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In simulations of colloidal matter, frictional contacts between particles are often neglected. For
spherical colloids, such an approximation can be problematic, since frictional contacts couple
translational and rotational degrees of freedom, which may affect the collective behavior of, e.g.,
colloids under shear and chiral active matter. Deterministic models for frictional contacts have been
proposed in the granular matter community. On the colloidal scale, however, thermal fluctuations are
important and should be included in a thermodynamically consistent manner. Here, we derive the
correct fluctuation-dissipation relation for linear and nonlinear instantaneous frictional contact
interactions. Among other, this introduces a generalized class of dissipative particle dynamics (DPD)
thermostats with rotation-translation coupling. We demonstrate effects of frictional contact
interactions using the examples of Poiseuille flow and motility induced phase separation in active

Langevin particles.

Friction has been studied for centuries. Early important observations of
frictional forces acting on macroscopic bodies on surfaces have been made
by da Vinci and Amontons'. In the 18th century, Coulomb discovered his
famous friction law’. Later, the role of frictional contacts between particles in
many particle systems has also been intensively explored in granular matter.
Here, friction induces a significant coupling between translational and
rotational degrees of freedom of the particles. Commonly employed stan-
dard models describing frictional contacts in granular matter have been
discussed in refs. 3-8. Characteristically, these models do not account for
thermal fluctuations, which are negligibly weak for granular particles. A first
model to describe dry friction in Brownian particles has been developed by
de Gennes in 2005’ This paper also proposes an experimental realization
based on granular particles in randomly vibrating plates. Such situations,
which involve both frictional contacts and imposed Brownian motion, have
subsequently been studied both theoretically and experimentally'*™" and
very recently also in (granular) active particles'.

At the colloidal scale, frictional contacts have long been neglected.
However, within the past decade, there has been increasing evidence that
frictional contacts can play an important role in colloidal systems, in par-
ticular when they are sheared, leading to large relative velocities of adjacent
colloids. In particular, the role of frictional contacts for discontinuous shear
thickening in colloidal (and larger) particles has been prominently dis-
cussed. While discontinuous shear-thickening has originally been attributed
to lubrication flows", later theoretical“*® and experimental”™ works
provide evidence, that (nanoscale) repulsive and frictional forces play a key
role for discontinuous shear-thickening. A popular idea is that at low

pressure, the solvent in the gaps between adjacent particles keeps them
apart, whereas at higher pressure, the particles overcome repulsive forces
and frictional contacts become important, ultimately resulting in shear
thickening. While the overall mechanism for the emergence of dis-
continuous shear thickening is probably comparatively involved™, there is
now strong evidence that frictional contacts play a central role for sheared
colloids undergoing discontinuous shear-thickening.

Recently, frictional contacts have also been intensively studied in
(colloidal) active matter systems. Similarly as in sheared systems, also in
active systems the relative velocity between adjacent particles can be rather
high, suggesting that frictional contacts could play an important role in these
systems”. To describe frictional contacts, Nie et al.” have employed a model
from the granular community, whereas Abaurrea-Velasco et al”*” have
developed a new model describing overdamped active particles with fric-
tional contacts. Besides self-propelled active particles, also active spinners
with frictional contacts have been studied™.

Importantly, unlike for granular matter, for colloidal matter thermal
fluctuations are important. Despite this, most models that have been used to
describe frictional contacts in colloidal matter have borrowed models to
describe friction from the granular community™, or have developed new
ones”*” which have been combined with standard translational and rota-
tional additive white noise terms, similarly as for particles without frictional
contacts. This may be sufficient to describe common experiments, but from
a fundamental perspective, this approach leads to thermodynamically
inconsistent models that may violate Onsager relations and do not obey the
fluctuation dissipation theorem in the equilibrium limit. This happens for
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Fig. 1 | Relative tangential motion at particle
contacts. Sketch of a two-particle configuration
subject to tangential friction. The quantities R;; and
w;; denote the radii and angular velocities, respec-
tively, of particles i, j. The vectors v;;, u;, uf}
represent their velocities, relative velocities, and
tangentially projected relative velocities (see text).

ol

models that account only for fluctuations that appear as a counterpart to
Stokes drag, but not for the additional fluctuations that necessarily arise as a
counterpart to tangential friction (frictional contacts) in colloids that are
subject to a thermal bath. As we show in the present work, thermodynamic
inconsistencies due to the consideration of incomplete thermal fluctuations
can (wrongly) lead to the prediction of different equilibrium temperature
values for the rotational and translational degrees of freedom, which both
differ from the bath temperature, and are accompanied by non-Maxwell-
Boltzmann velocity distributions. In nonequilibrium, for active systems,
thermodynamically inconsistent treatments of frictional contacts can have
severe consequences for the predicted collective behavior.

The central aim of the present work is therefore to develop a ther-
modynamically consistent model to describe colloidal matter with frictional
contacts (active and passive). To achieve this, we develop a model that is
closely related to a popular model from the granular community’ and
systematically calculate the required multiplicative noise term. Using
particle-based simulations, we confirm that the resulting translational and
angular velocity distributions are fully consistent with the predictions from
statistical mechanics and both lead to temperatures that coincide with the
bath temperature. To study the role of thermodynamic (in)consistencies, we
explore two examples for sheared colloids and for active colloids undergoing
motility-induced phase separation.

Our results could serve as a useful ingredient to model sheared colloidal
suspensions, to help understand discontinuous shear thickening and to
model systems of self-propelled particles as well as active® " (and passive’")
spinners with frictional contacts. The latter should be of particular interest in

the context of the enormous present interest in odd hydrodynamics™”.

Results

Theory: modeling tangential friction interactions

Statement of the problem. We consider systems of spherical colloidal
particles that interact with each other via conservative forces and
surface friction forces. In addition, the particles may interact with a
background medium and/or experience further driving or active
forces. Specific examples will be discussed below in the subsection
“Application examples”. Here, we focus on the modeling of the
surface friction forces.

The friction forces depend on the relative tangential velocities of the
particles at the point of contact, but not necessarily in a linear manner. If two
particles collide, this induces changes of both their momenta and angular
momenta. As mentioned in the introduction, deterministic models for such
contact forces have been discussed for centuries. On colloidal scales, how-
ever, an additional aspect comes in: Thermal fluctuations become impor-
tant. Friction forces are invariably associated with random, stochastic forces,
which can not be ignored on small scales, but must be included in a ther-
modynamically consistent manner. To ensure that passive systems without

nonequilibrium driving forces reach thermal equilibrium, the frictional and
the corresponding stochastic forces must satisfy a fluctuation-dissipation
relation. In other words: the frictional and stochastic forces must be coupled
such that, together, they act as a thermostat for the system, independent of
other thermostats that may describe, e.g., the coupling to a background
medium.

Our aim is to derive a general structure of thermostats that arise from
tangential friction forces between particles. We will focus on Markovian
forces without memory. In the granular matter literature, non-Markovian
friction models have also been proposed to mimic transitions between static
and dynamic friction*’. Such models will not be considered here.

Structure of deterministic friction force. The general form of deter-
ministic Markovian tangential friction forces between two spherical
particles i and k with radii R; , center positions r; s, angular velocities w; t,
and translational velocities v;, can be constructed as follows®. If the
particles are in contact, their surface velocities at the contact point are
given by

w=v;,+w; X1y R; 1

W, = v, — w X1y Ry, )

where we have defined ¥, = r; /1y with ry =, — r;and ry = |r]|. From
these expressions, we can calculate the relative tangential velocity u;; at the
contact point as the projection of the surface velocity difference, u, — u;,

onto the tangent plane at contact (see Fig, 1), i.e., uy = P(Fy) (u;, — u;) with
the projection operator

p (?ik) =1- ?ik?ika (3)
giving
uy = PE)(v; — v) — (@R, + @ Ry) X7 ()

Assuming that the tangential friction force at the contact point points in the
direction of u3, we model it very generally as

f,contact f contact L ~L
Fl contac — _Fk contac :f(ulk’ rlk) ulk (5)

with i = u /uzk, where f(u, ;) is an arbitrary function of the relative
tangential velocity and the distance between the particles. The surface force
Fi o=t generates a center-of-mass force and torque acting on particle i,

f __ pf,contact _f _ -~ f,contact
Fy =F ) Tie = Ry X F; ) (6)
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which is a pair friction force and torque resulting from the friction with the
particle k and can be rewritten as

F, —f(uﬂ“ ") [PF)(v, — ) + Ty X (@R + @Ry, (7)
zk
f
;’k f(ulk’ ") [Fa X (v — v)) — P(F)(w,R, + 0, Ry)]. (8)

i uzk

We note that the torques transmitted to the two particles i and k point in the
same direction (and are in fact identical for R; = R;), whereas the forces are
opposed to each other. One can easily see that the deterministic friction force
always reduces the kinetic energy of the two particles during a collision, since

d dl1
@ ki“f:aZ( —|—mkvk—|—wlwl—|—wk1ka>k)f
i (v = v) + Tje - 0 + 7
= —f (g, 1) Uz <O,

©)

where m; . are the masses, I the moments of inertia of the two particles,
and the subscript f refers to the fact that only the effect of friction forces is
considered. No energy is dissipated in this model if ui = 0, which corre-
sponds to a rolling contact. Furthermore, the possibility of spinning friction
is also neglected.

In addition to our analytical derivation, we have numerically verified
that energy is dissipated during particle collisions (Supplementary Note 1
with Fig, S1).

Structure of corresponding stochastic force. Our goal is to construct
stochastic forces such that, together with the deterministic friction forces,
the configurations are Boltzmann distributed at equilibrium. To this end,
we examine the corresponding Fokker-Planck equation™.

The system of interest consists of N particles with positions r;, orien-
tations characterized by two orthogonal unit vectors (egl) , egz) ), momenta
pi=mv; and intrinsic angular momenta j; = Lw; which obey the equations
of motion p, = F,, j, = 7,, #; = p,/m;, and & = (I;j,) x ). Here, F;
and 7; denote the total forces and torques acting on particle i. The time
evolution of the N-particle distribution function P(T,t) with T =
{ri,p:» efl‘z) ,J;} is described by a Fokker-Planck equation d,P = Ly, P. We
focus on the contributions of the deterministic tangential friction force due
to a frictional contact with particle k, Lfk, and the corresponding stochastic
force, Li, to the Fokker-Planck operator Lgp:

Lyp = Z(Lfk + IR

&) 1+ other contributions ,
i<k

(10)

where the sum Y, runs over all pairs (i, k) of particles with i < k. The
deterministic term accounts for the effect of the friction force and torque,
Egs. (7) and (8), and can be decomposed into

We assume that it is possible to construct stochastic forces and torques F&
and 78 such that the corresponding Fokker-Planck operator can be
decomposed in the same manner,

Ly = (9p, — 9 )]zkp (0;R; + 9; Ry) Lkd (14)

such that
(3ep +T5,) Pa =0 (1)
(3 +75,) Pa =0. (16)

for the Boltzmann distribution

PB(F) X exp |:__ <U({r }) + Z(_ + .’z i ]1)>:| . (17)

In other words, we request that the Boltzmann distribution is not only the
stationary solution of the equilibrium Fokker-Planck equation, but also, that
all probability currents ]SW Py and J& ; Py vanish individually.

In general, the stochastic forces and torques will depend on the
instantaneous momenta and angular momenta of particles and
generate multiplicative noise. Hence, the structure of the probability
currents depends on the choice of stochastic calculus®. Here, we will
discuss three popular choices: (i) the Itd calculus, which is commonly
implemented in numerical simulations, (ii) the Stratonovich calculus,
which is commonly used in physical theories because it preserves the
chain rule, (iii) the Hinggi-Klimontovich calculus®™. Loosely
speaking, they differ in their definitions how to evaluate the inte-
grand in  discrete implementations of time integrals,
[f@)dt=3,((1 = 0)f,+6f;)(t;y1 —t;). The Itd calculus spe-
cifies 8 = 0, the Stratonovich calculus 6 = 1/2, and the Hénggi-
Klimontovich calculus 8 = 1. We can account for all three possibi-
lities by making the following Ansatz for the probability currents (see
Section “Methods”, Subsection “Theory”):

T =kaT Dl )" (PG (3, — ) )
+7, ¥ (8 R;+9; Rk)> uz, ,k)

],k, =k T D(uy, rik)6< T X (apk > (19)
—P(r;)(9; R; + ijk)> D(ui, rik)

Using the general identities P(7)’u = P(Ff)u = —Fx (Fxu), and

T x P(¥)u = P(r)(¥ x u) = ¥ x u, which are valid for all vectors u, one can

easily check that Eqgs. (15) and (16) are fulfilled with this choice, if the
function D(u, r) obeys the differential equation

Ly = 3, — 9,) Vi, — (O3 Ri + 0, R Tl ; 11) vkg T 9,D(u, 1) — D(u, 1)t = —f(u, 1) (20)
with probability current operators with
f f( tk7 i) P P L 1 R} | R}
P - =(1-0 —t— —+—|. 21
Lkp ”zk ( 3 Ik)( mi) (12) v=( ) I:(mi * My * I * I @
+x (I iR + I iR)), The solution of Eq. (20) is
¢ f(“,kv Tik) P P 1 o,
fo = (o () 13 D) =g [ s e
—P@)(I; R + I jiRy))-
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for v # 0 (Itd and Stratonovich case) and

D(u,r) = f(u,r)/u (23)
for v = 0 (Hanggi-Klimontovich case). We note that (22) reduces to (23) in
the special case of additive noise with f{u, r) o u.

The probability currents (18) and (19) correspond to the following
random force and torque terms in the stochastic differential equations of

motion:
Fll'}c = _ng = D(u, 1) [P(?ik)ffk —Ti Xka] ) 24
T}'}c 71}} £ £
B =q =Dk [P i + Ples)NG (25)
1

f . . . . N .
where §; and N ,fk are three-dimensional Gaussian white noise vectors with
correlations

(ELOEL)) = kyT (838, — 8;0,) 8(t — t') (26)

(NGON () = ky T 1(838; + 6;0;) (¢ — t'). (27)

A derivation of these expressions is provided in Section “Methods”, Sub-
section “Theory”.

Specific examples of friction types. We will now discuss three parti-
cularly interesting choices of amplitude functions f(u, r). The first choice
is the linear friction model:
Filu, 1) = w(r) ypu, (28)
where the friction force depends linearly on the relative tangential velocity
with a distance-dependent factor w(r) and a global linear friction coefficient
yr. The integral (22) then simply gives
Dy(u,r) = w(r) y¢ (29)
and the noise is additive as discussed above. In the linear case, the combined
deterministic friction and stochastic forces can be seen as complicated
dissipative particle dynamics (DPD) thermostat™, which extends a trans-
verse DPD thermostat™ by terms that couple the rotation and translation of
particles. This thermostat has already been proposed by Espaiiol in the
context of fluid particle hydrodynamics*'.
The second interesting choice is the constant friction or Coulomb
friction model:*
folu,r) = w(r) ;. (30)
Here, the friction force only depends on the distance of the particles with a
prefactor . This results in multiplicative noise, with the squared amplitude

having the form of a complementary error function, which can be evaluated
very efficiently in numerical applications:

The third example, the Coulomb-Newton friction model avoids this
problem and is popular in granular matter models’:

fon(,7) = min [yf u, w(r) Kf} (32)

In this case, the function Dy (u, 1) is given by

w(r)xg ﬁ zkuz'r ( u ) . w(r)xg
e#s™ Erfc Tu> =t
A/ 2ky Ty Ve

wirke 2
Ve <1 - e(uL(Tf) >/2kBTV)

w(r)ke /0 L w(r)x, . w(r)k
+IRE B () e
In all three examples, w(r) is a smooth function of the center-to-center
distance between the particles i, and k, which ensures that the friction
vanishes if the particles are far apart. In the classical Coulomb friction
model, the tangential friction force is assumed to be proportional to the
normal (repulsive) conservative force between the particles. In the
applications shown below, we will consider particles that interact via a
purely repulsive Weeks-Chandler-Anderson (WCA) potential®,

Dex(u,1) = (33)

4@ - @] +e . r=ao

r

0 , r>/20.

Uwealr) = (34)

Therefore, adopting the Coulomb friction Ansatz, we will choose
w(r) = — dUwca(r)/dr.

To validate our approach, we have performed three-dimensional
simulations of systems of identical passive colloids interacting with
repulsive WCA interactions and frictional contact interactions of the
Coulomb-Newton type (with R = ¢/2 and kgT = €). No additional
thermostat is applied. We use a simple Euler-forward scheme to
integrate over stochastic forces, corresponding to an implementation
of It6 calculus. Figure S2 shows the resulting distributions of the
speeds and angular speeds of particles. They are in perfect agreement
with the Maxwell-Boltzmann distribution.

Application examples
In the following, we investigate the effect of frictional contact forces in three
different systems: In the first subsection below, we simulate simple passive
fluids to demonstrate the thermodynamic inconsistencies that arise if only
the deterministic frictional contact forces are included in a model. In the
second subsection, we consider pressure-driven Poiseuille flows in a slit
channel and investigate the coupling of velocity and angular velocity gra-
dients due to frictional contacts in such channels. Furthermore, we use the
flow profiles to determine the dynamic viscosity arising from frictional
contact interactions. In the last subsection, we study the influence of fric-
tional contacts on motility-induced phase separation (MIPS) in systems of
active particles.

All particles have identical masses m, radii R = 0/2, and moments of
inertia I = % mR?1, interact with WCA interactions (Eq. (34)), and may be
coupled to a medium at rest. The basic equations of motion read

mv, = F* —yv, + § + Z(_viUWCA(rik) +Fj +F})

2
D.(u,r) = WOV VT s e [ — (1) (35)
\/2kgTv 2k Tv ki
. . . . d ne s f R

This model works well in practice as we shall show below, but it has the T (Iw;) =1} — ypw; + N; + Z(T,-k + 1) (36)
conceptual problem that the friction force does not have a well-defined limit ki
at u — 0%, and may rapidly oscillate between finite positive and negative
forces for small tangential velocities. ég“) = w; X ega) fora =1,2 37)
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(38)

where y and yg are translational and rotational friction coefficients
describing the interaction with the medium, and the forces &; and torques
N are uncorrelated Gaussian white noise terms with zero mean and var-
iance

(EMER)) = 2kgTy18,8(t — ) (39)

(N;(ONR(t') = 2k T yg 18, 8(t — 1),
The forces F lf,{ ® and torques Tf,{ ® model interparticle frictional contacts
and as described in the previous section. Additional forces F} and torques
77 may drive the system out of equilibrium. All densities are expressed by
the area fraction p,.., = TNR*/A, the volume fraction pygjume = 47NR*/3V, or
the number density n = N/A, where Nis the number of particles,and A, Vare
the area and the volume. In two-dimensional systems, the position of the
particles is restricted to a plane.
All quantities will be given in units of the length g, the thermal energy
kpT,and a “natural” time unit £y, which is specified for each case study, along
with other simulation parameters, in the Methods section.

(40)

Thermodynamic consistency in models with frictional contact
interactions. Above (see Eq. (9)), we have shown that dissipative frictional
forces necessarily reduce the kinetic energy of colliding particles, but com-
bined dissipative and stochastic frictional forces constitute a valid thermostat
in simulations of passive colloidal systems (see Supplementary Note 2 with
Fig. S2). When considering systems of particles in an implicit medium as in
Egs. (35) and (36), one might be tempted to omit the stochastic force and
torque terms, F 5( and T}}{, assuming that the coupling to a bath medium (ie.,
the corresponding Langevin thermostat) is sufficient to guarantee sampling
of a canonical ensemble in the absence of nonequilibrium forces F}°. In the
following, we will demonstrate that this assumption is not correct, and that
the stochastic frictional contact terms must necessarily be included to avoid
thermodynamic inconsistencies.

For this purpose, we have investigated two and three-dimensional sys-
tems of passive particles with frictional contact interactions, which are coupled
to a bath medium as described above. The nonequilibrium forces and torques
were set to zero, F{* = 7]° = 0. The area fraction of the two-dimensional
system was chosen p,e, = 0.6 and the volume fraction of the three-dimensional
system Pyglume = 0.3. All systems contain N = 10 000 particles with periodic
boundary conditions in all directions. We performed simulations for the
friction types linear, Coulomb and Coulomb-Newton. Each type was simu-
lated twice, once without stochastic friction Fﬁc and torques ‘r}}c and once
including them. The systems were equilibrated over a time 20 ¢, using a time
step of At = 0.001 £, for the linear and Coulomb-Newton friction model and
At = 0.0001 ¢, for the Coulomb friction model. The data were then collected
over a simulation time period of 200 f,. The distributions of speeds and
angular speeds were then compared to the theoretically expected Maxwell-
Boltzmann distributions at the bath temperature kyT.

Figure 2 depicts such a comparison for a two-dimensional system with
frictional contacts according to the Coulomb friction model and different
values of «;. Corresponding figures for other types of friction and in three
dimensions are provided in supplemental information (Supplementary
Note 3 with Figs. S3 and S4). When omitting the stochastic contact forces
and torques in the simulations (star symbols), the speed and angular speed
distributions clearly deviate from the theoretically expected Maxwell-
Boltzmann distribution P,p, , and P, ,, which is shown as dashed black line.
The distribution is shifted to the left, such that smaller speeds are over-
represented and larger ones are underrepresented, indicating that the
Langevin thermostat is not able to fully compensate the loss of kinetic energy
due to frictional forces during collisions. However, when the stochastic

—~
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fn : no fn :
-——=P. v ® kg =02 kg =02
0.6 o ,»gi =1.0 ni =10
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0.0 | | —se---
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Fig. 2 | Speed distributions showing that incomplete frictional noise violates
equipartition. Speed histograms P(|v]) (a) and P(|w|) (b) of the absolute transla-
tional velocity |v| (in units of 0/,) and absolute angular velocity |w| (in units of 1/£,)
for a two-dimensional passive colloid system with frictional contact interactions
according to the Coulomb friction model, Eq. (30), and for different friction con-
stants k¢ as indicated. Stars (labeled “no fn") show data from simulations without
stochastic contact friction terms, circles (labeled “fn") correspond to the full model
including frictional noise. Solid colored lines are fits to appropriate Maxwell-
Boltzmann distribution with fitted effective temperature, Teg; the black dashed line
shows the theoretical expectation for kpTesr = kpT. Insets display the corresponding
Kullback-Leibler divergence between the distribution measured in simulations and
the fitted Maxwell-Boltzmann distribution.

One might argue that the main effect of omitting the stochastic contact
terms is to reduce the kinetic temperature of the particles, but that the system
might still adopt an “equilibrium” state corresponding to such a reduced
temperature. However, a closer look at the data shows that this is not the
case. First, we can determine the “effective” temperature T by fitting the
speed and angular speed histograms to the Maxwell-Boltzmann distribu-
tion, using T as fit parameter. The result is shown in Fig. 3 for two- and
three-dimensional systems, three different types of contact friction, and
varying friction parameters. Not surprisingly, the effective temperature
decreases with increasing friction parameters. More importantly, however,
the effective kinetic temperature obtained from the speed histogram and the
angular speed histogram differ from each other. This clearly indicates that
the system cannot be mapped to an equilibrium system.

A second, more subtle nonequilibrium signature is that the shape of the
distribution also differs from the expected Maxwell-Boltzmann shape. To
quantify this, we have calculated the Kullback-Leibler divergence, Dxj,
between the real (simulated) histograms and the fitted histograms with
shifted effective temperature:

contact 'Ferms are included, the simulation data (circles) coincide with the Dyt (P (0)1|Pyu(x) = / ixPuin <P;In(x)> 7 (41)
expectation. (%
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Fig. 3 | Impact of inconsistent frictional noise on
effective kinetic temperatures. Ratio of effective

(2)

kinetic temperatures T to the imposed tempera-

2D

ture T obtained by fitting translational speed (green) ]_ . O ]
and angular speed (blue) histograms to the corre-

sponding Maxwell-Boltzmann distributions. Results E‘ O 8 i
are shown for simulations without (stars) and with ~_ “*
(circles) stochastic contact friction terms, in two-

dimensional (i) and three dimensional (ii) systems, E{ O 6
and for different friction models: (a) linear friction,

(b) Coulomb friction, Coulomb-Newton friction

®
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with (c) fixed friction constant ¢ = 5 and varying
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where x stands for v or w, P, (x) is the distribution from simulation, and

Pg(x) the fitted distribution. The results for the Coulomb friction model are
shown in the insets of Fig. 2. If the stochastic contact terms are omitted in the
simulation, the Kullback-Leibler divergence deviates from zero for large
friction parameters, indicating that the shape of the distribution from the
simulations deviates from the fitted Maxwell-Boltzmann distribution. If the
stochastic terms are included, the Kullback-Leibler divergence is zero, hence
the simulations produce the correct distribution functions.

Pressure-driven flows. Next, we study the rheological properties of
fluids of repulsive particles with frictional surface interactions. Since
individual particles are not coupled to a substrate, the parameters y
and yr in Egs. (35), (36) are set to zero. Also, solvent-mediated
hydrodynamic interactions between particles are neglected".

However, the particles may still interact with confining walls. This
model describes, e.g., colloidal suspensions in a regime where the
total shear viscosity is dominated by particle-particle interactions
rather than particle-solvent friction. We consider a Poiseuille flow in
a slit channel geometry. The nonequilibrium forces are set to
F}* =Fe,, i.e, all particles are subject to a constant bulk force in the
x direction. Such a setup is commonly used to mimic pressure-driven
flows" in a pressure gradient dP/dx = — Fn, where n is the local
number density of particles. The particles are confined by two
identical walls, consisting of a layer of virtually immobilized particles
j (mass 10" m) with diameter ¢ and y-coordinates

y; = £8.58470 +0,,{;, (42)
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Fig. 4 | Poiseuille flow profiles of frictional contact fluids. Examples of velocity
profiles v,(y) (in units of 0/t,) as a function of the y coordinate (in units of o) for fluids
with Coulomb-Newton-type frictional contact interactions. The friction constant is
K¢ = 5, while the linear friction parameter y varies in the range 0.2-6 kg Tt,/0%, as
indicated in the legend (different values of y¢ correspond to different colors). The
fluids are confined between walls with roughness parameter &, = 0 (see text) and are
subject to a bulk force F = 0.01 kgT/0. Solid lines show fits to parabolic profile. The
inset shows the corresponding profiles of the z-component of the angular velocity,
w,, in units of 1/t,. Error bars are smaller than system size.

which are arranged on a square lattice with lattice constant a = ¢'in the (xz)-
plane. In Eq. (42), {; denotes uncorrelated random numbers that are drawn
from a Gaussian distribution with mean zero and variance 1, and the
parameter §,, > 0 allows to tune the degree of surface roughness. For
technical reasons, the random numbers are the same on both sides of the
slab. All particles, mobile and immobile, interact via repulsive WCA
interactions and frictional contact interactions of the Coulomb-Newton
type (Eq. (32)). We considered systems of 10000 particles at volume fraction
Pvolume = 0.15 in a simulation box with accessible volume
V = (151.694 x 15.1694 x 15.1694)¢>, and periodic boundary conditions
in the x and z directions. The time step in the simulations was At = 0.001 f,.
After initialization, each system was simulated over a time of 500 #,, which
was sufficient to reach a stationary state (Supplementary Note 4 with
Fig. S5). Data were then collected over a simulation time period of 6000 #,. In
the following, we will show data obtained for bulk forces F=0.01 kgT/0. We
have also simulated systems at F = 0.02 kg T/0 and verified that the velocity
and angular velocity profiles are proportional to F as expected in the linear
regime.

Figure 4 (main figure) shows examples of resulting velocity profiles for
different thermostat parameters yrat roughness parameter d,, = 0. They have
the parabolic shape expected for Poiseuille flow of Newtonian fluids, if one
allows for substantial slip at the surface. Compared to regular DPD simu-
lations of Poiseuille flow, in our system, slip is facilitated by the possibility
that particles roll off on the surface without dissipating energy due to fric-
tion. This rolling involves a collective rotational motion to the particles,
which however quickly decreases further away from the surface. More
generally, the inset of Fig. 4 (main figure) demonstrates that shear in the
velocity profiles (dv,/dv, # 0) induces rotational motion of particles in
the fluid.

Fitting the velocity profiles in Fig. 4 to the prediction of the Stokes
equation for a fluid with volume fraction pyoume and partial slip boundary
conditions (v,(yg)/v.(y5) = 85, where Jg is the slip length, and yg the
position of the hydrodynamic boundary)

3
W) = =R - ), (3)

we can extract the dynamic viscosity # and the zero crossing parameter
Yo = (8 + yp)* — 03 The parameters & and yp can be disentangled fol-
lowing a procedure proposed by Allen®, which is based on the comparison

of Poiseuille flow profiles and complementary Couette flow profiles. To
apply it, we performed additional simulations with a slightly altered setup.
We removed the constant bulk force and slid the walls in opposite
x — directions at a constant velocity vy, = + 1 o/t;, which yielded linear
velocity profiles (see Supplementary Note 5 with Fig. $6). Then we deter-
mined the distance C between the two points where the extrapolated linear
profile equals the wall velocity. From this we can determine the squared slip
length via 83 = C?/4 — y,? and the distance between the physical and the
hydrodynamic boundary as yg = 6 — (C — 15.1694)/2.

The results of such fits are shown in Fig. 5. The distance between the
physical and the hydrodynamic boundary yg equals zero (within the error),
compatible with findings from previous studies of simple fluids at hard
walls**. The dynamic shear viscosity of the fluid only slightly increases with
the friction parameter y; and is independent of the parameter x;; indicating
that, at this volume fraction, the shear viscosity is basically determined by the
conservative interactions between the particles. In contrast, the contact friction
does influence the surface slip: The stronger the contact friction interactions,
the smaller the slip length. Nevertheless, it seems difficult to achieve zero slip
length in this system due to the possibility that particles can roll off at the
surface. The slip length is roughly independent of the roughness parameter 6,
up to 8, ~ 0.1 and then decreases as d,, is increased further

For comparison, we have also studied the effect of turning off the
frictional contact noise. The results are shown in Supplementary Note 6 with
Fig. S7. In the absence of thermal noise, the viscosity drops roughly by a
factor of 5, and likewise, the surface slip increases dramatically. Hence
thermal noise significantly enhances the energy dissipation in the fluid. The
reason is that particles in noiseless fluids almost stop moving perpendicular
to the bulk force or sliding walls, resulting in fewer particle collisions and
fewer frictional contacts.

Even though our results so far suggest that the flow profiles can be
described by the Stokes equation, the relatively strong coupling to angular
rotation motion suggests that nonlinear rheological effects might be
important in fluids involving frictional contact interactions. Unfortunately,
increasing the driving force F and pushing it into the nonlinear regime
mainly has the effect of increasing the slip length, such that the flow profiles
become plug like. In order to avoid this effect and investigate the coupling
between shear rate and rotational motion of particles at higher shear rates,
we have used an artificial simulation setup which is popular in rheological
simulation studies of complex fluids"”*: We apply periodic boundary
conditions in all directions, but split the simulation box in half in the y
direction and impose opposing bulk forces in both halves: F}* = Fe, for
y;>0,and F}* = —Fe, for y; < 0. According to the Stokes equation, this
should result in a sequence of two parabolic flow profiles in opposite
directions. In our simulations, we found that, instead, vortices developed in
the high shear regions at higher forces bulk forces, which eventually
destroyed the stationary Poiseuille-like flow profiles. An example for
F=0.5 kgT/ois provided in Supplementary Movie 1. The formation of these
vortices was prevented in the presence of solid walls. Nevertheless, our
results suggest that the linear response regime in fluids with frictional
contact interactions is small and that their dynamic behavior might often be
dominated by nonlinear effects.

Active particles and motility-induced phase separation. As a final
example, we consider the effect of frictional contact interactions on
structure formation in systems of active particles. Specifically, we focus
on the phenomenon of motility-induced phase separation (MIPS)®,
which has been observed both in systems of active Brownian particles
(ABPs) and active Langevin particles (ALPs). ALPs follow the equations
of motion (Egs. (35)-(38)) with effective active force F}* = Foef-l) (and
originally without frictional contact terms)”. ABPs obey the same
equations of motion as ALPs in the overdamped limit (Egs. (35)-(38)
with m — 0 and I — 0). In a certain parameter range, the effective active
force can induce phase separation between coexisting dense and dilute
regimes even in the absence of attractive conservative forces between
particles. The reason is, loosely speaking, that particles which happen to
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Fig. 5 | Rheological properties of frictional contact

fluids. Dynamic viscosity # in units of kg Tt/0 (a),
distance between the hydrodynamic and physical
boundaries yg (in units of 0) (b), and slip length g
(in units of 0) (c), obtained from parametric fits to
Poiseuille flow and Couette flow simulation profiles
(see Fig. 4 and Fig. $6) for fluids with Coulomb-
Newton-type frictional contact interactions in slit
geometry. Results are shown for various values of the

surface roughness parameter 6, (differently colored

symbol; see legend of (a.i)), as functions of (i) the
friction parameter x¢ with fixed y¢ = 6 kgTto/d”, and
(i) y¢ with fixed x¢ = 5. Error bars represent one-
standard-deviation uncertainties of the fitted
parameters.

101
vt [kpTty /02

Fig. 6 | Impact of noise (in)consistency on motility
induced phase separation (MIPS) of active Lan-
gevin particles (ALPs). Snapshots from simulations
of 20000 ALPs at active Force Fy = 25kgT/0 and
number density n = 0.3/¢” after equilibration with
Coulomb-Newton friction. a Thermodynamically
inconsistent treatment of the frictional contacts, i.e.,
friction without the corresponding stochastic noise.
b Thermodynamically consistent treatment includ-
ing both friction and its associated noise. MIPS is
observed in the inconsistent treatment (a), whereas
no MIPS is observed in the consistent case (b).

Inconsistent Consistent

- G i

push against each other by the active forces remain stuck to each other for
some time before they reorient. If other particles collide with the stuck
particle assembly before the particles reorient, the clusters tend to grow
until the system is phase separated. Roughly, this happens at sufficiently
high active particle speeds and densities, such that the collision rate is
higher than the reorientation rate. Frictional contact forces can enhance
particle aggregation, as two particles with zero or small initial angular
velocity that collide off-center (nonzero impact parameter) are forced to
rotate in the same direction, causing them to stick together even longer.
This effect has recently been reported for systems of ABPs by Nie etal.” in
a model that accounted for dissipative friction contact forces similar to
the Coulomb-Newton type and which is also well-known in the granular
community’. The model by Nie et al. did not include corresponding
stochastic terms with thermodynamically consistent coupling of trans-
lational and rotational noise.

In our simulations, we study two-dimensional systems of N = 20, 000
ALPs with model parameters as specified earlier (beginning of Section
“Application examples”), which were chosen in accordance with own
previous work on MIPS where we know the parameter regime of the MIPS
region®’. In particular, the mass is set to be m = 0.05 k T (tz /0)*, which is
still in the underdamped regime as compared to the overdamped system
studied by Nie et al.”>. We include frictional contact interactions of the
Coulomb-Newton type with parameters y; = 1 kgTtg/0” and x¢ = 1. The
simulation time step was At = 10~ f, and periodic boundary conditions
were applied in all directions. Neglecting the thermodynamic correction of
the frictional contacts can cause the collective behavior to vary sig-
nificantly. This can be seen in Fig. 6, where the simulation with thermo-
dynamically inconsistent frictional contacts leads to MIPS, whereas the
simulation of the consistent treatment shows no MIPS. To explore the
importance of a thermodynamically consistent treatment more
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Fig. 7 | Influence of frictional contacts on motility-induced phase separation
(MIPS). a MIPS regime in two-dimensional systems of ALPs without frictional
contacts (dark blue), with thermodynamically inconsistent frictional contacts (yel-
low), and with thermodynamically consistent frictional contacts (light blue), as a
function of active force F, and number density n. Black dots indicate state point
simulated, while the colored regions mark where MIPS spontaneously emerges
(bimodal density distribution) from a uniform initial state. The red circle indicates
the parameters corresponding to the simulation snapshots shown in Fig. 6. b Cor-
responding coexisting densities in the MIPS regime. See text for further explanation
and simulation details.

systematically, we now compare the phase diagram for three different
cases: (i) without frictional contacts, (ii) with Coulomb-Newton friction
with frictional noise, and (iii) with Coulomb-Newton friction, but without
frictional noise. MIPS was identified using AMEP* by computing the local
density on a uniform grid. A bimodal distribution in the resulting density
histogram indicates phase separation. The coexisting densities within the
MIPS region®* were identified by locating the two peaks in this density
histogram (cf. Fig. 7, b).

The resulting non-equilibrium MIPS phase diagrams for systems with
and without frictional interactions are shown in Fig. 7(a). It is worth noting
that the coexistence densities—which in an equilibrium system would give
the binodals of phase separation — do not coincide with the boundaries of the
MIPS regime. This discrepancy might be a signature of the system’s
nonequilibrium nature or may arise from strong finite-size effects in the
simulations.

As reported by Nie et al.”” for ABPs, the contact friction forces sig-
nificantly expand the regime in which MIPS is observed. This can also be
seen in the case of the inertial ALPs we investigated. More importantly, the
comparison between the thermodynamically consistent case (with frictional
noise) and the thermodynamically inconsistent case (no frictional noise)
shows a notable difference in the morphology of the MIPS phase diagram.
This demonstrates that neglecting frictional noise, despite altering the
equilibrium distribution of colloidal particles only relatively mildly, can lead
to a wrong prediction for the collective behavior of a nonequilibrium many
particle system in certain parameter regimes.

Conclusions

We have constructed a thermodynamically consistent way of modeling
thermal fluctuations in particle models with frictional contact interactions.
Our approach is based on the construction of appropriate Fokker-Planck
equations for such systems under the constraint that the stationary solution
for equilibrium systems should be the Boltzmann distribution function.
Importantly, it shows that coupled frictional forces and torques arising from
frictional contacts must necessarily be accompanied by stochastic forces and
torques that are coupled in a structurally similar manner. We have
demonstrated that neglecting such stochastic terms in equilibrium simu-
lations results in stationary distributions that differ from the Boltzmann
distribution, both regarding effective temperature and shapes of the dis-
tribution. Even more seriously, effective temperatures related to different
degrees of freedom, such as momenta and angular momenta, are no longer
equal if the stochastic forces and torques are not modeled consistently.

We have considered a general form of frictional contact interactions,
which is inspired by models for granular matter. In general, the resulting
stochastic terms depend on the velocities and angular velocities of particles
and are therefore instances of multiplicative noise. Hence, we have sepa-
rately considered three popular choices of stochastic calculus, Itd, Strato-
novich, and Hinggi-Klimontovich, and we have provided explicit
expressions for the stochastic Langevin noise terms for all three choices.
Then we have validated the approach with simulations based on the It6
calculus and presented applications to driven flows and active particles
undergoing MIPS.

In driven flows, we have seen that frictional contacts lead to a coupling
of rotational and translational degrees of freedom, which may lead to
nonlinear effects already at low driving forces. At surfaces, particles can roll
off, facilitating slip. More generally, the interplay of rolling and sliding
friction may give rise to interesting structures at high shear rates, which we
will explore in future work.

In the case of MIPS, we have recovered the result of a previous study”
that frictional contacts increase the width of the phase-separated region.
Beyond that, we have shown that thermodynamic inconsistencies can lead
to a wrong prediction of the resulting collective behavior, in parameter
regimes near the transition line between the uniform and the MIPS phase.
We anticipate that the coupling of rotational and translational noise might
be relevant in active chiral matter and unveil new mechanisms of pattern
formation.

In future work, it will be interesting to extend our approach to the
overdamped case. The present study suggests that also in underdamped
models, e.g., for active Brownian particles, the coupling of rotational and
translational stochastic terms will be crucial to achieve thermodynamic
consistency. Unfortunately, simply taking the limit 1 — 0 and I — 0 is
tricky in the presence of frictional contacts and will require special efforts.

Furthermore, it will be interesting to examine the effect of phenomena
that have been neglected in the present work. In our model, we have not
included spinning friction, i.e., friction that occurs if two particle faces are
rotating against each other. This type of friction is not present in strictly two-
dimensional systems, but may become important in three-dimensional or
quasi two-dimensional systems of translationally nearly immobile spinning
particles. Applying our Fokker-Planck approach to deriving the correct
noise structure for this type of friction should be a relatively straightforward
exercise. We have also neglected memory effects*’, which become important
in systems that not only exhibit dynamic friction, but also static friction.
Modeling thermal fluctuations consistently in such cases will be an inter-
esting challenge for future work.

Methods

Theory: relation between Langevin equation and the Fokker-
Planck equation

We recall the general relation between the Langevin equation and the
Fokker-Planck equation for systems with many variables™. We consider a
system of stochastic differential equations for a vector of N variables, x = {x;}
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with the Langevin equation

x = p(x, 1) + o(x, ) n(t), (44)

where #(t) is an uncorrelated Gaussian white noise vector with fluctuations
o)) = 8,580t — 1), (45)

Then the corresponding Fokker-Planck equation for the distribution
function P(x, t) is

atP = - Z avt Aua(x) P - Za]fx{lp (46)
with35,5‘3
1
R _
Jo=—3 % Ip 0oy (X, D)0, (x, ) (47)
in the Itd calculus,
1
]5 [— 5 Z gocy(x7 t) B/; Uﬁy(x7 t) (48)
By
in the Stratonovich calculus, and
1
]5 — E Z aay(x’ t) Uﬁy(x7 t) aﬂ (49)
By

in the Hanggi-Klimontovich calculus. If o does not depend on x (additive
noise), then all formalisms give the same Fokker-Planck equation.

With these general relations in mind, our task is to translate the Fokker-
Planck probability operators ]5@17 and ]}i " Egs. (18) and (19), into stochastic
force and torque terms in the equations of motion of the particles i and k. In
the notation of Eqs. (44)—(49), the sum []5@ +J8 j1 corresponds to terms

ik) 5 (k) i)y k) ik) (k) ;
-1 Zﬁ_’yaﬂafxy)aﬁ’y ,—1 Zﬁ’yogy)aﬁaﬁ'}) ,or—1 Zﬁy‘ffxy)%ly 9, depending
on the calculus, where the indices , f3, y can take 12 values corresponding to
the components of the variables p;, pi. ji» jx. We can decompose the matrices
0™ as ¢ = /ky TD(uz, ry) ™ with reduced matrices 6(7;) that are
independent of p;, p. ji» jx and satisfy

oot | =PGuw)  PEa) | RA(Fw)  RiA(a)
2 RiA(Pir) —RiA(Pi) | RIP(7;,) RiRiP(P)
RiA(Pi) —RpA(Pi) | RiRpP(7i,)  RIP(Py)

Here A(r,) is defined as the antisymmetric matrix with A(r; )a = 7;; x a for
all a. One possible solution for @ is

pN

=

o

5 oo

5
o olo o

(Pik) 0‘ R;P(71)
R A(7i) 0| R P(7)

This can be checked using the relations
P OP()" = AFTAF) = P(Fy)
AGPE)" = —PEIAG)" = ATy).
With this choice of @, half of the Gaussian random variables #; actually

do not enter the Langevin equations of motion and can be omitted. We
denote the other half as ffj = —é;';- and N fj = N]fl- and require them to be

three-dimensional Gaussian white noise vectors with correlations

(ELOEL)) = kyT 1(830; — 8;8,) 8(t — ')
(NUONG(E)) = kT 1(830; + 8;05) 8(t — ).

Then we can rewrite our random force and torque terms in the form of Egs.
(24) and (25).

Simulation parameters and units

In the subsections “Thermodynamic consistency” and “Pressure driven
flows” of “Application examples”, the natural time unit f, is given by the
inertial time unit t, = \/mo?/kyT and we choose yr = 7mkpTh,
Y = g2 ¥ = 37k Tt,/0?, corresponding to the friction parameters of a
spherical particle in a Newtonian fluid with viscosity # = 1 kgTto/o (ie.,
yr=8mR’, y=6myR). Furthermore, the parameter ¢ in the WCA potential
(Eq. (34)) is set to € = kgT. The results presented in these subsections were
acquired using HOOMD-blue™.

In the subsection “Active particles and motility-induced phase separa-
tion”, the results are given in terms of the diffusive time unit tz = yr/kpT. Here,
we choose the parameters to be the same as in a previous MIPS study without
frictional contacts’, .., y = yp/0® = trks T/o* and m = 0.05 ky T (tz /0)*,and
€ = 10kgT. The results were obtained with LAMMPS”".

Data availability

The data that support the findings of this study are available from the
corresponding author upon request. The numerical source data for
the graphs and the scripts used to generate data (in LAMMPS and
HOOMD-blue) are available at https://doi.org/10.48328/tudatalib-
1838(version 3).

Code availability

The LAMMPS simulation code is available at https://doi.org/10.48328/
tudatalib-1838. The HOOMD simulation code has been merged with
HOOMD-blue and is available in the version 6.1.0, see https://hoomd-
blue.readthedocs.io/en/v6.1.0/hoomd/md/pair/module-friction.html for
a documentation.
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