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Summary

Particle systems interacting via some Hamiltonian are often described via so-called Gibbs measures.
However, in practice it is not possible to measure or calculate these interactions directly from experiments
or simulation data. What, however, is possible is to calculate certain statistics of the number and
relative positions of particles from spectroscopy or simulations. This of course gives rise to mathematical
questions: „Given these point statistics, how do we recover the interaction Hamiltonian and is it unique?“
In an often cited paper Henderson proved, for the case of a finite volume box at fixed density, i.e. a
canonical ensemble, that any such solution is necessarily unique and in the ’80s Chayes and Chayes
showed that under broad conditions a solution exists. However their results do not immediately extend
to the thermodynamic limit, i.e. the infinite volume case. The goal of this work is to extend known results
for the finite volume to the thermodynamic limit.
The thesis is structured in the following way. We start with a brief introduction to the setting we are
working in and some historic background for the problem. In the second chapter we give a rigorous
introduction to the mathematical background, i.e. the theory of point processes and in particular Gibbs
point processes. Chapters 3 to 5 consist of the main results of this work, namely three peer-reviewed
articles.
In Chapter 3 and 4 we discuss the inverse Henderson problem in the thermodynamic limit. We start
by discussing Henderson’s theorem and proving the thermodynamic limit version of it. Following, we
use the Gibbs variational principle to rewrite the inverse Henderson problem as a minimization problem
of the specific relative entropy in the thermodynamic limit. Using our version of Henderson’s theorem
established before, we then show that this functional is strictly convex, and thus that any minimizer has
to be unique. We furthermore show that for any given pair potential and any particle density below the
close-packing density, there always exists a chemical potential and at least one Gibbs measure for these
parameters realizing this density. We can then reformulate the minimization problem in the canonical
setting, i.e. work at fixed density. Lastly, on an appropriate space of perturbations, we calculate the
derivatives of the relative entropy functional and show the connections to the well-known inverse Monte-
Carlo scheme when using Newton’s method for the minimization of the relative entropy functional.
In Chapter 5 we take a different approach: Assuming we are given all correlation functions of some Gibbs
measure, we construct an expansion for the chemical potential associated to this measure. We show that
the conditions for convergence are indeed very mild, as we can show the assumptions are satisfied in a
variety of cases. In particular the results also hold for some models with many-body interactions.
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Zusammenfassung

Teilchensysteme, die über einen Hamiltonian interagieren, werden oft durch sogenannte Gibbs-Maße
beschrieben. In der Praxis ist es jedoch nicht möglich, diese Wechselwirkungen direkt anhand von
Experimenten- oder Simulationsdaten zu berechnen. Was jedoch möglich ist, ist die Berechnung einiger
statistischer Größen über die Anzahl und relativen Positionen der Teilchen mit Hilfe von Spektroskopie
oder Simulationen. Daraus ergeben sich natürlich die mathematischen Fragen: „Wie bestimme ich aus
gegebenen Teilchen-Statistiken den zugrunde liegenden Hamiltonian und ist dieser eindeutig?“ In einer
häufig zitierten Arbeit diskutierte Henderson dieses Problem im Fall eines endlichen Volumens mit kon-
stanter Dichte, also eines kanonischen Ensembles, und zeigte, dass eine jede solche Lösung notwendiger-
weise eindeutig ist und in den 80ern zeigten Chayes und Chayes die Existenz einer Lösung unter relativ
allgemeinen Voraussetzungen. Allerdings lassen sich diese Resultate nicht direkt auf den thermodynamis-
chen Limes, also den Fall eines unendlichen Volumens, verallgemeinern. Das Ziel dieser Arbeit ist es, die
für den Fall des endlichen Volumens bekannten Resultate auf den thermodynamischen Limes zu verall-
gemeinern.
Die Thesis ist wie folgt strukturiert. Wir beginnen mit einer kurzen Einführung in das Setting und
historische Hintergründe. Im zweiten Kapitel führen wir die mathematischen Hintergründe ein, d.h. die
Theorie der Punktprozesse und insbesondere Gibbssche Punkteprozesse. Kapitel 3 bis 5 bestehen aus
den Hauptresultaten dieser Arbeit, drei Peer Reviewten Artikeln. In Kapiteln 3 und 4 betrachten wir
das inverse Henderson Problem im thermodynamischen Limes.
Zuerst führen wir das Henderson Theorem ein und beweisen es für den thermodynamischen Limes. An-
schließend nutzen wir das Gibbssche Variationsprinzip um das inverse Henderson Problem in ein Min-
imierungsproblem für die spezifische relative Entropy im thermodynamischen Limes umzuformulieren.
Unter Verwendung unserer Version des Henderson Theorems zeigen wir, dass dieses Funktional strikt
konvex ist, und dementsprechend jeder Minimierer eindeutig sein muss. Weiterhin zeigen wir, das für
jede (Teilchen-)dichte unterhalb der dichtesten Kugelpackung immer ein chemisches Potential und min-
destens ein Gibbs-Maß zu diesen Parametern existiert, welches diese Dichte realisiert. Damit können
wir das Minimierungsproblem für das kanonische Setting neu formulieren, d.h. mit einer festen Dichte
arbeiten. Zuletzt berechnen wir, auf einem geeigneten Störungsraum, die Ableitungen des relativen En-
tropie Funktionals und zeigen die Verbindungen zum bekannten inversen Monte-Carlo iterations Schema,
wenn man die Newton Methode für die Minimierung des relative Entropie Funktionals verwendet.
In Kapitel 5 verfolgen wir einen anderen Ansatz: Unter der Annahme alle Korrelationsfunktionen eines
Gibbs-Maßes seien gegeben, konstruieren wir eine Expansion für das chemische Potential des zu Grunde
liegenden Maßes. Wir zeigen weiterhin, dass unsere Bedingungen für die Konvergenz sehr schwach sind,
da unsere Voraussetzungen in einer Vielzahl von Fällen erfüllt sind. Insbesondere gelten die Ergebnisse
auch für einige Modelle mit Mehrkörper-Wechselwirkungen.
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1

Introduction

In classical physics, liquid or gaseous matter at a given temperature is often characterized via the potential
energy of the system. This means, the force acting between two (or more) particles is given by the
derivative of some Hamiltonian. While one could theoretically simulate systems with high precision by
numerically solving the underlying mechanical equations, in practice this is severely time consuming.
Thus this approach can only be feasibly used for small systems of up to a few thousand particles and
only very small time and length scales. This becomes an even bigger problem as soon as the structure
of the system becomes more complicated, i.e. when looking at e.g. molecules or polymers, or when the
interaction between the particles involves more than just a simple pair potential, e.g. angle-forces between
triplets of particles.
Therefore, to simulate larger or more complicated systems, a coarse-graining approach is commonly used,
see Peter and Kremer [50] or Noid [48], where in order to reduce computational effort the complicated
system is simplified while keeping the relevant properties as close to the original system as possible,
cf. Praprotnik, Delle Site, and Kremer [51]. In this work we specifically investigate the case when these
structures and higher-order interactions are replaced by point- or bead-like particles interacting with a
pair interaction. This mapping from the atomic scale to the „coarse“ beads needs to be designed, of
course, in a thermodynamically consistent way.
There are two main approaches: An ab initio bottom-up approach where different methods are used to
calculate the averaged forces resulting from the mapping to the coarse beads.
The other approach is called top-down coarse-graining. In this case one looks at structural properties
of the atomic scale system and asks which interactions between the coarse-grained beads will reproduce
them. As the forces at these length scales cannot be measured in a real molecular system, this second
ansatz is the inverse problem, cf. Hanke [26], we discuss in detail in this work.
As mentioned, we work with structural information such as the (particle) density or relative positions
of particles. These can either be measured via e.g. spectroscopy or evaluated from a simulation of the
complicated system with a small number of particles. For simplicity, we will make the assumption that
we only have one type of particles and that the interaction between them is translation invariant.
The available data are the so-called n-point correlation functions. If the interaction only depends on the
distance of the particles, i.e. it is isotropic, the quantity of particular interest is the radial distribution
function g which is the two-point correlation function normalized with respect to the density ρ. The
radial distribution function is also an isotropic function, and for some r > 0 the value g(r) gives the
likelihood of finding at least one other particle at distance r from any given particle.
For a canonical or grand-canonical ensemble of particles in a finite volume box that only interact via
some isotropic pair potential, this inverse problem becomes: „Given the radial distribution function at
fixed temperature and density, determine the corresponding pair potential.“
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2 1. INTRODUCTION

The first big step in the analysis of this inverse problem was done by Henderson in the ’70s. He proved
in [31], for a canonical ensemble, that the radial distribution function uniquely determines the pair
interaction. This work was widely recognized and hence, we refer to the inverse problem at hand as the
inverse Henderson problem.
The goal of this thesis is to further analyze the inverse Henderson problem in the thermodynamic limit,
i.e. looking at the limit of a canonical (or grand-canonical) ensemble when growing the box to eventually
encapsulate the whole space. In particular, we want to investigate which theoretical arguments from the
finite volume case can be extended to the thermodynamic limit and where mathematical difficulties arise.
The technique Henderson used goes back to ideas from Hohenberg and Kohn [32] and Mermin [43], in
particular he employs a Gibbs variational principle [22] which states, roughly speaking, that a system
minimizes a certain relative entropy functional if and only if the distribution of the particles is given by a
Gibbs measure associated to the given thermodynamic parameters. This ansatz has also been used for a
similar problem concerning external potentials by Chayes, Chayes and Lieb [4, 6], which is a similar but
somewhat more easily tractable inverse problem. Later, Shell argued in [58] that this relative entropy
approach is fundamental to coarse-graining. The relative entropy Shell used,

Srel =
∫

log
(

dP∗

dP

)
dP∗,

also known as Kullback–Leibler divergence, is a well-known tool in statistics and information theory
to measure the difference between two probability distributions P and P∗. Here P∗ is the observed
distribution, i.e. the distribution of the system we want to coarse-grain, and P is the ansatz Gibbs
distribution with a pair interaction for the coarse-grained particles. In a work building on Shell’s argument
Murtola, Karttunen and Vattulainen showed in [44] that this relative entropy functional is convex, and
that when minimizing Srel using Newton’s method, the corresponding iteration coincides with the inverse
Monte Carlo method (IMC) developed by Lyubartsev and Laaksonen [40].
However, when turning to the thermodynamic limit one needs to be a bit more careful. One has to divide
by the volume of the box in the limiting process, and thus the strict inequalities from the finite volume
case may not be preserved.
Chapters 3 and 4 are devoted to the analysis of these problems in the thermodynamic limit. We make use
of the fact that the re-scaled relative entropy converges to the specific relative entropy. It can be shown
that this specific relative entropy satisfies an infinite volume version of the Gibbs variational principle.
For continuum particle systems, this was first studied for hard-core interactions in [16] by Gallavotti and
Miracle-Sole, and since then this result has been extended to more general interactions, most notably to
the case of superstable pair interactions in a series of works by Georgii and Zessin [21, 18, 19]; but also for
general hard-core systems by Nguyen and Zessin [46] and general finite-range interactions, see Dereudre
[7]. Except for Chapter 5 of this work, we will however restrict ourselves to the case of translation
invariant pair interactions.
The rest of the thesis is structured as follows:
In Chapter 2 we give an overview of the mathematical tools used in this work. We review some of the
general theory of Point processes, the concept of superstable interactions and finally infinite volume Gibbs
measures and their properties.
In Chapter 3 we look at Henderson’s Theorem, i.e. we show the mapping of pair interactions to the
radial distribution functions is injective. Using the aforementioned Gibbs variational principle of Georgii
we can then prove two versions of his theorem. For a grand-canonical perspective, i.e. if we are given
the density and pair correlation functions of a Gibbs measure, we show that there can be at most one
chemical potential and pair interaction to which they belong. In the second case (more in the spirit of
Henderon’s version), i.e. when we are given the chemical potential and pair correlation function, we show
uniqueness of the pair interaction.
In Chapter 4 we take a closer look at the specific relative entropy. We investigate its strict convexity and
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differentiability with respect to the chemical potential and pair interaction, when the target distribution
P∗ is fixed. For that we introduce a certain Banach space of admissible perturbations. The idea for this
goes back to a series of papers by Hanke [27, 28, 29] where the differentiability of the correlation functions
was investigated.
Another approach to calculate interaction potentials from correlation functions stems from so-called
cluster expansions. This technique comprises of writing certain thermodynamic functions as sums over
special types of graphs and is the approach we investigate in Chapter 5. In a review paper from the
’60s, Stell [59] collected a multitude of these expansions for different functions. In particular, it includes
a formula, developed by Nettleton and Green in [45], to calculate the Hamiltonian of a system from the
correlation functions. However, this formula, like most of these cluster expansions, remains (to this day)
only a formal equation, as showing convergence of the appearing series, outside of some special cases, has
so far not been possible. We use a slightly different approach, namely rewriting the appearing functions
as a recursion. In the next step, we use Bell-polynomials to find an upper bound for the expansion.
Our method needs only weak decay assumptions on the Hamiltonian and thus we can rigorously prove
the Nettleton and Green formula for a wide range of systems, including pair interactions, non-negative
many-body interactions of finite range, and the interactions of the Kirkwood-closure point process.
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2

Mathematical background

In this chapter we will give an overview into the theoretical background needed to understand the results
presented in Chapters 3-5. We start with a general introduction to some notions of point processes and
then more concretely introduce the specific model of Gibbs measures we will be working with.

2.1 The configuration space and point processes
We denote by Bb(Rd) the bounded Borel-subsets of Rd. To describe the particles in space we introduce
the so-called configuration space by

Γ =
{
γ ⊂ Rd

∣∣∣ ∆ ∈ Bb(Rd) ⇒ N∆(γ) < ∞
}
,

where N∆ : Γ → N0 ∪ {∞}, γ 7→ N∆(γ) = #(γ ∩ ∆). Sometimes we will also work with the space of finite
configurations Γ0 := {γ ∈ Γ | #γ < ∞} and the space of configurations constrained to a certain subset
of Rd, namely for Λ ⊂ Rd we define ΓΛ := {γ ∈ Γ | γ ⊂ Λ}. We furthermore introduce the σ-algebra
F := σ(N∆ | ∆ ∈ Bb(Rd)) that is generated by the counting variables.

Definition 2.1.1 Any random variable η on some probability space (Ω,A,P) with values in (Γ,F) is called
a point process. The distribution P = P ◦ η−1 of η is then a probability measure on (Γ,F). By some
abuse of language we will also call any probability measure on (Γ,F) a point process and in particular
the distribution P of η.

If for every x ∈ Rd the distribution of η is the same as for η − x = {y | y + x ∈ η}, we say η (or P) is a
translation invariant or stationary point process.

Example 2.1.2 One of the simplest examples of a point process is the so-called Poisson point process,
characterized in the following way: π is a Poisson process with intensity ρ > 0 if

(i) For every Λ ∈ Bb(Rd) the distribution of NΛ is Poisson with parameter ρλλ(Λ) (λλ(Λ) denotes the
volume of the set Λ with respect to the Lebesgue measure), that is to say for every k ∈ N0

π(NΛ = k) = (ρλλ(Λ))k

k! e−ρλλ(Λ). (2.1)

(ii) For every m ∈ N and all Λ1, . . . ,Λm ∈ Bb(Rd) such that Λi ∩ Λj = ∅ for all i 6= j, the random
variables NΛ1 , . . . , NΛm

are independent.

Remark 2.1.3 The Poisson process is a probabilistic model for the ideal gas, i.e. point-like particles that
do not interact with each other.
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6 2. MATHEMATICAL BACKGROUND

2.1.1 Janossy densities and correlation functions
In general, when looking at a non-trivial stationary point process in the whole space, the probability to
encounter only finitely many points is zero, see e.g. [38]. In particular, densities of the distribution of the
point process with respect to the Lebesgue measure do not exist. However, when looking at a bounded
box Λ by definition of the configuration space the number of points will be finite.

Definition 2.1.4 We say a function F : (Rd)n → R is symmetric, if for any permutation σ : {1, . . . , n} →
{1, . . . , n} we have F (x1, . . . , xn) = F (xσ(1), . . . , xσ(n)).

By abuse of notation and the fact that {#{x1, . . . , xn} < n} ⊂ (Rd)n is a Lebesgue null set we take
xn = (x1, . . . , xn) or xn = {x1, . . . , xn} in the following, depending on context.

Definition 2.1.5 Let P be a probability measure on (Γ,F) and (j(n)
Λ )n≥0,Λ∈Bb(Rd), j

(n)
Λ : Λn → [0,∞) be a

family of symmetric functions. They are called Janossy densites of P if for every non-negative function
F : Γ → [0,∞) we have

E [F (ηΛ)] =
∞∑

n=0

1
n!

∫
Λn

F (xn)j(n)
Λ (xn) dxn. (2.2)

Here we write ηΛ = η ∩ Λ and
∫

Λ0 F (x0)j(0)
Λ (x0) dx0 = F (∅)j(0)

Λ . Note that j(0)
Λ = P(NΛ(η) = 0).

The Janossy densities are also known as system of density distributions as Ruelle introduced them in [56].
Closely related to the Janossy densities are the correlation functions.

Definition 2.1.6 Let P be a probability measure on (Γ,F) and (ρ(n))n≥1 be a family of symmetric non-
negative functions. These are called correlation functions of P if for every F : (Rd)n → [0,∞) we have

E

 ∑
x1,...,xn∈η,

xi 6=xj

F (xn)

 =
∫

(Rd)n

F (xn)ρ(n)(xn) dxn. (2.3)

Remark 2.1.7 If P is a stationary point process with correlation functions (ρ(n))n≥1, then these are
translation invariant as well, i.e.

ρ(n)(x1 + a, . . . , xn + a) = ρ(n)(x1, . . . , xn) for all a ∈ Rd.

In particular, we have

ρ(n)(x1, . . . , xn) = ρ(n)(0, x2 − x1, . . . , xn − x1) (2.4)

and thus, the one-particle correlation function is constant, i.e. ρ(1) ≡ ρ and is called the density or
(counting) intensity of a point process. In general we can factor the density out of the correlation functions
and write ρ(n) = ρng(n) for appropriate functions g(n). The only one of interest in this thesis being the
so-called radial distribution function g(2) = g = ρ(2)/ρ2, which by (2.4) satisfies g(x1, x2) = g(x1 −x2, 0).
By abuse of notation we therefore write g(x1 − x2) below.

Example 2.1.8 If F =
∏n

i=1 1Λ for some Λ ∈ Bb(Rd), then

E

 ∑
x1,...,xn∈η,

xi 6=xj

n∏
i=1

1Λ(xi)

 = E [NΛ(η)(NΛ(η) − 1) · · · (NΛ(η) − (n− 1))] =
∫

Λn

ρ(n)(xn) dxn (2.5)

and in particular E [NΛ(η)] =
∫

Λ ρ
(1)(x) dx which for a stationary point process reduces further to

E [NΛ(η)] = λλ(Λ)ρ.
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Remark 2.1.9 The property (2.5) in particular is what makes the correlation functions a „measurable“
quantity, as they can be estimated from realizations of the point process by only having to count points in
subsets.

Both the correlation functions and the Janossy densities, if they exist, determine the associated probability
measure uniquely due to the definition of F , cf. [33]. Furthermore, using (2.2) and (2.3), we get the
following relation.

Proposition 2.1.10 ([33]) Let P be a point process admitting Janossy densities, then the correlation func-
tions of P exist and there holds for every n ∈ N and Λ ∈ Bb(Rd)

ρ(n)(xn) =
∞∑

k=0

1
k!

∫
Λn

j
(n+k)
Λ (xn, yk) dyk, xn ∈ Λn. (2.6)

Here we write j(n+k)
Λ (xn, yk) = j

(n+k)
Λ (x1, . . . , xn, y1, . . . , yk) for brevity.

Remark 2.1.11 Note that the correlation functions are defined on the whole space whereas the Janossy
densities always are connected to some bounded set Λ. However, they contain the averaged contributions
of the whole space by definition and thus the right-hand side above is independent of Λ, as long as xn ∈ Λn.

Example 2.1.12 The correlation functions of the Poisson process with intensity ρ exist and are given by
ρ(n)(xn) ≡ ρn, see e.g. [33].

In general calculating the correlation functions (ρ(n))n≥1 for a given system is computationally very
intensive for n > 2. Thus, in computational physics the so-called Kirkwood-superposition or Kirkwood-
closure has been used, i.e.

ρ(n)(xn) ≈ ρn
∏

1≤i<j≤n

g(xi − xj)

where ρ is the density and g the radial distribution function of some given point process. This approx-
imation was first suggested by Kirkwood in [34], see also [30], and has been used to approximate in
particular the 3-point correlation function. However, in general it is unclear whether these approximated
correlation functions still belong to some point process.

Definition 2.1.13 Let ρ > 0 and g : Rd → [0,∞) be an even function, a point process Kρ,g with correlation
functions (ρ(n))n≥1 is the Kirkwood-closure process if there holds

ρ(n)(xn) = ρn
∏

1≤i<j≤n

g(xi − xj). (2.7)

Existence of the Kirkwood-closure process was first proved by Ambartzumian and Sukiasian in [1] for the
case g ≤ 1 and later generalized in [37] by Kuna, Lebowitz and Speer.

Theorem 2.1.14 ([37]) Let g : Rd → [0,∞) be an even function on Rd such that

1. C(g) =
∫
Rd |g(x) − 1| dx < ∞;

2. There exists a 1 ≤ b < ∞, such that for all n ≥ 1
n∏

i=1
g(x0 − xi) ≤ b

whenever x0, x1, . . . , xn satisfy
∏

i<j g(xi − xj) > 0.
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Then for every ρ satisfying

0 ≤ ρ ≤ (ebC(g))−1

the Kirkwood-closure process Kρ,g exists.

We use the Kirkwood-closure process in Chapter 4, i.e. [14], to show the ill-posedness of the inverse
Henderson problem in the thermodynamic limit.

2.1.2 The Ruelle bound
Definition 2.1.15 The correlation functions (ρ(n))n≥1 of a point process P satisfy a so-called Ruelle bound
if there is a ξ > 0 such that

ρ(n)(xn) ≤ ξn. (Rξ)

We also say P satisfies a Ruelle condition if P admits correlation functions that satisfy a Ruelle bound.

Example 2.1.16 The Poisson process trivially satisfies a Ruelle condition with ξ = ρ and the Kirkwood-
closure process from [37] satisfies a Ruelle condition with ξ = ρb1/2.

For point processes satisfiying a Ruelle condition, we get an inverse formula to (2.6).

Theorem 2.1.17 ([36]) Let P be a point process that satisfies a Ruelle condition, then P admits Janossy
densities and for any Λ ∈ Bb(Rd) there holds

j
(n)
Λ (xn) =

∞∑
k=0

(−1)k

k!

∫
Λk

ρ(n+k)(xn, yk) dyk (2.8)

where in the case n = 0 we formally set ρ(0) = 1.

The above formula is the ansatz we use in Chapter 5, i.e. [13], to find an expansion of the so-called
chemical potential.

2.1.3 Truncated correlation functions and exponential representation
Lastly, we introduce the truncated version correlation functions and show how they are connected to an
exponential representation for the Janossy densities.

Definition 2.1.18 Let (ρ(n))n≥1 be the correlation functions of some point process P, the truncated corre-
lation functions (ρ(n)

T )n≥1 are recursively defined by ρ(1)
T (x) = ρ(1)(x) and for n ≥ 2 as

ρ
(n)
T (xn) = ρ(n)(xn) −

n∑
k=2

∑
π∈Πk(xn)

k∏
i=1

ρ
(κi)
T (πi) (2.9)

where Πk(xn) is the set of partitions π = (π1, . . . , πk) of {x1, . . . , xn} into k non-empty sets πi and
κi = #πi.

Remark 2.1.19 The truncated correlation functions are sometimes (depending on whether the work is
more from the point process or mathematical physics approach) also called cluster functions, see [55], or
Ursell functions, e.g. [59]. In [14] we have used the term cluster functions in place of truncated correlation
functions and denote them by ω(n) as is done in [55] and [29]. The term Ursell functions has also been
used for another object defined by a relation of the type (2.9), see e.g. [55]. Since there is no other naming
convention for this object, we will reserve the term Ursell functions for the latter object (see (2.42)).
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Remark 2.1.20 While the correlation functions of a point process are typically only bounded functions,
i.e. ρ(n) ∈ L∞((Rd)n), but not integrable over the whole space, the truncated correlation functions are (in
many examples we look at) integrable n− 1 times in the sense that∫

(Rd)n−1

∣∣∣ρ(n)
T (0, xn−1)

∣∣∣ dxn−1 < ∞.

In fact, functions related to one another like the correlation functions, truncated correlation functions
and the Janossy densities satisfy a type of exponential relation that appears quite naturally in statistical
physics. The following Theorem is well-known, we use the version proved by Boluh and Rebenko.

Theorem 2.1.21 ([3]) Let (Fn)n≥1 be a family of symmetric functions with Fn : (Rd)n → R such that there
exist 0 < c < 1/2 and D > 0 such that for every bounded Λ ⊂ Rd there holds∫

Λn

|Fn(xn)| dxn ≤ λλ(Λ)n!Dcn (2.10)

for every n ∈ N. Then the function Φ : Γ0 → R defined by Φ(∅) = 1 and

Φ(η) =
N(η)∑
k=1

∑
π∈Πk(η)

k∏
i=1

Fκi(πi), (2.11)

satisfies

∞∑
n=0

1
n!

∫
Λn

Φ(xn) dxn = exp
( ∞∑

n=1

1
n!

∫
Λn

Fn(xn) dxn

)
. (2.12)

Remark 2.1.22 Note that for any function a ∈ L∞(Rd) with ‖a‖∞ = a0 and any family (Fn)n≥1 satisfying
the assumptions of Theorem 2.1.21 the family (F a

n )n≥1 defined by

F a
n (xn) = Fn(xn)

n∏
i=1

a(xi)

also satisfies the assumptions of Theorem 2.1.21 when making the restriction 0 < c < 1/(2a0).

Theorem 2.1.21 is the second tool we use in Chapter 5. We introduce the assumption:

Assumption A There are constants M > 0 and Cρ, Dρ > 0 such that for any Λ ⊂ Rd and any xn ∈ Λn∫
Λk

∣∣∣ρ(n+k)
T (xn, yk)

∣∣∣ dyk ≤ (n+ k − 1)!MCn−1
ρ Dk

ρ . (2.13)

Remark 2.1.23 It is well-known that Assumption A is satisfied for Gibbs measures of superstable and
regular pair interactions (introduced in the next section), see e.g. [55] and [2]. Furthermore, the truncated
correlation functions of the Kirkwood-closure process also satisfy Assumption A, cf. [37].

Example 2.1.24 For any point process satisfying Assumption A with Dρ small enough we can use (2.8)
and Theorem 2.1.21 to write

j
(0)
Λ = exp

( ∞∑
k=1

(−1)k

k!

∫
Λk

ρ
(k)
T (yk) dyk

)
. (2.14)
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2.2 Gibbs measures
An important type of point processes are so-called Gibbs point processes or Gibbs meaures after Josiah
Willard Gibbs who first formulated many of the ideas behind statistical mechanics, see e.g. [22]. The
heuristic is the following: When describing a system of interacting particles in equilibrium via a probability
measure, a specific configuration of particles should be more likely when it is energetically favorable. This
energy is calculated via a Hamiltonian that depends on the specific interaction of the model. For most of
this work we will restrict ourselves to the case where the Hamiltonian only consist of a pair interaction
that depends on the relative positions of the points.

2.2.1 Assumptions on the interaction
To be able to rigorously formulate our results we need to restrict ourselves to interactions that behave in
a somewhat nice way, so-called (super-)stable interactions. This concept covers a variety of interactions
such as the Lennard-Jones interaction or particles with a hard-core. In general we consider a Hamiltonian
H to be a measurable map H : Γ0 → Rd ∪ {∞} such that

• H(∅) = 0,

• If H(η) < ∞, then H(η\{x}) < ∞ for all x ∈ η.

These conditions are called non-degeneracy and hereditarity. For simplicity we will also assume that H
does not contain any self-interaction, i.e. H({x}) = 0 for any x ∈ Rd. We will treat this self-interaction
separately and denote it by µ, this is usually called the chemical potential.

Definition 2.2.1 A Hamiltonian is called stable if there exists some B ≥ 0 such that

H(η) ≥ −BN(η),

and H is called superstable if there also exists a constant A > 0 such that for any bounded set Λ ⊂ Rd

and any configuration η ⊂ Λ we have

H(η) ≥ A

λλ(Λ)N(η)2 −BN(η). (2.15)

We say the HamiltonianH consists only of pair interactions if there is some even function u : Rd → R∪{∞}
such that

H(η) = 1
2
∑

x 6=y∈η

u(x− y), η ∈ Γ0. (2.16)

Definition 2.2.2 The interaction or interaction energy W : Γ0 × Γ → R∪ {∞} between two configurations
is defined as

W (η, γ) :=


∑

x∈η,y∈γ

u(x− y), if
∑

x∈η,y∈γ

|u(x− y)| < ∞

∞, otherwise.
(2.17)

In particular, if both η, γ ∈ Γ0, we have

H(η ∪ γ) = H(η) +W (η, γ) +H(γ). (2.18)

Lastly, we want to introduce the Mayer-function, which is related to the pair interaction and often times
easier to work with.



2.2. GIBBS MEASURES 11

Definition 2.2.3 Let β > 0 and u : Rd → R ∪ {∞} be an even function that is bounded from below, then
the Mayer-function fβ associated to u and β is defined by

fβ(x) = e−βu(x) − 1. (2.19)

If fβ ∈ L1(Rd) for every β > 0, we say that u is regular and we denote C(u, β) :=
∫
Rd |fβ(x)| dx. When

working at fixed β we will often write f in place of fβ.

There have been a multitude of works to find sufficient conditions on u so that the Hamiltonian associated
to u by (2.16) is stable (resp. superstable) and regular, see e.g. [12] or [10] and [56].

Definition 2.2.4 We denote by U the set of even functions u : Rd → R∪{∞} such that there exists r0 > 0
and decreasing positive functions ϕ : (0, r0) → R+

0 and ψ : [0,∞) → R+ with∫ r0

0
rd−1ϕ(r) dr = ∞ and

∫ ∞

0
rd−1ψ(r) dr < ∞ , (2.20)

such that
u(x) ≥ ϕ(|x|) for 0 < |x| < r0 ,

|u(x)| ≤ ψ(|x|) for |x| ≥ r0 ,
(2.21)

holds true almost everywhere; for our convenience we take ψ to be a bounded and decreasing function
defined for all r ≥ 0. We denote by U0 the subset of the above pair potentials, which also belong
to L∞

loc(Rd\{0}), and thus U is the union of U0 with the hard-core potentials Uhc, which satisfy the
condition above with ϕ replaced by ∞. In this case r0 is called the hard-core radius. If u satisfies (2.20)
and (2.21) with a minorant and majorant of the forms

ϕ(r) = cr−α and ψ(r) = C(1 + r2)−α/2 (2.22)

for some C > c > 0 and α > d we say that u is of Lennard-Jones type. We denote the subset of
Lennard-Jones type potentials by ULJ.

It is quite easy to see, cf. Chapter 4, that the sets U ,U0,Uhc and ULJ are convex. In Chapter 4 we will
investigate differentiability properties of certain thermodynamic functions. As the set U lacks a natural
topology and the conditions (2.20) and (2.21) cannot hold under a change of sign, we instead introduce
a corresponding Banach space Vu∗ of perturbations for a given potential u∗ ∈ U , following [27]. Vu∗ is
the space consisting of all even measurable functions v : Rd → R, for which the associated norm

‖v‖Vu∗
= sup

x∈Rd

|v(x)|
ψ∗(|x|) (2.23)

is finite. Here, ψ∗ is the majorant ψ of (2.20) associated with u∗. Note that the norm (2.23) is somewhat
stronger than the one employed in [27] because it is more restrictive in the core region 0 < r < r0, and
hence, the resulting space of perturbations is smaller. However, it can easily be seen that for any v ∈ Vu∗

the sum u∗ + v belongs to U , see Chapter 4.

Proposition 2.2.5 ([55, 56]) For any u ∈ U the Hamiltonian associated to u by (2.16) is superstable (and
thus in particular stable) and regular.

Example 2.2.6 While all of the pair potentials in U are ”physical”, there are some superstable potentials
which are not included in the set U . However, these potentials do not arise from any natural physical
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model. We give a simple example. For some r0 > 0 let u1 = ∞1Br0 (0), i.e. the pure hard-core potential.
Then u induces a superstable Hamiltonian (2.16) with A = B/ρcp and any B > 0 where

ρcp := sup
{
NΛ(η)
λλ(Λ)

∣∣∣∣ Λ ∈ Bb(Rd), η ∈ Γ with |x− y| ≥ r0 for all x 6= y ∈ η

}
is the close-packing density. H(η) = ∞ for any η ⊂ Λ with NΛ(η) > ρcpλλ(Λ) and the lower bound (2.15)
is negative in any other case. We thus make the following ansatz:
We define an even function u : Rd → R+

0 by

u := u1 + u2 (2.24)

where u2 =
∑∞

n=1 1An
with An ⊂ B(n+1)r0(0)\Bnr0(0) is a sequence of sets such that

∑∞
n=1 λλ(An) < ∞,

then it is obvious that u 6∈ U , but u induces a superstable Hamiltonian as sum of a superstable and a
stable potential (u2 is stable as any non-negative potential is stable), cf. [56]. Furthermore∫

Rd

∣∣∣e−βu(x) − 1
∣∣∣ dx =

∫
Rd

∣∣∣e−β(u1+u2)(x) − e−βu2(x) + e−βu2(x) − 1
∣∣∣ dx

≤
∫
Rd

e−βu2(x)
∣∣∣e−βu1(x) − 1

∣∣∣ dx+
∫
Rd

∣∣∣e−βu2(x) − 1
∣∣∣ dx < ∞.

The first term is finite since e−βu2(x) ≤ 1 and u1 is regular, and the second is finite as
∫
Rd

∣∣e−βu2(x) − 1
∣∣ dx =

(1 − e−β)
∑∞

n=1 λλ(An) < ∞, thus u is also regular.

2.2.2 The grand-canonical ensemble
In light of the previous section’s discussion we can now define Gibbs measures in finite volume. Usually
Gibbs measures are written to be dependent on three parameters, in the grand-canonical ensemble (which
we mostly work with) these are the chemical potential µ, the pair potential u and the inverse temperature
β > 0.

Definition 2.2.7 For β > 0, µ ∈ R, u ∈ U and some Λ ∈ Bb(Rd), the grand-canonical partition function
is given by

ΞΛ(β, µ, u) =
∞∑

n=0

eβµn

n!

∫
Λn

e−βH(xn) dxn (2.25)

where the summand for n = 0 is taken to be equal to one. The grand-canonical (β, µ, u)-Gibbs measure
in Λ is defined as the probability measure GΛ on ΓΛ with∫

ΓΛ

F (γ) dGΛ(γ) = 1
ΞΛ

∞∑
n=0

eβµn

n!

∫
Λn

F (xn)e−βH(xn) dxn (2.26)

for all F : ΓΛ → [0,∞).

Remark 2.2.8 Another approach to Gibbs measures in a finite volume is the so-called canonical ensemble,
instead of prescribing a chemical potential, the number of particles is fixed. For β > 0, N ∈ N, u ∈ U
and some Λ ∈ Bb(Rd) the canonical ensemble CΛ is a probability measure on ΛN with∫

ΛN

F (xN ) dCΛ(xN ) = 1
ZΛ(β,N, u)

∫
ΛN

F (xN )e−βH(xN ) dxN (2.27)



2.2. GIBBS MEASURES 13

for every F : ΛN → [0,∞). Here ZΛ(β,N, u) is the canonical partition function defined by

ZΛ(β,N, u) =
∫

ΛN

e−βH(xN ) dxN .

The canonical ensemble is commonly used in computational physics or chemistry, cf. [30], for simulations
due to the much simpler implementation compared to the grand-canonical ensemble.

Note that since the Hamiltonian H associated to u is stable, we have that

1 ≤ ΞΛ ≤ exp
(
eβ(µ+B)λλ(Λ)

)
< ∞

and thus the grand-canonical partition function is always well-defined. Furthermore, for any ∆ ⊂ Λ and
F : ΓΛ → [0,∞) using (2.18) and Fubini’s Theorem we can write∫

ΓΛ

F (γ) dGΛ(γ) = 1
ΞΛ

∞∑
n=0

∞∑
k=0

eβ(n+k)µ

k!n!

∫
∆n

∫
(Λ\∆)k

F (xn ∪ yk)e−βH(xn)−βW (xn|yk)−βH(yk) dyk dxn.

Using (2.26) we can reformulate the above equation as∫
ΓΛ

F (γ) dGΛ(γ) =
∞∑

n=0

eβnµ

n!

∫
∆n

∫
ΓΛ\∆

F (xn ∪ γ)e−βH(xn)−βW (xn|γ) dGΛ(γ) dxn. (2.28)

Remark 2.2.9 From (2.28) it follows that the Janossy densities in ∆ ⊂ Λ of the grand-canonical Gibbs
measure GΛ on Λ are given by

j
(n)
∆,Λ(xn) = 1

ΞΛ

∞∑
k=0

eβ(n+k)µ

k!

∫
(Λ\∆)k

e−βH(xn,yk) dyk, xn ∈ ∆n. (2.29)

In particular j(n)
Λ,Λ(xn) = eβnµ−βH(xn)/ΞΛ.

Definition 2.2.10 The finite volume grand-canonical pressure is defined by

pΛ(µ, u) = 1
βλλ(Λ) log ΞΛ(β, µ, u). (2.30)

Proposition 2.2.11 ([20]) The finite volume pressure pΛ is strictly convex in (µ, u).

Definition 2.2.12 For any bounded set Λ ⊂ Rd the entropy of a point process P in Λ is defined as

SΛ(P) =


∞∑

n=0

∫
Λn

j
(n)
Λ (xn) log j(n)

Λ (xn) dxn, if P admits Janossy densities in Λ,

∞, else.
(2.31)

If Q is another point process, then the relative entropy of P with respect to Q is given by

SΛ(P | Q) =


∞∑

n=0

∫
Λn

j
(n)
P,Λ(xn) log

(
j

(n)
P,Λ(xn)

j
(n)
Q,Λ(xn)

)
dxn, if P and Q admit Janossy densities in Λ,

∞, else.

(2.32)
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Remark 2.2.13 It is well-known that SΛ(P | Q) ≥ 0 with equality if and only if P = Q, see e.g. [20].
Depending on authors sometimes the entropy (resp. relative entropy) is defined with the opposite sign to
this work.

Using the relative entropy gives us another way of characterizing Gibbs measures. For given Λ ∈ Bb(Rd)
we choose Q = GΛ and we get, by (2.26), (2.29) and (2.30)

SΛ(P | GΛ) = SΛ(P) − β µEP [NΛ(η)] + β EP

1
2
∑

x 6=y∈ηΛ

u(x− y)

+ β pΛ(β, µ, u)λλ(Λ).

By Remark 2.2.13 we know SΛ(P | GΛ) ≥ 0 with again equality if and only if P = GΛ. In this case it
follows that

pΛ(β, µ, u)λλ(Λ) = − 1
β
SΛ(P) + µEP [NΛ(η)] − EP

1
2
∑

x6=y∈ηΛ

u(x− y)

 . (2.33)

The right-hand side of the above equation is known in statistical physics as the grand potential, see e.g. [30],
which is known to equal pΛ(β, µ, u)λλ(Λ) for homogeneous systems. This already shows a problem when
trying to define Gibbs measures in an infinite volume, the left-hand side above obviously diverges. The
solution to this is to divide everything by the volume of the box Λ and then taking the limit, this is called
the thermodynamic limit.

2.2.3 Gibbs measures in infinite volume
The previous section leaves open how to define Gibbs measures in an infinite volume. However, close
inspection of (2.28) shows that both sides can be well-defined in an infinite volume when replacing GΛ with
some probability measure P on Γ instead of ΓΛ. The resulting equation is the so-called Ruelle-equation,
which was first introduced by Ruelle in [56], wherein it was called system of equilibrium equations.

Definition 2.2.14 We say a point process P satisfies the Ruelle-equation for some chemical potential µ ∈ R,
a pair interaction u ∈ U and β > 0 if for every non-negative function F : Γ → [0,∞] and every bounded
set Λ ⊂ Rd, there holds∫

Γ
F (η) dP(η) =

∞∑
n=0

enβµ

n!

∫
Λn

∫
ΓΛc

F (xn ∪ η)e−βH(xn)−βW (xn|η) dP(η) dxn. (R)

From our definition of the interaction W (2.17) it follows that W is well-defined on ΓΛc . However, to
ensure that the measures satisfying (R) have nice properties, i.e. satisfy a Ruelle condition, we need to
make the additional assumption that the measure P is supported on a set of „nice“ configurations, cf.
[36].

Definition 2.2.15 We define the set of tempered configurations as

Γ∗ :=
⋃

M≥1

⋂
n≥1

{η ∈ Γ | N∆n
(η) ≤ Mλλ(∆n)}

where ∆n = Bn+1(0)\Bn(0) for n ≥ 2 and ∆1 = B1(0).

Definition 2.2.16 Any point process P with P(Γ∗) = 1 that satisfies the Ruelle-equation (R) for some
β > 0, µ ∈ R and u ∈ U is called a tempered (β, µ, u)-Gibbs measure. We denote by G (β, µ, u) the set
of all tempered (β, µ, u)-Gibbs measures. Since we will only be looking at tempered Gibbs measures in this
work, we often leave out the term tempered.
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Ruelle also showed existence of Gibbs measures with superstable pair interactions:

Theorem 2.2.17 ([56]) Let β > 0, µ ∈ R and u ∈ U , then G (β, µ, u) 6= ∅.

Remark 2.2.18 The question of whether (or when) there exists more than one Gibbs measure for a given
set of parameters is largely unsolved as of writing this thesis. It can be shown that for µ small enough
there is only one. However, in general showing the existence of more than one Gibbs measure (taken
as the existence of a phase transition in statistical physics) has so far only been proved in models with
higher-order interactions such as the Widom-Rowlinson model, see e.g. [57, 5], a four-body Kac-type
interaction, cf. [39], or a Quermass interaction, e.g. [9].

Remark 2.2.19 The Ruelle-equation immediately characterizes the Janossy densities of a Gibbs measure:
Replacing F by F (·Λ) for any F : Γ → [0,∞) we conclude from (2.2) that

j
(n)
Λ (xn) =

∫
ΓΛc

eβnµ−βH(xn)−βW (xn|η) dP(η), n ∈ N0. (2.34)

An equivalent characterization of Gibbs measures is the GNZ-equation named for Georgii, Nguyen and
Zessin, who introduced the equation separately in [17] and [47].

Definition 2.2.20 We say a point process P satisfies the GNZ-equation (Georgii-Ngyuen-Zessin) for some
chemical potential µ ∈ R, a pair interaction u ∈ U and β > 0 if for every non-negative function
F : Rd × Γ → [0,∞], there holds∫

Γ

∑
x∈η

F (x, η) dP(η) =
∫
Rd

∫
Γ
F (x, η ∪ {x})eβµ−βW ({x}|η) dP(η) dx. (GNZ)

Theorem 2.2.21 ([47]) Any point process P satisfies (R) if and only if it satisfies (GNZ).

Proposition 2.2.22 ([47]) Let P satisfy (GNZ) for some chemical potential µ ∈ R, a pair interaction
u ∈ U and β > 0, then P also satisfies the multivariate GNZ-equation (MGNZ), i.e. for every m ∈ N
and every non-negative function F : (Rd)m × Γ → [0,∞], there holds∫

Γ

∑
x1,...,xm∈η

xj 6=xi

F (xm, η) dP(η) =
∫

(Rd)m

∫
Γ
F (xm, η ∪ xm)enβµ−βH(xm)−βW (xm|η) dP(η) dx. (MGNZ)

Remark 2.2.23 From (MGNZ) and (2.3) it immediately follows that the correlation functions (ρ(n))n≥1
of P ∈ G (β, µ, u) exist and for n ∈ N are given by

ρ(n)(xn) =
∫

Γ
eβnµ−βH(xn)−βW (xn|η) dP(η). (2.35)

Furthermore it can be shown, see [56], that in this case the correlation functions satisfy a Ruelle bound
(Rξ) with

ξ = eβµΥ(u) (2.36)

where Υ(u) > 1 is a constant only depending on the pair interaction u ∈ U .

From Ruelle’s equation (R) and (MGNZ) there also follow two ways of characterizing Gibbs measures via
integral equations for their correlation functions.
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Definition and Theorem 2.2.24 ([56]) For any P ∈ G (β, µ, u) the correlation functions (ρ(n))n≥1 of P
satisfy the Kirkwood-Salsburg equations, i.e. for every n ∈ N0 and x0, x1, . . . , xn ∈ Rd there holds

ρ(n+1)(x0, xn) = eβµe−βW (x0|xn)
∞∑

k=0

1
k!

∫
(Rd)k

k∏
i=1

(e−βu(x0−yi) − 1)ρ(n+k)(xn, yk) dyk, (2.37)

and the Mayer-Montroll equations, i.e. for every n ∈ N and x1, . . . , xn ∈ Rd there holds

ρ(n)(xn) = enβµe−βH(xn)

(
1 +

∞∑
k=1

1
k!

∫
(Rd)k

k∏
i=1

(e−βW (xn|yi) − 1)ρ(k)(yk) dyk

)
(2.38)

where we use the convention ρ(0) = 1.

The Mayer-Montroll equations were first introduced in [42] and later generalized by Mayer in [41] as
the Mayer-equations. However, Kirkwood and Salsburg analyzed a special case of the Mayer-equations,
namely the Kirkwood-Salsburg equations, further in [35] and showed that due to their simpler form they
are easier to work with. In fact, an easy way of showing existence of Gibbs measures can be achieved via
the Kirkwood-Salsburg equations. Furthermore, when writing them as a fixed point equation it can be
shown that there is exactly one Gibbs measure if µ is small enough. More precisely, for

eβµ <
1

C(u, β)e2B+1 (2.39)

the set G (β, µ, u) has exactly one Element. In statistical physics this is called the gas phase. In Chapter
4 we also use the Kirkwood-Salsburg equations to prove a continuity type property of Gibbs measures.
The last characterization we want to introduce is via the so-called Gibbs variational principle, basically
the infinite volume version of (2.33). Such a variational principle was proved for the case of a hard-core
interaction by Galavotti and Miracle-Sole in [16] and later further discussed by Zessin and Nguyen in
[46]. For general superstable pair interactions a variational principle was proved in a series of papers by
Georgii and Zessin, cf. [21, 18, 19]. This is the version we work with for our result in Chapter 3, i.e. [15].
For completeness we also mention a variational principle proved by Dereudre for the case of finite-range
interactions, see [7].
When taking the thermodynamic limit of (2.33) all the appearing objects have well-defined limits under
certain conditions. The existence of the grand-canonical pressure, i.e. the limit

p(β, µ, u) = lim
Λ↗Rd

pΛ(β, µ, u),

was first shown for potentials bounded from above in [54] and later by Dobrushin and Minlos [11] for
potentials which are non-integrably divergent at the origin, and by Ginibre [23] for positive and hard-core
interactions. Later, all these approaches were combined by Ruelle in [56] under the umbrella of superstable
interactions. Here by writing Λ ↗ Rd, we mean taking a sequence of increasing sets Λn ⊂ Λn+1 such
that for any ∆ ∈ Bb(Rd) there is a n∆ with ∆ ⊂ Λn∆ . The limit of the entropy SΛ(P) was first discussed
in the continuum case by Robinson and Ruelle in [53], where they showed that the specific entropy of P
defined by

S(P) = lim
Λ↗Rd

1
λλ(Λ)SΛ(P) (2.40)

is well-defined with S(P) ∈ [−1,∞]. The limit of the expectation of the number of particles trivially has
a limit for stationary point processes with correlation functions as by Example 2.1.8 we have

lim
Λ↗Rd

1
λλ(Λ)µEP [NΛ(η)] = lim

Λ↗Rd

1
λλ(Λ)µλλ(Λ)ρ = µρ.
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Lastly, the limit of the expectation of the energy per volume is known to exist in this case as well and
we have

lim
Λ↗Rd

1
λλ(Λ)EP

1
2
∑

x6=y∈ηΛ

u(x− y)

 = 1
2

∫
Rd

u(x)ρ(2)(0, x) dx,

cf. [19] and Chapter 3.

Definition 2.2.25 Let P be a translation invariant point process with density ρ and pair correlation function
ρ(2) and β > 0, µ ∈ R and u ∈ U be given, then the specific relative entropy of P with respect to (β, µ, u)-
Gibbs measures is defined by

S(P | β, µ, u) := 1
β
S(P) + p(β, µ, u) − µρ+ 1

2

∫
Rd

u(x)ρ(2)(0, x) dx. (2.41)

When working at fixed β > 0 we will also write S(P | µ, u) in place of S(P | β, µ, u).

Theorem 2.2.26 (Gibbs variational principle [19]) For any translation invariant point process with corre-
lation functions there holds

S(P | β, µ, u) ≥ 0,

with equality if and only if P ∈ G (β, µ, u).

Remark 2.2.27 Note, in the thermodynamic limit S(P | β, µ, u) = 0 and S(Q | β, µ, u) = 0 does not imply
P = Q.

This version of the variational principle is one of our main tools in Chapters 3 and 4 where we use it to
prove Henderson’s Theorem in the thermodynamic limit and show strict convexity of the pressure and
relative entropy functional.

2.2.4 Cluster Expansions for pair interactions
Lastly, we want to introduce so-called cluster expansions, which are the main tool behind our results in
Chapter 5. Let H be given by (2.16) for some function u ∈ U . Recall that by (2.30) the finite volume
grand-canonical pressure is given by

pΛ(β, µ, u) = 1
βλλ(Λ) log ΞΛ(β, µ, u)

and since ΞΛ(β, µ, u) is a power series of eβµ (z = eβµ is called activity), the pressure must also have such
a power series expansion for sufficiently small µ. We make use of Theorem 2.1.21 to find this expansion.

Definition 2.2.28 For a chemical potential µ and a Hamiltonian H the Ursell functions (ω(n))n≥1 are
recursively defined as ω(1) ≡ eβµ and for n ≥ 2 as

ω(n)(xn) = (eβµ)ne−βH(xn) −
n∑

k=2

∑
π∈Πk(xn)

k∏
i=1

ω(κi)(πi). (2.42)
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Note that this definition of the Ursell functions does not rest on the Hamiltonian H only consisting of
pair interactions, we will now derive an easier formula for the case it does. We first note that we can
write

e−βH(xn) =
∏
i<j

(1 + fij) =
∑

G∈Gn

∏
{i,j}∈E(G)

fij (2.43)

where fij = f(xi − xj) = e−βu(xi−xj) − 1, Gn is the set of graphs on n vertices and E(G) is the set of
edges of the graph G. The idea is to find appropriate functions (Fn)n≥1 to write e−H(xn) in the form
(2.11). For that we notice that every graph G in Gn splits into its connected components G1, . . . , Gr and
there obviously holds

∏
{i,j}∈E(G)

fij =
r∏

l=1

∏
{i,j}∈E(Gl)

fij .

Defining

ω̃(n)(xn) := (eβµ)n
∑

C∈Cn

∏
{ij}∈E(C)

fij , (2.44)

where Cn is the set of connected graphs on n vertices (or nodes), we get

(eβµ)ne−βH(xn) =
n∑

k=1

∑
π∈Πk(xn)

k∏
i=1

ω̃(κi)(πi)

and thus ω̃(n) = ω(n). As we want to use Theorem 2.1.21, we need to show that the Ursell functions
(ω(n))n≥1 satisfy a bound of the type (2.10). However, since the number of connected graphs grows like
2(n

2), finding an upper bound is not straight forward. The most well-known approach is the so-called
tree graph inequality first found by Groeneveld in [24, 25]. Over the years several improvements of the
tree-graph inequality have been made by choosing specific ways to construct trees out of the connected
graphs. The version presented here was first found by Procacci in [52].

Theorem 2.2.29 (Tree-graph inequality [52]) Let u ∈ U , then for all n ∈ N and x1, . . . , xn ∈ Rd there
holds∣∣∣∣∣∣

∑
C∈Cn

∏
{ij}∈E(C)

fij

∣∣∣∣∣∣ ≤ eβBn
∑

T ∈Tn

∏
{ij}∈E(T )

(
1 − e−β|u(xi−xj)|

)
≤ eβBn

∑
T ∈Tn

∏
{ij}∈E(T )

|fij | . (2.45)

Since every tree has exactly n− 1 edges, it is well-known that the number of trees on n vertices is nn−2,
and nn−2 ≤ (n− 2)!en, we can conclude from (2.45) that∫

Λk

∣∣∣ω(n)(xn)
∣∣∣ dxn ≤ n!λλ(Λ)e(βµ+βB+1)nC(β, u)n−1. (2.46)

In particular, for µ small enough we can use Theorem 2.1.21 to rewrite the grand-canonical partition
function as

ΞΛ = exp

 ∞∑
n=1

(eβµ)n

n!

∫
Λn

∑
C∈Cn

∏
{ij}∈E(C)

fij dxn

 (2.47)
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and use Theorem 2.1.21 for µ small enough to get

pΛ(β, µ, u) = 1
βλλ(Λ)

∞∑
n=1

(eβµ)n

n!

∫
Λn

∑
C∈Cn

∏
{ij}∈E(C)

fij dxn.

It can be shown, e.g. [49], that in the thermodynamic limit there holds

p(β, µ, u) = 1
β

∞∑
n=0

(eβµ)n+1

(n+ 1)!

∫
(Rd)n

∑
C∈Cn+1

∏
{ij}∈E(C)

fij dxn. (2.48)

Remark 2.2.30 Expansions of the type (2.48) are so-called cluster expansions. These expansions have
long been of big interest in statistical physics, see e.g. the review [59] where many of these have been
collected. However, proving convergence of these expansions has only been possible for a small selection
of them, e.g. the activity expansion of the pressure (2.48) and the virial expansion, which is an expansion
of the pressure in terms of the density ρ and the Mayer-function f .

To conclude this chapter, we want to mention that similar to the pressure we can get an expansion of the
truncated correlation functions of a Gibbs measure, namely

ρ
(n)
T (xn) =

∞∑
k=0

1
k!

∫
(Rd)k

ω(n+k)(xn, yk) dyk. (2.49)

From this expansion it also possible to get different decay properties of the correlation function, see
Chapter 4.
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A note on the uniqueness result for the
Henderson problem

3.1 Overview
As mentioned in Remark 2.1.9, contrary to the chemical potential or pair interaction, the correlation
functions, in particular the density and the pair correlation function, can be extracted from simulation
or experiment data, and while there are some formulas to calculate the correlation functions for given
chemical potential and pair interaction, e.g. (2.35) and (2.49), the inverse is not true (if only given the
density and pair correlation function).
This leads to the so-called inverse Henderson problem: Given the density ρ and pair correlation function
ρ(2), determine the chemical potential µ and pair potential u. In this section we are specifically concerned
with the question whether the Henderson operator

F : R × U → R × L∞(Rd)
(µ, u) 7→ (ρ, ρ(2))

(3.1)

is injective. In other words, can there be two pairs (µ, u) and (ν, v) with µ, ν ∈ R and u, v ∈ U and
Gibbs-measures P ∈ G (β, µ, u) and P′ ∈ G (β, ν, v) such that ρP = ρP′ and ρ

(2)
P = ρ

(2)
P′ .

In the framework of the canonical ensemble, see Remark 2.2.8, the density ρ of the system is prescribed
since the number of particles is fixed and thus we only look at the pair interaction u and the radial
distribution function g, i.e. at the canonical Henderson operator

FC : U → L∞(Rd)
u 7→ g.

(3.2)

This case was looked at by Henderson in [31], where he showed that the canonical Henderson operator
is injective; this result in known as Henderson’s theorem. He also investigates the thermodynamic limit,
however, the variational principle used by him does not extend to this case and his argument lacks rigor.
Using the Gibbs variational principle established by Georgii (Theorem 2.2.26) we can prove the following
results.

Theorem 3.1.1 Let u, v ∈ U , β > 0, and µ, ν ∈ R be given, and assume that some P ∈ G (β, µ, u) and
P′ ∈ G (β, ν, v) admit the same density ρ and the same pair correlation function ρ(2). Then µ = ν and
u = v almost everywhere.

21
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Theorem 3.1.2 Let u, v ∈ U , β > 0, and µ ∈ R be given, and assume that some P ∈ G (β, µ, u) and
P′ ∈ G (β, µ, v) admit the same pair correlation function ρ(2). Then u = v almost everywhere.

Remark 3.1.3 Note that to ensure this uniqueness we need to restrict ourselves to Gibbs measures with
pair interactions. Consider the following, let β > 0, µ ∈ R and u be non-negative or with a hard-core
and ρ and ρ(2) correspond to some P ∈ G (β, µ, u). Then the Kirkwood-closure process Kρ,g with the same
density and pair correlation function exists, but in general Kρ,g /∈ G (β, µ, u).

Remark 3.1.4 In principle, it is also possible to extend the result from Theorem 3.1.1 to special cases of
higher-order interactions and higher-order correlation functions, using the Gibbs variational principles
by Dereudre, cf. [7], or Zessin, see [46]. In the finite volume case this has been done by Wang, Stillinger
and Torquato in [60].

3.2 Reprint
The article is reprinted by permission from Springer Nature: Journal of Mathematical Physics: A note on
the uniqueness result for the inverse Henderson problem, Fabio Frommer, Martin Hanke, Sabine Jansen,
2019, 60, 9, 27 September 2019 Springer Science+Business Media (doi.org/10.1063/1.5112137).
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ABSTRACT
The inverse Henderson problem of statistical mechanics is the theoretical foundation for many bottom-up coarse-graining techniques for the
numerical simulation of complex soft matter physics. This inverse problem concerns classical particles in continuous space which interact
according to a pair potential depending on the distance of the particles. Roughly stated, it asks for the interaction potential given the equilib-
rium pair correlation function of the system. In 1974, Henderson proved that this potential is uniquely determined in a canonical ensemble
and he claimed the same result for the thermodynamical limit of the physical system. Here, we provide a rigorous proof of a slightly more
general version of the latter statement using Georgii’s variant of the Gibbs variational principle.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5112137., s

I. INTRODUCTION
The numerical simulation of soft matter requires a large variety of multiscale techniques—even on high-performance computers of the

latest generation—to get close to relevant time and length scales, see the survey of Potestio, Peters, and Kremer,37 or the special issue7 of The
European Physical Journal, Special Topics.

Among these multiscale ingredients is a technique known as (bottom-up) coarse-graining:34,35,39 complex systems are represented,
where possible, by fictitious particles (called beads) with reduced degrees of freedom, and the fine-grained details are only reinserted
into the overall system when necessary physically, cf. Praprotnik, Delle Site, and Kremer.38 The construction of such a coarse-grained
system requires (i) a sophisticated selection of the molecular pieces to be represented by a single bead (and its corresponding posi-
tion, mass, and shape) and (ii) the design of interacting forces between individual beads. To be thermodynamically consistent, the latter
should be defined via the so-called multibody potential of mean force (compare, e.g., Noid34) which, alas, is computationally intractable.
A common alternative is to ignore three- or more-particle interactions and to calculate effective pair potentials by fitting structural
properties of the coarse-grained system to real measurements (neutron scattering experiments) or data from fine-grained numerical case
studies.

For the simplest conceivable case, let us assume that the coarse-grained system consists of a translation and rotation invariant ensemble
of a single type of beads and that data are given for the so-called radial distribution function g of these beads when the fine-grained system
is in thermodynamical equilibrium. Roughly speaking, this function assigns to each r > 0 the expected number g(r) of beads on a sphere
of radius r around any given bead, normalized by the surface area of the sphere and the square of the density ρ(1) of the system. Then,
the aforementioned problem amounts to finding a pair potential for the interaction of classical pointlike particles such that the statistical
distribution of the corresponding canonical or grand canonical ensemble matches the given data. This is a typical instance of an inverse
problem,18 where the cause for a given observation is sought.

In an often cited paper, which may be considered the theoretical basis of modern bottom-up coarse-graining techniques, Henderson20

has claimed that under given conditions of temperature and density, there is indeed at most one pair potential depending only on the distance

J. Math. Phys. 60, 093303 (2019); doi: 10.1063/1.5112137 60, 093303-1
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between the interacting particles, for which the statistics of the corresponding ensemble obeys a given radial distribution function in the
thermodynamical limit, i.e., as volume and particle count go to infinity. To give credit to Henderson’s contribution, we will refer to this
inverse problem of statistical mechanics as the inverse Henderson problem.

Since there exist only approximate identities connecting a given pair potential with the associated radial distribution function
(see Hansen and McDonald11) and those fail to provide sufficiently accurate potentials in general (Schommers44), physicists have started
in the 1970s to design iterative algorithms for the numerical solution of the inverse Henderson problem,28,29,39,43,45,46 and this still is a very
active area of research.9,19,31,48

Today, one can say that the determination of effective pair potentials for a given radial distribution function is the working horse in
state-of-the-art coarse-graining technology, and it has been applied successfully to a wide range of challenging complex physical, chemical,
and biochemical case studies, see Refs. 1, 3, 30, and 36 and the references therein.

In his fundamental paper, Henderson employs a technique suggested by Hohenberg and Kohn,21 Mermin,32 and others for studying a
similar inverse problem for external potentials; see also Refs. 5 and 22. The key idea is to apply a Gibbs variational principle, which states that
in a system with given thermodynamic conditions, the associated thermodynamic potential becomes minimal, if and only if the distribution
of the particles is given by the probability measure associated with this system. The particular version of this principle used by Henderson
is based on the free energy functional in a canonical ensemble, where the finite volume pair correlation function defined in (2) below, and
not the radial distribution function, is the relevant stochastic quantity. (The pair correlation function is also known as pair density func-
tion in the pertinent literature, e.g., Ref. 11). To extend the uniqueness result to the radial distribution function, Henderson subsequently
turns to the thermodynamical limit, ignoring the possibility that the strict inequality of the variational principle for finite volumes may
turn into an equality when the volume tends to infinity. Accordingly, there is a gap in the argument provided in Ref. 20—aside of the fact
that no mention is made concerning the necessary requirements for the pair potential, e.g., its behavior for particle pairs with diminishing
distances.

Given the importance of Henderson’s statement, the purpose of this note is to fix this gap and to provide a rigorous proof of his result
by using a version of the Gibbs variational principle due to Georgii.13 We show that Henderson’s result holds true for a suitably rich class
of pair potentials including the most relevant ones for physical applications, namely, hard core potentials and the so-called Lennard-Jones
type potentials. This class of potentials, however, is a strict subclass of all superstable potentials, for which the thermodynamical limit is well-
defined, see the work of Ruelle41 for this and further terminology. Strictly speaking, this means that our result does not answer the question
whether the radial distribution function associated with, say, the classical Lennard-Jones potential can also occur for a much more exotic type
of pair potential and the same values of temperature and density.

The thermodynamical limit may either be reached from a canonical or a grand canonical ensemble. We therefore also state a variant
of Henderson’s result which is more natural from the grand canonical perspective. It will be shown below that the pair potential is uniquely
determined when given the temperature, the chemical potential, and the infinite volume pair correlation function; it is unknown whether in
this second version of Henderson’s statement, the pair correlation function can be replaced by the radial distribution function in the isotropic
case.

For completeness, we mention that the uniqueness result for the inverse Henderson problem on the lattice is contained in the work by
Griffiths and Ruelle;17 see also the work of Caglioti, Kuna, Lebowitz, and Speer.2

The outline of this note is as follows: In Sec. II, we review the rigorous mathematical setting of the thermodynamical limit of a grand
canonical ensemble when the system is translation invariant and its potential energy is given by pairwise interactions only. Then, we formulate
in Sec. III the particular version of the Gibbs variational principle that is valid in this setting. Section IV is devoted to the proof of the
uniqueness results, and eventually we close with a few comments and open problems in Sec. V.

II. THE THERMODYNAMICAL LIMIT OF THE GRAND CANONICAL ENSEMBLE
We start from a grand canonical ensemble of pointlike classical particles in a bounded box Λℓ = [−ℓ,ℓ]d, with specified inverse temper-

ature β > 0 and chemical potential μ ∈ R. We restrict our attention to the case that the interaction of the particles is given by a pair potential
u : Rd → R ∪ {+∞}, which is an even function, i.e., u(x) = u(−x), satisfying the following two assumptions:

1. There exists r0 > 0 and a decreasing function φ∶ (0, r0]→ R+
0 with

∫
r0

0
rd−1φ(r)dr = +∞

and

u(x) ≥ φ(∣x∣), for ∣x∣ ≤ r0.

2. There exists a decreasing function ψ∶ [r0,∞)→ R+
0 with

∫
∞

r0

rd−1ψ(r)dr <∞
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and
∣u(x)∣ ≤ ψ(∣x∣), for ∣x∣ ≥ r0. (1)

For this class U of potentials, the associated configurational Hamiltonian of m ∈ N0 particles at positions xi ∈ Rd, i = 1, . . ., m, given by

Hu(xm) = ∑
1≤i<j≤m

u(xi − xj), xm = (x1, . . . , xm),

is stable (cf. Dobrushin8), i.e., for every u ∈ U, there exists B > 0 such that

Hu(xm) ≥ −Bm,

independent of the number m of particles. The statistical distribution of the particles of such a grand canonical ensemble is determined by the
corresponding m-particle correlation functions

ρ(m)Λℓ
(xm) =

eβμm

Ξ(Λℓ,β,μ, u)
∞

∑
N=0

eβμN

N! ∫ΛN
ℓ

e−βHu(xm ,yN)dyN , (2)

where xm = (x1, . . . , xm) ∈ Λm
ℓ , yN = (y1, . . . , yN) ∈ ΛN

ℓ , the integral ∫Δ0 cdx0 with bounded domain Δ ⊂ Rd is always taken to be equal to c,
and the normalizing constant

Ξ(Λℓ,β,μ, u) =
∞

∑
N=0

eβμN

N! ∫ΛN
ℓ

e−βHu(xN)dxN

is the associated grand canonical partition function. In (2), m varies in N0, with ρ(0)Λℓ
being set to one.

We assume that for some sequence (ℓk)k going to infinity as k→∞, these correlation functions converge uniformly on compact subsets
to translation-invariant functions ρ(m) : (Rd)m → R+

0 , m ∈ N0, defined on the entire space; in particular, this implies that ρ(1) is a constant. It
is known that these limiting correlation functions satisfy a so-called Ruelle bound, i.e.,

sup
xm∈(Rd)m

ρ(m)(xm) ≤ ξm, m ∈ N0, (3)

for some ξ > 0, depending only on μ, β, and u, and that they define a translation invariant probability measure P on the configuration space

Γ = {γ ⊂ Rd ∣ Δ ⊂ Rd bounded⇒ #(γ ∩ Δ) <∞},

i.e., the set of all locally finite subsets of Rd representing the positions of the (at most countably many) individual particles in space, equipped
with an appropriate σ-algebra, cf. the work of Ruelle.42 This means that if m ∈ N0 is fixed and an observable F depends on all possible m-tuples
of particles in a given configuration, i.e.,

F(γ) = ∑
x1 ,...,xm∈γ

xi≠xj

f (xm),

for some f = f 1 + f 2 with f1 ∈ L1((Rd)m) and f 2 ≥ 0, then

∫
Γ

F(γ)dP(γ) = ∫
(Rd)m

f (xm)ρ(m)(xm)dxm (4)

is the expected value of the corresponding observable. In particular, if |Δ| denotes the volume of any bounded domain Δ ⊂ Rd, then

ρ(P) = 1
∣Δ∣ ∫Γ

#(γ ∩ Δ)dP(γ) = ρ(1)

is the limiting particle counting density.
According to Ref. 42, P is a translation invariant tempered (β, μ, u)-Gibbs measure, denoted P ∈ G(β,μ, u). This means that P is supported

by the set of tempered configurations (defined in Ref. 42) and that for every F ∈ L1(P) and every bounded domain Δ ⊂ Rd, there holds

∫
Γ

F(γ)dP(γ) =
∞

∑
N=0

zN

N! ∫ΔN∫Γ(Δc)
F(γ′)e−βWu(xN ;γ)dP(γ) e−βHu(xN)dxN , (5)
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where γ′ = γ ∪ {x1, . . ., xN }, Γ(Δc) = {γ ∈ Γ : γ ⊂ Rd/Δ}, and the interaction Wu between particles at xi, i = 1, . . ., N and those of γ ∈ Γ is
defined as

Wu(xN ; γ) =
N

∑
i=1
∑
y∈γ

u(xi − y), (6)

if the series converges absolutely, and as +∞ otherwise.
Given the limiting correlation functions, one can define Janossy densities j(m)Λℓ

: Λm
ℓ → R for every m ∈ N0 and ℓ > 0 via

j(m)Λℓ
(xm) =

∞

∑
k=0

(−1)k

k! ∫
Λk
ℓ

ρ(m+k)(xm, yk)dyk. (7)

These Janossy densities provide the induced probability density on Λℓ, for which

∫
Γ

F(γ)dP(γ) =
∞

∑
m=0

1
m! ∫Λm

ℓ

fm(xm)j(m)Λℓ
(xm)dxm, (8)

for every F ∈ L1(P), which satisfies F(γ) = F(γ ∩ Λℓ), and which is given by functions fm : Λm → R, m ∈ N0, such that F(γm) = f m(xm), when
γm = {x1, . . ., xm} ⊂ Λ. Such observables F are thus called local observables.

Varying β > 0, μ ∈ R, and u ∈ U, we denote by

G = ⋃
β,μ,u

G(β,μ, u)

the union of all translation invariant tempered Gibbs measures, some of which may not be obtained as limits of finite-volume Gibbs measures
with empty boundary conditions (see the work of Georgii12). We mention for later use that for almost every x ∈ Rd and P almost surely for
every P ∈ G, the interaction defined in (6) is finite, and there holds

lim
ℓ→∞

Wu(x; γ ∩Λℓ) =Wu(x; γ); (9)

see Sec. V in Kondratiev and Kuna.23 We mention further that there exists some μ0 ∈ R depending on β and u ∈ U, such that for μ < μ0—the
so-called gas phase—the set G(β,μ, u) consists of a single Gibbs measure P only42 and that in this case, the correlation functions ρ(m)Λℓ

converge
to ρ(m) as ℓ→∞ for every m ∈ N0, cf. Ref. 41.

III. THE GIBBS VARIATIONAL PRINCIPLE
The Gibbs variational principle goes back to Gibbs’ work (cf., Ref. 16, p. 131) and appears in different variants in statistical mechanics

and stochastic analysis; we refer to the books by Ruelle,41 Gallavotti,10 and Georgii14 for rigorous mathematical treatments of this variational
principle. Here, we apply a particular version established by Georgii and Zessin in a series of papers.12,13,15

For pair potentials u ∈ U and Gibbs measures P ∈ G, we introduce the specific energy

E(u,P) = lim
ℓ→∞

1
∣Λℓ∣ ∫Γ

1
2 ∑x,y∈γ∩Λℓ

x≠y

u(x − y)dP(γ) (10)

and the specific (relative) entropy

S(P) = lim
ℓ→∞

1
∣Λℓ∣

∞

∑
m=0

1
m! ∫Λm

ℓ

j(m)Λℓ
(xm) log(j(m)Λℓ

(xm))dxm,

where both limits are known to exist in R∪{+∞}: concerning the specific energy, see Proposition 1; concerning the specific entropy, we refer
to the work of Robinson and Ruelle40—in fact, using (7) and (3), it is not too difficult to see that S(P) is finite for every P ∈ G. The relative
entropy differs from the standard entropy by a sign; to simplify language, we call S(P) nevertheless the entropy. We take similar liberties with
the sign of the (specific) grand potential

Ωβ,μ(u,P) = μρ(P) − E(u,P) − 1
β

S(P), (11)

for which the following variational principle holds true; see Theorem 3.4 in the work of Georgii.13
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Theorem A. For fixed μ ∈ R, β > 0, and u ∈ U, the grand potential Ωβ,μ(u, ⋅) has values in R∪{−∞}. Its maximal value p on G is attained
for every P ∈ G(β,μ, u), and there holds

Ωβ,μ(u,P) < p

for every other P ∈ G. Here,

p = lim
ℓ→∞

1
β∣Λℓ∣

logΞ(Λℓ,β,μ, u)

is the pressure in the thermodynamical limit.

For the proof of the Henderson result, we will also need the following identity, for which we include a self-contained proof for the ease
of the reader.

Proposition 1. For every u ∈ U and every P ∈ G, the limit in (10) belongs to R ∪ {+∞} and is given by

E(u,P) = 1
2 ∫Rd

u(x)ρ(2)(x, 0)dx, (12)

where ρ(2) is the pair correlation function associated with P.

Proof. Let ρ(2) be the translation invariant pair correlation function associated with P. Then, we can apply (4) with m = 2 and

f (x, y) =
⎧⎪⎪⎨⎪⎪⎩

u(x − y), x, y ∈ Λℓ,

0, else,

to rewrite

∫
Γ
∑

x,y∈γ∩Λℓ
x≠y

u(x − y)dP(γ) = ∫
Λ2
ℓ

u(x − y)ρ(2)(x, y)d(x, y) = ∫
Λℓ

⎛
⎝∫Δx,ℓ

u(x − y)ρ(2)(x, y)dy (13a)

+ ∫
Λℓ/Δx,ℓ

u(x − y)ρ(2)(x, y)dy
⎞
⎠

dx, (13b)

where the set Δx,ℓ = {y ∈ Λℓ ∣ u(x − y) ≥ 1} is bounded and u(x − ⋅) is absolutely integrable over Rd/Δx,ℓ because of (1). Since ρ(2) is bounded
according to (3) the integral in (13b) is uniformly bounded, independent of ℓ and x ∈Λℓ. The integrand of the integral in (13a) is nonnegative.
In case this integral diverges for some ℓ ∈ N and some x ∈ Λℓ, then the total right-hand side of (13) equals +∞, and this remains true for all
larger values of ℓ, i.e., E(u,P) = +∞. The same argument applied to the right-hand side of (12) shows that equality holds in (12) in this case
because ρ(2) is translation invariant.

On the other hand, if the integral over Δx ,ℓ in (13a) is finite for every ℓ ∈ N and every x ∈ Λℓ, then the same argument as before, together
with the translation invariance of ρ(2) shows that

∫
Rd

u(x − y)ρ(2)(x, y)dy = ∫
Rd

u(y)ρ(2)(y, 0)dy (14)

is absolutely convergent. Now, we assume that ℓ is greater than the parameter r0 which occurs in (1). Then, we choose some r between r0 and
ℓ, and we split the domain Λ2

ℓ of integration into

Λ2
ℓ = Δ1 ∪ Δ2 ∪ Δ3,

where

Δ1 = { (x, y) ∈ Λ2
ℓ : x ∈ Λℓ−r , ∣y − x∣ ≤ r },

Δ2 = { (x, y) ∈ Λ2
ℓ : x ∈ Λℓ/Λℓ−r , ∣y − x∣ ≤ r },

Δ3 = { (x, y) ∈ Λ2
ℓ : ∣x − y∣ > r }.
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Under these assumptions on r and ℓ, it follows from the fact that (14) is absolutely convergent that

∣∫
Δ2

u(x − y)ρ(2)(x, y)d(x, y)∣ ≤ ∫
Λℓ/Λℓ−r

∫
∣y−x∣≤r

∣u(x − y)∣ρ(2)(x, y)dydx ≤ (∣Λℓ∣ − ∣Λℓ−r ∣)∫
R3
∣u(y)∣ρ(2)(y, 0)dy

and

∣∫
Δ3

u(x − y)ρ(2)(x, y)d(x, y)∣ ≤ ∫
Δ3

∣u(x − y)∣ρ(2)(x, y)d(x, y) ≤ ∫
Λℓ

∫
∣y−x∣>r

∣u(x − y)∣ρ(2)(x, y)dydx ≤ ∣Λℓ∣∫
∣y∣>r
∣u(y)∣ρ(2)(y, 0)dy.

Since (14) converges absolutely, we can thus choose r = r(ε) sufficiently large to make sure that

lim sup
ℓ→∞

∣ 1
∣Λℓ∣ ∫Δ2∪Δ3

u(x − y)ρ(2)(x, y)d(x, y) ∣ ≤ ε (15)

for any given positive number ε. On the other hand, using the translation invariance again, we have

∫
Δ1

u(x − y)ρ(2)(x, y)d(x, y) = ∫
Λℓ−r
∫
∣y−x∣≤r

u(x − y)ρ(2)(x, y)dydx = ∣Λℓ−r ∣∫
∣y∣≤r

u(y)ρ(2)(y, 0)dy,

and hence,

lim sup
ℓ→∞

∣ 1
∣Λℓ∣ ∫Δ1

u(x − y)ρ(2)(x, y)d(x, y) − ∫
Rd

u(y)ρ(2)(y, 0)dy ∣ ≤ ∫
∣y∣>r
∣u(y)∣ρ(2)(y, 0)dy. (16)

Combining (16) for r = r(ε) with (15), the assertion (12) follows by letting ε→ 0. ◽

We mention that the Kirkwood-Salsburg equations (e.g., Ref. 42) can be used to argue that the integrand of (12) is bounded near the
origin when P is a (β, μ, u)-Gibbs measure so that for “matching” u and P, the integral is absolutely convergent and finite by virtue of (1)
and (3).

IV. UNIQUENESS RESULTS OF HENDERSON TYPE IN THE THERMODYNAMICAL LIMIT
We now formulate Henderson’s theorem in the spirit of his original paper20 and provide a rigorous proof, based on arguments borrowed

from Ref. 20 and from the Proof of Theorem 2.34 in Ref. 14.

Theorem 2. Let u, v ∈ U, β > 0, and μ,μ′ ∈ R be given, and assume that Pu ∈ G(β,μ, u) and Pv ∈ G(β,μ′, v) admit the same density ρ(1)

and the same pair correlation function ρ(2). Then, μ = μ′ and u = v almost everywhere.

Proof. By Theorem A, we have

Ωβ,μ(u,Pv) ≤ Ωβ,μ(u,Pu)

and

Ωβ,μ′(v,Pu) ≤ Ωβ,μ′(v,Pv).

Since Ωβ,μ(u,Pu) and Ωβ,μ′(v,Pv) are finite, we may write these inequalities as

Ωβ,μ(u,Pv) −Ωβ,μ(u,Pu) ≤ 0 (17)

and

Ωβ,μ′(v,Pu) −Ωβ,μ′(v,Pv) ≤ 0, (18)
and adding them, we get

Ωβ,μ(u,Pv) −Ωβ,μ(u,Pu) + Ωβ,μ′(v,Pu) −Ωβ,μ′(v,Pv) ≤ 0. (19)

Recalling the definition (11) of the grand potential, we have
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Ωβ,μ(u,Pv) −Ωβ,μ(u,Pu) + Ωβ,μ′(v,Pu) −Ωβ,μ′(v,Pv) = μρ(Pv) − E(u,Pv) −
1
β

S(Pv) − μρ(Pu) + E(u,Pu) +
1
β

S(Pu)

+μ′ρ(Pu) − E(v,Pu) −
1
β

S(Pu) − μ′ρ(Pv) + E(v,Pv) +
1
β

S(Pv)

= −E(u,Pv) + E(u,Pu) − E(v,Pu) + E(v,Pv) (20)

because ρ(Pu) = ρ(Pv) = ρ(1) by assumption. Furthermore, by virtue of Proposition 1 and the fact that the pair correlation functions of Pu
and Pv coincide, there holds

E(u,Pu) =
1
2 ∫Rd

u(x)ρ(2)(x, 0)dx = E(u,Pv)

and

E(v,Pu) =
1
2 ∫Rd

v(x)ρ(2)(x, 0)dx = E(v,Pv).

Inserting this into (20), we conclude that

Ωβ,μ(u,Pv) −Ωβ,μ(u,Pu) + Ωβ,μ′(v,Pu) −Ωβ,μ′(v,Pv) = 0.

Accordingly, equality holds in (19), and thus necessarily in both (17) and (18). By the Gibbs variational principle (Theorem A), this implies
that Pv ∈ G(β,μ, u) and Pu ∈ G(β,μ′, v).

It therefore follows from (5) that

∫
Γ

F(γ)dPu(γ) =
∞

∑
N=0

1
N! ∫ΔN

⎛
⎝∫Γ(Δc)

F(γ′)e−βWu(xN ;γ)dPu(γ)
⎞
⎠

eNβμ−βHu(xN)dxN

=
∞

∑
N=0

1
N! ∫ΔN

⎛
⎝∫Γ(Δc)

F(γ′)e−βWv(xN ;γ)dPu(γ)
⎞
⎠

eNβμ′−βHv(xN)dxN

for every F ∈ L1(Pu) and every bounded domain Δ ⊂ Rd. Therefore,

Hu(xN) + Wu(xN ; γ) −Nμ = Hv(xN) + Wv(xN ; γ) −Nμ′ (21)

for every N ∈ N, almost every xN ∈ ΔN and Pu almost surely for γ ∈ Γ(Δc). For N = 1, this means that

Wu(x; γ) − μ =Wv(x; γ) − μ′ (22)

for almost every x ∈ Δ and Pu and Pv almost surely for γ ∈ Γ(Δc). Using the additivity of Wu and Wv in the first argument, we thus conclude
from the case N = 2 of (21) that

u(x − y) = v(x − y) (23)

for almost every x, y ∈ Δ, and since Δ was arbitrarily chosen, we have u = v almost everywhere.
Inserting (23) into (6), it follows that

Wu(x; γ0) =Wv(x; γ0)

for almost every x ∈ Δ and almost every finite subset γ0 ⊂ Δc ∩ Λℓ. Together with (8), this implies that for every P ∈ G, there holds

Wu(x; γ ∩Λℓ) =Wv(x; γ ∩Λℓ) (24)

P almost surely for γ ∈ Γ(Δc). By virtue of (9) and (24), we therefore have

Wu(x; γ) =Wv(x; γ)

for almost every x ∈ Δ and Pu almost surely for γ ∈ Γ(Δc), and hence we conclude from (22) that μ = μ′, which remained to be shown. ◽

Henderson stipulated the assumptions of Theorem 2 from the canonical ensemble point of view. Concerning the grand canonical
perspective, an analogous uniqueness result is as follows.
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Theorem 3. Let u, v ∈ U, β > 0, and μ ∈ R be given, and assume that Pu ∈ G(β,μ, u) and Pv ∈ G(β,μ, v) admit the same pair correlation
function ρ(2). Then, u =v almost everywhere.

The proof is the same as for Theorem 2. This time (20) holds true because the chemical potentials are the same. We mention, how-
ever, that we do not know whether the counting densities of the two Gibbs measures are necessarily the same, unless it is assumed that the
corresponding (β, μ, u)-Gibbs measure is uniquely determined—as it is, e.g., in the gas phase.

V. CONCLUDING REMARKS
We emphasize that for our results, we do not stipulate that the system is in the gas phase nor that the set G(β,μ, u) consists of a single

Gibbs measure only.
In case it is known that u is also radially symmetric, i.e., if the interaction of two particles only depends on their distance, then one can

show—using the Markov-Kakutani fixed point theorem as in the Proof of Theorem 5.8 in Ref. 41, compare Kuna25—that there exists at least
one rotation and translation invariant Gibbs measure Pu ∈ G(β,μ, u), which can be used to define a radial distribution function g : R+ → R+

0
given by

g(r) = ρ
(2)(x1, x2)
(ρ(1))2

, r = ∣x1 − x2∣, (25)

provided that the density is nonzero. Assuming further that Pv ∈ G(β,μ, v) is also rotation invariant, then one obviously can impose in
Theorem 2—as did Henderson—that the radial distribution functions and the densities are the same for these two Gibbs measures, and the
statement of the theorem remains valid. We do not know whether in the formulation of Theorem 3 ρ(2) can also be replaced by the radial
distribution function in the isotropic case.

Finally, we remark that the representation (12) of the specific energy is not essential for the uniqueness argument. By its definition (10),
the specific energy E(u,P) is the limit in R ∪ {+∞} of the expression given in (13) normalized by two times the volume of Λℓ, and hence, its
value only depends on u and on the pair correlation function ρ(2) associated with P. This suffices to conclude that the expression (20) sums
up to zero.

VI. SUMMARY
Henderson’s theorem states that the pair potential of an isotropic system of identical classical particles in equilibrium without multibody

interactions is uniquely determined from the finite-volume pair correlation function of the system and its temperature and density. In this
note, we have provided sufficient conditions under which a rigorous proof of Henderson’s theorem is possible in the thermodynamical limit.
We have also shown that the same result is true if the chemical potential instead of the density is given.

We emphasize that when higher-order interactions are relevant, pairwise potentials are only crude approximations of the ideal multibody
potential of mean force and will often fail to be thermodynamically useful. Chayes and Chayes4 and Navrotskaya33 have used variational
principles to show that multibody interactions are also uniquely determined by the corresponding multibody statistics in continuous space
for the canonical and grand canonical ensembles in finite volumes; see also the work of Tóth.47 For translation invariant stable interactions
with finite range, it is possible to extend these results to the thermodynamical limit of these systems in a similar manner as in the proof
of Theorem 2 by using a version of the Gibbs variational principle established by Dereudre.6 As particular examples for such interactions,
Dereudre refers to Delaunay triangle interactions or the Widom-Rowlinson interaction. The corresponding problem on the lattice was again
studied in Ref. 17.

Having settled the uniqueness problem, the natural follow-up question concerns the existence of solutions of the inverse Henderson
problem, i.e., what are necessary and sufficient conditions on a given triplet β, ρ > 0, μ ∈ R, and a nonnegative translation invariant function
ρ(2) : (Rd)2 → R, such that there exists a pair potential u ∈ U for which ρ is the density and ρ(2) is the pair correlation function of a Gibbs
measure P ∈ G(β,μ, u). Partial results for this problem have been contributed, e.g., by Caglioti, Kuna, Lebowitz, and Speer,2,26,27 and Koralov.24

The general existence problem is widely open, though.
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A variational framework for the inverse
Henderson problem of statistical
mechanics

4.1 Overview
In this chapter we investigate a constructive approach for the inverse Henderson problem. For this, we
employ the specific relative entropy

S(P∗ | β, µ, u) = 1
β
S(P∗) + p(β, µ, u) − µρ∗ + 1

2

∫
Rd

u(x)ρ(2)
∗ (0, x) dx

of a fixed point process P∗ (with density ρ∗ and pair correlation function ρ
(2)
∗ ) with respect to (β, µ, u)-

Gibbs measures. Since we work at fixed β > 0 we will write S(P∗ | µ, u) in place of S(P∗ | β, µ, u). If
there is some set of parameters (β, µ∗, u∗) ∈ [0,∞)×R×U0 such that P∗ ∈ G (β, µ∗, u∗) then by Theorem
2.2.26 we have that S(P∗ | µ, u) ≥ 0 with equality if and only if µ = µ∗ and u = u∗. This means solving
the inverse Henderson problem is equivalent to minimizing the specific relative entropy for a fixed Gibbs
measure.
In light of Proposition 2.2.11 the relative entropy is a convex function as the limit of the sum of a strictly
convex and linear functions. However, it can be shown that the strict convexity of the pressure remains
in the thermodynamic limit.

Theorem 4.1.1 The pressure p is a strictly convex function of (µ, u).

As such the relative entropy functional is also strictly convex and we can use the framework of convex
optimization for the minimization. However, since most physical or chemical simulations are done in a
canonical ensemble, see Remark 2.2.8, it is natural to want to work at fixed density ρ∗. For this we
need to investigate whether there is a chemical potential µ = µ(u, ρ∗) such that there is a (β, µ, u)-Gibbs
measure with this given density ρ∗.

Theorem 4.1.2 For any u ∈ U0 and β, ρ∗ > 0 there is a unique µ = µ(u, ρ∗) and a (β, µ, u)-Gibbs measure
with density ρ∗.

The mapping µ : U0 → R, u 7→ µ(u, ρ∗) is highly nonlinear. In fact, the pressure at fixed density will no
longer be strictly convex. The relative entropy though, retains strict convexity.

33
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Theorem 4.1.3 The fixed density relative entropy functional Φ: U0 → R defined by

Φ(u) = p(β, µ(u, ρ∗), u) − µ(u, ρ∗)ρ∗ + 1
2

∫
Rd

u(x)ρ(2)
∗ (0, x) dx (4.1)

is strictly convex in u and its value is minimal if and only if u = u∗.

In light of this result a natural choice for a numerical algorithm for the minimization of Φ would be
Newton’s method. For this we need to show differentiability of Φ and its derivative and thus work on the
space Vu∗ .

Theorem 4.1.4 The fixed density relative entropy functional Φ is twice Fréchet differentiable in an open
set B(u∗) ⊂ Vu∗ around u∗. For every u ∈ B(u∗) the first derivative Φ′ ∈ V ′

u∗
is given by

Φ′(u)v =
∫
Rd

v(x)
(
ρ

(2)
∗ (x) − ρ(2)

u (x)
)

dx

for v ∈ Vu∗ and the second derivative Φ′′ : Vu∗ ×Vu∗ → R is a continuous symmetric and positive semidef-
inite bilinear form. Here ρ(2)

u denotes the two-point correlation functions of the (unique) (β, µ(u, ρ∗), u)-
Gibbs measure.

Remark 4.1.5 Another interpretation of Φ′′ is as a covariance operator on the space of perturbations.
There holds:

Φ′′(u)(v, v) = β

2 lim
Λ↗Rd

1
λλ(Λ)

(
Varu(V (·Λ)) − Covu(V (·Λ), NΛ)2

Varu(NΛ)

)
(4.2)

where V is the Hamiltonian associated to v ∈ Vu∗ by (2.16) and the (co-)variances are taken with respect
to Pu.
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Abstract
The inverse Henderson problem refers to the determination of the pair potential which
specifies the interactions in an ensemble of classical particles in continuous space,
given the density and the equilibrium pair correlation function of these particles as
data. For a canonical ensemble in a bounded domain, it has been observed that this pair
potential minimizes a corresponding convex relative entropy functional, and that the
Newton iteration for minimizing this functional coincides with the so-called inverse
Monte Carlo (IMC) iterative scheme. In this paper, we show that in the thermodynamic
limit analogous connections exist between the specific relative entropy introduced by
Georgii and Zessin and a proper formulation of the IMC iteration in the full space.
This provides a rigorous variational framework for the inverse Henderson problem,
valid within a large class of pair potentials, including, for example, Lennard-Jones-
type potentials. It is further shown that the pressure is strictly convex as a function of
the pair potential and the chemical potential, and that the specific relative entropy at
fixed density is a strictly convex function of the pair potential. At a given reference
potential and a corresponding density in the gas phase, we determine the gradient and
the Hessian of the specific relative entropy, and we prove that the Hessian extends to a
symmetric positive semidefinite quadratic functional in the space of square integrable
perturbations of this potential.
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1 Introduction

Numerical simulation has established itself as an independent and indispensable
branch of research in the natural sciences, on equal footing with theory and experi-
ment. To be truly useful, numerical approaches have to face and master the multiscale
nature which is ubiquitous in almost all relevant applications. This is particularly true
for soft matter, where spatial scales may bridge from the electron scale up to the
millimeter scale of biomaterials or polymers. Concerning examples we refer to the
excellent survey by Noid [31], the collected volume edited by Monticelli and Salonen
[28], or the recent special issue [40] of Journal of Physics: Condensed Matter.

An important technique to advance numerical algorithms to the particular needs
of multiscale applications consists in coarse-graining, cf., e.g., Noid [32], or Peter
and Kremer [33]: small-scale features are discarded on the coarser scale by replacing
detailed descriptions of molecules or matter by artificial beads of a certain shape.
The simulation then focusses only on these beads and their interaction with the other
constituents of the system. When and where necessary, fine details can be reinserted
back into the simulation for better accuracy as, e.g., in the AdResS scheme ( [6, 34]).

Of course, to evaluate the equations of motion for the coarse-grained model, it
is necessary to derive the prevailing effective forces on these beads. Concerning the
transition from an atomic microscale to a molecular macroscale in thermodynamic
equilibrium, for example, there are essentially two ways to settle this problem. On the
one hand, one can employ an ab initio bottom-up approach and evaluate and assem-
ble the resulting forces from the eliminated details of the fine-grained description,
cf. Ercolessi and Adams [5], or run a fine-grained simulation, compute the corre-
sponding forces, and somehow approximate them on the coarse level as suggested,
e.g., by Izvekov and Voth [20], and Wang et al [46]. The other alternative is to follow
a top-down strategy and use the given structural information about the location of the
beads on the coarse scale to formulate an inverse problem: Which are the appropriate
forces or interactions on the coarse level that define ensembles with the same structural
properties?

In this work, we treat one of the simplest incarnations of the latter approach. Let us
presume that the probabilities of the snapshots of the coarse-grained bead ensembles
are in good agreement with a model which only uses additive pairwise translation
invariant interactions of the beads. Such interactions can be formulated in terms of
a scalar pair potential which only depends on the relative position of the respective
pair of beads. The pair correlation function, which measures the empirical likelihood
to observe two beads at a given relative position, appears to be an adequate piece of
data to be used for finding the corresponding potential, because both the data and the
unknown consist of a scalar function of the space variable in that case. In fact, in a
celebrated paper, Henderson [18] argued that the pair potential is uniquely specified
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this way, i.e., under given conditions of temperature and density, no two different pair
potentials can give rise to the same piece of empirical data. Finding a pair potential
that reproduces the given pair correlation function is therefore sometimes called the
inverse Henderson problem.

The numerical solution of the inverse Henderson problem is demanding because of
the lack of a mathematical formula for computing the pair correlation function for a
given pair potential, or vice versa. In the old days people have developed approximate
identities like the Percus–Yevick or hypernetted chain integral equations for this pur-
pose, cf. Hansen and McDonald [17], or have used parametric ansatz functions like,
e.g., Lennard-Jones potentials, and optimized the corresponding parameters numeri-
cally. Today, the state of the art is to use nonparametric potentials and employ iterative
schemes which, in each iteration, simulate the equilibrium ensemble for the current
guess of the pair potential, and use the associated data fit to somehow generate a new
guess. Well-known examples are the iterative Boltzmann inversion (IBI), cf. Soper
[42] and Reith, Pütz, and Müller-Plathe [35], and the inverse Monte Carlo method
(IMC) by Lyubartsev and Laaksonen [26]. We recommend the valuable reviews by
Toth [44] and Rühle et al [37] for a comparison of these and further methods.

We emphasize that the setting of the inverse Henderson problem is generally
accepted to be far too simplistic to capture all the relevant features of a real sys-
tem, cf., e.g., [25, 32, 45], mostly because multibody interactions are neglected. In
particular, thermodynamic properties of the coarse-grained model may differ from the
real system, especially at other temperatures or densities.

But its simplicity offers a great opportunity for a mathematical analysis, which
in turn may lead to a better understanding of other, more flexible coarse-graining
techniques that are routinely being employed in practice. Still, only few rigorous
mathematical results have yet been obtained, e.g., in [2, 7, 16, 23, 24, 30], the reason
being, again, the lack of explicit formulae to attack the problem.

The aim of this paper is to point out and advocate an alternative access point
for theoretical investigations, which goes back to a nice observation by Shell [41]
from within the chemical physics community: He argues that the Henderson potential
minimizes the (information theoretic) relative entropy

Srel =
∑

γ

P∗(γ ) log
P∗(γ )

P(γ )
, (1.1)

where—in his words—the summation is over all possible (coarse grained) ensemble
configurations γ , P∗(γ ) denotes the target (or observed) probability of γ , and P(γ )

is the corresponding probability of a model with a given pair potential. (Compare, for
example, Georgii [12] for background on the concept of relative entropy in stochas-
tics.) Subsequently, Murtola, Karttunen, and Vattulainen [29] pointed out that the
functional (1.1) is convex, and that the Newton iteration for minimizing the relative
entropy coincides with the aforementioned IMC iteration (see also Rosenberger et al
[36]).

Like Henderson’s paper [18], the results in [29, 36, 41] lack mathematical rigor,
because their arguments are restricted to bounded domains, whereas an unambigu-
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ous definition of a “translation invariant ensemble” is only possible in the full space.
Concerning the Henderson theorem, this shortcoming has recently been fixed in [7],
building on fundamental work by Ruelle and by Georgii. Here, we focus on the pro-
posal by Shell and his colleagues, provide a rigorous justification of their results, and
elaborate further on them.

To be specific, we outline in Sect. 2 that the (appropriately formulated) relative
entropy (1.1) divided by the volume of the bounded domain converges in the thermo-
dynamic limit to the specific relative entropy, first introduced for continuum systems
by Gallavotti and Miracle-Sole [8] in the case of hard-core interactions, and further
investigated by Georgii and Zessin in [9, 10, 13] for general additive pair interactions.
Under mild assumptions on the model and target ensembles to be utilized, we prove
that this specific relative entropy is a strictly convex functional on the corresponding
set of pair potentials (which include Lennard-Jones type and hard-core potentials),
and that its (unique) minimizer is the particular potential which solves the inverse
Henderson problem (see Sects. 3 and 4).

From Sect. 5 onward, we restrict ourselves to low densities (the “gas phase”),
where the specific relative entropy is a differentiable function of the pair potential. We
calculate its Hessian, and in Sect. 6, we verify that the Newton iteration for minimizing
the specific relative entropy does indeed coincide with the IMC iteration formulated in
the thermodynamic limit. In Sect. 7, we investigate theHessian inmore detail and show
that it can be represented by a self-adjoint positive semidefinite operator in L2. The
mapping properties of this operator can be analyzed somewhat further for the particular
class of Lennard-Jones-type pair potentials; we conclude with a corresponding result
in Sect. 8.

We hope that this variational framework for the inverse Henderson problem opens
a possibility to discuss the convergence of the IMC iteration, or to come up with
measures to stabilize or regularize this popular iterative scheme.

2 The relative entropy in the thermodynamic limit

To reformulate Shell’s approach within a rigorous mathematical framework we start
with the assumption that the target ensemble is given by a translation invariant prob-
ability measure P∗ on the configuration space

� = { γ ⊂ R
d : � ⊂ R

d bounded ⇒ #(γ ∩ �) < ∞}

with density ρ∗ and finite locally second moments, compare Georgii [9]. For the
model ensemble, we restrict ourselves to ensembles of classical particles with additive
pairwise interactions defined by ameasurable even pair potential u : Rd → R∪{+∞}.
Concerning the latter, we assume that there exists r0 > 0 and decreasing positive
functions ϕ : (0, r0) → R

+
0 and ψ : [0,∞) → R

+ with

∫ r0

0
rd−1ϕ(r) dr = +∞ and

∫ ∞

0
rd−1ψ(r) dr < ∞ , (2.1)
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such that
u(x) ≥ ϕ(|x |) for 0 < |x | < r0 ,

|u(x)| ≤ ψ(|x |) for |x | ≥ r0 ,
(2.2)

holds true almost everywhere; for our convenience, we take ψ to be a bounded and
decreasing function defined for all r ≥ 0. We denote by U0 the subset of the above
pair potentials, which also belong to L∞

loc(R
3 \ {0}), and define U to be the union of

U0 with the hard-core potentials, which satisfy (2.2) with ψ as above and ϕ replaced
by +∞; accordingly, r0 is taken to be the hard-core radius in this case. Technically,
we do not distinguish between potentials (and functions in general) which differ on
sets of Lebesgue measure zero.

Remark 2.1 The setU is convex. To see this let ui ∈ U , i = 1, 2, be such that (2.1) and
(2.2) hold for r0,i > 0 and decreasing functionsϕi andψi satisfying (2.1), respectively.
Without loss of generality, we may assume that r0,1 ≤ r0,2. Let u = tu1 + (1 − t)u2
for some fixed t ∈ (0, 1). We distinguish two cases. If u2 is a hard-core potential, then
u is also a hard-core potential with hard-core radius r0,2. In this case, we can choose
r0 = r0,2,

ϕ(r) = +∞ for 0 < r < r0,2 ,

ψ(r) = tψ1(r) + (1 − t)ψ2(r) for r ≥ 0 ,

to achieve the assumption (2.2) for u. On the other hand, if u2 is no hard-core potential,
then u2 is bounded on [r0,1, r0,2), and there exists c ≥ 1, such that

|u2(x)| ≤ cψ2(|x |) for r0,1 ≤ |x | < r0,2.

It follows that u satisfies the inequalities (2.2) with r0 = r0,1 and

ϕ(r) = tϕ1(r) + (1 − t)ϕ2(r) for 0 < r < r0,1 ,

ψ(r) = tψ1(r) + (1 − t)cψ2(r) for r ≥ 0.

In either case, we have verified that u ∈ U , hence U is convex. 

Let � = [−�, �]d be a bounded box inRd . In analogy to Shell, who considered the

relative entropy framework for canonical ensembles in�, we take the restriction P∗,�

of P∗ as target, and the grand canonical ensemble in � with chemical potential μ ∈ R

and pair potential u ∈ U as model. For a configuration γ ∈ � of N = N (γ ) particles
located at {x1, . . . , xN } ⊂ �, the probability density of the model is thus given by

P(γ ) = 1

	�

eβμN (γ )e−βU (γ ) ,

where β > 0 is the inverse temperature,

U (γ ) = U (x1, . . . , xN ) =
∑

1≤i< j≤N

u(xi − x j ) (2.3)
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is the interaction energy, and

	� =
∞∑

N=0

eβμN

N !
∫

�N
e−βU (x1,...,xN ) dx1 · · · dxN

is the corresponding grand canonical partition function.
Note that most of the quantities we deal with depend on β; however, since we

will keep the temperature fixed throughout this paper, we refrain from making this
dependency explicit in our notation.

Let S(P∗,�) denote the entropy associated with P∗,�. In the spirit of (1.1), we then
specify the relative entropy

Srel,� = S(P∗,�) +
∫

��

(
log	� − βμN (γ ) + βU (γ )

)
dP∗,�(γ )

= S(P∗,�) + log	� − βμE∗,�[N ] + β E∗,�[U ] ,

where E∗,�[ · ] denotes expectation with respect to P∗,�. Take note that the entropy
and the expected interaction energy may be +∞. Dividing by β|�|, we arrive at

1

β|�| Srel,� = 1

β|�| S(P∗,�) + 1

β|�| log	� − μρ∗ + 1

|�| E∗,�[U ]. (2.4)

Now, we want to derive the analog of this identity for the thermodynamic limit
� → ∞. Concerning this limit it is known that there is a sequence (�k)k with �k → ∞,
such that the probability densities associated with the corresponding grand canonical
ensembles converge in a local topology to a translation invariant tempered Gibbs
measure on �, cf. Ruelle [39], for brevity called (μ, u)-Gibbs measure in the sequel.
In general, different sequencesmay lead to different (μ, u)-Gibbsmeasures, e.g., when
different phases coexist. For any such sequence, however, the limit

p(μ, u) = lim
�→∞

1

β|�| log	� (2.5)

is always the samewell-defined and nonnegative finite number, namely the pressure of
the ensemble in the thermodynamic limit, cf. Ruelle [38]. Therefore, passing in (2.4)
to the thermodynamic limit � → ∞, we can (uniquely) define the relative entropy
Srel(μ, u) of all these (μ, u)-Gibbs measures with respect to the target model P∗ as

1

β
Srel(μ, u) = 1

β
S∗ + p(μ, u) − μρ∗ + E(u,P∗) , (2.6)

where the individual terms on the right-hand side of (2.6) are the corresponding limits
of the respective terms in (2.4): S∗ = S(P∗) is the specific entropy and E(u,P∗) is
the specific interaction energy (with respect to the potential u) of the target ensemble,
both of which have been shown to be well-defined in R ∪ {+∞}, cf. [11, 13]. If P∗
satisfies a Ruelle condition (compare (A.1) in the appendix), then the specific entropy
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is finite; this is the case, e.g., when P∗ is a (μ∗, u∗)-Gibbs measure for some u∗ ∈ U
and μ∗ ∈ R, compare [39, Corollary 5.3]. For this latter particular case, it has further
been shown in [7] that

E(u,P∗) = 1

2

∫

Rd
u(x)ρ(2)∗ (x) dx , (2.7)

where ρ
(2)∗ (x) is the pair correlation function associated withP∗. Here, and throughout

this paper, we deliberately use the short-hand notation ρ(2)(x) instead of ρ(2)(x, 0)
for the pair correlation function of a translation invariant point process.

In [10], Georgii studied the relative entropy Srel(μ, u) in detail and established the
following Gibbs variational principle:

Theorem A (Gibbs variational principle) Let P∗ be a translation invariant probability
measure on � with finite locally second moments. Then, the relative entropy (2.6) is
nonnegative real or +∞ for every u ∈ U and μ ∈ R. There holds Srel(μ, u) = 0, if
and only if P∗ is a (μ, u)-Gibbs measure.

We have utilized this result in [7] to prove a rigorous version of the Henderson
theorem:

Theorem B (Henderson theorem) Let u1, u2 ∈ U and μ1, μ2 ∈ R. If P1 and P2 are
(μ1, u1)- and (μ2, u2)-Gibbs measures, respectively, which share the same density
and the same pair correlation function, then u1 = u2 and μ1 = μ2.

Combining Georgii’s Gibbs variational principle and the Henderson theorem, we
can formulate an alternative version of the Gibbs variational principle. This version is
the one that we will mostly use below.

Theorem 2.2 (Gibbs variational principle, alternative form) If the target P∗ is a
(μ∗, u∗)-Gibbs measure for some u∗ ∈ U and μ∗ ∈ R, then the relative entropy
Srel(μ, u) becomes minimal, if and only if u = u∗ and μ = μ∗.

Proof According to TheoremA, it remains to investigate the case when Srel(μ, u) = 0
for some u ∈ U and μ ∈ R. The Gibbs variational principle states that P∗, is then
a (μ∗, u∗)- and (μ, u)-Gibbs measure at the same time. In particular this means that
these two Gibbs measures share the same density and pair correlation function. The
assertion thus follows from the Henderson theorem. ��

Georgii investigated the relative entropy for fixed interaction and chemical poten-
tials u andμ, and varied the target modelP∗. In connection with the inverse Henderson
problem, our interest is sort of dual to this: we assume that P∗ is fixed, and consider
the relative entropy as a function of μ and u.

3 Strict convexity of the pressure and the relative entropy

It is well-known that the pressure is a convex function of the chemical potential, cf. [38,
Theorem3.4.6]. This convexity is strict,whenever aGibbs variational principle is valid,
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cf., e.g., Hughes [19, Sect. 4.3]. In the sequel, we show that under our assumptions
the pressure is also strictly convex in μ and u.

Theorem 3.1 The pressure p = p(μ, u) of (2.5) is a strictly convex function of μ ∈ R

and u ∈ U . Moreover, for u ∈ U0, there holds

p(μ, u)

μ
→ +∞ asμ → +∞. (3.1)

Proof To begin with, we first observe that R×U is convex by virtue of Remark 2.1.
Now let μ1, μ2 ∈ R and u1, u2 ∈ U be arbitrarily chosen, not both being equal at

the same time, and define

μ = tμ1 + (1 − t)μ2 and u = tu1 + (1 − t)u2

for some fixed t ∈ (0, 1). When choosing for P∗ a corresponding (μ, u)-Gibbs mea-
sure, then it follows from (2.6) and the Gibbs variational principle of Theorem 2.2
that

p(μ, u) = − 1

β
S∗ + μρ∗ − E(u,P∗). (3.2)

In particular, the specific entropy S∗ is finite becauseP∗ is a Gibbsmeasure, and hence,
so is the specific interaction energy. Likewise, we obtain

p(μ1, u1) > − 1

β
S∗ + μ1ρ∗ − E(u1,P∗)

and

p(μ2, u2) > − 1

β
S∗ + μ2ρ∗ − E(u2,P∗) ,

which gives

t p(μ1, u1) + (1 − t) p(μ2, u2) > − 1

β
S∗ + μρ∗ − E(u, P∗)

because of the linearity of the specific interaction energy. A comparison with (3.2)
thus shows that the pressure is strictly convex.

Consider now a fixed pair potential u ∈ U0. It has been shown in the proof of [9,
Lemma 7.1] that for any ρ > 0 there exists a translation invariant probability measure
Pρ on� with density ρ, such that S(Pρ) < ∞, and E(u,Pρ) < ∞. ChoosingP∗ = Pρ

in (2.6), Georgii’s Gibbs variational principle (Theorem A) yields the inequality

p(μ, u) − μρ ≥ − 1

β
S(Pρ) − E(u,Pρ) =: cρ > −∞ (3.3)
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for every μ ∈ R. In other words,

p(μ, u)

μ
≥ ρ + cρ

μ
,

and hence,

lim inf
μ→+∞

p(μ, u)

μ
≥ ρ.

Since ρ > 0 has been arbitrary, this implies (3.1). ��
We thus have shown that the relative entropy (2.6) is the sum of a strictly convex

functional and an affine function of (μ, u). Accordingly, the relative entropy is also a
strictly convex functional of μ and u, as long as it is finite.

Another immediate consequence of Theorem 2.2 is the following inequality for the
pressure.

Corollary 3.2 For μ1, μ2 ∈ R and u1, u2 ∈ U , there holds

(μ2 − μ1)ρ1 − 1

2

∫

Rd
(u2 − u1)(x)ρ

(2)
1 (x) dx

≤ p(μ2, u2) − p(μ1, u1) ≤ (μ2 − μ1)ρ2 − 1

2

∫

Rd
(u2 − u1)(x)ρ

(2)
2 (x) dx .

(3.4)
whenever ρi and ρ

(2)
i are the density and pair correlation function of a (μi , ui )-Gibbs

measure, respectively. Both inequalities are strict, unless μ1 = μ2 and u1 = u2. In
particular, if u1 = u2 and μ1 < μ2, then ρ1 < ρ2.

Proof The two inequalities (3.4) follow readily from Theorem 2.2 by choosing for
P∗ the corresponding (μi , ui )-Gibbs measures, respectively. They are strict, unless
μ1 = μ2 and u1 = u2. ��

4 The relative entropy functional for fixed density

Returning to the inverse Henderson problem formulated in the introduction, we now
constrain our model ensembles to have the same density ρ∗ as the target ensemble.
We do so because numerical simulations are often done in the canonical ensemble,
where the density is the crucial quantity, and because this is also the setting used by
Henderson and by Shell, as well as in the definition of the IMC scheme mentioned
before. Since the attainable densities for hard-core potentials are bounded, we need to
distinguish the case whether u is a hard-core potential or not. We focus our analysis
on the latter case and mention the necessary modifications for hard-core potentials in
Remark 4.4 later in this section.

The first fundamental problem to settle concerns the question whether and how
the prescribed density ρ∗ can be attained by some (μ, u)-Gibbs measure for a given
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u ∈ U0. When the chemical potential is sufficiently small, i.e., when the system is in
the gas phase (see Sect. 5 for a specification of this term), then it is known that there is a
one-to-one relation between the corresponding chemical potentials and the associated
densities, and in this case, the inverse map ρ �→ μ can even be computed by means
of cluster expansions, cf., e.g., Jansen, Kuna, and Tsagkarogiannis [22]. Outside the
gas phase, where phase transitions may occur, the problem becomes more difficult.
Adopting amethod fromChayes and Chayes [2], we can establish the following result,
which holds for the full range of possible densities.

Theorem 4.1 Let u ∈ U0 and ρ∗ > 0 be fixed. Then, there is a unique chemical
potential μ∗ = μ∗(u) ∈ R, for which there exists a (μ∗, u)-Gibbs measure with
density ρ∗.

Proof For every μ ∈ R and the given u ∈ U0, let Pμ,u be a (μ, u)-Gibbs measure,
and denote by p(μ) and ρ(μ) the associated pressure and density, respectively.

It is well-known, cf. [38, Theorem 4.3.1], that for small chemical potentials, the
pressure is a differentiable function with

p′(μ) = ρ(μ). (4.1)

In other words, if ρ∗ is sufficiently small, then the corresponding chemical potential
μ∗ from the formulation of the theorem is given as the uniqueminimum of the function

�(μ) = p(μ) − μρ∗ , (4.2)

the latter being strictly convex by virtue of Theorem 3.1. We will proceed by showing
that the minimizer of � is also the appropriate chemical potential to choose for larger
values of ρ∗.

To see this, we first observe that

�(μ) ≥ −μρ∗ ,

because the pressure is nonnegative, whereas

�(μ) ≥ c(1+ε)ρ∗ + εμρ∗ (4.3)

for any suitable ε > 0 and corresponding constant c(1+ε)ρ∗ by virtue of (3.3) (with
ρ = (1 + ε)ρ∗). This shows that � is bounded from below and that

�(μ) → +∞ , whenever |μ| → ∞.

Therefore, � attain its minimum for a uniquely defined value μ = μ∗.
For any μ ∈ R, μ �= μ∗, we now conclude from (3.4) and (4.2) that

(μ∗ − μ)ρ(μ) < p(μ∗) − p(μ) = �(μ∗) + μ∗ρ∗ − �(μ) − μρ∗ ,
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i.e.,

(μ∗ − μ)
(
ρ(μ) − ρ∗

)
< �(μ∗) − �(μ) < 0.

This means that
ρ(μ) < ρ∗ for μ < μ∗ ,

ρ(μ) > ρ∗ for μ > μ∗ .
(4.4)

Now, let (μ+
k )k be a strictly decreasing sequence and (μ−

k )k a strictly increas-
ing sequence of chemical potentials, both of which converge to μ∗. By virtue of
Lemma A.1 from the appendix, there exist (μ∗, u)-Gibbs measures P− and P

+ with
densities

ρ(P−) = lim
k→∞ ρ(μ−

k ) and ρ(P+) = lim
k→∞ ρ(μ+

k ).

The inequalities (4.4) imply that

ρ(P−) ≤ ρ∗ ≤ ρ(P+) ,

and hence, there is some t ∈ [0, 1], for which P = tP− + (1 − t)P+ has density

ρ(P) = tρ(P−) + (1 − t)ρ(P+) = ρ∗ .

Since the set of (μ∗, u)-Gibbs measures is convex, P has all the desired properties
from the statement of this theorem, and the proof is done. ��

In the light of the above theorem, we can now restrict our attention to (μ, u)-Gibbs
measures with density ρ∗, i.e., with chemical potential μ = μ∗(u), when looking at
the relative entropy functional. Further, we drop the constant offset S∗ in (2.6), as it is
independent of u. This leads to the functional


(u) = p∗(u) − μ∗(u)ρ∗ + E(u,P∗) (4.5)

for u ∈ U0, where we have set

p∗(u) = p(μ∗(u), u) (4.6)

for brevity. By a slight abuse of wording we will keep calling 
 the relative entropy
functional. As we will see next, although p∗ may fail to be convex, in general, the
functional 
 is strictly convex, again.

Theorem 4.2 Let P∗ be as in Theorem A. Then, the functional 
 : U0 → R of (4.5)
is strictly convex as long as the specific interaction enery E(u,P∗) is finite.

Proof Let u1 and u2 be two different pair potentials fromU0. For any fixed 0 < t < 1,
define

u = tu1 + (1 − t)u2 ,
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and, as in Theorem 4.1, denote by μ = μ∗(u) the chemical potential associated with
u and density ρ∗. Finally, let ρ(2) be the pair correlation function of the associated
(μ, u)-Gibbs measure constructed in Theorem 4.1.

Then, we obtain from (4.6) and (3.4)—with μi = μ∗(ui ) for i = 1, 2—that

p∗(u) − tp∗(u1) − (1 − t)p∗(u2)
= t

(
p∗(u) − p∗(u1)

) + (1 − t)
(
p∗(u) − p∗(u2)

)

< t

(
(μ − μ1)ρ∗ − 1 − t

2

∫

Rd
(u2 − u1)(x)ρ

(2)(x) dx

)

+ (1 − t)

(
(μ − μ2)ρ∗ − t

2

∫

Rd
(u1 − u2)(x)ρ

(2)(x) dx

)

= μρ∗ − tμ1ρ∗ − (1 − t)μ2ρ∗ .

Note that this inequality is strict because u is different from u1 and u2 by construction.
Reordering terms, we thus arrive at

p∗(u) − μρ∗ < t
(
p∗(u1) − μ1ρ∗

) + (1 − t)
(
p∗(u2) − μ2ρ∗

)
. (4.7)

It thus follows from (4.5) and (4.7) that if the specific interaction energy E( · ,P∗)
stays finite, then 
 is strictly convex, because E( · ,P∗) is linear in the first argument.

��
Theorem 4.2 implies that the relative entropy functional has at most one local

minimizer, which is then also a global one. Concerning this minimizer, we have the
following result.

Theorem 4.3 Let P∗ be a (μ, u∗)-Gibbs measure for some u∗ ∈ U0 and μ ∈ R, and
let ρ∗ be its density. Then, the relative entropy function (4.5) attains its minimum for
u = u∗.

Proof The given Gibbs measure P∗ has finite specific entropy S∗, and hence, (2.6)
implies that


(u) = 1

β
Srel

(
μ∗(u), u

) − 1

β
S∗ (4.8)

for every u ∈ U0. Since P∗ has density ρ∗ the chemical potential μ associated with
P∗ must be given byμ = μ∗(u∗) according to Theorem 4.1. From (4.8) and the Gibbs
variational principle (Theorems A and 2.2), it follows that


(u∗) = − 1

β
S∗ <

1

β
Srel

(
μ∗(u), u

) − 1

β
S∗ = 
(u) (4.9)

for every u ∈ U0 \ {u∗}, and this was to be shown. ��
Note from (4.9) that the minimal value of 
 depends on the specific entropy of the

target Gibbs measure, and is therefore unknown in general.
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Remark 4.4 For a hard-core potential u ∈ U the density ρ of any associated (μ, u)-
Gibbsmeasure is bounded fromabove by afinite closest-packing densityρcp = ρcp(u):
This bound only depends on the hard-core radius r0 of (2.2) and is a decreasing function
of r0, cf. [9, Sect. 7]. We formally set ρcp(u) = +∞ for u ∈ U0.

If the given density ρ∗ of the target happens to be below ρcp(u) for a given u ∈ U ,
then Theorem 4.1 is still valid for this pair potential; to establish (4.3) in its proof,
ε > 0 must be so small that (1+ ε)ρ∗ is still below ρcp(u), because this is needed for
[9, Lemma 7.1], and hence, for (3.3). The relative entropy functional (4.5), however,
is only well-defined on the domain

D(
) = { u ∈ U : ρcp(u) > ρ∗ } ,

but this is again a convex set, compare Remark 2.1, and
 happens to be strictly convex
on D(
). Theorem 4.3 extends literally to every u∗ ∈ U with this understanding of
the domain of 
. 


Theorem 4.3 is the basis for a variational setting of the inverse Henderson problem:
If the density and the pair correlation function of a (μ∗, u∗)-Gibbs measure target
P∗ are given, then the unique minimizer of the strictly convex relative entropy func-
tional (4.5) with E(u,P∗) of (2.7) yields the corresponding pair potential u∗, i.e., the
solution of the inverse Henderson problem. Nevertheless, this approach also has some
pitfalls as discussed in the following remark.

Remark 4.5 If the target P∗ fails to be some (μ, u)-Gibbs measure, then it is not clear
to us whether the relative entropy functional 
 will still be bounded from below on
U , and even if it may, its infimum need not be attained on U .

Vice versa, ifu∗ ∈ U happens to be themiminizer of
, then this does not imply that
P∗ is a (μ∗(u∗), u∗)-Gibbs measure. To see the latter, consider the following example:
Let u∗ be any hard-core potential in U and ρ∗ < ρcp(u∗); compare Remark 4.4.
Then, provided ρ∗ is sufficiently small, a result by Kuna, Lebowitz, and Speer [24,
Corollary 4.3] states that there exist uncountably many distinct translation invariant
probability measures with finite specific entropy and density ρ∗, which share the pair
correlation function ρ

(2)∗ with the (μ∗(u∗), u∗)-Gibbs measure P, but P is the only
(μ, u)-Gibbs measure among them according to the Henderson theorem. Because the
specific interaction energy is given by (2.7) for all of these probability measures, the
relative entropy functional does not differ, and hence, u∗ is its unique minimizer,
regardless which of them has been the target P∗.

Finally, wemention that even if the targetP∗ is a (μ, u∗)-Gibbsmeasure, and hence,
the functional (4.5) is minimized by u∗ according to Theorem 4.3, then this does not
seem to imply that the model and the target have the same pair correlation function. To
illustrate this, imagine that a fluid corresponding to a pair potential u∗ ∈ U exhibits a
so-called triple point (compare, e.g., [17]), where three different phases coexist at the
same thermodynamical state point, i.e., for the same values of pressure (or chemical
potential μ∗, say) and temperature (or inverse temperature β). It can be expected
that the different phases have linearly independent pair correlation functions; taking
convex combinations of the corresponding Gibbs measures, one can thus determine
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two (μ∗, u∗)-Gibbs measures which have the same density ρ∗, but have different pair
correlation functions. One of them could be the target and the other one theminimizing
model. We will see in Sect. 5 that if the density ρ∗ belongs to the gas phase of the
minimizer of 
, then the pair correlation function of the minimizing Gibbs measure
always coincides with the given ρ

(2)∗ ; see Remark 5.5. 


5 Differentiability of the relative entropy functional

In the remainder of this paper, we further analyze the case when 
 is a differentiable
function of u. For this, we build upon our earlierwork [14, 15].1 A conceptual difficulty
in this context is the fact that U lacks a universal topology. Therefore, following
[14], we consider a tailored neighborhood for any given u0 ∈ U by introducing a
corresponding Banach space V of perturbations, consisting of all even measurable
functions v : Rd → R, for which the associated norm

‖v‖V = sup
x∈Rd

|v(x)|
ψ0(|x |) (5.1)

is finite. Here,ψ0 is themajorantψ of (2.1) associatedwith u0. Note that the norm (5.1)
is somewhat stronger than the one employed in [14] because it is more restrictive in
the core region 0 < r < r0, and hence, the resulting space of perturbations is smaller.
We believe that this restriction allows a more natural formulation of our results.

Remark 5.1 It can easily be seen that for any v ∈ V the sum u0 + v belongs to U :
If u0 is a hard-core potential, then r0 is its hard-core radius and the corresponding
function ϕ from (2.1) equals +∞, and we have

u0(x) + v(x) ≥ ϕ(|x |) for 0 < |x | < r0 ,∣∣u0(x) + v(x)
∣∣ ≤ (

1 + ‖v‖V
)
ψ0(|x |) for |x | ≥ r0 .

Otherwise, there exists r1 ∈ (0, r0] such that ϕ(r) ≥ ‖v‖V ψ0(0) for 0 < r ≤ r1, and
therefore

u0(x) + v(x) ≥ ϕ(|x |) − ‖v‖V ψ0(0) for 0 < |x | < r1 ,

∣∣u0(x) + v(x)
∣∣ ≤

(
sup

|x ′|≥r1

|u(x ′)|
ψ0(|x ′|) + ‖v‖V

)
ψ0(|x |) for |x | ≥ r1 .

In either case, this shows that u0 + v ∈ U . 

We now consider the ball

BV (u0) = {
u = u0 + v : ‖v‖V < δ0

} ⊂ U (5.2)

1 The results in [14, 15] are formulated in three-dimensional space (i.e., for d = 3) and for pair potentials,
which are rotation invariant; also, hard-core potentials had not been considered. All results extend verbatim
to the setting considered here.
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around u0 for a suitable radius δ0 with 0 < δ0 < 1; we further specify δ0 in the
context of (5.7) below. As has been verified in [14, Proposition 2.1], there are positive
constants cβ and B, such that every u ∈ BV (u0) satisfies

∫

Rd
|e−βu(x) − 1| dx ≤ cβ , (5.3)

and the interaction energy of every configuration γ ⊂ R
d with N (γ ) particles is

bounded from below by
U (γ ) ≥ −BN (γ ) . (5.4)

Moreover, for every u ∈ BV (u0) and μ ∈ R and every associated (μ, u)-Gibbs
measure, the sequence

ρ(μ, u) = [ρ, ρ(2), . . . ]T

of itsm-particle correlation functions is a solution of the so-calledKirkwood-Salsburg
equations (cf., e.g., [39, Corollary 5.3], or compare (A.3) in the appendix), which can
be written in the form

(
I − eβμA(u)

)
ρ(μ, u) = eβμe1 , (5.5)

where e1 = [1, 0, . . . ]T , I is the identity operator, and A(u) is a bounded operator in
an associated Banach space X of sequences of L∞ functions. This operator A(u) is
given by a certain infinite-dimensional matrix of integral operators, compare [14, 38],
and is Fréchet differentiable with respect to u ∈ BV (u0).

We fix

μ0 <
1

β
log

1

cβe2βB+1 , (5.6)

and call the rangeμ ≤ μ0 of chemical potentials the gas phase associated with the pair
potentials in BV (u0). In this gas phase, the Kirkwood-Salsburg equations (5.5) have
a unique solution ρ(μ, u), which can be developed in a converging Neumann series
in X ; in particular, this means that for u ∈ BV (u0), there exists only one (μ, u)-
Gibbs measure for each chemical potential μ within the gas phase. The individual
components ρ(m)(μ, u) of ρ(μ, u) are Fréchet differentiable (in L∞) with respect to
u, analytic with respect to μ < μ0 and continuous in μ ≤ μ0. It is also easy to see
that ρ is a C1 function of μ ≤ μ0 and u ∈ BV (u0).

Further, for fixed u ∈ BV (u0), the density ρ = ρ(μ, u) of the associated Gibbs
measure, i.e., the first entry of ρ(μ, u), is differentiable and strictly increasing in μ up
to μ = μ0 by virtue of Corollary 3.2. Since it is also continuous in u ∈ BV (u0), we
can choose δ0 in (5.2) so small that

ρ0 = inf
{
ρ(μ0, u) : u ∈ BV (u0)

} ≥ (1 − ε) ρ(μ0, u0) (5.7)

for any given ε > 0, and then every density ρ ∈ (0, ρ0) belongs to the gas phase of all
pair potentials in BV (u0). Finally, for fixed u ∈ BV (u0), the pressure p(μ, u) is also
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differentiable and strictly increasing in μ up to μ = μ0, and its derivative is given by
the density, cf. (4.1).

Proposition 5.2 Let 0 < ρ∗ < ρ0 with ρ0 as in (5.7). Then, the chemical potential
μ∗ = μ∗(u) defined in Theorem 4.1 is differentiable with respect to u ∈ BV (u0) with
derivative μ′∗(u) ∈ V ′ given by

μ′∗(u) v = −∂uρ(μ∗(u), u) v

∂μρ(μ∗(u), u)
for v ∈ V , (5.8)

where ∂μρ and ∂uρ denote the partial derivatives of ρ(μ, u), and V ′ is the dual space
of V .

Proof Since the pressure and the density of a fixed pair potential u ∈ BV (u0) are
strictly increasing and differentiable functions of the chemical potential in the gas
phase, we can rewrite each of these functions as a strictly increasing function of any
of the other ones. The pressure, for example, can be written as a function of density,
which we call π to avoid any confusion, i.e.,

p(μ, u) = π
(
ρ(μ, u), u

)
.

Then, the chain rule can be applied to obtain

∂μ p(μ, u) = ∂ρπ
(
ρ(μ, u), u

)
∂μρ(μ, u) , (5.9)

because it has been shown in [39, Theorem 4.3] that π is a differentiable function of
the density in the gas phase. For μ = μ∗(u), we thus conclude from (4.1) and (5.9)
that

ρ∗ = ρ
(
μ∗(u), u

) = ∂μ p
(
μ∗(u), u

) = α ∂μρ
(
μ∗(u), u

)
(5.10)

with

α = ∂ρπ(ρ∗, u) > 0 .

It thus follows from (5.10) that ∂μρ
(
μ∗(u), u

)
> 0, so that the implicit function

theorem is applicable to the equation

ρ(μ∗(u + v), u + v) = ρ∗

near v = 0. From this, we readily obtain (5.8); moreover,μ′∗(u) belongs toV ′ because
∂uρ ∈ V ′. ��

Now, we return to our analysis of the relative entropy functional (4.5).

Theorem 5.3 Let u0 ∈ U be a fixed pair potential and BV (u0) ⊂ U be defined as in
(5.2) with δ0 so small that (5.7) holds. Furthermore, let the target P∗ of the relative
entropy functional have density ρ∗ < ρ0, and assume that the associated specific
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interaction energy E( · ,P∗) is bounded on BV (u0). Then, 
 is Fréchet-differentiable
in every u ∈ BV (u0) with derivative 
′(u) ∈ V ′, given by


′(u)v = E(v,P∗) − 1

2

∫

Rd
v(x)ρ(2)(x) dx (5.11)

for v ∈ V , where ρ(2) is the pair correlation function of the associated (μ∗(u), u)-
Gibbs measure.

Proof Let u ∈ BV (u0) and v ∈ V . We apply Corollary 3.2 to u1 = u and u2 = u + v

with μ1 = μ∗(u) and μ2 = μ∗(u + v). This yields

−1

2

∫

Rd
v(x)ρ(2)(x) dx ≤ p∗(u + v) − μ∗(u + v)ρ∗ − (

p∗(u) − μ∗(u)ρ∗
)

≤ −1

2

∫

Rd
v(x)ρ̃(2)(x) dx ,

where ρ̃(2) denotes the pair correlation function of the corresponding (μ∗(u+ v), u+
v)-Gibbs measure. It follows that

E(v,P∗) − 1

2

∫

Rd
v(x)ρ(2)(x) dx ≤ 
(u + v) − 
(u)

≤ E(v,P∗) − 1

2

∫

Rd
v(x)ρ̃(2)(x) dx ,

i.e., that

0 ≤ 
(u + v) − 
(u) −
(
E(v,P∗) − 1

2

∫

Rd
v(x)ρ(2)(x) dx

)

≤ 1

2

∫

Rd
v(x)

(
ρ(2) − ρ̃(2))(x) dx .

This shows that
∣∣∣∣
(u + v) − 
(u) −

(
E(v,P∗) − 1

2

∫

Rd
v(x)ρ(2)(x) dx

)∣∣∣∣

≤ Cψ0

2
‖v‖V ‖ρ̃(2) − ρ(2)‖L∞(Rd ) ,

where

Cψ0 = |Sd−1|
∫ ∞

0
rd−1ψ0(r) dr < ∞

by virtue of (2.1). We finally observe that

ρ̃(2) = ρ(2)(μ∗(u + v), u + v)
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converges to ρ(2) = ρ(2)(μ∗(u), u) in L∞(Rd) as ‖v‖V → 0 because of Propo-
sition 5.2 and the smoothness of ρ(2) as a function of μ and u. We have therefore
established that

∣∣∣∣
(u + v) − 
(u) −
(
E(v,P∗) − 1

2

∫

Rd
v(x)ρ(2)(x) dx

)∣∣∣∣ = o(‖v‖V )

as ‖v‖V → 0, which yields (5.11). Since E( · ,P∗) is bounded on BV (u0), it is
easy to see that E( · ,P∗) ∈ V ′, and hence, it follows in the same way as above that

′(u) ∈ V ′ with

‖
′(u)‖V ′ ≤ ‖E( · ,P∗)‖V ′ + Cψ0

2
‖ρ(2)‖L∞(Rd ) .

This concludes the proof. ��
Remark 5.4 We emphasize that the dual space V ′ of V is a complicated Banach space.
However, the representation (5.11), in combination with (2.7), reveals that if P∗ has a
bounded and measurable pair correlation function ρ

(2)∗ , then 
′(u) can be identified
with

∇
(u) = 1

2

(
ρ(2)∗ − ρ(2)(μ∗(u), u)

) ∈ L∞(Rd) , (5.12)

when using the natural dual pairing


′(u)v = 〈 v,∇
(u) 〉 =
∫

Rd
v(x)

(∇
(u)
)
(x) dx (5.13)

of L2(Rd).
This is the case, for example, if P∗ is a (μ, u∗)-Gibbs measure for some u∗ ∈ U

(with μ = μ∗(u∗)), and then (5.12) can further be rewritten as

∇
(u) = 1

2

(
ω(2)(μ, u∗) − ω(2)(μ∗(u), u)

)
,

where
ω(2)(μ, u) = ρ(2)(μ, u) − ρ(μ, u)2 . (5.14)

It follows from (5.17) below that ∇
(u) then also belongs to L1(Rd), and hence, to
L2(Rd) as well. Note that V is embedded in L2(R) for the same reason. We refer to
Sect. 7 for further arguments which support the choice of the L2-pairing. 

Remark 5.5 Assume that the target P∗ has a bounded and measurable pair correlation
functionρ

(2)∗ , and that the relative entropy functional
 isminimized by some u∗ ∈ U .
Assume further that the given densityρ∗ belongs to the gas phase of u∗. Then, it follows
from Theorem 5.3 that 
 is differentiable at u∗, and that ∇
(u∗) = 0. From (5.12),
we thus conclude that the target and the model share the same pair correlation function
in this case; compare Remark 4.5. 
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Remark 5.6 For a (μ, u)-Gibbs measure the cluster functions, sometimes also called
Ursell functions (e.g., Stell [43], and [15]), or truncated correlation functions (e.g.,
Jansen [21]), are defined recursively by the constant functionω(1) = ρ and, form ≥ 2,
by

ω(m)(x1, . . . , xm) = ρ(m)(x1, . . . , xm) −
m∑

k=2

∑

π∈�m
k

k∏

i=1

ω(|πi |)(xπi ) , (5.15)

cf. [38, p. 87], where �m
k denotes the set of partitions π of x1, . . . , xm into k subsets

xπ1 , . . . , xπk . Note that it immediately follows from (5.15) that each cluster function
inherits the translation and permutation invariance of the correlation functions.

For m = 2, we recover from (5.15) the definition (5.14), and for fixed μ and u, we
adopt the short-hand notation

ω(2)(x) = ρ(2)(x) − ρ2

for ω(2)(x, 0) from the pair correlation function. Note that

ω(2)(x) = ω(2)(−x) for every x ∈ R
d (5.16)

because of the translation invariance.
We will make repeatedly use of [38, Theorem 4.4.8] which states that

∫

(Rd )(m−2)

∣∣ω(m)( · , 0, x3, . . . , xm)
∣∣ dx3 · · · dxm ∈ L1(Rd) , (5.17)

provided that u ∈ U and μ ≤ μ0; see also Lemma A.4 in the appendix. In particular,
(5.17) shows that ω(2) ∈ L1(Rd). 


Based on Theorem 5.3, we now compute the Hessian of 
.

Theorem 5.7 Under the assumptions of Theorem 5.3, the relative entropy func-
tional (4.5) is twice differentiable, and its Hessian at u ∈ BV (u0) is given by


′′(u)(v, ṽ) = − 1

∂μρ

(
∂uρ ṽ

)(
∂uρ v

) − 1

2
〈 v, ∂uρ

(2) ṽ 〉 (5.18)

in terms of the dual pairing (5.13) of L2(Rd), where v, ṽ ∈ V , and the partial
derivatives ∂uρ and ∂uρ

(2) are evaluated at the pair potential u and the chemical
potential μ∗(u).

Proof We differentiate (5.11) with respect to u in the direction ṽ ∈ V . Keeping in
mind that ρ(2) in (5.11) stands for ρ(2)(μ∗(u), u), the chain rule gives


′′(u)(v, ṽ) = −1

2

∫

Rd
v(x)

(
∂μρ(2)μ′∗(u) ṽ + ∂uρ

(2) ṽ
)
(x) dx

= −μ′∗(u) ṽ

2
〈 v, ∂μρ(2) 〉 − 1

2
〈 v, ∂uρ

(2) ṽ 〉 ,

(5.19)
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where we have adopted the notation (5.13), and the partial derivatives of ρ(2)—which
belong to L∞(Rd)—are evaluated at the pair potential u and the chemical potential
μ∗(u).

To determine ∂μρ(2)(μ, u) for an arbitrary chemical potential μ < μ0 we apply
Corollary 3.2 with u1 = u and u2 = u + w for any w ∈ V , and with μ1 = μ2 = μ:
As in the proof of Theorem 5.3, we conclude that the pressure is differentiable with
respect to u with derivative ∂u p(μ, u) ∈ V ′ given by

∂u p(μ, u) w = −1

2

∫

Rd
w(x)ρ(2)(x) dx = −1

2
〈w, ρ(2) 〉 ,

where ρ(2) is the pair correlation function of the (μ, u)-Gibbs measure. Schwarz’s
theorem and (4.1) therefore yield

〈w, ∂μρ(2) 〉 = ∂μ〈w, ρ(2) 〉 = −2 ∂μ

(
(∂u p)w

) = −2 ∂u(∂μ p)w = −2 ∂uρ w .

(5.20)
Inserting this into (5.19), we obtain


′′(u)(v, ṽ) = (
μ′∗(u) ṽ

)(
∂uρ v) − 1

2
〈 v, ∂uρ

(2) ṽ 〉 ,

and assertion (5.18) thus follows from Proposition 5.2. ��
Note that 
′′(u) is a continuous bilinear form: This follows readily from the result

in [14] that ∂uρ ∈ V ′ and ∂uρ
(2) ∈ L

(
V , L∞(Rd)

)
. We further observe that 
′′ is

continuous in u because ρ and ρ(2) are C1 functions of μ and u. This implies that

′′(u) is a symmetric bilinear form. Finally, this bilinear form is positive semidefinite,
because 
 is strictly convex.

6 The connection to the IMC iterative scheme

In the preceding section, we have seen that the relative entropy functional is twice
differentiable at any u0 ∈ U , provided that the target density ρ∗ belongs to its gas
phase. The convex quadratic approximation


2(u0 + v) := 
(u0) + 
′(u0)v + 1

2

′′(u0)(v, v) ≈ 
(u0 + v) , (6.1)

valid for small enough v ∈ V , attains its minimum for every solution v0 ∈ V of the
variational problem


′′(u0)(v0, w) = −
′(u0)w for allw ∈ V , (6.2)

and the well-known Newton scheme for minimizing 
 consists in updating u0 via

u1 = u0 + v0 (6.3)
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to obtain a (hopefully) better approximation of the global unique minimizer of 
.
Unfortunately, however, we only know that 
′′(u0) is semidefinite; it is therefore not
clear whether (6.2) has a solution, and if it does, whether it is unique.

The bilinear form 
′′(u0) defines a linear operator A : V → V ′ via the identity


′′(u0)(v, ṽ) = 〈 ṽ, Av 〉V ×V ′ for all v, ṽ ∈ V .

As in Remark 5.4 the dual form on the right-hand side can be replaced by the dual
pairing induced by L2(Rd), when A is identified with the (bounded) operator

A : V → L∞(Rd) , A : v �→ −1

2
∂uρ

(2)v − 1

∂μρ
(∂uρ v)∇uρ , (6.4)

where ∇uρ ∈ L∞(Rd) denotes the representative of the functional ∂uρ ∈ V ′ for this
pairing. This is an immediate consequence of Theorem 5.7. According to [15, Sect. 6]
there holds

∇uρ(x) = −βρ(2)(x) − β

2

∫

Rd
χ(3)(0, x + x ′, x ′) dx ′ , (6.5)

where

χ(3)(0, x + x ′, x ′) = ω(3)(0, x + x ′, x ′) + ρ ω(2)(x ′) + ρ ω(2)(x + x ′)

is given in terms of the second and third cluster functions associated with μ and u;
compare Remark 5.6. Using the translation and permutation invariance of ω(3), this
can be rewritten as

χ(3)(0, x + x ′, x ′) = ω(3)(x, 0,−x ′) + ρ ω(2)(x ′) + ρ ω(2)(x + x ′) . (6.6)

Note that it has been shown in [15, Proposition4.2] that the integral in (6.5) is absolutely
convergent and that it defines a bounded function of x ∈ R

d . Since ω(2) ∈ L1(Rd), it
thus follows from (6.6) that

∫

Rd

∣∣ω(3)( · , 0,−x ′)
∣∣ dx ′ ∈ L∞(Rd) , (6.7)

and inserting (6.6) into (6.5), we finally arrive at the representation

∇uρ(x) = −βρ(2)(x) − β

2

∫

Rd
ω(3)(x, 0, x ′) dx ′ − βρ

∫

Rd
ω(2)(x ′) dx ′ , (6.8)

which will be used later on.
Now, we introduce the (nonlinear) “Henderson operator”

F : u �→ ρ(2)(μ∗(u), u
)
, (6.9)
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which maps u ∈ BV (u0) to its associated pair correlation function at the given density
ρ∗, and which is an injective operator according to the Henderson theorem. Since
F(u) + 2∇
(u) is independent of u according to (5.11), see also (5.12), it follows
that F : BV (u0) → L∞(Rd) is differentiable for ρ∗ < ρ0 with

〈 ṽ, F ′(u0)v 〉 = −2
′′(u0)(v, ṽ) . (6.10)

This shows that if the target P∗ has a pair correlation function ρ
(2)∗ ∈ L∞(Rd), then

the variational problem (6.2) is equivalent to the linear operator equation

F ′(u0)v0 = ρ(2)∗ − F(u0) . (6.11)

The step (6.3) for minimizing 
 with Newton’s method is thus equivalent to one
iteration of the IMC method, where the update v0 is determined by solving (6.11).
This is the thermodynamic limit analog of the observation in [29, 36], referred to in
the introduction.

Remark 6.1 As follows from Theorem 5.3 and (2.7), the Henderson operator satisfies

〈 v, F(u0) 〉 = 2 E(v,P0) ,

whereP0 denotes the corresponding (μ∗(u0), u0)-Gibbsmeasure. In the IMC scheme,
as introduced in [26], this interaction energy is approximated by the corresponding
expectation value

E(v,P0) ≈ 1

|�| 〈 V 〉ρ∗,�

of the canonical ensemble corresponding to the pair potential u0 at density ρ∗ in the
bounded box � ⊂ R

d , where V is the observable

V (γ ) =
∑

1≤i< j≤N

v(xi − x j )

associatedwith the perturbation v ∈ V , compare (2.3). Likewise, the derivative F ′(u0)
is approximated in the IMC scheme via the cross-correlation matrix

− 2β

|�|
(
〈 V Ṽ 〉ρ∗,� − 〈 V 〉ρ∗,�〈 Ṽ 〉ρ∗,�

)
≈ 〈 ṽ, F ′(u0)v 〉 .

It has to be emphasized that the density constraint ρ(u) = ρ∗ is inherently built
into the canonical ensemble. Accordingly, this approximation of F ′(u0) does respect
this constraint. When working in the grand canonical ensemble instead (or in the
thermodynamic limit), this constraint necessitates a correction term to project the
unconstrained derivative into the tangent plane of the manifold of pair correlation
functions corresponding to particle systems with the correct density. This is the reason
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for the first term on the right-hand side of (5.18) which does not (and need not) occur
in the original IMC scheme. 


7 Extension of the Hessian to a semidefinite bilinear form on L2(Rd)

In the remainder of this paper, we study the Hessian of the relative entropy functional
somewhat further. More precisely, we examine the mapping properties of the Jacobian
of the Henderson map, which is connected to the Hessian 
′′ via (6.10).

To begin with, recall from Remark 5.4 that the right-hand side of (6.11) belongs to
L∞(Rd) ∩ L1(Rd), when the target P∗ is a (μ, u∗)-Gibbs measure. As our first result
of this section, we show that F ′(u0) has matching mapping properties.

Theorem 7.1 Under the assumptions of Theorem 5.3, the Jacobian F ′(u0) of the Hen-
derson operator (6.9) belongs toL (V , L∞(Rd)) ∩ L (V , L1(Rd)).

Proof We already know from Sect. 6 that F ′(u0) = −2A ∈ L (V , L∞(Rd)). It
thus remains to establish that F ′(u0) ∈ L (V , L1(Rd)). To this end, we rewrite the
Henderson operator in terms of the cluster function (5.14), i.e.,

F(u0) = ω(2)(μ∗(u0), u0) + ρ2∗ ,

which yields

F ′(u0)v = ∂μω(2)(μ∗, u0) μ′∗(u0) v + ∂uω
(2)(μ∗, u0) v , (7.1)

where μ∗ = μ∗(u0). The partial derivative of the cluster function with respect to the
chemical potential is given by

∂μω(2)(μ, u) = ∂μ

(
ρ(2)(μ, u) − ρ(μ, u)2

)

= ∂μρ(2)(μ, u) − 2ρ(μ, u)∂μρ(μ, u) .
(7.2)

From (5.20) and (6.8), we conclude that

∂μρ(2)(x) = −2∇uρ(x)

= 2β ρ(2)(x) + β

∫

Rd
ω(3)(x, 0, x ′) dx ′ + 2βρ

∫

Rd
ω(2)(x ′) dx ′ ,

and hence, together with Lemma A.2, it follows that

∂μω(2)(x) = 2β ω(2)(x) + β

∫

Rd
ω(3)(x, 0, x ′) dx ′ . (7.3)

In particular, this shows that ∂μω(2) ∈ L1(Rd) by virtue of (5.17). Together with
Proposition 5.2 and (7.1), we thus obtain
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‖F ′(u0) v‖L1(Rd )

≤
(
‖∂μω(2)(μ∗, u0)‖L1(Rd )‖μ′∗(u0)‖V ′ + ‖∂uω(2)(μ∗, u0)‖L (V ,L1(Rd ))

)
‖v‖V ,

because it has been proved in [15] that ∂uω
(2) ∈ L (V , L1(Rd)). This shows that

F ′(u0) ∈ L (V , L1(Rd)). ��
Since L∞(Rd) ∩ L1(Rd) ⊂ L2(Rd), Theorem 7.1 shows that F ′(u0) is a bounded

operator from V to L2(Rd). As V is a dense subspace of L2(Rd), and because we
have repeatedly identified the dual pairing V × V ′ with the dual pairing of L2(Rd),
this raises the question whether F ′(u0) extends to a bounded operator in L2(Rd), or, in
terms of the relative entropy functional, whether 
′′(u0) extends to a quadratic form
on L2(Rd). This will be answered to the affirmative in the remainder of this section.

Lemma 7.2 Under the assumptions of Theorem 5.3, the Jacobian of the Henderson
map is given by

(
F ′(u0) v

)
(x) = −βρ(2)(x)v(x) (7.4a)

− 2βρ (ω(2) ∗ v)(x) − β (ω(2) ∗ ω(2) ∗ v)(x) (7.4b)

+ 1

2∂μρ
∂μω(2)(x)

∫

Rd
∂μω(2)(x ′) v(x ′) dx ′ (7.4c)

− 2β
∫

Rd
ω(3)(x, 0, x ′) v(x ′) dx ′ (7.4d)

− β

2

∫

Rd

∫

Rd
ω(4)(x, 0, x ′′, x ′ + x ′′) dx ′′ v(x ′) dx ′ (7.4e)

for v ∈ V and x ∈ R
d .

Proof According to (6.4), we have

F ′(u0)v = −2Av = ∂uρ
(2) v + 2

∂μρ
(∂uρ v)∇uρ ,

where

(∂uρ
(2) v)(x) = −βρ(2)(x)v(x) − 2β

∫

Rd
ρ(3)(x, 0, x ′)v(x ′) dx ′

− β

2

∫

Rd
v(x ′)

∫

Rd

(
ρ(4)(x, 0, x ′′, x ′′ + x ′) − ρ(2)(x)ρ(2)(x ′)

)
dx ′′ dx ′

(7.5)

by virtue of [15, Eq. (6.9)]. Concerning the nested integral in the second line of (7.5),
it has further been shown in [15, Proposition 4.3] that the inner integral converges
absolutely and defines an L∞ function of x and x ′. It follows that

(
F ′(u0)v

)
(x) = −βρ(2)(x) v(x) +

∫

Rd
k(x, x ′)v(x ′) dx ′ (7.6)
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with integral kernel

k(x, x ′) = 2

∂μρ
∇uρ(x)∇uρ(x ′) − 2β ρ(3)(x, 0, x ′)

− β

2

∫

Rd

(
ρ(4)(x, 0, x ′′, x ′′ + x ′) − ρ(2)(x)ρ(2)(x ′)

)
dx ′′ .

(7.7)

We now rewrite the individual terms of this kernel function. To begin with, we
recall from (5.20) and (7.2) that

∇uρ = −1

2
∂μρ(2) = −1

2
∂μω(2) − ρ ∂μρ ,

so that

2

∂μρ
∇uρ(x)∇uρ(x ′) = 1

2∂μρ
∂μω(2)(x) ∂μω(2)(x ′)

+ ρ ∂μω(2)(x) + ρ ∂μω(2)(x ′) + 2ρ2∂μρ .

The partial derivatives with respect to μ in the final three terms of the right-hand side
can be eliminated with the help of (7.3) and Lemma A.2: This yields

2

∂μρ
∇uρ(x)∇uρ(x ′) = 1

2∂μρ
∂μω(2)(x) ∂μω(2)(x ′)

+ 2βρ ω(2)(x) + βρ

∫

Rd
ω(3)(x, 0, x ′′) dx ′′ + 2βρ ω(2)(x ′)

+ βρ

∫

Rd
ω(3)(x ′, 0, x ′′) dx ′′ + 2βρ3 + 2βρ2

∫

Rd
ω(2)(x ′′) dx ′′ .

(7.8)

Concerning the second term of the integral kernel (7.7), we apply definition (5.15)
of the cluster functions to rewrite

ρ(3)(x, 0, x ′) = ω(3)(x, 0, x ′) + ρ ω(2)(x) + ρ ω(2)(x − x ′) + ρ ω(2)(x ′) + ρ3 ,

(7.9)
where we have also used (5.16).

In the same way, we can rewrite the integrand of the integral in (7.7) in terms of
the cluster functions:

ρ(4)(x, 0, x ′′, x ′′ + x ′) − ρ(2)(x)ρ(2)(x ′)
= ω(4)(x, 0, x ′′, x ′′ + x ′) + ω(3)(x, 0, x ′′) ρ + ω(3)(x, 0, x ′′ + x ′) ρ

+ ω(3)(x, x ′′, x ′′ + x ′) ρ + ω(3)(0, x ′′, x ′′ + x ′) ρ

+ ω(2)(x − x ′′) ω(2)(x ′′ + x ′) + ω(2)(x − x ′ − x ′′) ω(2)(x ′′)
+ ω(2)(x ′′ − x) ρ2 + ω(2)(x ′′ + x ′ − x) ρ2

+ ω(2)(x ′′) ρ2 + ω(2)(x ′′ + x ′) ρ2
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= ω(4)(x, 0, x ′′, x ′′ + x ′) + ω(3)(x, 0, x ′′) ρ + ω(3)(x, 0, x ′′ + x ′) ρ

+ ω(3)(x ′, 0, x − x ′′) ρ + ω(3)(x ′, 0,−x ′′) ρ

+ ω(2)(x − x ′′) ω(2)(x ′′ + x ′) + ω(2)(x − x ′ − x ′′) ω(2)(x ′′)
+ ω(2)(x ′′ − x) ρ2 + ω(2)(x ′′ + x ′ − x) ρ2

+ ω(2)(x ′′) ρ2 + ω(2)(x ′′ + x ′) ρ2,

where we have used in the second step that the cluster functions are translation and
permutation invariant. Integrating over x ′′ ∈ R

d , we thus obtain

∫

Rd

(
ρ(4)(x, 0, x ′′, x ′′ + x ′) − ρ(2)(x)ρ(2)(x ′)

)
dx ′′

=
∫

Rd
ω(4)(x, 0, x ′′, x ′′ + x ′) dx ′′ + 4ρ2

∫

Rd
ω(2)(x ′′) dx ′′

+ 2ρ
∫

Rd
ω(3)(x, 0, x ′′) dx ′′ + 2ρ

∫

Rd
ω(3)(x ′, 0, x ′′) dx ′′

+ (
ω(2) ∗ ω(2))(x + x ′) + (

ω(2) ∗ ω(2))(x − x ′),

(7.10)

where all the terms on the right-hand side are bounded functions of x and x ′: This
follows from (6.7) and the fact that ω(2) ∈ L1(Rd) ∩ L∞(Rd).

Inserting (7.8), (7.9), and (7.10) into (7.7), we conclude that

k(x, x ′) = 1

2∂μρ
∂μω(2)(x) ∂μω(2)(x ′) − 2β ω(3)(x, 0, x ′) − 2βρ ω(2)(x − x ′)

− β

2

∫

Rd
ω(4)(x, 0, x ′′, x ′′ + x ′) dx ′′

− β

2

(
ω(2) ∗ ω(2))(x + x ′) − β

2

(
ω(2) ∗ ω(2))(x − x ′) .

Note that the final two terms of this integral kernel representation define the same
convolution operator

v �→ −β

2

∫

Rd

(
ω(2) ∗ ω(2))( · − x ′) v(x ′) dx ′ ,

because every v ∈ V is an even function. The assertion (7.4) thus follows readily from
(7.6). ��

Now, we can prove the main result of this section.

Theorem 7.3 Under the assumptions of Theorem 5.3, the operator F ′(u0) extends to
a self-adjoint negative semidefinite operator on L2(Rd).

Proof We already know from Theorem 7.1 that F ′(u0) ∈ L (V , L2(Rd)). Since V is
a dense subset of L2(Rd), it remains to discuss the continuity from L2(Rd) to L2(Rd)

of each of the terms defined in lines (7.4a)–(7.4e) of Lemma 7.2.
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For the multiplication operator in (7.4a), this is true because the pair correlation
function ρ(2) is bounded. The autoconvolution ω(2) ∗ ω(2) of the cluster function
ω(2) ∈ L1(Rd) belongs to L1(Rd) again, hence the two convolution operators in
(7.4b) are bounded operators in L2(Rd). From (7.3), it follows that ∂μω(2) belongs
to L1(Rd) ∩ L∞(Rd): the L1 property has been verified in the argument following
(7.3); the L∞ property of the second term in (7.3) has been established in (6.7).
This shows that ∂μω(2) ∈ L2(Rd), and the continuity of the operator in (7.4c) is
therefore a consequence of the Cauchy–Schwarz inequality. By virtue of (5.17), the
cluster function ω(3)( · , 0, · ) belongs to L1(Rd × R

d). Since it is bounded, it also
belongs to L2(Rd ×R

d). Therefore, (7.4d) defines a compact operator inL (L2(Rd)).
Concerning (7.4e), we have already pointed out after (7.10) that the inner integral of
ω(4) is a bounded function of x and x ′. It also belongs to L1(Rd × R

d) by virtue of
(5.17), again. The continuity of the operator defined in (7.4e) therefore follows in the
same way as in the previous case.

In summary, this shows that F ′(u0) extends to an operator inL (L2(Rd)). By virtue
of (6.10), this extension is self-adjoint and negative semidefinite. ��

Concerning theHessian of the relative entropy functional, we readily conclude from
(6.10) the following corollary.

Corollary 7.4 Under the assumptions of Theorem5.3 theHessian
′′(u0)of the relative
entropy functional (4.5) defines a symmetric and positive semidefinite bilinear form
on L2(Rd).

As indicated before, we leave it as an open problem whether F ′(u0) is injective,
i.e., whether the local quadratic approximation (6.1) of the relative entropy functional
is strictly convex.

8 Lennard-Jones-type pair potentials

In this final section, we establish a stronger regularity result for the derivative of the
Henderson map, respectively, the Hessian of the relative entropy functional, which is
valid when the potential u0 ∈ U satisfies (2.2) with a majorant of the form

ψ0(r) = C(1 + r2)−α/2 (8.1)

for some C > 0 and α > d. This class of potentials includes the so-called potentials
of Lennard-Jones type, cf. [38].

It it known that in the gas phase, the cluster function ω(2) corresponding to such a
pair potential satisfies the same rate of decay near infinity as ψ0 does. This entails the
following result.

Theorem 8.1 Let u0 satisfy (2.2) for some ϕ as in (2.1) and ψ = ψ0 of (8.1). Let the
space V of perturbations of u0 be defined as before, cf. (5.1), and let ρ∗ belong to the
gas phase of u0. Then, F ′(u0) ∈ L (V ).
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Proof The aforementioned result about the cluster function states that ω(2) ∈ V under
the given assumptions; compare Lemma A.4 in the appendix.

Now, we discuss the continuity of each of the operators corresponding to the indi-
vidual terms in (7.4). Continuity obviously holds for the multiplication operator in
(7.4a), because ρ(2) is bounded. Concerning the convolutions in (7.4b), we refer to
[16, Proposition 4.1] for the fact that the convolution is a continuous bilinear mapping
fromV ×V toV . Accordingly, the two terms in (7.4b) also define operators inL (V ).

For the remaining terms, we make use of Lemma A.4 again. For m = 3, this
auxiliary result gives ∫

Rd

∣∣ω(3)( · , 0, x ′)
∣∣ dx ′ ∈ V , (8.2)

and since

∣∣∣∣
∫

Rd
ω(3)(x, 0, x ′) v(x ′) dx ′

∣∣∣∣ ≤ ‖v‖L∞(Rd )

∫

Rd

∣∣ω(3)(x, 0, x ′)
∣∣ dx ′

for every x ∈ R
d , it follows that

∥∥∥∥
∫

Rd
ω(3)( · , 0, x ′) v(x ′) dx ′

∥∥∥∥
V

≤ ‖v‖L∞(Rd )

∥∥∥∥
∫

Rd

∣∣ω(3)( · , 0, x ′)
∣∣ dx ′

∥∥∥∥
V

.

Much the same argument applies to the term in (7.4e):

∣∣∣∣
∫

Rd

∫

Rd
ω(4)(x, 0, x ′′, x ′ + x ′′) dx ′′ v(x ′) dx ′

∣∣∣∣

≤ ‖v‖L∞(Rd )

∫

Rd

∫

Rd

∣∣ω(4)(x, 0, x ′′, x ′)
∣∣ dx ′ dx ′′

for every x ∈ R
d , and the right-hand side again belongs to V as a function of x by

virtue of Lemma A.4 for m = 4. Since V is continuously embedded in L∞(Rd) this
shows that the two terms in (7.4d) and (7.4e) correspond to operators inL (V ).

Finally, concerning the term in (7.4c), we conclude from (7.3), (8.2), and the fact
that ω(2) ∈ V that ∂μω(2) belongs to V as well. Accordingly, this term also represents
a bounded operator from V to V , and the proof is done. ��

Note that if the target P∗ and the model P0 are Gibbs measures corresponding to
pair potentials u∗ and u0 inU and their associated chemical potentials, where u∗ and
u satisfy (2.2) for the same majorant ψ = ψ0 given by (8.1), and if the density ρ∗
belongs to the gas phase of both pair potentials, then the cluster functionsω

(2)∗ andω
(2)
0

of P∗ and P0, respectively, both belong to V . It thus follows from Remark 5.4 that the
gradient∇
(u0) of the relative entropy functional belongs to V as well, and therefore
the Newton equation (6.11) of the IMC iterative scheme is an operator equation in
V by virtue of Theorem 8.1. As shown in [16, Remark 6.5], a valid choice u0 ∈ U ,
which satisfies (2.2) for the same majorant (8.1), is given by the potential of mean
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force,

u0 = − 1

β
log

(
ρ(2)∗ /ρ2∗

) = − 1

β
log

(
1 + ω(2)∗ /ρ2∗

)
,

provided the density ρ∗ is sufficiently small. Moreover, u∗ − u0 belongs to V for this
initial guess.
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Appendix

In this appendix, we provide some auxiliary results. In doing so, we will repeatedly
make use of the short-hand notation

xn = (x1, . . . , xn) ∈ (Rd)n .

The first result is needed for the proof of Theorem 4.1, where we construct a (μ, u)-
Gibbs measure for a pair potential u ∈ U with prescribed density ρ∗ < ρcp(u).

Lemma A.1 Let u ∈ U and assume that the sequence (μk)k ⊂ R satisfies μk → μ ∈
R as k → ∞. Furthermore, for every k ∈ N let Pk be a (μk, u)-Gibbs measure. Then,
(Pk)k has an accumulation point with respect to the local topology, and every such
accumulation point is a (μ, u)-Gibbs measure.

Proof Let (ρ(m)
k )m be the sequence of correlation functions of Pk . Since the sequence

(μk)k is bounded, the measures Pk satisfy a uniform Ruelle condition by virtue of [39,
Corollary 5.3], i.e., there exists ξ > 0, such that

∥∥ρ
(m)
k

∥∥
L∞((Rd )m )

≤ ξm for every k,m ∈ N . (A.1)
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This implies that for fixed m ∈ N, the sequence (ρ
(m)
k )k of correlation functions

has a weak∗ convergent subsequence in L∞((Rd)m) with limit ρ(m), say. With a
diagonalization argument, we can thus find a subsequence of indices k ∈ N, for which

ρ
(m)
k ⇀∗ρ(m), k → ∞ , (A.2)

holds for every m ∈ N. This is equivalent to saying that (Pk)k has a subsequence
which converges to some probability measure P in the local topology. To simplify the
notation, we assume in the sequel that the entire sequence (Pk)k is convergent.

Since every Pk is a Gibbs measure, the respective correlation functions satisfy the
Kirkwood-Salsburg equations, cf., e.g., [39, Corollary 5.3]: For each k ∈ N and every
m ∈ N0, there holds

ρ
(m+1)
k (x0, xm) = eβμk e−βW (x0;xm ) ·

⎛

⎝ρ
(m)
k (xm) +

∞∑

n=1

1

n!
∫

(Rd )n

n∏

j=1

f (x0 − y j )ρ
(m+n)
k (xm, yn) dyn

⎞

⎠ ,
(A.3)

where ρ
(0)
k = 1, yn = (y1, . . . , yn) ∈ (Rd)n ,

f (x) = e−βu(x) − 1 (A.4)

is the well-known Mayer function, and

W (x0; xm) =
m∑

i=1

u(x0 − xi ) ,

the latter being taken to be zero for m = 0. Note that the right-hand side of (A.3)
converges in L∞((Rd)m+1) by virtue of the Ruelle condition (A.1) and the fact that
the Mayer function (A.4) belongs to L1(Rd); compare (5.3). Moreover, since the
Ruelle condition is uniform in k, this convergence is also uniform with respect to
k, and hence, the weak∗ convergence (A.2) and the convergence μk → μ imply
that the Kirkwood-Salsburg equations (A.3) also hold true for the limiting correlation
functions (ρ(m))m . It thus follows from [39, Corollary 5.3] again that P is a tempered
(μ, u)-Gibbs measure. Finally, since ρ

(m)
k is translation invariant for every k ∈ N and

every m ∈ N, its weak∗ limits ρ(m) must also be translation invariant, and hence P is
translation invariant. ��

The remaining two results of the appendix concernproperties of the cluster functions
(see Remark 5.6) within the gas phase. The proofs make use of their cluster expansions
(compare [38, Sect. 4.4] and [43])

ω(m)(xm) =
∞∑

n=m

enβμ

(n − m)!
∫

(Rd )n−m
φ(n)(xn) dxm+1 · · · dxn (A.5)
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for xm ∈ (Rd)m with

φ(n)(xn) =
∑

C∈Cn

∏

(i, j)∈C
f (xi − x j ) , (A.6)

where f is, again, the Mayer function (A.4), and Cn denotes the set of undirected
connected graphswith vertices {1, . . . , n} and edges (i, j) ∈ C, which connect vertices
i and j ; for n = m the integral in (A.5) has to be replaced by the value φ(m)(xm) of
its integrand. These cluster expansions are absolutely convergent for u0 ∈ U and
μ ≤ μ0 with μ0 of (5.6).

Lemma A.2 Let u0 ∈ U and μ < μ0 with μ0 as in (5.6). Then, the density ρ of the
corresponding Gibbs measure is differentiable with respect to μ and the derivative is
given by

∂μρ = βρ + β

∫

Rd
ω(2)(x) dx . (A.7)

Proof By (A.5) and (5.15), there holds (with x1 = 0)

ρ = ω(1)(0) =
∞∑

n=1

enβμ

(n − 1)!
∑

C∈Cn

∫

(Rd )n−1

∏

(i, j)∈C
f (xi − x j ) dx2 · · · dxn .

Differentiating with respect to μ, we obtain

∂μρ =
∞∑

n=1

nβ enβμ

(n − 1)!
∑

C∈Cn

∫

(Rd )n−1

∏

(i, j)∈C
f (xi − x j ) dx2 · · · dxn

= β

∞∑

n=1

enβμ

(n − 1)!
∑

C∈Cn

∫

(Rd )n−1

∏

(i, j)∈C
f (xi − x j ) dx2 · · · dxn

+ β

∫

Rd

⎛

⎝
∞∑

n=2

enβμ

(n − 2)!
∑

C∈Cn

∫

(Rd )n−2

∏

(i, j)∈C
f (xi − x j ) dx3 · · · dxn

⎞

⎠ dx2

= βρ + β

∫

Rd
ω(2)(0, x2) dx2 .

Using the short-hand notation for ω(2) and (5.16), the assertion follows. ��
Remark A.3 Lemma A.2 is general folklore, at least its “grand canonical version”

∂μρ�(0) = βρ�(0) + β

∫

�

(
ρ

(2)
� (0, x) − ρ�(0)ρ�(x)

)
dx (A.8)

for a bounded domain � ⊂ R
d is well-known, where ρ� and ρ

(2)
� denote the cor-

responding grand canonical correlation functions; compare, e.g., [43, Eq. (2-9)], or
Ben-Naim [1, Eq. (1.53)]. An alternative proof of (A.7) is thus obtained by passing in
(A.8) to the thermodynamic limit. 
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Our final lemma strenghtens Ruelle’s result (5.17) for Lennard-Jones-type pair
potentials, and extends [16, Corollary 5.2] to higher-order cluster functions.2

Lemma A.4 Let u ∈ U be a pair potential which satisfies (2.1), (2.2) with majorant
ψ = ψ0 as in (8.1), and let ω(m), m ∈ N, be the associated cluster functions. Further,
let the chemical potential satisfy μ ≤ μ0, cf. (5.6). Then, ω(2) ∈ V , and for m ≥ 3,
there holds

∫

(Rd )m−2

∣∣ω(m)( · , 0, x3, . . . , xm)
∣∣ dx2 · · · dxm ∈ V .

Proof For μ < μ0, it follows from [16, Lemma 5.1] that φ(n) of (A.6) satisfies

∫

(Rd )n−2

∣∣φ(n)(xn)
∣∣ dx3 · · · dxn ≤ C�

(
cβe

βB)n
nn−2 ψ0(|x1 − x2|)

for some constant C� > 0, every x1, x2 ∈ R
d and every n ≥ 2, where cβ and B are

the constants defined in (5.3), (5.4); for n = 2 the left-hand side of this inequality has
to be replaced by

∣∣φ(2)(x1, x2)
∣∣ = ∣∣ f (x1 − x2)

∣∣ .

Plugging this into the cluster expansion (A.5) for m ≥ 3, it follows that

∫

(Rd )m−2

∣∣ω(m)(xm)
∣∣ dx3 · · · dxm ≤ C� ψ0(|x1 − x2|)

∞∑

n=m

nn−2

(n − m)!
(
cβe

β(B+μ)
)n

≤ C� ψ0(|x1 − x2|)
∞∑

n=m

nm−2(cβe
β(B+μ)+1)n ,

wherewe have used the inequality nn−m/(n−m)! ≤ en in the final step. Sinceμ ≤ μ0,
the positive number q = cβeβ(B+μ)+1 is below one, and hence the series on the right-
hand side converges, its value being Cμ,m , say. This estimate extends to m = 2 when
the left-hand side is replaced by

∣∣ω(2)(x2)
∣∣. The assertion therefore follows from (5.1).

��
We refer to [3, 4, 27] for further results on the decay of the higher-order cluster

functions.
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5

An Inverse Cluster Expansion for the
Chemical Potential

5.1 Overview
The goal of this chapter is to find an explicit expansion of the chemical potential in terms of functions
depending on the correlation functions. The ansatz we use was first developed by Nettleton and Green
in [45] for a grand-canonical ensemble. Their idea is to make use of (2.8) and develop the correlation
functions in a cluster expansion similar to (2.43), using certain n-body potentials of mean-force. However,
they were not able to show convergence of their expansion. We instead rely on an approach using Theorem
2.1.21 and a representation

j
(1)
Λ (x) = ρ exp

( ∞∑
n=1

(−1)n

n!

∫
(Rd)n

F
(n)
1 (x, yn) dyn

)
.

By Remark 2.1.23 we know that any (β, µ, u)-Gibbs measure satisfies Assumption A, from which we can
find bounds of the type (2.10) for (F (n)

1 )n≥1. We get the following result.

Theorem 5.1.1 Let β > 0, µ ∈ R, u ∈ U and P be a (β, µ, u)-Gibbs measure. If Dρ from Assumption A
is small enough there holds

µ = 1
β

(
log ρ+

∞∑
n=1

(−1)n

n!

∫
(Rd)n

ρ̃
(1+n)
T (0, yn) dyn

)
(5.1)

where the family (ρ̃ (1+n)
T )n≥1 is recursively defined by ρ̃ (2)

T (x, y) = ρ
(2)
T (x, y)/ρ and for n ≥ 2 by

ρ̃
(1+n)
T (x, yn) = ρ

(1+n)
T (x, yn)

ρ
−

n∑
l=2

∑
π∈Πl({yn})

l∏
i=1

ρ̃
(1+κi)
T (x, πi). (5.2)

Remark 5.1.2 It can be shown, see Section 4.3-4.5 in [55], that Dρ = Dρ(µ) is decreasing in µ and thus
Dρ is sufficiently small for µ � 1.
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Abstract
Interacting particle systems in a finite-volume in equilibrium are often described by a grand-
canonical ensemble induced by the corresponding Hamiltonian, i.e. a finite-volume Gibbs
measure. However, in practice, directly measuring this Hamiltonian is not possible, as such,
methods need to be developed to calculate the Hamiltonian potentials from measurable data.
In this work, we give an expansion of the chemical potential in terms of the correlation func-
tions of such a system in the thermodynamic limit. This is a justification of a formal approach
of Nettleton and Green from the 50’s, that can be seen as an inverse cluster expansion.

Keywords Cluster expansion · Pressure · Gibbs point processes · Chemical potential ·
Statistical mechanics

1 Introduction

In classical equilibrium statistical physics, interacting particle systems are often described
via so-called Gibbs measures, either in a finite or infinite-volume. A possible arrangement of
particles (also called configuration) has a higher probabilitywhen it is energetically favorable.
This energy gets calculated via a Hamiltonian that depends on the chemical potential and the
interaction potentials associated to the particles. However, when working with actual data,
these potentials are impossible to measure. What instead can be measured or extrapolated
from simulation data are the so-called correlation functions of the underlying Gibbs measure.
This gives rise to the inverse problem:Given the correlation functions, determine the chemical
potential and the interaction potentials.
For the chemical potential that induces a given density this problem was first discussed by
Chayes and Chayes [1] and Chayes et al. [2]. The case of higher-order interactions is also
briefly discussed.
For the pair-interaction case the inverse problem was investigated in [3] in the case of the
finite-volume and in [4, 5] these results were extended upon and made rigorous in the ther-
modynamic limit, i.e. in infinite-volume. However, all these results do not give a constructive
way of recovering the interaction. Estimation methods for the pair-interaction were devel-
oped by Takacs [6] and Fiksel [7] and have since been expanded upon for more general
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Hamiltonians in e.g. [8], another approach based on variational methods was developed in
[9], however, it cannot be used to estimate the chemical potential. A first result of an inverse
expansion of the chemical potential is found in [10] where the expansion is given in terms of
the one-point correlation function (the density) and the Mayer function, see also [11] for an
extension of this result to the non-homogeneous case. For this formula however prior knowl-
edge of the pair-interaction is required. The goal of this paper is to find an expansion of the
chemical potential, that solely depends on functions derived from the correlation functions
of the Gibbs measure.
The idea we use goes back to [12], where an expansion of this type is used in finite-volume.
However, the ansatz used in these works constructs multi-body interactions and thus showing
convergence of these inversion formulas cannot be done using the classical tools of cluster
expansions.
In this work, we will use a different approach to prove convergence for the explicit inversion
formula for the chemical potential by using an exponential representation formula. We then
use Bell-polynomials to find bounds on the appearing coefficients, which have been used for
a similar scope independently in [13] to get bounds on the virial coefficients. In fact, we can
show that this formula converges in both finite and infinite-volume. In particular, as we only
make very mild assumptions on the Hamiltonian, which include many classic models, and
some integrability conditions on the correlation functions this expansion holds not only for
pair-interactions, but also in some cases of multi-body interactions of arbitrary order.
The outline is as follows: In Sect. 2 we introduce the general setting of Gibbs measures
we work with and introduce the main idea of the expansion. Then, we formulate in Sect. 3
our main assumptions as well as the main result and give a few examples in which these
assumptions hold in Sect. 4. The last two Sections are devoted to the proof of the main result,
in Sect. 5we start by proving a result about the zero-point density, which then gets generalized
in Sect. 6 to the one-point density to obtain the expansion for the chemical potential.

2 Setting

A point process P is a probability measure on the set of configurations

� = {η ⊂ R
d | N (η ∩ �) < ∞ for all � ⊂ R

d bounded}

equipped with the σ -algebra F := σ
({N (· ∩ �) = m} | m ∈ N0, � ⊂ R

d bounded
)
. Here

N (η) = #η is the number of elements of η ⊂ R
d . We denote by �0 = {γ ∈ � | N (γ ) < ∞}

the set of finite configurations. Such a point process is a Gibbs measure for some chemical
potential μ ∈ R and a Hamiltonian H : � → R ∪ {∞}, we write P is a (μ, H)-Gibbs
measure, if it is supported on a set of tempered configurations, see e.g. [14] for a discussion,
and satisfies the Ruelle-equation, see [15] (herein called system of equilibrium equations),
namely if, for every non-negative function G : � → [0,∞] and every bounded set � ⊂ R

d ,
there holds

∫

�

G(η) dP(η) =
∫

��c

∞∑

n=0

enμ

n!
∫

�n
G({xn} ∪ η)e−H({xn})−W ({xn}|η) dxn dP(η)

where �c = R
d\�, ��c = {η ∈ � | η ⊂ �c} and W ({xn} | η) is the interaction between

the part of the particles inside � and those on the outside. If H has finite-range W can be

123

72 5. AN INVERSE CLUSTER EXPANSION FOR THE CHEMICAL POTENTIAL



An Inverse Cluster Expansion… Page 3 of 16 112

defined as

W ({xn} | η) := H({xn} ∪ η) − H({xn}) − H(η), xn ∈ �n, η ∈ ��c

with the convention that we set W ({xn} | η) = +∞ if H({xn} ∪ η) = +∞. For general
Hamiltonians it is possible to extend this definition, cf. [14]. However, the specific definition
of W is not important for this work. We also assume that the Hamiltonian H is translation-
invariant, i.e. for every x ∈ R

d we have that H(η) = H(τx (η)) where τx (η) := {y− x | y ∈
η}, that H is hereditary, i.e. that H(η ∪ {x}) = +∞ for all x ∈ R

d whenever H(η) = +∞
and that H does not contain any contribution of a self-interaction of particles, i.e. H({x}) = 0
for all x ∈ R

d . The last assumption we make on H is, that H is stable, i.e. there is a constant
B > 0 such that

H({xn}) ≥ −Bn.

In this case, under some additional technical assumptions, e.g. finite-range of the interaction
or the Hamiltonian consists of a regular pair-interaction, there is at least one translation-
invariant (μ, H)-Gibbs measure P associated to these parameters, cf. [14]. In the sequel,
we will assume that P is such a translation-invariant Gibbs measure. A family of functions
( j (n)

� )n≥0,�⊂Rd bounded are called the finite-volume densities of P, or Janossy densities, if for
every bounded set � ⊂ R

d and every non-negative function G : � → [0,∞] there holds
∫

�

G(η ∩ �) dP(η) =
∞∑

n=0

1

n!
∫

�n
G({xn}) j (n)

� (xn)dxk .

The Ruelle-equation characterizes the Janossy densities, they exist for every (μ, H)-Gibbs
measure P and for fixed � ⊂ R

d they are given by

j (n)
� (xn) =

∫

��c

exp
(
nμ − H({xn}) − W ({xn} | η)

)
dP(η), n ∈ N0. (2.1)

Note that by definition the Janossy densities are symmetric functions, i.e. for every per-
mutation σ ∈ Sn there holds j (n)

� (x1, . . . , xn) = j (n)
� (xσ(1), . . . , xσ(n)). Another family of

symmetric functions we are going to need are the correlation functions (ρ(n))n≥0, where
ρ(0) := 1; when a point process has Janossy densities they are known to exist and for
xn ∈ (Rd)n the n-point correlation function is given by

ρ(n)(xn) =
∞∑

k=0

1

k!
∫

�n
j (n+k)
� (xn, yk) dyk,

for any � such that xn ∈ �n . Note that we write j (n+k)
� (xn, yk) = j (n+k)

� (x1, . . . , xn,
y1, . . . , yk) for simplicity and that the Janossy densities contain the averaged contributions
of the whole space by Eq. (2.1) and thus the right-hand side above is independent of�, if xn ∈
�n . In particular, if P is translation-invariant, then ρ(1) = ρ is constant. Under the additional
assumption that P satisfies a so-called Ruelle-condition, i.e. there is a ξ > 0 such that

0 ≤ ρ(n)(xn) ≤ ξn for all xn ∈ (Rd)n, n ≥ 1

there also holds the well-known inverse formula

j (n)
� (xn) =

∞∑

k=0

(−1)k

k!
∫

�k
ρ(n+k)(xn, yk) dyk, xn ∈ �n, (2.2)

see e.g. [15].
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Remark 2.1 In experiments, when only having samples of a Gibbs measure, it is straight-
forward to estimate the correlation functions of the process without having to make prior
assumptions on the Hamiltonian. Thus, the correlation functions are the experimentally eas-
ier to obtain starting object in contrast to the Janossy densities.

The idea of this work is to find an explicit expansion of log j (1)� , using the identity Eq.
(2.2), in terms that only depend on the correlation functions (ρ(n))n≥0. From this, we can
then obtain an explicit formula for the chemical potential μ. The reason is as follows:

By Eq. (2.1) there holds

log j (1)� (x) = μ + log
∫

��c

exp
(

− W ({x} | η)
)
dP(η).

Now it is well-known that both sides of the above equation diverge to −∞ for � ↗ R
d .

In the sequel we will make the following technical assumption, that can be interpreted as
an implicit decay condition on the Hamiltonian and in particular is obvious for finite-range
potentials,

log
∫

��c

exp
(

− W ({x} | η)
)
dP(η) = log

∫

��c

dP(η) + ε(�),

where ε(�) → 0 as � ↗ R
d . The first part of the right-hand side is equal to log j (0)� and

thus log j (1)� (x) − log j (0)� → μ as � ↗ R
d .

Our main tool is a result about exponential representation that has been used by Ruelle in
[16, Sect. 4.4] for the correlation functions, see also [17] for a more general version, which
we will state here for ease of reading.

Theorem A (Exponential representation [17]) Let (Fn)n≥0 be a family of symmetric functions
with Fn : (Rd)n → R, F0 ≡ 1 and there exist 0 < c < 1/2 and D > 0 such that for every
bounded � ⊂ R

d there holds
∫

�n
|Fn(xn)| dxn ≤ |�|n!Dcn (2.3)

for every n ∈ N, here |�| denotes the Lebesgue measure of the set �. Then the function
� : �0 → R defined by

�(η) =
N (η)∑

k=1

∑

π∈�k (η)

k∏

i=1

Fκi (πi ), (2.4)

where �k(η) denotes the set of partitions of η into k non-empty sets πi i = 1, . . . , k where
πi consists of κi elements, satisfies

∞∑

n=0

1

n!
∫

�n
�(xn) dxn = exp

( ∞∑

n=1

1

n!
∫

�n
Fn(xn) dxn

)

. (2.5)

The last tool we will need are the so-called truncated correlation functions.

Definition 2.2 For a point process with correlation functions (ρ(n))n≥0, the truncated corre-
lation functions (ρ

(n)
T )n≥1 are defined recursively. For n = 1 we define ρ

(1)
T = ρ(1) = ρ and

for n ≥ 2

ρ
(n)
T (xn) = ρ(n)(xn) −

n∑

k=2

∑

π∈�k ({xn})

k∏

i=1

ρ
(κi )
T (πi ). (2.6)
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3 Main Result

We will now state our main result, which will be proved in Sect. 6. To formulate our result
we introduce the following two assumptions:

Assumption A LetW be the interaction associated to the Hamiltonian H . We assume for any
bounded set � ⊂ R

d and every (μ, H)-Gibbs measure P there holds

lim
�↗Rd

sup
x∈�

∣
∣∣
∣log

∫

��c

exp
(

− W ({x} | η)
)
dP(η) − log

∫

��c

dP(η)

∣∣
∣∣ = 0.

Assumption B There are constants D > 0 and q > 0 such that for the truncated correlation
functions of P there holds

sup
x∈Rd

∫

�n

1

ρ

∣
∣
∣ρ(1+n)

T (x, yn)
∣
∣∣ dyn ≤ n!Dqn, (3.1)

for every bounded set � ⊂ R
d and every n ∈ N.

Theorem 3.1 LetP be a (μ, H)-Gibbs measure that satisfies a Ruelle-condition and Assump-
tions A and B. If q < q0, where

q0 = 1

2(2 + ζD)
with ζ = 1

2 log 2 − 1
, (3.2)

then there holds

μ = log ρ +
∞∑

k=1

(−1)k

k!
∫

(Rd )k
ρ̃

(1+k)
T (0, yk) dyk (3.3)

where the family (ρ̃
(1+k)
T )k≥1 is recursively defined by ρ̃

(2)
T (x, y) = ρ

(2)
T (x, y)/ρ and for

k ≥ 2 by

ρ̃
(1+k)
T (x, yk) = ρ

(1+k)
T (x, yk)

ρ
−

k∑

l=2

∑

π∈�l ({yk })

l∏

i=1

ρ̃
(1+κi )
T (x, πi ). (3.4)

Remark 3.2 The functions (ρ̃
(1+k)
T )k≥1 take a similar role as the so-calledUrsell functions in

classical cluster expansions and thus the expansion above can be seen as a type of multi-body
cluster expansion.

4 Examples

Wewill now take a look at three cases in which the assumptions of Theorem 3.1 are satisfied.
First, we will look at a classic superstable pair-interaction, then at a Hamiltonian consisting
of multi-body potentials of arbitrary order, which are non-negative and of finite-range, in
both settings there always exists at least one translation-invariant (μ, H)-Gibbs measure,
cf. [14]. Finally, we will look at the Kirkwood-closure process from [18] which can also be
shown to be a Gibbs point process for a Hamiltonian consisting of multi-body potentials of
every order.
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4.1 Superstable Pair-Interaction

Let us consider the case that H consists only of a pair-interaction, i.e. a measurable even
function u : Rd → R ∪ {+∞} such that H({xn}) = ∑

i< j u(xi − x j ). If we further assume
that u is superstable, i.e. that there exists r0 > 0 and decreasing positive functions ϕ :
(0, r0) → R

+
0 and ψ : [0,∞) → R

+ with
∫ r0

0
rd−1ϕ(r) dr = +∞ and

∫ ∞

0
rd−1ψ(r) dr < ∞ ,

and

u(x) ≥ ϕ(|x |) for 0 < |x | < r0 ,

|u(x)| ≤ ψ(|x |) for |x | ≥ r0 .

It is well-known, cf. [16, Chap. 4 ] that P satisifies Assumption B if

eμ = q̄

e2B+1C(u)
(4.1)

for some q̄ < 1/2, where C(u) := ∫
Rd |e−u(x) − 1| dx and B = B(u) > 0 is the stability

constant of H , with

D = eμe−2B

(1 − q̄)

1 − q̄

1 − 2q̄
and q = q̄

1 − q̄
.

Let P be such a (μ, u)-Gibbs measure. From [15, Theorem 5.5 ], it follows immediately that
P satisfies Assumption A. Therein, it is also shown that P satisfies a Ruelle-condition. We
thus get the easy result:

Corollary 4.1 Let P be a (μ, u)-Gibbs measure with a superstable pair-interaction u, if

eμ < min

{
1

3
,

1

1 + 2
2+ζD

} (
e2B+1C(u)

)−1
,

then the expansion Eq. (3.3) holds for the true chemical potential of P.

4.2 Non-negative Multi-body Interaction of Finite-Range

We say aHamiltonian has finite-range, if there exists an R > 0 such that, whenever |x0−y| >

R there holds
W ({x0} | {xn} ∪ {y}) = W ({x0} | {xn}) (4.2)

for every set of points {xn} ⊂ R
d . In particular, this means that W ({x0} | η) = 0, for any

η ∈ � with dist({x0}, η) > R. As mentioned, in this case there always exists at least one
(μ, H)-Gibbs measure, see e.g. [14].

Corollary 4.2 Let P be a (μ, H)-Gibbs measure where H satisfies Eq. (4.2) as above, then
P satisfies Assumption A.

Proof Fix some � ⊂ R
d compact and let � ⊂ R

d be such that dist(�, ∂�) > R, then Eqs.
(4.2) and (2.1) for n = 1 imply

j (1)� (x) = eμ

∫

��c

dP(η).
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This proves the claim. �


It was shown by Moraal in [19] that if H is additionally non-negative, then the multi-
body version of the Kirkwood-Salsburg operator is bounded and there exists a solution to
the multi-body version of the Kirkwood-Salsburg equations. Using the same techniques as
in the pair-interaction case, see [16, Sect. 4.4.6], it then follows that P satisfies Assumption
B. Furthermore, P satisfies a Ruelle-condition with ξ = eμ.

Corollary 4.3 Let H be a non-negative Hamiltonian of finite range, μ ∈ R and P be a
(μ, H)-Gibbs measure. If μ is sufficiently small, then the expansion Eq. (3.3) holds.

Remark 4.4 In [20] Skrypnik extended the results of Moraal to the case that H consists of the
sum of a very particular non-negative multi-body interaction of finite-range and a superstable
pair-interaction. In this case, it can also be shown that Assumption A is fulfilled.

4.3 The Kirkwood-Closure Process

A point process P is called the Kirkwood-closure process for a given density ρ > 0 and a
non-negative even function g on R

d if the correlation functions of P satisfy

ρ(n)(xn) = ρn
∏

1≤i< j≤n

g(xi − x j ). (4.3)

It was shown in [18] by Kuna et al. that, if C(g) := ∫
Rd |g(x) − 1| dx < ∞ and there is a

b ≥ 1 such that
∏n

i=1 g(xi −x0) ≤ b for any x0, x1, . . . , xn ∈ R
d with

∏
i< j g(xi −x j ) > 0,

then the Kirkwood-closure process exists for ρ < (ebC(g))−1. This was an extension of the
results in [21], where only the case g ≤ 1 was discussed. The Kirkwood-closure, which in
computational physics is often called Kirkwood-superposition was first suggested in [22] and
has been widely used to approximate higher-order correlation functions and thus just having
to calculate ρ and ρ(2) from simulation data. In this case, it also known that P satisfies a
Ruelle condition with ξ = ρb1/2 and for every bounded � ⊂ R

d

sup
x∈Rd

∫

�n

∣
∣∣ρ(1+n)

T (x, yn)
∣
∣
∣ dyn ≤ n!D (ρebC(g))n+1 ,

i.e. the Kirkwood-closure process satisfies Assumption B, cf. [18, Sect. 3.1]. In [23] Glötzl
gave sufficient conditions to guarantee the existence of a chemical potentialμ and a Hamilto-
nian H for which the point process is Gibbs. These conditions are for the Campbell-measure
CP of a point process P, i.e. the measure on (Rd × �,B(Rd) ⊗ F) (here B(Rd) are the
Borel-sets of Rd ) defined by

CP(B × F) :=
∫

�

∑

x∈η

1F (η\{x})1B(x) dP(η).

Namely, if theCampbell-measureCP is absolutely continuouswith respect to dx× dP and the
density k satisfies some additional assumptions, such a Hamiltonian exists, see Satz 2 in [23].
Due to the easy structure Eq. (4.3) of the correlation functions, a straightforward computation,
using Eq. (2.2), shows that P satisfies these assumptions and the Radon-Nikodym derivative
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of the Campbell-measure is given by

k(x, η) = ρ
∏

w∈η

g(x − w) exp

( ∞∑

k=1

(−1)k

k!
∫

(Rd )k

(
k∏

m=1

g(x − ym) − 1

)

∏

w∈η

k∏

m=1

g(w − ym)ρ
(k)
T (yk) dyk

)

,

for x ∈ R
d and η ∈ �. Note that, due to the conditions on g the function k is well-defined

on R
d × � under mild decay conditions on g. Since k(x, η) = exp(μ − W ({x} | η)), i.e.

k(x,∅) = eμ, it thus follows that μ is given by

μ = log ρ +
∞∑

k=1

(−1)k

k!
∫

(Rd )k

(
k∏

m=1

g(x − ym) − 1

)

ρ
(k)
T (yk) dyk .

Furthermore, it is easily checked, that for the Kirkwood-closure process, there holds

ρ̃
(1+k)
T (x, yk) =

(
k∏

m=1

g(x − ym) − 1

)

ρ
(k)
T (yk), (4.4)

thus Assumption A is not needed in this case to identify the limit in Eq. (6.17), although one
could also show that it holds here.

Corollary 4.5 Let g satisfy the assumptions above and P be the Kirkwood-closure process if

ρ <
1

(2 + ζD)ebC(g)

then the chemical potential μ of the Kirkwood-closure process is given by Eq. (3.3).

Remark 4.6 In the case of the Kirkwood-closure it is quite easy to see the connection of the
expansion Eq. (3.3) to classic cluster expansions. It follows from Eq. (4.4) and [18, Sect. 3.1]
that

ρ̃
(1+k)
T (ỹk+1) = ρk

∑

C∈Ck+1

∏

{i, j}∈E(C)

(
g(ỹi − ỹ j ) − 1

)

where ỹk+1 = (x, yk). Thus, in this case we have

μ = log ρ +
∞∑

k=1

(−ρ)k

k!
∫

(Rd )k

∑

C∈Ck+1

∏

{i, j}∈E(C)

(
g(ỹi − ỹ j ) − 1

)
dyk,

where Ck+1 is the set of connected graphs on k + 1 vertices and E(C) is the set of edges of
the graph C . This has the same structure as the classic cluster expansion for the density in
the case of pair-interactions with −ρ taking the role of the activity (the exponential of the
chemical potential) and g − 1 taking the role of the Mayer function.

Remark 4.7 Using the easier structure of the family (ρ̃
(1+k)
T )k≥1 in this case, i.e. Eq. (4.4),

one can easily improve the bound Eq. (6.7) to

sup
x∈Rd

∫

�n

∣∣
∣ρ̃ (1+k)

T (x, yk)
∣
∣∣ dyk ≤ k!M (ρebC(g))k

and obtain a better radius of convergence.
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5 A First Step: The Case of the Zero-Point Density

Let � ⊂ R
d be a bounded set, then in the case of n = 0 we get from Eq. (2.1)

j (0)� =
∫

��c

dP(η).

Now furthermore we know that by Eq. (2.2)

j (0)� = 1 +
∞∑

k=1

(−1)k

k!
∫

�k
ρ(k)(yk) dyk .

Our goal now is to write the above equation as an exponential, for that we use the truncated
correlation functions defined in Eq. (2.6). Note that in Eq. (2.6) we can easily multiply the
left-hand side by (−1)n and split this factor into

∏k
i=1(−1)κi on the right-hand side so that

we get the representation Eq. (2.4) for � = (−1)nρ(n) with Fn = (−1)nρ(n)
T .

Assume that P satisfies Assumption B for some q < 1/2, then in particular
∫

�

∫

�n

∣
∣∣ρ(1+n)

T (x, yn)
∣∣
∣ dyn dx ≤ |�|n!Dρqn . (5.1)

This means the assumptions of Theorem A are satisfied, and we can write

j (0)� = exp

( ∞∑

k=1

(−1)k

k!
∫

�k
ρ

(k)
T (yk) dyk

)

and thus

log j (0)� =
∞∑

k=1

(−1)k

k!
∫

�k
ρ

(k)
T (yk) dyk . (5.2)

Remark 5.1 Let us consider the same setting as in Example 4.1. If in this case in Eq. (4.1)
we have q̄ < 1/3, then q = q̄/(1 − q̄) < 1/2 and thus taking the thermodynamic limit of
Eq. (5.2), i.e. dividing by the volume |�| and increasing � to the whole space Rd , gives

lim
�↗Rd

1

|�| log j (0)� = −ρ +
∞∑

k=1

(−1)k+1

(k + 1)!
∫

(Rd )k
ρ

(k+1)
T (0, yk) dyk = −p(μ, u),

where p is the infinite-volume grand-canonical pressure, cf. [24]. The above expression
follows immediately from the cluster expansions of the pressure and the truncated correlation
functions therein and [25].

6 Generalization to the One-Point Density

We now want to generalize this approach for the one-particle density j (1)� of an infinite-
volume Gibbs measure. Again we will use Eq. (2.2) to find an expansion and Eq. (2.1) to
identify the terms. By Eq. (2.2) we have

j (1)� (x) =
∞∑

k=0

(−1)k

k!
∫

�k
ρ(1+k)(x, yk) dyk = ρ

(

1 +
∞∑

k=1

(−1)k

k!
∫

�k

ρ(k+1)(x, yk)
ρ

dyk

)

.

(6.1)
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We introduce the family (Fk)k≥1 that is recursively defined by F1(x, y) = ρ(2)(x, y)/ρ and
for k ≥ 2 by

Fk(x, yk) = ρ(1+k)(x, yk)
ρ

−
k∑

l=2

∑

π∈�l ({yk })

l∏

i=1

Fκi (x, πi ). (6.2)

The ansatz Eq. (6.1) with Eq. (6.2) was first used by Nettleton and Green in [12] and the
division by ρ lets us use Theorem A to obtain the exponential representation in Eq. (6.1) as
the series then starts at one. As previously noted, we have j (1)� → 0 as � ↗ R

d , thus we

need to identify the divergent part of log j (1)� .

Proposition 6.1 For every k ∈ N there holds

Fk(x, yk) = ρ
(k)
T (yk) + ρ̃

(1+k)
T (x, yk), (6.3)

where the family (ρ̃
(1+k)
T )k≥1 is the one defined in Eq. (3.4).

Proof The claim holds for k = 1. By definition Eq. (6.2) of the Fk there holds

Fk+1(x, yk+1) = ρ(k+2)(x, yk+1)

ρ
−

k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

Fκi (x, πi ). (6.4)

For the second part of the right-hand side above we can use the induction hypothesis to find

k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

Fκi (x, πi ) =
k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

(
ρ

(κi )
T (πi ) + ρ̃

(1+κi )
T (x, πi )

)

and thus we get

Fk+1(x, yk+1) = ρ(k+2)(x, yk+1)

ρ
−

k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

(
ρ

(κi )
T (πi ) + ρ̃

(1+κi )
T (x, πi )

)
.

(6.5)

For the first term of the right-hand side of Eq. (6.4), there holds by Eq. (2.6)

ρ(k+2)(x, yk+1)

ρ
= 1

ρ

k+2∑

l=1

∑

π∈�l ({x,yk+1})

l∏

i=1

ρ
(κi )
T (πi ).

For any partition π ∈ �l({x, yk+1}) we denote by ν the index such πν = (x, π ′
ν), i.e. πν is

the part of the partition π containing x . We can thus write

ρ(k+2)(x, yk+1)

ρ
=

k+2∑

l=1

∑

π∈�l ({x,yk+1})

ρ
(κν)
T (x, π ′

ν)

ρ

l∏

i=1
i �=ν

ρ
(κi )
T (πi ). (6.6)

We distinguish three cases:

1. If κν = k+2, thenπ is the partition into one element and contributes the term
ρ

(k+2)
T (x,yk+1)

ρ

which only appears in the case l = 1 above;
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2. If κν = 1, then ρ
(κν)
T /ρ = 1 and we can understand π̂ := π\πν as a partition of the

elements yk+1 into l − 1 elements, i.e. an element of π̂ ∈ �l−1(yk+1). Summing over all
of the partitions where κν = 1 then gives

k+2∑

l=2

∑

π∈�l ({x,yk+1})
κν=1

l∏

i=1
i �=ν

ρ
(κi )
T (πi ) =

k+2∑

l=2

∑

π̂∈�l−1(yk+1)

l−1∏

i=1

ρ
(̂κi )
T (π̂i )

where κ̂i is the number of elements in π̂i . Shifting the index we get

k+2∑

l=2

∑

π̂∈�l−1({yk+1})

l−1∏

i=1

ρ
(̂κi )
T (π̂i ) =

k+1∑

l=1

∑

π̂∈�l (yk+1)

l∏

i=1

ρ
(̂κi )
T (π̂i ) = ρ(k+1)(yk+1)

where we have used Eq. (2.6) for the last equality.
3. If κν = m + 1 for some 1 ≤ m ≤ k, we can use the induction assumption to write

ρ
(1+m)
T (x, π ′

ν)

ρ
=

m∑

j=1

∑

π̂∈�l ({π ′
ν })

j∏

s=1

ρ̃
(1+κ̂s )
T (x, π̂s).

Plugging the three cases above into Eq. (6.6) we find

ρ(k+2)(x, yk+1)

ρ
=

k+2∑

l=1

∑

π∈�l ({x,yk+1})

k+2∑

κν=1

ρ
(κν)
T (x, π ′

ν)

ρ

l∏

i=1
i �=ν

ρ
(κi )
T (πi )

= ρ
(k+2)
T (x, yk+1)

ρ
+ ρ(k+1)(yk+1)

+
k+2∑

l=2

∑

π∈�l ({x,yk+1})

k+1∑

κν=2

m∑

j=1

∑

π̂∈�l ({π ′
ν })

j∏

s=1

ρ̃
(1+κ̂s )
T (x, π̂s)

l∏

i=1
i �=ν

ρ
(κi )
T (πi ).

Finally, we plug the above into Eq. (6.5) to get

Fk+1(x, yk+1) = ρ
(k+2)
T (x, yk+1)

ρ
+ ρ(k+1)(yk+1)

+
k+2∑

l=2

∑

π∈�l ({x,yk+1})

k+1∑

κν=2

m∑

j=1

∑

π̂∈�l ({π ′
ν })

j∏

s=1

ρ̃
(1+κ̂s )
T (x, π̂s)

l∏

i=1
i �=ν

ρ
(κi )
T (πi )

−
k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

(ρ
(κi )
T (πi ) + ρ̃

(1+κi )
T (x, πi )).
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Looking closer at the difference of the last two lines above, we see that all terms containing

at least one ρ
(κi )
T and one ρ̃

(1+κ j )

T cancel and we get

k+2∑

l=2

∑

π∈�l ({x,yk+1})

k+1∑

κν=2

m∑

j=1

∑

π̂∈�l ({π ′
ν })

j∏

s=1

ρ̃
(1+κ̂s )
T (x, π̂s)

l∏

i=1
i �=ν

ρ
(κi )
T (πi )

−
k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

(ρ
(κi )
T (πi ) + ρ̃

(1+κi )
T (x, πi ))

= −
k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

ρ̃
(1+κi )
T (x, πi ).

We thus have that

Fk+1(x, yk+1) = ρ
(k+1)
T (yk+1) + ρ

(k+2)
T (x, yk+1)

ρ
−

k+1∑

l=2

∑

π∈�l ({yk+1})

l∏

i=1

ρ̃
(1+κi )
T (x, πi ).

Finally, using Eq. (3.4) proves Eq. (6.3). �

We now want to apply Theorem A to Eq. (6.1), in view of Eqs. (6.3) and (3.1) we thus need
a bound on the integrals over (ρ̃

(1+k)
T )k≥1.

Theorem 6.2 Let P be a (μ, H)-Gibbs measure that satisfies Assumption B, then for any
bounded � ⊂ R

d

sup
x∈Rd

∫

�n

∣∣
∣ρ̃ (1+k)

T (x, yk)
∣∣
∣ dyk ≤ (k − 1)!M(1 + ζD)kqk (6.7)

for some M > 0 and ζ > 1 independent of �.

Proof By Eq. (3.4) there holds

∫

�k
ρ̃

(1+k)
T (x, yk) dyk =

∫

�k

ρ
(1+k)
T (x, yk)

ρ
dyk −

k∑

l=2

∑

π∈�l ({yk })

l∏

i=1

∫

�κi
ρ̃

(1+κi )
T (x, πi ) dπi .

Note that becausewe integrate over all yk , when looking at a particular partitionπ ∈ �l({yk})
it does not matter which particular elements of yk are contained in which part πi of π only
the sizes of the different parts πi matter. This is the definition of the kth Bell polynomial, cf.
[26], and allows us to write

∫

�k
ρ̃

(1+k)
T (x, yk) dyk = −Bk

(

I1, . . . , Ik−1,−
∫

�k

ρ
(1+k)
T (x, yk)

ρ
dyk

)

where Ii = ∫
�κi ρ̃

(1+κi )
T (x, yκi

) dyκi
. Taking the absolute value above and using the bound

from Assumption B we thus get
∫

�k

∣
∣∣ρ̃ (1+k)

T (x, yk)
∣
∣
∣ dyk ≤ wk (6.8)

where the wk are recursively defined by w1 = Dq and for k ≥ 2

wk = Bk

(
w1, . . . , wk−1, k!Dqk

)
. (6.9)
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We use the ansatz

wk = qk
k∑

l=0

a(k)
l Dl ,

andwant to calculate the coefficients a(k)
l for 0 ≤ l ≤ k inwk using thewell-known recursion,

cf. [26],

Bk+1 (x1, . . . , xk+1) =
k∑

i=0

(
k

i

)
Bk−i (x1, . . . , xk−i )xi+1, (6.10)

where B0 := 1. This recursion alongwith the fact thatw1 = Dq already implies that a(k)
0 = 0

for every k. Lastly, we note that Eq. (6.10) implies that

Bk(x1, . . . , xk−1, xk + yk) = Bk(x1, . . . , xk−1, xk) + yk .

Putting xi = wi 1 ≤ i ≤ k − 1, xk = qkk!D and yk = wk − qkk!D then gives

Bk(w1, . . . , wk) = qk
(

2
k∑

l=1

a(k)
l Dl − k!D

)

.

Plugging the above into Eq. (6.10) we find

Bk+1

(
w1, . . . , wk, (k + 1)!Dqk+1

)
= (k + 1)!Dqk+1

+
k−1∑

i=0

(
k

i

)
qk−i

(

2
k−i∑

l=1

a(k−i)
l Dl − (k − i)!D

)

qi+1

(
i+1∑

l=1

a(i+1)
l Dl

)

.

This already shows that a(k+1)
1 = (k + 1)! as in all the terms resulting from the second sum

D has an exponent of at least two. We can thus use the above equality to find

a(k+1)
2 =

k−1∑

i=0

(
k

i

)
(k − i)!(i + 1)!,

a(k+1)
m =

k−1∑

i=0

(
k

i

) (

(k − i)!a(i+1)
m−1 + 2(i + 1)!a(k−i)

m−1 + 2
m−2∑

ν=2

a(i+1)
ν a(k−i)

m−ν

)

, m ≥ 3.

Straightforward computation gives

a(k+1)
2 =

k−1∑

i=0

(
k

i

)
(k − i)!(i + 1)! = (k + 1)!k

2
.

We claim that for every k, ν ∈ N there holds

a(k)
ν = k!

ν!(ν − 1)! (k − 1) · . . . · (k − ν + 1)bν = k!
ν!

(
k − 1

ν − 1

)
bν (6.11)

where (bν)ν≥0 is the sequence defined by b0 = 0, b1 = b2 = 1 and for ν ≥ 2

bν+1 = (ν + 2)bν + 2
ν−1∑

j=2

(
ν

j

)
b jbν− j+1. (6.12)
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Note that a(k)
m = 0 if k < m. We have already established that Eq. (6.11) holds for all k ≥ m

for m = 0, 1, 2. We will prove the claim by induction. Let Eq. (6.11) hold for all k and every
ν ≤ m for some m ≥ 2, then

a(k+1)
m+1 =

k−1∑

i=0

(
k

i

)
(k − i)! a(i+1)

m + 2
k−1∑

i=0

(
k

i

) m−1∑

ν=1

a(i+1)
ν a(k−i)

m+1−ν

=
k−1∑

i=0

(
k

i

)
(k − i)! (i + 1)!

m!
(

i

m − 1

)
bm (6.13)

+ 2
k−1∑

i=0

(
k

i

) m−1∑

ν=1

(i + 1)!
ν!

(
i

ν − 1

)
bν

(k − i)!
(m + 1 − ν)!

(
k − i − 1

m − ν

)
bm+1−ν . (6.14)

We start by simplifying the term in Eq. (6.13) and get

k−1∑

i=0

(
k

i

)
(k − i)! (i + 1)!

m!
(

i

m − 1

)
bm = k!bm

m! m
k−1∑

i=0

(
i + 1

m

)
= k!bm

m!
(
k + 1

m + 1

)
m (6.15)

by the Vandermonde identity, cf. [27]. For the term in Eq. (6.14), we first swap the inner and
outer sums and rearrange the binomial coefficients to get

k−1∑

i=0

(
k

i

) m−1∑

ν=1

(i + 1)!
ν!

(
i

ν − 1

)
bν

(k − i)!
(m + 1 − ν)!

(
k − i − 1

m − ν

)
bm+1−ν

= k!
m!

m−1∑

ν=1

(
m

ν − 1

)
bνbm+1−ν

k−1∑

i=0

(
i + 1

ν

)(
k − i − 1

m − ν

)
.

We note that
k−1∑

i=0

(
i + 1

ν

)(
k − i − 1

m − ν

)
=

(
k + 1

m + 1

)
,

which is a version of the Chu-Vandermonde identity, see e.g. [27], and thus

k!
m!

m−1∑

ν=1

(
m

ν − 1

)
bνbm+1−ν

k−1∑

i=0

(
i + 1

ν

)(
k − i − 1

m − ν

)
= k!

m!
(
k + 1

m + 1

) m−1∑

ν=1

(
m

ν − 1

)
bνbm+1−ν .

(6.16)

Plugging Eqs. (6.15) and (6.16) back into Eqs. (6.13) and (6.14) we get

a(k+1)
m+1 = k!

m!
(
k + 1

m + 1

) (

mbm + 2bm + 2
m−1∑

ν=2

(
m

ν

)
bνbm+1−ν

)

= k!
m!

(
k + 1

m + 1

)
bm+1

where we used that
m−1∑

ν=1

(
m

ν − 1

)
bνbm+1−ν = bm +

m−1∑

ν=2

(
m

ν

)
bνbm+1−ν .

The claim is thus proved, and we arrive at the bound

∫

�k

∣
∣∣ρ̃ (1+k)

T (x, yk)
∣
∣∣ dyk ≤ qk

k∑

m=1

(
k

m

)
(k − 1)!
(m − 1)!bmDm .
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The sequence (bm)m≥0 is the number of total partitions of m elements, see [28, 29]. Therein
we also find the asymptotic behavior of (bm)m , namely, there is an M > 0 such that

bm ≤ M
mm−1ζm

em
where ζ = 1

2 log 2 − 1
,

giving

k∑

m=1

(
k

m

)
(k − 1)!
(m − 1)!bmDm ≤ M(k − 1)!(1 + ζD)k .

�

Proof of Theorem 3.1. Assume that P is a (μ, H)-Gibbs measure satisfying a Ruelle-
condition as well as Assumptions A and B. By Eq. (6.3), the triangle inequality, Eq. (5.1)
and Theorem 6.2 we get for Fn of Eq. (6.2), that

∫

�n

∣∣Fn(0, yn)
∣
∣ dyn ≤ |�|(n − 1)!Dρqn−1 + M(n − 1)!(1 + ζD)nqn

≤
(

|�|Dρ

q
+ M

)
(n − 1)! (q(2 + ζD))n .

If now q < q0 from Eq. (3.2), then by Theorem A there holds

log j (1)� (0) = log ρ +
∞∑

k=1

(−1)k

k!
∫

�k

(
ρ

(k)
T (yk) + ρ̃

(1+k)
T (0, yk)

)
dyk .

Which, in view of Eq. (5.2), is equivalent to

log j (1)� (0) − log j (0)� = log ρ +
∞∑

k=1

(−1)k

k!
∫

�k
ρ̃

(1+k)
T (0, yk) dyk . (6.17)

By Assumption A and Eq. (2.1) the left-hand side of Eq. (6.17) converges to μ as � ↗ R
d

and since the bound in Eq. (6.7) is independent of � the right-hand side above converges by
dominated convergence, and we arrive at Eq. (3.3). �
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Conclusion and Outlook

In this thesis we have investigated multiple questions around the inverse Henderson problem in the
thermodynamic limit. In Chapter 3 we have used an infinite volume version of the Gibbs variational
principle to prove Henderson’s Theorem, i.e. the injectivity of the operator mapping the chemical potential
and pair interaction to the density and pair correlation function. However, in Chapter 4 we have shown
that this uniqueness is only true when restricting to Gibbs measures depending only on a pair interaction,
otherwise one can quite easy construct a multitude of other solutions.
As another consequence of the Gibbs variational principle we showed in Chapter 4 that the grand-
canonical pressure is strictly convex and we have used this result to reformulate the inverse Henderson
problem as a minimization problem for the strictly convex relative entropy functional. We have also
shown that even when choosing the chemical potential as a functional of the pair potential, in order to
work at a fixed density, this strict convexity is retained.
For this relative entropy we calculated the first two derivatives on an appropriate space of perturbed
potentials. The first derivative is an operator related to the specific energy of the system and the second
derivative is the limit of a covariance operator and thus symmetric, bilinear and positive semidefinite and
can be extended from the space of perturbations to L2(Rd). It remains an open problem however, how
to treat the „pair potentials“ in L2(Rd)\Vu∗ as they will in general not have the decay properties of Vu∗ .
Furthermore we expect the operator Φ′′ to be positive definite at least on a nice subspace of Vu∗ , this
property is related to nonhyperuniformity of point processes, which is satisfied for Gibbs measures with
pair interactions, cf. [8].
In Chapter 5 we have modified an ansatz used by Nettleton and Green for the grand-canonical ensemble
for infinite volume Gibbs measures to find an expansion of the chemical potential. Using our approach
we have been able to show that the resulting expansion converges even in the thermodynamic limit. We
have also shown that this result is valid for a wide range of models. It would be interesting to see whether
this same technique can be used to construct an expansion of the pair interaction of a Gibbs measure.
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