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Chapter 1

Introduction

Many optimization tasks with practical importance are concerned with the allocation
of limited resources to achieve some objective criteria. Usually the number of feasible
solutions to such problems is finite, and the goal is to determine the best alternative.
These optimization tasks are called combinatorial optimization problems. Besides
prominent examples like the traveling salesman problem or vehicle routing problems,
constrained spanning tree problems are an important class of problems. A spanning
tree for a connected graph G is a subgraph of G that connects all nodes of G
without creating any cycles. Finding good spanning trees is necessary in many
areas. Whenever an economical and efficient way to connect a set of factories,
IT servers, terminals, cities or others is needed, a solution is often a spanning tree.
Such problems that deal with the design of optimal communication or transportation
networks that satisfy a given set of constraints have been extensively studied in the
literature (Wu and K.-M. Chao, 2004).

To deal with such combinatorial optimization problems, a wide range of algorith-
mic strategies have been proposed. Approaches can be roughly classified into three
groups: exact approaches, approximation algorithms, and heuristics. Classical op-
timization approaches like linear programming or branch-and-bound methods yield
provably optimal solutions. While some of these approaches work remarkably well,
for difficult problems they need a high computational effort to generate optimal
solutions and prove the optimality. Since many real-world optimization tasks are
difficult (e.g. NP-hard (Garey and Johnson, 1979)), even medium sized problem
instances often become intractable for exact approaches. In such cases, one can
use approximation algorithms. These are algorithms that in general do not create
optimal solutions, but give provable bounds on the solution quality as well as the
runtime, which is usually polynomial.

In order to solve combinatorial optimization problems that are difficult to solve,
heuristics are often the best choice. While they do not necessarily identify optimal
solutions or give quality guarantees, they are usually very fast (polynomial runtime),
efficient and able to generate high-quality solutions for difficult and NP-hard prob-
lems. Besides problem-specific heuristics, there exist general purpose optimization
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Chapter 1 Introduction

concepts like evolutionary algorithms, ant colony optimization, simulated anneal-
ing and others, that can be easily applied to various optimization problems. These
are called metaheuristics (see Michalewicz and Fogel, 2004 for an introduction).
The runtime of metaheuristics is controlled during implementation, for example
by providing a upper bound of solution evaluations. Metaheuristics often generate
high-quality solutions for difficult optimization problems.

Metaheuristics perform an incomplete search in the space of solutions by itera-
tively creating and evaluating new candidate solutions. While there exists a wide
range of metaheuristic approaches, all use the same concepts of intensification (ex-
ploitation) and diversification (exploration) (Blum and Roli, 2003). During intensi-
fication steps, the algorithms try to improve the quality of solutions. In contrast,
in diversification steps new areas are explored, which can lead to temporarily lower-
quality solutions but helps the overall search process.

Basic and common design elements of metaheuristics are the representation, the
search operators, the fitness function, the initialization and the search strategy
(Rothlauf, 2011). Representations map candidate solutions (phenotypes) to a usu-
ally linear data structure (genotype). Search operators like crossover and mutation
modify solutions and derive new solutions that are evaluated using the fitness func-
tion. The initialization is responsible for creating an initial set of solutions, from
which the optimization process starts. The search strategy controls the balance
between the intensification and diversification phases.

One big drawback of metaheuristics is that the more problems a particular ap-
proach can solve, the lower the resulting average performance is. This trade-off
between effectiveness and application range is to some extend explained by the no-
free-lunch theorem by Wolpert and Macready (1997), which essentially states that
black box optimization – an algorithm that does not use problem-specific information
– is not better than random search when applied to a problem that is closed un-
der permutation. Therefore, problem-specific assumptions are necessary for efficient
problem solving. This is why applying a standard, non problem-specific approach
often only works for small problem instances. In those cases, high-quality solutions
can be found, but for larger real-world optimization problems these methods fail.

One approach to overcoming this limitation is the use of problem-specific adap-
tations (Bonissone et al., 2006; Droste and Wiesmann, 2003; Hauschild et al., 2012;
Raidl and Julstrom, 2003a; Rothlauf, 2011). While this reduces the universality of
the approach, the performance for the problem at hand can be increased. When
designing optimization methods in a problem-specific way, we gather information
about the structure of high-quality, or even bad, solutions. This knowledge is ex-
ploited by introducing a bias into the algorithm, which concentrates the search in
areas with high-quality solutions or avoids regions with bad solutions. On the down-
side, using a bias may also mislead the search, since a wrong bias leads to low-quality
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1.1 Goal of this thesis

solutions. Also, a bias that is too strong is disadvantageous: it focuses the search
only on specific areas and excludes solutions from the search.

A problem-specific bias can be considered in all key elements of a metaheuristic.
Representations can incorporate heuristics that favor particular solutions or use a
redundant encoding, which assigns a larger number of genotypes to high-quality
phenotypes. Search operators can be biased to prefer high-quality solution features
over low-quality ones when generating new solutions from existing ones. Then, some
solutions are created with higher probability than others. On average this leads to
better solutions compared to unbiased search operators. Using a-priori knowledge to
bias initial solutions is done in a similar way. Instead of creating all solutions in the
search space with similar probability, construction heuristics are used to create initial
solutions which are expected to be better than random solutions. Metaheuristics are
then able to start the search at promising regions of the search space, which usually
leads to better results faster. Exploiting problem-specific knowledge in the fitness
function is difficult because it already contains a bias, since the fitness functions is
used to distinguish high-quality and low-quality solutions. An additional bias can
be introduced to reward or penalize certain parts of a solution. Often this is done
if infeasible solutions exist in the search space in order to guide the search towards
regions with feasible solutions.

While problem-specific design of optimization methods is a way to overcome the
limitations of metaheuristics, it is unclear (1) how the required problem knowledge
can be generated and (2) how this knowledge can be used to systematically design
efficient and effective problem-specific optimization methods.

1.1 Goal of this thesis

This thesis addresses those two issues using case studies on three different con-
strained spanning tree problems. This work (1) identifies and analyzes relevant
structural properties of the spanning tree problems and (2) demonstrates how the
search performance of (meta-) heuristics regarding solution quality and running
time can be improved by considering problem-specific knowledge in the heuristic’s
different components.

To identify and analyze structural properties of spanning tree problems, the ap-
proach used in this thesis is to analyze what distinguishes high-quality solutions
from low-quality solutions. Therefore, a thorough problem analysis is the first step
to systematically design problem-specific metaheuristics. The approach needs four
essential components: (a) an exact or heuristic approach to create high-quality or
even optimal solutions for small to medium-sized problem instances, (b) the cre-
ation or selection of problem instances that are representative, but solvable, (c) a
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Chapter 1 Introduction

method to create random and unbiased solutions, and (d) a list of relevant solution
characteristics that will be analyzed. Approaches to creating high-quality solutions
can usually be found in the literature and need to be implemented. They have to
be fast enough to solve the selected problem instances in reasonable time. Cre-
ating uniformly random solutions is not an easy task, since the constraints of the
problem have to be respected. The selection of relevant characteristics is problem-
dependent. This thesis focuses on combinatorial optimization problems in graphs,
where solutions are spanning trees. Relevant characteristics of spanning tree prob-
lems can be split into two categories: ones that describe properties of the edges like
edge weight or edge orientation, and others that describe the structural properties
of whole trees, like node degree distributions or the Wiener index. It is also useful
to analyze the backbones – that is the tree without its leaf nodes – since the back-
bone has a large influence on the overall weight of a tree. This thesis studies three
relevant and difficult constrained spanning tree based problems: the optimal com-
munication spanning tree (OCST) problem, the quadratic minimum spanning tree
(QMST) problem, and the bounded-diameter minimum spanning tree (BDMST)
problem.

The search performance of metaheuristics can be increased by exploiting the
gained insights to create efficient problem-specific metaheuristics. After analyz-
ing properties of high-quality solutions, this is demonstrated by biasing the different
components of metaheuristics. Since search operators have a high influence on per-
formance, this work designs biased operators for the OCST and the QMST problem.
These operators create solutions with properties similar to those of high-quality so-
lutions with higher probability. For the OCST problem, this thesis also proposes an
approach using a biased fitness function, which uses penalties to guide the search
into promising regions of the search space. Problem-specific construction heuristics
are proposed for all three problems and experiments analyze the influence on the
overall search performance of metaheuristics that start the search from biased initial
solutions. Experimental results with different biased components and on different
problems confirm that, by introducing a bias the search performance of metaheuris-
tics, measured by solution quality and running time, is increased. Hence, a proper
consideration of problem-specific knowledge results in efficient and robust search
performance. The choice of metaheuristic is not that important.

Overall, this thesis gives advice on how to generate problem-specific knowledge for
constraint spanning tree problems and how to systematically exploit this knowledge
by introducing an analogous bias in the different components of heuristic optimiza-
tion methods.

4



1.2 Structure

1.2 Structure

This thesis by publication consists of five articles, that are either published or sub-
mitted to scientific journals. In detail the thesis is structured as follows:

Chapter 2 starts the work on the OCST problem. Since the problem is NP-hard,
many state-of-the art approaches are based on metaheuristics, especially evolution-
ary algorithms. Biased variants use search operators that prefer short edges since
optimal solutions are similar to minimum spanning trees. In Section 2.2, we intro-
duce the edge orientation as another relevant property of edges. An experimental
study on a large set of test instances shows that high-quality solutions to Euclidean
OCST instances contain disproportionately many edges that point towards the cen-
ter of their tree. Section 2.3 then extends the existing crossover operators to incor-
porate that knowledge and adjusts the needed parameters. The final experiments
(Section 2.4) compare the performance of evolutionary algorithms using the new op-
erators to the existing approaches on OCST instances with different configurations.
The results show that the best performance is achieved by considering edge weights
and orientation when selecting building blocks (edges) in the crossover operators.

While Chapter 2 focuses on the properties of the edges contained in optimal
solutions for the Euclidean OCST problem, Chapter 3 analyzes structural properties
of whole trees. Section 3.2 compares the node degree distributions, the location of
nodes with certain degrees and the Wiener index of high-quality solutions with low
quality ones. The results provide new insights into the structure of high-quality
OCST solutions. These results are used in Section 3.3 to design a simple tree
construction heuristic that is able to create spanning trees that are similar to optimal
ones. During tree construction, the structural properties identified in this chapter
are used, as is the knowledge about edge orientation provided in Chapter 2. Our
construction heuristic is compared to a state-of-the art heuristic (Section 3.4) and the
average solution quality is similar. In the final experiments, we use the construction
heuristic to bias the initial population of an evolutionary algorithm. The results
show the merits of using a biased initialization: the algorithm converges faster and
better solutions are found.

For the OCST problem, different ways of including problem-specific knowledge
are known. In the previous chapters, we showed how biasing the search operators
(Chapter 2) and biasing the initial solutions (Chapter 3) increases search perfor-
mance. The link-biased encoding (Rothlauf, 2009a) is a redundant representation
that creates a bias towards low-weight edges by over-representing the solutions with
desired properties. Chapter 4 presents an approach for the OCST problem that
modifies the fitness function to create a bias towards low-weight edges that point
towards the center of the graph. We use an approach called guided local search (GLS)
that assigns costs to solution features – in our case, the graph’s edges (Section 4.3).
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A local search is performed until a local optimum is reached, then solution features
that create the highest costs are penalized. In contrast to other approaches that
favor certain types of edges, the GLS approach causes the search to avoid regions of
the search space. Results (Section 4.4) show that such an approach based on penal-
ties gives a robust search performance, independent of the type of problem-specific
knowledge used.

Chapter 5 addresses the QMST problem, where the costs of a solution tree are the
sum of the edge weights and the so-called intercosts that arise for every pair of edges
in the solution. Since costs are linked additively, the problems looks significantly
different depending on the edge weights and intercosts, respectively. This fact was
neglected by previous work on the QMST problem. The problem also gets consid-
erably easier if the intercosts do not play a large role. In this chapter we develop
metaheuristic approaches that work independently of the ratio between edge weights
and intercosts. First, in Section 5.3 we develop construction heuristics that favor
edges with desired properties. The knowledge thus gained is used to create biased
mutation and crossover operators (Sections 5.4 and 5.5). Using these search oper-
ators in two metaheuristics, an evolutionary and a simulated annealing algorithm,
shows the superiority of these search operators compared to existing, unbiased ones.
Finally, results in Section 5.6 show that we are able to successfully outperform the
current state-of-the-art approaches for the QMST problem.

Chapter 6 considers construction heuristics for the BDMST problem. In a first
step, the shortcomings of the existing approaches are analyzed by studying the
structure of the backbones they create (Section 6.3). The backbone, that is the tree
without its leaf nodes, has a huge influence on the overall costs for BDMST problems.
A lightweight backbone that spans large parts of the graph, allows the leaf nodes
to be connected with short edges. Otherwise, long edges are needed to connect the
remaining nodes, which leads to poor solution quality. Based on the results of the
analysis, two new heuristics are proposed (Section 6.4) and analyzed. Results show
that they are able to create spanning trees that are similar to optimal ones. The
final experiments (Section 6.5) analyze the performance of the new approaches for
medium to large BDMST instances with different diameter bounds. Especially for
large instances with tight diameter bounds, we are able to significantly improve the
search performance compared to that of existing heuristics.

Finally, Chapter 7 summarizes and concludes the thesis.
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Chapter 2

Edge orientation and the design of
problem-specific crossover
operators for the OCST problem
Wolfgang Steitz, Franz Rothlauf

Abstract

In the Euclidean optimal communication spanning tree (OCST) problem, the edges
in optimal trees not only have small weights but also point with high probability
towards the center of the graph. These characteristics of optimal solutions can be
used for the design of problem-specific evolutionary algorithms (EAs). Recombina-
tion operators of direct encodings like edge-set and NetDir can be extended such
that they prefer not only edges with small distance weights but also edges that point
towards the center of the graph. Experimental results show higher performance and
robustness in comparison to EAs using existing crossover strategies.
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2.1 Introduction

The optimal communication spanning tree (OCST) problem (Hu, 1974) is an NP-
hard combinatorial optimization problem which seeks a spanning tree that satisfies
all communication requirements at minimum total cost. Researchers have studied
various approaches to solving the problem (Rothlauf, 2006; Sharma, 2006). Current
state-of-the-art approaches are based on heuristics and metaheuristics, in particular
evolutionary algorithms (EA).

The edge-set encoding (Raidl and Julstrom, 2003a) is a direct representation for
trees, that encodes trees as sets of edges and uses encoding-specific search operators
to generate candidate solutions. Search operators for edge-sets are either heuristic
and rely on edge weights, or are non-heuristic. Mutation as well as crossover op-
erators are based on a randomized version of Kruskal’s algorithm. Another direct
representation for the OCST problem is the NetDir encoding (Rothlauf, 2006). The
crossover operator of this encoding copies subtrees from parents to offspring. In the
original specification, no heuristics are incorporated into these operators.

High-quality solutions to Euclidean OCST problem instances contain dispropor-
tionately many edges that point towards the centers of their trees. This observation
is used to systematically design problem-specific optimization methods. In EAs
for the OCST problem that encode candidate trees using the edge-set and NetDir
encodings, effective recombination operators can consider both edges’ weights and
orientations in constructing offspring trees. Experimental results reveal improved
EA performance.

The main findings of this work are:

1. Edges pointing toward the center of the graph are overrepresented in good
solutions to Euclidean OCST problem instances.

2. A greedy heuristic search performs best when edge insertion is controlled by
a weighted combination of distance weights and edge orientation. Search per-
formance can be further improved if orientation is neglected for edges next to
the center of the graph.

3. EAs using direct encodings like edge-set or NetDir encoding show the highest
performance if both edge properties, weight and orientation, are considered
for edge-selection in the recombination operator.

The following paragraphs define the OCST problem, describe how to determine
optimal solutions for small problem instances, and present properties of optimal
solutions. Section 2.2.3 examines edge orientation in optimal solutions. Section 2.3
develops recombination operators that consider edge weights and orientation for
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edge-set and NetDir encoding. Section 2.4 studies EA performance for different
types of test instances.

2.2 The OCST problem

2.2.1 Problem definition

The optimal communication spanning tree (OCST) problem is a combinatorial tree
optimization problem, first described by Hu (1974). Given a collection of nodes
and the distances and communications demands between them, we seek a tree that
connects all the nodes at minimum total communications cost, defined to be the
sum over all pairs of nodes of the products of the distances and communications
demands between them.

Formally, let G = (V,E) be a complete, weighted, undirected graph with n = |V |
nodes and m = |E| edges. Communication or transport requirements are given a
priori in an n× n demand matrix R = (rij). Analogously, an n× n distance weight
matrix W = (wij) specifies distance weights. In the Euclidean case, the distance
weights are the Euclidean distances between the nodes. The weight w(T ) of a tree
T = (V, F ) with F ⊆ E and |F | = n− 1 is

w(T ) =
∑
i,j∈V

rij · plij, (2.1)

where plij denotes the path length between nodes i and j, which is calculated as
the sum of the weights of all edges on the path between i and j. It depends on the
structure of T and the distance matrix W . For spanning trees there is one unique
path between any pair of nodes, and the path length pl can be determined using a
depth first search. T is the optimal communication spanning tree if w(T ) ≤ w(T ′)
for all other spanning trees w(T ′).

The OCST problem is NP-hard (Garey and Johnson, 1979, p. 207). Furthermore,
Reshef (1999) showed that the problem is MAX SNP-hard. Therefore, no poly-
nomial-time approximation scheme exists, unless NP = P (C. Papadimitriou and
Yannakakis, 1988). Exact polynomial-time algorithms exist for simplified variants
of this problem where either the distance weights or the demands are uniform (Go-
mory and Hu, 1961; Hu, 1974; Wu and K.-M. Chao, 2004). For the general OCST
problem, various approximation algorithms have been developed (Peleg and Reshef,
1998; Wu, K.-M. Chao, and Tang, 2000a; Wu, K.-M. Chao, and Tang, 2000b); how-
ever, due to the MAX SNP-hardness of the problem the solution quality of such
approximation algorithms is limited. Many heuristics, especially EAs, have been
developed (Fischer and Merz, 2007; Y. Li and Bouchebaba, 2000; C. C. Palmer,
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1994; Raidl and Julstrom, 2003a; Rothlauf, 2006; Rothlauf, Goldberg, and Heinzl,
2002; Soak, 2006).

The distance between two spanning trees Ti and Tj is half the number of their
edges that are not common to both trees. Thus, the distance dij ∈ {0, 1, . . . , n− 1}
can be calculated as

dij =
1

2

∑
u,v∈V,u<v

|eiuv − ejuv|, (2.2)

where eiuv = 1 if edge euv is included in Ti and eiuv = 0 otherwise.

2.2.2 Experimental design

The present studies follow Raidl and Julstrom (2003a) and use randomly created
OCST test instances. The real-valued distance weights wij are the Euclidean dis-
tances between nodes i and j which are randomly placed on a 2-dimensional 10×10
grid.

Two types of demand are used. First, real-valued demands rij are randomly
created and uniformly distributed in ]0, 10]. Secondly, random demands following
the Zipf distribution (Zipf, 1949) are created. The Zipf distribution is a power law
probability distribution, which characterizes many natural phenomena like Internet
traffic, population distribution and word usage (Li, 1992; Poosala, 1995). A discrete
Zipf distribution is described by:

Pz(x) =
1

xz
· 1∑N

i=1
1
iz

, (2.3)

where Pz denotes the probability of x ∈ {1, 2, . . . , N}. Zipf distributed demands are
used with z = 1 and N = 10.

For finding optimal, or at least near-optimal solutions of the OCST problem, a
mathematical programming solver is used for small problem instances with n ≤ 12
and a genetic algorithm (GA) for larger problem instances. The OCST problem is
modeled as an integer linear program (Rothlauf, 2007), and CPLEX 10.2 is able to
solve all problem instances with n ≤ 12 in a reasonable time.

The situation is different for larger problem instances (n > 12), which cannot be
solved by CPLEX in reasonable time, and so an iterative GA is used. The GA is
designed in such a way that it can be assumed that the solution found is optimal
or near-optimal. First, a standard GA is applied niter times to an OCST problem
instance using a population size of N0. T

best
0 denotes the best solution found during

the niter runs. In the second round, a GA is again applied niter times, with N1 = 2N0,
which returns the best solution T best1 . The iterations continue and the population
size Ni = 2Ni−1 is doubled, until T besti = T besti−1 and n(T besti )/niter > 0.5; this means
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2.2 The OCST problem

that T besti is found in more than 50% of the runs in round i. n(T besti ) denotes the
number of runs that find the best solution T besti in round i.

For the experiments, a standard, generational GA with crossover and mutation
is used. For the encoding of trees, Network Random Keys (NetKeys) (Rothlauf,
Goldberg, and Heinzl, 2002) are used. NetKeys represent a tree using a list of
continuous weights, one for each edge. The weights define an order of the edges,
from which the tree is constructed using Kruskal’s minimum spanning tree algorithm.
Any string of weights is a valid chromosome and standard positional crossover and
mutation operators may be used. NetKeys have high locality (Raidl and Gottlieb,
2005; Rothlauf and Goldberg, 1999), which leads to high EA performance (Rothlauf,
2006), and are unbiased, which means that the encoding does not favor a specific
type of tree, but the probability of finding an optimal solution does not depend
on its structure. The GA uses uniform crossover and tournament selection without
replacement. The tournament size is three. Crossover probability is set to pc = 0.7
and mutation probability (assigning a random value [0, 1] to one allele) is set to
pm = 1/l, where l = n(n− 1)/2. The effort required to find optimal or near-optimal
solutions is high.

Uniformly random trees are created via Prüfer numbers (Prüfer, 1918) using Bi-
jection between spanning trees and non-negative integers (Even, 1973, pp. 103-104).
Using random Prüfer numbers yields unbiased random spanning trees. In contrast,
randomized versions of Kruskal’s and Prim’s algorithms favor star-like trees (Jul-
strom and Raidl, 2002).

2.2.3 Properties of optimal solutions

Optimal solutions for OCST instances are biased towards minimum spanning trees
(MSTs) (Rothlauf, 2009a). Therefore, average distances between optimal solutions
and MSTs are significantly smaller than distances between optimal solutions and
random trees. The performance of heuristic optimization methods can be increased
by biasing search operators towards MST-like solutions. Edge-sets using heuristic
search operators (Raidl, 2000; Raidl and Julstrom, 2003a) make use of this fact by
preferring edges with small distance weights (Rothlauf, 2009b).

The following paragraphs report a study of the orientation of edges in optimal
solutions to identify additional properties of high-quality solutions. Results show
that edges directed towards the center of the graph are overrepresented in optimal
solutions. Such edges lead to shorter paths and hence to a lower cost solution.

How can this observation be explained? Kershenbaum (Kershenbaum, 1993) dis-
tinguished between leaf and interior nodes and observed that it is useful to run
more traffic over nodes near the center of a graph than over nodes far away from
the center. Leaf nodes have only one neighbor and all traffic arriving at that node
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i

j
C

γ1

γ2

Figure 2.1: Orientation of an edge eij

also terminates there. In contrast, at interior nodes only some traffic terminates,
and the remainder transits the node. Consequently, edges near the center of the
graph mostly carry transit traffic whereas edges far away from the center carry al-
most no transit traffic. A tree construction method favoring edges pointing towards
the center of the graph yields trees of lower cost, since such edges are the shortest
connection from leaf nodes to interior nodes. Traffic originating from leaf nodes is
directly routed to the center and from there to other parts of the tree. Therefore,
it is more promising to connect leaf nodes to interior nodes using edges that point
towards the center instead of connecting leaf nodes with other leaf nodes using tan-
gential edges. In addition, it makes no sense to consider the orientation of edges
that are close to the center of a graph, since the orientation of edges connecting
interior nodes is meaningless.

Figure 2.1 illustrates edge orientation. The center C of the tree is calculated as
the average of the x-coordinates and y-coordinates of all nodes. The orientation of
an edge eij is the angle γ ∈ [0, 90] between eij and the line connecting the midpoint
of eij and the center C of the tree. There are two angles γ1 and γ2 with γ1+γ2 = 180.
The edge orientation is defined as the smaller angle γ = min(γ1, γ2). γ = 0 for edges
pointing directly towards the center.

Experiments are performed to compare edge orientation for optimal solutions,
randomly created spanning trees, and MSTs. For each problem size, 1,000 random
Euclidean OCST test instances are created (compare Section 2.2.2). For each OCST
instance, 10,000 random trees are generated, the MST is calculated, and an optimal
(or near-optimal) solution is determined as described in Section 2.2.2.

Figure 2.2 presents results for n = 15 (Figs. 2.2a and 2.2b) and n = 20 (Figs. 2.2c
and 2.2d). The demands are either uniformly distributed (Figs. 2.2a and 2.2c) or
Zipf distributed (Figs. 2.2b and 2.2d). The figures plot histograms of γ for optimal
solutions (“optimal”), random solutions (“random”), and MSTs (“mst”). Angles
between 0 − 10, 10 − 20, 20 − 30, . . . are considered identical. If the distribution
is approximately uniform, orientation does not matter and all angles γ occur with
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Figure 2.2: Distribution of orientation γ for optimal solutions, random solutions,
and MSTs for 1000 randomly generated OCST instances with n = 15
and n = 20 nodes and different demand distributions
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approximately the same probability in a tree. For random trees, edges with larger
γ are slightly preferred. For MSTs, edge orientation is of less importance and γ
is approximately uniformly distributed. For optimal solutions, γ is non-uniformly
distributed, since edges with small γ occur more often. For n = 20, approximately
20% of all edges of optimal solutions have edge orientation with γ ≤ 10, whereas only
approximately 4% of all edges have γ > 80. These results support the hypothesis
that edges pointing towards the center of a graph are preferred in optimal solutions.

2.3 Problem-specific EAs for the OCST problem

Optimal solutions have a bias towards edges with small γ for both demand distribu-
tions types, uniform and Zipf. This study investigates whether heuristic optimiza-
tion methods can make use of this observation by favoring edges with small distance
weight and small edge orientation γ.

2.3.1 Direct representations for trees

Edge-set

The edge-set (ES) encoding (Raidl, 2000; Raidl and Julstrom, 2003a) is a direct
representation which encodes trees as sets of edges. ES operators are either heuristic
and rely on edge weights, or are non-heuristic. Heuristic crossover operators result in
higher performance in comparison to non-heuristic operators (Raidl and Julstrom,
2003a; Rothlauf, 2009b).

Crossover creates an offspring from two parental trees T1 = (V,E1) and T2 =
(V,E2) by iteratively selecting edges from F = (E1 ∪ E2). Therefore, offspring
trees consist solely of parental edges. Crossover operators differ according to the
strategy used for selecting and inserting parental edges into offspring. Julstrom and
Raidl (2001) studied several edge-selection strategies: tournament, greedy, inverse
weight proportional, and random edge-selection. Results indicate that edge-selection
using tournaments leads to the highest and most robust EA performance (Julstrom
and Raidl, 2001; Steitz and Rothlauf, 2008). n-tournament edge-selection iteratively
selects n edges, compares the associated edge weights, and inserts the edge with
smallest weight into the offspring. This strategy has a bias towards low-weighted
edges and MSTs (Raidl and Julstrom, 2003a; Rothlauf, 2009b). To strengthen the
inheritance of common features from parents to offspring, edge-selection strategies
can be designed as *-strategies (Raidl and Julstrom, 2003a). Then, all edges (E1∩E2)
are included in the offspring and remaining edges are selected from F \ (E1 ∩ E2)
using an edge-selection strategy.
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2.3 Problem-specific EAs for the OCST problem

NetDir

The NetDir encoding (Rothlauf, 2006, Sect. 7.1) is a direct representation for trees,
similar to ES. Originally, Rothlauf (2006) proposed only non-heuristic crossover and
mutation operators. We extend this work and propose heuristic crossover operators
which incorporate problem-specific knowledge.

NetDir crossover (Rothlauf, 2006) creates two offspring trees To1 and To2 from two
parental trees T1 = (V,E1) and T2 = (V,E2) in two steps. The first step randomly
assigns all nodes in V to one of the two disjoint sets V1 and V2. All edges E1 of
the first parent connecting nodes in V1 (V2) are inserted into offspring To1 (To2).
Analogously, all edges E2 of the second parent connecting nodes in V1 (V2) are
inserted into offspring To2 (To1). The second step completes the two offspring trees
by iteratively inserting randomly selected parental edges, which are not yet used in
the offspring, until each offspring consists of n− 1 edges.

This crossover operator can easily be extended to include prior knowledge by
modifying the second step. Instead of randomly selecting edges, we propose to use
an edge-selection strategy that considers edge weights and edge orientation. The
resulting heuristic crossover operator has similar properties to heuristic crossover
operators for ES and is also biased towards MSTs.

Differences

ES and NetDir differ with respect to selection of edges that are transferred from
parent to offspring. ES crossover does not transfer any subtrees to offspring but
iteratively builds offspring from parental edges by adding single edges. In contrast,
NetDir splits nodes into two sets and transfers all edges as well as subtrees that
exist in one node set to an offspring. Therefore, NetDir crossover is, in principle,
able to transfer meaningful subtrees from parent to offspring. However, the problem
remains that there is no known algorithm of partitioning the nodes in such a way
that meaningful subtrees are identified which can be transferred to an offspring;
instead, nodes are randomly partitioned into two sets.

2.3.2 Extending crossover operators

The crossover operators are biased to consider knowledge about edge orientation.
As a result, EAs are expected to find near-optimal solutions faster and more often.
Thus, edges to be inserted into an offspring are not selected at random or according
to their distance weights alone, but according to their weights and orientation. For
this purpose, the modified weight w′ij of an edge eij is introduced. It depends on
the weight wij and orientation γij of the edge and is defined as

w′ij = αwij/wmax + (1− α)γij/γmax, (2.4)
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where wij is the weight of eij, γij denotes the orientation of eij, and α ∈ [0; 1] is
a parameter that controls the influence of wij and γij. Distance weights as well
as edge orientation are normalized using the maximum values wmax = max(wij)
(i, j = 1, . . . , n) and γmax = max(γij) (i, j = 1, . . . , n). Therefore, w′ij ∈ [0, 1].

Since edge orientation becomes meaningless if an edge is located near to the center
of a graph, w′′ij is introduced. Edge orientation is considered only if the distance
d(ij),C between an edge eij and the center C of a graph (see Figure 2.1) exceeds a
predefined value. It is calculated as

w′′ij =

w′ij if dist(i,j),C/distmax ≥ β

wij/wmax otherwise,
(2.5)

where distmax = max(i,j) d(i,j),C .
For ES as well as NetDir, edge-selection mechanisms can use w′′ij instead of wij

for evaluating and selecting edges. With smaller w′′ij, the probability of an edge eij
being included in an offspring increases. For α = 1, only distance weights wij are
considered, which is equal to the original ES crossover operator (see Section 2.3.1).
For α < 1, edge orientation influences the probability of edges being included in an
offspring and edges pointing towards the center of a graph are preferred.

2.3.3 Balancing weight and orientation

This subsection neglects all crossover steps that do not consider edge weights (like
transferring all common edges to an offspring in *-strategies) but focuses only on
edge-selection strategies. It examines how performance of a greedy edge-selection
strategy depends on α and β. Figures 2.3 and 2.4 present the best combination of α
and β of the several values examined. The greedy edge-selection strategy starts with
an empty tree and iteratively adds edges with minimum weight w′′ij until it is fully
connected. Edges are taken from E; edges that would lead to cycles are omitted.
For α = 1, the greedy edge-selection strategy creates an MST.

The quality of a solution created by the greedy edge-selection strategy is deter-
mined by how closely it approaches an optimal solution. Results for 100 random
OCST problem instances with 15 and 20 nodes are presented, respectively. Optimal
solutions are determined according to Section 2.2.2.

Figure 2.3 shows the average distance ds,opt between trees Ts created by a greedy
edge-selection strategy and optimal solutions Topt versus α. The value of β is set
to zero. Mean values are plotted as bold lines; standard deviations are plotted as
regular lines. Results are consistent for different n. For α = 1, an MST is created
and, thus, ds,opt is the average distance between MSTs and optimal trees. Solution
quality increases for α ≈ 0.7 − 0.8. Therefore, when both properties, orientation
and distance weight are considered, the greedy edge-selection strategy can create
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Figure 2.3: Average distance ds,opt between trees Ts generated by a greedy edge-
selection strategy and optimal solutions Topt versus α for randomly
generated OCST instances with 15 and 20 nodes

better solutions. Finally, with smaller values of α, ds,opt increases. Considering only
orientation (α = 0) results in worse solutions than considering only distance weights
(α = 1).

Next, it is shown how the performance of a greedy edge-selection strategy using
w′′ depends on β. Figure 2.4 shows the average distance ds,opt versus β. The value
of α is constant and set to α = 0.7. Again, mean values are plotted as bold lines and
standard deviations as regular lines. For β = 1, the greedy edge-selection strategy
creates MSTs. For β = 0, the resulting ds,opt are equivalent to the smallest distances
found in Figure 2.3. For β ≈ 0.3, better solutions more closely approaching optimal
trees can be obtained. Therefore, greedy edge-selection strategies create better
solutions if orientation is considered only for edges which are some distance from
the tree center.

Thus, it is recommended to consider distance weights as well as edge orientation,
when constructing a tree by iteratively appending edges. Orientation should not
be considered for edges near the tree center. In particular, we recommend setting
α = 0.7 and β = 0.3.
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Figure 2.4: Average distance ds,opt between trees Ts generated by a greedy edge-
selection strategy and optimal solutions Topt versus β for randomly
generated OCST instances with 15 and 20 nodes. The greedy algorithm
subsequently inserts edges into a tree starting with edges of small w′′ij.

2.4 Performance of EAs using the extended

operator

This section compares the performance of EAs considering distance weights and edge
orientation in edge-set and NetDir. First, small problem instances where optimal
(or near-optimal) solutions are determined as described in Section 2.2.2 are consid-
ered, then larger problem instances with unknown optimal solutions are analyzed.
Following previous work (Raidl and Julstrom, 2003a; Rothlauf, 2009b), randomly
created OCST test instances are used.

2.4.1 Small problem instances

A basic steady-state EA with non-heuristic initialization and mutation (Raidl and
Julstrom, 2003a; Rothlauf, 2006) is used. The population size is 50. In each search
step, either one (ES) or two (NetDir) offspring are created by crossover (crossover
probability pc = 1) and edge-wise mutation (mutation probability pm = 1/n). The
two parents are selected at random. If the cost of an offspring is smaller than or
equal to the cost of the worst individual in the population (w(Toff ) ≤ max(w(Ti)) for
i ∈ {0, . . . , N − 1}), it replaces the worst individual in the population. This section
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presents results for OCST instances of different size n = {10, 12, 14, 16, 18, 20},
where the optimal solutions are determined as described in Section 2.2.2. The
demands are either uniformly distributed in ]0, 10] or Zipf distributed with z = 1
and N = 10. Each EA run terminates after eval = 3000 fitness evaluations. For
every problem size, 100 Euclidean OCST instances are generated at random and for
each problem instance 20 EA runs are performed.

Both ES and NetDir select edges using either binary tournaments with different
settings of α and β or random edge-selection (denoted as RX), which results in
an unbiased choice of offspring edges. The setting α = 1, β = 0 is equivalent to
using heuristic crossover and non-heuristic mutation (Raidl and Julstrom, 2003a;
Rothlauf, 2009b).

Tables 2.1 and 2.2 list the percentage Psuc of runs that found solutions with the
same objective value as Topt, the average cost w(Tbest) of the best solution found
Tbest, and the standard deviation σ of w(Tbest) for the 100 instances. The table
shows results for binary tournaments with different values of α and β, for random
edge-selection, and for MSTs. The best results are printed in bold.

EA performance increases if heuristic edge-selection not only considers distance
weights alone (α = 1) but also edge orientation (α < 1). By neglecting edges next
to the center (β = 0.3), EA performance is further improved. The smallest average
costs w(Tbest) are observed for α = 0.7 and β = 0.3. Results for ES and NetDir are
consistent.

Previous results (Rothlauf, 2009b) indicate that the performance of heuristic ES
is good if optimal solutions are similar to MSTs. Since optimal solutions for OCST
instances are biased towards MSTs, ES performs well on many OCST problem
instances. However, with increasing distance dopt,mst between optimal solutions and
MSTs, EA performance drops sharply. Use of edge orientation as an additional
edge-selection criterion is expected to improve the performance of heuristic ES for
larger dopt,mst. Figure 2.5 shows Psuc and the gap w(Tbest)−w(Topt)

w(Topt)
(percent) versus

dopt,mst for 1000 random problem instances. Results are presented only for instances
of size n = 12 and for uniformly distributed demand. Results for other problem
sizes and Zipf demand distribution are analogous. For the 1000 problem instances,
min(dopt,mst) = 1, max(dopt,mst) = 7.

EA performance using edge-set with α = 1 is high for OCST instances with small
dopt,mst. Since for these problem instances optimal solutions are only a few edges
different from MSTs, edge-selection strategies that are based on distance weights
alone are very successful. However, with increasing dopt,mst, performance of EAs
with α = 1 drops sharply (Rothlauf, 2009b). In contrast, EAs using heuristic cross-
over which also consider edge orientation (α = 0.7) show better performance for
problems with larger dopt,mst. By analogy with Figure 2.4, EA performance in-
creases when neglecting edges next to the graph center (β = 0.3). Results for the
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Edge orientation and the design of problem-specific crossover operators
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Figure 2.5: Edge set and NetDir performance using different edge-selection strate-
gies for randomly generated OCST instances (n = 12). The tables
shows average success probability Psuc versus dopt,mst (left) and aver-

age gap w(Tbest)−w(Topt)
w(Topt)

(percent) versus dopt,mst (right).
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2.4 Performance of EAs using the extended operator

Table 2.3: Number of evaluations eval for larger problem instances

n 25 50 75 100

eval 5,000 20,000 40,000 80,000

gap w(Tbest)−w(Topt)
w(Topt)

are analogous to Psuc. In the figures, RX performs well in com-

parison to the more complex heuristic approaches. However, this is only the case
for small n, since the gap increases with larger n (see Tables 2.4 and 2.5).

Overall, EAs using edge-selection strategies with α = 1 perform well only if dopt,mst
is small. With increasing dopt,mst, edge-selection strategies that also consider edge
orientation show better performance. Using edge-set or NetDir with heuristic edge-
selection strategies (α = 0.7, β = 0.3) results in a high and robust EA performance.

2.4.2 Larger problem instances

This section investigates larger OCST instances with unknown optimal solutions.
EA performance is measured using w(Tbest).

The same EA as in the previous experiments is used, but with a larger population
size of 200. Since a larger number of evaluations improves EA performance, eval
is increased with larger n (see Table 2.3). This section presents results for OCST
instances with n = {25, 50, 75, 100}. For each problem size, 100 random instances
are created. Due to computational restrictions, only 50 instances are considered for
n = 75 and 25 for n = 100. For each problem instance, 20 independent EA runs are
performed on a dual core Intel processor with 2 GHz and 4 GB RAM running 64bit
Linux.

For different n, the tables list w(Tbest) using either ES (Table 2.4) or NetDir
(Table 2.5). Additionally, the standard deviations σ of w(Tbest) and the average
running time tcpu (in seconds) are shown. EAs with heuristic crossover perform best
if edge orientation is considered. EAs using ES or NetDir with α = 0.7 and β = 0.3
outperform heuristic edge-selection strategies that consider only distance weights
(α = 1, β = 0). Differences are significant using a ranked t-test with an error level
of p < 0.01. Also, differences between heuristic and non-heuristic (RX) variants are
significant with an error level of p < 0.0001. Considering that edge orientation does
not increase CPU times, however, NetDir needs twice as long in comparison to ES
due to the more complicated crossover method.

The plots in Figure 2.6 show the average gap w(Tmst)−w(Tbest)
w(Tmst)

(percent) between
the best solution found, Tbest, and an MST over n. A large gap indicates good EA
performance. The MST has been chosen as reference since it is already a high-
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2.4 Performance of EAs using the extended operator
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Figure 2.6: EA performance using different crossover variants for randomly gen-
erated OCST instances. The plots show the average gap between the
cost of the best solution found and the MST over the problem size n.
The larger the gap, the higher EA’s performance.

quality solution for OCST problem instances. EAs with α = 0.7, β = 0.3 perform
best and are able to find high-quality solutions with larger distances from MSTs.

Overall, performance of EAs using heuristic crossover is good if edge orientation
is considered when selecting the edges of offspring (α = 0.7). Performance can be
further improved if edges next to the center of the graphs are neglected (β = 0.3).

2.5 Summary and conclusions

This work studies the OCST problem and shows that edges in optimal solutions are
not uniformly oriented, but edges pointing towards the center of the graph occur
with higher probability. Thus, EA performance can be systematically improved by
biasing the search operators to favor such edges.

This work exploits this property of optimal solutions for crossover operators of
direct tree representations like edge-set and NetDir. In such representations, cross-
over creates offspring by iteratively selecting parental edges. An extended crossover
operator is proposed which selects edges to be included in the offspring based on
edge weights and edge orientation. Parental edges that have low weight and point
towards the center of the graph are included with higher probability in an offspring.
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2.5 References

Crossover operators using both criteria, weight and orientation, outperform existing
approaches which consider only edge weights.

The results suggest using heuristic crossover operators which prefer edges that
point towards the center of a graph and have small distance weights. Considering
both criteria results in a robust EA performance, and problems where the optimal
solution is quite different from MSTs can also be solved. While the focus in this
work is on the OCST problem, the basic approach is generally applicable to other
Euclidean graph problems.

Future work will address what other problem-specific knowledge of tree problems
can be used for designing high-quality EAs. While current approaches use only
properties of edges, future work will analyze properties of tree structures. Other
promising areas are problem-specific mutation and initialization operators for edge-
set or NetDir which consider edge orientation.

References

Even, S. (1973). Algorithmic Combinatorics. New York: The Macmillan Company.

Fischer, T. and P. Merz (2007). “A memetic algorithm for the optimum commu-
nication spanning tree problem”. In: Hybrid Metaheuristics. Ed. by T. Bartz-
Beielstein, M. J. B. Aguilera, C. Blum, B. Naujoks, A. Roli, G. Rudolph, and
M. Sampels. Vol. 4771. Springer, pp. 170–184.

Garey, M. R. and D. S. Johnson (1979). Computers and Intractability: A Guide to
the Theory of NP-Completeness. New York, NY, USA: W. H. Freeman & Co.

Gomory, R. E. and T. C. Hu (1961). “Multi-terminal network flows”. In: Journal of
the Society for Industrial and Applied Mathematics 9.4, pp. 551–570.

Hu, T. C. (1974). “Optimum communication spanning trees.” In: SIAM Journal on
Computing 3.3, pp. 188–195.

Julstrom, B. A. and G. R. Raidl (2001). “Weight-biased edge-crossover in evolution-
ary algorithms for two graph problems”. In: SAC ’01: Proceedings of the 2001
ACM symposium on Applied computing, Las Vegas, Nevada, United States. New
York, NY, USA: ACM, pp. 321–326.

Julstrom, B. A. and G. R. Raidl (2002). “Initialization is robust in evolutionary
algorithms that encode spanning trees as sets of edges”. In: SAC ’02: Proceedings
of the 2002 ACM symposium on applied computing, Madrid, Spain. New York,
NY, USA: ACM, pp. 547–552.

27



Edge orientation and the design of problem-specific crossover operators

Kershenbaum, A. (1993). Telecommunications network design algorithms. New York:
McGraw Hill.

Li (1992). “Random texts exhibit Zipf’s law-like word frequency distribution”. In:
IEEE Transactions on Information Theory 38.

Li, Y. and Y. Bouchebaba (2000). “A new genetic algorithm for the optimal commu-
nication spanning tree problem”. In: AE ’99: Selected Papers from the 4th Euro-
pean Conference on Artificial Evolution. London, UK: Springer-Verlag, pp. 162–
173.

Palmer, C. C. (1994). “An approach to a problem in network design using genetic
algorithms”. PhD thesis. Troy, NY, USA: Polytechnic University.

Papadimitriou, C. and M. Yannakakis (1988). “Optimization, approximation, and
complexity classes”. In: STOC ’88: Proceedings of the twentieth annual ACM
symposium on Theory of computing, Chicago, Illinois, United States. New York,
NY, USA: ACM Press, pp. 229–234.

Peleg, D. and E. Reshef (1998). “Deterministic polylog approximation for minimum
communication spanning trees”. In: ICALP ’98: Proceedings of the 25th Inter-
national Colloquium on Automata, Languages and Programming. London, UK:
Springer-Verlag, pp. 670–681.

Poosala, V. (1995). Zipf’s Law. Tech. rep. University of Wisconsin.
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Chapter 3

New insights into the OCST
problem: integrating node degrees
and their location in the graph
Wolfgang Steitz, Franz Rothlauf

Abstract

This paper considers the Euclidean variant of the optimal communciation span-
ning tree (OCST) problem. Researchers have analyzed the structure of the problem
and found that high quality solutions prefer edges of low cost. Further, edges point-
ing to the center of the network are more likely to be included in good solutions. We
add to the literature and provide additional insights into the structure of the OCST
problem. Therefore, we investigate properies of the whole tree, such as node degrees
and the Wiener index. The results reveal that optimal solutions are structured in
a star-like manner. There are few nodes with high node degrees, these nodes are
located next to the graph’s center. The majority of the nodes have very low node
degrees. Especially, nodes with degree one are very common and located far away
from the center. We exploit these insights to develop a construction heuristic, which
builds spanning trees with similar properties. Experiments indicate a high solution
quality for the OCST problem. In a next step, we seed the initial population of
an evolutionary algorithm (EA) with solutions constructed with our method. An
experimental study demonstrates the merits of using a biased initialization: the al-
gorithm is faster and better compared to the same algorithm using random starting
solutions.
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Integrating node degrees and their location in the graph

3.1 Introduction

The optimal communication spanning tree (OCST) problem (Hu, 1974) is a com-
mon NP-hard combinatorial optimization problem which seeks a spanning tree
that satisfies all communication requirements and leads to minimal total costs. Re-
searches studied various solution approaches for the OCST problem (Rothlauf, 2006;
Sharma, 2006). The current state-of-the-art approaches are based on heuristics and
metaheuristics, in particular evolutionary algorithms (EA).

One can improve the performance of EAs by incorporating problem-specific knowl-
edge into the search operators, which guide the search to promising solutions more
quickly and better solutions are found faster. One option to systematically use
problem-specific knowledge in the optimization method, is to start with analyzing
the properties of high-quality solutions. If there are any significant differences be-
tween high-quality and random solutions, designing optimization methods to exploit
this knowledge leads to high-performing optimization methods. Including problem-
specific knowledge in heuristic optimization methods can be done in various different
ways, like developing new search operators, changing the fitness function or chang-
ing the used representation. One method, called inoculation (Surry and Radcliffe,
1996), is to seed the initial population with solutions found by heuristic initialization
methods. Using this method, the primary optimization method starts from good
areas in the search space and therefore quickly reaches high-quality solutions.

In this paper we analyze the properties of the Euclidean variant of the OCST
problem. It is already known that low-weight edges are preferred in high-quality
solutions (Rothlauf, 2009a). Also, edges pointing to the graph’s center are more
likely to be included in good solutions (Steitz and Rothlauf, 2008). Our analysis
investigates additional properties, which regard the structure of the whole tree, such
as node degrees and the Wiener index. The results reveal that optimal solutions
are structured in a star-like manner. There are few nodes with high node degrees
and these nodes are located next to the graph’s center. The majority of the nodes
have very low node degrees. Especially, nodes with degree one are very common
and located far away from the center. In a next step, we present a heuristic and
straight forward initialization method for the OCST problem. This approach creates
spanning trees with similar properties as high-quality solutions. We compare this
approach to the best known construction heuristic for the OCST problem (Ahuja-
Murty Tree Building) (Ahuja and Murty, 1987a), which is complex and based on
approximation of the total costs. Our approach creates spanning trees with similar
quality, using less computation time. In a second step, we analyze the performance
of a simple steady-state EA using different initialization methods. Results of these
experiments show that we reach better solutions using inoculation, but there is no
significant difference between the two methods.
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3.2 The OCST problem

The main results presented in this paper are:

1. High-quality solutions for the Euclidean variant of the OCST problem have
on average a low Wiener index and are therefore very star-like.

2. In optimal solutions, there are always a few nodes with very high node degrees.
These hubs are located next to the graph’s center.

3. More than half of the nodes are leaf-nodes (node degree one) and located far
away from the center.

4. A straight forward heuristic tree construction method using the gained knowl-
edge creates spanning trees with similar properties. These solutions have
similar fitness compared to Ahuja-Murty Tree Building, the state-of-the-art
approach found in the literature.

5. Seeding the initial population of an EA with spanning trees created by one of
the construction heuristics improves EA-performance.

The following section defines the OCST problem, presents properties of optimal so-
lutions and describes how to determine optimal solutions for small problem instances
of the OCST problem. Additionally, it provides statistical analysis of various graph
properties of high-quality solutions. In Sec. 3.3, two different initialization methods
are presented. In Sec. 3.4, we present experimental results of the performance of
these two initialization methods. The paper ends with concluding remarks.

3.2 The OCST problem

3.2.1 Definition

The OCST problem is a common NP-hard combinatorial optimization problem and
was first introduced by Hu (1974). The goal is to determine a tree which connects
all given nodes and satisfies their communication requirements for a minimum total
costs. It can be formulated as follows: Let G = (V,E) be a weighted, undirected
graph with n = |V | nodes and m = |E| edges. The communication or transport
requirements between the n different nodes are given a priori in the n× n demand
matrix R = (rij). Analogically, the n×n distance weight matrix W = (wij) specifies
the distance weights. The weight w(T ) of a tree T = (V, F ) with (F ⊆ E) and
|F | = n− 1 is calculated as follows:

w(T ) =
∑
i,j∈V

wij · bij, (3.1)
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where bij denotes the traffic flowing directly or indirectly over the edge between
nodes i and j.

bij =
∑

i∈Vij ,j∈Wij

(rij + rji), (3.2)

where Vij,Wij are the components of T when edge (i, j) is removed. The traffic
is calculated according to the structure of T and the demand matrix R. T is the
optimal communication spanning tree, if w(T ) ≤ w(T ′) for all other spanning trees
w(T ′).

To measure the difference between two spanning trees Ti and Tj, the distance
dij ∈ {0, 1, . . . , n− 1} can be calculated as

dij =
1

2

∑
u,v∈V,u<v

|eiuv − ejuv|. (3.3)

eiuv = 1 if edge euv is included in Ti and eiuv = 0 if not.
Like many other constrained graph problems, the OCST problem is NP-hard

(Garey and Johnson, 1979). Furthermore, since the problem is MAX SNP-hard
(Reshef, 1999), no polynomial-time approximation scheme exists, unless NP = P
(C. Papadimitriou and Yannakakis, 1988). Only for a few restricted problem in-
stances algorithms exist, which return optimal solutions (Wu and K.-M. Chao, 2004).
In addition, various approximation algorithms for the OCST problem have been de-
veloped (Peleg and Reshef, 1998; Wu, K.-M. Chao, and Tang, 2000a; Wu, K.-M.
Chao, and Tang, 2000b). However, due to theMAX SNP-hardness of the problem
the solution quality of such approximation algorithms is very limited. To overcome
the limitations of exact and approximation algorithms, many heuristics, especially
EAs have been developed (Fischer and Merz, 2007; Y. Li and Bouchebaba, 2000;
C. C. Palmer, 1994; Raidl and Julstrom, 2003a; Rothlauf, Goldberg, and Heinzl,
2002; Soak, 2006). For an overview of EAs for the OCST problem, we refer to Roth-
lauf (2006).

3.2.2 Experimental design

For finding optimal, or at least near-optimal solutions of OCST problems, we used a
branch-and-bound algorithm (Ahuja and Murty, 1987a) for small problem instances
with n ≤ 15 and a GA for larger problem instances. The branch-and-bound algo-
rithm is able to solve all problem instances with n ≤ 15 in reasonable time.

The situation is different for larger problem instances (n > 15). Therefore, we
used an iterative GA for such problems. Although GAs are heuristic search methods
that cannot guarantee finding an optimal solution, we choose its design in such a
way that we can assume that the found solution is optimal or near-optimal. We start
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3.2 The OCST problem

the iterative GA by applying a standard GA niter times to an OCST problem using
a population size of N0. T

best
0 denotes the best solution that is found during the niter

runs. In a next round, we apply again a GA niter times with N1 = 2N0 which finds
the best solution T best1 . We continue the iterations and double the population size
Ni = 2Ni−1 until T besti = T besti−1 and n(T besti )/niter > 0.5, this means T besti is found
in more than 50% of the runs in round i. n(T besti ) denotes the number of runs that
find the best solution T besti in round i.

For the experiments, we use a standard, generational GA with crossover and muta-
tion. Solutions are encoded using Network Random Keys (Rothlauf, Goldberg, and
Heinzl, 2002), since GA performance is approximately independent of the structure
of the optimal solution. The GA uses uniform crossover and tournament selection
without replacement. The size of the tournament is three. The crossover probability
is set to pcross = 0.7 and the mutation probability (assigning a random value [0, 1]
to one allele) is set to pmut = 1/l, where l = n(n− 1)2.

To create random spanning trees, we create random Prüfer numbers (Prüfer,
1918) with uniform probabilities and transform the Prüfer numbers into spanning
trees (Even, 1973, pp. 103-104), which is a bijective mapping. Therefore, random
Prüfer numbers yield unbiased random spanning trees.

3.2.3 Properties of high-quality solutions

In this section, we analyze various properties of optimal solutions for Euclidean
variants of OCST problems. If we observe a significant difference between opti-
mal solutions and random solutions, we can use this knowledge to construct high-
performance heuristic optimizations methods. Optimal solutions and random solu-
tions are determined using the approaches discussed in Section 3.2.2. We always
compare optimal solutions (’opt’), random solutions (’ran’) and minimal spanning
trees (’mst’).

Distance weights and orientation

Rothlauf (2009a) analyzed properties of the OCST problem and showed that opti-
mal solutions are biased towards the minimum spanning tree (MST). The distances
between optimal solutions and MSTs are significantly smaller than the distances
between optimal solutions and randomly generated solutions. Thus, using an opti-
mization method that is biased towards MST-like solutions, the performance can be
increased. Heuristic variants of edge-sets (Raidl, 2000; Raidl and Julstrom, 2003a)
make use of this fact by favoring edges with a low distance weight (Rothlauf, 2009c).

In Steitz and Rothlauf (2008) we analyzed another property of edges in optimal
solutions, the orientation of an edge. The orientation of an edge eij is the angle
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γ ∈ [0, 90] between eij and the line connecting the midway of eij and the center C
of the tree. C is calculated as the average x-coordinates and y-coordinates of all
nodes in the graph. Since γ ≤ 90, the lower angle is chosen (γ = min(γ1, γ2)). For
edges directly pointing to the center, γ = 0 holds. The experiments showed that
edges pointing toward the graph’s center are overrepresented in good solutions for
Euclidean OCST instances. Using this knowledge in crossover operators allowed us
to improve search performance of EAs.

Node degrees

In graph theory, the node degree deg(v) is the number of edges connected to the
vertex v in a graph G. δ(G) and σ(G) denote the maximum and the minimum
degree of a graph (Diestel, 2005, Sec. 1.2).

To analyze the node degree we created 1000 random OCST instances and deter-
mined optimal solutions using the approaches discussed in Sec. 3.2.2. The plots in
Figure 3.1 display the results for Euclidean OCST instances.

The degree distributions of the three configurations vary considerably. For MSTs
there are a lot nodes with degree two and maximal node degree of δ(G) = 4. In the
Euclidean case it is impossible for MSTs to have a node degree > 4 (Robins and
Salowe, 1994). The highest node degrees are reached with optimal solutions. Here
we have some nodes with very high node degrees. Comparing optimal and random
solutions, we see that many more nodes (about 60 percent) in optimal solutions are
leaf nodes (deg(v) = 1).

Location of nodes

In the last section, we have seen that in optimal solutions for Euclidean OCST
instances, we have some nodes with very high node degrees. In contrast, we have
many nodes with a degree of one. Now we analyze the locations of these two types
of nodes for the same instances as in the previous section.

The plots in Figure 3.2 display the distance to the center over the node degree
for instances with 15 and 20 nodes. The graph’s center is calculated as the average
X- and Y-coordinates. The distances are normalized using the maximal distance
occurring in the tree. The node with distance 1 is the furthest node from the center.

For optimal solutions and MSTs, nodes with higher degree are located closer to
the center. The average distance decreases with increasing node degree. Since the
maximal node degree for MSTs is four, the curve for MSTs terminates here. In
contrast for random solutions, on average distances are the same for each node
degree.

The results reveal that optimal solutions have a few nodes with very high degrees
located near to the trees center. Additionally, the majority of the nodes have a

36



3.2 The OCST problem

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 0  1  2  3  4  5  6  7  8  9

fr
e

q
u

e
n

c
y

node degree

random
optimal

mst 

(a) n = 15

 0

 2

 4

 6

 8

 10

 12

 0  2  4  6  8  10

fr
e

q
u

e
n

c
y

node degree

random
optimal

mst 

(b) n = 20

Figure 3.1: Node degree distribution of Euclidean OCST instances of different
problem size n. The plots compare optimal solutions, random spaning
trees and minimal spanning trees.
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Figure 3.2: The plots show the average distances to the center over the node degree
for optimal, random and minimum spanning trees. For optimal and
MST, with larger distance to the center the node degree decreases. As
we analyze Euclidean instances, MST have a maximum node degree of
four.
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3.2 The OCST problem

degree of one and are located far away from the center. Therefore, to create high-
quality solutions for the OCST problem, we have to create spanning trees with
similar node degree distributions and make sure that nodes with high node degrees
are located near to the graph’s center.

Wiener index

The Wiener index is a topological index of a molecule used in chemical graph the-
ory. It quantifies the degree of branching in a given tree. Paulden (2007) was the
first to use the Wiener index in the context of EAs, to analyze properties of tree
representations. A tree’s Wiener index WI(T ) is defined as

WI(T ) =
∑
ε∈ET

n1(ε) · n2(ε),

where n1(ε) and n2(ε) denote the number of nodes in the subtrees formed when
edge ε is removed from T .

The larger the Wiener index of a tree, the smaller is the amount of branching.
The extreme values for trees with n nodes are WI = (n − 1)2 for star trees and

WI =
(
n+1
3

)
= n(n+ 1)(n− 1)/6 for path trees. There exists a linear algorithm to

compute the Wiener index (Aringhieri, Hansen, and Malucelli, 2001).

Table 3.2 shows the results of our empirical analysis of the Wiener index of Eu-
clidean OCST instances with 10, 15 and 20 nodes. Comparing optimal and random
solutions shows a significant difference between optimal and random solutions. On
average the WI of optimal solutions is lower than the WI of random solutions.
Therefore, optimal solutions are more star-like than random solutions.

In this section, we have analyzed different properties of Euclidean OCST instances.
In summary, the following properties are known. Incorporating these while devel-
oping optimization methods, leads to a high performance.

• Edges with low weights and low orientation are preferred.

• Optimal solutions have some nodes with high node degrees. These hub-nodes
are located next to the graph’s center.

• Typically, more than 50 percent of the nodes are leaf nodes and are located
far away from the center.

• Optimal solutions possess a low Wiener index, that is, they are star-like.
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3.3 Constructing initial solutions for the OCST

problem

In the last Section, we have shown that optimal solutions for Euclidean OCST
instances have certain properties. We now present two construction heuristic which
build spanning trees with similar probabilities. The first one is the Ahuja-Murty
Tree Building Algorithm originally described in Ahuja and Murty (1987a), which
relies on approximated costs and does not consider graph properties. The second
heuristic approach only considers the graph properties.

3.3.1 Ahuja-Murty tree building

The tree construction heuristic (Ahuja and Murty, 1987a; Ahuja and Murty, 1987b)
starts from a random seed node and iteratively appends edges to the partial solution.
At the beginning all communication requirements are routed over the shortest paths
in the completely connected graph G. Traffic between nodes of the partial solution
are routed over the shortest paths in the partial solution. Adding new edges increases
the communication costs, as more traffic is routed over the partial solution. New
edges are chosen to be communication cost optimal. The heuristic requires to build
all-pairs shortest paths in advance, which has a time complexity of O(n3). Since
we are dealing with Euclidean instances only, finding all-pairs-shortest-paths is not
neccessary, as the shortest path between any pair of adjacent nodes is the distance
of the edge connecting the two nodes. Nevertheless the time complexity of Ahuja-
Murty Tree Building is still O(n3). The original heuristic (denoted as AM-R) uses a
random seeding node. We slightly modified the algorithm (denoted AM-C), which
uses the node closest to the graph’s center as seed.

3.3.2 A new problem-specific approach

Our new problem-specific approach builds a spanning tree from a seeding node s by
repeatedly appending the lowest-weight edge that joins a new node to the growing
tree. Choosing each new edge according to the modified weight w′ij (equation 3.4),
we prefer edges with low distance weight wij and low orientation γij, as argued
in Steitz and Rothlauf (2008). α and β ∈ [0; 1] are parameters that control the
influence of wij and γij. The distance weights as well as the orientation of edges
are normalized using the maximum values wmax = max(wij) (i, j = 1, . . . , n) and
γmax = max(γij) (i, j = 1, . . . , n). Therefore, w′ij ∈ [0, 1]. dist(ij),C denotes the
distance of edge (i, j) to the graph’s center C.
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3.4 Experimental results

w′ij =

α
wij

wmax
+ (1− α) γij

γmax
if

dist(i,j),C
distmax

≥ β

wij/wmax otherwise
(3.4)

The algorithm is designed to prefer edges with low distance weights and low
orientation. Additionally, new nodes are always connected to the current partial
tree. This behavior ensures that trees with certain node degree distributions are
created. Algorithm 1 outlines the functionality of the approach. Paramters, besides
the set of nodes V and edges E, are the weights w for each edge and the distance
d of each node to the center. The function ExtractMin(V, d) accesses and removes
the element with minimal d from V . The algorithms starts by selecting the seeding
node, which is the node closest to the center. Then iteratively the next node u is
selected using ExtractMin. From the set of nodes connecting u and the partial
solution already created, the edge (u, v) with minimal w′ is selected and added to
the partial solution. Once a complete spanning tree is created, the algorithm returns
T .

Apparently, ExtractMin has a time complexity of O(n), therefore the overall
time complexity of Algorithm 1 is O(n2).

Algorithm 1 ConstructGraph(V,E,w, d)

T ← ∅
ExtractMin(V, d)
while V 6= ∅ do

u = ExtractMin(V, d)
choose edge {(u, v)} ∈ F with minimal w and v /∈ V
T ∪ {(u, v)}

return T

3.4 Experimental results

To analyze the performance of the different construction heuristics, we perform
various experiments. First we create solutions using initialization methods only and
compare the quality of the found solutions. Then, we analyze the properties of the
created spanning trees and investigate whether the trees have the same properties as
high-quality solutions as shown in Section 3.2.3. Finally, we use inoculation to seed
the initial population of a simple steady-state EA and analyze the performance.
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3.4.1 Construction heuristics

In this first set of experiments we evaluate the quality of solutions for the OCST
problem found by different construction heuristics. In particular, we compare the
problem-specific approach (COH) presented in Sec. 3.3.2 and Ahuja-Murty Tree
Building (Sec. 3.3.1).

We generate 1000 random Euclidean instances with different problem sizes n =
{10, 15, 25, 50, 75, 100, 150, 200} and compare the performance of the following six
different initialization methods, as discussed in Section 3.3. For problem sizes n =
10 and 15 we determine optimal solutions for comparison using the approaches
discussed earlier.

1. random initialization (ran): Non-heuristic initialization method.

2. minimum spanning tree (mst): Minimum spanning tree using Kruskal’s
algorithm.

3. COH with random seed (COH −R): COH heuristic using a random seed
node.

4. COH with center seed (COH − C): COH heuristic using the center node
as seed.

5. Ahuja-Murty (AM −R): Standard Ahuja-Murty tree building heuristic.

6. Ahuja-Murty center (AM − C): Ahuja-Murty initialization using center
node as seed.

Table 3.1 shows the results of our experiments. w(Tbest) denotes the average fitness
of the created tree and σ the corresponding standard deviation. tcpu is the average
computation time (in seconds) for one tree construction. The table also lists the
percentage of runs Psuc that find Topt for instances with problem size n ≤ 15.

The results show a high performance of the heuristic initialization methods, the
average fitness values differ considerably compared to random tree construction.
Confirming previous studies, MSTs are already good solutions. But the COH and
AM variants perform significantly better. Especially the variants using the graph’s
center as seeding node show a high performance. The difference between these
methods and MSTs gets larger with the problem size n. Comparing average CPU
times, shows that the AM variants are more computational intensive.

Now we have a closer look at the generated solutions and analyze the properties
of the created spanning trees. The plots in Figure 3.3 show the node degree distri-
bution for AM −C and COH −C. The charts look very similar for both methods.
Comparing the distances to the center, Figure 3.4, shows that both construction
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Table 3.1: Comparison of different construction heuristics

n ran mst COH-R COH-C AM-R AM-C

10 Psuc 0 0.01 0.05 0.12 0.27 0.25
w(Tbest) 3363.48 1659.61 1635.51 1547.84 1519.23 1519.7
σ 601.86 0 105.40 0 20.44 0
tcpu 0 0 0 0 0 0

15 Psuc 0 0 0.01 0.02 0.1 0.08
w(Tbest) 9846.44 4152.43 4025 3708.18 3638.49 3633.67
σ 0 0 0 0 0 0
tcpu 0 0 0 0 0 0

20 Psuc 0 0 0 0 0.09 0.09
w(Tbest) 22013.25 8166.98 7897.78 6974.15 6860.46 6793.52
σ 0 0 0 0 0 0
tcpu 0 0 0 0 0 0

25 w(Tbest) 37400 13084 12449 10944 10777 10704
σ 5840.60 0 1336.71 0 200.23 0
tcpu 0 0 0 0 0 0

50 w(Tbest) 219151 60833 56089 45787 45288 44635
σ 31984 0 8507 0 891 0
tcpu 0 0 0 0 0 0

75 w(Tbest) 604144 145893 133552 104799 102927 101169
σ 85096 0 23287 0 1936 0
tcpu 0 0 0 0 0.01 0.01

100 w(Tbest) 1232013 274476 248813 188660 184417 180798
σ 168682 0 47886 0 3471 00
tcpu 0 0 0 0 0.02 0.02

150 w(Tbest) 3356800 659053 599965 434379 420392 410600
σ 451833 0 125409 0 7947 0
tcpu 0 0 0 0 0.09 0.09

200 w(Tbest) 6787512 1233670 1119350 782644 751030 732414
σ 888959 0 257763 0 14077 0
tcpu 0 0.01 0.01 0.01 0.22 0.22
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Figure 3.3: Node degree distribution of Euclidean OCST instances of different
problem size n. The plots compare spanning trees created by initial-
ization methods COH − C and AM − C.

Table 3.2: Analysis of the Wiener index of spanning trees created by different ini-
tialization methods

n ran mst opt COH-R COH-R AM-R AM-C

10 mean 128.63 142.1 112.44 123.96 114.02 118.32 118.96
stdev 11.72 11.92 10.7 14.16 9.88 10.8 10.88

15 mean 379.22 443.82 309.98 361.73 320.4 328.97 330.26
stdev 36.91 41.53 25.94 47.48 26.33 27.64 28.17

20 mean 805.74 992.91 643.81 795.19 658.75 672.34 667.11
stdev 91.7 100.85 57.98 129.07 46.41 46.48 54.71
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Figure 3.4: The plots show the average distances to the center over the node degree
for spanning trees created using AM − C and COH − C.

heuristics create spanning trees with similar distributions. For both the distance to
the center decreases with higher node degrees. Therefore, the construction heuristics
create spanning trees with similar node degree distributions as optimal solutions.
Table 3.2 presents the analysis of the Wiener index of spanning trees created by ini-
tialization methods. Comparing the results to optimal solutions indicates that the
Wiener index is also similar. Trees created by COH−C exhibit a greater similarity
to optimal solutions, the distance to the WI of optimal solutions is lower.

Overall, the results in this section indicate a high performance of the heuristic
initialization methods for the OCST problem. On average the created spanning
trees feature similar properties as optimal solutions.

3.4.2 GA

The final experiments compare the performance of simple steady-state EAs using
different initialization methods. First, we study small problem instances where we
determine optimal (or near-optimal) solutions as described in Section 3.2.2. Then,
we examine larger problem instances with unknown optimal solutions.
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Table 3.3: Performance of EAs with different initial solutions for small OCST in-
stances

n rnd COH-R COH-C AM-R AM-C

10 Psuc 0.72 0.78 0.79 0.85 0.85
w(Tbest) 1456.48 1454.16 1454.04 1451.32 1451.27
σ 5.52 4.29 2.81 3.36 1.92
tcpu 0.06 0.06 0.06 0.06 0.06

15 Psuc 0.25 0.36 0.41 0.49 0.49
w(Tbest) 3539.98 3523.96 3519.51 3508.66 3508.84
σ 28.95 21.78 16.27 15.82 10.64
tcpu 0.14 0.14 0.14 0.14 0.14

20 Psuc 0.04 0.09 0.15 0.19 0.16
w(Tbest) 6399.33 6373.64 6356.13 6338.01 6337.75
σ 50.83 42.40 27.60 35.83 21.10
tcpu 0.27 0.27 0.27 0.27 0.27

Small problem instances

To study the performance, we apply a simple steady-state EA using the initialization
methods proposed in Section 3.3. For the experiments, we use uniform crossover
and mutation. A population consists of N = 50 individuals. In each search step,
one offspring is created by crossover (crossover probability pc = 1) and mutation
(mutation probability pm = 1/n). The two parents are selected at random. If the
cost of the offspring is lower than the cost of the worst individual in the population
((w(Toff ) ≤ max(w(Ti) for i ∈ {0, . . . , N − 1})), the offspring replaces the worst
individual in the population. We present results for OCST instances of different
sizes (n = 10, 15 and 20), where the optimal solutions are determined as described in
Section 3.2.2. The EA terminates after eval = 3, 000 fitness evaluations. For every
problem size, 100 OCST instances are generated randomly and for each instance
and configuration 20 EA runs are performed. We compare different initialization
methods, as discussed in the previous experiments.

Table 3.3 lists the percentage Psuc of runs that find Topt, the average costs w(Tbest)
of the best found solution, and the corresponding standard deviation σ. Addition-
ally, the table shows the running time of the different configurations tcpu in seconds.

The results indicate a high performance of EAs using heuristic initialization. Espe-
cially with the two Ahuja-Murty variants a high EA performance can be achieved.
Comparing versions with random seed and the ones with center as seeding node,
shows that using the graph’s center as seed leads to a higher performance through-
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Table 3.4: Number of fitness evaluations eval for large problem instances

n 50 75 100

eval 10,000 15,000 20,000

Table 3.5: Performance of EAs with different initial solutions for larger OCST in-
stances

n rnd COH-R COH-C AM-R AM-C

50 w(Tbest) 45551 44817 44523 44469 44192
σ 710.71 416.70 213.93 398.55 142.63
tcpu 9.91 9.82 9.81 9.86 9.87

75 w(Tbest) 106154 103071 101774 101855 100786
σ 2066.09 1135.78 507.58 1135.49 188.60
tcpu 46.65 45.99 45.92 46.34 46.35

100 w(Tbest) 196400 187866 185236 185485 182539
σ 4973.52 2363.83 916.81 2168.84 239.59
tcpu 142.14 139.78 139.50 141.31 141.25

out all problem sizes. Comparing the average costs of the found solutions w(Tbest) of
AM and COH shows no significant difference. For these small instances the average
CPU time is about identical for all variants.

Larger problem instances

In this section, we study the performance of the heuristic crossover operators for
larger OCST instances with unknown optimal solution. The performance is mea-
sured by the costs of the best found solution.

We use the same EA as in the previous experiments. A population consists of N =
50 individuals and each EA run is stopped after eval fitness evaluations (see table
3.4). As EA performance usually increases with the number of fitness evaluations,
we increase the number of fitness evaluations with larger n. We present results
for OCST instances with different problem sizes (n = 50, 75 and 100). For each
problem size, we create 100 random instances. The same initialization methods as
in Section 3.4.2 are used and for each configuration and each problem instance we
perform 10 EA runs.

Table 3.5 presents the average costs w(Tbest) of the best found solution Tbest over
the 10 EA runs. Additionally, the standard deviation σ of the costs and the average
running time tcpu (in seconds) of one run is shown.
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The results indicate a high performance of EAs using heuristic initialization, es-
pecially when using the graph’s center as seeding node. EAs using AM−C perform
best for all problem sizes since the average total cost are always lowest. Furthermore,
heuristic variants clearly outperform non-heuristic ones. Configurations AM − C
and COH − C exhibit the lowest standard deviation σ, which indicates robust EA
performance. Comparing these two configurations shows no big differences.

In summary, the experiments have shown that our simple construction heuristic
creates spanning trees with similar properties as optimal solutions. Seeding the start-
population with trees created by our initialization method improves EA performance
for the OCST problem.

3.5 Summary and conclusions

This work studies the OCST problem and analyzes different graph properties of
high-quality solutions. Results show that optimal solutions have a low Wiener index
and are therefore star-like. More than half of the nodes are leaf-nodes and located
far away of the center. In contrast, there are few nodes with high node degrees,
these nodes are located next to the graph’s center. Thus, EA performance can
be systematically improved by biasing their search operators to construct similar
graphs.

To show how these property of optimal solutions should be considered for the
design of efficient EAs, we develop a simple construction heuristic. Analyzing the
properties of the constructed spanning trees, shows that they possess similar prop-
erties as high-quality solutions. In a second step, we used the constructed solutions
to seed a steady-state EA. The performance analysis for various test problems shows
that search performance is increased compared to random start populations.

The results presented in this work suggest to use heuristic initialization which
creates spanning trees with certain probabilities to improve EA performance for the
OCST problem. Furthermore, this work shows that the most important aspect of
designing high-performing EAs, is the incorporation of domain specific knowledge.
While we focused on a certain graph problem in this work, the basic idea is generally
applicable.

An interesting idea for future work is to develop a crossover or mutation operator
similar to the proposed initialization methods. Another promising area to improve
optimization methods for the OCST problem, is to analyze further graph proper-
ties of high-quality solutions and build problem-specific operators which consider
the findings. Of course, the general approach, problem-specific EA design, can be
applied to any graph problem or other hard optimization problem.
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Chapter 4

Using penalties instead of rewards:
solving OCST problems with
guided local search
Wolfgang Steitz, Franz Rothlauf

Abstract

This paper considers the optimal communication spanning tree (OCST) problem.
Previous work analyzed features of high-quality solutions and found that edges in
optimal solutions have low weight and point towards the center of a tree. Conse-
quently, integrating this problem-specific knowledge into a metaheuristic increases
its performance for the OCST problem. In this paper, we present a guided local
search (GLS) approach which dynamically changes the objective function to guide
the search process into promising areas. In contrast to traditional approaches which
reward promising solution features by favoring edges with low weights pointing to-
wards the tree’s center, our GLS penalizes low-quality edges with large weights that
do not point towards the tree’s center. Experiments show that GLS is a powerful
optimization method for OCST problems and outperforms standard EA approaches
with state-of-the-art search operators for larger problem instances. However, GLS
performance does not increase if more knowledge about low-quality solutions is
considered but is about independent of whether edges with high weight or wrong
orientation are penalized. This is in contrast to the classical assumption that con-
sidering more problem-specific knowledge about high-quality solutions does increase
search performance.
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4.1 Introduction

The optimal communication spanning tree (OCST) problem (Hu, 1974) is a com-
mon NP-hard combinatorial optimization problem which seeks a spanning tree that
satisfies given communication requirements and leads to minimal total costs. Re-
searchers studied various exact, approximate and heuristic solution approaches for
the problem. The current state-of-the-art approaches (Fischer and Merz, 2007; Raidl
and Julstrom, 2003a; Rothlauf, 2009b) are based on heuristics and metaheuristics,
in particular evolutionary algorithms (EA).

Previous work (Rothlauf, 2009b; Steitz and Rothlauf, 2008, Chapter 3) studied
the properties of OCST problems. They found that edges with low distance weights
pointing towards the center of a graph occur with higher probability in high-quality
solutions. Additionally, optimal solutions are star-like, nodes with a large node
degree are near the tree center, and nodes with small node degrees are far away
from the center. Furthermore, in optimal solutions, more than half of the nodes
are leaf nodes with a node degree of only one. There are several ways in which
such a-priori knowledge can be exploited in the design of efficient metaheuristics for
OCST problems (Rothlauf, 2009b):

1. Initialize metaheuristic with solutions that have similar properties as high-
quality solutions: Chapter 3 presented a simple initialization method which
creates solutions with the desired tree properties. The solutions are used in
the initial population of a genetic algorithm, which improved the overall search
performance.

2. Use a redundant representation that over-represents solutions with certain
properties: Rothlauf (2009a) applied the idea of using redundant representa-
tions that over-represent high-quality building blocks to the link-biased (LB)
encoding. The LB encoding encodes trees similar to MSTs with higher proba-
bility. Experiments show that using the LB encoding improves search perfor-
mance.

3. Use search operators that favor building blocks, similar to those of known good
solutions: examples for this approach are the heuristic crossover and mutation
operators of the edge-set (ES) encoding (Raidl and Julstrom, 2003a; Rothlauf,
2009c). Both crossover and mutation favor low-weight edges when creating
offspring solutions, which leads to a performance increase in comparison to
non-heuristic operators. Similarly, the search operators of ES can be extended
to include edge weights and edge orientation (Chapter 2).

4. Assign higher fitness values to solutions with similar characteristics as high-
quality solutions: we are unaware of any approach for the OCST problem that
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modifies the fitness function according to the characteristics of high-quality
solutions.

An approach to dynamically change the objective function in order to lead heuris-
tic search to promising areas is guided local search (GLS) (Voudouris, 2003; Vou-
douris and Tsang, 1999). To apply GLS, it is necessary to define solution features
and their corresponding costs. Natural features are building blocks of a solution.
For a graph problem, these are typically the edges. Corresponding costs can depend
on the weight and orientation of edges. During the search process, some low-quality
solution features are penalized which helps local search to escape local optima. In
this paper, we apply GLS to the OCST problem and show how problem-specific
knowledge can be used to improve the search performance by changing the evalua-
tion function. The main findings of this paper are:

1. Problem-specific GLS outperforms EAs using state-of-the-art search operators
which also consider the weights and orientation of edges.

2. The performance of GLS is about independent of how much problem-specific
knowledge about the problem is considered. Thus, GLS shows similar behavior
if edges with high weight, wrong orientation, or both, are penalized. This is
in contrast to results for EAs where the choice of problem-specific knowledge
has a strong influence on search performance.

3. GLS as well as EAs show similar behavior for different types of OCST problems
(clustered versus non-clustered problem instances)

The next section defines the OCST problem, gives an overview of existing solution
strategies and summarizes the knowledge about high-quality solutions. Section 4.3
presents GLS and develops a problem-specific GLS approach for the OCST problem.
Section 4.4 presents experimental results for different types of OCST instances. The
paper ends with concluding remarks.

4.2 The OCST problem

4.2.1 Definition

The optimal communication spanning tree (OCST) problem is a common combina-
torial tree optimization problem, which was first described by Hu (1974). Given a
collection of nodes and the distances and communication demands between them,
we seek a tree that connects all nodes at minimum total communication cost, de-
fined to be the sum of the products of the distances and communication demands
between all pairs of nodes.
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Formally, let G = (V,E) be a complete, weighted, undirected graph with n = |V |
nodes and m = |E| edges. Communication or transport requirements are given a
priori in an n× n demand matrix R = (rij). Analogously, an n× n distance weight
matrix W = (wij) specifies distance weights. The solution quality or cost f(T ) of a
tree T = (V, F ) with F ⊆ E and |F | = n− 1 is calculated as:

f(T ) =
∑
i,j∈V

rij · plij, (4.1)

where plij denotes the path length between nodes i and j which is calculated as
the sum of the weights of all edges on the path between i and j in T . It depends
on the structure of T and the distance matrix W . For spanning trees, there exists
only one unique path between any pair of nodes and the path length pl can be
determined using a depth first search. T is the optimal communication spanning
tree if f(T ) ≤ f(T ′) for all other spanning trees f(T ′).

As many other constrained graph problems, the OCST problem is NP-hard
(Garey and Johnson, 1979). Furthermore, the problem is MAX SNP-hard and
no polynomial-time approximation scheme exists, unless NP = P (C. H. Papadim-
itriou and Yannakakis, 1991). Hu (1974) presented two simplifications of the problem
which are polynomially solvable. For the general case of the OCST problem, Ahuja
and Murty (1987a) proposed an exact approach based on branch-and-bound and
Contreras, Fernández, and Maŕın (2010) formulated an integer programming prob-
lem. However, these exact approaches only work for small problem instances.

In addition, various approximation algorithms for the OCST problem have been
developed (Peleg and Reshef, 1998; Sharma, 2006; Wu, K.-M. Chao, and Tang,
2000a), although, due to the MAX SNP-hardness of the problem, the solution
quality of such approximation algorithms is very limited. To overcome the limi-
tations of exact and approximation algorithms, many heuristics, in particular EAs
have been developed (Carrano et al., 2010; Fischer and Merz, 2007; C. Palmer and
Kershenbaum, 1995; Raidl and Julstrom, 2003a; Rothlauf, 2009b; Soak, 2006).

4.2.2 Properties of high-quality solutions

Rothlauf (2009b) studied the properties of OCST problems and found that optimal
solutions are biased towards minimum spanning trees (MST). The distances between
optimal solutions and MSTs are significantly lower than the distances between op-
timal solutions and randomly generated solutions. Thus, by using optimization
methods that are biased towards MST-like solutions, search performance can be
increased. Heuristic variants of edge-sets (Raidl and Julstrom, 2003a) make use of
this fact by favoring edges with small distance weights.

Chapter 2 analyzed the orientation of edges in high-quality solutions for Euclidean
OCST instances. The orientation of an edge is low if the edge points towards the
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tree’s center. Edges with small orientation are over-represented in optimal solutions.
The larger the edge orientation, the lower the probability that this edge is part of an
optimal solution. Therefore, biasing search operators to favor edges with low weight
and low edge orientation leads to a performance increase.

4.3 Guided local search

To escape local optima, local as well as evolutionary search algorithms use a wide
range of diversification mechanisms, like tabu lists (used in Tabu Search) or the
acceptance of worse solutions with some probability (used in simulated annealing).
Guided local search (GLS), which was presented by Voudouris in 1997 (Voudouris,
1997; Voudouris, 2003; Voudouris and Tsang, 1999), ensures diversification by dy-
namically changing the objective function: it adds penalties based on the knowledge
gained during the search. By dynamically modifying the fitness function, the search
does not get stuck in local optima, but rather gains the ability to leave local op-
timum and to explore other areas in the search space. Usually, the penalties take
into account the information of previous search steps, but they can also incorporate
prior knowledge of the problem. GLS is easy to implement and apply, as there are
only a few parameters.

GLS has been successfully applied to a wide range of combinatorial optimization
problems, such as the traveling salesman problem (Voudouris and Tsang, 1999),
function optimization, partial constraint satisfaction, vehicle routing, and others
(Voudouris, 2003). This section outlines the functionality of the algorithm and
demonstrates the design of a problem-specific GLS variant for OCST problems.

4.3.1 Guided local search algorithm

GLS’s mechanism of changing the objective function is based on solution features,
which represent solution properties. A solution feature is a non-trivial property of a
solution and allows to distinguish between different solutions. If GLS reaches a local
optimum, the worst solution feature is penalized. Penalizing solution features alters
the objective function and directs the search to other areas of the search space.

As GLS penalizes solution features, it modifies the original evaluation function f .
Consequently, the objective function h used by GLS is defined as

h(T ) = f(T ) + λ ·
M∑
i=1

pi · Ii(T ), (4.2)

where T is the tree to be evaluated, f is the original evaluation function with no
modifications (equation 4.1), M is the number of solution features, pi is the penalty
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for solution feature i, and parameter λ controls the importance of the penalties. The
indicator function Ii(T ) tells us whether or not feature i is part of a solution T :

Ii(T ) =

1, if feature i is in solution T,

0, otherwise
.

Tsang, Mills, and Ford (2002) suggested to set the parameter λ according to the
first found local optimum T1 as

λ = α
f(T1)

M
,

with α ≥ 0. This allows us to set the parameter α independently of the problem
instance (Tsang, Mills, and Ford, 2002; Voudouris, 2003).

Algorithm 2 GuidedLocalSearch(V,E,w)

k ← 0
T0 ← generateRandomTree()
for i = 1 to M do

pi ← 0

while stopping condition is not met do
Tk+1 ← LocalSearch(Tk)
for i = 1 to M do

utili(Tk+1)← Ii(Tk+1) · ci/(1 + pi)

for all i where utili is maximum do
pi ← pi + 1

k ← k + 1
return overall best solution

Algorithm 1 outlines the functionality of GLS. At the beginning, a random initial
solution T0 is created and all penalties pi are set to zero. After the initialization
phase, a local search is iteratively performed. Local search uses the evaluation
function h (see (4.2)), starts with Tk, and returns the local optimum Tk+1. Then,
the worst solution feature of the returned local optimum is penalized. To identify
the worst solution feature, the utility of penalization utili(Tk+1) for each solution
feature pi is calculated as

utili(Tk+1) = Ii(Tk+1) ·
ci

1 + pi
,

where ci quantifies the cost if feature fi is part of a solution T . Usually, the ci are
constant during a GLS run. Then, the solution feature i with the highest utility of
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penalization maxi(utili(Tk+1)) is penalized by increasing pi by one (pi ← pi + 1).
This feature with the highest utility of penalization, causes the highest cost. If there
are more than one solution feature with the same maximal value, all of them are
penalized. The higher the cost ci of a solution feature is, the larger the utility of
penalizing this feature is. To ensure diversification and to avoid that always the
same solution feature is penalized, the current penalties are also part of the utility
function.

Then, the next iteration starts from the current local optimum. Since the eval-
uation function is altered, the current solution is not necessarily a local optimum
any-more and local search is able to escape from the local optimum and explore new
solutions. If the stopping condition, e.g., a given number of iterations, is reached,
the algorithm terminates and returns the overall best solution.

4.3.2 Solving the OCST problem using GLS

As mentioned by Voudouris (2003), edges are proper solution features for graph
problems. Therefore, we define the set of solution features equal to all edges E in
the fully connected graph. Then, the number of solution features M that are part of
a solution T is n− 1. For random instances of OCST problems (see Section 4.4.1),
where the distance weights wij are chosen randomly, proper feature costs cij are the
distance weights wij.

For Euclidean OCST problem instances, where the nodes are set on a two-di/-
men/-sional plane and the distance weights wij are the Euclidean distances between
the nodes, the angle γij denotes the orientation of edge eij (γij = 0 if edge eij points
towards the center of the graph and γij = 90 if edge eij is perpendicular to the line
connecting the middle of eij and the graph’s center). Following Steitz and Rothlauf
(2008), the quality of an edge depends not only on its distance weight wij, but also
on its orientation γij. Therefore, we distinguish between three possible types of cost:

1. If we use the Euclidean distances between nodes i and j, we obtain cwij = wij.

2. If we consider only the orientation, we obtain

coij =

γ∗ij if dist∗(i,j),C ≥ 0.3

w∗ij otherwise.
(4.3)

3. If we consider distance weight and orientation, Steitz and Rothlauf (2008)
recommend using

cowij =

0.7w∗ij + 0.3γ∗ij if dist∗(i,j),C ≥ 0.3

w∗ij otherwise.
(4.4)
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dist(ij),C denotes the Euclidean distance between the middle of edge ei,j and the
graph’s center C. “*” indicates that wij, γij, and dist(ij),C are normalized with the
maximum values wmax = maxeij∈E(wij), γmax = maxeij∈E(γij), and disteij ,C,max =
maxeij∈E(dist(ij),C). Therefore, cij ∈ [0, 1].

Following Steitz and Rothlauf (2008), edge orientation is only considered for edges
that are some distance away (dist∗(i,j),C ≥ 0.3) from the graph’s center. This is nec-
essary, as edge orientation is meaningless for edges next to the graph center. In
contrast to cwij and coij, which only consider either distance weights or edge orienta-
tion, cowij considers both weight and orientation.

The local search LocalSearch(Tk) starts with Tk and iteratively examines a ran-
domly selected neighboring tree. If a neighboring tree has a lower objective value h
than the original solution, it replaces the original tree. The neighborhood of a tree
consists of all trees that can be created by changing two edges. To generate neigh-
boring trees, the insert-before-deletion operator from Raidl and Julstrom (2003a) is
used. This local search operator chooses a random edge not yet included in the tree
and inserts it, creating a cycle. To restore a feasible tree, the operator identifies the
edges forming the cycle and removes one of those edges at random. Cycle detection
is done using a depth-first search and the running time is O(n). Raidl and Julstrom
(2003a) also proposed a heuristic variant of the local search operator which prefers
edges with lower weight when inserting new edges. The number of different neigh-
bors of a tree depends on the tree’s structure and varies between (n− 1)(n− 2) and
1
6
n(n− 1)(n+ 1)− n+ 1. If there is no improvement for l consecutive search steps,

the search process is likely stuck in a local optimum. At this point, the local search
is stopped and the solution feature with highest utili is penalized.

To ensure that the final solution returned by GLS is a local optimum according
to the original fitness function f , the original objective function f(T ) is used for the
very last 500 evaluations of an GLS run.

The only GLS parameter requiring tuning is α ∈]0, 1]. For the OCST problem,
we tried different settings and obtained the best results for α = 0.3. This parameter
setting was also recommended by Tsang, Mills, and Ford (2002), who studied other
combinatorial optimization problems.

4.4 Experimental results

This section describes random, Euclidean and clustered OCST problem instances
and studies the performance of local search, GLS, and EAs using edge-sets.
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4.4.1 Problem instances

We follow previous work (Raidl and Julstrom, 2003a; Rothlauf, 2009b) and use ran-
domly created OCST test instances. The real-valued demands rij are randomly cre-
ated and uniformly distributed in ]0, 10]. For the random instances, the real-valued
distance weights wij are chosen at random in the interval [0, 10]. For the Euclidean
instances, the distance weights wij are calculated as the Euclidean distances between
the nodes i and j which are randomly placed on a 10× 10 2-dimensional grid.

Clustered instances are created by choosing c cluster centers by randomly placing
them on a 10× 10 2-dimensional grid. The n nodes are split into c cluster. For each
node, a Gaussian random variable with a deviation of 1/(c · tightness) specifies the
distance between the node and the center of the cluster. The parameter tightness
controls how far away the nodes are from the cluster’s center. In our experiments
we set tightness = 0.5 and create b

√
n+ 0.5c clusters.

For each problem type, we create instances of different sizes (n=10, 15, 25, 50, 75,
100). For every problem size n < 75, we create 1000 random instances. Due to long
running times, we only create 100 instances for n ≥ 75. Overall, we create 12,600
different OCST instances.

4.4.2 Experimental setup

We compare the GLS approach to a simple local search and to the state-of-the art
EA using edge-sets and different recombination operators. The simple local search
is used as a baseline.

Local search (denoted LS) is equivalent to LocalSearch(T0) (see Section 4.3.2),
where T0 is a random initial solution. In each search step, it examines a random
neighboring tree. If the new solution has lower cost than the original tree, it replaces
the original tree. Like the other search methods, LS is terminated after eval fitness
evaluations (see Table 4.1).

The steady-state EA uses edge-sets (ES) and the search operators proposed by
Raidl and Julstrom (2003a) and Fischer and Merz (2007). The population size is
set to N = 200. In each search step, a new solution Toff is created by recom-
bination and mutation. Mutation is applied after crossover with a probability
pm = 1/n (Raidl and Julstrom, 2003a). The resulting offspring Toff is inserted
into the population pop if it has lower cost than the worst solution in the popula-
tion (f(Toff ) < minT∈popf(T )). The initial population consists of random spanning
trees. The EA terminates after eval fitness evaluations.

For mutation, the insert-before-deletion operator (Raidl and Julstrom, 2003a) is
used. We use different types of crossover operators. The operators proposed by Raidl
and Julstrom (2003a) create an offspring from two parental trees by first adding all
common edges of both parents into the offspring. In a second step, the offspring is
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Table 4.1: Maximum number of eval evaluations for different problem sizes

n 10 15 25 50 75 100

eval 2,000 3,000 5,000 10,000 20,000 40,000

completed using only edges from the parents. Variants of this crossover differ in the
edge selection strategy, which determines the edges to be inserted into the offspring
tree. We also implemented the path merging (PM) recombination operator proposed
by Fischer and Merz (2007). Here, entire paths are selected from the parents and
included in the offspring. The offspring also consists of parental edges only.

We extend the original crossover operators, which only consider edge weights, and
consider edge weights and edge orientations as proposed in Chapter 2 for Euclidean
and clustered instances. Due to the bias of the crossover operators, edges with
certain properties are preferred.

The functionality of GLS is described in Section 4.3.2. Initial solutions are created
at random. For random problem instances, the cost of a solution feature (edge) are
the edge weights (cij = wij). For Euclidean and clustered instances, we either use
cwij (edge weights), coij (edge orientation), or cowij (weight and orientation) as the cost
cij of a solution feature. The last 500 search steps of each GLS run are performed
using the original cost function f to obtain a local optimum solution.

Each optimization run is terminated after eval fitness evaluations. Since a larger
number of evaluations increases search performance, we also increase eval for larger
n (see Table 4.1). For each OCST problem instance, ten optimization runs are
performed. For small instances (n = 10), a branch-and-bound algorithm (Ahuja
and Murty, 1987a) is able to determine an optimal solution in a reasonable amount
of time. Psuc indicates the percentage of runs of a metaheuristic that finds the
optimal solution.

4.4.3 Random instances

Table 4.2 presents results for the random test distances. We show the percentage
Psuc of runs that find the optimal solution (only for n = 10), the mean cost µ(f(T ))
of the best solution at the end of a run and the corresponding standard deviation
σ. We compare an EA using edge-sets (ES), local search (LS), and three different
variants of GLS with l = 100, l = 200 and l = 300. l specifies the maximal number
of non-improving search steps, until the current solution is declared a local optimum
and LocalSearch() is stopped.

We observe that ES and GLS clearly outperform the simple local search. The
difference is smaller for small instances, since these instances are relatively easy
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Table 4.2: Performance comparison for OCST instances with random distance
weights

n ES GLS 50 GLS 100 GLS 300 LS

10 Psuc 0.9 0.67 0.76 0.94 0.9
µ(f(T )) 703.44 712.8 708.85 703.36 706.79
σ 0.0 0.0 0.0 0.0 0.0

15 µ(f(T )) 1336.53 1368.03 1371.48 1342.3 1360.38
σ 0.0 54.96 53.35 0.0 0.0

25 µ(f(T )) 2802.77 2791.16 2876.09 2878.88 3026.24
σ 0.0 110.84 155.21 141.41 284.35

50 µ(f(T )) 8086.99 7573.48 7643.91 8124.03 9754.27
σ 521.18 530.9 548.72 643.6 1475.73

75 µ(f(T )) 15779.15 13665.58 13744.49 14409.58 21290.05
σ 1223.09 1060.07 1133.78 1324.06 3784.91

100 µ(f(T )) 23538.09 19152.1 19127.22 19470.74 36611.01
σ 1806.64 1528.39 1490.94 1597.45 6974.1

to solve. Comparing GLS and ES indicates a high performance of the GLS ap-
proach. For all problem sizes, all GLS configurations are able to find solutions with
significantly lower costs. The setting of l has no significant influence on the GLS
performance, but setting n = 100 seems to be a good compromise.

Statistical tests confirm these observations. For n ≥ 50 the differences between
ES, LS and all GLS configurations are significant using a pairwise ranked t-test with
an error level of p < 0.0001. Also, differences between the three GLS configurations
are not statistically significant.

4.4.4 Euclidean instances

For Euclidean test instances, we study three different variants of GLS using different
costs of the solutions features: the first variant (GLS-w) uses only edge weights cwij
as costs of solution features, the second one (GLS-o) uses only edge orientation coij,
and the third one (GLS-ow) uses edge weight and edge orientation cowij . For all GLS
configurations, l = 100.

We analogously design the EA using edge-sets. We have heuristic variants, where
the heuristic crossover operator uses either only edge weights cwij (hES-w), only
orientation coij (hES-o), or edge weights and edge orientation cowij (hES-ow). In ad-
dition, we have a naive non-heuristic variant (Raidl and Julstrom, 2003a), which
does not use any problem-specific knowledge and is not biased towards low-weight
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Table 4.3: Performance comparison for Euclidean OCST instances

n ES hES-w hES-o hES-ow PM-w PM-o PM-ow GLS-w GLS-o GLS-ow

10 Psuc 0.52 0.56 0.19 0.74 0.76 0.59 0.81 0.6 0.57 0.57
µ(f(T )) 1497.56 1496.13 1537.7 1490.86 1490.56 1494.34 1489.22 1498.84 1500.45 1500.29
σ 12.82 6.47 21.72 3.51 5.2 9.03 3.98 17.59 17.95 17.63

15 µ(f(T )) 3717.48 3647.52 3861.78 3594.73 3606.18 3633.48 3588.57 3629.44 3634.22 3634.42
σ 86.84 31.32 79.64 15.6 31.79 45.74 23.78 55.53 56.02 55.08

25 µ(f(T )) 11911 11032 12272 10639 10770 10924 10628 10727 10716 10717
σ 542.54 150.79 410.92 77.31 157.01 200.3 114.33 197.22 170.61 169.87

50 µ(f(T )) 60623 48373 59281 45484 46542 48051 45477 45244 45206 45227
σ 5693.67 998.49 3114.63 652.19 889.9 1387.67 670.22 1033.07 971.01 992.63

75 µ(f(T )) 131587 111396 137231 104231 106140 109295 103847 102958 102838 102804
σ 10402 2374.64 6951.0 1457.22 1805.59 2916.69 1353.33 2384.51 2016.76 2145.68

100 µ(f(T )) 214722 199022 233136 187165 188690 192228 185705 184815 184676 184825
σ 11815 3792.53 9366.03 2507.34 3033.63 3641.53 2146.13 4095.18 3834.54 3663.27

edges (denoted as ES). Another three EA configurations use path merging recom-
bination (PM) proposed by Fischer and Merz (2007). This crossover identifies low
weight paths in the parents and includes them in the offspring. In our version, the
path lengths are either determined by edge weights cwij (PM-w), edge orientation coij
(PM-o), or edge weight and orientation cowij (PM-ow).

Some of the configurations represent the state-of-the-art for OCST problems with
Euclidean distances and were introduced in previous work. hES-w is the best per-
forming configuration in Rothlauf (2009c). Chapter 2 proposed hES-ow and showed
its superiority in comparison to hES-w. Fischer and Merz (2007) proposed the PM-w
crossover as the best performing crossover operator for Euclidean OCST instances.

Table 4.3 presents the results. We show Psuc (only for n = 10), the mean cost
µ(f(T )) of the best solution at the end of a run and the corresponding standard devi-
ation σ. Again, we observe that all GLS variants outperform the EA approaches for
larger problem instances (n ≥ 50). For smaller instances, the EAs are slightly better.
Comparing the different EA configurations, we find that considering problem-specific
knowledge for the crossover operator improves search performance. The more knowl-
edge is integrated, the better the results are. ES-ow is significantly better than ES-o
or ES-w. The same applies to PM-ow, which significantly outperforms PM-o and
PM-w. Furthermore, results are significantly better if we consider only edge weights
(-w) in comparison to if we consider only edge orientation (-o). This confirms previ-
ous results, that edge weights are more important than edge orientation (Chapters 2
and 3). Combining both properties of high quality edges – namely low weights and
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Figure 4.1: We show the average fitness of the current best solution over the
number of search steps for different variants and Euclidean instances
(n = 25). All GLS variants show very similar behavior. In contrast,
the ES and PM variants differ significantly and the configurations con-
sidering both weight and orientation perform the best.

the characteristic of pointing towards the center of a graph (-ow) – leads to best
results. A pairwise ranked t-test confirms these results. For n ≥ 50, comparing the
ES configurations all p-values are p < 0.0001. For PM, the differences are signifi-
cant for n >≥ 50 with p-values p < 0.02, except for PM-w vs PM-ow and n = 75
(p = 0.699).

The situation is different for GLS. The average fitness µ(f(T )) at the end of a
run shows no significant difference whether we use edge weights, edge orientation
or both as costs of solution features; p > 0.35 using a pairwise ranked t-test for all
problem sizes.

The main difference between the EAs and GLS is the type of additional selection
pressure that is introduced by considering problem-specific knowledge. ES and PM
favor edges with low weight and proper orientation by giving them a higher chance
to be selected in recombination. In contrast, GLS penalizes low-quality solution
features and does not reward “good” solution features. Since all three types of
feature costs (weight, orientation, and both combined) are able to identify low-
quality solutions features, we observe no performance difference. We study this
conjecture in the further paragraphs.

Figure 4.1 plots the average fitness of the current best solution over the number
of search steps for n = 25. Results for other tree sizes are similar. The fitness values
are averaged over all runs and all instances. For ES, there are no results for the first
M = 200 evaluations, since these are necessary for evaluating the initial population.
As expected, the GLS variants progress faster to high-quality solutions, since they
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Figure 4.2: Average edge weight over the optimization progress for different con-
figurations and Euclidean instances with n = 50

mainly use intensification. Furthermore, the plots indicate a difference between
the three ES variants and the three PM variants. EAs that consider orientation
and weights perform better than EAs that consider only weights, which, in turn,
perform better than those that consider only orientation. In contrast, the progress
of the GLS variants is almost identical.

As expected and as seen in the results, ES performance increases if more problem-
specific knowledge is integrated. In contrast with GLS, considering additional knowl-
edge has no influence. To further investigate the influence of problem-specific knowl-
edge, we analyze how the average edge weights and edge orientation changes during
a run. Figures 4.2 and 4.3 plot the average weight wij (Figure 4.2) and the average
edge orientation γij (Figure 4.3) of the edges in the current best found solution over
the number of search steps.

For ES, the choice of problem-specific knowledge has a strong influence on the
properties of the found solution. When considering only orientation (ES-o), an ES
run finds good solutions with many edges that point towards the graph center (low
γ; Figure 4.3). Edge weights are also reduced (Figure 4.2), but less so than other
variants or than to the change of γ. When considering only edge weights (ES-w), we
observe the opposite behavior: ES finds solutions with low-weight edges (Figure 4.2)
that do not necessarily point towards the center of the graph (Figure 4.3). If we
consider both weights and orientation (ES-ow), we are able to find solutions with
low-weight edges that point towards the graph center, however, we find less of these
if we consider only edge weights (ES-w) or orientation (ES-o), respectively. In
contrast, for GLS, the choice of the cost of solution feature does not have great
influence. All three variants (using either wwij, w

o
ij, or wowij ) show similar behavior.

Keeping in mind that GLS finds better solutions than ES, we see that penalizing
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Figure 4.3: Average edge orientation over the optimization progress for different
configurations and Euclidean instances with n = 50

edges that have large weights or that do not point towards the center of a graph is
a more promising strategy than favoring low-weight edges that point towards the
tree’s center.

Table 4.4 lists the average CPU time t in seconds for one optimization run. All
heuristics were implemented in C++ and executed on an Intel Core i5 CPU with
2.67GHz and 4 GBytes of memory running Linux 2.6.38. For small instances the
differences are small. For larger instances the EAs using the PM crossover are slower
than the rest. This can be explained by the slightly more complicated crossover
procedure used. Using different weighting of edges has no significant influence on
the CPU times.

4.4.5 Clustered instances

Table 4.5 presents the results for the clustered instances. The experimental setup
is identical to the experiment in the previous paragraphs. Again, GLS clearly out-
performs ES for larger problem instances. The different GLS configurations do not
significantly differ. Also clustered OCST instance have different characteristics than
regular Euclidean instances, the results for the analyzed optimization methods are
similar. This indicates a robust search performance for both the EA configurations
and GLS.
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Table 4.4: Runtime comparison for Euclidean OCST instances

n ES hES-w hES-o hES-ow PM-w PM-o PM-ow GLS-w GLS-o GLS-ow

10 t[s] 0.03 0.03 0.03 0.03 0.04 0.04 0.04 0.02 0.02 0.02
σ 0.0 0.01 0.0 0.01 0.0 0.0 0.0 0.0 0.0 0.0

15 t[s] 0.06 0.06 0.06 0.06 0.08 0.08 0.08 0.05 0.05 0.05
σ 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

25 t[s] 0.21 0.21 0.2 0.2 0.32 0.32 0.32 0.2 0.19 0.19
σ 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

50 t[s] 1.72 1.74 1.54 1.61 2.53 2.52 2.5 1.69 1.67 1.67
σ 0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.09 0.09 0.09

75 t[s] 8.77 9.22 7.68 8.35 12.66 12.41 12.43 8.71 8.65 8.63
σ 0.36 0.34 0.34 0.32 0.36 0.35 0.37 0.53 0.56 0.51

100 t[s] 39.86 43.78 36.73 38.81 57.08 55.53 55.56 39.68 39.72 39.34
σ 1.84 1.55 1.72 1.61 1.82 1.91 1.97 2.38 2.41 2.64

Table 4.5: Performance comparison for clustered instances

n ES hES-w hES-o hES-ow PM-w PM-o PM-ow GLS-w GLS-o GLS-ow

10 Psuc 0.43 0.59 0.09 0.72 0.77 0.45 0.79 0.61 0.54 0.55
µ(f(T )) 1834.75 1829.12 1899.11 1824.97 1824.32 1833.79 1823.62 1833.43 1836.1 1835.59
σ 15.28 6.0 31.96 3.36 5.39 13.82 4.74 17.53 20.1 19.63

15 µ(f(T )) 4470.46 4347.9 4817.63 4309.07 4314.32 4400.54 4304.19 4336.3 4353.07 4353.04
σ 93.54 29.3 135.14 16.04 29.48 61.16 24.54 50.67 58.7 58.57

25 µ(f(T )) 10431 9391.36 11918 9191.66 9223.15 9742.19 9187.07 9170.2 9266.98 9268.32
σ 416.33 103.47 591.27 61.46 90.31 216.39 80.37 98.26 127.89 130.66

50 µ(f(T )) 40088 29892 48378 29026 28894 33035 28778 28244 28625 28612
σ 3382.35 450.94 4108.01 321.19 286.19 1180.75 276.28 251.97 387.18 385.52

75 µ(f(T )) 75979 59069 95541 57748 56783 65010 56659 55635 56140 56108
σ 9216.58 786.65 8434.85 639.95 444.14 2530.43 440.97 485.22 630.54 642.62

100 µ(f(T )) 92573 86168 121346 85057 83131 90158 83075 81979 82425 82445
σ 4427.71 951.9 8704.36 745.48 479.35 2002.24 494.69 607.36 660.07 683.07
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4.5 Conclusions

It is known that edges in optimal solutions of OCST problems have, on average, low
distance weights and point towards the center of a tree. Consequently, we can make
use of this knowledge for the initial solution, for building redundant representations
that prefer solutions similar to optimal solutions, for search operators, and, as it
was demonstrated here, for the design of fitness functions.

This work demonstrates how the performance of heuristic optimization methods
can be increased by considering the properties of optimal solutions for the fitness
function. In contrast to other approaches which reward promising solution features
by favoring edges with low weight pointing towards the tree’s center, we present a
guided local search approach which penalizes low-quality edges with large weights
that do not point towards the tree’s center. Experiments show that GLS outperforms
EAs using state-of-the-art search operators for larger problem instances. However,
we are not able to modify or increase GLS performance when we penalize either low
weight edges, edges with wrong orientation, or both. Instead, GLS performance is
independent of the type of penalization. This is in contrast to the classical assump-
tion that considering more problem-specific knowledge about high-quality solutions
increases search performance.

Future work will analyze how GLS can be modified to reward high-quality solution
features instead of adding penalties to low-quality solutions. This would allow us to
study in greater detail why punishing low-quality features is more successful than
rewarding high-quality solution features. Another interesting topic is to change the
evaluation function in other types of metaheuristics.
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Contreras, I., E. Fernández, and A. Maŕın (2010). “Lagrangean bounds for the opti-
mum communication spanning tree problem”. In: TOP 18 (1). 10.1007/s11750-
009-0112-5, pp. 140–157.

69



Solving OCST problems with guided local search

Fischer, T. and P. Merz (2007). “A memetic algorithm for the optimum commu-
nication spanning tree problem”. In: Hybrid Metaheuristics. Ed. by T. Bartz-
Beielstein, M. J. B. Aguilera, C. Blum, B. Naujoks, A. Roli, G. Rudolph, and
M. Sampels. Vol. 4771. Springer, pp. 170–184.

Garey, M. R. and D. S. Johnson (1979). Computers and Intractability: A Guide to
the Theory of NP-Completeness. New York, NY, USA: W. H. Freeman & Co.

Hu, T. C. (1974). “Optimum communication spanning trees.” In: SIAM Journal on
Computing 3.3, pp. 188–195.

Palmer, C. and A. Kershenbaum (1995). “An approach to a problem in network
design using genetic algorithms”. In: Networks 26, pp. 151–163.

Papadimitriou, C. H. and M. Yannakakis (1991). “Optimization, approximation,
and complexity classes”. In: Journal of Computer and System Sciences 43.3,
pp. 425–440.

Peleg, D. and E. Reshef (1998). “Deterministic polylog approximation for minimum
communication spanning trees”. In: ICALP ’98: Proceedings of the 25th Inter-
national Colloquium on Automata, Languages and Programming. London, UK:
Springer-Verlag, pp. 670–681.

Raidl, G. R. and B. A. Julstrom (2003a). “Edge sets: an effective evolutionary coding
of spanning trees”. In: IEEE Transactions on Evolutionary Computation 7.3,
pp. 225–239.

Rothlauf, F. (2009a). “An encoding in metaheuristics for the minimum commu-
nication spanning tree problem.” In: INFORMS Journal on Computing 21.4,
pp. 575–584.

Rothlauf, F. (2009b). “On Optimal Solutions for the Optimal Communication Span-
ning Tree Problem”. In: Operations Research 57.2, pp. 413–425.

Rothlauf, F. (2009c). “On the Bias and Performance of the Edge-Set Encoding”. In:
IEEE Transactions on Evolutionary Computation 13.3, pp. 486–499.

Sharma, P. (2006). “Algorithms for the optimum communication spanning tree prob-
lem”. In: Annals of Operations Research 143.1, pp. 203–209.

Soak, S.-M. (2006). “A new evolutionary approach for the optimal communication
spanning tree problem”. In: IEICE Transactions on Fundamentals of Electronics
Communications and Computer Sciences E89-A.10, pp. 2882–2893.

Steitz, W. and F. Rothlauf (2008). “Orientation matters: how to efficiently solve
OCST problems with problem-specific EAs”. In: GECCO ’08: Proceedings of

70



4.5 References

the 10th annual conference on Genetic and evolutionary computation, Atlanta,
GA, USA. New York, NY, USA: ACM, pp. 563–570.

Tsang, E., P. Mills, and J. Ford (2002). Extending Guided Local Search - Towards a
Metaheuristic Algorithm With No Parameters To Tune. Tech. rep. 371. Depart-
ment of Computer Science, University of Essex.

Voudouris, C. (1997). “Guided Local search for combinatorial optimization prob-
lems”. PhD thesis. Colchester,UK: Department of computer science, University
of Essex.

Voudouris, C. (2003). “Guided local sarch”. In: Handbook of Metaheuristics. Ed. by
F. Glover and G. A. Kochenberger. Springer, pp. 185–218.

Voudouris, C. and E. Tsang (1999). “Guided local search and its application to
the traveling salesman problem”. In: European Journal of Operational Research
113.2, pp. 469–499.

Wu, B. Y., K.-M. Chao, and C. Y. Tang (2000a). “A polynomial time approximation
scheme for optimal product-requirement communication spanning trees”. In:
Journal of Algorithms 36.2, pp. 182–204.

71





Chapter 5

Biased metaheuristics for the
quadratic minimum spanning tree
problem
Wolfgang Steitz, Franz Rothlauf

Abstract

The quadratic minimum spanning tree (QMST) problem is an extension of the
classical minimum spanning tree problem. Besides the edge costs, so called intercosts
arise through the interplay of each pair of edges in the tree. Edge costs and intercosts
are linked additively. Since the problem is difficult to solve, researchers came up
with a wide range of heuristic optimization approaches. However, all of these works
ignore the fact that the height of the edge costs versus the height of the intercosts
considerably influences the structure of optimal solutions and therefore the difficulty
of the problem. In this paper, we design construction heuristics that take into
account the ratio between edge costs and intercosts. These insights are then used to
create mutation and crossover operators in a similar way. Using these operators in
simulated annealing and an evolutionary algorithm allows us to significantly improve
upon the state-of-the-art.
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5.1 Introduction

The NP-hard quadratic minimum spanning tree (QMST) problem (Assad and Xu,
1992) is a combinatorial optimization problem that seeks a spanning tree with min-
imal total costs. In contrast to the classical minimum spanning tree problem, it
considers edge weights as well as so called intercosts, which are associated with each
pair of edges. There are practical applications for QMST problems, where intercosts
represent additional effort for connecting different types of oil pipelines. In a similar
way, intercosts can represent the costs of turns in route planning (Geisberger and
Vetter, 2011; Winter, 2002).

The current state-of-the-art approaches mainly use population-based metaheuris-
tics (Palubeckis, Rubliauskas, and Targamadze, 2010; Soak, Corne, and Ahn, 2006;
Sundar and Singh, 2010). The performance of these approaches is evaluated using
randomly created instances with different problem sizes. With larger problem size,
problem difficulty increases. A second parameter that influences problem difficulty
is the ratio between edge weights and intercosts. Instances with high edge weights
and low intercosts, are easier to solve, since optimal solutions are similar to the
minimum spanning tree. In the existing literature, the influence of different ratios
is ignored.

Metaheuristics are high-level optimization methods, that are applied to a wide
range of combinatorial optimization problems. While their application range is
huge, the search performance of out-of-the-box metaheuristics is often poor. One
way to design effective and efficient metaheuristics is to incorporate problem-specific
knowledge into the algorithm (Bonissone et al., 2006; Droste and Wiesmann, 2003;
Hauschild et al., 2012; Raidl and Julstrom, 2003a; Rothlauf, 2011). This results
from the no-free-lunch theorem (Wolpert and Macready, 1997) as well as experience
from practical applications. Problem-specific knowledge may be used to bias the
individual components of a metaheuristics (Rothlauf, 2011). Indeed, one can:

1. Initialize the metaheuristic with solutions that have similar properties to high-
quality solutions.

2. Use a redundant representation that over-represents solutions with certain
properties.

3. Use search operators that favor building blocks, similar to those of known good
solutions.

4. Assign higher fitness values to solutions with similar characteristics to high-
quality solutions.

In order to make use of problem-specific knowledge in a metaheuristic, a thorough
problem understanding is mandatory, since introducing a wrong bias would hinder
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successful optimization. Problem-specific knowledge can be gathered by comparing
the structure of optimal and random solutions for small, solvable problem instances
(Rothlauf, 2009c; Steitz and Rothlauf, 2012). In this paper, we choose a different
approach and generate solutions with different biased construction heuristics. We
compare the resulting performance and compare the found solutions. Finally, we
apply the findings to the design of heuristic search operators (e.g. mutation and
recombination).

For the QMST problem, no analysis of the problem structure exists. Existing
heuristics often use some approaches tailored to the problem, but these are only
based on assumptions and do not necessarily lead to high-performing algorithms.
Therefore the goal of this paper is to analyze the QMST problem and to build biased
search operators based on this problem analysis. These operators are compared with
the current state-of-the-art approaches. In summary, the main findings of this work
are:

1. The performance of heuristics for the QMST problem strongly depends on the
ratio between edge costs and intercosts. Successful construction heuristics,
algorithms that create solutions by iteratively appending edges to a partial so-
lution until a complete spanning tree is created, are biased towards low-weight
edges that have low intercosts with the current partial solution. These solu-
tions share many edges with optimal solutions and have lower costs than trees
created using other approaches. The search performance of metaheuristics is
improved, when starting from a solution created by our construction heuristic.

2. Based on the insights gained from developing and analyzing construction
heuristics, we propose biased search operators for the QMST problem. These
search operators outperform existing operators proposed in the literature. Us-
ing these heuristic operators, we are able to significantly outperform the cur-
rent state-of-the-art approaches.

Section 5.2 defines the QMST problem and gives an overview of existing solution
approaches. In Section 5.3, we present and analyze construction heuristics. Sec-
tions 5.4 and 5.5 present and study biased and problem-specific local search and
recombination operators, resp. Section 6.5 presents a comparison to the current
state-of-the-art approaches. The paper ends with concluding remarks.
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5.2 The Quadratic Minimum Spanning Tree

Problem

5.2.1 Problem formulation

The quadratic minimum spanning tree problem (QMST) is a combinatorial tree
optimization problem, first described by Assad and Xu (1992). Similarly to other
spanning tree problems, costs are associated with each edge. Additionally, there are
intercosts that arise for each pair of edges included in a solution. Given a collection
of nodes, we seek a spanning tree that connects all the nodes and leads to minimum
total cost, defined to be the sum of the cost associated with each edge and the
intercost of each pair of edges in the spanning tree.

Formally, let G = (V,E) be a complete, weighted, undirected graph with V =
{v1 . . . vn} nodes and E = {e1 . . . em} edges. The n × n distance matrix C = c(e)
defines the weight or cost c(e) of an edge e; the m×m intercost matrix Q = q(e, f)
defines the cost associated with each pairs of edges. In the Euclidean case, the
distance weights c(e) are the Euclidean distances between the nodes. The QMST
problem seeks a tree T = (V, F ) with F ⊆ E and |F | = n− 1 which minimizes

f(T ) = we
∑
e∈F

c(e) + wi
∑
e1∈F

∑
e2∈F

q(e1, e2), (5.1)

where the coefficients we and wi weight the edge weights and the intercosts, resp.
The distance d(T1, T2) between two spanning trees T1 and T2 is the number of edges
that differ. It can be calculated by subtracting the number of common edges from
the number of edges in one tree d(T1, T2) = |E1| − |E1 ∩ E2|.

The QMST problem is proven NP-hard by Assad and Xu (1992). The authors
also proposed a branch-and-bound approach and two heuristics for the QMST prob-
lem. They presented experimental results for small instances of size n ≤ 15. Zhou
and Gen (1998) proposed a genetic algorithm based on Prüfer number encoding,
which outperforms the heuristics of Assad and Xu (1992). Soak, Corne, and Ahn
(2006) proposed the edge-window-decoder (EWD) encoding and analyzed the per-
formance of evolutionary algorithms using different types of encodings (EWD, edge-
sets encoding, NetKey encoding, Prüfer encoding, and node-biased encoding). EWD
outperformed the other encoding, with a heuristic version of the edge-set encoding
(Raidl and Julstrom, 2003a) being the second best. They used a rather small test
set with only six Euclidean instances.

Öncan and Punnen (2010) developed a Lagrangian relaxation procedure, which
generates tight lower bounds. They also present a tabu search heuristic, whose
performance is similar to the genetic algorithm by Zhou and Gen (1998).
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Palubeckis, Rubliauskas, and Targamadze (2010) presented simulated annealing,
another genetic algorithm, and an iterated tabu search approach for the QMST. In
their experiments, the tabu search approach performed best of the three approaches.
Unfortunately, they did not compare their approaches to the others. Sundar and
Singh (2010) present a swarm intelligence approach based on the artificial bee colony
(ABC) metaheuristic from Karaboga and Basturk (2007). ABC uses a population of
solutions, which is improved by mutating solutions and creating new solutions as a
combination of several solutions. Sundar and Singh (2010) also developed heuristic
operators for the QMST problem. Solutions are represented using the edge set
encoding (Raidl and Julstrom, 2003a). The initial population of solutions is created
by using a specific initialization method (for details see Sect. 5.3). The authors
compare their approach to the existing evolutionary approaches of Zhou and Gen
(1998) and Soak, Corne, and Ahn (2006). ABC outperforms these two, but uses
more computation time.

5.2.2 Creating test instances

For the experiments in this paper, we follow previous work (Öncan and Punnen,
2010; Sundar and Singh, 2010) and use randomly created QMST instances. The
real-valued intercosts and distance costs ce are either uniformly distributed in ]0, 1],
or the nodes are randomly placed in the unit square and the ce are the Euclidean
distances.

We study instances with different ratios of r = we/wi. Previous publications only
used constant ratios r. However, this creates only certain types of instances. For
example, high values of r lead to instances, where optimal solutions are similar to
minimal spanning trees. This often makes solving these instances easy as many
solution approaches prefer solutions similar to an MST. In the extreme case of r →
∞, the QMST problem becomes the MST problem. To get a better understanding
of QMST instances, we create instances of different size n with different setting of
we, wi.

5.3 Construction heuristics

Construction heuristics (also known as single-pass heuristics) usually build a solu-
tion from scratch in a step-wise creation process where in each step parts of the
solution are fixed (Fisher1988). The created solutions can be used to seed a meta-
heuristic, what often leads to better solutions and lower running times. This section
proposes construction heuristics for the QMST problem and analyzes the resulting
performance of metaheuristics using different initial solutions.
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In (meta)heuristics for spanning tree problems, the minimal spanning tree (MST)
is often used as initial solution. This is due to the low effort for creating MSTs
(O(n2) using Prim’s algorithm) and the fact that the objective function often di-
rectly depends on the edge weights. Prominent examples are the TSP or Steiner tree
problem. For the TSP, the 3/2-approximation algorithm from Christofides (1976)
starts with an MST, computes a minimum cost perfect matching on the set of odd-
degree nodes, and then generates an Eulerian graph. For the Steiner tree problem,
Robins and Zelikovsky (2005) presented a polynomial-time approximation scheme
that starts with an MST and results in the best-known performance ratio approach-
ing 1 + ln 3/2 ≈ 1.55. Hwang (1976) showed for the rectilinear Steiner tree problem
that an MST itself is a 3/2-approximation. Consequently, a variety of approaches ei-
ther start with an MST and improve this solution in subsequent steps (T.-H. Chao
and Hsu, 1994; Ho, Vijayan, and Wong, 1990; Julstrom and Raidl, 2002; Robins
and Zelikovsky, 2005), or imitate the MST construction of Kruskal and Prim (Bern,
1988; Richards, 1989).

Sundar and Singh (2010) suggested a construction heuristic for the QMST prob-
lem. The purpose of the construction heuristic is to create high-quality initial so-
lutions for a subsequent metaheuristic. The approach assigns a “potential cost”
c′p(el) = wec(el) +wi

∑
m6=l q(el, em) to each edge el. Solutions are iteratively created

by an approach resembling Prim’s algorithm. In each iteration, the approach selects
an edge using roulette wheel selection. Thus, the probability of selecting an edge
e is inversely proportional to its potential cost c′p(e). If the selected edge does not
create a cycle, it is added to the partial solution. The algorithm stops after the
insertion of n−1 edges. A drawback of this approach is that c′p over-emphasizes the
influence of intercosts. Although only n − 2 intercost values are relevant for f(T ),

cp sums up n(n−1)
2
− 1 intercost values. Consequently, c′p should be normalized. We

suggest to normalize the influence of the intercosts by the factor (n−2)/(n(n−1)
2
−1)

leading to the normalized potential cost

cp(el) = wec(el) +
2wi
n+ 1

∑
m 6=l

q(el, em). (5.2)

Construction heuristics using the (normalized) potential cost are fast as the po-
tential cost values can be calculated a priori (time effort O(n4)) and stored in an
appropriate data structure. However, the principle of potential cost is not mean-
ingful. The potential cost of an edge el depends on its weight c(el) and the average
intercost 1

n−2
∑
q(el, em) between el and all other edges em 6= el. However, if all inter-

cost values are drawn from the same distribution, the expected mean of
∑
q(el, em)

is equal for all subsamples of size n − 2. As a result, the potential cost values are
determined only by the distance weights and not by the intercost which only add a
constant factor (if all intercost values follow the same distribution).
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A more promising way to construct an initial solution for the QMST problem is to
consider only the intercosts between an edge el and those edges em that are already
part of the partial tree Tl. Consequently, the dynamic cost cd of an edge el depends
on only those edges that have already been added to the partial tree Tl in previous
steps of the construction heuristic:

cd(el, Tl) = wec(el) + wi
∑
em∈Tl

q(el, em) (5.3)

A construction heuristic using dynamic cost considers intercosts more exactly. How-
ever, the intercost value of an edge depend on the partial tree Ti, which makes the
a-priori calculation of dynamic cost values infeasible. Instead, dynamic cost values
are updated in each iteration leading to a higher effort for constructing a tree.

We suggest constructing spanning trees using Kruskal’s algorithm and dynamic
costs. In each iteration l, the edge el 6= Tl with lowest weight cd(el) is added to the
partial tree Tl, as long as it does not create a cycle. The approach starts with an
empty partial tree T0. The construction heuristic is deterministic and always creates
the same tree for given distance weights and intercosts.

To compare the performance of the different construction heuristics, we create
random QMST instances of different sizes n ∈ {25, 50, 75, 100} (see Sect. 5.2.2). For
each size, we create 100 random and Euclidean problem instances and consider three
different ratios r ∈ {0.2, 1.0, 5}, which lead to three considerably different types of
instances. We compare four construction heuristics:

• Roulette c′p: The construction heuristic proposed by Sundar and Singh (2010)
with potential cost c′p and roulette wheel selection of edges.

• Kruskal c′p: Kruskal’s algorithm using potential cost c′p

• Kruskal cp: Kruskal’s algorithm using normalized potential cost cp

• Kruskal cd: Kruskal’s algorithm using dynamic cost cd

Tables 5.1 (Euclidean instances) and 5.2 (random instances) show the cost f of
the generated trees averaged over all problem instances. For comparison, we present
the average cost of a random tree and an MST. For the non-deterministic tree
construction approaches (Random and Roulette c′p), we generate 100 trees for each
problem instances. Standard deviations are in brackets.

Kruskal’s algorithm using dynamic costs cd performs significantly better than
the other construction heuristics for all different problem types. Differences are
significant using a ranked t-test with an error level of p < 0.01. In comparison to
the second best construction heuristic (Kruskal cp), the average cost is lower up to
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Table 5.3: Runtimes of construction heuristics
n Random MST Roulette

c′p

Kruskal
c′p

Kruskal
cp

Kruskal
cd

25 0.00 0.00 0.00 0.00 0.00 0.00
50 0.00 0.00 0.01 0.00 0.00 0.01
75 0.00 0.00 0.05 0.03 0.03 0.04
100 0.00 0.00 0.12 0.07 0.07 0.10

25%. For higher values of r (r = 5), an MST has lower cost than a randomly created
tree (significant, p < 0.01), as it is relevant to construct trees using edges with low
edge weights. For low values of r (r = 0.2), it is more important to create trees with
low intercost. Thus, the average cost of an MST is not significantly different from
random solutions. The construction heuristic of (Sundar and Singh, 2010) creates
solutions with cost that are not significantly different from random trees. Thus, this
approach is not able to create high-quality solutions. Combining the potential cost
with Kruskal’s algorithm, leads to better solutions in comparison to the original
approach using roulette wheel selection (significant, p < 0.1). Normalizing potential
cost (Kruskal cp) does not lead to significantly better solutions than Kruskal c′p for
low values of r (r = 0.2 and r = 1), but to a significant improvement for r = 5
(significant, p = 0.01)). As optimal solutions for problems with higher r are more
MST-like, reducing the weight of intercost allows Kruskal’s algorithm to construct
better and more MST-like trees.

Comparing the runtimes of the different construction heuristics in Table 5.3 shows
some significant differences. Kruskal’s algorithm using c′p and cp is rather fast. But
the calculation of potential costs takes some time, and therefore creating a MST is
faster. Using dynamic costs increases the runtimes slightly. Roulette wheel selection
is the slowest construction heuristic.

5.3.1 Biased initialization

Metaheuristics that use solutions created by a construction heuristic as an initial
solutions often have a head start and return better solutions. We study the perfor-
mance of an evolutionary algorithm (EA) and a simulated annealing (SA) approach
as representative examples of local and recombination-based search using different
construction heuristics for generating initial solutions.

The EA is based on the approach of Soak, Corne, and Ahn (2006), which combines
a standard steady-state EA with the edge-set encoding of (Raidl and Julstrom,
2003a). The mutation operator (denoted by Raidl and Julstrom (2003a) as “insertion
before deletion”) randomly replaces one edge in a tree by first including a random
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edge not in the tree and then removing a random edge from the created cycle. The
crossover operator (denoted by Raidl and Julstrom (2003a) as “Kruskal*”) selects
two random solutions T1 and T2. In a first step, it includes all edges (E1∩E2) in the
offspring Toff . Then, Toff is completed by applying a variant of Kruskal’s algorithm
that ignores the edge weights to the remaining edges (E1 ∪ E2)\(E1 ∩ E2). In
each iteration of the EA, two solutions are sampled randomly from the population
and crossover is performed with probability pc = 1. The offspring Toff is then
mutated exactly once (probability pm = 1). Toff replaces the worst individual in
the population if the fitness is better c(Toff ) ≤ max(c(Ti)) for i ∈ {0, . . . , N − 1}).
For the experiments, we use a population size of N = 100.

Simulated annealing (SA) (Kirkpatrick, Gelatt, and Vecchi, 1983) creates a neigh-
boring solution Toff in every iteration by applying exactly one mutation to a parent
solution Tpar. If there is an improvement, c(Toff ) < c(Tpar), Toff replaces Tpar.
If c(Toff ) ≥ c(Tpar), Tpar is replaced with probability P (U) = exp(−(c(Toff ) −
c(Tpar))/U). With lower temperature U , the probability of accepting worse solu-
tions decreases. We use the same insertion-before-deletion operator as for the EA
and set the initial temperature U0 with respect to the test instance at hand. For
each instance, we create 1,000 random solutions and set the initial temperature
to U0 = 0.1 × σ(c(Ti)), where σ(c(Ti)) is the standard deviation of the cost of a
randomly created solution Ti. In each iteration, the temperature is reduced by a
constant factor, Ut+1 = 0.99× Ut.

We compare the performance of the metaheuristics for Euclidean instances with
different r. For each setting, we randomly create 100 problem instances. Results for
random problem instances are omitted as they are analogous to Euclidean instances.
For different initial solutions Ts, Table 5.4 lists the average and standard deviation
(in brackets) of the cost of the best found solution for EA and SA. The initial solution
is either chosen randomly, an MST, or generated by the construction heuristics
Kruskal cp or Kruskal cd. The SA starts with Ts. For the population-based GA,
one randomly chosen individual in the initial population of size N = 100 is set
to Ts. All other solutions in the initial population are random trees. We perform
10 independent runs for each problem instance; each run is terminated after 200n
evaluations.

For both types of metaheuristics EA and SA, starting with solutions generated
by Kruskal’s algorithm using dynamic cost cd leads to better performance than
starting with a different initial solution (significant for n > 25, p < 0.01). Using
Kruskal’s algorithm with normalized potential cost cp allows the metaheuristics to
find better solutions in comparison to starting with an MST or a random solution
(also significant for n > 25 with p < 0.01).

The performance differences between starting with different initial solutions Ti
are analogous for the EA and SA, which confirms that the differences are a result
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of different Ti and the performance of metaheuristics can be improved by initial-
izing them with solutions created by appropriate construction heuristics. For the
two representative metaheuristics, SA outperforms the EA approach. This can be
explained by the stronger intensification leading to a more focused search and the
stronger bias of the SA (for the EA, only one out of 100 initial solutions is selected to
be Ti). In principle, the performance of the metaheuristics can be easily increased
by playing around with the different parameters of the metaheuristics. However,
this is not the purpose of this study; we study whether biasing the initial solutions
influences the performance of representative examples of metaheuristics. We believe
that an appropriate bias of initial solutions, which considers the characteristics of
the problem at hand, is one possibility for designing successful metaheuristics.

5.4 Biased local search operators

We analyze how local search operators can be improved by including problem-specific
knowledge. We use the SA from Sect. 5.3.1 as representative example of a meta-
heuristic based on iterated local search steps and study different different construc-
tion heuristics defining the functionality of mutation.

The SA uses two types of mutation operators to create new solutions, a heuris-
tic and a non-heuristic variant. Both are based on the mutation operator of the
edge-set encoding presented by Raidl and Julstrom (2003a) and used for the QMST
problem by Soak, Corne, and Ahn (2006). The non-heuristic variant replaces a ran-
dom edge in the spanning tree T using the “insertion before deletion” operator.
The heuristic variant does not insert an edge randomly, but according to either its
weight ce, potential cost cp, or dynamic cost cd. The edge to be inserted is selected
via tournament selection. In the dynamic case, this allows to compute the costs
only for a subset of the available edges. The tournament size is twenty. The edge
with lowest weight in the tournament is inserted in T . Finally, a random edge of
the created cycle is removed from the solution.

We study the performance of an SA for instances of different problem sizes
n = {25, 50 , 75, 100}. SA parameters are set as described in Sect. 5.3.1. For each
problem instance, we randomly create 10 Euclidean instances with r ∈ {0.2, 1, 5}.
We perform 10 SA runs (with different seeds) for each problem instance. The SA
starts with a random tree Ts.

Table 5.5 shows the mean and standard deviation (in brackets) of the cost f of the
best solution found during a SA run. The results are for the non-heuristic variant
(rand) and for the heuristic variant sorting the edges either according to the distance
weights (ce), normalized potential cost (cp), or dynamic cost (cd). Table 5.6 lists
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Table 5.5: Performance comparison of mutation operators
n r rand ce cp cd

25 0.2 93,266 (2,125) 104,626 (2,450) 96,710 (1,886) 91,564 (2,217)
50 0.2 443,934 (4,748) 473,320 (4,939) 452,028 (4,463) 430,529 (4,795)
75 0.2 1,073,490 (6,932) 1,120,706 (7,503) 1,085,576 (7,120) 1,037,917 (7,073)
100 0.2 1,990,734 (9,493) 2,054,732 (10,311) 2,004,940 (10,003) 1,924,195 (9,571)

25 1.0 19,562 (455) 21,516 (477) 20,183 (367) 19,241 (448)
50 1.0 90,564 (912) 95,334 (941) 92,033 (891) 87,800 (989)
75 1.0 217,300 (1,454) 225,124 (1,455) 219,417 (1,396) 210,104 (1,457)
100 1.0 401,310 (1,867) 411,863 (2,065) 404,187 (1,985) 387,914 (1,818)

25 5.0 23,103 (502) 23,781 (435) 23,291 (376) 22,736 (478)
50 5.0 98,356 (1,012) 99,433 (924) 98,170 (901) 95,472 (1,081)
75 5.0 229,662 (1,478) 230,657 (1,443) 228,443 (1,429) 221,925 (1,532)
100 5.0 418,177 (2,017) 418,942 (2,059) 415,864 (1,987) 404,443 (2,020)

Table 5.6: Runtimes of mutation operators
n rand ce cp cd

25 0.10 0.12 0.12 0.17
50 0.60 0.60 0.62 0.83
75 1.73 1.73 1.77 2.25
100 3.80 3.78 3.88 4.76

the average time (in seconds) of one optimization run using an Intel Core i5 Linux
machine with 4GB memory.

The SA configuration using dynamic costs cd clearly outperforms the other config-
urations, independently of the problem size n and the ratio r (results are significant
using a ranked t-test, p < 0.001). Only considering the edge weights (cd) or using
normalized potential costs (cp) is not better than using no bias at all (rand). Only
for r = 5 SA cp is able to outperform the non-heuristic variant. Regarding the CPU
times, all configurations are fast, but using dynamic costs increases the CPU time
about 30%.

5.5 Biased Recombination

Soak, Corne, and Ahn (2006) presented an EA for the QMST problem based on
the edge-set encoding (Raidl and Julstrom, 2003a). We modify the recombination
operator such that it prefers low-weight/low-cost edges. The recombination operator
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creates one offspring tree Toff (Eoff , V ) from two parental solutions Tp1(Ep1, V ) and
Tp2(Ep2, V ). The operator is designed in such a way that edges with low weight/cost
are preferred.

The operator starts with an empty offspring tree Toff . In a first step, all edges
Ep1 ∩ Ep2 that exist in both parents are transfered parents are transfered to Toff .
This preserves substructures appearing in both parents. The offspring is completed
by iteratively selecting and adding edges from the remaining parental edges Fr =
(Ep1 ∪ Ep2) \ (Ep1 ∩ Ep2). Edges that would introduce a cycle, are dropped. The
operator stops if the offspring solution Toff is completed.

There are different possibilities for selecting edges from Fr (Raidl and Julstrom,
2003a):

• random selection: Selects a random edge from Fr.

• greedy selection: Selects an edge from Fr with lowest weight/cost. Possible
weights/cost are distance weights ce, potential cost cp, or dynamic cost cd.

• tournament selection: Selects two random edges from Fr and inserts the one
with lower weight/cost into Toff .

Greedy and tournament selection are biased towards low-weight/low-cost edges.
Based on Raidl and Julstrom (2003a), Soak, Corne, and Ahn (2006) used random
selection and greedy selection with respect to potential cost for the QMST problem.

We study the performance of recombination operators using different selection
schemes for the EA proposed by Soak, Corne, and Ahn (2006). The steady-state
approach iteratively selects two solutions from a population. Crossover combines
these two solutions to create a new offspring. One mutation step (“insertion-before-
deletion”) is applied to each offspring exactly once. The resulting solution replaces
the worst solution in the population, if the costs are lower than or equal to the cost of
the worst individual in the population f(Toff ) ≤ max(f(Ti)) for i ∈ {0, . . . , N−1}).

Table 5.7 shows the average cost and standard deviation (in brackets) of the
best solution found by an EA using either random selection, greedy selection, or
tournament selection. All EAs use a random initial population of size N = 100
and are stopped after 200n search steps. For each combination of problem and
solution, we perform 10 independent runs. We only present results for Euclidean
test instances as results for random test instances are analogous.

The results indicate a high performance of the proposed crossover operators. Using
ce and cp with a tournament selection yields better results than the coresponding
greedy versions. In contrast, for dynamic costs cd greedy edge selection results in
a better performance. These are also the best results overall. The heuristic bias
of the greedy edge selection is stronger and therefore only results in good search
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Table 5.7: Performance comparison of crossover operators
Random Greedy Selection Tournament Selection

n r ce cp cd ce cp cd

25 0.2 96,438 115,592 115,608 89,447 103,214 97,733 91,718
(2,261) (2,150) (2,164) (1,464) (2,036) (1,617) (1,902)

50 0.2 457,422 528,510 529,245 432,578 484,806 468,727 441,824
(4,918) (6,185) (6,183) (3,644) (4,898) (4,832) (4,482)

75 0.2 1,101,737 1,245,419 1,245,513 1,053,387 1,157,656 1,130,829 1,071,152
(7,630) (12,385) (11,534) (6,255) (8,070) (7,769) (6,684)

100 0.2 2,034,559 2,267,051 2,266,549 1,958,968 2,129,021 2,088,810 1,986,557
(10,219) (18,686) (18,146) (8,129) (11,030) (11,388) (9,456)

25 1.0 20,136 24,055 24,058 18,721 21,198 20,442 19,192
(460) (435) (450) (291) (407) (345) (378)

50 1.0 93,179 107,645 107,623 88,138 97,739 95,351 89,989
(1,044) (1,213) (1,268) (743) (938) (962) (891)

75 1.0 222,889 251,930 251,903 213,053 232,829 228,568 216,670
(1,563) (2,363) (2,388) (1,194) (1,636) (1,574) (1,444)

100 1.0 410,351 457,099 457,119 394,780 427,286 420,919 400,443
(2,110) (3,703) (3,830) (1,708) (2,245) (2,204) (1,890)

25 5.0 23,604 28,498 28,476 22,313 23,882 23,672 22,722
(450) (480) (486) (255) (329) (304) (338)

50 5.0 100,755 117,039 117,011 95,266 102,458 101,604 97,147
(1,015) (1,367) (1,318) (751) (953) (915) (892)

75 5.0 234,973 266,177 266,198 223,954 239,479 237,657 227,772
(1,582) (2,608) (2,556) (1,192) (1,553) (1,532) (1,476)

100 5.0 427,104 476,482 476,491 409,776 435,541 432,823 415,940
(2,163) (4,025) (3,918) (1,720) (2,172) (2,209) (2,028)

Table 5.8: Runtimes of EAs using different crossover operators
Random Greedy Selection Tournament Selection

n ce cp cd ce cp cd

10 0.04 0.03 0.03 0.04 0.04 0.04 0.04
25 0.25 0.19 0.19 0.25 0.24 0.24 0.27
50 1.08 0.83 0.83 1.00 1.04 1.04 1.09
75 2.81 2.22 2.22 2.51 2.68 2.69 2.75
100 5.53 4.53 4.54 4.95 5.32 5.37 5.39
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performance, if the bias matches the characteristics of the problem. All results are
significant using a ranked t-test.

Using a heuristic crossover based on edge weights or expected costs does not
improve search performance. In contrast, in most instances these configurations
are worse than using random edge selection, since the intercosts are not considered.
Only relying on distance weights creates solutions similar to the MST, but the
edge pairs might generate high intercosts. The expected costs are also not a good
approximation of the costs an edge generates (compare the construction heuristics
in Sect. 5.3). This is a perfect example of the fact that the bias of an operator
has to match the properties of high-quality solutions. It is important to thoroughly
investigate the problem and the operators used before designing biased optimization
methods. Biasing in the wrong direction or too strongly can be worse than using no
bias at all.

Table 5.8 lists the average CPU times of the different EAs in seconds. The experi-
ments were run on a Intel Core i5 Linux machine with 4GB memory. The differences
between the configurations are small. Using a greedy edge selection is faster as tour-
nament selection or random edge selection. During crossover, the selected edges are
not always eligible for inclusion and new edges need to be selected. In the greedy
case, we have a sorted list of all edges and subsequent selections are faster compared
to the tournament selection case. This explains the lower runtimes.

5.6 Comparison to the state-of-the-art

We compare the biased approaches from Sects. 5.4 and 5.5 with the state-of-the-art
approaches for the QMST problem, namely an EA using the Edge Window Decoder
(EWD) representation by Soak, Corne, and Ahn (2006) and an artificial bee colony
(ABC) algorithm by Sundar and Singh (2010).

The EA proposed by Soak, Corne, and Ahn (2006) uses the EWD representation,
which encodes trees as a list of nodes of length 2(n−1). Recombination and mutation
operators are directly applied to the list of nodes; A so-called tree construction
routine (TCR) constructs a tree from the list of nodes. Soak, Corne, and Ahn (2006)
report best performance for real-world tournament selection (RWTS), adjacent node
crossover (ANX), and the degree-constrained Kruskal tree construction routine (dK-
TCR). The generational EA uses a population size of N = 100; crossover and
mutation probability is set to p = 0.6.

Sundar and Singh (2010) use an artificial bee colony algorithm (ABC). ABC is a
population-based approach that starts with a set of initial solutions that are either
randomly created or results of some construction heuristic. In each iteration one new
neighboring solution for each solution in the population is created. If this new solu-
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tion is better than the original, it replaces the original. Then, a second population
is created, the so-called onlooker bees. Each onlooker randomly selects one solu-
tion out of the first population using a fitness-proportional selection. The onlooker
bees create neighboring solutions to the selected solution. Because of the fitness-
proportional selection, more promising solutions are explored more thoroughly. The
solutions in the first population are replaced by the best solution found by associ-
ated onlooker bees. In our implementation of the algorithm, all parameter settings
were used as provided in their paper. After finishing an ABC run, Sundar and Singh
(2010) used a simple local search to improve the found solutions. We decided to not
use this local search at the end, since we were only interested in the performance of
the metaheuristic. This ensures a fair comparison.

Table 5.9 shows the mean and standard deviation of the cost of the best solution
found and Table 5.10 the average running time (in s). As in the previous experi-
ments, we used a Intel Core i5 Linux machine with 4GB memory. SA denotes the
heuristic simulated annealing approach from Sect. 5.4 using dynamic cost cd. ES de-
notes the best-performing evolutionary algorithm from Sect. 5.5 with greedy edge
selection using dynamic cost. Both biased approaches, SA and EA are significantly
better (p < 0.001 using a t-tests on the ranks) than the ABC and EWD approach.
The type of QMST instances has some influence on the performance. For larger
instances (n > 25), the best average results are reached using simulated annealing.
The comparison of ABC and EWD confirms the results from the literature: ABC
gives a better and more robust results compared to EWD, the average costs and
the average deviation is significantly lower. Regarding the runtimes, SA and ES are
10% to 25% faster than ABC and EWD for the larger instances (n ≥ 50). ABC is
the slowest of the four approaches.

5.7 Conclusions

The evaluation function of the QMST problem consists of two parts: the sum of the
edge costs and the sum of the intercosts, which are the costs that arise for every pair
of edges in a solution. Depending on the value-range of the costs and intercosts, the
structure of a QMST instance changes. We introduced two constants (we and wi)
to the evaluation function to better describe this behavior. If the ratio r = we/wi
is high, the edge distances are more important, and solutions are similar to those
of the much easier MST problem. In contrast, with a low ratio r, the intercosts
become more important. Efficient optimization methods for the QMST problem
should consider this ratio.

In a first step, we created different construction heuristics, where each one was bi-
ased towards low-weight edges weighted differently. The analysis of the construction
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Table 5.9: Comparison with the state-of-the-art
n r EWD ABC SA cd ES cd

25 0.2 105,573 (2,313) 95,931 (1,455) 91,556 (2,167) 89,528 (1,496)
50 0.2 493,197 (4,847) 461,229 (3,006) 430,420 (4,736) 432,505 (3,693)
75 0.2 1,174,388 (7,294) 1,112,207 (4,840) 1,038,158 (7,282) 1,053,300 (5,858)

100 0.2 2,153,686 (10,111) 2,054,431 (6,476) 1,923,515 (9,383) 1,958,556 (8,500)

25 1.0 21,693 (439) 20,053 (292) 19,219 (437) 18,736 (302)
50 1.0 99,602 (1,016) 93,970 (611) 87,769 (969) 88,140 (760)
75 1.0 236,213 (1,554) 224,996 (930) 210,057 (1,430) 212,993 (1,196)

100 1.0 432,381 (2,102) 414,227 (1,290) 387,833 (1,812) 394,896 (1,614)

25 5.0 24,144 (369) 23,420 (304) 22,812 (472) 22,290 (256)
50 5.0 103,887 (1,005) 101,213 (690) 95,481 (1,040) 95,239 (735)
75 5.0 242,608 (1,555) 236,584 (1,066) 221,915 (1,524) 223,792 (1,225)

100 5.0 440,978 (2,183) 430,434 (1,430) 404,412 (1,983) 409,729 (1,659)

Table 5.10: Runtimes of state-of-the-art comparison
n EWD ABC SA cd ES cd

10 0.02 0.02 0.03 0.04
25 0.18 0.13 0.16 0.26
50 0.89 0.81 0.75 1.00
75 2.73 2.90 2.03 2.45
100 5.96 6.88 4.57 5.00
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heuristics performance revealed that the most promising ones are heuristics that are
biased towards low-weight edges that have low intercosts with the edges already
contained in the solution.

In subsequent steps, we use this knowledge to create problem-specific mutation
and crossover operators for the QMST problem. Using these operators, we are able
to increase search performance, compared to the use of other operators found in the
literature. In the last set of experiments, we compared an evolutionary algorithm and
a simulated annealing approach using the new operators to the current state-of-the-
art approaches. Experimental results show the superiority of our new approaches.
Results are 6 to 12 percent better, depending on the parameters of the problem
instance.
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Öncan, T. and A. P. Punnen (2010). “The quadratic minimum spanning tree prob-
lem: a lower bounding procedure and an efficient search algorithm”. In: Com-
puters and Operations Research 37.10, pp. 1762–1773.

Palubeckis, G., D. Rubliauskas, and A. Targamadze (2010). “Metaheuristic Ap-
proaches for the Quadratic Minimum Spanning Tree Problem”. In: Information
Technology and Control 39.4, pp. 257–268.

Raidl, G. R. and B. A. Julstrom (2003a). “Edge sets: an effective evolutionary coding
of spanning trees”. In: IEEE Transactions on Evolutionary Computation 7.3,
pp. 225–239.

Richards, D. (1989). “Fast heuristic algorithms for rectilinear steiner trees”. In:
Algorithmica 4, pp. 191–207.

Robins, G. and A. Zelikovsky (2005). “Tighter bounds for graph steiner tree approx-
imation”. In: SIAM J. Discret. Math. 19.1, pp. 122–134.

Rothlauf, F. (2009c). “On the Bias and Performance of the Edge-Set Encoding”. In:
IEEE Transactions on Evolutionary Computation 13.3, pp. 486–499.

Rothlauf, F. (2011). Design of Modern Heuristics: Principles and Application. 1st.
Springer.

93



Biased metaheuristics for the QMST problem

Soak, S.-M., D. W. Corne, and B.-H. Ahn (2006). “The edge-window-decoder rep-
resentation for tree-based problems”. In: IEEE Transactions on Evolutionary
Computation 10.2, pp. 124–144.

Steitz, W. and F. Rothlauf (2012). “Edge orientation and the design of problem-
specific crossover operators for the ocst problem.” In: IEEE Transactions on
Evolutionary Computation 16.1, pp. 108–116.

Sundar, S. and A. Singh (2010). “A swarm intelligence approach to the quadratic
minimum spanning tree problem”. In: Information Sciences 180.17, pp. 3182–
3191.

Winter, S. (2002). “Modeling costs of turns in route planning”. In: GeoInformatica
6 (4), pp. 345–361.

Wolpert, D. H. and W. G. Macready (1997). “No free lunch theorems for optimiza-
tion”. In: IEEE Transactions on Evolutionary Computation 1.1, pp. 67–82.

Zhou, G. and M. Gen (1998). “An effective genetic algorithm approach to the
quadratic minimum spanning tree problem”. In: Computers and Operations Re-
search 25 (3), pp. 229–237.

94



Chapter 6

New heuristic approaches for the
bounded-diameter spanning tree
Problem
Wolfgang Steitz

Abstract

Given a bound, the bounded-diameter spanning tree (BDMST) problem seeks a
spanning tree of minimum total weight with a diameter not exceeding the given
diameter bound. Depending on the tightness of the bound, optimal solutions have
different structures. For loose bounds, optimal solutions are similar to the much
easier minimum spanning tree problem, and greedy heuristics perform best. In con-
trast, these approaches fail for tight diameter bounds. This paper investigates how
the structure of good solutions, and in particular their backbones, change depend-
ing on the diameter bound. Two new heuristics are then designed to overcome the
shortcomings of existing approaches; required parameters are investigated; and the
paper presents performance results for various BDMST instances.

95



New heuristic approaches for the BDMST problem

6.1 Introduction

The bounded-diameter minimum spanning tree (BDMST) problem is an NP-hard
combinatorial optimization problem with many real-world applications, such as com-
munication network design or transportation problems. The problem is an extension
of the much simpler minimum spanning tree problem. Given an undirected, weighted
and connected graph, the goal is to identify a spanning tree with minimum total
costs and a diameter not exceeding the given diameter bound of the instance. A
wide variety of approaches to solving the BDMST can be found in the literature.
Since exact approaches (Gruber and Raidl, 2010; A. d. Santos, Lucena, and Ribeiro,
2004) only work for small problem instances, heuristics have been proposed. Be-
sides metaheuristics such as evolutionary algorithms (Raidl and Julstrom, 2003b;
Singh and Gupta, 2007) or ant colony optimization (Gruber, Hemert, and Raidl,
2006), some problem-specific construction heuristics were proposed (Abdalla and
Deo, 2002; Deo and Abdalla, 2000; Gruber and Raidl, 2009; Julstrom, 2009; Raidl
and Julstrom, 2003b; Requejo and E. Santos, 2009).

Existing construction heuristics are often based on Prim’s minimum spanning tree
(MST) algorithm (Prim, 1957). They start from a root node and iteratively connect
the remaining nodes with preferably low-weight edges, without violating the diame-
ter bound. The very greedy ones – the one-time tree construction (OTTC) and the
center-based tree construction (CBTC) – only work well for instances with loose di-
ameter bounds. For tight diameter bounds, these algorithms show low performance.
OTTC and CBTC search too greedily as they always select the shortest edges, and
thus, are unable to create backbones (the tree without its leaf nodes) that span
large areas (Julstrom, 2009). The randomized center-based tree construction (RTC)
algorithm overcomes this problem by randomly choosing nodes to connect next, and
then connecting them using the shortest possible edge. While this works better for
tight diameter bounds, RTC’s performance drops for larger diameter bounds. Over-
all, there is no known construction heuristic that works well for all types of BDMST
instances.

The goal of this paper is to design new construction heuristics for the BDMST
problem, based on an experimental analysis of the existing problems and approaches.
We analyze the backbone of optimal solutions and compare these with backbones
created by the existing approaches. The results give us a better understanding of
these heuristics’ shortcomings. So that, we are able to design two new heuristic
approaches, which yield better backbones and show a better overall performance.
The main findings are:

1. An experimental study of the backbones created by the existing approaches
(CBTC, OTTC and RTC) explains why their performance varies with the type
of BDMST instance (tight diameter bound versus loose diameter bound).
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2. We propose the construction heuristics node selection tree construction (NSTC)
and savings tree construction (STC), that are able to create backbones with
similar properties to those of optimal solutions.

3. Experiments on a set of larger Euclidean BDMST instances show that our
operators NSTC and STC are able to create trees with significantly lower
costs than existing approaches.

Section 6.2 describes the BDMST problem and gives an overview on existing
optimization approaches. The following Section 6.3 reviews OTTC, CBTC and
RTC and studies the properties of trees created by those methods. In Section 6.4,
two new approaches NSTC and STC are introduced. We show that these algorithms
produce trees with backbone structures similar to those of optimal solutions. The
experiments in Section 6.5 compare the performance of all construction heuristics
for large instances of Euclidean BDMST problems with up to n = 1000 nodes. The
final section summarizes the paper and gives an outlook on future work.

6.2 The BDMST problem

In a graph, the eccentricity of a node v is the maximum number of edges on the
shortest path from v to every other node. The maximum eccentricity of all nodes in
a graph is called the diameter. For trees, there is a unique path between every pair
of nodes. Therefore, the eccentricity of a node v is just the number of edges on the
path from v to every other node in the tree. The diameter of a tree is the number
of edges on any path between two nodes. The center of a tree is the unique node (if
the tree’s diameter is even) or the pair of adjacent nodes (if the diameter bound is
odd) with minimum eccentricity.

Formally, let G = (V,E) be a weighted, undirected graph with n = |V | nodes,
m = |E| edges and associated real-valued distance weights duv ≥ 0 for each pair of
nodes. Given an integer bound D ∈ {2, . . . , n − 1}, a bounded-diameter spanning
tree is a spanning tree T = (V,ET ) on G with diameter no more than D and ET ⊆ E.
The total cost c(T ) of a spanning tree T is the sum of the real-valued weights of the
tree’s edges:

c(T ) =
∑

(u,v)∈ET

duv

The bounded-diameter spanning tree problem (BDMST) seeks a bounded-diameter
spanning tree on G with minimum total costs for a given diameter bound D.

Like many other constrained graph problems this problem is NP-hard for 4 ≤
D < n− 1 (Garey and Johnson, 1979). Only small problem instances can be solved
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by exact approaches in a reasonable amount of time. Achuthan et al. (1994) de-
veloped branch-and-bound algorithms for the BDMST problem and were able to
solve instances with up to 100 nodes, but only for incomplete graphs. A. d. Santos,
Lucena, and Ribeiro (2004) improved this approach and were able to solve problems
up to 100 nodes and 1000 edges.

Gouveia and Magnanti (2003) described a network flow model. Gruber and Raidl
(2005) described a 0-1 integer linear programming approach for the problem. Gru-
ber and Raidl (2010) proposed a new ILP formulation utilizing jump inequalities to
ensure the diameter constraint and solve it with branch-and-cut. As for approxima-
tion methods, Kortsarz and Peleg (1999) showed that, unless P = NP , there is no
o(logn)-approximation.

For larger instances, researchers applied metaheuristics like evolutionary algo-
rithms (Raidl and Julstrom, 2003b; Singh and Gupta, 2007), variable neighborhood
search (Gruber, Hemert, and Raidl, 2006) and ant colony optimization (Gruber,
Hemert, and Raidl, 2006) to the BDMST problem. Lucena, Ribeiro, and A. C. San-
tos (2009) proposed a hybrid GRASP and ILS approach. Raidl and Gruber (2008)
combined variable neighborhood search with Lagrangian relaxation and showed
promising results for complete graphs with up to 81 nodes. Besides those meta-
heuristics, some fast and simple construction heuristics were proposed (Abdalla and
Deo, 2002; Deo and Abdalla, 2000; Gruber and Raidl, 2009; Julstrom, 2009; Raidl
and Julstrom, 2003b; Requejo and E. Santos, 2009). The three best-performing con-
struction heuristics are presented in greater detail in the following section.

6.3 Existing construction heuristics for the

BDMST problem

6.3.1 One-time tree construction – OTTC

Abdalla and Deo (2002) proposed a construction heuristic called one-time tree con-
struction (OTTC) based on Prim’s algorithm. It starts at an arbitrary node and
generates a tree by iteratively appending edges with the lowest weight, which con-
nects the tree with a node that is not in the tree without violating the diameter
bound.

As in the usual implementation of Prim’s algorithm, the one-dimensional help
arrays near and wnear are used. For each node u not connected to the partial
tree, near[u] is the eligible tree node nearest to u and wnear[u] is the weight of
the edge connecting u and near[u]. A node is called eligible if appending an edge
to it does not violate the diameter bound. Another array ecc[u] holds the current
eccentricity of node u, if u is part of the tree, ecc[u] = −1 otherwise. The array
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ecc[·] is updated when a new node joins the partial tree. OTTC ensures the diameter
bound by limiting the eccentricity of each node to D, since the diameter of a tree
is the maximum eccentricity of its nodes. A matrix dist[u][v] holds the number of
edges on the path from u to v for each pair of nodes both in the spanning tree,
dist[u][v] = −1 otherwise. The array dist[·] helps with updating the eccentricities,
as ecc[u] =max(dist[u][·]).

After inserting a new edge, all four arrays are updated, overall n− 1 updates are
performed. Since updating near and wnear has a worst case complexity of O(n2),
OTTC has a time complexity of O(n3). The solution quality of the trees created by
OTTC strongly depends on the choice of the start node. Therefore, the algorithm
is run from each node to obtain a low-weight bounded-diameter spanning tree. This
increases the worst-case time to O(n4).

6.3.2 Center-based tree construction – CBTC

Julstrom (2009) proposed a Prim-based construction heuristic called center-based
tree construction (CBTC). CBTC starts the tree construction at a center node and
iteratively appends edges. This algorithm uses the fact that in a tree with diameter
D, no node is more than bD/2c edges away from the center (Handler, 1973). The
number of edges on the path from the center to each node is called the node’s
depth. To meet the diameter bound, the algorithm bounds the depth of each node.
As before, CBTC uses the help arrays near[·] and wnear[·]. Additionally, the array
depth[u] holds the depth of each tree node u.

Algorithm 3 outlines the functionality of CBTC. With an even diameter bound, a
single node v0 is used as the center of the tree. For odd D, the center consists of two
nodes (v0 and v1) that are connected by an edge. One of those center nodes is the
start node, the other is the nearest node. The heuristic iteratively extends the tree
with the edge of smallest weight that connects a new node v to a tree node near[v]
whose depth is less than bD/2c. The depth of the new node v is depth[near[v]] + 1.

The running time of CBTC is O(n2). Like OTTC, the algorithm strongly depends
on the start node v0 and is run from each node in the tree, resulting in an overall
running time of O(n3) (Julstrom, 2009).

6.3.3 Randomized center-based tree construction – RTC

Both OTTC and CBTC are very greedy, as they always connect the node nearest
to the current solution. For Euclidean instances with tight diameter bounds, this
behavior results in a low performance. To overcome this, Julstrom (2009) proposed
a randomized version of CBTC called randomized center-based tree construction
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Algorithm 3 CBTC

1: if D is even then
2: depth[v0]← 0
3: T ← ∅
4: else
5: v1 ← node nearest to v0
6: depth[v0]← 0
7: depth[v1]← 0
8: T ← {(v0, v1)}
9: initialize the arrays near[·] and wnear[·]

10: while |T | < n− 1 do
11: v ← node not in T with smallest wnear[v]
12: T ← T ∪ {(v, wnear[v])}
13: depth[v]← 1 + depth[near[v]]
14: if depth[v] < bD/2c then
15: for all node u /∈ T do
16: if du,v < wnear[u] then
17: near[u]← v
18: wnear[u]← du,v

return T

(RTC). New nodes are not selected in a greedy manner, but at random. This
approach was first described by Raidl and Julstrom (2003b).

The functionality of RTC is analog to that of CBTC shown in Algorithm 3; only
lines 5 and 11 are changed. Instead of choosing the nearest node (smallest wnear),
the next node is selected randomly. Tree construction starts from a randomly se-
lected starting node. In the odd diameter case, the second center node is also selected
at random. Subsequent nodes are also selected at random, but still connected using
the lowest-weight edge. The RTC algorithm is much simpler than CBTC, but the
running time remains unchanged at O(n2). Julstrom (2009) suggests running RTC
n times, which results in a time complexity of O(n3).

6.3.4 Analysis and comparison

Julstrom (2009) compared and analyzed the performance of OTTC, CBTC and
RTC. For Euclidean instances with large diameter bounds OTTC and CBTC per-
formed best, since the solutions are similar to the MST. Therefore, the greediness of
OTTC and CBTC leads to low-weight trees. In contrast, for instances with tighter
diameter bounds, RTC outperformes OTTC and CBTC. Julstrom (2009) explains
this behavior by the fact that the OTTC and CBTC algorithms behave too greed-
ily. Let the backbone of a tree be the tree without its leaf nodes and without the
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edges connecting them. The backbones created by OTTC and CBTC consist of
very short edges. If the diameter is tight, many nodes have to be connected to the
backbone via longer edges. RTC chooses the nodes in a non-greedy manner, which
results in backbones that span larger parts of the graph. This allows leaf nodes to
be connected with shorter edges.

Creating a low-weight backbone that also spans a large area is the crucial part
for the heuristic construction of good solutions for the BDMST problem. In the
following experiments we compare the backbones created by the tree construction
heuristics with those of optimal solutions for Euclidean BDMST instances. To de-
scribe a backbone, we analyze its size (i.e., the number of nodes contained in the
backbone), its total weight as well as the area covered by the backbone. To quan-
tify the covered area, we determine the convex hull of the nodes contained in the
backbone and calculate the area of the resulting polygon.

For small instances (n = 40), we also show results for optimal solutions, which
are identified using the integer linear program (ILP) approach proposed by Gruber
and Raidl (2005). Using Gurobi 4.6, we were able to determine optimal solutions
for Euclidean BDMST instances for n = 40 in reasonable time. Following Julstrom
(2009) and Gruber, Hemert, and Raidl (2006), we use the graphs of the Euclidean
Steiner Problem found in the Beasley’s OR-library (Beasley, 1990)1. For each graph
and each diameter bound D, all three heuristics were run once.

The plots on the left in Figure 6.1 show the results for n = 40. For instances with
n < 40 the results are equivalent to those of n = 40. In the plots on the right, we
study large instances with n = 1000, where we cannot identify optimal solutions in
reasonable time. Additionally, the plots show the properties of the MST.

Comparing the backbones created by the heuristics with those of optimal solu-
tions (upper plots), all three construction heuristics create backbones with too few
nodes. OTTC and CBTC are very similar, while RTC’s backbones are closer to the
optimum. Looking at the covered area, we can see that the backbone of optimal
solutions covers a large part of the graph. The random selection of nodes from RTC
leads to similar results. CBTC and OTTC only cover very small parts of the graph,
especially for tight diameter bounds. The weight of the created backbones is low for
the very greedy heuristics CBTC and OTTC. This is partly explained by the lower
node count of the backbones, but even so, the difference between these weights and
those of the optimal solution is significant. The weight of RTC’s backbone is similar
to that of the optimal solution. Another interesting observation is that the weight
of the optimal backbone does not increase with the diameter bound.

For large instances (Figure 6.1, right), we cannot identify optimal solutions. The
results of the heuristics are similar to those for small instances. OTTC’s behavior is

1http://people.brunel.ac.uk/~mastjjb/jeb/info.html
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similar to that of CBTC. All measures increase with the diameter bound. For tight
diameter bounds they cover only a very small part of the graph, which explains their
poor performance for these instances. In contrast, RTC’s backbone covers almost
the complete graph, independently of the diameter bound. This leads to heavier
backbones.

6.4 Two new heuristic approaches

As analyzed in the last section, none of the existing construction heuristics are
able to create good backbones and therefore high-quality solutions for all diameter
bounds. This section proposes two new construction heuristics. The first one is
an extension of the CBTC approach. The second heuristic resembles the savings
heuristic used for vehicle routing problems. After introducing the algorithms, we
analyze the solutions, especially the backbones they create.

6.4.1 Extending the existing approaches

As seen in the previous section, CBTC and RTC differ in how they choose the next
node to be connected to the partial tree. CBTC always selects the closest node in
a greedy fashion. This works well for loose diameter bounds, but CBTC fails for
tight diameter bounds. In contrast, RTC randomly selects the next node, which
only works well for large diameter bounds.

Our new approach changes the way the next node is selected. During the node
selection, we consider the distance to the partial solution and the possible cost
savings generated by adding this node. Therefore, when selecting the next node in
the algorithm (Algorithm 3, line 11), each unconnected node is weighted using:

w(u) =


λ · wnear[u] if depth(u) = bD/2c
λ · wnear[u]−

∑
v∈V,v 6∈VT ,wnear[v]>du,v

(wnear[v]− du,v) otherwise,

where parameter λ controls the influence of the distance weight. The first part is
just the distance of u to the partial solution. The second part sums up the changes
of the wnear values that would arise if node u were added to the tree. If a node u
already has a depth of depth(u) = D/2, no other node can be connected to u and
the reduction of the wnear values equals zero.

This allows the algorithm to choose nodes that have a larger distance to the
current partial solution, if this decreases wnear[v] for many nodes. The purpose
of the selection scheme is to build better backbones, that cover larger parts of the
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Figure 6.1: The plots compare the properties of the backbones created by OTTC,
CBTC and RTC. For small instances (left), the properties of optimal
solutions are also shown. CBTC and OTTC create similar lightweight
backbones with few edges. These backbones cover only small parts
of the graph. RTC’s backbones are more similar to those of optimal
solutions.
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graph, while still preferring low-weight edges. We call this algorithm node-selection
tree construction (NSTC).

Unfortunately, this approach increases the complexity of the algorithm from O(n2)
to O(n3). While this is the same complexity as OTTC, preliminary experiments have
shown that the actual runtime of this approach is much higher than that of the other
algorithms. To save time, we propose not to run the algorithm from every root node,
but to select a good root node in advance and to run NSTC only once. A possible
way to select a good root node is to create star trees from every node and choose
the root as the center of the star with minimal costs. Comparing all star trees can
be done in O(n2). A fast way is to sum up every row in the distance matrix and
determine the row with the lowest sum. This decreases the average performance of
NSTC only slightly, compared to running NSTC from every node.

The parameter λ strongly influences the performance of NSTC. For large values
of λ, NSTC works more like CBTC, since wnear has the most influence on the
node selection and is therefore suited for large diameter bounds. For tighter diam-
eter bounds lower values of λ lead to better soutions. To automatically assess the
tightness of the instance and set λ , we recommend to calculate the parameter λ as:

λ = α · D

diamMST

,

where D is the current diameter bound and diamMST is the diameter of the MST.
The performance of NSTC is less sensitive to the parameter α as to parameter λ.

The following experiment analyzes the influence of α. We study the performance
of NSTC for α values of [0, 2, 4, 6, 7, 8, 9, 10] for Euclidean BDMST instances with
n = 500 nodes, taken from the OR-library. Figure 6.2 shows the average solution
quality over the diameter bound D.

As expected, for small diameter bounds, lower values of α result in the best
performance. For larger diameter bounds larger values of α are needed. Setting
α = 7 results in a good performance for all diameter bounds, in particular for small
bounds. In the remainder of the paper, we will always use this setting of α.

6.4.2 The savings heuristic

The second new construction heuristic for the BDMST problem resembles parts of
the savings heuristics used in vehicle routing problems. Starting from a star-tree,
we check each node to see if there is a cheaper connection that does not violate the
bound. Like CBTC, RTC and NSTC, we ensure the diameter bound by building a
tree from a root node and limiting the height of each node to bD/2c. We denote
this algorithm as savings tree construction (STC).

Algorithm 4 describes the algorithm in detail. At first, we connect every node
with the root v0 forming a star-tree. In the odd diameter case, the node nearest to
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Figure 6.2: Comparison of different settings of α for Euclidean instances of size
n = 500. Setting α = 7 yields the best results independently of the
diameter bound.

the root node becomes the second root and every node is connected to one of the
root nodes, depending on the distance. The array roots[·] stores the root of each
tree node. After this initialization, the algorithm checks each node v to see if there
is a better connection. The edge (v, roots[v]) is removed from T . This splits the tree
into two subtrees. We calculate the height h of the subtree rooted in v. Then, we
determine the eligible node u with the shortest distance d(u, v). A node is eligible if
depth[u] + h < D/2. Before reconnecting the tree, the algorithm updates the depth
of all nodes connected to v, then the edge (u, v) is added to T .

The algorithm’s complexity is O(n2). The initialization step is done in linear
time. The improvement phase has quadratic complexity. As the existing approaches
presented in Section 6.3, the choice of the root node has a strong influence on the
solution quality. We recommend running STC from every tree node once, increasing
the complexity to O(n3).

Preliminary experiments showed, that in the improvement phase the order of the
nodes has a strong influence on the solution quality. In the following experiment,
we compare three different ordering schemes: a random ordering scheme (denoted
rnd), an ascending (asc) ordering scheme and a descending (desc) ordering scheme –
the latter two determined according to the distance to the root node. Table 6.1 lists
the average solution quality and the corresponding standard deviation for Euclidean
BDMST instances. As in the previous experiments, we use the instances from the
OR-library.

In most cases, the descending ordering produces the best solutions. Ascending
ordering is significantly worse for all problem sizes and diameter bounds. However,
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Algorithm 4 STC

1: // Initialization phase
2: T ← {}
3: if D is even then
4: depth[v0]← 0
5: for all node u not in T do
6: T ← T ∪ {(v0, u)}
7: root[u]← v0

8: else // Odd diameter
9: v1 ← node nearest to v0

10: depth[v0]← 0
11: depth[v1]← 0
12: T ← {(v0, v1)}
13: for all node u not in T do
14: if dv0,u < dv1,u then
15: T ← T ∪ {(v0, u)}
16: root[u]← v0
17: else
18: T ← T ∪ {(v1, u)}
19: root[u]← v1

20: // Improvement phase
21: nodes← list of nodes without root nodes
22: for all node v in nodes do
23: T ← T \ {(v, roots[v])} // remove edge
24: h← height(T, v)
25: u← node u in T with lowest du,v and depth[u] + h < D/2
26: depth[v]← depth[u] + 1
27: update depth of all nodes connected to v
28: T ← T ∪ {(u, v)} // add edge

return T
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Table 6.1: Performance of the STC heuristic using different sorting schemes
n D rnd asc desc

100 5 17.798 (1.143) 17.389 (1.036) 17.289 (0.899)
10 10.211 (0.487) 10.633 (0.473) 9.689 (0.376)
15 9.089 (0.354) 9.535 (0.314) 8.258 (0.321)
25 8.371 (0.322) 8.765 (0.240) 7.272 (0.245)

250 10 19.329 (0.671) 21.209 (0.478) 19.394 (0.496)
15 16.188 (0.679) 17.709 (0.588) 15.682 (0.393)
20 14.626 (0.422) 15.628 (0.398) 13.564 (0.301)
40 13.234 (0.421) 13.369 (0.226) 11.197 (0.187)

500 15 25.369 (0.760) 29.298 (0.825) 26.670 (0.685)
30 19.684 (0.507) 21.272 (0.461) 18.373 (0.332)
45 18.406 (0.408) 19.149 (0.320) 16.423 (0.241)
60 18.133 (0.580) 18.139 (0.257) 15.661 (0.277)

1000 20 35.089 (0.840) 41.895 (1.091) 37.241 (0.675)
40 27.724 (0.530) 30.589 (0.425) 26.381 (0.300)
60 26.000 (0.527) 26.947 (0.366) 23.538 (0.224)
100 24.947 (0.431) 24.711 (0.200) 21.977 (0.187)

the random ordering seems to work better for tight diameter bounds, in particular for
the larger instances. But overall, ordering the nodes in descending order according
to their distance to the root node seems to be the best choice. This means that
the algorithm works from the outer regions of the graph to the root node. We
recommend using this sorting scheme; the following experiments will all use the
descending ordering.

6.4.3 Analysis and comparison

In a similar manner to our analysis of existing approaches (Section 6.3.4), we use the
following experiments to analyze the backbones created by NSTC and STC. We use
the same set of BDMST instances as in the previous experiments and also compare
with respect to the size, the covered area, and the total weight of the backbone.

The plots in Figure 6.3 show the experimental results. For the small instances
(plots on the left), the results of NSTC are very similar to those of CBTC and
OTTC (see Figure 6.1). All measurements increase with the diameter bound, but
the lightweight backbone is not able to span large parts of the graph. Backbones
created by STC are obviously different. The node-count is slightly higher than in
optimal solutions, therefore the weight of the backbone is also higher. The covered
area is very similar to that of optimal backbone. For large instances (Figure 6.3,
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right), both STC and NSTC create similar backbones that are different from those
of CBTC/OTTC, but similar to those of RTC. The node counts are very high, which
results in a large covered area. Also, the total weights of the backbones are lower
than those of RTC, and more nodes are part of the backbone. Since less of the
remaining nodes need to be connected, this should result in lower total costs.

6.5 Performance analysis for large scale Euclidean

instances

In this section we compare the performance of the three existing construction heuris-
tics presented in Section 6.3 and the two new heuristics proposed in Section 6.4 on
large BDMST instances up to n = 1000 nodes. Following Julstrom (2009) and Gru-
ber, Hemert, and Raidl (2006), we use the graphs of the Euclidean Steiner Problem
found in the Beasley’s OR-library (Beasley, 1990). Additionally, we randomly cre-
ate Euclidean graphs, by placing the nodes in the unit square and calculating the
Euclidean distances. This approach is analog to the creation of the OR-library
instances and was also done by Julstrom (2009) and Gruber, Hemert, and Raidl
(2006) for the BDMST problem. For each graph, the diameter bound D is set to
four different values. To have 200 instances for each problem size overall, we created
185 instances per size additional to the ones from Beasley.

Table 6.2 shows the average costs of the created solutions and the corresponding
standard deviation in brackets. The best performing heuristic for each type of
instance is marked in bold. Additionally, the last two columns list the improvement
(in percentage) of STC and NSTC over the three existing approaches. The lowest
average costs are always reached by using one of the new approaches. Comparing
the existing approaches confirms the results from the literature. OTTC and CBTC
work best for large bounds, whereas for smaller bounds RTC outperforms.

Looking at the new approaches, NSTC on average outperforms the existing ap-
proaches for all instances (significant using a Wilcoxon rank-sum test with an error
level of 0.01). The biggest improvements are reached for the large instances with
small or medium diameter bounds. The improvements here range from 13% to
27.5%. STC is not able to outperform the existing approaches for tight diameter
bounds. For large and medium bounds, STC is able to significantly outperform the
other approaches (also significant using a Wilcoxon rank-sum test test with an error
level of 0.01). Overall, NSTC is the best choice, if no a-priori knowledge about the
type of instance is known. For solving instances with loose diameter bounds, STC
is the better method.

Table 6.3 lists the average CPU time of the construction heuristics needed to gen-
erate one solution tree. The algorithms have been implemented in C++, compiled

108



6.5 Performance analysis for large scale Euclidean instances

0

5

10

15

20

25

30

4 5 6 7 8 9

n
o
d
ec
o
u
n
t

diameter bound D

MST
OPT
STC

NSTC

(a) node count, n = 40

0

100

200

300

400

500

600

700

800

20 30 40 50 60 70 80 90 100

n
o
d
ec
o
u
n
t

diameter bound D

MST
STC

NSTC

(b) node count, n = 1000

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

4 5 6 7 8 9

a
re
a

diameter bound D

MST
OPT
STC

NSTC

(c) area, n = 40

0

0.2

0.4

0.6

0.8

1

20 30 40 50 60 70 80 90 100

a
re
a

diameter bound D

MST
STC

NSTC

(d) area, n = 1000

0

1

2

3

4

5

4 5 6 7 8 9

w
ei
g
h
t

diameter bound D

MST
OPT
STC

NSTC

(e) weight, n = 40

0

5

10

15

20

25

30

35

20 30 40 50 60 70 80 90 100

w
ei
g
h
t

diameter bound D

MST
STC

NSTC

(f) weight, n = 1000

Figure 6.3: The plots analyze the properties of the backbones created by STC and
NSTC. For small instances, NSTC creates solutions similar to CBTC
and OTTC, and STC is able to create solutions that are more similar
to an optimal backbone. For large instances, both new heuristics create
good backbones.
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6.6 Summary and conclusions

Table 6.3: CPU times for large Euclidean BDMST instances
n OTTC CBTC RTC STC NSTC

100 0.032 0.010 0.011 0.031 0.003
250 0.491 0.144 0.147 0.413 0.039
500 4.641 1.190 1.179 3.535 0.324
1000 40.931 9.586 10.488 37.537 3.923

with GCC 4.6 and executed on a single core of a 2.67GHz Quad-Core Intel Core
i5 Linux machine with 4GB RAM. The comparison of average CPU times shows
that OTTC and STC are the slowest heuristics, using about 40 seconds for a 1000
node BDMST instance. CBTC’s and RTC’s process time is very similar, since the
algorithms themselves are very similar. NSTC is the fastest algorithm, since we do
not run the algorithm from every possible root node. Running NSTC from every
root node would make it significantly slower than the other algorithms. The same
approach could be applied to the other methods in order to reduce their CPU time.

6.6 Summary and conclusions

This work investigates construction heuristics for Euclidean bounded-diameter span-
ning tree problems. The three existing approaches are all based on Prim’s minimum
spanning tree algorithm and iteratively generate solutions by greedily selecting short
edges that do not violate the diameter bound. The performance of these algorithms
differs with the type of BDMST instance. For instances with a loose diameter
bound, OTTC and CBTC are the best choices, whereas for tight diameter bounds
the performance of these two drops sharply. In contrast, RTC works well for small
diameter bounds, but is unable to create good solutions if the bound is high.

According to Julstrom (2009), this behavior can be explained by the type of
backbones the algorithms create. The backbone of a tree is the tree without its leaf
nodes. We conducted an experimental analysis of the backbones created by the three
construction heuristics. The results of OTTC and CBTC were very similar. While
both create low-weight backbones, these only cover small parts of the graph. The
backbones of RTC cover large parts of the graph, but the weight of the backbones
is high. The results confirm the explanations offered by Julstrom (2009).

In this paper, we propose two new construction heuristics. NSTC builds on the
CBTC and RTC approach. It changes the way the following node in the iterative
approach is selected. Instead of choosing the next node at random (RTC) or using
a greedy approach (CBTC), NSTC selects the next node according to distance and
possible cost savings. The second approach, STC, does not start from an empty
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solution, but from a star tree. In a similar way to the savings heuristic used in
vehicle routing, we compute the savings of each node generated by not connecting
the node with the root node. The edge exchange move is applied to the tree if the
diameter bound is not violated.

For the two new heuristics, we applied the same analysis of the created back-
bones. For small instances, NSTC’s backbones are similar to those of CBTC; STC
is able to create backbones similar to an optimal backbone. For large instances, both
heuristics are able to create low-weight backbones spanning large parts of the graph.
The final experiments compared the performance of all construction heuristics for
large Euclidean BDMST instances with up to n = 1000 nodes. Our two new heuris-
tics STC and NSTC are able to significantly outperform the existing approaches.
Especially for large problem instances, search performance increases by up to 27%.

In this paper, only Euclidean BDMST instances were analyzed. It might be
interesting to test the performance of our new algorithms for instances with random
distance weights. Another idea is to hybridize construction heuristics, for example,
by applying STC to a solution created by another heuristic. In the future, we would
like to design search operators for metaheuristics using the ideas presented in this
paper. An analysis of backbones created by different crossover operators used in an
evolutionary algorithm, will help to better understand the performance and bias of
different approaches and will eventually lead to new, better performing operators.
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Chapter 7

Summary & conclusions

The purpose of this thesis was to identify and analyze the properties of good and
optimal solutions to constrained spanning tree problems as well as to show how
the performance of heuristic optimization methods can be improved by considering
problem-specific knowledge in the different components of heuristics and metaheuris-
tics. This chapter summarizes the work and lists its major contributions.

7.1 Summary

Chapter 2 studies the optimal communication spanning tree (OCST) problem, which
is a difficult and relevant combinatorial optimization problem. The chapter starts
by investigating the edge orientation of optimal solutions compared to that of ran-
dom, low-quality solutions. Edge orientation describes the relative orientation of
an edge regarding the center of the graphs. The experimental analysis shows that
edges in optimal solutions are not uniformly distributed, but edges pointing to-
wards the center of the graph occur with higher frequency. Optimization methods
for Euclidean OCST instances should therefore be biased towards such edges. We
exploit this property by modifying the crossover operators of the direct tree repre-
sentations edge-set and NetDir. These representations use crossover operators that
iteratively select edges from two parents and transfer them to the offspring. Our
extended crossover operators select edges to be included in the offspring based on
edge weights and edge orientation. Low-weight parental edges that point towards
the center are selected with a higher probability. These extended operators clearly
outperform the existing approaches which only rely on edge weights. The high fit
between the bias of the search operators and the properties of optimal solutions re-
sults in an efficient and robust search performance. The choice of the optimization
approach (edge-set versus NetDir) is not that important.

In Chapter 3, the analysis of optimal solutions of the OCST problem is expanded.
While the previous chapter analyzes the properties of edges contained in optimal
solutions, this chapter analyzes the properties of the whole tree, such as the Wiener
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index and node degrees. The Wiener index quantifies the degree of branching in
a given tree. The results reveal that optimal solutions are structured in a star-like
manner. There are few nodes with high node degrees and these nodes are located
next to the graph’s center. The majority of the nodes have very low node degrees.
In particular, nodes with degree one are very common and located further away
from the center. We exploit these insights to develop a construction heuristic that
builds spanning trees with similar properties. Experimental results show that our
construction heuristic is able to create solutions with similar quality to those of the
more complicated and slower state-of-the-art heuristic from the literature. In a next
step, we use the heuristic to seed the initial population of an evolutionary algorithm.
An experimental study demonstrates the merits of using a biased initialization: the
algorithm converges faster and finds better solutions in comparison to the same al-
gorithm with a randomized initial population. This study again shows that creating
metaheuristics with a bias that matches the properties of optimal solutions is a key
element for designing successful optimization methods.

In Chapter 4, we use the previously acquired knowledge about high-quality solu-
tions of OCST problems to design a biased fitness function. In contrast to other ap-
proaches that reward promising solution features by favoring edges with low weight
and appropriate orientation, we use the guided local search (GLS) metaheuristic,
which penalizes disadvantageous edges with large weights that do not point towards
the center of the graph. We compare this approach to the evolutionary approaches
from the previous chapters. Additionally, we propose a problem-specific variant
of another state-of-the art crossover operator found in the literature. GLS is able
to outperform the evolutionary approaches for larger OCST instances. However,
we were not able to modify or increase GLS performance when we penalize either
low-weight edges, edges with the wrong orientation, or both. Instead, GLS perfor-
mance is independent of the type of penalization. This is in contrast to the classical
assumption that considering more problem-specific knowledge about high-quality so-
lutions increases search performance, as it was demonstrated with the evolutionary
approaches. A possible explanation of this behavior is that a bias towards high-
quality solution features has more influence on search behavior than a mechanism
that just tries to avoid bad regions of the search space.

Chapter 5 focuses on a different NP-hard combinatorial optimization problem,
the quadratic minimum spanning tree (QMST) problem. The evaluation function
of the QMST problem consists of two parts: the sum of the edge costs and the
sum of the intercosts, which are the costs that arise for every pair of edges in
a solution. Depending on the value-range of the edge costs and intercosts, the
structure of high-quality solutions changes dramatically – which was ignored by
previous publications on the problem. We change the cost function to be able to
better analyze this fact. The ratio between the costs and intercosts determines
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whether or not the QMST instance is more similar to the MST (high edge weights,
low intercosts), and therefore easier to solve. In order to efficiently solve all kinds
of QMST instances, the optimization method has to take into account the ratio of
edge weights and intercosts. In a first step, we create construction heuristics for
the QMST problem. Based on the insights gained with the heuristics, we develop
problem-specific mutation and crossover operators in subsequent steps. Edges are
selected depending on the edge weights and the intercosts that arise regarding the
edges already contained in the solution. Hence, the operators favor low-weight edges
that generate low intercosts. Using these biased search operators, we are able to
create better solutions compared to unbiased approaches. The operators are used
in an evolutionary algorithm and a simulated annealing approach, and we are able
to significantly improve upon the state-of-the-art.

Chapter 6 investigates construction heuristics for the Euclidean bounded diameter
spanning tree (BDMST) problem, which is another combinatorial optimization prob-
lem with applications in network design. The BDMST problem seeks a spanning
tree with a constraint diameter. Depending on the diameter bound, the charac-
teristic of the problem changes considerably. On the one hand, for large diameter
bounds, optimal solutions are similar to the MST, and greedy approaches that fa-
vor low-weight edges perform best. On the other hand, for tight diameter bounds,
these greedy approaches fail. The investigation of the backbones created by existing
construction heuristics reveals their drawbacks: low performance results from the
greediness which results in backbones spanning only a small area of the graph. The
remaining nodes have to be connected using longer edges. While another existing
approach is able to create a backbone spanning a larger area, the weight of the back-
bone is too high to create a better solution. Two new construction heuristics, called
savings tree construction (STC) and node selection tree construction (NSTC), are
proposed. STC starts from a star tree and iteratively improves the solution similarly
to the savings heuristic used for vehicle routing problems. NSTC is an extension
of existing greedy heuristics, but instead of choosing edges in a greedy manner or
at random, edges are weighted by the costs and the cost savings for future edges
that theses heuristics create. The edge weighting function estimates the tightness of
the BDMST instance and is therefore suited for all types of instances (tight as well
as loose bound). These new heuristics are able to create backbones that are more
similar to optimal ones. This also enables them to significantly outperform the ex-
isting heuristics regarding the solution quality, in particular for large instances with
tight diameter bounds. While this work only considers construction heuristics, the
same analysis of backbones could be applied to crossover and mutation operators.
It is likely that extending search operators in a similar way would lead to significant
improvements in the search performance of metaheuristics for the BDMST problem.
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7.2 Conclusions

The following paragraphs summarize the contributions of this thesis to the current
state-of-the-art:

Design of problem-specific metaheuristics. When designing metaheuristic
optimization methods, there is a trade-off between application range and effective-
ness. For large real-world instances of combinatorial optimization problems out-of-
the-box metaheuristics often fail, and optimization methods need to be adapted to
the problem at hand. Knowledge about the structure of high-quality solutions can
be exploited by introducing a bias into one of the components of the metaheuris-
tic used. These problem-specific adaptations allow to increase search performance.
This design task can be done systematically by first analyzing the characteristics of
high-quality solutions and then exploiting this knowledge when implementing the
metaheuristic. In this thesis, knowledge about the structure of high-quality solutions
is generated by comparing the properties of optimal solutions to those of low-quality
solutions. In order to conduct such a problem analysis, four essential components
are needed: (a) a set of representative but solvable problem instances, (b) an exact
or heuristic approach to generate optimal, or at least high-quality solutions for the
test instances, (c) an approach to generate unbiased random solutions, and (d) a
list of the relevant characteristics of solutions to the targeted problem. Using this
framework allows developers of metaheuristics to identify the properties of high-
quality solutions in a systematic way that can be used to generate high-performing
optimization methods. It is also a good tool to provide a better explanation of
experimental results on the performance of metaheuristics.

Relevant properties of constrained spanning tree problems. This thesis
analyzes the characteristics of high-quality solutions for three different constrained
spanning tree problems. We identify several relevant tree properties, that should
be explored when analyzing a constrained spanning tree problem. Properties can
be divided into two categories, one that considers the edges contained in a tree and
one that considers the tree as a whole. The most obvious properties of the edges
are those already considered by the evaluation function. For all three observed
problems, these are the edge weights, since short edges usually lead to lower overall
costs. For the QMST problem, the intercosts are also part of the evaluation function
and are therefore relevant when analyzing the properties of high-quality solutions.
Another important property is the edge orientation. Especially for problems with
flows through the network, like the OCST problem, edges with low edge orientation
help to create short paths. Structural properties describe the overall structure of
a tree – for example if the tree is star-like or path-like. Relevant measurements
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include the node degree distribution and the Wiener index. For some problems it
might make sense to analyze only a subset of the tree, like it is done for the BDMST
problem in this thesis, where the experiments only analyze the backbones.

Properties of high-quality solutions. For the OCST problem, this thesis shows
that optimal solutions are not only biased towards the minimum spanning tree
(MST), but there also is a higher probability that edges will be pointing towards the
center of the graph. Therefore, optimization methods should be biased towards low-
weight edges that point towards the center of the graph. To appropriately match the
properties of high-quality solutions, the edge weights should have a higher influence
than the orientation. Another study finds that high-quality solutions have a star-like
structure and high-degree nodes are located near the tree’s center. In contrast, nodes
with lower node degree are located far away of the center. For optimal solutions,
more than half of the nodes are leaves with a node degree of one. The average
distance to the center decreases with increasing node degree.

High-quality solutions for the QMST problem are also similar to the MST. The
ratio between edge weights and intercosts of a QMST instance tells us (a) if the edge
weights have a higher influence and the instance is MST-like or (b) if the intercosts
are of higher importance and the instance is more difficult to solve. Biased search
operators should prefer low-weight edges that generate low intercosts regarding the
edges contained in the solution.

For the BDMST problem the backbone of the tree has a huge influence on the so-
lution quality. Lightweight backbones that span large areas also lead to high-quality
solutions, since the remaining nodes can be connected via short edges. In contrast,
if an approach selects the shortest edges too greedily, the backbone is lightweight
but it only covers a small area. Then, the leaf nodes need to be connected with
longer edges, which leads to higher overall costs. Hence, creating good backbones
is the crucial challenge when creating optimization methods for BDMST problems,
especially if the diameter bound is tight.

Problem-specific (meta-)heuristics for three constrained spanning tree
problems. Finally, this work uses the knowledge on the structure of optimal so-
lutions to create efficient and robust solution approaches for the OCST, QMST and
BDMST problem. For the OCST problem, problem knowledge is integrated into the
initialization method, the search operators and the fitness function. The developed
construction heuristic yields solutions with a structure that is similar to that of
optimal solutions; it is also simpler and faster than the best construction heuristic
found in the literature. Biasing the initial population of an evolutionary algorithm
creates a fast and robust solution method. Search operators use problem-specific
knowledge by preferring edges with desired properties during the crossover. The
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proposed evolutionary algorithm, using those biases crossover operators, is the cur-
rent state-of-the-art for the OCST problem. A comparable performance is reached
using a biased fitness function as shown with the guided local search approach.

For the QMST problem, biased initialization, mutation and crossover are designed
in a problem-specific way. Using these operators in evolutionary algorithms and
simulated annealing improves solution quality in comparison to existing unbiased
operators. The resulting metaheuristics outperform the state-of-the-art approaches.

Successful construction heuristics for the BDMST problem generate lightweight
backbones that still cover large areas. The proposed construction heuristics are
designed to do exactly that. In comparison to existing heuristics, the bias towards
low-weight edges is decreased. This enables them to create backbones that better
match the optimal ones. Hence, the overall solution quality is significantly improved.
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