is possible to compute the free energy compensation necessary to flatten
the density profile. This compensation coincides with the differences in Gibbs free energy, which
in the case of the Grand Canonical ensemble, is the chemical potential,

∆H(λ) ≡ ∆G

N
= ∆µ (1.8)

where ∆G/N is the molar Gibbs free energy. Note that this difference means the difference between
the AT and IG regions, not the difference of Gibbs energy between two points states of a part of
the whole system.

In summary, this means that by simply applying the equilibration of a standard H-AdResS

the resulting force can be integrated so we get for free the excess chemical potential of the
atomistic system. In contrast to traditional methods, the H-AdResS perform better under high-
density/concentration conditions, as the populations of the density profiles needed to compute the
thermodynamic force can be generated with higher resolution.

Particle insertion

As stated before, considering the CG representation to be an ideal gas (IG), allows to compute the
excess chemical potential of the liquid in the AT region, suggesting a µV T , or Grand Canonical,
ensemble. Still, a system is said to be in the grand canonical ensemble if it is in thermal and
chemical equilibrium with an infinite reservoir of particles and energy, which is not the case in
computer simulations. In practice, considering a system of a fixed number of particles N0 and
volume V0 at a temperature T , a subdomain of volume V and average number of particles ⟨N⟩
can be said to be in the grand canonical ensemble if the subvolume V is of the order of 1% of the
total volume V0[21] which in practical terms is, if not impossible, unreachable. In order to address
this issue, it is possible to take advantage of the geometrical and statistical construction of the
H-AdResS to include a particle insertion/deletion protocol directly on the IG. The procedure here
described follows closely Ref [15].
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Consider the IG region to be in the grand canonical ensemble. This means that thermodynamic
quantities fixed are (µ, V0, T ). The probability distribution of such a system having exactly N
particles, follows a Poisson distribution [19]

P (N) =
(N∗)Ne−N∗

N !
, (1.9)

where N∗ is the mean number of particles inside the volume V0. In particular, an ideal gas N∗ can
be written as a function of the chemical potential as,

N∗ =
V0e

βµ

λ3
(1.10)

with β = 1
kBT

and λ being the mean thermal wavelength. Considering the limit N,N∗ ≫ 1 with
|(N −N∗)/N∗| ≪ 1, the Poisson distribution can be approximated to a normal distribution with
mean N∗ and standard deviation

√
N∗ as,

P (N) =
e−(N−N∗)2/(2N)

√
2πN∗

. (1.11)

As we are interested in the fluctuations in densities, this result can be rewritten to be a function
of densities instead of the number of particles, getting

P (ρ) ∼ e−kµ(ρ−ρ∗)2/2, (1.12)

where we used that kµ = V0/ρ
∗. In practical terms, this parameter will be used to reach a target

density ρ∗.
Having a well-defined probability distribution for the ideal gas region, a Metropolis algorithm

can be introduced for the insertion/deletion of particles. The probability of accepting a move that
the density ρ changes by an amount ν is given by

acc(ρ → ρ+ ν) = min [1, exp (−kµν(ν + 2(ρ− ρ∗)))] (1.13)

and correspondingly,

acc(ρ → ρ− ν) = min [1, exp (−kµν(ν − 2(ρ− ρ∗)))] . (1.14)

The parameter µ is taken from the normal distribution

P (ν) =

√
kµ
2π

e−
kµν

2 . (1.15)

Note that in the acceptance probabilities, we do not have to explicitly include the chemical poten-
tial, as is the case with Grand Canonical Monte Carlo methods. This occurs because we do not
need to fix the chemical potential but simply fix the density to a desired target density ρ∗.

In a nutshell, the method guarantees the correct fluctuations on the number of particles of the
IG given by the grand canonical ensemble, allowing an exchange of particles at constant chemical
potential between a reservoir of ideal gas particles with the AT region.

A schematic representation of the simulation’s geometry is presented in Fig. 1.1, where the
AT region is connected to the IG, where the particle insertion algorithm is implemented. In all
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the cases studied here, a slab geometry, oriented along the x-direction, was taken for the change of
resolution, while the other two present periodic boundary conditions (PBC). These considerations
are going to exhibit specific size effects when analyzing the finite size fluctuations of the number
of particles. More on this particularities in section 1.7

Figure 1.1: Schematic representation of the H-AdResS method with the particle insertion. A slab
geometry allows including not one but two ideal gas regions where the PI method is applied in order
to enforce the constant temperature-chemical potential transfer of particles along the simulation
box.

DFT approach to H-AdResS

Before finishing this section of the introductory chapter, let us work on the further development of
the understanding of the H-AdResS Hamiltonian. As we saw before, including the thermodynamic
force is necessary in order to eliminate any kind of spurious effect introduced by the switching of
interactions, but it is still unclear what the effects are on the statistical mechanics. This section
is a part of the paper included in this thesis in chapter I, where it was proven that this is a
well-defined Hamiltonian suited to be used for standard statistical mechanics provided the Grand
Canonical ensemble is used. This last part is the main contribution of this thesis, where methods
and simulations were developed to show that the H-AdResS actually fulfils all the requirements to
bring the AT region to the grand canonical ensemble. Those tools and analyses will be provided
throughout the whole document, but in particular, in the last article included.

Considering the system with a Hamiltonian (1.1) being in the Grand Canonical ensemble, we
define the corresponding grand canonical partition function

Z[λ] = Tr
{
exp

(
−β(H[λ] − µ(λ)N)

)}
, (1.16)

with again, β = 1/kBT and kB being the Boltzmann’s constant. Using the partition function, in
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order to define the thermal average, we take the equilibrium distribution function as

f0[λ] =
1

Z[λ]
exp

(
−β(H[λ] − µ(λ)N)

)
, (1.17)

in such a way that Tr f0[λ] = 1 and the thermal average of a generic operator Ô is given by〈
Ô
〉[λ]

= Tr
{
f0[λ]Ô

}
. (1.18)

So, taking the definition of thermal average to write the equilibrium density profile in the form

ρ
[λ]
0 (r) = ⟨ρ̂(r)⟩[λ] , (1.19)

with ρ̂(r) =
∑

α δ(Rα − r).
It has been proposed a functional form for the grand potential using an arbitrary distribution
function f [λ], satisfying the condition Trf [λ] = 1, that written for our conditions

Ω[λ][f [λ]] = Tr{f [λ](H[λ] − µ(λ)N + β−1 ln f [λ])} . (1.20)

In particular, by replacing the equilibrium distribution, we get

Ω[λ][f0[λ]] = −β−1 lnZ[λ] = Ω0
[λ] (1.21)

the definition of grand potential in terms of the grand canonical partition function.
Using the density operator ρ̂, we can rewrite the external potential as

N∑
α

V ext(λα) =

∫
dr

N∑
α=1

δ(Rα − r)V ext(λ(r)) =

∫
dr ρ̂(r)V ext(λ(r)) . (1.22)

The density distribution f [λ] is, in general, a functional of the density ρ[λ](r). Then, by using the
Hamiltonian (1.1) we write the grand potential as a functional of the density

Ω[λ][ρ
[λ](r)] = Tr{f [λ](H[λ] − µ(λ)N + β−1 ln f [λ])}

= Tr
{
f [λ]

(
K + V int +

∑N
α=1 λαVα + β−1 ln f [λ] +

∑N
α=1 V

ext(λα)− µ(λ)N
)}

= F[λ][ρ
[λ](r)] +

∫
dr ρ[λ](r) (V ext(λ(r))− µ(λ(r))) , (1.23)

in which we use Eq. (I.7), where the total external potential is written as a functional of the density.
The functional F[λ][ρ

[λ]] is the intrinsic Helmholtz free energy corresponding to the Hamiltonian
(1.1), which is independent of the external potential:

F[λ][ρ
[λ]] = Tr

{
f [λ]

(
K + V int +

N∑
α=1

λαVα + β−1 ln f [λ]

)}
. (1.24)

The last two equations provide us with a direct connection between H-AdResS and density func-
tional theory. The expression (I.8) is a functional Legendre transform relating the Helmholtz free
energy and the grand potential [2].
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To understand Eq. (I.8), we underline that the system is inhomogeneous, and the grand potential
is a functional of the external potential [30, 2]. That is

δΩ[λ]

δ(µ(λ(r))− V ext(λ(r)))
= −ρ[λ](r) , (1.25)

which is consistent with the thermodynamic identity ∂Ω/∂µ = −N .
Written as a functional of the density, Ω[λ][ρ

[λ](r)] represents the cost in free energy necessary to

find the system at precisely the density ρ[λ](r) [2]. In particular, we find the density field, ρ
[λ]
0 (r),

that minimises this cost by evaluating the functional derivative of the grand potential with respect
to the density. Hence, the grand potential satisfies

δΩ[λ][ρ
[λ]]

δρ[λ]

∣∣∣∣
ρ[λ]=ρ

[λ]
0

= 0 , (1.26)

thus implying
δF[λ][ρ

[λ]]

δρ[λ]

∣∣∣∣
ρ[λ]=ρ

[λ]
0

= −V ext(λ(r)) + µ(λ(r)) . (1.27)

The exact form of the intrinsic free energy functional F[λ][ρ
[λ]] is, in general, unknown. However,

we can re-write it as
F[λ][ρ

[λ]] = F exc
[λ] [ρ

[λ]] + F[0][ρ
[0]] , (1.28)

with F exc
[λ] [ρ

[λ]] the excess free energy, calculated with respect to the free energy of the reference

system (ideal gas), F[0][ρ
[0]]. To ensure thermodynamic consistency in the adaptive resolution

description, we require the free energy to be independent of λ [13]. Nevertheless, we anticipate
here that this condition could be changed to induce non-equilibrium conditions in the system [15].
In equilibrium, F exc

[λ] [ρ
[λ]] = 0, thus,

F[0][ρ
[0](r)] = F id[ρ(r)] = β−1

∫
drρ(r){ln(λ3

Tρ(r))− 1} , (1.29)

with F id the Helmholtz free energy of the ideal gas (our reference state at λ = 0), ρ[0](r) = ρ(r)
and λT = (h̄2β/2πm)1/2 the thermal, de Broglie, wavelength. We rewrite Eq. (I.12) as

δF id[ρ(r)]

δρ(r)
= −V ext(λ(r)) + µexc(λ(r)) + µid , (1.30)

with µexc(λ(r)) = µ(λ(r))−µid, a continuous function of λ, µid = β−1 ln(λ3
dBρ0) and ρ0 the reference

(ideal gas) density. By replacing µid into the previous equation, we find

ρ(r) = ρ0 exp (−β{V ext(λ(r))− µexc(λ(r))}) , (1.31)

where it is apparent that this density field does not explicitly depend on the switching field.
Indeed, this expression shows that the external potential determines the density. In particular, the
condition

V ext(λ(r)) = µexc(λ(r)) (1.32)
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guarantees a constant density ρ0. In other words, the external potential that enforces the reference
density for the whole system is equal to the excess chemical potential.
This result provides an interesting parallel with density functional theory. In the latter, we apply
an external potential and then use a self-consistent approach to find the corresponding system’s
equilibrium density. By considering the one-to-one correspondence between external potential and
equilibrium density as provided by DFT, the approach generally used in H-AdResS naturally fol-
lows. We enforce a uniform density throughout the simulation box and then calculate the resulting
external potential V ext(λ(r)). This is particularly useful to compute chemical potentials of molec-
ular fluids and liquid mixtures since V ext(1) = µexc with µexc the excess chemical potential of the
atomistic system over the ideal gas.

In the following sections, we will devote our efforts to developing methods to compute thermo-
dynamics for small systems and, in particular, to bring those results to the thermodynamic limit
where all the side effects are corrected. In this respect, the next section will focus on the possible
size effects present in computer simulations.

1.2 Finite-size effects

In standard MD simulations, the systems considered have a fixed number of particles N0, and
depending on the integration scheme, different ensembles can be achieved. By default, in solving
Newton’s equations (or equivalently Hamilton’s equations) of motion, the energy E is conserved4

as well as the volume V0 where usually the system is taken to be connected to itself in a torus-
like geometry; these kind of boundaries are called periodic boundary conditions (PBC). In this
context, those considerations show that there are situations where the simulations might differ
from the theoretical and experimental counterparts in two aspects. First, the ensemble considered
in most of the vast theoretical microscopical descriptions of liquids, as well as the experimental
conditions, are different to the ones described by simulations. Second, the addition of PBCs
will add correlations artificially given by the positions of the copies of every particle. These two
problems can be enclosed in what we call finite-size effects. The size effects given by the different
ensembles considered are refereed to be Explicit size effects [34, 32], while those contributions given
by the PBCs are called Implicit size effects[33].

In this thesis, we used and developed tools to identify and correct the finite-size effects present in
computer simulations. This enables us to extrapolate the results of, typically, finite-size simulations
to the thermodynamic limit. In the rest of this section, we present a brief discussion of the sources
and consequences of implicit and explicit size effects.

1.2.1 Explicit Size-Effects

Besides simulations in the microcanonical ensemble, MD simulations can be performed straight-
forwardly by adding thermostats or barostats to fix the temperature or pressure by changing the
integration schemes. Both options require an update of velocities, as the temperature depends on
the kinetic energy of the particles, or volume after averaging over time to get to a target value. For

4From here the need of symplectic numerical integrators not to include changes in the energy produced purely
from the discrete integration of the correspondent equations of motion
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instance, the temperature can be fixed by integrating using a Langevin equation of motion. This
is by introducing random white noise and a friction force that, via the Fluctuation-Dissipation
theorem, enforces a certain temperature on average. A similar situation can happen with the
pressure that can be obtained by a virial expansion in terms of ensemble averages.

In the case of a Grand Canonical (GC) ensemble, where most of the theory has been developed,
the situation changes, making it more challenging as an infinite bath of both particles and energy
is required to get the correct statistics described by fixing the chemical potential µ. More on this
particular case will be discussed in the following sections, as it is of particular interest for us to
identify how the GC statistics can be recovered to sample correctly the ensemble.

Nevertheless, when the systems are big enough, all these effects get minimized, and all results
converge to the thermodynamic limit as the sizes of both bath and system grow as V0, N0 → ∞
keeping a constant ratio N0/V0 < ∞. Hence, in order to be able to compare our simulations with
theoretical and experimental results, it is necessary to find a way to measure and extrapolate the
MD simulations to the thermodynamic limit.

1.2.2 Implicit Size-Effects

The implicit size effects arise as a consequence of the inclusion of periodic boundary conditions,
where a virtual copy of the particles results from replicating the simulation box in all directions.
This creates a limitation on the maximum size that can be used for the computation of thermo-
dynamic quantities, as taking into account two or more copies should be avoided. Therefore, up
to L0/2 linear sizes can be taken, with L0 the linear size of the box5.

r = r+ L0x

L0

Figure 1.2: Representation of the correlations given by the PBCs

In principle, it is expected that including PBCs should lead to the system approaching bulk
conditions, so no border effects arise. This means that the system represents an infinite system
with artificial correlations given by the copies. These correlations can actually be measured and
corrected, as we will see in the following sections.

5This occurs by taking a cubic box.
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1.3 Integral Equations and thermodynamics

Thermodynamics is a set of emergent properties that result from a collective of particles interacting
among themselves. In many cases, the interactions can be reduced simply to pair-like interactions,
making it possible to study effects on the statistics of populations of particles up to the second
order.

In this section, we will focus on the explanation of the necessary concepts and definitions
to compute thermodynamics in the context of computer simulations focusing on quantities that
account for the correlations up to the second order.

1.3.1 Radial Distribution Function

The radial distribution function (RDF) plays a key role in the thermodynamics of molecular
systems [9, 11]. This occurs because, in practice, it has the information of the local structure of
a system up to pair correlations. It allows us to distinguish the structure of systems depending
on the positions, shapes and intensities of the characteristic peaks. Such peaks represent the
coordination shells around a reference particle by measuring the average density at a certain
distance as represented in Fig. 1.3.

Figure 1.3: Schematic representation of the pair correlation function. The colored particles rep-
resent the reference (light blue) first coordination shell (orange), second coordination shell (red)
and the rest were not highlighted (dark blue) but they keep having information about the liquid’s
structure.

To define the RDF in mathematical terms, let us start with a single-component system of
N particles. We can take the density distribution as δ-functions located in the positions of the
particles as

ρ
(1)
N (r) =

〈
N∑
i=1

δ(r− ri)

〉
. (1.33)

Note that the superscript (1) denotes that this is the first moment of a more complex density
distribution function. The definition of the average density presented here is not the only one, but
this particular one is useful in the context of computer simulations, among other applications. The
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particle distribution function measures how much the structure of a fluid deviates from uniform
randomness, which corresponds to an ideal gas in the limit of large distances.

In the same spirit, we can consider the case of a second-order density distribution, where now
the question is how likely it is to find a particle in a position ri given that another reference particle
is already in rj

ρ
(2)
N (r) =

〈
N∑
i=1

N∑
j=i+1

′
δ(r− ri)δ(r− rj)

〉
. (1.34)

This density pair correlation function can be rewritten and normalized to the ideal gas limit,
defining the Radial Distribution Function (RDF) as

gαβ(r, r
′) =

1

ραρβ

〈
N∑
i=1

δ(r− riα)
M∑
j=1

δ(r′ − rjβ)

〉
. (1.35)

This function can be used to make a direct comparison between computer simulations and
experiments as it can be measured via scattering experiments. Computationally, this quantity also
presents several challenges, as the information is limited to the size of the simulation box, as well
as the time simulated in order to build the averages. A discretization of the space has to be done,
and the number of particles in a shell between r and r + dr has to be averaged. In this sense, the
RDF is built as a histogram, making the resolution achievable limited.

Figure 1.4: Radial Distribution Function for a Lennard-Jones system. (left) RDF computed from
a simulation (middle) Discretization of the RDF in steps of dr (right) size effects in the tail.

In Fig. 1.4, three regions of the same plot are presented. First, on the left-hand side, an
RDF computed from a simulation of a prototypical Lennard-Jonnes fluid in order to illustrate the
limitations. Second, in the middle, the first peak is zoomed in, where now it becomes clear that
the construction of the RDF was done by creating a histogram over different shells, and lastly, the
right-hand side shows the tail of the RDF. The RDF approaches 1 as r → ∞, but the statistics
available for longer values of r drop dramatically, making it impossible to get an RDF without
artificial effects given by simply the finite nature of the simulations. From here, all quantities that
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depend on the RDF might inherit such effects if the contributions of the tail are relevant hence
finite-size corrections are needed.

1.3.2 Structure Factor

The structure factor is closely related to the RDF, as it can be computed as the Fourier transform
of the difference of g(r) with respect to the ideal gas case.

Sαβ(k)− δαβ = ρ

∫
V

dre−ik·r(gαβ(r)− 1). (1.36)

The advantage of considering the structure factor instead of the RDF is that it is possible to
establish connections between the structure of the liquid and long-range effects as the focus of
the scales changes. Nevertheless, it is important to mention that the structure factor written in
Eq. (1.36) has the limitations given by g(r) in addition to those given by the discrete Fourier
transform, as the information can be achieved in steps of kmin = 2π/L0 where the Fourier space is
well defined.

If a spherical symmetry is considered, in addition to taking the liquid to be homogeneous, the
structure factor can be integrated in spherical coordinates as [35],

Sαβ(k)− δαβ = 4πρ

∫
dr

r sin(rk)

k
(gαβ(r)− 1), (1.37)

which is a common practice in the literature. Still, Eqs. (1.36) and (1.37) present big disadvantages
especially at low values of k, hence, an alternative definition can be used because it presents a
clear path to numeric implementations since the structure factor can be deduced from scattering
theory as [18, 36, 11],

Sαβ(k) =
1

N

〈
Nα∑
i∈α

Nβ∑
j∈β

exp (−ik · (ri − rj))

〉
. (1.38)

More importantly, this expression can be rewritten into a sum of purely real components that is
numerically more stable, once again, primarily at low values of k [25],

Sαβ(k) =

〈
1

N

 Nα∑
i∈α

Nβ∑
j∈β

sin (k · (ri − rj))

2〉
+

〈
1

N

 Nα∑
i∈α

Nβ∑
j∈β

cos (k · (ri − rj))

2〉
. (1.39)

It is worth mentioning here that another difference between the Eqs. (1.39) and (1.37) is that
in the latter, we do not consider the vector k but simply the norm k. This also means that we will
be able to sample many more points on S(k) than those accessible with the RDF. The reason for
such an affirmation is basically because we will have a grid distanced dk = 2π/L0.

Fig. 1.5 shows a 2D representation of the Fourier space. In this case, we can see in blue
those points with length k an integer multiple of dk, but we also have available points at different
distances given by the diagonals. This will increase the possible points where we can compute the
structure factor compared to the one given by the Fourier transform of the RDF.
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Figure 1.5: Representation of the Fourier space and k vectors. Note that now the possible values
of k sample increased as the spacing is not regular when taking the norm of k

The structure factor is a great tool for the understanding of molecular liquids. First, it can be
measured by scattering experiments and can also be used to know how the system works at large
scales, for instance, when large clusters are being created or when the system is going through a
critical point as the shape of the peaks and the limit k → 0 changes drastically.

1.3.3 limit S(k → 0)

After the discussion about the structure factor, the question of how to approach the limit of k → 0
still remains as the discrete Fourier transform does not reach such a limit, or in practice, we
do not have infinite systems in computer simulations. In order to complete or complement the
results obtained from Eq. (1.39), the limit has to be computed in a different fashion. To achieve
this, we focus our attention on the connection between the structure factor and the isothermal
compressibility, which, for a single component system, reads [11],

S(k → 0) = ρkBTκT , (1.40)

with kB being the Boltzmann’s constant, T the temperature and ρ the density of the liquid.
Therefore, the whole range structure factor can be computed provided the bulk isothermal com-
pressibility κT can be extrapolated from finite-size simulations. This connection is obtained via
the compressibility equation and extends naturally for mixtures via the Kirkwood-Buff integrals,
as will be discussed in the following section.

1.3.4 Size-Effects: Notation

In the sections to come, we will focus on the specific contributions of each source of size effects,
hence, it is worth considering a certain notation to identify where such effects are present when
writing certain equations down. To do so, we will use a color code as follows

§ Finite IntegrationDomains Computer simulations are limited to the sizes of the systems we

can consider. Even further, to avoid artificial correlations given by the PBCs, the maximum
distances reachable are typically smaller than the linear simulation box sizes.
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§ Periodic Boundary Conditions In the previous point, the PBCs play already a role in the

limitations. In this case, we want to emphasize and make explicit the role of the correlations
the PBCs include.

§ Ensemble Effects Lastly, we will show how the differences on ensemble between the defini-
tions an simulations, affect the results we compute.

1.4 Kirkwood-Buff Integrals

The Kirkwood-Buff integrals are of great interest as they connect the microscopic structure with
the macroscopic thermodynamics of a liquid [17]. They are integral equations, defined in the GC
ensemble, of the RDF. It is also possible to relate them with the total fluctuations of the number
of particles, being both approaches theoretically equivalent [23],

Gαβ = V

(
⟨NαNβ⟩ − ⟨Nα⟩ ⟨Nβ⟩

⟨Nα⟩ ⟨Nβ⟩
− δαβ

⟨Nα⟩

)
=

1

V

∫∫
dr dr′

[
goαβ(r, r

′)− 1
]
, (1.41)

where Nα is the number of particles of the α-species and the bracket ⟨· · · ⟩ denotes a thermal
average, δαβ is the Kronecker delta and goαβ is the pair correlation function defined in the CG
ensemble with r = r2 − r1. Note that we refer to the GC ensemble as an open system.

These integrals are full of information regarding the thermodynamics of the system, yet given
the limitations of computer simulations, explicit and implicit size effects might appear. In order
to visualize this, let us consider a liquid to be spherically isotropic and homogeneous, the KBI
can be reduced taking the right-hand-side of Eq. (1.41). The double integral simplifies to a single
integral that performed in spherical coordinates goes as,

GSingle∞
αβ = 4π

∫ ∞

0

dr
[
goαβ(r) − 1

]
r2. (1.42)

Nevertheless, this expression presents some fundamental problems6. Firstly, it is not possible
to integrate such a quantity up to ∞ but maximum to L0/2 in order to prevent the PBCs from
playing a role as discussed before. Secondly, it is then necessary to know the open system’s RDF.
Hence, a single integral coming from computer simulations should look like [6]

GSingle
αβ = 4π

∫ L0/2

0

dr
[
gcαβ(r) − 1

]
r2, (1.43)

where now gcαβ(r) represents the closed system RDF. These subtle differences will play important
roles in the computation of thermodynamics.

To illustrate this point, in Fig. 1.6, a set of different size simulations of the same system are
presented. A prototypical Lennard Jones liquid at fixed temperature and density T = 2.0 ϵ/kB
and ρ = 0.864σ−3 respectively. All simulations were performed in cube boxes such that the volume
was determined by the linear size presented in the label.

6Note that in this case we highlighted the places where the finite-size effects will take place to ease the transition,
but in principle, they are not present in here.
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Figure 1.6: The truncated integral GSingle for different Lennard-Jones system sizes at the same
density (ρ = 0.864) and temperature (T = 2) in reduced units. The legend shows the size of the
linear size L0 for cubic simulation boxes. Note that the integrals here presented go beyond half of
the linear size of the simulation box. These RDFs were computed using the statistics in the cornes
of the simulation box, making it possible to extend our results.

In this case, the integral is not converging to a constant value, mainly because G(r) inherits
the size effects from g(r). The contribution given to the tail of the RDF comes from the limit
r → ∞ [6, 16, 35, 34, 20, 39, 31]

gc(r → ∞) = go(r → ∞)− const

N0

, (1.44)

where in the case of N0 ≫ 1, the contribution of the difference of ensemble decreases as it is clear
from the Fig. 1.6 as the single integral goes flatter for larger simulation boxes. From here, it
would be possible to estimate how big the system has to be in order to reduce the artificial effects
as the oscillations in Fig. 1.6 coincide with those of the RDF. It is necessary to guarantee that
those correlations are suppressed and N0 is large enough that it makes the integration volume term
vanish or that it is feasible to neglect it.

Taking all these considerations into account, it is worth defining a finite size version of the Eq.
(1.41) and, from it, reach the thermodynamic limit. To do so, we define the finite-size KBI as

Gαβ(V ;V0) =V

(
⟨NαNβ⟩′ − ⟨Nα⟩′ ⟨Nβ⟩′

⟨Nα⟩′ ⟨Nβ⟩′
− δαβ

⟨Nα⟩′
)

=
1

V

∫∫
dr1dr2 R(r1) R(r2) [gαβ(r; V0 )− 1]

(1.45)

where the average ⟨· · · ⟩′ ≡ ⟨· · · ⟩V,V0 now explicitly depends on the subdomain and total vol-
umes, V and V0, respectively, and we made explicit the dependence of the closed system RDF
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x

R(x)

Figure 1.7: One-dimensional box function R(x) used to change the integration limits over the
whole space.

with the volume V0 as gcαβ(r) ≡ gαβ(r; V0 ) ≡ gαβ(r; N0 ). The function R(r) is a box function

delimiting the integration region to inside the simulation box as shown in Fig. 1.7
The following two sections intend the computation of Eq. (1.45). First, by using the Spatial

Block Analysis (SBA) method to compute the local fluctuation on the number of particles, and
from them, the extrapolation to the thermodynamic limit and therefore to the equation of the
isothermal compressibility, or in other words the limit S(k → 0). Second, using these results, we
show how the second half of the finite-size version of the KBI (1.45) can be used not as a method
to compute Gαβ in the TL limit, but to study the nature and consequence of each one of the size
effects. More importantly, to modify, artificially, the size and shape of the simulation box and to
correct each size effect individually from the others.

1.4.1 Spatial Block Analysis

The Spatial Block Analysis (SBA) method has been proven to work to extrapolate the thermody-
namic quantities from finite-size computer simulations to the thermodynamic limit in an efficient
manner, this result and the rest of this section, follow closely the theoretical developent in ref.
[16]. Using the correction to the RDF for closed systems (1.44) suggested in [21, 6]

gcαβ(r → ∞) = goαβ(r → ∞)− 1

V0

(
δαβ
ρα

+G∞
αβ

)
. (1.46)

And replacing (1.46) into the integral equation (1.41), the integral can be split into the indi-

vidual contributions of each term, in such a way that up to terms of order O(V
−4/3
0 )

νGαβ(λ) = νG∞
αβ(1− ν3)− ν4 δαβ

ρα
+

ααβ

L0

(1.47)

where ν ≡ L/L0 and αij is an intensive parameter in length units.
If we take the limit ν ≪ 1 (or equivalently L0 → ∞), the equation (1.47) reduces to a linear

function
Gαβ(ν) = G∞

αβ +
ααβ

L
(1.48)

which is the case for the KBI in the GC limit. Now, with this expression to fit the results given
by the finite size local fluctuations, we can focus on the fluctuation equation to compute the KBI
and their corresponding limit to the TL,
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Gαβ(V ;V0) = V

(
⟨NαNβ⟩′ − ⟨Nα⟩′⟨Nβ⟩′

⟨Nα⟩′⟨Nβ⟩′
− δαβ

⟨Nα⟩′

)
. (1.49)

By measuring the local density fluctuations for different sizes of subvolumes (ν), averaging over
the same simulation box and over time as shown in Fig. 1.8, we build Eq. (1.49) as a function of
ν as represented in Fig. 1.8.

Figure 1.8: Schematic representation of the spatial block analysis method. The N0 blue particles
represent the system with linear size L0, and the red particles represent the periodic images. The
purple box is a subvolume of linear size L < L0 defined to compute fluctuations of the number of
particles.

The Eqs. (1.47) and (1.48) can be easily reduced to a single component case. In this case,
using the Ornstein-Zernicke equation for finite systems [34], the normalized finite-size isothermal
compressibility

χT (ν) =
∆2(N ;V, V0)

⟨N⟩′
=

⟨N2⟩′ − ⟨N⟩′ 2

⟨N⟩′
. (1.50)

The equivalent to Eq. (1.47) and (1.48) read,

νχSBA
T (ν) = νχ∞

T (1− ν3) +
α

L0

≈ νχ∞
T +

α

L0

(for the case ν small).
(1.51)

To present a typical example of how this method works, we present here a simulation of a
Lennard Jones liquid at T = 2kB/ϵ, ρ = 0.864σ−3 and a box size of L0 = 10σ, from it we took
1000 frames after 108 steps with a dt = 0.001τ and a Langevin thermostat.

First, we computed the fluctuations of the number of particles and plotted the normalized finite-
size isothermal compressibility from Eq. (1.50). Then, from it, we took the regime 0.1 < ν < 0.3
and used the linear version of (1.51) to fit the parameters α and χ∞

T . Finally, to evaluate how
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Figure 1.9: Normalized finite-size compressibility χT from fluctuations of the number of particles
for an LJ system. The straight line represents the linear fitting, while the dashed back line was
done using the same parameters but including the ensemble size effect contribution

well these parameters reproduce the profile for the whole range of ν, we plotted in black using the
obtained parameters, the first line of (1.51).

This plot presents several points to be highlighted:

§ The oscillations at low values of ν coincide in position and shape with those of the RDF. This
comes from the fact that both quantities are actually measuring similar characteristics. On
the one hand, the RDF is taking into account the local structure by averaging the number
of particles at a certain distance range from a reference particle, and on the other hand, we
measure how the fluctuation of the number of particles is characterised by a certain size.

§ The bending comes as a result of the difference in ensemble. This is from the fact that from
Eq. (1.49), the linear part comes from the GC ensemble limit, while non-linear term ν3 is
the correction given by the ensemble considerations.

§ The oscillations at ν values approaching 1 present two important points. The first one is that
exactly at ν = 1, the normalized compressibility vanishes (νχT |ν=1 = 0) as in such a limit,
the number of particles is fixed, and therefore there are no fluctuations. The second point
to discuss is about the similarities of the fluctuations with respect to those at the beginning.
The reason for this is actually that these peaks come as a result of the periodic boundary
conditions. This will be shown in more detail with explicit theoretical expressions in the
next section.
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§ If the fluctuations coincide with the non-linear function (1.49), it is a sign that the simulation
has reached a correct equilibration and that the phase space point is far from any phase
transition.

Summarizing, using this approach, the correct limit of the Kirkwood-Buff integrals Gαβ can be
computed completely free of size effects.

1.5 Integral Equations for finite systems

In the previous section, we focused on the computation of the Kirkwood-Buff integral (1.41) from
the fluctuations point of view, as the considerations done to reduce the double integral to a single
integral are not enough to get a satisfactory finite-size effect free result.

In this section, we will show how the double integration can be computed, not as a method
to find the value of the TL Kirkwood-Buff, but as a method to explore the contributions given
by the size effects independently instead. An advantage of this approach is that it is possible to
build the fluctuations profile for different sizes and shapes independently, on top of the addition or
removal of the contributions of both implicit and explicit size effects. Moreover, the Kirkwood-Buff
integrals are not the only thermodynamic quantities of the same nature, a double integral over
functions of the RDF. In this context, we will propose and validate an expression for the finite-size
two-body excess-entropy s2 in the next section.

1.5.1 Finite-Size Kirkwood-Buff Integrals

First, let us start from the integral version of the KBI (1.41)

Gαβ(V ;V0) =
1

V

∫∫
dr1dr2 R(r1) R(r2) [gαβ(r; V0 )− 1] (1.52)

The first correction needed is the one given by (1.46), so that defining hαβ(r; V0 ) = gαβ(r; V0 )−1,

the ensemble corrected version [6]

hαβ(r; V0 ) = hαβ(r)−
1

V0

(
δαβ
ρα

+G∞
αβ

)
, (1.53)

so that, the integral (1.52) becomes

Gαβ(V ;V0) =
1

V

∫∫
dr1dr2 R(r1) R(r2) hαβ(r)−

1

V0

(
δαβ
ρα

+G∞
αβ

)
(1.54)

Hence, using the fact that limiting the integration domain with the functions R(r) , it is possible

to transform to the Fourier space, where the two integrals reduce to a single integral in the full
reciprocal space,

Gαβ(V ;V0) =
1

2π

∫
dk R̃(k) R̃(−k) h̃αβ(k)−

1

V0

(
δαβ
ρα

+G∞
αβ

)
(1.55)
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where f̃αβ(k) is the Fourier transform of a function fαβ(r).
Besides the fact that the integral is now reduced to a single space integral, a very important

feature of the Fourier space is that adding the contributions given by the PBCs is natural by
simply adding translations of the quantity of interest [33],

h̃PBC
αβ (k) =

∑
nx,ny ,nz

e−k·snx,ny,nz h̃αβ(k) (1.56)

with snx,ny ,nz = (nxL0x, nyL0y, nzL0z) a vector specifying the system’s periodic images characterized
by the integers nxyz. Note that from here, adding the copies at different distances will result in
different shapes of the simulation box in a completely artificial fashion. Hence, the total expression
for the computation of the finite-size KBI in the Fourier space reads

Gαβ(V ;V0) =
1

2π

∫
dk R̃(k) R̃(−k) h̃PBC

αβ (k) − 1

V0

(
δαβ
ρα

+G∞
αβ

)
. (1.57)

Coming back to previous sections where we discussed the partial structure factors and their
relationship with the RDF, or better with hij(r) [2, 12], we recall

Sαβ(k) = δαβ + h̃αβ(k). (1.58)

This relation can be efficiently computed from simulations using the expression (1.39) where
the limit of k → 0 is not yet obtained but is still needed for the computation of the integral.
Nevertheless, this point can actually be computed with the SBA method as we discussed before
using the KBI (1.49) and from (1.40), we have

lim
k→0

Sαβ(k) = δαβ + ραG
∞
αβ. (1.59)

These complementing methods allow us to remove all ensemble size effects present in the structure
factor or in the RDF itself.

Fig. 1.10 presents many physical insights into the liquid of interest and the size effects present
in the simulations. Let us go through the main points to get a better understanding of the plot.

§ The ensemble effects can be included (excluded) from the integration by including (not
including) the correction (1.53). The results presented show that the open system, or GC
ensemble, goes as a straight line just as we described in the limit of large volumes, or ν ≪ 1,
in Eqs. (1.47) and (1.48), or their single component version, the compressibility Eq. (1.51).
Instead, in the case of the canonical ensemble, there is a bending result of the lack of the
exchange of particles with an external bath.

§ Including PBCs adds oscillations in the limit of large subvolumes ν ≈ 1. These oscillations
are of a similar nature as those of small volumes ν ≈ 0 as both correspond with the typical
sizes and positions of the oscillations of the RDF.

§ Correcting the limit S(k → 0) makes the system artificially infinite. This, in practice,
allows us to change the size of the system simply by including the copies of the PBCs in
different places. More importantly, it is also possible to change the sizes of each direction
independently, as the copies are added by translating by a vector in the reciprocate space
snx,ny ,nz = (nxL0x, nyL0y, nzL0z).
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Figure 1.10: Normalized finite-size compressibility χT from from the double integral for a LJ
system. All contributions are considered, including PBCs and ensemble corrections as well as not
including them

In summary, by computing the structure factor of k > 0 from the simulation trajectories using
Eq. (1.39) and the limit k → 0 from the SBA (1.48) and (1.59), it is possible to compute the
whole range of fluctuations of the number of particles, allowing to add or delete the contributions
by the different finite-size effects integrating Eq. (1.57).

1.6 Two-Body Finite-Size Excess-Entropy s2

In the same spirit, we can build other finite-size integral equations and solve them in the Fourier
space, identifying the contributions of explicit and implicit size effects.

Continuing the line of correlations up to the second order, in this section, we define a finite-size
integral for the calculation of two-body excess entropy as it has been proved to bring most of the
contributions to the total entropy of many simple liquids. This quantity has been less studied than
the Kirkwood-Buff integrals in the context of the extrapolation to the thermodynamic limit and
the convergence for finite sizes. Therefore, we will start from the definition of the entropy and a
brief description of the traditional method to compute it to propose not just a finite-size scaling as
1/L but also going through the fact that this quantity is free of any kind of ensemble corrections,
making the PBCs the only extra contribution we needed to compute it for finite sizes. This section
follows closely part of the theoretical part of [37]

First, let us consider the definition of excess entropy for a system with a fixed number of
particles N with respect to the ideal gas

sexc =
S − SIG

NkB
=

S2 + S3 + · · ·
NkB

. (1.60)
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It has been shown that for simple liquids, the contributions to the total excess entropy of the
second order terms is around 80–90% of the total value.[11, 7]

In particular, the GC ensemble we have that [45, 42]

s2 = − ρ

2V

∫
V

∫
V

dr1 dr2 [g(r) ln g(r)− (g(r)− 1)] , (1.61)

where s2 = S2/NkB is the two-body excess entropy per particle and g(r) the radial distribution
function (RDF) with r = r2 − r1.

In the same way, as we described before for the KBI, it is possible to reduce this integral to a
single integral by considering the system to be homogeneous and isotropic,

s∞2 = −2πρ

∫ ∞

0

dr r2 [g(r) ln g(r)− (g(r)− 1)] . (1.62)

Similarly, as discussed in Eq. (1.43), the domain of the integral is limited by the size of the
simulation box. For such a reason, computationally, the integral can be only computed up to L0/2
and the RDF of a closed system

sR2 = −2πρ

∫ R

0

dr r2
[
g(r; N0 ) ln g(r; N0 )− (g(r; N0 )− 1)

]
. (1.63)

Inspired by the previous calculations of the compressibility equation and Kirkwood Buff inte-
grals and starting from (1.62), let us define a finite-size two-body excess-entropy for a subvolume
V of a system of a fixed number of particles N0 and total volume V0

s2(V ;N0) = − ρ

2V

∫
V

∫
V

dr1 dr2

[
g(r; N0 ) ln g(r; N0 )− (g(r; N0 )− 1)

]
. (1.64)

Making a parallel with the finite-size KBI, and in order to study the consequence of the ensemble
size effects, we take the correction to the asymptotic limit of the RDF as

g(r; N0 ) = g(r)− χ∞
T

N0

, (1.65)

with χ∞
T = ρkBTκT , and κT being the bulk isothermal compressibility. We write the integrand in

Eq. (1.64) as

g(r; N0 ) ln g(r; N0 ) ≈ g(r) ln g(r)− χ∞
T

N0

(1 + ln g(r)) ,

g(r; N0 )− 1 = g(r)− 1− χ∞
T

N0

,

(1.66)

where in the first line in the previous expression, keeping terms up to the order O (1/N2
0 ). The

contributions χ∞
T /N0 of the two terms of the excess entropy cancel out exactly. The contribution

χ∞
T ln g(r)/N0 can be neglected by assuming a large number of particles (there is no subvolume
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V/V0 contribution, only 1/V0. Hence, we can neglect it). This indicates that the two-body excess
entropy is ensemble invariant.We thus rewrite Eq. (1.64) as

s2(V ) = − ρ

2V

∫
V

∫
V

dr1 dr2 [g(r) ln g(r)− (g(r)− 1)] . (1.67)

The volume V is finite and embedded into the volume V0.
Before going to the following section, where we introduce a method to compute s2(L) for

a finite-size system, let us explore the consequences of the ensemble size effects cancelling out
perfectly. First, we can make an identification of the terms in the integrand of Eq. (1.67). The
second half, (g(r) − 1) is exactly the same as the Kirkwood-Buff integrals, while the first part
resembles the expression of the entropy from information theory taking g(r) as the corresponding
probability distribution. Using these labels for the two contributions, and using (1.63), we plotted
the two terms independently in Fig. 1.11 for a system Lennard Jones liquid of size L/σLJ = 35
at kBT = 2.0ϵ. Both integrals diverge similarly for large values of R but in different directions,

Figure 1.11: Plot of the two contributions, Kirkwood-Buff (g(r;N0) − 1) and Information
(g(r;N0) ln g(r;N0)), to the truncated integral sR2 for a system of linear size L/σLJ = 30 at
kBT = 2.0ϵ. It is apparent that the two terms oscillate out-of-phase for small values of R, and
their sum converges to s∞2 when R → ∞. The black plot is the sum of the two terms highlighting
the s2 convergence.

Kirkwood-Buff to infinity and Information to minus infinity, which shows that both terms exhibit
strong ensemble finite-size effects. However, these two finite-size contributions balance each other,
and the sum of the two integrals converges to s∞2 for large values of R as shown in the dashed black
line. Due to this error cancellation, the truncation Eq. (1.63) gives a reasonable approximation to
s∞2 , providing a large enough value of R.
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1.6.1 Finite-size excess entropy

Continuing with the comparison to the previous section, as the integrals of the excess entropy
s2 and the Kirkwood-Buff integrals Gij for finite systems belong to the same kind, we define a
finite-volume two-body excess entropy as

s2(V ) = − ρ

2V

∫ ∫
dr1 dr2 R(r1) R(r2) h(r) , (1.68)

with R(r) the same step function that defines the finite integration subdomain shown in Fig. 1.7.
The new function h(r) (comparing with (1.53)) is defined as

h(r) = g(r) ln g(r)− (g(r)− 1) . (1.69)

We write the double integral of s2(V ) in Fourier space and include the periodicity of the simulation
of the box in h(r) explicitly. Thus

s2(V ) = − ρ

2(2π)3V

∫
dk R̃(k) R̃(−k) h̃PBC(k) , (1.70)

where we added the contributions given by the periodic boundary conditions in the same way as
before in Eq. (1.56)

h̃PBC(k) =
∑

nx,ny ,nz

e−k·snx,ny,nz h̃(k) , (1.71)

with h̃(k) the Fourier transform of h(r) and snx,ny ,nz = (nx Lx, ny Ly, nz Lx) a vector specifying the
system’s periodic images such that nx,y,z takes integer values.

Let us finish this section by making some notes on this Fig. 1.12

§ As the two-body excess entropy ended up being an ensemble invariant size effect, there is no
need to include such a contribution as the two terms cancel each other out perfectly.

§ The PBCs are actually bringing the system, artificially, to the thermodynamic limit. This is
clear as the blue curve goes fast to the reference point given by the single integral.

§ Taking the last point of this plot, we can build a profile of the entropy as a function of the
linear size of the box. Here, we also have to mention that this relationship follows a trend
like 1/L, as will be shown explicitly in the following chapters.

This definition of the two-body finite-size excess-entropy allows a clear connection to other size
dependent thermodynamic quantities. In the following chapters, we will explore the connection of
s2 with the reduced self diffusion coefficient D∗ proposed by Dzugutov[8] and how the size of the
simulation box actually affects the values of the parameters in such a relation.
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Figure 1.12: The Finite-size integral s2. In black we present the reference computed with the single
integral (1.63) and with the method here proposed: blue, including the contributions given by the
PBCs and pink without them.

1.7 Size effects in the Grand Canonical ensemble

In the previous sections, we focused our attention on the correct computation of thermodynamic
quantities coming from computer simulations, i.e., RDFs, s2, S(k) among others. During these
calculations, we made emphasis on the nature and consequences of the different kinds of finite-
size effects. With these tools, we can now collect results to propose how to test whether or not
simulations are performed in the GC ensemble.

In this section, we will propose a setup of MD simulations using the Hamiltonian adaptive
resolution simulation method AdResS to perform simulations in the GC ensemble. One of the
most important factors when claiming the GCE ensemble sampling is the correct fluctuations of
the number of particles as this comes as a consequence of having a constant chemical potential.
The theoretical calculations as well as the computational method were developed for this thesis in
chapter III where the different kind of size effects present in the Kirkwood-Buff integrals for simple
liquids, were identified and corrected independently. This work allowed us to have a benchmark for
the GC simulations, as we have full control over the statistics and sizes, independently, granting
us the opportunity of a fair comparison with the GC with finite size effects in them as will be the
case to be studied. This strategy will be finally tested and verified in the last chapter of this thesis
VI, where all the conditions needed to claim the correct sampling of the GC ensemble achieved.
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1.7.1 Grand Canonical H-AdResS

Recalling from the first section of this chapter, two representations of the system coexist within
the same simulation box. Let us start from the setup description of the H-AdResS schematically
represented in (1.13). In this case, we have an atomistic representation with PBCs in the y and z
directions while a contact with two thermal baths in the x direction

Figure 1.13: Representation of the slab geometry for H-AdResS setup. An atomistic representation
in the middle whereas the outside regions are taken as ideal gas representations. in the middle
hybrid regions where particles change on-the-fly from one representation to the other.

Note that in our case, we will keep the two external baths connected among them via PBCs,
but as a reference point for future extensions of the works here presented, the two reservoirs can
be completely decoupled opening the door for a correct non-equillibrium description. Focusing our
attention on the atomistic representation, we can reduce the described set up to the one presented
in Fig. 1.14, where now, countrary to conventional simulations, we will have open boundaries in
the x direction.

If we take this fraction of the box as the whole system and compute the fluctuations of the
number of particles with the SBA method and the Eq. (1.50) as described earlier, a GC simulation
should go as exhibited in Fig. 1.10. For simpler visualization, let us replot the fluctuations of the
number of particles, for a single component system, as a function of the cubic subvolume of fraction
ν7.

In Fig. 1.15 two cases are presented, both in the GC ensemble. The difference is the pres-
ence/absense of PBCs contributions. In our proposal, we are building a setup where the size effects
given by the ensemble are reduced but the PBCs ones are still present.

Finally, the only condition we are missing is providing the correct description of the reservoir.
In principle, the GC ensemble occurs when a system is set in thermal and chemical equilibrium with
an infinite reservoir of particles and energy. Hence to guarantee such conditions, we might work
on the statistics of the ideal gas, or the reservoir. The last part of this chapter is devoted to review

7Here we refeer to the GC as the previous Open system
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Figure 1.14: Schematic atomistic region within the H-AdResS setup

Figure 1.15: Fluctuations of the number of particles for subvolumes of linear length ν for a GC
simulation.

the statistics on the reservoir, such that the correct description of the interaction system/reservoir
can be assured.

Particle Insertion

In this last section, we will recall some calculations done earlier in order to justify the Adaptive

REsolution with Particle insertion/deletion Steps (AdResS + PI) as a GC simulation method.
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The main idea is that we need to enforce the correct statistics on the reservoirs that are in
contact to our system. For that, let us study briefly the nature of our reservoirs where a particle
insertion algorithm is added as represented in Fig. 1.16

Figure 1.16: Representation of the slab geometry for H-AdResS + PI setup.

First we will have two different regions, the hybrid (HY) where the thermodynamic force re-
assures the constant chemical potential among the whole simulation box as described in the sec
1.1.1. Second, we have the ideal gas (HY) region where the corrections to the reservoirs should be
implemented. As reported, again, in ref [15], assuming the ideal gas being in the GC ensemble,
and using the fact that we know the analytically the ideal gas statistical mechanics, it leads to
a well known probability distribution for the number of particles, or equivalently, density. This
transformation simply means that there is an immediate link to an insertion/deletion probabilities
in order to match a target density ρ∗.

Let us summarize this section with some comments about these last points

§ In a previous work [38] we established the way to compute the Kirkwood-Buff integrals,
and therefore the fluctuations of the number of particles, removing size effects independently
among them.

§ This computations allow us to have a benchmark case to two possible scenarios where the
GC ensemble is present: With and without PBCs.

§ As in the simulation scheme here proposed, where the GC ensemble is claimed, PBCs are still
present in two coordinates, it is necessary to have the description of the number fluctuations
in such a particular combination of size effects: PBCs + GC.
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§ The way to guarantee the correct nature of the reservoirs, is taking advantage of the well
known ideal gas statistics and implementing an insertion/deletion arrangement keeping the
chemical potential µ along the simulation box constant.
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Ralf Everaers, and Davide Donadio. Hamiltonian adaptive resolution simulation for molecular
liquids. Phys. Rev. Lett., 110:108301, Mar 2013.

[27] Matej Praprotnik, Luigi Delle Site, and Kurt Kremer. Adaptive resolution molecular-dynamics
simulation: Changing the degrees of freedom on the fly. The Journal of Chemical Physics,
123(22):224106, 12 2005.

[28] Matej Praprotnik, Luigi Delle Site, and Kurt Kremer. Adaptive resolution scheme for efficient
hybrid atomistic-mesoscale molecular dynamics simulations of dense liquids. Phys. Rev. E,
73:066701, Jun 2006.

[29] Matej Praprotnik, Luigi Delle Site, and Kurt Kremer. Multiscale simulation of soft matter:
From scale bridging to adaptive resolution. Annual Review of Physical Chemistry, 59(Volume
59, 2008):545–571, 2008.
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Abstract

In the Hamiltonian adaptive resolution simulation method (H-AdResS) it is possible to
simulate coexisting atomistic and ideal gas representations of a physical system that belong to
different subdomains within the simulation box. The Hamiltonian includes a field that bridges
both models by smoothly switching on (off) the intermolecular potential as particles enter
(leave) the atomistic region. In practice, external one-body forces are calculated and applied
to enforce a reference density throughout the simulation box, and the resulting external
potential adds up to the Hamiltonian. This procedure suggests an apparent dependence of
the final Hamiltonian on the system’s thermodynamic state that challenges the method’s
statistical mechanics consistency. In this paper, we explicitly include an external potential
that depends on the switching function. Hence, we build a grand canonical potential for
this inhomogeneous system to find the equivalence between H-AdResS and density functional
theory (DFT). We thus verify that the external potential inducing a constant density profile
is equal to the system’s excess chemical potential. Given DFT’s one-to-one correspondence
between external potential and equilibrium density, we find that a Hamiltonian description of
the system is compatible with the numerical implementation based on enforcing the reference
density across the simulation box.
In the second part of the manuscript, we focus on assessing our approach’s convergence and
computing efficiency concerning various model parameters, including sample size and solute
concentrations. To this aim, we compute the excess chemical potential of water, aqueous urea
solutions and Lennard-Jones mixtures. The results’ convergence and accuracy are convincing
in all cases, thus emphasising the method’s robustness and capabilities.

I.1 Introduction

In the adaptive resolution method [44, 45, 46, 47, 16] (AdResS) and its Hamiltonian variant (H-
AdResS) [41, 40] it is possible to simulate atomistic and ideal gas representations of a physical
system coexisting within the simulation box [25, 22]. A hybrid region connects both representations
via a field that switches on (off) intermolecular interactions as molecules enter (leave) the atomistic
region (Figure I.1). External one-body forces are computed and applied to ensure a constant den-
sity profile, and once integrated, the corresponding potential energy adds up to the Hamiltonian.
This external potential has been identified with the excess chemical potential between the regions
of the system [41, 40, 22]. Nevertheless, this technical procedure raises the question of whether the
modified Hamiltonian becomes dependent upon the specific thermodynamic state. In consequence,
such a dependence would question the use of the H-AdResS Hamiltonian in the context of classical
statistical mechanics.
In this paper, we use the statistical mechanics formalism of H-AdResS, developed by Español and
collaborators [13], where the external potential directly enters the Hamiltonian as a functional of
the switching field. We use this Hamiltonian to build a grand canonical potential that, for such
an inhomogeneous system, is a functional of the external potential [2]. Since the subsystem of
interest is in contact with an ideal gas, sampling the grand canonical potential does not involve
any major difficulty, as we have recently demonstrated [22]. As a matter of fact, the adaptive
resolution framework has been established as a method to perform simulations in the grand canon-
ical ensemble [9, 17, 28, 43, 1, 11, 22]. With this grand potential [39, 30], we find an equivalent
classical density functional theory (DFT) approach to H-AdResS. Once the equivalence between
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DFT and H-AdResS is established, we show that the external potential that enforces the refer-
ence, ideal gas, density throughout the system is precisely the excess chemical potential. Given
DFT’s one-to-one correspondence between the density and the external potential, we validate the
standard H-AdResS strategy based on enforcing a uniform density profile to compute the Hamil-
tonian’s external potential and, therefore, the excess (over the ideal gas) chemical potential [22].
The calculation of excess chemical potentials within the H-AdResS formalism closely resembles
the thermodynamic integration method [23]. For such a reason we have called it spatially-resolved
thermodynamic integration (SPARTIAN) [22].
In the second part of the paper, we test the current numerical implementation of the SPARTIAN

method [22]. In particular, we compute the excess chemical potential of pure water, aqueous urea
solutions and Lennard-Jones (LJ) mixtures. Additionally to the comparison with chemical po-
tential values reported in the literature, when available, we tested the convergence of the results
with model parameters such as size of the hybrid region, system size and composition. Our re-
sults confirm the method’s robustness and efficiency and establish it as an alternative approach
to compute free energy differences. We also assess the method’s computing efficiency concerning
fully atomistic simulations. These results highlight the necessity to either fine-tune the domain
decomposition conditions in the ideal gas region or to reduce its size to a minimum and use our
recently developed particle-insertion method [22] to include an infinite reservoir effectively.
The paper is organised as follows: In Section I.2, we present the H-AdResS method in terms of
DFT. In Section I.3, we report the calculations of the test systems’ excess chemical potential.
Finally, we discuss our results and conclude in Section I.4.

Figure I.1: Schematic representation of a typical adaptive resolution slab. The central, fully
atomistic (AT), region is embedded into a reservoir of ideal gas (IG) particles. An interfacial,
hybrid (HY), region connects AT and IG subsystems via a switching field λ that smoothly switches
on (off) intermolecular interactions as molecules leave (enter) the IG region. An external field, not
shown, counterbalances free energy barriers such that molecules freely diffuse between regions.
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I.2 H-AdResS as an inhomogeneous system: connection

to DFT

We write the adaptive resolution Hamiltonian [41, 40, 22] for a molecular fluid composed of Na

atoms, distributed among N molecules, as

H[λ](r, p) = K + V intra +
N∑

α=1

{λαVα + V ext(λα)} , (I.1)

with (r, p) positions and momenta and K =
∑Na

i=1 p
2
i /2mi is the total kinetic energy of the

system. Latin indices run over atoms and greek indices over molecules. The term V intra =∑N
α=1

∑
i ̸=j∈α V

intra(rij) accounts for intra-molecular interactions, with rij the separation between
atoms i and j belonging to the same molecule α. The intermolecular interactions are included in
the term Vα = 1

2

∑
β ̸=α

∑
i ̸=j V (|rαi − rβj|) with rαi the position of the atom i in molecule α. The

switching field determines the molecules’ identity, with λα ≡ λ(Rα) and Rα the position of the
centre of mass of the molecule α. When λ = 0 the Hamiltonian describes an homogeneous ideal
gas system provided V ext(0) = constant. In particular, we set V ext(0) = 0. For 0 < λ ≤ 1, the
Hamiltonian describes an inhomogeneous system, namely, an interacting system in the presence of
an external field (Figure I.1). We assume that the system (atomistic and ideal gas representations)
is embedded in a reservoir of infinite size at temperature T and chemical potential µid, the chemical
potential of the ideal gas. In practice, by using the Hamiltonian in Equation (VI.4), we have re-
cently demonstrated that the numerical implementation of these conditions is straightforward [22].
Here, we calculate the grand canonical partition function corresponding to the adaptive resolution
Hamiltonian (VI.4)

Z[λ] = Tr{exp(−β(H[λ] − µ(λ)N))} , (I.2)

with β = 1/kBT and kB being the Boltzmann’s constant. We use the classical trace notation [39, 30]
to avoid writing explicitly the integral over all particle momenta and positions and the sum over
all possible system sizes

Tr =
∞∑

Na=0

1

h3NaNa!

∫
d3Nar

∫
d3Nap ,

with h the Planck’s constant.
By using the partition function (I.2), we define the equilibrium distribution function as [39, 30]

f0[λ] =
1

Z[λ]
exp(−β(H[λ] − µ(λ)N) , (I.3)

which satisfies that Trf0[λ] = 1. The thermal average of an operator Ô is given by ⟨Ô⟩[λ] =
Tr{f0[λ]Ô}. In particular, the external potential makes the system’s density inhomogeneous. We
use the previous definition of thermal average to write the equilibrium density profile in the form

ρ
[λ]
0 (r) = ⟨ρ̂(r)⟩[λ] , (I.4)

with ρ̂(r) =
∑

α δ(Rα − r).
Using an arbitrary distribution function f [λ], that satisfies the condition Trf [λ] = 1, Mermin, in the
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context of the inhomogeneous electron gas, proposed a functional form for the grand potential [26]
that we write for our particular case as

Ω[λ][f [λ]] = Tr{f [λ](H[λ] − µ(λ)N + β−1 ln f [λ])} . (I.5)

By replacing the equilibrium distribution, we obtain

Ω[λ][f0[λ]] = −β−1 lnZ[λ] = Ω0
[λ] (I.6)

the definition of grand potential in terms of the grand canonical partition function.
Using the density operator ρ̂, we can rewrite the external potential as

N∑
α

V ext(λα) =

∫
dr

N∑
α=1

δ(Rα − r)V ext(λ(r)) =

∫
dr ρ̂(r)V ext(λ(r)) . (I.7)

The density distribution f [λ] is, in general, a functional of the density ρ[λ](r). Therefore [39, 30, 2],
by using the Hamiltonian (VI.4) we write the grand potential as a functional of the density

Ω[λ][ρ
[λ](r)] = Tr{f [λ](H[λ] − µ(λ)N + β−1 ln f [λ])}

= Tr
{
f [λ]

(
K + V int +

∑N
α=1 λαVα + β−1 ln f [λ] +

∑N
α=1 V

ext(λα)− µ(λ)N
)}

= F[λ][ρ
[λ](r)] +

∫
dr ρ[λ](r) (V ext(λ(r))− µ(λ(r))) , (I.8)

in which we make use of Equation (I.7) where the total external potential is written as a functional
of the density. The functional F[λ][ρ

[λ]] is the intrinsic Helmholtz free energy corresponding to the
Hamiltonian (VI.4), which is independent of the external potential:

F[λ][ρ
[λ]] = Tr

{
f [λ]

(
K + V int +

N∑
α=1

λαVα + β−1 ln f [λ]

)}
. (I.9)

The last two equations provide us with a direct connection between H-AdResS and density func-
tional theory. The expression (I.8) is a functional Legendre transform relating the Helmholtz free
energy and the grand potential [2].
To understand Equation (I.8), we underline that the system is inhomogeneous, and the grand
potential is a functional of the external potential [30, 2]. That is

δΩ[λ]

δ(µ(λ(r))− V ext(λ(r)))
= −ρ[λ](r) , (I.10)

which is consistent with the thermodynamic identity ∂Ω/∂µ = −N .
Written as a functional of the density, Ω[λ][ρ

[λ](r)] represents the cost in free energy necessary to

find the system at precisely the density ρ[λ](r) [2]. In particular, we find the density field, ρ
[λ]
0 (r),

that minimises this cost by evaluating the functional derivative of the grand potential with respect
to the density. Hence, the grand potential satisfies

δΩ[λ][ρ
[λ]]

δρ[λ]

∣∣∣∣
ρ[λ]=ρ

[λ]
0

= 0 , (I.11)
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thus implying
δF[λ][ρ

[λ]]

δρ[λ]

∣∣∣∣
ρ[λ]=ρ

[λ]
0

= −V ext(λ(r)) + µ(λ(r)) . (I.12)

The exact form of the intrinsic free energy functional F[λ][ρ
[λ]] is, in general, unknown. However,

we can re-write it as
F[λ][ρ

[λ]] = F exc
[λ] [ρ

[λ]] + F[0][ρ
[0]] , (I.13)

with F exc
[λ] [ρ

[λ]] the excess free energy, calculated with respect to the free energy of the reference

system (ideal gas), F[0][ρ
[0]]. To ensure thermodynamic consistency in the adaptive resolution

description, we require the free energy being independent of λ [13]. Nevertheless, we anticipate
here that this condition could be changed to induce non-equilibrium conditions in the system [22].
In equilibrium, F exc

[λ] [ρ
[λ]] = 0, thus,

F[0][ρ
[0](r)] = F id[ρ(r)] = β−1

∫
drρ(r){ln(λ3

Tρ(r))− 1} , (I.14)

with F id the Helmholtz free energy of the ideal gas (our reference state at λ = 0), ρ[0](r) = ρ(r)
and λT = (h̄2β/2πm)1/2 the thermal, de Broglie, wavelength. We rewrite Equation (I.12) as

δF id[ρ(r)]

δρ(r)
= −V ext(λ(r)) + µexc(λ(r)) + µid , (I.15)

with µexc(λ(r)) = µ(λ(r))−µid, a continuous function of λ, µid = β−1 ln(λ3
dBρ0) and ρ0 the reference

(ideal gas) density. By replacing µid into the previous equation, we find

ρ(r) = ρ0 exp (−β{V ext(λ(r))− µexc(λ(r))}) , (I.16)

where it is apparent that this density field does not explicitly depend on the switching field.
Indeed, this expression shows that the external potential determines the density. In particular, the
condition

V ext(λ(r)) = µexc(λ(r)) (I.17)

guarantees a constant density ρ0. In other words, the external potential that enforces the reference
density for the whole system is equal to the excess chemical potential.
This result provides an interesting parallel with density functional theory. In the latter, we apply
an external potential and then use a self-consistent approach to find the corresponding system’s
equilibrium density. By considering the one-to-one correspondence between external potential
and equilibrium density as provided by DFT, the approach generally used in H-AdResS naturally
follows. We enforce a uniform density throughout the simulation box and then calculate the
resulting external potential V ext(λ(r)). This is particularly useful to compute chemical potentials
of molecular fluids and liquid mixtures, since V ext(1) = µexc with µexc the excess chemical potential
of the atomistic system over the ideal gas.
To use the Hamiltonian (VI.4) to perform molecular dynamics simulations, we need to compute
the forces. The force, calculated as minus the gradient of the Hamiltonian, acting on a molecule
α is given by:

Fα = Fint
α +

∑
β ̸=α

{
λα + λβ

2
Fα|β

}
−∇αλα

[
Vα + V ′ext(λ)

∣∣
λ=λα

]
, (I.18)
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with Fint
α and Fα|β the forces due to the intra- and intermolecular potentials, respectively, and

V ′ext = dV ext/dλ. The force proportional to the gradient of the switching field weakly violates
Newton’s third law and momentum conservation, and introduces spurious density and pressure
inhomogenenities into the system. Since we do not know a priori the external potential, we cannot
directly compute its derivative with respect to λ. However, we can obtain a first approximation
to V ′ext(λ) by taking a closer look at the invariance of the Helmholtz free energy with respect to
the switching field [13]

δF[λ](ρ(r))

δλ(r)
=

δΩ[λ](ρ(r))

δλ(r)
− δ

δλ(r)

∫
dr ρ(r) (V ext(λ(r))− µ(λ(r))) = 0 , (I.19)

where we use the inverse of Equation (I.8) for the density field ρ(r). Following the condition given
by Equation (I.17), the functional derivative of the integral vanishes. Using Equation (I.6), we
find

δΩ[λ](ρ(r))

δλ(r)
= Tr

{
f [λ]

δH[λ]

δλ(r)

}
− Tr

{
N
exp(−βH[λ])

Z[λ]

δz[λ]

δλ(r)

}
= 0 , (I.20)

with z[λ] = exp(βµ(λ)) the system’s fugacity. In general, the two terms on the r.h.s of the previous
equation cancel each other out to guarantee a uniform density profile. There is also the possibility
that every term remains invariant with respect to changes in λ(r). In particular, if the fugacity of
the system does not depend on λ, then the pressure, and not the density, is constant throughout
the simulation box [13]. This assumption implies that

Tr

{
f [λ]

δH[λ]

δλ(r)

}
= Tr

{
f [λ]

∑N
α=1(Vα + V ′ext(λ(r)))δ(Rα − r)

}
=
〈∑N

α=1 Vαδ(Rα − r)
〉[λ]

+ V ′ext(λ(r))ρ[λ](r) = 0 , (I.21)

which allows us to evaluate V ′ext in terms of thermal averages over quantities that we know. From
a practical viewpoint, we use the local equilibrium approximation discussed in Ref. [13]. When λ
is sufficiently smooth, the thermal average is approximated to an average computed at a constant
value of the switching field at a given position r. That is, ⟨· · · ⟩[λ] ≈ ⟨· · · ⟩λ [13]. By integrating
over space we obtain,

⟨V ⟩λ + V ′ext(λ)N = 0 , (I.22)

with V =
∑

α Vα. Finally, we obtain [41]

V ′ext(λ)|λ=λα = −⟨V ⟩λ=λα/N ≈ −⟨V ⟩Rα . (I.23)

By inserting this drift term in the force (I.18) we see that, on average, the term proportional
to the gradient of λ vanishes. Therefore, we obtain a description of the system that on average
satisfies Newton’s third law and linear momentum conservation. This is an important issue be-
cause significant artifacts are introduced in the simulation if these conditions are not fulfilled [12].
Furthermore, by using this force, we are implicitly ensuring a constant pressure throughout the
simulation box [41, 13].
We now return to adaptive resolution setups at constant density. To enforce this condition, we
compute and apply, iteratively, an external force, dubbed thermodynamic force [17, 18], given by

Fth
n+1 = Fth

n +
c∇ρ(x)n

ρ0
, (I.24)
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with c a parameter with units of energy. ∇ρ(x)n is the gradient of the density profile computed
at the n-th step of the iteration. The computation of this force converges when ∇ρ = 0, that is,
when the density becomes ρ0 everywhere.
Hence, we have that the total external force acting on a molecule α, instantaneously present in
the hybrid region, becomes

−∇RαV
ext(λ)|λ=λα = ⟨V ⟩Rα∇λ(Rα) + Fth

α . (I.25)

The integral over space of this force will give us the external potential that, in virtue of Equation
(I.17), equates the excess chemical potential, provided the density is constant and equal to ρ0
throughout the simulation box. Due to the similitude between this approach and Kirkwood’s ther-
modynamic integration (KTI) [23], in the following sections, we refer to this method to compute free
energy differences as the spatially-resolved thermodynamic integration (SPARTIAN) method [22].
The comparison with KTI also implies that to compute µexc it is sufficient to enforce the target
density at the AT and IG regions, which corresponds to the selection of a different thermodynamic
path to compute the integral.
We conclude this section highlighting that the generalisation of this procedure to the study of
mixtures is straightforward [40, 39]. In the following section, we will provide a few examples where
excess chemical potentials of complex liquids and liquid mixtures are computed and compared
with results available in the literature.

I.3 Simulation Results

In this section, we present the calculation of the excess chemical potential for SPC/E [5, 13, 62]
water, Lennard-Jones mixtures and aqueous urea solutions [44, 36, 8]. The aim is to investigate
convergence and performance of the calculation using various simulation setups.

I.3.1 Preliminaries

We use the LAMMPS [56] implementation of SPARTIAN described in Ref. [22, 18]. Namely, we
discretise the hybrid region in bins of size δλ and δr. To compute the forces, we use the iterative
procedure described in Ref. [18]. We sample each term on the r.h.s. of Equation (I.25) separately,
using independent time-intervals. At the end of every interval, the code generates two files con-
taining ⟨V (λ)⟩ and Fth(r). As anticipated in the previous section, the analysis of a liquid mixture
only requires to compute the corresponding forces acting on every individual component. Thus,
in the case of a spherical atomistic region, with radius rAT and thickness of the hybrid region dHY,
the excess chemical potential for the i-component is calculated as

µexc
i =

∫ 1

0

dλ ⟨Vi(λ)⟩+
∫ rAT+dHY

rAT

drFth
i (r) · n̂ , (I.26)

with n̂ a unit vector pointing away from the atomistic region. The switching function is defined as

λ(r) =


1 r ≤ rAT

cos14
(

π(r−rAT)
2dHY

)
rAT < r ≤ rAT + dHY

0 r > rAT + dHY ,

(I.27)
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with the exponent 14 selected for numerical convenience [22].
To compute the thermodynamic force (I.24), we use c = 1.0, 0.01 kcal/mol and 2 ϵ to modulate
the contribution from ∇ρ in the case of SPC/E water, aqueous urea solutions and Lennard-Jones
mixtures, respectively. To get a smooth force field, we convolute the density profile with Gaussian
functions of width equal to three times the length of a hybrid region bin. During the simulation,
it is possible that two molecules approach each other in the hybrid region while travelling towards
the atomistic region. Once there, if they get too close to each other, the strong repulsion might
create numerical instabilities. To avoid this problem, we introduce a capping radius for all the
interactions. The corresponding values are 0.1 σ for Lennard-Jones mixtures and 0.5 Å for Van
der Waals and electrostatic potentials in water and aqueous urea solutions [22].
We use the damped-shifted force potential model (DSF) [45, 47, 14, 15] to describe electrostatic
interactions. To compare with the results of free energy differences obtained by using Ewald
summation, we need to subtract a constant term [22]. In the case of rigid molecules using the
SHAKE algorithm [40], this term corresponds to electrostatic intramolecular interactions between
i, j atomic pairs, given by qiqj/rij with qi the charge of the i-th atom.

I.3.2 Size of the hybrid region

Figure I.2: Simulation snapshot showing the SPARTIAN configuration for a pure water calculation.
A spherical atomistic (AT) region or radius 30 Å is embedded into a simulation box of linear size
of 150 Å. The hybrid (HY) region is a spherical shell of maximum thickness 25 Å, and the ideal
gas (IG) occupies the remaining free space.
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We start with the calculation of µexc
WATER for pure water. We present the simulation setup used

in Figure I.2. We consider a system of 111375 SPC/E [5, 13, 62] water molecules in a cubic
simulation box, with linear size equal to 150.0 Å. A spherical atomistic (AT) region with radius
30 Å is embedded into a hybrid (HY) region of thickness varying between 10, 15, 20 and 25 Å. The
starting point of the calculation corresponds to a fully atomistic simulation equilibrated for 25 ns
at T = 298.0 K and P = 1.0 bar using the Nosé-Hoover thermostat and barostat with damping
constant equal to 100 fs for both cases. After this step, the systems were equilibrated by 25 ns
in the NVT ensemble using Langevin thermostat with damping parameter equal to 100 fs and a
integration time step of 1.0 fs.

Figure I.3: (left) Excess chemical potential for water obtained for different hybrid region thick-
nesses. The linear size of the simulation box is 150 Å. (right) Excess chemical potential for water
obtained for different hybrid region thicknesses. The linear size of the simulation box is 200 Å.
In addition to reporting our previous result [22], we compare with the experimental value [3], and
with computational results obtained by using thermodynamic integration (TI) [27] and the Ben-
nett acceptance-ratio methods (BAR) [41].

By starting from the final fully-atomistic configuration, we start the SPARTIAN runs. We simul-
taneously average both contributions to the force (I.18) for 20 ps, then at the end of this period, we
calculate and apply the forces. This cycle corresponds to a single iteration. After every iteration
we use Equation (I.26) to obtain the value of µexc

WATER. Results of this procedure, for different sizes
of the HY region, are presented in Figure I.3(top). For reference, we also include the experimental
value [3], as well as computational results obtained by using thermodynamic integration [27] and
the Bennett acceptance-ratio methods [41].
It is apparent from the Figure that the final result is somewhat insensitive to the size of the HY
region. With small values of δHy, namely 10 and 15 Å, there are larger fluctuations in the result
related to poor statistics. Once the sample size increases, δHy = 20 and 25 Å, the result con-
vincingly converges after 100 iterations (2 ns) to the value obtained by using the state-of-the-art
computational methods considered here.
This picture remains essentially consistent upon increasing the size of the system. Figure I.3(bottom)
shows similar results for a simulation box of linear size equal to 200 Å. In this case, additionally
to the values considered before, we can also investigate the convergence of the result for values
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of δHY = 30, 35 and 40 Å. Similarly to the previous case, the result smoothly converges to the
expected µexc

WATER value for the SPC/E model.
The results of this sub-section, averaged over the last twenty iterations, are summarised in Table
I.1.
To conclude this section, we comment on how to choose the size of the HY region. To avoid

Table I.1: Excess chemical potential for water

δHY (Å)
µext (kJ mol−1)

L=150 Å L=200 Å
10.0 -28.79 ± 0.18 -28.93 ± 0.13
15.0 -28.91 ± 0.24 -29.31 ± 0.14
20.0 -29.08 ± 0.17 -29.17 ± 0.11
25.0 -29.27 ± 0.21 -29.41 ± 0.16
30.0 -29.36 ± 0.14
35.0 -29.40 ± 0.16
40.0 -29.38 ± 0.17

*standard deviation measured over the last twenty iterations.

artefacts arising from finite-size effects, the volume of the AT region should contain the volume
defined by the correlation length of the system. Our results indicate that this size constraint also
applies to the HY region. Hence, it is advisable to choose the linear size of the HY region larger
than the correlation length of the system.

I.3.3 HPC performance

Figure I.4: (left) Performance of the SPARTIAN and NVT as a function of the number of processors.
(right) Performance of the SPARTIAN and NVT as a function of the number of processors for hybrid
region thickness equal to 10.0 Åand 25.0 Å
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Figure I.5: Performance of the SPARTIAN calculation as a function of the hybrid region thickness.
Calculations were performed by using 800 processors.

By using the water system considered in the previous sub-section, we perform a strong scaling
analysis. Namely, we select a different number of processors and evaluate the performance of the
calculation, measured in units of ns per day. Results are presented in Figure I.4(top) where it
is apparent that fully-atomistic simulations, for both sizes included in this study (blue symbols),
exhibit a better scaling than their SPARTIAN counterparts (black and green symbols). This be-
haviour is due to lack of optimisation in domain decomposition and load balancing in the SPARTIAN
implementation. Processors assigned to the IG region run more idle than the ones assigned to the
AT and HY regions thus hindering parallel processing and communication.
Upon increasing the size of the system, in both fully-atomistic and SPARTIAN calculations there
is a substantial and proportionally similar decrease in computing efficiency. Furthermore, in the
case of SPARTIAN calculations, as presented in Figure I.4(bottom), there is a slight decrease in effi-
ciency upon increasing the size of the hybrid region while keeping the size of the atomistic region
constant. Indeed, Figure I.5 illustrates the performance of the SPARTIAN calculation as a function
of the hybrid region thickness, for systems with fixed linear sizes (150 and 200 Å), atomistic region
size, and number of processors (800). Both tendencies confirm that the rather modest SPARTIAN
performance is mainly due to the parallelisation and communication issues mentioned above. The
default domain decomposition in LAMMPS consists of dividing the simulation box into three-
dimensional equal-size subvolumes, where every subdomain gets assigned to one processor. In the
SPARTIAN case, we combine different pair styles that result in a mismatch in computational load
depending on whether particles are in the atomistic, hybrid or ideal gas regions. Hence, overall
poor performance results from an increase in computational cost due to a uniform assignment of
particles per processor.
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To overcome this limitation, we use the shift scheme as implemented in LAMMPS 1. Here, we
assign a weight factor that tends to balance the computational load of each processor. A weight
factor (> 1) associated with a given particle determines how much more computational resources
are devoted to this particle than the other particles present in the simulation. To illustrate this
point, we consider SPC/E water in a simulation box of size 150 Å, running on (i) 200, (ii) 800
and (iii) 1200 processors. By using a weight factor of ten between the particles in the AT and HY
regions and the particles in the IG region, we obtain an increase in performance of (i) 60%, (ii)
47% and (iii) 24%, respectively.
These results are encouraging, however, a more important advancement, from both fundamental
and technical perspectives, is related to the implementation of particle-insertion methods that al-
lows us to significantly reduce the size of the IG region while effectively including an infinite size
reservoir [22].

I.3.4 Binary Mixtures: Extremely Diluted Conditions

Figure I.6: Lateral view of the tetragonal simulation setup used to investigate diluted Lennard-
Jones mixtures. The long axis of the box, where the adaptive resolution takes place, is aligned
along the x-direction. The y-direction, with normal vector entering the page, is used to linearly
increase the size of the system, thus increasing the number of particles (statistics) in the HY region.

The accuracy of the calculation of the excess chemical potential in the SPARTIAN method improves
upon increasing the number of molecules present in the HY region, as it is apparent from Equation
(I.18). Thus, we expect that the SPARTIAN calculation requires a major increase in HY region size
to converge µexc for low-density liquids and highly-diluted mixtures. To investigate these condi-
tions, we simulate A-B Lennard-Jones mixtures with xA = 0.1 the mole fraction of A-molecules.
In this case, we use a tetragonal simulation box, Lx×Ly×Lz with its major axis, Lx, aligned along
the x-direction (Figure I.6). The switching field λ(x) is applied only along Lx and, in all cases
considered, we keep constant the length of the AT, HY and IG regions. We also keep constant Lz.
To increase the size of the system, and therefore the statistics for the SPARTIAN calculation, we

1https://lammps.sandia.gov/doc/balance.html
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start from Ly = Lz and keep increasing Ly. To sum up, we have a simulation box with Lx = 36 σ,
Lz = 5 σ and variable Ly.
We simulate systems with 3.6, 10.8, 36, 54, 100, 250, 300, 500, 1000 and 1500 (× 103) particles.
The results are expressed in Lennard-Jones reduced units. The force field parameters were chosen
as σAA = σAB = σBB = 1.0 σ, and ϵAA = ϵBB = ϵAB = 1.0 ϵ, and the interactions were trun-
cated to a cutoff radius equal to 2.5 σ. The systems were equilibrated in the NPT ensemble with
T ∗ = 2.0 kBϵ

−1 and P ∗ = 5.0 σ3ϵ−1, by 1.0 × 105 τ , using Nosé-Hoover thermostat and barostat
with damping coefficient equal to 10 τ and 100 τ , respectively and time step equal to 0.005 τ .
Then, the systems were simulated in the NVT ensamble with T ∗ = 2.0 kBϵ

−1, by 1.0 × 105 τ ,
using Langevin thermostat with damping parameter equal to 100 τ and time step equal to 0.001 τ .
In all cases, the SPARTIAN calculation were run with the atomistic region width and the hybrid
region thickness equal to 10 σ and 10 σ, respectively, as shown in Figure I.6. The drift and ther-
modynamic forces were calculated every 10 τ .

Figure I.7: Error (deviation from target value ) in the density as a function of total number
of particles. NA = 0.1 Ntot. Black and green dashed lines correspond to 2 % and 1 % limits,
respectively.

One diagnostic tool to evaluate the quality of the SPARTIAN calculation is the density profile.
Figure I.7 shows the error, written as a relative difference from the target density, as a function of
the number of particles in the LJ mixture. As expected, due the high concentration of B-particles
(0.9 Ntot), the deviation from the target value for this species is less than 2 %. This is the case for
all the systems considered, except for the smallest system size (3600 particles). For the systems
with larger number of particles, the error quickly decreases below 1 %. However, for A-particles,
the deviation from the target density only reaches the mark of 2 % for systems composed of more
than one million particles. It does not reach the 1 % limit even for the system with 1.5 million
particles.
Figure I.8 shows the influence of the density in the calculation of the excess chemical potential using
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SPARTIAN. Figure I.8(top) displays the excess chemical potential of B-particles, µexc
B , as a function

of the total number of particles in the system. It is apparent that µexc
B moderately fluctuates in the

systems with small number of particles and that this fluctuation significantly decreases for larger
systems. However, due to the low concentration of A-particles, and high deviation in their density
profile with respect to the target density, the excess chemical potential, µexc

A , fluctuates more
distinctly for systems with total number of particles < 250000, as shown in Figure I.8(bottom).
These results are summarised in Table I.2 where excess chemical potential values, averaged over
the last twenty SPARTIAN iterations, are presented as a function of the system size.

Figure I.8: (left) Excess chemical potential convergence for B-particles. NB = 0.9 Ntot. (right)
Excess chemical potential convergence for A-particles. NA = 0.1 Ntot

Table I.2: Excess chemical potential (and standard deviation) for the LJ mixture as a function of
system size. The data was obtained using the last twenty SPARTIAN iterations.

Ntot
µexc(ϵ)

A B
3600 5.186 ± 0.671 5.100 ± 0.092
54000 4.567 ± 0.148 4.757 ± 0.021
100000 4.661 ± 0.147 4.746 ± 0.024
250000 4.718 ± 0.034 4.731 ± 0.010
300000 4.718 ± 0.098 4.715 ± 0.015
500000 4.653 ± 0.075 4.727 ± 0.008
1000000 4.782 ± 0.033 4.769 ± 0.004
1500000 4.777 ± 0.045 4.780 ± 0.005

Table I.3 and Figure I.9 show the relative error σ%(µexc
i ) in the excess chemical potential for

particles of type A and B, calculated over the last twenty SPARTIAN iterations. The value of the
relative error for B-particles, σ%(µexc

B ), is less than 1.0 % for all systems considered (except for
the smallest number of particles - 3600). However, for A-particles, the value of σ%(µexc

A ) only falls
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above 1.0 % for systems with size equal or larger than one million particles, reaching the limit of
2.0 % for systems with Ntot > 300,000 particles.

Table I.3: Relative error in the excess chemical potential for LJ mixture

Ntot
σ%(µexc

i )
A B

3600 12.9476 1.8074
54000 3.2379 0.4346
100000 3.1607 0.5141
250000 0.7209 0.2039
300000 2.0773 0.3241
500000 1.6033 0.1610
1000000 0.6850 0.0790
1500000 0.9340 0.1020
* Relative standard deviation for

the last twenty iterations.

Figure I.9: Relative error in the excess chemical potential, calculated over the last twenty iterations,
as a function of total number of particles. NA = 0.1 Ntot and NB = 0.9 Ntot
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I.3.5 Binary Mixtures: SPARTIAN and Kirkwood-Buff Analysis

Figure I.10: Lateral view of a slice of the tetragonal simulation setup used to investigate aqueous
urea solutions. The long axis of the box, where we apply the adaptive resolution, is aligned along
the x-direction. The linear size in the y-direction is 62.0 Å (the slice’s thickness is 5.0 Å)

The final example corresponds to the calculation of the excess chemical potential for a more re-
alistic binary mixture. In this case, we consider aqueous urea solutions [44, 36, 8]. We expect
that, when increasing the system’s complexity, SPARTIAN becomes a robust alternative to existing
computational methods.

Figure I.11: Chemical potential of urea in aqueous solution as a function of urea mole fraction.

An initial configuration having 14500 SPC/E [5, 13, 62] water molecules and 2147 urea molecules [44]
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representing an aqueous urea solution at 0.1292 mole fraction (6M) is generated and optimised
by adjusting the y-direction of the simulation cell. The size of the resulting simulation box is
160×62×60 Å3. To equilibrate the system, we performed fully atomistic simulations in the NPT
ensemble for 20 ns at 298.0 K at 1.0 bar pressure using Nosé-Hoover thermostat and barostat with
damping coefficients 100 fs and 1000 fs, respectively. This step is followed by 10 ns simulation in
the NVT ensemble using Langevin thermostat with a damping coefficient of 100 fs. The SPARTIAN
setup is presented in Figure I.10. Every iteration takes 20 ps to be completed.
We also performed fully-atomistic simulations at different urea mole fractions: 0.0389 (2M), 0.0809
(4M), 0.1292 (6M) and 0.1844 (8M) and carried out a Kirkwood-Buff (KB) analysis [6, 19] to com-
pute the shifted urea chemical potential as a function of solute concentration. We use the SPARTIAN
calculation at 6M as a reference value for the KB analysis. Results are presented in Figure I.11
where a comparison with absolute values reported in the literature [24] is also included. Our results
indicate that the combination of the KB-based method to obtain the trend with concentration,
together with a more refined method like SPARTIAN to compute the reference value of the chem-
ical potential, constitutes a useful tool for the calculation of free energy differences in complex
molecular fluids and mixtures.

I.4 Concluding remarks

In the H-AdResS method [41, 40], the simulation of coexisting atomistic and ideal gas represen-
tations of a physical system is made possible by introducing a switching field that modulates the
intermolecular potential. By including in the Hamiltonian an external potential, functional of the
switching field, we build a grand potential for an inhomogeneous system. With this grand potential
at hand, we find a parallel with DFT. Thus, we show that the external potential that balances
the density across the simulation box is the excess chemical potential of the atomistic system [22].
Due to DFT’s one-to-one correspondence between the density and the external potential, the use
of one-body forces to impose a constant density profile, whose integral automatically gives the
system’s excess chemical potential, is compatible with a Hamiltonian description of the system.
The resemblance with thermodynamic integration is apparent. Therefore, we dubbed the method
SPARTIAN (spatially-resolved thermodynamic integration) [22].
We then use the SPARTIAN method to compute µexc for water, aqueous urea solutions and Lennard-
Jones mixtures. Our results well compare with values reported in the literature, when available.
We verify that upon increasing the size of the hybrid region, which improves the statistics while
keeping constant the AT region’s size, µexc consistently converges with a modest decrease in com-
puting efficiency. Our results also show an excess computational overhead when compared to fully
atomistic simulations. This overhead is mainly due to domain decomposition and communication
issues that result from an inefficient assignment of processors in the IG region. A preliminary
experiment shows that SPARTIAN efficienty improves with a moderate fine-tuning effort aiming at
optimising domain decomposition features. Nevertheless, the computation of chemical potentials
is efficient and accurate. For water and aqueous urea solutions, we get a well-converged result
after a few SPARTIAN iterations that correspond to simulate the system for just a couple of ns.
Furthermore, size constraints are not an issue in SPARTIAN thanks to the particle-insertion method
that we have recently developed, implemented and validated [22]. We also consider highly-diluted
conditions in which we expect the SPARTIAN method to underperform compared to state-of-the-art
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computational methods. Still, our results display a convincing convergence of the excess chemical
potential for all species involved in the system under such conditions. However, this requires a
substantial increase in the system size. Hence, depending on the system’s complexity, the choice
of a computational method becomes a trade-off between efficiency, user-friendliness and accuracy.
In particular, standard thermodynamic integration or particle-insertion-based methods applied to
molecular mixtures require a careful design of an alchemical path. In the SPARTIAN case, once
we obtain the initial configuration (following standard molecular dynamics) and decide the pa-
rameters, the simulation automatically finds µexc. Indeed, depending on the problem at hand, a
combination of methods might result advantageous. In case of investigating a solution’s phase
diagram, where it is necessary to compute µexc as a function of the solute’s concentration, we
propose to combine a Kirkwood-Buff theory approach with only one SPARTIAN calculation at a
given (preferably high) concentration.
Finally, the thermodynamically consistent coupling of atomistic and ideal representations opens
various interesting research avenues [38]. A straightforward application concerns the calculation
of free energy differences [20]. Moreover, non-equilibrium conditions [42] can be readily imposed
on the ideal gas reservoir and investigated on the atomistic region [22]. Finally, this and similar
ideas originated from the adaptive resolution method could also be incorporated into QM/MM
approaches [5, 10].
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Abstract

We compute partial structure factors, Kirkwood-Buff integrals (KBIs) and chemical po-
tentials of model supercooled liquids with and without attractive interactions. We aim at
investigating whether relatively small differences in the tail of the radial distribution func-
tions result in contrasting thermodynamic properties. Our results suggest that the attractive
potential favours the nucleation of long-range structures. Indeed, upon decreasing temper-
ature, Bathia-Thornton structure factors display anomalous behaviour in the k → 0 limit.
KBIs extrapolated to the thermodynamic limit confirm this picture, and excess coordination
numbers identify the anomaly with long-range concentration fluctuations. By contrast, the
purely repulsive system remains perfectly miscible for the same temperature interval and only
reveals qualitatively similar concentration fluctuations in the crystalline state. Furthermore,
differences in both isothermal compressibilities and chemical potentials show that thermody-
namics is not entirely governed by the short-range repulsive part of the interaction potential,
emphasising the nonperturbative role of attractive interactions. Finally, at higher density,
where both systems display nearly identical dynamical properties and repulsive interactions
become dominant, the anomaly disappears, and both systems also exhibit similar thermody-
namic properties.

II.1 Introduction

The supercooled state challenges our understanding of the theory of liquids. In particular, the
connection between dynamics, which varies considerably upon supercooling, and structure, which
appears to remain essentially unchanged, is the subject of intense research. [10, 59, 11, 34, 29, 35, 6]
Model systems with reduced complexity, still retaining essential physical features, provide a di-
rect route to investigate this problem. For example, Kob–Andersen mixtures [31] with purely
repulsive Weeks-Chandler-Andersen interactions (KAWCA) [64] exhibit substantially different dy-
namics compared to their Lennard-Jones counterpart (KALJ). [31] By contrast, their structure,
investigated from the point of view of radial distribution functions, is somewhat similar. [6, 7]
The connection between pair correlations and dynamical properties has been extensively investi-
gated. [21, 7] On the one hand, a variety of studies conclude that two-body contributions are not
enough to account for the difference in dynamics between the KAWCA and KALJ systems. Perhaps
the most well-known example is mode-coupling theory, based on pair correlation functions, which
underestimates these dynamical differences. [7] Additionally, deviations in many-body structural
descriptors such as triplet [14] and point-to-set correlations, [25] as well as bond-order distribu-
tions [60] and the packing capabilities of local particle arrangements, [59] have been observed
between the KALJ and KAWCA systems. These results indicate that higher-order features may
be necessary to resolve the difference in their dynamical properties. [54]
On the other hand, several studies indicate that two-body structure is enough to describe particu-
lar aspects of the dynamics of model supercooled liquids. For example, features based on the pair
structure have been used to predict diffusion constants from short-time trajectories of the KALJ
model. [16, 12, 50] Concerning the comparison between models, Bhattacharyya and coworkers [7, 2]
directly explored structure-dynamics relationships in KALJ and KAWCA systems. In particular,
they used the Adam–Gibbs relation, [1] to connect relaxation time to the configurational entropy.
Their results demonstrated that the two-body contribution to the entropy plays a significant role
in distinguishing the dynamics of the two systems.
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To further contribute to the discussion, recent research efforts have focused on the detailed char-
acterization of the liquid’s two-body structure. In particular, softness parameters, defined via
weighted integrals of pair-correlation functions [15, 34] or multi-dimensional integrals of partial
structure factors, [36] respond to minor structural changes and can accurately describe dynami-
cal differences. However, either non-trivial reweighting procedures or combinations of local and
nonlocal terms prevents an unambiguous identification of the dominant, short- versus long-range,
contributions to the resulting structure-dynamics relationship.
The potentially dominant role of short-range pair correlations brings with it yet another dilemma.
According to perturbation theory, short-range repulsive interactions mostly dominate the liquid’s
structure. [64] By contrast, based on Kirkwood-Buff theory, [28] long-range fluctuations in the tail
of the pair correlation function have a significant effect on the system’s solvation thermodynam-
ics. [51, 47, 56, 32, 13] The studies mentioned above investigating KALJ and KAWCA dynamics
have mainly focused on short-range contributions. Nevertheless, evidence for the nucleation of
long-range structures in glassy systems at low temperatures [13, 39, 51, 65] highlights the necessity
to carefully address this point. Finite-size effects present in computer simulations dramatically
affect the tail of the pair correlation function and the k → 0 limit of the structure factor, i.e.,
the long-range structure properties, which in turn sensitively impact thermodynamic quantities.
Consequently, a careful evaluation of finite-size effects becomes critical for investigating these prop-
erties in the supercooled regime.
In this paper, we investigate various thermodynamic properties of KALJ and KAWCA a− b mix-
tures in the supercooled liquid state. We calculate structure factors of density, Sρρ(k), and concen-
tration, Scc(k), while highlighting the k → 0 limit. The KALJ liquid exhibits anomalous behaviour
reflected in a major increase in concentration fluctuations. This anomaly closely resembles the nu-
cleation of nanometric clusters reported by Fischer in low-temperature ortho-terphenyl, [13, 39]
and it has been recently identified as a general feature present in polydisperse colloidal models.
[29] By contrast, the purely repulsive KAWCA system remains perfectly miscible in the super-
cooled state. A finite-size Kirkwood–Buff analysis confirms this picture by enabling the precise
identification of the k → 0 limit. Furthermore, we show that the isothermal compressibility and
chemical potential of the two models exhibit similar trends with temperature, apart from constant
shifts. These differences highlight the nonperturbative role of attractive interactions in the system.
To sum up, we demonstrate that seemingly small differences in the tail of the radial distribution
function result in significantly different structural and thermodynamic properties for supercooled
systems with and without attractive interactions.
The paper is organised as follows: we provide the computational details in Sec. II.2, present the
results in Sec. II.3 and conclude in Sec. II.4.

II.2 Computational Details

We have simulated the Kob–Andersen model, which is a binary mixture (80:20) of Lennard-Jones
(KALJ) particles. [31] The inter-atomic pair potential between species α and β, Uαβ(r), with
α, β = a, b is described by a shifted and truncated Lennard–Jones potential[61], as given by:

Uαβ(r) =

{
U

(LJ)
αβ (r;σαβ, ϵαβ)− U

(LJ)
αβ (r

(c)
αβ;σαβ, ϵαβ), r ≤ r

(c)
αβ

0, r > r
(c)
αβ

(II.1)
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Figure II.1: Differences between KALJ and KAWCA systems in terms of the gbb(r) component and
the KBIs at T = 0.45ϵ/kB. (a) Differences between the RDF for the low-concentration b-component
of the mixture seem to be small and mostly coming from the local structure of the fluid. (b) GR

bb

as obtained from Eq. (II.3) shows a different short-range behaviour and, more importantly, the
tails do not converge due to finite-size effects. (c) KBIs obtained using the method described in
Ref. [13] (Eq. (II.4)). The KBIs in the thermodynamic limit G∞

αβ are obtained from the slope of a
linear fitting of the region 0 < λ < 0.3. This straight line is indicated for the bb case. Horizontal,
dark lines correspond to the asymptotic limit −δαβ/ρα with δαβ the Kronecker delta and ρα the
number density of the α-species. The G∞

αβ values obtained in this way are plotted in panel (b) as
horizontal lines.

where U
(LJ)
αβ (r;σαβ, ϵαβ) = 4ϵαβ[(σαβ/r)

12 − (σαβ/r)
6] and r

(c)
αβ is equal to 2.5σαβ for LJ system and

r
(c)
αβ is equal to the position of the minimum of U

(LJ)
αβ for the WCA systems (KAWCA). [64] We

have added a linear correction so that both the potential and the force go to zero continuously at
the cutoff distance. [61] We have used LJ natural units, such that length, temperature and time
are measured in σaa, kBT/ϵaa and τ =

√
(maσ

2
aa/ϵaa), respectively. For all the simulations, we have

used the following interaction parameters σaa = 1.0 σ, σab = 0.8σ, σbb =0.88σ, ϵaa = 1.0 ϵ, ϵab =
1.5ϵ, ϵbb = 0.5ϵ, ma = mb = 1.0m.

We have performed two different sets of simulations: the first for the calculation of structural
properties, and the second for the calculation of chemical potentials, which employed a different
box geometry and number of particles. All simulations have been carried out using the LAMMPS
molecular dynamics software [41]. We have performed the first set of simulations in a cubic
box with periodic boundary conditions in the canonical ensemble (NVT), using the Nosé-Hoover
thermostat [19] with an integration timestep of 0.005τ and a time constant of 100 timesteps.
The system is composed of N = 23328 particles, with Na = 18664 particles of type a. We have
simulated this system at two different densities, ρ = 1.2/σ3 and 1.6/σ3 for different temperatures,
as specified in the main text. Starting from the high temperature case, the final configuration of
the simulation has been used as an initial configuration for the simulation one (temperature) step
below. The same procedure has been followed for the KALJ and KAWCA systems. For all state
points, three to five independent simulations with run lengths > 100τα (τα is the α-relaxation time
estimated from Ref. [2]) have been performed.

To calculate the excess chemical potential, we have used the LAMMPS[41] implementation
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of SPARTIAN already described in Ref. [22]. The SPARTIAN method, a variant of the adaptive
resolution method [44, 45, 46, 47, 41, 40], simulates the coexistence of an atomistic system to its
ideal gas representation at a constant density and temperature. We have computed the excess
chemical potential of the system as the external potential required to balance the density across
the simulation box. To guarantee enough statistics, we have used a slab geometry (An anisotropic
box with Lx = 36σ, Ly = 578σ and Lz = 10σ), also with periodic boundary conditions and at
density ρ = 1.2/σ3, resulting in a system with N = 250000 and Na = 200000. The same protocol as
described above has been used to quench the system before performing the SPARTIAN calculation.
For the SPARTIAN method calculation, we have considered an slab geometry with atomistic region
of length of 10σ and hybrid regions of linear size 10σ aligned along the x direction.
After equilibration, we have performed the SPARTIAN calculations in the canonical ensemble (NVT),
using a Langevin thermostat with dt = 0.001τ and damping parameter of 10τ . In order to get the
correct density profiles and therefore, chemical potential, we have simulated for 3× 106 simulation
steps.

II.3 Results and discussions

II.3.1 Kirkwood Buff analysis

We consider temperatures in the range 0.45ϵ/kB ≤ T ≤ 6ϵ/kB for KALJ system and 0.3ϵ/kB ≤ T ≤
6ϵ/kB for KAWCA system (See Section II.2). Visual inspection of the radial distribution functions
(RDFs) for both systems reveals that they are almost indistinguishable (Figure S1), and only the
RDF gbb(r) for the minor component shows relatively small differences, visible at r < 3σ (Figure
II.1(a)). [40, 2] However, this direct comparison is misleading: a few thermodynamic quantities
are quite sensitive to small fluctuations in the tail of the RDFs.
One such quantities are the Kirkwood–Buff integrals (KBIs), [28] which relate the microscopic
structure of a liquid mixture to its solvation thermodynamics. For a multi-component system of
species α and β, in equilibrium at temperature T , the KBIs in the thermodynamic limit (TL) take
the form

G∞
αβ = 4π

∫ ∞

0

dr r2(gαβ(r)− 1) , (II.2)

where gαβ is the radial distribution for an infinite, open system. Here, it is obvious from Eq. II.2
that small deviations for large r result in important contributions to Gαβ. In computer simulations,
usually far from the thermodynamic limit, Equation (II.2) is often approximated as

GR
αβ = 4π

∫ R

0

dr r2(gcαβ(r)− 1) , (II.3)

where gcαβ(r) is the RDF of the closed, finite, system and R is a truncation radius. It is essential
to choose R larger than the correlation length of the system. Nevertheless, this expression seldom
converges due to different finite-size effects. Here, it is already clear that GR

bb for the KALJ and
KAWCA systems displays different behaviour (See Figure II.1(b)).
By explicitly including finite-size effects due to the thermodynamic ensemble and the finite inte-
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gration domains, we compute the KBIs as [13]

λGαβ(λ) = λG∞
αβ

[
1− λ3

]
− λ4 δαβ

ρα
+

cαβ

V
1
3
0

, (II.4)

with λ ≡ (V/V0)
1
3 , G∞

αβ being the value of the KBIs in the thermodynamic limit, cαβ a constant
with units of length, δαβ the Kronecker delta and ρα the number density of the α-species. We can
compute Gαβ(λ), the KBIs for a subdomain of volume V inside a simulation box of volume V0, in
terms of fluctuations of the number of particles [51, 47, 56, 32, 13, 23, 24]

Gαβ(λ) = V

(
⟨NαNβ⟩′ − ⟨Nα⟩′⟨Nβ⟩′

⟨Nα⟩′⟨Nβ⟩′
− δαβ

⟨Nα⟩′

)
, (II.5)

where Gαβ(λ) ≡ Gαβ(V ;V0) and the average number of α-particles, ⟨Nα⟩′ ≡ ⟨Nα⟩V,V0 , depends on
both the subdomain and simulation box volumes. Figure II.1(c) shows the results obtained from
Eqs (II.4) and (II.5) for the KALJ and KAWCA systems at T = 0.45ϵ/kB. These curves are rather
similar in both cases, with a major difference appearing for the G∞

bb component, which can be ob-
tained as the slope of a linear fit of Gbb(λ) within the region λ < 0.3. The resulting values of G∞

bb

are plotted as dashed lines in Figure II.1(b) to indicate the value at which the KBIs should converge.

II.3.2 Density and concentration structure factors

As anticipated, fluctuations in the tail of the radial distribution function affect the long-range
structure of the fluid. Hence, to investigate these effects, we compute partial structure factors

Sαβ(k) = xαδαβ + 4πxαxβρ

∫ ∞

0

dr r2
sin kr

kr
(gαβ(r)− 1) , (II.6)

where k is the norm of a reciprocal-lattice vector, ρ = ρa + ρb is the total number density and
xα = Nα/N is the mole fraction of the α-species. To avoid numerical instabilities at the low k
limit [42], we compute the structure factor directly from the simulated trajectory [7] using the
following expression as,

Sαβ(k) =
1

N

〈
Nα∑
i∈α

Nβ∑
j∈β

exp(−ik · (ri − rj))

〉
, (II.7)

where α and β denote the species, and the indexes i and j run over particles belonging to α and β,
respectively. The average runs over the values of k such that |k| = k and over the ensemble. We
follow the standard procedure in computer simulations to compute the structure factor. Namely,
for a cubic simulation box of linear size L with periodic boundary conditions, we discretise the
reciprocal space by considering wavevectors k = 2π(nx, ny, nz)/L with nx, ny and nz integer values.
We use a maximum number nmax

x = nmax
y = nmax

z = 76.
Partial structure factors are difficult to interpret for liquid mixtures. Hence, we focus on density,
Sρρ(k), and concentration, Scc(k), structure factors [9] which carry a direct physical meaning. [33]
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Figure II.2: Density, Sρρ (top), and concentration, Scc (bottom), structure factors for both KALJ
(blue) and KAWCA (red) systems for the temperatures considered here.

Sρρ(k) and Scc(k) describe the correlation of density and concentration fluctuations in the liquid
mixture. They are defined as

Sρρ(k) = Saa(k) + Sbb(k) + 2Sab(k) ,

Scc(k) = x2
bSaa(k) + x2

aSbb(k)− 2xaxbSab(k) .
(II.8)

For large k-values, the behaviour of Sρρ and Scc is rather similar for both systems (See Figure
II.2). This includes a first peak at k0 ≈ 7.13/σ, followed by a second peak at approximately
1.7k0 that develops at low temperatures. This second peak is associated with the nucleation of
structural motifs that precede the complete crystallisation of the system. As it has been reported
for various metallic glasses, the splitting of this second peak [30] results from the optimal facet-
sharing configurations of such structural (icosahedral and tetrahedral) motifs that grow upon
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decreasing temperature. [62, 18] In our particular case, we do not observe this feature down to
T = 0.45ϵ/kB, thus confirming that both systems remain liquid-like. Concerning the difference
between the KALJ and the KAWCA systems, the first and second peaks in the Scc show slightly
more structure for the KALJ system at T = 0.45ϵ/kB, as expected from the RDF (See Figure
II.1(a)).
Perhaps more interesting, it is apparent from the inset in Figure II.2 that the KALJ and KAWCA
systems show substantially different behaviour in the region of small k (large r). On the one hand,
the KAWCA liquid behaves like a normal liquid with monotonically decreasing density fluctuations
upon decreasing temperature. On the other hand, the KALJ system exhibits anomalous behaviour,
similar to SAXS curves obtained for ortho-terphenyl [39] and supercooled water, [27] with clear
density fluctuations starting around k ∼ 2/σ (r ∼ 3σ) appearing at temperatures lower than the
onset temperature of glassy dynamics T = 1ϵ/kB (See Figure S2). [3] These results indicate that
the two systems display stark structural differences in the supercooled regime, with clear long-
range density domains (r > 3σ) induced by the presence of attractive interactions in the KALJ
mixture.
The extrapolation to the k → 0 limit by using Eq. (II.6) or (II.7) is not trivial because finite-size
effects in the simulation affect the precision in computing structure factors as we approach the
linear size of the simulation box. In the next subsection, we use the relation between the structure
factor in the limit k → 0 and the KBIs to investigate this limiting case in more detail.

II.3.3 KBIs and the k → 0 limit

Similar to the single component case, the extrapolation to the k → 0 limit provides useful physical
information. [30] Here, we use the relation between the limit k → 0 in the structure factor,
evaluated in Eq. (II.6), and the KBIs in the thermodynamic limit, Eq. (II.2). We obtain

lim
k→0

Sαβ(k) = xαδαβ + ραxβG
∞
αβ , (II.9)

thus

lim
k→0

Sρρ(k) = ρaxaG
∞
aa + ρbxbG

∞
bb + 2ρaxbG

∞
ab + 1

= ρkBTκT + δ2 lim
k→0

Scc(k) .
(II.10)

The last relation in Eq.(II.10) gives two contributions that allows us to connect long-range density
fluctuations to both the isothermal compressibility κT of the system and to concentration fluctu-
ations modulated by the difference in partial molar volumes va − vb, with δ = ρ(va − vb). [30] The
isothermal compressibility and the partial molar volumes can also be written in terms of the KBIs,
namely:

κT =
1 + ρaG

∞
aa + ρbG

∞
bb + ρaρb(G

∞
aaG

∞
bb −G∞ 2

ab )

kBTη
, (II.11)

and

va =
1 + ρb(G

∞
bb −G∞

ab)

η
,

vb =
1 + ρa(G

∞
aa −G∞

ab)

η
,

(II.12)
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Figure II.3: Density-density correlation function Sρρ(k). (Upper panel) limk→0 Sρρ(k) obtained
from the KBIs (Eq. (II.10)). At high temperature, both systems present a similar monoton-
ically decreasing behaviour upon decreasing temperature. At the onset temperature of glassy
dynamics (T = 1ϵ/kB), [3] the data for the KALJ system shows an inflexion point which signals
density-density correlations visible for distances longer than r = 2.5σ. Individual components of
limk→0 Sρρ(k): (Middle panel) κTρKBT and (Lower Panel) δ2 limk→0 Scc(k) with δ = ρ(va−vb) the
product of the total density with the difference in partial molar volumes. It is apparent that the
contrast in Sρρ originates from major concentration fluctuations present in the KALJ system, as
indicated by Scc(k).

where η = ρa + ρb + ρaρb(G
∞
aa +G∞

bb − 2G∞
ab).

We use the definition in Eqs (II.7) and (II.8) to compute Sρρ(k), and compare with the
limk→0 Sρρ(k) obtained from the KBIs (Eq. (II.10)). The results, presented in Figure II.3 (Top
panel), confirm the information given by the partial structure factors (See Figure S2 for a com-
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parison between the values obtained from the structure factor and the KBIs). Namely, in contrast
to the KAWCA system, the KALJ system exhibits increasingly large density fluctuations upon
decreasing temperature. To investigate the origin of the anomaly, we investigate the contributions
to Sρρ separately as given by the r.h.s. of Eq. (II.10). The middle and lower panels of Figure II.3
splits Sρρ into isothermal compressibility and concentration fluctuation terms, respectively. There,
it is apparent that the anomalous behaviour exhibited by the KALJ system at low k values is due
to the formation of long-range concentration domains (red and blue triangles). By contrast, the
isothermal compressibility contribution remains nearly the same for both systems (red and blue
circles).
The anomaly observed in the limit k → 0 in Figure II.2 has also been reported in Ref. [26]. The
authors suggest a plausible explanation involving the gas-liquid phase separation of the KALJ
system. However, we note that the gas-liquid coexistence region for the KALJ system is still far
from the point ρ = 1.2/σ3, T = 0.45ϵ/kB [52, 58] (See also the discussion in Sec. IV in Ref. [26]).
Moreover, we observe the non-monotonic behaviour starting just below the onset temperature of
glassy dynamics T = 1ϵ/kB, which is even farther away from the coexistence region. Moreover,
the virial part of the pressure remains positive even at the lowest temperature considered for the
KALJ model (See Fig. 1 in Ref. [8] and Figure S3). For the KAWCA model, as expected, the
system’s pressure is systematically higher than the KALJ pressure due to the absence of attractive
interactions. In general, the positive pressure of our simulated state points already suggests that
the anomalous behaviour is not due to gas-liquid coexistence.
Plots of the excess coordination number (Nαβ = ρβG

∞
αβ), which gives the change in the number of

Figure II.4: Excess coordination number (Nαβ = ρβG
∞
αβ) as a function of temperature for both

KALJ and KAWCA systems. Nab close to zero corresponds to a preferential a− b effective inter-
action. Below the onset temperature of glassy dynamics upon cooling, Nbb gets close to zero for
the KALJ system, indicating a growing preferential b− b effective interaction, ultimately leading
to phase segregation.

α particles when one β particle is removed from the system, as a function of temperature provide a
clear insight (See Figure II.4). As expected from the model, the effective interaction between a and
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b particles is favoured in both systems at all temperatures: excess coordination numbers are close
to zero. Below the onset temperature of glassy dynamics, the excess coordination number shows
a collective tendency for the KALJ mixtures to increase b− b effective interactions upon cooling.
This tendency is not apparent for the a particles because they are the majority component in the
mixture. More importantly, this demixing propensity is not observed in the KAWCA case. We
underline here that these concentration domains for the KALJ system resemble the behaviour dis-
covered by Fischer [13] for supercooled ortho-terphenyl. Namely, anomalies in the structure factor
at low k-values, which are not commensurate with the isothermal compressibility, are connected to
the nucleation of nanometric structures. [57] Furthermore, our results agree with recent theoreti-
cal efforts demonstrating that the low k portion of the structure factor for polydisperse colloidal
systems can be separated into a compressibility contribution and a term related to composition
fluctuations. [29]
We now focus on the isothermal compressibility (Eq. II.11). In Figure II.5, we present a log-log

Figure II.5: Bulk isothermal compressibility κT , calculated from Eq. (II.11), as a function of
temperature for KALJ and KAWCA systems (Log-log representation). We observe that a power
law relationship holds as κT = κ0

TT
−γ with γ = 0.46±0.01 and 0.45±0.01 for KALJ and KAWCA,

respectively. The dashed lines are the corresponding power law fitting.

plot of κT vs T , where it is apparent that the KALJ system is systematically more compressible
than the KAWCA system at all temperatures considered here. Hence, it is again clear that small
differences in the tail of the RDFs result in sizeable differences in their thermodynamic proper-
ties. Furthermore, a power-law behaviour κT = κ0

TT
−γ is apparent with γ = 0.46 ± 0.01 for the

KALJ system and γ = 0.45±0.01 for the KAWCA system. Below the onset temperature of glassy
dynamics, both systems deviate from this power law and become comparatively less compressible
in the deeply supercooled region. One would expect that, for a system undergoing a gas-liquid
separation, compressibility substantially increases upon approaching the gas-liquid region. By
contrast, the behaviour observed in Figure II.5 suggests that this is not the case. Finally, the
existence of this power law, including the low-temperature deviations [27], is somewhat similar
(γ = 0.40± 0.01) [56] to the one observed experimentally in supercooled water.
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II.3.4 Chemical potential

Figure II.6: Difference of excess chemical potentials between species a and b for both, KALJ and
KAWCA systems. The KAWCA system results were shifted by a constant in order to mach the
lowest temperature T = 0.5ϵ/kB, indicating that the potential energy can be approximated to
ULJ ≈ UWCA + UAttractive. A change in the behaviour with T , indicated by the dashed-grey lines,
is apparent at the onset temperature of glassy dynamics. The inner plot shows the difference of
chemical potential for KALJ and KAWCA (without shifting). Results for the KALJ system in the
temperature range 0.5 – 1.0ϵ/kB well compare with results available in the literature. [63]

Finally, we compute the excess chemical potential for both systems (Figure II.6) using the
SPARTIAN method. [22] Recent calculations of the chemical potential for the KALJ system in the
range of temperature 0.5ϵ/kB < T < 1.0ϵ/kB are in excellent agreement with our results. [63] At
the onset temperature of glassy dynamics, there is a transition between two regimes, reflecting the
tendency for the system to minimise its free energy. The fact that the curves for the KALJ and the
KAWCA systems are identical up to a constant factor is a consequence of writing the LJ potential
energy as ULJ ≈ UWCA + UAttractive. This expression lies at the foundation of perturbation theory
that assumes that UAttractive is very small compared to UWCA. However, the sizeable difference in
chemical potential (≈ 5ϵ) indicates that this approximation does not hold in this case.
Similarly to other thermodynamic properties like excess [2] and configurational entropy [7], isother-
mal compressibility and chemical potential results confirm that perturbation theory is not valid for
the KALJ and KAWCA systems at ρ = 1.2/σ3 since attractive interactions induce non-perturbative
structural effects. In the following section, we investigate these systems at higher density, namely
ρ = 1.6/σ3, where we expect that repulsive interactions play an increasingly dominant role. [6, 7]

II.3.5 KALJ and KAWCA mixtures at ρ = 1.6/σ3

We perform a similar thermodynamic analysis for KALJ and KAWCA systems at ρ = 1.6/σ3. Our
results show that density and concentration structure factors (Figure II.7) are nearly identical for
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Figure II.7: Density and concentration structure factors, Sρρ and Scc, for the KALJ and KAWCA
systems at a higher density (ρ = 1.6), in the range of temperature considered here.

both systems in the range of temperature considered. Structure factors in the limit k → 0, in
particular, show no evidence for the nucleation of long-range structures. Dynamical properties for
these mixtures available in the literature [8, 2, 5] reveal that both systems exhibit similar structural
and dynamical properties at this density. Therefore, we conclude that long-range concentration
fluctuations might be closely connected to the significant mismatch between dynamical properties
of the two systems at ρ = 1.2/σ3.
Concerning the isothermal compressibility (Figure II.8), the two systems are essentially indis-
tinguishable in the whole temperature range. As a reference, the onset temperature of glassy
dynamics for KALJ and KAWCA systems at this density is close to 2.80ϵ/kB. [3] The two systems
hence behave similarly well below the onset temperature of glassy dynamics. This result highlights
the dominant role played by attractive interactions in determining thermodynamic properties of
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Figure II.8: Bulk isothermal compressibility κT for the KALJ and KAWCA systems at a higher
density (ρ = 1.6/σ3)

high-density liquids.

II.3.6 Crystallisation of the KAWCA system

In the last section, we investigate the crystallisation of the KAWCA system at ρ = 1.2/σ3. We
further decrease the temperature down to T = 0.35ϵ/kB. Figure II.9 shows snapshots of the sys-
tem at T = 0.45ϵ/kB (Top) and T = 0.35ϵ/kB (Bottom). It is apparent from the figure that the
system at T = 0.45ϵ/kB appears like a miscible liquid. Conversely, the system at T = 0.35ϵ/kB
shows crystalline domains with a clear tendency for phase-segregation. Density and concentration
structure factors (Figure II.10) enable us to validate this crystallisation-demixing scenario. In
particular, we observe the splitting of the second peak of Sρρ(k) at 1.7k0 with k0 ≈ 7.13/σ that
indicates the presence of facet-sharing domains between neighbouring crystalline regions. Perhaps
more interesting, the structure factors at k < 2/σ show a marked formation of long-range domains
qualitatively similar to the ones present for the KALJ case below onset temperature.
These results indicate that the crystallisation of the KAWCA system is a process driven by phase
segregation. We note that similar behaviour to that observed for the low-temperature density and
concentration structure factors for KAWCA has also been observed in polydisperse glass-forming
systems. [38] Furthermore, recent GPU simulations report the crystallisation of the KALJ sys-
tem [26] due to composition fluctuations similar to the ones investigated in this work. Indeed, our
results also support previous claims pointing out demixing as a precursor for crystalisation in the
modified KA model [37] and in liquid metals. [17]
We conclude here that the presence of long-range concentration fluctuations is a qualitatively
common feature for both KALJ and KAWCA systems. Perhaps more important, it is not directly
related to gas-liquid coexistence present in the KALJ system. Indeed, in the crystalline state
(T = 0.35ϵ/kB), the KAWCA system exhibits a significant growth of concentration fluctuations,
apparent in the lower panel in Figure II.10. The attractive interactions present in the KALJ sys-
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Figure II.9: Snapshot of the KAWCA system at T = 0.45ϵ/kB (Top) and T = 0.35ϵ/kB (Bottom).

tem favour the nucleation of concentration fluctuations starting at relatively high temperatures
(T = 1.00ϵ/kB). Although the KAWCA system crystallises in our simulation timescale as its dy-
namics are considerably faster than for the KALJ system, our results suggest that both systems
crystallise upon demixing by following a similar pathway.

II.4 Conclusions

We compute various thermodynamic properties of model supercooled liquids, with (KALJ) and
without (KAWCA) attractive interactions at density ρ = 1.2/σ3. We aim at studying whether
fluctuations in the tail of the two-body correlation function induce significant thermodynamic dif-
ferences between the two systems. Density and concentration structure factors in the limit k → 0
indicate that the KALJ system exhibits anomalous structural behaviour that we identify as the
nucleation of long-range concentration domains. Conversely, the KAWCA system behaves like
a normal liquid, with density and concentration structure factors decreasing monotonically. A
finite-size Kirkwood-Buff analysis used to extrapolate to the k → 0 limit confirms this picture.
Differences in isothermal compressibilities and chemical potentials highlight the non-perturbative
role of attractive interactions. Results of the crystallisation of the KAWCA system suggest that
the anomaly, enhanced by the presence of attractive interactions, is a common feature of both
models. All our results indicate that these long-range concentration fluctuations are not con-
nected to gas-liquid coexistence, implying that demixing precedes crystallisation in both systems.
Finally, upon increasing density (ρ = 1.6/σ3), where KALJ and KAWCA systems show similar
dynamical properties, the KALJ anomaly disappears, and both systems exhibit nearly identical
thermodynamic properties. Hence, we speculate that there might be a connection between large-
scale concentration fluctuations and the significant dynamical slow down of the KALJ system in
the deeply supercooled regime.
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Figure II.10: Density and concentration structure factors, Sρρ and Scc, for the KAWCA system in
the temperature range 0.3ϵ/kB < T < 0.45ϵ/kB.
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Abstract

Kirkwood-Buff integrals (KBI) connect the microscopic structure and thermodynamic
properties of liquid solutions. KBI are defined in the grand canonical ensemble and evalu-
ated assuming the thermodynamic limit (TL). In order to reconcile analytical and numerical
approaches, finite-size KBI have been proposed in the literature, resulting in two strategies
to obtain their TL values from computer simulations. (i) The spatial block-analysis method
in which the simulation box is divided into subdomains of volume V to compute fluctuations
of the number of particles. (ii) A direct integration method where a corrected radial distri-
bution function and a kernel that accounts for the geometry of the integration subvolumes
are combined to obtain KBI as a function of V . In this work, we propose a method that con-
nects both strategies into a single framework. We start from the definition of finite-size KBI,
including the integration subdomain and an asymptotic correction to the radial distribution
function, and solve them in Fourier space where periodic boundary conditions are trivially
introduced. The limit q → 0, equivalent to the value of the KBI in the TL, is obtained via
the spatial block-analysis method. When compared to the latter, our approach gives nearly
identical results for all values of V . Moreover, all finite-size effect contributions (ensemble,
finite-integration domains and periodic boundary conditions) are easily identifiable in the
calculation. This feature allows us to analyse finite-size effects independently and extrapo-
late the results of a single simulation to different box sizes. To validate our approach, we
investigate prototypical systems, including SPC/E water and aqueous urea mixtures.

III.1 Introduction

Kirkwood-Buff integrals (KBI) connect the microscopic structure of a liquid solution, via integrals
of the radial distribution functions (RDF), and its thermodynamic properties, as obtained from
fluctuations of the number of particles in subvolumes of the total system [26]. This connection
between local structure and thermodynamics is particularly useful in computational soft-matter
studies where KBI are widely used to evaluate isothermal compressibilities, partial molar volumes
and derivatives of chemical potentials [7, 26, 25, 8]. In particular, applications of KBI include the
investigation of the thermodynamics of complex molecular mixtures [39, 38, 16, 40, 44, 35, 11],
solvation of macromolecules [25, 45, 57, 37, 42, 41, 59, 43], multicomponent diffusion in liquids
[27, 33], protein self-assembly and aggregration [4, 20], Hofmeister ion chemistry [9], identification
of nanostructures in water solutions of ionic liquids [31] and the parameterisation of atomistic [19,
15, 54, 34] and coarse-grained [17, 14] force fields. Recently, KBI have been applied to compute
isothermal compressibilities of prototypical crystals [29, 36], showing unprecedented flexibility and
range of applicability.

KBI are strictly defined in the grand canonical ensemble. Moreover, in practice, it is usual to
take the thermodynamic limit (TL) to reduce their calculation to spherically symmetric real-space
integrals of the radial distribution functions. In computer simulations, the TL is approximated by
introducing periodic boundary conditions (PBC) for a system with a fixed number of particles N0.
Accordingly, finite subvolumes V with an average number of particles ⟨N⟩ are used to compute
fluctuations of the number of particles and radial distribution functions [28, 58]. Periodicity, differ-
ent thermodynamic ensembles and finite integration domains introduce artefacts in the resulting
KBI.
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Finite-size KBI have been proposed in the literature to bridge the existing gap between analyt-
ical expressions and numerical studies. The critical assumption is that fluctuations of the number
of particles in subvolumes V inside the simulation box are equal to integrals of the corresponding
closed-system radial distribution functions [53, 51, 47]. This equality provides two routes to obtain
KBI in the TL. The first one, i.e. the spatial block analysis method (SBA), is based on calculating
fluctuations of the number of particles in subdomains of volume V . By using arguments from
thermodynamics of small systems [28], linear scaling relations are defined to extrapolate KBI in
the TL [56, 55]. The second possibility is to correct the radial distribution functions for the differ-
ences in the thermodynamic ensemble, then integrate them using a kernel that takes into account
finite-size domains [36, 18]. Naturally, the limit V → ∞ gives the KBI in the TL.

Indeed, the two approaches are connected. In the limit V > Vζ , with Vζ the volume defined
by the correlation length of the system ζ, the integration of the radial distribution functions give
an expression equivalent to the result obtained from linear scaling of fluctuations of the number
of particles, including ensemble and finite integration domain effects [18]. Nevertheless, the local
solvation structure information, provided by the short-range part of the RDF, is lost in this case.
Moreover, the effect of periodic boundary conditions is not included in the final result.

In this work, we propose a method that connects the spatial block analysis method to the direct
integration of exact, finite-size KBI. We evaluate the large r limit by introducing an asymptotic
correction to the RDF. By defining the geometry of the subdomain, we write and solve KBI in
Fourier space where the periodicity of the cell can also be incorporated, following the procedure
proposed in Ref.
citech3Roman1999. We compute the q → 0 limit by using the spatial block analysis method.
We thus obtain KBI as a function of the volume of the subdomain and find excellent agreement
with fluctuations of the number of particles for SPC/E water and aqueous urea mixtures for all
values of V . The method is accurate, and its implementation is straightforward. It simply requires
performing a spatial block analysis and calculating one-dimensional integrals of partial structure
factors.

The paper is organised as follows: In Section III.2 we introduce the method, and in Section III.3
the computational details. We present the main results in Section III.4 and conclude in Section
III.5.

III.2 Kirkwood-Buff integrals for finite-size systems

For a multicomponent fluid of species i, j, contained in a volume V = L3, in thermal and chemical
equilibrium with an infinite reservoir of particles, the Kirkwood-Buff integral (KBI) is defined
as [26]

Gij = V

(
⟨NiNj⟩ − ⟨Ni⟩ ⟨Nj⟩

⟨Ni⟩ ⟨Nj⟩
− δij

⟨Ni⟩

)
=

1

V

∫
V

∫
V

dr1dr2 [gij (r)− 1] , (III.1)

where Ni is the number of particles of the i-species and the bracket ⟨· · · ⟩ denotes a thermal average,
δij is the Kronecker delta and gij is the pair correlation function defined in the grand canonical
ensemble with r = r2 − r1.
In computer simulations, we usually investigate systems with fixed number of particles N0 with
volume V0 = L3

0. Building on similar results for the Ornstein-Zernike equation [49], we define the
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L0

L

Figure III.1: Schematic representation of the spatial block analysis method. The N0 blue particles
represent the system with linear size L0, and the red particles represent the periodic images. The
purple box is a subvolume of linear size L < L0 defined to compute fluctuations of the number of
particles.

finite-size KBI as

Gij(V ;V0) = V

(
⟨NiNj⟩′ − ⟨Ni⟩′⟨Nj⟩′

⟨Ni⟩′⟨Nj⟩′
− δij

⟨Ni⟩′

)
=

1

V

∫ ∫
dr1dr2R(r1)R(r2) [gij(r;V0)− 1] ,

(III.2)

where the average ⟨· · · ⟩′ ≡ ⟨· · · ⟩V,V0 now explicitly depends on the subdomain and total volumes,
V and V0, respectively (See Fig. III.1). Here we focus on the integral term, that contains the
radial distribution function of the closed system, gij(r;V0), and a step function R(r) that defines
the integration subdomain: it is one inside and zero outside the volume V . By defining Eq. (III.2),
we connect explicitly density fluctuations and the integral of the pair correlation function for any
subdomain V .
In the following, we focus on integrating the r.h.s. of Eq. (III.2). That is

Gij(V ;V0) =
1

V

∫ ∫
dr1dr2R(r1)R(r2)hij(r;V0) , (III.3)

with hij(r;V0) = gij(r;V0)− 1.
To include the correction due to ensemble effects, we use the approximation proposed in Ref. [18]

gij(r;V0) = gij(r)−
1

V0

(
δij
ρi

+G∞
ij

)
, (III.4)

based on the asymptotic limit gij(r → ∞;V0) = 1− (δij/ρi +G∞
ij )/V0 discussed in Ref.

citech3ben-naim. This implies that

hij(r;V0) = hij(r)−
1

V0

(
δij
ρi

+G∞
ij

)
, (III.5)
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thus, the finite-size KBI becomes

Gij(V ;V0) = Gij(V )− V

V0

(
δij
ρi

+G∞
ij

)
, (III.6)

where the second term on the r.h.s. contains the correction due to ensemble effects [41, 18, 26, 25]
and

Gij(V ) =
1

V

∫ ∫
dr1dr2R(r1)R(r2)hij(r) . (III.7)

This expression can be easily written in Fourier space

Gij(V ) =
1

(2π)3V

∫
dk R̃(k) R̃(−k) h̃ij (k) , (III.8)

where h̃ij is the Fourier transform of hij. An additional advantage of integrating in reciprocal
space is that periodic boundary conditions can be considered explicitly [49, 57]. It is enough to
rewrite h̃ij(k) such that periodic copies of the system are included via a phase factor. That is, we
include the complete contribution of the periodic boundary conditions into Eq. (III.8) as

Gij(V ) =
1

(2π)3V

∫
dk R̃(k) R̃(−k) h̃PBC

ij (k) , (III.9)

where [49]

h̃PBC
ij (k) =

∑
nx,ny ,nz

e−k·snx,ny,nz h̃ij(k) , (III.10)

with snx,ny ,nz = (nx L0, ny L0, nz L0) a vector specifying the system’s periodic images such that
nx,y,z takes integer values. In the following, we find that the choice nx = ny = nz = 1 is sufficient
to compute Eq. (VI.3) accurately.

We assume a homogeneous fluid such that h̃ij(k) = h̃ij(k) with k =
√
k · k. Hence, in practice,

we use the relation between h̃ij(k) and the partial structure factors Sij [1, 21], namely

Sij(k) = δij + h̃ij(k) . (III.11)

The partial structure factors are computed as

Sij(k) =

〈
1√
NiNj

Ni∑
i′=1

Nj∑
j′=1

exp (−ik · (ri′ − rj′))

〉
. (III.12)

Consequently, the problem reduces to evaluate a single integral of the partial structure factors
given by Eq. (VI.3).

In principle, Eq. (III.6) now includes all the finite size effects present in the simulation (finite
boundary, periodicity of the box and ensemble). Before entering into applications, there are still
two issues demanding our immediate attention. The first is that the asymptotic correction in
Eq. (III.6) requires the value of G∞

ij . The second concerns the evaluation of limk→0 Sij(k), that
reduces, again, to evaluate G∞

ij . Indeed, we have
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lim
k→0

Sij(k) = δij + ρi G
∞
ij . (III.13)

To obtain G∞
ij we recall that, in the limit Vζ < V < V0 (grand canonical ensemble), Eq. (III.7)

can be approximated to Gij(V ) ≈ G∞
ij + αij/V

1/3 [53, 51, 56, 36] where αij is a constant. By
including this approximation into Eq. (III.6), we recover the spatial block analysis (SBA) result
consistent with the result reported in Ref. [18]

GSBA
ij (V ;V0) = G∞

ij

(
1− V

V0

)
− V

V0

δij
ρi

+
αij

V 1/3
. (III.14)

By evaluating density fluctuations for volumes V ≤ V0, as defined by the left hand side of
Eq. (III.2), it is thus possible to extrapolate G∞

ij [56, 18].
To summarise, the present method to evaluate KBI for finite systems requires information

readily accessible from the simulation trajectory: density fluctuations for subvolumes V ≤ V0 and
partial structure factors. Additional corrections to the RDF or finite-domain integration kernels
are not required. Moreover, periodic boundary effects are trivially included in the calculation.

III.3 Computational details

To validate our approach, we first focus on liquid SPC/E water [5, 13, 62]. Molecular dynamics
simulations have been carried out with GROMACS 4.5.1 [46] for systems containing 1000 and 8000
water molecules. We started with systems of initial density ≈ 26 waters/nm3 (≈ 776 kg/m3) that
were optimised using steepest descent minimisation (50000 steps are sufficient). An equilibration
run of 3.5 ns was carried out in the NPT ensemble at 1 bar. Next, we alternated 3.5 ns (time step
= 1 fs) constant pressure (NPT) at P=1 bar and constant volume (NVT) simulations at T=300 K.
For NPT simulations we used the Berendsen barostat [6], and for NVT simulations temperature
was enforced by a velocity rescaling thermostat [10]. We continued with this protocol until we
verified that in the NPT ensemble the density is 33.5 waters/nm3 (1000 kg/m3) and that in the
NVT simulation pressure fluctuates around the 1 bar value. The last NVT trajectory obtained
after this sequence of NPT–NVT equilibration runs was used for the spatial block analysis and for
the calculation of the structure factor.

To test the method with a multicomponent case, we have re-used our simulation trajectories of
aqueous urea solution [14, 25] using the Kirkwood-Buff derived force field [61] and SPC/E water
[5, 13, 62] in GROMACS 4.5.1 [46] with a relatively small size of the simulation box (L ∼ 8 nm).
We have considered four more molar concentrations for a total of seven molar concentrations:
2.00, 3.06, 3.90, 5.07, 6.03, 7.10 and 8.03 M. Hence, we have alternated 3.5 ns (time step = 1
fs) constant pressure (NPT) at P=1 bar and constant volume (NVT) simulations at T=300 K.
For NPT simulations we used a Berendsen barostat [6] to control the pressure, and for NVT
simulations a velocity rescaling thermostat [10] to enforce the target temperature. We continued
with this protocol (38 NPT–NVT cycles) until we verified that in the NVT simulation pressure
fluctuates around 1 bar. Also in this case, the last NVT trajectory obtained after this NPT–NVT
equilibration sequence was used for the spatial block analysis and for the calculation of the partial
structure factors.
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III.4 Results

III.4.1 Single component liquid: SPC/E water

For the single-component liquid, we focus on the Ornstein-Zernicke integral equation for finite size
systems [7, 53, 45, 40]. For a closed system with fixed number of particles N0 and volume V0,
including PBC. Similar to Eq. III.2, we define [49, 41]

χT (V ;V0) =
⟨N2⟩′ − ⟨N⟩′2

⟨N⟩′

= 1 +
ρ

V

∫
V

∫
V

dr1dr2R(r1)R(r2)[g(r;V0)− 1] ,

(III.15)

and in this case we use the asymptotic correction to the RDF proposed in Refs [30, 45]

g(r;V0) = g(r)− χ∞
T

N0

, (III.16)

by neglecting O(1/N2
0 ) contributions. χ∞

T = ρkBTκT , κT being the isothermal compressibility of
the bulk system. To solve the integral on the r.h.s. of Eq. VI.1, we use the same procedure as
described in Section III.2. In cases where Vζ < V < V0, we obtain the equivalent spatial block
analysis expression [26, 25]

χSBA
T (V ;V0) = χ∞

T

(
1− V

V0

)
+

ρα

V 1/3
, (III.17)

with α a constant.
First, we compute density fluctuations as defined on the l.h.s. of Eq. VI.1 for both N0 = 1000

and 8000 systems. By defining λ = (V/V0)
1/3, we plot λχT as a function of λ (Fig. III.2). We

extrapolate χ∞
T from the curve’s slope in the region λ < 0.3 for the system with N0 = 8000 water

molecules. The choice of this linear region is motivated by the fact that λχT as obtained from
Eq. VI.1 has the maximum at λmax = 0.63. Thus, we estimated λ = 0.3 as the value where the
curve starts deviating significantly from a straight line. We can also use λ = 0.3 to choose an
appropriate size of the system for the spatial block analysis. By assuming that the correlation
length of water is ζ = 1.5 nm, we define V

1/3
ζ = 1.5 × (4π/3)1/3 nm. The simulation box with

N = 8000 water molecules has V
1/3
0 = 6.2 nm, thus λ = (Vζ/V0)

1/3 = 0.39. This value is larger
than λ = 0.3, still, it is sufficient to obtain a value of χ∞

T = 0.062, in good agreement with the
results reported in Ref. [25]. In practice, to select the size of the system one can start by estimating
the correlation length from the radial distribution function and evaluating the linear size of the
box such that λ ≈ 0.3. This criteria can also be applied to binary mixtures.

We use the results of this linear fit to plot the SBA results, Eq. (III.17). Also for this system,
we compute the structure factor, and correct for the limk→0 by using the relation

lim
k→0

S(k) = χ∞
T . (III.18)

We thus compute an integral equivalent to Eq. (III.8) to obtain χT (V ;V0). The results for both
systems are also presented in Fig. III.2. It is apparent that the agreement between density fluctua-
tions and the integral method presented here is excellent. In contrast to the spatial block analysis

103



Figure III.2: Plots of the normalised finite-size isothermal compressibility λχT as a function of
λ = (V/V0)

1/3 for systems with N0 = 1000 (black) and 8000 (red) water molecules. Dashed lines
correspond to density fluctuations and solid lines represent the method presented here. Solid grey
lines correspond to the fitting of Eq. (III.17)

result (Eq. (III.17)), oscillations of λχT at low values of λ, related to the local liquid structure,
and at large values of λ, due to the periodicity of the simulation box, are consistently reproduced
with our method. This is particularly interesting for the system with N0 = 1000 water molecules,
where oscillations are more pronounced. In this case, our integral method uses information from
the system with N0 = 8000 water molecules. The small box behaviour is reproduced artificially
via the periodic images in Eq. (VI.2).

We now focus on the different finite-size effects present in the system with N0 = 1000 water
molecules. In Fig. III.3 we present four possibilities of evaluating the r.h.s. of Eq. (VI.1). (i) For
the closed system, i.e. including the correction χ∞

T V/V0, with PBC, we observe that χT (λ = 1) = 0,

as expected. (ii) The closed system without PBC gives a limit χT (λ = 1) = ρα/V
1/3
0 consistent

with Eq. (III.17). (iii) An open system can be obtained by neglecting the correction χ∞
T V/V0.

Moreover, by including PBC, we obtain χT (λ = 1) = χ∞
T = 0.062, precisely the thermodynamic

limit value. (iv) For an open system without PBC χT (λ = 1) = χ∞
T + ρα/V

1/3
0 , again, consistent

with Eq. (III.17). These results thus highlight the role of PBC in enforcing the correct behaviour
at the boundary of open and closed molecular systems.

III.4.2 Binary mixture: aqueous urea solution

We perform a similar analysis for the aqueous urea mixture case. First, we compute fluctuations
of the number of particles as defined on the l.h.s. of Eq. (III.2). As for the single component
case, we define λ = (V/V0)

3 and plot λGij as a function of λ. We carried out this study for
all concentrations. However, we only present the results for the case 8M in Fig. III.4 (dashed
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Figure III.3: Calculation of λχT with our method, Eq. VI.3, for the system with N0 = 1000
molecules. We present four cases: (solid) closed system with PBC, (dashed) closed system with-
out PBC, (dash-dotted) open system with PBC, (dotted) open system without PBC. The black
horizontal line corresponds to χ∞

T = 0.062.

lines). Using the information from the linear region λ < 0.3, we extrapolate G∞
ij and obtain

αij. In this case, we get G∞
uu = −0.0867 ,G∞

uw = −0.0639 and G∞
ww = −0.0083 nm3 with uu,

uw and ww corresponding to urea-urea, urea-water and water-water components, respectively.
These values well reproduce derivatives of activity coefficients reported experimentally [18, 25] as
well as excess chemical potentials trends with concentration obtained with different computational
methods [28, 2]. We insert these values in Eq. (III.14), i.e. SBA, and plot this result as well
(solid grey lines). Finally, we use the finite KBI introduced here (Eq. (III.6)) and use the Fourier
integral, Eq. (VI.3) to compute Gij(V ). We present both results with (solid lines) and without
(dash-dotted lines) the correction to the ensemble finite-size effects, G∞

ij λ
3.

In this case as well, the results of our method accurately reproduce density fluctuations in the
whole range 0 < λ < 1, including both, local structure (λ ≪ 1) and periodic boundary (λ ≈ 1)
features. As anticipated, it is also apparent that the SBA result does not reproduce these limiting
cases. Nevertheless, in the limit λ = 1 the results from fluctuations, SBA and our integration
(Closed, PBC) converge to −δij/ρi, the expected result of the KBI for a closed system [7]. As
previously stated, we can separate finite-size contributions by focusing on the corresponding terms
in Eqs (III.6) and (VI.3). In particular, for an open system (Open, PBC), i.e. limV0→∞, we verify
that the KBI converge to G∞

ij when λ = 1.
We examine this in more detail in Fig. III.5 where the normalised KBI for urea-urea, λGuu,

is presented. In addition to the limiting cases discussed above, we also consider an open system
without periodic boundary conditions (dotted line). It is apparent in the region λ ≈ 1 (inner
panel) that Guu for an open system with PBC converges to the value in the thermodynamic limit
G∞

uu, whereas for the open system without PBC, Guu is slightly larger than G∞
uu value by a factor
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Figure III.4: KBI components Guu (blue, top panel), Gww (red, middle panel) and Guw (green,
bottom panel) for an 8M aqueous urea mixture as a function of λ = (V/V0)

3. We present density
fluctuations as obtained from the left hand side of Eq. (III.2) (dashed lines), the spatial block
analysis approximation in Eq. (III.14) (grey lines) and from the finite KBI expression, Eq. (III.6)
with Gij(V ) given by the Fourier integral Eq. (VI.3) with (solid) and without (dash-dotted lines)
the correction to ensemble effects given by G∞

ij λ
3. The solid black lines correspond to the KBI in

the TL, G∞
ij . The dashed grey lines indicate the asymptotic limit for the closed system, −δij/ρi.

αuu/V
1/3
0 , as expected from the SBA expression, Eq. (III.14). As in the single component case,

this result emphasises that PBC enforce the correct behaviour at the boundary of closed and open
liquid mixtures. Finally, we also present the normalised running integral λGR

ij (dashed red line)
using

GR
ij = 4π

∫ R

0

dr r2(g(r;V0)− 1) , (III.19)

(with R > ζ), an expression frequently used in the literature. The major differences with
the results presented in this work resulting from various finite-size effects highlight the apparent
limitations of using such an expression to calculate KBI.

III.5 Concluding remarks

Finite Kirkwood-Buff integrals (KBI) enable us to sample the thermodynamic limit of liquid mix-
tures via relatively small computer simulations. The definition of finite KBI balance fluctuations of
the number of particles in subdomains within the simulation box and integrals of the corresponding
RDF. In this work, we underline this equality by reproducing density fluctuations as a function of
the linear size of the subdomain via a simple integration strategy. In particular, we introduce a
method to evaluate KBI via integrals of the partial structure factors in reciprocal space. A signif-
icant advantage of our approach corresponds to the direct inclusion of finite integration domains
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Figure III.5: Normalised KBI, λGuu, as a function of λ obtained using various methods and
conditions. Fluctuations - Fluctuations of the number of particles as obtained from the l.h.s. of
Eq. (III.2) (dashed lines). Closed, PBC; Open, PBC - finite KBI expression, Eq. (III.6) with
Guu(V ) given by the Fourier integral Eq. (VI.3) with (solid) and without (dash-dotted lines) the
correction to ensemble effects given by G∞

uuλ
3, both with PBC. Open, no PBC - finite KBI without

the correction for the thermodynamic ensemble, and without PBC. The solid black line correspond
to the KBI in the TL,G∞

uu. The dashed grey line indicate the asymptotic limit for the closed system,
−1/ρu. The red dashed line corresponds to the running integral Eq. (III.19). (Inset) Detail of the
convergence to the TL.

and PBC contributions. Consequently, we can now identify and remove finite-size effects such
that grand canonical and thermodynamic limit results become readily available from finite-size
computer simulations. Moreover, we show that this scheme enables us to extrapolate our results
to different sizes of the simulation box simply by modifying the periodicity factor in the integra-
tion procedure. The simplicity of the method is apparent since it only requires fluctuations of the
number of particles calculated for different subdomains sizes and the partial structure factors. We
foresee immediate applications in situations where PBC play a pivotal role, namely, the recently
introduced KBI for crystalline materials [29, 36].
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[35] Bernarda Lovrinčević, Adrien Bella, Isham Le Tenoux-Rachidi, Martina Požar, Franjo Sokolić,
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Abstract

Explicit and implicit size effects in computer simulations result from considering systems
with a fixed number of particles and periodic boundary conditions, respectively. We inves-
tigate these effects in the relation D∗(L) = A(L) exp(αs2(L)) between reduced self-diffusion
coefficient D∗(L) and two-body excess entropy s2(L) for prototypical simple-liquid systems
of linear size L. To this aim, we introduce and validate a finite-size two-body excess en-
tropy integral equation. Our analytical arguments and simulation results show that s2(L)
exhibits a linear scaling with 1/L. Since D*(L) displays a similar behavior, we show that the
parameters A(L) and α(L) are also linearly proportional to 1/L. By extrapolating to the
thermodynamic limit, we report the coefficients A∞ = 0.048± 0.001 and α∞ = 1.000± 0.013
that agree well with the universal values available in the literature [M. Dzugutov, Nature
381, 137–139 (1996)]. Finally, we find a power law relation between the scaling coefficients
for D∗(L) and s2(L), suggesting a constant viscosity-to-entropy ratio.

IV.1 Introduction

Excess entropy (sexc), the difference between the entropy of a system and its ideal gas counterpart
at the same temperature and density, is connected to the dynamical properties of simple liquids
(See Ref. [19] for a recent review). This observation was first reported by Rosenfeld [51, 52], who
showed that, for simple model liquids, reduced transport properties such as diffusivity, viscosity
and thermal conductivity scale with the excess entropy as

X∗ = A exp (αsexc) , (IV.1)

with X∗ a dimensionless transport property and A and α parameters, independent of the thermo-
dynamic state, determined by the interparticle potential.
Following similar physical arguments and assuming that the major contribution to sexc comes from
two-body terms, Dzugutov proposed a similar scaling relation between reduced self-diffusivity and
a two-body approximation to the excess entropy s2, namely [20]

D∗ = A exp(αs2) , (IV.2)

with D∗ = D/Γσ2
r where D is the self-diffusion coefficient, σr measures the linear size of the

particles and Γ = 4σ2
rg(σr)ρ

√
πkBT/m the collision frequency given by the Enskog theory [15]

where g(σr) is the value of the radial distribution function at a distance σr, ρ the density of the
system, kB the Boltzmann constant and m the mass of the particle. In this case, a large variety of
simple liquids satisfy Eq. (IV.2) with the universal choice of parameters A = 0.049 and α = 1 [20].
This excess entropy scaling has been widely validated for a large variety of simple [30, 14, 9, 39, 4,
6, 63] and molecular liquids[24, 41, 16, 23], including specially water [58, 2, 17, 1]. We also highlight
that experimental studies have tested entropy scaling in somewhat challenging scenarios [40, 59],
and the fact that Rosenfeld and Dzugutov relations are empirical but have been justified on
theoretical grounds [55, 56, 43]. Furthermore, the structure–dynamics connection in Eq. (IV.2) has
been proposed as a tool to investigate the relation between dynamical properties of computational
models at different resolutions, [5], which is now routinely considered in the context of coarse-
grained models [50, 31].
It has been extensively reported that transport properties exhibit explicit and implicit size effects
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due to the finite size of the simulation box and the use of periodic boundary conditions (PBC),
respectively [21, 34, 65]. In the particular case of the reduced self-diffusion coefficient D∗, given a
cubic simulation box of linear size L, D∗ ≡ D∗(L) takes the form [21, 64, 32, 33, 12]:
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Figure IV.1: Reduced self-diffusion coefficient D∗ as a function of the inverse of the box linear
size 1/L for a Lennard-Jones liquid with density ρσ3

LJ = 0.864 in the range of temperatures
0.7ϵ ≤ kBT ≤ 7ϵ.

D∗(L) = D∗∞ − δ

L
, (IV.3)

with δ = kBTζ/6πηΓσ
2
r with ζ ≈ 2.837297, and T and η the temperature and viscosity of the

system, respectively. Here, for completeness, we show our results of D∗ vs 1/L in Figure IV.1
(See Section IV.2 for simulation details), which provide the basis of the present study. In the
thermodynamic limit (TL), namely, in the limit L → ∞, the self-diffusion coefficient takes the
value D∗∞.
Given the finite-size scaling of D∗, we expect that Eq. (IV.2) also depends on the size of the
simulation box with a consistent L → ∞ limit. Recent computational studies investigating entropy
scaling for liquid water using ab initio molecular dynamics simulations [27] emphasize the relevance
of this remark. In this case, the systems under consideration are rather small, and finite-size effects
become increasingly important.
In this paper, we investigate the size scaling of Eq. (IV.2) by focusing on implicit and explicit finite-
size effects present on the two-body excess entropy s2. We find that s2 obeys a scaling relation
similar to D∗, which implies that the universal parameters A and α in Eq. (IV.2) also depend on
the size of the simulation box. Finally, and perhaps more interestingly, our results indicate that a
power law relates the scaling coefficients of D∗ and s2, suggesting a constant viscosity-to-entropy
ratio [35, 3, 22, 29].
The paper is organized as follows: In Section IV.2, we present the model and computational details.
In Section IV.3, we show that s2 is ensemble invariant and that only implicit effects are relevant.
In Section IV.4, we introduce and validate a finite-size version of s2. In Section IV.5, we present
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the scaling of the Dzugutov relation (Eq. (IV.2)) with the linear size of the simulation box. Finally,
we conclude and provide our outlook in Section IV.6.

IV.2 Computational details

We investigate the excess entropy scaling for liquids whose potential energy is described by a 12–6
Lennard–Jones potential truncated, with cutoff radius rc/σLJ = 2.5, and shifted. The parameters ϵ,
σLJ andm, define the energy, length and mass units, respectively. All the results are expressed in LJ
units with time σLJ(m/ϵ)1/2, temperature ϵ/kB and pressure ϵ/σ3

LJ. In the following, we identify
σr of Eq. (IV.3) with σLJ. We consider cubic simulation boxes with linear sizes in the interval
5 ≤ L/σLJ ≤ 50, with fixed density ρσ3

LJ = 0.864. The systems are equilibrated at temperatures
in the interval 0.7ϵ ≤ kBT ≤ 7.0ϵ, enforced with a Langevin thermostat with damping coefficient
γ(σ(m/ϵ)1/2) = 1.0. We equilibrate the samples for 107 molecular dynamics (MD) steps using a
time step of δt/(σLJ(m/ϵ)1/2) = 10−3, followed by additional 107 MD steps on the NVE ensemble
to verify that the temperature does not deviate substantially from the target value. Production
runs span 107 MD steps. All the simulations have been performed with the LAMMPS simulation
package [56].

IV.3 Explicit and implicit size effects

In this section, we identify the size effects affecting the calculation of excess entropy. We start
with the definition of excess entropy for an N–particle system with respect to the ideal gas:

sexc =
S − SIG

NkB
=

S2 + S3 + · · ·
NkB

. (IV.4)

In the following, we focus on two-body contributions, which mostly amount to 80–90% of the
overall value of the excess entropy for simple liquids. [11, 7] In particular, we have in the grand
canonical ensemble that [45, 42]

s2 = − ρ

2V

∫
V

∫
V

dr1 dr2 [g(r) ln g(r)− (g(r)− 1)] , (IV.5)

with s2 = S2/NkB the two-body excess entropy per particle and g(r) the radial distribution
function (RDF) with r = r2 − r1. By taking the thermodynamic limit and assuming that the
liquid is homogeneous and isotropic, we obtain

s∞2 = −2πρ

∫ ∞

0

dr r2 [g(r) ln g(r)− (g(r)− 1)] , (IV.6)

where we have replaced g(r) with g(r). When performing molecular dynamics simulations, we
usually consider systems with a finite number of particles, typically not large enough to reach the
thermodynamic limit. For such a reason, it is a common practice to truncate Eq. (IV.6) up to a
cutoff radius R, namely

sR2 = −2πρ

∫ R

0

dr r2 [g(r;N0) ln g(r;N0)

−(g(r;N0)− 1)] ,

(IV.7)
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and evaluate the integral by using the RDF of the finite system, i.e. g(r;N0). This approach gives
satisfactory results provided one uses relatively large simulation boxes in which R ≫ ζ with ζ the
correlation length of the system and g(r;N0) → g(r).
In the following, we propose a different method. When evaluating the double integral in Eq. (IV.5)
we must recognize that the volume V is finite. For such a reason, and following the strategy used
to compute the compressibility equation [41, 26] and the Kirkwood-Buff integrals [36, 18, 25], we
define a finite–size two–body excess entropy evaluated in a subvolume V of a system with a total
number of particles N0 (at a fixed volume V0)

s2(V ;N0) = − ρ

2V

∫
V

∫
V

dr1 dr2 [g(r;N0) ln g(r;N0)

−(g(r;N0)− 1)] .

(IV.8)

The asymptotic correction to the finite-size RDF, given by the difference in the thermodynamic
ensemble, gives [31, 30, 45, 47, 57, 46]

g(r;N0) = g(r)− χ∞
T

N0

, (IV.9)

with χ∞
T = ρkBTκT , and κT being the bulk isothermal compressibility. We write the integrand in

Eq. (IV.8) as

g(r;N0) ln g(r;N0) ≈ g(r) ln g(r)

− χ∞
T

N0

(1 + ln g(r))

g(r;N0)− 1 = g(r)− 1− χ∞
T

N0

,

(IV.10)

where in the first line in the previous expression, we have neglected terms of the order O (1/N2
0 ).

The two contributions χ∞
T /N0 cancel out exactly. The contribution χ∞

T ln g(r)/N0 can be neglected
by assuming a large number of particles (there is no V/V0 contribution, only 1/V0. Hence, we can
neglect it). This indicates that the two-body excess entropy is ensemble invariant, consistent with
the result reported Ref. [62, 8]. We thus rewrite Eq. (IV.8) as

s2(V ) = − ρ

2V

∫
V

∫
V

dr1 dr2 [g(r) ln g(r)

−(g(r)− 1)] .

(IV.11)

The volume V is finite and embedded into the volume V0. The integration domains can be rear-
ranged as

∫
V

∫
V
(· · · ) =

∫
V

∫
V0
(· · · ) −

∫
V

∫
V0−V

(· · · ). Using a similar argument as the one used to

calculate the finite-size compressibility [53] and Kirkwood-Buff integrals [36], the term
∫
V

∫
V0
(· · · )

gives s∞2 and the term
∫
V

∫
V0−V

(· · · ) scales as 1/L with L = V 1/3 the linear size of the cubic
simulation box. Thus, we obtain the following finite-size scaling for s2

s2(L) = s∞2 +
σ

L
, (IV.12)

with σ a constant that depends on intensive thermodynamic quantities only. In the following
section, we introduce a method to compute s2(L) and confirm its scaling behaviour with the linear
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Figure IV.2: Plot of the two contributions, Kirkwood-Buff (g(r;N0) − 1) and Information
(g(r;N0) ln g(r;N0)), to the truncated integral sR2 for a system of linear size L/σLJ = 35 at
kBT = 2.0ϵ. It is apparent that the two terms oscillate out-of-phase for small values of R, and
their sum converges to s∞2 when R → ∞.

size of the simulation box.
To finish this section, we use the truncated integral, Eq. (IV.7), to verify numerically that

ensemble finite-size contributions cancel out almost exactly [63]. For a system of size L/σLJ = 35 at
kBT = 2.0ϵ, we separate the g(r;N0)− 1, Kirkwood-Buff, and the g(r;N0) ln g(r;N0), Information,
contributions and plot them as a function of the truncation radius R (See Figure IV.2). Both
integrals diverge for large values of R, Kirkwood-Buff to infinity and Information to minus infinity,
which signals a clear ensemble finite-size effect. However, these two finite-size contributions balance
each other (See the dashed-dotted line in the figure), and the sum of the two integrals converges
to s∞2 for large values of R. Due to this error cancellation, the truncation Eq. (IV.7) gives a
reasonable approximation to s∞2 , provided a large value of R, and its finite-size dependence has
been commonly overlooked in the literature.

IV.4 Finite-volume excess entropy

Based on previous work aiming at computing the isothermal compressibility [49] and Kirkwood-
Buff integrals [57], we define a finite-volume two-body excess entropy as

s2(V ) = − ρ

2V

∫ ∫
dr1 dr2R(r1)R(r2)h(r) , (IV.13)

with R(r) a step function that defines the finite integration subdomain, being equal to one inside
and to zero outside the volume V [49]. The function h(r) is defined as

h(r) = g(r) ln g(r)− (g(r)− 1) . (IV.14)
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We write the double integral of s2(V ) in Fourier space and include the periodicity of the simulation
of the box in h(r) explicitly. Thus

s2(V ) = − ρ

2(2π)3V

∫
dk R̃(k) R̃(−k) h̃PBC(k) , (IV.15)

where [49]

h̃PBC(k) =
∑

nx,ny ,nz

e−k·snx,ny,nz h̃(k) , (IV.16)

with h̃(k) the Fourier transform of h(r) and snx,ny ,nz = (nx Lx, ny Ly, nz Lx) a vector specifying
the system’s periodic images such that nx,y,z takes integer values. In the following, we consider a
cubic simulation box with Lx = Ly = Lz = L. As before [57], we choose |nx| ≤ 1, |ny| ≤ 1 and
|nz| ≤ 1 to compute Eq. (VI.2). Finally, we assume a homogeneous and isotropic fluid such that
h̃(k) = h̃(k) with k =

√
k · k.

To validate our approach, we verify that Eqs (IV.15) and (IV.7) converge to the same value

Figure IV.3: Running s2 as a function of the ratio R/L for the case L/σLJ = 5 at kBT = 2.0ϵ. The
black line corresponds to the truncation Eq. IV.7, and the red and blue curves are the result of
Eq. (IV.15) including (|nx| ≤ 1, |ny| ≤ 1 and |nz| ≤ 1) and not including (|nx| = |ny| = |nz| = 0)
PBC, respectively. By including PBC, the integral Eq. (IV.15) converges to the thermodynamic
limit.

in the thermodynamic limit. To this aim, we consider a system with linear size L/σLJ = 50 at
kBT = 2.0ϵ, compute the RDF and evaluate the truncated integral Eq. (IV.7). According to
Eq. (IV.12), implicit finite-size effects are the most relevant in this case. Hence, by considering a
sufficiently large simulation box, the large R limit of Eq. (IV.7) converges to the TL value. We
present this result in Fig. IV.3 (black solid curve). To evaluate Eq. (IV.15), we take the RDF
from the simulation box with linear size L/σLJ = 20 and perform the Fourier transform procedure
described above to obtain h̃(k). It is apparent, as expected, that with explicit PBC, the finite-
size s2 gives the TL value (red dashed curve). Instead, by removing PBC, there is a significant
deviation from the TL value that we attribute to the 1/L dependence in Eq. (IV.12) (blue solid
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curved).
We verify this 1/L dependence in the finite-size s2. In Figure IV.4, we plot the result of sR2 ,

Figure IV.4: s2 as a function of the inverse of the simulation box size L for systems at kBT = 2.0ϵ.
The black triangles are calculated with the truncated integral (Eq. (IV.7)), the red triangles and
blue squares were calculated with the double integral (Eq. (IV.15)) including and excluding PBC,
respectively.

Eq. (IV.7), as a function of 1/L (black inverted triangles). There, it is apparent that the integral
converges when the linear size of the system is L/σLJ = 15. The result of using s2(V ), Eq. (IV.15),
with explicit PBC, always converges to the TL value (red triangles), regardless of the linear size
of the system. More interestingly, by removing PBC from Eq. (IV.15), we observe a clear linear
dependence with 1/L (blue squares). Furthermore, by extrapolating this behaviour (blue dashed
line) to the axis 1/L = 0, we obtain a linear extrapolation to s∞2 (dashed red line). This result
completes the validation of both, Eqs (IV.12) and (IV.15).

IV.5 Size scaling of the Dzugutov relation

In this section, we combine the reduced self-diffusion coefficient D∗ data, presented in Figure IV.1,
with the calculation of the finite-volume s2 to investigate the size scaling of the Dzugutov relation,
Eq. (IV.2). To this aim, we verify that the scaling of s2 with 1/L is valid in the temperature range
0.7ϵ ≤ kBT ≤ 7.0ϵ for our LJ system at ρσ3

LJ = 0.864. We present these results in Figure IV.5,
where it is apparent that s2 scales with 1/L in a wide temperature range.
We now collect all our data presented in Figures IV.1 and IV.5 to investigate the scaling of

Eq. (IV.2) with the simulation box size. The result is presented in Figure IV.6 where the diffusion
constant D∗ is plotted against −s2. A clear trend with system size emerges, indicating that
Eq. (IV.2) remains valid even for the smallest simulation boxes considered and showing that the
parameters A and α are also size dependent. By extrapolating D∗ and −s2 to the limit 1/L → 0,
we obtain the TL values given by the black empty triangles that well agree with the reference
scaling provided by Eq. (IV.2) (black dashed line).
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Figure IV.5: -s2 as a function of 1/L for a LJ system at ρσ3
LJ = 0.864 and different temperatures.

All data points were obtained with the RDF for the system of linear size L/σLJ = 20 and using
Eq. (IV.15) without PBC.

Figure IV.6: Reduced self-diffusion coefficient D∗ as a function of −s2 for different system sizes
and temperatures. The empty black triangles show the thermodynamic limit values for −s2 and
D∗.

We investigate the size dependence of the parameters A and α and present the result in Figure
IV.7. It is apparent that A and α display a linear scaling with 1/L. Perhaps more importantly
, we report the values in the limit L → ∞ (TL) A∞ = 0.048 ± 0.001 and α∞ = 1.000 ± 0.013,
in good agreement with Ref. [20]. Hence, these results show that the size scaling of the reduced
self-diffusion coefficient in Eq. (IV.2) result in a similar scaling for s2, A and α.
Finally, we investigate the relation between the coefficients δ and σ of the finite-size scaling of D∗

and s2, respectively. In Figure IV.8, we plot σ as a function of δ and observe a power law relation
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Figure IV.7: Parameters A and α in Eq. (IV.2) as a function of 1/L. In both cases, a linear scaling
can be appreciated and the limit L → ∞ gives the universal values A∞ = 0.048 and α∞ = 1.

of the form σ = aδb with a = 1.256± 0.118 and b = −0.513± 0.020.

Figure IV.8: Coefficients σ(T ) as a function of δ(T ) for all the temperatures considered here. We
used a power law σ = aδb to fit the data.

IV.6 Summary and outlook

We define a finite-size two-body excess entropy s2(L) integral equation with L the linear size of
the simulation box. Using analytical arguments and simulations of a prototypical Lennard-Jones
liquid at different densities and temperatures, we show that s2(L) = s∞2 + σ/L with σ a constant
that depends on intensive thermodynamic quantities. Given the well-know finite-size scaling of the
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self-diffusivity, D∗(L) = D∗∞ − δ/L, we show that the universal scaling relation between entropy
and diffusion D∗ = A exp (αs2) also exhibits a finite-size dependence and, by extrapolating to the
TL, report A = 0.048 ± 0.001 and α = 1.000 ± 0.013, in good agreement with values reported
in the literature. Finally, and perhaps more interestingly, we show that the scaling coefficients
σ and δ of s2 and D∗, respectively, are related by a somewhat simple power law σ = aδb with
a = 1.256± 0.118 and b = −0.513± 0.020.
The finite-size scaling of s2 can be rationalised in terms of the thermodynamics of small sys-
tems [28, 44]. In particular, the statistical mechanics of a few model small systems in confinement
has been derived recently [13]. The authors have shown that given the high surface area–to–volume
ratio of small systems, thermodynamic properties include surface contributions. In the case of en-
tropy, these contributions include 1/L terms with L, the linear size of the system. Since other
transport properties, including thermal conductivity and viscosity, exhibit similar size effects and
are related to s2 via an exponential relation, we feel that the finite-size entropy scaling investigated
here might play a role in understanding the non-equilibrium thermodynamics of confined, small
systems [10].
The power law relation between the scaling coefficients of self-diffusion and two-body excess en-
tropy is somewhat intriguing. On the one hand, the size scaling in the self-diffusion appears as
a consequence of the conservation of linear momentum [64]. On the other hand, the finite-size
scaling in the two-body entropy results from a surface contribution due to the confinement of the
system [13]. Admittedly, we do not have a satisfactory explanation for this connection.
Nevertheless, we point out that the ratio δb/σ = 1/a might be related to a constant viscosity-to-
entropy ratio. Indeed, δ is inversely proportional to the system’s viscosity, and a simple dimensional
analysis tells us that σ has units of entropy times length. Interestingly, string theory methods have
been used to conjecture that, for fluids in equilibrium, the viscosity to entropy density ratio has a
lower bound at h̄/4πkB [35] with h̄ the reduced Planck constant. This relation, tested for various
fluid systems [3, 22, 29], has been originally derived by considering that the entropy density of a
black hole is proportional to the surface to volume ratio of its event horizon. We find this connec-
tion fascinating, and, in our opinion, it deserves further investigation.
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Abstract

Molecular dynamics simulations have been performed to compute the isothermal com-
pressibility κT of liquid propan-1-ol in the temperature range 200 ≤ T ≤ 300 K. A change
in behaviour, from normal (high T ) to anomalous (low T ), has been identified for κT at
210 < T < 230 K. The average number of hydrogen bonds (H–bond) per molecule turns to
saturation in the same temperature interval, suggesting the formation of a relatively rigid
network. Indeed, simulation results show a strong tendency to nucleate H–bond clusters with
distinct boundaries, with the average largest size and width of the size distribution grow-
ing upon decreasing temperature, in agreement with previous theoretical and experimental
studies. These results also emphasise a connection between the behaviour of κT and the
nucleation of nanometric structures.

V.1 Introduction

Hydrogen bonds (H–bonds) play a fundamental role in a wide range of phenomena in soft matter
systems [39, 37], from the anomalous thermodynamic properties of water [32, 38], the solubility
of (macro-)molecular synthetic and biological systems[6, 25] to the stabilisation and replication
of DNA [48]. Collectively they are of significant relevance in supramolecular chemistry, where
H–bonds are employed as one key concept to form (meta-)stable, functional polymer structures
[1, 10]. The strength of H–bonds (4–8 kBT ), with kB being the Boltzmann constant and T = 300
K, lies between the strong covalent bonds (80 kBT for a typical carbon-carbon bond) and the
weak van der Waals interactions (less than kBT ). Consequently, individual H–bonds can rapidly
form and break, with characteristic lifetime τ ∼ 10−11 s [34]. As a result of that intermediate
(H)bond strength, directionality and rapid dynamics, many systems show a marked tendency to
create networks that are highly temperature dependent [44, 45]. It is thus clear that, among others,
the temperature dependence of H–bond interactions in molecular liquids is critical for achieving a
fundamental understanding and developing engineered applications.
Indeed, thermoresponsive materials are now the focus of significant research efforts, given their
encouraging range of applicability in various fields, including biology, energy, environment and
materials science. A prominent example is given by smart, responsive polymers where even slight
changes in the environment trigger substantial structural, stability and functional changes that can
be tuned for advanced materials applications [29, 30] and pave the way for designing equivalent
biocompatible materials [50]. Stimuli-responsive supramolecular assemblies also represent a case
where a fine calibration of intermolecular interactions drives structure-bioactivity relationships [8].
Also, in the biological context, competing residue-osmolyte interactions are fundamental to under-
standing the denaturation of proteins [5]. Finally, thermoresponsive ionic liquid/water mixtures
have been recently proposed as promising systems for applications in forward osmosis desalina-
tion, low-enthalpy thermal storage [14], and water harvesting from the atmosphere [15]. Common
to all these phenomena and applications are their delicate corresponding temperature-dependant
H–bond interactions.
To better understand the combined effect of temperature and H–bond interactions, it is advanta-
geous to investigate relatively simple systems containing the essential chemical characteristics and
structure common to more complex organic fluids. Monohydroxy alcohols represent a prototypical
system to investigate H–bond networks due to tunable hydroxyl (OH-) group density resulting from
increasing or decreasing the alkyl chain length. In these systems, two molecules form an H–bond
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when the hydrogen in the OH group of one participates as the donor and the electronegative oxygen
of the other as the acceptor. This indicates that a single OH group potentially forms up to three
H–bonds, which results in molecular clusters exhibiting a wide variety of geometries [18, 44, 45, 2].
The dynamics properties of these H–bond structures have been extensively investigated in the liter-
ature. Dielectric response measurements in low-temperature propan-1-ol [20, 45, 46, 17, 49, 33, 2],
for example, reveal that in addition to the α relaxation process present in other liquids and related
to structural rearrangements of the alkyl chain, there is a lower frequency relaxation process (De-
bye). Based on NMR measurements, the latter is believed to be induced by the H–bond network
[18]. Its characteristic relaxation time τD varies strongly between τD ≈ 10−10s close to T = 330
K and τd ≈ 100s at about T = 125 K. However, to the best of our knowledge, no computational
studies in the literature address the thermodynamic effects, isothermal compressibility in particu-
lar, resulting from nucleating H–bond clusters in the system as a function of the temperature. A
possible reason for this gap might be that, at low temperatures, one expects to see nanometric-size
structures that imply considerably large system sizes and an appropriate description of finite-size
effects. An approach to overcome these problems for computing bulk thermodynamic quantities
from simulations of molecular liquids has been just recently developed by some of us [23, 22, 43].
This approach we now apply to this problem.
Hence, in this work, we compute the isothermal compressibility κT for samples of 20000 propan-1-
ol molecules in the liquid state in the temperature range 200 < T < 300 K by molecular dynamics
simulations. Following Ref. [18] τD, the longest structural relaxation time in the system is ex-
pected to vary between 10−7 s (T = 200 K) and about 3 × 10−10 s (T = 300 K). To account
for that, all the the samples were equilibrated for 100 ns. Moreover, our relatively large samples
(simulation boxes of linear size L ∼ 13 nm) minimise finite-size effects. Nevertheless, the spatial
block analysis (SBA) method [23, 22], that takes into account explicit and implicit size effects, had
to be used to accurately compute κT in the thermodynamic limit. A change in the temperature
dependence of κT , from normal (high T) to anomalous (low T) liquid behaviour, is apparent in
the region 210 < T < 230 K. Results from a hierarchical clustering method of H-bond networks in
propan-1-ol reveal that the change in κT with decreasing temperature is related to the nucleation
and growth of clusters of molecules connected via H–bonds.

V.2 Computational Details

Simulations of liquid propan-1-ol in the NPT ensemble have been performed using the OPLS-
AA force field [26], which includes bonded and non-bonded interactions. The former account
for stretching, bending and torsion contributions from covalent bonds, whereas the latter include
dispersion, via Lennard-Jones potentials, and electrostatic interactions. A typical simulation snap-
shot, indicating four propan-1-ol molecules connected via hydrogen bonds (H–bonds), is presented
in Fig. V.1. The sample occupies a cubic volume with applied periodic boundary conditions. Long-
range electrostatic forces are treated via the smooth particle mesh Ewald algorithm [12].
Constant temperature and pressure conditions have been enforced using the velocity rescale ther-
mostat [7] and the Parrinello-Rahman-Andersen barostat [3, 35], respectively. Simulations have
been performed using the GROMACS 2019.6 [28] molecular dynamics simulation package with a
time step of 2 fs.
Samples of 20000 propan-1-ol molecules have been quenched from T = 300 K down to T = 240

131



Figure V.1: Simulation snapshot of the liquid propan-1-ol at T = 300 K. A system containing
20000 molecules occupies a volume with linear size L ∼ 13 nm. The detail shows four propan-1-ol
molecules connected via H–bonds, represented as dashed blue lines. The colour code for the atoms
is as follows: H, white; C, grey and O, red.

K in steps of ∆T = 20 K, then from T = 240 K to T = 200 K in steps of ∆T = 10 K. At each
temperature, the system is equilibrated at NPT conditions for 100 ns, and statistics are accu-
mulated, also at NPT conditions, for further 50 ns. The equilibration of the simulated samples
has been controlled by monitoring the behaviour of the fluctuations of the number of particles for
subdomains within the simulation box (See Right panel in Fig. V.3). The system’s pressure is set
to P = 1 bar for all temperatures.

V.3 Results and Discussion

The investigation of structural properties starts with calculating the oxygen–oxygen radial dis-
tribution function, g(r), in the range of temperatures 200 ≤ T ≤ 300 K. As expected, the first
and second peaks of g(r) weakly increase with decreasing temperature and the first minimum gets
deeper with a marked shift towards smaller distances. See Fig. V.2 (Left panel). Still, in the whole
temperature range, these g(r) correspond to a liquid system, which is confirmed by the linear
relation between average potential energy and temperature (result not shown).
Fluctuations in the long-range tail of the RDF encode information related to the thermodynamic
properties of the liquid. This information becomes accessible from the simulation trajectory by
computing the static structure factor, given by the expression:

S(k) = 1 + 4πρ

∫ ∞

0

dr r2
sin(kr)

kr
(g(r)− 1) , (V.1)

132



Figure V.2: (Left panel) Temperature dependence of the radial distribution function g(r) and
(Middle panel) structure factor S(k). (Right panel) S(kmin) vs T with kmin ≈ 0.48 nm−1 the
minimum k−value in the reciprocal space discretisation.

with k being the norm of a reciprocal-lattice vector, and ρ the system’s number density. To avoid
numerical instabilities at the low-k region [42], typically the expression

S(k) =

〈
1

N

N∑
i′=1

N∑
j′=1

exp (−ik · (ri′ − rj′))

〉
(V.2)

is used, where the indices i, j refer to propan-1-ol oxygen atoms. The average runs over values
of k = |k| and the statistical ensemble. To compute S(k), we discretise the reciprocal space by
considering vectors k = 2π(nx, ny, nz) with n integer and a maximum value of nmax = 70. The
results are presented in the middle panel of Fig. V.2. The low height of the first peak in S(k)
confirms that the system remains liquid in the temperature range considered [21, 16]. It can be seen
that upon decreasing temperature, the first (∼ 7 nm−1) and second (∼ 27 nm−1) peaks become
weakly more pronounced. More interestingly, in the range k < 2 nm−1 (Right panel Fig. V.2), a
change of behaviour becomes apparent with limk→0 S(k) going from monotonically decreasing to a
sudden increase starting at T < 220 K. The overall shape of S(k), including the anomalous k → 0
limit, is consistent with neutron diffraction measurements and related monte carlo simulations
[45]. We recall that the limit k → 0 of S(k) is related to the isothermal compressibility κT via the
expression

lim
k→0

S(k) = ρkBTκT , (V.3)

with kB the Boltzmann constant. In practice, one evaluates S(kmin) with kmin the minimum
k−value in the reciprocal space discretisation, and the previous expression remains valid pro-
vided kmin ≪ 2π/ξ with ξ being the system’s correlations length. We present S(kmin)/kBTρ with
kmin ≈ 0.48 nm−1. Results can be seen in Fig. V.3 (Left panel).
Furthermore, we use the spatial block analysis (SBA) method to compute the isothermal com-
pressibility [40, 41, 23, 22]. Inside a simulation box of volume V0, fluctuations of the number of
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molecules are computed for a subvolume V , using the expression

χT (V ;V0) =
⟨N2⟩ − ⟨N⟩2

⟨N⟩

∣∣∣∣
V ;V0

. (V.4)

The extrapolation of the isothermal compressibility in the thermodynamic limit κT is obtained by
systematically varying the size of the subdomain in the interval 0 < V ≤ V0, and applying the
formula [23, 22]

λχT (λ) = χ∞
T

(
1− λ3

)
λ+

ρα

V
1/3
0

, (V.5)

with λ ≡ (V/V0)
1/3, V < V0, α being an intensive proportionality constant and χT (λ) ≡ χT (V ;V0).

When λ ≪ 1, λ3 ≈ 0 and χ∞
T = ρkBTκT can be extrapolated from a linear fit to the simulation

data.
An example of the use of the SBA method, Eq. (V.5), is given on the middle panel in Fig. V.3

Figure V.3: (Left panel) Isothermal compressibility as a function of temperature. The change from
normal to anomalous behaviour is apparent in the interval 210 < T < 230 K when computing κT

with the SBAmethod, Eq. (V.5) (Particle Fluctuations), in agreement with the behaviour exhibited
by the limk→0 S(k). By contrast, a direct calculation with Eq. (V.6) (Volume Fluctuations) fails
to capture the correct behaviour at low temperatures. (Middle panel) Fluctuations of the number
of particles χT (λ) as a function of the size of the subdomain λ = (V/V0)

1/3 for two representative
temperatures, T = 200 and 300 K. The slope in the linear fitting, Eq. (V.5) with λ ≪ 1, gives
the bulk isothermal compressibility χ∞

T = ρkBTκT . Using the obtained values for χ∞
T and α in

Eq. (V.5), it is clear that the SBA method fits the whole simulation data set (SBA fitting). (Right
panel) Density as a function of temperature.

for two representative temperatures T = 200 and 300 K. The overlap between the simulation
data and the SBA fitting from Eq. (V.5) is, in our experience, a good indicator of the simulated
samples being equilibrated [23]. The temperature dependence of κT is presented on the left panel
in Fig. V.3. Reassuring the tendency observed with the limk→0 S(k) (Fig. V.2), κT exhibits a
deviation from the normal fluid behaviour visible in the interval 210 < T < 230 K. The density as
a function of temperature also indicates a change in the system’s thermodynamics upon cooling
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(See right panel in Fig. V.3). The linear monotonic behaviour observed at high temperature
saturates at temperatures below T = 230 K. Interestingly, error bars increase systematically with
decreasing temperature, signalling large fluctuations in the volume, compatible with an increase
in κT .
We note in passing that a common practice in the literature corresponds to computing κT via the
formula

κT =
1

kBT ⟨V0⟩
(〈
V 2
0

〉
− ⟨V0⟩2

)
NPT

, (V.6)

by evaluating volume fluctuations in simulations performed in the NPT ensemble. It has been
reported that, to ensure convergence, this procedure requires significantly longer simulation times,
especially at low temperatures [24]. For this reason, smaller systems (1000 propan-1-ol molecules,
L ∼ 5 nm) were simulated for ∼ 1 µs to maximise the statistical sample size. The results pre-
sented on the left panel in Fig. V.3 indicate that using Eq. (V.6) gives markedly different results
below T = 230 K. We interpret this discrepancy by noting that the volume fluctuations approach
does not include any corrections regarding finite-size effects, which become more relevant at low
temperatures. Consistent with this statement, S(k) for these smaller samples do not exhibit the
anomalous behaviour reported in Fig. V.2 (Data not shown).
In the temperature range considered here, there is no apparent divergence of κT , thus there is no
indication of a possible liquid-liquid phase transition [47, 27]. However, the nucleation of long-
range nanometric domains has been widely proposed as the reason behind the anomaly in the low-k
region of S(k) exhibited in various low-temperature liquids [13, 36, 11]. In a previous publication,
some of us have found a similar anomaly in the structure factor in a supercooled binary mixture,
identified with long-range concentration fluctuations [4]. However, for a single-component molec-
ular system, the microscopic origin of the anomaly is not obvious. Therefore, in the following, this
mechanism is discussed in more detail.
It has been proposed that, upon supercooling, monohydroxy alcohols form transient polymeric
chains, connected via H–bonds, responsible for the intense dielectric response at low frequencies
(Debye peak), observed in these systems [18, 44]. A simple count of H–bonds as a function of
temperature, as seen in Fig. V.4, shows that the average number of H–bonds per molecule (nH)
increases monotonically upon decreasing temperature, tending to saturation at T ∼ 220 K. This
result emphasises the crucial role of H–bonds in dictating the structural properties observed. In-
deed, at low temperatures nH → 1, consistent with the transient polymer model discussed in the
literature [18, 44]. NMR chemical shift as a function of temperature (see right y-axis in Fig. V.4
and supporting information) indicates that hydrogen atoms in the hydroxyl group become more
localised and increase their tendency to make directional bonds (with oxygen in a neighbouring
-OH group) with decreasing temperature, in reasonable agreement with the simulation results. At
this stage, it is still open whether the system nucleates nanostructures connected via H–bonds that
increase their average size as temperature decreases.
To investigate this possibility, propan-1-ol molecules were classified into disjoint clusters with

elements connected via H–bonds and a statistical analysis was performed based on the clusters’
size distribution. We use a geometric definition of H–bonds, with donor–acceptor distance ≤ 0.35
nm and H–donor–acceptor angle ≤ 30 degrees. Donor and acceptor refer to O in propan-1-ol. The
average number of H–bonds per molecule belonging to a cluster is ∼ 2 at all temperatures. Snap-
shots of the ten largest clusters instantaneously present in a simulation are shown in Fig. V.5 at
T = 200 K (Left panel) and T = 300 K (Right panel), which resemble the polymer chains expected
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Figure V.4: nH = ⟨NH⟩/N and NMR chemical shift vs temperature. ⟨NH⟩ is the average total
number of H–bonds in the system and N is the total number of molecules. The value of nH is
equivalent to counting all incoming H–bonds associated with O atoms and dividing it by twice the
number of molecules. Simulation and experimental data show a rapid initial increase, followed by
a turn to saturation at lower temperatures.

from experimental [18] and theoretical [44] studies. It is clear that at lower temperatures, clusters
reach nanometric sizes (∼ 300 molecules), larger than the clusters visible at room temperature
(∼ 80 molecules). Moreover, large fluctuations and the deviation of the monotonous behaviour of
the density with temperature (right panel Fig. V.3) indicate that the density of the clusters is not
the same as the density of the bulk liquid. These results are consistent with the transient-chain
model [18], and agree well with statistical models and neutron diffraction experiments supporting
the presence of clusters [44, 45, 46]. More interestingly, this cluster size dependence on temperature
is systematic, with the mean largest-cluster size increasing upon decreasing temperature, as seen
on the left panel in Fig. V.6. The cluster size distribution shown in the middle panel in Fig. V.6
agrees with this picture, with larger clusters appearing at lower temperatures. The cluster popu-
lation is analysed using a hierarchical clustering method [31, 9, 19]. In particular, we compute the
modularity of the H–bond network. Namely, given a proposed network division into communities
(clusters), it measures the quality of the division quantified in terms of a large number of edges
(H–bonds) within communities and only a few between them. The degree ki of a vertex i in the
system, i.e. the ith-oxygen atom, is defined as the number of incident H-bonds, that is

ki =
∑
j

Aij , (V.7)

with the matrix

Aij =

{
1 if atoms (i, j) form a H–bond ,

0 otherwise .
(V.8)
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Figure V.5: Ten largest H–bond clusters instantaneously present in a simulation snapshot at
T = 200 K (Left panel) and T = 300 K (Right panel). The clusters are highlighted using the same
colour for propan-1-ol molecules belonging to a geometrically defined H–bond network. The linear
size of the simulation box is L ∼ 13 nm.

Finally, the modularity Q is defined as

Q =
1

2m

∑
ij

[
Aij −

kikj
2m

]
δci,cj , (V.9)

with m =
∑

ij Aij/2 a normalisation factor equal to the total number of edges, and δci,cj a function
with value one if the molecules (i, j) belong to the same cluster and zero otherwise. According
to this definition, Q = 0 corresponds to a homogeneous, randomised network. In contrast, values
in the range 0.3 < Q ≤ 1.0 represent the tendency for the network to show a large community
structure [31, 9], namely, the presence of clusters of highly-interconnected molecules with well-
defined boundaries. The result of Q as a function of temperature is shown on the right panel in
Fig. V.6. It can be appreciated that even at high temperatures, the system has a marked tendency
to form H–bond clusters with definite boundaries (Q > 0.8), with substantially growing size upon
decreasing temperature.

V.4 Conclusions

In contrast to other organic liquids, low-temperature monohydroxy alcohols exhibit a simple dielec-
tric behaviour identified with a Debye process, which results from the formation of stable H–bond
structures. A vast body of theoretical and experimental literature has investigated these structures.
However, to the best of our knowledge, a systematic investigation of temperature-dependent ther-
modynamic properties is somewhat lacking. Indeed, the nucleation of H–bond structures should
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Figure V.6: (Left) Temperature dependence of the mean largest cluster size. (Middle) Density
distribution –Log scale– of H–bond clusters as a function of their size. (Right) Modularity Q of
the H–bond network vs T .

be reflected by the system’s thermodynamics. To contribute to filling this gap, we compute the
isothermal compressibility of propan-1-ol in the range of temperature 200 ≤ T ≤ 300 K. Our
results show that the system transition from a normal (high T ) to an anomalous liquid (low T )
at 210 < T < 230 K, which can also be observed in the high-frequency region of the structure
factor S(k). We find that the average number of H–bonds saturate starting approximately in the
same temperature range, suggesting that the network increases its rigidity at this temperature.
By classifying the propan-1-ol molecules into disjoint H–bond clusters, we investigate their size
distribution using the hierarchical clustering method. These results reveal that clusters with well-
defined boundaries nucleate and increase their size upon decreasing temperature. The presence
of these clusters is compatible with the behaviour of the isothermal compressibility κT . Indeed,
κT is related to the limit S(k → 0) that indicates the presence of large scattering domains with
increasing sizes upon decreasing temperature. These scattering domains have been identified with
H–bond polymeric chains, consistent with previous experimental and theoretical results [18, 44].
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Abstract

Fluid transport across nanometric channels induced by electric, pressure, and concentra-
tion gradients is ubiquitous in biological systems and fosters various applications. In this
context, computer simulation setups with well-defined open-boundary equilibrium starting
states are essential in understanding and assisting experimental studies. However, open-
boundary computational methods are scarce and do not typically satisfy all the equilibrium
conditions imposed by reality. Namely, in the absence of external gradients, (1) the sys-
tem of interest (SoI) must be at thermodynamic and chemical equilibrium with an infinite
reservoir of particles; (2) the fluctuations of the SoI in equilibrium should sample the grand
canonical ensemble; (3) the local solvation thermodynamics, which is extremely sensitive
to finite-size effects due to solvent depletion, should be correctly described. This point is
particularly relevant for out-of-equilibrium systems; and (4) finally, the method should be
robust enough to deal with phase transitions and coexistence conditions in the SoI. In this
study, we demonstrate with prototypical liquid systems embedded into a reservoir of ideal
gas particles that the adaptive resolution simulation (AdResS) method, coupled with par-
ticle insertion/deletion steps (AdResS+PI), satisfies all these requirements. Therefore, the
AdResS+PI setup is suitable for performing grand canonical and stationary non-equilibrium
simulations of open systems.

VI.1 Introduction

The study of fluid flow at the nanometric scale, i.e. nanofluidics [15], has recently gained consider-
able attention due to the prevalent role in biological systems [60, 19] and a broad range of applica-
tions [5], ranging from energy harvesting [17] to ionic computing [42]. Despite the highly developed
experimental techniques, the interplay of confinement, non-equilibrium conditions, surface-specific
interactions and quantum effects [27, 62] imposes significant challenges to the complete theoretical
understanding of nanofluidics phenomena[47, 8, 28]. In this context, open-boundary molecular dy-
namics (MD) approaches [12, 13, 36, 35, 20, 61, 32, 24] open the possibility to accompany, design
and interpret experimental efforts.

Nevertheless, the stationary non-equilibrium, open-boundary conditions present in experiments
cannot be readily imposed on standard computational methods. Even the modest simulation of
the corresponding equilibrium state must sample the grand canonical ensemble. The vast fam-
ily of grand canonical Monte Carlo (MC) [1, 2, 34, 38, 49, 52, 50, 51, 18, 53, 16] and hybrid
MD/MC [14, 33, 9, 54, 37, 10, 44, 6, 29] techniques, which rely upon particle insertion steps that
become cumbersome when increasing the system’s density and molecular complexity, are not mean
to impose gradients on open-boundaries. Thus, developing and testing open-boundary computa-
tional techniques that sample the grand canonical ensemble in equilibrium is paramount. To this
aim, we identify four essential conditions that open-boundary MD methods aiming at investigating
non-equilibrium phenomena should fulfil:

Constant chemical potential - The molecular species in the system of interest (SoI) should be
in thermal and chemical equilibrium with an infinite reservoir of particles. To the best of our
knowledge, among the open-boundary MD methods available in the literature, only the adaptive
resolution [3, 22, 24, 4] and the constant µ methods [39, 26] partially satisfy this condition since
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the total size of the system limits the size of the reservoir under consideration. The next three
requirements illustrate the relevance of the infinite size of the reservoir for open-boundary simula-
tions.

Grand canonical ensemble - The fluctuations of the number of particles, ∆2N/⟨N⟩, in the SoI
should sample the grand canonical ensemble. More specifically, given a single-component SoI of
volume V0 ≫ Vζ , with Vζ the volume define by the system’s correlation length ζ, embedded into
an infinite reservoir of particles, the quantity ∆2N/⟨N⟩ should satisfy the finite-size isothermal
compressibility equation for every subvolume V in V0 [43, 48]

∆2N/⟨N⟩ = χT (V ;V0)

= 1 +
ρ

(2π)3V

∫
dk R̃(k) R̃(−k) h̃PBC(k;V0) .

(VI.1)

In this expression, ∆2N ≡ (⟨N2⟩ − ⟨N⟩2) and ⟨N⟩ represents the average number of particles
in the subvolume V ≤ V0 such that the average density is ρ = ⟨N⟩/V . In the asymptotic limit,
|r| > ζ, the radial distribution function of the open system, g(r), is connected to the one computed
in the closed system, g(r;NTot), by the relation g(r;NTot) = g(r) − ρkBTκT/NTot with κT being
the bulk isothermal compressibility [31, 30, 45, 46, 57, 11, 25, 21]. Hence, finite-size effects due to
using different statistical ensembles can be easily identified by either considering a system with a
finite total number of particles NTot (canonical) or including an infinite reservoir, i.e. NTot → ∞,
(grand canonical). For simplicity, h(r) = g(r) − 1 is defined, and ensemble finite-size effects are
corrected when introducing explicitly the asymptotic limit of the radial distribution function. The
integral on the right-hand side of the equation is evaluated in Fourier space so that h̃ is the Fourier
transform of h. The step function R(r) accounts for the finite integration subdomain, and R̃ cor-
responds to its Fourier transform.

An additional advantage of evaluating the integral in Fourier space is that explicit finite-size
effects due to the use of periodic boundary conditions (PBC) can be trivially introduced via

h̃PBC(k;V0) =
∑

nx,ny ,nz

exp(−k · snx,ny ,nz)h̃(k) , (VI.2)

with snx,ny ,nz = (nx L0x, ny L0y, nz L0x) a vector specifying the system’s periodic images such that
nx,y,z takes integer values and V0 = L0x × L0y × L0z, where an orthorhombic simulation box is
assumed. The choice |nx| ≤ 1, |ny| ≤ 1 and |nz| ≤ 1 is sufficient to compute Eq. (VI.1) accurately.
To sum up, Eq. VI.1 is computed for a reference simulation and used as a benchmark. Fluctuations
of the number of particles ∆2N/⟨N⟩ are computed for the SoI, and if the two results coincide for
every V in V0, the SoI samples the grand canonical ensemble. Moreover, in the limit V → V0,
∆2N/⟨N⟩ should converge to ρkBTκT + constant × ρ/V

1/3
0 in the grand canonical ensemble. By

contrast, in the canonical ensemble ∆2N → constant× ρ/V
1/3
0 [11, 25, 21].

Solvation thermodynamics - The simulation should be free of depletion effects that result from
exhausting the number of particles in the reservoir [35]. In practice, these effects can be monitored
by evaluating Kirkwood-Buff integrals (KBI). Let us consider a binary mixture of a and b particles
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in a volume V0 ≫ Vζ , embedded into an infinite reservoir. For every subvolume V ≤ V0, the
finite-size KBI, Gij(V ;V0) satisfies [48]

V

(
⟨NiNj⟩ − ⟨Ni⟩ ⟨Nj⟩

⟨Ni⟩ ⟨Nj⟩
− δij

⟨Ni⟩

)
= Gij(V ;V0)

=
1

(2π)3V

∫
dk R̃(k) R̃(−k) h̃PBC

ij (k;V0) ,

(VI.3)

with δij the Kronecker delta, ⟨Ni⟩ the average number of particles in the volume V and the indices
i, j indicate the type of particle a,b. As for the single component case, the grand canonical en-
semble can be characterised in this equation by taking the limit for the total number of particles
NTot → ∞ in the two-component radial distribution function [7].

In practice, a benchmark simulation allows the evaluation of the integral in Eq. (VI.3), which
reduces to integrating the system’s partial structure factors. Hence, a simulation samples the
grand canonical ensemble if the fluctuations of the number of particles on the left-hand side of
Eq. (VI.3) follows the solution of the integral on the right-hand side of the same equation evaluated

as a benchmark. Furthermore, both results should converge to Gij +constant/V
1/3
0 with Gij being

the KBI in the thermodynamic limit. Thus, the excess coordination number Nij, i.e. the change
in the number of i particles resulting from removing a j particle from the volume V0, should be
≈ ρiGij. Instead, the corresponding limit for a closed system is ≈ −δij.

Coexistence and critical conditions - To investigate phase transformations in open molecular sys-
tems, it is crucial that the particle reservoir could be easily controlled to impose different thermody-
namic conditions while maintaining thermal and chemical equilibrium with the SoI. We emphasise
that near-critical conditions and second-order phase transitions have a limited description by any
computational approach due to severe finite-size effects. Hence, let us explore the liquid-vapour
coexistence region in the T −ρ diagram of a single-component liquid. That means that the average
density of the SoI should fluctuate between high-density (liquid) and low-density (vapour) values
while keeping a constant chemical potential with the reservoir. From theoretical and practical
perspectives, this point is crucial when simulating non-equilibrium conditions.
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Figure VI.1: Schematic representation of the simulation setup. A slab geometry oriented along
the x-axis with periodic boundary conditions applied in all directions. The switching field λ(x)
defines atomistic (AT), hybrid (HY) and ideal gas (IG) regions by taking values 1, 1 > λ(x) > 0
and 0, respectively. A uniform density profile ensures the SoI has a constant chemical potential
with the IG reservoir. The particle insertion/deletion algorithm is applied to the IG region, which
is effectively in contact with an infinite particle reservoir. Periodic Boundary Conditions (PBC)
are applied along x–, y– and z–directions.

In this paper, we show that the Adaptive Resolution Simulation Method (AdResS) with par-
ticle insertion/deletion steps (AdResS+PI) fulfils the conditions outlined above. To this aim, we
simulate prototypical single-component and mixtures of Lennard-Jones systems embedded into
infinite reservoirs of ideal gas particles that exhibit enough complexity (finite-size effects, non-
trivial solvation behaviour, critical points, and a coexistence region) to test the AdResS+PI setup
extensively.

VI.2 Model and Methods

The AdResS Hamiltonian [41, 40, 23] for a fluid composed of N molecules containing Na atoms is

H[λ](r, p) = K + V intra +
N∑

α=1

{λαVα + V ext(λα)} , (VI.4)

with (r, p) positions and momenta and K =
∑Na

i=1 p
2
i /2mi being the total kinetic energy of

the system. Latin indices run over atoms, and Greek indices over molecules. The potential
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V intra =
∑N

α=1

∑
i ̸=j∈α V

intra(rij) accounts for intra-molecular interactions, with rij being the sep-
aration between atoms i and j, which belong to the same molecule α. Intermolecular interactions
are included in the potential term Vα = 1

2

∑
β ̸=α

∑
i ̸=j V (|rαi − rβj|) with rαi being the position

of the atom i in the molecule α. The molecules’ resolution is determined by the switching field
λα ≡ λ(Rα) with Rα being the position of the centre of mass of the molecule α. When λ = 0 the
Hamiltonian describes an homogeneous ideal gas system provided V ext(0) = constant. In partic-
ular, we set V ext(0) = 0. For 0 < λ ≤ 1, the Hamiltonian describes an inhomogeneous system,
namely, an interacting system in the presence of an external field (Figure VI.1).

In the following, the SoI is defined as the region in the simulation box where λ = 1, i.e. the
AT region in Fig. VI.1. By assuming that the SoI is in the grand canonical ensemble, namely, it
is thermal and chemical equilibrium with an infinite reservoir of chemical potential µid, we have
recently shown that the grand potential can be written as a functional of the density [4], i.e.

Ω[λ][ρ
[λ](r)] =

F[λ][ρ
[λ](r)] +

∫
dr ρ[λ](r) (V ext(λ(r))− µ(λ(r))) ,

(VI.5)

with the functional F[λ][ρ
[λ]] being the intrinsic Helmholtz free energy corresponding to the Hamil-

tonian (VI.4), independent of the external potential. The condition that the SoI, i.e. the AT region
in Fig. VI.1, is in thermal and chemical equilibrium with the reservoir can be imposed explicitly
as F[λ][ρ

[λ]] = F id[ρ(r)] with F id the Helmholtz free energy of the ideal gas. With this condition,
the minimisation of the functional Ω[λ][ρ

[λ](r)] implies

ρ(r) = ρid exp (−β{V ext(λ(r))− µexc(λ(r))}) , (VI.6)

with ρid being the density of the ideal gas. A useful condition, that guarantees that ρ(r) = ρid

constant, is given by V ext(λ(r)) = µexc(λ(r)). Conversely, by classical density functional theory, if
a thermodynamic force is applied to the molecules instantaneously present in the HY region such
that the average density is constant across the simulation box, minus the integral of the force is
equal to the excess chemical potential of the SoI with respect to the ideal gas at the same density
and temperature. These results show that the AdResS method satisfies the first requirement con-
cerning a constant chemical potential between the SoI and the reservoir. Moreover, unlike standard
grand canonical Monte Carlo, the AdResS method does not require the system’s chemical potential
µ as an input parameter. This is an advantageous feature since µ is typically a difficult quantity
to compute.

The infinite reservoir conditions could be approximated by increasing the size of the IG region as
much as possible. However, it is exact and computationally more efficient to introduce Metropolis
Monte Carlo particle insertion/deletion steps in the ideal gas (AdResS+PI) such that the proba-
bility that the present density ρ changes by a quantity δρ, is given by [24]

acc(ρ → ρ± δρ) = min[1, exp(−kµδρ(δρ± 2(ρ− ρid)))] , (VI.7)

with kµ a free parameter related to the width of the distribution of possible values of ρ, with ρid

being the reference density enforced in the IG region.
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The remainder of the paper is devoted to using the AdResS+PI approach to investigate the three
requirements described above to simulate open systems with a well-defined equilibrium state.

VI.3 Results

VI.3.1 Grand canonical ensemble

To prove that the simulation setup samples the grand canonical ensemble, it is sufficient to show
that the fluctuations of the number of particles in the SoI follow Eq. VI.1. We compute the
benchmark integral in Eq. (VI.1) for a liquid system whose potential energy is described by a
12-6, truncated and shifted, Lennard-Jones (LJ) potential with cutoff radius rc/σ = 2.5. The
parameters ϵ, σ and m define the units of energy, length and mass, respectively. The results are
expressed in LJ units with time τ = σ(m/ϵ)1/2, temperature ϵ/kB and pressure ϵ/σ3. A cubic
box of linear size 30σ is considered with density fixed at ρσ3 = 0.864. The system is equilibrated
at kBT/ϵ = 2, enforced by a Langevin thermostat with damping coefficient γ(σ(m/ϵ)1/2) = 1 for
15 × 107 steps using a time step of δt/(σ(m/ϵ)1/2) = 0.01. Production runs span 15 × 107 MD
steps. All simulations were performed with an in-house version of the LAMMPS [56] simulation
package.

By calculating the structure factor, it is thus possible to evaluate the integral on the right-hand
side of Eq. (VI.1), correct the radial distribution function for ensemble effects and use the PBC
term to extrapolate the result corresponding to the simulation box geometry of Fig. VI.1 with the
volume V0 defined as the volume of the AT region. We consider two orthorombic simulation boxes
defined by the vectors (15σ,15σ,50σ) and (30σ,30σ,85σ) and with the AT region of dimensions
given by (15σ,15σ,15σ) and (30σ,30σ,30σ), respectively. The results of the integration for the
two simulation boxes as a function of the ratio ν = (V/V0)

1/3, i.e., fluctuations of the number of
particles in the grand canonical ensemble, are presented as the solid blue curves in Fig. VI.2. The
solid black curves represent the fluctuations of the number of particles in the canonical ensemble
cases for the same geometries, which are shown for comparison. The important difference between
the two curves corresponds to the region ν ≈ 1 or V → V0, where the two limiting cases discussed
in the introduction are apparent.The thermodynamic limit χ∞

T = ρkBTκT is shown in Fig. VI.2
(dashed-dotted black line) to illustrate that limV=V0−→∞ χ (V ;V0) = χ∞

T

With this benchmark at hand, we compute the fluctuations of the number of particles in the
AT region within the AdResS+PI framework described above. Starting from fully atomistic sam-
ples, hybrid (HY) and ideal gas (IG) regions are defined with linear sizes 15σ and σ, respectively.
The HY region is uniformly discretized in slabs of size 0.5σ. To equilibrate the samples, the
thermodynamic and drift forces needed to flatten the density profile across the simulation are
updated every 104 steps during 7× 107 steps. After 4× 107 steps, the density profile is considered
converged, and the integral of the final thermodynamic and drift forces gives the excess chemical
potential of the LJ liquid at these conditions, µexc/ϵ = 8.866 ± 0.061. At this stage, the particle
insertion/deletion algorithm is applied every 1000 steps, and the simulation runs for further 107
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Figure VI.2: Fluctuations of the number of particles for two different simulation boxes defined by
the vectors (15σ,15σ,50σ) and (30σ,30σ,80σ). The solid blue curves correspond to the solution of
the grand canonical finite-size integral in Eq. (VI.1) for the small (upper) and the large (lower)
samples. The solid black curves are the corresponding solution in the canonical ensemble. The
horizontal dashed-dotted black line represents the thermodynamic limit ρkBTκT . The fluctuations
of the number of particles in the AT region obtained within the AdResS+PIframework are pre-
sented as dashed red curves.

steps for production results.

The result of computing ∆2N ≡ (⟨N2⟩ − ⟨N⟩2) in the AT region for subvolumes V ≤ V0 is
presented as the dashed red curve in Fig. VI.2 for the two simulation boxes considered. The
AdResS+PIsimulation reproduces the benchmark solid blue curve, thus demonstrating that the
AT region samples the grand canonical ensemble. As expected from the considerations in the
introduction, the linear regime at intermediate values of ν converges to ρkBTκT , represented by
the horizontal dashed-dotted black line, plus a contribution ∝ 1/V

1/3
0 , which shifts down the curve

for the larger system, approaching the thermodynamic limit value.

VI.3.2 Solvation thermodynamics

To investigate solvation thermodynamics, we focus on investigating a binary mixture (a, b) of a
fluid whose potential energy is given by the purely repulsive truncated and shifted 12-6 LJ poten-
tial with cutoff radius 21/6σ. The potential parameters are σaa = σbb = σab = σ and ϵaa = 1.2ϵ,
ϵbb = 1.0ϵ and ϵab = (ϵaa+ ϵbb)/2. As for the single-component case, the results are expressed in LJ
units with energy ϵ, length σ, and mass ma = mb = m. A constant temperature of kBT/ϵ = 1.2 is
enforced by the Langevin thermostat, as before.

The benchmark has been computed for a system with a total number of atoms NTot = 24000, and
the range of mole fractions of a-molecules xa = 0.2, · · · , 0.8. The pressure is fixed at Pσ3/ϵ = 9.8.
After equilibration by alternating NVT-NPT runs, the final NVT production run corresponds to
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a cubic simulation box with volume V0 being the average volume in the last NPT run such that
pressure does not deviate significantly from the target value. With the resulting partial structure
factors, the integral on the right-hand side of Eq. (VI.3) can be evaluated for arbitrary geometries
of the simulation box, giving the behaviour of the local solvation environment for every subdomain
V ≤ V0. Furthermore, the thermodynamic limit value of the KBI, Gij is obtained using the spatial
block analysis method [11, 25, 21].

We compute the fluctuations of the number of particles in the AT region using the AdResS+PIsetup.

Figure VI.3: Excess coordination numbers Nij = ρiGij as a function of the concentration of
a-molecules, xa. The solid blue curves give the benchmark result. The red diamonds corre-
spond to the result obtained by extrapolating the fluctuations of the number of particles in the
AdResS+PIsimulation to evaluate Gij.

Orthorhombic fully atomistic simulation boxes were equilibrated using the NPT-NVT cycles de-
scribed above. Using the final sizes for these systems, the benchmark result of computing the
integral in Eq. (VI.4) is obtained. AT and HY regions of linear sizes 20σ and 10σ, respectively,
were defined. The remaining simulation parameters were taken from the previous single-component
LJ liquid computations. The simulation converges when the values of the excess chemical poten-
tial for the a, b-molecules reproduce within the error bars the values reported in the literature
(µa,b

exc/ϵ = (15.627± 0.124, 15.374± 0.122) for x1 = 0.5, for example). Following this step, the par-
ticle insertion/deletion algorithm is applied every 1000 steps, and the production run corresponds
to further 2× 108 steps.

In this case, it was also verified that the fluctuations of the number of particles as computed by
the left-hand side of Eq. (VI.3) reproduce the benchmark result obtained by evaluating the right-
hand side of the same equation (Result not shown), indicating that the AdResS+PIsimulation
reproduces the local and long-range solvation behaviour expected in the grand canonical ensem-
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ble. From the linear regime at intermediate values of ν, the value of Gij is extrapolated. We
present (Fig. VI.3) the excess coordination number Nij as calculated from the benchmark result
(solid blue) and the AdResS+PI(red diamonds) simulation. It is also apparent in this case that
the two results agree well, indicating that the AdResS+PIframework is robust enough to describe
the system’s solvation thermodynamics accurately.

VI.3.3 Coexisting conditions

Figure VI.4: Critical point and coexistence conditions for the truncated and shifted LJ liquid. (a)
Excess chemical potential µexc as a function of temperature: our simulation data (red diamonds)
and rescaled reference data from Ref. [58, 59]. (b) Probability distributions for the density of
the coexisting liquid (red) and vapor (blue) systems at kBT/ϵ = 1.02. (c) Peak densities for
the coexistent liquid (red) and vapor (blue) systems. The orange circles indicate the coexistence
diameter. These data compare well with the results reported for the truncated and shifted LJ
liquid [55].

Finally, we investigate the critical point transition and liquid-vapor coexistence conditions for the
LJ system discussed in the first part of the manuscript. To this aim, we quenched the system
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at the critical density ρcσ
3 = 0.319 in the range of temperatures kBT/ϵ = 1.02, · · · , 1.10, which

includes the critical temperature kBTc/ϵ = 1.086 [55].

Results are presented in Fig. VI.4. First, the excess chemical potential as a function tempera-
ture across the coexistence line is calculated and compared with the values obtained with grand
canonical Monte Carlo in Ref. [58, 59]. Even though the error bars in our calculation are close to
5%, the overall trend displayed by the reference data is well reproduced by the AdResS simulation.
Here, we emphasize that, in contrast to the grand canonical Monte Carlo method, the chemical
potential is an output of the AdResS method, resulting from imposing an initial reference density.

We have computed density fluctuations in the AT region (See Fig. VI.4(b)). Below the criti-
cal point, the probability distribution shows the well-known bimodal distribution obtained with
grand canonical Monte Carlo simulations, showing the system’s tendency to fluctuate between
liquid and vapor states. For the temperature range considered, we identified the maxima of these
distributions and plotted the result as a function of the system’s average density. The result is
presented in Fig. VI.4 (c) and compared with the grand canonical Monte Carlo results for the same
LJ liquid as reported in Ref. [55]. It can be appreciated that the AdResS+PI results reproduce
the reference data reasonably well.

VI.4 Conclusions

Confinement, surface-specific interactions, and quantum effects make nanofluidics an ideal frame-
work to challenge our understanding of non-equilibrium statistical mechanics. Computational
methods are crucial to investigating these systems, aiming to interpret and drive experimental
studies. In this context, we argue that any open-boundary molecular dynamics simulation under
the effect of external electric, density or concentration gradients should reduce to a well-defined
equilibrium state when the external perturbation is not present. This state corresponds to the
system of interest (SoI) being in chemical and thermal equilibrium with an infinite reservoir of
particles. Hence, in equilibrium, the simulation setup must sample the grand canonical ensemble.

Specifically, for every subvolume V within the volume V0 of the SoI, the fluctuations of the num-
ber of particles should reproduce the corresponding finite-size integral equations evaluated under
grand canonical conditions. Moreover, in the case of multicomponent systems, the solvation struc-
ture for every V ≤ V0 should correspond to the finite-size Kirkwood-Buff integrals in the grand
canonical ensemble. This condition ensures that the SoI is free from artefacts due to the depletion
of particles in the reservoir. Finally, the simulation method should be robust enough to investi-
gate the complexities of the phase diagram, such as near-critical conditions and coexistence curves.

We have simulated Lennard-Jones (LJ) liquids and mixtures in thermal and chemical equilib-
rium with an infinite reservoir of ideal gas particles using the AdResS method with particle inser-
tion/deletion steps (AdResS+PI). In this setup, we have demonstrated that the fluctuations of the
number of particles of the LJ systems sample the grand canonical ensemble for every subvolume
V ≤ V0. Furthermore, we have investigated the near critical point and liquid-vapor coexistence
conditions, and the results presented compare well with existing data. Therefore, we conclude
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that this AdResS+PIframework is suitable for investigating equilibrium open molecular liquids
and mixtures. The simplicity of the ideal gas reservoir becomes a tremendous advantage when im-
posing different conditions, such as pressure and concentration gradients and external potentials,
that can be applied simultaneously on the SoI. These studies will be the subject of forthcoming
papers.
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Conclusions

Computer simulations are full of finite-size effects due to the unavoidable limitations in both time
and length scales accessible. Regardless of the fact that advances in hardware and software have
been increasing rapidly in the last decades, the differences between scales of theory and experiments
with simulations are still of several orders of magnitude. Principally, the limitations come from
the fact that thermodynamic experiments are in scales reaching the thermodynamic limit (TL),
meaning that the number of particles and volume increase (N → ∞ and V → ∞) by keeping
a ratio between them constant (N/V = ρ). Hence, it is necessary to develop tools, methods
and strategies to extrapolate computer simulations to the thermodynamic limit, where all results
should meet. Depending on the scale of interest, different methods can be used in order to provide
meaningful results. As expected, to reach larger scales, a smaller resolution is required to balance
out the cost/resources of the simulations. In this thesis, we focused on simulations of liquids where
microscopic detail is relevant to extracting thermodynamic properties. This kind of simulation
points immediately to several technical limitations: First, the number of atoms to be simulated
is reduced (up to ∼ 105). Second, the reachable ensembles are limited and normally different to
experimental conditions and theoretical considerations, i.e. the TL. Third, when studying bulk
properties, simulations have to be modified in order to eliminate boundary effects and reproduce
the real bulk attributes. The way to solve this issue is by constructing simulations in a torus-like
geometry, the so-called Periodic Boundary Conditions (PBCs), so as to technically have infinite
simulations as artificial copies of the system are next to the boundaries.

This work combines three main pillars in order to connect computer simulations to the thermo-
dynamic limit: Firstly, theoretical development and correct description of the mechanical statistics
of small systems. Secondly, numerical methods and analysis tools to corroborate our theoretical
results. And lastly, the applications to ideal and realistic systems for single-component liquids and
binary mixtures. In the rest of this section, we will go through the different projects developed
in the last years and presented in this document, highlighting their role in each one of the pillars
previously mentioned.

Let us start with the two fisrt points, theoretical development and analysis tools. In the theory
of liquids, the computation of thermodynamic quantities is done by understanding their local
structures and correlations. We started with the Kirkwood-Buff Integrals (KBI), as they connect
the microscopic structure with the macroscopic properties of liquids. It has been well established
that the KBIs can be directly computed in the thermodynamic limit by extrapolating the local
density fluctuations via the Spatial Block Analysis method. Supported by these results in chapter
III, we developed an explicit expression combined with a numerical implementation to compute
the KBIs for finite systems, allowing us to independently add or subtract all possible size effects,
making it possible to provide a ground basis for further comparison with simulations with a specific
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combination of size effects (Specifically, grand canonical simulations with contributions given by
PBCs which will be discussed later). This was achieved by taking the corrections to g(r) given by
the ensemble differences as proposed by Cortes-Huerto et al. [http://dx.doi.org/10.1063/1.
4964779] and going to the Fourier space to be able to include both, the specificities of the geometry
of the boxes and the contributions given by the PBCs. Although this is not a method to compute
the KBIs in the TL, it does allow us to describe the finite-size contributions coinciding with the
measured fluctuations coming from the SBA. More importantly, it allowed us to artificially change
the sizes and geometries of the systems studied while choosing which size effects to include or
ignore. This made it possible for us to claim when an MD computer simulation correctly sampled
the grand canonical ensemble.

The development and understanding of the correct finite size computation of the KBI allowed us
to compute some other quantities that can also be obtained from integral equations. In particular,
in different fields as in theory of glasses, the two-body excess-entropy s2 is of great interest, hence
in chapter IV we studied its computation and size effects. Opposed to the KBI, s2 came to be free
of any kind of ensemble effect. This is of special importance, as s2 contains a term proportional
to the KBI, which displays strong ensemble finite-size effects. Nevertheless, the direct implication
of this lack of ensemble effect was that, to our knowledge, a finite-size version of s2 was never
reported before this work. After finding a size dependence of 1/L0 with the size of the simulation
box, we tested the well-established empirical relation by Dzugutov, where a dimensionless diffusion
coefficient D∗ extrapolated to the TL relates with s2 via a simple exponential scaling. By using
the finite size version of both s2 and D∗, we found that the Dzugutov coefficients also scale with
size, such that after extrapolating to the thermodynamic limit, they coincide with those reported
in the literature. Interestingly, the scaling coefficients for s2 and D∗ follow a power-law, suggesting
an unexpected viscosity-to-entropy ratio.

On the side of applications to the thermodynamics of different systems, we have three projects
involving ideal mixtures and a realistic set of simulations. First, we focused on understanding
whether relatively small differences in the tail of the radial distribution functions result in con-
trasting thermodynamic properties of model supercooled liquids in chapter II. The connection
between dynamics, which changes substantially upon supercooling, and structure, which seems
to remain the same, is vital in understanding the supercooled state. We consider two different
simple mixtures, a first one with Lennard-Jones (LJ) interactions and a second one including
purely repulsive interactions or Weeks-Chandler-Andersen (WCA). The choice of these particular
pairs of supercooled liquids comes as they have been reported to have somehow similar structures
regarding the radial distribution functions but still considerably different dynamics. Our results
contradict this statement since they show structural and thermodynamic information strongly de-
pend on the tail of the correlation functions, especially under supercooling conditions, and they
differ significantly in these two systems. In particular, we took two different density cases and
different thermodynamic quantities, such as radial distribution functions, isothermal compress-
ibilities, chemical potentials and partial structure factors and their limit of k → 0. On the one
hand, for the low density case (ρ = 1.2σ3), computations of the density-density and concentration-
concentration Bathia-Thornton partial structure factors, with their corresponding limit k → 0
computed independently via the finite-size Kirkwood-Buff analysis, and the excess coordination
number; allowed us to verify that there are significant differences in the structure, as the attrac-
tive interactions on the LJ model tend to nucleate long-range density domains, while the case of
purely repulsive interactions WCA behaves like a normal liquid with monotonic behaviour of all
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the quantities mentioned before. On the other hand, in the case of high density (ρ = 1.6σ3) we
found no considerable difference in the range of temperatures studied. This can be understood by
the fact that at higher densities, the typical distances are smaller, making excluded volume-like in-
teraction effects more prominent. Continuing with the computation of thermodynamic quantities,
we moved to a realistic system in chapter V. In this work, we studied the isothermal compressibil-
ity of a pure propan-1-ol liquid in the range of 200 < T < 300 K, finding a change in behaviour
around T ∼ 220 K. This change between a normal (high T ) and a anomalous (low T ) liquid,
correspond to a similar behaviour to the one presented in chapter II where we identified nucleation
of density/concentration domains in the mixtures studied. Yet, in this case, the nature of the
domains required further investigation and analysis. First of all, we used different methods for
the computation of the bulk isothermal compressibility, finding that the popular expression based
on the volume fluctuations of NPT simulations requires long and rather large simulations in order
to ensure convergence. Instead, the KBI calculation, based on the fluctuations in the number of
particles, alongside the limiting case of the structure factor S(limk→0 k), provides a reliable result
for the computation of the bulk isothermal compressibility with the need of much less statistics
provided the system is properly equilibrated. By studying the average number of hydrogen bonds
(H-bond), we found that there is also a difference in behaviour around the same temperatures,
suggesting the creation of structures driven by H-bond linking in our simulations. These results,
consistent with the existing literature, were supported by NMR experiments. Lastly, we found that
the anomalous behaviour comes from the fact that under cooling, propan-1-ol creates well-defined
polymer-like clusters of molecules connected via H-bonds.

Lastly, we combine all the methods and results previously developed to demonstrate that
the Adaptive Resolution with Particle Insertion method (AdResS+ PI) is able to sample the grand
canonical ensemble. To get there, we start with the work developed in chapter I, where we consider
a typical set-up of a H-AdResS simulation such that two different representations (Atomistic and
Ideal Gas) coexist within the same simulation box allowing particles to change resolution on-
the-fly. In order to guarantee a constant density profile, an additional force has to be imposed
on the system. After assuming the grand canonical statistics, we showed that the Hamiltonian
used in the H-AdResS is well defined and suitable to do statistical mechanics. This comes from
a connection between adaptive resolution and classical density functional theory (DFT) resulting
from identifying the system with an inhomogeneous liquid under an external potential. After
considering the one-to-one correspondence between external potential and equilibrium density
from DFT, the approach presented for H-AdResS comes naturally, where the thermodynamic force
is included to ensure a constant density profile along the whole simulation box. Yet, a last question
remains: Do our AdResS+ PI simulations properly describe the Grand Canonical (GC) ensemble?
This question brings us to the last chapter of this thesis VI.

We showed that to ensure the GC description of our simulations is not enough to apply the
H-AdResS, as the convergence of the fluctuation of the number of particles for large values of
the subvolumes (ν → 1) require long and rather large simulations. Instead, providing a correct
description of the GC statistics directly on the IG region, meaning, a particle insertion algorithm
directly on the reservoir, provides a faster and more stable outcome. This takes advantage of the
construction of the H-AdResS, as the particle insertion algorithm depends strongly of the particular
system of study, but using an ideal gas representation of the system, immediately implies a specific
statistics that can be deduced analytically, making even more general and robust the construction
of the simulations. In other words, the choice of having an ideal gas representation fixes the
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probability distribution for the particle insertion algorithm, and that remains the same even for
different systems, as we always refer to the ideal gas.

With this result, we conclude this thesis, where we pushed forward the understanding and
computation of finite-size thermodynamics from both analytical and computational points of view,
a field of rapid development as the volume of data and resources available demand innovation in the
procedures and practices to analyze simulations. We achieved this by providing clean and robust
methodologies to bring computer simulations to the thermodynamic limit. Opening the doors
to clear immediate applications as (a) the extension to the computation of thermodynamics of
more complex systems, such as realistic systems and mixtures where the finite-size Kirkwood-Buff
analysis is of crucial interest. (b) The connection of the excess of entropy with different transport
properties in more complex systems, like binary mixtures (Maxwell-Stefan or Fick Diffusion) or
systems with internal degrees of freedom (Thermal Conductivity). (c) Having the grand canonical
formulation, i.e., a well-defined equilibrium state, allows us to consistently tackle (AdResS+ PI)
simulations under non-equilibrium conditions.
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