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Abstract

Simulating SiO2 with the two-body potential developed by van Beest, Kramers, and van Santen
(BKS) produces many satisfactory results but also characteristic flaws. We investigate these
failures of the BKS potential and compare the performance of the BKS potential with that of
two recently suggested potential energy surfaces that effectively incorporate many-body inter-
actions. One approach, which is called the fluctuating-charge model, allows the ionic charges
to adjust depending on the chemical environment. The other approach assumes fixed, effective
charges but allows for inducible dipole moments on the oxygen atoms.
The emphasis in this work is placed on situations where BKS fails. We show that an anomaly
in the ratio of quartz’s two independent lattice constantsa andc, which is observed experimen-
tally at the transition betweenα andβ-quartz, is missing with BKS. Cristobalite and tridymite
appear mechanically unstable with BKS when periodic boundary conditions are employed
that are compatible with competing high-density silica polymorphs. Lastly, the BKS density
of states (DOS) shows characteristic discrepancies from the true DOS.
The fluctuating-charge model slightly improves the phononic density of states and correctly
produces stable cristobalite, but it does fail to show the experimentally observedc/a anomaly
at theα-β transition. Moreover, many properties are reproduced much less satisfactorily than
with BKS.
The fluctuating dipole model remedies all mentioned artifacts. We confirm the view that the
proper behaviour in thec/a ratio is due to the distortion of SiO4 tetrahedra. These distortions
can in turn be shown to be due to the many-body effects incorporated in the fluctuating dipole
potential.
In addition, the pressure-induced phase transition inα quartz is studied. All three models show
a transition at similar pressures to the same crystalline phase, which is probably the same as
that found experimentally for the high-pressure polymorph called quartz II. On decompres-
sion, the BKS potential predicts the formation of an unknown phase at ambient pressures,
while in the two other approaches the quartz II phase reverts toα-quartz with an intermediate
phase similar to quartz II.
Furthermore we show that the fluctuating-charge potential is the only known model potential
to predict the right pressure for a phase transition between two sixfold coordinated stishovite
polymorphs.
We suggest two different methods to calculate piezoelectric coefficients in classical molecular
dynamics simulation in the constant stress ensemble. We find that BKS reproduces experi-
mental data reasonably well. However, the results for the fluctuating dipole potential turn out
to underestimate the experimental data by more than 50%, unless the coupling of the electrical
field to the dipoles is switched off. We also show that there is a strong correlation between the
magnitude of the dipoles and the bond-bending angles on the oxygen atoms and speculate that
quantum chemical effects that are non-electrostatic in nature were (successfully) parametrized
as inducible dipoles. With this interpretation, the fluctuating dipole potential always appears
to be closest to available experimental data out of the three approaches.
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Introduction

Almost a century ago, the discovery of quantum mechanics allowed one to describe the
fundamental interactions of ions and electrons in matter. Even some decades earlier,
the equations of statistical mechanics were formulated, which relate the microscopic
interactions of ions and electrons to the resulting macroscopic properties of a given
material. However it is generally not possible to solve these equations analytically for
complex materials in order to predict their properties. Dirac expressed the problem
in 1929 as follows: “The fundamental laws necessary for the mathematical treatment
of large parts of physics and the whole of chemistry are thus fully known, and the
difficulty lies only in the fact that application of these laws leads to equations that are
too complex to be solved.” This statement still holds despite the increasing power of
computers. Simplified models for the interactions need to be formulated for analytical
theories. More approximations are required if one wants to predict the behaviour of
materials beyond the harmonic approximation. If theory and experiment disagree, it is
often difficult to say at what point theory failed.
The use of computers made it possible to reduce this uncertainty, as computer simu-
lations made it possible to solve the equations for microscopic empirical model po-
tentials with (theoretically) arbitrary accuracy, thus allowing us to see how the macro-
scopic system behaves as a whole without the need to rely on further assumptions.
The numerical computation of macroscopic observables can be realized by sampling
randomly over phase space in a Monte-Carlo (MC) simulation [58] or by following
the trajectory of Newton’s equations of motion, and thus sampling over phase space as
well, in a molecular dynamics (MD) simulation [28].
It is nevertheless not yet possible to solve the quantum mechanical equations exactly
except in an extremely limited number of cases. In fact, one can show that it is beyond
any conceivable computational capacity to exactly solve the Schrödinger equation in
its standard form for a system containing only ten electrons [84]. However it became
possible to handle quantum mechanics in a computer simulation with the development
of density functional theory (DFT), which states that it suffices to know the average
number of electrons located at any one point in space instead of the motion of each
individual electron [70]. The practical application of this theory relies on good ap-
proximations for the functional as the true functional is not known in a solid. Here
the local density approximation (LDA) has produced very accurate results for a wide

1



Contents

range of materials. In 1985 Car and Parrinello [11] developed a very efficient method
to use DFT in the force calculation of an MD simulation, which made this so called
Car-Parrinello molecular dynamics (CPMD) one of the most widely used techniques
for the calculation of dynamic and electronic properties of condensed matter. This
kind of simulations, where a real (but approximative) potential without adjustable pa-
rameters is used, is called first-principle or ab-initio simulations.
So these two options, the ab-initio approach and the empirical model potentials, can
be implemented in a computer simulation, which involves different possibilities and
restrictions respectively. Of course ab-initio techniques lead to much higher chemical
accuracy, as the calculation of the interatomic stresses and forces used for propagation
of the particles is close to reality. On the other hand it is limited due to its computa-
tional cost and thus restricted to small length and time scales. This is a major problem
as it severely limits the range of properties that one can calculate and the number of
phenomena that can be simulated.
In contrast an empirical model is parametrized to certain experimental properties un-
der certain thermodynamic conditions, and its reliability has to be questioned when it
is used away from the conditions under which it was parametrized or if properties have
to be calculated that did not enter the parametrization of the adjustable model param-
eters. But they provide much faster calculation, which is beneficial for the calculation
of thermal properties if the relaxation times in the system are large so that thermal
averages require sampling over long periods of time. Moreover, in a wide range of
applications model potentials have been employed very successfully.
The crucial questions with an empirical potential are to incorporate the relevant physi-
cal effects into the formulation of the functional form and to have a proper adjustment
of the free parameters. In this work different approaches of model potentials will be
tested in the simulation of silica (SiO2) polymorphs. (Polymorphic materials are ma-
terials that possess different crystalline structures for a fixed stoichiometry.) The force
fields studied in this work are the BKS two body pair potential [101], a model that
allows for fluctuation of charge between the atoms [20] and a third that employs fixed
charges but allows for inducible dipole moments on the oxygen atoms [90]. For the
problem of the parametrization the authors of the last potential used a new approach,
which does not fit the potential to macroscopic experimental values but aims to match
the microscopic forces, stresses and energies with values obtained from DFT calcula-
tions [25, 57].

Silica or silicon dioxide is one of the most widely and intensively studied of all ma-
terials. There are many reasons for this. First of all, it is one of the most common
materials in nature. Silicates, which is a compound consisting of silicon and oxygen,
one or more metals and possibly hydrogen, make up more than 90% of the minerals
in the earth’s mantle and crust. Additionally it is used extensively in industrial appli-
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cation.An obvious example is that it makes up approximately 75% of the composition
of the glass that is used for everything from window panes to optical fibres. It is also
used as an insulator or substrate in the semiconductor electronics industry.
On the other hand it is interesting to study as crystalline silica has an extremely rich
phase diagram with a large number of polymorphs, shown in Fig.0.1 and the fluid
phase, which remains metastable in the form of silica glass for a long time when cooled
down to ambient temperatures. The best known polymorphs are quartz, cristobalite,

Figure 0.1.: Phase diagram for silica polymorphs. From [54]

tridymite, coesite, and stishovite. The crystalline phases make up a good test case
for empirical potentials, as due to the reduced symmetries there are more independent
susceptibilities, while in disordered systems effects can be averaged out. Isotropic ma-
terials have for instance only two independent elastic constants, while in quartz there
are six independent coefficients.

All the low pressure crystal structures are composed of corner-sharing SiO4 tetrahe-
dra [39] and even in the glass and the liquid, almost all Si atoms are tetrahedrally
coordinated. In the higher pressure phases six-fold coordination becomes more and
more favorable for the Si atoms, which lead to octahedral coordination in stishovite
and other high-pressure phases. The high-pressure phases are of particular interest to
understand the earth’s interior, where silica is exposed to extreme conditions of temper-
ature and pressure. The high-pressure behaviour of quartz is complicated to investigate
in experiment as well as in theory, due to the large number of six-coordinated struc-
tures that can possibly form out of four-coordinated structures [52], the slow kinetics,
metastabilities and certainly experimental difficulties [52, 105]. As shown in Fig.0.1,
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the stable phases with increasing pressure on quartz would be coesite and stishovite,
however these transitions are kinetically inhibited at room temperature. Consequently,
quartz can be kept metastable up to 21 GPa. At this pressure, a phase transition oc-
curs. For the new forming phase different crystal structures [38, 95, 96], amorphous
structures [40] or partly crystalline structures [52] were proposed experimentally and
theoretically. In computer simulations, this phase transition is a good candidate for a
reliable model potential, as the system size and the time scales needed to simulate the
transition are out of reach for an ab-initio approach. Still the high pressure is not what
the model potentials were made for, so the comparison between different approaches
increases the credibility in this case.
But also in the quartz phase, which is prevalent at ambient conditions, there are un-
resolved issues. When heatingα-quartz (or low quartz), the crystal turns toβ-quartz
(or high quartz) at around 573◦C [39]. The average structure of both quartz phases
has been known for several decades, and the displacive transition between them can
be easily understood in terms of tilting of certain groups of SiO4 tetrahedra. How-
ever the real picture of the transition is far more difficult, as is the real structure of
β-quartz. It is clear that the oxygen atoms do no fluctuate harmonically around their
average positions, but the dynamical disorder that leads to the average structure is still
an unanswered problem. There are currently two competing interpretations. One pic-
ture of theβ-quartz phase sees the oxygens oscillate between two potential minima at
the positions of the left-handed and the right-handedα-quartz [107, 87, 100], while the
other picture supports an ordered structure that has the atoms vibrate in a librational
motion around the mean positions [3, 92, 13, 24, 81, 49]. These two interpretations fa-
vor different pictures of the transition, either a disorder-order type transition or a weak
first-order transition with a soft mode initiating the transition.
The described dynamical disorder makes theβ-quartz phase and obviously the transi-
tion difficult to simulate with an ab-initio method. It is definitely not sufficient to find
the average structure and extract the relevant properties ofβ-quartz by harmonic ap-
proximations. It was shown that for example the bulk modulus inβ-quartz turned out
to be twice as large as in experiment with local density approximation and subsequent
harmonic approximation [21, 65]. In contrast it is necessary to find the thermodynamic
observables by averaging over a long simulation run in order to sample the dynamic
disorder (which leads to a bulk modulus comparable to experiment). This makes it
necessary to use an empirical model potential. However the standard two-body poten-
tial generally employed for the simulation of silica turned out to be flawed in different
aspects of the transition. Thus a new potential modelling different microscopic effects
could improve the two-body potential in the simulation of theα-β transition.

At the beginning of the thesis in chapter1 the three potentials used will be introduced
and explained, as well as different MD algorithms and techniques used in the simula-
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tions.
The following chapter2 will be concerned with theα-β transition and the performance
of the different potentials at this transition. After the determination of the transition
temperature, the emphasis is on the course of the lattice constants with temperature.
Due to the failure of the BKS potential in this respect, the distortion of the tetrahedra
will be investigated in more detail. The phonon density of states and the elastic con-
stants are compared with experiment.
The simulation of the high-pressure post quartz phases in chapter3 concentrates of
the determination and comparison of the transition path ways produced by the differ-
ent potentials. As available the phases will be compared with experiment in terms of
diffraction spectra.
Chapter4 focuses on an instability of cristobalite in the BKS potential and the com-
parison to the other models.
As the new potential approaches incorporate electrostatic properties, namely fluctuat-
ing charges and fluctuating dipole moments, the investigation of dielectric properties
in chapter5 should highlight the question if these are real electrostatic variables and
thus improve the prediction for the dielectric properties of the system. A method is
developed to measure dielectric and piezoelectric properties efficiently.
The conclusions at the end will give a final assessment of the suitability of the new
approaches for silica simulations.
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1. Simulation Techniques and Model
Potentials

1.1. Molecular Dynamics Techniques

The simulation scheme being used, a classical molecular dynamics (MD) computer
simulation, is a numerical method to calculate the trajectory of a many-atom system.
The starting point of an MD simulation is Newton’s equations of motion for the system
under consideration:

miR̈i = −∇iV ({Rj}) = F i (1.1)

whereRi are the coordinates of the atoms,mi their masses,V is the total potential
energy andF i the force acting on atomi.
These equations form a system ofN coupled partial differential equations. Their so-
lution is the phase space trajectory of the many-particle system. The aim of an MD
simulation is to numerically solve the equations of motion and to extract macroscopic
observables from the resulting trajectory.
To obtain meaningful time thermal averages for macroscopic quantities, it is impor-
tant to start with an equilibrated configuration. This ensures that time averages do
not change in the course of the simulation. In order to simulate a crystal in thermal
equilibrium, one has to start with a configuration being close to the expected crystal
structure and to run the simulation until the macroscopic quantities are reasonably sta-
ble. Two aspects are particularly important for the simulation of a system. One is the
model potentialV from which the forces follow, the other aspect is which algorithm is
used to integrate the equation of motion and how external imposed conditions such as
temperature, stress, or an electric field can be taken into consideration.
A variety of standard methods is available for for numerical details such as the inte-
gration scheme. In this work the so-called Gear predictor-corrector algorithm up to
fifth order was used for the integration of the equations of motion. [33]. While Gear
predictor-corrector algorithm of order higher than two do not conserve energy, they
do produce more accurate trajectories than the second order Gear predictor-corrector
algorithm, which is also called velocity Verlet. The 2nd-order predictor-corrector is
known to be energy and phase space conserving. However in the context of this work
this attribute is relevant for testing purposes only, when the correct implementation of
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1.1. Molecular Dynamics Techniques

the routines was checked by means of energy conservation within an unthermostatted,
i.e. microcanonical ensemble. For succeeding production runs a Langevin thermo-
stat was used, which enables simulations in the canonical ensemble. The thermostat
constantly adds and removes energy to the system in order to maintain a constant
temperature. This renders the energy conservation of the integrator an unnecessary
quality. Also higher-order integration schemes give more accurate averages at a given
time step, once the thermostat is introduced, which is why they were used for the pro-
duction runs.
To allow for simulations in the isothermal-isobaric (NpT) ensemble, the Parrinello
Rahman method was used. This method as well as the integrator and thermostat algo-
rithms will be described in detail in the following.
For acceleration of the time consuming force calculation standard binning and Verlet
neighborhood list techniques were used [1, 28].

1.1.1. Parrinello-Rahman Barostat

The Parrinello-Rahman method of pressure and stress control allow one to simulate
molecular systems under externally applied stress. This is useful for studying the
stress-strain relationship of materials and phase transitions with non-isotropic shape
variations. Both the shape and the volume of the cell can change, so that the inter-
nal stress of the system can match the externally applied stress. In this work only the
presence of uniform pressure is needed, so it is not necessary to allow for an arbitrary
stress tensor. It is yet important to allow for an arbitrary strain.
The method was presented in detail by Parrinello and Rahman [71] and is only sum-
marized here. The fluctuating shape of the cell is given by the cell matrixh containing
the cell vectors so that the real space coordinatesRj of a particlej are related to the
reduced coordinatesrj by Rj = hrj. While the coordinatesRj represent the real posi-
tions of the atoms, the reduced coordinatesrj only live in a unit cube.
The Langrangian of the system is modified such that a term representing the kinetic
energy of the cell depends on a user-defined massMbox. An elastic energy termp det h
is related to the pressurep and the volumedet h of the system. These two terms lead
to an extended Lagrangian:

L =
1

2

N∑
i=1

miṙ
′
ih
′ hṙi − Vinteraction+

1

2
MboxTrḣ′ ḣ− p det h (1.2)

The equations of motion for the reduced coordinates and the cell vectors can be derived
from this Lagrangian by using the regular Lagrange formalism. The motion of the cell
vectors, which determine the cell shape and size, is driven by the difference between
the target and the internal stress.

7



1. Simulation Techniques and Model Potentials

The choice of the fictitious massMbox is governed by the following considerations.
A large Mbox means a heavy, slow cell. In the limiting case, infiniteMbox reverts
to constant-volume dynamics. A smallMbox means fast motion of the cell vectors.
Although the target stress can be reached faster, a too small mass can result in artifical
periodic movements of the cell and requires a smaller time step. As theh matrix is
kept symmetric, it can be written in Voigt notation [102], which is a standard to write
symmetric crystallographic3 × 3 tensors as a6 dimensional vector with entriesh =
(hxx, hyy, hzz, hxz, hyz, hxy). Once all equations of motion are derived, a thermostat
can be added to them. This can be done for the cell vectors in a similar way as for the
reduced atomic coordinates.

1.1.2. Gear Predictor Corrector Integrator

Let ri(t) be the position of particlei at timet. First, in the predictor step the positions
and derivatives of the particle positions are predicted,

(∆t)n

n!

∂n

∂tn
ri(t+∆t) =

(∆t)n

n!

∂n

∂tn
ri(t)+

Norder∑
m=n+1

Cp
n,m

(∆t)m

m!

∂m

∂tm
ri(t) , n = 0, . . . , Norder ,

(1.3)
whereCp

n,m is them-th predictor coefficient ofn-th order. The predictor coefficients
are just the Taylor expansion coefficients

Cp
n,m =

m!

n!(m− n)!
. (1.4)

For efficiency, the powers of the time-step and faculties are saved on the arrays holding
the derivatives of the positions. When configurations are written out, they are however
divided out, to obtain the time-derivatives of the positions independently of the time-
step. They can be used to propagate saved configurations with another time-step∆t.
The force calculation in the following MD step is now based on these predicted po-
sitions. After this, the propagation step is completed by the correction step. In this
step, positions and derivatives are corrected proportionally to the difference between
computed and predicted force (or equivalently acceleration),

(∆t)n

n!

∂n

∂tn
ri(t+∆t) :=

(∆t)n

n!

∂n

∂tn
ri(t+∆t)+Cc

n

(∆t)2

2

(
fd

i
(t +∆t)

m
− ∂2

∂t2
ri(t +∆t)

)
.

(1.5)
Here, Cc

n is the n-th corrector coefficient. Gear devised the correction coefficients
to minimize errors such that the local truncation error is ofO(∆tNorder+1) for linear
differential equations [33]. For second-order differential equations the global error
is thenO(∆tNorder−1). The corrector coefficients are listed in table1.1.2 following
Ref. [36].
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1.1. Molecular Dynamics Techniques

Norder = 2 Norder = 3 Norder = 4 Norder = 5

Cc
0 0 1/6 19/120 3/16

Cc
1 1 5/6 3/4 251/360

Cc
2 1 1 1 1

Cc
3 – 1/3 1/2 11/18

Cc
4 – – 1/12 1/6

Cc
5 – – – 1/60

Table 1.1.: Corrector coefficients for the Gear predictor corrector algorithm.

1.1.3. Langevin Thermostat

The Langevin thermostatting routine couples the system via friction and noise to a heat
bath. In doing so, the simulation, which was based on Newton’s equation up to now,
now integrates a Langevin equation

miR̈i = F i −mγṘi + F r
i . (1.6)

Therefore this method is also referred to as “stochastic dynamics”. The friction con-
stantγ controls how fast the system relaxes into equilibrium. The simulation scheme
now produces states which are distributed according to the canonical ensemble, and
together with the barostat even the isobaric-isothermal ensemble. The temperature re-
sults as the ratio of noise strength to friction, via the fluctuation-dissipation theorem.
The stochstic forceF r

i is a random variable with mean zero and a widthσr chosen to
satisfy the fluctuation-dissipation theorem [1]:

σr =
√

3

√
2TmkBγ

∆t
(1.7)

The uniform distribution is prefered to the Gaussian distribution for efficiency and sta-
bility reasons, as the details of the distribution function do not matter. The friction
constantγ is set to 0.1 in almost all simulations unless noted otherwise.
The thermostat was used also in production runs, even though an equilibrated con-
figuration should not change in temperature, when an energy conserving integration
scheme is employed. Nevertheless the thermostat decorrelates the system and is even
more stable than simple microcanonical MD with the Verlet algorithm, because the
stochastic dynamics thermostats every degree of freedom individually. As the stochas-
tic force individually heats or cools single particles, it can prevent particles with a
kinetic energy much higher or lower than the thermal average from causing instabili-
ties. This is in contrast to the Nose-Hoover thermostat [69], in which only the overall
system is thermostatted.
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1. Simulation Techniques and Model Potentials

1.1.4. Interactions

Interaction forces are calculated using the positions from the predictor step, including
the random contribution. In all models being used the leading order in the forces are
given by pair potentials. In the case of the fluctuating-charge potential these forces also
depend, via the charges, on the positions of all the other atoms, and are therefore many
body interactions. In the case of the fluctuating-dipole potential the two-body forces
are accomplished by additional dipole interactions. The values of the dipoles depend
on all the other dipoles, and therefore the interactions between the dipoles represent a
many body contribution.

1.1.5. Ewald Summation

All the potentials dealt with in this work contain a Coulomb interaction part. As with
all the other parts in the potentials, the calculation of the total energy of a three-
dimensional system theoretically involves the evaluation of interactions between all
species within the unit cell and their periodic replications. Even when the interaction
was evaluated for an infinite number of replications, the electrostatic interaction would
not be well defined as it still depends on how the limit is carried out. One conisitent
way is to sum upexp(−r/a)/r to infinity before takinga → ∞. Nevertheless in nu-
merical computations some finite cutoff must be placed on the interactions. For those
interactions decaying quickly with distance, the summation can normally be readily
converged directly in real space. For long-range interactions however the convergence
might be not so quick, particularly since the number of interactions increases withr2.
For the electrostatic energy in particular, the number of interactions increases more
rapidly with distance than the potential, which is proportional to1/r, decays. An ac-
curate evaluation can be achieved through the Ewald summation [26, 93] in which the
inverse distance is rewritten as its Laplace transform and then split into two rapidly
convergent series, one in reciprocal space and one in real space. The distribution of
the summation between real and reciprocal space is controlled by a parameterα. The
resulting expression for the energy is:

V rec =
∑
j>i

Rij<rew
cut

QiQje
2

Rij

erfc(αRij)−
α√
π

∑
j

q2
j e

2 (1.8)

+
2π

V

∑
q=2πh−1(nx,nz,nz)

0<q≤qcut

exp
(
−
(

q
2α

)2)
q2

∣∣∣∣∣∑
j

Qje exp
(
2πiRj · q

)∣∣∣∣∣
2

(1.9)
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1.2. BKS Potential

The cutoffsrew
cut in real space andqcut in reciprocal space can be set in dependency ofα

in a way that the error is minimized:

rew
cut = s/α, qcut = (2sα)2 (1.10)

A value ofs = 3 has proven to be a good compromise between accuracy and speed.
For the distribution between calculations in real and reciprocal space, a good balance
can be found at aboutα = 0.3 for system sizes of around1000 particles which were
considered in the present work. Both of these values were used throughout the simu-
lations.

1.2. BKS Potential

The BKS Potential was proposed in 1990 by van Beest, Kramer and van Santen [101]
and has been succesfully applied to a range simulations involving crystalline and vit-
reous silica since [16, 68, 46, 103, 48, 91]. It consists of pure pair interactions with
different strength for different pairs of atom types. By combining suitable attractive
and repulsive forces for the different atom types it is possible to reproduce effects that
are usually caused by many-body interactions. So the BKS potential causes the stable
formation of SiO4 tetrahedra without explicitly caring for the effects of covalent bond-
ing.
The total potential energy is thus a sum of pure pair potentials

V ({Ri}) =
∑
i<j

φij(Rij). (1.11)

The pair potentialφij is composed out of a long-range Coulomb term and a short-range
Buckingham term:

φαβ(R) =
qαqβe2

R
+ Aαβe−BαβR − Cαβ

R6
. (1.12)

The charges are fixed on the valuesqSi = 2.4 andqO = −1.2, while the parameters
A, B andC in the Buckingham interaction were optimized for the different pairs of
atom types with respect to ab intio calculations as well as to macroscopic experimental
quantities like the elastic constants ofα-quartz. The parameters given in ref. [101] are
listed in table1.2. The Si-Si interaction is assumed to be purely Coulombic in the BKS
potential, which is why the Buckingham parameters are all0 for Si-Si interaction.
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1. Simulation Techniques and Model Potentials

Aαβ[eV] Bαβ[Å
−1

] Cαβ[eVÅ
6
]

O-O 1388.7730 2.76000 175.0000
Si-O 18003.7572 4.87318 133.5381

Table 1.2.: BKS Parameters

1.3. Fluctuating Charge Potential

A fluctuating charge potential is conceived as a model potential that makes use of vari-
able charges on the atomic sites when calculating the Coulomb interaction. As the
total charge of the system needs to be conserved, this charge adjustment may be un-
derstood as relocation of charges within the system and indeed it implies a change in
the polarisation of the simulation box. This explains the common notation “polariz-
able potential”, which will not be used in the following for better distinction between
fluctuating charge and fluctuating dipole potentials.
The purpose of fluctuating point charges in the simulation is to implicitly account for
electronic degrees of freedom. The effective charge of an atom in a fixed charge sim-
ulation can be chosen with respect to its type and ionization, but it cannot change in
response to changing electrostatic fields which arise from movement of the atoms dur-
ing the simulation. Thus the charges used in simulations based on fixed charge force
fields must reflect average charge values for the particular phase and are in general
not transferable to different thermodynamic states. The fluctuating charge approach,
in contrast, adjusts the charge according to the instantaneous configuration of the sur-
rounding atoms. Therefore it should be more adaptable to different phases and espe-
cially to varying coordination numbers than a fixed charge approach.

1.3.1. Charge Equilibration Algorithm

The basic concept used for the fluctuating charge approach is the concept of electroneg-
ativity equalization[82] according to which charge is transferred between atomic sites
in such a way that electronegativities are equalized. In doing so, the electronegativ-
ity is dependent on the atom type and charge as well as the electronegativities of the
neighboring atoms.
Following the Mulliken definition, the electronegativity of an isolated atomi is the
negative of the chemical potential (µi) of the electron gas surrounding the nucleus:

χi = −µi = − ∂U

∂Ni

= e
∂U

∂Qi

(1.13)
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1.3. Fluctuating Charge Potential

In this equation, use had been made of the fact that the ground state energyE, the
number of electronsN in the atom and the charge on the atomQ fulfill the equation
Q = −e(N − Z), whereZ is the atomic number of the atom.
The energy of an isolated atom dependent on the effective charge can be expanded
around a neutral reference point as

Ei(Q) = Ei0 + Qi

(
∂E

∂Q

)
i0

+
1

2
Q2

i

(
∂2E

∂Q2

)
i0

+ . . . (1.14)

Neglecting higher-order terms, one can ask for the energy needed to remove or add a
single electron. In units ofe and withEi0 = 0 one obtains

Ei(+1) = Ei0 +

(
∂E

∂Q

)
i0

+
1

2

(
∂2E

∂Q2

)
i0

(1.15)

Ei(−1) = Ei0 −
(

∂E

∂Q

)
i0

+
1

2

(
∂2E

∂Q2

)
i0

. (1.16)

As Ei(+1) is just the ionization potentialIE andEi(−1) is the electron affinityEA,
one finds for the first coefficients exactly the Mulliken definition of electronegativity(

∂E

∂Q

)
i0

=
1

2
(IE + EA) = χ0

i . (1.17)

The second coefficent turns out to be a quantity called idempotential, representing the
self repulsion between two electrons:(

∂2E

∂Q2

)
i0

= (IE − EA) = J0
ii (1.18)

This leads to the following expression for the charge dependence of the atomic energy,
where the parametersχi andJ0

ii can be derived from atomic data:

Ei(Q) = χiQi +
1

2
J0

iiQ
2
i (1.19)

The total energy in the system is obtained by adding this energy to the interaction
energy, which is given by a two body termΦ consisting of a Coulomb interaction part
and a short range non-Coulombic interaction part.

U({Qi}, {Ri}) =
∑

i

Ei(Qi) +
∑
i<j

Φij(Rij)

=
∑

i

[
χiQi +

1

2
J0

iiQ
2
i

]
+
∑
i<j

[
Jij(Rij)QiQj + V (Rij)

]
=

∑
i

χ0
i Qi +

1

2

∑
i,j

Jij(Rij)QiQj +
∑
i<j

V (Rij) (1.20)
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1. Simulation Techniques and Model Potentials

Here the Coulomb interaction was assumed to obeyJii(R) → J0
ii asR → 01. This

means thatJij(R) does not represent a pure1/R Coulomb potential but has to be a
shielded potential with a finite value atR = 0.
After all, we end up with an equation that relates the total energy to the positions and
charges of all the atoms in the system. Equations (1.13) and (1.20) can be used in two
different ways to find the right charges:

• treat the charges as parameters[77]: directly solve for the exact charges given by
the spatial configuration in every MD step, or

• treat the charges as generalized coordinates[78]: extend the Lagrangian for the
charges, propagate them in the same way as spatial coordinates and thermostat
them at 0 K.

A third possibility is to solve the equations selfconsistently. This solution would give
the possibilty to control the characteristics of the charge trajectory between the one
which is always in the energy minimum, like in the first case, up to a retarded be-
haviour, like in the second case. Nevertheless it turned out that this solution was
difficult to control numerically and converged very slowly. As there are no obvious
differences in the trajectories of the two solutions introduced above, this third possi-
bility was skipped.

1.3.2. Direct solution

A set of charges forms the ground state of a given spatial configuration when the chem-
ical potentials on all atom sites are equal. This implies theN − 1 conditions

χ1 = χ2 = · · · = χN . (1.21)

Adding the condition on charge neutrality

N∑
i=1

Qi = 0 (1.22)

leads to a total ofN equations for theN equilibrium charges. In order to express
the electronegativity in terms of the charges, one has to insert expression (1.20) into
eq. (1.13):

χi =
∂U

∂Qi

= χ0
i + J0

iiQi +
∑
j 6=i

JijQj (1.23)

1In Ref. [77] one can actually recalculate analytically that this condition is not fulfilled. To obtain
better fits to dipole moments, it was dropped by the authors[76].
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1.3. Fluctuating Charge Potential

Equations (1.21) and (1.22) can be merged into a matrix equation

C ·Q = −D, (1.24)

where

Di = χ0
i − χ0

1 (1.25)

and

C1i = 1 (1.26)

Cij = Jij − J1j (1.27)

Solving these linear equations with standard procedures leads to the sought-after charges.
A more elaborate version of this matrix including all terms from Ewald summation can
be found in appendixA.1.1

1.3.3. Extended Lagrangian

The idea for treating charges as generalized coordinates is based on an extended La-
grangian approach. While a charge dependent potential energy is obviously available
(eq. (1.20)), one has to define additionally a kinetic energy expression. This is done by
assigning a fictitious mass to the charges. The choice of an appropriate value will be
discussed later on. Again the charge neutrality has to be obeyed, and the simplest way
to implement this is to treat the charges as independent and use a Lagrange multiplier
to enforce the constraint. The Lagrangian is

L =
∑

i

1

2
miṘ

2
i +

∑
i

1

2
MQQ̇2

i − U({Qi}, {Ri})− λ
∑

i

Qi (1.28)

While the Euler Lagrange equation for the positions remains unchanged, one gets an
additional expression for the charges:

MQQ̈i = − ∂U

∂Qi

− λ (1.29)

As the total charge is zero, the expression
∑

i Q̈i also vanishes. Therefore∑
i

MQQ̈i = −
∑

i

∂U

∂Qi

−Nλ = 0 =⇒ λ = − 1

N

∑
i

∂U

∂Qi

, (1.30)

which defines the Lagrange parameter. Substitution into the equation of motion yields

MQQ̈i = − ∂U

∂Qi

+
1

N

∑
j

∂U

∂Qj

= − 1

N

∑
j

(
∂U

∂Qi

− ∂U

∂Qj

)
(1.31)
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1. Simulation Techniques and Model Potentials

The descriptive interpretation of this equation is that the electrons are attracted by
atoms with higher electronegativity, which complies with the expected behaviour.
This equation of motion can now be propagated by the MD integrator, provided that
parametersMQ for the inertia of the charges andγQ for the friction in the thermostat
have been defined.
The choice of these parameters is detailed below for the present case. The general
consideration is to separate the time scales of ionic motion and electronic motion in
order to suppress coupling between internal charge modes and ionic motion. This is a
similar idea as in the Car Parrinello approach, where as well a ficitious mass is assigned
to the electronic orbitals, which should be small enough that the motion of the orbitals
will be very fast relative to the motion of the ions. This way it is ensured that the
frequency spectra of the electronic orbitals and the ions are well separated from one
another.

1.3.4. Morse-Stretch QEq Potential

The potential that we used for MD simulations was parametrized for SiO2 by Demi-
ralp et al.[20]. In this model the fluctuating charge was implemented through the
charge equilibration (QEq) procedure developed by Rappé and Goddard[77], which
features a direct matrix diagonalization approach. In agreement with Rappé and God-
dard the QEq parameters were choosen as shown in Table1.3. Following Ref. [77],

χ(eV) J(eV) RQEq(Å)

O 8.741 13.364 0.669
Si 4.168 6.974 1.176

Table 1.3.: QEq parameters for O and Si

the shielded Coulomb interactionJij(R) is taken to be the Coulomb overlap integral
between Slater orbitals centered on each atomic site

Jij(R) =

∫
dRi

∫
dRj |φni

(Ri)|2
1∣∣Ri −Rj −R

∣∣ ∣∣φnj
(Rj)

∣∣2 . (1.32)

The Slater orbitals are given by

φni
(R) = AiR

ni−1e−ζiR (1.33)

and are determined by the principal quantum numberni and an exponentζi. This
exponent is given byζi = 0.4913 ·(2ni+1)/(2RQEq

i ), with RQEq from the table above2.

2The differing formula forζ given in ref. [20] is not correct[19].
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1.3. Fluctuating Charge Potential

A detailed description of how to solve the two-center overlap integral can be found in
appendixA.1.2.
The J(R) interaction models a shielded Coulomb potential that is asymptotically a
1/R point-charge Coulomb interaction, when the particles are at a sufficient distance,
but approaches a finite value forR → 0.
The non-electrostatic short-range interactions are modelled by a Morse-Stretch (MS)
term

UMS
ij (Rij) = D0

[
eγ(1−Rij/R0) − 2eγ/2(1−Rij/R0)

]
. (1.34)

The short range interaction is truncated at9.0Å. The MS parameters were optimized
by Demiralp et al. to describe properties like density, cohesive energy, elastic moduli
of α quartz and stishovite. The values can be found in table1.4. It is of course always

R0(Å) D0(kcal/mol) γ

O-O 3.7835 0.5363 10.4112
Si-Si 3.4103 0.2956 11.7139
Si-O 1.6148 45.9970 8.8022

Table 1.4.: Morse Stretch parameters

assumed implicitly that the potential energy surface used to find the optimum charges,
by setting∂V/∂Qi = 0 at fixed values ofR with the constraint

∑
i Qi = 0, should be

the same as the potential energy surface used to calculate the forces∂V/partialRi at
fixed values ofQ.
As the description of the energy surface in Ref. [20] does not state anything different,
we naturally assumed the only mentioned electrostatic potential energy in this paper,
which is theJ(R) given by (1.32), as the one which is consistently used. When we
implemented the potential as stated by the authors, none of their results could be re-
produced, and even the nearest-neighbor peak of the Si-O pair correlation function
in theα-quartz structure deviated significantly from the experimentally known1.6Å.
This flawed behaviour was exactly reproduced when we employed the MD simulation
program GULP[30, 29, 31] for comparison, which was provied free of charge by the
author Julian D. Gale.
The reason for these discrepancies finally turned out be an inconsistent treatment of
the potential energy, which was disguised in the publication. Even though they never
comment on this in their paper or in private communication, Demiralp et al. did not
use the shielded Coulomb potentialJij(Rij) for the ion interaction. Instead they used
a pure1/Rij Coulomb potential. The only verification for this fact was that only when
we tried this inconsistent treatment, we could reproduce the results for the equation of
state inα-quartz as they published it in the paper.
So effectively they used the shielded Coulomb potential to calculate the charges as
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1. Simulation Techniques and Model Potentials

overlapping Slater orbitals and subsequently used these values as point charges with
a pure Coulomb potential in the MD step. Obviously this was done because in the
commercial software package they used the correct electrostatic energy functional and
its derivatives have not been impelemented, thus the software was only capable to use
the point-charge interaction.
A hint to this inconsistency and an attempt to correct it was made recently in a later
publication by Sefcik et al.[85], where the Morse Stretch parameters where optimized
for a consistent potential energy function. Unfortunatelyα-quartz turned out to be
unstable with this new parameter set in our simulations at ambient temperature. The
crystal immediately transformed toβ-quartz at temperatures well within the stability
range ofα-quartz. Because of this flawed behaviour of the new parameter set, which
renders it useless for our simulations, we do not consider it in this work, but only use
the inconsistent original potential, repectively the modification of it described in the
next section.

1.3.5. Alternative Morse-Stretch fluc-Q Potential

Using different potentials for charge equilibration and force calculations makes it im-
possible to use the extended Lagrange method. Moreover, it is an unphysical treat-
ment to treat these two potentials inconsistently. However, as the results presented in
Ref. [20] seemed to be close to experimental data, it appeared to be useful to alter the
present potential such that experimental data was reproduced and that charge equili-
bration and force calculations were based consistently on the same energy surface. To
do this, an energy functional was constructed in a way that its derivatives with respect
to position and charge should be as close as possible to the derivatives of the two differ-
ent energy functionals used in ref. [20]. For this purpuse, both fluctuating charges and
fixed charges were included in this potential.Jij(Rij) was used as Coulomb potential
and a termqiqj[Jij(Rij) − 1/Rij], with q the average charge inα quartz, was added
to the MS potential term. Using this modified potential energy within the extended
Lagrangian formalism, the derivation with respect to the dynamical charges will only
take notice of theJij(Rij) part, but for the derivation with respect to the positions and
therefore the ion motion the1/R is dominant. This modification is of course purely
heuristic, but it reproduces nicely the structure of different SiO2 polymorphs, as shown
for thegSiO(R) in α-quartz in Fig.1.1and it reproduces the original data as well. Thus,
while this procedure does not necessarily yield the optimum values for the interaction
parameters, it seems as though it allows one to analyze at least qualitatively if not
semi-quantitatively what benefits one can expect from a fluctuating charge model in
SiO2.
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1.3. Fluctuating Charge Potential
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Figure 1.1.: Pair correlation functiongSiO(R) of α-quartz at 300 K. The curves for the new consistent
fluctuating charge potential and the original unconsistent potential basically lie on top of
each other. The nearest neighbor peak, which is located at 1.6Å, is not included in the
graph.

1.3.6. Kinetic Parameters for Extended Lagrangian

In the extended Lagrangian approach, the equilibration of the effective charges reflects
the movement of the electrons in the system. To adiabatically decouple the electronic
movement from the ionic movement, it is therefore necessary to separate the relevant
time scales. Therefore in addition to the usual relation∆t � τion � TSim, the new
electronic timescale has to fit in:∆t � τQEq � τion � TSim, so that the charge
equilibration time is well below the equilibration time of the ionic movement. This was
achieved by choosing a fictious mass for the charges of0.01 u. The damping constant
in the Langevin thermostat was set by finding the value where the charge equilibration
is critically damped, which is2.0. With these numbers the equilibration time of the
charges is about10 fs, which means a frequency of100 THz, well beyond the typical
phonon frequencies in SiO2. To cover these higher frequencies in the simulation, the
time step was shortened by a factor of10 to ∆tMD = 0.1 fs in this type of simulation.
As the authors of the fluctuating charge potential mention that they used the direct
approach to calculate the charges every25 to 100 timesteps, it is interesting to note that
this corresponds to frequencies of10 to 40 THz. This is within the phononic frequency
range and leads to the situation that the charges cannot adapt to the instantaneous ionic
configuration.
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1. Simulation Techniques and Model Potentials

1.4. Fluctuating Dipole Model

In the fluctuating charge procedure, charge can only fluctuate from one atom to the
other. This can bring about polarizations within the crystal, but it does not account
for polarizations within the electron hull of an atom. The fluctuating dipole proce-
dure in contrast directly assigns a dipole moment on each atom site. In case of the
quartz system to be considered, only the oxygen atoms are assigned a dipole moment.
This is because the silicon atoms have a rather stable nearest neighbor environment
that consists of symmetrically arranged oxygen atoms in the corners of a tetrahedron.
Therefore polarization on these atoms is unlikely to play a major role. The polarization
of the oxygen atoms however is well established[60].
The force field for SiO2 used in the following was parametrized by P. Tangney and
S. Scandolo[90]. For the parameter fitting they used theoptimal potential routinede-
veloped by Ercolessi[25] and in this form by Laio et al[57]. It is an iterative procedure
that obeys the following algorithm: Beginning with the best potential available, the
system is equilibrated with an MD simulation. Once equilibrated, a number of atomic
configurations are generated. On these configurations, density functional theory cal-
culations of total energy, forces and stress are performed and these are used to perform
the parametrization. With the new parameters, the scheme will be repeated until the
current parameter set fits the current and the previous ab initio data to the same degree.
Finally the emerging parameter set is supposed to produce potential energy, forces and
stress in agreement with the DFT method used for parametrization, but much faster
as the ab initio method. This statement obviously only holds in terms of a certain
accuracy and in the vicinity of the surrounding conditions that were employed in the
parametrization procedure, like temperature and external pressure. When this temper-
ature and pressure is exceeded significantly, the accuracy of the potential cannot be
taken for granted but has to be questioned as it is the case with every model potential.
One major advantage of this method is that it does not rely on any experimental input
and thus the parametrization can take place in principle in any possible thermodynamic
conditions, even where experimental data is unavailable.
In this work, we used the Fortran subroutine provided by Paul Tangney that calculates
forces, stress tensor and potential energy for a given configuration. The parametriza-
tion was done by Tangney and Scandolo in the liquid phase at3000 K, in order to
find a parameter set which is not biased towards a particular crystal structure. In the
following the algorithm used to solve for the dipoles will be outlined.
Calculation of the induced polarization is a many-body problem, where the induced
dipoles all depend on each other. Ifαi is the polarizability of sitei, the induced dipole
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1.4. Fluctuating Dipole Model

p
i
at positionRi is given by

p
i

= αiEi (1.35)

Ei = E0
i +

∑
j 6=i

T
ij
p

j
(1.36)

The polarization is proportional to the electric field, which in turn depends on all the
dipoles via the dipole-dipole interaction tensorT

ij
. HereE0

i is the “fixed” part of the
electric field due to charges and a possibly applied external field. To solve this pair of
equations amounts to solving a set of3N × 3N linear equations. Thus the possibility
to solve them directly or in an iterative way can be ruled out directly, as it would be
far too computationally expensive. Therefore these equations have to be solved either
with an extended Lagrangian scheme as done in [88, 106] or with a self consistent
approach as in [94].
However, Wilson and Madden[106] found that this model for polarization had signifi-
cant shortcomings. The ions tended to become over-polarized, and small anion-cation
distances resulted in very large induction forces which overcame the short-range Pauli
exclusion repulsion. This is because the model neglects the dipoles induced by short-
range overlap effects, which should oppose the Coulomb-field induced dipoles. On the
basis of electronic structure calculations[27], Wilson and Madden suggested an addi-
tional term to incorporate these dipoles into the present model. The induced dipole
from eq. (1.35) will now be:

p
i
= αiEi +

∑
j 6=i

αigij(Rij)
qjRij

R3
ij

(1.37)

where

gij(Rij) = − exp(−bRij)
4∑

k=0

(bRij)
k

k!
. (1.38)

Putting everything together, the algorithm basically works according to the following
principle:

1. Calculate the contribution from the charges to the energy, forces and stress

2. Calculate the short-range induced dipole moment on each ion

3. Formulate a guess for the electric field on each ion by extrapolation from the last
three timesteps

4. Solve for the dipoles, until they are consistent with the resulting electric field up
to a certain accuracy
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1. Simulation Techniques and Model Potentials

5. Use the converged values to calculate the contribution from charge-dipole and
dipole-dipole interaction to energy, forces and stress

6. Calculate the contribution of the short-range induction of dipole moments to the
energy, forces and stress

7. Add up all contributions to the energy, forces and stress

The pair interaction between the ions used in the force field by Tangney and Scandolo
is a point charge Coulomb interaction plus a pair potential of Morse-Stretch form to
model the short-range interactions:

Uij =
qiqj

Rij

+ Dij[e
γij(1−rij/r0

ij) − 2eγij/2(1−rij/r0
ij)]. (1.39)

The parameter set used is shown in Table1.5.

D γ r0

O-O 2.4748× 10−4 12.07092 7.17005

Si-O 1.9033× 10−3 11.1523 4.6371

Si-Si −2.0846× 10−3 10.45517 5.75038

qO qSi α b c
-1.38257 2.76514 8.89378 2.02989 -1.50435

Table 1.5.: Fluc. Dipole Force Field parameters (atomic units)

1.5. Comparison of Performance

As far as the speed of calculations is concerned, the simplest potential, which is the
two-body BKS potential, is obviously the fastest. The fluctuating-charge potential is
slowed down in comparison to BKS by about a factor of10 due to the shorter time step
that is needed with the extended Lagrangian approach to equilibrate the charges and
to decouple charge motion from the ionic motion. Using the direct calculation of the
charges at every 25th to 100th time step as suggested by the original authors [20] leads
to a similar slowing down.
The comparison of the performance of the fluctuating-dipole potential with the stan-
dard two-body potential is difficult as our BKS routine is highly optimized while the
fluctuating-dipole routine uses new routines for every part of the calculation. As these
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1.5. Comparison of Performance

were not optimized at all, the comparison would be meaningless because of different
ways to calculate the details as for instance the Ewald sum, especially its reciprocal
part, or the neighbor lists. The original authors [90] claim to see a slowing down by
a factor of100. However in comparison to our BKS routine the slowing down is even
more significant, which is why in many instances in the following work the system
sizes for the fluctuating-dipole simulations will be smaller than for the other potentials.
In general the fluctuating dipole can be treated comparable to the fluctuating charges,
and thus in an optimized routine the slowing down should have a similar value, which
means a factor of10.
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2. The α-β Quartz Transition

The transition fromα- to β-quartz is a displacive phase transition, which occurs at a
transition temperature ofTtr = 846 K. The atomic structure of theα andβ polymorphs
of quartz is known since 1925 [9] and was refined in the following decades by numer-
ous experimental studies [39]. The structure ofα-quartz is most easily envisioned as

Figure 2.1.: Sketch of the averageβ-Quartz structure along the [100] direction

a distortion of the high-temperatureβ modification. Whenβ-quartz is cooled below
the transition temperature, the expandedβ-quartz framework collapses to the denser
α-quartz configuration. For the average structure, the contraction of the tetrahedral

Figure 2.2.: The two orientations ofα-Quartz
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network may be described geometrically as the rotation of rigid tetrahedra around the
[100] axes by an angleΘ. This angle can be used as on order parameter, which is zero
in theβ polymorph, whereasΘ is 16.3 for α-quartz at room temperature. Depending
on the sign of the tilting angle, the transformation yields two distinctα1 andα2 twin
orientations as shown in Fig.2.2. These are called the Dauphiné twins ofα-quartz.
However the real picture of the transition is far more complicated. Even though the
α − β transition has been subject of many studies over the past 100 years [39], it is
surprising that there is still no firm picture of what actually happens at the phase tran-
sition. This uncertainty is connected with the discussion about the real structure of
β-quartz. While figure2.1shows the average atomic positions for the oxygen atoms, it
turns out that these average position are rarely occupied. It is not completely resolved
what the instantaneous structure looks like that leads to the symmetric average posi-
tions. There are basically two competing ideas ofβ-quartz.
One picture of theβ-quartz structure is based on the idea that each oxygen atom is
associated with not one but two potential minima. As a consequence the atom would
oscillate between two positions that correspond to the Dauphiné twin configurations of
α-quartz. This means that in the high symmetry phase the atoms are hopping between
the positions corresponding to the different domains of the low symmetry phase, giving
the structure shown in Fig.2.1on average. Upon cooling, the dynamic disorder in the
high symmetry phase gets ordered when the atoms progressively occupy the positions
corresponding to one of the orientations in the low symmetry phase. Therefore this pic-
ture ofβ-quartz would imply an order-disorder type transition. It has been supported
by results of Neutron diffraction[107], NMR studies[87] and MD simulations[100].
The other picture supports an ordered structure ofβ-quartz. The idea is that the
atoms in principle vibrate around mean positions given by the average structure, which
change on cooling belowTtr through symmetry breaking displacements. This point of
view explains the observed existence of soft modes inα- andβ-quartz[3, 92, 13, 24]
and the absence of symmetry forbidden phonons in theβ phase of quartz[81], which
should be detected ifβ-quartz consisted of clusters ofα-quartz that persist over longer
time scales. However it is clear that the oxygen atoms do not fluctuate harmonically
around their average positions. This is supported by an X-ray study[49] that showed
that the oxygen probability density functions deviate considerably from Gaussians.
This outcome was not interpreted as disorder in the sense of clusters of microtwins,
but rather as librational motion of the oxygen atoms around their averaged positions,
which lie on the straight connection of two Si atoms.
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2. The α-β Quartz Transition

2.1. Transition Temperature

In the following the transition temperatureTtr of theα-β transition will be determined
for the different potentials. For the BKS potential this value was recently shown [66]
to be 740 K with an uncertainty of about5 K. For the fluctuating charge and the fluctu-
ating dipole potential the transition temperature is not known and will be determined
in this section.
In general for the calculation of the transition temperature in a computer simulation
one is confronted with the problem, that due to the finite size of the simulation box
all thermodynamic properties behave smoothly near the phase transition, and so does
the order parameter. In order to determine the transition temperatureTtr nevertheless
accurately, it is possible to use the fourth-order cumulant [8], which is defined in the
case of a one-component order parameter as

g4(N, T ) =
1

2

(
3− 〈(φ)4〉N

〈(φ)2〉2N

)
, (2.1)

where
〈
φk
〉

deontes the thermal average of thek’th moment of the order parameter
for an N -particle system. It has been shown [104], that g4(N, T ), aside from small
correction terms, has a size-independent crossing point at a first-order phase transi-
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Figure 2.3.: Fourth-order cumulantg4 as a function ofT for the fluctuating dipole potential

tion. This is valid under the restriction that the geometry of the simulation cell remains
similar when the particle number is increased. This condition can only be approxi-
mately satisfied in the case of a crystal, as it can only be expanded in multiples of the
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2.1. Transition Temperature

unit cell. The unit cell used in the simulations is even larger than the primitive cell,
as we fit the trigonalα-quartz phase into a rectangular simulation box. So only an ap-
proximately coinciding crossing point can be expected for the different system sizes.
The system sizes chosen areN = 72, N = 324, andN = 864. As shown in Fig.2.3,
there is not a perfect crossing of the cumulants for the different system sizes, but it still
allows one to locate the transition temperature atT ≈ 715K with an uncertainty of
about5K. This value is comparable to the BKS transition temperature, but even lower
and120K too low compared to the experimental transition temperature.
To gain a more accurate picture of the transition it can be described within Landau
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Figure 2.4.: Order parameter〈|Φ|〉 as a function of temperature. Shown are different system sizes
simulated with the fluctuating dipole potential, fits obtained with Landau theory and finite-
size Landau theory.

theory in the same way as it is done in Ref. [66]. It is well established that the macro-
scopic evolution of quartz at the transition point can be described by the standard
Landau expansion for a first-order transition [13, 35, 4, 5]. Odd order terms inΦ are
not permitted by symmetry and the expansion is written as

F (Φ, T ) =
1

2
a(T − Tc)Φ

2 +
1

4
bΦ4 +

1

6
cΦ6. (2.2)

F is the free energy per particle as a function of temperatureT and order parameter
Φ anda, b, c, andTc are parameters. The parameter b should be negative to have a
(weak) first order transition.
These parameters can be specified by fitting the absolute value of the order parameter
〈|Φ|〉 as a function of temperature to the data obtained from simulation. In finite-size
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2. The α-β Quartz Transition

Landau theory for a system withN particles the expectation value reads

〈|Φ|〉 =

∫∞
−∞ dΦ|Φ| exp{−βNF (Φ, T )}∫∞
−∞ dΦ exp{−βNF (Φ, T )}

. (2.3)

This function is fitted against the data from theN = 324 system and shown in Fig.2.4.
For the two other system sizes also the fit parameters obtained fromN = 324 are
shown. It can be seen the behaviour of〈|Φ|〉 is reasonably described by Landau the-
ory. The fit parameters area = 7.41 × 10−3 J/(mol · K), b = −4.97 × 10−3 J/mol,
c = 8.03× 10−5 J/mol, andTc = 704 K. From Fig.2.4 the transition temperature can
be read asTtr = 712 K. Similar to the experiment [13], b is found to be negative, which
characterizes a first-order transition, andTtr − Tc = 8 K. This is also in good agree-
ment with different studies based on experimental data, which typically determined the
value ofTtr − Tc in the range of4− 13 K [3, 45, 35, 4, 22, 50]. In total the features of
experimental studies are certainly reproduced, even though the transition temperature
is about130 K smaller.
The same analysis for the fluctuating-charge potential (Fig.2.5) is done for systems

200 400 600 800 1000 1200 1400
T [K]

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

g 4(T
)

N=324
N=864
N=1800

Figure 2.5.: Fourth-order cumulantg4 as a function ofT for the fluctuating charge potential.

sizesN = 324, N = 864, andN = 1800. The system sizes are chosen somewhat
larger than before for the reasons mentioned in chapter1.5. The non-monotonic be-
haviour of the cumulant, which was also observed in Ref. [104], does occur within
the plotted error bars. The cumulant analysis yields a transition temperature of about
T = 550K. The parameters of the Landau expansion (eq. (2.2)) are fitted as described
before to the data of theN = 864 system. The parameters obtained were used for all
three system sizes shown in Fig.2.6. The fit parameters area = 8.92×10−3 J/(mol·K),
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Figure 2.6.: Order parameter〈|Φ|〉 as a function of temperature. Shown are different system sizes sim-
ulated with the fluctuating charge potential, fits obtained with Landau theory and finite-
size Landau theory.

b = −4.30 × 10−3 J/mol, c = 1.02 × 10−4 J/mol, andTc = 570 K. Again, b is nega-
tive and the differenceTtr − Tc is positive and about10 K, as we can find a transition
temperature ofTtr = 581 K in Fig. 2.6. Again the characterisation of the phase transi-
tion seen in experiment is obtained quite similar, but the discrepancy in the transition
temperature of more than250 K is tremendous.

2.2. Hysteresis

An interesting feature in theα-β transition was discovered in Ref. [66] that is linked
to hysteresis effects in the transition. It was shown that one can distinguish between
the two phases from the local structure, which offers the possibility to study hysteresis
effects directly. This statement holds for our simulations, as it is shown for the case of
the fluctuating-dipole potential in Fig.2.7. The pair correlation functiong(r) does not
change significantly with temperature above and belowTtr, but makes a sudden change
at the transition. So one can observe the hysteresis effect in theg(r) function. While
the structure atT = 725 K that was started with anα-quartz configuration equilibrated
25 K below, it remains stable in this phase. On the other hand it also remains stable
in theβ-quartz phase, when the initial configuration was equilibrated25 K above. Of
course in a simulation close to the transition temperature the system undergoes more
changes between the two phase for a small box, only for a larger particle number the
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2. The α-β Quartz Transition
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Figure 2.7.: Radial distribution functiongSi−O(r) at various temperatures for system size N=864 with
fluctuating-charge potential.

system stays in one phase.

2.3. Thermal Expansion and c/a Ratio

One check for the different models is the temperature dependence of the volume close
to the transition. As can be seen in fig.2.8 the BKS potential gives fairly good agree-
ment with experiment, even though the volume is sligthly overestimated and the tran-
sition temperature differs from the experimental transition temperature as described in
the previous section. The result of the fluc-Q potential is quite similar, even though
the volume of both quartz phases is even bigger for this model. The best quantitative
agreement with experiment can be seen for the fluc-µ potential. The rather smooth
behaviour at the transition is due to the fact that this potential allows for the existence
of both of the two phases in a quite broad temperature range around the transition.
However the volume expansion is not isotropic, but the jump at the transition was ob-
served in experiment [13] to be of different magnitude for different spatial directions.
This can be seen in the ratio of the lattice constantsc anda, which shows a disconti-
nuity at the transition. It was recently pointed out [66], that in a computer simulation
using the BKS potential the behaviour of thec/a ratio differs qualitatively from the ex-
perimental result, as the simulation does not see any discontinuity or even any distinct
feature in thec/a ratio at the transition. This behaviour is shown in figure2.9. Shown
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Figure 2.8.: Temperature dependence of the volume per unit cell at theα-β transition. All of the
three different model potentials show qualitative agreement with experiment, while the
quantitative agreement is best for the fluc-µ potential.
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Figure 2.9.: Temperature dependence of thec/a ratio at theα-β transition. For easier comparison the
curves are shifted to match at their respective transition temperature.

in this figure are also the curves for the fluc-Q and the fluc-µ potential. In the case
of the fluc-Q potential one can see a change in the slope at the transition temperature.
Thus there is at least an effect of the transition in thec/a ratio, but it is still far away
from reproducing the height of the stroke that occurs in experiment. In contrast the
fluc-µ approach matches the experimental course of thec/a ratio quite well even in
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2. The α-β Quartz Transition

quantitative terms. The smooth behaviour at the transition is again owing to the broad
range of phase coexistence as discussed above.

2.3.1. Influence of Specific Properties of the Potentials
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Figure 2.10.: Temperature dependence of thec/a ratio at theα-β transition for the fluc-Q potential
with fluctuating and fixed charges.

A closer look at the origin of these differences can be done by investigating the in-
fluence of the fluctuating charges and the fluctuating dipoles on this behaviour. If we
use the fluctuating charge potential with the charges fixed on the average charges in
α-quartz, the behaviour of thec/a ratio is only marginally different, and only in the
high temperature regime. The kink atTtr is still of the same shape as with the fluc-
tuating charges. In general there is not much difference between the average charges
in α-quartz, which are about< QSi >= 1.318e for Si, and inβ-quartz, where the
value is< QSi >= 1.293e. So it is justified to state that the fluctuations of the charges
barely affect the simulation, at least the kink in thec/a ratio is certainly not a result of
fluctuatingcharges but rather an effect of the pure two body forces in the potential.
The same analysis for the fluctuating dipole potential results in a completely differ-
ent picture. The simulation crucically depends on the fluctuating dipoles. When the
dipoles are fixed on the average values found inα-quartz, the crystal would not trans-
form to theβ phase even at temperatures as high as1300K. Similarly, with fixed
averageβ quartz dipoles the crystal would stay in aβ-quartz configuration even at
300K. This can be seen in the temperature dependence of the order parameter〈|Φ|〉 as
shown in fig.2.11. While in the first case the volume (Fig.2.12) matches the volume of
the run that has the dipoles fluctuating at a temperature of300K, where the averaging
was performed, the volume in the latter case is much higher than with a fluctuating
dipole run. This is due to the fact that the average dipoles are not a reasonable quantity
in theβ-quartz phase, as they represent the dipoles that result from thermal averages
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Figure 2.11.: Order parameter〈|Φ|〉 as a function of temperature for the unaltered fluc-µ potential and
for the same potential with dipoles fixed on their average values inα-quartz orβ-quartz
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Figure 2.12.: Volume per unit cell of quartz as a function of temperature for the unaltered fluc-µ

potential and for the same potential with dipoles fixed on their average values inα-
quartz orβ-quartz

over the structure. So for example, for symmetry reasons, thez component of the
dipole must be zero inβ-quartz but not inα-quartz. To constrain the dipoles to the
values that they have inβ-quartz makes the crystal tend more to the average structure
with stretched bonds on the oxygen atoms, which explains the artificially increased
volume that is observed when the constraint is applied in the simulations. Also the
c/a ratio, shown in fig.2.13, is quite independent of temperature in this setting and
shows an unphysical value for the fixedβ-quartz dipoles. To summmarize, one can
say that the dipoles play an important part in the model and are responsible for a big
part of the forces that act on the atoms. While these simulations show the effect that
the dipoles have on the structure and the phase transformation, the mechanism how the
c/a anomaly at theα-β transition comes about is not yet resolved.
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2. The α-β Quartz Transition
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Figure 2.13.: c/a ratio of quartz as a function of temperature for the unaltered fluc-µ potential and for
the same potential with dipoles fixed on their average values inα-quartz orβ-quartz

2.4. Distortion of Tetrahedra

The reason for the behaviour of thec/a ratio in quartz was investigated by Grimm and
Dorner [35]. They isolated three tendencies that go along with increasing temperature.

• increasing Si-O-Si angle

• decreasing mean Si-O distance

• contraction of SiO4 groups in c direction

While it is possible to describe the change in the volume of quartz by rotation of rigid
tetrahedra by leaving all nearest neighbor Si-O bond lengths constant, the behaviour
of the c/a ratio cannot be reproduced by such a model. It was shown [86] by purely
geometrical arguments that a value ofc/a > 1.0981 can only be achieved in a quartz
crystal if the tetrahedra are deformed. The model employing only tilting of rigid tetra-
hedral SiO4 units only can not account for a lower value in this ratio, even though it
can explain all volume effects. Given this argument and the experimentally known
lattice constants a deformation of the SiO4 tetrahedra must be present for tempera-
tures lower than about 400 K. The shearing of the tetrahedra in the quartz phase is
also well established experimentally [35, 49, 13]. To test if such a deformation is
present in the simulations, one can look at the tetraeder angleϑOSiO, which is shown in
fig. 2.14. However the fluctuating dipole potential, which definitely shows the same
c/a ratio behaviour as in experiment, does not exhibit a dramatic change in the overall
average of the OSiO angle when going to small temperatures (see fig.2.14) and no
obvious difference compared to the BKS potential. On the other hand the average of
all tetrahedron angles is not sensitive to shearing, as the different angles in a deformed
tetrahedron are likely to cancel out on average. The second moment of the distribution
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Figure 2.14.: Average O-Si-O bond angle and its second moment as a function of temperature

could give more information, but the value obtained with fluc-µ is comparable to that
in BKS.
A more sensitive analysis of the angle distribution can be done with the help of the
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Figure 2.15.: Average fourth order cumulant of the O-Si-O bond angle as a function of temperature

fourth-order cumulant shown in fig.2.15. As different mean values for the different
O-Si-O bond angles would result in a superposition of Gauss distributions with differ-
ent mean, the overall average should deviate from a plain gaussian. A measurement
for the gaussian behaviour of a distribution is the fourth-order cumulant, defined as

g4 =
1

2

(
3− 〈(δϑ)4〉

〈(δϑ)2〉2

)
, (2.4)

which is zero for a gaussian distribution. One can see that the angle distribution gen-
erated by the BKS potential deviates even more from gaussian behaviour than the
fluc-dipole bond-angle distribution. This means that the tetrahedra in theα phase of
the BKS potential are even more deformed than in the fluc-dipole potential. This can
also be seen quite obvious by an exemplary look at the average angles making up the
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2. The α-β Quartz Transition

Figure 2.16.: [001] projection of theα1, α2 andβ configuration. Heights along [001] are shown in
parantheses.z is 1/6 for β-quartz and slightly below or above for the two Dauphiné
twins ofα-quartz. Picture taken from Kihara.

tetrahedron around one specific silicon atom. In order to enumerate the atoms in a
well-defined way, the definition by Kihara [49] is used, which is shown in fig.2.16.
The comparison of the angles around the Si1 position forα-quartz at298K is shown
in the following table with experimental values by Kihara.

Experiment BKS fluc-dipole
O1-Si-O2 110.5 107.5 110.1
O1-Si-O6 108.9 114.8 108.9
O1-Si-O5 108.8 108.2 109.1
O2-Si-O5 109.3 110.5 109.5

The table shows that the deviation between the ideal tetrahedral angle of 109.47 de-
grees and the calculated angles has the correct sign and amplitude for the fluctuating-
dipole potential as compared with experiment, in contrast to the BKS result. One can
see that the large deformation, that was also seen in the figures above, is actually way
to large compared to experiment and moreover has the wrong sign. In three out of the
four angles shown, the abberation from the tetraeder angle that is predicted by BKS
goes into the wrong direction. The explanation follows from the geometrical argument
given by Smith [86] when we look at the absolute value of thec/a ratio produced by
BKS. It is shown in fig.2.17, that thec/a ratio does not exceed the value of1.0981 for
the case of the fluctuating dipole potential, in contrast to the BKS potential, which is
below this value only for high temperature in theβ-quartz. So the BKS quartz has to
be strongly deformed even in theβ phase because of geometrical reasons, so it is clear
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Figure 2.17.: c/a ratio in quartz as a function of the volume per unit cell.

that the subtle shear effect in the tetrahedra that would lead to the correct behaviour
of the lattice constants is completely suppressed by a large deformation having the
incorrect sign.

2.4.1. Influence of Atomic Bond Character

The origin of the distortion of the tetrahedra that leads to a contraction of thez axis
in quartz, was related by Hill and Gibbs [44] to an increasingπ bond order, i.e. an
increasing fraction ofπ-bonded valence electrons. At ambient conditions, Hill and
Gibbs have observed that the mean Si-O bond length is inversely proportional to the
size of the Si-O-Si angle. Plots ofRSiO versus the function−1/ cos(Si-O-Si) for a
wide variety of silicate structures are linear with the shorter bonds associated with the
wider angles. On the basis of molecular orbital calculations [59, 34] a linear relation
betweenπ-bond order and both, the mean Si-O distance and−1/ cos(Si-O-Si), was
proposed. This was based on theπ-bonding model of Cruickshank [18], which is il-
lustrated in Fig.2.18. The two pictures show how the p-orbitals of the oxygen atoms
can be combined with thedz2 anddx2−y2 orbitals of the Si atom to formπ-bonding
molecular orbitals (the colours correspond to the signs of the wave function). It was
shown for SiO4 type tetrahedra that the decreasing Si-O distance is accompanied by
an increasingπ-bond order. [18]. Furthermore thed-orbitals single out thez′ axis and
at least for thedx2−y2 orbital it is obvious that an increasingπ-bond order will tend to
pull the oxygen atoms towards thex′y′ plane.
To demonstrate the validity of this model for quartz, Grimm and Dorner showed the
correlation between the mean Si-O distance and the Si-O-Si angle as mentioned above.
To compare their conclusions to the simulations one has to determine the Si-O bond
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2. The α-β Quartz Transition

Figure 2.18.: Models showing the formation of bindingπ-orbitals for XO4 groups. Pictures taken
from Cruickshank.
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Figure 2.19.: Correlation between the mean Si-O distanceRSiO and the Si-O-Si angleθSiOSi

length in the average configuration rather than the average of the instantaneous bond
lengths. The outcome in Fig.2.19shows clearly, that the angular dependence of the
Si-O bond length is very similar to the experiment. The absolute numbers are compa-
rable and the dependence is linear as predicted by the Hill-Gibbs relation. The figure
shows that the effects of theπ bonds on the Si-O distance and the Si-O-Si angle, which
controls most of the volume expansion, are obviously included in the BKS potential
fairly well as well. Only the third effect, the contraction of the tetrahedra inz direction
that leads to the anomaly in thec/a ratio, is obviously not correctly modelled by the
BKS potential as shown before, in contrast to the fluctuating dipole potential.
Keeping in mind the Hill and Gibbs discussion ofπ-bond order and the results pre-
sented above raises the question whether the effect ofπ-bonds has been parametrized
implicitly as (fluctuating) dipoles in the potential by Tangney and Scandolo. It is shown
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in Fig. 2.20, that the symmetries of the average dipoles in this potential very much re-

Figure 2.20.: Average dipoles in theα- (left) and theβ-quartz phase (right). Projection along the [100]
direction. Obvious is the symmetry forbiddenz component (vertical) inβ quartz as well
as the dipole orientation orthogonal to the Si-O-Si connection line inα-quartz.

semble to the symmetries in theπ bond model. Their orientation around a tetrahedron
is the same as for the oxygenπ orbitals and they single out thez direction. Of course
this only constitutes an analogy as the quantum chemical interaction of the orbitals in
Fig. 2.18and the classical dipole interaction are of different nature. But it underlines
the suspicion that the dipoles introduce the right effects into the system, but maybe do
so by incorporating physics which is usually not to be described by classical dipoles
alone. But it is not too surprising that this actually works, as already a simple classical
two body potential like BKS can model the tetrahedra quite well, even though their
formation is a quantum chemical effect of thesp3 hybrid orbitals.

In a later chapter on electromechanical coefficients, it will be shown that the piezoelec-
trical response of quartz using the fluctuating charge potential reproduces available ex-
perimental data much better if the external electric field is coupled to the charges only
but not to the dipoles themselves.

2.5. Elastic Constants

There are two reasons why the calculation of elastic constants is crucial to test whether
the model describes theα-β transition well. The first is that the elastic constants are
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2. The α-β Quartz Transition

very sensitive to small changes in the model potential energy surface and second they
show distinct features at theα-β transition in quartz, as discussed recently by Carpen-
ter et al. [13].
The calculation of the elastic constants in our simulations was done in the NpT ensem-
ble using the fluctuations of the strain tensoru [72]. The strain tensor can be written
in terms of the simulation boxh as

u =
1

2

(
h′−1

0
h′hh−1

0
− 1
)

=
1

2

(
δh h−1

0
+ h′−1

0
δh′
)

+O
(
δh2
)

(2.5)

Now the elastic constants can be evaluated with the help of the fluctuations of this
quantity:

Cαβγδ =
V

kBT
〈δuαβδuγδ〉−1 (2.6)

As theh matrix is symmetric in the Parrinello Rahman method, derived tensors like
the strain tensor and the elastic constants will also be symmetric and can be written in
Voigt notation (see chapter1.1.1). This reduces the 4th rank tensor of dimension 3 to
a square matrix of dimension 6. In a crystal the number of independent coefficients
reduces even more, related to the crystal symmetry class. Forα-quartz, which is a
trigonal holoaxial system, the elastic constants have the following symmetry:

C =


C11 C12 C13 C14 0 0
C12 C11 C13 −C14 0 0
C13 C13 C33 0 0 0
C14 −C14 0 C44 0 0
0 0 0 0 C44 C14

0 0 0 0 C14
1
2
(C11 − C12)

 (2.7)

With ascending symmetry the number of independent elastic constants decreases. Thus
when going to theβ-quartz configuration, which is a tetragonal holoaxial system, the
crystals gains symmetry and therefore loses independent entries in the matrix, in this
caseC14 will vanish. Note thatC14 can only be non-zero for systems that lack inversion
symmetry, as in tensor notationC14 becomesC1123 in which the indices 2 and 3 only
occur once. This is a reflection of quartz lacking inversion symmetry, see Fig.2.20.
Consequently, the sign ofC14 depends on the chirality in quartz, i.e., whether we have
left-handed or right-handed quartz. The elastic constants tensor ofβ-quartz looks like

C =


C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 1

2
(C11 − C12)

 (2.8)
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2.5. Elastic Constants
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Figure 2.21.: Elastic Constants
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2.6. Phonon Density of States

The simulation results for the elastic constants are shown in Fig.2.21for the relevant
diagonal elementsC11, C33, C44, C66 and in Fig.2.22for the relevant non-diagonal el-
ementsC12, C13, C14. The curves are shifted in temperature to match the respective
transition temperatures of the models.
All models show the general behaviour that there is a marked softening inC11, C12, C13,
andC33 asT → Ttr. Only theC44 andC66 do not vary so much with temperature and
not at all in the stability field ofβ-quartz, whileC14 is quite constant inα-quartz and
vanishes in theβ-quartz phase due to symmetry reasons.
As already shown in Ref. [66], BKS shows good qualitative agreement with experi-
ment, also for the strong temperature dependence nearTtr. Also most experimental
features are well reflected, e.g.C11 andC33 cross between high and low temperatures
similar toC44 andC66 (both shown in Fig.2.21), while C12 andC13 do not cross. This
good agreement is not too surprising considering the way in which the BKS parame-
ters where determined: ab initio data along with elastic moduli were used to construct
the potential energy surface.
In comparison to BKS the agreement of the fluctuating charge potential with exper-
iment is not too convincing. While the qualitative trends are reproduced quite well,
almost every value is significantly lower than in experiment.
The fluctuating dipole potential is in better agreement, but does not improve on the
BKS behaviour. While the agreement inα-quartz is better than BKS forC44, it is less
good forC11. However the values forβ-quartz seem to have similar deviations for
the experimental values. Close to the transition temperature the softening is generally
more pronounced in all simulations due the finite system size, but at higher tempera-
tures BKS and the fluctuating dipole potential agree on higher values forC12 andC13

than the experiment.

2.6. Phonon Density of States

A quantity of interest in computer simulations of amorphous as well as crystalline sys-
tems is the vibrational density of states (DOS). In general it is a measurement for the
lattice dynamics, as it shows the distribution of vibrational states over frequency. This
meansg(ν)dν give the number of eigenstates in the frequency rangeν andν + dν.
While it can also be measured experimentally by neutron scattering, the simulation
gives insight to where the microscopic origin of the distribution comes from. For ex-
ample the partial distribution functions are often shown, which take into account only
the contributions from a certain atom type, which is a quantity not possible to be mea-
sured experimentally in general. However it was shown recently [7] for the example of
BKS in the simulation of amorphous silica, that the density of states is not well repro-
duced by this model. Even though the structure of vitreous SiO2 was shown to change
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2. The α-β Quartz Transition

only weakly by a subsequent first-principles calculation, the DOS was strongly mod-
ified by using an ab initio treatment of the forces, and that this lead to a much better
agreement with experimental results. Moreover, in a large frequency range the nature
of the excitations as determined from the effective potential differed significantly from
the one determined from the ab initio force. This calls into question the explanatory
power of an analysis of the nature of the vibrational excitations determined from the
BKS force field. On the other hand it gives rise to the question if other effective force
fields can do better, as ab-initio calculations suffer from their heavy computational cost
which restricts this type of calculations to the study of very small systems with rather
low statistical accuracy.
The definition of the vibrational density of states reads

g(ν) =
1

3N

3N∑
i=1

δ(ν − νi), (2.9)

with N being the particle number andνi, i = 1, . . . , 3N the eigenfrequencies of the
dynamical matrixD. A less laborious way is the calculation in harmonical approx-
imation, which only requires to calculate the Fourier transform of the velocity auto
correlation function:

g(ν) =
1

NkBT

∑
j

mj

∞∫
−∞

dt
〈
vj(t).vj(0)

〉
ei2πνt. (2.10)

This was calcluated in the simulations by averaging the velocity auto correlation func-
tion over time intervals of2048 steps, which corresponds to real time intervals of2 ps,
allowing for a resolution of1/2ps= 0.5 THz in the vDOS.
The most obvious disagreement between the lattice dynamics of a BKS simulation
and an ab initio simulation can already be seen directly in the vibrational DOS in
Fig. 2.23. The figure shows a comparison ofα quartz at300 K with ab initio data
from Roma et al. [79], as no experimental measurement of the DOS in quartz could
be found. The figure shows that the inter tetrahedral motions, the so called rigid unit
modes which account for the lower frequency range, show a significant discrepancy, as
it is already known for amorphous systems. In the higher frequency range the double
peak structure, which is available in both of the curves, comes about due to intratetra-
hedral stretching vibrations [32, 73]. The four oxygen atoms in an SiO4 tetrahedron
are moving at the higher frequency (“breathing mode”) in phase in relation to the cen-
tral Si atom, at the lower frequency two O-Atoms oscillate in anti-phase to each other.
However the frequency of these oscillations seems to be shifted from32.1 THz for the
low frequency peak, according to neutron scattering in vitreous silica [75], to around
30 THz in α quartz, according to the ab initio data at hand. The lower peak of the
BKS potential, which coincides with the experimental frequency quite well, is how-
ever shifted rather to a higher frequency of about33 THz in α quartz.

44



2.6. Phonon Density of States
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Figure 2.23.: Phonon Density of States inα-quartz at300K. Comparison of BKS and ab initio data.

The fluctuating charge model shows a slightly better agreement with the ab initio data
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Figure 2.24.: Phonon Density of States inα-quartz at300K. Comparison of the fluctuating chare
potential and ab initio data.

where the lower frequencies are concerned. The two peaks at11 THz and22 THz at
least exist close by and the structure is approximately maintained. The two peaks of
the intra tetrahedral modes collapse on just a single peak, but exist at roughly the right
frequency.
The best overall agreement for both the rigid unit modes and the double peak is
clearly shown by the fluctuating dipole potential. This is not too surprising as it was
parametrized to match ab initio forces and stresses, but also the BKS potential was
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2. The α-β Quartz Transition
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Figure 2.25.: Phonon Density of States inα-quartz at300K. Comparison of the fluctuating dipole
potential and ab initio data.

parametrized to quartz data, even though the DOS looks better for vitreous silica. The
fluctuating dipole potential is almost congruent with the ab initio result in this case,
only the tetrahedral breathing mode is slightly shifted in frequency. This convincing
agreement suggests a good credibility for the lattice dynamics in this force field.
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3. Pressure-Driven Transitions in
α-Quartz

The high-pressure behaviour ofα-quartz is not yet fully understood neither on the theo-
retical and nor on the experimental side. The majority of polymorphs that are observed
at ambient to moderate pressures, such as cristobalite and quartz as well as other poly-
morphs including tridymites and coesite, are built up of SiO4 tetrahedra [39]. At higher
pressures dense forms containing SiO6 octahedra are observed such as stishovite above
9 GPa, which has a rutile type structure. Because of the relatively strong Si-O bonding
in silica, there are high kinetic barriers associated with the transitions to stable phases
containing octahedrally coordinated silica at high pressure.
As the pressure is increased, the four-coordinated structures become increasingly un-
favorable and eventually the polymorph become unstable. New phases are formed that
can be either crystalline or amorphous. The newly formed phases can often be reached
relatively easily by local rearrangement of the atoms, however these phases are often
only thermodynamically metastable [52, 53, 105, 97, 99]. The transition path way
from quartz to stishovite, which is the proper high-temperature polymorph at elevated
pressure, would be highly reconstructive and is thus kinetically suppressed. Because
of slow kinetics, the large number of possibilities to form six-coordinated structures
from four-coordinated structures, the metastability, but also experimental difficulties
such as low x-ray scattering factors, the phase behaviour of high pressure quartz is still
not completely resolved.
The high-pressure behaviour ofα-quartz is particularly complex [52]. The stable
phases of SiO2 in the order of increasing pressure are quartz, coesite (from about 3
GPa), and stishovite (from about 7 GPa), as shown in the phase diagram in Fig.0.1.
However, at room temperature the transformations are kinetically inhibited. Conse-
quently, quartz can be kept metastable up to 21 GPa. Initially a pressure induced
amorphization was observed inα-quartz [40], but soon it was discovered, that some
of these new materials formed at high pressure were found to exhibit unusual prop-
erties for amorphous solids such as elastic anisotropy [64] and memory effects [55].
The experimental observations at this point are somewhat complex, but it is clear that
around 21 GPa a transformation to a quartz II phase of unknown structure occurs.
The amorphous phase develops out of this new phase and grows with pressure until
a fully amorphous structure is reached above 30 GPa. Kingma et al. [52] report that
samples recovered from above 30 GPa appeared to be entirely amorphous, while those
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3. Pressure-Driven Transitions in α-Quartz

recovered from below this pressure contained crystalline regions. This explains the
unexpected anisotropic properties of the under X-ray apparently amorphous phase. A
different result was obtained by Haines et al. [38], who saw a quartz II structure only
as an intermediate phase from 19 to 26 GPa, which reverted for higher pressures to a
monoclinic P21/c phase.

3.1. Quartz II Transition in Simulations

For molecular dynamics simulations employing the BKS potential it was shown that a
phase transition occurs, whenα-quartz is compressed to 22 GPa [95, 96]. This tran-
sition turned out to be not reversible [83]. It is crucial for the transition to occur that

Figure 3.1.: Snapshot of a Quartz II configuration with 2160 atoms. The configuration is rotated to
align the crystal axis horizontally, but it can still be seen that the box is sheared rather
than orthorombic.
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3.1. Quartz II Transition in Simulations

a constant pressure regime with a fluctuating box geometry is used, as the new phase
can only be established from theα-quartz configuration when the box is allowed to
shear, which is shown in Fig.3.1. The new phase is perfectly crystalline, which is ob-
vious from the structure snapshot, but it is subtle to achieve. In order to end up in this
crystalline phase and not in an amorphous phase, the fictious mass of the box has to be
sufficiently small, and the particle number has to be large. For smaller particle number
the transition would occur at a pressure of about 28 to 30 GPa. This is because at
pressures such highα quartz is far beyond its stability range anyway and so it depends
on various conditions if the metastability holds or if the crystal converts to a different
phase. However the pressure of 22 GPa is the smallest that could be found and is cer-
tainly very comparable to experimental findings, which makes it a likely candidate for
the unknown Quartz II structure.
From the pair correlation function or actually by viewing a snapshot of the system it
can be seen that only a third of the silicon atoms is four coordinated, but two thirds

Figure 3.2.: Silicon Coordination in Quartz II. Four coordinated silicon is printed in blue while the six
coordinated silicon atoms are shown in yellow.

of silicon atoms have six neighbours, as it is common for the crystalline high pressure
phases of SiO2. This can be seen in Fig.3.2, where in a snapshot of the configuration
the silicon atoms are coloured according to their coordination number. The four coor-
dinated Si atoms are in the centres of SiO4 tetrahedra, while the six coordinated atoms
are surrounded by oxygen atoms in the corners of an octahedron.

3.1.1. Transition Path Ways

The density changes in a compression/decompression cycle are shown in the equa-
tion of state in Fig.3.3. Starting with theα-quartz configuration at zero pressure, the
pressure is increased up to 21 GPa, where the system collapses from theα-quartz con-
figuration into the quartz II phase. The transition is discontinous in the volume and
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3. Pressure-Driven Transitions in α-Quartz
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Figure 3.3.: Equation of State forα-quartz under pressure for BKS and fluctuating charge potential.

irreversible: in the simulation the new phase remains stable upon further compression
and even on decompression below the transition pressure. Even at small pressures the
cyrstal does not revert to theα-quartz structure, but transforms into a newδ-quartz
phase. This phase transition is reversible with a hysteresis, but is also non-displacive.
The δ-quartz phase is stable within the BKS potential even at ambient pressure and
would not revert toα-quartz.
For the fluctuating charge potential the equation of state for different quartz phases is
also shown in Fig.3.3. The phase transition occurs at a slightly higher pressure of 25
GPa, and the volume of both theα quartz and the quartz II phase agree very well with
the BKS results. Nevertheles, the quartz II phase does not remain stable on decompres-
sion, but the system undergoes a reversible phase transition at 21 GPa to a structurally
similar phase named quartz II b in the figure. This phase has a smaller density than the
BKS quartz II phase at the same pressure and reverts to theα quartz phase at 4 GPa.
Theδ-quartz phase of BKS is not produced. Moreover theδ-quartz phase is not even
stable for the fluctuating charge potential but quickly transforms toα quartz.
These findings for the fluctuating charge potential are also valid for the fluctuating
dipole potential. As shown in Fig.3.4, the variation of the volume with pressure is
identical to the fluctuating charge potential with respect to its qualitative features. The
transition temperature to quartz II is 27 GPa now, and it has to be noted that the tran-
sition only occurs for small systems. For larger systems theα-quartz configuration is
stabilized for even much higher pressures. The transition to quartz II b occurs also at
21 GPa and the next transition toα-quartz will take place not until 2 GPa. Also in this
potential the BKSδ-quartz phase is not stable and thus seems to remain an artificial
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Figure 3.4.: Equation of State forα-quartz under pressure for BKS and fluctuating dipole potential.

polymorph of the BKS potential.

3.2. Quartz II b

The quartz II b phase, which does not form in a BKS simulation out of quartz II,
emerges from quartz II phase with decreasing pressure at around 20 GPa for both the
fluctuating dipole and the fluctuating charge potential. The connectivity of the atoms
remains the same as in quartz II during the transition and the structure change is not
visible in a snapshot nor in the scattering spectra, but the change in the pair correlation
function is obvious as shown exemplary in the Si-O pair correlation for the fluc. dipole
potential in Fig.3.5. From 23 to 20 GPa the cyrstal is in the quartz II phase and the
pair correlation function changes only gradually. At the transition to the quartz II b
phase at 19 GPa the pair correlation function exhibits a discontinuous jump, and is
changing only slightly on further decompression down to 17 GPa within the quartz II
b phase. The phase transition is reversible when the pressure is increased again, while
there is a hysteresis effect that implies a higher transition pressure of about 2 GPa
on recompression. These findings indicate a (quasi) displacive crystalline-crystalline
first-order transition.
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Figure 3.5.: Si-O Pair correlation for the fluctuating dipole potential for different pressures around the
Quartz II - Quartz II b transition. The pressure was decreased subsequently starting from
quartz II.

3.3. X-Ray Diffraction Spectra

The similar behaviour of the three model potentials at the quartz II transition and
the apparent similarity of the crystalline structure emerging from these simulations
gives the simulation results a certain credibility for predictions towards the experi-
ment. In experiments the structure of a crystal can be characterized by its diffraction
pattern, such as the energy dispersive x-ray diffraction spectra measured for quartz II
by Kingma et al. [52]. To measure these data in a simulation one has to calculate the
structure factor

S(q) =

∣∣∣∣∣∑
j,k

fjfk exp{iq(Rj −Rk)}

∣∣∣∣∣
2

=

∣∣∣∣∣∑
j

fj exp{iqRj}

∣∣∣∣∣
2

(3.1)

with the appropriate atomic form factorsfi. These are tabulated as a function of
sin(Θ)/λ in Ref. [61], pp. 202, 203. A diffraction angle of 5◦ and a Gaussian broaden-
ing with a 0.5 eV FWHM were used to generate the spectra. The wave vector is related
to sin(Θ)/λ via the Bragg conditionλ = 2d sin Θ asq = 4πsin(Θ)/λ.
The reciprocal lattice vectors have to fit in the simulation box:q = 2πh−1(nx, ny, nz),

which simplifies eq. (3.1) to

S(q) =

∣∣∣∣∣∑
j

fj exp{2πi(nx, ny, nz)rj}

∣∣∣∣∣
2

. (3.2)
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3.3. X-Ray Diffraction Spectra
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Figure 3.6.: Energy dispersive x-ray diffraction patterns of Quartz II at 27 GPa. The experimental
x-ray diffraction spectrum shown in black is taken from Kingma et al. [52]. The Q’
symbols represent shifted quartzlike peaks while the * depict new nonquartz peaks. Ne
denotes diffraction from neon, which is used as pressure medium.

The diffraction spectra for the different potentials are compared to the data by Kingma
et al. in Fig.3.6. The three potentials are in good agreement with each other concern-
ing the structure of quartz II and can be related quite reasonably to the features of the
experimental spectrum.
An overview comparison for the spectra of the three potentials is given in Fig.3.7,
where one can see the course of the peaks in theα quartz phase and the change to the
quartz II peaks at the different transition temperatures. The position of the peaks can
be reexpressed as a Bragg distance between diffraction planes. The Bragg distances
as a function of pressure can then be compared to the data given by Kingma et al. In
Fig. 3.8 the interplanar spacings are shown in comparison with the experimental data.
From this figure and fig.3.6it can be summarized that the features of the experimental
spectrum agree quite well with the simulations. The apparent absence of the interpla-
nar spacing around 3.6Å in all simulations might be explained with the fact that the
peaks at 3.8̊A in the simulation consists of two very close peaks which are not resolved
in the plot. On the other hand the apparent absence of the 2.8Å Bragg distance in exper-
iment might arise out of a misinterpretation of the experimentally complicated energy
range around 27 keV. In this energy range one peak arises from Neon that was used as
pressure medium in experiment, which might cover the additional interplanar spacing
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Figure 3.7.: Comparison of X-Ray spectra at various pressures for the BKS potential (left), the fluc.
charge potential (middle), and the fluc. dipole potential (right)

which is predicted by all of the simulations. In total it seems that all the three model
potentials support the structure seen by Kingma. Still these results are questionable as
the models were parametrized for ambient conditions and are not verified to reproduce
the real behaviour under such extreme pressures, but their stunningly similar findings
adds to the credibility of the results.

3.4. Other High-Pressure Phases

Wentzcovitch et al. [105] found a high pressure phase with symmetry P32 in simu-
lations at 40 GPa. These simulation were done with an ab-initio MD approach with
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Figure 3.8.: Interplanar spacing for the compression ofα-quartz in experiment and simulation. Lines
represent the different transition pressures. Experimental data by Kingma et al. [52].

variable cell shape and a box of 27 particles. This high-pressure phase phase did not
emerge in our simulations fromα-quartz, however when using the crystal structure
reported by Wentzcovitch as initial configuration, it proved to be stable under high
pressures between 30 and 40 GPa with the fluctuating dipole potential and from 40
GPa down to 15 GPa with the BKS potential. In the fluctuating charge approach the
phase is only stable at around 30 GPa.
At lower pressures, and even down to zero pressure, structures are forming in all po-
tentials that are not entirely crystalline and not related to any known quartz phases.
The density of the crystal at 40 GPa can be calculated from the lattice constants given
in Ref. [105] to be 4.60 g/cm3, while the BKS potenial estimates a density of 4.53
g/cm3 and the fluctuating dipole potential finds 4.56 g/cm3. However the polymorph
proposed by Wentzcovitch et al. seems to be a valid option for a high-pressure phase
of silica in the BKS and fluctuating dipole potential as well, however it is not nearly as
stable as the Quartz II phase in the three potentials under consideration.

55



4. Silica Polymorphs Other Than Quartz

4.1. Cristobalite

Quartz is not the only polymorph that is (meta) stable at ambient conditions. Cristo-
balite, a cubic polymorph, and tridymite, which has hexagonal symmetry, are found
to be stable as well during accessible experimental time scales [47, 23]. A model
potential that is used to mimic the behaviour of silica should be able to reflect the
experimentally observed stabilities. In some cases, the observation of stability in a
simulation might be fortuitous as it could be the consequence of periodic boundary
conditions and/or the number of atoms used. For example, the phase into which the
system would like to convert is not compatible with the number of atoms used in the
simulation or it cannot be accessed without a major reconstruction of the cell shape.
This issue will be discussed in more detail in this section with a focus on cristobalite
that shows subtle effects depending on the choice of the periodic boundary conditions.
For the simulation of a crystalline system, the crystal structure has to be placed inside
the box in a way that the periodic images fit to each other at the box ends. For the
initial configuration of a simulation the atom positions are chosen to be identical with
experimental crystallographic data such that the atoms were set onto ideal lattice posi-
tions and are equilibrated. For many systems and also for the case of cristobalite there
are different ways to arrange such an initial configuration.
The most natural configuration is according to the usual description of cristobalite as
a diamond structure for the silicon atoms with connecting oxygen atoms between each
neighboring pair of silicon atoms. This would place the [100] crystal direction parallel
to the z axis of the simulation box, and the box geometry would be cubic.
On the other hand there is a nice ABCABC layering of sheets of hexagonal rings in
the cristobalite structure, which is also a very common representation as it leads to
tridymite when the layers are stacked in an ABAB order. This layering is seen along
the [111] direction in the crystal, and accordingly would place this direction parallel
to the z axis of the simulation box when the layers are stacked in the xy plane.
However both geometries are completed by the periodic boundary conditions to form
an infinite cristobalite crystal, and therefore they are equivalent regarding the static
structure. On the other hand the connectivity of the atoms at the boundary is different
and therefore the two geometries are not equivalent regarding phonons. When a lattice
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4.2. Tridymite

vibration leaves a periodic image it would reenter the box at a different position for
both setups.
This difference becomes obvious in the simulation ofβ-cristobalite. When relaxing
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Figure 4.1.: Time evolution per SiO2 unit VSiO2 for the two geometries with three different potentials.

the crystal atT = 1273 K and zero external pressure, where cristobalite is considered
to be thermodynamically stable [39], the volume of the simulation quickly stabilizes
on a value close to the experimental value ofVSiO2 = 45.25 Å3. In contrast with the
second configuration, which had the [111] direction parallel to the z axis, the observed
voulme is, if at all, metastable only for a short period of time, before densification of
the system takes place. After 2 ps the system is stable in a phase which is much denser
than cristobalite. It was tested that this state remains stable for more than a nanosec-
ond, which is not shown in the picture.
Obviously in contrast to this both the fluctuating charge and the fluctuating dipole
potential do not exhibit such a behaviour, but remain stable in the cristobalite phase
regardless of the initial condition.
Apparently the cristobalite phase is not universally stable in the BKS potential, but
only if certain phonons are prohibited by special periodic boundary conditions.

4.2. Tridymite

Another high temperature polymorph of quartz is tridymite, which was accepted to be
a stable phase of silica as late as in the 1960’s. There is a broad range of structural
modifications upon heating, while the structures increase in complexity with decreas-
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4. Silica Polymorphs Other Than Quartz

ing temperature. The ideal high-temperature tridymite, the HP-tridymite, is stable over
650 K. Its structure consists of an AB layering in c direction of the same tetrahedral
sheets that also form the cristobalite phase when stacked in a tripled ABC repeat along
[111].
We found that the HP-tridymite structure is not stable in BKS at 1000 K, which is well
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Figure 4.2.: Time evolution per SiO2 unit VSiO2 of tridymite for the three different potentials at
T=1000 K.

in the experimental stability range. Surprisingly, also the fluctuating charge potential,
in which cristobalite turned out to be stable, suggested in contradiction to experiment
that the HP-tridymite configuration is unstable. Shown in Fig.4.2is the time evolution
of the volume in a simulation run. While the crystal simulated with the BKS poten-
tials collapses into a denser phase about as quickly as the cristobalite collapses, with

a) BKS b) Fluc. Charge c) Fluc. Dipole
Figure 4.3.: Snapshot of the different phases that emerged after 20 ps at 1000 K. In all cases the initial

structure was HP-tridymite. Only the fluctuating dipole potential remained in the initial
phase, which is stable experimentally.
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4.3. Stishovite

the fluctuating charge potential the HP-tridymite is metastable for about 10 ps in the
simulation, only then it collapses slowly afterwards. The fluctuating dipole potential
is the only one that predicts that the HP-tridymite phase is stable.
In Fig. 4.3 this is shown in terms of the averaged configuration. One can see that
the collapsed structure of BKS and the fluctuating charge potential looks quite simi-
lar. The densification is mainly achieved by a contraction in thea direction (vertical).
The framework collapse induces distortions of hexagonal rings to oval configurations.
Additionally the tetrahedrons are tilted relative to the stacking directionc and thus ad-
jacent sheets are displaced alongb. While the later is known to occur in the tridymite
phases at intermediate temperatures, these phases all have a superstructure of charac-
teristically alternating oval and ditrigonal configurations. The occurence of only oval
rings in the present simulations may be caused by the finite box size, which does not
allow the superstructure to emerge.

4.3. Stishovite

The quartz, cristobalite and tridymite phases studied in this work were composed out
of corner-sharing SiO4 tetrahedra, which is the usual configuration in the low pres-
sure phases. Stishovite in contrast is a polymorph that often serves as a prototype
phase having octahedrally coordinated silicon. It is often assumed [20, 90] that with
the fluctuating charge approach the ability of the charges to adapt to the configuration
is especially helpful for the transferability between differently coordinated structures.
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Figure 4.4.: Stishovite Equation of State. Solid circles are the data of Ross et al. [80], Hemley
et al. [43], and Andrault et al. [2]; open squares are the data of Mao et al. [62]
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4. Silica Polymorphs Other Than Quartz

Also it is very likely that the degree of ionicity changes with pressure. Therefore, one
might expect that the fluctuating charge potential comes closest to the available exper-
imental data out of the three models.
Stishovite is usually stable at high pressures, above 8 GPa at room temperature, but it
was also discovered to be metastable at ambient pressures. It was first synthesized in
the laboratory [89] and later was discovered in association with coesite [14]. Stishovite
has the rutile structure, which consists of infinite chains of edge-shared SiO6 octahedra
parallel to thec-axis. Each oxygen atom is coordinated by three silicon atoms [43].
The equation of state for stishovite under pressure is shown in Fig.4.4. The agreement
in the low pressure range is relatively good for the BKS potential, while the fluctuating
dipole and the fluctuating charge potential both do not see a stable stishovite phase at
zero pressure. When increasing the pressure, these two potentials constantly underes-
timate the density of stishovite, while the volume of the BKS simulation deviates more
for higher pressures.
One feature of stishovite under pressure is a different compressibility in thea andc
direction, which is shown in Fig.4.5. This plot shows again a very good agreement of
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Figure 4.5.: c/a ratio in stishovite against pressure. Experimental data as in Fig.4.4. Please note that
the phase transition discussed in the next section does not have much influence on thec/a

ratio and the volume.

the BKS data with the experimental results. The effect of the different compressibility
in the fluc. charge and fluc. dipole potential is rather overestimated, while the fluctuat-
ing dipole potential again improves in the quantitative prediction for higher pressures.
The result of the fluctuating charge potential shows no improvement over neither of
the two other potentials.
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4.3. Stishovite

4.3.1. High-Pressure Behaviour

Shortly after the discovery of stishovite, a major question has evolved around possible
transformations to a denser structure at high pressures. By crystal chemical argu-
ments [67], first-principle calculations [42, 15], and experimentally [41, 98, 51, 12] a
pressure-induced phase transition at 50 GPa was confirmed. At the transition the SiO6

octahedra are only slightly tilted, whith the result that the lattice constantsa andb,
which are identical in the low pressure rutile-type, tetragonal phase, are of different
size in the CaCl2-type orthorombic stishovite phase. This tilting has the same symme-
try as the stishovite B1g vibrational mode, which was identified as the pressure-induced
soft mode that drives the transition [67]. By means of a Landau expansion Carpenter et
al. [12] found a classical second-order character. The transition has almost no impact
on the volume or thec/a ratio, which is shown in the paper by Carpenter.
However molecular dynamics models were not able to reproduce the tranistion pres-
sure but only found the transition at pressures in the megabar region [42, 97, 56].
As a comparison between molecular dynamics and experiment the elastic constants
can be analysed. Carpenter et al. [12] used a Landau expansion to generate expres-
sions for the elastic constants of stishovite with pressure. Fig.4.6 shows the relevant
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Figure 4.6.: Birch coefficients B11-B12 as a function of pressure. Simulation data is compared to the
result of a Landau expansion by Carpenter et al. [12]

shear modulus B11-B12, which softens on approach of the transition, as the B1g mode
directly contributes to it. The Birch coefficents Bij have to be considered for a stability
analysis rather than the elastic constants Cij, when the system is observed under ex-
ternal pressure. In the case of the two coefficents needed here, they are related to each
other asB11 = C11 − p andB12 = C12 + p.
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4. Silica Polymorphs Other Than Quartz

One can see that the BKS potential and the fluctuating dipole potential show a soften-
ing towards pressures of over 100 GPa, which is in agreement to the molecular dynam-
ics simulations cited above, and far away of the 50 GPa measured experimentally. In
contrast the fluctuating dipole potential predicts the transition in almost perfect agree-
ment with the analysis by Carpenter at 50 GPa.
This prediction can be verified by a plot of the lattice constantsa andb, which coincide
in a tetragonal lattice and differ in an orthorombic lattice. In Fig.4.7 the course of
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Figure 4.7.: Lattice constantsa andb against pressure. Experimental data as in Fig.4.4.

the lattice constants with pressure is compared to experimental data. The transition is
clearly visible at a pressure of around 50 GPa in both the fluctuating-dipole simulation
and experiment. The length of the lattice constant is overestimated constantly in the
simulation, which was already obvious in the volume plotted in Fig.4.4.
However the agreement with experiment in this phase transition is far better than in
the other model potentials. This is rather surprising, as it was parametrized for tetra-
hedrally coordinated silicon only.
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5. Electromechanical and Dielectric
Properties

Dielectric and electromechanical properties of materials play an important role in
many technological applications, as for instance piezoelectric resonators which are
used as frequency generators in computers. Furthermore it is interesting to check how
the results of the fluctuating charge and dipole potential compare to the standard two-
body force field, as these new approaches claim to account for electronic properties
and therefore should offer a better basis for the investigation of dielectric properties.
Due to these reasons it is desirable to have methods at hand that allow one to compute
dielectric, piezoelectric and related tensors in atomistic simulations. Dielectric proper-
ties are more challenging to calculate than thermal and mechanical properties, because
the definition of polarization in periodically repeated cells is less obvious than the for-
mulation of thermo-mechanical variables. The reason is that an electrical dipole, and
hence the polarization, lives on the surface of a sample. One of the consequences for
computer simulations is that the value of the dipole depends upon where we chose the
’central image’ of the periodically repeated cell to be. Conversely, internal energy,
lattice parameters, strain, etc. are independent of the central image’s position. As out-
lined further below, the ambiguity in defining the polarization becomes particularly
delicate even in classical molecular dynamics simulations when one treats a system
containing free charges at finite temperatures and constant stress, which implies fluc-
tuating box shapes.
Despite the mentioned ambiguity in the definition of polarization in periodic cells, it
has been shown that there is a bulk polarization that is intrinsic to the crystal and only
depends on variations in charge density induced by atomic displacements. It is there-
fore independent of the surfaces and thus of the choice of the central image [63].
In the following chapter different methods are established for the calculation of dielec-
tric and piezoelectric properties. These are in particular the dielectric tensor, defined
as

εαβ =
1

ε0

∂Pα

∂Eβ

, (5.1)

and the piezoelectric coefficients. The latter represent the mechanical reaction of the
system to an applied field, and can therefore be defined either in terms of the strain or
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the stress. In the following the focus will be on the piezoelectric strain coefficients:

dαβ,γ =
∂uαβ

∂Eγ

. (5.2)

Another quantity that will be used in the following derivation is the piezoelectric stress
coefficients at constant strain:

γαβ,γ =
∂σαβ

∂Dγ

. (5.3)

Two different approaches for the calculation of these quantities will be employed. The
first is the direct calculation of the slope of the polarization and the strain respectively
against an electric field applied on the simulation box in different spatial directions.
The second method is an evaluation of fluctuation relations within a usual simulation
run in zero external field.

5.1. Theory and Methods

In order to develop the fluctuation relations, we will introduce different generalized
vectors and matrices. In the following, a vectorv denotes a column of numbers, while
a transposed vectorvT represents a row of numbers. This means that the scalar product
of two vectorsu andv will be written asuT v anduvT is a matrix of rank two. Within
Voigt notation, all matrices except for the piezoelectric tensors are square matrices.
The piecoelectric coefficients are represented by a6 × 3 matrix in Voigt notation. As
before, spatial coordinates are written in capital letters to denote real space, while
lowercase letters represent reduced space:

Ri = h ri.

Additionally a vectorsi is introduced, which represents the reduced coordinates of
the central periodic image of the particlei. When the particle moves over the image
boundaries, the coordinate vectorri behaves smoothly while we have to add or subtract
unity to si. This means that the components ofsi always lie within0 and1, whereas
ri can exceed these boundaries. This will prove to be a relevant property as the polar-
ization must not depend on the boundary conditions.

5.1.1. Linear Response

Starting point is the isothermal partition functionZh,D(N, β) at fixed dielectric dis-
placementD and constant box geometry as defined by a symmetric matrixh. Accord-
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ing to the regular rules of statistical mechanics,Zh,D(N, β) reads

Zh,D(N, β) =

∫
dΓδ(h(Γ)− h)δ(D(Γ)−D) exp (−βΦ(Γ)) . (5.4)

Here
∫

dΓ is an integral over phase space, theδ(·)’s are the delta functions singling
out proper geometry and dieelectric displacement, andΦ(Γ) is the potential energy of
the system as a function of phase space, this means as a function ofh and{s}. From
the partition function, the free energyF is defined via the equation

Fh,D(N, β) = −kBT ln Zh,D(N, β). (5.5)

As outlined in more detail below, these equations allow one to connect phenomenogi-
cal materials parameters with ensemble averages over phase space. With the assump-
tion of ergodicity the integration over phase space is carried out by averaging along
the trajectory of the molecular dynamics simulation.
In the theory of elasticity it is helpful to express the partition function and free en-
ergy as a function of strain rather thanh. Unlike the box geometry, the definition
of the strain does not need the reference geometryh

0
of the system, which is typi-

cally chosen to reflect the expectation value ofh at given temperature and stress, as
an additional information. As used before in the calculation of elastic constants, the
Lagrangian strain with respect toh

0
can be written as

uαβ =
1

2

{(
h−1

0

)
αγ

hγδ hδε

(
h−1

0

)
εβ
− δαβ

}
, (5.6)

where tensor notation was used instead of Voigt notation. In Eq. (5.6), δαβ denotes
the Kronecker symbol. Since the relation betweenh andu is well defined for a given
referenceh

0
, it is possible to calculate the free energy as a function ofũ in terms of a

Taylor series expansion iñu away from a phase transition point, i.e.,

Fu,D = Fh0,D +
∂Fh,D

∂h

∂h

∂u
u + ... (5.7)

The new free energy depends on both, strainsu and displacementD. In the following,
for convenience of calculations these variables will be grouped together into a gener-
alized straiñu = (u1, · · · , u6, D1, · · · , D3)

t, with (u1, · · · , u6) being the strain tensor
in Voigt notation. The generalized stressesσ̃ that are the conjugate thermodynamic
variables toũ can be calculated as̃σ = (1/V ) ∂F(N, β)/∂ũ. Away from a phase
transition, it is possible to expandFũ into a power series around a reference strainũ0

(which one can usually set to zero ifũ0 at the reference geometry), thus

V0σ̃ =
∂Fh0,D(N, β)

∂ũ
+

∂2Fh,D(N, β)

∂ũt ∂ũ
δũ + ... , (5.8)
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where the derivatives are evaluated atũ0, the relative generalized strain isδũ = ũ− ũ0,
andV0 denotes the volume of the system at the reference geometry. The (expectation
value of the) generalized stress atδũ = 0 will be calledσ̃0 andδσ̃ = σ̃ − σ̃0 denotes
an (average) stress variation. One can then interpret the second-order derivative of
Fũ with respect tõu as generalized elastic constantsC̃, that connectδũ andδσ̃ via

δσ̃ = C̃ δũ, or if we represent̃u andσ̃ explicitly

(
δσ

δE

)
=

 C
D

γt

γ
(
ε0 ε

r,u

)−1

( δu

δD

)
. (5.9)

Here,C
D

denotes ‘real’ elastic constants at constant dielectric displacement,γ
u

are

the piezoelectrical stress coefficients at constant strain, andε
r,u

is the (isothermal)
dielectric tensor at constant strain. Eq. (5.9) is a linear equation that connectsδũ with
δσ̃. It is therefore possible to chose up to nine linearly independent thermodynamic
variables, i.e., we can ‘fix’ theδσ̃ and ‘measure’ the responseδũ. This can be done by
multiplying both sides of Eq. (5.9) with the inverse of̃C, which can be written as:(

δu

δD

)
=

[
C−1

E
dt

d ε0 ε
r,σ

](
δσ

δE

)
. (5.10)

HereC
E

have to be interpreted as elastic constants at constant (external) electric field
andd are the piezoelectrical strain coefficients. Eq. (5.9) uses the more natural rep-
resentation of the linear-response coefficients than Eq. (5.10), as stress and (external)
electrical field are typically the experimentally controlled parameters, while strain and
polarization and thus dielectric displacement are the measured responses.

Within linear-response theory,δũ andδσ̃ are conjugate to each other. In the constant-ũ
ensemble, we can therefore attribute an excess free energy∆F due to the fluctuations
in ũ, which is given by

∆F =
V0

2
ũtC̃ ũ. (5.11)

Thermal fluctuations of̃u at fixed σ̃ will thus be related tõC, which for harmonic
approximations, results in〈[

δuδut δuδDt

δDδut δDδDt

]〉
=

kBT

V0

[
C−1

E
dt

d ε0 ε
r,σ

]
. (5.12)

In this section, we have measured the free energy density by dividing the actual value
of F by the volumeV0 of the reference strain. This convention, which is typically used
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in the theory of elasticity. is also beneficial when evaluating Eq. (5.12): The fluctua-
tion of the electric displacement can be rewritten as fluctuation of the polarizationP .
Introducing the dielectric susceptibility,χ = ε

r
− 1, we can rewrite Eq. (5.10) as:(

δu

δP

)
=

[
C−1

E
dt

d ε0 χ
σ

](
δσ

δE

)
. (5.13)

and conclude with the same procedure the flucuation relation〈[
δuδut δuδP t

δPδut δPδP t

]〉
=

kBT

V0

[
C−1

E
dt

d ε0 χ
σ

]
. (5.14)

Relations such as Eqs. (5.8) and (5.14) can be exploited in atomistic calculations to
determine the susceptibilities of interest. However, it will first be necessary to state the
proper estimators for the polarization fluctuation.

5.1.2. Ambiguity of the dipole and its fluctuation

To understand the difficulties connected with the definition of bulk polarization and its
fluctuations in an infinitely replicated system it is helpful to consider Fig.5.1. Part (a)
of Fig. 5.1 shows that the definition of the dipole momentµ in the cell (which leads
to the polarizationP through division by the volume of the simulation box), depends
upon the choice of the boundary of the central cell. By displacing the boundary, none
of the interatomic distances is altered, yet the dipole changes its value. As long as
the shape (here simply the length) of the cell is maintained, this ambiguity causes
no complications for the response functions, because the only relevant quantity is the
difference between polarizations. A polarization change is independent of the choice
for the boundary - provided the ‘true’ trajectory of the atoms is measured, i.e., when a
charged particle moves across a boundary the scaled coordinate for the calculation of
the dipole is not increased or decreased by unity. Thus evaluating fluctuations related
to dipoles (from which the constant-strain dielectric and piezoelectric constants could
be calculated), do not depend on the choice for the position of the central image.
When the cell fluctuates, even a polarization difference will depend upon where we
chose the central image to be. This is illustrated in part (b) of Fig.5.1, where in one
case, the reduced coordinates of a charged particle is constrained to zero (bottom) and
in the other case it is set constant to one half (top). Both times, we assume the presence
of an opposite background charge of constant density ensuring charge neutrality. In
the upper part of Fig.5.1 (b), the fluctuation of the dipole vanishes exactly if we keep
the reduced positions of the chargeQ fixed in the center of mass. Therefore, the
fluctuation of the dipole will be zero in the upper half. In the bottom part, we would
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Figure 5.1.: Illustration of the ambiguity for (a) the definition of a dipoleµ and for (b) the fluctuation
of the dipole. The boxes framed by a solid line present the position of the central image,
while boxes framed with a broken line are periodic images. The lower left corner of the
central image is defined to the origin of the coordinate system. In part (b), a positive back-
ground neutralizes the point chargeQ and the arrows with the two arrow heads represent
fluctuation of the box geometry.

attribute a dipole to the cell, which would fluctuate with changing box size. Thus the
dipole fluctuations are affected by the choice of the location for the central image. The
above mentioned difficulties do not arise if one deals with neutral molecules whose
constituents have charges that add up to zero. In that case it is easy to remove the
ambiguity due to surface effects or periodic-boundary conditions. One would only
have to suppress any minimum image convention within the molecules, i.e., for the
calculation of the dipole, theri have been to be defined such that two covalently bonded
atoms are separated by the proper distance. In principle, it would be possible to define
similar molecules in an ideal crystalline network such as quartz, i.e., by evaluating the
dipole over entities that consist of a central silicon atom and its four oxygen neighbors,
where the charges of the O atoms would only count half, in order to avoid double
counting. However, such ‘tricks’ cannot be generally applied, for instance, if any type
of disorder or even impurities are present in the system, or if a non-rigid charge model
is employed.

5.1.3. Fluctuation estimators for dipoles

The problem of defining bulk dipoles can be overcome by considering the small wave
length limit of the dipole’s spatial Fourier transform̃µ. If the box cell is fluctuating, it is
appropriate to work with scaled reciprocal vectorsk = 2π(mx, my, mz) where themα

are integer numbers that are related to the true reciprocal vectors throughK = k h−1.
Since the box is fluctuating, it is more meaningful to work with reduced coordinates in
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both real and reciprocal space. Let us first consider the Fourier transform of the charge
distribution ˜ρ(k)

ρ̃(k) =
∑

i

Qie
ik si . (5.15)

It remains unchanged if we add or subtract unity from a particularsi or if the box
geometry is rescaled. Yet, the formal derivativeρ̃(k) with respect tok (which one
cannot do in practice as thekα’s are discrete) does not show the same invariance. The
derivative ofρ̃(k) evaluated atk = 0 corresponds to the contribution of the reduced
dipole due to the point charges, which is defined as

µ
red

=
∑

i

Qiri + h−1µ
i
, (5.16)

If, however, one defines a reference configuration, which can be an initial configura-
tion at timet = 0 that does not have to be equilibrated, then thedifferencebetween a
reduced dipoleµred(t) evaluated at timet and the reference dipoleµred(0) is invariant
against the transformations discussed in Fig.5.1, as long as the transformation is per-
formed on the configuration of interest and the reference configuration. For the final
evaluation of the dipole, the valueµred(0) has to be multiplied with the expectation
value of the box shape. Thus our estimator becomes

µestimator = 〈h〉 µred (5.17)

and consequently that for the polarizationP estimator = µestimator/〈V 〉. These estima-
tors do not enable one to calculate absolute dipoles or polarizations but only relative
quantities, i.e., those to be used in Eq. (5.14) for the calculation of fluctuation relations.
If absolute values for the polarization were needed, the dipole moment of the initial
configuration should vanish. This could be accomplished by chosing a configuration
with vanishing dipole moment due to an underlying symmetry.

5.1.4. Direct estimators with noise reduction

An alternative method to evaluate piezoelectric coefficients is to apply an external elec-
tric field E to the system. The appropriate force that acts on the reduced coordinates
related to a point chargeQi would readh−1EQi. It is yet not meaningful to simply
add a term−

∑
i QiE

tRi to the Hamiltonian. Such a perturbation would require to
have a force act onto the shape of the simulation cell and this force would depend on
whether a particle is counted within the central image or within a periodic image. We
thus suppress the force from the external field onto theh matrix, also because it would
be absent in a system without charges and dipoles.
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If the shape of the system is known forE = 0 and the initial configuration is equi-
librated, then one may switch on the field adiabatically and monitor the box shape
variation from which the strain can be calculated. This procedure will give correct
results, in particular if one averages over an appropriate number of independent, ini-
tial configurations. However, this algorithm may produce large stochastic scatter in
particular at elevated temperatures.

The noise can be reduced and the necessity of having to know the average structure can
be omitted if one performs a reference simulation in which the electric field remains
switched off. The reference simulation should be based on the same initial condition
and an identical initialization of the thermostat. Any instantaneous configuration at
finite field can be compared directly to the instantaneous configuration at zero field.
Within a few molecular dynamics steps, it is then possible to obtain quite reasonable
estimates for the piezoelectrical and other dielectric coefficients, even if the system
is rather anharmonic and contains slow modes, as is the case in quartz close to the
α − β transition. Fig.5.2 confirms this expectation. In Fig.5.2, we increased the
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Figure 5.2.: Response of the strainu11 as a function of time (below) or electrical field (above) for an
N = 1080 particle system (α-quartz) at temperatureT = 300 K. The long dashed line is
the result for the piezo-electrical coefficient based on evaluating the fluctuation relation
in Eq. (5.14).

external field slowly with time and also chose box inertia sufficiently small to have the
cell shape adapt quickly to the new field. The box geometry was thermostatted with a
Langevin thermostat to decrease the (stochastic) correlation time. Excellent estimates
for the piezoelectrical coefficients can be obtained already after one hundred MD steps
by evaluating the slope∂u11/∂Ex. In this way, four simulations have to be run to
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determine all generalized elastic constants; three in which the electric field is parallel
to one of the three coordinate axis and one in which the electric field remains zero.
As said above it is necessary that in all four runs the same initial conditions (one large
sample in thermal equilibrium or an average over some small equilibrated samples)
must be used as an input into the simulation and that all runs require the same random
number sequence.
For the various silica polymorphs investigated here, we obtain a statistical accuracy of
better than 5% forγ if we first equilibrate the material for about 10,000 MD steps to
produce an equilibrated start configuration. Note that even though quartz is crystalline,
it does takes relatively long to equilibrate, because it has an unusually large phonon
density of states at small frequencies. The start configuration is then used for four
independent runs, namely one without electric field plus three runs with electric field
in one of the three spatial dimensions. Each of these runs is about 2,500 MD steps long
and produces a graph similar to that shown in Fig.5.2. This length of the simulation
run is by far long enough to obtain a small error in the linear regression, while in a
longer run the abberations in the four trajectories get too large. Also non linear effects
would begin to dominate, at least for the set up and the slope of electric field against
time used above. Thus, the required numerical effort to obtain the data is relatively
small.

Using Nośe Hoover thermostats or related (less sophisticated) rescaling methods do
probably not lead to similarly reliable results. In particular for large systems and/or
small temperatures, the motion of the simulation cell will be quite harmonic and thus
the crucial exchange of (kinetic) energy between the simulation cell and the internal
degrees of freedom will be inefficient. This inefficiency will prevent the cell from
quickly finding its new preferred shape or from fluctuating around it.

5.2. Temperature Dependence of d 11 in Quartz

The temperature dependence of piezoelectrical constants is of technological relevance
because one is often interested in having pressure sensors and pressure transducers at
varying temperatures. One of the few disadvantages ofα-quartz is the relatively low
transition temperature toβ-quartz. Due to the increase in symmetry from the trig-
onal holoaxialα-quartz structure to the tetragonal holoaxialβ-quartz structure, the
piezoelectricity decreases such that thed11 component becomes symmetry-forbidden.
This means that quartz cannot be used as an effective piezoelectrical material at high
temperature. Fig.5.3 shows the temperature dependence of the piezoelectrical strain
coefficientd11. One can see that both potentials underestimate the value ofd11, the
fluctuating dipole potential underestimates its value in the low-temperature phase by
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more than 50%. The discrepancy between experiment and the fluctuating dipole
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Figure 5.3.: Comparison of the temperature dependence of the piezoelectrical strain coefficientd11

between experiment and simulation. Different potentials were used, the BKS and the
fluctuating dipole potential. In the fluc. potential, two set of runs were performed, one in
which the electric field was coupled to the dipoles, and one in which this coupling was
suppressed for the reasons outlined in the text. Experimental data was taken from Cook
and Weissler [17]

potential is suprising having in mind the otherwise good performance of this poten-
tial. As already mentioned in chapter2.4.1, it is possible that Tangney and Scan-
dolo parametrized quantum-chemical effects into the dipoles, so that their dielectric
properties should possibly not be treated as such. Re-running the simulations without
coupling the dipoles to the electric field, so that only the bare charges coupled toE,
showed that the discrepancy between the fluctuating dipole potential and the experi-
ment is significantly reduced and quantitative agreement is almost achieved.
Of course in this comparison one has to take into account that the transition tempera-
ture is about100 K underestimated by this potential.
The high temperature behaviour of quartz was recently studied by Haines et al. [37],
who observed a loss of piezoelectric properties inα-quartz still below the transition
temperature. It had been known for many decades that the piezoelectric coefficient
d11 of quartz decreases gradually above room temperature [10, 17, 6] as shown in
Fig. 5.3. Haines et al. measured the quality factor of piezoelectric resonators and
found that it decreases significantly already at550 K and reaches values characteristic
of a poor resonator above750 K, which is well below the transition temperature. The
time-averaged structure ofα quartz does not provide an explanation for this behaviour,
as the order parameter decreases only gradually in this temperature range. Therefore
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5.2. Temperature Dependence of d11 in Quartz

Haines et al. suspected that this deterioration of the piezoelectric response arises from
local instantaneous disorder. This can be characterized by the tilt angleΦ. In Fig. 5.4,
the distribution of the tilt angles in the crystal is shown for different temperatures.
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Figure 5.4.: Distribution functions of the tilt angleΦ in quartz as a function of temperature. Note that
at temperatures of863 K and973 K, the crystal is in theβ-quartz form. Experimental data
taken from Haines et al. [37].

The comparison of the simulation data with experiment shows that this explanation
also holds in computer simulations. While the average tilt angle hardly changes for
the three temperatures in theα-quartz stability range, the distribution of tilt angles
is significantly broadened. The shift towards smaller tilt angles in the simulation as
compared to experiment atT = 673 K arises from the lower transition temperature in
both potentials. This increasing disorder leads to the early decline of the quality factor,
while quantities that can be correlated to the static average value, like the piezoelectric
coupling constant, remain constant towards higher temperatures.
In the α-quartz phase, where this phenomenon occurs, both potentials are in good
agreement with experiment, which is reflected in Fig.5.3 in the quite similar decrease
of d11 with temperature. However it is interesting to note that the tilt angle distribu-
tion in β-quartz is obviously more accurate with the fluctuating dipole potential, which
means that the disorder in theβ-quartz phase is modelled closer to reality.
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5.3. Pressure Dependence of d 11 in α-Quartz

In Fig. 5.5, we show the pressure dependence of quartz with the same approaches as in
Fig. 5.3. While probably the most accurate data is obtained with the fluctuating dipole
approach by suppressing the coupling betweenµ andE, the “full” fluc.-dipole poten-
tial and the BKS potential are included for comparison. The fluc.-dipole potential with
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d 11
 [1

0-1
2  m

/V
]

BKS
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Figure 5.5.: Comparison of the pressure dependence of the piezoelectrical strain coefficientd11 be-
tween experiment and simulation. Different potentials were used, the BKS and the fluctu-
ating dipole potential. In the fluc. potential, two set of runs were performed, one in which
the electric field was coupled to the dipoles, and one in which this couplig was suppressed
for the reasons outlined in the text.

suppressedµ-E coupling shows a surprisingly strong similarity to the BKS potential
up to 12 GPa. Above this pressure, the results for the piezoelectrical coefficients are
starting to differ. Keeping in mind that the transition pressure for theα → II transi-
tion is 21 GPa in BKS compared to 28 GPa in TS, it is obvious that the results start to
differ on approach to the transition pressure. However the absolute values compared
at the respective transition temperature are again rather comparable. The increase in
the piezoelectrical activity originates in the softening of internal modes inα-quartz, in
which the oxygen atoms are displaced with respect to the oppositely charged silicon
atoms.
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5.4. Bond-Angle Dependence of the Dipole Moment

5.4. Bond-Angle Dependence of the Dipole
Moment

In chapter5.2 above the observation was made, that the predictions of piezoelectric
properties approve, when the dipoles are not fully treated as dipoles in the calculation,
but when the dipoles do not couple to the electric field and do not contribute to the
polarization of the material. It was already suspected before in the discussion of the
tetraeder distortion in chapter2.4.1that the value of the dipole moments calculated in
the potential by Tangney and Scandolo modelled effects caused by the quantum chemi-
cal bonds. It was shown that the distortion of the SiO4 tetraehedron, which is modelled
extremely accurately by this potential, was related by Grimm and Dorner [35] to the
π-bonds between Si and O atoms. Additionally the symmetry of theπ orbitals resem-
bles closely to the symmetry of the dipoles.
We want to investigate this possibility by having a closer look on the relation between
the dipole moment and its nearest surrounding. In Fig.5.6the distribution of the dipole
moments with respect to the Si-O-Si bond angle around the respective oxygen atom is

ϑ[◦] ϑ[◦]a) α-quartz b) β-quartz
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Figure 5.6.: Distribution of the absolute value of the dipole momentµ against the Si-O-Si bond angle
ϑ on the adjacent oxygen atom. The probability density h is plotted in units of probability
per degree andeÅ.

shown. One can see that the dipoles depend almost linearly of the oxygen bond an-
gle ϑ. There is some statistical spread, which increases with higher temperature. But
apparently the absolute value of the dipoles depends mainly on the bond angle. This
means that they depend largely on local effects of the bonding to the closest neighbors.
To measure the orientation of the dipole moments, we use the labels introduced in
Fig. 5.7. The orientation angleϕ is the angle between the direction of the dipole mo-
ment and the direction given by the bisecting line of the Si-O-Si angleϑ.
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5. Electromechanical and Dielectric Properties

Figure 5.7.: Sketch of bond angleϑ, dipole orientation angleϕ and absolute value of dipoleµ, as used
in Fig. 5.6and5.6.

One can see in the distribution of the orientation angle in Fig.5.8 that the dipole mo-
ment points most probable in the direction of the bisecting line, which is within the
layer defined by the oxygen and the two neighboring silicon atoms and represents the
most symmetric orientation at this point. In theβ-quartz phase the orientation might
deviate more than 10◦ with a certain probability. But in these cases the dipoles have a
small absolute value, as shown in Fig.5.8, and therefore they have only little influence
on the forces.
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Figure 5.8.: Distribution of the absolute value of the dipole momentµ against the deviation angle
ϕ. The deviation angle is measured as explained in the text and shown in Fig.5.7. The
probability density h is plotted in units of probability per degree andeÅ.

As the orientation of the four dipoles sitting on the oxygen atoms around one silicon
atom are pairwise opposed (see Fig.2.20), one can conclude that the contribution of
distant dipoles on the force acting on an atom dissappear faster than the usual charge-
dipole interaction.
Summing up these observations it is likely that there was some contribution of the
quantum chemistry to the forces, stresses and energy parametrized into the dipoles.

76



6. Conclusion and Outlook

In the present work, different model potentials were used for the simulation of silica
polymorphs, in order to study the influence of different enhancements of the standard
two-body potential. The potentials used for comparison were the frequently used BKS
two body pair potential [101], a model that had the atomic charges dynamically cal-
culated from the spatial configuration [20] and a third that employs fixed charges but
allows for inducible dipole moments on the oxygen atoms [90]. In the case of the
fluctuating charge potential some modifications had to be implemented as the original
parametrization was flawed.

For the testing of the different potentials we concentrated on crystalline phases, as in
disordered structures effects are more likely to average out and therefore in crystals
more independent susceptibilities can be observed. An example are the piezoelectric
constants or the elastic constantC14, which are forbidden for symmetry reasons in the
glass phase, but are present in certain crystalline phases. The observables taken into
account are predominantly of static nature and sometimes dynamic.

We analysed several cases in which the BKS potential showed quantitatively or quali-
tatively incorrect results. So theα-β quartz transition is located at a transition temper-
ature that is 100 K smaller than in experiment, and the density of both theα and the
β quartz phase are underestimated by about 4%, but the global picture with respect to
the volume change, the weak first-order nature of the transition and the hysteresis ef-
fects is certainly well reproduced. However one important detail, the ratio of the lattice
constantsc anda, shows a qualitative difference to the experimental behaviour at the
transition temperature. This discrepancy turned out to be originated in a distortion of
the SiO4 tetrahedra that deviates strongly in direction and size from the true distortion.
Another problematic quantity is the phonon density of states, which only reproduces
basic aspects of the lattice dynamics, namely the intra-tedrahedral modes, but even in
these modes the frequency differs from ab-initio data. The low frequency range cannot
be brought into agreement with ab-initio data at all.
In all of these difficulties, the allowance for fluctuating charges could not be of signif-
icant help. While the aberration in the transition temperature and the density was even
stronger in the same direction, the predictions for thec/a ratio and the phonon density
of states basically shows the same shortcomings as seen in the BKS potential.
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6. Conclusion and Outlook

The introduction of additional inducible dipole moments on the oxygen atoms was a
far more successful supplement to the two-body forces. Even though the transition
temperature deviates slightly more from experiment than in the BKS potential, this
remained the only drawback in the results of the fluctuating dipole potential. For the
estimation of the density the agreement with experiment is very satisfactory, and most
important the qualitative failures of the BKS potentials in the vibrational density of
states and thec/a ratio do not occur with the fluctuating dipoles. It could be shown
that the distortion of the tetrahedra, which causes the behaviour of thec/a ratio, is in
perfect agreement with experiment. The resemblance of the dipole orientation to the
symmetry of theπ-bonds, which were hold responsible for the tetrahedra deformation
in a work by Grimm and Dorner [35], gives rise to the suspicion that some of the
quantum chemistry in the atomic bonding was incorporated into the dipole interaction
during the parametrization of this potential.
The elastic constants were in generally good agreement for the BKS potential, and
were equally good reproduced by the fluctuating dipole potential. Only the fluctuating
charge potential showed strong deviations. The good results of BKS in this respect are
not surprising given that the BKS parameters were adjusted to the experimental elastic
constants ofα-quartz.

To test the new potentials at extreme conditions, the post-quartz phases under high
pressure were studied. Even though there is a rich variety of different high pressure
polymorphs and different suggestions for possible high-pressure transition path ways
from experiment and theory, it is remarkable that all three potentials showed a tran-
sition in a pressure range of 21 to 27 GPa to the same crystalline structure, which
is supposedly the structure of the still unclear quartz II phase. However theδ-quartz
phase seen by the BKS potential on decompression to ambient pressures is not repro-
duced by any of the two new potentials. Therefore the formation of this phase seems
to be an artifact of the BKS potential. In contrast, the two new potentials do see the
quartz II phase revert toα-quartz, while at intermediate pressures a phase emerges that
is very similar to the quartz II phase at higher pressures.

As the new potential approaches incorporate electrostatic properties, namely fluctuat-
ing charges and fluctuating dipole moments, the investigation of dielectric properties in
chapter5 should highlight the question if these are real electrostatic variables and thus
improve the prediction for the dielectric properties of the system. As there was no ap-
propriate method for the calculation of piezoelectric properties available in literature,
we developed a method to measure these by fluctuation relations within the simulation
run. In order to achieve this the definition of the polarisation in an infinitely replicated
system had to be clarified, as the definition is ambigious due to surface effects and to
box fluctuations, and the fluctuation relation was established by linear response theory.
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To test this method the direct impact of an external field was measured, where the noise
was reduced by subtracting the observables measured in a zero field run with identical
start configuration and random number generator.
We found that the BKS potential gives a quite reasonable estimate for the piezoelec-
tric constants ofα-quartz against temperature. The fluctuating charge potential was
again slightly more away from experiment than BKS. For the fluctuating dipole po-
tential the observation was made that the result depends on the question whether the
dipoles are taken seriously, this means if the dipoles are coupled to the electric field
and contribute to the polarization in the material, or if they are ignored with respect
to electrostatic quantities. The results clearly improved in the later case, again giving
rise to the suspicion, that the dipoles that are induced on the oxygen atoms are not pure
electric dipole moments. This question was further investigated by an analysis of the
relation between the dipole moment and its direct surrounding. It turned out that the
strength of the dipole depends linearly on the adjacent oxygen bond angle and is most
likely in the direction of the bisecting line of this angle.

Putting these observations together, we can compare the potentials in the following
way:

BKS Fl-Q Fl-µ
DOS inα-quartz - 0 +
Elastic constants inα andβ quartz + 0 +
c/a anomaly at theα-β quartz transition - -/0 +
Equation of state inα andβ-quarty 0 - +
Stability of cristobalite and tridymite - 0 +
Piezoelectric coefficients 0 0 (+)
Pressure induced transition + + +
Stishovite c/a and elasticity 0 - 0

The results shown above make it clear that the fluctuating charge approach is not of
use for the simulation of silica. Although it is very likely that the effective charges,
which represent the degree of ionicity, change with pressure and for different poly-
morphs, there is no evidence to suggest that this happens dynamically at a given pres-
sure or temperature in the real system. In the simulations it was shown that keeping
the charges fixed on their average values does not influence the results of the simu-
lations. The fluctuation in the charges is quite small, and one can even see that the
original authors update the charges on a time scale which is far beyond the time scales
of ionic motion. In an equilibrated system the charges can therefore not react on the
present spatial configuration. The overall conclusion is that the dynamic adaption of
the charges within an equilibrated system does not influence the ionic motion notably.
However this approach could be probably more useful for systems where the ionicity
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changes dynamically, as for instance at a surface.

In contrast, the effects contained in the fluctuating dipoles have a significant influ-
ence on the system. Their contribution is sufficiently large that theα-β transition is
suppressed when the dipoles are constrained to their average values in the respective
phases. In summary, the results achieved with this potential turn out to be in very close
agreement with experiment with the exception of six-coordinated silicon at small pres-
sures. It is the only potential that accurately models the tetrahedral distortion and the
lattice dynamics in quartz.
Possibly the quantum effects that are apparently parametrized in terms of dipoles could
be expressed in a newly parametrized three body term and thus reduce the computa-
tional expense.

All properties of four-coordinated silica could be described very precisely with the
fluctuating dipole potential, even though the potential was not explicitly tested nor op-
timized for these experimental results, but only parametrized to (microscopic) ab-initio
data. The parametrization was done in the predominantly tetrahedrally coordinated liq-
uid phase and therefore slightly biased in favor of a tetrahedral crystal structure, which
explains the weakness in the six coordinated stishovite phase at low pressure. How-
ever it is even more surprising that it is the only model that predicts the experimentally
measured transition pressure in stishovite. The overall success clearly approves the
functional form of this model potential as well as the parametrization procedure, and
gives rise to the hope that this procedure can find similarily good potentials for other
materials as well.
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A.1. Calculations for Fluc-Q Potential

A.1.1. Direct Solution of Charge Equilibration Equations

Equation (1.24) and its following explanations only take into account a nonperiodic
system. Regarding a system with periodic boundary conditions, the Coulomb interac-
tion has to be calculated by making use of the Ewald summation1.1.5. With summa-
tion over all periodic images, eq. (1.23) reads

χi = χ0
i + J0

iiQi +
∑

j

′
JijQj (A.1)

The notation
∑

j
′ meaning the sum over all periodic pictures andi 6= j in the original

picture can be rewritten as∑
j

′
JijQj =

∑
j

′
(

1

Rij

−
(

1

Rij

− Jij

))
Qj (A.2)

=
∑

j

′ 1

Rij

Qj −
∑
j 6=i

(
1

Rij

− Jij

)
Qj, (A.3)

becauseJij → 1/Rij for Rij → 0 and therefore the difference is short range. The
remaining pure Coulomb term can be evaluated using standard Ewald summation:∑

j

′ 1

Rij

Qj =
∑
j 6=i

1

Rij

erfc(
√

αRij)Qj −
2α√

π
Qi +

∑
j

CijQj (A.4)

with Cij =
4π

V

∑
k 6=0

exp(− k2

4α
)

k2
exp(ikRi) exp(−ikRj) (A.5)

Inserted back to eq. (A.1) this gives

χi = χ0
i + AijQi +

∑
j 6=i

BijQj (A.6)
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with Ai = J0
ii −

2α√
π

+ Cii (A.7)

and Bij =
1

Rij

erfc(
√

αRij)−
(

1

Rij

− Jij

)
+ Cij (A.8)

Now the conditionχi = χ1 reads

−A1Q1 + AiQi +
∑
j 6=i

BijQj −
∑
j 6=1

B1jQj = −(χ0
i − χ0

1) (A.9)

Together with the charge neutrality constraint this leads to the set of equations

C ·Q = −D, (A.10)

where
Di = χ0

i − χ0
1 (A.11)

and

C =


1 1 1 · · · 1

−A1 + B21 A2 −B12 B23 −B13 · · · B2N −B1N

−A1 + B31 B32 −B12 A3 −B13 · · · B3N −B1N
...

...
...

...
...

−A1 + BN1 BN2 −B12 BN3 −B13 · · · AN −B1N

 (A.12)

with Ai andBij as above.

A.1.2. Two Body Slater Integral

The integration over the overlap of two slater orbitals with two different centers can
be sketched as in FigureA.1. The value of the integral depends on the distancer
between the centersa andb. The integral to be evaluated (see eq.1.32) looks in this
nomenclature like

J(r) =

∫∫
φ2

i (ri1)
1

r12

φ2
j(rj2)dri1drj2 (A.13)

=

∫
φ2

i (ri1)Uj(ri1)dri1 (A.14)

with

Uj(ri1) =

∫
1

r12

φ2
j(rj2)drj2 (A.15)

= A2
j

∫
1

r12

r
2nj−2
j2 e−2ζjrj2drj2 (A.16)
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Figure A.1.: The i and j points are the centers of the orbitals, theri1 and rj2 are the integration
variables.

TheAj is the normalization factor to ensure
∫

φ2dV = 1 and can be calculated as

A =

√
1

4π

(2ζ)2n+1

(2n)!
(A.17)

Solving at first theUj(ri1) integral, one has to expand1/r12 in spherical harmonics:

1

r12

=
∞∑

λ=0

4π

2λ + 1

r<

rλ
> + 1

+λ∑
κ=−λ

Y κ
λ (θ1, ϕ1)

∗ Y κ
λ (θ2, ϕ2) (A.18)

Herer< is the smaller andr> is the bigger ofrj1 andrj2. In the angular integration
only λ = 0 delivers a non-vanishing contribution. So the radial integration is left over:

Uj(ri1) = A2
j4π

∞∫
0

1

r>

r
2nj−2
j2 e−2ζjrj2drj2 (A.19)

= A2
j4π

 1

rj1

rj1∫
0

r
2nj

j2 e−2ζjrj2drj2 +

∞∫
rj1

r
2nj−1
j2 e−2ζjrj2drj2

 (A.20)

= A2
j4πr

2nj

j1


1∫

0

y2nj e−2xydy +

∞∫
1

y2nj−1 e−2xydy

 (A.21)

In the last line, the substitutiony = rj2/rj1 andx = rj1/ζj was applied. After evalua-
tion of the two integrals, substitution ofAj from eq. (A.17) and further simplification,
one obtains

Uj(ri1) =
1

rj1

− e−2ζjrj1

2nj∑
ν=1

ν(2ζj)
2nj−ν

(2nj − ν)!2nj

r
2nj−ν−1
j1 (A.22)
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Substitution back into eq. (A.13) yields

J(r) = A2
i

{∫
r2n1−2
i1

1

rj1

e−2ζ1ri1dri1 (A.23)

−
2nj∑
ν=1

ν(2ζj)
2nj−ν

(2nj − ν)!2nj

∫
r2n1−2
i1 r

2nj−ν−1
j1 e−2ζ1ri1e−2ζjrj1dri1

}
.

Due to their symmetry these two integrals can be evaluated best in elliptical coordi-
nates(ξ, η, ϕ). The transformation isri1 = (r/2)(ξ + η), rj1 = (r/2)(ξ − η) and
dri1 = (r/2)3(ξ2 − η2)dξdηdϕ. After some simplifications, the final result for the
overlap integral now reads

J(r) =
(2ζi)

2ni+1

2 (2ni)!

{(r

2

)2ni
2ni−1∑
ν=0

(
2ni − 1

ν

)
A2ni−1−ν(ζir)Bν(ζir) (A.24)

−
2nj∑
ν=1

ν(2ζj)
2nj−ν

(2nj − ν)!2nj

(r

2

)2ni+2nj−ν
2ni−1∑
k=0

2nj−ν∑
l=0

(
2ni − 1

k

)(
2nj − ν

l

)

×(−1)lA2(ni+nj)−k−ν−l−1(r(ζi + ζj))Bk+l(r(ζi − ζj))

}

with Ak(x) =

∞∫
1

ξke−xξdξ, and Bk(x) =

+1∫
−1

ηke−xηdη (A.25)

The auxiliary integralAk(x) can be evaluated by

Ak(x) = e−x k!

xk+1

k∑
ν=0

xν

ν!
, (A.26)

whereas a similar representation ofBk(x) turned out to be numerically unstable. There-
foreBk(x) is evaluated by the following formula:

Bk(x) =
∞∑

ν=0

1− (−1)k+ν+1

ν!(k + ν + 1)
(−x)ν (A.27)
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B.1. Molecular Dynamics Code

This is the main simulation code. Input parameters is handed over in a file called
pimd.inp, the start configuration in a fileconf.sta . If no start configuration is
present, this file has to exist anyway with only the number 0 as content.
The program consists of the filepimd.f , and the filepimd.com.f with declara-
tions of common variables. The force routine for the fluctuating dipole potential is not
printed but can be obtained from Paul Tangney. The interface for this routine with the
conversion of units is within the subroutine scandolopotential.
The following routines from “Numerical Recipes in Fortran” [74] need to be included
in the code: ludcmp, lubksb, erfcc, four1. All variables needed by this force routine
are in atomic units.
The units used in the main program are as follows:

[l] = 1Å [E] = 1kBK [t] = 1~/(kBK)

[m] = 1mp [Q] = 1e [p] = 1kBK/Å
3

The output files generated have the following content:

fort.60 Different observables with time, see code for columns.
fort.61 Order parameter with time
pimd.g r Pair correlations functions
pimd.bon g(r) for Si-O at nearest neighbor distance, bond angle distributions
fort.62 Average, minimum and maximum charge with time
conf.end End configuration
conf.xmo End configuration in xyz format
confavg.xmo Averaged configuration in xyz format
conf.pol End dipole configuration
confavg.pol Averaged dipole configuration
pimd.out Averaged observables and input configuration
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code

fr
ic

tio
n

(1
)

=
0

.
fr

ic
_

b
o

x
=

0
.

d
t

=
d

t/
2

e
ls

e
fr

ic
tio

n
(1

)
=

0
.0

1
/

d
t

fr
ic

_
b

o
x

=
0

.0
1

/
d

t
e

n
d

if
fr

ic
tio

n
(2

)
=

fr
ic

tio
n

(1
)

!-
--

d
e

fin
e

in
e

rt
ia

fo
r

b
o

x
d

e
fo

rm
a

tio
n

m
a

ss
_

b
o

x
=

(n
_

si
lic

*m
a

ss
(0

,1
)

+
n

_
o

xy
*m

a
ss

(0
,2

))
/

1
2

m
a

ss
_

b
o

x
=

m
a
ss

_
b

o
x

/
5

e
ls

e
!

i_
d

u
m

m
y

if
(i
_

d
u

m
m

y.
n
e

.f
_

p
o

te
n

tia
l)

&
st

o
p

"f
_

p
o

te
n

tia
l

a
n

d
p

im
d

.in
p

m
is

m
a

tc
h

"
re

a
d

(1
0

,2
1

0
)

i_
d

u
m

m
y,

ch
a

r_
d

u
m

m
y

if
(i
_

d
u

m
m

y.
n
e

.f
_

ch
a

rg
e

a
d

ju
st

)
&

st
o

p
"f

_
ch

a
rg

e
a

d
ju

st
a

n
d

p
im

d
.in

p
m

is
m

a
tc

h
"

re
a

d
(1

0
,2

1
0

)
n

_
re

la
x

re
a

d
(1

0
,2

1
0

)
n

_
o

b
se

r
re

a
d

(1
0

,2
1

0
)

n
_

sa
fe

re
a

d
(1

0
,2

1
0

)
is

e
e

d
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
1

)
d

t
re

a
d

(1
0

,2
0

1
)

tk
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
2

)
(m

a
ss

(0
,i_

ty
p

e
),

i_
ty

p
e

=
1
,n

_
ty

p
e

)
re

a
d

(1
0

,2
0

2
)

(f
ri
ct

io
n

(i
_

ty
p

e
),

i_
ty

p
e
=

1
,n

_
ty

p
e

)
re

a
d

(1
0

,2
0

2
)

m
a

ss
_

b
o

x,
fr

ic
_

b
o

x

re
a

d
(1

0
,2

0
0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
1
)

p
re

ss
re

a
d

(1
0

,2
1

0
)

f_
p

re
ss

u
re

re
a

d
(1

0
,2

0
0
)

ch
a

r_
d

u
m

m
y

if
(f

_
ch

a
rg

e
a

d
ju

st
.n

e
.1

)
th

e
n

re
a

d
(1

0
,2

0
2
)

(q
e

q
e

le
ct

ro
n

e
g

(i
_

ty
p

e
),

i_
ty

p
e

=
1

,n
_

ty
p

e
)

re
a

d
(1

0
,2

0
2
)

(q
e

q
h

a
rd

n
e

ss
(i
_

ty
p

e
),

i_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
if

re
a

d
(1

0
,2

0
0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
0
)

ch
a

r_
d

u
m

m
y

d
o

i_
ty

p
e

=
1
,n

_
ty

p
e

re
a

d
(1

0
,2

0
2
)

(r
_

cu
to

ff
(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o

re
a

d
(1

0
,2

0
0
)

ch
a

r_
d

u
m

m
y

d
o

i_
ty

p
e

=
1

,n
_

ty
p

e
re

a
d

(1
0

,2
0

2
)

(r
_

sk
in

(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o

e
n

d
if

!i_
d

u
m

m
y

cl
o

se
(1

0
)

e
ls

e
!

i_
ru

n
tk

=
tk

-
0

.2
5

e
n

d
if

!
i_

ru
n

d
o

i_
ty

p
e

=
1
,n

_
ty

p
e

d
o

j_
ty

p
e

=
1
,n

_
ty

p
e

r_
cu

to
ff
_

2
(i
_
ty

p
e

,j_
ty

p
e

)
=

r_
cu

to
ff
(i
_

ty
p

e
,j_

ty
p

e
)*

*2
r_

ra
n

g
e

(i
_

ty
p
e

,j_
ty

p
e

)
=

r_
cu

to
ff
(i
_

ty
p

e
,j_

ty
p

e
)

+
&

r_
sk

in
(i
_

ty
p

e
,j_

ty
p

e
)

r_
ra

n
g

e
_

2
(i
_

ty
p

e
,j_

ty
p

e
)

=
r_

ra
n

g
e

(i
_
ty

p
e

,j_
ty

p
e

)*
*2

e
n

d
d

o
e

n
d

d
o

!-
--

d
e

fin
e

sh
ift

s
in

e
n

e
rg

y

i_
ty

p
e

=
1

r_
1

=
r_

cu
to

ff
(1

,1
)

ca
ll

a
zi

z_
lo

ca
l(
r_

1
,d

_
d

u
m

m
1

)
e

_
sh

ift
_

sh
o

rt
(1

,1
)

=
d

_
d

u
m

m
1

d
o

i_
p

o
te

n
tia

l
=

5
,

n
_

p
o

te
n

tia
l

r_
1

=
i_

p
o

te
n

tia
l

*
r_

ra
n

g
e

(1
,1

)
/

n
_

p
o

te
n

tia
l

ca
ll

a
zi

z_
lo

ca
l(
r_

1
,d

_
d

u
m

m
1

)
r_

p
o

t(
1

,1
,i_

p
o

te
n

tia
l)

=
d

_
d

u
m

m
1

-
e

_
sh

ift
_

sh
o

rt
(1

,1
)

r_
1

=
(i
_

p
o
te

n
tia

l-
1

)
*

r_
ra

n
g

e
(1

,1
)

/
n

_
p

o
te

n
tia

l
r_

2
=

r_
1

**
2

ca
ll

a
zi

z_
lo

ca
l(
r_

1
,d

_
d

u
m

m
1

)
r_

1
=

(i
_

p
o
te

n
tia

l+
1

)
*

r_
ra

n
g

e
(1

,1
)

/
n

_
p

o
te

n
tia

l
r_

2
=

r_
1

**
2

ca
ll

a
zi

z_
lo

ca
l(
r_

1
,d

_
d

u
m

m
2

)
r_

p
o

t_
d

(1
,1

,i_
p

o
te

n
tia

l)
=

(d
_

d
u

m
m

2
-d

_
d

u
m

m
1

)
&

/
(r

_
ra

n
g

e
(1

,1
)

/
n

_
p

o
te

n
tia

l)
**

2
/

(2
*i

_
p

o
te

n
tia

l)
e

n
d

d
o

!
**

**
**

**
**

**
**

*
f_

p
o

te
n

tia
l

5
+

6
+

7

e
ls

e
if

((
f_

p
o

te
n

tia
l.g

e
.5

).
a

n
d

.(
f_

p
o
te

n
tia

l.l
e

.7
))

th
e

n

if
((

f_
p

o
te

n
tia

l.e
q

.5
).

a
n

d
.(

f_
ch

a
rg

e
a
d

ju
st

.e
q

.3
))

th
e

n
st

o
p

"M
S

-Q
p

o
te

n
tia

l
d

o
e

s
n

o
t

w
o

rk
w

ith
E

xt
L

a
g

ra
n

g
e

"
e

n
d

if

if
((

f_
p

o
te

n
tia

l.e
q

.6
).

a
n

d
.(

f_
ch

a
rg

e
a
d

ju
st

.e
q

.4
))

th
e

n
st

o
p

"M
s-

flu
c

Q
p

o
te

n
tia

l
d

o
e

s
n

o
t

w
o

rk
w

ith
e

xa
ct

&
d

ia
g

o
n

a
lis

a
tio

n
"

e
n

d
if

co
n

st
a

n
t_

ch
a

rg
e

(1
)

=
1

.3
D

0
co

n
st

a
n

t_
ch

a
rg

e
(2

)
=

-0
.6

5
D

0

if
(i
_

ru
n

.e
q

.1
)

th
e

n
o

p
e

n
(1

0
,

fil
e
=

"p
im

d
.in

p
",

st
a

tu
s=

"o
ld

")
re

a
d

(1
0

,2
1

0
)

i_
d

u
m

m
y,

ch
a

r_
d

u
m

m
y

if
(i
_

d
u

m
m

y.
e
q

.0
)

th
e

n
!-

--
-

ta
ke

d
e

fa
u

lt
p

a
ra

m
e

te
rs

n
_

re
la

x
=

5
0

n
_

o
b

se
r

=
5

0
n

_
sa

fe
=

1
0

0
is

e
e

d
=

4
7

5
9

1
+

2
*i

n
t(

n
_

p
a

rt
/2

)+
2

*i
n

t(
1

0
*t

k)
+

n
_

tr
o

t
js

e
e

d
=

is
e

e
d

n
_

re
la

x
=

3
0

n
_

o
b

se
r

=
3
0

n
_

sa
fe

=
3
0

!-
--

-
si

lic
iu

m
m

a
ss

(0
,1

)
=

2
8

.1
*m

a
ss

_
a

m
u

91



B. Programs
!-

--
-

o
xy

g
e

n
m

a
ss

(0
,2

)
=

1
6

.0
*m

a
ss

_
a

m
u

if
(f

_
ch

a
rg

e
a

d
ju

st
.n

e
.1

)
th

e
n

q
e

q
e

le
ct

ro
n

e
g
(1

)
=

4
.1

6
8

*1
1

6
0

4
.5

0
4

9
!

e
V

->
kB

K
q

e
q

e
le

ct
ro

n
e

g
(2

)
=

8
.7

4
1

*1
1

6
0

4
.5

0
4

9
q

e
q

h
a

rd
n

e
ss

(1
)

=
6

.9
7

4
*1

1
6

0
4

.5
0

4
9

q
e

q
h

a
rd

n
e

ss
(2

)
=

1
3

.3
6

4
*1

1
6

0
4

.5
0

4
9

e
n

d
if

d
0

(1
,1

)
=

0
.2

9
5
6

d
0

(2
,2

)
=

0
.5

3
6
3

d
0

(1
,2

)
=

4
5

.9
9
7

!2
6

.3
7

6
5

d
0

(2
,1

)
=

d
0

(1
,2

)
m

sr
0

(1
,1

)
=

3
.4

1
0

3
m

sr
0

(2
,2

)
=

3
.7

8
3

5
m

sr
0

(1
,2

)
=

1
.6

1
4

8
!1

.8
3

7
7

9
m

sr
0

(2
,1

)
=

m
sr

0
(1

,2
)

g
a

m
m

a
(1

,1
)

=
1

1
.7

1
3

9
g

a
m

m
a

(2
,2

)
=

1
0
.4

1
1

2
g

a
m

m
a

(1
,2

)
=

8
.8

0
2

2
!8

.1
g

a
m

m
a

(2
,1

)
=

g
a
m

m
a

(1
,2

)

m
sn

(1
)=

3
m

sn
(2

)=
2

m
sz

e
ta

(1
,1

)=
0

.1
4

8
8

1
0

e
1

m
sz

e
ta

(1
,2

)=
0

.1
4

8
8

1
0

e
1

m
sz

e
ta

(2
,1

)=
0

.1
8

6
8

4
6

e
1

m
sz

e
ta

(2
,2

)=
0

.1
8

6
8

4
6

e
1

a
lp

h
a

=
0

.3
*

(1
0

0
2

./
n

_
p

a
rt

)*
*(

1
./
6

)
a

lp
h

a
=

0
.4

v_
cu

t
=

0
.0

1
*e

le
c_

p
re

fa
c*

(1
.2

*2
.4

)/
1

.6
/s

q
rt

(1
.*

n
_

p
a

rt
)

v_
cu

t
=

0
.

f_
o

p
t_

re
c

=
0

d
o

i_
ty

p
e

=
1

,n
_

ty
p

e
d

o
j_

ty
p

e
=

1
,n

_
ty

p
e

r_
sk

in
(i
_

ty
p

e
,j_

ty
p

e
)

=
0

.4
5

e
n

d
d

o
e

n
d

d
o

tk
=

3
6

0
0

./
n

_
tr

o
t

!
--

--
tim

e
st

e
p

=
1

fs
d

t
=

1
.3

0
9

1
e

-4
f_

p
re

ss
u

re
=

1
p

re
ss

=
.0

if
(f

_
ch

a
rg

e
a

d
ju

st
.e

q
.3

)
th

e
n

q
e

q
m

a
ss

(1
)

=
0

.0
4

d
o

i_
ty

p
e

=
2
,

n
_

ty
p

e
q

e
q

m
a

ss
(i
_

ty
p

e
)=

&
q

e
q

m
a

ss
(1

)
*

sq
rt

(q
e

q
h

a
rd

n
e

ss
(i
_

ty
p

e
)/

q
e

q
h

a
rd

n
e

ss
(1

))
e

n
d

d
o

q
e

q
fr

ic
tio

n
=

0
.1

/
d

t
e

n
d

if

if
(n

_
o

rd
e

r.
e

q
.2

)
th

e
n

!-
--

-
ch

e
ck

e
n

e
rg

y
co

n
se

rv
a

tio
n

fr
ic

tio
n

(1
)

=
0

.
fr

ic
_

b
o

x
=

0
.

d
t

=
d

t/
2

e
ls

e

fr
ic

tio
n

(1
)

=
0

.0
1

/
d

t
fr

ic
_

b
o

x
=

0
.0

1
/

d
t

e
n

d
if

fr
ic

tio
n

(2
)

=
fr

ic
tio

n
(1

)
!-

--
d

e
fin

e
in

e
rt

ia
fo

r
b

o
x

d
e

fo
rm

a
tio

n
m

a
ss

_
b

o
x

=
(n

_
si

lic
*m

a
ss

(0
,1

)
+

n
_

o
xy

*m
a

ss
(0

,2
))

/
1

2
m

a
ss

_
b

o
x

=
m

a
ss

_
b

o
x

/
8

e
ls

e
!

i_
d

u
m

m
y

if
(i
_

d
u

m
m

y.
n

e
.f
_

p
o

te
n

tia
l)

&
st

o
p

"f
_

p
o

te
n

tia
l

a
n

d
p

im
d

.in
p

m
is

m
a

tc
h

"
re

a
d

(1
0

,2
1

0
)

i_
d

u
m

m
y,

ch
a

r_
d

u
m

m
y

if
(i
_

d
u

m
m

y.
n

e
.f
_

ch
a

rg
e

a
d

ju
st

)
&

st
o

p
"f

_
ch

a
rg

e
a

d
ju

st
a

n
d

p
im

d
.in

p
m

is
m

a
tc

h
"

re
a

d
(1

0
,2

1
0

)
n

_
re

la
x

re
a

d
(1

0
,2

1
0

)
n

_
o

b
se

r
re

a
d

(1
0

,2
1

0
)

n
_

sa
fe

re
a

d
(1

0
,2

1
0

)
is

e
e

d
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
1

)
d

t
re

a
d

(1
0

,2
0

1
)

tk
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

re
a

d
(1

0
,2

0
2

)
(m

a
ss

(0
,i_

ty
p

e
),

i_
ty

p
e

=
1
,n

_
ty

p
e

)
re

a
d

(1
0

,2
0

2
)

(f
ri
ct

io
n

(i
_

ty
p

e
),

i_
ty

p
e
=

1
,n

_
ty

p
e

)
re

a
d

(1
0

,2
0

2
)

m
a

ss
_

b
o

x,
fr

ic
_

b
o

x

re
a

d
(1

0
,2

0
0

)
ch

a
r_

d
u

m
m

y
re

a
d

(1
0

,2
0

1
)

p
re

ss
re

a
d

(1
0

,2
1

0
)

f_
p

re
ss

u
re

re
a

d
(1

0
,2

1
0

)
f_

o
p

t_
re

c
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

if
(f

_
ch

a
rg

e
a

d
ju

st
.n

e
.1

)
th

e
n

re
a

d
(1

0
,2

0
2

)
(q

e
q

e
le

ct
ro

n
e

g
(i
_

ty
p

e
),

i_
ty

p
e

=
1

,n
_

ty
p

e
)

re
a

d
(1

0
,2

0
2

)
(q

e
q

h
a

rd
n

e
ss

(i
_

ty
p

e
),

i_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
if

re
a

d
(1

0
,2

0
0

)
ch

a
r_

d
u

m
m

y

if
(f

_
ch

a
rg

e
a

d
ju

st
.e

q
.3

)
th

e
n

re
a

d
(1

0
,2

0
2

)
(q

e
q

m
a

ss
(i
_

ty
p

e
),

i_
ty

p
e

=
1

,n
_

ty
p

e
)

re
a

d
(1

0
,2

0
1

)
q
e

q
fr

ic
tio

n
e

n
d

if
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

d
o

i_
ty

p
e

=
1

,n
_

ty
p

e
re

a
d

(1
0

,2
0

2
)

(d
0

(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o
re

a
d

(1
0

,2
0

0
)

ch
a

r_
d

u
m

m
y

d
o

i_
ty

p
e

=
1

,n
_

ty
p

e
re

a
d

(1
0

,2
0

2
)

(m
sr

0
(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o

re
a

d
(1

0
,2

0
0

)
ch

a
r_

d
u

m
m

y
d

o
i_

ty
p

e
=

1
,n

_
ty

p
e

re
a

d
(1

0
,2

0
2

)
(g

a
m

m
a

(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o

re
a

d
(1

0
,2

0
0

)
ch

a
r_

d
u

m
m

y
d

o
i_

ty
p

e
=

1
,n

_
ty

p
e

re
a

d
(1

0
,2

0
2

)
(m

sz
e

ta
(i
_

ty
p

e
,j_

ty
p

e
),

j_
ty

p
e

=
1

,n
_

ty
p

e
)

e
n

d
d

o

92



B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code

if
(i
_

a
n

g
.g

t.
6

)
st

o
p

"m
o

re
th

a
n

6
a

n
g

le
s

a
ro

u
n

d
S

i
a

to
m

"
k_

p
a

rt
=

i_
n

e
ig

h
_

o
ri
(i
_

p
a

rt
,j_

d
u

m
m

y)
ca

ll
ca

lc
_

d
is

ta
n

ce
(r

_
2

,0
,i_

p
a

rt
,k

_
p

a
rt

)
r_

d
u

m
m

y
=

0
.

d
o

i_
d

im
=

1
,

n
_

d
im

r_
d

u
m

m
y

=
r_

d
u
m

m
y

+
m

e
t_

te
n

_
vo

i(
i_

d
im

)
*

&
d

e
lta

_
s(

i_
d

im
)

*
d

e
lta

_
ce

ll(
i_

d
im

)
e

n
d

d
o

if
(e

_
d

im
.e

q
.3

)
th

e
n

r_
d

u
m

m
y

=
r_

d
u
m

m
y

&
+

m
e

t_
te

n
_

vo
i(
4

)
*

(
&

d
e

lta
_
s(

1
)

*d
e

lta
_

ce
ll(

2
)

+
d

e
lta

_
s(

2
)

*
d

e
lta

_
ce

ll(
1

)
)

/
2

&
+

m
e

t_
te

n
_

vo
i(
5

)
*

(
&

d
e

lta
_
s(

2
)

*d
e

lta
_

ce
ll(

3
)

+
d

e
lta

_
s(

3
)

*
d

e
lta

_
ce

ll(
2

)
)

/
2

&
+

m
e

t_
te

n
_

vo
i(
6

)
*

(
&

d
e

lta
_
s(

3
)

*d
e

lta
_

ce
ll(

1
)

+
d

e
lta

_
s(

1
)

*
d

e
lta

_
ce

ll(
3

)
)

/
2

e
n

d
if

r_
d

u
m

m
y

=
r_

d
u

m
m

y
/

sq
rt

(
r_

2
*

s_
2

)

!
st

o
re

va
ri
a
b

le
s

fo
r

3
b

o
d

y
p

o
te

n
tia

l
if

(f
_

p
o

te
n
tia

l.e
q

.8
)

th
e

n
tr

ip
le

_
co

s(
i_

p
a

rt
,

i_
a

n
g

)
=

r_
d

u
m

m
y

tr
ip

le
_

p
a

rt
j(
i_

p
a

rt
,

i_
a

n
g

)
=

j_
p

a
rt

tr
ip

le
_

ri
j(
i_

p
a

rt
,

i_
a

n
g

)
=

s_
1

tr
ip

le
_

p
a

rt
k(

i_
p

a
rt

,
i_

a
n

g
)

=
k_

p
a

rt
tr

ip
le

_
ri
k(

i_
p
a

rt
,

i_
a

n
g

)
=

sq
rt

(r
_

2
)

d
o

i_
d

im
=

1
,

n
_
d

im
tr

ip
le

_
d

e
lta

ij(
i_

p
a

rt
,

i_
a

n
g

,
i_

d
im

)
=

d
e

lta
_

s(
i_

d
im

)
tr

ip
le

_
d

e
lta

ik
(i
_

p
a

rt
,

i_
a

n
g

,
i_

d
im

)
=

d
e

lta
_

ce
ll(

i_
d

im
)

e
n

d
d

o
e

n
d

if

r_
d

u
m

m
y

=
a
co

s(
r_

d
u

m
m

y)

i_
g

ri
d

=
n

in
t(

n
_

g
ri
d

*r
_

d
u

m
m

y/
p

i
)

if(
(i
_

g
ri
d
.g

e
.1

).
a

n
d

.(
i_

g
ri
d

.le
.n

_
g
ri
d

)
)

&
h

is
t_

a
n
g

(3
,i_

g
ri
d

)
=

h
is

t_
a

n
g

(3
,i_

g
ri
d

)
+

1
.d

0
e

n
d

d
o

e
n

d
d

o
e

ls
e

if
(i
_

ty
p

e
.e

q
.2

)
th

e
n

!
--

-
O

i_
a

n
g

=
1

j_
p

a
rt

=
i_

n
e

ig
h

_
o

ri
(i
_

p
a

rt
,1

)
ca

ll
ca

lc
_

d
is

ta
n

ce
(s

_
2

,0
,i_

p
a

rt
,j_

p
a
rt

)
d

o
i_

d
im

=
1

,
n

_
d

im
d

e
lta

_
s(

i_
d

im
)

=
d

e
lta

_
ce

ll(
i_

d
im

)
e

n
d

d
o

!
--

--
q

u
a

rt
z

e
va

lu
a

te
o

rd
_

p
a

ra
m

if
((

f_
sy

m
m

e
tr

y.
e

q
.6

).
o

r.
(f

_
sy

m
m

e
tr

y.
e

q
.7

))
th

e
n

if
(

((
ty

p
e

(7
).

e
q

.1
).

a
n

d
.

!
1

/3
n

S
i,

2
/3

n
O

C
o

n
fig

&
((

m
o

d
(j
_

p
a

rt
,6

).
e

q
.3

).
o

r.
(m

o
d

(j
_

p
a

rt
,6

).
e

q
.4

))
).

o
r.

&
((

ty
p

e
(7

).
e

q
.2

).
a

n
d

.
!

6
S

i,
1

2
O

,
6

S
i,

1
2

O
co

n
fig

&
((

m
o

d
(j
_

p
a

rt
,1

8
).

e
q

.1
).

o
r.

(m
o

d
(j
_

p
a

rt
,1

8
).

e
q

.4
))

)
)

&
th

e
n

ro
rd

_
d

u
m

m
y

=
d

e
lta

_
ce

ll(
2

)
/

&
sq

rt
(

d
e

lta
_

ce
ll(

2
)*

*2
+

d
e

lta
_

ce
ll(

3
)*

*2
)

if
(d

e
lta

_
ce

ll(
2

).
g

t.
0

.)
th

e
n

if
(d

e
lta

_
ce

ll(
3

).
g

t.
0

.)
th

e
n

ro
rd

_
d

u
m

m
y

=
a

co
s(

ro
rd

_
d

u
m

m
y)

e
ls

e
ro

rd
_

d
u

m
m

y
=

a
si

n
(r

o
rd

_
d

u
m

m
y)

e
n

d
if

o
rd

_
p

a
r

=
o
rd

_
p

a
r

+
ro

rd
_

d
u

m
m

y
o

rd
_

p
a

rC
=

o
rd

_
p

a
rC

+
a

b
s(

ro
rd

_
d

u
m

m
y*

1
8

0
./
p

i
-

4
5

.)
!

w
ri
te

(4
4

,*
)

i_
p

a
rt

,
ty

p
e

(i
_

p
a

rt
),

j_
p

a
rt

,
ty

p
e

(j
_

p
a

rt
),

!
&

m
o

d
(j
_

p
a

rt
,1

8
),

1
8

0
*r

o
rd

_
d

u
m

m
y/

p
i-
4

5
e

n
d

if
e

n
d

if
e

n
d

if
k_

p
a

rt
=

i_
n

e
ig

h
_

o
ri
(i
_

p
a

rt
,2

)
ca

ll
ca

lc
_

d
is

ta
n

ce
(r

_
2

,0
,i_

p
a

rt
,k

_
p

a
rt

)
r_

d
u

m
m

y
=

0
.

d
o

i_
d

im
=

1
,

n
_

d
im

r_
d

u
m

m
y

=
r_

d
u

m
m

y
+

m
e

t_
te

n
_

vo
i(
i_

d
im

)
*

&
d

e
lta

_
s(

i_
d

im
)

*
d

e
lta

_
ce

ll(
i_

d
im

)
e

n
d

d
o

!
--

--
q

u
a
rt

z
e

va
lu

a
te

o
rd

_
p

a
ra

m
if

((
f_

sy
m

m
e

tr
y.

e
q

.6
).

o
r.

(f
_

sy
m

m
e

tr
y.

e
q

.7
))

th
e

n
if

(
((

ty
p

e
(7

).
e

q
.1

).
a

n
d

.
!

1
/3

n
S

i,
2

/3
n

O
C

o
n

fig
&

((
m

o
d

(k
_

p
a

rt
,6

).
e

q
.3

).
o

r.
(m

o
d

(k
_

p
a

rt
,6

).
e

q
.4

))
).

o
r.

&
((

ty
p
e

(7
).

e
q

.2
).

a
n

d
.

!
6

S
i,

1
2

O
,

6
S

i,
1

2
O

co
n

fig
&

((
m

o
d

(k
_

p
a

rt
,1

8
).

e
q

.1
).

o
r.

(m
o

d
(k

_
p

a
rt

,1
8

).
e

q
.4

))
)

)
&

th
e
n

ro
rd

_
d

u
m

m
y

=
d

e
lta

_
ce

ll(
2

)
/

&
sq

rt
(

d
e

lta
_

ce
ll(

2
)*

*2
+

d
e

lta
_

ce
ll(

3
)*

*2
)

if
(d

e
lta

_
ce

ll(
2

).
g

t.
0

.)
th

e
n

if
(d

e
lta

_
ce

ll(
3

).
g

t.
0

.)
th

e
n

ro
rd

_
d

u
m

m
y

=
a

co
s(

ro
rd

_
d

u
m

m
y)

e
ls

e
ro

rd
_

d
u

m
m

y
=

a
si

n
(r

o
rd

_
d

u
m

m
y)

e
n

d
if

o
rd

_
p

a
r

=
o
rd

_
p

a
r

+
ro

rd
_

d
u

m
m

y
o

rd
_

p
a

rC
=

o
rd

_
p

a
rC

+
a

b
s(

ro
rd

_
d

u
m

m
y*

1
8

0
./
p

i
-

4
5

.)
!

w
ri
te

(4
4

,*
)

i_
p

a
rt

,
ty

p
e
(i
_

p
a

rt
),

k_
p

a
rt

,
ty

p
e

(k
_
p

a
rt

),
!

&
m

o
d

(k
_

p
a

rt
,1

8
),

1
8

0
*r

o
rd

_
d

u
m

m
y/

p
i-
4

5
e

n
d

if
e

n
d

if
e

n
d

if

if
(e

_
d

im
.e

q
.3

)
th

e
n

r_
d

u
m

m
y

=
r_

d
u

m
m

y
&

+
m

e
t_

te
n

_
vo

i(
4

)
*

(
&

d
e

lta
_

s(
1

)
*d

e
lta

_
ce

ll(
2

)
+

d
e

lta
_

s(
2

)
*

d
e

lta
_

ce
ll(

1
)

)
/

2
&

+
m

e
t_

te
n

_
vo

i(
5

)
*

(
&

d
e

lta
_

s(
2

)
*d

e
lta

_
ce

ll(
3

)
+

d
e

lta
_

s(
3

)
*

d
e

lta
_

ce
ll(

2
)

)
/

2
&

+
m

e
t_

te
n

_
vo

i(
6

)
*

(
&

d
e

lta
_

s(
3

)
*d

e
lta

_
ce

ll(
1

)
+

d
e

lta
_

s(
1

)
*

d
e

lta
_

ce
ll(

3
)

)
/

2
e

n
d

if
r_

d
u

m
m

y
=

r_
d
u

m
m

y
/

sq
rt

(
r_

2
*

s_
2

)

!
st

o
re

va
ri
a

b
le

s
fo

r
3

b
o

d
y

p
o

te
n

tia
l

if
(f

_
p

o
te

n
tia

l.e
q

.8
)

th
e

n
tr

ip
le

_
co

s(
i_

p
a

rt
,

i_
a

n
g

)
=

r_
d

u
m

m
y

tr
ip

le
_

p
a

rt
j(
i_

p
a

rt
,

i_
a

n
g

)
=

j_
p

a
rt

tr
ip

le
_

ri
j(
i_

p
a

rt
,

i_
a

n
g

)
=

sq
rt

(s
_

2
)

tr
ip

le
_

p
a

rt
k(

i_
p

a
rt

,
i_

a
n

g
)

=
k_

p
a

rt
tr

ip
le

_
ri
k(

i_
p

a
rt

,
i_

a
n

g
)

=
sq

rt
(r

_
2
)

d
o

i_
d

im
=

1
,

n
_

d
im

tr
ip

le
_

d
e

lta
ij(

i_
p

a
rt

,
i_

a
n

g
,

i_
d

im
)

=
d

e
lta

_
s(

i_
d

im
)

tr
ip

le
_

d
e

lta
ik

(i
_

p
a

rt
,

i_
a

n
g

,
i_

d
im

)
=

d
e

lta
_

ce
ll(

i_
d

im
)

e
n

d
d

o
e

n
d

if

r_
d

u
m

m
y

=
a

co
s(

r_
d

u
m

m
y)

133



B. Programs
!

w
ri
te

ve
ct

o
r

fr
o

m
m

id
d

le
o

f
si

-s
i

co
n

n
e

ct
io

n
lin

e
to

o

d
o

iii
=

1
,3

ri
j(
iii

)=
0

.
ri
k(

iii
)=

0
.

d
o

jjj
=

1
,3

ri
j(
iii

)=
ri
j(
iii

)+
h

_
m

a
t(

iii
,jj

j)
*d

e
lta

_
s(

jjj
)

ri
k(

iii
)=

ri
k(

iii
)+

h
_

m
a

t(
iii

,jj
j)
*d

e
lta

_
ce

ll(
jjj

)
e

n
d

d
o

e
n

d
d

o

if
(i
_

p
a

rt
.e

q
.1

5
)

&
w

ri
te

(8
6

,’(
3

i,3
f1

4
.5

)’
)

i_
p

a
rt

,j_
p

a
rt

,k
_

p
a

rt
,

&
(0

.5
*(

ri
j(
iii

)+
ri
k(

iii
))

,ii
i=

1
,3

)

i_
g

ri
d

=
n

in
t(

n
_

g
ri
d

*r
_

d
u

m
m

y/
p

i
)

if(
(i
_

g
ri
d

.g
t.
0

).
a

n
d

.(
i_

g
ri
d

.lt
.n

_
g

ri
d

)
)

&
h

is
t_

a
n

g
(2

,i_
g

ri
d

)
=

h
is

t_
a

n
g

(2
,i_

g
ri
d

)
+

1
.d

0
e

n
d

if
e

n
d

d
o

if
((

f_
sy

m
m

e
tr

y.
e

q
.6

).
o

r.
(f

_
sy

m
m

e
tr

y.
e

q
.7

))
th

e
n

o
rd

_
p

a
r

=
1

8
0

*
o

rd
_

p
a

r
/

p
i

o
rd

_
p

a
r

=
1

.5
*

o
rd

_
p

a
r

/
n

_
si

lic
o

rd
_

p
a

rC
=

1
.5

*
o

rd
_

p
a

rC
/

n
_

si
lic

e
n

d
if

e
n

d
su

b
ro

u
tin

e

!
!

!
!

!
!

!
!

!
!

!

su
b

ro
u

tin
e

vi
ri
_

e
st

im
a

to
r

im
p

lic
it

n
o

n
e

in
cl

u
d

e
"p

im
d

.c
o

m
.f
"

d
o

u
b

le
p

re
ci

si
o

n
r_

lo
ca

l(
n

_
d

im
),

r_
h

e
lp

(n
_

d
im

),
f_

lo
ca

l(
n

_
d

im
)

!-
--

-
ch

a
n

g
e

tr
a

n
sf

o
rm

vi
ri
_

e
st

=
0
.

!-
--

-
te

rm
m

e
a

s
vi

ri
_

e
st

d
o

i_
p

a
rt

=
1

,n
_

p
a

rt
d

o
i_

tr
o

t
=

0
,n

_
tr

o
t-

1
d

o
i_

d
im

=
1

,n
_
d

im
r_

lo
ca

l(
i_

d
im

)
=

0
.

f_
lo

ca
l(
i_

d
im

)
=

0
.

r_
h

e
lp

(i
_

d
im

)
=

r0
(i
_

d
im

,i_
tr

o
t,
i_

p
a

rt
)

&
+

1
.

*
p

b
c0

(i
_

d
im

,i_
tr

o
t,
i_

p
a

rt
)

-
r_

re
f(

i_
d

im
,i_

p
a

rt
)

e
n

d
d

o
d

o
i_

d
im

=
1

,n
_

d
im

d
o

j_
d

im
=

1
,n

_
d

im
r_

lo
ca

l(
i_

d
im

)
=

r_
lo

ca
l(
i_

d
im

)
+

&
h

_
m

a
t(

i_
d

im
,j_

d
im

)
*

r_
h

e
lp

(j
_

d
im

)
f_

lo
ca

l(
i_

d
im

)
=

f_
lo

ca
l(
i_

d
im

)
+

&
h

_
m

a
t(

i_
d

im
,j_

d
im

)
*

(
fo

rc
e

(j
_

d
im

,i_
tr

o
t,
i_

p
a

rt
)

)
!

&
0

*
m

a
ss

(i
_

d
u

m
m

y,
i_

ty
p

e
)

*
fr

ic
tio

n
(i
_

ty
p

e
)

*
r_

d
u

m
m

y*
*2

!
&

*
(u

x(
1

,j_
d

im
,i_

tr
o

t,
i_

p
a

rt
)/

d
t)

)
e

n
d

d
o

!
6

6
6

lin
e

s
a

b
o

ve
e

n
d

d
o

d
o

i_
d

im
=

1
,

n
_

d
im

vi
ri
_

e
st

=
vi

ri
_

e
st

+
r_

lo
ca

l(
i_

d
im

)
*

f_
lo

ca
l(
i_

d
im

)
e

n
d

d
o

e
n

d
d

o

e
n

d
d

o
vi

ri
_

e
st

=
-v

ir
i_

e
st

/2

e
n

d
su

b
ro

u
tin

e

!
!

!
!

!
!

!
!

!
!

!

su
b

ro
u

tin
e

p
ri
m

_
e

st
im

a
to

r
im

p
lic

it
n

o
n

e
in

cl
u

d
e

"p
im

d
.c

o
m

.f
"

v_
ch

a
in

=
0

.
d

o
i_

tr
o

t
=

0
,

n
_

tr
o

t-
1

j_
tr

o
t

=
m

o
d
(i
_

tr
o

t+
1

,n
_

tr
o

t)
d

o
i_

p
a

rt
=

1
,

n
_

p
a

rt
i_

ty
p

e
=

ty
p

e
(i
_

p
a

rt
)

!-
--

-
T

E
R

M
m

e
a

s
p

ri
m

_
e

st
d

o
i_

d
im

=
1

,
n

_
d

im
v_

ch
a

in
=

v_
ch

a
in

+
k_

q
u

a
n

t(
i_

ty
p

e
)

*
(

&
r_

re
a

l(
i_

d
im

,i_
tr

o
t,
i_

p
a

rt
)

-
r_

re
a

l(
i_

d
im

,j_
tr

o
t,
i_

p
a

rt
)

)*
*2

e
n

d
d

o
e

n
d

d
o

e
n

d
d

o
v_

ch
a

in
=

v_
ch

a
in

/
2

e
n

d
su

b
ro

u
tin

e

!
!

!
!

!
!

!
!

!
!

!

su
b

ro
u

tin
e

o
b

se
r_

o
u

t
im

p
lic

it
n

o
n

e
in

cl
u

d
e

"p
im

d
.c

o
m

.f
"

in
te

g
e

r
n

u
m

b
e

r_
sp

e
c(

n
_

ty
p

e
),

i_
cl

a
ss

d
o

u
b

le
p

re
ci

si
o

n
n

o
rm

_
sp

e
c(

n
_

ty
p

e
,n

_
ty

p
e

)

d
o

i_
ty

p
e

=
1

,n
_

ty
p

e
n

u
m

b
e

r_
sp

e
c(

i_
ty

p
e

)
=

0
e

n
d

d
o

d
o

i_
p

a
rt

=
1

,n
_

p
a

rt
i_

ty
p

e
=

ty
p

e
(i
_

p
a

rt
)

n
u

m
b

e
r_

sp
e

c(
i_

ty
p

e
)

=
n

u
m

b
e

r_
sp

e
c(

i_
ty

p
e

)
+

1
e

n
d

d
o

w
ri
te

(2
0

,*
)

w
ri
te

(2
0

,2
0

1
)

tim
e

_
o

b
s,

"
tim

e
o

b
se

rv
e

d
"

t_
d

yn
a

m
ic

_
1

=
t_

d
yn

a
m

ic
_

1
/t
im

e
_

o
b

s
t_

d
yn

a
m

ic
_

2
=

t_
d

yn
a

m
ic

_
2

/t
im

e
_

o
b

s
-

t_
d

yn
a

m
ic

_
1

**
2

t_
d

yn
a

m
ic

_
1

=
t_

d
yn

a
m

ic
_

1
/

(n
_

p
a

rt
*n

_
tr

o
t)

t_
d

yn
a

m
ic

_
2

=
t_

d
yn

a
m

ic
_

2
/

(n
_

p
a

rt
*n

_
tr

o
t*

tk
p

**
2

)
w

ri
te

(2
0

,*
)

w
ri
te

(2
0

,2
0

2
)

t_
d

yn
a

m
ic

_
1

,
t_

d
yn

a
m

ic
_

2
,"

d
yn

a
m

ic
ki

n
.

e
n

e
rg

y"

t_
d

ia
g

_
1

=
t_

d
ia

g
_

1
/t
im

e
_

o
b

s
t_

n
d

ia
g

_
1

=
t_

n
d

ia
g

_
1

/t
im

e
_

o
b

s
w

ri
te

(2
0

,2
0

2
)

t_
d

ia
g

_
1

,
t_

n
d

ia
g

_
1

,"
d

ia
g

a
n

d
n

o
n

_
d

ia
g

T
_

ki
n

"

v_
in

te
r_

1
=

v_
in

te
r_

1
/

tim
e

_
o

b
s

v_
in

te
r_

2
=

v_
in

te
r_

2
/

tim
e

_
o

b
s

-
v_

in
te

r_
1

**
2

v_
in

te
r_

1
=

v_
in

te
r_

1
/

(n
_

p
a

rt
*n

_
tr

o
t)

v_
in

te
r_

2
=

v_
in

te
r_

2
/

(n
_

p
a

rt
*n

_
tr

o
t*

tk
p

**
2

)
w

ri
te

(2
0

,*
)

134



B.1. Molecular Dynamics Code

w
ri
te

(2
0

,2
0

2
)

v_
in

te
r_

1
,

v_
in

te
r_

2
,"

in
te

ra
ct

io
n

e
n

e
rg

y"

vi
ri
_

e
st

_
1

=
vi

ri
_

e
st

_
1

/
tim

e
_

o
b

s
vi

ri
_

e
st

_
2

=
vi

ri
_

e
st

_
2

/
tim

e
_

o
b

s
-

vi
ri
_

e
st

_
1

**
2

vi
ri
_

e
st

_
1

=
vi

ri
_

e
st

_
1

/
(n

_
p

a
rt

*n
_

tr
o
t)

vi
ri
_

e
st

_
2

=
vi

ri
_

e
st

_
2

/
(n

_
p

a
rt

*n
_

tr
o
t*

tk
p

**
2

)
w

ri
te

(2
0

,*
)

w
ri
te

(2
0

,2
0

2
)

vi
ri
_

e
st

_
1

,
vi

ri
_

e
st

_
2

,"
vi

ri
a

l
e

st
im

a
to

r"

p
ri
m

_
e

st
_

1
=

p
ri
m

_
e

st
_

1
/

tim
e

_
o

b
s

p
ri
m

_
e

st
_

2
=

p
ri
m

_
e

st
_

2
/

tim
e

_
o

b
s

-
p

ri
m

_
e

st
_

1
**

2
p

ri
m

_
e

st
_

1
=

p
ri
m

_
e

st
_

1
/

(n
_

p
a

rt
*n

_
tr

o
t)

p
ri
m

_
e

st
_

2
=

p
ri
m

_
e

st
_

2
/

(n
_

p
a

rt
*n

_
tr

o
t*

tk
p

**
2

)
w

ri
te

(2
0

,2
0

2
)

p
ri
m

_
e

st
_

1
,

p
ri
m

_
e

st
_

2
,"

P
ri
m

iti
ve

e
n

e
rg

y"

if
((

f_
sy

m
m

e
tr

y.
e

q
.6

).
o

r.
(f

_
sy

m
m

e
tr

y.
e

q
.7

))
th

e
n

o
rd

_
p

a
r_

1
=

o
rd

_
p

a
r_

1
/

o
rd

_
c

o
rd

_
p

a
r_

2
=

o
rd

_
p

a
r_

2
/

o
rd

_
c

o
rd

_
p

a
r_

4
=

o
rd

_
p

a
r_

4
/

o
rd

_
c

w
ri
te

(2
0

,*
)

"o
rd

_
p

a
r

d
e

lta
_

p
h

i"
,

o
rd

_
p

a
r_

1
,

o
rd

_
p

a
r_

2
,

o
rd

_
p

a
r_

4
o

rd
_

p
a

r_
2

=
o
rd

_
p

a
r_

2
-

o
rd

_
p

a
r_

1
**

2
o

rd
_

p
a

r_
2

=
o
rd

_
p

a
r_

2
/

tk
w

ri
te

(2
0

,*
)

"s
u

ss
z.

",
o

rd
_

p
a

r_
2

w
ri
te

(2
0

,*
)

o
rd

_
p

a
rB

_
1

=
o

rd
_

p
a

rB
_

1
/

o
rd

B
_

c
o

rd
_

p
a

rB
_

2
=

o
rd

_
p

a
rB

_
2

/
o

rd
B

_
c

o
rd

_
p

a
rB

_
4

=
o

rd
_

p
a

rB
_

4
/

o
rd

B
_

c
w

ri
te

(2
0

,*
)

"o
rd

_
p

a
r

m
u

_
z"

,
o

rd
_

p
a

rB
_
1

,
o

rd
_

p
a

rB
_

2
,

o
rd

_
p

a
rB

_
4

o
rd

_
p

a
rB

_
2

=
o

rd
_

p
a

rB
_

2
-

o
rd

_
p

a
rB

_
1

**
2

o
rd

_
p

a
rB

_
2

=
o

rd
_

p
a

rB
_

2
/

tk
w

ri
te

(2
0

,*
)

"s
u

ss
z.

",
o

rd
_

p
a

rB
_

2
w

ri
te

(2
0

,*
)

o
rd

_
p

a
rC

_
1

=
o

rd
_

p
a

rC
_

1
/

o
rd

_
c

o
rd

_
p

a
rC

_
2

=
o

rd
_

p
a

rC
_

2
/

o
rd

_
c

o
rd

_
p

a
rC

_
4

=
o

rd
_

p
a

rC
_

4
/

o
rd

_
c

w
ri
te

(2
0

,*
)

"o
rd

_
p

a
r

m
u

_
z"

,
o

rd
_

p
a

rC
_
1

,
o

rd
_

p
a

rC
_

2
,

o
rd

_
p

a
rC

_
4

o
rd

_
p

a
rC

_
2

=
o

rd
_

p
a

rC
_

2
-

o
rd

_
p

a
rC

_
1

**
2

o
rd

_
p

a
rC

_
2

=
o

rd
_

p
a

rC
_

2
/

tk
w

ri
te

(2
0

,*
)

"s
u

ss
z.

",
o

rd
_

p
a

rC
_

2
e

n
d

if

if
(f

_
p

o
te

n
tia

l.e
q

.9
)

th
e

n
d

o
i_

d
im

=
0

,3
d

o
i_

cl
a

ss
=

1
,1

2
d

ip
o

le
_

cl
a

ss
1

(i
_

d
im

,i_
cl

a
ss

)=
&

d
ip

o
le

_
cl

a
ss

1
(i
_

d
im

,i_
cl

a
ss

)/
d

ip
o

le
_

co
u

n
t

e
n

d
d

o
e

n
d

d
o

w
ri
te

(2
0

,*
)

d
o

i_
cl

a
ss

=
1

,1
2

w
ri
te

(2
0

,2
0
9

)
(d

ip
o

le
_

cl
a

ss
1

(i
_

d
im

,i_
cl

a
ss

),
i_

d
im

=
0

,3
),

&
"

o
xy

g
e

n
ty

p
e

",
i_

cl
a

ss
e

n
d

d
o

e
n

d
if

if
(f

_
p

o
te

n
tia

l.g
t.
1

)
th

e
n

vo
l_

1
=

vo
l_

1
/

tim
e

_
o

b
s

vo
l_

2
=

vo
l_

2
/

tim
e

_
o

b
s

vo
l_

2
=

vo
l_

2
-

vo
l_

1
**

2
vo

l_
2

=
(v

o
l_

2
/v

o
l_

1
)

/
tk

w
ri
te

(2
0

,*
)

w
ri
te

(2
0

,2
0

2
)

vo
l_

1
/n

_
p

a
rt

,v
o

l_
2

,"
vo

lu
m

e
"

d
o

i_
d

im
=

1
,

n
_

d
im

+
3

sc
a

l_
1

(i
_

d
im

)
=

sc
a

l_
1

(i
_

d
im

)
/

tim
e

_
o

b
s

e
n

d
d

o
d

o
i_

d
im

=
1

,
n

_
d

im
+

3
d

o
j_

d
im

=
1

,
n

_
d

im
+

3
sc

a
l_

2
(j
_

d
im

,i_
d

im
)

=
sc

a
l_

2
(j
_

d
im

,i_
d

im
)

/
tim

e
_

o
b

s
sc

a
l_

2
(j
_

d
im

,i_
d

im
)

=
(

sc
a

l_
2

(j
_

d
im

,i_
d

im
)

-
&

sc
a

l_
1

(j
_

d
im

)
*

sc
a

l_
1

(i
_

d
im

)
)

/
tk

e
n

d
d

o
e

n
d

d
o

r_
d

u
m

m
y

=
sc

a
l_

1
(1

)*
sc

a
l_

1
(2

)*
sc

a
l_

1
(3

)
+

&
2

*s
ca

l_
1

(4
)*

sc
a

l_
1

(5
)*

sc
a

l_
1

(6
)

-
sc

a
l_

1
(4

)*
*2

*s
ca

l_
1

(3
)

&
-

sc
a

l_
1

(5
)*

*2
*s

ca
l_

1
(1

)
-

sc
a

l_
1

(6
)*

*2
*s

ca
l_

1
(2

)
w

ri
te

(2
0

,2
0

2
)

r_
d

u
m

m
y/

n
_

p
a

rt

w
ri
te

(2
0

,*
)

if
(f

_
p

o
te

n
tia

l.g
t.
1

)
th

e
n

w
ri
te

(2
0

,*
)

"s
ca

l.
va

ri
a

b
le

"
w

ri
te

(2
0

,2
0

6
)

(s
ca

l_
1

(i
_

d
im

),
i_

d
im

=
1
,

n
_

d
im

+
3

)
if

(f
_

p
re

ss
u

re
.e

q
.1

)
th

e
n

w
ri
te

(2
0

,*
)

d
o

i_
d

im
=

1
,

n
_

d
im

+
3

w
ri
te

(2
0

,2
0

6
)

(s
ca

l_
2

(i
_

d
im

,j_
d

im
),

j_
d

im
=

1
,

n
_

d
im

+
3

)
e

n
d

d
o

e
n

d
if

e
n

d
if

e
n

d
if

if
(

(f
_

p
o

te
n

tia
l.g

t.
1

)
.a

n
d

.
(f

_
p

re
ss

u
re

.e
q

.0
)

)
th

e
n

w
ri
te

(2
0

,*
)

w
ri
te

(2
0

,*
)

"e
la

st
ic

co
n

st
a

n
ts

"
w

ri
te

(2
0

,*
)

d
o

i_
d

im
=

1
,

n
_

d
im

d
o

j_
d

im
=

1
,

n
_

d
im

st
ra

in
_

1
(i
_

d
im

,j_
d

im
)

=
st

ra
in

_
1

(i
_

d
im

,j_
d

im
)

/
tim

e
_

b
o

rn
e

n
d

d
o

e
n

d
d

o
d

o
i_

d
im

=
1

,
n

_
d

im
d

o
j_

d
im

=
i_

d
im

,
n

_
d

im
d

o
k_

d
im

=
i_

d
im

,
n

_
d

im
d

o
l_

d
im

=
k_

d
im

,
n

_
d

im
if

(i
_

d
im

+
j_

d
im

.le
.k

_
d

im
+

l_
d

im
)

th
e

n
e

la
_

b
o

rn
_

1
(i
_
d

im
,

j_
d

im
,

k_
d

im
,

l_
d

im
)

=
&

e
la

_
b

o
rn

_
1

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
/

tim
e

_
b

o
rn

st
ra

in
_

2
(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
=

&
st

ra
in

_
2

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
/

tim
e

_
b

o
rn

st
ra

in
_

2
(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
=

&
st

ra
in

_
2

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
-

&
st

ra
in

_
1

(i
_

d
im

,
j_

d
im

)
*

st
ra

in
_

1
(k

_
d

im
,

l_
d

im
)

st
ra

in
_

2
(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
=

-b
e

ta
*

&
st

ra
in

_
2

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
/

vo
l_

1
w

ri
te

(2
0

,’(
4

i2
,3

e
1

4
.4

)’
)

&
i_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

,
&

e
la

_
b

o
rn

_
1

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

),
&

st
ra

in
_

2
(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

),
&

e
la

_
b

o
rn

_
1

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
+

&
st

ra
in

_
2

(i
_

d
im

,
j_

d
im

,
k_

d
im

,
l_

d
im

)
e

n
d

if
e

n
d

d
o

e
n

d
d

o

135



B. Programs
e

n
d

d
o

e
n

d
d

o
w

ri
te

(2
0

,*
)

w
ri
te

(2
0

,*
)

"s
tr

a
in

"
w

ri
te

(2
0

,*
)

d
o

i_
d

im
=

1
,

n
_

d
im

d
o

j_
d

im
=

1
,

n
_

d
im

w
ri
te

(2
0

,’(
2
i2

,1
f1

0
.4

)’
)

i_
d

im
,

j_
d

im
,

&
st

ra
in

_
1

(i
_
d

im
,

j_
d

im
)/

(n
_

p
a

rt
*n

_
tr

o
t)

e
n

d
d

o
e

n
d

d
o

e
n

d
if

if
(i
_

ru
n

.e
q
.n

_
ru

n
)

cl
o

se
(2

0
)

if
(n

_
ru

n
.g

e
.2

)
w

ri
te

(7
1

,*
)

tk
,

v_
in

te
r_

1
,

vi
ri
_

e
st

_
1

,
&

p
ri
m

_
e

st
_

1
,

vo
l_

1
/n

_
p

a
rt

,
v_

in
te

r_
2

,
vo

l_
2

if(
i_

ru
n

.e
q

.1
)

o
p

e
n

(2
1

,f
ile

=
’p

im
d

.im
a
’,s

ta
tu

s=
’u

n
kn

o
w

n
’)

d
o

i_
tr

o
t

=
0

,n
_

tr
o

t-
1

w
ri
te

(2
1

,’(
2

e
1
5

.5
)’
)

i_
tr

o
t*

b
e

ta
p

,
&

co
r_

ifu
n

c(
i_

tr
o

t)
/c

o
u

n
t_

ifu
n

c/
n

_
p

a
rt

e
n

d
d

o
w

ri
te

(2
1

,’(
2
e

1
5

.5
)’
)

b
e

ta
,c

o
r_

ifu
n

c(
0

)/
co

u
n

t_
ifu

n
c/

n
_

p
a

rt
if(

i_
ru

n
.e

q
.n

_
ru

n
)

cl
o

se
(2

1
)

o
p

e
n

(2
2

,f
ile

=
’p

im
d

.c
o

r.
S

iO
’,s

ta
tu

s=
’u

n
kn

o
w

n
’)

o
p

e
n

(2
3

,f
ile

=
’p

im
d

.c
o

r.
q

’,s
ta

tu
s=

’u
n

kn
o

w
n

’)
o

p
e

n
(2

5
,f
ile

=
’p

im
d

.c
o

r_
B

’,s
ta

tu
s=

’u
n

kn
o

w
n

’)
o

p
e

n
(2

6
,f
ile

=
’p

im
d

.c
o

r_
A

’,s
ta

tu
s=

’u
n

kn
o

w
n

’)

d
o

i_
co

r
=

0
,i_

m
e

a
su

re
-1

d
o

i_
ty

p
e

=
1

,
n
_

ty
p

e
co

r_
fu

n
c(

i_
co

r,
i_

ty
p

e
)

=
2

.*
co

r_
fu

n
c(

i_
co

r,
i_

ty
p

e
)/

&
co

r_
fu

n
c(

n
_

co
r,

1
)/

n
u

m
b

e
r_

sp
e
c(

i_
ty

p
e

)
e

n
d

d
o

q
d

o
t_

co
r(

i_
co

r)
=

2
.*

q
d

o
t_

co
r(

i_
co

r)
/q

d
o

t_
co

r(
n

_
co

r)
/n

_
p

a
rt

co
r_

fu
n

c_
A

(i
_

co
r)

=
2

.*
co

r_
fu

n
c_

A
(i
_

co
r)

&
/c

o
r_

fu
n

c_
A

(n
_

co
r)

/n
_

p
a

rt
co

r_
fu

n
c_

B
(i
_

co
r)

=
2

.*
co

r_
fu

n
c_

B
(i
_

co
r)

/n
_

p
a

rt
/c

o
r_

fu
n

c_
B

(n
_

co
r)

w
ri
te

(2
2

,’(
3

e
1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d
i_

tim
e

,
&

(c
o

r_
fu

n
c(

i_
co

r,
i_

ty
p

e
),

i_
ty

p
e
=

1
,n

_
ty

p
e

)
w

ri
te

(2
3

,’(
2

e
1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d
i_

tim
e

,q
d

o
t_

co
r(

i_
co

r)
w

ri
te

(2
5

,’(
2

e
1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d
i_

tim
e

,c
o

r_
fu

n
c_

B
(i
_

co
r)

w
ri
te

(2
6

,’(
2

e
1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d
i_

tim
e

,c
o

r_
fu

n
c_

A
(i
_

co
r)

e
n

d
d

o
if(

i_
m

e
a

su
re

+
1

.lt
.n

_
co

r)
th

e
n

d
o

i_
co

r
=

i_
m

e
a

su
re

,n
_

co
r-

1
d

o
i_

ty
p

e
=

1
,

n
_

ty
p

e
co

r_
fu

n
c(

i_
co

r,
i_

ty
p

e
)

=
2

.*
co

r_
fu

n
c(

i_
co

r,
i_

ty
p

e
)/

&
(c

o
r_

fu
n

c(
n

_
co

r,
1

)-
1

.)
/n

u
m

b
e

r_
sp

e
c(

i_
ty

p
e

)
e

n
d

d
o

q
d

o
t_

co
r(

i_
co

r)
=

2
.*

q
d

o
t_

co
r(

i_
co

r)
/(

q
d

o
t_

co
r(

n
_

co
r)

-1
.)

/n
_

p
a

rt
co

r_
fu

n
c_

A
(i
_

co
r)

=
2

.*
co

r_
fu

n
c_

A
(i
_

co
r)

/(
co

r_
fu

n
c_

A
(n

_
co

r)
-1

.)
&

/n
_

p
a
rt

co
r_

fu
n

c_
B

(i
_

co
r)

=
2

.*
co

r_
fu

n
c_

B
(i
_

co
r)

/n
_

p
a

rt
/c

o
r_

fu
n

c_
B

(n
_

co
r)

w
ri
te

(2
2

,’(
3
e

1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d

i_
tim

e
,

&
(c

o
r_

fu
n

c(
i_

co
r,

i_
ty

p
e

),
i_

ty
p

e
=

1
,n

_
ty

p
e

)
w

ri
te

(2
3

,’(
2
e

1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d

i_
tim

e
,q

d
o

t_
co

r(
i_

co
r)

w
ri
te

(2
5

,’(
2
e

1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d

i_
tim

e
,c

o
r_

fu
n

c_
B

(i
_

co
r)

w
ri
te

(2
6

,’(
2
e

1
5

.5
)’
)

n
i_

tim
e

*i
_

co
r*

d
t/
d

i_
tim

e
,c

o
r_

fu
n

c_
A

(i
_

co
r)

e
n

d
d

o

e
n

d
if

if(
i_

ru
n

.e
q

.n
_
ru

n
)

cl
o

se
(2

2
)

if(
i_

ru
n

.e
q

.n
_
ru

n
)

cl
o

se
(2

3
)

if(
f_

p
o

te
n

tia
l.g

t.
1

)
th

e
n

if(
i_

ru
n

.e
q

.1
)

o
p

e
n

(2
4

,f
ile

=
’p

im
d

.g
_
r’
,s

ta
tu

s=
’u

n
kn

o
w

n
’)

!-
--

-
co

u
n

t
n

u
m

b
e

r
o

f
p

a
rt

ic
le

s
fo

r
g

iv
e

n
ty

p
e

s
d

o
i_

ty
p

e
=

1
,n

_
ty

p
e

d
o

j_
ty

p
e

=
1

,n
_

ty
p

e
!-

--
-

d
e

fin
e

n
o

rm
a

liz
a

tio
n

fa
ct

o
r

if(
n

u
m

b
e

r_
sp

e
c(

i_
ty

p
e

)*
n

u
m

b
e

r_
sp

e
c(

j_
ty

p
e

).
n

e
.0

)
th

e
n

n
o

rm
_

sp
e

c(
i_

ty
p

e
,j_

ty
p

e
)

=
re

a
l(
n

_
p

a
rt

)
/

&
(n

u
m

b
e

r_
sp

e
c(

i_
ty

p
e

)*
n

u
m

b
e

r_
sp

e
c(

j_
ty

p
e

))
e

ls
e

n
o

rm
_

sp
e

c(
i_

ty
p

e
,j_

ty
p

e
)

=
0

.
e

n
d

if
n

o
rm

_
sp

e
c(

i_
ty

p
e

,j_
ty

p
e

)
=

&
2

*(
n

o
rm

_
sp

e
c(

i_
ty

p
e

,j_
ty

p
e

)/
(n

_
p

a
rt

/v
o

l_
1

))
*

&
(r

e
a

l(
n

_
g
ri
d

)/
r_

ra
n

g
e

(i
_

ty
p

e
,j_

ty
p

e
))

/g
_

r(
1

,1
,n

_
g

ri
d

+
1

)
!-

--
-

sy
m

m
e
tr

iz
e

to
yi

e
ld

b
e

tt
e

r
st

a
tis

tic
s

if(
i_

ty
p

e
.lt

.j_
ty

p
e

)
th

e
n

d
o

i_
g

ri
d

=
0

,n
_

g
ri
d

g
_

r(
i_

ty
p

e
,j_

ty
p

e
,i_

g
ri
d

)
=

&
(

g
_

r(
i_

ty
p

e
,j_

ty
p

e
,i_

g
ri
d

)
+

g
_

r(
j_

ty
p

e
,i_

ty
p

e
,i_

g
ri
d

)
)

/
2

g
_

r(
j_

ty
p

e
,i_

ty
p

e
,i_

g
ri
d

)
=

g
_

r(
i_

ty
p

e
,j_

ty
p

e
,i_

g
ri
d

)
e

n
d

d
o

e
n

d
if

!-
--

-
a

p
p

ly
n

o
rm

a
liz

a
tio

n
to

g
(r

)
d

o
i_

g
ri
d

=
0

,
n

_
g

ri
d

g
_

r(
i_

ty
p

e
,j_

ty
p

e
,i_

g
ri
d

)
=

g
_

r(
i_

ty
p
e

,j_
ty

p
e

,i_
g

ri
d

)
&

*
n

o
rm

_
sp

e
c(

i_
ty

p
e

,j_
ty

p
e

)
e

n
d

d
o

e
n

d
d

o
e

n
d

d
o

!-
--

-
fo

rm
a

t
r,

g
(r

)/
4

{\
p

i}
r*

*2
d

o
i_

g
ri
d

=
1

,
n

_
g

ri
d

w
ri
te

(2
4

,’(
6

e
1
2

.4
)’
)

&
i_

g
ri
d
*r

_
cu

to
ff
(1

,1
)/

n
_

g
ri
d

,g
_

r(
1

,1
,i_

g
ri
d

)
&

/
(4

*p
i*

(i
_

g
ri
d

*r
_

cu
to

ff
(1

,1
)/

n
_

g
ri
d

)*
*2

)
,

&
i_

g
ri
d
*r

_
cu

to
ff
(1

,2
)/

n
_

g
ri
d

,g
_

r(
1

,2
,i_

g
ri
d

)
&

/
(4

*p
i*

(i
_

g
ri
d

*r
_

cu
to

ff
(1

,2
)/

n
_

g
ri
d

)*
*2

)
,

&
i_

g
ri
d
*r

_
cu

to
ff
(2

,2
)/

n
_

g
ri
d

,g
_

r(
2

,2
,i_

g
ri
d

)
&

/
(4

*p
i*

(i
_

g
ri
d

*r
_

cu
to

ff
(2

,2
)/

n
_

g
ri
d

)*
*2

)
e

n
d

d
o

if(
i_

ru
n

.e
q

.n
_

ru
n

)
cl

o
se

(2
4

)
e

n
d

if

if
(f

_
p

o
te

n
tia

l.e
q

.3
)

ca
ll

b
o

n
d

_
o

u
t

if
(f

_
p

o
te

n
tia

l.e
q

.5
)

ca
ll

b
o

n
d

_
o

u
t

if
(f

_
p

o
te

n
tia

l.e
q

.6
)

ca
ll

b
o

n
d

_
o

u
t

if
(f

_
p

o
te

n
tia

l.e
q

.7
)

ca
ll

b
o

n
d

_
o

u
t

if
(f

_
p

o
te

n
tia

l.e
q

.8
)

ca
ll

b
o

n
d

_
o

u
t

if
(f

_
p

o
te

n
tia

l.e
q

.9
)

ca
ll

b
o

n
d

_
o

u
t

2
0

1
fo

rm
a

t(
1

e
1

5
.7

,a
)

2
0

2
fo

rm
a

t(
2

e
1

5
.7

,a
)

2
0

3
fo

rm
a

t(
3

e
1

5
.7

,a
)

2
0

4
fo

rm
a

t(
4

e
1

5
.7

,a
)

2
0

6
fo

rm
a

t(
6

e
1

3
.5

,a
)

2
0

9
fo

rm
a

t(
4

e
1

3
.5

,a
,i3

)

136



B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code
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B.1. Molecular Dynamics Code

B.1.1. Inputfiles

Inputfile pimd.inp for BKS potential

3 f_potential, information available
1 f_chargeadjust

10000 # of relaxation steps
200000 # of observation steps

10000 # of steps between configuration output
48674 random # init

0.130910E-03 time step
3.000000e+02 temperature

0.579141E+00 0.329760E+00 masses
0.763884E+02 0.763884E+02 friction
0.464498E+01 0.763884E+02 mass + fr. of box

0.000000e+00 pressure
1 0 = NVT; 1 = NpT
0 1 = optimized Ewald

0.000000E+00 0.208934E+09 exp. energy parameters
0.208934E+09 0.161167E+08 exp. energy parameters

0.000000E+00 0.487318E+01 inverse exp. lenght scales
0.487318E+01 0.276000E+01 inverse exp. lenght scales

0.000000E+00 0.154971E+07 van de Waals strength
0.154971E+07 0.203088E+07 van de Waals strength

0.300000E+00 0.200000E+02 alpha, v_cut

0.450000E+00 0.450000E+00 skin radius
0.450000E+00 0.450000E+00 skin radius

Inputfile pimd.inp for fluctuating charge potential

6 f_potential, information available
3 f_chargeadjust

50000 # of relaxation steps
200000 # of observation steps

10000 # of steps between configuration output
48748 random # init

0.130910E-03 time step
3.000000e+02 temperature

0.579141E+00 0.329760E+00 masses
0.763884E+02 0.763884E+02 friction
0.464498E+01 0.763884E+02 mass + fr. of box

0.000000e+00 pressure
1 0 = NVT; 1 = NpT
0 1 = optimized Ewald

0.483676E+05 0.101435E+06 electronegativity
0.809298E+05 0.155083E+06 hardness of EN

0.400000E-01 0.400000E-01 fictitious charge mass
0.763884E+03 charge friction

0.295600E+00 0.459970E+02 MS bond strength D0
0.459970E+02 0.536300E+00 MS bond strength D0

0.341030E+01 0.161480E+01 MS bond length R0
0.161480E+01 0.378350E+01 MS bond length R0

0.117139E+02 0.880220E+01 MS force constant gamma
0.880220E+01 0.104112E+02 MS force constant gamma

0.148810E+01 0.148810E+01 slater orbital exponent zeta
0.186846E+01 0.186846E+01 slater orbital exponent zeta

3 2 principal quantum number n

0.300000E+00 0.000000E+00 alpha, v_cut

0.450000E+00 0.450000E+00 skin radius
0.450000E+00 0.450000E+00 skin radius
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B. Programs

Inputfile pimd.inp for fluctuating dipole potential

9 f_potential, information available
1 f_chargeadjust

1000 # of relaxation steps
6000 # of observation steps
1000 # of steps between configuration output
6811 random # init

0.130910E-03 time step
0.300000E+03 temperature

0.579141E+00 0.329760E+00 masses
0.763884E+02 0.763884E+02 friction
0.464498E+01 0.763884E+02 mass + fr. of box

0.217290E+04 pressure
1 0 = NVT; 1 = NpT

0.300000E+00 0.200000E+02 alpha, v_cut

0.450000E+00 0.450000E+00 skin radius
0.450000E+00 0.450000E+00 skin radius

B.2. Analysis Programs

examf60.f

Reads the output filefort.60 and writes analysis output to standard out.
The output contains averaged box dimensions, lattice constants, stress, volume per
unit cell, elastic constants, polarization, dielectric constant and piezoelectric stress and
strain coefficients.
The gaussj routine from “Numerical Recipes in Fortran” [74] needs to be included in
the code.

calcstrain.f

Reads the output filefort.60 and writes analysis output tofort.59 . Needs a
reference box matrix from standard in.
The output is the strain with time, relative to a reference boxh0. The reference box is
prompted at the start of the program.
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B.2. Analysis Programs
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[66] M. H. Müser and K. Binder.Phys. Chem. Miner., 28:746, 2001.

[67] L. Nagel and M. O’Keeffe.Mater. Res. Bull., 6:1317, 1971.

[68] E. L. Nave, H. E. Stanley, and F. Sciortino.Phys. Rev. Lett., 88:035501, 2002.

[69] S. Nose.J. Chem. Phys., 81:511, 1984.

[70] R. G. Parr and W. Yang.Density-Functional Theory of Atoms and Molecules.
Oxford Science, Oxford, 1989.

[71] M. Parrinello and A. Rahman.Phys. Rev. Lett., 45:1196, 1980.

[72] M. Parrinello and A. Rahman.J. Chem. Phys., 76:2662, 1982.

[73] A. Pasquarello and R. Car.Phys. Rev. Lett., 80:5145, 1998.

162



Bibliography

[74] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling.Numerical
Recipes in Fortran. Cambridge University Press, Cambridge, 2nd edition, 1992.

[75] D. L. Price and J. M. Carpenter.J. Non-Cryst. Solids, 92:153, 1987.
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