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Chapter 1

Introduction

Ever since the antiquity, the mathematical description of the surrounding world is a
priority of mankind, common to all civilisations. The fascination for the rational un-

derstanding of the laws of nature can be seen as a constant throughout history. The 20th
century has experienced a revolution in the thinking about natural phenomena, through the
development of quantum mechanics. In fact, a completely new mind set and language had
to be developed, often going against the principles of our intuition. Famous is, for example,
the quote by Richard Feynman I think I can safely say that nobody understands quantum
mechanics, giving an idea of the entity of the revolutionary scope of this theory. Having
its roots in the works of Heisenberg1 and Schrödinger,2 quantum mechanics marks a revo-
lution in the understanding of phenomena which could not be explained through classical
mechanics: famous examples are the black-body radiation3 and the photoelectric effect.4
The birth of quantum chemistry may be identified with the quantum-mechanical description
of the chemical bond by London and Heitler.5 From that moment, quantum chemistry has
developed into a sophisticated and predictive theory for the understanding of chemical phe-
nomena. The mathematical object describing the interactions a system experiences is called
Hamiltonian. Its form depends on the physical forces which are taken into consideration.
The particles forming the system under study are quantum-mechanically described through
a wave function. The full analytical description of chemical systems is feasible only for the
hydrogen atom. For larger systems, the challenge consists in finding approximations to the
parameterisation of the wave function which are still accurate.

Among all approximations discussed in the literature, the exponential parameterisation
of Coupled-Cluster (CC) theory plays a leading role due to the accuracy of its results.6–8
Throughout the years, a plethora of different CC flavours has been explored and developed.9–24
Restrictions of the excitation space lead to the methods of Coupled Cluster with Singles
and Doubles (CCSD),25 Coupled Cluster with Singles, Doubles and Triples (CCSDT),26,27
Coupled Cluster with Singles, Doubles, Triples and Quadruples (CCSDTQ)28 and so on.
Enlarging the excitation space certainly leads to better accuracy, but also to an increase of
the computational cost of the method. Approximations based on perturbation theory have
been formulated to find a compromise between accuracy and cost: some examples are the
Second-Order approximate Coupled Cluster with Singles and Doubles (CC2),29 Third-Order
approximate Coupled Cluster with Singles, Doubles and Triples (CC3)30 or non-iterative ap-
proximations as the so-called gold-standard Coupled Cluster with Singles and Doubles and
perturbative Triples (CCSD(T) approach).31 The characterisation of excited states can be
achieved using Equation-Of-Motion (EOM) CC theory.32,33

For many chemical applications, these methods are highly successful. However, they also
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2 CHAPTER 1. INTRODUCTION

possess some limitations. First, the description of excited states near conical intersections
by means of EOM-CC theory leads to a wrong characterisation of the intersection itself.
Ref. 34 showed examples for which complex energy values are found near such intersections
and their occurrence has been analysed.35 Apart from conical intersections, also the presence
of a magnetic field leads to complex energy values. This is an unwanted result, as the energy
is a physical observable, meaning that it can be measured and is thus required to be real.
In the cases of conical intersections and in finite magnetic fields, complex energy values do
not have any physical meaning (they will be referred to as unphysical) and their appearance
is to be considered a shortcoming of CC theory. The possibility to obtain complex energy
values originates from the non-Hermitian form of the energy expression defined in the CC
framework. Furthermore, CC theory may also lead to negative transition probabilities, re-
sulting in negative and hence unphysical oscillator strengths.36,37
Another limitation of CC theory is found in the field of quantum computing, a field in con-
tinuous expansion in recent years.38–42 Already Feynman43 and later Abrams and Lloyd44
suggested the use of quantum computers for quantum chemistry and many algorithms were
developed in this context (a short overview is provided in refs. 45 and 46). In quantum com-
puting, states need to be prepared through quantum operations, which are usually unitary.
The accuracy in the description of electron correlation makes CC theory a good candidate
for the parameterisation of the wave function. However, the CC ansatz cannot be easily
implemented through the quantum operations available on a quantum computer.45

In summary, limitations in the applicability of CC theory are encountered in three main
areas: near conical intersections, in magnetic fields and in quantum computing. Complex
energies are found to arise due to the non-Hermiticity of the CC expression for the energy (i.e.,
the energy expression no longer corresponds to an expectation value of a Hermitian operator).
This motivates an alternative to standard CC theory via a unitary parameterisation of the
wave function, which maintains the advantages given by the exponential parameterisation
of CC theory. In particular, the exponential parameterisation allows the fulfillment of size-
consistency,47 i.e., the additivity of the energies of non-interacting systems. The so-called
unitary coupled-cluster theory combines the advantages of the exponential parameterisation
with a Hermitian expression for the energy calculation, therefore ensuring real energies. The
first attempt to formulate such a theory dates back to the late 1970s.48 The UCC ansatz,
however, involves some complications in the development of the working equations which do
not find correspondence in CC theory, as they originate from the unitary ansatz. Through
the decades, a variety of different unitary coupled-cluster schemes has been suggested.49–51
The UCC parameterisation of the wave function is able to solve the issues observed in the
CC case. In fact, the energy values near conical intersections and in finite magnetic fields are
real by construction. Furthermore, a unitary parameterisation of the wave function leads to
a straightforward application in the field of quantum computing.45,46,52,53

UCC theory can hence be seen an alternative to standard CC theory. The UCC method
can be applied not only to the three aforementioned fields, but can also be exploited in all
areas of quantum chemistry. UCC theory also needs to account for the description of the ex-
cited states, in order to be able to describe conical intersections between such states. Beyond
the calculation of energies of ground and excited states, the characterisation of molecular
systems is often achieved by spectroscopic means, for which the evaluation of molecular
properties is needed.30,54–58 One major aim of this thesis consists in the formulation of a
theory for the calculation of molecular properties in the UCC framework. In the literature,
properties of non-variational, approximate wave functions are often calculated through the
evaluation of expectation values.59–63 However, in the case of Coupled-Cluster theory, the
expectation-value formulation can lead to non size-extensive properties.64 It is therefore im-
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portant to consider the theoretical framework of response theory for CC, in order to lead to
the response-theory formalism37 for UCC.

In the present work, the unitary coupled cluster ansatz is exploited for the case of an
external magnetic field.65–69 In particular the focus is on strong magnetic fields as those
observed in the astrophysical context; the description of astrophysical conditions still rep-
resents a challenge for modern quantum chemistry. Molecular systems in this context often
experience conditions which are far from those obtainable on Earth, for example magnetic
fields of a strength which cannot be reproduced on our planet,70 urging for a rethinking of
chemical concepts. Strong magnetic fields exist on magnetic white dwarf stars.71–75 Most
stars reaching the end of their lifetime (approximately 97%) are below the critical mass to
become neutron stars or black holes, and evolve into white dwarf stars.76 These are dense
stellar objects surrounded by an atmosphere which can contain H, He, and other heavier
elements, some of which originate from accretion from planetary debris.77–95 Being at the
end of their life cycle, white dwarfs eventually reach temperatures low enough to permit
the formation of molecules (among the detected ones, H2, CH, and C2).84,85,95 Interestingly,
more than 25% of all white dwarf stars are characterised by a strong magnetic field, with
field strengths up to 100000 T.96,97 Under these circumstances, the magnetic forces cannot
be treated as a perturbation to the Coulomb forces, and the theoretical description of the
physics of the system needs to treat Coulomb and Lorenz forces at the same level. This
regime is usually referred to as mixing regime, where the magnetic fields are typically of the
order of the atomic unit B0, which corresponds to about 235000 T. The interpretation of
spectra from the atmospheres of magnetic white dwarfs98 has pushed the theoretical research
towards the formulation of finite-field approaches (i.e., approaches with explicit consideration
of an external magnetic field) in recent years.65–67,78,87,99–116 Molecules in strong magnetic
fields have been first investigated in the 1980s,78,87,99–102 exploring the field strengths of the
mixing regime. In the literature, analyses consider non-linear molecules, as well as non-
parallel orientations with respect to the magnetic field.65,67,103–113
The inclusion of magnetic-field dependent terms in the Hamiltonian opens new challenges,
as the wave function is no longer real. The complex form of the wave function implies that
complex algebra is needed for the computation, requiring a significantly higher memory and
computational effort.

The finite-field methodology is of interest not only for the exotic settings of magnetic
white dwarf stars, but can also be exploited for the calculation of magnetic circular dichro-
ism (MCD) spectra, which use the magnetic field for the investigation of the structure of
molecules.117–120 Magnetic-field effects allow to analyse transitions that are not detected by
other spectroscopies, therefore providing a powerful tool for the characterisation of molec-
ular systems. The theoretical prediction of MCD spectra has been extensively studied in
the literature.107,121–129 The usually exploited approach is based on field-free calculations ac-
counting for the effect of the magnetic field through a perturbative expansion. A in principle
simpler procedure for the calculation of MCD spectra is introduced here in the context of
UCC theory, which includes the finite-field effects to infinite order.107 The computation of
these spectra is based on the evaluation of transition dipole moments in the presence of the
magnetic field.

The analysis of molecules interacting with electromagnetic fields can be completed by
discussing the case in which strong coupling of matter and light is induced via confinement
of fields inside an electromagnetic cavity. The chemistry inside such cavities has gained in-
terest in the community in recent years, as it has an experimentally measurable effect on
chemical properties.130131–142 From an experimental point of view, it has been demonstrated
that the coupling of light and matter influences reaction rates, slowing down or catalysing a
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given reaction, and may induce selectivity in the formation of the products.143–151 In order
to understand and predict the effects of this strong-coupling regime, a set of new quantum-
chemical methods has been proposed in the theoretical community. The description of light
and matter coupling needs to treat fermions (electrons) and bosons (photons) at the same
time. Thus, a formalism adopting the framework of quantum electrodynamics (QED) has
been developed. The methods describing chemistry in an electromagnetic cavity have been
conceived on the basis of the molecular quantum theories in use: quantum electrodynam-
ics density functional theory (QEDFT),140,141,152 quantum electrodynamics Hartree-Fock
(QED-HF),136,137 quantum electrodynamics coupled cluster (QED-CC),136,153–155 quantum
electrodynamics FCI (QED-FCI)137 and others.156–159 Among these, QED-CC can be used
as starting point for the development of a UCC approach in a cavity, the quantum electro-
dynamics unitary coupled cluster approach (QED-UCC).

In chapter 2 a compact summary of the foundations of electrodynamics and quantum
chemistry is provided, discussing in particular CC theory. The framework of response theory
is provided and applied to CC theory.

In chapter 3, the fundamental equations for UCC energies are developed and compared
to the corresponding versions in the CC framework. Special attention is given to the analysis
of the analogies and differences originating from the different parameterisations of the two
methods. Two perturbative truncation schemes of the unitarily transformed Hamiltonian are
analysed, defined by the approximation at second (UCC2) and third order (UCC3) of the
equations solving for the wave function parameters (amplitudes).160 UCC response theory is
then developed for the description of molecular properties.

In chapter 4, the focus is placed on the implementation of the working equations. For
each method the explicit formulation for the programmable expressions is discussed. The
implementation of these equations presupposes the ability to handle complex algebra. Most
quantum chemistry codes do not possess this capability. The implementation of the discussed
theories was possible in the Qcumbre program package161 which is specialised on finite-field
calculations and possesses the infrastructure working with a complex wave function. The
presentation of the challenges faced in the implementation is accompanied by an insight into
the most efficient and low-scaling formulation of the expressions. A discussion on the actual
steps performed by the program when calculating UCC properties is presented.

Once the theory for the computation of energies and properties has been developed, it is
applied to molecular systems in order to test whether the discussed UCC is accurate enough
to be used in place of CC theory. The discussion of the results on the chosen systems is the
topic of chapter 5. First, the accuracy of the UCC method is assessed and compared to CC
results for systems which are well-described by CC theory. The issue of complex energies is
discussed through the examples of the water molecule, in a strong magnetic field, and the
excited states of boric acid, as the latter prove to be problematic already in the field free
case. The issue of negative transition probabilities is discussed next, introducing as examples
the silicon dication and the CH+ cation.

Chapter 6 aims at the characterisation of MCD spectra through a finite-field approach.
The spectra obtained for CC and UCC are compared for urea and cyclopropane. Lastly, a
comparison of the spectra obtained with the developed finite-field approach with experimen-
tal spectra of pyrazine and pyrimidine is discussed.

Chapter 7 provides a discussion on QED theory, going from its general formulation to
its application to quantum chemistry, leading to the first development of QED-UCC2. This
method has been developed to describe a molecular system in a cavity, to which an addi-
tional external magnetic field is applied. A pilot application is given by the investigation
of the phenomenon of perpendicular paramagnetic bonding66,162 in an electromagnetic cav-
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ity, calculated for the He2 molecule. Here, the predictivity of QED-UCC2 is discussed in
comparison to the more expensive QED-CCSD approach.

In chapter 8, the theoretical advances given by this thesis are summarised, discussing
the general results which have been found applying the UCC formalism to the investigated
molecular systems. Furthermore, an outlook on the most intriguing perspectives of the
present work are given.



6 CHAPTER 1. INTRODUCTION



Chapter 2

Theory

As this thesis aims at the description of molecular systems interacting with a magnetic
field, this chapter provides some preliminary tools on wave-function methods and

electromagnetic fields.

2.1 Molecular Hamiltonian
The Schrödinger equation is the fundamental equation for a quantum mechanical description
of particles

(Ĥ− i ∂
∂t

) |Ψ〉= 0. (2.1.1)

For a conservative system, also a time-independent version of the Schrödinger equation can
be formulated as Ĥ |Ψ〉= E |Ψ〉. In the field-free setting, the molecular Hamiltonian is

Ĥ = T̂e + T̂N + V̂ee + V̂NN + V̂eN, (2.1.2)

where T̂e represents the kinetic energy of the electrons, T̂N the kinetic energy of the nuclei, V̂ee
the Coulomb interactions between two electrons, V̂eN the Coulomb interactions of electrons
and nuclei, and V̂NN the Coulomb interactions between two nuclei.

In atomic units, where the mass and the elementary charge, as well as h̄ are fixed to one,
the molecular Hamiltonian reads

Ĥ =−
∑

i

∇2
ri

2 −
∑

I

∇2
RI

2MI
+
∑

i>j

1
|ri−rj |

+
∑

I>J

ZIZJ
|RI −RJ |

−
∑

iI

1
|ri−RI |

, (2.1.3)

where the sum over i, j runs over the electrons, while the capital letters I,J are used to label
the nuclei. Electronic coordinates are marked with ri, nuclear ones with RI . ZI corresponds
to the atomic number, MI to the nuclear mass. As the nuclear masses are much larger
than the mass of the electron, it is common to consider the nuclei as fixed and the electrons
as instantaneously adapting to a change in the nuclear positions (Born-Oppenheimer (BO)
approximation). This nearly complete though approximate separation in the degrees of
freedom allows to assume an adiabatic formulation of the wave function as the product of a
nuclear and an electronic part

|Ψexact(r;R)〉= |Ψnuc(R)〉 |Ψel(r;R)〉 . (2.1.4)

The electronic wave function depends on the electronic coordinates as variables and the
nuclear coordinates as parameters, while the nuclear part depends only on the nuclear po-
sitions. The electronic eigenstates Ψn

el and energies Enel are found by solving the electronic

7
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Schrödinger equation

Ĥel |Ψn
el〉= Enel(R) |Ψn

el〉 , Ĥel = T̂e + V̂ee + V̂eN. (2.1.5)

After having solved the electronic part of the Schrödinger equation, the nuclear part is

(T̂N + V̂NN +Enel(R)) |Ψn
el(r;R)〉 |Ψn

nuc(R)〉= Entot |Ψn
el(r;R)〉 |Ψn

nuc(R)〉 . (2.1.6)

Projection on an electronic eigenstate 〈Ψm
el | over the electronic coordinates yields

〈Ψm
el (r;R)|(T̂N + V̂NN +Enel(R)) |Ψn

el(r;R)〉 |Ψn
nuc(R)〉= Entot 〈Ψm

el (r;R)|Ψn
el(r;R)〉 |Ψn

nuc(R)〉 .
(2.1.7)

Different eigenstates satisfy the orthonormality condition 〈Ψm
el |Ψn

el〉= δmn. The nuclear po-
tential V̂NN depends only on the nuclear coordinates. An effective potential V m

eff is defined
as

〈Ψm
el |(V̂NN +Enel(R)) |Ψn

nuc〉 |Ψn
el〉= V m

eff δmn |Ψn
nuc〉 (2.1.8)

The BO approximation neglects any contribution given by applying the nuclear kinetic
operator on the electronic wave function, thereby assuming this term to be small

T̂N |Ψn
el(r;R)〉 |Ψn

nuc(R)〉 ∼ |Ψn
el(r;R)〉 T̂N |Ψn

nuc(R)〉 . (2.1.9)

The total energy of the system in the BO approximation is given by the following equation

(T̂N + V̂ m
eff ) |Ψm

nuc(R)〉= Em,BOtot |Ψm
nuc(R)〉 . (2.1.10)

The BO approximation is usually exploited in quantum chemistry. However, there are
some physical settings, for example near conical intersections, in which a slight perturbation
in the nuclear coordinates leads to a large change in the electronic wave function. In these
cases, the BO approximation is not a good approximation.163–166

2.2 Electromagnetic fields
The Hamiltonian in eq. 2.1.3 describes a molecule in free space. However, molecular systems
can also interact with electromagnetic fields. A description of the fundamental laws of
electrodynamics is at the basis of the correct formulation of the Hamilton operator describing
these systems.

A particle of charge q moving with velocity v in an electromagnetic field experiences the
Lorentz force

F = q(E+v×B). (2.2.1)

The electric field E and the magnetic field B are coupled by the fundamental equations of
electrodynamics, the Maxwell equations.

∇·E = ρ

ε0
(Gauss’ law), (2.2.2)

∇×B = µ0

(
J+ε0

∂E
∂t

)
(Ampère’s law ), (2.2.3)

∇·B = 0, (2.2.4)

∇×E =−∂B
∂t

(Maxwell-Faraday’s equation). (2.2.5)

The first two equations are referred to as inhomogeneous Maxwell equations, because of the
presence of the sources on the right hand-side: ρ is the charge density, J the current density;



2.2. ELECTROMAGNETIC FIELDS 9

in vacuum, these equations become homogeneous. ε0 and µ0 are the electric permittivity
and the magnetic permeability, respectively. The Maxwell equations need to be satisfied
simultaneously; the electric and magnetic fields are thus coupled.

Exploiting the vector identity ∇·∇×v = 0, the third Maxwell equation is automatically
satisfied by expressing the magnetic field as the curl of a vector potential

B =∇×A. (2.2.6)

Inserting this expression for the magnetic field in Faraday’s law (eq. 2.2.5) yields

∇× (E+ ∂A
∂t

) = 0. (2.2.7)

As a general continuously twice-differentiable function f satisfies the vector identity ∇×
∇f = 0, the following relation can be written

E+ ∂A
∂t

=−∇ϕ. (2.2.8)

The electric and magnetic fields can therefore be expressed through a scalar and a vector
potential; their components are found by solving the inhomogeneous Maxwell equations, as
these contain the sources of the system.

The introduction of the scalar potential ϕ and the vector potential A has the advantage
of reducing the number of functions from six (the three components of the electric-field vector
E and the three components of the magnetic-field vector B) to four (the scalar potential ϕ
and the three components of the vector potential A). However, this reduction is associated
with some freedom in the choice of the potentials (gauge freedom). A transformation of the
form

ϕ′ = ϕ− ∂f
∂t

A′ = A+∇f
(2.2.9)

leads to the same fields (E,B)

E′ =−∂A′
∂t
−∇ϕ′ =−∂A

∂t
− ∂∇f

∂t
−∇ϕ+∇∂f

∂t
= E,

B′ =∇×A′ =∇×A+∇×∇f = B.
(2.2.10)

Thus f may be chosen to obtain A and ϕ which satisfy some additional conditions. In
this thesis, the Coulomb gauge will be exploited, characterised by a divergenceless vector
potential

∇·A = 0. (2.2.11)
However, it has to be noted that the adoption of the Coulomb gauge, though restricting
the degrees of freedom, does not uniquely determine the potentials. The Coulomb gauge
is usually adopted in non-relativistic theory, in which instantaneous interactions between
charges are assumed. Note that it is not the only possible choice and other gauges are
advantageous for other applications.∗

In the Coulomb gauge, eq. 2.2.2 and 2.2.3 are given by

∇2ϕ=− ρ

ε0
, (2.2.12)

∇2A− 1
c2
∂2A
∂t2

=− J
ε0c2 + 1

c2
∂∇ϕ
∂t

. (2.2.13)

∗For example, in the relativistic setting, the Lorenz gauge is often adopted, where the condition is
∇·A + 1

c
dϕ
dt = 0.
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It has been proven in the literature167,168 that any sufficiently smooth, rapidly decaying
vector field can be decomposed into the sum of a curl-free part and a divergence-free part.
Exploiting this theorem for eq. 2.2.13, the curl-free vector field is

∇2A− 1
c2
∂2A
∂t2

=− J⊥
ε0c2 , (2.2.14)

while the divergence-free part is

0 = J‖
ε0
− ∂∇ϕ

∂t
. (2.2.15)

The continuity equation itself is found to be a reformulation of eq. 2.2.12, taking the diver-
gence of eq. 2.2.15 and using the definition of ∇2ϕ from eq. 2.2.12

∇·J+ ∂ρ

∂t
= 0. (2.2.16)

2.3 Hamiltonian in a magnetic field
In the previous section, the fundamental laws of electrodynamics have been discussed. The
description of the interaction of a particle with the electromagnetic field can be performed
both via the Newtonian formalism and the Hamiltonian formalism. The latter is exploited
here, as it is more suitable for the transition to quantum mechanics. For a particle in an
electromagnetic field, the Hamiltonian function is

H = π2

2m + qϕ, (2.3.1)

where π is the kinetic momentum of the system, given by π = p− qA and m the electronic
mass. The transition from classical to quantum mechanics is given by substituting

p−→ p̂ =−ih̄∇ r−→ r̂ H −→ Ĥ = ih̄
∂

∂t
. (2.3.2)

From the definitions of the Hamiltonian in eq. 2.3.1 and eq. 2.3.2 and by acting on a wave
function Ψ(r, t), the following equation is obtained

ih̄
∂

∂t
Ψ(r, t) = [ 1

2m(−ih̄∇− qA) · (−ih̄∇− qA) + qϕ]Ψ(r, t). (2.3.3)

However, eq. 2.3.1 describes a system in the non-relativistic frame. Pauli noticed that this
formulation does not correctly represent all physical properties of a system, as it neglects
the intrinsic angular momentum (spin) of the electrons.169 To account for the spin in the
Hamiltonian, he introduced the formulation

Ĥ = (σ̂ · π̂)2

2m + qϕ, (2.3.4)

where σ̂ contains three operators, which in their matrix representation are the Pauli spin
matrices. It is related to the spin operator by the condition ŝ = h̄ σ̂2 . With some manipulation
and exploiting the Dirac identity (σ̂ ·A)(σ̂ ·B) = A ·B+ iσ̂ · (A×B), the Hamilton function
in classical mechanics becomes

Ĥ = π̂2

2m −
qh̄

2mB · σ̂+ qϕ. (2.3.5)
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From eq. 2.3.5 and eq. 2.3.2, the following equation is obtained

ih̄
∂

∂t
Ψ(r, t) = [ 1

2m(−ih̄∇− qA) · (−ih̄∇− qA)− qh̄

2mB · σ̂+ qϕ]Ψ(r, t), (2.3.6)

which corresponds to the time-dependent Schrödinger equation in an electromagnetic field.
The action of the kinetic momentum operator squared can be simplified as follows

π̂2Ψ = (p̂− qA) · (p̂− qA)Ψ = p̂2Ψ− qp̂ ·AΨ− qA · p̂Ψ + q2A2Ψ
= p̂2Ψ− q (p̂ ·A)︸ ︷︷ ︸

−ih̄∇·A=0

Ψ−2qA · p̂Ψ + q2A2Ψ. (2.3.7)

The Schrödinger equation therefore reads

Ĥ = p̂2

2m −
q

m
A · p̂− q

m
B · ŝ+ q2

2mA2 + qϕ. (2.3.8)

In the case of a uniform constant magnetic field, the vector potential is given by

AO(r) = 1
2B× (r−RO), (2.3.9)

where RO is an arbitrary point in space, chosen as origin coordinate on which the vector
potential is defined. The second term in eq. 2.3.8 can be simplified

A · p̂ = 1
2B× (r−RO) · p̂ = 1

2B · (r−RO)× p̂ = 1
2B · L̂O, (2.3.10)

where the angular momentum operator L̂O = (r−RO)× p̂ has been introduced.∗ The dia-
magnetic term gives‡

A2 = 1
4(B× (r−RO)) · (B× (r−RO)) = 1

4(B2(r−RO)2− (B · (r−RO))2). (2.3.11)

From now on, the equations will be applied to electrons. Atomic units are used, with the
following conventions: m= 1, q =−1, h̄= 1. With these conventions, the Hamiltonian in its
final form is

Ĥ = p̂2

2 + 1
2B · L̂O +B · ŝ+ 1

8(B2(r−RO)2− (B · (r−RO))2)−ϕ. (2.3.12)

The Hamiltonian depends on the magnetic field through both linear and quadratic terms in
B. The linear terms are called paramagnetic and couple the magnetic field to the angular
momentum and the spin of the system. The first is usually referred to as orbital-Zeeman
term and splits degenerate orbitals according to their angular momentum; it favours high
negative angular momenta. The second is labelled spin-Zeeman term and splits degenerate
states with different spins; it favours high-spin open shell systems with a large negative spin
component aligned along the magnetic field. The term quadratic in B is called diamagnetic
and results in a positive contribution to the energy of the system. It can be seen as a
confining term in the plane perpendicular to the direction of the magnetic field.

In the presence of an external magnetic field, the full Hamiltonian for a molecular system
is

Ĥ = Ĥ0 + 1
2
∑

i

B · L̂iO +
∑

i

B · ŝi+
1
8
∑

i

(B2r2
iO− (B ·riO)2)

+ 1
2
∑

I

B · L̂IO +
∑

I

B · ŝI + 1
8
∑

I

(B2r2
IO− (B ·rIO)2),

(2.3.13)

where Ĥ0 is the field-free Hamiltonian of eq. 2.1.3.
∗The vector identity (a×b) ·c = (b×c) ·a = (c×a) ·b has been exploited.
‡The vector identity (a×b) · (a×b) = (a ·a)(b ·b)− (a ·b)2 has been exploited.
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2.4 Hartree-Fock Theory
The simplest ansatz for an electronic wave function, satisfying the requirements of antisym-
metry, is given by the Slater determinant (SD)

ΨSD = 1√
N !

∣∣∣∣∣∣∣∣∣∣

ϕ1(1) ϕ2(1) . . . ϕN (1)
ϕ1(2) ϕ2(2)

... . . .
ϕ1(N) ϕN (N)

∣∣∣∣∣∣∣∣∣∣

= |ϕ1ϕ2 . . .ϕN 〉 .

Here ϕi labels the different spin orbitals, while the number in brackets (for example (j))
represents all spatial and spin variables of the j-th electron. The SD is a normalised wave
function, provided that the orbitals are orthonormal, giving

〈ΨSD|ΨSD〉= 〈ϕ1ϕ2 . . .ϕN |ϕ1ϕ2 . . .ϕN 〉= 1. (2.4.1)

This ansatz for the wave function is adopted by the Hartree-Fock method.170–173
The Hartree-Fock wave function and energy are found by minimising the expectation

value of the Hamilton operator

EHF = 〈ΨSD|Ĥ |ΨSD〉=
∑

i

〈ϕi| ĥ |ϕi〉+
1
2
∑

ij

〈ϕiϕj ||ϕiϕj〉 , (2.4.2)

with respect to the choice of the spin orbitals, where ĥ is the one-electron operator in the
Hamiltonian, while 〈ϕiϕj ||ϕiϕj〉 is the antisymmetrised two-electron integral

〈ϕiϕj ||ϕiϕj〉= 〈ϕi(1)ϕj(2)| 1
r12
|ϕi(1)ϕj(2)〉−〈ϕi(1)ϕj(2)| 1

r12
|ϕj(1)ϕi(2)〉 . (2.4.3)

The first integral in eq. 2.4.3 describes the Coulomb interaction between the electronic den-
sities of electron 1 in orbital ϕi with electron 2 in orbital ϕj . The action of the Coulomb
operator on the ϕi orbital is given as

Ĵj |ϕi(1)〉=
∫
ϕj(2)∗ 1

r12
ϕi(1)ϕj(2)dr2dσ2, (2.4.4)

where the integration is performed with respect to the spatial and spin coordinates (r2 and
σ2, respectively) of the second electron. The Coulomb integral 〈ϕi(1)ϕj(2)| 1

r12
|ϕi(1)ϕj(2)〉

is usually written as 〈ϕiϕj |ϕiϕj〉 and denoted Jij .
The exchange integral 〈ϕi(1)ϕj(2)| 1

r12
|ϕj(1)ϕi(2)〉 is usually written as 〈ϕiϕj |ϕjϕi〉 and de-

noted Kij . The second integral in eq. 2.4.3 is the exchange integral and is a purely quantum-
mechanical effect, arising from the antisymmetry of the wave function. The exchange oper-
ator is defined through its action on the orbital ϕi

K̂j |ϕi(1)〉=
∫
ϕj(2)∗ 1

r12
ϕi(2)ϕj(1)dr2dσ2. (2.4.5)

The HF energy is expressed as

EHF = hii+
1
2
∑

ij

(Jij−Kij). (2.4.6)

The optimal energy is obtained through a minimisation procedure with respect to the or-
bitals. This procedure is based on the variational principle: the HF energy calculated with
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a Slater determinant constructed with some chosen orbitals is always larger than or equal to
the exact energy of the system,

EHF ≥ Eexact. (2.4.7)

Therefore, the minimum of the energy functional in eq. 2.4.6 with respect to the orbitals
gives the best approximation to the exact energy in the HF framework. The wave function
with the lowest energy is found by searching for stationary points in the energy functional,
through the minimisation of a Lagrange functional, which imposes the orthonormality of the
spin orbitals as constraint. This leads to the Hartree-Fock equations

F̂ |ϕi〉=
∑

j

εij |ϕj〉 , F̂ = ĥ+
∑

j

(Ĵj− K̂j). (2.4.8)

F̂ is referred to as the Fock operator ; the elements εij are Lagrange multipliers used in the
minimisation. The solution of the HF equations is not unique and the Lagrange multipliers
do not have any physical meaning. Applying a unitary transformation U to the spin orbitals
and to the Fock operator, an equivalent formulation of the HF equations is obtained

F̂ |ϕi〉=
∑

j

εij |ϕj〉 −→
U
F̂
∣∣ϕ′i
〉

=
∑

j

ε′ij
∣∣∣ϕ′j
〉
, (2.4.9)

where it has been used that the Fock operator is invariant under unitary transformation,
giving F̂ ′ = F̂ . Without loss of generality, the unitary transformation U diagonalising ε′ can
be chosen, and the so-called canonical HF equations are obtained

F̂ |ϕi〉= εi |ϕi〉 . (2.4.10)

εi are the elements of the diagonalised matrix, ε′ij = εiδij . These matrix elements can be
interpreted as the orbital energies of the orbitals φi in eq. 2.4.10. A common choice for the
spin orbitals is to express them via the product of a spatial orbital and a spin function (either
α or β)

ϕαi (r,σ) = φαi (r)α(σ) ϕβi (r,σ) = φβi (r)β(σ). (2.4.11)

Integration over the spin coordinate leads to the HF equations depending only on the spatial
orbitals. In the case of a closed-shell system, all spatial orbitals are doubly occupied, giving
pairs of spin orbitals with the same spatial part, φαi = φβi = φi. This variant is referred
to as restricted Hartree-Fock (RHF) method.174 In the most general case of an open-shell
system, the choice of having φαi = φβi = φROHF

i for the doubly-occupied orbitals (restricted
open-shell Hartree-Fock (ROHF))175 maintains solutions for the HF wave function that are
eigenfunctions of the spin operators Ŝ2. However, this might not be the only way to describe
an open-shell system, where the most general ansatz of different spatial orbitals for the α
and β spin orbitals is often applied, giving φαi 6= φβi (unrestricted Hartree-Fock (UHF)).176

For the solution of the HF equations, the spatial orbitals are usually expressed as a linear
combination of atomic orbitals {χµ} (LCAO ansatz)

φσi =
∑

µ

cµiχµ, (2.4.12)

where cµi are the molecular orbital (MO) coefficients.
Substituting the LCAO ansatz in eq. 2.4.10, the Roothaan-Hall equations are obtained

FC = SCε, (2.4.13)
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where F is the Fock matrix (Fµν = 〈χµ| F̂ |χν〉), S the overlap matrix of the basis set (Sµν =
〈χµ|χν〉). C are the molecular orbital (MO) coefficients and ε is the diagonal matrix of the
SCF orbital energies.

The MO coefficients are found through diagonalisation of the Fock matrix (after or-
thogonalisation of the basis set); however, the Fock matrix F(C) itself depends on the MO
coefficients through the Coulomb and the exchange terms (J(C),K(C)). The Roothaan-Hall
equations 2.4.13 are pseudo eigenvalue equations and need to be solved iteratively, through
the so-called self-consistent field (SCF) method. Starting from a guess C0 matrix, the Fock
matrix is diagonalised and new MO coefficients are found, which are used to form the Fock
matrix of the next step. This procedure is repeated until self-consistency is reached.

The Hartree-Fock method is the simplest theory describing an atomic or molecular system
of N electrons. The HF energy can be seen as the sum of one-electron energies and the
interactions of each electron with the mean field generated by all the others. The HF method
gives a good approximation of the electronic energy; however, it does not account for the
dependence of the motion of the electrons on the position of all other electrons. The only
correlation of the electrons accounted for in HF theory comes from the antisymmetric form
of the wave function and is achieved through the exchange operator. If a single SD is
still sufficient to give a qualitatively correct description of the wave function, the system is
said to be dynamically correlated.177,178 However, there are cases in which a single Slater
determinant is not able to describe a molecular system in a qualitative correct way (multi-
reference character). In these cases, the so-called static correlation is needed for a correct
description of the electronic structure.179–181

A more accurate treatment of electronic correlation is the aim of the post-HF methods,
i.e., methods trying to describe electron correlation on top of Hartree-Fock theory.

2.4.1 London orbitals

The previous section has discussed the HF theory for the field-free case. In the case of a
magnetic field, HF theory can be applied using the magnetic-field Hamiltonian in eq. 2.3.12
instead of the Hamiltonian of the field-free case. A major difference to the field-free Hamilto-
nian is apparent. Both the orbital-Zeeman and the diamagnetic terms depend on the chosen
gauge origin. Shifting the gauge origin results in a different vector potential

AG(r) = 1
2B× (r−RG) = AO(r)−AO(RG). (2.4.14)

A shift in the gauge origin corresponds to a gauge-origin transformation, i.e. a transformation
changing the gauge-origin without affecting the physical fields:

AG(r) = AO(r) +∇f f = AO(G) ·r. (2.4.15)

Every gauge-origin transformation can be seen as a unitary transformation of the Hamilto-
nian

(Ĥ ′− i ∂
∂t

) = e−if (Ĥ− i ∂
∂t

)eif . (2.4.16)

Requiring that the Schrödinger equation is satisfied in the new gauge,

(Ĥ ′− i ∂
∂t

)Ψ′ = (Ĥ− i ∂
∂t

)Ψ, (2.4.17)

the wave function needs to transform accordingly as Ψ′ = e−ifΨ. A gauge transformation
changes the form of the Hamiltonian and of the exact wave function but maintains the values
of the observable quantities.
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In the specific case of the transformation due to the shift of the gauge origin, the wave
function transforms as

ΨG = eiAO(G)·rΨO = e−
i
2 B×(O−G)·rΨO. (2.4.18)

To ease the notation, here O and G have been used to indicate RO and RG, respectively. This
phase factor induces rapid oscillations in the wave functions, which are not correctly described
by the standard atomic orbital (AO) basis.182 In order to solve the problematic dependence
on the gauge origin, the phase factor can directly be included in the basis functions

|ωµ(r,B)〉= e−
i
2B×(Kµ−O)·r |χµ(r)〉 , (2.4.19)

where χµ is the standard AO centered at Kµ. These basis functions are known as gauge-
including atomic orbitals (GIAOs) or London orbitals.183,184 Calculations with these or-
bitals are rigorously gauge-origin independent and have been shown to achieve fast basis
set convergence.185

2.5 Second quantisation
For the description of electronic correlation the wave function needs to be represented by
more than one Slater determinant. As the theory complicates, a more intuitive and flexible
formalism has to be introduced. In second quantisation, SDs are represented as vectors in a
vector space:

|n〉= |n1,n2,n3, . . . ,nN 〉 ni =
{

1 if ϕi occupied
0 if ϕi unoccupied

(2.5.1)

The vector |n〉 contains the occupation numbers of the ordered spin orbitals and is therefore
referred to as occupation number (ON) vector. An orthonormal basis of spin orbitals is
assumed; the scalar product of two Slater determinants therefore is 〈n|m〉= δn,m =∏N

i nimi.
In second quantisation, not only observables are represented through operators, but also
wave functions can be constructed from creation and annihilation operators, acting on a
given ON vector. The vacuum state, where all spin orbitals are unoccupied, is written as
|vac〉= |0,0,0, . . . ,0〉.

The creation operator is defined through its action of creating an electron in an unoccu-
pied orbital

â†p |n〉= Γpδnp,0 |n1,n2, . . . ,1p, . . . ,nN 〉 . (2.5.2)

Analogously, the annihilation operator annihilates an electron in an occupied orbital

âp |n〉= Γpδnp,1 |n1,n2, . . . ,0p, . . . ,nN 〉 , (2.5.3)

where Γp =∏p−1
i=1 (−1)ni .

A specific SD can be expressed as a string of creation operators acting on the vacuum

|Ψ〉= â†i â
†
j â
†
k . . . |vac〉= |ϕiϕjϕk . . .〉 . (2.5.4)

The fermionic properties satisfied by the SD are here automatically fulfilled by their
algebra, defined by the anticommutator relations

[â†p, â†q]+ = 0, [âp, âq]+ = 0, [â†p, âq]+ = δpq. (2.5.5)

Antisymmetry is guaranteed by â†pâ†q =−â†qâ†p, while the Pauli principle is given by â†pâ†p = 0.
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In second quantisation, one and two-electron operators are

Ô =
∑

pq

opqâ
†
pâq Ĝ= 1

4
∑

pqrs

gpqrsâ
†
pâ
†
qâsâr, (2.5.6)

where opq =
∫
ϕ∗p(r)Ôϕq(r)dr and gpqrs = 〈ϕpϕq||ϕrϕs〉.

In second quantisation, expectation values of a given operator can be seen as the expec-
tation value of a string of annihilation and creation operators on a reference state.

A string of operators is called normal ordered if all annihilation operators are positioned
to the right end of the operator string and the creation operators on the left. This concept
is relevant as for a normal-ordered string of operators the expectation value of the vacuum
state vanishes,

〈vac| â†pâ†q . . . ârâs |vac〉= 0, (2.5.7)
under the condition that the product does not consist of a constant term. For a given string
X̂ of creation and annihilation operators, its normal order N(X̂) is defined as

N(X̂) = (−1)nâ†pâ†q . . . ârâs, (2.5.8)

where (−1)n is the factor accounting for the number n of pairwise swaps needed to obtain
a normal ordered string from X̂. Note that in general X̂ 6= N(X̂). Before introducing a
central theorem in second quantisation, the contraction between two operators is defined.

The contraction between the operators b̂ and ĉ, written as b̂ĉ, needs to be defined as the
difference between the product of the two operators and the normal-ordered product of the
two operators,

b̂ĉ= b̂ĉ−N(b̂ĉ). (2.5.9)
For creation and annihilation operators, the following relations apply

â†pâ
†
q = 0, âpâq = 0, âpâ

†
q = δpq, â†pâq = 0. (2.5.10)

With this mathematical tool, the following theorem (Wick’s theorem) can be formulated.186
A string of creation and annihilation operators X̂ can be written in normal-ordered form as

X̂ =N(X̂) +
∑

contractions
N(X ) (2.5.11)

where ∑contractionsN(X ) is the sum of all normal products in which there are one, two,
three, etc. contractions between the creation or annihilation operators. This formulation is
of interest when evaluating the expectation value of X̂ on the vacuum state. Only the fully
contracted terms, i.e., the terms in which all operators are contracted with another operator
in the string, can give a contribution.

In quantum chemistry, a much more adopted reference state is the HF determinant. It is
therefore of interest to find a picture in which the HF state can be considered a vacuum state,
on which to define creation and annihilation operators. This picture is called Fermi picture
and considers the formalism of quasi-particles. The creation of an electron in the virtual
orbitals is seen as the creation of a particle, the annihilation of an electron in the occupied
orbitals is seen as the creation of a hole. The holes and particles are therefore the quasi-
particles which can be added to the HF-reference state, which is here called Fermi vacuum.
The corresponding quasi-particle creation and annihilation operators can be formulated

b̂†a = â†a b̂a = âa

b̂†i = âi b̂i = â†i .
(2.5.12)
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For the quasi-particle operators b̂p, b̂†p the same commutator relations as in eq. 2.5.5 hold. A
string of operators can be defined as normal-ordered with respect to the Fermi vacuum if all
quasi-particle annihilation operators are positioned to the right end of the operator string
and the quasi-particle creation operators on the left. In this case, the normal ordering of the
operator X̂ is written as {X̂}.
Wick’s theorem can be exploited to understand the importance of commutators in quantum
chemistry. Here this result is discussed in order to be used in the future discussion. The
commutator [Â, B̂] can be written as

[Â, B̂] = {ÂB̂}+
∑

contractions
{ÂB̂}−{B̂Â}−

∑

contractions
{B̂Â}. (2.5.13)

If both operators have an even number of operators, the relation {ÂB̂}= {B̂Â} holds, leaving

[Â, B̂] =
∑

contractions
{ÂB̂}−

∑

contractions
{B̂Â}, (2.5.14)

showing that only the connected terms (those with at least one contraction) contribute to
the commutator.

The Hamilton operator Ĥ can be related to its normal-ordered form ĤN via the following
relation

Ĥ = EHF +
∑

pq

fpq{â†pâq}+ 1
4
∑

pqrs

〈pq||rs〉{â†pâ†qâsâr}= EHF + ĤN . (2.5.15)

2.6 Parameterisation of the correlated wave function
In Hartree-Fock theory, the ground-state wave function is described through a single SD.
However, it has been noted that this ansatz does not account for static and dynamic correla-
tion. The configuration-interaction (CI) method187–190 describes the wave function through
a linear combination of SD, where the coefficients ci are determined variationally

|ΨCI〉=
∑

i

ci |Φi〉 . (2.6.1)

Φi are Slater determinants and ci the corresponding expansion coefficients. The CI energy
optimisation procedure determines the coefficients

∂

∂ci

〈ΨCI|Ĥ |ΨCI〉
〈ΨCI|ΨCI〉

= 0. (2.6.2)

This corresponds to solving the eigenvalue problem HC = EC, where C is the vector con-
taining the expansion coefficients. In principle, an exact description of the wave function
(within the given AO basis) is obtained by distributing all electrons among all orbitals; this
method is called full configuration interaction (FCI).189,190 However, it is obvious that the
number of determinants to be considered scales very rapidly with the number of electrons
and orbitals, making FCI not suitable for the treatment of large molecular systems.

The FCI parameterisation can be referred to a particular reference state, for example the
HF determinant. In the formalism of second quantisation, the FCI wave function is written
as

|ΨFCI〉=
N∑

n=0
Ĉn |0〉 Ĉn = 1

(n!)2

abc...∑

ijk...

cabc...ijk...{â†b̂†ĉ† . . . k̂ĵî}, (2.6.3)
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where the excitation operators are grouped in single, double, triple etc. excitations with
respect to the reference. The creation and annihilation operators are here written in the
simplified notation of just writing the indices (âp is indicated by p̂ and â†p by p̂†). The full
expansion may be truncated at a chosen excitation level, in order to be feasible for larger
systems. Common truncations are CI with double excitations Ĉ = Ĉ0 + Ĉ2 (CID) and CI
with singles and doubles Ĉ = Ĉ0 + Ĉ1 + Ĉ2 (CISD).

The CI methods provide an improvement in the characterisation of molecular energies
with respect to HF. However, it shows major problems in the case of the truncated CI
expansion. It can be shown that the present ansatz does not satisfy the requirement of size-
extensivity for the energy, i.e., correct scaling with system size. A given method is said to be
size-consitent if, for two non-interacting systems A and B, the following relation is satisfied

EA+B = EA +EB. (2.6.4)

Here EA+B labels the energy computed considering A and B as one system, while EA and
EB represent the energies of the individual subsystems. The energy does not correctly scale
with system size and therefore is not additive. The lack of size-extensivity makes the CI
approach not suitable for the description of large molecules.47

2.7 Coupled-Cluster Theory
One of the most used developments in electronic structure theory is given by the so-called
Coupled Cluster theory. This approach was first introduced in nuclear physics,191 and then
transferred to quantum chemistry by Čížek.6,192–194 This formalism solves the issue of size-
extensivity present in truncated CI methods.
The Coupled-Cluster wave function is parameterised as

|Ψ〉= eT̂ |0〉 , (2.7.1)

where |0〉 is a reference wave function; for all derivations in this thesis, the HF SD is chosen
as reference. The exponential operator consists of the sum of single, double, triple, etc.
excitations

T̂ = T̂1 + T̂2 + T̂3 + . . . , T̂n = 1
(n!)2

∑
tabc...ijk...{a†ib†jc†k . . .}= tµτ̂µ. (2.7.2)

The exponential operator is defined through its Taylor series

eT̂ = 1 + T̂ + 1
2 T̂

2 + 1
3! T̂

3 + · · ·=
∑

n

1
n! T̂

n. (2.7.3)

In this formulation, each excitation level is not given only by the corresponding connected
excitation T̂n operator (for example T̂2 for a double excitation), but also by the so-called
disconnected excitations, i.e., the product of operators with matching excitation level (for
example 1

2 T̂1T̂1). A correspondence between the T̂ operator of CC and the Ĉ operator of
FCI (eq. 2.6.3) can be established. For the first four orders in excitation

Ĉ0 = 1,
Ĉ1 = T̂1,

Ĉ2 = T̂2 + 1
2 T̂

2
1 ,

Ĉ3 = T̂3 + T̂1T̂2 + 1
3! T̂

3
1 ,

Ĉ4 = T̂4 + T̂1T̂3 + 1
2 T̂2T̂

2
1 + 1

2 T̂
2
2 + 1

4! T̂
4
1 .

(2.7.4)
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Furthermore, it can be shown that the full CC expansion is equivalent to FCI.47,195
The time independent Schrödinger equation for the CC ansatz becomes

ĤeT̂ |0〉= ECCe
T̂ |0〉 . (2.7.5)

The CC ground-state energy is found via projection on 〈0|e−T̂

ECC = 〈0|e−T̂ ĤeT̂ |0〉= 〈0|H̄ |0〉 , (2.7.6)

where the notation H̄ = e−T̂ ĤeT̂ for the similarity-transformed Hamiltonian has been adopted.
Subtracting the HF energy on both sides, the following expression is obtained

(Ĥ−EHF)︸ ︷︷ ︸
ĤN

eT̂ |0〉= (ECC−EHF)︸ ︷︷ ︸
∆ECC

eT̂ |0〉 . (2.7.7)

The projection of this equation on the reference determinant allows to find the CC correlation
energy ∆ECC = 〈0|H̄N |0〉. The amplitudes tµ in eq. 2.7.2 are found by projecting eq. 2.7.7
on the set of excited determinants {Φµ} (these equations will be referred to as amplitude
equations)

〈Φµ|e−T̂ ĤNe
T̂ |0〉= 0. (2.7.8)

Note that e−T̂ 6= eT̂
† , leading to a non-Hermitian similarity-transformed Hamiltonian.

The operator e−T̂ is still an excitation operator, while eT̂ † is a de-excitation one. Therefore,
the energy expression in the CC framework is not Hermitian.∗

It may be shown that the major problem of truncated CI is here solved by the exponential
ansatz of CC theory: the energy formulation in eq. 2.7.6 is size-consistent even when the
excitation operator is truncated. For two non-interacting systems A and B the wave function
is multiplicative,

|ΨA+B〉= eT̂A+T̂B |0〉= eT̂AeT̂B |0〉= A |ΨA〉 |ΨB〉 , (2.7.9)
where A is an antisymmetrisation operator. The Hamiltonian of the system A+B can be
written as the sum ĤA+B = ĤA + ĤB, due to the fact that the two systems A and B are not
interacting. The expectation value in eq. 2.7.6 gives

〈ΨA+B|ĤA+B |ΨA+B〉=〈0|e−T̂Ae−T̂B(ĤA + ĤB)eT̂AeT̂B |0〉=

=〈0|e−T̂AĤAe
T̂A |0〉+ 〈0|e−T̂BĤBe

T̂B |0〉= EA +EB.
(2.7.10)

The cross terms 〈0|e−T̂AĤBe
T̂A |0〉 and 〈0|e−T̂BĤAe

T̂B |0〉 vanish, as the Hamilton operator
of one system does not act on the wave function of the other system. This proof shows that
the CC energy is size-consistent.47

In order to derive CC working equations, the similarity-transformed Hamiltonian needs
to be expanded. For two generic operators Â, B̂, the Baker-Campbell-Hausdorff (BCH)
equation50 holds

e−B̂ÂeB̂ = Â+ [Â, B̂] + 1
2[[Â, B̂], B̂] + 1

3! [[[Â, B̂], B̂], B̂] + 1
4! [[[[Â, B̂], B̂], B̂], B̂] + · · ·=

=
∑

n

1
n! [[[[Â, B̂], B̂], . . . ], B̂]︸ ︷︷ ︸

n commutators

.

(2.7.11)
∗With slightly improper wording, in this thesis the expression non-Hermitian energy refers to the fact

that the CC energy is defined through the expectation value of a non-Hermitian operator.
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The similarity-transformed Hamiltonian becomes

e−T̂ ĤNe
T̂ = ĤN + [ĤN, T̂ ] + 1

2[[ĤN, T̂ ], T̂ ] + 1
3! [[[ĤN, T̂ ], T̂ ], T̂ ] + 1

4! [[[[ĤN, T̂ ], T̂ ], T̂ ], T̂ ] + . . .

(2.7.12)
This expansion can be evaluated by means of Wick’s theorem (eq. 2.5.14). Both ĤN and T̂
satisfy the conditions of being normal ordered and with an even number on creation or anni-
hilation operators; in addition, noone of these operators possesses a constant part. Therefore,
in eq. 2.7.12 only connected terms are obtained. It is apparent that the Hamiltonian can be
connected at most with four T̂ operators, as it is a two-electron operator made of four cre-
ation or annihilation operators. The BCH expansion truncates after the fourth commutator
and the following expansion is exact

e−T̂ ĤNe
T̂ = ĤN + [ĤN, T̂ ] + 1

2[[ĤN, T̂ ], T̂ ] + 1
3! [[[ĤN, T̂ ], T̂ ], T̂ ] + 1

4! [[[[ĤN, T̂ ], T̂ ], T̂ ], T̂ ].
(2.7.13)

2.7.1 Equation-Of-Motion Coupled-Cluster (EOM-CC) Theory

A treatment of excited states is obtained by means of the so-called Equation-Of-Motion CC
theory.16,22–24,32,33,196 The excited states are parameterised via an excitation operator acting
on the CC ground state

|Ψexc〉= R̂eT̂ |0〉 , (2.7.14)

where R̂ is a linear excitation operator of the form

R̂= r0 + R̂1 + R̂2 + R̂3 + . . . R̂n = 1
(n!)2

∑
rabc...ijk...{a†ib†jc†k . . .}= rµτ̂µ. (2.7.15)

The Schrödinger equation for an excited state is

ĤR̂eT̂ |0〉= EexcR̂e
T̂ |0〉 . (2.7.16)

The excitation energy ∆Eexc = Eexc−ECC can be isolated and the following equation is
obtained

(Ĥ−ECC)︸ ︷︷ ︸
(ĤN+EHF−ECC)

R̂eT̂ |0〉= (Eexc−ECC)︸ ︷︷ ︸
∆Eexc

R̂eT̂ |0〉

ĤNR̂e
T̂ |0〉− (ECC−EHF)R̂eT̂︸ ︷︷ ︸

R̂ĤNeT

|0〉= ∆EexcR̂e
T̂ |0〉 .

(2.7.17)

By multiplying with e−T̂ from the left and by noting that [R̂, T̂ ] = 0, as both R̂ and T̂ are
excitation operators, the following equation is obtained

e−T̂ ĤNe
T̂ R̂ |0〉− R̂e−T̂ ĤNe

T̂ |0〉= ∆EexcR̂ |0〉 =⇒ [H̄N, R̂] |0〉= ∆EexcR̂ |0〉 . (2.7.18)

The rµ amplitudes in eq. 2.7.15 are determined through projection on the excited determi-
nants

〈Φµ| [H̄N, R̂] |0〉= ∆Eexc 〈Φµ|R̂ |0〉︸ ︷︷ ︸
rµ

=⇒
∑

µν

(H̄N)C,µνrν = ∆Eexcrµ, (2.7.19)
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or, in matrix form
H̄NR = ∆EexcR. (2.7.20)

Usually this form is preferred to the one in eq. 2.7.16, as the ground-state solution has already
been found with the CC ansatz. Note that eq. 2.7.20 is a CI-like problem.

The matrix A with real eigenvalue λ may be considered.∗ The left eigenvector v of a
non-Hermitian square matrix A does not correspond to the right eigenvector u with same
real eigenvalue λ:

v†A = λv†, Au = λu where v 6= u. (2.7.21)
The similarity-transformed Hamiltonian matrix is non-Hermitian and therefore has a set of
right-hand side eigenvectors and a different set of left-hand side eigenvectors, which are not
simply obtainable by conjugation of the right eigenstates.

In the framework of EOM-CC theory, these are parameterised through a de-excitation
operator L̂

〈Ψexc|= 〈0| L̂e−T̂ , (2.7.22)
with the definition

L̂= l0 +
∑

ia

lia{̂i†â}+ 1
4
∑

ijab

lijab{̂i†ĵ†b̂â}+ · · ·=
∑

µ

lµτ
†
µ. (2.7.23)

This parameterisation does not allow L̂ and e−T̂ to swap places, as the two operators do not
commute: [L̂,e−T̂ ] 6= 0.

The Schrödinger equation for the left eigenstate reads

〈0| L̂e−T̂ Ĥ = ECC 〈0| L̂e−T̂ . (2.7.24)

Multiplying with eT̂ from the right, and projecting on the excited determinants, the matrix
equation is

LH̄N = L∆Eexc. (2.7.25)
The operators L̂ and R̂ satisfy the so-called biorthonormality condition

〈Ψm|Ψn〉= δmn =⇒ 〈0| L̂me−T̂ eT̂ R̂n |0〉= 〈0| L̂mR̂n |0〉= δmn. (2.7.26)

Note that the CC ground state can be expressed by means of the EOM-CC parameterisation
taking R̂ = 1̂. Furthermore, the presence of a non-zero r0 term in eq. 2.7.15 for the param-
eterisation of the excited states implies that a contribution from the ground state can be
present in the excited states. For the left-side ground state 〈ΨGS|= 〈0| L̂0e−T̂ , the amplitude
equation gives

〈0| L̂0H̄ |Φµ〉= 0 =⇒ 〈0| L̂0H̄τ̂µ |0〉= 0. (2.7.27)
This expression will be again encountered in the calculation of CC ground-state properties
in sec. 2.8. The parameterisation of L̂0 is analogous to the response operator Λ̂, which is
found there

〈ΨGS|= 〈0|(1 +Λ̂)e−T̂ Λ̂ =
∑

ia

λia{̂i†â}+ 1
4
∑

ijab

λijab{̂i†ĵ†b̂â}+ · · ·=
∑

µ

λµτ
†
µ. (2.7.28)

∗Note that for a square matrix with real eigenvalues, the left and right eigenvalues are the same. This can
be easily seen, noting that the eigenvalues of A and of A† are the same. In fact, take the left eigenvector v,
which satisfies the eigenvalue equation v†A = λv†. Performing the transposition of this relation, A†v = λv
is obtained, for real values of λ. Therefore, λ is also an eigenvalue of A†. As stated above, eigenvalues of a
square matrix and its transpose are the same. Therefore, the left and right eigenvalues of a square matrix
are the same.
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For all other states, l0 needs to be zero, in order to satisfy the biorthonormality condition
〈0| L̂kR̂0 |0〉= 0, for every excited state k.

At this point it has to be noted that the left eigenstates are not needed for the calculation
of excited states energies. For that, diagonalisation of eq. 2.7.20 leads to the right eigenstates
and excited-state energies. Only when computing molecular properties, the left eigenstates
are also needed.

2.7.2 Unphysical results in CC theory

CC theory offers an accurate treatment of the correlation energy, getting more and more
accurate when going to higher truncations of the excitation space. In almost all cases, the
calculated energies are real. However, it has been documented in literature that complex
energy values can occur.9,34,197,198 These cases are discussed hereafter.

• Hättig197 first noted that complex excited-state energies appear in vicinity of conical
intersections,199–202 where the potential energy surfaces of two states coincide.34 In the
case of a conical intersection, the Hamiltonian matrix is real, and in the FCI framework
the energy values are real. In ref. 35 it has been shown that a real Hamiltonian matrix
can have complex eigenvalues in the case of a defective matrix.198 A matrix is called
defective when it presents an eigenvalue of multiplicity m > 1, but only fewer than
m eigenvectors. A defective matrix therefore is not diagonalisable. In ref. 35 it has
been discussed that varying the entries of a given matrix in a continuous manner,
the eigenvalues also vary continuously and may do the transition from real to complex
passing via a multiple eigenvalue, i.e., a point of degeneracy. This general mathematical
observation can be exploited for the investigation of the eigenvalues of the Hamiltonian
matrix in proximity of a conical intersection. A continuous variation of the matrix
elements of the FCI Hamiltonian can be constructed to connect the FCI matrix to
the EOM-CC Hamiltonian matrix. The FCI eigenvalues are known to be real; on the
connection to the EOM-CC matrix, they are also varying in a continuous manner. If
two eigenvalues are very close in the FCI case, they may coincide for some point on
the connection going to EOM-CCSD, becoming degenerate, i.e. an intersection of the
potential energy surfaces occurs. As stated before for a generic matrix, it was shown
that complex energy values can occur after the degeneracy. A continuous connection
can be constructed between the FCI and EOM-CC energy values. When two FCI
eigenvalues are very close to each other, it may happen that they coincide on the
connection between FCI and EOM-CC, leading to a defective Hamiltonian matrix:
complex energies are demonstrated to occur in pairs of conjugated eigenvalues. In
ref. 35 it was also shown that a qualitatively wrong description of the intersection is
obtained.

• In the case of a complex-valued Hamiltonian matrix, as for example the finite-field
one,65,108,114 the eigenvalues of the FCI Hamiltonian matrix are still real. Exploiting
the same idea of a continuous connection from the FCI to the CC Hamiltonian, it is
shown in ref. 35 that every deviation from the FCI matrix which breaks the Hermiticity
can lead to the occurrence of complex eigenvalues. Unlike what was demonstrated for
a real-valued Hamiltonian matrix, eigenvalues do not have to appear in pairs. In
ref. 35, complex eigenvalues have been observed for various systems. For the examples
reported, the imaginary part of the EOM-CCSD energies is always of the same order
of magnitude as the difference between the real part of the exact FCI results and the
EOM-CCSD ones.
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• It can be mentioned at this point that a complex-valued Hamiltonian matrix can also
be obtained in relativistic calculations including spin-orbit coupling.203–206 The same
kind of reasoning which applies to the CC description of systems in a magnetic field can
thus be continued here. However, the spin-orbit coupling is usually a small contribution
and, unlike the magnetic field, its value is fixed.

• Another limit of CC theory is found in the description of systems characterised by a
complex Abelian point group. These point groups possess pairs of complex irreducible
representations. The excited states belonging to the complex irreducible representa-
tions have a complex wave function and are degenerate in exact theory.207 The exact
degeneracy allows to form real linear combinations of the wave functions which are
real. Therefore, despite the single wave functions being complex, the computation
can be performed with real numbers only. In the framework of EOM-CC theory, the
non-Hermiticity of the similarity-transformed Hamiltonian matrix leads to a lift in the
degeneracy, giving pairs of complex-conjugate energy values. In the EOM-CC frame-
work it is therefore not possible to form real linear combinations from the complex
wave functions of the pairs of states. This computation is therefore simply not possible
with the EOM-CC method via a real code; with a complex code, an imaginary part is
found.

The imaginary part in the CC energies may be considered as a deficiency of the CC theory.
Ignoring the problem and taking only the real part of the results is not mathematically
rigorous and can possibly lead to an incorrect description of the system. In this thesis, the
idea of a Hermitian Coupled Cluster formalism is pursued, in order to avoid the occurrence
of unphysical results by construction.

Note that the discussion in this chapter focuses on the cases in which complex energies
are a consequence of the non-Hermiticity of the CC and EOM-CC energy expression. This
is different in the field of electronic resonances, where non-Hermitian quantum mechanics is
developed to study decay processes. In the field of resonances, the theory is constructed in
a way that a physical interpretation of the imaginary part of the energy can be given, as it
is related to the lifetime of metastable states.208–211

2.8 Molecular properties

The calculation of energies is often not sufficient to characterise the complexity of a molecular
system. A more complete description can be achieved, for example, considering molecular
properties, which play an important role in many experimental applications, for example in
the world of spectroscopy. The development of a formalism for the calculation of molecular
properties has been and is therefore of major importance to predict the behaviour of molec-
ular systems. In this section, the case of an exact parameterisation of the wave function is
analysed; then the case of an approximate parameterisation is considered, with a focus on CC
and UCC. The theory developed in this thesis will be discussed in future publications.212,213

2.8.1 Single-state properties

The aim of this section is to formulate a theory for the calculation of UCC properties.
Starting from the expression known from quantum mechanics, a convenient reformulation
of this expression is discussed, in order to obtain a formalism suitable for truncated and
non-variational wave functions, as in the case of UCC theory.
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The most intuitive approach to the calculation of properties is provided by quantum
mechanics, where a property X is usually computed taking the expectation value of the
corresponding operator X̂

X = 〈Ψ|X̂ |Ψ〉 . (2.8.1)

One may apply this intuitive formulation to approximate theories, as for example CC theory.
However, it is discussed later in this chapter that the formalism of expectation values in the
EOM-CC framework is not size-extensive.214 It is preferable to find a formalism which can
be exploited both by CC and UCC theory.

The discussion starts by analysing the problems arising from the application of eq. 2.8.1
in CC theory. First, a mathematical framework for the understanding of size-extensivity is
constructed and applied to CC theory.

Locality and additivity of operators

The concept of the size-extensivity of a method is usually formulated analysing the energy,
but it can be generalised to properties. A method is said to be size-extensive if for two
non-interacting systems A and B the energy of the joint system A+B corresponds to the
sum of the energy of subsystem A and the energy of subsystem B.

EA+B = EA +EB (2.8.2)

Here EA+B labels the energy of the system given by both subsystems A and B, while EA and
EB represent the energies of the individual systems calculated in absence of the other system.
From a physical point of view, size-extensivity is required also for molecular dipoles. An
insightful analysis of the behaviour of the operators involved in the calculation of properties is
needed for the development of a theory satisfying the physical requirement of size-extensivity.
For a rigorous discussion, the concepts of local, additive, and semi-additive operators are
useful to be introduced.

Assume a set of MOs localised either on subsystem A or on subsystem B. The operators
discussed in this section are assumed not to have a constant term. An operator is local if
it consists only of sums of strings of creation/annihilation operators localised on the same
fragment,

ÔA+B = ÔA + ÔB. (2.8.3)

Most physical operators are local, for example the dipole operator, the Hamilton operator,
etc. It is therefore important to understand their features before applying the discussion to
quantum chemistry.
An operator is non-local when an extra term contributes to the operator of the joint system,
localised neither completely on A nor on B,

ÔA+B = ÔA + ÔB + ÔAB. (2.8.4)

An example of a non-local operator is the spin operators, as the spin of a joint system cannot
be determined from spin operators based on each fragment.
The behaviour of the CI-expansion operator Ĉ (sec. 2.6) can be analysed as an example. From
the discussion of the CI wave function, it is here recalled that the wave functions for the
single systems A and B are, respectively, |ΨCI〉A =∑

n Ĉ
A
n |0〉, and |ΨCI〉B =∑

n Ĉ
B
n |0〉. Let’s

assume the Ĉ operator is local. Then the operator of the system A+B is ĈA+B = ĈA + ĈB,
giving the wave function |ΨA+B〉=

∑
n(ĈA

n +ĈB
n ) |0〉. The wave function for the system A+B

is therefore a linear combination of determinants describing either excitations of system A
or of system B, but is not able to describe the case in which both systems are simultaneously
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excited. In order to describe such a state, an operator ĈAB needs to be introduced, giving
ĈA+B = ĈA + ĈB + ĈAB. The CI-operator Ĉ is therefore a non-local operator.

A local operator is called additive when the operators ÔA and ÔB in eq. 2.8.3 correspond
to the operators defined when considering only system A or only system B, respectively.
A non-local operator is called semi-additive if the operators ÔA and ÔB in eq. 2.8.4 are the
same operators as those for the isolated system A or for the isolated system B, respectively.

The calculation of properties involves expectation values of the form 〈Ψ|X̂ |Ψ〉. For the
properties of interest in this thesis. The operator X̂ is additive, giving X̂A+B = X̂A + X̂B.
However, this is not sufficient to obtain a size-extensive formulation of the properties, as the
operators parameterising the wave function need to be considered as well. In order to under-
stand under which circumstances the expression 〈Ψ|X̂ |Ψ〉 is size-extensive, the products of
operators are analysed. The product of two local additive normal-ordered operators ÔA+B
and Q̂A+B is not local, as cross terms arise which are not localised on just one fragment

ÔA+BQ̂A+B = ÔAQ̂A + ÔBQ̂B + ÔAQ̂B + ÔBQ̂A. (2.8.5)

However, assuming that the operators do not have any constant terms, the expectation value
with respect to the Fermi vacuum is additive, as the cross terms vanish,

〈0|ÔA+BQ̂A+B |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉+ 〈0|ÔAQ̂B |0〉+ 〈0|ÔBQ̂A |0〉 . (2.8.6)

The product of two local operators Ô and Q̂ in normal order can be analysed through Wick’s
theorem (eq. 2.5.14):

〈0|ÔQ̂ |0〉= 〈0|{ÔQ̂}|0〉︸ ︷︷ ︸
=0

+
∑

contractions
〈0|ÔQ̂ |0〉 (2.8.7)

The only non-vanishing contributions come from the fully contracted terms. For the prod-
ucts in eq. 2.8.6, contractions are only possible between either ÔA and Q̂A or ÔB and Q̂B,
while the cross terms are disconnected (they cannot be contracted as they cannot have any
orbital indices in common, due to the fact that the orbitals are localised on different frag-
ments). Their expectation values therefore vanish, leading to an additive expression for the
expectation value of the product of two additive operators,

〈0|ÔA+BQ̂A+B |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉 . (2.8.8)

Furthermore, it holds that the commutator of two additive operators is additive, as the
commutator of two operators localised on two different non-interacting fragments vanishes,

[ÔA+B, Q̂A+B] = [ÔA, Q̂A] + [ÔB, Q̂B] + [ÔA, Q̂B] + [ÔB, Q̂A] = [ÔA, Q̂A] + [ÔB, Q̂B]. (2.8.9)

In the case of the product of an additive operator ÔA+B = ÔA + ÔB and a semi-additive
operator Q̂A+B = Q̂A + Q̂B + Q̂AB, the cross terms need to be analysed,

〈0|ÔA+BQ̂A+B |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉+ 〈0|ÔBQ̂AB |0〉+ 〈0|ÔAQ̂AB |0〉+
〈0|ÔBQ̂A |0〉+ 〈0|ÔAQ̂B |0〉 .

(2.8.10)

As before, the terms 〈0|ÔBQ̂A |0〉 and 〈0|ÔAQ̂B |0〉 vanish, as they cannot be fully con-
tracted in the formalism of Wick’s theorem. The terms arising from the lack of additivity,
〈0|ÔBQ̂AB |0〉 and 〈0|ÔAQ̂AB |0〉, also vanish, because of the same reason. In fact, the or-
bitals localised on fragment B, contributing to Q̂AB, cannot be contracted with orbitals of
ÔA, as this operator is local; therefore 〈0|ÔAQ̂AB |0〉 vanishes. The same reasoning is valid
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for 〈0|ÔBQ̂AB |0〉. From this result, it appears that the expectation value of the product of
an additive and a semi-additive operator is additive, giving:

〈0|(ÔA + ÔB)(Q̂A + Q̂B + Q̂AB) |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉 . (2.8.11)

Additivity also needs to be discussed for products of two semi-additive operators,

〈0|(ÔA + ÔB + ÔAB)(Q̂A + Q̂B + Q̂AB) |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉+
〈0|ÔBQ̂AB |0〉+ 〈0|ÔAQ̂AB |0〉+ 〈0|ÔABQ̂A |0〉+ 〈0|ÔABQ̂B |0〉+
〈0|ÔBQ̂A |0〉+ 〈0|ÔAQ̂B |0〉+ 〈0|ÔABQ̂AB |0〉 .

(2.8.12)

Following the considerations of the two preceding cases, the non-vanishing terms are

〈0|(ÔA + ÔB + ÔAB)(Q̂A + Q̂B + Q̂AB) |0〉= 〈0|ÔAQ̂A |0〉+ 〈0|ÔBQ̂B |0〉+ 〈0|ÔABQ̂AB |0〉 ,
(2.8.13)

where the last term introduces a non-additive contribution in the expectation value.
In quantum chemistry, expectation values involving more than two operators are evalu-

ated for the calculation of molecular energies and properties. Assuming the operators Q̂A+B
and ŜA+B to be additive and the operator ÔA+B to be semi-additive, the expectation value
of the product ÔA+BŜA+BQ̂A+B is discussed,

〈0|ÔA+BŜA+BQ̂A+B |0〉= 〈0|(ÔA + ÔB + ÔAB)(ŜA + ŜB)(Q̂A + Q̂B) |0〉=
= 〈0|ÔAŜAQ̂A |0〉+ 〈0|ÔBŜBQ̂B |0〉+ 〈0|ÔABŜAQ̂B |0〉+ 〈0|ÔABŜBQ̂A |0〉+
〈0|ÔAŜBQ̂B |0〉︸ ︷︷ ︸

=0

+〈0|ÔBŜAQ̂A |0〉︸ ︷︷ ︸
=0

+〈0|ÔABŜAQ̂A |0〉︸ ︷︷ ︸
=0

+〈0|ÔABŜBQ̂B |0〉︸ ︷︷ ︸
=0

=

= 〈0|ÔAŜAQ̂A |0〉+ 〈0|ÔBŜBQ̂B |0〉+ 〈0|ÔABŜAQ̂B |0〉+ 〈0|ÔABŜBQ̂A |0〉 .

(2.8.14)

The terms can be analysed with Wick’s theorem: 〈0|ÔABŜAQ̂A |0〉 vanishes as the indices
in ÔAB referring to orbitals located on B cannot be contracted with any of the indices on
ŜA or Q̂A; an analogous reasoning is applied to 〈0|ÔABŜAQ̂A |0〉. In a similar manner,
〈0|ÔAŜBQ̂B |0〉 vanishes, as the indices in ÔA referring to orbitals located on A cannot be
contracted any of the indices on ŜB or Q̂B. The same reasoning can be applied to the
analogous term 〈0|ÔBŜAQ̂A |0〉. However, the terms 〈0|ÔABŜAQ̂B |0〉 and 〈0|ÔABŜBQ̂A |0〉
do not necessarily vanish, as the indices of the operator ÔAB can be contracted with either
ŜA and Q̂B or ŜB and Q̂A. The product of three operators, one of which being semi-additive
and two of which being additive, does not give an additive expectation value. In order to
obtain an additive expectation value, the expression ÔA+B[ŜA+B, Q̂A+B] can be exploited.
This product corresponds to the product between the semi-additive operator ÔA+B and the
operator [ŜA+B, Q̂A+B], which was shown in eq. 2.8.9 to be additive. The additivity of the
expectation value can be proven here

〈0|ÔA+B[ŜA+B, Q̂A+B] |0〉= 〈0|(ÔA + ÔB + ÔAB)[ŜA + ŜB, Q̂A + Q̂B] |0〉=
= 〈0|ÔA[ŜA, Q̂A] |0〉+ 〈0|ÔB[ŜB, Q̂B] |0〉+ 〈0|ÔAB[ŜA, Q̂A] |0〉︸ ︷︷ ︸

=0

+〈0|ÔAB[ŜB, Q̂B] |0〉︸ ︷︷ ︸
=0

+

〈0|ÔA[ŜB, Q̂B] |0〉︸ ︷︷ ︸
=0

+〈0|ÔB[ŜA, Q̂A] |0〉︸ ︷︷ ︸
=0

=

= 〈0|ÔA[ŜA, Q̂A] |0〉+ 〈0|ÔB[ŜB, Q̂B] |0〉 .
(2.8.15)
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The term 〈0|ÔAB[ŜA, Q̂A] |0〉 vanishes as the orbital indices in ÔAB referring to orbitals lo-
cated on B cannot be contracted with any of the indices on ŜA or Q̂A. The same motivation
explains the vanishing of 〈0|ÔAB[ŜA, Q̂A] |0〉. In a similar manner, 〈0|ÔA[ŜB, Q̂B] |0〉 vanishes,
as the indices in ÔA referring to orbitals located on A cannot be contracted with any of the
indices on ŜB or Q̂B. The same reasoning can be applied to the term 〈0|ÔB[ŜA, Q̂A] |0〉.
Note that the formulation in eq. 2.8.15 is additive, as all non-local contributions vanish,
though not being connected. The insertion of a second commutator, i.e., [ÔA+B, [ŜA+B, Q̂A+B]],
would lead to full connectedness. However, the second commutator is not necessary to achieve
additivity for the corresponding expectation value. The expression 〈0|Ô[Ŝ, Q̂] |0〉 is said to
be linked.

Size-extensivity in the CC energy

The categories defined in the previous section may be applied to the CC operators, in order
to show the size-extensivity of CC ground-state theory:

• by construction, the Hamiltonian of two non-interacting systems is local and additive,
ĤA+B = ĤA + ĤB.

• the excitation operator can be shown to be local and additive, as the excitations are
either localised on A or on B: T̂A+B = T̂A + T̂B. This result can be demonstrated
through the amplitude equations

0 =〈φp|e−T̂ ĤeT̂ |0〉=

=〈φp|Ĥ+ [Ĥ, T̂ ] + 1
2[[Ĥ, T̂ ], T̂ ] + . . . |0〉=

=〈φp|ĤA + [ĤA, T̂A] + 1
2[[ĤA, T̂A], T̂A] + . . . |0〉+

〈φp|ĤB + [ĤB, T̂B] + 1
2[[ĤB, T̂B], T̂B] + . . . |0〉+

〈φp| [ĤA, T̂B] + [ĤB, T̂A] + 1
2([[ĤA, T̂B], T̂A] + [[ĤB, T̂B], T̂A] + [[ĤB, T̂A], T̂A]) + . . . |0〉=

=〈φp|e−T̂AĤAe
T̂A |0〉+ 〈φp|e−T̂BĤBe

T̂B |0〉 .
(2.8.16)

The amplitude equations for the entire systems consist of the sum of the amplitude
equations for system A, and the amplitude equations for system B, as the commutators
between operators localised on different fragments vanish [ĤA, T̂B] = [ĤB, T̂A] = 0.

• as all excitation operators commute, the exponential ansatz can be factorised:
eT̂A+B = eT̂A+T̂B = eT̂AeT̂B .

In the framework of Equation-Of-Motion (EOM) CC theory, R̂ is shown to be local.215
Considering system A in an excited state and system B in the ground state gives R̂A+B =
R̂A⊗ 1̂B. The additivity of this operator is shown analysing the amplitude equation for the
two non-interacting systems:

〈φp|(H̄A + H̄B−EA,exc−EB,ground)R̂A |0〉= 0
〈φp|(H̄A−EA,exc)R̂A |0〉︸ ︷︷ ︸

=0

+〈φp|R̂A |0〉〈0|H̄B−EB,ground |0〉︸ ︷︷ ︸
=0

= 0. (2.8.17)

The first term vanishes because of the Schrödinger equation for the excited state A, while
the second term vanishes because of the Schrödinger equation of the ground state of system
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B. Therefore R̂ is additive, as the excitation of subsystem A when considering the whole
system A+B corresponds to the excitation of subsystem A when considering only A.

The left eigenstates are only semiadditive: it is shown in ref. 215 that the L̂ operator of
eq. 2.7.22 can be written as L̂A+B = L̂A + L̂AB for the case in which system A is excited,
while system B is in its ground state. From the amplitude equation for the left hand-side,
〈0| L̂(H̄−E) |φp〉= 0, the semi-additivity can be shown:

0 =〈0|(L̂A + L̂AB)(H̄A + H̄B−EA,exc−EB,ground) |φp〉=
=〈0| L̂A(H̄A + H̄B−EA,exc−EB,ground) |φp〉+ 〈0| L̂AB(H̄A + H̄B−EA,exc−EB,ground) |φp〉=
=〈0| L̂A(H̄A−EA,exc)︸ ︷︷ ︸

=0

|φp〉+ 〈0|(H̄B−EB,ground) |0〉〈0| L̂A |φp〉︸ ︷︷ ︸
=0

+

+ 〈0| L̂AB(H̄A + H̄B−EA,exc−EB,ground) |φp〉 .
(2.8.18)

The first term corresponds to the amplitude equation for L̂A, while the second term is the
Schrödinger equation for the ground state on system B and vanishes. The third term provides
an equation determining L̂AB, which is not localised on any of the fragments. The presence
of L̂AB therefore gives origin to the semi-additivity of the L̂ operator.

It is important to analyse under which conditions the semi-additivity of the L̂ operator
does not affect the additivity of the energies. An accurate analysis of the ground-state energy
shows that the additive Hamilton operator leads to additive ground-state energies

EA+B,GS = 〈0|H̄ |0〉= 〈0|H̄A |0〉+ 〈0|H̄B |0〉= EA +EB. (2.8.19)

For the energy of excited states, the EOM expression is analysed.

〈0| L̂H̄R̂ |0〉= 〈0|(L̂A + L̂AB)H̄R̂A |0〉=
〈0| L̂AH̄AR̂A |0〉︸ ︷︷ ︸

=EA,exc

+〈0| L̂AH̄BR̂A |0〉︸ ︷︷ ︸
=EB,ground

+〈0| L̂ABH̄AR̂A |0〉︸ ︷︷ ︸
=0

+〈0| L̂ABH̄BR̂A |0〉︸ ︷︷ ︸
=0

= EA,exc +EB,ground

(2.8.20)

The last two terms vanish due to the amplitude equations.
Therefore, additivity is guaranteed both for ground- and excited-states energies.

Size-extensivity in EOM-CC properties

A similar investigation may be carried out for the calculation of properties. The definition of
properties in eq. 2.8.1 via the expectation value can be applied to the EOM-CC framework,
where the left state is parameterised as 〈Ψ| = 〈0| L̂e−T̂ and the right one as |Ψ〉 = R̂eT̂ |0〉.
Eq. 2.8.1 can be written as follows

X = 〈0| L̂X̄R̂ |0〉 . (2.8.21)

Following the discussion in sec. 2.8.1, two non-interacting systems A and B are considered,
with A in an excited state and B in its ground state. In the aforementioned section, the
operator L̂A+B was shown to be semi-additive, giving L̂A+B = L̂A + L̂AB, while the operator
R̂A+B was proven to be additive, equal to R̂A. As most physical operators, the operator
X̂A+B is assumed to be local and additive, such that the equality X̂A+B = X̂A + X̂B holds.
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The expression in eq. 2.8.21 may be discussed applying these definitions:

〈0| L̂X̄R̂ |0〉= 〈0|(L̂A + L̂AB)X̄R̂A |0〉=
〈0| L̂AX̄AR̂A |0〉︸ ︷︷ ︸

=X̄A,exc

+〈0| L̂AX̄BR̂A |0〉︸ ︷︷ ︸
=X̄B,ground

+〈0| L̂ABX̄AR̂A |0〉︸ ︷︷ ︸
=0

+〈0| L̂ABX̄BR̂A |0〉 . (2.8.22)

While the third term always vanishes, the presence of the fourth term leads to a lack of
additivity for property X. The formulation in eq. 2.8.1 can prove problematic for EOM-CC
theory, as the lack of additivity for example in the calculation of dipole moments is not
physical. Therefore, a reformulation of eq. 2.8.1 is needed, which can be applied to the
calculation of properties for approximate wave functions.

The approach of response theory216,217 is hereafter explained for the exact case. The
expression in eq. 2.8.76 has to be reformulated to be used for approximate methods, yielding
size-extensivity.

Exact theory

A molecular system may be subjected to an external perturbation ε, inducing an external
potential V̂ . The Hamiltonian is constructed from the unperturbed Hamiltonian Ĥ0 and
an additional potential V̂ , giving Ĥ = Ĥ0 + V̂ . In the following discussion, the potential V̂
is considered linear in the perturbation, yielding a general form V̂ = X̂ · ε. For example,
when focusing on dipole moments, the perturbation is induced by the electric field ε, and
the potential is expressed as V̂ =−µ̂ · ε.

The exact wave function is a solution of the time-independent Schrödinger equation

Ĥ |Ψ〉= E |Ψ〉 . (2.8.23)

Differentiation of the energy with respect to the perturbation gives

X = dE
dε =

〈dΨ
dε

∣∣∣∣Ĥ
∣∣∣∣Ψ
〉

︸ ︷︷ ︸
E〈dΨ

dε |Ψ〉

+
〈

Ψ
∣∣∣∣Ĥ
∣∣∣∣
dΨ
dε

〉

︸ ︷︷ ︸
E〈Ψ|dΨ

dε 〉

+
〈

Ψ
∣∣∣∣
dĤ
dε

∣∣∣∣Ψ
〉

= E
d
dε 〈Ψ|Ψ〉+

〈
Ψ
∣∣∣∣
dĤ
dε

∣∣∣∣Ψ
〉
, (2.8.24)

where the Schrödinger equation for the right eigenstate, Ĥ |Ψ〉 = E |Ψ〉, and for the left
eigenstate, 〈Ψ|Ĥ = E 〈Ψ|, were substituted into eq. 2.8.24 to simplify the first two terms.
Further simplification is achieved considering that the wave function is normalised, yielding
d
dε 〈Ψ|Ψ〉= 0. Eq. 2.8.24 reduces to

X = dE
dε =

〈
Ψ
∣∣∣∣
dĤ
dε

∣∣∣∣Ψ
〉

= 〈Ψ|X̂ |Ψ〉 . (2.8.25)

In this case, differentiation of the energy with respect to the perturbation is equivalent to
eq. 2.8.1, building the bridge to the expectation value form known from quantum mechanics.
This result is known as the Hellmann-Feynman theorem.218
Under the assumption that the differentiation does not affect the basis functions used in
the computation, this theorem holds also in the case of an approximated variational wave
function. For a variationally optimised wave function, any first-order variation of the energy
functional with respect to the wave function vanishes, giving

0 = δE = δ 〈Ψ|Ĥ |Ψ〉= 〈δΨ|Ĥ |Ψ〉+ 〈Ψ|Ĥ |δΨ〉 . (2.8.26)
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Differentiation of the energy with respect to the perturbation leads to three terms

X = dE
dε =

〈dΨ
dε

∣∣∣∣Ĥ
∣∣∣∣Ψ
〉

+
〈

Ψ
∣∣∣∣Ĥ
∣∣∣∣
dΨ
dε

〉

︸ ︷︷ ︸
=0 var. princ.

+
〈

Ψ
∣∣∣∣
dĤ
dε

∣∣∣∣Ψ
〉

= 〈Ψ|X̂ |Ψ〉 . (2.8.27)

Though not satisfying the Schrödinger equation, for a variational wave function the first
two terms still vanish, due to the variational principle in eq. 2.8.26. The expectation-value
approach is therefore equivalent to the differentiation of the energy also in this case. From
this starting point, the theory is expanded to non-variational wave functions.

EOM-CC single-state properties

EOM-CC theory is an example of a method dealing with a non-variational wave function.
Thus, the sum of all terms containing the differentiated wave function dΨ̃

dε in eq. 2.8.24 does
not vanish and the Hellmann-Feynman theorem does not hold. A different approach to EOM-
CC properties is found through the calculation of derivatives.30,64,115,219–223 A discussion of
the theoretical treatment of EOM-CC properties is provided here, as it represents the starting
point for the development of EOM-UCC properties.

In EOM-CC, the energy is obtained from the expectation value of a non-Hermitian op-
erator, giving

ECC = 〈0| L̂e−T̂ ĤeT̂ R̂ |0〉= 〈0| L̂H̄R̂ |0〉 . (2.8.28)

The property X is obtained by means of differentiation with respect to the perturbation ε,

dECC
dε = 〈0| dL̂dε H̄R̂ |0〉︸ ︷︷ ︸

=Eexc

+〈0| L̂dH̄
dε R̂ |0〉+ 〈0| L̂H̄︸ ︷︷ ︸

=Eexc

dR̂
dε |0〉 . (2.8.29)

It is shown hereafter that eq. 2.8.28 is stationary with respect to L̂ and R̂,

〈0|δL̂H̄R̂ |0〉+ 〈0| L̂H̄δR̂ |0〉= Eexc(〈0|δL̂R̂ |0〉+ 〈0| L̂δR̂ |0〉) = Eexcδ 〈0| L̂R̂ |0〉= 0. (2.8.30)

Therefore, the sum of the first and third terms in eq. 2.8.29 vanish. Only the second term
in eq. 2.8.29 contributes to the calculation of properties, which are found by differentiating
the similarity-transformed Hamiltonian

dECC
dε = 〈0| L̂dH̄

dε R̂ |0〉= 〈0| L̂d(e−T̂ ĤeT̂ )
dε R̂ |0〉 . (2.8.31)

The response of the wave function to the perturbation is enclosed in the differentiation of the
exponential operator eT̂ . The differentiation of the exponential form is rather straightforward
when considering the definition of an exponential operator

deT̂
dε = d

dε

∞∑

n=0

1
n! T̂

n =
∞∑

n=1

1
n!n

dT̂
dε T̂

(n−1) = dT̂
dε e

T̂ . (2.8.32)

The factorisation of the differentiated sum to give the exponential operator is allowed by
the fact that all T̂ operators are excitations and therefore commute with each other. Using
eq. 2.8.32 for the differentiation of the EOM-CC energy in eq. 2.8.31, the following expression
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is obtained

dECC
dε = 〈0| L̂e−T̂ dĤdε e

T̂ R̂ |0〉+ 〈0| L̂de−T̂
dε ĤeT̂ R̂ |0〉+ 〈0| L̂e−T̂ Ĥ deT̂

dε R̂ |0〉=

= 〈0| L̂e−T̂ X̂eT̂ R̂ |0〉+ 〈0| L̂[e−T̂ ĤeT̂ , dT̂dε ]R̂ |0〉=

= 〈0| L̂X̄R̂ |0〉+ 〈0| L̂[H̄, dT̂dε ]R̂ |0〉 .

(2.8.33)

Comparing this result to the expectation-value approach, there is the additional presence
of the second term, which describes how the CC amplitudes respond to the presence of the
perturbation. Note that, according to eq. 2.8.33, the perturbed amplitudes dtµ

dε are needed
for the calculation of the property X. In the limit in which the EOM-CC wave function is
not truncated and goes to the FCI limit, the second term vanishes,224 showing that this term
is due to the truncation of the EOM-CC parameterisation.

Before discussing the issue of the perturbed amplitudes further, some considerations
have to be made. As was discussed in sec. 2.8.22, the first term in eq. 2.8.33 does not
ensure size-extensivity. A linked formulation of the energy automatically solves this issue,
as its differentiation is still linked. The example of eq. 2.8.15 can here be exploited, as
the properties are determined over expectation values of three operators, two of which are
additive (X̂ and R̂) and one semi-additive (L̂). The energy can be rewritten with the goal
of introducing the commutator [Ĥ, R̂] in eq. 2.8.28

ECC = 〈0| L̂[H̄, R̂] |0〉+ 〈0| L̂R̂H̄ |0〉 , (2.8.34)

where the commutator is obtained by adding and subtracting the term 〈0| L̂R̂H̄ |0〉, which
corresponds to the ground-state energy, as

〈0| L̂R̂H̄ |0〉= 〈0| L̂R̂ (|0〉〈0|+
∑

n

|n〉〈n|)
︸ ︷︷ ︸
resolution of identity

H̄ |0〉= 〈0| L̂R̂ |0〉︸ ︷︷ ︸
=1

〈0|H̄ |0〉︸ ︷︷ ︸
EGS

+
∑

n

〈0| L̂R̂ |n〉〈n|H̄ |0〉︸ ︷︷ ︸
=0

.

(2.8.35)
The last term vanishes because of the amplitude equations. This reformulation of the energy
expression gives

ECC = 〈0| L̂[H̄, R̂] |0〉+EGS. (2.8.36)

Its differentiation now yields an additive formulation of properties,

dECC
dε = 〈0| L̂[X̄, R̂] |0〉+ 〈0| L̂[[H̄, dT̂dε ], R̂] |0〉+ 〈0|X̄ |0〉 . (2.8.37)

Unlike the expectation value approach (eq. 2.8.22), the differentiation of the energy leads to
a size-extensive formulation for one-electron properties.

As observed before, the perturbed excitation operator dT̂
dε needs to be computed to eval-

uate the property X. For different kinds of perturbation, as for example for the electric field,
the magnetic field, a shift of nuclear coordinates, etc., a new set of perturbed amplitudes is
evaluated and new equations need to be solved. Therefore, a different approach is here used,
the Lagrange functional approach, presented in the next section.

Lagrange functional approach

A well-established approach to avoid the evaluation of the perturbed amplitudes is given by
the Lagrange functional approach method,225–227 used in the field of constrained optimisa-
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tion.∗ A Lagrange functional is built from the function f(α,ε) to be differentiated and a set
of constraints gi(α,ε) = 0, multiplied by the Lagrange multipliers λi

L = f(α,ε) +
∑

i

λigi(α,ε). (2.8.38)

Having added functions gi(α,ε) = 0 equal to zero for all values of ε, the total differentiation
of the functional L corresponds to the differentiation of the function f : df

dε = dL
dε (the dif-

ferentiation of the constraint is vanishing, dg(α,ε)
dε = 0). The Lagrange multipliers are found

by imposing stationarity of the Lagrange functional with respect to all parameters ∂L
∂α = 0.

Stationarity with respect to the Lagrange multipliers is already satisfied by the form of the
constraints: ∂L

∂λi
= gi(α) = 0.

Once the set of Lagrange multipliers satisfying the stationarity conditions has been found,
the wanted derivative can be computed as

dL

dε = ∂L

∂ε
+ ∂L

∂α︸︷︷︸
=0

∂α

∂ε
+
∑

i

∂L

∂λi︸︷︷︸
=0

∂λi
∂ε

= ∂L

∂ε
. (2.8.39)

The last two terms vanish due to the imposed stationarity conditions, and the total differ-
entiation reduces to a partial differentiation of the Lagrange functional.

Lagrange functional for EOM-CC properties

The Lagrangian approach can be applied to the computation of molecular properties. In
EOM-CC theory, the function f(α) is the energy, while the amplitude equations are im-
posed as constraints. The ground-state properties are found through the following Lagrange
functional

LCC = ECC +
∑

µ

λµ 〈φµ|H̄ |0〉= 〈0|(1 + Λ)H̄ |0〉+ECC. (2.8.40)

This equation can be recognised as the ground-state energy expression in the EOM-CC frame-
work, therefore identifying the Lagrange multipliers with the λ̂ operator of eq. 2.7.28. The
stationarity condition with respect to each CC amplitude tµ leads to exactly the equations
for the EOM-CC left ground state,

∂LCC
∂tµ

= 〈0|(1 +Λ̂)[H̄, τ̂µ] |0〉= 0. (2.8.41)

For excited-state properties, the Lagrange functional may be written in the following form

LCC = 〈0| L̂[H̄, R̂] |0〉+ 〈0|H̄ |0〉+ 〈0| ẐH̄ |0〉−η 〈0| L̂R̂−1 |0〉 , (2.8.42)

where Ẑ =∑
ia ζ

a
i {̂i†â}+∑ijab ζ

ab
ij {̂i†ĵ†b̂â}+ . . . is a de-excitation operator having as ampli-

tudes ζµ the Lagrange multipliers imposing the amplitude equations. η is the multiplier of
the normalisation condition of the wave function. The stationarity condition with respect to
the amplitudes in this case yields the so-called Zeta-equations,227

∂LCC
∂tµ

= 〈0| L̂[[H̄, τ̂µ], R̂] |0〉+ 〈0| [H̄, τ̂µ] |0〉+ 〈0| Ẑ[H̄, τ̂µ] |0〉= 0. (2.8.43)

∗The term Lagrangian method is quite improper here, as the imposed constraints are already fulfilled.
Therefore, it cannot be classified as a proper constrained optimisation problem. A more suitable denomination
would be Envelope-theorem method.228 However, the improper terminology of Lagrangian method is the one
used in the literature and is therefore used in this thesis.
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Note that the commutator [H̄, τ̂µ] comes from the differentiation of the similarity transformed
Hamiltonian,

d(e−T̂ H̄eT̂ )
dtµ

= de−T̂
dtµ

H̄eT̂ +e−T̂ H̄
deT̂
dtµ

=−τ̂µe−T̂ H̄eT̂ +e−T̂ H̄eT̂ τ̂µ = [H̄, τ̂µ]. (2.8.44)

The fact that all excitation operators commute has been exploited in order to obtain [H̄, τ̂µ].
The Zeta-equations 2.8.43 allow to find the ζ multipliers. Differentiation with respect to L̂
leads to the equation [H̄, R̂] |0〉−ηR̂ |0〉= 0. From EOM-CC theory, the Lagrange multiplier
η therefore corresponds to the excitation energy, giving η = ∆Eexc. Once the Lagrange
multipliers have been determined, the property X is computed through partial differentiation
of LCC.

X = dLCC
dε = ∂LCC

∂ε
= 〈0| L̂[X̄, R̂] |0〉+ 〈0|X̄ |0〉+ 〈0| ẐX̄ |0〉 (2.8.45)

From this expression, it is possible to define the one-electron density matrix D of the system,

Dpq = 〈0| L̂[â†pâq, R̂] |0〉+ 〈0| â†pâq |0〉+ 〈0| Ẑâ†pâq |0〉 . (2.8.46)

The calculated property X can be written in terms of the density matrix D, giving X =∑
pqDpqxpq. The coefficients xpq are obtained from the expression of the operator X̂ in

second quantisation, where xpq are the integrals xpq =
∫
φ∗p(r)X(r)φq(r)dr over the orbital

basis set {φp}. For different molecular properties, the same density matrix can be used
and multiplied with the corresponding xpq integrals, while the computation of the perturbed
amplitudes requires a specific set of solving equations for each kind of perturbation.

As a final remark, it should be noted that the effect given by the relaxation of the
HF orbitals due to the presence of the perturbation is neglected in the computation of the
properties.

2.8.2 Transition dipole moments

The goal of this section is to develop a framework for the computation of transition dipole
moments, in order to apply it to UCC theory.

In quantum mechanics, the transition dipole moment between an initial state and a final
state is defined as

Tfi = 〈Ψf | µ̂ |Ψi〉 , (2.8.47)
where µ̂ is the dipole operator and Ψi,Ψf are the time-independent wave functions of the
initial and final states, respectively. From a physical point of view, it is apparent that the
transition Ψf −→ Ψi is linked to the transition Ψi −→ Ψf , as their transition dipole moments
are conjugate of each other

Tif = 〈Ψi| µ̂ |Ψf 〉= T ∗fi. (2.8.48)
This symmetry should not be broken by approximate parameterisations of the wave func-
tions, in order to be physically consistent.

However, the formulation in eq. 2.8.47 poses some problems when applied to approx-
imate methods. One example is given by EOM-CC theory, for which eq. 2.8.47 yields
Tfi = 〈0| L̂fe−T̂ X̂eT̂ R̂i |0〉. As seen for single-state properties, this formulation does not
give additive properties, due to the semi-additivity of the operator L̂. The method for the
calculation of the transition dipole moments can be made size-extensive by means of a re-
formulation of Tfi. Eq. 2.8.15 may be exploited once more, in order to separate the linked
and the non-linked parts of the EOM-CC transition dipole moments

Tfi = 〈0| L̂f [X̄, R̂i] |0〉+ 〈0| L̂f R̂iX̄ |0〉 . (2.8.49)
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The first term has the form discussed in eq. 2.8.15 and is linked, while the second one is
non-linked. The equation can be manipulated in order to find a linked form. For an arbitrary
excitation operator Â, the following relation holds

〈0| L̂f [H̄, Â]R̂i |0〉−〈0| L̂f (Ef −Ei)ÂR̂i |0〉= 0. (2.8.50)

Adding eqs. 2.8.49 and 2.8.50, the EOM-CC transition dipole moments are expressed by

Tfi = 〈0| L̂f [X̄, R̂i] |0〉+ 〈0| L̂f [[H̄, Â], R̂i] |0〉
+ 〈0| L̂f R̂iX̄ |0〉+ 〈0| L̂f R̂i[H̄, Â] |0〉−〈0| L̂f (Ef −Ei)ÂR̂i |0〉 .

(2.8.51)

The terms in the first line are linked, while the second line groups the non-linked part of
the equation. In order to have a size-extensive theory, the second line needs to vanish.
This result can be achieved by recognising that the differentiation of the time-dependent
amplitude equation leads to an equation similar in form to eq. 2.8.51

0 = d
dε 〈0|e

−T̂ (Ĥ− i ∂
∂t

)eT̂ |0〉=

= 〈µ|X̄ |0〉−〈µ| dT̂dε e
−T̂ ĤeT̂ |0〉+ 〈µ|e−T̂ Ĥ dT̂

dε e
T̂ |0〉−ω 〈µ| dT̂dε |0〉=

= 〈µ|X̄ |0〉+ 〈µ| [H̄, dT̂dε ] |0〉−ω 〈µ| dT̂dε |0〉 .

(2.8.52)

The last term in eq. 2.8.52 comes from the time-dependent part of the Schrödinger equation,
as

d
dε 〈0|e

−T̂ (−i ∂
∂t

)eT̂ |0〉= d
dε 〈0|e

−T̂ (−i∂T̂
∂t

)eT̂ |0〉= d
dε 〈0|− i

∂T̂

∂t
|0〉 . (2.8.53)

The time dependence in the CC amplitudes can be written as T̂ (t) = T̂ eiωt. Substituting the
time-dependent expression of the amplitudes in eq. 2.8.53 leads to the last term in eq. 2.8.52.
Eq. 2.8.51 therefore vanishes for the choice Â= dT̂

dε and ω = ωfi = Ef −Ei.
A size-extensive theory of the EOM-CC transition dipole moment involves the calculation

of perturbed amplitudes,

Tfi = 〈0| L̂f [X̄, R̂i] |0〉+ 〈0| L̂f [[H̄, dT̂dε ], R̂i] |0〉 . (2.8.54)

From this discussion, it is clear that the form in eq. 2.8.47 can be exploited in the case of
an exact parameterisation of the wave function, but leads to a non-size extensive theory in
the case of the EOM-CC framework.214 Therefore, this theory needs to be reformulated, in
order to be applicable both to FCI and to the approximations EOM-CC and EOM-UCC.
The powerful tool of response theory219 is here discussed for transition dipole moments.

Exact theory

In the most general setting, the molecular system described by the time-independent Hamil-
tonian Ĥ0 can experience a time-dependent perturbation, resulting in a time-dependent
potential V̂ (t). The corresponding time-dependent Hamiltonian is Ĥ = Ĥ0 + V̂ (t). A tran-
sition between an initial state Ψi and a final state Ψf can be induced by a time-dependent
periodic perturbation of the form

V̂ (t) =
∑

k

eiωktX̂ ·ε(ωk). (2.8.55)
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For example, for a perturbation induced by an electric field ε, V (t) is expressed through the
coupling of the field to the dipole operator µ̂: V̂ =−∑k e

iωktµ̂ ·εk. The transition occurs if
the frequency of the oscillating field corresponds to the energy difference between the two
states, i.e., if ω = ωfi = Ef −Ei.
The concepts outlined in sec. 2.8.1 are here generalised to the time-dependent frame, in
order to be applied to the calculation of transition dipole moments. The exact wave function
satisfies the time-dependent Schrödinger equation

(Ĥ− i ∂
∂t

)Ψ(t) = 0. (2.8.56)

The wave function Ψ(t), being a solution of the Schrödinger equation, satisfies the following
stationarity condition57

〈
δΨ
∣∣∣∣(Ĥ− i

∂

∂t
)Ψ
〉

+
〈

(Ĥ− i ∂
∂t

)Ψ
∣∣∣∣δΨ

〉
= 0. (2.8.57)

The equations may be simplified by writing the time-dependent wave function subjected to
a periodic perturbation as the product of a function e−iφ(t), dependent on a phase φi(t) due
to the time evolution, and a phase-isolated part Ψ̃(t), ∗

Ψ(t) = e−iφ(t)Ψ̃(t). (2.8.58)

Note that, while Ψ(t) fulfills the original Schrödinger equation, Ψ̃(t) does not

(Ĥ− i ∂
∂t

)Ψ(t) = (Ĥ− i ∂
∂t

)e−iφ(t)Ψ̃(t) = 0 =⇒ (Ĥ− i ∂
∂t

)Ψ̃(t) =Q(t)Ψ̃(t). (2.8.59)

Q(t) is called quasi-energy230,231 (as it has an analogous role to the energy in the time-
independent framework, where the time evolution is simply Ψ(t) = e−iEtΨ(0)) and is defined
as the time differentiated phase function Q(t) = φ̇(t). For the phase-isolated wave function,
the stationarity condition becomes232

〈
δΨ̃
∣∣∣(Ĥ− i ∂

∂t
−Q(t))

∣∣∣Ψ̃
〉

+
〈

(Ĥ− i ∂
∂t
−Q(t))Ψ̃

∣∣∣∣δΨ̃
〉

= 0. (2.8.60)

Note that the terms depending on the quasi-energy vanish, as Q(t)(
〈
δΨ̃
∣∣∣Ψ̃
〉

+
〈

Ψ̃
∣∣∣δΨ̃

〉
) =

Q(t)δ
〈

Ψ̃
∣∣∣Ψ̃
〉

= 0. The stationarity condition yields

δ
〈

Ψ̃
∣∣∣(Ĥ− i ∂

∂t
)
∣∣∣Ψ̃
〉

+ i
∂

∂t

〈
Ψ̃
∣∣∣δΨ̃

〉
= 0. (2.8.61)

In the time-independent limit, the relation δ
〈

Ψ̃
∣∣∣Ĥ
∣∣∣Ψ̃
〉
is found, corresponding to the vari-

ational criterion of sec. 2.8.1. However, eq. 2.8.61 does not state that the quasi-energy is
variational, as δQ 6= 0, as can be seen by writing eq. 2.8.61 as

δQ(t) + i
∂

∂t

〈
Ψ̃
∣∣∣δΨ̃

〉
= 0. (2.8.62)

∗This partition can be performed following the so-called Floquet theory.229 This theory analyses solutions
of the time-dependent Schrödinger equation with a time-periodic Hamiltonian. Here only its most important
result is exploited, i.e., the possibility to partition the wave function into a phase-dependent and a phase-
isolated part.
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It has been discussed that properties are calculated through differentiation with respect to
the perturbation. Differentiation of the time-averaged quasi-energy {Q}T gives

d{Q}T
dε Q=

〈
Ψ̃(t)

∣∣∣(Ĥ− i ∂
∂t

)
∣∣∣Ψ̃(t)

〉
. (2.8.63)

{Q}T is the time average of Q over the period T, necessary in order to obtain a property
not dependent on the time t. For a periodic function f(t), its time average is defined as
{f}T = 1

T

∫ T
0 f(t)dt. In the case of periodic functions, time averaging allows only terms not

to vanish if the overall phase of a term, given by the sum of all phases of the operators and
wave functions in a product, adds to zero: ∑kωk = 0. Time averaging may be seen as the
connection between time-dependent and time-independent theory, as the time-dependence
of the periodic perturbation is averaged to a time-independent quantity. Differentiation of
the quasi-energy with respect to the perturbation of particular frequency ωk yields

dQ
dε(ωk)

=
〈
dΨ̃
dε

∣∣∣∣∣(Ĥ− i
∂

∂t
)
∣∣∣Ψ̃
〉

+
〈

Ψ̃
∣∣∣(Ĥ− i ∂

∂t
)
∣∣∣∣∣
dΨ̃
dε

〉
+
〈

Ψ̃
∣∣∣X̂e−iωkt

∣∣∣Ψ̃
〉
. (2.8.64)

This expression can be simplified through the stationarity condition in eq. 2.8.61

dQ
dε(ωk)

=−i ∂
∂t

〈
Ψ̃
∣∣∣∣∣
dΨ̃
dε

〉
+
〈

Ψ̃
∣∣∣X̂e−iωkt

∣∣∣Ψ̃
〉

=⇒ dQ
dε(ωk)

+ i
∂

∂t

〈
Ψ̃
∣∣∣∣∣
dΨ̃
dε

〉
=
〈

Ψ̃
∣∣∣X̂e−iωkt

∣∣∣Ψ̃
〉
.

(2.8.65)
From this expression, the connection between time-independent and time-dependent theory
is apparent: in the time-independent limit the quasi-energy Q corresponds to the energy
E. The second term in eq. 2.8.65, involving the time derivative, contains the response of
the wave function. Langhoff et al. have shown that this term vanishes for a variational
wave function when performing time averaging,232 establishing the connection to the time-
independent theory

d{Q}T
dε(ωk)

=
〈

Ψ̃
∣∣∣X̂
∣∣∣Ψ̃
〉

=X. (2.8.66)

From the time averaging, only the component with ω = 0 does not vanish, i.e., the
constant part of the potential V̂ . Therefore, in the exact case eqs. 2.8.1 and 2.8.66 have
the same form. In exact theory, the differentiation of the time-averaged quasi-energy leads
to the calculation of the property X. At this point of the discussion, it is clear that the
quasi-energy formalism is a generalisation of the time-independent energy formalism. For
a time-independent perturbation, the equations discussed here are reduced to the form of
sec. 2.8.1 and the time-independent form can be exploited.

The time-dependent formalism of the quasi-energy here introduced is motivated by the
need to formulate a theory for the transition dipole moments which can be applied to ap-
proximate wave-function parameterisations. In particular, it has been discussed that the
correct behaviour of transition dipole moments in the EOM-CC framework is obtained only
when considering a time-dependent formulation of the amplitude equations. Therefore, the
shift to the time-dependent framework had to be defined. The quasi-energy formulation can
be generalised to the treatment of transition dipole moments. Looking at the transition
Ψi −→Ψf , the transition matrix element Qfi is defined as

Qfi = 〈Ψf (t)|(Ĥ− i ∂
∂t

) |Ψi(t)〉 . (2.8.67)

Note that in the exact case Qfi is equal to zero. As the single wave functions are stationary
states of the Hamilton operator, the stationarity condition with respect to the variation of
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the wave functions gives

〈δΨf |(Ĥ− i
∂

∂t
) |Ψi〉+ 〈Ψf |(Ĥ− i

∂

∂t
) |δΨi〉+ i

∂

∂t
〈Ψf |δΨi〉= 0. (2.8.68)

The initial and the final states can both be written separating the phase-isolated part and the
one describing the time-evolution (which reduces to e−iEt in the time-independent frame),
yielding

|Ψi〉= e−iφi(t)
∣∣∣Ψ̃i

〉
, |Ψf 〉= e−iφf (t)

∣∣∣Ψ̃f

〉
. (2.8.69)

Note that the phase φ(t) is in general different for the two states. The stationarity condition
in eq. 2.8.68 can be expressed through the phase-isolated wave functions, where the phase
factors add but are not vanishing

〈
δΨ̃f

∣∣∣ei(φf (t)−φi(t))(Ĥ− i ∂
∂t
− φ̇i(t))

∣∣∣Ψ̃i

〉
+
〈

Ψ̃f

∣∣∣ei(φf (t)−φi(t))(Ĥ− i ∂
∂t
− φ̇i(t))

∣∣∣δΨ̃i

〉

+ i
∂

∂t
ei(φf (t)−φi(t))

〈
Ψ̃f

∣∣∣δΨ̃i

〉
= 0.

(2.8.70)

The phase-isolated wave functions can also be applied to the formulation of Qfi. The de-
pendence on the difference in phase can be factorised in front of the Hamilton operator

Qfi = 〈Ψf (t)|(Ĥ− i ∂
∂t

) |Ψi(t)〉=
〈

Ψ̃f (t)
∣∣∣ei(φf (t)−φi(t))(Ĥ− i ∂

∂t
− φ̇i(t))

∣∣∣Ψ̃i(t)
〉

=

=
〈

Ψ̃f (t)
∣∣∣ei(φf (t)−φi(t))(Ĥ− i ∂

∂t
−Qi(t))

∣∣∣Ψ̃i(t)
〉
,

(2.8.71)

where in the last line the definition φ̇i(t) =Qi(t) has been used.∗ Differentiation with respect
to the perturbation of frequency ωfi and time averaging to impose the resonance condition
gives

d{Qfi}T
dε(ωfi)

= {
〈

d
dε(ωfi)

Ψ̃f (t)
∣∣∣∣∣e
i(φf (t)−φi(t))(Ĥ− i ∂

∂t
−Qi(t))

∣∣∣Ψ̃i(t)
〉
}T

+{
〈

Ψ̃f (t)
∣∣∣ei(φf (t)−φi(t))(Ĥ− i ∂

∂t
−Qi(t))

∣∣∣∣∣
d

dε(ωfi)
Ψ̃i(t)

〉
}T

+{
〈

Ψ̃f (t)
∣∣∣ei(φf (t)−φi(t)) d

dε(ωfi)
(Ĥ− i ∂

∂t
−Qi(t))

∣∣∣Ψ̃i(t)
〉
}T .

(2.8.72)

The stationarity condition in eq. 2.8.70 can be used to simplify the first two terms in
eq. 2.8.72, yielding

d{Qfi}T
dε(ωfi)

=−i{ ∂
∂t
eiωfit

〈
Ψ̃f

∣∣∣∣∣
dΨ̃i

dε(ωfi)

〉
}T +{

〈
Ψ̃f

∣∣∣eiωfit dĤ
dε(ωfi)

∣∣∣Ψ̃i

〉
}T = 0. (2.8.73)

This differentiation is equal to zero, as Qfi is equal to zero. The first term can be inter-
preted by means of time-dependent perturbation theory, as dΨ̃

dε can be seen as the first-order

∗The choice of including the phase factor in the ket state would result in having Qf multiplying the
orthonormality condition.

〈
Ψ̃f (t)

∣∣ei(φf (t)−φi(t))(Ĥ− i ∂∂t −Qi(t))
∣∣Ψ̃i(t)

〉
is equivalent to

〈
Ψ̃f (t)

∣∣(Ĥ− i ∂∂t −
Qf (t))ei(φf (t)−φi(t))

∣∣Ψ̃i(t)
〉
.
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contribution of a perturbed wave function.‡ The term i{ ∂∂teiωfit
〈

Ψ̃f

∣∣∣ dΨ̃i
dε(ωfi)

〉
}T corresponds

to the transition dipole moment Tfi. The definition of the transition dipole moments can be
derived from eq. 2.8.73, giving

Tfi = {
〈

Ψ̃f

∣∣∣eiωfit dĤ
dε(ωfi)

∣∣∣Ψ̃i

〉
}T . (2.8.75)

Performing a time averaging of eq. 2.8.73 ensures the fulfillment of the resonance condition
which is only necessary in order to have a transition between two states, as the second term
does not vanish when the frequency ωfi matches the oscillation frequency of the operator
µ∼ e−iωfit. In the exact case, the original form is regained

Tfi = {
〈

Ψ̃f

∣∣∣eiωfit dĤ
dε(ωfi)

∣∣∣Ψ̃i

〉
}T =

〈
Ψ̃f

∣∣∣ µ̂
∣∣∣Ψ̃i

〉
. (2.8.76)

Note that due to the time average, the only component of the perturbation which gives
a non-vanishing contribution to the transition dipole moment is the one oscillating with a
phase factor e−iωfit. This result is obtained only when the stationarity condition in eq. 2.8.70
holds.

EOM-CC transition dipole moments

For EOM-CC, Qfi from eq. 2.8.71 is expressed as

Qfi = 〈0| L̂fe−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ R̂ieiωfit |0〉 (2.8.77)

As seen for the single-state properties, this expression does not lead to size-intensive tran-
sition dipole moments. In order to have size-extensive properties, Qfi may be recast in a
connected form, by adding and subtracting 〈0| L̂f R̂ie−T̂ (Ĥ− i ∂∂t)eT̂ eiωfit |0〉.

Qfi = 〈0| L̂f [e−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ , R̂i]eiωfit |0〉+ 〈0| L̂f R̂ie−T̂ (Ĥ− i ∂

∂t
−Qf )eT̂ eiωfit |0〉

(2.8.78)

From the discussion in sec. 2.8.1, the operator L̂f is known to be semi-additive, while X̂ and
and R̂i are additive. Following eq. 2.8.15, the introduction of a commutator between two
of the three operators guarantees that the whole formulation is size-extensive. The second

‡In time-dependent perturbation theory, the eigenstates of the unperturbed Hamiltonian Ĥ0 can be
written as |Ψi(t)〉 = ai(t)e−iEit |i〉+

∑
s6=i as(t)e

−iEst |s〉. For the expansion coefficients, the expression at
first order are found to be

a
(1)
i = 1− i

∫ t

o

eiωiiτ 〈Ψi|
dV̂
dε |Ψi〉dτ, a

(1)
f =−i

∫ t

o

eiωfiτ 〈Ψi|
dV̂
dε
∣∣Ψf
〉
dτ. (2.8.74)

The first term on the right hand-side of eq. 2.8.73 can be rewritten as i ∂∂te
iωfit

〈
dΨ̃f

dε(ωfi)

∣∣∣Ψ̃i
〉
, which cor-

responds to the overlap between the zeroth-order wave function Ψi and the first-order wave function Ψ(1)
f .

From the discussed form of af (t) is appears that
〈

dΨ̃f

dε(ωfi)

∣∣∣Ψ̃i
〉

= a
(1)∗
f and the whole first term on the right

hand-side of eq. 2.8.73 simplifies to i ∂∂te
iωfit(i

∫ t
o
e−iωfiτ

〈
Ψf
∣∣ µ̂ |Ψi〉dτ) =

〈
Ψf
∣∣ µ̂ |Ψi〉. In quantum mechanics

this quantity is the transition moment
〈
Ψf
∣∣ µ̂ |Ψi〉= Tfi.
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term can be shown to vanish by inserting the resolution of identity

〈0| L̂f R̂i(|0〉〈0|+
∑

µ

|µ〉〈µ|)e−T̂ (Ĥ− i ∂
∂t

)eT̂ eiωfit |0〉=

〈0| L̂f R̂i |0〉︸ ︷︷ ︸
=δif=0

〈0|e−T̂ (Ĥ− i ∂
∂t

)eT̂ eiωfit |0〉+
∑

µ

〈0| L̂f R̂i |µ〉〈µ|e−T̂ (Ĥ− i ∂
∂t

)eT̂ eiωfit |0〉
︸ ︷︷ ︸

=0

= 0.

(2.8.79)

The biorthonormality constraint for the first term and the amplitude equation for the second
cause the whole expression to vanish.

The form in eq. 2.8.77 is stationary with respect to the L̂, R̂ operators, but not with
respect to T̂ , giving the stationarity condition

〈0|δL̂fe−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ R̂ieiωfit |0〉

+ 〈0| L̂fe−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ δR̂ieiωfit |0〉+ i

∂

∂t
eiωfit 〈0| L̂fδR̂i |0〉= 0.

(2.8.80)

Differentiation of the quasi-energy with respect to the perturbation and time averaging yields

d{Qfi}T
dε = {〈0| dL̂fdε e

−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ R̂ieiωfit |0〉}T

+{〈0| L̂fe−T̂ (Ĥ− i ∂
∂t
−Qf )eT̂ dR̂idε e

iωfit |0〉}T

+{〈0| L̂f
( d
dεe

−T̂
)

(−i ∂
∂t

)eT̂ R̂ieiωfit |0〉}T

+{〈0| L̂f
( d
dεe

−T̂
)

(Ĥ−Qf )eT̂ R̂ieiωfit |0〉}T .

(2.8.81)

Substituting the stationarity condition in eq. 2.8.73 and recognising the definition of the
transition dipole moment as expressed in sec. 2.8.2, the transition dipole moment is given

Tfi = {〈0| L̂f [de
−T̂ ĤeT̂

dε ,R̂i]eiωfit |0〉}T = 〈0| L̂f [e−T̂ µ̂eT̂ , R̂i] |0〉

+ 〈0| L̂f [[e−T̂ ĤeT̂ , ∂T̂ (ωfi)
∂ε

], R̂i] |0〉 .
(2.8.82)

Note that differentiation of the similarity-transformed Hamiltonian is here mandatory, there-
fore requiring the computation of the perturbed amplitudes. As seen for single-state prop-
erties, perturbed amplitudes need to be computed separately for every perturbation; the
Lagrange formulation, leading to transition densities, is therefore preferred.115 The Lagrange
functional Lfi here is

Lfi = 〈0| L̂f [e−T̂ ĤeT̂ , R̂i]eiωfit |0〉−Qf 〈0| L̂feiωfitR̂i |0〉

−〈0| Ẑ(ω)e−T̂ (Ĥ− i ∂
∂t

)eT̂ |0〉−η 〈0| L̂f R̂i− δfi |0〉 ,
(2.8.83)

where the constraints are given by the amplitude equation in time-dependent CC theory
and the biorthonormality condition in EOM-CC. Note that the Lagrangian gains the form
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in eq. 2.8.42 in the case of i= f .
The transition dipole moment is found through partial differentiation of the Lagrangian

Tfi = ∂{Lfi}T
∂ε(ωfi)

= {〈0| L̂f [e−T̂ ∂Ĥ

∂ε(ωfi)
eT̂ , R̂i]eiωfit |0〉}T −{〈0| Ẑ(ωfi)e−T̂

∂Ĥ

∂ε(ωfi)
eT̂ |0〉}T .

(2.8.84)
The differentiation ∂Ĥ

∂ε(ωfi) gives the part of the perturbation oscillating with a phase factor
e−iωfit, i.e., ∂Ĥ

∂ε(ωfi) = µ̂e−iωfit. Looking at the second term in the equation, the time averaging
imposes that Ẑ(ω) has a phase factor eiωfit.
The Lagrange multipliers Ẑ are found by imposing the stationarity conditions with respect
to the amplitudes

∂{Lfi}T
∂tν(ωfi)

= {〈0| L̂f [[H̄, ∂T̂

∂tν(ωfi)
], R̂i]eiωfit |0〉}T

−{〈0| Ẑ(ωfi)
(

[H̄, ∂T̂

∂tν(ωfi)
]− i ∂

∂tν(ωfi)
∂T̂

∂t

)
|0〉}T .

(2.8.85)

Due to the time averaging of the first term, the part of ∂T̂
∂tν(ωfi) which leads to a non-

vanishing contribution needs to oscillate with a phase factor e−iωfit. The time-dependence
of Ẑ(ω) determined in eq. 2.8.84, eiωfit, matches with the phase of the amplitude, leading
to a non-vanishing second term in eq. 2.8.85. Performing the time differentiation in the last
term of eq. 2.8.85 leads to

∂{Lfi}T
∂tν(ωfi)

= 〈0| L̂f [[H̄, R̂i], τ̂ν(ωfi)] |0〉−〈0| Ẑ(ωfi)
(

[H̄, τ̂ν(ωfi)]−ωfiτ̂ν(ωfi)
)
|0〉= 0.

(2.8.86)

In the case of i = f , the same parameter η = ∆Eexc is found as seen for the single-state
properties.

Once the functional has been made stationary with respect to the amplitudes. Note that
the time averaging selects Ẑ(ωfi) as only non-vanishing contribution. This expression may
be rewritten as Tfi = ∑

pqD
fi
pqµpq, obtaining an expression for the one-electron transition

density Dfi.
The non-Hermiticity of the theory reflects on the fact that transition moments do not

respect the symmetry Tfi 6= T ∗if , valid in the exact case. The oscillator strength ffi is the
measurable observable connected to transition dipole moments

ffi = 2
3(Ef −Ei)|Tfi|2. (2.8.87)

For EOM-CC theory, the dipole strength is calculated as ffi = 2
3(Ef −Ei)TfiTif . As a conse-

quence, the EOM-CC approximation of the positive quantity |Tfi|2 may result in a negative
number, as TfiTif can become negative for a non-Hermitian theory.36 This problematic result
is another limitation of EOM-CC theory.



Chapter 3

Unitary Coupled-Cluster Theory

This chapter deals with the formulation of a solution to the problems arising from the
non-Hermitian character of Coupled-Cluster theory, which have been discussed in the

last chapter. The first target of the discussion consists in the development of a theory with a
Hermitian character, able to avoid the unphysical appearance of complex energies. In order
to do so, the ansatz of unitary coupled-cluster theory is exploited.48 The parameterisation
of the wave function is discussed on the basis of the approximation suggested by Liu et
al.160 This theory is then adapted to treat the finite magnetic-field case, which is a novel
development of UCC.

3.1 Unitary Coupled-Cluster ansatz
Unitary Coupled-Cluster (UCC) theory is formulated through a modification of the CC
ansatz. The wave function is expressed through the exponential operator Û = eσ̂−σ̂

† . This
operator satisfies the definition of a unitary operator, i.e., an operator satisfying Û †Û = 1 or
equivalently Û † = Û−1. This property is fulfilled by the defined Û operator, as

Û † = (eσ̂−σ̂†)† = eσ̂
†−σ̂ = Û−1. (3.1.1)

The Unitary Coupled Cluster (UCC) ansatz is therefore given by a unitary transformation
of the reference determinant, and is written as

|ΨUCC〉= eσ̂−σ̂
† |0〉 , (3.1.2)

where |0〉 is the Fermi vacuum; here the HF determinant is chosen. σ̂ is an excitation operator
of the form

σ̂ = σ̂1 + σ̂2 + σ̂3 + . . . σ̂n = 1
(n!)2

∑
σabc...ijk...{a†ib†jc†k . . .}=

∑

n

σnτ̂n. (3.1.3)

Note that σ̂† is a de-excitation operator and does not commute with the excitation operators:
[σ̂, σ̂†] 6= 0.

Analogously to CC, the unitary parameterisation is equivalent to FCI, in its untruncated
form

eσ̂−σ̂
† |0〉= [1 + (σ̂− σ̂†) + 1

2(σ̂− σ̂†)(σ̂− σ̂†) + 1
3!(σ̂− σ̂

†)(σ̂− σ̂†)(σ̂− σ̂†) + . . . ] |0〉 . (3.1.4)

It is not as straightforward as for CC to write the equivalent operator combinations, con-
tributing to each FCI excitation operator; here only an idea of how this equivalence can be

41
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established is provided, by presenting some selected terms contributing to the FCI operator
at the lowest excitation level Ĉ0

Ĉ0 = 1 + 1
2
∑

n

σ̂†nσ̂n+ 1
3!
∑

ij

σ̂†i σ̂
†
j σ̂i+j + 1

4!
∑

ijk

σ̂†i σ̂
†
j σ̂
†
kσ̂i+j+k + . . . (3.1.5)

Every combination of excitation and de-excitation operators, with a global excitation level
of 0 contribute. The same reasoning can be applied to the other excitation operators: Ĉn is
given by the sum of all combination of excitation and de-excitation operators, whose overall
excitation level is n. Comparing to the equivalence explained for CC theory in eq. 2.7.4,
it appears that UCC has a higher level of complexity, but in its full expansion an exact
equivalence to FCI can be established in the same way.

Inserting the UCC ansatz for the wave function ΨUCC into the Schrödinger equation
yields

Ĥ |ΨUCC〉= EUCC |ΨUCC〉 =⇒ Ĥeσ̂−σ̂
† |0〉= EUCCe

σ̂−σ̂† |0〉 . (3.1.6)

The energy can be found by projection on the wave function 〈ΨUCC|, which, unlike for
standard CC, is the adjoint of the state |ΨUCC〉

EUCC = 〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂
† |0〉= 〈0|H̄ |0〉 . (3.1.7)

This formulation involves the unitary transformation of the Hamiltonian H̄ = e−(σ̂−σ̂†)Ĥeσ̂−σ̂
† ,

giving a Hermitian expression for the energy, (e−(σ̂−σ̂†))† = eσ̂−σ̂
† . The energy values are

therefore bound to be real.
In analogy to standard CC theory, the amplitudes are determined by projecting the

Schrödinger equation on the excited determinants {Φµ} (amplitude equations)

〈Φµ|H̄ |0〉= 0. (3.1.8)

One of the main advantages of the exponential parameterisation in CC is the size-
extensivity; this property is still fulfilled by UCC. In the case of two non-interacting sub-
systems A and B, size-extensivity requires EAB =EA +EB, while the wave function is given
by

|ΨAB〉= eσ̂A−σ̂†A+σ̂B−σ̂†B |0〉 . (3.1.9)

Recalling that for two operators X̂, Ŷ

eX̂+Ŷ = eX̂eŶ ⇔ [X̂, Ŷ ] = 0, (3.1.10)

the partitioning of the wave function in eq. 3.1.9 can be performed if [σ̂A− σ̂†A, σ̂B− σ̂
†
B] = 0.

Although excitation and de-excitation operators usually do not commute, the orbitals of
system A and of system B belong to two orthogonal spaces, and therefore the commutator
vanishes

|ΨAB〉= eσ̂A−σ̂†A+σ̂B−σ̂†B |0〉= eσ̂A−σ̂†Aeσ̂B−σ̂†B |0〉 . (3.1.11)

The Hamilton operator can be separated into ĤAB = ĤA + ĤB, as the two systems are
assumed to not interact. The energy of the system AB is

EAB = 〈ΨAB|ĤiAB |ΨAB〉= 〈0|e−(σ̂A−σ̂†A)e−(σ̂B−σ̂†B)(ĤA + ĤB)eσ̂A−σ̂†Aeσ̂B−σ̂†B |0〉=

= 〈0|eσ̂A−σ̂†AĤAe
−(σ̂A−σ̂†A) |0〉+ 〈0|e−(σ̂B−σ̂†B)ĤBe

σ̂B−σ̂†B |0〉= EA +EB.
(3.1.12)

Thus, the unitary framework possesses the advantage of size-extensivity typical of the expo-
nential parameterisation of standard CC theory.
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3.1.1 Bernoulli expansion of the transformed Hamiltonian

In order to obtain the working equations for the energy and the amplitudes, the transformed
Hamiltonian may be expanded; the BCH expansion here yields

H̄ = e−(σ̂−σ̂†)Ĥeσ̂−σ̂
† = Ĥ+ [Ĥ, σ̂] + [σ̂†, Ĥ] + 1

2{[[Ĥ, σ̂], σ̂] + [σ̂†, [σ̂†, Ĥ]] + [Ĥ, [σ̂, σ̂†]]}+ . . .

(3.1.13)
This expansion involves commutators as [σ̂, σ̂†], which do not vanish, resulting in a non-
truncating series. This is the major difference to CC theory, as the BCH expansion of the
CC similarity-transformed Hamiltonian truncates after the fourth commutator (see sec. 2.7).

For UCC, the major issue is about how to design a reasonable truncation scheme. Kutzel-
nigg approached the problem by developing a unitary version of CC in 1991.233 Bartlett
explored the truncation of the UCC ansatz by only considering terms up to a certain per-
turbative order in the BCH expansion;49 these methods are named UCC(n), with n as the
order of truncation.

More recent suggestions for truncating UCC have been explored by Taube et al.,51 where
an alternative to the BCH formulation is found in the Zassenhaus expansion. The latter has
the advantage of decoupling excitation and de-excitation operators exactly; however, it does
not yield tractable equations. Truncation of the exponential operator of the ground-state
wave function opens two possible ways for the calculation of the energy: either the left state
is defined through the inverse operator, yielding a connected formulation but breaking the
variational condition, or through the adjoint operator, which however leads to an energy
expression which cannot be written in a connected form, violating size-extensivity.51

In this thesis, the truncation scheme described in ref. 160 is adopted. As described in
ref. 49, the expansion of the transformed Hamiltonian can be simplified by observing some
major cancellation between commutators involving the Fock matrix and those involving
the potential. This leads to a single commutator with the Fock matrix and a series of
commutators with the potential in which the coefficients are given by the Bernoulli numbers.
This result was already obtained by Kutzelnigg;234,235 however, in the following the easier
derivation described in ref. 160 is presented.

We first introduce the definition of a superoperator,235 as it is needed to derive the
Bernoulli expansion. Given the operator D̂, the spectral theorem can be exploited to obtain
its representation through the knowledge of its eigenvalues dk and its eigenvectors |vk〉,
giving D̂ =∑

k dkP̂k. Here P̂k is the orthogonal projector on the corresponding eigenvector
vk, P̂k = |vk〉〈vk|. The superoperator D̂ associated to D̂ is defined through the relation

D̂Ĉ = [D̂, Ĉ] =
∑

k,l

(dk−dl)P̂kĈP̂l, (3.1.14)

where Ĉ is an arbitrary operator. The power of a superoperator is defined through repeated
applications

(D̂)nĈ = [D̂, [D̂, . . . [D̂, Ĉ] . . . ]] =
∑

k,l

(dk−dl)nP̂kĈP̂l. (3.1.15)

Therefore, the exponential of a superoperator results in a similarity transformation:

eD̂ =
∑

k,l

edk−dlP̂kĈP̂l = (
∑

k

ebk P̂k)Ĉ(
∑

l

e−blP̂l) = eD̂Ĉe−D̂ (3.1.16)

It is therefore possible to define a superoperator Ŝ, associated to −(σ̂− σ̂†), in order to
rewrite the similarity transformed Hamiltonian as

H̄ = e−(σ̂−σ̂†)Ĥeσ̂−σ̂
† = eŜĤ = eŜF̂ +eŜV̂ . (3.1.17)
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Eq. 3.1.17 can be rewritten in terms of a polynomial function defined through the Taylor
expansion of the exponential

H̄ = F̂ + X̂(Ŝ)ŜF̂ +eŜV̂ , (3.1.18)

where X̂(Ŝ) =∑
n

1
n!Ŝ

n−1 = 1 + 1
2Ŝ+ 1

6Ŝ2 + . . . For the superoperator applied on the Fock
operator

eŜF̂ = F̂ +X(Ŝ)ŜF̂ =⇒ X(Ŝ) = eŜ−1
Ŝ

. (3.1.19)

The coefficients in the so-called Bernoulli series are defined through the exponential gener-
ating function236

x

ex−1 =
∞∑

n=0
Bn

xn

n! . (3.1.20)

Comparing the exponential generating function to eq. 3.1.19, the connection to X(Ŝ)−1 is
evident. Eq. 3.1.18 can be rewritten as

X̂−1(Ŝ)(H̄− F̂ ) = ŜF̂ + X̂−1(Ŝ)eŜV̂ . (3.1.21)

The inversion X−1 therefore contains the Bernoulli coefficients in the expansion

X−1(Ŝ) = 1 +
∑

n

BnŜ
n B1 =−1

2 ,B2 = 1
6 ,B3 = 0,B4 =− 1

30 , . . . (3.1.22)

The coefficients in the Bernoulli expansion in the convention that B1 =−1
2 (note that there

exists also a less used convention with B1 = 1
2) can be calculated recursively236

Bm =− 1
m+ 1

m−1∑

j=0

(
m+ 1
j

)
Bj . (3.1.23)

It can be proven that, for odd n, with n > 1, the coefficients Bn vanish.
A recursive form of the Hamilton operator is obtained from eq. 3.1.21

(1 +
∑

n

BnŜ
n)(H̄− F̂ ) = ŜF̂ + X̂−1(Ŝ)eŜV̂ . (3.1.24)

The transformed Hamiltonian can be separated as H̄ = F̂ + V̄ , where V̄ is defined to gather
all contributions to the transformed Hamiltonian besides the Fock operator F̂ . An expression
suitable for an iterative determination of V̄ is obtained

V̄ = ŜF̂ + X̂−1(Ŝ)eŜV̂ −
∑

n6=0
BnŜ

nV̄ . (3.1.25)

Now, the definition by Kutzelnigg234 of the non-diagonal part ÔND of an operator Ô is
introduced: it is defined as the joint set of excitation and de-excitation portions of the
operator not containing number-conserving parts. The remaining part without ÔND is the
so-called rest part ÔR = Ô− ÔND.
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The final form of the expansion is then found to be

H̄ = H̄0 + H̄1 + H̄2 + H̄3 + . . .

H̄0 = F +V,

H̄1 = [F,σ̃] + 1
2[V, σ̃] + 1

2[VR, σ̃],

H̄2 = 1
12[[VND, σ̃],σ] + 1

4[[V, σ̃]R, σ̃] + 1
4[[VR, σ̃]R, σ̃],

H̄3 = 1
24[[[VND, σ̃], σ̃]R,σ] + 1

8[[[V, σ̃]R, σ̃]R, σ̃] + 1
8[[[VR, σ̃]R, σ̃]R, σ̃],

− 1
24[[[V, σ̃]R, σ̃], σ̃]− 1

24[[[VR, σ̃]R, σ̃], σ̃],

(3.1.26)

where σ̃ = σ̂− σ̂† has been adopted.
Once the structure of the transformed Hamiltonian is defined, it may be inserted in the

energy equation 3.1.7 for the calculation of the ground-state energy; the solution of the
amplitude equations in eq. 3.1.8 yield the parameters of the ground-state wave function.

3.1.2 UCC for excited states

This section aims at describing excited states through UCC theory, adapting the formalism
explained for EOM-CC to the UCC framework. The most intuitive parameterisation consists
in applying an excitation operator on the UCC ground-state wave function, obtaining |Ψk〉=
R̂eσ̂−σ̂

† |0〉, with R̂ defined as in eq. 2.7.15 as R̂=∑
ia r

a
i {â†î}+∑i<j,a<b r

ab
ij {â†îb̂†ĵ}+ . . . An

alternative is given by exciting the reference state and then applying the unitary transforma-
tion to it, obtaining |Ψk〉= eσ̂−σ̂

†
R̂ |0〉. Unlike for CC theory, for UCC these two formulations

are not equivalent, due to the fact that the exponential operator and the excitation operator
R̂ do not commute, i.e. [eσ̂−σ̂† , R̂] 6= 0. In order to decide which parameterisation should be
adopted, the so-called killer condition can be considered.237,238

Every theory intended to describe excited states should satisfy the killer condition, mean-
ing that any de-excitation of the ground state should vanish237,238

Ô†k |ΨGS〉= 0 ∀k, (3.1.27)

where Ô†k = |ΨGS〉〈Ψk| is a de-excitation operator to the ground-state; k here labels the
excited states. Therefore, the killer condition |ΨGS〉〈Ψk|ΨGS〉 = 0 ∀k is satisfied if the
excited states are all orthogonal or biorthogonal to the ground state.

UCC has been constructed to be a Hermitian theory, and the state 〈Ψk| is given by
taking the adjoint of the state |Ψk〉. For the first formulation of the Equation-Of-Motion
(EOM) ansatz for UCC, |Ψk〉 = R̂eσ̂−σ̂

† |0〉 and 〈Ψk| = 〈0|e−(σ̂−σ̂†)R̂, the killer condition is
not satisfied, as

〈Ψk|ΨGS〉= 〈0|e−(σ̂−σ̂†)R̂†eσ̂−σ̂
† |0〉 . (3.1.28)

The overlap 〈Ψk|ΨGS〉 is not vanishing in the general case, as the commutator [R̂,eσ̂−σ̂† ] 6= 0
does not allow the two operators to swap places. As suggested in ref. 237, the killer
condition can be reestablished by introducing the similarity transformed operators R̃ =
eσ̂−σ̂

†
R̂e−(σ̂−σ̂†). With these transformed operators, the EOM ansatz is written as

|Ψk〉= R̃eσ̂−σ̂
† |0〉= eσ̂−σ̂

†
R̂e−(σ̂−σ̂†)eσ̂−σ̂

† |0〉= eσ̂−σ̂
†
R̂ |0〉 . (3.1.29)
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With this ansatz, the killer condition becomes

〈Ψk|ΨGS〉= 〈0|e−(σ̂−σ̂†)eσ̂−σ̂
†
R̂ |0〉= 〈0|R̂ |0〉= 0. (3.1.30)

The Schrödinger equation for excited states therefore is

Ĥ |Ψk〉= Ek |Ψk〉 Ĥeσ̂−σ̂
†
R̂ |0〉= Eke

σ̂−σ̂†R̂ |0〉 , (3.1.31)

and, by multiplying with e−(σ̂−σ̂†) on the left

H̄R̂ |0〉= EkR̂ |0〉 (3.1.32)

which is a CI-like problem. The excited states are found through diagonalisation of the
transformed Hamiltonian matrix.

UCC is characterised by its Hermitian formalism and, unlike for CC theory, the left
eigenstates are the adjoint of the right ones

〈Ψ|= 〈0|R̂†e−(σ̂−σ̂†). (3.1.33)

The orthonormality condition for different UCC excited states reads

〈Ψk|Ψl〉= 〈0|R̂†kR̂l |0〉= δkl. (3.1.34)

3.1.3 The UCCn methods

For the methods discussed here, the excitation space is chosen to include single and double
excitations σ̂ = σ̂1 + σ̂2, defining an analogon to the CCSD method. In fact, it has been
shown that UCCSD recovers a similar amount of correlation energy as standard CCSD.239
The transformed Hamiltonian matrix has the following block structure

H̄ =
(
H̄SS H̄SD
H̄DS H̄DD

)
. (3.1.35)

It has been discussed already in section 3.1.1 that the expansion of the similarity transformed
Hamiltonian matrix does not truncate. Therefore, a truncation scheme needs to be designed.
In order to find a truncation criterion, orders in perturbation theory can be considered. It is
shown hereafter that the σ2-amplitudes are first order, while the σ1-amplitudes are second
order in perturbation theory.

The normal-ordered Hamiltonian ĤN = F̂N + V̂N is composed of the normal-ordered Fock
operator F̂N and the potential V̂N, which can be considered the perturbation. The similarity
transformed Hamiltonian in the UCC framework thus is given by

e−(σ̂−σ̂†)ĤNe
σ̂−σ̂† = e−(σ̂−σ̂†)F̂Ne

σ̂−σ̂†+e−(σ̂−σ̂†)V̂Ne
σ̂−σ̂† . (3.1.36)

In the Bernoulli expansion, there is only one commutator with the Fock matrix, which is

e−(σ̂−σ̂†)F̂Ne
σ̂−σ̂† = F̂N + [F̂N, σ̂− σ̂†] = F̂N +

∑

µ

εµσµτ̂µ−
∑

µ

εµσ
∗
µτ̂
†
µ. (3.1.37)

εµ are the orbital energies obtained from the canonical HF equation FC = Cε. From the
UCC amplitude equation, an expression for the amplitudes σµ is obtained

〈µ|H̄N |0〉= εµσµ+ 〈µ| V̄N |0〉= 0 =⇒ εµσµ =−〈µ| V̄N |0〉 . (3.1.38)



3.1. UNITARY COUPLED-CLUSTER ANSATZ 47

The amplitudes may be expanded in perturbation orders

σµ = σ(0)
µ +σ(1)

µ +σ(2)
µ +σ(3)

µ + . . . (3.1.39)

Eq. 3.1.38 can be written for each perturbation order n, giving

εµσ
(n)
µ =−〈µ|(e−(σ̂−σ̂†)V̂Ne

σ̂−σ̂†)(n) |0〉 . (3.1.40)

For the first orders in perturbation, relations can be found in order to determine the contri-
butions to the different excitation operators

σ(0)
µ = 0 (3.1.41)

εµσ
(1)
µ =−〈µ|(e−(σ̂−σ̂†)V̂Ne

σ̂−σ̂†)(1) |0〉 −→ σ̂
(1)
2 (3.1.42)

εµσ
(2)
µ =−〈µ|(e−(σ̂−σ̂†)V̂Ne

σ̂−σ̂†)(2) |0〉 −→ σ̂
(2)
2 , σ̂

(2)
1 , σ̂

(2)
3 . (3.1.43)

To the excitation operators at first order, only double excitations contribute. The single
excitations vanish at first order due to the Brillouin theorem, which states that the Hamil-
tonian matrix element between single excited determinants ΦS and the ground state vanish,
giving 〈ΦS|Ĥ |0〉= 0. At second order also single and triple excitations have to be considered.
Truncating the excitation space at single and double excitations, in the following discussion
σ̂2 is always considered to have a leading contribution at first order in perturbation theory
and σ̂1 a leading contribution at second order in perturbation theory.

In this thesis, two different methods will be considered, UCC2 and UCC3, where the
number expresses the order at which the amplitude equations and the energy expressions
are truncated.

In the case of UCC3, it can be shown that the triple amplitudes are not needed in order to
have excited-state energies correct up to third order, for excited states dominated by single
excitations. This may be briefly discussed here. From the diagonalisation problem, the
eigenvectors of the transformed Hamiltonian matrix can be found, in the single and double
excitation space: (

H̄SS H̄SD
H̄DS H̄DD

)(
RS
RD

)
= E

(
RS
RD

)
. (3.1.44)

Substituting the expression for the double excitations in the single-excitation one, the fol-
lowing secular equation for the singles-singles block is obtained

(H̄SS + H̄SD(E− H̄DD)−1H̄DS)RS = ERS. (3.1.45)

In order to have energies correct up to third order, (H̄SS + H̄SD(E− H̄DD)−1H̄DS) has to
be truncated at third order. This implies the following truncation for the Hamilton matrix
blocks: (

H̄
(3)
SS H̄

(2)
SD

H̄
(2)
DS H̄

(1)
DD

)
. (3.1.46)

In principle, if triple excitations were considered, also their contribution could be folded in the
secular equation of the singles-singles block, giving an additional term of the form H̄ST(E−
H̄TT)−1H̄TS. As the amplitude equations 3.1.8 are satisfied for projection on singly- and
doubly-excited determinants, H̄ST is given by three-body terms, giving at least second order
in perturbation theory. The triples term H̄ST(E− H̄TT)−1H̄TS is at least of fourth order,
thus not contributing to UCC3. Therefore, it has here been proven that triple excitations
are not needed to obtain energies correct up to third order.160
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In the case of UCC2, where the energies are exact up to second order, the secular equation
gives the following truncation scheme of the Hamilton matrix blocks

(
H̄

(2)
SS H̄

(1)
SD

H̄
(1)
DS H̄

(0)
DD

)
. (3.1.47)

With this approximation of the blocks of the Hamiltonian matrix (explicit expressions are
found in sec. 4.3), it can be shown that the rabij amplitudes for the double excitations are
completely determined by the amplitudes rai . Therefore, the EOM-UCC2 matrix elements
can be rewritten as a non-linear set of equations only dependent on the single-excitation
amplitudes. For the description of states dominated by a double-excitation character, the
UCC2 method is not applicable. In principle, the same could be said for UCC3 in the case
of states dominated by a triple-excitation character. However, these states are not occurring
in practical applications.

3.1.4 UCC2 and UCC3 amplitude equations

The full expressions of the Hamilton matrix elements can be found in section 4.3; here
only the amplitude equations are reported, in order to show the differences in complexity
of the various truncations. The red terms of the following expressions constitute the UCC2
amplitude equations. The whole expressions given by all terms are the complete amplitude
equations for the UCC3 method.

H̄ai = fai+
∑

jb

〈aj||ib〉σbj + 1
2
∑

jb

〈ab||ij〉σb∗j + 1
2
∑

jbc

〈aj||cb〉σcbij −
1
2
∑

jkb

〈kj||ib〉σbajk

+
∑

jklbc

1
2 〈al||ik〉σ

bc∗
jk σ

bc
jl +

∑

jkbcd

1
2 〈ad||ic〉σ

bd∗
jk σ

bc
jk−

∑

jklbc

〈bl||ji〉σbc∗jk σcakl

+
∑

jkbcd

〈ab||dj〉σbc∗jk σcdki −
∑

jklbc

1
4 〈bl||jk〉σ

bc∗
jk σ

ac
il +

∑

jkbcd

1
4 〈bd||jc〉σ

bd∗
jk σ

ac
ik

+
∑

jkbcd

1
4 〈bd||ic〉σ

bd∗
jk σ

ca
jk−

∑

jklbc

1
4 〈al||jk〉σ

bc∗
jk σ

cb
il +

∑

b

fabσ
b
i −

∑

j

fijσ
a
j +

∑

jb

fjbσ
ab
ij = 0

(3.1.48)

H̄abij = 〈ab||ij〉−P (ab)
∑

k

〈ka||ji〉σbk +P (ij)
∑

c

〈ab||ic〉σcj + 1
2
∑

kl

〈kl||ij〉σabkl

+1
2
∑

cd

〈ab||cd〉σcdij +P (ij)P (ab)
∑

kc

〈ak||ic〉σbcjk +P (ij)P (ab)
∑

klcd

1
3 〈kl||cd〉σ

ac
ikσ

bd
jl

+
∑

klcd

1
6 〈kl||cd〉σ

cd
ij σ

ab
kl −P (ab)

∑

klcd

1
3 〈kl||cd〉σ

ad
ij σ

cb
kl−P (ij)

∑

klcd

1
3 〈kl||cd〉σ

ab
il σ

dc
jk

+P (ij)P (ab)
∑

klcd

1
3 〈ad||il〉σ

cd∗
kl σ

bc
jk +

∑

klcd

1
12 〈cd||ij〉σ

cd∗
kl σ

ab
kl +

∑

klcd

1
12 〈ab||kl〉σ

cd∗
ij σ

cd
kl

−P (ab)
∑

klcd

1
6 〈ad||ij〉σ

cd∗
kl σ

cb
kl−P (ij)

∑

klcd

1
6 〈ab||il〉σ

cd∗
kl σ

dc
jk−P (ij)

∑

klcd

1
6 〈cd||kj〉σ

cd∗
kl σ

ab
il

−P (ab)
∑

klcd

1
6 〈bc||lk〉σ

cd∗
kl σ

ad
ij +P (ab)

∑

c

fbcσ
ac
ij −P (ij)

∑

k

fkjσ
ab
ik = 0

(3.1.49)
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The notation here defines H̄ai = 〈Φa
i |H̄ |0〉 and H̄abij =

〈
Φab
ij

∣∣∣H̄ |0〉. The differences in com-
plexity are apparent: UCC2 only shows terms contracting two tensors at most, none of which
contains the adjoint amplitude σ̂†, while UCC3 possesses a large plethora of contributions in-
volving three tensors, among which σ̂† has to be considered. The solution of these equations
is more extensively explained in the implementation chapter 4.

3.1.5 UCC2 and UCC3 ground-state energy

The energy expression for the UCC method is obtained from

EUCC = 〈0|H̄ |0〉 . (3.1.50)

Looking at the Bernoulli expansion of the transformed Hamiltonian and taking into account
that σ2 is of first order in MP perturbation theory and σ1 of second order, the relevant
contributions to the transformed UCC3 Hamiltonian are

H̄0 = F +V, (3.1.51)

H̄1 = [F,σ1 +σ2] + 1
2[V,σ1 +σ2] + 1

2[VR,σ1 +σ2], (3.1.52)

H̄2 = 1
12[[VN,σ2],σ2] + 1

4[[V,σ2]R,σ2] + 1
4[[VR,σ2]R,σ2]. (3.1.53)

For the single commutators in H̄1, single excitations contribute for terms up to third order,
while for the double commutators in H̄2, only double excitations are relevant for a third-
order truncation. H̄3 is not needed here, as triple commutators are at least of fourth order
in perturbation theory.

Note that for UCC2, H̄0 has the same form of eq. 3.1.51, H̄1 takes the form H̄1 =
[F,σ1 +σ2] + 1

2 [V,σ2] + 1
2 [VR,σ2], while H̄2 does not contribute.

From these expressions of the truncated transformed Hamiltonian, the final energy ex-
pression is

EUCC2/UCC3 =
((∑

ia

Fiaσ
a
i + 1

8
∑

ijab

〈ij||ab〉σabij
)

+h.c.

)
. (3.1.54)

Note that UCC2 and UCC3 have the same energy expression, as all terms are of second order
in perturbation theory. The terms coming from the double commutators do not contribute;
for a more visual derivation of these equation it may be referred to sec. 4.2, where the
exploitation of a diagrammatic formalism clarifies this statement. Naturally, the amplitudes
in eq. 3.1.54 are obtained from the UCC2 or UCC3 amplitude equations.

From a computational point of view, UCC2 scales as O(N5) with system size, while
UCC3 scales as O(N6), comparable to the CCSD method. For a more accurate discussion
of the scaling properties of UCC2 and UCC3, see sec. 4.3 in the Implementation chapter
(chapter 4), where the cost-determining terms are analysed.

3.1.6 Algebraic diagrammatic construction scheme and Unitary Coupled-
Cluster theory

An alternative to UCC is given by the algebraic diagrammatic construction (ADC) scheme,
which was originally formulated via the application of Green’s function theory to the time-
dependent Schrödinger equation.240,241 It can be seen as an extension of the perturbation-
theory approach exploited in Møller-Plesset (MP) theory242 in order to describe excited
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states.243 The potential of ADC has grown considerably since the introduction of the so-
called intermediate-state representation (ISR),244–247 through which all matrices for energies
and properties are expressed. In this frame, the ADC scheme solves a Hermitian eigenvalue
problem

MY = YΩ, Y†Y = 1, (3.1.55)
where Ω is the diagonal matrix containing the excitation energies ωn, Y is the eigenvector
matrix, and M is the shifted Hamiltonian matrix, written in the ISR basis Ψ̃k

Mij =
〈

Ψ̃i

∣∣∣Ĥ−EMPn
0

∣∣∣Ψ̃j

〉
. (3.1.56)

The different ADC schemes differ in the construction of the ISR basis, which are in
general defined as excitations out of the correlated MPn ground-state wave function

∣∣∣Ψ̃k

〉
= τ̂k

∣∣∣ΨMPn
GS

〉
. (3.1.57)

The basis is then orthonormalised through a Gram-Schmidt orthonormalisation. Diagonal-
ising the matrix M and solving the eigenvalue problem in eq. 3.1.55 leads to the excited
states

|Ψn〉=
∑

j

Yjn
∣∣∣Ψ̃j

〉
. (3.1.58)

The order n in perturbation theory chosen for the MP wave function in eqs. 3.1.56 and 3.1.57
determines the different ADC methods, named consistently ADC(n). The ADC matrices
have a well-defined order in each block; an example is given by the methods ADC(2) and
ADC(3)

MADC(2) =
(
M

(2)
SS M

(1)
SD

M
(1)
DS M

(0)
DD

)
, MADC(3) =

(
M

(3)
SS M

(2)
SD

M
(2)
DS M

(1)
DD

)
. (3.1.59)

Standard ADC schemes are single-reference methods; therefore, they should be applied
only to molecular systems for which MP perturbation theory is expected to give trustworthy
results.

Recently, the connection between ADC and CC theory was recognised in the particular
variant of UCC described above:160 the Bernoulli expansion of the unitarily transformed UCC
Hamiltonian leads to the ADC terms.59,160,248,249 Unlike ADC, the ground-state description
of UCC is determined in a self-consistent way through the iterative procedure described be-
fore, analogous to CC. From a computational point of view, the ADC equations are obtained
by substituting the amplitudes with the MPn guesses, without having to converge them
iteratively.

At infinite order, these two methods are related by a unitary transformation, and yield
the same results. For the truncated schemes, however, this transformation is no longer
unitary and the results of UCC and ADC differ.249,250

3.2 Molecular properties with UCC Theory
In the following, UCC response theory is developed, following the approach discussed in
sec. 2.8. To the knowledge of the author, the only existing studies on UCC properties
exploit the expectation-value approach.59 The formulation of UCC response theory offers an
alternative to standard CC theory for the calculation of properties, of interest in particular
for those systems, for which standard CC obtains physically wrong results, as in the case
of negative oscillator strengths. This chapter is concerned with the formulation of UCC
response theory for the calculation of properties, focusing on the analogies and differences
to the CC approach.
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3.2.1 Lagrange functional for EOM-UCC dipole moments

The theoretical approach developed in secs. 2.8.1 and 2.8.2 can be exploited to formulate
EOM-UCC response theory. As a first consideration, it is important to notice that the
truncated form of EOM-UCC is not variational. Therefore, the expectation-value approach
and the differentiation of the energy are not equivalent, as the former does not contain
the response of the wave function to the perturbation. In the following, response theory is
developed.

Starting from the UCC parameterisation of excited states, |Ψ〉 = eσ̂−σ̂
†
R̂ |0〉 and 〈Ψ| =

〈0|R̂†e−(σ̂−σ̂†), the UCC energy is given by

EUCC = 〈0|R̂†e−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂ |0〉= 〈0|R̂†H̄R̂ |0〉 . (3.2.1)

Both the right and the left eigenfunctions are described by additive operators and the ex-
pression in eq. 3.2.1 is size-extensive. Unlike EOM-CC, there is no need to introduce a
commutator in the EOM-UCC energy.

This expression is stationary with respect to R̂ (the proof is the same as for CC in
eq. 2.8.30). The differentiation of the energy with respect to the perturbation ε gives

dEUCC
dε = 〈0|R̂†dH̄dε R̂ |0〉= 〈0|R̂†d(e−(σ̂−σ̂†)Ĥeσ̂−σ̂

†)
dε R̂ |0〉 . (3.2.2)

As for CC theory, this expression requires the computation of the perturbed amplitudes dσ̂
dε

and dσ̂∗
dε , implying that for every perturbation, a different set of solving equations has to be

formulated. Therefore the Lagrangian method is preferably exploited.
The construction of the appropriate functional needs to account for the Hermiticity of

the theory, obtaining a Lagrangian fulfilling the relation L∗UCC = LUCC. As for CC, the
constraints are the amplitude equations and the normalisation condition

LUCC = 〈0|R̂†H̄R̂ |0〉+ 〈0| ẐH̄ |0〉+ 〈0|H̄Ẑ† |0〉−η 〈0|R̂†R̂−1 |0〉 . (3.2.3)

In the case of R̂= 1̂, the Lagrange functional for the ground state is obtained.
The functional in eq. 3.2.3 can be used instead of the actual energy in order to calculate

single-state properties. The stationarity conditions with respect to the amplitudes determine
the Ẑ multipliers:

∂LUCC
∂σµ

= 〈0|R̂† ∂H̄
∂σµ

R̂ |0〉+ 〈0| Ẑ ∂H̄
∂σµ
|0〉+ 〈0| ∂H̄

∂σµ
Ẑ† |0〉 , (3.2.4)

∂LUCC
∂σ∗µ

= 〈0|R̂† ∂H̄
∂σ∗µ

R̂ |0〉+ 〈0| Ẑ ∂H̄
∂σ∗µ
|0〉+ 〈0| ∂H̄

∂σ∗µ
Ẑ† |0〉 . (3.2.5)

Note that eq. 3.2.5, which determines Ẑ†, is the adjoint of eq. 3.2.4, the defining equation
for Ẑ. Therefore, only one of these equations has to be actually solved, as the other one
is automatically fulfilled. Differentiation with respect to the R̂ amplitudes gives H̄R̂ |0〉 =
ηR̂ |0〉, which is satisfied for η = ∆Eexc.

Once the stationarity conditions are satisfied, the EOM-UCC properties are computed
through partial differentiation of the UCC Lagrangian

dLUCC
dε = ∂LUCC

∂ε
= 〈0|R̂†X̄R̂ |0〉+ 〈0| ẐX̄ |0〉+ 〈0|X̄Ẑ† |0〉 . (3.2.6)
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The formalism is analogous to the modus operandi of standard CC theory, but the differ-
entiation hides the difficulty of this approach. The differentiation of the unitarily transformed
Hamilton operator can be written in detail

de−(σ̂−σ̂†)Ĥeσ̂−σ̂
†

dε = de−(σ̂−σ̂†)

dε Ĥeσ̂−σ̂
†+e−(σ̂−σ̂†)dĤ

dε e
σ̂−σ̂†+e−(σ̂−σ̂†)Ĥ

deσ̂−σ̂†

dε . (3.2.7)

The differentiation of the exponential operator is not at all trivial, which is clear through
the series expansion

deσ̂−σ̂†

dε = d
dε

∞∑

n=0

(σ̂− σ̂†)n
n! = · · ·+ (σ̂− σ̂†) . . .(σ̂− σ̂†) d

dε(σ̂− σ̂†) . . .(σ̂− σ̂†)
︸ ︷︷ ︸

n terms

+ . . . (3.2.8)

As excitation and de-excitation operators do not commute ([σ̂, σ̂†] 6= 0), the derivative cannot
be factorised in front of the series and the original exponential series is not regained

deσ̂−σ̂†

dε 6= d(σ̂− σ̂†)
dε (eσ̂−σ̂†). (3.2.9)

In order to differentiate the terms in eq. 3.2.3, it is necessary to differentiate the explicit,
already truncated equations of the energy and the amplitude equations (for example in
the UCC2 and UCC3 form), leading to different expressions, depending on the order of
approximation.

3.2.2 FCI limit of EOM-UCC properties

In eq. 3.2.6, the two terms containing the Lagrange multipliers account for the effect of the
perturbed amplitudes. As seen in the case of exact theory in sec. 2.8, these contributions
vanish, due to the fact that the wave function is a solution of the Schrödinger equation.
Therefore, in the limit of untrucated UCC (which is equivalent to FCI), in eq. 3.2.2 the term
depending on the perturbed amplitudes, or equivalently, the terms containing the Lagrange
multipliers in eq. 3.2.6 has to vanish.

Following the proof Stanton formulated for standard CC theory in ref. 224, this behaviour
can be shown from the differentiation of the energy of an excited state

∂EEOM−UCC
∂ε

= 〈0|R̂†∂e
−(σ̂−σ̂†)

∂ε
Ĥeσ̂−σ̂

†
R̂ |0〉+ 〈0|R̂†e−(σ̂−σ̂†)Ĥ

∂eσ̂−σ̂
†

∂ε
R̂ |0〉

+ 〈0|R̂†e−(σ̂−σ̂†)∂Ĥ
∂ε

eσ̂−σ̂
†
R̂ |0〉 .

(3.2.10)

The space of all possible Slater determinants can be partitioned as |Φp〉⊕|Φq〉, where |Φp〉
comprises all Slater determinants lying in the basis of H̄ (i.e., |0〉, singly-exicted and doubly-
excited determinants for UCC2 and UCC3), and |Φq〉 comprises all other determinants. Note
that in the exact limit, |Φq〉 will reduce to the null space.

The first two terms in eq. 3.2.10 contain the differentiation of the exponential operator
and can be reformulated introducing the resolution of identity 1̂ = |Φp〉〈Φp|+ |Φq〉〈Φq|,

〈0|R̂†∂e
−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

† |Φp〉〈Φp|H̄R̂ |0〉+ 〈0|R̂†H̄ |Φp〉〈Φp|e−(σ̂−σ̂†)∂e
σ̂−σ̂†

∂ε
R̂ |0〉+

〈0|R̂†∂e
−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

† |Φq〉〈Φq|H̄R̂ |0〉+ 〈0|R̂†H̄ |Φq〉〈Φq|e−(σ̂−σ̂†)∂e
σ̂−σ̂†

∂ε
R̂ |0〉 .

(3.2.11)
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Using the fact that the eigenfunctions of H̄ are defined in the space spanned by the {Φp} basis,
the time-independent Schrödinger equations 〈0|R̂†H̄ |Φp〉=Eexc 〈0|R̂† |Φp〉 and 〈Φp|H̄R̂ |0〉=
Eexc 〈Φp|R̂ |0〉 may be exploited to simplify this equation. As the eigenvectors are defined
only in the |Φp〉 space, eq. 3.2.11 becomes

Eexc

[
〈0|R̂†∂e

−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

†
R̂ |0〉+ 〈0|R̂†e−(σ̂−σ̂†)∂e

σ̂−σ̂†

∂ε
R̂ |0〉

]
+

〈0|R̂†∂e
−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

† |Φq〉〈Φq|H̄R̂ |0〉+ 〈0|R̂†H̄ |Φq〉〈Φq|e−(σ̂−σ̂†)∂e
σ̂−σ̂†

∂ε
R̂ |0〉 .

(3.2.12)

The first two terms add to zero, as can be shown from the following relation

∂e−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

†+e−(σ̂−σ̂†)∂e
σ̂−σ̂†

∂ε
= ∂

∂ε
(e−(σ̂−σ̂†)eσ̂−σ̂

†) = 0. (3.2.13)

The only terms left in eq. 3.2.12 are those projected on the orthogonal space to the one H̄
is defined in

〈0|R̂†∂e
−(σ̂−σ̂†)

∂ε
eσ̂−σ̂

† |Φq〉〈Φq|H̄R̂ |0〉+ 〈0|R̂†H̄ |Φq〉〈Φq|e−(σ̂−σ̂†)∂e
σ̂−σ̂†

∂ε
R̂ |0〉 . (3.2.14)

In the exact case limit, the |Φq〉 space reduces to the null space, making these contributions
vanish.

The EOM-UCC response properties have the correct FCI limit in the case of untruncated
expansion.

3.2.3 EOM-UCC transition dipole moments

The theory for transition dipole moments can be developed adapting the infrastructure
discussed for CC theory to UCC theory. The UCC2 and UCC3 methods described in section
3.1.3 are not variational and the response of the wave function to the perturbation has to
be included in the determination of properties. Following the definitions in sec. 2.8, Qfi for
the UCC parameterisation yields

Qfi = 〈0|R̂†fe−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂†R̂ieiωfit |0〉−Qf 〈0|R̂†f R̂ieiωfit |0〉 . (3.2.15)

Referring to the discussion in sec 2.8.1, the operators R̂i and R̂†f , appearing in eq. 3.2.15
are additive, as the left states are the adjoint ones of the local operators for the right
states. Therefore the expression is already size-extensive, without the need to introduce a
commutator, as was suggested in eq. 2.8.15. The derivative approach shows one advantage,
which should be remembered: being UCC2 and UCC3 based on the truncation at a given
order in perturbation theory of the amplitude equations and of the Hamiltonian matrix,
the truncation of e−(σ̂−σ̂†)(Ĥ − i ∂∂t)eσ̂−σ̂

† is clearly defined. Therefore, a formulation of
transition moments involving the Hamiltonian and the energy expression leads to a well-
defined truncation in the properties. This formalism is therefore equivalent to a Bernoulli
expansion and perturbative truncation of e−(σ̂−σ̂†)µ̂eσ̂−σ̂

† . Another option could be to expand
it with the BCH expansion, as done in ref. 59.

For the reverse transition, the quantity Qif is obtained exchanging the indices of the
initial and final states. In order to have a physically correct formulation, its form should
permit its derivative to fulfill eq. 2.8.48. The following form satisfies these requirement

Qif = 〈0|R̂†ie−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂†R̂feiωif t |0〉−Qi 〈0|R̂†i R̂feiωif t |0〉 . (3.2.16)
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Similarly to EOM-CC theory, the quasi-energy functional is stationary with respect to
R̂, but not with respect to σ̂. From the definition in eq. 2.8.76, the transition dipole moment
for EOM-UCC theory can be written as

Tfi = {〈0|R̂†f
dH̄

dε(ωfi)
R̂ie

iωfit |0〉}T . (3.2.17)

The differentiation with respect to the perturbation of the transition frequency ωfi is per-
formed. The differentiation of eq. 3.2.17 requires the determination of the perturbed ampli-
tudes ∂σµ

∂ε and ∂σ∗µ
∂ε . As before, the Lagrangian formalism is preferred. The constraints for

the UCC Lagrange functional are the UCC amplitude equations and the orthogonality of
the two excited states

Lfi =〈0|R̂†fe−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂ie

iωfit |0〉−Qf 〈0|R̂†feiωfitR̂i |0〉

−〈0| Ẑfi(ω)e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂† |0〉−〈0|e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂†Ẑ†if (ω) |0〉

−η 〈0|(R̂†f R̂i− δif )eiωfit |0〉 .
(3.2.18)

Ẑfi and Ẑif are de-excitation operators, formed with the Lagrange multipliers as amplitudes;
these amplitudes will be called, respectively, ζµ and θµ

Ẑfi =
∑

ia

ζai {̂i†â}+ 1
4
∑

ijab

ζabij {̂i†ĵ†b̂â}, Ẑif =
∑

ia

θai {̂i†â}+ 1
4
∑

ijab

θabij {̂i†ĵ†b̂â}. (3.2.19)

Ẑ†fi therefore is an excitation operator. Note that two sets of Lagrange multipliers are
needed, as one would not be sufficient to satisfy the condition Lfi = L∗if , which determines
the symmetry in eq. 2.8.48.

The stationarity conditions are imposed to calculate the Lagrange multipliers
∂{Lfi}T
∂σµ

= 0 −→ determines Ẑfi,

∂{Lfi}T
∂σ∗µ

= 0 −→ determines Ẑ†if .
(3.2.20)

Here both equations are needed, as the two sets Ẑfi and Ẑif are not one the adjoint of the
other.
When i = f , the stationarity condition with respect to R̂i gives η = ∆Eexc, in agreement
with eq. 3.2.3.

The time differentiation of the exponential operator is not easily carried out, as seen in
eq. 3.2.9, and has to be consistently truncated for the different orders of approximation. A
detailed analysis of the equations obtained can be found in sec. 4.5.5.

Once the stationarity conditions are solved, the transition dipole moments are obtained
by means of partial differentiation of the Lagrange functional with respect to the perturbation

Tfi = ∂{Lfi}T
∂ε(ωfi)

={〈0|R̂†ie−(σ̂−σ̂†)µ̂eσ̂−σ̂
†
R̂fe

iωif t |0〉}T −{〈0| Ẑfi(ω)e−(σ̂−σ̂†)µ̂eσ̂−σ̂
† |0〉}T

−{〈0|e−(σ̂−σ̂†)µ̂eσ̂−σ̂
†
Ẑ†if (ω) |0〉}T .

(3.2.21)

Also for the EOM-UCC transition dipole moments, eq. 3.2.21 can be recast into the form
Tfi = ∑

pqD
fi
pqµpq. The one-electron transition density matrix Dfi, however, is specific for

each UCCn truncation.
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Transitions from the ground state

Adapting eq. 3.2.18 to the special case of transitions from the ground state gives the following
form for the Lagrange functional

L0i = {〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂ie

iω0it |0〉}T −Q0{〈0|eiω0itR̂i |0〉}T

−{〈0| Ẑ0i(ω)e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂† |0〉}T −{〈0|e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂†Ẑ†i0(ω) |0〉}T
−η 〈0|R̂i |0〉 ,

(3.2.22)

where R̂†f = 1. It is noted that the two operators R̂i and Ẑ†i0 both multiply the similarity-
transformed Hamiltonian on the right hand-side and the terms
〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂

†
R̂ie

iω0it |0〉 and 〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
Ẑ†i0e

iω0it |0〉 sum to give a contribution
of the form 〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂

†(R̂i + Ẑ†i0)eiω0it |0〉. However, R̂i is an eigenvector of the
similarity-transformed Hamiltonian and the stationarity condition is fulfilled only for Ẑ†i0 = 0.

The condition involving the Ẑ†i0 multipliers is not needed and therefore superfluous. Tran-
sitions from and to the ground state are described by a simpler Lagrangian, involving only
one set of conditions

L0i = {〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂ie

iω0it |0〉}T −Q0{〈0|eiω0itR̂i |0〉}T

−{〈0| Ẑ0i(ω)e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂† |0〉}T −η 〈0|R̂i |0〉 ,
(3.2.23)

Li0 = {〈0|R̂†ie−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
eiωi0t |0〉}T −Q0{〈0|R̂†ieiωi0t |0〉}T

−{〈0|e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂†Ẑ†0i(ω) |0〉}T −η 〈0|R̂†i |0〉 .
(3.2.24)

These two forms still satisfy the condition L0i = L∗i0.
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Chapter 4

Implementation

This chapter discusses the features of the implementation of the expressions for energies
and properties, showing the strategies by means of which the implementation has

been made possibly efficient and low-scaling.
The Cfour program package251,252 provides all one- and two-electron integrals in the

presence of a finite magnetic field, which are computed in a GIAO basis set. Furthermore, the
MO coefficients from the HF SD are provided. The input for the Cfour program specifies
the settings for the geometry of the molecular system (in internal or Cartesian coordinates),
the orientation of the magnetic field, the chosen basis set, the charge, and the multiplicity
of the target state.

The necessary information is passed from the Cfour output to Qcumbre via an interface
between the two program packages.

4.1 QCUMBRE

The theory discussed here has been implemented in the Qcumbre package.161 This pro-
gram is written in C++253 and has been developed to perform finite-field calculations with
post-HF methods. It has been already pointed out that a finite-field calculation requires
complex algebra. It has to be emphasized that a complex computation is much more ex-
pensive than a real one. In fact, the storage requirement of any quantity is increased by
a factor of two, as both the real and the imaginary part of a number have to be stored.
Furthermore, the permutational symmetry of integrals is no longer eight-fold but only four-
fold (〈pq|rs〉 = 〈qp|sr〉 = 〈rs|pq〉∗ = 〈sr|qp〉∗). Finally, complex algebra formally implies an
increase in computational cost of a factor four for multiplications. The Qcumbre code is one

-1

Figure 4.1: Logo of the Qcumbre program package,161 adapted for UCC.

57
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of the few codes able to perform a complex-valued CC calculation.∗ The integrals and HF
MO coefficients are provided through interfaces with the Cfour program and the London
program.

In Flowchart 1, the structure of a Qcumbre calculation is illustrated. First, an external
HF-SCF calculation is performed, either with the Cfour or with the London program
package. The aforementioned interface collects the relevant data from this calculation, i.e.,
all one- and two-electron integrals, to be used in the next steps of the calculation. Qcumbre
is then able to compute the ground-state energy and wave function for methods belonging
to the CC and the UCC parameterisations, through the SubCC function. The program can
then be asked to calculate a certain number of excited states, through the solution of the
EOM-CC/EOM-UCC equations. This part is managed by SubEOMCC. Once the states have
been computed, Qcumbre can proceed to the treatment of molecular properties, both for
the ground state (SubCCProp) and the excited states (SubEOMProp). The structure of each
of these functions is explained in detail in the next sections, with reference to the new
developments performed during this thesis.

A full list of the implemented methods and keywords in Qcumbre may be found on
the website (https://www.qcumbre.org). During this thesis, the following features were
developed:

• implementation of UCC2 and UCC3 ground- and excited-state energies in a finite
magnetic field – SubCC and SubEOMCC (sec. 4.3);

• implementation of ADC2, ADC2-x, ADC3 ground- and excited-state energies in a finite
magnetic field – in SubCC and SubEOMCC (sec. 4.4);

• implementation of UCC2 and UCC3 ground- and excited-state dipole moments in a
finite magnetic field – in SubCCProp and SubEOMProp (secs. 4.5.1-4.5.4);

• implementation of UCC2 and UCC3 ground- and excited-state transition dipole mo-
ments in a finite magnetic field – in SubCCProp and SubEOMProp (secs. 4.5.5-4.5.8);

• generation of output files for the calculation of MCD spectra (sec. 6.2);

• development of QED-UCC2 equations and their implementation (the latter performed
by Laurenz Monzel), explained in sec. 7.2.

In the next sections, the implementation of the UCC method to compute energies and prop-
erties is discussed in detail. The full equations are given with the strategies applied to deal
with the computational challenges these equations offer. In order to give a general idea of
the implementation, flowcharts describing the structure of the calculations in Qcumbre are
provided. Before starting the discussion of the equations, an important section on a very
powerful tool for their development is presented. The so-called diagrammatic technique is
therefore discussed hereafter.

∗Other complex codes are LONDON,254 CFOUR,251 BAGEL,255 CHRONUS,256 QUEST,257 and
TURBOMOLE.258



HF-SCF calculation
(Cfour/London)

Qcumbre program package

Interface
Reading 1e− and

2e− integrals
Ground-state? CC/UCC calculation

SubCC

Excited-states? EOM calculation
SubEOMCC

Properties?
Properties calculation

SubCCProp and
SubEOMProp

Final output

no

no

yes

yes

yes

no

Flowchart 1: Flowchart illustrating the structure of a Qcumbre calculation.



60 CHAPTER 4. IMPLEMENTATION

4.2 Diagrammatic rules
A very useful and widely exploited tool for the derivation of CC equations is provided by
the diagrammatic representation of the equations. This technique permits to find a simpler
language for the evaluation of complicated terms, originating from the contraction of multiple
operators, whose derivation through Wick’s theorem would be lengthy and difficult. In this
thesis the origin of the diagrammatic rules will not be discussed in depth, but only to
the extent in which they differ from those for standard CC. A helpful reference for the
explanation of the diagrammatic rules in CC may be found in ref. 259. In order to remember
the differences in the assignment of coefficients in the Bernoulli expansion method with
respect to the usual BCH one, the terms required for the UCC3 method are listed hereafter
once more

H̄0 = F +V, (4.2.1)

H̄1 = [F,σ̃1 + σ̃2] + 1
2[V, σ̃1 + σ̃2] + 1

2[VR, σ̃1 + σ̃2], (4.2.2)

H̄2 = 1
12[[VND, σ̃2], σ̃2] + 1

4[[V, σ̃2]R, σ̃2] + 1
4[[VR, σ̃2]R, σ̃2]. (4.2.3)

The ND part of operators or contractions of operators are given by pure excitation or de-
excitations. For example, the terms contributing to the VND operator are 〈ab||ij〉{â†b̂†ĵ î}
and 〈ij||ab〉 {̂i†ĵ†b̂â}. All other terms in V , as for example 〈ak||ij〉{â†k̂†ĵ î}, belong to the
rest part VR. The CC diagrammatic rules can be used for the determination of the prefactor;
on top of the known rules, four more steps need to be considered:

1. consider whether the V̂ operator belongs to the non-diagonal or the rest part. The non-
diagonal part of an operator is made of either pure excitations or pure de-excitations.

2. consider if the contractions [V̂ , σ̃] belong to the non-diagonal or the rest part. This
becomes relevant for understanding to which terms in eqs. 4.2.2 and 4.2.3 each diagram
belongs to.

3. consider the prefactor (sum of prefactors) of the commutator to which the diagrams
belongs. Calculate the ratio between this prefactor and the one present in the analo-
gous term in the BCH expansion. This ratio needs to be multiplied to the prefactor
calculated through the standard diagrammatic rules.

4. for terms belonging to eq. 4.2.3, observe whether the Hamiltonian is connected to only
one or both σ̃ operators. If it is connected to only one of them, a further factor of 1

2
needs to be multiplied, as only half of the terms in the commutator contribute to the
diagram.

Some examples are shown in appendix A.

4.3 UCC ground- and excited-state energies
The calculation of the ground- and excited-state energies are managed, respectively, by
SubCC and SubEOMCC, as seen in Flowchart 1. In Flowchart 2 and 3, their structure is
shown.



SubCC
for UCC

guess=MP2

LinSolvS (instr=CCamps)

CCAmplitudesS (method:
CC=="UCC2"/CC=="UCC3")

tS(n+1),
E

(n+1)
UCC

UCC3IntermediatesS
calculation of global
UCC intermediates

Converged EUCC?

EUCC

yes

no

Flowchart 2: Flowchart illustrating a ground-state calculation in Qcumbre.



SubEOMCC
for UCC
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DavidsonS (options single/multi)

ContractionS (method:
CC=="UCC2"/CC=="UCC3")

R̂(n+1)

HamiltonianIntermediatesS
calculation of global UCC

Hamiltonian matrix elements

Converged R̂?

∆EUCC,exc.

yes

no

Flowchart 3: Flowchart illustrating an excited-state calculation in Qcumbre.
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Starting from SubCC, all CC or UCC calculation first needs to solve the amplitude equa-
tions iteratively. As for the CC equations, the initial guess for the σ-amplitudes is given by
the MP2 guess, σa[0]

i = 0 and σab(0)
ij = 〈ab||ij〉

εi+εj−εa−εb . The amplitude equations are then solved
iteratively using the solver in Qcumbre, encoded in the function LinSolvS. The solution is
obtained by exploiting the DIIS (direct inversion of the iterative subspace) technique.260 This
method allows the solution of a quasi-linear equation of the kind A(x)x = b without having
to assemble the matrix itself, as it is constructed such as to require only the product vector
A(x)x. The solver can be given the instruction CCamps to calculate the amplitudes. In par-
ticular, the terms of the amplitude equations are calculated in the function CCAmplitudesS.
The definition of intermediate contractions allows to keep the scaling of the equations as low
as possible. The detailed discussion of these intermediates is provided later in this section.
These intermediates are calculated in UCC3IntermediatesS and passed to CCAmplitudes.

Once the amplitudes have been calculated in the nth iteration, the energy is computed
with eq. 3.1.7 and compared to the previous iteration: if

∣∣∣E(n+1)
UCC −E

(n)
UCC

∣∣∣< τ , with τ a given
threshold specified in the input as convergence-criterium, the amplitudes are considered
converged and the energy of the ground state is found.

In Flowchart 3, the structure of SubEOMCC is shown. It has been discussed in sec. 3.1.2
that the rµ amplitudes are calculated via diagonalisation of the transformed Hamiltonian
matrix, where the Davidson algorithm261–264 is used. The function DavidsonS provides
the possibility to compute single or multiple roots simultaneously (further details may be
found in ref. 207). An EOM-UCC calculation is preceded by a Configuration Interaction
with Single excitations (CIS) calculation, providing the initial guess for the single-excitation
amplitudes R̂1, while all other amplitudes are set to zero. The EOM-UCC equations are
calculated in the function ContractionS. The scaling is kept as low as possible through the
definition of intermediates, calculated through the function HamiltonianIntermediatesS.
The R̂ operators parameterising the EOM-UCC states are determined through the Davidson
algorithm. SubEOMCC then computes the excitation energy ∆EUCC,exc..

The structure of the algorithms and functions used in the calculation of UCC ground- and
excited-state energies has been discussed; now further details on the implemented equations
are provided. Particular attention is given to the scaling of the terms, and the aforementioned
intermediate contractions are discussed in more detail.

The amplitude equations for the UCC2 and UCC3 approximations have been listed in
section 3.1.3, showing the different complexity of these two approaches. Here the focus
is placed on the implementation strategy, which should ensure the lowest scaling possible.
The UCC2 equations can be implemented following their written expression, as they are
constructed from two tensors at most. In addition, UCC3 involves contractions of three
tensors and some intermediate quantities need to be defined. This step-wise implementations
ensures a lower scaling and a cheaper computation in terms of time and memory. From here
on, the Einstein convention for sums over repeated indices is assumed.

The intermediate quantities given by contractions of σ̂†2 and σ̂2 are widely used in the UCC
equations; they are therefore defined as global variables in the main file of Qcumbre and
their expressions are calculated by the function UCC3IntermediatesS. These intermediates
are

Zab = σca∗kl σ
cb
kl , Zij = σab∗ki σ

ba
jk, Ziabj = σac∗jk σ

cb
ki, Zijkl = σab∗ij σabkl . (4.3.1)

The correct scaling is achieved by defining some more intermediates for the UCC3 amplitude
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equations

Uai = 〈bi||jk〉σba∗jk ,
Vai = 〈cb||aj〉σcb∗ij ,

Rijka = 〈bd||ka〉σbd∗ij ,

UWSiabj = 〈ia||bj〉+ 1
3[〈ki||cb〉σacjk + 〈ac||jk〉σcb∗ki ],

UWSijkl = 1
2 〈ij||kl〉+

1
6 〈ij||cd〉σ

cd
kl + 1

12 〈cd||kl〉σ
cd∗
ij ,

UFSab = 1
3 〈kl||cb〉σ

ca
kl + 1

6 〈ac||lk〉σ
bc∗
lk ,

UFSij = 1
3 〈kj||cd〉σ

cd
ki + 1

6 〈cd||ki〉σ
cd∗
kj .

(4.3.2)

These intermediates are directly calculated in the function in which the amplitude equations
are solved, CCAmplitudesS.

With these definitions, the amplitude equations for UCC3 read

H̄ai = fai+ 〈aj||ib〉σbj + 1
2 〈ab||ij〉σ

b∗
j + 1

2 〈aj||cb〉σ
cb
ij −

1
2 〈kj||ib〉σ

ba
jk−

1
2 〈al||ik〉Zkl

+ 1
2 〈ad||ic〉Zdc−〈bl||ji〉Z

ba
jl + 〈ab||dj〉Zbdji −

1
4(Ucl−Vcl)σacil + 1

4Rijkaσ
ca
jk

− 1
4 〈al||jk〉Zjkli+fabσ

b
i −fijσaj +fjbσ

ab
ij = 0,

(4.3.3)

H̄abij =−P (ab)〈ka||ji〉σbk +P (ij)〈ab||ic〉σcj −P (ab)1
6 〈ad||ij〉Zdb−P (ij)1

6 〈ab||il〉Zlj

+P (ij)P (ab)UWSladiσ
bd
jl +UWSklijσ

ab
kl + 1

2 〈ab||cd〉σ
cd
ij + 1

12 〈ab||kl〉Zklij
−P (ab)UFSbdσadij −P (ij)UFSjlσabil + 〈ab||ij〉+P (ab)fbcσacij −P (ij)fkjσabik = 0.

(4.3.4)

From this reformulation, it appears that UCC3 scales formally as CCSD, as the only term
scaling as ∼N4

vN
2
o is the same particle-particle ladder term 1

2 〈ab||cd〉σcdij . However, for the
terms scaling as ∼ N3

vN
3
o , besides the ones present for CCSD, P (ij)P (ab)〈ak||ic〉σbcjk and

P (ij)P (ab)1
3 〈kl||cd〉σacikσbdjl , there is one more, P (ij)P (ab)1

3 〈ad||il〉σcd∗kl σbcjk. UCC3 there-
fore still scales as ∼ N6, though being more expensive than CCSD for the solution of the
amplitude equations.

Expressions for the iterative determination of the amplitudes are obtained from the am-
plitude equations H̄ai = 0 and H̄abij = 0. By moving the diagonal part of eq. 4.3.3 and 4.3.4
to the right hand-side, the amplitudes of iteration n+1 are obtained from the amplitudes of
iteration n from

σ
a[n+1]
i =

H̄
[n]
ai −diag[∑b fabσ

b[n]
i −∑j fijσ

a[n]
j ]

εi−εa
, (4.3.5)

σ
ab[n+1]
ij =

H̄
[n]
ab,ij−diag[P (ab)∑c fbcσ

ac[n]
ij −P (ij)∑k fkjσ

ab[n]
ik ]

εi+εj−εa−εb
. (4.3.6)

Moving to the treatment of the excited states with UCC theory, the eigenvectors of the
transformed Hamiltonian in eq. 3.1.44 need to be determined in order to find the excitation
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operator R̂, parameterising the excited state. For UCC2, the eigenvector equation for the
eigenvectors of the transformed Hamiltonian are

∆Eexcr
a
i = H̄

(2)
ad r

d
i − H̄(2)

li r
a
l + H̄

(2)
ladir

d
l + 1

2H̄
(1)
alder

de
il −

1
2H̄

(1)
lmidr

ad
lm+ 1

4H̄
(1)
klacdir

cd
kl , (4.3.7)

∆Eexcr
ab
ij = P (ij)H̄(1)

abdjr
d
i −P (ab)H̄(1)

lbijr
a
l + H̄

(1)
abk,ijcr

c
k +P (ab)H̄(0)

ad r
db
ij −P (ij)H̄(0)

lj r
ab
il

+ 1
2H̄

(0)
abder

de
ij + 1

2H̄
(0)
lmijr

ab
lm−P (ab)P (kl)H̄(0)

ladir
db
jl ,

(4.3.8)

where H̄(n) indicates the transformed Hamiltonian truncated at order n. For UCC3 the
eigenvectors are determined from the following equations

∆Eexcr
a
i = H̄

(3)
ad r

d
i − H̄(3)

li r
a
l + H̄

(3)
ladir

d
l + 1

2H̄
(2)
alder

de
il −

1
2H̄

(2)
lmidr

ad
lm+ 1

4H̄
(2)
kla,cdir

cd
kl , (4.3.9)

∆Eexcr
ab
ij = P (ij)H̄(2)

abdjr
d
i −P (ab)H̄(2)

lbijr
a
l + H̄

(2)
abk,ijcr

c
k +P (ab)H̄(1)

ad r
db
ij −P (ij)H̄(1)

lj r
ab
il

+ 1
2H̄

(1)
abder

de
ij + 1

2H̄
(1)
lmijr

ab
lm−P (ab)P (kl)H̄(1)

ladir
db
jl .

(4.3.10)

The equations are very similar to the EOM-CCSD ones,22 but a few differences may be
noted. The three-body term H̄

(1)
klacdi is not present in standard CC theory; this might be

understood from the diagrammatic formalism, as no H̄ term could possibly have four or
more lines below the vertex, except for the single two-body operator. The other difference to
standard EOM-CC theory is the absence of the contraction with H̄occ-virt terms: the unitarily
transformed Hamiltonian is self-adjoint and therefore H̄ia = H̄∗ai = 0 and H̄ijab = H̄∗abij = 0.

Furthermore, it has to be accounted for the correct truncation order of the transformed
Hamiltonian blocks. Their expressions at a given perturbation order are

H̄
(3)
ia,bj = 〈ai||cb〉σcj + 〈ca||bj〉σc∗i −〈ki||jb〉σak−〈ia||kj〉σb∗k + 1

2 〈ac||jk〉σ
bc∗
ik + 1

2 〈ik||bc〉σ
ac
jk

+
[1

4 〈il||mk〉σ
bc∗
mk + 1

4 〈ed||bc〉σ
ed∗
il −

1
2
(〈ld||kb〉σcd∗ki + 〈id||kc〉σdb∗lk

)]

︸ ︷︷ ︸
Sbc
il

σacjl

+
[1

4 〈mk||jl〉σ
ac
mk + 1

4 〈ac||ed〉σ
ed
jl −

1
2
(〈ka||ld〉σcdkj + 〈kc||jd〉σdalk

)]

︸ ︷︷ ︸
Sac∗
jl

σbc∗il

− 1
4 〈id||bj〉σ

ca
kl σ

cd∗
kl︸ ︷︷ ︸

Zda

−1
4 〈ia||bl〉σ

dc
jkσ

cd∗
kl︸ ︷︷ ︸

Zlj

−〈ia||kc〉σcdjl σbd∗kl︸ ︷︷ ︸
Zbc
kj

−1
4 〈ai||jd〉σ

cb∗
kl σ

cd
kl︸ ︷︷ ︸

Zbd

− 1
4 〈al||jb〉σ

dc∗
ik σ

cd
kl︸ ︷︷ ︸

Zil

−〈kc||jb〉σcd∗il σadkl︸ ︷︷ ︸
Zca
ik

+〈ik||lj〉σackmσbc∗lm︸ ︷︷ ︸
Zba
lk

+〈ad||cb〉σcejkσde∗ik︸ ︷︷ ︸
Zdcij

+ 1
2 〈ka||bl〉σ

cd
kjσ

cd∗
il︸ ︷︷ ︸

Zilkj

+1
2 〈ic||dj〉σ

cb∗
kl σ

ad
kl︸ ︷︷ ︸

Zcbad

,

(4.3.11)
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H̄
(3)
ij = fij + 〈ik||ja〉σak + 〈ia||jk〉σa∗k + 1

4 〈ik||ab〉σ
ab
jk + 1

4 〈ab||jk〉σ
ab∗
ik + 1

2 〈ic||al〉σ
ab
jkσ

bc∗
kl︸ ︷︷ ︸

Zca
lj

+ 1
2 〈al||jc〉σ

ab∗
ik σbckl︸ ︷︷ ︸
Zac
il

+1
8 〈im||kl〉σ

ab
jmσ

ab∗
kl︸ ︷︷ ︸

Zkljm

+1
8 〈kl||jm〉σ

ab∗
im σabkl︸ ︷︷ ︸
Zimkl

−1
2 〈im||jl〉σ

ab∗
kl σ

ab
km︸ ︷︷ ︸

Zlm

+ 1
2 〈ic||jb〉σ

ab
klσ

ac∗
kl︸ ︷︷ ︸

Zcb

−fibσai −faiσb∗i ,

(4.3.12)

H̄
(3)
ab = fab+ 〈ai||bc〉σci + 〈ac||bi〉σc∗i −

1
4 〈ij||bc〉σ

ac
ij −

1
4 〈ac||ij〉σ

bc∗
ij −

1
2 〈kd||bj〉σ

ca
ikσ

cd∗
ij︸ ︷︷ ︸

Zda
jk

− 1
2 〈aj||kd〉σ

cb∗
ik σ

cd
ij︸ ︷︷ ︸

Zbd
kj

+1
8 〈fd||cb〉σ

fd∗
ij︸ ︷︷ ︸

R∗
ijcb

σacij + 1
8 〈ca||fd〉σ

bc∗
ij︸ ︷︷ ︸

Rijca

σfdij + 1
2 〈ad||bc〉σ

fc
ij σ

fd∗
ij︸ ︷︷ ︸

Zdc

− 1
2 〈ka||jb〉σ

cd
ikσ

cd∗
ij︸ ︷︷ ︸

Zjk

+fiaσaj +fajσ
a∗
i ,

(4.3.13)

H̄
(2)
ibc,ajk = P (jk)[−

∑

l

〈il||aj〉σcbkl ] +P (bc)[
∑

d

〈ib||ad〉σdcjk], (4.3.14)

H̄
(2)
ci,ab = 〈ci||ab〉+P (ab)

∑

jd

〈cd||aj〉σbd∗ij + 1
2
∑

kj

〈ci||jk〉σab∗jk −fcjσba∗ji , (4.3.15)

H̄
(2)
jk,ia = 〈jk||ia〉+P (jk)

∑

lb

〈jb||il〉σab∗kl + 1
2
∑

bc

〈bc||ia〉σbc∗jk +fbiσ
ab∗
kj . (4.3.16)

H̄
(1)
ij,kl = 〈ij||kl〉 , H̄

(1)
ab,cd = 〈ab||cd〉 , (4.3.17)

H̄
(1)
ab = Fab, H̄

(1)
ij = Fij , H̄

(1)
iabj = 〈ia||bj〉 . (4.3.18)

The computation of these matrix elements is performed in HamiltonianIntermediatesS.
Further intermediate quantities are needed to ensure a lower scaling, given by

Sabij = 1
4 〈ij||mk〉σ

ab∗
mk + 1

4 〈ed||ab〉σ
ed∗
ij −

1
2
(〈jc||ka〉σcb∗ki + 〈id||kb〉σda∗jk

)
,

Rijab = 〈ab||cd〉σcdij ,
Zabcd = σab∗ij σcdij .

(4.3.19)

The terms of eqs. 4.3.7-4.3.10 are calculated in ContractionS. Intermediate contractions are
needed for the three-body term, written as

H̄
(2)
kla,cbir

cb
kl =−〈ak||ij〉σcb∗jl rcbkl︸ ︷︷ ︸

Qjk

+〈al||ij〉σcb∗jk rcbkl︸ ︷︷ ︸
−Qjl

+〈da||ci〉σdb∗kl rcbkl︸ ︷︷ ︸
Qdc

−〈da||bi〉σdc∗kl rcbkl︸ ︷︷ ︸
−Qdb

=

=−2〈ak||ij〉Qjk + 2〈da||ci〉Qdc.
(4.3.20)



Diagrams 1: Diagrams describing the UCC energy; these are the same both in the UCC2 and UCC3
framework. The continuous lines depict the σ̂ operator, the dashed line with a cross is the Fock
operator, while the dashed line with two vertices symbolizes the operator V̂ .

Diagrams 2: Diagrams describing the UCC amplitude equation H̄ai = 0. The same conventions for
the operators as in diags. 1 are adopted. The red diagrams are those contributing to the UCC2
approximation, while all terms are needed for the UCC3 one.

Diagrams 3: Diagrams describing the UCC amplitude equation H̄abi j = 0. The same conventions
for the operators as in diags. 1 are adopted. The red diagrams are those contributing to the UCC2
approximation, while all terms are needed for the UCC3 one.



Diagrams 4: Diagrams of the contributions to the transformed Hamiltonian matrix element H̄i j. The
red diagrams contribute to the UCC2 element H̄(2)

i j , while all diagrams contribute to the UCC3 block

H̄(3)
i j .

Diagrams 5: Diagrams of the contributions to the transformed Hamiltonian matrix element H̄ab. The
red diagrams contribute to the UCC2 element H̄(2)

ab , while all diagrams contribute to the UCC3 block
H̄(3)

ab .

Diagrams 6: Diagrams of the contributions to the transformed Hamiltonian matrix elements for the
UCC3 method H̄(1)

ibca jk, H̄(1)
i jkl , H̄(1)

abcd . The corresponding elements for UCC2 are vanishing, as none of

these terms is of zeroth order, in order to satisfy H̄(0)
ibca jk, H̄(0)

i jkl , H̄(0)
abcd .



Diagrams 7: Diagrams of the contributions to the transformed Hamiltonian matrix element H̄iab j.
The red diagrams contribute to the UCC2 element H̄(2)

iab j, while all diagrams contribute to the UCC3

block H̄(3)
iab j.

Diagrams 8: Diagrams of the contributions to the transformed Hamiltonian matrix element H̄ciab.
The red diagrams contribute to the UCC2 element H̄(1)

ciab, while all diagrams contribute to the UCC3
block H̄(2)

ciab.

Diagrams 9: Diagrams of the contributions to the transformed Hamiltonian matrix element H̄ jkia.
The red diagrams contribute to the UCC2 element H̄(1)

jkia, while all diagrams contribute to the UCC3

block H̄(2)
jkia



70 CHAPTER 4. IMPLEMENTATION

The computational cost for a EOM-UCC3 calculation scales as for a EOM-CCSD cal-
culation, ∼ N6. The solution of the UCC3 amplitude equation has the same scaling given
by the N4

virtN
2
occ term, but it has one more N3

virtN
3
occ term. However, the construction

of the similarity-transformed Hamiltonian matrix is more expensive than for EOM-CCSD,
as there are three additional terms scaling as N4

virtN
2
occ compared to the CCSD equa-

tions: in eq. 4.3.11, 1
4 〈ed||bc〉σed∗il σacjl and its adjoint 1

4 〈ac||ed〉σedjl σbc∗il , 〈ad||cb〉σcejkσde∗ik and
1
2 〈ic||dj〉σcb∗kl σadkl are the three most expensive terms.

In Diagrams 1-9, the diagrammatic representation of the UCC3 terms is shown, where
the red ones are those contributing to the lower-order UCC2 expressions.

4.4 ADC implementation
In ref. 160, the connection between ADC and UCC has been shown: the working equations
for the similarity-transformed Hamiltonian are the same, with the important difference that
the amplitudes in ADC are not determined iteratively through the amplitude equations,
but are provided by a perturbative approximation and are not modified during the whole
computation. In Qcumbre, different flavours of ADC have been implemented. The ADC
amplitudes are computed by the function AdcAmplitudes, and σab[2]

ij is named tS2, and σa[2]
i

tS1, respectively. The leading contribution σab[1]
ij is named tS and calculated with the MP2

initial guess.
For the strict version of ADC2, the transformed Hamiltonian blocks have the same ex-

pression as for UCC2. However, the amplitudes are given by the MP2 guess

σai = 0, σabij = 〈ab||ij〉
εi+εj−εa−εb

. (4.4.1)

A modified version of ADC2-strict is ADC2-x, a variation defined not to improve the de-
scription of the single-excited states but to give a diagnostic for the double-excited ones.265
In this case, the transformed Hamiltonian matrix has an additional first-order contribution
in the doubles-doubles block, with the form

MADC(2) =
(
M

(2)
SS M

(1)
SD

M
(1)
DS M

(0)
DD +C(1)

)
, (4.4.2)

where the additional part is given by the term

C
(1)
abkl,a′b′k′l′ =δkk′δll′

〈
ab|
∣∣a′b′

〉
+ δaa′δbb′

〈
kl|
∣∣k′l′

〉−P (a′b′)P (k′l′)(δbb′δll′
〈
ak′|

∣∣a′k
〉

+ δbb′δkk′
〈
al′|
∣∣a′l
〉
δaa′δll′

〈
bk′|

∣∣b′k
〉

+ δaa′δkk′
〈
bl′|
∣∣b′l
〉
).

(4.4.3)

The ADC3 amplitudes are obtained through perturbation theory: σai has only a second-order
contribution, while σabij has both a first- and a second-order part.

σ
ab[1]
ij = 〈ab||ij〉

εi+εj−εa−εb
, (4.4.4)

σ
ab[2]
ij = 1

2
∑

kl

〈kl||ij〉σab[1]
kl

εi+εj−εa−εb
+ 1

2
∑

cd

〈ab||cd〉σcd[1]
ij

εi+εj−εa−εb
+P (ij)P (ab)

∑

kc

〈ak||ic〉σbc[1]
jk

εi+εj−εa−εb
,

(4.4.5)

σ
a[2]
i = 1

2
∑

jbc

〈aj||cb〉σcb[1]
ij

εi−εa
− 1

2
∑

jkb

〈kj||ib〉σba[1]
jk

εi−εa
. (4.4.6)
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In the construction of the Hamiltonian matrix elements, attention must be paid to the correct
inclusion of the amplitudes to the right order. To clarify this statement, two terms of the
H̄ij block are discussed as an example:

1
4
∑

kab

〈ik||ab〉σabjk −−−−→
ADC3

1
4
∑

kab

〈ik||ab〉(σab[1]
jk +σ

ab[2]
jk ),

1
2
∑

lac

〈ic||al〉
∑

bk

σabjkσ
bc∗
kl −−−−→

ADC3

1
2
∑

lac

〈ic||al〉
∑

bk

σ
ab[1]
jk σ

bc∗[1]
kl .

(4.4.7)

The equations for the determination of the ADC3 excited states are written with the same
terms as the equations for the calculation of the UCC3 excited states. The difference between
the two methods is given by the amplitudes σ̂1 and σ̂2 used.

4.4.1 Validation

The implementation for the zero-field case has been validated by comparing the results on
some test molecules with results by the authors of ref. 160, both for the ground state and
the excited states. As an intermediate debugging step, the results of the ADC2 and ADC3
implementation have been compared to those by Liu et al. The Qcumbre implementation is
also able to exploit point-group symmetry; its correctness has been validated by checking the
consistency of the results when calculating molecular systems of higher symmetry without
symmetry and with various Abelian subgroups.

As the implementation in a complex code in the presence of an external magnetic field
is a new development of the theory, the validation needs to account for correct results in the
case of a complex Hamiltonian. The finite-field Hamiltonian itself was already implemented
in the Qcumbre package and tested extensively for all methods. The correct treatment of
complex values in UCC has been validated by ensuring the Hermiticity of each part of the
implemented equations to hold.

4.5 Response properties implementation
As stated in the theory chapter 2, the calculation of molecular properties is of major im-
portance for the application of an electronic-structure method, as these are quite easily
comparable with experiment. Therefore, not only the energy for ground and excited states,
but also single-state and transition properties were implemented in Qcumbre in the present
work.

4.5.1 Ground-state dipole moments UCC2

The following discussion focuses on the implementation of the Lagrange method for the cal-
culation of ground-state dipole moments. From sec. 3.2.1, the Lagrange functional considered
for ground-state properties is

LUCC = 〈0|H̄ |0〉+ 〈0| Λ̂H̄ |0〉+ 〈0|H̄Λ̂† |0〉 , (4.5.1)

where Λ̂ are the Lagrange multipliers imposing the amplitude equations as constraints. In
Flowchart 4, the calculation of ground-state dipole moments with UCC in Qcumbre is
shown.



SubCCProp
Prop=2

LinSolvS instr=lambda

ContractionS
∂

∂σµ
⟨0|H̄ |0⟩ + ∂

∂σµ
⟨0| Λ̂(n)H̄ |0⟩ + ∂

∂σµ
⟨0|H̄Λ̂(n)† |0⟩

Λ̂(n+1) Converged?

DensMat1CCS
calculate ρ

Prop1CCS

µ = ∑
pq ρpqµpq

yes =⇒ Ẑ

no−→ n+1

Flowchart 4: Flowchart illustrating how ground-state response properties are calculated in
Qcumbre.
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In order to compute dipole moments with the response-theory approach, the keyword
prop=2 is passed to the function SubCCProp. The so-called Λ-equations are solved itera-
tively, through the already explained solver LinSolvS. The instruction lambda, passed to
the solver, allows to access the Λ-equations, which are calculated in ContractionS. Once the
Lagrange multipliers are converged, the density matrix ρ is computed through the function
DensMat1CCS. The final result for the dipole moment µ =∑

pq µpqρpq is given by exploiting
the function Prop1CCS, which contracts the density matrix with the dipole integrals obtained
by means of a Cfour calculation.

A deeper understanding of the implementation may be gained by analysing the single
terms in the equations, thereby focusing on efficiency. Once more, intermediates are ex-
ploited, giving a step-wise calculation of the terms which allows to keep the scaling as low
as possible.

For single-state properties, the discussion should start from the implementation of the
Lagrange functional for the ground state. The stationarity condition in eq. 3.2.3 is

∂L

∂σν
= ∂E

∂σν
+
∑

µ

λµ
∂H̄µ

∂σν
+
∑

µ

λ∗µ
∂H̄∗µ
∂σν

= 0. (4.5.2)

Differentiation with respect to the single-excitation amplitudes provides the first stationarity
condition

∂L

∂σem
= (f +µ ·ε)me+λam(f +µ ·ε)ae−λei (f +µ ·ε)im = 0. (4.5.3)

Differentiation with respect to the double-excitation amplitudes yields the second stationarity
condition

∂L

∂σefmn
=1

8 〈mn||ef〉+
1
4P (mn)λam 〈an||ef〉−

1
4P (ef)λfi 〈nm||ie〉+

1
4P (ef)P (mn)λemfjb

+ 1
4

(1
2
∑

ij

λefij 〈mn||ij〉+
1
2λ

ab
mn 〈ab||ef〉+P (ef)P (mn)λaeim 〈an||if〉

+P (ef)(f +µ ·ε)bfλebmn−P (mn)(f +µ ·ε)njλefmj
)

= 0.

(4.5.4)

For dipole moments, the differentiation is performed at ε= 0. As fai = 0, while fab and fij
are diagonal: the iterative procedure returns λai = 0 ∀i,a from eq. 4.5.3. Substituting this
result in eq. 4.5.4, the amplitude equation for λ2 becomes

1
8 〈mn||ef〉+

1
4

(1
2
∑

ij

λefij 〈mn||ij〉+
1
2
∑

ab

λabmn 〈ab||ef〉+P (ef)P (mn)
∑

ia

λaeim 〈an||if〉

+P (ef)
∑

b

(f +µ ·ε)bfλebmn−P (mn)
∑

j

(f +µ ·ε)njλefmj
)

= 0.

(4.5.5)

Multiplying by a factor 8 and introducing the new variable λ̄= 2λ, it can be observed that an
equation identical in form to the double-excitation amplitude equation for UCC2 is obtained

〈mn||ef〉+ 1
2
∑

ij

λ̄efij 〈mn||ij〉+
1
2
∑

ab

λ̄abmn 〈ab||ef〉+P (ef)P (mn)
∑

ia

λ̄aeim 〈an||if〉

+P (ef)
∑

b

(f +µ ·ε)bf λ̄ebmn−P (mn)
∑

j

(f +µ ·ε)nj λ̄efmj = 0.
(4.5.6)
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Therefore, λ̄ is equal to σ∗, implying λ = 1
2σ
∗. In the particular case of a field-free UCC2

calculation, the response-theory approach delivers the same result as in ref. 59, where the
expectation value of the dipole moment is considered. Note that this is not a general result,
but is a peculiarity of this low approximation order.

The expressions of stationarity conditions are calculated in ContractionS. The diagonal
part of eq. 4.5.3 and 4.5.4 is isolated and the λ-amplitudes are computed through the same
iterative procedure as used for the UCC amplitudes in eqs. 4.3.5-4.3.6, exploiting the DIIS
algorithm.260 The initial guess provided to the solver is the inhomogeneous part of eq. 4.5.6,
〈mn||ef〉.

The stationarity condition ∂L
∂σ∗µ

= 0 is not discussed, as the Hermitian form of the Lagrange
functional leads to the symmetry ∂L

∂σ∗µ
=
(
∂L
∂σµ

)∗ = 0; this property defines the λ∗-equations
which are the adjoints of eqs. 4.5.3-4.5.4. The set of Lagrange multipliers is therefore well-
defined and satisfies both stationarity conditions.

Once the Lagrange multipliers λµ are calculated, the ground-state dipole moment is ob-
tained through partial differentiation of the Lagrangian, as in eq. 3.2.6. The final expression
of the dipole moment is

µ=µiaσai +µaiσ
a∗
i +λai (µai+µabσ

b
i −µijσaj ) +λa∗i (µia+µbaσ

b∗
i −µjiσa∗j )

+ 1
4λ

ab
ij (µbcσacij −µacσbcij −µkjσabik +µkiσ

ab
jk) + 1

4λ
ab∗
ij (µcbσac∗ij −µcaσbc∗ij −µjkσab∗ik +µikσ

ab∗
jk ).

(4.5.7)

Dipole moments may be expressed as µ= µpqρpq, where ρ is the one-electron density matrix.
It is advantageous to have an expression for the density matrix, as the latter can be used
for the determination of all one-electron properties expressed in general as X =∑

pq xpqρpq.
The density matrix has the following matrix elements

ρia = σai +λa∗i +λbjσ
ab
ij , ρai = ρ∗ia, (4.5.8)

ρij =−λai σaj −λa∗j σa∗i −
1
2λ

ab
kjσ

ab
ki −

1
2λ

ab∗
ki σ

ab∗
kj , (4.5.9)

ρab = λai σ
b
i +λb∗i σ

a∗
i + 1

2λ
ca
ij σ

cb
ij + 1

2λ
cb∗
ij σ

ca∗
ij . (4.5.10)

In this work, response theory is compared to the so-called expectation-value approach. This
terminology is used to indicate the results obtained from eqs. 4.5.8-4.5.10, with λ = 0, cor-
responding to the partial differentiation of the energy. Note that in ref. 248 the expectation
value of the dipole moment operator is calculated with a BCH expansion, which does not
correspond to the expansion in the energy expression. This approach is motivated by the
fact that the dipole-moment operator does not provide cancellation relations leading to the
Bernoulli expansion, based on the amplitude equations. It can be argued that the definition
of the property operators should be connected to the differentiation of the energy expression.
Thus, here the Bernoulli expansion is adopted for the expectaion-value calculations.

The dipole integrals are calculated by Cfour and passed to Qcumbre; the density
matrices are computed in DensMat1CCS. They are contracted with the dipole integrals by
the routine Prop1CCS. For UCC, only unrelaxed dipole moments are calculated, meaning
that it is here neglected that also the HF orbitals respond to the perturbation.

4.5.2 Ground-state dipole moments UCC3

The code structure for UCC3 is the same as for UCC2, but the equations are more involved,
due to the higher number of terms which need to be differentiated. Differentiating the UCC3
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Lagrangian with respect to the single-excitation amplitudes, the first stationarity condition
is obtained

∂L

∂σai
= (f +µ ·ε)ia+λbj 〈bi||ja〉+λbi(f +µ ·ε)ba−λaj (f +µ ·ε)ji

+ 1
4

(
−2λbajk 〈ib||kj〉+ 2λbcji 〈bc||ja〉

)
+ 1

2λ
b∗
j 〈ba||ji〉∗ = 0.

(4.5.11)

Differentiation with respect to the double-excitation amplitudes yields the second stationarity
condition

∂L

∂σabij
= 1

2 〈ij||ab〉+P (ij)λci 〈cj||ab〉−P (ab)λbk 〈ji||ka〉−P (ij)λcl 〈cj||lk〉︸ ︷︷ ︸
Tjk

σab∗ik

+P (ab)λck 〈cd||kb〉︸ ︷︷ ︸
Tdb

σad∗ij −P (ij)P (ab)λbk 〈cj||lk〉︸ ︷︷ ︸
Tjcbl

σac∗il +P (ab)P (ij)λcj 〈cd||bk〉︸ ︷︷ ︸
T1jdbk

σad∗ik

− 1
4P (ab)P (ij)λai (〈cj||lk〉σcb∗lk + 〈cd||kb〉σcd∗kj )

︸ ︷︷ ︸
SIbj

+1
2P (ab)λbk 〈cd||ka〉σcd∗ij︸ ︷︷ ︸

Sintijka

− 1
2P (ij)λci 〈cj||lk〉︸ ︷︷ ︸

Tijlk

σab∗kl +P (ab)P (ij)λai fjb+ 1
2λ

ab
kl 〈ij||kl〉+

1
2λ

cd
ij 〈cd||ab〉

+P (ab)P (ij)λacik 〈cj||kb〉+
2
3P (ij)P (ab)λadil 〈kj||cb〉σcdkl︸ ︷︷ ︸

SIldbj

+1
6λ

ab
kl σ

cd
kl 〈ij||cd〉︸ ︷︷ ︸
SI∗
klij

+ 1
6 λ

cd
ij σ

cd
kl︸ ︷︷ ︸

LSijkl

〈kl||ab〉− 1
3P (ab)λcbklσcdkl︸ ︷︷ ︸

LSbd

〈ij||ad〉− 1
3P (ab)λadij 〈kl||cb〉σcdkl︸ ︷︷ ︸

Sintdb

− 1
3P (ij)λcdkiσcdkl︸ ︷︷ ︸

LSil

〈jl||ba〉− 1
3P (ij)λabil 〈kj||cd〉σcdkl︸ ︷︷ ︸

Sintlj

+1
3P (ij)P (ab)λacik 〈cd||kl〉σbd∗jl︸ ︷︷ ︸

SI∗
jbck

+ 1
12λ

ab
kl 〈cd||kl〉σcd∗ij︸ ︷︷ ︸

SIijkl

+ 1
12 λ

cd
ij 〈cd||kl〉︸ ︷︷ ︸
LIijkl

σab∗kl −
1
6P (ab)λcbkl 〈cd||kl〉︸ ︷︷ ︸

LIbd

σad∗ij

− 1
6P (ij)λcdki 〈cd||kl〉︸ ︷︷ ︸

LIil

σba∗jl −
1
6P (ij)λabil 〈cd||kl〉σcd∗kj︸ ︷︷ ︸

Sint∗
jl

−1
6P (ab)λadij 〈cd||kl〉σcb∗kl︸ ︷︷ ︸

Sint∗
bd

+P (ab)fcbλacij −P (ij)fjkλabik

+
(
−P (ij)λck 〈cl||kj〉︸ ︷︷ ︸

Tlj

σabil +P (ab)λdk 〈bd||ck〉︸ ︷︷ ︸
Tbc

σacij −P (ab)P (ij)λck 〈al||ik〉︸ ︷︷ ︸
Tlaci

σbcjl

+P (ab)P (ij)λck 〈ca||di〉︸ ︷︷ ︸
T1kadi

σbdjk−
1
2P (ab)λckσcbkl︸ ︷︷ ︸

LSbl

〈al||ij〉+ 1
2P (ij)λdkσcdjk︸ ︷︷ ︸

LScj

〈ab||ic〉

+λdkσ
cd
ij︸ ︷︷ ︸

LSijkc

〈ab||kc〉−λck 〈cl||ij〉︸ ︷︷ ︸
Tklij

σbakl + 1
3P (ab)P (ij)λcdklσadil︸ ︷︷ ︸

LSkcai

〈cb||kj〉

(4.5.12)
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+ 1
12 λ

cd
klσ

cd
ij︸ ︷︷ ︸

LSklij

〈ab||kl〉+ 1
12 λ

cd
kl 〈cd||ij〉︸ ︷︷ ︸
LIklij

σabkl −
1
6P (ab)λcdkl 〈cb||kl〉︸ ︷︷ ︸

LIdb

σadij

− 1
6P (ij)λcdkl 〈cd||kj〉︸ ︷︷ ︸

LIlj

σabil −
1
6P (ij)λcdklσcdkj︸ ︷︷ ︸

LSlj

〈ab||il〉− 1
6P (ab)λcdklσcbkl︸ ︷︷ ︸

LSdb

〈ad||ij〉
)∗

= 0.

In order to keep the scaling of these equations as low as possible, the implementation of the
terms in eq. 4.5.2 is performed by defining intermediate quantities, which are directly listed
in the equation. The algorithm for the calculation of the ground-state dipole moments for
UCC3 is the same as the one described for UCC2. Rearrangement of the equation leads to
the computation of the set of Lagrange parameters.

The partial differentiation of the UCC3 Lagrangian yields the same density matrices
as for UCC2 (eqs. 4.5.8-4.5.10), calculated in DensMat1CCS. Contracting with the dipole
moment integrals calculated by Cfour, the UCC3 dipole moments can be computed.

4.5.3 Excited-states dipole moments with UCC2

Calculation of excited-state dipole moments is performed by the function SubEOMProp, whose
structure is shown in Flowchart 5. The keyword prop=2 ensures that the response-theory
approach is exploited. For the implementation of the terms contributing to the stationarity
condition in eq. 3.2.4, the equation is split into a homogeneous and an inhomogeneous part,
giving

∂LUCC
∂σµ

= 〈0|R̂† ∂H̄
∂σµ

R̂ |0〉
︸ ︷︷ ︸

inhomog.

+〈0| Ẑ ∂H̄
∂σµ
|0〉+ 〈0| ∂H̄

∂σµ
Ẑ† |0〉

︸ ︷︷ ︸
homog.

. (4.5.13)

This partition is motivated by the fact that the inhomogeneous part does not depend on the
Lagrange multipliers and is therefore calculated outside the iterative procedure solving for the
ζ parameters. The function ContractionZetaS computes the differentiated inhomogeneous
term 〈0|R̂† ∂H̄∂σµ R̂ |0〉. The listed instructions left=right, freq=0 specify that a single-state
property is being targeted.
The Ẑ-equations are then solved iteratively, through the solver LinSolvS. The instruction
instr=Zvec allows the solver to call the function ContractionZvecS, where the homogeneous
part of the stationarity condition in eq. 4.5.13 is computed. Once the Lagrange multipliers
have been determined iteratively, the density matrix for the excited state is computed: the
function DensMat1EOM_UCC computes the R̂-dependent part of the density matrices, while the
function DensMat1InterS_UCC computes the Ẑ-dependent part. Finally, the dipole moments
are computed by contracting the dipole integrals obtained from the Cfour calculation with
the density matrix. This step is performed by the function Prop1CCS.

A full understanding of the complexity of the implementation can be gained by analysing
the equations in full detail. A complete discussion of the implemented terms follows, also
focusing on the intermediates which need to be defined in order to ensure a low scal-
ing.



SubEOMProp
Prop=2

ContractionZetaS
(left=right, freq=0)

∂
∂σµ

⟨0|R̂†H̄R̂ |0⟩

LinSolvS instr=Zvec

ContractionZvecS
(left=right, freq=0)

∂
∂σµ

⟨0| Ẑ(n)H̄ |0⟩ +
∂

∂σµ
⟨0|H̄Ẑ(n)† |0⟩

Ẑ(n+1) Converged?

DensMat1EOM_UCC
(transition=false,
response=true,

right=left)
R̂-dependent part in ρ

DensMat1InterS_UCC
Ẑ-dependent part in ρ

Prop1CCS

µ = ∑
pq ρpqµpq

yes =⇒ Ẑ

no−→ n+1

Flowchart 5: Flowchart illustrating how single-state excited-state response properties are
calculated in Qcumbre.
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Excited-state dipole moments are obtained by differentiating the Lagrangian in eq. 3.2.3
and imposing the stationarity conditions in eqs. 3.2.4 and 3.2.5. The differentiation of the
amplitude equations is the same as discussed for the ground-state dipole moments. The term
〈0|R̂†H̄R̂ |0〉 can be split into a ground-state contribution, already calculated, and the one
specific for the excited state

〈0|R̂†H̄R̂ |0〉= 〈0|R̂†[H̄, R̂] |0〉+ 〈0|H̄ |0〉 . (4.5.14)

The additional term which needs to be differentiated yields

∂ 〈0|R̂†[H̄, R̂] |0〉
∂σem

=−fmbre∗i rbi −fiera∗m raj , (4.5.15)

∂ 〈0|R̂†[H̄, R̂] |0〉
∂σabij

=−1
2P (ab)〈ij||cb〉ra∗l rcl︸ ︷︷ ︸

Rca

−1
2P (ij)〈kj||ab〉rd∗i rdk︸ ︷︷ ︸

Rik

+ 1
2P (ij)P (ab)〈kj||cb〉rck︸ ︷︷ ︸

RIbj

ra∗i −P (ij)fic rab∗kj rck︸ ︷︷ ︸
RRabcj

−P (ab)fkb rac∗ij rck︸ ︷︷ ︸
−RRijka

.

(4.5.16)

These terms are calculated in ContractionZetaS in Qcumbre.
The ζ-equations are found by requiring ∂L

∂σai
= 0, adding the contributions in eqs. 4.5.3

and 4.5.15, and ∂L
∂σabij

= 0, adding the contributions in eqs. 4.5.4 and 4.5.16. The Ẑ operator
is determined in an iterative procedure using the solver in LinSolv, with the same strategy
as for the σ-amplitudes: the diagonal part of the ζ-equations is isolated and an expression
for its amplitudes defined.

Once the Ẑ operator has been determined, the dipole moments are calculated via the
expressions obtained by partial differentiation of the Lagrangian. An additional term ∆µI
needs to be calculated on top of the contributions already calculated for the ground-state
dipole moment, given by

dL

dε = ∂L

∂ε
= µGS + ∆µI

∆µI = ∂ 〈0|R̂†I [H̄, R̂I ] |0〉
∂ε

= ra∗i

(
(µab−µjbσaj −µajσb∗j )rbi − (µji+µjbσ

b
i +µbiσ

b∗
j )raj

+ 1
2(−µajσcb∗jl )rcbil −

1
2(µciσbc∗lj )rabjl

)
+ 1

4r
ab∗
ij

(
P (ij)(−µkcσabkj)rci −P (ab)(µkcσbcji )rak

+ 2(µac−µkcσak−µakσc∗k )rcbij −2(µkj +µkcσ
c
j +µcjσ

c∗
k )rabik

)
(4.5.17)

The one-electron density matrices are formulated

ρia = σai + ζa∗i + ζbjσ
ab
ij − rb∗j σbi raj − rb∗j σaj rbi + 1

2r
bc∗
jk σ

cb
ikr

a
j + 1

2r
bc∗
jk σ

ca
jkr

b
i

ρij =−ζai σaj − ζa∗j σa∗i −
1
2ζ

ab
kjσ

ab
ki −

1
2ζ

ab∗
ki σ

ab∗
kj − ra∗j rai −

1
2r

ab∗
kj r

ab
ki

ρab = ζai σ
b
i + ζb∗i σ

a∗
i + 1

2ζ
ca
ij σ

cb
ij + 1

2ζ
cb∗
ij σ

ca∗
ij + ra∗i r

b
j + 1

2r
ac∗
ij rbcij .

(4.5.18)

The expressions corresponding to µGS are calculated in DensMat1InterS_UCC, while the ∆µI
part is included in DensMat1EOM_UCC.
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4.5.4 Excited-state dipole moments with UCC3

Going to UCC3, the structure of the calculation of excited-state dipole moments is the
same as the one shown in Flowchart 4 for UCC2. The detailed equations, however, are
more involved and a detailed discussion of the additional terms arising at this order of
approximation is given hereafter.

As for UCC2, the inhomogeneous part of eq. 4.5.13 needs to be implemented. The
expression is quite lengthy and has to be factorised with intermediates, in order to keep the
scaling as low as possible. Equations for the singles amplitude ζai are found by imposing the
sum of eq. 4.5.11 and of the following expression to vanish

∂ 〈0|R̂†I [H̄, R̂I ] |0〉
∂σai

= ( rc∗j︸︷︷︸
RRbc

〈ci||ba〉−fib ra∗j︸︷︷︸
RRba

)rbj− rbj(〈ji||ka〉 rb∗k︸︷︷︸
RRkj

+fja r
b∗
i︸︷︷︸

RRij

)

+ (〈cj||ab〉︸ ︷︷ ︸
RLca

rc∗i −〈ij||kb〉︸ ︷︷ ︸
RLik

ra∗k )rbj .
(4.5.19)

Equations for the amplitudes ζabij are defined by ensuring that the sum of eq. 4.5.2 and of
the following differentiation vanishes

∂ 〈0|R̂†I [H̄, R̂I ] |0〉
∂σabij

=−1
2P (ab)(〈ij||cb〉+P (ij)〈id||ck〉σbd∗jk + 1

2 〈dg||bc〉σ
gd∗
ij )

︸ ︷︷ ︸
Int1ijcb

ra∗l r
c
l︸ ︷︷ ︸

RRca

+ 1
2(−P (ab)P (ij)〈cj||kb〉 σad∗ik︸︷︷︸

RRSikac

−〈ec||ba〉 σde∗ij︸︷︷︸
−RRSijec

+ 2P (ab)〈ce||db〉︸ ︷︷ ︸
RRSeb

σae∗ij

−2P (ij)〈jc||kd〉︸ ︷︷ ︸
RRSjk

σab∗ik )rc∗l rdl︸ ︷︷ ︸
RRdc

−1
2P (ij)(〈kj||ab〉+P (ab)〈kc||al〉σbc∗jl + 1

2 〈kj||ml〉σ
ab∗
ml )

︸ ︷︷ ︸
Int2kjab

rd∗i r
d
k︸ ︷︷ ︸

RRik

+ 1
2(P (ab)P (ij)〈cj||kb〉 σca∗li︸︷︷︸

SRRkica

+ 〈ij||km〉 σab∗lm︸︷︷︸
SRRkmab

−2P (ij)〈lj||km〉︸ ︷︷ ︸
SRRjm

σab∗im

+ 2P (ab)〈lc||kb〉︸ ︷︷ ︸
SRRcb

σac∗ij )rd∗k rdl︸ ︷︷ ︸
RRkl

+1
2P (ij)P (ab)·

(〈kj||cb〉+ 1
2 〈kj||ml〉σ

cb∗
ml + 1

2 〈ed||cb〉σ
ed∗
kj −〈jd||lc〉σdb∗kl −〈kd||lb〉σcd∗lj )

︸ ︷︷ ︸
Int3kjcb−→Int3Rbj

ra∗i r
c
k

+ 1
2P (ab)(〈ij||km〉︸ ︷︷ ︸

RL1∗jima

σdb∗lm︸︷︷︸
RSbm

−P (ij)〈ic||kb〉︸ ︷︷ ︸
LR∗

baci

σdc∗lj︸︷︷︸
RScj

− 〈lc||dk〉︸ ︷︷ ︸
RLck−→RLRca

σbc∗ji

−2P (ij)〈ic||kd〉︸ ︷︷ ︸
Lcida

σcb∗lj︸︷︷︸
RSdjcb

+ 2P (ij)〈li||mk〉︸ ︷︷ ︸
Rkila

σdb∗mj︸︷︷︸
Lljkb

+ 2 〈lc||bk〉︸ ︷︷ ︸
RLdcbk−→RLS2ijkb

σcd∗ij )ra∗k rdl

+ 1
2P (ij)(〈ce||ab〉︸ ︷︷ ︸

LR1∗
baei

σde∗kj︸︷︷︸
RSej

−P (ab)〈jc||la〉︸ ︷︷ ︸
RL∗

jila

σdb∗kl︸︷︷︸
RSbl

− 〈kc||dl〉︸ ︷︷ ︸
RLcl−→RLRil

σba∗jl
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−2P (ab)〈kc||la〉︸ ︷︷ ︸
Lljkb

σdb∗lj︸︷︷︸
Rkila

+ 2P (ab)〈ce||ad〉︸ ︷︷ ︸
L1cida

σeb∗kj︸︷︷︸
RSdjcb

+ 2 〈jc||dl〉︸ ︷︷ ︸
LRkljc−→LRS2abcj

σba∗kl )rc∗i rdk

− 1
2(P (ij) 〈cj||kd〉︸ ︷︷ ︸

RL∗
dj
−→RLR∗

lj

σba∗li +P (ab) 〈cl||kb〉︸ ︷︷ ︸
RL∗

bl
−→RLR∗

bd

σad∗ij )rc∗k rdl +

+ (P (ab)P (ij)〈dj||cb〉 rda∗ki︸︷︷︸
RRdaci

+ 〈ij||cl〉 rab∗kl︸︷︷︸
RRabcl

−P (ij)fic rab∗kj︸︷︷︸
RRabcj

)rck

− (P (ab)P (ij)〈kj||lb〉 rca∗li︸︷︷︸
RRlika

+ 〈kd||ab〉 rcd∗ij︸︷︷︸
RRijkd

+P (ab)fkb rac∗ij︸︷︷︸
−RRijka

)rck

+ (−P (ij)〈kj||cl〉︸ ︷︷ ︸
RLjl

rab∗il +P (ab)〈kd||ca〉︸ ︷︷ ︸
RLda

rdb∗ij )rck.

(4.5.20)

The terms dyed with the same colour are contracted to form the intermediates of the corre-
sponding colour: the red terms are contracted as well as the blue ones; the arrows between
two intermediates stand for a contraction of the intermediate on the left with the term of the
same colour of the final intermediate. As an example, the following term can be discussed

− 1
2(P (ij) 〈cj||kd〉︸ ︷︷ ︸

RL∗
dj
−→RLR∗

lj

σba∗li )rc∗k rdl . (4.5.21)

The integral in red, 〈cj||kd〉, is contracted with the R̂ amplitude in red, rc∗k , to yield the
intermediate quantity in red, RL∗dj . This intermediate is contracted with the R̂ amplitude in
blue, rdl to give the intermediate quantity in blue, RLR∗lj . This stepwise contraction scheme
allows to keep the scaling of the equations as low as possible.

The terms in eq. 4.5.20 are calculated in the subroutine ContractionZetaS. The ζµ
are obtained by solving the linear system with the solver in LinSolvS. With the obtained
Lagrange parameters, the excited-state density matrices are computed, which have the same
expression as for UCC2 (eq. 4.5.18).

After the calculation of the excited state eigenvectors, response properties are com-
puted with the input keyword properties=2. The inhomogeneous part of the Ẑ-equation,
∂
∂σµ
〈0|R̂†H̄R̂ |0〉, is first calculated and provides the initial guess to the solver. For the

ground state, the inhomogeneous part is given only by ∂
∂σµ
〈0|H̄ |0〉. The terms obtained

from the differentiation of the amplitude equations are added to the inhomogeneous part of
the equation and the ζµ-amplitudes converged iteratively. Afterwards the density matrices
can be computed and contracted with the dipole integrals to obtain the dipole moments.
Flowchart 5 displays this algorithm in Qcumbre.

4.5.5 Transition dipole moments with UCC2

At first, transitions between two excited states are discussed; the special case of transitions
from the ground state are treated at the end of this section. In Flowchart 6, the algorithm for
the calculation of transition dipole moments in the case of UCC2 is displayed. The function
SubEOMProp is called with the keyword prop=2, which ensures that response theory is used.
Recalling the structure of eq. 3.2.18, two stationarity conditions are needed, determining
the Ẑfi and the Ẑif multipliers, respectively. Analogously to the calculation of excited-state
dipole moments, the stationarity conditions may be divided into an inhomogeneous and a
homogenous part.
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LinSolvS instr=Zvec_transb

ContractionZvecS
(right, left, freq=ωif )

⟨0| Ẑ(n)
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Flowchart 6: Flowchart illustrating how transition dipole moments between two excited
states are calculated with UCC2 in Qcumbre.
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The inhomogeneous parts 〈0|R̂†f ∂H̄
∂σµ(ωfi)R̂i |0〉 and 〈0|R̂

†
i

∂H̄
∂σµ(ωfi)R̂f |0〉 are both calcu-

lated by the function ContractionZetaS, called once with the instruction left, right,
freq=ωfi and once with the instruction right, left, freq=−ωfi, respectively.
It was discussed in sec. 3.2.1 that the stationarity conditions for the UCC2 method are
decoupled, i.e. they can be solved separately. In Qcumbre, first the solver LinSolvS is
called to calculate Ẑfi: the homogenous part of its defining equation is calculated with the
function ContractionZvecS. After reaching convergence, LinSolvS is called once more to
solve for the multipliers Ẑif , calculating the corresponding homogeneous part exploiting once
again ContractionZvecS. Having found both sets of Lagrange multipliers, the density ma-
trix of the transition can be computed. The part dependent on the operators R̂i and R̂f is
computed through the function DensMat1_UCC, to which the instructions transition and
response are conveyed. The function DensMat1ZetaThetaS adds the density-matrix terms
which depend on the Lagrange mulitpliers. Finally, the function Prop1CCS contracts the
calculated density matrix with the dipole integrals provided by Cfour. The structure of
the algorithm has been explained, in order to give an overview over the implementation of
the transition dipole moments in Qcumbre. A more complete discussion it possible via an
analysis of the implemented terms. Therefore, the discussion now becomes more technical
and is concerned with the implementation of the discussed equations.

Its time-dependent form, imposed as constraint in the Lagrangian in eq. 3.2.18, is

〈µ|e−(σ̂−σ̂†)(Ĥ− i ∂
∂t

)eσ̂−σ̂† |0〉= 0. (4.5.22)

The terms which contribute on top of those discussed in the excited-state dipole case, coming
from the time-independent Schrödinger equation, are computed by expanding the exponen-
tial operators in a Taylor series.

〈µ|H̄ |0〉= i〈µ| [1−(σ̂− σ̂†)+ 1
2(σ̂− σ̂†)(σ̂− σ̂†)] ∂

∂t
[(σ̂− σ̂†)+ 1

2(σ̂− σ̂†)(σ̂− σ̂†)] |0〉 , (4.5.23)

where H̄ = e−(σ̂−σ̂†)Ĥeσ̂−σ̂
† is the unitarily transformed Hamiltonian, truncated at the UCC2

level of theory.
The single-excitation operator σ̂1 is second order in perturbation theory; the double-

excitation one σ̂2 is first order. Only operator combinations up to second order may con-
tribute in the UCC2 amplitude equation: σ̂1, σ̂

†
1, σ̂2, σ̂

†
2, σ̂2σ̂2, σ̂

†
2σ̂2, σ̂2σ̂

†
2, σ̂

†
2σ̂
†
2. The only

possible contributions are given by σ̂1, σ̂2, as the remaining combinations cannot match the
excitation level of the single- or double-excitation amplitude equations (Φ1 and Φ2 are the
single- and double-excited projection manifold)

〈Φ1|H̄ |0〉= i〈Φ1|
∂σ̂1
∂t
|0〉 (4.5.24)

〈Φ2|H̄ |0〉= i〈Φ2|
∂σ̂2
∂t
|0〉 . (4.5.25)

For the UCC2 truncation scheme, the Lagrangian is

Lfi ={〈0|R̂†fe−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂ie

iωfit |0〉}T −Qf{〈0|R̂†feiωfitR̂i |0〉}T

+{〈0| Ẑfi(ω)(H̄− i∂σ̂
∂t

) |0〉}T +{〈0|(H̄+ i
∂σ̂†

∂t
)Ẑ†if (ω) |0〉}T .

(4.5.26)

The transition dipole moment can be defined by the partial derivative of the functional in
eq. 4.5.26 with respect to the perturbation, at the specific frequency ωfi, corresponding to
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the energy difference of the two states (resonance condition)

∂Lfi

∂ε(ωfi)
= {〈0|R̂†f µ̄R̂ieiωfit |0〉}T +{〈0| Ẑfi(ωfi)µ̄ |0〉}T +{〈0| µ̄Ẑ†if (ωfi) |0〉}T . (4.5.27)

Considering a perturbation oscillating with frequency ωfi, µ̂∼ e−iωfit, time averaging selects
only the components Ẑfi(ωfi) ∼ eiωfit and Ẑ†if (ωfi) ∼ eiωfit, while all other contributions
oscillating with a different frequency are averaged out.

Recalling the definition of the Ẑfi and Ẑif amplitudes as in eq. 3.2.19, the stationarity
conditions ∂Lfi

∂ζµ(ωfi) = 0 and ∂Lfi
∂θµ(ωfi) = 0 return the UCC amplitude equations, which are

already satisfied. Stationarity with respect to the amplitudes σµ(ωfi)∼ e−iωfit leads to the
determination of the ζµ(ωfi) coefficients,

∂Lfi

∂σµ
= {〈0|R̂†f

∂H̄

∂σµ
R̂ie

iωfit |0〉}T +{〈0| Ẑfi(ωfi)
∂H̄

∂σµ
|0〉}T +{〈0| ∂H̄

∂σµ
Ẑ†if (ωfi) |0〉}T

− i{〈0| Ẑfi(ωfi)
∂

∂σµ

∂σ̂

∂t
|0〉}T = 0.

(4.5.28)

It can be observed that in the last term, the time averaging selects σ ∼ e−iωfit.
Stationarity with respect to σ∗µ(ωfi) ∼ e−iωfit leads to equations for the determination of
θµ(ωfi)

∂Lfi

∂σ∗µ
= {〈0|R̂†f

∂H̄

∂σ∗µ
R̂ie

iωfit |0〉}T +{〈0| Ẑfi(ωfi)
∂H̄

∂σ∗µ
|0〉}T +{〈0| ∂H̄

∂σ∗µ
Ẑ†if (ωfi) |0〉}T

+ i{〈0| ∂
∂σ∗µ

∂σ̂†

∂t
Ẑ†if (ωfi) |0〉}T = 0.

(4.5.29)

In the last term, time averaging selects σ† ∼ e−iωfit.
From this analysis, the stationarity conditions are

∂Lfi

∂σµ
= {〈0|R̂†f

∂H̄

∂σµ
R̂ie

iωfit |0〉}T + (〈0| Ẑfi(ωfi)
∂H̄

∂σµ
|0〉+ 〈0| ∂H̄

∂σµ
Ẑ†if (ωfi) |0〉

−ωfi 〈0| Ẑfi(ωfi)τ̂µ |0〉) = 0,
(4.5.30)

∂Lfi

∂σ∗µ
= {〈0|R̂†f

∂H̄

∂σ∗µ
R̂ie

iωfit |0〉}T + (〈0| Ẑfi(ωfi)
∂H̄

∂σ∗µ
|0〉+ 〈0| ∂H̄

∂σ∗µ
Ẑ†if (ωfi) |0〉

+ωfi 〈0| τ̂ †µẐ†if (ωfi) |0〉) = 0.
(4.5.31)

For a Hermitian theory, eq. 2.8.48 must hold, implying ∂Lif
∂σµ

= (∂Lfi
∂σ∗µ

)∗.

∂Lif

∂σµ
= {〈0|R̂†i

∂H̄

∂σµ
R̂fe

iωif t |0〉}T + (〈0| Ẑif (ωif ) ∂H̄
∂σµ
|0〉+ 〈0| ∂H̄

∂σµ
Ẑ†fi(ωif ) |0〉

−ωif 〈0| Ẑif (ωif )τ̂µ |0〉) = 0,
(4.5.32)

which is satisfied by the formulation in eq. 4.5.26 of the Lagrange functional.
The stationarity condition in eq. 4.5.30 is divided into a homogeneous and an inhomo-

geneous part. The inhomogeneous part, consisting of the first term in the first line and the
second term in the second line, is calculated in ContractionZetaS. The first term is the
same as for the excited-state dipole moments, where the R̂ operators correspond to the two
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different states between which the transition is considered. The solution of eq. 4.5.30 leads
to the determination of Ẑfi; the DIIS algorithm is used.260 The initial guess provided for the
vector of Lagrange multipliers is the inhomogeneous part of the equation.

Eq. 4.5.31 determines the Lagrange multipliers Ẑ†if . From a computational point of
view, however, it is preferred to calculate the amplitudes of Ẑif via eq. 4.5.32. Therefore,
the second set of Lagrange multipliers Ẑif is obtained through the same function as Ẑfi,
changing the order of the states and the sign of the transition energy in the input. As the
two stationarity conditions are decoupled, they are each calculated independently via the
solver in LinSolvS.
Once the Lagrange multipliers have been determined, the transition dipole moments are
computed through the transition densities

ρia = θa∗i + ζbjσ
ab
ij − rb∗j σ

b
i r
a
j − rb∗j σ

a
j r
b
i + 1

2r
bc∗
jk σ

cb
ikr

a
j + 1

2r
bc∗
jk σ

ca
jkr

b
i ,

ρai = ζai +θb∗j σ
ab∗
ij − rbjσ

b∗
i r

a∗
j − rbjσ

a∗
j r

b∗
i + 1

2r
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jkσ

cb∗
ik r
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2r
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jkσ
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jk r

b∗
i ,

ρij =−ζai σaj −θa∗j σa∗i −
1
2ζ

ab
kjσ
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ki −

1
2θ

ab∗
ki σ

ab∗
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kj r
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ρab = ζai σ
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i +θb∗i σ
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ij σ
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ij + 1

2θ
cb∗
ij σ

ca∗
ij + ra∗i r

b
j + 1

2r
ac∗
ij r

bc
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(4.5.33)

The character r is employed for the excitation amplitudes of the left state. These expressions
are calculated in DensMat1EOM_UCC, where the option transition=true allows to consider
two different states as left and right states in the transition.

4.5.6 Transition dipole moments with UCC3

It was discussed in sec. 3.2.1 that the stationarity conditions coming from the Lagrangian
for the computation of transition dipole moments in the UCC3 approximation are coupled,
while they are not coupled in the UCC2 framework. Therefore, the calculation of UCC3
transition dipole moments follows a different scheme, shown in Flowchart 7. The inhomo-
geneous parts of the stationarity conditions are calculated through two calls of the function
ContractionZetaS, one for the Ψi −→ Ψf transition and one for the Ψf −→ Ψi one. The
iterative solution of the equations for Ẑfi and Ẑif is complicated by the fact that the equa-
tions are coupled. The algorithm for the calculation of UCC3 transition moments consists
of a complicated loop structure: the first loop contains in each macroiteration another loop
structure, consisting of microiterations. This algorithm is visualised in Flowchart 7:

1. the inhomogeneous parts are calculated as before in ContractionZetaS;

2. in each macroiteration m, LinSolvS is called to determine Ẑ(n+1)
fi,m , in function of Ẑ(n)

fi,m

and Ẑ(n)
if,m (instr=Zvec_trans). The stationarity equation is the sum of the inhomoge-

nous part and of the homogeneous one, the latter calculated with ContractionZvecS,
with a transition frequency ωfi;

3. in the same macroiteration m, LinSolvS is called to determine Ẑ(n+1)
if,m , in function of

the newly computed Ẑfi,m+1 and Ẑ(n)
if,m (instr=Zvec_transb). The homogeneous part

of the stationarity condition is provided by ContractionZvecS, where the order of the
states is reverted and the transition frequency set to ωif .
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4. at the end of the macroiteration, the differences
∣∣∣Ẑfi,m+1− Ẑfi,m

∣∣∣ and
∣∣∣Ẑif,m+1− Ẑif,m

∣∣∣
are calculated; if at least one of the two parameters Ẑfi and Ẑif is not converged, the
algorithm proceeds to the next macroiteration.

The computation of the density-matrix elements needed for the transition dipole moments
is performed with the same procedure described before for UCC2. The part of the density
matrix dependent on R̂i and R̂f is calculated via the function DensMat1EOM_UCC, while
the part of the density matrices depending on the Lagrange multipliers is calculated by
DensMat1ZetaThetaS. The function Prop1CCS contracts the density matrix with the dipole
integrals provided by the Cfour calculation.

The discussed overview is needed to give a general understanding of the challenges of the
UCC implementation. The full details of the implemented equations is presented hereafter,
focusing on the particular challenges this approximation order brings to the computation

〈µ|H̄ |0〉= i〈µ| [1− (σ̂− σ̂†) + 1
2(σ̂− σ̂†)(σ̂− σ̂†)− 1

6(σ̂− σ̂†)(σ̂− σ̂†)(σ̂− σ̂†)]
∂

∂t
[(σ̂− σ̂†) + 1

2(σ̂− σ̂†)(σ̂− σ̂†) + 1
6(σ̂− σ̂†)(σ̂− σ̂†)(σ̂− σ̂†)] |0〉

= i〈µ|(σ̇− σ̇†)− 1
2(σ̂− σ̂†)(σ̇− σ̇†) + 1

2(σ̇− σ̇†)(σ̂− σ̂†) + 1
6(σ̇− σ̇†)(σ̂− σ̂†)(σ̂− σ̂†)

− 1
3(σ̂− σ̂†)(σ̇− σ̇†)(σ̂− σ̂†) + 1

6(σ̂− σ̂†)(σ̂− σ̂†)(σ̇− σ̇†) |0〉 ,
(4.5.34)

where H̄ is the transformed Hamiltonian truncated following the UCC3 scheme. Operator
combinations up to third order are σ̂1, σ̂2, σ̂1σ̂2, σ̂2σ̂2σ̂2 and all combination of their adjoint
operators.

〈Φ1|H̄ |0〉=i〈Φ1| σ̇1 |0〉+
i

2 〈Φ1|− σ̇†1(ωfi)σ̂2(0) + σ̂†1(0)σ̇2(ωfi) |0〉=

ωfi 〈Φ1| σ̂1 |0〉+
ωfi
2 〈Φ1| σ̂†1(0)σ̂2(ωfi)− σ̂†1(ωfi)σ̂2(0) |0〉

(4.5.35)

For the projection on a doubly-excited determinant, the only two combinations up to third-
order are σ†2σ2σ2 and σ2σ

†
2σ2

〈Φ2|H̄ |0〉=i〈Φ2| σ̇2 |0〉− i〈Φ2|
1
6 σ̇
†
2σ̂2σ̂2−

1
3 σ̂
†
2σ̇2σ̂2 + 1

6 σ̂
†
2σ̂2σ̇2 |0〉

− i〈Φ2|
1
6 σ̇2σ̂

†
2σ̂2−

1
3 σ̂2σ̇

†
2σ̂2 + 1

6 σ̂2σ̂
†
2σ̇2 |0〉 .

(4.5.36)

The amplitudes can be expressed through their Fourier expansion

σ =
∑

k

σ(ωk)e−iωkt σ∗ =
∑

k

σ(ωk)∗eiωkt (4.5.37)

σ̂σ̂† =
∑

kl

σ̂(ωk)σ̂†(ωl)e−i(ωk−ωl)t. (4.5.38)



SubEOMProp
UCC3, Prop=2

• ContractionZetaS
(left, right, freq=ωfi)
⟨0|R̂†

f
∂H̄

∂σµ(ωfi)R̂i |0⟩
• ContractionZetaS
(right, left, freq=ωif )
⟨0|R̂†

i
∂H̄

∂σµ(ωif )R̂f |0⟩

LinSolvS instr=Zvec_trans

ContractionZvecS
(left, right, freq=ωfi)

⟨0| Ẑ(n)
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DensMat1EOM_UCC
(transition=true,
response=true,

right, left)
R̂f , R̂i-dependent

part in ρ

DensMat1ZetaThetaS
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Flowchart 7: Flowchart illustrating how transition dipole moments between two excited
states are calculated with UCC3 in Qcumbre.
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Considering that differentiation is performed with respect to σµ(ωfi), the only relevant
terms are

〈Φ2|H̄ |0〉= i〈Φ2| σ̇2 |0〉− i〈Φ2|
1
6 σ̇
†
2σ̂2σ̂2−

1
3 σ̂
†
2σ̇2σ̂2 + 1

6 σ̂
†
2σ̂2σ̇2 |0〉

− i〈Φ2|
1
6 σ̇2σ̂
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3 σ̂2σ̇
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6 σ̂2σ̂
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− 1
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3 σ̂2(0)σ̂†2(ωfi)σ̂2(0)− 1
6 σ̂2(0)σ̂†2(0)σ̂2(ωfi) |0〉 .

(4.5.39)

The terms entering the stationarity condition may be listed here
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(4.5.40)

which written out explicitely are

∂Lfi
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(4.5.41)

As a final comment on the discussion on transition dipole moments, it has to be noted
that in the literature the transition moments are obtained from the calculation of residues
of the response functions.37 However, this study has not dealt with the formulation of a
response function for UCC properties. From preliminary considerations it is very likely that
the poles do not correspond to the excitation energies (as is the case for the CC response
function). This chapter will refrain from further discussions on the pole structure of the
UCC response function, as these go beyond the aims of the present investigation.
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4.5.7 Transitions from the ground state with UCC

The discussed implementation applies to transitions between two excited states. Transitions
from and to the ground state are described by the modified Lagrange functionals in eq. 3.2.24-
3.2.23. Here, the case R̂f = 1 is discussed, as the opposite transition is obtained by the adjoint
Lagrangian.

The first term, 〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂
†
R̂i |0〉 has the same form as 〈0|e−(σ̂−σ̂†)Ĥeσ̂−σ̂

†
Ẑ† |0〉,

which was discussed as a constraint in the previous sections. Differentiation with respect
to σ̂ and σ̂† gives the same terms as for the adjoint of the amplitude equation, with the
replacement of the θ-amplitudes with the r-amplitudes. Their computation is performed in
ContractionZetaS, where gs_left=true identifies the case R̂f = 1 and gs_right=true the
case R̂i = 1. Only one constraint is needed here, which is calculated in ContractionZvecS
with instr=Zvec_trans. The Lagrange multipliers are calculated via an iterative procedure
in LinSolvS.

The transition density matrix elements are calculated by means of the partial differenti-
ation of the Lagrangian

ρia = rai + ζbjσ
ab
ij

ρai = rbjσ
ab∗
ij + ζa∗i

ρij =−rai σa∗j −
1
2r

ab
kjσ

ab∗
ki −

1
2ζ

ab
ki σ

ab
kj− ζaj σai

ρab = rbiσ
a∗
i + 1

2r
cb
ijσ

ca∗
ij + 1

2ζ
ca
ij σ

cb
ij + ζai σ

b
i .

(4.5.42)

The transition density matrix for transitions from the ground state is calculated in
DensMat1EOM_UCC, where gs_left=true specifies this particular case.

4.5.8 Expectation-value properties

In Qcumbre, the possibility of calculating properties without the response of the amplitudes
is also available, by choosing, in the input file, the keyword properties=1. For UCC there
are different options for the calculation of properties without the response of amplitudes.
From eq. 3.2.2, single-state dipole moments are defined as

µI = ∂

∂ε
〈0|R̂†Ie−(σ̂−σ̂†)Ĥeσ̂−σ̂

†
R̂I |0〉= 〈0|R̂†Ie−(σ̂−σ̂†)µ̂eσ̂−σ̂

†
R̂I |0〉 . (4.5.43)

In this expression, the only operator explicitly dependent on the electric field is the Hamilton
operator, which differentiated corresponds to the dipole operator ∂Ĥ

∂ε = −µ̂. The Bernoulli
expansion of the energy expression is based on the cancellation of commutators through
substitution of the amplitude equation into the BCH expansion. The partial differentiation
of the energy expression with respect to the electric field therefore leads to a Bernoulli
expansion of the dipole operator. On the other hand, starting from the expectation value of
the dipole operator, no amplitude equation is given for this operator and the BCH expansion
can be maintained.59 The two formalisms are equivalent in the limit of the full expansion,
but differ when truncated.

In this thesis, when comparing to the expectation-value approach, the first choice of
having a Bernoulli expansion of the properties operator has been made. This choice is
motivated by the fact that the expression of the density matrices should be consistent with
the energy formulation, as the density matrices are obtained through differentiation from
the energy expression.



Diagrams 10: Diagrams of the terms arising from the differentiation ∂L
∂σa

i
in the Λ-equations. The

thicker line represents the Lagrange multipliers. These terms are the same for the excited-state prop-
erties, where the Lagrangian multiplier was named Ẑ. These diagrams also describe the differenti-
ation of the constraints for the transition dipole moments; in this case the thick line on the bottom
is Ẑ†

i f , while the thick line on the top represents Ẑ f i. The red diagrams are those contributing to the
UCC2 approximation, while all diagrams are needed in the UCC3 method.

Diagrams 11: Diagrams of the terms arising from the differentiation ∂L
∂σab

i j
in the Λ-equations. The

thicker line represents the Lagrange multipliers Λ̂. These terms are the same for the excited-state
properties, where the Lagrangian multiplier was named Ẑ. These diagrams also describe the differ-
entiation of the constraints for the transition dipole moments; in this case the thick line on the bottom
is Ẑ†

i f , while the thick line on the top represents Ẑ f i. The red diagrams are those contributing to the
UCC2 approximation, while all diagrams are needed in the UCC3 method.



Diagrams 12: Diagrams depicting the terms arising from the differentiation of the inhomogeneous

frequency-independent term with respect to the single-excitation amplitudes: ∂ 〈0|R̂†
I H̄R̂I |0〉

∂σa
i

. The double

lines represent the EOM-UCC eigenvectors R̂; in the case of transition dipole moments, the double
lines on top represent R̂ f and those on the bottom R̂i. The red diagrams are the only ones needed in
the UCC2 approximation; all diagrams are needed for the correct response treatment in the UCC3
framework.

Diagrams 13: Diagrams depicting the terms arising from the differentiation of the inhomogeneous

frequency-independent term with respect to the single-excitation amplitudes: ∂ 〈0|R̂†
I H̄R̂I |0〉

∂σab
i j

. The double

lines represent the EOM-UCC eigenvectors R̂; in the case of transition dipole moments, the double
lines on top represent R̂ f and those on the bottom R̂i. The red diagrams are the only ones needed in
the UCC2 approximation; all diragrams are needed for the correct response treatment in the UCC3
framework.



Diagrams 14: Diagrams describing the frequency-dependent terms, necessary in the time-dependent
framework for the correct treatment of transition dipole moments. The first row collects the additional
terms to the inhomogeneous part, the other rows show the additional terms to the differentiation of
the constraints.

Diagrams 15: Diagrams illustrating the one-electron ground-state density matrix, in the UCC frame-
work. These are the same for UCC2 and UCC3. The thicker line represents the Λ̂-amplitudes.

Diagrams 16: Diagrams illustrating the one-electron excited-state density matrix, in the UCC frame-
work. These are the same for UCC2 and UCC3. The thicker line represents the Ẑ-amplitudes, while
the double lines symbolize the EOM-UCC eigenvectors. In the case of transition density matrices,
the same diagrams may be drawn, with the exception of the first one in the first line.
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With the chosen truncation scheme, the density matrices for the expectation-value ap-
proach neglect the terms coming from the response of the amplitudes to the perturbation.
These density matrices are obtained by skipping the routines adding the constraints to the
Lagrange functionals. The density matrices are directly calculated in DensMat1, through the
various routines described for the single-state and transition properties. The properties are
computed by contracting the one-electron density matrix with the dipole integrals passed
from the Cfour calculation.

Note that in the following discussion, the expectation-value approach will often be re-
ferred to as EOM approach. This is based on a notation established in the literature.60–63,114

4.5.9 Validation of implementation of molecular properties

The implementation of ground-state dipole moments has been validated by comparing results
of the Lagrange-functional approach to the results obtained by performing the differentiation
of the energy via the calculation of finite differences

dE
dε = lim

ε1−ε2−→0

E(ε1)−E(ε2)
ε1−ε2

. (4.5.44)

The possibility of switching on an electric field after the SCF calculation has been imple-
mented in Qcumbre. This option is specified in the input through the keyword
electric-field-strength, where the three Cartesian components in atomic units may be
entered (being used only for debugging, this keyword is only implemented for calculations
not exploiting symmetry). The electric field contribution −µ̂ ·ε is added to the Fock operator
after the HF calculation; the properties are therefore unrelaxed, meaning that the relaxation
of the HF orbitals with respect to the perturbation is neglected. The differentiation of the
energy through finite differences could be applied to the validation of the excited-state dipole
moments results. The routine ContractionZvecS, which calculates the terms coming from
the differentiation of the amplitude equations, has the same expressions as ContractionS,
involved in the calculation of the ground state. Ensuring that the ground state dipole mo-
ment is the same using the function SubCCProp and the function SubEOMProp, the correctness
of the implementation of the inhomogeneous part is proven.

The transition dipole moments cannot be obtained differentiating an observable quantity;
thus, a different method for debugging was chosen. As seen in section 2.8.1, dipole moments
may equivalently be computed through the perturbed amplitudes ∂σµ

∂ε and ∂σ∗µ
∂ε . The possi-

bility of calculating transition dipole moments via perturbed amplitudes has therefore been
implemented in Qcumbre, though only for debugging reasons; the logic behind it is briefly
explained here.

The perturbed amplitudes ∂σµ
∂ε are determined through equations obtained by differen-

tiating the amplitude equations. They are calculated in ContractionAmplDeriv, by using
the solver LinSolvS, where the three possible orientations of the electric field are specified
through the instructions instr=en_deriv_x, instr=en_deriv_y, instr=en_deriv_z. The
guess vectors for the perturbed amplitudes are constructed from the part of the amplitude
equation independent from the perturbed amplitudes, that is

(
∂σai
∂ε

)

guess
= µai+µabσ

b
i −µjiσaj +µjbσ

ab
ij

(
∂σabij
∂ε

)

guess
= P (ab)µacσcbij −P (ij)µkiσabkj .

(4.5.45)

The guess vectors are provided by the function guess_amp_deriv in Qcumbre. The cor-
rect implementation of the perturbed amplitude equations has been tested debugging the
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calculation of ground-state dipole moments by means of perturbed amplitudes against the
calculation of ground-state dipole moments by means of the Lagrange functional approach.

For the inhomogeneous part, the expressions for the calculation of excited-state dipole
moments via perturbed amplitudes have also been implemented. The routine
DerivedHamiltonianIntermediates computes the perturbed Hamiltonian matrix elements
dH̄ij
dε , dH̄ab

dε , dH̄iabj
dε , dH̄ijka

dε , dH̄abci
dε , dH̄ai

dε , dH̄abij
dε . These are passed to the routine DerivedEOMS,

where the expression ∂H̄
∂ε R̂ |0〉 is computed. This part can then be contracted with the adjoint

state in order to obtain 〈0|R̂† ∂H̄∂ε R̂ |0〉.
By means of these steps, the algorithm calculating dipole moments via the perturbed

amplitudes has been debugged against the algorithm calculating dipole moments via the
Lagrangian approach. It is a preliminary necessary step, in order to have a trustworthy
method for the validation of transition dipole moments. The debugging strategy consisted
in calculating transition dipole moments exploiting both the Lagrangian method and the
perturbed-amplitudes approach and checking the results to be coincident.

The debugging strategy applied to transition dipole moments is graphically shown in
Flowchart 8. For the perturbed-amplitudes algorithm, both ∂σµ(ωfi)

∂ε and ∂σ∗µ(ωfi)
∂ε have to

be calculated. The terms of the Fourier expansion contributing to the transition moment
are pairs of complex-conjugate amplitudes, as both are oscillating as ∼ eiωfit. The solution
of coupled equations is performed with the LinSolvS2 solver, which has been constructed
in analogy to LinSolvS during this thesis. For transition dipole moments, two sets of per-
turbed amplitudes are requested, ∂σµ(ωfi)

∂ε , called dtS in Qcumbre, and ∂σµ(ωif )
∂ε , the adjoint

amplitude of ∂σ
∗
µ(ωfi)
∂ε , named dtSx. These two quantities are found by solving the perturbed

amplitude equations, which (in the case of UCC3) are coupled.

Each set of amplitudes is calculated via an iterative procedure solving the perturbed-
amplitude equations in ContractionAmplDerivUCC3, where the instructions given in the
input of LinSolvS2 permit to run both calculations with the same routine:

• the ∂σµ(ωfi)
∂ε amplitudes, referred to as dtS in Qcumbre, are calculated by the function

ContractionAmplDerivUCC3. The instruction instr1=trans_deriv_I (I=x,y,z) is
used to specify the direction of the electric field. During this calculation, the amplitudes
∂σ∗µ(ωfi)

∂ε , referred to as dtSx in Qcumbre, enter as parameters in the equations. The
transition frequency is fixed to ωfi;

• the ∂σµ(ωif )
∂ε amplitudes, referred to as dtSx in Qcumbre, are calculated through

the function ContractionAmplDerivUCC3. The instruction instr2=trans_deriv_I+
(I=x,y,z) conveys the information on the orientation of the electric field. Here, the
amplitudes ∂σ∗µ(ωfi)

∂ε , stored as dtS, enter the equations parameterically. The transition
frequency is fixed to ωif .

Summarizing, the sets of amplitudes dtS(n+1) and dtSx(n+1) are calculated from the guesses
dtS(n) and dtSx(n) of the previous iteration. The two expressions are computed simul-
taneously and the differences with respect to the previous iteration are compared to the
convergence threshold.
The transition dipole moments via perturbed amplitudes are calculated by contracting the
output of the routine DerivedEOMS, which accounts for ∂H̄

∂ε R̂i |0〉, with the operator R̂†f , in
order to find 〈0|R̂†f ∂H̄∂ε R̂i |0〉. This result has been checked to be the same as the transition
dipole moment obtained through the Lagrangian approach, both in the absence and presence
of an external magnetic field.
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Flowchart 8: Flowchart illustrating how the calculation of transition moments with pertur-
bative amplitudes is performed in Qcumbre.



Chapter 5

Results

In the previous chapters, the theory and implementation of the unitary coupled-cluster
method were explained and validated. This chapter investigates whether UCC theory

represents a valid alternative to CC theory, both in the calculation of molecular energies and
properties. In particular, a comparison is drawn between the UCC3 and CCSD approxima-
tions, as these share the same excitation space (single and double excitations) and the same
scaling of the computational cost with system size (∼N6).

5.1 Molecular energies
The first important result discussed in this chapter is the solution given by UCC theory to
the occurrence of complex energies in the CC framework. The validation of the UCC method
is here performed through various subsequent steps: first, the energy values obtained with
UCC2 and UCC3 are compared to the FCI results for two-electron systems, both with and
without a magnetic field. The EOM-UCC3 and EOM-CCSD results are compared for LiH
in a perpendicular magnetic field, which allows to investigate the agreement of the excited-
state energies in a rather simple case, and CH+, which is chosen to investigate the accuracy
of EOM-UCC2 and EOM-UCC3 for the calculation of states possessing a double-excitation
character.
Next UCC results for molecules, which in the CC framework have complex energy values, are
analysed. First, the water molecule in a magnetic field is discussed with a focus on whether
the imaginary part of the CCSD energy has a physical interpretation. Then, a discussion
of the excited states of B(OH)3, characterised by a complex Abelian point group follows in
sec. 5.1.5.

5.1.1 Hydrogen molecule and HeH+ cation

A first assessment of the accuracy of UCC is performed by comparing UCC2 and UCC3
energies with the results obtained by means of FCI for the two-electron systems H2 and
HeH+. It may be emphasized that for the two systems CCSD is equivalent to FCI, while
the same is not true for UCC2 and UCC3. In the tables 5.1 and 5.2, the ground-state and
the excitation energies of the lowest excited states of H2 and HeH+ are displayed, computed
using the uncontracted aug-cc-pVXZ (X=T,Q,5) basis sets for H2 and the uncontracted aug-
cc-pVXZ (X=T,Q) basis sets for HeH+. Note that the decontraction is essential to provide
enough flexibility for the description of the deformations of the orbitals due to the magnetic
field. The chosen bond lengths are RH−H = 1.423 a0 (0.735 Å) and RHe−H = 1.5 a0 (7.938
Å).272
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H2
aug-cc-pVTZ FCI UCC3 UCC2 ∆EUCC3 ∆EUCC2
11Ag -1.1728 -1.1726 -1.1735 -0.0002 0.0006
21Ag -0.6930 -0.6949 -0.6838 0.0019 -0.0092
11B1g -0.1557 -0.1595 -0.1367 0.0038 -0.0190
11B2g -0.5141 -0.5159 -0.5042 0.0018 -0.0098
11Au 0.1303 0.1274 0.1448 0.0029 -0.0145
11B1u -0.7084 -0.7101 -0.6988 0.0017 -0.0096
11B2u -0.6455 -0.6475 -0.6344 0.0019 -0.0112
aug-cc-pVQZ
11Ag -1.1738 -1.1736 -1.1745 -0.0002 0.0006
21Ag -0.6939 -0.6958 -0.6849 0.0019 -0.0091
11B1g -0.3009 -0.3033 -0.2888 0.0024 -0.0121
11B2g -0.5504 -0.5521 -0.5415 0.0018 -0.0089
11Au -0.1369 -0.1387 -0.1273 0.0018 -0.0095
11B1u -0.7091 -0.7108 -0.6996 0.0017 -0.0094
11B2u -0.6627 -0.6647 -0.6526 0.0019 -0.0102
aug-cc-pV5Z
11Ag -1.1742 -1.1740 -1.1748 -0.0002 0.0006
21Ag -0.6946 -0.6965 -0.6857 0.0019 -0.0089
11B1g -0.3832 -0.3853 -0.3730 0.0021 -0.0101
11B2g -0.5692 -0.5709 -0.5607 0.0017 -0.0085
11Au -0.2655 -0.2672 -0.2568 0.0017 -0.0087
11B1u -0.7092 -0.7109 -0.6999 0.0017 -0.0093
11B2u -0.6714 -0.6733 -0.6616 0.0019 -0.0097
HeH+

aug-cc-pVTZ FCI UCC3 UCC2 ∆EUCC3 ∆EUCC2
11A1 -2.9758 -2.9757 -2.9761 -0.0001 0.0003
21A1 -2.0343 -2.0362 -2.0131 0.0019 -0.0213
31A1 -1.7645 -1.7658 -1.7518 0.0013 -0.0127
11B2 -1.7988 -1.8001 -1.7841 0.0013 -0.0148
aug-cc-pVQZ
11A1 -2.9776 -2.9775 -2.9779 -0.0001 0.0003
21A1 -2.0356 -2.0375 -2.0146 0.0019 -0.0209
31A1 -1.7652 -1.7666 -1.7526 0.0014 -0.0126
11B2 -1.8025 -1.8039 -1.7883 0.0014 -0.0142

Table 5.1: Ground- and excited-state energies calculated for the H2 molecule and the HeH+

cation, for B = 0. For H2, the ground state and the first excited states of each irreducible
representation in the D2h representation are shown (for states belonging to different irre-
ducible representations but degenerate in the energy, only one state shown). For HeH+,
the ground state and the lowest three excited states are shown. Calculations have been
performed with the FCI, UCC3, and UCC2 methods, with basis sets from the aug-cc-pVXZ
(X=T,Q,5) series.266–271 The energy differences are calculated as ∆E = EFCI−EUCC; all
energies are given in Hartree.
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Table 5.2 shows the results for the field-free case. For the H2 molecule, the computational
point group of the calculation is D2h and the lowest state of each irreducible representation
was calculated (the states 11B3g and 11B3u are here omitted, as they are degenerate with the
states 11B2g and 11B2u). As expected, the UCC3 method offers more accurate results, i.e.,
closer to the FCI calculation, for all states and basis sets in comparison to UCC2. The energy
of the ground state 11Ag is overestimated by the UCC2 method, while it is underestimated
by UCC3. The opposite trend is observed for all excited states, where the UCC3 method
overestimates the FCI results. Similar trends can be observed for the HeH+ calculations.
For both molecules, the basis-set convergence of the results is observed for all three methods,
when going to larger basis sets. For the H2 molecule, the basis-set convergence is rather slow,
where variations up to 0.1 Eh are observed (state 11Au) when going from the unc-aug-cc-
pVQZ to the unc-aug-cc-pV5Z basis set. The convergence is better for the energy values
investigated for HeH+, where most variations are smaller than 1 mEh, when going from the
unc-aug-cc-pVTZ to the unc-aug-cc-pVQZ basis set. The discrepancies with respect to FCI
are rather constant: the magnitude of the UCC2 error decreases by at most 1 mEh from
unc-aug-cc-pVQZ to unc-aug-cc-pV5Z basis set for H2, while it decreases by only 0.6 mEh
for HeH+. The magnitude of the UCC3 error is constant for the investigated states when
going to larger basis sets, with changes of at most 0.1 mEh. Considering variations of 1 mEh
as the standard for chemical accuracy,273 the UCC3 results are accurate in comparison to
FCI. Overall, the errors of UCC3 are smaller by a factor of approximately 5 than the errors
of the UCC2 results.

Next, the finite-field case is discussed for a magnetic field of B = 0.1B0, oriented perpen-
dicularly to the bond axis. This strength was chosen in order to have a field strong enough
to observe a sizable effect on the electronic structure. In a magnetic field of perpendicular
orientation, H2 belongs to the point group C2h, while HeH+ has Cs symmetry. For both
molecules, the ground state and the lowest-lying excited singlet states are analysed in table
5.2. In agreement to the results of the field-free case, the errors of UCC3 are smaller by a
factor of approximately 5 than the errors observed for UCC2. However, the errors between
the UCCn approximations and FCI remain constant, as observed for the field-free case. In
addition, in the magnetic field, similar trends for the basis-set convergence are observed as
for the field-free case.

5.1.2 Lithium hydride

The investigation on the accuracy of UCC2 and UCC3 is continued using the CCSD results
as a reference.

The magnetic field is chosen to vary up to 0.6 B0. The geometries have been taken
from ref. 115 and the same orientation with respect to the molecule (perpendicular to the
bond axis) has been used. In fig. 5.1b, the energies of the first four singlet states are shown
as a function of the field strength, calculated at the CCSD, UCC2, and UCC3 levels of
theory, using the uncontracted aug-cc-pVDZ basis set.266–271 For the ground state only small
discrepancies between the three methods are observed. The mean energy difference between
the CCSD and the UCC2 results is −0.84 mEh, while the mean energy difference between
the CCSD and the UCC3 results is 0.32 mEh. For excited states the UCC2 method gives
higher energies with respect to UCC3 and CCSD, and lies always above the corresponding
CCSD and UCC3 results. In the field-free case, the 11Π state is degenerate; the magnetic
field causes the lifting of the degeneracy, giving the two distinct states 21A′ and 11A′′. These
two states are therefore allowed to cross. The third excited state shows some mixing with
a higher-lying state not displayed here (but shown in ref. 115), around 0.1 B0. The mean
excitation energy differences with respect to CCSD are one order of magnitude larger for the
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H2
aug-cc-pVTZ FCI UCC3 UCC2 ∆EUCC3 ∆EUCC2
1Ag -1.1685 -1.1682 -1.1691 -0.0003 0.0006
1Bu -0.6374 -0.6393 -0.6263 0.0019 -0.0111
1Au -0.7230 -0.7247 -0.7130 0.0017 -0.0099
2Au -0.6094 -0.6111 -0.5996 0.0017 -0.0098
aug-cc-pVQZ
1Ag -1.1695 -1.1692 -1.1701 0.0003 0.0006
1Bu -0.6535 -0.6554 -0.6434 0.0019 -0.0101
1Au -0.7247 -0.7265 -0.7151 0.0018 -0.0096
2Au -0.6175 -0.6193 -0.6080 0.0017 -0.0095
aug-cc-pV5Z
1Ag -1.1698 -1.1696 -1.1705 -0.0002 0.0007
1Bu -0.6613 -0.6632 -0.6516 0.0019 -0.0097
1Au -0.7251 -0.7268 -0.7155 0.0018 -0.0095
2Au -0.6210 -0.6227 -0.6116 0.0017 -0.0094
HeH+

aug-cc-pVTZ FCI UCC3 UCC2 ∆EUCC3 ∆EUCC2
1A′ -2.9739 -2.9738 -2.9742 -0.0001 0.0003
2A′ -2.0377 -2.0396 -2.0166 0.0019 -0.0211
3A′ -1.7880 -1.7894 -1.7734 0.0013 -0.0146
4A′ -1.7471 -1.7485 -1.7340 0.0013 -0.0132
1A′′ -1.7936 -1.7950 -1.7789 0.0013 -0.0148
aug-cc-pVQZ
1A′ -2.9757 -2.9756 -2.9760 -0.0001 0.0003
2A′ -2.0390 -2.0409 -2.0182 0.0019 -0.0208
3A′ -1.7907 -1.7921 -1.7765 0.0014 -0.0142
4A′ -1.7483 -1.7496 -1.7353 0.0013 -0.0130
1A′′ -1.7971 -1.7985 -1.7829 0.0014 -0.0143

Table 5.2: Ground- and excited-state energies calculated for the H2 molecule and the HeH+

cation, in a magnetic field of B = 0.1 B0 directed perpendicular to the bond axis. For H2,
the ground state and the first excited states of each irreducible representation in the D2h
representation are shown (for states belonging to different irreducible representations but
degenerate in the energy, only one state shown). For HeH+, the ground state and the lowest
three excited states are shown. Calculations have been performed with the FCI, UCC3,
and UCC2 methods, with basis sets from the aug-cc-pVXZ (X=T,Q,5) series. The energy
differences are calculated as ∆E = EFCI−EUCC; all energies are given in Hartree.
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(a)

(b)

Figure 5.1: The LiH molecule in a varying magnetic field perpendicular to its bond axis.
The bond length is taken from ref. 115. Figure 5.1b shows the ground and excited states
energies.

UCC2 method than for UCC3, giving in the UCC2 case 17 mEh for the 21A′, 18 mEh for
the 11A′′ and 17 mEh for the 31A′, while the mean energy difference between the CCSD and
the UCC3 results is −0.82 mEh for the 21A′, −1.6 mEh for the 11A′′ and −1.5 mEh for the
31A′. The UCC3 errors are of the order of the fixed standard for chemical accuracy (about
1 mEh).

From the plot in fig. 5.1, the CCSD and UCC3 results are practically indistinguishable
for all investigated magnetic field strengths, showing that the accuracy of the results does
not depend significantly on the magnetic field. This investigation completes the discussion
of sec. 5.1.1, as the example shows that the good agreement of the CCSD and UCC3 results
is independent of the chosen magnetic field strength.

5.1.3 Methylidyne ion

In ref. 114, the behaviour of the methylidinium cation CH+, in a strong magnetic field
directed in various orientations with respect to the bond axis has been investigated, at
the CCSDT and CCSD levels of theory. The calculations have been performed with the
uncontracted cc-pVDZ basis set.266–271 The molecular geometry was adopted from ref. 114,
where the ground state had been optimised at the CCSD/unc-cc-pVDZ level in absence of
the magnetic field. The magnetic field B varies between 0 and 1 B0 and various orientations
of the field with respect to the bond axis are explored.

From this first analysis, it appears that CCSD and UCC3 results agree in the description
of the ground- and excited-state energies, showing energy differences at most of the order
of 1 mEh. The UCC2 approximation shows larger deviations when compared to the UCC3
and CCSD excited-state results. Therefore, the use of UCC3 instead of CCSD to study
a molecular system is a valid choice. The UCC2 method can be used for a qualitative
investigation, but its results cannot be used for an accurate quantitative investigation. The
increasing accuracy with higher-order UCC approximations could be expected.

In the following discussion, the 1Σ+ state has been taken as reference for the EOM
calculations. It is described by the single closed-shell configuration 1σ22σ23σ2. With respect
to this ground state, the three lowest-lying singlet excited states are considered. In the
absence of a magnetic field, these are the two degenerate 11Π states (with the configuration
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(a) (b)

(c) (d)

Figure 5.2: Ground state and low-lying excited singlet states for CH+ in a magnetic field
B of increasing strength (between 0 and 1 B0) and an orientation of α = 0,α = π/6,α =
π/3,α = π/2 with respect to the bond axis. The symmetry labels are composed by two
terms, referring first to the C∞v point group for the field-free case and then to the actual
point group on the right in the magnetic field, respectively.
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α= 0 ∆ECCSD/mEh ∆EUCC3/mEh ∆EUCC2/mEh
11Σ+/11Σ 1.71 3.13 -2.42
11Π/11Π−1 2.95 0.47 17.55
11Π/11Π+1 2.95 0.47 17.55
11∆/11∆−2 35.59 -53.23 -
α= π/6
11Σ+/11A 1.98 2.77 -0.38
11Π/21A 2.30 -1.05 20.91
11Π/31A 23.78 -19.28 100.37
11∆/41A 22.75 -16.63 -
α= π/3
11Σ+/11A 1.82 2.81 -1.00
11Π/21A 2.36 -0.60 21.26
11Π/31A 8.29 -7.85 43.98
11∆/41A 19.96 -11.94 -
α= π/2
11Σ+/11A′ 1.79 2.83 -1.21
11Π/11A′′ 2.11 2.70 15.80
11Π/21A′ 2.93 -1.93 36.82
11∆/31A′ 20.99 -23.23 -

Table 5.3: CH+ in a magnetic field: mean differences for the energies (in mEh) of ground
and the three lowest-lying excited singlet states of each symmetry for CCSD and UCC3 with
respect to the reference value of the CCSDT calculation. The mean value has been calculated
computing ∆EMethod =EMethod−ECCSDT over the range of varying magnetic field strengths
between 0 and 1 B0 and taking the arithmetic average of these values. The symmetry labels
are composed by two terms, referring first to the C∞v point group for the field-free case and
then to the actual point group on the right in the magnetic field, respectively.
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1σ22σ23σ11π1) and the degenerate 11∆ state (with the configuration 1σ22σ21π2). The latter
has a predominant double-excitation character with respect to the 1Σ+ reference. It is
well-known that states dominated by a double-excitation cannot be described accurately by
CCSD.114 In the following discussion, it is analysed how UCC3 compares to the CCSDT
reference. A similar accuracy to CCSD is expected. The development of the states with
respect to the strength of the magnetic field is shown in fig. 5.2, while the mean energy
deviations from the CCSDT reference results are reported in tab. 5.3.

In fig. 5.2a, the magnetic field is oriented parallel to the bond axis. In this orientation,
the molecular point group is lowered from C∞v of the field-free case to C∞. As the states all
belong to different irreducible representations, they can cross without mixing. This leads for
example to a change in the ground state when going to higher field strengths, around 0.3 B0.
The ground-state shows a quadratic dependence on the magnetic field, while the spin-Zeeman
and orbital-Zeeman terms do not contribute to first order in the magnetic field. The two
degenerate Π states are split into their components 11Π−1 and 11Π+1 by the orbital-Zeeman
term. The lower 11Π−1 state is stabilised by the orbital-Zeeman term for field strengths up to
0.35 B0, while the diamagnetic term dominates for higher magnetic-field strengths. Referring
to table 5.3, the average difference of the computed ground-state energy with respect to the
CCSDT value is about 3 mEh and 2 mEh for UCC3 and CCSD, respectively. For the states
originating from the originally degenerate 1Π states, UCC3 shows a better accuracy than
CCSD, with an average energy difference of about 0.5 mEh for UCC3 and almost 3 mEh
for CCSD. UCC2, on the other hand, shows an overestimation of the electronic energies of
states 11Π−1 and 11Π+1, with mean differences of almost 18 mEh. Major differences are
found for the 11∆−2 state: from ref. 114 it is already known that CCSD overestimates the
energy by an almost constant amount for all field strengths considered here, and a mean
deviation with respect to the CCSDT results of 35.59 mEh. This behaviour is caused by
the doubly-excited character of the 11∆−2 state, as it cannot be accurately described in the
space of single and double excitations. The same inaccuracy is shared with UCC3, which has
a mean deviation of −53 mEh. Here UCC3 underestimates the energy for all investigated
field strengths, though correctly reproducing the shape of the CCSDT line. Analogously
to the perturbative CC2 method,274 UCC2 is unable to describe doubly-excited states as
explained in the theory chapter (sec. 3.1.3). Hence, the 11∆−2 state is therefore completely
missing in the UCC2 results.

In fig. 5.2b the magnetic field is oriented at an angle of α = π/6 with respect to the
bond axis. In this setting, the reduction of the molecular symmetry to C1 symmetry leads
to avoided crossings, as all states belong to the same irreducible representation. The state
resulting from the 11Σ+ state (purple line) remains lowest in energy when increasing the
magnetic field strength. It mixes with the first excited state, as can be inferred from the
slight curvature of the purple line for magnetic field strengths up to 0.3 B0. The ground
state is well described by the methods considered here, with mean differences of 2 mEh for
CCSD, 3 mEh for UCC3 and even less, −0.4 mEh for UCC2, respectively. For the analysed
orientations, the originally degenerate 11Π states are split due to the presence of the magnetic
field. The 11Π−1 state (described by the red curve) is always lower in energy than 11Π+1;
the mean differences with respect to the CCSDT reference are about 2 mEh for CCSD, −1
mEh for UCC3 and 20 mEh for UCC2, respectively. Therefore, the description is good for
CCSD and UCC3, while UCC2 overestimates the energy of this excited state.

The most interesting features are observed for the two higher-lying excited states: for
α= π/6 the two states 31A and 41A (the blue and the yellow lines in fig. 5.2b), originating
from 11Π+1 and 11∆−2 in the field-free case, are mixing, resulting in an avoided crossing. For
field strengths up to 0.1 B0, the 31A state has a predominant double-excitation character,
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which is then passed to the 41A state at the first avoided crossing. The 31A state acquires
the double-excitation character back after the second avoided crossing. The presence of a
double-excitation character influences the accuracy of the UCC3 and CCSD results, as both
methods are not able to accurately describe states with a predominant double-excitation
character. Furthermore, the avoided crossings are observed at different field strengths, at
0.10 B0 and 0.65 B0 for CCSDT, at 0.14 B0 and 0.60 B0 for CCSD, and at 0.07 B0 and 0.67
B0 for UCC3. As for the parallel case, CCSD overestimates the CCSDT energy, with a mean
difference of 23.78 mEh,114 while UCC3 underestimates it, with a mean difference of −19.28
mEh. UCC2, on the other hand, is not able to describe the double-excitation character at all
and just follows the state which is dominated by a singly-excited character. For this method,
the description of the state is qualitatively wrong. The same behaviour has been described
in ref. 274 for CC2. The feature at about 0.4 B0 indicates that the 41A state also appears
to mix with higher-lying states. A second mixing with a higher-lying state is observed for
the CCSD results at field strengths larger than 0.9 B0.

In the interval 0 B0-0.2 B0, the UCC3 energy of state 21A differs from the other methods
by a slightly larger amount than for the rest of the curve (about 8 mEh). The analysis
shows that this state possesses a very small, but non-negligible, component with a double-
excitation character when described at the UCC3 level of theory. This influence originates
from the avoided crossing discussed above, which for UCC3 lies at lower energies than for
the other methods. The proximity to this avoided crossing causes a slight double-excitation
contribution in the description of state 21A, which is absent in the results of the other
methods analysed here.

In fig. 5.2c, the magnetic field is oriented with an angle α= π/3 with respect to the bond
axis. As for the previous orientation, the ground state and the first excited state (purple and
red lines) are accurately described by CCSD, UCC2, and UCC3, and the mean differences
remain of the same order as for the orientations discussed previously. The two higher-lying
states are still presenting an avoided crossing and are mixing, though not as evidently as for
α= π/6. The 31A state acquires the doubly-excited character after the first avoided crossing,
at about 0.2 B0. The singly-excited character is restored at higher field strengths. For state
41A, in the right part of the spectrum the accuracy increases for CCSD and UCC3. This
may be due to the mixing with higher-lying states, to which the double-excitation character
may be passed. For this orientation, UCC3 shows smaller mean deviations from the CCSDT
reference than CCSD (see table 5.3). In particular the 41A state has a mean difference of
19.96 mEh for the CCSD method, while the for UCC3 it is almost half of it, −11.94 mEh.
For the UCC2 results, an overestimation of the CCSDT reference energy is observed for 21A
and 31A, with mean deviations of 21.26 mEh and 43.98 mEh, respectively. UCC2 cannot
describe the state with predominant double-excitation character 41A.

In fig. 5.2d, the results for the perpendicular orientation are shown. In this case, the
molecular symmetry is lowered to C2h. Here, states 11A′′ and 21A′ are allowed to cross
in the strong-field region. No avoided crossing is observed, and an accurate reproduction
of the three lowest-lying singlet states both by CCSD and UCC3 is observed, with mean
differences of the same order of magnitude for both methods, about 3 mEh. In this case, the
double-excitation character of the 31A′ state is only partially passed to the lower-lying 21A′

state. For the 31A′ state the same discrepancies as for the other orientations are observed.
CCSD overestimates the energies, on average by 20.99 mEh, while UCC3 underestimates
them, on average by −23.23 mEh. The UCC2 results show the same trends observed for the
orientations previously discussed, with mean deviations of 15.80 mEh for the 11A′′ state and
36.82 mEh for the 21A′ state.

As for the general behaviour, CCSD and UCC3 both show systematic problems for the
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Figure 5.3: Water molecule in a magnetic field of B=0.5 B0, whose orientation is allowed to
vary corresponding to the polar coordinates α and β.

description of states with a double-excitation character, while they accurately reproduce the
CCSDT results for singly-excited states. UCC2 proves to be a good approximation for states
dominated by a single excitation, while it leads to qualitatively wrong results in cases with
a double-excitation component.

5.1.4 Water molecule

Overall it is found that the comparison of UCC3 and CCSD results showed that these
methods possess a similar accuracy. In ref. 35, the occurrence of complex energy eigenvalues
in CC calculations has been analysed, showing that the unphysical complex energies are
common to all non-linear molecules. In the aforementioned reference, the discussion focuses
on the water molecule in a magnetic field of B=0.5 B0. The direction of the field is varied
on the surface of the positive octant of the unit sphere (fig. 5.3) and described by the two
polar coordinates α,β. For the CCSD ground-state calculations, the imaginary part in the
energy eigenvalues vanishes only if the direction of the magnetic field is aligned to one of
the symmetry axes of the point group of the molecule in the field-free case, as derived in
ref. 35. The use of a Hermitian expression for the energy eliminates the imaginary part by
construction, leading to purely real energies. In this chapter the ground state and the first
three excited singlet states of water are investigated. The aim is to investigate the magnitude
of the imaginary part for the CC method not only for the ground state, as in ref. 35, but also
for excited states, and to discuss whether a imaginary value is connected to the accuracy of
the real part of the energy.275 The calculations have been performed with the uncontracted
cc-pVTZ266–270 basis set, adopting the geometry from ref. 35.

The real parts of the ground- and excited-state CCSD energies and the corresponding
UCC3 energies are plotted in fig. 5.4 as a function of the two polar coordinates α,β. As
the underlying HF calculation is the same for both methods, the correlation energy for the
ground state and the excitation energies from the ground state for the excited states are
plotted. For the investigated states, the qualitative shape of the surfaces describing the
ground-state energy obtained with UCC3 and CCSD is the same for both methods.

In fig. 5.4a, the (real) energy surfaces for the ground state are plotted, obtained with
UCC3 and CCSD. The qualitative shape of the surfaces is the same. Fig. 5.5a shows the
difference ∆E =EUCC3−ECCSD between the energy surfaces obtained with CCSD and UCC
theory is plotted as a colour map. The regions characterised by very small differences are
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(a) (b)

(c) (d)

Figure 5.4: Correlation energy of the ground state (fig. 5.4a) and excitation energies of the
first three excited states (figs. 5.4b-5.4d) of the water molecule in a magnetic field of B=0.5
B0 as a function of its orientation, as pictured in fig. 5.3, calculated at the CCSD and UCC3
level of theory, using the unc-cc-pVTZ basis set.
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(a) ∆E = EUCC3−ECCSD:
– max∆E = 2.028mEh (48◦,51◦),
– min∆E = 1.531mEh (81◦,0◦).

(b) ∆E = EUCC3−ECCSD:
– max∆E =−1.431mEh (90◦,12◦),
– min∆E =−12.133mEh (45◦,0◦).

(c) ∆E = EUCC3−ECCSD:
– max∆E =−1.797mEh (90◦,0◦),
– min∆E =−13.792mEh (90◦,72◦).

(d) ∆E = EUCC3−ECCSD:
– max∆E = 5.535mEh (48◦,60◦),
– min∆E =−14.721mEh (12◦,48◦).

Figure 5.5: Energy differences, calculated as EUCC3−ECCSD, for the ground (fig. 5.5a) and
first three excited states (figs. 5.5b-5.5d) of the water molecule in a magnetic field of B=0.5
B0 as a function of its orientation, as pictured in fig. 5.3.
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(a) Imaginary ground-state energy:
– max(Im{ECCSD}) = 2.50µEh (66◦,24◦).

(b) Imaginary energy of Ψ1:
– max(Im{ECCSD}) = 69.87µEh (21◦,18◦),
– min(Im{ECCSD}) =−48.31µEh (69◦,24◦).

(c) Imaginary energy of Ψ2:
– max(Im{ECCSD}) = 38.25µEh (72◦,24◦),
– min(Im{ECCSD}) =−266.87µEh (24◦,24◦).

(d) Imaginary energy of Ψ3:
– max(Im{ECCSD}) = 182.48µEh (18◦,24◦),
– min(Im{ECCSD}) =−171.70µEh (72◦,42◦).

Figure 5.6: Imaginary part of the energy surfaces of the ground and first three excited states
of the water molecule in a magnetic field of B=0.5 B0 as a function of its orientation, as
pictured in fig. 5.3, calculated at the CCSD level of theory. The maximum and minimum
values of the imaginary part of the CCSD energy is indicated below each figure, where the
positions of minima and maxima are indicated as coordinates (α,β).
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coloured in blue, while those with larger differences are coloured in red. In this particular
case, it is observed that the energy difference ∆E =EUCC3−ECCSD has only positive values,
therefore showing that the UCC3 energy is here always larger than the real part of the CCSD
energy. The maximum energy difference is 2.02 mEh, at about α = 48◦ and β = 51◦, while
the minimum energy difference of 1.53 mEh is found at about α = 81◦ and β = 0◦. The
imaginary part of the CCSD energy is plotted in fig. 5.6a.35 The maximal absolute value
of the imaginary contribution to the energy is of about 2.5 µEh, situated at α = 66◦ and
β = 24◦. Comparing to the behaviour of the real part of the energy (fig. 5.4a) and to the
difference plot (fig. 5.5a), there seems to be no correlation to the magnitude of the imaginary
part.

Figs. 5.4b-5.4c show the surfaces given by the real part of the energy values of the first
three excited singlet states, Ψ1, Ψ2 and Ψ3. From these plots, it is noted that the states have
avoided crossings, which can occur as all states have the same C1 symmetry for a generic
orientation of the magnetic field. The ground state has an avoided crossing with the first
excited state Ψ1 in the region around α= 80◦ and β = 25◦ (figs. 5.4a and 5.4b). The excited
states Ψ2 and Ψ3 (figs. 5.4c and 5.4d) also exhibit an avoided crossing, visible at around
β = 80◦, where the two surfaces are very close to each other for both methods. The third
state is also mixing with the states above, which are not shown here. This mixing is visible
at the crest at about β = 40◦.
For all three states, the surfaces obtained with the CCSD and the UCC3 methods are qual-
itatively agreeing. A better evaluation of their differences is gained through the colour-map
plots in figs. 5.5b-5.5d: for Ψ1 and Ψ2, the difference ∆E = EUCC3−ECCSD always takes
negative values, stating that the CCSD surface lies above the UCC3 one for these two states.
The energy difference for the state Ψ3 takes both positive values on one side of the crest,
negative values on the other side. For Ψ1, the maximum absolute difference value is found
to be about ∆E =−12.13 mEh, at α= 45◦ and β = 0◦, a region which is not related to the
avoided crossing. The minimum absolute difference is found at α= 90◦ and β = 12◦, where
∆E =−1.43 mEh. The maximal ∆E values for the states Ψ2 and Ψ3 are found around the
avoided crossing between the second and the third excited state. For Ψ2, the maximum
absolute energy difference is ∆E = −13.79 mEh at α = 90◦ and β = 0◦, while the minimal
discrepancy between the two methods is ∆E = −1.80 mEh at α = 90◦ and β = 72◦. For
the state Ψ3, the energy difference has no constant sign throughout the surface: the largest
positive value of ∆E = 5.54 mEh is obtained at α= 48◦ and β = 60◦, while the largest nega-
tive value (the largest absolute difference) of ∆E =−14.72 mEh is observed at α= 12◦ and
β = 48◦. Importantly, it is observed that the description of the excited states shows energy
differences between the two methods that are larger by one order of magnitude compared to
the ground state.

While the magnitude of the imaginary part of the ground-state energy may seem negli-
gible, this is no longer the case for the excited states: for the state Ψ1, fig. 5.6b shows that
the imaginary part reaches positive values up to 69.87 µEh (at α = 21◦ and β = 18◦) and
negative values up to −48.31 µEh (at α = 69◦ and β = 24◦). For excited states Ψ2 and Ψ3,
the occurrence of complex eigenvalues becomes even more evident. In fig. 5.6c, a negative
imaginary part of −266 µEh is observed at α= 24◦ and β = 24◦, while for the third excited
state a maximum value of the imaginary part of 182µEh is found at α= 18◦ and β= 24◦. The
magnitude of the imaginary parts therefore reaches 1/10 of the energy difference between
the UCC3 and CCSD surfaces and is an effect which cannot be neglected.

However, there is no obvious interpretation which can be given to these complex eigen-
values, as from all plots it is observed that there is no correlation between large ∆E values
and large imaginary parts. Furthermore, the imaginary parts cannot be related to avoided
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Figure 5.7: Boric acid B(OH)3, exhibiting C3h symmetry.

crossings, as they are observed also far from the avoided crossings. For this system, UCC3
gives results which are qualitatively very similar to CCSD, without the difficulties coming
from complex energy values. In the cases for which CCSD leads to complex energy values,
UCC3 should therefore be preferred.

5.1.5 Boric acid

Systems with a complex Abelian point group are characterised by excited states belonging to
pairs of complex-conjugate irreducible representations. These states are pairwise degenerate
and have a complex wave function. However, real linear combinations of the complex wave
functions may be formed, in order to enable a treatment using a code based on real-valued
wave functions. However, the non-Hermitian expression of the energy in EOM-CC theory
leads to complex-conjugate energy values rather than truly degenerate results for the states
belonging to the complex irreducible representations. The corresponding states are therefore
not found with real EOM-CC codes. It is however possible to find them if complex EOM-
CC codes, when available, are employed. As stated before, a computation involving complex
algebra is more memory requiring and computationally expensive and hence for cases without
a magnetic field, when the complex wave function cannot be avoided, the possibility to use a
real program is preferable. Therefore, a formalism calculating the energy via the expectation
value of a Hermitian operator, like UCC theory, is preferred. Note that the computation of
the ground state, which is described by a real irreducible representation, does not pose any
problems for the CC method in the field-free case.

Boric acid B(OH)3 is an example of a system whose symmetry is described through
a complex Abelian point group, C3h (fig. 5.7). In addition, this symmetry remains the
same when the molecule is in an external magnetic field, oriented perpendicularly to the
molecular plane. The point group C3h possesses two real irreducible representations, A′ and
A′′, and two pairs of complex-conjugate ones, E′1,E′2 and E′′1 ,E′′2 . The investigations focuses
on the B(OH)3 molecule, first in the field-free case and then in a perpendicular magnetic
field with strength up to 0.8 B0. The geometry used for all calculations was fixed to the
optimised field-free geometry obtained at the CCSD/unc-aug-cc-pVDZ266–270 level of theory:
RBO = 2.6018 a0, ROH = 1.8181 a0 and ∠BOH = 68.23◦. The energies of the ground state
and the first excited state of each irreducible representation have been calculated with the
Qcumbre program package, using the unc-aug-cc-pVDZ basis set, at the CC3,207,274 CCSD,
CISD207 and UCC3 levels of theory.

The results for CCSD, CC3, CISD, and UCC3 energies in the field-free case are given
in table 5.4,∗ showing the excitation energies of the lowest excited states of the irreducible
representations A′, A′′, E′ and E′′, at the CCSD, CC3, CISD, and UCC3 levels of theory.
The energies of the states of the two real irreducible representations A′ and A′′ are real for

∗The results for the CC3, CCSD, and CISD methods in table 5.4 and figs. 5.8-5.9 are taken from ref. 207.
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Methods Energies
A′ A′′ E′ E′′

CCSD 0.356378 0.332552 0.364306±0.000047i 0.301831±0.000051i
CC3 0.354183 0.331149 0.362247±0.000004i 0.298958±0.000011i
UCC3 0.366560 0.338875 0.373787 0.308129
CISD 0.255217 0.232414 0.263483 0.201056

Table 5.4: Excitation energies (Eh) of the lowest singlet states 1A′, 1A′′, 1E′ and 1E′′, at the
CCSD, CC3, UCC3, and CISD levels of theory, with the unc-aug-cc-pVDZ basis set.266–270
For CCSD and CC3, the energies are pairs of complex-conjugate numbers.

all methods, while for the complex irreducible representations E′ and E′′, the CC results
consist in pairs of complex-conjugate values. The UCC3 results, on the other hand, correctly
describe the degeneracy. The discrepancies between the CCSD and CC3 results is of the
order of 0.001 Eh, while the differences between the CC3 and UCC3 values are of the order
of 0.01Eh. The two CC methods CC3 and CCSD therefore show a better agreement, which
could be explained by the fact that they are different truncations of the same ansatz for the
wave function and contributions to infinite order in perturbation theory. Furthermore, the
CISD results are shown in table 5.4. The discrepancies of the CISD results with respect to
the CC3 results is of the order of 0.1Eh, larger than for the other inspected methods. Even
though the energy in the CISD framework is calculated through Hermitian operators, it is
much less accurate than UCC3. For a computation with a real code, the UCC3 method is
therefore preferred to CISD. In the following discussion, in order to account for the large
differences in correlation energies observed for CISD with respect to CC3, the CISD results
have been shifted in order to coincide to the CCSD energies at B = 0.

In fig. 5.8, the total energy of the ground state is displayed as a function of the magnetic
field strength. The energy rises in an increasing magnetic field, due to the diamagnetic
term. The ground state is a closed-shell singlet state and therefore the spin-Zeeman term
vanishes. In the left panel, the analysis of the real part shows superimposed and practically
indistinguishable curves for the CCSD, CISD, and UCC3 methods, while the inclusion of
triple excitations shifts the CC3 energy to slightly lower values, on average about 0.03 Eh
below CCSD and UCC3. However, for both the CC3 and CCSD methods, a non-vanishing
imaginary part arises in a magnetic field (right panel of fig. 5.8). For field strengths below
0.3 B0, Im{EGS} is of the order of ≈ 10−5 Eh. Around 0.7 B0, however, both CCSD and CC3
show an increase in the imaginary part of the total energy, up to a maximum of ≈ 0.34 mEh
and ≈ 0.09 mEh, respectively. It is observed that the imaginary part decreases with the
inclusion of triple excitations, in agreement with the expectation that the imaginary part
should diminish when going towards the FCI limit. The occurrence of complex energies does
not seem to provide particular insight into the accuracy of the real part, as a large imaginary
part in the CC energy does not correspond to noticeable features in the difference between
the real part of the energies obtained with the CC and UCC methods, respectively.

Similar to the ground-state energy, in fig. 5.9 the excitation energies for the first excited
singlet states of each irreducible representation are plotted as function of the magnetic field
strength. For each figure, the left panel compares the real part of the excitation energies,
computed with the four methods. In fig. 5.9a, the states 1A′ and 1A′′, in fig. 5.9b, the states
1E′1 and 1E′2 and in fig. 5.9c, the states 1E′′1 and 1E′′2 are shown. The behaviour of the
excitation energies of these states is more complicated than for the energies of the ground
state, both in the case of the real and the imaginary parts. In particular, it is observed
that the imaginary part of the CCSD energies is larger than the corresponding imaginary
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Figure 5.8: Total energy of the ground state of the boric acid B(OH)3, in an external
magnetic field, directed perpendicularly to the molecular plane. The field strength varies
in the interval of 0 B0-0.8 B0. The left panel shows the comparison between the real parts
of the energies computed at the CC3, CISD, CCSD, and UCC3 levels of theory. The right
panel shows the non-vanishing imaginary parts of the CC energies.

part of the CC3 energies, but these values are unrelated to each other and show maxima
and minima at different field strengths. The states 1E′′1 ,

1E′′2 , characterised by the HOMO-
LUMO transition, are the energetically lowest excited states. As discussed before, the states
belonging to the representations of dimension 2, E′ and E′′, start off as a degenerate pair
and are split by the magnetic field. All states experience a decrease in the excitation energy
when going to higher magnetic-field strengths. In all plots, the three methods are in good
agreement with each other for field strengths up to 0.5 B0, while qualitative differences are
observed for higher field strengths.

In fig. 5.9a, the energies of the states 1A′ and 1A′′ are shown as a function of the magnetic
field strength. For field strengths larger than 0.2 B0, the 1A′ state becomes lower in energy
than the 1A′′ state. Major differences are observed in the magnetic-field range between
0.55 B0 and 0.75 B0. A double-excitation character is observed from the inspection of
the amplitudes of the 1A′′ state obtained with the CC3 method. As CC3 includes triple
excitations, it is the most accurate among the considered methods for the description of
states with a double-excitation character. The double-excitation character is described also
by the UCC3 method, while it is absent in the CCSD results. The lowering in energy at about
0.7 B0, found by CC3, is differently described by UCC3, CISD, and CCSD. The discrepancy
with respect to CC3 might stem from the fact that the other methods, due to the limitation
of the excitation space to singles and doubles, do not describe the double-excitation character
well. For the 1A′ state, the lowering in energy is common to both CISD and UCC3. However,
in this region UCC3 is also observed to acquire a partial double-excitation character, which is
absent in the CC3 results. Therefore, the shape of the 1A′ curve differs from those obtained
with the other methods, which describe the 1A′ state via a single excitation. On the right
panel of fig. 5.9a, the corresponding imaginary parts of the CC3 and CCSD results are shown.
For the states belonging to the real irreducible representations, 1A′ and 1A′′, the excitation
energies in the field-free case are real. The plotted imaginary values in the right panel of
fig. 5.9a therefore start from 0 Eh. For CCSD, the maximum of |Im{Eexc}| of 1.8 mEh is
obtained for the 1A′′ state, while the same state for CC3 has a maximum of |Im{Eexc}| of 0.4
mEh. It is observed that the largest values of |Im{Eexc}| for the CC3 results are found at the
field strengths at which the largest double-excitation character is found. The maxima and



112 CHAPTER 5. RESULTS

(a)

(b)

(c)

Figure 5.9: Excitation energies of low-lying singlet states of each irreducible representation
for B(OH)3, in an external magnetic field, directed perpendicularly to the molecular plane.
The field strength varies in the interval 0 B0-0.8 B0. In the left column, the comparison
between the real parts of the energies computed at the CC3, CCSD, CISD, and UCC3 levels
of theory is shown. In the right column, the non-vanishing imaginary parts of the CC energies
are shown.
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minima for CCSD are found at similar field strengths. The CCSD results, even though not
predicting a significant double-excitation character, still seem to exhibit a large imaginary
part in these regions.
For the irreducible representation E′ (fig. 5.9b), the same behaviour as in fig. 5.9a can be
observed for magnetic fields larger than 0.55 B0. The 1E′1 state acquires a double-excitation
character. As a consequence, major differences in the results are observed between 0.55
B0 and 0.70 B0. Here the CC3 and UCC3 result exhibits a double-excitation character,
while CCSD exhibits only a single-excitation character. For the 1E′2 state, the CC3 and
UCC3 results possess a double-excitation character between 0.60 B0 and 0.75 B0. From
the right panel, it is observed that the two states have complex-conjugate energy values
in the field-free case, as expected. In the finite field, the energies do no longer occur as
pairs on complex-conjugate values. The imaginary part is no longer negligible at higher
magnetic-field strengths, especially in the range 0.4 B0-0.8 B0. In particular, the maximum
of |Im{Eexc}| for the 1E′1 state is 0.53 mEh for CCSD and 0.16 mEh for CC3, while for the
1E′2 state is 1.37 mEh for CCSD and 0.38 mEh for CC3. As for fig. 5.9b is it observed that
the maxima of |Im{Eexc}| for the CC3 energies are found in correspondence to the presence
of a double-excitation character of the states.

In fig. 5.9c, the energies of the two lowest-lying states belonging to the irreducible rep-
resentation E′′ are shown. Here no major discrepancies are observed. The avoided crossings
occur at 0.2 B0 for the 1E′′2 state and 0.4 B0 for the 1E′′1 state. Both states possess a small
double-excitation character (however not predominating over the single-excitation charac-
ter), observed in the CC3 and UCC3 results, while it is absent for CCSD. The maximum of
|Im{Eexc}| for the 1E′′1 state is 0.71 mEh for CCSD and 0.16 mEh for CC3, while for the 1E′′2
is 0.91 mEh for CCSD and 0.27 mEh for CC3. The maxima of |Im{Eexc}| are found once
more in correspondence to the largest double-excitation character for CC3. The maxima of
|Im{Eexc}| for the CCSD energies are found in approximately nearby field strengths.

In summary, UCC seems to be a good solution to find degenerate excited states of a
complex Abelian point group, without having to resort to the use of a complex code.
The problems arising from the non-Hermiticity of the CC theory are evident in the finite-
field case, due to large imaginary components in particular for excited states and show a
complicated behaviour as a function of the magnetic field strength. It has been observed
that the largest values of the imaginary parts are found where a partial double-excitation
character in the description of the excited states is found. From this study, it seems that
there could exist a correlation between a large imaginary part in the energy values and the
presence of double excitations in the parameterisation of the states. As the quality of the
CCSD but actually even of the CC3 results is not clear when large imaginary components
occur, the UCC3 approach may be the better choice.

5.2 Molecular properties

In this section, molecular property results obtained by means of UCC theory are discussed.
In particular, the focus is on the analysis of the differences between property values obtained
by means of the EOM approach and of the response-theory approach. The UCC results
are compared to CCSD results. First, the results for the two-electron systems discussed in
sec. 5.1.1, H2 and HeH+ are shown. Then, the properties of the water molecule and the LiH
molecule in a magnetic field are analysed.
As CC can yield negative transition probabilities (also in the field-free case), the applicability
of UCC is explored. Negative transition probabilities can occur even when the energy results
are real.36 As negative probabilities cannot be connected to oscillator strengths, they do not
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offer any meaningful interpretation. Hence, the use of UCC is explored as an alternative.
Two systems for which negative CC transition probabilities occur, the silicon dication and
the CH+ cation, will be discussed in this section.∗

5.2.1 Hydrogen molecule and HeH+ cation

The importance of including the response of the wave function parameters to the perturbation
in the calculation of properties is assessed through a comparison of results obtained via the
response-theory approach (sec. 3.2.1) and the EOM approach (sec. 4.5.8) with FCI results.
For a first evaluation, results for the hydrogen molecule H2 and the HeH+ cation are analysed.
For both molecules, the same bond lengths as in sec. 5.1.1 have been used.

In table 5.5, transition dipole moments between the lowest singlet states of the hydrogen
molecule are displayed. A magnetic field of 0.1 B0 is chosen, directed perpendicularly to
the bond axis. Only transitions with a non-vanishing transition dipole moment are reported
here. For the calculation, the uncontracted augmented Dunning basis sets aug-cc-pVXZ
(X=T,Q,5) were adopted.266–271 The basis-set convergence is rather slow, in particular for
the transition between excited states. The transition dipole moments from the ground state
(the 1Ag state) are smaller than the ones between excited states. For this molecule, the
EOM approach always overestimates the transition dipole moment, as can be seen by the
negative ∆µEOM = |µFCI|2−|µEOM|2 values. On the other hand, the inclusion of the response
of the amplitudes leads to an underestimation of the transition dipole moments, as ∆µresp. =
|µFCI|2− |µresp.|2 > 0. In order to assess the importance of the inclusion of the response
effects in the calculation of properties, the last column in table 5.5 shows the difference
∆ = |∆µresp.|− |∆µEOM|. Negative values of ∆ mean that response-theory results are more
accurate (i.e., closer to FCI results) than EOM results while positive values of ∆ mean
response-theory results are less accurate than EOM results. Except for the transition 1Ag −→
1Au, ∆ is negative, showing that response theory is more accurate in these cases. The
discrepancies between the two methods is two orders of magnitude larger for the transitions
between excited states, up to 0.2 e2a2

0, compared to the discrepancies for the transitions from
the ground state, up to 0.008 e2a2

0. Therefore, for practical applications, the EOM approach
for similar calculations of transition dipole moments from the ground state is sufficient. It is
interesting to observe that the perturbed amplitudes have such a large effect on the UCC3
transition dipole moments.

The HeH+ ion is investigated in a magnetic field of 0.1 B0, oriented perpendicularly to
the bond axis. The system is characterised by the point group Cs.

In table 5.6 the dipole moments of the ground state 1A′ and the lowest excited singlet
states are listed. For the analysed basis sets, the differences with respect to FCI are smaller
for the response theory results than for the EOM results, in most cases by an order of
magnitude. The differences between the FCI and the UCC3 dipole moments computed with
the EOM approach take values up to 0.288 e2a2

0, while the differences between the FCI and
the UCC3 dipole moments computed with the response-theory approach take values up to
0.028 e2a2

0. For all excited states, the dipole moment obtained through the response-theory
approach is closer to the FCI result. The ground-state dipole moment is very accurately
reproduced already by the UCC3-EOM approximation.

In table 5.7 the transition dipole moments between the considered states are displayed.
In agreement with the results discussed for the hydrogen molecule, the EOM treatment of

∗In this section, dipole moments and transition dipole moments are discussed. With a slight abuse of
notation, the quantity |µ|2 will be referred to as dipole moment, and the quantity |µIJ |2 = µIJ ·µJI will be
referred to as transition dipole moment for the transition from state I to state J. In both cases, the squared
norm of the vectors is meant.
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aug-cc-pVTZ |µFCI|2 |µresp.|2 |µEOM|2 ∆µresp. ∆µEOM ∆
1Ag −→ 1Au 0.995 0.978 1.010 0.017 −0.015 0.002
1Ag −→ 2Au 0.973 0.962 0.992 0.011 −0.019 −0.008
1Ag −→ 1Bu 1.063 1.053 1.078 0.010 −0.015 −0.005
2Ag −→ 1Au 6.053 5.816 6.512 0.236 −0.460 −0.223
2Ag −→ 2Au 3.803 3.669 3.986 0.134 −0.182 −0.048
2Ag −→ 1Bu 2.371 2.226 2.675 0.145 −0.304 −0.159
aug-cc-pVQZ
1Ag −→ 1Au 0.993 0.976 1.008 0.017 −0.015 0.002
1Ag −→ 2Au 0.959 0.948 0.976 0.011 −0.017 −0.006
1Ag −→ 1Bu 0.948 0.939 0.961 0.009 −0.013 −0.004
2Ag −→ 1Au 5.829 5.594 6.278 0.235 −0.450 −0.215
2Ag −→ 2Au 4.337 4.166 4.610 0.171 −0.273 −0.102
2Ag −→ 1Bu 3.471 3.287 3.832 0.184 −0.361 −0.177
aug-cc-pV5Z
1Ag −→ 1Au 0.997 0.980 1.012 0.018 −0.015 0.003
1Ag −→ 2Au 0.946 0.935 0.962 0.011 −0.016 −0.004
1Ag −→ 1Bu 0.874 0.866 0.886 0.008 −0.012 −0.004
2Ag −→ 1Au 5.669 5.434 6.116 0.235 −0.447 −0.213
2Ag −→ 2Au 4.731 4.542 5.052 0.190 −0.321 −0.131
2Ag −→ 1Bu 4.376 4.165 4.778 0.211 −0.402 −0.191

Table 5.5: Transition dipole moments between the first excited singlet states of the H2
molecule in a magnetic field of 0.1 B0 directed perpendicularly to the bond axis. The
UCC3 results have been calculated with the response-theory formulation (µresp.) and in the
expectation-value formulation (µEOM). The discrepancies with respect to the FCI reference
values are calculated as ∆µresp. = |µFCI|2− |µresp.|2 and ∆µEOM = |µFCI|2− |µEOM|2. The
difference between the absolute values of the errors is defined as ∆ = |∆µresp.|− |∆µEOM|.
The calculations have been performed with different basis sets. The atomic units e2a2

0 are
adopted here.
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aug-cc-pVTZ |µFCI|2 |µresp.|2 |µEOM|2 ∆µresp. ∆µEOM ∆
1A′ 0.116 0.107 0.121 0.010 −0.005 0.005
2A′ 0.807 0.779 1.095 0.028 −0.289 −0.261
3A′ 0.268 0.273 0.385 −0.005 −0.117 −0.112
4A′ 0.534 0.518 0.452 0.017 0.082 −0.066
1A′′ 0.406 0.410 0.522 −0.005 −0.116 −0.111
aug-cc-pVQZ
1A′ 0.117 0.107 0.122 0.010 −0.005 0.005
2A′ 0.802 0.774 1.090 0.028 −0.288 −0.260
3A′ 0.204 0.210 0.320 −0.006 −0.116 −0.110
4A′ 0.548 0.531 0.466 0.017 0.082 −0.065
1A′′ 0.319 0.325 0.433 −0.005 −0.114 −0.109

Table 5.6: Single-state dipole moments of the ground state and the first excited singlet states
of the HeH+ molecule in a magnetic field of 0.1 B0 directed perpendicularly to the bond axis.
The UCC3 results have been calculated with the response-theory formulation (µresp.) and
in the expectation-value formulation (µEOM). The discrepancies with respect to the FCI
reference values are calculated ∆µresp. = |µFCI|2−|µresp.|2 and ∆µEOM = |µFCI|2−|µEOM|2.
The difference between the absolute values of the errors is defined as ∆ = |∆µresp.|−|∆µEOM|.
All quantities are computed in atomic units. The calculations have been performed with
different basis sets. The atomic units e2a2

0 are adopted here.

properties overestimates the transition dipole moments, with differences with respect to FCI
up to |∆µEOM| = 0.123 e2a2

0, while the inclusion of the response of the amplitudes leads to
weaker transitions, with differences with respect to FCI up to ∆µresp = 0.046 e2a2

0. The
transitions from the ground state 1A′ are weaker than those between excited states. As for
H2, it is noticed that the transitions from the ground state have the smallest discrepancies
with respect to the FCI reference calculations, of the order of 10−3 e2a2

0.
In summary, as a general consideration, UCC3 response theory has been shown to repro-

duce better the FCI results than the EOM approach to the calculation of properties. The
differences between the two approaches is larger for dipole moments of excited states and
transition dipole moments between excited states. For properties involving the ground state,
the discrepancies in the results of the two methods is of the order of 10−3 e2a2

0, indicating
that for these properties the EOM approach is a good alternative.

5.2.2 Water molecule

In this section, the properties of the water molecule are investigated, in a magnetic field of
strength varying between 0 B0 and 0.4 B0. Preliminary investigations to this study showed
that the water molecule dissociates for magnetic-field strengths larger than 0.4 B0; this
observation motivates the chosen range of magnetic-field strengths. The geometry was taken
from ref. 248, where the bond lengths are ROH = 0.957 Å and the angle ∠HOH = 104.5◦.
Calculations were performed with the uncontracted aug-cc-pVDZ basis set.266–268,270

The characterisation of the water molecule is discussed for three different orientations of
the field, as shown in the left panels of fig. 5.10. In fig. 5.10a, the magnetic field is oriented
perpendicularly to the molecular plane; in fig. 5.10c, the magnetic field is oriented along
the bisector of the angle ∠HOH; in fig. 5.10b the magnetic field lies in the molecular plane,
perpendicular to the orientations described for figs. 5.10a and 5.10c. In order to analyse
single-state and transition properties of the system in a strong magnetic field, first the ener-
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aug-cc-pVTZ |µFCI|2 |µresp.|2 |µEOM|2 ∆µresp. ∆µEOM ∆resp.
1A′ −→ 2A′ 0.657 0.645 0.665 0.012 −0.009 0.003
1A′ −→ 3A′ 0.300 0.298 0.303 0.001 −0.003 −0.002
1A′ −→ 4A′ 0.077 0.077 0.078 0.001 −0.001 −0.000
1A′ −→ 1A′′ 0.346 0.345 0.350 0.001 −0.004 −0.002
2A′ −→ 3A′ 0.248 0.238 0.310 0.011 −0.062 −0.051
2A′ −→ 4A′ 0.448 0.442 0.446 0.006 0.002 0.004
2A′ −→ 1A′′ 0.154 0.148 0.193 0.006 −0.038 −0.032
3A′ −→ 4A′ 2.358 2.314 2.480 0.044 −0.122 −0.078
3A′ −→ 1A′′ 0.171 0.167 0.188 0.004 −0.017 −0.013
4A′ −→ 1A′′ 2.053 2.015 2.149 0.038 −0.096 −0.058
aug-cc-pVQZ
1A′ −→ 2A′ 0.656 0.644 0.665 0.012 −0.008 0.003
1A′ −→ 3A′ 0.301 0.299 0.304 0.001 −0.003 −0.002
1A′ −→ 4A′ 0.072 0.071 0.073 0.001 −0.001 0.000
1A′ −→ 1A′′ 0.340 0.339 0.344 0.001 −0.003 −0.002
2A′ −→ 3A′ 0.230 0.220 0.290 0.010 −0.059 −0.049
2A′ −→ 4A′ 0.455 0.449 0.454 0.006 0.001 0.005
2A′ −→ 1A′′ 0.138 0.132 0.173 0.006 −0.035 −0.030
3A′ −→ 4A′ 2.490 2.444 2.613 0.046 −0.123 −0.077
3A′ −→ 1A′′ 0.175 0.171 0.192 0.004 −0.017 −0.013
4A′ −→ 1A′′ 2.284 2.243 2.387 0.042 −0.103 −0.061

Table 5.7: Transition dipole moment between the first excited singlet states of the HeH+

molecule in a magnetic field of 0.1 B0 directed perpendicularly to the bond axis. The
UCC3 results have been calculated with the response-theory formulation (µresp.) and in the
expectation-value formulation (µEOM). The discrepancies with respect to the FCI reference
values are calculated as ∆µresp. = |µFCI|2− |µresp.|2 and ∆µEOM = |µFCI|2− |µEOM|2. The
difference between the absolute values of the errors is defined as ∆ = |∆µresp.|− |∆µEOM|.
The calculations have been performed with different basis sets. The atomic units e2a2

0 are
adopted here.
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gies of the first three singlet states with respect to the magnetic-field strength are discussed.
They are plotted in the right panels of fig. 5.10, for each orientation. Results have been ob-
tained at the CCSD, UCC2, and UCC3 levels of theory. For the three inspected orientations,
UCC2, UCC3, and CCSD show very small differences in the results for the ground state 11A′

energy (black lines in fig. 5.10). In detail, defining ∆EUCCn = (EUCCn−ECCSD) the mean
differences of the UCC2 and UCC3 versus the CCSD results, the discrepancies differ by an
approximate factor of 2, i.e. ∆EUCC2(11A′) =−0.0028 Eh and ∆EUCC3(11A′) = 0.0013 Eh.
The excited states may be analysed in detail. For the lowest two excited singlet states,
the qualitative description of the state shows a good agreement of the three methods. The
energy of these excited states increases in the increasing magnetic field, due to the contri-
bution of the diamagnetic term of the finite-field Hamiltonian (eq. 2.3.12). For all states,
UCC2 yields smaller energies than CCSD. For larger field strengths, the energy difference
become smaller. Comparing UCC3 to CCSD, for all three plots in fig. 5.10 the UCC3 ener-
gies are larger than the CCSD energies, giving a discrepancy which is smaller than for the
UCC2 results. In detail, ∆EUCC2(11A′′) =−0.0113Eh and ∆EUCC3(11A′′) = 0.0062Eh, and
∆EUCC2(21A′′) = −0.0137 Eh, while ∆EUCC3(21A′′) = 0.0065 Eh. As for the ground state,
the UCC2 and UCC3 results differ by an approximate factor of 2.
The investigation on the ground- and excited-state energies is necessary for the analysis of
the dipole and transition dipole moments.

Dipole moments of water

The analysis of contributions to the dipole moment for each orientation requires some con-
siderations of point group theory and the symmetry of the states. In order for the integral
〈Ψa| µ̂ |Ψb〉 not to vanish, the product of the representations of Ψa,µ,Ψb must contain the
total symmetric irreducible representation:

Γa⊗Γµ⊗Γb ⊇ Γid. (5.2.1)

In the first orientation (fig. 5.10a), where the magnetic field is perpendicular to the
molecular plane, the system has Cs symmetry and the states Ψ1 and Ψ2 both have A′′
symmetry, while the ground state has 1A′ symmetry. The two excited states show an avoided
crossing at about 0.2 B0.
Orienting the field perpendicularly to the bisector of the angle ∠HOH, along the molecular
plane, as shown in fig. 5.10b, the system belongs to the point group Cs. Here Ψ1 has
A′ symmetry, while Ψ2 has A′′ symmetry and no mixing between the states is allowed.
Therefore, the two states do not interact and they increase in a rather parallel manner when
increasing the magnetic field strength, which is clearly visible in the right panel of fig. 5.10b.
The configuration in which the magnetic field is oriented along the bisector of the bond
angle (fig. 5.10c) is described through the point group C2. Ψ1 belongs to the irreducible
representation B, while Ψ2 has A symmetry. Again, no mixing can therefore occur here,
which is visible in the right panel of fig. 5.10c.

The corresponding electronic dipole moments (i.e., dipole moments without the nuclear
contribution) are shown in fig. 5.11 as function of the field strength for the three orientations.
The left column shows the properties at the EOM level, while the right one accounts for
the response of the amplitudes of the wave function. All lines are essentially parallel and
present the same qualitative description of dipole moments. In fig. 5.11a the major changes
in magnitude of the dipole moments in the region around 0.2 B0 is due to the avoided
crossing of the states 11A′′ and 21A′′ observed in the energy plots. Looking at fig. 5.11, it is
observed that the agreement between CCSD and UCC3 is much better in the response-theory
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Figure 5.10: On the left, the different orientations of the magnetic field with respect to the
water molecule are shown. On the right, the corresponding energies of the ground state and
the first two excited states are displayed.
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Fig. 5.10a ∆µCCSD/e
2a2

0 ∆µUCC2/e
2a2

0 ∆µUCC3/e
2a2

0
11A′ 0.0000 0.0154 0.0325
11A′′ 0.0008 0.0078 −0.2978
21A′′ 0.0099 0.0098 −0.3017
Fig. 5.10b
11A′ 0.0000 0.0159 0.0366
21A′ −0.0072 0.0068 −0.3436
11A′′ −0.0008 0.0078 −0.3184
Fig. 5.10c
11A 0.0000 0.0153 0.0315
11B 0.0083 0.0090 −0.2621
21A 0.0056 0.0087 −0.2749

Table 5.8: Differences between electronic dipole moments obtained with the EOM and
response-theory approach, calculated as ∆µ = |µresp|2− |µEOM|2. All results are given in
atomic units (e2a2

0). The orientation of the magnetic field is indicated in the corresponding
panel in fig. 5.10.

framework (the mean difference between the two methods in the response-theory framework
is about −0.016 e2a2

0 for the ground state, about −0.076 e2a2
0 for the excited states, while

it is of about 0.017 e2a2
0 for the ground state, about 0.247 e2a2

0 for the excited states in
the EOM framework), whereas the UCC2 results are always larger than the CCSD and
UCC3 results (the mean difference with respect to the CCSD results is of about 0.003 e2a2

0
for the ground state, about 0.397 e2a2

0 for the excited states in the response-theory case,
while for the EOM-approach the mean difference yields about −0.012 e2a2

0 for the ground
state and about 0.390 e2a2

0 for the excited states). Table 5.8 shows the mean values of
the discrepancies between the results obtained with the two property schemes, obtained as
∆µ = |µresp|2−|µEOM|2. The mean value has been computed by dividing the range of the
magnetic field, between 0 and 0.4 B0, into 100 equally spaced points. In the CC framework,
the ground-state dipole moments give the same result both with the EOM and the response-
theory approach, as the Lagrange functional for the CC ground-state dipole moment coincides
with the EOM parameterisation of the left hand-side ground state.259 The mean differences
∆µUCC2 (less than 0.01 e2a2

0 for the excited states dipole moments) are smaller than the mean
differences ∆µUCC3 (about 0.30 e2a2

0 for the excited states dipole moments). The inclusion of
the amplitude relaxation has a larger effect on the UCC3 results than on the UCC2 results,
giving a much better agreement with the CCSD results, as it is shown in the plots.

In summary, it can be stated that the inclusion of the response of the wave function to
the perturbation is important in the UCC3 case to obtain dipole moments which are close
to the CCSD results up to 0.08 e2a2

0. For UCC2, the inclusion of the response of the wave
function does not lead to an increase in accuracy.

Transition moments of water

In fig. 5.12, the transition moments from the ground state to the two excited states (11A′ −→
11A′′ and 11A′ −→ 21A′′) and the transition 11A′′ −→ 11A′′ are analysed. The left panel shows
the results obtained in the EOM framework, while the right one shows results obtained with
response theory. In table 5.9, a quantitative analysis of the mean differences between response
theory and EOM transition moments is presented. For all orientations of the magnetic field,
the transition from the ground state to the first excited state (black lines in fig. 5.12) is
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(a)

(b)

(c)

Figure 5.11: Electronic contribution to the dipole moments of the ground state and the
lowest two excited states of H2O in a strong magnetic field. For fig. 5.11a, fig. 5.11b, and
fig. 5.11c, the magnetic field is oriented as shown in fig. 5.10a, fig. 5.10b, and fig. 5.10c,
respectively. The left panels refer to calculations with the EOM approach, while the right
panel refers to calculations performed with the response-theory approach.
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fig. 5.10a ∆µCCSD/e2a2
0 ∆µUCC2/e2a2

0 ∆µUCC3/e2a2
0

11A′ −→ 11A′′ −0.0002 0.0000 0.0004
11A′ −→ 21A′′ 0.0001 0.0000 0.0017
11A′′ −→ 21A′′ −0.1271 −0.0237 −0.6525
fig. 5.10b
11A′ −→ 21A′ −0.0005 0.0000 −0.0012
11A′ −→ 11A′′ −0.0004 0.0000 −0.0025
21A′ −→ 11A′′ −0.1469 −0.0247 −0.8822
fig. 5.10c
11A−→ 11B 0.0001 0.0000 0.0016
11A−→ 21A 0.0001 0.0000 0.0001
11B −→ 21A −0.1429 −0.0243 −0.8397

Table 5.9: Differences between transition dipole moments obtained with the EOM and
response-theory approach, calculated as ∆µ= ∆µ= |µresp|2−|µEOM|2. All results are given
in atomic units (e2a2

0). The orientation of the magnetic field is indicated through the corre-
sponding figure in fig. 5.10.

stronger (i.e. larger values of |µij |2) than to the second excited state (red lines). The lines
are nearly coincident in most cases and the consideration of the response of the wave function
to the perturbation does not affect the final result much, i.e., the differences including the
response of amplitudes are negligible, of the order of 10−4 e2a2

0.
As the ground state is totally symmetric, it can be shown that the allowed components

for transitions in the field-free case are:

• 11A′ −→ 11A′′: only the µx component does not vanish;

• 11A′ −→ 21A′′: all components vanish, explaining the fact that the red lines in fig. 5.12
all start from zero.

In fig. 5.12a, the transition dipole moments are plotted as function of the magnetic field
strength, with the field oriented perpendicularly to the molecular plane (fig. 5.10a). The
two excited states both have A′′ representation, and only the µz-component contributes
to the transition dipole moment from the ground state, with A′ symmetry. The transi-
tion 11A′ −→ 11A′′ is very similar for all methods, with mean deviations between UCC2 and
CCSD of −0.0010 e2a2

0 for the EOM approach and of −0.0007 e2a2
0 for the response-theory

approach. Mean deviations between the UCC3 and the CCSD transition dipole moments
are even smaller: −7 ·10−5 e2a2

0 for the EOM approach and of 0.0005 e2a2
0 for the response-

theory approach. The transition 11A′ −→ 21A′′ shows larger but still quite small deviations;
mean deviations between UCC3 and CCSD of −0.0029 e2a2

0 for the EOM approach and of
−0.0012 e2a2

0 for the response-theory approach. The deviations in the UCC2 case are larger
by an approximate factor of 5 with respect to the UCC3 case. Mean deviations between the
UCC2 and the CCSD transition dipole moments are of 0.0054 e2a2

0 for the EOM approach
and of 0.0053 e2a2

0 for the response-theory approach. The drastic changes in the magnitude
occur around 0.2 B0, where the two states are mixing.

In fig. 5.12b, for the transition 11A′ −→ 11A′′ only contributions involving the components
µx,µy are allowed by symmetry, and the strength of the transition moment decreases in
stronger magnetic fields. For 11A′ −→ 21A′′, only the µz component can contribute and
increases for higher field strengths. In strong magnetic fields, UCC3 predicts somewhat
larger, at most of 0.0324 e2a2

0, transition dipole moments. The mean differences between the
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(a) H2O in an increasing magnetic field directed along the bisector.

(b) H2O in an increasing magnetic field directed along the plane.

(c) H2O in an increasing magnetic field directed along the perpendicular plane.

Figure 5.12: Transition moment from the ground state to the first two excited states of H2O
in a strong magnetic field of different orientations. For fig. 5.12a, fig. 5.12b, and fig. 5.12c,
the magnetic field is oriented as shown in fig. 5.10a, fig. 5.10b, and fig. 5.10c, respectively.
The left panels refer to calculations with the EOM approach, while the right panels refer to
calculations performed with the response-theory approach.
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UCC2 and CCSD results is of the order of 10−3 e2a2
0, while the mean differences between the

UCC3 and CCSD results is of the order of 10−4 e2a2
0.

In fig. 5.12c, the transition moments for 11A′ −→ 11A′′ decrease in the increasing strong
magnetic field. For the transition 11A′ −→ 21A′′ only transitions involving the component µz
are allowed; the transition becomes slightly but not significantly stronger for high magnetic-
field strengths (up to values of |µij |2 = 0.0418 e2a2

0). All three methods give the a qualitatively
similar description of the dipole moment. The mean differences between the UCC2 and
CCSD results is of the order of 10−3 e2a2

0, while the mean differences between the UCC3 and
CCSD results is of the order of 10−4 e2a2

0.
The most intense transition is 11A′′ −→ 21A′′, plotted with the blue curves in fig. 5.12.

• field-free case: only µy is allowed;

• figs. 5.12a: µx,µy are allowed;

• figs. 5.12b: only µz is allowed;

• figs. 5.12c: µx,µy are allowed.

For this transition, the largest differences between response-theory results and EOM re-
sults are obtained. This observation agrees with the results obtained in the previous sec-
tion (sec. 5.2.1), where the transitions between excited states showed the largest discrep-
ancies between the EOM and the response-theory results. The transition dipole moments
for 11A′′ −→ 21A′′ have absolute mean deviations between the response-theory and the EOM
results of up to 0.88 e2a2

0 for UCC3, 0.02 e2a2
0 for UCC2 and 0.15 e2a2

0 for CCSD (in the
orientation in fig. 5.10b). UCC2 has smaller discrepancies between the results obtained with
the two approaches, due to the lower order of approximation of the method. Considering
the symmetry of the states, the contributing components are predicted:
For all orientations, UCC2 considerably overestimates the transition dipole moment (the
mean difference with respect to the CCSD results is 0.8780 e2a2

0 for the EOM approach, and
0.9814 e2a2

0 for the response-theory approach), compared to both CCSD and UCC3. The
latter methods compare well to each other, especially when exploiting response theory. The
mean difference of UCC3 results with respect to the CCSD results is 0.3256 e2a2

0 for the
EOM approach, and −0.1998 e2a2

0 for the response-theory approach. As seen for the tran-
sitions from the ground state, CCSD does not show major differences between the left and
the right column of fig. 5.12, while the relaxation of the wave function amplitudes plays a
non-negligible role for UCC3, where the discrepancies are much more relevant.

As a general consideration, it may be observed that the importance of including the
response of the wave function to the perturbation is essential for UCC3 theory.

5.2.3 Lithium hydride

The comparison between UCC3 and CCSD can be continued through a discussion of the LiH
molecule, whose ground- and lowest excited states have been discussed in sec. 5.1.2. UCC2
results are also shown, to investigate the effect of the truncation scheme on the results.

In fig. 5.13a the calculated dipole moments of the lowest four singlet states are plotted
against the magnetic field. The molecular properties discussed in this section are all cal-
culated considering the relaxation of the amplitudes. The description of the ground-state
dipole moment (red line in the plot) is mostly agreeing for UCC3 and CCSD, where the
maximal difference in magnitude is 0.20 e2a2

0. At larger magnetic field strengths, the UCC2
method shows a significant deviation from the other methods, giving a dipole moment larger
by at most 0.41 e2a2

0 with respect to CCSD and UCC3. Major differences are observed for
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(a)

(b)

Figure 5.13: The LiH molecule in a varying magnetic field perpendicular to its bond axis.
The bond length has been optimised as in ref. 115. Fig. 5.13a shows the dipole moments of
the ground and lower excited states are shown. In fig. 5.13b, all transition moments between
the analysed states are shown.

the excited states, where larger shifts occur. For the lowest excited state, 21A′, the shape
of the dipole moment is qualitatively different between the three methods. By analysing the
direction of the electronic contribution to the dipole moment, it is noted that the CCSD and
the UCC2 dipole moments are pointing in the opposite direction than the UCC3 one for field
strengths smaller than 0.2 e2a2

0. The lines of the CCSD and the UCC3 calculation become
parallel but shifted to each other, if the CCSD line is mirrored around the x-axis. The dipole
moments of the former degenerate 1Π states present the same shape for all three methods,
with the UCC2 results shifted to smaller values and the UCC3 ones to higher values. For
both methods, the maximum difference with respect to CCSD is of about 0.3 e2a2

0, but is on
average smaller for UCC3 than UCC2. The avoided crossing observed in fig. 5.1b at about
0.1 B0 affecting state 31A′ is evident in the huge change in magnitude of the dipole moments
around that field strength (green line).
Concluding the analysis of the description of the dipole moments, the shape of the lines is
not always the same for the three methods: it is fairly comparable for CCSD and UCC2,
while major differences are found for UCC3. In particular, different directions of the dipole
moment are obtained with different methods.

The transition dipole moments between the investigated states are pictured in fig. 5.13b.
The same behaviour as for the water molecule is observed. For transitions involving the
electronic ground state (red, blue and green lines in the plot), the three methods present
very small differences. The transitions between excited states are more affected by the
specific electronic method used. In agreement with the observations discussed for the dipole
moments, the UCC2 results are always larger than the CCSD results, while UCC3 gives the
smallest transition dipole moment. For the transition involving the state 31A′ (green, black
and light blue lines), the presence of the avoided crossing around 0.1 B0 is noticeable in an
abrupt change in magnitude of the properties. As in the B = 0 case, state 11Π/11A′′ and
11Π/31A′ are degenerate, also the transitions 11A′ −→ 11A′′ (blue) with 11A′ −→ 31A′ (green)
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(a) (b)

Figure 5.14: On the left, the excitation energies of the sodium atom in a varying magnetic
field. On the right, the transition dipole moments from the ground state to the considered
excited states are shown. The labelling of the states refers to the computational point group,
C4h.

and 21A′ −→ 11A′′ (yellow) with 21A′ −→ 31A′ (black) depart from the same starting value.
The investigations on the systems H2O and LiH allows to formulate some general obser-

vations concerning the comparison between CCSD and UCC3. The agreement between the
two methods is much better when the response-theory approach is exploited. It is observed
that both for the calculation of dipole and transition dipole moments, the UCC3 results
are changing by a larger extent when including the response of the wave function to the
perturbation. The lower order of approximation characterising UCC2 leads to a general
overestimation of the single-state and transition dipole moments. The inclusion of the re-
sponse of the wave function to the perturbation is essential for UCC3 to get more accurate
results, which in general have smaller magnitude than the CCSD ones. With these consider-
ations, the UCC3 response theory can be exploited to calculate the properties of molecules
which exhibit unphysical results when treated at the CC level of theory.

5.2.4 Sodium atom

The last system here discussed as a benchmark for the accuracy of the UCC3 method is the
sodium atom.98,114 In this section, the discussion focuses on the splitting of the degenerate Pu
states. These, when in a magnetic field, undergo orbital-Zeeman splitting, giving the states
Π+
u ,Π−u ,Σu. The magnetic field is chosen to vary up to 0.5 B0, a magnitude which is realistic

for a magnetic white dwarf star. Calculations have been performed with the uncontracted
aug-cc-pCVTZ basis set,266–268 both at the CCSD and at the UCC3 level of theory. For the
transition dipole moment calculations, response theory has been exploited.

In fig. 5.14a, the excitation energies of the Π-states are plotted. It can be observed
that the magnetic field leads to splitting of the degenerate states. The upper component is
observed to have a maximum at about 0.15 B0, after which the excitation energy decreases
for this component as well. The lower component is crossing the ground state at 0.325 B0;
for larger field strengths, its excitation energy becomes negative. From the plot, it appears
that the energy calculations performed with CCSD and UCC3 agree, as the lines lie on top
of each other.
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In fig. 5.14b, the transition dipole moments from the ground state to the considered
excited states are plotted. Starting from the same value for the field-free case, the transition
dipole moment Sg/Σg→ Pu/Σu remains basically constant for the considered field strengths.
For magnetic fields larger than 0.25 B0, the results differ slightly, with larger values for the
UCC3 calculation (the largest difference here is 0.153 e2a2

0). The transition Sg/Σg→ Pu/Π+
u

abruptly goes to zero after the observed turnover in the excitation energy. For all transitions,
the agreement between the two methods is very good.

The discussion of this atom of astrochemical relevance shows that UCC3 is a valid method
for the study of properties in a strong magnetic field. In fact, these calculations show compa-
rable results as those in ref. 98, and could be used as an interpretation tool for astrochemical
spectra of magnetic white dwarf stars.

5.2.5 Si2+ ion

In this section, the UCC method is exploited to analyse the silicon dication, which has
been observed among others in the spectra of white dwarf stars since the early 1980s.276 In
particular, the investigation of this section focuses on the discussion of a particular transition,
which in the CC framework is characterised by a negative transition probability. First,
the silicon dication Si2+ is considered in the field-free case; then, the discussion will be
continued considering a magnetic field up to 0.4 B0. All calculations are performed with the
uncontracted aug-cc-pCVTZ basis set,266–268 at the CCSD and UCC3 levels of theory. For
the calculation of the desired states, the modified Davidson algorithm described in ref. 207
was exploited to determine multiple roots simultaneously. For the property calculation, the
response-theory approach has been applied.

The Si2+ dication has a ground-state configuration given by [Ne] 3s2. Here the transi-
tions 1Πu([Ne] 3s1 3p1)→ 11Σg([Ne] 3p2) and 1Πu([Ne] 3s1 3p1)→ 21Σg([Ne] 3s1 4s1) are
considered, as these transition are reported to be quite intense in the NIST database.277
However, the Sg states are characterised differently by the two methods. In the CCSD case,
both states, i.e. 11Sg and 21Sg, have a mixed configuration, with contributions from [Ne]
3s1 4s1 and [Ne] 3p2.
On the other hand, the UCC3 calculation clearly distinguishes the two states 11Sg([Ne] 3p2)
and 21Sg([Ne] 3s1 4s1), which are not mixing. Looking at the data in the NIST database, it is
observed that the states are also found to be mixing, but by a smaller extent (NIST reports
a leading percentage of the [Ne] 3p2 component in the 11Sg state of about 82%, while the
CCSD calculations gives a weight of 60% to the leading EOM vectors describing the double
excitation). The excitation energies computed at the CCSD and UCC3 level of theory are
compared to the experimental data in tab. 5.10. The state 1Πu([Ne] 3s1 3p1) is accurately
described both by CCSD and by UCC3, with higher accuracy for CCSD. The two Σg states
compare rather badly to the experimental data, as the CCSD method overestimates the
mixing between the states, while the larger energetic difference between the two states found
with UCC3 leads to results quite distant from the NIST results. This behaviour is not very
surprising, as for both methods the restriction of the excitation space to single and double
excitations implies that the description of doubly-excited states is rather bad. For a better
description, methods as CC3 and its unitary analogue should be exploited and/or developed.

The transition 1Πu([Ne] 3s1 3p1)→ 21Σg([Ne] 3s1 4s1) is observed at 1312.6 Å, while the
calculated values are 1316.3 Å for CCSD and 1320.7 Å for UCC3. However, the calculated
transition probability µIJ ·µJI is negative for CCSD, therefore providing an example of an
unphysical result due to the non-Hermiticity of CC theory. The magnitude of the UCC3
oscillator strength, a dimensionless quantity defined as fij = 2me

3h̄2 ∆EIJ |µIJ |2 (where me is
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NIST CCSD UCC3
3s1 3p1 82884.41 82940.47 81708.59
3p2 153444.23 157486.33 136086.70
3s1 4s1 159069.61 158911.99 157426.21

Table 5.10: Excitation energies from the ground state of the NIST database277 are compared
to the excitation energies obtained with the CCSD and UCC3 methods, computed with the
uncontracted aug-cc-pCVTZ basis set. All data are reported in cm−1.

(a) (b)

Figure 5.15: On the left, the excitation energies of the 1Pu/1Πu, 11Sg/11Σg and 21Sg/21Σg

states of the Si2+ atom, in a varying magnetic field, are shown. On the right, the transition
dipole moment 1Πu([Ne] 3s1 3p1)→ 1Σg([Ne] 3s1 4s1) is displayed. Calculations exploit the
CCSD and UCC3 response-theory approach for the investigation of molecular properties.

the mass of the electron),∗ is 0.072 and can be compared to the data reported in the NIST
database, 0.057. While the UCC3 transition energy is further away when compared to CCSD;
Both UCC3 and CCSD oscillator dipoles are of the same order of magnitude. Moreover, the
oscillator strength at UCC3 is close to the experimental value while the CCSD predictions
are unphysical.

The transition 1Πu([Ne] 3s1 3p1)→ 11Σg([Ne] 3p2) is reported at 1417.2 Å, while the
calculated values are 1341.5 Å for CCSD and 1839.0 Å for UCC3. Neither of them is in good
agreement with the experimental data. The comparison of the transition dipole moments
with the NIST database, which reports an oscillator strength of 0.218, shows that CCSD
cannot give an accurate description of the transition, as CCSD gives an oscillator strength
of 0.427 and UCC3 0.021. The transition 1Πu([Ne] 3s1 3p1)→ 1Σg([Ne] 3s1 4s1) can be
discussed when the Silicon dication is in a finite field, up to 0.4 B0. In fig. 5.15a, the energy
of the excited states 1Pu/1Πu, 11Sg/11Σg and 21Sg/21Σg are plotted as a function of the
magnetic-field strength. For the 1Πu state the difference between the two methods remains
small. The differences in the description of the excited states Σg lead to a large shift of the
excited state energies, though maintaining a parallel evolutions. In fig. 5.15b, the transition
dipole moments 1Πu([Ne] 3s1 3p1)→ 21Σg([Ne] 3s1 4s1) and 1Πu([Ne] 3s1 3p1)→ 11Σg([Ne]
3p2) are plotted.

Starting from the transition 1Πu([Ne] 3s1 3p1)→ 21Σg([Ne] 3s1 4s1), the red lines in the

∗In atomic units, me = 1 and h̄= 1



5.2. MOLECULAR PROPERTIES 129

plot, it is clearly shown that the CCSD method gives unphysical results on the left side of
the plot, up to 0.3 B0. One has to note that the plotted quantity is |µIJ |2 = µIJ ·µJI . Due
to the fact that CCSD has different parameterisations for the right and left eigenstates, the
relation µIJ 6= µJI holds, allowing for the unphysical results |µIJ |2 < 0 to occur. This is
an example of the limitations of the non-Hermitian CC theory when studying systems in a
magnetic field. The negative and oscillating results are found for transitions for which the
µIJ value is very far from being the adjoint of µJI , being opposite in sign or various orders
of magnitude different. The UCC3 results are real and their value is increasing in a stronger
magnetic field.

The transition 1Πu([Ne] 3s1 3p1)→ 11Σg([Ne] 3p2) is plotted in blue for CCSD and
UCC3. It is shown that the lines have a similar behaviour, but are shifted with higher values
for the CCSD line. The small magnitude of the UCC3 transition is motivated by the fact
that for UCC3 this is a purely two-electron transition, which is not true for CCSD, where
the mixing introduces also a partial one-electron transition contribution.

For the Si2+ dication, the excited states with at least a partial doubly-excited character
cannot be very accurately described by UCC3 and CCSD, as it had already been observed
for the CH+ cation in sec. 5.1.3. This is due to the consideration of just singly- and doubly-
excited determinants in the definition of the cluster operator. In the framework of this
approximation, Si2+ offers a example of a case in which CC theory cannot be applied to the
calculation of transition dipole moments. It is important to emphasize that these results
could not be foreseen by just analysing the energies of the excited states, which are here real
for both UCC3 and CCSD. Under these circumstances, the Hermiticity of UCC represents a
valid alternative to standard CC theory, in order to obtain physically interpretable results.

5.2.6 Methylidyne ion

In this section, another example of a system for which CC response theory obtains negative
transition probabilities is analysed, the CH+ cation. Its energies in a strong magnetic field
have already been studied in sec. 5.1.3. The discussion focuses here on the comparison
between the dipole moments and transition dipole moments obtained via the CCSD and
the UCC3 method, respectively. investigating the importance of a response-theory approach
with respect to the EOM one.

Electronic dipole moments

The understanding of the behaviour of the CH+ cation in a magnetic field oriented at an
angle of α = π/6 with respect to its bond axis, gained in sec. 5.1.3, is a prerequisite for
the analysis of ground- and excited-state properties. It has been shown in sec. 5.1.3 that,
depending on α, various avoided crossing occur between the ground and excited states.

In fig. 5.16, the dipole moments (calculated with respect to the center of mass) corre-
sponding to the states analysed in chapter 5.1.3 are displayed (the same colours are main-
tained for the sake of clarity). In fig. 5.16a the dipole moments of the ground state 11A
(purple line in the plot) and the lowest excited state 21A (red line in the plot) are shown.
In fig. 5.2 it was observed that the CCSD, UCC2, and UCC3 energy results for these two
states did not show significant discrepancies. However, when looking at the dipole moments,
the results differ also from a qualitative point of view. For the ground state 11A (purple
line in the plot), CCSD and UCC2 predict rather similar dipole moments. However, the
curve describing the UCC3 dipole moment has quite a different shape, with differences up
to 0.04 e2a2

0. As for the excited state 21A (red line in the plot), the CCSD and UCC3 results
show the same trend of decreasing dipole moment, while the UCC2 results show a qualita-
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(a) (b)

Figure 5.16: Dipole moments of the CH+ cation in a magnetic field oriented at α = π/6
with respect to its bond axis. The first four excited singlet states, those shown in fig. 5.2b,
are plotted with the CCSD, UCC2 and UCC3 methods. Results are given in atomic units
(e2a2

0).

tively different trend, with an increase for field strengths larger than 0.8 B0. Note that the
differences for field strengths between 0 B0 and 0.2 B0 for the UCC3 dipole moment are a
consequence of the slight mixing of the first excited state with the avoided crossing of the
states 31A and 41A, which transfers some doubly-excited character also to the state 21A.

In fig. 5.16b, the dipole moments of the states 31A and 41A are shown. As seen in
fig. 5.16a, these states experience two avoided crossings, at about 0.15 B0 and 0.7 B0. The
effect of the avoided crossings is evident from the inspection of the dipole moments: in
correspondence to the avoided crossings, abrupt changes in the magnitude of the dipole
moments is observed, around B=0.1 B0 and around B=0.6 B0. At the avoided crossings,
the states 31A and 41A exchange their character; also the properties of the two states are
exchanged, as shown by the curves, which could be continued one into the other. The dipole
moment of state 41A also shows a discontinuity around 0.4 B0. As discussed in sec. 5.1.3,
here a mixing with higher-lying states occurs, which explains this discontinuity. For most
part of the explored magnetic field range, UCC3 predicts larger dipole moments for these
two states than CCSD. As could be expected from the plot in fig. 5.2b, UCC2 fails in the
description of the dipole moment of these states, as it can only describe the single-excitation
component of the state. UCC2 therefore describes the properties of the mixing states as the
envelope of the properties of 31A and 41A.

Summarising the discussion of single-state dipole moments, it is found out that this
property shows the CCSD and UCC3 obtain qualitatively similar results, while UCC2 is not
able to describe doubly-excited states, and thus fails in the description of their properties.

Transition dipole moments – response theory vs EOM theory

In fig. 5.17b, the transition dipole moments from the ground state to the first three excited
states are shown, calculated for CCSD, UCC2 and UCC3 both using the expectation-value
and the response-theory approach, respectively (figs. 5.17a-5.17b). The transition dipole
moments for 11A −→ 21A (red lines in the plots) are described with similar precision by all
three methods, and the inclusion of the response of the wave function to the perturbation
does not affect qualitatively the results. The transition dipole moments of 11A −→ 31A and
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(a) Expectation-value approach (b) Response-theory approach

Figure 5.17: Transition dipole moments between the ground state 11A and the first three
singlet excited-states of the CH+ cation, in a magnetic field oriented at α= π/6 with respect
to the bond axis. The magnetic field strength varies between 0 B0 and 1.0 B0. The compar-
ison between CCSD, UCC2 and UCC3 is visible for each transition. In fig. 5.17a, transition
dipole moments are computed with the expectation-value approach (EOM approach), while
in fig. 5.17b the response theory has been exploited.

11A −→ 41A reflect the avoided crossings observed in fig. 5.2b. The discontinuities at about
0.15 B0 and 0.70 B0 are explained by the exchange of singly- and doubly-excited characters
between the target states. The observed mixing of state 41A with the higher-lying states
causes the large change in transition dipole moment around 0.4 B0. The small discontinuity
in the right part of the plots, present only in the CCSD case, may be explained by the mixing
of state 41A with higher-lying states, which was observed in fig. 5.2b. This mixing was not
found for the UCC2 and UCC3 methods and therefore no discontinuity is observed for the
UCC2 and UCC3 dipole moments. As expected, UCC2 only describes the dipole moment
of the single-excitation components of the 31A and 41A states. In the case of the EOM
calculation (fig. 5.17a), CCSD and UCC3 are in good agreement. The shift between the
two curves is caused by the different magnetic field strengths at which the avoided crossings
occur. In the case of response formulations, discrepancies between CCSD and UCC3 are
observed in fig. 5.17b. While the CCSD results are not affected much by the response, the
UCC3 transition dipole moments show a larger difference between the EOM and response-
theory results. In particular, after the interaction with the higher-lying states at 0.4 B0 and
0.7 B0, the UCC3 results match much better the CCSD results, showing a good agreement
of the response-theory results.

In fig. 5.18 the transition dipole moments between excited states are displayed. Here
the transitions 21A −→ 31A (orange line in the plots) and 21A −→ 41A (green line in the
plots) are analysed. The shape of the transition dipole moments can again be motivated
by the presence of avoided crossings characterising states 31A and 41A at about 0.15 B0
and 0.7 B0. The major differences between the expectation-value and the response-theory
approach (figs. 5.18a-5.18b) are as follows. In the EOM case, the transition dipole moment
for 21A−→ 41A gives very small values (10−2 e2a2

0) for the unitary approaches, while it starts
out at about 0.2 e2a2

0. for CCSD in the magnetic-field range of 0.0 B0-0.15 B0. Furthermore,
major differences in the results are found in the higher-field region of the plot. For fig. 5.18b,
the major difference in this plot is given by the peak at about 0.2 B0 for UCC3. This feature
is explained by recalling the discussion in sec. 5.1.3. Here it was pointed out that state 21A
mixes with the higher-lying 31A and 41A states, which for UCC3 lie at lower energies than
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(a) Expectation-value approach (b) Response-theory approach

Figure 5.18: Transition dipole moments between the first excited singlet state 21A and the
higher-lying states 31A and 41A of the CH+ cation, in a magnetic field oriented at α= π/6
with respect to the bond axis. The magnetic field strength varies between 0 B0 and 1.0
B0. The comparison between CCSD, UCC2 and UCC3 is shown for each transition. In
fig. 5.18a, transition dipole moments are computed with the expectation-value approach
(EOM approach), while in fig. 5.18b the response-theory formulation has been exploited.

for CCSD and hence influences it more strongly. The influence of the doubly-excited state
results in this feature for the transition dipole moment calculation. In this range, on the
other hand, CCSD yields a negative transition dipole moment.

After the second avoided crossing, at about 0.7 B0, both CCSD and UCC3 present a
singularity point (for UCC3, the shape would be the same as for the CCSD curve, but the
plotting of the absolute value squared takes the negative peak of the singularity to positive
values). These singularities are explained by the fact that transition dipole moments are
calculated from the poles of response functions. In the presence of two excited states with a
very similar excitation energy, singularities in the response functions of the amplitudes are
expected and present in the literature.278 Since these methods are approximations of the
exact response formulation, singularities are expected to occur also for CCSD and UCC3.

Lastly, in the region around 1 B0 the description is quite different between CCSD and
UCC3, but this is a consequence of the fact that CCSD is already interacting with higher-
lying states (as was discussed from fig. 5.2b), while this mixing happens at higher field-
strengths for the UCC methods.

Summarising the discussion about transition dipole moments for the CH+ cation, it is
observed that the response of the wave function to the perturbation is of major importance
for the transitions between excited states, while for transitions from the ground state the be-
haviour does not change. Transitions between singly-excited states are faithfully reproduced
by all methods, while the discrepancies in the description of doubly-excited states leads to
major discrepancies in the properties. Hence, UCC2 cannot be used for the calculation of
properties of states which possess a double-excitation character. CCSD suffers from unphys-
ical results, as the quantity |µIJ |2 can become negative. This problem cannot occur for the
unitary formalism, by construction. However, one has to note that, while for CCSD the
cheaper EOM-approach gives a quite accurate description of the properties when compared
to the response-theory approach, this is not the case for UCC3, where response theory is
essential to obtain good accuracy.



Chapter 6

Magnetic Circular Dichroism

Magnetic circular dichroism (MCD) spectroscopy measures the property of all sub-
stances to rotate the plane of circularly polarised light by a certain angle when

exposed to an external magnetic field.121 This spectroscopy can be compared to the more
known circular dichroism (CD) spectroscopy, where left and right circularly polarised light
interact differently with a chiral molecule. The advantage in MCD is that the molecule is no
longer required to be chiral, as the presence of the magnetic field causes the left and right cir-
cularly polarised light to interact differently with any molecular system. MCD is largely used
to investigate the electronic structure of molecules, both in the ground and in the excited
states. It represents a valuable tool complementing other absorption spectroscopies, as it
can detect overlapping transitions or transitions having a detectable differential absorption,
despite having an absolute absorption too weak to be detected by other spectroscopies. Cal-
culated spectra are therefore interesting to compare to experimental measurements.117–119
However, it has been observed in the literature that the presence of the solvent results in
very broad peaks,124 complicating the assignment of the measured peaks to the computed
ones. Therefore, the agreement of experiment and calculation is often already claimed if the
peaks have the same sign, either above or below the x-axis.

The previous chapters have extensively described the development of a finite-field method,
by which molecules in a magnetic field can be described. This section shows that the appli-
cability of these methods goes widely beyond the characterisation of magnetic white dwarfs.
In fact, it can be exploited also in the case of small magnetic fields, as those used for an
MCD measurement, which are typically of the order of 10−4 B0.

In fig. 6.1, a schematic representation of an MCD experiment is shown.279 A monochro-
matic light beam is passed through a so-called Rochon prism linear polariser, which sep-
arates the incident radiation into two linear polarised components, perpendicular to each
other. The perpendicular beam hits a photomultiplier (PMT), which measures the intensity
of the incident radiation. The other component of the linear polarised beam passes through
a photoelastic modulator (PEM), oriented in such a way to cause a phase shift alternat-
ing between 1

4λ and −1
4λ of one of the two orthogonal components of the linear polarised

light. This phase shift gives origin to a circularly polarised light beam, which oscillates be-
tween right and left circular polarisation in a periodic manner with frequency ω, as shown in
fig. 6.2. The radiation then travels through the sample under inspection, which is inserted
into a constant magnetic field, oriented along the direction of propagation of the light beam.
The remainig radiation is then recorded by another PMT, recording the intensity of the
exiting beam. An amplifier converts this intensity into a two-component voltage. A direct
current voltage is obtained from the intensity of the radiation which passed through the

133
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Figure 6.1: Schematic representation of a magnetic circular dichroism (MCD) experiment.
Monochromatic light is separated into two linearly polarised components by a Rochon po-
lariser. The perpendicular component is used to measure the initial intensity of the radiation
with a photomultiplier (PMT). The other component is transformed into circularly polarised
light through a photoelastic modulator (PEM). This radiation is then shone on a sample, in-
serted into a constant magnetic field oriented along the direction of propagation of the beam.
Finally, another PMT records the exiting intensity from the sample, which is converted into
a two-component voltage through an amplifier. A direct current voltage is obtained from the
intensity of light which passed through the sample. In the case of a difference in absorption
between the right and left circularly polarised beam, also an alternating current is recorded,
oscillating at the frequency registered by the PEM. From the information on the initial and
final light beams, a computer calculates the differential absorption.

sample. If a difference in absorption between the left and right circularly polarised beams is
present, an alternating current is measured, with frequency corresponding to ω. A computer
can then calculate the differential absorption from the data collected on the initial and the
final radiations. The actual experiment is performed with a more sophisticated set up; for
further discussion see, for example, the review in ref. 280.

6.1 MCD theory

From a theoretical point of view, the understanding of magnetic circular dichroism derives
from the explanation of how a sample absorbs a specific radiation. From the Lambert-Beer
law, the absorbance A is proportional to the concentration [c] of the solution in the sample

Figure 6.2: Schematic representation of the effect of the photoelastic modulator (PEM) on
linear polarised light. The PEM causes an alternating phase of 1

4λ and −1
4λ to one of the

two perpendicular components (electric and magnetic fields) of the beam, giving origin to a
circularly polarised light beam which oscillates between right and left circular polarisation.
The picture shows the path described by the electric-field vector (in red): the radiation starts
from being linearly polarised, becomes elliptically polarised, then circularly polarised, etc.
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and the length of the radiation path l

A= ε[c]l = log
(
I0
I

)
. (6.1.1)

ε is the molar extinction coefficient of the medium, I is the intensity of the monochromatic
beam, I0 refers to the intensity measured before the absorption. In order to establish a
link between an experimentally measured and a calculated spectrum, the discussion on the
calculation of MCD spectra starts from quantum mechanical principles.

6.1.1 The absorption coefficient

Moving to the microscopic frame, the sample is considered to be sufficiently diluted to neglect
interactions between molecules and accounting only for the interaction with the magnetic
field. The variation in intensity per length of a light beam of given energy can be described
as the difference between the number of molecules emitting a photon and those absorbing it

− dI
dl = hν(NaPaj−NjPja), (6.1.2)

where Na labels the number of molecules in state |a〉 and Nj the number of molecules in
state |j〉; Paj refers to the probability per unit time of the transition |a〉 −→ |j〉 and Pja to
the probability of the transition |j〉 −→ |a〉. Here ν is the frequency of the propagating wave.
The differential formulation of the Lambert-Beer law dI

I =−κdl,281,282 can be combined with
eq. 6.1.2 to give an expression for the absorption coefficient κ(ν) as

κ(ν) = hν

I(ν)(Na−Nj)Paj . (6.1.3)

where it has been assumed that the probability Paj equals the probability Pja, implying that
the transitions between state |a〉 and state |j〉 are equally probable. The conservation of
energy is expressed in electrodynamics by means of Poynting’s theorem,283 stating that the
intensity of the light beam after the absorption is the time average of the Poynting vector,
a quantity defined as S = 4πε0

c
4π Re{E(ν)}×Re{B(ν)}. This relation allows to express the

intensity as
I(ν) = 4πε0

∣∣∣∣
c

4π{Re{E(ν)}×Re{B(ν)}}T
∣∣∣∣, (6.1.4)

where the T index indicates the time average. The time average is needed to find a time-
independent expression for the intensity, in order to eliminate the time-dependence coming
from the fields. The fields can both be expressed through the vector potential as E =−1

c
∂A
∂t

and B =∇×A. The vector potential for an electromagnetic wave, propagating at velocity
c in vacuum along the positive z axis is

A = Re{A0}e2πiν(t− z
c

). (6.1.5)

The intensity entering the equation for the determination of κ can be expressed as a function
of the field parameters by substituting the expression above in eq. 6.1.4 and performing the
time average

I(ν) = 4πε0
A2

0πν
2

2c . (6.1.6)

The absorption coefficient κ needs to consider that not all molecules are absorbing the
radiation at the same time, this effect is accounted for through the probability of transition
Paj in eq. 6.1.3. For the evaluation of this probability, the time evolution of the initial and
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final states may be analysed. Be {|j〉} the complete set of time-independent eigenfunctions
for which Ĥ0 |j〉= Ej |j〉. Applying the time-dependent Schrödinger equation

Ĥ0 |j(t)〉= ih̄
∂ |j(t)〉
∂t

, (6.1.7)

the time evolution of these stationary states is found as

|j(t)〉= |j〉e−iEjt/h̄. (6.1.8)

A stationary state |a〉 of the molecule can then be expressed in the basis of eigenfunctions
of the unperturbed Hamiltonian Ĥ0

|a(t)〉=
∑

j

caj(t) |j〉 . (6.1.9)

In the magnetic field, the states are subjected to a perturbation Ĥ ′, which is given by the
coupling of the fields to the momentum of each electron k, i.e. Ĥ ′ = ∑

k
qk
mkc

Re{A0 ·pk},
where mk is the mass of the electron k and qk is its charge. The state |a(t)〉 must satisfy the
Schrödinger equation

(Ĥ0 + Ĥ ′) |a(t)〉= ih̄
∂ |a(t)〉
∂t

. (6.1.10)

The time evolution of the wave function may be expressed via the time evolution of the
expansion coefficients caj(t). Inserting the time evolution of the wave function from eq. 6.1.9
and projecting on 〈j|, a differential equation for caj(t) is obtained

dcaj(t)
dt =− i

h̄

∑

k

cak(t)〈j|Ĥ ′ |k〉ei(Ej−Ek)t/h̄. (6.1.11)

A solution for the expansion coefficient is obtained by integrating eq. 6.1.11, from t = 0 to
t= t′

caj(t)′ =
π

h

[
〈j|
∑

k

qk
mkc

Re{A0 ·pk}e−2πiνzk/c |a〉
(1−e2πi(νaj+ν)t′

2π(νaj +ν)

)

+〈j|
∑

k

qk
mkc

Re{A∗0 ·pk}e2πiνzk/c |a〉
(1−e2πi(νaj−ν)t′

2π(νaj−ν)

)]
,

(6.1.12)

where νaj = (Ej−Ea)/h. Paj indicates the probability per unit time that a transition from
state |a〉 to state |j〉 occurs and is expressed as Paj = |caj(t′)|2

t′ .
This derivation assumes a perfectly monochromatic radiation of frequency νaj ; however, this
condition is never satisfied in the experimental setting. More realistically, the frequencies
are distributed over a range around νaj . To account for this experimental reality, eq. 6.1.12
is modified by introducing a band-shape function ρaj(ν), describing the distribution of the
frequencies. The probability Paj becomes

Paj = π2

h2

∣∣∣∣∣〈j|
∑

k

qk
mkc

A∗0 ·pke2πiνzk/c |a〉
∣∣∣∣∣

2

ρaj(ν). (6.1.13)

Writing the vector potential as A0 = A0π, where π is the vector of unit norm directed as
A0, the transition probability is

Paj = 4π4A2
0ν

2

h2c2 |〈j|m ·π∗ |a〉|2ρaj(ν), (6.1.14)
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Figure 6.3: Representation of the different polarisations of the electromagnetic wave. The
most general case is described by the left picture, where the electric field E traces an elliptical
path; in this case, the wave is elliptically polarised. In the case the ellipse transforms to a
perfect circle, the second picture is obtained, where a circularly polarised beam is shown.
Squeezing the ellipse along the major axis, a linear polarised wave is obtained, shown in the
right picture. In this case, the electric field oscillates along the line.

with m =∑
k qkrk as the electric dipole of the system. Through this expression, the proba-

bility of transition depends on the transition dipole moment between state j and state a.
Once all the quantities contributing to the determination of the absorption coefficient κ have
been defined, a closed expression is gained substituting eqs. 6.1.4 and 6.1.14 into eq. 6.1.3

κ(ν) = 1
4πε0

8π3ν

hc
(Na−Nj)|〈j|m ·π∗ |a〉|2ρaj(ν). (6.1.15)

The absorption of a system is directly proportional to the squared norm of the transition
dipole moment, as well as to the energy of the radiation and to the number of absorbing
molecules. These quantities are all defined in the presence of the magnetic field. Notice that
the dependence on the field amplitude A0 cancels out, which is intuitively understood, as
the absorption of a radiation only depends on its frequency.

The displayed equations describe an ideal situation of molecules interacting in vacuum
with the fields. In a real system, the molecules also experience interactions with the solvent
molecules, leading to a modification of the macroscopic fields determined by the radiation.
The fields acting on each molecule are referred to as microscopic fields and are described
as Emicro = αEmacro and Bmicro = αBmacro. Furthermore, the velocity of propagation of
the radiation in the solvent is c/n, with n the refractive index of the medium. The whole
derivation can be performed again with the scaled velocity and the screening constant α,
leading to a more accurate determination of the coefficient κ(ν)

κ(ν) = 1
4πε0

8π3να2

hcn
(Na−Nj)|〈j|m ·π∗ |a〉|2ρaj(ν). (6.1.16)

6.1.2 The ellipticity

In this section, an expression for the rotation of the plane of polarisation of a circularly
polarised electromagnetic wave, after crossing a medium of thickness l, on a path parallel
to an applied magnetic field B, is derived. The right (+) and left (−) circularly polarised
components of the electric field are

E± = Re{ 1√
2

(ex±ey)E0e
2πiν(t− zn±

c
)}, (6.1.17)
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where z is the distance travelled inside the sample and ex,ey,ez are the unit vectors of a
right-handed Cartesian coordinate system. The magnetic field is assumed to be aligned to ez.
The electric field E is given by the sum of the right and left circularly polarised components,
allowing to separate the electric-field components along ex and ey

E = 1√
2

(E+ +E−) =

= E0

[
ex cos

(
πνz∆n

c

)
cos
(

2πν(t− zn
c

)
)
−ey sin

(
πνz∆n

c

)
cos
(

2πν(t− zn
c

)
)]
.

(6.1.18)

Here ∆n = n−−n+ accounts for the difference in refraction between the two polarisations
and n = (n−+n+)/2. The resulting field E can have different polarisations, depending on
the parameters in eq. 6.1.18, illustrated in fig. 6.3. In the first picture, the most general case
is shown, where the radiation is elliptically polarised, i.e. the tip of the electric field vector
traces an ellipse. In the second picture, the elliptical path is assumed to have the same major
and minor axes, resulting in a circularly polarised radiation. In the third picture of fig. 6.3,
the other limiting case is shown, where the ellipse is squeezed to the point to become a line.
In this case, a linear polarised radiation is obtained, where the electric field is oscillating
along the direction of polarisation.
If left and right circularly polarised waves are combined with equal amplitudes but arbitrary
relative phase, linear polarised light is obtained for ∆n= 0

E = 1√
2

(E+ +E−) = E0ex cos
(

2πν(t− zn
c

)
)
. (6.1.19)

In the case of ∆n 6= 0, but a real number, eq. 6.1.18 still gives a linear polarised wave, as the
amplitudes are the same for the x and y components, but the polarisation plane rotates as the
wave progresses in the z direction. After having travelled for a distance l, the corresponding
rotation angle φ is calculated from the ratio between the y and x components of the electric
field vector

φ= arctan
(
−Ey
Ex

)
= πνl∆n

c
. (6.1.20)

In the case of naturally active systems, an intrinsic chirality causes the refraction indices to
differ (n+ 6= n−). The presence of a longitudinal magnetic field, however, induces different
refractive indices in all substances, with n+ 6= n−. Though both effects manifest a rotation
of the plane of polarisation, it is clear that natural optical activity describes asymmetries
that are intrinsic to the molecular system, while magnetically induced optical activity is a
consequence of the Zeeman interactions. In the most general case, the refraction index is
a complex quantity, allowing for absorption inside the medium: ñ± = n±− ik±. It can be
proven284 that the absorption parameter κ in eq. 6.1.3 is related to k through the equation
κ= 4πkν/c. Assuming n to be the complex refractive index ñ in eq. 6.1.18, the x and y field
components no longer share the same amplitude, resulting in an elliptically polarised wave.
The rotation of the plane of polarisation defined as the ratio Ey

Ex
also becomes complex

φ̃= φ− iθ = πνl

c
(ñ−− ñ+). (6.1.21)

Fig. 6.4 shows the ellipse traced by the electric field vector if projected on the xy-plane, over
one cycle of oscillation. A polarisation state is fully characterised through the geometrical
parameters of the ellipse and the specification of its handedness, i.e. clockwise or counter-
clockwise rotation. The first geometrical parameter is provided by the angle φ, defined as
the angle between the major axes of the ellipse and the x-axis. Furthermore, the ellipticity
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Figure 6.4: Elliptical path traced by the tip of the electric-field vector during one cycle of
oscillation, projected on the fixed xy plane, perpendicular to the direction of propagation.
The angle φ measures the rotation of the polarisation plane as the wave progresses along the
z-axis. The ellipticity angle χ is calculated as tanχ= b

a and indicates the “squeezing” of the
ellipse. Note that for b = a, circularly polarised light is obtained, while for b = 0, linearly
polarised light is obtained.

angle χ is highlighted in the figure, accounting for the ratio between the minor and the major
axes of the ellipse, giving tanχ = b

a . Exploiting trigonometric relations, this ratio can be
linked to the imaginary part of the angle φ̃, as

tanχ= tanh πνl∆k
c
≈ πνl∆k

c
, (6.1.22)

where ∆k is assumed to be small. In MCD theory, tanχ is identified with the angle θ, called
ellipticity, and measures the squeezing of the ellipse traced by the fields. For a non-absorbing
medium, for which k = 0, or when k+ = k−, the angle χ is zero and the fields are linearly
polarised. The more the anisotropy induced by the magnetic field leads to differences in
absorbance, the less the ellipse will be squeezed.

Usually, the molar ellipticity is adopted, as it does not depend on the experimental
parameters of the concentration and length of the probe. It is defined as

[θ]M = 18N0θ

πNlB
= 4500
π loge ·

∆A
[c]lB . (6.1.23)

Therefore, the molar ellipticity [θ]M is related to the difference of absorption ∆A. Exploiting
the Lambert-Beer law

∆A= ε[c]l = ∆κl loge, (6.1.24)
the difference in absorption is expressed through the difference ∆κ

∆κ= κ−−κ+ = 1
4πε0

8π3να2

hcn

∑

aj

(Na−Nj)[|〈a|m̂− |j〉|2−|〈a|m̂+ |j〉|2]ρaj(ν), (6.1.25)

where m̂± = 1√
2(m̂x± im̂y). Before obtaining the final form for ∆A, the factor describing

the ratio of absorbing molecules can be simplified introducing the Avogadro constant N0

Na−Nj

[c] = Na−Nj

N
· N[c] = Na−Nj

N
·N0 ·10−3, (6.1.26)
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where N is the total number of molecules per cm3. The difference in absorption is calculated
per photon energy (E = hν) and corresponds to

∆A
E

= ε−− ε+
E

[c]l = Γ
∑

aj

Na−Nj

N

1
4πε0

[|〈a|m̂− |j〉|2−|〈a|m̂+ |j〉|2]ρaj(ν), (6.1.27)

where the collection of physical constants is grouped to give the factor

Γ = N0π2α2[c]l log10 e

250h̄cn . (6.1.28)

The concentration is given in mol/L, the path length l in cm. Usually the electronic transi-
tions considered are characterised by Ej−Ea > 1000cm−1, therefore leading to Nj ≈ 0.

The molar ellipticity is found substituting eq. 6.1.27 in eq. 6.1.23

[θ]M = 36π2N0α2

hcn
·hν

∑

aj

1
4πε0

[|〈a|m̂− |j〉|2−|〈a|m̂+ |j〉|2]
B

ρaj(ν). (6.1.29)

In the literature,107,126,284 hν and ∑aj
1

4πε0µB
[|〈a|m̂− |j〉|2−|〈a|m̂+ |j〉|2]ρaj(ν) are expressed

in atomic units (µB being the Bohr magneton), and have an overall dimension of [length3].
Because of this dimensionality, the conversion from SI units to atomic units implies a mul-
tiplication by a3

0, where a0 is the Bohr radius. The molar ellipticity [θ]M is measured in deg
L mol−1 m−1 G−1 and is expressed as

[θ]M = 36π2N0α2a3
0µB

hcn
·ν
∑

aj

1
4πε0µB

[|〈a|m̂− |j〉|2−|〈a|m̂+ |j〉|2]
B

ρaj(ν). (6.1.30)

The product of physical constants in eq. 6.1.30 is expressed via the factor Γ̃ = 36π2N0α2a3
0µB

hcn =
0.0014803. From now on, the expressions will be written as function of ω = 2πν, as this is
the usual form of the equations found in the literature. Furthermore, in the systems under
consideration, all molecules are assumed to be in the ground state, i.e. |a〉= |0〉.
To this point, the transition dipole moments have been calculated for a specific direction of
the magnetic field. However, in an MCD experiment the molecules are rotating in space and
are not aligned to a single direction. An isotropic average over the orientations introduces a
sum over the orientations γ, and a factor 1/3,

[θ]M = Γ̃ω
∑

j

1
3µB

∑

γ

1
4πε0

[|〈0|m̂− |j〉γ |2−|〈0|m̂+ |j〉γ |2]
B

f(ω,ωj) =

= Γ̃ω
∑

j

1
3µB

1
4πε0

∑

αβγ

εαβγ
(〈0|m̂α |j〉γ 〈j|m̂β |0〉γ)

B
f(ω,ωj).

(6.1.31)

where the definition m± = 1√
2(mα±mβ) has been exploited to introduce the Levi-Civita

tensor εαβγ , with {α,β,γ} = {x,y,z}, {y,z,x}, {z,x,y}. The band-shape function ρ0j has
been replaced by a model broadening function f(ω,ωJ), chosen to be either Gaussian or
Lorentzian. The index γ indicates that the transition dipole moments are computed in a
magnetic field in the γ direction.

Defining the so-called spectroscopic term RJ as

RJ = 1
4πε0

i

3µB

∑

αβγ

εαβγ
(〈0|m̂α |J〉γ 〈J |m̂β |0〉γ)

B
(6.1.32)
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Figure 6.5: Schematic depiction of the spectroscopic terms A,B, C.

the molar ellipticity is given as

[θ]M = Γ̃ω
∑

J

RJf(ω−ωJ). (6.1.33)

The calculation of the MCD spectra can be performed directly computing the transition
dipole moments and the excitation energies within an external magnetic field. However, not
all computational codes can perform such a calculation; a different approach is therefore
often exploited, obtained using perturbation theory to express the molar ellipticity. The
next section is concerned with this perturbative treatment of eq. 6.1.33.

6.1.3 Perturbative approach

In the case of a small magnetic field, the molar ellipticity in eq. 6.1.31 can be expanded in
Taylor series around B = 0 as

[θ]M = ([θ]M)0 +
(
∂[θ]M
∂B

)

0
B+O(B2). (6.1.34)

At B = 0, the molar ellipticity ([θ]M)0 vanishes, as the difference in absorption between
left and right circularly polarised light for non-chiral molecules is zero in the field-free case.
Therefore, the molar ellipticity is approximated at first order as

[θ]M ≈
(
∂[θ]M
∂B

)

0
B = Γ̃ω 1

4πε0

i

3µB

∑

J

∑

αβγ

εαβγ

(
∂(〈0|m̂α |J〉〈J |m̂β |0〉)

∂Bγ
f(ω−ωJ)

+(〈0|m̂α |J〉〈J |m̂β |0〉)
∂f(ω−ωJ)

∂Bγ

)
.

(6.1.35)

Note that eq. 6.1.31 depends on the field both through the transition dipole moments and
through the broadening function, accounting for the two terms in eq. 6.1.35. This form can
be related to the perturbative formulation found in the literature123

[θ]M = Γ̃ω
∑

J

{
− ∂f(ω,ωJ)

∂ω
AJ +f(ω,ωJ)

(
BJ + CJ

kT

)}
. (6.1.36)

A,B, C are the spectroscopic terms (Faraday terms) depicted in fig. 6.5 and they char-
acterise the structure of the MCD spectrum. BJ describes the energy shift which state J
undergoes in a magnetic field. When J is a degenerate excited state, AJ describes the effect
of the orbital-Zeeman splitting and is multiplied by a derivative band shape. Finally, CJ
needs to be considered in the case in which J corresponds to a degenerate ground state. The
CJ term is temperature dependent and weighted by the Boltzmann factor determining the
occupation of the near-degenerate ground states. This last term does not contribute for the
systems analysed in this work, as they have non-degenerate ground states.
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Figure 6.6: Graphical scheme of the labelling of excited states: the index J refers to a given
n-fold degenerate state. In the case of a degenerate state, the index Js refers to the single
components of state J . In a magnetic field B, the degenerate states undergo orbital-Zeeman
splitting (right side of the figure). In this case, only the index J is needed, as there are no
degenerate states anymore.

The BJ term can be recognised in the first term of eq. 6.1.35, where the differentiation
is performed on the linear contributions in the magnetic field to (〈0|m̂α |J〉〈J |m̂β |0〉).126 In
order to obtain linear terms in B, the states |J〉 and |0〉 can be expanded in perturbation
orders. Therefore, a perturbative treatment of the Hamiltonian needs to be formulated.

In an MCD experiment, the magnetic field is very small, of the order of 10−4 B0. In the
magnetic field Hamiltonian

Ĥ = Ĥ0 + 1
2B ·L+B ·S+ 1

8

N∑

i

(B2r2
iO− (B ·riO)2), (6.1.37)

the diamagnetic term, of second order in the magnetic field, can be neglected. Furthermore,
for simplicity the focus is here on singlet states; the spin-Zeeman term B ·S does therefore not
contribute. Therefore, the perturbation is given by the paramagnetic term Ĥ ′ = µBB ·L =
1
2B ·L, where the second equality is expressed in atomic units, in which µB = 1

2 .
The first-order correction to the energy of a state |J〉 is given by E(1) = 〈J |Ĥ ′ |J〉 =

µBB 〈J | L̂z |J〉, where the z axis is aligned to the direction of the applied magnetic field,
coincident with the direction of light propagation in the experimental setting. The first-
order wave function is given by

∣∣∣J (1)
〉

=
∑

K 6∈DJ

〈K|Ĥ ′ |J〉
EJ −EK

|K〉= µBB
∑

K 6∈DJ

〈K| L̂z |J〉
EJ −EK

|K〉 , (6.1.38)

where {K} denotes the set of unperturbed eigenfunctions of Ĥ0. The sum excludes the
states in the space DJ , made of states degenerate to |J〉 in the field-free case. For a visual
description, see fig. 6.6.

The BJ term is obtained from the first term in eq. 6.1.35, where the terms of first order
in B are differentiated

BJ = 1
4πε0

i

3µB

∑

αβγ

εαβγ

(
∂ 〈0|m̂α

∣∣∣J (1)
〉
〈J |m̂β |0〉

∂Bγ
+
∂ 〈0|m̂α |J〉〈J |m̂β

∣∣∣0(1)
〉

∂Bγ

+
∂
〈

0(1)
∣∣∣m̂α |J〉〈J |m̂β |0〉

∂Bγ
+
∂ 〈0|m̂α |J〉

〈
J (1)

∣∣∣m̂β |0〉
∂Bγ

)
.

(6.1.39)

Substituting the first-order perturbed eigenfunction from eq. 6.1.38 into eq. 6.1.39, the ex-
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pression for the BJ term is obtained∗

BJ =− 1
4πε0

2i
3
∑

αβγ

εαβγ

[ ∑

K 6=0

〈K| L̂γ |0〉
EK −E0

〈0|m̂α |J〉〈J |m̂β |K〉

+
∑

K 6∈DJ

〈J | L̂γ |K〉
EK −EJ

〈0|m̂α |J〉〈K|m̂β |0〉
]
.

(6.1.40)

The AJ term arises from the second term in eq. 6.1.35; the differentiation of the band-
shape function can be performed through the chain rule

∂f(ω−ωJ)
∂B

= ∂f(ω−ωJ)
∂ωJ

∂ωJ
∂B

=−∂f(ω−ωJ)
∂ω

∂ωJ
∂B

, (6.1.41)

with
∂ωJ
∂B

= µB(〈J | L̂γ |J〉−〈0| L̂γ |0〉) . (6.1.42)

Note that eq. 6.1.42 vanishes for non-degenerate states (for further theoretical insight, the
time-reversal symmetry may be checked in ref. 284).

The AJ -term is defined as the sum of all contributions given by all the components of
the degenerate state |J〉; here the basis of the degenerate space DJ is chosen to be the one
diagonalising L̂γ and is labelled as |Js〉 (see fig. 6.6)

AJ = 1
4πε0

i

3
∑

αβγ

εαβγ
∑

Js∈DJ

〈0|m̂α |Js〉〈Js|m̂β |0〉(〈Js| L̂γ |Js〉−〈0| L̂γ |0〉). (6.1.43)

Comparing the finite-field method to the perturbative one described here, it may be
noted that the sum of both Faraday terms AJ and BJ correspond to the first order of the
RJ term. In fact, the exact expression of RJ describes both the splitting of degenerate
states in a magnetic field (given by AJ in the perturbative approach) and the shift in energy
of non-degenerate states (given by the BJ contributions). Therefore, the finite-field theory
accounts for the effects of an external magnetic field to infinite order, and not just to first
order.

For experimental spectra, the field strength is small enough (of the order of 10−4 B0) to
allow both a comparison with spectra obtained through the perturbation-theory approach
and through the finite-field approach. However, the applicability of the finite-field approach
includes in principle any arbitrary magnetic field, even outside the limit of small B, while
the perturbative approach fails by construction when the influence of the magnetic field can
no longer be considered a small perturbation. MCD spectra in a non-perturbative limit can
therefore be explored only through the finite-field methods.

6.1.4 Gauge-origin dependence

From the previous section, it is clear that [θ]M is defined in presence of a magnetic field. For
approximated wave functions, it may happen that the results for the physical observables are
gauge-origin dependent. It has been described in sec. 2.4.1 that the use of Gauge Including
Atomic Orbitals (GIAOs)184 allows to find gauge-origin independent results. The results
obtained in the GIAO basis set are no longer dependent on the gauge origin, and can be
exploited to predict MCD spectra.

∗Note that the spectroscopic BJ term in eq. 6.1.40 is calculated through a sum-over-states expression,
which is dependent on the number of states considered. Faber et al., in ref. 124, exploit the so-called derivative
formulation, exploiting the CC response formulation,57,219 which avoids the sum-over-states method.
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Even when performing a calculation in the field-free setting, which is gauge-origin in-
dependent, the gauge dependence is present in the perturbative terms, which describe the
effect of the magnetic field. The unwanted gauge dependence in the perturbative approach
has been addressed in ref. 285, exploiting GIAOs in the field-free calculations. However,
in the perturbative framework the dependence of the GIAO basis set on the magnetic field
complicates the calculation of the Faraday terms, as these terms are defined through differ-
entiations with respect to B. Therefore, the achievement of gauge-origin independence in
the perturbative approach is rather involved, requiring the formulation of additional terms
coming from the differentiation of the GIAOs. Thus, perturbative calculations often ne-
glect the magnetic-field dependence of the Faraday terms, obtaining gauge-origin dependent
results.124 These can also lead to qualitative wrong descriptions of MCD spectra, as it will
be shown in the results section (sec. 6.3).

In the case of the finite-field approach, ensurance of gauge-origin independence is straight-
forward. Due to the presence of the magnetic field, the calculations are already performed
with the GIAO basis set, leading to gauge-origin independent transition dipole moments and
transition frequencies. Unlike for the perturbative approach, the equations do not need to be
modified when using the GIAO basis set and the RJ term is computed following eq. 6.1.32.

Concluding the theoretical description of MCD theory, it may be observed that the
computation of MCD spectra through a finite-field approach possesses numerous advantages
over the usually exploited perturbative approach. In fact, a finite-field computation needs
only first-order response theory, for the computation of the transition dipole moments, while
the perturbative treatment exploits second-order response theory, with respect to both the
electric and the magnetic fields. Furthermore, gauge-origin invariant results are more easily
obtained with a finite-field computation. Lastly, the exact inclusion of magnetic effects allows
to explore also field strengths, for which the perturbative approximation cannot be applied.
All these advantages are discussed in the next sections, on the basis of some test molecules.

6.2 MCD protocol
The magnetic circular dichroism spectra are obtained from the transition dipole moments
calculated in Qcumbre. An MCD spectrum is composed of the isotropic average of the
different orientations the magnetic field can assume in space with respect to the molecular
system. As described in eq. 6.1.32, three calculations need to be performed, with either
B ‖ x̂, B ‖ ŷ or B ‖ ẑ. These can be started manually or the script MCDGlobal.sh may be
used, which is part of the Qcumbre package. Each calculation has its own Cfour and
Qcumbre input files, for the different orientations of the field. In particular, in the latter
the keyword mcd=I, with I=x,y,z, signals to Qcumbre that the calculation of transition
properties is performed for an MCD spectrum and specifies which orientation of the field is
chosen.

As seen in eq. 6.1.32, only transition moments from the ground state are needed; for an
MCD calculation, only these transitions are computed, while those between different excited
states are not considered. The transition dipole moments are written on an external file,
MCD_tramo_I, while the transition energies are written on MCD_ee_I. These are the outputs
needed for the computation of an MCD spectrum.

The actual spectrum is assembled through an external Python script, MCD.py (which is
part of the Qcumbre package). This Python script computes RJ through the expression in
eq. 6.1.32. The input file inputMCD contains the necessary input parameters:

• concentration: concentration of the solute in the experimental setting in mol/L (de-
fault: 1);
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• length: length of the probe in cm (default: 1);

• refractiveIndex: refractive index of the solution (default: 1);

• sigma: broadening parameter of the broadening function (default: 0.005);

• bfield: magnetic field strength in B0 (default: 10−5);

• spectrumMode: output option of the molar ellipticity in atomic units (0) or experimen-
tal units (1) (default: 0);

• energyMode: output option, determining the x axis to be either in eV (0) or in nm (1)
(default: 1);

• bandshapeFunction: choice of the broadening function (default: 0):

– Gaussian function (0): f(ω−ωJ) = 1√
πϑ
e−(ω−ωJ

ϑ
)2 ;107

– Lorentzian function (1) f(ω−ωJ) = ϑ
π

1
(ω−ωJ )2+ϑ2 ;124

• ucc: CC transition moments (0) or UCC transition moments (1) (default: 0).

Providing the input files MCD_tramo_I and MCD_ee_I to the Python script, the MCD
spectrum is given as an output.

This script has been debugged by ensuring that the multiplied quantities are treated
correctly (with particular attention to the complex algebra necessary); the obtained results
have been compared to the spectra in ref. 124 (this comparison is described in more detail
in the results section hereafter).

6.3 MCD spectroscopy
The theoretical framework developed in sec. 6.1 needs to be validated by applying it to
some test molecules, in order to verify that the perturbative and the finite-field methods
give agreeing results at low magnetic-field strengths. Therefore, the developed methodology
is tested against perturbative calculations reported in the literature. The importance of
gauge-origin invariance is then assessed through the comparison of spectra calculated both
with and without GIAOs. Once the finite-field approach has been validated, the method
can be exploited in connection to UCC transition dipole moments, discussing the differ-
ences between a CCSD and a UCC3 calculation of the MCD spectrum. In the last part, a
Gedankenexperiment is performed, calculating an MCD spectrum in a magnetic field typical
for magnetic white dwarf stars.

6.3.1 Perturbative vs finite-field approach

This work wants to prove the equivalence of the two explained approaches by performing
calculations on the same systems as in ref. 124, urea and cyclopropane, with geometries
and basis sets (aug-cc-pVDZ266–271) there adopted. The Lorentzian broadening function of
sec. 6.2 was chosen in order to best compare to the mentioned reference, with ϑ= 2000cm−1 =
0.0045563 a.u. The comparison of the finite-field approach with the results from perturbation
theory is performed by setting the magnetic field to a strength of 10−4 B0.

In figures 6.7a and 6.7b, the comparison between the perturbative method (blue lines in
the plots) and the finite-field calculation (red lines) is visualised for urea and cyclopropane.
The blue lines were adopted from ref. 124, where the CCSD calculations are not using
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Figure 6.7: MCD spectra for urea (fig. 6.7a) and cyclopropane (fig. 6.7b): in blue, the
reference from ref. 124 (no GIAOs, perturbation theory), in red the curves computed with
the non-perturbative approach, with direct calculation in a magnetic field of 10−4 B0, without
GIAOs as well. When calculating without GIAOs, the gauge origin was chosen in the centre
of mass of the system.

GIAOs. In order to obtain a comparison, also the finite-field calculations were performed
without GIAOs, thus giving origin-dependent results. The perturbative method, in blue,
and the finite-field (ff) calculation in red, are exploited at the CCSD level of theory.

In fig. 6.7a, the first 10 excited states of urea are considered, as these lie in the typical
range of an MCD spectrum. As there are no degenerate states for this molecule in the field-
free case, only the BJ term determines the MCD spectrum obtained with the perturbative
approach. For this system, the comparison between the description given by the BJ term
for the perturbative approach and the description given by the RJ term for the finite-
field approach can be discussed. On the other hand, in fig. 6.7b the first 7 excited states
of cyclopropane are calculated. Cyclopropane has multiple degenerate states in the zero-
field case, as a consequence of its molecular symmetry. This molecule is therefore suitable
to test the equivalence of the RJ term to the simultaneous contribution of both AJ and
BJ . It is observed that for both systems the two spectra are practically indistinguishable,
reproducing the same intensity and position of the peaks (the same broadening function
has been adopted). As was suggested in ref. 124, the MCD spectrum of cyclopropane can
be compared to the experimental data in ref. 120. A good qualitative agreement with the
experiment is achieved by the theoretical treatment.

6.3.2 Gauge-origin independent calculations

In order to obtain gauge-origin independent results, the calculations ought to be performed
in the GIAO basis. Figure 6.8 shows the effects given by the inclusion of GIAOs for the test
systems urea (fig. 6.8a) and cyclopropane (fig. 6.8b). The intensity of the peaks is affected by
the use of GIAOs and qualitative differences are observed. Especially for cyclopropane the
spectrum is not qualitatively well reproduced without GIAOs, as the relative intensities of
the positive peaks changes. Therefore the effect of gauge-origin independence is not negligible
and all calculations should be performed in the GIAO basis for physically consistent results.

Fig. 6.8a also pictures the effect of the formalism used for the calculation of CCSD prop-
erties. Transition dipole moments were computed both in the response-theory framework
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Figure 6.8: Comparison of MCD spectra analysing the effect of GIAOs: in green, the
reference124 (no GIAOs, perturbation theory), in blue the curves computed using GIAOs.
When calculating without GIAOs, the gauge origin was chosen in the centre of mass of the
system. In fig. 6.8a the comparison between MCD spectra computed with CCSD response-
theory properties (blue line) and EOM-CCSD properties (red line) is reported.

(blue lines in the plot) and in the EOM one (red line in the plot). No noticeable differ-
ences are observed in the MCD spectrum, confirming the small effect given by the perturbed
amplitudes on CCSD properties,115 as it was observed in the previous section 5.2.

Summarising, the two approaches for the prediction of MCD spectra, perturbation theory
and finite field, have been shown to be equivalent in the perturbative limit of small magnetic
fields. The inclusion of GIAOs is necessary to obtain qualitative correct spectra, which
however is not as straightforward in the perturbative framework. For CCSD, the calculation
of properties can be approximated with the EOM framework, without loss in accuracy in
the MCD spectrum.

6.3.3 UCC spectra

In the previous sections, the validity of the implemented finite-field method for MCD spectra
has been tested. The method can be used in combination with different wave-function
ansätze; in this work, CCSD and UCC3 are compared. In fig. 6.9 this comparison is shown
for the two test systems urea (fig. 6.9a) and cyclopropane (fig. 6.9b). For both methods, the
EOM definition of the transition moments has been used, as it has been shown in sec. 5.2
that the transition dipole moments from the ground state are not drastically changing when
adding the response of the amplitudes. The qualitative reproduction of the spectrum is very
similar between the two methods, with a slight shift to higher energies for UCC3. The only
major difference is visible in fig. 6.7a around 8 eV, where CCSD shows a unique negative
peak, while UCC3 shows a double peak. Through inspection of the excitation energies, it
is seen that the CCSD peak is given by the overlap between two smaller peaks, while the
corresponding UCC3 peaks are more clearly distinguished. The difference in the shape of the
spectrum is therefore motivated by the shift between the excitation energies computed with
the two methods. The relative intensities are the same for the two methods, with slightly
more intense peaks for UCC3.

For both systems under inspection, the MCD spectra are agreeing from a qualitative
point of view, with UCC3 shifted to higher energies than CCSD. However, it has to be
noted that this may not be a general result, as systems (sec. 5.2.6) have been found in the
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Figure 6.9: MCD spectrum computed for cyclopropane in a magnetic field of 10−4 B0, using
GIAOs. The red lines correspond to results obtained with the CCSD method and the blue
ones to results obtained with the UCC3.

framework of this thesis where the UCC3 excitation energies are smaller than the CCSD
ones. As these differences between the two methods do not translate in a constant shift, the
spectra may appear qualitatively different when two peaks overlap in the same energy region
for only one of the two methods.

In all these cases, the comparison with the experiment (ref. 124) does not provide infor-
mation on the accuracy of the calculated spectra. In fact, experiments present very broad
peaks, making the identification of their position not accurate enough to be compared to the
calculations. The MCD spectra are experimentally measured in a solvent, while all calcula-
tions are performed without a solvent. Inclusion of solvent effects may be achieved through
embedding methods, such as the polarizable continuum model (PCM),286–294 or other meth-
ods combining quantum mechanical and molecular mechanical (QM/MM) approaches.295–297

6.3.4 MCD spectra in a strong magnetic fields

In sec. 6.1 the differences and advantages of using the exact formulation for the calcula-
tion of the MCD ellipticity with respect to the perturbative approach have been discussed.
The finite-field formalism in principle applies also to strong magnetic fields, for which the
perturbative limit does not apply.

Therefore, a Gedankenexperiment of placing an MCD spectrometer on a magnetic white
dwarf star can be performed, predicting the spectrum for cyclopropane. In fig. 6.10a, the
MCD spectrum of cyclopropane in strong magnetic fields ranging from 0.010 B0 to 0.030 B0
is displayed, showing the evolution of spectral lines in relation to the field strength. The
interpretation of the behaviour of these spectra is not trivial and it is of some advantage to
unravel the spectrum into the single contributions, given by each orientation of the magnetic
field. In a strong magnetic field the molecules are not expected to be isotropically distributed
in space, as the confinement of the magnetic field hinders the free rotational movement. In
this study, however, the approximation of an isotropic distribution is adopted, assuming the
validity of eq. 6.1.33.

For cyclopropane it is sufficient to analyse the orientations where the magnetic field is
aligned along the C3 axis (fig. 6.10c) and the C2 axis (fig. 6.10b).

In order to understand the evolution of the peaks, the states contributing to the MCD
spectrum need to be considered. Starting from fig. 6.10b, the excited states and their corre-
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Figure 6.10: MCD spectra computed for cyclopropane in a strong magnetic field of various
strength (fig. 6.10a). Contribution of the B ‖ C2 component (fig. 6.10b) contribution of the
B ‖ C3 component to the MCD spectrum (fig. 6.10c). The intensity of the latter spectrum
is scaled by a factor of 20.
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(a) B ‖ C3. The vertical lines mark the magnetic field strength of the
correspondingly colored spectra of fig. 6.10c.

(b) B ‖ C2. The vertical lines mark the magnetic field strength of the
correspondingly colored spectra of fig. 6.10b.

Figure 6.11: Total energies of the excited states of cyclopropane contributing to the MCD
spectrum, in an interval up to B = 0.14 B0. The denomination of the states refers to the
point group C2 and only the states contributing to the MCD spectrum are shown.
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(a) B ‖ C3. The vertical lines mark the magnetic field strength of the
correspondingly colored spectra of fig. 6.10c.

(b) B ‖ C2. The vertical lines mark the magnetic field strength of the
correspondingly colored spectra of fig. 6.10b.

Figure 6.12: Excitation energies of the excited states of cyclopropane contributing to the
MCD spectrum, in an interval up to B = 0.03 B0. Only the states contributing to the MCD
spectrum are shown.
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sponding excitation energies (fig. 6.12b and fig. 6.11b) need to be examined. The evolution
of the peaks in an increasing magnetic field may be understood by analysing the behaviour
of the corresponding excited states at the same field strengths. The states are evolving by
gaining or lowering their excitation energy, causing a shift in the position of the peaks in the
MCD spectrum. The different evolution of distinct states may therefore result in a split of
previously superimposed features or, on the contrary, the superposition of peaks which were
distinct before. The first meaningful feature at ≈ 8.25 eV corresponds to the overlap of the
excitations to 31B and 41B. Increasing the field strength, the 31B excitation energy remains
relatively constant, while the 41B transition is shifted to higher values. The previously over-
lapping peaks are therefore evolving into two distinct peaks of smaller intensity than the
original one (whose intensity was the sum of the two peaks). The second feature analysed
here is situated at ≈ 9.3 eV (51B). This peak is shifted to lower energies as the magnetic
field strength increases, until the 51B and 41B states start to mix at higher magnetic field
strengths. Finally, the A feature at ≈ 9.5 eV is obtained from the states 61B and 71B,
which are nearly degenerate in the field-free case. The last peak, at ≈ 9.85 eV comes from
the transition dipole moment of the excitation to state 81B, the last considered in this study.
In principle, also higher-lying states could be considered, but this study has been restricted
to the usual range of energies of an MCD spectrum, up to about 10 eV.

The spectrum of fig. 6.10c is more involved, but offers a good example to understand the
effect of avoided crossings and mixing of states on the MCD spectrum. The behaviour of
these states in an increasing field is analysed in figs. 6.11a-6.12a. The first A feature at ≈
8.3 eV originates from the previously degenerate 211E′ and 212E′ states, which are split by
the magnetic field. The higher-lying states experience avoided crossings, where the character
of the states is mixing. As seen before, in the perturbative limit of a small magnetic field,
three A-like shapes are observed. The first and smallest feature at ≈ 9.36 eV is due to states
311E′ and 312E′, the second one at ≈ 9.85 eV to states 411E′ and 412E′. The third and
largest feature at ≈ 10.43 eV-10.63 eV is caused by two overlapping peaks, originating from
states 511E′ and 512E′ on one side, and 611E′ and 612E′ on the other side. From fig. 6.11a
it is clear that these two couples of states lie close to each other. The avoided crossings
between 312E′ and 412E′ and of 411E′ and 511E′ cause a complexity in the peak structure
not predictable from the field-free spectrum. The mixing of the excited states brings in the
contribution of states which in the field-free case had a vanishing transition dipole moment.
Therefore, increasing the magnetic field strength, the MCD spectrum is undergoing major
changes. These changes are only explained by looking at the evolution of the excited states
and cannot be understood by simply referring to the field free case, as avoided crossings and
splitting of degeneracies have a large influence on the peak structure.

6.3.5 MCD spectra of pyrazine and pyrimidine

The discussion on MCD spectroscopy may be concluded by showing the application of the de-
veloped finite-field approach to the calculation of the MCD spectra for two larger molecules,
pyrazine (fig. 6.13a) and pyrimidine (fig. 6.13b). For both molecules a field-free geometry op-
timisation on B3LYP/6-31G* level was performed using Qchem.298 The corresponding com-
putation was performed by Simon Blaschke, using Cholesky decomposition of two-electron
integrals.103,299

For both molecules, a comparison with experimental data is possible. The calculated
spectra are very similar to the experimental ones in both cases. The reference spectra show
that both molecules have a very similar MCD spectra. The highest peak of the pyrimidine
spectrum is shifted of about 4 · 103 cm−1 with respect to the highest peak in the pyrazine
spectrum. The accuracy of the finite-field method therefore is good enough to allow to
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Figure 6.13: Simulated MCD spectrum of pyrazine (fig. 6.13a) and pyrimidine (fig. 6.13b) in
comparison to experimental spectrum (n-heptane) from ref. 117 (blue). The spectrum was
calculated in a magnetic field of 10−4 B0 on ff-CCSD/aug-cc-pVTZ level of theory. (Gaussian
bandshape, σ = 0.009, Cholesky threshold δ = 6).

distinguish between the spectra of the two molecules. The shape of the spectra computed
with the finite-field approach shows a good agreement with the shape of the measured spectra.
The relative position of the peaks is well-reproduced. The shift of the computed spectra with
respect to the experiment is probably due to the lack of embedding effects in the computation,
as the experiment was conducted in n-heptane.
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Chapter 7

Quantum electrodynamics (QED):
cavity chemistry

This thesis focuses on the description of molecules interacting with a finite magnetic field,
in the regime of weak coupling between matter and light. However, a confinement in

space of the electromagnetic fields results in a much more intense light-matter interaction,
reaching the strong-coupling regime. Hybrid light-matter states are called polaritons;143,300
because of the entanglement between light and matter, they cannot be explained through
the features of the uncoupled states.301 From a physical point of view, polaritonic states
are used to fine-tune the photonic part of the system, modulating matter properties in a
non-invasive way.151,302

Strong light-matter coupling is achieved inside optical cavities, which consist of highly re-
flective mirrors, with the role of confining the electromagnetic field in a restricted volume.130
In the last years major advances have been made from an experimental point of view, reduc-
ing the cavity length to the order of nanometers,303,304 therefore allowing to study regimes
with a strong light-matter interaction. The mirrors constituting the cavity influence the
characteristics of this coupling, and studies on absorption spectra, photochemical reaction
rates and conductivity have been carried out from an experimental point of view.143–147 Ma-
jor results are documented from the Ebbesen group, where it was demonstrated that strong
light-matter coupling can influence the reaction rate, slowing down or catalysing a reaction,
and even inducing selectivity in the product formation.148–150

In order to predict and explain experimental results, a consistent theory has been devel-
oped in the literature for the description of polaritonic states.131–133 As photons behave as
bosons, a formalism in second quantisation consistent with the principle of quantum elec-
trodynamics (QED) has been adopted. In general, the theories describing the chemistry
inside optical cavities are seen as generalisations of the quantum-chemical methods in use:
quantum electrodynamics density functional theory (QEDFT),140,141,152 quantum electro-
dynamics Hartree-Fock (QED-HF),136,137 quantum electrodynamics coupled cluster (QED-
CC),136,153–155 quantum electrodynamics FCI (QED-FCI)137 and others.156–159 In this thesis,
the main aspects of field quantisation and QED Hamiltonians are discussed, necessary for
the description of QED-HF and QED-CC. QED-UCC has been explored in the framework
of quantum computing.155 In this thesis, the first development of a QED-UCC2 approach is
discussed, considered to be the first step towards higher-order QED-UCCn approximations.

155



156 CHAPTER 7. QUANTUM ELECTRODYNAMICS (QED): CAVITY CHEMISTRY

7.1 Quantum Electrodynamic theory

7.1.1 Quantisation of fields

The experimental set up of an electromagnetic cavity is given by highly-reflective mir-
rors, in the simplest case, two parallel flat mirrors placed at a fixed distance (Fabry-Pèrot
cavity).305–307 The description of electrodynamics seen in sec. 2.2 is here continued to treat
electromagnetic cavities.130 The confinement of the electromagnetic field inside the volume
of the cavity determines specific boundary conditions. In order to investigate the allowed
modes, the vector potential A can be expanded in a Fourier series

A(r, t) =
∑

k

[
ak(t)eik·r +ak

∗(t)e−ik·r
]
. (7.1.1)

Only modes whose half wavelength is a multiple of the cavity length are stable; a modulation
of the mirror distance allows to control the allowed modes. In this chapter, the mirrors are
assumed to be perfect reflectors, without any losses, which in fact is an ideal setup. For a
cavity of volume V, the permitted wave vectors k have components

kx = 2π
3√V

nx, ky = 2π
3√V

ny, kz = 2π
3√V

nz, (7.1.2)

where nx,ny,nz are integer numbers. The frequency associated to a cavity is given by ωk = kc.
From the literature,130 it is known that the Hamiltonian for the fields in free space is

H = 1
8π

∫
[(∂A
∂t

)2 + c2|∇×A|2]d3r. (7.1.3)

Inserting the Fourier transform of the vector potential, the Hamiltonian becomes

H = V

4π
∑

k
(ȧ∗k(t)ȧk(t) + c2k2a∗k(t)ak(t)) = 1

2
∑

k
(p∗k ·pk + c2k2q∗k(t)qk(t)), (7.1.4)

where pk = ȧk

√
V
2π and qk = ak

√
V
2π have been defined.

Referring to the theory in free space in sec. 2.2, eq. 2.2.14 reduces to a standard wave
equation when the current vector vanishes, i.e., J = 0:

∂2ak(t)
∂t2

+ c2ak(t) = 0. (7.1.5)

The Fourier components ak(t) depend on t as ak(t)∼ e−iωt, with ω= ck. The vector potential
therefore corresponds to a wave propagating in the direction k̂ at the speed of light. In this
thesis, the Coulomb gauge is chosen (eq. 2.2.11), which for the quantised vector potential
yields

∇·
∑

k

[
ak(t)eik·r +a∗k(t)e−ik·r

]
= i

∑

k

[
k ·ak(t)eik·r−k ·a∗k(t)e−ik·r

]
= 0, (7.1.6)

therefore implying the mode amplitudes to be orthogonal to the propagation direction (k ·
ak(t) = 0). The vector potential is orthogonal to k and defined in the space spanned by two
basis vectors, εk,ν , with ν = 1,2

ak =
∑

ν

εk,νak,ν . (7.1.7)
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Substitution yields an expression of the vector potential expressed through the basis vectors
ak,ν

A(r) =
∑

k,ν

[
εk,νak,νe

ik·r +ε∗k,νa∗k,νe−ik·r
]
. (7.1.8)

From Maxwell’s equations, the quantised electric and magnetic fields are obtained

E(r) = ic
∑

k,ν
k
(
εk,νak,νe

ik·r−ε∗k,νa∗k,νe−ik·r
)
, (7.1.9)

B(r) = i
∑

k,ν

[(
k×εk,ν

)
ak,νe

ik·r−
(
k×ε∗k,ν

)
a∗k,νe

−ik·r
]
. (7.1.10)

7.1.2 Hamiltonian in free space

From eq. 7.1.4, it appears that the Hamiltonian in free space can be seen as a sum of
decoupled oscillators. Shifting from classical mechanics to quantum mechanics, the classical
quantities of position and momentum become operators, yielding

Ĥ = 1
2
∑

k,ν

(
p̂k,ν

)2 +ω2
k
(
q̂k,ν

)2
. (7.1.11)

Defining suitable creation and annihilation operators

b̂k,ν =
√

1
2ωk

(
ωkq̂k,ν + ip̂k,ν

)
, b̂†k,ν =

√
1

2ωk

(
ωkq̂k,ν− ip̂k,ν

)
, (7.1.12)

the Hamiltonian is reformulated to give

Ĥ =
∑

kν

(
b̂†k,ν b̂k,ν + 1

2

)
ωk. (7.1.13)

Electromagnetic fields are described by photons, which behave as bosons. Therefore,
they have to fulfill the commutation relations

[b̂†k,ν , b̂
†
k′,ν′ ] = 0, [b̂k,ν , b̂k′,ν′ ] = 0, [b̂†k,ν , b̂

†
k′,ν′ ] = δkk′δνν′ . (7.1.14)

Analogously to the occupation number vectors exploited by the second quantisation for
electrons, occupation number vectors are used for bosons. These have no restriction on the
occupations, which can be arbitrarily high

∣∣nk,ν
〉

=
∏

k,ν

(
b̂†k,ν

)nk,ν

(
nk,ν

)
! |0〉 . (7.1.15)

The associated energies are the eigenvalues of eq. 7.1.13

En = ωk

(
n+ 1

2

)
. (7.1.16)

In terms of b̂k,ν and b̂†k,ν , the vector potential and the electric and magnetic fields are
rewritten as

A(r) =
∑

k,ν

√
2π
ckV

[
εk,ν b̂k,νe

ik·r +ε∗k,ν b̂
†
k,νe

−ik·r
]
, (7.1.17)

E(r) = i
∑

k,ν

√
2πck
V

(
εk,ν b̂k,νe

ik·r−ε∗k,ν b̂†k,νe−ik·r
)
, (7.1.18)

B(r) = i
∑

k,ν

√
2π
ckV

[(
k×εk,ν

)
b̂k,νe

ik·r−
(
k×ε∗k,ν

)
b̂†k,νe

−ik·r
]
. (7.1.19)
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7.1.3 Hamiltonian for light-matter interaction

In optical cavities, the system is exposed to a strong light-matter coupling. The Hamiltonian
describing this situation is known as minimal-coupling Hamiltonian140,159,308

Ĥ = 1
2
∑

i

(p̂i+A(ri))2 + 1
8π

∫
[(∂A
∂t

)2 + c2|∇×A|2]d3r+ V̂ee + V̂NN + V̂eN. (7.1.20)

The light-matter coupling is given by the paramagnetic (∑i p̂i ·A(ri)) and the diamagnetic
terms (1

2
∑
iA(ri)2). Substituting the quantised vector potential into eq. 7.1.20, the minimal-

coupling Hamiltonian becomes

Ĥ = Ĥel +
∑

k,ν
ωk b̂
†
k,ν b̂k,ν +

∑

i

∑

k,ν

λ√
2ωk

(p̂i ·εk,ν)(b̂k,νe
ik·ri + b̂†k,νe

−ik·ri)+

+
∑

i

∑

k,k′,ν

λ2

4√ωkωk′
(b̂k,νe

ik·ri + b̂†k,νe
−ik·ri)(b̂k′,νe

ik′·ri + b̂†k′,νe
−ik′·ri),

(7.1.21)

where λ =
√

4π
V is the light-matter coupling strength. From this formulation, it is appar-

ent that smaller cavities achieve higher coupling strengths, and therefore the light-matter
interaction has a larger effect.303,309,310 In eq. 7.1.21 the sum over the wave numbers is in
principle infinite; here the discussion is restricted to one single mode, which is in most cases
enough to obtain a qualitatively accurate description of the field effects.

Furthermore, in most experimental settings the field wave length is significantly larger
than the molecular size. Thus, eik′·ri can be approximated with 1 (dipole approxima-
tion).136,159,308,311 This approximation is valid in most cases for linearly polarised cavities, in
which the wavelength of the field is much larger than the size of the cavity. The Hamiltonian
simplifies to

Ĥ = Ĥel +ωb̂†b̂+
∑

i

λ√
2ω

(p̂i ·ε)(b̂+ b̂†) +
∑

i

λ2

4ω (b̂+ b̂†)2. (7.1.22)

The third term is describing the light-matter interaction, through the momentum operator.
Since it is known that p̂ makes the convergence quite slow with respect to the basis set
size, in literature the light-matter interaction is usually described by a unitarily transformed
version of eq. 7.1.22, known as Pauli-Zienau-Woolley (PZW) form,312–316

Û = ei(d̂·ε)(b̂+b̂
†), (7.1.23)

passing from the so-called length gauge to the velocity gauge. Here d̂ represents the molecular
dipole operator, defined as the sum of the electronic and the nuclear dipole d̂ = d̂nuc + d̂el.
The PZW Hamiltonian in dipole approximation yields

Ĥ = Ĥel +ωb̂†b̂−λ
√
ω

2 (d̂ ·ε)(b̂+ b̂†) + λ2

2 (d̂ ·ε)2. (7.1.24)

Light-matter interaction is mediated by the molecular dipole operator. The last term is the
dipole self-interaction term, whose presence has been debated in the literature, which proves
that it is necessary to ensure a Hamiltonian bound from below.141,317

In order to construct a framework for UCC inside a cavity, the HF reference has to be
constructed and analysed. In this thesis, the work by Haugland et al. in ref. 136 is followed.
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7.1.4 QED-HF

In this section, the Hartree-Fock method is expanded to the QED framework, in order
to provide a starting point for the targeted post-HF methods. The wave function for non-
interacting electrons and photons can be factorised into a pure electronic and a pure photonic
part

|Ψ〉= |Ψel〉 |Ψph〉 , (7.1.25)

where the photonic part is an occupation number vector as seen in eq. 7.1.15. Due to the
factorisation of the wave function, also the Schrödinger equation can be split into the solution
of the electronic and of the photonic part

ĤQED |Ψ〉= E |Ψ〉 =⇒
{
〈Ψel|ĤQED |Ψel〉 |Ψph〉= E 〈Ψel|Ψel〉 |Ψph〉
〈Ψph|ĤQED |Ψph〉 |Ψel〉= E 〈Ψph|Ψph〉 |Ψel〉 .

(7.1.26)

The two equations have to be solved simultaneously. For a chosen HF state, the electronic
expectation value 〈Ψel|ĤQED |Ψel〉 may be minimised with respect to the photonic coefficient

〈Ψel|ĤQED |Ψel〉=Eel +ωb̂†b̂−λ
√
ω

2 (〈Ψel| d̂ |Ψel〉 ·ε)(b̂+ b̂†)+ λ2

2 〈Ψel|(d̂ ·ε)2 |Ψel〉 . (7.1.27)

This purely photonic Hamiltonian can be diagonalised through a coherent-state transforma-
tion, performed through the unitary operator

Û = ezb̂
†−z∗b̂ with z =−λε · 〈Ψel| d̂ |Ψel〉√

2ω
. (7.1.28)

In the coherent-state basis, the transformed Hamiltonian simplifies to

〈Ψel| ˆ̃HQED |Ψel〉= Eel +ωb̂†b̂+ λ2

2 〈Ψel|(ε · d̂)2 |Ψel〉 . (7.1.29)

where no terms linear in the creation or annihilation operators appear. The eigenstates of
this transformed Hamiltonian are the photon number states |n〉, which in the untransformed
basis are expressed as

|n〉 −→ ezb̂
†−z∗b̂ b̂

†n
√
n!
|0〉 . (7.1.30)

Applying the coherent-state basis to the PZW Hamiltonian in eq. 7.1.24 leads to the final
form which will be used for the construction of QED-UCC

ˆ̃HQED = Ĥel +ωb̂†b̂+ λ2

2 (ε · (d̂−〈d〉))2−
√
ω

2 λ(ε · (d̂−〈d〉))(b̂†+ b̂). (7.1.31)

This expression is manifestly origin independent.

7.1.5 QED-CC

Following the notation in ref. 136, the Coupled Cluster method used to describe the wave
function inside an optical cavity. The excitation operator T̂ has here to account for purely
electronic, purely photonic and mixed electronic and photonic excitations

|ΨQED−CC〉= eẐ |0,0〉= eT̂+Ŝ+Γ̂ |0,0〉 , (7.1.32)
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where the excitation operators are defined as follows




T̂ = T̂1 + T̂2 + · · ·=∑
ia t

a
i â
†
aâi+ 1

4
∑
ijab t

ab
ij â
†
aâ
†
bâj âi+ . . .

Ŝ = Ŝ1
1 + Ŝ1

2 + · · ·+ Ŝ2
1 + Ŝ2

2 + · · ·=∑
ia

∑
α s

α
iaâ
†
aâib̂

†
α+ 1

4
∑
ijab

∑
α s

α
ijabâ

†
aâ
†
bâj âib̂

†
α+ . . .

+1
2
∑
ia

∑
αβ s

αβ
ia â
†
aâib̂

†
αb̂
†
β + 1

8
∑
ijab

∑
αβ s

αβ
ijabâ

†
aâ
†
bâj âib̂

†
αb̂
†
β + . . .

+1
2
∑
ia

∑
α s

αα
ia â

†
aâib̂

†
αb̂
†
α+ 1

8
∑
ijab

∑
α s

αα
ijabâ

†
aâ
†
bâj âib̂

†
αb̂
†
α+ . . .

Γ̂ = Γ̂1 +Γ̂2 + · · ·=∑
α γαb̂

†
α+ 1

2
∑
αβ γαβ b̂

†
αb̂
†
β + 1

2
∑
α γααb̂

†
αb̂
†
α+ . . .

(7.1.33)
As in ref. 136, only operators with at most one photon operator are considered, leading to
the simplification of the photonic and mixed excitation operators to Ŝ = Ŝ1

1 + Ŝ1
2 + . . . and

Γ̂ = Γ̂1. In the QED frame, the expansion basis is given by {|0,0〉 , |µ,0〉 , |0,1〉 , |µ,1〉}, where
the first position is reserved to the electronic excitations and the second position to the
photonic ones (|0,0〉 is the ground state). The QED-CC energy is expressed as

EQED−CC = 〈0,0|e−(T̂+Ŝ+Γ̂)ĤeT̂+Ŝ+Γ̂ |0,0〉= 〈0,0|e−ẐĤeẐ |0,0〉 . (7.1.34)

The similarity transformed Hamiltonian is treated with the Baker-Campbell-Hausdorff ex-
pansion. The series truncates after the fourth commutator, as the QED-Hamiltonian is still
a two particle operator.

In analogy to the electronic CC theory, the amplitudes are found through projection on
the basis 〈µ,k|, where µ labels the electronic excitations and k the number of photons (here
k=0,1),

〈µ,0|e−(T̂+Ŝ+Γ̂)ĤeT̂+Ŝ+Γ̂ |0,0〉= 0 ampl. eq. for tµ, (7.1.35)

〈µ,1|e−(T̂+Ŝ+Γ̂)ĤeT̂+Ŝ+Γ̂ |0,0〉= 0 ampl. eq. for s1
µ, (7.1.36)

〈0,1|e−(T̂+Ŝ+Γ̂)ĤeT̂+Ŝ+Γ̂ |0,0〉= 0 ampl. eq. for γ1. (7.1.37)

7.1.6 QED-UCC

The unitary parameterisation can be adapted to the optical cavity to obtain a Hermitian
theory

|ΨQED−UCC〉= eẐ−Ẑ
† |0,0〉= eσ̂−σ̂

†+Ŝ−Ŝ†+Γ̂−Γ̂† |0,0〉 , (7.1.38)
where the operators are defined as in eq. 7.1.33. Like in the previous sections, only single pho-
tonic excitations are considered here. The expansion basis consists of {|0,0〉 , |µ,0〉 , |0,1〉 , |µ,1〉}.
Furthermore, electronic excitations are restricted to singles and doubles excitations. The en-
ergy and amplitude equations are

〈0,0|e−(Ẑ−Ẑ†)ĤeẐ−Ẑ
† |0,0〉= EQED−UCC,

〈µ,0|e−(Ẑ−Ẑ†)ĤeẐ−Ẑ
† |0,0〉= 0 ampl. eq. for σµ,

〈µ,1|e−(Ẑ−Ẑ†)ĤeẐ−Ẑ
† |0,0〉= 0 ampl. eq. for s1

µ,

〈0,1|e−(Ẑ−Ẑ†)ĤeẐ−Ẑ
† |0,0〉= 0 ampl. eq. for γ1.

(7.1.39)

The expansion of the unitarily transformed Hamiltonian e−(Ẑ−Ẑ†)ĤeẐ−Ẑ
† has the same

issues as discussed in sec. 3; the Bernoulli expansion will be exploited once again.160
Adopting the same truncation scheme as for UCCn, the amplitude equations are trun-

cated at nth order. Here the zeroth order Hamiltonian is

Ĥ0 = F̂QED−HF +ωb̂†b̂ (7.1.40)
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where the QED-Fock operator is

FQED−HF
pq = F̂el +

λ2

2
∑

a

( ˆ̃d ·ε)pa( ˆ̃d ·ε)aq−
λ2

2
∑

i

( ˆ̃d ·ε)pi( ˆ̃d ·ε)iq, (7.1.41)

as in ref. 318; the notation ˆ̃d= d̂−〈d〉 has been adopted. The perturbation is composed as
follows:

Ĥ ′ = Ĥel− F̂QED−HF−λ
√
ω

2 ( ˆ̃d ·ε)(b̂+ b̂†), (7.1.42)

consisting of a pure electronic term and a coupling term of light and matter. The pertur-
bative order of the mixed operators Ŝ1

1 and Ŝ1
2 is derived from the first order correction to

the wave function in MP theory. As Ĥ ′ only has one-electron one-photon operators, only
Ŝ1

1 contributes to the first order correction to the wave function. Ŝ1
2 is needed only from

the second order correction. The Γ̂1 amplitudes cannot contribute to the first order wave
function, as

〈0,1|( ˆ̃d ·ε)(b̂+ b̂†) |0,0〉= 〈d〉−〈d〉= 0. (7.1.43)

However, this result is bound to the choice of the HF method. The coherent-state HF wave
function is not the only possible choice. Therefore, for other choices of the HF reference
determinant, the operator Γ̂1 also has contributions at first order in perturbation theory.

The perturbation orders are here recapitulated:

• σ̂1 second order and σ̂2 first order;

• Ŝ1
1 first order and Ŝ1

2 second order;

• Γ̂1 second order.

The UCC amplitude equations can therefore be truncated according to perturbation
theory. In this thesis, only the QED-UCC2 method is developed, as QED-UCC3 needs
further inspection.

7.2 QED-UCC2 implementation

In this thesis, QED-UCC theory war explicitly developed at second order in perturbation
theory. Not only amplitude equations for the electronic amplitudes need to be solved, but
also equations for the purely photonic amplitudes γ and the mixed amplitudes s have to be
derived. The σ-amplitudes have to account for the coupling to the cavity and are altered
by it. Therefore, the σ-amplitude equations are not the same as outside the cavity, as some
terms depending on the mixed electronic-photonic amplitudes arise

H̄ai = H̄el
ai+ d̃αabs

α
bi− d̃αjisαaj = 0,

H̄abij = H̄el
abij +P (ab)P (ij)d̃αaisαbj = 0,

(7.2.1)

where it has to be underlined that the wave function is constructed on top of the coherent-
state HF determinant (sec. 3.2.1), for which ˆ̃dpq = d̂pq −〈d̂〉δpq. The terms H̄el

ai and H̄el
abij

represent the electronic amplitude equations in free space, the same as in section 4.3. In
order to be consistent with the perturbation order, no contributions exceeding second order
are considered. It can be recalled here that for the mixed amplitudes, Ŝ1

1 is first order and
Ŝ1

2 second order in perturbation theory, while the photonic amplitude Γ1 is second order.
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The amplitude equations for the mixed operators Ŝ1
1 and Ŝ1

2 are derived

H̄α
ai =d̃αai+ωsαai+ d̃αjbσ

ab
ij −fjisαaj +fabs

α
bi+fjbs

α
abij +sαaid̃

α
jj + 〈aj||ib〉sαbj = 0

H̄α
abij =ωsαabij−P (ij)fkisαabkj +P (ab)facsαcbij−P (ij)d̃αkiσabkj +P (ab)d̃αacσcbij

+ 〈ab||cj〉sαci−〈kb||ij〉sαak = 0.
(7.2.2)

The purely photonic amplitude γα is derived from the equation

H̄α = d̃αii+fjbs
α
bj +ωγα = 0. (7.2.3)

In the coherent-state HF framework, d̃αjj = 0. Each of these amplitude equations are solved
iteratively, by isolating the diagonal part of the equations on the right hand side of the
equations. In particular, for the mixed amplitudes it can be observed that the frequency
associated to the cavity is shifting the pole of the iterative equation

s
α(n+1)
ai = H̄

α(n)
ai − (εa−εi−ω)sα(n)

ai

εa−εi−ω
,

s
α(n+1)
abij =

H̄
α(n)
abij − (εa+εb−εi−εj−ω)sα(n)

ai

εa+εb−εi−εj−ω
.

(7.2.4)

For the purely photonic amplitude, no iteration is needed

γα =−
d̃αii+fjbs

α
bj

ω
. (7.2.5)

It may be observed that the photonic amplitude equation is decoupled from eqs. 7.2.1-
7.2.2. Furthermore, in the canonical orbital basis, fjb vanishes, as well as the second term
in eq. 7.2.3, due to the coherent-state HF reference, leaving γα = 0. This result is not
surprising, as the coherent-state transformation in eq. 7.1.28 has the form of a unitary
photonic exponential ansatz.

With the converged amplitudes, the energy can be computed. Also in this case, some
additional terms have to be accounted for, alongside those which had already been considered
outside the cavity

EQED−UCC2 = EUCC2,el +
1
2 d̃

α
ais

α
ai+

1
2 d̃

α
ias

α∗
ai +γαd̃αii+γα∗d̃α∗ii . (7.2.6)

The last two terms vanish for the coherent-state HF ansatz. In fact, this result is not
surprising, as these two terms are already accounted for in the HF energy expression, when
performing the coherent-state transformation.

It is also possible to develop a QED unitary theory built on top of a different ansatz
for the HF determinant. In that case, the dipole operator is not referred to its mean value
and the integrals dαii do not vanish. In particular, in that case the Γ1 operator also counts
contributions at first order.

Note that the prefactors in eq. 7.2.6 have been obtained following the diagrammatic
rules of the Bernoulli expansion, where the photonic part of the potential operator has been
considered to be part of VND (eq. 3.1.26).

The implementation has been performed by Laurenz Monzel.



Diagrams 17: QED-UCC2 energy in the dipole approximation. As before, the cross depicts the Fock
operator, the dashes the two-electron Hamiltonian operator and the plain lines the σ -amplitudes. The
waved lines symbolize the photons.

Diagrams 18: Additional diagrams for σ1 and σ2-amplitude equation, which need to be added to
those already presented for the general case, outside the cavity. The same conventions as before are
used for the representation of the operators.

Diagrams 19: Diagrams to determine the Γ1-amplitudes. The square represents the purely photonic
part of the Hamiltonian, Ĥph.

Diagrams 20: Diagrams to determine the S1
1 amplitude (first row) and the S1

2 amplitudes (second
row). The same diagrammatic notation illustrated for the previous diagrams has been adopted.
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Figure 7.1: Paramagnetic bonding for the H2 molecule.

7.3 Paramagnetic bonding in a cavity

Strong magnetic fields are known to influence the formation of bonds of molecular systems,
giving the possibility to have bound molecules from systems which are not bound in the field-
free case. The phenomenon of paramagnetic bonding is documented in the literature66,162 for
various diatomic systems in a perpendicular magnetic field. The simplest example is given
by the triplet state 3Σ+

u of H2, which in a general molecular-orbital picture is not bound, as
can be seen from the MO diagram in fig. 7.1. When subjected to a strong magnetic field, the
diamagnetic term in the Hamiltonian gives a positive shift to higher energies for both MOs,
leaving the energy difference more or less unchanged. As in the triplet state both electrons
have the same sz value, the spin-Zeeman term in eq. 2.3.12 also leaves the energy difference
unaffected. In the case of a magnetic field parallel to the bond axis, 〈L̂z〉 = ∑

iml,i = 0,
where ml is the eigenvalue of the L̂z operator associated to the orbitals. In this specific
case, the energy difference between the orbitals is not changed (see fig. 7.1). For all other
orientations, the secondary quantum number ml is no longer a good quantum number due to
the lowering of point group symmetry induced by the magnetic field. Therefore, in general
the orbital-Zeeman term affects the energies of the orbitals, inducing an inhomogeneous shift.

For the H2 molecule, this difference in shift is motivated by the different 〈L̂z〉 values for
the σg and σ∗u orbitals. In a perpendicular magnetic field, the system has C2h symmetry. The
σg orbital transforms as Ag and is given by a linear combination of s-type orbitals, giving
an overall value 〈L̂z〉 = 0. The σ∗u orbital, on the other hand, transforms as Bu and may
be expressed through the p± orbitals, also transforming as p±. The σ∗u orbital is stabilised
by the orbital-Zeeman term, which results in a lower energy. Despite the bond order being
formally zero, the magnetic field induces a bond which is strongest in the perpendicular
orientation.

The hydrogen molecule is the simplest example to treat for the understanding of this
phenomenon, but it may also be applied to other diatomic molecules.66,162 Here the focus is
on the 1Σ+

g state of the helium dimer He2, which in zero field is not bound. It is known162 that
a perpendicular strong magnetic field induces a bonding situation, which can be described
in analogy to the hydrogen molecule (the MO diagram is analogous to fig. 7.1, with double
occupation of all orbitals).

It has already been mentioned that placing chemical systems inside an electromagnetic
cavity may alter the chemistry considerably. The present discussion is therefore concerned
about the effect of a cavity on the paramagnetic bonding, comparing results obtained at
the QED-UCC2 level to those obtained with the QED-CCSD level of theory, with the unc-
aug-cc-pVQZ basis set.266–270,319 In fig. 7.3, the energy curves for the He2 dimer are shown
for various coupling and magnetic field strengths. The frequency associated to the cavity
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(a) B ‖ y,ε ‖ x (b) B ‖ y,ε ‖ y (c) B ‖ y,ε ‖ z

Figure 7.2: Orientations of the helium dimer in an electromagnetic cavity, with respect to
the magnetic field vector B (red) and the polarisation vector of the cavity ε (blue).

is satisfying the resonance condition of the system (ω = 0.466). The different orientations
of the system are pictured in fig. 7.2. For all calculations, the dimer was chosen to be
parallel to the x axis and the magnetic field perpendicular to it, along the y axis, without
loss of generality. In order to evaluate the effects due to the coupling with the cavity, the
reference is given by the calculation outside the cavity (blue lines in the plots in fig. 7.3).
The polarisation vector of the cavity can either be oriented parallel to the dimer (fig. 7.2a),
parallel to the magnetic field (fig. 7.2b), or perpendicular to both dimer and field (fig. 7.2c).

It is observed that both the magnetic field strength and the coupling with the cavity
have a stabilising effect on the dimer, as the minimum of the energy curves is lowered both
when increasing B (from fig. 7.3b to fig. 7.3c) and λ (from fig. 7.3a to fig. 7.3b). For all
coupling and field strengths, when the cavity is oriented parallel to the molecule (red lines),
the paramagnetic bonding is less pronounced, resulting in a higher minimum. In the case of
the polarisation vector perpendicular to the dimer, the curves are very similar and do not
show large discrepancies. For these orientations, the coupling to the cavity enhances the
paramagnetic bonding, giving lower minima.

These observations can be explained considering the physical setting of the system. As
was discussed in sec. 7.1.3, ĤQED in the dipole approximation contains the scalar product
d̂ · ε, which does only contribute when the molecular dipole and the polarisation vector are
parallel, as in fig. 7.2a. From a physical point of view, the fields are always perpendicular
to the polarisation vector. Therefore, photons can be exchanged between the two helium
atoms only when these are perpendicular to ε. The orientations in figs. 7.2b-7.2c satisfy this
condition and are stabilised by the cavity.

For a quantitative discussion, in table 7.1 the positions of the minima and their values
for QED-CCSD and QED-UCC2 are listed. The equilibrium geometry only slightly shifts
between the different orientations of the cavity. An increase in the magnetic field strength
causes the paramagnetic bonding to happen at smaller distances. On the other side, the
change in the coupling does not affect the equilibrium geometry much, but causes the dis-
crepancy with the cavity-free case to become more pronounced. The differences between
QED-CCSD and QED-UCC2 increases when increasing the magnetic field and the coupling
to the cavity, but is always of the order of 10−4 Eh. For the orientation ε ‖ x, QED-UCC2
overestimated the energy, giving a higher minimum, while in the more stabilised orientations,
QED-UCC2 predicts a slightly lower minimum. The differences are not very pronounced and
QED-UCC2 can be taken as a cheaper method to predict the effects of paramagnetic bonding
in an electromagnetic cavity.

Summarising, it has been shown that an electromagnetic cavity can enhance the para-
magnetic bonding effect, when the polarisation vector is perpendicular to the molecular
bond axis. Increasing the coupling parameter, i.e., decreasing the size of the cavity, leads
to a larger stabilisation. The comparison of the results obtained with QED-UCC2 to the
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(a) B=0.5 B0, λ= 0.05.

(b) B=0.5 B0, λ= 0.1.

(c) B=1 B0, λ= 0.1.

Figure 7.3: Energy curves for the dissociation of the He2 dimer, plotted as EHe2−2EHe, for
different orientations of the cavity. Results are obtained in the single-photon approximation
for QED-CCSD and QED-UCC2 (ω = 0.466). For all calculations, the dimer is parallel to
the x axis, without loss of generality.



7.3. PARAMAGNETIC BONDING IN A CAVITY 167

B=0.5B0,λ= 0.05 rmin,CCSD rmin,UCC2 Emin,CCSD Emin,UCC2 ∆ECCSD−UCC2
ε= 0 4.10 4.08 -0.2512 -0.2634 0.0122
ε ‖ x 4.10 4.10 -0.2399 -0.2406 0.0006
ε ‖ y 4.10 4.08 -0.2566 -0.2749 0.0183
ε ‖ z 4.10 4.08 -0.2569 -0.2744 0.0175

B=0.5B0,λ= 0.1
ε= 0 4.10 4.08 -0.2512 -0.2634 0.0122
ε ‖ x 4.14 4.14 -0.2084 -0.1879 -0.0205
ε ‖ y 4.08 4.06 -0.2748 -0.3211 0.0463
ε ‖ z 4.08 4.06 -0.2758 -0.3177 0.0419

B=1.0B0,λ= 0.1
ε= 0 2.96 2.94 -1.3398 -1.3881 0.0483
ε ‖ x 2.96 2.96 -1.2411 -1.1976 -0.0435
ε ‖ y 2.94 2.94 -1.3889 -1.4831 0.0942
ε ‖ z 2.96 2.96 -1.3834 -1.4564 0.0730

Table 7.1: Equilibrium geometry (in a0) and energies (in mEh), calculated as EHe2 −2EHe,
for the helium dimer obtained at the unc-aug-cc-pVQZ/QED-CCSD and unc-aug-cc-
pVQZ/QED-UCC2 levels of theory.

QED-CCSD ones shows that the cheaper QED-UCC2 method already gives a qualitatively
correct description of the physical phenomenon, while the quantitative values do not differ
much from the more accurate QED-CCSD ones. A more accurate calculation in the unitary
framework would be provided by QED-UCC3.
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Chapter 8

Conclusions and Perspectives

This thesis represents a contribution to the field of electronic-structure theory, dis-
cussing a unitary formulation of coupled-cluster theory. The development of the

unitary coupled-cluster approach was motivated by the limitations of coupled-cluster theory
originating from the non-Hermiticity of its energy formulation. These limitations are well-
documented in the literature: complex energy eigenvalues are obtained in a magnetic field35
and for excited states in the proximity of conical intersections.34,320 Furthermore, another
shortcoming of CC theory is observed in the calculation of oscillator strengths, which in the
CC framework are not guaranteed to be positive.36,37

The UCC ansatz maintains the advantages of an exponential parameterisation of the
wave function, and the additional constraint given by the unitary transformation solves the
issues which have been outlined as problematic for CC theory. It was shown in chapter 5
that UCC theory can be used instead of CC theory for the calculation of molecular energies
and properties.

The UCC formalism has been applied to different fields of quantum chemistry.

• Following the formalism first proposed by Liu et al.,160 the method has been adapted to
the finite magnetic-field case, implying the use of complex algebra. Through this adap-
tation, both ground- and excited states could be targeted, maintaining a structure of
the equations as similar as possible to CC theory. This work focuses on two flavours of
unitary coupled-cluster theory, determined by a perturbative truncation of the ampli-
tude equations to second order (UCC2) and to third order (UCC3). Both methods have
been implemented in the Qcumbre program package161 and their accuracy has been
tested in comparison to FCI, CCSD, and CC3 as this method possesses the same scal-
ing as UCC3. The CH+ cation in a magnetic field of various orientations was discussed,
showing how the different UCC truncations deal with states with a double-excitation
character. This system was chosen because of its low-lying doubly-excited state, which
for some orientations possesses avoided crossings with singly-excited ones. This system
allowed to observe the comparable accuracy of the CCSD and UCC3 results, and the
inability of UCC2 to treat states with a double-excitation character.

• The issue of complex eigenvalues obtained in the CC framework was analysed for two
cases. The case of complex energy values in a finite magnetic field was discussed first on
the example of the water molecule in a strong magnetic field with varying orientation.
It was shown that by exploiting the developed UCC theory the problem of complex
energies is solved in a mathematically rigorous way (as shown in the results chapter
5), therefore obtaining real energies. The qualitative description of the ground- and

169
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excited-state energies was found to agree for CCSD and UCC3, but in particular for
the excited states, imaginary contributions to the energy values were found not to be
negligible. The presence of complex energy values, however, could not be used as a
diagnostics for the behaviour of the real energy part of CCSD results.
While for the water molecule the temptation may exist of considering only the real
part of the results, neglecting the imaginary one, the example of boric acid was shown
to present a case in which a real-valued quantum-chemical code cannot describe the
excited states of the irreducible representations E′ and E′′. Due to its symmetry,
complex algebra is needed for the CC calculation of these states already in the field-
free case. Alternatively, the calculation in the field-free case only needs real algebra
when using UCC theory and is therefore preferable. This molecule has then been
analysed also in the magnetic field, where UCC represents a solution to the non-
negligible imaginary parts in the excited-state energies. From the analysis of water and
boric acid, it was clear that from the magnitude of the imaginary part no conclusion on
the behaviour of the real part can be obtained. In fact, major discrepancies between the
UCC3 and CCSD results were not observed in correspondence to the largest values of
the imaginary part of the energy results. This important consideration underlines the
need to turn to UCC in the case of complex energy values in order to ensure physically
acceptable results. The real part of CC energies is often a good approximation, however
it is uncertain to which extent it may be trusted.

• A further major part of this thesis is the development of UCC response theory for the
calculation of molecular properties. The focus of the theoretical development has been
on the formulation of a description common to CC and UCC theory. In sec. 3.2.1, the
differences to the expectation-value based approach found in the literature59 were dis-
cussed. A deeper insight into the CC description of molecular properties showed that
the expectation-value approach leads to non size-extensive properties. The response-
theory formalism is shown to solve this issue, including the response of the wave func-
tion to the perturbation. The importance of including the effect of the perturbed wave
function in the calculation of properties had already been discussed in ref. 57. Fur-
thermore, response theory allows to find a description of those properties for which
the Hellmann-Feynman theorem does not hold. These motivations strongly suggested
the adaptation of response theory to the UCC method. This thesis presents a consis-
tent formulation for the evaluation of both single-state and transition properties in the
response UCC framework.

• With the developed UCC response theory, the issue of negative oscillator strengths
was discussed for the silicon dication and the cation CH+. A specific transition of
the silicon dication, observed to be present on white dwarf stars, was analysed both
in the field-free case and in a magnetic field of varying strength. Negative oscillator
strengths for the inspected transition in the field-free case are obtained by means of the
CCSD method. UCC3 could be exploited to obtain physically meaningful results. The
example of the cation CH+ in a varying magnetic field has been discussed next. This
system, though having real CCSD energies, has negative CCSD transition probabilities,
which do not have any physical interpretation. For these cases, UCC theory offers a
valid method for the computation of transition dipole moments.
Further investigations were done on the sodium, water, and lithium hydride, showing
that the UCC3 results are in good agreement to CCSD when exploiting the developed
response theory. The inclusion of effects describing the response of the wave function
to the perturbation was observed to have a larger impact on the UCC3 results than on
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the CCSD results, making the use of response theory in the UCC3 framework essential
to get accurate results.

• In chapter 6, the developed UCC finite-field theory was used for the computation of
magnetic circular dichroism spectra. MCD represents a valuable tool for the analysis of
the electronic structure of both the ground and the excited states, as it detects overlap-
ping transitions and weak transitions which are not visible with other spectroscopies.
Transition dipole moments, computed with the developed finite-field methods, are used
in this work for the computation of MCD spectra, differently from the approach de-
scribed in the literature, where the calculation of MCD spectra is performed through a
perturbative treatment of the magnetic field.121–128 An alternative approach has been
developed, inspired by a formalism existing for TDDFT,107,129 and an adaptation for
CC and UCC theory has been developed. The finite-field approach was shown to cor-
respond to the perturbative one described in literature in the limit of small magnetic-
field strengths. However, the finite-field approach includes effects of the magnetic field
to infinite order. Only first-order properties are needed for the finite-field approach,
while the perturbative approach needs second-order response theory. Furthermore,
gauge-origin independence is easily included through the use of GIAOs.183,321–323 The
importance of the gauge-origin independence has been investigated for the examples of
urea and cyclopropane, observing that without GIAOs the experimental spectra could
possess differences in the relative intensities. GIAOs should therefore be used to have a
correct qualitative reproduction of the spectra. Comparing the spectra obtained with
UCC3 and CCSD for the test molecules urea and cyclopropane, it has been observed
that both give a qualitatively correct reproduction of the spectrum, with the UCC3
spectrum shifted to slightly higher energies.
The main differences to the already formulated perturbative treatment of MCD spec-
troscopy may be discussed in the presence of a strong magnetic field. Such a calculation
is, in fact, only possible using the finite-field formulation. As a Gedankenexperiment
the investigation on the evolution of the MCD spectrum of cyclopropane in an increas-
ing magnetic field has been discussed. As observed already for other molecules, the
strong magnetic field causes the excited states to dramatically change and interact with
each other, resulting in a completely changed spectrum with respect to the weak-field
limit. An explanation to the evolution of the spectrum in the field was given by means
of the analysis of the behaviour of the excited states involved in the relevant transitions
for the calculation of the spectrum. The discussion is based on the assumption that
the distribution of the molecular orientations is isotropic. However, this may not be
realistic for strong magnetic fields, as alignment effects could gain importance. For
practical comparison to experiments this does not play a decisive role, as MCD spectra
are (at the moment) measurable only in magnetic fields belonging to the perturbative
limit.
Finally, the MCD spectra computed for pyrazine and pyrimidine were shown to agree
quite well with the experimental spectra. A shift of the calculated spectra with respect
to the experiment was motivated by the fact that the computations are performed
without a solvent, neglecting the solvent effects present in the experiment.

• The growing interest in recent years in light-matter interactions inside an electromag-
netic cavity131–142 motivated the curiosity to inspect the performance of the UCC meth-
ods in a cavity with an external magnetic field (chapter 7). A first step in this direction
has been made with the development of the QED-UCC2 theory. This approximation
has been conceived in analogy to the QED-CCSD method.136 Further considerations
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on the perturbative orders of the photonic and mixed photonic-electronic amplitudes
have been discussed for a consistent truncation of the Bernoulli-expanded QED-UCC
Hamiltonian. Through this formalism, the phenomenon of paramagnetic bonding has
been investigated in an electromagnetic cavity. In the literature it has been docu-
mented that, in the presence of a magnetic field directed perpendicular to the bond
axis of small diatomic molecules (H2, He2, LiH), bond formation is induced despite a
formally zero bond order.66,162 The effect of the coupling to an electromagnetic cavity
on the bond formation of the dimer He2 has been investigated. The performed calcu-
lations showed that the relative orientation of the propagation vector with respect to
the dimer axis may lead to a stronger or weaker bonding character. The tuning of the
coupling parameter through the volume of the cavity can therefore be exploited to en-
hance the perpendicular paramagnetic bonding. These first calculations showed that
the QED-UCC2 results are in good agreement with the more accurate QED-CCSD
results, providing a cheaper alternative for a first inspection of the phenomenon. Of
course, QED-UCC2 would not be suitable for the characterisation of doubly-excited
states. For this purpose, as well as for major accuracy, QED-UCC3 may be developed
in future.

Outlook

The present work represents a contribution to the investigation of the fields of applicability
of unitary coupled-cluster theory. Many interesting developments are opened by the in-
sights gained so far in various directions. For example, some of these directions may be the
following.

• The UCC method allows for various truncation schemes and different UCC formalisms
may be explored. Most UCC methods are based on a perturbative truncation of
the expansion. However, recent studies have analysed truncation schemes based on
expansions up to a certain rank of commutators.324–328 These methods seem to be
more accurate than the ones based on perturbation theory for molecules for which the
Møller-Plesset series does not show smooth convergence at low orders. For example,
the qUCCSD approach is argued to bring some improvement to the UCC3 method for
molecules with strong orbital relaxation and electron correlation.324,325

• The theory for molecular properties discussed in sec. 3.2.1 can be exploited to calculate
the properties originating from an electromagnetic perturbation, but does not include
the relaxation of the Hartree-Fock orbitals. A future development of UCC response
theory should include this effect. Furthermore, the calculation of molecular gradients
has not been discussed here and surely represents an interesting future challenge.

• In the field of MCD spectroscopy, new perspectives could be obtained considering a
more accurate description of the experimental medium in which the measurement of
an MCD spectra is performed. A desirable development consists in performing the
calculations of transition dipole moments in the magnetic field taking into account
solvent effects. Environmental effects are accounted for by various embedding models,
of which the polarisation continuum model286–294 is one of the best known. Otherwise,
a more refined estimate is provided by the whole class of QM/MM methods,295–297
where a part of the system is described through quantum chemistry and the remaining
part through classical mechanics. These methods also offer the possibility to describe
the directionality of the interactions,329–332 which is not possible with a homogeneous
continuum model.
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In the limiting case of strong magnetic field, one possible development consists in the
correct evaluation of orientational effects of the molecules in the magnetic field. As
already pointed out, the equations for the calculation of MCD spectra via the finite-field
approach discussed in chapter 6 are based on the assumption of an isotropic distribution
of the molecular orientations in space. This may not be the case in the presence of a
strong magnetic field, where the molecular spin tends to align to the external magnetic
field. To account for this effect, a weighting strategy of the contributions of each
orientation may be developed.

• The field of quantum electrodynamics opens various challenges for the next steps of
investigation. The QED-UCC2 is a quite rough approximation and different trunca-
tions of the exponential operators may be explored. Based on the results outside the
cavity, the single-mode QED-UCC3 method probably offers a better agreement with
QED-CCSD also inside the cavity. Thus QED-UCC3 would provide an alternative
method for the calculation of systems proven to be problematic for CCSD. Through-
out the discussion, the single-photon mode is adopted. The double- and higher-photon
regimes may be explored, although the theory becomes more involved than for the
single-photon case. Therefore, the perturbative truncation of the Bernoulli-expanded
Hamiltonian and of the amplitude equation has to be carefully evaluated. Additionally,
the present theory can only describe the ground-state energy in a cavity, but it is surely
desirable to obtain a characterisation of excited states as well.155,333

• The focus has been placed on Hamilton operator for which the occurrence of complex
energy values is motivated by the presence of an external magnetic field. In ref. 35,
conditions determining a complex part in the Hamiltonian have been extensively anal-
ysed. Among these, the vicinity to conical intersections is documented in the literature
to cause the CCSD results to become complex.320 The Hermitian formulation of the
UCC energy evidently solves the problem of unphysical results also in this setting.
An alternative approach to this problem has been presented in the literature with the
similarity-transformed CCSD method (SCCSD).320 Therefore, a comparison of the re-
sults obtained with the SCCSD method with those obtained with the UCC method
could be of interest. Some preliminary studies in this direction were pursued by the
author of this thesis, in collaboration with the authors of the aforementioned work.
For instance, the molecule HOF is one of the systems for which complex eigenvalues
are found with CCSD in vicinity of the intersection seam. The results obtained from a
pilot investigation showed that both SCCSD and UCC3 are able to solve the problem
of dimensionality in the intersection seam, but the position of the conical intersection
itself is slightly different for the two methods. It would be interesting to test the two
methods also for other systems, in order to gain a more complete understanding on
the advantages and disadvantages characterising them.

The outlined perspectives are only part of the potential applications unitary coupled cluster
could find in quantum chemistry. Future investigations using UCC theory may open other
fields for which this method is preferable to standard CC methods.
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Appendix A

Application of UCC diagrammatic
rules

In fig. A.1, a few examples of UCC diagrams are discussed, in order to explain the diagram-
matic rules listed in sec. 4.2.

• I: a part of the V̂R operator is involved, as it is not a pure excitation nor a pure
de-excitation operator. This term arises from the single commutator, and belongs to
both 1

2 [V̂R, σ̂] and 1
2 [V̂ , σ̂]. These two contributions add, and the term has a prefactor

1
2 + 1

2 in front of the commutator. The same global prefactor is found for the single
commutator in the BCH expansion, where there is [V̂ , σ̂]. The term has the formulation
1
2 〈ab||cd〉σcdij , where the factor 1

2 comes from the pair of equivalent lines.

• II: as for term I, here a part of the V̂R operator is involved. As the global prefactor of the
single commutators in the Bernoulli expansion sums to unity, the same rules as for the
diagrammatic formalism of CC apply. The term is evaluated as P (ij)P (ab)〈ak||ic〉σbcjk.

• III: the potential operator here is part of V̂ND, as it only involves de-excitations. Fur-
thermore, the contraction with the σ̂ operator results in a term belonging to [V̂ , σ̂]R.
This term is therefore part of the double commutators 1

12 [[V̂ND, σ̂], σ̂] and 1
4 [[V̂ , σ̂]R, σ̂].

The global prefactor to this double commutator for this diagram is 1
12 + 1

4 = 1
3 . This

prefactor differs from the prefactor of the BCH expansion, where 1
2 [[V̂ , σ̂], σ̂] is found.

From the CC diagrammatic rules, a factor 1
2 arises from the connection of the potential

operator with two equivalent operators. This factor here needs to be scaled, in order

Figure A.1
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to account for the different prefactor in the expansion, obtaining (1
2 · 1

3)/1
2 = 1

3 . The
term therefore is P (ij)P (ab)〈kl||cd〉σacikσbdjl .

• IV: as for term III, the potential operator is part of V̂ND. As before, the global prefactor
from the double commutators adds to 1

3 .
From the CC diagrammatic rules, a factor 1

2 needs to be considered, arising from one
pair of equivalent lines, connecting σ̂ and V̂ND with particle lines. Accounting for the
different prefactors of the Bernoulli and the BCH expansion, a resulting prefactor of 1

3
is found. Term IV is P (ij)1

3 〈kl||cd〉σabil σdcjk.

• V: once more, the potential operator is part of V̂ND and the term acquires a global
prefactor of 1

3 . From the CC rules, here a prefactor 1
4 is predicted, because of two

pairs of equivalent lines in the diagrams. Scaling this factor in order to account for
the difference of the Bernoulli and the BCH expansion, giving (1

4 · 1
3)/1

2 = 1
6 . The last

rule of sec. 4.2 applies here, as the potential operator is connected only to one of the
amplitudes. A further factor of 1

2 is therefore multiplied here, giving the expression
1
12 〈cd||ij〉σcd∗kl σabkl for this term.

• VI and VII: both terms involve a pure-excitation part of V̂ , therefore contributing to
1
12 [[V̂ND, σ̂], σ̂] and 1

4 [[V̂ , σ̂]R, σ̂]. Both have one pair of equivalent lines, and the scaling
of the prefactor leads to 1

3 . In both cases, the potential operator is connected to only
one of the amplitudes, thus requiring an additional factor 1

2 . These terms are VI:
−P (ab)1

6 〈ad||ij〉σcd∗kl σcbkl and VII: −P (ij)1
6 〈cd||kj〉σabil σcd∗kl .



List of Acronyms

• FCI: Full Configuration Interaction

• HF: Hartree-Fock

• MP: Møller-Plesset

• CC: Coupled-Cluster

• UCC: Unitary Coupled-Cluster

• EOM: Equation-Of-Motion

• ADC: Adiabatic Diagrammatic Construction

• MCD: Magnetic Circular Dichroism

• SD: Slater Determinant

• LCAO:Linear Combination of Atomic Orbitals

• SCF: Self-Consistent Field

• unc: uncontracted (basis set)

• ff: finite field

• PT: Perturbation Theory

• GIAO: Gauge-Including Atomic Orbital
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• AO: Atomic Orbital

• BO: Born-Oppenheimer

• BCH: Baker-Campbell-Hausdorff

• QED: Quantum ElectroDynamics

• DIIS: direct inversion of the iterative subspace
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