Journal of Scientific Computing (2026) 106:18
https://doi.org/10.1007/510915-025-03130-6

TECHNICAL NOTE

®

Check for
updates

Relaxation Runge-Kutta Methods with First-Same-as-Last
Structure

Sebastian Bleecke'!® - Hendrik Ranocha’

Received: 20 August 2025 / Revised: 20 August 2025 / Accepted: 4 November 2025 /
Published online: 4 December 2025
© The Author(s) 2025

Abstract

Preserving invariants of differential equations under discretization can be important, e.g.,
to improve the qualitative and quantitative properties of numerical solutions. Recently,
relaxation methods have been proposed as small modifications of standard time integration
schemes guaranteeing the correct evolution of functionals of the solution. We investigate how
to combine relaxation with error-based step size control for explicit Runge-Kutta methods
using the first-same-as-last (FSAL) technique and demonstrate the improved efficiency of
our new methods.
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1 Introduction

Consider an ordinary differential equation (ODE)
W (1) = fu@), u@’)=u. M
We are interested in such initial value problems equipped with an invariant n called entropy

satisfying V¢, u: n'(u) f (t,u) = 0, i.e.,

d
3, 1@®) =0. @)

It is often desirable to preserve the conservation of invariants when solving the ODE numer-
ically since this can lead both qualitative and quantitative improvements. We concentrate on
relaxation Runge-Kutta methods [1-3] that can be summarized as follows. First, the baseline
Runge-Kutta method is used to compute the preliminary update u” ! attime #"t! = 1" + Az,,.
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Then, the relaxed solution u;ﬁ“ =u"+ "t —u")is computed, where the scalar relax-
ation parameter y is determined in each time step as the solution of the nonlinear scalar
equation n(u’;"'l) = n(u). From here on, we continue the time integration with u;ﬁ"'l as
approximation at the relaxed time /! = " +-y At, instead of u"*! attime /"1 = 1" + At,.
The available theory [3] guarantees that the nonlinear scalar equation has a unique solution

y=1+0d™h 3)

under some technical assumptions, where p is the order of the baseline method; the resulting
relaxation Runge-Kutta method has at least the same order of accuracy p as the baseline
method and preserves the invariant 7.

Typically, explicit Runge-Kutta methods are used together with error-based step size
control and the first-same-as-last (FSAL) technique [4]. However, combining relaxation with
FSAL methods leads to efficiency problems [5, 6]. To demonstrate this, we follow take an
approach that is common in software packages like OrdinaryDiffEq.jl [7] or SUNDIALS [8,
9]!. Given a Runge-Kutta method with Butcher coefficients a;;, b;, c;, we first compute the
stages

i—1
Yo=ul 4 Any Y aii f(), “
j=1

followed by the update of the main solution

s
W= w4+ Aty Y b f(). Q)

i=1

Next, we compute the embedded solution

S
@ =ul 4 Aty Y i f () + Atabgir f ") (6)
i=1

and use a PID controller [11-13] to update the time step size Ar and decide whether the
step should be accepted or rejected. When the step is accepted, relaxation is performed by
computing the relaxation parameter y as root of the scalar equation n(u’f,“) = n(u}), where

Wyt =l y @ — ). @

However, we have to compute f (u’;,“) at the beginning of the next step since we cannot reuse
the value f (u”"*!) from the FSAL stage as would be possible without relaxation. The goal of
this article is to develop new methods that combine relaxation efficiently with FSAL methods
without additional right-hand side (RHS) evaluations. We present the new approaches in the
following Section 2, demonstrate their performance in numerical experiments in Section 3,
and summarize our findings in Section 4.

2 New Methods

We present two new approaches to avoid additional RHS evaluations.

' Relaxation methods are available in recent versions of ARKODE [10] in SUNDIALS.
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2.1 FSAL-R

Following the structure of the naive combination of FSAL and relaxation, we compute every-
thing as before but avoid computing the RHS f(y') = f (u’}ﬁ“) at the beginning of the next
step. Instead, we use the approximation

FETY = ) +y(f@ = @) ®)
This is justified by the following results.

Lemma 1 A twice continuously differentiable function g € C? satisfies
g™y = gl + y (g — gl)) + O(arl ). ©)

Proof We use two Taylor approximations of g at u”+!. First, we have
gy ™) = g™ + g/ @yt —uth oyt — WD), A0)

where 2
||M’;+1 — "2 = 1y = D@ —u))? = oAR?) (11)

due to (3) and u™t! — " = O(At,). Second, we have
gl =g + g/ ") —u"t + 0(AL). (12)
Thus, we obtain
gyt — gy —y (g ") — g (i)
— (1 _ y)g(ul’l+l) + g/(un+l)(u;1/+l _ un+l) + (’)(At,%p)

n+l eontly o, n n+1 2 (13)
— (0 =py)g@™) = A =p)g @)y, —u""") + Ol —y)Ar)
= o™
due to (3) and the definition of u;,'“. ]

Theorem 1 Using the approximation f (ul,) + y(f @'t — [ (u))) instead off(u’ﬁl) in
the FSAL-R method ensures the local accuracy

u(tn-'rl) _ ul’l+] — O(At,,erl),

(14)

u(@™ — @ = o).
Proof When computing the stages and the main/embedded solution, the approximated first
stage derivative f (u},) is multiplied by Az, Thus, Lemma I shows that the difference between

the approximated and the exact first stage is of order Atf jll At,. Hence, the order of accuracy
is not changed compared to the baseline method. O

The FSAL-R approach follows the basic structure of existing software libraries. Addi-
tionally, relaxation is only performed if a step is accepted. Finally, the right-hand side update
f (u]’ﬁ“) is computed using only a linear combination of values that are already computed in
the process, thus saving one additional right-hand side in comparison to the naive approach.
However, there can be issues with approximating the first stage, e.g., when using relaxation
for dissipative problems. Thus, we also consider another approach.
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2.2 R-FSAL

The other option to avoid additional RHS evaluations is to perform relaxation before esti-
mating the error for step size control. In this case, we compute the stages y' and the main

solution " *! as in the naive approach. Then, we compute the relaxed solution uﬁ"‘l at time

t}’,”rl before computing the embedded solution #"*!. To save an additional RHS evaluation,

we approximate f(u"*!) required for 7"+! by
1
F@™h ~ ful) + —(f @l = fa). (15)
14
This is justified by the following result.

Lemma 2 A twice continuously differentiable function g € C* satisfies

1
g(un+l) — g(u;’l/) + ; (g(ul}l/+l) _ g(u;)) + O(At,[l)""l) (16)

Proof Rearrange the interpolation formula of Lemma 1 anduse y = 1+ 0JON4 71) (ctf. (3)).
O

Next, we need to decide how to estimate the error. We choose to use the relaxed solution
u;',‘H and the embedded solution

N . ) R 1
wyth =ul +y AL, (Z bi f(y') + by (f(u';) + ;(f(u’;“) — f(u'f,))>) (17)

i=1
as approximations at time t)',"H.

Theorem 2 The R-FSAL method using the embedded solution (17) satisfies

u@th —apt = oar). (18)

Proof Similar to the proof of Theorem 1, the result follows directly from Lemma 2 and the
order of accuracy of the embedded baseline method. O

3 Numerical Experiments

Next, we briefly demonstrate the improved efficiency of the new methods. A more detailed
study considering a broader range of problems and properties like step size control stability
is available in the accompanying technical report [14].

We have implemented all methods in Julia [15]. To verify our implementation, we com-
pared it to the schemes available in OrdinaryDiffEq.jl [7]. We applied the algorithm of [16]
implemented in Roots.jl [17] to compute the relaxation parameter y. We used Matplotlib [18]
(wrapped in the Julia package PyPlot.jl) to create the figures. The source code to reproduce
all numerical experiments is available online [19].

We consider the Benjamin-Bona-Mahony (BBM) equation [20]

u(t,x)2

(= 082)du(r, x) + dy + dyu(t,x) =0 (19)
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(a) Bogacki-Shampine BS3. (b) Dormand-Prince DP5.
Fig. 1 Errors at the final time for a given number of RHS evaluations
with periodic boundary conditions. We consider the traveling wave solution
u(t, x) = Acosh(K(x —c1))™2 (20)

with parameters

Xmin =0, Xmax =2, ¢=12, A=3(c—-1), K=05/1-1/c. (21)

We use a Fourier collocation method conserving a discrete equivalent of the quadratic invari-

ant | N
! / (u® + (B)?) . (22)
2),

see [21] for details. The spatial semidiscretization uses SummationByPartsOperators.jl [22]
wrapping FFTW.jl [23].

We apply the third-order scheme BS3 of Bogacki and Shampine [24] and the fifth-order
Dormand-Prince method DP5 [4] in four variants: the baseline method without relaxation,
the naive combination of FSAL and relaxation described in the introduction, the FSAL-R
method, and the R-FSAL method. The results of the numerical experiments are visualized
in the work-precision diagrams shown in Figure 1.

The naive method yields more accurate results than the baseline method for a given
tolerance but uses more RHS evaluations. Both new methods (R-FSAL and FSAL-R) have the
same accuracy as the naive implementation without increasing the number of RHS evaluations
visibly. Thus, both new methods increase the accuracy by roughly 25% compared to the
baseline method without increasing the computational work significantly.

4 Summary and Conclusions

We have developed two new approaches to combine relaxation with adaptive time stepping
based on the first-same-as-last (FSAL) technique for explicit Runge-Kutta methods. The
FSAL-R method performs relaxation after step size control while the R-FSAL method per-
forms relaxation before step size control. Both methods keep the same accuracy as the naive
combination of FSAL and relaxation. We have demonstrated the increased efficiency of the
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new methods in numerical experiments for the Benjamin-Bona-Mahony equation, improv-
ing the accuracy by roughly 25% without increasing the computational work significantly
compared to the methods without relaxation.

For entropy-conservative problems, we have not observed clear evidence that one method
is superior to the other. For a general-purpose implementation, the FSAL-R appears to be
preferable since it does not require changes to the core structure of many software libraries.
However, the FSAL-R method may be problematic for dissipative problems since the entropy
estimates required for relaxation [2, 3] cannot be used directly. In this case, the R-FSAL
method can be advantageous.
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