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Abstract

The family of Eu-based compounds has attracted significant attention as a rich platform
for exploring the interplay between the magnetic order — arising from the localized Eu
4f electrons — and the band topology. In particular, several compensated magnetic
states within this family have been reported to host exotic topological phases, which
are not only promising for technological applications such as more stable nanoscale
devices, but also offer the opportunity to explore high-energy physics phenomena in
condensed matter systems.

In this Thesis, we investigate the band topology and surface states of the con-
ventional collinear antiferromagnetic phase of EuCd,As, — a phase that exhibits spin
degeneracy in momentum-space — both in the absence and under strain effects. Our
analysis is based on magnetic symmetry and topological analysis of the electronic struc-
ture. We show that shear strain serves as an effective tuning parameter between the
Dirac semimetal and the axion insulator phase, and induces gapped surfaces, thereby
enhancing the prospects for the experimental detection of the axion insulator phase in
this compound and related materials.

We further investigate two compensated non-collinear magnetic orders reported in
the axion insulator candidate Euln,As, — the helical and the broken-helical phases —
aiming to identify the exchange-dominated effects on the electronic structure. Our
results reveal a non-relativistic spin-split bands characterized by a pure odd-parity-
wave spin polarization in the helical phase, and a mixed even and odd parity character
in the broken-helical phase. Altogether, we provide a comprehensive characterization
of the exchange-induced spin polarization in momentum-space, offering new insights
into the microscopic mechanisms governing this material and opening new research
directions for exploring the interplay of unconventional magnetism and topology. We
have also computed a spin-dependent transport response, the Edelstein effect, which
primarily originates from the odd-parity character of the spin polarization and exhibits
a predominantly non-relativistic origin. Since these two non-collinear magnetic phases
in Euln,As, are regarded as topological insulating states, the Edelstein effect could
enable for low-dissipation electric-field control of the magnetic order.

Keywords: Topological phases, electronic structure, compensated order, spin sym-

metries, odd-parity-wave magnetism, Edelstein effect.
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Introduction

“When you hear of a sudden unexpected discovery — a bolt from the blue —
you can always be sure that it has grown up by the influence of one individ-
ual to another, and it is the mutual influence which makes the enormous

possibility of scientific advance”

— Ernest Rutherford

The unprecedented growth of digital information over the past decade, boosted
by the COVID-19 pandemic and further accelerated by the rise of artificial intelligence
technologies, has created a growing demand for more efficient ways to store and manip-
ulate information, specially as the current ferromagnet-based spintronic technologies
approach the limits on spatial integration and switching speed of magnetic memory
bits. Spintronics exploit the control over the electrons spins to develop electronic de-
vices, so identifying new materials capable of supporting next-generation electronic
devices has become of greatest importance. In this context, compensated magnets —
that exhibit a vanishing net magnetization — were first identified by Louis Néel in the
1930s [1]; at the time, they were seen as extremely interesting from a theoretical point
of view, yet useless for applications |2, 3]. In recent years, however, they have emerged
as a promising platform for developing an alternative class of spintronics with an ul-
trafast dynamics, and minimal stray fields that enable highly dense device integration
[4-5].

Compensated magnets were long assumed to have spin-degenerate bands across
the entire momentum-space. While this holds true for conventional antiferromagnets
(AFMs) that preserve PT or P71, which guarantees Kramers spin degeneracy at every
k, it is not the case for the so-called unconventional CMs, which instead exhibit spin-
splittings with a characteristic higher-order partial wave ordering (either with a odd
p-, f-wave or even d-,g-,i-wave order), even at the absence of spin-orbit coupling (SOC)
9, 10].

Meanwhile, the study of topological phases of matter has further expanded from
non-magnetic systems to their magnetic counterparts, revealing a rich phenomenology
[11]. Within compensated materials, there have been proposals ranging from fast topo-

logical memories |12, 13] to topological spin textures that allow more stable nanoscale



magnetic structures [11]. Beyond applications, compensated topological materials also

provide a fertile arena for fundamental studies, probing of Dirac [15] and Weyl [16, 17]
quasiparticles, the chiral anomaly [16], and even proposals to detect the axion dark
matter [18-20)].

A remarkable topological phase that emerges exclusively within amgnetic materials,
in conevntional antiferromagnets, is the 3D Dirac semimetal (DSM) phase, which hosts
fourfold degenerate linear band crossings — Dirac points (DPs) — near the Fermi level. In
the vicinity of these points, electrons behave as high-energy Dirac fermions. This phase
has attracted particular interest for possibly enabling fast topological memory devices
based on the metal-insulator transition [12, 21]. Beyond the DSM phase, a wide variety

of exotic topological phases have been as well predicted to emerge in CMs — including

Weyl semimetals |22, 23], axion insulators [24], and higher-order topological insulators
(HOTIs) |25, 26]- making them a fertile platform for exploring the interplay between
topology and their compensated order [27]. Device applications based on topological

magnets typically requires a precise control over their topological properties. Since a

crystal topological properties are intimately related to and defined by its symmetries

[11, 28=30], they can be effectively controlled via symmetry-breaking perturbations,
such as external magnetic or electric fields |12, 21, 31, 32|, chemical doping [33], and
latttice deformations via strain or pressure [34-37].

Motivated by the rich variety of compensated magnetic phases with non-trivial
topology reported in Eu-based compounds [25, 38—15], we select the antiferromagnetic
EuCd,As, as our first model system, as theory and experiments proposed it can host
multiple topological phases [24, 39, 46—18]. This compound exhibits two collinear an-
tiferromagnetic phases as its lowest energy configurations, which can stabilize either
the Dirac semimetal phase or the axion insulator phase depending on Néel vector ori-
entation [241, 39]. Efforts to control its topological properties, include the aplication
of magnetic fields [18, 19|, hydrostatic pressure |37, 50|, and strain [341, 51]. In par-
ticular, applying anisotropic strain has become a powerful technique, as it can induce
substantial changes on the electronic structure, which can be engineered in a conti-
nous and precise manner |35, 36]. Accordingly, in Chapter 3, we explore the effects
of shear strain as an additional tuning parameter to modulate the topological prop-
erties of AFM EuCd,As,, combining symmetry analysis, first-principles calculations,

and surface states to further track the emergence of topological boundary states.

We show in [52] that strain can open a gap on one of the natural cleavage surfaces
of EuCd,As, while preserving the axion insulator phase. The resulting gapped surface
would promote the emergence of hinge modes propagating along these edges, enhancing
prospects to realize the axion state and related topological magnetoelectric phenomena.
In paticular, shear strain proves to be an effective tuning parameter for controlling the

surface states in EuCdyAs,, or related systems.

The symmetry and topology analysis of EuCd,As, was framed in terms of magnetic
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Figure 1: Strain-induced gap opening on the AFM EuCd,;As,: The breaking
of the threefold rotation symmetry Cs, in the out-of-plane AFM order opens a gap on
the bulk, and the breaking of a glide mirror symmetry on the (001) surface induces a

gap opening.

symmetries — the standard framework for exploring topological phases in magnetic
materials [29]. An additional framework for describing the symmetries of magnetic
materials is provided by spin symmetries, particularly suited when spin-orbit coupling
effects are weak [53-55]. This symmetry framework has recently gained notariety for
providing a complete classification of collinear compensated magnets, allowing the iden-
tification of a new third altermagnetic class in which the Kramers spin degeneracy is
lifted, resulting in alternating spin-split bands with a characteristic higher-partial-wave
order contrained to an even-parity (d-, g- or i-wave order) that breaks 7 in the elec-
tronic structure |50, 57]. The identification of this new altermagnetic class has provided
an explanation for the unconventional 7-symmetry breaking in the electronic struc-
ture of compensated magnets and related phenomena that couldn’t be fully captured
magnetic symmetry constraints alone [58-62]. Crucially, the complete classification of
these unconventional magnetic orders through spin point groups has helped to identify
its non-relativistic origin — arising primarily from exchange interactions and crystal
fields [10].

In the search for odd-parity magnetic orderings in compensated magnets, Hellenes.
Birk. A and co-authors [63] have identified non-collinear and non-centrosymetric mag-
netic configurations that preserve 77 symmetry, and show a p- or f-wave order in
momentum-space, termed as p-wave magnets. In contrast to altermagnetic even-parity-
wave orders, p-wave magnets are 7-symmetric in momentum-space, thereby forbidding
transport responses such as the anomalous Hall effect. The key for this discovery relied
on searching in materials with a non-collinear spin arrangement where the SO(2) sym-

metry ! is broken due to the absence of a unique spin quantization axis. Therefore the

1SO(2) represents a group of continous spin rotations around the collinearity axis that restricts the
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magnetic orderings are no longer restricted to have even-parity in momentum-space.
Consequently, materials with a non-collinear spin arrangement can be further interest-
ing, as they can host a richer variety of magnetic orders and transport phenomena.

The family of Eu-122 compounds is often associated with strong spin-orbit cou-
pling effects due to the localized Eu-4f electrons. Nevertheless, recent reports of non-
relativistic spin-split bands reaching 150 meV in the collinear compensated phase of
Euln,As, [61], indicate that exchange effects are also significant in this compound. In
addition, this material has drawn particular interest as the axion insulator phase has
been reported in the collinear phase [25]. However, experiments report a more complex
non-collinear magnetic ground state rather than a simple collinear order in EulnyAs,
[10, 65-68]. Motivated in understanding the exchange-induced effects on the electronic
structure of EulnyAs,, we select two coplanar phases — the helical and broken-helical
states — that consist of a pure-helix spin arrangement and a superposition of a pure-
helix with an in-plane collinear antiferromagnetic order |10, (5], as illustrated in Fig 2.
Notably, despite the more complex magnetic configuration, studies in Ref. [10] reports
the axion insulator phase can persist.

We show in [69] that the pure helical spin texture gives rise to an odd-parity-wave
magnetic order, with a p-wave character, very similar to the 77 p-wave magnets [63]
but only in the non-relativistic regime. Another similarity we identify between the
helical phase and the p-wave magnets is that both exhibit a dominant collinear spin
polarization in momentum-space, resulting from the presence of pure spin translation
symmetries. Remarkably, the pure helix phase represents a case of a system that
breaks 7T as point group operator while inducing an effective 7-symmetric magnetic
ordering in momentum-space in the non-relativistic regime. Additionally, we show that
the g-wave altermagnetic order from the collinear order, survives in the non-collinear
broken-helical phase. The presence of odd and even magnetic orderings in the broken-
helical phase is expected as T symmetry is broken (see Figure. 2). Furthermore, we
find that the magnetic orderings and spin-split bands remain qualitatively unchanged
when incorporating spin-orbit coupling effects.

Effective ways to probe unconventional magnetism often rely in transport responses.
Responses allowed in odd-parity wave magnets, include the linear Edelstein effect [61],
optical and photocurrent responses |70, 71|. To identify contrasting differences between
the two non-collinear phases of Euln,As, studied here, we computed the Edelstein ef-
fect.Our results reveal a distinct out-of-plane polarized spin density with a significantly
larger response in the pure-helix phase compared to the broken-helical phase, which
could serve as a prove of the magnetic transition, which could also guide the experi-
mental efforts in identifying the actual magnetic ground state of this compound [66].
Furthermore, our findings also show a giant non-relativistic Edelstein effect in the

pure-helix phase of Euln,yAs,, akin to recent reports of highly efficient spin-to-charge

magnetic order to have even-parity.
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Figure 2: Exchange-induced magnetic orderings of two non-collinear phases
reported in EulnyAs,: (Left) The pure helical magnetic configuration exhibits an
effective T-symmetric p-wave S, order with a single nodal plane in momentum-space,
however, only in the non-relativistic regime. (Right) The broken-helical phase hosts a
mixed p-wave S, order and an in-plane g-wave S, order. The coloured red numbers
indicate the index of the ferromagnetic layers within the six magnetic layers of the unit
cell.

conversion in p-wave magnets [(1].

The identification of an odd-wave and g-wave order in Euln,As, opens exciting
research directions for exploring the interplay of unconventional magnetism, topology,
and superconductivity in this compound [72, 73]. In addition, we show that spin point
groups are a useful instrument for describing unconventional magnetic orders in non-

collinear systems, even in materials where SOC can be strong.






Outline of the Thesis

This Thesis is structured as follows:

In Chapter 1, we introduce two symmetry frameworks for characterizing magnetic
crystals, magnetic symmetries and spin symmetries and we discuss how these symme-
tries shape the electronic structure in momentum-space. We review the symemtry con-
siderations under which the Kramers spin degeneracy holds in compensated magnets.
Within the spin symmetries approach, we review how to construct the corresponding
spin point groups for magnetic materials with collinear and non-collinear spin textures,
a toolkit later applied to characterize the non-collinear configurations of Euln,As,. We
also review the theoretical framework of band topology, with a particular emphasis on
topological phases reported in compensated magnets, and discuss the symmetry-based
indicators used to diagnose the non-trivial topology. Finally, we review the theory of
magnetic topological quantum chemistry, which we have used to determine the topo-
logical phases of EuCdj,As,.

In Chapter 2, we review the density functional theory (DFT), and discuss the dis-
tinct key approximations taken into account to calculate the electronic band structures
of our model systems. We also review how to construct a tight-binding model using
atom-centered Wannier functions from the DFT energy bands, which we then use to
calculate surface states and transport responses.

In Chapter 3 we examine the topology of the collinear antiferromagnetic EuCdyAs,,
with and without strain effects. We combine a symmetry and topology analysis based
on magnetic symmetries, with relativistic electronic band structure calculations and
momentum-resolved surface states.

In Chapter 4 we explore the effects of exchange in the band structure of non-collinear
compensated Fuln,As,. We identify the magnetic orderings in momentum-space via
spin symmetry analysis and verify our findings with non-relativistic electronic band
structure calculations. We also discuss the non-relativistic linear Edelstein effect in
this compound.

In the conclusion we summarize the main findings of this Thesis and provide an

outlook regarding the materials studied here.






Chapter 1

Topology and symmetries of

compensated magnets

"Symmetry arguments are often the most powerful tools for predicting or

understanding the behavior of solids.”

— Ashcroft & Mermin (Solid State Theory)

The foundational role of symmetries in condensed matter physics began with the
classification of all possible periodic arrangements of atoms in crystals, leading to the
identification of 230 crystallographic space groups. Changes in the crystal symmetries
also played a crucial role in understanding phase transitions, known as the Landau’s
theory, formulated during the 1930s [71]. As the field advanced, topology emerged
as a new avenue for classifying phases of matter, introducing an additional label —
topological invariant — a quantized index that characterizes topological phases, which
remain robust against small perturbations |75-77]. These invariants turned out to be
intimately related to the crystal symmetries [28, 78]. In contrast to Landau’s theory,
distinct topological phases of matter can preserve the same symmetry group.

In the study of magnetic systems, the recent development of magnetic topological
quantum chemistry [29], based on magnetic space groups, has introduced a complete
set of symmetry-based indicators for classifying magnetic topological phases. More
recently, however, spin space groups |53, 51, 79], have became the new protagonist for
classifying magnetic phases, particularly in systems with unconventional compensated
magnetic orderings |55, 57, 57, 80].

In this Chapter, we review and compare these two symmetry frameworks, magnetic
space groups and spin space groups, and apply them to classify two collinear com-
pensated orders in our candidate systems, EuCdyAs, and EulnyAsy,. We will discuss
the symmetry constraints imposed on the electronic structure. Later in the Chapter,
we will revisit important concepts in band topology and symmetry-based indicators

focusing in compensated magnets.



1.1 Blochs Theorem and the Reciprocal space

In commesurate crystalline structures, the atoms are arranged in a strictly periodic
pattern, forming what is known as a Bravais lattice. In such systems, the position of
the atoms R,, can be decomposed as a linear combination of a set of three primitive

lattice vectors aj, ag, ag, such that
Rn = nja; + Noas + nsas, (11)

where n = (ny,n9,n3) and each n; denote any integer. This formalism, however, is
not applicable to incommesurate crystals, in which the long-range periodicity requires
more than three n; indices.

The periodic arrangement of the atoms induces a periodic potential, V' (r) that
inherits the crystal’s symmetries, satisfying V(r + R,,) = V/(r). As electrons propagate
through the crystal, they are subject to this periodic potential. Consequently, the
single-electron Hamiltonian H can be written as,

p?
H(r) = % +V(r), (1.2)
where p denotes the electron’s momentum and m the electron’s mass.

The solution of this Hamiltonian through the Schréodinger equation can be achieved
by mapping the periodic lattice to the reciprocal space using a Fourier transform. In
the reciprocal space, the eigenvectors of H are determined through the Bloch wave-
functions, as formulated in the Bloch’s theorem. These wavefunctions consist of plane

waves modulated by a function that is periodic within the unit cell.

Theorem 1.1.1 (Bloch’s Theorem) Given a periodic potential V (r), the eigenvec-
tors of the Hamiltonian H, such that H|w,k) = Enx|tnk), can be written in the form

Ynk = eik'runk(r) with Uk (r) = upk(r + Ry), (1.3)

Kt corrresponds to a plane wave for a

where Yy denote the Bloch wavefunctions, €
given wavevector k, and E, represents the energy associated with the n-th electronic

band at momentum k.

To understand the structure of the Bloch wavefunctions in Eq.1.3, we start by
defining the translation operator Tg, which transforms in real-space as Tg f (r) =
f(r+R). A group defined by all the translation operators forms an Abelian group.
According to group theory, all the irreducible representations (irreps) of an Abelian
group are one-dimensional [81]. The one-dimensional matrix representation assigned
to each translation operator then can be written in the form e?*i"i, where k; labels
kR

each of the irreps. From that, one can demonstrate that the phase vector e is an

10



eigenvalue of TR,
Tka (I‘) = eik'ka(r) = Q/Jk<I' + R) . (14)

Finally, from the periodicity of H(r), we can conclude that Tr commutes with the

Hamiltonian, i.e., [#(r), Tr] = 0, which can be shown from
Tr (H@)(r) = R+ Rpp(x + R) = Hr) Try(r)., (1.5)

suggesting that the eigenfunctions of Tr can also be chosen as simoultaneous eigen-
functions of H. As a result, the Eq. 1.3 follows from Eq. 1.4.

For a crystal of dimentions { L;, Ls, L3} under open boundary conditions, the wavevec-
tor label k;, which represents translations along each lattice vector direction are quan-
tized k; = 2”%? where m is an integer. The set of all these vectors k = (ky, ko, k3)
define the first Brillouin zone in the reciprocal space.

Analogous to the Bravais lattice, any reciprocal space vector can be decomposed as

a linear combination of primitive reciprocal lattice vectors b; as
Km = m1b1 + m2b2 + m3b3 . (16)

The reciprocal vector K,, exhibits the same translational periodicity as the Bravais
lattice, meaning e’m (*+Bn) — cikmr which leads to the ortho-normality relation, ki, -
R, = 27n, equivalent to a; - b; = 274,;. The primitive reciprocal lattice vectors can

then be determined as
27 27 21

b1 = Ay X as, b2 = az X aj, b3 =
‘/cell V;:ell ‘/cell

a; X as (17)

where V. = a; - (ag X ag) corresponds to the volume of the unit cell.
1.1.1 Symmetry constrainsts on the electronic structure

The crystal symmetries play a fundamental role in describing a material’s electronic
properties, as they dictate the way in which the electronic wavefunctions v, behave
in the momentum-space.

In the simplest scenario, neglecting exchange and spin-orbit coupling effects, the

full symmetry group of the single-electron Hamiltonian,

belong to one of the 230 crystallographic space groups (SGs), whose elements are of the

form {R|7}, with R a point group operator and 7 a fractional translation operator.
An important intrinsic interaction that must be considered to properly describe

the electronic structure of crystalline materials is the spin-orbit coupling (SOC), a

relativistic interaction that arises from the orbital motion of the electron within the

11



atomic potential. This orbital motion generates an effective magnetic field, B = —v/cx
E, which then interacts with the electron’s spin, resulting in the spin-orbit coupling

interaction.

The single-electron Hamiltonian including SOC effects can be expressed as,

H(r) = ;’—m FV(r) + ﬁ (VV(r)xp)-o, (1.8)

where the last term represents the spin-orbit coupling contribution. The symmetries
of this Hamiltonian are described by the double space groups (DSGs), whose symme-
try elements are applied simoultaneously on both the lattice and the spin degrees of

freedom [32, 83].

1.2 Magnetic materials: A symmetry perspective

For crystals with local magnetic moments, the single-electron Hamiltonian ignoring
SOC effects is given by

H(r) = p_2 +V(r) + S(r)-o. (1.9)

2m
Here, the exchange-interaction term Hyae = S(r) - o captures the interaction between
the local magnetic moments and the electron’s spin. S(r) denotes the magnetic field
generated by the local magnetic moments. The symmetries of this Hamiltonian are
described by the spin space groups (SSGs) |53, 54|, whose elements simoultaneously

applied on the spin and lattice, can be different.

However, when SOC is taken into account:

2

P 1
In this case, the symmetry operations are instead described by the 1651 magnetic space
groups (MSGs) [31, 81] that extend the conventional space groups to include magnetic

order by introducing an additional antiunitary operator, the time-reversal symmetry

T.
1.2.1 Magnetic space groups

A magnetic space group, denoted as M, is a finite group of symmetry operators of the
form {R|7}, similar notation than space groups. However, these operators transform
not only the lattice but also the spins. There 1651 MSGs extend the conventional 230
crystallographic space groups by incorporating symmetry transformations combined
with time-reversal 7 symmetry. This new operator plays the role of reversing the spin

directions and reversing as well the momentum vector.

12



Time reversal symmetry

The time reversal operator in principle acts by reversing the direction of time ¢ into —t,
which is equivalent to reversing all the velocities of a system. Two important properties
of T are, commutation with the Hamiltonian as long as it does not include magnetic
order, [T,H] = 0, and its nature as an antiunitary operator, meaning 77 = —1.
When neglecting the spin or treating it as scalar, T = K, with K denoting the
complex conjugation operator. In this case, 7 reverses only the momentum k — —k
in the reciprocal space. However, when SOC is included, 7 = Ko,, with o, a Pauli
matrix operator. Here, 7 not only reverses the momentum k — —k, but also the spin,

o — —o in momentum-space.

Type | Magnetic space group
M, g

Mir G+TG

M H+TG—-H)
My G+T7G

Table 1.1: Table of Magnetic Space Group Types: The first column indicates the
type of magnetic space group. The second column presents the corresponding notation,
where G denotes the parent crystallographic space group, and H represents its halving
subgroup.

MSGs are classified into four types based on the role of T, see Table 1.1. M/ does
not contain 7 as a group element itself and corresponds to the conventional crystallo-
graphic 230 space groups. This group describes ferromagnetic and antiferromagnetic
materials. M, includes 7 as a point symmetry in real-space, therefore it typically
describes paramagnetic and diamagnetic materials. M;; is constructed as the halving
subgroup ‘H of G and the remaining half elements G — H combined with 7. Since the
complement set G — H is not a group itself, 7 is broken in real-space. This group
is suited to magnetic materials with a variety of spin orderings, an example is the
collinear order of Euln,As,, shown in Fig. 1.1(b). The non-magnetic and magnetic
unit cell within this group have the same dimensions. Finally, My is constructed by
connecting opposite spin sublattices by the non-symmorphic time-reversal symmetry
Tr. It applies esclusively to compensated magnets, however not all compensated mag-
nets are Type IV. An example of Type IV MSG is the collinear EuCd,As,, shown in

Fig. 1.1(a), where the magnetic unit cell doubles the non-magnetic one.
Kramer spin-degeneracy

It was long assumed, that, without SOC, collinear magnets with compensated magnetic

order exhibit a spin-degenerate electronic structure across the entire momentum-space.

13



(a) EuCd,As, (b) Euln,As,

P65/mmc

Figure 1.1: Non-magnetic (left) and collinear compensated (right) unit cells of tetrag-
onal compounds (a) EuCdyAs, and (b) EulnyAs, are shown with their respective space
groups indicated below. Although both materials seems to share similar composition
and magnetism, the position of their non-magnetic atoms are different, resulting in
distinct space groups. The opposite spin-sublattices in EuCdyAs, are connected by
T, whereas in Eulny,As, 77 is broken.

While this holds true for some collinear magnets, such as CuMnAs |15, 21], it doesn’t
apply for others like MnTe [56]. This spin-degeneracy, often referred as Kramers de-
generacy, is protected by combined symmetries PT or P77, and it remains even in
the presence of spin-orbit coupling.

Proof: Given a state ¢, with energy Fy. If the corresponding Hamiltonian is

invariant under P7 symmetry, then [Hy, PT| = 0. Consequently,

Hy¢y = HPT o = PT Hity = By (1.11)

resulting in ¢y an eigenstate with the same energy as 1y, being Fy. Now, we only need
to proof that ¢y and v are othogonal. Since PT is antiunitary, it holds (PT)? = —1,

(D1, U) = —(PT e, PT i) = — (¥, P1)™ = — (0, Yue) (1.12)

then (¢x|tx) = 0, indicating the states 1, and ¢y are degenerate states for any k
vector. q.e.d.

The electronic structure of collinear compensated EuCdyAs, will exhibit Kramers
spin-degeneracy as it preserves the P77 symmetry. In contrast, the collinear com-
pensated Euln,As, preserves only the spatial inversion P symmetry, while breaking
T symmetry, meaning spin-split bands are allowed. Recent studies [10, 56, 57] have
shown that spin space groups provide a more suitable framework than magnetic space

groups for describing the spin-split bands of compensated magnets with broken P7T
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symmetry.
1.2.2 Spin space groups

Spin space groups (SSGs), denoted as G, have been theoretically formulated by Litvin
in the 1970s |53, 54|, their group elements are represented as pairs of transformations
[si||gi|T], where s; acts exclusively on the spin-space and {g;|7} acts exclusively on the
real-space. Both operators can be proper or improper rotations, and they can have
different rotation axes and angles.

A full spin space group can be decomposed as a direct product between the spin-only

group rg, and the non-trivial spin space group G [53],

Gs =15 X Gy (1.13)

This decomposition is done in such a way that G, consist solely of unitary symmetry
operators, whereas by construction ry, includes the antiunitary operators and pure spin

transformations of the form [R||£|0], which involve no translation.
Spin-only group

In non-magnetic crystals, the absence of any spin-dependent term in the Hamiltonian

leads to define the spin-only group as
r" = SO(3) x ZJ | (1.14)
where SO(3) represents the group of all continuous spin-space rotations, and ZZC 2T —
{[E||E],[T]|T]} contains the identity and the time-reversal operation.
In magnetically ordered crystals, the spin-only group depends exclusively on the

spin arrangement type [53]. For collinear spin arrangements, where all the spins are

aligned either parallel or antiparallel, the spin-only group,
reoll = SO(2) x Z5+T (1.15)

is expressed as the semidirect product between SO(2) = [Cy || E] the group of continu-
ous spin rotations around the collinearity axis, and the group ZS*7 = {[E||E], [Co. T||T]}-
Here, C5, represents a two-fold spin rotation around any axis perpendicular to the axis
of collinearity. In collinear magnets, the spin-only group acts effectively as inversion on
the electronic structure, forcing centrosymmetric bands, even in non-centrosymmetric
crystals. Similarly, it enforces even-parity spin polarization S(k) = S(—k), which ef-
fectively breaks 7 in momentum-space — unless Kramers spin degeneracy is enforced,

in which case 7T is preserved.

coll

o enforces an even-parity order of the spin polarization,

In collinear magnets, r
S(k) = S(—k), leading to the 7 symmetry-breaking of the electronic structure in

momentum-space.
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In contrast, for non-collinear spin arrangements, the absence of a common spin
quantization axis breaks SO(2) symmetry. Consequently, the spin-only group in the
coplanar case is reduced to
reoP = 75247 (1.16)

SO

Here, C5, represents a two-fold rotation around the axis perpendicular to the coplanar

spins. As the spin is treated as a 3D vector in the non-collinear case, S = (S, Sy, S;),

cop

%P alone enforces an odd-parity (antisymmetric in momentum

the spin-only group r
reversal k — —k) spin polarization for the out-of-plane spin component S, (k) =
—51(=k), and an even-parity (symmetric in momentum-reversal) spin polarization
for the in-plane spin components Sj(k) = Sj(—k). For the non-coplanar case, ry,

corresponds to the trivial group {E}, composed of only the identity operator.
Spin translation group

The normal subgroup b C B is commonly referred to as the spin translation group
[35] and just like the spin-only group, it plays an important role on imposing certain
characteristics on the electronic structure. In collinear systems, b corresponds to the
trivial group only in the case of ferromagnets, altermagnets and P7T antiferromagnets
[57]. However, for 77 antiferromagnets, b = {[E||E], [C:||E]}, and it imposes the
Kramers spin degeneracy over the entire momentum-space.

In non-collinear coplanar systems, b enforces the vanishing of the in-plane spin
polarization of the electronic structure, i.e., (Sj) = 0. Interestingly, this effect enforces
a collinear spin polarization in momentum-space arising from a system with a non-
collinear coplanar spin arrangement in the real-space. A notable example of this phe-
nomenon, are the recently discovered p-wave magnets |03, 80|, a class of T 7-symmetric
and PT-symmetry-breaking materials exhibiting an odd-parity-wave magnetism. In

this particular case, the antisymmetric spin ordering of the electronic structure is en-

cop

<P and the spin translation group b, which

forced by the combined spin-only group r
results in the antiunitary [7]|7|7] symmetry that enforces a T-symmetric electronic
structure for all spin componetns, S(k) = —S(—k), even when including SOC. An
important distinction from even-parity-wave magnets, is that odd-parity ones exhibit
a p- or f-wave anisotropy (one or three spin un-polarized nodal planes), and they do

preserve 7 symmetry in momentum-space.
Non-trivial point group R

If we neglect the translations of the non-trivial spin space group Gy, the new elements
[si]|g;] define the non-trivial spin point group R,. The set of all g; elements constitute
the point group G, and the set of all s; elements constitute the point group B. To
construct the non-trivial spin point group R, that belongs to the family of G and B,
one first needs to select two normal subgroups, r C G and b C B such that the quotient

groups G/r and B/b are isomorphic between each other [53]. The normal subgroup r

16



is composed of all right-hand terms of elements [E||r] of Ry, and b is composed of all
left-hand terms of elements [b|| E] of R;. We note, that the normal subgroup b includes
pure spin transformations combined with real-space translations, which differs from the
spin-only group rg, which involves no translations.

The groups G and B can be written as coset decomposition as,

G=r+Gyr+---+G,r, (1.17)
B=b+B,b+---+B,b. (1.18)

Finally, by pairing each B;b term with G;r via the isomorphism G/r = B/b, the

non-trivial spin point group R is constructed as
R, = [bl[r] + [Bsb|[Gat] + - + [B,b||Gor]. (1.19)

A complete list of all possible non-trivial spin point groups, for the specific case where

b is trivial, can be found in [5].

Classification of collinear magnets based on R;

Ferromagnets | Antiferromagnets Altermagnets

R, =[E|G] | R =[E||G]+[Ce]|G] | R = [E|[H] + [C2]|G — H]

)
IRz
oy

Table 1.2: Non-relativistic collinear compensated magnetic phases. The second
row corresponds to the representation of non-trivial spin point groups for three distinct
collinear phases, respectively. G denotes the parent crystallographic point group, H its
halving point group and C a two-fold spin rotation that flips the spin on the opposite
direction. The third row display the energy iso-surfaces, indicating if time-reversal
symmetry is protected or broken in the momentum-space.

The non-trivial spin point groups R, have been recently employed to classify collinear
magnetic phases [0, 57|, summarized in Table. 1.2. The group R! characterizes con-
ventional ferromagnets, where the symmetries of the form [E||G] preserve the crys-
tallographic point group symmetries and they do not impose spin-degeneracy at any
k-point, resulting in a spin-split electronic structure featuring an isotropic s-wave order
in the entire momentum-space. The second group R!! characterizes conventional an-
tiferromagnets (AFMs) where Kramers spin-degeneracy on the electronic structure is
enforced by the spin symmetry [Cy||E]. This group includes collinear magnets with the

opposite spin sublattices connected either by [Cy||F|7] with 7 a spatial translation or
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by [Cy||E] with E the real-space inversion. The antiferromagnetic EuCd,As, belongs
to the first case, while CuMnAs to the latter. Finally, the third class R, corresponds
to a new compensated magnetic phase called altermagnetism [56, 57]. In contrast to
AFMs, the altermagnetic phase lifts the Kramers spin-degeneracy resulting in spin-split
bands but not in the entire momentum-space. In this class, the subset [F||H]| indicates
only a subgroup of the crystallographic point group G is preserved, resulting in an
anisotropic spin-split electronic structure, featuring a d-, g-, or i-wave order, each of
them indicating the number of spin-degenerate nodal planes 2, 4, and 6, respectively.
The energy iso-surface of the altermagnet example, display a d-wave order, i.e., two
nodal planes. The remaining set [C5||G — H] of R connects atoms between oppo-
site spin-sublattices and protects the zero net magnetization. Notably, altermagnets
combine characteristics typical of both conventional ferromagnets (spin-split bands)
and antiferromagnets (compensated order). To date, several material candidates have
been identified to host altermagnetism. Among the most prominent are RuO, [36, 87],
Mn;Siz [88], and KV,Se,O [89] as d-wave AMs, and MnTe [90, 91] and CrSb [92, 93]

as g-wave AMs.
Collinear g-wave altermagnet Euln,As,

By determining the non-trivial spin point group R, of collinear compensated EulnyAs,,
we show that its spin-splittings exhibit a g-wave altermagnetic order. To determine
R, we first obtained the full set of spin space symmetry operations using the spinspg
package [91]. By analyzing all the symmetry operators, we identified the point groups
G = 6/mmm, B = 2, and the normal subgroups r = 3m, and b = 1 being the trivial
group. We then express G and B as coset deompositions like in Eq. 1.17 and 1.18:

G =3m + Cs, 3m,

B=F + (5.
From the pairing of each coset, we obtain R:
26/2m2mlm = [E||3m] + [C5]|Cs. 3m] = [E||H] + [C1]|G — H]. (1.20)

The group name, based on Litvin’s spin group notation [54], captures the information
of the spin point group generators [Cs||Cs.], [Callm.], [C2||m.], and [E||m,]. This
group contains 24 elements. The second subset notation indicates the altermagnetic
phase of this compound with a g-wave anisotropy characterized by four transposing

mirror symmetries [Co||m.], [Ca||my], [Ca||m.], and [Co||m,.].

To conclude this section, we summarize the various symmetry frameworks relevant
to characterize the Hamiltonians depending on the relative energy scales of the crystal

field, exchange and spin-orbit coupling effects, as shown in Fig. 1.2. In magnetically
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ordered systems, introducing SOC reduces the spin space group to the magnetic space
group. Thus, SSGs can be a very valuable framework to isolate the effects arising
exclusively from exchange and crystal fields. Notably, exchange-induced spin-splittings
typically range from 100 meV to 1eV, which are generally larger than the spin-splittings

induced by relativistic spin-orbit interaction, usually in the range of ueV to 100 meV.

Magnetic
Space groups order Spin space groups
H=H, H =He + Humag
SOC SOC
A\ 4 Y.
Magnetic .
Double space groups order Magnetic space groups
7‘[ = He + Hsoc H - He + Hsoc + Hmag

Figure 1.2: Diagram illustrating the appropiate symmetry formalisms to capture all
symmetry operations of different single-electron Hamiltonians [55, 79].

1.3 Topological band theory

Over the past decade, topology has become one of the most active research areas
in condensed matter physics, leading to the discovery of a wide variety of topological

phases of matter. Remarkably, these phases not only provide a platform to explore high-

energy physics phenomena [95], but their robustness against external perturbations also
makes them attractive for potential applications in quantum computing [96, 97| and
spintronics 12, 11].

Topology classifies phases of matter introducing an additional label known as topo-
logical invariant, a quantized index that captures global properties of the wavefunctions
across the entire Brillouin zone. Unlike the theory of symmetry-breaking formulated
by Landau [74], distinct topological phases of matter can preserve the same symmetries
and have the same order parameter.

The concept of topological invariants was first introduced in the context of the
quantum Hall effect, a phenomenon observed in a two-dimentional electron gas under
a strong magnetic field [98], whose Hall conductivity oapc = Ce?/h was found to be
quantized, with the index C restricted to integer values. This index was later identified
with the Chern number, a topological Berry-phase invariant associated with the Landau

levels |99, 100].
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In a 2D system, the Chern number of an entire band is defined as [101],

1

21 Jy

C, Q. (k) d°k, (1.21)
where Q, (k) is the Berry curvature, which can be obtained as €,(k) = Vi x A, (k),
with A,,(k) the Berry connection,

A (k) = (un(K)|iVitn (K)) - (1.22)

Here, |u,(k)) denotes the periodic part of the Bloch wavefunctions. Interestingly, the
Berry curvature can be viewed as a fictitious magnetic field in momentum-space. Equa-
tion 1.21 evidence the connection between the topological invariant and the system’s

wavefunctions across the entire Brillouin zone.

In addition to evaluating the bulk topological invariant, the presence of gapless
boundary states serves as a signature of non-trivial topology — phenomenon known
as the bulk-boundary correspondence [102, |. These boundary states are robust as
long as the symmetries that protect the bulk topological state are also preserved on
the surface. In the following section, we will discuss the different classes of topological
phases, their corresponding symmetry-based indicators and the key symmetries that

protect these states.
1.3.1 Topological insulators

Topological insulators are materials that remain insulating in the bulk while supporting
conducting electronic states at their gapless boundary states. A well-known example
within this family is the 2D Chern insulator introduced by Haldane [75], whose chiral
edge states, as illustrated in Fig. 1.3(a), are topologically protected by a non-zero bulk
Chern number.

In general, two insulators belong to the same topological class as long as their
corresponding Hamiltonians can be continously deformed into one another without
closing any energy band gap [101, , |. A strong indicator of possible non-trivial
topology in an insulating band structure is the presence of band inversion around the
band gap, as shown in Fig. 1.3(b), a phenomenon that often takes place due to strong
spin-orbit coupling effects [105]. However, band inversion alone does not guarantee a
non-trivial topology, to confirm the topological nature of a material, it is essential to

compute the corresponding topological invariant.

The topological classification via the Chern number only applies to 2D spinless
systems with broken time-reversal 7. By introducing the spin, Kane and Mele [70] in-
troduced a new Zs topological invariant for 7-invariant systems, such as non-magnetic
materials. However, when inversion symmetry P is also present — ensuring Kramers

degenerate bands — the Zs invariant can be further simplified and expressed in terms
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(@) (b) Band inversion

E Conduction Band
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1
-m/a 0 k -m/a K
Figure 1.3: (a) Figure extracted from Ref. [102]: The electronic structure of a semi-

infinite strip resulting from solving the Haldane model, illustrating a single edge state
connecting the valence and conducting bands. (b) Schematics of the band inversion,
showing the swapping of the s and p orbital characters.

of the parity eigenvalues |106],

TRIM Nocc/2

=11 1] & (1.23)

Here, v denotes the Z, invariant, k labels the time-reversal invariant momentum
(TRIM) points in the Brillouin zone, m runs over the occupied pairs of Kramers de-
generate bands, and &, = 1 are the corresponding parity eigenvalues of the Kramers
energy pairs. A value of v = 1 indicates a topological insulator with gapless surface
states protected by T symmetry, while v = 0 a trivial insulator.

In 3D systems with local magnetization, where 7T is broken, non-trivial topological
phases can still exist. While the breaking of 7 no longer protects the surface states
against disorder, some surface states may remain protected by additional crystalline

symmetries, or they may become gapped, giving rise to a magnetoelectric effect [107].

Axion insulators

An axion insulator is a 3D topological insulator characterized by the presence of a

quantized magnetoelectric response with an effective action of the form |

B

B Oe?
 4r2he

where E and B are external electric and magnetic fields, e the electron charge, ¢

Sy /dr itE B, (1.24)

the speed of light, and the index 6 the axion angle. This index mimics the axion
field introduced to solve the strong charge-parity problem in the context of quantum

chromodynamics [109]. Remarkably, the axion, widely regarded as a potential dark
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matter candidate, has not yet been experimentally detected. Axion insulators therefore
offer a promising platform for its detection [18, 110].

The term E - B is odd under time-reversal symmetry, the combined 77, inversion,
and mirror symmetries, transforming as E- B — —E - B. To preserve the invariance of
the action Sy under these symmetries, the condition # — —60 must be satisfied, which
enforces 0 to be quantized: # = 0 for trivial insulators, and # = 7 for axion insulators
19, 107,

In addition to the condition 8 = m, a characteristic feature of axion insulators is
the presence of a half-quantized anomalous Hall conductivity (AHC), +e?/2h, arising
exclusively in the gapped surface states [103]. The initial search for axion insulators
began in T-invariant systems, where 7-symmetry-breaking perturbation were required
to gap the otherwise gapless surface states [111].

Magnetic centrosymmetric systems instead provide a more convenient platform for
realizing the axion insulator phase, since 7 is broken by the local magnetization, and

gapped surface states can exist intrinsically without the need for additional perturba-

tions [112]. In the absence of 7 but preserving inversion P symmetry, the axion angle
0 can be reduced to a parity-based invariant Z, = 0,2, defined as [113],
TRIM
_ e — T
Zy= ) S mod 4, (1.25)
k
where n(k)* are the occupied states with even/odd parity eigenvalues at the time-

reversal invariant momentum (TRIM) points in the Brillouin zone. A value of Z, = 2

corresponds to an axion insulator, while Z, = 0 indicates a trivial insulator.

Topological crystalline insulators

Topological crystalline insulators (TCIs) constitute a class of topological phases of
matter in which crystalline symmetries determine the bulk topology and, consequently,
protect the conducting surface states [114, 115].

In the presence of mirror symmetry, one can define the topological invariant known
as the mirror Chern number |11, 116]. Within the 2D mirror-symmetric plane, it is
given by

nap = 1t (1.26)
2
where ny; denotes the Chern numbers of the occupied bands with mirror eigenvalues
+7. A non-zero mirror Chern number indicates the existence of protected surface
states, manifesting as gapless Dirac cones located on surfaces that preserve the mirror
symmetry, otherwise the surface states will be fully gapped.

These metallic surface states protected by crystalline symmetries have shown to

exhibit high tunability under external electric fields [117] and applied strains [l 18—

|. Such control opens a pathway towards potential applications like topological
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transistors in which conduction can be switched on and off by externally tuning the

crystalline symmetry.

Higher-order topological insulators

Higher-order topological insulators (HOTIs) represent a topological phase in which
boundary states are localized at hinges or corners rather than on surfaces, giving rise
to lower-dimentional modes protected by the non-trivial bulk topology [121-124].

Hinge states can be chiral, meaning they can propagate unidirectionally, similar
to the conducting edge states in 2D Chern insulators, 7-symmetry-breaking systems.
Such modes propagate at the interface between two gapped surfaces with opposite
mass terms [107]. They have been predicted in axion insulators [111, |, including
the compensated EulnyAs, [25], and the ferromagnetic Sm-doped BiySes [120].

In contrast, helical hinge states consist of Kramers pairs of counterpropagating
modes, analogous to the 2D Kane-Mele model [76] of the quantum spin Hall effect
in T-symmetric systems. The first material candidate where the HOTI phase was
stabilized under uni-axial strain was the topological crystalline insulator SnTe [123].

Chiral hinge states are specially attractive for device applications, as they provide
one-dimentional, dissipationless robust current channels [127]. When both surface and
hinge states are gapped, the non-trivial bulk topology can still manifest in the form of

corner states carrying fractional charge [121].
1.3.2 Weyl and Dirac semimetals

Topological semimetals constitute a class of quantum materials in which the bulk elec-
tronic spectrum is fully gapped along the entire Brillouin zone, as in conventional
insulators, except at one or a few isolated points, lines, or planes where the valence
and conduction bands touch near the Fermi level.

The Weyl semimetal phase is characterized by twofold-degenerate band touching
points in momentum-space, known as Weyl points. In their vicinity, the energy disper-

sion is linear and can be captured by the effective Hamiltonian [128, 129],
Hw(k) =t+hvp k-o. (1.27)

where vrp denotes the Fermi velocity and o is the vector of Pauli matrices. This
Hamiltoninan describes Weyl points in a crystal, in analogy with the masless relativistic
Weyl fermions with right-handed (4) or left-handed (—) chirality.

Weyl points can be viewed as effective monopole sources of Berry curvature in
momentum-space. Their non-trivial topology is characterized in analogous way to
the Chern number defined in Eq. 1.21, but with the integration performed over a
closed surface enclosing the Weyl point rather than the entire Brillouin zone. The

corresponding topological invariant takes quantized values of 41, defining the chirality
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of the Weyl point [130]. Due to periodicity, the net Berry flux integrated over the entire
Brillouin zone must vanish, that is, the total Chern number is zero. Consequently,
Weyl points always come in pairs with opposite chirality and can only be created or
annihilated in pairs. They can generally occur in momentum-space as long as the P, or
T, or both are broken. A feature of the non-trivial bulk topology in Weyl semimetals
is the emergence of Fermi arcs connecting the surface projections of Weyl points with
opposite chirality [131].

Material realization of the Weyl semimetal phase include non-collinear compensated

magnets [23, 131]|, noncentrosymmetric non-magnetic crystals [132] and ferromagnetic
systems [133, 134]. In addition, more recently, spin-polarized Weyl points and Fermi
arcs have been reported in altermagnets [135, 130].

The Dirac semimetal phase is characterized by fourfold-degenerate band touching
points, known as Dirac points, around which the energy spectrum exhibits a linear dis-
persion [137, |. Such a phase requires the presence of Kramers degeneracy to ensure
the double degeneracy of the bands. The emergence of a Dirac point in momentum-

space can be described using the following 4 x 4 Hamiltonian |128, , 139]

(1.28)
m —hvrp k-o

HD(k):<thk-a' m )7
where k is measured with repect to the location of the Dirac point, + hvp k - o
describing two Weyl points with opposite chirality, and m the mass term. For m = 0,
the Hamiltonian describes the Dirac point, in analogy with the relativistic masless Dirac
equation, and it can be viewed as the overlapping of two Weyl points with opposite
chirality, hence by breaking either inversion P or 7 symmetry could lead to the Weyl
semimetal phase. It is important to note that the Chern number associated with the
Dirac point is zero, indicating it is not topologically protected in the same way as the
Weyl points.

While accidental Dirac points can appear at quantum critical points, they are typ-
ically unstable. Nevertheless, stable and symmetry-protected Dirac points can exist if
additional crystalline symmetries are present, such as non-symmorphic [15, 21, | or
rotational symmetries [138, [11]. A general classification of stable 3D Dirac semimetals
in non-magnetic systems with rotational symmetries was first proposed by Yang and
Nagaosa [135], an analogue classification for magnetic systems was later proposed by
Hua G. et.al. [39]. Both frameworks identify two classes of Dirac points: The first class
with pair of Dirac points along the rotation axis and away the time reversal invariant
momentum points (TRIM). They typically arise from band inversion when conduction
and valence bands belong to different irreducible representation of the symmetry line,
preventing hybridization. Within this class, double Fermi arcs at the surface connect-
ing the projected Dirac nodes are a clear signature of its non-trivial topology in the

bulk. Furthermore, the second class allows only a single Dirac point appearing exactly
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at a TRIM point on the rotation axis [137].
The first experimental realization of 3D stable DPs belong to the first class and

were reported in the non-magnetic NagBi [112-111] and CdsAs, [115] compounds.
Within amgnetic materials, only systems with compensated magnetic order have so
far been found to host the Dirac semimetal phase. Notable examples include the P7T-
symmetric Type IIIT MSG compound CuMnAs [15], and the PT 7-symmetric Type IV
MSG EuCd,As, [24, 39].

Dirac semimetals — specially those in compensated magnets — offer a platform for
device applications, since their zero net magnetization can enable manipulation of the
Dirac fermions without generating stray magnetic fields. Prominent examples include
the electric control of Dirac quasiparticles trough Néel vector reorientation [12, 21] and

the realization of colossal magnetoresistance [116, 117].
1.3.3 Magnetic topological quantum chemistry

Magnetic topological quantum chemistry (MTQC) provides a complete theory of band
topology and symmetry-based indicators for crystals with comme-surate magnetic order
[29]. Within this theory one can derive for every magnetic space group (MSG), the
small corepresentations at high-symmetry k-points in the Brillouin zone (BZ), the
elementary band corepresentations (EBRs), compatibility relations, and more,which

are useful to identify trivial and topological states.

A set of energy bands in momentum-space that transform under a corepresentation
of the MSG that originates from localized (magnetic) Wannier orbitals in real-space is
called magnetic band representation (MBR). Because MSGs contain antiunitary sym-
metry operators (such as time-reversal combined with spatial symmetry operations),
one must work with corepresentations instead of representations, which are exclusive to
unitary operators. If a band corepresentation cannot be decomposed as a direct sum of
other band corepresentations, it is called an elementary band corepresentation (EBR)
[28]. In the MTQC framework, a set of EBRs forms a basis of trivial insulators. Thus,
a stable topological insulator or topological semimetal corresponds to the case where
its occupied bands cannot transform in a direct sum of magnetic EBRs, indicating that

they are not adiabatically connected to an atomic insulator.

Next, we use the MTQC tools avilable on the Bilbao Crystallographic Server [1415]
to determine whether a pair of bands cross or are gapped along a high-symmetry k-
path. In the following, we analyze into detail the electronic band structure of the
antiferromagnetic EuCd,As, with N||(001) along the I' — A path, shown in Fig. 1.4(a),
referred as case (a). First, we obtain the band corepresentations (coreps) of the mag-
netic little group at the I" and A points using the code IrRep [33, |. The coreps of
the selected bands near the Fermi level are I's and ['¢['; and A4 and As. Next, using

the compatibility relations [29, 30|, we relate the coreps at I' and A:
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Lel7(2) — AyAs(2)
[s(2) — Ag(2)
Ay(2) = AA5(2)
As(2) — Ag(2)

Here, A denotes any intermediate k-point between I' and A. For example, the relation
s — Ag indicates that the corep I's at I' is connected to the corep Ag at A.

(@) b)
0.2
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Figure 1.4: Band connectivity along the I'— A k-path via the compatibility relations for
the (a) MSG P.3c1 (No. 165.96) corresponding to the antiferromagnetic EuCd,As, with
Néel vector orientation IN||(001), and the (b) MSG C.2/m (No. 12.63) corresponding
to IN||(100).

Along such a high-symmtry line, a band cannot change its corep. Thus, a band
originating from Ag at I' cannot terminate in A;As at A. The possible band connec-
tivities are ahown in Fig. 1.4, where in case (a)a fourfold degenerate band crossing is
symmetry-enforced, resulting in a enforced semimetal, whereas in case (b) the bands
near the Fermi level at the intermediate k-point B transforms as the same corepresen-

tation BsB,, allowing a band gap.

1.4 Summary

In this chapter, we have introduced the fundamental concepts of symmetry and topol-
ogy relevant to the study of topological phases of matter in magnetic materials. We
began by discussing the different symmetry frameworks used to describe magnetic crys-
tals, emphasizing the spin space group formalism, which allows us to isolate the effects
arising exclusively from exchange and crystal fields. We then provided an overview
of various topological phases, their corresponding topological invariants, the key sym-

metries that protect these states, and the magnetic topological quantum chemistry
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framework, which offers a systematic approach to identify topological phases in crys-
tals with commensurate magnetic order, important concepts which will be helpful for

undertanding Chapter 3.
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Chapter 2

First principles electronic theory

"The power of simple models, the power of stripping things down — [An-
derson/ taught me the power of reducing everything to the simplest possible

idea and following it to where it could go"

— Duncan Haldane

A microscopic understanding of the electronic structure of real materials — includ-
ing metals, semiconductors and insulators — is essential not only for the interest of
fundamental physics, but also for predicting unique reponses relevant to technological
applications and the development of next-generation devices. All real materials are in-
herently interacting many-body systems, and determining their actual electronic struc-
ture has long been considered a challenging task, as solving the associated Schrédinger

equation involves an enormous Hilbert space and requires subtantial computational

resources.
A major breakthrough came in the mid-1960s when W. Kohn and L. J. Sham intro-
duced "density functional theory" (DFT) [150, 151]. This innovative approach further

simplified the problem, making it possible to access the ground-state properties of inter-
acting electron systems by solely determining the electron density, which can be derived
within an effective single-particle framework [152], thereby reducing significantly the
computatinal costs. Nowadays, DFT has become the preferred method for predicting
the electronic, magnetic and structural properties of real materials in material science

and chemistry.

In this Chapter, we will present the theoretical foundation of DFT, its numerical
implementation for collinear and non-collinear magnets. In addition, we will describe
the Wannier interpolation technique that we use to construct effective Hamiltonians
that we use for further post-processing to compute the surface states and Kubo linear

responses.
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2.1 Density functional theory

To understand the general formulation of DFT, we begin by introducing the many-body
Hamiltonian that we aim to solve by using the Schrédinger equation. For simplicity,

neglecting the spins, this Hamiltonian can be written as

The first set of brackets accounts for the nuclear contribution, including the kinetic
energy of a nucleus with mass M, and the interaction between nuclei at positions R,
and R,. The second set of brackets describes the electron gas, including the kinetic
energy of an electron with mass m, the interaction between electrons and between
electron at position r; and nuclei at position R,. While solving this Hamiltonian might
seem very challenging, additional approximations can simplify the problem, such as the
Born-Oppenheimer approximation, or adiabatic approximation, that treats the nuclei
as fixed atoms, based on the fact that they are much heavier and move significantly
slower than the electrons. As a result, the kinetic contribution of the nuclei can be

neglected, allowing us to solve only the electronic Hamiltonian:

h? e?
el _ _ 2 _ ion (T — . 2.1
H Z( 2mv,+;|n_rj‘+%:v (r R,)) (2.1)

7

Solving this electronic Hamiltonian within density-functional theory relies on two fun-
damental results. The Hohenberg Kohn theorem that states the ground-state energy

of the Hamiltonian H® can be written as a functional of the electron density n(r) [150]:
1 /
E[n] =Tn] + /n(r)Vion(r)dr + 2 / / %drdr/ + Eyc[n], (2.2)

where T'[n] is the kinetic energy of the non-interacting electrons, the third term is the
Hartree contribution that represents the Coulomb energy from the electronic cloud,
and FE,.[n] the exchange-correlation energy functional, which is generally unkown but

can be approximated.
2.1.1 Non-relativistic Kohn-Sham equations

The second fundamental result of DFT is the mapping of a system of N interacting
electrons onto an auxiliary system of fictitious /N non-interacting electrons that, in most

cases, reproduces the same ground-state electron density [152]. These single-particle
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Schrédinger equations are known as the Kohn-Sham equations:

) = (27 + Vi) ) i) = & 4. 2.

where [1);) represents the single-particle wavefunction with eigenenergy e;. The total

effective potential Vg, in which the non-interacting electrons move is

/
Vet = Vion +/ n(r ),’dr’ + Vie - (2.4)

r—r

It combines the ionic potential, the classical Hartree potential (mean-field Coulomb

interaction), and the exchange-correlation potential

dEyc[n]
on(r) ’

which incorporates the remaining many-body effects.

Vie(r) =

(2.5)

For non-magnetic materials where the spins are neglected, the electron density can

be defined as follows:

n(r) =3 i)l (2.6)

The Kohn-Sham equations provide a self-consistent algorithm for determining the
ground-state energy of a many-electron system. The process begins with an initial guess
for the electron density n(r), from which one constructs the Kohn-Sham Hamiltonian
and then solvs it to obtain the new wavefunctions; these, in turn generate the new
electron density for the next iteration. This cycle is repeated until the input and

output densities converge within an specified tolerance.

Several codes implement DFT, differing mainly in the basis set used to represent
the Kohn-Sham wavefunctions [¢;). In this work, we use the Vienna ab initio simu-
lation package (VASP) [153, |]. In Section 2.1.2 we discuss details of the specific
approximations implemented in VASP to construct the effective potentials and the

Kohn-Sham wavefunctions.

Collinear magnets

To incorporate spin polarization, we first consider the case of magnetic materials with
collinear spin degrees of freedom. In collinear magnets, all spins share a common

quantization axis, allowing the spin-up and spin-down subspaces to be treated inde-
pendently. The electron density can then be defined as,

n(r) = ny(r) +ny(r) =) Z [Yia ()], (2.7)
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where N is the total number of electrons, and o = {1, ]} labels the two spin polar-
izations. In this framework, two independent sets of Khon-Sham equations must be

solved, one for each spin channel,

(~ 2202 4 Vialnal () [5) = i [0} .

2m

Noncollinear magnets

For non-collinear systems, a vector magnetization density is introduced within VASP
[154]. The total electron density is then defined as

Nag(r) = (Z Naa(r) Oap + M(r) - 5a5>/2, (2.9)

where the part proportional to the unit matrix corresponds to the charge density and
the term proportional to the vector of Pauli matrices ¢ = (0, 0y, 0.) is the magneti-

zation density m(r). The Pauli matrices are defined in *.

Constraint in the magnetization

Converging to a noncollinear magnetic configuration is often challeging, in some cases
because such a configuration does not correspond to a minimum energy state or be-
cause of the intrinsic complexity of the spin arrangement. To help with the convergence,
VASP incorporated an iterative method that imposes contraints on the magnetic mo-
ments [155]. In this approach, a penalty energy term E, is added to the total energy
functional &/ = Ey + E,, where Ej is the usual DF'T energy and the penalty energy,

EP:Z)\OMﬂ—éH-Mf). (2.11)
n

with A a Lagrange multiplier applied to each atomic site yu, €, a unit vector pointing
in the direction of the desired magnetic moments, and Mf is the integrated magnetic

moment of each atomic site, defined as
M :/Q (), (r — 1) dr | (2.12)

where €, is a sphere of radius R, centered in the atom p. Here, mi(r) represents the
magnetization density and F}, is a normalized function that smoothly decays to zero
at the boundary of the sphere €2,,. The sphere’s radius R, is specified in VASP via the
tag RWIGS, the Wigner-Seitz radii.

1
0 1 0 —i 1 0
Op = <1 O) , Oy = (z 0 > , 0, = <O _1> (2.10)




The penalty energy in Eq. 2.11 introduces an additional penalty potential in the
Kohn-Sham equations,

Vilr) = 20 (IM£] = & ML) Byl =1, ]) - (2.13)

where & is the vector of Pauli matrices.

As seen from Eq. 2.11 and 2.13, both the penalty energy and the corresponding
potential vanish when each magnetic moments Mf is aligned with the target direction
e,. Furthermore, Ref. [155] demonstrates that the penalty energy term decreases with
increasing A according to,

E, x1/X, (2.14)

which underscores the importance of checking convergence with respect to A until E,
falls below the electronic energy criterion used to for the DFT energy FEj.

Figure. 2.1(a) illustrates such a convergence test for the electronic structure calcu-
lation of the helical EulnyAs,, in which both the direction and the size of the magnetic
moments were constrained. The results confirm the inverse proportionality between
E, and A, in agreement with Eq. 2.14. Figure 2.1(b) further shows the simultaneous
convergence of the total integrated magnetization towards the compensated state while

increasing .
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Figure 2.1: Constraint on the magnetization in the electronic structure calcu-
lation of helical EulnyAs,: (a) Penalty energy as a function of 1/A. (b) Difference
between the total integrated magnetization calculated in the unit cell and the desired
compensated magnetization.

VASP provides three different schemes for constraining the magnetic moments. In
the electronic structure calculations of EulnyAs, presented in Chapter 4, we constraint

only the direction of the magnetic moments, which led to a rapid convergence already
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for small \ values.

2.1.2 Potential and wavefunction approximations

Generalized gradient approximation (GGA)

Several methods exist to treat the exchange—correlation effects within density func-
tional theory (DFT) [156]. The most widely used approximation is the local density
approximation (LDA) [152]:

B ) = [ n)sn)dr, (2.15)

where e,.(n(r)) represents the exchange-correlation energy. In this approach, the in-
homogeneous electron density is treated as a collection of infinitesimal regions with
homogeneous density n(r). LDA is particularly well suited for systems resembling a
homogeneous electron gas, such as metals. For spin-polarized calculations, the local
spin density approximation (LSDA) is used. It is evaluated in the same way as Eq.
2.15, except taht the exchange-correlation energy ey.(n+(r),n,(r)) now depends on the
spin-up and spin-down densities.

For systems with inhomogenous charge distributions, the generalized gradient ap-
proximation (GGA) provides a better description, as it incorporates not only the local

density n(r) but also its spatial gradients Vn(r):

ESCGA(r) = /n(r) eze(n(r), Vn(r))d(r), (2.16)

Although GGA significantly improves upon LDA, it is knows to substantially under-
stimates the band gaps of semiconductors and insulators [61]. We will use the Perdew
Burke Ernzerhof (PBE) implementation of GGA [157] in VASP.

DFT + U approximation

While LDA and GGA provide an accurate description of itinerant systems, where the
valence electrons are delocalized and their correlations are usually screened, they are
inadequate for materials with partially filled d or f shells, in which electrons are more
localized and strongly correlated. To account for the strong Coulomb repulsion in
such systems, a Hubbard U correction is required. The generalized DFT+U energy
functional is given by [158],

EP"T U a) = EPYYn] + EY[A] — Eq[n)], (2.17)

where n is the total electron density, and n is the on-site occupation matrix of the
localized d or f orbitals. The second term, EV, represents the Hubbard correction

derived within the mean-field Hartree-Fock approximation, and the last term, Fq. is
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a double-counting energy term that removes the on-site Coulomb repulsion already
included in the LDA/GGA exchange-correlation functional.

Different kinds of DF'T+U exist, differing only on how the double-counting correc-
tion is treated [159, |. We adopt the rotationally invariant approach implemented
by Dudarev et. al., [160], for which the DET+U energy functional is,

EDFT+U _ pDFT U ; J) Z ( an%m — Z N Vs m ) , (2.18)

o

where n7, ., is the occupation matrix with the indeces m, m' as the projections of the an-
gular momentum ( for a d orbital with [ = 3, the projections m, m' = {-3,—-2,—1,0, 1,2, 3}).
In this method, the last term represents the double-counting correction, and it depends
only on the difference U—J, with U and .J are spherically averaged Coulomb and Hund’s
parameters.

When static localization no longer applies and dynamical charge or spin fluctuations
dominate, more advanced methods such as the dynamical mean-field theory (DMFT)

[161, | are more suitable.
Projected-augmented-wave method (PAW)

To solve the Kohn-Sham equations, besides approximating the exchange-correlation
functional, it is necessary to select an appropiate basis set for the Kohn-Sham wave-
function |¥;). Several approximations have been developed to represent this basis
efficiently, aiming to recover the true one-electron Kohn-Sham wavefunction in the full
Coulomb potential, referred as the all-electron wavefunction (AE).

For the simplest case of nearly free electrons in a weak periodic potential, the AE
wavefunction can be expanded as a series of plane waves. However, since the potential
varies sharply near the atomic nuclei as 1/r, the wavefunction exhibits rapid oscillations
inside these core regions, and an accurate plane-wave representation would require a
large basis of plane waves. To overcome this difficulty, pseudopotential methods were
developed in combination with a plane-wave basis set [163, |, in which the potential
inside a chosen cutoff radious 7. is replaced by a smoother pseudopotential with the
same scattering properties. A corresponding pseudowavefunction |1;z> is constructed so
that it exactly matches the AE wavefunction for r > r., while for » < r. it is smooth
and nodeless and it satisfies a norm-conservation rule that enforces the integrated
charge of |¢;) and the AE wavefunction within r, are identical [164]. Vanderbilt later
improved this method by relaxing this norm-conservation condition, allowing a lower
plane-wave basis set and then reducing the computational cost, a method known as the
ultrasoft pseudopotentials (USPP) [165]. However, constructing these pseudopotentials
is a difficult task.

Blochl has developed a simple method, called the projector augmented-wave method
(PAW) [166, 167], in which the AE wavefunctions are derived from the pseudo (PS)
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wavefunctions by a linear transformation:
) = 1) + 3 (163} = 16) (Gl (2.19)

where 1, and |¢~>,> are the PS wavefunction and partial wave. The AE partial wave is

denoted by |¢;), and the projector functions |p;) are constructed as
(Bilds) = 645 - (2.20)

Inside the PAW spheres enclosing the atomic sites, every (pseudo) AE wavefunction
can be expanded into (pseudo) AE partial waves ¢,(r) = Y. ci|¢;). The AE partial
waves ¢; are defined as the solutions of the radial Schrodinger equation multiplied
by spherical harmonics. Outside the spheres, the smooth pseudo-wavefunctions are
already identical to the all-electron ones.

This method is currently implemented in VASP, more details are found in Ref.
[167].
2.1.3 Relativistic Kohn-Sham equations

The inclusion of spin-orbit coupling (SOC) in VASP is carried out within the PAW
framework [168]. As SOC acts predominantely in the close vicinity of the nuclei, its
effects outside the PAW sphere can be neglected. Consequently, the SOC contribution

to the Hamiltonian can be reduced to an AE one-center contribution:

Hsoc = Z |pi) (@il Hsoc|o;) (p;] - (2.21)

ij

The SOC operator Hsagc o 7 - L couples the spin operator @ = (0,0,,0.) to the
angular momentum L=Fx p.

In practice, VASP treats SOC employing two-component spinor wavefunctions |zﬁﬁj>,
allowing noncollinear spin densities. The action of the SOC operator on these spinors

is evaluated as

[0 =D Hsoeldn), (2.22)
ap
where the indices v and 3 label the spin-up and spin-down components.

2.2 Wannier interpolation method

The Wannier interpolation method provides a powerful framework for constructing
mazimally localized Wannier functions (MLWFSs) by projecting the Bloch wavefunctions
obtained from DFT (or other ab initio) calculations onto a set of localized real-space
basis [169-171]. Within this new localized basis, one can build an effective tight-

binding Hamiltonian, which enables an efficient interpolation of both the electronic
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band structure and wavefunctions onto a denser k-point mesh. Such interpolation
technique is particularly useful for calculating transport responses that require a fine
sampling of the Brillouin zone, such as the anomalous Hall conductivity or Boltzmann
transport responses. In the following, we summarize the formalism as implemented in
the Wannier90 package [169].

Once we obtain the eigenvalues F,q and wavefunctions 1, from the ab initio cal-
culation on a coarse momentum-space g-mesh, we can construct a set of M Wannier

functions per unit cell as

1% iR
Ro) = o [ e ™S U @@ (2.23)

m=1

where M < N with the number of Wannier functions being typically chosen to be
smaller than the number of bands N, R labels the lattice vectors. The integral is
performed over the first Brillouin zone (BZ) with V' as the volume of the unit cell. The
matrix Up,,(q) is a unitary matrix, which is iteratively refined by minimizing the total

quadratic spread of the Wannier functions with respect to their centers,

Q= (0n[r?|0n) — (On|r|on)”. (2.24)

n=1

Using the localized Wannier functions, one can define a set of Bloch-like wavefunc-

tions v, (k) in the Wannier gauge by employing an inverse Fourier transformation,
i) = Y ¢ FRn) (2.25)
R

which vary smoothly with k, unlike the original Bloch wavefunctions 1,,. The Hamil-

tonian in the Wannier gauge is

HY (k)= e*FH)Y (R) = e*® (On|HRm). (2.26)

Diagonalization with respect to the unitary matrix U (k):
HP (k) = U'(k) HV (k) U(k). (2.27)
leads to the eigenenergies and eigenstates in the Hamiltonina gauge:

[n/ (K)) = > Ul (K)) - (2.28)

The previous description of the method assumes a set of isolated bands across the
entire Brillouin zone. If the bands of interest instead overlap and hibridize with other

bands, forming so-called entangled bands, Wannier90 applies a disentanglement step.
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In this step an energy window (frozen window) is first chosen containing all relevant
states, and then performs a variational algorithm to select, at each k point, an optimal
M-dimentional Bloch subspace [171]. Once this new Bloch manifold is defined, the
standard Wannier interpolation procedure is used to construct the localized Wannier

functions.

(b)
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Figure 2.2: Disentanglement of the energy bands of antiferromagnetic
EuCd;As,: (a) Orbital projection of the electronic structure, showing Cd-s and As-p
states dominanting near the Fermi level, while localized Eu-f states dominate along the
flat bands. (b) Comparison between DFT bands and Wannier bands by projecting the
Cd-s and As-p orbitals within the frozen energy window, highlighted in light-blue.

In Fig. 2.2 (b), we show the Wannier bands obtained to capture the band-crossing
near the Fermi level in the antiferromagnetic phase of EuCdyAs,, constructed solely
through the disentanglement step. The resulting Wannier bands accurately reproduces
the DFT bands within the frozen energy window, which was chosen to include only the
Cd-s and As-p states while excluding the Eu-f states, the orbital composition is shown
in Fig. 2.2(a). In some cases, constructing the MLWFs are required to accurately
reproduce the DFT bands. However, it is generally advisable to limit the number of
Wannier interpolation steps, as excessive iterations can break symmetries because the
spread minimization does not enforce the space group symmetries. However, sym-
metrization of the Wannier Hamiltonian is possible using the Wannsymm code [172]

or WannierTools [173].

2.3 Surface state calculations

Here, we introduce the mathematical methods implemented in WannierTools [173],
which we used to calculate the surface state spectrum. The initial step is to define
the bulk crystal as the stacking of a finite number of principal layers along the axis

[

perpendicular to the surface of interest [174, 175], as seen in Fig. 2.3(a). A principal
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layer is defined as a group of atomic planes arranged such that only nearest-neighbor
interactions between principal layers is sufficient, as shown in Fig. 2.3(b). Since the
slab system is periodic along the two-dimensional plane parallel to the surface, the
two-dimensional wave vector k| serves as a good quantum number, allowing to reduce
the system to a one-dimentional slab system for each value of wave vector k). The

Hamiltonian for the slab system consisting of N principal layers is given by,

Hoo Hoo O
Hio Hiu Hio
Haw(ky) =1 0 Ha Haxn --- (2.29)

Y

where H,,,, represents the hopping parameters between atomic planes within the m-
th principal layer, while H,,_1,, denotes the hopping parameters between nearest-
neighbor principal layers. The top surface hamiltonian correspond to m = 0 and the

bottom surface to m = N — 1.
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Figure 2.3: (a) Schematic representation of a 3D bulk cubic lattice, where the circles
correspond to the atoms and the red line ispecifies the surface of interest. (b)The slab
system, a finite stacking of N layers along the axis perpendicular to the surface. For
this case, each principal layer consist of 2 atomic planes.

Instead of solving the entire Hamiltonian in Eq. 2.29 to identify the electronic states

localized at the surface, one can employ the iterative method proposed by Sancho et al.

39



[175, 176] to compute the surface Green function G5 = Ggo(w). The surface spectrum

function can be then obtained from the imaginary part of the surface green function,

1
Ak,w)=—=Im TrGy(k,w +1n). (2.30)
T

This iterative method consist of replacing the initial slab system with an effective slab
where the lattice constant is doubled at each step. Additionally, with each iteration,
the number of atomic layers used to represent a principal layer doubles, while the
interaction between these new effective layers becomes progressively weaker. After
n iterations, each effective principal layer corresponds to 2" initial principal layers.
Further details of the algorithm are provided in [175, |. Within WannierTools, an
important parameter to ensure convergence is the number of atomic layers Np used to
define the principal layer. As more delocalized Wannier functions extend their hopping
interactions over larger distances, they require a large NV,,. Selecting too small N, can
lead to innacurate surface states or distorted Fermi-arc dispersions, while a large N,
only increases computational cost.

Finally, these calculated surface states can be directly compared with experiments.
In particular, the angle-resolved photoemission spectroscopy (ARPES) is suitable for
such comparisons, as it probes only the outermost atomic layers, and is therefore
intrinsically surface sensitive, providing momentum-resolved information of the surface

states of 3D topological insulators and semimetals [177].

Computational details within VASP

Self-consistent calculation:

A self-consistent calculation requires four essential input files: POSCAR, POTCAR, INCAR,
and KPOINTS. POSCAR specifies the crystal structure (lattice vectors and atomic coordi-
nates). POTCAR contains the pseudopotentials for each atomic species within the PAW
potential created with the GGA=PBE functional. KPOINTS specifies the k-points used
to sample the Brillouin zone. INCAR contains all the computational parameters, such
as the plane-wave energy cutoff (ENCUT), type of potential, convergence thresholds,
inclusion of SOC, DFT+U type, etc. Since we study the non-relativistic electronic
structure of Euln,As,, we switch off the symmetrizationwith ISYM=-1, as VASP uses
only the unitary part of the corresponding magnetic space group to symmetrize. In
addition, we switch off the SOC with LSORBIT=False while keeping a non-collinear
calculation setting LONCOLLINEAR=True.

VASP first reads the structural information in POSCAR and the atomic potentials
in POTCAR to build the initial Kohn—Sham Hamiltonian. Using the parameters set
in INCAR and the k-point mesh in KPOINTS, the code then performs a self-consistent
cycle: starting from an initial guess for the electron density, it iteratively solves the

Kohn—Sham equations until the total energy and charge density converge to the desired
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accuracy set by the flag EDIFF in the file INCAR.
Convergence test:

Althought the self-consistent calculation may convergence electronically for a given set
of parameters, it is crucial to ensure global convergence with respect to two parameters:
the ENCUT and the k-point sampling of the Brillouin zone. An insufficient ENCUT
can lead to inaccurate total energies, forces, and stresses, while an insufficiently dense
k-grid can affect both total energies and derived properties such as magnetic moments.
In Fig. 2.4, we show the systematic convergence test for the antiferromagnet EuCdj;Ass,
showing that well converged energies are achieved for ENCUT= 550 eV and a k-grid
of roughly 22 x 22 x 6.
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Figure 2.4: Convergence test of the total energy of antiferromagnetic EuCdyAs,. We
first converged the ENCUT using a fixed 11 x 11 x 5 k-grid, and then, keeping the
converged ENCUT, refined the k-point mesh to achieve full convergence.

2.4 Summary

In this Chapter, we reviewed the implementation of density functional theory in VASP.
We discuss the key approximations required to solve the Kohn-Sham equations, in-
cluding exchange-correlation functionals, the use of pseudopotentials to treat the core
electrons through an effective potential, and the incorporation of the Hubbard correc-
tion required in strongly correlated systems. We also review the Wannier interpolation
method, wich enables the construction of an effective Hamiltonian that accurately
reproduces the bulk electronic bands, and serves as the foundation for further post-
processing, such as transport responses. In addition, we described the surface state
calculations that we will use to investigate the bulk-boundary correspondence in the

topological EuCd,As,, and outlined additional methods used to achieve convergence
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for the non-collinear electronic structure of EulnyAs,.
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Chapter 3

Strain control of band topology in
collinear EuCdsAs,

"Anyone who has never made a mistake has never tried anything new."

— Albert Einstein

Eu-based compounds have attracted considerable attention as they host a rich va-
riety of topological phases arising from the interplay between the electronic topology
and the intrinsic magnetization of Eu atoms [25, 26, 39-45]. Among them, the mag-
netic semimetal EuCdyAs,, which orders antiferromagnetically under ambient condi-
tions [38, |, has been particularlly attractive as it has been theoretically predicted to
realize the Dirac and axion insulator phases, depending on the Néel vector orientation
[24, 39, 47]. Beyond magnetic-field control of its bulk topology [18, 49], lattice defor-
mations — trough strain [34, 39| — and hydrostatic pressure |37, 50| have also proven to

be very effective for tuning its electronic topology in a continous and precise manner.

In this chapter, we explore how a set of in-plane shear strains influence the band
topology and surface states of two collinear antiferromagnetic phases of EuCd,As,.
Our approach combines a symmetry analysis based on magnetic space groups with

first-principles calculations that include spin-orbit coupling effects.

3.1 Crystal structure of collinear AFM EuCd,As,

EuCd,As, crystallizes in a hexagonal centrosymmetric structure, belonging to the space
group P3m1 (No. 164). Its crystal structure consists of CdyAs, bilayers located in
between hexagonal layers of Eu atoms, as illustrated in Fig. 3.1(a-b). The primitive

unit cell is highlighted in Fig. 3.1(a), and it contains 5 atoms.
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(d)
N|1(100)

Figure 3.1: Crystal structure of EuCdyAs,:. (a) Side view of the non-magnetic
structure, in which the As,Cd, bilayers are located in between layers of Eu atoms. The
gray, green, and yellow represent Eu, Cd and As atoms, respectively. The dotted square
corresponds to the primitive unit cell. (b) Top view, showing the hexagonal layer of
Eu atoms. (c) The magnetic unit cell of the out-of-plane spin configuration with a
Néel vector orientation along the c-axis (001), and (d) the in-plane spin configuration

with a Néel-vector orientation along (100). The directions (001) and (100) are written
as a function of the Cartesian coordinates. The lattice vectors are: a = § X — @ v,

b=2%+Y§ andc=c2.

At ambient pressure and below Ty = 9.5 K, the Eu moments adopt a collinear
A-type antiferromagnetic (AFM) configuration, in which the Eu layers align ferromag-
netically in the ab plane, and these layers stack antiferromagnetically along ¢, with the
Néel vector preferentially lying in the ab plane [38, 178|, as shown in Fig. 3.1(d). The
magnetic unit cell doubles the non-magnetic unit cell along the c-axis, as a consequence
of the 77 symmetry that relates the opposite spin sublattices, where 7 = {0 0 1/2}
is a fractional translation. An out-of-plane A-type AFM order with the magnetic mo-
ments aligned along the ¢ axis, illustrated in Fig. 3.1(c), has also been investigated via
ab initio calculations and reported to host the Dirac semimetal phase 24, 39]. This
configuration is energetically very close to the in-plane AFM state, with a magnetic
anisotropy of roughly 1 meV, and Ref. [39] further suggests that lattice deformations
can tune the Néel vector orientation.

To ensure reliable electronic structure calculations, we first relaxed the crystal struc-
tures using VASP so that the starting configurations don’t include residual stresses or
forces. A structure is considered relaxed when the magnitude of every atomic force
falls below a chosen threshold. In our calculations, we set the residual forces to be
smaller than 0.01 eV/ A. The experimental and the fully relaxed lattice parameters to-
gether with the Cd and As positions are listed in Table 3.1, showing a good agreement
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between measured and computed values.

EuCd,As, | experimental | relaxed
values values

a [A] 4.450 4.508

c [A] 7.350 7.404

z Cd (2d) 0.633 0.634
z As (2d) 0.247 0.246

Table 3.1: Experimental and relaxed lattice parameters of EuCd,As,, including the
fractional coordinate z of the Cd and As atoms at the Wyckoff position (2d). The
experimental lattice parameters were taken from Ref. [179)].

3.2 The Dirac semimetal phase in the out-of-plane
AFM Equ2A82

A 0250 50 5
DOS (states/eV)

Figure 3.2: GGA+U+SOC electronic band structure of EuCd,As, with a
Néel vector along (001): (a) Doubly-degenerate bands along the high symmetry
k-points. The right inset plot shows a zoomed-in view of the energy bands along I'— A,
highlighting a fourfold degenerate band crossing — a enforced Dirac point — arising
from the forbidden mixing of bands belonging to different irreducible corepresentations,
Ag and A4A;5. (b) Density of states of the dominant orbital contributions in the
corresponding energy window.

We begin by analyzing the symmetries of the out-of-plane AFM state. This state
belongs to the Type-IV magnetic space group (MSG) P.3cl (No. 165.96), whose sym-

metry generators are the non-symmorphic time-reversal symmetry 7' = 7 7, inversion
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P, a threefold rotation Cs,, and a two-fold screw rotation {C5,|0 0 1/2}. Since this state
preserves the combined P7’ symmetry, with (P7’)? = —1, Kramers spin degeneracy
is enforced across the entire momentum-space, as discussed in Chapter 1.

We proceed to calculate the electronic band structure including spin-orbit coupling
effects, and treating the on-site correlations in Eu-f orbitals with a Hubbard U = 5
eV, chosen to match the position of the flat bands reported by ARPES measurements
[24, 47]. The energy bands along the high-symmetry k-path, shown in Fig. 3.2(a), are
mostly gapped except for a single Dirac point along the I' — A line. Since inversion
symmetry is preserved in this phase, a pair of Dirac points must occur along the k&,
axis, as illustrated in Fig. 3.3(a). The density of states (DOS) in Fig. 3.2 (b) reveal
the flat bands located at —1 eV below the Fermi level are primarily of Eu 4f character,

while the states near the Fermi level are mainly contributed by the Cd s and As p

orbitals.
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Figure 3.3: (a) Hexagonal Brillouin zone and the pair of Dirac points along the k, axis.
(b) The Cd (s) and As (p) orbital composition along the A —I' — A k-path.

According to the clasification of stable 3D Dirac semimetals [39], conventional an-
tiferromagnets with 77 symmetry require a uniaxial rotation symmetry to stabilize
a pair of Dirac points along its rotational axis. Here, in the out-of-plane AFM or-
der, the three-fold rotation symmetry C3, plays this role, protecting the pair of Dirac
points along the k.. This symmetry forbids hibridization between the doubly degener-
ate conduction and valence bands along I' — A as they transform according to different
irreducible corepresentations (coreps) [34], labeled as Ag and A;As. We calculated the
coreps using the Python code irrep [119] in combinations with the topological quantum
chemistry (MTQC) [28, 29] tools implemented in the Bilbao Crystallographic Server,
details are provided in Section 1.3.3. Within MTQC, such symmetry-enforced cross-
ings are classified as enforced semimetals, indicating the presence of a stable 3D Dirac
semimetal phase in the out-of-plane AFM order of EuCdsAs,.

Because the Dirac semimetal state is gapless, defining a bulk topological invariant
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is subtle. Instead, we infer the non-trivial topology from the surface spectrum. Dirac
semimetals typically exhibit two Fermi arcs connecting the pair of Dirac points, as
each Dirac point can be viewed as two overlapping Weyl points with opposite chirality;
however, these surface arcs are considered to be very fragile as they are not topologically
protected [180)].

To compute the surface states, we first construct an effective tight-binding Hamil-
tonian with Wannier90 [169], using the dominant orbitals near the Fermi level, the p
orbitals of As atoms and the s orbitals of Cd atoms, as shown Fig. 3.3(b). We then
evaluate the surface states using the iterative Green’s function method with Wannier-
Tools [173], more details are provided in Section 2.3. The side surface (010), displayed
in Fig. 3.4, shows two Fermi Arcs connecting the projected bulk Dirac points, in

agreement with previous reports [39].
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Figure 3.4: (a)The hexagonal brillouin zone, and the (001) and (010) surfaces, used to
calculate the surface spectrum. (b) The momentum-resolved surface spectrum along
the Z —I' — Z path of the (010) face. It shows two Fermi arcs connecting the pair of
bulk Dirac points.

3.3 Higher-order topological insulator phase in the
in-plane AFM EuCd,As,

When the magnetic moments are pointing in-plane, EuCd,As, belongs to the MSG
C.2/m (No. 12.63), whose generators are 7', P, and Cs,. The combined PT’ symmetry
is preserved, enforcing Kramers degeneracy through the momentum-space. Evidently,
in this configuraton, the threefold rotation ('3, symmetry that protected the pair of
Dirac points in the out-of-plane AFM order is broken, leading to a band gap opening of
approximately 10 meV at the Dirac points, as shown in the energy bands in Fig. 3.5(a).
This band gap arises because the relevant bands now transform under the same irre-

ducible corepresentation, B;B,, preventing the existence of symmetry-enforced band
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crossings.
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Figure 3.5: GGA+U+SOC electronic band structure of EuCd,As, with a
Néel vector along (100): (a) Energy bands along the path K—I'—A— L. The inset
shows the zommed-in of the energy bands along I'— A, displaying a band gap of 10
meV. (b) Band-inversion between the Cd s and As p orbitals.

The presence of band inversion between the Cd s and As p orbitals, shown in
Fig. 3.5(b), suggests a non-trivial topology in the bulk. Using MTQC, we evaluate
the symmetry indicators, classifying the in-plane AFM phase as an axion insulator,
characterized by the parity-based invariant 7,; = 2, consistent with previous reports
[21]. In addition, the MSG C.2/m also preserves the mirror symmetry M, = PCy,, and
we know from Section 1.3.1 that insulators with mirror symmetries can be classified by
a mirror Chern number. Using the IrRep code [119], we obtain an additional non-trivial
symmetry indicator dy,, = 1 from our ab initio calculations, indicating the difference of
mirror Chern numbers at k, = 0 and k, = 7, thereby classifying this AFM order as a
topological crystalline insulator (T'CI) as well. From the bulk-boundary correspondence
in TCIs, mirror-protected gapless Dirac cones appear on surfaces that preserve the
mirror symmetry, as seen in Fig. 3.6(a,b): on the (001) and (010) surfaces. Besides
gapless surface states protected by crystalline symmetries, surfaces in 77 topological
insulators remain gapless as long as the surface also preserves 7 7; however, such states

are generally not robust against disorder [77].

A key experimental signature to detect the axion insulator phase is a half-quantized
anomalous Hall conductivity (AHC) that appears only on gapped surfaces [108, 111].
EuCd,As, has two natural cleavage surfaces, the (001) and (101) surfaces [16]. Ref-
erence [24| proposes a gapped surface state on the (101) surface as both the 7' and
mirror M, are broken there. In addition, previous first-principles calculations reveal
that applying uniaxial strain in the in-plane direction can also open a band gap on the
(001) surface [39].
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Figure 3.6: (a) The momentum-resolved surface spectrum along the M —I'— K path
on the (001) surface, and (d) along the Z—T'—Z path on the (010) surface. Both
spectrums show gapless surface states connecting the conduction and valence bands.

3.4 Band topology under shear strain
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Figure 3.7: (a) Schematic illustration of the shear strain applied in three distinct in-
plane directions, showing a top view of the deformation of the EuCd,;AS, unit cell.
(b) Energy bands of the out-of-plane AFM order including orbital composition of Cd-s
(green) and As-p (red) orbitals along the I' — A path under shear strain applied along
the —x direction.
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We apply shear strain along three different in-plane directions: +#, —Z, and +(Z+ 7)),
these deformations can be visualized in Fig.3.7(a). The strain strenght is determined
by the percentage change in the lattice parameters. For each of the strained cases,
after applying the corresponding deformation, we relaxed only the internal atomic
positions. In Fig. 3.7(b), we show the energy bands of the out-of-plane AFM order
under increasing the shear strain along —z. A gap opens at the Dirac point at small
strain values and increases with further deformation, while the band inversion between

the Cd s and As p orbitals still remains.
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Figure 3.8: GGA+SOC+HU electronic structure of the unstrained and
strained out-of-plane AFM order:. (a) Energy bands along the I' — A path. The
magnetic space group (MSG) are given at the top right. (b) The momentum-resolved
surface spectrum for the unstrained (left panel) and strained (middle and right panels)
structures along the M-I'-K path on the (001) surface.

We apply a 3% lattice deformation to compute the surface states. Beginning with
the out-of-plane AFM order, in Fig. 3.8(a) we compare the un-strained and strained
electronic structures. Under both positive (along +z) and negative (along —z) shear
strain modulations, the MSG of the system lowers to C.2/c (No. 15.90), whose gen-
erators are 7', inversion P, and a two-fold screw rotation Cy, = {C5,/0 0 1/2}. In
both cases a gap opens on the (001) surface, the positive shear modulation along +z
produces the larger gap of 13 meV. Thi gap arises from the breaking of 7" induced by
the open boundary conditions imposed along the c-axis used for the calculation of the

(001) surface spectrum. Applying diagonal shear strains further lower the magnetic
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symmetries to P;1 (No. 2.7), whose generators include only 77, and inversion P. For
all cases, a gapless surface states on the (001) surface is guaranteed, as this surface

preserves 7.

All the three strained cases for the out-of-plane AFM order up to 3% lattice de-
formation are classified as axion insulators, characterized by the topological invariant
N4 = 2. This transition from the Dirac semimetal phase to the axion insulator phase
can be realized with a smaller percentage change in the lattice parameters than the 3%

case examined here.
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Figure 3.9: GGA-+SOC+HU Electronic structure of the unstrained and
strained in-plane AFM order: (a) Energy bands along I' — A. The magnetic space
group (MSQG) are given at the top right. (b)The momentum-resolved surface spectrum
for the unstrained (left panel) and strained (middle and right panels) structures along
the M-I'-K path on the (001) surface.

Applying shear strain to the in-plane AFM order lowers the magnetic symmetries
to C.2/m, and P,1, while preserving the axion-insulator phase. Althought the bulk
topology remains unchanged, all shear strains drive the (001) surface from a gapless
Dirac state to a gapped one, as shown in Fig. 3.9. In both AFM configurations, shear
along 4+ produces particularly a large surface gap, making them readily resolvable by

angle-resolved photoemission spectroscopy measurements.
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3.5 Summary

In this Chapter, we examine the band topology of the collinear AFM phases of EuCd,As,.
We confirm through first principles calculations and symmetry analysis a Dirac semimetal
phase protected by a C3, symmetry in the out-of-plane AFM order, and tan axion in-
sulator phase that coexist with a topological crystalline insulator phase with in the
in-plane AFM order. We then explored the effects of in-plane shear strains in both
AFM configurations. For the out-of-plane AFM order, all shear strains break the Cs,
symmetry, gap the bulk Dirac points and drive the system into the axion insulator
phase. In the in-plane AFM order, the axion insulator phase persist under strain; how-
ever, the (001) cleavage surfac undergoes a transition from gapples to gapped surface

states, opening a route to observe hinge modes along those edges.
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Chapter 4

Exchange-dominated physics in

non-collinear EUIH2A82

"Nothing in life is to be feared, it is only to be understood. Now is the time

to understand more, so that we may fear less..”

— Marie Curie

First-principles studies initially proposed Euln,As, as a promising axion insulator
candidate while assuming a compensated collinear magnetic order [25, , |. How-
ever, experimental studies later revealed a more complex non-collinear structure, in-
cluding a pure "helical" and a "broken-helical" phases [10, 65, 66]. Owing to the strong
spin-orbit coupling, characteristic of Eu-based compounds, magnetic space groups have
been mostly used to study these phases, especially to explore their topological proper-
ties |20, 10, 183].

In parallel, the emerging field of altermagnetism |50, 57] — as a new compensated
collinear order with alternating spin-split bands — has driven the search for candidate
materials. Among them, the compensated collinear phase of EulnyAs, has been iden-
tified as an altermagnet based on first principles calculations, reporting spin-splittings
reaching up to 150 meV [64], indicating exchange is strong in this compound, as recently
confirmed by nuclear magnetic resonance measurements [67]. Spin space groups offer a
suitable framework to capture the effects of exchange on the electronic structure, and
have also been very aluable for investigating helical magnetic systems [55, 79, , |,
as they consider additional symmetries beyond those captured by the conventional
magnetic space groups.

Motivated by the rich landscape of magnetic structures encompassing the helical
and broken-helical phases, in this Chapter we combine a spin symmetry analysis and
first-principles calculations, aiming to uncover exchange-driven features in the elec-

tronic structures that may influence the transport properties of Euln,As,.
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4.1 Magnetic configuration

(a) (b)

helical broken helical

Figure 4.1: Non-collinear coplanar magnetic textures of Euln,As,. (a) The
helical phase, with neighboring magnetic layers connected by 60° rotation along z. (b)
The broken-helical phase, with two symmetry-independent Eu magnetic sub-lattices.
The red-red sublattices are connected by 80° and the red-blue spin sublattices by 130°.
The lattice vectors are a = aX, b = —a‘/Tgfc +5¥, and ¢ = cZ.

The crystalline structure of EulnyAs, belongs to the centrosymmetric P63/mmc
space group and consists of alternating triangular layers of Eu atoms and In,As, layers
stacked along the c direction, as shown in Fig. 4.1. The commesurate "helical" and
"broken-helical" magnetic phases were first identified by neutron difraction [10] and
then confirmed by x-ray scattering [65]. At T, = 17.6(2) K, a single propagation vector
is reported Q; = (0,0, 1/3), corresponding to the helical phase, shown in Fig. 4.1(a).
This phase is characterized by magneti moments on neighboring layers connected by
60° rotation along Z. At lower temperatures, the broken-helical phase emerges at
Tx, = 16.2(1) K, where two propagation vectors were observed, Q; = (0,0,1/3) and
Q2 = (0,0, 1), the helical and a collinear compensated order, respectively. This phase
features a two symmetry-independent Eu magnetic sub-lattices, highlighted in red and
blue in Fig.4.1(b). The color blue also indicates the orientation of the collinear Qa
axis. The magnetic configurations of these phases were extracted from MAGNDATA
[186]. Recent optical measurements combined with magnetic group-theory analysis
still support the broken-helical phase in Euln,As,, althought, the pure helix state has

instead been reinterpreted as an amplitude modulated collinear order [66].
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4.2 Non-trivial spin point group classification

Helical phase

We begin by identifying the spin point group associated with each of the studied
phases. To do that, we use the spinspg package [9] to obtain all the spin space group
symmetries. After factorizing out the translational subgroup of the Bravais lattice !
and keeping only the unitary symmetries, we obtain 72 spin space group symmetries
of the form [s;||g;]. Here, the operator s; acts exclusively on the spin-space, while the
crystallographic operator g; = {r;|t;} acts on the real-space only, and consists of a
point group operator r; combined with a fractional translation t;. By grouping the
spin space group symmetries into subsets according to the type of t;, the non-trivial

spin space group results,

GH = [E||3m|0] + [Cyl|P-3m|0] + [Ce.||6mm — 3m|7] +
[Cour||P - (6mm — 3m)|T] + [Cs,||3m|27] + [Cou||P - 3m|27] +
[Co.||6mm — 3m|37] + [Coul|P - (6mm — 3m)|37] + [C3.t|[3m|4r] +

[Cowr||P - 3m|47] + [Ct|6mm — 3m|57] + [Cow||P - (6mm — 3m)|57] .

In this notation, the sets of symmetries applied on the real-space involve the point
groups 6mm = {E, Cy., Cs., C3., Co., Ot M, Mur, My, My, My, M }, its halving sub-
group 3m = {FE,Cs,, O3t my, My, myr}, and the complement set 6mm — 3m =
{Cs., Cg.t, Cay My, My, My . Here, O, denotes a n-fold rotation around the fi-axis,
and m; denotes a mirror on the plane normal to n, the axes are defined in Fig. 4.2. All
translation operators are integer multiples of 7 = (0, 0, %c), with ¢ as the magnitude of

the lattice vector ¢ = cz.

'For a given set of lattice vectors {a;,as,ag}, the translational group of the Bravais lattice is
defined as T = {[F|[tr], R = n1a; + ngas + nzas| ny,ne,ng € 2.}
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Figure 4.2: Six in-plane axes, {u,u’,u"} (green), and {v,v’,v"} (violet), where each
pair {u,v}, {u/,v'}, and {u”,v"} consists of orthogonal axes.

Following the procedure to construct the non-trivial spin point group R according
to Litvin [53, 54|, we first ideintify the crystallographic point group G = 6/mmm that
includes all real-space symmetries with its corresponding normal subgroup r = 3m.
Then, we identify the point group that includes all spin-space symmetries, B = 622 =
{E,Cs,,C5,1,Cs,, Cg.t, Cosy Oy, Cayry Corr,

Cou, Cour, Coyr b and its normal subgroup b = 3 = {F, Cs,, C'g_zl}, which is extracted
from the spin translation group {[E||E|0], [Cs.||E|27], [C3t|E|47]}.

Next, we write G and B as a coset decomposition with respect to their normal

subgroups, given by

G=r + ngr + ngr—l— CQyI',
B=b + Cy.b + Cyy b + Cy b.

From the isomorphism between G/r and B/b, the cosets G;r and B;b are mapped
on each other; pairing these corresponding cosets yields to the non-trivial spin point

group of the helical phase:
126/2m!m*m = [bI|E] x {[Ellx] + [Co:/|Caur]
+ [CoylICarex] + [CaullCayerl

The exta term 31 at the beginning represents the spin translation group. From the
notation of the group name, we can extract the symmetry generators of the spin point
group, which are [Cs,||E], [C2.||Ce.], [Cos||m:], [El|my], and [Ca.|lm,].
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Broken helical

This more complex magnetic configuration, results in a smaller non-trivial spin space

group with only 24 elements [94], organized as
GB = [E||3m] + [Cy:||(6mm —3m)|37] + [Cau||P- 3m|47] 4 [Caul|P - (6mm —3m)|7].

The crystallographic point group and its normal subgroup remain G = 6/mmm and
r = 3m. On the other hand, the spin counterpart has been reduced to the point group
B = 222 = {F,(,,,Cs,,Cy,} with its normal subgroup b = 1 as the trivial group,
indicating the spin-translation symmetries are broken. The coset decomposition of G

and G is given by,

G:I' + CQZI' -+ CQur + Cer,
B:E —|— CQZ —|— CQU + Cgu.

That leads to the non-trivial spin point group of the broken-helical phase:

226/2“771177122771: [E]|3m] + [Co.||Coz3m] + [Coyl|Caur 3m] + [Coul|Coy 3m] .

The name of the group is independent of the axes choice. Here, we chose the u, v, 2z
as they characterize the magnetic structure of the broken-helical. This group corre-
sponds to the spin point group No. 478 of Table 1 in Ref. [54]|. Its generators are
[Co:|C2],[Caullmz], [Ellmy], and [Cy.|lm,]. We note that this group has a similar
structure than the pure helical phase, except for the absence of the spin translation

group +1.

4.3 The helical phase

The spin point group of the helical phase can be constructed as the direct product

between the non-trivial spin point group and the spin-only group, which is given by

RY — 3Z12Z6/21m1m25m % Z[zszTllﬂ

S

, (4.1)

where ZL>7TITI = {[E||E],[C5.T||T]} denotes the spin-only group characteristic of

non-collinear coplanar magnets.

The generator [Cs.||E] of the spin-translation group 31 acts exclusively within the
spin-space, enforcing a purely out-of-plane spin polarization in the band structure,
ie., (Sy) = 0 and (S,) = 0. On the other hand, the generator [Cy,T||T] of the

spin-only group, also known as coplanar symmetry, enforces an antisymmetric S, spin
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polarization, featuring an odd-parity-wave order, such that
Sk, by ko) T (ke —ky, — k) (4.2)

indicating the spin polarization S, is perfectly antisymmetric under momentum rever-
sal, k — —k, in the non-relativistic limit. Additionally, the symmetry [Cy,||C5,], which

transforms the S, spin polarization as
S (kg by ) 21 G (e~ k) (4.3)

in combination with the coplanar symmetry, one gets

(Co-TUTI,

Sz(kxa kyu kz) Sz(km ky7 _kz) ) (44)

which enforces a single spin-unpolarized plane at k, = 0, since S, = 0 for all k, and

ky, if k. = 0. Then leading to the existence of a p-wave order in the helical phase.
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Figure 4.3: GGA+U electronic structure of pure helical phase: (Left) Energy
bands along high-symmetry k-points, neglecting SOC. The inset shows a zoomed-in
view of the bands near the fermi level including SOC effects, resuting in a band gap of
approximately 100 meV. (Right) Density of states, highlighting the orbital contribution
within the selected energy window.

To capture the effect of all the spin symmetries on the electronic structure of the
helical phase, we construct a two-band hamiltonian based on the spin point group gen-
erators. This effective model characterizes the energy dispersion and spin polarization

around I,

h(k) = (A (k2 + k) + B k2> oo+ C kuo, . (4.5)
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Here, 0y denotes a 2 x 2 identity matrix, while o, represents the Pauli matrix along the
[001] direction. This effective hamiltonian is governed by two main contributions, a
quadratic spin-independent term in k, and a linear term k.o, that captures the p-wave

spin polarization.
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Figure 4.4: GGA+U electronic structure of the helical phase without SOC:
Spin-polarized energy bands along the k-path L —I' — m_(L), showing a collinear S,
spin polarization. (c) Hexagonal first Brillouin zone (1BZ), highlighting in red, the un-
polarized nodal plane at k, = 0 allowed for S,, and highlighting in green the selected
k-path.

Next, to validate our spin symmetry analysis, we perform a non-relativistic spin-
polarized electronic structure calculations within density-functional theory (DFT) [153,
|. The self-consistent calculations were carried out using constraints in the magnetic
moment’s directions [155]. To capture the non-relativistic effects, both the spin-orbit
coupling and the symmetrization were switched off. In addition, we included a Hubbard

U of 5 eV to account for the strongly localized Eu 4f orbitals.
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Figure 4.5: Non-relativistic energy iso-surfaces of the pure helical order: (a)
Side view of the S, spin-polarized energy iso-surface at £ = —0.60eV, featuring a bulk
odd-parity-wave order. (b) Energy iso-surface along the k, = 0 plane for the non-
magnetic state and (c) for the helical state. For comparison, the non-magnetic unit
cell has been tripled along the z—axis.

We start by analyzing the electronic structure along the standard high-symmetry
k-points of the hexagonal Brillouin zone (BZ). The energy bands in Fig. 4.3 show two
band-crossings near the Fermi level along the I' — M and I' — K paths. Although PT
symmetry is broken, we observe degenerate bands along the I' — M — K —I" path, and
we observe the lifting of the bands degeneracy along the I' — A path. Including SOC
opens a gap of around 100 meV near the Fermi level and it further splits the flat bands
located around E = —1.8 eV, which are predominantely of Eu-f character. The orbital
contribution of the electronic structure is shown on Fig. 4.3(right).

In Fig. 4.4 we plot the energy bands for each spin component along the k-path
L —T —m_.(L), where m,(L) is the mirror image of L-point with respect to the k, =0
plane, as indicated with the green arrows in Fig. 4.4(c). This path is particularly
useful to visualize the spin-split bands, as it crosses the spin-unpolarized nodal plane
at k, = 0. The energy bands reveal a non-zero spin polarization exclusively for .S,, we
also observe the alternating of the spin polarization upon crossing the I' point, with
spin splittings reaching up to 100 meV within the considered energy window. Since
symmetrization was disabled in our DFT calculations, the negligible small values of the

in-plane spin polarization, S, and S,, observed near the I' point constitute numerical
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artifacts. Our calculations also show that the energy scale of exchange and spin-orbit

coupling in the helical phase are in the same order of magnitude.
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Figure 4.6: Linear energy dispersion of the pure helical state: S, spin polarized
energy bands along the A — I' — A path. The smaller panels on the right provie a
zoomed-in of selected energy regions, revealing a a dominant linear energy dispersion
near ['.

The p-wave character of the S, spin polarization is illustrated in the energy iso-
surface calculation in Fig. 4.5(a). In this figure, one can identify the spin-unpolarized
plane as well as the alternating of the S, spins, which are related by the coplanar
symmetry [Co,T||T], effectively acting as 7 in the momentum-space. Furthermore,
by comparing the energy iso-surface of the non-magnetic state (Fig 4.5(b)) and the
helical phase (Fig 4.5(c)), we confirm that the spin splittings primarily originate from
the exchange interaction between local magnetic moments and itinerant electrons.

The characteristic linear energy dispersion near I' associated with the p-wave order
is visible along the A — I' — A path, as shown in Fig. 4.6. In contrast, for paths that
deviate significantly from k,, such as the L —I" — m_(L) path, the energy dispersion is
dominated by the quadratic term in Eq. 4.5.

We point out that the mechanism responsible for generating an antisymmetric S,
spin polarization in the helical phase differs from the materials studied in |63, 80]. The
main distinction is that those materials preserve 77, which enforces a linear dispersion
at the I' point, and and antisymmetric spin polarization for all spin components, which
is preserved even when SOC effects are included. In contrast, in the helical phase, where
T is broken, only the coplanar symmetry [Cy, 7 ||7]| guarantees an antisymmetric
spin polarization for the S, component, while the in-plane spin components exhibit a
symmetric spin polarization. However, there is an additional symmetry [Cs,||E] that
forces the in-plane components to vanish, resulting in an effective antisymmetric and

collinear spin polarization in momentum space, but only in the SOC free limit. Another

61



key distinction would be that, in 77 p-wave magnets only time-reversal even responses
would be allowed, while in other systems— where 7T is not a symmetry element of the
point group — time reversal odd responses (such as anomalous Hall effect or piezo-

magnetism) can be potentially present.
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Figure 4.7 GGA+U+SOC electronic structure of pure helical state: (a) Com-
parison between the S, spin-polarized energy iso-surfaces along the k, = 0 plane and
at enrgy £ = Er —0.60 eV between the case without SOC (left) and with SOC (right).
In the non-relativistic regime, the antisymmetric out-of-plane spin polarization is pro-
tected by the coplanar symmetry [Co, 7 ||T]. (b)In-plane spin polarized energy bands
along the L — ' — m_(L) path.

Including SOC effects on the electronic structure calculations, shows that the S,
p-wave order and the magnitude of the spin-split bands remain mostly unchanged;
however, a closer inspection of the S, spin expectation values reveal a subtle breaking
of the antisymmetric order, as shown in Fig. 4.7(a,b), which is expected since [CoT||T]
is no longer preserved. In addition, the breaking of the spin-translation symmetry

[C3,]| E] now allows an in-plane spin polarization, as shown in Fig. 4.7.
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4.4 The broken-helical phase
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Figure 4.8: GGA-+U electronic structure of the broken-helical phase without
SOC: Spin-polarized energy bands along the L —I" —m, (L) path. (c¢) The hexagonal
BZ including the four nodal planes linked to the g-wave order, each separating regions
of opposite spin polarization.

The total non-trivial spin point group identified for the broken-helical phase is
RE = 26/ m'm®>m x { [E||E],[C2.T|T]}. (4.6)

Here, the spin translation group 3:1 is no longer a symmetry of the system, meaning
that the in-plane spin polarization is now allowed and it is contrained by the coplanar
symmetry to be P-symmetric in the momentum-space. To identify the symmetric
spin ordering, we have rewritten the non-trivial spin point group using conventional

crystallographic point groups, in the following form:
RY = ([BI[H] + [C]|G — H]) x {[E||E), [Ca0lIP) } (4.7)

where G = 6mm and H = 3m are crystallographic point groups. Here, we note a
similarity between the first term in parentheses and the spin point group of the collinear

g-wave altermagnetic phase of EulnyAs, discussed in Chapter 1. The spin rotation Cs,
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has an axis orthogonal to the in-plane spins, analogous to the C5 spin rotation in an
altermagnetic point group [57]. This indicates that the in-plane spin components will
exhibit a g-wave order with four spin-unpolarized nodal planes protected by the mirror

symmetries: [Co,||m,], [Coz||mw],[Caz|lmyn], and [Ca,||m.].

Another key symmetry in Eq. 4.7 is [Cy,||P], which enforces a pure g-wave order
on S,, while vanishing S,. Notably, the v-axis defined in Fig. 4.9(a), aligns with the
direction of the collinear order associated with the Qs propagation vector. Furthermore,
the antisymmetric order of S, imposed by the coplanar symmetry, along with the
preserved [Cs.||Cs.] symmetry, allows the existence of a p-wave order in the broken-
helical phase as well. Interestingly, this phase allows a mixed even and odd parity

character on its spin polarization.
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Figure 4.9: Non-relativistic energy iso-surface of the broken-helical phase:
(a) The orthogonal spin axes wu(violet), and v (green), which are chosen to visualize
the in-plane g-wave order. (b) Sied view of S, spin-polarized energy iso-surface at
E = 40.60 eV, featuring a g-wave order with four un-polarized nodal planes. (c) S,
and S, spin-polarized energy iso-surfaces at £ = Er + 0.60 €V and at the k, = 0.2c
plane. The mustard-dotted lines indicate the nodal planes.

The effective two-band Hamiltonian of the broken helical phase constructed using
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all the spin symmetry generators of RZ is given by

h(k) = (A (k2 +#2)+ B k§>00 + C ko,
+ D k:yk:z<(\/§k:x)2 - k;) G0, (4.8)
Here, © = {1,—/3/3,0} is an in-plane vector that points along the v axis. In contrast

to the helical phase, the broken-helical introduces a third term in the Hamiltonian that

captures the g-wave order of S,. The emergence of a P-symmetric spin polarization is

expected, as T T is broken.
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Figure 4.10: GGA+U+SOC energy iso-surface of the broken-helical phase:
Momentum-space S, (S,) spin-polarized energy iso-surfaces at the k, = 0.2c plane, for
an energy ' = Er + 0.60 eV.

Next, we carry out the non-relativistic electronic structure calculations, again se-
lecting the L — I' — m, (L) path, as it does not lie on any spin-unpolarized plane, then
allowing to visualize the spin-splittings. In Fig. 4.8 we show the spin-polarized bands
with the spin components along the conventional zyz axis. Pronounced in-plane spin
splittings are observed, exceeding those of S,, which are significantly reduced compared
to the helical phase.

By setting the spin axes along wv, which are axes highlighted in Fig. 4.9(a), we
plot the S, spin-polarized energy iso-surface shown in Fig 4.8(b), which features the
bulk g-wave order with four nodal planes: one at k., = 0 and the three others oriented
perpendicular to it. Figure 4.9(c), further illustrates the energy iso-surfaces at the
k, = 0.2c plane, confirming the vanishing of S, and the presence of a pure g-wave
order for S,, with their opossite spin polarizations connected by the spin symmetry
[C5.]|C6.], in agreement with our symmetry analysis.

Including SOC, now allows regions with non-zero S, spin polarization, as shown

in Fig. 4.10(right). Meanwhile, the g-wave character of S, remains mostly unchanged
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and SOC does not substantially change the magnitude of the spin-splittings, as shown
in Fig. 4.10(left).

Our results show that the magnetic orderings identified through spin symmetries
are quite robust under SOC effects and they may influence the transport properties of
EulnyAs,. A symmetry allowed response arising from the antisymmetric p-wave order

is the Edelstein effect, which we discuss in the next section.

4.5 Non-relativistic linear Edesltein effect

The Edelstein effect refers to the generation a non-equilibrium spin polarization, or
spin-density accumulation, induced by an applied electric field. Traditionally, this ef-
fect has been attributed to the Rashba spin-orbit coupling, which induces an in-plane
antisymmetric spin texture charaterized by a momentum-dependent spin orientation;
and which under an electric field, it leads to an in-plane non-equilibrium spin polariza-
tion [187-191]. However, recent studies have revealed that a non-relativistic Edelstein
effect is also possible in non-collinear, non-centrosymmetric materials featuring an an-
tisymmetric spin texture |61, 62|. In particular, Ref. [61] reports a large out-of-plane

non-equilibrium spin polarization, in contrast to the Rashba Edelstein effect.

The non-equilibrium spin polarization can be evaluated via the Kubo linear response
theory |18, | as 0s; = xi;E;, where x;; denotes the spin-current response tensor

and E the applied uniform electric field. The explicit form of y;; is given by,

Xis = 5Re 3 s (K) o (W) [GROOGAM) — GROIGRM)] . (49)

k,n,m

Here, st ~—and v/ = denote the matrix elements of the spin and velocity operators,
respectively. The functions G&/ Ak) = 1/(E,(k) — Ep =+4T') are the retarded and
advanced Green’s functions at the energy Fj,, evaluated at the fermi level Fr, with I’
accounting for a constant spectral broadening determined by the quasiparticle lifetime.

This response tensor can be decomposed into two contributions, y = Y™ 4 yinter,

the intraband and interband terms. In the limit of weak disorder, i.e., I' — 0 and

assuming a constant I', the intraband spin polarization term is given by [188, , |,

dsintra — @ / dk ann V(K))pn 0(En(kK) — Er) . (4.10)

This contribution contains only the diagonal components and it is proportional to 1/T
and is therefore an extrinsic contribution as it is impurity dependent. In addition,
ds'™re ig invariant under 7 symmetry, meaning it is forbidden in 7-symmetry broken
magnetic orderings such as in the case of ferromagnets and altermagnets, while it exists

in 7T-symmetric magnetic orderings such the odd-parity-wave orderings.
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The interband spin polarization term is given by,

sginter — Qeﬁ/ % %Un(k) — fm(k))Im[spm (E- V(k>)mn}

(Ea(k) — Ey (k) ~ T
' [(En(K) — Ep) (k)2 + 122 (4.11)

This contribution contains the off-diagonal components and since it is independent of
[ in the clean limit, it is an intrinsic contribution. Here, f,(k) denotes the Fermi
distribution function. In contrast to the intraband term, the interband term is odd

under T, consequently, it vanishes in T-symmetric magnetic orderings.

Table 4.1: Symmetry constrained intraband and interband response tensor of helical
and broken-helical phases. The response tensor is expressed in the lattice coordinates.
For the non-relativistic case, the spin-point group generators are applied, while for the
relativistic case, magnetic-point group generators are employed

Without SOC With SOC

00 O Xa Xa/2 O

XMe=100 0 Xa/2 Xa O
O O XCC O 0 XCC

Helical

0 0O 0 xp O

a— 0 0O —x» 0 0

0 00 0 0 0

00 0 Xa Xb 0

XM= {00 0 Xo Xa O

O O XCC 0 0 XCC

Broken Helical

000 Xa Xb 0

Y= 10 00 X e O

0 0O 0 0 0

As previously reported, the non-centrosymmetric helical and broken-helical phases
of EulnyAs, exhibit a S, p-wave order, which effectively preserves 7 symmetry in
momentum-space, even though 7 is not a symmetry operation of the point group itself.
Consequently, an Edelstein effect is expected for both configurations in the absence of
SOC. Before evaluating the magnitude of this effect, we first analyze the symmetry
constrains on the response tensor x;; imposed by the spin point group and magnetic
point group generators (see Table 4.1 and Appendix A for more details). In the absence
of SOC, only the intraband spin polarization along the coplanar axis z is allowed in both
non-collinear states, while the interband contribution vanishes, reflecting the effective

T-symmetric magnetic ordering of S,. In other words, applying an electric field along
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the z-axis generates a non-equilibrium out-of-plane spin polarization, analogous to the
behavior reported in [61]. Now, when SOC is included, additional in-plane intraband
components become allowed, and the interband contribution becomes possible.

From the symmetry analysis, we find that only the intraband contribution is directly
linked to the non-relativistic p-wave spin ordering. We compute this contribution with
and without SOC in Fig. 4.11. Within the energy window E = Er £ 1 eV, the helical
phase exhibits spin density ds, values larger than those in the broken-helical phase,
which is consistent with the observation of S, spin splittings in the helical phase with
magnitudes larger than those in the broken-helical. On the other hand, the Edelstein
response in the helical phase has a magnitude comparable to the responses reported
in 77 p-wave magnets |61, 80|, which are known to exhibit a giant response. Near
the Fermi level, F = Er + 0.3 eV, the magnitude of the intraband responses can
be approximately related by a factor of yhelical /ybroken ~ 5 Introducing SOC has a
minimal effect on the out-of-plane spin density values, which aligns with the subtle

breaking of the p-wave spin ordering upon including SOC, as seen in Fig. 4.7(a).
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Figure 4.11: Intraband out-of-plane response tensor y.. for both the helical
and broken-helical states:. Calculations with and without spin-orbit coupling cor-
respond to solid-line and dashed-line, respectively. We consider a disorder value of
I' = 0.01 eV. The effects of exchange dominate on the Edelstein response compared
with the minimal effects due to SOC. The helical phase exhibits a significantly larger
response than the broken-helical.

In addition, we normalize the intraband Edelstein response by the longitudinal con-
ductivity calculated using the linear response Equation 4.12. Since both responses scale
disorder scattering as 1/I", the normalized intraband Edelstein response in Fig.4.12(b)
is now a disorder independent response, and still shows spin density values for the

helical phase surpassing four times the ones in the broken-helical. Although the spin
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density vanishes at the Fermi level, Euln,As, is experimentally known to be highly

hole-doped [195-197], which could already lead to a sizable Edelstein response.
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Figure 4.12: Longitudinal conductivity and scattering time independent spin
density: (a) The ohmic conductivity S., for the helical (red) and broken-helical (blue)
phases including SOC (solid line), and without SOC (dashed lines). (b) The normalized
intraband spin density, resulting in a disorder independent response.

2
S, = e— dks ZRe ) (6;)am] X 3(En(k) — Ep), (4.12)

This significant difference in the out-of-plane spin density values between both
phases could serve as a way of detecting the magnetic transition via transport measure-
ments, in contrast to other transport quantities, such as the longitudinal conductivity,
which also shows differences between both phases but to a lesser extent, as seen in Fig.
4.12(a).

In Fig. 4.13, we show the in-plane intraband response that emerges upon including
SOC. The results are consistent with the symmetry constraints listed in Table 4.1, and
their magnitudes are approximately an order of magnitude smaller than the dominant
out-of-plane response.

A final important point with regards to the measurement of the Edelstein effect,
is that its presence — or absence — will also serve to validate or discard the proposed
amplitude modulated phases in Ref. [66], since both their A; (P symmetric) and A,

(PT symmetric) phases would not allow an Edelstein effect.
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Figure 4.13: Intraband response tensor Yx;; including SOC: Computed response
tensor for (a) the helical and (b) broken-helical phases assuming I' = 0.01 eV.

4.6 Summary

Direct-space Momentum-space

Helical p-wave

e I

Non-collinear Collinear spin-ordering
Broken-Helical p-wave g-wave
\'-‘
KA\ oS- TS
VAV, L ]
L
Non-collinear Non-collinear spin-ordering

In this Chapter, we have investigated two commesurate non-collinear coplanar phases
reported in EulnyAs,, as the "helical" phase and the "broken-helical" phase, the latter

arising from a superposition of a helical state and a compensated collinear state. Our
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spin symmetry analysis and non-relativistic electronic calculations show that exchange
alone induces a spin-ordering in the electronic structure in both phases.

In the helical state, we identify a collinear S, spin polarization with a p-wave
character. This collinearity in momentum-space results from the presence of pure spin-
translation symmetries in real-space. Although the helical phase breaks 7 symmetry
as a point group operation, it still allows for a 7-symmetric spin-ordering, but only
in the limit of zero SOC. In contrast, the broken-helical phase hosts the same p-wave
order and an additional in-plane spin polarization with a g-wave character.

With SOC included, we find that the spin-orderings and spin-splitting magnitudes
remain mostly unchanged, indicating they may play an important role in the transport
of EulnyAs,. Here, we computed the Edelstein effect, originating from the antisym-
metric p-wave order, and we identified a distinctive out-of-plane polarized spin density
in both phases. Remarkably, the helical phase exhibits a giant response, comparable to
that reported in 77 p-wave magnets [01]. As a final remark, this anisotropic response
also offers a way to distinguish the non-collinear phases studied here from the recently
proposed amplitude-modulated collinear phases [66], which cannot realize such effect

even in the presence of SOC.
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Concluding remarks

In this Thesis we have studied — through a symmetry-based framework — the electronic
structure of two compensated Eu-based compounds: the conventional 77 antiferro-
magnet EuCdsAs,, which exhibits Kramers spin degeneracy in momentum-space, and
the compensated EulnsAs, which instead shows spin-split bands in momentum-space
even in the absence of spin-orbit coupling effects.

In Chapter 1, we introduce two symmetry frameworks that are used for character-
izing magnetic materials. We start reviewing magnetic symmetries, that only allows
the application of the same symmetry operators in both the real-space and spin-space,
reflecting the coupling between these two spaces. This symmetry framework have been
to date mostly used to explore the topological properties in crystals, thereby, within
this framework we summarize the distinct topological phases reported in compensated
magnets, followed by their corresponding topological invariants, and relevant symme-
tries protecting these states. We also introduce the formalism of magnetic topological
quantum chemistry, that we used to characterize the topological nature of our elec-
tronic band structures. Furthermore, we review the framework of spin symmetries,
which unlike magnetic symmetries, the spin-space and real-space are decoupled, allow-
ing different symmetry transformations to act simoulstaneously in the real-space and
spin-space. Within this framework we review how to build the spin point groups based
on Litvins approach [53, 51|, and we implement this to identify the g-wave altermag-
netic phase of the collinear phase of Euln,As,.

In Chapter 2 we provide a description of the density functional theory (DFT) im-
plemented within VASP that we used to calculate the electronic band structures of
our model systems. We discuss the several approximations that we have taken into
account, from Hubbard corrections and spin-orbit coupling effects. We also discussed
the importance of constraining the magnetic moments to converge to non-collinear
magnetic ground-states that preserve the symmetries of interest. We also discussed
how to construct tight-binding Hamiltonias from our DFT electronic structures, by
using the atom-centered Wannier functions. We later used these tight-binding models
to evaluate the surface states of EuCdsAs, and the spin-dependent transport responses
in Euln,As,.

In Chapter 3, we analyzed the band topology and the corresponding surface states
of the collinear antiferromagnetic (AFM) phases of EuCd,As,, both with and without
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strain effects [52]. In the unstrained case, we confirm the existence of a stable Dirac
semimetal phase (DSM) protected by an additional rotational Cj, symmetry in the
out-of-plane AFM order, and an Axion insulator phase (AXI) that coexist with a topo-
logical crystalline insulator phase in the in-plane AFM order. Applying in-plane shear
strains, we show that the transition from the DSM phase to the AXI phase is possible
inducing a band gap not only on the bulk but also on one of EuCd,As, cleaveage sur-
faces. The resulting gapped surface would support the emergence of hinge modes and
contribute to the half quantized Hall conductivity — characteristic features of the axion
insulator phase. Thus, shear strain offers an additional way for tuning the band topol-
ogy and surface states in EuCd,yAs, or related systems. We note, however, that recent
optical experiments [198] and ab initio calculations using hybrid exchange-correlation
functionals [64] suggest that EuCd,As, may behave as a trivial semiconductor rather
than a topological magnet. Nevertheless, our analysis can still be applied on related
systems such as EuCd,Bi, still considered as robust topological insulator [6-].

In Chapter 4, motivated by reports of non-relativistic spin-splittings in Euln,As,,
we examine the effects of exchange and crystal fields on the electronic structure of
two experimentally observed coplanar, non-collinear compensated phases: the helical
and the broken-helical states [09]. Using the framework of spin symmetries, we con-
struct the corresponding spin point groups and identify relevant spin symmetries that
shape the spin-polarization of the electronic band structure. To isolate the effects
of exchange and crystal fields, we performed electronic structure calculations with-
out spin-orbit coupling (SOC) effects. In the helical phase, we indentify a p-wave
order in the out-of-plane spin polarization that results in an effective collinear order in
momentum-space, enforced by pure spin-translation symmetries of the form [Cs, ||7]
— aking to the recently proposed 77 p-wave magnets, which instead feature [Cq ||7].
In the broken-helical phase, the same p-wave order coexist with an additional g-wave
order arising on the in-plane spin polarization. Such mixed odd/even character of
the spin polarization in non-collinear coplanar systems are allowed as long as time-
reversal symmetry 7 is broken as a point group operation. Upon including SOC, these
exchange-driven magnetic orderings remain robust in momentum-space, highlighting
their potential impact on the transport and magneto-optical responses of Euln,As, and
opening promising avenues to explore the interplay between the axion insulator phase
and unconventional magnetism in this material. Our calculations of the Edelstein effect
in both phases show a predominantly non-relativistic origin, primarily arising from the
antisymmetric p-wave character of the out-of-plane spin polarization — distinct from
the conventional in-plane spin density generated by the relativistic Rashba-Edelstein
mechanism. Overall, these results underscore spin symmetries as a powerful framework
for characterizing unconventional magnetic orderings in non-collinear systems — even

in materials where SOC can be strong.
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Appendix A

Symmetry transformation rules of the

linear response tensor

According to Neumann’s principle, the physical properties of a crystal must be invariant
under all the symmetry operators of its point group [199]. For the linear Edelstein effect,
0Sqe = XavFp, an applied electric field E induces a non-equilibrium spin density ds. The
linear spin-current response tensor y,, can be decomposed into two contributions that

are even or odd under time reversal 7 symmetry,
X = Xeven + Xodd ) (Al)

When spin-orbit coupling is taken into account, the symmetry operations of the
crystal belong to the magnetic point groups with symmetry operators r that act simul-
taneously on both the spin-space and real-space. In this case, x obeys the following

symmetry transformation rules in the cartesian coordinates [194]:

X = det(R) Rara Rap X0 (A.2)
and
nglg =Nt det(R) Ra’a Rb’b ngd. (A?))

Here, R denotes a 3 x 3 matrix representations of the symmetry operator r. The term
det(R) appears because the spin s as axial vector, and v as polar vector transform
differently under improper symmetry operations. The additional factor n7 = —1 under
antiunitary transformations, otherwise ny = +1.

If spin-orbit coupling is neglected, spin point group generators of the form [s||r]| are
applied with s acting exclusively on the spin-space and r on the real-space. In this

case, the symmetry transformation rules are given by

erf)beln == Sa/a Rb’b Xzzen, (A4)

5



and

ng,iéi, = N7 Sara R ngd‘ (A5)

Here, S denotes the matrix representations of the symmetry operators s. Note that
the factor det here, is not included as the spin-space within our notation transforms
only under proper rotations S € SO(3) with det(S) = 1.
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