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A B S T R A C T

Stabilization of partial differential equations is a topic of utmost importance in mathematics as well as in
engineering sciences. Concerning one dimensional problems there exists a well developed theory. Due to
numerous important applications the interest in boundary feedback control of multi-dimensional hyperbolic
systems is increasing. In the present work we want to discuss the relation between some of the most recent
results available in the literature. The key result of the present work is to show that the type of system discussed
in Yang and Yong (2024) identifies a particular class which falls into the framework presented in Herty and
Thein (2024).
1. Introduction

The stabilization of spatially one-dimensional systems of hyper-
bolic balance laws is a vivid subject attracting research interest in
the mathematical as well as in the engineering community and we
refer to the monographs (Bastin & Coron, 2016; Coron, 2007; Krstic
& Smyshlyaev, 2008; Li, 2010) for further references. The mentioned
references also provide a comprehensive overview on related controlla-
bility problems. A particular focus has been put on problems modeled
by the barotropic Euler equations and the shallow water equations
which in one space dimension form a 2 × 2 hyperbolic system to model
the temporal and spatial evolution of fluid flows including flows on
networks. Analytical results concerning the boundary control of such
systems have been studied in several articles, cf. Banda, Herty, and Klar
(2006), Dick, Gugat, and Leugering (2010), Gugat and Herty (2011),
Gugat, Leugering, Tamasoiu, and Wang (2012) for gas flow and for
water flow we refer to Coron (2002), Coron, Bastin, and D’Andrea-
Novel (2009), de Halleux, Prieur, Coron, D’Andrea-Novel, and Bastin
(2003), Gugat and Leugering (2003), Gugat, Leugering, and Schmidt
(2004), Leugering and Schmidt (2002). One key aspect in the analysis
is the Lyapunov function which is introduced as a weighted 𝐿2 (or
𝐻𝑠) norm and which allows to estimate deviations from steady states,
see e.g. Bastin and Coron (2016). Under rather general dissipative
conditions the exponential decay of the Lyapunov function has been
established for various problem formulations and we exemplary refer
to Coron and Bastin (2015), Coron, Bastin, and D’Andrea-Novel (2007,
2008a), Coron, Bastin, D’Andrea-Novel, and Haut (2007). For a study
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on comparisons to other stability concepts we mention (Coron, Bastin,
& D’Andrea-Novel, 2008b). Stability with respect to a higher 𝐻𝑠-
norm (𝑠 ≥ 2) gives stability of the nonlinear system (Bastin & Coron,
2016; Coron, Bastin, & D’Andrea-Novel, 2007). Without aiming at
completeness, we mention that recently the results have been extended
to also deal with, e.g., input-to-state stability (Prieur & Mazenc, 2012),
numerical methods have been discussed in Banda and Herty (2013),
Gerster and Herty (2019), Göttlich and Schillen (2017) and for results
concerning nonlocal hyperbolic partial differential equations (PDEs)
see Coron, Keimer, and Pflug (2020). A further widely used approach is
the backstepping procedure introduced in Kanellakopoulos, Kokotovic,
and Morse (1991) and Kokotovic (1992). Due to the systematic proce-
dure it gained interest and we for example refer to Balogh and Krstic
(2002), Ezal, Pan, and Kokotovic (2000), Smyshlyaev and Krstic (2005)
for applications of the backstepping design to different problems. Fur-
thermore in Vazquez, Krstic, and Coron (2011) backstepping is applied
to a two-by-two one dimensional hyperbolic system and very recently
in Demir, Koga, and Krstic (2024) the procedure is used to control a
model for neuron growth. In a very recent paper backstepping is used
together with linear matrix inequalities for the dynamic control of a
system of interest, see Ibarra, Márquez, and Bernal (2024). For further
reading we refer to the aforementioned literature and the references
therein. Despite its presence in the literature the further treatment of
this method is beyond the scope of the present work.

However, to the best of our knowledge the presented results are lim-
ited to the spatially one-dimensional case and multi-dimensional appli-
cations are ubiquitous. Thus there is a demand for a multi-dimensional
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extension of the available theory, yet results in the literature are rare
due to the inherent difficulties and mostly focus on particular cases.
Based on an application in metal forming processes, see Bambach,
Gugat, Herty, and Thein (2022), Herty and Thein (2023), we extended
results to multi-dimensional hyperbolic balance laws which are simul-
taneously diagonalizable. In Herty and Thein (2024) an ansatz for
ymmetric hyperbolic systems is presented. It relies on the feasibility
f an associated linear matrix inequality (LMI). A specific system in
wo dimensions is discussed in Dia and Oppelstrup (2013) where a

control problem for the shallow water equations is studied. There the
authors take advantage of the structure of the system and show that the
energy is non-increasing upon imposing suited boundary conditions.
Just very recently another approach was proposed where the boundary
stabilization for multi-dimensional systems is studied using a different
Lyapunov function, see Yang and Yong (2024). There a stabilizing ap-
roach is introduced for a class of multi-dimensional systems satisfying
he structural stability condition (SSC). Concerning results on systems

satisfying the SSC we exemplary refer to Herty and Yong (2016), Yong
(1999, 2001, 2008, 2019) for further reading. As will be shown in
his work the class of SSC systems is a particular representative for
hich the LMI condition holds. An additional recent result on multi-
imensional hyperbolic scalar conservation laws was presented in Serre

(2022). However, the goal of the mentioned paper is different from
he one presented here. Here we focus on the relation between the
orks (Herty & Thein, 2024) and Yang and Yong (2024). We want to

provide a comparative study which aims at giving a sound basis for
further progress on this research subject.

The outline of this paper is as follows. In Section 2 we briefly
summarize the approach presented in Herty and Thein (2024), followed
y Section 3 where the key points of Yang and Yong (2024) are given.
hen in Section 4 we state the main result of this work which identifies

SSC systems as particular representatives that satisfy an associated LMI.
The obtained results are emphasized by discussing the example for the
Saint-Venant equations, also presented in Yang and Yong (2024), in
Section 5.1. To complete the discussion, we present in Section 5.2 an
xample where both approaches given in Herty and Thein (2023), Yang
nd Yong (2024) fail, but the approach presented in Herty and Thein

(2023) can be applied. Although (Herty & Thein, 2023) is not within
he main focus of the present work we want to highlight that it covers

an important class of systems not covered by Herty and Thein (2024),
Yang and Yong (2024). Numerical simulations for both examples are
iven in Section 6.

2. The generic LMI approach

In Herty and Thein (2024) the subsequent system of hyperbolic
PDEs is studied

𝜕
𝜕 𝑡𝐰(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀(𝑘)(𝐱) 𝜕

𝜕 𝑥𝑘
𝐰(𝑡, 𝐱) +𝐁(𝐱)𝐰(𝑡, 𝐱) = 0, (𝑡, 𝐱) ∈ [0, 𝑇 ) ×𝛺 (2.1)

Here 𝐰(𝑡, 𝐱) ≡ (𝑤1(𝑡, 𝐱),… , 𝑤𝑛(𝑡, 𝐱))𝑇 is the vector of unknowns and
𝛺 ⊂ R𝑑 a bounded domain with piecewise 𝐶1 smooth boundary 𝜕 𝛺.
Moreover, 𝐀(𝑘)(𝐱) and 𝐁(𝐱) are sufficiently smooth and bounded 𝑛 × 𝑛
eal matrices. The 𝐀(𝑘)(𝐱) are in particular assumed to be symmetric.
sually symmetric hyperbolic systems appear with a general strictly

positive definite symmetric matrix 𝐀(0) in front of the time derivative.
However, upon applying a suited variable transformation we may
transform a symmetric hyperbolic system into the given form with
he identity in front of the time derivative, cf. Benzoni-Gavage and
erre (2007). The assumption of symmetry is no major restriction
ince it includes all systems equipped with an additional conservation
aw, cf. Dafermos (2016), Friedrichs and Lax (1971). This includes
ost systems relevant for applications, see Boillat (1996), Ruggeri and

ugiyama (2021).
2

It is further assumed that there exists a feasible Lyapunov potential
𝜇(𝐱) such that

𝐦 ∶= ∇𝜇(𝐱) and 𝐀(𝐦) ∶= −𝐈𝐝 +
𝑑
∑

𝑘=1
𝑚𝑘𝐀(𝑘) ≥ 0. (2.2)

Then

𝐀(𝐦) ∶= 𝐶𝐈𝐝 +
𝑑
∑

𝑘=1
𝑚𝑘𝐀(𝑘) ≤ 0, 𝐶 ∈ R>0 (2.3)

holds for system (2.1) with 𝜇(𝐱) = −𝐶𝜇(𝐱) and 𝐦 = ∇𝜇(𝐱). It is
remarked in Herty and Thein (2024) that the LMI (2.3) can be modified
if certain reminder terms, such as the coupling matrix 𝐁, should be
taken into account. Therefore we introduce with 𝐁𝑠𝑦𝑚 = 1

2

(

𝐁 + 𝐁𝑇
)

(𝐱) ∶=
𝑑
∑

𝑘=1

𝜕
𝜕 𝑥𝑘

𝐀(𝑘)(𝐱) − 2𝐁𝑠𝑦𝑚(𝐱)

and demand

𝐀(𝐦) ∶= 𝐶𝐈𝐝 +(𝐱) +
𝑑
∑

𝑘=1
𝑚𝑘(𝐱)𝐀(𝑘)(𝐱) ≤ 0, 𝐶 ∈ R>0. (2.4)

The LMI (2.4) then replaces (2.3). For example in the case of (𝐱) <
0 we could benefit from this additional term in order to find suited
coefficients 𝐦 as will be demonstrated below. The Lyapunov function
is defined as follows

𝐿1(𝑡) = ∫𝛺
𝐰(𝑡, 𝐱)𝑇𝐰(𝑡, 𝐱) exp(𝜇(𝐱))d𝐱. (2.5)

It is then shown, that under suited boundary conditions the Lya-
punov function decays exponentially, see Herty and Thein (2024) [Thm.
2.4].

3. The approach for SSC systems

In the following we briefly recall the main assumptions given
n Yang and Yong (2024) and we refer to this work for further details.

In Yang and Yong (2024) linear hyperbolic systems with constant
coefficients in multi-dimensions which satisfy the SSC are considered.

e refer to the aforementioned references for further reading. It is
hown that such a system can be written in the following form

𝜕
𝜕 𝑡𝐔(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀
(𝑘) 𝜕
𝜕 𝑥𝑘

𝐔(𝑡, 𝐱) = 𝐁𝐔(𝑡, 𝐱), (𝑡, 𝐱) ∈ [0, 𝑇 ) ×𝛺 (3.1)

with 𝐔 = (𝐮,𝐪)𝑇 where 𝐮 ∈ R𝑛−𝑟 and 𝐪 ∈ R𝑟, with 0 < 𝑟 < 𝑛.
Furthermore we have

𝐁 =
(

𝟎(𝑛−𝑟)×(𝑛−𝑟) 𝟎(𝑛−𝑟)×𝑟
𝟎𝑟×(𝑛−𝑟) 𝐞

)

with 𝐞 ∈ R𝑟×𝑟 being invertible. The Jacobians are given by

𝐀
(𝑘)

=

(

𝐚𝑘 𝐛𝑘
𝐜𝑘 𝐝𝑘

)

, 𝑘 = 1,… , 𝑑

with 𝐚𝑘,𝐛𝑘 ∈ R(𝑛−𝑟)×(𝑛−𝑟) and 𝐜𝑘,𝐝𝑘 ∈ R𝑟×𝑟. In Yang and Yong (2024),
ystem (3.1) is assumed to have the following properties

(i) There exists a symmetric positive definite matrix

𝐀(0) =
(

𝐗1 𝟎(𝑛−𝑟)×𝑟
𝟎𝑟×(𝑛−𝑟) 𝐗2

)

with 𝐗1 ∈ R(𝑛−𝑟)×(𝑛−𝑟) and 𝐗2 ∈ R𝑟×𝑟, such that all matrices
𝐀(0)𝐀

(𝑘)
are symmetric.

(ii) 𝐗2𝐞 + 𝐞𝑇𝐗2 is positive definite.
(iii) There exist real numbers 𝛼𝑘, 𝑘 = 1,… , 𝑑 such that

𝑑
∑

𝑘=1
𝛼𝑘𝐚𝑘 ∈ R(𝑛−𝑟)×(𝑛−𝑟)

has only negative eigenvalues.
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Following Yang and Yong (2024) the properties (i) and (ii) are
implied by the SSC. The Lyapunov function is then defined as follows

𝐿2(𝑡) = ∫𝛺
𝜆(𝐱)𝐔(𝑡, 𝐱)𝑇𝐀(0)𝐔(𝑡, 𝐱)d𝐱. (3.2)

with 𝜆(𝐱) = 𝐾 +
∑𝑑
𝑘=1 𝛼𝑘𝑥𝑘 > 0. Note that the positivity of the

weight function 𝜆(𝐱) is an issue needed to be resolved by 𝐾 > 0 with
respect to domain 𝛺. It is then shown in Yang and Yong (2024) [Thm.
3.1, Lem. 3.2], that under suited boundary conditions the Lyapunov
function decays exponentially.

4. Main result

In the subsequent part we state the main result of this work exploit-
ng the relation between the approaches presented in Herty and Thein

(2024), Yang and Yong (2024).

Theorem 4.1.
Let system (3.1) be given and assume it satisfies the SSC property, i.e. the

roperties (i) - (iii) hold. Then there exists a feasible Lyapunov potential
𝜇(𝐱) such that the LMI (2.4) holds and the Lyapunov function (2.5) decays
xponentially.

Proof. Property (i) states the existence of a symmetrizer for system
3.1). In particular 𝐗1 and 𝐗2 are positive definite symmetric matrices.
ultiplying (3.1) from the left with 𝐀(0) gives

𝐀(0) 𝜕
𝜕 𝑡𝐔(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀(0)𝐀

(𝑘) 𝜕
𝜕 𝑥𝑘

𝐔(𝑡, 𝐱) = 𝐀(0)𝐁𝐔(𝑡, 𝐱)

⇔∶ 𝐀(0) 𝜕
𝜕 𝑡𝐔(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀̃(𝑘) 𝜕

𝜕 𝑥𝑘
𝐔(𝑡, 𝐱) = 𝐁̃𝐔(𝑡, 𝐱)

with 𝐀̃(𝑘), 𝑘 = 1,… , 𝑑 being symmetric. Introducing the variables 𝐰 ∶=
(𝐀(0))

1
2 𝐔, 𝐰 ≡ (𝐮,𝐪)𝑇 and multiplying from left by (𝐀(0))−

1
2 we can

transform the system to
𝜕
𝜕 𝑡𝐰(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀(𝑘) 𝜕

𝜕 𝑥𝑘
𝐰(𝑡, 𝐱) = −𝐁𝐰(𝑡, 𝐱)

with 𝐀(𝑘) ∶= (𝐀(0))−
1
2 𝐀̃(𝑘)(𝐀(0))−

1
2 being symmetric

and 𝐁 ∶= −(𝐀(0))−
1
2 𝐁̃(𝐀(0))−

1
2

The transforms are directly applied to the respective block matrices,
.e.

𝐚𝑘 ∶= 𝐗
1
2
1 𝐚𝑘𝐗

− 1
2

1 , 𝐛𝑘 ∶= 𝐗
1
2
1 𝐛𝑘𝐗

− 1
2

1 , 𝐜𝑘 ∶= 𝐗
1
2
2 𝐜𝑘𝐗

− 1
2

2 , 𝐝𝑘 ∶= 𝐗
1
2
2 𝐝𝑘𝐗

− 1
2

2

and 𝐞 ∶= 𝐗
1
2
2 𝐞𝐗

− 1
2

2 .

The stated properties (ii) and (iii) are also transferred to the trans-
formed system, which can be seen as follows. Property (ii) states that
𝐗2𝐞 + 𝐞𝑇𝐗2 > 0. From this we yield for 𝐯 ∈ R𝑟 ⧵ {𝟎}

0 < 𝐯𝑇
(

𝐗2𝐞 + 𝐞𝑇𝐗2

)

𝐯

= 𝐯𝑇
(

𝐗2𝐞𝐗
− 1

2
2 𝐗

1
2
2 + 𝐗

1
2
2 𝐗

− 1
2

2 𝐞𝑇𝐗2

)

𝐯

= 𝐯𝑇𝐗
1
2
2

(

𝐗
1
2
2 𝐞𝐗

− 1
2

2 + 𝐗
− 1

2
2 𝐞𝑇𝐗

1
2
2

)

𝐗
1
2
2 𝐯

= 𝐲𝑇
(

𝐞 + 𝐞𝑇
)

𝐲 with 𝐲 = 𝐗
1
2
2 𝐯.

Thus for the transformed system property (ii) states 𝐞 + 𝐞𝑇 > 0.
According to property (iii) there exist real numbers 𝛼𝑘 such that

𝐚 ∶=
𝑑
∑

𝑘=1
𝛼𝑘𝐚𝑘 ∈ R(𝑛−𝑟)×(𝑛−𝑟)

has only negative eigenvalues. We now study the similarity transform
3

N

𝐗
1
2
1 𝐚𝐗

− 1
2

1 = 𝐗
1
2
1

( 𝑑
∑

𝑘=1
𝛼𝑘𝐚𝑘

)

𝐗
− 1

2
1 =

𝑑
∑

𝑘=1
𝛼𝑘𝐗

1
2
1 𝐚𝑘𝐗

− 1
2

1 =
𝑑
∑

𝑘=1
𝛼𝑘𝐚𝑘 =∶ 𝐚.

Since a similarity transform leaves the eigenvalues unchanged, 𝐚 has
only negative real eigenvalues. In summary we can state, that property
i) allows us to write the studied system (3.1) in the form

𝜕
𝜕 𝑡𝐰(𝑡, 𝐱) +

𝑑
∑

𝑘=1
𝐀(𝑘) 𝜕

𝜕 𝑥𝑘
𝐰(𝑡, 𝐱) + 𝐁𝐰(𝑡, 𝐱) = 0. (4.1)

This is in particular a symmetric hyperbolic system as given by
2.1).

We study property (ii) and (iii) in terms of the transformed symmet-
ric system (4.1), i.e., 𝐞+𝐞𝑇 > 0 and 𝐚 has only negative real eigenvalues
or suited 𝛼𝑘 ∈ R. To understand the implication of property (ii) and

(iii) for the LMI we differentiate the Lyapunov function with respect to
ime and rearrange the terms, such that the derivative can be written
s the sum of a boundary integral (𝑡) and a volume integral (𝑡). Since
3.1) has constant coefficient matrices we obtain
d
d𝑡𝐿1(𝑡) = −∫𝜕 𝛺

(𝑡, 𝐱) ⋅ 𝐧(𝐱)d𝑠(𝐱)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶(𝑡)

+ ∫𝛺
𝐰𝑇 (𝑡, 𝐱)

[ 𝑑
∑

𝑘=1
𝑚𝑘𝐀(𝑘) − 2𝐁

]

𝐰(𝑡, 𝐱) exp(𝜇(𝐱))d𝐱

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶(𝑡)

.

Without loss of generality we replace 𝐁 by 𝐁𝑠𝑦𝑚 =
(

𝐁 + 𝐁𝑇
)

∕2. We
now have to show that the LMI (2.4) holds. Thus we use 𝐰 = (𝐮,𝐪)𝑇
and yield the following quadratic form

𝐰𝑇𝐀(𝑘)𝐰 = 𝐮𝑇 𝐚𝑘𝐮 + 𝐮𝑇 𝐛𝑘𝐪 + 𝐪𝑇 𝐜𝑘𝐮 + 𝐪𝑇 𝐝𝑘𝐪.

Further the term

−2𝐰𝑇𝐁𝐰 = −2𝐰𝑇𝐁𝑠𝑦𝑚𝐰 = −2𝐪𝑇 (

𝐞 + 𝐞𝑇
)

𝐪

is scaled with a constant 𝐾 > 0. This gives

𝐀(𝐦) ∶= 𝐶𝐈𝐝 − 2𝐁𝑠𝑦𝑚 +
𝑑
∑

𝑘=1
𝑚𝑘𝐀(𝑘) = 𝐶𝐈𝐝 + 1

𝐾

(

−2𝐾𝐁𝑠𝑦𝑚 +
𝑑
∑

𝑘=1
𝑚̃𝑘𝐀(𝑘)

)

.

with 𝑚̃𝑘 = 𝐾 𝑚𝑘. Due to properties (ii) and (iii) by setting 𝑚̃𝑘 = 𝛼𝑘 we
then yield for system (4.1)

𝐰𝑇𝐀(𝐦)𝐰 = 𝐶‖𝐰‖22 +
1
𝐾

(

−𝐾𝐪𝑇
(

𝐞 + 𝐞𝑇
)

𝐪𝑇 +
𝑑
∑

𝑘=1
𝛼𝑘𝐰𝑇𝐀(𝑘)𝐰𝑇

)

= 𝐶‖𝐰‖22 +
1
𝐾

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝐾𝐪𝑇
(

𝐞 + 𝐞𝑇
)

𝐪𝑇 + 𝐮𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐚𝑘

)

𝐮

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑖𝑖)
< 0

+𝐮𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐛𝑘

)

𝐪 + 𝐪𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐜𝑘

)

𝐮 + 𝐪𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐝𝑘

)

𝐪
)

Now due to 𝐞 + 𝐞𝑇 > 0 the constant 𝐾 > 0 is chosen such that

𝐮𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐛𝑘

)

𝐪 + 𝐪𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐜𝑘

)

𝐮 + 𝐪𝑇
( 𝑑
∑

𝑘=1
𝛼𝑘𝐝𝑘

)

𝐪 −𝐾𝐪𝑇
(

𝐞 + 𝐞𝑇
)

𝐪𝑇 < 0

Thus there exists a constant 𝐶 > 0 such that (2.4) holds with 𝑚𝑘 =
𝑘∕𝐾. Applying Herty and Thein (2024) [Thm. 2.4] finishes the proof.

Remark 4.2. Within the realm of Theorem 4.1 both approaches give
exponential decay regardless of the weight used for the Lyapunov func-
tion. This non-uniqueness is also mentioned in Yang and Yong (2024).

evertheless, for the sake of completeness we want to comment on the
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Lyapunov function in more detail and in particular the different weight
functions. The Lyapunov function used in the framework of Yang and

ong (2024) is given as 𝜆(𝑥, 𝑦) = 𝐾+𝛼 𝑥+𝛽 𝑦. Following Herty and Thein
(2024) we have for the situation under study

𝑓 (𝑥, 𝑦) ∶= exp(𝜇(𝑥, 𝑦)) with 𝜇(𝑥, 𝑦) = 𝑚1𝑥 + 𝑚2𝑦 =
𝛼
𝐾
𝑥 +

𝛽
𝐾
𝑦 + ln(𝐾)

The additional term ln(𝐾) is just added for proper scaling and does not
affect the results of Herty and Thein (2024). For the exponential weight
unction we thus obtain by a convexity argument

𝑓 (𝑥, 𝑦) = exp
(

𝛼
𝐾
𝑥 +

𝛽
𝐾
𝑦 + ln(𝐾)

)

≥ 𝐾 +𝐾
(

𝛼
𝐾
𝑥 +

𝛽
𝐾
𝑦
)

= 𝜆(𝑥, 𝑦).

Moreover, by choosing the weight functions as stated above the Lya-
punov functions are related by

∫𝛺
𝐰(𝑡, 𝑥, 𝑦)𝑇𝐰(𝑡, 𝑥, 𝑦) exp(𝜇(𝑥, 𝑦))d𝐱 ≥ ∫𝛺

𝐰(𝑡, 𝑥, 𝑦)𝑇𝐰(𝑡, 𝑥, 𝑦)𝜆(𝑥, 𝑦)d𝐱.

(4.2)

This implies in the case of exponential decay in Herty and Thein
(2024)
d
d𝑡 ∫𝛺

𝐰(𝑡, 𝑥, 𝑦)𝑇𝐰(𝑡, 𝑥, 𝑦) exp(𝜇(𝑥, 𝑦))d𝐱

≤ −𝐶 ∫𝛺
𝐰(𝑡, 𝑥, 𝑦)𝑇𝐰(𝑡, 𝑥, 𝑦) exp(𝜇(𝑥, 𝑦))d𝐱

≤ −𝐶 ∫𝛺
𝐰(𝑡, 𝑥, 𝑦)𝑇𝐰(𝑡, 𝑥, 𝑦)𝜆(𝑥, 𝑦)d𝐱.

Remark 4.3. Concerning the boundary condition there is no significant
tructural difference between the approaches presented in Yang and
ong (2024) and Herty and Thein (2024). Due to the symmetry of the
acobians 𝐀(𝑘) the pencil matrix of the system

𝐀∗(𝝂) ∶=
𝑑
∑

𝑘=1
𝜈𝑘𝐀(𝑘)

is symmetric and therefore diagonalizable on the boundary. In partic-
ular we have

𝐰𝑇𝐀∗(𝐧)𝐰 = 𝐰𝑇
( 𝑑
∑

𝑘=1
𝑛𝑘𝐀(𝑘)

)

𝐰 = 𝐰𝑇𝐓𝐓𝑇
( 𝑑
∑

𝑘=1
𝑛𝑘𝐀(𝑘)

)

𝐓𝐓𝑇𝐰 = 𝐯𝑇Λ𝐯

where 𝐧 denotes the outward pointing normal of 𝜕 𝛺, 𝐓 is the orthogo-
nal transformation matrix, 𝐯 = 𝐓𝑇𝐰 and Λ is the diagonal matrix with
the eigenvalues the system.

Remark 4.4. The case of an arbitrary matrix 𝐁𝑠𝑦𝑚 is excluded in Yang
nd Yong (2024) due to the SSC. For an example where the SSC is

violated due to a regular right hand side we refer to Section 5.2. In the
ase of an arbitrary right hand side we follow Herty and Thein (2023,

2024) and estimate the quadratic form as follows

−2𝐰𝑇 (𝑡, 𝑥, 𝑦)𝐁𝐰(𝑡, 𝑥, 𝑦) = −2𝐰𝑇 (𝑡, 𝑥, 𝑦)𝐁𝑠𝑦𝑚𝐰(𝑡, 𝑥, 𝑦) ≤ 𝐶𝐵‖𝐰(𝑡, 𝐱)‖22, 𝐶𝐵 ∈ R>0.

This term then needs to be consumed by the remaining terms.
Considering the case 𝐁𝑠𝑦𝑚 > 0 we can simply estimate

−2𝐰𝑇 (𝑡, 𝑥, 𝑦)𝐁𝐰(𝑡, 𝑥, 𝑦) = −2𝐰𝑇 (𝑡, 𝑥, 𝑦)𝐁𝑠𝑦𝑚𝐰(𝑡, 𝑥, 𝑦) ≤ 0.

However, as noted before, it is also possible to benefit from the
oupling term and relax (2.3) to (2.4). This is for example used in Yang
nd Yong (2024) where the SSC holds and the idea is outlined in the
resented proof of Theorem 4.1.

5. Examples

5.1. Application to the Saint-Venant system

In Yang and Yong (2024) an example for the Saint-Venant equations
s presented and we want to give a short review here, showing that the
4

approach given in Herty and Thein (2024) is indeed applicable. Note
that in Herty and Thein (2024) an example for the barotropic Euler
equations is given where the SSC does not hold. The linearized system
in terms of the unknowns 𝐰 = (ℎ̃, 𝑤, 𝑣)𝑇 is given by

𝜕
𝜕 𝑡𝐰(𝑡, 𝑥, 𝑦) + 𝐀(1) 𝜕

𝜕 𝑥𝐰(𝑡, 𝑥, 𝑦) + 𝐀(2) 𝜕
𝜕 𝑦𝐰(𝑡, 𝑥, 𝑦) = −𝐁𝐰(𝑡, 𝑥, 𝑦)

(5.1)

with 𝐀(1) =
⎛

⎜

⎜

⎝

𝑤∗
√

𝑔 𝐻∗ 0
√

𝑔 𝐻∗ 𝑤∗ 0
0 0 𝑤∗

⎞

⎟

⎟

⎠

, 𝐀(2) =
⎛

⎜

⎜

⎝

𝑣∗ 0
√

𝑔 𝐻∗

0 𝑣∗ 0
√

𝑔 𝐻∗ 0 𝑣∗

⎞

⎟

⎟

⎠

,

𝐁 =
⎛

⎜

⎜

⎝

0 0 0
0 𝑘 −𝑙
0 𝑙 𝑘

⎞

⎟

⎟

⎠

.

where ℎ̃ =
√

𝑔
𝐻∗ ℎ is a scaled perturbed height, 𝑤 the perturbed velocity

in 𝑥-direction and 𝑣 the perturbed velocity in 𝑦-direction. The quantity
is the gravitational acceleration, 𝑘 > 0 is the viscous drag coefficient

nd 𝑙 > 0 is the Coriolis coefficient. Further (𝐻∗, 𝑤∗, 𝑣∗)𝑇 is a steady
tate in terms of the height, the velocity in 𝑥-direction and the velocity
n 𝑦-direction, respectively. For 𝐁 we have that 𝐁𝑠𝑦𝑚 > 0 which in

the approach given in Herty and Thein (2024) could be estimated by
ero. However, as remarked before we can also make use of 𝐁𝑠𝑦𝑚 for

the estimate as in (2.4) with 𝐶̃ > 0. We reformulate the inequality to
introduce a further scaling for 𝐁𝑠𝑦𝑚 with 𝜒 > 0

0 ≥ 𝐀̃(𝐦) ∶= 𝐶̃𝐈𝐝 − 2𝐁𝑠𝑦𝑚 +
𝑑
∑

𝑘=1
𝑚̃𝑘𝐀(𝑘)

= 1
𝜒

(

𝜒𝐶̃𝐈𝐝 − 2𝜒𝐁𝑠𝑦𝑚 +
𝑑
∑

𝑘=1
𝜒 𝑚̃𝑘𝐀(𝑘)

)

⇔ 0 ≥ 𝐀(𝐦) ∶= 𝐶𝐈𝐝 − 2𝜒𝐁𝑠𝑦𝑚 +
𝑑
∑

𝑘=1
𝑚𝑘𝐀(𝑘)

We have

𝐀(𝐦) =
⎛

⎜

⎜

⎜

⎝

𝐶 + 𝑚1𝑤∗ + 𝑚2𝑣∗ 𝑚1
√

𝑔 𝐻∗ 𝑚2
√

𝑔 𝐻∗

𝑚1
√

𝑔 𝐻∗ 𝐶 − 4𝜒 𝑘 + 𝑚1𝑤∗ + 𝑚2𝑣∗ 0
𝑚2

√

𝑔 𝐻∗ 0 𝐶 − 4𝜒 𝑘 + 𝑚1𝑤∗ + 𝑚2𝑣∗

⎞

⎟

⎟

⎟

⎠

.

In Yang and Yong (2024) the situation is considered with the
ertical velocity in the steady state 𝑣∗ = 0 and with the horizontal

velocity in the steady state 0 < 𝑤∗ <
√

𝑔 𝐻∗, respectively. Thus we
ave with 𝑚 ∶= 𝑚1

𝐀(𝑚) =
⎛

⎜

⎜

⎝

𝐶 + 𝑚𝑤∗ 𝑚
√

𝑔 𝐻∗ 0
𝑚
√

𝑔 𝐻∗ 𝐶 − 4𝜒 𝑘 + 𝑚𝑤∗ 0
0 0 𝐶 − 4𝜒 𝑘 + 𝑚𝑤∗

⎞

⎟

⎟

⎠

.

We obtain the following conditions on 𝑚 and 𝜒 to have 𝐀(𝑚) ≤ 0

(i) 𝐶 + 𝑚𝑤∗ < 0 ⇔ 𝑚 < − 𝐶
𝑤∗

(ii) Due to 4𝜒 𝑘 > 0 condition (i) also implies 0 > 𝐶 + 𝑚𝑤∗ >
𝐶 − 4𝜒 𝑘 + 𝑚𝑤∗

(iii) For the second principle minor we yield
(𝐶 + 𝑚𝑤∗) (𝐶 − 4𝜒 𝑘 + 𝑚𝑤∗)−𝑚2𝑔 𝐻∗ = (𝐶 + 𝑚𝑤∗)2− 4𝜒 𝑘 (𝐶 + 𝑚𝑤∗)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
≤0

−𝑚2𝑔 𝐻∗

and thus there exists a 𝜒 > 0 such that this expression becomes
positive, i.e.,

𝜒 ≥ (𝐶 + 𝑚𝑤∗)2 − 𝑚2𝑔 𝐻∗

4𝑘 (𝐶 + 𝑚𝑤∗)
.

Hence for 𝑚 < − 𝐶
𝑤∗ and 𝜒 > 0 large enough 𝐀(𝑚) ≤ 0 holds.

In the case of 𝑚 = −1 and 𝜒 = 2𝐿, i.e., the parameters used
in Yang and Yong (2024), these conditions impose a restriction
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on the decay rate, i.e.

𝑤∗ + 8𝐿𝑘
⏟⏞⏞⏟⏞⏞⏟

(𝑖𝑖)

> 𝑤∗
⏟⏟⏟

(𝑖)

> 𝑤∗ + 4𝐿𝑘 −
√

16𝐿2𝑘2 + 𝑔 𝐻∗
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(𝑖𝑖𝑖)

≥ 𝐶 > 0. (5.2)

It remains to study the boundary term and prescribe boundary
onditions, such that  ≥ 0. To this end we will make use of

the eigenstructure of the system given in Appendix A for the readers
convenience. Following the example of Yang and Yong (2024) the
boundary of the domain 𝛺 is given by 𝜕 𝛺 = [0, 𝐿] × {0} ∪ {𝐿} × [0, 1] ∪
[0, 𝐿] × {1} ∪ {0} × [0, 1]. For the boundary integral we have

 = ∫𝜕 𝛺
𝐰𝑇𝐀∗(𝐧)𝐰𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦) = ∫𝜕 𝛺

𝐯𝑇Λ∗(𝐧)𝐯𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦)

=
3
∑

𝑖=1
∫𝜕 𝛺

𝑣2𝑖 𝜆𝑖(𝐧)𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦)

where 𝐯 = 𝐓𝑇 (𝐧)𝐰 is calculated according to (A.4) and 𝐧 denotes the
outward pointing normal of the boundary 𝜕 𝛺. The weight function is
given as follows (Herty & Thein, 2024; Yang & Yong, 2024)

𝛿(𝑥, 𝑦) =
⎧

⎪

⎨

⎪

⎩

exp
(

ln(2𝐿) − 𝑥
2𝐿

)

,

2𝐿 − 𝑥
. (5.3)

Now we identify the controllable and uncontrollable parts of the
oundary, i.e. for 𝑖 = 1, 2, 3
𝛤+
𝑖 ∶=

{

𝐱 ∈ 𝜕 𝛺 | 𝜆𝑖(𝐱,𝐧(𝐱)) ≥ 0
}

,
−
𝑖 ∶=

{

𝐱 ∈ 𝜕 𝛺 | 𝜆𝑖(𝐱,𝐧(𝐱)) < 0
}

.

These are given by

𝛤−
1 = 𝜕 𝛺 , 𝛤+

1 = ∅,
𝛤−
2 = {0} × (0, 1), 𝛤+

2 = 𝜕 𝛺 ⧵ 𝛤−
2 , (5.4)

𝛤−
3 = ∅, 𝛤+

3 = 𝜕 𝛺 .

Let us denote the general controls by 𝜑1(𝑡, 𝑥, 𝑦) for the first compo-
ent and 𝜓2(𝑡, 𝑦) for the second component, respectively. These have to
e chosen such that

 = ∫𝜕 𝛺 𝜑1(𝑡, 𝑥, 𝑦)2(𝐧(𝑥, 𝑦)𝑤∗ −
√

𝑔 𝐻∗)𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦) −𝑤∗
∫

1

0
𝜓2(𝑡, 𝑦)2𝛿(0, 𝑦)d𝑦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≤0

+ 𝑤∗
∫𝜕 𝛺⧵𝛤−

2

𝑣22𝐧(𝑥, 𝑦)𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦) + ∫𝜕 𝛺 𝑣
2
3(𝐧(𝑥, 𝑦)𝑤∗ +

√

𝑔 𝐻∗)𝛿(𝑥, 𝑦)d𝑠(𝑥, 𝑦)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≥0

≥ 0.

A detailed derivation of the boundary conditions is given in
Appendix B and numerical simulations are given below. Note that the
homogeneous part of system (5.1) is exactly the system studied in Dia
nd Oppelstrup (2013). In Dia and Oppelstrup (2013) a Lyapunov

function of the form

𝐿(𝑡) = ∫𝛺
𝐰𝑇𝐰d𝐱 (5.5)

is used with  ∶= diag(1, 𝐻∗∕𝑔 , 𝐻∗∕𝑔). It is shown under suited
ssumptions that the system can be stabilized near 𝟎 in terms of 𝐿(𝑡) ≤
𝐶 𝐿(0) with 𝐶 > 0. So while in Dia and Oppelstrup (2013) the bound-
edness of the Lyapunov function is shown, the approaches presented
in Herty and Thein (2024) and Yang and Yong (2024) are able to
stablish exponential decay. It should be remarked that in Dia and
ppelstrup (2018) the same authors established exponential decay in a
articular two dimensional situation and therefore used a reduced one
imensional system. Further note the approaches presented in Herty

and Thein (2024) and Yang and Yong (2024) are also applicable to
ore complex geometries. The choice of the rectangular domain here

s due to Yang and Yong (2024) and just for instructive purposes.
5

5.2. The case of a diagonal system

With the subsequent example we want to show where the ap-
proaches of Herty and Thein (2024) and Yang and Yong (2024) are not
pplicable, but which can be treated by Herty and Thein (2023). Thus

we want to emphasize that the case of systems diagonal Jacobians is
ot just a special case of symmetric systems, but a relevant class on its
wn. Therefore we now consider the following inhomogeneous system
f three equations in two dimensions with constant Jacobians

𝜕
𝜕 𝑡𝐰(𝑡, 𝑥, 𝑦) + 𝐀(1) 𝜕

𝜕 𝑥𝐰(𝑡, 𝑥, 𝑦) + 𝐀(2) 𝜕
𝜕 𝑦𝐰(𝑡, 𝑥, 𝑦) = −𝐁𝐰(𝑡, 𝑥, 𝑦) (5.6)

ith 𝐀(1) =

⎛

⎜

⎜

⎜

⎝

1 0 0
0 1 0
0 0 −1

⎞

⎟

⎟

⎟

⎠

, 𝐀(2) =

⎛

⎜

⎜

⎜

⎝

1 0 0
0 −1 0
0 0 −1

⎞

⎟

⎟

⎟

⎠

, 𝐁 =

⎛

⎜

⎜

⎜

⎝

−1 0 0
0 2 −1
0 −1 1

⎞

⎟

⎟

⎟

⎠

.

Clearly the LMI approach for the homogeneous part cannot be
applied since we have three inequalities for two unknowns and their
solution set is empty. Moreover, the matrix 𝐁 is symmetric, indefinite
and therefore it cannot be used in order help satisfying the LMI (2.4).
urthermore the matrix 𝐁 is regular and thus the system does not satisfy
he SSC. This can easily be seen since as part of the SSC there should
xist a regular matrix 𝐏 such that

𝐏𝐁𝐏−1 =
(

𝟎(𝑛−𝑟)×(𝑛−𝑟) 𝟎(𝑛−𝑟)×𝑟
𝟎𝑟×(𝑛−𝑟) 𝐞

)

.

Obviously the RHS is singular and thus by the determinant product rule
and due to 𝐁 regular there exists no such 𝐏. Since both approaches
are not possible we want to demonstrate how this system is stabilized
using the results given in Herty and Thein (2023). There the Lyapunov
function is defined by

𝐿(𝑡) = ∫𝛺
𝐰(𝑡, 𝐱)𝑇 (𝜇(𝐱))𝐰(𝑡, 𝐱)d𝐱 (5.7)

with

(𝜇(𝐱)) ∶= diag(exp(𝜇1(𝐱)),… , exp(𝜇𝑛(𝐱))).

We consider the spatial domain 𝛺 = [0, 1] × [0, 1]. From the matrices
5.6) we obtain the following vectors

𝐚1 = (1, 1), 𝐚2 = (1,−1) and 𝐚3 = (−1,−1). (5.8)

For the normal of the domain 𝛺 we obtain

𝐧(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(1, 0), 𝐱 ∈ {1} × [0, 1],
(0, 1), 𝐱 ∈ [0, 1] × {1},
(−1, 0), 𝐱 ∈ {0} × [0, 1],
(0,−1), 𝐱 ∈ [0, 1] × {0}

and thus we yield for the associated products 𝐚𝑖 ⋅ 𝐧

𝐚1 ⋅ 𝐧(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1, 𝐱 ∈ {1} × [0, 1],
1, 𝐱 ∈ [0, 1] × {1},

−1, 𝐱 ∈ {0} × [0, 1],
−1, 𝐱 ∈ [0, 1] × {0},

𝐚2 ⋅ 𝐧(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1, 𝐱 ∈ {1} × [0, 1],
−1, 𝐱 ∈ [0, 1] × {1},
−1, 𝐱 ∈ {0} × [0, 1],
1, 𝐱 ∈ [0, 1] × {0}

nd 𝐚3 ⋅ 𝐧(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−1, 𝐱 ∈ {1} × [0, 1],
−1, 𝐱 ∈ [0, 1] × {1},
1, 𝐱 ∈ {0} × [0, 1],
1, 𝐱 ∈ [0, 1] × {0}.

(5.9)

Hence we have the following partitioning of the boundary
𝛤 +
1 ∶= {1} × [0, 1] ∪ [0, 1] × {1}, 𝛤 −

1 ∶= {0} × [0, 1] ∪ [0, 1] × {0},
𝛤 +
2 ∶= {1} × [0, 1] ∪ [0, 1] × {0}, 𝛤 −

2 ∶= {0} × [0, 1] ∪ [0, 1] × {1},
𝛤 +
3 ∶= {0} × [0, 1] ∪ [0, 1] × {0}, 𝛤 −

3 ∶= {1} × [0, 1] ∪ [0, 1] × {1}.
(5.10)
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In what follows we apply the control for the first and second
component on the part 1 = 2 = {0} × [0, 1] and prescribe zero
boundary conditions on 1 = [0, 1] × {0} and 2 = [0, 1] × {1}. For
the third component we prescribe the control on 3 = [0, 1] × {1} and
prescribe zero boundary conditions on 3 = {1} × [0, 1]. Note that the
boundary parts correspond to the respective component of 𝐰. Before
we determine the weight functions 𝜇𝑖 we need to discuss the coupling
matrix 𝐁. Clearly 𝐁 is symmetric and indefinite with the eigenvalues

𝜆1 = −1 < 0 < 𝜆2,3 =
3 ±

√

5
2

.

Due to the symmetry we can establish the following estimate

−𝐰𝑇
(

𝐁𝑇  + 𝐁
)

𝐰 ≤ 2𝐰𝑇 𝐰.

For further details and insight we refer to Herty and Thein (2023).
Next we determine the weight functions 𝜇1(𝑥, 𝑦), 𝜇2(𝑥, 𝑦) and 𝜇3(𝑥, 𝑦).
Due to the given structure we obtain for the weight functions

𝐚𝑖 ⋅ ∇𝜇𝑖(𝑥, 𝑦) + 2 = −𝐶 (𝑖)
𝐿 ⇔

𝜕
𝜕 𝑥𝜇𝑖(𝑥, 𝑦) +

𝐚(2)𝑖
𝐚(1)𝑖

𝜕
𝜕 𝑦𝜇𝑖(𝑥, 𝑦) = −𝐶

(𝑖)
𝐿 + 2
𝐚(1)𝑖

⇒ 𝜇𝑖(𝐱) = 𝑔𝑖

(

𝑦 −
𝐚(2)𝑖
𝐚(1)𝑖

𝑥

)

−
𝐶 (𝑖)
𝐿 + 2
𝐚(1)𝑖

𝑥.

This holds for arbitrary 𝑔𝑖 ∈ 𝐶1 and for the sake of simplicity we
ssume 𝑔𝑖(𝜎) = 𝜎 and further 𝐶 (1)

𝐿 = 𝐶 (2)
𝐿 = 𝐶 (3)

𝐿 = 𝐶𝐿 > 0. Thus we yield
he following weight functions

𝜇1(𝑥, 𝑦) = 𝑦 − 𝑥 −
(

𝐶𝐿 + 2) 𝑥, 𝜇2(𝑥, 𝑦) = 𝑦 + 𝑥 −
(

𝐶𝐿 + 2) 𝑥
and 𝜇3(𝑥, 𝑦) = 𝑦 − 𝑥 +

(

𝐶𝐿 + 2) 𝑥.
(5.11)

Next we specify the constraint for the boundary control and we
ssume 𝑢(𝑡) ∶= 𝑢1(𝑡, 𝑥, 𝑦) = 𝑢2(𝑡, 𝑥, 𝑦) = 𝑢3(𝑡, 𝑥, 𝑦) which leads to

𝑢(𝑡)2 ≤ −

( 3
∑

𝑖=1
∫𝑖

(

𝐚𝑖 ⋅ 𝐧
)

exp(𝜇𝑖(𝑥, 𝑦))d𝑠(𝑥, 𝑦)
)−1

×
3
∑

𝑖=1
∫𝛤+

𝑖

𝑤2
𝑖
(

𝐚𝑖 ⋅ 𝐧
)

exp(𝜇𝑖(𝑥, 𝑦))d𝑠(𝑥, 𝑦). (5.12)

Inserting the obtained results we get

−
3
∑

𝑖=1
∫𝑖

(

𝐚𝑖 ⋅ 𝐧
)

exp(𝜇𝑖(𝑥, 𝑦))d𝑠(𝑥, 𝑦)

= 2∫
1

0
exp(𝑦)d𝑦 + ∫

1

0
exp(1 + (𝐶𝐿 + 1)𝑥)d𝑥

= 2(𝑒 − 1) + 𝑒
𝐶𝐿 + 1 (exp(𝐶𝐿 + 1) − 1) =∶ 𝐶(𝐶𝐿) > 0,

(𝑡) ∶=
3
∑

𝑖=1
∫𝛤+

𝑖

𝑤2
𝑖
(

𝐚𝑖 ⋅ 𝐧
)

exp(𝜇𝑖(𝐱))d𝐱

= ∫

1

0
𝑤1(𝑡, 1, 𝜎)2 exp(𝜇1(1, 𝜎)) +𝑤1(𝑡, 𝜎 , 1)2 exp(𝜇1(𝜎 , 1)) …

⋯ +𝑤2(𝑡, 𝜎 , 0)2 exp(𝜇2(𝜎 , 0)) +𝑤2(𝑡, 1, 𝜎)2 exp(𝜇2(1, 𝜎)) …
⋯ +𝑤3(𝑡, 𝜎 , 0)2 exp(𝜇3(𝜎 , 0)) +𝑤3(𝑡, 0, 𝜎)2 exp(𝜇3(0, 𝜎))d𝜎

⇒ 𝑢(𝑡)2 ≤ 1
𝐶(𝐶𝐿)

(𝑡). (5.13)

Thus a possible boundary control satisfying the premisses of the
main theorem in Herty and Thein (2023) is given by

𝑢(𝑡) =
√

1
𝐶(𝐶𝐿)

(𝑡). (5.14)

Now we have specified all the details needed to stabilize the solution
of the given PDE (5.6) in 𝛺. This will be demonstrated in the following
section numerically.
6

a

6. Numerical results

6.1. The Saint-Venant system

In this section the control for the Saint-Venant is studied numeri-
ally. The MUSCL second-order finite-volume scheme, see Toro (2009),
s used on a regular mesh for 𝛺 = [0, 𝐿] × [0, 1] with grid size 𝛥𝑥 × 𝛥𝑦

to solve the discretized Eq. (5.6). The cell average of 𝐖 on 𝐶𝑖,𝑗 =
[𝑥𝑖 −

𝛥𝑥
2 , 𝑥𝑖 +

𝛥𝑥
2 ] × [𝑦𝑗 − 𝛥𝑦

2 , 𝑦𝑗 +
𝛥𝑦
2 ], 𝑥𝑖 = 𝑖𝛥𝑥, 𝑦𝑗 = 𝑗 𝛥𝑦 and time 𝑡𝑛 = 𝑛𝛥𝑡

is given by

𝐖𝑛
𝑖,𝑗 =

1
|𝐶𝑖,𝑗 | ∫𝐶𝑖,𝑗

𝐖(𝑡𝑛, 𝑥, 𝑦)d𝑥d𝑦,

for 𝑖 = 0,… , 𝑁𝑥, 𝑗 = 0,… , 𝑁𝑦 and 𝑛 ≥ 0 and where 𝑁𝑥𝛥𝑥 = 𝐿
and 𝑁𝑦𝛥𝑦 = 1. The cell averages of the initial data 𝐖0 are obtained
analogously and define 𝐖0

𝑖,𝑗 . Transmissive boundary conditions are
used for outgoing waves, see Toro (2009). The primitive boundary
controls (B.20)–(B.25) are imposed otherwise. The Lyapunov function
(2.5) is approximated at time 𝑡𝑛 by 𝐿𝑛 using a numerical quadrature
ule on the equi-distant grid

𝐿𝑛 ∶= 𝛥𝑥𝛥𝑦
𝑁𝑥
∑

𝑖,𝑗=0

[ 3
∑

𝑘=1
(𝑤𝑛𝑘;𝑖,𝑗 )

2

]

exp(𝜇(𝑥𝑖, 𝑦𝑗 )). (6.1)

As initial data we choose (ℎ̃, 𝑤, 𝑣)𝑇 = (1, 1, 1)𝑇 and report on
computational results for 𝐿 = 3, 𝛥𝑥 = 𝛥𝑦 = 1∕100, 𝐿𝑛, 𝑛 ≥ 0 for 𝑡𝑒𝑛𝑑 = 3
and 𝐶𝐶 𝐹 𝐿 = 0.5.

The results are presented in Fig. 1. It is visible that the observed
numerical decay of the Lyapunov function is stronger compared with
the theoretical estimate possibly due to additional diffusive terms in
the numerical approximation. This is confirmed by the observation that
oarser grids lead to stronger decay compared with refined meshes, see
lso Bambach et al. (2022), Thein (2023).

6.2. The diagonal system

In this section the theoretical estimate on the decay of the Lyapunov
function for Section 5.2 is confirmed using a numerical discretization of
the dynamics. The MUSCL second-order finite-volume scheme, see Toro
(2009), is used on a regular mesh for 𝛺 with grid size 𝛥𝑥 = 𝛥𝑦 to solve
he discretized Eq. (5.6). The cell average of 𝐖 on 𝐶𝑖,𝑗 = [𝑥𝑖 − 𝛥𝑥

2 , 𝑥𝑖 +
𝛥𝑥
2 ] × [𝑦𝑗 − 𝛥𝑥

2 , 𝑦𝑗 +
𝛥𝑥
2 ], 𝑥𝑖 = 𝑖𝛥𝑥, 𝑦𝑗 = 𝑗 𝛥𝑦 and time 𝑡𝑛 = 𝑛𝛥𝑡 is given by

𝐖𝑛
𝑖,𝑗 =

1
|𝐶𝑖,𝑗 | ∫𝐶𝑖,𝑗

𝐖(𝑡𝑛, 𝑥, 𝑦)d𝑥d𝑦,

for 𝑖, 𝑗 = 0,… , 𝑁 and 𝑛 ≥ 0 and where 𝑁 𝛥𝑥 = 1. The cell averages of the
initial data 𝐖0 are obtained analogously and define 𝐖0

𝑖,𝑗 . As boundary
conditions we use transmissive boundary conditions on 𝛤+

1 , 𝛤+
2 and 𝛤+

3 ,
ee Toro (2009). Zero boundary conditions are prescribed on 1,2 and
3. The boundary control is imposed on 1,2 and 3. Here, the control
𝑢𝑛 is obtained using a numerical quadrature formula applied to (5.14).

he Lyapunov function (5.7) is approximated at time 𝑡𝑛 by 𝐿𝑛 using a
numerical quadrature rule on the equi-distant grid

𝐿𝑛 ∶= 𝛥𝑥2
𝑁𝑥
∑

𝑖,𝑗=0

3
∑

𝑘=1

[

(𝑤𝑛𝑘;𝑖,𝑗 )
2 exp(𝜇𝑘(𝑥𝑖, 𝑦𝑗 ))

]

. (6.2)

As initial data a sinusoidal function is chosen, i.e. 𝑤𝑖(0, 𝐱) =
in(2𝜋 𝑥) sin(2𝜋 𝑦). We report on computational results for 𝐿𝑛, 𝑛 ≥ 0 for
he following computational setup 𝐶𝐿 = 4, 𝛥𝑥 = 10−2, 𝑡𝑒𝑛𝑑 = 3 and
𝐶 𝐹 𝐿 = 0.5.

The results are presented in Fig. 2. It is visible that the observed
numerical decay of the Lyapunov function is stronger compared with
the theoretical estimate possibly due to additional diffusive terms in
the numerical approximation. This is confirmed by the observation that
oarser grids lead to stronger decay compared with refined meshes, see
lso Bambach et al. (2022), Thein (2023).
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Fig. 1. Numerical results at 𝑡𝑒𝑛𝑑 = 3: The solutions for the components (a) ℎ̃, (b) 𝑤 and (c) 𝑣 are given. The computed decay rates for both Lyapunov functions (blue Yang &
Yong, 2024 and red Herty & Thein, 2024) obtained with the MUSCL-FV scheme are given and compared to the decay rate 𝐶 = 1.4 (purple) which is compliant with (5.2), see (d).
Fig. 2. Numerical results at 𝑡𝑒𝑛𝑑 = 3: The solutions for the components (a) 𝑤1, (b) 𝑤2 and (c) 𝑤3 are given. The computed (blue) decay rate for the Lyapunov function obtained
with the MUSCL-FV scheme is given and compared to the theoretical decay rate (red), see (d).
7. Summary

In the present work we exploit the relation of novel approaches
for stabilizing multi-dimensional hyperbolic systems using a boundary
feedback control. All of which provide exponential decay under suited
conditions. The assumptions are briefly reviewed, compared and dis-
cussed. It is shown that the approach given in Herty and Thein (2024) is
always applicable when the prerequisite of Yang and Yong (2024) hold.
Moreover, we highlight the relation between the Lyapunov functions
used in these works by showing that a linearization of the weight
function used in Herty and Thein (2024) yields the one used in Yang
and Yong (2024). Finally we discussed the very relevant example of the
Saint-Venant equations to highlight our results. Moreover, we complete
the study by showing that the approach studied in Herty and Thein
7

(2023) helps to stabilize systems for which the previous approaches
might not be applicable. With this work we hope to foster the study
of control problems for multi-dimensional hyperbolic systems. The
present work thus highlights the applicability of the results obtained
in Herty and Thein (2024) which is now known to be suitable for
the Euler equations, the Saint-Venant equations and systems satisfying
the SSC condition. These are in particular examples important for
different applications. It will be interesting to study further complex
examples. A further point of interest is to determine the Lyapunov
potential related to the LMI due to the variety of systems and many
possible solutions. It is therefore a subject of further research to identify
structural properties, besides the SSC given in Yang and Yong (2024),
that guarantee the existence of such a function.
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Appendix A. Eigenstructure of the Saint-Venant equations

Subsequently we provide the detailed calculation for the eigenstruc-
ture of the considered system (5.1). The system matrix is given by

𝐀∗(𝜈) = 𝜈1𝐀(1) + 𝜈2𝐀(2), 𝜈 ∈ S2 (A.1)

and thus we have with 𝑣∗ = 0

𝐀∗(𝜈) =
⎛

⎜

⎜

⎜

⎝

𝜈1𝑤∗ 𝜈1
√

𝑔 𝐻∗ 𝜈2
√

𝑔 𝐻∗

𝜈1
√

𝑔 𝐻∗ 𝜈1𝑤∗ 0
𝜈2
√

𝑔 𝐻∗ 0 𝜈1𝑤∗

⎞

⎟

⎟

⎟

⎠

.

The characteristic polynomial is given by

𝜒(𝜆) = (𝜆 − 𝜈1𝑤∗)3 − (𝜆 − 𝜈1𝑤∗)𝜈21𝑔 𝐻∗ − (𝜆 − 𝜈1𝑤∗)𝜈22𝑔 𝐻∗

= (𝜆 − 𝜈1𝑤∗)
(

(𝜆 − 𝜈1𝑤∗)2 −
(

𝜈21 + 𝜈
2
2
)

𝑔 𝐻∗)

= (𝜆 − 𝜈1𝑤∗)
(

(𝜆 − 𝜈1𝑤∗)2 − 𝑔 𝐻∗)

and hence we yield the following eigenvalues

𝜆1(𝜈) = 𝜈1𝑤
∗ −

√

𝑔 𝐻∗, 𝜆2(𝜈) = 𝜈1𝑤
∗, 𝜆3(𝜈) = 𝜈1𝑤

∗ +
√

𝑔 𝐻∗

(A.2)
ith 𝜆1(𝜈) < 𝜆2(𝜈) < 𝜆3(𝜈).

The corresponding right eigenvectors are thus obtained to be

𝐑1(𝜈) = 1
√

2

⎛

⎜

⎜

⎝

1
−𝜈1
−𝜈2

⎞

⎟

⎟

⎠

, 𝐑2(𝜈) =
⎛

⎜

⎜

⎝

0
−𝜈2
𝜈1

⎞

⎟

⎟

⎠

and 𝐑3(𝜈) = 1
√

2

⎛

⎜

⎜

⎝

1
𝜈1
𝜈2

⎞

⎟

⎟

⎠

. (A.3)

We hence have the following transformation matrix

𝐓(𝜈) = 1
√

2

⎛

⎜

⎜

⎜

⎝

1 0 1
−𝜈1 −

√

2𝜈2 𝜈1
−𝜈2

√

2𝜈1 𝜈2

⎞

⎟

⎟

⎟

⎠

with Λ∗(𝜈) = 𝐓𝑇 (𝜈)𝐀∗(𝜈)𝐓(𝜈). The transformation of the state vector
= (ℎ̃, 𝑤, 𝑣)𝑇 is given by
8

𝐯 = 𝐓𝑇 (𝜈)𝐰 = 1
√

2

⎛

⎜

⎜

⎝

ℎ̃ − (𝜈1𝑤 + 𝜈2𝑣)
−
√

2(𝜈2𝑤 − 𝜈1𝑣)
ℎ̃ + 𝜈1𝑤 + 𝜈2𝑣

⎞

⎟

⎟

⎠

and 𝐰 = 𝐓(𝜈)𝐯 = 1
√

2

⎛

⎜

⎜

⎜

⎝

𝑣1 + 𝑣3
−𝜈1(𝑣1 − 𝑣3) −

√

2𝜈2𝑣2
−𝜈2(𝑣1 − 𝑣3) +

√

2𝜈1𝑣2

⎞

⎟

⎟

⎟

⎠

(A.4)

Appendix B. Boundary control

According to (5.4) we can prescribe five controls (counting the
boundary parts with negative eigenvalues). In the following we discuss
the four boundary parts separately as suggested in Yang and Yong
(2024).

Part I: We discuss {0} × [0, 1] for which we have 𝜆1 < 𝜆2 < 0 < 𝜆3
and further

𝐯 = 1
√

2

⎛

⎜

⎜

⎝

ℎ̃ +𝑤
−
√

2𝑣
ℎ̃ −𝑤

⎞

⎟

⎟

⎠

.

Thus we obtain

𝐵 𝐶 (𝐼) = ∫

1

0

[

(−𝑤∗ −
√

𝑔 𝐻∗)𝑣1(𝑡, 0, 𝑦)2 −𝑤∗𝑣2(𝑡, 0, 𝑦)2

+ (−𝑤∗ +
√

𝑔 𝐻∗)𝑣3(𝑡, 0, 𝑦)2
]

𝛿(0, 𝑦)d𝑦 (B.1)

In view of the present characteristic variables we choose the control

𝑣1(𝑡, 0, 𝑦)2 = 𝛼 𝑣3(𝑡, 0, 𝑦)2 with 0 ≤ 𝛼 ≤
√

𝑔 𝐻∗ −𝑤∗

√

𝑔 𝐻∗ +𝑤∗
< 1. (B.2)

With this choice we can conclude

𝐵 𝐶 (𝐼) ≥ −𝑤∗
∫

1

0
𝑣2(𝑡, 0, 𝑦)2𝛿(0, 𝑦)d𝑦 (B.3)

and we will treat this term later on.
Part II: We discuss [0, 𝐿] × {0} for which we have 𝜆1 < 𝜆2 = 0 < 𝜆3

and further

𝐯 = 1
√

2

⎛

⎜

⎜

⎝

ℎ̃ + 𝑣
√

2𝑤
ℎ̃ − 𝑣

⎞

⎟

⎟

⎠

.

Thus we obtain

𝐵 𝐶 (𝐼 𝐼) = ∫

𝐿

0

[

(−
√

𝑔 𝐻∗)𝑣1(𝑡, 𝑥, 0)2 +
√

𝑔 𝐻∗𝑣3(𝑡, 𝑥, 0)2
]

𝛿(𝑥, 0)d𝑥 (B.4)

The spillway is located at 𝑥 ∈ [𝐿∕3, 2𝐿∕3] and the boundary part
[0, 𝐿∕3) ∪ (2𝐿∕3, 𝐿] is assumed to be a solid wall. For the solid wall we
thus assume the normal velocity to be zero, i.e. for all 𝑥 ∈ [0, 𝐿∕3) ∪
2𝐿∕3, 𝐿] we have the following control

𝑣(𝑡, 𝑥, 0) = 0 ⇔ (ℎ̃ + 𝑣)(𝑡, 𝑥, 0) = (ℎ̃ − 𝑣)(𝑡, 𝑥, 0)
⇒ 𝑣1(𝑡, 𝑥, 0)2 = 𝑣3(𝑡, 𝑥, 0)2. (B.5)

With this choice we can conclude

𝐵 𝐶 (𝐼 𝐼) =
√

𝑔 𝐻∗
∫

2𝐿∕3

𝐿∕3
(𝑣3(𝑡, 𝑥, 0)2 − 𝑣1(𝑡, 𝑥, 0)2)𝛿(𝑥, 0)d𝑥 (B.6)

and we will treat this term later on.
Part III: We discuss {𝐿} × [0, 1] for which we have 𝜆1 < 0 < 𝜆2 < 𝜆3

nd further

𝐯 = 1
√

2

⎛

⎜

⎜

⎝

ℎ̃ −𝑤
√

2𝑣
ℎ̃ +𝑤

⎞

⎟

⎟

⎠

.

Thus we obtain

𝐵 𝐶 (𝐼 𝐼 𝐼) =
1 [

(𝑤∗ −
√

𝑔 𝐻∗)𝑣1(𝑡, 𝐿, 𝑦)2
∫0
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u

+ 𝑤∗𝑣2(𝑡, 𝐿, 𝑦)2 + (𝑤∗ +
√

𝑔 𝐻∗)𝑣3(𝑡, 𝐿, 𝑦)2
]

𝛿(𝐿, 𝑦)d𝑦 (B.7)

In view of the present characteristic variables we choose the control

𝑣1(𝑡, 𝐿, 𝑦)2 = 𝛽 𝑣3(𝑡, 𝐿, 𝑦)2 with 0 ≤ 𝛽 ≤
√

𝑔 𝐻∗ +𝑤∗

√

𝑔 𝐻∗ −𝑤∗
. (B.8)

With this choice we can conclude

𝐵 𝐶 (𝐼 𝐼 𝐼) ≥ 𝑤∗
∫

1

0
𝑣2(𝑡, 𝐿, 𝑦)2𝛿(𝐿, 𝑦)d𝑦 ≥ 0.

Part IV: We discuss [0, 𝐿] × {1} for which we have 𝜆1 < 𝜆2 = 0 < 𝜆3
and further

𝐯 = 1
√

2

⎛

⎜

⎜

⎝

ℎ̃ − 𝑣
−
√

2𝑤
ℎ̃ + 𝑣

⎞

⎟

⎟

⎠

.

Thus we obtain

𝐵 𝐶 (𝐼 𝑉 ) = ∫

𝐿

0

[

(−
√

𝑔 𝐻∗)𝑣1(𝑡, 𝑥, 1)2 +
√

𝑔 𝐻∗𝑣3(𝑡, 𝑥, 1)2
]

𝛿(𝑥, 1)d𝑥 (B.9)

The boundary part (IV) is assumed to be a solid wall and we thus
assume the normal velocity to be zero, i.e. for all 𝑥 ∈ [0, 𝐿] × {1} we
have the following control

𝑣(𝑡, 𝑥, 1) = 0 ⇔ (ℎ̃ − 𝑣)(𝑡, 𝑥, 1) = (ℎ̃ + 𝑣)(𝑡, 𝑥, 1)
⇒ 𝑣1(𝑡, 𝑥, 1)2 = 𝑣3(𝑡, 𝑥, 1)2. (B.10)

With this choice we can conclude

𝐵 𝐶 (𝐼 𝑉 ) = 0.

Summing up we yield with (B.3) and (B.6)

 = 𝐵 𝐶 (𝐼) + 𝐵 𝐶 (𝐼 𝐼) + 𝐵 𝐶 (𝐼 𝐼 𝐼)
⏟⏞⏟⏞⏟

≥0

+𝐵 𝐶 (𝐼 𝑉 )
⏟⏟⏟

=0

≥ −𝑤∗
∫

1

0
𝑣2(𝑡, 0, 𝑦)2𝛿(0, 𝑦)d𝑦

+
√

𝑔 𝐻∗
∫

2𝐿∕3

𝐿∕3
(𝑣3(𝑡, 𝑥, 0)2 − 𝑣1(𝑡, 𝑥, 0)2)𝛿(𝑥, 0)d𝑥

= −𝑤∗
∫

1

0
𝑣(𝑡, 0, 𝑦)2𝛿(0, 𝑦)d𝑦

+
√

𝑔 𝐻∗
∫

2𝐿∕3

𝐿∕3

( 1
2
[ℎ̃ − 𝑣]2(𝑡, 𝑥, 0) − 1

2
[ℎ̃ + 𝑣]2(𝑡, 𝑥, 0)

)

𝛿(𝑥, 0)d𝑥

=∶ .

We need to choose the controls for 𝑣(𝑡, 0, 𝑦) and [ℎ̃ + 𝑣](𝑡, 𝑥, 0) such
that  becomes non-negative. Several approaches are now possible. We
follow Yang and Yong (2024) and the literature cited therein and want
to control the normal velocity depending the measured water height
and thus use ℎ̃. Let us rewrite  as follows using 𝑥 = 𝐿(𝑦 + 1)∕3
 = −𝑤∗

∫

1

0
𝑣2(𝑡, 0, 𝑦)𝛿(0, 𝑦)d𝑦

+ 𝐿
3
√

𝑔 𝐻∗
∫

1

0

( 1
2
[ℎ̃ − 𝑣]2

(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

− 1
2
[ℎ̃ + 𝑣]2

(

𝑡, 𝐿
3
(𝑦 + 1), 0

))

× 𝛿
(𝐿
3
(𝑦 + 1), 0

)

d𝑦

We now prescribe the following controls

𝑣22(𝑡, 0, 𝑦) = 𝛾 𝑣23
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

⇔ 𝑣2(𝑡, 0, 𝑦) = 𝛾 1
2
[ℎ̃ − 𝑣]2

(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

(B.11)

𝑣21(𝑡, 𝑥, 0) = 𝜀𝑣23(𝑡, 𝑥, 0) ⇔ [ℎ̃ + 𝑣]2(𝑡, 𝑥, 0) = 𝜀[ℎ̃ − 𝑣]2(𝑡, 𝑥, 0) (B.12)

with 𝜀 ∈ [0, 1] and 0 ≤ 𝛾 ≤ (1 − 𝜀) 2𝐿
√

𝑔 𝐻∗
(B.13)
9

9 𝑤∗
The condition on 𝛾 and 𝜀 ensures the following in the case of Herty
and Thein (2024) and Yang and Yong (2024)

− 𝛾 𝑤∗𝛿(0, 𝑦) + 𝐿
3
(1 − 𝜀)

√

𝑔 𝐻∗𝛿
(𝐿
3
(𝑦 + 1), 0

)

≥ −2𝐿𝛾 𝑤∗ + 𝐿
3
(1 − 𝜀)

√

𝑔 𝐻∗
(

2𝐿 − 𝐿
3
(𝑦 + 1)

)

≥ −2𝐿𝛾 𝑤∗ + 𝐿
3
(1 − 𝜀)

√

𝑔 𝐻∗
(

2𝐿 − 2𝐿
3

)

= −2𝐿𝛾 𝑤∗ + 4𝐿2

9
(1 − 𝜀)

√

𝑔 𝐻∗

≥ 0.

Thus we have the positivity of the boundary integral. Note that for
the positivity only the relation between the squares of the variables is
needed and there is some freedom when prescribing the controls for the
variables themselves. We therefore follow Yang and Yong (2024). The
basic idea is to adjust the water velocity according to the height such
that the height is increased via water inflow and decreased via water
outflow, respectively. We want to summarize the five controls in terms
of the characteristic variables.

(I) {0} × [0, 1]: The controls are determined according to (B.2), (B.11)
and (B.13)

𝑣1(𝑡, 0, 𝑦) =
√

𝛼 𝑣3(𝑡, 0, 𝑦), (B.14)

𝑣2(𝑡, 0, 𝑦) = −√𝛾 𝑣3
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

. (B.15)

(II) [0, 𝐿] × {0}: The controls are determined according to (B.5),
(B.12) and (B.13)

𝑣1(𝑡, 𝑥, 0) = 𝑣3(𝑡, 𝑥, 0), 𝑥 ∈ [0, 𝐿∕3) ∪ (2𝐿∕3, 𝐿] (B.16)

𝑣1(𝑡, 𝑥, 0) =
√

𝜀𝑣3(𝑡, 𝑥, 0), 𝑥 ∈ [𝐿∕3, 2𝐿∕3]. (B.17)

(III) {1} × [0, 1]: The controls are determined according to (B.8)

𝑣1(𝑡, 𝐿, 𝑦) =
√

𝛽 𝑣3(𝑡, 𝐿, 𝑦). (B.18)

(IV) [0, 𝐿] × {1}: The controls are determined according to (B.10)

𝑣1(𝑡, 𝑥, 1) = 𝑣3(𝑡, 𝑥, 1). (B.19)

To obtain the controls in the balance (primitive) variables we first
se (B.17) to obtain

𝑣1(𝑡, 𝑥, 0) =
√

𝜀𝑣3(𝑡, 𝑥, 0) ⇔ 𝑣(𝑡, 𝑥, 0) = −1 −√

𝜀

1 +√

𝜀
ℎ̃(𝑡, 𝑥, 0).

This can now be inserted in (B.15) to obtain

𝑣2(𝑡, 0, 𝑦) = −√𝛾 𝑣3
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

⇔ 𝑣(𝑡, 0, 𝑦) =
√

𝛾
2
[ℎ̃ − 𝑣]

(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

⇔ 𝑣(𝑡, 0, 𝑦) =
√

𝛾
2

[

1 + 1 −√

𝜀

1 +√

𝜀

]

ℎ̃
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

⇔ 𝑣(𝑡, 0, 𝑦) =
√

2𝛾

1 +√

𝜀
ℎ̃
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

.

We hence obtain the five controls in terms of the primitive variables

(I) {0} × [0, 1]: The controls are determined according to (B.2), (B.11)
and (B.13)

𝑤(𝑡, 0, 𝑦) = −1 −√

𝛼

1 +√

𝛼
ℎ̃(𝑡, 0, 𝑦), (B.20)

𝑣(𝑡, 0, 𝑦) =
√

2𝛾

1 +√

𝜀
ℎ̃
(

𝑡, 𝐿
3
(𝑦 + 1), 0

)

. (B.21)

(II) [0, 𝐿] × {0}: The controls are determined according to (B.5),
(B.12) and (B.13)
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𝑣(𝑡, 𝑥, 0) = 0, 𝑥 ∈ [0, 𝐿∕3) ∪ (2𝐿∕3, 𝐿] (B.22)

𝑣(𝑡, 𝑥, 0) = −1 −√

𝜀

1 +√

𝜀
ℎ̃(𝑡, 𝑥, 0), 𝑥 ∈ [𝐿∕3, 2𝐿∕3]. (B.23)

(III) {1} × [0, 1]: The controls are determined according to (B.8)

𝑤(𝑡, 𝐿, 𝑦) = 1 −√

𝛽

1 +√

𝛽
ℎ̃(𝑡, 𝐿, 𝑦). (B.24)

(IV) [0, 𝐿] × {1}: The controls are determined according to (B.10)

𝑣(𝑡, 𝐿, 𝑦) = 0. (B.25)

Concerning Yang and Yong (2024) we thus have the same controls
setting

𝑘1 =
√

𝛽 , 𝑘2 =
√

𝛼 , 𝑘3 =
√

𝜀 and 𝑘4 =
√

𝛾
2
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