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In simulations of colloidal matter, frictional contacts between particles are often neglected. For
spherical colloids, such an approximation can be problematic, since frictional contacts couple
translational and rotational degrees of freedom, which may affect the collective behavior of, e.g.,
colloids under shear and chiral active matter. Deterministic models for frictional contacts have been
proposed in the granular matter community. On the colloidal scale, however, thermal fluctuations are
important and should be included in a thermodynamically consistent manner. Here, we derive the
correct fluctuation-dissipation relation for linear and nonlinear instantaneous frictional contact
interactions. Among other, this introduces a generalized class of dissipative particle dynamics (DPD)
thermostats with rotation-translation coupling. We demonstrate effects of frictional contact
interactions using the examples of Poiseuille flow and motility induced phase separation in active
Langevin particles.

Friction has been studied for centuries. Early important observations of
frictional forces acting on macroscopic bodies on surfaces have been made
by da Vinci and Amontons1. In the 18th century, Coulomb discovered his
famous friction law2. Later, the role of frictional contacts betweenparticles in
many particle systems has also been intensively explored in granularmatter.
Here, friction induces a significant coupling between translational and
rotational degrees of freedom of the particles. Commonly employed stan-
dard models describing frictional contacts in granular matter have been
discussed in refs. 3–8. Characteristically, these models do not account for
thermalfluctuations, which are negligiblyweak for granular particles. Afirst
model to describe dry friction in Brownian particles has been developed by
de Gennes in 20059. This paper also proposes an experimental realization
based on granular particles in randomly vibrating plates. Such situations,
which involve both frictional contacts and imposedBrownianmotion, have
subsequently been studied both theoretically and experimentally10–13 and
very recently also in (granular) active particles14.

At the colloidal scale, frictional contacts have long been neglected.
However, within the past decade, there has been increasing evidence that
frictional contacts can play an important role in colloidal systems, in par-
ticular when they are sheared, leading to large relative velocities of adjacent
colloids. In particular, the role of frictional contacts for discontinuous shear
thickening in colloidal (and larger) particles has been prominently dis-
cussed.While discontinuous shear-thickeninghas originally been attributed
to lubrication flows15, later theoretical16–18 and experimental19–23 works
provide evidence, that (nanoscale) repulsive and frictional forces play a key
role for discontinuous shear-thickening. A popular idea is that at low

pressure, the solvent in the gaps between adjacent particles keeps them
apart, whereas at higher pressure, the particles overcome repulsive forces
and frictional contacts become important, ultimately resulting in shear
thickening. While the overall mechanism for the emergence of dis-
continuous shear thickening is probably comparatively involved24, there is
now strong evidence that frictional contacts play a central role for sheared
colloids undergoing discontinuous shear-thickening.

Recently, frictional contacts have also been intensively studied in
(colloidal) active matter systems. Similarly as in sheared systems, also in
active systems the relative velocity between adjacent particles can be rather
high, suggesting that frictional contacts couldplay an important role in these
systems25. To describe frictional contacts, Nie et al.25 have employed amodel
from the granular community, whereas Abaurrea-Velasco et al.26,27 have
developed a new model describing overdamped active particles with fric-
tional contacts. Besides self-propelled active particles, also active spinners
with frictional contacts have been studied28.

Importantly, unlike for granular matter, for colloidal matter thermal
fluctuations are important.Despite this,mostmodels that have beenused to
describe frictional contacts in colloidal matter have borrowed models to
describe friction from the granular community3,6, or have developed new
ones26,27 which have been combined with standard translational and rota-
tional additive white noise terms, similarly as for particles without frictional
contacts. Thismay be sufficient to describe common experiments, but from
a fundamental perspective, this approach leads to thermodynamically
inconsistentmodels that may violate Onsager relations and do not obey the
fluctuation dissipation theorem in the equilibrium limit. This happens for
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models that account only for fluctuations that appear as a counterpart to
Stokes drag, but not for the additional fluctuations that necessarily arise as a
counterpart to tangential friction (frictional contacts) in colloids that are
subject to a thermal bath. As we show in the present work, thermodynamic
inconsistencies due to the consideration of incomplete thermal fluctuations
can (wrongly) lead to the prediction of different equilibrium temperature
values for the rotational and translational degrees of freedom, which both
differ from the bath temperature, and are accompanied by non-Maxwell-
Boltzmann velocity distributions. In nonequilibrium, for active systems,
thermodynamically inconsistent treatments of frictional contacts can have
severe consequences for the predicted collective behavior.

The central aim of the present work is therefore to develop a ther-
modynamically consistentmodel to describe colloidalmatter with frictional
contacts (active and passive). To achieve this, we develop a model that is
closely related to a popular model from the granular community5 and
systematically calculate the required multiplicative noise term. Using
particle-based simulations, we confirm that the resulting translational and
angular velocity distributions are fully consistent with the predictions from
statistical mechanics and both lead to temperatures that coincide with the
bath temperature.To study the role of thermodynamic (in)consistencies, we
explore two examples for sheared colloids and for active colloids undergoing
motility-induced phase separation.

Our results could serve as a useful ingredient tomodel shearedcolloidal
suspensions, to help understand discontinuous shear thickening and to
model systems of self-propelled particles as well as active29,30 (and passive31)
spinnerswith frictional contacts. The latter shouldbeof particular interest in
the context of the enormous present interest in odd hydrodynamics32,33.

Results
Theory: modeling tangential friction interactions
Statement of the problem.We consider systems of spherical colloidal
particles that interact with each other via conservative forces and
surface friction forces. In addition, the particles may interact with a
background medium and/or experience further driving or active
forces. Specific examples will be discussed below in the subsection
“Application examples”. Here, we focus on the modeling of the
surface friction forces.

The friction forces depend on the relative tangential velocities of the
particles at the point of contact, but not necessarily in a linearmanner. If two
particles collide, this induces changes of both their momenta and angular
momenta. Asmentioned in the introduction, deterministicmodels for such
contact forces have been discussed for centuries. On colloidal scales, how-
ever, an additional aspect comes in: Thermal fluctuations become impor-
tant. Friction forces are invariably associatedwith random, stochastic forces,
which can not be ignored on small scales, but must be included in a ther-
modynamically consistent manner. To ensure that passive systems without

nonequilibrium driving forces reach thermal equilibrium, the frictional and
the corresponding stochastic forces must satisfy a fluctuation-dissipation
relation. In otherwords: the frictional and stochastic forcesmust be coupled
such that, together, they act as a thermostat for the system, independent of
other thermostats that may describe, e.g., the coupling to a background
medium.

Our aim is to derive a general structure of thermostats that arise from
tangential friction forces between particles. We will focus on Markovian
forces without memory. In the granular matter literature, non-Markovian
frictionmodels have also been proposed tomimic transitions between static
and dynamic friction4,5. Such models will not be considered here.

Structure of deterministic friction force. The general form of deter-
ministic Markovian tangential friction forces between two spherical
particles i and kwith radiiRi,k, center positions ri,k, angular velocitiesωi,k,
and translational velocities vi,k, can be constructed as follows4. If the
particles are in contact, their surface velocities at the contact point are
given by

ui ¼ vi þ ωi ×brik Ri ð1Þ

uk ¼ vk � ωk ×brik Rk; ð2Þ

where we have defined brik ¼ rik=rik with rik = rk − ri and rik = ∣rik∣. From
these expressions, we can calculate the relative tangential velocity u?ik at the
contact point as the projection of the surface velocity difference, uk − ui,
onto the tangentplane at contact (seeFig. 1), i.e.,u?ik ¼ PðbrikÞ ðuk � uiÞwith
the projection operator

PðbrikÞ ¼ 1�brikbrik; ð3Þ

giving

u?ik ¼ PðbrikÞðvk � viÞ � ðωiRi þ ωkRkÞ×brik: ð4Þ

Assuming that the tangential friction force at the contact point points in the
direction of u?ik , we model it very generally as

Ff ;contact
i ¼ �Ff ;contact

k ¼ f ðu?ik ; rikÞbu?ik ð5Þ

with bu?ik ¼ u?ik=u
?
ik , where f ðu?ik ; rikÞ is an arbitrary function of the relative

tangential velocity and the distance between the particles. The surface force
Ff ;contact
i generates a center-of-mass force and torque acting on particle i,

Ff
ik ¼ Ff ;contact

i ; τfik ¼ Ribrik × Ff ;contact
i ; ð6Þ

Fig. 1 | Relative tangential motion at particle
contacts. Sketch of a two-particle configuration
subject to tangential friction. The quantities Ri,j and
ωi,j denote the radii and angular velocities, respec-
tively, of particles i, j. The vectors vi,j, ui,j, u?i;j
represent their velocities, relative velocities, and
tangentially projected relative velocities (see text).
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which is a pair friction force and torque resulting from the friction with the
particle k and can be rewritten as

Ff
ik ¼

f ðu?ik ; rikÞ
u?ik

PðbrikÞðvk � viÞ þbrik × ðωiRi þ ωkRkÞ
� �

; ð7Þ

τfik
Ri

¼ f ðu?ik ; rikÞ
u?ik

brik × ðvk � viÞ � PðbrikÞðωiRi þ ωkRkÞ
� �

: ð8Þ

Wenote that the torques transmitted to the twoparticles i and kpoint in the
same direction (and are in fact identical for Ri = Rk), whereas the forces are
opposed to eachother.One caneasily see that thedeterministic friction force
always reduces thekinetic energyof the twoparticles during a collision, since

d
dt

Ekin

����
f

¼ d
dt

1
2

miv
2
i þmkv

2
k þ ωiIiωi þ ωkIkωk

� �����
f

¼ Ff
ik � ðvi � vkÞ þ τfik � ωi þ τfki � ωk

¼ �f ðu?ik ; rikÞ u?ik ≤ 0;

ð9Þ

where mi,k are the masses, Ii,k the moments of inertia of the two particles,
and the subscript f refers to the fact that only the effect of friction forces is
considered. No energy is dissipated in this model if u?ik ¼ 0, which corre-
sponds to a rolling contact. Furthermore, the possibility of spinning friction
is also neglected.

In addition to our analytical derivation, we have numerically verified
that energy is dissipated during particle collisions (Supplementary Note 1
with Fig. S1).

Structure of corresponding stochastic force. Our goal is to construct
stochastic forces such that, together with the deterministic friction forces,
the configurations are Boltzmann distributed at equilibrium. To this end,
we examine the corresponding Fokker-Planck equation34.

The system of interest consists of N particles with positions ri, orien-

tations characterized by two orthogonal unit vectors ðeð1Þi ; eð2Þi Þ, momenta
pi =mivi, and intrinsic angular momenta ji = Iiωi, which obey the equations

of motion _pi ¼ Fi, _ji ¼ τi, _ri ¼ pi=mi, and _eðαÞi ¼ ðI�1
i jiÞ× eðαÞi . Here, Fi

and τi denote the total forces and torques acting on particle i. The time

evolution of the N-particle distribution function PðΓ; tÞ with Γ ¼
fri; pi; eð1;2Þi ; jig is described by a Fokker-Planck equation ∂tP ¼ LFPP. We
focus on the contributions of the deterministic tangential friction force due
to a frictional contact with particle k, Lfik, and the corresponding stochastic
force, LRik, to the Fokker-Planck operator LFP:

LFP ¼
X
i < k

ðLfik þ LRikÞ þ other contributions ; ð10Þ

where the sum ∑i<k runs over all pairs (i, k) of particles with i < k. The
deterministic term accounts for the effect of the friction force and torque,
Eqs. (7) and (8), and can be decomposed into

Lfik ¼ ð∂pk � ∂pi Þ J
f
ik;p � ð∂ji Ri þ ∂jkRkÞ Jfik;j ð11Þ

with probability current operators

Jfik;p ¼
f ðu?ik ; rikÞ

u?ik
PðbrikÞ pk

mk
� pi
mi

� ��
þbrik × I�1

i jiRi þ I�1
k jkRk

� ��
;

ð12Þ

Jfik;j ¼
f ðu?ik ; rikÞ

u?ik
brik × pk

mk
� pi
mi

� ��
�PðbrikÞðI�1

i jiRi þ I�1
k jkRkÞ

�
:

ð13Þ

We assume that it is possible to construct stochastic forces and torques FR
ik

and τRik such that the corresponding Fokker-Planck operator can be
decomposed in the same manner,

LRik ¼ ð∂pk � ∂pi Þ J
R
ik;p � ð∂ji Ri þ ∂jkRkÞ JRik;j ð14Þ

such that

Jfik;p þ JRik;p

	 

PB ¼ 0 ð15Þ

Jfik;j þ JRik;j

	 

PB ¼ 0: ð16Þ

for the Boltzmann distribution

PBðΓÞ / exp � 1
kBT

UðfrigÞ þ
X
i

p2i
2mi

þ 1
2
jiI

�1
i ji

� � !" #
: ð17Þ

In other words, we request that the Boltzmann distribution is not only the
stationary solution of the equilibriumFokker-Planck equation, but also, that
all probability currents JRik;p PB and JRik;j PB vanish individually.

In general, the stochastic forces and torques will depend on the
instantaneous momenta and angular momenta of particles and
generate multiplicative noise. Hence, the structure of the probability
currents depends on the choice of stochastic calculus35. Here, we will
discuss three popular choices: (i) the Itô calculus, which is commonly
implemented in numerical simulations, (ii) the Stratonovich calculus,
which is commonly used in physical theories because it preserves the
chain rule, (iii) the Hänggi-Klimontovich calculus36–38. Loosely
speaking, they differ in their definitions how to evaluate the inte-
grand in discrete implementations of time integrals,R
f ðtÞ dt ¼Pi ð1� θÞf i þ θf iþ1

� �
tiþ1 � ti
� �

. The Itô calculus spe-
cifies θ = 0, the Stratonovich calculus θ = 1/2, and the Hänggi-
Klimontovich calculus θ = 1. We can account for all three possibi-
lities by making the following Ansatz for the probability currents (see
Section “Methods”, Subsection “Theory”):

JRik;p ¼kBT Dðu?ik; rikÞ
θ
PðbrikÞ ∂pk � ∂pi

	 
	
þbrik × ∂ji Ri þ ∂jkRk

	 


Dðu?ik; rikÞ

1�θ
;

ð18Þ

JRik;j ¼kBT Dðu?ik; rikÞ
θ brik × ∂pk � ∂pi

	 
	
�PðbrikÞð∂ji Ri þ ∂jkRkÞ



Dðu?ik; rikÞ

1�θ
:

ð19Þ

Using the general identities PðbrÞ2u ¼ PðbrÞu ¼ �br × ðbr × uÞ, andbr ×PðbrÞu ¼ PðbrÞðbr × uÞ ¼ br × u, which are valid for all vectors u, one can
easily check that Eqs. (15) and (16) are fulfilled with this choice, if the
function D(u, r) obeys the differential equation

ν kBT ∂uDðu; rÞ � Dðu; rÞ u ¼ �f ðu; rÞ ð20Þ

with

ν ¼ ð1� θÞ 1
mi

þ 1
mk

� �
þ R2

i

Ii
þ R2

k

Ik

� �� �
: ð21Þ

The solution of Eq. (20) is

Dðu; rÞ ¼ 1
kBTν

Z 1

u
du0 f ðu0; rÞ e�ðu02�u2Þ=2kBTν ð22Þ
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for ν ≠ 0 (Itô and Stratonovich case) and

Dðu; rÞ ¼ f ðu; rÞ=u ð23Þ

for ν = 0 (Hänggi-Klimontovich case).We note that (22) reduces to (23) in
the special case of additive noise with f(u, r) ∝ u.

The probability currents (18) and (19) correspond to the following
random force and torque terms in the stochastic differential equations of
motion:

FR
ik ¼ �FR

ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðu?ik ; rikÞ

q
PðbrikÞξfik �brik ×N f

ik

h i
; ð24Þ

τRik
Ri

¼ τRki
Rk

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðu?ik ; rikÞ

q brik × ξfik þ PðeikÞN f
ik

h i
; ð25Þ

where ξfik andN
f
ik are three-dimensional Gaussian white noise vectors with

correlations

hξfijðtÞξfklðt0Þi ¼ kBT 1 ðδikδjl � δilδjkÞ δðt � t0Þ ð26Þ

hN f
ijðtÞN f

klðt0Þi ¼ kBT 1 ðδikδjl þ δilδjkÞ δðt � t0Þ: ð27Þ

A derivation of these expressions is provided in Section “Methods”, Sub-
section “Theory”.

Specific examples of friction types. We will now discuss three parti-
cularly interesting choices of amplitude functions f(u, r). The first choice
is the linear friction model:

f lðu; rÞ ¼ wðrÞ γf u; ð28Þ

where the friction force depends linearly on the relative tangential velocity
with a distance-dependent factorw(r) and a global linear friction coefficient
γf. The integral (22) then simply gives

Dlðu; rÞ ¼ wðrÞ γf ð29Þ

and the noise is additive as discussed above. In the linear case, the combined
deterministic friction and stochastic forces can be seen as complicated
dissipative particle dynamics (DPD) thermostat39, which extends a trans-
verse DPD thermostat40 by terms that couple the rotation and translation of
particles. This thermostat has already been proposed by Español in the
context of fluid particle hydrodynamics41.

The second interesting choice is the constant friction or Coulomb
frictionmodel:4

f cðu; rÞ ¼ wðrÞ κf : ð30Þ

Here, the friction force only depends on the distance of the particles with a
prefactor κf. This results inmultiplicative noise, with the squared amplitude
having the form of a complementary error function, which can be evaluated
very efficiently in numerical applications:

Dcðu; rÞ ¼
wðrÞκf

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTν

p e
u2

2kBTν Erfc
uffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTν

p !
ð31Þ

This model works well in practice as we shall show below, but it has the
conceptual problem that the friction force does not have awell-defined limit
at u → 0±, and may rapidly oscillate between finite positive and negative
forces for small tangential velocities.

The third example, the Coulomb-Newton friction model avoids this
problem and is popular in granular matter models4:

f CNðu; rÞ ¼ min γf u;wðrÞ κf
� � ð32Þ

In this case, the function DCNðu; rÞ is given by

DCNðu; rÞ ¼

wðrÞκf
ffiffi
π

pffiffiffiffiffiffiffiffiffi
2kBTν

p e
u2

2kBTν Erfc uffiffiffiffiffiffiffiffiffi
2kBTν

p
� �

: u≥ wðrÞκf
γf

γf 1� e
u2�ðwðrÞκfγf

Þ2
	 


=2kBTν

 !

þ wðrÞκf
ffiffi
π

pffiffiffiffiffiffiffiffiffi
2kBTν

p e
u2

2kBTν Erfc wðrÞκf =γfffiffiffiffiffiffiffiffiffi
2kBTν

p
� �

: u < wðrÞκf
γf

8>>>>>>>>><>>>>>>>>>:
ð33Þ

In all three examples, w(r) is a smooth function of the center-to-center
distance between the particles i, and k, which ensures that the friction
vanishes if the particles are far apart. In the classical Coulomb friction
model, the tangential friction force is assumed to be proportional to the
normal (repulsive) conservative force between the particles. In the
applications shown below, we will consider particles that interact via a
purely repulsive Weeks-Chandler-Anderson (WCA) potential42,

UWCAðrÞ ¼
4ϵ σ

r

� �12 � σ
r

� �6h i
þ ϵ ; r ≤

ffiffiffi
26

p
σ

0 ; r >
ffiffiffi
26

p
σ:

8<: ð34Þ

Therefore, adopting the Coulomb friction Ansatz, we will choose
w(r) =− dUWCA(r)/dr.

To validate our approach, we have performed three-dimensional
simulations of systems of identical passive colloids interacting with
repulsive WCA interactions and frictional contact interactions of the
Coulomb-Newton type (with R = σ/2 and kBT = ϵ). No additional
thermostat is applied. We use a simple Euler-forward scheme to
integrate over stochastic forces, corresponding to an implementation
of Itô calculus. Figure S2 shows the resulting distributions of the
speeds and angular speeds of particles. They are in perfect agreement
with the Maxwell-Boltzmann distribution.

Application examples
In the following, we investigate the effect of frictional contact forces in three
different systems: In the first subsection below, we simulate simple passive
fluids to demonstrate the thermodynamic inconsistencies that arise if only
the deterministic frictional contact forces are included in a model. In the
second subsection, we consider pressure-driven Poiseuille flows in a slit
channel and investigate the coupling of velocity and angular velocity gra-
dients due to frictional contacts in such channels. Furthermore, we use the
flow profiles to determine the dynamic viscosity arising from frictional
contact interactions. In the last subsection, we study the influence of fric-
tional contacts on motility-induced phase separation (MIPS) in systems of
active particles.

All particles have identical masses m, radii R = σ/2, and moments of
inertia I ¼ 2

5mR21, interact withWCA interactions (Eq. (34)), and may be
coupled to a medium at rest. The basic equations of motion read

m _vi ¼ Fne
i � γvi þ ξsi þ

X
k≠i

ð�∇iUWCAðrikÞ þ Ff
ik þ FR

ikÞ ð35Þ

d
dt

ðI ωiÞ ¼ τnei � γRωi þ N s
i þ
X
k≠i

ðτfik þ τRikÞ ð36Þ

_eðαÞi ¼ ωi × e
ðαÞ
i for α ¼ 1; 2 ð37Þ
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_ri ¼ vi ð38Þ

where γ and γR are translational and rotational friction coefficients
describing the interaction with the medium, and the forces ξsi and torques
N s

i are uncorrelated Gaussian white noise terms with zero mean and var-
iance

hξsi ðtÞξskðt0Þi ¼ 2kBT γ 1 δik δðt � t0Þ ð39Þ

hN s
i ðtÞN s

kðt0Þi ¼ 2kBT γR 1 δik δðt � t0Þ; ð40Þ

The forcesFf=R
ik and torques τf=Rik model interparticle frictional contacts

and as described in the previous section. Additional forces Fne
i and torques

τnei may drive the system out of equilibrium. All densities are expressed by
the area fraction ρarea = πNR

2/A, the volume fraction ρvolume = 4πNR
3/3V, or

thenumberdensityn=N/A, whereN is thenumberof particles, andA,V are
the area and the volume. In two-dimensional systems, the position of the
particles is restricted to a plane.

All quantities will be given in units of the length σ, the thermal energy
kBT, and a “natural” timeunit t0, which is specified for each case study, along
with other simulation parameters, in the Methods section.

Thermodynamic consistency in models with frictional contact
interactions. Above (see Eq. (9)), we have shown that dissipative frictional
forces necessarily reduce the kinetic energy of colliding particles, but com-
bined dissipative and stochastic frictional forces constitute a valid thermostat
in simulations of passive colloidal systems (see Supplementary Note 2 with
Fig. S2). When considering systems of particles in an implicit medium as in
Eqs. (35) and (36), one might be tempted to omit the stochastic force and
torque terms, FR

ik and τ
R
ik, assuming that the coupling to a bath medium (i.e.,

the corresponding Langevin thermostat) is sufficient to guarantee sampling
of a canonical ensemble in the absence of nonequilibrium forces Fne

i . In the
following, we will demonstrate that this assumption is not correct, and that
the stochastic frictional contact terms must necessarily be included to avoid
thermodynamic inconsistencies.

For this purpose, we have investigated two and three-dimensional sys-
temsof passive particleswith frictional contact interactions,which are coupled
to a bathmedium as described above. The nonequilibrium forces and torques
were set to zero, Fne

i ¼ τnei ¼ 0. The area fraction of the two-dimensional
systemwaschosenρarea=0.6andthevolumefractionof the three-dimensional
system ρvolume = 0.3. All systems contain N = 10 000 particles with periodic
boundary conditions in all directions. We performed simulations for the
friction types linear, Coulomb and Coulomb-Newton. Each type was simu-
lated twice, once without stochastic friction FR

ik and torques τRik and once
including them. The systems were equilibrated over a time 20 t0 using a time
step of Δt = 0.001 t0 for the linear and Coulomb-Newton friction model and
Δt = 0.0001 t0 for the Coulomb friction model. The data were then collected
over a simulation time period of 200 t0. The distributions of speeds and
angular speeds were then compared to the theoretically expected Maxwell-
Boltzmann distributions at the bath temperature kBT.

Figure 2 depicts such a comparison for a two-dimensional systemwith
frictional contacts according to the Coulomb friction model and different
values of κf. Corresponding figures for other types of friction and in three
dimensions are provided in supplemental information (Supplementary
Note 3 with Figs. S3 and S4). When omitting the stochastic contact forces
and torques in the simulations (star symbols), the speed and angular speed
distributions clearly deviate from the theoretically expected Maxwell-
BoltzmanndistributionP2D,v andP2D,ω,which is shownasdashedblack line.
The distribution is shifted to the left, such that smaller speeds are over-
represented and larger ones are underrepresented, indicating that the
Langevin thermostat is not able to fully compensate the loss of kinetic energy
due to frictional forces during collisions. However, when the stochastic
contact terms are included, the simulation data (circles) coincide with the
expectation.

Onemight argue that themain effect of omitting the stochastic contact
terms is to reduce thekinetic temperatureof theparticles, but that the system
might still adopt an “equilibrium” state corresponding to such a reduced
temperature. However, a closer look at the data shows that this is not the
case. First, we can determine the “effective” temperature Teff by fitting the
speed and angular speed histograms to the Maxwell-Boltzmann distribu-
tion, using Teff as fit parameter. The result is shown in Fig. 3 for two- and
three-dimensional systems, three different types of contact friction, and
varying friction parameters. Not surprisingly, the effective temperature
decreases with increasing friction parameters. More importantly, however,
the effective kinetic temperature obtained from the speed histogramand the
angular speed histogram differ from each other. This clearly indicates that
the system cannot be mapped to an equilibrium system.

A second,more subtle nonequilibriumsignature is that the shape of the
distribution also differs from the expected Maxwell-Boltzmann shape. To
quantify this, we have calculated the Kullback-Leibler divergence, DKL,
between the real (simulated) histograms and the fitted histograms with
shifted effective temperature:

DKL PsimðxÞjjPfitðxÞ
� � ¼ Z dx PsimðxÞ ln

PsimðxÞ
Pfit xð

� �
; ð41Þ

Fig. 2 | Speed distributions showing that incomplete frictional noise violates
equipartition. Speed histograms P(∣v∣) (a) and P(∣ω∣) (b) of the absolute transla-
tional velocity ∣v∣ (in units of σ/t0) and absolute angular velocity ∣ω∣ (in units of 1/t0)
for a two-dimensional passive colloid system with frictional contact interactions
according to the Coulomb friction model, Eq. (30), and for different friction con-
stants κf as indicated. Stars (labeled “no fn'') show data from simulations without
stochastic contact friction terms, circles (labeled “fn'') correspond to the full model
including frictional noise. Solid colored lines are fits to appropriate Maxwell-
Boltzmann distribution with fitted effective temperature, Teff; the black dashed line
shows the theoretical expectation for kBTeff = kBT. Insets display the corresponding
Kullback-Leibler divergence between the distribution measured in simulations and
the fitted Maxwell-Boltzmann distribution.
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where x stands for v or ω, PsimðxÞ is the distribution from simulation, and
Pfit(x) the fitted distribution. The results for the Coulomb frictionmodel are
shown in the insets of Fig. 2. If the stochastic contact terms are omitted in the
simulation, the Kullback-Leibler divergence deviates from zero for large
friction parameters, indicating that the shape of the distribution from the
simulations deviates from the fittedMaxwell-Boltzmann distribution. If the
stochastic terms are included, theKullback-Leibler divergence is zero, hence
the simulations produce the correct distribution functions.

Pressure-driven flows. Next, we study the rheological properties of
fluids of repulsive particles with frictional surface interactions. Since
individual particles are not coupled to a substrate, the parameters γ
and γR in Eqs. (35), (36) are set to zero. Also, solvent-mediated
hydrodynamic interactions between particles are neglected43.

However, the particles may still interact with confining walls. This
model describes, e.g., colloidal suspensions in a regime where the
total shear viscosity is dominated by particle-particle interactions
rather than particle-solvent friction. We consider a Poiseuille flow in
a slit channel geometry. The nonequilibrium forces are set to
Fne
i � F ex , i.e., all particles are subject to a constant bulk force in the

x direction. Such a setup is commonly used to mimic pressure-driven
flows44 in a pressure gradient dP/dx = − F n, where n is the local
number density of particles. The particles are confined by two
identical walls, consisting of a layer of virtually immobilized particles
j (mass 1010 m) with diameter σ and y-coordinates

yj ¼ ± 8:5847σ þ δw ζ j; ð42Þ

Fig. 3 | Impact of inconsistent frictional noise on
effective kinetic temperatures. Ratio of effective
kinetic temperatures Teff to the imposed tempera-
ture T obtained by fitting translational speed (green)
and angular speed (blue) histograms to the corre-
spondingMaxwell-Boltzmanndistributions. Results
are shown for simulations without (stars) and with
(circles) stochastic contact friction terms, in two-
dimensional (i) and three dimensional (ii) systems,
and for different friction models: (a) linear friction,
(b) Coulomb friction, Coulomb-Newton friction
with (c) fixed friction constant κf = 5 and varying
linear friction parameter γf, and (d) fixed
γf = 6 kBTt0/σ

2 and varying κf. Error bars are smaller
than symbol size.
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which are arranged on a square lattice with lattice constant a= σ in the (xz)-
plane. In Eq. (42), ζj denotes uncorrelated random numbers that are drawn
from a Gaussian distribution with mean zero and variance 1, and the
parameter δw > 0 allows to tune the degree of surface roughness. For
technical reasons, the random numbers are the same on both sides of the
slab. All particles, mobile and immobile, interact via repulsive WCA
interactions and frictional contact interactions of the Coulomb-Newton
type (Eq. (32)).We considered systems of 10000 particles at volume fraction
ρvolume = 0.15 in a simulation box with accessible volume
V = (151.694 × 15.1694 × 15.1694)σ3, and periodic boundary conditions
in the x and z directions. The time step in the simulations wasΔt = 0.001 t0.
After initialization, each system was simulated over a time of 500 t0, which
was sufficient to reach a stationary state (Supplementary Note 4 with
Fig. S5).Datawere thencollectedover a simulation timeperiodof 6000 t0. In
the following, wewill show data obtained for bulk forces F= 0.01 kBT/σ.We
have also simulated systems at F = 0.02 kBT/σ and verified that the velocity
and angular velocity profiles are proportional to F as expected in the linear
regime.

Figure 4 (main figure) shows examples of resulting velocity profiles for
different thermostat parametersγf at roughnessparameter δw=0.Theyhave
the parabolic shape expected for Poiseuille flow of Newtonian fluids, if one
allows for substantial slip at the surface. Compared to regular DPD simu-
lations of Poiseuille flow, in our system, slip is facilitated by the possibility
that particles roll off on the surface without dissipating energy due to fric-
tion. This rolling involves a collective rotational motion to the particles,
which however quickly decreases further away from the surface. More
generally, the inset of Fig. 4 (main figure) demonstrates that shear in the
velocity profiles (dvx/dvy ≠ 0) induces rotational motion of particles in
the fluid.

Fitting the velocity profiles in Fig. 4 to the prediction of the Stokes
equation for a fluid with volume fraction ρvolume, and partial slip boundary
conditions (vxðyBÞ=v0xðyBÞ ¼ δB, where δB is the slip length, and yB the
position of the hydrodynamic boundary)

vxðyÞ ¼ � 3ρvolume

πη
Fðy2 � y20Þ; ð43Þ

we can extract the dynamic viscosity η and the zero crossing parameter
y0 ¼ ðδB þ yBÞ2 � δ2B. The parameters δ and yB can be disentangled fol-
lowing a procedure proposed by Allen45, which is based on the comparison

of Poiseuille flow profiles and complementary Couette flow profiles. To
apply it, we performed additional simulations with a slightly altered setup.
We removed the constant bulk force and slid the walls in opposite
x − directions at a constant velocity vwall = ± 1 σ/t0, which yielded linear
velocity profiles (see Supplementary Note 5 with Fig. S6). Then we deter-
mined the distance C between the two points where the extrapolated linear
profile equals the wall velocity. From this we can determine the squared slip
length via δ2B ¼ C2=4� y0

2 and the distance between the physical and the
hydrodynamic boundary as yB = δB − (C − 15.1694)/2.

The results of such fits are shown in Fig. 5. The distance between the
physical and the hydrodynamic boundary yB equals zero (within the error),
compatible with findings from previous studies of simple fluids at hard
walls45,46. The dynamic shear viscosity of the fluid only slightly increases with
the friction parameter γf and is independent of the parameter κf, indicating
that, at this volume fraction, the shear viscosity is basically determined by the
conservative interactionsbetween theparticles. In contrast, the contact friction
does influence the surface slip: The stronger the contact friction interactions,
the smaller the slip length. Nevertheless, it seems difficult to achieve zero slip
length in this system due to the possibility that particles can roll off at the
surface. The slip length is roughly independent of the roughness parameter δw
up to δw ~ 0.1 and then decreases as δw is increased further

For comparison, we have also studied the effect of turning off the
frictional contactnoise.The results are shown inSupplementaryNote 6with
Fig. S7. In the absence of thermal noise, the viscosity drops roughly by a
factor of 5, and likewise, the surface slip increases dramatically. Hence
thermal noise significantly enhances the energy dissipation in the fluid. The
reason is that particles in noiseless fluids almost stopmoving perpendicular
to the bulk force or sliding walls, resulting in fewer particle collisions and
fewer frictional contacts.

Even though our results so far suggest that the flow profiles can be
described by the Stokes equation, the relatively strong coupling to angular
rotation motion suggests that nonlinear rheological effects might be
important in fluids involving frictional contact interactions. Unfortunately,
increasing the driving force F and pushing it into the nonlinear regime
mainly has the effect of increasing the slip length, such that the flow profiles
become plug like. In order to avoid this effect and investigate the coupling
between shear rate and rotational motion of particles at higher shear rates,
we have used an artificial simulation setup which is popular in rheological
simulation studies of complex fluids47,48: We apply periodic boundary
conditions in all directions, but split the simulation box in half in the y
direction and impose opposing bulk forces in both halves: Fne

i ¼ F ex for
yi > 0, and Fne

i ¼ �F ex for yi < 0. According to the Stokes equation, this
should result in a sequence of two parabolic flow profiles in opposite
directions. In our simulations, we found that, instead, vortices developed in
the high shear regions at higher forces bulk forces, which eventually
destroyed the stationary Poiseuille-like flow profiles. An example for
F=0.5 kBT/σ is provided in SupplementaryMovie 1. The formation of these
vortices was prevented in the presence of solid walls. Nevertheless, our
results suggest that the linear response regime in fluids with frictional
contact interactions is small and that their dynamic behaviormight often be
dominated by nonlinear effects.

Active particles and motility-induced phase separation. As a final
example, we consider the effect of frictional contact interactions on
structure formation in systems of active particles. Specifically, we focus
on the phenomenon of motility-induced phase separation (MIPS)49,
which has been observed both in systems of active Brownian particles
(ABPs) and active Langevin particles (ALPs). ALPs follow the equations
of motion (Eqs. (35)–(38)) with effective active force Fne

i ¼ F0e
ð1Þ
i (and

originally without frictional contact terms)50. ABPs obey the same
equations of motion as ALPs in the overdamped limit (Eqs. (35)–(38)
withm→ 0 and I→ 0). In a certain parameter range, the effective active
force can induce phase separation between coexisting dense and dilute
regimes even in the absence of attractive conservative forces between
particles. The reason is, loosely speaking, that particles which happen to

Fig. 4 | Poiseuille flow profiles of frictional contact fluids. Examples of velocity
profiles vx(y) (in units of σ/t0) as a function of the y coordinate (in units of σ) forfluids
with Coulomb-Newton-type frictional contact interactions. The friction constant is
κf = 5, while the linear friction parameter γf varies in the range 0.2-6 kBTt0/σ

2, as
indicated in the legend (different values of γf correspond to different colors). The
fluids are confined between walls with roughness parameter δw = 0 (see text) and are
subject to a bulk force F = 0.01 kBT/σ. Solid lines show fits to parabolic profile. The
inset shows the corresponding profiles of the z-component of the angular velocity,
ωz, in units of 1/t0. Error bars are smaller than system size.
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push against each other by the active forces remain stuck to each other for
some time before they reorient. If other particles collide with the stuck
particle assembly before the particles reorient, the clusters tend to grow
until the system is phase separated. Roughly, this happens at sufficiently
high active particle speeds and densities, such that the collision rate is
higher than the reorientation rate. Frictional contact forces can enhance
particle aggregation, as two particles with zero or small initial angular
velocity that collide off-center (nonzero impact parameter) are forced to
rotate in the same direction, causing them to stick together even longer.
This effect has recently been reported for systems ofABPs byNie et al.25 in
a model that accounted for dissipative friction contact forces similar to
the Coulomb-Newton type and which is also well-known in the granular
community5. The model by Nie et al. did not include corresponding
stochastic terms with thermodynamically consistent coupling of trans-
lational and rotational noise.

In our simulations, we study two-dimensional systems ofN = 20, 000
ALPs with model parameters as specified earlier (beginning of Section
“Application examples”), which were chosen in accordance with own
previous work onMIPSwhere we know the parameter regime of theMIPS
region51. In particular, themass is set to bem ¼ 0:05 kBT ðtR=σÞ2, which is
still in the underdamped regime as compared to the overdamped system
studied by Nie et al.25. We include frictional contact interactions of the
Coulomb-Newton type with parameters γf = 1 kBTtR/σ

2 and κf = 1. The
simulation time step was Δt = 10−5 tR, and periodic boundary conditions
were applied in all directions. Neglecting the thermodynamic correction of
the frictional contacts can cause the collective behavior to vary sig-
nificantly. This can be seen in Fig. 6, where the simulation with thermo-
dynamically inconsistent frictional contacts leads to MIPS, whereas the
simulation of the consistent treatment shows no MIPS. To explore the
importance of a thermodynamically consistent treatment more

Fig. 6 | Impact of noise (in)consistency onmotility
induced phase separation (MIPS) of active Lan-
gevin particles (ALPs). Snapshots from simulations
of 20000 ALPs at active Force F0 = 25kBT/σ and
number density n = 0.3/σ2 after equilibration with
Coulomb-Newton friction. a Thermodynamically
inconsistent treatment of the frictional contacts, i.e.,
friction without the corresponding stochastic noise.
b Thermodynamically consistent treatment includ-
ing both friction and its associated noise. MIPS is
observed in the inconsistent treatment (a), whereas
no MIPS is observed in the consistent case (b).

Fig. 5 | Rheological properties of frictional contact
fluids. Dynamic viscosity η in units of kBTt0/σ (a),
distance between the hydrodynamic and physical
boundaries yB (in units of σ) (b), and slip length δB
(in units of σ) (c), obtained from parametric fits to
Poiseuille flow and Couette flow simulation profiles
(see Fig. 4 and Fig. S6) for fluids with Coulomb-
Newton-type frictional contact interactions in slit
geometry. Results are shown for various values of the
surface roughness parameter δw, (differently colored
symbol; see legend of (a.i)), as functions of (i) the
friction parameter κf with fixed γf = 6 kBTt0/σ

2, and
(ii) γf with fixed κf = 5. Error bars represent one-
standard-deviation uncertainties of the fitted
parameters.
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systematically, we now compare the phase diagram for three different
cases: (i) without frictional contacts, (ii) with Coulomb-Newton friction
with frictional noise, and (iii) with Coulomb-Newton friction, but without
frictional noise.MIPSwas identified using AMEP52 by computing the local
density on a uniform grid. A bimodal distribution in the resulting density
histogram indicates phase separation. The coexisting densities within the
MIPS region53,54 were identified by locating the two peaks in this density
histogram (cf. Fig. 7, b).

The resulting non-equilibriumMIPS phase diagrams for systems with
and without frictional interactions are shown in Fig. 7(a). It is worth noting
that the coexistence densities—which in an equilibrium system would give
the binodals of phase separation–donot coincidewith theboundaries of the
MIPS regime. This discrepancy might be a signature of the system’s
nonequilibrium nature or may arise from strong finite-size effects in the
simulations.

As reported by Nie et al.25 for ABPs, the contact friction forces sig-
nificantly expand the regime in which MIPS is observed. This can also be
seen in the case of the inertial ALPs we investigated. More importantly, the
comparison between the thermodynamically consistent case (with frictional
noise) and the thermodynamically inconsistent case (no frictional noise)
shows a notable difference in the morphology of the MIPS phase diagram.
This demonstrates that neglecting frictional noise, despite altering the
equilibriumdistribution of colloidal particles only relativelymildly, can lead
to a wrong prediction for the collective behavior of a nonequilibriummany
particle system in certain parameter regimes.

Conclusions
We have constructed a thermodynamically consistent way of modeling
thermal fluctuations in particle models with frictional contact interactions.
Our approach is based on the construction of appropriate Fokker-Planck
equations for such systems under the constraint that the stationary solution
for equilibrium systems should be the Boltzmann distribution function.
Importantly, it shows that coupled frictional forces and torques arising from
frictional contactsmust necessarily be accompanied by stochastic forces and
torques that are coupled in a structurally similar manner. We have
demonstrated that neglecting such stochastic terms in equilibrium simu-
lations results in stationary distributions that differ from the Boltzmann
distribution, both regarding effective temperature and shapes of the dis-
tribution. Even more seriously, effective temperatures related to different
degrees of freedom, such as momenta and angular momenta, are no longer
equal if the stochastic forces and torques are not modeled consistently.

We have considered a general form of frictional contact interactions,
which is inspired by models for granular matter. In general, the resulting
stochastic terms depend on the velocities and angular velocities of particles
and are therefore instances of multiplicative noise. Hence, we have sepa-
rately considered three popular choices of stochastic calculus, Itô, Strato-
novich, and Hänggi-Klimontovich, and we have provided explicit
expressions for the stochastic Langevin noise terms for all three choices.
Then we have validated the approach with simulations based on the Itô
calculus and presented applications to driven flows and active particles
undergoing MIPS.

In driven flows, we have seen that frictional contacts lead to a coupling
of rotational and translational degrees of freedom, which may lead to
nonlinear effects already at low driving forces. At surfaces, particles can roll
off, facilitating slip. More generally, the interplay of rolling and sliding
friction may give rise to interesting structures at high shear rates, which we
will explore in future work.

In the case of MIPS, we have recovered the result of a previous study25

that frictional contacts increase the width of the phase-separated region.
Beyond that, we have shown that thermodynamic inconsistencies can lead
to a wrong prediction of the resulting collective behavior, in parameter
regimes near the transition line between the uniform and the MIPS phase.
We anticipate that the coupling of rotational and translational noise might
be relevant in active chiral matter and unveil new mechanisms of pattern
formation.

In future work, it will be interesting to extend our approach to the
overdamped case. The present study suggests that also in underdamped
models, e.g., for active Brownian particles, the coupling of rotational and
translational stochastic terms will be crucial to achieve thermodynamic
consistency. Unfortunately, simply taking the limit m → 0 and I → 0 is
tricky in the presence of frictional contacts and will require special efforts.

Furthermore, it will be interesting to examine the effect of phenomena
that have been neglected in the present work. In our model, we have not
included spinning friction, i.e., friction that occurs if two particle faces are
rotating against eachother. This typeof friction is not present in strictly two-
dimensional systems, but may become important in three-dimensional or
quasi two-dimensional systems of translationally nearly immobile spinning
particles. Applying our Fokker-Planck approach to deriving the correct
noise structure for this type of friction should be a relatively straightforward
exercise.Wehave alsoneglectedmemoryeffects4,5,whichbecome important
in systems that not only exhibit dynamic friction, but also static friction.
Modeling thermal fluctuations consistently in such cases will be an inter-
esting challenge for future work.

Methods
Theory: relation between Langevin equation and the Fokker-
Planck equation
We recall the general relation between the Langevin equation and the
Fokker-Planck equation for systems with many variables35. We consider a
systemof stochastic differential equations for a vector ofN variables, x= {xi}

Fig. 7 | Influence of frictional contacts on motility-induced phase separation
(MIPS). aMIPS regime in two-dimensional systems of ALPs without frictional
contacts (dark blue), with thermodynamically inconsistent frictional contacts (yel-
low), and with thermodynamically consistent frictional contacts (light blue), as a
function of active force F0 and number density n. Black dots indicate state point
simulated, while the colored regions mark where MIPS spontaneously emerges
(bimodal density distribution) from a uniform initial state. The red circle indicates
the parameters corresponding to the simulation snapshots shown in Fig. 6. b Cor-
responding coexisting densities in the MIPS regime. See text for further explanation
and simulation details.
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with the Langevin equation

_x ¼ μðx; tÞ þ σðx; tÞ ηðtÞ; ð44Þ

where η(t) is an uncorrelated Gaussian white noise vector with fluctuations

hηαðtÞηβðt0Þi ¼ δαβ δðt � t0Þ: ð45Þ

Then the corresponding Fokker-Planck equation for the distribution
function P(x, t) is

∂tP ¼ �
X
α

∂α μαðxÞP �
X

α
JRαP ð46Þ

with35,55

JRα ¼ � 1
2

X
β;γ

∂β σαγðx; tÞσβγðx; tÞ ð47Þ

in the Itô calculus,

JRα ¼ � 1
2

X
β;γ

σαγðx; tÞ ∂β σβγðx; tÞ ð48Þ

in the Stratonovich calculus, and

JRα ¼ � 1
2

X
β;γ

σαγðx; tÞ σβγðx; tÞ ∂β ð49Þ

in the Hänggi-Klimontovich calculus. If σ does not depend on x (additive
noise), then all formalisms give the same Fokker-Planck equation.

With these general relations inmind, our task is to translate theFokker-
Planck probability operators JRik;p and J

R
ik;j, Eqs. (18) and (19), into stochastic

force and torque terms in the equations ofmotion of the particles i and k. In
the notation of Eqs. (44)–(49), the sum ½JRik;p þ JRik;j�α corresponds to terms

� 1
2

P
β;γ∂βσ

ðikÞ
αγ σ

ðikÞ
βγ ,� 1

2

P
β;γσ

ðikÞ
αγ ∂βσ

ðikÞ
βγ , or� 1

2

P
β;γσ

ðikÞ
αγ σ

ðikÞ
βγ ∂β, depending

on the calculus, where the indicesα, β, γ can take 12 values corresponding to
the components of the variables pi, pk, ji, jk.We can decompose thematrices

σ(ik) as σðikÞ ¼
ffiffiffiffiffiffiffiffi
kBT

p
Dðu?ik ; rikÞ bσðikÞ with reduced matrices bσðbrikÞ that are

independent of pi, pk, ji, jk and satisfy

HereAðbrikÞ is definedas the antisymmetricmatrixwithAðbrikÞa ¼ brij × a for
all a. One possible solution for bσ is

This can be checked using the relations

PðbrikÞPðbrikÞT ¼ AðbrikÞAðbrikÞT ¼ PðbrikÞ
AðbrikÞPðbrikÞT ¼ �PðbrikÞAðbrikÞT ¼ AðbrikÞ:

With this choice of bσ, half of the Gaussian random variables ηi actually
do not enter the Langevin equations of motion and can be omitted. We
denote the other half as ξfij ¼ �ξfji and N f

ij ¼ N f
ji and require them to be

three-dimensional Gaussian white noise vectors with correlations

hξfijðtÞξfklðt0Þi ¼ kBT 1 ðδikδjl � δilδjkÞ δðt � t0Þ
hN f

ijðtÞN f
klðt0Þi ¼ kBT 1 ðδikδjl þ δilδjkÞ δðt � t0Þ:

Thenwe can rewrite our random force and torque terms in the formof Eqs.
(24) and (25).

Simulation parameters and units
In the subsections “Thermodynamic consistency” and “Pressure driven
flows” of “Application examples”, the natural time unit t0 is given by the
inertial time unit t0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mσ2=kBT

p
and we choose γR = πkBTt0,

γ ¼ 3
4R2 γR ¼ 3πkBTt0=σ

2, corresponding to the friction parameters of a
spherical particle in a Newtonian fluid with viscosity η = 1 kBTt0/σ (i.e.,
γR = 8πηR

3, γ= 6πηR). Furthermore, the parameter ϵ in theWCApotential
(Eq. (34)) is set to ϵ = kBT. The results presented in these subsections were
acquired using HOOMD-blue56.

In the subsection “Active particles and motility-induced phase separa-
tion”, the results aregiven in termsof thediffusive timeunit tR=γR/kBT.Here,
we choose the parameters to be the same as in a previousMIPS studywithout
frictional contacts51, i.e., γ= γR/σ

2 = tRkBT/σ
2 andm ¼ 0:05 kBT ðtR=σÞ2, and

ϵ = 10kBT. The results were obtained with LAMMPS57.

Data availability
The data that support the findings of this study are available from the
corresponding author upon request. The numerical source data for
the graphs and the scripts used to generate data (in LAMMPS and
HOOMD-blue) are available at https://doi.org/10.48328/tudatalib-
1838(version 3).

Code availability
The LAMMPS simulation code is available at https://doi.org/10.48328/
tudatalib-1838. The HOOMD simulation code has been merged with
HOOMD-blue and is available in the version 6.1.0, see https://hoomd-
blue.readthedocs.io/en/v6.1.0/hoomd/md/pair/module-friction.html for
a documentation.
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