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Abstract

This thesis explores how correlations influence the extremes of variable-speed branching
Brownian motion (VSBBM) and the limiting free energy of the continuous random energy
model (CREM). These models are closely related and serve as toy models for mean field spin
glass models such as the Sherrington-Kirkpatrick (SK) model.

In Chapter 1, we give a detailed introduction to VSBBM and the CREM. Also, we summarise
the results of Chapter 2 and 3 and place them in the broader research context.

In Chapter 2, we study the extremes of a VSBBM where the time-dependent speed functions,
which describe the time-inhomogeneous variance, converge to the identity function from
below. We show that the log-correction for the order of the maximum depends only on the
rate of convergence of the speed function near 0 and 1 and exhibits a smooth interpolation
between the correction in the i.i.d. case, #ﬁ In¢, and that of standard branching Brownian
motion (BBM), ﬁi Inz. We prove that the limiting law of the maximum and the extremal
process essentially coincide with those of standard BBM, using a first and second moment

method which relies on the localisation of extremal particles.

In Chapter 3, we study the free energy of the CREM with the so-called Hamilton-Jacobi
approach. This approach compares the limiting free energy of mean field spin glass models
to the so-called viscosity solution of a Hamilton-Jacobi equation (HJE). For some of these
models, this viscosity solution exactly matches the limiting free energy. In other cases
such as the bipartite SK model, particularly when the so-called nonlinearity of the HJE is
nonconves, it is only proven that the viscosity solution provides a bound to the limiting free

energy.

In the case of the CREM with a convex speed function, we establish a HJE on an infinite-
dimensional space and prove that a unique viscosity solution exists, which is characterised
by a variational formula. Also, we give an explicit description of the so-called initial condition
of that HJE, which allows to simplify the variational formula of the viscosity solution. The
limiting free energy of the CREM with a convex speed function is equal to the aforementioned

viscosity solution.
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1 Introduction

In this thesis, we investigate variable speed branching Brownian motion (VSBBM) and the
continuous random energy model (CREM). These models from statistical mechanics serve
as toy models for spin glasses.

This introduction is structured as follows: In Section 1.1, we introduce important terms
from statistical mechanics and the fundamentals of mathematical models of magnetism.
Furthermore, we give an overview of the phenomenon of spin glass magnetism. Section 1.2
deals with Derrida’s random energy models including the CREM and their extreme values.
We introduce VSBBM in Section 1.3, explain its relation to the CREM and present important
results regarding the extreme values of VSBBM. These results form the basis of the original
contributions of this thesis regarding VSBBM in Chapter 2. Section 1.3.5 contains an
overview of these original contributions. In Section 1.4, we summarise the central results of
Chapter 3 and explain the Hamilton-Jacobi approach. With this approach, we study the free
energy of the CREM in Chapter 3.

1.1 Introduction to spin glass magnetism and statistical

mechanics

For a ferromagnetic element such as iron, nickel or cobalt, the magnetic field is stronger,
the more spins of its atoms are aligned. The phenomenon of spin glass magnetism emerges
e.g. in alloys of copper with manganese, iron or cobalt. Here, the spins of the atoms show
no pattern in their alignment. This difference of spin glass magnets and ferromagnets is
illustrated in Figure 1.1. A similar difference occurs in the crystalline structure of glass

and quartz crystals (see Figure 1.2). The term “spin glass” is derived from this observation.

Before we take a deeper dive into certain (toy) models of spin glass magnetism, we give
a general introduction to the terminology of statistical mechanics, following the structure

Y Y Y R ST

Figure 1.1: In ferromagnets, ordered spin configurations (left) are energetically favoured.
In spin glasses, disordered spin configurations (right) are energetically favoured.
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Figure 1.2: Quartz has an ordered crystalline structure while that of glass is disordered.

OIO) - JOIOX - X : JONCIE

Figure 1.3: An example of a microscopic state configuration x € {1,2,3}10. Here, the
macroscopic state configuration is Nj(x) = 4, N2(x) = N3(x) = 3.

of [58, Section 1.1]. Consider a system of N € N particles. Each particle is assigned a
state k € {1,...,K}, where K € N can be dependent on N. One often studies the model
for large N. We call x € {1,..., KN a microscopic state configuration. Each state k € K is

assigned an energy level ¢; > 0. Let Ni(x) :== 2V

s=1 Lx,=¢ denote the number of particles of a

microscopic state configuration x in state k. The total energy of x is Zle Ni(x)ex. Fore >0

with min << ex < € < max<i<x €x, we denote by
M= {xe{l,...K\V: ¥, Ni(xer = NeJ (1.1.1)

the space of all microscopic state configurations with total energy Ne. From now on, we
sample microscopic state configurations uniformly from M;. In this context, we call e the
average energy.

Zooming out to a more macroscopic level, we investigate (Ny(x));cx, which we call a macro-

scopic state configuration. In particular, the following question is of interest:
Which macroscopic state configuration is the most likely?

Since the microscopic state configurations are sampled uniformly from M;, we can answer
the previous question by finding weights p = (pr)K | € [0,11% with ¥ | pv = 1 and 35| prex = &
such that

#{xe Ms: Ne(x) = Npp Vk=1,....K} (1.1.2)
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is maximal. This quantity denotes the number of microscopic state configurations with total
energy e which assume the macroscopic state configuration (Npi,..., Npk). Here, we neglect
whether Npi,k=1,...,K is an integer or not. We have

#lxe Me: Ne(x) = NpeVk=1,.. K}y =#{xe{l,...K\V : Ne(x) = Npe Yk =1,.... K}
L) 0

Npi/\ Np; Npk
N!
= . (1.1.3)
(NpD'(Np2)!---(Npg)!
Then, Stirling’s formula, N! = exp(NInN — N + O(In N)), implies that
K
#{xe Mz: Ne(x) =NpxVk=1,...,K} = exp(—NZpklnpk +O(lnN)]. (1.1.4)
k=1
We call
K
S(p) == pxlnpy (1.1.5)
k=1

the entropy of p. If S(p) > S(p’), there will be exponentially more macroscopic state
configurations corresponding to the weights p than to the weights p’. Thus, we will most
likely observe the macroscopic state configurations

(N1(x),.... Ng(x)) = (p}N..... pxN), (1.1.6)
where p* is a solution of

max S(p) w.r.t. p € [0, 11,
K
2=,
k=1
K
3 prec = 2. (1.1.7)
k=1

To solve (1.1.7) for p*, we use the method of Lagrange multipliers with Lagrange function A
given by

K K
Ap,a,B) = S(p) - Q[Zpk - 1] —,B{Z Dprex — é], pel0,11%, 0,8 € R. (1.1.8)
k=1 k=1
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The first-order conditions are

0= AP, ap)=-1-Inp—a—Pe, k=1,....K
k

K
|
0= ZAp.ap)= ) pe-1,
k=1
\ K
0=> pex—e. (1.1.9)
k=1

From this we obtain the solution

Pi=Zoe ™ k=1,..K

K
Zyk =y e, (1.1.10)
k=1

where we choose 8 such that o= YK  ee; = 2. We call § the inverse temperature. The
B,K

normalisation term Zg k is also referred to as the partition function at inverse temperature g.

We call p* the Gibbs weights or Gibbs measure at inverse temperature g with energy levels

e1,...,ex. We now have an answer to the question posed above:

The most likely macroscopic state configuration is the one where the weights p in (1.1.2)
are the Gibbs weights p* from (1.1.10).

Furthermore,

K
S(p*) = Zp;: (Bex +nZp ) = B(2+ 5 InZp ). (1.1.11)
k=1

This means that the entropy can be written as the product of the inverse temperature g8 with
the sum of the average energy ¢ and the term f(5) := /lgln Zg k. The function f is called free

energy'. We have

f(B) > éln(exp(—ﬁk:nlqinkek)) = - min_ e, (1.1.12)

..........

and

fB) < éln(Kexp(—ﬁk:r?inKek)) = - min e+ =5 (1.1.13)

..........

Thus, the free energy gives a good indication of the order of the lowest energy level for large

inverse temperatures.

'In [58, Section 1.1], the authors argue that the term free entropy seems to be more appropriate in the setting
of (1.1.11). However, the term free energy is widely used.
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1.1.1 Models on the Ising spin space

From now on, we consider models of ferromagnets or spin glasses on the space {-1, 1}V, the
Ising spin space. This means that we have N atoms with spins pointing up (+1) or down
(—1). In these models, the parameter 8 > 0 describes the inverse temperature. Each possible
spin configuration o € {-1, 1V is assigned an energy level Hy(o) called Hamiltonian. The
probability to observe the spin configuration o € {—1, 1}" at inverse temperature g is given
by the Gibbs weight

efﬁHN((T)
g N(O) = , (1.1.14)
ZB’N
where
Zyn= ), e (1.1.15)
oel-1,1}V

denotes the partition function. The (normalised) free energy is denoted by

FyB) =-+InZgy (1.1.16)
and the limiting free energy by

F(B) = /{/i%nFN(/B). (1.1.17)

A simple example of a model of a ferromagnet is the Curie-Weiss model. Its Hamilto-

nian
1 N
HV (o) = —Nzam, oel{-1,1)V. (1.1.18)
i,j=1

assigns lower energy to configurations of spins where many pairs of spins are aligned.
This means that the higher the inverse temperature 3, the more concentration on ordered

configurations occurs in the Gibbs weights

e BH (@)

BN @) = — e, o el-L 1Y (1.1.19)
BN
For 8 = 0, the weights of xS simplify to
1
HoN (@) = o5, o el=L 1Y, (1.1.20)

so uSy is the uniform distribution on {-1,1}". If B T oo, ,u[(),“]/‘vf concentrates on the spin
configuration with the least disorder and thus the lowest energy, namely o = (1,...,1) and
o=(-1,...,-1).
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Of major interest in models of ferromagnets or spin glasses is whether a phase transition
occurs. A phase transition is a drastic change in magnetism depending on the tempera-
ture, which is also observed both for ferromagnets and spin glasses: Above a threshold
temperature called Curie temperature, a ferromagnetic material enters a disordered phase
and does not exhibit a magnetic field itself. Below the Curie temperature, the material
enters the ferromagnetic phase, where the alignment of the spins produces a magnetic field.
Spin glasses behave similarly above the so-called transition temperature, also known as
freezing temperature. Below this threshold, the material enters the spin glass phase: The
spin configuration seems frozen in a disordered state. But on a larger time scale, a spin glass
exhibits metastable behaviour. This means that it alternates to a different spin configuration
from time to time, with periods of stability in between. Typically, the freezing temperature
of a spin glass is below —200°C and therefore significantly lower than the Curie temperature
of a ferromagnet such as iron (770°C) or cobalt (1130°C).

Models of such magnets exhibit a phase transition at the critical inverse temperature . > 0,
in which the limiting free energy is not differentiable. We refer to Section 1.2.5 for a
further discussion of this notion based on the example of the random energy model, which is

introduced in the following section.
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1.2 Random energy models on the Ising spin space

To take into account the disordered structure of spin configurations in spin glasses, many
models of spin glasses use random Hamiltonians. One of the simplest examples of such a
model is the random energy model (REM). For N € N, the Hamiltonian (HY*™ (7)), ¥
of the REM is defined as a family of i.i.d. Gaussian random variables with mean 0 and
variance N. Derrida [53, 54] introduced the REM as a toy model for the Sherrington-
Kirkpatrick (SK) model. Giorgio Parisi was awarded the Nobel Prize in Physics 2021
particularly for his contributions towards a description of the free energy of the SK model
[102,103] by the Parisi formula. The REM reduces the complex structure of the SK model
but nevertheless exhibits significant phenomena of spin glass magnetism such as a phase
transition, as we will see in Section 1.2.5.

1.2.1 The extreme values of the REM

We observe that for large 3, the Gibbs weights (o) = ZRELMe*ﬁHEEM(") concentrate on
, R

the spin configurations o € {-1, 1} for which HX*™(c) is minimal. Thus, to describe how
much energy in the REM is assigned to the most favoured spin configuration, we aim

to study the asymptotics of the extreme values of (HIF\}EM(O-)) w as N T . To keep

oel-1,1
notation simple in spin glass models with a Gaussian Hamiltonian, it is more common to
determine max,_, ;v Hy" (o) <. min__, v Hy-(0). This is justified by the symmetry of

the Gaussian distribution.

To compute the asymptotics of max,.,_; ;v Hy"* () as N T co, we aim to find (m™)ycy so
that the function

y lim P max HIFM(o) SmﬁEMw) (1.2.1)
NTeo  \ge{-1,1}V

exists for y € R and is a nontrivial distribution function. This is where the following

elementary Gaussian tail asymptotics are a helpful tool, as they are in many other con-

texts.

Lemma 1.2.1 [See e.g. 63, Chapter VII, Lemma 2]. For X ~ N(0, o?),o0>0andu>0,

P(X > u) = ﬁe_%(l+0(z—j)), (1.2.2)

as 2 — 0. Furthermore, dropping the error term gives an upper bound for P (X > u).

Since the (Hy™™(0) ¢y v are iid.,

2N
P| max Hy™M(o) <my™™ + y) =P(Hy™M(@) < my™M +y) (1.2.3)
oef-1,1}
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for any & € {—1, 1}". We rewrite

P (HRM (@) < my™ + y)ZN = (1-P(Hy™@) > my™ + y))ZN

N
( | _ 2R @i ) )2
2N

(1.2.4)

This means that we need to find (m{M),y so that 2VP (HEEM(G) > mREM +y) has a pos-
itive limit ¢ as N T c. In this case, the right-hand side of (1.2.4) converges to e ¢ as
N T oo.

For N € N, let
REM 1 _ In(4niln2)
=V2In2N - TnzlnN N (1.2.5)

Then, for N large enough such that m3*+y is positive, we have by Lemma 1.2.1,

2Np (HI%EM(&) > mREM + y)

VN 1 I REM 2
——exp(—— m +y )(1+0(1))
m]F\{/EM+y Pr 2N( N )

_ov_ W : exp(—#(VZln2N—

=2N

L_|pN — nGzh2) ))(1+0(1))
VERZN o) Vox 2w U v
1
N L L o NyNVIrIma e Y(1 + o(1))
V21n2 VN V2n
=e V2I"2¥(1 4 o(1)). (1.2.6)

We have obtained in (1.2.3)-(1.2.6) that

_e-V2TnZy
limP| max HXM(o) < mREM 4y e (1.2.7)
NToo  \ge(-1,1}¥

which is the distribution function of a Gumbel distribution.

Another quantity of interest is the extremal process of the REM, which is defined as

ENMi= Y Sy . (1.2.8)
oe(-1,1)¥

The limiting extremal process is denoted by ERFM :=

SREM

= limyteo 8 EM where the convergence is
in law. The process gives a description of the asymptotic distribution not only of the
maximum of the Hamiltonian but also of spin configurations close to the maximum. These
configurations are called extremal. It can be shown (see e.qg. [24, Proposition 8.6]) that

the limiting extremal process EREM of the REM is a Poisson point process with intensity
V2In2e V2In2ydy,
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1.2.2 The generalised REM and the continuous REM

In the REM, the random energy levels of all possible spin configurations are independent.
However, in spin glasses, the spins of atoms exhibit a mixture of positive and negative
correlations (ferromagnetic and antiferromagnetic behaviour), which lead to the disordered

structure of the energetically favoured spin configurations.

We introduce a generalisation of the REM regarding the correlations of the Hamiltonian.
We consider {—1, 1}" to be the set of leaves of an N-level binary tree, see Figure 1.4 for an

illustration of the labelling of the vertices.

Figure 1.4: The 3-level binary tree with leaves {-1, 1}?

The ancestor of o = (o, ...,0n) € {—=1,1}¥ atleveli, i = 1,...,N, is denoted by ol; = (o1,...,0%)

and oy denotes the root &. The overlap of 0,5 € {—1, 1}V is defined as

oNG =max{i=0,...,N: 0|, =7} (1.2.9)

This means that the overlap is the level of the most recent common ancestor, see Figure 1.5.

Figure 1.5: The most recent common ancestor of (-1,—1,-1) and (-1, 1, —1) is the vertex —1.
The level of this vertexis 1, so (—-1,-1,-1) A(-1,1,-1) = 1.
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Each vertex v of the binary tree is assigned an i.i.d. copy z, of a standard Gaussian random
variable. The branching random walk (BRW) on the binary tree of depth N with standard

Gaussian increments is defined as

N
HYWY(o) = Y 2, oef-1 Y. (1.2.10)
i=1
We see in (1.2.10) that for HyRW(0), we sum up the Gaussian random variables zy|, assigned
to all ancestors o;,i = 1,...,N, of o except the root. For o, € {-1, l}N, since z, and z; are
independent for v # 7,

N N
E[HY™ (@) Hy™ (@) = E[(ZX) 201) (ZL1 201,)] = D DL E [2oua,]

i=1 j=1
N

N N
=ZZH‘T|F§"/ ZZILO'liZO‘If =0 ANC. (1.2.11)

i=1 j=1 i=1

Thus, (HBRW(O')) _1.1yv can be formally defined as the centred Gaussian process with covari-

ance

E|HYY(o) HYWY @) =ore,  oael-1,1". (1.2.12)

In this view, we interpret N as a point of time and (Hy " (0)),¢(_;.1,v @s the spatial position of
2N particles. Alternatively, this BRW can be constructed in the following way: It starts with

space
space

~N(©,1)
~N(©,1)

1 1 EN(O 1)
T T v N, 1
I~ NGO, ) N, D) MOD — §~ NGO, 1)

1J~ N(O, 1) 2 3 level/tirie N ll~N(O.1) 2 3l levellti;e N

""""""" ~ N(0,1)

f&@éﬁ
Figure 1.6: At time N = 0, there is one Figure 1.7: At time N = 2, each of the par-
particle at height 0. At time N = 1, the ticles splits into two again and each child
particle splits into two particles, whose gains an i.i.d. standard Gaussian height.
height change at time 1 is i.i.d. standard The procedure at time N = 2 is repeated at

Gaussian. each integer time.

one particle at time 0. At time 1, it branches into two particles, which change their position
independently according to a standard Gaussian distribution, see Figure 1.6. At time 2, each
particle branches into two particles with i.i.d. standard Gaussian height changes again. This
is repeated at each integer point of time, see Figure 1.7. In the light of this construction, we
use the terms “spin configurations” and “particles” alternating from now on. The random
energy levels described by the Hamiltonian are in this view understood as the height of

particles.

10
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Branching random walks, in particular those with Gaussian increments, have been investi-
gated e.g. in [34, 71]. We refer to [2, 88] for an analysis of the extremes of the BRW with

Gaussian increments.

We now study the continuous random energy model (CREM), a generalisation of the BRW
with Gaussian increments, which was introduced by Bovier and Kurkova [32] in 2004. Let
A:[0,1] — [0, 1] with A(0) = 0 and A(1) = 1 be a non-decreasing and right-continuous function.
Such a function is called speed function (or covariance function). Let (Hﬁ(o-))ge{_ljl}w be the
centred Gaussian process with covariance

E|Hy(0) Hy(@)| = NA(%E), oo e(-1,1}". (1.2.13)
The model using this random Hamiltonian is called CREM with speed function A. For

the sake of brevity, we also call the Hamiltonian (Hj\‘,(o-))oe{_l,”N the “CREM with speed
function A”.

We consider two examples:

1. A12 X = ]szl(x).
Then, E[Hy' () Hy' (@) = Nloagen(025) = Nlo=g(0,5). Thus, (Hy'(0))ge 1y is a
family of i.i.d. Gaussians with mean 0 and variance N, i.e. the Hamiltonian of the REM.

2. A>: x — x, which is also called identity function.
Then, E [H;‘,z(a) HI/:,Z(G-)] = o A G. Thus, (H?zz(o'))(re{—1,1}” is the BRW on the binary tree
with standard Gaussian increments.

These examples show that the CREM is a class of models containing the REM as well as the
BRW with standard Gaussian increments. If A is a piecewise constant speed function, the
model is also called generalised random energy model (GREM). The GREM was introduced
by Derrida [55] in 1985.

1.2.3 The extreme values of the GREM and CREM

We are interested in a description of the extreme values, not only for the CREM but also
for any of the upcoming models of Section 1.3. This leads to a better understanding of the
underlying process, in itself and in the context of spin glass models. We concentrate on the

following questions:

1. What is the leading order of the maximum of the Hamiltonian Hj\‘, as N T «? What
about subleading orders? Is there a sequence (mg)NeN so that max
tight?

A A s
sel-1.1V HN(O') —my is

2. What is the best strategy for a particle before time N to reach the height mg at time N?

3. What is the limit of the extremal process 2 ,¢;_; 1)¥ 04 (o)-m! ?

11
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We also call mg extremal height from now on. This section contains an overview of results
which answer the previous questions for the GREM and CREM.

Bovier and Kurkova have shown in [31] for the GREM and [32] for the CREM, both with

A,lead

speed function A, that the leading order m;

of my, satisfies

A\ lead V2In2 N, if A(x) < x for all x € [0, 1],
Jead _

- - i (1.2.14)
N \/21n2Nf JA () dx, if A(x) > x for all x € (0, 1),
0

where we denote by A the concave hull of A. Note that, if A(x) < x for all x € [0, 1], then
A(x) = x for all x € [0,1], so fol VA’(x)dx = 1. This means that for any speed function
Al

1
mﬁ,lead — me /A/(x) dx. (1.2.15)
0

In the following Subsection 1.2.4, we compute m’ﬁ,’lead for the two-level GREM. These com-
putations also provide an illustration of the typical behaviour before time N of an extremal
particle at time N, which answers Question 2 for the two-level GREM.

For the GREM with speed function A so that A(x) < x, it holds by [31, Theorem 1.1] that
my, = m*™ even in subleading orders. Recall the full description of mi- in (1.2.5). For a
detailed computation of the subleading orders for the two-level GREM with A(x) < x for all
x €[0,1] and A(xy) = x; in one point x; € (0, 1), we refer to Section 2.2.2 of Kistler’s lecture
notes in [68]. In the case of the BRW with Gaussian increments, i.e. the CREM with speed

function A;: x — x, the subleading orders of mﬁz are

3
2VIn2

see [1, Theorem 3]. For the CREM with speed function A in case “A(x) > x for all x € (0, 1)”,
the subleading orders depend on A, as Bovier and Kurkova have shown in [31, Theo-

InN +O(1), (1.2.16)

rem 1.5] for the GREM case. In this work, they also provide results on the extremal process
LZoei-1.1)" Omir)-my 1f A is the speed function of a GREM. We omit details in the description of
their results to keep the necessary notation minimal.

1. If A(x) < x for all x € [0, 1], then the extremal process converges in distribution to a
Poisson point process with intensity Kv21n2 e‘mxdx, where K = 1 if A(x) < x. If there
exists x € (0,1) with A(x) = x, then 0 < K < 1. An explicit formula for K is given in
[31, Theorem 1.11°.

2When checking the reference, note that Bovier and Kurkova use a slightly different parametrisation in the
constant terms of my = my*™ which leads to different constant factors in the intensity of the limiting extremal
process.

12



1.2 Random energy models on the Ising spin space

2. In the case A(x) > x for all x € (0, 1), Bovier and Kurkova [31, Theorem 1.5] describe
the limiting process in terms of a concatenation of m Poisson point processes, where
m € N is the number of points x € [0, 1) for which A(x) = A(x). A concatenation of point
processes is constructed the following way: Sample the first process, add to each atom
the atoms of an independent copy of the second process, and so forth.

This means that if A(x) < x for all x € (0, 1), the extremal process and the first order of the
maximum is the same as for the REM. In the case “A(x) > x for all x € (0,1)”, the results
of [31] yield the following intuitive description of extremal particles: Particles which are
extremal at time N are likely to also be extremal at any time xN where x € (0, 1) satisfies
A(x) = A(x). We refer to Section 10.1.1. in [25] for a more detailed discussion of these
results.

1.2.4 Example: The leading order of the maximum of a two-level GREM

In this subsection, we study the extremes of the two-level GREM, i.e. of a CREM with speed
function

Az: [0,1] = [0, 1],
x5 ar L, 1)) + Le=1 (), (1.2.17)

where x1,a; € (0,1). We refer to Figures 1.8 and 1.9 for illustrations of A3z and its concave
hull.

A A slope i:’i:
1L _ 1 _
. - Ay(x).-+*
. slope ‘i—: ///
_ /./’/ ay L el i
A3(x),// /Ir A3(x) )
ap_| -~ K
A3(x) K
S [ ,'4"'/. 4 |
X1 "X x| "1 x
Figure 1.8: If a; < x;, then A;(x) < x Figure 1.9: If a; > x|, then A; (dashed
for all x € (0,1). In this case, A3 coin- line) lies above the identity function (dot-
cides with the identity function (dashdot- ted line).
ted line).
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1 Introduction

The GREM (Hfﬁ(d)) with speed function Az is a centred Gaussian process with

covariances

oe{-1,1}¥

0, o Ao €0, xN),
E[Hy (o) Hy (6)] = NA3 (%Z) = {a\N, o A& € [xN,N), (1.2.18)

N, o=7,

for o, 5 € (-1, 1}V

We prove in this section that the leading order of the maximum, mg&lead, satisfies
Aslead _ V2In2 N, ifa; < xy, (1.2.19)
N V2In2 N (yarar + VT - —ap). ifa > x.

The case a; < x; translates to As(x) < x for all x € (0,1), see Figure 1.8. We will further
distinguish between the case A3(x) < x for all x € (0, 1), which is also called weak correlation
regime in general, and the case a; = Az(x]) = x;.

If a; > x1, we have A3(x) > x for all x € (0, 1), see Figure 1.9. We also call this case the concave
regime. In this regime,

1
Vxray + (1 = x))(1 —ay) = fo VA% (%) dx, (1.2.20)

as we can see in Figure 1.9. Thus, we can write (1.2.19) as

V2In2 N, if A3(x) < x for all x € [0, 1],
mA3,lead —

A - i (1.2.21)
\/21n2Nf JAL(x)dx, if A3(x) > x for all x € (0, 1),
0

which coincides with the general result in (1.2.14) in the case A = As.

In both cases, the following calculations are based on Section 10.1.1. of [25]. We determine
(mﬁ)NeN such that for each y € R,

limP| max HY(o)>m™ + ) (1.2.22)
NTeo (o'e{—l,l}N N() vy

exists and is in (0, 1). We only compute the leading order (mf;’lead)NeN of (mﬁ)NeN and use

slightly more heuristic arguments than for the REM in Section 1.2.1. In this sense, we
assume for simplicity that x; N and (1 —x;)N are both integer. Let (z;),¢_ 1y~ and (o) pe_1 1¥
be two independent families of i.i.d. standard Gaussians. Then

(H;‘;(o-))o-e{—l,l}N g (\/al_NZO'IX]N + V(l - al)NZO—)o-e{—l,l}N ’ (1.2.23)

14



1.2 Random energy models on the Ising spin space

since the right-hand side is a centred Gaussian process with the same covariances as
(Hj\‘f(O'))UE{_L”N. For each particle o € {—1,1}", the random variable VaiN zy, , describes
the position of ol,,n, the ancestor of o at time x|N. If o is at extremal height Ml’éf at
time N, then its ancestor oy y is either at the extremal height /my of time x;N, which

is
ﬁ’lN = ﬁzN(xl,al) = \/2)61611 IHZN, (1224)

by the same argumentation as in (1.2.3)—-(1.2.6). Or, o, is at a certain height below 7y, say
at height VaAimy for 1 €[0,1). Determining the most likely A € [0, 1] also answers Question 2
for the two-level GREM.

Fory e R,

P| max HY(o) > m + y)
(a-e{—l,l}N N N

= P( max \/alNzo.h,lN + /(1 —a))Nz, > m}‘;ﬁ +y)

oe{-1,1}V

~ max]IP(Hn e {-1, l}xlN tNaNzp = \//_lﬁmN, max VA —a))Nz, > m;\‘f —+vaN z, +y)

A€[0,1 oe{-1,1}",
0'|x11v:77
Y max P(VaiN g, ~ \//_lrhN)IP’( max (I =aDNzy > my - Vg +y), (1.2.25)
€0, -1,1
nel=1,11" U(ETLIN’:% |

where we used a union bound and the independence of all appearing random variables
in the last step. Thus, finding A* € [0, 1] which maximises the right-hand side of (1.2.25)
also provides an upper bound on (1.2.22). Determining the first order of mﬁ on this upper
bound will provide the right guess for A*. A matching lower bound can be found by the
Paley-Zygmund inequality, proceeding as in Section 2.2.2, (86) ff., of Kistler’s lecture notes
in [68].

By Lemma 1.2.1,

P(VaiNzy ~ Vasy) ~ P(VaiN zy = VAiay) = P(z; > Y20 AN In2) = 27 WNO~1/2) < 270V,
(1.2.26)

for each i € {—1, 1}*'V. Inserting (1.2.26) into (1.2.25) gives

]P’( max H;‘f(()') > mﬁ +y) < max ZXI(I_A)N]P’( max /(1 —a))Nz, > mﬁ — Vamy + ],
oe{-1,1}¥ A€[0,1] oe(-1,1}",
C7'|)(1N:7]

(1.2.27)

foranyn € {-1, l}x‘N . We aim to find mﬁ so that the right-hand side of (1.2.27) has a nontrivial

15



1 Introduction

limit. It follows from (1.2.26) that

E[#{ne -1, 13" : JaiNz, = Vimy)] = Z P(VaiN zy > Vasy) = 20V(1 + o(1)).

nef{-1,1y1%
(1.2.28)

Thus, we interpret the right-hand side of (1.2.27) in the following way: Each of the ap-
proximately 2¥10-Y¥ particles, which are above level YAy at time x;N, produces 27N
offspring. Thus, there are in total 2~V particles at time N, whose ancestor at time x| N
was above level VAny. The height gains of each of these particles between time x; N and N
are i.i.d. Gaussians with mean 0 and variance (1 — a;)N. To ensure that the right-hand side of
(1.2.27) is of a nontrivial constant order, we need to find mﬁ so that there is one of these
20-4DN height gains which exceeds m} — VA iiy +y. Equivalently,

lim max ]P’( max (1 —a)Nzg > mﬁ —VaAmy +y) (1.2.29)

NfTeo A€[0,1]  \1<k<2(-¥DN

needs to be nontrivial, where (zx);,<,0-1v is a family of i.i.d. standard Gaussian random
variables. For each 4 € [0, 1], we get as in (1.2.3)—(1.2.6) that

zlvi%?op(gkggxmw V= a)N z = myy = Varmy + y) € (0,1), (1.2.30)
if
mly — Ny = y2(1 = Ax1)(1 - a;) In2 N. (1.2.31)
Thus, to get
lim max P max (1 -aDNz > mly — Vi +y| € (0,1), (1.2.32)

NToo 2€[0,1]  \1<k<a(-Ax)N

we need to choose the leading order of m?f as

Aslead .
= AN, 1.2.33
my; Arer%gﬁ]g( N, ( )

where

g() = VA 4 \2(1= Le))(1 - a)In2 = y2Axa; In2 + 2(1 = Ax)(d —apn2.  (1.2.34)

The derivative

’ _ V2xiaiIn2 _ xv2(1-a)In2
g =7 Vieyr (1.2.35)

has a root in A* = j—: We first turn to the case a; < x;. Then, 4" < 1. One can easily check
that for A € (0, %), g’(1) is positive and for 4 € (1%, 1), g’(1) is negative. Furthermore, g’(1) T
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1.2 Random energy models on the Ising spin space

as 4] 0and g’'(1) | —o as A T 1. Thus, g is maximal in 1* with
gl =a;V2In2+ (1 —a;)V2In2 = V2In2. (1.2.36)

This means that (1.2.19) holds in the case a; < x;: The leading order of (m?f)NeN is V2In2 N,

REM

which is the same as the leading order of (my

V2In2 N at time N were around height

)ven. The particles at extremal height

VA iy = V2In2a,N (1.2.37)

at time x;N. This is strictly below the extremal height /iy = V2a;x; In2 N at time x;N. At or
above the optimal height V2In2aN at time x;N, there are approximately 2*10-4N = p(xi-a)N
particles by (1.2.28). So at the optimal height, there are exponentially many potential
candidates to reach extremal height at time N - in contrast to the subexponential amount
of particles at height v2a;x; In2N. Thus, in the case a; < x| at time x| N, the benefit of
exponentially more particles at lower heights outweighs the loss in height up to the optimal
height V21n2aN. This is illustrated in Figure 1.10.

If a; > x;, we cannot choose A* = Z—i since it is above 1. Since g’(1) is positive for 1 € (0, 1),

the maximum of g on [0, 1] lies on the boundary in 1 with

g(1) = V2In2 (Vmar + (I = x)(1 - ap)). (1.2.38)
So if a; > x1, (1.2.19) also holds: The leading order of (m#)zveN is
V2In2 N (Varar + (1 = x)(1 - ay)). (1.2.39)

One can easily verify that this is strictly below V2In2 N, the leading order for the REM
and in the case a; < x;. In the case a; > x; we have A* = 1, so the particles at extremal
height V2In2 N at time N also were at extremal height /iy at time x;N. This is illustrated
in Figure 1.11.

space

V2In2N L .

V2a1x1In2N _|_
V2In2a N |

| |
'xlN 'N time

Figure 1.10: If g < x;, then extremal particles at time N are at height V2In2 N. At time x| N,
they are strictly below the extremal height of that time (dashed line).
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space
V2In2 N (yxar + V(T = x) —ar) 4- .
Normacvial o

| |
"N 'N time

Figure 1.11: If a; > x;, then a particle which is extremal at time N is also likely to reach
extremal height (dashed line) at time x| N.

We now inspect the case a; = xi: Here A(x;) = x;, so it neither holds that A(x) < x for all
x € (0,1) nor that A(x) > x for all x € (0, 1). We see that g is maximal in 1 as in the case a; > xi,
so extremal particles at time N in case a; = x; follow the same strategy at time x; N as those
in case a; > x;: At time x| N, they are at extremal height /iy as well. The leading order of mﬁ

is g(1)N. However, if a; = x;, we have g(1)N = V2In2 N. This means that (1.2.19) also holds

Az
N

Thus, the case a; = x; constitutes a boundary between weak correlation regime (a; < x;) and

if a; = x1: The leading order of m,’ is the same as for the REM and as in the case a; < x;.

the concave regime (a; > x;) regarding the leading order of m’;ﬁ and the typical behaviour at

time x| N of extremal particles at time N.

1.2.5 The free energy of the REM and the CREM

In this section, we study the free energy of the REM and the CREM and explain the behaviour
of these models above and below the phase transition in terms of spin glass magnetism. The

free energy of the REM is given by

1
FyM@) = - E[nZgiM].  pzO0.NeN. (1.2.40)
where
ZgM= Y exp(BHNM(0)). (1.2.41)
oe(-1,11¥

Its limit satisfies

B ;
-5 —-In2, ifBg<p.,

FREM(g) — Jim FREM(g) —
Nieo” N \2In2B, ifB>p.

(1.2.42)

where B, = V2In2 is called critical inverse temperature. For two different versions of a
proof of (1.2.42), we refer to [58, Proposition 6.1] and [25, Theorem 9.1.2]. This phase
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1.2 Random energy models on the Ising spin space

transition in B, is one example of significant phenomena of more complex spin glass mod-
els (such as the SK model) surprisingly appearing in the REM despite its simple struc-

ture.

For 8 < 8., we have

REM B T 1 REM
FREM@B) = £ _1n2 = }llTrglo—NlnE[Zﬁ’N : (1.2.43)
since
2 2
285N = Z B [ePHRN@)] - Z T =N (1.2.44)
oel-1,1}V oe{-1,1}V

where we have used that for a Gaussian random variable Y with mean 0 and variance v > 0,

2 )2
Y _ - v dZ _(4.—:;) _ v
E[e ] me wel = ez R\/me v =e2, (1.2.45)

We deduce from (1.2.43) that
InE [ZREM
lim

L (1.2.46)
N1 I [In ZEEM

so replacing Z;ﬁM by E [ng\,M in (1.2.40) does not change the limiting free energy. This
means that the system is in a phase analogous to the disordered phase of spin glasses in which
the spin glass does not exhibit magnetisation. The energy levels are close to each other, so no
spin configuration is clearly favoured over others. This is also emphasised by Theorem 9.3.1
in [25]: For B < 8., with a certain mapping gy: (0,1] — {1, 1}V, the measure ”E}IEVM o gn

converges weakly as N T oo to 4jo,1}, the Lebesgue measure on [0, 1].

For 8 > B., we have

REM
éFREM(ﬁ) = _Zlvigo A (1.2.47)
This means that replacing in (1.2.40) ZREM by its largest summand exp ( MaX, ;¥ H[F\}EM(O'))

does not change the limiting free energy in this phase. The Gibbs measure ,uREM concentrates
on the energetically most favoured spin configurations such as G = argmax,_; ;v Hy"" (o).
The model is in the analogue of the spin glass phase. In this phase, % ¢_; 6/1;1;:}\4(0), the
point process of the Gibbs masses, converges weakly to the Poisson-Dirichlet process.
We refer to [24, Theorem 8.10] for a proof and more details. The multi-level version of
the Poisson-Dirichlet process are called Ruelle cascades. These are the subject of Sec-
tion 1.4.3. For high inverse temperatures g, the point process of a certain rescaling of
the Gibbs masses of the GREM converges weakly to the Ruelle cascades, see [25, Theo-
rem 10.1.14].

An explicit formula for the GREM free energy was proven by Capocaccia et al. in [37]. Bovier
and Kurkova generalised this result to the CREM in [32]. Namely, for the free energy of the
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CREM with speed function A, which is defined by F4(8) := —3E [ln Zg,zv] forp>0and N €N,

we have

2 xB) -
FAP) = }]1%‘11 Fﬁ,(ﬁ) = '%(A(Xw))— 1)-(1-x(B)In2 - V21n2ﬁf VA’ (x) dx, (1.2.48)
«© 0

where x(8) = sup (x €(0,1): A’(x) > 2;—22) Note that if A(x) < x for all x € [0, 1], then A(x) = x

for all x € [0, 1]. In this case, x(8) = 1g-5.(8), where 5. = V21n2, so

g ;
-5 —-In2, ifBg<p.,

lim FA4(B) = (1.2.49)
Nteo™ ¥ {—\/ZInZﬁ, if 8 > B..

Thus, the free energy of the CREM with speed function A satisfying A(x) < x for all x € [0, 1]

coincides with the free energy of the REM. More generally, x(8) = 0 holds for all 8 < %}?02).
In this case,
FAB) =5 ~n2=-LInE[z},]. (1.2.50)

for each N € N, proceeding in the last step as in (1.2.44). This means that the model is in the

analogue of the disordered phase of spin glasses. We have x(8) = 1 for all 8 > % Then,

~ xB) !
FA(,B):—\/2ln2,8f \/A’(x)dx=—]1viTm ~ (1.2.51)
O (o)

so the model is in the spin glass phase.

To be consistent with the notation of Chapter 3 and the literature it is based on, we write
the free energy of the CREM in the form

FA®D) = lim Fy(0),
NToo
F{(@) = —FE[In 3, v exp (V2 Hiy(o) - Nt (1.2.52)

for t > 0. Since F4(#) = F4(V21) + ¢, it holds that
(1)
FA(I) = tA(x(?)) — (1 —x(t))an—Zthan \M’(x)dx, (1.2.53)
0

where x(r) = sup(x € (0,1): A'(x) > 12). If A(x) < x for all x € [0,1], then x(t) = Lzin2(1),

t
SO

—In2, ifr <In2,
FA(r) = (1.2.54)
t—2Vtln2, ift>1In2.

We refer to Section 1.4 for an overview the approach of Chapter 3 to study the free energy of
the CREM. Our focus now shifts to (variable speed) branching Brownian motion. This process
is closely related to the CREM, and the central object of study in Chapter 2.
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1.3 (Variable speed) branching Brownian motion

1.3.1 Branching Brownian motion

Branching Brownian motion (BBM, also called standard BBM) can be constructed in the
following way: A particle starts in position 0 at time 0 and moves according to a standard
Brownian motion, see Figure 1.12. After an exponential time with mean 1, it splits into
two particles (or it has a more general offspring distribution). Each offspring particle
independently performs Brownian motions, starting from the position of its parent, see
Figure 1.13, and independently follows the same splitting rule as its parent. This also applies

to any further offspring, see Figure 1.14.

space

»

time

Figure 1.12: BBM before the first split consists of one particle performing Brownian motion.

space

»

time

Figure 1.13: After an exponential time with mean 1, the particle splits into two. Each
particle independently performs Brownian motion.

space

»

time

Figure 1.14: Each particle independently follows the same splitting and movement rules as
the first particle.

Alternatively, we can construct BBM as in (1.2.12) as a Gaussian process on a tree. In
the case of BBM, the underlying tree is random; specifically it is the binary Galton-Watson
tree. This is a continuous-time tree constructed by independent exponential splitting times
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with mean 1. We denote the leaves of a Galton-Watson tree at time ¢ by ((x(1)),,)- The
time of the most recent common ancestor of the leaves ¢;(7), £;(t) is denoted by £;(¢) A £;(?).
Conditional on the Galton-Watson tree at time 7, (xx(1));.,, is @ centred Gaussian process

with covariances
E [xi(t) x;(0] = &) A i(0), i, j < (). (1.3.1)

Comparing this with (1.2.12), we see that the only difference in the construction of BBM to

that of the BRW on the binary tree with Gaussian increments is the underlying tree.

By using common notation, an ambiguity emerges for the parameter 7. In the context of the
free energy of the CREM in (1.2.52) and Chapter 3, r denotes the inverse temperature. In
the context of BBM, r denotes the time. The number of particles at time 7 > 0 is denoted by
n(t). We have E[n(?)] = ¢’; for a proof see [26, Lemma 5.3]. The particle positions at time ¢ are
denoted by (x(1)<n(-

Moreover, BBM is related to the Fisher-Kolmogorov-Petrovsky-Piskunov (F-KPP) equa-

tion,
%u(r, Xx) = %g—;u(t, x) + u(t, x)(1 — u(t, x)). (1.3.2)

This reaction-diffusion equation was introduced in 1937 by Fisher [67] and independently in
the same year by Kolmogorov, Petrovsky and Piskunov [82]. Solutions of the F-KPP equation
can be represented in terms of BBM:

Lemma 1.3.1. Let (x(1);<,,, be a BBM and g: R — [0, 1]. For

n(t)
vit,x) = E [kl:ll glx— xk(t))} , (1.3.3)

the function u(t,x) = 1 — v(t,x) solves the F-KPP equation (1.3.2) with initial condition
u(0,x) =1-gx).

This is also called the McKean representation. It is credited to the work of McKean [91],

which however is preceded by works of Ikeda, Nagasawa and Watanabe [75-77] and Skoro-
hod [107].

1.3.2 The extreme values of BBM

As in Sections 1.2.1 and 1.2.3, we study the behaviour of extremal particles of BBM. For this
purpose we set g(x) = 1,50(x) and notice that

n(t) n(t) n(r)
vit,x) = E [H g(x— xk(t))] = E[H le_xk(,)zo] =E []‘[ ]lxk(,)sx] = P(max xe(1) < x). (1.3.4)
k=1 k=1 k=1 k<n(t)
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1.3 (Variable speed) branching Brownian motion
By Lemma 1.3.1, u(t, x) = 1 — P (maxg<u) xx(f) < x) is a solution of the F-KPP equation (1.3.2)
with initial condition u(0, x) = 1 — g(x) = 1<o(x).
We call a solution u of the F-KPP equation (1.3.2) a travelling wave solution at speed 1 >0
if
Lu(t, x+ ) = 0. (1.3.5)

Kolmogorov et al. have proven in [82] that a travelling wave solution u of (1.3.2) at speed
A > V2 satisfies

u(t, x + At) = wy(x), (1.3.6)
where w, is a solution of
LZwa() + A2 wa(x) + wa()(1 = wa(x)) = 0. (1.3.7)

It has been shown in [82] that for A > V2, this differential equation has a unique so-
lution (up to translation) which satisfies certain criteria, see [26, Lemma 5.7] for de-

tails.

The following theorem gives a description of the asymptotics of F-KPP solutions in terms of
travelling wave solutions at speed A = V2. This is based on Bramson’s more general results
[35, Theorem A and B].

Theorem 1.3.2 [26, Theorem 5.8]. Let u with 0 < u(0,-) < 1 be a solution of the F-KPP
equation (1.3.2). Then there is a function m(r) and a solution w5 of (1.3.7) satisfying the
conditions of [26, Lemma 5.7] such that

u(t, x + m(t)) — w\ﬁ(x), (1.3.8)

uniformly in x, as t T oo, if and only if u(0, -) is “steep enough”, see (ii) and (iii) of Propo-
sition 2.3.1 for a detailed description. Furthermore, if there exists b > V2 such that

lim,o €”*u(0, x) = 0, then we may choose

3
H=V2t— —Int. 1.3.9
m(1) 2\/§n ( )

From this theorem and (1.3.4) follows that for

3
mPPM() = V21— —Iny, (1.3.10)
2V2
we have
. _BBM | 4
ltlTlg.}IP’(l?Slrall();)xk(t) m () <yl =1-wi0), (1.3.11)
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for y € R. To obtain a probabilistic description of the right-hand side of (1.3.11), we define

the derivative martingale as

n(t)
z(n =y (V21 - x) e V2(V2i-u), (1.3.12)

k=1

The derivative martingale almost surely has a positive limit as ¢ T oo, which we denote by Z.
Lalley and Sellke [84] have shown that there exists a constant C > 0 such that

limP (max xi(0) — mPPM(r) < y) =E [e—CZe'ﬁy] , (1.3.13)

1Too k<n(t)

for y € R. This means that the limiting law of the maximum of BBM is a randomly shifted Gum-
bel distribution. This shift is described by the derivative martingale limit Z.

The function mBBM(r) describes the leading order of the maximum and the logarithmic
correction. We now compare this to the REM with e’ particles: Let (x}(ndep'(t))kge, be e’
independent Gaussian random variables with mean 0 and variance t. We proceed as in
(1.2.3)-(1.2.6): First, we set

. 1
m™4eP- (1) = V21— — Inz. (1.3.14)
2V2

Since

(mindep.(t)+y)2 _

== LInt+ V2y +o(1), (1.3.15)

we have by Lemma 1.2.1 that

_ (Windep. (t)+_v)2

T (o) = 3=+ o(1)).

et]P’ (xilndep.( t) > mindep.(t) + y) — et Vit 1 F
(1.3.16)

e (i y N

Thus,

X . P indep. e indep. f ef _L -V2y
limP(max X9 () — mindeP- (1) < y) = lim(l _ R oo (’)”)) —e 2 (1.3.17)
tToo k<n(r) oo

The right-hand side of (1.3.17) is a distribution function of a Gumbel distribution. It does not
contain Z - unlike the distribution function on the right-hand side of (1.3.13).

The extremal process of BBM at time 7 is denoted by & = X<u@ Ox)-mn- The limiting
extremal process of BBM was first described independently by Arguin, Bovier and Kistler
[10] and by Aidékon, Berestycki, Brunet and Shi [3]. It holds

lim& = > 6, 0, (1.3.18)
e pen
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1.3 (Variable speed) branching Brownian motion

with convergence in law, where the points 7; are the atoms of a Poisson point process £
with random intensity measure CZ\/Ee“ﬁydy. The points Ag.i) are the atoms of i.i.d. point
processes A, i € N, which arise as the limit in law as 7 T o of

Z 53j(l)—maxkgn(r) (1) (1.3.19)
Jjsn(t)

where ()_Ck(t))kgn([) are the positions at time ¢ of standard BBM conditioned on the event
maXg<n() Xk(t) > V21. Subag and Zeitouni investigated in [110] under which conditions a point
process is a decorated Poisson point process, which means that it is of the same structure as
the right-hand side of (1.3.18).

Two extremal particles of BBM at time t must have branched off very early or very late, as
it is shown in [8, Theorem 2.1]. If these particles branched off early, they have followed
independent Brownian paths for most of the time. In the limit, we consider them as two
distinct atoms of #;. This is a reasonable interpretation because a Poisson point process
similar to Pz also emerges as limiting extremal process of the REM and of the GREM if the
speed function A lies below the identity function. Two extremal particles branching off late
have followed the same path for most of the time, so they belong to one atom p; of £z but
distinct atoms of A?,

The reason for this branching behaviour of extremal particles of BBM at time ¢ lies in the
typical paths which these particles have likely taken before time ¢. A description of such
paths is also called a Iocalisation of the extremal particles. One such localisation is the
effect of entropic repulsion which is described in [8, Theorem 2.3]: For ¢, r large enough,
extremal particles of BBM at time ¢ are at time s € (r,f — r) in their first order at extremal

BBM _ s,,BBM _
p RSy ~

height m 2 s. However, in the subleading order of the height at this time s,
there is a deviation of order s A (f — s) from the extremal height. This is illustrated in
Figure 1.15.

This effect of entropic repulsion is also central in the explanation of the differences be-

tween the logarithmic corrections %ﬁlnt of mBBM(s) in (1.3.10) and #ilnt of m"der-(y)
in (1.3.14): By entropic repulsion as in [8, Theorem 2.3], for y € R and r > 0 large
enough,
lim]P’(max xe(t) — mBBM(r) > y) ~ limIP’( max x(1) — mPBM(r) > y), (1.3.20)
1Too k<n(t) tToo k<n(t)
kGLI,r
where
Ly ={k <n(0): xi(s) < V25 Vs € (1 - 7). (1.3.21)
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space
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Figure 1.15: The effect of entropic repulsion illustrated for an extremal particle (grey line)
at time ¢ of standard BBM. At times s € (r,t — r), it does not cross the black line, which is of
order Vs A (t — s) below the maximum at time s (dashed line).

By Markov’s inequality and the many-to-one lemma (see e.g. [72]),

P(&l% xi(t) = mPPM(r) > Y) =P (Zkﬂl(z) Lz, () Lty mBBM )4y = 1)
keLy,

<E [ZkSn(t) ﬂxk(t)>mBBM(t)+y, x()<V2 s Vs€(r,t—r)]
:etIP’(B,>m:3BM+y,BS< V25 \/se(r,t—r)), (1.3.22)

where (By),~o denotes a Brownian motion. Let (36 0(s))se[o’,] be a Brownian bridge from 0 to 0
in time t. Then, for s € [0, 7],

d
300(8) = Bs — 3B, (1.3.23)

t

and (36,0(S))S€[0J] is independent of B;. Thus,

IP’(B, >m?BM+y,BS <V2sVse (r,t—r)) ~ P(B; ~ \/EI,BS—\/ES <0Vse (r,t—r))

B, ~ V21,3(s) <0 Vs € (.t — 1))

B, ~ V21)P(3,4(s) < 0Vs € (1= 1))

B, > mP®™M 4+ y)P(34(s) <0 Vs € (1 —1)).
(1.3.24)

The probability regarding 3, , in the last line of (1.3.24) can be computed by a so-called ballot

theorem?.

3The name “ballot theorem” is due to the interpretation as the probability that in the course of the vote counting,
the winner of an election is always ahead.
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1.3 (Variable speed) branching Brownian motion

Lemma 1.3.3 [35, Lemma 2.2]. For any x,y > 0 holds

P (Yosssr: 3,0(8) < (s + (1 - s)y)/t)) =]1-eMl<2 x—ty (1.3.25)

and asymptotic equality holds if xy = o(t).

One follows from Lemma 1.3.3 that

P (30(s) <0Vse(rnt-r)~0(}). (1.3.26)

t

Inserting (1.3.26) and (1.3.24) into (1.3.22) gives

IF’( max xi (1) = mPBM () > y) <eP (Bt >mPPM 4y By < V2sVse (- r))
<n(t

k€L,
~ SP (B> mPM 4+ y). (1.3.27)
By Lemma 1.2.1,
I)I?BM‘F)‘)Z \/»
P (B, > mP™ +y) g T me Y (1.3.28)
since
BBM  ,)\2
o) —~ 3 ins+ V2y + (1), (1.3.29)
Inserting (1.3.28) into (1.3.27) gives
P( max () = m"™M(1) > y) <o) (1.3.30)
<n(t
kel ,

This means that the factor 3 instead of 1 in the subleading order of mPBM produces the

factor 7 on the right-hand side of (1.3.28). This factor ¢ cancels out the factor 1, which comes

from the localisation of extremal particles of BBM.

1.3.3 Variable speed BBM

Recall that a speed function A: [0,1] — [0, 1] is a nondecreasing and right-continuous
function with A(0) = 0 and A(1) = 1. We define variable speed BBM (VSBBM) at time ¢ > 0
with speed function A as a centred Gaussian process (xf(t))kSn([) on the Galton-Watson tree

with covariances (conditional on the tree up to time ¢)
E[x () xi@)] = A (“2522), i j<n). (1.3.31)

Comparing (1.3.31) and (1.2.13), we see that VSBBM is the continuous-time analogue of the
CREM.
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Figure 1.16: An illustration of the speed function A4, which consists of two linear pieces.

VSBBM at time ¢ can also be constructed with the same branching mechanism as in Fig-

ures 1.12-1.14. If a particle splits at time s € [0, 7], its children fluctuate as independent

copies of

(BiaGin = Biacs/n)sersa » (1.3.32)

which is a time-changed Brownian motion. Recall that (B;)»y denotes Brownian mo-

tion.

As for the CREM, we give some examples of speed functions:

1.

A] X B ]lle(x).
Then, E [x‘]‘."(t) x;“(z)] = 11j=(j, k). Thus, (x{"(1)), is @ family of i.i.d. Gaussians with

variance ¢, the continuous-time analogue of the REM.

LAy x e ox.

Then, E [x‘;.‘z(t) x’]jz(t)] = {j(t) A G(t). Thus, (xfz(t))kSn(t) is standard BBM, the continuous
time analogue of the BRW on the binary tree with standard Gaussian increments.

. Fory>0,be(0,1A %), we define a piecewise-linear speed function A4 by

YX, x €[0,b),
Ag: x> o (1.3.33)
yb+%(x—b), x € [b,1].

We refer to Figure 1.16 for an illustration. Particles at time s € [0, bt) fluctuate as
Biaysjn = Bys. Note that By d \¥YB;s. This means that if A:‘(s/t) > 1, then the particles
at time s fluctuate at a higher speed than a Brownian motion. If A)(s/t) < I, these
particles fluctuate less than a Brownian motion. This observation extends to any
(almost everywhere) differentiable speed function A.

Note that the time-change s — tA(s/f) in (1.3.31) and (1.3.32) depends on the time of the

endpoint 7 in general. This is not the case for standard BBM, since tA;(s/f) = s. If standard
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1.3 (Variable speed) branching Brownian motion

BBM is sampled up to some time #; > 0 and one wants to extend the sampling up to some
time 1, > t;, one can simply continue the process at time #; with the same rules as before.
This does not apply to any other variable speed BBM due to the dependence of s - tA(s/1)
on t. Such a VSBBM has to be seen as a family {x?(s), k < n(s)} 0 also indexed by the time

§<t,
horizon ¢.

1.3.4 The extreme values of certain examples of variable speed BBM

As in Section 1.2.3, we pose the following questions for a variable speed BBM (xf(t))kgn(,)

with speed function A:

1. What is the leading order of the maximum of (x?(t))k <n(ry @S 1 T 00? What about subleading
orders?

2. What is the limiting law of the maximum under a proper rescaling?
3. What is the best strategy before time 7 for a particle to reach extremal height at time ?
4. What is the limiting extremal process?

To answer Questions 1 and 2, we aim to find (m),., such that forally € R,

lim]P’(max X6 - m Sy) (1.3.34)
1Too k<n(t)

exists and is in (0, 1). We show with Gaussian comparison techniques that mf‘ is monotonous
regarding the speed function A. For this purpose, let Ajow and Anigh be two speed functions

with Alew(x) < Apign(x) for all x € [0, 1]. Conditioning (x{"(1));<,, and (o

(0)i<n to have
the same underlying Galton-Watson tree up to time ¢ enables the Gaussian comparison of
these two processes: Denoting by Firee(r) the o-algebra containing the randomness of the
Galton-Watson tree up to time ¢, we have by Slepian’s Lemma [26, Lemma 3.7, Corollary 3.10]

that

P | max x*°ov(¢) <
(kSn(t) k 0=y

ﬁree(t)) <P (max x’]?high (t) < y

k<n(t)

ﬁree(t)), (1.3.35)

for y € R. This implies

Alow < — Alow <
P (E;lf:()t() Xk < y) E [P (/ggf:()t() Xk O<y ' 7:tree(t))]

IA

Apj
E []P’ (152%) thgh(t) <y ‘ ﬁree(z))}

= P(max A ) < y), (1.3.36)
k<n(t)

Moh < mifov . This means that the lower the speed function A, the weaker the correla-

tions of (xf(t))ks,l(t), so the higher the limiting order of the maximum m?.

so that m?
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The case A(x) < x for all x € (0, 1) is called the weak correlation regime. A full description
of the asymptotic behaviour of the maximum of (x?(t))kgn(t) in this setting has been given by
Bovier and Hartung [28]. We give an informal summary of their main results: Let (xf(t))kgn(t)
be a VSBBM with speed function A satisfying A(x) < x for all x € (0, 1) (and some regularity
conditions). Then,

1
o for m} = mREM = 21 - 55 Int, we have
ey
lim P | max x}(r) - m? <y = E[e—cendybegme &l (1.3.37)
tToo k<n(t)

where Cepnq is a constant depending on A’(1) and Ypegin is the limit of the so-called
McKean martingale, which depends on A’(0).

¢ the limiting extremal process has the same structure as that of standard BBM in
(1.3.18). However, the random intensity of the Poisson process is ﬁCenthegme“ﬁydy
and the analogue of the process in (1.3.19) is conditional on max<,) X (1) > V2A’(1)1.

This means that in the weak correlation regime, the limiting distribution of the maximum
is a randomly shifted Gumbel distribution, which is different from that of standard BBM
in (1.3.13). As t T oo, the only influence of A on maxksn(t)xf(t) lies in the slopes of A in 0
and 1.

We describe a localisation of an extremal particle at time r of VSBBM in the weak correlation
regime: For r,tlarge enough, such an extremal particle lies at time s € (r,7 — r) within at
most \/t(A(s/t) A (1 — A(s/1))) distance to V2 A(s/1)t, see Proposition 2.1 of [28]. Figure 1.17
provides an illustration of this localisation in the two-speed case.

This localisation coincides with that for the GREM with A(x) < x for all x € (0,1), see
Figure 1.10. There, extremal particles follow paths which lie substantially below the current
maximum since at lower levels there are exponentially more candidates. This outweighs the
temporary loss of height if A(x) < x for all x € (0, 1), as we have seen in Section 1.2.3. The
optimal height at time s of extremal particles at time t for VSBBM in the weak correlation
regime is V2 A(s/t)t. This coincides, up to the rescaling for 2V instead of ¢’ particles, with
V2In2a;N = V2In2 A(x))N, the analogous quantity at time x| N for the two-level GREM with
A(x) < xforall x € (0,1).

We have seen for the GREM that the identity function, A(x) = x for all x € [0, 1], constitutes
a boundary for the behaviour of extremal particles. In this case, the leading order of the
maximum is V2In2 N, the same as in the case A(x) < x for all x € [0,1]. However, in both
cases A(x) = x or A(x) > x for all x € (0, 1), extremal particles at time N are extremal (in their
leading order) at times below N.
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1.3 (Variable speed) branching Brownian motion
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Figure 1.17: The dotted line is s — \/§A4(s/t) t, where A, is defined as in (1.3.33) as a
two-speed function with slope y € (0,1) on (0,b) C (0,1). An extremal particle (black path) of
VSBBM with speed function A4 follows this line with fluctuations (grey area) at most of order
\/t(A4(s/t) A (1 = A4(s/1))). This particle lies below the maximum at time s € (0, bt), depicted by
the dashed line.

We now turn to VSBBM, where A(x) > x for x € (0, 1). Fang and Zeitouni have shown in [62]

(see [89] for a refinement) that if A is smooth and strictly concave,

1
mt = \/Etfo VA (x) dx + O(:'73). (1.3.38)

This means that the first order of m{ coincides with that of the CREM in (1.2.21) up to the

rescaling for ¢ instead of 2" particles.

In [27], Bovier and Hartung studied two-speed BBM with speed function A4 defined in
(1.3.33). In the case y > 1, they proved that the limiting extremal process is a concatenation
of two rescaled extremal processes of standard BBM, which is also called BBM cascade.
This gives rise to a similar localisation of extremal particles as for the GREM: An extremal
particle at time ¢ of such a two-speed BBM also was extremal (up to entropic repulsion) at
the time of the speed change br.

The previous results on the extremes of VSBBM are summarised in the phase diagram
given in Figure 1.18. The extremes of other variants of BBM have also been studied, such
as for BBM with absorption [19,112], BBM in R? [21, 78,109], BBM with self-repulsion
[30] or BBM with a spatially inhomogeneous branching rate [73]. (VS)BBM belongs to the
class of log-correlated fields, where the correlations between “particles” are logarithmic
compared to the size of the system. Also for other models of this class, deformations with
different speed functions analogous to VSBBM have been studied, see [61, 90, 98] for the
branching random walk and [13,64-66] for the discrete Gaussian free field in dimension two.
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Figure 1.18: A phase diagram for VSBBM, depicting the prefactor of the logarithmic
correction and the process which appears in the limiting extremal process.

Fels and Hartung [66] have shown for that model in the weak correlation regime that the
limiting extremal process is a decorated Poisson process, as for VSBBM. There are other
log-correlated fields, where the order of the maximum exhibits similarities to that of BBM.
Examples of those are random approximations of the Riemann zeta function on the critical
axis on a short random interval [7,11, 12, 38], cover times of a two-dimensional torus by
Brownian motion [18, 52] or characteristic polynomials of random matrices, see [6,48,101]

or, for an overview, [5, 14].

1.3.5 Outlook to results

In the previous subsection, standard BBM has been identified as the boundary case where
the correlations start to influence the first order of the maximum. The subleading order

of m" is discontinuous between the weak correlation regime (2+ﬁ In t) and standard BBM

(ﬁi In t). These observations raise the following questions:

1. How can we interpolate between the weak correlation regime and standard BBM?

2. How can we interpolate between standard BBM and VSBBM with A(x) > x for all
x € (0,1)?

These questions were answered by Bovier and Hartung [29] for certain two-speed functions;
see also [79] for an answer to Question 1 for the BRW with Gaussian increments. Bovier and
Hartung choose a family of speed functions (A;)o which depends on the time-horizon 7. Re-
call the end of Section 1.3.3: A VSBBM is a family of processes indexed by the time-horizon ¢,
so a choice of a family of speed functions depending on ¢ is possible.
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Figure 1.19: The speed functions A and A; . The arrows illustrate that these speed functions
converge to the identity function as 7 T co.

To answer Question 1 for two-speed functions, Bovier and Hartung investigate the family
(A;),59. which satisfies

1-17¢, O<x<%,

%Az_(x) = 1 (1.3.39)
1+17, 5<x<l,

for each 7 > 0, where « € (0, %) This is a family of two-speed functions, which approximate
the identity function from below, as 7 T oo, at a certain speed controlled by the parameter «.
To answer Question 2 for two-speed functions, (A/),., is chosen as the counterpart of (4;),.,,
converging to the identity function from above. Namely, we have

1+ O0<x<3i,
24 = 2 (1.3.40)

foreacht > 0. See Figure 1.19 for an illustration of both families of speed functions.

Let (x/;i(t))kgn(z),»o be a VSBBM with speed functions (A;),., (the + case) or (4;),., (the — case).
We set
. \/§tf01 /%A;f(x) dx — %(2 —2a)Inf, inthe + case,
me = o . (1.3.41)
V21— SEInt, in the — case.
The main results of [29] are:
e For a constant C > 0 which is described in more detail in [29, Theorem 1.1],
—2cze
E[e Vr } in the + case,
limIP’(max x; (1) —myf Sy) = (1.3.42)
oo Vesnt® E[e‘cze_ﬁ’], in the — case.

¢ The limiting extremal process of (x;f(t)) is the same as that of standard BBM, up

k<n(t),t>0

to the constant factor % in front of CZ in the + case.
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Figure 1.20: An illustration of time-dependent speed functions which satisfy Assump-
tion 2.1.1 above the identity function (dotted line) or 2.1.2 below the identity function.

This means that in the — case, the logarithmic correction interpolates between that of the

weak correlation regime, ﬁ Int, and that of standard BBM, zi Int. In the + case, the first

V2 V2
order of the maximum has the same form as that in (1.3.38). However, the extremal process
in the +-case has a different structure than that of the two-speed case above the identity

from [27], which we mentioned in the previous section.

To gain a better understanding of the interpolation between the different regimes, it is
helpful to prove a generalisation of the results of [29]. This is done in Chapter 2 for general
speed functions approximating the identity function from below, called Case B. Chapter 2
is excerpted from a joint paper [4] with Bovier, Gros and Hartung, which also contains a
generalisation of the + case called Case A. The proofs in Case A will be included in Gros’s
dissertation and are therefore excluded from Chapter 2. We present here the results for
both cases to provide a complete overview of the results of [4].

For a precise description of the speed functions (A4;),~o of Chapter 2, we refer to Assump-
tions 2.1.1 and 2.1.2. Here, we provide an illustration by Figure 1.20 and by the following
informal description:

* In the case above the identity (Case A), for each t > 0, A, is a concave speed function
with A;(x) > x for all x € (0, 1) consisting of M € N linear pieces. As ¢ T o0, A; converges to
the identity function. There are certain conditions on the differences of neighbouring
slopes.

* In the case below the identity (Case B), there exist apegin, ®end € (0, %) so that for each
t>0,A;(0)=1—¢ %, AY(1) =1+ ¢ % and A,(x) < x for all x € (0, 1). There are certain
conditions which ensure that (A;);~¢ can be approximated by piecewise linear speed
functions and that A, maintains a distance of order ~ r~!/2 from the identity function
except in the beginning and the end of [0, 1].
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1.3 (Variable speed) branching Brownian motion

The central results of Chapter 2, Theorem 2.1.3 and 2.1.4, are summarised in the following
theorem. This thesis only contains the proofs for Case B.

Theorem 1.3.4 [See Theorem 2.1.3 and 2.1.4 in Chapter 2]. Let (xﬁf(z))m(t) ., beaVvsBBM

with speed functions (A;);~¢ as described above (or more precisely in Assumptions 2.1.1 and
2.1.2). Then,

%EP (gaé X0 - m < y) =E [e—CZe’ﬁy] , (1.3.43)
where in Case A,

1
m =21 fo V2 A(x)dx +O(In1), (1.3.44)

see (2.1.13) for a precise description of the logarithmic correction. In Case B,

m,tcl, _ ‘/il _ 1+ 2(a’begin + @end)

2V2

Furthermore, in both cases, the limiting extremal process is the same as that of standard
BBM.

Int. (1.3.45)

Note that in Case B, the most important assumptions were regarding the slopes of A; in 0
and 1. We only demand some distance between A, and the identity function in Case B to
ensure that the effect of entropic repulsion only occurs in the beginning and the end, but
not at times in between. This simplifies the computations of Chapter 2. Thus, the following
observation in the weak correlation regime carries over to Case B:

Ast T oo, the only influence of A; on maXg<u() x‘:’(t) lies in A;(0) and A;(1).

A key step in the proof of Theorem 1.3.4 is the localisation of extremal particles in Section 2.4.
We refer to Figure 1.21 for an illustration of the localisation in Case A of an extremal particle
of three-speed BBM at time 7. At the times of the speed changes, the height difference of
such an extremal particle to the currently highest particle is of slightly larger order than the
height difference induced by entropic repulsion.

We now turn to the localisation results for three-speed BBM in Case B, see also Figure 1.22
for an illustration. In this setting, A; has slope 1 — t*=¢n on the first time-interval (0, b;(t))
and slope 1 + ¢ %nd on the third and last time-interval (b;(¢) + b2(¢), ). The typical fluctuations
at time s < t of an extremal particle at time ¢ from s — \/EtAt(s/t) are at most of order
\/t(A,(s/t) A (1 = As(s/1))), as in the weak correlation regime.

Only at times significantly before the first speed change and significantly after the last speed
change, this particle experiences entropic repulsion. This means that the localisation in
Case B contains elements from the weak correlation regime (see also Figure 1.17) as well as
from standard BBM (entropic repulsion, see also Figure 1.15).
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Figure 1.21: The typical path of an extremal particle at time ¢ of three-speed BBM in
Case A is depicted by the grey line. The speed function A; has slope a-l.z(t) on the i-th interval,
i =1,2,3. The effect of entropic repulsion is depicted by the dashed line.

[¢b]
§ slope ‘/?f
@' |slope V2 02(t) = V2 (1+ £ %end)
V2= V2 (1= 7o) l
slope ]
V2o b V2050
+0 (Vi (1)t)

V2o ()b (1)t

slope

V20i(1) \/Et(l — o3 (1)bs(1)
g 0 (Vbs(01)
<r bi(t)t by ()t -l bs(t)t >t time

Figure 1.22: An extremal particle at time ¢ of three-speed BBM in Case B follows
the function s — \/EtAt(s/t) (dotted line) with fluctuations (grey area) at most of order
\/t(At(s/t) A (1 = A(s/1))). The effect of entropic repulsion is depicted by the dashed line.
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1.3 (Variable speed) branching Brownian motion

space
A

\/Ebl(t)t (m - (] — fflbegin))
VIT=Fmm by | =0 (o)

V2(1 = e by(0r g\ O(VBi7)

r bi(H)t time

Figure 1.23: This is an extract of Figure 1.22 up to time b,(¢) t, where in b;(¢), the first speed
change of A; occurs. The fluctuations (grey area) from s + \/EtAt(s/t) (dotted line) ensure
that the particle at time b(¢) t does not reach the dashed line, which depicts the effect of
entropic repulsion.

We now zoom in on the localisation up to the first speed change b,(¢) ¢, see also Figure 1.23.
A particle of three-speed BBM in Case B, which is extremal at time ¢, fluctuates at time b(¢) ¢
at most O(\/AI(T(I))I) =0 (W) from V2 A,(b(1)) t. The height difference of this particle
to \/m bi(t)t, the extremal height of time b(¢), is thus at least

V2(1 = 170an by (1) £ = V2 A (b1 (1) £ — O (Vb1 (D) 1)
= V2(1 = %) by (1)t = V2 (1 = 70) by (1) £ = O (Vb1 (1) 1) = O(by (1) £ s, (1.3.46)

with a Taylor approximation of the square root in 1 in the last step. Recall that we assumed
that apegin € (0, %) Thus, b;(f)r'~®=in, the height difference from the maximal height at time
bi(#)t, is of larger order than O(\/Wt)t) the fluctuations from V2 Aq(b1(1))t. This is not the
case if we allowed apegin > % Thus, heuristically, in that case the extremal particle at time ¢
would experience entropic repulsion on the whole time-interval [0, b;(¢)¢] (except in the very
beginning). This means intuitively, that for apegin > % the convergence of (At)t>0 to A,, the
speed function of standard BBM, is fast enough to see no difference in the localisation in
the first (and last) time interval. These will turn out in Chapter 2 to be the only relevant
time-intervals for the asymptotics of the maximum.

We investigate how this weakened effect of entropic repulsion for apegin € (0, %) affects
the logarithmic correction: In the heuristic explanation of the log-correction of standard
BBM in (1.3.20)-(1.3.30), we replace the localisation condition “B; < V25 Vs € (r,t =r)”
by “VI — - ®ein By < 7[2(1 — ey s Vs € (r, b1 (1) 1] and VI — 1%z By, (5, = V2 (1 — 1~ eein)by (1) 1

combined with an analogous condition for s € [t — b3(¢) t,t — r). Instead of

t

P (3,0(s) <0Vs e (rnt—r)~0(}), (1.3.47)
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as in (1.3.26), we will have, denoting by 32,& a Brownian bridge froma € R to a@ € R in

time 7 > 0,
P (3171([), (s) <0Vs € (r,bi () r])
0,V2(1—"egin)py (1) =\ 1—1~begin (1) 1
~ bi(t)t ~ —@begin
P(ao,bl(;)zl*“begin(s) <0Vse(rbi(t) t]) ot ), (1.3.48)

and analogously a term of order 1 “nd for the condition regarding s € [t — b3(¢) ¢, — r). For
standard BBM, the factor % changes the prefactor in the log-correction from 1 to 3. The pref-
actor 1 + 2(apegin + @end) for three-speed VSBBM in Case B comes from (1.3.48). This prefactor
interpolates between 1 (weak correlation regime) and 3 (standard BBM) for apegin, @end € (O, %)
We have seen that a heuristic explanation for this is the following: The parameters @pegin
and a.pq control how fast A; approaches A;, the speed function of standard BBM. Thus, they
control the point of time when the localisation which also appears in the weak-correlation

regime overrules that from standard BBM (entropic repulsion).

We summarise the results on the extremes of VSBBM of Section 1.3.4 and of this section in

the phase diagram depicted in Figure 1.24.

[derivative martingale|

1 /]

NAINNNNNNNNNNNNNNYNY \
conc. two-speed fct.: AYS

BBM cascade

time-dep. M-speed BBM (case A): time-dep. VSBBM (case B):
1+2(@pegin+Aend)

E(; L)
22 2V2’ 2V2

R
weak correl. reg.: V'
McKean martingale

N

3
—, 0
2v2’

\J

|

Figure 1.24: A phase diagram for VSBBM which extends Figure 1.18. We have added the
cases of time-dependent VSBBM. The case of BBM (white) extends to VSBBM with speed
functions (A;);~¢ converging to the identity function so fast that the localisation of standard
BBM applies.
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1.4 Mean field spin glasses and Hamilton-Jacobi equations

1.4.1 Hamilton-Jacobi equations

We are interested in solutions f = f(t,x): Rsg x RM — R, M € N, of the Hamilton-Jacobi
equation (HJE)

Sf-HE) =0, (HJE[M])

where H: RY — R locally Lipschitz continuous is called nonlinearity and V. f = (aif, ey aif)
Xl )CM
includes all the partial derivatives except the one w.r.t. . A solution f of (HJE[M]) with initial

condition ¥ furthermore satisfies f(0,-) = V.

In Chapter 3, we investigate under which conditions the free energy of a CREM can be
described by a HJE in a generalised setting. Section 1.4.4 summarises the results of
Chapter 3. A similar approach has been used for a variety of models [16,17,36,70,97] such
as the SK model [93, 94, 96]. The textbook [58] by Mourrat and Dominguez provides a good
overview on Hamilton-Jacobi equations and their application to the SK model. It is used
as a reference several times throughout this section. Additionally, HJEs have been used to
analyse problems of statistical interference [42,44-46,92,93], see also Section 4 in [58] for

an overview.

We now follow the structure of Section 3 of [58] to discuss the existence and uniqueness of
solutions to (HJE[M]). Moreover, we examine their representation by variational formulas.
To show the power of the method, we use it in the following Section 1.4.2 to compute the
limiting free energy of the Curie-Weiss model. To be able to describe conditions for the
uniqueness of a solution of (HJE[M]), we introduce the notion of viscosity solutions: Let

f:Rso xRY — R be continuous.

+ f is called viscosity subsolution of (HJE[M]) if for all (t,,x,) € Rso x RM and all
¢ € C*(Rso x RM R) so that (t,, x) is a strict local maximum of f — ¢, we have

L(ts, x.) = H(V)(t., x.) < 0. (1.4.1)

+ f is called viscosity supersolution of (HJE[M]) if for all (t.,x.) € Rsg x RM and all
¢ € C*(Rso x RM R) so that (t,, x,) is a strict local minimum of f — ¢, we have

L(ts x.) = H(V9)(t., X.) 2 0. (1.4.2)

» fis called viscosity solution of (HJE[M]) if it is both a viscosity sub- and supersolution
of (HJE[M]).

Viscosity solutions of HJEs were first studied in [49,51,60], see also [50] for an overview. Note
that if f € C!(Rso x RM, R), then for each local extremum (,, x,) of f —¢,

L(f = )t x) = 0, (1.4.3)
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and

Vx(f - ¢)(t*, X*) =0. (1.4.4)

Thus, if f € C'(Rso x RM, R) satisfies (HJE[M]) everywhere, then f is a viscosity solution of
(HJE[M]). The comparison principle ensures the uniqueness of viscosity solutions up to the
initial condition. We state it in the form of Corollary 3.6 in [58].

Proposition 1.4.1 (Comparison principle). Let u: Rso x R¥ — R be a viscosity subsolution
of (HJE[M]) and v: Ry x R — R be a viscosity supersolution of (HJE[M]). Then,

sup (u—v)= sup (u—v). (1.4.5)
RsoxRM {0}xRM

Thus, if u is a viscosity subsolution, v a viscosity solution and w a viscosity supersolution
of HJE[M] with the same initial condition ¥, then u < v < w. In particular, two viscosity
solutions u and v of (HJE[M]) with the same initial condition ¥ are equal. This demonstrates
that the concept of viscosity solutions provides the uniqueness of solutions of (HJE[M]). The
strength of this concept is that one does not need to evaluate the partial derivatives of f, so

it is applicable to functions which are not in C!(Rso x R, R).

For convex nonlinearities or convex initial conditions, viscosity solutions of (HJE[M]) can be
represented by the following variational formulas. This dates back to the work of Hopf [74]
and Lax [85]. These variational formulas were proven to be viscosity solutions of HJEs in
[15,86,87].

Theorem 1.4.2 [58, Theorem 3.8 and 3.13, Proposition 3.18].

If H is convex, then the Hopf-Lax formula

f(t.x) = sup inf (W) +(p, x=y)gu + tH(p)) (1.4.6)
yeRM peRM

describes the unique viscosity solution of (HJE[M]) with initial condition Y. Here, (-, :)gpu
denotes the standard scalar product on R¥.

If'¥Y is convex, then the Hopf formula

f.x) = sup inf (W) +(p, x = y)gu + tH(p)) (1.4.7)
pERM yeRM

describes the unique viscosity solution of (HJE[M]) with initial condition V.

If both H and ¥ are convex, then (1.4.6) and (1.4.7) coincide.
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1.4 Mean field spin glasses and Hamilton-Jacobi equations

Figure 1.25: The convex dual g*(1) of a convex function g: R — R is the greatest
difference between the (dashed) line with slope 4 and g. It is assumed in the point
za=sup{z€eR: g'(z) < A}.

The convex dual (or convex conjugate, Legendre-Fenchel transformation) of g: H — R,

where H is a Hilbert space with scalar product (., -)¢, is defined by

g H—> RU{eo},

A sup (¢ Y030 = 80)). (1.4.8)
Y€

We refer to Figure 1.25 for an illustration of ¢* for a convex function g: R — R.

We rewrite the Hopf-Lax formula (1.4.6) in terms of the convex dual as

sup inf (W() +(p. x = y)gw + tH(p)) = sup () - tH* (1(x - »)). (1.4.9)
YERM peRM yeRM

Analogously, we rewrite the Hopf formula (1.4.7) as

sup inf (¥ +(p. x = You + H(pP)) = sup ({p. xyaw +tH(p) =¥ (p) = (tH = ) (0.
pERM yeRM pERM

(1.4.10)
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1.4.2 The Hamilton-Jacobi approach for the free energy of the Curie-Weiss
model

In this section, we use the techniques we introduced in the previous Section 1.4.1 to describe
the free energy of the Curie-Weiss model as a solution of a HJE.

The Hamiltonian H;; y of the Curie-Weiss model with external field is defined by

t N N
Hipn(o) = N Z,@j:] gioj+ h Zi=1 Ji

:N(t(% Zﬁlai)2+h(%2f\ilcri)), (1.4.11)

for o € {—1,1}¥. The parameter ¢ > 0 is the inverse temperature and 4 € R is the intensity
of an external magnetic field. In the case & > 0, h affects to which extent positive spins
are energetically favoured over negative spins. Note that in the last line of (1.4.11), o only

appears in terms of ﬁ Zf\i , 0i, which is called magnetisation density.

The partition function of this model is denoted by

ZinN = Z exp (Hinn(0)) (1.4.12)

oe{-1,1}V

and the free energy by
Fy(t,h) = l1n(Lz nN) (1.4.13)
) N N 2]\/ t,n, . -
The limiting free energy satisfies

F(t,h) = lim Fy(t.h) = sup (tp* +hp - s(p)). (1.4.14)
NTeo pel-1.1]

where, with the convention 0In0 = 0,
s(p)= L1 -p)+ B +p), pel-1,11 (1.4.15)

For a proof of (1.4.14) with large deviation techniques, we refer to [59, Remark IV.4.2]. We
follow the approach from Section 3 of [58] to prove (1.4.14) with the techniques introduced

in Subsection 1.4.1.

First, we show that any subsequential limit of F is a viscosity solution of the HJE

2
ﬁf_(if) =0, (1.4.16)
with initial condition W(4) = Incosh(/). For each N € N, by binomial expansion,

ZowN = Dge(-1.1)V EXP (h >N O',‘) =3, (]Z) elkenIN=-k) = (e” + e‘h)N, (1.4.17)
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1.4 Mean field spin glasses and Hamilton-Jacobi equations

SO
Fy(0.h) = % 1n (s Zopw) = In (£5) = In cosh(h). (1.4.18)
Thus, any subsequential limit f of F satisfies
f(0,h) =¥ (h) = Incosh(h). (1.4.19)

We get for the partial derivatives of Fy that

SFN(th) = %210 (% Znw)

1 1.9

N Zo ;21N

L1 P

= NZo Zoe-11)N &XP (Hipn(0) g Hipn(0)

2
1 1 yN
= Zow Doel-1.1)¥ €XP (Hipn(0) (N i=1 O'i)

<<(% i=1 (r")z»,’h’N’ (1.4.20)

where {g(0)),, y denotes the average of a function g: {-1, 1}¥ - R w.r.t. the Gibbs measure

pinN(0) = 77— exp (Hypn(0). As in (1.4.20), we get that

LFND) = %7~ > exp(Huw(@) ZHiw() = (F ZX o), s (1.4.21)

Oh Zin,N
oe{-1,1}¥

and, with the quotient rule, that

%%FN(I, h) = <<(ﬁ o O-i)2>>t,h,N - (%=X, a,-))ihw = SFn(t ) - (LFn b)) . (1.4.22)
In particular, the first order partial derivatives of F are bounded by 1 for each choice of
the parameters N, t, h. The mean-value theorem implies the locally uniform equicontinuity of
(Fy)nen. Furthermore, we have seen in (1.4.18) that Fy(0, -) does not depend on N, so (Fy)neN
is locally uniformly bounded. Thus, by the Arzela-Ascoli theorem, there exists a subsequence
(Fn)ken Of (Fn)nveny Which has a limit f in locally uniform convergence as k T co. We first
show that f is a viscosity subsolution of (3). Let (z,4,) € Rsg x R and ¢ € C*(Rso X RM,R)
so that (¢, h.) is a strict local maximum of f — ¢. By the locally uniform convergence of
(Fn)ken to f (see [58, Exercise 3.1] for a detailed argumentation), there exists a sequence
(t. he) € Ry X R so that (%, i) — (¢, h) as k T oo and Fy, — ¢ has a local maximum in (#, hg).

The latter condition implies that

2 2
SN ) = Fotoho, S FN (k) = 5900y and G F (b < Gt h).

(1.4.23)
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From this and (1.4.22) follows that

2 2 2 2
580k i) = (§: 800 ) = §Fw 1k, h) = (5 F s b)) = 57 5 Pt ) < 5 o, ).
(1.4.24)

Taking the limit k£ T oo, the right-hand side of (1.4.24) vanishes since ((#, h))reny converges to
(t+, h.) and ¢ is smooth. This gives

2 4(t..h) ~ (£0(1.. ) <0. (1.4.25)

Hence, f is a viscosity subsolution of (1.4.16). One proves analogously that it is also a
viscosity supersolution of (1.4.16). With (1.4.20), we conclude that f is a viscosity solution
of (1.4.16) with initial condition Y. Since ¥ is convex, we get from the Hopf formula (1.4.7)
and (1.4.10) that any subsequential limit f of F satisfies

£, h) = sup (tp* + hp = ¥*(p)). (1.4.26)
peR

Using the definition of the convex dual, one sees that

. s(p), pel-1,1],
Yi(p) = ). P (1.4.27)
00, otherwise,

where s is defined in (1.4.15). Thus, (1.4.26) and (1.4.14) coincide.

1.4.3 The Ruelle cascades

In the previous sections, the limiting free energy F(¢, h) of the Curie-Weiss model is endowed
with the arguments ¢ > 0, which is the inverse temperature, and 4 € R, which controls the
influence of an external magnetic field. In a more general setting, one inspects the enriched
free energy Fy(t,h), where h is a multidimensional or infinite-dimensional parameter which
controls the influence of a term which is added to the Hamiltonian of the model. This term is
also called enrichment.

In this section, we present a definition of the Ruelle cascades, following Section 5.6 of [58].
For the SK model, it has been shown in [93, 94, 96] that an enrichment containing the Ruelle
cascades constitutes an enriched free energy which satisfies a HJE. These cascades were
first described in [105]. They appear in the limit of the point process of the Gibbs masses
not only for the GREM, as mentioned in Section 1.2.5, but also for the SK model, see [99].
Therefore, for the CREM, we choose an enrichment based on Ruelle cascades as well. We
introduce this enrichment in the following Subsection 1.4.4.

Let M e Nand 0 = {y < {1 < {p < -+ < {y-1 < im < ¢yu+1 = 1. The Ruelle cascades
(or Poisson-Dirichlet cascades) with M levels are (v4),en#, the point masses of a random
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1.4 Mean field spin glasses and Hamilton-Jacobi equations

probability measure on N¥ which is constructed iteratively in the following way: We denote
by

Uiy > Uy > ... (1.4.28)

the ordered atoms of a Poisson point process on R.q with intensity ¢;y~!"%'dy. For each
kel,...,M -1 and each y € Nf independently,

Uiy) > Uy2) > - - (1.4.29)

are sampled as the ordered atoms of a Poisson point process on R.o with intensity &1y~ !~%+dy.

Recall that for @ = (ay, ..., ay), we write o, = (a1,...,ar). Then, we set
M
Wq = 1_[ Uy
k=1
w,
Vo = Z—(}:’W, (1.4.30)
aeN a

for @ € N™ and call (w,),cyv the unnormalised weights of (vy)genm. Since Y zenm Wy is finite
with probability 1 (see for example [58, Lemma 5.23]), (v4),eym constitutes a well-defined

probability measure on N¥.

We view N¥ as the leaves of the tree with vertices Ty := @ U U?”: | N/, which only has edges
between y € N* and ¥ € N/ if j = k+ 1 and ¥ = (y,n) for some n € N. We assign an edge
Y < (y,n) the weight u, ) from (1.4.29). Then, v, is the normalised product of all weights on
the path @ & a. We refer to Figure 1.26 for an illustration for M = 3.

Ua,i,1)

W@3,1,2) = U@3) - U3, - UBLL1,2)

Figure 1.26: The unnormalised three-level Ruelle cascades weight w(s 12 is the product of
the edge weights along the path @ < (3, 1,2), which is highlighted by the thicker edges. The
dots indicate the omission of subtrees and vertices.
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1.4.4 Outlook to a Hamilton-Jacobi approach for the free energy of the
CREM

To study the limiting free energy of the CREM with the Hamilton-Jacobi approach, we

introduce the following path spaces:

0 =1{q: [0,1) » Ryp; q is right-continuous and increasing},

0, = 0N Ly[0,1),R), Vpell, ool (1.4.31)

We denote the norm on L,([0,1),R) by || - ||,. Let 1 < p; < p,, then by Holder’s inequality, for
g € Lp,([0, ),

1 1/ 1/p1 1/p
lgllp, = (f(; lgGl”" d”) < (“ |g|pll|pz/m ||ﬂ[0’1)||p2/(112—m)) - (” |g|pl||P2/171) = lgllp-

(1.4.32)

In particular, Q,, C Q,, for 1 < p; < p,. This also holds for p; = .

For M € N, we denote by Q) the set of all g € Q which can be written as a step function

with M jumps, i.e.
M
a= alics (1.4.33)
k=0
where

O0=0 <l << <lma<lm<lms =1,

0=g-1<qo<-<qm-1<qm<oo. (1.4.34)

We prove in Lemma 3.3.2 in Chapter 3 that (J3_, 0" is a dense subset of Q; w.r.t. || - [|;. We

and (gx)k=-1,..m be as in (1.4.34). Let A: [0,1] — [0, 1] be a speed function. Recall that for
N €N, the CREM (H(c))
covariances

S with speed function A is a centred Gaussian process with

E[Hy(0) Hy(@)| = NA(ZZ), oo e(-1.1}". (1.4.35)

For NeN, t>0,gec Q™ so that

M
=) &l (1.4.36)
k=0
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we set

1
Fy(.q) =~ |10 (Saer Ve Soerr.1v exp (Hn(t,q. 0 @)

Hy(1,0, 0, @) := V2t Hi(0) = Nt + V2 Yq(0, @) = Nqur, (1.4.37)

where (vq),env are the Ruelle cascades with parameters ({i)k=0.. m+1 and (Yq(a', cy))(re{_1 Y. aenM

is a centred Gaussian process with covariances

E[Yq(o, ) Yq(F,&)] = (0 A ) Garas Y o,0 € {-1,1}", a,& e NM. (1.4.38)
A
Furthermore, we assume that the processes (vq) enm, (H N(O-))o-e{—l,l W and (Yq(O’, a/))ge{_l’l} ¥ e
are independent. Note that
d(yN M _ 12
(Yo(or a))(re{—l,l}N, aeNM (B 2otk - g Z“'f"“'k)ae{—l,nN,aeNM ’ (1.4.39)
where each 74, |, is from a family of i.i.d. standard Gaussian random variables.
We prove in Proposition 3.3.1 in Chapter 3 that Fy(z,-) is Lipschitz continuous w.r.t. || - ||;.
Also, Uj—o 0™ is a dense subset of Q; w.r.t. || - ||;, so Fy has a unique Lipschitz continuous
extension to Ryp X Q;. Namely, for ¢t >0 and q € Oy,
Fy(1,q) = liTm Fn(t,0m), (1.4.40)
mToo
where (Q,,)men is a sequence in U}, O™ which converges to g w.r.t. || - ||;. A central result of

Chapter 3 is the following formula for the initial condition.

Theorem 1.4.3 [See Theorem 3.1.1 in Chapter 3]. Let Fy: Ryo X Q1 — R be as in (1.4.37)
and (1.4.40). For each q € Q;, we have

u2

1
¥(q) = Ilv]Trg Fn(0,9) = —In2 +f0 () - M)+ du. (1.4.41)

From this follows that ¥ is Lipschitz continuous with Lipschitz constant 1 and convex, see
also Corollary 3.5.1 in Chapter 3.

To formulate a Hamilton-Jacobi equation on Ry X OQ», we introduce the following notion
for derivatives: Let h: O — R and q € Q,. Assume that there exists a unique function
g € L*([0,1),R) such that for every § € 0>, we have

1
h(q) — h(q) = fo g(u) (Q(u) — q(u)) du + o(llq — gll2), (1.4.42)
as |lg - gl | 0. Then we call g the Fréchet derivative of h in q and write Vi = g. We refer to

Section 2.1C of [22] for an introduction to this topic. For each r > 0 and f: Ryo X Q> — R, the
Fréchet derivative of f(z,-) in q € Q; is denoted by V4 f(t,q).
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We investigate in Chapter 3 the existence and uniqueness of solutions of the HJE

1
2= [ A((Taft.0) @) di=0, Vtd) Ry x 0

f(()’ CI) = \P(CI): vq € QZ,

(HJE[Q])

where A is a convex speed function and ¥ is as in Theorem 1.4.3. Furthermore, we compare

solutions of (HJE[q]) to the limiting free enriched free energy limyteo Fa.

Chen and Xia [47] generalised the classical results on viscosity solutions of HJEs on Rso x RM
mentioned in Section 1.4.1 (Comparison principle, Hopf-(Lax) formula) to HJEs on Ry X C.
Here, C denotes a convex cone in an infinite-dimensional Hilbert space satisfying certain
conditions. The setting of this thesis is C = Q».

A priori, we do not know whether for u € [0, 1), (Vq f(, q)) (1) lies in the domain [0, 1] of A. For
this reason, we use the following definition of a regularisation to extend the domain of A
toR. Let A: [0,1] — [0, 1] be a Lipschitz continuous and convex speed function. A function
Areg.: R — R is called regularisation of A if Areg. coincides with A on [0, 1] and Areq. is Lipschitz
continuous, convex and increasing on R. This is an adaptation of [47, Definition 4.1] to the
setting of this thesis, taking into account that speed functions are only defined on [0, 1],
while analogous functions in [47] are defined on R. The nonlinearity H: L([0, 1),R) — R for
a regularisation Areg. 0f A is defined by

H(g) = inf{fo1 Areg.(Q()) du: g € Qr N (g + Q;)}, ¥ g € Ly([0, 1)), (1.4.43)
where
Q; = {p € L,([0, 1), R): fol p(w)qu)du >0V qe QZ}. (1.4.44)
We prove in Lemma 3.6.11 that for all q € 0,

H@) = [ Areg.(Q(w)) du. (1.4.45)

We call f: Ry X 0> — R a viscosity subsolution of (HJE[q]) if there exists a regularisation
Areg. Of A so that f is a viscosity subsolution of

21t,0) ~H(Vaf(t,@)) =0, V(o) e R, x 0y, (1.4.46)

i.e. for all (#:,09+) € Ryox Qs and all ¢ € C* (R X 02, R) so that (¢, q.) is a strict local maximum
of f — ¢, we have

24(t.,q.) — H(Vq9(t.,0.) < 0. (1.4.47)

The generalisation of the definitions of a viscosity (super-)solution is done analogously.
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1.4 Mean field spin glasses and Hamilton-Jacobi equations

In Section 3.6, we use the results of [47], see also Theorem 3.6.10 for a reformulation in the
notation of this thesis, to obtain uniqueness and the following variational representation of
viscosity solutions of (HJ/E[q]). Uniqueness in this context is to be understood in the class of
functions f: Ry X O, — R satisfying all of the following:

* f(t,-) is Lipschitz continuous,

f6)-f(10)
* SUP:>0,qe0, t | < %,

e forallr>0andall q,G € Q»,

1 1
f p(u)q(u) du > f pwdw duforallpe Qo =  f(1,q) = f(t,4). (1.4.48)
0 0

Proposition 1.4.4 [See Proposition 3.6.12 in Chapter 3]. Let A: [0,1] — [0, 1] be a Lipschitz
continuous and convex speed function. Let Are4 be a regularisation of A. Let ¥ be as in
Theorem 1.4.3. Then there exists a unique viscosity solution f of (HJE[q]) with f(0,-) =Y,
which is given by the Hopf formula

1 1
f(t,q) = sup inf (‘I’(Y)+ fo P)(Q(u) — y(w))du + 1 fo Areg.(p(u))du)

PEQw YEQw
! ! In2
=  sup |t f A(p(u))du + f p()q(u)du — , (1.4.49)
PEQe0, 0 0 1 —1lplli
[Iplleo<1, llpll1 <1

for all (t,q) € Ryo X Q>. In particular, f does not depend on the choice of Areg..

Recall from (1.4.8) that the convex dual V. of ¥ is defined by

1
Y.(p) = sup (f pPQ)q(u) du — ‘I’(C{)), (1.4.50)
qe0, \JO

forallp € O,. The last line of (1.4.49) follows from the fact that for each p € 0,

1 1
inf (\P(y) - fo D0y () du) - _ sup ( fo PGy () du —T(y)) - _w,(p)

y€0Qw Y€Qw

In2

—00, if |lpll; = 1 or there exists u € [0, 1) with p(u) > 1,
R otherwise, i.e. ||plle < 1 and |p|l; < 1,

(1.4.51)

which we prove in Proposition 3.5.3, also using that by Corollary 3.5.4, we can replace
“qge 02" by “g€ Q" in (1.4.50).

Note that for gy € Q> with go(x) = 0 for all x € [0, 1), it holds Fy(z,qo) = Fi(7), recalling that F¥,
is the free energy of the CREM with speed function A, see also (1.2.52). The Hamilton-Jacobi
approach suggests that the viscosity solution f evaluated in (#,qp) is a candidate for the
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1 Introduction

limiting free energy. This is true for the CREM with convex and Lipschitz continuous speed
function A, as the following central result of Chapter 3 shows.

Theorem 1.4.5 [See Theorem 3.1.2 in Chapter 3]. If A is a Lipschitz continuous convex

speed function, then for each t > 0,
lim Fy(0) = f(t,q0), (1.4.52)

where f is the unique viscosity solution, which is obtained by Proposition 1.4.4, with
f(@0,-) = limyreo Fn(0, ) .

It remains an open question whether Theorem 1.4.5 can be generalised as follows:

Conjecture 1.4.6 [See Conjecture 3.7.1 in Chapter 3]. If A is a convex Lipschitz con-
tinuous speed function. The unique viscosity solution f of (HJE[q]) with f(0,:) = ¥ from

Proposition 1.4.4 satisfies
f(t,q) = zlvle Fy(t,9), Vi>0,9¢€ Qo (1.4.53)

where Fy is the enriched free energy of the CREM with speed function A, see (1.4.37) and
(1.4.40).

In this thesis, we only provide a proof of the following inequality.

Theorem 1.4.7 [See Theorem 3.7.2 in Chapter 3]. In the setting of Conjecture 1.4.6,

f(t,) <liminf Fy(,q),  ¥120,q¢€ Q> (1.4.54)

We conclude this thesis in Section 3.7 with a discussion of the vector spin glass model, which
satisfies the analogue of Conjecture 1.4.6 for convex nonlinearities, as Chen and Mourrat
proved in [43]. They also showed that for general nonlinearities, the limiting enriched
free energy is a critical point of the Hamilton-Jacobi functional, which is, in the setting of
Proposition 1.4.4,

jt,q: Ow X O — R,

1 1
(p,y) = ¥(y) + fo p(w) - (q(u) — y(u))du + ¢ fo Areg.(P(1)du, (1.4.55)

for t > 0 and q € Q,. The validity of a variational formula for general nonlinearities remains

an open question.
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2  From 1 to infinity: The log-correction for the
maximum of variable-speed branching
Brownian motion

This chapter is excerpted verbatim from joint work [4] with Anton Bovier!, Annabell Gros'
and Lisa Hartung?. The contents of Subsection 2.4.1 and 2.5.1 and parts of Section 2.6 will be
included in Gros’s thesis, so we omit them in this thesis. Besides that the only differences of
this chapter to [4] consist of minor changes such as rephrasing references to omitted content.
We explain any such change (besides formatting) in a footnote.

2.1 Introduction

2.1.1 Models and background

Variable speed branching Brownian motion [VSBBM] [27-29,57,62,89] is a class of Gaussian
processes X indexed by a continuous-time Galton-Watson-tree with branching rate one and
offspring distribution (pi)en, where 377 pr =1, 277 kpr = 2 and Y2, k(k — 1)p; < co. X has
mean zero and covariance

B [xi(5) x;(r) | 77| = tAG" d(xi(5), (), (2.1.1)

where "¢ denotes the o-algebra generated by the Galton-Watson tree up to time ¢ and
d(x;(s), xj(r)) denotes the time of the most recent common ancestor of the particles labelled i
and j in the tree. A: [0,1] — [0, 1] with A(0) = 0 and A(1) = 1 is a non-decreasing and right-
continuous function, called speed function. It is the continuous-time analogon to Derrida’s
Generalised and Continuous Random Energy Model (GREM/CREM) [31, 32, 56, 79, 80].
VSBBM is a family (X;);-( of processes where X; = {fc;.(s): j < n(t),s <t} denotes the trajectories
of all particles when the time horizon of the process is t. We write )?;.(s) for the position at
time s of the ancestor of a particle labelled j at time 7. For simplicity, we write X;() = Sc;.(t).
The trajectory {)?;.(s): s <t} for j < n(t) is denoted by X;.

The case when A(x) = x is standard branching Brownian motion (BBM), the primary example
of so-called log-correlated processes, a class of processes that contains, among others,
branching random walk and the discrete Gaussian free field in dimension two. Also for these
models, deformations with different speed functions analogous to VSBBM have been studied,
see [61,90, 98] for the branching random walk and [64-66] for the discrete Gaussian free
field in dimension two.

!University of Bonn, bovier@uni-bonn.de, gros@iam.uni-bonn.de
2Johannes Gutenberg University Mainz, lhartung@uni-mainz.de
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

The extreme value statistics of standard BBM are by now well understood, see, e.g. [8-10,
33,35,40,41,84]. The extreme values of variable speed BBM exhibit different behaviour
depending on the properties of the speed function.

(i) If A(x) < x for all x € (0,1), then has been shown in [28] that A’(0) < 1 and A’(1) > 1
imply that to first sub-leading order,

1
max ¥(f) ~ V2t — — In(f). (2.1.2)
max (0 N ()

The order of the maximum is the same as in the case of independent particles.

(ii) If A(x) = x for all x € [0, 1], Bramson [33,35] has proven that

_ B 3
max Zi(0) ~ m(r) = V21 - ~ In(?). (2.1.3)

(iii) If A(x) > x for some x € (0, 1), then, to leading order,

Jj=sn(t)

1
max %;(r) ~ V21 f Veonc(AY (v) dy, (2.1.4)
0

where conc(A) denotes the concave hull of the function A. The sub-leading order
depends on the specific form of the covariance. If A is a piecewise linear function with
slope o on the interval [0,5),b € (0,1) and o5 on [b, 1], it has been shown in [27,61]
that the log-correction is

3
2V2

If A is strictly concave and continuous, the sub-leading order of the maximum is of

(o1 In(bt) + o2 In((1 = b)1)) . (2.1.5)

order #'/3 (see [62]; [89] for a refinement).

Note that, in the first and second cases, the concave hull of A is the identity function.
Therefore, (2.1.4) holds in all three cases. We see that standard BBM is on the borderline
where correlations begin to affect the properties of the extremes. Moreover, the sub-leading
terms are discontinuous at the identity function. To analyse these discontinuities in more

detail, [29] considered piecewise linear speed functions A; such that

, 1+7% x<1/2,
Al(x) = (2.1.6)
1¥r9, 1/2<x<1.

Another example was studied by Kistler and Schmidt [80]. In the present paper, we gen-
eralise the analysis in [29] to a wide class of speed functions. We distinguish between
piecewise linear speed functions converging from above and a general class of speed func-
tions converging from below. The case above the identity function is referred to as Case A,
the other one as case Case B.

52



2.1 Introduction

As explained above, the dependence of the properties of extremes on the speed function is
very different in Cases A and B. In particular, in case A, the techniques of proofs are very
different in the case when A is piecewise linear and when it is strictly concave. Therefore, in
this paper we restrict ourselves to the piecewise linear case. The precise conditions on the
speed functions considered are given below in Assumption 2.1.1. In Case B, the dependence
on the speed function is only on the slopes of the speed function at zero and one, so in this
case there is no need to distinguish between piecewise linear and other speed functions.
The corresponding conditions are formulated in Assumption 2.1.2.

The following assumptions describe the class of speed functions we consider in Cases A
and B.

Assumption 2.1.1 (Case A; A¢(s) > s). The family of speed functions (A;)>0 With A;(s) > s
forallt > 0,s € (0, 1), satisfies:

(i) The functions (A;);~¢ are piecewise linear and continuous. Their derivatives are given
by

t
’ _ 2
Al(s) = ; THOL (5311058, 5,0)( S (2.1.7)

where we call o: R, — R,,1 <k < ¢, velocities and b;: R, — (0,1],1 <k < ¢, are called
interval lengths. We assume Zi:l br(t) =1 and Zi:l O'i(l)bk(l) =1.

(ii) The functions (A;);=o are concave and converge to the identity function, as t T oo.

(iii) There exists 8 € (0,1/2) such that, forall1 <k < ¢,
Nmin{b ()1, by 1 (D1} > (04(1) = o1 (1) > 1, as 1 T oo,

Here and elsewhere, we use the notation

£ f()
8(1)

f() < g(t),astToo, & de>0: 10,ast 7 oo, (2.1.8)

for functions f,g: Ry — R.

To illustrate the assumptions in Case A, consider a two-speed BBM with velocities 0'%(1‘) =
1 + % on the interval [0, b(¢)) and o%(t) =1-1t2 on [b(),1], with b(#) = 1/¢*** + 1) and
aq,ay > 0. One checks that the assumptions are verified if @) + a» < 1.

Assumption 2.1.2 (Case B; A(s) < s). Let pegin, @end € (0, 1/2). The family of speed functions
(Ap)>0 with A,(s) < s, forallt > 0, s € (0, 1), satisfies:

(a) Foreacht > 0, there exist byegin(?) € (0, 1) and twice differentiable functions B,, B,: [0,1] —»
[0, 1] with B,(0) = B,(0) = 0, for which each of the following hold:

(1) 1> bpegin(t) > 1®in ~1/2 a5 1 7 0.

(ii) B/(0) = B(0) = 1 — Obesin,
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

(iii) On [0, buegin()], we have B, < A, < B, and the second derivatives of B,, B, are both
bounded by t‘”begi"bbegin(t)‘l in the sense of (2.1.8).

(b) Foreacht > 0, there exist bepq(?) € (0, 1) and twice differentiable functions Qt,f,: [0,1] —
[0,1] with C,(1) = C,(1) = 1, such that:

(1) 1> bepg(f) > 1% =12 a5 ¢ 1 0.
(i) C/(1) = C(1) = 1 + 1%,

(iii) On [1 = bena(?), 1], we have C, < A; < C, and the second derivatives ofgt,E, are
both bounded by @ 4()~! in the sense of (2.1.8).

(€) M efpyeyiy (1), 1-bena(0] (5 = Ar(8)) > 1717, as 1 1 co.
In Case B, the slopes in 0 and 1 are given by 1 — ¢~ %=in and 1 + ¢~ *»d, The assumptions ensure

that A, can be well approximated by piecewise linear functions in 0 and 1, similarly to the
assumptions in [28].

In this paper, we determine the limiting law of the rescaled maximum and the full extremal

process in both cases. Recall that, for BBM, see [33, 84],

limP (max x;j() — m(t) < y) =E [e—CZe’ﬁ’] , (2.1.9)

tToo Jj<n(t)

where m(?) is the same as in (2.1.3), Z is the limit of the derivative martingale

ZOEDY (V21— xj(n) V2 (V21m210), (2.1.10)

Jjsn()
and C is a positive constant.

The extremal process of standard BBM [3, 10] is of the form

tToo

im > Some = )0, a0 (2.1.11)
j<n( kj !

where the points 7; are the atoms of a Poisson point process with random intensity measure
CZ\/§e“/§ydy. The points A&k) are the atoms of i.i.d. point processes A%, which arise as the

limit in law as ¢ T oo of

Z O (1)~max;<( (1)> (2.1.12)

Jjsn(t)

where x(#) are the points of standard BBM conditioned on the event max;<,) x;(¢) > V2.
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2.1 Introduction

2.1.2 Results

To state our results, we define functions m*, where the superscript + corresponds to Case A
and the superscript — to Case B. Let

4 ¢ -1
mt(t) = V21 [Z o-k(t)bk(t)J— 3 [Z In(bp()1) + 2 Z In(7"/%(04(t) = T (1) (2.1.13)
k=1 2\/5 k=1 k=1

and
I+ 2(abegin + @end)

22

We notice that m* depends on the details of the speed functions (4,);»¢ while m~ depends

m(f) = V21—

In(?). (2.1.14)

only on the rate of convergence of the speed functions near 0 and 1. The main results of this
paper are the following two theorems.

Theorem 2.1.3. Let (X))o be a family of variable speed BBMs with speed functions (A;);¢
satisfying Assumption 2.1.1 (Case A) or Assumption 2.1.2 (Case B). Let C be the same

positive constant as in (2.1.9) and Z the limit of the derivative martingale. Then, for all y € R,

lim]P’(max) %i(1) - m (1) < y) -E [exp (—CZe—‘@)] , (2.1.15)

1Too j<n(t

where m* = m* in Case A and m* = m™ in Case B.

Theorem 2.1.4. Let (X,);~o and m* be as in Theorem 2.1.3. Let Ai.k) be the atoms of the i.i.d.
copies AW of the limit of the point process described in (2.1.12). Then,

lim > Oxmome) = D0, a0 (2.1.16)
e k) ’

where 1, are the atoms of a Poisson point process with random intensity measure CZ\/ie“/jydy.

Observe that in Case A, we can obtain any factor between 2%5 In(¢) and oo in front of the
logarithmic correction with an appropriate choice of A;. More precisely, the logarithmic
correction is of the form

3
_ﬁf(At) In(?), (2.1.17)

where f is a function taking values in (1, ¢). This follows from estimating the terms in m*
from above and below with the bounds in Assumption 2.1.1.(iii) and using that b;(r) < 1
for 1 <k <{. In Case B, the logarithmic correction in (2.1.14) only depends on the slope
of A; near 0 and near 1, while the behaviour of A; away from 0 and 1 is negligible as long

-1/2

as A; maintains a distance of order ¢ from the identity function. The prefactor of the

logarithmic correction interpolates between N and h

Both theorems above follow from the convergence of a class of Laplace functionals. A very

nice characterisation of this fact is the following lemma from [20].
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Lemma 2.1.5 [20, Lemma 4.4]. Let ;,P~ be point processes on R such that almost surely,
P((0, )) < co. The following are equivalent: Ast T oo,

(i) P; » P and max P, —» max P, in distribution.
(i) E [exp (— il ¢(y)P,(dy))] —>E [exp (— i q)(y)?)m(dy))] for all ¢ € C* which are nondecreasing
with support bounded from the left and for which there exists a € R such that ¢(x) is

constant for x > a.

Note that the fact that the functions ¢ are required to have support bounded only from the
left allows to use Bramson'’s results on the convergence of the F-KPP equations directly and
the fact that ¢ can be chosen to be smooth is convenient for applying Gaussian comparison.
We prefer, however, to give the proof of Theorem 2.1.3 without using Laplace functionals,
since we find this more easy to follow. The proof of Theorem 2.1.4 is then very similar and

we only outline the main differences.

2.1.3 Outline of the paper

The remainder of this paper is organised as follows. Section 2.2 provides a collection
of relevant notation. Section 2.3 recalls facts on Brownian bridges and the asymptotics
of solutions of the F-KPP equation. A crucial step towards the proofs of Theorem 2.1.3
and 2.1.4 is to localise the positions of the ancestral paths of extremal particles. This is
done in Section 2.4. Section 2.5 contains the proof of Theorem 2.1.3 and 2.1.4. First,
we give a proof of Theorem 2.1.3, which is split between Case A in Subsection 2.5.1
and Case B in Subsection 2.5.2. In both cases, we prove the claim for piecewise linear
speed functions. Some technical details are postponed to Appendix 2.6. In Case B, we
extend the result to general speed functions with Gaussian comparison techniques. In
Subsection 2.5.3, we describe how to modify the proof of Theorem 2.1.3 so it extends to
the convergence of Laplace functionals. Applying Lemma 2.1.5 then completes the proof of
Theorem 2.1.4.
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2.2 Notation
2.2 Notation

In this section, we introduce notation for ¢-speed BBM which is used throughout the paper.

Denote by
k
ax(t) = ) bi(, ao(t) =0, (2.2.1)
j=1

for all 1 < k < £, the times at which speed changes occur. In the following we drop the

t-dependence of the terms o (f), br(t) and ai(¢) to shorten the notation.

It is convenient to express {-speed BBM using standard BBMs. To do so, let {)?fi""’ik*l

k € N,i; € N} be BBM with variance o7.

’

We use multiindices
zkEil,...,ik (2-2-2)

and write Sci‘l) = X;,. With this notation, we can rewrite variable speed BBM, as

{®s): 1<i<n)
k=1 _ . ]
= chi’,j'l(bjt) + fcl.’:"(s —arD) 1 <ip <abD), ..., 1 <ip < (b)) y, (2.2.3)
J
J=1
for 1 < k < ¢ and for s € [a;-1t,axt). The o-algebra which is generated by all particles
of f-speed BBM up to time s,s5 < t, is called ;. The path of the particle with position
ko il k=it

j=1 %) (bjt) at time a1 is abbreviated by 3., o

2.3 Preliminaries

In this section, we recall some results on branching Brownian motion and the F-KPP equation.
We start with the fundamental connection between BBM and the F-KPP equation. Let
f:R —[0,1] be a function and set

vit,x) = E

n(t)
[ |- w»} . (2.3.1)

j=1

Then u(t, x) = 1 — v(¢, x) is the unique solution to the F-KPP equation
1.
o = 56XM+F(M), (2.3.2)

with F(u) = (1-u)-3;7 pr(1—u)* and with initial condition u(0, x) = 1—f(x).

The following proposition describes the asymptotic behaviour of solutions of the F-KPP equa-

tion for large times.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Proposition 2.3.1 [29,35]. Let u be a solution to the F-KPP equation with initial condition
satisfying

(i) 0<u0,x)<1;
(i) 3h > 0: limsup,;e, L 1n (ft““’” (0, y) dy) < —V2;

(iii) Je>0,M >0,N>0: [ u@©ydy>c Vx<-M;
(iv) [ u(0,y)ye® dy < oo.

Then we have, for any function z: Ry — R, such that limye z(t)/t = 0,
lim e V220 GO’ 12t 7))Ly, (z, 2t + V21— 2 ln(t)) -C (2.3.3)

tToo

where C is a strictly positive constant depending on the initial condition u(0, -).

Lemma 2.3.2 [35, Proposition 8.2]. Forz: R, — [1,) and ¢ large enough, we have
P max x;(t) > 2(f) + V21 — == In(r)| < C'z()e™ V20, (2.3.4)
j<n() 2V2
where C’ is a strictly positive constant independent of t.
Particles of standard BBM are unlikely to cross the barrier function with slope +V?2.

Lemma 2.3.3. For any € > 0, there exists ry < oo such that for all r > ry, for all t large

enough,

]P’(313n(r>3se[r,z—r]: lx;(s)l > V2 S) <e, (2.3.5)

Proof. In the proof of the convergence of the derivative martingale in [84], it is pointed out
that

lim inf min (V21— x(1)) 1 o0, a.s., (2.3.6)

oo j<n(t)

which implies (2.3.5). O
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2.3 Preliminaries

We state a version of Slepian’s lemma [108] adapted to variable speed BBM.

Lemma 2.3.4 (Slepian’s Lemma). Let (Xx(#)k<ar and (5x(H))i<ir) be the particle positions at
time ¢ of variable speed BBMs with speed functions A and A.
IfA <A, then

P(max Xe() > y) > IP(max X (1) > y). (2.3.7)
k<a(r) k<i(r)
Proof. This follows from [26, Corollary 3.10]. O

We also recall two basic facts about Brownian bridges. We denote by 3; , @ Brownian bridge
starting in @ and ending in b at time ¢.

Lemma 2.3.5 [28, Lemma 2.2]. For any y > 1/2 and for any ¢ > 0, there exists a constant
r > 0 such that
m P (Vrzszirt Bho(9) < (s A (= 9)) > 1 - &. (2.3.8)

tToo

Lemma 2.3.6 [35, Lemma 2.2]. For any x,y > 0 holds
P (Yosser: 30(s) < (sx+ (1= s)y)/t) = 1 —e /" <2 g (2.3.9)

t

and asymptotic equality holds if xy = o(t).
The next lemma allows to restrict events related to maxima to likely events.

Lemma 2.3.7 [29, Lemma 3.4]. Letx;,j=1,...,n, be path-valued random variables and L
be an event on the set of paths such that, for any € > 0,

P(Jjzn: (0 > M) A lxj € £1) 2 P(Fjzn: ;00 > ) - & (2.3.10)
Then
’P(%}gij(t) < y) - P(jggfj)éﬁxj(t) < y)‘ <e. (2.3.11)
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM
2.4 Localisation of paths

An essential step in the proof of Theorem 2.1.3 is the control of the particle positions until

time a;_qt.

2.4.1 Localisation of paths in Case A

This subsection is not a part of this thesis.

2.4.2 Localisation of paths in Case B

In3 this subsection, we prove localisations of an ¢-speed BBM (X,);-o with speed functions
(Ap)s>0 satisfying the following assumption.

Assumption 2.4.1. Let oy, a, € (0,1/2). We assume that the family of speed functions (A;);»
with A,(s) < s for allt > 0, s € (0, 1), satisfies:

(i) The functions (A;);~¢ are piecewise linear and continuous: Their derivatives are given

by

4
’ _ 2
Al(s) = kz_; Tt 51,5 1) (5 (2.4.1)

with velocities o;: Ry — R,,1 < k < ¢, and interval lengths b;: R, — (0,1], 1 <k < ¢.
We assume for all t > 0 that Zi:l by =1 and Zi:l O’ibk =1.

(ii) The velocity on the first interval satisfies crf =1-1r*+0(") and the interval length
b, satisfies 1 > b; > 112 as ¢ 1 .

(iii) The velocity on the last interval satisfies o-g =1+t +o( %) and the interval length b,

ta/g—l/2

satisfies 1 > by > ast T oo.

(iv) Minimum distance to the identity function: minyepp, 1-p, (s — A/(s)) > /2 as ¢ 1 co.
In Figure 2.1, we illustrate these localisation results for three-speed VSBBM.
We define the set
y
TSy = {X: Vr<sent [X(9) + S = V21A, (/)] < (A (s/1) A (1 = A, (s/1)) ﬂ}, (2.4.2)

where 0 <rp <rp <t,S € R and y > 0. Between times bt and (1 — by)t, extremal particles
fluctuate like a time-inhomogeneous Brownian bridge with time-inhomogeneity controlled
by the speed function.

3We moved Assumption 2.4.1 from Subsection 2.5.2 to this subsection and adapted this sentence. This corrects
the following error of [4]: In this subsection, we prove localisation results only for (X,),-o but not for the
variable speed BBM (X,),-, whose speed functions satisfy Assumption 2.1.2.
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2.4 Localisation of paths

V2t

space

slope slope 3
V202(1) = V2(1 = ~esin) V202(1) = V2(1+ ~%end) ]
slope
a0yt V2050 ‘
+O( bl(f)f)
V201 (Db (1)1

J

slope
V201 (1) 2t (1 - rf%(t)bs(t))
+0 (Vb))

- ™ > |« - time
r byt by (Nt b ()t t

Figure 2.1: Localisation of an extremal particle of three-speed BBM in Case B. The dotted
line depicts the function V2 A;(s/Dt for s € [0,t]. The dashed box depicts fluctuations of order
Vmin{A,(s/0t, t — A;(s/0)t}. The dashed line depicts the effect of entropic repulsion.

Proposition 2.4.2 (Fluctuations in the middle part). Foranyy € R, anye >0, anyy > 1/2
and for all t large enough,

IP)(31‘920)3 {Xj(f) >m (1) —)’} A {)_Cj ¢ Tblt,(l—bg)t,o,y) <e. (2.4.3)
We first control the localisation at the times of the first and last speed change.

Lemma 2.4.3 (Position at the last speed change). For anyy € R, any e >0, any y > 1/2 and

for all t large enough,

P (3 jentey: (X0 > m=(0) =y} A { |5, = bn) - V21 = o200y > (O'?bgt)y}) <& (24.4)

Lemma 2.4.4 (Position at the first speed change). For anyy € R, anye >0, any y > 1/2 and
for all t large enough,

P (3 jenty [0 > m™(0) = ¥} A { [5,(1 = b0 = V2.(1 = o3bo] > (agbﬂ)y}) <& (24.5)
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Proof of Lemma 2.4.3. In* the notation of (2.2.3), we write the probability in (2.4.4) as
P (3 sentn: (B0 > m(©) = ) A { |51 = b0y = V2 (1 = oZby| > (a?bgm})

=P (31si1 <n(br1),e. 1 <ig<nl-1 (bgt) *

{x};—l(bﬂ) >m (1) - 3] fcjjj"(b‘,-t) -y {24 ~’f b - V2 (1 - o2bot] > (agbgm})

¥ (S o
1<iy<n(by0),...,1<ip_1 <n't-2(by_11) lf . o T, )
dx]<,5<n'f—l(bfi) i bety>m=()-L % (bjn-y

x 1 > 1. (2.4.6)
{|z§ ! j’ Ybin-v2(1- O'?bf)t|>(0'[bgt)7}

By the Markov inequality, the many-to-one lemma and the independence of the increments,

we get that the right-hand side of (2.4.6) is bounded from above by

IE[ 5 o 1
1<iy <n(b11),...,1<ip_1 <n'-2(be_1 1) 5 i -1 ij_y A
{maxl<l€<n,€ L gy X (bet)y>m=(f)— ZJ 1 , (b1 )’}

1
{ >(agb[m}]

— (-t [[P( max o ex)"(bet) > m™ (1) - 5;} zj(bjt) =y ‘ 7}{’—1) {

pyy *,f Lbn-V2(1-abo)t

|2t 2 n-V2 (1= bf)t‘>(0'§bgt)7}}

i<n(bet)
W
_ (=bpxt dw 20-c2bo)t ( bet )
=€ — ¢ PO' Pl max X, bet) >m () —w — 2.4.7
f] R max ol (bt > () - 0=y (2.4.7)

bt
where (x ¢ (bgt))< o,

Brownian motions, 7—} 1=0(z1,...,2/~1) and

denotes a standard BBM at time bt, 7, 1 < k < £—1, denote independent

J1 = (=00, V2(1 = 02bp)t = (02be)? ) U (V2(1 = 02bp)t + (0 2bet) ). (2.4.8)

We split the range of integration J; into [\/5(1 —bo)t,o)and J, = J; \ [\5(1 — bo)t, ).
For w € [\5(1 — bp)t, oo), we bound the probability on the right-hand side of (2.4.7) by 1 and
the integral by

W? (1=bp)*t

(1=bp)t * dw T 2(1-02be)t (1=bo)t,, (1-02b) _
e —__¢ ¢ <e e e’V = o(1), (2.4.9)
f«‘f (1-byyr V2x(1=07bo)i M

by a Gaussian tail bound. For the integral over J,, we write

A, w)= o7 (™ (1) — w—y) = V2 by, (2.4.10)

4The following two sentences rephrase a reference to Subsection 2.4.2. References to this part are slightly
reformulated (e.g. “the right-hand side of (2.4.7)”).
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2.4 Localisation of paths

and use [29, Lemma 2.3] to get

2(tw)
P( max o ex? (bet) > m™(1) — w — y) 1 o V2eltw)-"p
i<n(bet) V27 (V2bgt+2(t.w)/Vbet )
G 0-w-y)’

1

202bt
< st et (1 + o(1)).

By (2.4.9) and (2.4.11), the right-hand side of (2.4.7) is not larger than

P (mweey)
2(1-07bo)t o 207bet (1 +o0(1))

1 et dw
2vnbet A \/27r(1—0‘§hf)t

(m=(0-y)° b))
R B dw _ (0= (-agbpm (0)-y)
Wbt jJ; 2n(1-02bo)t eXp ( 2(1-07br) o2byt (1 +o()
(w-(1-02bo)(m (O)-VZ 1))’

V2d 1/2+<y|+<y[ dw
expl|— 1+ 0(1)),
f \/271(1—@517[); p( 2(1-02be) o2byt } (1)

( (@2bet), (2bet)? )

which tends to zero as 7 T oo since m™(f) — V21— y = O(In(?)).

(2.4.11)

(2.4.12)

Proof of Lemma 2.4.4. Due to Assumption 2.4.1.(iii), we can choose y > 1/2 such that

ap+y—1
I1>by>t T .

By Lemma 2.4.3, the probability in (2.4.5) equals
]P’(ngn(,)i {Xj(l) >m (t) — y} A { |)_Cj(b1t) - \/50'%[?11‘ > (O’%b]l‘)y}

A { ‘xj((l —bo)r) - V2(1 - O'%bg)t| < (a[bgt)y}) +O(e)

2 (u%
< eU=bor [_dor o 20'2b1t ( dawy e 21-oibi—o7bot
- \/27ra'%b1t J\/Zn’(l Cl'zb]—O'zb[)t
(0608 I

X P( max a'gx Tbet) > m™ (1) — w) — wy — y) + O(e),
i<n(bet)

where

I = (V2oibit = (o7batY, V2 oribit + (07b1t)Y),
L = (V2(1 = agbo)t — wi = (0bet) N2 (1 = 03bo)t = wy + (0 bet)).

For w; € I, by (2.4.13), we can use Proposition 2.3.1 and get

P( max (Tgxb”(bgt) >m (1) — w) —wy — y)
i<n(bet)

(V2—wr-wr L))’

bet—
= Cp'e” 2b (1 + (1),

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

where
L) = 550 ¢ In(ber) = 20 InGo). (2.4.17)
This implies that
( —#
dwy 2(1-05b1—0 b[)l]P)( bt P B )
J\/Zﬂ(l—(r?bl—cr?bg)te 1 ! t?y}(.{:ll))[(z)o-fx ( ) >m (1) —w) —wy—y
143

(\@t—wﬁL(t)—y)2
- 2
_C bgtl_a‘eb"te 2(1—0‘1171)1 dw;

V2 \2r(1-02b1~c2bo)t
I
) (wz—(l —O'%b] )_1 @ —(T%b] —O’%b[)(\ﬁ t—w +L(t)—y))2
xexp|—(1 —o7by) P —T——— (1 +o(1))
(V2 t—w1+L(t)—y)2 »
l—ar bt 2(1-o2bpr __ oeby
‘Cfbt vebite  2l-oibi) (gwa + o(1)). (2.4.18)

Therefore, (2.4.14) is not larger than

€ 121 VAL )~ L5
V2t

X

doy (_ (wi1-03bi (L))"

eyl )(1 +o(1)). (2.4.19)

(CCIDACTIDION

The prefactor is of polynomial order and the integral is of order exp (—%)
By Assumption 2.4.1.(ii), (2.4.19) tends to zero as ¢ T oo. O

Proof of Proposition 2.4.2. Let y be close enough to 1/2 such that (2.4.13) as well as

ap+y-1

1>b; >t (2.4.20)

are satisfied. Choose y s.t. 1/2 <y <y and ¥ < 1. By Lemmas 2.3.3, 2.4.3, and 2.4.4, the
probability in (2.4.3) is equal to

P(3 i<n(r) : {)_C () >m (1) - Y} A {56 7 € Arpi0.01 N Toy1,p1105 N 7~(1—bg)t,(l—bg)t,0,5/}

A {abl,gsu_b[),: |%i(s) = V2tA,(s/0)| > (A(s/0) A (1= At(s/t)))yﬂ}) +0(e), (2.4.21)

for r,t > 0 large enough. As in (2.4.6)—(2.4.7)°, we see that the probability in (2.4.21) is

5These two references used to point to Subsection 2.4.1.
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2.4 Localisation of paths

bounded from above by

oy,

X €A p110.01 T by 161107

X E[ﬂfc’l €T U-bpr(1-bp)07 1 bit<s<(1-bp)t: |7 ()-V2 tA(s/DI>(Ai(s/)A1=A(s/ 1)) 1Y
X P max o (ber) > m (1) = (1 = b0 =y | Fot-sor)| Fo |
i<n(bg
_(=bpt [ __dor 267y (blt \2 ) dwy " 2(1-02b1—02bo)t
=€ —F—=¢€ 1 P (8= 25V, —F——C 1 14
V2702t B, (8) < selrbitl) | \pa(i-02b1-o2box
I
(1-o 2h1—02bp)t
X P(Hse[hlt,(l—hg)t] Bono s | (As/Di=02bi) ~VIiA (/D] > (A(s/DA AAs/t))W)
><]P’( max_cx (bgt) > m (1) — wy — wz—y), (2.4.22)
i<n(bet)

with I, as in (2.4.15). We first bound the probabilities involving Brownian bridges.
By® Lemma 3.4 in [8], for y > 1/2 and w; € I,

(3213)1 (s) < w/isvse[,,,l,])_ 2 (Vayr— ) (1 +o(1))

ol

<2Vr(V2(1 =) + 07" but' ) (1 + 0(1))
_ \/Zt_m(l +o(1)). (2.4.23)

For the second probability involving a bridge, the term inside the absolute value equals

(1-o2b1—c2bo)t

Als/t)-a2b
30,0 (A,(s/t)t - a'fblt) + W + i

1-3b1—-02b;

wy — V2 1A,(s/1). (2.4.24)

For each s € [bt,(1 — by)t] and w1, w, in the ranges of integration,

Ay(s/t)-02b

Al(s/t)-02by
1 l—a'%bl—o%bg

_ l—a'%bf—At(S/t) y
wy — V2 1A(s/t) = O(_—(blf) + fEer—

2067
1-02b1—02b; (opbet) ) (2.4.25)

We will show that, for s € [b;t, (1 — by)t] and ¢ large enough,

1- (T[b[—At(S/t)

A(s/t)-03by
1 (r2b1 (r%h

21 N 21 N ¥ 5
(o7bit)” + 1—afhl—(r§h[(o'€b"t)y < (A(s/t) A (1= A(s/) (1 + o(1)). (2.4.26)
Namely, (2.4.26) holds for s = bt and s = (1 — by)t. Assumptions 2.4.1.(ii)—(iii) imply that
(2.4.26) holds for s s.t. A,(s/t) = 1/2. Concavity of x — x? on R, and monotonicity of A, imply
that (2.4.26) holds for all s € [bt, (1 — by)t], and so for those s, (2.4.24) equals

(1-02b1-c2bo)t

B0 | (As/0t = otbit) + o (Ads/t) A (1= Al(s/1)) ). (2.4.27)

Thus the one-but-last probability in (2.4.22) is bounded from above by

1=02by—oeh
38 N O Al r-02bur)

P (Bse[blt,(lfbg)t] >(A,(s/z)/\(l—A,(s/t)))Vﬂ) (1 + o(1)). (2.4.28)

5We rephrased a reference to Subsection 2.4.1.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

For s € [bit,(1 — by)t], the fluctuations of the Brownian bridge in (2.4.28) are bounded by
those of (300 (A,(s/t)t)) , and thus (2.4.28) is bounded by

P(Hse[blt,(l—b[)t] : |36’0(A,(s/t)t)| >(A,(s/t)/\(l—A,(s/t)))Vﬁ’) (1 + o(1)). (2.4.29)
This probability is by the monotonicity of A; not larger than
P (Jyeqri-n1: [3ho(9)| > (s A (1= 5))7) < eV2m/(CVP), (2.4.30)

for 7, > 0 large enough, by Lemma 2.3.5. With (2.4.23) and (2.4.30) we see that (2.4.22) is
smaller than

2
%
o (1 bot | __dwi 2(r2b1t dw; e 2(17(%;;170};7[)[
\/2ﬂ0‘2b1t 27r(l—a'%b1—(r?b[)t
x IP’( max oy, Dbty > m () — wy — wo —y)(l +o(1)). (2.4.31)
i<n(bgt

For w; € I} and ¥ > 1/2, the bound in (2.4.18) is asymptotically sharp, and so the integral
over w; in (2.4.31) is equal to

(V2t-wr+L)—y)’

C 3/2 1-ay byt _
—p)t e’ exp =TS

2(1-02by) ¢

)(1 + o(1)). (2.4.32)

Inserting (2.4.32) into (2.4.31) and shifting w; by \/§o-%b1t, we see that (2.4.31) is equal to

(a2b1Y

—der exp (—w)(l +o(1)). (2.4.33)

2t
2n(1-02by)o2byt 2(1-a2by)oibyt

eb‘;/ztl_“‘_“[e’e_
—(c2b1)?

Note that the integrands in (2.4.19) and (2.4.33) are the same, but the ranges of integration

are complementary. We have seen that the integral in (2.4.19) tends to zero as ¢ T oo, which

implies that the Gaussian integral in (2.4.33) tends to one. Recalling the definition of L(¢) in

(2.4.17), we find that the t-dependent factors outside the integral in (2.4.33) tend to one as
well, from which the claim follows. O

The” next proposition describes the effect of entropic repulsion on the first time inter-

val [0, b, 1] for extremal particles.

Proposition 2.4.5 (Entropic repulsion). Let 0 < 8 < «y. Then, for any y € R and for any
e > 0, there exists a constant 6 € (0, 1/2) such that, for all t large enough,

P(3js;1(z)1 {J_Cj(l) >m (1) - y} A {3,ﬁgs§blt: %i(s) > V2 orys — tﬁ‘s}) <eé. (2.4.34)

7This sentence rephrases a reference to Subsection 2.4.1.

66



2.4 Localisation of paths

This means that the extremal particles of (X,);»0 lie in Ap 1. -, With high probability. By

o
monotonicity, we can use the superset Ag g s - A p, 1 72 7, OF Ay py, 1 95 - inStead.

Proof. Let y > 1/2 be close enough to 1/2 that (2.4.13) and (2.4.20) are satisfied. By
Lemmas 2.3.3, 2.4.3 and 2.4.4, the probability in (2.4.34) is equal to

P(3 j<n(): {)_C i >m= (1) - y} A {)_C 7 € Thitbir,0,y N T (1-bpt,(1-bp)0,y N ﬂr,blt,o,m}

A {xj(zﬁ) > —\/Ealtﬂ} A {a,ﬁsssblt: %i(s) > V2orys - tﬁé}) +O(e), (2.4.35)

for r,t > 0 large enough. As in (2.4.21)-(2.4.22)8, we see that the probability in (2.4.35) is
bounded from above by

i w3
e1=bot w 6_20%(b|t) _ dwy 2(1—a§b1—a§bg)z
V273 (b11) V2r(=o2bi—o2bot o2bi— a?b[)z
I
b byt
[P (% 'il a9 S Ovse[r,blt]) - P(S ]wl Vo ) = o Vsets, b.t])]
X P( max o px(bet) > m™ (1) - wy - wz—y), (2.4.36)
i<n(bet)

with /1,1, as in (2.4.15). We have seen in (2.4.31)—(2.4.33) that replacing the difference of

probabilities in (2.4.36) with 1~?' creates a term of order 1. Thus, it suffices to show that
P(s”lil i SOV sinn) "B (' s (9) < B Y eppn) <17 (2.4.37)
o

We? rewrite this difference of probabilities as

byt # w |\
0 P (_Z(bltl—tﬁ)tﬁ (Z o (\/zb]t B ff_i)) ) A
f i P(3.09 < ovse[mﬂ]) (2.4.38)
. \2r(bit — PP (b1) ’

i #
IP)(3171“1’1 ~VZbyt (s) < Ovse[O,blt—tﬂ])—P(Sblfq IV TROE —(r Y se10,b1- tB])]
The domain of integration in (2.4.38) is split into the three parts
nh=(-w.-F), n=(-F.-Floy), J3=(-F)0.0). (2.4.39)

We deal with each part separately:

1. On J;, we bound all the probabilities in (2.4.38) by 1. Then, since # < byt, a Gaussian
tail estimate shows that (2.4.38) integrated over J; is smaller than exp(—#/2)(1 + o(1)).

8These two references used to point to Subsection 2.4.1.

9The remainder of this proof is similar to parts of Subsection 2.4.1, which were originally referenced here.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

2. For z € J,, by Lemma 2.3.6,
byt—1# byt—1#
P(3 lut)l —Vabit (s) < Ovse[o,blt—tﬁ]) - P(3 1“t)1 byt (s) < _U se[O bit— tﬁ])

:exp(M)[exp( £ (V-2 o - 2)) 1] (2.4.40)

bt—18 a1(b1t—1P) )

For w; from the integral in (2.4.36), we get as in (2.4.23) that

\/Ebﬂ—()';l(ul
bit—1P

= 2712701 4+ o(1)). (2.4.41)

Furthermore, |z| < ## and # < b1, so the arguments in both exponential functions in
(2.4.40) tend to zero as t T co. This implies that the right-hand side of (2.4.40) is equal

to

V2b
2 (VEbi = - 2= £) (14 o(1) < 29 I (1 g (1)) = VA1 4 o(1)),
(2.4.42)
where we used (2.4.41) in the last step.

3. For z € J3, the second probability in the left-hand side of (2.4.40) is zero. By Lemma 2.3.6,
the first probability is smaller than

2-0(V2bit-2) 28 (V2bi-3)
bit—18 = o1 (bit—1P)

= V271 (1 + o(1)), (2.4.43)

where we used (2.4.41) in the last step.

We proceed as in (2.4.23) to bound the first probability in (2.4.38). This gives
(30Z(s) <OV e ) 2 (V2# = 2) (1 + o(1)). (2.4.44)

Then, by (2.4.42), (2.4.43) and (2.4.44), (2.4.38) is not larger than

0
/2 4 22 01D f dx e-x2/2<—x>) (1+o(1) =O(FOV ) <@ (2.4.45)
—B2
which completes the proof. O
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2.5 Proofs of Theorem 2.1.3 and 2.1.4

2.5 Proofs of Theorem 2.1.3 and 2.1.4

To prove Theorem 2.1.3 and 2.1.4, it suffices by Lemma 2.1.5 to prove the convergence of
the corresponding Laplace functionals

¥i(¢) = E [exp (- [¢()E(dd)], (2.5.1)

where ¢ € C*”(R) is a nondecreasing test function as in Lemma 2.1.5.(ii) and we denote by
E =), j<n(e) O(t)-m= (1) the extremal process of a VSBBM whose speed functions (4;);~¢ satisfy
Assumption 2.1.1 or 2.1.2. We set m*(Y) = m*(¢) if (A))~0 satisfies Assumption 2.1.1 and
m*(f) = m~(¢) otherwise.

The proof of the convergence of (®,(¢)),~0 is essentially analogous to the proof of the con-
vergence of the maximum, which formally corresponds to the choice ¢(z) = 0, if z < y and
#(2) = +00, if 7 >y, for y € R. Writing the proof for the maximum is notationally less heavy
and easier on the reader, which is why we give the proof of Theorem 2.1.3 in detail in the fol-
lowing two subsections and only indicate the changes needed for the proof of Theorem 2.1.4
in Subsection 2.5.3.

2.5.1 Proof of Theorem 2.1.3 in Case A

This subsection is not a part of this thesis.

2.5.2 Proof of Theorem 2.1.3 in Case B

In this subsection, we prove Theorem 2.1.3 in Case B. We begin with the case of {-speed
BBM and write a1, @, instead of apegin, @end, and by, by instead of byegin, bend to be consistent
with Case A. To complete the proof for the more general setting of Theorem 2.1.3, we
use Gaussian comparison techniques. Recalll® that (X,)~0 is an ¢-speed BBM with speed
functions (A;);~o satisfying Assumption 2.4.1.

Proposition 2.5.1. Let C be the positive constant from Proposition 2.3.1 and denote by Z
the limit of the derivative martingale. Then, for ally € R,

lim P [ max &;(t) — m™(¢) <y) E[e-CZe’ﬁ"’], (2.5.2)
Moo \j<n(0)
where
m(t) = V21— “2(“1“”) In(?). (2.5.3)

Proof of Proposition 2.5.1. The structure of this proof is identical to that in Case A, which
is given in Subsection 2.5.1. Let £ >0, r >0, y > 1/2 and 0 < 8 < a; be such that P < bt

10We adapted this sentence and moved Assumption 2.4.1 to Subection 2.4.2.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Lemma 2.3.3 and Propositions 2.4.2 and 2.4.5 imply that
P(H‘,Sn(,): {20 >m -y} A {x, ¢ L}) <e, (2.5.4)
for all r,t large enough, where

~£ = Lb][ N Tblt,(l—b[)l,o,)”
-Eb]l = Btﬁ,tﬁ,o,(ﬂ N ﬂtﬁ,tﬁ,lﬁé,(n N ﬂtﬁ,blt,tﬁ‘s/z,(rl N Tb]l,b]l,o,y’ (255)

recalling

Arrrso ={X: Vrzszry: X(9) +S < V205,
Brl,rz,S,(r = {X: vr1§s§r2: X(s)+S >~ \/EO'S} . (2.5.6)

By Lemma 2.3.7, Proposition 2.5.1 will follow from

limP( max X;(t) —m (1) < y) = E[exp (—CZe_ﬁy)]. (2.5.7)

oo\ j<n(t): XL

In'! the notation of (2.2.3), we write the probability in (2.5.7) as

S

= —1 =
IP( max EC (bety < m7(0) =y T (byt) + y). (2.5.8)

N i
By <1 1),y g <1 (), 4

o~
Il

Xiy €Lby1s Z;f;ll f;f_l €Tby1(1-bp)0.y
By the branching property, this probability is equal to

E[ [] E[ [] (2.5.9)

ii<n(byt), i<nit (ba)...., i1 <02 (be_y 1),
ﬂlt:”-

X €L i
1=t Z,{;% )_C,-Iffl €T by1,(1-bp)t0,y
Since Zi;} )'cl."k"“ € Thi1,(1-bo)1,0.y. the F-KPP asymptotics from Proposition 2.3.1 imply

= . =
X (1 - P( max )?il;_l(bgl‘) >m (1) — )_C.lk_l(bkl‘) +y ’ ﬁl—b[)t))

" ik
ip<nit-1(bet) =

= f_l =
]P)( max )_Cl.l;_l (bet) >m™ (1) — Z )_Cl.lkk_] byt +y ‘ T(l—bg)t)

l.[Sl’l?Z*l (bet) k=1
H 2
= CA-1 (1) exp (bgt - %) (1 +0(1), (2.5.10)
¢
with
= -1 -
A = L (m_(t) — Y B (b +y) ~(V2bet - 25 Inoun). (2.5.11)
o =) i 2V2

1The following two sentences rephrase a reference to Subsection 2.5.1.
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2.5 Proofs of Theorem 2.1.3 and 2.1.4

Inserting (2.5.10) into (2.5.9) yields

IE[ [ 1 — CA*Y(p) exp(bgt - %)(1 + 0(1)))

i <01 (bat),...ig—1 <N'C-2 (b1 1),

-1 k-1
pIyi T €T by1,(1-bp)r0,y

7—-171[:|

- ]E[ I exp (—CA?f-l(t) exp (bgl‘ - %)(1 + 0(1)))

in <t (ba),....ig_1 <n'e-2 (by_11),

7:blt:|

-1 k-1
2=l i €T by 1,(-bp)10,y

= E[ exp (-, () | Foue|(1 + o(1)), (2.5.12)
where
. Ae-1 (1) +V2 byt)
Vi, (1) = Z CA’“(t)eXp(bgt— % . (2.5.13)
i <n'1 (ba1),ip-1 <nie-2 (b 1),
pory )'C,-Ikk_l €T b t(1-bpt0y

The first equality in (2.5.12) holds since, for iy, ..., i, from that product, the right-hand side
of (2.5.10) tends to zero. The error terms in the second line of (2.5.12) are uniform and we
will prove later that Y; (f) converges as t T oo for x;, € Lp,,. Thus, it is justified in the last
line of (2.5.12) to write the error term outside the conditional expectation. We'? use the
inequality

2

l—xﬁe_xsl—x+%, x>0, (2.5.14)

to get that

1 E[2 0] 73,

1=E[5,0)] Fos] < B [exp (<5, 0) | T ] < 1~ B[, 0| T (1 " 25w, 0] 7]

]. (2.5.15)

We postpone the proofs of the following (conditional) first and second moment estimates for
Y, (1) to Appendix 2.6.

Lemma 2.5.2. Lety > 1/2 be such that
(07bet)? < bet' ™. (2.5.16)

For all i} appearing in the product in (2.5.9), we have

V21— (b :
E[%-l<r>lﬁ”]=#b”ztl‘“fexp((l—bl)z—( t251(_(‘,’;)2550”))<1+o<1>>, (2.5.17)

2(1-02by) ¢

where L(?) is as in (2.4.17).

12This sentence rephrases a reference to Subsection 2.5.1.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Lemma 2.5.3. Lety > 1/2 be such that

min (s — A;(s))t> 1. (2.5.18)
SE[bl,l—bg]

For all i} appearing in the product in (2.5.9), we have

V215, (b11)+L(t)+y
2(1-02b)t

E[Y2(0)|Fp] < P(t)exp((l by - L)e™ (1 + (1), (2.5.19)

with L(t) as in (2.4.17). We write P for any term satisfying P(t) < t° for some constant c € R

and for all t > 0 large enough.

By Lemmas 2.5.2 and 2.5.3,

E|V; 0| 73,0

lim =0. (2.5.20)
Ao E[Y;, )] 73,
From this and (2.5.15) follows that
E[e™ 1| Fpp| = 1= E [V, (0) | Four] (1 + 0(1)), (2.5.21)
so (2.5.9) is equal to
IE[ ]_[ (1-E[¥: @) | Foue] ) |1 + 0(D)) (2.5.22)
ilﬁn(blt),
x[] ELblt
2
_ 32w o, (Varm it Linty)
- IE[. 1_[ exp( 2(1_(;%;71)’)5 1= exp ((1 bt T (1 + o(1)).
l]Sn(b]l),
Xi €Ly,

In the last step, we used Lemma 2.5.2 and that, for X;, € £, ;, the right-hand side of (2.5.17)
tends to zero as ¢t T co. We'3 rewrite the expectation on the right-hand side of (2.5.22) by

conditioning on ¥4 as

E

[Tj<cner) E [e—fl_;(t) |7:tﬁ]] , (2.5.23)
)_C.,‘E,l’ﬁ

13We removed a reference to Subsection 2.5.1.
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2.5 Proofs of Theorem 2.1.3 and 2.1.4

where
. 2
. 25 ()%, )+L(t)+y)
. = # 3/2 1-ar _ _ ( J J
i) = Z bl x| (= b e ,
Jrsnl (@),
el
J
Ly = Ap 5 55 o) N Bt/’,tﬁ,o,m’
'Lt* = ﬂo,l*,tﬁ‘j/2+)_6_j(l/3)—\/20'|Z’B,O'| N 7}*,[*,)?_,‘(1‘/3)—\/20'1178,7' (2524)

Recall that t* = b;t — ¥ and, independently for each j, ()‘cj () j+<ni~) are the particles of a
BBM with variance (rf at time #*. We postpone the proofs of the estimates of the conditional
first and second moments to Appendix 2.6.

Lemma 2.5.4. Lety > 1/2 be such that
(02b11) < byt ™™, (2.5.25)
For all j appearing in the product in (2.5.23), we have

E[7,0)| F] = Ce™V> (V2o = () — #12) e VAP =5) (1 1 o(1)), (2.5.26)

Lemma 2.5.5. Lety be as in Lemma 2.5.4. For all j appearing in the product in (2.5.23),
we have

B [y?(t) | ﬂ;] < P(r) e 2(V2rP-5(N) V2P (g Loy (2.5.27)

By Lemmas 2.5.4 and 2.5.5,

E[y;?(ﬂﬂ*] < leVp@r) (‘/5011,"3 - %) - tﬁé/z)_l e V2, (2.5.28)
B0 | 74] ‘

which, for x; € L, converges to 0 as r T co. We proceed as in (2.5.20)-(2.5.22), to get
that

E Ele V0| 7| = E| exp(-Ce V2> V2o — 5i(F) - P2 V2 (V201 -5i)
|

(1+o0(1)).

Jj<n(@) j<n(#)
€Ly xeLp
(2.5.29)
The sum in (2.5.29) converges to the limit of the derivative martingale.
Lemma 2.5.6. With the notation from above,
> (V2o -z - P2V 7 (2.5.30)
Jjsn(#P)
XjE.[:Pg

in probability as t T 0.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Proof.'* We refer to the proof of [29, Lemma 3.6] to get that

> (V2o - 50 e V2(V2rl-x) _, 7 (2.5.31)

j<n(®)
)_CjELPB

in probability as ¢ T co. It remains to show that

im® e V2(V2e#=5i) _ (2.5.32)
e j<n(#)

in probability for 6 < 1/2. This follows from the convergence of the Seneta-Heyde scaling
of the additive martingale of the branching random walk [83, Theorem 6.1], which can be
transferred to the BBM setting (see [83, Subsection 6.5]). O

As almost surely,

~Ce N (V2o - () - P) e RV ) < g (2.5.33)
Jjsn(#)
)?jE.Eﬁ

Lemma 2.5.6 implies that

lim P Y1) = m (1) <
t}fgal (anEgééjeLx](t) m (t)_y)
= umE[exp(—Ce-ﬁy > («/Ealtﬁ—xj(zﬁ)—tﬂ(f/z)e—@(@fﬂﬁ—ff@ﬁ)))] :E[e-CZe’@]. (2.5.34)
tToo
! Jj<n(®)
)_(je.[:tﬂ

This completes the proof of Proposition 2.5.1 up to the proofs of Lemmas 2.5.4 and 2.5.5. O

To complete the proof of Theorem 2.1.3 in Case B, we use the fact that we can approximate
the speed functions in that setting from above and below by the speed functions described
in the following lemma. We deduce from Proposition 2.5.1 that variable speed BBMs with
these speed functions have the same limiting law of the maximum.

Lemma 2.5.7. Let apegin, @end € (0,1/2). Let (A;)» be a family of speed functions which satisfy
Assumption 2.1.2 for apegin, @end- Then, there exist ¢ € N and families of speed functions
(A)Dr>0, (A,);=0 which satisfy for each t > 0 large enough:

(1) A,(s) < Ai(s) < A(s) for all s € [0,1].

14This proof is done in greater detail than in [4]. This avoids a reference to Section 2.5.1.
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2.5 Proofs of Theorem 2.1.3 and 2.1.4

(ii)) The functions A, and A, are piecewise linear and continuous with slopes
¢
’ 2
ét(s) = ng:ﬂ‘(zlj‘;: Qj’zljc':l Qj)(s)’ fOT s € (O$ 1),
k=1
¢
Z’(s) = ZEZIL w17 ok 7\(8), forse(0,1) (2.5.35)
t k=1 k(A 2 B) T
where o, b, (and analogously Ek,zk) depend on t and satisfy

{ {
Doib,=1, > b=1 and b >0forallk=1,..,¢ (2.5.36)
k=1 k=1

(iii) A, and A, satisfy Assumption 2.4.1.(ii)-(iv) with a| = @pegin, ¥ = Cend.-
Proof. Let t > 0. We start with the construction of the first piece of the piecewise linear

speed functions A, and A,. A, satisfies Assumption 2.1.2.(a) with corresponding lower and
upper bounds B, and B, on [0, Dvegin], s0 we get for all s € [0, bpegin] that

Ai(s) < B/(s) < Bi(0) + sB,(0) + & max B, (2)

z€ [Oabbegin]

< (1 — romen 4 D gy EQ'(Z)) s =00, (2.5.37)
Ze[oabbegin]
and
Al(s) > (1 —  Fbegin _ I% min B;’(z)) s = a-fs. (2.5.38)
ZE[OJJbeginJ - -

We set b, = by = byegin/2 and A,(s) = g2s,A/(s) = Tys for all s € [0, byegin/2]. A, and A, satisfy
Assumption 2.4.1.(ii) and A,(s) < A,(s) < Zt(s) for all s € [0, bpegin/2]. Analogously, A, satisfies
Assumption 2.1.2.(b) with corresponding lower and upper bounds C, and C,on [1 — beng, 11,
so we set b, = by = bend/2 and, for all s € [1 — bena/2, 1],

1-As) = ap(1 - 9),
1-A(s) =71 -s), (2.5.39)

where

R A %ze[fg&,ug’(z)’

Tr= 141 %y %Ze[mi):d’ua'(z). (2.5.40)
Then, A, and A, satisfy Assumption 2.4.1.(iii) and A,(s) < A,(s) < A,(s) for all s € [1 — bena/2, 11.
We turn to the construction of A, and A, on [bvegin/2, 1 = bend/2]. For k =2,...,£ -1, we can
choose o, b, freely, as long as (2.5.36) is satisfied and A,(s) < A;(s) for s € [bpegin/2, 1 — bena/2].
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

The latter condition implies that A, satisfies Assumption 2.4.1.(iv). Since A, satisfies Assump-
tion 2.1.2.(c), there exists &£ > 0 such that

min (s — Ai(s)) > 1/, (2.5.41)

Se[bbeginal ~bend]

for ¢ large enough. For s € [bpegin, 1 — benal, we set
Als) = s — 1 1/%%e, (2.5.42)

This ensures that on [bpegin, 1 — bendl, A, is a piecewise linear upper bound of A,, which satisfies
Assumption 2.4.1.(iv). Then, we set A, to be continuous in byegin/2 as well as bpegin With
Ay(s) = T3 for s € (bpegin/2, bvegin), Where

T3 = o (Ar(Bregin) — Arlbregin/2)) = o (1= 71/ Dbegin = 17172%7). (2.5.43)

By Assumption 2.1.2.(a).(i), E% € (1, ) for £ close to 0 and ¢ large enough. Analogously, we
set the slope o_'i on (1 — beng, 1 — benda/2) as

T3 = gy (A1 = bena/2) = A1 = ben)) (2.5.44)

end

which lies in (0, 1) for € close to 0 and ¢ large. Thus, A, is a piecewise linear and continuous
upper bound of A;, which satisfies Assumption 2.4.1.(iv) on [bpegin/2, 1 = bend/2]. O

Remark. In the proof of Lemma 2.5.7, it becomes clear that it is always possible to choose
{=25.

Proof of Theorem 2.1.3. Let (A,)~0 and (Z,)»o be the speed functions from Lemma 2.5.7
corresponding to (A;);>0, @begin aNd @end. Let (X,)r0, (}z)»o be variable speed BBMs with speed
functions (4,):>0, (Z,),>0. Since (A,)-0 and (A0 satisfy Assumption 2.4.1, Proposition 2.5.1
implies that

lim]P’(max x () —m™(f) < y) =limP (max X —m () < y) =K [e—CZe’ﬁ"] . (2.5.45)
)~/ o \j<n(r)

tToo Jj<n(t)

Since A, < A; < A, for all 7 > 0, we get with Gaussian comparison (see Lemma 2.3.4) and
(2.5.45) that

limP(max %;() —-m (1) <y| =E [e—CZe‘@] : (2.5.46)
oo j<n(t)
This completes the proof of Theorem 2.1.3 in Case B. O
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2.5 Proofs of Theorem 2.1.3 and 2.1.4

2.5.3 Proof of Theorem 2.1.4 in Case B!®

Let!® X be a VSBBM with piecewise linear speed functions satisfying Assumption 2.4.1. We
compute, for y € R and for ¢ € C*(R) which are nondecreasing with support bounded from the
left and for which there exists a € R such that ¢(x) is constant for x > g,

L CAC))) (2.5.47)
R P ¢(i,~<r>—m+<r>—y)]

el 5, %3 Aftennn)

nsn(bit) ip<nt(bat)  ip<nit-1(be())  J=1

5| [ E[ I E[ M exp(—¢(

Li1<n(bin)  Li<n1 (byt) ig<nit-1(be(t))

¢ -
2 O'sz.;’l (bjt) —m™(t) — y))

J

|

where xf'f'l, 1 < j < ¢, denote standard BBMs. We want to show that the innermost conditional
J

expectation is a solution to the F-KPP equation and use the asymptotics of these solutions.

Recalling that the velocities 0,1 < j < ¢, depend on 7, we set

fl(z) = e o) vf(s,z):E[ ]_[ f(z=x,(5) |- (2.5.48)

i[Snif—l (s)

For fixed ¢, the function 1 — ' is a solution to the F-KPP equation with initial conditions
1 -v'(0,x) = 1 — f'(x). Since the initial conditions depend on the time horizon ¢, we need the
following generalisation of Proposition 2.3.1.

Proposition 2.5.8 [29, Proposition 5.2]. Let u' be a family of solutions to the F-KPP equation
with initial data satisfying
u'(0, x) — u(0, x), (2.5.49)

pointwise and monotone, for x € R ast T co, where u(0, x) satisfies the conditions in Proposi-

tion 2.3.1(i)-(iv). Then, for any function z: R, — R, such that lims z(#)/t = 0,

lim e V220 @O /20 7)1, (r, 20+ V21— % 1n(t)) =C, (2.5.50)

tToo

where C is the constant from Proposition 2.3.1 and u is the solution of the F-KPP equation
with initial condition u(0, -).

15We added “in Case B” in the title.
16We removed a reference to Case A in this sentence.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Fort 1 oo, 1 — fi(x) = 1 —e " pointwise and monotone for x > 0. Therefore, we can apply

Proposition 2.5.8 to «’ = 1 — /. Hence!”

¢

E[ l_[ exXp (_¢ [Z 0-1 xijil(bjt) _m_(t) _)’]] T'aglt:|
i <nit=1(be(1)) J=1
[; -
= vt (b[[, #(I)(m_([) + y - Z )?Z’l (b]t)))
j=1
- oy AL

= (1 — @)A1y e VA O ](1 +o(1)), (2.5.51)

where C(¢) is the constant from Proposition 2.3.1 for the initial condition u(0,x) =1 - e ¢
and A is defined in (2.5.11).

From now on, following the same computations as in the proof of Theorem 2.1.3, we get that
for variable speed BBMs with piecewise linear speed functions

lim V(¢ (-~ ) = B [e—a@z@’ﬁ"']. (2.5.52)
1Too

The Laplace functional in (2.1.16) corresponds to the point processes in the right-hand side
of (2.1.16), see [10]. 18

It remains to show convergence of the extremal process for variable speed BBM (X,);-o with
general (not necessarily piecewise linear) speed functions (A;)o, which satisfy Assump-
tion 2.1.2. For each ¢ > 0, given the underlying Galton-Watson tree of X;, let X, and X, be
independent Gaussian processes on this tree with mean 0 and speed functions At,Zt from
Lemma 2.5.7. By (2.5.52),

liTm Y@(--y)= liTm Y (p(-y)=E [e—C@)Ze‘ﬁ’] , (2.5.53)

where

n(t)
Y(-y)=E [ exp (— Z ¢ (zj(t) —m (1) - y) )]

=

n(t)
Yip(--y)=E [ exp (_ Z ¢(}j(t) -m (f) - y) )] (2.5.54)

J=1

Thus, it suffices to prove, for ¢ > 0, that

E [F (EFOI=

7_-ttree] <E [ F((x,(t)) anm)

7| < B F(Gioen)Fe|. @555

17This sentence rephrases a reference to Subsection 2.5.1. We also changed m* to m™ in (2.5.51).
18We removed a sentence with a reference to Case A.
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where 7,7 is the o-algebra of the Galton-Watson tree of X;, X, and X, and

n(t)

F:R'™ SR, 7 exp (— ¢ (zj—m (1) —y)). (2.5.56)

=

Note that inside the conditional expectations in (2.5.55), we view n(¢) as a constant. Since ¢
is nondecreasing, we get for all x € R™” and 1 < i1,i» < n(t), i # i, that

T P = ¢/ (i, —m™(0) =) @' (xiy = m™()) =) F(@) 2 0. (2.5.57)

By Kahane’s theorem, see for example [26, Theorem 3.5], (2.5.55) follows from (2.5.57). This
completes the proof of Theorem 2.1.4 in Case B. O
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM
2.6 Appendix

We!® prove the moment estimates from Subsection 2.5.2. The proofs of moment estimates of

Subsection 2.5.1 are omitted in this thesis.

Proof of Lemma 2.5.2. Recall that

- N1 (042 byt)
Yi(t) = > CA'™(t) exp (b[l‘ ~ %) (2.5.13)
i< (byt),..sip—1 SN2 (bp-1 1),

(-1 =ik-1
Zim1 % €T b -bpoy

where

-1 .
A1(8) + V2 byt = G%(x/iz = D UENbrt) = F (1) + L) + y). (2.6.1)

k=2

Since Y() X! (byt) is centred with variance (1 - o1by — o2bo)t,

2

v
E[J/i](l)|7‘7;]z] — Ce(l—bl)tf dw e 2(-oibi-opbe)t
1

2n(1-03b1—02be)t

(V2 t=w-%, i+ Loy
X 0%7 (‘/5(1 —obp)t —w — )?il(blt) + L(1) + y)e 20'§bgz

(1-02by—02by)t
xP ((3)31 (bllt)’)_cil([blt)-'—w(Al(S/t)t_o—%blt))se[b]t,l—b{'[] € 77711‘,(1—17[)”00’) , (2.6.2)
where
I'=(V2(1 = o7bp)t = %i(b1t) = (o7bet), V2 (1 = abo)t = %if(bi1) + (077bet)Y). (2.6.3)

For x;, € Lp,; and w in the range of integration of (2.6.2), we find, as in (2.4.24)-(2.4.30), that

(1-02b1-02b)t

limP ((35“"1 (b11).5, (b I)M(A,(s/z)z—afblt))

tToo

ETb 1=b,)t.0 =1, (2.6.4)
selbit,1-bet] =bor0y

and

L (V2(1 = bt = w = %, (b11) + L) + y) = V2 (0 = Dbyt + O((obet)”)

= J5bet' (1 +0(1)). (2.6.5)

19We rephrased the introductory sentences of this section.
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Inserting (2.6.4) and (2.6.5) into (2.6.2), we obtain

B[ (0)| Fo]
(V2i—5;, 1)+ L))’

— C plmaegl=bot - 2(1-o3b))t dw 2.6.6
ot e © V2r(1-02by—o2bo)t (2.6.6)
I
) (w—(1—(r$b1)"(1—<r%b]—agbf)(fzz—xil(blz)+L(t)+y))2
xexp|—(1-o7by) P 1+ o(1)).

For y > 1/2 and x;, € Lp,;, the integral in (2.6.6) equals

1/2

= 2b ey o). (2.6.7)

Inserting (2.6.7) into (2.6.6) completes the proof. O
Proof of Lemma 2.5.3. We?? write

E[Y:0|Fpi| = (@1 +(T2), (2.6.8)

with

(A1 () +V2 b(t)z

TH=CE D L I S T
: 21 X i €T by1(1-bp) 0,y
S b<nil (bot),...,
i1 <n'C-2(be_i 1)
T2) = C2e™'E Z ,
(r2) , . DIME: % szl v € Ty 1-bpr0y
iy, ja<n'l (lzzt),...,if_| <n't-2(be_1),
Jeo1 SIC-2(be0),ie—1# e
, 2, - 2
H z ANe-1(D)+V2 byt) +{Ae=1(1)+V2 byt
X A1 (A1 (1) exp (_( ¢ )Zb((t f) ) ﬂ]t}. (2.6.9)

Using that 7p,,1-50)1,0,y € T(1-bp)t,(1-b0)1,0,y,» W€ Obtain, as in (2.6.1)—~(2.6.2), by the many-to-one
lemma that

2

. wr
(T1) < C2e(1-bi+bor d—we_ 2(1-02b1—02by)t (2.6.10)
2n(1-02by—02be)t

(V2t-w-%, 1)+ L)+

X L (V2(1 = ogbo)t — w = %, (bi1) + L(1) + y) bt ,
e

with 7 as in (2.6.3). We have seen in (2.6.5) that for w in the range of integration of (2.6.10),

L (V2(1 = 0bo)t = w = %, (1) + L) + ) < P(@). (2.6.11)

20This sentence rephrases a reference to omitted parts of this section.
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

Recall that P is universal notation for any function satisfying P(¢) < ¢ for some constant ¢ > 0
and all > 0 large enough. The exponential terms inside the integral in (2.6.10) are equal to

(V21-%;, (1 t)+L(t)+y)2 (V21-w-%, (by t)+L(t)+y)2
CXP\ = 2= eXp{~ 202bst

(2.6.12)

2
(w ~ (1-02b1) " (1=02b1-02b,) (V2 -3, (blt)+L(t)+y))
2(1-03b1—02bg)o2byt )

X exp (—(1 - O'%bl)

We insert (2.6.12) back into the right-hand side of (2.6.10), bound the last exponential term
by 1 and shift the integral by V2(1 - O'?b[)t — X;,(b11). This gives

(bt

(T1) < P(r)e! ™ +bf)lexp (_ (V2i-1;, (s f)+L(f)+y)2 B (v2 O'?b(t—w+L(l‘)+y)2 )

dw
ex
2(1-02by)t ) f \2r(1=02b—02bo)t P ( 2ogbet

—~(a2bet)

(2.6.13)
For w in the range of the integral in (2.6.13),

(\@ O'gb[t—w+L(I)+y)2
2(T¢20b[l‘

bet —

< (1= 0 Dbt + N2(2bet) + V2L(H) + y = —bt' (1 + o(1)).  (2.6.14)

Assumption 2.4.1.(iii) implies that b.t'~% > ¢'/2, so (T'1) is bounded by the right-hand side
of (2.5.19). Dropping the condition 7%,/1-4,,0,y €Xcept at the endpoint and at the time of the

branching gives via the many-to-two lemma

(1=be)t w?
(T2) < C2eX1-br dse-G=bi | ____dor o 2(Ads/n-oibr)
- V2r(Ai(s/-02by )t
bt I
“
% ( f dw; C_ 2(1—0’%bg—A,(s/t))t (26 1 5)
2n(1-02br—A(s/D)t
L
(VZi-w1 -0, (i L)
x (V2 (1=0ebo)t = w1 = wp = %, (b11) + L(1) + y) e 2 bt :
where
Jiy(8) = (A(s/t) A (1 = A(s/1))7, (2.6.16)

1 = (%(010) = VZIAC/0) — fioy(5), Tifbrt) = V2 tA (/1) + fi(5)).
L= ()'cil(bﬂ) +w; —V2(1 —O'?bg)t - (o-?b[t){ %i(bit) + w1 — V2(1 —O'%bg)l i (O'?b[l)y).

In the w;-integral in (2.6.16),

& (V201 = 0ebo)t = w1 = 02 = i, (011) + L) +y) < PO, (2.6.17)
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2.6 Appendix

and the exponential terms are equal to

(2.6.18)

1-02b —As(s/t) 2
(VZt-w1 =%, (i} L +)’ ) (1-A,(s/D) (wz—% (V21-w1-% (b t)+L(t)+y))
xp (‘ 2=AGTON exp 2102 Ao/ D)o et

The first factor in (2.6.18) does not depend on w, and the integral of the second factor over
wy is Gaussian and thus can be bounded by P(¢). This shows that the w;-integral in (2.6.16)
is bounded by

(VZi—w1—5i, (b10)+L()+)
P(t)e 2(1-Ai(s/D)t . (2.6.19)

Inserting this bound into (2.6.16) and then proceeding as in (2.6.12)-(2.6.13), we obtain

(1=boyt wp (V2 =015, (b10)1+L(D+y)”
(T2) < P()e2 b0t | ggeG-bin | ____dor o = o)™ (T=AGI0)N
B ZH(At(s/t) o2by)t
bt
_(ﬁr—fn<b1r>+L<r>+y) (ko fior) (VZ(-Ads/y-wi+Li+)’
< P(l) e(2—b])fe Z(I—O'%bl)t ds e—S *e_ 2(0-A,(s/0)t
- Vzn(A,(s/z)—{rfbl)z
bt = fiy(5)
(2.6.20)
Bounding w; by f;,(s), we see that the w;-integral is not larger than
(V2(1-A(s/0)— f;,y<s)+L(z)+y)2
P(te 2(1=A(s/n)t , (2.6.21)
so we have
(V2i=5iy (b10)+Liny+y)” (1=bor
(T2) < P(Hel=0e  2(1-oibi) f ds eAGID=s+V2fiy ) (] 4 (1)), (2.6.22)

bt

For all s in the range of the integral in (2.6.22), f;,(s) <’ and by (2.5.18), tA;(s/t) — s < —17

for some ¥ > y and ¢ large enough. Thus, the integrand in (2.6.22) is bounded from above by
_1‘7

(1 + o(1)) for t large enough. We conclude that (72) is not larger than the right-hand side
of (2.5.19). O

Proof of Lemma 2.5.4. By the many-to-one lemma,

W2 («E f-w-X j(tﬁ)+L(t)+y)2

i . _ C 3/2 l-ar 1= # 202t 2(1-02b))t
E|Y;0)|Fs| = e IW e :

xIP(

8ol 5,), 07 (5, +w )(s) < V25— Vse[o,z*l)’ (2.6.23)
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2 From 1 to infinity: The log-correction for the maximum of variable speed BBM

where
7= (V20ibit - %) - (aibit), N2 01yt = () + (oib11)). (2.6.24)
By Lemma 2.3.6, the probability in (2.6.23) satisfies

- B2 )
]P> (30'71)?51'([[;), O'Il(fc](tﬁ)ﬂu)(s) < \/5 N tﬁ vSE[O,[ ])

_P( T (E P +P2) N2 B, o7 (3P +w+5912) N2 by 1 (s) < Ovse[O,t*])
= 1 - exp(-2 (V2# - ST (Vapy - AR

=V2r 0 (V2o - 5iP) - #17) (1 + o(1)). (2.6.25)
In the last step we used that for X; € Lg,
0< V2 - LT o@h), (2.6.26)
and that for w in the range of integration in (2.6.23),
ﬁblt—M 272p 171 4 0(1)). (2.6.27)

Inserting (2.6.25) into (2.6.23), we get that E [yj(t) ' T,p] is up to an error term (1 +o0(1)) equal
to

(\FZ t—)_c_/(tﬁ))+L(t)+y)2
Cb?/Ztl—al—a[ (\/EO_II,B _ )—Cj(tﬁ) _ t,86/2) ez—zﬂe 2(t-0318)

-3 (

_do _ _ o = 2
Xf\/mexp( i (0 = (V21— 50 + L) + ) ) (2.6.28)
J

A Gaussian tail bound shows that for y > 1/2 and X; € L4, the integral in (2.6.28) is of order 1.
Recalling the definition of L(¢) in (2.4.17), we find that (2.6.28) is equal to the right-hand
side of (2.5.26). O

Proof of Lemma 2.5.5. The structure of this proof is the same as that of Lemma 2.5.3, which

we will refer to for explanations. We write

E|Y0) | Fp| = (T1) +(T2), (2.6.29)

84



2.6 Appendix

where

i 2
( 2t—)‘c;*(t*)—)_cj(ﬁg)+L(f)+)’)

2
b0 \" o1y - -2
(TI)E( i )e(—l)E Z e (1-o7b)t Forl,
V2(1-2b !
(1-07b1) e,
X;*E.Ct*

. 2
(VE-iL -5+ Loy

2
Chy Pt - 3
T2) = | =S| (2U-b0r e 2(1-otby)t
(72) (\/2(1—(r$b1>) ' Z
7k <nf(t ), JUEK"
x* x €L

(\/Z_x,-{* (r*)—fc,—(tﬁ)+L(t)+y)2

Xe 21-oibyy ﬂlt]. (2.6.30)
As in (2.6.10), we obtain
o? (\/i t—0=% (L)
(T1) < P(t) eX1-bomt f e 20t (I-bi) , (2.6.31)
7T0'I

J

with J as in (2.6.24). Proceeding as in (2.6.12)—(2.6.14), we see that the right hand side of
(2.6.31) is bounded by

P(r) e VAVZo @) o=bit? (4 o1y, (2.6.32)
We get, as in (2.6.16), that
£ V2 a1 (b11=5)~1P1—x () @
(T2) < P(1) 10 Of dse’ ™ . i \/ZHi?Et*__S)e S

2
w2 (\/f t—wi —wz—)?_/(lﬁ)'*'L(l)‘*'y)z

2 p—
x _dwy 20'%?6 2(1-o2by)t , (2.6.33)

Vorots

J—w|

where w; € J — w; denotes w; + w; € J. As in (2.6.18)—(2.6.22), we see that the right-hand
side of (2.6.33) is not larger than

P(t) e—\/é(‘/io'ltﬁ—x/'(tﬁ))e—\/il’&s/z(l + 0(1)) D
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3 ' A Hamilton-Jacobi approach for the free energy
of the CREM

This chapter is based on joint work with Fu-Hsuan Ho! and Justin Ko?, which remains to be
published. We would like to thank Lisa Hartung and Pascal Maillard for insightful discussions
and helpful advice.

3.1 Notation and outline

For the convenience of the reader, we recall notation and central results which were
introduced in Chapter 1, particularly in Section 1.4.4.

A function A: [0,1] — [0,1] is called speed function if it is right-continuous, increas-
ing and satisfies A(0) = 0, A(1) = 1. For N € N, the continuous random energy model

(CREM) with speed function A is a centred Gaussian process (H;‘,(o-)) v with covari-

oel-1,1)
ances

E[Hy(o) Hy(@)| = NA(%E), oo e(-1.1)". (3.1.1)
The overlap o A ¢ in (3.1.1) is defined as
oA =max{i=0,...,N: o|; =7}, (3.1.2)

where for o = (01, ...,0n) € {~1, 1}V, we write oy = @ and o; = (oy,...,0y) fori = 1,...,N.
The limiting free energy of the CREM with speed function A is, for ¢ > 0,

lim Fi) = lim — 5B (Z e 11y exp (V2 Hiy(or) - Ni))|
x(1)
= tA(x(1)) - (1 - 12—2\/12f VA (x) dx, 3.1.3
1A(x(1)) = (1 = x(1)) In tln ; (x)dx ( )

where x(f) = sup (x € (0,1): A'(x) > 82). We refer to [32] for a proof. If A(x) < x for all x € [0, 1]
(and in particular if A is a convex speed function), then x(¢) = 1,51n2(%), SO

) A —In2, ift <In2,
lim Fy(7) = (3.1.4)
NTeo t—2Vtln2, ift>In2.

IWeizmann Institute of Science, Rehovot, fu-hsuan.ho@weizmann.ac.il

2University of Waterloo, justin.ko@uwaterloo.ca
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3 A Hamilton-Jacobi approach for the free energy of the CREM

The Ruelle cascades (v4),enyv With parameters ({i);-; . Where

.....

0= <&i << <fu-1 <im <fm+1 =1, (3.1.5)

are constructed in the following way: Let u) > up) > ... be the ordered atoms of a Poisson
point process on R, with intensity ¢,y !¢ dy. For each k € 1,...,M — 1 and each y € Nt
independently, u, 1) > u¢,2) > ... are sampled as the ordered atoms of a Poisson point process
on R.( with intensity 341y~ "% dy. Then, we set

M
Wy = l_[ Ul »
k=1
Wa
Vy = ——————, (3.1.6)
¢ DlaeNM Wo
for @ = (ay,...,ay) € NM, recalling the notation af; = (a1,...,a) for k = 1,...,M. We call

(Wq)genm the unnormalised weights of (vVq),enm. Since ) zenm Weo is finite with probability 1
(see for example [58, Lemma 5.23]), (vq)4enym is well-defined.

We introduce the following path spaces:

0 ={q: [0,1) - Ry¢; qis right-continuous and increasing},

Qp = QﬂLp([O’ 1)5R)9 vp € [1’00] (3-1'7)
Let 1 < p; < p», then by Hoélder’s inequality, for g € L,,([0, 1)),

1 1/pi 1/p1 1/p1
ngnpl=( f s du) < (17 2000 ) = (18] = Nl 328

In particular, Q,, € Q,, for 1 < p; < p,. This also holds for p,; = .

For M € N, we denote by O the set of all g € Q which can be written as a step function

with M jumps, i.e.

M
=) &l (3.1.9)
k=0

where

0= <l << <lma <lm<lmsr =1,

0=g-1<qo<-<qu-1 <gyu <. (3.1.10)
Furthermore, the superset of 0™, which also allows
0=¢g-1<qo<- < qu <o, (3.1.11)

is denoted by Q(SM).
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3.1 Notation and outline

Let M,N € N, t > 0, A be a speed function and q = X0 qilizg.) € QM. Let (vo)yenm

be the Ruelle cascades with parameters ({i)i=o..m+1 and let (Hjé,(O'))ae{_1 I be the CREM

with speed function A. Let (Yq(m oz)) be a centred Gaussian process with covari-

ances

oe{-1,1}N, @eNM

E[Yq(o, )Yq(&, @)] = (0 AF) anas Y 0,6 € (=1, 1}, a,@ e NV, (3.1.12)
where a A @ :=max{k=0,...,M: a|, = alx}. Note that

d (yN M
(Yq(g’ “))ae{—l,l}N, aeNM — (Zi=1 2y=0(qk — qk—l)1/2Z°'|i’alk)a'e{—l,l}N,aeNM ’ (3.1.13)

where each z,, o, is from a family of i.i.d. standard Gaussian random variables. We assume

oe{-1,1}¥ and (Yq(o-’ a))o—e{—l,l}N,areNM
enriched free energy Fy of the CREM with speed function A is defined by

that the processes (V) enm, (Hj\‘,(o-)) are independent. The

1
FN(I, q) = _N]E [ln (ZGENM Vo ZG’E{—I,I}N exp (HN(I, q,o, a)))] .

Hy(1,0, 0, @) i= V2t HA(0) = Nt + V2 Y4(0, @) — Ngu. (3.1.14)

We prove in Proposition 3.3.1 that Fy(¢, ) is Lipschitz continuous w.r.t. ||-||; and in Lemma 3.3.2
that US_, O™ is dense in Q; w.r.t. || - [l;. This implies that Fy has a unique extension to
Rsp X Q1. Namely, fort > 0and q € 01,

Fn(t,q) = liTm Fn(t,Qm), (3.1.15)

where (q)men is a sequence in J5;_, 0™ which converges to g w.r.t. ||-|l;.

The first central result of this chapter is the following theorem.

Theorem 3.1.1. Let Fy: Ry X Q; —» R be asin (3.1.14) and (3.1.15). For each q € Q;, we
have

u2

1
(@) = lim Fy(0,q) = ~In2 +f0 () - M)+ du. (3.1.16)

Recall that 4: O, — R, is Fréchet-differentiable in q € Q, if there exists a unique func-
tion Vi € L*([0, 1), R), called Fréchet derivative, such that for every § € Q», we have

1
hQ) - h(q) = fo Vh(u) (q(u) — G(w)) du + o(llq — qll2), (3.1.17)

as|lg—4ll2 1 0. Let f: Rygx Q> —» R and ¢ > 0, then the Fréchet derivative of f(z,-) in q € Q5 is
denoted by Vqf(z,9).
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3 A Hamilton-Jacobi approach for the free energy of the CREM

We study solutions of the Hamilton-Jacobi equation

1
21t,9) - fo A((Vaf@.@) @) du=0, ¥ (1,q) € Ry x 0, (HJE[q])

with initial condition f(0,-) =¥, where A is a Lipschitz continuous and convex speed function
and YV is as in Theorem 3.1.1. The notion of a viscosity solution of (HJE[q]) is defined in Defi-
nition 3.6.9. For such solutions, existence, uniqueness and a representation by a variational
formula is proven in Proposition 3.6.12. Uniqueness in this context is to be understood in
the class of functions f: R>g X 0, — R satisfying the following:

* f(t,-) is Lipschitz continuous,

* SUPg0,qe0,

f(t,q>;f(t,0> | < oo,

e forallr>0andall q,4 € Q>,
1 1
j; p(u)q(u) du > j(; p(w)qu)du forallpe O, = f(,q) > f(tQ). (3.1.18)

The second central result of this chapter shows that the unique viscosity solution of (HJE[q])
evaluated in gy = 0 € Q) coincides limiting free energy of the CREM.

Theorem 3.1.2. Let A be a convex Lipschitz continuous speed function. Let ¥ be as in
Theorem 3.1.1. The unique viscosity solution f of (HJE[q]) with f(0,-) = ¥ satisfies

f(t,0) = lim F(), (3.1.19)
for all t > 0, where Fj\‘, is the free energy of the CREM, see (3.1.3).

The rest of this chapter has the following structure: Section 3.2 provides a collection of
preliminary results. Section 3.3 contains the proof of the Lipschitz continuity of Fy(z,-).
A crucial step towards the proof of Theorem 3.1.1 is to study level sets of independent copies
of the branching random walk (BRW) with standard Gaussian increments. This is done in
Section 3.4. That section can be read independently of the rest of this chapter (besides
references to Section 3.2). The proof of Theorem 3.1.1 is done in Section 3.5. In Section 3.6,
we define the notion of a viscosity solution of (HJE[q]) and prove existence, uniqueness and
a representation by a variational formula for such solutions when A is Lipschitz continuous
and convex. Furthermore, we prove Theorem 3.1.2. In Section 3.7, we discuss a possible
generalisation of Theorem 3.1.2.
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3.2 Preliminaries
3.2 Preliminaries

In this section, we collect preliminary results. The following lemma describes elementary

Gaussian tail asymptotics.
Lemma 3.2.1 [See e.g. 63, Chapter VII, Lemma 2]. For X ~ N(0,02), o >0 and u > 0,
2
_ o _ 0.2
P(X>uw=Ze 2 (1+0(%)), (3.2.1)
as % — 0. Furthermore, dropping the error term gives an upper bound for P (X > u).

Note that for a Gaussian random variable Z with mean 0 and variance v > 0,

2 v (Z—v)2 v
Z] _ Az o550l — a3 dz —5%5 — a3
E[e ]—jﬂ;me Te eszme 3 —el. (3.2.2)

Lemma 3.2.2 [35, Lemma 2.2]. Lett> 0 and (36 O(s)) be a Brownian bridge from 0 to 0

in time ¢t. For any x,y > 0 holds

s€[0,7]

P (Yosser: 3,0(8) < (sx+ (1 = )y)/D) = 1 e/ <2 x—ty (3.2.3)

and asymptotic equality holds if xy = o(t).

The following lemma is a helpful tool to compute Gibbs averages. It is an application of the
general Gaussian integration by parts formula (see e.g. [58, Theorem 4.5]) to Gibbs averages

of Gaussian processes.

Lemma 3.2.3 (Gibbs-Gaussian integration by parts). Let S be a complete and separable
metric space. Let (y(0)),cs and (z(0)),cs be centred Gaussian processes. Let u be a finite
measure on S. For each n € N, the n-fold Gibbs average w.r.t. (y(0)),.s and u is defined by

S 80D ) T exp (0(0™)) duer®)

(CaRN ) - : (3.2.4)
<<g o o >>,, ( Jsexp (@) d,u(O'))

where g: 8" — R is a bounded and measurable function.

Then, for such a function g and for eachn € N,

E«g(a(l), o) Z(O'(l))»n = E<<g(0'(1), ™) ( ", E [Z(O'(l))y(O'(i))] -nE [z(O'(l))y(O'("“))])»nH.
(3.2.5)

Proof. We refer to [58, Theorem 4.6]. O
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3 A Hamilton-Jacobi approach for the free energy of the CREM

The following lemma gives a criterion for the exchange of derivation and integration.

Lemma 3.2.4 [See e.g. 81, Theorem 6.28]. Let (Q2,7,u) be a o-finite measure space. Let
I ¢ R be an nonempty open interval. Let g: I x Q — R satisfy all of the following:

1. For each x €1, w — g(x,w) is Lebesgue integrable w.r.t. u.

2. For u-almost all w € Q, the map I — R, x — g(x,w) is differentiable. For such w, we

denote the derivative of g(-, w) by g’'(-, w).

3. There exists a map h: Q — R,y which is Lebesgue integrable w.r.t. u and satisfies

|g’(x, )| < h u-almost everywhere for all x € I.

Then, for each x € I, g’(x,-) is Lebesgue integrable w.r.t. u. Furthermore, the function
G I->Rx— fg(-, w) du(w) is differentiable with derivative

G'(x) = fg’(x,a))d,u(w). (3.2.6)

By the following formula, certain averages over Ruelle cascades can be computed recursively.

Proposition 3.2.5 [See e.g. 58, Theorem 5.25]. Let M € N and let (vy),en# be the Ruelle
cascades with parameters

O=bo<l1 << <lm1<im<iuw =1 (3.2.7)

.....

random variables on [0, 1]. Let Xy : [O, I]MJrl — R be a measurable function. We set
Xk = Xk((f)o, ey (I)k) = ﬁ In E[exp (§k+1Xk+1(G)0, ey &)]H,])) | &)0, ey a)k] , (3.2.8)
recursively fork=M - 1,M -2,...,0. Then,

E [In (Zqenm vo exp (Xn(@s. ay - - - - Oayy - 0a)) )| = E [Xo(@0)]. (3.2.9)

Note that the right-hand side of (3.2.9) can be expanded to

iM-1

E[Xo(a)o)]=E[ln(E[E[...E[E[exp({MXM(&)o,.. o) | Fara] B ‘¢M y ‘7—-1

(3.2.10)

where we write F; = o(@g, &1,...,0;) fork=0,...,M - 1.
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3.2 Preliminaries

Definition 3.2.6. The branching random walk (BRW) on the N-level binary tree with

standard Gaussian increments is a centred Gaussian process (z(O'))UE{_1 1V with covariances

E[z(0) 2(F)] = o A G, Vo,5e{-1,1}"V. (3.2.11)

Note that (Z(O'))ae{—1,1}N is a CREM whose speed function A is the identity function, i.e. it
satisfies A(x) = x for all x € [0, 1]. We have

N geprapy = (Z200) ey (3.2.12)

oef{-1,1

where each z,, is from a family of i.i.d. standard Gaussian random variables. Now, we apply
Proposition 3.2.5 to the enriched free energy of the CREM.

.....

.....

M-2

FN(LQ) = 1+ gy — %E[ln (E[E[ - E[E[Zgon 2| TM_I]%I | o] 1 . ‘7—7]*2

il

(3.2.13)
where
1
Zigo,--am) = ), exp(V2tHy(o) + V2 £¥ (g - gj-1)224(0),
oel-1,11¥
Fr=0(zo,...,2), k=0,....,M—1. (3.2.14)
Furthermore, independent of (H](‘,(a-))(re{_1 I the processes 71 = (ZI(O'))O_G{_L”N,...,ZM =

(ZM(O'))O_E{_LI}N are i.i.d. copies of 7y = (ZO(O’))O_E{_LI}N, a BRW on the N-level binary tree with
standard Gaussian increments.

Proof. By the tower property,
Fn(t,9)
1
= _NE [ln (ZaeNM Va Qige(~1,1}V €XP (HN(f’ q,0, 0/)))]

_ —%E [E [m (Sactitt Vo Soeicr.v exp (V21 HA(0) — Nt + V2 Yo(or.@) ~ Naw)) | (), {_M}N”

E [m (Saet Vo Soei-11v exp (V2 HA(@) + V2 Yo(or, )| (H]*\‘,(U))Ue{_l’l},v” :
(3.2.15)

1
=t+QM—N]E
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3 A Hamilton-Jacobi approach for the free energy of the CREM

To apply Proposition 3.2.5 to the last conditional expectation in (3.2.15), we construct a

measurable function Gy : [0, 1]Y*! — R so that conditional on (HI‘?,(O-))UE‘_1 e

d

aeNM

(Zae{—l,l}N exp (\/2_t Hi(o)+ V2Yq(o, a/)))

(exp (GM(wQa a)(¥|]7 oo ,U)(le_pwa))) weNM ’

(3.2.16)

.....

construction as in Step 1 of the proof of Proposition 6.3 in [58] which requires the following
steps: Let w be a uniformly distributed random variable on [0, 1].

1. There exists a measurable bijection ty: [0,1] — [0, 1]2N so that (y(w) is uniformly
distributed on [0, 1]2N. One can construct ¢y e.g. by splitting the binary representation
of x € [0, 1] into 2V parts.

2. Let @ be the cumulative distribution function of the standard Gaussian distribution.
Let ®3': [0, 11" - R?" be the map which applies ®~! to each entry of an element of
[0,1]%". Then, @y o uy(w) is a 2V-dimensional standard Gaussian vector.

3. Let (Z(O'))ge{_LuN be a BRW on the N-level binary tree with standard Gaussian incre-

.....

.....

,,,,,

4. We set
Gy [0, 1M+ 5 R,

M
(o, 1) = D (g = qie1) PR o DF! 0 1y (). (3.2.17)
k=0

.....

(GM((UQ’ Walys - - -5 Waly_;» wa)) (Zﬁo(‘ﬂc - Qk—l)l/zR © (Dl_vl ° LN(wa""))aeNM

aeNM

Il

.....

where each (zw|k(0'))ae{_1’1}w is from a family of i.i.d. copies of the BRW (z(0)), ¢y 1
from step 3. By (3.1.13) and (3.2.12), recalling that each z4, 4, denotes an element of a
family of i.i.d. standard Gaussian random variables,

e

N M B 12
(Yq(a-’a))o—e{—l,l}N,aeNM ( i=1 Zk=0(qk = qi-1) Z"'l‘""k)(re{—l,l}’\’,aeNM

Il

M 12
(Zkzo(Qk - qe-)" Za|k(0'))ge{_1,1};(aeNM

Il

(1) © Crt@e, a2 Vel @) ) e+ (3:2:19)

where 7;: R2Y - R, i=1,...,2", is the projection to the i-th entry.
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3.2 Preliminaries

5. We set

Guy: [0, 1M SR,
u ' In (z?ﬁl exp (V21 Hy(¢(i) + V27; 0 Gy (w))). (3.2.20)

By (3.2.19), G satisfies (3.2.16).

We apply Proposition 3.2.5 to the conditional expectation on the right-hand side of (3.2.15)
to get that

BB In (Sacton vo Soe-11v €xp (V2 H(@) + V2 Yoo )| (@), |

= E[E [ln (X aenm Vo exp (Gu(wg, Wal, s - - - » Waly, ],wa)))’ Hf\xz( )) 4 1}N]]
‘M-2

Fru 2]‘“"

M

_ E[E[ln(E[E[...E[E[exp uGu(@p. ... 63| Faai]
‘ﬁ]ﬁ %]:) (H3@) ey |
-1

E[...E[E[exp@MGM(@o,.- (L)M))|TM 1] v

iM-2 4 1

:E[ln(E Frr 2]““ ..’751]‘2 7—‘0]5)] (3.2.21)

with the tower property in the last step, where @y, ..., @) are i.i.d. uniformly distributed
random variables on [0, 1] and we write for k =0,..., M -1, Sf"k = o(@g,...,0r). By (3.2.18)
and (3.2.20),

N - d
exp ({uGm(@o, - - -, OM)) = Zy (20, - - - » 2m)™, (3.2.22)
recalling the notation in (3.2.14). Inserting (3.2.22) into (3.2.21) gives

E

E|In (ZaeNM Va Xoe(~1,1)¥ €XP (\/Z HII?/(O-) +V2 Yq(o, a))) ‘ (Hﬁ(o-))ore{—l,l}’v”

]“ )] (3.2.23)

recalling that ¥ = o(z0,...,zx) for k = 0,...,M — 1. Thus, inserting (3.2.23) into (3.2.15)
completes the proof. O

(M—l

:E[ln(E[E[...E[E[z,,q(zo,.. | Faua | (Mi ‘?‘1
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3 A Hamilton-Jacobi approach for the free energy of the CREM

3.3 Partial derivatives and Lipschitz continuity of the enriched
free energy of the CREM

The goal of this section is to prove the following proposition.

Proposition 3.3.1. Let Fy be the enriched free energy of the CREM defined in (3.1.14).
Forallq,§ € Uy, 0¥ and all 1 > 0,

|Fn(t, ) — Fn@ o)l < llg—qlli- (3.3.1)

In particular, there is a unique extension of Fy to the space Ry X Q1, which satisfies (3.3.1)
on RZO X Q1.

This and the following Lemma 3.3.2 imply that Fy(z,-) has a unique Lipschitz continuous

extension to Qj, see (3.1.15).
Lemma 3.3.2. The set |J5_, 0" is dense in Q) w.r.t. || - ||;.

Proof. Let q € Q). It suffices to show that g is Riemann-integrable. Then each step function
determined by any Riemann sum of q lies in | J§;_, O, since q is increasing. Therefore, q can
be approximated pointwise by (qy)ven € Uj)_o ™ with gy < q for all N € N. Convergence of
(gv)nven to g in Ly([0, 1)) then follows from the dominated convergence theorem.

We now prove that g is Riemann-integrable. Since q € L([0, 1)), we have f[o’])qd/l < 0o,
denoting dA in the Lebesgue integral and du in any following Riemann integral. Since q
is increasing, it is Riemann-integrable on [0,a] for any 0 < a < 1 and the Riemann- and
Lebesgue-integrals coincide on [0, a]. This gives

1 a
f q(w) du = limf g(w) du = lim gda = f gdAa < oo, (3.3.2)
0 atl Jo atl Jio,qa] [0,1)

so g is Riemann integrable. O

The proof of Proposition 3.3.1 requires a version of the Ghirlanda-Guerra identities, which
are proven in Proposition 3.3.6, and the computation of “partial derivatives” of Fy in the
sense of Proposition 3.3.4. We first prove Lemma 3.3.3, which we use in the proof of
Proposition 3.3.4.

A:[0,1] - [0, 1] be a speed function. Recall the definitions of the CREM (H;?,(a-))(re{_1 g with
speed function A in (3.1.1), of the Ruelle cascades with parameters ({i)i=o..m+1 in (3.1.6) and

of (Yq(o-, a))a » 10 (3.1.13). We assume that the processes (vy)yenm, (HI‘:‘,(O-))

e(-1,1}", aeN oe{-1,1}V
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

and (Yq(cr, a))a-e{—l,l}N,aeNM are independent. Recall (3.1.14), namely, for M\,N € N, ¢t > 0 and

a= Lo aklig.ge € O™,

1
Fy(t.Q) = —E |10 (Zaenm va Soeriy exp (Hy(t,q, 0, @)

Hy(t,q, 0, @) = V2t Hi(0) — Nt + V2 Yo(0, @) — Nqu. (3.3.3)

Lemma 3.3.3. It holds

E ’ln (ZaeNM Va 2ige(-1,1}N €XP (HN(t,q,O', a))) H < 00, (3.3.4)
Proof. We write
Xiq = Z Vo Z exp(HN(t,q,o',a/)). (3.3.5)
aeNM  ge{-1,1}V

Our goal is to prove that E [|1n X,,q” < 00, We have

E [|ln Xt,q” =E [Il[l,oo)(Xt,q) In Xt,q] -E [ﬂ(o,l)(xt,q) In Xt,q] =2E [Il[l,oo)(Xt,q) In Xt,q] -E [ln th] .
(3.3.6)

Since Inx < x for x > 0 and X, 4 is positive,

E [ﬂ[l,w)(Xt,q) In Xt,q] <E []l[l,oo)(Xt,q) Xt,q] <E [Xt,q] =E [ZaeNM Vo ZO'E{—I,I}N exXp (HN(I’ q,0, a/))] .
(3.3.7)

By the monotone convergence theorem, we can interchange summation and expectation

on the right-hand side of (3.3.7). This and the independence of the processes (Vq)yen,

(Hy(o) |y and (Yq(o a))o—e{—l,l}N,aeNM gives

oef{—

E [Xt,q] = Z E [Va 2oe(~1,1}V €Xp (HN(f’q,O', a/))]

aeNM
= exp(-Nt = Ngw) ) E[va Soei-11y exp (V2 Hi (o) + V2 V(0 @)]
aeNM
=exp(-Nt=Ngw) Y Elval > Elexp(V2r Hy(@) + V2 Yo(o, )] (3.3.8)
aeNM oe{-1,1}V

By the monotone convergence theorem again,

D Elvel = E[Socm val = 1. (3.3.9)

aeNM

By (3.2.2) and the independence of (Hﬁ(a)) v and (Yq(O', a)) the last expec-

oe{-1,1} oe{-1,1}N, aeNM’
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3 A Hamilton-Jacobi approach for the free energy of the CREM

tation on the right-hand side of (3.3.8) satisfies
E [exp (V2t Hy(0") + V2 Yo(0, @))| = exp (Nt + Nqus) . (3.3.10)
Inserting (3.3.9) and (3.3.10) into (3.3.8) gives

E[Xq]= > 1=2"<co. (3.3.11)

oe{-1,1}N

In particular, (3.3.7) implies that E []l“,oo)(Xt,q) In X,,q] < co.

By (3.3.6), it remains to show that E [lnX,,q] > —co. We get by Lemma 3.2.7 that

M-1 1
E[IHX”Q] =E[IH(E[E[ [E[th(ZO’---,zM)ZMbEM 1 . |7L~M 2 ‘Tl Z TO]ZI )}
(3.3.12)
recalling that
Zia(o, s 2m) = Z exp (V2 Hy(o) + V2 ¥ (q; - Qj—l)%zj(a')),
oe{-1,1}V
Fr =00, ...2), k=0,...,M—1. (3.3.13)

Furthermore, independent of( (a-)) " the processes 73 = (zl(a-))(,e{_l’l}zv,...,zM =

-1,
(ZM(O'))O_E{_LI}N are i.i.d. copies of zy = (10(0'))0 —LN, @ BRW on the N-level binary tree
with standard Gaussian increments. We apply Jensen’s inequality to the concave functions

I7)

Ie
X x M, .., x> xé in (3.3.12). This and the tower property gives
7—'0])]. (3.3.14)

E[InX,q| > %E[ln (E[E[ - EE[ZigGo, 2| Faar || Fara)] ‘ F

1
= Z—E|: ln (EI:Zt’q(ZO, ey Z]W)é,1
1

Let 5 € {—1, 1}V, Inserting the bound

| 74|
Ziq(20, - nzm)"! = (Zo-e{—l,l}N exp (V21 Hiy(0) + V2 $¥ (g5 - qj—1)§Zj(0')))
> exp (01 V2t Hy(@) + V2 £¥(q) - 4;-1)72;(@) (3.3.15)

into (3.3.14), we see that

E[InX.q| 2 Z%E[ln (E[exp (€1V2t Hy(@) + (V2 £ (q) - q;-0)25(0)) ‘ %])] (3.3.16)
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

By the independence of Hy(d) and (z J-((r))j:1 4 O %o,

f exp (V21 @) + 62 Bo(a; - a0t 2@) |73
= B [exp (V2 HY@) + V2 Z (0 - 0504210 | B[ exp (V2 qgao(@)) |70 3:3.47)
where

| exp (61V2 4520 | 70| = exp (61 V2 ap20(@)). (3.3.18)

Furthermore, by independence again and by (3.2.2),
E [exp (61 V2t Hy(@) + 6V2 £Y () - 4j-1)721@)|
= E[exp (61 V21 Hy(@)| ﬁ E|exp (61V21(q; - 4j-0*2(@)|
=1
= exp ({IN (1 + qu — o)) (3.3.19)
Inserting (3.3.17)-(3.3.19) into (3.3.16), we get that

1 1
E[InXig] = 6V @+ i - q0) + — B[ V2gi20(@)| = N 1+ qus = qo) > . 0

The 1-fold Gibbs average on the spin space Sy .y = {—1, NV x NM wrt. Hy(t,q,-,-) and (vg)genm

of a bounded and measurable function g: Sy — R is denoted by

2.aeNM Va de{_l,“"’ g(o, a)exp (HN(I, q,o, a’))
ZaeNM Va Zo‘E{—l,l}N exXp (HN(t, q, o, a’))

(8o, ) q = (3.3.20)

This is the average of the function g w.r.t. the (random) Gibbs measure yu,q with weights

Va EXP (HN(I, q, a, fl’))
Yae Va Dei_1.1)v €Xp (Hn (1,0, 0, @)

(6, &) = (&,&) € Sy (3.3.21)

Note that replacing (vq),eny» by the unnormalised weights (w,),ey» does not change (3.3.20).
The 2-fold Gibbs average (g(c, @, &, @)), . is denoted by

Z(l,d/ENM VaVa ZO’,&E{—I,I}N g(0-7 a, 5-9 &) exp (HN(I7 q7 g, a) + HN(I7 q7 5-7 &))

Za,&eNM VaVa Zo-,d'e{—l,l}N exXp (HN(t, q,0,a)+ Hy(t,q, 0, d’))

<<g(0—’ @, 6—$ &)»t,q,z =

(3.3.22)

where g: SIZV,M — R is a bounded and measurable function. This is the average of g
w.rt. (uq)®*. For n > 2, the n-fold Gibbs average (g, oV, ... 0™, a™)), 4, is defined
analogously.
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3 A Hamilton-Jacobi approach for the free energy of the CREM

For M € N, we define the convex cone
C(SM) = {q =(q0,....qu) ERM: 0<gp<--- < 6IM}- (3.3.23)
Its interior is

Cc ={g=(qo.....qm) eRM': 0 < gp < --- < qu}. (3.3.24)

With Lemma 3.2.3, 3.2.4 and 3.3.3, we can compute the “partial derivatives” of Fy(¢,q) in
the following sense:

Proposition 3.3.4. Let M,N € N and let (v,),env be the Ruelle cascades with parameters

O0=0O <O <O < <ly-1<ly<ly+1 =1. LetA:[0,1] — [0, 1] be a speed function. We set
Fy:RoxC™ SR,

(t.q) = (.90 . qm) = F (. 220 ailicogenn) (3.3.25)

where Fy is defined in (3.1.14). Then, for eacht > 0 and each q = (qo,...,.qum) € C(<M), denoting
a = 3iLo ailiag.,), we have

FN(t, q) = E«A (%&)»t,q,f

a
3,
D Ft ):E((]l - (a&)m» k=0,....M (3.3.26)
aqk N\ q aANa=k B N t,q,Z’ g0y . e

Proof. LetMeN,t>0,q=(q0,...,qM)eCiM)andO:{o<{1 <O <<y <y <iys=1.
We have

2Fn(t.q) = —%%E [In (Zaenr va Soerripy exp (Hn(r.a. 0, )] (3.3.27)

where Hy is as in (3.1.14) and (v4)env are the Ruelle cascades with parameters ({i)i—o. as+1-

The next step is to apply Lemma 3.2.4 in order to interchange derivative and expectation in
(3.3.27). We denote by (Q,F,P) the joint probability space of (vq),enm, (H]’i‘,(o-))

(Y a(o, a/))o—e{—l,l W aeNM
check the prerequisites 1.-3. of Lemma 3.2.4 for the function

oe{-1,1}V and

and abbreviate a realisation of all these processes by w € Q. Now, we

g:RxQ — R,
(t,w) P I (Zoenm va Zoer,iy exp (Hy(,0, 0 @))). (3.3.28)

1. For each ¢t > 0, by Lemma 3.3.3, E [|g(t, w)|] < .
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

2. Letty > 0and I = (1o — &, 19 + &), where € € (0,1)). We prove that for P-almost all

realisations w of (vy),enm, (Hj\‘,(a)) W and (Yq(O’, a/)) the function g(-, w)

oef{-1,1 oe{-1,1}", aeNM’

is differentiable on I. We have

fet,w)=£1n (ZaeNM Va 2e(-1,1}V EXP (HN(E a.0, a’)))
£ Yo Va Dre-1,1)¥ €XP (HN(T’ q. 0, a’))

= . (3.3.29)
2iaeNM Va Zoe(-1,1}¥ €XP (HN(I’ q. 0, a’))
Note that for r € I and @ € N¥,
’% exp (HN(I, q, o, a/))’ = Z exp (HN(t, q, o, a)) gHN(t, a,o, a/)’
oe(-1,1}V oe(-1,1}V
= Z ’(2t)‘1/2H1/3,(0') - N| exp (HN(t, a,o, a))
oe(-1,1}V
< >0 (@ - &) |Hy@)] + N)exp (HY™ (10, 8,9, 0 @),
oe{-1,1}V
(3.3.30)
where
HY™ (19, £,9, 0, @) = \/2(tg + &) |[Hy(0)| = (to — ©)N + V2 Yq(o, @) — Nqu. (3.3.31)

One computes with the same methods as in (3.3.8)-(3.3.11) that

E | Saewm Vo Soe-1ap (2t = &)™V [HY(0)| + N) exp (HR™ (10, £, 0, 07, )| < 0. (3.3.32)

In particular, the argument of this expectation is P-a.s. finite. This and a classical result
of analysis (see e.g. Theorem 7.10 of [104]) imply that P-a.s., the function series

te > v Y. Zexp(Hy(t.q,0,0)) (3.3.33)

aeNM oe{-1,1}¥

is uniformly convergent on /. By Theorem 7.17 in [104], we can exchange derivation
and summation in the numerator on the right-hand side of (3.3.29) for P-almost all
w € Q. For these w and t € I, we get that

% 2iaeNM Va Z(re{—l,l}N exXp (HN(T, q, o, a'))
= YaeNM Va Doe(—1,1}V (% eXp (HN(I‘, g, o, Cl))
= DlaeNM Va Dige(—1.1}V ((2f)_1/2H1/3/(0') - N) exp (HN(I, q,0, a/)). (3.3.34)

Inserting (3.3.34) into (3.3.29), we get for P-almost all w € Q that g(:, w) is differentiable
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3 A Hamilton-Jacobi approach for the free energy of the CREM

on I with

Vet Vo Toer-11p (2072 Hiy(o) = N) exp (Hy(1,9, 7, @)
2aeNM Va 2ige(~1.1}N €XP (HN(I, g, 0, CY))
= (@20 PHY(0) = Ny g, (3.3.35)

2ot w) =

for r € I, where (), 4 is the 1-fold Gibbs average defined in (3.3.20).
3. By (3.3.35), P-a.s. and forallr e, a € NM, 5 e {1, l}N,
Pttt Vo Doei-1,1v (202 [Hy()| exp (Hn(t0. G, o )

Yot Vo Xoei-1.1v exp (Hn(1, 0. 0, @)

exp (—Hﬁi“(to, £,Q,0,&)

|g1g(t, a))’ <

)Z Vo Z |Hﬁ(0')|exp(H]’{,‘a"(to,a,q,o:a)),

- 2va(to — &) aeNM  ge{— 1,1V
(3.3.36)
where Hﬁax is as in (3.3.31) and
HY™19,€,9,5,@) = —2(1g — &) [HY(@)| = (1o + &N + V2 Yo(6, & — Ny (3.3.37)

Elementary computations as in (3.3.8)-(3.3.11) show that the right-hand side of (3.3.36)
has finite mean.

Thus, by Lemma 3.2.4, we can exchange derivation and expectation in (3.3.27) to get that

%FN(I, q) = —%C%E [lﬂ (ZaeNM Va 2oe(-1,1)¥ €XP (HN(I, q,0o, a)))]

1 |0
= _NE [6_, In (ZaeNM Va Dge(-1,1}¥ €Xp (HN(I, q,0, a/)))]
1 _ L
=-~E [«@y 2 Hy(0) = Nyg| =1 - 52 VECHY(0));14- (3.3.38)
using (3.3.35) in the second last step.

We want to apply the Gibbs-Gaussian integration by parts formula from Lemma 3.2.3 to the
right-hand side of (3.3.38). In the setting of this proof, S = Syn = {-1, DV xNM p=1, g=1
and u is a measure on Sy y with u((o, @)) = v, for all (o, @) € Sy.u- By Lemma 3.2.3,

@07 PEHY(@)g = @0 PE(E [Hy (.. 0. ) Hy(@)] - E[Hy(t.. 0. ) HY@)])

= N = NE(A(FE)), .- (3.3.39)

where we used in the last step that (27)"!/’E [HN(t, q,o, a)H,(‘,(&)] = NA (”—]f,") for o, 6 € {-1, 1}V
and a € N¥, Inserting (3.3.39) into (3.3.38) gives

£ Fn(t,q) = (A (ﬂ)»,,q,z- (3.3.40)
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

To compute 3y Ny N q), one justifies the exchange of derivation and summation/expectation
as above for ‘Z Fy(t, q). This gives for k =0,..., M that

% Fn(t, q) = —%%E [ln (ZaeNM Va 2ioe(-1,1)V €XP (HN(t, g,o, a/)))]

17
= _NE »% In (ZaeNM Va 2oef-1,1)V €Xp (HN(L g0, a/)))]

1 & [ % 2aeNM Va Zo—e{—l,l}’v exXp (HN(f, q, 0, CY))—
N Saewm va Soepo1,1v exp (HN(f Q. 0, a’))
1 ZaeNM Va Zoe(-1.1V 3.~ eXP (HN(t q, 0, CY))

=——FK
N | 2iaeNM Va Za'e{—l,l}N eXp (HN(L g, o, af))

- —yE( e acm),

= Tyem(k) — £E<< Yq(o, a)>> (3.3.41)

d

Recall from (3.1.13) that (Yo(@.@) | v oo = (Z1 S0k = a0 2otial), oy 1 e

where each z44, is from a family of i.i.d. standard Gaussian random variables which is

independent of (vy),en» and (Hj\‘,(O'))(TE{_1 v By Lemma 3.2.3, we get for k =0,...,M — 1 that
E( Yo @), = B B, Sota) — 4j-0" 2ot ),

=1E <<(61k —qi-) 22N Zo‘li,alk»t’q -3 <<(‘Ik+l — g I 20, a|k+1>>

FE(( A D) (Lanak(@, @) = Lonasisi (@ D))

rq

19,2
=~ 5E((0 A D) Lara-i(e, a)>> (3.3.42)
using that
(q; - gj-)"PE[Hy(t.9.000) £Y| 25,1, | = V2(0 A ) Lanaz (e @), (3.3.43)
for o, € {1, l}N, a,& € NM and j=0,...,M. In the case k = 0, we used the convention

g-1 = 0. Inserting (3.3.42) into (3.3.41) gives

2 Fn(t.q) = E{Lanami(a. ), . (3.3.44)

fork=0,...,M — 1. Analogously, by (3.3.43) and Lemma 3.2.3,

B ) = - " 5y )
= \/l, (1 - E<<o-_1/\\l6-:ﬂ-a/\d=M(a’ &)>>l‘,q,2)’ (3345)
SO
%FN(I, q) = }E<<:H-a/\(~t=M(a’ d,)o-[/\\]_&»t,q’z' =
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Proposition 3.3.5. In the setting of Proposition 3.3.4, for each t > 0, the function Fx(t,-) is
in C' (. R).

Proof. Lett > 0, M\,N € N, g = (q0,...,9m) € C(<M) and 0 = {p < (1 < O < -+ <Ly <
i <l = 1. We write = X giligz.) € Q™. By Proposition 3.3.4, Fy(t,-) is partially
differentiable in ¢ with partial derivatives

o i _ ~ 6 _
- Fn(t.9) = B Lang-k(@. & &Ng»t’ql, k=0,...,M. (3.3.46)
It remains to show that for each k € {0,..., M}, the partial derivatives in (3.3.46) are con-

tinuous in ¢. For this purpose, let ¢ € C for n € N with lim e llg — ¢®l; = 0. We
write g = £ 4" 15,4, € Q™ forn € N. Forall > 0, all n € N and all k € {0,..., M},
(T gra=k(, &)%}))t’q(n),z is bounded from above by 1. Thus, by the dominated convergence

theorem, for all k € {0,..., M},

0 E oy oG
lim 7 Fv(t,q )—}llTrorolE«Ilam:k(a,a) 2 >>[’q(,l)’2

= [}llTIg ]E<< Lona=k(a, @) %? >>t,q<">,2]

E(Tana=i(e, @)% ))

= %FN(z, q). (3.3.47)

1,9,2

In the second last step, we used that the map

c™ S R,

P=(pos- s i) = (Lara=k(@, @) 2 ) (3.3.48)

LEH o Pilizjjn2

is clearly continuous for each realisation of all the randomness contained in the Gibbs

average <<'>>t2“0p,-11[ a2 Note that by (3.1.13), this randomness can be described by
2L j= 2j2jr1)

A .
(Va)aen, (HN(O'))%{_]’”N and (z(r|,.,(,|j)ge{_l’l},\,;%N}Mﬂ:1 ’’’’’ Nejo.. SO It does not depend on p. [

For a bounded and measurable function g: N¥ — R, which does not depend on the o-spins,
the 1-fold Gibbs average in (3.3.20) can be simplified to
_ 2aeNM Wiga 8(@)

(g@Nq = S i , (3.3.49)
aeNM Wt .«

where

Wiga = Wa Z exp (Hn(t,9, 0, @)). (3.3.50)

oe{-1,1}V
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

For n € N and g: (N¥)" — R bounded and measurable, the n-fold average over the a-spins

is

7 . (1) ()
(o) oo Bt T gsta® )

: i
1o 2am,..ament [Ty Wigqa0

.....

(3.3.51)

Wiga

We now prove that (¥y),enm = ( T satisfies the Ghirlanda-Guerra identities. These

aeNM Wf,qﬁ) eNM
identities form a universal property whicah characterises the structure and the multi-overlap
distribution of a random probability measure. We refer to Section 2.3-2.5 of [100] for more

details.

Proposition 3.3.6 (Ghirlanda-Guerra identities). Let M, N € N and let (v,),n# be the Ruelle
cascades with parameters 0 = {p < {| < o < -+ < Ly-1 < ¢y < Lly+1 = 1. Lett > 0 and
q= (g0, ..qu) € C2V. We write q = %1 kg4, and ({-Den = ((-Drqu), .y @S in (3.3.51).
Letn € N and p = (po,...,pu) € C(SM). Let g: R — R and h: R - R be bounded and

----------

for each oW, ..., a"*) € NM Then,

1 1 ©
EQg(R"Y h(R1ne 1))t = ~ECRRDY, (AR12D, + — D ECR") h(R1.0Y, (3.3.52)
(=2
and
M
E(h(R12))2 = ) h(p)(&js1 = &). (3.3.53)
Jj=0

Proof. This proof has the same structure as that of Theorem 5.28 of [58], substituting

(V(Y)(YENM by (‘N}a)aeNM'

Step 1: Reduction to polynomials and py = 0. There exists a polynomial of degree at most
M which coincides with 4 in the points pg,..., py. Since h is only evaluated in the points
(R1.¢)e=1...n+1, which can only assume the values py, ..., py, it suffices to prove (3.3.52) and
(3.3.53) for polynomial functions #: R — R. By the linearity of all the terms in (3.3.52) and
(3.3.53), we assume without loss of generality that 4 is the form x — h(x) = x", m € Ny.

We now argue why pg = 0 can be assumed without loss of generality: With the functions

0p: {0,...,M} — Ry,
ko e (3.3.54)

and

e;;l)(n: {O, e M}an N Rnxn

>0 »

Sttt trtn = B0, o s (3.3.55)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

we rewrite (3.3.52) and (3.3.53) as
E(g 0 0" )R - (ho 6,)Rip)) | = %E(((g 00 RM) ((ho6,)R12)),

+ 1Y E((g 0 0 R - (10 6,)(R10)
=2

M
E((h o 0,)(R120); = ), (ho6,)()&jr1 = &), (3.3.56)

J=0

,,,,,,,,,,

and measurable functions, we can state (3.3.52) and (3.3.53) in a form that does not depend
on the choice of (po, ..., py). Namely, for each g: R — R and each #: R — R which are
bounded and measureable functions,

n

D E(RRY AR 0)) |

t=2

S| =

B2 R iR ), = YE(RED), (iR, +

M
EQh(R12)), = ) h()Eje1 = &), (3.3.57)

J=0

If (3.3.52) and (3.3.53) are proven for a specific choice of p = (pg, ..., pu) € C(SM) with pg =0,
then the validity of this result can be transferred to any other choice p = (po,..., pm) € C(SM).
This can be done by concatenating 4 with 6, o 0;1 and g with 6" o (ng”)_l. Thus, we can
assume that pg = 0. This is necessary to apply the Bolthausen-Sznitman invariance in Step 3
of this proof.

Step 2: Basic computations. For m = 0, i.e. constant functions 4, (3.3.52) and (3.3.53) are
trivial. Let m > 1. We define

M
(@) = 2 (0 = p) " 2 (3.3.58)

for each o € N¥, where each z,), is from a family of i.i.d. standard Gaussian random variables
which are independent from both (W,),cyv and (Hy(¢,q, o, “))ae{—l,l}N, wenM- Then,

.....

= 2a0,...amenm SR E [%m e %(N)me(a(l))], (3.3.59)

.....

where, since E “me” < oo, the dominated convergence theorem justifies the exchange of
expectation and sum. By the independence of (me (Q))aeNM and (Vo) penm,

B [Fo -+ B0 Zpn (@ )] = E [Ty0) -+ Fow | E[Zpn (@ )] = 0. (3.3.60)
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM

Inserting (3.3.60) into (3.3.59) gives
E(g(R") Zym(@ ")), =0, (3.3.61)

which is the first step towards 3.3.52.

Step 3: Bolthausen-Sznitman invariance. We use the Bolthausen-Sznitman invariance to
replace {-) in (3.3.61) by a different Gibbs average. For this purpose, we define the random
Gibbs weights

Wq exp (BZ,m(a)
T A ez ) ,  aeNM (3.3.62)
Saerm W5 exp (BZy (@)
for each B > 0. Note that #>™ = 7, for each @ € N™. The n-fold average (-)*™ w.r.t.
(ﬁf,ﬁ’m))aeNM is defined by
Bm) o
(r@,....a™) " > %™, e ™), (3.3.63)

oD, aWeNM i=1

.....

where f: (NM )n — R is a bounded and measurable function.

Since pg = 0, the Bolthausen-Sznitman invariance [58, Lemma 5.27] implies that for each
B > 0 there exists a random permutation 7: N¥ — N™ which satisfies both of the following:

1. 7 preserves the tree structure on N, i.e. n(a) A 71(@) = @ A @ for all @, @ € N¥.

2. It holds

(War Zpr (@), o (w,,(a) exp (Bme(ir(oz)) _ ﬁzzbm), Zy(n(@)) — ,Bbm) e (B3.64)

e

where b, = Zyzl (P'j" - PT_l)gi-

By (3.3.64) and by the independence of (me(a/))aeNM, (Hy(t,q, 0, CL’))O.E{_LI}N’GENM and (V) yenm,

(vor Y exp(HN(1, 00 0)). Zpn(a)]

oe{-1,1}"¥

£ (waor exp (BZpm (@) - E32). 3 exp(Hy(1.0. ), Zyn(r(@) ~Pou) . (3.3.65)

€
oel-1,1V @

aec

The covariances of (ZG_E{_L”N exp (Hy(t,9, 0, a)))aeNM only depend on the a-overlaps (besides
t,q, N). Thus, since these overlaps are invariant under =, the statement in (3.3.65) remains
true if we replace Hy(t,q, o, a) on the right-hand side by Hy(t, g, o, n(«)). This implies

(P Zpr(@)) s = (T, Zy(()) — ) (3.3.66)

aeNM *
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Step 4: Gibbs-Gaussian integration by parts. By (3.3.61) and (3.3.66),

0 = E{g(R") Zyn(@ D)),
=E [Za(]) a®eNM Vo) *+ Vg g(R")me(a(”)]

.....

—E[Zam ,,,,, atnen P (,))) 00, 8RY) (Zpn (@ D)) - Bbiy )] (3.3.67)

Since & preserves the tree structure, applying it to each component of R" on the right-hand
side of (3.3.67) does not change any value. This gives

0 =E[Xq0,. qmern 750" - 950" gR™) (Zpn(@ ™) = By )]
= E(g(R") (Zy(@) - by, )»(ﬁ "
@m)
:,BE<<8(R") (Z?:l pz(l),\a(i) - np’(f(l)w,m) - bm)>>n+1 , (3.3.68)

with the Gibbs-Gaussian integration by parts formula (see Lemma 3.2.3), using that for
@, & € NM we have E [me(a/) me(&)] = pn

ana”

Since all the arguments of ((-))fﬁ”f) on the right-

hand side of (3.3.68) are invariant under x, we can use (3.3.66) to change (- >>;(£r’;1) back to

-Dps1- This gives

0= ,BE<<g(R”) (Z?:I P nao ™ WPy gty ~ bm)>>n+l
= ﬁE«g(R") (Z?zl R1)" = n(Ry 1) = bm)>> : (3.3.69)

n+1

Thus, since R11 = pu,

E(g®") Ripe)") == Z E(s®R" R1)") + M&T_%E«g(m))}n. (3.3.70)
With n =1 and g = 1, this gives
M
E(eR") (Ri2)"), = Py = b= ), P} (L1 = &)).- (3.3.71)
=0

This means that we have proven (3.3.53). From (3.3.70) and (3.3.71) also follows (3.3.52). O

Using the previous propositions, we prove the central result of this section.

Proof of Proposition 3.3.1. This proof has the same structure as that of [58, Proposition 6.3],
the analogous result for the SK model. Let M € N.
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3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM
Step 1: Averaging over the Ruelle cascades. For q = Y1 qilisz.) € O™, we have by

Lemma 3.2.7 that
FN([,q) =qm+t-— NE[ln(E[E[-'-E[E[Zt,q(zo’--~aZM){M|7'-M_1] M |7—'M_2]5M—l ‘)Tl] ‘7:0] )],

(3.3.72)
recalling
Zig(zo,- )= ). exp(V2rHivo) + V2 £¥ (g - gj-1)z(0)),
oel-1,1}¥
Fr =0(z0,---52), k=0,....M—1. (3.3.73)

Furthermore recall that, independent of (H;\‘,(O')) e the processes z; = (z; (U))ae{—l,l}’v’ R

oef-1,
M = (ZM(O'))O_G{_L”N are i.i.d. copies of zg = (ZO(O‘))O_E{_I’I}N, a BRW on the N-level binary tree

with standard Gaussian increments.

Step 2: Repetitions of parameters. Let § = Z,i”zo ALz € Q(SM) \ O™, i.e. there exists
k=0,...,M— 1 with g = G+1. Furthermore, there exists p € U}',' 0% with p(u) = §(u) for all
u€[0,1]. In (3.1.14), we have defined Fy only for piecewise constant paths q € 0¥ without
any repetition in the parameters. Now, we ensure that a naive extension of the domain of
Fy(t,-) to U, Q(Sk) is compatible with (3.1.14) in the sense that Fy(¢,§q) = Fy(t,p) for all ¢ > 0.
If we define Fy(z, Q) as in (3.3.72), replacing q by §, then the factor (g1 —Qk)%, which appears

in Z; 4(20, - - ., 2m), is zero. Thus, zx41 does not affect the right-hand side of (3.3.72) and we get
E[E[ B[ ZigGor. 2o Fauaa| ¥ | Faaa] ﬂ+1]' ﬁ]

Repeating this procedure for all repetitions in the parameters of § shows that Fy(z,§) =
Fy(t,p) forall ¢ > 0.

Step 3: Extending the partial derivatives. Recall the definitions of C(SM), C(<M) and Fy in
(3.3.23), (3.3.24) and (3.3.25), respectively. We have computed the partial derivatives of Fy
in Proposition 3.3.4 and have shown in Proposition 3.3.5, Fy(t, -) is continuously differentiable
on C(<M) for each r > 0. Since C(<M) is convex, the partial derivatives extend to the boundary,
so Fy(t,-) is continuously differentiable on C(SM) for each r > 0. This is a classical result from
analysis, see e.g. [111]. In particular, the formula (3.3.26) for the partial derivatives of Fy in
Proposition 3.3.4 is also true for r > 0 and g € C(SM).
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Step 4: Lipschitz continuity. We now compare Fy(t,q) and Fn(,q) for q,4 € Uj;_, Q(SM) by
taking M € N and

0=l <l << <lma<lm<lms =1,

0=g1<qyo << qu <o,

0=G-1<go<--<qu <o, (3.3.75)
so that
M M
a= ) aligan and A=) Gl (3.3.76)
k=0 k=0
For A € [0, 1], we define
M
q® =g+ (1= D3 = Y (g + (1 = DGO Lig.g ). (3.3.77)
k=0

Note that g € 0. By the fundamental theorem of calculus,

1 . ~
IFn(t, Q) = Fy(1,8)| = ‘ f 2Fy(.q")dl| < sup |2Fu(,d7). (3.3.78)
0 Aefo,1]
For each A € [0, 1], the chain rule implies that
B M
LFx (1.97) = Y @ - avg-Fu (1.q7), (3.3.79)
k=0
where
g = (Ago + (1 = Do, . . ., Agus + (1 = Digng). (3.3.80)
By (3.3.26) and Proposition 3.3.6,
(. q) = E{Lanai @ @) Y o < E(lorak @ @), =G~ (3.3.81)

where (('»;,qu),z is defined in (3.3.51). Inserting (3.3.79) and (3.3.81) into (3.3.78) gives

M
Pt Q) = Fy6 @)1 < D Wit = &l lgi = Gl = lla =l (3.3.82)
k=0

Since by Lemma 3.3.2, [Jj;_, O™ is dense in Q;, (3.3.82) implies the existence of a unique
extension of Fy to R, X Q1. This extension satisfies (3.3.82) on its domain. O
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3.4 The level sets of the M-BRW with Gaussian increments

3.4 The level sets of the M-BRW with Gaussian increments

Let M,N € N and let (Z](O’))O_E{_I’I}N,...,(ZM(O'))G.E{_LI}N be i.i.d. copies of (ZO(O’))O_G{_IJ}N, a
branching random walk on the N-level binary tree with standard Gaussian increments. We
write
N
zj(o) = szﬁli, JE0,.... M}, o€ {-1,1}", (3.4.1)
i=1
where (2jo|) ye(-1,1)% i=1,..N: j=0,..m ar€ 1.i.d. standard Gaussians. For £ = 1,..., N, the o-algebra
generated by (zjo|)ye—1,1)" i=1,..¢; j=0...m 1S denoted by F¢. Let a = (ao,...,an) € RY+1 We
define the additive martingale (or McKean martingale) for the family of branching random
walks (2;(0))ye(1,1)V; j=0,..m DY
N~ LR
Yo(N) = 27NemalbN " exp (2 ajzi(0). (3.4.2)

oe{-1,1}¥

Proposition 3.4.1. Let a = (ao,...,ay) € RY*! with |lall3 < 2In2. Then, (Yo(N))yey is a
nonnegative and uniformly integrable ¥y-adapted martingale with E[Y,(N)] = 1 forall N € N.

Thus, there exists by the martingale convergence theorem an a.s. limit of (Y,;(N))yen, Which
we denote by Y,(c0).

Theorem 3.4.2. Leta = (ay,...,ay) € RY*! with ||alj3 < 2In2. Then, for
To(N) = {o e (-1, 1}": zj(0) 2 a;N ¥ j=o...m) - (3.4.3)
we have
ITa(N)|
Ntw BTN °

almost surely.

In this section, we first use the methods of [69] to prove Theorem 3.4.2. Then, we prove

Proposition 3.4.1 and the following proposition.

Proposition 3.4.3. Leta = (a, ...,ay) € RY*! with |lal3 < 2In2. Then, P (Y,(e0) = 0) = 0 and
P (Y,(c0) > 0) = 1.

From this we obtain the following corollary.
Corollary 3.4.4. In the setting of Theorem 3.4.2,

lim P (|T,(N)| = 0) = 0. (3.4.5)
NToo
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Proof. By Theorem 3.4.2 and Proposition 3.4.3,

: _ 1 T,(N)| _ _ _ _
]{}%Pan(w =0) = }}{?ﬁ(uznnwm =0) = P (Yy(c0) = 0) = 0. O

Corollary 3.4.4 will be used in the proof of Theorem 3.1.1 in Section 3.5.

For the proof of Theorem 3.4.2, we first establish the following lemmas.

Lemma 3.4.5. Leta = (ap,...,ay) € RY*! with|lal3 < 2In2 and let T,(N) be as in (3.4.3). Let
r=r(N) T ooasN T oo withr =o0(N). Then for all € > 0 exist c{,c; > 0 possibly depending on &
such that

|ITa(N) = E[ITo(N)I | ]|

E [|T,(N)|] >e|<cie, (3.4.6)

for N large enough.

Proof. We adapt the proof of [69, Proposition 1.3] to our setting. Let § > 0. We set

TZ,,(N) = {0 € TuN): Ty 2o € @+ Vo Vim0

T, s(N) = To(N)\ TS, ;(N). (3.4.7)
Since
JN-E[IT, ]
P( ElT. (V] > ‘9)
p 75 |85 || 7] . 7z, . l|7;, 0| |7] S
. . A ~°

~
[Eh—

] Tl 7>

75,50 |7 . 72, ] [
y ] > §]+P(—[TH(N)” > +]P’[ [ y

= (P1) + (P2) + (P3), (3.4.8)

it suffices to bound each summand (P1), (P2), (P3) by c;e™*" for some cj,c; > 0.

1. First moment estimates for (P2) and (P3): We first compute

E(TM1= Y P(zi(0) 2 ajN Ve, )

oe{-1,1}¥

—ZNI_[f Nl i
M
_ N ( ”“'w)ﬂm(uo(l)) (3.4.9)

Jj=0
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,,,,,

oe{-1,1}V

M o0 )
_ N d. —-i N
=2 ]_[fN Fe WP (30, (n) < (@ + ) Yumr,..v) (3.4.10)

where 36VZ denotes a Brownian bridge from 0 to z in time N. For z < (a;+ %)N, since s - (a;j+0)s

lies above s — ¥ + (a; + $)s for s € [, N],

P (30.(n) < (a; + O Ver.v) 2 P (30.(5) < (@ + 6)5 Vseprv))

> P(SO ()< T +(aj+3)s Vse[o,N])

=1-exp (—2 22 Y (%+(a]<]+%)N—z))

2

>1-e 5, (3.4.11)

using a Ballot Theorem as in Lemma 3.2.2 for the equality. In the integral in (3.4.10), we
bound the probability of the Brownian bridge from below by 0 for z > (a; + %)N and insert
(3.4.11) in the remaining part of the integral. This gives

y 2 \MHL M @SN W2

< -gr -5

E||TZ,,V)|| = 2 (l—e 8 ) |0| fa.N e, (3.4.12)
Jj= J

With the bounds in (3.4.9) and (3.4.12), we get

B [I72,5001] = Buraonn - B[j72,,00

M+1 M (a+ )N K
<2N[l_[f 27r1ve B - l_e ‘ngr f N ;VJ
AN ~ ~ —ﬁr M+1 00 dz
_2(1 (1 e8) ]—[ =

Lo Ja Y

M

2, M+1 0o M N 2
+2N( [ﬂf vngNe & ]_[f e zw] (3.4.13)
a

N =0 JaN

The second-last line of (3.4.13) is equal to
52 M+1
2N[1—(1—e§) )]_[f 2ﬂNe i
52 M+1
= (1 - (1 - 67’) ]IE (Ta(N)I]

=M+ l)e_%rEHTa(N)I] (1 +o0(1)), (3.4.14)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

since r = r(N) T oo as N T co. We bound the last line of (3.4.13) for any o € {-1, ny by

52 M+1( M 00 2 M (dj+g)N 2
N1 -e 87 1_[ d_e~iv — l_l d_emov
A7 V27N ) V2rN
j=0 Ya;jN j=0 Ya;jN

,,,,,,,,,,

..........

<2V P(Vico.mo1: 2(0) 2 @;N, (@) > (@ + $N), (3.4.15)
k=0

where foreach k=0,..., M,

.....

2 a?
P (Y j=0...-1: 2j(0) 2 a;N, () > (@ + $N) < exp(—%N -ZM 3N

Jj#k
2
< exp(-%N)exp (— P T’N) (3.4.16)
Thus, the last line of (3.4.15) satisfies
M
2NN P (Y jeo. w1 () = N, (@) > (ax + $N)
k=0
2
<2¥(M + 1)exp (—g—;N) exp (— jA/iO %’N)
2 M 1/2
= (M + 1) exp(=5N)ENTLMI | | (272a3N) " (1 + o(1)), (3.4.17)
j=0

where we used (3.4.9) for the equality. We see that the last line of (3.4.17) is of lower order
than the last line of (3.4.14). Thus, inserting (3.4.14) and (3.4.15) into (3.4.13) gives

E[|7], 0] < M+ De SR IT NI +o(1)). (3.4.18)

By Markov’s inequality and (3.4.18),

] E [|T;r, 5(N)H
B
SE [|Ta(V)]

T;,rﬂ(N)’

(P2) = IP’(E[ . (N)” < 3(M+l)e_%r(1 +o(1)). (3.4.19)

&

>

Proceeding as for (P2) and additionally using the tower property, we get

_p ]E[ T;.r,a'(N)| (F"] &
(P3) = W >3
E[E“T;,a(Nﬂ 9‘7” _ E[Tzr,a(N)” < 3(M+1)e—%r(1 + o(1)). (3.4.20)
<E[|T,V)] [T~
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3.4 The level sets of the M-BRW with Gaussian increments

2. Second moment estimates for (P1): By Markov’s inequality,

7 ] oe]

L s0|-E|7s,

75 ,W|-E[|7,
(P1) = ]P’[ .

The tower property gives

>§<

A

(3.4.21)

EZJE[ "

i

B|(175,,00| - B (|5, .00l | 7)) | = E[E| 175 ,0F | 7| - B[Irs, 0l |7 34.22)

Using the branching property, we write

aré(N)| Z Z 0'0"

log = 1—[ I[z,<cr>+z<”>(rr)>ajzv]lz,(cr>+z, 1 207, <@ ) ) Vuso, -1
j M

(3.4.23)

where (20(0))oe(-1,1y is @a BRW on the binary tree of depth r with standard Gaussian increments.
For each o € {-1, 1}, (Zgﬂ(o*))&e LN denotes an independent copy of a BRW on the binary

r z(0)
1 %05

all the summands for all o, 6 are i.i.d. standard Gaussian. There are M independent copies

tree of depth N — r with standard Gaussian increments. We have z(”)(a) = va where

(denoted in the same way except the index j = 1,..., M instead of j = 0) of all processes
mentioned in this column. We have

(72, wf |7 -E[2 .0l | 7]

- Z E [(ane{—l,l}”’ Igl,&l) (25'26{—1,1}’\”* Itrzfrz)

o,oe{-1,1}"

= 2 E[(Eaqoiapr o)

oo2€&{=1,1}"

7

9‘7] E [(25'26{—1,1}”” Iaz,r“rz) 7’7] . (3.4.24)
If oy # 0, the branching of the particles (o, 1) and (03, 63) has occurred up to time r, so,

conditional on ¥, I, 7, and I, 5, are independent. Thus, the terms with o; # 0> in (3.4.24)
cancel out and (3.4.24) can be reduced to

|1z, 0 | 7] B [[r, 00| |

2 (E [(Z&e{_l’l}mr 10,&)2 ‘ T’] ~E[(Soe11pv loc) | (E]z)

oe{-1,1}"

Z K [(Zfre{—l,l}’v* 1(,,&)2

oe{-1,1}"

IA

g

N
= Z P (01,02 € T, 5(N)). (3.4.25)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

It remains to show that there exists ¢y, c; > 0 such that for the right-hand side of (3.4.25),

N
Z Z P (0.0 € T5, 5(N)) < B [ITo(N)12 ™" (1 + o(1)). (3.4.26)
t=r 0'1,0'26{—1,1}N

o1Aor=C

Since the proof of (3.4.26) is lengthy, we postpone it to Lemma 3.4.6. Inserting (3.4.25) and
(3.4.26) into (3.4.21) gives

(P1) < 2™ (1 + o(1)), (3.4.27)

which, combined with the bounds on (P2) and (P3), completes the proof of Lemma 3.4.5 up
to the proof of Lemma 3.4.6. O

Lemma 3.4.6. Leta = (a,...,ay) € RY*! with ||all} < 2In2 and let r = r(N) T 0 as N T o

with r = o(N). Then for all € > 0 exist c;,cy > 0 possibly depending on € and § > 0 such that

N
D Ponoa € TE4(N) < R (TP e (1 +o(1)), (3.4.28)
t=r oy, ope{-1,1}¥

giAor=C

for N large enough. Here, T,(N) is defined in (3.4.3) and Tfns(N) is defined in (3.4.7).

Proof. For{ =r,...,Nand o,05 € {—1, 1}¥ with i Ao, = €, we drop the localisation condition
in Tjr s(V) except for the level of the branching ¢. This gives

.....

M ~aj+6)C ) ~ 2 )2
- T kg b o-xivp 3.4.29
B V2nt VAN (3.4.29)
j:O —00 ajN—z
also using the independence of (z;)-o,..m in the last step. We write
. aj—20
Y= min 955 (3.4.30)

and choose ¢ > 0 small enough such that y > 0. In (3.4.28), we split the sum over ¢ in |[yN] to
get that

N
DD Plonoa e TE(N)) = (S +(S2), (3.4.31)
t=r oy,00e(-1,11"

o1hor=t
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3.4 The level sets of the M-BRW with Gaussian increments

where

LyN]-1
Sh= > > PlonoaeTi (),

=r g oel-1,1}¥

oiAor=C
N
$2):=> > PonoeTs V). (3.4.32)
LNl oy ooef-1,13¥
o1Aor=C

We first deal with (S1). For £ =r,...,[yN]-1, we have forall j=0,..., M thata;N-z > 26N >0
if z < (a; + 6)¢. Thus, we can apply the Gaussian tail bound given in Lemma 3.2.1 to the
integral over y in (3.4.29) to get that

= R e (i
N—z 2n(N-{) =S N ‘/27r(a]N 2) exXp 2(N=0) |* (3.4.33)

1

Inserting this into (3.4.29) and bounding @ —— = < %N

.,lyN] -1, then

we see thatif oy Aoy = € and € =

M ~a+o)e
2 _ (@N-2)?
P01, 0 € TS, J(N)) < ]_[ égngw exp( z - ﬁ) (3.4.34)
By a completion of squares,
2 @N-9 _ GV gy 2N \?
~% T (D T T WNee T TN-D (Z N+€a1) : (3.4.35)

We insert (3.4.35) into (3.4.34) and then shift the integral by }2\,21\20] to get that

M 2N? (aj+0)(—§ypaj d Nit 2
Po1,o e T5sN) < | | 255 exp( M)f = oxp(-mnpt).  (34.36)
j=0 —®

ifoyANoy=~£€{r,...,lyN] - 1}. For such ¢,

l_aj—Z(S
_ ¢ _N-¢ -y _ aj+o . _ ¢ 30a; _90
aj+o6-— N+[a] 06— N57aj<0-— 1+ya <d —1 aj_zéa]—é 2a/6< 5 (3.4.37)
u_,-+6

so the upper integral limit in (3.4.36) is negative. Thus, we can apply the Gaussian tail
bound from Lemma 3.2.1 to the integral in (3.4.36) to get that

(a;+0)0— 2N -+ Na;
! N g exp (_ N+¢ Zz)
- Vot 20N-0)

(8¢

(aj+6)t- N+[
_ VN=¢ _dzVN+( N+ 2
= N+t j_‘ - \/2 -0 eXp( 2UN-O* )
N=C VIt 2UN .\~ 2N . \?
< N (<G + 000 + #5ay) " exp (ol (@ + 00 = b)), (3.4.38)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

where

Nel o ((aj + o) - 3 (N = Oa; - (N + 0)6)’, (3.4.39)

_ ¢
20N=-0) N+ ) = 2(N2—[2)(
and, by (3.4.37),

1
(~(aj+ o)t + #a)) < 2. (3.4.40)

We insert (3.4.38)-(3.4.40) into (3.4.36) to obtain

M 2 A72
_p? asN’
P(o1.02 € Tg, 5(N)) < 2(2n)3/2fs]~¥5'21v2(1v+€> cXp (_ Far ~ s ((N = Oaj— (N + 5)5)2)’
j=0
(3.4.41)

for{=r,...,lyN]—1. We bound

(N-0° ©)
200 2SO PN (N+D) < CT, (3.4.42)

(where c(6) > 0 is a universal constant for all terms not depending on ¢ or N) and insert
(3.4.41) into the part of the sum in (3.4.26) which is indexed by { = r,...,|yN] — 1. This gives

LyN]-1

Ssh= > > PlonoaeTE V)

t=r g oel-1,1)"

oiAor=C
LyN1-1 M 2272
( asN V4 2
<> D] HT ( h—m((N—f)aj—(N+€)6))
t=r o oel-1,1)V j=
oiAor=C
LyN]-1 M
= cONMTN N o T exp( %7 — s (N = Oa; — (N + 5)5)2), (3.4.43)
{=r j=0
where we used in the last step that there are 22V~("! pairs (o1, o) € ({~1, 1}V )* with o Ao = €.
Note that
ik N = 0a;— (N + 06 = ~a(N () — 0~ L0032 4 g LD 52
—Nir T 52)(( Jaj— (N +10) )’ =-d] ( )_ N~ N0 4 T o4t = SNty
0
<

2
2 2 @t - 2
S—ajN+€(aj——N+[ T ]+6aj)

2
— N+ 5(7] . 5aj) (3.4.44)
Inserting (3.4.44) into (3.4.43) gives
LyN]-1
(S1) < c@N M2V exp (-llalBN) ' 27 exp(” N Oaj) (3.4.45)
l=r
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3.4 The level sets of the M-BRW with Gaussian increments
where by (3.4.9),
M
N~M7122N exp (—[lall3N) = B [ITo(N)|T? ]_[ 2ma? (1+ o(1)). (3.4.46)
J=0 ‘

_ 2
Since ||a||§ < 21In2, we can choose 6 small enough so that ¢ :=1n2 — @ - 62?420 aj is positive.

Then we get for the sum in (3.4.45) that

LyN]-1 LyN]-1

2 - sl ~ 5
> 2—"exp(@f+5fzﬁoaj) = Y e Y e (3.4.47)
t=r l=r t=r
Inserting (3.4.46) and (3.4.47) into (3.4.45) gives
(S1) < c(B) E[|TLN)[]? e_Sr(l + 0(1)), (3.4.48)

so we have shown (3.4.26) for the summands indexed by £ =r,...,[yN] - 1.

It remains to bound (§2). For ¢ = |yN],...,N and 0,07 € {-1, 1N with oy A 0 = €, we split
the integral over z in (3.4.29) at the point (a; — 6)N to get that

. M (aj+0)t d 2 ) d B 32 2
P(onoreTs,) < | 4 (Lou-on + Leoom)e ¥ [ e ™)
j=0 Y7 a2
M (aj=6)N . ) 2 \2 (aj+6)C ]
< l—[(f J L e_é( 0 e_m) +f P e_i).
=0 —0c0 Vant aiN-z 2x(N=0) (aj=6)N Vant
(3.4.49)
We have by Lemma 3.2.1 that
(aj+6)t 2 S22 2¢
f e <exp (—%) < exp(—a?N + 4y 1= D)2a, - 5)55), (3.4.50)
(aj-6)N VT
using in the last step that for ¢ < 2q;,
(aj—0)*N* _ —a2N?+2a;0N>~8> N> +2a2 N t—a> (> 5 a*t
= 20 ——-aN+ 5
_ —6)2(N—0)? ast
= Qa; - §6WL — WU 2N+ L
2¢
< (1-$)Q2a; - 6)5N - &N + %
<y 1= t—aN+< 3.4.51
<y (1-%)2a;-06)0 —a;N + +. (3.4.51)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

For the integral over (-oo, (a; — 6)N] in (3.4.49), we proceed as in (3.4.33)-(3.4.36) to obtain
2[N

(a;—06)N B co 2 22 (aj+0)t— 74
dz -5 dy _Z(N—i) aj _dz N+€ 2
[ T ( 4Nz VorN-0 <c(0) Nz 124 iy vow B Vort eXP( TUN-O )
J

o0 [ee)

a®N?
< ¢(0) exp( A’,Jr{,)

< c(8) exp (—aZN + 4+ ya Jf) (3.4.52)
since
a2N? 2 @ 2 alt  aA(N-0C ) Gl oy 2
~ e = ~4(N - ")—m = —a;N + T+ e S @GN+ J + 3ty it (3.4.53)

We havey T 1 as ¢ | 0, so we can choose 6 small enough to get for the following terms, which
appear in the last lines of (3.4.50) and (3.4.52), that

max (y (1-1)2a; -85 A @)t <

j=0 2% 21n2 — [lal3) ¢ (3.4.54)

4(M+1) (

Inserting (3.4.50), (3.4.52) and then (3.4.54) into (3.4.49) gives

M 2
P(oy, 00 € TS, ,(N)) < c(@)exp ((21n2 - Jlal}) §) nexp(—azN + ff)
=0

= c(6) exp (~llal3N) exp ((21n2 + l|all3) ), (3.4.55)

SO

N
2= >, > Plon,omeT )

=lyNl oy,0p€{-1,1}"
giAor=C

N
< c(6)exp (—||6l||§N) Z Z exp ((2 In2 + ||a||§) %)

=lyN] oy ,02e{-1,1}N
o1Aor=C

N
= ¢(6)2*" exp (- llal3N) Z exp((2n2 - Jlal) £). (3.4.56)
t=|yN|

using in the last step that the sum over o, 0 has 2*Y~"! summands. Since |lall} < 21n2,
N o

Z exp ((2 In2 - ||a||2) 45) Z exp ((2 In2 - ||fl||%) %)

{=LyN] {=]yN]

= L LyNJ
~ 1-exp(:(2In2-JlalR)) €Xp ((2 In2 - ||a||2) ) . (3.4.57)
Inserting (3.4.57) into (3.4.56) and applying (3.4.9) gives

(52) < () ON") E[ITo(N)1? exp ((21n2 - |lall3) LH). (3.4.58)
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3.4 The level sets of the M-BRW with Gaussian increments

Combining (3.4.48) and (3.4.58) and using that O(V™)exp ((21n2 — [lal2) 25¥) = o(1) if |jal}3 <
2In2, we get

N
Z D P(onoa e TS (V) < c@OENTLN)IP ™ (1 + o(1)), (3.4.59)
=r op,00e(-1,1)Y
oiAor=C
which completes the proof of this lemma. O

The following lemma is also used in the proof of Theorem 3.4.2.

Lemma 3.4.7. Leta = (ap,...,ay) € RY*! with |lal3 < 2In2 and let T,(N) be as in (3.4.3). Let
r=r(N) T oo as N T oo such that there exists c € (0, 1) with r = o(N€). Then,

E[ITaMN)IF+]

Y, , 3.4.60
Eqr,oon ) ( )

almost surely as N T co.

Proof of Theorem 3.4.2. In Lemma 3.4.5, we can choose r = r(N) with r(N) T oo and r(N) =
o(N) as N T oo so that the right-hand side of (3.4.6) is summable: A possible choice is
r(N) = In(N?). This implies that for such r,

|ITo(N)] = E[ITo(N)] | 7]

, 3.4.601
E[T2(V)] - (3.4.61)

almost surely as N T co. Thus, applying Lemma 3.4.7 completes the proof of Theorem 3.4.2.
O

Proof of Lemma 3.4.7. We use notation as in (3.4.1)-(3.4.2) and denote by (o, ) the concate-

nation of o and & to get that

E (TN T = B[ L peri i Lejorzan vj=0,..m | 7]

Z Z 1 r+1 Zj(0,00); 2 aJN Zl 1%j,oli V] 0...., M|7:r) (3462)

(=L} ge{-1,1}¥"

By our choice of r = r(N), there exists ¢ € (3, 1) such that #(N) = o(N*7!). We rewrite (3.4.62)
as

ElT«MIF:] = (S 1) +(52), (3.4.63)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

where

(S1) = Z Z z r+1 i) 2 aJN Z, 1 Zj.oli Vj 0...., M|7'dr)

O'E{ 1, l
O'ELa re

2= > > P(EL. zieon =GN - T 2oy Vjso,m | 7).

oe{=L1} 5e(-1,1}V
U'éLaJ,c

Loye = {0' e{-11}": Z, 1 %ol < a]N v] =0,..., M} (3.4.64)
We bound the conditional probability contained in (S2) by 1 to get
(52) < 2M7 (=1, 1"\ Laye|- (3.4.65)

For any ¢ > 0, by Markov’s inequality,

P(2Y =1L 1)\ Lage] > &) < ZEE[[(=1, 17\ Lo (3.4.66)

y a family of i.i.d. standard

yeney =1,...,

<2'(M + 1)1@(2’ | Zeols > a*N‘)
2N2c

<2'(M +1)e "7, (3.4.67)

applying the Gaussian tail bound given in Lemma 3.2.1 in the last step. By (3.4.66), (3.4.67)
and our choice of r and c,

a2 NZ(‘

DIPYT=1L 1 Lage| > ) En (3.4.68)
N=2

Thus, the random variable 2V~" | {(=1,1}"\ La,,,c| converges to 0 almost surely as N T co. Thus
by (3.4.65),

(§2) > 0, almost surely as N T co. (3.4.69)

Ifo e Larc, then we can apply the Gaussian tail asymptotics from Lemma 3.2.1 to the

,,,,,

122



3.4 The level sets of the M-BRW with Gaussian increments

imply for any o € L, ., 6 € {—1, V=" that

N r
P(. z | Ziea 2 ajN - Zl Zjol;
P

i=r+

N r
Pl X zjwan 2 ajN - _Zl Zjol; ¥ j=0...M 7:")
=

i=r+1

r X 2
N exp(——(“’Nf&lf)”“") )(1 +o(1)

2
L__ exp (—%’N +ajryi, zjml,) (1+o(1)).

(3.4.70)
Inserting (3.4.70) into the first line of (3.4.64) gives
Sh= ), >, PENzicon = aN = Il zje, Yo | F)
0€Lare ge{-1,1}V"
M 2
= N-r —L_exp (—%N +ajr Y, Zj,o-|,-) (1 +0(1))
O'EZL,;M l:(! /27ra§N !
2
=ET.N Y. exp (—r(an + %) M Ay zj,(,h.)(l +o(1)), (3.4.71)
O-GLu,r.('
where we used (3.4.9) in the last step. With the notation
2
Xee) = Y exp (—r(an + %) XM oa v, z‘,-,(,h), (3.4.72)
oe(-1,1y
0'¢La,r,c
we rewrite (3.4.71) to
(S1) = E[ITo(N)] (Ya(r) = Xae(r) (1 + o(1)). (3.4.73)

It remains to show that X, .(r) — 0 almost surely as N T co. We postpone this proof to the
following Lemma 3.4.8. Since by (3.4.73), Lemma 3.4.8 and (3.4.69),

E[l(TSa:l)\/)H — Y4(0) and (§2) -0, (3.4.74)

almost surely as N T oo, we have shown (3.4.60), which completes the proof of Lemma 3.4.7

up to the proof of Lemma 3.4.8. O
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Lemma 3.4.8. In the setting of Lemma 3.4.7 with X, .(r) as in (3.4.72), X, .(r) — 0 almost
surely as N T co.

Proof. For any ¢ > 0, by Markov’s inequality and (3.4.67),

P (Xoo(r) > €) < &' E[Xyo(r)]

=g-1exp(—r@)2* Z E[Logr,,, exp (2 a; X1y zjer))] (3.4.75)
oe{-1,1}"

For each o € {-1, 1}, recalling the notation a, = minj—o__u a;, we get for the expectation in
the last line of (3.4.75) that

M-1
E[Logr,. exp (22 a; S 2jon)| < (M + DE[e Tty o] [ [E[eZwm].
=0

(3.4.76)
By the Gaussian tail bound from Lemma 3.2.1,
_ % dz —(Z";*;”Z
- a.N¢ \/ﬁe
< obeirg (3.4.77)
Also, (3.2.2) implies
- 2
E [e% 215 | = exp (r&) (3.4.78)
We insert (3.4.77) and (3.4.78) into (3.4.76) to get that
c 2 2
E[e®Smmmnity, ] <M+ l)exp( M)exp(r@), (3.4.79)
Inserting (3.4.79) into (3.4.75) gives
axN=asr)?
P (Xoo(r) > 8) < & (M + 1) e 7", (3.4.80)

so by our choice of r = r(N), P (X,.(r) > €) is summable over N, which implies that X, .(r) — 0

almost surely as N T co. O
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3.4 The level sets of the M-BRW with Gaussian increments

Proof of Proposition 3.4.1. Cleary, (Y,(N))yen is nonnegative. To prove that (Y,(N))yey 1S @
martingale, note that for N e N,

E[Yu(N + 1) Fy] = 2~V +De2llal;V+D Z Z E [exp (¥ a; (Zj,((ra-)+Z§\ilzj,(r|,-))’7:N]

oe{-1,1}V ae{-1L1}

—(N+1) =L llalB(N+1 M N
= 2~ (N+D =3 llall;(N+1) Z eXp(zFoaj Zi:1zj,<fli)

oe(-1,11Y
X Z E [exp (Zﬁio aij,(g-a-)) ’ ?'N] .
Fe(—1,1)
(3.4.81)
Since by independence and by (3.2.2),
104l
E [exp(XM) ajzjoa) | Fn| =E [exp (¥ ajzjom)| = e, (3.4.82)
we get
E[Yy(N +1)|Fn] =27V BN 3 exp (540, 5N, 2j1,) = Ya(N), (3.4.83)
oel-1,1}¥
so (Y,(N))yen is an Fy-adapted martingale.
For each o € {-1,1}", by independence and by (3.2.2),
M M 1.2 1 2
E [exp (2 ajzi(@)| = | [E[ev @] = [ [e2%" = exlla, (3.4.84)
=0 j=0

so E[Y,(N)]=1forall Ne N.

We now prove the uniform integrability of (Y,(N))ycy, following the same structure as the
proof of [27, Proposition 4.3]. Let € > 0. We aim to show that there exists 6 > 0 such that for
all N e N,

E [Yo(N)1y,nyss] < €. (3.4.85)
ForA,r>0andne (% 1), we write
~ _ 1 2
Vo yn(N) = 27 Nem3llalbN Z Loery jnLyy; ¥j=0....M €XP (Zj”io ajzj()), (3.4.86)
oe(-1,1)¥

.....

Laj={oe{-1.1}" : 7j(0) € [a;N = AVN,a;N + AVN|}.
L= {0’ e{-L, 1" |28 2o, — 22/ < (AN =)V 1) Yy, N}. (3.4.87)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Then, for any 6 > 0,

E [YaMW)Ly,w>s] = E [TaarnM 1y, >3]+ E|Varrn@®) (Lraoss = Ly, »3)]
+E [(Y (N) = You rT](N)) Ly, (N)>5]

= (E1) + (E2) + (E3). (3.4.88)
We have
(E3) = E [(Ya(N) = Tanrn(N)) Ly, vys0] < B [Ya(N) = Yoprn(N)] (3.4.89)
and
(E2) = B[ Vo raN) (Lr,vpss = 1y, v23 )|
< E| Vo raN)Ly,(4)7, 005612 L5, y012572]
< SP(Ya(N) = Yarry(N) > 6/2)
<E[YaN) = Yanry@N)]. (3.4.90)

using Markov’s inequality in the last step. Furthermore,
(ED = E[TanraMy,,, 00| < FE[(FarraND) Ly, ovos] € 3E[Fanm@)].  (3.4.91)
Inserting (3.4.89)-(3.4.91) into (3.4.88) gives
E [Yo(N)Ly,0055] < 2B [Ya(N) = VarrgN)| + 2B [(Fanrg(N))?]. (3.4.92)
First, we show that for A, r > 0 large enough, for all > 5 and forall N e N,
E[Ya(N) = Yaprg@)] < 5. (3.4.93)

We have

E[YaN) = TanrgN)] = 1 = 27Vem2lBEN 37 ]‘[E[naeLA,mL,,,,e =) (3.4.94)

oel-1,11¥

For each o € {-1, l}N and each j=0,..., M, we get for the process in the definition of L, ; in
(3.4.87) that

(B zjot = $2/@), ., v = (o), s (3.4.95)

.....

where 56" o is a Brownian bridge (going from 0 to 0) with time horizon N. In particular, z;(0) is

independent of (36\’ o(”))n= so we get for the expectation on the right-hand side of (3.4.94)
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3.4 The level sets of the M-BRW with Gaussian increments

that
() dJN+A\/> d 2
a;z
E[ﬂaeLA,mL,,,, 5% O'] IP(|300(n)| <((AWN=-n) V)T Yoy )\f;jN—A\F e el
(3.4.96)

The previous probability satisfies
P(Jsom| < (0 AN =m) V1) Vo) 2 P(l3o(9)] < (S AN = ) V) Yieon).  (3.4.97)
By [27, Lemma 2.3], for any & > 0 exists ry > 0 such that for r > ry,
P(|36V,0(S)| S((SAN=s)Vr) Vse[o,N]) >1-& (3.4.98)
For the integral in (3.4.96), we see that for A large enough,

a;N+AVN . 2 2N N+AVN . (a7 1oy (A b 2 2N
& _eTiNedit = ez j L _eTTN = e2% Te—i > (1 8)62 it
aN-AVN V2N aN-AVN  VEN A VT

(3.4.99)

Inserting (3.4.96)-(3.4.99) into (3.4.94) shows that for any & > 0 exists r,A > 0 such that

E [Ya(N) = Vaprg@)] < 1-27Ne™ 2llalEN Z ]—[(1 822N = 1 = (1 - >M+D (3.4.100)
oe(-1,1}V j=0

so we can choose & small enough such that (3.4.93) is satisfied.
We aim to prove that E [(Ya,A,r,U(N))Z] is uniformly bounded over N € N. If this is proven, we
can choose 6 > 0 large enough in (3.4.92) to get that for all N € N,

2E [(FanrnN)’| < 5. (3.4.101)

Inserting this and (3.4.93) into (3.4.92) then completes the proof.
By the independence of zg, zi,..., 2y, summing over all possible overlap values, we get

£ [( @A rn(N) ] Z 2_2N ”aHZ Z l_[ E [ILO' GeLy Jerer a/(Z/(U')‘*'Z/("'))] = Z T; (N)

o6e(-1,1)N j=0
oAT=I

(3.4.102)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

IfocAd =N, theno =4, so

M
TN(N) — 2—2Ne—‘|d||2 Z 1—[ ]E ey Ly, eZajZ_/(O')]
1 j=0
M
S 2—2Ne_“al|2N Z ]_[ 0_ LA’jGZQij(O'):I , (34103)
—L1N J=

dropping the condition L, ; in the last step. We have

) @ a,'N+\/7 &
azi(o)] _
E[]la-eLA,je 75 ] = fN AW TﬂNe w

12N “/N'HF _(Z—llj)z )
= e2% e v AR
a;N-AVN ‘2”N

+2a,z

a;N+VN —a:)2
3a2N+Aa;VN / dz _Gzap
ser 2N ©
a;jN-AVN V7

< e34N+Aa VN (3.4.104)

Inserting (3.4.104) into (3.4.103) gives

Th(N) < 27N ex ('“”2 M Aajx/ﬁ)ﬁo, (3.4.105)

as N 1 oo, since |lall? < 2In2. In particular, (Tnx(N))yey is bounded.

If o Ao =0, zj(0) and z;(6) are independent for each j=0,..., M. This and the fact that by
(3.2.2),

a2.N
E [Loer, ot €797 | < E[e% @] = e, (3.4.106)
imply
2 M 2 2 M
ooe{-1,1}N j=0 o5e{-1,1}N j=0
aAG=0 oAG=0

(3.4.107)

for each N € N, since the previous sum over o and & has 2*’~! summands.

We inspect the case 0,6 € {-1,1}¥ withoc A =i,i=1,...,N—1,and j=0,..., M. Note that

LaojN Ly CLaj0Lij, (3.4.108)
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3.4 The level sets of the M-BRW with Gaussian increments

where
Lj={oe{-1.1}V: ¥i_ € L(i.N)},
Li(i,N) = [aji AL = (AN =)V aji+ A+ (AN =) V). (3.4.109)

Applying (3.4.108) to the expectation containing o, & and j in (3.4.102) gives

E[L, FeLynl, l”ea,(z,((T)JrZ;(cr))] <E [ﬂ 3 : ﬂj(Zj(tT)+Z_f(€r))]

o, O'ELA,jﬁ i.j
2

@ 2 ajN-z1+AVN & 2 raizia)
= e f —=2 ¢ W IR (3.4.110)
nany V2 ajN-z-AYN V=)

The integral regarding z; in (3.4.110) satisfies

‘N-z71+AVN 2 ajN—z1+AVN (zp—a;(N-i))?
j z . J 2
f dy o~y +aj(@ita) o gajii+yai(N=i) f d o~

aN-z-AYN  VIEND N1 AVN V=
< eUart AN, (3.4.111)
so inserting this into (3.4.110) gives
2( 2
(zi - (G N—-i) dz )
E [1‘7’& ELA,.fﬁLm,.ieaj(Z](a)Hj((r))] =¢ I \/an e E T
1(i,N)
a? (z1-a; 1)2
—e a;(N=i/2) Az o———+aju
11(i.N) Vari©
i 2
< ea?(N—i/z)eaﬁim JA s +aj(GAN=D)Vr! dy - @ i Ji
L(G.N) Vari
PN
<e j(N+z/2) ajA +a,((z/\(N 0))Vr) ' (34112)

By (3.4.102) and (3.4.112), since there are 2*¥~"! summands (o, &) with overlap i,

va) zz—w gy nE[nmLA,W, s

oGe(-1,1)}N
TNAG=i
N-1 Mo e o
< Z 2—2Ne—lla||§N Z 1—[ eaj(N+i/2)eajA\Tﬁﬂlj((l/\(N—z))Vr)”
i=1 oGe(-1,1}N j=0
ONT=I
N-1
=4 > exp((Hlal ~n2) i+ (A + @AW =) v 1) 2o a). (3.4.113)
i=1

We split the last sum over i into the sum fromi=1torand fromi=r+1to N — 1, labelling
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3 A Hamilton-Jacobi approach for the free energy of the CREM

these sums (R1) and (R2), respectively. Then,

r

(R) = )" exp((Hall ~n2) i+ (A + ) £ a))
i=1

<exp(ar+r1 2 a)) i exp ((4llall3 - In2) )
i=0
1

: (3.4.114)
1 —exp (4llall3 - n2)

= exp (Ar + Z?”ZO a.,-)

so (R1) is uniformly bounded over N. To bound (R2), note that if ||a||§ < 21In2, there exists
Ny € N such that for all i > Ny,
M

A+ Di" ) a; < é(an— Yiall3). (3.4.115)
Jj=0

Since by (3.4.113), (Zf\i ;! Ti(N))NsN0+2 is uniformly bounded, it remains to find a uniform

bound for Zfi‘ll T;(N) if N > Ny + 2. In this case, we can choose r > Ny. We have

N-1
&)=Y exp((%llall% —ln2)i+(Aﬁ F A (N_i))n)zyzoa,)
i=r+1
N-1
< > exp(i(gllall3 —In2) + A + D" x% a))
t]=vr_+11
< > exp (4 (3lal} — n2)), (3.4.116)

i=r+1

applying (3.4.115) in the last step, which is possible since r > Ny. Thus,

- , 1
(R2) < Z{; exp (5 (3lal} ~ 1n2)) = — S TP (3.4.117)
= 21\2 2

since ||a||% <2In2. We have seen in (3.4.114) and (3.4.117) that (R1) and (R2) are uniformly
bounded over N. Thus, YV ' Ti(N) is uniformly bounded over N. Also, (To(N))yen and
(Ty(N))yen are bounded, as we have seen in (3.4.105) and (3.4.107). Thus, E [(YQ,A’,,U(N))Z] is
by (3.4.102) uniformly bounded over N, so (3.4.101) holds and the proof is completed. [
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3.4 The level sets of the M-BRW with Gaussian increments

Proof of Proposition 3.4.3. This proof has the same structure as that of [39, Lemma 2.11].
For 1 < r < N, with notation as in (3.4.1)-(3.4.2),

N —Lian?
Y.(N)=2 Ne=allallN Z exp (Z?ﬁo aj; Zf\il Zjﬂ'li)

oel-1,11¥
-N_ - YalPN M N
= 27Nezlal: >, exp (210 aj (20 it + 2t 2w
oel-11Y, ge(-1, 1}V
—r —Lya12
=27e M N exp (S a; B, Zjel,) YTV = 1), (3.4.118)
oe{-1,1}"

where for each o € {-1, 1}/, we write (o, &) for the concatenation of o with 6 and denote

YON - r) = 9=(N=1) =3 llall5(N=r) Z eXp( jA/iO aj Zé\;r+1 Zj,(cr,ﬁ')l,-) ) (3.4.119)

Fe{-1,1N"

Since (Y7 (N = r))ge(-1,1y are i.i.d. copies of Y,(N —r), we get from (3.4.118) that

Y, (c0) = 2 " 2lalbr > exp(Z¥a; 2Ly zjot,) Y (00), (3.4.120)

oe{-1,1}"
where (Y] (00))s¢(-1,1y are i.i.d. copies of Y,(c0). Thus,
—-r —l 2}"
P (Yo(c0) = 0) = P(z e 21 Yy exp (S¥ga; B 2jel,) Y (e0) = 0)

=P (Voe-11y : Y7 (c0) = 0)
= P (Y (c0) = 0)%, (3.4.121)
which implies P (Y,(c0) = 0) € {0, 1}. By Proposition 3.4.1, the convergence Y,(N) — Y,(c0) as

N T oo is alsoin L!, so E[Y,(0)] = limygeo E[Y,(N)] = 1. Thus, P (Y,(c0) = 0) cannot be one, so
it has to be zero. O
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3 A Hamilton-Jacobi approach for the free energy of the CREM
3.5 Proof of Theorem 3.1.1

The central result of this section is Theorem 3.1.1, i.e. we show that for Fy: Rso X Q; — R,
which is defined in (3.1.14) and (3.1.15), and for q € Q;,

1
(@) = lim Fy(0,0) = ~In2 +j; (9@ - 22), du. (3.5.1)

The convex dual V. of ¥ is defined by

1
W.(p) = sup ( f p(u)q(u) du—‘I’(q)), (3.5.2)
qeQ> \JO

for all p € 0>. We use (3.5.1) to prove an explicit formula for ¥, of ¥ in Proposition 3.5.3.
Moreover, (3.5.1) directly implies the following corollary regarding the regularity of \.

Corollary 3.5.1. V¥ is convex and Lipschitz continuous on Q; with Lipschitz constant 1.

Proof. We start by proving Lipschitz continuity. Let g,d € Q, and assume w.l.0.g. that
¢ =inf{s € (0,1): q(s) > B2} <inf{s € 0,1): §(s) > W2} = 7. (3.5.3)

Then, since G(u) < 1;‘—22 for u € [0,2),

Y4 1
(o) — W@ = ﬁ Q) — 12 du + f{ o) - G(u) du

1
< f Q) - 60| du < 1lg - . (3.5.4)
¢

To prove convexity, note that for any A € [0, 1], we have Aq + (1 — A)§ € Q;. Since s — (s), is

convex,

1
lP(/lq + (1 - /l)d) <-1In2 +f ﬂ(q(u) — M)+ +(1=2) (q(u) _ M)+ du
0

u? u?

= A¥(@ + (1 - DY¥(@). O

For M € N, we define

0™ ={ae 08" a =2y q;ligq.) With 0 < gy < --- < qu < o0

and there exists k € {1,..., M} with g; = 12‘—22} (3.5.5)
k

Lemma 3.5.2. For each M € N, OM*D js dense in O™ w.rt. || - ||;.

Proof. Let g € O™ and ¢ > 0 be sufficiently small. We distinguish the following three cases,

see Figure 3.1 for an illustration:
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3.5 Proof of Theorem 3.1.1

In2
M2
43 = @
~ 512='2—22*
q3 = g2+ 2
414 e—o q14
q0 ¢—o q0 ¢—o
q0 ¢—0
PR PR P P
a o /) 1w o o L ou o e N0
G=1-¢ &= G=0+e

Figure 3.1: Examples of cases 1.-3. for M = 2 from left to right. Newly added path segments
of § are dashed with boxes at their boundary. Shared path segments of q and § are thick

with circles at their boundaries.

1. gy <In2. In this case, we define § = ¥/i! 4,177, € 0V*V, where

G = q;j, Jj=0,....M,
i= .
(11282)2, j=M+1,
and
Ly j=0,...,M,
li=31-e j=M+1,
1, j=M+2.

In2

Then, we have that ||§ — q||; < (m - qum

)e.

2. There exists k € [0, M — 1] such that q({;) <

In2

fi

and q(fk+1) >

(3.5.6)

(3.5.7)

In2

7=, and there exists
§k+1

€ [, Ces1) such that g = l‘é}—f Then we define § = Zjﬁigl a1z, € OM+D  where

qj>

5 Jm2

D )
v(lu-l

qj-1,

and

Then, we have that ||§ — ql|; = 0.

j=0,...,k,
j=k+1,
j=k+2,...,M,
j=0,...k
j=k+1,
j=k+2,....M.

(3.5.8)

(3.5.9)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

3. There exists k € [0, M — 1] such that q(&) < 1“2 and q({xs1) > 2’21—2 and gy < 12—22 for all
k+1
£ € [&, Ger1). Then we define § = ijo CIJ]l[{,-,(,-H) e OM+D) where

qj, j=0,...,k,
gi={8m  j=k+l, (3.5.10)

Zk+l

qj-1, j=k+2,...,M

and
g, j=0,...,k+1,
{i= b +e j=k+2, (3.5.11)
gj-1 j=k+3,...,M

Then, we have that ||§ — qll1 < (gk+1 — gr)e.

Thus, we have shown that [J§;_, 0"V is dense in J3_, 0™ . O
Now we prove the central result of this section.
Proof of Theorem 3.1.1. Let M € N. By Lemma 3.3.2 and Lemma 3.5.2, J3_, O™ is dense

in Q1 w.r.t. || - ||;. This and the Lipschitz continuity of the right-hand side of (3.5.1) imply that
it suffices to prove (3.5.1) for g € O™, Let k € {1,..., M} and q € O™ with q; = 82 In this

2
setting, since q is increasing, ‘
1 1
f (q(u) l1’2) du= | qu)—-"2du=In2- 1ﬂ2 f q(u) du, (3.5.12)
S
so we aim to prove that
1
¥(q) = —M +f qu) du. (3.5.13)
S
Recall that
M
Yo(o,0) = > (g = qe-1) 2ot (3.5.14)

i=1 k=0

where each 7z, 4, is from a family of i.i.d. standard Gaussians. For q € 0™, we have by
Lemma 3.2.7 that

Y(q) = }JTI?O Fn(0,0q)

M—2

I's
. ;
= qu - lim %E[ln (E[E[...E[E[Zo,q(z(),...,ZM)4M|¢M | Faa ] ‘7—'1] :

)

(3.5.15)
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3.5 Proof of Theorem 3.1.1

recalling that

Zoq(z0s - -->2M) = Z exp (\5 ZinO(Qj - Qj—l)%zj(a')) ,

oe{-1,1}V

Fre=0(z0,...,2), k=0,....,M—-1. (3.5.16)

Furthermore, z1 = (21(0))ge(_1.1y¥s - - -» 2 = (@m(0)) yey_y v @re i.i.d. copies of zo = (20(0)) yei_y 1)V
a branching random walk on the N-level binary tree with standard Gaussian increments. We
prove (3.5.13) by presenting matching upper and lower bounds of V.

Lower bound: Since the function x — x is concave and thus subadditive,

E [Zo,q(Zo, )™ | 7:M—l]
_E[(Z(re llNeXp(\/_Z, 0(QJ qij- 1) /221(0—) |TM 1]
<E [Za'e “LY exp(\/ﬁ{M Zj:o(CIj - Qj—l)l/zzj(o') ’TM—1]

= > exp (V2o 2595 - 4;-0"22i(@) E[V2 Lulam — gm-1)Pam(o)]
oe{-1,1)V
D, exp (V2 25"~ 40" 2() exp (Gilam — au-nN) (3.5.17)

oe{-1,1}V

using (3.2.2) in the last step. Inserting (3.5.17) into (3.5.15) and then proceeding as in
(3.5.17) up to level k, we see that

EM—2

¥(Q) = g — }}%2 #E[ln (E[E[...E[E[Zo,q(m, coe 2™ Faga] et |ng 2]:M !

)

M—2

—lim%E[ln(E[ [ E[( Loe(- 11NeXP(‘/—§MZJo(CIJ qj-1) /ZZ](O') £ |7:M 2](’”‘...

NToo

¢
.‘7_,1](2

>qm — {m(gm — qm-1)

)

..‘ﬁ]"z

M
>qm— Z gilg; —qj-1)
Jj=k+1
Sk=1

— lim LE ln(E[ [ B[ (Zoerrapy exp (V2 &t 2higla) = gj-1)2j(0)) an |ﬂ1 W

NToo N

‘7—‘1][; ?0]‘11)]. (3.5.18)
&

By subadditivity of x > x%+ and then Jensen’s inequality (applied to the concave functions
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Sk=1 Sk=2 5}
X x% , x> x%,..., x> x% and x — Inx),

Sk k-1

E[ln(E[E[ B[ (e exp (V2 4ert Z4-o(a5 - qj- 1)/2z,(0')))‘“‘ ‘ﬂ 1K .‘7—‘1]{2

7l
)
gl

Sk=1

H(E[E[ E[Za'e{ 11NGXP(‘/_§I<ZJ o(qj = a;-1) /211(0') |ﬁ 1 *

IA
—=

IA
=

5

=

IE[ . E[ Yoe- L1}V €XP (\/§§k lezo(qj - 61j—1)1/2zj(0')) | ﬂ—l] e

= [L In (E[ Zo-e{—l,l}N exXp (\/5 Sk lezo(q]' —qj-1 )1/22j(0')) ])

2
= (lkln 2N exp ({k qu))
= ng—f + (xqiN. (3.5.19)
Plugging this into (3.5.18) and then using g = 122 we obtain
k
YY) = gm - Z (/(QJ qj- 1)_ _ngk—QM_ Z (/(QJ qj- 1) = 2v/qx In2. (3.5.20)
Jj=k+1 Jj=k+1

Since

_1272 + | q@)du= 1“2 + Z(§k+1 = $i)qk

=12 — G+ qm - Z ¢i(aj = qj-1)

Jj=k+1
M
=qn - ), 45— a1 — aIn2, (3.5.21)
Jj=k+1
we have shown that

1
(g > -2 f a0 du. (3.5.22)

Sk

Thus, to prove (3.5.13), we need to find an upper bound which matches (3.5.22).

Upper bound: If £ < M — 1, we define the Gibbs measure corresponding to level k as
1 : 12 N
Hak () = 7 exp(w/i 2 (qj=q-n" zj(rr)) Voe{-11)",
' =

~ ~ k
Zak = Zak@0, o) = ). exp (\5 29~ q.,--l)”zzj«r)). (3.5.23)
j:

oe{-1,1}¥
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We have

E [Zo,q(Zo, - ,ZM)gM |TM_1]
= ZgiE [(ZUEHJW Hax(@)exp (V2,1 (g = gj-0)'P2(@ )))'ZM |7"M_1]

= Zé‘j{E [Eﬂq,k [exp (\/§ Z?ﬁkﬂ(qj - qj_l)l/zzj(O'))rM |9’7M_1] . (3.5.24)

Then, by applying Jensen'’s inequality to E,,,,

Eﬂq.k [exp (\5 Z%kH(Qj - C]j—l)ij(O'))]gM
> Ey, [exp (\/5 m Zjﬂikﬂ (qj - Qj—l)l/ZZj(O'))]
= Z pax(@)exp (V2 ou B2, 1 (qi = gi0)2i(0)). (3.5.25)

oe{-1,1}N

Inserting (3.5.25) into (3.5.24) and then using that F-; = 0(z0,...,2u-1) and that zy, is
independent of ¥);-1, we get

E [Zo,q(z(), )M |7:M—1]

2 ZéﬁiE Z Hqk(07) exp (‘/EfM M (g - 611'—1)1/2&'((7))

oe(-1,1}N

~ _ _ 1/2
=780 > pgr@)exp(V2du S (g - gion) Pai) E [e‘@(’"(w =) ZM(U)]

oe{-1,1}N

= oxp (¢ (am = au-DON)Zgh ) pau(@)exp (V24 5 @i - ai-n)'Pau(0)). (3.5.26)

oe(-1,1}V

?‘M—l‘

Inserting (3.5.26) into (3.5.15) and then proceeding analogously to (3.5.26) up to level k, we
get that

()
<qm —{mgm — gm-1)
.1 ~ 3 M-
~Nm NE[ " (E[E[ B[ (Za) By, [exp (V24 £251 (g — qim1) 20|
ST} 33 L
|7’~M_2]'(M’1 . ’771]{2 7:0] ‘ )]
M
<qm— Z fj(Qj—Qj—l)—Il\/im #X,(\lf), (3.5.27)
j=k+1 feo
where
~ T T
x =R ln(E[]E[...E[(Zq’k)é“k Fir| © m‘ﬂ].z %],1)]_ (3.5.28)

In the case k = M, XI(VM) is the nested expectation in (3.5.15), i.e. we did not need to apply the
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3 A Hamilton-Jacobi approach for the free energy of the CREM

steps in (3.5.27) in this case. Let a = (ao,...,a) € Ri*! with [lal} < 21n2. We set
ToN) ={o e (-1, 1}V : zj(0) 2 ;N ¥ j=0,....k}. (3.5.29)

Then, forany k=1,..., M,

| B[ Zo

Fii| © h

g

]1|T,,(N)|211H(E[ [ E[( ce=1.1) Loer, v eXp(‘/_ZJ 0@ —q;-D'? ZJ(O')))

Xy = E[ (L, vzt + Lir,ani=0) 1n(

>E

Sk=1

I
Fir ]

)

Gt a 1
+ B[ 17, w0 In (E[E[...E[(Zq,k)@ Fiet| & ...‘7—'1]"2 7—“0]“ )] (3.5.30)
ForoeT,and j=0,...,k, we have z;(0) > a; so the first summand of the last line of (3.5.30)
satisfies
E[ﬂlTa(N)lzl In (E [ B[ (Z ety Loer,an exp (V2 2o (g - g-)'7? Z,(cr)))

E s h

ol

k
> V2P(T(N)| = 1) ) (a5 = ;1) Pa;N

7=0
+ E| Lir,vy=1 ln(E[ [ E[IT (N[ Tkl 4k ’7_.1 ]cl)]
k
> V2P (M1 = 1) ) (@ = a0 aN. (3.5.31)

J=0

For the second summand of the last line of (3.5.30), we estimate, for any 6 € {-1, l}N,

k-1 a 1
E|Lir,v=0In (E[E[ .. E[(Zq’k)éyk 7:](_1]{7 o ‘7_-1].[2 770]51 )]
Qil & 1
> Bl Lir,av=0 In (E[ [ B[ exp (V24 2k (q) - 9j-1)'2j(5)) ‘ﬁ E .‘(ﬂ]g %]n )]
2 E| Lr,opoz; In (E exp (V241 £o(q; — 4j-1)"2(9) ‘ %m (3.5.32)

G- a
using Jensen’s inequality for the concave functions x — x % , ..., x > x2 in the last step. By
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the independence of zy,...,z and ¥y and by (3.2.2),

IE[ exp (‘5{1 ZI;-ZO(C]J' - 611—1)1/2zj(€r)) ?"0]
= exp (‘5{1 Qé/zzo(ﬁ')) E [eXP (‘541 lezl(qj - qj—l)l/ZZj(ON-))]
= oxp (V22195 *20(3) exp (£7(am — go)N). (3.5.33)

Inserting (3.5.33) into (3.5.32) gives

Sk=1

¢
o Fir] & ...‘ﬁ]“

o)

> £1(qy = @) P(ToN)| = O)N + E [ Lir,avy=0 g5 *20(0)] (3.5.34)

Lz, =0 In (E

IE[ B[

The last summand of the last line of (3.5.34) satisfies

E [ Lir,vi=0 45 *20(5)]

=K [ILITa(N)|=011zO(&)2—N2/3 q(])/ZZ()(ﬁ')] +E []l|Ta(N)|=0 ]]‘10(5')<—N2/3 q(l)/ZZO(G')] s (3.5.35)
where

E [ 17,0010 Logioyz—n2s 4y 20()| = =g NP P(ITaW)| = 0,20(5) = —N*%)
> —q)*N*BP(T.(N)| = 0), (3.5.36)

and, since zo(d) is negative,

1/2 ~ 1/2 ~
E [ Liz,o0i=0 Loy<oner 4y 20(@)] 2 g B[ Ly <onen 20(6)]
_N2/3

2
_ 12 dy -2
= 4o oo VZnNye o
2/3
— 1l (3.5.37)

Combining the estimates in (3.5.30)-(3.5.37), we see that

k
XV = V2P (TN 2 1) Y (g - 450" + Ly = g0 PUT(N) = 0) + (1), (3.5.38)

7=0
Thus,
k
. k
lim $X0 > V2 3 (g5 - ;1) aj, (3.5.39)
=0

since by Corollary 3.4.4,

Iim P(|]T,(N)| = 0) =0, (3.5.40)
NToo
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3 A Hamilton-Jacobi approach for the free energy of the CREM

which implies
}}Tm P(T,M|=1)=1- }}Tm P(T,N)=0)=1. (3.5.41)

Inserting (3.5.39) into (3.5.27) gives

M k
Y@ < gm - Z {ilqi—q-1) - V2 Z(Qj ~qj-1)"a;. (3.5.42)

j=k+1 Jj=0

We have

sup (Z*_(qj — qj-"a;: a = (ap.....ax) € R, lalf} < 21n2)
= max (le‘.zo(qj - qj_l)l/zaj: a=(ag,...,a;) € R¥1 |lal? < 21n2)

=24/qx1In2, (3.5.43)

since by the Cauchy-Schwartz inequality, the maximizer a* satisfies

_ . /2
ajzw/zlnz%, j=0,...k (3.5.44)
9k
Thus,
M
Y(q) < qu - Z £i(qi = qj-1) = 24/qr In 2. (3.5.45)
j=k+1

By (3.5.21), we have found a matching upper bound to (3.5.22). Thus, (3.5.13) holds for

g e O™ with q; = 12—22 O
Sk

The formula for ¥ in Theorem 3.1.1 also allows us to compute YV..

Proposition 3.5.3. ForY: Q; — R as in Theorem 3.1.1 and p € Q»,

00, if > 1 or there exists u € [0, 1) with p(u) > 1,
¥ (p) = Pl D P) (3.5.46)
l—hlllglh , otherwise.
Proof. Let p € 0;. By Theorem 3.1.1 and the definition of convex dual in (3.5.2),
Y*(p) =1n2 + sup hp(y), (3.5.47)
yes
where
1 1
hp(y) = fo p(u)y(u) du — fo (v - 122) du. (3.5.48)
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3.5 Proof of Theorem 3.1.1

If there exists u; = u;(p) € [0, 1) such that p(u;) > 1, then we set § = ylj,, ;) with y > 12—22 We
1

have

Y*(p) = In2 + sup hp(y)
ye0:

> In2 + hy(§)

1
=f p(u)ydu—fy—ﬂduﬂnz
uj

1
> yf (p(u) — 1) du. (3.5.49)

Since p is increasing, p(x) > 1 for all u € [u, 1), so the integral fu 11 (p(#) — 1) du in the last line of
(3.5.49) is strictly positive. Thus, the last line of (3.5.49) can be arbitrarily large as y — oo.

Note that for y € 05, since y is increasing,

1 1
f (v - 22), duzf y(u) — lnzdu—an—%+f y(u) du, (3.5.50)
u«(y) u+(y)
where
u.(y) = sup{u € 0, 1): y(u) < 22}, (3.5.51)
SO
1 1
hp(y)=f p(u)y(u)du—f ~In2. (3.5.52)
0 us(y)

If|plly = 1, we set y =y, where y > In2. Then u.(y) = 1‘;—2 Thus, by (3.5.47) and (3.5.52),

P (p) = In2 + sup 7p(y) > In2 + hp(¥)

YeQ>
1 1
= f p(u)y du — f ydu + u]“(;)
0 .(§) ’

=y(lpll; = 1) +24/yIn2. (3.5.53)

Since ||pll; > 1, the lower bound above can be arbitrarily large as y — co.

Finally, suppose that both ||p|l; < 1 and p <1 on [0, 1). We first establish the lower bound by

choosing the constant path y = %. Then,

Vi

u(y) = ——=—==1-|pl.
In2
V(l lpll)?

(3.5.54)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

By (3.5.47), (3.5.52) and (3.5.54),

* v In2 In2 _ _In2
PP =@ = 1 ||p||1>2f p(u) du = f [, Tlpl? 3% G = Tl (3.5.55)

It remains to show the matching upper bound. If ||p]|; = 0, then the monotonicity of p implies

that p = 0. In this case, obviously, ¥*(p) = In2 = %. From now on, we assume ||p||; € (0, 1).
Note that
sup hp(y) = max{ sup  hp(y), sup hp(y)} , (3.5.56)
Ye0r yeQa,u.(y)=1 YEQ2,u.(y)<1

where u.(y) is defined in (3.5.51). By this definition, for each y € O, with u.(y) = 1, we have
y(u) < In2 for all u € [0, 1). This and (3.5.52) imply

1
h.o(y)=f0 y(u)p(u) du < ||pll; In 2. (3.5.57)
Thus,

sup  hp(y) < |lpll; In2. (3.5.58)
YEQ2,u.(y)=1

On the other hand, for y € 0, with u.(y) < 1, we rewrite (3.5.52) as

1
(3.5.59)

1
fip(y) = fo YGp(u) du - a2

us(y)

1, (Y) 1
= fo y()p(u) du + f RCCORRLTE b2, (3.5.60)
.y

By the definition of u. in (3.5.51), it holds for u € [0, u.(y)) that y(u) < u“gf)z Also, y(u) > -t (y)z

for u € (u.(y), 1). Applying this to the right-hand side of (3.4.92) gives, since we assumed that
p<1onl0,1),

14(Y) 1
hy(y) < fo iy POn) due + f " 223 (p(u) — 1) du —In2 +
= 22 (Iplh = (u(y) = 1) = glu(y)), (3.5.61)
where for x € (0, 1),
g(x) = 2 (lIplls = (x— 1)%). (3.5.62)

Note that g assumes its maximum on (0,1) in 1 — ||p||; with maximum value ”f!h;ﬁ?. Thus,

taking the supremum overy in (3.5.61) gives

sup  fp(y) < P2 < IRlLR2. (3.5.63)
YeQa,u.(y)<1
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Combining (3.5.56), (3.5.58) and (3.5.63), we get that

sup Jp(y) < max {liplly n2, W2} = 22, (3.5.64)
yelh

where the equality in the last step follows from the fact that 1 —||p||; € (0, 1). Thus,

¥*(p) = sup hp(y) +1In2 <

22 4+ n2 = 12 O
yeQs

[Pl 1=l

Corollary 3.5.4. In the setting of Proposition 3.5.3, for each p € Q»,

Y*(p) =1n2 + sup hp(y) =1In2 + sup hp(y) =1n2 + sup hp(y), (3.5.65)
yeQ> Y€Qe yeQ(n)

where hp(y) is as in (3.5.48), namely

1 1
hp(y) = f PGy () du — f () - 22), du. (3.5.66)
0 0

Proof. Note that in the proof of Proposition 3.5.3, we always used constant or piecewise
constant functions y for the lower bounds. This is also implicitly the case for the upper

bounds: The equation (3.5.57) translates to
ho(y) < hp(9), (3.5.67)

where y = In2. Also we can write (3.5.61) as

hp(y) < hp(Y), (3.5.68)
where § = u“(lf)z. Thus, we get the same result as in Proposition 3.5.3 if we take the supremum
overy e O™ ory e Q. O
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3 A Hamilton-Jacobi approach for the free energy of the CREM
3.6 An infinite-dimensional HJE and its viscosity solution

In this section, we study the existence and uniqueness of solutions of the Hamilton-Jacobi

equation

1
20 - [ A(Vaft.@)w)di=0, V@R x0: (HJEIQ)

with f(0,-) =¥, for a Lipschitz continuous and convex speed function A: [0,1] — [0, 1] and
¥Y: 0; —» R as in Theorem 3.1.1, i.e.

1
Y(@Qq) = —1n2+f (a - 22) du. (3.6.1)
0

u2

for q € Q). In Definition 3.6.9, we introduce the notion of a viscosity solution of (HJE[q]).
In Proposition 3.6.12, we prove existence, uniqueness and the representation by a varia-
tional formula for a viscosity solution of (HJE[q]). This relies on [47, Theorem 4.6], see
Theorem 3.6.10 for a restatement in our setting.

The goal of this section is to prove Theorem 3.1.2, i.e. that the unique viscosity solution f of
(HJE[q]) with f(0,-) = ¥ satisfies

f(t,q0) = lim FA(p), (3.6.2)

forall7 > 0, where gy = 0 € 0 and F? is the free energy of the CREM, see (3.1.3).

In the following, we state definitions from [47], which we use in the proof of Proposi-
tion 3.6.12.

Definition 3.6.1. Let H be a Hilbert space and C ¢ H be a closed cone. A function
G: D - RU{oo}, where D C ‘H, is C-increasing (over D) if G(x) > G(y) holds for all x,y € D

with x —y e C.

Note that Q5 is a closed convex cone on the Hilbert space L,([0, 1), R). Its dual cone is the

closed convex cone defined by

0} = {p € Ly([0, 1), R): [ p(u)qu)du > 0V € QZ}. (3.6.3)

A function G: O, — R is Qj-increasing (over Q) if, for all q,q € O,

1 1
f p()q(u) du > f pWGw)du forallpe 0o = G(@Q) = G(@{). (3.6.4)
0 0
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3.6 An infinite-dimensional HJE and its viscosity solution

Lemma 3.6.2. The function ¥ from Theorem 3.1.1 is Q;-increasing (over Q).
Proof. For M € N, we write

equidist. *

Q(ZD = {q € Q: there exist 0 < gy <--- <gy-1 so thatq= Z?’i(‘)l qj‘:ﬂ.[%’%)}- (3.6.5)

We aim to prove that for all g, § € Q,, we have

1 1
f p(u)q(u) du > f pwdw)duforallpe @, = W) > ¥@d). (3.6.6)
0 0

Let M € N. By the following continuity-density argument, it suffices to prove that (3.6.6)
holds for all g,q € Qgc;)n gist - 1he Cauchy-Schwartz inequality implies for all p,q,q € Q> that

|y (@) - §0) pGo) du| < [ Jae) - &) p(u) due < llg = Pl (3.6.7)

Thus, the function 1,([0,1)) 5 g — fol g(u) p(u)du is Lipschitz continuous w.r.t. || - || for all
p € Q. The function ¥ is Lipschitz continuous w.r.t. || - ||; by Corollary 3.5.1 and thus by
(3.1.8) also Lipschitz continuous w.r.t. || - ||;. With the same arguments as in the proof of
Lemma 3.3.2, one proves that | ey Q(k> is dense in Q;. Recall from (3.1.8) that O, c O,

equidist.

0 Upery % is dense in Q> as well. Thus, (3.6.6) holds for all g, § € Q if it holds for all

? )equidist.
~ M
Q.9€ Qequidist.'

Let @@ = YM1 07 g0 = M1 1y e 0™ so that
=095 5 0 9j Hi57)

j 57 equidist.
1 1
f p(u)q "V (u) du > f p()q(u) du for all p € Q5. (3.6.8)
0 0

We prove that ‘P(q(l)) > ‘I’(q(o)).

For each 4 € [0, 1], we set gV = 29V + (1 - )q®. Then, g = $ qE.’l)]ll ) € oM

%,% equidist.’
where ¢\ = /l(q(()l), .. ,q;}[)_l) +(1=2) (qg)), .. .,qﬁg)_l). We set
P C(<M_1) - R,
(qos---sqm-1) Hl}l(zj'ﬂi()qj]l[%’f%wl))a (3.6.9)
recalling that
¥V =lg=(qo.-...qu-1) €eRM: 0 < qo < -+ < qu1}. (3.6.10)
By the fundamental theorem of calculus,
1
e 1 & (0 0 B (DY 43
P(qV)-w(q9) =P(q)..... a5 )~ (a). - aly) = fo LG (g0) a1, (3.6.11)
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3 A Hamilton-Jacobi approach for the free energy of the CREM

where by the chain rule,

M-
i 1 0 I Pl
29(qV) = >, (@ -d) £%(¢?). (3.6.12)
Jj=0

>_.

To keep this proof concise, we postpone the proof that V¥ (¢) € C(SM D for all qe C(<M D to the
following Lemma 3.6.3. This result implies for each A € [0, 1] that, setting

p(/l) — (% (g (/l)) ]l[
J

<

REAE (3.6.13)

I
(=)
<~

we have pW ¢ Q%&idist. C Q5. Then, by (3.6.8), for each 1 € [0, 1],

<

-1
(4" - 4") 29(¢) f (9@) — a) " (u) du > 0. (3.6.14)

I
(=]

J

Inserting (3.6.12) and (3.6.14) into (3.6.11) gives ¥(q") = ¥(q®), which completes this
proof up to the proof of Lemma 3.6.3. O

Lemma 3.6.3. Let

. cM D SR,

(qo, - > qm-1) = ‘I’(Zj"io qﬂl[ﬁ%)), (3.6.15)
as in (3.6.9). Let M € N and g = (qo, - .. ,qu-1). Then, the gradient V¥(q) lies in CV'~V.

Proof. Let M € N and (g¢,...,q9u-1) € C(M D We write q: ijo q;1 [
increasing, by Theorem 3.1.1,

1) Since q is

1
o) = W@ = =2+ [ (- 22), du

u?

1
:—ln2+f q(u) — 22 du
x(q)

1

In2
@) o q(u) du, (3.6.16)

where x.(q) = inf {x € (0,1]: q(x) > ];—22} setting x.(q) = 1 if gy—1 < In2. We compute the partial
derivatives of ¥ in (qo, . .., qm-1):

1. If x.(q) = 1, then ¥(qo,...,gm-1) = —In2, so %‘P(qo,...,qM_l) =0forall j=0,...M.
J
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3.6 An infinite-dimensional HJE and its viscosity solution

2. If x,(q) = & for some k € {1,...,M — 1}, then

M-1
P(qo.. .. qu1) = -2+ ) 4, (3.6.17)
j=k
SO
5 0, ifj<k,
- Y(qo, - qu-1) = (3.6.18)
Y . ifj>k

3. If x.(q) € (4 ) for some k € {1,..., M — 1}, then x,(q) = 22 This gives

1
P(qos .- qu-1) = —\qxIn2 + qu(m du
a

S

-1

_ k+1 In2 qj
——\/qkln2+qk(ﬁ— %)+ 0

J=k+1

]
>~

M-1
= 2Jgn2+ gt + > 4 (3.6.19)
Jj=k+1
Thus,
0, if j <k,
%\P(qo,...,qM_l) = 5 -2 =td - x@, ifj=k (3.6.20)
& if j > k.
In particular, in each case,
V¥, ., qu-1) € CV. O

Definition 3.6.4. Let D > 1 and MP*P c RP*P be the set of positive semidefinite D x D
matrices. Note that MP*P is a closed cone. A function g: MP*P — R is called proper if g is
MP*P.increasing and, for each T € MP*P, the function

gr: MPP S R,
S g8 +T)-g(S), (3.6.21)

is MP*P-increasing.
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3 A Hamilton-Jacobi approach for the free energy of the CREM

We are interested in the case D = 1, where M!*! = R.

Lemma 3.6.5. A Lebesgue-measurable function g: Ryg — R is proper if and only if it is

convex and increasing.

Proof. The condition of g being Rsp-increasing is equivalent to g being increasing on Ry.
Assume that g is convex and increasing. We prove that g is proper, i.e. g is increasing and for
all x,y,z > 0 with x >y,

gx+2)— gy +2) = gx) — g0y). (3.6.22)

Let x,y,z > 0 with x > y. For z = 0, (3.6.22) is trivial. For z > 0, we set A := ==X € [0, 1], which

X+z-y

ensures that Ay + (1 — )(x+z) =y +zand A(x + z) + (1 — )y = x. Then, by the convexity of g,

g(x+2) - gy +2) = glx +2) — g(y + (1 = D(x + 2))
> g(x+2)—Ag(y) — (I — Dg(x +2)
= Ag(x +2) - ()
=Ag(x +2) + (1 = Vg — g(»)
> g(Ax +2) + (1 = )y) - g
= g(x) — g(y). (3.6.23)

Thus, g is proper if it is convex and increasing.

Conversely, assume that g is proper, i.e. g is increasing and satisfies (3.6.22) for all x,y,z > 0

with x > y. This implies that for x > y > 0, setting 2= 52, ¥ = 52, 5=y,

20 —g(F) = g(¥+2) - g3+ = g(® - () = g(F2) - 8. (3.6.24)
We have obtained that

g(5Y) < 380 + 38, (3.6.25)

for x > y > 0. By symmetry, this also holds for y > x > 0. Thus, g is midpoint-convex and,
by assumption, Lebesgue-measurable. A classical result from convex analysis, which was
proven independently in [23] and [106], implies the convexity of g. O

Note that the latter proof relies on the fact that “<” is a total order on R, so this technique
fails on MP*P for D > 1.

In (HJE[q]), we evaluate A ((Vq f(, q)) (u)) for u € [0,1). However, we do not know a priori
whether (Vq f(, q)) (u) lies in the domain [0, 1] of A. For this reason, we use the following
definition of a regularisation to extend A to the domain R.

148



3.6 An infinite-dimensional HJE and its viscosity solution

Definition 3.6.6. Let A: [0,1] — [0, 1] be a Lipschitz continuous and convex speed function.
A function Areg.: R — R is called regularisation of A if Ayeq, coincides with A on [0, 1] and

Areg. is Lipschitz continuous on R and proper on Ry.

This is an adaptation of [47, Definition 4.1] to the setting of this thesis, taking into account
that speed functions are only defined on [0, 1], while analogous functions in [47] are defined
on R.

Lemma 3.6.7. Let A be a Lipschitz continuous and convex speed function. Then, there
exists a regularisation Areg. of A.

Proof. Let L > 0 be a Lipschitz constant of A. Then, the function

0, if x <0,
Areg.: R = Ryo, x = { A(x), if x € [0, 1], (3.6.26)
1+Lx-1), ifx>0,

is clearly increasing, Lipschitz-continuous and coincides with A on [0, 1] per construction.
Since A is increasing and L-Lipschitz continuous, it is differentiable for Lebesgue-almost
all x € [0,1] with 0 < A’(x) < L. Since A;eg'(x) =Lforx>1and A;egv(x) =0 for x <0, Areq. is
convex, so it is by Lemma 3.6.5 proper on R. O

Definition 3.6.8. Let Ay be a regularisation of the Lipschitz continuous and convex speed
function A. The nonlinearity H corresponding to Areg. is the function

H: L,([0,1),R) —> R,
g > inf {fO‘ Areg.(P) du: p € 0y N (g + Q;)}. (3.6.27)

Definition 3.6.9. We call f: R>9x Q> — R a viscosity subsolution (supersolution) of (HJE[q])
if there exists a regularisation Areg. 0f A so that f is a viscosity subsolution (supersolution) of

570 ~H(Vof(.@) =0,  V(1Q) €Ry x Os. (3.6.28)

i.e. forall (t.,0.) € Ryox Qs and all ¢ € C*(Rxp X 02, R) so that (¢.,q.) is a strict local maximum
(minimum) of f — ¢, we have

£¢(t.,q.) — H(Vqg(t., ) (3.6.29)

<0, in the case of a subsolution,
>0, in the case of a supersolution.

The function f is a viscosity solution of (HJE[q]) if it is both a viscosity sub- and supersolution
of (HJE[q]).
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Once we prove Proposition 3.6.12, we know that the unique viscosity solution of (HJE[q])
with initial condition ¥ does not depend on the choice of the regularisation. Uniqueness of
viscosity solutions in this setting is to be understood in the class of functions f: Ryox Q0> —» R
satisfying all of the following:

* f(t,-) is Lipschitz continuous,

* Supt>0, qes

f(t,q>:f(t,0> | < oo,

e forall >0, f(z,-) is Q5-increasing.

We now state the parts from Theorem 4.6 of [47], which we use for the proof of Proposi-
tion 3.6.12.

Theorem 3.6.10 [47, Theorem 4.6]. Let A: [0,1] — [0, 1] be a Lipschitz continuous and
proper function. Let Areg. be a regularisation of A. Let G: O, — R be Qj-increasing with

IG(@) - G@)| < llg -4l (3.6.30)

for all 9,4 € Q». Then, there exists a unique viscosity solution f of (HJE[q]) with f(0,-) = G,
which is given by the Hopf-Lax formula

1 1
f(t,q) = sup inf (G(y)+ f P - Q) — y(w)) du + 1 f Areg(p(u))du), (3.6.31)
0 0

¥€Qw PEQeo
for all (t,q) € Ryg X Q. If furthermore, G is convex, then f is given by the Hopf formula

1

1
£(6.q) = sup inf (G<y>+ fo D) - () — y(u0)) dut + 1 fo

Areg.(P(u)) d”) > (3.6.32)
PEQw Y€0w

for all (¢,q) € Ryo X O».
When comparing Theorem 3.6.10 to Theorem 4.6 of [47], note that we used the following
Lemma 3.6.11 and the fact that Q. C O, to simplify the nonlinearity in the variational

formulas (3.6.31) and (3.6.32).

Lemma 3.6.11. Let A be a Lipschitz continuous and convex speed function. For each

regularisation Areq. 0f A and each q € Q,, we have

1
H(q) = f Areg.(q(u)) du. (3.6.33)
0
Proof. We prove that the map
G: 02 — Ry,
1
q- f Areg.(q(u)) du, (3.6.34)
0
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3.6 An infinite-dimensional HJE and its viscosity solution

is Qj-increasing. Then, for each g in O, and for eachp € 0> N (q + Q;) we have p-q € 05, so
G(p) = G(qg). This implies that

H(@) = inf {G(p): p € Q2 N (q+ 03)} = G(a), (3.6.35)

which completes the proof.

Let L > 0 be the Lipschitz constant of A. Since |G(q) — G(§)| < L|lg — §l|; for all g,§ € Q,, we
can apply the same continuity-density argument as in (3.6.6)-(3.6.8). Thus, it suffices to
- is as in (3.6.5), it holds

equidist.”’

prove that for M e Nand q,8 € Q where Q

equldlst

1 1
f p(u)q(u) du > f pwdw duforallpe O = G = G@). (3.6.36)
0 0

To prove this, we proceed as in (3.6.11)—(3.6.14): Note that forq = Zk 0 qk]l[k 1) € Q

equ1dlst 4

we have G(q) = G(qo, ...,qm-1), where

G: C(<M_1) - R,
1 M-1
(Pos- - Pu—1) > o2 ZO Areg.(PR)- (3.6.37)

Let q© = 351 401,

M>

1 — yM=1 Dy (M) ; :
,Ll),q = Zj:O q; l[ﬁ%) € Qequidist., which satisfy

1 1
f p(u)qV(u) du > f p(u)q(u) du for all p € Q. (3.6.38)
0 0

We prove that G(qV) > G(q®).

equidist.’

where ¢V = /l(qgl), .. .’q;}l) 1) +(1 -2 (qg)), . "15\3) 1) e CYD_ Since A, is increasing, it is

Lebesgue-almost everywhere differentiable on R, so G is Lebesgue-almost everywhere

For each A € [0,1], we set gV = gD + (1 - )q®. Then, g = ¥/ 14 (’l)]l[f 1) € e oM

partially differentiable on C(<M_1). Thus, by the fundamental theorem of calculus,

6(") -G (") =6 (i)~ a) = [ 26T a1 3639

This and the same computations as in (3.6.11)-(3.6.14) imply that (3.6.36) holds for q,q €
Q(M). ifVG(g) € C(SM_I) for Lebesgue-almost all g € C(<M_1).

equidist.
Let g = (qo, - -.,gm-1) so that the derivative of A;¢q. exists in each entry of g. Then, for each
Jk=0,...,M—1with j <k, since Areq. in convex,
%G(%, o qu1) = §iA%eq (4)) S 3iATeq (@) = 5-G(qo. - qu-1), (3.6.40)
so VG(g) € C(SM_I). This completes the proof. O
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3 A Hamilton-Jacobi approach for the free energy of the CREM

Proposition 3.6.12. Let A: [0,1] — [0,1] be a Lipschitz continuous and convex speed
function. Let Areq. be a regularisation of A. Let¥ be as in Theorem 3.1.1. Then, there exists
a unique viscosity solution f of (HJE[q]) with f(0,-) =¥, which is given by the Hopf formula

1 1
f(t,q) = sup inf (‘P(Y)+ fo p(u) - (Qu) — y(w) du + ¢ fo Areg.(p(u))du)

PEQw YEQw
: 1 In2
= sup |t | Ap)du+ | pq)du- , (3.6.41)
PEQo, 0 0 1 —lplly
[Iplleo <1, llpll1 <1

for all (t,q) € Ry9 X Q». In particular, f does not depend on the choice of the regularisa-
tion Areg..

Proof. By Lemma 3.6.5, A is proper. By Lemma 3.6.2 and Corollary 3.5.1, ¥ is Q}-increasing,
convex and satisfies (3.6.30) for all q,§ € Q». Thus, by Theorem 3.6.10, there exists a unique
viscosity solution f of (HJ/E[q]) with f(0,-) =¥, which is given by the Hopf formula

1 1
f(t,q) = sup inf (‘P(y>+ f P(u) - (qQu) — y()) du + ¢ f Areg.<p<u>>du), (3.6.42)
0 0

PEQw YEQw

for all (¢,q) € R>o X 0. By Proposition 3.5.3 and Corollary 3.5.4, for each p € Q,,

1 1
inf (‘P(Y) - fo P(u)y(ue) du) = — sup ( fo P(u)y(u) du —‘P(Y))

y€Qw Y€Qw
=-Y.(p)
—00, if |lplli = 1 or there exists u € [0, 1) with p(u) > 1,
—18ior,  otherwise, i.e. [Iplle < 1 and [Iplli < 1.
(3.6.43)
Inserting (3.6.43) into (3.6.42) gives
! ! In2
f@,a)= sup 1| Areg.(P(w)du+ [ pu)q(u)du -
PEQe. 0 0 1 —lpllx
lIPllo<1, lIplh <1
! ! In2
= sup (tf A(p(u)) du +f p(w)q(u) du — ), (3.6.44)
PEQe. 0 0 1 —lpll
lIPllo<1, lIplh <1
using in the last step that any regularisation Areq. of A coincides with A on [0, 1]. O
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3.6 An infinite-dimensional HJE and its viscosity solution

Finally, we prove the central result of this section.

Proof of Theorem 3.1.2. Recall that qp = 0 € Qg)). Since A is a convex speed function, we
have A(x) < x for all x € [0, 1]. If = 0, then by Theorem 3.1.1 and (3.1.4),

f(0,q0) = ¥(g0) = —1In2 = IlviTm F(0). (3.6.45)

Let ¢t > 0. By Proposition 3.6.12,

! In2
S, Qo) = sup (tf A(p(u)) du — —)
PEQco. 0 1 —lplly
lIpllo<1, lIpll <1

! In2
= sup sup (tf A(p(u))du——), (3.6.46)
2€[0,1)  peQu, 0 1-2
lIplleo<L,lIpll1=2

where we used in the last step that || - ||} < || - |lo On Lo([0,1),R). Let A € [0,1). We set
p“® = 1[;_11). In the case A = 0, this is to be understood as p{¥ = 0. Since pY € Q, with
lIpllo = 1 and [lpll; = 4, we get

! 1
Sup (tf A(p(u)) du) > tf A(p(/l)(u)) du = /l[, (3647)
pero, 0 0
lIpllo<L,lIpll1 =4

using that A(0) = 0 and A(1) = 1. Since A(x) < x for all x € [0, 1],

1 1
fA(p(u))dMSf p(u) du = [|pll1, (3.6.48)
0 0
SO
1
sup (z f A(p(u))du)s sup  tllplly = Ar. (3.6.49)
PEQw, 0 PEQ,
lIpllo<1,lIpll1=1 IPlleo<1,lIpll1=4

Combining (3.6.47) and (3.6.49), we get

1
sup (tf A(p(u)) du) = At. (3.6.50)
PEQ, 0
lIplleo<1,lIpll1=2
Inserting this into (3.6.46) gives
Sf(t,q0) = sup h(A), (3.6.51)
2€[0,1)
where
h: R\ {1} - R,
In2
A A — 1 . (3.6.52)
1-2
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3 A Hamilton-Jacobi approach for the free energy of the CREM

We compute the first and second derivative of 4;:

In2
(1=
21n2
(1-20%

W) =1 -

h () = - (3.6.53)

Note that 4" is negative on [0, 1), so any critical points of /4, in [0, 1) will be local maxima. One
computes that the only roots of 4] are in 1 + ¥ which is not in [0, 1), and A.() = 1 — ,/¥
If t >1n2, then A.(¢) € [0, 1), so

f(t,q0) = sup h(d) = h(A.(0)) = t(l - \/;) —Viin2 =t-2Viin2. (3.6.54)

A€[0,1)

If € (0,1n2), then one sees that &; is negative between its roots and in particular negative

on [0, 1). Thus, &; assumes its maximum on [0, 1) in 0, which implies

f(,q0) = sup hy (A1) = h(0) = —In2. (3.6.55)
A€[0,1)

We have obtained in (3.6.54) and (3.6.55) that

A ) —In2, ift<In2, (3.6.56)
1,qo) = .6.
t—2VtIln2, ifr>1In2,

which coincides with limyte Fj\‘,(t) if A(x) < x, see (3.1.4). O
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3.7 Outlook: Towards a generalisation of Theorem 3.1.2
3.7 Outlook: Towards a generalisation of Theorem 3.1.2

In this section, we discuss a generalisation of Theorem 3.1.2 in the form of the following
conjecture.

Conjecture 3.7.1. Let A: [0,1] — [0, 1] be a convex Lipschitz continuous speed function.
Let Fy be the enriched free energy of the CREM with speed function A, see (3.1.3). Let ¥ be
as in Theorem 3.1.1. Then, the unique viscosity solution f of (HJE[q]) with f(0,-) =¥ from
Proposition 3.6.12 satisfies

f@q = }}%2 Fy(1,9), (3.7.1)

forallt >0 andqe€ Q5.

In this thesis, we prove one direction of Conjecture 3.7.1 in the form of the following

theorem.

Theorem 3.7.2. In the setting of Conjecture 3.7.1, it holds
f(t,q) < li%inf Fy(t,0), (3.7.2)

forallt >0 andqe€ Q.

The proof of Theorem 3.7.2 relies on Theorem 3.7.3, whose setting we introduce in the
following: For each N € N, let Hy be a finite-dimensional Hilbert space with scalar product
(-, 74, and let Py be a probability measure on Hy whose support is contained in BW(O),
the closed ball around 0 € Hy with radius VN. We also call Py the reference measure.
Let A: [0,1] — R be locally Lipschitz. Assume that for each N € N, there exists a centred

. "A . .
Gaussian process (HN(T))Tesupp Py with covariance
~A AA (T Dty ~
E[Ay(mAy®)]| = NA(5™), V1.7 € suppPy. (3.7.3)
For each N € N, let ey,...,edim#, be an orthonormal basis of Hy. We define an isometry

between RIMHy¥ and Hy by

N Rdim Hy N WNv
dim Hy
X = (X1 s Xdimy) Z xe;. (3.7.4)
i=1
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3 A Hamilton-Jacobi approach for the free energy of the CREM

For M,N € N, let (zg)s v be a family of i.i.d. standard Gaussian vectors on R 7. We
set

gty = (938 g o o (3.7.5)

Fort>0,q= ", a1z, € QM with

O0=0 <l << <lma<lm<lms =1,

0=¢g1<qo<--<qm-1<qu <, (3.7.6)

.....

energy of (ﬁj\‘,(r))Tesupp by DY
Fn(t,9)
1 ~ (T, T)s
=—E [m (zaeNM va [ exp («/Z AAT) - NiA (THN) VI (yq(@). 7, ~qur T>HN) dPN(T))] ,
(3.7.7)
where
M 1/2
vo@ = (a-gqj1)  Zyp  VaeN (3.7.8)
=0

We assume that (vy),enm, (FII*\‘,(T)) and (yq(a/))aeN ., are independent for each M, N, q.

Tesupp Py

One shows as in Proposition 3.3.1 that for each r > 0, Fy(t,-) is Lipschitz continuous

w.r.t. ||-|l;. This and Lemma 3.3.2 imply that Fy can be continuously extended from
Rso X Q™ to Rso X Q).

Theorem 3.7.3 is a reformulation of [47, Theorem 4.13], which in turn is a version of
[95, Theorem 3.4], where the definition of a viscosity (sub-)solution does not contain any
boundary conditions. We refer to [95, Definition 4.1] for further details on these boundary
conditions.

Theorem 3.7.3 [47, Theorem 4.13]. In the setting described in this section, assume
that the speed function A: [0,1] — [0, 1] is Lipschitz continuous and proper. Also assume
that Fy(0,): 0, —» R converges pointwise, as N T oo, to a function G: Q; — R, which is
Q;-increasing with

IG(a) = G(@I < lla - qll1 (3.7.9)

forallq,q € Q.
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3.7 Outlook: Towards a generalisation of Theorem 3.1.2

Then, for eacht > 0 and q € O3,

li%infﬁN(t,q) > f(t,q), (3.7.10)
where f is the unique viscosity solution of (HJE[q]) with f(0,-) = G from Theorem 3.6.10.
Now, we prove the central result of this section.

Proof of Theorem 3.7.2. We first prove that the enriched free energy Fy in (3.1.14) can be

written in the form (3.7.7). The following steps are all done for each N € N. We set Hy = R2™

and denote by - the standard scalar product on R2"™'. Note that ’Uﬁl {-1, 1}i| = Zﬁl 2l =
N+1

2N+l _ 2. We identify the first 2V*! — 2 unit vectors ey,...,em1_, € R> by (€2)e ¥ (1,1 in an
arbitrary but fixed order. The map

we (1L 1Y 5> RY

N
T el (3.7.11)
i=1

defines an embedding of {-1, 1V in R2"" 5o that for o0 e{-1,1}V,

N N N
@) (@) = ) eo oy = Y Loy (0,5) = D Lo=i(07,5) = 0 A G- (3.7.12)

i,j=1 i,j=1 i=1

We write Sy =y ({—1, I}N ) and set Py to be the uniform distribution on Sy. Then, supp Py =
Sy C B\/N(O), where the latter denotes the closed ball around 0 € R2""" with radius VN. Recall
that the CREM (Hyy(0))

covariance

o with speed function A is a centred Gaussian process with

E|Hy()Hy(&)| = NA(%E),  VYooe(-1,1)". (3.7.13)

Note that ¢y: {-1,1}V > Sy isa bijection. This enables us to set
A . Ag,—1
(AN ()resy = (HYG ) . - (3.7.14)

Then, (ﬁj’:,(r))res is a centred Gaussian process with covariances as in (3.7.3), i.e.
N

B[R] = B[ @)HAG )] = A (Z2552) = Na (%), (3.7.15)

for all 7,7 € Sy, where we used (3.7.12) in the last step.
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3 A Hamilton-Jacobi approach for the free energy of the CREM

For M e Nand q = 32 gk Ligz.r) € QM) we set

M
1/2
vo@ = (a-¢1) "z YaeNY, (3.7.16)
Jj=0
where each z,; = (za|j,1,...,za|j,21v+|) is from a family of i.i.d. standard Gaussian vectors on
R2"". This means that (q(@) * T) yenit res,, 1S @ centred Gaussian process with covariances

2l ) 0a@ 7= 3 (a1 =) 0 051 B, 7)o, )

J1,j2=0
M 2N+1
1/2 1/2 N
Z (qjl - q]l—l) (qJ'z - qu—l) Z 7 T K [Zalj] ,ilzdljz,iz]
jlvj2:0 i],i2=1
M 2N+1
1/2 1/2 " - ..
= Z (6]]1 _Qj]—l) (QJz _qu—l) Z Ti|Ti2]-Cl|j1:C~Y|j2(a,’ CY) :H-i|:i2(l1’12)
J1,j2=0 i,i2=1
M 2N+1
Z —4qj- 1 alj—alj(a @) Z TiTi
=qara T T, (3.7.17)

for each @, @ € N™ and each 7,7 € Sy. In particular, by (3.7.12) and (3.7.17), recalling the
definition of Yq in (3.1.12), we get

d _
(a(@) * T ger resy = (Yalty' (), “))QGNM, sy (3.7.18)

for each M € N and each g€ Q™. As in (3.7.7), for M e Nand q = )2 gk Liz0) € OM, we

set

Fn(t,q) = ——IE [ln (ZaeNM Vo fexp (\/_ (T) NtA (TWT) + \/qu(a) T—qguT- T) dPN(O'))] .
(3.7.19)

Then,
Fy(,0) = =B [10 (Sesmn vo 3 Sees, exp (V21 AR = Ne+ V2 yg(a) -7 = Naw)|
ln2—lE[ln(Za€NM Va Soeir.iv € (V21 H(iv(@)) = Nt + V2 yq(@) - tn(o) = Nan))|

=In2- NIE [ln (ZQENM Va ige(~1,1)V €XP (\/Z Hi(0) = Nt + V2 Yq(or, @) - NqM))]

= Fy(t,q) +In2, (3.7.20)

with Fy as in (3.1.14), using (3.7.12), (3.7.14) and (3.7.18) in the second last step. In
particular, by Theorem 3.1.1,

llviTm Fn(0,q) = IlviTm Fn(0,9) +In2 = P(q) + In2, (3.7.21)
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3.7 Outlook: Towards a generalisation of Theorem 3.1.2

for each g € Q;. Theorem 3.7.3 implies that

li%inf Fy(t,0) = f(1,q), (3.7.22)

forallt >0, q € O,, where f is the unique viscosity solution of (HJE[q]) with f(O, =¥ +In2.
Then, the Hopf formula (3.6.32) implies that

ft,q) = f(t,q) +In2, (3.7.23)

for all t > 0, g € Oy, where f is the unique viscosity solution of (HJE[q]) with f(0,-) =¥ from
Proposition 3.6.12. Thus, by (3.7.20), (3.7.22) and (3.7.23), we conclude that for all ¢ > 0,

qe 0,

1i%inf Fn(t,q) = f(2,9), (3.7.24)
which completes the proof. O

Chen and Mourrat proved in [43, Theorem 1.1] that equality as in (3.7.1) holds in the setting
of the Hilbert space R?*" with D, N € N, where the reference measure Py is a product
measure, i.e. Py = P, where P, is a probability measure on R”. We explain why this is not
the case for the embedding of the enriched CREM into R2"" as in the proof of Theorem 3.7.2:
There, the reference measure Py is the uniform distribution on the embedding of {-1, 1y,
so it is a discrete probability measure with 2V point masses. To obtain a contradiction,
assume that Py = P?ZNH, where P; is a probability measure on R. Since Py is discrete, P,
must also be a discrete measure. Let £ € N be the number of point masses of P;. Then, Py
has 2" point masses, which contradicts the fact that Py has 2" point masses. Thus, the
embedding of the enriched CREM into R2"" as in the proof of Theorem 3.7.2 does not fit the
setting of [43].

Because of the similarity of the settings of this thesis and of Chen’s and Mourrat’s work
[43], one might expect that Conjecture 3.7.1 is true. Nevertheless, we cannot directly adapt
Chen’s and Mourrat’s proof methods since their approach fundamentally depends on Py
having a product measure structure. The resolution of this technical barrier and the proof of
the matching bound in Conjecture 3.7.1 will be explored in future work.

159






Bibliography

[1]

(2]

[3]

(4]

[5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

L. Addario-Berry and B. Reed. Minima in branching random walks. Ann. Probab.,
37(3):1044 - 1079, 2009.

E. Aidékon. Convergence in law of the minimum of a branching random walk. Ann.
Probab., 41(3A):1362 - 1426, 2013.

E. Aidékon, J. Berestycki, E. Brunet, and Z. Shi. Branching Brownian motion seen
from its tip. Probab. Theor. Rel. Fields, 157:405-451, 2013.

A. Alban, A. Bovier, A. Gros, and L. Hartung. From 1 to infinity: The log-correction
for the maximum of variable speed branching Brownian motion. Electron. J. Probab.,
30:1 - 46, 2025.

L.-P. Arguin. Extrema of log-correlated random variables: Principles and Examples.
In Advances in disordered systems, random processes and some applications, pages
166-204. Cambridge Univ. Press, Cambridge, 2017.

L.-P. Arguin, D. Belius, and P. Bourgade. Maximum of the characteristic polynomial of
random unitary matrices. Comm. Math. Phys., 349(2):703-751, 2017.

L.-P. Arguin, D. Belius, and A. J. Harper. Maxima of a randomized Riemann zeta
function, and branching random walks. Ann. Appl. Probab., 27(1):178 - 215, 2017.

L.-P. Arguin, A. Bovier, and N. Kistler. Genealogy of extremal particles of branching
Brownian motion. Comm. Pure Appl. Math., 64(12):1647-1676, 2011.

L.-P. Arguin, A. Bovier, and N. Kistler. Poissonian statistics in the extremal process of
branching Brownian motion. Ann. Appl. Probab., 22(4):1693-1711, 2012.

L.-P. Arguin, A. Bovier, and N. Kistler. The extremal process of branching Brownian
motion. Probab. Theor. Rel. Fields, 157:535-574, 2013.

L.-P. Arguin, G. Dubach, and L. Hartung. Maxima of a random model of the Riemann
zeta function over intervals of varying length. Ann. Instit. H. Poincaré Probab. Stat.,
60(1):588 - 611, 2024.

L.-P. Arguin, L. Hartung, and N. Kistler. High points of a random model of the
Riemann-zeta function and Gaussian multiplicative chaos. Stochastic Process. Appl.,
151:174-190, 2022.

L.-P. Arguin and F. Ouimet. Extremes of the two-dimensional Gaussian free field with
scale-dependent variance. ALEA Lat. Am. J. Probab. Math. Stat., 13(2):779-808, 2016.

E. C. Bailey and J. P. Keating. Maxima of log-correlated fields: Some recent develop-
ments. J. Phys. A, 55(5):053001, 2022.

161



Bibliography

[15]

[16]

[17]

[18]

M. Bardi and L. C. Evans. On Hopf’s formulas for solutions of Hamilton-Jacobi
equations. Nonlinear Anal., 8(11):1373-1381, 1984.

A. Barra, A. D. Biasio, and F. Guerra. Replica symmetry breaking in mean-field
spin glasses through the Hamilton-Jacobi technique. J. Stat. Mech. Theory Exp.,
2010(9):P09006, 2010.

A. Barra, G. D. Ferraro, and D. Tantari. Mean field spin glasses treated with PDE
techniques. Eur. Phys. J. B, 86(7):Art. 332, 10, 2013.

D. Belius and N. Kistler. The subleading order of two dimensional cover times. Probab.
Theor. Rel. Fields, 167(1):461-552, 2017.

[19] J. Berestycki, N. Berestycki, and J. Schweinsberg. Critical branching Brownian motion

with absorption: Particle configurations. Ann. Inst. H. Poincaré Probab. Statist.,
51(4):1215 -1250, 2015.

[20] J. Berestycki, E. Brunet, A. Cortines, and B. Mallein. A simple backward construction

of branching Brownian motion with large displacement and applications. Ann. Inst. H.
Poincaré Probab. Stat., 58(4):2094-2113, 2022.

[21] J. Berestycki, Y. H. Kim, E. Lubetzky, B. Mallein, and O. Zeitouni. The extremal point

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

162

process of branching Brownian motion in R?. Ann. Probab., 52(3):955 - 982, 2024.

M. S. Berger. Nonlinearity and Functional Analysis: Lectures on Nonlinear Problems
in Mathematical Analysis, volume 74 of Pure and Applied Mathematics. Academic
Press, New York, 1977.

H. Blumberg. On convex functions. Trans. Amer. Math. Soc., 20:40-44, 1919.

E. Bolthausen and A.-S. Sznitman. Ten Lectures on Random Media, volume 32 of

Oberwolfach Seminars. Birkhauser, 2002.

A. Bovier. Statistical mechanics of disordered systems. Cambridge Series in Statistical
and Probabilistic Mathematics. Cambridge University Press, Cambridge, 2006.

A. Bovier. Gaussian Processes on Trees. From Spin Glasses to Branching Brownian
Motion, volume 163 of Cambridge Studies in Advanced Mathematics. Cambridge
University Press, Cambridge, 2017.

A. Bovier and L. Hartung. The extremal process of two-speed branching Brownian
motion. Electron. J. Probab., 19(18):1-28, 2014.

A. Bovier and L. Hartung. Variable speed branching Brownian motion: 1. Extremal
processes in the weak correlation regime. ALEA Lat. Am. J. Probab. Math. Stat.,
12:261-291, 2015.

A. Bovier and L. Hartung. From 1 to 6: A finer analysis of perturbed branching
Brownian motion. Comm. Pure Appl. Math., 73(7):1490-1525, 2020.



[30]

[31]

[32]

[33]

[34]

[35]

Bibliography

A. Bovier and L. Hartung. Branching brownian motion with self-repulsion. Ann. H.
Poincaré, 24(3):931-956, 2023.

A. Bovier and I. Kurkova. Derrida’s generalised random energy models. I. Models
with finitely many hierarchies. Ann. Inst. H. Poincaré Probab. Statist., 40(4):439-480,
2004.

A. Bovier and I. Kurkova. Derrida’s generalized random energy models. II. Models
with continuous hierarchies. Ann. Inst. H. Poincaré Probab. Statist., 40(4):481-495,
2004.

M. D. Bramson. Maximal displacement of branching Brownian motion. Comm. Pure
Appl. Math., 31(5):531-581, 1978.

M. D. Bramson. Minimal displacement of branching random walk. Probab. Theor. Rel.
Fields, 45:89-108, 1978.

M. D. Bramson. Convergence of solutions of the Kolmogorov equation to travelling
waves. Mem. Amer. Math. Soc., 44(285):iv+190, 1983.

[36] J. G. Brankov and V. A. Zagrebnov. On the description of the phase transition in the

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

Husimi-Temperley model. J. Phys. A, 16(10):2217-2224, 1983.

D. Capocaccia, M. Cassandro, and P. Picco. On the existence of thermodynamics for
the generalized random energy model. J. Stat. Phys., 46(3):493-505, 1987.

C. Chang. Hybrid statistics of a random model of Zeta over intervals of varying length.
arXiv e-print, 2024. Available at https://arxiv.org/abs/2404.08575.

L. Chataignier. Additive martingales of the branching Brownian motion. arXiv e-print,
2024. Available at https://arxiv.org/abs/2407.20227.

B. Chauvin and A. Rouault. KPP equation and supercritical branching Brownian
motion in the subcritical speed area. Application to spatial trees. Probab. Theor. Rel.
Fields, 80(2):299-314, 1988.

B. Chauvin and A. Rouault. Supercritical branching Brownian motion and K-P-P
equation in the critical speed-area. Math. Nachr., 149:41-59, 1990.

H.-B. Chen. Hamilton-Jacobi equations for nonsymmetric matrix inference. Ann. Appl.
Probab., 32(4):2540-2567, 2022.

H.-B. Chen and ]J.-C. Mourrat. On the free energy of vector spin glasses with non-
convex interactions. Probab. Math. Phys., 6(1):1-80, 2025.

H.-B. Chen, J.-C. Mourrat, and J. Xia. Statistical inference of finite-rank tensors. Ann.
H. Lebesgue, 5:1161-1189, 2022.

163


https://arxiv.org/abs/2404.08575
https://arxiv.org/abs/2407.20227

Bibliography

[45] H.-B. Chen and J. Xia. Hamilton-Jacobi equations for inference of matrix tensor
products. Ann. Inst. H. Poincaré Probab. Stat., 58(2):755-793, 2022.

[46] H.-B. Chen and ]. Xia. Free energy of multi-layer generalized linear models. Comm.
Math. Phys., 400(3):1861-1913, 2023.

[47] H.-B. Chen and ]J. Xia. Hamilton-Jacobi equations from mean-field spin glasses. arXiv
e-print, 2023. Available at https://arxiv.org/abs/2201.12732.

[48] R. Chhaibi, T. Madaule, and ]J. Najnudel. On the maximum of the CSE field. Duke Math.
J., 167(12):2243-2345, 2018.

[49] M. G. Crandall, L. C. Evans, and P.-L. Lions. Some properties of viscosity solutions of
Hamilton-Jacobi equations. Trans. Amer. Math. Soc., 282(2):487-502, 1984.

[50] M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second
order partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

[51] M. G. Crandall and P-L. Lions. Viscosity solutions of Hamilton-Jacobi equations. Trans.
Amer. Math. Soc., 277(1):1-42, 1983.

[52] A. Dembo, Y. Peres, ]J. Rosen, and O. Zeitouni. Cover times for Brownian motion and
random walks in two dimensions. Ann. Math. (2), 160(2):433-464, 2004.

[53] B. Derrida. Random-energy model: Limit of a family of disordered models. Phys. Rev.
Lett., 45(2):79, 1980.

[54] B. Derrida. Random-energy model: An exactly solvable model of disordered systems.
Phys. Rev. B, 24(5):2613, 1981.

[55] B. Derrida. A generalization of the random energy model which includes correlations
between energies. J. Phys. Lett. (France), 46(9):401-407, 1985.

[56] B. Derrida and E. Gardner. Solution of the generalised random energy model. J. Phys.
C, 19:2253-2274, 1986.

[57] B. Derrida and H. Spohn. Polymers on disordered trees, spin glasses, and traveling
waves. J. Statist. Phys., 51:817-840, 1988.

[58] T. Dominguez and ]J.-C. Mourrat. Statistical mechanics of mean-field disordered
systems: a Hamilton-Jacobi approach, volume 32 of Zur. Lect. Adv. Math. EMS Press,
2024.

[59] R. S. Ellis. Entropy, Large Deviations, and Statistical Mechanics. Classics in Mathe-
matics. Springer, 2006.

[60] L. C. Evans. On solving certain nonlinear partial differential equations by accretive
operator methods. Israel J. Math., 36(3-4):225-247, 1980.

164


https://arxiv.org/abs/2201.12732

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

Bibliography

M. Fang and O. Zeitouni. Branching random walks in time inhomogeneous environ-
ments. Electron. J. Probab., 17(67):1-18, 2012.

M. Fang and O. Zeitouni. Slowdown for time inhomogeneous branching Brownian
motion. J. Stat. Phys., 149(1):1-9, 2012.

W. Feller. An Introduction to Probability Theory and Its Applications, volume 1. John
Wiley & Sons, New York, 3 edition, 1968.

M. Fels. Extremes of the 2d scale-inhomogeneous discrete Gaussian free field: Sub-
leading order and tightness. ALEA Lat. Am. J. Probab. Math. Stat., 22:357-388,
2025.

M. Fels and L. Hartung. Extremes of the 2d scale-inhomogeneous discrete Gaussian
free field: Convergence of the maximum in the regime of weak correlations. ALEA
Lat. Am. J. Probab. Math. Stat., 18(1):1891-1930, 2021.

M. Fels and L. Hartung. Extremes of the 2d scale-inhomogeneous discrete Gaussian
free field: Extremal process in the weakly correlated regime. ALEA Lat. Am. J. Probab.
Math. Stat., 18(1):1689-1718, 2021.

R. Fisher. The wave of advance of advantageous genes. Ann. Eugen., 7:355-369, 1937.

V. Gayrard and N. Kistler. Correlated Random Systems: Five Different Methods,
volume 2143 of Lecture Notes in Mathematics. Springer, 2015.

C. Glenz, N. Kistler, and M. A. Schmidt. High points of branching Brownian motion
and McKean’s martingale in the Bovier-Hartung extremal process. Elec. Comm. Prob.,
23(86):1-12, 2018.

F. Guerra. Sum rules for the free energy in the mean field spin glass model. Fields
Inst. Commun., 30:161, 2001.

J. M. Hammersley. Postulates for Subadditive Processes. Ann. Probab., 2(4):652 - 680,
1974.

S. C. Harris and M. 1. Roberts. The many-to-few lemma and multiple spines. Ann. Inst.
Henri Poincaré Probab. Stat., 53(1):226-242, 2017.

L. Hartung and M. Lehnen. Maximum of branching Brownian motion among mild
obstacles. arXiv e-print, 2022. Available at https://arxiv.org/abs/2207.03016.

E. Hopf. Generalized solutions of non-linear equations of first order. J. Math. Mech.,
14:951-973, 1965.

N. Ikeda, M. Nagasawa, and S. Watanabe. Markov branching processes 1. J. Math.
Kyoto Univ., 8:233-278, 1968.

165


https://arxiv.org/abs/2207.03016

Bibliography

[76] N. Ikeda, M. Nagasawa, and S. Watanabe. Markov branching processes II. J. Math.
Kyoto Univ., 8:365-410, 1968.

[77] N. Ikeda, M. Nagasawa, and S. Watanabe. Markov branching processes III. J. Math.
Kyoto Univ., 9:95-160, 1969.

[78] Y. H. Kim, E. Lubetzky, and O. Zeitouni. The maximum of branching Brownian motion
in RY. Ann. Appl. Probab., 33(2):1515 - 1568, 2023.

[79] N. Kistler. Derrida’s random energy models. From spin glasses to the extremes of
correlated random fields. In Correlated random systems: five different methods,
volume 2143 of Lecture Notes in Math., pages 71-120. Springer, Cham, 2015.

[80] N. Kistler and M. A. Schmidt. From Derrida’s random energy model to branching
random walks: from 1 to 3. Electron. Commun. Probab., 20:1-12, 2015.

[81]1 A. Klenke. Probability Theory: A Comprehensive Course. Universitext. Springer
International Publishing, Cham, 3rd edition, 2020.

[82] A. Kolmogorov, I. Petrovsky, and N. Piskunov. Etude de 1'équation de la diffusion avec
croissance de la quantité de matiere et son application a un probleme biologique.
Moscou Universitet, Bull. Math., 1:1-25, 1937.

[83] A. E. Kyprianou and T. Madaule. The Seneta-Heyde scaling for homogeneous fragmen-
tations. arXiv e-print, 2015. Available at https://arxiv.org/abs/1507.01559.

[84] S. P. Lalley and T. Sellke. A conditional limit theorem for the frontier of a branching
Brownian motion. Ann. Probab., 15(3):1052-1061, 1987.

[85] P. D. Lax. Hyperbolic systems of conservation laws II. Comm. Pure Appl. Math.,
10:537-566, 1957.

[86] P-L. Lions. Generalized solutions of Hamilton-Jacobi equations, volume 69 of Research
Notes in Mathematics. Pitman (Advanced Publishing Program), Boston, London, 1982.

[87] P-L. Lions and J.-C. Rochet. Hopf formula and multitime Hamilton-Jacobi equations.
Proc. Amer. Math. Soc., 96(1):79-84, 1986.

[88] T. Madaule. Convergence in law for the branching random walk seen from its tip. J.
Theor. Probab., online first:1-37, 2015.

[89] P. Maillard and O. Zeitouni. Slowdown in branching Brownian motion with inhomoge-
neous variance. Ann. Inst. Henri Poincaré Probab. Stat., 52(3):1144-1160, 2016.

[90] B. Mallein. Maximal displacement of a branching random walk in time-inhomogeneous
environment. Stochastic Process. Appl., 125(10):3958 - 4019, 2015.

[91] H. P. McKean. Application of Brownian motion to the equation of Kolmogorov-
Petrovskii-Piskunov. Comm. Pure Appl. Math., 28(3):323-331, 1975.

166


https://arxiv.org/abs/1507.01559

Bibliography

[92] J.-C. Mourrat. Hamilton-Jacobi equations for finite-rank matrix inference. Ann. Appl.

Probab., 30(5):2234-2260, 2020.

[93] J.-C. Mourrat. Hamilton-Jacobi equations for mean-field disordered systems. Ann. H.

Lebesgue, 4:453-484, 2021.

[94] ]J.-C. Mourrat. The Parisi formula is a Hamilton-Jacobi equation in Wasserstein space.

Canad. J. Math., 74(3):607-629, 2022.

[95] J.-C. Mourrat. Free energy upper bound for mean-field vector spin glasses. Ann. Inst.

H. Poincaré Probab. Stat., 59(3):1143-1182, 2023.

[96] J.-C. Mourrat and D. Panchenko. Extending the Parisi formula along a Hamilton-Jacobi

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

equation. Electron. J. Probab., 25:1-17, 2020.

C. Newman. Shock waves and mean field bounds: Concavity and analyticity of the
magnetization at low temperature. Appendix to: Percolation theory: A selective survey
of rigorous results. Advances in multiphase flow and related problems, pages 163-167,
1986.

F. Ouimet. Maxima of branching random walks with piecewise constant variance.
Braz. J. Probab. Stat., 32(4):679-706, 2018.

D. Panchenko. The Parisi ultrametricity conjecture. Ann. Math. (2), 177(1):383-393,
2013.

D. Panchenko. The Sherrington-Kirkpatrick model. Springer Science & Business
Media, 2013.

E. Paquette and O. Zeitouni. The maximum of the CUE field. Int. Math. Res. Not.,
2018(16):5028-5119, 2018.

G. Parisi. Infinite number of order parameters for spin-glasses. Phys. Rev. Lett.,
43(23):1754, 1979.

G. Parisi. A sequence of approximated solutions to the SK model for spin glasses. J.
Phys. A, 13(4):L115, 1980.

W. Rudin. Principles of Mathematical Analysis. McGraw-Hill, New York, 3rd edition,
1976.

D. Ruelle. A mathematical reformulation of Derrida’s REM and GREM. Comm. Math.
Phys., 108(2):225-239, 1987.

W. Sierpinski. Sur les fonctions convexes mesurables. Fund. Math., 1:125-129, 1920.

A. V. Skorohod. Branching diffusion processes. Teor. Verojatnost. i Primenen., 9:492-
497, 1964.

167



Bibliography
[108] D. Slepian. The one-sided barrier problem for Gaussian noise. Bell System Tech. J.,
41:463-501, 1962.

[109] R. Stasinski, J. Berestycki, and B. Mallein. Derivative martingale of the branching
Brownian motion in dimension d > 1. Ann. Instit. H. Poincaré Probab. Stat., 57(3):1786
- 1810, 2021.

[110] E. Subag and O. Zeitouni. Freezing and decorated Poisson point processes. Comm.
Math. Phys., 337(1):55-92, 2015.

[111] H. Whitney. Functions differentiable on the boundaries of regions. Ann. Math.,
35(3):482-485, 1934.

[112] E Yang and Y. Zhu. The extremal process of branching Brownian motion with absorp-
tion. Electron. J. Probab., 29:1 - 21, 2024.

168



Lebenslauf

Name:
Nationalitat:
Geburtsdatum:

Geburtsort:

Alexander Alban
deutsch
01.10.1996

Lich

Akademische Karriere

09/2021 - 05/2025

09/2021 - 08/2024

11/2018 - 05/2021

10/2015 -10/2018

05/2015

Promotion

Johannes Gutenberg-Universitat Mainz
Wissenschaftlicher Mitarbeiter

Johannes Gutenberg-Universitat Mainz
Master of Science, Mathematik

Technische Universitat Darmstadt
Bachelor of Science, Mathematik

Technische Universitat Darmstadt
Abitur

Sankt Lioba Schule, Bad Nauheim



	Abstract
	Contents
	1 Introduction
	1.1 Introduction to spin glass magnetism and statistical mechanics
	1.1.1 Models on the Ising spin space

	1.2 Random energy models on the Ising spin space
	1.2.1 The extreme values of the REM
	1.2.2 The generalised REM and the continuous REM
	1.2.3 The extreme values of the GREM and CREM
	1.2.4 Example: The leading order of the maximum of a two-level GREM
	1.2.5 The free energy of the REM and the CREM

	1.3 (Variable speed) branching Brownian motion
	1.3.1 Branching Brownian motion
	1.3.2 The extreme values of BBM
	1.3.3 Variable speed BBM
	1.3.4 The extreme values of certain examples of variable speed BBM
	1.3.5 Outlook to results

	1.4 Mean field spin glasses and Hamilton-Jacobi equations
	1.4.1 Hamilton-Jacobi equations
	1.4.2 The Hamilton-Jacobi approach for the free energy of the Curie-Weiss model
	1.4.3 The Ruelle cascades
	1.4.4 Outlook to a Hamilton-Jacobi approach for the free energy of the CREM


	2 From 1 to infinity: The log-correction for the maximum of variable speed BBM
	2.1 Introduction
	2.1.1 Models and background
	2.1.2 Results
	2.1.3 Outline of the paper

	2.2 Notation
	2.3 Preliminaries
	2.4 Localisation of paths
	2.4.1 Localisation of paths in Case A
	2.4.2 Localisation of paths in Case B

	2.5 Proofs of Theorem 2.1.3 and 2.1.4
	2.5.1 Proof of Theorem 2.1.3 in Case A
	2.5.2 Proof of Theorem 2.1.3 in Case B
	2.5.3 Proof of Theorem 2.1.4 in Case B

	2.6 Appendix

	3 A Hamilton-Jacobi approach for the free energy of the CREM
	3.1 Notation and outline
	3.2 Preliminaries
	3.3 Partial derivatives and Lipschitz continuity of the enriched free energy of the CREM
	3.4 The level sets of the M-BRW with Gaussian increments
	3.5 Proof of Theorem 3.1.1
	3.6 An infinite-dimensional HJE and its viscosity solution
	3.7 Outlook: Towards a generalisation of Theorem 3.1.2

	Bibliography

