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User-Friendly Truncated Wigner Approximation for Dissipative Spin Dynamics
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We put forward a user-friendly framework of the truncated Wigner approximation (TWA) for dissipative
quantum many-body systems. Our approach is computationally affordable and it features a straightforward
implementation. The leverage of the method can be ultimately traced to an intimate connection between
the TWA and the semiclassical limit of the quantum Langevin equation, which we unveil by resorting to a
path-integral representation of the Lindbladian. Our approach allows us to explore dynamics from early to
late times in a variety of models at the core of modern atomic, molecular, and optical research, including
lasing, central-spin models, driven arrays of Rydbergs, and correlated emission in free space. Notably, our
TWA approach outperforms the cumulant-expansion method in certain models and performs comparably
well in others, all while offering significantly lower computational costs and a much simpler formulation
of the dynamical equations. We therefore argue that TWA could, in the near future, become a primary
tool for a fast and efficient first exploration of driven-dissipative many-body dynamics on consumer-grade
computers.
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I. INTRODUCTION

The dynamics of dissipative quantum many-body sys-
tems is a central topic of solid-state physics, atomic,
molecular, and optical (AMO) physics, as well as quan-
tum information science. Nearly all modern experimental
platforms and quantum simulators can be modeled as inter-
acting many-particle systems that exhibit some degree
of quantum coherence, are potentially driven by external
fields, and are coupled to an environment. Understanding
isolated quantum many-body systems is already techni-
cally challenging, and becomes further complicated by
introducing system-environment coupling. In open sys-
tems, dissipation can either suppress quantum phenom-
ena or give rise to novel effects from the interplay of
interactions and dissipation [1–6].

For a wide range of open quantum systems, it is pos-
sible to obtain a time-local description of dynamics that
involves only the degrees of freedom of the system, with-
out explicitly including those of the environment. In these
cases, the density matrix of the system evolves according
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to the Lindblad master equation, given by [7]

d
dt
ρ̂ = −i[Ĥ , ρ̂]+

∑

i

�ji

(
L̂iρ̂L̂†

j −
1
2

{
L̂†

j L̂i, ρ̂
})

, (1)

where the Hamiltonian Ĥ governs coherent dynamics,
while the second term captures environment-induced dis-
sipation, under the assumption of a completely positive
matrix �ij . Essentially, the Lindblad formalism simpli-
fies the study of open-system dynamics by encapsulating
dissipation in the jump operators L̂i, reducing the compu-
tational resources required to solve for the density matrix,
compared to treating the system and environment together.

However, the numerical costs of solving Eq. (1) for
generic systems still remain restrictive with current clas-
sical computers. Working with the density matrix, rather
than pure states as in unitary dynamics, leads to a sig-
nificantly faster growth in computational complexity with
system size, which makes exact numerics impractical even
for systems of a few atoms and a single-photon mode. A
reduced computational cost can be achieved by unravel-
ing the Lindblad master equation (the method of “quantum
trajectories”), which bypasses the need to solve for the
density matrix [8,9]. Nevertheless, without resorting to
approximations, about a dozen degrees of freedom remains
the upper limit to the exact numerical solutions of Eq. (1).

Progress in scientific discovery is fueled by flexible
and speedy approaches to reliably test starting hypothe-
ses, which can then serve as a solid starting point for the
development of more sophisticated and resource-intensive
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methods. In our view, such an approach should meet three
key criteria, as follows. (i) It is computationally affordable,
allowing the study of dynamics in the many-body limit
and for sufficiently long times using the available classical
computers (possibly, even standard consumer laptops). (ii)
It captures quantum effects to a sufficient extent. Notably,
this requirement is relatively modest for most driven open
many-body AMO (or solid-state) systems, as they typi-
cally exhibit limited quantum fluctuations due to the major
role played by dissipation. Many-body phenomena driven
by strong quantum effects are rare in these platforms and
stand out precisely due to their pronounced quantum char-
acter (for spin liquids in light-matter interfaces, see, e.g.,
Refs. [10–12]). (iii) The method should feature a straight-
forward implementation, requiring no fine tuning for each
specific problem, and, ideally, be accessible to first-time
users with minimal effort.

Our work aims at putting forward a semiclassical
method for solving driven-dissipative quantum many-body
systems, satisfying all the three above-mentioned criteria.
This has been a long-standing problem since the incep-
tion of the truncated Wigner approximation (TWA) for
spin systems [13,14]—a phase-space method suited to
capturing the semiclassical dynamics of many-body spin
systems. Major efforts in extending this approach to dissi-
pative spin systems have culminated in the body of works
in Refs. [15–22]. However, each of them misses some
of the aspects identified in criterion (iii)—either mini-
mal learning efforts or broad applicability—holding back
the development of a universal semiclassical framework
for dissipative dynamics. This remains, however, a high-
priority task, since a method capable of simulating on a
personal computer the dynamics of driven open quantum
many-body systems in a short time would have a transfor-
mative impact for the field, both by offering quick bench-
marks to experiments or through steering theory toward the
development of more refined techniques.

To better appreciate the relevance of our framework, we
begin by briefly summarizing current computational meth-
ods for driven open quantum systems and subsequently
review the state of the art in semiclassical approaches.
An accessible method, which is widely used as the first
attempt to attack new problems, is the mean-field (MF)
approximation. By neglecting all quantum corrections, MF
describes the system through classical equations of motion
for the expectation values of physical observables. This
approach is particularly effective for all-to-all interacting
models (such as Dicke, TC, or Lipkin-Meshkov-Glick),
where quantum fluctuations are suppressed as the system
size increases [23–28]. MF does, therefore, address crite-
ria (i) and (iii) above, while failing on criterion (ii). Beyond
the collective limit, MF is well known to give inaccurate
predictions and its accuracy can be improved by account-
ing for correlations between observables, captured by the
connected parts of multipoint correlation functions. This

approach leads to an infinite hierarchy of coupled differ-
ential equations for correlation functions. Truncating this
hierarchy at a finite level, by neglecting higher-order con-
nected correlation functions and obtaining a closed set of
equations, results in the method of cumulant expansion
(CE) [29–33]. Usually, CE provides significant improve-
ment over MF results, sometimes even matching the exact
solution [29]. However, when truncation at a given order
fails to produce satisfactory results, or suffers from numer-
ical instabilities [31], or when higher-order correlations
need to be explored, one must retain additional equations
in the hierarchy or selectively exclude certain correlation
functions based on heuristic choices. In some cases, the
accuracy of CE decreases at higher orders of the expan-
sion [34,35]. These issues introduce an arbitrary element
into the approximation, compromising its reliability and,
essentially, requiring prior knowledge of the solution to
the problem. Therefore, while improving on criterion (ii)
by introducing quantum fluctuations on top of mean field,
it fails criterion (iii), and to some extent criterion (i), as we
will also further discuss in the body of the paper.

More advanced techniques such as tensor networks [36–
41], variational principles [42–44], and quantum kinetic
equations based on diagrammatics [5,45–55], require sub-
stantial expertise and time investment. While the former
is of particular great efficacy in low dimensions, the latter
two require strong physical intuition and solid theoreti-
cal background on the problem at hand. These methods
represent primary examples of those sophisticated and
resource-intensive approaches, which should be employed
once it becomes clear that solving the physical problem
under scrutiny requires the inclusion of strong correlations
on long time scales and large system sizes. As methods
suited for first exploratory studies, they would certainly fail
criteria (i) and (iii).

For isolated systems, TWA is a method that satisfies
all the three criteria outlined above. Broadly speaking,
it approximates quantum dynamics using classical statis-
tical mechanics, where quantum uncertainty is mapped
onto a classical probability distribution through the Wigner
transformation of the density matrix of the system [13],
and expectation values of observables are approximated
by their statistical averages over an ensemble of clas-
sical trajectories. In the absence of external dissipa-
tion, each trajectory is initialized by sampling from the
corresponding probability distribution and evolves accord-
ing to classical equations of motion. While these equa-
tions resemble those of MF, the statistical sampling
of initial conditions accounts for leading-order quantum
fluctuations [criterion (ii)]. TWA has been notably suc-
cessful in describing the dynamics of isolated bosonic
[56,57] and spin systems [14] and has been promis-
ingly extended to fermions [58]. The combination of an
MF logic with straightforward stochastic sampling makes
TWA computationally affordable even for large system
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sizes and long times [criterion (i)], as well as easy to
implement [criterion (iii)].

However, extending TWA to open quantum systems has
proven more challenging, with success largely limited to
some of the simplest dissipation channels. In general, dis-
sipation arises from the interplay between deterministic
and stochastic elements where, analogous to the classical
Langevin equation, the deterministic component appears
as damping, while the stochastic component manifests as
noise [46,59]. The key challenge in dissipative TWA is to
properly incorporate both elements into the equations of
motion, which has led to various issues in existing imple-
mentations. These issues include spin-length shrinkage for
individual trajectories, which erases the relevant physics
beyond short times [15–17], and restricted applicability to
collective (i.e., very large) spin sizes [18].

The above-mentioned issues can be overcome via a
hybrid continuous-discrete TWA [19–21] or by combining
phase-space methods with stochastic projections [22]. This
variety of approaches calls for a universal framework and
naturally raises the question of whether a dissipative TWA
can be derived that combines broad applicability with the
added advantages of computational efficiency and ease of
use. Ideally, such a formulation would be accessible even
to users with little to no background in phase-space rep-
resentations of quantum dynamics, with the potential to
accelerate progress in both theoretical and experimental
AMO physics.

In this work, we present a universal and state-of-art for-
mulation of TWA for Lindblad dynamics that addresses
all of the major issues discussed above. Our approach is
general and applies to arbitrary degrees of freedom and dis-
sipation channels. The method has a low entry barrier, as it

follows a recipe that enables us to write straightforwardly
the equations of motion for a given model. Moreover, these
equations can typically be simulated within minutes on a
standard laptop, making the approach both accessible to a
broad community of users and computationally efficient.
Despite its flexibility, the method remains highly intuitive,
requiring only a basic understanding of stochastic differ-
ential equations. Due to its systematic derivation, it pro-
vides a controlled and conserving approximation, avoiding
issues such as artificial spin shrinkage [18]. We develop
the formalism using the Keldysh path-integral represen-
tation of quantum dynamics and by expanding the action
to second order in quantum fluctuations [46]. Our work
is inspired by the approach of Refs. [13,57], which have
derived TWA for closed bosonic systems by truncating the
Keldysh action at first order in quantum fluctuations. While
the derivation relies on field-theoretical arguments, the
resulting framework can be applied without prior knowl-
edge of field theory, by resorting to a simple recipe outlined
in Sec. II A (see also Fig. 1). Notably, the equations of
motion admit an intuitive interpretation as a semiclassical
limit of the quantum Langevin equation (QLE) for dissi-
pative operator dynamics [60]. By applying our method
to various examples and comparing the results to exact
solutions, we demonstrate its overall advantages over other
approaches. In particular, our method surpasses—or does
comparatively well compared to—CE in all the examples
considered. Thus, we believe that our framework has the
potential to become a first-choice tool for studying the
dynamics of dissipative quantum many-body systems.

We begin in Sec. II by introducing a straightforward
protocol for applying our dissipative TWA to general prob-
lems, while postponing its formal field-theoretic derivation

(a)

(d)

(b)

(c)

FIG. 1. A schematic overview of the method for dissipative spins. (a) A system of spins subjected to dissipation. (b) The exact
quantum dynamics are governed by the Lindblad master equation. (c) The semiclassical approximation replaces quantum spins with
classical variables, evolving according to stochastic differential equations. (d) Classical spin variables are initialized by sampling from
a distribution function (shown here with discrete sampling) and then evolved under the classical equations with added noise. Quantum
expectation values are approximated by averaging over multiple trajectories and noise realizations.
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to Appendix A. In Sec. III, we specialize our approach
to dissipative spin systems before applying it to a series
of increasingly complex examples. These include a single
driven spin, the TC model for lasing, the central-spin (CS)
model, a driven Rydberg chain, and, finally, the dynamics
of a subwavelength atomic chain with correlated emission.
We conclude in Sec. IV by giving an overview of the work
and then discussing potential applications of the method
and exploring its possible extensions.

II. METHOD

In Sec. II A below, we focus on the main result of this
work, by expressing the method in terms of an effective
classical Hamiltonian that encapsulates all relevant aspects
of the approximation. The field-theoretic derivation is pre-
sented in detail in Appendix A and does not rely on a
Fokker-Planck equation for the classical distribution func-
tion. Instead, it operates directly with classical trajectories
and their averages. In Sec. II B, we demonstrate that the
equations of motion closely resemble QLE for dissipative
operator dynamics, with quantum commutators replaced
by classical Poisson brackets.

A. General protocol

We consider the dynamics of Lindblad systems as given
by the general expression in Eq. (1). Taking ψ̂α as the set of
basic operator degrees of freedom in the system, e.g., spins
or boson creation and annihilation operators, the semi-
classical dynamics can be obtained using the following
prescription (for a derivation, see Appendix A):

(1) Replace quantum operators ψ̂α with the classical
dynamical variables ψα and, consequently, obtain
the classical Hamiltonian (Ĥ → H ) and jump oper-
ators (L̂i → Li).

(2) Construct the following effective classical Hamilto-
nian that captures dissipation by coupling the jump
variables of the system to a set of self-consistent
fields:

H̃ = H − i
∑

i

(
L̄i�i − �̄iLi

)
, (2)

where the bar stands for complex conjugation. This
yields the equations of motion for ψα , from

d
dt
ψα = {ψα , H̃ }p , (3)

where the Poisson bracket can be obtained mostly
easily from the quantum commutators using the
Dirac correspondence [61]

{A, B}p ←→−i[Â, B̂]. (4)

(3) Substitute the following formula for the variables�i
in the equations of motion:

�i = 1
2

∑

j

�ij Lj + 1
2
ξi, (5)

where ξi is a Gaussian noise defined by

ξi(t) = 0, ξi(t)ξ̄j (t′) = 2�ij δ(t− t′), (6)

where bars here indicate noise averages [not to be
confused with the same notation used for complex
conjugation in Eq. (2)].
We emphasize that the expression for �i has to
be substituted only after obtaining the equations of
motion.

(4) The outcome of the above steps is

d
dt
ψα = {ψα , H}p − i

2

∑

i

{ψα , L̄i}p
⎛

⎝
∑

j

�ij Lj + ξi

⎞

⎠

− i
2

∑

i

⎛

⎝
∑

j

�̄ij L̄j + ξ̄i

⎞

⎠ {Li,ψα}p , (7)

which is the semiclassical equation of motion and
the central result of this work.

(5) Sample initial conditions for classical variables
according to the initial probability distribution func-
tion, to account for the quantum uncertainty in the
initial state. For each initial condition, obtain a tra-
jectory by evaluating stochastic dynamics according
to Eq. (7).

(6) Obtain the expectation values of observables by tak-
ing their average over different trajectories and noise
realizations.

The initial distribution function can be obtained by tak-
ing the Wigner transformation of the initial density matrix,
as thoroughly discussed in Ref. [13]. For spin-1/2 degrees
of freedom, one can also use a discrete sampling of the
initial state, which can yield improved results [14,62]. We
will discuss the sampling procedure for spins in detail
later, when we address spin systems as a special case in
Sec. III A.

We emphasize that the applicability of TWA is not lim-
ited to the calculation of single-point expectation values.
In our approach, multipoint correlation functions of opera-
tors, possibly at different times, can be evaluated in terms
of fully symmetrized (classical) correlators, together with
(quantum) corrections that are obtained by measuring the
response of the system to small jumps applied to the sys-
tem. The latter step is similar to the calculation of response
functions in classical stochastic dynamics [46]. This pro-
cedure has been explained in detail in Refs. [13,63].
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B. Connection to the quantum Langevin equation

We emphasize that the resulting protocol above is
not merely an outcome of the field-theory “black box.”
Notably, using the Dirac correspondence in Eq. (4), we can
interpret Eq. (7) as the semiclassical limit of QLE,

d
dt
ψ̂α = i[Ĥ , ψ̂α]− 1

2

∑

i

[
ψ̂α , L̂†

i

]
⎛

⎝
∑

j

�ij L̂j + ξ̂i

⎞

⎠

− 1
2

∑

i

⎛

⎝
∑

j

�̄ij L̂†
j + ξ̂ †

i

⎞

⎠
[
L̂i, ψ̂α

]
,

(8)

which describes the dynamics of quantum mechanical
operators in the presence of dissipation and is an alterna-
tive, but equivalent, representation of the Lindblad mas-
ter equation [Eq. (1)], with quantum noise 〈ξ̂i(t)ξ̂

†
j (t
′)〉 =

2�ij δ(t− t′) [60,64]. We recall that at the level of Eq. (8),
the noise, ξ̂i(t), is an operator, since it encapsulates the
interaction between the quantum degrees of freedom of
the system and of the environment (also operators in a
microscopic description of system-bath coupling).

A crucial point to remember about the classical equation
given in Eq. (7) is that all variables are numbers, mean-
ing that they commute and should no longer be treated
as operators. If, instead, we start with QLE as given in
Eq. (8), simplify the right-hand side using operator com-
mutation relations, and take the classical limit afterward,
the resulting equations can be inconsistent with the semi-
classical approximation [17] (cf. also with the discussion in
Sec. III B). We will discuss this issue in more detail later,
in Sec. III for dissipative spins.

III. RESULTS FOR DISSIPATIVE SPINS

In this section, we explore practical applications of our
dissipative TWA to spin models. We begin in Sec. II A by
specializing the protocol presented in Sec. II A to spins,
together with remarks on the sampling of initial states. As a
first example, in Sec. III B we examine a coherently driven
spin subject to decay. We then analyze models with long-
range interactions, including the TC and CS models, in
Secs. III C and III D, respectively. In Sec. III E, we shift
focus to short-range interactions, solving the dynamics of
a driven Rydberg chain. Finally, in Sec. III F, we extend
our approach beyond individual dissipation by considering
an atomic chain with correlated emission.

A. Protocol for spins

Below, we mainly restate the rules of Sec. II A for spin
degrees of freedom, which are also illustrated in Fig. 1 for
clarity. We will also briefly discuss the discrete sampling
of initial conditions:

(1) Replace spin operators σ̂ k = (σ x
k , σ y

k , σ z
k ) with the

classical variables sk = (sx
k, sy

k , sz
k) and substitute

them in the Hamiltonian and jump operators.
(2) The equation of motion for sαk follows from

d
dt

sαk = {sαk , H̃ }p , (9)

with the effective classical Hamiltonian

H̃ = H − i
∑

i

(
L̄i�i − �̄iLi

)
. (10)

The Poisson bracket of spin variables with another
variable O can be expressed as

{sαk , O}p = 2
∑

β,γ

εαβγ
∂O

∂sβk
sγk , (11)

where εαβγ is the totally antisymmetric tensor with
εxyz = +1.

(3) Substitute for�i using Eqs. (5) and (6) to obtain the
classical Langevin equation for spins,

d
dt

sαk = {sαk , H}p − i
2

∑

i

{sαk , L̄i}p
⎛

⎝
∑

j

�ij Lj + ξi

⎞

⎠

− i
2

∑

i

⎛

⎝
∑

j

�̄ij L̄j + ξ̄i

⎞

⎠ {Li, sαk }p .

(12)

The final form of this equation is provided in
Table I for some of the common dissipation chan-
nels. Since the equations of motion are obtained
from an effective Hamiltonian, which is a function
of spin variables, we have

d
dt
|sk|2 = 4

∑

αβγ

εαβγ sαk
∂H̃

∂sβk
sγk = 0, (13)

due to the antisymmetry property εαβγ = −εγβα .
Therefore, regardless of the dissipation profile, the
length of the spins is always conserved for each
trajectory, which is an essential condition for the
consistency of TWA.

(4) In the next step, we sample the initial conditions
for sk,n with n = 1, . . . , Ntr to account for quan-
tum uncertainty in the initial state, where Ntr is the
number of sampled trajectories.

(5) For each trajectory, we evaluate stochastic dynamics
according to Eq. (7).
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TABLE I. The classical equations of motion for incoherent spin
loss, spin pumping, and dephasing. Note that we have absorbed
the rates into the jump operators such that �ij = δij in Eq. (1).
The real-valued noises originate from the real and imaginary
parts of the complex noises introduced in Eq. (12).

L̂i Equations of motion
√
γ↓σ̂− dsx/dt = γ↓sxsz/2+ ξ x

↓s
z

dsy/dt = γ↓sysz/2+ ξ y
↓sz

dsz/dt = −γ↓ (sxsx + sysy)/2− (ξ x
↓s

x + ξ y
↓sy)

ξα↓ (t) ξ
β

↓ (t′) = γ↓δαβδ(t− t′)
√
γ↑σ̂+ dsx/dt = −γ↑sxsz/2− ξ x

↑s
z

dsy/dt = −γ↑sysz/2+ ξ y
↑sz

dsz/dt = γ↑ (sxsx + sysy)/2+ (ξ x
↑s

x − ξ y
↑sy)

ξα↑ (t) ξ
β

↑ (t′) = γ↑δαβδ(t− t′)
√
κσ̂ z dsx/dt = +2ηsy

dsy/dt = −2 ηsx

dsz/dt = 0
η(t) η(t′) = κδ(t− t′)

(6) Expectation values, and symmetric two-point func-
tions, are obtained from averaging over trajectories
and noise realizations:

〈σ̂ αk (t)〉 =
1

Ntr

Ntr∑

n=1

sαk,n(t)

1
2
〈{σ̂ αk (t), σ̂ βl (t)}〉 =

1
Ntr

Ntr∑

n=1

sαl,n(t)s
β

k,n(t),

(14)

where the overlines represent averaging over the
noise and {A, B} = AB+ BA is the anticommutator.
Fully symmetrized higher-order correlation func-
tions can also be obtained in the same way as
two-point functions. To access nonsymmetric corre-
lators with TWA, where the nontrivial commutation
of operators is important, one has to take extra steps,
which are explained in Appendix C.

In practice, the sampling of the initial state and the noise
can be performed together, i.e., we can write

1
Ntr

Ntr∑

n=1

sαk,n(t) =
1

Ntot

Ntot∑

n′=1

sαk,n′(t), (15)

where Ntot = Ntr × Nnoise and Nnoise is the number of noise
realizations.

For spins, there exist two common sampling schemes,
which are the continuous and discrete approaches (cf.
Refs. [19,20] for a hybrid discrete-continuous scheme).
The starting point of the continuous sampling consists
of resorting to a bosonic representation of spins [13,18].

However, for spin-coherent states, the following distribu-
tion has been found to be a good approximation: [13]

P(s) = e−s2
⊥/4S

4πS
δ(s · n− 2S), (16)

where n is the unit vector in the direction of the coher-
ent state, S is the spin size, and s⊥ is the component of
s orthogonal to n. Note that in our convention, the aver-
age length of s is 2S, such that in the case of spin-1/2, the
classical vectors have unit length.

A discrete sampling, known as discrete TWA (DTWA)
[14,62,65], is possible for spin-1/2 degrees of freedom.
For instance, for the initial state with σ z

k |↓〉 = − |↓〉, we
sample the classical initial states according to the follow-
ing discrete distribution:

W0(sx
k, sy

k , sz
k) =

{
0, (sx

k, sy
k , sz

k) = (±1,±1,+1),
1/4, (sx

k, sy
k , sz

k) = (±1,±1,−1),
(17)

which has been shown to yield improved results in cer-
tain cases, in comparison to continuous sampling [14,19].
Discrete sampling for S > 1/2 spins can be also found, as
reported in Ref. [66].

In the following sections, we use the discrete sampling
and solve Eq. (12) using an implicit numerical-integration
scheme and the Stratonovich regularization of stochastic
dynamics [46,60]. The use of the Stratonovich regulariza-
tion originates from the fact that the Markovian limit is
an approximation to a non-Markovian bath the correlation
time of which is much shorter than the timescales of the
system, as explained in Appendix A. We emphasize that
our approach does not rely on any specific representation
of spin operators, such as Schwinger bosons or spin-
coherent states; nor it is restricted to spin-1/2 degrees of
freedom. Likewise, our derivation in Appendix A is rep-
resentation independent, following directly from general
field-theoretic arguments.

B. Driven spin

As a first example, we consider a coherently driven sin-
gle spin. The exact solvability of this problem allows us to
evaluate the accuracy of our semiclassical approximation
and determine its range of applicability. The dynamics of
the spin are governed by the following Hamiltonian:

Ĥ = �σ̂ x, (18)

with the Rabi frequency �, together with the incoher-
ent loss (L̂↓ = σ̂−), with the rate γ↓. Using Eq. (12), we
obtain the following equations of motion for classical spin
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variables (sx, sy , sz):

d
dt

sx = +γ↓
2

sxsz + ξ x
↓s

z, (19)

d
dt

sy = −2�sz + γ↓
2

sysz + ξ y
↓sz, (20)

d
dt

sz = +2�sy − γ↓
2
(
(sx)2 + (sy)2

)− ξ x
↓s

x − ξ y
↓sy , (21)

where the noise fields satisfy

ξα↓ (t)ξ
β

↓ (t′) = γ↓δαβδ(t− t′). (22)

In Fig. 2, we compare the exact solution with semiclassical
results obtained from Eqs. (19)–(21) for different values
of γ↓. We observe that TWA captures exact dynamics
for weak to moderate losses (γ↓ � �), while it progres-
sively deviates from the correct answer for larger decay
rates. In the extreme limit �→ 0, TWA captures early-
time dynamics correctly, while deviating from the correct
steady state at later times. The accuracy of the method also
improves in the presence of incoherent pumping (L̂↑ =
σ̂+), with the highest accuracy achieved when γ↑ = γ↓.

As we have shown earlier in Eq. (13), our approach con-
serves the size of spins for each trajectory, since it takes the
“proper” classical limit of QLE [Eq. (8)]. Therefore, it is
instructive to also consider the “improper” classical limit
of QLE for this problem, in order to juxtapose these two
classical approximations. First, we substitute the spin and

0 5 10 15 20
Ωt

−1

0

1

σ
z

γ/Ω
0.1
0.2

0.5
1.0

FIG. 2. The evolution of a single spin under coherent driv-
ing and spontaneous decay. TWA (solid lines) shows strong
agreement with the exact solution (circles) for weak to moder-
ate loss rates (γ↓ � �). For γ↓ � �, quantum fluctuations grow
beyond the reach of our semiclassical approximation and cause
deviations from the exact solution. The dotted line corresponds
to γ↓/� = 0.1 without including noise. The results have been
obtained by averaging over O(105) trajectories.

jump operators in Eq. (7), without simplifying the resulting
equations:

d
dt
σ̂ x = +1

2
σ̂ z
(
γ↓σ̂−+ξ̂↓

)
+ 1

2

(
γ↓σ̂++ξ̂ †

↓
)
σ̂ z, (23)

d
dt
σ̂ y = −2�σ̂ z + i

2
σ̂ z
(
γ↓σ̂−+ξ̂↓

)
− i

2

(
γ↓σ̂++ξ̂ †

↓
)
σ̂ z,

(24)

d
dt
σ̂ z = +2�σ̂ y − σ̂+

(
γ↓σ̂−+ξ̂↓

)
−
(
γ↓σ̂++ξ̂ †

↓
)
σ̂−.

(25)

If we now take the classical limits of these equations,
we immediately obtain Eqs. (19)–(21), with ξ x

↓ and ξ
y
↓

given by the real and imaginary parts of the complex-
valued noise ξ↓. In contrast, if we proceed to simplify these
equations by using the spin commutation relations for the
non-noisy terms and then take the classical limit, we obtain

d
dt

sx = −γ↓
2

sx + ξ x
↓s

z, (26)

d
dt

sy = −2�sz − γ↓
2

sy + ξ y
↓sz, (27)

d
dt

sz = +2�sy − γ↓(1+ sz)− ξ x
↓s

x − ξ y
↓sy , (28)

which modifies the length of spin over time d
dt s

2 =
−γ↓(s2 + (sz)2 + 2sz), with s2 = (sx)2 + (sy)2 + (sz)2,
leading to an incorrect limit at long times. To resolve this
issue, previous works [17] have introduced an ad hoc mod-
ification to the noise terms, such that the spin-shrinkage
rate becomes small.

In contrast, noise naturally arises in our approach from
expanding the Keldysh action of the system order by order
in powers of quantum fields, as explained in Appendix A.
The leading order of the expansion yields the statisti-
cal sampling of the initial state, while noise emerges at
the next-to-leading-order contribution. Consequently, the
effect of noise becomes less significant when determinis-
tic contributions dominate the dynamics. This occurs, e.g.,
when the system is strongly driven (� � γ↓), as shown
earlier, or in the collective-spin limit where S is large,
while rescaling γ↓ such that the limit S→∞ remains well
defined. In the latter case, dynamics become fully classical
with mean-field equations being exact and noise is neg-
ligible [7]. As shown in Appendix B, the magnitude of
quantum corrections to the classical value for this specific
problem is given by

quantum corrections ∼ 1
2S

√

1−
(

4�
γ↓

)2

, (29)

which is suppressed for stronger drives and larger
spins. Conversely, when quantum effects fully dominate,
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either when S = 1/2 or �
 γ↓, higher-order corrections
beyond noise must be included for accurate results. In
the intermediate regime, in which S is small but � � γ↓,
incorporating noise while discarding higher-order effects
is sufficient, whereas neglecting the noise leads to sig-
nificant errors. This has been explicitly demonstrated in
Fig. 2, where solving the equations without noise results
in a dramatic deviation from the correct dynamics, even
for weak dissipation. In Appendix B, we also contrast the
noise strength in the TWA and the Heisenberg-Langevin
approach to shed further light on the opposite limit,
γ↓ � �.

We note that some alternative approaches to TWA can
accurately capture single-spin decay across all decay rates
[19,20]. In our case, this would require us to go beyond
leading order in quantum fluctuations. However, this spe-
cific example of a single driven spin is presented for
purely pedagogical reasons, while for the practical pur-
poses of solving driven open many-body dynamics, both
our approach and those in Refs. [19,20] achieve similar
accuracy in comparable windows of parameters.

The following sections showcase how our approach can
cover a broad variety of models, by applying the straight-
forward rules of Table I, with an efficiency that outper-
forms competing techniques (such as cumulant dynamics).
These examples not only provide easy benchmarks for
first-time users but also illustrate in practice the efficiency
of our universal DTWA program.

C. Tavis-Cummings model

The first model that we analyze is in the class of all-to-all
interacting systems. As mentioned in Sec. I, these mod-
els are particularly instrumental in systematically studying
corrections on top of mean-field dynamics, since they are
usually equipped with a “large-N” parameter [27,28].

The Tavis-Cummings (TC) model is a prototypical
model for lasing [7,67] that finds applications in modern
AMO research; in particular, to the study of ultranarrow-
linewidth lasing in a bad cavity [16,68–71] and dynamical
phase transitions between nonradiative, lasing and super-
radiant lasing regimes [29,72–74]. TC consists of a single
bosonic mode, representing photons, coupled to an ensem-
ble of spin-1/2 degrees of freedom, modeling two-level
atoms confined within an optical cavity. Its relevance in
our narrative is as a first step in comparing the efficiency of
TWA and CE in capturing the dynamics and steady states
of driven open systems.

The TC Hamiltonian reads

Ĥ = ωâ†â+ ε
2

N∑

i=1

σ̂ z
i +

g√
N

N∑

i=1

(
â†σ̂−i + âσ̂+i

)
, (30)

where ω and ε are, respectively, the excitation energies of
free photons and atoms, and g is the light-matter coupling.

Incoherent processes include photon loss (L̂κ = â), atomic
loss (L̂↓i = σ̂−i ), and atomic pumping (L̂↑i = σ̂+i ), with
respective rates κ , γ↓, and γ↑. In the absence of dissipa-
tion, the TC model exhibits a U(1) symmetry, defined by
the transformation (â, σ̂−i )→ (eiφ â, eiφσ̂−i ), which ensures
the conservation of the total number of excitations, n̂tot =
â†â+∑i σ̂

z
i /2. Additionally, the model possesses permu-

tation symmetry under spin exchange. These symmetries
render the model integrable, allowing its solution by sepa-
rately analyzing subspaces of the Hilbert space with fixed
excitation number and total angular momentum.

However, dissipation typically breaks these symmetries.
Photon loss only breaks U(1) symmetry while preserving
permutation symmetry, still making exact solutions fea-
sible for sufficiently large system sizes. In contrast, indi-
vidual atomic decay breaks both symmetries, significantly
complicating the solution. Although weak permutation
symmetry can still be exploited to reduce computational
costs for steady-state calculations [24,34], exact time evo-
lution remains accessible only for small systems. Common
approximation methods, such as MF theory and CE, often
yield inconsistent results, which also depend on the order
of CE [34]. In some cases, these approximations approach
the correct result in the N →∞ limit but they typically
exhibit slow convergence. That is, even for large but finite
system sizes, deviations from exact solutions persist over
a broad parameter range.

To solve the problem with TWA, we substitute pho-
ton and spin variables into Eq. (7) to obtain the following
equations of motion:

d
dt

a = −iωa− ig√
N

∑

i

s−i −
κ

2
a− 1

2
ξκ , (31)

d
dt

sx
i = −εsy

i −
2g√

N
sz

i Ima+ γ↓ − γ↑
2

sx
i sz

i+
(
ξ x
↓,i−ξ x

↑,i

)
sz

i ,

(32)

d
dt

sy
i = +εsx

i −
2g√

N
sz

i Re a+ γ↓ − γ↑
2

sy
i sz

i+
(
ξ

y
↓,i+ξ y

↑,i

)
sz

i ,

(33)

d
dt

sz
i = +

4g√
N

Im
(
a s+i

)− γ↓ − γ↑
2

(
(sx

i )
2 + (sy

i )
2)

+ (ξ x
↑,i − ξ x

↓,i

)
sx

i −
(
ξ

y
↑,i + ξ y

↓,i

)
sy

i , (34)

where the noises are given by

ξκ(t)ξ̄κ (t′) = 2κδ(t− t′), (35)

ξα↓,i(t)ξ
β

↓,j (t′) = γ↓δij δαβδ(t− t′), (36)

ξα↑,i(t)ξ
β

↑,j (t′) = γ↑δij δαβδ(t− t′). (37)

In Fig. 3, we show TWA results for the dynamics of
the photon population, which can be obtained from the
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FIG. 3. The evolution of the normalized photon population
in the dissipative Tavis-Cummings (TC) model with N = 15,
starting with the photonic vacuum with fully inverted atoms.
TWA demonstrates excellent agreement with the exact solu-
tion, whereas the second-order CE becomes inaccurate beyond
short times. The parameters used are ω = ε = κ , g/ω = 9/10,
γ↓/ω = 1/8, and γ↑/ω = 3/8. The inset shows the dynamics of
the photon population without incoherent pumping (γ↑ = 0) for
N = 12 spins, showing good agreement between TWA and the
exact result. The other parameters are ω = κ = 2ε, g/ω ≈ 1.7,
and γ↓/ω = 0.25. The TWA results are obtained from O(105)

trajectories.

trajectory average via

〈â†â〉 = 1
Ntr

Ntr∑

n=1

|an|2 − 1
2

. (38)

Comparison with the exact solution shows that TWA accu-
rately captures both the transient dynamics and the steady
state for all system sizes, with a relative error of O(10−2),
which can be reduced by including more trajectories. We
also see that CE is accurate only for short-time dynam-
ics, predicting an incorrect steady-state value. It has been
shown [34] that, for the same model, higher-order CE
results are either similar and converge slowly, or become
unstable for sufficiently large values of N .

D. Central-spin model

For the purpose of refining our comparison between
TWA and CE, we solve the CS model, which describes a
single spin interacting collectively with an ensemble of N
satellite spins, which is a prototypical model of single spins
or dilute spin ensembles interacting with many-body envi-
ronments. Examples include nuclear magnetic resonance
and nitrogen-vacancy centers in diamond [75,76]. In the

simplest case, the CS Hamiltonian is given by

Ĥ = ω

2
τ̂ z + ε

2

N∑

i=1

σ̂ z
i +

g√
N

N∑

i=1

(
τ̂+σ̂−i + τ̂−σ̂+i

)
,

(39)

where the τ̂ α are Pauli operators of the central spin. In
the following, we consider the CS loss (L̂κ = τ̂−) together
with the satellite spin loss (L̂↓i = σ̂−i ) and pumping (L̂↑i =
σ̂+i ) with respective rates κ , γ↓, and γ↑. The CS model
can be obtained from the TC model by replacing â→ τ̂−
and has the same symmetries. Due to the smaller local
Hilbert space of the CS versus the photon mode, we gen-
erally expect quantum fluctuations to be more important
in the former case. For the TC model, as we go to larger
values of N , a Gaussian state progressively becomes a bet-
ter approximation for photons, improving the performance
of CE. In contrast, no similar improvement in CE perfor-
mance is expected when applied to the CS model (unless
the CS is large). This is the key reason why the compar-
ison between the dynamics of the TC and CS models is
particularly instructive in assessing the validity of TWA
versus CE.

We evaluate the dynamics of the CS model after ini-
tializing the central and satellite spins in their ground and
excited states, respectively. The equations of motion are
given by

d
dt
τ x = −ωτ y + g√

N
τ z
∑

i

sy
i +

(κ
2
τ x + ξ x

κ

)
τ z, (40)

d
dt
τ y = +ωτ x − g√

N
τ z
∑

i

sx
i +

(κ
2
τ y + ξ y

κ

)
τ z, (41)

d
dt
τ z = + g√

N

(
τ y
∑

i

sx
i − τ x

∑

i

sy
i

)
− κ

2
(
(τ x)2+ (τ y)2

)

− (ξ x
κ τ

x + ξ y
κ τ

y) , (42)

d
dt

sx
i = −εsy

i +
g√
N
τ ysz

i +
γ↓ − γ↑

2
sx

i sz
i +

(
ξ x
↓,i − ξ x

↑,i

)
sz

i ,

(43)

d
dt

sy
i = +εsx

i −
g√
N
τ xsz

i +
γ↓ − γ↑

2
sy

i sz
i +

(
ξ

y
↓,i + ξ y

↑,i

)
sz

i ,

(44)

d
dt

sz
i = +

g√
N

(
τ xsy

i − τ ysx
i

)− γ↓ − γ↑
2

(
(sx

i )
2 + (sy

i )
2)

+ (ξ x
↑,i − ξ x

↓,i

)
sx

i −
(
ξ

y
↑,i + ξ y

↓,i

)
sy

i . (45)

The noise variances are specified by

ξακ (t)ξ
β
κ (t′) = κδαβδ(t− t′), (46)
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FIG. 4. The population of the central site in the CS model
with N = 30 as a function of time, starting from the central
spin in its ground state and fully inverted satellite spins. TWA
accurately captures the dynamics, whereas the second-order CE
quickly deviates from the correct behavior. The inset shows the
steady-state value for varying system sizes, where TWA remains
accurate while CE fails across all system sizes. The parameters
used are ω = ε = κ , g/ω = 3, γ↓/ω = 1/2, and γ↑/ω = 3/2.
TWA results are obtained from O(105) trajectories.

together with Eqs. (36) and (37). The TWA results for
the CS population, n = (1+ 〈τ̂ z〉)/2, are shown in Fig. 4,
demonstrating strong agreement with exact solutions for
both transient dynamics and the steady state, with a relative
error of O(10−2). In contrast, second-order CE captures
only the early-time dynamics but fails to predict the cor-
rect steady-state behavior for any system size, a limitation
that persists even at higher orders of CE [34].

The last two examples illustrate the improved reliability
of TWA compared to CE. While for CE, going beyond the
second order quickly increases the complexity of equations
without guaranteed improvement [34,35], the equations for
TWA are the simple MF equations supplemented by noise
and they grant access to higher-point correlation functions
without extra effort. Incorporating inhomogeneities, which
naturally arise in realistic scenarios, further highlights the
advantage of TWA over CE. In the CS model, such inho-
mogeneities can manifest in the satellite spin splittings
(ε → εi), the coupling strengths (g→ gi), or the dissipa-
tion rates (γ↑↓ → γ↑↓,i). While TWA seamlessly accom-
modates these variations, CE faces a significant increase in
computational complexity, with the number of equations
growing from four to approximately N (N + 3)/2 at second
order, and even more for higher-order expansions.

E. Rydberg chain

So far, we have considered models with collective inter-
actions, where only local dissipation disrupts their fully

collective nature. Next, we examine two prominent exam-
ples of systems with strongly noncollective behavior, the
physics of which crucially depends on the probed time
and length scales, and which therefore qualify as gen-
uine strongly correlated many-particle systems. The next
section is devoted to dissipation with a nontrivial spa-
tial structure. Here, we consider a driven-dissipative chain
of spins with short-range Ising-like interactions, describ-
ing the physics of Rydberg atomic arrays, which is one
the most versatile platforms for quantum simulation and
quantum computing nowadays [77].

We consider the following Ising Hamiltonian:

Ĥ = �
∑

i

σ̂ x
i +

J
4

∑

i

(1+ σ̂ z
i )(1+ σ̂ z

i+1), (47)

where J is the strength of the Rydberg interactions and
� is the Rabi frequency. We consider local dephasing
(L̂κi = σ̂ z

i ) and spin loss (L̂↓i = σ̂−i ) with rates κ and γ↓,
respectively. Furthermore, we work with periodic bound-
ary conditions. The evolution simulated with TWA shows
good agreement with the exact solution both for tran-
sient dynamics and the steady state, with the exception of
regimes in which spontaneous decay is stronger than the
typical energy scales of coherent dynamics.

Applying our formalism to Eq. (47) yields the following
set of equations for classical variables:

d
dt

sx
i = −

J
2
(
2+ sz

i−1+ sz
i+1

)
sy

i +
(γ↓

2
sx

i + ξ x
↓,i

)
sz

i + 2ηis
y
i ,

(48)

d
dt

sy
i = −2�sz

i +
J
2
(
2+ sz

i−1 + sz
i+1

)
sx

i

+
(γ↓

2
sy

i + ξ y
↓,i

)
sz

i − 2ηisx
i , (49)

d
dt

sz
i = +2�sy

i −
(γ↓

2
sx

i + ξ x
↓,i

)
sx

i −
(γ↓

2
sy

i + ξ y
↓,i

)
sy

i ,

(50)

with dephasing (ηi) and spin loss (ξα↓,i) noise variances
given according to Table I.

In Fig. 5, we present the dynamics of 〈σ̂ z〉 for various
driving strengths, as obtained from TWA, second-order
CE, and the exact solution computed via the stochastic
unraveling of quantum trajectories, using the QuTiP pack-
age of Ref. [8]. For �/J � 0.1, TWA closely matches the
exact dynamics, whereas for weaker drives (not shown), its
accuracy progressively decreases (cf. Sec. III B), although
it improves upon introducing spin dephasing.

CE performs similarly to TWA and fails when interac-
tions become very strong. Notably, for this problem, imple-
menting TWA is simpler than CE, which requires tracking
all first-order (〈σ̂ αi 〉) and second-order (〈σ̂ αi σ̂ βj 〉) cumu-
lants to obtain a closed system of equations. To handle
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FIG. 5. The dynamics of a Rydberg chain with size N = 10,
after being initialized in the atomic ground state (|↓〉). Both
TWA (solid lines) and CE (dashes) are in agreement with
the exact results (circles). The parameters are γ↓/J = κ/J =
0.1. The exact dynamics and TWA have, respectively, been
obtained by averaging over O(103) quantum and O(104) classical
trajectories.

the large number of resulting equations, we have used the
QuantumCumulants.jl package [32] to obtain CE results.
However, extending CE to higher orders has proved con-
siderably more computationally expensive than both TWA
and the exact solution, even for a system of size N = 10.
The challenge stems in part from the fact that the cur-
rent CE implementation in Ref. [32] cannot exploit the
translation symmetry of the problem and calculates many
redundant cumulants. We also note that translation sym-
metry is present only for homogeneous systems and under
periodic boundary conditions, which do not apply in many
situations. Without leveraging the translation symmetry,
the symbolic evaluation of second-order CE for N � 20
already exceeds the memory capacity of a personal com-
puter. In contrast, TWA allows seamless simulation of
dynamics for hundreds of spins on a desktop and several
thousand on a supercomputer.

F. Correlated decay

As the final example of this work, we consider decay
processes with a nondiagonal dissipation matrix in the
atomic basis:

�ij �= γiδij . (51)

A special case corresponds to fully collective decay [78,
79], where �ij is uniform, and the analysis is simplified by
recasting dissipation in terms of a collective jump opera-
tor L̂col =

∑
i σ̂
−
i . This leads to the Dicke superradiance

of atomic ensembles, the key features of which can be
captured using simple approaches such as MF. Here, we

are interested in regimes away from the limits of inde-
pendent and fully collective decay. While this regime can
be realized in different contexts [16,68,71,80–86], here we
focus on the particular example of correlated emission in
subwavelength arrays of atoms [21,31,80,87–91].

The dynamics of a coherently driven atomic array
placed in the electromagnetic (EM) vacuum can be
expressed using the Lindblad master equation [80],

d
dt
ρ̂ = −i[Ĥ , ρ̂]+

N∑

ij=1

�ji

(
σ̂−i ρ̂σ̂

+
j −

1
2
{σ̂+j σ̂−i , ρ̂}

)
.

(52)

The Hamiltonian reads

Ĥ = ωz

N∑

i=1

σ̂ z
i +�

N∑

i=1

σ̂ x
i +

N∑

ij=1

Jij σ̂
+
i σ̂
−
j , (53)

where Jij describes the dipolar interaction between atoms,
ωz is the effective detuning, which also includes the Lamb
shift due to coupling to EM modes, and � is the Rabi fre-
quency. The interaction and dissipation matrices can be
obtained from (in units where � ≡ 1)

Jij = −ω2 p̄ · Re G
(
ri − rj,ω

) · p, (54)

�ij = +2ω2 p̄ · Im G
(
ri − rj,ω

) · p, (55)

where p is the atomic dipole and G is the Green’s function
of EM modes [92]. In vacuum, we have

G0(r,ω) = μ0 eikr

4πk2r3

[
(k2r2 + ikr− 1)1

+ (3− 3ikr− k2r2)
r⊗ r

r2

]
, (56)

where ω is the optical transition frequency, μ0 is the
vacuum permeability, and k = ω/c is the momentum of
the emitted photons. The physics of such a system cru-
cially depends on the timescales and length scales under
consideration. In particular, the ratio of the interatomic
distance a to the wavelength of emitted light λ ≡ 2π/k
tunes the degree of collective behavior in the system.
For a � λ, subsystems smaller than λ can emit superra-
diantly, if initialized in a sufficiently excited state, while a
fraction of the energy may remain trapped in the system
for extended durations due to the existence of subradi-
ant (evanescent) modes, depending on the geometry of the
system [80,82,87]. In the limit a � λ, correlations become
unimportant and atoms emit independently with the rate

�0 = lim
j→i

�ij = μ0ω
3|p|2

3πc
. (57)

We simulate the dynamics of a one-dimensional array
using our approach. The equations of motion for classical
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spin variables read (Sec. III A)

d
dt

sx
i = −2ωzs

y
i + sz

i

∑

j

Jij sy
j +

1
2

sz
i

∑

j

�ij sx
j + ξ x

i sz
i ,

d
dt

sy
i = +2ωzsx

i − 2�sz
i − sz

i

∑

j

Jij sx
j

+ 1
2

sz
i

∑

j

�ij sy
j + ξ y

i sz
i ,

d
dt

sz
i = +2�sy

i +
∑

j

Jij

(
sy

i sx
j − sx

i sy
j

)

− 1
2

∑

j

�ij

(
sx

i sx
j + sy

i sy
j

)
− (ξ x

i sx
i + ξ y

i sy
i

)
, (58)

with nonlocal noise variances

ξαi (t)ξ
β
j (t′) = �ij δαβδ(t− t′). (59)

Numerically, nonlocal noises can be sampled by diagonal-
izing the dissipation matrix

�̂ · vj = γj vj , 1 ≤ j ≤ N , (60)

with eigenvectors vj and their corresponding eigenval-
ues γi ≥ 0. We then define the collective noise variables
according to

ηαi (t)η
β
j (t′) = γiδij δαβδ(t− t′), (61)

such that the noise tensor in the site basis can be obtained
from the linear superposition of the collective noises via

ξαi =
N∑

j=1

v
j
i η
α
j . (62)

In Fig. 6, we compare the predictions of TWA for a
subwavelength chain of driven atoms (a = λ/5) to exact
results. We observe that for sufficiently strong driving rel-
ative to �0, TWA accurately captures the dynamics of the
system. For weak driving, it becomes less reliable and, as
in the single-spin case discussed in Sec. III B, it predicts an
incorrect steady-state population. However, we remark that
the accuracy of TWA for this problem cannot be assessed
by a single ratio such as �/�0, as it depends crucially on
the spatial structure of the eigenvectors in Eq. (60). Impor-
tantly, the collective decay rates in Eq. (60) span a broad
range of energy scales [82,87], with �0 representing only
their average, �0 =

∑
i γi/N . Notably, in the limit a
 λ,

where the largest eigenvalue of � corresponds to the most

FIG. 6. The dynamics of the average excitation number of a
chain of N = 8 emitters, subject to correlated decay and Rabi
driving. The solid lines and circles, respectively, correspond to
TWA and the exact solution. The lattice spacing is a = λ/5 and
the averages are taken over O(104) trajectories.

superradiant mode, TWA correctly captures the superra-
diant burst even in the absence of a drive (� = 0). To
illustrate that, we plot the normalized emission rate,

R(t) ≡ − 1
N�0

d
dt

n = 1
N�0

∑

ij

�ij 〈σ+i σ−j 〉

= 1
N�0

∑

ij

[
1

Ntot

Ntot∑

n=1

�ij s+i,ns−j ,n+
�0

2Ntot

Ntot∑

n=1

sz
i,nδij

]
,

(63)

for different values of a and N = 10 in Fig. 7. In the third
step of Eq. (63), we have transited from operators to classi-
cal variables. For all simulations, TWA captures essential
features of the dynamics and for small atomic separations,
a = λ/10, it matches quantitatively the exact numerical
dynamics of R(t). In the inset, we plot the dynamics up to
N = 1000 atoms but larger system sizes are also at reach
with our approach, by running numerics on a supercom-
puter. Importantly, TWA requires solution of 3N stochastic
differential equations and the operational capabilities of the
method are set mostly by the accessible memory resources.
On the other hand, the third-order CE employed recently
to simulate correlated emission [31] would saturate faster,
as the number of equations to be solved scales as N 3.
The intricacy of higher-order CE (see Appendix of [31])
compared to Eq. (58) would also pose a challenge in apply-
ing cumulants to other Lindbladians with nontrivial spatial
structure [83]. Nevertheless, cumulants succeed in captur-
ing the late-time dynamics, approaching the vacuum state
[31] (“subradiance”), where TWA fails. This is in line with
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FIG. 7. The emission rate of an initially inverted atomic chain
with size N = 10 as a function of time and for different values of
lattice spacing. TWA (solid lines) captures the superradiant burst
and matches the exact numerics (circles). The inset shows the
TWA results for the emission rate of a fully inverted atomic chain
with λ/a = 10 as a function of time and for different system
sizes.

our earlier remarks on including higher-order corrections
to access the small-pumping limit (see Sec. III B).

IV. CONCLUSIONS AND OUTLOOK

In recent years, there has been a growing body of work
on solving driven-dissipative spin models using semiclas-
sical methods and increasing evidence of their capability
to fit AMO experiments [17–22,30,93–99]. In this work,
we have designed a universal TWA for dissipative quan-
tum systems. Its simplicity, combined with its accuracy
in solving key many-body quantum optics models, and its
low numerical cost (cf. Appendix D) strongly suggests its
potential as an essential tool in every AMO physicist’s
theoretical toolbox. Given the straightforward transition
from the Lindblad master equation to the semiclassical
equations of motion, developing a dedicated numerical
framework to further streamline its use, similar to QuTiP
for exact dynamics [8] and QuantumCumulants.jl for CE
[32], is completely within reach. Such a framework could,
in principle, leverage parallel computing techniques to effi-
ciently explore problems in the actual many-body limit,
encompassing thousands of degrees of freedom.

This work can be extended by incorporating higher-
order quantum corrections into the approximation. In this
regard, our field-theoretic derivation provides a founda-
tion for systematically advancing the semiclassical expan-
sion. A similar approach has been previously explored for
TWA in isolated systems [13], where next-order quan-
tum corrections have been introduced via quantum jumps,
distinct from Lindblad jump operators, which are stochas-
tically applied to trajectories. The inclusion of higher-order

corrections in our case follows the same logic. The connec-
tion between the TWA and the semiclassical limit of the
Langevin equation lies at the heart of the transparency and
flexibility of the approach presented here.

Another possibility is to revisit the fundamental origins
of dissipation. Specifically, when the environment is struc-
tured or non-Markovian, it modifies both the dissipative
and stochastic components of the spin dynamics in Eq. (5)
(cf. Refs. [60,100,101]). This effect can be systematically
derived using the same Keldysh path-integral formalism
employed in this work. In this framework, the damping
term of dissipation is replaced by a convolution of dynam-
ical variables with a memory function, �ij (t− t′), while
white noise is replaced by colored noise. Consequently, the
spin dynamics is governed by a set of stochastic integro-
differential equations with temporally nonlocal determin-
istic terms, which are still amenable to efficient numerical
techniques. This approach would provide a powerful tool
for studying spin relaxation in structured environments,
such as nitrogen-vacancy centers in diamond [102–105] or
superconducting qubits [106].
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APPENDIX A: DERIVATION OF SEMICLASSICAL
EQUATIONS OF MOTION

In this appendix, we systematically obtain the semi-
classical equations of motion for dissipative spins, which
have been presented in the main text. Our approach, based
on the Keldysh formalism of quantum field theory, is a
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natural extension of a similar derivation for unitary spin
dynamics [13,57].

Keldysh field theory is an alternative path-integral repre-
sentation of quantum mechanics and is particularly advan-
tageous for nonequilibrium systems [46]. The conventional
Feynman path integral, the lower and upper limits of which
correspond, respectively, to the initial (ti) and final (tf )
times of the evolution, is given by

SFeynman =
∫ tf

ti
L[ψ(t)] dt, (A1)

where ψ represents the degrees of freedom in the system.
On the other hand, the Keldysh path integral is defined
along a closed time contour C:

SKeldysh =
∫

C
L[ψ(tc)] dtc, (A2)

where C is specified by the path ti → tf → ti. Therefore,
we can write

SKeldysh =
∫ tf

ti
L[ψ+(t)] dt−

∫ ti

tf
L[ψ−(t)] dt, (A3)

which means that one can work with a normal temporal
integration at the expense of doubling the number of fields,
corresponding to integration along the forward (+) and
backward (−) branches of C. The expectation values of the
operators can be obtained from

〈O(t)〉 =
∫

D[ψ]P0[ψ0]O(t) eiSKeldysh , (A4)

where P0[ψ] is the initial distribution of the fields. The
advantage of working with a doubled number of fields is
the ability to address nonequilibrium phenomena, in a wide
range of problems from condensed-matter physics to high-
energy physics and cosmology [46]. Recently, it has been
extended to open quantum systems with Lindblad dynam-
ics [4], allowing the study of, e.g., the dissipative Dicke
model [107] as well as the discovery of nonequilibrium
universality classes [5,85].

Below, we present a step-by-step explanation of our
derivation. Our discussion remains general, without speci-
fying a particular dissipation channel. Moreover, we main-
tain an exact treatment throughout the derivation, applying
the semiclassical approximation only at the final stage.

1. Exact path-integral formulation of the problem

Below, we apply a series of transformations to the
Keldysh action of the original model, mapping the prob-
lem onto a field theory with explicit noise terms. In the
next section, we will use this new formulation to derive
the rules of dissipative TWA.

a. Constructing the Keldysh action

The Keldysh action consists of a coherent part, corre-
sponding to the Hamiltonian dynamics, and a dissipative
part, corresponding to the Lindblad dynamics:

S = Sc + Sd. (A5)

The coherent part of the action can be written as

Sc = S0 + SH , (A6)

where S0 is determined by the algebra of the degrees of
freedom in the system and contains time derivatives [108].
SH is explicitly given by the Hamiltonian as

SH = −
∫

dt(H+−H−), (A7)

where H± is the Hamiltonian evaluated on the forward and
backward branches of the Keldysh contour. The dissipa-
tive part of the action, corresponding to the Lindbladian in
Eq. (1), is given by (see Ref. [4])

Sd = −i
∑

i

γi

2

∫
dt
(
2L+i L̄−i − L−i L̄−i − L+i L̄+i

)
, (A8)

where the Li are the fields corresponding to the jump oper-
ators. Without loss of generality, we have considered a
diagonal matrix �ij = δij γi, since the dissipation matrix
can always be written in diagonal form after a linear
transformation of jump operators.

b. “Recovering” the bath

For technical reasons that will become evident later, we
perform a procedure akin to recovering the bath degrees
of freedom—in essence, the inverse of integrating out
the bath. However, no additional information about the
bath is needed beyond what is provided in Eq. (A8).
Mathematically, this is accomplished through a Hubbard-
Stratonovich transformation, which reverses the process of
evaluating a Gaussian integral [46,108]:

e−u†·Â·v ∝
∫

D[x†, x] e−x†·Â−1·x+ix†·v+iu†·x. (A9)

We write the dissipative action in Eq. (A8) in the matrix
form

Sd =
∑

i

∫
dt
(
L̄+i −L̄−i

) (iγi/2 0
iγi iγi/2

)(
L+i
−L−i

)
.

(A10)
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We then use Eq. (A9) to obtain eiSd = ∫ D[�̄±,�±]
eiSB+iSsB , where

SB =
∑

i

∫
dt
(
�̄+i �̄−i

) ( 2i/γi 0
−4i/γi 2i/γi

)(
�+i
�−i

)

(A11)

is the action of the Markovian bath and

SsB =
∑

i

∫
dt
(
�̄+i L+i + L̄+i �

+
i − �̄−i L−i − L̄−i �

−
i

)

(A12)

describes the system-bath coupling. Together, Eqs. (A6),
(A11), and (A12) govern the dynamics of a system of spins
coupled to the “fictitious” bath degrees of freedom, which
are expressed by the fields �i.

c. Separating quantum fluctuations

The next step involves separating the fluctuating part
of the fields due to quantum effects. This is done by
defining the forward and backward fields in terms of
classical and quantum fields, using the following linear
transformation [46]:

�±i = �c
i ±�q

i , (A13)

L±i = Lc
i ± Lq

i . (A14)

The action of the bath in the new basis is given by

SB =
∑

i

∫ (
�̄c

i �̄
q
i

) ( 0 −4i/γi
4iγi 8i/γi

)(
�c

i
�

q
i

)
dt (A15)

and the system-bath coupling reads as

SsB =
∑

i

∫
dt
(
2�̄c

i Lq
i + 2�̄q

i Lc
i + 2L̄c

i�
q
i + 2L̄q

i�
c
i

)
.

(A16)

We note that the change of basis to the classical and
quantum components naturally leads to the Wigner trans-
formation of the initial distribution function in Eq. (A4)
[13,57].

It is worth remarking that Eq. (A15) can be directly
extended to the non-Markovian regime, which is beyond
the reach of Lindblad formalism but still amenable to our
semiclassical approach. To do so, one replaces the local

kernel with the following generalized form:

SB =
∑

i

∫∫ (
�̄c

i (t) �̄
q
i (t)

) · D̂−1
i (t− t′) ·

(
�c

i (t
′)

�
q
i (t
′)

)
dt,

(A17)

where

D̂i(t− t′) ≡
(

0 DR
i (t− t′)

DA
i (t− t′) DK

i (t− t′)

)
(A18)

is the Green’s function of the environment in terms
of retarded and symmetric two-point correlation func-
tions [46]

DR
i (t− t′) ≡ − i

2
�(t− t′)〈[�̂i(t), �̂i(t′)]〉, (A19)

DK
i (t− t′) ≡ − i

2
〈{�̂i(t), �̂i(t′)}〉, (A20)

and DA
i (t− t′) = (DR

i )
∗(t′ − t). The Markovian regime can

then be regarded as the limit at which the correlation time
of D̂i(t) becomes much smaller than the timescales of the
system. This connection makes it clear that the resulting
stochastic equations [Eq. (7)] have to be solved using the
Stratonovich regularization of the noise.

d. Identifying the noise

In the next step, we identify and isolate the noisy contri-
bution to dissipative dynamics. This step is similar to the
derivation of the Langevin equation [46] and is achieved
by noting that the �̄q�q term in Eq. (A15) can be written as

e−
∑

i
8
γi

∫ |�q
i |2 dt ∝ e

∑
i

2i
γi

∫
dt(�̄q

i ξi+ξ̄i�
q
i ) dt, (A21)

where the average is taken with respect to the complex
Gaussian noise ξ(t) given by the following distribution:

P[ξ̄i, ξi] ∝ exp

(
−
∑

i

1
2γi

∫
|ξi(t)|2 dt

)
. (A22)

After substituting Eq. (A21) in Eq. (A15), we obtain

SB + SsB =
∑

i

∫
dt
[
�̄

q
i

(
4i
γi
�c

i +
2
γi
ξi + 2Lc

i

)
+ c.c.

]

+
∑

i

∫
dt
(
2�̄c

i Lq
i + 2L̄q

i�
c
i

)
. (A23)

Note that �q only appears linearly in the first line. As
the result, the functional integral over (�̄q,�q) can be
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evaluated, yielding a Dirac delta:
∫

D[�̄q
i ,�q

i ]ei
∑

i
∫

dt
[
�̄

q
i

(
4i
γi
�c

i+ 2
γi
ξi+2Lc

i

)
+c.c.

]

∝ δ
(

4i
γi
�c

i +
2
γi
ξi + 2L̄c

i

)
. (A24)

Since �q has been integrated out and we are left only with
the classical field �c, for brevity, we ignore its classical
index and define

�i ≡ −i�c
i . (A25)

The delta function determines the value of �i as

�i = γi

2
Lc

i +
1
2
ξi. (A26)

We rewrite the jump fields in the second line of Eq. (A23)
in the contour basis by using 2Lq

i = L+i − L−i . Then, these
terms can be absorbed into the Hamiltonian contribution in
Eq. (A7) to obtain

S̃H = −
∫

dt(H̃+−H̃−), (A27)

where H̃ is the complex effective Hamiltonian, which is H
shifted by a coupling to the jump fields:

H̃±≡H±−i
∑

i

(
L̄±i �i − �̄iL±i

)
. (A28)

One might be tempted to elevate Eq. (A28) to operator
level. However, this is not possible, as the field � depends
on the jump fields [Eq. (A26)] on both of the Keldysh con-
tours, so H̃+ (H̃−) contains fields on both forward and
backward contours.

So far, our treatment has been exact and the full solu-
tion of the problem still requires evaluating the above noisy
field theory. However, the new formulation of the problem
is very convenient for semiclassical approximations, as we
will show below.

2. Semiclassical approximation

To obtain the semiclassical approximation, we look at
the whole Keldysh path integral that we obtained in the
previous section:

∫
D[�̄,�]

∫
D[ψ±]P0[ψ±0 ]

× δ
(
�i − γi

2
Lc

i −
1
2
ξi

)
eiS0+iS̃H , (A29)

where the long bar is the average with respect to noise dis-
tribution in Eq. (A22) and we have kept the delta function,

which imposes the value of �, explicit. In this formula-
tion, the semiclassical approximation is straightforward:
for each realization of the noise, we apply TWA to the path
integral and then take the average over different noise real-
izations. The former step yields the classical equations of
motion averaged over different trajectories [13]:

∫
D[ψ±] P0[ψ±0 ] eiS0+iS̃H

≈
∫

D[ψc] Pc
0[ψc

0]δ
(
ψ̇c − {ψc, H̃ c}p

)
, (A30)

where Pc
0 is the initial semiclassical (quasi)distribution

function, and {A, B}p is the Poisson’s bracket. It is impor-
tant to emphasize that we have not made specific assump-
tions about the nature of the degrees of freedom of the
system. These can correspond to bosonic modes, such as
photons or phonons, or spin degrees of freedom, which
may be represented using spin-coherent states, Holstein-
Primakoff bosons, or Schwinger bosons, independent of
the spin size. Crucially, the resulting classical equations
of motion, when expressed in terms of classical spin vari-
ables, are independent of the chosen spin representation.
For brevity, we drop the classical index of all the fields as
their quantum components no longer appear in Eq. (A30).
Therefore, Eq. (A29) is approximated as

∫
D[�̄,�] D[ψ] Pc

0[ψ0]

× δ (ψ̇ − {ψ , H̃ }p
)
δ

(
�i − γi

2
Lc

i −
1
2
ξi

)
. (A31)

The key point to remember is that the first delta function on
the right-hand side of the above equation yields the classi-
cal equations of motion for each trajectory while treating
the field � in H̃ as a number, rather than as an active
dynamical variable. Afterward, the second delta function
imposes the value of� in the equations of motion. In other
words,� should not be treated as a dynamical variable
and its Poisson bracket with any other variable must be
assumed to vanish, when we derive the classical equations
of motion.

We also note that in the case of spins, we have never had
to explicitly use their path-integral representation. While
one could, in principle, adopt a specific spin representation
from the outset, such as spin-coherent states or Schwinger
bosons, the final result always reduces to the form of
Eq. (A29), yielding nothing beyond the classical equations
of motion [13].

Based on the above discussion, we arrive at the follow-
ing rules for dissipative TWA:
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(1) Find the equations of motion for the following
classical complex Hamiltonian:

H̃ = H − i
∑

i

(L̄i�i − �̄iLi). (A32)

(2) Substitute the self-consistent field � in the equa-
tions of motion according to

�i = 1
2
γiLi + 1

2
ξi, (A33)

where ξi is a Gaussian noise defined by

ξi(t) = 0, ξi(t)ξ̄i(t′) = 2γiδ(t− t′). (A34)

Note that �i has to be substituted only after obtain-
ing the equations of motion.

(3) Solve the equations of motion for different trajecto-
ries and different noise realizations until appropriate
convergence is achieved.

The extension to the general case of Eq. (1) with nondiag-
onal dissipation follows the same line of argument and the
result has been given in the main text.

APPENDIX B: ANALYTICAL ESTIMATE OF
QUANTUM CORRECTIONS

TWA fails to describe the correct steady state for
the purely dissipative dynamics of sole spin loss (� =
0, Sec. III B). At a quantitative level, this can be
appreciated by noting that while in the Heisenberg-
Langevin approach the variance of the noise component
for σ̂ z reads 〈ξ̂ z(t)ξ̂ z(t′)〉 ∝ γ↓(1+ σ̂ z)δ(t− t′), with ξ̂ z =
−ξ x
↓σ̂

x − ξ y
↓ σ̂

y [cf. Eq. (23)], in the TWA it instead reads
〈ξ z(t)ξ z(t′)〉 ∝ γ↓(s2 − (sz)2)δ(t− t′) [cf. Eq. (21)]. The
steady state of pure-spin-loss dynamics points to the south
of the Bloch sphere, which is a “kernel” of the noise along
the z component, in the Heisenberg-Langevin dynamics.
This does not happen for the noise derived from the TWA.
In fact, the TWA noise can never vanish for any physical
spin configuration (recall that s2 = 3), implying that when
there is no drive mitigating its effect, the TWA noise is
always an over-estimate of the actual quantum noise.

This observation calls for a quantitative estimate of the
magnitude of quantum corrections to the dynamics of a
driven spin, considered in Sec. III B. In order to do so, we
consider a spin of size S such that the norm of classical
spins in each trajectory is given by |s|2 = 4S2. The classi-
cal limit of this system is given by S→∞, while quantum
fluctuations are strongest for S = 1/2. Since TWA is a
semiclassical approach, it naturally expands the dynamics
around the classical limit. In order to obtain well-defined
results in the classical limit, we rescale the decay rate

according to γ↓ → γ↓/2S. Working with normalized spin
variables defined as σ = s/2S, from Eqs. (19)–(21) we
obtain

d
dt
σ x = γ↓

2
σ xσ z + ξ xσ z, (B1)

d
dt
σ y = −2�σ z + γ↓

2
σ yσ z + ξ yσ z, (B2)

d
dt
σ z = +2�σ y − γ↓

2
(
(σ x)2 + (σ y)2

)− ξ xσ x − ξ yσ y ,

(B3)

where the lack of explicit dependence on S supports
the rescaling of the decay with S. Modulo noise terms,
these equations are identical to mean-field equations for
the decay of a collective spin, as used in the study of
superradiant decay of atoms [7]. The noise variances are
given by

ξα(t)ξβ(t′) = γ↓
2S
δαβδ(t− t′). (B4)

This already implies that the noise is suppressed for larger
spins. We also would like to understand how fluctua-
tions are affected by the driving amplitude �. In the
main text, numerical data have shown that the accuracy
is higher for stronger drives, a fact that will be analytically
demonstrated below as well.

Our strategy is to start from the fully classical limit and
incorporate the noise terms perturbatively. The classical
system realizes a steady state given by σ x

0 = 0 and

σ z
0 = −M ≡

√

1−
(
�

�c

)2

, (B5)

where �c is the critical Rabi frequency given by �c =
γ↓/4. The above solution exists for � < �c; otherwise the
spin shows persisting oscillations. Assuming that we are
deep in the stationary limit, we approximately substitute
the stationary value of σ z into Eq. (B1) and neglect its
fluctuations. Solving the resulting equation, we find that

lim
t→∞ σ

x(t) = −Me−γ↓Mt/2
∫ t

0
e+γ↓Mt′/2ξ x(t′) dt′. (B6)

Due to the noise having zero average, σ x(t) vanishes and
we have to calculate, at the very least, the second moment
of σ x to resolve the contribution of the noise. We obtain

(σ x)2 = 0+ 1
2S

√

1−
(
�

�c

)2

︸ ︷︷ ︸
first-order correction

+ . . . , (B7)

where the zero term is the classical steady-state value and
the dots represent higher-order corrections. As shown in
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FIG. 8. The noise correction to the variance of σ x for spins
of size S subject to coherent driving and incoherent decay. The
numerical data (circles) agree with the analytical estimation
(solid line) in Eq. (B7) for small values of �/�c and large S.
The dashed lines show the exact solution for small system sizes.

Fig. 8, Eq. (B7) is consistent with the numerical results.
At larger values of �, we cannot substitute the steady-
state value of σ z in the equation of motion for σ x, as the
fluctuations of the former become comparable to its expec-
tation value. We remark that the deviation for �→ �c
signals the failure of the analytical approximation used
here, not TWA. Instead, the accuracy of TWA improves
for larger values of �, as has been shown in the main
text. Our result suggests that the expansion is in powers
of M/2S and higher-order corrections become important
as we reduce � below the critical value or reduce the
spin size. This is consistent with the numerical data given
in the main text. We remark that for S = 1/2, our result
does not match the exact value (σ̂ x)2 = 1, as the expansion
is made around the opposite extreme limit. Our analysis
demonstrates the intricacy of estimating and characteriz-
ing quantum corrections in different systems, as can be
seen from the nontrivial dependence of corrections on the
physical parameters of the system, rather than a simple
expansion in powers of � or S.

APPENDIX C: QUANTUM CORRECTIONS TO
MULTIPOINT CORRELATION FUNCTIONS

As has been mentioned in the main text, the direct calcu-
lations of correlation functions using TWA only yield the
fully symmetrized correlation functions. In other words,
the result is blind to the nontrivial commutation relations
between operators. Below, we demonstrate how to take
these so-called quantum effects into account at the lead-
ing order. The approach is identical to the one in Ref. [13]
for unitary dynamics, which is unaffected by the inclusion
of Lindblad dissipation.

Before discussing more general cases, we consider the
following correlation function:

CAB(tA, tB) = 〈Â(tA)B̂(tB)〉, (C1)

where Â and B̂ can be composite operators, such that they
are given by the product of the fundamental operators,
i.e., those that appear directly in the equations of motion,
according to

Â = Â1Â2 . . . ÂnA , (C2)

B̂ = B̂1B̂2 . . . B̂nB . (C3)

For instance, Â can be the photon number, such that

Â1 = â†, Â2 = â. (C4)

Taking Ã and B̃ as the field-theoretic representation of
these operators, we can write

CAB(tA, tB) = 〈Ã−(tA)B̃+(tB)〉, (C5)

where putting Ã (B̃) on the negative (positive) branch of
the Keldysh contour ensures that it appears first (second) in
the expectation value of operators. We note that the field-
theoretic representations of operators do not necessarily
match their operator forms. For example, if Â = ââ†, then
we need to normal-order it such that all of the annihilation
operators appear on the right-hand side of the operators
[4]. This can always be achieved by using commutation
relations:

ââ† normal order−−−−−−−→ â†â+ 1. (C6)

For spin operators, the best approach is to use commuta-
tion relations to reduce the power of the spin operators
to the smallest value possible and then evaluate the field
representation using spin-coherent states. For example,

〈n| (Ŝα)2 |n〉 =
(

S2 − S
2

)
(n · eα)2 + S

2
. (C7)

For S = 1/2, this simplifies to a number, in agreement with
the algebra of Pauli matrices.

Having expressed the correlation function in terms of
Keldysh fields, we proceed by decomposing them into their

030344-18



TRUNCATED WIGNER APPROXIMATION. . . PRX QUANTUM 6, 030344 (2025)

classical and quantum components [Eq. (A13)]:

Ã−(tA) = Ãc(tA)− Ãq(tA), (C8)

B̃+(tB) = B̃c(tB)+ B̃q(tB). (C9)

Substitution in Eq. (C5) gives

CAB(tA, tB) = 〈Ãc(tA)B̃c(tB)〉 − 〈Ãc(tA)B̃q(tB)〉
− 〈Ãq(tA)B̃c(tB)〉 + 〈Ãq(tA)B̃q(tB)〉. (C10)

The first term is the symmetrized correlation function,
which can be directly obtained from TWA, and the last
term vanishes as it only contains quantum fields [46]. We
need to evaluate the second and third terms. In the operator
form, these correspond to

〈Ãc(tA)B̃q(tB)〉 = i
2
χAB(tA, tB), (C11)

〈Ãq(tA)B̃c(tB)〉 = i
2
χBA(tB, Ta), (C12)

where χ is the linear response function

χAB(tA, tB) = −i�(tA − tB)〈[Â(tA), B̂(tB)]〉. (C13)

According to the linear response theory [108], if we apply
a small perturbation to the system, which is coupled to B̂,
as given by

δH(t) = J (t)B̂, (C14)

then the change in 〈Â〉 for small values of J to the leading
order is given by the Kubo formula [108],

δ〈Â(tA)〉 =
∫ +∞

−∞
χAB(tA, τ)J (τ ) dτ . (C15)

Therefore, if J (t) is a weak pulse centered at τ = tB

J (τ ) = δ(τ − tB), (C16)

then

δ〈Â(tA)〉 = −2i〈Ãc(tA)B̃q(tB)〉. (C17)

In other words, by simulating the weak pulse in TWA and
measuring the response, we can extract the leading-order
quantum corrections to correlation functions. This is also
known as the method of quantum jumps [13], not to be
mistaken for Lindblad jump operators.

For correlation functions of the form given by Eq. (C1),
it is always possible to assign fields to one of the two
branches of the Keldysh contour and to carry out the semi-
classical approximation as outlined above. If the number of

temporal variables is more than two, then assigning fields
to the different branches of the Keldysh contour is not pos-
sible in general, unless the operators appear in “contour-
ordered” form in the correlation function. Notably, only
correlation functions of this type appear naturally in the
quantum theory of measurements [109,110]. The treatment
of correlation functions that cannot be cast in the contour-
ordered format, such as the out-of-time-ordered correlators
(OTOCs), which are conceptually important but are not
directly accessible in experiments, is beyond the scope of
this work (for a discussion of OTOCs using TWA, see
Ref. [111]).

APPENDIX D: NUMERICAL PERFORMANCE

In this appendix, we briefly comment on the numeri-
cal complexity of different methods for solving dissipative
dynamics of spin-1/2 systems (without relying on sym-
metries or permutational symmetry). A short overview of
accessible system sizes to some of the commonly used
methods is provided in Table II. Numerically exact meth-
ods are limited to small system sizes up to 16 spins
(Table II). Semiclassical approaches, such as CE and
TWA, can push the system size to larger values. Truncating
CE at order M requires solving a system of approximately
N M differential equations, the numerical costs of which
grow quickly with the order of truncation and the sys-
tem size. However, the main challenge in using CE is the
derivation of the equations of motion. This can become
particularly cumbersome in the absence of symmetries,
which would otherwise force certain cumulants to vanish,
simplifying the calculations. For instance, the symbolic
evaluation of the equations of motion using the Quan-
tumCumulants.jl package [32] takes more time than the
numerical solution of the equations.

For TWA, one has to solve 3N stochastic differential
equations of motion per each trajectory, which should
be repeated Ntrj times, where the optimal value of Ntrj
depends on the system size (for systems with periodic
boundary conditions and/or permutation invariance, one
can also use an ensemble average to improve the precision

TABLE II. A comparison of the numerical complexity of
different methods for solving the dissipative dynamics of N
interacting spin-1/2 systems.

Method
Number of
equations

Accessible
system size

Full master equation 4N ODE 1–8 spins
Stochastic unraveling 2N SDE 1–12, . . . , 16 spins

Ntrj times
M th-order cumulants ∝ N M ODEs 1–102 spins
TWA ∝ N SDE 1–104, . . . , 105 spins

Ntrj times
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of expectation values), the duration of time evolution
(longer times require more trajectories in general), and
even on the evaluated quantity. For instance, one-point
functions can converge for 103 trajectories or less, while
two-point functions may require 104–105 trajectories. Nev-
ertheless, the corresponding run times are of the order of a
few minutes on laptops, which, after taking into account
the ease of implementation, makes TWA a viable tool
for studying dissipative quantum systems. The run-time
of TWA simulations scale linearly with the system size
and therefore there are no practical limitations for going to
larger systems, since simulating multiple trajectories can
be done using elementary parallel-computation routines.
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