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1. Introduction

In [4, §3], O. Gabber established a certain technical ``presentation lemma'' which he 
used to prove exactness of so-called Gersten complexes. This innocuous looking statement 
has since become a cornerstone of motivic homotopy theory over fields [11]. Much energy 
has been expended into generalizing it—it is now known also over finite fields [6] and, 
with an additional ``shift'', also over much more general bases [13,3].

In this short note we establish a variant of Gabber’s lemma in the setting of varieties 
with an action by the group C2 of order two. From this we deduce a modfied form of 
Gersten injectivity.1
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1 It is well-known that Gersten injectivity in its usual form does not hold equivariantly, see e.g. [8, Remark 

6.3].
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Using these results, we extend some of the standard properties of motivic homo
topy theory over a field to the C2-equivariant setting (stable connectivity, homotopy 
t-structure). We only give some of the most immediate applications, leaving many ex
tensions to future work. This is because I view the results as somewhat ``experimental'', 
“a first foray'' into equivariant Gabber lemmas. Similar results should be provable for 
many other groups, and the good consequences for motivic homotopy theory should then 
follow for all these groups.

I leave it to someone with more geometric clout than myself to tackle these issues.

Notation. We denote by Aσ the a˙ine line with C2-action given by the sign representation, 
and also by σ ∈ C2 the generator. Given a scheme X and a point x ∈ X, we write Xx =
Spec(OX,x) for the associated local scheme, and Xh

x = Spec(Oh
X,x) for the henselization. 

Given a scheme X and subscheme Z ⊂ X, by an étale neighborhood of Z (in X) we 
mean an étale morphism X ′ → X such that X ′ ×X Z → Z is an isomorphism.2

Acknowledgments. I would like to thank Marc Levine and Charanya Ravi for very helpful 
discussions.

The author acknowledges support by Deutsche Forschungsgemeinschaft (DFG, Ger
man Research Foundation) through the Collaborative Research Centre TRR 326 Geom
etry and Arithmetic of Uniformized Structures, project number 444845124.

2. Presentation lemma

Our main result is the following. It is a generalization in both statement and proof of 
[4, Lemma 3.1, Remark 3.7].

Theorem 2.1. Let k be an ifinite field of characteristic �= 2. Let X be a smooth k-scheme 
with an action by C2. Let Z ⊂ X be a closed invariant subscheme of positive codimension 
and z ∈ Z be a point (not necessarily closed). Then there exist:

• A C2-equivariant étale neighborhood X ′ → X of C2z.
• A smooth C2-scheme W .
• A C2-equivariant étale neighborhood X ′ → A1

W of ZX′ . Here A1 carries either the 
trivial or the sign action.

Moreover the following hold: 

(1) The composite ZX′ → A1
W → W is finite.

(2) If the action on A1
W is the sign action, then X ′ → W admits a section.

2 We apply this definition in particular in the case where Z = {x} is a point. Thus for us an étale 
neighborhood of x in X is X′ → X such that the fiber of X′ above x contains a unique point x′, and 
k(x′) = k(x).
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Remark 2.2. The existence of the lift of W in the case of a non-trivial action on A1 is 
important in the applications. Luckily this also naturally arises in the proof.

Remark 2.3. To illustrate the challenges in proving Theorem 2.1, I propose to discuss 
some special cases. 

(1) Suppose Z = XC2 is smooth of dimension n, codimension 1 in X. Since ZX′ → W

factors through WC2 and is finite, we find for dimension reasons that W = WC2 has 
trivial action. Since the action on X is non-trivial, we see that A1 must carry the 
sign action in this case. Now ZX′ → A1

W factors through (A1
W )C2 = W , and so we 

conclude that ZX′ → W is a clopen immersion.
Gabber’s proof of his lemma starts by constructing a map X → An with finite 
restriction to Z, and then uses the remaining coordinate to convert the finite map 
into a closed immersion. This cannot work in our case (unless Z is isomorphic to 
an open subset of An). Our method is to instead pull back the map to An along 
W → An; this will yield an étale neighborhood of z since z ∈ W .

(2) Now suppose in contrast that z �∈ XC2 . If we attempt to mimic the same strategy, 
we must find a smooth closed subscheme W ⊂ X of codimension 1 containing z. 
This is not possible in general unless k is perfect (because z may be a point of 
codimension 1 with closure which is not generically smooth). We must thus use a 
somewhat different argument, and construct a map to A1

W where A1 has the trivial 
action.

We now proceed with the proof.

Lemma 2.4. Let X be an a˙ine finite type k-scheme, k an ifinite field. Let S ⊂ X be 
a finite set of closed points. There exists a function f : X → A1 inducing a universal 
injection S ↪→ A1.

More generally, suppose given T ⊂ X another finite set of closed points, disjoint from 
S. Let X ↪→ AN be an embedding. Suppose that after geometric base change, T consists 
of n points. Among the set of polynomial functions on X of degree ≤ n+ 1 (with respect 
to the embedding X ↪→ AN ) vanishing on T , those which induce a universal injection 
S ↪→ A1 \ 0 are dense.

Proof. The first claim follows from the second one by choosing an embedding X ↪→ AN

and setting T = ∅ (and using that open dense subsets of a˙ine spaces have points over 
k).

The desired condition (injectivity after geometric base change) is open. To prove it 
can be satified, we may thus assume that k is algebraically closed. We must find a 
polynomial P of degree ≤ n + 1 vanishing on T satisfying that: for every s ∈ S we 
have P (s) �= 0, and for s′ �= s ∈ S we have P (s) �= P (s′). Each of these conditions is 
open, so we may satisfy them separately. By temporarily adding s′ to T , it will suffice to 
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show: there exists a polynomial P of degree ≤ |T | vanishing at T but not at s. Taking 
a product over terms for each t ∈ T , it suffices to find a linear polynomial vanishing at 
some specific t ∈ T , but not at s. Since t �= s this is clearly possible. �
Lemma 2.5. Let X be an a˙ine finite type k-scheme with a C2-action, k an ifinite field 
of characteristic �= 2. Let S ⊂ X be a finite set of closed points. 

(1) For x ∈ XC2 \ S there exists an equivariant map f : X → A1 (where A1 has the 
trivial action) with f(x) �∈ f(S).

(2) If S ⊂ X \XC2 then there exists an equivariant map f : X → Aσ (where Aσ denotes 
A1 with the sign action) with f(s) �= 0 for s ∈ S.

(3) Suppose S ⊂ X \XC2 and T ⊂ X is another finite set of closed points, disjoint from 
S ∪ σS. There exists f : X → Aσ vanishing on T and non-vanishing on S.

Proof. (1) Apply Lemma 2.4 to X/C2 and S/C2 ∪ {x}.
(2) Apply Lemma 2.4 to X and C2S to obtain a (non-equivariant) function f0 : X →

A1. We claim that f = f0 − f0σ has the desired property, where σ ∈ C2 denotes the 
generator. By construction f is an equivariant map to Aσ. To check that f(s) �= 0 for 
s ∈ S we may base change to the algebraic closure. Now by assumption s �= σs, and 
hence f(s) = f0(s) − f0(σs) is non-vanishing by construction of f0.

(3) Choose a (non-equivariant) embedding X ↪→ AN and consider the space of (non
equivariant) polynomials P of degree ≤ n such that P vanishes on T . Here n is the sum 
of the geometric numbers of points in S and T . The subspace of polynomials such that 
P −σP does not vanish on S is open; it will suffice to show it is non-empty. This we may 
do after geometric base change. Now S ∪ σS = S′ 	 σS′. Set T ′ = T ∪ σS′. Lemma 2.4
yields P vanishing on T ′ and non-vanishing on S′. This has the desired property. �
Proof of Theorem 2.1. First reductions. If the action of C2 on X is trivial (in some étale 
neighborhood of z), then we may appeal to the original Gabber lemma. Hence we may 
assume that the action of C2 is non-trivial. Moreover, since the problem is Nisnevich 
local around z, we may assume that X is a˙ine [7, Lemma 2.20].

We shall treat two cases, each in several steps.
Case z ∈ XC2 . Pick a closed specialization z̄ ∈ XC2 of z. We can decompose the 

tangent space Tz̄X as a sum of trivial and sign representations, and then write TzX 

k(z̄)n ⊕ k(z̄)(m+1)σ. If the action of C2 is trivial on Tz̄X, then it is trivial on an open 
neighborhood3 of z̄, which we have excluded. Thus m ≥ 0.

Step 1: We claim that there exist C2-equivariant maps f1, . . . , fn : X → A1 and 
g1, . . . , gm : X → Aσ such that if (f, g) : X → An+mσ denotes the induced map, then 
(f, g)−1((f, g)(z̄))∩Z has dimension 0. We first find f1, . . . , fn such that dim f−1(f(z̄))∩

3 Let X = Spec(A) and z̄ correspond to m. Write A± for the eigenspaces of the action. Then A+ → A
is finite. If the action on m/m2 is trivial, then (mm)−/((mm)+(mm)−) = 0, and hence (mm)− = 0 by 
Nakayama’s lemma applied to the finite (Am)+-module (mm)−. It follows that Am = (Am)+.
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Z ≤ dimZ−n and dim f−1(f(z̄))∩ZC2 = 0, where f : X → An is the induced map. Note 
that dimZC2 ≤ dimXC2 = n. Working inductively,4 it will be enough to find f1 such that 
dim f−1

1 (f1(z̄))∩Z < dimZ and dim f−1
1 (f1(z̄))∩ZC2 < dimZC2 . Choosing one point in 

each component of positive dimension of Z and ZC2 we can use Lemma 2.5(1) to find f1

such that f−1
1 (f1(z̄)) does not completely contain any component of positive dimension 

of Z or ZC2 , which implies what we need. Next note that dimZ ≤ dimX−1 = n+m, so 
dim f−1(f(z̄))∩Z ≤ m. Each component of f−1(f(z̄))∩Z of positive dimension contains 
a point outside ZC2 (since dimZ(f1, . . . , fn)∩ZC2 = 0). Hence we can use Lemma 2.5(2) 
to find g1 with dim(f, g1)−1((f, g1)(z̄)) ∩ Z ≤ m− 1. Iterating this procedure we obtain 
what we need.

Step 2: Let p1, . . . , pN ∈ OX(X) generate OX(X). By symmetrizing and anti
symmetrizing, we can assume that σpi = ±pi, where σ ∈ C2 denotes the generator 
(recall that k has characteristic not 2). We further add the functions from step (1) to 
this set. This way we obtain an equivariant closed immersion X ↪→ AN+Mσ.

Step 3: We claim that a general equivariant linear projection ϕ : AN+Mσ → An+mσ×
Aσ has the following properties:

(a) The composite Z → AN+Mσ → An+mσ ×Aσ → An+mσ is quas-finite at z̄.
(b) The composite X → AN+Mσ → An+mσ ×Aσ is étale at z̄.

Indeed both conditions are open,5 so we need only check that the sets are non-empty. 
For (a), this holds because among the coordinates are the functions f1, . . . , fn, g1, . . . , gm

of step (1). For (b), we may first base change to an algebraic closure of k. Doing so splits 
z̄ into finitely many points; it will suffice to show that being étale at each one is an 
open non-empty condition. Thus we may assume that z̄ is a rational point. Now the 
claim follows using [5, 17.11.1], because the target is isomorphic to TzX and the linear 
inclusion TzX → kN+Mσ equivariantly splits (k having characteristic �= 2).

Step 4: In this step we will produce étale maps X ← X4 → Wh
z × Aσ such that the 

preimage of Z is finite over Wh
z and maps via a closed immersion to Wh

z ×Aσ.
Choose a projection as in step (3) (this is possible since k is ifinite). We obtain a 

map ϕ : X → An+mσ ×Aσ which is étale at z̄ and such that Z → An+mσ is quas-finite 
at z̄. Since the étale and quas-finite loci are open [14, Tags 02GI and 01TI], shrinking 
X we may assume ϕ is étale and quas-finite. Let W ⊂ X denote the vanishing locus of 
gm+1 : X → Aσ. This is a closed subscheme étale over An+mσ, whence smooth. Moreover 
XC2 ⊂ W , so z ∈ W . Consider the pullback squares

4 Observe that (f, g)−1((f, g)(z̄)) ⊂ ∩if
−1
i (fi(z̄)) ∩ ∩jg

−1
j (gj(z̄)).

5 Note that spaces of equivariant maps are fixed points on spaces of all maps, so it suffices to show the 
openness ignoring equivariance. For étaleness see e.g. [9, §3.2.2]. For the quasifiniteness, apply openness of 
the quas-finite locus [14, Tag 01TI] to the universal projection Z × P → An+mσ × P .
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X1 −−−−→ W ×Aσ −−−−→ W
⏐⏐�

⏐⏐�
⏐⏐�

X −−−−→ An+mσ ×Aσ −−−−→ An+mσ.

We have W ↪→ X and so W ×An+mσ W ↪→ X1. The diagonal W → W ×An+mσ W is 
open (both schemes being étale over An+mσ) and closed (W → An+mσ being separated); 
hence W ×An+mσ W = W 	W ′. Set X ′

1 = X \W ′ and consider the pullback squares

Wh
z −−−−→ X2 −−−−→ Wh

z ×Aσ −−−−→ Wh
z⏐⏐�

⏐⏐�
⏐⏐�

⏐⏐�

W −−−−→ X ′
1 −−−−→ W ×Aσ −−−−→ W.

Since Wh
z lifts to X2 as indicated, z lifts to X2. Because Z → An+mσ is quas-finite at 

z so is ZX2 → Wh
z . We can write [14, Tag 04GJ]

ZX2 = A1 	 · · · 	An 	B

with Ai local and finite over Wh
z and B → W1 not quas-finite at any point over z. It 

follows that z ∈ Ai for some i, say i = 1. Set

X3 = X2 \ (
⋃

i>1
Ai ∪B).

Then ZX3 → Wh
z is finite and the composite ZX3 → X3 → Wh

z ×Aσ is unramfied and 
finite. Since ZX3(
 A1) has fiber over z consisting only of z, the fiber of ZX3 → Wh

z ×Aσ

over z is a closed immersion (use [14, Tag 04XV]), and hence so is ZX3 → Wh
z ×Aσ by 

Nakayama’s lemma.
Step 5: In this step we perform some standard cleanup: we transform our map X3 →

Wh
z × Aσ into an étale neighborhood of the preimage of Z, and then we descend from 

Wh
z to some finite type scheme.
Note that for i > 1, Wh

z ∩Ai ⊂ Wh
z ⊂ X2 is closed but does not contain z, so must be 

empty. Similarly for Wh
z ∩ B. It follows that Wh

z ⊂ X3. The map ZX3 → ϕ−1(ϕ(ZX3))
is open (both schemes being étale over ϕ(ZX3) 
 ZX3) and closed (both schemes being 
closed in X3). Hence ϕ−1(ϕ(ZX3)) 
 ZX3 	 Z ′. As before z �∈ Z ′ and so Z ′ ∩Wh

z = ∅. 
Thus Wh

z ⊂ X4 := X3 \Z ′. By construction, X4 → Aσ ×Wh
z is an étale neighborhood of 

ZX4 . The composite Wh
z → X4 → Aσ ×Wh

z consists of finitely presented Wh
z -schemes. 

Writing Wh
z as the cofiltered limit of étale neighborhoods of z in W , we conclude by 

continuity that there exists such an étale neighborhood W̃ → W together with a model 
W̃ → X̃4 → Aσ×W̃ of the previous composite, still satisfying all the same properties (in 
particular X̃4 → Aσ × W̃ is an étale neighborhood of ZX̃4

, and X̃4 is an open subscheme 
of X ′

1 ×W W̃ ). Since W̃ → W and X ′
1 → X are étale neighborhoods of z, so is X̃4 → X.

This concludes the case where z ∈ XC2 .
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Case z �∈ XC2 . Replacing X by X \XC2 , we may assume that the action of C2 is free.
Trivial subcase. Suppose there is a smooth map X → B, where B is a smooth 

0-dimensional k-scheme with a free action by C2. In this case everything happening 
equivariantly over B is equivalent to things happening non-equivariantly over B/C2, 
and so the result follows by appeal to the usual Gabber lemma.

Reduction to z set-theoretically fixed. Suppose that σz �= z. Then the map C2×X →
X is an equivariant étale neighborhood of z (since C2z 
 C2×z). We may thus replace X
by C2×X, and consequently assume that X has a smooth map to C2. This is handled by 
the trivial subcase. Consequently from now on we may assume that z is set-theoretically 
fixed.

Reduction to dimX > 1. Existence of z ∈ Z precludes dimX = 0. Hence we may 
assume dimX = 1, so z ∈ X is a closed point. Since C2 acts non-trivially on k(z), the 
separable degree of k(z)/k is positive (this follows from [14, Tag 09HK]). Let ks ⊂ k(z)
denote the maximal separable subextension, and set B = Spec(ks). (This has a canonical 
C2-action.) Since B → B × B is a clopen immersion, XB → X contains an equivariant 
étale neighborhood of z. If the action of C2 on B is non-trivial, we are done by the trivial 
subcase. Otherwise we can repeat the construction, with the base field replaced by ks. 
Note that this construction has decreased the degree of k(z)/k, whence the process must 
terminate.

Step 0: To summarize, we have X with a free action by C2, z ∈ Z ⊂ X with C2z = {z}, 
dimX = n + 1, n > 0. Let z̄ be a closed specialization of z.

Step 1: We claim that there is a map ϕ : X → Anσ which is smooth at z̄, its restriction 
to Z is quas-finite at z̄, and has ϕ(z̄) �= 0. After choosing an open embedding of X into 
a C2-representation and considering linear projections, all three conditions are open. 
Hence we need only prove that they can be satified. By adding further generators to 
the embedding, we in fact just need to construct functions X → Anσ satisfying the 
smoothness/quasifiniteness/non-vanishing condition.

For the non-vanishing, we can use Lemma 2.5(2).
For the quas-finiteness, it will be enough to prove that given Z ′ ⊂ X closed of 

dimension ≤ d (d ≥ 1) with z̄ ∈ Z ′, there exists f : X → Aσ vanishing at z̄ with 
Z ′ ∩ Z(f) of dimension < d. In every component of Z ′ of dimension d we can find a 
closed point not conjugate to z̄; call the resulting set S. We thus need f(z̄) = 0 and 
f(S) �� 0. This we find by Lemma 2.5(3).

For the smoothness, first choose finitely many generators of mz̄, and write V for the 
a˙ine space spanned by them. We claim that if f1, . . . , fn are general elements of V , then 
ϕ = (f1−σf1, . . . , fn−σfn) has the desired property. We may verify this after base change 
to the algebraic closure. Then z̄ splits into finitely many free C2 orbits C2z1, . . . , C2zr. It 
will suffice to show that a general such ϕ smooth at C2z1. The condition being open, we 
need only exhibit one specific set of maps f1, . . . , fn satisfying the smoothness condition 
at C2z1. The map V → Ωz1X⊕Ωσz1X is surjective (the right hand side being a quotient 
of (mz̄/m

2
z̄) ⊗k k̄). Let e1, . . . , en+1 be a basis of Ωz1X. Pick fi lifting (ei, 0) to get the 

desired result (note that the action of σ interchanges (ei, 0) and (0, ei)) using [5, 17.11.1].
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Step 2: In this step we will produce étale maps X ← X4 → W × A1 such that 
the preimage of Z is finite over the henselian local scheme W and maps via a closed 

immersion to W ×Aσ.
Shrinking X, we may thus assume given ϕ : X → Anσ which is smooth, and quasi

finite on Z, with w := ϕ(z) �= 0. Note that w is set-theoretically fixed but has non-trivial 
action. Let W = (Anσ)hw and X1 = X ×Anσ W . Note that z lifts to X1. Also ZX1 → W

is quas-finite and hence as before we can obtain X2 by removing finitely many clopen 

subsets of ZX1 in such a way that z ∈ X2 and ZX2 → W is finite; in fact ZX2 is local with 

closed point z and so z is the only point in ZX1 above w (use incomparability in finite 

extensions [14, Tag 00GT]). We claim that there is a map X → A1
W (trivial action on 

A1) such that the special fiber Xw → A1
w is quas-finite at z, étale at z and geometrically 

injective at z. Assuming this, the map is flat at z by miracle flatness [14, Tag 00R4], 
hence étale at z [14, Tag 02GU]. Let X3 be obtained by shrinking X2 such that the map 

becomes étale. Since ZX2 is local, we must have ZX2 ⊂ X3 and so ZX3 = ZX2 → W

is still finite. It follows as in Step 4 before (i.e. using Nakayama’s lemma and [14, Tag 

04XV]) that ZX3 → A1
W is a closed immersion.

Proof of claim: Suppose fw : Xw → A1
w has the desired properties. Let f : X → A1

W be 

any (non-equivariant) lift of fw (this exists because f corresponds to an element of O(X)
with specfied image in O(Xw), and Xw → X is a closed immersion of a˙ine schemes). 
The antisymmetrization of f will have the desired properties. We thus reduce to the case 

W = w. We are thus given X smooth of dimension 1 over w with a specfied closed point 
z and must construct a map to A1

w which is quas-finite, étale and geometrically injective 

at z. Since w has a free action, by descent we can instead consider the non-equivariant 
situation over w/C2. Thus given a smooth a˙ine curve X over a field v with a closed 

point z, we must construct a map X → A1 which is quas-finite, étale and geometrically 

injective at z. Choosing an embedding X ↪→ AN
v and considering linear projections to A1, 

all three conditions become open. Being quas-finite just requires being non-constant (at 
z), which can clearly be satified. The universal injectivity can be satified by Lemma 2.4. 
Generical étaleness is also well-known using arguments as in smoothness for step 1; see 

e.g. [9, §3.2.2].
Step 3: As in step 5 from case 1, we remove ϕ−1(ϕ(ZX3)) \ ZX3 from X3 in order 

to obtain an étale neighborhood X4 → A1
W of ZX4 = ZX3 . These are finitely presented 

schemes over W , which itself is the cofiltered limit of étale neighborhoods of w ∈ Anσ. 
It follows that there exists an étale neighborhood W̃ → Anσ of w together with a 

model X̃4 → A1
W̃

having the same properties as before. Since W̃ → Anσ is an étale 

neighborhood of W , X̃4 → X is an étale neighborhood of z.
This concludes the proof. �
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3. Applications

Throughout let k be an ifinite field of characteristic not 2. Denote by

SHC2,S
1
(k) ⊂ Fun((SmC2

k )op,SH)

the category of A1-invariant Nisnevich sheaves of spectra.6

Lemma 3.1. Let E ∈ SHC2,S
1
(k), X ∈ SmC2

k and x ∈ X. Write S for the generic orbit 
of Xh

C2x
and S′ for the generic points of (Xh

C2x
)C2 (of which there are 0 or 1). The map

π0E(Xh
C2x) → π0E(S) ⊕ π0E(S′)

is injective.

Proof. We prove the result by induction on dimX. The case of dimension 0 is tautolog
ical. Set Y = Xh

C2x
. Let a ∈ π0E(Y ) with a|S = 0 and a|S′ = 0. Since the action on XC2

is trivial, π0E(Y C2) → π0E(S′) is injective (by non-equivariant Gersten injectivity; see 
e.g. [2, Corollary 6.2.4]); hence a|Y C2 = 0. By continuity we find an étale neighborhood 
X1 → X of C2x, a proper closed subscheme Z ⊂ X1 and a class b ∈ π0E(X1) such that 
b|Y = a, b|X1\Z = 0 and b|

X
C2
1

= 0. Applying Theorem 2.1 we obtain a further étale 
neighborhood X2 → X1 of C2x, a smooth C2-scheme W and an étale neighborhood 
X2 → A1

W of ZX2 . Moreover if the action on A1 is non-trivial, we obtain a lift of W into 
X2. We pull back the situation to the henselization of W in the image of C2x; hence we 
may assume W henselian in the image of C2x. Set Z2 = ZX2 and F = π0E. From this 
we obtain the following commutative diagram with exact rows

F (W )

?
�⏐⏐

F (X2 \ Z2) ←−−−− F (X2) ←−−−− F (X2/X2 \ Z2)
�⏐⏐

�⏐⏐ �
�⏐⏐

F (A1
W \ Z2) ←−−−− F (A1

W ) ←−−−− F (A1
W /A1

W \ Z2).

The map labeled ? only exists if the action on A1 is non-trivial. From the diagram we 
conclude that there is a class c ∈ F (A1

W ) with c|X2 = b|X2 (so c|Y = a) and c|A1
W \Z2 = 0. 

It will suffice to show that c = 0.
First consider the case where the action on A1 is trivial. In this case the map A1

W \
Z2 → W has a section. (To see this, note that an invariant function on W dfines 

6 That is, presheaves of spectra F : (SmC2
k )op → SH such that the canonical map F (X) → F (X ×A1) is 

an equivalence for every X ∈ SmC2
k , F (∅) is contractible, and F transforms distinguished Nisnevich squares 

into pullback squares of spectra.
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a section missing Z2 if and only if this is true in the special fibers (Z2 being finite 
over W ). Since invariant functions can be lifted along closed immersions, to prove the 
claim we may replace w by its special orbit (the image of C2x). This special orbit has 
either trivial or free action, and both cases are easily dealt with.) This implies that 
F (W ) 
 F (A1

W ) → F (A1
W \ Z2) is injective and hence c = 0, as needed.

Now we consider the case where the action on A1 is non-trivial; in particular we are 
given a lift of W into X2 and the map ? exists. By assumption b|

X
C2
2

= 0 and hence 

also c|WC2 = 0. If the action of C2 on W is trivial then c = 0 (since F (A1
W ) 
 F (W )). 

Otherwise the action of C2 on the generic orbit C2η ∈ W must be non-trivial, so free. 
Since Z2 → W is finite, the map A1

C2η
\ Z2 → C2η has a section. (Since C2η has free 

action, this problem corresponds to one over (C2η)/η, and even though A1 has the sign 
action, the quotient corresponds to a line bundle on (C2η)/η which must be trivial.) This 
implies that c|C2η = 0, and hence c = 0 by induction. �

We arrive at the main point. Write ShvNis(SmC2
k ,SH) for the category of spec

tral Nisnevich sheaves on SmC2
k . Recall that, as the stabilization of an ∞-topos, this 

has a standard t-structure with heart the sheaves of abelian groups on SmC2
k [10, 

Proposition 1.3.2.1]. In fact for E ∈ ShvNis(SmC2
k ,SH) set πiE = aNisπiE. Then the 

non-negative/non-positive spectral presheaves are detected by the evident vanishing of 
homotopy sheaves πi, and the functor π0 is an equivalence when restricted to the heart. 
We call a Nisnevich sheaf of abelian groups on SmC2

k strictly A1-invariant if all of its 
cohomology is A1-invariant; equivalently, the associated Eilenberg–MacLane spectrum 
is A1-invariant.

Proposition 3.2. Let k be an ifinite field of characteristic �= 2. 

(1) Let E ∈ SHC2,S
1
(k). Then πiE = 0 if and only if, for every essentially smooth 

C2-scheme O over k of dimension 0 (i.e. a finite disjoint union of spectra of finitely 
generated separable field extensions of k, with some action by C2), we have πiE(O) =
0.

(2) Let E ∈ ShvNis(SmC2
k ,SH)≥0. Then LmotE ∈ ShvNis(SmC2

k ,SH)≥0.
(3) The standard t-structure on ShvNis(SmC2

k ,SH)≥0 restricts to the subcategory 

SHC2,S
1
(k). The heart is the category of strictly A1-invariant sheaves on SmC2

k .

Proof. (1) Necessity is clear, and sufficiency is immediate from Lemma 3.1.
(2) We must prove that (LmotE)(O) a connective spectrum for every O as in (1). Since 

(LmotE)(X) is obtained7 as the singular construction |E(X × A•)|, for this it suffices 
to show that E(O × An) is (−n)-connective. This holds since O × An has Nisnevich 
cohomological dimension ≤ n [1, Proposition A.4.4].

7 This singular construction is A1-equivalent to E and A1-invariant [12, §2 Corollaries 3.5 and 3.8], and 
it is a Nisnevich sheaf since the topology is dfined by a cd structure; hence it is the motivic localization.
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(3) Let E ∈ SHC2,S
1
(k) and write τNis

≥0 E ∈ ShvNis(SmC2
k ,SH)≥0 for the connective 

cover. The canonical map τNis
≥0 E → E factors through Lmotτ

Nis
≥0 E, E being A1-invariant. 

On the other hand, Lmotτ
Nis
≥0 E being connective, the map Lmotτ

Nis
≥0 E → E factors 

through τNis
≥0 E. We have now exhibited τNis

≥0 E as a retract of the motivically local object 
Lmotτ

Nis
≥0 E → E, whence τNis

≥0 E ∈ SHC2,S
1
(k). It follows that the standard t-structure 

restricts as claimed. The identfication of the heart follows by definition. �
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