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ABSTRACT
In this paper, we begin with a biological interpretation of what the sub-
sequent mathematical and numerical analyses of the FitzHugh-Nagumo
model entail. The interaction between action potential variable and recov-
ery variable is then revisited through linear stability analysis around the
equilibrium and local stability conditions are determined. Analytical results
are compared with numerical simulations. The study aims to show an alter-
native approach regarding Taylor polynomials and constructed finite dif-
ference scheme which play a key role in the numerical approach for the
problem. The robustness of the schemes is investigated in terms of conver-
gency and stability of the techniques. Moreover, the numerical simulations
are shown. Consequently, a comprehensive investigation of the related
model is examined.
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1. Introduction

Tracing back its roots to seminal works by Richard FitzHugh in 1961 [14] and Jin-Ichi Nagumo
in 1962 [41], the FitzHugh–Nagumo model (FHN) is often considered to model excitable systems
and represents a two-component simplified version of well-known Hodgkin–Huxley model (HH)
[31,49,50,55]. This transition to two variable model developed by FitzHugh was made possible
through The van der Pol equations to understand nonlinear relaxation oscillators [14,29]. Here, a
further analysis of this model with the addition of several terms inspired FitzHugh to expand this
knowledge with a simplified adaptation of the Bonhoeffer van der Pol model (BVP), that has been
renowned as FitzHugh-Nagumo model [14,29]. Although the development of biophysically more
realistic HHmodel was a breakthrough to understand how action potentials arise and propagate, two
variable FHNmodel provided simple and conceptual approach that would not only capture the fun-
damental aspects surrounding neuronal excitability, but also allow for phase plane methods to gain a
better understanding of spike generation [12,33,53,55].

Although the FHNmodel is originally use to understand the action potential of single neurons, it
has been broadly exploited for many reaction–diffusion systems whose components comprise a fast
activator variable and a slow inhibitor variable. Thus, the model can be amenable to deal with various
dynamics in excitable media and still described as a cornerstone for models that exhibit similar char-
acteristics [30,44]. In addition to capturing neural spiking behaviours, this model has been adapted to
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describe a wide spectrum of excitable media from the Belousov-Zhabotinsky chemical reaction [46]
to slime mould amoeba [56] to cardiac tissue [2,16,45].

The generic FHNmodel is driven by two variables of state, representing both membrane potential
and refractoriness (or recovery). Equipped with the FHN model, we investigate its stability by con-
sidering a small perturbation around the equilibrium point and its corresponding Taylor expansion.
By expressing the linearized system in vector form with the Jacobian matrix evaluated at this point,
we seek exponential solutions; this leads to the characteristic polynomial. This approach is followed
by many researchers to gain better insights about solution states of real-life problems, see for exam-
ple [35,40,51] for a comprehensive overview. Due to the complexity of the characteristic equation, we
firstly consider that no input current is applied. Once this is achieved, we derive conditions needed for
various dynamical characteristics and explore the model in more depth for which we conduct bifur-
cation analysis when non-zero current is applied. We expand upon this extensive body of knowledge
by refining the FHN model further.

The numerical investigation of the FHN model is also important to understand the dynamical
properties of the model. The unknown functions play a crucial role as well as the parameters for a
comprehensive approach of themodel. Thus, the applications of themodel with the help of numerical
approaches show the results of the unknowns in a particular time interval. On the other hand, the
model has been established in different types of differential equations and systems. Hence the details
of themodel has been considered with the different aspects. The simplified version of themodel gives
us understanding in the application of neural networks in biological neural concept, cardiovascular
systems, deep learning and so on. The numerical investigation of such systems have been investigated
by several authors including [9,13,15,43,47]. The fractional FHN model has been solved numer-
ically by an implicit numerical method with the shifted Grunwald–Letnikov approximation [37],
Jacobi–Gauss–Lobatto collocation method has been used for the solution of the generalized FHN
equation together with time-dependent coefficients [6], for solving the stochastic FHN systems some
numerical and analytical methods have been improved by the authors [36,54], also travelling wave
solutions of FitzHughmodelwith cross-diffusion [5] andmultifront regimeof a piecewise-linear FHN
model with cross-diffusion has been presented [59]. Besides, bifurcation analysis of a FHN model
[61], hidden extrememultistability and synchronicity of memristor-coupled non-autonomousmem-
ristive FHNmodels [10] have been investigated. The main idea of the applications of these numerical
approaches is to obtain accurate results with the help of straightforward algorithmic steps based on
the presentmodel. On the other hand, numerical techniques have been implemented in variousmath-
ematical model investigations such as a trigonometric quintic B-spline method has been presented
for the solution of a class of turning point singularly perturbed boundary value problems (SP-BVPs)
whose solution exhibits either twin boundary layers near both endpoints of the interval under consid-
eration or an interior layer near the turning point [1]. Recently, many studies have been carried out on
numerical solutions of the mathematical problems by using different methods [26,27,34,48]. In our
research, we explore an alternative numerical approach that combines a Taylor series method with
a specially constructed difference scheme. This method provides highly accurate, well-established,
convergent and stable results under reasonable computational conditions for solving the FHNmodel.

One popular relaxation oscillator for explaining how action potentials are generated in biological
systems is the FHNmodel. Still, a thorough investigation of both analytical and numerical methods is
still needed. By re-examining the relationship between the action potential and the recovery variables
through linear stability analysis, this study aims to fill this gap by providing a biological explanation
to support the mathematical and numerical analyses. In particular, the work presents an alternative
numerical method specifically tailored for the FHNmodel, whichmakes use of the strength of Taylor
polynomials and developed difference schemes. By combining these analytical and numerical meth-
ods, the work aims to give a thorough grasp of the behaviour of the model, providing information
on its stability, convergence, and robustness properties. In the numerical technique, the matrix repre-
sentations, collocation points, and resulting system of nonlinear algebraic equations are presented in
detail. The stability of the finite difference scheme is also investigated, which further strengthens the
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resilience of the numerical approach. Finally, this study aims to add to the existing body of knowledge
on relaxation oscillators and action potential generation by offering a distinct andmethodical analysis
of the FHN model using a complementary blend of analytical and numerical methods [21,39,58].

The organization of the paper is the following. In Section 2, the FHN model is revisited and
preliminary mathematical results are presented. Here, the stability around the possible equilibria is
determined via linearization method. Eigenvalues are computed and dynamical behaviour is shown
in the absence and presence of external input. Then, in Section 3, Taylor expansion to the FHNmodel
is presented with the error estimation for the numerical solution and the convergence of the numeri-
cal technique based onTaylor truncated series are discussed.Next, in Section 4, theDifference scheme
approach is constructed as an alternative route for stability analysis of the system. Finally in Section 5,
summary of the results are given and potential future directions are discussed.

2. Revisiting the FHNmodel: preliminarymathematical results

Asmentioned in Section 1, the two-variable FHNmodel provides a simplified but analytically-robust
platform for extrapolating the central features of the HH model [12,14,29,33]. The commonly used
form of FHN model is given by⎧⎪⎨

⎪⎩
μ
dv
dt

= f (v, a)− ω + I ≡ μF(v,ω),
dω
dt

= v − γω ≡ G(v,ω),
(1)

where f (v, a) = v(a − v)(v − 1) with 0< a< 1, μ, γ > 0.
Now, we briefly revisit the equilibrium, stability and bifurcation studies of the FHNmodel, which

has been extensively studied analytically and numerically in literature (Table 1).

2.1. Equilibrium and stability of themodel with fixed parameters

The equilibrium point E∗ = E(v∗,ω∗) of the system is found using

f (v∗, a)− ω∗ + I = 0 and v∗ − γω∗ = 0, (2)

from which

f (v∗, a)− v∗
γ

+ I = 0, (3)

is obtained. One can draw conclusions about the stability at this point by regarding a small perturba-
tion of the form

(v,ω) = (v∗,ω∗)+ ε(ψ1(t),ψ2(t))+ O(ε2), 0 < ε << 1. (4)

Using a first order Taylor expansion and substituting in the model (1) the system is presented as

dψ1

dt
= f ′(v∗, a)ψ1(t)− ψ2(t)

μ
,

dψ2

dt
= ψ1(t)− γψ2(t),

(5)

where f ′ represents the derivative of function with respect to v. The matrix form of the system in (5)
is written as

d
dt

(
ψ1
ψ2

)
= M|E∗

(
ψ1
ψ2

)
, M|E∗ =

⎛
⎝ f ′(v∗, a)

μ

1
μ

1 −γ

⎞
⎠ , (6)
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Table 1. Parameters and variables used in the model (1).

Parameter/
variables Biological meaning

v membrane potential
ω recovery (adaptation) variable
I input current
μ time course for membrane potential
γ depletion strength of recovery variable
a threshold between electrical silence and electrical firing

where M represents the Jacobian matrix evaluated at equilibrium (v∗,ω∗). To find non-trivial
solutions, the characteristic polynomial Det(M|E∗ − λI) = 0 is solved for which the eigenvalues
satisfy

2λ1,2 = −Tr M|E∗ ±
√
Tr M2

∣∣
E∗ − 4Det M|E∗ . (7)

Note that, in the absence of synaptic current, i.e. I = 0, we have

f (v∗, a)− v∗
γ

= −v∗
{
v2∗ − (a + 1)v∗ +

(
a + 1

γ

)}
= 0, (8)

leading to v(1)∗ = 0 and

v(2,3)∗ = (a + 1)
2

±
√
(1 − a)2 − 4/γ

2
.

This implies that real v(2)∗ and v(3)∗ exist only if γ (1 − a)2 ≥ 4. Thus a and γ parameters are indicative
of the existence of non-zero membrane potential. The case γ (1 − a)2 < 4 corresponds to extinction
state. The Jacobian matrix for the extinction state

M|(0,0) =
⎛
⎝−a
μ

−1
μ

1 −γ

⎞
⎠ , (9)

implies that TrM|E0 < 0 and DetM|E0 > 0 for which E0 = (0, 0). Thus the extinct state is either
a stable node or spiral depending on the value inside the square root in Equation (7). In the case
where I �= 0, it is possible to have TrM > 0 since the equilibrium of the system introduced by
Equation (3) depends on the input current I.Wemaynow look for theHopf bifurcations thatmay arise
when TrM = 0. Since the equilibrium is stable when I = 0, we expect an instability as I increases,
followed by a restabilization for a larger value of I. It is worth to note that the existence of the equi-
libria v(2,3)∗ depend on a and γ parameters and the gradient of the w-nullcline decreases as γ is
increased. For I = 0, the nullclines intersect at only singular point (a resting state), which is a sta-
ble node. Thus, if (1 − a)2 < 4/γ then we only have one equilibrium point at (v∗,ω∗) = (0, 0) and
f ′(0) = −a.

To validate the above analytical study, the numerical simulations of the FHN system given in (1)
can be shown. Throughout the rest of the paper we keep the system parameters constant at a = 0.22,
γ = 1.18 andμ = 0.008, while varying the input current I. The initial conditions (ICs) for the system
are initialized to (v(0),ω(0)) = (0,−0.2). Besides, the initial conditions (ICs) for the system are set
to (v(0),ω(0)) = (0,−0.2).

Figure 1 represents recovery variable ω (a-c) and the time evolution of membrane potential v and
the corresponding phase-plane diagrams (d–f) with different levels of input currents: I = 0.05 (a,d),
I = 0.2 (b,e) and I = 0.6 (c,f). Here Figure 1(a,d) corresponds to excitable system where the fixed
point (v∗,ω∗) = (0.0495, 0.042) is a stable spiral. Figure 1(b,e) shows the oscillatory behaviour of the
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Figure 1. The trajectory of the voltage variable (blue) and recovery (green) variable are shown for different levels of input, where
I = 0.05 (a,d), I = 0.2 (b,e) and I = 0.6 (c,f ). Here (d–f) represent the corresponding phase diagrams. The red star represents the
IC, that is chosen as (v0,ω0) = (0,−0.2). The equilibrium points for each case are shown with red dot. The dashed magenta and
cyan curves represent nullclines of the system other parameters are given in the text.

system when input I crosses the first Hopf bifurcation. Here the equilibrium point is found to be
(v∗,ω∗) = (0.2404, 0.2037) with I = 0.2. In addition, one can observe how with large current input
the oscillations drop to the steady state (v∗,ω∗) = (0.8141, 0.6899) after passing the other bifurcation
point in Figure 1(c,f). The dashed magenta and the nullclines of the system are represented by cyan
curves.

Figure 2 presents the roots of the characteristic equation, given by Equation (7) for varying values
of I parameter. When a small input current is incorporated in the model, two eigenvalues have nega-
tive real parts (green dots) therefore the system is a stable spiral, see Figure 2(a). Then the first Hopf
bifurcation (HB1) occurs at a critical threshold value I = 0.1025, as seen in Figure 2(a), where only
a pair of imaginary (λ = ±11.12i) eigenvalues (magenta dots) is observed. After crossing HB1, e.g.
for I = 0.2 in Figure 2(c), the positive coexisting state becomes an unstable node until it passes the
second Hopf bifurcation (HB2), that occurs at I = 0.4963 (not shown). Increasing the input current
further, e.g. I = 0.6, the stability switches back from unstable to stable, where the coexisting state
becomes a stable node.

2.2. Bifurcation analysis

The analytical and numerical studies presented in this section of the model have been validated by
numerous works published in the literature over many years, see for example [7,52].



INTERNATIONAL JOURNAL OF COMPUTER MATHEMATICS 817

Figure 2. Spectra of steady-state (v∗ ,ω∗) for FHN system given in (1) for different values of input I. The system is stable spiral
when I = 0.05 (a), The first Hopf bifurcation (HB1) occurs at I = 0.1025 (b), where a pair of eigenvalues with only imaginary part is
obtained. The second Hopf bifurcation (HB2) occurs at I = 0.4963 (not shown). The system represents an unstable node for I = 0.2
(c) and stable node for I = 0.6(d).

For the case where I �= 0, TrM could be positive as the equilibrium point given by Equation (3)
depends on the input current. Since the equilibrium point is stable when I = 0, we expect an insta-
bility when input current I increases, followed by a restabilisation for larger values of I, as stated in
Figures 1 and 2.

Bifurcation diagram of the system (1) is shown in Figure 3(a). Here the systemmay be considered
to be excitable when the coexisting state lies on the left end of the interval for input current I (stable).
On the contrary, it becomes oscillatory when the equilibrium point lies on the middle branch with
dashed line (unstable). The equilibrium looses its stability through the first Hopf bifurcation (HB1) at
λ1,2 = ±11.12i, leading to a stable limit cycle surrounding unstable fixed point. Increasing the values
of input current from I = 0.1025 to I = 0.4963, a small increase occurs in size of the limit cycle for
higher values of input current and the system evolves to a limit cycle with a corresponding change
in its size. The second Hopf bifurcation (HB2) is encountered when input reaches to I = 0.4963, by
which the oscillations drop to a coexisting equilibrium. Note that both bifurcations are supercritical
giving rise to stable limit cycle. This can be also validated depending on the sign of the first Lyapunov
coefficient [11]. These results are also confirmed in Figure 3(b), where real part of the eigenvalues are
plotted with respect to input parameter and stability switch is observed at two critical thresholds for
Hopf points.

The bifurcation diagrams in Figure 3 are plotted using DDE-BIFTOOL package, comprising a
collection of MATLAB functions and allowing the stability analysis of fixed points and the numer-
ical continuation of the model around the fixed points [11]. This package is commonly used to
study continuation of the delay differential equations, yet it can also be used for systems with no
delay terms. The FHN model is a mathematical model used to describe the dynamics of excitable
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Figure 3. Bifurcation diagramof vwith respect to input I (a), where solid line show stable dynamics anddashed line shows unstable
dynamics with two eigenvalues with positive real parts and periodic orbits arising from HB1 and HB2 are observed. The real parts of
the roots of the characteristic equation are plotted with respect to input I (b).

cells, particularly neurons. The model describes the behaviour of the membrane potential (v) and
a recovery variable (ω). Biologically, the FHN model captures the essential dynamics of neuronal
firing. When v exceeds a certain threshold, it triggers an action potential (excitation) leading to a
rapid depolarization phase. Subsequently, ω influences the recovery phase, causing the membrane
potential to return to its resting state (inhibition). Therefore, the dynamic behaviour of the model
has been obtained analytically and simulated in the figures above. This interplay between v and ω
is similar to the behaviour of neurons during the firing and recovery phases of action potentials.
Overall, the FHN model provides a simplified but effective representation of neuronal excitabil-
ity and firing patterns that is valuable for studying the dynamics of neural networks and related
phenomena.

3. Taylor approximation to the FHNmodel

In this section, we describe an algorithm for the solution of the problem defined in (1) with the ICs:
v(0) = 0 and ω(0) = −0.2. This approach gives us an alternative numerical understanding for the
problem. Thus, we describe a suitable numerical algorithm for the solution of the problem. With the
help of this numerical approach and its convergence, the accurate results are obtained and investigated
for the infinity norm (L∞-Norm).

3.1. Method description

We approximate to the system solutions in (1) by truncated Taylor series.

v(t) ∼= vN(t) =
N∑

n=0
a1,n(t − c)n and ω(t) ∼= ωN(t) =

N∑
n=0

a2,n(t − c)n, (10)

where N is the Taylor polynomial degree at the point t = c for d ≤ t ≤ e, for all d, e ∈ N [57]. Here
we have

a1,n = 1
n!
v(n)(c) and a2,n = 1

n!
ω(n)(c), n = 1, 2, . . . ,N, (11)

the unknown coefficients a1,n and a2,n and we approximate to the numerical solution of v(t) and
ω(t) in the system (1) by using Taylor series approach [20,24]. Moreover, we consider the collocation
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points defined by

ti = d + e − d
N

i, i = 0, 1, . . . ,N, (12)

where we have the pointwise approximation over the interval [d, e], i.e. d = t0 < t1 < · · · < tN = e.
The numerical approach is described by using the matrix relations around c = 0. Now we consider
the matrix forms of the unknown functions, v(t) and ω(t), and their derivatives [18,57]. Thus the
equations in (1) are introduced in the matrix form:

[v′(t)] = T(t)BA1 = 1
μ
[f (v, a)] − 1

μ
T(t)A2 + R,

[ω′(t)] = T(t)BA2 = T(t)A1 − γT(t)A2,
(13)

where R is a constant matrix with respect to I. On the other hand, matrix representations of the
nonlinear arguments of the system (1) are denoted by [f (v, a)] which will be defined in details.
Briefly,

[v(t)] = T(t)A1 and [ω(t)] = T(t)A2. (14)

Besides, we show the matrix forms of the derivatives of v(t) and ω(t) in the model (1) [19,23].

[v′(t)] = T(t)BA1 and [ω′(t)] = T(t)BA2,

where

T(t) = [
1 t t2 · · · tN

]
, B =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 2 · · · 0
...

...
...

. . .
...

0 0 0 · · · N
0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦ ,

A1 = [
a10 a11 a12 · · · a1N

]T , A2 = [
a20 a21 a22 · · · a2N

]T .
On the other hand, we have the function f (v, a) which is defined as

f (v, a) = v(a − v)(v − 1) = −v3 + v2 + v2a − va.

Here the nonlinear arguments of the function f (v, a) are also introduced in the matrix forms as
follows [8]:

[f (v, a)] = −T(t)T(t)T(t)A1 + aT(t)T(t)A1 − aT(t)A1 = f(v, a),

where

[v3] = T(t)T(t)T(t)A1, [v2] = T(t)T(t)A1,
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and

T(t) = diag
(
T(t), T(t), · · · , T(t)

)
, T(t) = diag

(
T(t), T(t), · · · , T(t)

)
,

A1 = [
A1 A1 · · · A1

]
, A1 = [

A1a10 A1a11 · · · A1a1N
]
.

Hence we have the fundamental matrix relations of the related system in (1). We use the matrix form
of the system in (13) and the collocation points defined in (12) and we have

T(ti)BA1 = 1
μ
f(v, a)− 1

μ
T(ti)A2 + R,

T(ti)BA2 = T(ti)A1 − γT(ti)A2.
(15)

Alternatively,

(
TB + a

μ
T
)
A1 − a

μ
TTA1 + a

μ
TTTA1 − 1

μ
TA2 = R,

− TA1 + (TB + γT)A2 = 0.
(16)

Now we write the matrix form of the ICs with the help of the relations in (14) and we have

[v(0)] = T(0)A1 = [0], and [ω(0)] = T(0)A2 = [−0.2], (17)

and it is including [f (v(0), a)] = −T(0)T(0)T(0)A1 + aT(0)T(0)A1 − aT(0)A1 for any a. Then we
replace the low matrices (17) into the alternatively written new matrix system (16) and we obtain the
solutions of the fundamental matrix system in the case the determinant of the system is different than
zero. Thus we get the approximate solutions in the form

vN(t) =
N∑

n=0

1
n!
v(n)(0)tn and ωN(t) =

N∑
n=0

1
n!
ω(n)(0)tn. (18)

3.2. Convergence analysis

Nowwe perform the error estimation for the numerical solutions of themodel defined in (1). Besides,
the convergence of the numerical technique based on Taylor truncated series is proved [57].

Theorem1. Assume that the function g(t) is defined on the interval [d, e] for the solutions of the systems
of the problemdefined in (1) together with the ICs, and uN(t) is theNth-order Taylor polynomial solution
of u(t) which is obtained from (18) for n = 0, 1, . . . ,N. Hence

‖u(t)− uN(t)‖∞ ≤ M
(N + 1)!

∣∣∣u(N+1)(ξ)
∣∣∣+ L max

0≤n≤N
|en(c)| , (19)

where M = max
d≤t≤e

|(t − c)N+1|, L = ‖�‖∞ and en(c) = u(n)(c)− u(n)N (c) for d ≤ t ≤ e. In particular,

L∞-Norm is defined as ‖�‖∞ = max
d≤t≤e

{|l0(c)|, |l1(c)|, . . . , |ln(c)|}.
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Proof: Let us consider

‖u(t)− uN(t)‖∞ ≤ ‖u(t)− Tn(t)‖∞ + ‖Tn(t)− uN(t)‖∞ ,

where

Tn(t) =
N∑

n=0

u(n)(c)(t − c)n

n!
, uN(t) =

N∑
n=0

uN(c)(t − c)n

n!
.

Here we consider the residual correction together with the remainder of Taylor polynomial [42,57].

Rn(t) = u(t)− Tn(t) = u(N+1)(ξ)

(N + 1)!
(t − c)N+1.

Thus we have

|Rn(t)| ≤ u(N+1)(ξ)

(N + 1)!
· max
d≤t≤e

∣∣(t − c)N+1∣∣ = M
(N + 1)!

u(N+1)(ξ). (20)

On the other hand, we have the error function en(c) around t = c and the Taylor functions ln(c) for
n = 0, 1, . . . ,N, respectively:

en(c) = u(n)(c)− u(n)N (c) and ln(c) = (t − c)n

n!
.

Then we set

δn = (e0(c), e1(c), . . . , en(c), . . . , eN(c)), � = (l0(c), l1(c), . . . , ln(c), . . . , eN(c))T .

Hence we obtain

|Tn(t)− uN(t)| =
∣∣∣∣∣
N∑

n=o

(
u(n)(c)− u(n)N (c)

) (t − c)n

n!

∣∣∣∣∣ = |δn · �| = ‖δn‖∞ · ‖�‖∞ ≤ L ‖δn‖∞ .

(21)
From (20) and (21), we have

‖u(t)− uN(t)‖∞ ≤ u(N+1)(ξ)

(N + 1)!
· max
d≤t≤e

∣∣(t − c)N+1∣∣+ ‖�‖∞ · ‖δn‖∞

= M
(N + 1)!

∣∣∣u(N+1)(ξ)
∣∣∣+ L max

0≤n≤N
|en(c)| .

This completes the proof. �

Now we have the following Corollary results from (1):

Corollary 2. If g(t) and u(t) run with Taylor polynomial functions, we obtain the Taylor polynomials
solutions of (1) together with ICs. Hence we call uN(t) as the Nth-order Taylor polynomial solution of
u(t) for any N> 0 [57].

Corollary 3. If g(t) and u(t) are nth order differentiable functions, then uN(t) = Tn(t). Namely, we
call uN(t) as the Nth order Taylor polynomial solution of u(t). Besides, uN(t) is described as the Nth
order Taylor interpolating polynomial [57].

Hence, we complete the convergence proof of the numerical method. It is designed based on the
approximation to the problem. The analysis of the method introduces therefore a suitable approxi-
mation to the problem which is defined for the FHN model. This alternative approach gives a better
understanding for the appropriate results which is a novel application for such dynamic model.
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4. Constructed difference scheme and its stability for the FHNmodel

In this section, we describe an alternative for a numerical scheme and its stability for the solution
of the FHN model with the ICs given above. The numerical scheme is based on the finite difference
approach. Thus, in this numerical approach, we have beneficial outcome for the investigation of the
model. The numerical scheme has several steps and we now explain it with its stability.We aim to find
an approximation to themodel and understand it comprehensively. Thus, we introduce an alternative
numerical scheme with the stability analysis. The discretisation of problem (1) is carried out in one
step, we define the grid space [4]. Now, introduce grids with uniform steps are given as

Wτ = {tk : tk = kτ , k = 0, 1, . . . ,N, Nτ = T} , Wτ = Wτ ∩ Wτ

and introduce the Hilbert space H = L2τ = L2(Wτ ) of the grid functions ϕτ (t) = {ϕ(τ1i1, τ2i2, . . . ,
τkik} defined onWτ equipped with the norm ‖W‖, [3]

∥∥ϕτ∥∥2τ =
(∑
t∈Wτ

∣∣ϕτ ∣∣ τ1τ2 · · · τk
) 1

2

. (22)

Using Taylor expansion for the formula as to t of v(t) and ω(t), the forward difference formula is
obtained as ⎧⎪⎨

⎪⎩
vt(tk) ≈ vk+1 − vk

τ
,

ωt(tk) ≈ ωk+1 − ωk

τ
.

(23)

The ICs can be written as v0 = 0,ω0 = −0.2 for the system (1). The formula (23) is written into the
formula (1), we have

⎧⎪⎨
⎪⎩
ωk+1 = (1 − γ τ)ωk + τvk,
vk+1 = vk + τ

μ
[vk(a − vk)(vk − 1)− ωk + I]

v0 = 0,ω0 = −0.2.

(24)

Now, we will prove the theorem of stability estimates for the difference scheme formula (24).

Theorem 4. The following stability estimates satisfied for the formula (24) with depend on ICs as:

(i) ‖vk‖H ≤ τ
μ [
∑k

j=1(‖fj−1 − ωj−1‖H)+ k‖I‖H]
(ii) ‖ωk‖H ≤ τ

∑k−1
j=1 ‖vj‖H ,

Proof: (i) From the formula (24), we can write

vk+1 = vk + τ

μ
[fk − ωk + I],

and form that

vk = vk−1 + τ

μ
[fk−1 − ωk−1 + I], (25)
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here fk = vk(vk − a)(vk − 1). The formula (25) is clearly written as

v1 = v0 + τ

μ
[f0 − ω0 + I], v0 = 0;

v2 = τ

μ
[f0 − ω0 + I] + τ

μ
[f1 − ω1 + I],

· · ·
vk = τ

μ
[f0 + f1 + · · · + fk−1 − (ω0 + ω1 + · · · + ωk−1)+ I + I + · · · + I],

vk = τ

μ

⎡
⎣ k∑

j=1
(fj−1 − ωj−1)+ kI

⎤
⎦ .

(26)

Using triangle inequality and applying the norm (22) to the formula (26), we can obtain

‖vk‖H ≤ τ

μ

⎡
⎣ k∑

j=1
(
∥∥fj−1 − ωj−1

∥∥
H)+ k ‖I‖H

⎤
⎦ . (27)

From the extreme points of a function, it can be easily seen that the maximum point of fk is
2
3 and the minimum point of ωk is − 1

5 . We know from the first and second values that fk and
ωk functions are increasing functions. Thus, we have

max
1≤j≤k

∥∥fj−1 − ωj−1
∥∥
H = 2

3
+ 1

5
= 13

15
. (28)

Considering that 1 < k < N, τ = 1
N and μ is finite value, we obtain

‖vk‖H ≤
(
13τ
15μ

+ k ‖I‖H
)
. (29)

From (29), the stability estimates are satisfied for (29).
(ii) For the proof of the theorem, the formula (23) can be rewritten as

ω0 = −1
5
, (30)

ω1 = −1
5
(1 − γ τ), (31)

ω2 = −1
5
(1 − γ τ)2 + v1, (32)

ω3 = −1
5
(1 − γ τ)3 + τ(1 − γ τ)v1 + τv2, (33)

ωk = −1
5
(1 − γ τ)k + τ(1 − γ τ)k−2v1 + τ(1 − γ τ)k−3v2 + · · · + vk−1τ . (34)

Using triangle inequality and applying the norm (22) to the formula (30), we can obtain

‖ωk‖H =
∣∣∣∣−1

5
(1 − γ τ)k

∣∣∣∣+ ∣∣∣τ(1 − γ τ)k−2
∣∣∣ ‖v1‖H + · · ·

+
∣∣∣τ(1 − γ τ)k−3

∣∣∣ ‖v2‖H + · · · + τ
∥∥vk−1

∥∥
H
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Figure 4. Gives the approximation solutions of v(t) and ω(t) forμ = 0.008, γ = 1.18, a = 0.22, and 0 ≤ t ≤ 1.

≤ 1 + τ [‖v1‖H + ‖v2‖H + · · · + ∥∥vk−1
∥∥
H]

≤ τ

k−1∑
j=1

∥∥vj∥∥H . (35)

Using the formula (29), the stability estimates are satisfied for the formula (35). Thus, we
complete the proof of the theorem.

�

Let us now present the numerical results of the problem defined in (1) together with the ICs. By
using the formula (24) and MATLAB programming, we have the simulations which are shown in
Figures 4 and 5, respectively.

From Figures 4 and 5, ω(t) increases up to given value in the formula (29), while v(t) decreases
up to that value. After this value, it continues in parallel as depending on the formula (35). However,
as the number of N intervals increases, the physical appearance of the figures becomes clearer as the
ω and v functions are closer to their real values. At the same time, as the t time interval widens, the
behaviour of the figures becomes more pronounced, for example from Figures 4 and 5.

We now investigate the convergency rates of the numerical approach in (3) for the L∞-Norm
[13,28]. This gives us a better understanding for the Taylor approach together with the Finite Dif-
ference approximation results. Here we also consider the parameters as follows: I = 0.6, μ = 0.008,
γ = 1.18, a = 0.22, and τ = 0.00025, for 0 ≤ t ≤ 1. From Tables 2 and 3, we can easily see that the
numerical approach ensures efficient results for higher orderN values. Thus the numerical approach
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Figure 5. Gives the approximation solutions of v(t) and ω(t) forμ = 0.008, γ = 1.18, a = 0.22, and 0 ≤ t ≤ 5.

Table 2. Error convergence of approximated v(t) for the L∞-Norm and N = 4, 5 and 6,
respectively.

t N = 4 N = 5 N = 6

0.0 0.10620E−3 0.11630E−4 0.13978E−5
0.1 0.11560E−3 0.15122E−4 0.13596E−5
0.2 0.13323E−3 0.18851E−4 0.13671E−5
0.3 0.10003E−3 0.14520E−4 0.14582E−5
0.4 0.11588E−3 0.15505E−4 0.14896E−5
0.5 0.13994E−3 0.11091E−4 0.19071E−5
0.6 0.14278E−3 0.19985E−4 0.13601E−5
0.7 0.13775E−3 0.20120E−4 0.14772E−5
0.8 0.15953E−3 0.20512E−4 0.14850E−5
0.9 0.15029E−3 0.20001E−4 0.12417E−5
1.0 0.19003E−3 0.35277E−4 0.11230E−4

has beneficial findings whenever we reach for larger iterations. We can also understand that the
approximations for the different truncation limits have analogue results at the L∞-Norm.

Besides Figure 6 shows us that the behaviour of the convergency results shows similarities even
for the different unknowns in the system, v(t) and ω(t). On the other hand, these L∞-Norm of error
functions show that the behaviour of these functions vary for the same interval where we have [0, 1].

In particular, theL∞-Normof error function of v(t)has complicationwhich has been also basically
seen in Figure 6. Namely, the unknown function has the L∞-Normof its error function has increasing
outcome which is visible in Figure 6 and at Table 2. There is also seen that ω(t) has been simply
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Table 3. Error convergence of approximated ω(t) for the L∞-Norm and N = 4, 5 and 6,
respectively.

t N = 4 N = 5 N = 6

0.0 0.09217E−5 0.05309E−5 0.04012E−6
0.1 0.11259E−5 0.08000E−5 0.03015E−6
0.2 0.15822E−5 0.12443E−5 0.08928E−6
0.3 0.16448E−5 0.13418E−5 0.10092E−6
0.4 0.16449E−5 0.10919E−5 0.05097E−6
0.5 0.14476E−5 0.80021E−6 0.04902E−7
0.6 0.14445E−5 0.95708E−6 0.81000E−7
0.7 0.14409E−5 0.94712E−6 0.85011E−7
0.8 0.14319E−5 0.94810E−6 0.80031E−7
0.9 0.13318E−5 0.85701E−6 0.40122E−7
1.0 0.12231E−5 0.77500E−6 0.01884E−7

Figure 6. The L∞-Norm of error functions for N = 4, 5 and 6, respectively, where(a) shows the results for v(t) and (b) ω(t).

exponentially growing function. Thus the L∞-Norm of error function of ω(t) has decreasing error
results which is seen in Figure 6 and at Table 3. The computation time for various numerical schemes
has been analysed for N and simulation time t [43]. The calculation per unit (CPU) (s) is obtained
for the comparison values for the speed of t. As an example, for the fixed parameters, ICs andN = 4,
5 and 6 for ω(t) at 0 ≤ t ≤ 1, we obtain the CPU (s): 0.111 s, 0.175s, and 0.188s, respectively.

5. Conclusion

The study proposes a comprehensive analysis of the FHN model problem defined in (1) with ICs.
Firstly, themodel is revisitedwith its equilibrium and stability analysis via a characteristic polynomial.
In fact, the linearization of this nonlinear system near the equilibrium points is key to determine the
stability with the eigenvalues found by the Jacobian matrix. Depending on the value of the external
input current (I), stable and unstable dynamics through a limit cycle around the positive equilibrium
are shown as an example. The model results have been studied and confirmed by the authors, see for
example [12,29,33].

The highlight of thismanuscript is to introduce a numericalmethod based on the truncated Taylor
series and provide alternative approaches to obtain the solutions and stability of the system. In this
regard, Taylor polynomial approach has been applied on the model problem and we have the conver-
gency result of the method. Moreover, finite difference scheme has been performed and numerical
simulations of the results have been obtained. Thus, the FHN model is motivated by the numerical
approaches which show us the appropriate dynamical results of the unknown functions in the model.
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The straightforwardness of the combined technical application gives a novelty for the scientific com-
puting approach. Namely, we have completed a comprehensive numerical application with a highly
motivated FHN model described in detail with its stability analysis and the bifurcation approach.
This consequence is supported by the figures and the tables where we can easily see the beneficial
outcome. The results can also be enriched by the different values of the parameters and adapted for
the different systems. The numerical scheme based on Taylor polynomials is of advantageous out-
comes regarding the convergency results and the explicit procedure in the concept of an algorithmic
approach [25]. Although this paper presents a thorough investigation of the FHN model using ana-
lytical and numerical techniques, certain limitations should be noted. To account for complicated
dynamics, approximations are used in the linear stability analysis and local stability conditions. Pre-
cision and computational resource limitations affect the numerical simulations. Although developed
for this model, the innovative Taylor polynomial and built difference scheme approaches have not
been as effective or scalable to larger frameworks. The FHN model is also a simplistic representa-
tion that may not fully capture all biological nuances. Despite these drawbacks, the work provides
a useful framework for studying relaxation oscillators and opens the door for further studies that
address these limitations, consider different models and improve numerical techniques. On the other
hand, finite difference scheme for the problem concluded the approximation with highly reasonable
results which is uniquely designed as an alternative approach for the problem. The combination of
the numerical schemes for the FHNmodel open new tasks for the future investigation and introduce
a novel approximation for the which will be essential for further research on approximation for such
dynamical system problems.

Furthermore, themodel can be dealt with its different aspects. In particular, the numerical scheme
applied here can be considered for the stochastic analysis of the FHN model as a future Outlook.
Besides, the simplification of the FHN model can be obtained by using a piecewise-linear transfor-
mation. Thus we can get amathematicallymore attainableMcKeanmodel andwe compare the results
from the theoretical and numerical aspects [38]. Following the ideas presented in [17,22], the exten-
sion of the study is also possible with a spatial diffusion term which is to describe the voltage variable
and we compare the dynamics in terms of various theoretical and numerical schemes of partial dif-
ferential equations and travelling wave analysis by including the time delay. In addition, by adapting
the model and using data-driven methods, such as any deep learning approach, it can also be applied
to in-depth investigations that are in high demand [32,60].
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