Int. J. Appl. Comput. Math (2025) 11:240
https://doi.org/10.1007/540819-025-02051-0

ORIGINAL PAPER |

®)

Check for
updates

A Two-Step Stochastic Model of Anaerobic Digestion

Martial Patrick Tale Solefack’ - Calvin Tadmon'?

Received: 30 November 2023 / Accepted: 30 September 2025 / Published online: 1 November 2025
© The Author(s) 2025

Abstract

This paper deals with a stochastic model of the so-called Anaerobic Model number 2.
Here the maximal growth rate of the acidogenic microorganisms is affected by a white
noise in environment. As far as the mathematical analysis of this model is concerned, we
first use the /t6 formula to investigate the existence and uniqueness of the global posi-
tive solution. Then, we explore and derive the conditions of persistence and extinction of
the microorganisms. Finally, by performing some numerical simulations, we illustrate the
theoretical results obtained.

Keywords Stochastic model - Anaerobic digestion - White noise - Extinction -
Persistence - Ito formula

Introduction

Anaerobic digestion is a biochemical process where microorganisms transform organic
material in absence of oxygen into biogas and other byproducts such as bio-fertilizers.
From microbiological and technological points of view, anaerobic digestion is generally
considered as a four steps process which are hydrolysis, acidogenesis, acetogenesis and
methanogenesis. In the first stage, complex organic molecules are broken down into a sim-
ple substrate. During acidogenesis, acidogenic bacteria convert the simple substrate into
alcohols and volatile fatty acids; then volatile fatty acids and alcohols are used up by the
acetogenic bacteria and they are converted into acetic acid plus carbon dioxide and hydro-
gen. In the last stage, methanogenic bacteria convert acetic acids into methane and carbon
dioxide. Several works on the analysis of this process have been done and their founda-
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tion is the Anaerobic Digestion Model No.1 (ADM1) of the IWA Working Group for the
Mathematical Modeling of Anaerobic Digestion Processes. It was introduced in 2002 and
it is the most complete model [21]. However, it is too complex to allow a mathematical
analysis of its nonlinear dynamics and only numerical research is available. In an approach
to formally analyze and study this model, several sub-models were proposed and analyzed.
More realistic models of anaerobic digestion are two-step models. An important contribu-
tion on the modelling of anaerobic digestion as a two-step process is the model presented
in [6], hereafter denoted as AM2 model, and studied in [5, 6]. It has been shown that under
certain circumstances, this very simple two-step model is able to adequately capture the
main dynamical behavior of the full anaerobic digestion model ADM1 [8, 20]. Moreover,
it has been shown that the simple AM2 model can support online control, optimization and
supervision strategies, through the synthesis of state observers and control feedback laws
[2]. It is to be noted that the AM2 represents well the process at the macroscopic level where
the bacteria populations are large and the substrate concentration is relatively high. It is
therefore efficient for some applications; it may give good results in suitable environmental
conditions and a perfectly stirred and homogeneous bioreactor. In this case the stochastic
effects can be neglected according to the law of large numbers. However, it is not the case
in real conditions since some perturbations can appear due to indefinite operating conditions
and to small population sizes, especially in the case of multi-species such as in an anaerobic
digestion system. The AM2 model generally assumes deterministic parameters. However,
real-world bioreactors experience various sources of operational and environmental distur-
bances, such as temperature fluctuations, substrate variability, and hydraulic shocks. These
perturbations motivate the incorporation of stochastic elements into the model to better
reflect system uncertainties. Earlier works, such as the one by Abdelkader and collaborators
[4], proposed stochastic versions of AM2 using approaches like Taylor series expansions
and discrete Poisson or Normal approximations. However, they often lack a clear biologi-
cal justification for the choice of stochastic variables or comprehensive dynamic analy-
ses. In this work, we focus on the stochastic modeling of AM2 by introducing white noise
perturbations into the maximal growth rate of acidogenic microorganisms. This choice is
biologically motivated by the high sensitivity of acidogenic growth rates to environmental
fluctuations, which critically influence the overall system dynamics. We rigorously analyze
the stochastic model, proving the existence of a unique global positive solution and deriving
persistence and extinction conditions. Our study advances the field by clearly linking the
stochastic variable selection to biological and operational realities and by providing new
insights into the effects of noise on anaerobic digestion stability and performance. We also
outline directions for future research, including extension to other parameters and noise
types such as Lévy noise, to further enhance the model’s realism and applicability.

The remainder of the paper is outlined as follows. We begin by constructing, in section
2, our stochastic model. In Sect. 3, after establishing the basic properties of our model, we
establish some sufficient conditions for the extinction and persistence in the mean of the
microorganisms in the bioreactor. The simulation results as well as a comparison with the
deterministic model are given in section 4. We conclude the work in section 5.
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Formulation of the Model
The Deterministic Anaerobic Model Number 2 (AM2)

Among the different steps of the anaerobic digestion process aforementioned, the AM2
model is based on the following two biological reactions:
1-Acidogenesis: ¢;

k‘lSl — ]CQSQ +X1 + COQ;

2-Methanogenesis: ¢

kgSg — CH4 + X2 + COQ;

where ¢; = p1(51)X1 and g2 = u2(S2) X2 denote respectively the velocities of the reac-
tions of acidogenesis and methanogenesis and p;, ¢ = 1, 2, the specific growth rates of X;
on S;, Sp represents the concentration of simple substrate (organic material), So represents
the concentration of volatile fatty acids, X the concentration of acidogenic bacteria, X the
concentration of methanogenic bacteria and k;, ¢ = 1,2, 3, are stoichiometric coefficients.
The model equations are obtained by the mass balance principle given as follows:

de/dt = € incoming — € outgoing + ¢ produced — € consumed/dead

Physical part biological part

where ¢ denote either Sq, X1, S or X5 at time t.
Based on the previous reactions and the mass balance principle, the AM2 model was
described by Bernard et al. [7] by the following ordinary differential equations system

51 = D(Slm - 51) - k1M1(S1)X1,

Xl = (HI(SI) - aD)le (1)
Sy = D(S2in — S2) + kap1(S1) X1 — k3pa(S2) Xo,

Xo = (p2(S2) — aD)Xo,

where each function of time denotes the concentration of the respective species or substrates
as already defined; S1;, and S2;,, are the input concentrations of the substrates S; and S5,
respectively; D is the dilution rate and « € [0, 1] is the part of X; and X that has left the
bioreactor. We consider as in [5] that 11 (S1) is the Monod type growth function and pio(.S2)
is the Haldane type growth function given by:

p1(S1) =miSi /(a1 +51) and  p2(S2) = maSa/(az + Sz + KS3).
The dynamics of (1) is completely determined by the break even A;, A} and
AL, where miA1/(a; + A1) = aD and A} < A3 are solutions of the quadratic equation

aDKS? + (aD — my)Sy + aDay = 0. This system admits six possible equilibria,

(i) Eo (S1in, 0, S2in,0)
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(i) E1(S1in, 0,3, X3")
(i) E5(S1in, 0,23, X3%)
(iv) Ef (A, X7, 25, X5%)
(V) B3\, X7, 73, X3%)
(vi) B9 (A1, X7, 835, 0);

Stin—A k ik S*in*/\i) L
where X = %, S3in = S2in + 32 (S1in — A1) and X3* = (22222 =12,

These equilibria are only biologically meaningful if each of the components is nonnega-
tive. E3 and E2, when they exist, are called interior equilibria. For more details, please
refer to [5].

Our Model Variables

We are interested only in the interactions between the substrates and the microorganisms,
so our model variables are

S1(t) : Concentration of simple substrate at unit time t;

X1(¢) : Concentration of acidogenic microorganisms at unit time t;
Sa(t) : Concentration of volatiles fatty acids at unit time t;

X>(t) : Concentration of methanogenic microorganisms at unit time t.

Main Assumptions
In order to study this model in a realistic context, we make the following assumptions:

o The chemostat is considered to operate in continuous mode, this means that the flow rate
inlet is equal to the outlet flow;

e Recruitment is made in the concentration of simple substrate S7 and in the concentration
of volatile fatty acids So;

e There is randomness involved in the maximal growth rate of the acidogenic microorgan-
isms.

To better understand the model formulation and the construction of the mathematical
equations, it is necessary to identify and give biological meanings to the specific model
parameters.

Parameters and Derivation of Equations of Our Stochastic Model

Our model considers two stages of anaerobic digestion, acidogenesis and methanogenesis.
In the first stage a recruitment is made within the concentration of simple substrates S at
a rate D resulting in a simple substrate at the chemostat inlet Sy;,. Simple substrates are
broken down by acidogenic microorganisms X;. The microorganisms use the energy from
the simple substrates S7 to grow, and produce volatile fatty acids Sy as byproducts. Dur-
ing the process, their growth is influenced by temperature shifts, substrate variability and
pH disturbances, hence their maximal growth rate changes to a random variable m;. We
choose to incorporate a white noise to model this effect, the expression of m; is therefore
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m1 = mq + odB(t), where B(¢) is a white noise with intensity o. In the last stage, metha-
nogenic microorganisms X, convert the volatile fatty acids S to biogas.
This yields the following stochastic anaerobic digestion model:

dSy = [D(Syin — S1) — k1 2251250 dt — iy 20X 4B(1),

g 01+S§ % a1+51
m g
dX, = (4% — aD) Xydt + 2251 dB(t),
S1X 2S: o
dSs = [D(Szm — S2) + koM — ks 2B | dt + ky Z851aB (), ()

dXz = (#ﬁﬁsg - aD) Xodt.

Notations: Table 1 below describes all the parameters used in the model.

Analysis of the Model
Preliminary Knowledge

In this paper, we denote R} = {(z,y,2,k) e R* : 2 >0, y >0, 2> 0, and k > 0} and
Ry ={zeR:z >0}

Definition 1 (i) The population X(?) is said to be strongly persistent in the mean if
. . 1 t .
tlggomft Jo X(s)ds > 0;
(ii) The microorganism X(¢) is said to be extinct if tlim sup 1 fg X (s) < 0 almost surely;
— 00
(iii) The microorganism X(7) is said to be exponentially extinct if there exists a negative
constant C such that tlim sup w < C almost surely.
—00

It is worth noting that exponential extinction implies extinction.

'(Ii'able41 _Parameters and their Parameter Description
escription - -
P Stin Input concentration of the simple substrate
S2in Input concentration of the volatiles fatty acids
al Half-saturation constant associated to the
substrate S

a2 Half-saturation constant associated to the
substrate So

D Dilution rate

k1 Yield coefficient of acidogenesis

ko Yield coefficient of acidogenesis

k3 Yield coefficient of methanogenesis

o Intensity of the noise

mi Maximal growth rate of acidogenic
microorganisms

mo Maximal growth rate of methanogenic
microorganisms

K Inhibition constant associated to Sa

« Parameter allowing us to decouple the HRT

(Hydraulic Retention Time) and the SRT
(Solid Retention Time)
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Existence and Uniqueness of the Positive Solution of Model(2)

To investigate the dynamics of the stochastic anaerobic digestion model (2), we need to
show at least that this model has a unique positive solution. The following Theorem proves
that model (2) has a unique positive solution for given positive initial data.

Theorem 1 For any initial value (S;(0),X;(0),S52(0),X2(0)) € ]Ri, there exists a
unique positive solution (S1(t), X1 (t), S2(t), X2(t)) to system (2) for t > 0, and the solu-
tion will remain in Ri with probability one.

Proof See Appendix A.1. O

Remark1 Letusset Z(t) = S1(t) + (k1 — ka2) X1(t) + Sa(t) + k3 X2(t). From system (2),
since a € [0, 1], we have

This implies that

lim sup (S1(£) + (ky — ka) X1 () + Sa(t) + ko Xo(8)) < tin = S2in),

t—o0 «

Therefore

lim sup S (¢) < 7(51”1 + SQm),

t—o0 «

. (Slin + SQ’in)
lim sup X (¢t —_—,
t—>£)o 1( ) Oé(kl - kz)

lim sup Sy (t) < (Stin + S2in),

t—oo «@

lim sup X» (t) < M
t—o0 akS

IA

I

a.s.
Thus every solution of  system 2) is inside the  region
D = {(1,X1,8, X2) € RY : 0 < 8y, 8, < BuntSonl g« x, < Gl g ¢ x, < GhntSom)y

for every time ¢ large enough.

Persistence

In this section, we discuss the persistence for the acidogenic and methanogenic microorgan-
isms modeled by (2).
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Theorem2 Let (S;(t), X1 (), S2(t), X2(t)) € Ri be a solution of system (2). If my > aD,
st

mg > aD and Sy > N1 + 2= QD)‘(*;";+SW) , then the following inequalities hold:
252
S M= S
1 f— X —————(S1in — A1 — ain > 0,
im in / 1(s)d akl - ( lin 1 2 — aD)(ar 1 Sain))
1 [t
lim inff/ Xo(s)ds >
t—o0 t 0
k _ 25«2
(s — D) + 21 =0D) g,y R

akgky.m;y 2(m1 — aD)(a1 + Sain)
where K, = Sein + KSZ;,, With Sein = (Stin + Saim)/cv.

That is to say, the acidogenic and the methanogenic microorganisms are persistent in the
mean in the chemostat with probability one.

Proof See Appendix A.2. O
Extinction

In this section, we discuss the extinction for the acidogenic and methanogenic microorgan-
isms modeled by (2).

Theorem 3 Let (S;(¢), X1 (t), S2(¢), X2(¢)) € ]R be a solution of system (2). If one of the
following holds

g 2 i
(1) Ifsl'm S )\1 + 2(m1— aDSg(af+Sl,,L)2’ 2 S ml(cgljflm> and aD 2 ma,
(11) Ifslm. < )\1 + 2(m1 OzD)(a1+Sh")2’ 2 S ml(CgI”Sun)’ OtD < mo and
(1 —4a2K)(aD)? — 2aDmy +m3 < 0,
then the following inequalities hold:
. lnX1 (t) my1 — 251
| < Stin — A1 — n <0,
oo D¢ Ta+ Slm( o 2(m1 — aD)(a1 + Slm))
Xo(t
limsupn 2()<7w<0,
t—o0 t

where w is a positive constant. That is to say, the microorganisms will go exponentially to
extinction in the bioreactor with probability one.

Proof See Appendix A.3. O
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Remark 2 Set pL=g5.— \/2 (my1 — aD)(S1in — A1)(a1 + Sain) and

P2 = ﬁ\/ m1S1in(a1 + S1in). The conditions in Theorem 2 and Theorem 3 can be

rewritten as follows:

(i) If S1in > A1 and my > oD, when o < p; and ms > oD, both acidogenic and metha-
nogenic microorganisms are persistent in the mean in the bioreactor with probability
one (Theorem 2).

(i) If p1 < o < py and me < aD, then both acidogenic and methanogenic microorgan-
isms die out in the bioreactor with probability one (Theorem 3).

(iii) If py < 0 < p2, ma > aD and (1 — 4axK)(aD)? — 2aDmy +m2 < 0, then both
acidogenic and methanogenic microorganisms die out in the bioreactor with probability
one (Theorem 3).

Numerical Simulations

In this section we illustrate some theoretical results obtained by performing numerical simu-
lations using the Milstein method which provides a strong order of convergence of 1.0,
higher than the Euler-Maruyama scheme [12]. We plot the solution curves of the two sys-
tems to distinguish the difference between the stochastic model (2) and the corresponding
deterministic model (1). The following basic parameters of the microorganisms and the
operating parameters of the chemostat are taken from [6]. We group them together in Table
2 below.

The Milstein scheme was applied to each equation of system (2) and we obtained the
following discretization equations to iteratively calculate the approximate solutions of the
stochastic system (2) in Matlab:

Stiy1 =51+ [D(Stin — Su) — ky TSR] Ay
—h1 2 (o VAL + % (Ated, — A1)
Xinn = Xu + (5 DX, Af
s ((0Van) + 5 (Atsh, - An). )
Syit1 = Sai + | D(S2in — 521‘) + kS g a2+g;ii2;<52 At
+ha 2 (0VAL) + 5 (Ate}, — At))
Xoipn = Xoi+ (208 — ngl) At

The simulations will be perform over the time interval [0, 7], 7 = 100 days, with a fixed
time step At = 1/1000. It is also worth noting that the choice of the intensity of the noise is
based on reference standards and previous studies on stochastic perturbations in microbial
growth rates [10, 13, 24].

Table 2 Basic parameters of the microorganisms and operating parameters of the chemostat

Parameters my al mo K as k1 ko ks
Values 0.6 2.1 1.5 1/50 30 25 250 268 0.5
Unit d—1 g/l d—1 mmol/l d-1! mmol/g mmol/g mmol/g

Source [197  [191 [19]  [19] [19]  [19] [19] [19] [19]
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Numerical Simulations of the Theoretical Results

Figure 1 shows the extinction ofthe two species X and X5 due to the increase of substrate inlet
concentration and with initial condition (S1(0), X1 (0), S2(0), X2(0)) = (1.0, 1.0,1.0,0.9).

Interpretation: From Fig. 1, we observe the extinction of both acidogenic and methano-
genic microorganisms in the stochastic model (2) as well as in the corresponding deterministic
model (1). Regarding the stochastic case, this observation is consistent with the conclusion
of Theorem 3. To verify the applicability of Theorem 3, we consider the following parameter
values: o = 0.1, D = 0.8. We define the quantity B = (1 — 4as K)(aD)? — 2aDms + m3.
Computing the values, we obtain B = —2400.6 and p, = 0.33. Since 0 < py and B < 0,
the conditions of Theorem 3 are satisfied, confirming the extinction of the microbial popula-
tions as depicted in Fig. 1. From a biological standpoint, this scenario reflects the effect of
an increased substrate inlet concentration, as also discussed in [8].

Figure2showstheextinctionofthetwospecies X1 and X» duetotheincreaseofthedilutionrate
of the system and with initial condition (S1(0), X1(0), S2(0), X2(0)) = (1.3,1.0,1.5,1.0).

Interpretation: From Fig. 2, we observe the extinction of both acidogenic and
methanogenic microorganisms in the stochastic model (2), as well as in the cor-
responding deterministic model (1). Regarding the stochastic case, this behav-
ior is consistent with the conclusion of Theorem 3. To verify the conditions of
Theorem 3, we consider the following parameter values and initial condition: o = 0.1,
D =1.2,51;, = 10,5, =5, (51(0),X1(0),52(0), X2(0)) = (1.3,1.0,1.5,1.0). We
define B = (1 — 4a2K)(aD)? — 2aDmgy +m3. With the chosen values, we obtain
B = —3599.85 and p> = 0.84. Since 0 < p3 and B < 0, the extinction of microorganisms
observed in Fig. 2 aligns with the conditions of Theorem 3. From a biological perspective,
this extinction is mainly due to the increase in the dilution rate.

15 T T T T T T T T T

— Stochasfic solution
= = Deterministic solution

= Stochasfic solution
1 = = Deterministic solution | 4

Substrate concentration S1(t)

05
05
1 1 1 0 L - e e - L 1
0 8 90 100 0 10 20 3 40 5 60 70 8 90 100
fime(days)

Stochastic solution
= = Deterministic solution

= Stochastic solution
Deterministic solution

Substrate concentration S2(t)
Methanogens concentration X2(t) Acidogens concentration X1(t)

B e i I e e I
0080 90 10 N4 5 60 0 8 0 10
time(days) time(days)

Fig. 1 Deterministic and stochastic solution of AM2 with the parame-
ter a = 0.5, oc=0.1,D =0.8,51;n =3,52in =5 and with initial condition
(51(0), X1(0), S2(0), X2(0)) = (1.0,1.0,1.0,0.9)
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= Stochastic solution
= = = Deterministic solution

12 T T T T

Stochastic solution | |
= = = Deterministic solution

Substrate concentration S1(t)

Acidogens concentration X1(t)

L L I I - L -

0 I I I I I . L
0 10 20 30 40 5 60 70 8 9 100 0 10 20 30 40 5 60 70 8 9 100

time(days) time(days)

25 T T T T 1r T T T T

= Stochastic solution Stochastic solution
20 Deterministic solution | = = = Deterministic solution

Substrate concentration S2(t)
Methanogens concentration X2(t)

\
10 04 A
A
LN
5 \\M 02f %
N
~.
0 I I I I I I I I I 0 TR U A U S SO R—
0 10 20 30 40 5 60 70 8 9 100 0 10 20 30 40 5 60 70 8 9 100
time(days) time(days)

Fig. 2 Deterministic and stochastic solution of AM2 with the param-
eter oc=0.1,D=1.2,51;, =10,S2;, =5 and initial condition
(51(0), X1(0), S2(0), X2(0)) = (1.3,1.0,1.5,1.0)

Figure 3 shows the persistence of the two species X; and X, with initial condition
(51(0), X1(0), S2(0), X5(0)) = (1.3,1.0,1.5,1.0).

Interpretation: From Fig. 3, we observe that both acidogenic and methanogenic micro-
organisms are persistent in the stochastic model (2), as well as in the corresponding deter-
ministic model (1). Regarding the stochastic case, this observation is consistent with the
conclusion of Theorem 2. To verify the conditions stated in Theorem 2, we consider the
following parameter values and initial condition: o = 0.1, D = 0.8, 51;, = 10, S2;,, = 5,
(51(0), X1(0), 52(0), X2(0)) = (1.3,1.0, 1.5, 1.0). We compute the relevant threshold val-
ues and obtain \; = 4.2, p; = 0.30 and ps = 0.84. The conditions S1;, > A1, m1 > aD,
o < p1 and mo > aD are all satisfied. Therefore, Theorem 2 applies, confirming that both
microbial populations are persistent in the mean, as shown in Fig. 3. From a biological
standpoint, this result indicates that when stochastic fluctuations remain moderate and when
the substrate inlet concentrations S1;, and Sa;, are within appropriate ranges, the acido-
genic and methanogenic populations remain stable in the bioreactor, thus allowing continu-
ous production of biogas.

Figure 4 shows the extinction of the two species X; and X5 due to the noise and with
initial condition (S1(0), X1(0), S2(0), X2(0)) = (0.7,0.6,0,1.0)

Interpretation: From Fig. 4, we observe that the noise negatively impacts the per-
sistence of both acidogenic and methanogenic microorganisms. While the deter-
ministic model predicts persistence, the stochastic model leads to extinction. This
highlights the destabilizing effect of stochastic perturbations. To verify the applicability
of Theorem 3, we consider the following parameter values and initial condition: o = 0.9,
D =0.8,S51, = 10, S2;, =5, (51(0), X1(0), S2(0), X2(0)) = (1.3,1.0,1.5,1.0). We
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co

o

T T T T

= Stochastic solution
= = Deterministic solution

=3

Substrate concentration S1(t)
=
Acidogens concentration X1(t)

= Stochastic solution 05
2 = = Deterministic solution
0 1 1 1 1 1 1 1 1 1 O 1 1 1 1 1 1 1 1 1
0 10 2 30 4 5 6 70 8 9 100 0 10 2 30 4 5 6 70 8 9 100
time(days) time(days)
30 T T T T T T T T T 1 T T T T T T T T T
= Stochastic solution \ Stochastic solution
2 Determinisfic solution \ = = Deterministic solution
v
057 N 1

>

1 1 1 1 1 1 1

0 3 4 0 6 70 8 9w 10
time(days)

=

Substrate concentration S2(t)

o
=S

Methanogens concentration X2(t)

time(days)

Fig. 3 Deterministic and stochastic solution of AM2 with the parameter o =0.1,
D =0.8,S1in = 10,52, = 5.

020 X 15

c c

2 = Stochastic solution 2 = Stochastic solution
o 15 ) o ) )
£ = = Deterministic solution 21 = = Deterministic solution | 4
[0) [}

Rl ¢

8 )

o SHRRY|-F-"""""""TTTTTT T 2

@ [}

i g

20 I I I I I I s

@ 0 10 2 3 4 5 6 70 8 % 10 é

time(days)

Stochastic solution
= = Deterministic solution

= Stochastic solution
Deterministic solution

Substrate concentration S2(t)

4 5 6 70 8 9% 100

Methanogens concentration X2(t)

time(days)
Fig. 4 Deterministic and stochastic solution of  AM2 with the param-
eter oc=0.90D=0.8,S1;, = 10,S9;, =5 and with initial condition

(S1(0), X1(0), S2(0), X2(0)) = (0.7,0.6,0,1.0)

define B = (1 — 4a2K)(aD)? — 2aDmsy + m2, and compute B = —3599.85, \; = 4.2,
p1 = 0.30 and po = 0.84. In the deterministic case, the conditions S1;, > A1 and m; > aD
are satisfied, ensuring microbial persistence. However, for the stochastic system, we observe
0 < pgand B < 0, which by Theorem 3 leads to extinction. Therefore, Fig. 4 illustrates that
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~
=3

Substrate concentration S1(t)
Acidogens concentration X1(t)

0 10 2 3 4 5 6 70 8 9 100
time(days) time(days)

05

0 L . . M . I
0 10 20 3 40 5 6 70 8 9% 100

time(days)

Substrate concentration S2(t)

time(days)

Methanogens concentration X2(t)

Fig. 5 Solution of stochastic model for o = 0 (in black), o = 0.1 (in green), o = 0.4 (in blue) and
o = 0.9 (in red) respectively and with parameters values D = 0.8, S14,, = 10, S2in, = 5

even when the deterministic model predicts persistence, sufficiently large stochastic fluctua-
tions (here o = 0.9) can drive the system to extinction. This confirms the significant influ-
ence of noise intensity on system stability.

Numerical Simulation of the Impact of the Noise

Here, we perform a sensitivity analysis to explore how variations in noise intensity o affect
the system’s behavior with respect to the extinction or persistence of microbial populations.
In particular, we vary ¢ within a realistic range [0, 0.9] and examine the system’s qualitative
behavior for different initial conditions. The analysis shows that low noise levels o < 0.4
have minimal impact, preserving the trends predicted by the deterministic model. However,
for o > 0.5, the stochastic effects become more pronounced, and for o > 0.9, extinction
becomes highly probable, even when the deterministic thresholds suggest persistence (Fig.
5).

Conclusion

In this work, we have constructed and analyzed a stochastic version of the so-called anaero-
bic model number 2 in which the maximal growth rate of the acidogenic microorganisms
(my) is influenced by a white noise. We first proved that the stochastic model has a unique
global positive solution for any positive initial value and we obtained the following results:

(1) Because of the noise, the persistence condition of the acidogenic population changes,
2

2
rather than having Sy;, > A; as in [S, 6] we have S1;, > A1 + 2(m17a(fDioz;11n+Sain)2'

(2) When m; < oD and mgy < aD, there is extinction of both acidogenic and methano-
genic microorganisms in the bioreactor regardless of the size of the noise.
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(3) When p; <o <py and mo <aD or when p; <o <ps, mo>aD and
(1 —4a2K)(aD)? — 2aDmy +m3 < 0, then both acidogenic and methanogenic
microorganisms die out in the bioreactor with probability one. Theorem 3 shows that
the noise can accelerate extinction.

(4) Conversely, when S1;, > A1, m1 > aD, o < p; and my > aD, both acidogenic and
methanogenic microorganisms are persistent in the mean in the bioreactor with prob-
ability one (Theorem 2).

These results highlight the facts that, beyond substrate concentration limits or dilution rate
increases known to cause extinction [8], stochastic fluctuations alone can drive microbial
populations to extinction, even when the deterministic system would remain persistent.
Moreover, this study provides a biological rationale for selecting the maximal growth rate
of acidogenic bacteria as the stochastic variable, motivated by its high sensitivity to environ-
mental and operational perturbations such as temperature and substrate variability. While
the current work focuses on white noise influence on the maximal growth of acidogenic
bacteria, it opens pathways to examine stochastic effects on other parameters like dilution
rate or substrate inflow, which are also critical in reactor performance.

These results underscore the importance of incorporating stochastic modeling in the
study of anaerobic digestion processes to better reflect real operational uncertainties. This
approach is in line with recent studies that emphasize the role of environmental feedback
mechanisms such as leachate recirculation in microbial systems [3, 11], which further moti-
vate the inclusion of noise effects in future modeling efforts. Our work opens promising
directions for future research, including stochasticity in other biologically relevant param-
eters [15, 19, 23], the impact of alternative noise types such as Lévy noise [4], and the cou-
pling with leachate recirculation models to capture more realistic process dynamics.

In summary, this study advances the stochastic modeling of anaerobic digestion by
clearly linking stochastic variable selection to biological and operational realities, providing
rigorous analysis of microbial persistence and extinction, and setting the stage for further
exploration of environmental uncertainties in bioprocesses.

Appendix A Proofs

A.1. Proof of Theorem 1 Since the coefficients of model (2) are locally Lipschitz continu-
ous, for any given initial value (S1(0), X1(0),52(0), X2(0)) € R, there is a unique
positive local solution (S (¢), X1 (¢), S2(t), X2(t)) € R% on [0, 7.), where 7 is the explo-
sion time [16]. To show that this solution is global, we need to show that 7. = oo a.s.
For this purpose, let’s choose €9 > 0 such that S1(0) > g9, X1(0) > €9, S2(0) > e,
X2(0) > €g. For any positive € > 0 such that € < &(. Define the stopping time as follows
Te =inf{t € [0,7) : S1(t) <&, X1(t) <e¢,S2(t) <e,Xo(t) < €}, where throughout this
paper, we set inf{(} = co (as usual () denotes the empty set). Clearly, 7. is increasing as
e — 0. Set 79 = lim._,( 7=; whence 79 < 7 a.s.. If we can show 79 = oo a.s., then 7. = oo
a.s. and (S1(t), X1(t), S2(t), X2(t)) € RY for all ¢ > 0 a.s. In other words, to complete
the proof we only need to show that 79 = oo a.s. If this statement is false, then there is a
pair of constants 7" > 0 and 3 € (0, 1) such that P{7o < T'} > /3. Hence there is a positive
constant €1 < g( such that
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P{r. <T} > for any positive € < e;. (A1)

From system (2), the total biomass Z(t) = S1(t) + k1 X1 (t) + S2(t) — ko X1 () + k3 Xa (1)
satisfies the following relation

dZ(t) < D((Svin + Soin) — aZ(t))dt.

This leads to the fact that, for all £ < 7,

Z(t) < maz (Z(0), Sain) := Co, (A2)

— S1int+S2in

(0%

where Sqoin
We define the function V : R} — R by:

V(S1(t), X1(t), S2(t), Xa(t)) = —lng—;( )—lIn a}( )+ Sa(t) — lnXé—((f).

From equation A2 we have S; < Cp, X1(t) < k Ty and X5 (t) < C;’ . Since from the law
of conservation of matter, (k1 — ko) > 1 and kg 2 1, then

—lng—;(t) >0, —lng—;(t) >0, Sa(t) > 0 and —lnxé—l(f) > 0. So, Vis positive definite.
Using It6 formula, we get

av = v+ 2FX =5 gy | koSN gy
a1 + 51 (a1 + 51)
where
LV =~ 2505 4 Dy, 4 2ap 4 p MBS mallia £y, A
+ 5 (5035 + 55
By using relation A2, we obtain
LV =~ Dgim + DSain +2aD + D + ml(l;"i)ils—l S1) szgfi‘f}(%g) , g:;llil-;il)
o 5 (25 + H55)
< DSy +2aD+ D+ kllwr;(ll ) &Lﬁlg?) ”; (ﬁﬁ;i + éﬁié;)
< DSsin + 20D + D + km;in + kam1 Xy + %2 (kQX i+St | K s’ixz)

2

2 2
< DSain + 2D + D + (kymy Jay + kaymy) Co + ? (S— + %) .

=)

Hence we have
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AV < Crdt + (FE25) 4 e ) ap(e),

where Cy = DSy, + 2aD + D + (kymai/ar + kamq) Co + %2 (C—g + C—S)

3 3
ay ay

Integrating both sides from 0 to 79 A T, and taking expectations, we get

]EV(Sl(T() A T), Xl(T() A T), 52(7’0 A T)7X2(T0 A T)) S V(Sl((]), X1(0)7 52(0)7 XQ(O)) + ClT

Foranypositivee < £1,denotetheset A, = {7. < T'}.ItthenfollowsfromAlthatP(A.) > (.
Note that for every v € A, there is at least one of S1 (7, v), X1(7:, v), S2(7e, v), Xo(7:,v)
equals €. Then

V(S1(7e), Xi(7e), S2(7e), Xa(7e)) > ———.

Consequently,

V(S1(0), X1(0), S2(0), X2(0)) + C1T > E[Is,V(Si(r. AT), X1 (7. AT), Sa(r. AT), Xa(r. AT))]
= P(AE)V(SI (Ts)le (TE)7 52(75)7)(2(7-5))

>—p

Ine
Co’
where I is the indicator function of A.. Letting ¢ — 0 leads to the contradiction

oo > V(Sl(O),Xl(O), 52(0), XQ(O)) + CiT = c.
So we must have 79 = oo a.s. The proof is thus complete.

A.2. Proof of Theorem 2 We first remark that system (2) has a cascade structure which sim-
plify its study. We will use this structure given by Fig. 6. to prove the result.

The first sub-model corresponds to a simple stochastic chemostat model [9, 14, 24]
with randomness involved on the maximal growth rate of microorganisms (in this case the
acidogens).

Set Z1(t) = S1(t) + k12X (t), the total biomass of the first sub-system.

We have

dZy(t) = dSy(t) + k1dX: ()

S.X,
— (D(Spin — S1) — by 281Xy gt — o dB
( ( 1 1) 1 a1+S1 ) 1a1+51

8,X,
Fey (298 — D) Xydt + ky 2 dB
+ 1(a1+51 « ) 1at + 1a1+51

= (D(Slzn — Sl) — OéleXl)dt.

Integrating both sides from 0 to # yields
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(1) ACIDOGENESIS

5= [D(810- 1) - S5 o - S
i

a1 45 a1+51 -
dX; = (% _ aD) Xydt+ ZSJlr)él IB, M— ﬁ S,
A
oS i
(2) METHANOGENESIS |y, - (az+"Slggigl(S§ 7 D) Yot

Fig.6 Cascade structure of system (2)
t t
Z4(t) — 71(0) = D(Syint — / Sy (s)ds — ok / X1 (s)ds).
0 0

According to the law of conservation of matter, the left side is always zero, so:
S1(t) + k1 X1(t) = S1(0) + k1 X1 (0).
Thus we have

t
%A Sl( )dsfSlmfa—/ X1 (A3)

Define the function V3 (X;) = InX;. By the It6 formula we have

aVi = % (@% — D) Xudt + X%;ngl dB — "; (%) Xi%dt
- (ﬁissll —aD— Q(Q"lissfl)g) dt + alaflsl dB.
Since S1(t) < Sqin, We get
(% — oD — o) 2 (s oD — gy
So we have
dVi > (a’j}issl —aD — 2(a"+5§m - )) 4 oSy dB. (Ad)
1+Sain 1 Sain ap + 51
Integrating both sides of (A4) from 0 to ¢ and dividing both sides by ¢ yields
alffgmi/ot S1(s)ds < (%Hal?) L InXa(®) —lniﬁ(O) —M(t)7 (AS)
where M (t 0 affls(f()g) dB(s).

Together with A3, we get
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mi aky [t o?S2.. InX, (0) + ]\{(t) InX, (t)
a1 + Soin (S1in — 24+ Io Xi(s)ds) — (m + aD) + : < T

So, we obtain

lnX1 (t) = mi

P2 e (Sun — 2 [y Xa(9)ds) — (g +aD) +0(0). (46)

Using the definition of A\; we have

InX1(t) _ m1 —aD o282, akymy 1 1
> o _ _ = .
e S L 2(my — aD)(ay + Sain)?’ a1+ Sain t / Xl
0252 (A7)
— ¢ D LY.
2ar + o PO
Notice that M(?) is a local continuous martingale with
M(0) = 0 and Tim sup <M >0 o PShn (A8)
- t—o0 P t - 2(&1 + Saln)Q ’

By the strong law of large numbers [16], we obtain

M
limﬂzoas
t—o0

Obviously, tlim 0(t) = 0 a.s. Using Lemma 5.1 in [15], it follows from A7 that if my > aD
—00

262
and Slin > Al =+ 2(m17aUD)((:1L1”+SMn,)2 S then

252
li f— X —(S in A1 — = 0. A9
o n / 1 - aklml ( H ! 2(my — aD)(a1 + Sain)2) - (A%

We now study the second system in Fig. 6. It is important to note that the input concentration of

this system is the sum of Sa;,, and the quantity coming from the first system as shown in Fig. 6.

The total biomass of the second sub-system obeys Zs(t) = Sa(t) + k3 X2(t) — ko X1 (2).
We have

dZs(t) = dSa(t) + ksdXa(t) — k2d X, (1)
= (D80 — 52) + oS — g S

051X m
tha jrsll dB(t) + ks (ﬁ - aD) Xodt
S O'Sle
— ko (4% — aD) Xqdt — ks ot 598

= (D(Sgln — Sg) — aks3DXs + OéngXl)dt.
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Integrating both sides from 0 to ¢, we have
t t t
Zo(t) — Z5(0) = D(Saint — / So(s)ds + ks / X1 (s)ds — aks / Xo(s)ds).
0 0 0

According to the law of conservation of matter, the left side is always zero, so:
Sa(t) — kaX1(t) + ksDXa(t) = S2(0) — k2 X1(0) + k3 DX2(0) = Z2(t) = Zo(0) = Sain
Thus we have

' ke [ k.
%/ Sg(s)ds:ngJr%/ X1 (s)ds — 5/ Xo(s)ds). (A10)
0 0

Define the function V2(X3) = InXs. By the It6 formula we have
1 mQSQ D
V2=, (m —a ) Xz

_ szz _
= (a2+sz+KS§ O‘D) :

Since Sa(t) < Sqin, We get

ma S _ maSs _
(a2+Sz+KS§ O‘D) = <a2+5m+KS§m aD) :
So we have
s
vz > (2 —aD), (AlD)

where K;,, = Sopin + KS2,

ain®

Integrating both sides of A11 from 0 to ¢ and dividing both sides by ¢ yields

I InXs(t) — InX:
L.i/ S2(S)dSSO[D+ n 2() n 2(0)
as+ Kin t /o t

(A12)

Together with A10, we get

m InXs(t) —InX5(0
m (SQin ak2 fo Xi(s)ds — ak3 fo Xo(s dS)) <aD+ 2! t : )'(A13)
That is to say
lTLX2 (t) 2 (mzs;?.n . Oék‘Q X1 dS . 047]/»3 X _ TLXQ(O)
t a2+ Kin (A14)
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: 0—25(2“.”
Since when S4;, > A\ + Smi—aD) (e 5

ain)?’

252
lim inf = [ Xi(s)d > in — AL~ e > 0.
e / 1()ds ak1 my (Sl 2(my — aD)(a1 + Sain)?

2 g2
it follows from A 14 that if S1;, > A1 + 2(m1—aUDf(£§1n+Sam)2 and mo > aD,

lim 1nff/ Xa(s)ds >

t—oo
kg my — aD) 232

m2S2in __ D ( S _)\ _ ain 0.
(az-‘er @ ) + ( lin 1 2(777/1 . aD)(a1 +S(“n)2) >

A.3. Proof of Theorem 3 Define the function V; (X;) = InX;. By the It6 formula, we have

1 051X 02 22 1
= (mySy - 141 X285 L
i = X1 (a1+sl aD) Xdi+ X1a1+ 5 4B - 2 ((‘“isiy) Xt “ (A15)
B s 5252 oS
= ((ZL}F511 —aD — 2(a]+§1)2) dt + at S dB.
Setp = -1 and H(p) = —”—2])2 +mip—aD
a1+51 2 1p .
H(p) takes its maximum value H,,q, on the interval [0, alilsr{] atp = alilst , Where
(m1 —aD) 025?%,
H = (Stin — M1 — e .
e a1 + Siin (Siin ! 2(my — aD)(ar + Sun))
It follows from the monotonicity of the function ils on [0, S1;y] that when
(T < m1(0:91+51¢ n) we haVe
lin
o2 s S (m1—aD) 252m
% (o3s)? Tmlads) — oD < g (Sin = M — spmapytersg)-
Integrating both sides of A15 from 0 to ¢ yields
_ 242
InX1(t) — InX1(0) < M(sm — A — 7 lin Y+ M(2),

a1 + Stin 2(m1 — aD)(a1 + S1in)

where M (t) = Ot affls(:()s) dB(s).

Dividing on both sides by t and letting t tends to oo we have

U2S%in
2(777,1 — aD)(a1 + Slzn)

InX(t
lim sup n 1()<m1

Stin — A1 —
t—oo t Tar+ Slzn( tin

) <0 a.s.

and
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InXs(t) —InX5(0) 1 [* maSa(s)
7 = ;/0 (a2+52(2s)«2u<sg(s) - aD) ds (A16)
L [/ _DKS2(s)—(D—m2)Sa(s)—Da
=2 /0 (FREE Do =D ) g, (A17)

since

dX; = (‘a2+n§§fi<*sg - O‘D) Xodt.

Finally we get,

: lnX?(t) . 1 K —aDKS2(s)—(aD—m3)Sa(s)—aDa
tlgr;@ sup ——— = tli)nolc sup - /0 ( 2a2+52(5)+K2S§(28) 2) ds a.s.

(A18)

Set

mQSQ(S)
ag + Sa(s) + KS2(s)

Hy(s) = —aD.

. —a S2(s)—(aD—mz3)S2(s)—aDa

(i) If aD < ms and (1 —4a2K)(aD)? — 2aDmsy +m3 < 0 then
Hy(s) < sup Hs(s) < 0. Thus as in [19], we conclude that there exists a positive
s€(0,00)
constant w such that

lim sup < —w < 0.

t—o0

ZHXQ (t)
t
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