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Msc: We study the numerical solution of a Cahn-Hilliard/Allen-Cahn system with strong coupling
35K52 through state and gradient dependent non-diagonal mobility matrices. A fully discrete approxima-
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tion scheme in space and time is proposed which preserves the underlying gradient flow structure

ngéi and leads to dissipation of the free-energy on the discrete level. Existence and uniqueness of the dis-
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rates in space and time under minimal smoothness assumptions. Numerical tests are presented for
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Introduction

Phase-field models involving, at the same time, conserved and non-conserved quantities have been proposed to describe the
simultaneous phase separation and ordering in binary alloys [13]. Similar models have been applied recently for modelling phase
transformations in solid-state sintering [7] and, more generally, in the context of grain boundary segregation [1]. In this work we
study the numerical approximation of coupled systems of Cahn-Hilliard and Allen-Cahn equations of the form

0p=div(Ly, Vi, +Liop,).  p,=~=1,00+ f,(p. 1), @

om=-Ly-Vu,—Lopu,, My ==y An+ f,(p,n). (2)

Here p and # are the conserved and non-conserved quantities, y,, v, in turn are the corresponding interface parameters, and f(p,7)
is a free energy density, and f, =9, f, f, =9, f denote the partial derivatives of the function f(-,-). Furthermore, L is a generalized
mobility matrix, which is assumed symmetric and positive definite, but may in general depend on the phase fields p, n as well as
their gradients. The chemical potentials u, = 3,E(p,n), u, = 6, E(p.n) are the variational derivatives of the total free energy
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e(p,n>:=/E(p,n> :=/%|Vp|2+%|w|2+f<p,n), ®
Q Q

with respect to p and 7. As a consequence, (1)-(2) can be considered as a generalized gradient flow describing the continuous decay
of the free energy E(p,#) along solutions.

Diagonal mobilities

Most of the results on Cahn-Hilliard/Allen-Cahn systems available in the literature are concerned with the diagonal diffusion case,
i.e., L, =0. For existence results in various settings, see e.g. [10,23,26]. Sharp interface limits have been studied in [2,12,24] and
a corresponding numerical method can be found in [4]. In [30] a fully implicit time integration scheme using finite differences is
validated by numerical tests. The authors of [29] introduce an energy-stable local discontinuous Galerkin scheme and show second-
order convergence experimentally. Huang et al. [19] propose an energy-stable second order space-time finite-difference scheme using
discrete variational calculus in the spirit of averaged vector field methods [14,18].

Cross-kinetic coupling

In order to circumvent spurious effects at the interface [6], the incorporation of cross-kinetic coupling L, # 0 has been proposed
in [8]. The well-posedness of related models has been investigated in [11]. In this paper, we study the systematic numerical approx-
imation of such Cahn-Hilliard/Allen-Cahn systems with cross-kinetic coupling terms. Our main contributions can be summarized as
follows:

« an unconditionally energy stable and mass conservative discretization scheme is proposed for the CH/AC system with gradient-
dependent cross-coupling;

- a discrete stability analysis is developed based on relative energy arguments;

« order optimal convergence rates are established in the presence of various nonlinearities and under minimal smoothness assump-
tions on the solution.

To the best of our knowledge, this paper contains the first complete error analysis for a second order approximation of phase-field
models with cross-kinetic coupling and gradient dependent mobilities. As a complement to the analytical results of the paper, the
practicability of the proposed method and the validity of the theoretical results will be illustrated by numerical tests.

Related problems

Our method and its convergence analysis can in principle be generalized to related multi-component Cahn-Hilliard or Allen-
Cahn systems, for which a wider literature is available. The numerical solution of degenerate Cahn-Hilliard systems by a variational
inequality approach has been considered in [5,33]. Various splitting methods have been proposed in [21,22,31] to accelerate the
numerical solution of the coupled nonlinear systems. A rigorous numerical analysis for a first order scheme has been presented in
[3]. In [20], a second order numerical scheme has been investigated for the solution of a ternary Cahn-Hilliard system, which is
somewhat related to the method proposed in this paper, and convergence rates have been demonstrated numerically.

Outline

The remainder of the manuscript is organized as follows: Section 1 presents our notation and basic assumptions, and the basic
ingredients for our discretization strategy. In Section 2, we then introduce our numerical method and state our main theoretical
results. Section 3 is concerned with the stability of discrete solutions, which is the key ingredient for our error analysis presented in
Section 4. Some auxiliary tools are summarized in the appendix. For illustration of our theoretical results, we present some numerical
tests in Section 5, and the paper closes with a short discussion.

1. Preliminaries

Before we present our discretization method and main results in detail, let us briefly introduce our notation and main assumptions,
and recall some basic facts.

1.1. Notation

The system (1)-(2) is investigated on a finite time interval (0,7). To avoid the discussion of boundary conditions, we consider a
spatially periodic setting, i.e.,

(A0) QC R, d=2,3is a cube and identified with the d-dimensional torus 79.
Moreover, functions on Q are assumed to be periodic throughout the paper.
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By LP(Q), WkP(Q), we denote the corresponding Lebesgue and Sobolev spaces of periodic functions with norms ||-|| rr and |||l kp-
As usual, we abbreviate H*(Q) = W*2(Q) and write ||-|| ;« = [[-lyy2. For functions r € L*(Q), we define the dual norm

r,v
Il = sup 22
verk@ 0l

4
Here (-,-) denotes the scalar product on L2(€), which is defined by
(u, vy = /u v Vuve LXQ).
Q
By Lg(Q) c L*(Q), we denote the spaces of square integrable functions with zero average. As usual, we denote by L?(a,b; X),
W*P(a,b; X), and H*(a,b; X), the Bochner spaces of integrable or differentiable functions on the time interval (a, b) with values in

some Banach space X. If (a,b) = (0,T), we omit reference to the time interval and briefly write L?(X). The corresponding norms are
denoted, e.g., by || - ll Locxy oF Il - Il rex)-

1.2. Assumptions on the parameters
Throughout the paper, we assume that the model parameters are sufficiently smooth and satisfy some typical conditions, i.e.,

(A1) the interface parameters Yp Yy are positive constants;
(A2) for any choice of @ = (p,#, Vp, Vn), the matrix L(w) € REU*+DX@+D) js symmetric and positive definite with

MIEP <ETL(@)E < AE7, vEeRI

Furthermore, every component of L(-) is a C? function of its arguments w, with derivatives uniformly bounded by some constant

/13;
(A3) the potential f(-,-) is smooth with f(p,#) > 0 and satisfies
a]H-ff(ﬂ, 1) 4—k 4—¢
—— | <C T +nT" +C
T 1 2 Lol 1l )

forall 0 < k,?,k + ¢ <4. Furthermore, the shifted potential

floum) + §<|p|2+ n1)

is strictly convex for some a > 0.

The assumptions in (A3) essentially encode that f is sufficiently smooth and, together with its derivatives, satisfies appropriate growth
conditions.

1.3. Variational characterization

Any sufficiently smooth periodic solution of (1)-(2) on Q X (0,T") can be seen to satisfy the variational identities

(8,0,01) + (Lyy @)V, Vor ) + (L (@), Vo) = 0, (5)
(0,11, 02) + (vp Ly (@), Vi, ) + (Lop(@)pty v} =0, (6)
(Hprw1) = 71,(V 0, Vioy) = (fp(p,m), wy) =0, @

(s w2} = 7, (V1. Viwg) — (£, (p. 1), w,) =0, ®

for 0 <t < T and sufficiently regular periodic test functions v, v, and w;, w,. Note that the solution components depend on time
t, while the test functions are independent of 7. Hence the variational identities (5)-(8) have to be understood pointwise in time.
Moreover, the symbol @ = (p,n, Vp, V) is again used for abbreviation. If d,p is not regular enough, i.e. 0,p & LY(0,T; L' (Q)), the
inner product (0,p, v;) has to be replaced by a dual pairing, cf. [17] for such a paring.

1.4. Basic properties

The variational identities (5)-(8) allow us to immediately establish some important properties of solutions: By testing (5) with
vy =1, we get
d
— =0, 9
al? (9)
Q
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which encodes the conservation of mass. By formal differentiation of the energy £(p,#) along a solution in time, we obtain

L E(pu) = (00.8,E po) + (01.8,EP1)) = (00, 1,) + (Ot sty (10)
=—(Lj(@)Vu, Vi,) = (pyLpp (@), Vi, ) = (p, Ly (@), Vi) — (Lop @)y, py)-

In the second identity, we here used the variational equations (7) and (8) with w; = 9,p and w, = d,#, and in the third step, we used
(5) and (6) with test functions v; = p ) and v, = Hy- The identity (10) can further be written compactly as

(o) = =D bt ) an

Vi Vi
with dissipation functional D, (u,, u,,) = (< ﬁ” f’) ,L< ﬁ'u">), which is non-negative since we assumed positive definiteness of
" n
the mobility matrix L(w). This identity encodes the underlying energy-dissipation principle of the problem, and hence implies the

thermodynamic consistency of the model under investigation.
2. Discretization scheme and main results

In the following, we introduce a fully practical numerical approximation scheme for our model problem (1)—(2), which preserves
the basic conservation and dissipation properties of the problem on the discrete level and which yields order optimal error estimates.

2.1. Space discretization
Let us start with introducing the most relevant notation concerning the finite element discretization in space. We consider

(A4) a geometrically-conforming quasi-uniform partition 7}, of Q into simplices that can be extended periodically to periodic exten-
sions of Q.

By quasi-uniform, we mean that there exists a constant ¢ > 0 such that ch < pg < hyx <h for all K € T;,, where py and hy are the
inner-circle radius and diameter of the element K € 7), and h =maxgcy, hy is the global mesh size [9]. We then denote by

V,:={ve H'(Q) : v|x € P,(K) VKeET,}

the space of continuous piecewise quadratic functions over 7;,. We write 7r2 D LX(Q) — VY, and ﬂ;l : H'(Q) — V), for the L2- and
H'-orthogonal projections, which are defined by

(Mu—u,v,)=0 Vv, €V, (12)
(mpu—u,v) + (V(mpu—u), Vo) =0 Vo, €V, (13)

For the convenience of the reader and later reference, some well-known approximation properties of these projection operators are
summarized in Appendix A.1.

2.2. Time discretization

We also employ piecewise polynomial functions for the approximation in time. For ease of presentation, we consider a uniform
grid

(A5) I, :={0=1¢',...,¢tN =T} with time steps t" =nz and 7 =T/N.
More general non-uniform grids could be treated with minor modifications. By

P.(1,;X) and P(I;X)=P(1;X)nCO,T;X), a4

we denote the spaces of discontinuous respectively continuous piecewise polynomial functions of degree < k over the time grid 7,
with values in some vector space X. We utilize a bar symbol & to denote functions in Py(Z,; X) that are piecewise constant in time.
In our analysis, we use the piecewise linear interpolation IT1 : HY(0,T; X) - P{(Z;; X) as well as the L?-orthogonal projection

7?8 i L20,T; X) — I1y(Z,; X) to piecewise constants in time. Some important properties of these operators are again summarized in
Appendix A.2. With a slight abuse of notation, we will frequently use the symbol

i=7lu (15)

also to abbreviate the piecewise constant projection of a function u € L%(X) in time. As a final ingredient, we introduce the abbrevi-
ations I, = (t""1,#") and

15
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IVV
{a,b)" := /(a(s),b(s))ds=/(a(s),b(s))ds (16)
-1 I,

for the individual time intervals and the corresponding integrals.
2.3. Numerical method

We can now formulate our discretization scheme, which is based on an inexact Galerkin approximation of the variational identities

(5)-(8).

Problem 1. Let py, o, 1, € V), be given initial values. Then find pj, ;,ny, . € P{(1;;Vy) and fi, j, . iy o € Po(L;3Vy) such that pj, (0) =
Pho» Nnr = Mpo» and such that

0ippes D1 )" + Ly (@p )V o + iy g Lig2 (@ ), VO )" =0, a7)

Oz Do p )" + L@ )V iy p o + Lo (@ )iy s Do )" =0, (18)
Bpes W1 )" = VoAV Bhes VIO o) = {fp(Ppes Mip,e)s W1 pe)" =0, (19)
(g Wop )" = Yy Vilp e Vioy )" = (fy(PhesMie)s Wo p o) =0, (20)

hold for all 0, j, ., Dy j 1, Wy jp.r» Wy . € Po(I,; V) and all time steps 1 <n < N.

Similar to before, the symbol w;, . = (pj, ;11> VP o> V1) here is used for abbreviation and @), , = ﬁ?wh,, denotes the piecewise
constant projection in time. Similar as before f,(pj, ;. 1y, ) /(P> My ) denote the partial derivatives of f after the first and second
argument evaluated at pj, ;. 7y, ;-

2.4. Main results

We next formulate our main theorems. The first result is concerned with the well-posedness of the discretization scheme and the
properties of its solutions.

Theorem 2 (Existence and properties of discrete solutions). Let (AO)—(A5) hold. Then for any h,t > 0 and any choice Pho-Mho € Vi of
initial values, Problem 1 has at least one solution. Moreover, any such discrete solution satisfies

d " _ _
. Phye = 0 and g(ph,‘r? r’h,r) -1 == / Dﬁhﬁraﬁh,r (Mp,h,‘rv ”n,h,r)ds’

dt
Q In

i.e. mass is conserved and energy is dissipated for all time steps 1 <n < N.

Proof. The two identities are obtained almost verbatim as those on the continuous level by appropriate testing of the underlying
variational identities. As a consequence of the second identity and Assumptions (A1)-(A3), any solution of Problem 1(17)-(20) satisfies
uniform a-priori bounds. The existence of a solution can then be obtained from the Leray-Schauder principle, see [32, Theorem 6A] as
follows: In the nth time step, we seek to determine x = (a,ph’,(t”’l/z), 0,11(1"’1/2), ﬁﬂ,h’r(t"’l/z), ﬁmh‘r(t”’l/z)); afterwards, we update
Phe(t) = pp (") + 70,0, .(""V/?) and 1, (") = 1y, ,(t"") + 70,1, (1""'/?) and proceed. By elementary manipulations, we may cast
(17)-(20) into a fixed-point equation x = T(x) in a finite dimensional space X ~ RN . The operator T is continuous and compact.
With the previous considerations, one can see that any solution of x = AT'(x) for 0 < A < 1 is bounded uniformly by ||x|| < R with
constant R > 0 independent of A. This then implies existence of a solution to x = T'(x) and hence to (17)—(20) in the nth time step of
Problem 1, and we concluded by induction over n. []

Convergence rates

In order to derive quantitative error estimates, we need to assume sufficient regularity of the solution of (1)-(2). We thus require
that

(A6) a sufficiently regular solution (p,#, u ﬂ, ;4,7) of (5)—(8) exists, satisfying

p€H(O.T;H' ()N H'(0.T: H>(Q),

ne€ H*0,T; H'(Q)n H'(0,T; H*(Q),
u, € H*(0,T; H'(Q) N L*(0.T; H¥(Q) n L¥(0,T; W">(Q)),
p, € H*(0,T; L*(Q) N L*(0,T: H*(Q)) N L=(0,T; L*(Q)).
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All norms of solution components and their derivatives arising in these spaces are thus assumed bounded uniformly. These assumptions
are required to ensure sufficient approximation properties of the underlying discretization spaces in space and time, and they allow
us to prove our second and main result.

Theorem 3 (Convergence rates and uniqueness). Let (A0)—-(A6) hold, 0 < h,t < ¢ be sufficiently small, and let the initial values be chosen
according to pj o = ”;1, p(0), npo= rc,lln(O). Then the solution of Problem 1 satisfies

||P_Ph,r||Lm(Hl)+ ”"I_"Ih,T”Loo(Hl) (21)
_ - = P 2 2
+ i, = fppell 2y + 1y = Ay pell 22y SC R+ 77,

with a constant C depending only the bounds in the assumptions, but not on h and . Let us recall that ji, = z'rg Hps by = 7??;4,, denote the
Dpiecewise constant averages in time. For the choice t = c¢'h and h, t < c sufficiently small, the discrete solution is unique.

The key ingredient for the proof of these results is a careful stability estimate for the discrete problem, see Theorem 6, which is
derived via relative energy estimates.

3. Discrete stability

In our convergence analysis, we will compare discrete solutions of Problem 1 with auxiliary functions (4, ;.7 ﬁp,h,f’ ﬁmh,r) that
are obtained as certain projections of the true solution. When inserting such functions into the discrete variational problem, we obtain

Obpes 01 pe)" + Ly Vit e + lyneLio e Vi pe) = Fipe Oipe)" (22)
O s Dop o) + Lae Vi pe + Log pchiy s Do pe)" = Fopes Dppe)” (23)
oo Wi pe) =V p(VBngs VIO )" = F P ) W1 o) = (Fapos D1 o) (24)
Ctgpoes o 12" = VgV iines Vi o) = (fyBes im0 )s Wo o) = (Fapos o 0" (25)

for all by j, 1, 0y p 1> W1 o> Wo . € Po(1,3Vy) and n < N with residuals 7; , . € Py(I;;Vp)-

Remark 4. Let us emphasize that we use the mobility matrix L, , = L(@,,) evaluated at the exact discrete solution wj,, =
(PpzsMpzs VPho» VNI o) of Problem 1 here, which can be understood as a linearization around the discrete solution.

3.1. Relative energy

To measure the difference of two pairs of functions (p,#) and (j, 7j), we use the regularized relative energy

JE 7, R Y, . a . a .
Eglpnlp.i) = /—”W(p— PP+ IV =)+ 1o = oI + 5 In =4l
2 2 2 2
Q
+ flo.m) = f (B, 7) = [,(B,7D)(p — B) — £y (B, )(n — 7).
Differences in the chemical potentials (y,, ) and (4, fi,) can be estimated by the dissipation functional D, ,(u, = A, py — fi)-

Due to our assumptions (A1)-(A3), these functionals allow us to estimate the distance between solutions. We recall the notation of
F,(8:1), f,(p,#) as partial derivatives of f after the first and second argument evaluated at j, 7.

Lemma 5. Let (A1)-(A3) hold. Then there exists c,, C,, C; >0, such that

colllo = I, +1ln =117, < E(punlp. ) < Colllp = A1, + lm =All3,),
IV Gty = BT, + bty = gl 5 S CLD iy = Bips pty = i)

for any choice of p,n, u,, p. 1, i, € H'(Q) and any function Hy» iy € L2(Q).

Proof. The first inequality follows from the construction of the relative energy and assumptions (A1) and (A3). The second inequality
follows directly from (A2). []

3.2. Relative energy estimate
The following stability estimate allows us to estimate differences of discrete solutions in terms of the residuals in (22)-(25).

Theorem 6. Let (A0)-(A5) hold, let (pj, o, iy p rsMp zs Fin p,c) be a solution of Problem 1, and (py, .. ﬁp’h’r, fipes ﬁmh,,) solve (22)—(25) with
residuals 7; j, . € Py(I,;Vy,). Then
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t"l
a TC / Dy, ciin: Hone = Bohes Py = Byne) ds
1

ga(ph,r’ rlh,‘[ IpAh,r’ ﬁh,r)

n

SC2/ga(/)h,r’nh,rlﬁh,r’ﬁh,r)ds
i

n

= 2 = 2 = 2 = 2
+GC; /”"1,},,1”,_,,1 + ||"2,h,f||H1 + ||"3,h,r||L2 + ||"4,h,r||L2 ds
1,

n

with positive constants C;, C,, C; depending only on the bounds in the assumptions.

Proof. For ease of presentation, we omit the subscripts 4, 7 in the notation for the discrete functions. By differentiation of the relative
energy in time, we then get

Epnla I, =/ﬁe<p,n|ﬁ,ﬁ>ds
1,

=7,(V(p=5).Vo,(p = )" + (f,(p. ) = £, (5. 1), 0,(p — p))"
+ 1, (V0 =), Vo,(n = DY" + { f,(p, 1) = £,,(B, D), 0, (n — 1))"
+{folo.m) = [, (5. 1) = £, (5, D)o = B) = [y (B, D) — 1), 0,5)"
+ (Fy (o) = S (Pe) = Frop(0s11)(p = ) = (P AN = 7). 0,)"
+alp—=p.0,(p—p)" + aln—7,0,(n — )"
= (i) + (ii) + (iii) + (iv) + (v).
The individual terms can now be estin}ated separately. By using first 7, , . = 9,(p — ) as a test function in the variational identities
(19) and (24), and then Wy pe=H,—H,— T in (17) and (22), and recalling that we omit the subscript 4,7 here, we see that
()= (fi, = i, +73,0,(p = p))"
=—(Ly Vi, — 1), Vi, — ji, = 73))"
— (it = Ly, Vi, — 1, — )Y+ (Fy i, — i, — F3)".
Here and below, L = L(®) denotes the mobility matrix ev?luated at the discrete solution w = (p,#, Vp, Vn); the subscripts h, 7 are
omitted. With the same arguments, i.e. using w, ;, ; = fi, — i, — 74 in (20) & (25) as well as D, ,, . = 9,( —#) in (18) & (23) we see that
(i) = —((fy = fiy + F)Ly2, Vi, = 1,)"
— (Lo (it — fi)s fiy, — iy +Fa)" 4 (Fy fiy — iy +14)"

When combining the two expressions, we arrive at

N — V(ﬂp—ﬁp) (va)—(wﬂp—ﬁp))n
(i) + (i) (< i, ~ i, + ., ,L i - i, )

+(Fiafly = Hy = F2)" + Py fiy = fiy + Fy)"

— 2 - 2 = 12 =12
s/ CU, O,y + 1712, + 175112, + 1712,
1

_ 2 2 — 2 2
—(1=8)D,,(fi, = Hy» fiy — Hy) + (i, — Hy )" ds.

The parameter 6 stems from Young’s inequalities and can be chosen as desired. The last term in the above estimate comes from the
application of a Poincaré inequality and can be further bounded by

/(ﬁp —fi, 1) ds= /(fp(p, n) = f,(p.71) = . 1) ds
I, 1,

n

< [ atwalpi+ e, s (26)
I

n

In summary, the terms (i) + (ii) can be estimated as required. Using the growth assumptions in (A3) and the available a-priori bounds
for p,n, p, i in L= (H"), we get

18
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(iii) + (iv) = ([, (p, n| 5, 7). 0,9)" + { f,(p. m| p, 7)., O, 71)"

< / D2 £,(&1. &N 16 110,21l 12 €, (P 5. )
171

+ 1D £, €1, EDN s 19l 2 €4 (ool p 7)) d s

<S¢y /(I|5,ﬁ||L2 + 19,41l 2)E (o, 1 p. ) ds.
I,

n

The constant ¢, only depends on bounds in the assumptions and the initial data. For the remaining term, we employ the variational
identities (17)-(18) and (22)-(23) with test functions Dy pe=p—P and Dype=n—1, respectively, and obtain

V(ﬁp_ﬁp)> T <V(P—ﬁ)> n A\ - A\N
v)=—a v ~ ,L . +a(ry,p— + a{Fr,n —
0 =—a(( Vo PPNt )+ el )
< / 8D,y (Hy = sty = fiy + sE (Pl ) + 6171113,y + 111717, ds.
1,

n

By collecting all terms and choosing § appropriately, we obtain the assertion. []

4. Proof of Theorem 3

Without further mentioning, we assume that (p,#, 4 s Hy) IS @ sufficiently smooth solution of (5)-(8) and denote by (p;, ., 1, ;» 4 oo
Hyhe) @ corresponding approximation obtained by Problem 1 with initial values p , = :r}l p(0) and n;, o = 7:}1;1(0).

4.1. Error splitting and projection errors
Using the spatial and temporal interpolation and projection operators, introduced in Section 2, we define the auxiliary functions

A 1_1 - 1_1 2 ~0_0 2 ~0_0
Pne=1.7,p, e =1 7,1, oo =T, 71y, Hyhe =T Tyl (27)
In the usual manner, we then split the error w — w;, , = (0 — &), ;) + (@&, , — @, ;) into projection and discrete error components, which

may be estimated separately. As a direct consequence of well-known approximation properties of these operators, see Appendix A.1,
one can deduce the following estimates.

Lemma 7 (Projection error). Let (A4)—(A6) hold. Then

1Pne = PII% gy S CE* + 1Y), Iy = Bpll% 5, < C*
e =113 g1, S CE* 4R, iy = Byl 2y < CH
10,Pne = 72PN 5 sy SCHL 0 = 2O, o) < ChE.

The constant C in these estimates only depends on the bounds in the assumptions.

4.2. Residuals

In order to estimate the discrete error components @, , — @, ., we will employ the stability results of the previous section. We
start with inserting the projections of the exact solution into the discrete equations and determine the corresponding residuals.

Lemma 8. Let (py, .. fiy. . ﬁp, ﬁn) be defined as in (27). Then (22)-(25) holds with

FiineDrpe)" i=0,(xhp = p). 0y po)" + Lyype Viippe =Ly Vi, VO, gy )"
+{(Ligpehyne = Liohys VO jo s

(Fopes D) 1= 0, (i = 1), By jy )" + (LigpeVitppe =LiaVi, 0y p )"
+ Loy ey = Lookys 0o )"

Py Wipe)" i=lippe = I 1,0y )+ 7 (V(ppp — I ). VD )"
+ (S Pnesfine) = 10, (p ). 0y )",

FaperWope)" 2= iy pr = Iy g4 )"+ (Ve — I10). Vidy )"

+ Sy P fing) = I fy(p) Dy )"
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As before, L;,, = L(@;,,) and L = L(w) denote the mobility matrices evaluated at the continuous and discrete solutions w,, =
PhesMhes VPho» Vi) and @ = (p,n, Vp, Vi).

Proof. The result follows immediately by plugging the projections into the discrete variational problem (17)-(20) and using some
elementary properties of the projections as well as the variational characterization (5)-(8) of the true solution. []

4.3. Bounds for the residuals
As a next step, we derive quantitative estimates for the residuals in terms of the discretization parameters.

Lemma 9. Let (A0)-(A6) hold and the residuals Fine be defined as in Lemma 8. Then

_ 2 - 2 - 2 = 2
/llrl,h,rllH_l + ”rZ,h,r”H] + ”r3,h,r”L2 + ||r4,h,-r”L2 ds
1,

n

¢ / EaPprstinelPposfing)ds + C(h* + %)
1

n

with constants ¢, C depending only on the bounds in the assumptions.

Proof. The proof is rather technical and thus split into several steps. For abbreviation, we introduce L : = L(p, 7, V5, V#) as shorthand
notation for the evaluation of the mobility matrix at the projected solution components.

Estimates for the mobilities.
Under the assumptions of Theorem 3, one has

[ =L a5 <C" [ Euoneatnelbneninods + € + 55,

Iy Iy

with constants C’, C” independent of /& and 7. To see this, we split the error by

/||L,1,T—Lh,,||2L2 dsg/2||Lh,,—'L,,,,||2’L2 +2|[Ly,. —LI%, ds
1,

n

and then estimate the two terms separately. By assumption (A2), we obtain

|i‘h,r - i‘h,‘rl = |L(p_h,‘r! Flh,‘r’ Vp_h,‘r’ Vi’h,‘r) - L(ﬁh,r’ ﬁh,‘r! Vﬁh,r’ Vﬁh,r)l’
SCUppr = Pnel + liine = finel +1VBhz — P + IVGine = fin)D

which follows immediately from Taylor estimates and bounds on the derivatives. The bound for the first term in the above splitting
then follows immediately from the lower bound for the relative energy stated in Lemma 5. For the second term, we use

/ iy~ LI2, ds = / 1Lz Ve Vi)~ Lo Voo VDI ds

< / WLhcsfines Voner Viin) = Lo, 71, VA, ViDII3

III
+IIL(7. 7, V5, ViD) = L, 0, Vp, ViDII3 5 ds =: (@) + (b).

Let us recall that @ = ﬁ?a) is used to denote the piecewise constant projection in time. By appropriately expanding the first term and
(Zﬁ] )’ <N 21111 a?, we can see that

(@) <4 / ||L(.3h"[, ﬁh,fa Vﬁh,p Vﬁh,r) - L(p, ﬁh,p Vﬁh,,, Vﬁl},,,)”iz
l?l

+ ”L(ﬁ’ ﬁh,‘r’ Vﬁh,‘r’ Vﬁh,‘r) —L(p, ﬁh,r’ Vo, Vﬁh,r)”ig

+ ILpefip,es Vi, Vilne) = LB 71, V5, Vit Il

+ 1L, 71, V5, Vily,0) = L3, 71, V5, ViDII3 , ds
By multiple applications of Taylor estimates, the uniform bounds on L and its derivatives in assumption (A2), and the estimates of
Lemma 7 for the projection errors, we then get
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2 2, A ~n2 2 2 4
(@<CL) / e =PI+ Wi = 1 ds < CAIPIR s, + 101122 0 )
1,

n

For the second term, we use the estimate (A.10) to see that

)= / IL(.7, V5. Vi) = L(p.n. Vo, V)3, ds
I,

n

= C* Lo V0. VI o 2y < Il ) + 110 )

The constant C* here depends on the bounds for L and its derivatives as well as on lower order norms of p and #. By combination

of the previous results, we thus obtain the stated bounds for the differences in the mobilities. We now turn to the estimates for the
residuals.

First residual.
Using the triangle inequality, we immediately get

= 2 1 2 T 2 T v, 12
J 1Pl 5 <300,k = I ) Wy Ve = B
ln

+ L2 Ay e = Loy 135 ,0)) =1 () + D) + Gid).

2
L2(H)

P T J 2 2 ¥ 2 — 2
(i) =3(II(Lyy 0 — Lll)vﬂp,h,T”Lg(Lz) + Ly V(i pe = ﬂp)”Lz(Lz)

Via Lemma 7, the first term can be estimated by (i) < Ch4||6tp|| The second term can again be expanded into several parts by

L1 Vi, =Ly Vi3 ) =1 Gia) + (iib) + Gic),

which can now readily be estimated using Lemma 7, Lemma 12, the bounds for the mobility errors derived above, and Holder
inequalities. In this manner, we obtain

(iia) < ||Vﬁp,h,TIIZLm(Lm) /||i411!h’r - Lu,h,r”g + “ill,h,r -Lj ||(2)ds
Vi

n

<C / ExPhe e\ Pporfin ) ds + C(h* + %),
I,

n

.. 4 2 .. 4 2 P
as well as (iib) < Ch ””ﬂ”L2(H3) and (iic) < Ct ”L”V“PHHZ(HI)' Together this yields

(i) S ClIVfipp el oo / EaPhor M| Ph oo i) ds + Clh* + %)
1

n

The third term in the previous splitting can be treated similarly, leading to

(i) < Cllfig oo o) / EaPhos M e\ Phes Aing) ds + C(h* +7%).
In

Using stability properties of the L?-projection in space and time, cf (A.3), we find that

2 2 2 2
||Vﬂp,h,1||Lm(Loo) SClIVa,ll oo (ro0)s ||I4;7,h,1||Loo(Leo) S Cllpgll poo(reoy-

Putting everything together, we have thus shown that

SVl s <€, [ onamatineinods + Clont+ 5

171 1"

with constants C, Cl’ that are independent of /4 and 7.

Second residual.
With exactly the same arguments as used above for the estimation of the first residual, we obtain the bound

/”fZ,h,r”iz dsséé/Sa(ph,r’nh,rlﬁh,‘r’ﬁh,r)ds+C£/(h4+r4)'
I,

n Iy

The constants C}, C;' are again independent of / and .
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Third residual.
Let us start with the observation that

(Ve =120 VEe)" = (110 = e Ene)” (28)
which follows immediately from the definition of j, ., and (13). Hence, we can estimate
sl s 30, = 1ty o, + Wi = 1100
1y
F NSy Breofine) = L2 f o (BN 5 y)) = (D) o+ ) + ).
By Lemma 7, the first term can be bounded by (i) < Cz*||u |l gr2¢p11)- The second term can be split into several parts and then estimated
by

D) <3( L= Pl + 0 = 2ol 1) + Mo = Lol 7o 1))

<C(H Iy ppay + 7 M0N0 ) )-

From assumption (A7) and the properties of the projection operators, we conclude that p,n and their projections pj, .7, can be
bounded uniformly in L®(W ). Therefore, all derivatives of f(-,-) appearing in the following can be bounded by a constant C ’-
As a consequence, we then obtain

D) S 2(1fpBpe-Aine) = L0 g1y + 150t = L2 Fp (01D 1)

<Cr(ane = PN 3201, + Wine =l Za 001 ) + CHUL 0 DIG

The last term involves higher derivatives of f as well as cubic products of p,n and its derivatives, with the highest order terms are
given by 9,,Vp and d,, V. This yields to
||fp(,0» ”I)”HZ(HI) <Cp(1+ ll(p, ”I)”HZ(HI) + 1o, ”I)”)L,rl([-ﬂ))3
In summary, the second residual may thus be estimated by
/ 17302112, ds < C3(h* +7%)
Iﬂ
with constant C, independent of the discretization parameters 4 and 7.
Fourth residual.

The bound for the fourth residual is again obtained with exactly the same arguments as used for the estimation of the third
residual. Here we obtain

/ 74 pcll3, ds < Cy(h* +1%)
I,

n

with constant C, independent of 4 and 7. This concludes the proof of the lemma. []
4.4. Estimate for the discrete error

A combination of the previous results allows us to prove the following estimate for the discrete error component.
Lemma 10. Let (A0)—-(A6) hold. Then

o = PhllLoocerty ¥ e = fip el Loy

iy ne = bppell 2y + Vg pe = g pell 22y < CR +22).

Proof. We use the bounds for the relative energy in Lemma 5 and the fact that the values u(t) = Au" + (1 — ))u""! of a linear function
on I, is a convex combination of its terminal values. Together with the convexity of the squared L?-norm, we then get

/Ea(ulﬁ)dssCa/”u—ﬁszs
In

III

1
sCar/lllu"—ﬁ"||2+(l D" =2 ?dA
0
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C,
< (Gl + €, A,
(l
By combination of Theorem 6, Lemma 8, and Lemma 9, we then obtain

m

ga(ph,‘r’ Mh,c |ﬁh,rv ﬁh,r) =1

+ C] / Dﬁh,rilh.r (I"p,h,‘r - ﬁp,h,r’ ﬂq,h,‘r - ﬁr],h,r) ds
I,

< ot (E0) o By o )+ Ep o B A ) + Gyt ),
After a slight rearrangement of terms and using (1 — C,7) > e~ and (1 + Cy7) < e/ forallt<1/ (2C,) with some constant A = C,,
this can be written in compact form
—A‘r u" + b < e/l‘run—l + d"
. ~ ~ 1 - 2 - 2 = A .
with u" = ga(ﬂ;',,,» r];’u |p;’”, nZ’T), b= 3 f,n Dﬁh.pﬁh,r(”/hhﬁ —Hppes By he— Hypo)ds, and d" = CC(h? +1%)2. By the discrete Gronwall
inequality (A.11), we thus obtain
o

gu(/’;lz,r’ ”Z,r |ﬁ2,r’ ﬁZ,T) + / D‘jh,fvﬁh,r (ﬁﬂ.hqf - ﬁﬂ,h,r’ F‘n,h,r - ﬂn,h.f) ds

0 0 140 #0 4 4
S CTga(ph,Ta ﬂhgr|ﬂh,,, ﬂh’r) + C]’"(h +7 )>

with constants C and C’T depending only on the maximal time 7" and the previous bounds. Due to the choice of the initial values
in Problem 1, the first term on the right hand side vanishes identically. Lemma 5 then allows us to estimate the relative energy from
below by the norm. With the lower bounds in (A1)-(A3) and the estimate (26), we can further estimate the dissipation term from
below by the corresponding norms. In summary, this yields the estimates stated in the lemma. []

4.5. Convergence rates

The convergence rates announced in Theorem 3 now immediately follow by splitting the error into projection and discrete error
components and application of Lemma 7 and Lemma 10 to estimate the individual components. []

4.6. Discrete uniqueness

Let (py¢» My pos Mh,cs Hy.p,c) D€ @ solution of Problem 1 and (pj, ., i s s ﬁn’hﬁ) be another solution with the same initial values.
As before, we may understand the latter as a solution of the perturbed system (22)-(23) which is linearized around the original
solution. The corresponding residuals are

Fine Oine)" =(Cippe =Ly p ) Vit pe + Cio e = Lo iy pes VO pe)" 29

Fones Do) = Lip e = Lo ) Vi pe + Lo e = Lo iy s 200" (30

and 73, , = Fy . = 0, which can be verified by elementary considerations. With similar arguments as used in the previous section,
we obtain the following bounds.

Lemma 11. Under the previous assumptions, we have

/”rlhr - 1+”r3h1” dS<C/ga(ph,'r’nh,rlﬁh,r’ﬁh,f)ds'

Proof. With the very same arguments as employed in the proof of Lemma 9, we see that

2 2
[l W ds
1

n

< C (”VMp h,t ”Loo(Loo) + ”ﬁr’,h,‘l’”im(Loo)) / ga(ph.p rlh,r |ﬁh,1’ ﬁhq‘[’) ds.
I,

n

In order to verify that ||V i e 12 Lo (L) and ||ﬁ,1’h’r 12 can be bounded independently of A, 7, we make use of the true solution

L(L*)
and the previous error estimates, and compute

2 2 2 h 2
”VM/),h,‘r”Loo(Loo) < ””p,h,r - 7[(‘;7[0 ”f’”Lw(Wl-w)
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2

h 2
gty = 2 I 1) 1T 1

Using error estimates for discrete solutions and an inverse inequality, we see that
2 T h, 2 -1p-3)14 T _h, 2 353, 4 '
””p,h,r_”Oﬂoﬂplle(lem)ST h ””p,h,‘r_ﬂoﬂoﬂﬂ”LZ(Hl)SC(T h~ +r1 h)SC 5

where we used 7 < h in the last step. The remaining two terms and || ﬁ,,,h’r ”im (Lo €N be estimated in a similar manner. []

By proceeding with essentially the same arguments as already used in the proof of the convergence rates result, we then obtain

~ ~ 0 0 140 A0
gfl(p;lt,r’ n}nl,'r lp;'z,r’ rl;,l,r) < C;!gfl(ph,r’ nh,‘rlph,r’ nh,r)'

Since the two discrete solutions were assumed to have the same initial values, the right hand side vanishes. By Lemma 5, we conclude
uniqueness of the discrete solution. []

5. Numerical tests

For illustration of the viability of the proposed method and illustration of our theoretical findings, we now present some compu-
tational results and report about the convergence rates for a typical test problem.

Model problem

We consider the domain Q = (0, 1)? and complement (1)—(2) is by periodic boundary conditions. We further introduce n.(p) :=
Vp/\/c+ |Vp|?, which for ¢ > 0 is a regularized normal to the isolines of the phase field p. We then define

1
Lll=I+L—L12L1T2=I+n1(p)®n1(p), Lj, =V1000n,(p), Ly, = 1000,
22

F(p.m)=Cp*(1 = p)* + D[p* + 6(1 — p)(n* + (1 —m)?)
—4Q2 = )P + (1 =) +3(n* + (1 —)>)*]
C=1, D=0062, y,=y,=10"".

The choice for f(-,-) is typical in the literature; cf. [28,25]. We further set T = 0.1 for the final time and choose the following
periodic but non-symmetric initial conditions

po =0.5+0.5sin(2zx) sin(2zy), #y=0.54+0.5sin(4zx)sin(2xy).

For all our computations, we use the method introduced in Problem 1 with spatial and temporal mesh size 4 and 7. In order to
guarantee existence of a unique discrete solution, see Theorem 3, we choose 7 = ch in all our tests with ¢ =0.001. The choice of the
time step is motivated from independent evaluations of the spatial and temporal discretization errors and leads to an approximate
balance between them. For the solution of the nonlinear system (17)-(20) in every time step, we employ the Newton method, which
in all our tests converged within 6 iterations to almost machine precision.

In Figs. 1 and 2, we depict some snapshots of the phase fields p and n obtained in our simulations. In these plots, one can observe
the following typical behaviour: Both phase field variables start minimizing their surface energy creating sharper interfaces between
the pure states. Due to the choice of parameters the non-conserved phase field variables evolve faster and after a short time reaches
a quasi-stationary state, i.e. y ~ 1.

The deviation from the equilibrium values is then due to the cross-kinetic coupling with the conserved phase field. The evolution
of the conserved phase field is much slower. In this case we can see a rather slow emergence of one connected equilibrium phase
which is still far away from a stationary state. In Fig. 3, we illustrate the mass-conservation and energy-dissipation of the discrete
solution, which are both satisfied up to round-off errors. This was also observed for all computations in the convergence tests and we
further performed tests with ¢ =1,0.1,0.01 and the same results hold, as long as the Newton scheme converges.

Convergence results
We now evaluate the actual convergence rates observed in our numerical computations. Since no analytical solution is available,

the discretization error is estimated by comparing the computed solutions (pj, ;% s iy pr» Hy ) fOr two consecutive uniformly
refined grids. The error quantities for the fully-discrete scheme, about which we report in the following, are defined as

err(h,7) = th,r - ph/2,r/2|| + ”’1;,,1 - ﬂh/z,f/zu

Leo(H! 1 Le(H! i
=err(p,h,7) =err(n,h,7)
Aoz = ﬁﬂ,h/z,r/anz(Hl) + || pe = ﬁr],h/Z,T/ZHLZ(LZ)‘
=err(u,,h,t) =err(py.h,7)
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Fig. 1. Snapshots of the conserved phase field p for simulations with 4 =27 and 7 =0.001 - A.
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Fig. 2. Snapshots of the non-conserved phase field # for simulations with 2 =27 and 7 = 0.001 - A.

* Mass error
——Energy-dissipation error
=

0 0.05 0.1 0 0.05 0.1

Fig. 3. Evolution of the energy £(p,n) (left) as well as validity of discrete energy-dissipation and mass conservation identities (right) for simulations obtained with
h=27%and r=0.001 - A.

According to the theoretical predictions stated in Theorem 3, each of the error components is expected to converge at second order
with respect to both discretization parameters, i.e., err(-, h,7) = O(h? + 72). In Table 1, we summarize the results of our computa-
tions obtained on a sequence of uniformly refined meshes with mesh size A =27%, k=1,...,5, and time steps = = 0.001 - 4. The
computational results are in perfect agreement with the theoretical predictions stated in Theorem 3.
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Table 1

Errors and experimental orders of convergence.
k err(p, h, 1) eoc err(n, h, 1) eoc err(p,, h,7) eoc err(p,, h,7) eoc
1 8.61-10%  — 693107  — 1.05-1072 — 1.86-107° —
2 677-101 059 248-10*° 1.22  835-1073 0.57  9.71-107° 0.97
3 1.81-107! 2.29 1.28-107! 2.07  4.73-107* 2.04 4.96-1077 2.07
4 122102 197 9.66-10° 1.93 3.16-107° 198  1.13-1078 2.34
5 815-100* 197 651-100* 1.97 2.83.107° 1.87  7.95-1071°  1.96

6. Discussion

In this paper, we proposed a variational discretization approach for the Cahn-Hilliard-Allen-Cahn system with non-diagonal mo-
bility matrix, which is based on a mixed finite-element approximation in space and a Petrov-Galerkin discretization in time. The
mobility matrix is allowed to depend on both phase field variables and their spatial gradients. Relative energy estimates were used to
establish stability of the discrete problem. These estimates naturally account for the nonlinearities in the energy of the problem, which
significantly simplifies the error analysis. Let us note that a continuous version of the respective stability estimate allows to establish
stability and weak-strong uniqueness also for the continuous problem; see [11]. The chosen discretization spaces allow us to prove
order optimal convergence in all variables with relaxed regularity. In principle, the proposed schemes can be extended immediately
to higher order in space and time and to more phase field variables. Further investigations in this direction as well as the extension
to more complex multiphase problems, like non-isothermal phase-field models [27], will be topics of future research.
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Appendix A

In the following, we summarize some well-known results about standard projection and interpolation operators and some technical
facts, which are used in our analysis.

A.1. Space discretization

We consider the setting of Sections 1 and 2 and, in particular, assume (A5)-(A6) to hold true. The following results then follow
with standard arguments; see e.g. [9]. The L?-orthogonal projection 71:2 : LX(Q) — P, satisfies

lu—npull gs <CA S |lullgr ~ Vu € H(Q), (A1)

and all parameters —1 < s <r and 0 < r < 4. On quasi-uniform meshes 7;,, which we consider here, the projection zrg is also stable
with respect to the H!-norm, i.e.,

Izull 1t <Cllullyr Vue HY(Q). (A.2)

Furthermore, for every g € [1, oo] the following stability result holds, see [16,15],

zullyip < Cllullyr,  YueWHP(Q). (A.3)

The H!-elliptic projection ﬂ}l tHY(Q) - V,,, defined in (13), satisfies
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lu—myull gs <CA ™ |lull -~ Vu € H'(Q), (A.4)

for all parameters —1 < s <r and 1 <r < 3. Since we assumed quasi-uniformity of the mesh 7},, we can further resort to the inverse
inequalities

-1 d/p-d
lonllgn < cimoh™ Nogllz and  llogllze < € h®P =90yl o (A.5)

which hold for all discrete functions v, €V, and all 1 <g < p<oo.
A.2. Time discretization

The piecewise linear interpolation I} : H'(0,T) — P{(I,) and the piecewise constant projection 70 : L*(0,T) — Py(I,) in time
satisfy

llu— ﬁ'guny(o,]‘) < CTl/ﬂ_l/qH||u||Wr.q(o,T) Yue w"(0,T), (A.6)

llu = I}l Loy < €274 2 ully rago ) VueWw*(0,T) A7)

with 1 <p<g <o and for 0 <r <1 respectively 1 < s <?2. Moreover, these operators commute with differentiation in the sense that
0,(I'uy = 7°(0,u). (A.8)
A.3. Projection estimates for nonlinear terms

We now derive an estimate for the projection error of products of functions in time.

Lemma 12. Let @ = r;.a denote the L>-orthogonal projection onto Py(L,). Then for any u,v € W>P(0,T) with 1 < p < oo, one has

||% - M_U”Lp(o,T) <cr? ”u”WlP(()’T) ]| W2p(0,T)> (A.9)

with a constant C depending only on the polynomial degree k.

Lemma 13. Let @ = ya denote the L*-orthogonal projection onto Py(L,). Furthermore, let ¢ € P,(L,). Then for any u,v € W2?(0,T) with
1 < p < o0, one has

8@ — @Dl o) < C2IED w2001 (A.10)

with a constant C depending only on certain continuous embedding constants.
A.4. Discrete Gronwall lemma
In our stability analysis, we also employ the following well-known argument, whose proof follows immediately by induction.

Lemma 14. Let (a"),, (b,),, (c,),, and (4,), be given positive sequences, satisfying

u, +b, <e*mu, | +ec,, n>0.

Then

n n

n . n . n .

u, + Zjeke1hi b, < X1t uy + Z Xttt ¢, n>0. (A.11)
k=1 k=0
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