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Abstract

The identification of coefficients in the wave equation and eikonal equation is a fun-
damental problem in various fields, including subsurface imaging, non-destructive
testing, and medical imaging. In exploration geophysics, subsurface imaging aims
to reconstruct Earth models from partial measurement. This process relies on wave
physics and is formulated as an inverse problem, where an objective function mini-
mizes the discrepancy between simulated and observed data. This thesis focuses on
the identification of subsurface parameters using wave physics based forward model.

Several challenges arise in this endeavor. First, wave physics models are inherently
approximate, leading to inaccuracies in the inversion process. Second, partial obser-
vations result in an underdetermined problem, making solutions highly dependent
on the starting model, frequency bandwidth and illumination. Third, the oscilla-
tory nature of seismic waves introduces difficulties in optimization, often causing
convergence to local minima (cycle skipping).

To address these challenges, this thesis investigates three key topics:

• Seismic anisotropy: Seismic anisotropy is prevalent in field data, and neglect-
ing it can introduce significant errors in imaging. This work introduces a new
acoustic Tilted Transversely Isotropic (TTI) wave equation by linearizing the
anelliptic term using a Taylor series expansion. The method is benchmarked
against existing approaches and is applied to 2D and 3D reverse time migra-
tion, demonstrating its robustness and computational efficiency.

• Regularization in inverse problems: Geophysical inverse problems suffer from
non-uniqueness, necessitating regularization techniques for stable solutions.
While conventional H1 regularization (where the L2-norm of the model gradi-
ent serves as the regularization) functional suppresses model sharpness, Total
Variation (TV) regularization preserves interfaces but is computationally de-
manding. This work explores Levenberg-Marquardt type Total Variation (TV-
LM), which combines Bregman iteration with a primal-dual Newton solver.
Compared to existing methods such as Modified Total Variation (MTV), TV-
LM is shown to be computationally more efficient and capable of achieving
better minimization in eikonal equation inverse problems.

• Mitigating cycle skipping in Full Waveform Inversion (FWI) and Joint Mi-
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gration Inversion (JMI): Cycle skipping is a significant challenge in waveform
inversion, hindering effective convergence. Utilizing the search space expan-
sion to mitigate this issue, the author introduces a time-domain JMI by Source
Extension (ES-JMI) method using the acoustic wave equation parameterized
in velocity and impedance. The Hessian of the data augmented wave equation
is transformed from the source to the receiver side for computational tractabil-
ity. ES-JMI is benchmarked against conventional JMI and JMI by Wavefield
Reconstruction inversion (WR-JMI), showing improved performance. Addi-
tionally, a source-independent Extended Source waveform Inversion (ESI) ap-
proach is developed using an augmented Lagrangian framework, incorporating
TV-LM and bounded constraints. Numerical tests confirm that our ESI al-
gorithm mitigates cycle skipping and achieves source-wavelet independence
compared to conventional FWI.

This thesis advances the field of subsurface imaging by developing new methods
to address seismic anisotropy, improve regularization, and mitigate cycle-skipping
challenges in wave physics based inversions. The proposed techniques enhance the
accuracy, stability, and computational efficiency of subsurface parameter estimation,
contributing to more reliable seismic imaging in exploration geophysics.

“Cogito, ergo sum.” – René Descartes
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Zusammenfassung

Die Identifikation von Koeffizienten in der Wellengleichung und der Eikonalgle-
ichung ist ein grundlegendes Problem in verschiedenen Bereichen, darunter Un-
tergrundabbildung, zerstörungsfreie Prüfung und medizinische Bildgebung. In der
Explorationsgeophysik zielt die Untergrundabbildung darauf ab, Erdmodelle aus
partiellen Messungen zu rekonstruieren. Dieser Prozess basiert auf der Wellenaus-
breitungsphysik und wird als inverses Problem formuliert, bei dem eine Zielfunktion
die Diskrepanz zwischen simulierten und beobachteten Daten minimiert. Diese Dis-
sertation konzentriert sich auf die Identifikation von Untergrundparametern unter
Verwendung eines auf Wellenausbreitung basierenden Vorwärtsmodells.

Mehrere Herausforderungen treten in diesem Zusammenhang auf. Erstens sind
Modelle der Wellenausbreitung naturgemäß approximativ, was zu Ungenauigkeiten
im Inversionsprozess führt. Zweitens führen partielle Beobachtungen zu einem un-
terbestimmten Problem, was bedeutet, dass die Lösungen stark vom Startmodell,
der Frequenzbandbreite und der Beleuchtung abhängen. Drittens führt die oszil-
latorische Natur seismischer Wellen zu Schwierigkeiten bei der Optimierung und
verursacht oft die Konvergenz zu lokalen Minima (Cycle Skipping).

Um diese Herausforderungen zu adressieren, untersucht diese Dissertation drei zen-
trale Themen:

• Seismische Anisotropie: Seismische Anisotropie ist in Felddaten weit ver-
breitet, und ihre Vernachlässigung kann zu erheblichen Fehlern in der Bildge-
bung führen. Diese Arbeit stellt eine neue akustische Tilted Transversely
Isotropic (TTI) Wellengleichung vor, indem das anelliptische Glied mittels
einer Taylor-Reihenentwicklung linearisiert wird. Die Methode wird mit beste-
henden Ansätzen verglichen und auf 2D- und 3D-Reverse Time Migration
angewendet, wobei ihre Robustheit und rechnerische Effizienz demonstriert
werden.

• Regularisierung in inversen Problemen: Geophysikalische Inversionsprob-
leme leiden unter Nicht-Eindeutigkeit, weshalb Regularisierungstechniken er-
forderlich sind, um stabile Lösungen zu gewährleisten. Während herkömmliche
H1-Regularisierung (bei der die L2-Norm des Modellgradienten als Regular-
isierung dient) die Modellschärfe unterdrückt, bewahrt Total Variation (TV)-
Regularisierung Grenzflächen, ist jedoch rechnerisch aufwendig. Diese Ar-
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beit untersucht die Levenberg-Marquardt-Variante der Total Variation (TV-
LM), die eine Bregman-Iteration mit einem Primal-Dual-Newton-Löser kom-
biniert. Im Vergleich zu bestehenden Methoden wie der Modified Total Varia-
tion (MTV) zeigt sich, dass TV-LM rechnerisch effizienter ist und eine bessere
Minimierung in inversen Problemen der Eikonalgleichung erreicht.

• Minderung von Cycle Skipping in Full Waveform Inversion (FWI)
und Joint Migration Inversion (JMI): Cycle Skipping stellt eine erhe-
bliche Herausforderung in der Wellenforminversion dar und behindert eine
effektive Konvergenz. Zur Minderung dieses Problems führt der Autor eine
zeithybride JMI-Methode durch Quellen-Erweiterung (ES-JMI) ein, die die
akustische Wellengleichung verwendet und in Geschwindigkeit und Impedanz
parametrisiert ist. Die Hesse-Matrix der erweiterten Wellengleichung wird von
der Quellenseite auf die Empfängerseite transformiert, um die Rechenlast zu
verringern. ES-JMI wird mit konventionellem JMI und JMI durch Wellen-
feldrekonstruktionsinversion (WR-JMI) verglichen und zeigt eine verbesserte
Leistung. Darüber hinaus wird ein quellenunabhängiger Extended Source wave-
form Inversion (ESI)-Ansatz entwickelt, der ein erweitertes Lagrange-Framework
verwendet, das TV-LM und beschränkte Nebenbedingungen integriert. Nu-
merische Tests bestätigen, dass der ESI-Algorithmus Cycle Skipping mildert
und die Unabhängigkeit von der Quellwellenform erreicht.

Diese Dissertation trägt zur Weiterentwicklung der Untergrundabbildung bei, indem
sie neue Methoden zur Berücksichtigung seismischer Anisotropie, zur Verbesserung
der Regularisierung und zur Minderung von Cycle-Skipping-Problemen in auf Wellenaus-
breitung basierenden Inversionen entwickelt. Die vorgeschlagenen Techniken erhöhen
die Genauigkeit, Stabilität und rechnerische Effizienz der Untergrundparameterbes-
timmung und tragen somit zu einer zuverlässigeren seismischen Bildgebung in der
Explorationsgeophysik bei.
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Chapter 1

Introduction

A fundamental goal of geophysics is to reconstruct high-resolution subsurface mod-
els using seismic waves. This process leverages surface-recorded seismic data to
estimate key parameters such as wave speed, attenuation, anisotropy, and density
(Figure 1.1). Achieving this requires simulating seismic wave propagation, solving
inverse problems, and applying seismic imaging techniques. While primarily used
for georesource exploration (Calvert, 2005; Jain & deFigueiredo, 1982) and envi-
ronmental monitoring (Caspari et al., 2015; Pevzner, Caspari, Gurevich, Dance,
& Cinar, 2015), these methods also find applications in medical imaging (Guasch,
Calderon Agudo, Tang, Nachev, & Warner, 2020), nondestructive material testing
(Rossato et al., 2023), and sonar technologies (Sibley et al., 2023).

Figure 1.1: A schematic of the seismic experiment. To determine the properties of
the subsurface medium, a seismic source is activated at the surface, generating waves
that propagate through the subsurface. These waves are recorded by receivers at
the surface, providing data that can be used to compute the subsurface parameters.

Conventional subsurface imaging follows a piecemeal approach, involving multiple
subproblems such as preprocessing, demultiple, velocity analysis, migration, and
post-processing. The lack of integration between these steps can introduce various
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issues, including velocity errors, residual multiples, and migration artifacts, all of
which degrade the quality of the subsurface image (Wei et al., 2023). In contrast,
the inversion framework, formulated as a Partial Differential Equation (PDE) -
constrained optimization problem, provides a more systematic approach by directly
minimizing the discrepancy between simulated and observed data, leading to more
accurate solutions.

At the core of subsurface parameter estimation lies the wave equation and its deriva-
tives such as eikonal equation and transport equation, which govern the physics of
the seismic wave propagation. The standard workflow of subsurface parameter esti-
mation involves solving a forward problem, where state variables such as wavefield
and travel time are simulated based on an assumed Earth model (e.g., Figure 1.2),
and an inverse problem, where model parameters are iteratively updated to minimize
discrepancies between observed and simulated data. Forward modeling typically in-
volves solving PDEs such as the wave equation for waveform modeling (Figure 1.3a-
c), the eikonal equation for travel time estimation (Figure 1.3d), and the radiative
transfer equation for wave energy transport. By sampling the observed data at at
the receiver locations (Figure 1.4), one can compare the simulated observation with
the field data.

Figure 1.2: A synthetic subsurface acoustic model v defined in a 2D space [x1 x3]T

created by Irons (1988) – Marmousi model.

Two major challenges arise in the forward problem. First, selecting an appropriate
wave equation is crucial to accurately describe the underlying physical phenom-
ena. Second, solving PDEs, particularly in large-scale settings, is computationally
demanding.

The inverse problem, on the other hand, presents additional difficulties. Due to the
limited and surface-only nature of seismic observations, the inversion is inherently ill-
posed, leading to non-uniqueness (e.g., cycle skipping, Figure 1.5) and sensitivity to
noise. Overcoming these challenges requires advanced modeling techniques, efficient
numerical solvers, and robust regularization strategies.

1.1 Review

Seismic wave propagation in the Earth is governed by wave equations (Aki &
Richards, 2002; Carcione, 1990, 2007). The subsurface often exhibits seismic anisotropy,
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Figure 1.3: Simulations based on the model in Figure 1.2. The source is placed at
[300, 281.25]T m. 292 receivers are evenly placed at x1 ∈ [300, 16669] m, x3 = 281.25
m. (a),(b) and (c) are the acoustic wavefields at different time steps, simulated by
the acoustic wave equation. (d) is the travel time obtained by the eikonal equation.
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Figure 1.4: Oberved data sampled for the numerical experiment at Figure 1.3, (a)
for the wavefield and (b) for the travel time.
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Figure 1.5: A schematic illustrating cycle skipping in Full Waveform Inversion (FWI)
(Virieux & Operto, 2009). Cycle skipping is a primary cause of non-uniqueness in
FWI. The upper dashed line represents the simulated data, which deviates by more
than half of the period, T/2, from the recorded data (shown by the middle solid
line). In this case, FWI mismatches cycle n to cycle n − 1. The bottom dashed
line represents another simulated data set, which deviates by less than T/2 from the
observed data. Here, FWI successfully matches the two signals. Cycle skipping is
affected by the initial model and frequency band.

where wave velocity varies with direction due to intrinsic material properties or struc-
tural alignments (Stovas, 2017; Thomsen, 1986). Additionally, seismic attenuation
influences wave propagation, further complicating wave behavior (De Siena, Pezzo,
& Bianco, 2011; De Siena, Thomas, & Aster, 2014). To account for these effects,
researchers have developed anisotropic wave equations (Alkhalifah, 2000, 2002) and
viscoelastic wave equations (Carcione, 1990; Robertsson, Blanch, & Symes, 1994).
Poroelasticity models provide further refinement by incorporating fluid-solid inter-
actions within the Earth’s porous media (Parra, 1997; D. Yang & Zhang, 2002).
These advanced models improve the accuracy of waveform simulations, aiding in a
more precise characterization of subsurface properties.

In addition to the wave equation, ray theory, known for its computational efficiency,
is widely used in geophysics to model the forward problem by focusing on specific
seismic phases based on the infinite frequency limit of seismic waves (Fomel, 1997;
Julian & Gubbins, 1977; Rueger, 1993). Ray-based methods are particularly useful
for initial model estimations, serving as a precursor to more detailed wave equation-
based inversions.

Forward models, essential to inversions, aid in estimating subsurface parameters by
solving constrained optimization problems. Due to the nonlinear relationship be-
tween travel time or waveform and material properties, iterative refinement is neces-
sary to achieve more accurate estimations. In geophysical inversions, the objective
is to determine subsurface parameters by solving these constrained optimization
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problems, also known as inversions.

In geophysical inversions, the constraint is typically a relevant physical equation
implemented through a Lagrangian function (Haber & Ascher, 2000). Ideally, each
iteration involves solving the first-order optimality condition, known as the Karush-
Kuhn-Tucker (KKT) condition. This process requires the simultaneous updating
of the forward solution, the adjoint solution, and the model parameters within a
single iteration. However, the dimensionality of the KKT condition is prohibitively
large, making this direct approach computationally impractical. To address this
challenge, a popular solution is the reduced-space method (e.g., Plessix, 2006). In
this approach, the KKT condition is decomposed and solved sequentially. Specif-
ically, the forward PDE, the adjoint PDE, and the gradient problem are tackled
in succession. This iterative process significantly reduces computational complexity
while maintaining the integrity of the inversion process.

The reduced-space approach is widely employed in geophysics for waveform inver-
sion (Leung & Qian, 2006; Plessix, 2006; Tromp, Tape, & Liu, 2004) and travel time
inversion (Taillandier, Noble, Chauris, & Calandra, 2009). This method utilizes the
adjoint variables, also known as Lagrangian multipliers, along with the state vari-
ables to compute the model update direction. In practice, a line search is conducted
to determine the optimal step length for each iteration. A more sophisticated class
of methods involves Newton techniques, which incorporate the Hessian matrix to
achieve faster convergence and improved results. However, these methods are com-
putationally intensive and are primarily used for solving frequency-domain wave
equation problems (Gholami, 2024; Métivier, Brossier, Virieux, & Operto, 2013;
Pratt, 1999) and eikonal equation problems (Aki & Lee, 1976). For large-scale in-
verse problems, the L-BFGS method, a quasi-Newton approach, is preferred. This
method bypasses the need for direct Hessian calculation by using a limited number
of recent gradients to approximate the Hessian’s diagonal, making it feasible for
most geophysical inversions.

For waveform inversion, recent studies have shown that the reduced-space method
is highly non-convex and requires a well-chosen starting model. To address this
limitation, van Leeuwen and Herrmann (2013) proposed a physics-penalized cost
function in addition to the data misfit. This approach extends the search space to
both the state variables and model parameters, in contrast to the single-parameter
search (only the model parameters) in the reduced-space method. This formulation
is known as Wavefield Reconstruction Inversion (WRI).

The key difference between WRI and the conventional reduced-space approach is
that model updates in WRI are performed using the data-augmented wavefield
rather than the wavefield solved solely from the model. WRI can be formulated
and solved in three ways:

• Alternating updates: This approach iterates between updating the data-
augmented wavefield and the model parameters (van Leeuwen & Herrmann,
2013). While simple to implement, it typically requires many iterations to
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achieve a good minimizer due to the basic optimization scheme. The Hessian
for the model update is exactly sparse and can be accumulated in a running
sum.

• Reduced WRI objective function: Here, the data-augmented wavefield
is projected onto the model parameters (van Leeuwen & Herrmann, 2016).
The resulting Hessian is exactly dense but allows for a natural sparse approx-
imation. The model update can be efficiently solved using quasi-Newton or
Gauss–Newton methods.

• Augmented Lagrangian formulation: This method is currently the most
accurate way to solve the WRI problem (Aghamiry, Gholami, & Operto,
2019a). The Hessian remains exactly sparse and can be stored in a running
sum. However, a major drawback is its high storage demand for dual variables.
As a result, this approach is not suitable for time-domain implementations,
where storing time-domain dual variables for each source is prohibitively ex-
pensive.

The WRI problem can be solved in either the time domain or the frequency domain.
The key difference lies in the data-augmented wave equation, as solving it in the time
domain is not straightforward. Previous studies have explored approximate solutions
to the data-augmented wave equation in the time domain (Aghamiry, Gholami, &
Operto, 2019b, 2020b; Z.-C. Li, Lin, Zhang, Li, & Yu, 2018; Métivier et al., 2013).

Source extension is a more general formulation of WRI, where an annihilator is
utilized as the weighting function for the physics penalty (G. Huang, Nammour, &
Symes, 2018b). A key advantage of Extended Source waveform Inversion (ESI) is
that it can be made source independent (G. Huang, Nammour, & Symes, 2018a).
This represents a significant advancement, as it eliminates the need to estimate the
source from data before inversion—an aspect that is typically highly dependent on
the initial model (Virieux & Operto, 2009).

Beyond wave speed models, seismic reflectivity is crucial for identifying interfaces
and estimating volumes. Traditional approaches first estimate wave speed and then
relocate reflectors using migration. Common migration techniques include Kirchhoff
migration (Calandra, Baina, Hanitzsch, & Rousseau, 2001), one-way wave equation
methods (Pedersen, Ursin, & Helgesen, 2010), reverse time migration (RTM) (Z.-
Z. Zhou, Howard, & Mifflin, 2011), and least-squares RTM (LS-RTM) (Mu, Huang,
Yang, Guo, & Guo, 2020). Recent advancements focus on simultaneously updating
both wave speed and reflectivity (Whitmore, Ramos-Martinez, Yang, & Valenciano,
2020; Y. Yang, Ramos-Martinez, Whitmore, Huang, & Chemingui, 2021a, 2021b;
Y. Yang, Ramos-Martinez, Whitmore, Valenciano, & Chemingui, 2020). In this
case, greater attention is given to the coupling between the background velocity and
reflectivity.

7



CHAPTER 1. INTRODUCTION

1.2 Outline

The primary objective of this thesis is to investigate seismic anisotropy, develop
improved total variation regularization techniques, and enhance inversion strategies
for more accurate parameter identification.

Chapter 2 formulates the foundational forward problems, covering the wave equa-
tion, seismic anisotropy, and the eikonal equation. Additionally, it provides an
introductory overview of waveform inversion.

In Chapter 3, the author presents Wavefield simulation and reverse time mi-
gration for acoustic TTI media. The motivation for performing this work stems
from a new finding by Stovas, Alkhalifah, and Waheed (2020), where the researchers
proposed a general approach to approximate pure P-waves in anisotropic media.
Specifically, by setting the S-wave velocity to zero in all propagating directions
within the dispersion relation, pure P-wave information can be extracted. How-
ever, the wave equation in Stovas et al. (2020) is not straightforward to solve using
numerical methods.

This chapter introduces a new algorithm for approximating the acoustic wavefield
in Tilted Transversely Isotropic (TTI) media. In pure acoustic TTI media, the
space and wavenumber components are typically coupled within the wavefield ex-
trapolator, making wavefield simulation particularly challenging. To obtain a pure
P-wave without any S-wave artifacts, the S-wave velocity in the Christoffel equa-
tion must be set to zero in all propagating directions. However, the associated
wave equation becomes intractable to solve due to the mixed space/wavenumber
coupling and the presence of high-order derivatives. The author proposes an an-
alytical decoupling approach by employing a Taylor series expansion to linearize
the anellipticity term, effectively decoupling the space-dependent and wavenumber-
dependent variables within the wavefield extrapolator. The resulting wave equation
can be solved using a hybrid finite-difference/pseudospectral method. The proposed
method is benchmarked against classical acoustic approximations for TTI media
(Alkhalifah, 2000; Chu, Macy, & Anno, 2011; Pestana, Ursin, & Stoffa, 2012; Sto-
vas, 2020; L. Zhang & Ohen, 2022). It has been demonstrated that this approach
provides competitive accuracy for wavefield simulation while reducing computational
cost.

Chapter 4 discusses Iterative total variation regularization for first-break
travel time inversion. In geophysics, H1 regularization is widely used to stabi-
lize the inversion, where the L2-norm of the gradient serves as the regularization
term. However, this penalizes sharp interfaces. On the other hand, Total Vari-
ation (TV) regularization is well-known for preserving sharp interfaces, but it is
numerically expensive due to the non-differentiability of the subgradient. In geo-
physics, split-type TV methods, such as Modified Total Variation (MTV) (Jiang
& Zhang, 2017; Lin & Huang, 2015a, 2015b) and split-Bregman (Aghamiry et al.,
2019a), are widely adopted due to their ability to decompose the original inversion
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problem with TV regularization into two simpler subproblems, making them com-
putationally efficient. Specifically, in the case of MTV, the subproblems involve
solving a Tikhonov-regularized problem and an image denoising problem. The de-
noising problem can be tackled with various TV denoising algorithms, such as the
Chambolle method (Chambolle, 2004) or the split-Bregman method (Goldstein &
Osher, 2009). The split-Bregman method, in particular, can be directly applied
to geophysical inversion problems, as demonstrated here (Aghamiry et al., 2019a).
While split-type methods simplify computations, they introduce additional weight-
ing factors that complicate parameter tuning. To overcome this issue, the author
proposes a new algorithm that requires less parameter tuning.

This chapter addresses the travel time inversion problem using a new TV regu-
larization. In this work, the author employs a smoothed TV-norm, replacing the
TV regularization term with the Bregman distance. A Levenberg-Marquardt-type
linearization is applied to the forward problem (Bachmayr & Burger, 2009), and
the resulting algorithm is named TV with Levenberg-Marquardt-type lineariza-
tion (TV-LM) in this thesis. The primal-dual Newton’s method is then used to
solve the first-order optimality conditions. Numerical tests show that TV-LM con-
verges to better minimizers compared to L-BFGS (Leung & Qian, 2006; Taillandier
et al., 2009) applied to the least-squares functional with H1 regularization (Rawl-
inson & Sambridge, 2003), as well as to the widely used modified total variation
(MTV, Y. Huang, Ng, & Wen, 2008; Jiang & Zhang, 2018). The author demon-
strates that TV-LM is more accurate and efficient in reconstructing the subsurface
model for the eikonal equation problem.

Chapter 5 introduces Simultaneous velocity and reflectivity estimation using
extended source waveform inversion. A major issue in waveform inversion is
the local minimum problem caused by cycle skipping. This typically occurs when a
crude initial iterate is provided or when low-frequency data components are missing.
Wavefield Reconstruction Inversion (WRI) can mitigate this local minimum issue by
enlarging the search space (van Leeuwen & Herrmann, 2013). However, a significant
challenge for time-domain WRI implementation is the expensive evaluation of the
data-augmented wave equation. In recent years, several studies have explored ways
to approximate the time-domain data-augmented wave equation (Aghamiry, Gho-
lami, & Operto, 2020a; Gholami, Aghamiry, & Operto, 2022; Rizzuti, Louboutin,
Wang, Daskalakis, & Herrmann, 2019; C. Wang, Yingst, Farmer, & Leveille, 2016).

Simultaneous velocity and reflectivity inversion, also known as Joint Migration In-
version (JMI), is similarly affected by the local minimum issue. However, few stud-
ies have investigated JMI within the extended search space. The source extension
(G. Huang et al., 2018a; P. Yang & Zhou, 2024), a location-weighted version of WRI,
reduces the inversion’s vulnerability to cycle skipping. The author employs source
extension to velocity-impedance parameterized acoustic wave equation. The result-
ing algorithm is named Joint Migration Inversion by Extended Source waveform
inversion (ES-JMI) as it can reconstructs velocity and reflectivity simultaneously.
In benchmarks, the author shows that ES-JMI outperforms JMI by Wavefield Re-
construction (WR-JMI) and conventional Full Waveform Inversion (FWI) followed
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by Least-Squares Reverse Time Migration (LS-RTM) in terms of wave speed and
reflectivity reconstruction.

Chapter 6 introduces Source independent extended source waveform inver-
sion based on augmented Lagrangian. Recent studies on source extension
have successfully explored the possibility of source signature independent inversion
(G. Huang et al., 2018a). However, these studies are limited to the quasi-Newton
method for model updates. A more sophisticated optimization method for the ESI
problem is the Augmented Lagrangian (AL) (Aghamiry et al., 2019a; Gholami,
Aghamiry, & Operto, 2021; Gholami et al., 2022).

In this chapter, the author combines three key ingredients for waveform inversion:
source extension for the cost function, a reformulation of the source extension prob-
lem into an augmented Lagrangian framework, and TV-LM regularization. The
proposed method does not require prior knowledge of the source wavelet. The aug-
mented Lagrangian approach enables a fixed physics penalty size, thus avoiding
tedious tuning. Meanwhile, the TV-LM regularization makes the algorithm suitable
for reconstructing piecewise-constant models, such as high contrast media. Numeri-
cal tests demonstrate that the proposed method can reconstruct accurate subsurface
models without any input of the source wavelet, and it is more reliable than con-
ventional FWI.
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Chapter 2

Problem formulation

This chapters formulates several problems mathematically, including wave equation,
eikonal equation, anisotropy and basics of waveform inversions.

2.1 Wave equations

The elastic wave equation is a combination of the generalized Hook’s law and the
equation of motion.

In this thesis, the 3D Cartesian coordinate with right-hand rule is applied. The

three principal coordinates are x =
[
x1 x2 x3

]T ∈ R3.

In this case, the generalized Hook’s law is given by,

σ = Cε , (2.1)

where σ is the vector composed of stress tensor elements; C is the stiffness matrix
using the Voigt notation and the forth-order stiffness tensor is given by cijel, where
i, j, e, l ∈ {1, 2, 3} (Chapter 1.1.4, Tsvankin, 2012). To convert the 4th-order tensor
c to the stiffness matrix C, the following convention is applied: 11 → 1, 22 → 2,
33 → 3, 23 → 4, 13 → 5, and 12 → 6. ε is the strain. For a 3D problem, σ =[
σ11 σ22 σ33 σ23 σ13 σ12

]T
, C ∈ R6×6 and ε =

[
ε11 ε22 ε33 ε23 ε13 ε12

]T
.

For 2D in 1-3 plane, σ(2D) =
[
σ11 σ33 σ13

]T
, C(2D) ∈ R3×3 and ε(2D) =

[
ε11 ε33 ε13

]T
.

The strain is defined by (Poplavko, 2019)

εij =
1

2

(
∂ud,i

∂xj
+
∂ud,j

∂xi

)
, (2.2)

where ud =
[
ud,1 ud,2 ud,3

]T
is the displacement vector.

11
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The equation of motion can be cast as (Poplavko, 2019),

ρ
∂Vi
∂t

=
∂σij
∂xj

, (2.3)

where ρ is the density; V =
[
V1 V2 V3

]T
is the particle velocity vector; t is the

time. The Einstein notation is applied to equation 2.3.

Take the time derivatives for equation 2.1 and recognize,

∂ud,i

∂t
= Vi . (2.4)

The time derivative for the Hook’s law in 3D is given by,

∂

∂t


σ11

σ22

σ33

σ23

σ13

σ12

 = C
∂

∂t



∂V1
∂x1

∂V2
∂x2

∂V3
∂x3

1
2

(
∂V2
∂x3

+ ∂V3
∂x2

)
1
2

(
∂V1
∂x3

+ ∂V3
∂x1

)
1
2

(
∂V1
∂x2

+ ∂V2
∂x1

)


. (2.5)

Now one can solve the system combining equations 2.3 and 2.5 to update V and σ.
This is named velocity-stress formulation of the wave equation.

Furthermore, one can eliminate σ given in the system by equations 2.3 and 2.5 and
change V to ud by equation 2.4, the wave equation in the displacement form can be
obtained,

ρ
∂2ud,i

∂t2
=

∂

∂xj
cijel

∂ud,e

∂xl
+ si , (2.6)

where si is the source term in the i-direction.

2.1.1 Kinematics

In this subsection, the author demonstrates how to compute the phase velocity for
the wave equations.

Consider an isotropic stiffness matrix,

C(iso) =


λiso + 2µiso λiso λiso 0 0 0

λiso λiso + 2µiso λiso 0 0 0
λiso λiso λiso + 2µiso 0 0 0
0 0 0 µiso 0 0
0 0 0 0 µiso 0
0 0 0 0 0 µiso

 , (2.7)
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and the corresponding wave equation can be obtained from equation 2.6,

ρ
∂2ud,i

∂t2
= (λiso + µiso)

∂

∂xi

∂ud,j

∂xj
+ µiso

∂

∂xj

∂ud,i

∂xj
, (2.8)

where the weak variation for Lamé constants λiso and µiso is assumed for simplicity.
The source term is ignored in equation 2.8 as it does not affect the phase velocity.

Let us define the Fourier transform in both time and space domains,

ud(ω, k) = F (ud(t, x)) =
1

(2π)Ndim/2

∫ ∞
−∞

∫ ∞
−∞

ud(t, x) exp(−iωt+ ik · x) dt dx ,

(2.9)

where Ndim is the number of dimensions; ω is the angular frequency; k is the angular
wave vector; i =

√
−1.

In 3D, k =
[
k1 k2 k3

]T
and Ndim = 3. Now we use the spherical coordinate with

dip angle φ, azimuth angle θ and wavenumber k̂, the following relationships can be
obtained,

k1 = k̂ sin θ cosφ , (2.10)

k2 = k̂ sin θ sinφ , (2.11)

k3 = k̂ cos θ . (2.12)

Then equation 2.8 can be recast in (ω, k) domain,

Aud(ω, k) = 0 , (2.13)

where A = A(iso) for isotropic media, and

A(iso) =

A
(iso)
11 A

(iso)
12 A

(iso)
13

A
(iso)
21 A

(iso)
22 A

(iso)
23

A
(iso)
31 A

(iso)
32 A

(iso)
33

 ,

A
(iso)
11 = −ρω2 + (λiso + 2µiso)k2

1 + µisok
2
2 + µisok

2
3 ,

A
(iso)
12 = (λiso + µiso)k1k2 ,

A
(iso)
13 = (λiso + µiso)k1k3 ,

A
(iso)
21 = −(λiso + µiso)k1k2 ,

A
(iso)
22 = −ρω2 + µisok

2
1 + (λiso + 2µiso)k2

2 + µisok
2
3 ,

A
(iso)
23 = (λiso + µiso)k2k3 ,

A
(iso)
31 = (λiso + µiso)k1k3 ,

A
(iso)
32 = (λiso + µiso)k2k3 ,

A
(iso)
33 = −ρω2 + µisok

2
1 + µisok

2
2 + (λiso + 2µiso)k2

3 .

(2.14)
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Equation 2.13 has a non-zero solution for ud(ω, k), which implies

det(A) = 0 . (2.15)

Equaion 2.15 is a sextic equation for k̂, and its solution is independent of θ and φ,

k̂ = ω

√
ρ

λiso + 2µiso

(P− wave), ω

√
ρ

µiso

(SV − wave), ω

√
ρ

µiso

(SH− wave) .

(2.16)

Only the positive solution for the wavenumber is kept. For additional properties of
the three waves, readers are referred to Chapter 1.2 of Tsvankin (2012).

According to the definition of the phase velocity,

v =
ω

Real(k̂)
(2.17)

one can obtain the phase velocity for the three waves,

v =

√
λiso + 2µiso

ρ
(P-wave),

√
µiso

ρ
(SV-wave),

√
µiso

ρ
(SH-wave) . (2.18)

As the phase velocities are not dependent on φ and θ, those velocities are isotropic.

2.1.2 VTI media

Seismic anisotropy happens when the phase velocities for the three waves are angle
dependent. Common anisotropy includes VTI (Vertically Transverse Isotropy), TTI
(Tilted Transverse Isotropy), ORT (Orthorhombic Transverse Isotropy), Monoclinic
and Triclinic (Tsvankin, Gaiser, Grechka, van der Baan, & Thomsen, 2010).

The author will give an example of Vertically Transversely Isotropic (VTI) media.
The stiffness matrix for a VTI medium is given by

C(vti) =


C11 C11 − 2C66 C13 0 0 0

C11 − 2C66 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C55 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

 . (2.19)

Following the same procedure for the isotropic medium phase velocity, we can obtain

14



CHAPTER 2. PROBLEM FORMULATION

A in equation 2.13 but for VTI media is given by

A(vti) =

A
(vti)
11 A

(vti)
12 A

(vti)
13

A
(vti)
21 A

(vti)
22 A

(vti)
23

A
(vti)
31 A

(vti)
32 A

(vti)
33

 ,

A
(vti)
11 = −ρω2 + C11k

2
1 + C66k

2
2 + C55k

2
3 ,

A
(vti)
12 = (C11 − C66)k1k2 ,

A
(vti)
13 = (C13 + C55)k1k3 ,

A
(vti)
21 = −(C11 − C66)k1k2 ,

A
(vti)
22 = −ρω2 + C66k

2
1 + C11k

2
2 + C55k

2
3 ,

A
(vti)
23 = (C13 + C55)k2k3 ,

A
(vti)
31 = (C13 + C55)k1k3 ,

A
(vti)
32 = (C13 + C55)k2k3 ,

A
(vti)
33 = −ρω2 + C55k

2
1 + C55k

2
2 + C33k

2
3 .

(2.20)

Similarly, the phase velocity for the three waves are given by (Tsvankin, 2012),

v =

√
(C11 + C55) sin2 θ + (C33 + C55) cos2 θ ± a

2ρ
(2.21)

(plus for qP-wave and minus for qSV-wave), (2.22)√
C55 cos2 θ + C66 sin2 θ

ρ
(qSH-wave), (2.23)

a =

√(
(C11 − C55) sin2 θ − (C33 − C55) cos2 θ

)2
+ 4 (C13 + C55)2 sin2 θ cos2 θ .

(2.24)

The phase velocities are independent of the azimuth φ but depend on the dip angle
θ. In a VTI medium, pure P- and S-waves exist only along specific propagation
directions. Therefore, the three wave modes are referred to as Quasi P (qP), Quasi
SV (qSV), and Quasi SH (qSH). For further details, readers are referred to Chapter
1.1.2 of Tsvankin (2012). Additionally, P- and SV-waves are intrinsically coupled in
a VTI medium, making their separation impossible using Helmholtz decomposition.

In seismic applications, the pure acoustic wave equation is widely used due to its
lower computational cost and reduced parameter trade-offs in inversion compared to
its elastic counterpart. Chapter 3 provides a detailed explanation of acoustic approx-
imations for a more general case – Tilted Transversely Isotropic (TTI) media—and
analyzes their applications in reverse time migration.
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2.1.3 Isotropic P- and S-wave equations

In this part, the author introduces how to derive isotropic P- and S-wave equations.

The vector form of equation 2.8 is given by (ignoring the source term),

ρ
∂2ud

∂t2
= (λiso + 2µiso)∇(∇ · ud)− µiso∇× (∇× ud) . (2.25)

Take divergence on both sides for equation 2.25 and define P-wave scalar potential
up = ∇ · ud,

∂2up

∂t2
=
λiso + 2µiso

ρ
∇2p = v2

p∇2p , (2.26)

which is the P-wave equation and it is a scalar equation. vp =
√

λiso+2µiso
ρ

is the

P-wave velocity.

Take the curl on both sides for equation equation 2.25 and define vector S-wave
potential us = ∇× ud,

∂2us

∂t2
=
µiso

ρ
∇2us = v2

s∇2us , (2.27)

which is the S-wave equation and this is a vector equation. vs =
√

µiso
ρ

is the S-wave

velocity.

2.1.4 Eikonal equation

Eikonal equation is a PDE for first-break travel time computation. In this thesis,
the isotropic eikonal equation is considered.

Consider a plane wave solution,

up(x, t) = up0(x) exp(−iω (t− t0(x))) , (2.28)

where up0 is the amplitude function; t0 is a phase function that describes the distri-
bution of a constant phase.

Inset equation 2.28 into equation 2.26,

∇2up0 + 2iω∇up0 · ∇t0 + iωup0∇2t0 − ω2up0∇t0 · ∇t0 + ω2up0

v2
p

= 0 . (2.29)

Assume ω →∞, the eikonal equation can be obtained through the real part,

∇t0 · ∇t0 =
1

v2
p

. (2.30)
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Equation 2.30 can be used to compute the travel time t0.

And the transport equation can be obtained in the imaginary part,

2∇up0 · ∇t0 + up0∇2t0 = 0 . (2.31)

Equation 2.31 can be used to compute amplitude distribution up0 with given travel
time t0.

The forward problem of Chapter 3 is based on the eikonal equation.

2.2 Fundamentals of waveform inversion

This section provides an example of implementing waveform inversion for the time
domain acoustic wave equation (equation 2.26).

Consider an Ndim-dimensional space, Ω ⊆ RNdim . The author uses u as the state
variable of the forward problem. For the acoustic wave equation (equation 2.26), u =
up. The following objective function is to be minimized in the waveform inversion:

E(v, u) =

∫ ∞
−∞

∫
Ωr

(u(x, t)− uobs(x, t))
2 dxdt s.t. u(x, t)− f(v) = 0 , (2.32)

where uobs denotes the observed wavefield, Ωr represents the receiver location.

The acoustic wave equation with a source term can be written as

1

v(x)2

∂2u(x, t)

∂t2
−∇2u = δ(x− xs)s(t) , (2.33)

where v = vp, δ(·) is the Dirac delta function, xs is the source location, and s is the
source function.

Equation 2.33 has the following initial condition,

u(x, 0) = 0, x ∈ Ω , (2.34)

∂u(x, 0)

∂t
= 0, x ∈ Ω , (2.35)

u(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T , (2.36)

∇u(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T , (2.37)

where the wavefield is simulated until time t = T .

Equation 2.37 can be written in a discretized form as:

A(v)u = bobs , (2.38)
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where A is the discrete version of 1
v2

∂2

∂t2
−∇2, u is the discrete version of u, and bobs

is the discrete version of δ(x− xs)s(t).

The waveform inversion solves a minimization problem. The corresponding objective
function in the discrete form of equation 2.32 is written as,

E(v,u) = ‖Ru− dobs‖2
2 s.t. A(v)u− bobs = 0 , (2.39)

where R is the sampling operator, u is the vector composed of the discrete values
of u, and dobs is uobs sampled at receiver locations.

The Lagrangian for the minimization of the objective function in equation 2.32 is
given by,

min
v,u,ua

L(v,u,ua), L =
1

2
‖Ru− dobs‖2

2 − ua
∗(A(v)u− bobs) , (2.40)

where ua is the discrete adjoint wavefield, and (·)∗ denotes the conjugate transpose.

The optimality condition for equation 2.40 requires,

∇vL = 0 , (2.41)

∇uL = 0 , (2.42)

∇uaL = 0 . (2.43)

Equation 2.43 gives equation 2.38, with the continuous form given in equation 2.33.

Equations 2.41 - 2.43 are the Karush–Kuhn–Tucker (KKT) conditions for the La-
grangian in equation 2.40. Haber and Ascher (2000) updates the (v,u,ua) system
using Newton’s method. However, this is rather expensive to solve, as the matrix
system is prohibitively large for real applications. In practice, the KKT conditions
are updated successively: equation 2.43 for u, equation 2.42 for ua, and equation
2.41 for v.
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The continuous form of the Lagrangian can be written as

L(v, u, ua) =

∫ T

0

∫
Ωr

1

2
(u(x, t)− uobs(x, t))

2 dx dt

−
∫ T

0

∫
Ω

ua(x, t)

(
1

v(x)2

∂2u(x, t)

∂t2
−∇2u(x, t) dx dt

)
(2.44)

=

∫ T

0

∫
Ωr

(u− uobs)
2 dx dt

−

(∫
Ω

1

v2

∂u

∂t
ua

∣∣∣T
0
dx−

∫
Ω

1

v2

∂ua

∂t
u
∣∣∣T
0
dx+

∫ T

0

∫
Ω

1

v2
u
∂2ua

∂t2
dx dt

−
∫ T

0

∫
∂Ω

ua∇u · nb dx dt

+

∫ T

0

∫
∂Ω

u∇ua · nb dx dt

−
∫ T

0

∫
Ω

u∇2ua dx dt

)
. (2.45)

where the integrate by parts is applied; ua is the adjoint wavefield in the continous
form, and nb is the outward unit normal vector for the boundary of Ω.

With the following condition for ua

ua(x, T ) = 0, x ∈ Ω , (2.46)

∂ua(x, T )

∂t
= 0, x ∈ Ω , (2.47)

ua(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T , (2.48)

∇ua(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T . (2.49)

equation 2.49 should run backwards in time.

Equation 2.45 can be simplified as

L(v, u, ua) =

∫ T

0

∫
Ωr

(u− uobs)
2 dx dt

−
∫ T

0

∫
Ω

(
1

v2
u
∂2ua

∂t2
− u∇2ua

)
dx dt . (2.50)

Take the variation of u in equation 2.45 and compute the difference between the
following two terms,

L(v, u+ δu, ua)− L(v, u, ua) =

∫ T

0

∫
Ωr

δu(u− uobs) dx dt

−
∫ T

0

∫
Ω

δu

(
1

v2

∂2ua

∂t2
−∇2ua

)
dx dt . (2.51)
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Thus,

∂L

∂u
=

∫ T

0

∫
Ωr

(u− uobs)
2 dx dt−

∫ T

0

∫
Ω

(
1

v2

∂2ua

∂t2
−∇2ua

)
dx dt . (2.52)

Equation 2.52 indicates:

1

v2

∂2ua

∂t2
−∇2ua = u− uobs, x ∈ Ωr , (2.53)

1

v2

∂2ua

∂t2
−∇2ua = 0, x /∈ Ωr . (2.54)

Take the variation of v in equation 2.45 and compute the difference between the
following two terms,

L(v + δv, u, ua)− L(v, u, ua) =−
∫ T

0

ua(x, t)(
1

(v(x) + δv(x))2

∂2u(x, t)

∂t2
− 1

v(x)2

∂2u(x, t)

∂t2

)
dt

≈
∫ T

0

2δv(x)

v3

∂2u(x, t)

∂t2
ua(x, t) dt . (2.55)

Equation 2.55 indicates

∂L

∂v
=

∫ T

0

2

v3

∂2u(x, t)

∂t2
ua(x, t) dt . (2.56)

Now, the waveform inversion can be solved in a successive manner: solve the forward
problem (equation 2.33) for u; solve the adjoint equation (equations 2.53 and 2.54)
for ua; solve the model update (equation 2.56) for the update of v, which can be
expressed as

vi+1 = vi − αstepHv
∂L

∂v
, (2.57)

where i denotes the iteration, αstep is the step length, and Hv is the Hessian, which
can be approximated using the quasi-Newton method.

The successive update for the three variables corresponds to the reduced space ap-
proach. The wavefield u depends on v in the inversion process; thus, the cost function
in equation 2.32 now becomes

E(v) = ‖Ru(v)− dobs‖2
2 s.t. A(v)u− bobs = 0 . (2.58)

However, as the problem is solved only in the v space, rather than in the (v, u)
space as in equation 2.32, it suffers from cycle skipping when a crude initial iterate
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is supplied or when the data frequency is high. Chapters 5 and 6 will discuss further
details on how to mitigate this issue using the extended space approach.

To enforce regularity constraints on v, one can add a regularization term to the
inverse problem, for example, in equation 2.32,

E(v, u) =

∫ ∞
−∞

∫
Ωr

(u(x, t)− uobs(x, t))2 + αreghreg(v) dx dt (2.59)

s.t. u(x, t)− f(v) = 0 , (2.60)

where αreg controls the strength of the regularization, and hreg(v) is the regulariza-
tion term.

There are various choices for hreg. For instance, hreg(v) =
∫

Ω
(v − vpri)

2 dx corre-
sponds to a prior regularization with the reference model vpri. The term hreg(v) =∫

Ω
|∇v|2 dx represents the H1 regularization, which is suitable for constructing

smooth models. Meanwhile, hreg(v) =
∫

Ω
|∇v| dx corresponds to total variation

(TV) regularization, which is well-suited for constructing piecewise constant mod-
els. Chapter 4 discusses H1 and TV regularzations applied to the eikonal equation.
Chapter 6 explains how to combine model extension and TV regularization for wave-
form inversion problem.
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Chapter 3

Wavefield simulation and reverse
time migration for acoustic TTI
media

The work presented in this chapter was published at: Zhang, Y., Stovas, A., and De
Siena, L. (2024). Wavefield simulation and reverse time migration for acoustic TTI
media. GEOPHYSICS, 1-56.

Y.Z. formulated the research idea, derived the equations, developed the code, con-
ducted validation, drafted the manuscript, and handled revisions. A.S. verified the
mathematical derivations and results, and reviewed the manuscript. L.D.S. super-
vised the research, reviewed the manuscript, and contributed to its improvement.

Abstract

Seismic imaging necessitates precisely separating P and S waves to mitigate unde-
sirable crosstalk between them. Failure to properly handle this crosstalk can lead to
distorted or misinterpreted images. In an elastic anisotropic medium, the polariza-
tion of a P wave is not necessarily parallel to its propagating direction, making the
separation of P and S waves more difficult than in the case of an elastic isotropic
medium. A pure acoustic Transversely Isotropic (TI) wave equation involves a
mixed-domain problem. This usually means the space dependencies and wavenum-
bers are coupled in the wavefield extrapolator. An efficient solution to the wavefield
requires a separation between the space dependencies and wavenumbers in the ex-
trapolator. There are two primary approaches: (1) an analytical separation of the
mixed-domain term; and (2) a numerical solution to the mixed-domain term, such as
low-rank and Poynting vector methods. In this study, the acoustic approximation is
derived by setting the S-wave phase velocity to zero in all phase directions. An ana-
lytical separation is developed in this study by employing a Taylor series to linearize
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the anellipticity term, thereby decoupling the space-dependent and wavenumber-
dependent variables within the wavefield extrapolator. The kinematics analysis
demonstrates that our method has competitive phase velocity accuracy compared
with existing methods. Moreover, the corresponding TI acoustic wave equation can
be efficiently solved by the hybrid finite-difference/pseudospectral method. In a 2D
case, it only requires one fast Fourier transform, two inverse Fourier transforms,
and a few additional spatial differentiations at each time step. Remarkably, our
wavefield solution remains independent of the wavefield heterogeneity (as observed
in the low-rank approach) and is immune to wavefield interference (as encountered
in the Poynting vector method). The developed acoustic approximation ensures the
absence of any S-wave artifacts with relatively cheap computation. Numerical ex-
amples indicate our acoustic tilted transversely isotropic wave equation is reliable
for accurate wavefield modeling and reverse time migration.

3.1 Introduction

The acoustic wave equation is extensively utilized in geophysics for tasks such as
modeling, migration, and inversion, primarily to mitigate issues related to crosstalk
between P- and S-waves and parameter tradeoff (Q. Li, Zhou, Zhang, Chen, & Sheng,
2015; Pestana et al., 2012; J. Yang & Zhu, 2018). Crosstalk refers to the situation in
which the P- and S-wave components of both source and receiver wavefields are not
entirely separated, resulting in interference between them. The challenge of param-
eter tradeoff arises because many inverse problems are ill-posed or underdetermined,
demanding a delicate equilibrium between these parameters. Enhancing the estima-
tion of one parameter often comes at the cost of the accuracy of others. The inverse
problem for the elastic wave equation is inherently more intricate compared to the
acoustic counterpart, making the elastic inverse problem more susceptible to issues
related to parameter tradeoffs. The combination of crosstalk and parameter trade-
off can lead to the generation of artifacts, noise, and distortions in migrated images,
particularly in anisotropic media, for which wave propagation is direction dependent
(in the Christoffel equation, the wave speed and the polarization are functions of
the propagating direction). In addition, the acoustic wavefield is generally cheaper
to solve than the elastic one. To obtain the acoustic wavefield, the separation of P-
and S-waves in an elastic medium is necessary. Anisotropy is pervasive across Earth
media and ignoring it can lead to severe distortions and loss of resolution in the final
model (Thomsen, 2002). The polarization of a qP-wave (P-wave to remain concise)
is not necessarily parallel to the propagating direction in an anisotropic medium.
Thus, differently from an isotropic medium, the anisotropic P-wavefield cannot be
obtained by applying a Helmholtz decomposition to the elastic wavefield (Tsvankin,
2012).

The pure P-wave dispersion relation for anisotropic media introduces complexity
as the space dependency and wavenumbers are coupled, making direct solutions
of the resulting wave equation usually computationally expensive. Consequently,
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there are two general approaches to solving the pure acoustic wavefield efficiently:
(1) Analytical methods involve formulating an acoustic wave equation with reduced
complexity by separating space dependency and wavenumbers analytically (Alkhali-
fah, 1998a, 2000; Chu et al., 2011); (2) Alternatively, specialized numerical methods
can be employed to separate space and wavenumbers. Two of the most popular
numerical methods are low-rank approximations (Cheng & Fomel, 2014; Engquist
& Ying, 2009; Song & Alkhalifah, 2013) and the Poynting vector method (Xu &
Zhou, 2014; L. Zhang & Ohen, 2022).

Under given approximations, the acoustic wave equation can be obtained analyti-
cally from the anisotropic elastic wave equation. For instance, by setting the vertical
S-wave phase velocity to zero in the Vertical Transversely Isotropic (VTI) elastic dis-
persion relation, Alkhalifah (1998a) and Alkhalifah (2000) obtained an acoustic VTI
wave equation with fourth-order derivatives in both time and space. However, this
form produces S-wave artifacts because the order of the characteristic equation from
the Christoffel equation is four; thus, it contains two wave modes corresponding to
P-wave and S-wave artifacts. In practical applications, one always needs to taper the
anellipticity η in the source region to suppress the S-wave artifacts. Following this,
H. Zhou, Zhang, and Bloor (2006) extend the work to Tilt Transversely Isotropic
(TTI) media, but it still contains S-wave artifacts and is not numerically stable with
fast change of the tilt angle. To address the instability issue, Y. Zhang, Zhang, and
Zhang (2011) proposed a stable acoustic TTI equation, derived from Hooke’s law
and the equation of motion, but it still contains S-wave artifacts. Another approach
to obtain the pure P-wave information is to expand the term of the square root
in the P-wave dispersion using Taylor series (Chu et al., 2011), which is free from
S-wave artifacts. However, to make a feasible numerical solution (separation be-
tween space dependencies and wavenumbers), one additional assumption has to be
made: Horizontal P-wave phase velocity vph and vertical P-wave phase velocity vpz

satisfy vph ≈ vpz. Pestana et al. (2012) used the same approach for 2D VTI reverse

time migration (RTM), with a weaker assumption
v2ph−v

2
sz

v2pz−v2sz
≈ constant, where vsz is

the vertical S-wave phase velocity. A better approach to obtain the pure P-wave
equation in TI media is proposed by Stovas et al. (2020). The idea is to set S-wave
velocity in all the propagating directions to be zero in the coupled P-SV dispersion
relations. A similar approach is also used here (Xu, Stovas, Alkhalifah, & Mikada,
2020). While also free from any S-wave artifacts, the mixed space-wavenumber anel-
lipticity term burdens computation. B. Li and Stovas (2021a) propose an acoustic
wave equation for TI media that has a simpler form of the anellipticity term, with
space and wavenumbers decoupled. This is done by manipulating the S-wave veloc-
ity such that the material properties and the wavenumbers are no longer coupled
in the anellipticity term. However, the S-wave velocity is not ensured zero in all
the propagating directions and this approximation accuracy might be dependent on
material parameters. This method is also used by B. Li and Stovas (2021b) for the
acoustic approximation for orthorhombic media.

The above reviews some analytical approaches to derive a pure acoustic wave equa-
tion without coupling between space and wavenumbers. Numerical approaches can
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also be employed to deal with the coupled space-wavenumber problem. For in-
stance, Song and Alkhalifah (2013) solve the acoustic wavefield for orthorhombic
media using the low-rank approach directly on the P-wave wavefield extrapolator,
where the original P-wave wavefield extrapolator entails a coupling between material
properties (space-dependent) and wavenumbers in the mixed domain. Utilizing the
low-rank approach to address the space-wavenumber problem has gained popular-
ity in the literature (Cheng, Alkhalifah, Wu, Zou, & Wang, 2016; Cheng & Fomel,
2014; Engquist & Ying, 2009; Fomel, Ying, & Song, 2013; Wu, Alkhalifah, & Zhang,
2019). The key advantage of this approach is its ability to circumvent numerical
dispersion issues arising from the Laplacian operator. However, when dealing with
more intricate media, higher ranks are often necessary to achieve a sufficiently accu-
rate approximation. This requirement arises from the fact that the rank of a matrix
(wavefield extrapolator) represents its number of degrees of freedom or complexity.
In more complex media, the corresponding matrix for the low-rank approximation
becomes more challenging, demanding higher ranks for an adequate representation.
And each rank demands one Inverse Fast Fourier Transform (iFFT) in space.

Another notable numerical method is the Poynting vector method. Because the
dispersion relation contains operations among wavenumbers, Xu and Zhou (2014)
proposed to transform the wave vector k to the propagation direction vector np to
reduce the computational complexity, where np = k

|k| . And np can be computed by

np = − ∇up|∇up| where up is the pressure wavefield. Though the original papers by Xu

and Zhou (2014) did not mention the term Poynting vector, we name it the Poynting
vector method as it adopts the idea of Poynting vector to compute the phase angle,
similar to Schaeken, Hoogerbrugge, and Verschuur (2022) for a non-reflecting wave
equation. L. Zhang and Ohen (2022) used the same approach and only k in the
auxiliary variable vsz of the wave equation was converted to np. The method of the
Poynting vector is efficient as only the first-order derivatives are needed to compute
the phase direction vector. However, the Poynting vector is not accurate for the
approximation of the phase angle when the interference is strong as mentioned in
Schaeken et al. (2022).

We have mentioned two famous numerical examples to solve the mixed-domain
problem in the pure-P-wave equation for TI media, the low-rank approach and
the Poynting method. The low-rank method is highly accurate if we keep enough
ranks. But the number of iFFTs in space is dependent on the medium hetero-
geneity in the low-rank approach, which is not always cheap. The Poynting vector
method may suffer from interference issues, though it is generally cheap. In this
study, we seek a solution that remains independent of heterogeneity and is unaf-
fected by interference. Our investigation begins with the acoustic VTI wave equa-
tion proposed by Stovas et al. (2020). The computational cost associated with the
anellipticity term in the acoustic wave equation Stovas et al. (2020) is substantial
using the hybrid finite-difference/pseudospectral method due to the presence of the
mixed space-wavenumber term (anellipticity term). To address this, we leverage
the assumption of weak anellipticity η and approximate the anellipticity term us-
ing a Taylor series. This approximation effectively decouples the space-dependent
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material properties from the wavenumbers, eliminating the need for the low-rank
approach or the Poynting vector method. Subsequently, we employ a hybrid finite-
difference/pseudospectral method to solve the equation (Zhan, Pestana, & Stoffa,
2013). At each time step for a 2D case, only one Fast Fourier Transform (FFT) in
space, two inverse Fast Fourier Transforms (iFFTs) in space, and additional spatial
differentiations by the finite-difference method are required, ensuring computational
efficiency. By employing this approach, we achieve a feasible cost in computational
complexity while maintaining accurate and interference-free solutions.

In Section Theory, we show how we derive the pure acoustic wave equation for
VTI media first. We demonstrate that the coupled space-wavenumber term, as in
the anellipticity term by Stovas et al. (2020), causes some numerical difficulties in
solving the wavefield. Then the anellipticity term is approximated by the Taylor
series with decoupled space and wavenumbers. We propose a new acoustic TTI
wave equation based on this. In Section Numerical Examples, the kinematics error
is compared first between the proposed method and the methods by Chu et al.
(2011), Y. Zhang et al. (2011), Pestana et al. (2012) and Stovas et al. (2020). Then
we present the wavefield extrapolator comparisons between the low-rank method
and our approach. Following this, we show the wavefield benchmark, between the
proposed method and those methods (Alkhalifah, 2000; L. Zhang & Ohen, 2022), for
the homogeneous Greenhorn shale. We also use a wedge model and a checkerboard
model with multiple sources to test the stability and accuracy of our proposed
method and that of L. Zhang and Ohen (2022). Following are some applications,
such as RTM for a modified 2D Hess model and wavefield simulation and RTM for
a modified 3D EAGE/SEG Salt model. Following this we discuss the importance
of performing the space-wavenumber separation, the advantage of our proposed
equation, and the necessity of including TTI anisotropic parameters in RTM.

3.2 Theory

3.2.1 A 2D acoustic VTI medium

We recall the 2D VTI elastic velocity-stress P-SV Christoffel wave equation in xh-x3

plane, symmetry axis parallel to x3-direction, and in (ω,k) domain (Carcione, 2007),

−iωupsv(ω, k) = Wupsv(ω, k) , (3.1)

where

upsv =
[
σhh σ33 σh3 Vh V3

]T
,

W =


0 0 0 C11ikh C13ik3

0 0 0 C13ikh C33ik3

0 0 0 C44ik3 C44ikh
1
ρ
ikh 0 1

ρ
ik3 0 0

0 1
ρ
ik3

1
ρ
ikh 0 0

 ,
(3.2)
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where ρ is the material density; Cij is the material stiffness; σij is the stress; Vi is

the particle velocity; k = [kh k3]T is the wavenumber; ω is the angular frequency;
i =
√
−1.

As equation 3.1 has a non-zero solution for upsv, we have the following characteristic
equation,

det(W + iωI) = 0 . (3.3)

where I is the identity matrix.

Equation 3.3 can be written in the following form,

fpsv = v4 + bpsvv
2 + cpsv = 0 , (3.4)

with v = ω
|k| being the phase velocity and |k|2 = k2

h + k2
3.

Equation 3.4 has two solutions regarding v2, corresponding to P- and SV-wave
modes,

v2 =
−bpsv ±

√
b2

psv − 4cpsv

2
, (3.5)

This is the exact solution of the phase velocities and the sign + is for P-wave and
− for SV-wave.

Now we introduce the density normalized stiffness, Aij =
Cij
ρ

, and

η =
(A11 − A44)(A33 − A44)− (A13 + A44)2

2 ((A33 − A44)A44 + (A13 + A44)2)
. (3.6)

Then we can parameterize equation 3.4 in A11, A33, A44 and η with

bpsv = −[(A11 + A44)n2
p,h + (A33 + A44)n2

p,3] ,

cpsv = A11A44n
4
p,h +

(
A11A44 + 2ηA11A33

1 + 2η
+ A33A44

)
n2

p,hn
2
p,3 + A33A44n

4
p,3 ,

(3.7)

with np,h = cos(θ) = kh
|k| , np,3 = sin(θ) = k3

|k| and θ being the counterclockwise
angle between the propagating direction and x3-direction. One classic analytical
acoustic approximation (Alkhalifah, 2000) corresponds to A44 = 0 and contains
S-wave artifacts because equation 3.4 still contains two wave modes, as shown in
equation 3.5. A better way to approximate is to set the phase velocity of the S-wave
to be zero along all propagating directions (Stovas et al., 2020). As the P-wave
phase velocity is weakly dependent on A44 (Alkhalifah, 1998b, 2000; Tsvankin &
Thomsen, 1994), we can select A44 = Ã44 such that cp = cpsv(A44 = Ã44) = 0 and
get a new bp = bpsv(A44 = Ã44). By doing so, the new fp = fpsv(A44 = Ã44) = 0
only has one propagating wave mode, which is the P-wave approximation. fp is now
given in the following form,

fp = v2 + bp = 0 , (3.8)
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with

bp = −A11n
2
p,h − A33n

2
p,3 +Dp(n2

p,h + n2
p,3) ,

Dp =
2ηA11A33n

2
p,hn

2
p,3

(1 + 2η)A11n4
p,h + (A11 + (1 + 2η)A33)n2

p,hn
2
p,3 + (1 + 2η)A33n4

p,3

.
(3.9)

This acoustic approximation is identical to equation 12 in Stovas et al. (2020).

With equation 3.9, a formulation of the wave equation can be derived for P-wave
pressure up(t, x)

∂2up

∂t2
= A11

∂2up

∂x2
h

+ A33
∂2up

∂x2
3

−Dp(x, np)∇2up, (3.10)

where x = [xh x3]T is the location coordinate and np = [np,h np,3]T is the phase
direction vector. As the Poynting vector represents the phase direction of the dom-
inant wavefield (Yoon, Guo, Cai, & Wang, 2011), np can be approximated by the
Poynting vector. The Poynting vector for the acoustic wave equation is defined by
sp = −∂up

∂t
∇up. And then, np ≈ sp

|sp| = − ∇up|∇up| . Since the sign of np does not affect

the solution of the wavefield, Xu and Zhou (2014) used a different sign for np. This
method is only valid when the interference is negligible. The method has also been
applied to solve the pure acoustic wave equation for TTI media (L. Zhang & Ohen,
2022).

Now, we will explain why the wave equation directly obtained by equation 3.8 is not
cheap to solve by the hybrid finite-difference/pseudospectral method. We multiply
k2 on both sides of equation 3.8 and assign P-wave pressure up(ω, k),

(−iω)2up =− bp(ik)2up

=
(
A11(ikh)

2 + A33(ik3)2 − wp

)
up ,

(3.11)

where

wp =
2ηA11A33k

2
hk

2
3(k2

h + k2
3)

(1 + 2η)A11k4
h + (A11 + (1 + 2η)A33) k2

hk
2
3 + (1 + 2η)A33k4

3

. (3.12)

Then under the assumption of weak variation of the material properties, the solution
for up(t, x) is,

∂2up

∂t2
= A11

∂2up

∂x2
h

+ A33
∂2up

∂x2
3

− 1

(2π)Ndim/2

∫
Ωk

wp(x, k)F(up)(k) exp(ik · x)dk ,

(3.13)

where F corresponds to the fast Fourier transform in space (FFT), Ωk is the full
space of k, and up(t, k) = F (up(t, x)) = 1

2πNdim/2

∫
Ωx
up(t, x) exp(−ik · x)dx where

Ωx is the full space of x, and Ndim is the number of space dimensions.

The third term on the right-hand-side of equation 3.13 contains mixed (x, k) domain,
and the integral operator is expensive to evaluate as generally one iFFT in space is
required for each grid point.
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A cheaper solution is the low-rank approximation to w and then the number of
iFFTs in space is the same as the ranks. According to Song and Alkhalifah (2013),
If one model exhibits serious roughness and randomness, the ranks will end up being
large, thus making it computationally expensive.

3.2.2 An approximation to the anellipticity term

In this study, we choose the hybrid finite-difference/pseudospectral method. As of
now, the only numerical difficulty is caused by w on the right-hand-side of equation
3.13, which is a function of coupled space (x) and wavenumber (k). We aim to
decouple space-dependent material properties and wavenumbers in wp so that∫

Ωk

wp(x, k)F(up)(k) exp(ik · x)dk

≈
∫

Ωk

N∑
i

wp,1i(x)wp,2i(k)F(up)(k) exp(ik · x)dk

=
N∑
i

wp,1i(x)

∫
Ωk

wp,2i(k)F(up)(k) exp(ik · x)dk

=(2π)Ndim/2

N∑
i

wp,1i(x)F−1 (wp,2i(k)F(up)(k)) ,

(3.14)

where wp,1 = [wp,11 wp,12 ... wp,1N ]T only contains material properties, varying with

space; wp,2 = [wp,21 wp,22 ... wp,2N ]T only contains wavenumbers; F−1 corresponds
to iFFT in space; N is the number of separated terms, as well as the number of the
iFFTs required at each time step. The approximation presented in equation 3.14
is tantamount to approximating Dp(n2

p,h + n2
p,3) in equation 3.9 using the following

expression,

Dp(x, np)(n2
p,h + n2

p,3) ≈
N∑
i

Dp,1i(x)Dp,2i(np) . (3.15)

In this study, we achieve the approximation in equation 3.15 using Taylor series
under the assumption of weak anisotropy. This is equivalent to decoupling x and k
in equation 3.14 analytically.

We construct a functional to approximate Dp(x, np)(n2
p,h + n2

p,3) in equation 3.9,

g(hp,1, hp,2, hp,3) =
q4n

2
p,hn

2
p,3(n2

p,h + n2
p,3)

hp,1n4
p,h + hp,2n2

p,hn
2
p,3 + hp,3n4

p,3

, (3.16)
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where q4 = 2ηA11A33 and and hp,1, hp,2 and hp,3 are scalars. Then

Dp(x, np)(n2
p,h + n2

p,3) =g(q1, q2, q3)

≈g(q5, 2q5, q5)

+
∂g(q5, 2q5, q5)

∂hp,1

(q1 − q5) +
∂g(q5, 2q5, q5)

∂hp,2

(q2 − 2q5)

+
∂g(q5, 2q5, q5)

∂hp,3

(q3 − q5)

=
q4

q5

n2
p,hn

2
p,3

n2
p,h + n2

p,3

+
q4(q5 − q1)

q2
5

n6
p,hn

2
p,3

(n2
p,h + n2

p,3)3

+
q4(2q5 − q2)

q2
5

n4
p,hn

4
p,3

(n2
p,h + n2

p,3)3
+
q4(q5 − q3)

q2
5

n2
p,hn

6
p,3

(n2
p,h + n2

p,3)3

=
N∑
i

Dp,1i(x)Dp,2i(np) ,

(3.17)

where q1 = (1 + 2η)A11, q2 = A11 + (1 + 2η)A33, q3 = (1 + 2η)A33, q5 is a scalar

to be chosen, N = 4, D11 = q4
q5

, D12 = q4(q5−q1)

q25
, D13 = q4(2q5−q2)

q25
, D14 = q4(q5−q3)

q25
,

D21 =
n2
p,hn

2
p,3

n2
p,h+n2

p,3
, D22 =

n6
p,hn

2
p,3

(n2
p,h+n2

p,3)
3 , D23 =

n4
p,hn

4
p,3

(n2
p,h+n2

p,3)
3 , and D24 =

n2
p,hn

6
p,3

(n2
p,h+n2

p,3)
3 . It is

found that q5 = q3 results in a low approximation error. An additional advantage
of doing this is that it cancels the term involving (q5− q3) on the right-hand-side of
equation 3.17, which reduces the computational burden. Equation 3.17 successfully
separates material properties and wave propagation directions, which means the
condition of equation 3.14 is fullfiled when equation 3.17 is transformed into a wave
equation. Now the P-wave kinematics with linearized anellipticity term is

v2 =A11n
2
p,h + A33n

2
p,3

− q4

q3

n2
p,hn

2
p,3

n2
p,h + n2

p,3

− q4(q3 − q1)

q2
3

n6
p,hn

2
p,3

(n2
p,h + n2

p,3)3

− q4(2q3 − q2)

q2
3

n4
p,hn

4
p,3

(n2
p,h + n2

p,3)3
.

(3.18)

We can then transform equation 3.18 back to the (t, x) domain to get the corre-
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sponding acoustic wave equation,

∂2up

∂t2
=A11

∂2up

∂x2
h

+ A33
∂2up

∂x2
3

+
q4

q3

∂4

∂x2
h∂x

2
3

F1

+
q4(q3 − q1)

q2
3

∂8

∂x6
h∂x

2
3

F2

+
q4(2q3 − q2)

q2
3

∂8

∂x4
h∂x

4
3

F2 ,

(3.19)

where F1 = F
−1
(

1
k2h+k23

F(up)
)

and F2 = F
−1
(

1
(k2h+k23)3

F(up)
)

.

Our proposed acoustic wave equation for a VTI media is given in equation 3.19.
The spatial dependency and wavenumbers are decoupled. qi, i ∈ {1, 2, ..., 4} only
contains material properties. The wavenumber components are merged into the
spatial derivatives for F1 and F2. This separation is based on the preceding Taylor
series, which performs competitively compared with some existing acoustic approx-
imations for VTI media in the later accuracy analysis. It is also beneficial for the
hybrid finite-difference/pseudospectral method due to the decoupled material prop-
erties and wavenumber components.

3.2.3 An acoustic TTI medium

With equation 3.18, one can approximate the acoustic kinematics in weakly anelliptic
VTI media. Now we can expand it to a generalized TTI media by

[
np,h

np,3

]
→
[
cos(θti) − sin(θti)
sin(θti) cos(θti)

] [
np,h

np,3

]
, (3.20)

where θti is the counterclockwise rotation angle of the symmetry axis of the TI media
relative to the positive x3-axis.

One can apply the transform in equation 3.20 to equation 3.18 and obtain the
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approximated P-wave kinematics for a TTI medium,

v2 =
(
A11 cos2(θti) + A33 sin2(θti)

)
n2

p,h

+ (A33 sin(2θti)− A11 sin(2θti))np,hnp,3
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8q3
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+
9∑
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n9−i
p,1 n
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n2
p,h + n2

p,3

)3 ,

(3.21)

where Qi, i ∈ {1, 2, ..., 9} are given in Appendix A and they are only functions of
space.

Equation 3.21 corresponds to a wave equation,

∂2up

∂t2
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A11 cos2(θti) + A33 sin2(θti)

) ∂2up

∂x2
h
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A33 cos2(θti) + A11 sin2(θti)
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(3.22)
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Equation 3.22 is the acoustic wave equation for TTI media we propose in this work.
In the numerical solution, the spatial derivatives can be discretized by the finite-
difference method. The 9-point centered finite-difference scheme is used for each
spatial direction, regardless of the derivative order. We use a 3-point centered finite-
difference scheme for time discretization. The evaluations for F1 and F2 require one
FFT and two iFFTs in space. Thus, to solve equation 3.19, one needs the hybrid
finite-difference/pseudospectral method.

To extend equation 3.22 to 3D, there are 3 steps: (1) We substitute n2
p,h = n2

p,1 +n2
p,2

into equation 3.18, where 1 and 2 are the x1- and x2- directions in 3D. As such, the
2D kinematics for a VTI medium of our proposed method is extended to 3D. (2)
Another rotation transform is needed to derive the acoustic TTI kinematics,

np,1

np,2

np,3

→
 cos(θti) 0 sin(θti)

0 1 0
− sin(θti) 0 cos(θti)

cos(φti) − sin(φti) 0
sin(φti) cos(φti) 0

0 0 1

np,1

np,2

np,3

 , (3.23)

where φti is the azimuth angle of the symmetry axis relative to positive x2-axis,
counterclockwise. (3) With the 3D acoustic TTI kinematics, the 3D acoustic TTI
wave equation can be obtained using the same procedure as the 2D case. However,
an explicit 3D acoustic TTI equation is not provided due to the inherent complexity
involved in its expression.

At each time step, the finite-difference scheme expands the computational domain 4
grids in all of the axis directions and the pseudospectral method expands the compu-
tational grids infinitely in space. So, the bottom line of the stability is dependent on
the finite-difference method. According to Kelly, Ward, Treitel, and Alford (1976)
and Alkhalifah (2000), the Courant-Friedrichs-Lewy (CFL) condition of our hybrid

finite-difference/pseudospectral is
√

2 max(v)∆t
4 min(∆xh,∆x3)

< 1 for 2D and
√

3 max(v)∆t
4 min(∆x1,∆x2,∆x3)

< 1

for 3D, where ∆t is the time grid spacing and ∆xi, i ∈ {h, 1, 2, 3} is the spatial grid
spacing.

3.2.4 The true 2D acoustic TTI solution

For benchmarking, we also need to compare our proposed method and some existing
methods together with the exact solution of the acoustic TTI wavefield. We start
from equation 3.5 with sign + for P-wave mode. Plugging equation 3.20 into equa-
tion 3.5, we obtain the exact solution of the acoustic TTI kinematics. Similar to the
process to obtain our proposed TTI acoustic wave equation, the acoustic TTI wave
equation for the exact solution is derived. The exact solution of up(t, x) is given by,

∂2up

∂t2
=

1

(2π)Ndim/2

∫
Ωk

Hp(x, k)F(up)(k) exp(ik · x)dk , (3.24)
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where

Hp =
b̃−

√
b̃2 − 4c̃

2
,

b̃ =− (A11 + A44)(kh cos(θti)− k3 sin(θti))
2

+ (A33 + A44)(kh sin(θti) + k3 cos(θti))
2 ,

c̃ =A11A44(kh cos(θti)− k3 sin(θti))
4 +

(
A11A44 + 2ηA11A33

1 + 2η
+ A33A44

)
(kh cos(θti)− k3 sin(θti))

2(kh sin(θti) + k3 cos(θti))
2

+ A33A44(kh sin(θti) + k3 cos(θti))
4 ,

(3.25)

In an arbitrary medium, an iFFT in space is required for each grid point of x.
However, normally, there are some grid points with the same material properties, and
only one iFFT in space is needed for the region with identical material properties.
Equation 3.24 refers to the exact acoustic TTI wave equation. Hp is the wavefield
extrapolator and can be used for accuracy analysis (Details given in Numerical
Examples).

3.3 Numerical examples

3.3.1 A VTI kinematics benchmark

We initiate our study by examining the P-wave kinematics as defined in equation
3.18. To provide comprehensive comparisons, we reference several other works (Chu
et al., 2011; Pestana et al., 2012; Stovas et al., 2020; Y. Zhang et al., 2011). In
particular, we adopt equation 12 from Stovas et al. (2020), equation 20 from Chu et
al. (2011), equation 14 from Y. Zhang et al. (2011), and equation 22 from Pestana
et al. (2012) for calculating P-wave phase velocities, aligning our methodology with
these established references. Equation 3.18 offers our solution for the P-wave phase
velocity in VTI media.

Greenhorn shale (Jones & Wang, 1981) is used to benchmark the accuracy of the
kinematics of our proposed solution and some other solutions (Figure 3.1). The

relative error of the estimated P-wave phase velocity is computed by Er = |vest−vexa|
|vexa| ,

where vest is the estimated solution and vexa is the exact solution. It is shown that
our proposed solution has an accuracy similar to that proposed by Stovas et al.
(2020), both of which perform better than the solution by Pestana et al. (2012),
Chu et al. (2011), and Y. Zhang et al. (2011). We further test the proposed phase
velocity solution for 1000 randomly generated samples. The relative errors along all
directions are stacked over those samples (Figure 3.2). It is found that our proposed
method retains high accuracy among the other compared methods.
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Figure 3.1: The P-wave kinematics for Greenhorn shale. A11 = 1.447 ×
107 Pa m3/kg, A33 = 9.57 × 106 Pa m3/kg, A13 = 4.51 × 106 Pa m3/kg, A44 =
2.28 × 106 Pa m3/kg, thus, η = 0.3409. (a) Exact P-wave phase velocity. (b) The
relative error of the estimated P-wave phase velocity Er.

Figure 3.2: The average stacked relative error of the estimated P-wave phase ve-
locity for randomly generated 1000 VTI samples using a uniform distribution. The
stacking is performed for each phase angle. A11 ∼ Udis(1.1 × 107 Pa m3/kg, 1.7 ×
107 Pa m3/kg), A33 ∼ Udis(7 × 106 Pa m3/kg, 1.25 × 107 Pa m3/kg), A13 ∼
Udis(1.5 × 106 Pa m3/kg, 3 × 106 Pa m3/kg), A44 ∼ Udis(3.5 × 106 Pa m3/kg, 4.5 ×
106 Pa m3/kg). Udis is for uniform distribution. Thus η ∈ [−0.2475, 0.7100] in our
experiment.

36



CHAPTER 3. WAVEFIELD SIMULATION AND REVERSE TIME
MIGRATION FOR ACOUSTIC TTI MEDIA

3.3.2 A wavefield extrapolator comparison to the low-rank
approach

The example in this subsection illustrates a wavefield extrapolator comparison be-
tween our approach and the low-rank method. We have selected a velocity model
with varying properties along the x3-axis (see Figure 3.3). Solving for the true
acoustic wavefield in a general heterogeneous TTI medium is infeasible, so we focus
on computing the wavefield extrapolator Hp at specific locations (Figure 3.4), as
defined by equation 3.24.

In our experiment, we set the rank to 4 for both x and k (Fomel et al., 2013). The
rank was adjusted until the low-rank approximation demonstrated performance com-
parable to our proposed method: the maximum absolute value of the relative error
for both methods falls within a similar magnitude. Figure 3.4 shows the accuracy of
the wavefield extrapolator by our proposed method and the low-rank method. The
relative error is computed using Hp,app−Hp,true

|Hp,true| , where Hp,app is an approximation of

the wavefield extrapolator Hp and Hp,true is the true solution. Our proposed method
evidently outperforms the low-rank approach at shallower depths but becomes less
competitive at greater depths. For solving the corresponding wavefields by the two
methods, 4 iFFTs are necessary in the low-rank approximations, and only 2 iFFTs
are needed in our proposed method.

Figure 3.3: The model utilized in the numerical experiment for comparing the wave-
field extrapolator of the proposed method with the low-rank approach. The model
is only a function of x3.
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Figure 3.4: The acoustic wavefield extrapolators Hp for the model given in Figure
3.3. (a) - (c) are for the location xh = 30 m, x3 = 100 m. (d) - (f) are for the
location xh = 30 m, x3 = 500 m. (g) - (i) are for the location xh = 30 m, x3 = 900
m. (a), (d), and (g) are the true solutions. (b), (e), and (h) are the relative errors
of the low-rank approach, solved with 4 ranks for x and k, respectively. (c), (f), and
(i) are the relative errors of our proposed solutions.
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3.3.3 A wavefield test for the Greenhorn shale

We assessed the accuracy of wavefield simulations in a homogeneous medium com-
prising Greenhorn shale, comparing our method to other existing approaches (Alkhal-
ifah, 2000; L. Zhang & Ohen, 2022). In Figure 3.5b, it is evident that all methods
provide accurate approximations of the acoustic wavefield, except for the case in
Figure 3.5 from Alkhalifah (2000), which exhibits S-wave artifacts. Though S-wave
artifacts are typically minor in scenarios where the source is located in a weakly
anelliptic medium, eliminating them remains vital for stable acoustic wavefield sim-
ulations in TTI media with varying tilt angles θti. Our proposed method, as depicted
in Figure 3.6, showcases the highest accuracy for this particular profile.

Figure 3.5: The acoustic wavefield for the Greenhorn shale at 0.5 s. The red down-
pointing triangle depicted in (a) serves as the source and will retain the same marker
throughout. The source signature is Ricker wavelet, 10 Hz. (a) Exact solution. (b)
VTI wavefield by Alkhalifah (2000). (c) VTI wavefield by L. Zhang and Ohen (2022).
(d) Proposed VTI solution. (e) Proposed TI solution with θti = π

6
.

3.3.4 A wedge model

To demonstrate the stability of our proposed TTI acoustic wave equations under
varying θti and negative η, we generated wavefields for a wedge-shaped medium and
compared our method to L. Zhang and Ohen (2022). The acoustic TTI wavefield
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Figure 3.6: The profile at xh = 1600 m for Figure 3.5 a-d.

derived from Alkhalifah (2000) is not shown due to instability. The wedge medium
is depicted in Figure 3.7 and contains negative η (see Figure 3.7a).

Figure 3.8 shows that both our method and the approach by L. Zhang and Ohen
(2022) maintain stable solutions on this wedge model, even in the presence of neg-
ative η and rapid changes in θti. The shot gathers in Figure 3.9 also demonstrate
that both of the two approximations are reliable while our proposed method is more
accurate than L. Zhang and Ohen (2022) according to Figure 3.9d.

We also benchmarked computational time for this model, using a spatial discretiza-
tion of 200x200 and 5000 time steps. On a workstation equipped with an AMD
EPYC 7302P CPU and 128 GB of RAM, L. Zhang and Ohen (2022) took 91 sec-
onds per shot, while our proposed method required 103 seconds. The method by
L. Zhang and Ohen (2022) proves slightly more time-efficient.

3.3.5 An interference test

As previously mentioned, the Poynting vector provides an approximation of the
dominant phase directions for the acoustic wavefield. Methods, such as those dis-
cussed in L. Zhang and Ohen (2022) and Xu and Zhou (2014), may exhibit reduced
accuracy in the presence of strong interference. In this test, we demonstrate that
our method is not affected by this issue.

We created a scenario where three sources were simultaneously activated (referred
to as up for this case). The wavefield was calculated for each source and then stacked
together as up,sta. When interference does not affect the solution, up,sta equals up.
We conducted this experiment using the model shown in Figure 3.10, where the
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Figure 3.7: The wedge model. (a) η. (b) θti. The other parameters are set homo-
geneous along the space. A11 = 1.4 × 107 Pa m3/kg, A33 = 1.0 × 107 Pa m3/kg,
A44 = 2.0× 106 Pa m3/kg. 30 receivers are placed evenly at xh ∈ [780, 5130] m and
x3 = 750 m.

three sources can induce wavefield interference.

We compared our proposed method with one of the Poynting methods, L. Zhang
and Ohen (2022). Figure 3.11 displays the shot gather, showcasing both up and
up,sta. Generally, both methods yield similar wavefield solutions. However, a slight
interference issue is observed in Figure 3.11f for L. Zhang and Ohen (2022), whereas
our proposed method demonstrates identical seismograms for up and up,sta.

3.3.6 An application to 2D RTM

To show the reliability of the proposed equation, we use a modified TTI version of
the Hess model (Figure 3.12). The imaging condition is calculated using

IR,3(x) =
1

Nsource

Nsource∑
i=1

∫
Ωt
uip,u(x, t)uip,d(x, t)dt∫

Ωt
uip,d(x, t)2dt

, (3.26)

where IR,3 is the reflectivity image; Ωt is the full space of t; i is the source index;
Nsource is the source numbers; up,u is the upgoing wavefield and up,d is the downgoing
wavefield. The observed data is computed using our proposed acoustic TTI equation
from the model in Figure 3.12. The migration model is the same. For TTI RTM,
both up,d and up,u are calculated using the model in Figure 3.12, but θti = 0 for VTI
RTM and η = 0 for elliptic RTM.

Figure 3.13b displays the migration results. To evaluate the significance of the
tilt angle and anellipticity, we introduced several imperfections in the migration
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Figure 3.8: The acoustic wavefield for the model in Figure 3.7. The source signature
is a Ricker wavelet, 10 Hz. Acoustic approximations (a)(d)(g) are at 0.5 s, (b)(e)(h)
at 1 s and (c)(f)(i) at 1.8 s. (a) - (c) are computed by the method of L. Zhang
and Ohen (2022) and (d) - (f) are from our proposed method. (g) - (i) are exact
solutions.

42



CHAPTER 3. WAVEFIELD SIMULATION AND REVERSE TIME
MIGRATION FOR ACOUSTIC TTI MEDIA

Figure 3.9: The shot gathers for the wavefield in Figure 3.8 and the setup in Figure
3.7, (a) for L. Zhang and Ohen (2022), (b) for the proposed method, (c) for the exact
solution, and (d) differences between the approximations and the true solution for
the receiver index 25.
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Figure 3.10: The checkerboard model. For white region, A11 = 1.4× 107 Pa m3/kg,
A33 = 1.0× 107 Pa m3/kg, A44 = 7× 106 Pa m3/kg, η = 0.2, θti = π

3
. For the black

region, the values of the above parameters are doubled.

Figure 3.11: The shot gathers for Figure 3.10. Ricker wavelet, 10 Hz. up is the
solution when 3 sources are shot simultaneously, and up,sta is the stacked solution
for each shot wavefield, (a) up by our proposed method, (b) up,sta by our proposed
method, (c) True seismograms for receiver index 15, (d) up by L. Zhang and Ohen
(2022), (e) up,sta by L. Zhang and Ohen (2022), and (f) up,sta− up for L. Zhang and
Ohen (2022) and the proposed method.
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Figure 3.12: The modified Hess model. (a) A11. (b) A33. (c) η. (d) An additional
tilt angle θti of the symmetry axis is added to the original Hess model. 201 receivers
are placed evenly at xh ∈ [1281, 25681] m and x3 = 1342 m.

processes in Figure 3.13c and d. For reference, Figure 3.13a represents the vertical
differentiation of the model A33, revealing the true interfaces.

Notably, the TI migration in Figure 3.13b produces the clearest image. However, due
to inaccurate wavefield simulations, Figure 3.13c and 3.13d exhibit more migration
noise and a loss of reflector accuracy.

3.3.7 A 3D example

This subsection gives the wavefield simulation and RTM for the modified 3D EAGE/SEG
Salt model. Our proposed 2D acoustic TTI wave equation is extended to 3D using
the procedure given in Subsection An acoustic TTI medium. The EAGE/SEG Salt
model is modified. As the original 3D EAGE/SEG Salt model is isotropic, we add
to its complexity by introducing some anisotropic TTI parameters (Figure 3.14).
We obtain our acoustic TTI model by A11 = v2, A33 = 1.4A11, η = 0.2 A11

max(A11)
,

θti = π
2

A11

max(A11)
, φti = 2π A11

max(A11)
, where v is the original isotropic velocity of 3D

EAGE/SEG model. Figure 3.15 is an example of the wavefield and Figure 3.16 is
the RTM image. For RTM, the observed data is computed from the model in Figure
3.14. The migration model stays the same.
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Figure 3.13: The reflectivity images IR,3. Source: Ricker wavelet, 5 Hz. 17 sources
are placed evenly at xh ∈ [1281, 20862] m, x3 = 1342m, and each shot gather is gen-
erated using a single source. (a) is the image derived from the vertical differentiation
of A33. (b)(c) and (d) are for TTI, VTI, and elliptic migration images, respectively.
In (c) and (d), certain artifacts (indicated by red arrows) are generated, and some
reflectors are inaccurately constructed (shown in blue) due to inappropriate physics.

3.4 Discussions

We propose a new acoustic TTI wave equation. We start from the acoustic approx-
imation by Stovas et al. (2020) for VTI media. The Christoffel equation of the new
acoustic wave equation only contains the P-wave propagating mode, so it is free
from S-wave artifacts. However, the acoustic wave equation by Stovas et al. (2020)
has a coupled (x,k) anellipticity term, so it is not cheap to solve with the hybrid
finite-difference/pseudospectral method. A treatment of the anellipticity term us-
ing Taylor series can decouple the space and wavenumber dependencies analytically,
then the hybrid finite-difference/pseudospectral method can be applied. For a 2D
case, only one FFT in space, two iFFTs in space, and additional spatial differentia-
tions using the finite-difference method are required at each time step. This method
is not dependent on media heterogeneity and is not prone to wavefield interference.

In the kinematics analysis and the wavefield extrapolator comparison, we show that
our proposed method has a competitive accuracy. Followed by the stability test of
a wedge model and the interference test, our proposed method is stable under fast
change of θti, negative η, and is not affected by the interference issues. Those factors
are key for an accurate and stable acoustic TTI wavefield simulation. We compare
the computational cost of our proposed method with one of the cheap Poynting
vector methods. Our proposed method is not much more expensive than the efficient
Poynting vector method while retaining more accuracy in certain circumstances.

46



CHAPTER 3. WAVEFIELD SIMULATION AND REVERSE TIME
MIGRATION FOR ACOUSTIC TTI MEDIA

Figure 3.14: The modified 3D EAGE/SEG Salt model. (a) Slice at x1 = 4400 m.
(b) Slice at x2 = 4400 m. (c) Slice at x3 = 2800 m. The down-pointing triangles are
the imaging source locations projected on those planes. 421875 receivers are evenly
distributed in this range, x1 ∈ [840, 6760] m, x2 ∈ [840, 6760] m, x3 = 840 m.
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Figure 3.15: The solution of the wavefield by the proposed method. The source
is placed at [4440 4440 840]T m. Source: Ricker wavelet, 7 Hz. The three rows
correspond to t = 0.3, 0.4, 0.6 s. The three columns correspond to the same slices
in Figure 3.14 for (a), (b), and (c).
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Figure 3.16: The RTM image for the slice in Figure 3.14, same slices as in Figure
3.14 for (a), (b), and (c).
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The RTM example shows the necessity to include anellipticity η and tilt angle of
the symmetry axis θti in seismic imaging to avoid losing information. However, in-
cluding more physical properties in the method application is more computationally
expensive. For instance, including the anellipticity term requires special treatment
to separate the space and wavenumbers. The tilt angle of the symmetry axis com-
plicates the spatial derivatives.

3.5 Conclusions

This work presents a new acoustic wave equation for TTI media. Its solution does
not suffer from S-wave artifacts. The equation is obtained by applying a Taylor
series expansion to the anellipticity term of the existing pure P-wave equation with
a rotation to the wavenumber vector. Numerically, the acoustic TTI wave equation
can be solved by the hybrid finite-difference/pseudospectral method. This method is
not expensive and maintains high accuracy. The wavefield solution always appears
stable and devoid of artifacts, even for challenging media with fast-changing tilt
angles. The RTM for the modified 2D Hess model demonstrates the necessity of
considering the ellipticity and tilt angle for the TI media. The example for the
modified 3D EAGE/SEG Salt model demonstrates the method is applicable to 3D.
As a result, our proposed acoustic TTI wave equation holds considerable promise
for advancing seismic imaging and analysis in scenarios where Earth’s subsurface
exhibits the utmost complexity and variability.
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Abstract

Total Variation (TV) regularization is widely utilized in geophysical inverse prob-
lems for reconstructing blocky subsurface parameters. However, due to the non-
linearity of its first-order optimality condition, convergence in such inverse prob-
lems can be slow. A common strategy in geophysics for addressing TV-related
inverse problems is the Modified Total Variation (MTV) approach, which involves
an alternating minimization for L2-regularized and TV-denoising subproblems that
require careful tuning. In this study, we introduce a more efficient and accurate ap-
proach to solving TV-related inverse problems: Bregman iterative TV regularization
with Levenberg–Marquardt-type linearization, which can be implemented using the
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primal-dual Newton’s method. By linearizing the forward operator, the only non-
linearity in each step comes from the regularization function. We illustrate this with
the eikonal equation inverse problem as an example, utilizing the adjoint method to
formulate the Fréchet derivatives, thereby circumventing the need for cumbersome
ray tracing. Through numerical experiments, we benchmark our method against
MTV for boundary reconstruction. We also compare the approach with smooth-
ness penalized approaches, L-BFGS applied to the least squares functional and H1

regularization. Our method demonstrates less-effort parameter tuning, reduced ar-
tifacts and faster convergence rates compared to MTV and the other methods. This
workflow is adaptable to other physical problems by employing suitable linearization
strategies.

4.1 Introduction

Seismic travel-time inversion has been widely applied to reconstruct subsurface ve-
locities. The technique has become standard in geophysics in combination with
Tikhonov regularization in H1 (where the L2-norm of the gradient serves as the reg-
ularization functional, see, e.g. Rawlinson and Sambridge (2003) and Ajo-Franklin,
Minsley, and Daley (2007)). However, this regularization blurs the reconstruction of
medium discontinuities, as its optimality condition contains a second-order elliptic
differential operator, which has a smoothing effect.

Total Variation (TV) regularization is an established technique for reconstructing
sharp boundaries (Osher, Burger, Goldfarb, Xu, & Yin, 2005; Rudin, Osher, &
Fatemi, 1992; Vogel & Oman, 1996; X. Zhang, Burger, Bresson, & Osher, 2010).
Formally, it corresponds to an L1-norm penalty of the model gradient, thus enforc-
ing sparsity of the gradient of the inverted model; in other words, the reconstructed
model consists of piecewise constant regions bounded by sharp edges. Such recon-
structions are preferred when there is prior knowledge that the model exhibits strong
discontinuities, such as the interface between a salt dome and its overburden.

The TV regularization originated from image restoration, targeting image denoising
and deblurring/deconvolution. The TV-based image denoising was first introduced
in Rudin et al. (1992) with an objective function consisting of an image misfit
and a non-linear TV regularization term - the Rudin-Osher-Fatemi (ROF) model.
The time marching method (Rudin et al., 1992) converges slowly due to stability
constraints. Vogel and Oman (1996) proposed a fixed point (FP) iteration approach;
however, this method is still only linearly convergent. Finally, Chan, Golub, and
Mulet (1996) introduced a linearization of the non-linear TV term based on a dual
variable, where the primal-dual problem is solved using Newton’s method. This
approach leads to reliable superlinear convergence.

An alternative solution to the TV regularized image denoising problem is the split-
type method. Goldstein and Osher (2009) linearized the spatial differentiation term
in the TV-norm of an image deconvolution problem, splitting the L2- and L1-norms.
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This ensures the L2-norm problem is differentiable while the L1-norm is an ROF
problem that can be solved by the shrinkage formula. Another penalization approach
is to introduce deblurred and denoised images in the image deconvolution problem
(Y. Huang et al., 2008). Image deblurring is involved in the L2-norm problem,
while image denoising is contained in the L2 − L1 problem and solved with the
Chambolle’s projection algorithm (Chambolle, 2004; Y. Huang et al., 2008). For each
subproblem in those methods, efficient algorithms are available; however, several
tuning parameters controlling the penalization terms must be carefully adjusted to
achieve optimal results.

In geophysics, TV regularization has gained prominence due to the need to recon-
struct sharp interfaces of subsurface objects. Geophysical inverse and image de-
blurring problems have different forward operators. A geophysical forward operator
is usually a nonlinear operator mapping some physical parameters to the surface
observations via a Partial Differential Equation (PDE). Most TV-related studies
in geophysics first replace the identity matrix in the image denoising of Y. Huang
et al. (2008) by a geophysical forward operator. Then the minimization problem
can be split into two subproblems: one only involves L2-norm and the other is
an image denoising problem. The L2-norm problem can be easily solved by stan-
dard optimization methods. The denoising steps can be done by any method for
TV minimization. Gholami (2015) and Gholami and Zabihi Naeini (2019) applied
the framework to acoustic impedance and Dix inversions. Other studies used the
method for solving waveform inversion (Lin & Huang, 2015a), least-square reverse
time migration (Lin & Huang, 2015b) and travel time inversions (Jiang & Zhang,
2017, 2018). In geophysics, this method is named Modified Total Variation (MTV).

Because the MTV approach introduces several tuning parameters, achieving optimal
results in its geophysics inversion framework is often not straightforward. In this
work, we explore an alternative approach based on the primal-dual linearization in
image denoising proposed by Chan et al. (1996). Despite the advantage of requiring
fewer parameters to tune, few studies have explored its application to geophysical
problems. Bachmayr and Burger (2009) proposed a Levenberg-Marquardt type lin-
earization, together with TV regularization based on the Bregman distance, for the
diffusion equation problem.

Our method is based on the following observation: directly using TV regularization
with a nonlinear forward problem results in a challenging non-convex optimization
problem at each step. We apply a Levenberg-Marquardt method to the forward
operator in the L2-norm data misfit. At each iteration, this method combines such
a Levenberg–Marquardt linearization at the previous iterate, which ensures that the
data misfit is a convex problem with a regularization by the total variation Bregman
distance (Bachmayr & Burger, 2009).

Different from MTV, where the L2-norm problem and the TV problem are weakly
coupled, our method still maintains the close coupling between the forward problem
and TV-regularization. In the present context, this iterative scheme has the bene-
fit of substantial computational simplifications. In particular, because the forward
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operator in each step is linearized, the Primal-Dual Newton’s (PDN) method (An-
dersen, Christiansen, Conn, & Overton, 2000; Chan et al., 1996) can be used to solve
the first-order optimality condition. This method is among the most efficient for TV
minimization. In the following context, our method is abbreviated as TV-LM.

TV-LM also differs from MTV in terms of computational structure. MTV alterna-
tively solves two sub-problems. Firstly, it addresses a model update problem involv-
ing data misfit and constraints with the TV-denoised image. In this context, Fréchet
derivatives are not necessary if a gradient-based method is employed (Lin & Huang,
2015a), even if they must be computed if using some Newton’s methods (Jiang &
Zhang, 2017). In this case, the update of the denoised image follows the algorithm
described by Goldstein and Osher (2009), which involves several inner iterations to
refine the denoised image. TV-LM solves the aforementioned linearzied first-order
optimality condition using Newton’s method, which always requires constructing the
Fréchet derivatives. This construction is achieved by solving the adjoint equation.
At each outer iteration, a non-linear problem is solved to update the model, and as
a result, each outer iteration involves multiple inner iterations.

In this work, we apply our algorithm TV-LM to the eikonal equation inverse prob-
lem. We examine a standard Levenberg–Marquardt-type regularization of the model
gradient – in the following referred to as H1 regularization for simplicity – and the
corresponding iterative TV regularization using three toy models, comprising the
Marmousi model (Billette & Brandsberg-Dahl, 2005) and the 2004 BP model (Bil-
lette & Brandsberg-Dahl, 2005). To assess performance of our method, we also
include L-BFGS (Leung & Qian, 2006) and MTV for comparisons. A noise test is
also performed for 2004 BP model. The L-BFGS method uses the L2-norm data
misfit as the objective function. In the inversion process, a Gauss smoothing filter
is applied to the descent direction to accelerate the convergence.

Our results show that TV-LM not only provides superior reconstruction of sharp
interfaces compared to MTV but also offers greater computational efficiency in our
numerical tests. In contrast, methods such as the L-BFGS method based on L2-norm
misfit functional and H1 regularization are not suitable for such mission.

In Section 4.2, we first present the general inversion framework based on TV-LM and
then apply it to the eikonal equation problem for 2D travel time inversion. In Section
4.3, we discuss other approaches to solving geophysics inverse problems, including
the L-BFGS method based on L2-norm misfit functional, H1 regularization, and
MTV. Section 4.4 showcases numerical tests to demonstrate the different behaviors
of the aforementioned inversion methods. Finally, Section 4.5 provides discussions
and concluding remarks.
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4.2 Method

4.2.1 Total variation regularization of inverse problems

We consider the problem of travel time inversion on a bounded domain Ω ⊂ R2

representing the medium, where x =
[
x1 x3

]T
denotes the Cartesian coordinates.

The methods studied in this work are based on total variation penalty terms, which
have been proposed for image denoising problems by Rudin et al. (1992) and have
been applied to general linear inverse problems by Acar and Vogel (1994) and to
nonlinear inverse problems by Chavent and Kunisch (1997), Chan and Tai (2003)
and Ascher, Haber, and Huang (2006).

A cost function E targeting seismic velocity v(x) with total variation regularization
is given by

E = min
v
h(v) + αTV(v) , (4.1)

h is the data misfit defined by

h(v) =
1

2

∫
Ωr

|t(v)− tobs|2 dx ; (4.2)

Ωr ⊂ Ω is the region where receivers are placed; t is the calculated solution for the
given seismic velocity, in this application, travel time; tobs is the observed data; α is
the scaling parameter; and the isotropic total variation TV(v) defined by

TV(v) = sup

{∫
Ω

v∇ · w dx : w ∈ C1(Ω,R2) with suppw ⊂ Ω, sup
Ω
|w| ≤ 1

}
,

(4.3)

is used as a regularization term. Note that in the special case of v that is weakly
differentiable, we have

TV(v) =

∫
Ω

|∇v| dx . (4.4)

However, functions of finite total variation can also have jump discontinuities, and
regularization methods using this penalty term can thus reconstruct sharp edges.
TV(v) is, in general, not differentiable in the classical sense, which complicates the
numerical treatment of first-order optimality conditions for equation 4.1. Methods
exploiting the convexity of tv based on dual formulations, as developed in Carter
(2002) and Chambolle (2004), are applicable mainly to denoising problems with the
identity as the forward operator, but not to our setting. Here, we instead replace
tv(v) by a standard smoothed approximation,

TVεtv(v) ≈
∫

Ω

√
|∇v|2 + εtv2 dx , (4.5)

where εtv is a small positive number. As pointed out in Vogel and Oman (1996),
larger values of εtv tend to round off sharp edges, and a larger α leads to approxi-
mations with fewer piecewise constant regions.
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4.2.2 Bregman distance

Osher et al. (2005) have proposed a generally applicable construction of total variation-
based iterative regularization methods based on the corresponding Bregman distance
(Bregman, 1967). The Bregman distance associated to TVεtv(v) is given by

DTVεtv
(vi+1, vi) = TVεtv(vi+1)− TVεtv(vi)− 〈TV′εtv(vi), vi+1 − vi〉 , (4.6)

where 〈·, ·〉 is the dot product; vi and vi+1 are the velocities at two consecutive
iterations.

Now, instead of minimizing h(v) + αtvεtv(v), we solve the inversion with TV-based
Bregman distance as the regularization: for a given vi,

vi+1 = argmin
v

h(v) + αDTVεtv
(v, vi) . (4.7)

In image denoising, this type of iteration has been observed to be superior to con-
ventional TV regularization in that it leads to reconstructions with better contrast
(Goldstein & Osher, 2009). In our setting of nonlinear inverse problems, it has been
studied by Bachmayr and Burger (2009), who also considered combinations with
iterative linearizations of Levenberg–Marquardt or Landweber type.

4.2.3 Levenberg–Marquardt-type linearization

We combine the iterative scheme in equation 4.7 with a linearization of t with
respect to v to ensure the convexity of the minimization problem at each iteration.
Linearizing the nonlinear mapping t inside the quadratic data misfit functional yields

hl(v) =
1

2

∫
Ωr

|ti + t′(vi)(v − vi)− tobs|2dx . (4.8)

where i is the iteration index for the outer iteration; t′(vi) is the derivative of the
travel time with respect to the velocity at iteration i.

The iterative Levenberg–Marquardt regularization in H1(Ω) is defined by the mini-
mization problem

vi+1 = argmin
v

hl(v) + α

∫
Ω

|∇(v − vi)|2 dx . (4.9)

Following Bachmayr and Burger (2009) to obtain an analogous scheme for TV reg-
ularization, we insert equations 4.8 and (4.6) into equation 4.7 and replace h in
equation 4.7 with hl to formulate the new optimization problem,

vi+1 = argmin
v

1

2

∫
Ωr

|ti + t′(vi)(v − vi)− tobs|2 dx+ α(TVεtv(v)− 〈ξi, v〉) , (4.10)
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with

ξ = TV′εtv(v) = −∇ · ∇v√
|∇v|2 + εtv2

. (4.11)

Solving for the first-order optimality condition of equation 4.10 yields vi+1. Com-
bining with equation 4.11, we thus need to solve

t′(vi)
∗(ti + t′(vi)(v − vi)− tobs) + α(tv′εtv(v)− ξi) = 0 , (4.12)

for vi+1 = v, and then update

ξi+1 = ξi −
1

α
t′(vi)

∗(ti + t′(vi)(vi+1 − vi)− tobs) , (4.13)

where t′(vi)
∗ is the adjoint operator of t′(vi) with respect to the L2-inner product.

In equation 4.12, t′(vi) is only evaluated for t at receivers.

4.2.4 A primal-dual Newton’s method

As hl(v) is linear with respect to v, the only remaining nonlinearity arises from the
term DTVεtv

(v, vi); in other words, at each iteration i, equation 4.12 is nonlinear
with respect to v due to the presence of TV′εtv(v). Thus, iterative methods are also
necessary to approximate the solution of equation 4.12. We denote the iterates of
this inner iteration with index j, those of the outer iteration defined by equation
4.10 with index i. For given vi, to obtain vi+1 as in equation 4.12 we iteratively solve

−α∇ · ∇uv√
|∇uv|2 + εtv2

+ t′(vi)
∗(t′(vi)uv − fi)− αξi = 0 , (4.14)

for uv, where

fi = t′(vi)vi + tobs − ti , (4.15)

and where we can use vi as the starting value of the inner iteration. The computed
approximate solution of equation 4.14 is then assigned to vi+1.

There are several approaches to solving the system in equation 4.14, for instance,
the Fixed Point (FP) or lagged diffusivity method (Vogel & Oman, 1996) where for
a given approximation (uv)j of the solution uv, the next approximation (uv)j+1 is
obtained as the solution of

−α∇ · ∇(uv)j+1√
|∇(uv)j|2 + εtv2

+ t′(vi)
∗(t′(vi)(uv)j+1 − fi)− αξi = 0 . (4.16)

The resulting iterative method is robust but only linearly convergent.
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Chan et al. (1996) proposed a new linearization method for TV′εTV
(v) that improves

performance, the Primal-Dual Newton’s method (PDN). This method is based on
introducing the auxiliary (dual) variable

w =
∇uv√

|∇uv|2 + εtv2
, (4.17)

with |w| ≤ 1. With the linearization in equation 4.17, we obtain a system of PDEs

for uv and w. For example, assuming a 2D case in x =
[
x1 x3

]T
coordinates, we

can rewrite (4.14) as

−α∇ · w + t′(vi)
∗(t′(vi)uv − fi)− αξi = 0 ,

w1

√
|∇uv|2 + εtv2 − ∂uv

∂x1

= 0 ,

w3

√
|∇uv|2 + εtv2 − ∂uv

∂x3

= 0 ,

(4.18)

where w =
[
w1 w3

]T
.

The system can be solved efficiently using Newton’s method. At each iteration,
updating w requires a line search to preserve the constraint |w| ≤ 1; as noted in
Vogel (2002), in practice, no line search is observed to be necessary for the update
of uv. Note that in contrast to the effective global convergence of this primal-
dual Newton’s method, the direct application of Newton’s method to equation 4.14
generally leads to an extremely small convergence radius.

4.2.5 Eikonal equation

Under the assumption of infinite frequency (ray theory), the first arrival of a single
wave mode in isotropic media can be described by the eikonal equation,

|∇t|2 =
1

v2
, (4.19)

where the boundary condition is t(xs) = 0, with xs the source location for one event.
To complete the inversion framework, we still need two steps: the numerical solution
of the eikonal equation for the computation of t and the linearization of the eikonal
equation for t′(v).

The eikonal equation can be solved in the framework of Hamiltonian systems by
the method of characteristics (Biondi, Fomel, & Alkhalifah, 2001; ČErvený, 1990;
Rueger, 1993; U. b. Waheed, Alkhalifah, & Wang, 2015) or using finite-difference
approximations, such as fast marching (Gill & Murray, 1978; Rawlinson & Sam-
bridge, 2018) and fast sweeping methods (U. B. Waheed, Yarman, & Flagg, 2014;
Zhao, 2004). The numerical Hamiltonian framework yields a consistent and accurate
discretization scheme. However, there are three challenges: It has to mitigate the
non-differentiability at intersections of characteristics; a large system of nonlinear
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equations has to be solved after discretization, which can be slow for large problems;
and it may suffer from the shadow zone problem (Julian & Gubbins, 1977). An in-
terpolation is required if receivers are located in the gap of the rays. Here, we thus
follow a finite-difference approach, which does not suffer from the aforementioned
issues (Zhao, 2004) and is usually suitable for large-scale eikonal equation problems.
The fast sweeping method has the complexity of O(Nx) for an Nx-grid problem,
while the fast marching method has O(Nx logNx). Thus, the fast-sweeping method
used in this work has an advantage when it comes to large models.

In inversion techniques, one needs to either construct the Fréchet derivatives for
Newton’s method or compute the gradient of the data misfit with respect to the
model parameters for gradient-based methods. It is common to use the adjoint
eikonal equation to evaluate the gradient of the data misfit with respect to the
model parameters, denoted as h′(v) (see, e.g., Tong (2021), Leung and Qian (2006),
Taillandier et al. (2009)). In our framework, we specifically require the Fréchet
derivatives of the travel time function t′(v).

In geophysics, the computation of the Fréchet derivatives of the travel time function
t′(v) has traditionally relied on ray tracing methods (Rawlinson, Kool, & Sambridge,
2018; Rawlinson & Sambridge, 2003), even though the forward problem can be
solved using the fast marching or fast sweeping methods. However, there are two
main issues with ray tracing: (1) it suffers from the shadow zone problem; and (2)
using the travel time gradient for ray tracing can be inaccurate, potentially leading
to inaccurate ray paths.

In light of these challenges, we compute the Fréchet derivatives using the adjoint
travel time, which can be efficiently solved using the fast sweeping method (J.-
W. Huang & Bellefleur, 2012; Leung & Qian, 2006; Taillandier et al., 2009). Ap-
pendix B provides a detailed illustration of how to compute the adjoint eikonal
equation and how to use the adjoint travel time to construct the Fréchet deriva-
tives.

4.2.6 Numerical implementation

Suppose the velocity v is defined on an equispaced grid in two space dimensions with
Nspace,1×Nspace,3 grids, {(ihspace,1, jhspace,3) : i = 1, 2, ..., Nspace,1, j = 1, 2, ..., Nspace,3}.
Here hspace,1 and hspace,3 are the grid spacings in x1- and x3-directions, respectively.
The value of v at grid (i, j) is vi,j. Through the eikonal equation, one can obtain
the travel time ti,j at each node of the velocity vi,j. Let v and t denote the vectors
(grid functions) obtained from the discretization of v and t.

Equation A9 has to be evaluated for each source-receiver pair. Say we have Nsr

source-receiver pairs, there is a sequence of δte, e = 1, 2, ..., Nsr. This means there
are Nsr corresponding linear equations as in equation A9. We can rewrite these
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equations in matrix form,

δt = Gδv , (4.20)

where G is the discretization of t′(v). Equation 4.20 is the discrete version of equa-
tion A9.

To implement the travel time inversion, we combine the Bregman iteration given
by equations 4.12 and (4.13) as an outer iteration with the primal-dual Newton’s
method obtained from the discretization of equation 4.18. We denote by u, w1 and
w3 the coefficient vectors for uv, w1 and w3 discretized analogously to v above. We
also define the discretized differential operators D1 and D3 by

(D1v)i,j =
vi,j − vi−1,j

hspace,1

,

(D3v)i,j =
vi,j − vi,j−1

hspace,3

,
(4.21)

where D1 and D3 are both combined with Neumann boundary conditions.

For the discrete Newton updates ∆uv, ∆w1 and ∆w3, following Vogel (2002), we
obtain

∆uv =
(
GTG + αA1

)−1
b1 , (4.22)

where I is the identity matrix, and

A1 =D1
T diag

(
diag (a2)−1

[
1 + diag (a2)−1 diag

(
D1 (uv)j

)
(w1)j

])
D1

+D1
T diag

(
diag (a2)−2 diag

(
D1 (uv)j

)
(w1)j

)
D3

+D3
T diag

(
diag (a2)−1

[
1 + diag (a2)−1 diag

(
D3 (uv)j

)
(w3)j

])
D3

+D3
T diag

(
diag (a2)−2 diag

(
D3 (uv)j

)
(w1)j

)
D3 ,

b1 =GT
(
f i −G (uv)j

)
+ αξi + αD1 diag (a2)−1 D1 (uv)j + αD3 diag (a2)−1 D3 (uv)j ,

(4.23)

where a2 is the discretization of

√(
∂(uv)j
∂x21

)2

+
(
∂(uv)j
∂x3

)2

+ ε2tv and uv is the dis-

cretization of uv.
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The updates for the dual variables are given by,

∆w1 =− (w1)j

+ diag (a2)−1
[
D1 (uv)j+1 + diag

(
1 + diag (a2)−1 diag

(
D1 (uv)j+1

)
(w1)j

)]
D1∆uv

+ diag (a2)−1 diag
(
D3 (uv)j+1

)
diag

(
(w1)j

)
D3∆u ,

∆w3 =− (w3)j

+ diag (a2)−1
[
D3 (uv)j+1 + diag

(
1 + diag (a2)−1 diag

(
D3 (uv)j+1

)
(w3)j

)]
D3∆uv

+ diag (a2)−1 diag
(
D1 (uv)j+1

)
diag

(
(w3)j

)
D1∆u ,

(4.24)

where diag(v) represents the square diagonal matrix with the elements of the vector
v on the main diagonal; f , a2 and ξ is the vector from the discretization of f , a2

and ξ, respectively; and ξ1 = 0.

To avoid the storage of GTG, we can solve an equivalent to equation 4.22,

[
∆uv

∆φd

]
=

[
αA1 GT

G −I

]−1 [
b1

0

]
, (4.25)

where ∆φd is the dual variable corresponding the primal ∆uv. For the inner itera-
tions, it is not necessary to store ∆φd, and the update for (u,w) system is,

(uv)j+1 =(uv)j + ∆uv ,

(w1)j+1 =(w1)j + αw∆w1 ,

(w3)j+1 =(w3)j + αw∆w3 ,

(4.26)

where αw is the step length for the update of w which ensures ||w||∞ ≤ 1.

During the outer iterations, in principle, α is set large at the beginning and decreases
gradually with the outer iterations until the data misfit h reaches the noise level.
Following Morozov’s discrepancy principle as analyzed for this method by Bachmayr
and Burger (2009), in the case of noisy data, the iterative regularization is stopped
when the data misfit h reaches the level of data noise.

We now summarize the procedure for performing the Levenberg–Marquardt-type
iterative TV regularization. Algorithm 4.1 gives the outer iteration procedure. Al-
gorithm 4.2 provide the inner iterations by PDN. For TV-LM, we select ninner = 10
and εinner = 10−4.
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Algorithm 4.1: Outer iteration of TV-LM to update v.

nouter := maximum outer iterations.
εouter := stopping criterion for the data misfit.
v1 := initial guess for the velocity.
for i = 1 : nouter do

Compute travel time by equation 4.19 and data misfit h by equation 4.2.
Compute G using equations A7 - (A9) and (4.20).
if h ≤ εouter then

Break.
end
Perform inner iterations for the update of uv, according to Algorithm 4.2.
Assign the last iterate uv in the inner iterations to vi+1. Compute ξi+1

using equation 4.13.

end
Return vi+1

Algorithm 4.2: Inner iteration of TV-LM to update uv by PDN.

ninner := maximum inner iterations.
εinner := stopping criterion for uv.
(uv)1 := vi.
(w1)1 := initial guess, generally a zero vector.
(w3)1 := initial guess, generally a zero vector.
for j = 1 : ninner do

Compute ∆uv by equation 4.25.
Compute ∆w1 and ∆w3 by equation 4.24.
Update (uv)j+1, (w1)j+1 and (w3)j+1 by equation 4.26.
Perform a line search,

αw = max
τw
{0 ≤ τw ≤ 1 |

||
(

(w1)j + τw∆w1

)
.2 +

(
(w3)j + τw∆w3

)
.2||∞ ≤ 1}

(4.27)

.
Update (uv)j+1, (w1)j+1 and (w3)j+1 as in equation 4.26.
if ||(uv)j+1 − (uv)j||22 ≤ εinner||(uv)j||22 then

Break.
end

end
Return (u)j+1.
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4.3 Other methods

To benchmark the accuracy and efficiency of our algorithm, we compare it with two
other algorithms: L-BFGS and MTV.

The L-BFGS method uses the adjoint-state method to compute the gradient of
updating velocity h′(v), stacked for all shot-gathers. According to Leung and Qian
(2006); Taillandier et al. (2009), the numerical solution of h′(v) contains irregularities
due to spikes. Simply using h′(v) will force one to pick very small αlbfgs. So, the
Gauss image filter is imposed for h′(v) as a regularity to achieve a faster convergence.
The velocity update for the L-BFGS method is given by

vi+1 = vi − αlbfgsH
−1
lbfgs(Gh,v)Gauss(σgauss)

, (4.28)

where Gh,v is the discrete h′(v); αlbfgs is the step length obtained in the line search;
H−1

lbfgs is the approximated inverse of Hessian obtained by L-BFGS; (·)gauss(σgauss) is
a Gauss image filter with a standard deviation σgauss.

MTV is a popular TV method in geophysics (Jiang & Zhang, 2017, 2018; Lin &
Huang, 2015a, 2015b). The MTV problem is generally decomposed into an L2

problem and an L1 − L2 coupled image denoising problem. The objective function
of MTV is

Emtv(v, ηmtv) = min
v,ηmtv

h(v) + λtv,1

∫
Ω

(v − ηmtv)2dx+ λtv,2TV(ηmtv) , (4.29)

where λtv,1 and λtv,2 are balancing parameters. This problem can be split into two
subproblems,

Subproblem 1: v = argmin
v

h(v) + λtv,1

∫
Ω

(v − ηmtv)2dx ,

Subproblem 2: ηmtv = argmin
ηmtv

λtv,1

∫
Ω

(v − ηmtv)2dx+ λtv,2TV(ηmtv) .
(4.30)

The two subproblems can be solved iteratively, where λtv,1 and λtv,2 have to be
tuned carefully. Subproblem 1 only contains an L2-norm problem, which can be
solved using Newton’s method. Subproblem 2 is an image-denoising problem - its
solution is provided, for instance, the split-Bregman approach by Goldstein and
Osher (2009); Y. Wang, Yang, Yin, and Zhang (2008).

4.4 Numerical tests

In this section, we show first the perturbation test using the adjoint-state technique.
Then, we perform inversions with L-BFGS, H1 and TV regularizations using three
models, a synthetic toy model with sharp interfaces, the Marmousi model (Brougois
et al., 1990) and 2004 BP (Billette & Brandsberg-Dahl, 2005). Inversion by H1
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regularization in this section means Levenberg–Marquardt-type regularization of
the model gradient, computed by equation 4.9. TV-LM is solved by algorithms 4.1
and 4.2. We first compute the first-break arrival time with the toy model and then
try to reconstruct the velocity using these “true data”.

4.4.1 Perturbation test

First, we test the perturbation in equation A9. The background model is given
in Figure 4.1. We choose the source and the 10th receiver and evaluate equations
A7 and (A8) for λt (Figure 4.2). Now, if δv is known, δt at a certain location
can be computed using equation A9. We perturb the velocity in Figure 4.1 by 0.1
times the background, computing the exact travel time difference and the difference
by the adjoint-state equation (Figure 4.3). Approximation error arises due to the
solution of the linearized eikonal equation, with this error progressively diminishing
as the data misfit approaches zero. The travel time perturbation approximated by
the adjoint-state equation follows the trend of the exact solution. The travel time
perturbation approximated by the adjoint-state equation is also more accurate with
a near offset.

Figure 4.1: Background model for the perturbation test. Down pointing triangles –
sources. Up pointing triangles – receivers. The same marker convention is consis-
tently applied throughout the work.

4.4.2 A toy model

In this part, we consider a synthetic model (Figure 4.4a), where the sources and
receivers are placed at the top. The true travel time is computed first for the
model in Figure 4.4a, and the inversion is performed with a starting model given in
Figure 4.4b, by L-BFGS, H1 regularization, MTV and TV-LM. We want to compare
the inversion performance using different methods and the effects of the inversion
parameters.

To analyze the inversion performance, we present three metrics: the data misfit h,
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Figure 4.2: Adjoint travel time λt for the source and 10th receiver in the model in
Figure 4.1.

Figure 4.3: Exact δt and approximated δt using the adjoint-state equation method.
The velocity perturbation is δv = 0.1v in Figure 4.1.
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the Bregman distance DTVεtv
(vt, vi), and the L2-norm model misfit 1

2

∫
Ω

(vi−vt)
2 dx.

Here, vi denotes the inverted velocity at a certain outer iteration, and vt represents
the ground truth. These metrics are plotted as functions of elapsed time. Although
the L2-norm model misfit is commonly used in geophysics to measure differences
between models, we also include the Bregman distance to study the quality of the
inversion because the Bregman distance contains TV functional and it focuses on
sharpness features.

Figure 4.4: (a) The true toy model. (b) The starting model for inversion. The
model is discretized into 210 (x1) by 30 (x3) grids.

Table 4.1 shows the tuning parameters used for the inversion of the toy model.
For L-BFGS and MTV, we use the trial and error test to select the parameters
that lead to the lowest data misfit within the certain iterations in our experiments.
For TV-LM, we vary the regularization parameters to test their effect on model
reconstruction. We take α = 10−5 and εtv = 10−1 as the reference and change them
alternatively. For α = 5 × 10−5, we need more iterations because the data misfit
decay is slower than the reference. For MTV, more iterations are assigned because
its convergence is slower than TV-LM with reference parameters.

Figure 4.5 gives the result of the inversion by all the methods mentioned in Table 4.1.
Figure 4.6 is a profile taking at x = 100 m. Figure 4.5a shows L-BFGS constructs
a smooth result. Figure 4.5b is also smooth but sharper than Figure 4.5a. The
other methods in Figures 4.5c-f can reconstruct sharp interfaces. In Figure 4.6,
the difference is clearer. MTV reconstructs a smoother model than TV-LM with
reference parameters. The result obtained using larger α is similar to TV-LM with
reference parameters, as long as the iterations are sufficient. A larger εtv slightly
smooths out the interface.

In Figure 4.7, L-BFGS has the worst reconstruction accuracy, even if its computation
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Figure 4.5: Inversions for the model in Figure 4.4 by (a) L-BFGS, (b) H1-
regularization, (c) MTV, (d) TV-LM with reference parameters, (e) TV-LM with
large εtv, (f) TV-LM with large α.

Figure 4.6: Profile at x3 = 100 m for Figure 4.5.
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Table 4.1: Tuning parameters in the inversion for the toy model.

Method Tuning parameters Iterations
L-BFGS σgauss is set 3,2,1 Each σgauss is assigned with

three iteration
H1 α = 10−6 9
MTV λtv,1 = 10−9, λtv,2 = 10−7 30
TV-LM with reference
parameters

α = 10−5, εtv = 10−1 9 outer iterations

TV-LM with large α α = 5× 10−5, εtv = 10−1 30 outer iterations
TV-LM with large εtv α = 10−5, εtv = 10 9 outer iterations

is cheap. H1 regularization behaves poorly, as a smooth prior is assumed. MTV
is slowest in both data and model misfit decays, though it significantly shrinks the
L2-norm model misfit and the Bregman distance. Its boundary reconstruction is
worse than TV-LM with reference parameters. TV-LM with reference parameters
is efficient and results in the lowest L2-norm model misfit and Bregman distance.
With a larger α, TV-LM converges more slowly. Both the data and model misfits
are slightly larger for TV-LM with large εtv, compared to TV-LM with reference
parameters, as the latter tends to construct smoother interface.

Figure 4.7: Inversion performance for the toy model. (a) Data misfit. (b) Bregman
distance, DTVεtv

(vt, vi). εtv = 10−2 for this and subsequent evaluation of Bregman
distance in the inversion performance analysis. (c) L2-norm model misfit.
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Table 4.2: Tuning parameters in the inversion for the Marmousi model.

Method Tuning parameters Iterations
L-BFGS σgauss is set 3,2,1. Each σgauss is assigned with

10 iterations.
H1 α is linearly ranging from

10−4 to 10−6 .
10

MTV λtv,1 = 10−8. λtv,2 = 10−9 . 10
TV-LM α is linearly ranging from

10−4 to 10−7. εtv = 1.
10 outer iterations

4.4.3 Marmousi model

We examine the algorithm using a more realistic model: the Marmousi model (Figure
4.8a). The starting model of our inversion is given in Figure 4.8b. We compare L-
BFGS, MTV, H1 regularization and TV-LM.

Figure 4.8: (a) Marmousi imodel. (b) Starting model for the inversion. The model
is discretized into 340 by 60 grids. The maximum offset for the source-receiver pair
is set at 10000 m.

We need to choose the appropriate parameters using the continuation method, so
finding the maximum and minimum regularization parameters is key. For H1 and
TV-LM, we choose first large regularization parameters, which produce relatively
homogeneous models for the first several outer iterations. We then test the lower
bound, producing source and receiver imprints. Once the two bounds are set, we
use the continuation to decrease the regularization parameters gradually. For MTV,
the tuning parameters are set based on trial and error. The parameters are given in
Table 4.2.

Figure 4.9 displays the inversion results. All four methods provide robust veloc-
ity estimations, but TV-LM produces the sharpest velocity interface. As shown in
Figure 4.10, all methods effectively reduce the data misfit. L-BFGS exhibits fluctu-
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ations in the Bregman distance, while TV-LM achieves the lowest levels of both the
Bregman distance and the L2-norm model misfit. Although MTV is also robust, it
demonstrates lower efficiency and worse boundary reconstruction than TV-LM.

Figure 4.9: Inversions for the Marmousi model by (a) L-BFGS, (b) H1, (c) MTV and
(d) TV-LM. We use the adjoint travel time to identify the region where the inversion
is trusted, as in Figure 4.2. The area above the black line is the trusted region. The
model misfit and the Bregman distance are only evaluated for the trusted region.
This applies to the following experiments in this work.

4.4.4 2004 BP model

Finally, we test on the 2004 BP model in two scenarios: one with clean data and the
other with noisy data. Figure 4.11 shows the true model, the initial model, and the
configurations. The inversion parameters for these tests are detailed in Table 4.3.

The noise-free inversion results are presented in Figure 4.12. All four methods
successfully reconstruct a low-velocity layer bounded by a high-velocity bottom.
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Figure 4.10: Inversion performance for the Marmousi model.

However, the results from L-BFGS and H1 exhibit blurring at the boundary interface
(Figures 4.12a,b). The boundary reconstructed by Figure 4.12c is similar to Figure
4.12b. The result obtained using TV-LM can recover the sharpest boundary (Figure
4.12d).

Figure 4.13 demonstrates that TV-LM is the most effective method among those
tested. MTV also performs well in terms of both the Bregman distance and the L2-
norm, but it requires the most time. L-BFGS and H1 exhibit similar performance.

For the noisy case, we generate noisy observed data d̃obs such that d̃obs = dobsNdis(1, 0.02),
which means a random number that satisfies normal distribution with mean of 1 and
standard deviation of 0.02 for this shot gather. The inversion parameters are given

Table 4.3: Tuning parameters in the noise-free inversion for the 2004 BP model.

Method Tuning parameters Iterations
L-BFGS σgauss is set 6,4,2,1. Each σgauss is assigned with

20 iterations.
H1 α is linearly ranging from

−1 to 3.2× 10−4 .
40

MTV λtv,1 = 10−7. λtv,2 = 10−6 . 20
TV-LM α is linearly ranging from

3×10−1 to 3.2×10−4. εtv =
10−1.

20 outer iterations
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Figure 4.11: (a) 2004 BP model. (b) The initial model for the inversion. The model
is discretized into 220 by 46 grids. The maximum offset for the source-receiver pair
is set at 43200 m.

in Table 4.4. Figures 4.14 and 4.15 show the inversion results. The inversion results
show that all methods perform worse with noisy data compared to the noise-free
case. However, TV-LM still constructs the best velocity model.

4.5 Conclusions

We have proposed a travel time inversion algorithm based on Bregman iterative to-
tal variation regularization with Levenberg–Marquardt-type linearization. The main
goal of this study is to find a feasible and relatively cheap solution to reconstruct

Table 4.4: Tuning parameters in the noisy inversion for the 2004 BP model. The
iteration number shown in this table is the maximum possible iteration. The progress
is stopped if the method stagnates or the data misfit reaches the noise level.

Method Tuning parameters Iterations
L-BFGS σgauss is set 6,4,3. Each σgauss is assigned with

10 iterations.
H1 α is linearly ranging from 1

to 3.2× 10−3.
40.

MTV λtv,1 is set 10−7. λtv,2 =
10−6.

20.

TV-LM α is linearly ranging from
3×10−1 to 3.2×10−4. εtv =
10−1.

20 outer iterations.
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Figure 4.12: Noise-free inversions for the 2004 BP model by (a) L-BFGS, (b) H1,
(c) MTV and (d) TV-LM.
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Figure 4.13: Inversion performance for the 2004 BP model under noise-free condi-
tions.

subsurface velocity with a prior comprising a sharp interface. Although TV regu-
larization is usually more expensive than the smooth reconstruction technique (H1

regularization), with our approach we can use efficient computational methods for
handling the TV minimization problems. In particular, the problem in each outer
iteration is convex as the forward operator is linearized in the data misfit term. To
solve the TV optimality condition we can apply the rapidly and globally convergent
primal-dual Newton’s method. In contrast, MTV solves the L2 problem followed by
an L1 problem at each iteration. While these subproblems are straightforward to
solve, their weak coupling makes parameter tuning challenging and can lead to slow
convergence and worse reconstructions than TV-LM.

In all of our experiments, TV-LM shows the best construction of the original model
(among lowest Bregman distance and L2-norm model misfit). The L-BFGS method
is efficient, but it yields smooth reconstructions and does not always guarantee a
lower Bregman distance with iteration. The H1 method is reliable, though it tends
to reconstruct a smooth interface, and usually, one needs to use the continuation
method to determine α to yield a sharper interface. In all of our examples, MTV
converges slowest. In practice, MTV has two parameters to tune λtv,1 and λtv,2,
making the inversion more sensitive to input parameters. Though TV-LM also
contains two tuning parameters, α and εtv, one can fix εtv empirically as it only
affects the sharpness of the result. For α, the upper and lower bounds can be
sampled, and the continuation is applied in the outer iterations. Both MTV and
TV-LM are suitable for reconstructing sharp boundaries. However, TV-LM is always
more efficient and reliable for the sharp interface reconstruction.
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Figure 4.14: Inversions of noisy data for the 2004 BP model by (a) L-BFGS, (b)
H1, (c) MTV and (d) TV-LM.
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Figure 4.15: Inversion performance for the 2004 BP model under noisy conditions.

In this study, we show only one PDE example – the eikonal equation. However, the
inversion framework can be applied to any physics with a computationally feasible
linearization. The result show a clear potential of the method when targeting salt
intrusion, volcanics, or any medium presenting sharp vertical contrasts. This is true
even in the presence of high ambient noise, making it a suitable technique for marine
environments.

76



Chapter 5

Simultaneous velocity and
reflectivity estimation using
extended source waveform
inversion

The work presented in this chapter has been submitted as a journal article: Zhang,
Y., and De Siena, L. (2025). Simultaneous velocity and reflectivity estimation using
extended source waveform inversion. GEOPHYSICS.

Y.Z. formulated the research idea, derived the equations, developed the code, per-
formed validation, and drafted the manuscript. L.D.S. reviewed the manuscript and
contributed to its revision and improvement.

Abstract

Joint Migration Inversion (JMI) aims to estimate background velocity and reflectiv-
ity simultaneously. However, like conventional Full Waveform Inversion (FWI), local
minima are often encountered due to the nonlinearity between model parameters and
the observed wavefield. This study introduces a new algorithm, Extended Source
Joint Migration Inversion (ES-JMI), which addresses these challenges through two
strategies: (1) using a velocity-impedance parameterized wave equation as the for-
ward model, and (2) implementing Extended Source waveform Inversion (ESI) to
mitigate local minima issues. The velocity-impedance parameterization considers
reflectivity in the forward problem, enabling both velocity and reflectivity updates
in the inversion process. We demonstrate, from the plane wave perspective, that
the velocity gradient tends to build low-wavenumber components. In contrast, the
impedance gradient enhances high-wavenumber components, explaining the role of
velocity as the background model and impedance as the basis for reflectivity. Our
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ES-JMI employs a source defocusing annihilator-weighted quadratic penalty formu-
lation of the constrained optimization problem, solved using a reduced approach.
In ES-JMI, the data augmented wavefield is assumed to be dependent on model
parameters and is approximated efficiently using the scalar fitting method. Then,
the data augmented wavefield is used to compute the subsurface model update.
Numerical tests on the Marmousi and 2004 BP models, comparing conventional
FWI with least-square migration, reduced-space JMI, Wavefield Reconstruction JMI
(WR-JMI), and ES-JMI, demonstrate that ES-JMI delivers more reliable results in
challenging settings.

5.1 Introduction

A key objective of seismic exploration is to estimate both the velocity and reflectivity
of the subsurface (i.e., Joint Migration Inversion or JMI). Full Waveform Inversion
(FWI) is a powerful method for generating high-resolution velocity models (Plessix,
2006; Robein, 2010; Virieux & Operto, 2009). Reflectivity models are typically de-
rived through migration techniques based on these velocity models. Least-squares
reverse time migration (LS-RTM), which relies on the wave equation, is particu-
larly appealing as it utilizes the full wavefield to construct the reflectivity model,
including multiples (Bai & Yilmaz, 2021; Liu & Peter, 2018; Mu et al., 2020; Zand,
Ghasemzadeh, Gholami, & Malcolm, 2023).

Building on the strengths of both FWI and LS-RTM, D. J. Verschuur, Staal, and
Berkhout (2016) proposed a joint migration inversion (JMI) algorithm that utilizes
the full wavefield. This algorithm employs local propagation and scattering opera-
tors to simulate the wavefield rather than parameterizing the model based on the
wave equation. However, a significant limitation of this method is its inability to han-
dle horizontal wave propagation effectively (E. Verschuur, Qu, Kim, & Sun, 2020).
Additionally, because this approach does not rely on a Partial Differential Equa-
tion (PDE) to describe the wavefield, extending the search space to mitigate local
minima is not straightforward. In contrast, W. Zhou, Brossier, Operto, and Virieux
(2015) developed a wave-equation-based method and proposed a JMI algorithm that
formulates a cost function decomposed into contributions from diving and reflected
waves. This approach separates the low-wavenumber and high-wavenumber compo-
nents to update the background velocity and reflectivity, respectively. However, the
need for alternating updates of velocity and reflectivity increases the computational
burden, and the algorithm requires preprocessing of the observed data to distinguish
between the diving and reflection components.

Reverse Time Migration (RTM) images are often contaminated by low-wavenumber
artifacts when the background velocity model contains sharp interfaces (Fletcher,
Fowler, Kitchenside, & Albertin, 2006; Mulder & Plessix, 2004). Early research
indicated that using an impedance kernel could enhance the high-wavenumber com-
ponents in the reflectivity image (Berkhout, 2014). Douma, Yingst, Vasconcelos, and
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Tromp (2010) demonstrated that, in the velocity-impedance parameterized acoustic
wave equation, employing the impedance kernel is equivalent to applying a Laplacian
filter to the image, which acts as a high-pass filter to amplify the high-wavenumber
content. Ramos-Martinez et al. (2016) proposed using the velocity kernel for long-
wavelength updates in waveform inversion. Compared to the conventional velocity
update, this long-wavelength velocity update reduces the high-wavenumber reflec-
tivity imprint, resulting in better illumination of deeper targets. Y. Yang et al.
(2020) suggested using a velocity-reflectivity parameterized acoustic wave equation
for forward modeling. Based on this parameterization, Y. Yang et al. (2020) ex-
plored the simultaneous estimation of velocity and reflectivity, treating reflectivity
as an auxiliary variable that can be derived from impedance. This inversion scheme
is equivalent to performing FWI for the smooth or background velocity and Least-
Squares Reverse Time Migration (LS-RTM) for the reflectivity.

The formulation of the velocity-impedance (or velocity-reflectivity) parameterized
wave equation provides an integrated approach to predicting the full wavefield, re-
lying on two key parameters: velocity and reflectivity. This PDE can be used as a
constraint for seismic data fitting, which is then converted into a Lagrangian for-
mulation (Haber & Ascher, 2000). Typically, this approach involves finding the
stationary point by applying the Newton method under the Karush-Kuhn-Tucker
(KKT) conditions. However, this approach requires the storage of all wavefields,
making it impractical to solve large-scale industry problems. To address this, prac-
titioners often employ a reduced system where the physics (i.e., the forward prob-
lem equation) is fully enforced (Plessix, 2006; Virieux & Operto, 2009). While this
simplifies the computational burden, it introduces a highly non-linear relationship
between the model parameters and the cost function (e.g., van Leeuwen & Her-
rmann, 2013). Due to the oscillatory nature of the wave equation, the reduced
method is prone to cycle-skipping issues and can easily become trapped in a poor
local minimum (Jiménez Tejero, Dagnino, Sallarès, & Ranero, 2015; Pan & Innanen,
2016; Yao, Silva, Warner, Wu, & Yang, 2019). This problem is exacerbated when
low-frequency data are missing or when a good initial model is unavailable.

Efforts from various perspectives have been made to mitigate the cycle-skipping is-
sue in waveform inversion. The primary strategy is to develop a cost function that is
smoother and has a larger attraction basin, thereby reducing the inversion’s depen-
dence on the initial model or the availability of low-frequency data. For example,
more robust metrics for measuring data misfit have been proposed, such as adaptive
waveform inversion (Warner & Guasch, 2016), dynamic time warping (Ma & Hale,
2013; M. Wang et al., 2016), and optimal transport methods (Engquist, Froese, &
Yang, 2016; Ramos-Mart́ınez, Qiu, Kirkebø, Valenciano, & Yang, 2018).

Another approach involves extending the search space, making the dependency on
the model parameters more convex. Techniques in this category include Contrast
Source Inversion (CSI) (Abubakar, Hu, Habashy, & van den Berg, 2009; Abubakar,
Hu, van den Berg, & Habashy, 2008), Wavefield Reconstruction Inversion (WRI)
(Aravkin & van Leeuwen, 2012; van Leeuwen & Herrmann, 2016), and volume Source
Extended Inversion (ESI) (G. Huang et al., 2018b). These model extension meth-
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ods share a common goal: to expand the search space by relaxing the physical
constraints, thereby rendering the cost function more convex.

Due to the ease of implementation of the frequency-domain wave equation, many
early studies focused on solving problems in the frequency domain. The wavefield re-
construction inversion was introduced by van Leeuwen and Herrmann (2013), which
utilizes a penalty method. This approach optimizes both the wavefield and the
model parameters simultaneously. By optimizing for the wavefield, the data aug-
mented wave equation is obtained, and their optimization process involves alter-
nating updates between the data augmented wavefield and the model parameters.
Additionally, Aghamiry et al. (2019b) proposed an augmented Lagrangian method,
solved using the alternating direction method of multipliers (ADMM). ADMM is less
sensitive to the size of the physics penalty but requires the storage of the wavefield
and dual variables for each shot.

Intensive efforts have been made to address the challenges of implementing time-
domain WRI or ESI. The primary bottleneck lies in computing the time-domain
data augmented wavefield. Exact solutions for this wavefield are generally compu-
tationally expensive (Aghamiry et al., 2020a; Guo, Operto, Gholami, & Aghamiry,
2024; Rizzuti et al., 2019) because they require inner iterations to update the wave-
field. C. Wang et al. (2016) introduced an approximation to the data augmented
wavefield by considering a large value for the physics penalty. Building on this,
Gholami et al. (2022) proposed a scalar fitting method for the data space diagonal
Hessian, which is equivalent to performing one inner iteration of the steepest descent
to solve the extended data residual, offering better accuracy than the approach by
C. Wang et al. (2016). Furthermore, more advanced methods for approximating the
data space Hessian were developed by Guo et al. (2024).

We refer to the vanilla penalty method as WRI (e.g., van Leeuwen & Herrmann,
2013, 2016), and the weighted source extension using an annihilator as (ESI) (e.g.,
Fu & Symes, 2017b; G. Huang et al., 2018b). A detailed comparison between WRI
and ESI is provided in P. Yang and Zhou (2024).

In this work, we propose a new algorithm called Extended Source Joint Migra-
tion Inversion (ES-JMI) in the time domain. This algorithm utilizes the velocity-
impedance parameterized acoustic wave equation as the forward problem, integrat-
ing both background velocity and reflectivity into the wavefield’s dependencies. This
formulation offers two key advantages: (1) the simultaneous updating of velocity and
impedance (reflectivity) and (2) a straightforward implementation of source exten-
sion to address the local minimum issue. Similar to the data augmented wavefield
approach used in WRI (Gholami et al., 2022), we approximate the ESI data aug-
mented wavefield through the scalar fitting. The optimization is conducted within
a reduced objective framework (Aravkin & van Leeuwen, 2012; van Leeuwen & Her-
rmann, 2016), which eliminates the need to store all wavefields simultaneously for
each source.

We performed numerical tests on the Marmousi and 2004 BP models, comparing
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conventional FWI followed by Least-Squares Reverse Time Migration (LS-RTM),
conventional Joint Migration Inversion (JMI), JMI via Wavefield Reconstruction (or
WR-JMI), and our proposed ES-JMI. In these tests, low-frequency data was filtered
out, and a crude initial iterate was provided. The results demonstrate competitive
background velocity estimation and effective reflectivity reconstruction with ES-
JMI.

The outline of the work is as follows. In Section 5.2, we describe our forward problem:
the acoustic wave equation parameterized in velocity and impedance. Section 5.3
describes the all-at-once method, which is followed by the reduced-space method in
Section 5.4. Section 5.5 details the inversion framework, from the computation of
the data augmented wavefield to the update of the model parameters. In Section
5.6, we prove that the velocity gradient acts as a low-pass filter while the impedance
gradient functions as a high-pass filter. The velocity component is thus favored for
background velocity, and the impedance part is utilized to construct reflectivity.
Section 5.7 presents numerical tests for the Marmousi model and 2004 BP across
different methods. Finally, some open problems are discussed in Section 5.8, and
Section 5.9 offers conclusions.

5.2 Forward problem

The acoustic wave equation parameterized in acoustic wave speed v and impedance
Z can be cast as (Luo & Wu, 2018)

1

v(x)Z(x)

∂2u(x, t)

∂t2
−∇ · ( v(x)

Z(x)
∇u(x, t)) = δ(x− xs)s(t) , (5.1)

where x ∈ Ω ⊆ RNdim is the Ndim-dimensional spatial coordinate; t is the time and
0 ≤ t ≤ T ; u is the acoustic pressure; δ(·) is Dirac delta; xs is the source location;
s is the source wavelet. In this work, the wave equations with Perfectly Matched
Layers (PML) are solved by the finite-difference method.

The boundary condition for u is given by,

u(x, 0) = 0, x ∈ Ω , (5.2)

∂u(x, 0)

∂t
= 0, x ∈ Ω , (5.3)

u(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T , (5.4)

∇u(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T . (5.5)

Equation 5.1 is a linear PDE, thus can be written as

A(v,Z)u = bobs , (5.6)

where A ∈ R
(NxNt)×(NxNt) is the discrete operator of 1

vZ
∂2

∂t2
− ∇ · ( v

Z
∇) and bobs ∈

R
(NxNt)×1 is the discrete δ(x − xs)s(t); u(NxNt)×1 is the column vector for discrete
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u; vNx×1 and ZNx×1 is column vectors consisted of discrete v and Z, respectively.
We denote Nx as the number of grid points in space and Nt as the number of time
steps.

According to the definition (Y. Yang et al., 2020), the seismic vector reflectivity IR

can be connected to the impedance by

IR =
[
IR,1 IR,3

]T
=

1

2Z
∇Z . (5.7)

5.3 All-at-once method

Our goal is to solve the following optimization problem to estimate both v and Z,

min
v,Z,u

E(v,Z,u), E =
1

2
‖Ru− dobs‖2

2 s.t. Au = bobs , (5.8)

where R ∈ R(NrNt)×(NxNt) and Nr is the number of receivers. With the reconstruc-
tion of Z, one can compute reflectivity IR directly. Thus, this minimization solves
both velocity and reflectivity; This is the reason why the algorithm is named joint
migration inversion (JMI).

The associated Lagrangian of equation 5.8 can be written as,

min
v,Z,u

Elag(v,Z,u), Elag =
1

2
‖Ru− dobs‖2

2 − ua
T (Au− bobs) , (5.9)

where (·)T denotes the transpose; ua ∈ R(NxNt)×(NxNt) is the column vector consisting
of discrete Lagrangian multipliers or the adjoint wavefield.

The all-at-once method solves equation 5.9 using the KKT condition, which is the
first-order optimality condition for v, Z, u and ua,

∇vElag = 0 , (5.10)

∇ZElag = 0 , (5.11)

∇uElag = 0 , (5.12)

∇uaElag = 0 . (5.13)

The system in equations 5.10 - 5.13 can be solved by the iterative Newton-type
method. The detailed solution for equation 5.12 is given in equation A17 in Ap-
pendix C. The first-order optimality condition for ua is,

Au− bobs = 0 , (5.14)

which is just the forward problem stated in equation 5.6.

Equations 5.10 and 5.11 correspond to the gradient calculations for v and Z, and
they are given by equation A24 in Appendix D.
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The all-at-once method linearizes equations 5.10 - 5.13 for v, Z, u and ua and solves
for the update for all of those variables simultaneously at each iteration (Haber &
Ascher, 2000). However, this is usually computationally intractable in the time
domain, as it requires storing all the wavefields for different shots so that the di-
mensionality of the system becomes prohibitively large.

5.4 Reduced objective

Practitioners in geophysics usually seek a simplified version of the full KKT condi-
tion: they successively solve equation 5.12 for u, 5.13 for ua and A24 for the update
of v and Z.

As such, the physics equation 5.12 is enforced at each iteration, so that the opti-
mization problem of equation 5.8 becomes,

min
v,Z

Ered(v,Z), Ered =
1

2

∥∥RA(v,Z)−1bobs − dobs

∥∥2

2
. (5.15)

The relationship between Ered and the model parameters, v and Z becomes highly
non-convex due to the oscillating nature of the operator A(v,Z)−1 (van Leeuwen &
Herrmann, 2013).

Equation 5.15 simultaneously estimates both velocity and impedance. The esti-
mated impedance can then be used to compute reflectivity, which is referred to as
joint migration inversion (JMI) in this work, as in the formulation of Y. Yang et al.
(2020).

5.5 Source extension

To mitigate the local minimum issues, one can use the form of the physics penalty
method instead of the reduced-space approach with enforced physics as in equation
5.15. The physics penalty optimization problem reads,

min
v,Z,u

Ees,λ(v,Z,u), Ees,λ =
1

2
‖Ru− dobs‖2

2 +
λ2

2
‖CA (Au− bobs)‖2

2 , (5.16)

where CA is the so-called annihilator operator. In this work, we name equation 5.16
ES-JMI.

Some choices exist for CA (Symes, 2008). In this work, we use the distance-
dependent annihilator (G. Huang et al., 2018a, 2018b; P. Yang & Zhou, 2024),

CA(x, xs) = |x− xs|+ εA , (5.17)
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where εA is a small positive number to avoid zero division in the optimization pro-
cess; CA(x, xs) is the continous form annihilator. We choose εA to be 0.1 times the
mean value of |x− xs|. If CA is chosen as an identity matrix, then equation 5.16 is
reduced to wavefield reconstruction inversion based JMI (WR-JMI),

min
v,Z,u

Ewr,λ(v,Z,u), Ewr,λ =
1

2
‖Ru− dobs‖2

2 +
λ2

2
‖Au− bobs‖2

2 . (5.18)

Thus, WR-JMI can be viewed as a special case of ES-JMI.

The problem in equation 5.16 can be solved by alternately updating the source
extension u and the model parameters v and Z. This scheme is similar to that
proposed by van Leeuwen and Herrmann (2013). However, the implementation in
the time domain requires further development: we consider a reduced objective
function based on equation 5.16,

min
v,Z

Eres,λ(v,Z), Eres,λ = Ees,λ(v,Z, ũλ) = min
u
Ees,λ(v,Z,u) , (5.19)

where

ũλ(v,Z) = argmin
u

Ees,λ(v,Z, u) . (5.20)

The inversion now involves two tasks: solving the problem in equation 5.20 for the
data augmented wavefield and then using equation 5.19 for the model update. In
the following subsections, we explain how to address these two tasks in the time
domain.

5.5.1 Data augmented wavefield

The objective in this subsection is to solve equation 5.20. Its first-order optimality
condition reads,(

RTR + λ2ATCA
TCAA

)
u = RTdobs + λ2ATCA

TCAbobs . (5.21)

The solution to the normal equation 5.21 provides ũλ in equation 5.20. Solving
equation 5.21 requires defining new variables,

Au = be , (5.22)

be − bobs =
1

λ2
∆b , (5.23)

∆d = dobs −RA−1bobs , (5.24)

where ∆b is named source extension, which measures the physics error. ∆d is the
reduced space data difference.

Equations 5.22, 5.23 and 5.24 allow for elimination of u, bobs and dobs, so that
equation 5.21 can be recast in the best form to solve for ∆b,(

1

λ2

(
RA−1

)T
RA−1 + CA

TCA

)
∆b =

(
RA−1

)T
∆d . (5.25)
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Equation 5.25 is similar to a deblurred problem where ∆b is the deblurred image

and
(
RA−1

)T
∆d is the noisy image. The derivation from equation 5.21 to equation

5.25 can be found in Appendix E. After the solution for ∆b in equation 5.25 is
obtained (∆b̃λ), equations 5.22 and 5.23 can be used to obtain the solution of the
data augmented wavefield ũλ from equation 5.20.

The question is now how to solve equation 5.25. Let us introduce a variable,

S = RA−1 . (5.26)

Equation 5.25 can thus be simplified as,

∆b̃λ =

(
1

λ2
STS + CA

TCA

)−1

ST∆d

=
(
CA

TCA

)−1
ST

(
1

λ2
S
(
CA

TCA

)−1
ST + I

)−1

∆d .

(5.27)

where I is the identity matrix.

Equation 5.27 converts the source side Hessian,

HS =
1

λ2
STS + CA

TCA . (5.28)

to the receiver side Hessian,

HR =
1

λ2
S
(
CA

TCA

)−1
ST + I . (5.29)

For a detailed derivation of equation 5.27, see Appendix F. Compared to equation 45
by P. Yang and Zhou (2024), which solves the same problem, our approach contains
fewer wave equation evaluations and is less computationally expensive.

Equation 5.27 becomes,

∆b̃λ =
(
CA

TCA

)−1
STHR

−1∆d . (5.30)

We employ one iteration of a steepest-descent algorithm to solve equation 5.30 by
Gholami et al. (2022). We set

F = HR
−1 . (5.31)

Then,

∆d = FHR∆d

= F

(
1

λ2
S
(
CA

TCA

)−1
ST + I

)
∆d

= F∆db

, (5.32)
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where

∆db =

(
1

λ2
S
(
CA

TCA

)−1
ST∆d + ∆d

)
. (5.33)

If we assume

F = αhessI (5.34)

the solution αhess can be computed by solving the following problem,

αhess = argmin
αhess

‖αhess∆db −∆d‖2
2 . (5.35)

The optimality condition of equation 5.35 takes the form,

αhess =
∆db

T∆d

∆db
T∆db

. (5.36)

This condition is evaluated for every shot gather.

According to Guo et al. (2024), λ can be estimated using,

αfraction =

∥∥∥ 1
λ2

S
(
CA

TCA

)−1
ST∆d

∥∥∥2

2

‖∆d‖2
2

, (5.37)

where αfraction is selected around 10−2 in our study. Having the solution ∆b̃λ, one can
insert it into equations 5.23 and 5.22 to obtain the reduced space data-augumented
wavefield ũλ.

5.5.2 Model parameters update

With the solution of ũλ inserted into equation 5.19, we can update the model pa-
rameters. From equation 5.19, the reduced space model update can be recast as,

∇vEres,λ(v,Z) = ∇vEes,λ(v,Z, ũλ(v,Z)) +∇uEes,λ(v,Z, ũλ(v,Z))∇vu(v,Z)

= ∇vEes,λ(v,Z, ũλ(v,Z)) , (5.38)

∇ZEres,λ(v,Z) = ∇ZEes,λ(v,Z, ũλ(v,Z)) +∇uEes,λ(v,Z, ũλ(v,Z))∇Zu(v,Z)

= ∇ZEes,λ(v,Z, ũλ(v,Z)) . (5.39)

Note that ∇uEes,λ(v,Z, ũλ(v,Z)) = 0 because of equation 5.20, thus,

∇vEres,λ(v,Z) = ∇vEes,λ(v,Z,∆b̃λ(v,Z))

= λ2

(
CA

∂Aũλ
∂v

)T

CA∆b̃λ , (5.40)

∇ZEres,λ(v,Z) = ∇ZEes,λ(v,Z,∆b̃λ(v,Z))

= λ2

(
CA

∂Aũλ
∂Z

)T

CA∆b̃λ . (5.41)
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Similar to Appendix C, one can compute the updates of v and Z, respectively,

∂Eres,λ

∂v(x)
= λ2CA(x, xs)

2

∫ T

0

1

v(x)2Z(x)
c3(x, t)− 1

Z(x)
c4(x, t)dt , (5.42)

∂Eres,λ

∂Z(x)
= λ2CA(x, xs)

2

∫ T

0

1

v(x)Z(x)2
c3(x, t) +

v(x)

Z(x)2
c4(x, t)dt , (5.43)

and

c3(x, t) =
∂2ũλ(x, t)

∂t2
∆b̃λ(x, t) , (5.44)

c4(x, t) = ∇ũλ(x, t) · ∇
(

∆b̃λ(x, t)
)
, (5.45)

where ũλ(x, t) and ∆b̃λ(x, t) is the continous form of ũλ, ∆b̃λ, respectively.

The boundary condition of ũλ is given by,

ũλ(x, 0) = 0, x ∈ Ω ,

∂ũλ(x, 0)

∂t
= 0, x ∈ Ω ,

ũλ(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T ,

∇ũλ(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T ,

(5.46)

and the boundary condition of ∆b̃λ is given by,

∆b̃λ(x, T ) = 0, x ∈ Ω ,

∂∆b̃λ(x, T )

∂t
= 0, x ∈ Ω ,

∆b̃λ(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T ,

∇
(

∆b̃λ(x, t)
)

= 0, x ∈ ∂Ω and 0 ≤ t ≤ T .

(5.47)

A sparse approximation of Hessian (Aravkin & van Leeuwen, 2012; van Leeuwen &
Herrmann, 2016) for velocity can be computed by ,

Hv = ∇2
vEres(v,Z) = ∇2

vEes(v,Z, ũλ((v,Z)) +∇2
v,uEes(v,Z, ũλ((v,Z))∇vũλ(v,Z)

≈ ∇2
vEes(v,Z, ũλ((v,Z))

= λ2∂Gv
T

∂m
CA

TCA (Au− bobs) + λ2Gv
TCA

TCAGv

≈ λ2

(
∂Aũλ
∂v

)T

CA
TCA

(
∂Aũλ
∂v

)
.

(5.48)

Similarly, the sparse approximation of Hessian for impedance can be computed by,

HZ = ∇2
ZEres(v,Z) ≈ λ2

(
∂Aũλ
∂Z

)T

CA
TCA

(
∂Aũλ
∂Z

)
. (5.49)
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However, as both ∂Aũλ
∂v

and ∂Aũλ
∂Z

contains non-diagonal elements, evaluations of
equations 5.48 and 5.49 are expensive.

In practice, the diagonal of the Hessian is approximated by the source and receiver
wavefield illumination. Du, Fletcher, Mobley, and Yarman (2012) and Plessix and
Mulder (2004) used similar approaches. The diagonal entry of the Hessians Hv and
HZ is given by

(Hv)i,i = (HZ)i,i =

(∫ T

0

ũλ(xi, t)
2∆̃bλ(xi, t)

2dt

)αillu

. (5.50)

where i = 1, 2, 3, ..., Nx; 0 ≤ αillu ≤ 1 is chosen optimally to minimize the data
misfit. The magnitude of the Hessian approximated by equation 5.50 has a scaling
effect compared to the original Hessian. We ignore the scaling factor as this will
be adjusted in the line search. Through trial-and-error experiments, we find that
αillu = 0.5 is suitable for our problem.

5.5.3 Algorithm

Cycle skipping often results in the overestimation or underestimation of parameters,
leading to instability during the inversion process. It is essential to apply a bound
constraint to help stabilize the inversion. We introduce a barrier function,

Eregres,λ(v,Z) =Eres,λ(v,Z)

+
∑

(−αbv ln(v − vl)− αbv ln(vu − v)

− αbZ ln(Z− Zl)− αbZ ln(Zu − Z)) .

(5.51)

In this expression, the parameters are defined as follows: αbv and αbZ represent
the bound constraint regularization sizes for v and Z, respectively. The terms vl

and vu denote the lower and upper bounds for v, while Zl and Zu denote the lower
and upper bounds for Z, respectively. Thus, the corresponding gradient for model
parameters can be computed by

∇vEregres,λ =∇vEres,λ − αbv(v − vl)
−1 − αbv(vu − v)−1 , (5.52)

∇ZEregres,λ =∇ZEres,λ − αbv(Z− Zl)
−1 − αbZ(Zu − Z)−1 . (5.53)

Our Hessian of Eregres,λ ignores the regularization,

∇2
vEregres,λ =∇2

vEres,λ ≈ Hv , (5.54)

∇2
ZEregres,λ =∇2

ZEres,λ ≈ HZ . (5.55)

Because the magnitude of impedance Z is much bigger than the magnitude of the
velocity v, it is necessary to parameterize impedance Z such that both v and Z
fall into the similar magnitude. In our case, we parameterize Z in the unit of
[2000 kg m−2 s−1] during the inversion. The output of Z is rescaled back to the SI
unit in the result.
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We refer to the problem in equation 5.51 as extended-source joint migration inversion
(ES-JMI), which leads to Algorithm 5.1. When the annihilator is chosen as CA = I,
the method reduces to joint migration inversion by wavefield reconstruction inversion
(WR-JMI). Additionally, if λ =∞, ES-JMI simplifies to the reduced-space method
for JMI, which we refer to as JMI in this work. Those three methods will be
benchmarked in the numerical tests. Using conventional FWI followed by estimating
only impedance in JMI is equivalent to using FWI and LS-RTM, we refer this to
conventional FWI in our numerical tests.

Algorithm 5.1: ES-JMI algorithm with possible bound constraint.

nmax := maximum iterations.
εesjmi := stopping criterion.
v := initial guess for the velocity.
Z := initial guess for the impedance.
for i = 1 : nmax do

Compute ∆d by equation 5.24.
Compute ∆db by equation 5.33.

Estimate αhess by equation 5.36, compute F in equation 5.34 and HR
−1 in

equation 5.31.
if i == 1 then

Estimate λ using equation 5.37. This λ will be fixed when i > 1.
end

Compute ∆b̃λ by equation 5.30.
Compute Eregres,λ(v,Z) by equation 5.51.
if Eregres,λ ≤ εesjmi then

Break
end
Update model parameters by[

v
Z

]
=

[
v
Z

]
− αstep

[
Hv 0
0 HZ

]−1 [∇vEregres,λ

∇ZEregres,λ

]
(5.56)

where αstep is the step length found by Wolfe condition.
end
Return v and Z.

5.6 Connections to band-pass filter

In this section, we analyze the nature of the band-pass filter of the gradient for v
and Z in equations 5.42 and 5.43. It is known that if an acoustic wave equation is
parameterized in (v, Z), then in the inversion process, the v-update is dominated
by low-wavenumber components, while high-wavenumber components mainly con-
tribute the Z-update. With boundary conditions in equations 5.46 and 5.47, we
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know that ∫ T

0

∂2ũλ(x, t)

∂t2
∆b̃λ(x, t)dt =

∫ T

0

ũλ(x, t)
∂2∆b̃λ(x, t)

∂t2
dt . (5.57)

For the velocity gradient, we start from equation 5.42 and eliminate the time deriva-
tives using the wave equation defined by equation 5.1,

∂Eres

∂v(x)
=CA(x, xs)

2 1

Z(x)

∫ T

0

(1

2

1

v(x)2

∂2ũλ(x, t)

∂t2
∆b̃λ(x, t)

+
1

2

1

v(x)2
ũλ(x, t)

∂2∆b̃λ(x, t)

∂t2

−∇ũλ(x, t) · ∇b̃λ(x, t)
)
dt

= CA(x, xs)
2 1

2Z(x)

∫ T

0

(
Z(x)

v(x)
∇ v(x)

Z(x)
· ∇ũλ(x, t)∆b̃λ(x, t)

+∇2ũλ(x, t)∆b̃λ(x, t)

+
Z(x)

v(x)
∇Z(x)

v(x)
· ∇∆b̃λ(x, t)ũλ(x, t)

+∇2∆b̃λ(x, t)ũλ(x, t)

− 2∇ũλ(x, t) ·∆b̃λ(x, t)

)
dt .

(5.58)

Now, we consider plane wave solutions with a single angular frequency ω to ũλ(x, t)
and b̃λ(x, t) (Shearer, 2009),

ũλ(x, t) = Au(ω) exp(−iωt+ ik(x) · x) ,

∆b̃λ(x, t) = Ab(ω) exp(−iωt+ ikb(x) · x) .
(5.59)

where i =
√
−1.

Inserting equation 5.59 into equation 5.58 yields

∂Eres

∂v
=C2

A

1

2Z

∫ T

0

(
Z

v
∇ v

Z
(·ik) + (ik)2 +

Z

v
∇ v

Z
· (ikb) + (ikb)2 − 2i2k · kb

)
Au(ω)Ab(ω) exp (−2iωt+ i (k + kb) · x) dt .

(5.60)

Equation 5.60 can be identified as a wave, and the real part has a physical meaning,

Re(
∂Eres

∂v
) =C2

A

1

v

∫ T

0

((
1

2
∇ v

Z
· (k + kb)

)
Au(ω)Ab(ω) sin (−2ωt+ (k + kb) · x)

+
v

2Z
(k − kb)2Au(ω)Ab(ω) cos (−2ωt+ (k + kb) · x)

)
dt

.

(5.61)
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Table 5.1: Wave properties of the second term in the gradient computation.

Gradient Amplitude scal-
ing

Wave vector Wavelength

v (k − kb)2 k + kb 2π
√

(k + kb)−2

Z (k + kb)2 k + kb 2π
√

(k + kb)−2

The first term of equation 5.61 corresponds to the contribution due to the density
change. The second term is a wave, and we name it pseudo-wave for the second
term. Its amplitude scales to (k − kb)2, and this is dependent on the wave vector is
k + kb.

We can also derive a similar expression for Z,

Re(
∂Eres

∂Z
) =C2

A

1

Z

∫ T

0

((
1

2
∇ v

Z
· (k + kb)

)
Au(ω)Ab(ω) sin (−2ωt+ (k + kb) · x)

+
v

2Z
(k + kb)2Au(ω)Ab(ω) cos (−2ωt+ (k + kb) · x)

)
dt .

(5.62)

Re(∂Eres

∂Z
) has identical first term in the integral. And the second term is slightly

different. The amplitude of the pseudo wave in the second term scales to (k + kb)2.
Table 5.1 gives an overview of the wave properties of the pseudo wave.

We can assume |k| = |kb| as they are the wave vectors at the same location and in
the same medium. The only difference between k and kb is the direction. Let’s define
the angle between the two vectors as θk. An input wavelength of 4π2 (k + kb)−2 =
4π2 (k2 + 2k2 cos(θk))

−2
will be scaled by (k − kb)2 = 2k2 − 2k2 cos(θk) for the am-

plitude of v, and will be scaled by (k+ kb)2 = 2k2 + 2k2 cos(θk) for the amplitude of
Z. As cos(θk) is monotonic in the range of [0, π], for larger wavelengths, the scaling
for v is greater, while for Z it is smaller. v thus tends to select larger wavelengths,
and Z tends to select smaller wavelengths. An illustration is given in Figure 5.1.

Figure 5.1: Band-pass filter for the second term in the gradient computation.
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5.7 Numerical tests

In this section, we show two example models, Marmousi (Irons, 1988) and 2004 BP
(Billette & Brandsberg-Dahl, 2005), to test our method against alternative method-
ologies. Wavefield simulations are performed using the accuracy O(∆t2,∆x6). For
each experiment, 15 layers of Perfectly Matched Layers (PML) are assigned.

5.7.1 Marmousi

The ground truth of the Marmousi model is shown in Figure 5.2. A total of 38
sources and 124 receivers are evenly placed at x3 = 281.25 m. The starting model is
displayed in Figure 5.3. Two wavelets are used, as illustrated in Figure 5.4. Wavelet
1 is a Ricker wavelet with a peak frequency of 5 Hz, with components below 2.5
Hz filtered out. Wavelet 2 is also a Ricker wavelet with a peak frequency of 5
Hz but with components below 5 Hz filtered out. The low-frequency components
are removed from the data to represent a more realistic scenario. The model is
discretized into a grid of 401 by 140 cells in the x1- and x3- directions, respectively,
with a grid spacing of 18.75 m. The time domain is discretized into 1600 samples
with a time interval of 0.002 s.

Figure 5.2: Velocity (a), impedance (b), and vertical reflectivity (c) ground truth
for the Marmousi.

Four methods are tested using the Marmousi model. Method 1 runs 50 iterations of
conventional FWI to estimate velocity at Step 1. Then, 10 iterations are performed
to estimate Z by equation 5.15 at Step 2: this is similar to a least-square migration.
This sequence is performed for each wavelet. We named this method conventional
FWI. Method 2 solves the inversion using Algorithm 5.1, but with λ =∞: this cor-
responds to the reduced space method in equation 5.15. We named this experiment
JMI. For Method 3, we use Algorithm 5.1 with CA = I, which corresponds to the
WR-JMI. For method 4, Algorithm 5.1 is utilized with CA defined in 5.17, i.e., it is
the ES-JMI.
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Figure 5.3: Initial iterate for the inversion of velocity (a), impedance (b) and vertical
reflectivity (c) of the Marmousi.

Figure 5.4: Wavelets utilized in the inversion of Marmousi.
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For Methods 2-4, 3 steps are performed for each wavelet. Step 1 only updates v for
10 iterations. Step 2 updates both v and Z for 30 iterations. Step 3 only updates Z
for 10 iterations. λ for Methods 3 and 4 is estimated using equation 5.37 at the first
iteration for each wavelet. According to our experiment, no bounded constraint is
necessary for the Marmousi model.

Figure 5.5 shows the update direction for Wavelet 1 at the first iteration. Com-
pared to other methods, the update for v contains both low- and high-wavenumber
components (Figure 5.5a). The velocity update for JMI, WR-JMI, and ES-JMI is
smoother. The update direction for Z in Figure 5.5h resolves deeper features than
Figure 5.5d,f.

Figure 5.5: Update direction for the first iteration of Wavelet 1. The update direc-
tion for v is shown in the first column, while the update direction for Z is displayed in
the second column. The four rows correspond to conventional FWI, JMI, WR-JMI,
and ES-JMI, respectively. The conventional FWI updates only v in the velocity
build-up so that the update direction for Z is missing.

Figure 5.6 is the last iterate for each method. Conventional FWI fails to recover a
reliable velocity model, as it reduces the data misfit with iterations but ultimately
results in a higher model misfit compared to the initial estimate. Significant artifacts
in the deeper regions are observed (Figure 5.6a) due to cycle skipping. As the reflec-
tivity is dependent on the velocity model, Figure 5.6c is not accurate. JMI improves
on conventional FWI because of the velocity build-up (Figure 5.6d). However, it
still contains visible artifacts in the velocity and reflectivity models. WR-JMI (Fig-
ure 5.6g) obtains a reliable velocity model but lacks deep velocity and reflectivity
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information. ES-JMI is able to reconstruct accurate velocity and reflectivity models
at all depths (Figure 5.6k,l).

Figure 5.7 shows the convergence history. The reduced space data misfit is com-
puted by 1

2
‖Ru− dobs‖2

2 where u is the solution of the wave equation. For WR-

JMI and ES-JMI, 1
2
‖Ruλ − dobs‖2

2 where uλ is the data augmented wavefield. The

model misfit for v is computed by 1
2
‖vi − vt‖2

2 where vi is the velocity at iteration

i and vt is the true velocity. The physics misfit is computed by λ2

2
‖Au− bobs‖2

2 =

1
2λ2

∥∥∥∆b̃λ

∥∥∥2

2
.

Although conventional FWI and JMI can reduce the data misfit (Figure 5.7a,c),
their performance in reducing the model misfit is poor, indicating that they are
trapped in a local minimum. In contrast, both WR-JMI and ES-JMI achieve a
significantly lower model misfit for v (Figure 5.7a,c), with ES-JMI performing better.
Additionally, the reconstructed data misfit and the physics misfit decrease with
iterations for both WR-JMI and ES-JMI (Figure 5.7b,d).

Figure 5.8 displays the synthetic seismograms. For conventional FWI and JMI, the
data residuals remain high, whereas ES-JMI shows the lowest data residual.

5.7.2 2004 BP

We also tested our algorithm on the more challenging 2004 BP model, which is
characterized by high contrasts. Figure 5.9 shows the ground truth, while Figure
5.10 presents the starting model. 25 sources and 80 receivers are evenly placed at
x3 = 937.5 m. Figure 5.11 illustrates the wavelets used in our experiment. Wavelet
1 is a Ricker wavelet with a 2 Hz peak frequency, from which components below 1
Hz have been removed. Wavelet 2 is a Ricker wavelet with a 4 Hz peak frequency,
with components below 2 Hz removed. The model is discretized into a grid of 271
by 135 cells in the x1- and x3-directions, respectively, with a grid spacing of 62.5 m.
The time domain is discretized into 3000 samples with a time interval of 0.005 s.

Figure 5.12 displays the update direction for the first iterate. All of them have
similar update directions for v. For Z, ES-JMI contains smoother components at
the top (Figure 5.12h).

For this model, a bounded constraint is necessary. We choose the following param-
eters to ensure stable inversion: αbv = 1, vl = 1000 [m/s], vu = 7000 [m/s], αbZ = 1,
Zl = 1000 [kg m−2 s−1], and Zu = 8000 [kg m−2 s−1]. Despite these constraints,
conventional FWI, JMI, and WR-JMI fail to produce reliable results. Therefore, we
only present the results from ES-JMI alongside those from WR-JMI for comparison.
For both WR-JMI and ES-JMI, three steps are performed for each wavelet: Step 1
updates v for a maximum of 10 iterations, Step 2 updates both v and Z for a max-
imum of 50 iterations, and Step 3 updates only Z for a maximum of 10 iterations.
Some iterations may stagnate, leading to a transition to the next step.
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Figure 5.7: Convergence history of the different methods for the Marmousi inver-
sions.

Figure 5.13 shows the inversion results for the 2004 BP model. WR-JMI converges
to a local minimum during the inversion, so it is unable to reduce the data misfit
appropriately. In contrast, ES-JMI provides a good estimate for both velocity and
vertical reflectivity. However, the impedance inversion for ES-JMI remains subop-
timal, possibly due to parameter crosstalk between v and Z. The superiority of
ES-JMI is evident in the comparisons between convergence histories (Figure 5.14)
and seismograms (Figure 5.15).

5.8 Discussions

While the initial results are promising, ES-JMI can still be improved. Firstly, the
data augmented wavefield solution in equation 5.21 is not solved exactly but approx-
imated. As a consequence, equations 5.38 and 5.39 do not strictly hold. Frequency-
domain data augmented wavefields can be solved exactly and efficiently, but the
time-domain problem remains computationally challenging and is usually solved by
approximations. Though approximations for the data augmented wavefield are typ-
ically used to solve the time domain problem, the error analysis is worth further
investigation.

Secondly, our study estimates the size of the physics penalty, λ, during the data
deblurring step at the first iteration and then fixes this value for subsequent itera-
tions. In practice, a continuation strategy for λ would be more suitable for ensuring
that the data misfit decreases further; however, this approach typically requires ad-
ditional iterations to achieve satisfactory results. Therefore, developing an effective
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Figure 5.9: Velocity (a), impedance (b) and vertical reflectivity (c) ground truth for
2004 BP.

Figure 5.10: Initial iterate for the inversion of velocity (a), impedance (b), and
vertical reflectivity (c) for 2004 BP.
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Figure 5.11: Wavelets utilized in the inversion of 2004 BP.

Figure 5.12: Same as Figure 5.5 but for 2004 BP model.
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Figure 5.14: Convergence histories of the different methods for the 2004 BP inver-
sion.

strategy for designing the continuation of λ is essential.

5.9 Conclusions

This work proposes a new algorithm that uses reduced-space extended source wave-
form inversion to address the joint migration inversion problem, which we refer to as
ES-JMI. The forward problem is formulated using a velocity-impedance parameter-
ized wave equation. This PDE combines the conventional velocity and reflectivity
estimates into a single equation, streamlining the process.

ES-JMI solves the weighted physics penalty formulation, where the physics is relaxed
during the inversion process to reduce sensitivity to cycle skipping, which often
occurs with poor initial models or in the absence of low-frequency data. In this
approach, the data augmented wavefield is assumed to be directly dependent on
the model parameters, eliminating the need to update the wavefield based on the
previous iteration and thereby avoiding simultaneous storage of the wavefield.

However, solving the data augmented wavefield requires an exact solution to the data
domain Hessian, which traditionally involves iterative solvers, with each iteration
requiring two evaluations of the wave equation. To address this issue, we use scalar
fitting to approximate the scaled identity of the data domain Hessian, allowing us
to bypass this computational bottleneck. These strategies enable our algorithm to
be efficiently implemented for large-scale problems.

We demonstrate that the velocity update primarily captures the low-wavenumber
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components while the impedance update absorbs the high-wavenumber components
when considering a plane-wave solution. This explains why the velocity iterates can
be interpreted as the background velocity model, while the impedance is well-suited
for computing reflectivity.

Our numerical results demonstrate that the proposed ES-JMI is less prone to local
minimum issues, even when a poor initial iterate is provided, and the low-frequency
components are absent from the data.
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Chapter 6

Source independent extended
source waveform inversion based
on augmented Lagrangian

The work presented in this chapter is independent and has not been submitted for
publication as a journal article. The author would like to acknowledge valuable
discussions with Prof. Markus Bachmayr regarding the all-at-once approach and
total variation regularization techniques. The author also extends gratitude to Prof.
Luca De Siena for his valuable suggestions on improving the manuscript.

Abstract

Conventional Full Waveform Inversion (FWI) depends on low-frequency data and a
well-chosen initial model to ensure global convergence. Typically, the source signa-
ture used in FWI must be predetermined from the data, and the resolution of con-
ventional FWI is highly sensitive to the accuracy of this source estimation. In this
work, we propose a source-independent Iteratively Refined Extended Source wave-
form Inversion with Source Estimation (SE-IR-ESI). The approach incorporates
an additional step to estimate the source wavelet within the inversion process. To
eliminate the need for laborious tuning to balance data misfit and physics misfit, we
adopt the augmented Lagrangian (AL) framework and solve it using the Peaceman-
Rachford Splitting Method (PRSM) with relaxation factors. Furthermore, we en-
hance SE-IR-ESI with Total Variation (TV) regularization and bounded constraints
for the model update. TV regularization is implemented via Levenberg-Marquardt
linearization combined with Bregman iteration, and the resulting system is solved
using the primal-dual Newton’s method. We validate our method using a subset
of the Marmousi model with a starting frequency of 3 Hz and a subset of 2004 BP
model with a starting frequency of 2,5 Hz. Results show that SE-IR-ESI, even with-
out regularization, achieves reliable reconstruction. Incorporating TV regularization
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and bounded constraints further reduces the model misfit. In contrast, conventional
reduced-space FWI suffers from cycle skipping under the same conditions.

6.1 Introduction

A key objective in seismic exploration is to estimate the subsurface velocity field,
which is critical for understanding the Earth’s structure and composition. Full
Waveform Inversion (FWI) has become a widely adopted technique in geophysics to
achieve this goal (Choi, Min, & Shin, 2008; Liu, Beller, Lei, Peter, & Tromp, 2000;
Tarantola, 1984b). FWI seeks to minimize the mismatch between simulated seismic
data—generated using a physics based numerical engine – and observed field data.
This process is formulated as a partial differential equation (PDE) constrained opti-
mization problem, requiring the solution of a series of forward and inverse problems
governed by PDEs (Haber & Ascher, 2000; Tarantola & Valette, 1982).

FWI has undergone significant evolution over the years. Haber and Ascher (2000)
described the use of the Karush-Kuhn-Tucker (KKT) conditions to address the PDE-
constrained optimization problem, introducing the so-called “all-at-once” method.
This approach solves the forward wavefields and their Lagrange multipliers for all
seismic shots simultaneously. However, the method is computationally prohibitive
and impractical for large-scale industry applications. To overcome this limita-
tion, geophysicists have sought more efficient alternatives. One of the most widely
adopted strategies is the “reduced-space” method (Kaderli, McChesney, & Minkoff,
2018; Liu et al., 2000; Pratt, 1999; Tarantola, 1984b; Tarantola & Valette, 1982). In
this approach:

• The forward wavefield is computed by solving the forward PDE.

• The Lagrange multipliers (or adjoint wavefields) are obtained by back-propagating
the residuals from the receivers.

• The model parameters are updated using both the forward and adjoint wave-
fields.

While the reduced-space approach significantly reduces computational demands, it
introduces a highly nonlinear dependency of the cost function on the model pa-
rameters. This stems from the oscillatory nature of the wave equation, making
the method susceptible to “cycle skipping” – a phenomenon that leads to subopti-
mal convergence (Aravkin & van Leeuwen, 2012; van Leeuwen & Herrmann, 2013).
To mitigate this issue, conventional FWI (i.e., the reduced-space method) typically
requires both an accurate initial model and low-frequency data.

Another issue with conventional FWI is its reliance on accurate source estimation.
Pratt (1999) demonstrated that the relationship between the source wavefield and
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the source signature is linear, suggesting that the source signature can be directly
estimated once the source wavefield is simulated. However, the source signature is
dependent on the initial model. Lee and Kim (2003) and B. Zhou and Greenhalgh
(2003) proposed normalizing each seismogram in a shot gather by the sum of all
seismograms, effectively removing the dependency on the source signature in the
normalized data. However, the normalized residuals do not satisfy the wave equation
and therefore cannot be back-projected.

In this work, we aim to propose an algorithm that addresses both cycle skipping
and source signature issues.

A significant number of studies have been conducted to mitigate cycle skipping in
FWI. Broadly, these methods can be categorized into two approaches: (1) propos-
ing improved metrics to measure data misfit and (2) enlarging the search space to
make the cost function more linear and convex with respect to the model param-
eters. The first category includes methods such as adaptive waveform inversion
(Warner & Guasch, 2016), dynamic time warping (Ma & Hale, 2013; M. Wang et
al., 2016), and optimal transport techniques (Engquist et al., 2016; Ramos-Mart́ınez
et al., 2018). In this work, we adopt the second approach, enlarging the search
space to make the inversion process more robust against cycle skipping. Initially,
van Leeuwen and Herrmann (2013) introduced the penalty method to solve the in-
version problem, calling this approach Wavefield Reconstruction Inversion (WRI).
In their formulation, the problem is addressed using alternating optimization be-
tween the data augmented wavefield and the model parameters. At each iteration,
the model update is represented as a quadratic function and solved using Newton’s
method. However, this approach requires a continuation strategy to dynamically
adjust the penalty size, ensuring that the physics constraint is increasingly enforced
over iterations, which promotes global convergence. Later, van Leeuwen and Her-
rmann (2016) addressed the same problem as van Leeuwen and Herrmann (2013)
but employed a reduced-space approach. This method yields a fully ranked Hessian
with a natural sparse approximation. However, the reduced objective maintains a
nonlinear relationship with the parameters. Building on these efforts, Aghamiry et
al. (2019b) reformulated the WRI problem using the augmented Lagrangian method,
leading to the development of Iteratively Refined WRI (IR-WRI). A notable advan-
tage of IR-WRI over WRI is that the right-hand side of the WRI system is also
updated during iterations. This refinement more effectively reduces both data mis-
fit and physics errors. Furthermore, IR-WRI can be implemented with a fixed and
moderate penalty size, as demonstrated by Aghamiry et al. (2019a).

The source independency can also be incorporated into WRI-type methods. Fang,
Wang, and Herrmann (2018) proposed an algorithm for source signature estimation
during WRI. Their approach solves the data augmented wavefield and the source
signature simultaneously within a least-squares problem. This method does not
increase the computational cost compared to conventional WRI. However, the prob-
lem is solved using the quasi-Newton (L-BFGS) method, which makes parameter
estimation nonlinear. Another development is extended source waveform inversion
(ESI). Fu and Symes (2017b) and G. Huang et al. (2018a) proposed using an an-
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nihilator to measure the extent of nonphysicality. This approach shares a similar
idea with WRI (van Leeuwen & Herrmann, 2013), with the primary difference being
that the penalty term is weighted such that the source term can be omitted. In
their work, the problem is solved using the variable projection method to improve
computational efficiency. The L-BFGS method is employed for optimization, but
this method still results in nonlinear parameter estimation. Additionally, it does
not use a Newton update, leading to slower convergence.

In this work, we propose a new algorithm that incorporates Extended Source wave-
form Inversion (ESI) with the augmented Lagrangian method. We solve a modified
ESI problem by combining the approaches of G. Huang et al. (2018a) and Fang et
al. (2018), such that the inverse problem becomes independent of the source sig-
nature while also enabling the estimation of the source signature. The modified
ESI problem is reformulated within an augmented Lagrangian framework, allowing
the penalty size to remain fixed throughout the iterations. The augmented La-
grangian is solved using the Peaceman-Rachford splitting method with relaxation
factors (Aghamiry et al., 2019b; He, Liu, Wang, & Yuan, 2014). We name our
algorithm SE-IR-ESI. To further enhance immunity to cycle skipping, we incorpo-
rate Total Variation (TV) regularization and bounded constraints. This algorithm
is named Iteratively Refined Extended Source waveform Inversion with Source Es-
timation and Total Variation (TV-SE-IR-ESI). Unlike the split-Bregman method
described in Aghamiry et al. (2019a), we implement a Levenberg-Marquardt type
TV regularization for the model parameter updates (Bachmayr & Burger, 2009),
where Bregman iterations are applied. The model update system is then solved us-
ing the primal-dual Newton’s method (Chan et al., 1996). Unlike the split-Bregman
method, where model updates and sparsity promotion are decoupled, our approach
maintains a tight coupling between these two components. The bounded constraints
are implemented using the projection method (Esser, Guasch, Leeuwen, Aravkin,
& Herrmann, 2016). We tested our algorithm on the Marmousi model using data
above 3 Hz and 2004 BP model with data above 2.5 Hz. Our results demonstrate
that the proposed algorithm successfully reconstructs the model even when low-
frequency data is absent and the initial model is coarse. The source signature can
be estimated during the inversion. Additionally, incorporating moderate TV reg-
ularization effectively reduces the model misfit to a lower level for high contract
models such as 2004 BP.

6.2 Conventional FWI

The frequency domain acoustic wave equation can be cast as

(−iω)2

v(x)2
u(x)−∇2u(x) = δ(x− xs)s(ω) , (6.1)

where i =
√
−1; x ∈ Ω ⊆ RNdim is the Ndim-dimensional spatial coordinate; u is

the acoustic pressure; δ(·) is Dirac delta; xs is the source location; s is the source
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wavelet. In this work, the wave equations with Perfectly Matched Layers (PML)
are solved by the finite-difference method.

One can rewrite equation 6.1 into a discretized form,

A(v)u = bobs , (6.2)

where A(v) = diag ((−iω)2./v.2)−∇2; u and bobs is the discretized version of u(x)
and δ(x− xs)s(ω), perspectively.

In full waveform inversion, we try to solve the following minimization problem,

min
v,u

1

2
||Ru− dobs||22 s.t. A(v)u− bobs = 0 , (6.3)

According to Haber and Ascher (2000), the problem in equation 6.3 can be recast
in Lagrangian,

min
v,u,ua

E1, E1 =
1

2
||Ru− dobs||22 − ua

∗(A(v)u− bobs) , (6.4)

where ua is the Lagrangian multiplier or adjoint wavefield. Solving the KKT con-
dition in equation 6.4 gives the algorithm for simutenously update v,u,ua. This
is named “all-at-once” approach. This method needs to solve the wavefields for all
shots simutenously. And it is not widely used in geophysics industry because the
dimentionality of the KKT condition is prohibitaly high.

In practice, practioners solve the problem in the reduced-space (Tarantola, 1984a),

E1,red(v) =
1

2

∥∥RA(v)−1bobs − dobs

∥∥2

2
, (6.5)

For each shot, the forward problem can be evaluated separately. So the problem
becomes cheap to compute. This is the conventional FWI. Because the physics is
enforced, the oscinating nature of A(v)−1 makes E1,red dependent on v in a highly
nonlinear manner.

6.3 Source extension

We start from the penalty method by van Leeuwen and Herrmann (2013),

min
v,u

E2, E2 =
1

2
||Ru− dobs||22 +

λ2

2
‖A(v)u− bobs‖2

2 , (6.6)

where λ is the weight for the penalty. The penalty method is less prone to local
minimum when λ is chosen small. The problem in equation 6.6 can be either solved
by the reduced space method (van Leeuwen & Herrmann, 2016) or alternating op-
timization method (van Leeuwen & Herrmann, 2013).
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To make the problem independent, G. Huang et al. (2018a) proposed the extended
sorce waveform inversion,

min
v,u

E3, E3 =
1

2
||Ru− dobs||22 +

λ2

2
‖CA (A(v)u− bobs) ‖2

2 (6.7)

≈ 1

2
||Ru− dobs||22 +

λ2

2
‖CAA(v)u‖2

2 , (6.8)

where

CA = diag(|x− xs|+ ε2
A) , (6.9)

and εA is a small positive number to avoid sigularity; CA is the so-called annihilator
operator.

To further make ESI capable of estimating the source signature, we modify the
problem in equation 6.8,

min
s,v,u

E4, E4 =
1

2
||Ru− dobs||22 +

λ2

2
‖CA (A(v)u− bobs(s)) ‖2

2 , (6.10)

where

bobs(s) = sBobs , (6.11)

and Bobs is the discretization of δ(x− xs).

Similarly, equation 6.10 can be also solved by the reduced space method (Fu &
Symes, 2017a, 2017b; G. Huang et al., 2018a), which still leaves the parameters
estimation nonlinear.

6.4 Augmented Lagrangian and TV regulariza-

tion

In this work, we solve the Augmented Lagrangian (AL) of equation 6.10 by alter-
nating direction method of multipliers (ADMM).

To make the following derivation more convenient, we rewrite equation 6.10 in a
more compact form,

min
s,v,u

E4, E4 =
1

2
‖Ru− dobs‖2

2 +
λ2

2

∥∥∥∥CA

[
A(v) −Bobs

] [u
s

]∥∥∥∥2

2

(6.12)

=
1

2

∥∥∥∥[ R 0
λCAA(v) −λCABobs

] [
u
s

]
−
[
dobs

0

]∥∥∥∥2

2

(6.13)

=
1

2
‖F(v)U(s,u)− ea‖2

2 , (6.14)
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where

F(v) =

[
R 0

λCAA(v) −λCABobs

]
, (6.15)

U(s,u) =

[
u
s

]
, (6.16)

ea =

[
dobs

0

]
. (6.17)

(6.18)

Now a Lagrangian multiplier is introduced for equation 6.14,

min
v,U,Ua

E5, E5 =
1

2
‖F(v)U(s,u)− ea‖2

2 −Ua
∗ (F(v)U(s,u)− ea) (6.19)

=
1

2
‖F(v)U(s,u)− ea‖2

2 −Ua
∗ (F(v)U(s,u)− ea) (6.20)

+
1

2
‖Ua‖2

2 −
1

2
‖Ua‖2

2 (6.21)

=
1

2
‖F(v)U(s,u)− ea −Ua‖2

2 −
1

2
‖Ua‖2

2 (6.22)

Problem in equation 6.22 is named Iteratively Refined Extended Source waveform
Inversion (IR-ESI). The seemly complicated optimization problem can be simplified
to alternating update scheme. According to Nocedal and Wright (2006), the method
of multipliers can be applied to equation 6.22,

(vi+1,Ui+1) = argmin
v,U

E5(v,U,Ua,i) , (6.23)

Ua,i+1 = argmin
Ua

E5(vi+1,Ui+1,Ua) , (6.24)

= Ua,i + ea − F(vi+1)Ui+1 . (6.25)

Let us introduce some auxiliary variables,

Ua,i =

[
di

λCAbi

]
, (6.26)

then the problem in equation 6.23 becomes,

(si+1,ui+1) = argmin
s,u

1

2

∥∥F(vi)U(s,u)− ea −Ua,i

∥∥ (6.27)

=
1

2

∥∥∥∥[ R 0
λCAA(vi) −λCAB

] [
u
s

]
−
[
d
0

]
−
[

di
λCAbi

]∥∥∥∥2

2

. (6.28)
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Now we solve the optimization problem combining equations 6.23 and 6.25,

(si+1,ui+1) = argmin
s,u

1

2
‖Ru− dobs − di‖+

λ2

2
‖CA (A(vi)u− bobs(s)− bi)‖2

2 ,

(6.29)

vi+1 = argmin
v

1

2
‖CA (A(v)ui+1 − bobs(si+1)− bi)‖2

2 , (6.30)

di+1 = di + dobs −Rui+1 , (6.31)

bi+1 = bi + bobs(si+1)−A(vi+1)ui+1 . (6.32)

Compared to Aghamiry et al. (2019b, their equation 8), our algorithm estimates
source wavelet in equation 6.29. And an additional annihilator CA appears in
equations 6.29 and 6.30.

In equations 6.29 - 6.32, the dual variables are only updated once after the pri-
mal variables are computed. A more efficient approach is the Peaceman-Rachford
splitting method with relaxation factors (Aghamiry et al., 2019b; He et al., 2014),

(si+1,ui+1) = argmin
s,u

1

2
‖Ru− dobs − di‖+

λ2

2
‖CA (A(vi)u− bobs(s)− bi)‖2

2 ,

(6.33)

di+1 = di + dobs −Rui+1 , (6.34)

bi+ 1
2

= bi + αprsm (bobs(si+1)−A(vi+1)ui+1) , (6.35)

vi+1 = argmin
v

1

2

∥∥∥CA

(
A(v)ui+1 − bobs(si+1)− bi+ 1

2

)∥∥∥2

2
, (6.36)

bi+1 = bi+ 1
2

+ αprsm (bobs(si+1)−A(mi+1)ui+1) , (6.37)

where αprsm ∈ (0, 1) is the step length. In our experiments, αprsm = 0.5.

6.4.1 Optimization over s and u

To solve equation 6.29, we simply take the first-order optimality condition for both
s and u, [

ui+1

si+1

]
=

[
R 0R

λCAA(vi) −λCABobs

]−1 [
dobs + di
λCAbi

]
, (6.38)

where 0R is a zero matrix whose size is the same with R. Equation 6.38 is the data
augmented wave equation.

6.4.2 Optimization over v

Another key step is to solve equation 6.36 to update the model parameters v.
To make the problem tractable to solve, a liearization is performed for the term
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A(v)ui+1,

vi+1 = argmin
v

1

2

∥∥∥CA

(
A(vi)ui+1 + G(vi,ui+1)(v − vi)− bobs(si+1)− bi+ 1

2

)∥∥∥2

2
,

(6.39)

(6.40)

where

G(vi,u) =
∂A(v)u

∂v

∣∣∣
v=vi

= −2(−iω)2diag(v.−3)u . (6.41)

Now equation 6.39 becomes linear with respect to v at each iteration and one can
take the first-order optimality for updating v.

In our study, we introduce a total variation regularization for equation 6.39. In our
study, we employ the Levenberg-Marquardt type TV,

vi+1 = argmin
v

1

2

∥∥∥CA

(
A(vi)ui+1 + G(vi,ui+1)(v − vi)− bobs(si+1)− bi+ 1

2

)∥∥∥2

2

+ αDTVεtv
(v,vi) , (6.42)

where α is the size of the regularization;

DTVεtv
(vi+1,vi) = TVεtv(vi+1)− TVεtv(vi) + 〈TV′εtv(vi),vi+1 − vi〉 , (6.43)

and

TVεtv(v) ≈
∑√(

∂v(x)

∂x1

)2

+

(
∂v(x)

∂x3

)2

+ εtv2 . (6.44)

where
∑

denotes the sum for all grid points; εtv is a small positive number to avoid
singularity.

Insert equation 6.43 into equation 6.42, we have

vi+1 = argmin
v

1

2

∥∥∥CA

(
A(vi)ui+1 + G(vi,ui+1)(v − vi)− bobs(si+1)− bi+ 1

2

)∥∥∥2

2

+ α (TVεtv(v)− 〈TV′(vi),v〉) .

(6.45)

We introduce an auxiliary variable,

ξ = TV′(v) = −∇ · ∇v(x)√
|∇v(x)|2 + εtv2

. (6.46)
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Equation 6.45 can be now recast as the Bregman iteration,

vi+1 = argmin
v

1

2

∥∥∥CA

(
A(vi)ui+1 + G(vi,ui+1)(v − vi)− bobs(si+1)− bi+ 1

2

)∥∥∥2

2

+ α (TVεtv(v)− 〈ξi,v〉) , (6.47)

ξi+1 =ξi −
1

α
(CAG(vi,ui+1))∗CA(

A(vi)ui+1 + G(vi,ui+1)(vi+1 − vi)− bobs(si+1)− bi+ 1
2

)
. (6.48)

Because the first-order optimality condition of equation 6.47 is nonlinear for v, we
need inner iterations to solve it. With the change of variable from v to uv for the
inner iterations, we have

− α∇ · ∇uv(x)√
|∇uv(x)|2 + εtv2

+ (CAG(uvi,ui+1))∗CA

(
A(vi)ui+1 + G(vi,ui+1)(uv − vi)− bobs(si+1)− bi+ 1

2

)
= 0 ,

(6.49)

where uv = uv(x).

The primal-dual Newton’s method is employed to solve equation 6.49. It is noticed
that the only nonliterary in equation 6.49 is coming from the term ∇uv(x)√

|∇uv(x)|2+εtv2
.

Thus, a linearization is applied to the term,

w(x) =
∇uv(x)√

|∇uv(x)|2 + εtv2
, (6.50)

where w(x) =
[
w1(x) w3(x)

]∗
in 2D and |w(x)| ≤ 1.

With the linearization in equation 6.50, we obtain a new linear system of PDEs for
uv and w(x),

− α∇ · w(x) + (CAG(uvi,ui+1))∗

CA

(
A(vi)ui+1 + G(vi,ui+1)(uv − vi)− bobs(si+1)− bi+ 1

2

)
= 0 , (6.51)

w1(x)
√
|∇uv(x)|2 + εtv2 − ∂uv(x)

∂x1

= 0 , (6.52)

w3(x)
√
|∇uv(x)|2 + εtv2 − ∂uv(x)

∂x3

= 0 . (6.53)

The system can be solved efficiently using Newton’s method. At each iteration,
updating w requires a line search to preserve the constraint |w(x)| ≤ 1.

Suppose v = v(x) and v(xe,l) = ve,l is defined on an equispaced grid in two space
dimensions with Nspace,1×Nspace,3 grids, {(ehspace,1, lhspace,3) : e = 1, 2, ..., Nspace,1, l =
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1, 2, ..., Nspace,3}. Here hspace,1 and hspace,3 are the grid spacings in x1- and x3-
directions, respectively. To solve the system in equations 6.51 - 6.51, we firstly
define the discretized differential operators D1 and D3,

(D1v)e,l =
ve,l − ve−1,l

hspace,1

, (6.54)

(D3v)e,l =
ve,l − ve,l−1

hspace,3

. (6.55)

For the discrete Newton updates ∆u, ∆w1 and ∆w3, following Vogel (2002), we
obtain,

∆uv = ((CAG(vi,ui+1))∗CAG(vi,ui+1) + αA1)−1 b1 , (6.56)

where

A1 =D1
∗ diag

(
diag (a2)−1

[
1 + diag (a2)−1 diag

(
D1 (uv)j

)
(w1)j

])
D1

+D1
∗ diag

(
diag (a2)−2 diag

(
D1 (uv)j

)
(w1)j

)
D3

+D3
∗ diag

(
diag (a2)−1

[
1 + diag (a2)−1 diag

(
D3 (uv)j

)
(w3)j

])
D3

+D3
∗ diag

(
diag (a2)−2 diag

(
D3 (uv)j

)
(w1)j

)
D3 ,

b1 =− (CAG(vi,ui+1)∗CA(
A(vi)ui+1 −G(vi,ui+1)((uv)j − vi)− bobs − bi

)
αD1 diag (a2)−1 D1 (uv)j + αD3 diag (a2)−1 D3 (uv)j ,

(6.57)

where a2 is the discretization of

√(
∂(uv)j
∂x1

)2

+
(
∂(uv)j
∂x3

)2

+ ε2tv and (uv)j is continuous

form uv at inner iteration j.

If we impose a bounded constraint for v, we use the projection for the innter iterate
uv,

∆ũv = ((CAG(vi,ui+1))∗CAG(vi,ui+1) + αA1)−1 b1 , (6.58)

∆uv = max(vl − (uv)j ,min(vu − (uv)j ,−∆ũv)) , (6.59)

where vl and vu is the lower and upper bounds of the velocity, respectively.
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And the dual updates can be computed by,

∆w1 =− (w1)j

+ diag (a2)−1
(
D1 (uv)j+1 + diag

(
1 + diag (a2)−1 diag

(
D1 (uv)j+1

)
(w1)j

))
D1∆uv

+ diag (a2)−1 diag
(
D3 (uv)j+1

)
diag

(
(w1)j

)
D3∆uv , (6.60)

∆w3 =− (w3)j

+ diag (a2)−1
(
D3 (uv)j+1 + diag

(
1 + diag (a2)−1 diag

(
D3 (uv)j+1

)
(w3)j

))
D3∆uv

+ diag (a2)−1 diag
(
D1 (uv)j+1

)
diag

(
(w3)j

)
D1∆uv , (6.61)

where w1 = w1(x) and w3 = w3(x).

And the update for the inner iteration is given by,

(uv)j+1 =(uv)j + ∆uv , (6.62)

(w1)j+1 =(w1)j + αw∆w1 , (6.63)

(w3)j+1 =(w3)j + αw∆w3 , (6.64)

where αw is the step length for the update of w which ensures ||w||∞ ≤ 1,

αw = max
τw
{0 ≤ τw ≤ 1 | ||(w1j + τw∆w1).2 + (w3j + τw∆w3).2||∞ ≤ 1} . (6.65)

An algorithm for SE-IR-ESI with TV solved by the primal-dual Newton’s method
and bounded constraint is given in algorithm 6.1.

Algorithm 6.2 is for the inner iterations. In practice, we found that 1 inner iteration
is enough because SE-IR-ESI with TV does not estimate the velocity accurately in
the early iterations so that it does not make much sense to iterate so much for the
TV denoising.

Algorithm 6.1 for SE-IR-ESI with TV is not sensitive to the choice of λ, compared to
the conventional WRI (Aghamiry et al., 2019b). λ can be fixed during the iteration.

According to van Leeuwen and Herrmann (2016), we get an estimate of
∥∥RA−1

∥∥2

2
.

6.5 Numerical tests

6.5.1 Marmousi

We test our algorithm on the a subset of the Marmousi model. Figure 6.1 gives the
ground truth and the initial iterate for the inversion. We place 75 sources and 373
receivers evenly at x1 ∈ [300, 7237.5] m and x3 = 281.25 m.
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Algorithm 6.1: Outer iteration for TV-SE-IR-ESI with TV solved by the
primal-dual Newton’s method and bounded constraint.

nouter := maximum outer iterations.
for i = 1 : nouter do

Compute ui+1 and si+1 by equation 6.38.
Compute di+1 by equation 6.34.
Compute bi+ 1

2
by equation 6.35.

if i==1 then
Employ inner iteration in algorithm 6.2 to update uv, w1 and w3, with
initial iterates being zero vectors. The final inner iterate uv is assigned
to vi+1.

else
Employ inner iteration in algorithm 6.2 to update uv, w1 and w3, with
initial iterates being the final iterates from last round of inner
iterations. The final inner iterate uv is assigned to vi+1.

end
Compute ξi+1 by equation 6.48.
Compute bi+1 by equation 6.37.
if Data misfit reaches the threshold then

Break.
end

end
Return vi+1 and si+1.

Algorithm 6.2: Inner iteration for TV-SE-IR-ESI solved by the primal-dual
Newton’s method and bounded constraint.
ninner := maximum inner iterations.
for i = 1 : ninner do

Compute ∆uv by equations 6.58 and 6.59.
Compute ∆w1 and ∆w3 by equations 6.60 and 6.61
Compute (uv)j+1 by equation 6.62.

Compute (w1)j+1 and (w3)j+1 by equations 6.63 - 6.65.
if The relative change of uv reaches the threshold then

Break.
end

end
Return (uv)j+1, (w1)j+1 and (w3)j+1.
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Figure 6.1: Marmousi model. (a) Ground truth. (b) Initial iterate.

The source wavelet is a Ricker wavelet with dominant frequency of 4.7 Hz. The
frequency point selected for the inversion in given in Figure 6.2. Note that the data
less than 3 Hz is not included in the inversion.

Figure 6.2: Source wavelet for the Marmousi model experiment.

In our experiments, we use conventional FWI (solved in the reduced space), SE-IR-
ESI with and without TV regularizations. The estimation according to van Leeuwen
and Herrmann (2016) suggests λ = 1. For all experiments for SE-IR-ESI, a bounded
constraint, whose lower and upper bounds are the same with the ground truth, is
employed. For SE-IR-ESI with TV regularizations, we tested three values for α,
10−8, 10−7 and 10−6. εtv = 10−2 for the size of the regularization. The frequency
continuation strategy is used. For each frequency, a maximum of 30 iterations are
performed. The inversion is ceased when the relative change of the total misfit is
less than 0.01.

Figure 6.3 presents the inversion results. Figure 6.3a, obtained using conventional
FWI, suffers from cycle skipping and fails to recover the main features of the Mar-
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mousi model. In contrast, Figures 6.3b–e produce more reliable models with similar
overall structures. The piece-wise constants are reduced with larger α.

Figure 6.3: Inversion results for the Marmousi model. (a) is obtained by the conven-
tional FWI. (b), (c), (d) and (e) is computed using SE-IR-ESI without regulariza-
tions, with TV reuglarization α = 10−8, with TV reuglarization α = 10−7, and with
TV reuglarization α = 10−6. All TV regularizations are assigned with εtv = 10−2.
The bounded constraints of (b), (c), (d) and (e) are set the minimum and maximum
velocities of the ground truth.

Figure 6.4 illustrates the convergence history of the experiments. Figure 6.4a shows
the data misfit for conventional FWI. The computation of the data misfit Ed, physics
misfit Ep, and model misfit Em is given in equations 6.66–6.68,

Ed(u) =
1

2
‖Ru− d‖2

2 , (6.66)

Ep(v) =
λ2

2
‖CA(A(v)− bobs)‖2

2 , (6.67)

Em(v) =
1

2
‖v − vt‖2

2 . (6.68)

Although the data misfit decreases with iterations for conventional FWI (Figure
6.4a), the model misfit in Figure 6.4d does not exhibit a clear downward trend.
Figure 6.4b indicates that data misfits of SE-IR-ESI are generally higher when TV
regularization is applied compared to cases without it. Meanwhile, Figure 6.4c shows
that the physics misfit from SE-IR-ESI remains similar regardless of the presence
of TV regularization. In Figure 6.4d, the model misfits for SE-IR-ESI without TV
regularization and with α = 10−8 or α = 10−7 are comparable. However, when
α = 10−6, the model misfit convergence slows significantly due to excessive TV
penalization. In practice, an optimal α can be determined by running multiple
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inversions with different values and selecting the one that yields the lowest data
misfit, as defined in equation 6.66.

Figure 6.4: Convergence history for the Marmousi model inversion.

Figure 6.5 presents the wavefields computed from different models. In Figure 6.5c,
the wavefield obtained using the conventional FWI model deviates the most from
the ground truth shown in Figure 6.5a. In contrast, Figures 6.5d–g closely resemble
the ground truth. Additionally, Figure 6.6 further confirms that SE-IR-ESI is less
susceptible to cycle skipping compared to conventional FWI.

Table 6.1 gives the wavelet estimate from our SE-IR-ESI algorithm. It shows that
the wavelets obtained for all frequencies honors the ground truth.
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Figure 6.5: Acoustic wavefield simulated for the left-most source, 9 Hz source. (a)
Marmousi ground truth, (b) initial iterate, (c) velocity recovered by conventional
FWI, (d) SE-IR-ESI without regularization, (e) SE-IR-ESI with TV reuglarization
α = 10−8, (f) SE-IR-ESI with TV reuglarization α = 10−7, and (g) SE-IR-ESI with
TV reuglarization α = 10−6.

Figure 6.6: Wavefield sampled at receiver depth for Figure 6.5.
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6.5.2 2004 BP

The algorithms are also tested for the 2004 BP model. Figure 6.7 presents the ground
truth and the initial iterate for the inversion. The setup includes 241 sources and
243 receivers, uniformly distributed along the line x1 ∈ [300, 7237.5] m at a depth of
x3 = 281.25 m.The source wavelet is provided in Figure 6.8.

Figure 6.7: 2004 BP model. (a) Ground truth. (b) Initial iterate.

Figure 6.8: Source wavelet for the 2004 BP model experiment.

We use the same algorithms as the Marmousi model. For SE-IR-ESI, the estimation
according to van Leeuwen and Herrmann (2016) suggests λ = 1. For all experiments
for SE-IR-ESI, a boudned constraint, whose lower and upper bounds are the same
with the ground truth, is employed. For SE-IR-ESI with TV regularizations, three
values are used for the size of the TV regularization, α, 10−7, 10−6 and 10−5. εtv =
10−2. The frequency continuation strategy is used. For each frequency, a maximum
of 50 iterations are performed. The inversion is ceased when the relative change of
the total misfit is less than 0.01.
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Figure 6.9 presents the final iterates for different inversion experiments. The conven-
tional FWI result in Figure 6.9a completely deviates in the wrong update direction,
yielding an unreliable outcome. Notably, the main feature of the salt structure is
not recovered at all. Figure 6.9b shows the result of SE-IR-ESI without TV regular-
ization. Figure 6.9c exhibits a similar result to Figure 6.9b, as the magnitude of the
TV regularization is small. Among all the inversions, Figure 6.9d achieves the best
result, with TV regularization also enhancing the recovery of deeper structures. In
contrast, Figure 6.9e fails to recover deep features entirely, as the large TV penalty
restricts the number of piece-wise constants.

Figure 6.9: Inversion results for the 2004 BP model. (a) is obtained by the conven-
tional FWI. (b), (c), (d) and (e) is computed using SE-IR-ESI without regulariza-
tions, with TV reuglarization α = 10−7, with TV reuglarization α = 10−6, and with
TV reuglarization α = 10−5. All TV regularizations are assigned with εtv = 10−2.
The bounded constraints of (b), (c), (d) and (e) are set the minimum and maximum
velocities of the ground truth.

Figure 6.10 illustrates the convergence history for the inversion of the 2004 BP
model. Similar to the Marmousi model experiment, conventional FWI reduces the
data misfit while increasing the model misfit. Among the SE-IR-ESI experiments,
the one with α = 10−6 achieves the lowest model misfit and also results in the lowest
final physics and data misfits. However, when α = 10−5 is applied in TV-SE-IR-ESI,
the strong TV regularization causes slow convergence and traps the inversion in a
local minimum far from the ground truth.

Figure 6.11 displays the wavefield simulations generated from the final iterates of
different inversion methods. Figure 6.11a shows the wavefield simulated from the
ground truth, where a longer wavelength is observed in the high-velocity region
of the salt. In contrast, Figure 6.11c, which corresponds to the final iterate from
conventional FWI, fails to reconstruct the long wavelength component within the
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Figure 6.10: Convergence history for the 2004 BP model inversion.

salt. Figures 6.11d, e, and f successfully reconstruct the long wavelength wavefield.
However, Figure 6.11g also fails to capture these features as the wrong velocity
model. Figure 6.12 demonstrates that the wavefield at the surface, generated by
the SE-IR-ESI models, aligns well with the observations. This confirms that SE-IR-
ESI is less prone to cycle-skipping issues. In contrast, conventional FWI is highly
dependent on the initial iterate.
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Figure 6.11: Acoustic wavefield simulated for the left-most source, 4 Hz source. (a)
2004 BP ground truth, (b) initial iterate, (c) velocity recovered by conventional
FWI, (d) SE-IR-ESI without regularization, (e) SE-IR-ESI with TV reuglarization
α = 10−7, (f) SE-IR-ESI with TV reuglarization α = 10−6, and (g) SE-IR-ESI with
TV reuglarization α = 10−5.

Figure 6.12: Wavefield sampled at receiver depth for Figure 6.11.
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6.6 Conclusions

We have developed a new algorithm named SE-IR-ESI, addressing key limitations of
conventional approaches. First, our algorithm eliminates the need for prior knowl-
edge of the source signature. Second, it is robust against cycle skipping, allowing
for the use of a crude initial model and achieving successful inversion without low-
frequency data. This data-driven approach minimizes the need for human interven-
tion, ensuring reliable convergence.

Our TV regularization is implemented using Levenberg-Marquardt linearization
combined with Bregman distance, with inner iterations efficiently solved by the
primal-dual Newton’s method. Notably, our experiments indicate that only a sin-
gle inner iteration is required. Unlike split-type methods such as modified total
variation (Lin & Huang, 2015a) and split-Bregman (Aghamiry et al., 2019a), our
algorithm maintains strong coupling between the model update and the TV denois-
ing problem, enhancing its stability and performance. This allows the algorithm to
be applied to real world high contrast media, such as salt structures and volcanoes.

Additionally, our algorithm is general and can be applied to other linear PDE-
constrained optimization problems. The only required adaptation is in computing
the matrix G in equation 6.41, which can either be evaluated analytically, as demon-
strated in our work, or obtained through automatic differentiation. Since G is typ-
ically sparse (or at least no denser than A), the algorithm remains computationally
efficient for other linear PDE applications.
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Chapter 7

Conclusions

Identification of subsurface parameters has been an evolving technique in geophysics.
Early geophysical parameter estimation required substantial human interaction, but
this process was often subjective and prone to inaccuracies. For instance, in the ve-
locity analysis of seismic processing, practitioners had to pick an appropriate normal
moveout (NMO) velocity to flatten the common midpoint (CMP) gather (Yilmaz &
Doherty, 2001), a task heavily dependent on the experience of the practitioner.

With the development of high-performance computing (HPC), more parameter iden-
tification work can now be done through data-driven methods. The first requirement
for using these methods is the establishment of a robust forward model, typically a
partial differential equation (PDE) derived from theoretical foundations. For exam-
ple, the acoustic and elastic wave equations are derived from the equation of motion
and Hooke’s law (Carcione, 2007). The second step involves solving a physics-
constrained optimization (inverse problem) to find the optimal values for the pa-
rameters. From an HPC perspective, the efficiency of codes for both the forward
and inverse problems can also be significantly improved.

In this thesis, the author has explored several possibilities to improve subsurface
parameters identification, including both forward models and inversions.

For seismic anisotropy, the author presented a new acoustic TTI wave equation. A
key aspect of this work is that the proposed wave equation is obtained by analytical
approximation from the dispersion relations (using Taylor series) and this method
is not dependent on the model heterogeneity (such as low-rank approximations).
Compared to the previous methods, the proposed wave equation demonstrates com-
petitive accuracy in both kinematics and wavefield extrapolators. Applications to
RTM demonstrate the neccessrity of including anisotropy in seismic imaging.

The second contribution of this thesis is the application of TV-LM to geophysi-
cal inverse problems. TV-LM is introduced to the eikonal equation problem and
benchmarked against several conventional methods, such as L-BFGS applied to the
least-squares functional, H1 regularization, and MTV. Unlike conventional MTV,
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where total variation (TV) is implemented using the split-type method, the pro-
posed TV-LM applies Levenberg-Marquardt linearization to the forward problem in
the cost function. This makes the TV problem and the model update more closely
coupled. The associated first-order optimality condition is efficiently solved using
the primal-dual Newton’s method. Numerical tests show that TV-LM converges to
better minimizers compared to the previous methods and is more computationally
efficient. The formulation presented in this work is general and can be applied to
other problems where the physics can be linearized. The author also extends TV-LM
to the ESI problem, which will be discussed later.

A third major contribution of this thesis is the exploration of extending the search
space for FWI. Conventional FWI is solved in the reduced objective for the KKT
condition, where the physics is enforced at each iteration. Relaxing the physics
constraint enlarges the search space, making the inversion less vulnerable to cy-
cle skipping. Wavefield reconstruction inversion (WRI) achieves this by enlarging
the search space. Extended source inversion (ESI) generalizes WRI by using an
annihilator as the weighting function for the physics misfit. The author explores
the time-domain joint migration inversion (JMI) problem by enlarging the search
space. Specifically, JMI is formulated using a velocity-impedance parameterized
wave equation. It is shown that velocity captures the low wavenumber component,
while impedance absorbs the high wavenumber component. Thus, velocity serves as
the background velocity, and impedance is suitable for computing reflectivity. This
forward problem is integrated into the source extension for inversion (ES-JMI). As
ES-JMI is implemented in the time domain, the reduced objective is employed for
efficiency. Benchmark tests demonstrate that ES-JMI is less vulnerable to cycle
skipping compared to conventional FWI followed by least-squares migration, JMI
with reduced objective for the Lagrangian problem (the conventional JMI in this
thesis), and JMI with wavefield reconstruction inversion (WR-JMI).

Finally, the author combines TV-LM and Extended Source Inversion (ESI) to en-
hance immunity to cycle skipping in Full Waveform Inversion (FWI). The ESI is
modified to estimate the source wavelet directly, eliminating the need for a prede-
fined source wavelet input. In this work, the forward problem is solved in the fre-
quency domain. The ESI is reformulated using augmented Lagrangian (AL), which
distinguishes the proposed method from conventional FWI and reduced space ESI
by generating a sparse Hessian. The new algorithm is named SE-IR-ESI For the
acoustic wave equation, the Hessian is diagonal, making it computationally efficient.
By incorporating TV-LM, the model construction promotes sparsity in the model
gradient, enabling the reconstruction of models with sharp interfaces.

To conclude, this thesis presents several novel approaches for enhancing subsurface
imaging through improved wave equation modeling and advanced inversion tech-
niques. By addressing key challenges such as seismic anisotropy, regularization, and
cycle skipping, the proposed methods offer promising improvements in both com-
putational efficiency and inversion accuracy. The introduction of a new acoustic
TTI wave equation, the development of the TV-LM regularization method for the
eikonal equation, the implementation of ES-JMI and TV-SE-IR-ESI contribute to
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more reliable and robust seismic imaging. These advancements not only enable more
precise subsurface parameter estimation but also pave the way for future research in
geophysical inverse problems. The methodologies presented in this work are poised
to make a substantial impact on both theoretical developments and practical appli-
cations in geophysics, medical imaging, and nondestructive testing.
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Chapter 8

Outlook

While the results of the thesis are promising, some aspects of the proposed methods
warrant further investigation.

8.1 Comparisons for different TV methods

The comparison between TV-SE-IR-ESI, where TV-LM is employed, and the split-
Bregman method (e.g., Aghamiry et al., 2019a) has not been addressed in this
thesis. Within the geophysics community, no direct comparison currently exists
between TV-L M and split-type methods, such as MTV and split-Bregman, in the
context of waveform inversion problems.

In Chapter 4, the author compares TV-LM and MTV for solving the eikonal equa-
tion, highlighting that TV-LM offers advantages such as requiring less tedious tuning
and achieving more efficient convergence to a better minimizer.

However, conventional FWI approaches prohibit the use of TV-LM, as the Hessian
is dense and lacks sparse approximations. Additionally, the Hessian grows with the
number of source-receiver pairs, which becomes a significant issue for large-scale
problems. The work in Chapter 6 addresses this by enabling the implementation of
TV-LM, as its Hessian is sparse, can be stored in a running sum, and is independent
of source-receiver pairings. Thus, a promising direction is to promote TV-LM to a
larger community. But this requires a study to show the advantage of TV-LM over
MTV and split-Bregman for the waveform inversions.

In Chapter 6, which focuses on extended source waveform inversion, the author
conducts preliminary experiments with TV-LM, MTV, and split-Bregman. Due to
time constraints, these preliminary results were not included in Chapter 6. The
results indicate that TV-LM requires the fewest tuning parameters, while MTV
converges more slowly than the other two methods. The split-Bregman method,
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though similar to MTV in terms of tuning parameters, is more efficient than TV-
LM but generally results in a larger model misfit compared to TV-LM. Indeed,
further comparative studies on these methods could be conducted in the future.

Given that current computational resources now enable the use of TV-LM, it holds
promise for broader adoption, provided it is rigorously benchmarked against MTV
and split-Bregman methods. With this, it has greater potential for recovering high-
contrast subsurface media.

8.2 Applications to real data

A holy grail in geophysics is to achieve fully automated imaging. However, this
remains a challenging task due to issues with data quality and complex subsurface
conditions. The work presented in Chapters 5 and 6 moves us a step closer to
automation. Nevertheless, there is still considerable progress to be made.

For instance, the work in Chapter 6 makes the waveform inversion problem inde-
pendent of the source signature. However, it does not account for surface waves or
elastic cases. To implement a truly “full” waveform inversion, all wave types must
be included in the forward model, eliminating the need for processes such as top
mute on the data.

To achieve this, the author needs to modify the forward problem by incorporating
more realistic physics. However, more complex physics introduces cross-talk among
parameters, as they often share similar radiation patterns (e.g., Keating & Innanen,
2020). Several approaches have been proposed to mitigate this cross-talk. For
example, Diallo and Appel (2000) suggested using additional information, such as
vertical seismic profiles and crosswell data, to constrain the inversion. Luo and
Wu (2018) proposed separating the sensitivity in the angle domain, while Pan and
Innanen (2015) identified parameter trade-offs in the Hessian and introduced a multi-
parameter Hessian approximation to suppress these trade-offs in elastic FWI.

That said, it is straightforward to extend the work in Chapters 5 and 6 to more real-
istic scenarios, such as the elastic case with surface waves, and to integrate strategies
to suppress parameter cross-talk. This would further reduce human intervention in
the inversion process and improve subsurface imaging quality.

8.3 Medical imaging

Medical imaging and geophysical imaging share a common objective: non-destructive
imaging that relies on limited data to produce high-fidelity images. There exists a
unified framework between seismic and medical imaging, as both are based on wave
physics and can be described using the same objective function. Yin et al. (2020)
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proposed a unified framework for photoacoustic imaging, seismic imaging and pho-
toextended imaging.

In addition, some researchers also propose to use acoustic/elastic waves for medical
imaging (Lin, Yue, & Zhang, 2020; Riyazifar, Aghamiry, & Gholami, 2024). Conven-
tional imaging methods, such as CT and MRI, have limitations, including reduced
sensitivity to early-stage tumors, the use of ionizing radiation in CT, and the high
maintenance costs associated with MRI. In contrast, FWI is not affected by these
limitations and has shown improved sensitivity to early-stage tumors (X. Li et al.,
2025).

The imaging techniques developed in this thesis extend beyond geophysics and hold
potential in various fields where imaging plays a critical role. The methods presented
in Chapter 3 could be applied to investigate human body anisotropy, while those
discussed in Chapter 5 may help study the reflectivity of internal human structures.
Additionally, the approach outlined in Chapter 6 offers direct applicability to med-
ical imaging, eliminating the need for source signature estimation. Combined with
TV-LM regularization, this technique enables the construction of higher-resolution
images, unlocking new possibilities for non-invasive diagnostic methods.
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Appendix

A Coefficients for acoustic TTI wave equation

Coefficients Qi, i ∈ {1, 2, ..., 9} in equations 3.21 and 3.22 are given by,

Q1 =
128

q2
3

(11 q3 q4 − 3 q2 q4 − 5 q1 q4 − σq37 + σ34 + σq33 + σq31

+ σq30 − σq26 + σq36 − σq28 − σq35 + σq32) ,

Q2 =
128

q2
3

(σq17 − σ3 − σq16 − σ2 − σq10 + σ1 − σq15 + σ9 + σq14 − σq13) ,

Q3 =
128

q2
3

(44 q3 q4 − 12 q2 q4 − 20 q1 q4 − σq29 − σq25 + σq27 − σq24 − σq19

+ σq20 − σq23 + σq18 + σq22 − σq21 ,

Q4 =
128

q2
3

(
σq12 − σ3 − σq11 − σ2 + σ8 + σ1 + σ7 − σ6 − σ5 + σ4

)
,

Q5 =
128

q2
3

(66 q3 q4 − 18 q2 q4 − 30 q1 q4 − 40 q1 q4 cos (4 θti)

− 40 q2 q4 cos (4 θti) + 120 q3 q4 cos (4 θti)

+ 70 q1 q4 cos (8 θti)− 70 q2 q4 cos (8 θti) + 70 q3 q4 cos (8 θti)) ,

Q6 =
128

q2
3

(
σq12 + σ3 − σq11 + σ2 + σ8 − σ1 − σ7 − σ6 + σ5 − σ4

)
,

Q7 =
128

q2
3

(44 q3 q4 − 12 q2 q4 − 20 q1 q4 + σq29 − σq25 − σq27 − σq24

+ σq19 + σq20 − σq23 − σq18 + σq22 − σq21) ,

Q8 =
128

q2
3

(
σq17 + σ3 − σq16 + σ2 − σq10 − σ1 + σq15 + σ9 − σq14 + σq13

)
,

Q9 =
128

q2
3

(11 q3 q4 − 3 q2 q4 − 5 q1 q4 + σq37 + σq34 − σq33 + σq31 − σq30

− σq26 + σq36 + σq28 − σq35 + σq32) ,

(A1)
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where σqi, i ∈ {1, 2, ..., 37} are given by,

σq1 = 48 q3 q4 sin (4 θti) , σq2 = 16 q2 q4 sin (4 θti) ,

σq3 = 16 q1 q4 sin (4 θti) , σq4 = 56 q3 q4 sin (8 θti) ,

σq5 = 56 q2 q4 sin (8 θti) , σq6 = 56 q3 q4 sin (6 θti) ,

σq7 = 56 q1 q4 sin (8 θti) , σq8 = 56 q1 q4 sin (6 θti) ,

σq9 = 24 q3 q4 sin (6 θti) , σq10 = 24 q1 q4 sin (6 θti) ,

σq11 = 24 q3 q4 sin (2 θti) , σq12 = 24 q1 q4 sin (2 θti) ,

σq13 = 8 q3 q4 sin (8 θti) , σq14 = 8 q2 q4 sin (8 θti) ,

σq15 = 8 q1 q4 sin (8 θti) , σq16 = 8 q3 q4 sin (2 θti) ,

σq17 = 8 q1 q4 sin (2 θti) , σq18 = 56 q3 q4 cos (6 θti) ,

σq19 = 56 q1 q4 cos (6 θti) , σq20 = 48 q3 q4 cos (4 θti) ,

σq21 = 28 q3 q4 cos (8 θti) , σq22 = 28 q2 q4 cos (8 θti) ,

σq23 = 28 q1 q4 cos (8 θti) , σq24 = 16 q2 q4 cos (4 θti) ,

σq25 = 16 q1 q4 cos (4 θti) , σq26 = 12 q3 q4 cos (4 θti) ,

σq27 = 8 q3 q4 cos (2 θti) , σq28 = 4 q3 q4 cos (6 θti) ,

σq29 = 8 q1 q4 cos (2 θti) , σq30 = 4 q1 q4 cos (6 θti) ,

σq31 = 4 q2 q4 cos (4 θti) , σq32 = q3 q4 cos (8 θti) ,

σq33 = 4 q3 q4 cos (2 θti) , σq34 = 4 q1 q4 cos (4 θti) ,

σq35 = q2 q4 cos (8 θti) , σq36 = q1 q4 cos (8 θti) ,

σq37 = 4 q1 q4 cos (2 θti) .

(A2)

B An adjoint approach for the linearized eikonal

equation

To find the effect of the model perturbation on the travel time, we perturb the
eikonal equation 4.19 by setting v = v + δv and t = t+ δt,

∇ (t+ δt) · ∇ (t+ δt) =
1

(v + δv)2 . (A3)

Expanding the left-hand side and applying the Taylor series up to first-order accu-
racy, one obtains

|∇t|2 + 2∇t · ∇δt+ |∇δt|2 ≈ 1

v2
− 2

δv

v3
. (A4)

We assume that |δt| � |t| so that |∇δt|2 can be ignored in equation (A4). Subtract-
ing this from equation (4.19), the equation becomes,

∇t · ∇δt = −δv
v3

. (A5)
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We consider a perturbation δt(xr) where xr /∈ ∂Ω is a receiver location. Then we
integrate equation (A5) over Ω and apply integrate by parts,

δt(r) = δt(r) +

∫
Ω

λt(∇t · ∇δt+
δv

v3
)dx

= δt(r) +

∫
∂Ω

δtλt∇t · ndx+

∫
Ω

(−δt∇ · (λt∇t)) dx+

∫
Ω

λtδv

v3
dx ,

(A6)

We assume vanishing boundary condition for λt, i.e.,

λt(x) = 0, x ∈ ∂Ω , (A7)

Now we can choose

∇ · (λt∇t) = −δ(x− xr), x ∈ Ω , (A8)

where δ(·) is Dirac delta, and

δt(xr) =

∫
Ω

λtδv

v3
dx . (A9)

The variable λt is the adjoint-state variable, and equations (A7) and (A8) are the
adjoint-state equations. To evaluate t′(v), one needs to compute λt using equations
(A7) and (A8) first and then insert it to equation (A9) for t′(v).
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C Adjoint wave equation

To solve equation 5.12, we rewrite equation 5.9 in the continuous form and apply
integrate-by-parts for both time and space derivatives,

Elag(v, Z, u) =
1

2

∫ T

0

∫
Ωr

(u(x, t)− uobs(x, t))
2 dx dt

−
∫ T

0

∫
Ω

ua(x, t)

(
1

v(x)Z(x)

∂2u(x, t)

∂t2
−∇ ·

(
v(x)

Z(x)
∇u(x, t)

))
dx dt

=
1

2

∫ T

0

∫
Ωr

(u− uobs)
2 dx dt

−

(∫
Ω

1

vZ

∂u

∂t
ua

∣∣∣T
0
dx−

∫
Ω

1

vZ

∂ua

∂t
u
∣∣∣T
0
dx+

∫ T

0

∫
Ω

1

vZ
u
∂2ua

∂t2
u dx dt

−
∫ T

0

∫
∂Ω

ua

( v
Z
∇u
)
· nb dx

+

∫ T

0

∫
∂Ω

u
( v
Z
∇ua

)
· nb dx dt

−
∫ T

0

∫
Ω

u∇ ·
( v
Z
∇ua

)
dx dt

)
,

(A10)

where nb is the outward unit normal vector for the boundary of Ω; uobs is the
observed data; Ωr is the receiver location.

We can further assume

ua(x, T ) = 0, x ∈ Ω , (A11)

∂ua(x, T )

∂t
= 0, x ∈ Ω , (A12)

ua(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T , (A13)

∇ua(x, t) = 0, x ∈ ∂Ω and 0 ≤ t ≤ T . (A14)

With boundary conditions of in equations 5.5 and A11 - A14, equation A10 can be
simplified

Elag(v, Z, u, ua) =
1

2

∫ T

0

∫
Ωr

(u− uobs)
2dx dt

−
∫ T

0

∫
Ω

(
1

vZ
u
∂2ua

∂t2
− u∇ ·

( v
Z
∇ua

))
dx dt ,

(A15)
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Take the variation of Elag with respect to u,

δElag =

∫ T

0

∫
Ωr

(u− uobs)δu dx dt

−
∫ T

0

∫
Ω

(∫
Ω

1

vZ

∂2ua

∂t2
δu−∇ ·

( v
Z
∇ua

)
δu

)
dx dt ,

(A16)

According to equation 5.12, we can formulate the adjoint wave equation,

1

v(x)Z(x)

∂2ua(x, t)

∂t2
−∇ ·

(
v(x)

Z(x)
· ua(x, t)

)
= u(x, t)− uobs(x, t), x ∈ Ωr ,

1

v(x)Z(x)

∂2ua(x, t)

∂t2
−∇ ·

(
v(x)

Z(x)
· ua(x, t)

)
= 0, x /∈ Ωr .

(A17)

According to equations A11 and A12, ua has the final condition in time. So, equation
A17 is run backward in time.

D Velocity and impedance gradients for the La-

grangian

For equation 5.8, we consider a small perturbation δv that leads to a perturbation
of δElag,

Elag(v + δv,Z,u,ua) =
1

2
‖Ru− dobs‖2

2 − ua
T (A(v + δv,Z)u− b) . (A18)

Taking the subtration of equation A18 from equation 5.8,

δElag = −ua
T ((A(v + δv,Z)− (A(v,Z)) u− b) . (A19)

In a continuous form, equation A19 can recast as,

δElag =

∫ T

0

∫
Ω

δv(x)

v(x)2Z(x)

∂2u(x, t)

∂t2
ua(x, t)

+∇δv(x)

Z(x)
· ∇u(x, t)ua(x, t)

+
δv(x)

Z(x)
∇2u(x, t)ua(x, t)dx dt .

(A20)

For the second term, we apply integrate-by-parts for space derivatives and assume
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u(x, t) = 0 and ua(x, t) = 0 for x ∈ ∂Ω,∫
Ω

∇δv(x)

Z(x)
· ∇u(x, t)ua(x, t)dx =

∫
Ω

(u(x, t)∇u(x, t)) · ∇dx δv(x)

δZ(x)
dx

=

∫
Ω

−δv(x)

Z(x)
∇ · (ua(x, t)∇u(x, t)) dx

=

∫
Ω

−δv(x)

Z(x)
∇u(x, t) · ∇ua(x, t)

− δv(x)

Z(x)
∇2u(x, t)ua(x, t)dx .

(A21)

Thus, equation A18 now becomes,

δElag =

∫ T

0

∫
Ω

δv(x)

v(x)2Z(x)

∂2u(x, t)

∂t2
ua(x, t)− δv(x)

Z(x)
∇u(x, t) · ∇ua(x, t)dx dt .

(A22)

Equation A22 describes how a small perturbation δv(x) affects δElag. Similarly, we
can derive δElag caused by δZ(x),

δElag =

∫ ∞
−∞

∫
Ω

δZ(x)

v(x)Z(x)2

∂2u(x, t)

∂t2
ua(x, t) +

δv(x)v(x)

Z(x)2
∇u(x, t) · ∇ua(x, t)dxdt

(A23)

Reformulating equations A22 and A23 in the gradient form yields,

∂Elag

∂v(x)
=

∫ T

0

1

v(x)2Z(x)
c1(x, t)− 1

Z(x)
c2(x, t)dt ,

∂Elag

∂Z(x)
=

∫ T

0

1

v(x)Z(x)2
c1(x, t) +

v(x)

Z(x)2
c2(x, t)dt ,

(A24)

where

c1(x, t) =
∂2u(x, t)

∂t2
ua(x, t) , (A25)

c2(x, t) = ∇u(x, t) · ∇ua(x, t) . (A26)

E From data augmented wavefield to source ex-

tension

Let us left multiply (A−1)T on both sides of equation 5.21,(
(A−1)TRTR + λ2CA

TCAA
)
u = (A−1)TRTdobs + λ2CA

TCAb . (A27)
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Equation A27 is equivalent to(
RA−1

)T
RA−1Au + λ2CA

TCAAu

=
(
RA−1

)T
dobs + λ2CA

∗CAb +
(
RA−1

)T
RA−1b−

(
RA−1

)T
RA−1b .

(A28)

Combining some terms in equation A28 yields,(
RA−1

)T
RA−1 (Au− b) + λ2CA

TCA (Au− b) =
(
RA−1

)T (
dobs −RA−1b

)
.

(A29)

Using the settings in equations 5.22 - 5.24, A29 can be simplified to(
1

λ2

(
RA−1

)T
RA−1 + CA

TCA

)
∆b =

(
RA−1

)T
∆d , (A30)

which is just euation 5.25.

F Receiver side Hessian

In this section, we show how to obtain the derivation in equation 5.27. To achieve it,
we need to utilize some inference of (A + UBV)−1 by Henderson and Searle (1980),

(
1

λ2
STS + CA

TCA

)−1

ST

=

((
CA

TCA

)−1 −
(
CA

TCA

)−1
ST

(
I +

1

λ2
S
(
CA

TCA

)−1
ST

)−1
1

λ2
S
(
CA

TCA

)−1

)
ST

(A31)

=
(
CA

TCA

)−1
ST −

(
CA

TCA

)−1
ST

(
I +

1

λ2
S
(
CA

TCA

)−1
ST

)−1
1

λ2
S
(
CA

TCA

)−1
ST

(A32)

=
(
CA

TCA

)−1
ST

(
I−

(
I +

1

λ2
S
(
CA

TCA

)−1
ST

)−1
1

λ2
S
(
CA

TCA

)−1
ST

)
(A33)

=
(
CA

TCA

)−1
ST

(
I +

1

λ2
S
(
CA

TCA

)−1
ST

)−1

. (A34)

Equation A32 and A34 employ equation 23 in Henderson and Searle (1980) with the
variable correspondence in Table A1.
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Table A1: Variable correspondence for the problem (A + UBV)−1.

Equation num-
ber in our study

Variable in our
study

Variable in
Henderson and
Searle (1980)

Equation num-
ber in Hender-
son and Searle
(1980)

1
λ2
I A32 B 23

ST A32 U 23
S A32 V 23(
CA

TCA
T
)−1

A32 A 23
I A34 A−1 23
1
λ2

S A34 U 23(
CA

TCA
T
)−1

A34 B 23

ST A34 V 23
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