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ABSTRACT. The construction of a theory of quantum gravity is among the most challenging pursuits of
modern-day physics. From the theoretician’s point of view, there are some broad features that any theory of
quantum gravity should exhibit. These include renormalizability, unitarity and Background Independence.
However, because of the scarce experimental data available on the nature of the gravitational interaction at
high energies, the specific realization of these requirements is rather unclear. Therefore, it is inevitable to
increase the variety of theoretical approaches towards quantum gravity. These can be parted into two main
categories: Those that employ discrete structures at the fundamental level, such as Loop Quantum Gravity
or Causal Dynamical Triangulations, and the continuum-based approaches such as the Asymptotic Safety
scenario based upon the Effective Average Action, where the ultraviolet completion of quantum gravity is
realized via a non-trivial fixed point of the renormalization group flow.

Although each of these approaches’ physical properties have been explored to some extent, still only
little is known about their relationship to each other. A contact point that seems natural is the comparison
of their geometric features at high energies. In the first part of this thesis, we derive suitable geometric
features for the continuum-based approaches. Based on the functional renormalization group equation for
gravity, we derive a novel flow equation that governs the evolution of renormalized composite operators.
This evolution becomes encoded into that of the composite operators’ anomalous dimensions. We show
that their values in the fixed-point regime can be interpreted as quantum corrections to the classical scaling
dimensions of the composite operators. As a main application, we calculate for the first time the scaling
dimension at the ultraviolet fixed point of the volume operator for submanifolds embedded into spacetime,
within the Einstein-Hilbert truncation as well as the truncation corresponding to higher-derivative gravity
at one loop. In the former case, we observe dimensional reduction phenomena: The scaling dimension in
the ultraviolet becomes much smaller than its classical value. This unveils the genuinely fractal nature of
spacetime, and subsets of it, in the ultraviolet. In the latter case, we find that precisely at the ultraviolet
fixed point the quantum corrections to the scaling dimension vanish, because of the asymptotic freedom
of higher-derivative gravity. However, its fractal nature still is unveiled slightly away from the fixed point,
where we, depending on the dimension of the submanifold, find that the effective scaling dimension either
increases or decreases.

In the second part of this thesis, we propose a novel quantization scheme for fields in contact with
dynamical gravity, including quantum gravity itself. This scheme is subject to three essential requirements:
Background Independence, the use of gravity-coupled approximants, and N-type cutoffs. Therewith we
require that Background Independence is already implemented at the level of the regularized precursor of a
quantum field theory, i.e., its “approximants”. We realize this via the employment of cutoffs of the N-type,
which constitute a metric-independent regularization scheme. We initiate the exploration of this quanti-
zation scheme by applying it to a scalar field in classical spacetimes, and then to quantum gravity itself,
and determining the possible self-consistent spherical background geometries. These turn out to possess
striking physical properties. In particular, they embody a solution to the notorious cosmological constant

problem which, in the traditional approaches, arises due to the field’s quantum vacuum fluctuations.
v






Der Mensch an sich selbst, insofern er sich seiner gesunden Sinne bedient, ist
der grofite und genaueste physikalische Apparat, den es geben kann, und das ist
eben das grofste Unheil der neuern Physik, daff man die Experimente gleichsam
vom Menschen abgesondert hat und blof$ in dem, was kiinstliche Instrumente
zeigen, die Natur erkennen, ja, was sie leisten kann, dadurch beschranken und
beweisen will.

Ebenso ist es mit dem Berechnen. Es ist vieles wahr, was sich nicht berechnen
lafst, sowie sehr vieles, was sich nicht bis zum entschiedenen Experiment bringen
lajst.

Johann Wolfgang von Goethe (1749-1832);

Naturwissenschaftliche Schriften, Gedankenspane
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CHAPTER 1

Introduction

1.1. THE PURSUIT OF QUANTUM GRAVITY AND THE RESULTS OF THIS
THESIS

At the beginning of the 20th century two revolutions shattered the world of
physics. In 1900 M. Planck proclaimed a finite quantum of action A which gave
birth to quantum physics, leading all the way from the wave mechanics of 1920s
to the Standard Model of particle physics whose current form was completed
with the detection of the Higgs boson in 2012.

Moreover, in 1905 A. Einstein proclaimed the speed of light ¢ to be constant
and the upper limit for the speed of signal propagation. This led to special rel-
ativity, putting space and time on equal grounds. Einstein conducted probably
the greatest intellectual achievement of the 20th century by expanding special
relativity to General Relativity in 1915, based upon the equivalence principle.
So far, General Relativity has been confirmed in an abundant number of exper-
iments, most recently with the detection of gravitational waves in 2016.

Although logically fully unrelated, the ideas of quantum physics and relativ-
ity intertwined in many respects during their development, as W. Pauli explains
in the preface to the 1958 Italian and English edition of his 1921 book (article)
“Relativitétstheorie” [1]:

“Es gibt eine Ansicht, nach der die Relativitatstheorie der Endpunkt der ‘klas-
sischen Physik’ ist, d.h. Physik im Stil von Newton-Faraday-Maxwell und beherrscht
durch die ‘deterministische’ Form von raumzeitlicher Kausalitat, wahrend spéater der
neue quantenmechanische Stil der Naturgesetze in Kraft getreten ist. Dieser Gesichts-
punkt scheint mir nur teilweise richtig, und er wird dem grofien Einfluf} Einsteins, des
Schopfers der Relativitatstheorie, auf die allgemeine Denkweise der heutigen Physiker
nicht geniigend gerecht. Durch ihre erkenntnistheoretische Analyse der Folgen der
Endlichkeit der Lichtgeschwindigkeit (und damit aller Signalgeschwindigkeiten) war
die spezielle Relativitatstheorie der erste Schritt weg von naiver Veranschaulichung.
Der Begriff des Bewegungszustandes des ‘lichttragenden Athers’, wie das hypotheti-
sche Medium einst genannt wurde, mufite aufgegeben werden, nicht nur, weil er sich
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als unbeobachtbar erwies, sondern weil er als Element eines mathematischen For-
malismus iiberfliisssig wurde, dessen gruppentheoretische Eigenschaften von ihm nur
gestort wiirden.

Durch die Ausweitung der Transformationsgruppe in der allgemeinen Relativitats-
theorie konnte Einstein auch die Vorstellung von ausgezeichneten Tragheitssystemen
als unvereinbar mit den gruppentheoretischen Eigenschaften der Theorie eliminieren.
Ohne diese allgemein kritische Einstellung, welche naive Veranschaulichung zugun-
sten einer begrifflichen Analyse der Beziehung zwischen Beobachtungsdaten und den
mathematischen Groéfien in einem theoretischen Formalismus aufgab, ware der Aufbau
der modernen Form der Quantenmechanik nicht moglich gewesen. In der ‘komple-
mentdren’ Quantentheorie fiihrte die erkenntnistheoretische Analyse der Endlichkeit
des Wirkungsquantums zu einem weiteren Abriicken von naiven Veranschaulichun-
gen. In diesem Falle mufiten sowohl der klassische Feldbegriff als auch der Bahn-
begriff von Partikeln (Elektronen) in Raum und Zeit zugunsten rationaler Verallge-
meinerungen aufgegeben werden. Wieder wurden diese Begriffsbildungen nicht allein
aus dem Grunde verworfen, weil die Bahnen unbeobachtbar sind, sondern auch, weil
sie iiberfliissig wurden und die Symmetrie stéren wiirden, welche der dem mathe-
matischen Formalismus der Theorie zugrundeliegenden Transformationsgruppe eigen
ist.”

Today, the experimentally confirmed share of physics is still parted into this
twofoldness: On the one hand, there are quantum field theories on Minkowski
space that culminate in the Standard Model of particle physics. It can describe
three of the four known fundamental forces — the electromagnetic, the weak and
the strong force — with tremendous precision. Especially, it is a highly accurate
description of Nature at small distance scales where these forces dominate. On
the other hand, there is General Relativity which models the remaining grav-
itational force in terms of the curvature of the dynamical spacetime. General
Relativity is a highly accurate description of Nature at large distance scales.
There are much too many accounts on each of these two fields of physicsﬂ thus,
in order to avoid this great deal of redundancy let us only focus on the aspects
required to motivate the content of this thesis.

The dichotomy of quantum physics, where spacetime is static, and General
Relativity, where spacetime is dynamical, already exhibits the incompleteness
of this twofold framework of physics: It cannot be that spacetime is dynamical
and static, as well. Therewith also comes the problem of time: in quantum

1Outstanding historical accounts on each fields’ history have been written by A. Pais [2, 3.
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physics, time is an (external) absolute element, i.e., it is not described by an
operator, while in General Relativity it is dynamical. The resulting quest for a
quantum theory of gravity (quantum gravity) consequently is one of the main
pending challenges of modern physics. It must be emphasized that with a the-
ory of quantum gravity one not necessarily wants to unify all four fundamental
forces of Nature to build a “theory of everything” but rather the desideratum
is a theory of gravity that is applicable at all distance scales, i.e., especially at

small distances in the “quantum world”.

Essentially, physics is defined as the mathematical description of Nature
which a fortiori turns it into an experimental science. So as the need for quan-
tum gravity is obvious from the point of view of theoretical physics, where would
one expect experimental signatures of quantum gravity?

A theory of quantum gravity necessarily will include the following constants:
the smallest quantum of action h, viz. the reduced Planck constant i = h/2m,
the speed of light ¢ and Newton’s constant G which describes the strength
of the gravitational interaction. From these constants, one can build units of
length, time and mass — called the Planck units — which are typical scales at
which one would expect experimental signatures of the quantum gravitational
theory. In four spacetime dimensions, these are {p; = (AG/c*)Y/? ~ 10~ m,
tp1 = (hG/c*)Y? =~ 10~*s and mp = (he/G)Y? ~ 107°g, respectively. From
the point of view of General Relativity as a perturbative effective field theory,
the tremendously large Planck mass suppresses any gravitational interaction of
particles that are scattered in realizable particle accelerators. To illustrate this
suppression of gravitational effects, there is the famous analogy that in order
to create a particle with a Planck mass the corresponding accelerator needed to
be of the size of the Milky Way. However, it must be emphasized that in a non-
perturbative treatment Quantum Gravity might exhibit infrared effects, similar
to confinement in QCD for example, which could be tested experimentally.

How does one attempt building a theory of quantum gravity? The obvious
starting point should be General Relativity, which should be the limit of any
theory of quantum gravity at large distance scales. That General Relativity
itself is incomplete can be seen in its predictions of singularities, e.g. at the
center of black holes or at the instant of the Big Bang. Such singularities are
unphysical and should therefore be resolved by any theory of quantum gravity.
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On the other hand, there are aspects of General Relativity, which should
be passed on to quantum gravity. For example, the principle of Background
Independence should be a main desideratum of quantum gravity. In General
Relativity, the principle of Background Independence refers to the fact that the
spacetime structure which is realized in Nature, in form of the metric g, is not
part of the theory’s definition but rather determined dynamically by Einstein’s
equation G, [g] = 87GT,,[g], where G, [g] is the Einstein tensor and 7}, [g]
the stress-energy tensor of the matter inhabited on spacetime. For a theory of
quantum gravity, the principle of Background Independence can be rephrased
as the requirement that “none of the theory’s basic rules and assumptions, and
none of its predictions, therefore, may depend on any special metric that has
been fixed a priori. All metrics of physical relevance must result from the in-

trinsic quantum gravitational dynamics” [4].

Part 4 of this thesis is devoted to Background Independence as a first prin-
ciple. In this part, based on the author’s publications [5, 6], we develop a novel
scheme for the nonpertubative analysis of quantum fields that are coupled to
gravity as well as quantum gravity itself. The novel part of this scheme can
be pinned down to the introduction of “N-cutoffs” which regularize the theory
via a dimensionless cutoff parameter N. By means of this technical tool, it
is possible to quantize matter fields as well as gravity in terms of sequences
of “gravity-coupled approximants”, thereby rigorously obeying the principle of
Background Independence.

In certain simple examples, we explore the physical implications of this quan-
tization scheme; especially, we find the striking result that in these cases, the
cosmological constant problem does not occur at all.

The cosmological constant problem is one of the major riddles that oc-
cur when one tries to bring together quantum physics and General Relativity.
Loosely speaking, it refers to the fact that if one treats the stress-energy tensor
quantum mechanically, the quantum fields’ vacuum energies sum up to gigan-
tic contributions to the effective cosmological constant whose value in this case
differs from the observed value “by some 120 orders of magnitude” [7]. Inserted
into the semi-classical Einstein equation the gigantic effective cosmological con-
stant predicted by quantum physics would lead to a spacetime curvature so
large that the resulting universe, in W. Pauli’s words, “could not even reach to
the moon” [8, 9.



1.1. THE PURSUIT OF QUANTUM GRAVITY AND THE RESULTS OF THIS THESIS 5

However, all the quantum-physical arguments entering the considerations
about the cosmological constant problem rely on background-dependent calcu-
lations. With the novel quantization scheme presented in Part 4 of this the-
sis, which fully obeys Background Independence, we show that the quantum-
mechanical contributions to the cosmological constant in fact cause diametri-
cally opposed effects: The more modes of a field are quantized, i.e., the more
vacuum fluctuations contribute to the effective cosmological constant, the larger
the radius of spacetime becomes, until, when the field is fully quantized, space-
time ultimately becomes perfectly flat (rather than not even reaching to the
moon).

Another open question that arises when bringing together quantum physics
and General Relativity is about the entropy of black holes. With semi-classical
considerations, J. Bekenstein and S. Hawking showed that black holes, and sim-
ilar spacetimes such as de Sitter space, possess a thermodynamical entropy,
which consequently was named after them. It is a longstanding expectation
towards a theory of quantum gravity that it should be able to explain what
are the microscopic states of the black hole that the Bekenstein-Hawking en-
tropy “counts”. In this regard, another quite intriguing property of the novel
quantization scheme presented in Part 4 is that it offers a natural interpretation
for these microstates. Namely, we will identify the regularized quantum field
(and the spacetime metric) with an approximation by a quantum-mechanical
system of finitely many degrees of freedom. Then, it will be easy to see that the
Bekenstein-Hawking entropy of de Sitter space “counts” precisely these degrees
of freedom.

Next, let us present the existing, viable approaches towards quantum grav-
ity. The rivalry amongst them should not be taken too seriously. In fact, A.
Ashtekar found that due to the scarce experimental data “the most promising
way of enhancing our chances at success is to increase the amount of variety”
[10, 11]. Furthermore, he points out four essential questions that any theory of
quantum gravity should address:

Firstly, non-perturbative methods are essential for any theory of quantum
gravity. The standard methods of perturbative renormalization within tradi-
tional quantum field theory turned out to fail when applied to General Relavity
[12, [13]. Actually, General Relativity is perturbatively renormalizable as an
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effective field theory, however infinitely many parameters, that must be taken
from experiment, arise. Thus, within perturbative renormalization, General
Relativity loses its predictive power.

Secondly, conceptual issues of quantum gravity must be addressed. This ap-
plies for instance to the problem of time described above.

Thirdly, Background Independence should be rigorously implemented. This
raises especially technical questions, such as the regularization of quantum op-
erators in absence of a background geometry.

Fourthly, it must be emphasized that the geometric structure of spacetime at
the Planck scale need not necessarily be a smooth (semi-)Riemannian manifold.

String theory is a quantum gravity candidate that still relies on background-
dependent methods. Its main idea is that the fundamental degrees of freedom
are one-dimensional open or closed strings. These strings’ vibrations can then be
interpreted as particles whereby the strings’ spectrum also includes the graviton.
In this restricted sense string theory is a theory of gravity. To be well-defined,
string theory relies on a critical spacetime dimension of d = 11. This can be
regarded as its main drawback: the way back to our familiar d = 4 spacetime
dimensions is rather arbitrary, whereby string theory loses most of its predic-
tive power. Furthermore, string theory relies on the concept of supersymmetry
which has no reasonable chances of experimental signs, anymore.

There are several approaches that employ Background Independence mani-
festly because they do not make use of any background at all:

Loop Quantum Gravity [14, 15] uses, loosely speaking, instead of points in
spacetime “loops” that are located in three-dimensional space. Therewith one
can for example describe the flux of some field through the area encompassed
by a loop, fully analogously to the flux of the magnetic field in electrodynamics.
This formulation has the technical advantage that any mathematical problem
related to a single point in spacetime can be avoided. However, the loops at best
should not be visualized as located in a rigid spacetime. Rather, the framework
fully implements Background Independence and predicts spacetime to form out
of the loops, or graphs called “spin networks”. Especially, within this frame-

work it has been shown that areas and volumes are quantized which intuitively
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leads to the discrete building blocks of spacetime, often referred to as “atoms
of spacetime”.

Within the statistical mechanics-based approaches to quantum gravity [16-21]
a particularly promising candidate is the method of Causal Dynamical Triangu-
lation. This method attempts to derive spacetime from first principles, whereby
spacetime is modelled as discrete simplices that are glued together in a causal
way. These simplices do not have a physical meaning and should be regarded
as pure approximations. Using Monte Carlo simulations it has been found that
Causal Dynamical Triangulation predicts spacetime at large distance scales to
be a four-dimensional de Sitter space. This is a striking result because the
spacetime dimension is a prediction of the theory, rather than an input. More
precisely, it has been found that the spectral dimension of spacetime is four at
large distance scales and decreases to two at small distance scales.

Furthermore, there are continuum-based approaches to quantum gravity that
also obey to the principle of Background Independence. It is rigorously imple-
mented via the background field method:

Asymptotically Safe quantum gravity is a concept which was proposed by
S. Weinberg in the late 1970s [22]. By and large, the idea that gravity might be
asymptotically safe can be phrased as follows: If there exists a non-Gaussian
fized point (i.e., a fixed point where the theory is not a free one) in the space of
all couplings of the theory, then the couplings of the theory can be tuned such
that at large energy scales they approach this fixed point. This is a sufficient
condition in order to avoid unphysical ultraviolet divergences.

More precisely, the Asymptotic Safety scenario relies on Wilson’s notion of
non-perturbative renormalization |23, 24], formulated by means of the func-
tional renormalization group based upon the effective average action. The basic
input data required by this framework are the field content as well as the sym-
metries the fields shall be subject to. All resulting action functionals of the
fields that are invariant under the proposed symmetries build the theory space.
As these functionals are parametrized by the couplings of the theory, one syn-
onymously refers to the space of all couplings as the theory space. The effective

average action, which introduces a scale dependence for the action functionals
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of interest, satisfies a number of functional identities, in particular a functional
renormalization group equation, the Wetterich equation [25], developed in the
early 1990s and soon after applied to gravity by M. Reuter [26]. The solutions
of the Wetterich equation correspond to trajectories in theory space. In the
Asymptotic Safety scenario, the RG flow in theory space determined by the
Wetterich equation possesses a non-Gaussian fixed point. In this case, there ex-
ists a subset of the theory space consisting of all the points that are “pulled” into
the fixed point when moving to larger and larger scales, called the Uv-critical
surface. The trajectories lying on it are free from ultraviolet divergences (i.e.,
“safe”) and thus correspond to fundamental theories. Lastly, the dimension of
the Uv-critical surface corresponds to the degree of predictivity of the theory,
because it is precisely the number of measurements required to fix a specific
trajectory on that surface.

Higher-derivative gravity [27] is a framework that may not be considered a
viable candidate for a fundamental theory of quantum gravity, nevertheless it
is a framework that intrigues many physicists as an arena to probe aspects of
quantum gravity. The name higher-derivative gravity stems from the fact that
the underlying action functional of the theory is built only from operators which
are of fourth order in the derivatives. (Rather than at most of second order, as
in the Einstein-Hilbert action.) Stunningly, higher-derivative gravity is pertur-
batively renormalizable; however, the theory is not unitary and therefore was
quickly discarded. Recently, the theory again attracted quite some attention
because of promising attempts to restore its unitarity. Many features of higher-
derivative gravity are universal such that they can also be analyzed by means

of the non-perturbative Wetterich equation.

It is a longstanding desire to relate and quantitatively compare the discrete
and continuum-based approaches. Envisaged is to bring quantum gravity into
a similar condition as the theoretical side of quantum chromodynamics, a part
of the Standard Model. There, many aspects of the theory could be double-
checked by means of discrete approaches (lattice QCD), on the one hand, and
by means of continuum-based frameworks, on the other hand.

This thesis is fully devoted to the continuum-based approaches to quantum
gravity. On a technical level, the ultimate goal of quantum gravity is to cal-
culate the functional integral Z = [Dg,, e 5] where S[g,,] is the action of
the quantum metric g,,. This also is the starting point of this thesis: In Part 1



1.2. THE STRUCTURE OF THIS THESIS 9

we will begin with setting up this functional integral for the continuum-based
approaches, thereby employing the background field method. Part 2 is devoted
to the framework of the functional renormalization group for quantum gravity.

On this basis, in Part 3, follows a study of geometric operators in quan-
tum gravity, within the Asymptotic Safety approach as well as within higher-
derivative gravity. This study is based on the author’s publications [28-30].
Particularly, in this part we study the scaling behavior of the volume of sub-
manifolds embedded into the quantum spacetime at high energies. Thereby,
we are going to observe dimensional reduction phenomena which are typical for
quantum theories of gravity. The results presented in Part 3 will be crucial
for the comparison of the different approaches towards quantum gravity, when
results of similar calculations in Loop Quantum Gravity or Causal Dynamical
Triangulation become available.

1.2. THE STRUCTURE OF THIS THESIS

This thesis is structured in five parts as follows. Each part begins with a syn-
optic chapter, in which the main results and statements are briefly presented;
furthermore, in case new research results based on the author’s work are pre-

sented, this chapter includes a conclusion and outlook on future prospects.

The opening Part 1 lays the overall foundation for the analyses to follow.
Chapter 3 warms up the detail-oriented reader and outlines the quantization
of a massive scalar field on a fixed, classical and compact Riemannian mani-
fold. Later, in Part 4, we will extensively recourse to these results which is why
Chapter 3 actually serves more than the pure purpose of a warm up.

Then, in Chapter 4 we set up the path integral quantization for quantum
gravity. Thereby, we rely on the background field technique which makes the
rigorous employment of Background Independence possible. Finally, two special
cases are presented: the path integral based on the Einstein-Hilbert action as
well as the path integral for higher-derivative gravity.

The results as presented in Part 1 are still unregularized and it is fair to
say that the ultimate objective of a quantum field theory approach to gravity
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is to give a mathematical meaning to these results, via forms of regularization
and renormalization. This is where this thesis splits into two different paths:
one path is followed in Parts 2 and 3, while another path is openend in Part 4.
These two paths form two separate entities which is why the content of this
thesis can be either read as Part 1 to Part 3 or as Part 1 followed by Part 4.

The first path, to which Part 2 of this thesis gives a comprehensive introduc-
tion, is the Asymptotic Safety approach. In this approach, Wilson’s notion of
non-perturbative renormalization is formulated via a distinct functional renor-
malization group equation that is constructed in Chapter 6.

While the study of approximative solutions to this equation is not the main
focus of Part 2, we thoroughly introduce those two approximate solutions that
will be made use of in Part 3. The first one is the single-metric “Einstein-
Hilbert truncation” that is analyzed in Chapter 7. The second one, presented
in Chapter 8, is the truncation that corresponds to higher-derivative gravity.
Higher-derivative gravity is special because it can also be renormalized pertur-
batively. In this sense, the results of Chapter 8 are universal because it has
been shown that they coincide with the results obtained via perturbative renor-
malization.

Finally, Chapter 9 is a last preparatory chapter for Part 3 and introduces
the renormalization of composite operators via the functional renormalization
group equation. Thereby, we introduce an important characteristic of the renor-

malization behavior of composite operators, namely its anomalous dimension.

Part 3 is based on the author’s publications [28-30] and analyzes the renor-
malization behavior of geometric operators in Quantum Gravity by means of the
functional renormalization group equation for composite operators constructed
in Chapter 9. This analysis opens a new line of research in the framework
of Asymptotically Safe Quantum Gravity. It is particularly important for the
comparison of continuum-based approaches with discrete approaches towards
Quantum Gravity. Furthermore, it paves the way towards the hard problem of
constructing suitable observables within Quantum Gravity.

In Chapter 11 we study geometric operators in the Asymptotic Safety sce-

nario for quantum gravity. Therefore, we employ the approximative solution
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of the functional renormalization group equation given in form of the Einstein-
Hilbert truncation presented in Chapter 7. The analysis mainly deals with the
discussion of the anomalous dimensions of the volume of a submanifold embed-
ded into the quantized spacetime, as well as that of the geodesic length and the
geodesic ball.

In Chapter 12 follows an analogous study, this time within the framework of
higher-derivative gravity which is interpreted as an approximative solution of

the functional renormalization group equation.

Part 4 is based on the author’s publications [5, 6] and is logically inde-
pendent of Parts 2 and 3. Rather, a novel method for the regularization and
renormalization of the quantum gravitational path integral of Part 1 by means
of “N-cutoffs” is proposed, tested and applied to the cosmological constant
problem. Chapter 15 describes this novel framework and puts emphasis on the
rigorous implementation of Background Independence. Further, it explains how
quantized fields (including gravity) arise as the limit of sequences of quantum-
mechanical systems with finitely many degrees of freedom. We call these systems
“approximants”.

In Chapters 16 and 17 we identify two different candidates for approximants
of a quantized scalar field and especially analyze the properties of the self-
consistent background geometry that arises due to Background Independence
of the framework.

In Chapter 18 we put forward these explorations and transfer the novel frame-
work of quantization also to gravity itself.

The overall studies of Chapters 16 to 18 are complemented by a sequel on
Weyl transformations and their anomalous Ward identities, presented in Chap-
ter 19. There, the results of the previous chapters are looked at from a different

point of view.

Finally, Part 5 contains the appendix and closes this thesis. Appendices A, B,
C and E set up the necessary mathematical background required for the calcu-
lations appearing throughout all parts. Appendix D discusses the path integral
measure for quantum fields defined on an arbitrary background manifold. These
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results are especially important for Part 4 and constitute an interesting collec-
tion of results. Last not least, Appendix F collects all calculations that have

been outsourced from the main text body.
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Part 1

The path integral quantization of
gravity






CHAPTER 2

Summary of Part 1

The objective of Part 1 is to formally set up the gravitational path integral
and to derive the effective action obtained from it. That these results are “for-
mal”’, means here that they are still up to regularization and renormalization
procedures which will be the crucial themes for the remaining parts to follow.
Thereby, the guiding principle of Part 1 is the rigorous implementation of Back-
ground Independence.

The opening Chapter 3 can be considered a warm up for this purpose and
illustrates most of the required steps by taking the example of a scalar field A
which is defined on a classical, compact and d-dimensional Riemannian manifold
with metric g,, of Euclidean signature (+ 4+ ---+). The overall dynamics is
determined by an action functional S[A;g| == Sgulg] + Sm[A; g] which is split
into two parts. The first part, the Einstein-Hilbert action given by Eq. ,
accounts only for the dynamics of the background metric g,, and is not of much
relevance for the moment. (However, in later applications it will be essential.)
The second part is the action for the scalar field A which we assume to
not describe any self-interactions:

SulA: 7] = % / dlay/G A [~0, + 4% + ER(5)] A.

Because the action is quadratic in the field A, one sometimes refers to it as
a Gaussian scalar field. Here, O is the Laplacian operator (more precisely,
Laplace-Beltrami operator) built from the background metric g,,. The con-
stants p and £ describe the mass of the scalar field and its coupling to gravity
in form of the scalar curvature R, respectively.

After formally quantizing the scalar field A — E, we then analyze the gen-
erating functional for the connected Green’s functions ,

exp {W[J;g]} = / D,A exp{—S[ﬁ; 9]+ / ddx\/@J(x)/T(x)} :

17



18 2. SUMMARY OF PART 1

where J can be regarded a source of the scalar field A. By applying functional
derivatives with respect to .J, this path integral generates all connected Green’s
functions. Importantly, we then demonstrate how these can be expanded in
terms of eigenfunctions of the operator —J; + u? + £R(g). These expansions
will play a crucial role in Part 4. Also note that the measure itself depends
on the background metric g,,. This is an important detail required for the
diffeomorphism invariance of the path integral which is often neglected. Fur-
thermore, the formal effective action for the scalar field A is obtained by
Legendre-transforming the functional W[J; g],

Mg = - W gl+ [ a%e/5(e) Ale)T(A) ).

In the remainder of Chapter 1, we then perform a saddle point expansion of
e around the solution to the classical equations of motion which leads to the

one-loop gravitational effective action (3.38)),
1 _
I'[g] == I'[0; g] = Senlg] + 3 Trin (—O; + p? + €R) + O(2 loops) .

It can be said that the quantization of the scalar field in this manner follows
Background Independence because the background metric g, is left fully arbi-

trary during the whole process and is still to be dynamically determined.

In case of gravity itself, which is the content of Chapter 4, it is not that
straightforward to built a path integral that obeys Background Independence.
Namely, there are two obstacles which did not occur in case of the scalar field:

Firstly, in case of gravity there exists an additional symmetry given by the
diffeomorphism invariance of the theory. This gauge invariance of the theory
would lead to a diverging path integral because one would integrate infinitely
often over physically identical states. Luckily, this issue can be easily fixed
by means of the Faddeev-Popov trick, fully analogously to Yang Mills theories.
Thereby, one fixes the gauge once and for all whereby so-called ghosts fields
are introduced that complement the theory. After the implementation of the
Faddeev-Popov trick, the theory of the actual physical field and the unphysical
ghost fields becomes invariant under Becchi-Rouet-Stora-Tyutin (BRST) trans-
formation. This invariance compensates for the loss of gauge invariance.

Secondly, it is not possible to write down an action functional for metric

fluctuations without somehow resorting to a background metric. Thus, the
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question arises how a theoretical framework that explicitly makes use of back-
ground structures can be in accordance with Background Independence. In
fact, the answer is simple: Indeed, it can be in accordance with Background
Independence, namely by noting that all backgrounds together are equivalent
to no background, at all. This means, in the construction of the path integral,
the background metric g, must never be specified and furthermore it must be
proven that the framework is invariant under changes of this background metric
(“background gauge transformations” §()). This procedure is called the back-
ground field method.

In order to implement the background field technique, we split the full metric
Juv, which we assume to be of Euclidean signature, into a background part and
a fluctuation part: g,, = gu. + hu. The fluctuation field then is formally
quantized hy, /f;W, whereby it is complemented by the ghost fields C*, éu
and b,. After employing the Faddeev-Popov trick, the bare action then is given

by Eq. , ie.,
Sth,C,C,b; g == Salg + h] + Sar[h; gl + Sen1[h, C, C; ) + Senalb; 7]

Here, S, denotes the classical action for the metric field which is assumed to be
diffeormorphism invariant a priori. Infinitesimally, general coordinate transfor-
mations of the metric amount to applying a Lie derivative Ly to it, where V' is
some vector field. Since the metric is split into background and fluctuation part,
it must therefore be clarified how to distribute the Ly over these parts. This is
a crucial technical step for the application of the background field method. We
do so as follows: the classical general coordinate transformations are promoted
to quantum gauge transformations via 69g,, == Lyg,, and 6@ g,,. This sym-
metry of the classical action then is fixed by means of the gauge-fixing action
Sar. Then, according to the procedure of Faddeev and Popov, the action must
be additionally supplemented by the ghost field actions Sgp, 1 and Sgp 2 for the
ghost fields C* and O, as well as b, respectively.

In this way, the full bare action possesses two “symmetries”: first, it is in-
variant under the background gauge transformations 6%) which are defined by
§(B) = Ly, i.e., the Lie derivative is equally distributed among all fields, includ-
ing the background metric. This realizes Background Independence. Moreover,
the full bare action is invariant under the BRST transformations which is a
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consequence of the Faddeev-Popov method. All these properties are explicitly
proven.

The generating functional for the connected Green’s function then is
defined analogously to the case of the scalar field,

-~

exp {W([t", o",5,,d"; G} = / Dulh,C,C,b; ) exp { — S[h, C, C,b; g

+/MMQVWW+%W+M@+WM}.

Here t¥, o#, &,, and d* are sources for the metric fluctuation and ghost fields.
Again, the measure explicitly depends on the background metric and is con-
structed in such a way that the whole path integral is invariant under BRST
transformations as well as background gauge transformations. The formal ef-
fective action then is defined as the Legendre transform of this path integral.

The rest of Chapter 4 focuses on constructing the bare action as well as the
effective action for two given classical actions: on the one hand, for the Einstein-
Hilbert action, and on the other hand, for the action of higher-derivative gravity.
As for the scalar field, we also perform a saddle point expansion of " around the
solutions to the equations of motion for the bare action, in order to determine
the gravitational one-loop effective action. Thereby, the bare action takes the
form (here exemplified for the Einstein-Hilbert action where one has b, = 0)

S[h,C, C; ] = Seulg) + Sulh, C, C; g + O(2 loops) .

The one-loop term Sy [/f;, C,C;g] is quadratic in the metric fluctuations EW

which is why this structure enables us to interpret the one-loop expansion of

the bare action as a matter action for the Gaussian “graviton field” EW.
Furthermore, the gravitational one-loop effective action in general then reads

['g] :==T110,0,0,0; 9]

1
= Si-all + § Trom | [05g]"

~ Teyln [///[g, g]'_} - % Try In [éY'.[g]} +O(2 Toops).
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The operator % [0; g| is the inverse propagator of the theory, while the operators
Mg, g] and Y[g] are the Faddeev-Popov operators stemming from the ghost
part of the bare action. All these operators are derived in detail for the special
cases of the Einstein-Hilbert action as well as higher derivative gravity. In later
applications, we will have frequent recourse to the results for these operators.






CHAPTER 3

Warm up: a scalar field on a fixed Riemannian

d-dimensional manifold

Executive summary. In Euclidean conventions, we quantize a scalar field via
a path integral approach on an arbitrary, yet compactly assumed, background
manifold. We conduct a mode decomposition of the Green’s functions and
formally introduce the effective action. Finally, we deduce the effective action
at order one-loop.

3.1. QUANTIZATION OF THE SCALAR FIELD

To begin with, we develop the quantum field theoretical treatment of a scalar
field A, generically and at order one loop. Therefore, we model the background
spacetime as a d-dimensional, fixed and classical Riemannian manifold M that
we assume to be compact and without boundary. M is equipped with the back-
ground metric g of Euclidean signature (4 +---+). In general, we will indicate
geometric objects arising from the background metric g, with a “bar”, e.g. the

Levi-Civita connection '}, and its associated covariant derivate D,,.

On the compact Riemannian d-dimensional background manifold (M, g) we
consider the action

S[A; g] = Senlg] + Su[4; g]. (3.1)

scalar field A. Its first part, accounting for the background geometry, is the

Einstein-Hilbert action

Senlg] = —— [ dlo/G (R +20) (3.2)

. 167G
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with Newton’s constant G and the cosmological constant A. The latter part is
the matter action for the scalar field A,

_ 1 _ =
SulA;gl =3 /dda:\/§A [0, + 1>+ £R(9)] A, (3.3)
in which -3 = —g‘”’DNDV is the negative Laplacian while p and £ are con-
stants. This is exactly the action (D.13]), analyzed in the appendix, with
H[g) = —Og + 11” + €R(3) - (34)

The eigenfunctions {x,.,} of £ [g|, an elliptic operator, possess the properties
discussed in appendix [A.1.2} the eigenvalue problem reads

(%[g])ilﬂ Xn,m(x) = ann,m(x) . (3'5)

Here, we explicitly let the index n run over the set Ng = {0,1,2,...} to denote
by Xo,m the eigenfunctions with eigenvalue zero in the case of p = 0 = &, if there
are any, otherwise we let n run over N = {1,2,3... }H Furthermore, m is the
index accounting for the degeneracy D, of the eigenvalue .%,. Especially, the

set of eigenfunctions

{xn,m ‘ nelNy, me{l,2,... ,Dn}} (3.6)

forms a basis of L?*(M, g), the space of square-integrable functions on (M, g),
such that we can expand the scalar field A as in (D.15)),

oo Dy

A@) =) tnmXnm(z). (3.7)

n=0 m=1

From this sum, we split the potential zero modes of .#[g] for a seperate treat-

ment:
Ax) = Z ao.mXo.m () + Z Zn: o X () =2 Ag(z) + A(z) . (3.8)

We will refer to Ay as the “zero” mode of A (in inverted commata) as it is only
required to be a zero mode in the case p =0 = ¢.

With this construction, we can give a meaning to the expectation value asso-
ciated to the quantized field A — A by evaluating the generating functional of

L2, = 0 for 1 =0 = & implies that in general, for arbitrary p and &, % need not necessarily
be zero (but potentially is).
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the connected Green’s functions W[J; g] (also called the Schwinger functional)
defined by

exp{W1[J;g|} = /DgA\ exp {—S[A\; g] + ddx\/g(x)J(x)A\(x)} . (3.9)

where the scalar field A has been coupled to a source J. The g-dependent
measure Dy A is explicitly constructed in appendix and given by

D,A =D [gl/‘*ﬁ] =[] "*(x)dA(). (3.10)

Importantly, we will absorb the integration over the “zero” modes ag,, w.l.o.g.
into the normalization Constant such that A remains as the sole integration

4

variable. Likewise, we split off the “zero” modes from the source J,

J(z) = Jo+ J(2); (3.11)
then the functional "7 can be explicitly calculated using (D.18) and com-
pleting the square,ﬂ

exp {W[J; 9]} = exp {~Swenlg]} Det (#g]) " x

<oxp {5 @ty [an/GI@ A I - G12)

For the time being, we are interested in the J-dependence (and not the g-
dependence) of W such that we may absorb e®1l Det (7" [g])fl/ * into the

normalization constant of eV to find
Wiiig) =5 [dav/a(o) [ /aI@ il # ). G13)
We define the Green’s function, the connected two-point function, as
Gy = (2|Gly) = G(z,y)
1 W 1[oJ; g]

T i0/aw) 0 (2)0) ()

On the other hand, we find

3.14
= (@A (3] Iy) - .

J=0

>The integration over these “zero” modes leads to a Gaussian integral and/or to a delta
function (the letter especially in the case p = 0 = £). In both cases, this part of the path
integral can be absorbed into its normalization constant.

3If we had not split off the zero modes, this result would be ill-defined.
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1 SPWsgl|
9(@)v/g(y) 6J ()8 (y) | ;_,
! 62 %5 (gt fatayGiA
= ————In [ DyAe St /d%eVa
9(x)\/g(y) 0J(x)dJ (y) i
14

= - {ew[j?g] /Dgfl A(y) A(y)eS[A;g]+fddx\/§jA:| ~
J=0

:e—W[J;g] /'Dg;zl fl(x);:l(y) efS[;i;ngddz\/E];i

J=0
DA A(z) Ay) e S

[D,A e-slia
= (A(z)A(y)) .

Thus, we can express the (unregularized) Green’s function as

o~ o~

G(z,y) = (=g "y) = (A(x)A(y)) , (3.15)
which amounts to the relation]
H (997G, y) = (x/1]y) (3.16)

where T = 32°° S22 |nm) (nm, the identity operator on the subspace spanned
by {Xnm},; obtained from excluding the “zero” modes. Therewith, we can
also expressT the (unregularized) ezpectation value of the kinetic term via the
Green’s function,

o0 0 -~ =~

_ P

—}}Egig <x>8xu8yV <A<$)A(y)> (3.17)
0

_ Y2

=i 9 W) g gy 4 Y)

Furthermore, we can rewrite (3.16|) using the completeness relation (|A.30]),

> Z Xnm (2) X, m (Y) = o —y), (3.18)

n=0 m=1 g(y>

“Here, the identity operator can be expressed as 1 = 300 2:2”:1|nm><nm\7 cf. appendix

B.L3
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Splitting off the “zero” modes, we find

oo  Dp oo  Dp
S Xam@Xm(y) = G0N X ()X () (3.19)
n=0 m=1 n=1 m=1

and therewith

ji/[ ]dIHG(.ﬁL' y d1ffz Zn Xnm y>
e (3.20)
= i) mz_lXo,m( )X0.m(Y) -

Having obtained these basic results, we are not endangered by pitfalls any-
more, therefore from now on, for the sake of simplicity, we will simply write A

instead of ﬁl, keeping in mind that we have excluded the “zero” modes.

Next, we introduce the effective action which in perturbation theory plays
the role of the generating functional of the one-particle-irreducible graphs. It is
a functional of the scalar ﬁel A, the normalized field expectation value of A,

Le., o LWl g] R
A(z) = VORI = (A(2)). (3.21)

When this equation is solved for J, we 1nd1cate notationally J = J[A]. There-

with, the effective action (EA) is defined as the Legendre transform of the func-
tional WJ; g,

[[A;g] = -W[J[A;g] + [ dav/g(z) Ax) J[A](). (3.22)

Note that Eq. (| is inverted by 0T[4;g]/5A(x) = \/g(x)J(z) and that the
effective action fulﬁlls the functional integro- dlfferentlal equatlon
- ~ ~ ~ o OT[A;g
xp {~TAigl} = [Py exp {=stigl + [ate(A- )DL
dA(x)
(3.23)

SWe point out that the “bar” over A is not meant to indicate an association with the metric g.
Simply put, we do not wish to deviate from the standard use of the “bar” for the expectation
value at this point.
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3.2. THE ONE-LOOP EFFECTIVE ACTION

To simplify the derivation of the one-loop effective action, we summarize the
exponent on the right-hand side (RHS) of the generating functional of the con-
nected Green’s functions (3.9) to a single J-dependent action

S[A, J; g] = Sgulg] + SulA;g] — [ d%z/g(z) J(x (3.24)

i.e., Eq. (3.9) now can be compactly written as
exp (WIJi9)) = [ Dy exp {~5(4, i1} (3.25)

Essential for deriving the one loop (1L)-approximation of the EA is the field Ay
which is the solution of the classical equations of motion, i.e.,

3S[A, J; )

- =0. 3.26
5 (3.26)

A=Aq
We can expand S [g, J; g] around Ag using the functional Taylor series (C.5)):
SIA, J:g] =5[Aa, J: 4]

From Eq. (3.3)) it is easy to see that

625[;{7‘]7?]]: a(x) (=% 2 R(x T —
5A()5A() g(x) (07 + 1" + ER(2)) 6(z — y) (3.28)

=V 3(2)Va(y) (x| — Oz + pu® + ER|y) .

with (z]y) = d(z — y)//g(y) (see appendix . Next, we plug this expan-
sion into Eq. (3.25]), where it will amount to an expansion in hﬁ and shift the
integration variable as A — A — A to obtain

6To keep track of the order of %, although we use units in which & = 1, we point out that
the Lorentzian counterpart of the generating functional of the connected Green’s functions is
given by exp %W = [D(e)exp %S. After scaling the integration variable as A hl/Qg, the
expansion in i emerges clearly [31], p. 455]
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exp{W[J;g]} = exp{—5[Aa, J; 9]} x

x/bﬁ@m{—% d%dﬁ@ﬁ@x{%+M+fma@+0@bwg}
(3.29)

At order h, we have arrived at an Gaussian integral over the scalar field A that
we can evaluate using Eq. (D.25]) to find the expansion

exp {W[J; g} = exp {—S[Aa, J; 3]} Det (=0, + p? + ER) ™2 4 O(2 loops) ,
(3.30)
respectively, after solving for W,

W(J;g| = —S[Aa, J; 7] — %ln Det (=0 + p° + ER) + O(2 loops) . (3.31)

Yet, however, we cannot plug this result into the EA as it is defined in terms of
A, and not A,. Thus, we must link both these fields in terms of an expansion
in h. First, it is clear that

A=Aq+0() & Aqg=A+O0(h). (3.32)

Hence, a functional Taylor expansion of the classical action (3.24)) in A around
A reads

_ . 6S[A, J;
SMwJ@%:ﬂAJ@L{/Mde—AH@—i%—ﬁl +O(h). (3.33)
0A(x) |i=a
As A, — A is of order h and
5S[A, J: g 5S[A, J; g
0SIA LGl ST o —om), (334
514. A\:Acl 614 A\ZAcl
it follows that
S[Ad, J; ) = S[A, J; g] + O(2 loops) . (3.35)

Consequently the 1L-expansion of W[J; g| reads
_ 1 _
vwam:—ﬂmﬁm—§mDa@D¢Hf+ﬁa+0@b@@. (3.36)

Plugging this expansion into the EA and using the identity In Det[-] = Trln[-],
we have arrived at the 1L-expansion of the EAE

_ _ 1 _
[[A; 9] = Swenlg] + SulA; 9] + 5 Trin (~0; + 12+ ER) 4+ O(2 loops) . (3.37)

"Note that the trace Tr = Trg is taken on the Hilbert space of scalar fields, cf. appendix
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Henceforth, we agree on explicitly dropping the terms O(2 loops) and denote

by T'[4;g] its 1L-approximation. Furthermore, we are especially interested in

the functional

Tlg) = T10:g] = Sealg) + 5 Trln (-0, + 2 + €R)

and additionally abbreviate, also using Eq. (3.4]),

Iilg] = %Trln(—Dg + 1> +€R) = %Trln [ [g]] |-

(3.38)

(3.39)

Note that the trace still must be regularized! Lastly, the functional integro-

differential Eq. (3.23) for the one-loop approximation simplifies to

exp {~Tlgl} = [ Dy exp (=5[]
respectively

exp (~Tulgl} = [ Dy exp {~SulAig)

(3.40)

(3.41)



CHAPTER 4

Quantization of metric fluctuations

Executive summary. In Euclidean conventions, we quantize gravity via a path
integral approach and formally introduce the effective action for gravity. We
thereby employ the background field method to rigorously ensure Background
Independence of the construction and further make use of the Faddeev-Popov
trick. We demonstrate the construction for quantum gravity based on the clas-
sical Einstein-Hilbert action as well as for higher-derivative gravity. Moreover,
we explicitly deduce the one-loop effective action for these special cases.

What is new? Proof of the classical BRST invariance of the construction for an
arbitrary weight function Y#¥[g] in the gauge-fixing action. Expression for the
one-loop effective action for non-vanishing fluctuation fields given by Eq. (4.69).

4.1. THE BACKGROUND FIELD METHOD

The classical graviton field “lives” on a generic Euclidean d-dimensional back-
ground manifold with metric g,, and usually is interpreted as the fluctuation
around this background metric:E]

uv = g;w + h;w (41>

where we have introduced the full metric g,,,. The classical dynamics of this full
metric are determined by means of some classical action S [g] that is a priori as-

sumed to be invariant under general coordinate transformations. Infinitesimally

these are given by (cf. appendix
09w = Lvgu = V?0,9, +V?0,9, +V*0,0,, = D,V, + D,V, (4.2)

where L is the Lie derivative and V* an infinitesimal vector field.

1Other parametrizations are possible, the most general being the exponential para-
metrization [32]. Here, different from Chapter [3] the background manifold is not compact.
31
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In this thesis we apply two different ansatze for the classical action. On the
one hand we will make use of the Finstein-Hilbert action

Senlg] = 2&2/ddx\/§(—R +2A), (4.3)

entailing the coupling constant x? := 1/(327G) and the consmological constant
A. On the other hand, we will employ the higher-derivative action

Sh._alg] = /dda:\/§ [aRWQBR’WO‘ﬁ + bR, R" + cRZ] (4.4)

1 1 1
= [qa¢ ——ClagC* P+ —F — —_R?
Jatavs [21‘3 wor G+ =

i
of the curvature invariants I, = R, R*, I, = R? and I3 = R,,,sR"*" that
contain only fourth-order derivatives and in the second version of the action
functional are parametrized as follows: The coupling fy weighs the squared
scalar curvature [, while the couplings f; and f, weigh, respectively, the in-
tegrand of the Gauss-Bonnet term E = I3 — 41} + I, and the squared Weyl

tensor

2

4
wab — o —— [ 4+ — ). 4.5
CuwapC Ta ' T Ao a2 (4.5)
The couplings a, b and ¢ are related to the couplings fy, fi and fy by [33]
1 1 2 4 1 1 1
a (4.6)

TR T @R TR R Wnd-2f
In four dimensions, d = 4, it can be shown that the Gauss-Bonnet term is
undynamical [34], ﬁ fd*z\/g E = 0, such that in this case it can be removed
from the action functional which then is parametrized by two couplings only.
Eliminating the coupling f; by setting f2 = —2f7 turns out to be particu-
larly convenient because thereby E is removed from the action functional by
substracting it from the the squared Weyl tensor:

1 1 1 1 2
OO 4+ —F = —(CasC"*® —E)=— (2, - =1, | . (4.7
27 Comas 4 b = 5 (Ol ) 2f§<1 32) (.7)

In terms of the couplings a, b and ¢ this procedure corresponds to setting

1 1 1 1
a=0,b=—,c=—= ——|——). 4.8
? 3(,@ 27 (48)
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Thus, the higher-derivative action in d = 4 w.l.o.g. is given by [27]

4 L /1, v Lo
Sh_alg] = / d'z./g [——2 (—R e RW> ~ LR ] @)

f3 \3 6o

This action functional is written in such a form that the only term manifestly
breaking the Weyl symmetry g,, + e/g,,, with some arbitrary function f, is
the “R*’-term parametrized by the coupling fZ. Therewith, we can make out
two special cases: Firstly, the limit fZ — oo, sometimes referred to as Weyl’s
higher-derivative gravity, in which the action becomes manifestly invariant un-
der Weyl transformations. Secondly, the limit f? — oo in which the action
reduces to a surface term that has no degrees of freedom. (Later this property
will be resembled in the propagator that becomes singular in the limit f7 — co.)

Lastly, note that as the volume element, the scalar, Ricci and Riemann curva-
ture are well-defined globally, the Einstein-Hilbert action as well as the higher-

derivative action clearly are invariant under general coordinate transfomations.

For a quantum treatment we also employ the background field technique
[35-37] and interpret h,, as the expectation value of the quantum field ﬁ;w
that, fully analogous to the classical field, is the quantum fluctuation around
the background metric g,,:

G = Guv + hyw - (4.10)

The expectation value of the full quantum metric g,, defined herein thus is
given by g,,. As before, we will indicate geometric objects arising from the
background metric g, with a “bar”, e.g. a covariant derivate Du- Geometric
objects arising from from the full quantum metric g, are denoted without spe-
cific indication, i.e., D, is the covariant derivative associated to the Levi-Civita
connection I, given by Juv et cetera.

The bare action Sq[g] of course is still assumed to be invariant under general co-
ordinate transformations. We promote these to quantum gauge transformations
5@ of the quantum field EW by defining

5(@%“1, = Lyg,, and é(Q)gW =0 (4.11)

where V* still is an infinitesimal vector field.
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We obtain the expectation value via a path integral approach, making use of
the Faddeev-Popov trick that can be straightforwardly applied to gravity |26, 36,
38-42|. This trick consists in fixing the quantum gauge transformation in order
to avoid the multiple contribution of physically equivalent gauge configurations
to the path integral. We can do so by supplementing the bare action with the
gauge-fixing action

Serlisg) = 5 [ eV E ()Y gl (Fig) (1.12)

for the gauge-fixing condition F), (ﬁ, g) = 0, where « is a gauge-fixing parameter
and Y*[g] is a “weight function” in form of either a fixed tensor structure
or a differential operator built from covariant derivatives such that Sgp [/]:L, 7l
contains covariant derivatives of the same order as Squ[g]. In this case, we
require the operator Y*[g]| to behave symetrically under partial differentiations:
[dix\/G A Y™ [g)Y B, = [d%x/qGB,Y"[g]""A,, with A, and B, ordinary
covariant vector ﬁelds.ﬂ To account for having fixed the gauge, we must further
supplement the bare action with the Faddeev-Popov action for the Faddeev-
Popov ghosts C* and C,, that results from the gauge-fixing condition F, (ﬁ, g) =
0,

~

Senilh, C,C;g] = — / d%\/G C,g"™ 6 D F, (h; g)

_ L OF (kg _ =
= — / d%z/5C,g" —aﬁ( )LC<ga6 + hag) ,
af

where L is the Lie derivative. In case that Y**[g] is a differential operator, its

= (4.13)

contribution to the gauge-fixing procedure must be accounted for by, yet again,
further supplementing the bare action with a second Faddeev-Popov action of
a third (“real”) ghost b, [43-45],

1
Sen,2[b; ] = 5 /ddas Vg b, Y [g]b, . (4.14)

«

2To antizipate the reason for this condition: On the one hand, it will ensure the BRST in-
5% San2[big] _

variance of the bare action; on the other hand it is required to obtain gyp(y)m =
W P

Va@)\/Gw) (@, | — Yglly, v) later on.
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The Faddeev-Popov construction is marked with the breaking of gauge invari-
ance. This downside is compensated by the invariance of the full bare action

S[/}\la éa 07 ba g] = cl[g + E] + SGF [Ev g] + Sgh,l[ﬁa CY? 07 g] + Sgh,?[b; .9_7] ) (415>
under the classical BRST transformations

55/};.1“’ =eLcGuw = eLo(Gu + /};MV)

Oc Gy =0
0.CH :=eC"0,C* (4.16)
6.0 =ea 1Y, [g)F (1 g)

0:b, =0.

Here, € is an anticommuting and z-independent parameter. Alternatively, one
could have defined the anticommuting BRST operator s to act as s/f;wj = Lo
et cetera. Importantly, note that the BRST operation is nilpotent (for the last
operation only on-shell, however). A proof of its nilpotence and of the invari-

ance 9.5 [/f;, C,C; g] = 0 can be found in appendices and .

After these preparations, we can finally become more precise and define the
generating functional for the connected Green’s function [39], also called the
Schwinger functional, as

exXp {W[tlﬂ’j O-Ha 6-}17 d#’ g,ul/]} = /D:u[/ﬁa éa C7 b7 g] exp { - S{/};a é? Ca ba g]

+ / d’z\/g [t“”ﬁw +5,C" + o"C,, + d“bu] } :

(4.17)
Here, we have coupled the fields y = (x!, x% x3, xH)T = (E,C*, C,b)T to the
sources J = (Jy, Jo, J3,Jy) == (t,0,0,d). By introducing the J-dependent ac-

tion
g[x; J; g] = S[ﬁ, C? C: b; g] - Ssource[ﬁv é, Ca b; t: g, 57 d; g] (418>

3This shorthand notation also allows the utilization of DeWitt’s notation: Jipt =
J d?z\/g [t”“hw +o,CF 4 otC)y + d“bu]. However, we will hardly use it in this thesis.
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with

SeocelBty O, C, b t, 0,5, d; §| = / de/G [tﬂyﬁw + 5,00+ o' C, + d“b“] ,

(4.19)
the Schwinger functional can be compactly written in this shorthand notation:
exp {WIIigl} = [Pubag) e {3l Jigl} - (4.20)

Furthermore, we specify the measure to the BRST-invariant measure given by

Egs. (D.7), and (D.10):
Dulh,C, C, b; §] = Dyh,, D;C*D,yC,Dyb,

_ Hg (d— 4>(d+1) 3d 2 Hth )Hdca(x)déa(x)dba(x)a

u>v

or, if Y#[g] does not contain derivatives and hence b, = 0,

~

Dulh,C,C;g] = DhWDCDC
_ Hg @)@+ Hth )HdCa(x)dC_'a(:B). (4.22)
p>v a

The Schwinger functional by construction fails to be invariant under the quan-
tum gauge transformations 6(9) as 5(Q)Sgp[ﬁ;§] # 0. On the one hand, its
gauge invariance can be restored in form of its invariance under the classical
BRST transformations, 0.W{[J; g] = — (0:SsowrcelX; /3 g]) = 0. All ingredients of
WJ; g] but the source action are BRST invariant per construction; this condi-
tion towards the source action is a modified Ward identity. One the other hand,
the use of the background field method further induces the invariance of the
Schwinger functional (for any gauge-fixing condition) under background gauge
transformations §®) which are defined by

6B h,, = Lyh,,
6(3 g;w - ng/w
sBCH = L,CH (4.23)
5(B)CM = Lvéu
6Bb, = Lyb,
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where, again, V* is an infinitesimal vector field. Note that §(9'g,, = §®)g,, =
Ly g,, but the distribution of the Lie derivative over the background field g,
and the quantum field EW differs. A proof of the invariance §(%)e"17dl = ( can
be found in appendix [F.4]

By means of the generating functional e/ we introduce the J-dependent

expectation values

1 Wit ,o,0,d;q]

) = s ) = (@)
() = ;@mﬁﬁaddszMJ N
() = ;@Wﬁ£&¢¢5@%mj (4.24)
) = T = )

Again, we can absorb these definitions into a shorthand notation by introducing
o= (8", 0% ¢% oY) = (1,§, QT
: 1 oWlJ;g]
¢5(x) =
T Va(x) 0@

We drop the super- and subscript J sometimes for notational convenience, ¢ =

= (\'(2))”. (4.25)

¢, and sometimes to indicate the special case ¢ = ¢;—o which is the actual
expectation value ¢ = (x). It will always be clear from context, which of these
two cases we apply — the latter precludes the former. In the next definition for
example, we stick with the former notation.

We solve Eq. for J to obtain J = J[¢;g| and define the EA as the
Legendre transform of the functional W[J; g],

Ll¢; g] = Ji[¢; g)¢" — W[J[¢: 4] 9], (4.26)

or more precisely,

I%f@amz/wm@hM¢wW+ww@@+@w@w+wmmm
- Wl[J¢; gl; 9]

(4.27)
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It is a straightforward calculation (see appendix [F.5)) to show that Eq. (4.24]) is
inverted by the relations

1 TR, ¢ 7]
g(x)  Ohu(z)
()= - L 66
glx)  0&u(x)

t"(x) = +

_ ~ (4.28)
o) - - L ThEEGT
8 g(z) & (x)
1 0[h,&€,¢ g
A" - _
) glx)  0Gu(2)
which in shorthand notation can be absorbed into
_1)l¢'] -G
o) = CD 06 129

T) = : :

V() 0¢'(z)
Here, |¢| denotes the GraBmann parity of the variable ¢', i.e., |¢| = 0 for ¢’
even (here only ¢! = h) and |¢°| = 1 for ¢' odd (here ¢* = £, ¢* = ¢ and
¢* = (). Therewith, it is easy to verify that the effective action (4.27) fulfills
the functional integro-differential equation

eXp {_P[ha 57 ga ga g]} = /Dgﬁ,uupgcupgc_’upgbu eXp { - S[}; Ca Cv ba g]

v [ [@w R e RO

ST 30
TR EEGH A p ey TEEGE
e, - g - AT, — ) >H
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4.2. QUANTIZATION OF THE EINSTEIN-HILBERT ACTION

For the application to the quantization of the Einstein-Hilbert action Sgy[d]
defined by Eq. (4.3) we will solely work with the linear, and thus convenient,

gauge-fixing condition
Fu(h;9) = V2728 (g hag with Z2°[g] = 6°°7D, — Bg*°D,,  (4.31)

ie., FM(E; g) = ﬂ(Daﬁw - ﬁDuﬁaa). Therewith the gauge-fixing action (4.12)
contains second-order covariant derivatives, just as the Einstein-Hilbert action
; thence to obtain an applicable gauge-fixing action it is sufficient to con-
sider the weight function

Y [g] = k*g" . (4.32)
With this gauge-fixing condition and weight function, the gauge-fixing action
reads

Serliig) = 10 [AvGe(F0 ) (P9 T)  (43)

and the Faddeev-Popov action becomes (see appendix m F.6| for details)
Sgh,l[/fz,(j,C;g] = Sgh[h C,C;g] = \/_/dd:v\/_C Ag, 9" ,C",  (4.34)
where we have introduced the Faddeev-Popov operator

MG,9)", = 7§ *Dr(Gp Do + GoD,) — 285" §"* DG, D, . (4.35)

As can easily be seen, the integral over the ghost fields C* and Ou contained in
the path integral with the above gauge-fixing condition is simply the ex-
ponentiation of Det (#[g, g|".). Furthermore, we usually employ the harmonic
gauge which is given for « =1 and g = 1/2.

As Y"[g] does not contain derivatives, we can overall set b, = 0 such that
the full action (| reduces to
S@aam:&m+m+%M@+%mécm (4.36)

and Eq. ([@18) reduces to, with x = (x!,x%y*)T = (h,C,0)T and J =
(Jla J2> J3) = (t,O’, 6)7

-~

Six; J;g] = S[h,C,C; g] — /dd:r\@ [t“”ﬁ,w +6,0" 4+ 0"C,| . (4.37)
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4.2.1. The one-loop expansion

It is clear that in order to obtain one-loop expressions for correlators as, say,

paaﬁ[—] 52W[ta g, 5_; g]
Hovm (y)stei(a) |

(R ) (x))

1
S S
V() 3(y)
1 *Wilt,o,5; ]
VA 07 )07 |

we have to expand the action S[X; J; g] on the RHS of Eq. (4.17). To do so, we
)T

(4.38)

(Culy)C"(2)) =

Y

introduce the field xo = (x4, x4, x3)7 as the solution to the classical equations

of motion of the action (4.37)),

6S[x; J; gl

: =0. 4.
S 0 (4.39)

X' =Xe1

Then, we expand the action S[y;.J; g, with the gauge-fixing action (4.33) and
Faddeev-Popov action (4.34)), in the variable x around y. up to second order

in x using Eq. (C.5)):

Sl Jig) = Shvas Jig+ 5 3 [ate [alyx - xa)@)
s (4.40)

*S[x; J; g

ox7 ()X ()
Inserting this expansion up to second order in x into the exponent on the RHS
of Eq. (4.17) amounts to an expansion up to first order in & (here, we had set
h = 1, see Footnote |§| of Chapter [3)). Thus, the expansion (4.40)) in this role

leads to a one-loop approximation of the functional e".

(x = xa)’ (¥) + O(x*).

X=Xcl

Moreover, it is not difficult to realize that if one is not interested in correlators
mixing the metric fluctuation h,, and the ghost fields C), and C* — which we
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will not be — it is in fact sufficient to expand S|x; g| around the trivial solution
Xel = 0:

Shig) = Senlgl + 5 [ [atyTie)” fhﬂt?+8wmm>

)
/dd J o) w 1;2(;1(])

C*(y) + O(x%).
The former second-order term in this expansion leads us to the important def-

~

Popo ()
h=0

- (4.41)

inition of the inverse propagator at vanishing metric fluctuation % [0; g] given

by

I~

0 [ &m+ﬂ+&wa
A%z [ d% hy, (x po
/ / / Ry (@)0hes () 7, v (4.42)

=: /ddm\/§ /fzw(%[(); g]““pa)diﬁ hee

Meanwhile, the latter second-order term in the expansion takes on a familiar

form:

d d, A 0 Sen[X; g
/d x/d pr(x)—éC#(:c)éé'p(y)

—\/Q/dda:\/ﬁ C,.4g,g)" ,C"

x=0 _
= +5.[0,C,C; gl.

(4.43)
Interestingly, this expansion, which amounts to the linearization of the theory
given by the Einstein-Hilbert action as the bare action Sg[g], allows for the
interpretation of its second-order terms as a classical matter action for the
(classical) graviton field h,,, and the (classical) ghost fields £, and &

SM[h’ ga f; g] = graviton[h; g] + Sgh[ov gv g; g] ) (444>

where we interpret the term of order hfw in the linearized theory as a matter

action for the fundamental graviton field A, :

_ 1 = — v i TQ
Sgraviton|f1w: . 1= 5 / d%/G by (% [0; 91" )T 1[5 hag (4.45)

with I[g]o*? = 1(g”*g°" + g”°§°*). The operator % [0; g|"*/ oo Will be explicitly
stated in the next subsection (for a gauge-fixing condition of type (4.31)) it is
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given by Eq. (4.75)) and further specified to the harmonic gauge by Eq. (4.77)).
Furthermore, it is evident that the matter action for the classical ghost fields

¢, and & is determind by the Faddeev-Popov action (4.34)) at Py = 0:

Sen0,€,&:9) = V2 / d*e\/G & (g, g)" € (4.46)

where the Faddeev-Popov operator .#[g, g|* also is explicitly stated in the
next subsection (for a general gauge is given by Eq. and for the harmonic
gauge by Eq. (4.76)). Allin all, the expansion (4.41]) thus has become, neglecting
higher-order terms,

which resembles the interpretation of fluctuation and ghost fields as matter
fields on a classical background spacetime. Next, we will finally assemble the
generating functional of the connected Green’s functions (4.17)) at one-loop,

-~

exp {W[t", o",6,; g} = /DgﬁWDQC’“DQCM exp{ — S[h,C,C; g

+ / A2/ [Ty + 5,0 + 0 C, } (4.48)

by plugging the expansion (4.47)) into the RHS which now is, in fact, of such a
form that we can fully analytically perform the path integrals:

exp {W[t"", ", G,; G}

~ 1~ ~ ~
= exp {—Sgnlg]} / Dghyu, exp / dd:v\/ﬁ{ = Shuw X [0; 91" ) 177 + #Wh;w}

X /DQC“DQC_'M exp /ddx\/§ {C’M (\/5///[9,9]%) C"+0,C"+ o“C’M} .
(4.49)
In order to apply the Gaussian path integrals (D.35) and (D.37)), we shift the

integrations variables as
By 1= By = oo (% [0;g) 1)
Cu — Cy+0,(M7.97"),
C* > O — (Mg, 5] ) 0"

v

5%

(4.50)
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which leads to, using the linearity of each path integral and partial integration
when “completing the square”,

exp {W[t", 0", 5,3 Guu]} = exp {—Spu[g]} Det (%[0;g]".)"/* Det <\/§,///[g, §]'.>
X exp { / dov/Gt, (2 [0;9)71)"

+ [dtevgo, ((Vealg.o) ) “Va”} .
(451)

Here, we are only interested in the (¢, o, d)-depence of W{t, o, 5; g] and thus, for

the moment, we may absorve everything else into the normalization constant:
_ 1 d,. /= -1\MY po
Wit,o,a; ] :§/d m\/ﬁtw(%[o;g] ) potp
+ [dlavgo, (V2rlg.g) ) o

Therewith, we find that the expectation values, given at the introduction of this

(4.52)

subsection, in the one-loop approximation of eV also are given by

1 Wt o, (7@] B . diff
\/_\/_(575’“/ 6tpo' i - <(%[07g] )p0a5>y <y7a75|x7ﬂv V>
(t,o,0)=0
1 Wt o.5:7 _ diff
OO Lo = (W2 alg.017) " wake ),
6O—M 50_,/ (t,0,0)=0 4

(4.53)
where (y, a, 8|z, p,v) = I3J0(y —x)/\/g(z) and (y, alz, u) = 030(y—=)/+/g().

Consequently, we have identified those expectation values at one-loop as
diff

()i () = (2105377 05) (v Bl o)
= (y. p, 0| % [0; 9] |, 1, v)
(G @) = (V2 gl r,) " w.ale
=y, v|(V2.415.3) |z, 1) -

Nota bene. As for the scalar field, we technichally could express these expec-

(4.54)

tation values in a basis of eigenfunctions of the operator % |0; g] and .# g, g,
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respectively. However, we will only do so in the following applications, where the
background manifold is specified to the d-dimensional sphere and the operators
% 0; g] and #|g, g] simplify substentially.

4.2.2. The one-loop effective action

To derive the gravitational one-loop effective action we essentially follow the
same steps as in Sections : We introduce the field xoa = (x4, x4, x3)" defined
by Eq. (#:39) and expand the action S[x;J;g] — with the gauge-fixing and

Faddeev-Popov action specified to Eq. (4.33) and Eq. (4.34) — in Eq. (4.17) in
the variable x around x. up to first order in 4 using Eq. (C.5)), respectively

Bq. (00)

exp {(W[J; 3]} = / Dyh,uDyCPDyC eXp{ — S[xa; J; 9]

- d d 525[Xa<]9]
- Z/d /d yOc— xa) )5X”()5X()X

(X_Xcl>j(y)+"'}-

(4.55)

=Xcl

After shifting the integration variables as y +— x — X, the second term in the
exponent reads spelled out:

2 d d 5SX7J9]
Z/d /dyx o (x )5X()X

X=Xcl
~ 2 Q N a p—
+/dd$/ddthj( ) f S[X7 Jag} Cp(y)
Shu (y)oC,(x) o
R 2Q[v- T 7
+ [t [atyl, 22X o
o )0CH()|
~ oy 0°51 53]
+ ddx/ddyC,,xé CH(y
/ Dicimac,w| Y
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Let us compute these four terms independently. When employing the gauge
fixing action and Faddeev-Popov action , we construe the first term
as the definition of the operators % [ﬁcl, Ca, Ca; ] . and % [ a3 g on ST?
in the following sense:

0*S[x: J; g -
/dd /ddy h,uy [X i g] hpa(y)
(5h/u/< )5hpo(y) Y

=Xcl

h h g h,C,C: g ~
/dd /ddth SEH[g+ ]+SGF[ A]+Sgh[ 7Ca C’,g]) hpg(y)
ST ()0 (1)
= /ddﬁ\/g Euy(%/[};ch C_1C17 Ccl; g},uupo—)diff Epa

(4.57)

and

g+ h h; -
/dd /ddy h,uy /[\g + ] + SGF[ g]) hpo’(y>
Oy (2)0hpo () |,
= [ atv/g b s g, ) B

(4.58)

Especially note that %’ [/f;d, 0,0; g]/“’ = U [ o3 g ] . We introduce two fur-

ther auxiliary operators, %[ﬁd, Cu; ] and %[hd, C’Cl, ] , in order to con-

dense the off-diagonal terms:
Coly)

/dd /ddy /Ll/ _ [Xa J g]
5}7,“1,( )5cp(y) X=Xecl

- 5 _
_ dy. [ qd 2V /G _ 5810V (x
= \/§/d /d Yl (2)V/G(y) Lhw(y)(///[g,g](?) (x) Co(y)

X=Xcl
_/ddx\/gﬁmﬂ%[ﬁclaCcl;g]uyagpaép
(4.59)

and



46 4. QUANTIZATION OF METRIC FLUCTUATIONS

d d 825[x; J; g
/d /d Yl )5h L (2)6C?(y)

C(y)

X=Xcl

—/ddx\/ﬁﬁwg%[hd,c_’d;g]“”pc*p. (460)

Both operators, 21 [h, Ca; 9", and Zs[ha, Cd;g]“”p,
Hilbert spaces V' — ST?. In terms of their dual operators %[ﬁd,(}d; g]*pw
and 25[ha, Cu; g]*pw we may also think of those operators as maps ST? — V

are maps between the

as
f%fl[/};cl; C101; g]*pwj = pvaf [g]gpgﬁfy’l [ﬁcla Cjcl; g]aﬁ (461)
and likewise for 25[he, Ca; g]*” - Also, note the identities %[Ecl, 0;g] = 0 and

5&”2[7%1, 0;g] = 0. Lastly, the term exhibiting derivatives with respect to both
ghost fields yields

fate favenn it

o’

V2 / A45/G ol [Gu, 5", C”
= +Sgh [/};cla Ca C? g]

(4.62)
where we have additionally defined g, = g + ﬁd. Inserting these expressions
into the expanded exponent of the Schwinger functionals yields

exp {W|[J;g|} = exp {—5[Xc1; J; §]}
~ 1 T / —uv iff 7 po
X /Dghw exp{ —3 /ddx\/ﬁ by (%' Xa; )" pg>dﬁ h? }
X /DgC“DgC“ eXp{ + /ddl‘\/g/f;,ul/%[ﬁcb Ocl;g]uypép
+\/ddx\/g/ﬁuu%[hcbC_Ycl;g]wjpcp

+ ﬁ/ddxﬁC“///[/g\d,g_]]“yCV + .- } .
(4.63)
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In order two perform the integral over the ghost fields, we shift the integration
variables according td[]

_ 1~ _ o
C,—Cy+ —=hapZslha, Ca; Q]aﬁp(///[gcl,g] by

V2 ' (4.64)
o .
€1 O = (MG, 91 has Zihr, Cai 9177

This leads to, using Eq. (D.37)),
exp {W[J;g]} = exp { ~S[xas; J: 1} Det(# (G, g]")

~ 1 ~ i
X /Dgh/“, exp{ — 5 /‘ddm\/ﬁ hp,u [(%/[XCI;g]MVpJ)dIH

V225 ha, Cop: 1 (M (G, 5)7) . 21 [hets C; g]pf] Eﬂ“}

+ O(2 loops) . (4.65)

Here, we have absorbed a power of v/2 appearing in front of .# inside the
determinant into the normalization constant. What is left is a Gaussian integral
over h,, that we can perform by means of Eq. (D.35):

exp{W[J: 3]} = exp { ~Slxai J: ]} Det(.# G, 3]")
X Det (02//[Xc1;§]"..
—1/2
+ V225 [ha, Ca; 91" (A [Ga, 9) ) 21 [het, Cs 9]”..)

+ O(2 loops) . (4.66)

Along the very same lines as when discussing the scalar field in Section it
easy to see that when keeping track of A one has

¢ = (Xa) + O(2 loops), (4.67)
with ¢ = (¢, ¢%,¢*)T = (h,£,€)T as b, = 0 and hence ¢, = 0.

4[_)em0nstratively, this amounts to completing the square as C.ZC + (h25)C + (h21)C =
(C+hZotdl =) M (C — M h27) + (h2o) M~ (h27).
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Therewith, we can plug our expansion into the EA (4.27):
& €i9) = [ oG [010:glhu + 165916 + 3,061 9)¢"]
+S[h, €, &:9) - / d%z\/g [t 6; glhy + 5,93 916" + 0" [¢; g1E,]
+ % In Det (%’[@ il
VAR Gl (0.5 i Cui )"

— InDet(#1g,g]"..) + O(2 loops), (4.68)

where we have defined the expectation value of the full metric g, = g, + hp-
Finally, we have deduced the EA at 1L,

1
+ B Trgpz In |%'[; 9]"..
(4.69)
+ \/5% [ha g: g]r(%[ga g]_l)TH% [hcly C101; g]*n

+ O(2 loops) .

Henceforth, we refrain from explicitly denoting the terms O(2 loops) when it
is clear that we refer to 1L-expressions. In the following application we are
especially interested in the EA at vanishing quantum fluctuation and vanishing
ghost fields; then, the EA heavily simplifies:

— TryIn[.Z[g,9]'] -

T[g] = T[0,0,0; ] = Seulg)+ % Trsrn[#0;g]".] (4.70)

Also, we equip the 1L-term of T'[g], i.e., the term of order A, with its own
definition:

Cuale) = 5 Trsrs o [%[0;g]".] ~ Ty .40, 5] | (4.71)

It is straightforward to see that the functional integro-differential Eq. (4.30]) in
the present one-loop approximation boils down to

exp {~Tg]} = / Dy DyCDyC 0 SCCitl (4.72)
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~

where the action S[h, C, C;g] is given by its one-loop approximation ([4.47), or

equivalently
exp {—T'11[g / Dyhy, DyCPD,C,, e SlhC.Cil (4.73)

with the matter action (4.44]).

The two operators entering I'[g] are the Faddeev-Popov operator in this spe-

cial case g = G,
(.#1g.g)",)" = 4D + D, D" — 28D"D, , (4.74)

as well as the operator % [0; g|*” ,o that is meticulously calculated in appendix
[[.7 and in this case reads

L ~ diff 52 .
+ = ! (1 ) 5“D”D + (5”D“D
+8“D" D, + 62D"D,]
1/.8 _ _
— 2= — “”D D,+g"D,D,
T3 ( o > 9 (4.75)

+ Gpo D" D" + g, D”D“]

d(PtP)wjpo' o IMVPU:| (2A - R)

DO |

+ [§" Rpo + Goo B*™] — [R,",” + R,","]
1 _ _ _ _
-5 [6ZR“,, + 0, R, + 00 R", + 5;;]%”0] .

In the harmonic gauge, « = 1 and § = 1/2, these two operators take a par-
ticularly simple form. Using g*?[D,, D,|X, = g"°(—R",;,,X°) = R*,X" the
Faddeev-Popov operator then becomes

(.#1g.g)",)"" = 64D* + R, . (4.76)
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Furthermore, all off-diagonal terms in the operator (dZZ [0; g~ p0> cancel such
EH

that it simplifies to

diff _ _ —
(#10:9,,) [C—i P )y = I“”pg} (D? ~ R +2A)

= [{/2 (
EH 2
+ K2 [§" Rpo + Gpa R™] — &* [R," )V + R,",7] (477)

1 _ _ _ _
— 5/@2 [5;’R“p + 5ZR“U +0RY, + 5;:R”(,} )

Adhering to the harmonic gauge, we further specify the background metric g,
to that of a mazimally symmetric spacetime whose scalar curvature R(r) = R
is constant. Then the Ricci and Riemann tensor can be expressed through this

constant (see [46, Eq. (13.2.4-5)]):

_ 1 _

R“V = EgMVR
B B (4.78)
Ryvap = mR (GovGuo — GpvGus) -

Consequently, the curvature terms in Eq. (4.77)) can be summed up as follows:
(9" Ryo + Goe R"| =2 R (P )"
1

I:Rpuo_u + Ro‘upy} =2 —d — 1R (ptr.),ul/p

po

1 _
- —— _RI™,,
T dd—1)

[0V R", + 2Ry + 04RY ) + 3" RY,] == RIW .

ISU TSN

(4.79)

When inserting these relations into Eq. (4.77)), we have determined the operator
(z [0; g|™ po‘)EH in the harmonic gauge on maximally symmetric background

manifold,
diff _ _ _
(02/ [07 g]wjpg) = KQ |:[wjpa - (Ptr.)wjpg:| (_D2 —2A + CIR)
e P (4.80)
- ’i2 9 (Ptr.)w/pg (_D2 —2A + CtraceR)
with dld—3)+4 d—4
cr = (d=3) + and  Coace = ——— . (4.81)

d(d—1) d
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Likewise, the Faddeev-Popov operator (4.76)) in the harmonic gauge on maxi-
mally symmetric background manifold reads

g gP ) =0 [0 4 1R (1.8

4.3. QUANTIZATION OF THE HIGHER-DERIVATIVE ACTION
4.3.1. With generic spacetime dimension d

As a further application, we consider the quantization of the higher-derivative
action given by Eq. (4.4]),

Sh_al9] = / A%/ [aRas R"™? + bR, R* + cR?] . (4.83)

Again, let us choose the gauge-fixing condition ([£.31)), i.e., F, (ﬁ, g) = ﬁ(D“ﬁau—
ﬁDuﬁaa). This time, however, the bare action Sy _q.[g] contains fourth-order
derivatives such we can allow the weight function Y**[g] to be an operator built
from second-order covariant derivatives. Therewith, the gauge fixing action
contains fourth-order covariant derivatives like the bare action does. A
generic choice for the weight function if] [33]

Y*[g] = g"" D* + yD"D" — § D" D" (4.84)
With this weight function and the gauge-fixing condition (4.31]), the gauge-fixing

action reads

~

1 o~ o~
Sarlh; 9] = - / d%e\/G (D%hey — BDha™)

x [g"D? + yD* D" — 5D"D"] (D°hs, — BD,hs") . (4.85)

5_F01" an even more general gauge-fixing action, one could also include terms proportional to
R, or Rg,, into the weight function.
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The Faddeev-Popov action is independent of the choice of weight function and
depends only on the gauge-fixing condition. Thus, as in the previous section,
the Faddeev-Popov action is given by Eq. (4.34)),

Sua[h, O, C: 5] = -2 / A5 Cotl (G, 5"C" (4.86)

with the Faddeev-Popov operator given by Eq. (4.35)). Lastly, the second ghost-
field action (4.14)) for the third ghost field b, becomes
1
Saltisl = 5 [ VGHY™llb,
1 _ L o
= / A’z /gb, (" D* + yD*D" — §D"D*) b, . (4.87)
!

All these ingredients together add up to the full action (4.15)),

~

S[h,C,C,b;g] = Su—alg+h]+ Scrlh; 3] + Sgnalh, C, C; 3] + Sana[b; g, (4.88)
that leads to the Schwinger functional (4.17)),

~

exp (W, 0", 5, d¥s o]} = / Dulh, C,C,b: g exp{ — 8[h.C,C,b: ]

+ / d’z\/g [t‘“’ﬁw +6,C" 4+ 0"C), + d“bﬂ} } :
(4.89)

In order to deduce the one-loop expansion of the Schwinger functional, we fol-
low the very same steps as previously in Subsection In fact, if we had not
to deal with a weight function that implies b, # 0, following the procedure for
the one-loop expansion of Subsection would yield in structurally identical
results (i.e., we would only have to replace the bare and gauge-fixing action in
the definition of the operator %’ and %/). Therefore, let us observe what effect
the third ghost field b, has on the one-loop expansion: Again, we expand the
exponent on the RHS of the Schwinger functional, i.e., S[x; J;g] (cf. Eq. (INE)!
with x = (x', %%, 3, x")7T = (ﬁ, C,C,0)T and J = (J1, Jo, J3, Jy) = (t,0,5,d)
around the solution to its equations of motion (4.39) (now with i = 1,2,3,4).

In the second-order term of this expansion,
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‘Z/dd /dd 5(;35);; iQ]>

the only b,-dependent term will be the term i = j = 4. Thus, this expansion

X (), (4.90)

=Xcl

on the RHS of the Schwinger functional leads to the fermionic Gaussian path

integral ({D.36))

/ Dyb,, exp {—% / dz\/g bNY“l,[g]b”} = Det (éY‘.[g])H/Q (4.91)

that, importantly, is fully independent of the remaining path integral over
(ﬁ, C,C). (Also, we have absorbed a power of 1/2 into the normalization con-
stant.) By analogously following Subsection with this remaining part to
the one-loop effective action Eq. yields the one-loop effective action for
higher-derivative gravity,

[ €.6,Gi9) =S10,E.6 Gigl — Tiv i [l 7] — 3 Tovn |21

1 / il
+ 5 Trsr2 In {(OZ/ [h,€.6:9]".), (4.92)

BB E G (9,51 i [, g]*“..]
+ O(2 loops) ,

where 21[h, &; g] and Z3[h, €; g] are defined in Subsection and the operator
( '[n, €€ 9", )h _ is defined by

hpo (y)
X=Xcl

/dd /ddyh,ﬂ, _ S[X?/{ug]
0Py ()0 pe (y)
/dd /ddth Sh d[g+h]+SGF[h g]+Sgh[Avé7C)g]) /};

Oy (@)3hy0 (y)

= /ddx\/§ /]{pu(%,[};cla Ocla C’cl; g]uy )dlff hpg

pcr(y)

X=Xcl

(4.93)
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Note that the one-loop effective action depends on (,, only on tree level. Later,
we will only apply the one-loop effective action at vanishing field expectations

values,
I'[g] =T0,0,0,0; g]
o1 e
= Sh.—d.[g] + B Trgrz In [(%[05 g] ..)h,_dl (4‘94)
. 1 1.~
— Try In [.///[g, d] } — —Tryln {—Y [g]}
2 o
with
R 2 -7 TG N
/ddx /ddy h,w(x)(s (Sh.fci.\[g + h]A‘F Sar[h; g]) R ()
Py () 0ho (y) o
= [ dlavg (@0, )i T

(4.95)

The operator % [0; g|n._q. for a general background metric can be obtained in

a cumbersome and lengthy calculation that we leave out of this thesis because

 [0; gln.—q. in this generality will not be required here. At least, let us comment
on its general structure: Setting the gauge-fixing parameters to the values

2 b+ 4c 2a — 2¢

“= ’ 624(0—@) T qat b

¢ and 6 =1, (4.96)

the “off-diagonal terms” contained in % [0; gln.—a., i-e., ** D03 Dg, g*° D, 0;D,,,
D,D,D,Dgs and §*°D,00gD,, [33] and the operator takes the form

@103 0 = K[ {17002+ (V)3 DD, + WIg™,, ) |
(4.97)
where O; = g"*D,D, and I*,, is given by Eq. (A.24). The explicit form of
the tensors K[g]"” s, (V”)[g]aﬁm and W[g]aﬁm can be found e.g. in [33, 47].
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As an example for the operator % [0; g]n._q. in a general gauge, we determine
it on a flat d-dimensional background (for an explicit derivation see appen-

dix ; also cf. [33]),

_ v di b 5
(%[0; G = O] ) )00y, = (5 + 2a) ",

b e 2
+ 54—20 —25(1—1—7—5) 06,60

(b+4a 1 o e
— = %} {68070, + 640"00,
+ 8204010, + 02000, }
_ |t +24c - 25(1 v —8)| {58,00,
+6,,000" )

(07

i 5_
+ {2+ b+2c+ 2—7] 0"0"9,0, |

' (4.98)
with O = 6*70,0,. Note that for the gauge-fixing parameters (4.96) the last

three —i.e., the “off-diagonal” — terms cancel.

4.3.2. Spacetime dimension d = 4

In four dimensions, d = 4, the specific gauge-fixing parameters (4.96)) can be
expressed in terms of the couplings f2 and f3 in Eq. (4.8):

o o f3t2f§ _ 2§+ 3 _
Q{——2f2,6—m,’}/—3—fg and 5—1 (499)
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On the other hand, for a general gauge and on a four-dimensional flat back-
ground the operator (4.98]) can also be expressed in terms of the couplings fy
and fy given by Eq. (4.8)) (again, see appendix for details):

_ — 1 1
%[O;QM,, = 5uu]ﬁ._4d, = _Dz{ - Q_ﬁP(2) + aIP(l)

2 2
N (iQ N %) poss 4 208 = D% b0
16 o «

I Zﬁﬁf — 1) [P(O,sw) + P(O,ws)} } 7

(4.100)
where we have set § — vy = 0, i.e., chosen the gauge-fixing parameters to de-
viate from Eq. (although o and f still are arbitrary), in order to write
U0;Gu = 0,,]¢=% in terms of the projectors P P POs9) and pOww),
These are spin projectors that project a symmertric rank-2 tensor field onto
the respective one of its four irreducible representations of the Lorentz group.
The projectors are labeled accordingly: P®) projects onto a spin-2 represen-
tation, P onto a spin-1 representation and P as well as PO onto a
spin-0 representation; the “projectors” P©=») and P(©**) map each spin-0 rep-
resentation onto the other. In appendix this field decomposition and the
corresponding projectors are constructed explicity. Using Eq. , the oper-
ator % [0; g, = 5#V]ﬁ.:—4d. can be easily inverted. This inverse is the propagator
of higher-derivative gravity in four dimensions and reads (cf. [48])

_ d=4 \ * 1 21 (2 1
. — —_—_— ! _92£2Pp® PO+ - pluww
(gZ/[Oa Guv 5#1/]11.—(1.) 2 { /2 o + 206 — 1)
332
+f2 IP(O’SS) + IP(O,ww)
‘ (B —1)
+ 1\/_555 (P(O,sw) + P(O,ws))] }
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4.3.3. Weyl-squared gravity in d = 4

As explained earlier already, the limit f& — oo removes the Weyl symmetry-
breaking “R?”-term from the classical action . As explained earlier already,
the limit fZ — oo removes the Weyl symmetry-breaking “R*”-term from the
classical action . Thus, in this limit we must also gauge-fix the Weyl (con-
formal) symmetry of the action, in which now the sole coupling f2 parametrizes
the Weyl tensor. We can do so by additionally imposing the trace of the metric
fluctuation to vanish: g””ﬁw =h=0 [49]. Practically, this means that in the
bare action (4.88) we must, on the one hand, take the limit f@ — oo and, on
the other hand, make the replacement /I{W > (ISTQW‘”B — (Ptr.)[g]u,,aﬂ)?zaﬁ, ie.,
we must “project out” the trace of the metric fluctuation. Its corresponding
component in field space reduces accordingly to the set of all diffeomorphism-
invariant symmetric and traceless rank-2 tensors; importantly, the identity of
this space is given by 1gr2 — Py, [g].

Let us take a look at the implications of this substitution, compared to the
case f§ < oo. In the gauge-fixing action , the gauge-fixing condition (4.31]
reduces to

F,(h; ) = V2D* (Ist2 0" — Pic [fap™™) Teer - (4.102)
Although to beginn with, it might seem that the gauge-fixing parameter § has
become superfluous, it in fact has been determined to the Valueﬂ

5 i , (4.103)

which is a specification that results precisely in the above gauge-fixing condition.
Further, the inverse propagator at vanishing fluctuation field of Weyl-squared
gravity is

U0; oy = (Lsr2 — Poe[g]) 2 [0; l1 =", : (4.104)
fé—o0, B=1/4

where % [0; g ﬁ_::ld_ is defined by Eq. (4.95)).

6In fact, B =1 /d in a d-dimensional spacetime, but note that the action is only conformally
invariant for d = 4.
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For example, with the remaing gauge-fixing parameters «, v and ¢§ specified
to the values of Eq. (£.99), i.e., a = —2f2, y=2/3 and § = 1, %[O;g]é@; takes
the form

([0, )54 = (Lsrs — P a)" s K917 1 %
<17, 08 + (V2,007 DaDr + Waelg)*,, b - (4.105)

The tensors KWeyl[g]’Y‘Saﬁ, (V&gyl)[g]aﬁpa and Wiyey [g]aﬁpa can e.g. be found in
[49].

On a flat background, we can obtain % [0; g, = 5W] for an arbitrary

Weyl
gauge-fixing parameter o and for v — § = 0 from Eq. (4.100} m

w |0; G = 5;11/]57\7;;1 (Lst2 — P [G = 0,0]) Z[0; Guw = 6MV]ﬁi4d,

:—DQ{ = —P®@ 4+ = !
2 o'

fE—o0, f=1/4

(4.106)
Its inverse, the propagator of Weyl-squared gravity, is given by the condition

3 9
IP(I) _IP(O,ss) _P(O,ww)
+ 8 + 8

_3V3 posu) _ 9\/_
8

/3

IP(O ws)

(%[05 Juv = 5yu]d4Weyl>_1

1
|:|2

PO 2 pOows) | 2poww)

3v/3 3

(52/[0; G = (5W]Weyl)71%[0; v = 5W]Wey1 = 1gpr2 — P, and reads

{ 2f3P P +a

(4.107)
Unfortunately, at two loops the conformal symmetry is anomalous [49], and
consequently radiative corrections will also generate a propagating scalar mode.
Nevertheless, Weyl-squared gravity is still relevant for situations in which the

conformal symmetry is approximately realized [50].
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CHAPTER 5

Summary of Part 2

The content of Part 2 interlinks the preparatory construction of the gravitational
path integral in Part 1 with the application that follows in Part 3. Essentially,
this interlink consists of the explicit construction of the functional renormal-
ization group equation, the presentation of some of its approximate solutions
as well as its application to the renormalization of composite operators. The
overall composition of Part 2 is tuned to prepare the specific ingredients which
will be required in Part 3.

Chapter 6 begins with the explicit construction of the functional renormal-
ization group equation and explains the philosophy of the Asymptotic Safety
scenario for quantum gravity. We add to the action appearing in the gravi-
tational path integral a scale-dependent cutoff action AS [/ﬁ, C, C, b; g] which
serves the purpose of an infrared cutoff and regularizes the infrared divergences
of the path integral by surpressing the integration below the scale k2. It is
important to note that for the functional renormalization group equation to
be well-defined, the construction does not require an ultraviolet regularization
at the time. Fully analogous to the formal definition of the effective action
by means of the ordinary, unregularized gravitational path integral, one then
obtains a scale-dependent effective action, called the effective average action
Twlh, €,€,¢; g]. Here, the first four arguments are the expectation values of the
metric fluctuation as well as of the ghost fields. The functional space of which
these four fields are elements of is called field space.

61
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One can straightforwardly show that the effective average action constructed
in this way fulfills the functional renormalization group equation (6.13)),

1
kopLk]o; 9] = 5 Trgpe

(kenctinla) ([ fosa] + 2l )]

— Try | (kOkZra39]) ( [Fl(f) (95 9] + P, [E]]] _1) i ]
— %Tl“v (kOkHr44]9)) ([Fi(f) [0 9] + %)k[gﬂ _1)44] ,

with ¢ = (h,&,&,¢). The operators Ff) [¢; g] and Z|g] are operators on field
space, namely the Hessians obtained by applying any two functional derivatives
to the effective average action and the cutoff action, respectively. Although the
cutoff action itself only serves the purporse of an infrared regulator of the grav-
itational path integral, the functional renormalization group equation is well-
defined in the infrared and the ultraviolet, too. The reason is that the scale
derivative kOp%y|g] vanishes in the infrared and the ultraviolet which fully reg-
ulates the traces on the RHS.

The idea of the Asymptotic Safety scenario for quantum gravity is as follows:
For a moment, let us forget about the gravitational path integral and the strug-
gle to give a physical meaning to it. Rather, let us take the above functional
renormalization group equation by the hand and try to find a solution I'x[¢; g]
of it. The space this equation is defined on is the theory space, i.e., the space of
all diffeomorphism-invariant functionals of the fields. Generally, we may assume
that this space has the structure of a vector space, so we can expand

Tylo:g] = Zm(k)l%-[czé; 7]

Then, the functional renormalization group equation is nothing but (infinitely
many) coupled ordinary differential equation for the dimensionful couplings
{u;(k)}. Hence we can identify theory space with the space of all couplings.
Moreover, we can consider a theory to be fully renormalized if we find a trajec-
tory in the space of all couplings that is well-defined for all values of k. Usually,
this trajectory will be emdedded into some finite-dimensional hypersurface of
theory space. The number of this finite dimension corresponds to the number
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of free parameters of the theory that must be fixed by experiment. Particu-
larly, this makes the Asymptotic Safety scenario predictive. The search for an
ultraviolet-finite trajectory in theory space is fully equivalent to the search for
an ultraviolet fixzed point in theory space, out of which the ultraviolet-finite tra-
jectories originate. (The direction of the flow is the direction of lowering k.)

Unfortunately, it is only possible to find approximative solutions of the func-
tional renormalization group equation. An important ansatz for finding approx-
imative solutions are truncations of the theory space, i.e., to study the equation
on a space spanned by finitely many basis functionals {B- (& 9] | 1=1,2,..., N}.
This amounts to the ansatz

Before showing examples for such truncative solutions, it is then explicitly shown
how the functional renormalization group equation must be further modified
such that it emulates the evolution of the one-loop effective action of some
given bare action. We will refer to this modification as the “one-loop approxi-

mation of the functional renormalization group equation”.

Chapter 7 presents the first approximative solution of the functional renor-
malization group equation that we will later have recourse to, the single metric
Finstein-Hilbert truncation |26]. Here, “single metric” refers to the fact that we
consider the special case g,, = g, of a vanishing metric fluctuation. Further
“Einstein-Hilbert truncation” refers to the employed two-dimensional trunca-
tion of theory space which is spanned by the functionals f d%zx,/g and f ddx\/gR,
i.e., by the functionals from which the Einstein-Hilbert action is built. Accord-
ingly, the ansatz for the effective average action (7.2) is built from these two
functionals. The two (dimensionless) running couplings that parametrize this
ansatz are Newton’s constant g, and the cosmological constant A\,. Their run-
ning is given by ordinary differential equations (the “RG equations”) which we
explicitly derive from the functional renormalization group equation. We then
show in four spacetime dimensions that the flow of these RG equations possesses
a fixed point which we numerically calculate.

Furthermore we repeat this analysis for the “one-loop approximation” of the

functional renormalization group equation. To these solutions we refer to as
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the simplified Einstein-Hilbert flow. Furthermore, we study this simplified flow
in the presence of matter fields. In both cases, a fixed point in four spacetime

dimensions exists that we numerically calculate.

Chapter 8 treats a further approximative solution of the functional renormal-
ization group equation. Namely, we show how the latter can be used to calculate
the one-loop RG equations (respectively their RHS called the “beta functions”)
for higher-derivative gravity in four spacetime dimensions which is defined via
the classical action

Sh_alg) = [d* Ly g O L
il = @0 |~ (5 v) ot

We then show with what ansatz the one-loop approximation of the funtional
renormalization group equation must be solved in order to obtain the one-loop
beta functions for the couplings fZ and f3. It is important to note that these
beta functions are universal, i.e., independent of the employed renormalization
scheme. Furthermore, we also consider the scale-invariant special case of Weyl-
squared gravity which amounts to the limit fy — oo.

It follows a detailed discussion of the solutions to the one-loop RG equations,
whereby it turns out to be useful to introduce the new variable w = f2/(2f3).
We show that higher-derivative as well as Weyl-squared gravity is asymptotically
free in the coupling f2. This essentially means that f2 — 0 as k — oo. More-
over, it is shown that the higher-derivative gravity possesses two non-Gaussian
fixed points of the variables f7 and w, with one being fully attractive in the
ultraviolet and the other being a saddle point. Thereby one has f? = 0 for
both fixed points because of asymptotic freedom, such that by setting w to the
fixed-point value, one obtains a perturbative framework that is fully controlled
by f3.

Lastly, Chapter 8 concludes with a discussion of the corresponding RG equa-
tions in 4 — ¢ dimensions, which are not universal anymore and moreover gauge-
dependent, i.e., not necessarily physical. We discuss how these RG equations
can be employed in a meaningful way in order to probe the behavior of results

away from four spacetime dimensions.

Part 3 concludes with Chapter 9 which is an extensive discussion of how

to renormalize composite operators via the functional renormalization group
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equation. There are various reasons that motivate the treatment of composite
operators within the functional renormalization group approach. These include
the following: Firstly, composite operators play a crucial role for the construc-
tion of observables for quantum gravity. These are particularly hard to construct
because they are required to be diffeomorphism invariant, for instance, one may
consider correlation functions at a fixed geodesic length. The geodesic length,
however, usually is not included into truncations of theory space which are given
by (quasi-)local operators. Thus, a way out of this problem is to renormalize
the geodesic length as a composite operator. Secondly, in a theory of quantum
gravity, it is rather natural to ask how geometric quantities, such as the volume
of some submanifold, behave at the quantum level. Such geometric properties
are crucial for the comparison of different approaches to quantum gravity, es-
pecially for the comparison of continuum-based with discrete approaches.

The point of origin for this chapter is a set (or basis) of n bare composite
operators O [iL, C,C,b;gl(x),. .., ﬁn[ﬁ, C,C, b; g)(x) that we wish to renormal-
ize. We then explicitly show that this is possible by coupling the bare operators
to arbitrary sources and incorporating them into the gravitational path inte-
gral. Then it is rather straightforward to derive the composite-operator func-
tional renormalization group equation Eq. for the renormalized operators
03], 19, 9](x), i = 1,...,n. This flow equation possesses a double-layer struc-
ture: it entails these renormalized composite operators, on the one hand, and
the effective average action I'y[¢; g|, on the other hand, thus, two approxima-
tions are required to actually find solutions to this flow equation. We call the
approximations for the effective average action and the renormalized composite
operators first and second truncation, respectively.

The most important example is that of geometric operators which are com-
posite operators that do not depend on the ghost fields. Their £ dependence is
governed by the flow equation ((9.29)),

> 5000l a16e) = — sz | (91 ) (09, .ol + )

X @(2)[975](33) ((I‘](f))n[g,g] +%§raV[g]>_ ] .
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Here, 7(k) is the dimensionful anomalous-dimension matrix, into which the
renormalization behavior of the composite operators is fully encoded. In gen-
eral, the anomalous-dimension matrix will be an (n X n)-matrix if the second
truncation is n-dimensional. Further, it is a function of the running couplings
that parametrize the first truncation.

Finally, we outline a scaling argument by which we can identify the anomalous-
dimension matrix with the scaling dimensions of the composite operators in
the ultraviolet, i.e., in the fixed-point regime. For example, in case of a one-
dimensional second truncation, we have the scaling property ,

[ﬁ]k%oo [g, g] (T> ~ rdiw(u*) :

Here, the geometric operator is assumed not to depend on a spacetime point
itself, but rather on a characteristic length scale. Further, it has canonical mass
dimension —d and u* is the fixed point in theory space obtained by means
of the first truncation of the effective average action. (Also, 7 denotes the

dimensionless anomalous dimension.)



CHAPTER 6

The FRGE

Executive summary. We explicitly construct the effective average action
and the functional renormalization group equation for quantum gravity. On
this basis, we explain the concept of Asymptotic Safety and outline suitable
approximation schemes for the effective average action. Moreover, we show how
the functional renormalization group equation can be used to derive the one-
loop beta functions for a given bare action.

What is new? The rigorous discussion of the “one-loop approximation” of the

functional renormalization group equation.

6.1. INTRODUCTION

The effective action for quantum gravity, as given by its general — yet formal —
definition is ill-defined: It still involves ultraviolet (UV)- and infrared (IR)-
divergences. For example, the trace appearing in the one-loop expansion (4.70))
of the effective action associated to the Einstein-Hilbert action contains notori-
ous UV divergences that will play a special role in Chapter [I8] Conventionally,
one gives a meaning to the effective action, and therewith to the path inte-
gral as well, by regularization techniques that renormalize the originally
divergent quantities. In the conventional, perturbative, approach towards renor-
malization each divergent “bare” quantity is thwarted by a so-called “countert-
erm” to give a renormalized quantity, essentially a parameter. Each of these
parameters’ value must be taken from experiment. In case of the quantization
of the Einstein-Hilbert action, infinitely many perturbative parameters must be
renormalized, resulting in a loss of predictivety. The theory is not perturba-

tively renormalizable.

67
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In the following, we introduce an alternative method to the conventional pro-
cess of perturbative renormalization, given by the functional renormalization
group equation (FRGE). This equation is an exact, non-perturbative, differen-
tial equation for a scale-dependent version of the effective action, the effective
average action (EAA). Remarkably, the FRGE only requires the presence of an
IR regularization to be well defined (its structure is such that the IR regular-
ization implies an UV regularization, too). This property goes along with the
fact that the FRGE, while constructed with the help of a bare action, is itself
fully independent of a bare action. However, when reimplementing an — for the
FRGE itself superfluous — UV regularization, one can reconstruct a bare action
that then depends on the chosen UV regularization scheme. Importantly, the
FRGE might admit IR- and UV-well defined solutions that are predictive, i.e.,
require only a finite set of parameters to be taken from experiment. Especially
intriguing is the existence of such solutions that correspond to theories that are
otherwise perturbatively non-renormalizable. Indeed, in the case of quantum

gravity strong indications for the existence of such a solution have been found.

6.2. CONSTRUCTION OF THE FRGE

In order to construct the FRGE from the path integral , let us equip this
path integral explicitly with an IR regularization, in form of a (low momen-
tum) cutoff, while assuming only implicitly its UV regularization. Therefore, we
add to the full action S [ﬁ, C,C,b; g] given by Eq. the following IR-cutoff
functional for the gravitational field EW and the ghosts C,,, C* and b,:

~ _ 1 N -
ApSlh,C,C,b; g| = 3 /ddx\/§ Py ,%Era"“”pg[g]dlff hPo
+ [atego, e 61)

1 .
+5 / d'z\/gb, 2" 191
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Fully analogously to Eq. (4.17]) we therewith define

eXp{Wk [t'wja qu 6;u dﬂ; gul/]}

~

= /D,u[/fz,c_’, C, b; gl exp{ - S’[/fz,C_’, C,b;g] — ApS[h, C, C, b; g]

+ / d%z\/G [t’“’ﬁw +5,0" + 0"C, + d“bu} }

~ A~

= /DM[/];7C7 C7b7§] eXp{ - S[h’7C’7 C7b;t70-76-7d;g] - Aks[ﬁ7éa C7b7§]}7

(6.2)
where S[ﬁ, C,C,b;t,0,5,d;g) is given by Eq. . The measure is again de-
fined by Eq. and in the case of b, = 0 (and thus d" = 0) is traded for the
measure Eq. . This k-dependent version of the Schwinger functional is also
invariant under the background transformations , §BW,[J; g] = 0, which
is proven in appendix [F.4} whereas its invariance under the BRST transforma-
tions requires the modified Ward identities| 5. W[ J; g] = — (6.A,S[x; g]) —
(6-Ssource[X, J5 1) = 0 to hold (with Siouree given by Eq. [{.19)).

The cutoff action ApS [ﬁ, C, C, b; g] fulfills thee purpose of an IR cutoff at the
scale k that surpresses eigenmodes p? of the negative Laplacian —D? = —[J;,
with p? < k? while those eigenmodes with p? > k? are not surpressed and fully
“integrated out”. The cutoff operators Z™[g], Z2'[g] and Z¢™*[g] all have
the general structure

Zilg) = Zlgk” RO ((-D?/k?)") (6.3)

where Z[g| is a tensor structure that depends on the scale k& through the run-
ning couplings of the respective theory and the power ~ is chosen such that
23] has the same canonical mass dimension as the respective inverse propaga-
tor. E.g., for 2 [g] one chooses v = 1 when considering the Einstein-Hilbert
action and v = 2 when considerung the higher-derivative action (4.4)).
Also, w.lo.g. we may require 2" [g]* ~ ¢ and as well Z"2[g]* ~ O~

On momentum space, the dimensionless function R® : R — [0,1], z —

ater, this modified Ward identity can be formulated as a condition that the effective average
action must fulfill, cf. Section
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RO)(2), is required to (at best smoothly) interpolate between R(®)(0) = 1 and

lim, ., R(”)(2) = 0. A convenient choice of the specific “cutoff profile” is e.g.
5%

e’ —1

or RO(2)=(1-2)01-2), (6.5)

RO (z:5) = (6.4)

with 6 the Heaviside step function. The former is called the exponential cutoff. It
depends parametrically on s which is a pratical feature to investigate the cutoftf-
dependence of results. The latter specification of R is called the optimized
cutoff [51,]52]. Replacing the conventional Schwinger functional W with Wy, the
classical fields ¢ = (h, &, &, ()T given by Eq. now are given by ¢ = ¢y[J; g],

ie.,

B - 1 OWilt,o,o,d59] _ 4
o) = ol 910) =TT = ()
£ (2) = &l () = o ORlE 00 5G] _ )

g(x)  00"(z)

1 Wit o,0,d;4]
V() 60, ()

1 6Wilt,o,0,d;4]

T Vaw  odi(x)

Again, we therewith express the source functions J = (t,0,,d) as functionals

(6.6)

§M(x) = &MJ5 9] = = (C"(x))

Culx) = Gl 5 9] = (bu(@)) -

of ¢ and g; therewith we further define the analog of the effective action (4.27))
as

T, &,€,¢ gl = / Ad"z/G [t (05 G0y + 0" (5 GIE" + Truld; 91EF + di[95 G)C,)

— Wil[Ji[¢: g]; g] -
(6.7)

However, the functional fk[h, £,¢,¢; g) appears only as an auxiliary functional
on our way to define the EAA by

T1l¢; 9] = Du[; 3] — ArS[: 9] - (6.8)
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Note that in the limit & — 0, in which the cutoff functional AS[¢; g| vanishes,
i.e., in which the cutoff is fully removed, we recover the conventional effective
action (4.27)):

lim [y [6; 9] = Tlg: ] (6.9)
Furthermore, note that the relations are now inverted by
1 5fk[hvg7§a Cag]
g(zr)  Ohu(z)
1 OTy[h €€ G )
g(x) 55#(@

" (x) = 4" [¢; g)(z) = +

ot'(r) = ox”[¢; gl(x) = —

L O0Lu[h, 66,69 10
_ =5 al(g) = — kG, 6,659
O'M(l') = kﬂ[¢a g]( ) g(x) 55#(93)
1t = Bl allr) = — 1 5fk[h‘>€7£7<7g]
P() = A ipsgl(e) = - =t
or, in summary, o i
(Jlésg)(a) = S 0Luloid (6.11)

Vilw) 0¢°(x) -
i.e., in Eq. (4.28) one must replace I' bei I'x and not T';. Consequently, the
functional integro-differential equation (4.30) now reads

~

€xp {_Fk[h7 ga 57 C? g]} - /DE}\L#VDQCHD‘@C,LLDQI)# €xp { - S[ha 07 Oa b7 g]

+ /ddx {(/ﬁuu — hw)(x)(srkg;;i’(i’f;g] - 5Fk[glé§é;§’g] (Cr = &")(x)
TR 6T s gy Ok EEGal
A, - o) - RS, g >]}

X exp{—AkS[ﬁ—h,é—g‘,o—g,b—g;g]} .
(6.12)

Note that still, the well-definedness of T'x[¢; g] and of Eq. (6.12) relies on the
implicitly assumed UV regularization.
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The effective average action I'y[¢; g] constructed from the bare action as
above can be shown to fulfill the functional renormalization group equation,
also called the Wetterich equation |25, 26|,

1
o]0 9] = 5 Trgpe

@ctenla) ([ foss] + 21l )]

~Try | (9:iasla)) ([F;(f) 9:9) + 203 _1) 32] (6.13)
- 5w | @la) ( [riosa] + 2l )] ,

where ¢ == Ink is the renormalization group time and 0, = 0/0t = k0/0k. In
the case b, = 0 one fully analogously obtains, now with ¢ = (h, &, €)%,

1
OL'k[0; 9] = 3 Trgpe

@ctnla) ([r1:0] + J}‘l)H]
(6.14)

— TI"V

Otesla) [k +%[g1}1)32] .

An elabortate derivation of the FRGE can be found in appendix [F.11] Here, the
operators Zy|¢; g| and Fl(f) [@; g] are operators on field space, which essentially is
the Hilbert space of which the set of fields y = (EW, C,, C*.b,)T is an element
ofﬂ given by (no summation over a and b intended)

] (- 5°A.S[#; 4]
(@, | Braldly, ) = NONOK s gmio 19

2\ o (- 0Ty g]
<x,...|(F?)ab[(b,gny,..»- NONOK s 19

2This Hilbert space is given by the tensor product ST? ® (Vo @ Vi)* @ (Vo & V1) @ (Vo & VA )*,
where the Hilbert spaces ST? and V are defined in appendix and V = Vj & Vi denotes
the Zs-graded Hilbert space V' of anticommuting Grafimann fields. Further, V* denotes the
dual space of V.
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The dots “...” and I,[g] symbolically account for the index structure that
must be adapted accordingly, e.g.

grav

<xaﬂayl'@kll[g]|y7p7 U) - <Ia:uvy|’%k [QHyapa U)

(, 1| Rraslglly, v) = 1 5_2Ak5[¢§§]
Va(2)\/3(y) 66u(x)0€" ()
=z, m%gh’lrny, ) -
_ §2ALS[¢; ]
T O i
= (&, | 2?9y, v) -
Also, note that the off-diagonal elements in fields space of these operators,

R ¢; g and ( )ab[gzﬁ, g] with a # b, are operators that eventually map be-
tween disjoint Hilbert spaces.

(@, p|Zraalglly, v) =

A striking feature of the FRGE ([6.13)), or respectively , is that the
traces appearing on the RHS are in fact IR- and UV-finite as they stand, i.e.,
even when removing the implicitly assumed UV cutoff. This is simply due to
the fact that while the cutoff operator Zx|¢; g|, being added to the exponent
on the RHS of Eq. , regulates only IR modes by surpressing their integra-
tion, its k-derivative 0,%x|¢; g], appearing multiplicatively under the trace in
Eq. , regulates IR as well as UV modes. This is due to the fact that the
graph of @%k[gb g] consists only of a small peak around k2, left and right of this
peak the graph quickly approaches zero. Hence, only modes in a small band
around k2 contribute to the trace in Eq. . This goes along with the fact
that the EAA depends on a bare action — that would require and the presence of
an explicit UV cutoff — only implicitly via the EAA T'x[¢; g|. These key features
thus allow for a philosophical U-turn in the approach towards quantum grav-
ity. Instead of trying to give a meaning to the path integral for a given
bare action, we may forget about the bare action alltogether and take the FRGE
, or respectively , a differential equation that try to solve for the
EAA T'g[¢; g]. For a given solution I'x[¢; g], the bare action S[x;g] can then be
reconstructed by means of Eq. when explicitly implementing an UV regu-
larization scheme (i.e., with EAA as the input and the bare action as the output).
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Most commonly, the effective average action is considered as a functional of
the full metric g, = g, + hy given by

Tilg,9.€.6.¢]:=Tulg —9.£,€,¢; 9. (6.18)
Therewith we further define (in slight abuse of notation):

I'ilg.9] = T4[9.5,0,0,0
and  T'yx[g] =T%[g, 9]

(6.19)

Note that if we transition into these conventions we may use §/dh,,(x) =

0/6g(x).

6.3. BETA FUNCTIONS AND ASYMPTOTIC SAFETY

With this change of strategy, we must clarify on what space the FRGE, as a
differential equation in the renormalization group time ¢, is actually defined on;
i.e., what is the set of functionals out of which solutions to the FRGE might
arise? We call this space theory space whose definition in general terms is not
far to seek: on the one hand, we have chosen the field space {x — ¢(z)} of fields
defined on the, respectively chosen, background spacetime with metric g (here:
¢ = (h,&,6,0)7), and on the other hand, we have chosen a symmetry group G
(here the group of spacetime diffeomorphisms). Then, theory space is the set
of all G-invariant, regular functionals {x — ¢(z)} — R. On this theory space,

the FRGE has the structure of a “flow equation”, respectively an equation for

integral curves, schematically kOpI'y[- - -] = B{Tk[ - - ]}. We will call B the beta
functional. Different initial conditions I'y_x[---] = “Initial functional”[- -] for
this flow equation lead to (possibly) different solutions. Each solution I'y[- -] is

a one-parameter family of functionals in theory space and thence is referred to
as a renormalization group (RG) trajectory. The RG flow, the set of all RG tra-
jectories in theory space is determind by the pair (“theory space”,B). Further,
note that for this interpretation it is crucial that the tangent space of the theory
space is isomorphic to theory space itself.rf] This condition is trivially fulfilled in
the case that the theory space possesses the structure of a vector space which
is a condition that we, w.l.o.g. for all our purposes, will apply.

3For details on the geometry of theory space see [53].
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In this case, theory space thus is equipped with a basis of functionalsﬁ
{H[¢;g] ‘ i:1727"'7oo}7 (6-20)

in which the EAA can be expanded:

gl = Zai(k)ﬂ-[qﬁ; q]. (6.21)

The coefficients {u;} are the dimensionful running couplings of the theory. The
left-hand side (LHS) of the FRGE then is given by

i=1

while we define the expansion of its RHS in this basis as

‘B{Z u; (k) Pi[¢; 9]} = ZB@ (ui(k), uz(k), ... ;k) Blé; g], (6.23)

where the coefficients {3;} are called the dimensionful beta functionals. A com-
parison of the coefficients on the LHS and RHS yields

o (k) = B (uy(k),uz(k),...;k) , i=1,2,.... (6.24)

These eract RG equations, that can be regarded as a generalization of the per-
turbative Callen-Symanzik equations[4], are infinitely many ordinary differential
equations; their solution corresponds to “solving the theory”.

We can remove the explicit k-dependence of the dimensionful beta functions

{B;} by going over to the dimensionless running couplings

ui(k) = k™% (k), (6.25)
with d; = [@;] the canonical mass dimension. Therewith the RG equations
become

Opui(k) = —dsu;(k) + k=% 3; (K uy(k), kPug(k), .. .5 k) . (6.26)

4Sometimes7 we refer to these functionals as “operators”, emphasizing the operator-nature of
their counterparts P;[x; g]-
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From dimensional analysis it is clear that k=% 3; (k"ui(k), k®us(k),...; k) =

B (ui(k),uz(k),...;1) such that with the dimensionless beta functions

Bi (uy(k),uz(k),...) = —du;(k) + Bi (uy (k), uz(k),...; 1) (6.27)

we have obtained the dimensionless RG equations
O (k) = Bi (ur(k), ua(k),...) . (6.28)
We also write this equation as du(k) = [(u(k)), in terms of the vectors

u(k) = (u1(k),us(k),...) and g = (B1,P1,...). As the dimensionless beta
functions do not possesses an explicit k-dependence, these ordinary differential
equations thus build an autonomous system. It is important to emphasize that
only complete RG trajectories, i.e., those for which k — w;(k) is regular for all
k € [0,00), correspond to a quantum field theory.

In order to solve Eq. (6.28)), an “initial” condition of the form
u(p) = u® (6.29)

is required to select a specific trajectory in theory space. This initial condition
can be regarded as “renormalized” couplings at the scale p. If we infinitesimally
shift this scale, u’ = p+ ¢, we must shift the “renormalized” coupplings accord-
ingly, u®" = u(p') = u(p) + ed,u(p) = u® + £d,u(p), in order to stay among
the same trajectory [54, 55]. To study the parametric dependence of the RG
equations on the initial condition(s) (6.29), let us denote by u(k; u, u®))
the corresponding parametric solution. As the initial conditions u(u) = u(®

and u(y') = u®’ select the same trajectory (solution), we have
w(ks g, ut®) = u<k5; u’,u(R)/>

= u(k; p,ulV) + ¢ w(ks p, u™)

0+ 3 (0u() =

R)
U
(6.30)
and thus, with pd,u; (1) = Bi(u(u)) = Bi(u®),
0
Aul™

(3

POy, + Z ﬁi<u(R))

]uj(k;u,um)):o C o i=1,2,.... (6.31)
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We can use this linear partial differential equation to investigate the dependence
of the RG trajectories on the initial condition. Also, this reasoning applies to

the corresponding EAA

I [¢; 9] Zuz (k5 1, u™) Pg; g, (6.32)
=1
with a;(k; pu, u®) = k% (k; p, u®), yielding [54, 55|

11, +Zﬁ, —7 | Telo; 9] (1, u™) (6.33)

’L

A crucial feature in analyzing the RG flow are fized points u* = (uf,ul,...)
of the beta functions {f;}:

Bi(u*) =0 forall i=1,2,.... (6.34)

A fixed point is called Gaussian if u* = 0 and otherwise non-Gaussian. Taylor-

expanding the RG equations around u* yields
Opui(k) = Bi(u)
=D (0,8 (w) [u;(k) = uf] + -
J
J
In this linear approximation, the RG equations are solved by

wi(k) = u* +Z(lef (I‘Z)) , (6.36)

(6.35)
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where kg as well as C; are constants and V7 is a right-eigenvector of the matrix
B with eigenvalue —0y, i.e., > By (u*)V,} = —6;V;'. This can easily be checked:

Opui(k) = k> CrV kg (=0)k=0 "
I
01
=S Ci(=via) (’%)
1

* 1 ko §
= ;sz(u );CIVJ' (?)
— ZBU(U*) [ (k) — ] .

(6.37)

The matrix B(u*) is called the stability matriz of the fixed point u*. For a
Gaussian fixed point one generally has B(u* = 0) = 0, whereas for a non-
Gaussian fixed point one generally has B(u*) # BT (u*) such that its negative
eigenvalues 0;, called the critical exponents or scaling exponents, might be com-
plex. Furthermore, note that B(u*) can be decomposed according to

9
Bjj(u") = 0;Bi(u") = —didij + 5—Bi(wi; 1
(W) = 0;8i(u”) i o ( )u:m (6.38)

= —Dy; + Bi;(u*),
with D;; = d;6;; and B;j(u*) = jBl-(u*; 1). The matrix D simply states the
canonical mass dimensions of the running couplings {@;(k)}, which are also the
classical scaling dimensionsﬂ of their dimensionless counterparts {u;(k)}. On the
other hand, the eigenvalues of the matrix B(u*) determine the quantum correc-
tions to the classical scaling of the couplings {u;(k)}, which is why we call B(u*)
the anomalous-dimension matriz and its eigenvalues the anomalous dimensions.
For instance, assume that B(u*) is a full-rank diagonalizable matrix, and let A
be the matrix that diagonalizes it. Then we have th AilBlm(u*)A;é = —0,0,;.
It is clear that A also diagonalizes B(u*), i.e., > im AilBlm(u*)A% = —n;0j,
where {7;} are the negative eigenvalues of B(u*) (correspondingly, {—n;} are
the anomalous dimensions). It follows that 0; = d; + n;, i.e., the full scaling di-

mension 6; of the coupling u;(k) decomposes into the classical scaling dimension

"We call a the scaling dimension of the function y(z) if the differential equation (z8,4a)y(z) =
0 holds, which is solved by y(x) ~ z~°.
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d; and its quantum correction given by the (negative) anomalous dimension 7;.

When lowering k (direction UV — IR), we classify the “eigendirection” VI of
an RG trajectory as follows:

o relevant if Ref; > 0 (grows when lowering k)
o irrelevant if Ref; < 0 (shrinks when lowering k)
e marginal if Re#; = 0 (constant when lowering k).

Correspondingly we can decompose the tangent space at u* of theory space in
relevant, irrelevant and marginal subspaces that are spannend by the set of the
respective V1. The relevant directions play a particularly special role because
these determine the UV critical hypersurface .#yv of u*. Fyv is defined as the
set of all points in theory space that are pulled into the fixed point u* by the
inverse RG flow (i.e., & — 00). Its dimension Ayy = dim .y is given by
the number of relevant directions, Ayy = # {01 ‘ Ref; > 0}. In general, a
trajectory in .y thus is parametrized by

B\ f

wk)=u+ > OV (—0) . (6.39)

| k),
I with Ref; >0

In this framework, the non-perturbative renormalization of a quantum field the-

ory means finding a complete RG trajectory in theory space, i.e., the limits

k — oo in the UV and £ — 0 in the IR must exist.

The asymptotically safe solution to the “UV problem” relies on the existence
of a non-Gaussian fixed point and refers to the existence of a Ayy-dimensional
parametric family of “asymptorically safe” trajectories, i.e., those with

Jim Dl <o) = D0 R (6.40)
Every of these trajectories corresponds to a quantum field theory with fixed
values for Ayy “renormalized”, i.e., physical, parameters. These must be de-
termined experimentally. Unfortunately, the Asymptotic Safety construction
comes with a catch, indeed: To construct a basis of theory space such that the
(infinitely many) equation S;(u*) = 0, let alone the infinitely many ordinary
differential equations , are actually solvable can be a hard problem. In
many cases, it is reasonable to begin the search for a fixed point in theory space
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by screening subspaces of theory space for fixed points. These subspaces are
called truncations. Note that surely these can also be spanned by infinitely many
functionals. An example of a finite truncation is e.g. {Pi[gzﬁ; q] } 1=1,2,... ,N}
with N < oo. Projecting the RG equations onto this truncation, we have

8tuz(k’) = 61 (Ul(l{}),UQ(kZ>, ce 7UN(]€)) s 1= 17 .. .,N. (641)

Here, the beta functions are obtained by neglecting all terms on the RHS, i.e.,

%{Zai(k)ﬂ[qﬁ; g]} , (6.42)

that are proportional to P;[¢;g] with 7 > N + 1. The strategy in screening

m

truncations for fixed points is as follows: if a given truncation is shown to exhibit
a fixed point one must enlarge the truncation to check if the fixed point still
exists in the enlarged truncation. Otherwise, the fixed point could potentially
be only a truncation artefact.

6.4. THE ANSATZ FOR NEGLECTING THE EVOLUTION OF THE GHOST FIELDS

An important ansatz in solving the FRGE consists in surpressing the evolution
of the ghosts,

Trl9,9,66, ¢l =Tklg, 9] + Senalg — 3.€,6 9] + Sgn2l¢; 9] - (6.43)

This ansatz amounts to projecting the FRGE ([6.13]) onto the subspace of theory
space given by ( = £ =0 = &:

O,Tlg: 9] = % Trgpe | (0:%k11) 7] ([Fl(f) l9,9,0,0,0] + %k[g]] _1> 11 ]

~Tiy | (08ia) [g}([F?’[g,g,o,o,mwk[g}]‘l)”] (6.44)
~ 310 | 0 9 ([119.5.0.0.0) + ] )] |
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It is easy to see that the operator F,(f) l9,7,0,0,0] in field space takes a particu-

larly simple form when employing the ansatz (6.43)):

a1 0 0 0
0 0 923 0

r'?]g,7,0,0,0] = 0 a0 0| (6.45)
0 0 0 au
with
apil = (F,(f))n[g,g]
023 = (Sia1) 9 — 5,0, 053] 6.0
az2 = (SG1),,l9 — 3,005 ] '
A4 = (Sg),z)M[O; gl

These operators follow a generalization of Eq. (6.16]): we define the operator
F®lg,g,€ & ¢, that is associated to a functional F[g, g,&, ¢, (], via

. @ iy _ (=¥ _8°Flg,5,€,€,¢]
(,.. .| (F?)_,19:9,€,&ly, - ) : \/g(—x)mlab[g] 59 (2) ¢b(y)<6-47>

Also the cutoff operator in field space, Z[g], is, in full generality as given by
Eq. (6.15]), of the above matrix form,

#EG 0 0 0
0 0 2 G 0
Arlg) = F : 6.48
0 0 0 Z™g
As a matrix of this form is easily inverted, even for non-commuting entries,
namely by
-1
a 0 0 0 al 0 0 0
0 0b 0 0 0 ¢t 0
= , 6.49
0 c 00 0 bt 0 0 ( )
0 00 d 0 0 0 dt
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the FRGE thus becomes

1
0l']g; 9] = 3 Trgpe

(a5 19]) ((0)y1l9.9) + %,%%1)‘1]

oy | (0 (0) (S pla — 7.0.0:9) + 2 3)) ‘1]
- %Trv B (8t<%’;§h’2[§]> ((5222)44[0; gl +%§h,2[§])_1] :

(6.50)
Again, by proceeding fully analogously, we must discard the last term in the

case of b, = 0 = (,. With Eq. (4.14)) we have, in full generality,

(52,),,00:3] = ~Va]. (6.51)

If we specify the gauge-fixing condition to Eq. (4.31)), which amounts to consid-
ering the ghost acion (4.34]), we find further that

(SS9 — 3,0,0:9] = —vV2.41g.9). (6.52)

With these further specifications, the FRGE for the above ansatz reads

1
OL'klg, 9] = 5 Trgpe

() (0,11 + 25 1a]) ]

— TI'V

(028 [g]) (—v2-19.3) + %’,%h*l[gJ)ll (6.53)

— ETrV

(0219 (11 + 2200 ] .

6.5. THE ONE-LOOP APPROXIMATION OF THE FRGE

Rigorously obtaining a one-loop approximation of the FRGE , or respec-
tively , is per se not possible: the EAA T'.[¢; g] is meant to be the outcome
from solving the equation, so there is literally nothing we could expand in A
for an expansion in loops. Of course, formally expanding I'x[¢; ] in a series of
vertices is a possible ansatz for solving the FRGE, however, to have at hand a
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one-loop approximation of the FRGE itself, i.e., an FRGE whose RHS amounts
to one-loop beta functions only, is not possible. What is possible, on the other
hand, is to construct such an equation using a reference to some bare action:
Just as we had derived the exact FRGE from constructing the EAA by means of a
bare action, we can review this whole process again and thereby implement the
one-loop approximation thanks to the presence of a bare action. The “FRGE”
obtained in this way is not a closed equation for the EAA, unlike when con-
structing the exact FRGE. Inspired by this one-loop approximation involving a
bare action, we will then propose an approximation scheme of the exact FRGE
that mimics this one-loop approximation, yet still is a closed equation for the
EAA. As is done frequently in the literature, we will call this approximation the
“one-loop approximation of the FRGE” — although it a priori does not amount
to an expansion in A. Lastly, we will point out in what sense this terminology
is legitimate, indeed.

So let us resort to the conventional one-loop effective action for quantum
gravity as a guiding light. Examplarily consider the theory of higher-derivative
gravity whose one-loop effective action we already had deduced in Sec-
tion [£.3] We can express this one-loop effective action through the operator
S@1[¢; g] associated to the full (bare) action S[x;g] given by Eq. ([.88). It is
straighforward to see that this operator in field space possesses the structure

Sty 512 Sty 0

S5 = —(513)’ 0 Sgy 0

S = —(S1) S =—(5%) 0 0
0 0 0 s

Se; 9] = [#;9],  (6.54)
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where (5, 512)))* denotes the dual operator (see Subsection , and is explicitly
determined by the matrix elements
ally.pro) = lopyald] 00
Va@)v/a() 5h/w )0has(y)
= (z, /wl?/ [cb, glly, p,o >7
_ 2S[¢; g
Vi(2)/( paéhm, )0€a(y)
= <x,u,V|%[h,€,gHy,p>,
_ ~1 0%5¢; _]
(2, 1, V|51 65 91y, p) = =
N V9(2)/9(y) Ol ()08 (y (6.55)
<x,u,V|%[h7§,9]ly,p>,
1 0%5[¢; g]
z, | S5y (03 9y, v) = —=—=—==7""(x)gus(y =
191030, ) =~ == =" (05 s
(o, ulV2.419,3lly, v) ;
02S[¢; g

¢—\/—g”a Y) 5 )00 ()

= <x,u!aY[§/Hy,V>;

(@, 1, v|S3 [

(, 1, v|S5 [6: )|y, p) =

(, 1SS (03 G|y, v) =

with Sg) [0; 9] = —Sg) [0; 9] = —21]h,&; g]* and likewise for Sg) [#; g]. There-
with, the one-loop effective action (4.92]) reads

Tlo:g] = S[6:4] + 5 Trers 1n[ SHETERHETIE 2>[¢7g])155?[¢;g1]

— Try In

1
S [6; 9]] 3 Try In

S e 9]] :
(6.56)

By means of this example, it is obvious that this is the form of the one-loop
effective action for any bare action S[x; g] of the form Eq. (4.15)).

According to the procedure outlined previously in Section 6.2} it is clear that
we obtain a one-loop approximation of the functional f‘k[gb; gl, as contructed
from the bare action, by implementing the replacement on the RHS of the above

conventional one-loop effective action, S[x;g| — S[x; g] + AxS[x; g]. Thereby,
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an important subtlety occurs: Previously, we had defined the cutoff operator,
that is encoded into A,S[x; g], by

Zilg) = L[k RO((=D*/K?)") (6.57)

where Z%[g] depends on k through the running couplings of the theory. For ex-
ample, if we were to solve the exact FRGE by making use of the ansatz I';[¢; g] =
Y icr Ui(k)P;l¢; g) we would give 24[g| the structure 23[g] = 2 (u(k))[g]. How-
ever, in the one-loop approximation of the effective action, the couplings of the
bare action are not running (yet). Hence, it is not far to seek that if the bare
action has the structure S[¢;g] = > ..,
structure of the cutoff operator. Thus, for notational clarity, let us define this

u; P;[¢; g] we may use Z(u)[g] for the

cutoff operator by
Hilg) = Z (g RO (=D /1)) | (6.58)

—

and by AgS[x; g the cutoff action in which it is encoded. Thus by implementing
the replacement S[x; g] — S|x; 9] +m[x; g] which goes along with S®[y; g]
S@[y;g] + %[g], we arrive at the EAA — again, as constructed from the bare
action — at one-loop,

Tlg; 9] = Dulo; 9] — AkS[; 9]
=S¢ g] + %TI"STQ In [SS) (¢ 9] + %11[9]
5@ (SR 16:) + Fnls)) Sl g]]

— Try In

—~ 1
S:g) [9; g] + %kSQ[g]] ~3 Try In

— 55(6:9] + B [g]]
+ O(2 loops)

=: S[¢; g] + T;"[¢; 9] + O(2 loops) .
(6.59)

In the deep UV, at a scale A for k — oo, the one-loop result constitutes a
good approximation of the EAA such that Ty—4[¢; g] = S[¢; g] + ik, [¢; g] can
be regarded as an initial condition for the FRGE. Equivalently, we could have
obtained this one-loop approximation by expanding the exponent on the RHS
of Eq. as a Volterra series (cf. Eq. ) Importantly, note that due
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to the presence of a bare action this equation requires an UV cutoff to be well-
defined. This fact gives rise to the reconstruction problem, i.e., the problem of
reconstructing the bare action from a given solution I't[¢; ] of the FRGE (/6.13))
[56].

Taking the derivative with respect to the renormalization group time ¢t = In k
yields the equation

OT[¢: 3] = + % Tror { [Si? (63 9] + B3]
- 5816:9) (SR 059) + rsalgl) Sl g]] i
< [at%n[g] + 581091 (5 16:9) + Faald]) (0 Fnaale])
x (S210:9] + Funla]) 510 g]] }

@ 2 1 g T
—Try <S32 [0 9] + %)ksz[g]) 0K r3217]

1
— §TI'V

(516:3] + Braals]) 0T [g}]
+ O(2 loops) .
(6.60)

Note that as for the exact FRGE, the traces on the RHS are also UV finite thanks
to the presence of k-derivatives 0,%[g] of the cutoff operator. On the subspace
¢ = £ =0 = £ this one-loop equation boils down to

1
Ol'klg, 9] =+ 3 Trgpe

N 1
(Sg) lg—9,0,0,0; 9] + %)kn[g]) at%kn[g]]

N @, _ 7 N AR I

Try (ng [9 9,0,0, 079] + %k32[g]> at%)k:n[g]] (6.61)
1 — -1

3 Try (Sﬁ) 9 —3,0,0,0; 9] + Zruas [g]) O R4 [(y]]

+ O(2 loops) .
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For example, in case of higher derivative gravity, this reduced one-loop equation
reads

1
ol'klg,g) =+ 3 Trgpe

-1
(%._d. lg —g: 9] + %™ [9]) O™ [g]]

— Try (—\/5//[9,9]+5/%%/M[9]) atéfvh’l[g]] (6.62)
lm (éng] ; éng[g]) até’ivm[g]]

+ O(2 loops) .
The operator %4, —qa.[g — ; g] was initially defined by Eq. (4.95) (in this def-

inition, however, we had set ¢ — g = 0 for practical purposes). This one-

loop approximation of the FRGE hence corresponds to setting (I‘,(f))ll[g, gl =

SPlg — 3,0,0,0; 9] = %.—alg — §:9) in Eq. (6.50).

We emphasize that one fully analogously obtains for the case b, = 0 = (,,
when employing the one-loop effective action determined by the Einstein-
Hilbert action as part of the bare action, with Zgu[g — g;g| given by

Eq. (4.58) that

1
Ol'klg, 9] =+ 5 Trgpe

1
(OZ/EH lg—g:9) + 2 [9]) 0y [9]]

6.63
v, (6.63)

(~vEdis.g)+ 210 1@%%%1]

+ O(2 loops) .

Unlike the exact FRGE, these one-loop approximations are not closed equa-
tions for the EAA I'x[¢; g] and still depend on the bare action S[¢; g]. Next, let
us consider the general one-loop approximation Eq. , that we are stuck
with. It is tempting to ask what might happen if we emulated this equation by
a closed equation for I'y[¢; g]. The following “renormalization group improve-
ment” of Eq. is naturally apparent: Simply replace the operator S [¢; g
on the RHS by F,(f) [¢; g] and after evaluating the k-derivative on the RHS rein-
stall @;[g] — %1[g] (which amounts to directly making this replacement and
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neglegting the k-derivative of %;). However, it is immediately obvious that this
procedure leads nowhere meaningfull because the closed equation for I'y[¢; g] ob-
tained in this way clearly is not an approximation of the general FRGE H
Therefore, let us move on and perform the “renormalization group improve-
ment” with the one-loop approximation on the subspace ( = £ =0 = €.
On this subspace, we would try to solve the (general) FRGE with the ansatz
. Thus, regarding the first procedure, we replace the operator S [¢; g] on
the RHS by F,?) [¢; g] and then further employ the ansatz (6.43). For the latter
procedure, we introduce the auxiliary cutoff operator

Fela) = Zolgh* RO (~D*/k)") (6.64)

where the scale k&’ has no special meaning and only serves the purpose that 0,
does not act on Z5,. Therewith, the above described “renormalization group

improvement” of Eq. (6.61) reads

1
Ol'klg, g) =+ 3 Trgpe

((Ff))n l9,9] + «%)kll[gD 1at(<@k,k/)11[9]]

k'=k

-1
- TrV <S?()§) [g - ga 07 07 07 g] + ‘@kSZ [g]> at (‘%k’,k/)32 [g]]
k' =k
1 —1
- 5 TrV (Szﬁ) [g - ga 07 07 O? g] + %k44[g]) at(‘%]ﬁk/)zm[g]] )
K=k
(6.65)
respectively when employing the gauge-fixing condition (4.31)),
1 1 (2) — grav— -t grav—
oT'klg, 9] = + §T1"5T2 <(Fk )uulg, 9] + %y, [9]) Xl
K=k
-1
Ty |(—vV2.tlg.gl+ 2 G) o Lf/]] (6.66)
K=k
L Lyigl + 225 _la R (g
5 vy 9l +%; " [9] t ) g (9]
k' =k

6For example, the trace over the Hilbert space ST? would contain OrHr32]7], where 9y does
not act on %%, which cannot be the case.
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Indeed, this equation is an approximation of the general FRGE (|6.13]), namely

precisely Eq. (6.50) (respectively (6.53))) with the only difference that here on
the RHS 0; does not act on 2. Although not related to an approximation in

h per se, we will call Eq. (6.65) the one-loop approximation of the FRGE (6.50))
(respectively (6.53])). Note that again, in the case of b, = 0 = (, we must
discard the last trace in these approximations.

Let us argue why it is legitimate to call this approximation a one-loop ap-
proximation. Say, we are given a bare action of the form of Eq. (4.15)),

STh,C,C,b;g) == Salg + h] + Scrlh; 3 + Senlh, C, C; gl + Sanalb;gl,  (6.67)

with some classical action Sa[g] = > . ; @ F;[g] in which the dimensionful cou-

i€l
plings {u;} parametrize some basis functionals P;[g]. Through the specific
choice of the gauge-fixing parameters entailed in the gauge-fixing action and
the actions for the ghosts fields, these may depend on the bare couplings,
as well: Sgrplh:g] = Sarlh; g)({w}), Sanlh,C,C: 3] = Senlh, C, C; g)({i:}) and
Seh2[0; G] = Sgn2[b; g]({u;}). Furthermore, let us specify the gauge-fixing con-
dition to Eq. . For this setting, we can calculate one-loop beta functions
{Bu,(w)} of the dimensionless couplings solving the FRGE at g = g on the

truncated theory space spannend by {P;[g)}icr with the ansat]

Tilg, g =Y wi(k) Pilg] + Sax[h; g)({ws(k)}), (6.68)

iel

where we simply gave a k-dependence to the couplings entailed in the “classical”
and gauge fixing action. In Eq. , we thereby must also give a k-dependence
to the operators .# g, g| = 4 [g, g|({u:(k)}) and Y[g] = Y[g]({u;(k)}), that re-
sults from giving a k-dependence to the couplings entailed in the ghost actions;
furthermore, the required cutoff operators then have the structure %y (g =
Z1g)({w(K)})k* RO ((—=D?/k*)”). The RHS of Eq. at g = g, expanded
in the basis {P[g] }ier, will then lead to beta functions {5,,(u)} that we appar-
ently can, with the reasoning of this chapter in the back of our mind, interpret
as one-loop beta functions obtained from the above bare action. Especially, we
emphasize that in case these one-loop beta functions are universal we will obtain
precisely these — as from any other renormalization scheme. In Chapter [§| we

will demonstrate this procedure using the example of higher-derivative gravity
ind=4.

"Note that T'y[g, g] = 3", @ (k) P;[g].
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6.6. THE GRAVITATIONAL FIXED POINT: A QUICK REVIEW OF THE STATE
OF AFFAIRS

Until recently, the main line of research in asymptotically safe quantum gravity
has been devoted to the search for a gravitational fixed point. The previous
examples illustrate results of first stages of this line of research. We discussed
these particular examples in detail because because they build the foundation
for applications following in the subsequent chapters. Here, let us give a quick
review of the state of affairs in the search for the gravitational fixed point. We
will not discuss the respective findings in detail as they are located somewhat
outside the common thread of this thesis; in this case, we refer to the extensive
literture quoted.

The search for the gravitational fixed point so far has been restricted to
the FRGE which neglects the evolution of the ghost fields and is solved
by the ansatz . In this case the EAA reduces to the functional I';[g, g].
Solutions to this FRGE on truncations of theory space {fdda:\/g, fddx\/ﬁR, .}
of increasing complexity have been obtained. In the case of g,, = g, e.g. by
including higher curvature terms [47, [57-63|, the Goroff-Sagnotti counterterm
[64], and polynomials of the Ricci scalar of high order [65-68]. Even solutions
on functional, i.e., infinite dimensional, truncations have been found [69-83].
Furthermore, solutions for ansétze that take into account the bimetric character
of the flow have been obtained [84-87]. All this solutions consitently show a
strong indication for the existence of the gravitational fixed point, which very
likely rejects the possibility of the fixed point being a simple truncation artefact.
Another possible approximation scheme for the EAA with which to solve the
FRGE is its expansion in terms of vertices, schematically defined by

5m+nrk
ag™(x)og™(y)
where [g] aligns the tensor structure of the RHS to that of the RHS. Also

solutions obtained from ansétze of expansions in vertices are consistent with

(,... 0" g, glly,...) = I[g] (6.69)

the previous results towards an asymptocially safe fixed point [88-94]. More-
over, the gravitational fixed point persists also in presence of a suitable matter

content, see e.g. [95-99).



CHAPTER 7

The single metric Einstein-Hilbert truncation

Executive summary. We explicitly discuss the single metric Einstein-Hilbert
truncation which is the truncation of theory space spanned by the functionals
1l d%z,/g and Ik ddw\/ﬁR. With an appropriate ansatz for the effective average
action we obtain the RG equations for Newton’s constant and the cosmological
constant. We discuss the resulting flow and show that it exhibits a non-Gaussian
fixed point. Moreover, we repeat this study for the simplified Einstein-Hilbert
flow, with and without the presence of matter fields, that results from the one-
loop approximation of the FRGE.

7.1. THE FULL EINSTEIN-HILBERT FLOW

Consider the field space ¢ = (h, &, €)" together with the diffeomorphism group
as the theory space. Let us therewith restrict ourselves to analyzing the FRGE
, that has been obtained by projecting the general FRGE onto the
subspace £ = 0 = ¢ and employing the gauge-fixing condition (4.31]). Further,
we will only analyze single metric truncations which here amounts to settng
g = g. Thus, we have at hand the FRGE

oo, o) = 5 Trses | (02101) ((T2),,lo.0] + 1)) ]

(7.1)

Ty | (02 19)) (—V2419.9) + %,%hﬂm)l] .

Note that we still must consider ansétze of the form I'y[g, g] whose variation we

must perform in order to obtain (F,(f))n[g, ql.

91
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The single-metric Einstein-Hilbert truncation [26] is a two-dimensional trun-
cation of the theory space spanned by the basis functionals (g, §) — [d%z+/g(x)

and (g,9) — [d%x+/g(x) R[g](z). A standard ansatz for solving Eq. (7.1]) on
this truncated space is

Tklg. 9] =26 Zny, /ddx\/?(—R[g] +2))
2 (7.2)
+E%E/Ma@¢%%ﬂmwﬂﬁfw%a

with ﬁﬁ‘ﬁ [g] as given by Eq. (4.31]). This ansatz is nothing but the classical
Einstein-Hilbert action (4.3) together with the gauge-fixing action (4.33)) after
substituting kK — k2Zyj, and A — ),. These are the k-dependent running
couplings that parametrize the Einstein-Hilbert truncation. Furthermore, we

employ henceforth the harmonic gauge and set « =1 and § = 1/2.

The only ingredient left in order to evaluate the RHS of the flow equation is
the operator (I’,(f))n[g, g] for the ansatz (7.2). Fortunately, it turns out that we
had already calculated said operator in Subsection [4.2.2| and that it is given by
Eq. after substituting 2 — k2Zny and A — A

(T lg, 91 = 20,9 = 9l . (7.3)

. Kk2—K2Z N, and Ay
Let us agree on refraining from explicitly denoting the substitution of these

couplings, in slight abuse of notation.

Next, we can make use of the paramount feature of the gravitational FRGE —
its background independence. Thus, we may choose a background with metric
g = g that suits our needs. The Einstein-Hilbert truncation is spanned by
functionals depending only on the volume element and the scalar curvature
so that employing a maximally symmetric background manifold (cf. is
sufficient in order to perform the projection of the RHS of the FRGE onto that
truncation: The scalar curvature is the only magnitude of curvature for these
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spaces and we do not need to distinguish between R? or R,,, R* etcH Therewith,

the operators (F,(f))n[g,g] and . |g, g] simplify to Egs. (4.80) and (4.82):

diff _
((Fl(cg))ll[ga g]lﬂlpg) = /€2ZN,1§ []Hypo— — (-Ptr [g])l‘”po_] (—D2 — 2)\k + C[R)
d—2

— KQZNk: (Ptr [9])Wp0 <—D2 — 25\k + CtraceR) s

- 1
(lg.g )" =0t [0+ 1R

(7.4)
with?
d(d—3)+4 d—4

d race — — 7 - .
Jd—1) and ¢ y (7.5)

Lastly, we must choose the specific form (6.3 of the cutoff operators Z¢ " [g] and

Cr =

%fh’l[g]. Therein, to set 7 = 1 is a necessity while it is furthermore convenient
to set

rav d _ 2
ZE™g) = & Zni, |(Lsr2 — Py [g]) —

Py.lg] (7.6)

and  ZF'[g] = V21y .
All in all, we therewith have

(T l9, 9] + 2™ l9) =5 Zoge (L2 = Puelg]) [9(=D) + e ]

2P lo] [ (~D?) + cuneet] (7.7

and — (g, 9] + %2 9] =V21y [ (—D?) + cv R]
with ¢y = —1/d and the definitions
A (—D?) = —D? + E*RO(=D?/k?) — 2,
Aor(—D?) = —D* + kK*RO(-D?/k?) .

— HQZNk

INote that although the scalar curvature is constant, i.e., “z-independent”, for maxi-
mally symmetric spaces, we can still distinguish between the operators [ d?z\/g(x) and
Jd%z+\/g(z) R as surely R = R[g] is still a functional of g. In other words, we could say
that subsequently, all equations hold “for all R”.

>The projectors I, the identity, and P, can be found in appendix
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It can easily be checked that these operators are inverted by

rav _1 1
(T lg. gl + 25 ]g]| =

(Lgrz — Py [g]) [4(~D?) + ciR]

n KQZNk
L2 P ) [ (=D + cumeeR]
H2ZN}§ d—2 tr. |9 k trace
(7.9)
and
-1 1 _
[~ #lo.0) + 7] = T [P e BT (10
By further introducing the abbreviations
1
M(=D?) = O, [Znik* RO(=D?/k?)]
27Nk
1 /
= |1 — ~nn(k) | K*RO(-=D?/K?*) + D* R (-D?/k?
1 g ()] RO D) O
1
and Ao (—D?) = 50 (K2 RO(—D?/k*)]
_ sz(O)(_DQ/k,z) + DQR(O)'(_D2/k,2) :
where ny (k) = —0;In Zyy, is the (negative) anomalous dimensz’onﬁ of the oper-
ator [d?z,/g Rlg], the RHS of the FRGE simplifies to
Ni(=D?)
RHS of Eq. (7.1) = Trgpe |(L1gp2 — Py,
oI iq rst {( ST t.[g])%(_DQ)_i_CIR
M (=D?)
Trope | Py 7.12
FTrers [Puldl P (712)
Aor(—=D?)
—2Try |1 .
v l " o (=D?) + v R

To actually project this RHS onto the Einstein-Hilbert truncation, we must
neglect all terms O(R?). Hence, we expand the denominators in the traces
according to
1 1 1
= =—(1 - 'R)+O(R’
o +cR (14 co/'R) @7( )+ OUF) (7.13)

=o' —cdd 2R+ O(R?),

3In the conventions for the anomalous dimension of this thesis, 0, In Zy; would correspond
to the anomalous dimension of the operator [ ddx\/ﬁ R]g]. Hence, the add-on “negative”.
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which yields

N (—D?
RHS of Eq. = Trgpe [(]ls:ﬂ — Py..[9]) il q

(= D?)
i (=D?)

e e 22 o o

%k(_Dz):|
(= D?)

oy,(~D?)
— R{C] Tr g2 |:(]lST2 - Ptr.[g]) %]
D)

A (=D?)

— 2oy Try {h%} } +O(R?%).

+ Ctrace 'TI'ST2 |:1Ptr. [g]

(7.14)

We can evaluated the traces with help of the heat kernel techniques developed
in appendix . Using Eq. (E.4) and the linearity of the trace we obtain

RHS of Eq. = (%)2 {tr (Is72) [Qg[%/%] /ddx\/§

1
+5Qu A/ t) [dlaR

—2tr (Iy) [Qg[%k/%k] /dda:\/g

Y

3@y ] [t yaR

~tr(lop = Pulg) er Qg A/ ) [ateyr
— tr (Pue.[g]) cerace Qs (M) ] /dd:c\/ﬁR

+ 2tr (Iv) cy Qg [%k/%z] /ddx\/gR}

+O(R?).
(7.15)
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The small traces appearing here are given by tr Igr2 = d(d + 1)/2, tr P, [g] =
(1/d)gug"” = 1 and tr Iy = 0} = d. Furthermore, the LHS of Eq. (7.1)) for the
ansatz ((7.2)) clearly is given byﬂ

LHS of Eq. (7.1) = —2k0;Zny, / Az \/gR + 470 (Zni k) / dz\/g, (7.16)

such that by comparing the coefficients of the truncation’s basis functionals
fd%z\/g and [d%z,/gR on the LHS with those of the RHS we can read of the
RG equations for the dimensionful running coupling Zyj, and \:

4¥@@mm@==&é)gngl%%k%ﬁ%k—wQﬂﬂmﬂ%ﬂ (717)

and

1
—2/@28,52]% = (4—)
v

e,

d(d
( 2+ 1) é@g—l[%/%] - 26% Qa_y[Aor/ or]

- (R ) Qe (9

+2dey Qu [Aow/ o3

Next, it is advantageous to re-express the dimensionful “@Q-functionals” on the
RHS in terms of dimensionless quantities. These are the threshold functions
oo 0) () — 2RO
QP (w) = —/ zz"’lR () = 2R (22
'(n) J, (z 4+ RO(2) + w)
- 1 [ RO (z)
d oF = dz 2"t :
wd 8100 = g5 |02 T
Using the optimized cutoff, the threshold functions can in fact be analytically
evaluated [38,100-102]. One finds

(7.19)

1 1
(Pg’)LO t(w) = 1—\
P (n+1) (L+w)y
) . (7.20)

n+2)(1+w)p’

4Note that Sqr[0;g] = 0.
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with I' the ordinary Gamma function. Furthermore, it is not difficult to verify

that the threshold functions in general are related to the “@Q}-functionals” by
Qu L) = 10 o (<200 /1)

1 _
— N (K)D™ (=2, /K2
Qnl Mo/ o}'] = KT (0)

Therewith the dimensionful RG equations (7.17)) and (7.18)) become
d
SN L dd+1)

(7.22)
_ %“N(’f)‘i’lg (_m/k?)] - gqﬂg(o)}

@1% (—2X,/K?)

and

d
1 /1\2, ,,]dd+1)
7 Y d-2) 2\ ' -/
KNk =~ (47r> g { 24

Py, (—2M/K)

(7.23)

_ édqﬂgl(()) _ @%(0)}.

From these equations we can obtain the dimensionless RG equations that are
formulated in terms of the dimensionless running couplings

kjd72

= — d M=k 32\.
gk 327TH2ZNk an F F

(7.24)
From the definition of the dimensionless running Newton’s constant we imme-

diately obtain the first dimensionless RG equation

g = [(d — 2) + 1 (A, 9x)] gr
(7.25)
= fBg( Ak, gk) -
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The other dimensionless RG equation is obatined by rewriting Eq. (7.22)) into
OAe = — [2 = v (Ak, gi)] M

d
1\2|dd+1)
or [ — nery
~+ g 327 <47r) { 3

1 ~
q)l% (—2\) — §7IN(/\k,9k)q)lg (—=2Xk)

= Bx(Ak, gr) -

(7.26)
This system of ordinary differential equations, that we sometimes will refer to as
the full Einstein-Hilbert flow, depends on the (negative) anomalous dimension
NN Ak, gx) = v (k) = —0; In Zyy, that is determined by Eq. (7.23); namely, this

equation can be easily rewritten into

v 0) = mvOsa) = 2200 (7.27)
with
By(A) = 32w (%) ’ d(dQZ ch%i L(=2X) — d<d4_ 1><I>?; (—2)\1)
— éd@%_l(()) — @%(0) ,
By(\g) = 32m (ﬁ) ’ [— d(dég 1)% (=20 + d<d8_ 1)&)2 (—2Xk)
(7.28)

7.2. THE SIMPLIFIED EINSTEIN-HILBERT FLOW

Next, let us determine the corresponding beta functions obtained from the “one-
loop approximation” at ¢ = g. These are given by Egs. and
with all k-derivatives of % discarded; this amounts to setting 92321 = 0 and
therewith we can thus always obtain “one-loop approximations” of exact re-
sults calculated in the single metric Einstein-Hilbert truncation. (Note that
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this implies By = 0.) When considering this “one-loop approximation” it is ad-
visible to superimpose another approximation, an expansion in \;. For instance,
the traced equations of motion of the Einstein-Hilbert action (cf. Eq. (18.12))
suggest that close to the mass shell one has R ~ \y; therefore we may restrict
the expansion in )\ to leading order which here implicates the substitution
o (—2A;) — ¢(0) in the beta functions. The flow associated to this further
approximation of the beta functions is called the simplified Finstein-Hilbert flow
[102]. These beta functions are given by

6tgk = (d — Z)Qk + B (0)913 (7 29)
= ﬁ;L()\k,gk) |
and
oou=-z=amO) oz () [ A5 - Glojom ]y
= B\ (M gk) -

These RG equations contain the “one-loop” (negative) anomalous dimension
Ny Ak, gx) = B1(0)gx. For example, in four dimensions, d = 4, the beta func-
tions become, when employing the optimized cutoff,
1 11
(ks gk) = 59k — (2 + _gk> Ak

> 3
" " (7.31)

11
@L()\k,gk) = <2 - S_ng) 9k -

7.3. NUMERICAL ANALYSIS FOR d =4

Lastly, we numerically analyze the flow equations of the single metric Einstein-
Hilbert truncation in four spacetime dimensions. First note that the beta func-
tions of both, the “full” as well as the “simplified” Einstein-Hilbert flow, pos-
sess a Gaussian fixed point. Furthermore, one can numerically show that also
®Note that we label these beta functions as “1L” although on the one hand, there is no clear

association to an expansion in / (cf. the comment in the previous section), and on the other
hand, we have made a further approximation of the “one-loop approximation” .
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a non-Gaussian fixed point (A, g«) of the full Einstein-Hilbert flow exists, i.e.,
Bg(Ass gx) = 0 = Br(As, g+). Evaluated with the exponential cutoff (6.4]) with
s = 1 and the optimized cutoff (6.5]), respectively, these are given by

(AP g&*P) = (0.3590, 0.2723) (7.32)
and (A%, g°P') = (0.1932,0.7073) . (7.33)

To determine the number of relevant, irrelevant or marginal “eigendirections”
of this fixed point, we caculate the eigenvalues of the corresponding stability
matrix
B\, g) = | o5, o8, | (M 94)- (7.34)
2N
For the fixed point evaluated with the exponential cutoff for s = 1 the stability

matrix has the complex conjugated eigenvalues —1.4198 £ 3.96282i such that
the real part of the corresponding critical exponents (simply the negative eigen-
values) are real. Also with the optimized cutoff on finds two relevant directions,
the conjugated eigenvalues being —1.47531 £ 3.04322i. Hence the full Einstein-
Hilbert flow, which takes place in the two-dimensional parameter space (A, g),
possesses a crictical hypersurface of dimension Ayy = 2.

A flow diagram of the full Einstein-Hilbert flow is illustrated in Figure [7.1}
Therein, the direction of the flow is defined to be the direction of decreasing
k, which is the direction of increasing coarse graining. Especially important
are the three different types of trajectories emanating from the non-Gaussian
fixed point: trajectories of “type Ia” run, for k& — 0, towards negative values for
A while trajectories of “type IIla” run towards positive values for \. Further-
more, there are trajectories of “type Ila”, called the separatriz, that connect
the non-Gaussian fixed point with the Gaussian fixed point for & — 0. (For
a full classification of the flow’s trajactories as well as the explicit form of the
linearized solution see e.g. [103].)

Likewise one can show that also non-Gaussian fixed point (AL, gi*) of the
simplified Einstein-Hilbert flow exists, i.e., 8,"(Al", g.") = 0 = B"(AF, gi").
Again, evaluated with the exponential cutoff with s = 1 and the opti-
mized cutoff , respectively, these are given by

(AT goPIL) — (00,1613, 0.8432) (7.35)
and  (APPBIL goPbILY — (0.0682, 1.7136) . (7.36)
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0.0 -

-05+

FiGure 7.1. Flow diagram of the full Einstein-Hilbert flow for
d = 4 in the (A, g)-parameter space, obtained by employing the
optimized cutoff. The arrows point in the direction of decreasing
k. The plotted points are the Gaussian fixed point and the non-
Gaussian fixed point . Highlighted in red is a trajectory of
“type I1Ia”.

The stability matrix of this fixed points has eigenvalues —2 and —4, independent
of the specific cutoff profile implemented. Thus, also the simplified Einstein-
Hilbert flow possesses a crictical hypersurface of dimension Ayy = 2. A flow
diagram of the full Einstein-Hilbert flow is illustrated in Figure

7.4. ADDENDUM: THE SIMPLIFIED EINSTEIN-HILBERT FLOW WITH FREE
MATTER FIELDS

As an accessory analysis, let us analyze how the RG equations of the simplified
Einstein-Hilbert flow in d = 4 are modified when matter is present. This analysis
runs slights off the common thread through this thesis, but will be required for
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FicUure 7.2. Flow diagram of the simplified Einstein-Hilbert flow
for d = 4 in the (), g)-parameter space, obtained by employing the
optimized cutoff. The arrows point in the direction of decreasing
k. The plotted points are the Gaussian fixed point and the non-

Gaussian fixed point ((7.36]).

a small application later on. Therefore, let us consider Ng scalar fields {¢'},
Np spin-1/2 fermionic fields {¢'} and Ny abelian (U(1)) gauge fields {A7,}. All
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these fields shall be massless such their bare actions, without self-interaction,

are given by

. 1 Noo oo
Ssl{e')ig) = 5 [devae™ > 0,606

i+1

Soltw')sal = [@'avgy @b,

Ny
S 1 S
Svl{A,. ¢ ¢} gl = Z/d‘*:g\/;gﬂygaﬁE FiFL (7.37)
i=1

Here, ) = 4D, is the Dirac operator and F!, = D, A}, — D, A}, = 9, A, — 0, A,
is the field strength of the abelian gauge field, that also is split into background
part and fluctuation as AZ = /_XZ + az. Due to the U(1)-invariance of the fields
{A} we have supplied their action functionals with a gauge-fixing action for
the gauge-fixing condition D, A;, = 0 as well as the resulting Faddeev-Popov
action for the ghosts & and ¢’. In this thesis, we do not explicitly discuss the
treatment of matter fields in the functional renormalization group (FRG) for-
malism; however the procedure is fully analogous to the treatment of metric
fluctuations, that are discussed in detail in this thesis. (For details on the role
of matter in the FRG approach towards quantum gravity see e.g. |97, 102, 104].)
Note that here we have not attributed any couplings to the matter fields. This is
because we are only interested in how the numbers Ng, Np and Ny will modify
the beta functions of the simplified Einstein-Hilbert flow for the couplings Ay
and gy, if we include the matter contributions to the ansatz for solving the FRGE.

It is not difficult to obtain the required FRGE: To obtain the simplified
Einstein-Hilbert flow, we have relied on Eq. (with the last term on the
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RHS discarded). If we enlarge the field space to also include the above matter
fields the corresponding generalization of Eq. will clearly read

1
OLl'klg,g) =+ 5 Trgpe

(0), 0]+ 250)) 0 g 1]

— Try <_\/§%[97g] + @fh’l[QD at‘@k: Pl ]]
g NsTrs | (s20g] + #5la)) 0% [g]]
(7.38)
— Np Trapim_1/2 [(SS) g+ #Pl5)) 0P [g]]
+ %NV Try | ((S2)1,la) + 21 19)) oy [9]]
= Ny Trs | ((S)5500] + 5191 o [g]] ,
where
6@ 1 62Ss[{o'}; g]
(z[Ss”[glly) = \/— /_5¢z )6 (y
= (x| = D?ly),
(7.39)

Fro g1\ F ! 52§D[{¢i};g]
(z]Sp’ [9lly) V3(@)y/3(y) 00 (x)60 (y)
= x| - 175|y)F,

where “F” indicates that the operator is defined on the Hilbert space of spin-1/2

fermionsﬁ
z, 1| (SP) (4]l v S S O*Sv[{A". &, '} g]
(@, 1 (Sy")9lly, v) 7@ \/@g’) (v) @G | (140

= (z, | [1v(=D?) + Ric] |y, v) ,

6This Hilbert space is not discussed in appendix because it is only sporadically required,
i.e., actually only here, in this section.
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where the operator Ric on V' is defined by (x, u|Ric|X) = (R*,X")(x), and
lastly

2SO (a1 — 1 0*Sv[{A', &, '} g]
= (2| = Dy).

In the derivation of the of the FRGE we have made use of the fact that no
action contains any couplings that could run. Therewith, the evolution of the
matter fields is trivially suppressed and these hence contribute to the FRGE only
with their bare actions. That the “one-loop approximation” of the FRGE for the
enlarged field space, that we consider here, is of the specific form is evident
from the discussion of Section [6.5. Further, as the matter fields contribute
only with their bare actions, we have w.l.o.g. set their cutoff operators to
Ry 10 [g] = Zk|g]. Lastly, we must specify these. For the scalar and vector fields

it is straightforward to set

%19 = 1s kK* RO (~D?/k?) (7.42)
_ 7.42
Z) 3] = 1y K*RO(=D?*/k?).

The definition of an appropriate cutoff operator for spin-1/2 fields is rich in
details, that we will not bring up here, for potential pitfalls that might occur
see e.g. [104]. The eligible choice that we will employ is

ZL[9) = Lapin_1/2RP (D)

with RP(D) =D + \/E +k2RO(D°/k?).
Note that in d = 4 the squared Dirac operator is related to the ordinary Lapla-
cian by D’ =-D?+ R/4 (called the Schrodinger-Lichnerowicz formula [105,

106))f1

(7.43)

"In the terminology of [102], cutoff profiles (for v = 1) of the form “R,(CO)(—D2/k2)” are

referred to as “type I”, while profiles of the form “R,io) (_Dk# ? with E an endomorphism,

are referred to as “type II”. (Note that this terminology is fully unrelated to the classification
of RG trajectories.) Except for the spin-1/2 fields here, we solely employ cutoffs of “type I”
in this thesis.
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To finally solve the FRGE (|7.38)) we will again use the single-metric ansatz
(7.2) and specify the metric ¢ = g to that of an maximally symmetric space.

Furthermore, we again evaluate all theshold functions at 0. This leads to

4k*0, (ZniAi) = 2k ®3(0)

1
(4m)?
+ matter contributions from / d4:13\/§
(7.44)

1 |1
—2620, Zny, = k* oL [5@(0) — 8@%(0)]

+ matter contributions from / d4x\/§R.
These equations are written such that we can literally add on the RHS the coeffi-

cients of the operators [d*z,/g and [ d4x\/§R from the expansion of the RHS of
Eq. (7.38). Next, let us calculate these contributions individually (with g = g):

For the scalar part:

N
- Trs

(52101 + #51g ])_1@925[9]]

:%Trs 1s [-D* + K RO(=D*/k»)] " 0, (KR (- DQ/’CQ))]
_ Ns Nor(—D?)
=5 s “SW
1 ok 4 ok 4, 2
- N ){@4_}/01 oG+ Ql[ }/d @R}+0(R)

451 4 1 251 4 2
oy {k: dL(0) /d Vg + ghP1(0) /d ng} +O(RY),
(7.45)
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For the spin-1/2 part:ﬁ

—Np Try,; SO+ 2Pla) 8,%P[5
D Trepin—1y2 | (Sp' 9] + %y 1g] %), (9]

-1
= —Np Trepin—1/2 []lspin—l/Q (—ID + D+ \/lD2 + sz(0)<lD2/k2>>

X at\/ »+ k2R<0>(D2/k2)]

Now (1D
= _ND Trspin—l/Q []lspin—l/Q Ok( )]

Ao (1)

_ _ND@{@Q {‘;;—O(”’j /d‘{wg— %Ql [‘;VT?:} /d“x\/ﬁR} +O(RY)

1 1
—ND—2{4I<:4(I>§(O) /d% g — 5/&@}(0) /d%\/g}%} + O(R?),

(4m)
(7.46)

For the vector part associated to the gauge field:

— TI'V

(@) la) + 7 15) ol [g]]

Ny

= Ty | [Ly (~D* + FRO(=D*/k)) + Ric] -

(7.47)
x 1y 0, (K*R"(-D?/k?)) ]

Ly Ao (—D?)
Ty on(—D?) + Ric

= NV TI'V

8In the third step, we make use of the expansion of heat kernel for the squared Dirac operator.
This expansion can be obtained analogously to the prescription in appendix[E| for the ordinary
Laplacian. The corresponding coefficients can be found e.g. in Table 3.1 of [102].



108 7. THE SINGLE METRIC EINSTEIN-HILBERT TRUNCATION

Here, we can use the fact that for a maximally symmetric spacetime one has

RF, = é&,ﬁ‘R and thus Ric = éR 1. Hence, we can expand

Ly Aop(—D?)

Ny T
VY 1y o (—D?) + Ric

Nor(—=D?)
or(—D?) + R/4

= Nv{ Try [ﬂv%] - }lR [nv—ﬂ’;ﬁ’“((__gj)l] } + O(R?)

= NV TI'V ]lv

1
(47)?

2
= Ny {41&*@5(0) / d*z\/g + 518@}(0) / d*z\/gR

— k*®3(0) / d%@R} + O(R?)

(7.48)

For the scalar part associated to the gauge field:

—NV Tl"g

((52)la) + #51a]) 025 [g]]

— Ny Trg|1g [-D? + E*RO(=D*/k*)] ' &, (k2R<°>(—D2/k2))]
c/%k(_D2>
= 2Ny Trg |1g2— 7
v S%k(—DQ)

1 4571 4 1 251 4 2
_QNVW{k o1(0) /d Vg + K (0) /d x\/ﬁR} +O(R?).
(7.49)
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All in all, the RG equations including the matter contributions are given by,
employing the optimized cutoff,

- 1
4/‘12815 (ZNk)\k) = 2/{34 (1 + §N5 — 2ND + Nv>

A7)2
(17T) 11 1 1 1 (7.50)
—2K20, Z Ny = k* ——+-Ns+=-Np— =Ny | .
K™ Ot Zing (47r)2( 3+6 S+3D 6V)
The second equation implicates the (negative) anomalous dimension
matter ]'
Iy (N, gr) = _Z_atZNk
Nk
1 1 (7.51)
=|—-——+—(Ns+2Np — N,
{ 37r+67r( s+20Np V)]gk

and with Eq. (7.25) we therewith obtain the dimensionless RG equation for gy

hgr = [24+ 03" Ak, k)] 9 (7.52)
— ﬁ;L,matter(/\]€7 gk) ) :
From the first equation follows the dimensionless RG equation for A,
O\, = =2\, + L (1 + le —2Np + NV) g+ 0 (ks g) A
2m 2 (7.53)
— ;\L,matter()\k, gk:) )

Note that for Ng¢ = Np = Ny = 0 these equations reduce to Eq. (7.31). The

1L,matter

corresponding RG flow possesses the fixed point, given by 3 (Aks gr) =
0 — ﬁ;L,mahter(}\k, gk);

3(2+ Ng —4Np + 2Ny)

4(22 — Ng — 2Np + Ny)

1L,matter __ 127T

* 22— Ng—2Np+ Ny '

If we require a positive fixed-point value of Newton’s constant g, this condition

AlL,matter _
*

and g (7.54)

will give a non-trivial constraint on the matter content compatible with the
Asymptotic Safety scenario [102]. For example, for the field content of the
“Standard Model of particle physics”, given by Ng =4, Np = 45/2 and Ny =
12, we find this condition unfulfilled for the above fixed point:

4
)\iL,matter —3 and giL,matter _ _Eﬂ- ) (755)
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However, we emphasize that one should not over-interpret this finding: the
main virtue of the “one-loop approximation” of the FRGE is its simple structure
which puts it in the frontline for any analysis of exploratory character in the

FRG framework.



CHAPTER 8

The one-loop beta functions of higher-derivative gravity

Executive summary. We make use of the one-loop approximation of the
FRGE in order to derive the one-loop beta functions for higher-derivative as well
as Weyl-squared gravity in four spacetime dimensions. We discuss the flow of
the resulting RG equations and show that the theory is asymptotically free in
the coupling parametrizing the squared Weyl tensor. Moreover, we discuss the
corresponding one-loop beta functions in 4 — & dimensions.

8.1. SPACETIME DIMENSION d =4

As a further example, let us demonstrate how one can obtain one-loop beta
functions of higher-derivative gravity in four dimensions, d = 4, within the FRG
framework, following the procedure explained in the last paragraph of The
bare action of the theory is given by Eq. (4.15), with Sa[g] specified to Eq. (£.9),
ie.,

~

S[}; C,C,b;g) = Sh_alg+ /ﬁ] + SGF[}Z; gl + Senilh, C,C; g] + Senolb;g] (8.1)
with L /1 .
Sh.—d,[/‘d] = /d41’\/§ |:—f—22 (gRQ — RHURM,) — G_.ng2:| . (82)

Furthermore, the gauge-fixing action and ghost actions are determined by the
gauge-fixing condition (4.31) and weight function (4.84]), such that these are

given by Eq. (4.85)), Eq. (4.34)) and Eq. (4.87)), respectively. Next, we set the
gauge-fixing parameters to the values given in Eq. (4.99). Therewith, the gauge

111
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fixing action and ghost actions obtain a parametric dependence on the couplings
f& and f3,

Sar[h; g = Sarlh; ](f&f%) ,

Sgh,l[ﬁ’c_’a ng] = Sghl[/]; ] (f07f2) ) (83)
Sgn2[b; §] = Sen2(b; g (vafQ) )
and thus do the operators .#[q,g] = #[g, 9] (f¢, f3) and Y[g| = Y[g] (f2, f2).

For this setting, we can obtain one-loop beta functions (respectively RG equa-
tions) by giving a k-dependence to the couplings, f& — fZ(k) and fZ — f2(k),
and solving the FRGE at g = g with the ansatz

1 1 1
Fk[gag] = /d4ZL’ g |:_— (_R2 — R"™R V) - R2:|
VI \3 w ) SR (8.4)
+ Scrlhig] (f3 (k). £5(K))
on the trucated theory space spanned by the operators g — [d*z,/gR* and

g [d*z/g (3R* — R, R™). The “117-part of the Hessian for this ansatz at
g = g is obviously given by Eq. (4.97)) after enabling the k-dependence of the

couplings,

(1) 19,9 = (% [0: gDna (F3(0), F3(1))
= Klg) (200, £3(0) { LoD + (V1) g) (F3(k), £3(8)) DD

W ol (f3(8), 13(8)) }
(8.5)

Lastly, we must specify the general form of the cutoff operators. It is clear
that we must set v = 2 for the gravitational cutoff operator and v = 1 for the
cutoff operators of both ghost parts. With the operators at hand, it is further
convenient to set

ZEg) = Klg)(f2(k), f2(k)) . 22 g] =V21y and Z2?[g] = )

2720
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All in all, the FRGE at g = g therewith becomes

—0; (%) / d*z\/g <%R2 - R“”RW> — O (%) / d*z\/g R?

= 5 Trsys | [Lor (CRK RO (DY) + (V) [g) (F2(R). £2(8)) DD,
+ Wgl(J3(k), J3(h))] s 00 (FRO(D'/KY) ]
Ty |[ = 9.0 (B0, F2(R) + 1vk? RO(-D?/37)]

x 1y 0y (K*RY(-D?/k?)) ]

1
— —TI'V

STy |[ = Yla) (7200, £38)) + 1k RO D2/12)]

x 1y 0 (k2R<°>(—D2/1<2))] :

(3.6)

The traces on the RHS now must be expanded in curvature invariants by means
of heat kernel methodﬂ, including the off-diagonal heat kernel, and then must be
projected onto the truncation of theory space given by the operators [d*z,/gR?
and [d*z,/g (§R? — R, R"). Because of its wide extent, we will not present
this heat kernel expansion here; see e.g. [45, 47, 102] for an elaborate deriva-
tion. After the RHS of the FRGE has been projected onto the above trun-
cation of theory space, one can read off the beta functions for the couplings
f& and f7, which are the coefficients of the basis functionals [d*z,/gR?® and
[d*z\/g (R* — R, R"), respectively.

LCf. the literature quoted in appendix



114 8. THE ONE-LOOP BETA FUNCTIONS OF HIGHER-DERIVATIVE GRAVITY

Then one finds the RG equations, with ¢ = In k the renormalization group time,

OS3(K) = ~ sz g 4 )
= B (f3(K)) ,

1|5 f5(k)
(4m)* | 3 fo (k)

= B2 (fo (k). £3(k)) -

f3(k)

+5

5
+6 fo (k)

The RG equations are the same as those obtained from dimensional
regularization with the MS scheme [33, |37, 49, [107-110]. In fact, these RG
equations are universal in the sense that they do not depend on the employed
reqularization scheme |45, |47, [111]. Furthermore, these RG equations can, in
fact, be shown to be independent of the specific choice of gauge-fixing parame-
ters a, 3, v and 0 such that in this sense they are physical. Note that all these
properties only hold for d = 4.

Clearly, the beta functions of the RG equations (8.7) possess the Gaussian
fized point (f2,,f2.) = 0. However, this fixed point is attrative only in one
direction: As Bz ( f2) <0 for all f2, in the neighborhood of 0 the function f3 is
a monotonically decreasing in k, thus f? is a relevant direction (the fixed point
is attractive); and as on the hand B2 (fg, f5) > 0 for all (fg, f3), the function f3
is a monotonically increasing in k, thus f¢ is an irrelevant direction (the fixed
point is repulsive). Hence, higher-derivative gravity is asymptotically free in the
coupling f2. In fact, we need not necessarily set fZ. = 0 to obtain a fixed point
because the vanishing parameter f3 already implies the vanishing of both beta
functions, for all f2. Thus the Gaussian fixed point, although clearly present,
does not resemble any information of preferred values of the coupling f& in the

UV for k — oo. However, by re-formulating the RG equation for f in terms of

B
203(k)

the variable

w(k) = w(fo(k), f2(k)) : (8.8)
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it is indeed possible to find such preferred values (i.e., fixed points) for w. We
therefore firstly re-write the RG equation for f¢ into (thereby making use of the
RG equation for f3)
1 25+ 1098w(k) + 200w?(k) ,,
2 f2 (k)
(47) 60 (8.9)
= B (w(k), f5(k)) -

Still, we encounter the “problem” f3,(w,0) = 0 for all w such that no specific UV

Ow(k) = —

values for the coupling w can be determined. Secondly, it is therefore customary
to introduce the renormalization group time 7 given by the differential

_ f3(k)
dr(k) = (47)? dt(k) . (8.10)
As the RG equations are physical, i.e., independent of the choice of gauge-
fixing parameters, we may integrate this differential with f2 given by the straight-
forward solution to the RG equation 9, f3 (k) = Bz (f3(k)), in order to determine

7. This results in

_ 10 2
T(k) = Eln [133 Ink — 10(4m) -const.] . (8.11)

Especially, for the UV limit ¢ — oo we find that 7 — oo such that we can w.l.o.g.
investigate UV properties by means of the new renormalization group time 7.

In terms of 7 the RG equations decouple into the independent ordinary dif-
ferential equations

133
O, f3(k) = —ﬁfzz(k)
= B (f2(k))
200w?(k) + 1098w (k) + 25 (8.12)
and O,w(k) = — ~ ~
60
= B, (w(k)) .
The beta functions (8.12) possess the non-Gaussian fixed points
549  7+/6049
2 = il = —— &+ 1
f5,=0 and w1/ 500 500 (8.13)
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Le., B (f2)=0= B2 (ws). By setting w to either fixed-point value, we obtain
2 2

a perturbative series that is controlled solely by f2. The stability matrix for the

system (8.12)) is independent of f2 and in general reads

_ 66}22/(‘%2 aﬁ}g/aw (- 0
JB(W*)—(%U,J/W22 65;/8w>(w*)_<0 sy, | (8.14)

0~ 3
For the first fixed point,
(f3,,wi1) = (0,-0.0229), (8.15)

we find B(w,1) &~ diag(—13.3, —18.2), i.e., the fixed point (f3,,w. 1) is UV stable,
having two relevant directions. The other fixed point,

(f3. wi2) ~ (0, —5.4671) (8.16)

is a saddle point with one relevant and one irrelevant direction, B(w,s) =
diag(—13.3,+18.2).

NN Wi
N -~
R\ ==
e N
e NN —
— L NN
I~
Pt el ZA NN\t

1 L L L 1 | L 1 L I 1 1 L A 2
-5 0 5 f2

Fi1GURE 8.1. The flow of higher-derivative gravity for d = 4 in the
renormalization group time 7, given by the RG equations (8.12)).
Marked in red are the fixed points (8.15)) and (8.16)).
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Moreover, one can argue that the saddle point (f3,,w. ) lies in an ill-defined

region of theory space as follows [45]: Let us consider the ghost operator éY[g]

given by Eq. (4.84) with the gauge-fixing parameters specified to Eq. (4.99).
Re-expressing the coupling f2 by w, this yields

1 . 1 2(1
_Y,ulf[g]dlff =—— g,u,uD2 + ( +CO) DFDY — DV DH
a 213 3
| L9 (8.17)
= (9"D* - == D'D" — R .
23 <g
The spectrum of this operator is generally positive provided that
1-2
3w<0 S w> -1, (8.18)

This condition for a positive (“second”) ghost operator is fulfilled among the

fixed points only by the UV-attractive fixed point (f3,,ws1).

8.2. WEYL-SQUARED GRAVITY IN d = 4

In the very same way as in Section[§|we can also obtain the RG equation for Weyl-
squared gravity (there is only one, for the coupling f7). Following Subsection
??, we perform in the ansatz for I'y[g,] (of the previous section) and in the
operators .#|[g,g| and Y[g] the substitutions f§ — oo, f = 1/4 and g, —
(1 WP — (P[] Waﬁ )9as. When we further specify the remaining gauge-fixing
parameters to a = —2f3, v = 2/3 and § = 1, this leads to the “11”-component
of the Hessian at g = g,

(r2) l9.91 = (@ [0: 9w (F3(0)
= (Lor2 = Pu[g]) Kvvenlg] (f3(K) x

< { Lm0 + (Vi) 9] (f309) DD + Wavenllg) (F3(8)) }
(8.19)

Analogous to the case f& < oo we further setE|

ZE™ 9] = (ls2 — P [g]) Kwelg) , (8.20)

ZKindly remember that in Weyl-squared gravity the first component of field space consists of
the symmetric and traceless rank-2 tensors. The identity on this space is 1gp2 — Py, [g].
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such that the “one-loop approximation” of the FRGE on the one-dimensional
truncation of theory space given by the operator [d*z/g (3 R* — R, R") be-
comes

(i) o ()

> Trsre []lgTz (Dj + kRO (DA /k4)> + (VT )lal (F2(k)) Dy D;
F Wanlal (50)] (Lszz — Brc[g)) 0, (R RO(D* /) ]
Ty | [~ lg,6) (F(0) + 1k RO(-D?/17)]

x 1y 0, (k:QR(O)(—DQ/k:Q))]

1
— —TI'V

2 [ —Yg] (f3(k)) + Ly k? R(O)(_DZ/kQ)] -1

x 1y 0, (sz@)(—D?/k?))] :

(8.21)

Again, we will not explicitly perform the projection of the RHS onto the operator
Ik d4x\/§ (%R2 — RWR’“’) using heat kernel methods, but only state the resulting
one-loop RG equation for the coupling f7 that slightly differs from the case
fo < oo [49]:

1 199
O f3 (k) = —Wﬁfﬁl(k)

= ™" (3 (k) -

As in the case f < oo one can show that this one-loop RG equation is univer-

(8.22)

sal, i.e., independent of the employed regularization scheme, and physical, i.e.,
independent of the specific choice of gauge-fixing parameters. Especially, note
that Weyl-squared gravity is asymptotically free in its sole coupling fZ.
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8.3. A COMMENT ON THE ONE-LOOP BETA FUNCTIONS INd =4 — ¢

Unlike the beta functions of higher-derivative gravity in d = 4, the correspond-
ing beta functions in d = 4 — ¢ are not universal, i.e., regularization-scheme de-
pendent, and not necessarily physical, i.e., they are generally gauge-dependent.
In the literature, the beta functions of higher-derivative gravity have been de-
termined by means of two non-coinciding regularization schemes. On the one
hand, the FRGE in Section |8 can be evaluated using heat kernel methods in
an arbitrary dimension d. If we do so and set d = 4 — ¢, the beta functions
will depend parametrically on ¢; especially, the parameter € need not be small
and may take any value resulting in a positive dimension d. The beta functions
obtained in this way have been analyzed in [47] and, interestingly, reflect the
requirement w > —1 due to the appearance of “In(1 — w)”-terms. On the other
hand, the beta functions in d = 4 — ¢ have been obtained by regularizing the
conventional effective action with dimensional regularization (using e.g. the MS
scheme), i.e., ¢ here plays the role of the regulator, rather than an external pa-
rameter. These beta functions, that are different from those obtained with FRG
methods, have been analyzed in 33} 49]. As the beta functions obtained from
dimensional regularization are easier to handle, and for ¢ small numerically yield
fixed points that only slightly deviate from those obtained with FRG methods,
we will restrict the following discussion of the beta functions in d = 4 — ¢ to

those obtained with dimensional regularization.
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With respect to the renormalization group time 7 defined by Eq. (8.10]), the
RG equations obtained from dimensional regularization read in leading order in
e [33]:

0.F3(K) =~ F3(K) + ¢ | = (4m)? + X( (), w(k); @, B,7,0)

2002 (k) — 302w(k) + 5

— f3 (k) 60w (k)

= Bz (f2(k), w(k))
200w2(k) + 1098w (k) + 25
a 60
N 620w2(l€) +932w(k) + 821
360

+ O(e?)

and O.w(k) =

+ O(e?)
= B, c(w(k)) .

(8.23)
Here, x(f2,w;a, 3,7,9) is a function that “measures the deviation” from the
gauge given by the parameters (4.99)), i.e., especially that

x(f3wia, B,7,0) =0. (8.24)
Eq.

In this generality, the function x is not stated in the literature. Note that
as the beta function 3], is gauge-independent, the gauge-dependence of the
system of RG equations is solely given by the beta function B}g’e. This
points at the problematic fact that the renormalization group time 7 therewith
also acquires a gauge-dependence, due to its definition through the coupling
f2. Consequently, “asymptotic freedom in the 4 — & theory is not a physical
phenomenom, but an artificial occurrence depending on the choice of gauge-
fixing condition” [33]. Here, let us make the seemingly natural assumption that
X(f2,w;a, B,7,8) ~ f2. On the basis of this assumption, the fixed points of the
system of RG equations are in leading order in ¢ in fact independent of
X:
(fgm, w*,m) ~ (—11.8732¢, —0.0229 + 0.1224¢)

(8.25)
and ( ff*ja,w*,2;5> ~ (—11.8732¢, —5.4671 + 0.5628¢) .
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As a result, these fixed points resemble, for € small, the physical property of
asymptotic freedom of d = 4-case and we may use them to investigate how the
fixed-point value of a certain quantity, initially at the fixed point , changes
when slightly moving away from d = 4. For this particular purpose, it may also
be interesting to ask how this fixed-point value of some quantity changes if we
move away from d = 4 only on the f2-axis of theory space. Therefore, let us
take the limit € — 0 of the beta function for w, f, ._y = f3

', which results in
the fixed points

(ff*,g,wu) ~ (—11.8732¢, —0.0229)
(8.26)
and (f3,.own2) & (~11.87322, -5.4671)

For the limit f& — oo of Weyl-squared gravity, the RG equation with respect
to the renormalization group time 7 for the coupling f2 in d = 4 — & has been
calculated using dimensional regularization in [49] and reads, in leading order

in €,

1

2 _ __@ 4
0130 = ~ gy 5 4 H)

+e| — (471)° 4 xwen (f3(K); o, , ) + %fg(k) + O(£%) (8.27)

= 6}22,6;Wey1 (f22<k)) )

where the function xwey(f3;@,7,0) again measures the deviation from the
gauge o = —2f2 v =2/3 and § = 1; i.e., especially xwey(f3; —2/3,2/3,1) = 0.
The explicit form the function xwey can be found in [112]. In leading order in

g, the fixed point of this RG equation turns out to be dependent on the gauge
parameter o (provided that « is independent of the coupling f3):

13 cweyt & (—11.9030 + 17.85460)c . (8.28)

Again, this fixed point (in the appropriate gauge) may be used to investigate
how quantities, evaluated at the Gaussian fixed point of Weyl-squared gravity,

change when one moves away from d = 4.






CHAPTER 9

Composite operators

Executive summary. We motivate the study of composite operators within
the framework of the functional renormalization group equation for quantum
gravity. Then, we explicitly construct an FRGE that governs the k£ dependence
of renormalized composite operators. We show that for geometric operators this
renormalization behavior is encoded into the operators’ anomalous dimensions.
To these, we give a geometrical interpretation in form of quantum corrections
to the scaling exponents of the geometric operators.

What is new? The composite-operator FRGE for composite operators
depending on the ghost fields.

9.1. MOTIVATION

The goal of any quantum-gravitational theory is to give a physical meaning to
the path integral . In the Asymptotic Safety scenario, the physical mean-
ing of this path integral lies in the existence of an UV non-Gaussian fixed point
with a finite number of relevant directions. The tool to probe the existence of
such a fixed point is the FRG formalism, as described in Section So far, the
investigations performed among the Asymptotic Safety program show a strong
indication for the existence of such a fixed point, cf. Section

So why study composite operators in the Asymptotic Safety scenario for
quantum gravity? The main motivation lies in the fact that, in order to make
contact with quantum-gravitational observables, knowledge about the renormal-
1zation behavior of geometric operators may be required that cannot be ex-
tracted from the EAA alone. Observables in gravity (i.e., classical or quan-
tum gravity) are challenging to construct because they are required to be

123
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diffeomorphism-invariant [113-119]. Therewith, for example, they cannot de-
pend on a single point in spacetime but rather should be considered as the
integral of some scalar density over spacetime. Thus, one might need to resort
to non-local operators in their construction, which we can illustrate with the
following qualitative example for an observable [28, 29]. Consider the correla-
tion function G(r) of two operators 0)[g] and Os[g] at fixed geodesic length r
[117, [118]:

610) = (o [V [a/G0 0G0 i) )
(9.1)
with (5(z,y) the geodesic length (later on, we will give a precise definition of

it) and vol[g] the spacetime volume. This observable essentially depends on
l5(x,y) which is a non-local operator for which it is realistically impossible to
be included into a truncation on which the FRGE is approximated (truncations
are usually the linear span of (quasi-)local operators) — hence, we can find a
remedy in renormalizing it as a composite operator. Furthermore, we can use
this example to illustrate the need for knowledge about the scaling behavior
of composite operators. In the fixed-point regime, where scale invariance is

A

realized, we expect the scaling behavior G(r) ~ r2. In order to obtain the

scaling exponent A, let us rescale the fixed geodesic distance r by a factor A,

G(\r) = de\/g(x) [ d*y\/Gy) O1[5)(x) Oa[G) ()5 (Ar — L5, y))
<v01 / / >
—eW[h""99]/Du[h,...;g]m/ddxm/ddym

x O1[g](x) Oa[g](y)o(Ar — f5(x — y))

[5G [t/ E @ e

x (Ar — QP lg(z — y)) > .
(9.2)

p— <QAV01_A1_A2

Vol

In the second step, we have written out the expectation value, defined in terms of
Eq. . In the third step, we have rescaled the metric by a factor 2. Thereby;,
we have assumed that the measure is scale invariant and that the operators are
situated in the fixed-point regime, where they all transform homogenously. The

respective scaling dimensions of the operators are denoted by Ay, A, Ao and
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Ay,. Still, X is an arbitrary parameter, so we are free to set A = —Q~%% and

eliminate ) from the equation in favor of A:

A1+89—Ayg 1

G(Ar) = <A [evi@ [ay/ameamedlo)

vollg

X (Ar — Mg(x —y)) > .

(9.3)

Consequently, to determine the scaling behavior of the observable G(r), we must
determine that of the geodesic length, as well. In quantum gravity, such scaling
arguments have been discussed especially in the two-dimensional case [55, |120),
121].

Aside from such qualitative examples, we must admit the longstanding prob-
lem of constructing meaningful (four-dimensional) observables in quantum grav-
ity is clearly beyond the scope of this thesis. However, it may also be interesting
to study the renormalization behavior of composite operators that are not true,
diffeomorphism-invariant, observables. On the one hand, as explained above,
one might need to resort to such an operator in order to construct a full-fledged
observable. On the other hand, in a theory of quantum gravity, it is natural to
study geometric quantities, such as the volume of a submanifold of spacetime,
at the quantum level. This can yield general geometric features of the underly-
ing theory for quantum gravity. For example, the effective Hausdoff dimension,
the spectral dimension or the walk dimension of spacetime have already been
estimated in the asymptotic safety scenario, which typically implies an effective
dimensional reduction of spacetime in the fixed-point regime [122125]. The
further study of such geometric operators will be the essence of Chapters
and [I2] Geometrical properties such as these are of particular interest for the
comparison of the Asymptotic Safety approach towards quantum gravity with
other approaches, e.g. casual dynamical triangulations or loop quantum gravity.
The mentioned dimensional reduction phenomena, for instance, are a common

feature of several quantum gravity scenarios [126], [127].
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Last not least, the study of composite operators is also motivated by technical
aspects, which we again illustrate by an (introductory) example: For the k-
dependent Schwinger functional Wy[j; g, defined by Eq. , to be invariant
under the classical BRST transformations , the identity

0= sWy[J; 9]
= — <SAkS[X; g]) - <SSsource[X; J; g])

must hold. Here, s denotes the anticommuting and nilpotent BRST operator.

(9.4)

This identity, however, is rather impractical in the FRG framework which is
based on the EAA T'x[¢; g] because with the above identity, one cannot check
whether the EAA is BRST invariant. Therefore, it is desirable to express this
identity in terms of the EAA. This can be realized by incorporating the BRST
variations s/fzw and sC* as composite operators into the k-dependent Schwinger
functional as follows. Define the functional W} [.J; 3, ; g] analogously to W[.J; g]
but with the source action Sgource|X; J; g] replaced by

Ssource X J; B, T3 §] = Ssource[X; J; G] + /dd:v\/ﬁ <6“”SEW + TusC“) , (9.5)

i.e., we have coupled the BRST variations sﬁw, and sC* to the sources [*
and 7,. Also note that $Ssource[X; J; 5, 75 9] = $Ssource[X; J; g] due to the nilpo-
tence of the BRST operator. The EAA I' [¢; 5, 7; g] obtained from the functional
W/[J; B, 7; g] will fulfill

1 51”2[@5;&,7’;@]__ I (r - L 0T 8,759) SOH (e
T o ") md STy = ko)

(9.6)
per construction. With these properties, it is possible to re-formulate Eq. (9.4))
as the modified Ward identity [20]

/ddx 6(T[¢; B, 75 9] — Sarlh; g]) 6L [6; 8,7 9]
R () opH ()
6(I%[0; B, 75 9] — Sarlh; g]) 0T [0 B,7:9] |
5¢n(z) 67,(z) }_Y"" (5.7)

_|_
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Here, we only state Y}, for the case b, = 0 [26]:

Yk =Tr ST2

la

7 Z( gb B,7;q) + %r|g ]>_1 <F’§€2)[¢§5,T;§]>w]

a

— TI'V

a

ﬁmuﬁf(kWﬁmﬂ+%mD;Of%ﬁmMLJ

V2

- oy %mﬂﬁ@M<V9W#%nd+%Md%;r
(9.8)
with
4. ez 1 52?’[¢679]
<x,...|<Pk [¢,B,r,g]> Y, v \/_\/_&b“ 55 (y)
@14 g s _ ! ﬁwwﬁfﬂ
(e, (T M%ﬁﬂ:gDaTWJO-—fww N ONGORIEEI0
(e, 1l Z[gly. p, ) = Z7[g].
(9.9)

Here, the tensors I,[g] and I,,,[g] fulfill the role to adapt the tensor structure
of the LHS to the RHS.

The modified Ward identity thus is fulfilled by the full EAA T'k[¢; 3, T; ]
per construction. However, this is not the case for approximations of the EAA
arising from solving the FRGE on truncations of theory space. Therefore, this
modified Ward identity, obtained by means of composite operators, may be used

to test the consistency and quality of a given approximation. This would not

have been possible with Eq. (9.4]) only.

9.2. THE COMPOSITE-OPERATOR FRGE

In the subsequent section, we will generalize the incorporation of composite op-
erators into the FRG framework constructed in Section [6.2l The main result of
the process will be the composite-operator FRGE which describes the renormal-
ization behavior of composite operators as a coevolution with the gravitational
EAA . Especially, this composite-operator FRGE enables us to calculate
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the anomalous-dimension matriz of the composite operators, whose interpreta-

tion we will discuss in detail.

To begin with, let us consider n spacetime-dependent composite Operators
2 [iz, C,C b g)(x),. .., ﬁn[ﬁ, C,C, b; g)(z), each acting on either of the Hilbert
spaces S, V or ST? and each being composed of the background metric gy, its
quantum fluctuation iLW, as well as the ghost fields C*, C,, and b,. Let us couple
these operators to arbitrary external sources € = (e1,...,&,) and define the
(modified) k-dependent Schwinger functional W/ [J;e;g|, with J = (t,0,5,b),
by

exp{W;[t,0,5,b;e1,...,2,; 7]}

~

= /D,u[ﬁ, C,C,b; g exp{ — 5‘[%, C,C b;t,0,5,d;5] — ApS[h, C, C, b; g]

— ddl'\/ g(l')Zg?(-r)ﬁm[ﬁac_’v 07 b; g](l’)} )
- (9.10)

where, with y = (ﬁ,C’, C,b)", S[x; J;q) is given by Eq. [@18), ArS[x;g] by
Eq. and the measure is defined by Eq. and inthe base b, = 0 (and
d"* =0) by Eq. [4.22). Here, £¢(z)0;,[x; g](x) denotes the sum over the tensor
structure which depends on what Hilbert space 0;[x;g|(x) acts on. For ex-
ample, if it acted on ST?, the corresponding source need to be a tensor field

v

£" ,»(r) and the above term would read ;" ,,(z) 0" ., [x; g](z). This “modi-

fied” k-dependent Schwinger functional is nothing but the ordinary k-dependent
Schwinger functional Eq. (6.2)) with the substitution (written schematically)

S S+ 0. (9.11)
Moreover, if we define the expectation value of the i-th composite operator as
(Oialx: 9l(2)), = exp{—Wj[J; 9]} /DM[X; 910:a[x; 9)(x)

X exp {_S‘[X; J;g] — AkS[X;Q]} )
(9.12)
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we immediately obtain the relation
1 0WilJie; g]

V g(l‘) 5621(:6) e=0 .

(Oialx; 9)(2))), = — (9.13)

Next, let us obtain the effective action that results from the definition (9.10).
Therefore, we define the classical fields ¢ = (h, £, €, ¢)T analogously to Eq. ,

1 oW;lJ;e; 9]
Vg(x) ot ()

After solving these relations for the sources J, i.e., t* = t}"[¢;e; g] etc., the
Legendre transform of Eq. (9.10)) reads

Tilgiesgl = [d%/a(x) [t [6s € G)(2) b () + 04[5 3 ) (2)€" ()
+ Gl €5 9] ()€ () + di (¢ &5 9] ()G ()] (9-15)
— WilJkldsei glies g
Analogously to Eq. , we define the effective average action as this Legendre

P (1) = hiy[J; gl() = et cetera. (9.14)

transform with the cutoff functional substracted:
(056 9) = Th[os 69 — ARS[e; 9] - (9.16)

Especially note that I',[¢;0; g] — I'x[¢; g], where the EAA T'y[¢; g] is given by
Eq. . Furthermore, for the expectation value of the i-th composite operator
it directly follows that

_ 1 ol [¢5e; 9]
(il 9l(2)), = —==—1,

: Vo(z) ogi(@) | (9.17)

= [ﬁia]k [(151 g](l’) .

A crucial point is that by following the derivation of the FRGE ((6.13) for the

conventional EAA [';[¢; g in appendix yet again with I', [¢; €; g], it is evident
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that it fulfills the very same FRGE, i.e., with the renormalization group time
t = Ink we have

1
OT}[652: ) = 5 Trsre

(M%mm(hﬁmam+%m]jnl

— Try | (0:%rasg)) ([F,/E;Q) [p;¢; 9] + %k[g]} 1) 32] (9.18)
- %TYV (0:Rr.4417)) ([F/I(f) (965 9] + f%)k[g]] 1)44] .

Here, F’,(f) [¢; €; g] is defined via Eq. (6.47) and Zx[g] by Eq. (6.15).

By taking a functional derivative of Eq. (9.18)) with respect to ¢ and then
setting ¢ = 0, we obtain the following composite-operator FRGE for the renor-
malized operator [0},], [¢; §](x):

0. (0,0, 16:9](x) = — 5 Trsrs

(0:%11119)) ( [Ff) [9; 9] + %k[?]ﬂ B

" [ﬁm]/(f) 6: 5)(z) [Fl(f) [0; d] +<%’k[§]] _1)11]

+Try | (0] < r(6:] + ula]|
xmﬁ%¢wwﬁﬁmmﬁ%@rjﬂ
n %Trv (atgng[g]) ( [Fl(f) [#; 9] + %k[g]] -1

« [0, ]](62) [0, 9](x) [F,(f) [¢: 9] + c@k[gﬂ _1> ]
(9.19)

Here, we have used the variational rule JA™! = —A71(§A)A~! and T [¢; 0; g] =
[kl[¢;g]. Further, the operator [@-a},(f) [; g](z) in field space is defined via
Eq. (6.47). The composite-operator FRGE (9.19) possesses a double-layor struc-

ture: to solve it requires an approzimation of the EAA T'y[¢; g|, on the one hand,
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and an approzimation for the renormalized composite operator [0;,],. [¢; gl(z),
on the other hand. Note that in the case b, = 0 = (,, again the last trace of

Eq. (9.18)), respectively Eq. (9.19)), must be discarded.

Lastly, we introduce the notations

[09,5,6,6.Cel =Tlg— 5,66 ¢ e g) (9.20)
and

[ﬁia]k [97575757 C](I’) = [ﬁia]k [g - §>ga 67 Cmg](x) . (921>

9.3. GEOMETRIC OPERATORS AND THE ANOMALOUS-DIMENSION MATRIX

When we speak of a geometric composite operator we refer to composite oper-
ators that do not depend on the ghost fields,

ﬁl[g,g](x) = ﬁi[gaga()?()?()](x)a (9'22>

and correspondingly the renormalized operator reads [0]x[g, g](z).

In this case, an approximation of the composite-operator FRGE that is
not far to seek is to approximate I'y[¢; g] by Eq. , i.e., to neglect the evolu-
tion of the ghost fields. Instead of directly plugging this ansatz into Eq. ,
it is more practical to rethink this approximation in terms of the EAA I} [¢; €; g].
This amounts to the ansatz

F;[Q»g»gaff;d :Fk[g g] + Sgh l[g _g g gg] +Sgh2[Cag]

/ddx\/g ZE v [9,9)(x) .

(9.23)

This ansatz corresponds to an expansion of I'[g, g, €,€,¢; €] to first order in e
(provided that the bare composite operator is independent of the ghost fields),

5. 9.6.6.G:e) = Tulon9.£.6.6)+ [ da/ola Zs b [9:3)(x) + -+
(9.24)
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and then further specifying T'[g, 3, €, €, ¢] to Eq. (6.43]). Moreover, we addition-
ally define

09, G;¢] =T%[g,3,0,0,0;¢]

= Fk[‘g’g] —+ /ddl'\/ g(.fl?) 25?(17) [ﬁia]k [gngx) :

(9.25)

Analogously following Section we obtain the following FRGE for I'[g, g; €]
(employing the gauge-fixing condition (4.31))):

(022 19)) (7),,l9.5:¢ +%,§m[g])‘1]

1
ol0g, gyel = 5 Tror

Ty (at%’,%hﬁl[m)(—ﬂmg,m%;fh’l[g])‘l] (9.26)
- 5T | (0 2tl) (S vlal + 2300 ]

Again, by taking a functional derivative with respect to £¢(z) and setting e = 0,
we obtain the following approximation of the composite-operator FRGE [54, 55]:

04 (1), 19, 3)(x) = —= Trgye

> (025 191) ((F;(f)) ulo.gl+#E™ Lcﬂ) ;

% (037 19.9)() ((r;”)n[g,m + %,%mm)_ ] ,
(9.27)

i.e.; in the approximation of neglecting the evolution of the ghost fields no relics
of the ghost fields remain (in terms of traces over V') in the geometric-composite-
operator FRGE. We could have obtained the same equation if we had plugged

the ansatz (6.43)) into Eq. (9.19) and set the ghost fields to zero (on both sides
of the equation).

Hence, so far we have approximated the EAA I';[¢; g] that contributes to
the composite-operator FRGE. However, choosing an appropriate ansatz for
Tklg, g is not yet enough to actually solve the composite operator FRGE. This
also requires a suitable approximation of the renormalized composite opera-
tor [0;4], 19, 9)(x). At this point, note that the double-layer structure of the
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composite-operator FRGE means that it entails two copies of theory space:
I'xlg,g] and [0;,], [9,9](z) each are defined on an distinct copy of it. Thus,
with any two ansétze for I'y[g, g] and [F;,], [g,g](x) also come along two dis-
tinct truncations of theory space. Let us refer to these as the first and second
truncation, respectively.

For instance, assume that the bare operators @y[g, g|(z), ..., O,[g, g](x) pos-
sesses the same tensor structure and are linearly independent, such that they
form a basis of the second truncation. Then the i-th renormalized composite
operator reads, expanded in this basis,

n

[iali [9:9)(x) = Y Zi;(K)Oklg, 3] (x) . (9.28)

j=1

By plugging this ansatz into Eq. (9.29)) and then multiplying the equation from
the left with Z~!(k), we obtain the following composite-operator FRGE [54, |55

1

> 5000100 =~ Tsre | (o 1) ((0) o + 031

x 62g,3)(x) ((r;?))n[g,g] +%§f“[g})_ ] ,

(9.29)

where

n

Yiy(k) =Y (271 (k) 02, (k) (9.30)

=1

is the (dimensionful) anomalous-dimension matriz. (We will justify the name
in the upcoming section.) Especially note that on the RHS of Eq. only
the bare composite operator remains. Thus, given some first truncation with an
ansatz for I't[g, g] and a basis of composite operators 0 [g, g|(z), ..., O,lg, g](x),
the composite-operator FRGE fully encodes the renormalization behavior

of these composite operators into the anomalous-dimension matrix J(k). Also,
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if {P;[g,g]} is a first truncation and we have at hand the ansatz ['x[g,g] =
> u;(k)Pg, g, the anomalous-dimension matrix will generally be a functionﬂ

(k) = y{u(k)}; k). (9.31)
On the other hand, regarding the role of the second truncation, we call the
ansatz (9.28]) for the renormalized composite operator a mizing ansatz if n >
2 and a non-mixing ansatz if n = 1. Later, we will restrict our explorative

applications to non-mixing ansétze, i.e., such of the form

[Oklg, 9l(x) = Z(k)Olg, g](x) (9.32)

for a single bare operator @|[g, g|(x). Its k-dependence is governed by Eq. (9.29))
with n =1, i.e.,

501010,3)) = 3 Tz | (201 (1), b1 + 751 )

(9.33)

« 699, 7)(2) ((ré”)u[g,g] +%§m[g})_ ] |

Lastly, we point out that following Section the “one-loop approxima-

tion” of the composite-operator FRGE ([9.29)) is given by replacing 0,25 [g] by
Oy (9]

iy €8 for a non-mixing ansatz

-1

7 (k) Olg, 3l(x) = —% Trr | (0253 19)) ((F,(f))n[g, g+ A [g])

« 09[g. 5(x) ((F,(f))n[g, g9+ «%’frav[g]) 7 ]

k=K’

(9.34)

'In the case we also have Z;;(k) = Z;;({@;(k)}; k) and the partial derivative d; in the definition
of (k) must be traded for the total derivative d/dt when working with this notation.



9.4. INTERPRETATION OF THE ANOMALOUS-DIMENSION MATRIX #(k) 135

9.4. INTERPRETATION OF THE ANOMALOUS-DIMENSION MATRIX (k)

We had already defined the anomalous-dimension matrix in Section [6.3} Given
a set of RG equations
0;ti; (k) = Bi(a(k); k) (9.35)
for the dimensionful couplings {;(k)}, the anomalous-dimension matrix was
defined to be 5
Byj(u") = a—ujﬂ_i(u; 1) o (9.36)

where u* is a fixed point of the corresponding dimensionless RG equations. We
argued that the negative eigenvalues of B(u*) are the anomalous scaling dimen-
sions that state the quantum corrections to the classical scaling dimensions of
the dimensionless couplings {u;(k)}.

In this section, we will firstly show that we may identify ¥;;(u(k); k) with
9iB;(u(k); k) if we interpret @y[g,g](z),. .., O.lg,g](x) as the basis of a first
truncation. This argument has been developed in [55]. In a second step, we
then will show that a dimensionless version of ¥;;(u(k); k) evaluated at the fixed
point u* moreover encodes the quantum corrections to the geometrical scaling

of the operators, which was shown in [54].

(A) We had motivated the study of composite operators in the FRG formalism
particularly due to the need to renormalize operators that one usually cannot
include as a basis element into a (first) truncation. However, what happened if
we did so? Therefore, let O[g, g],... 0,g, g] be the basis of a first truncation.
(W.lo.g. for this purpose, the operators shall be z-independent.) On this
truncation of theory space, let us solve the FRGE (6.53|) with the ansatz

I'xlg, 9] = Zai(k>ﬁi[gag] : (9.37)
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Regarding the canonical mass dimensions, let us set [;[g, g]] = —d; such that
[u;(k)] = d; as in Section (the action, of course, is dimensionless). The RHS
of the FRGE ([6.53]) then defines the dimensionless beta functions,

Zﬁ] 0,19, 9]

1
:—T 2
5 st

(at%grav ) (Z a;(k ﬁz + ZE[g ]>_ ]

_Try (at%%h‘{g]) (-ﬁ///[g, g+ %’fh’l[g]) _1]
) % o | (9820 (éy[g} +@,§h,z[g])—1] .

Taking the derivative with respect to w;(k) yields
> 50 Bk ).
= ou, (k)™ TR

1
= — 5 TI‘ST2

(at%grav ) (Z“J 6’2) (9, 7] _’_%grav[ ]>
?19,9) (Zu] + BTG ]> ] .

(9.39)

This is precisely the RHS of Eq. (9.29)) together with the ansatz (9.37) (plus
neglecting the z-dependence), i.e., provided that the first and second truncation
of theory space are spanned by 0lg,dl, ..., O,[g, g|, we can identify:

9,
o (k)™

i (U(k); k) = Bj(ak); k). (9.40)

Next, let us analyze what this equation implies for the anomalous-dimension
matrix B(u*). Therefore, note that the ansatz (9.29) implies for the canonical
mass dimension of Z;;(k), and therewith of 7;;(k), that

[Zi5(F)] = [ (R)] = [3(u(k); k)] = —di + d; . (9.41)
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Hence, if we define the matrix K;;(k) = k%§;; we obtain the dimensionless

matrix

i Ka(k (k); k)KL (k)

’ Z ! (9.42)
= k%5, (u(k); k)k™% .

Also note that for n = 1 we have in principal v(u(k)) = ¥(u(k); k). Moreover,

together with Eq. (9.40) it follows that

900 = 3 K)o 0051

I,m=1
_ i 9 R (5 . —d; 9.43
= Gy R o
0 -
= mﬁj(u(k); 1)
This implies

On the basis of the fact that v(u*) and B(u*) are related by a simple transposi-
tion, it is legitimate to call both the anomalous-dimension matrix because both
matrices surely have the same (negative) eigenvalues and thus encode identical
quantum corrections to the scaling of the couplings {u;(k)}.

(B) The other scaling argument, that we are going to develop now, relies on
the study of the dependence of the composite-operator FRGE ([9.29)) on initial
conditionsﬂ Therefore, we must take into account that the solution of Eq.
is obtained in two steps. Firstly, we must choose the first truncation of theory
space, let it be spanned by {P;[g, g|}, and then solve the RG equations Oyu; (k) =
B;(u(k)) that result from inserting the ansatz I'y[g, g] = >, @i (k) P[g, g] into the
FRGE (6.53). This solution requires the initial conditions u(y) = u® (respec-
tively @(u) = @ for the dimensionful couplings) and we had already shown in
Section [6.3] that the parametric solution I'y[g, g] (1, u®) fulfills

10, +Zﬂz > (R Tklg, )(p, u'™) = 0. (9.45)

”

2Here, we call “y(xg) = yo” an initial condition even though not necessarily a9 = 0.
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Secondly, having obtained this parametric solution we must study, on its basis,
the dependence of the solution of the form (9.29)) to the composite-operator
FRGE ((9.28) on the “second-step” initial Conditionﬂ

Zij(p, u(w)) = Zi(u, G(R)) =z, (9.46)

Thus, the parametric solutions to the FRGE (| are essentially given by func-

tions Zy;(k; p, at, ZH)) with Z(*# {Z(R } In Section we had argued
R)

that the initial conditions u(u) = u( and u(y) = u®’, that are infinitesi-
mally related by 4/ = p+ e and u®’ = ¢ 4 g0, u(p), yield the same solution,
i.e., trajectory u(k) in theory space. The very same argument also applies to
solutions Zij(k) of the composite-operator FRGE provided that we transform

the third initial condition as

!
ZV = Zy(u a())
= Zij(p+ 2,0 + ed,u(p)) (9.47)
d .
= fo) + 8@% (1, u(pe))

Consequently, we have
Zij (kv 2 a(R)v Z(R)) = Zij (k> :u,> ﬁ(R)la Z(R)/>
+e0 Zm(k: TRTSVAY

+ez 8,11y (1 ? Zij (e p, a® | Z(R))
Uy

_ 0 _
Fey (@zmnm,u(u))) O (s, 27)

mn

3The initial condition depends on @ because the ZZ(JR) are dimensionful. This is equivalent to
studying the dependence of I',[g, g; €] given by Eq. (9.25)) on this initial condition [54].
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Therefrom follows directly the following linear partial differential equation de-
scribing the dependence of solution on its initial conditions:

. 0
{Nau + Zﬁl (U(R); M) 8_(R)
0
: : (9.49)
d 0
(W ); 1) ) — ¢ Zij (ks p, a P, 2B = 0
+§(udu (U(M),u)> azéii)} i (ks p,at, Z20) =0,
respectively,
Ot 3" Fi (8 ) —2
Koy, l y 8E(R)
: : (9.50)

d 0
il (1) 7 . g (R 7(R) _
+ ; (udMZmn(U(u),u)) 82@} [0, 19, 9)() (n, u™, ZH) = 0.
Furthermore, let us assume that the Z)-dependence of the parametric solution
decouples according to

Zij (ks p, 0™, 20y =" 230 2, (ks 1) (9.51)
l

Therewith we have that
0

97 [Oili 19, 9l() (u,a(R)’ Z(R))

8 ~
= > 2402 (ke ) 0. 3)(0)
i (9.52)
= Omi Y Znj (K p, 0" 04(g, 9] ()
J
=03 (207 (01 l0.3)0) (k1)
l

and we can rewrite Eq. (9.50) as, using that 2% = Z(a(u); ),

= 0
{/@ﬁu + Z B (@' 1) m@l

m

+> (M%Zim(uw);u)) Zpai (

m

]
=
:_/
=
SN~—

——
S
=
=
S
=
N~—
—

F

SN

=

N

=
SN—
I
o
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Here, we can employ the definition of the anomalous-dimension matrix
d

G0 = 2 ROZE) & A k) = 27 (@) k) 2@ k), (9.5

which yields the equation

- P
{Ma“l 2 (@ ) PN

(9.55)

_ -1 _ _
+ Z 5B ) 7R }[@’]k[g,g](x) (n,a®, Z2M) = 0.

(Written in matrix notation with I the identity matrix.) If we consider this
equation in the fixed-point regime for &k, — oo, note that the dimensionful
beta functions behave as

B (@ 1) = d, i, , (9.56)

=00
a(B) =g*

where @, = k% u* denotes the dimensionful “fixed point”.

In a next step, let us assume that the composite operators are independent
of the spacetime point x, but rather depend on a characteristic (yet arbitrary)
length scale r. For example, the composite operator could describe the vol-
ume of an n-sphere in which case r would be its radius. On this basis, we
consult another “scaling” equation, next to Eq. , purely derived from di-
mensional analysis. Therefore, for the canonical mass dimensions let us apply
the conventions in which the metric is dimensionless (cf. appendix . Then,
by expressing the renormalized composite operator [0;]x[g, g](r) (,u, TN (R))
in terms of its dimensionless analog and thereby taking into account the canon-

ical mass dimensions [0;] = —d;, [Z;;] = —d,; + d; and [u4;] = d;, one obtains the
identity
Op =10+ Y dyull) 0
HOy — T0r — m Uy, aaﬁf)
(9.57)




9.4. INTERPRETATION OF THE ANOMALOUS-DIMENSION MATRIX #(k) 141

With the same trick as above, we can trade the partial derivative with respect
to Z for an inverse matrix (Z (R))_l, which yields the equation (in matrix

notation)

0
{ Ol — 0L + ) dii? =5 1
" (9.58)

+ZW®p (7)™ }[ﬁ]k[% gl(r) (mat™, Z2) =0,

where the matrix D is given by D;; = d,0;;.

Bringing together equations ({9.55) and (9.58)) in the fixed-point regime for

k,pp — oo and ) = @* directly gives the scaling relation (again in matrix

notation)
{rarz + 200 [-D (@ )] (200) } O14lg. 91(r) (.8, 20) | =0,
k,u—00
a() =g*
(9.59)
This equation tells us that the eigenvalues of the matrix
— D +~(u™; ) (9.60)
k,u—00
() =g*
are the full scaling dimensions of the operators
A ONlg, g)(r) (p, a™, ZH) (9.61)
f“(fé??‘i

in the UV, whereby the matrix A diagonalizes said matrix by an similarity trans-
formation [54].

Particularly special is the case n = 1 of a single composite operator. With
d; = d and ¥;;(u(k); k) = v(u(k)), the operator [0]x[g, g](r) (which has canonical
mass dimension —d) scales in the UV as

[O)i—0clg: g)(r) ~ r? 0. (9.62)
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Geometric operators in quantum

gravity






CHAPTER 10

Summary of Part 3

As explained in Part 2, in a theory of quantum gravity it is rather natural to
consider the behavior of geometric quantities at the “quantum level”, i.e., in
the ultraviolet regime. Part 3 is mainly devoted to study this behavior of the
volume V,, of an n-dimensional submanifold embedded into the d-dimensional
spacetime for continuum-based approaches towards quantum gravity. In Chap-
ter [0, we had shown that we can do so by renormalizing the geometric operator
as a composite operator, which leads to a specific scaling relation in the ultra-
violet. Before we summarize the details of the calculations conducted in Part 3,

let us firstly demonstrate how such a scaling relation should be interpreted.

(A) Illustration of the concept of a fractional scaling dimension. We
say that a function f(r) that depends on some length scale r has scaling dimen-

sion a if it solves the differential equation

(T‘%‘f‘a) f(r)=0.

® which self-explains the term “scaling di-

Surely, its solution reads f(r) ~ r~
mension”. For example, the classical n-dimensional volume V,, has the scaling
dimension —n as V,, ~ . In Part 3, we will see that this scaling relation does
not hold in the ultraviolet regime and the main results will be the precise values
of the corrected scaling dimensions for certain approximate settings.

The scaling dimension (or equivalently, its negative, up to definition) can be
synonymously referred to as the fractal dimension. The concept of the fractal di-
mension, or more general of a fractal, has been worked out in full mathematical
rigour [128]. Generally, there exist various ways of defining a fractal dimension,
e.g., the Hausdorff dimension, the spectral dimension, the box counting dimen-
sion, et cetera. These are not necessarily identical, however they are for certain
“classical fractals”. Often, the scaling dimension is employed to approximate

the Hausdorff dimension, which do not necessarily coincide, as well. Here, in

145
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Part 3, we have at hand a specific scaling relation that we wish to interpret
which is why we do not need this level of mathematical rigour and will stick

with identifying the fractal dimension with the scaling dimension.

To illustrate the concept of a fractal dimension, let us consider the general
scaling relation V' = r~® with a being a negative real number. Then V' can be
thought of as the length of a curve, the area of the surface or generally some
volume. If we rescale the length r by a factor 0 < ¢ < 1 the value of V' will
become smaller by a factor 1/N, i.e., V/N = (er)~*. We conclude that

N=¢&" & a= LE .

Ine
As an intuitive example, let us consider the area of a square whose scaling di-
mension trivially is @ = —2 as V = r2. If we rescale the side of the square by
a factor ¢ = 1/3, then consequently its area will become smaller by a factor
1/N = 1/9. In other words, we need the number of N = &% = (1/3)72 = 9
rescaled squares in order to cover the area of the original square. If we iterate
the process of rescaling by a factor 1/3 once more we will arive at rescaling the
sides of the original square by a factor ¢ = 1/9. Thus, N = ¢® = (1/9)7? = 81
squares are required to cover the original square. Furthermore, this trivial ex-
ample also illustrates the concept of self-similarity that many fractals exhibit.

It is instructive to use this view on the scaling dimension in order to con-
struct first simple fractals with a non-integer scaling dimension, i.e., fractional
scaling dimension. Therefore, let us consider the Cantor set with a scaling
dimension of —0.6309 and the von Koch curve with a scaling dimension of
—1.2619. The former is very simple to construct step by step. One starts
with a line and then removes its middle third, such that one is left with two
lines, N = 2, of length ¢ = 1/3. Then one reiterates this process and re-
moves the middle third of these two lines, such that one is left with four lines,
N =4, of length € = 1/9. The full Cantor set then is obtained by reiterating
this process over and over. Thereby, its scaling dimension is constant, namely
a=InN/Ine ~1In2/In(1/3) =~ In4/In(1/9) ~ —0.6309. Hence, loosely speak-
ing, the Cantor set is a line that becomes “emptier and emptier” as with each
iteration step more and more parts are cut from it.

In a similar way we can construct a line that “grows” into two-dimensional
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N=9 |, = N=81 , &=

1 1

3 9
F1GURE 10.1. Rescaling the sides of a square by a factor 0 < ¢ <
1 leads to N = 1/&? squares.

......................... —————————— N=2 y 5=1/3

In N/lne =~ —0.6309

— e 1 e —_— —_— N=4

, €=1/9
In N/lne = —0.6309

FiGURE 10.2. Construction of the Cantor set which has scaling
dimension —0.6309.

space. Again, one starts with a line and removes its middle third. This miss-
ing middle third is then augmented by the two sides of an isosceles triangle
that would close if the missing middle side was still there. Thus, one has
arrived at N = 4 lines with length ¢ = 1/3 of the original line. In turn,
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if we repeat this process, we arrive at N = 16 lines with length ¢ = 1/9
of the original line. If we repeated this process over and over we would ar-
rive at the von Koch curve. This curve has a constant scaling dimension of
a = InN/Ine ~ In4/In(1/3) ~ In16/In(1/9) ~ —1.2619, i.e., the curve
“erows” into two-dimensional space with each step. We emphasize that it is
even possible to construct curves with a scaling dimension of a = —2, i.e., curves

that fully cover two-dimensional space. (An example is the Peano curve.)

N=4 , e=1/3

InN/lne =~ —1.2619

N=16 , e=1/9

InN/lne =~ —1.2619

FIGURE 10.3. Construction of the von Koch curve which has
scaling dimension —1.2619.

The fractal dimension can also be illustrated by random fractals appearing
in Nature. For instance, in a famous paper, B. Mandelbrot discussed the length
of the British coast [129], whereby he assumed that the length of a coastline
is approximated by means of N measuring rods that cover the coastline. If we
then rescale the measuring rods by a factor 0 < € < 1, surely the number N
of rods required to cover the coastline will increase, until ultimately, for the
limit ¢ — 0, the length of the coastline becomes infinite. This counterintuitive
problem is “solved” by the concept of the fractal dimension: The fractal dimen-
sion of the British coast can be estimated by —1.25 which tells us how much
the measured length of the coastline increases as we decrease the lengths of the
measuring rods.

To give further examples, the surface of Broccoli has an estimated fractal
dimension of —2.7 [130] or the surface of the alveoli of the human lung have an
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estimated fractal dimension of —2.97 [131] which means that the surface of the
lung essentially is three-dimensional.

(B) The anomalous scaling of the volume operator in the ultravio-
let. In Chapter [9] we outlined how to renormalize composite operators within
the framework of the functional renormalization group for quantum gravity. In
practise, to calculate the renormalization of a given set of bare composite opera-
tors, two approximations are necessary, which we referred to as first and second
truncations. The first truncation is the truncation of theory space, the space of
invariant functionals that define the theory, with a corresponding ansatz for the
effective average action I'y. The second truncation is an ansatz for a truncated
basis of bare composite operators. Generally, with such two given approxi-
mations, the renormalization effects of each of these composite operators will
intertwine with those of the others, i.e., “mix”.

The study of composite operators in quantum gravity via this framework con-
stitutes a brand new line of research. To the initiation of this line of research, the
author contributed with the publications [28-30], on which Part 3 is based upon.
Of course, when one begins to undertake the study of a new line of research, it is
suggestive to study its most basic settings. Here, in Part 3, we therefore restrict
the approximations given by the second truncation to non-mixing ansdtze, i.e.,
we consider only a single composite operator (in other words, a one-dimensional
basis of composite operators). For this composite operator, we always choose
geometric operators, i.e., those which are independent of the ghost fields and
do only depend on the background metric and the metric fluctuation. Mainly,
we consider the volume operator which is given in form of the volume of an
n-dimensional submanifold that is embedded into the d-dimensional spacetime.
Also regarding the first truncation, we consider rather simple approximations:
In Chapter [11] we consider the Einstein-Hilbert truncation, while in Chapter
we consider higher-derivative gravity.

Subsequently, let us consider the renormalization of the volume operator V,,
within this framework. In Chapter [9] we demonstrated that its renormalization
is given by its anomalous dimension v, (u(k)), where u(k) is the set of running
couplings that parametrize the first truncation, e.g., in case of the Einstein-

Hilbert truncation u(k) contains the running of Newton’s constant and of the
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cosmological constant. This anomalous dimension can be calculated by field-
theorical methods but can be interpreted in geometric terms. Namely, let r be
a length scale on which the volume V,, depends (e.g., radius of the n-sphere).

Then in the ultraviolet, for £ — oo, one has the scaling relation ((9.62)),
Vio(r) ~ )

Here, u* is the non-Gaussian gravitational fixed point obtained with the ansatz
of the first truncation. Moreover, n is the negative of the canonical mass dimen-
sion of the volume operator, [V,,] = —n. Thus, the volume classically scales as
Vo (r) ~ r™, which is why it is n-dimensional. However, the above scaling rela-
tion tells us that what was classically an n-dimensional subvolume of spacetime
will be distorted at ultraviolet scales, and effectively be n — 7, (u*) dimensional
(i.e., has scaling dimension —n + 7, (u*) in our conventions). In other words,
the Asymptotic Safety scenario for quantum gravity predicts that classical vol-
umes become genuinely fractal at the quantum level, whereby we observe the
phenomenon of either a dimensional increase or a dimensional reduction in the
ultraviolet, depending on the value of the anomalous dimension: If it is positive
we observe a dimensional reduction, while if it is negative we observe a dimen-
sional increase. In terms of the above illustrative examples, this phenomenon
can be visualized as follows: Say, we consider a straight line, which classically
is one-dimensional. If its anomalous dimension is positive in the ultraviolet,
its scaling dimension will be reduced and thus have a magnitude of below one,
similar to the Cantor set. If its anomalous dimension is negative, the magnitude
of its scaling dimension will increase and thus be above one, similar to the von
Koch curve.

Furthermore, it is rather natural to express the scaling of a quantum volume
in terms of a quantum length, which, following the above scaling relation, is
given by Vj, ~ V3= m@D/0=n@) where 1, is the length operator.

In Chapter [11f we explicitly calculate the anomalous dimension ~,, within the
Einstein-Hilbert truncation. For an n-dimensional volume emdedded into a d-
dimensional spacetime, it is given by Eq. which is one of the main results
of this chapter. Importantly, this formula does not depend on the specific shape
of the volume, but rather on its classical dimension n. Additionally, we obtain
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a formula for the corresponding one-loop approximation of the anomalous di-
mension which is given by Eq. . In a next step, we numerically evaluate
these formulae in d = 4 and d = 3 spacetime dimensions at the ultraviolet
fixed-point which leads to the values of the anomalous dimension presented in
Tables [1| and [2| of this chapter. Strikingly, all obtained fixed-point values for ~,
are positive such that in four as well as three spacetime dimensions we observe
an dimensional reduction of volumes in the ultraviolet. The values of the full
anomalous dimension are somewhat larger than their one-loop approximations.
More precisely, for d = 4 one finds the fixed-point values of the full anomalous
dimensions y,—4 &~ 4 and v, = n — 1 for n = 1,2, 3. The first value means that
the effective scaling dimension of spacetime is approximately zero which sug-
gests that spacetime might be emptier at small distance scales than one would
naively expect. The other values imply that the length of a curve, the area of a
surface and the three-volume all scale as approximately one-dimensional objects
at small distance scales.

Lastly, we also calculate the one-loop anomalous dimensions of V,, in the
presence of matter fields. Here, the sign of the anomalous dimension depends
on the specific matter content.

However, it must be emphasized that these results are still of an explorative
character, given the rough approximations employed to evaluate the composite-
operator FRGE. Generally, one would expect severe corrections to these results
when repeating the analysis for more elaborate approximations for the first and
second truncation.

Chapter closes with the discussion of the renormalization of a further
geometric operator, the geodesic length. Thereby, the discussion of boundary
conditions plays a crucial role because of the dependence on the metric. With
the approximations assumed here, it turns out that the anomalous dimension
of the geodesic length is the same as that of the length of a curve. For more
refined approximations, especially for mixing ansatze, we however expect these
two anomalous dimensions to differ from each other.

Additionally, we outline an argument to show that the geodesic ball in this
framework does not renormalize which implies that the Hausdorff dimension of
spacetime is d.
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In Chapter we repeat the first analysis of the previous chapter for the
framework of higher-derivative gravity at one-loop in four spacetime dimen-
sions. l.e., we calculate the one-loop approximation of the anomalous dimen-
sion 7, of the volume operator V,, by means of the one-loop approximation of
the composite-operator FRGE, whereby we specify the first truncation to that
of higher-derivative gravity, respectively Weyl-squared gravity. The resulting
formulae for ~, are given by Eq. and Eq. , and constitute the
main results of this chapter. In the physical gauge, the anomalous dimension
vanishes because both, higher-derivative as well as Weyl-squared gravity, are
asymptotically free in the coupling parametrizing the Weyl tensor. However,
slightly away from the fixed-point regime where scale invariance still is realized,
the anomalous dimension does not vanish and its sign depends on the value of
the couplings. Thus we observe an effective dimensional increase as well as a
reduction of volumes in the ultraviolet which seems to be a distinct feature of
higher derivative gravity. Lastly, we also discuss the fixed-point values of the
anomalous dimension in d = 4 — ¢ spacetime dimensions. These are given in
Table and for € > 0 we mostly observe the effect of a dimensional increase.



CHAPTER 11

Geometric operators in the Asymptotic Safety scenario

for quantum gravity

Executive summary. We employ the composite-operator FRGE in order to
calculate the anomalous dimension ,, of an n-dimensional volume that is embed-
ded into the d-dimensional quantized spacetime. Thereby, the first truncation
is that of the Einstein-Hilbert truncation and the second truncation amounts to
the non-mixing ansatz of the sole volume operator. The resulting formula for
v, is evaluated numerically and its values at the gravitational fixed point are
calculated. It is shown that these quantum corrections to the scaling dimen-
sion of the volume operator result in an effective dimensional reduction in the
ultraviolet regime. Moreover, we show that within these approximations the
anomalous dimension of the geodesic length is the same as that of the length of
an ordinary curve. Additionally, we show that the geodesic ball in this setting
does not renormalize, which is why the Hausdorff dimension of spacetime is
given by its classical dimension.

What is new? All results of this chapter represent novel research results.

Based upon: References 28, [29].

11.1. THE COMPOSITE-OPERATOR FRGE ON THE BASIS OF THE
FEINSTEIN-HILBERT TRUNCATION

In this chapter, we consider geometric composite operators of the form &g, g],
i.e., spacetime-point independent operators at vanishing quantum fluctuation
such that we the background metric reads ¢,, = gu. To study the renor-
malization behavior of the bare operator O]|g, g], we restrict this analysis to a

153
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one-dimensional second truncation. This means that the renormalized operator
is given by the non-mixing ansatz

[O1klg, 9] = Z(k)Og, 9] (11.1)
Following Section , the k-dependence of [0][g, g] is governed by the composite-
operator FRGE (9.33)) at g = g,

-1

1
¥(k)Olg, 9] = —3 Tror:

(oce1a)) (1), 0.1 + 2210
(11.2)

x 0[g, 4] ((F;(f))n[g, g+ «%’fr”[g]) _ ] ,

where (k) = Z(k)™10,Z(k) is the anomalous dimension of the renormalized
operator. To solve this composite-operator FRGE, we will furthermore spec-
ify the first truncation of theory space to the Einstein-Hilbert truncation we
had expounded in Chapter [} In the Einstein-Hilbert truncation, we can still
distinguish between its definining two basis elements (operators) [ d%,/g and
i ddx\/gR when specifying the metric g,, to that of a maximally symmetric
spacetime. Hence, in this chapter the metric g, will be that of a mazimlly
symmetric spacetime. Furthermore, following Chapter [7, we employ the ansatz
for the gravitational EAA T'x[g, g]. On a maximally symmetric background,
its 11-component of the Hessian at g,, = g, is given by Eq. (77),

rav -1 1 -

(T ulo.d] + E )| = (s — Pualg]) [ (~D?) + i ]
1 2 _
- /QQZNIC mIPtr. [g] [%(_Dz) + CtraceRj| '

(11.3)

Lastly, we specify the tensor structure of the gravitational cutoff operator to
Eq. (7.6)), i.e., the cutoff operator reads

T (o] = ZE ) RO (D),
q-2 (11.4)

with  Z5%[g] = k*Zni. | (L2 — Pi[g]) —
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With these specifications, we composite-operator FRGE we are going to employ
becomes

Y(k)Olg, g]

1

d—2
= —5 TI'ST2

20,(Zu BO-D*1) |(tsr2 — Puclg) - 1P

’ (méNk (Ls72 = Puc[g]) [ (= D) + ¢, R]

1 2

_ 2 —1
B F‘:2ZN]€ d— QIPU“- [g] [Wk(_D ) + CtraceR] )

x0Pg, 4] (Hg%m (Lsr> — Pir[g]) [#(—D?) + ¢;R] ™

1 2

-1
B H2ZNk mpth [g] [%(_D2) + ctraceR] )

(11.5)

Making use of the cyclicity of the trace, we can rewrite this equation into

1

Y(k)Olg, g] = — Trore

0]t~ Pl -5+ e

li2 N

X Ni(=D?)[(~D?) + ¢,R]
1 2
H2ZN]§ mptr. [g] [%(_D2) + ctraceR]

-1

x Ni(—D?) [eh(—D?) + ctraceR]_1>

(11.6)

11.2. THE VOLUME OF AN n-DIMENSIONAL SUBMANIFOLD
11.2.1. Definition of the volume operator V,[g, g]

The first operator whose anomalous dimension we are going to calculate and
analyze with help of the FRGE ({11.6]) is the volume of an n-dimensional subman-
ifold N that is embedded in the d-dimensional spacetime manifold M (of course,
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N C M and n < d holds). Here, we can already observe that this operator is
not a true observable — neither in classical gravity nor in any approach towards
quantum gravity — because embedded submanifolds break diffeomorphism in-
variance. However, as explained in Section [0.1], the study of the renormalization
behavior of such geometric operators is natural to a gravitational theory and
may point out some of its general geometric features. Furthermore, similar
geometric operators have been defined in other approaches to quantum gravity,
e.g. loop quantum gravity or causal dynamical triangulations [119, [132]. Thus,
studying the renormalization behavior of the volume of an n-dimensional sub-
manifold paves the way to a possible comparison of the predictions of various

quantum gravity models.

Here, for calculational simplification, we want to work in local expressions
— so let us at first clarify our notation: To derive local expressions, let x =
(z',---,2%) : U c M — U C R% be a chart of M and u = (u',---,u") : U C
N — U’ C R" be a chart of N. By pulling back the metric g on M with the
inclusion map ¢ : N < M, a metric +*¢g on N is induced. For ¢ € U N U this
induced metric is locally given by

9an(q) = (1"9)q(9/0u’|", 0/ 0u’|?)
— g (d1g(9/0u7]7), oy (00 1)
= g (2(q)) dz*|%(deg(0/0u®|%)) da”|?(dze(d/0u’|%)) (11.7)
0 " 9 v
= guu(Q)W(CB o Z)m(m 01).

As N C M is an embedded submanifold the inclusion map 2 : N < M is an
immersion, i.e., di, : T;N — T, M is injective for all ¢ € M. This means that
we can identify the tangent space T, N with the subset di (7, N) C T, M. Con-
sequently, we can also identify the canonical vector fields (9/dul,---,d/0u™) :
U C N — TN as vector fields on U mapping to T'M such that we can write

9ab(q) = G (q) da®|9(8/0u’|?) da”|*(0/0u’|?)
Oxt |1 0zv |1

= 95|

What would make our calculations much more handier now is if we detached
this formula for the induced metric from the submanifold N C M. That is,
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we want to replace the ¢-dependence by some dependence on n-dimensional
coordinates. Therefore recall that the canonical tangent vectors of T, M are
defined by dx#/Ou®|? = Jy(x* o u™')y(g) where 9, denotes the a-th partial
derivative in R"”. This definition gives us the hint to notationally replace the
coordinates u(q) € R" by u € R™ and the local parametrization zou™' : R" —
R¢ by z : R — R?. Rewriting the formula for the induced metric as

Gabou~ ou(q) = gu oz oxou ou(q)du(a" o u )ug) dh(z” ou u(y)

it becomes clear that we furthermore must notationally replace gz ou=! : R* —
R by ga : R* = R and g, ox™' : R = R by g, : R? = R. Implementing

these four substitutions we arrive at

() = g ) 2D OTL). (119

To summarize the rederivation of this formula, we simply expressed the induced
metric in terms of real analysis with the help of charts. Additionally, we will
denote by g(u) the n x n-Matrix corresponding to g.,(u).

Instead of studying the full volume [ ~wn of the submanifold N, where wy
denotes the volume form given by the induced metric, we will restrict ourselves
to the integration domain U N U, i.e., we will consider the operator

Valg, 31 = Valg, g)(UNT) = /UOUOJN = / d"u+/det g(u) (11.9)

where U” := w(U N U) C R", and set additionally g = g.

11.2.2. Calculation of the Hessian of V,|g, g]

This local volume is an operator we can easily study thanks to (11.8). In order
to calculate its Hessian given by Eq. (6.47), i.e.,

] det g(u)
T, 10,V Vn(2) q,4lly, p,o oo / \/7
(@, 1, v|Vy" 9, 9lly, p, o) = 1[g], ﬁ\/i 0 G ()0 90s ()

(11.10)
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we express ¢, in terms of g,, and use the chain rule such that we can rewrite a
functional derivative with respect to g, into a functional derivative with respect

to Gab,
6 [ Ogw(u) O
5guu(y> _/d 5guu(y) 5gab(u)
B nuﬁx“(u) dz”(u) (o) o(w) — 0
_/d ous  oub 0w (u) y)égab(u)'

Therewith, we can calculate the Hessian step by step, starting with the first

functional derivative of the integrand y/det g(u) of (11.9)),

d+/det g(u) 1 1 nu,ax“(u’) dz” (u') <) () — ddet(g(u))
5guu(y) 2 \/detg(u) /d ou' ou'® g ( ( ) y) 5gab(u')
1 1 Ozt (u) 0x" (u)

- —adi” (g(u)ad @ (z(u) —y).

2 /detg(u) Ou* Ou
Here, we have used Jacobi’s formula for the variation of the determinant,
5 det(g(w))
0 gap(u)
where adj(A) denotes the adjunct of the (square) matrix A which is the trans-

= adj” (g(u))ap0™ (u — ') . (11.11)

pose of its cofactor matrix. The adjunct matrix is related to the inverse matrix ]
that we will denote with upper indices as usual, by a factor of the determinant,

§() = (g(1)V)ap = ———adj(g())as. (11.12)

~ det g(u)
As the adjunct of a symmeric matrix is symmetric as well, i.e., adj(g(u))w =
adj” (g(u))ap, we can express the functional derivative of \/det g(u) by means of
the inverse ¢* as

5\/detg(u):1 T (u)ax“(u) oz”(u) .
ogwy) 2V T ue Tow Y

()6 D (z(u) —y). (11.13)

11t should be clarified that the formula (11.8)) cannot be inverted in the sense that z(u) cannot
be uniquely solved for u. However, the inverse of g(u) is naturally well-defined as det g(u) # 0.
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Next, it is straight forward to build the second functional derivative of y/det g(u)
using the product rule,

0%y/detg(u) _18y/detg(u) Ox*(u) D" (u) g°* (w)8D (x(u)

0905(2)00u (y) 2 Ogap(z)  Ous  Oub - (11.14)
oM (u) 0x” (u by '
% detg (“>aau<a ! 8au(b ) g;]aﬁ((z))é(d)<x(U) ~9)

In the first term, we can use our result (11.13)) for the first functional deriva-
tive while in the second term we can again use the chain rule to calculate the
functional derivative of g,

0g®(u) nuﬁxa(u’) 0z (u') D (ol — 5(g7 " (u))ap
09ap(2) _/d ouve  oud 67 (z(u') )—5gcd<u,) (11.15)

with

09~ (Wab _  ae(yy 99es(W) g,
Sga(u) 9% (u) Sga()’ )

= —(g"(u)g™ (u) + g**(u) g (u))6"™ (u — ')

Plugging in these results into the RHS of ([11.14}) we obtain the second functional

derivative of /det g(u),

02y/detg(u) 1 ———02%(u) 9z’ (u) Ox"(u) Oz (u)
Smsogm () 1Y I TG T e ow 0 ((w) ~ )

x 6 (x(u) — 2) | g™ (u)g*(u) — g*(u)g™ (u) — g**(u)g® (u)

(11.16)
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11.2.3. Calculation of the anomalous dimension ¥, (Ax, gx)

After having calculated the Hessian v, lg, g] we are ready to evaluate the RHS
of the composite-operator FRGE ([11.6]),

i 1 M(=D%)
. v ) — y
Tn(k)Valo. o] = =g Trsre \VaZlg ] (L = Peclo) por ey
B 2) .
d— 2Vn [g7g]IPtr[g] [JZ{]C(_D2) + CtraceR]2

(11.17)

Here, 4, (k) is the anomalous dimension of the renormalized operator [V, ]x[g, 9]
As #,(k) is dimensionless for non-mixing ansétze, later we will be able to
re-write the RHS in terms of the dimensionless couplings Ay and g; given by
Eq. (7.24), such that we have 7,(Ax, gr) = 7 (k). Before we begin with the ac-
tual calculation, we already note that we may discard all curvature terms on the
RHS, because we must project the RHS onto the operator V,[g, g] which itself is
curvature—independent.ﬂ Therefore, firstly we remove the explicit R-dependence
on the RHS by expanding it to zeroth order in R (i.e., we set R = 0):

. 1 N(—D?
Y (k) Valg, 9] = Y. Trore Vn(Z) [9, 9] (LsT2 — Py [g]) %k(<_D2))2
) (11.18)
2 Ne(=D%)
__% yv® TR T

°In fact, this means that we could w.l.o.g. specify the metric to that of flat space, g,, = ..,
and then evaluate the trace on the RHS in momentum space. However, for us it is more
convenient to evaluate the trace with heat kernel methods that we already have developed
and utilized in Chapter [7] for the Einstein-Hilbert truncation.
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Note that via the traces over functions of the Laplacian, the RHS still entails an
implicit R-dependence. Let us calculate the first term on the RHS for itself:

Trsre |V P[g, 9] (Lsr2 — Py [g]) A ]

%<—D2)2

= /ddxl V g(xl) dde V 9(352)(5517% V|Vn(2)[gag]|x27p7 0>

Ni(—D?)
me s V)

_ / dz, / A%z I(g]poas / d"u 5gjy (x(j;%;j;;‘()@)
 {a2p.01 (Lsra = Pulal) ) o,
- 1o S A
x |9 (w)g™ = 9" (w)g™ (u) — 6" (w)g™ (u)

x@w»mﬂuywqmwné§3%gmway

(11.19)

In the last step, we have used Eq. (11.16)). Next, we express the remaining
matrix element as a differential operator acting on a delta function,

X (@2, p, 0| (Lgrz — Py [g])

(#(0).p.0| (Lo — Puslal) S (0, p0)

~ lim <IpaW _ P[Q]paw,(iv(u))> ;2((:32;2:)) (5(56'(7;)(2_) z) .

(11.20)

At this point, the following traces are required:
0z,(u) 0r,(u) Ozt (u) Ox¥ (u)
o Que  out  Our Oub

1 c ac ad c
= _(gacgbd + gbcgad) (U,) (gabg 4 g gdb —4g dg b) (U) = —TL2

2
(11.21)

IST2 po (gabgcd o gacgdb o gadgcb) (U)
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and

o Oxy(u) Oxq(u) 0z (u) 0¥ (u) 4 cq db d cb
P P av ca _ _ac __ 0a cC
Ptr. [g] uv (.I(U)) auc aud aua aub (g g g9 g9 ) (U)

1 ac a Cl 1
= ~Gea(1) ar (1) (99" — g*g™ — g"'¢?) (u) = 3(%2 —2n).

(11.22)

Here, the partial derivatives dx/0u combine with Igr2 and P, in such a way
that a tensor depending solely on the metric g, is formed and the trace yields
a simple number. Therewith, we immediately obtain

%(—DQ)]
)

Vn(Z) [97 g] (]ISTQ — Py, [g]) %(_

TI'ST2

" /det g(u) {— (d+ 1)32 - 2n<x(u)|%]w(u))} (11.23)

Fully analogously follows for the second term of Eq. (11.18)) that

TI'STQ

_ ﬂV '[9, g|Ps. [Q]%]

d"ur/det g(a) [ 42”d_ 2;; x(u)|%!x(u)>]. (11.24)

All in all, we therewith have boiled down the Eq. (11.18]) to

Tn(k)Valg, 9] =

11 (d+1)n2—2n+4n—2n2
K2Z N 4 d 2d — d?

d"u+/det g(u) <x(u)|%|x(u)) . (11.25)

In order to finally project the RHS onto the operator V,,[g, g, let us expand the
matrix element (x(u)|A%(—D?)/(—D?*)?|x(u)) using formula (E.5|) for the
early time expansion of the untraced heat kernel,

()| lel)) = (ﬁ) Qu[ A/ +O(R).  (1126)

Fortunately, the term in zeroth order in the curvature is z(u)-independent, such
that — as we must discard all curvature terms on the RHS — we arrive at the
result
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Y (k)Valg, 9] =

d T oi @

1 1[(d+1)n*—2n 4n —2n?
/€2ZNk4

<(4:) QulA/a]) Vilgnal, (112m)

4r
from which we can read off the anomalous dimension. Thereby, let us re-express
the “Q-functional” in terms of the threshold functions via Eq. ((7.21)):

11 ( 1 )3 {(d+1)n2—2n 4n—2n2}

27w d \dn d T ol ®

’_Yn(k) =
« =2 {qﬂ; (=200 /k2) — %m\;(k)iﬂg (-2&/1&)1 (11.28)

By furthermore switching to the dimensionless couplings A\, and g, defined by
Eq. (7.24) we arrive at the final result for the (dimensionless) anomalous di-
mension:

[NJisH

o 1\ ' [(d+1)n®—2n  4n —2n?
(A, gr) = V() = 2 (E) { p t S } i
(11.29)

1 5
X {‘I’%(—Q)\k) — 577N(>\k>gk:)q)zi(_2)\k):| :

This equation is the main result of this chapter. It must be emphasized that
Eq. does not depend on the parametrization z(u) — i.e., this anomalous
dimension does not depend on the specific type of n-dimensional submanifold
whose volume we consider. The only information of it entailed in =, is its
dimension n so it is worthwhile to give the factor containing the dependence on
the dimensions n its on definition,
(d+1)n* —2n N 4n — 2n?
d 2d — d?

fld,n) = (11.30)

Let us point out some specific values regarding the choice of n. Setting f(d, 1) =
(d—3)/(d—2) and f(d,d) = d(d+ 1), we have reproduced the results for these
special cases that were already calculated in [55]. Interestingly, the anomalous
dimension of the area of a surface, i.e., the case of n = 2, is d-independent
as f(d,2) = 4. Further values of interest are f(d,3) = 9 + 3/(d — 2) and
f(d,4) =82+ 1/(d — 2)).
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Lastly, we define the one-loop anomalous dimension v:"(\x, gx) as the anoma-
lous dimension along the simplified Einstein-Hilbert flow that we had
introduced in Section [7.2} As explained in this section, we therefore must set
® = 0 and evaluate the remaining threshold function ® at A\, = 0 in Eq. ,
which yields

49
1\2  [(d+1)n*—2n 4n —2n?

1L _ L

T (9’“)_2<47r) { d MY

Equivalently, we could have obtained this one-loop approximation of the anoma-

Ik @3/2(0)- (11.31)

lous dimension with the one-loop approximation ((9.34)) of the composite-operator
FRGE and then setting Ay, = 0.

11.2.4. The fized-point scaling of [V,]k[g, g] in d =4

Suppose that r is some characteristic length scale of the n-dimensional volume
Vilg, g](r), e.g. the radius of an n-sphere. (In fact, we can w.l.o.g. consider the
volume of an n-sphere because the anomalous dimension does not depend on
the specific geometry of the submanifold but only its dimension.) In Section
we had shown that in this case the renormalized operator [V,]k[g, g](r) in the

UV scales according to Eq. (9.62)), i.e.,
Vilksool9: 9)(r) = (Valg, g)(r)) gy ~ 17709 (11.32)

Here, (A, gs) are the non-Gaussian fixed-points of the Einstein-Hilbert flow;
further we have used that the canonical mass dimension of the n-dimensional
volume is [V, [g, g](r)] = —n. Remarkably, note that also the spacetime dimen-
sion d in which the submanifold is embedded enters the anomalous dimension
and thus its scaling properties — which is classically not the case. For n = 1
the volume of the submanifold of course is the length of a curve, hence let us
write £[g, g](r) = Vi[g, g](r). Therewith we can express the quantum scaling of
an n-dimensional volume in the UV in terms of that of a quantum length:
(Valg: 910N} e ~ ({419, 910 ) THORET (11.33)
Especially, if v,()\s, g«) > 0 we observe an effective dimensional reduction of
the scaling properties of spacetime in the UV. Subsequently, we will explic-
itly compute the fixed point values of the anomalous dimension of submanifolds
embedded in (d = 4)-dimensional spacetime. Indeed, we will find 7, (s, g«) > 0.
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In Section [7.3| we had obatined the non-Gaussian fixed points of the full
Einstein-Hilbert flow as well as of the simplified Einstein-Hilbert flow using the
exponential cutoff as well as the optimized cutoff . For the full flow,
these are given by Egs. and , while for the simplified flow by Eqgs.
and . The values of the full anomalous dimension 7, (\,, g.) and its
one-loop approximation 7.*(g+") in the fixed-point regime are then obtained by
numerically evaluating Eq. and Eq. at these fixed-point values.
Note that the threshold functions depend on the cutoff shape, as well. Table
depicts the values we obtained for n = 1,2,3,4. The values for n = 1 and
n = 4 are reproductions of the values obtained in [55], while the values for n = 2

and n = 3 are new research results. Remarkably, the values obtained with the

TABLE 1. Fixed-point values of the anomalous dimension in d = 4.

Zpt (Azpt’ ggpt) ,.szp()\ixp’ :xp) 'ngt’lL(ggpt’lL> EXp’lL (gizxp,lL)

n=1 0.0997 0.1006 0.0682 0.0671
n=2 0.7973 0.8044 0.5455 0.5368
n=3 2.0930 2.1116 1.4318 1.4091
n=4 3.9867 4.0221 2.7273 2.6840

optimized and the exponential cutoff at s = 1 differ only marginally. Generally,
these results show a small relative error due to their cutoff dependence. To give

a few estimates of this error:
e for the s-dependence of the exponential cutoft:

exp,s=i( yexp,s=i ,exp,s=i exp,s=j( \exp,s=] ,eXp,s=j

*
exp,s=1/yexp,s=1 _exp,s=1
’-)/Un ()\* ) g* )

=3.2%

max
i,j€{0.7,1,1.5}

e for the s-dependence of the exponential cutoff at one-loop:

exp,1L,s=i( yexp,1L,s=i exp,lL,s=i\ _ Aexp,1L,;s=j/ \exp,l1L,;s=j ,exp,lL,s=j
Vou (AT , 95 ) = You (A , 9 )
exp,1L,s=1/yexp,1L,s=1 exp,1L,;s=1

(>‘* » Gx )

On

=1.2%

max
3,7€{0.7,1,1.5}

e for the difference between exponential and optimized cutoff:

opt/\opt ,opt) __ .exp,s=1()exp,s=1 _exp,s=1
Yow (AP, gPY) — o= (AT, g7 )

exp,s=1/\exp,s=1 exp,s=1
fyo'n ()\* ) g* )

=0.9%
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e for the difference between exponential and optimized cutoff at one-loop:

opt,1L/yopt,1L opt, 1L\ __ ~exp,1L,s=1/\exp,1L,s=1 ,exp,l1L,s=1
Yo (APPRE, g2 ) — g (A , 9 )

=1.6%.

exp,1L,s=1/yexp,lL,s=1 exp,lL,s=1
on ()\* s Ox )

Let us discuss the quantum scaling corrections based on the full Einstein-
Hilbert flow. An astonishing result is that for n = 4 and d = 4 the classical and
quantum contribution almost perfectly cancel, resulting in the effective scaling
dimension zero, which “could suggest that at very small distance scales (fixed-
point regime) spacetime is actually much more empty than one would naively
expect” [55]. Here, what is new, is the observation that in four spacetime di-
mensions the scaling dimension —(n —v,(A«, g«)) of lower dimensional volumes
(n < d) uniwersally approzimates —1, i.e., (Vo[g,9)(r)1ae ~ (€19, 9)(7)) 1 oo
forn=1,2,3 and d = 4.

Moreover, if we solve the RG equations and for the full Einstein-
Hilbert flow we can insert the solution into Eq. . Therewith, we obtain
Yn(Ak, gx) as a function of k and we can also study its values away from the
fixed-point regime; in this case, however, we cannot interpret the anomalous
dimension as a quantum scaling correction at the scale k£ because the scaling
argument we had developed leading to the scaling relation is applica-
ble only in the fixed-point regime. Figure exemplifies this and shows the
(full) anomalous dimension along a trajectory of type I1la: along the sprirally
approach towards the the fixed point in theory space, the value of v,(\g, k)
even surpasses n — which we can not interpret as an effective positive scaling
dimension at scale k.

Regarding the one-loop approximations, based on the simplified Einstein-
Hilbert flow, of the quantum scaling corrections, we observe the same trend
although their magnitude is smaller.

How accurate are these results? Because neither the full nor the simplified
Einstein-Hilbert flow take into account the bimetric nature of the gravitational
EAA [4], we must emphasize that the approximations for the anomalous dimen-
sions obtained here might be rather crude. For instance, more precise values
for the (negative) anomalous dimension 7y can be obtained in more refined

truncations, where its value has been shown to be smaller than its single metric
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FIGURE 11.1. The anomalous dimension Y2PY(AP*, A?P') as a

function of k£ along a trajectory of type Illa of the full Einstein-
Hilbert flow. The precise trajectory is that marked in red Figure
[7.1] The RG equations as well as the anomalous dimension have
been solved/calculated using the optimized cutoff.

absolute value of 2 [102]. This suggests that especially the “one-loop approxi-
mations”, in which contributions from 7y are neglected, may be unreasonable.
In fact, we can already give an estimate on the implications that this affair
may have for the anomalous dimensions based on the full Einstein-Hilbert flow.
Therefore, we will evaluate our single-metric result at the fixed-point
values found (using the optimized cutoff) in a “level-2” truncation and stated
in table 7.5 in [102]: A2 = —0.049, g 2 = 1.579 and ny'®" 2 = 0.540. This
yields anomalous dimensions, employing the optimized cutoff, v1* 2 ~ 0.0474,
Y- 2 22 0.3794 and 75" 2 & 0.9959. Compared to the values in table[l] obtained
based on the single-metric full Einstein-Hilbert truncation, these fixed-point val-

ues for the anomalous dimension are severely smaller.

Lastly, we report the “one-loop” approximation of the anomalous dimen-
sion ({11.31)) evaluated along the simplified Einstein-Hilbert flow with free mat-
ter fields present. For Ng scalar fields, Np spin-1/2 fermionic fields and Ny
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abelian U(1)-gauge fields, its corresponding non-Gaussian fixed point is given
by Eq. (7.54), such that the anomalous dimension readsﬂ

glL,matter) _ 127 n(3n - 2) .
: 22 — Ng —2Np + Ny 8

As the one-loop anomalous dimension is proportional to g,, note that if the con-

opt,lL(

0 (11.34)

sidered matter content induces a positive (negative) fixed-point value of New-

opt,1L 1L,matter)
*

ton’s constant, y2P"!=(g will be accordingly positive (negative) as well.

However, in the Asymptotic Safety scenario for quantum gravity one requires a

positive fixed-point value of Newton’s constant. In this case Pt ( glL-matter

) is
positive, yet again causing a reduction of the effective scaling dimension of the

volume of the n-dimensional submanifold in the UV.

In the Section 0.1, to motivate the study of composite operators, we had
briefly mentioned that such effective dimensional reduction phenomena have al-
ready been observed in various contexts in the Asymptotic Safety scenario for
quantum gravity. More precisely, the spectral and the walk dimensions of the
spacetime manifold have been predicted to effectively reduce to two dimensions
in the UV limit [122, |123]. Meanwhile the Hausdorff dimension is still equal to
the topological dimension, i.e., dg = 4 [123].E| Here, despite our rough approxi-
mations for the first and second truncation of theory space, our results underline
the fact that an effective dimensional reduction may indeed constitute a general
feature of the Asymptotic Safety scenario for quantum gravity — or rather quan-
tum gravity in general because similar dimensional reduction phenomena have
been observed in various scenarios for quantum gravity [126]. Hence, it would
be highly interesting to conduct the study of anomalous scaling dimensions of
volumes of submanifolds with other theories of gravity. Particularly, the first
order formalism [133, 134], extended theories of gravity [135-137], and theories
on foliated spacetimes [138-142] show compatibility with the Asymptotic Safety

scenario.

3This result differs from our result in [29] because there we had employed at cutoff of “type
II” (in the terminology of [102]) for all matter fields, which we have here, i.e., in Section
employed only for the spin-1/2 fermionic fields. For the remaining matter fields we have
employed a cutoff of “type I”.

“We shall come back to the Hausdorff dimension in Section m
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11.2.5. The fized-point scaling of [Vylk|g, g] in d =3

In d = 3 the fixed points in the Einstein-Hilbert flow are, using the optimized
cutoff, (A% goP) = (0.0629,0.1989) for the full flow and (APHIL goptil) —
(0,37/40) = (0,0.2356) for the simplified flow. Using the exponential cutoff
evaluated at s = 1 the fixed points read (AP, g&P) = (0.1407,0.1326) for the
full flow and (A&PIE geplly = (0 \/7) = (0,0.1772) for the simplified flow.
Table [2| shows the values of the anomalous dimensions v, at the fixed point
in d = 3 for the respective cutoff profiles. Particularly, in d = 3 the one-loop
fixed-point values of " become cutoff-independent:

1L 4= @ . (11.35)

TABLE 2. Fixed-point values of v, for d = 3. The first two
columns show the one-loop result (simplified flow) obtained via
the optimized and the exponential cutoff. The third and fourth
columns display the results for the full Einstein-Hilbert flow.

PP (gRPtAl) b (g2 tl) PP AP, g2PY) P (AT, g

n=1 0 0 0 0
n=2 0.4 0.4 0.5303 0.5692
n=3 1.2 1.2 1.5908 1.7076

11.3. THE GEODESIC LENGTH
11.3.1. Definition of the operator ¢,

In Section we had already demonstrated the need for knowledge of the
renormalization and scaling behavior of the geodesic length £,. In this section
we give a first contribution to this “knowledge” by calculating the anomalous
dimension of ¢, with the composite-operator FRGE (|11.6)), i.e., with the first
truncation specified to the Einstein-Hilbert truncation and the second trunca-

tion given by the single operator ¢,.
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In this setting, we had calculated and discussed the anomalous dimension of
the length {[g, g] = Vilg, g] of a curve ¢ : [0, 1] — M, given by the equation

tg,q] = /0 da\/g,w(c(a)) det(o) de(o) (11.36)

do do ’

in the previous section. We had found that the anomalous dimension 7 (A, gx)
in this setting has the same value for any curve ¢(o). Hence, one might ask
why it is necessary to discuss the anomalous dimension of the geodesic length
separately, given that, after all, the geodesic is some parametrized curve (o)
itself. The answer to this question is that here, we do not identify some given
parametrized curve as a geodesic but rather define the geodesic as the solution
clgl(o) to the geodesic equation

——5clg)(0) + Tiys(clgl(0))elg]*(0)elg)” (o) - (11.37)

From this point of view, it is obvious that 71 (A, gx) is the anomalous dimension
of any given curve whose parametrization does not depend on the metric g,,,
which is not the case for the geodesic ¢[g](o). Thus, here we consider the geodesic
length to be the operator

b= [ o foutelolion “UID L) g

where c[g](o) is a solution to the geodesic equation. It is clear that in general

the anomalous dimensions of the geodesic length ¢, and of the length of an ar-
bitrary curve £[g, g|, each obtained with the respective non-mixing ansatz, will
differ because the additional g-dependence of the geodesic length gives rise to
a more complicated Hessian (i.e., to more graviton vertices) on the RHS of the
composite-operator FRGE (|9.33)).

Moreover, the solution of geodesic equation becomes unique only after spec-
ifying either boundary or initial conditions. Thus, when we analyze the renor-
malization behavior of the geodesic length ¢, we must do so on the basis of either
of these supplementary conditions. Generally, we expect a different renormal-
ization behavior for different supplementary conditions which is why we restrict
the subsequent analysis to the following ones (note that each is a set of 2d con-

ditions):
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Boundary value problem. At first we consider the boundary conditions given
by externally prescribed (i.e., g-independent) starting and end points,

c[gl*(0) = ¢
clgl"(L) = ¢

where L is a given distance travelled along c. In this case, we also write

OF

(11.39)

AV RS

Y

U, = ly(cq, cp) and refer to the geodesic length as the geodesic distance of the
two points (as we did in Section[9.1). Furthermore, we assume cq and cp to be
sufficiently close such that no caustics appear and the solution of the geodesic
equation is unique.

Initial value problem. In this case, the solution of the geodesic equation be-
comes unique by externally prescribing an initial point cq and an initial velocity

X, 1.e.,
c[g]"(0) = cq

(11.40)
delg]*(o)/do],_, = X"

Normalized initial value problem at fixed geodesic length. Here, to
make the solution unique, we again externally prescribe an initial point cq.
But rather than fixing an initial velocity vector, we only externally prescribe
a normalized initial velocity xo, i.e an initial direction. Then, we still must
impose one further condition. Therefore, we require the geodesic length itself

to be equal to the externally prescribed value r:

c[g]*(0) = g
delg)# (o) /do "
= 11.41
\dc[glﬂ @] _ \ Xo (1141)
ly(cq.clgl(L)) = 7.

Such supplementary conditions involving a fixed geodesic length have occured
in the literature in order to define correlators of the form “(¢(z)¢(y))” [143]
144).
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11.3.2. The anomalous dimension of £, for the boundary value problem

In 28] 29|, we have calculated the anomalous dimension of the geodesic length
for a given boundary condition by iteratively solving the geodesic equation or-
der by order in the metric fluctuation h,,. Here, let us instead expand /, in
Riemann normal coordinates as performed in the appendix of [145]: Let x* be
the coordinates of a point ¢ € M and x* normal coordinates around ¢. On a
sufficiently small neighborhood of ¢ we can choose coordinates y* such that for
¢ small

at =l + eyt (11.42)
Thus, € corresponds to the typical length scale of the neighborhood on which
the normal coordinates are defined. In these coordinates, we have g, (z.) = 0,
by construction and the Taylor series of the metric g,, at ¢ can be shown to
take the form

1 «
() = Guul2) = 5 Byausl)272" + O(2). (11.43)
Next, let ¢ be a curve parametrized by its arc length s and let us expand c in s,
1
M(s)=cy+ s+ 56582 +0(s?). (11.44)

In Riemann normal coordinates we obtain by inserting this expansion into the
geodesic equation (note that the series in s is cut by restricting its coefficients
to be of order ¢)

1
t(s)=cy+cis+ gR“agp(x*)cgc‘f‘cfSQ +0(£%). (11.45)

The coefficients ¢ and ¢} are determined by the boundary condition (11.39)).
With & = ¢ — c’é and reparametrizing the geodesic ¢ using the parameter
o=s/L, o €|0,1], its expansion in o will read

o(l—o)

B 7Y — M "
(o) = cq + 0§ 3

R o5, (.) B8 + O(€%) . (11.46)

By inserting the expansion ({11.46)) into the geodesic length ¢, and expanding

g as in (11.43) it is easy to find the expansion

Uy = G (2.)§"E" — %Rmyﬁ(:c*)cgcgf“f” +O(). (11.47)
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The expansion of the operator ¢, in € then is obtained therefrom by expanding
the squareroot as 1+ z =1+ 2/2+ O(z?),

ly = \) G (@:)EHEY (1 - lRﬂayﬁ(x*)cgcggﬂgv + 0(53)) . (11.48)

6

To calculate the anomalous dimension 7y, of £, with the composite-operator
FRGE ([11.6), we must at first derive the Hessian Ef) defined via Eq. .
To shorten our notation, we will write d,,a"b” = a - b, §,,a"a” = a® et cetera.
With these abbreviations, the Hessian is determined through the second-order
functional derivative of ¢,

o, . L
0Gwr(2)0gas(y) 4635 LI —y)d(we —2) (1 N ECQCQ§ §pRWpcr($*)>
1 5 ,uupcr(x*>
12 \/_5 5 )CQCQf/’pr(SgH—T()
1 T v, o‘(x*>
=)

/ v O 52RHVPU(‘,L‘*)
(11.49)

With the Hessian arising thereof, we must project the RHS of the composite-
operator FRGE onto the operator ¢,. Hence, we must find some means
to keep track of the terms proportional to ¢, in ; especially we want to
ensure that there are no terms proportional to ¢, hidden in the terms O(e?).
Therefore, note that when iteratively determining the coefficients ¢, of the exa-
pansion in case of the geodesic, one finds that ¢, ~ €™ for n > 2 [145].
Next, from ¢; = £/¢, one directly finds ¢, ~ &* and therewith also ¢, ~ " ~ £"
holds by the iterative construction of the coefficients ¢,. Thus, by counting
powers of £ we can keep track of the terms proportional to ¢, in (11.49).
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As " ~ £", only the first term of the expansion ((11.49) is proportional to
¢, as with the remaining terms it is not possible to build the first term of the
expansion ((11.48) (which is \/£2?). Thus, we immediately obtain the traces

620 1
I . g L T T
[g]’iTOé,B(x >6gm'(z)5gaﬁ(y) , 46(33 y)(S(.T Z)gg
620
= dPr 9l rras\ T g
o) g o0,

Aside from these traces, the remaining calculation of the anomalous dimension
is fully analogous to the procedure of Subsection [11.2.3 With the above traces
we thus have

) 1 Ne(—D2)
= — 2 (2) 2 — .
wg(k;)gg ,IQQZNk TrST Eg (]lST IPtr. [g]) [%(—DQ) + CIR]Q
2 N (=D?)
_ ) b
7—als Puld [ (= D?) + Cirace R]?

g

[SlisH

1 1 d— 1 2 1 5 )
B RQZNkZ[ d +2d—d2] (E) Qg[%/%]fg.
(11.50)

Reading of the anomalous dimension 7, (k) = 7, (Ax, gx) from this equation,
it turns out that this is precisely the previously found anomalous dimension
Y1 (Ak, gr) for the length of a curve, given by Eq. with n = 1. Hence,
for the approrimations employed here to solve the composite-operator FRGE,
i.e., with the first truncation specified to the Einstein-Hilbert truncation and
a non-mizring ansatz for the second truncation, the anomalous dimensions of
the geodesic distance of two points and that of the length of a curve coincide:
Ve, (Ak, gk) = Y1( Ak, gk). Nevertheless, we must generally expect g, (Ai, gr) 7#
1 (Mg, gx) for more refined approximations, in particular for mixing ansétze.
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11.3.3. The anomalous dimension of £y for the initial value problem

To rewrite the geodesic length £, in terms of the initial condition (|11.40)), recall
that the integrand /g, (cg](c)) dclg]*(o)/do dc[g]* () /do is in fact a constant
of motion. Using the initial condition ([11.40f), we have that

b= [ o foutellion ) LA

do do

:/0 da\/g/w(c[g](o)) dc[?g(a)

= /G (cQ)X"X" -

Thus, the only g-dependence of the geodesic length ¢, obtained with the initial

de[g]* (o)
do

(11.51)

o=0 o=0

condition ([11.40)) is the explicit g-dependence, while the implicit g-dependence
of the curve itself has been removed and traded for the g-independent initial
coordinates and velocities. Therewith, it is obvious that for non-mizing ansdtze,
the anomalous dimension of the geodesic length obtained with a pure initial
condition s identical to that of the length of an ordinary parametrized curve,
Ye, = V1. Also, this result holds for any chosen first truncation. However, we
yet again must expect both anomalous dimensions to differ from another once

we consider mixing anséatze.

11.3.4. The anomalous dimension of £, for the normalized initial value problem

The third supplementary condition of Eq. states that the geodesic length
is identical to an externally prescribed, g-independent length: ¢, = r. This
makes the calculation of the anomalous dimension trivial because of the result-
ing vanishing Hessian. Hence, in this case we find ~,, = 0 which means that /,
1s not influenced by gravitational fluctuations at all and its scaling dimension is

the canonical mass dimension at all scales.

This last example shows that when studying the scaling properties of the
geodesic length, one must carefully define via which supplementary conditions
the geodesic trajectory is to be obtained.



176 11. GEOMETRIC OPERATORS IN THE ASYMPTOTIC SAFETY SCENARIO

11.4. THE GEODESIC BALL AND THE GEODESIC SPHERE

Let ¢ € M be a point of the spacetime manifold. The geodesic ball of radius r
(fixed and g-independent) with respect to the metric g, is defined as

B,[g](r) := vol {c(l) | ¢ geodesic with ¢(0) = ¢ and g,4(¢(0),¢(0)) < 7“} .
(11.52)
Correspondingly, the geodesic sphere of radius r is the subset of B,[¢](r) in
which the inequality becomes an equality,

S,lgl(r) == vol {0(1) | ¢ geodesic with ¢(0) = g and g,(é(0), &(0)) = 7’} .
(11.53)
Here, we are especially interestend in the small r limit in which can deduce the
Hausdorff dimension dy by means of the scaling relation [123]

lim (B,[g](r)), ~ r. (11.54)

r—0

To find this small = limit, we expand B,[g](r) in a power series in 7 around flat
space, according to theorem 3.1. of [146],

Bylgl(r) = Baas(r) {1 + %ﬁ + O(r4)} (11.55)
where R[g](q) is the scalar curvature at g, the terms O(r?) are higher curvature
terms and e

Biar(r) = mr (11.56)

is the volume of the d-dimensional Euclidean ball. Naively, in the limit » — 0
we find
lim (By[g](r)), = lim Bgat(r) (11.57)
r—0 r—0

which is independent of g,,,. Thus, in the limit 1 — 0 (the volume of) the geo-
desic ball does not renormalize and the Hausdorff dimension is dg = d in this
case. This is an important result which confirms the result already obtained in
[123] via a different argument.

However, we must still clarify whether it has been justified to neglect the
expectation values of the curvature terms in the expansion or whether their
behavior in the UV for k& — oo could spoil our naively taken limit » — 0. We



11.4. THE GEODESIC BALL AND THE GEODESIC SPHERE 177

can estimate the UV behavior of these terms with the following kind of “mean
field” approximation:
(Rlg)(a)r = Rl (k)] (11.58)
The k-dependent metric g, is the self-consistent background metric [147], which
is defined by the condition (g,.)x = g, (k). In fixed-point regime, this metric
scales as
oo (B) ~ k72, (11.59)
and thus the expectation value of the scalar curvature in the fixed-point regime

scales as
(Rlgl(@) ~ k. (11.60)

Especially, for £ — oo the curvature becomes singular which thwarts our naive
limit » — 0. On the other hand, in the expansion of the geodesic ball we in fact
encounter the term

(Rlg)(q)r™2)y ~ r(kr)? (11.61)
Hence, the higher curvature terms in the expansion of the geodesic ball are
negligible in the limit » — 0 if k» < 1. This condition requires the radius r
of the geodesic ball to be within the range of length scales that have already
been integrated out by the RG flow: 0 < r < k™. Indeed, this is a physical
requirement because only in this way the geodesic ball is affected by all the
relevant modes. Therewith, we have justified our above naive r» — 0 limit to be

legitimate.

Lastly, we point out that one fully analogously obtains the small r behav-
ior of the geodesic sphere S,[g]|(r) by means of its expansion in r around flat

space [146]:
R
Salgl(r) = Shas(r) {1 + %ﬁ + O(r4)} (11.62)
with the volume of the (d — 1)-dimensional Euclidean sphere
27Td/2
= (d=1) 11.
Stat (1) T2 (11.63)

Therewith we find that
lin%<5q[g] (1)) ~ @D (11.64)
r—

is independent of g, as well and thus does not renormalize.






CHAPTER 12

Geometric operators in four-dimensional

higher-derivative gravity

Executive summary. Within the framework of four dimensional higher-
derivative gravity and Weyl-squared gravity we use the one-loop approxima-
tion of the composite-operator FRGE in order to calculate the one-loop anoma-
lous dimensions 7, of the volume operator, which describes an n-dimensional
volume embedded into the four dimensional quantized spacetime. The result-
ing anomalous dimension is gauge-dependent, whereby we employ the physical
gauge in which only the gauge-invariant modes propagate. Then, the anomalous
dimension vanishes at the gravitational fixed-point because higher-derivative
gravity, as well as Weyl-squared gravity, is asymptotically free in the coupling
parametrizing the Weyl tensor. However, slightly away from the fixed-point in
the ultraviolet regime, -, is non-zero which results in a fractal scaling dimen-
sion of the volume operator. Lastly, we calculate and discuss the values of 7,
in d = 4 — ¢ spacetime dimensions.

What is new? All results of this chapter represent novel research results.

Based upon: Reference [30].

In this chapter, we also study the renormalization behavior of the composite
geometric operator V,[g, g], the volume of an n-dimensional submanifold, that

we had constructed in Subsections [11.2.1] and [11.2.2] Again, we will employ a

non-mixing ansatz for the second truncation such the renormalization behavior
of V,,g, g] is fully encoded into its anomalous dimension. What is different from
the previous section that instead of the asymptotically safe Einstein-Hilbert
truncation we will employ the asymptotically free truncation of theory space
given by higher-derivative gravity at one loop in d = 4 as the first truncation
(cf. Section 4.3 and Chapter [§). Therewith, the technical aim of this section is

179
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to calculate the RHS of the composite-operator FRGE (9.34]) at ¢ = g and with
Olg. 9] = Valg, gl i-e

1 rav rav !
2l o] =~ Trsrs| (222 10) ( () o) + 251

(12.1)

x Vg, g]((F( N.\[g, 9]+ ZE™ g ])_ ]

k=K'

Furthermore, as the geometric operator V,,[g, g] is curvature-independent, we
will w.l.o.g. specify the (background) metric to that of flat space, g, = d,..
Consequently, the Hessian of the EAA T'k[g, g], in general given by Eq. (8.5).

projected onto flat space reads

(0) lgogl| = #(0sg0 = SuliTh (R FHE) . (122)

Guv=>06uv
where the inverse propagator % [0; g, = 0,, ¢~ is given by Eq. (4.100]. Also,
we will study the limit f§ — oo of Weyl-squared gravity, in which the Hessian

of the EAA correspondingly reads
F(Q))
( k), 19:9]

where the inverse propagator % [0; g, = (5,”]%\?;;1 is given by Eq. (4.106)). Lastly,

= %[O;gl“/ - HV]Weyl (f2( )) ’ (123)

Juv=0pv

we must specify the structure of the cutoff operator %y i [g] given by Eq. .
While we obviously should set v = 2 in this equation, such that the cutoff
operator is of the same order as the Hessian of the EAA, it is moreover convenient
to set the tensor structure Z%[g| to

%Ch.fd. [g/W = 5/“’] = — { — 2f22(/{7)IP o

) (ft ot 6_ﬂ2> poss) 208 =D poww) (12.4)
0

I 2\/_5( - ]-) [IP(U,S’LU) + P(O,ws)} } 7

«



12.1. THE ONE-LOOP ANOMALOUS DIMENSION OF V,|g, g] 181

when generically considerung higher derivative gravity (fg finite) and to

1 1

e 3
2 g = 5] = — { “wmmt ta

9
IP(l) + _IP(O,ss) + _IP(O,ww)
8 8

. 3\8/§IP(O,SU)) o 9\8/§P(O,ws)

(12.5)

when considering Weyl squared gravity (fZ — o). Further, we will restrict this
analysis to employing the optimized cutoff (6.5)) as the cutoff profile R(®.

12.1. THE ONE-LOOP ANOMALOUS DIMENSION OF THE VOLUME OPERATOR
IN HIGHER-DERIVATIVE GRAVITY

With the ingredients we have set up so far, the inverse propagator appearing in

Eq. (12.1)) reads

|:<1—‘](€2)>11 [g’g] —i-g?,frav[g,g]} _ [DQ + k‘4R(O)(D2/k4) féy}ch.—d.[guy — 5/“/] :

Gur="06uv
(12.6)
with O = 6"0,0,. This operator obviously is inverted by the propagator
(2) grav -t _ 1 h.—d. -1
[(Fk )11 9. 9] + %), [g’g}]gwﬂw T @2 4 KARO(D2/kY)] 2 0w
(12.7)
where 2,4 0,,)7! can be read off from Eq. (4.101]):
1
h.—d. -1 _ 2 2 1 0,ww
2 o] = — { —2f3()P® +a []P( )+ WP( )]
332
+ fo (k) | PO 4 e pOww) 12.8
HO G (128)
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Thus, the one-loop composite-operator FRGE ([12.1)) becomes
Tn- (K)Valg, 9]

guuzépu
1

h.—d. -1
[02 + k4RO (02/k4)] 2. 0]

1
= =5 Trsp |0 [W* RO /4] 27 0]

1

2
X Vn( )[g’gngF&u» 02 + k’4R(0)(D2//€4)]

D@z}ch.—d. [(5/“/]1] ]
(12.9)

As on flat space all operators involved commute, we are free to rewrite the RHS

Tt (k) Valg, 9]

1

— —5 r:[‘rST2 ang2) [g7 g] ‘gw=5w %ﬁh'id'[aulj]il

g,uuz(s,uu

(02 + k4RO)(32/k4)]?
(12.10)

8; [K*RO(T?/kY)] ]

The Hessian V?)[g, g] of the geometric operator is given by Eq. (T1.10)) together
with Eq. (11.16). Let us introduce the auxiliary tensor

_ 0x,(u) 0z, (u) Ozt (u) Ox¥ (u)
Juc  Ou?  Ou*  Oub
x (g™ (u) g (u) — g*(u)g

T po(u)
Dlu) — g (u)g®(u)] , (12.11)
by means of which the matrix elements of the Hessian V?[g, g] become
1 1
<$1,M,V‘V(2)[gyg”x2,p, J) = - d"u\/detg<u) ™ O‘(u)
Va(1)y/g(w2) 4 P

X 0D (x(u) — 21)0D (z(u) — x3) .
(12.12)
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Therewith, Eq. m ) becomes

T _/d4x1 /d4962 /d4$3— d"ur/det g(u) T o (1)
X 6D (x(u) — x1) 6D (x(u) — xy)
x (22, p, 0| 20, |23, @, B)
0, [k* RO /k")]
[ + KARO(T12/k4)]
d"uv/det g(u) (z(u), p, v|T(u) 23 6,,] "
0, [k R (DZ/k“)}
02 + K RO)(02/ k)

T (k) Valg, 9]

guu—éwj

X<ZE37OZ,ﬂ| 2|1‘17M7V>

| (u), p,v)
(12.13)
with (T(u)g)" = T o (u)p*°. As we have chosen the background metric to

be flat, we also are free to evaluate the traces in momentum space, by means of

the unity operator 1sr= = [d*p|p, p, o) (p, p, ],
at /{Z4R(0 ( 4//{34)]

%L(k)vn[g?g] Y /dn“\/ det g(u / + k1RO (p 4/l<;4)]

x (@(w), 1, v|T(w) 2~ 0] P, p, ><P,p,0|$( ) vy (12.14)

Here, we can use that

g;ux—(s;uz

—iz(u)-p

(&

<p7 pao—’x(u)7ﬂa V> = ISszU,uVF (1215>
T

and that
(@(w), p, V| T(u) Z 4 [6,] |p, py 0)
eiz(u)-p

=T"ap(u) (2 0] ™) Poo(p)——= (12.16)
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where the projectors entailed in (2" %[6,,]7!) *#,,(p) are now all expressed

through momenta, o.e. L* = ptp”/p? et cetera. Hence we have arrived at

O, k4R )(p 4/k4)]

Ut FRO )P

X T ap() (27 0] ™) * o (p) -
(12.17)

1
Tk (K)Valg, 9| = — d"u\/det g(u

g,ul/:é,uu 8

Next, we will show that the tensor trace T .5(u) (2" 4 [6,]7") %% 0 (p) is
infact independent of v and p when appearing under an momentum integral.
Therefore, we employ symmetric integration under the integral [d*p [148]:

Puby — 00
PuPvPpPo = 2_14274 (5;11/5,00' + 5up5110' + 5/1051//)) .
We find that under the integral [d*p the following relations hold (the explicit

calculations of the relations can be found in appendix [F.12)):
10

(12.18)

Tqua(u)P@)paW(p) — 5n(g —5n),
1
T#VPJ(U)P(I)MW(])) = En(Q —5n),
v (0,s8) po _ 1
TH po () P07, (p) = in(lln — 26),
0 1 (12.19)
T“”p(,(u)P( ,ww)paw(p) — _ﬂn(n + 2)
1
Tﬂupg(u) [P(O’Sw) + P(O,ws)]pauy(p) = 2n(7n — 10) 7
1
Tqua(u)P(O,ws)pUW(p) — \/§Q4n(7n _ 10) _

Thus, with Eq. (12.8)) we have

T p(u) (2410w t) 00 (p)
—22(k )1—On(2 —5n) — azon(2— 5n) — f3(k )—n(lln —96) (12.20)
65%f5 (k) +a 1 V3f3 (k)8 1

-1z "t A

n(7n — 10).
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Therewith, we can already read off the one-loop anomalous dimension 7.*(k) =

Wt (f3(k), f3(k)) from Bq. ([2.17):

8, [KARO (pt /et
R 5) =~ S e / gty O F RO W)

[p* + kRO (p* /)]

fol T pro it 48(51— Py +2)
+ f2(k) [ — —n(11n — 26) + 2(;? o 2—4n(n +92)

15} 1
+ METL<7TZ — 10)] } .
(12.21)

Let us evaluate the momentum integral in polar coordinates with P = |p| using
the optimized cutoff (/6.5]):

. at [kZ4R(0)<p4/kZ4)] B ) PSkak(k:4 o P4)9(k‘4 _ P4)
/d P - RO I & /dP [P* 4 (k* — PHYO(k* — P2

92 /’“ P34j* (12.22)
0

dP 15
=272,

All in all, we thus have arrived at the final result for the anomalous dimension:

T (f5 (k). £3(k))

L 20
= 1) { 5 (k)in(Z —5n) + «a

1
— —n(2—5n) +

2
D n+ 2)

BsE -1

632 1

B -1) ﬁn(n +2)

+ f (k) [ - %n(lln —26) +

+ %1—12%(771 — 10)] } .

(12.23)
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12.2. THE ONE-LOOP ANOMALOUS DIMENSION OF THE VOLUME OPERATOR
IN WEYL-SQUARED GRAVITY

The calculation of the anomalous dimension based on Weyl-squared gravity is
the very same as based on higher-derivative gravity, with the sole difference that

the tensor structure of the inverse propagator must be replaced by Eq. (12.5]).
We can read off its inverse from Eq. (4.107)):

(12.24)

2 IP(Ows + IPOww)

PO —
33 3

%cweyl[gw = 5#1/]71 = _{ - 2f2( ) )+ o

If we trade 27" %[0,,]! in Eq. (12.17) for 25,7 we can take a shortcut

towards calculating the anomalous dimension :WVevl(k) of V,,[g, g] ‘g _;  based
prv=0pv

on Weyl-squared gravity. Therefore, the only remaining task is to calculate the

tensor trace T o5(u)( 2" Y [6,,]71)*? .o (p). Using symmetric integration and

the relations (12.19), we find that under the integral [d*p one has
T ap(u) (23040 ") 2 po ()

12 36
(12.25)

=2f3(k )—On(2 —5n) + « [—in(Q —5n) + 5i4n(7n —10) + in(n +2)

Thus, by following the procedure of the previous subsection, we find the one-
loop anomalous dimension 7:-Wesl(k) = o LLWevl (£2())

1Lweyl (f2( )) = 4(41) { 13 (k )—On(2—5n)

12 36

+a [—in(Z — 5n) + 5—1471(77% —10) + in(n + 2)} }

(12.26)

12.3. DISCUSSION OF THE ONE-LOOP ANOMALOUS DIMENSIONS OF THE
VOLUME OPERATOR

Suppose V,[g, g] depends on some characteristic length scale r. If we then take

the expectation value of V,[g, g]| (r) with respect to (6.2)), with the bare

Guv="06uv
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action specified to Eq. (4.88)), Eq. (9.62)) tells us that in the fixed-point regime
we will find the scaling relation

~ e (13,003.)
<Vn[g,g]}ng5w(r)>k% r 0wl2n) (12.27)
respectively in the limit f§ — oo,
< n[gng =5 (T)> ~ TnJY}LLYWGYl(fQQ*)' (12.28)
Gpuv=Ouv k—o0

As we did when studying the scaling behavior of V,[g, ¢](r) in the Einstein-
Hilbert truncation, we can also express this scaling relation in terms of the
length ¢[g, g] = Vilg, g] of a curve:

n—yils2, . 12,)

<VTL[97 9] ‘ngfs;w (T)>k—>oo ~ <€[g, g] ‘gW:&W (7‘)> 1—“/11L(f3*»f22*) ’ (1229)

k—o0

and likewise for the case f& — oo.

Before we analyze the values of the anomalous dimension in the fixed-point
regime, a few general comments are in order. We observe that to the anomalous
dimension ((12.23)) in higher-derivative gravity, as well as to that of Weyl-squared
gravity given by Eq. , all propagating modes of the gauge-fixed propaga-
tor , respectively , contribute. This includes both gauge-invariant
spin-2 and scalar modes as well as the unphysical vector and pseudoscalar modes

(cf. Subsection [A.2.2)).

In Subsection [11.2.1| we had already noted that V,,[g, g] is not a true observ-
able as it clearly breaks diffeomorphism invariance (on the “bulk” manifold).

Its anomalous dimension ([12.23)) (or (12.26)), respectively) reflects this fact in

its gauge dependence. In order to construct an actual observable, we could
combine V,[g, g] with some observable amplitude such that the gauge depen-
dencies of the respective anomalous dimensions cancel. This procedure has
been explored in two-dimensional quantum gravity, where calculations are usu-
ally performed in the conformal gauge [149-152]. However, here we restrict
our analysis to a much simpler workaround: It is clear that in the physical
gauge o = =0 (or a« = 0 in case of Weyl-squared gravity) only the gauge-
invariant, i.e., physical, modes propagate [153]. This gauge is often associated
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to the unique “Vilkovisky-de Witt effective action” which refers to the con-
struction of an gauge-independent effective action [154]. If the anomalous di-
mension V2 (f2(k), f2(k)) or bWyl (f2(k)) it gauge-independent they should
clearly vanish in the UV for k& — oo because higher-derivative gravity as well
as Weyl-squared gravity is asymptotically free in the coupling f7 (to which the
anomalous dimension should be proportional if it were gauge-invariant). There-
fore, it is important to point out that the anomalous dimension in the physical
gauge vanishes in the UV (at the Gaussian fixed point). To see this, let us ex-

press the anomalous dimension in the physical gauge in terms of the couplings
f2 and w given by Eq. (8.8):

Y (f3 (k) w(k)) = (4::)2 f;é? 40(5n — 2) + ﬁ(nn —26)|,| (12.30)
and
SN (F30) = g Ont — 20 B8, (12.31)

As f2 — 0 for k — oo, the anomalous dimension in the physical gauge clearly

vanishes in the UV. (In case of higher-derivative gravity we could say in other
words: It vanishes at either of the fixed points (8.15]) or (8.16]).)

As soon as we slightly move away from the UV-fixed point, we find ourselves
in a regime where scale invariance is approximately realized, characterized by
an effective fractial scaling dimension of the operator V,[g, g]|gW: . that still
scales according to Eq. or Eq. , respectively. In case of higher-
derivative gravity, one finds that, given fi > 0, 7'*(f?,w) takes positive or
negative values in this regime depending on n. For n = 1,2 (legnths and areas),
YEE(f2, w) is positive for 1/w < (80 — 200n)/(—26 + 11n), while for n = 3,4
(three- and four-volumes) it is positive for 1/w > (80 — 200n)/(—26 + 11n).
Hence, the effective scaling dimension of e.g. the length of a curve can decrease
or increase with respect to its classical scaling dimension, while the opposite
happens for e.g. a three-volume. We can identify this as a distinct feature of
the fractal geometry of higher-derivative gravity as other models of quantum
gravity usually only show dimensional reduction phenomena. In case of Weyl-
squared gravity, it is easy to see that the sign of v!We¥l(f2) in the physical

n

gauge goes one-to-one with the sign of f2.
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Lastly, let us analyze the values of the anomalous dimension for d = 4 — ¢.
We will restrict the shift 4 — 4 — € to the f2-axis of theory space (see Section
. In this case, higher-derivative gravity is equipped with the non-Gaussian
fixed points (f3, .,w.1) and (f3, ., w.2) given by Eq. (8.26). The first one is
UV-stable while the second one is a saddle point. The corresponding fixed point
for Weyl-squared gravity is gauge-dependent and in the physical gauge
given by f22* cWey1 & —11.9030e. Table depicts the values of the anomalous
dimension in the physical gauge at these fixed points.

TABLE 1. Fixed-point values of the one-loop anomalous dimen-
sionind =4 —e.

W 901) WS 9e2) BN, )
n=1 —0.1012¢ —0.0160¢ —0.0157¢
n=2 —0.1291¢ —0.0837¢ —0.0838¢
n=3 —0.0839¢ —0.2031¢ —0.2041¢
n=4 +0.0348¢ —0.3742¢ —0.3769¢

Conclusively, in Subsection [11.2.1| we had argued that the study of the renor-
malization behavior of n-dimensional volumes might be particularly useful for
the comparison of the geometrical features of various approaches towards quan-
tum gravity. In this chapter, we have already calculated the anomalous dimen-
sion of some n-dimensional volume for two different approaches: in the previous
section for the Asymptotic Safety approach, thereby restricting the analysis to
the Einstein-Hilbert truncation of theory space, and here, in this section, for
the asymptotically free theory of higher-derivative gravity. Comparing our re-
sults for both approaches, we find striking differences. In the Asymptotic Safety
approach, represented by the Einstein-Hilbert truncation, the effective scaling
dimension of the n-dimensional volume in the UV (at the non-Gaussian fixed
point) was dictated by severe quantum corrections, given by the fixed-point
values of the anomalous dimension. For d = n = 4 we even found that the clas-
sical scaling dimension and its quantum correction almost perfectly annihilate.
On the other hand, for higher-derivative gravity, the effective scaling of the n-
dimensional volume in the UV was found to be purely classical due to the theory
being asymptotically free in the coupling f2. This suggests that the asymptot-

ically free higher-derivative theory of quantum gravity and asymptotically safe
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quantum gravity are two distinct universality classes, each being characterized
by different fractal scaling properties of the respective geometrical operators.



CHAPTER 13

Conclusion and outlook

The main novel results of Part 3 are the formulae and fixed-point values for the
anomalous dimension of a generalized volume operator within two frameworks.
On the one hand, we employ the framework of Asymptotic Safety scenario for
quantum gravity which we approximate by the Einstein-Hilbert truncation. On
the other hand, we employ the framework of higher-derivative gravity, where
we restrict the analysis to a one-loop approximation. As the fixed-point values
of said anomalous dimension depict severe quantum corrections to the classical
scaling dimension in the former scenario, while they vanish due to Asymptotic
Freedom in the latter scenario, the obtained results suggest that these two sce-
narios belong to two distinct universality classes.

Generally, it is to expect that for more refined ansatze for the first trunca-
tion, the anomalous dimension might obtain large corrections to the preliminary
values obtained here. This is because each truncation of theory space on which
the FRGE is approximated constitutes for itself a non-perturbative excerpt of
a fundamental quantum gravitational theory. Thus by repeating the analysis
for larger and larger first truncations might lead to fully different results rather
than to smaller and smaller corrections (as for example in perturbation theory
when increasing the number of loops for a given analysis). Hence, to verify the
obtained results for more refined first truncations is essential in order to find out
whether these are true aspects of the theory or rather pure truncation artifacts.

A similar reasoning holds for the second truncation. The overall analyses of
Part 3 should be repeated for mixing anséitze of a basis of several composite
(geometric) operators. Again, one should therefrom expect large corrections to
the values obtained here. Especially, the anomalous dimension of the geodesic
length is expected to differ from that of the length of a curve in that caseE]

IFor a second truncation given by the operators Ik ddx\/g R™ n > 2, the anomalous-dimension
matrix has already been calculated [155] [156].
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Despite severe corrections to the results presented in Part 3 can be expected
from a repeated analysis with more refined approximations, the results of Part 3
nevertheless represent a highly important first step towards the study of geo-
metric operators in quantum gravity.

Firstly, the results are important for the comparison of the different ap-
proaches towards quantum gravity. In the discrete as well as in the continuum-
based approaches similar dimensional reduction phenomena have been observed
so far. Here, we calculated a further type of dimensional reduction, in form of
the fixed-point scaling of the volume operator, for the first time within the
continuum-based approaches. It would be intriguing if the corresponding geo-
metric operators analyzed within the discrete approaches scaled similarly. Such
studies within the discrete approaches are thus interesting prospects for the fu-
ture.

Secondly, the results presented here also make an important first step to-
wards the construction of observables within quantum gravity. All formulae
for the anomalous dimension presented in Part 3 depend on the gauge-fixing
parameters and hence are not full-fledged observables. The construction of a
full-fledged observable for quantum gravity clearly is beyond the scope of this
thesis, however, it is clear that geometric operators will play a crucial role in
the construction of a suitable observable for quantum gravity. As so far no re-
sults for renormalized composite operators in quantum gravity were known, the
results of Part 3 contribute to the pursuit of formulating suitable observables

for quantum gravity.
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CHAPTER 14

Summary of Part 4

In Part 4, based on the author’s publications [5] and [6], we propose a further
novel line of research within the continuum-based approaches towards quantum
gravity, which explores the consequences of Background Independence for the
concepts of reqularization and renormalization.

The principle of Background Independence requires the (background) metric
of spacetime to be determined by a dynamical law, rather than fixed a priori
by hand. Thus, we necessarily must consider quantized fields on a curved back-
ground manifold which is subject to Background Independence. It is suggestive
to thereby separate the treatment of quantized matter fields on a curved back-
ground from quantum gravity itself, i.e., the quantization of spacetime.

To rigoruosly implement the principle of Background Independence in both
these quantum field theoretical settings, we propose three essential require-

ments:

(R1) Background Independence
(R2) Gravity-coupled approximants
(R3) N-type cutoffs.

These requirements imply a novel framework for the quantization of fields. They
are not logically independent. Rather (R2) is an interpretation of a regularized
quantum field that obeys (R1), while (R3) is a specific instruction for the re-
alization of (R2).

(A) Sore points of background-dependent quantization frameworks.
Before summarizing these requirements in more detail, let us first illustrate
some of the problems that occur when gravity-coupled fields are quantized in a
framework where these requirements obviously do not hold.

Essentially, a quantum field theory is a quantum system whose degrees of
freedom are parametrized by the points of a smooth manifold which typically
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models spacetime. Thus a quantum field theory can be regarded as a quantum
mechanical system in the limit of infinitely many degrees of freedom. However,
this limit usually does not straightforwardly allow for a physical interpretation,
because of the notorious ultraviolet divergences which are due to the “too many”
degrees of freedom of the system. Its physical interpretation then comes along
with its regularization and renormalization.

A typical regulator employed in background-dependent quantum field theo-
ries, such as those of the Standard Model of particle physics which is defined
on the rigid Minkowski space, is the momentum space cutoff. Typically, it has
the dimension of mass and therefore defines a scale: modes of the field with
momenta below this mass scale are retained, while the other field’s modes are
discarded. Therewith, the definition of the cutoff scale requires a metric on
the background manifold (to define the field’s momenta). By fixing a metric to
introduce a momentum cutoff, obviously the principle of Background Indepen-
dence is violated.

A typical problem that occurs when fields are quantized in this manner and
only then are coupled to gravity is one major aspect of the cosmological con-
stant problem [7], |157-159], namely the gravitational field generated by the zero
point oscillations of quantum fields. To estimate this gravitational field one
can reason as followdl} One quantizes a free and massless field on Minkowski
space, which is assumed to follow the dispersion relation w(p) = |p|. Then one
identifies the field with a set of harmonic oscillators, each contributing its zero

point energy %hw to that of the vacuum state:
1 / d*p ip|
Qvac - 2 (27T)3 p :
This vacuum energy is quartically UV divergent and when regulated via a mo-
mentum cutoff |p| < & reads

QvaCN@Zl-

Although this vacuum energy is that of a field living on Minkowski space, it is
then argued that g..., like any other form of energy, should contribute to the
curvature of spacetime. The curvature of spacetime is determined by the metric
of spacetime, which in turn is dynamically determined by Einstein’s equation.

Thus to account for the vacuum fluctuations of the above quantized field, we

IW. Pauli is credited for this argument |9} [158)].
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should add AA = (87G)0yac = 8TcG P to the cosmological constant appear-
ing in Einstein’s equation. Note the violation of the principle of Background
Independence: In some parts of Einstein’s equation, namely in AA, the metric
has been explicitly fixed to that of Minkowski space. In other words, we employ
the vacuum energy of quantized fields living on Minkowski space to determine
the geometry of another spacetime. Intuitively, this might seem a valid approx-
imation of the quantized field. However, later we will see that actually it is not,
because of the paramount role of Background Independence.

Finally, it turns out that for every plausible scale &2, the curvature produced
by AA is by far too large to be consistent with observation. For example, if
the cutoff is specified to Planck scale, & = mpy, the calculation produces a
curvature which is about 10'?° times larger than the value from modern-day
cosmological observations.

According to a variant of this reasoning, Einstein’s equation contains, be-
sides AA, also a bare cosmological constant, Ay, whose value is then tuned in
dependence on & in such a way that the sum Agps = Ap(P2) + AA(ZL) equals
precisely the observed value. This version of the argument avoids making a
false prediction (any prediction, in fact), but at the expense of an enormous
naturalness problem. To achieve the desired value of A, the bare quantity
Ap(Z2) must be consequently fine-tuned with a precision of 120 digits.

Often, the concept of supersymmetry was dealt with as a possible way to re-
solve this form of the cosmological constant problem. It was assumed that the
contributions of each field and its “superpartner” to the energy of the vacuum
state more or less perfectly cancel, leading to a serverely smaller value of gyqc.
However, as supersymmetry is unlikely to exist, and if it does then only in a
broken form, this avenue of escape from the cosmological constant problem is
blocked.

(B) Quantization and Background Independence. Next, let us summa-
rize the requirements (R2) and (R3) that lead to a quantization framework
which realizes Background Independence.

We refer to an approzimant of a state of a quantum field as a quasi-physical

system which is built from finitely many degrees of freedom that are coupled
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to gravity. L.e., an approximant, denoted as ¥ ® metric, consists of a quantum
mechanical state W with f < oo degrees of freedom, together with a classical
background metric. The requirement (R1) of Background Independence means
that we must employ only those approximants whose metric is determined by
the dynamical backreaction of the state W;. As this self-consistency condition is
fulfilled by these gravity-coupled approximants, we denote them symbolically as
U2 @ self-consistent metric. Therewith, the requirement (R2) further means
that a quantum field theory can only be identified with the limit f — oo of a
self-consistent approximant.

The main result of Part 4 is the elucidation of the above version of the cosmo-
logical constant problem for certain simple quantum field theoretical settings.
For these, we construct self-consistent approximants and show that in the limit
f — oo the curvature of spacetime does not become disproportionately large.
Thereby, we put a particular emphasis on the fact that the limit f — oo and

the evaluation of the self-consistency condition do not commute.

Moreover, we require the (self-consistent) approximants to be physically real-
izable systems which narrows the number of candidates for a possible regulator.
For instance, neither dimensional regularization nor the zeta function technique
allow for the interpretation of the regularized system as a viable quantum sys-
tem. Additionally, the regularization scheme must be in accordance with Back-
ground Independence which rules out all metric-dependent regulators, e.g., a
momentum cutoff.

A simple regularization scheme, which is in accordance with Background In-
dependence, is the employment of a cutoff of the N -type. In some way, N-cutoffs
are similar to momentum cutoffs: both organize the field modes in such a way
that a certain subset of the modes is retained while the complementary subset
of the modes is discarded. In case of a momentum cutoff, the cutoff threshold is
set by a mass scale which leads to a metric-dependent selection of which modes
to retain and discard. In case of an N-cutoff, however, this selection process
is fully independent of metric whereby the cutoff threshold is set by a natural
(or positive real) number N. To avoid details at this point, the concept of an
N-cutoff is at best illustrated by a simple example:

Consider a Gaussian field on the round 2-sphere with radius . Then the
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field’s modes can be staggered in terms of the eigenvalues of the negative Lapla-
a —0L,, where g,, is the r-dependent background metric. This spectrum is
well known and given by I(I +1)/r% 1 =0,1,2,.... Now we can implement an
N-cutoff by demanding that all field modes with [ < N are to be retained, while
those with [ > N are to be discarded. This selection process of field modes is
clearly independent of the metric and can w.l.o.g. be extended to more complex
systems. Thus, in this seemingly simple manner, quantum field theories can be
regularized in accordance with Background Independence.
Lastly, we note that in case an N-cutoff is implemented, the degrees of free-
dom f of the resulting quantum mechanical system also become a function of V.

(C) The quantum systems discussed in Part 4. The opening Chapter
of Part 4 explains in detail the framework of quantization via gravity-coupled
approximants, as outlined above. Next, we summarize the self-consistent ap-

proximants constructed in Part 4 as well as their properties.

In Chapter we begin the exploration of self-consistent, gravity-coupled
approximants by considering a massive scalar field on a classical, curved back-
ground manifold. We assume the latter to be compact and without boundary
and in all applications specify it to a four-dimensional Euclidean sphere S*(L),
whose metric is parametrized by its radius L. Then by evaluating the self-
consistency condition, i.e., the backreaction of the regularized quantum system
with f(IV) degrees of freedom on the metric, we obtain the self-consistent spher-
ical background geometries, given by their radii L5°(N).

Thus, in order to construct a self-consistent approximant, we first must reg-
ularize the scalar field via an N-cutoff which leads to a quantum mechanical
system with f(N) degrees of freedom. This system then contributes via its ef-
fective stress-energy tensor to the RHS of a semiclassical version of Einstein’s
equation, which determines the self-consistent background radii L5¢(N). In
Chapter we identify a first type of approrimants by promoting the scalar
field’s classical stress-energy tensor to an operatorial relation for the quantized
scalar field. Its expectation value then is regularized via an N-cutoff which on
S*(L) results in the self-consistency condition ([16.55)),

12 2
L)= 22 _ A D,
R(L)= 1 b+7rL4 *Z +u T ER(D)
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Here, Ay is the bare cosmological constant, G' is Newton’s constant, and &,
and D,, are the eigenvalues and their degeneracies of —U,. Moreover, p is the
mass of the scalar field and £ is a constant coupling the scalar field to the scalar
curvature R. We also show that the degrees of freedom of the regularized system
are given by

- d=4 1 4 3 2
f(N) Z;Dg ) = 3 [N* +8N® + 23N? 4 28N] .
We then discuss the solutions of this self-consistency condition in dependence
on the parameters Ay, p and £ It turns out that in any of these cases, the
cosmological constant problem does not occur. If the scalar field was quantized
in a background-dependent way, the radius appearing on the RHS of the self-
consistency condition would be a rigid, fixed radius. This leads to a form of
the cosmological constant problem because the resulting “self-consistent” radius
diverges in the limit N — oo, i.e., the radius would shrink as more and more
field modes are quantized. On the other hand, with Background Independence
strictly implemented, let us for instance consider the case p = 0 and A, = 0.

Then the self-cosistent radius is given by Eq. (16.71)),

LSC(N)? = %f(N) - igj {1 +0 (%)} |

Hence, the radius of the self-consistent S*-background geometry grows as more

and more field modes are quantized, until the background manifold becomes
perfectly flat in the limit N — oo. This means that the cosmological constant
problem is fully absent.

A further striking result of these self-consistent S*-geometries is that they
allow for a natural explanation of the microscopic degrees of freedom which the
thermodynamic Bekenstein-Hawking entropy “counts”. Therefore, we consider
a four-dimensional de Sitter space whose Bekenstein-Hawking entropy is given
by & = %L? When we specify the radius in that formula to the above self-
consistent radii arising from the quantization of a massless scalar field at bare

cosmological constant, we find that
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This means that, up to a factor 1/4, the thermodynamical entropy (V) pre-
cisely amounts to the number of degrees of freedom f(N) of the self-consistent
approximant of the scalar field. This proves a “A-_#"-connection” which was
speculated about in the literature [160, 161].

In Chapter [17| we work out a second type of approximants for the quantized
scalar field. These arise from the point of view of the effective gravitational
action I'[g] for the background metric g,,, which is the restriction of the full
effective action to a vanishing scalar field, I'[g] = I'[A; g]|a=o. From this point
of view, the self-consistency condition is given by the equations of motion for
the background metric g,,, i.e., 0I'[g]/dg,,, = 0. To be able to solve this self-
consistency condition, we make use of the one-loop approximation of the effec-
tive action which is of the form I'[g] = Sgn[g]+I'i.[g]. Then, the self-consistency
condition assumes the form of a (semi-classical) Einstein equation whose RHS
is given by an effective stress-energy momentum tensor, induced from the one-
loop term I'yy[g]. It turns out, that this effective stress-energy tensor differs
from that of the first type of approximants. For a massless scalar field, for
instance, the resulting self-consistency condition reads

2oan -2 i),

The resulting self-consistent radii L3°(N) exhibit the same physical proper-
ties when removing the cutoff as for the first type of approximants: For every
Ay > 0, there exists an N-sequence of self-consistent radii L°¢(N) that grows
when more and more modes are added, until ultimately in the limit N — oo, the
self-consistent radius becomes infinite and the underlying S*-geometry becomes
perfectly flat. Hence, also for the second type of approximants, the cosmological
constant problem is fully absent in these settings.

Moreover, we also show the origin of the difference between the first and sec-
ond type of approximants. Namely, their difference can be rooted in the metric
dependence of the path integral measure. In many quantum field theoretical
considerations, the dynamics of the background metric is not of importance
which results in a neglect of the metric dependence of the path integral mea-
sure. Then, “semi-classical” considerations usually agree with those obtained
from the point of view of the effective action. However, by the example of
Chapters [16] and it is shown that there indeed is a difference between these

two “quantization techniques”.
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In Chapter |18 we leave the setting of a quantized scalar field on a classical
background manifold and apply the quantization framework by N-sequences of
approximants to quantum gravity itself.

The analysis itself mainly follows the previous two chapters on the scalar
field, but is much richer in technical detail. For the construction of a first type
of approrimants of quantized metric fluctuations, we come back to the one-loop
approximations of the gravitational path integral developed in Part 1. There, a
saddle point expansion of the bare action brought it into the form S = Sgy+ S,
where the Einstein-Hilbert action solely depends on the background metric,
while the next term is quadratic in the metric fluctuation field which is why
we may interpret Sy as the matter action for a Gaussian graviton field. Thus,
the self-consistency condition for the background metric amounts to a semi-
classical Einstein equation whose RHS is given by the expectation value of the
stress-energy tensor obtained from the matter action Sy;. When regularized via
an N-cutoff, the overall degrees of freedom of the approximants split into those
of the graviton field and those of the ghost fields, which in d = 4 spacetime

dimensions read

1
forav (V) = E(10N4 + 80N? + 158 N* — 8N — 180)

1
fahosts (V) = E(8N4 + 64N? + 160N? + 128N) .

The explicit form of the self-cosistency condition obtained from this first type
of approximants is rather intricate, so we will not discuss them in detail here.

Again we obtain a second type of approximants from the point of view of the
effective action. Therefore, we also employ the one-loop approximation of the
effective action I'[g] obtained in Part 1. In a way fully analogous to the scalar
field, the one-loop term of I'[g] leads to an induced effective stress-energy tensor
which differs from that of the “semi-classical” stress-energy tensor precisely by
a contribution of the gravitational path integral measure.

We then show that when regulated via an N-cutoff, the radii of the self-

consistent S*-background geometries are solutions of the equation

3G
0 =4A,L* —12L%* — — { {00 (N) % fgnosss(N)} + further L-dependent terms .
T

Here, the “+” and the “—” refer to the self-consistency conditions obtained
from the first and second type of approximants, respectively. We then show
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that also in case of quantum gravity, the self-consistent S*-geometries are free
of the appearance of the cosmological constant problem: We show that in both
cases, “+”7 and “—”, for a non-vanishing and finite bare cosmological constant,
there exist N-sequences of self-consistent radii that grow as N becomes larger,
i.e., the radius of the background 4-sphere becomes larger as N becomes larger,
which for N — oo leads to a fully flat background manifold. Again, also in case
of quantum gravity, the self-consistent S*-background geometries are free of the
cosmological constant problem.

However, we argue that the second type of approximants, i.e., those obtained
from the effective action, constitute a more natural candidate for physical ap-
proximants of quantum gravity. This is because only there, the degrees of
freedom of the graviton field, fo .y (N), and those of the ghost fields, fohosts(V),
in leading order in N naturally combine t0 fgray(N) — fgnosts(N) = 2N* + -+ -
i.e., to the two propagating degrees of freedom of the graviton.

The final Chapter [18 of this thesis is an addendum on the difference between
the first and second type of approximants which we constructed. We note
that this difference is rooted in the metric dependence of the path integral
measure. In Chapter [18, we work out the construction of the first and second
type of approximants for a set of general fields. Thereby, we show how the
Weyl transformations’ anomalous Ward identities, resulting from the overall
dependence of the path integral on the background metric, are related to the
difference between first and second type of approximants. This is moreover
demonstrated for the field content we had already discussed, a scalar field as
well as a graviton field accompanied by its ghost fields.






CHAPTER 15

The framework: outline and motivation

Executive summary. We propose a novel framework for the quantization of
fields which are in contact with dynamical gravity. This framework is subject
to three essential requirements: Background Independence, the use of gravity-
coupled approximants, which should constitute physically realizable quantum
systems, and the regularization scheme of cutoffs of the N-type, which are
characterized by a dimensionless number N.

What is new? The proposal that Background Independence should be already
implemented at the level of the regularized quantum field. The regularization
tool of N-cutoffs.

Based upon: Reference [5].

In this part, we present a novel scheme for the quantization of matter fields,
respectively metric fluctuations, which are coupled to classical gravity. Here,
classical gravity refers to the dynamics of a Euclidean background metric g
of a Riemannian background manifold (M, g), that in all applications will be
assumed compact and without boundary. This scheme satisfies three essential

requirements:

(R1) Background Independence
(R2) Gravity-coupled approximants
(R3) N-type cutoffs.

They are not logically independent, but rather (R2) relies on (R1) while (R3)
can be regarded as a realization of (R2). In the subsequent three sections we
discuss each requirement separately. Then, in the remaining chapters of this
part, we implement these requirements in two different sample models: first, in
the quantization of a scalar field on a compact Riemannian background, and
second in the quantization of gravity in the form of metric fluctuations around
a compact Riemannian background.

205
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15.1. FIRST REQUIREMENT: BACKGROUND INDEPENDENCE

Background Independence is the paramount feature of classical general relativ-
ity and therefore is de rigueur for a quantum gravitational theory. The modern
approaches towards quantum gravity [162-164] have incorporated the desidera-
tum of Background Independence in two different ways: on the one hand, there
are approaches which literally do not employ a gravitational background in any
way, and on the other hand, there are approaches which self-consistently fix
a gravitational background by invoking the fundamental dynamical laws [165].
In Chapters [3] and [, we have already exemplified the latter in terms of the
background field technique [35]: In order to Background-Independently quan-
tize fields, we had constructed the quantum fields on a fixed, yet arbitrary,
background, given by the background metric field, and then afterwards proven
that the (still to be renormalized) theory of these quantum fields is invariant
under background gauge transformations. Especially, the following applications
of the subsequently presented quantization scheme have recourse to Chapters
and [dl This why we can already regard Background Independence as a fulfilled

desideratum from here on.

15.2. SECOND REQUIREMENT: GRAVITY-COUPLED APPROXIMANTS

We define an approzrimant as a quasi-physical system which is built from finitely
many quantum degrees of freedom that are coupled to gravity. Thus, the state
of an approximant App(f) is given by a quantum mechanical state ¥ with f < oo
degrees of freedom together with a classical (background) metric:

App(f) = ¥¢ ® metric. (15.1)

Generally, the quantum mechanical state U; is the state of some matter sys-
tem; in case of quantized gravity the quantum metric fluctuations around the
classical background metric can be interpreted as the graviton field. Further,
by gravity-coupled approximants we refer to those approximants whose metric
is determined by the backreaction of the state W;. The backreaction of the f
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quantum degrees of freedom on the metric they inhabit is a self-consistency con-
dition whichs obeys requirement (R1). Thus, we could also call gravity-coupled

approximants SC approximants, symbolically
App®“(f) = U{° @ self-consistent metric . (15.2)

The requirement (R2) of gravity-coupled approximants means the following
constraint: We allow as regularized quantum field theories only gravity-coupled
approximants. This restriction has the severe consequence that the quantum
field theory (QFT) arising in the limit f — oo always comes along in combination

with a self-consistently determined metric,
App™°(f) o, Varr @ self-consistent metric . (15.3)

The self-consistently determined metric hereby is a solution to semiclassical Ein-
stein equation with the appropriate stress-energy tensor 7),,[Vqpr] on its RHS.

The use of gravity-coupled approximants is motivated by several considera-
tions: Firstly, in practice one always has to resort to approximate calculations
in some way. Hence, the resulting approximants should be up to representing
physically realizable systems in their own right.

Secondly, gravity-coupled approximants are subject to classical General Rela-
tivity because they fulfill the self-consistency condition. This condition is rather
natural if one considers a matter QFT on a curved background spacetime or es-
pecially Quantum Gravity itself.

Thirdly, gravity-coupled approximants should not be confined to a technical
tool for regularizing a QFT. It could very well be that experimentalists observe
some finite value fo,s at which Nature is to be described by the approximant
App(fons), rather than by the limit f — oo (cf. Section 1.5 of [4]).

Fourthly, the limit f — oo and imposing the backreaction on the metric
do not commute. Let us expound this with help of the illustration in Fig-
ure The top-left box depicts an approximant V¢ ® g,,,, composed of the
quantum state Wy with f degrees of freedom and an arbitrary metric g,,. The
standard approach towards the limit f — 0o now consists in assuming a rigid

spacetime (RS) with fized and arbitrary metric g, .

Following the top horizon-
tal arrow this leads to a QFT on a rigid spacetime given by the approximant

U, ® gfff. Then after imposing the backreation, following the downward arrow,
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we calculate the induced cosmological constant Aj,q and find that it is formally
infinite in absence of a cutoff. (If the bare parameters are allowed to depend
on f one will equivalently find the naturalness problem of an infinite finetuning
of the cosmological constant.) This phenomenologically unacceptable state is
illustrated in the lower right box.

On the other hand, if start over at the top-left box with the approximant
V¢ ® g, and first impose the backreaction on the metric, following the down-
ward arrow, we will arrive at a gravity-coupled approximant ¥§¢ @ (gf°) ..

Only then we take the limit f — oo and arrive at the state U5 ® (¢59)  of a

v
QFT on a self-consistent spacetime. Its metric is selected by the self—consi:tency
condition, adhering to the first requirement of Background Independence. As
we will demonstrate in the applications in the following chapters, the QFT on
a self-consistent spacetime can exhibit features tremendously different the QFT

obtained on a rigid spacetime.

f quantum modes: QFT on a rigid

> spacetime:
o R
£ ® Guv f— o w_lthRs Voo ® g%
G = fixed = Guv
impose impose
backreaction backreaction

f quantum modes:

V@ (95

f— o0

QFT on selfconsistent
spacetime:

U5 @ (95)

singular, infinitely
# curved spacetime:

Ajpg = 0

FIGURE 15.1. Inclusion of the gravitational backreaction does
not commute with the limit f — oo.

15.3. THIRD REQUIREMENT: N-TYPE CUTOFFS

Up to now the concept of a gravity-coupled approximant is still unspecific. The
question arises how to construct suitable and useful gravity-coupled approxi-
mants. In the following, we will outline a possible construction by imposing a
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cutoff which is of “N-type”. The name derives from the fact that in typical
examples the regularization parameter is a positive integer, N € IN, but other
cases will occur as well. By implementing an N-type cutoff the degrees of free-
dom of the quantum system become a function of N, f = f(N). In the case
N € NN, regularized quantum field theories are represented by ordered sequences
of gravity-coupled approximants, {App°“(N), N =0,1,2,...}. The removal
of the regulator, corresponding in the standard case to, say, sending a lattice

constant to zero, amounts to following one such sequence for increasing V.

(A) Definition of a cutoff of the N-type. Let (M, g) be a Riemannian
manifold with metric g,, of Euclidean signature, and let § be some function
space on (M, g). We assume w.l.o.g. § to be the linear span of a basis B =
{wa(+) | @ € I}, where [ is an index set,

§ =span‘B. (15.4)

For a dimensionless parameter N € IN (or N € [0,00) = Rt which we, however,
will not employ in the following applications) we define a subset of indices Iy C [
and the subbasis

By = {wa(+) | @ € Iy} (15.5)

such that the following properties are fulfilled:
PBy=O , B = A and NQ>N1:><%N2 D@Nl. (156)

Importantly, note that no momentum scale is involved in the definition of the
family of subbases {By}nen. Next, we define the subspace Fy C § as the
linear span of the basis By,

Sy = spanBy . (15.7)

Then the one-parameter family {§y}nen is called a cutoff of the N-type or,
short, an N-cutoff.

(B) Properties of N-cutoffs. Cutoffs of the N-type cope with the important
technical problem of regularizing the path integral

Zlg) = /S D(¢; ) 5169, (15.8)
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that manifestly depends on the background metric g,,. (Here, ¢ € §.) A
possible regularized counterpart of this path integral is obtained by restricting

the domain of integration to §y:

Zylgl = | D(¢;g)e %9, (15.9)
SN

We can regard the functional Zy[g| as a partition function which describes an
approximant with a finite number f = (V) degrees of freedom, given by modes
of the field ¢|5,. This interpretation is legitimate since we may always choose
Sn “sufficiently small” such that this desired property of Zy[g] holds.

The regulator’s free parameter N does not imply a momentum or length
scale that would seperate modes of ¢ retained in §Fy from those discarded.
Furthermore, no metric is required to impose an N-cutoff. The only required
ingredients are appropriately chosen subsets of indices {Iy}yen.

Furthermore, we point out that the concepts of reqularization and renor-
malization must be looked upon separately. Especially, an N-cutoff is a mere
regulator. However, it is clear that it is generally possible to contruct sequences
Znlgl, N = 0,1,..., that converge to some limit. If this is (im-)possible, we
may call the theory under consideration to be (non-)renormalizable.

(C) Eigenbases of metric dependent operators. Let ¢ [g] be a self-adjoint
positive operator acting on §, e.g. the negative Laplacian #[g] = —0; =
— g””DMDy, and consider its eigenvalue problem,

H[glwalg)(2) = Ao[glwalg)(z) , ael, (15.10)

with the eigenvalues A,[g] and the eigenfunctions w,[g]. We assume the spec-
trum of J#[g| discrete, e.g. by assuming M to be compact. The eigenfunctions
then w.l.o.g. form a basis B[g] = {wa[g](+) | @ € I} of §. It is clear that we
may choose metric-independent subsets of indices Iy C I and define

Bulg) = {wald)(+) | o € In}. (15.11)

such that the resulting one-parameter family of subspaces

{Swlg) = span Bu[g]} v (15.12)
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is an N-cutoff. Here, we emphasize that although each subspace §y[g] depends
on the metric the requirements for an N-cutoff are still met because the sub-
sets of indices {I/y} are metric-independent. Furthermore, we emphasize that
N-cutoffs constructed from eigenbases of metric-dependent operators are not
restricted to those with descrete spectra. However, if the spectrum if continu-
ous the N-cutoff will be given by a continuous parameter N € R*.

(D) N-cutoffs vs. Z-cutoffs. We complete the discussion of N-cutoffs by
expounding a prominent family of counterexamples that do not comply with the
third requirement: cutoff of the “Z?-type”. We exemplify these by returning
to the above eigenvalue problem, whereby we assume, for convenience, that the
eigenvalues are non-degenerate. For the metric g, fixed, we solve the eigenvalue
A = A, [g] for the label, @ = «[g](A\). Therewith, one in practice often uses the

eigenvalues to enumerate the eigenfunctions,
Blg] = {Wi[g](+) ‘ A € spec(H)} (15.13)
with the reparametrized mode functions

Wilgl(z) = walg] () : (15.14)

a=a[g](A)
It is not far to seek to define the subbases {B 5} »cr+ by fixing a momentum
scale P22,

By ={Wi(+) | A< 2%} . (15.15)
The corresponding “Z?-cutoft” given by
{Sy = span %W}yeﬁﬁ (15.16)

however does not meet the third requirement, i.e., it cannot be uniquely mapped
to an N-cutoff. The reason is obvious: Due to the substitution o — «[g]())
the enumeration of the basis functions has become explicitly metric-dependent,
i.e., likewise would be the subsets of indices {/y} had we somehow managed to
related & to N. Also, we note that A and &, unlike o and N, are dimensionful
with canonical mass dimensions [A] = 2 and [£?] = 1. On the other hand, for a
given N-cutoff we can always construct a Z-cutoff by 22%(N)[g] = An[g]. All
in all, we can conclude that the eigenfunctions used to construct a basis of §
may be allowed to depend on the metric, but their labeling necessarily must be

metric-independent.
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15.4. FIRST AND SECOND TYPE OF APPROXIMANTS

We conclude this chapter with a general remark on two different types of ap-
proximants that we may consider for employing the self-consistency condition
in order to arrive at a gravity-coupled approximant. In other words, we point
out two different candidates for a quantum stress-energy tensor that after the
implementation of an N-cutoff become approximants, and whose backreaction
on the background metric we may then determine. The explicit construction
of these approximants will happen in the subsequent chapters; here we only

outline their unregularized “raw-versions”.

In Chapters [3| and 4] we had developed the Background Independet quantum
field theoretical treatment of a massive scalar field A as well as of the graviton
field h,,. The condensate of the one-loop approximations outlined in these
chapters was the relation

e Tl = / 11 D(&;g) S (15.17)

with g the background metric and e.g. {&5]} = {121\} for the quantized scalar
field or {&5]} = {EW, C,,C*} for the quantized graviton field that is supple-
mented by the ghost fields C,, and C*. Here, I'[g] = Sgn[g] + 'iwlg] is the
one-loop effective action at vanishing field expectation value (¢;) = 0 and
SH{o;}:9] = Senlgl + Sul{¢;}; g] is the sum of the Einstein-Hilbert action of
the background metric and the matter action for the classical fields {¢;}.

In Chapters [16] [17] and [I§ we then will analyze the backreation of suitable
approximants representing the matter fields A and h,, on the background metric
g, respectively. Importantly, we can do so in two ways. The first way, that we
refer to as “type 17, is a standard semi-classical treatment of Einstein’s equation

for the background metric g: only the matter fields are quantized and one takes
the expectation value of Einstein’s equation with respect to (15.17)),

<M> _o. (15.18)

mes
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Associated to the matter action Su[{¢,};g] is the (Euclidean) stress-energy

T {¢5}; 9l(w) = — ;(x) 55(1;4555@)5 g

such that, after promoting the stress-energy tensor to an operatorial relation

tensor

(15.19)

for {g?sj}, the backreaction of “type 17 amounts to the equation

2 0Sgnlg] _ <T“V[{$]},§]($)> ) (15.20)

V() 0gu (@)

After imposing an N-cutoff on the RHS, the fields’ degrees of freedom {f;(N)}

become encoded into the regularized stress tensor <T“”[{$j}; g](x)>N which we
thus, together with the background metric g, identify as a possible candidate
for an approrimant. We will call this candidate a first type of approrimant. It
is self-consistent if and only if it backreacts on the metric via the equation of

motion above.

The second way to treat the backreaction of the matter fields, that we refer to
as “type 27, is more along the lines of ordinary quantum field theory: simply take
the equations of motion for the background metric g of the one-loop effective

action at vanishing field expectation values T'[g], i.e.,
ol'[g
0Gu ()
To the one-loop term 'y, [g] of the effective action we can associate an effective
stress-energy tensor T [g] by
5F1L[g] 1 — Vi—
- = =5V () Tig [9)(2) , (15.22)
0w () 2 ft
such that the backreation of “type 2”7 amounts to the equation
2 (5SEHL(7] _ pv

V(@) 0Gu(z) "

Again, after imposing an N-cutoff on the RHS, we can identify (T%),[g]()

7)(a). (15.23)
with a possible candidate for an approximant, which we call a second type of
approximant.

Particularly, using Eq. (15.17]) it is evident that the calculations of “type 1”
and of “type 2” are a priori not identical: When taking a variation with respect
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to the background metric g it becomes clear that (T""[{#,}; gl(z)) and T/ [g](x)
differ exactly by the variation of the g-dependent measure [], D(@; g). This is
not surprising: as always, when promoting a classical field to a quantum oper-
ator the prescription is not unique and after all only experiment can tell which

prescription is “correct”.

Let us illustrate this difference with a quick schematic example: Consider a
covariant tensor field X, i.e., the case {¢;} = {X,}. Its matter action may
have the structure

1
SulXuigl =5 [A'0VG X570l X, (15.24)

with O[g] some operator (that is assumed to commute with g, ) acting on
the Hilbert space of covariant vector fields. Thus, when calculating (T*[X,; g])
there are two variations to perform: firstly, that of the structure /g g*” and sec-

ondly, that of &[g] itself. Interestingly, the measure D()? .5 §) given by Eq.
is designed exactly such that the local structure /g g*° drops out when calu-

lating the path integral (15.17)), i.e.,
e—FlL[g] — /D ()/(\'#7§> e—SMD?mg] — Det (ﬁ[g]..)—l/Q (1525)

where we have used Eq. and dropped a power of 1/2 from the result. (For
this illustrative purpose, we neglected possible gauge redundancies in the path
integral that we would have to account for with employing the Faddeev-Popov
trick.) Therewith, we have

Cualg) = 5 Trv [ 61g)]. (15.26)

Consequently, in the calculation of 71 '[g] one must perform only a variation of
0'g], while the structure /g g7 has been “removed” from appearing in the one-
loop effective action by choosing the correct, invariant path integral measure —
illustrating the origin of the difference between the backreation of “type 17 and
of “type 27.



CHAPTER 16

A first type of approximants for a quantized scalar field

Executive summary. We determine a first type of approximants for a quan-
tized scalar field. It is constructed by promoting its classical stress-energy ten-
sor to an operatorial relation which then is regularized via an N-cutoff. The
backreaction of this approximant on the background metric amounts to a self-
consistency condition which we explicitly solve for the case that the background
manifold is a 4-sphere. We show that the resulting self-consistent radii of the
4-sphere possess intriguing physical properties. As more degrees of freedom
are added to the quantum system, they become larger, and thus the universe
becomes flatter. Hence, in this setting, the cosmological constant problem is
absent. Moreover, we show that the N-sequences of self-consistent radii allow
for an explanation of the microscopic degrees of freedom which the Bekenstein-
Hawking entropy of de Sitter space “counts”.

What is new? All research results of this chapter are new.

Based upon: Reference [5].

For notational ease, we denote the background metric
in this chapter by 9, = Guu-

16.1. THE CLASSICAL FIELD

As already defined in the previous section, we employ the definition (|15.19)) of
the (Euclidean) classical stress-energy tensor related to a matter action Sy,

T _%5; Sur (16.1)
uv

which is equivalent to Sy = —3 [d%z\/g T" 8 g,...

215
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The action under consideration is (3.3)) D
1
Suldig] =5 / Az /g (9" 0, A0, A+ 1 A* + ER(g) A) (16.2)

Let us directly perform the metric variation, dg,, =: h,,, of the action in order

g
to find the stress-energy tensor:

5SulArg] = & [a%ed (5/5) [0, 40,A + (42 + €R(g))A7]
2

+ /9 [69"0,A0,A + ERA? } . (16.3)
With the help of appendix [B] we find

1 1
55l A: 9] = / dd:”{i@gaﬁhaﬁ 9" 0, A0, A + (1* + ER(g)) A7]

— V99" 9" hapd, AD, A — /g€ [R*Phap — Dg(Doh® — Dhg)] A2} , (16.4)
which can be rearranged to

1 1 1
0Suldig) = -3 / ddx{ — 59" (0A) = (W +ER)g A + A 0A
FERM™A? — ¢DFDYA? 4 §g“”D2A2}hW . (16.5)

Therefrom, we can read off the stress-energy tensorﬂ

TH[A;g) = FADA — g (DA) — g A

| (16.6)

+§(Ruu_§gp,yR) A2_§DMDVA2+€QMVD2A2

To verify the conservation law D, T"” = 0 that holds on-shell only, we define
the field A°S as the solution to the classical equation of motion:
05u[A; g]

51 =0 & [-O,+u*+ER| A% =0. (16.7)

A=AOS

'Where the context is clear, we paranthesize products in a lax way, e.g. write 0,A 0, A instead
of (0,A)0,A.

2This is the Euclidean counterpart of the stress-energy stated in [154] p. 45] that has been
obtained from the corresponding Lorentzian action.
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Straightforwardly we obtain

D, T [A%%; g] = (9"A®®)¢"*[D,,, D,] A%
+&g"? {R",D,, + D"|D,,D,] + [D,, D, ]D"} A3s. (16.8)

As [D,,D,|f =0and [D,,D,|D*f = —R*,D,, f for any scalar field f, the con-
servation law D, T [A9%; g] = 0 is fulfilled, as it should be.

The trace of the stress-energy tensor is given by

d d
TMAs 9] = g T [A; 9] = [Q(d —DE- 5+ 1] (0A)? — Sp* A2

d
+ (—5 + 1) ERA? —2(d — 1)EA(-O,)A. (16.9)
Using the equation of motion, the traced stress-energy tensor can be rewritten
into
0s d—2 08)2 d 2 42
T,A%; g) = |2(d = 1)¢ = 57| (4% + |5 +2(d — g u2 A%
d—2 9
+ [2(d —1)¢ — —5 ERAL. (16.10)

Thus, on-shell, after using the equation of motion, we find that T,*[A®®;g] =0
if € = g and p =0 (cf. [166, p. 119]).

Next, we consider the integrated and traced stress-energy tensor. We use
this occasion to introduce the operator

0
6Gu ()

7 = —Z/ddxgm,(x) (16.11)

that we are going to widely use throughout this chapter. With its help the inte-
grated and traced stress-energy tensor of any matter action Sy can be written

as
dr/g(z) T, (z) = T S (16.12)
Here, after a partial integration (assuming an empty boundary) we find
d
Tsultss] = [WoV/a@ oAl = [ateya (-5 +1) -0

d d
E;RAQ + (—5 + 1) §RA2} . (16.13)
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Again, using the equation of motion, this result can be rewritten into
[taaTra%%g) ~ — [ateyg s, (16.14)

This implies that on-shell, after using the equation of motion, fdda:\/§ T,M[A%S; g] =
0 if p =0 (for any value of £!).

16.2. THE QUANTUM SYSTEM AT FINITE N AND BACKREACTION OF THE
METRIC

(A) The semiclassical Einstein equation. In the setting we are considering
here, Einstein’s classical equation of motion for the background metric g, is

given by
dS[A; ¢
Ag 16.15
09 (x )[ )= ( )
where the action
S[A; g] = Sgnlg] + Sm[A; g] (16.16)

consists of the Einstein-Hilbert action (3.2)) and the matter action (3.3)) for the
scalar field A. The respective components of these equations of motion are given
by

dSku|g] 1 y 1 .
- F =59 R A+ A 16.1
g (z) 167G g(z) | B = 59" R+ Ag™ ) (2) (16.17)
and -
M /—TW A gl 618
0Gu(2)

With help of the operator .7 defined by Eq. (16.11] , the generic integrated and
traced equations of motion can be compactly summarized as

- Q/ddzgw(z)g[fl;g] = I S[A; 9] = T Senlgl + T Sul4; 9] =0. (16.19)

i

On a generic manifold, it is easy to see that

T Sexld] -G /dd Kg — 1) R(z) — dA} , (16.20)

such that on a maximally symmetric background spacetime, where the (con-
stant) scalar curvature is the sole magnitude of curvature, it is in fact sufficient
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to consider the integrated and traced equations of motion in order to determine
the full geometry of the background manifold. These amount to

/ddz Vo(2) Kl - g) R(z) + dA} = 87G /ddz\/ﬁTﬂ“[A;g](z). (16.21)

We will restrict the treatment of the backreation of the first type of approximant
to the corresponding semi-classical equations of motion. These are obtained by
quantizing the scalar field, A — A, and replacing T,"[A; g](z) on the RHS by

(T(g](2)):
442 \/9(2) {(1— —) )+dAb} _8wc/ddz\/@ <T5[g](z)> .

(16.22)
Here, we have traded the classical cosmological constant for its bare counterpart

Ay,. To establish a notion of the expactation value of the quantized traced stress-

energy tensor, we define the following operator on the Hilbert space of scalar
fieldsf

N :=Tu“[/1;g]:{< —1)5—%]1? ADrA -
. (16.23)
- 2erir o - 1)eA(-D,)A

Its expectation value is given by (still requiring regularization!)

<T5[g](x)> — lim { [z(d 1)E— %} DEDk - gﬁ

Yy—x

_ ug‘R( ) —2(d —1)¢ (—0%) } G(x,y). (16.24)

(B) The quantum system at finite N. Now it is time to regularize the
RHS by implementing an N-cutoff which results in the first type of approximant
(T}’j[g](:c» y- Therefore, we assume the background manifold to be compact
and without boundary. As we had already analyzed the spectral problem of
the operator % [g] given by Eq. , we can define a suitable cutoff of the
N-type {L*(M,g) by truncating the basis of L?*(M, g) built from

N}Ne]N

3 Formally, also the metric Juv appears to be an operator on the scalar’s Hilbert space; it is
rigidly coupled to the matter field and has no dynamical degrees of freedom of its own. Thus,
we will stick with denoting it by simply g, .
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eigenfunction of £ [g] at the dimensionless number N € N, playing the role of
an UV cutoft:

By = {xn,m ’ n=1,2....N,me {1,2,...,Dn}} . (16.25)

Note that the index n starts running at n = 1 because we had separated of
potential zero modes of the scalar field. Consequently, instead of the full scalar
field A € L?(M,g) we only consider its truncated counterpart restricted to
L*(M, g) , i.e., its expansion is truncated accordingly as

N Dy

A@) =) tnmXnm(2) .- (16.26)

n=1m=1
The degrees of freedom of the correspondingly truncated quantum field are
then given by the set {a,m | n=1,2,...,N, me {1,2,...,D,}}. Their total

number is v
f(N)=> D,. (16.27)
n=1

By further implementing the N-cutoff in Eq. (3.20)), in which we therefore simply
must cut the sum on the RHS at IV, we immediately obtain the desired first type
of approximant:

Telg)(x)) = ENJ DZ % 2(d —1)§ - -2 (DpuXnm) () (D" X, ) ()
N =Ty, 2

d , d—2

~ 3 Xam(@)” = = ER @) m(2)°

- 2(d - 1)§X2,m(x)(_DQ)Xn,m<m>} :
(16.28)

More generally, the expectation value (A?(x)) is regulated via the N-cutoff as

<22<x)>N = lim Glzy)y = Y Z X”’m(%;m(””) . (16.29)

n=1 m=1

The correspondingly regulated expectation value of the kinetic term is given by

<<aﬁ)2(x)> ~ lim g’“’($)% 8?/”G<x’ e (16.30)

N Yy—x

(16.31)

_ 3735 D)@ (D))
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In the limit N — oo we would arrive back at the unregularized results.

Going on-shell at the classical level now, i.e., at the quantum level, corre-
sponds to using the (solved) eigenvalue problem (—0, + > +ER)Xnm = FnXnm
under the mode sum. Exploiting this eigenvalue problem, the expectation value

becomes
Tilg)(x)) = i 5 % 2(d —1)§ - -2 (Dyuxnm ) () (DX, ) ()
N =Ty 2
+ |5 + 2= 0| vl
+ [2t-vg = L2 eRonntor

- 2<d - 1)§ﬁan,m(x)2} .
(16.32)

The difference between this expactation value and its classical counterpart
(16.10) is noticeable. Therewith, we find for the first type of approximant
that “on-shell”; after using the solved eigenvalue problem,

(T2l = ~152 3 o) (1633

iffzzl&;_i)and,u:().

Let us go back again to the “off-shell” result ((16.28]). With help of the
operator .7 defined in (16.11)), the integrated expectation value may be written
as

d'ar/g(@) (Tl @) = (7 Suldig]) | (16.34)

It is obvious that this integrated expectation value can be heavily simplified
by exploiting the orthogonality property (A.29) of the eigenfunctions {x,m}.
However, at the moment the xz-dependence of the scalar curvature R thwarts
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this plan and so we rearrange the RHS of Eq. (16.28]): After a partial integration
one has

/ddx\/ﬁ <T[LL[9]>N = /dd$\/§ i i %X;,m{ - %%/[9] - NQ}Xn,m

n=1 m=1
N D
2 d Hlg] — 1’
= [d% -5 721m+ Zm— nm ( -
/ ﬂ;;{ 3o+ Xon T X
(16.35)

Now, we could make use of the orhtogonality property (A.29) but instead we
recognize that the RHS defines two traces over the Hilbert space S of scalar
fields, that here are evaluated in the basis {x;,m} of S:

ddx\/g(_x) <T5[9]($)> - <‘73M[A;g]>1v

N
16.36
= —C—lTrg[]lS]N—l—Trs {M} ( )
2 A [g] N
Here,
N D,
TrslOly = 303 [ 4v/a@) @) O3 @) (16.37)
n=1 m=1
denotes the restriction of the trace to L?(M, g)n. Note that
Trg[Ls]y = f(V) (16.38)

counts the degrees of freedom of the quantum system. Therewith, the back-
reation of the first type of approximant on a generic background, restricted to
the integrated and traced semi-classical equations of motion (16.22), is given by

/ddz Vo(2) {(1 - g) R(z) + dAb]

— 87C {—g Trs[ls]y + Trs {%} N} . (16.39)

(C) The case M = S%(L). Next, we specialize for the case M = S4(L), the d-
dimensional sphere of radius L. In this case, the radius L, the Euclidean version
of the Hubble length, is the only free remaining parameter of the geometry: If
v denotes the dimensionless metric on the unit d-sphere, then g,, = L*y,,
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will be a metric on S¢(L). Furthermore, its scalar curvature is a constant,

R(z) = const., and related to the radius L by
d(d—1)
This implies that the eigenfunctions x,,, of J#[g] are identical to the eigen-

functions w,, ,,, of the negative Laplacian,
— Oty m(x) = Etin,m(x), (16.41)
cf. appendix [A.T.3] The eigenvalues then are related by

Fn=En+ 11" +ER. (16.42)
In this case, we especially find the Green’s function
oo Dy
)= >0y ) (1649
e S + gR '

that we again will apply in the limit y — 2 and cosequently regularize by cutting
the sum over n at the dimensionless UV-cutoff N. Then, the (—[,)-eigenvalue
&n is the highest one that is retained in the sum. For a given positive integer
N, the corresponding dimensionful UV-cutoff is therefore
2
PLy(N) =6Ex = w = % {1 + 0 (%)} : (16.44)
Note that the leading term is d-independent.

By virtue of the maximally symmetric ansatz S%(L), it is sufficient to consider
the integrated and contracted Einstein equation that fully determines L. Fur-
thermore, we can make use of the fact that its volume vol [S d( ] i ddx\/g_)
is finite; hence the classical equation of motion m becomes

2d 167G
R= A— a‘ T,[4; : 16.45
The corresponding semi-classical equation of motion ((16.39) is obtained by

replacing 7),[A; g](2) by the first type of approximant (T[j lg](2))n, i€,

= dszzAb T d- Q;SZIC[:Sd( o] / d?z/g(z) <T5 WZ)>N . (16.46)
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The first type of approximant on the RHS fulfills Eq. (16.36)). Therewith, we
can re-express it in terms of regularized traces that we can calculate using the

eigenbasis {u, ., } of —0,, thereby exploiting the eigenvalue problem —Ogu,, ,,, =

Enlinm, 1.€.,
ox(L) = (Tsuldig)) = [a'av/s) (1)),
= —g Trg[ls]n + Trg [%} N
Y Y &.(L) + ER(L)

:_5 D”JFZD"(?”(L )+ 12+ ER(D)
N

_ d_ i

__;D"L 1+<fn<L)+u2+£R(L>]

:—(‘2-1—1) ZD +u2+§R( L)

(16.47)

We can already point out two special cases regarding the mass dependence. The
function p? — p?/(&, + p? + £R) interpolates between 0 in the limit g — 0 and
1 in the limit © — oo at N < oo. The transition between these limits occurs

roughly at u? ~ &, + (R ~ 2 ) (cf. table in appendix .

Especially note that

On(L)

= — (g - 1) f(N) (16.48)

turns out to be independent of £. Likewise, in the limit © — oo at N < oo one

pu=0

has

_ Ty, (16.49)

2
U—>00
All in all, the equation of motion for the radius L of the sphere S%(L) is given
by, with R(L) = d(d —1)/L?,

2d A 167G
d—2""" (d—2)vol [S4(L)]

On(L)

R(L) = On(L). (16.50)

The L-dependence of the LHS is the standard L-dependence stemming from the
LHS of Einstein’s equation. On the other hand, the new L-depedence of the RHS
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stems from the dependence of (.7 Sy [fl, g]), or the “vacuum energy > shw”, on

the background geometry. This dependence is absent in Pauli-type calculations.

Entering this formula is the volume of a d-dimensional sphere that is given
by

d+1

21 2 d
d+1
L (%)
Also required for further analysis are the eigenvalues &Y of the negative Lapla-

cian —[J, acting on scalar fields on S?(L) and their multiplicities D’ These can

be found in table in appendix [A.1.3, We interpret solutions to Eq. (16.50))

as a N-sequences of gravity-coupled approximants: N =0,1,2,...,00. Starting

vol [SY(L)] =

(16.51)

from N = 0, the classical system, we let successively N = 1,2...; thus “turn-
ing on” modes of the quantum field A on the RHS, with the positive integer N
acting as a dimensionless UV cutoff. At every given value of N, we determine
the self-consistent radius

L= LSC(N) = LSC(Nﬂ 57 K, Gv Ab) (1652>

of that particular d-sphere which amounts to a self-consistent background space-
time, provided it exists. Therewith also comes the self-consistent, quantum-
mechanically generated cosmological constant

ASC(N) . 3

= o (16.53)

16.3. N-SEQUENCES OF SELF-GRAVITATING QUANTUM SYSTEMS ON S4(L)

In four spacetime dimensions, d = 4, the first type of approximant given by

Eq. (16.47) becomes

2

N
Ox(L) = —f(N) = > D, m (16.54)

n=1
and the semi-classical equation of motion for the radius L of the 4-sphere S*(L)
reads

12 3G al 12
L) = = — Ay + -2 |g(N D
R(L) = 75 =4+ 753 |+ "&(L) + 12 + €R(L)

(16.55)
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Here, we have used of the volume of the 4-sphere that simplifies to
2r2y/mL* 8
1[SYL)| = =5 = -n’L* = oy L*. 16.56
vol[S*(L)] [(5/2) 3T 04 ( )
The eigenvalues and corresponding multiplicities of —[; acting on scalars in
d = 4 are given by
£l (L) n(n + 3) and D@ — 2n+3)(n+2)(n+1) |
n L2 n 6
For d = 4 one can easily check using mathematical induction that the degrees

(16.57)

of freedom of the quantum system at N are
al 1
f(N) =) D{=4 = 3 [N* +8N® 4+ 23N? + 28N] . (16.58)
n=1

Earlier we had pointed out the special cases of Eq. ((16.47)) in the limits p =0
and p — oo (at N < 0o). Here, these two limits amount to

12 >0 3G

R(L) = 73 =Y — f(V) (16.59)
12 yoo 3G

R(L) = 4 FZE 4N + 2— (V). (16.60)

To analize the remaining sum for p # 0,00; we apply a partial fraction

decomposition to the expression

D=9 s _ (pL)? 2n+3)(n+2)(n+1) L6.61
(¢ =D = . (16.61)
&Y 42 4 ¢R 6 n(n+3)+ 125+ (pL)

Introducing the abbreviation z := (uL)? + 12¢, the decomposition reads

_ 2 —12
D= T e i) 68—
&Y 42 4 ¢R 6 n(n+3) +z
n
4—-22)——m—— 16.62
+ Z)n(n—i-?))—l—z ( )

Inserting this decomposition into Eq. (16.55) restructures the RHS in such a
way that the quartically, quadratically and logarithmically divergent as well as

convergent terms in the limit N — oo are revealed:
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12
R(L) = 7 4Ay, + j—;{ f(N) (quartically div.)
—12
+2 5 s [N(N +4) (quadratically div.)
al n

_— } (conv.).

Here, we have evaluated the sum 32 (2n 4 3) = N(N +4). The conventional
approach towards renormalizing the RHS is to discard the divergent terms, e.g.

by introducing suitable counterterms. The approach we follow, however, is
piecewisely quantizing the system by increasing N step-by-step. Therefore, we
maintain the RHS as it is (partially divergent). Besides, the convergent part in
the bracket on the RHS is

N 1 —2

6—3 1—: —2n—7==tan |59 — 4z for z <9/4
lim g S B z v9—idz 5 } <9/ ,
N—oo £~ n(n+3) + 2 1—%—2W%tanh[g 4z—9] forz>9/4

(16.63)
where we can cross the threshold z = 9/4 using taniz = itanhxz. Note that
care must be taken when taking the limit N — oo as is does not commute with
the limit z — 0.

Before explicitly analyzing self-consistent S*-geometries, i.e., solutions of
Eq. , we can already observe an interesting property of these solutions.
In general, the eigenfunctions of —[; acting on the 4-sphere are harmonics
labeled by four integer quantum numbers, %, ., = Ya,m.- The main index
n = 0,1,2,... determines the eigenvalue while the degeneracy index m now
is traded for the triple of integers (li,ly,m), with n < I3 < ly < |m|. The
harmonics of the 4-sphere have the structure

1

Ynl1l2m(C> m, 197 ()0) X 4p7il (<)3pll12 (n)ngz(ﬂ)\/_Q_ﬂelmtp ) (1664>

where ((,n,7, @) are angular coordinates on the 4-sphere and ,-P,g denote gen-
eralized associated Legendre functions [167].
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The harmonics of the self-consistent S* geometry determined by a gravity-
coupled approximant of an N-cutoff will be restricted to those withn = 1,2,..., V.
One can show that this truncated basis of S*-harmonics possesses the “resolving
power” [16§]

™

Ao ~ — 16.
o N (16.65)

which is the accuracy with which they can display angular separations. Cor-
respondingly, the minimum proper distance they can resolve is Al ~ wL/N.
These geometric properties make the self-consistent S*(L5¢(N)) reminiscent of
a fuzzy sphere [169].

In the following, we are going to explicitly solve the self-consistency condition
for the special case of a massless scalar field, i.e., the case u = 0,
and analyze the properties of the resulting self-consistent geometry given by
the radius L5°(N). To contrast these results with those obtained within the
standard approach from a background-dependent calculation, let us first discuss
these, also for the case y = 0. The background-dependent calculation amounts
to evaluating the RHS of Eq. on a RS. This means that on the RHS we

must replace the dynamical radius L by a rigid, fixed radius L®S:

R[S*(L(N))] = L(lj\%z = 4 + ﬂ(ifsyl £ (16.66)

= 4At0t(N) .

Here we have defined the total cosmological constant A (N) that behaves as
Aot (N) ~ N* — oo for sufficiently large N. Consequently, when the cutoff is
removed for N — oo, the radius L(N) approaches zero and thus the curvature
diverges:

R[S*(L(N))] ~ N* 222 o (16.67)
This is an epitome of the cosmological constant problem that arises from sum-
ming up vacuum energies propagating on a rigid spacetime to only thereafter
solve Einstein’s equation for the background geometry [7, [157-159]. If the bare
cosmological constant Ay, is independent of N the total cosmological constant
A¢or Will become unacceptably large for any given cutoff scale N; or if Ay is
granted to depend on N then it must be tremendously finetuned in order to
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match cosmological observations, which turns the cosmological constant prob-
lem into a naturalness problem.
Moreover, on S*(L?®) the N-cutoff induces the UV cutoff scale Z(N) via

N(N +3
P2(N) = &y (L) = (LT)Q) (16.68)

As we shall see later on its seemingly trivial behavior
P(N) 122 o0 (16.69)

should not be taken for granted at all. Thus it is important for us to keep
in mind that for the background-dependent calculation & is a monotonically
increasing function of V.

16.3.1. Self-consistent approximants: =0 and A, =0

We start with a remark on the case G = 0 in which no matter effects are present.
Then Eq. heavily simplifies to 12/L? = 0 implying L3¢ = oo. This is the
expected result: In absence of any matter, the maximally symmetric solution is
flat space R?, here obtained as “S%(00)”. The result is obtained for N = 0, i.e.,
for no quantum mechanical degrees of freedom, f(0) = 0. This case can thus
can be considered as the classical initial point.

For G # 0 the self-consistency condition ((16.55)) for the spherical background
geometry then becomes

12 3G 1
= ), (16.70)
such that the self-consistent radius (Hubble length) L€ is given by
G GN* 1
L°(N)* = —f(N) = 1 — )¢ 16.71
- Zun-Sfso()). e

Then, the self-consistent scalar curvature amounts td]

R(N) == R[SYL*(N))] = gf((ﬂ‘]g; = 14(;1](3? {1 + O (%)} , (16.72)

4Note that RSC ~ 1 /G is non-analytic in G and therewith clearly of non-perturbative char-
acter.
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and correspondingly the self-consistent cosmological constant reads

sc 12z
( >—Gf(N)'

For every N there exists one — and only one — self-consistent S*-background.

(16.73)

Quite remarkably, its radius L%°(N) grows when more quantized modes are
added, cf. Figure[16.1] At N = 0, the classical system (A = 0) amounts to
a vanishing “Hubble length”, L5°(0) = 0, and infinite curvature, R%°(0) =
00. Adding quantized modes to it (N = 1,2,3,...), the 4-sphere grows and
ultimately becomes locally flat at N — oo: limy o L5¢(N) = oo and therewith
limy 0o R*C(N) = 0.

To conclude: The fully quantized system, with the cutoff removed (limit
N — oo taken), admits a self-consistent background geometry which is perfectly
flat, S*(oo) = RY. This is in sharp contradiction to the usual way of taking the
UV limit in background-dependent calculations which yields an infinitely curved
spacetime, thus creating one form of the cosmological constant problem.

The absolute dimensionful scale of each self-consistent geometry at N is set
by the Planck units, with G = ¢4, = 1/m%,. Then we have

L3°(N) = lp/f(N)/4n and ASC(N) = 127m3,/ f(N). (16.74)

Given the fundamental status of the Planck mass, it therewith becomes clear
that for the above solution it is not possible to construct N-sequences that
result in the limit N — oo in a QFT with a non-zero observed cosmological
constant AS°(N — o0) = Agps # 0. On the other hand, if we assume that
Eq. represents a valid law of Nature and experimentalists measure a non-
zero, positive cosmological constant Ay, then this will necessarily imply that
the physically realized universe carries only finitely many quantum mechanical
degrees of freedom f(Nops) where Ny,s < oo is fixed by the experimentalists’

measurement:
!

A5 (Nops) = Aops - (16.75)

Let us see how the solution ((16.71)) relates the dimensionless UV cutoff N to
the induced dimensionful cutoff
N(N +3)

Zin(N) = Ty

(16.76)
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LSC ( N)
~ N?
N
0 : . . .
0 1 2 e o0
classical fully quantized
system system

FIGURE 16.1. The self-consistent radius L%°(N) for A, = 0 and
matter constribution on the dynamical S*(L).

RSC ( N)
1
N4
N
0 ; ; . ;
classical fully quantized
system system

FIGURE 16.2. The self-consistent scalar curvature R%°(N) for
Ay, = 0 and matter constribution on the dynamical S*(L).

which, for each N, refers to a different unit of mass, namely 1/L3°(N).

have

G f(N) G N? N

231

We

P2 (N) = ZENIN+3) 48 L {1+0 (i>} Nz (16.77)
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Strangely enough, this is a decreasing function of N, cf. Figure [16.3. Quite
paradoxically, the fully quantized system, i.e., the one with N “="00, has van-
ishing dimensionful UV cutoff when the units are given by the corresponding
self-consistent background metric on S*(L = o).

If, instead, we employ a fized length unit L®® in order to set the scale for
Puv, then we will find the standard — opposite — behavior, as shown above.

Phv(N)

N
O T T T T
0 1 2 e 00
classical fully quantized
system System

FiGUurRE 16.3. The self-consistent dimensionful UV cutvoff

PC(N)? for Ay, = 0 and matter constribution on the dynam-
ical S*(L).

16.3.2. Self-consistent approximants: =0 and Ay, # 0

Next, we analize the special case of Eq. (16.55)) for a massless scalar field, u = 0,
this time with nonzero bare cosmological constant, Ay, # 0:

12 3G 1

This amounts to a quadratic equation for L2,

2 G
0=ZA LY =202+

. o (V). (16.79)
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that is graphically illustrated in Figure [16.4, The nonzero bare cosmological
constant, Ay, # 0, causes a “singular perturbation” of the equation for L?,
giving rise to a new branch of solutions. The general solution reads

3

(L)) = oA

eyt G ) (1650

(LiC(N))2 is real provided that GALf(N)/3m < 1. For GA, > 0 and constant,
this condition is violated for N large enough.

G
%f

f(? = gAbL“ —2I2 4+ —f(N)

move upward
when N — oo

=
=
=
p<

L2

LO(N)?
nonpertubative semi-classical
branch branch

FIGURE 16.4. Ilustration of the quadratic equation leading to

the two branches of solutions, nonperturbative and semi-classical,
determined by f(LS°(N)?) = 0.

At first, we comment on the solution for the classical system: N = 0. In
this case, no quantized modes of the scalar field A “live” on the 4-sphere. Its

self-consistent radius (16.80]) is

3A f “+77
3 paq 3 for

LSCO2:— )
+ (07 =g 0 o

(16.81)

L5(0) = 4/3/Ay is the familiar classical relationship connecting the radius
(“Euclidean Hubble length”) to the cosmological constant. If Ay, # 0, which we
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assume, S*(L5°(0)) is a nondegenerate manifold. On the other hand, L5°(0) = 0
has vanishing radius and infinite curvature. Hence, it is usually not considered
a meaningful solution. Therefore, we shall refer to the “+”-branch of the solu-

tions as the “(semi-)classical branch’.

iy = ;AbL“ —2I72

degenerate sphere
with L2 =0
I2
zero of classical GR:

(LS = 3/A,

FiGURE 16.5. Illustration of the quadratic equation determining
the classical system for Ay, = 0: at N = 0 one has the vertical
intercept f(INV = 0) = 0.

Secondly, we note that our earlier solutions for A, = 0 are recovered by
taking the limit A, — 0 on the “—”"-branch of Eq. ((16.80)):

) = oo |14 {1 350 00 + o |

3/\y, — for “+”
=3 gy @G gz = [3Ae oo for T
2 4m Gf(N)/4w  for “=7
(16.82)
For want of a better name, we refer to the “—”-branch of Eq. (16.80) as the

“nonperturbative branch”.
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L2

(L8592 = % f(N)

FIGURE 16.6. Illustration of the limit A, — 0 in which the non-
trivial solution of f(L?) = 0 amounts to the self-consistent radius
shown in Figure [16.1]

Furthermore, if we generally assume that G > 0 and Ay, > 0 are N-independent,

nonzero and positive, the requirement

GA
—PHN)<1 (16.83)
3
will be violated for all N > N, where the critical number N satisfies
GAy,
T H(Ny) = 1, 16.84
5 [(Narit) (16.84)
respectively, as this equation might not have an integer solution for N,
GAy GAy GAy
——f(Ngip) = —f(N) | —(f{(N) <1} . 16.85
=2 (N m]@x{gﬁ (N) | Z20() < (16.55)

If GA, /37 < 1, the critical number N will be very large, Nei, > 1, and so
we may employ the asymptotic form of f(N):

—— 2N {1 =1 16.
367T Ncrlt { + O (Ncrit> } ) ( 6 86)

367\ V4
Ny ~ [ 222 . 16.87
¢ (GAb> ( )

thus
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For, say, GAp, = 10712 one has thus N ~ 10%°. Therewith, let us rewrite
Eq. (16.80) approximating f(N) &~ N4/12 and GAy, /367 ~ 1/NZ1.:

3 N \*
LSC(N)) = —— |1+ 1—( ) . 16.88
( :t( )) 2Ab Ncrit ( )

Thus, the self-consistent radius for the semi-classical and nonperturbative branch,
respectively, is bound as
3 2 3
L°(N)) € =—[0,1] and (L*°(N))* € =—[1,2]. 16.89
(L) € 501) and (L°(V) € 51,2 (16,89
We iterpret this circumstance as for too many modes, there exists no S*-type
self-consistent background (but perhaps a more complicated one) if Ay, # 0. Fig-

ure [16.7] clearly illustrates this situation.

(L)
3
Ay
Lf°
3
2Ap
L5C :
: N
0 0
N, crit
|—

no spheres possible

FIGURE 16.7. A bare cosmological constant bounds the two
branches associated to the self-consistent radii L5°(N) and
L3°(N). Consequently, there exists a positive integer N such
that for N > N4 no self-consistent S*-background can be real-
ized.
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[43

Lastly, it is astonishing to note that the “—”-branch of the general solution
Eq. (16.80f) even admits a negative bare cosmological constant, Ay, < 0:

\/1 1 1AelG f(N) — 1] . (16.90)

3
== o)

3T

This solution of astonishing because the classical Einstein equation does not ad-
mit an S* solution for a negative cosmological constant. Again, the N-sequence
of self-consistent radii, which are purely due to quantum effects and thus start-
ing at N = 1, grow with increasing N, approaching a flat space in the limit
N — o0.

16.4. MICRO STATES OF DE SITTER SPACE

De Sitter space is the Lorentzian counterpart of the 4-sphere and possesses
an intrinsic entropy ., the Bekenstein-Hawking entropy. This entropy is de-
termined by the cosmological constant, or, equivalently, by the Hubble length
L=./3/A:

S = =_]7. (16.91)

If we let &/ = 4wL? denote the area of the de Sitter horizon then there is yet
another way to express the entropy, . = &/ /4G. Particularly, . is known
only as a purely thermodynamic quantity, i.e., the longstanding question of
what are the underlying microscopic degrees of freedom that . counts is still
unanswered [170]. Following the Euclidean approach towards black holes and
thermal spacetimes [171H173|, in which the 4-sphere appears as a saddle point of
the semi-classical g,,-evolution, we may use our previously found self-consistent
radii to explore the intrinsic entropy of de Sitter space for a given N-cutoft:
S(N) = %LSC(N)2. (16.92)

To interpret (V) let us return to the case of a massless scalar field and
vanishing bare cosmological constant. If we plug in the self-consitent radii
(16.71]) that we found for this case, we find a rather striking result:

F(N) = if(N) . (16.93)
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This means that, up to a factor 1/4, the thermodynamical entropy . (N) is pre-
cisely the number of degrees of freedom f(N) of the quantum system from whose
backreaction the spherical (or de Sitter) spacetime arose. Using Eq. , the
area of the resulting Hubble spheres <7 (N) becomes proportional to the Planck
length squared,

d(N) = f(N)&,. (16.94)
This result is in accordance with the intuitive picture that horizon surface of
a “fuzzy” de Sitter space is a fuzzy 2-sphere whose angular resolving power
A« =~ 7/N yields the approximate proper distance of neighboring points

Al = L5(N)Aa ~ /7 /48 N lp, {1 +0 (%) } : (16.95)

Following our train of thoughts let us further assume that experiment had
provided us some finite observed value for the cosmological constant, Ay > 0.
Then in the case p = 0 and A}, = 0 it follows from Equations ((16.75)) and (16.71)
that Agps determines a finite value Nypg:

1 3T
—{(Ngps) =
4( b)

GAobs n

Thus, in this framework universes with an observed non-zero, positive cosmo-

obs - (1696)

logical constant Aons are described only by a finite number of degrees of free-
dom f(Nops) which is determined by the Bekenstein-Hawking entropy Fons of
de Sitter space. This is precisely an incarnation of the conjectured “A-.4"-
connection” and the “.4’-bound” [160, [161]. This connection refers to the
hypothesis that the observed entropy .#,s of universes with a positive cos-
mological constant A and arbitrary matter content is bounded by some value
N e, Fops < 31/GA = A . Here, this bound is given by 1/4th of the number
of degrees of freedom.

Although presumably rather inadequate, it is tempting to specify this analy-
sis for the observed values of the real universe: A Hubble radius of L3°(No,s) ~
10%¢p) yields Ngps ~ 1030 and thus .7 (Nups) =~ 10'2°. This corresponds to
an angular uncertainty of dav &~ 1073%, respectively a minimum proper length of
00 ~ 10%%p; =~ 10~3cm. Interestingly, similar estimates have been obtained with
independent arguments based upon the functional renormalization group [168].



CHAPTER 17

A second type of approximants for a quantized scalar
field

Executive summary. We determine a second type of approximants for a
quantized scalar field. It is constructed from the point of view of the one-loop
effective gravitational action and is shown to differ from the first type of approx-
imants by a contribution from the metric dependence of the path integral. In
four spacetime dimensions, we explicitly solve the resulting self-consistency con-
dition for the case of spherical background geometries. Therewith, we demon-
strate that the resulting N-sequences of self-consistent radii are free from the
cosmological constant problem.

What is new? All research results of this chapter are new.

Based upon: Reference [5].

For notational ease, we denote the background metric
in this chapter by gu, = Guu-

17.1. BACKREACTION OF THE METRIC ON THE SECOND TYPE OF STRESS
TENSOR CANDIDATE

The generic equations of motion for the background metric g,, given by the
(unregularized) one-loop effective action I'[g], defined by Eq. (3.38)), read

5F[9] . 5SEH[9] oI, [9]

0 (2) N 09w (2) 09w (2)

where the first summand is given by . Again, we restrict the treatment of
the backreaction of “type 2”7 to the integrated and traced equations of motion:

ITg] = -2 /ddzglw(z)(sL

G (2)

=0, (17.1)

Tlg] =0, (17.2)

239
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such that the remaining task is to calculate

)
TITwlg] =— /ddz 9 (2) ——— TrIn (=0, + p* + €R)

09 (2)
_ 1 d ) B
B ' [_Dg +p?+ &R /d Zglw(Z) 59uu(z)( Ho fR) (17.3)
1 1
e [—Dg Terer” CHet SR)} '

When applying these three steps to a regularized version of the effective ac-
tion some further commentary is required. We have used the standard rule
§ Tr[ln ] = Tr[# ~16.#] that for an arbitrary derivation § is valid only thanks
to the cyclicality of the trace operationﬂ While this holds for the unregularized
(full) trace, this property might not transfer to the regularized trace Tr = Trye,.
Particularly, Tr[AB];eq = Tr[BAl;eg might not be realized when employing an
N-cutoff by expressing the trace in terms of the truncated eigenbasis of
the operator 2. However, subsequently we will assume the cyclicality to hold
also for the regularized trace and, later on, outline in a second, different, calcu-
lation why this assumption is fulfilled. (Also, subsequently we will leave open
what is the specific regulator. Surely, later we will come back to the N-cutoff.)

Without further ado, as the trace is taken on the Hilbert space of scalar fields,
Tr = Trg, we must evaluate 7 (=0, f)(z) and 7 R(x) where f(z) = (z|f) is an

IWhile strictly speaking up to the definition of the derivative, in standard mathematical
practice and conventions the following property of the left derivative of a composition of
supersmooth functions (functions of commuting as well as anti-commuting variables) holds:
The derivative of the inner fuction stands left of the derivative of the outer function, cf.
theorem 4.4.2 of [174] and eq. (2.15) of [175]. Here, as .7 surely is a left derivation, the
derivative of the inner function, i.e., 7% can be placed on the right side only thanks to the
cyclicality of the trace.
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arbitrary scalar field. Varying the negative Laplacian, we find, using appendix

B}
5

[ ) 55y P D)
[ac: gW){ GG 16 (x — 2) (9,0, f — T2,0,)

1
ot pB N v
+-97"g"" Dij(x — z)_ffﬂ

2
1 . y

+§g‘"g”5D75(az —2)I}; (17.4)
1 €T 12

—59‘”9”5 Djé(x — Z)Ié‘f}

=0apg™" 9" (0,0, f — T4,0,f)(x)

=g (Guayf — ngapf) (x)

== (=0gf)(2),
where in the second step we have used partial integration and the fact that we
integrate over an manifold with empty boundary. The other variation we must

perform is
P LR + D (67D - ¢ D3)] S —2) . (175)
5g;w<z> '
such that
dR(x)
A%z g, (2) —")
/ gu ( )(59uu(2)

= —R(z) - / A% g (2) [Da (¢"*9"" Dg — 9" 9*° Dg)]  6(z — 2) . (17.6)

The second term is a surface term and as the boundary is empty, we find

)
d?% g, (?)———R(z) = —R(x). 17.7
[0 ) = ~Ria) (177)
Expressed in terms of .7 these variations read
T (—0yf)(x) =2(-0,f)(x) and JR=—-2R. (17.8)
Hence the variation of the regularized one-loop effective action reduces to

-0, + &R ]
—Oy +p* +&R] ., '

gFIL[g]reg =Tr |: (179)
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Therewith and with Eq. (16.20]), the equation of motion for R,
gr[g]reg = ySEH[g] + 9F1L[g]reg = 0, (1710)

has been determined:

o o (-2 v an] - o2 |

—0y +p? + &R

(17.11)

Next, we expound the other, in some sense more rigorous, way to deduce
this equation. As annouced earlier, it will also resolve the problem attached to
the cyclicality of the regularized trace. It makes use of the fact that for any
action functional F'[g] and its associated Euclidean stress-energy tensor defined

by Eq. (15.19), i.e.,

TEg)(x) = — % il (1712
the following lemma holds:
TFlg) = [ds /o) Tellola)
. (17.13)
— @F [e*g] _0,

where .7 is as defined by Eq. (16.11). Here, we consider the case F'[g] = I'11,[¢]req
and refer to its associated stress-energy tensor, in order to distinguish it from
(16.34), as the effective stress energy tensor T'f[g], i.e.,

TTiLlgheg = | d"21/g(x) Tearhlg] () (17.14)

d 1 o
:@§TI" [IHJIC/[G 2 gH

reg

a=0

_
=3 Tr 4 In Ji/[e_mg]]

| da veg | g
1. [d o
=3 Tr o In# [e 7> glreg _J
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The only calculation left to do is that of the argument of the trace. This implies
that using this lemma, the problem of the previous calculation, associated to the
questionable cyclicality of the regularized trace, does not occur anymore. On the
other hand, the only property of the regularized trace that we are making use of
here (we had done so in the previous calculation, t00) is ¢ Tr[- Jreg = Tr[0( ) ]req-
This property clearly holds; and so we are good to go on with calculating the
argument of the trace.

At first, we apply the (z-independent) Weyl transformationﬂ to (the matrix

elements of) the operator J[g.] = =, 4+ u? + ER(g.):
d 9 d ~2)a
@Ji/ [e22g.] = o {—Ou2ay, + 12+ ER(ETD)} (17.15)

Note that the Weyl weight of g. is —2. As the Christoffel symbols I, =
% g"(0.g.. + - -+ ) are uneffected by Weyl transformations, we find that

De(fz)ag,, = gMVDuDV ‘g..—>6<72)a9--
— e+2aguuDuDV (1716)
= e+2a|:|g .

As in addition R(e(=?%g.) = e*?*R(g..), we directly arrive at

d d
— ¥ (-2)a ]l =— (+2)a -0 2 (+2) R(a.
o [77.] = = {0, + 4 + P R(g.) } a1
=2[-0, +&R(g)] e*,
and furthermore,
d —2)o
—H [e(2g.] =2[-0, +¢R(g)] . (17.18)
a=0
This implies the vanishing commutator
d —2)a —2)a
{ajif [ePeg.], o [ g]} =0. (17.19)

As a consequence, we may differentiate Q(# [e(=?%¢.]), where @ is an arbitrary
C'-function, in the naive (“commutative”) way with respect to a:
d d
Il (—=2)ex -0 (2 il (2
daQ (o [e2%.]) =Q" (o [eP.]) do/%/ [e2.]
=2 [ [eTPg.] — 2] *Q' (A [ePg.])

(17.20)

2For more details on Weyl transformations, see Chapter
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and

— o[ o) -2 Q). (72D)

a=0

Qo e 2.)

Here in particular, we have for () = In the operator equation

%hl (A [eP2g.]) = 2[AH [g.) —1?] H[g.]7". (17.22)

a=0

This finally is the argument of the trace we wished to calculate such that our

overall result becomes
<7F1L[g]reg = /ddx g(l’) TGHZ[Q] (':E)
a:0] reg
H[g] — MQ]
=Tr | —————
{ %/I:g] reg

[ S ]
_Dg+ﬂ2+€R reg>

which is exactly Eq. (17.9)), our previous result that we wished to put on rigorous
grounds.

1
=-Tr
2

d —2a
o In J# [e”*%¢]

(17.23)

17.2. THE QUANTUM SYSTEM AT FINITE N: FIRST TYPE VS. SECOND TYPE
OF APPROXIMANTS

When employing an N-cutoff in order to regularize the (traces appearing in the)
one-loop effective action, we identify the second type of approximants with

ITLlgln = /dd:p 9(x) Teah[g]n () - (17.24)

The difference between the result (17.9)), respectively (17.11]), for the second
type of stress tensor candidate and Eq. ((16.39)) for the first type of stress tensor
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candidate is noticable. After employing N-cutoff following the previous section,

it constitutes in the difference between ([17.9)) and 16.36E|

TTlgly — (7 5lAsgl) = TTulolx — (7 Suldigl)

d
= §TI‘5[]15]N (1725)

_d,
2

(N).

The second type of approximant “misses” the term on the RHS in order to match
the first type of approximant. Thus phenomenological differences between the
two are not far to seek: The “missing” term £ f(NN) for the second type of ap-
proximant leads to negative contributions to the bare cosmological costant Ay
in the case p? = 0 = & This is a crucial difference between the quantum field
theoretical equation of motion from which the second type of approximants
arise and Eq. of the first type of approximants, where there are positive
contribitions to Ay,.

In the following, we will show that the difference (17.25) can be identified
as the contribution from the g-dependent measure D,A when applying 7 to

Eq. (3.25)). Therefore, we consider Eq. (3.40)),
e Tl — / DyAe S (17.26)

where T'[g] and S[A;g| are defined by Eq. (3.38)) and Eq. (16.16]), respectively.
For the moment, it is rather impractical regularize this path integral via an

N-cutoff, so let us assume that it has been regularized by restricting it to a

finite number of spacetime points.

The factor e=*#1l9 can be canceled out to obtain Eq. (3.41]),

e TiLlglres — /DgA o~ Sul4ig] ’ (17.27)

3Recall that traces over the Hilbert space S then are caculated in the truncated eingenbasis
(16.25). Further, it is impressive to note that this equation resembles the thermodynamical
indentity U — F' = T'S; the difference between internal and free energy is given by the product
of temperature and entropy. The latter counts the microscopic degrees of freedom which here
also appear on the RHS.
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where I'11,[g] and Sy[A; g are defined by Eq. (3.39)) and Eq. (3.3), respectively.
Furthermore, remember that the measure, defined in Eq. , is given by (for
any dimensionality d)

D,A = Hgl/4 )dA(z) . (17.28)

Applying 7 to Eq. (3.41)) leads to

e T1Llgleg TT11[g]reg = /DgA ( — T SulA; g])e_SM[A§9] + /(ngA) e~ Sml4;g]
(17.29)
Using the fact that

etTiLlg rcg/D A — T Su[A; g]) M[A;9] :e+F[g}mg/DgA (_ QSM[A;g])e*S[A;g]

= (75uldigl)
reg
(17.30)
the difference ((17.25)) can be written as
TTlghes = ( TS1Aig]) = TTunlgleg — (7 Suldig])
¢ . ¢ (17.31)

T e Tilghes \/(yDgA) e SM(4ig]

To further calculate TD,A = T[], g*/*(x)dA(z) let us again make us of
lemma ((17.13)):

;71;[91/4(93) - { /dd:)ng }Hdet VA

_ hm—Hdetl/4 “2g.(2)) (17.32)

- (He ) (Tom)

where we have used that [det (e=22g.)]"/* = [e™24 det (g..)] Y% Using further-

more that
d

He*ﬁ = e 2951 (17.33)
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we arrive at
T[[s"(x) = [—g > 1] s ). (17.34)

At this point we must clarify what is meant by “>° 1”. As we have regu-
larized the path integral by discretizing spacetime, i.e., restricting spacetime
to finitely many points {z; | j = 1,2,...,J}, the sum ) 1 = J simply
states the number of these spacetime points. The lattice points in field space
{A(z;) | j = 1,2,...,J} can be expanded as in Eq. ; thereby we can
employ an N-cutoff,

N D,

A(zj) = Z Z A Xnm (25) - (17.35)

n=1 m=1
This linear map establishes a bijection between the sets {A(x;) | j =1,2,...,J}
and {an,m [n=1,...,N;m=1,...,D,}, and thus we can identify the number
of spacetime points with the degrees of freedom of the quantum system, i.e., we
can identify the discretization-based cutoff with the N-cutoff:

(Z 1>m = Trg[ls]ieg = Trs[ls]y = f(N). (17.36)

x g

As a consequence, we have
d
9DgA = _§TI'S[]IS]N DgA (1737)

Inserting this transformation behavior of the measure into Eq. (17.31]), we have
re-derived Eq. (17.25)):

ITgln — <95[A;9]>N = gTrs[]ls]N- (17.38)

Therefore, the difference between the two ways — for the first and second type of
approximants — of calculating the backreation of the scalar field A on the back-
ground metric g can be rooted in the contribution of the g-dependent measure.

17.3. N-SEQUENCES OF SELF-GRAVITATING QUANTUM SYSTEMS ON S*(L)

When specifying Eq. (17.11]) to the sphere S¢(L), there is not much work left: we
can again use that the volume vol [S*(L)] = [d?z+/g(x) is finite and the scalar

curvature R is constant. Additionally, we calculate the trace in the truncated
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~ of the negative Laplacian —[,, cf. Eq. (16.25) and
appendix [A.1.3] Therewith, we regularize the trace through the dimensionless
UV cutoff N:

eigenbasis {|nm)},—1

.....

—0,+¢R N o ~0, +¢R
T — T g
FTonlgl {_DQW%R] =33 i g
N
B &+ ER
_ Z eyt (17.39)

The final result for the equation of motion for the radius L of the d-sphere, with
R(L) =d(d—1)/L?, is

2d A 167G
d—2""" (d—2)vol [S4(L)]

Here, we have defined analogously to Eq. (16.47)):

R(L) = osM(L). (17.40)

O (L) = TTylg Z g +:iR§(R)(> (17.41)

Subsequently, we will restrict the discussion of the N-sequences arising as
solution of Eq. (|17.40]) to the case off a massless scalar field, i.e., ¢ = 0 and
therewith & = 0, in four spacetime dimensions, d = 4. In this case, the second

type of approximant

o (L) "= ot = f(N) (17.42)
becomes independent of L such that, with R(L) = 12/L?, Eq. (17.40) becomes

12 3G 1

— =4A, - — = @eff (17.43)

L? T

This equation does not have solutions for a Vanlshmg or a negative bare cosmo-

logical constant, in contrast with the first type of approximants. On the other
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hand, for A, > 0 there exists a complete N-sequence of self-consistent radii,

given by
3 [ GA,
L5¢(N)? = — |1 14+ —1{(N
(V) 2A4 * * 37 ( )]
- (17.44)
1, G

where we have defined the bare length Ly, via A, =: 3/L%. As in case of the first
type of approximants, the N-sequence of self-consistent spacetimes S*(L5¢(NV))
has some remarkable properties:

Firstly, we note that a self-consistent S* geometry exists forall N = 0,1,2, . ...
Hereby, the for 4-sphere for N = 0 with radius L5¢(0) = L, is standing out as
it is purely classical. Such a classical initial point of the N-sequence for y =0
and Ay, > 0 did not exist in the case of the first type of approximants, for which
self-consistent S* geometries were of purely quantum nature (N > 1).

Secondly, for L;, fixed the N-sequence of self-consistent “Hubble”
radii L%°(N) monotonically increases in the cutoff parameter N. Ultimately,
in the limit N — oo the self-consistent Hubble radius becomes infinite, i.e., the
N-sequence of self-consistent 4-spheres grows until it reaches flat spacetime:

SHLO(N)) 2222 RY (17.45)
Note that the flat spacetime, which arises for the fully quantized system, does
so without any finetuning. Consequently, the N-sequences of the self-consistent
scalar curvature R%°(N) or of the self-consistent cosmological constant A (V)
decrease in N and ultimately vanishes in the limit N — oo of the fully quantized

system:

12 N—oo
RSC(N) — 4ASC(N> — LSC(N>2 —00,

Hence, as in the analogous case for the first type of approximants, the “cos-

0. (17.46)

mological constant problem”, according to which the effective cosmological con-

stant increases with the amount of quantized vacuum fluctuations from which it
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arises, does not occur here. This becomes particularly clear in the limit f > 1,
where f(N) ~ - N* and thus

1/4
LSC(N) ~ [ Ly, % f(N) ~ <g—z> LI”N. (17.47)
Here, we reinstated Planck’s constant for a moment. The self-consistent radius
L3°(N) becomes a linear function of N when N > 1. Further, it depends on
both GG and A in a non-analytic way, showing the non-perturbative character of
this calculation. We can re-express the dependence on this constants through
the Planck length which for d = 4 and ¢ = 1 reads fp; = (AG)'/2,

L°¢(N) ~ ﬁvém Ly, . (17.48)
Here, the dependence of the Planck length is also non-analytic.

Thirdly, note that for L;, (arbitrarily) fixed, we cannot construct N-sequences
of self-consistent radii that would result in a finite “observed” value of the
Hubble radius Lops = (3/Agps)'/?. However, we can do so by finetuning the
bare length Ly, i.e., granting it some N-dependence, Ly, = L;,(N). By setting

Eq. (17.44]) equal to Lgps,

! 1 G
L2, = L%(N)? = ~Ly(N)* |1 1+ ——=f(N 17.49
obs ( ) 9 b( ) +\/ +7TLb(N)2 ( )] ) ( )
and solving this equation for L,,(/N), we find that
L2
Ly(N) = obs : (17.50)
\/L?)bs + % f(N)

If L, is finetuned in this way, we have constructed an N-sequence of self-
consistent radii that in the limit N — oo converges to the value Ly, i.e.,
L*(N) — Leops as well as Ly,(N) — 0. Thereby, the value of L,s can be set
freely. Again, this becomes particularly clear in the limit N > 1 in which

Lons \
~ 1/2 obs

Again, we have absorbed Newton’s constant G (and the Planck constant /) into
the Planck length £p,.
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Fourthly, we recall that the dimensionless UV cutoff N induces the dimen-
sionful UV cutoff Z(N) by
N(N +3)
LSC(N)?
As for the background dependent calculation the dimensionfull UV cutoff di-

P(N)? = En(LC(N)) = (17.52)

verges for N — oo, analyzing the induced dimensionful UV cutoff Z2(N) gives
insights towards the difference between the background dependent and the Back-
ground Independent calculation. Here, for the latter given by the self-consistent
radii ((17.44) with Ly, fixed we have

-1

ON(N +3 126(N
P(N)? = # 1+4/1+ (4 >] (17.53)
L2 N}
with the abbreviation
L 1/2
Np = (127)Y4 <—> : (17.54)
Pl

To understand hove the &2-cutoff behaves in the limit N — oo, we approximate
it for N > 1 and re-write it in terms of mp; = £/,

-1
2

N N\
2 2
P(N)* ~ (247T)mP1N_§% 14+4/1+ (N_T) . (17.55)
Therewith, it is easy to that

| _ 1/211P1
lim P(N) = (24r) N, (17.56)

i.e., for the Background Independent calculation, &?(NN) never reaches infinity
but rather converges to some finite value which is a rather striking result. Fig-
ure shows a graph of Z(N) for Ny > 1: For N = 0 we find the classical
initial point (N = 0) = 0 of a vanishing cutoff. Then, for N small, Z(N)
increases with NV until it reaches the “transition” value Nt after which the curve
approaches a plateau and Z?(N) becomes independent of N. This brings us to
the main conclusion of this chapter:

In the Background Independent calculation the limits N — oo and & —
oo are obviously inequivalent. Because per construction, the regulator is only
removed fully in the former limit, N — oo, it is incorrect to attempt taking the

limit & — oo when the gravitational backreaction is taken into account.
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} » N
Nr

FIGURE 17.1. The dimensionful cutoff scale & in dependence
on N according to Eq. (17.53). The corresponding sequence of
approximants assumes a positive bare cosmological constant.

If Ly, 2 lp), ie., if the self-consistent radius of the (N = 0)-approximant
is of order of the Planck length or larger, then there is no approximant for
0 < N < oo that has a dimensionful UV cutoff larger than about the Planck
scale, Z(N) < mpy. Although the regulator is fully removed and all field modes
are integrated out each member of the N-sequence does not face the problem of
transplackian momenta.



CHAPTER 18

Gravity-coupled approximants for quantized metric

fluctuations

Executive summary. We apply the framework for the quantization of fields
by gravity-coupled approximants to quantum gravity itself. Therefore, we apply
the background field technique and identify a first and second type of approx-
imants for quantized metric fluctuations. The first type of approximants is
obtained by interpreting the one-loop term of the bare gravitational action as
the matter action for a Gaussian graviton field. Therefrom, we obtain a clas-
sical stress-energy tensor which we promote to an operatorial relation that we
subsequently regularize by an N-cutoff. The second type of approximants is
obtained from the one-loop term of the effective action which induces an effec-
tive stress-energy tensor that also is regularized by an N-cutoff. We trace back
the difference between the two kinds of approximants to the dependence of the
gravitational path integral measure on the background metric. In four space-
time dimensions and for spherical background geometries, we explicitly solve
the resulting self-consistency condition for the background metric. We show
that for both kinds of approximants, there exist N-sequences of self-consistent
“background” radii that are free from the cosmological constant problem.
What is new? All research results of this chapter are new.

Based upon: Reference [6].

18.1. A FIRST TYPE OF APPROXIMANTS

(A) The classical graviton field and its backreaction on the back-
ground metric. We want to define the first type of approximants for metric
fluctuations analogously to those for the scalar field. Therefore, we employ the

253
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action functional (4.47) for the (classical) graviton field h,, and the (classical)
ghost fields fu and &*,

S[h,&,&; 9] = Seulg] + Sulh, &, &3], (18.1)

that we had obtained by linearizing the theory given by the action (4.36[). Es-
pecially, recall that this linearization corresponds to a one-loop approximation.
Associated to the classical matter action (4.44)),

SM[ha g’ g; g] = Sgraviton[h; g] + Sgh [07 5_, f; g] 9 (182)
is the classical stress-energy tensor defined by Eq. (15.19)),
2 4}

T™[h, €, & g)(z) = Sulh, €, 3] (18.3)

V3(x) 09 ()
The conservation law D, 7" = 0 is induced by the invariance of the action

S[h, €, €, g], as given by its general definition (4.36]), under the background gauge

transformations (#.23)), 6®)S[h,€,€,g] = 0 (cf. appendix [F.4). Consequently,
also every term in the Taylor expansion (4.41)), that yields in Eq. (#.47), is 0(5)-
invariant, and therewith especially the matter action Sy[h,&,&;g]. Given that

§®g., = Lygu. = D,V, + D,V,, we thus have [154, p. 38]

dSmlh, g7§;§]5(3)g (z)
Gy () (18.4)
_ / dle/5(x) (DT [h,E, & 3]) (2)Vi(2)

where have performed a partial integration in the second step. As the in-

0=06BSuh,& & 7] = /ddx

finitesimal vector field V), can be chosen fully arbitrary, the conservation law
D, T [h, € € g) = 0 immediately follows. In fact, we therewith have shown
that this conservation law is fulfilled for any stress-energy tensor defined by
Eq. , provided that the defining matter action is §®)-invariant.

As before for the scalar field, we will restrict the treatment of the back-
reation of first type (and later also of the second type) of quantum stress tensor

candidate to the integrated and traced equations of motion
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where the operator
T =2 / A%% G, (2) 6 /3G, (2) (18.6)

is defined as in Eq. (the “bar” shall indicate that the operator is built
from the background metric g). As outlined in Section , also here the inte-
grated and traced equations of motion are sufficient when maximally symmetric
background spacetimes are under consideration because their scalar curvature
is their sole magnitude of curvature. When determined by the action ,

these equations of motion amount to

/ddz\/% {(g - 1) R(z) — dA}
- —87rG/d ) G (T, EE (), (18.7)

where we have used Eq. (16.20). The RHS is given by (up to the factor —87G)
#4273 902 Tl .91
=5 [ eV b {(@ s, ) 177} b
- \/i/ddx\/.agﬂg‘%[g7g]#y€l/ .

The required variations are performed in appendix and are given by

T/ g(x) = —dy/g(x)

T 1770 [g)(x) =417 [g](x)

(18.8)

) o - daff (18.9)
T(%0;9]"" ) A? :2(%[0;9]“ PU|A=0) A

T (Mg, g]uy)diﬂ“XV =2(.4(g, Q]”V)diﬂX” ’
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where A?? and X" are arbitrary tensor fields. Therewith, the RHS becomes
[4V/5G) 8T 0,E.69)(:) = T Sulh €.
1 = —1 v i
=3 /dda:\/§ h,w{(él —d)(%[0; g]"" )"
diff
2 (2 ) I

G / Al /GE,(2 — d) (A g.g)", )" €.
(18.10)

(B) The semi-classical Einstein equation. In a next step, we quantize the
fields (h,¢&, &) + (h,C,C) and promote this equation for the integrated and
traced stress-energy tensor to an operatorial relation, whose expectation value

we subsequently take:

d724/3(2) G (2) <TW ()> = <9‘5M[E,(j,c;g]>. (18.11)

The corresponding semi-classical integrated and traced equations of motion are
given by

/ddz\/m {(g — 1) R(z) — dAb}
- —87TG/d /3(2) Gu(2) <TW 3l(z )> . (18.12)

Here, we have traded the classical cosmological constant A for the bare cos-
mological constant Ay,. Further, the expectation value is taken with respect to
one-loop expansion of the Schwinger functional given by Eq. , i.e., the
action in the exponent on the RHS of Eq. is approximated by the expan-
sion (4.47)). This result still is up to regularization, i.e., now we should explain
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how this expectation value is modified when implementing a cutoff of the V-
type. However, it will turn out to be more convenient to firstly rephrase the

unregularized result before finally implementing the N-cutoff:

(7 Sulh, C,C:g]) = lim ddxm{ { <2 _ g) @(0:5p )

Yy—x

+ (02/[0; ﬁ]“upg\,\bzo) N

xT

~V2(2-d) (Mg, 9",)"" <Cu(y)0"<x>>} |
(18.13)

~ ~ —

The one-loop expectation values (h,,(y)hes(z)) and (C,(y)C¥(x)) appearing
here are precisely those calculated in Eq. (4.54) such that the RHS of the semi-
classical equations of motion becomes

<9_SM (h,C, C: g]> = lim [ d%z+/g(x) { [ (2 _ ‘_Z> (059" )%

* <%[0;g]“”pa|Abo>iiﬁ] <(%[O;g]_1)paaﬁ>diﬁ . Bl s v)

Yy

~VE(2—d) (g9 ) ((VE g g, ol u)} .
(18.14)

After using that ((%[0;]7")" ,5)3 % (y, v, Bla, p, v) = (y, p,o|%[0; g) |, i, v)
and (([g.9)71)",)," (v, olz, i) = (y,v|.[g.g) "z, ), we can perform the
limit y — a:

(75ulC.Ciq)) = [ dio/5@) {<x,u, [ (2-5) 70
(20, ) |20 o) (s

= (2= d){z,pl#(g.9)-#13.9)" |z, u>} :
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In this equation, we recognize the traces over the Hilbert spaces ST? and V as
defined in appendix [A T}

4=V g(2) (P15)2)) = ( 750.C.Cg)

(2 _ —) Trgpe g7 (18.16)
+ Trgpe [( [0; g] ‘Ab:0> %[O;g]_l}
—(2—d)Try [1y] .

With the result ((18.16]) for the RHS of the semi-classical integrated and traced
equations of motion ((18.12f), these become

d?2/4(2) {(— — 1) R(z) — dAb} =87G { <C§l — 2) Trgre [1g72]

— Trgp [(‘%[O; §]|Ab:0> %[O;g]_l}

— (d=2)Try [1y] }

(18.17)

(C) The quantum system at finite N on S¢(L). Finally, we must regularize
the first type of stress tensor candidate by means of an N-cutoff. We
will restrict the implementation of the N-cutoff to the case M = S%(L), i.e the
background spacetime is given by the d-sphere with radius L. On S?(L) it is
particularly simple for us to implement an N-cutoff; namely we can do so by

truncating the eigenbases of —[J; of the Hilbert spaces V and ST? constructed

in appendix and given by (A.42)) and (A.52), respectively, at the finite

value N:
B ::{]nm>T ’ n=12...,N; mzl,Q,...,Dg}
XU{|nm)L n=12.,N; m:1,2,...,D5} . (18.18)
and

%]SVTQ = {|nm>TT { n=23,...,N; m:1,2,...,D7TLT}
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< J{lmm) T n=2,3, N =12, DETY
< J{lmm)" T [ n =28, Nim=12.. D"}
< | J{Inm)™™ | n=1,2,...,N;m=12.., D}  (18.19)

Note that we also have excluded the zero mode from the trace (i.e., scalar) part
of ST?. Consequently, when implementing this N-cutoff, we do not consider
full vector and symmetric rank-2 tensor fields, but rather only their projections
onto the linear spans of the bases BY% and B37°. This means that traces of
some operator Ay acting on V or of some operator Agp2 acting on ST?, given

by Egs. (A.43) and (A.53)), when regularized by an N-cutoff read

N D N DJ
Try[Av]y ZZT nm|Ay|nm) —i—ZZL nm|Ay|nm)* | (18.20)
n=1 m=1 n=1 m=1
and
N DT
Trorz[Asr2]|y = Z Z T (nm| Agpe|nm)™™
n=2 m=1
LTT
—l—Z Z LET ()| Agra [nm) Lr
=2 m=l (18.21)
N DECT

L
S T A

n=2 m=1

trace
N Dy

+ Z Z trace (nm)| Agpe [nm) " .

n=1 m=1
The degrees of freedom of the quantum system, which are generally given by
the degrees of freedom of the graviton fg,,, and of the ghost fields fopogs, at the
finite N-cutoff then are given by, respectively,

N
fgrav(N) Z <DTT + DLT T + DL T) + Z Dtrace — TrST2 []ISTQ] (1822)

n=2

and

N
ghosts Z DT + DL =2 TI'V []lv] (1823)
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Therewith we can identify the first type of approximants for quantized metric

fluctuations withl

_ (2 — C_l) Trore [Lsr2]y + Trore [(02/[03 g”%:O) %[O;g]ilhf

— (2 — d)TI‘V []lv]N

(18.24)
Here the background metric is w.l.o.g. considered to be written in the form g, =
L?y,,, with 7, the dimensionless metric on the unit d-sphere. Furthermore,
the scalar curvature of the d-sphere is x-independent, R[S%(L)] = const., and

the volume is finite, given by

da+1

22 L4

d+1
(%)
Therewith, the backreaction (18.17)) of the first type of approximants © (L) on
the background metric g, becomes

vol [S4(L)] = = oqL". (18.25)

(25 _ 1) R(L) = dA, - ZLCZ On(L)

2
87 d
= dAb + O_de { (5 — 2) TI'ST2 [ILSTQ]N

— Trgp2 [(62/[05 g”/\b:o> %[O;Q]_l} N

— (d—2)Try [ﬂv]N} .

(18.26)

18.2. A SECOND TYPE OF APPROXIMANTS

(A) The second stress tensor candidate. To analyze the backreation of
the second type of approximants, we consider the equations of motion given by
the EA at vanishing quantum fluctuation and vanishing ghost fields. As in this

'Here © ~ (L) must not be confused with the first type of approximants for scalar field that
we had denoted by the same symbol.
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case one has g, = g, we will, for ease of notation, write only g,, instead of
gy in this section. In general, the equations of motion for the EA are
given by
oI'lg]
0 Gy (2)
Again, we confine ourselves to considering the integrated and traced equations

=0. (18.27)

of motion that we treat on a generic background manifold:
1 -
0= 7Tl & 0= Swlg+5Trer: |(%[0:9)7)", T%[0:9)"..

—Try [(///[g, a'), Ty, 9]“.} :
(18.28)

where J = =2 [d% g,,(z) §/g,, (x) as defined in Eq. (16.11]).

Both traces appearing here still are subject to regularization, and surely we
later will do so by implementing an N-cutoff. In fact, both traces in Eq.
are already subject to regularization which is why we have performed the stan-
dard rule § TrIn[A] = Tr[A™'dA] on the already regularized traces. As we had
explained in Chapter [I7] this rule might not hold when regularizing the traces
via a finite mode cutoff (given by cutting its expansion in terms of eigenmodes
of the negative Laplacian on a maximally symmetric spacetime). For the traces
regulated in this way, the cyclicity property might not hold anymore — which is
why the mentioned standard rule might not hold anymore, too, as it makes use of
the cyclicity. However, the more basic standard rule 6 Tr[-] = Tr[d -] is fulfilled
also by the regularized trace: we vary with respect to the metric and the (reg-
ularized) traces are metric-independent (cf. their definition in appendix .
Thus, by showing that [T% , %] = 0, we can ensure that any function Q(%)
can be differentiated in the ordinary, commutitive way: T Q(% ) = Q' (% )T %
(and likewise for .#). Particulary, then the rule § Tryeg In[A] = Tryeq[A 10 A] is
applicable for A =% and A= .4 .

To proceed further, we hence must calculate .7 (% [0; g|** pa)diHAp" as well
as T (Mg, g]") I XV where, for this purpose, A" and X" are arbitrary, but
g-independent, tensor fields (representing elements of a basis V and ST? with
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respect to which the traces are calculated). As a tedious calculation in appendix

shows, one has
diff diff
7 (20,9, A’”:2(%O;g‘“’g ) Ar
( 09, ) 09, Ap=0 (18.29)

and T (Mg, )XY =2 (Mg, g I XV

Note that these equations hold for arbitrary gauge fixing parameters a and
B. Therewith, the commutators [T%,%)| = 0 and [T, .#] = 0 obviously
are fulfilled and our above step toward calculating the integrated and traced

equations of motion has been correct, indeed. These hence are given by
0 = 7 Senlg] + Trgr [(@/[O;Q]fl)o.w <%[0 gl |Ab 0)}

~ 2Ty | (Alg.9) ") g9 |

reg

s (18.30)

which together with Eq. ((16.20)) yields

0= /ddz\/g(_z) Kg — 1) R(z) — dAb}

+ 87G Trape [(02/[0; a )., (02/[0; g]‘“’..}Ab:Oﬂ g Y67 Ty [Tyl -
(18.31)
A byproduct of this general statement is the application of .7 to the one-

loop term T'yy[g], which we identify as the second type of quantum stress tensor

candidate or the effective (quantum) stress tensor,

TGl = [ A2/ G(x) (Tew)ls (18.32)

Later, when regularizing via an N-cutoff, we will indentify this second type of
stress tensor candidate with the second type of approximants. Generally, we

have

TTualg)g = Trsr [(210:07),, (2105015 o)) =200 10

(18.33)
At this point, note that together with Eq. (18.16|) we have obtained the difference

~

_ _ _ d
<7F1L[g]reg - <<73M[ 707 C; g]>reg = (5 - 2) TIAST2 []lSTZ]reg - dTrV [1V]reg :
(18.34)
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Like in case of backreation of the scalar field A, this difference can tracked
back to gravitational measure given by Eq. m, ie.,

Dy DyC DyC = [J () =+ 8 [ dhyu(2) [[ dC*(2)dCul) . (18.35)

n>v

To see this, let assume this measure to be regularized by restricting it to finitely
many spacetime points. Then apply the operator .7 to Eq. (#.73)). This leads
directly to

T[] — (T Sulh C.C33])
reg
o [ (7DuD,0D,0,) SO (150
With the help of lemma (|17.13]) we can evaluate the variation of the measure:

STt - g T

. d 2da[ =01 4)(d+1) 4 (d (d+1) 4
- ga (He [Lotey =

~im & Caammtit) H () g
a—0 dOé

_ ({_d 4d( d+1 dz] Zl> [[o() ="
= |:— Trgre []ISTQ]reg + dTrV[]lV]reg:|

<d H(d+D) g
X Hg 8 2 ,

(d—4)(d+1) 4
8 2

2
d—4

(18.37)
where we have used that (here with f(z) =1)
Trsro [Laraf @ = [ d'/5@) (0,001 £ @ 1. v)
“lattice”
= tr[Isr2] / d’e f(x) (18.38)

“lattice”

d(d+1)
=T;f(x)
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and that

Tey[Ly £ (2], = / Ao /5(@) (&, 1l (), )
“lattice”

= tr[ly] / dz f(x) (18.39)

“lattice”
=d Z f(z).

Here, “lattice” refers to discretized spacetime with which we have regularized

the path integral. Therewith, we have re-derived precisely Eq. (18.34]):
e?_1—‘1L[g]reg - <jSM[/}Z7 C_’a ng]>
reg

:e+F1L[g]reE/(ngE”VIDgC‘u,DQCﬂ> eiSM[E’C’C@] (1840)

d—4
= 4 TI'STZ []ISTz]reg — dTI“V []lv]

reg *

Particularly, note that in Section [17.2| we have shown that we can identify the
discretization-based cutoff with an N-cutoff.

(B) The quantum system at finite N on S%(L). To proceed further, we first
specify the gauge fixing conditions to the harmonic gauge, « =1 and = 1/2,
and the metric g,, to that of an mazimally symmetric background spacetime
such that the operator % [0; g]*” po 15 given by Eq. (4.80). It is clear that the
operator in this form is inverted by

1

@00y )" =2 [ — (B),,] (-0~ 200 4 i)

2 _
— H_2—(Ptr.)'mjpo. (_D2 — 2Ab + CtraCeR) ! )

d—2
(18.41)
ie., (%[0;9]’1)’”90%[0; 917 0 = 155
Next, we explicitly specify the maximally symmetric background to the d-

dimensional sphere of radius L, i.e., S¥(L). Therewith, we can finally specify
the regulator to a cutoff of the N-type, as described in the previous section.
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Especially, the regularized traces now are given by Eqs. ((18.20) and ((18.21)).
Then, we identify the second type of approximants with Eq. (|18.33)), i.e.,ﬂ
@?g(L) = ﬁFlL[g]N

= Trgr | (%[0:9)7)",, (Z10:91".],, )], = 2Tov (1], (18.42)

With the finite volume (|18.25)) of the d-sphere and its z-independent scalar
curvature R(L), the backreaction of O (L) on the background metric g,,, = g,

becomes
d 871G o
(5 — 1) R(L) = dAb_O_de@N (L)
&1
= dAb+0_de {2 Try []lv]N

~ Trep [(%[0; a7 . (% [0; g]“”..}m,:oﬂ N } '

(18.43)

To prepare the application of the trace formula ([18.21]), we split the identity

Lsr2 according to Eq. (A.86), ie., 1gr2 = Prp + Prrp + Prop + Py, This
yields, with D? = [J,,

[(%[O; a=", <% [O;Q]p"ag\Ab())]diH

v =y +crR
= (PTT + Prrp+ PLL,T)M of [—D —92Ab :_ CIR} (18.44)
g

v -0 _'_CraceR
(B, { o }

_Dg - 2Ab + CtraceR

Here, Ppr, Pprp and Ppr o are the projectors onto the traceless transverse,

traceless longitudinal-transverse and traceless longituginal-longitudinal part of

the York decomposition (see appendix|A.2.2)). Therewith, we have finally brought

2Again, we use the same symbol as for the second type of approximants for the scalar field.
Further, again the metric of the d-sphere is written as g,., = g, = LQ'yW.
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(0,971 (Z]0; g] |Ab:0) into a form such that we can calculate its trace using
Eq. (18.21),
Trgpe [(02/[0;9]_1)"u (02/[0 gl }Ab 0)}
N

DTT

D +C]R T
TT
_ZZ (nim| 0O, —2Ab+cIR| nm)

n=2 m=1

L ’T g k)
S Sy

n=2 m=1

-0, + ¢;R L
Lt g 1 Ltr
IDIR L =0, — 2hy + R

N
—0g + Crrace R
trace race trace
* Z ey Wiy L LU A

(18.45)

Now we are in a position to exploit the eigenvalue problem of the negative
Laplacian acting on symmetric rank-2 tensor fields defined on the d-sphere:
—Oy(w! ) () = &l ) (x) with J € {(T'T), (LT, T),(L*,T),trace}. The
correspondmg elgenvalues and their multiplicities can be found in table |A.1]in
appendix [A.1.3] Applying these eigenvalue problems yields

M

_ i pIT &y (L) +crR(L) pLTT ELT(L) 4 ¢;R(L)
"ETT(L) = 2M, + e R(L) T @“’LT’T(L) — 2Ay + ¢/ R(L)

égaLL’T L race L
D7I{L7T _ n ( )+ crR + § :Dn st n +Ct R( ) .
é!)nL ,T(L) —2A, + C[R éa —2Ay + CtraceR(L)
(18.46)
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In the same way, yet much quicker, we obtain Try [1y]y calculated using Eq. (18.20):

N DY N DE
Try [1y]y ZZT nm|Ly |nm) —|—ZZL nm|Ly |nm)”
anm 1 n=1m=1 (1847)
> (ol
n=1

18.3. N-SEQUENCES ON S*(L)

As of yet, we have deduced two equations of motion for the radius L of the
d-dimensional sphere S¢(L): Eq. obtained with the first type of approx-
imants (“type 1”7) and Eq. obtained with the second type of approxi-
mants (“type 2”). For the 4-sphere, d = 4, these can be summarized as (with

Guw = Gyw)

12 G _
RIS(L) = 75 = 1o+ ] = T (101, ) 710017
(18.48)
:[:2TI'V []lv]N } ,
where the “—” and “+” in front of the last trace refers to the backreaction of

“type 17 and “type 27, respectively. In Eqgs. (18.46)) and (|18.47)) we had already
evaluated both traces in the truncated bases BY and B3~ of eigenfunctions

of the negative Laplacian —[],. Therewith, the equation of motion for L reads
(note that &, ~ 1/L?)

12 3G 1 N
73 =4+ { §
=2

pIT EIT(L) + ¢ R(L)
" ETT(L) — 2Ay + cr R(L)

pL’T @QnLT’T(L) +crR(L)
" gF (L) — 2M, + ¢/ R(L)
ELXT(L) 4 ¢;R(L)
é”‘LL’T(L) —2Ay + ¢/ R(L)

. n ) + Ctrace (L) . T L
ZD"@@S —2Ab+ctraceR(L) T2 (Dr+D)

+ DLL,T
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with ¢=* = 2/3 and ¢4 = 0. The respective eigenvalues & of —J, and their
multiplicities D can be found in table in appendix Also, we have
inserted oy = 87%/3. Next, in order to evaluate the sums, we rearrange the RHS

which yields

12 3G1 N TT LTT LLT
L2_4Ab { Z(Dn + Dy +Dn’>

n=2
N

n=2

DT 2A
" ETT(L) — 2, + 8/L2
2A
EFVT(L) — 2A, + 8/ L2
2A,
gLL’T(L) —2Ay, + 8/L2

g; Z:Dngs ¢2§: DT+zﬁ)}

(18.50)
Here, Ay, plays a role similar to the mass g in the calculation for the scalar field
in Section [16.2} The function A, — 2A,/(&87(L) — 2A, + 8/L?) interpolates
between zero for A, = 0 and —1 for A, — oo (for n fixed)[] However, unlike in

+ DL T

+ DLL,T

case of y for the scalar field, Ay, does not interpolate continously between these
values as the function has a pole at 2A, = & (L) 4+ 8/L* = £ (f”(n) + 8) with
f7(n) a positive, monotonically increasing function for all J. Hence the function
of Ay, defined above is positive left of its pole and negative (in the plane below
—1) right of its pole. Having had these insights toward its A,-dependence, we
will, in the following, analyze Eq. for A, =0, Ay, € (0,00) and Ay, — 00
seperately.

3Note that in case of the scalar field we encountered an interpolation between 0 and 1 at this
place. The difference between the signs becomes apparent when taking a look at defining
action functionals of the theories: The action Eq. for the scalar field A has the structure
“A(=0,4 + p? + ER)A” while the linearized Einstein-Hilbert action for the graviton h,, has
the structure of Eq. ([4.80), i.e., “h(—0; — 2A, + cR)R”.
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(A) The case A;, = 0. For the case of a vanishing bare cosmological constant,
Ay, = 0, the equation of motion for L reads

12 3G 1 > TT Lrr LT = S o T L
72 1 A _Z<Dn + Dy +Dn7>_ZDn:F2Z(Dn+Dn)
n=2 n=1 n=1

3G1

m L4{ ~ farav (V) F fghosts(N)} .

(18.51)

Using mathematical induction, the sums appearing on the RHS can be easily

proven to yield

N
1
> (DST + DEOT 4 DﬁL’T> — = (ON* 4+ T2N° + 135N? — 36N — 180),

n=2
al 1
> Di= - —(N* +8N?® + 23N? + 28N)
n=1

N
1
> (Dr+ D)) = - —(4N* + 32N3 + 80N? + 64N) .
n=1
(18.52)

(The second sum, here stemming from the trace part of the field decomposition,
is identical to the degrees of freedom f(IN) we encountered in the calculation for
the scalar field.) Therewith, we have the degrees of freedomﬁ

1
foray(N) = —(10N* + 80N? + 158 N* — 8N — 180)
112 (18.53)
fghosts (V) = 75 —(8N* + 64N® + 160N” + 128N)

and the equation of motion for L in leading order in N becomes

12 3G 1 [—8—-10  for “type 1” 1
————{ N* {1+O(ﬁ)] , (18.54)

L2 7L*12 | +8—-10  for “type 27

4Note that the degrees of freedom are only well-defined for N > 1 which hints at the purely
quantum nature of the approximants. On the other hand, the sum Zg:lo(-)n = 0 is zero
per definition such that this formula for the degrees of freedom is not applicable for N = 0,
where there are zero degrees of freedom of the quantum system, of course.
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where the number “10” stems from the graviton’s modes while the “8” stems
from the ghost fields” modes. Therewith, the self-cosistent radii read

LC(N)? = —g {3/8 for "ype I } N* {1 + O (%)] : (18.55)

1/24  for “type 2”

Notably, for both types of calculation, the self-consistent radius L5¢(N) is imag-
inary for all N such that in d = 4, the graviton h,, does not permit a self-
consitent spherical background for vanishing bare cosmological constant.

(B) The case A, € (0,00). Let us go back again to analyzing the equation
of motion for L with a finite and non-vanishing bare cosmological constant Aj,.
With the sums we have already evaluated, Eq. ((18.50)) becomes

12 3G 1 1
ﬁ - b _?ﬁ{fgraw(N)j: fghosts(N)+5Z4_Z
N 2A 2N
+ DIT b + DEIT b
nz:; EIT(L) — 2\, +8/L2 EFVT(L) — 2, + 8/ L2
20, 2,
+ DT Sy ——_—
EXT(L) = 2A + 8/ L2 &9 (L) — 2A,

(18.56)

where we have introduced the abbreviation z = 2L2A, and detached the (n = 1)-
term from the sum over the scalar (“S”) modes. Applying a partial fraction

decomposition to the remaining sums leads to

XN: DT 20, v 20,

n D’I’L T
—~ EIT(L) —2Ay + 8/L2 &EFT(L) — 2, + 8/ L2

2Ab 2Ab
+ DT + D
EFYT(L) — 2, + 8/ L2 &7 (L) — 2

2n+3
nn+3)—2+6

:gz(N—l)(N+5)+ —z(z — 10) ; (18.57)

N

N
2n+3 1 2n+3
—2) E - 2 _.
(2 n(n+ 3) —z—irQJFBZ(ZjL ) “n(n+3) -z

n=2 n=
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Therewith we can identify the terms that are quartically, quadratically and
logarithmically divergent as well as finite in the limit N — oo on the RHS of

the equation of motion as

12 3G 1
T3 = =4\, — —L—{ quartically div. terms + quadratically div. terms
™

+ logarithmically div. terms + finite terms}
(18.58)
with:
1 ) 18N* 4+ 144N3 + 318N? + 120N — 180  (“type 17)

quartically div. t.
T 12 ] 2N+ 16N — 2N — 136N — 180 (“type 27)

)
quadratically div. terms = 3 2(N = 1)(N +5)

N
1 ithmically div. t = —10)
ogarithmically div. terms = —z(z ; n(n + 3 .16

1 al 2n
“2(z—2
+2Z(Z >;n(n+3)—z+2

2n
n(n+3) —z

] =

1
+ gz(z +2)

[\

n—

(18.59)
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15 al 3
finite t = “2(2—10
nite terms 524_Z—|—6z(z >;n(n+3)—z—|—6
N
1 3
“2(z—2
NS );n(n+3)—z+2
al 3
- 2
tglt );n(n—i-?))—z’
o, 1 24 36
N = P 15 (18.60)
4—z 6—2z 44—z
LT 5(z —10) tan [5+/4z — 15
—Z
2 Vidz — 15
N 3(z — 2) tan [3/1 + 42]
V1442
N 2(z + 2) tan [2/9 + 4z]
VO + 4z '

(In the last step, note that the limits N — oo and z — 0 do not commute.
Also note that the square root appearing in the argument of the first tangent
function is ill-defined for 4z < —15.)

On the other hand, the remaining sums ({18.57)) on the RHS of the equation
of motion for L can be evaluated by means of the identity
N

Y = N 1) - () (15.61)

k=0

that is fulfilled by the digamma functionf] [176} [177]

U(x) = % Inl(x), (18.62)

5The digamma function ¢ is meromorphic on C\ (—INo) with poles of residue —1 located at
x € —INg. Restricted to the real part of its domain, it asymptotically behaves as a logarithm:
lim, s oo[tp(x + 1) — In(x)] = 0. Furthermore, note that ¥(x + N+ 1) —¢(z) e Rfor allz € C
and N € IN as ¢(2)* = ¢¥(2*) = ¥(z) + ¢¥(z*) = 2Re¢(2).
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with I' the ordinary gamma function. Applying this relation to Eq. (18.57)
yields
N

[ pIT 2Ay, LT.T 2Ay,

EIT(L) — 2, +8/L2 EFVT(L) — 2, + 8/ L2

n=2

+ DT + DY
EXT(L) — 2A, + 8/ L2 &9 (L) — 2A,

(18.63)

Wl N

[5(N SN 45) 42z~ 10BN, 2)

where we have introduced the “W-functions”

\I/i(N,z):gb(N+—5+ VSH%) +¢(N+—5_ V;‘H%)

_¢(7+@) _¢(7_@) (18.64)

with ¢ = —15, g2 = 1 and ¢3 = 9. Note that each V; is real-valued for all
(N, z). All in all the equation of motion for L, Eq. (18.50)), therewith becomes

0= fx(L) =4A,L* — 12172
_3G

(e

L2Ay,

{ fgrav(N) :i: fghosts(]\]) + 52 _ L2Ab

212\,

T3

[5(]\7 —1)(N +5) +5(L*Ay, — 5)U1 (N, 2L%Ay)

+ 3(L*Ay, — 1)Uo(N,2L%Ay) + 2(L*Ay, + 1)W3(N, 2L2Ab)] } :
(18.65)

A few comments are in order. First, it is clear that the real non-negative
zeros of the function fy(L) are the self-consistent radii L3°(N) of the S*-type
background manifold. These depend parametrically on G and Ay,.

Secondly, the question of the existence of such zero points; for given values
of N, G and Ay; can be answered in the affirmative, reasoning as follows. The
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digamma function ¢ possesses poles at —k with k& € Ny (cf. Figure .
At each pole, ¥ diverges towards +oo when said pole is approached from the
left and towards —oo when approached from the right. Consequently, as 1 is
continuous between the pole at —k and that at —(k + 1), it possesses a zero
point in each of these intervals. What does this imply for the zeros of fy(L)?

P(x)

10

FiGURE 18.1. The graph of the digamma function .

Having fixed N, G and Ay; the function fy possesses poles arising from non-
positive arguments of the digamma functions with which the “¥-functions” are

constructedﬁ These poles are precisely determined by
5 — /8L2A ; 7 — /8L%A ;
N+ . bF% g and . bEG o (18.66)
with & € INy. Clearly, these equations can be solved for non-negative values of
L:

LN, = [ d Lp;=4/——=. 18.67
s \/ 8A e 8As (18.67)

Again, fy diverges towards +oo when L approaches the pole at Lﬁi, respec-
tively Ly, from the left and towards —oo when it is approached from the
right. Hence, fy necessarily possesses a zero point for some L € [LfcV o> L{CV +17i]
or L € [Lg;, Ligt1,4], respectively (cf. Figure for an illustration). Of these

6For this discussion, we may ignore the pole located at L2A}, = 2 as it arose from seperating
the (n = 1)-term from the sum earlier on the RHS and therefore could be technically absorbed
into the, then modified, “¥-functions”.
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zero points, we are especially interested in the N-dependent ones that amount
to N-dependent self-consistent radii of the S*-type background. In a rough
approximation these are given by
N N

L{S(N) ~ % (18.68)
Importantly, for the pair (k,7) fixed to arbitrary values, the sequence of self-
consistent radii constructed in this way increases monotonically as N is in-
creased: L5°(N) — oo as N — oo. Thus, for non-vanishing and finite bare
cosmological constant Ay, there exists, for each pair (k,i), a family of self-
consistent radii LyS(N) that increases monotonically with N. The more modes
of the quantum fluctuation h,, are quantized, the larger the self-consistent ra-
dius of the S*-type background becomes, until it ultimately, for the fully quantized
system N — oo, becomes flat: S*(oo) = R*. This means that among the self-
consistent background S*-geometries arising from Background-Independently
quantizing metric fluctuations are S*-geometries which are free of the “como-
logical constant problem”.

Thirdly, we stress that the other families of self-consistent radii can exist.
In a logical order, one first specifies the dimensionless cutoff N = N’ to only
then solve Eq. for L3C(N"). If there are several solutions, i.e., several
self-consistent radii, at N = N’ all of these will be radii of possible realiza-
tions of self-consistent S*-type backgrounds — i.e., nature is free to “choose”
among these at each fixed N = N’. For instance, increasing k proportionally
to N, k— k+1as N +— N + 1, in the self-consistet radius approximated by
Eq. results in a static self-consistent radius that does not change as N
is increased. Further, by overproportionally increasing the parameter k£ as N
increases, one may also construct a family of shrinking self-consistent radii that
potentially result in a curvature singularity for N — oo.

Fourthly, the function fy might possess further zeros, other than the ones
constructed above. These further zeros are due to the fourth-order polynomial
structure of fy in L and occur for certain values of the dimensionless cutoff N
and the parameters G and A, (cf. Figure [18.3)). Especially, note that for N
fixed LZS(N ) as approximated by Eq. is bound from above by k = 0:
L3S, (N) < LYG(N). However, still a larger self-consitent radius than Lg5(N)
might exists due to the fourth-order polynomial structure of fy that dominates
the graph for large values of L.
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In(L)

N =100

FIGURE 18.2. The graph of the function fy(L) resulting from the
“type 2”-calculation for N = 10 and N = 100. The parameters
G and Ay are set to G = 1 and A, = 1072, The dashed graph
for comparison is that of the polynomial L + 4A,L* — 1212 —
% [farav (V) — fanosts (V)] It is clear to see that this polynomial
dictates the trend of the graph from which the poles, resulting
from the digamma-functions that fx entails, emerge. (Due to
numeric limitations, the graph at these poles sometimes ends at
finite values.) Also clearly illustrated is how the location of the
most-right pole L;" ; shifts to the right as N is increased.

Fifthly, we note that this analysis it applicable to the first type of approz-
imants as well as to the second type of approximants. However, as the prop-
agating degrees of freedom of the quantum system are known to be given by
forav — fshosts, the second type of approximants appear to be a more natural

choice of approximants.
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In(L) N = 100

FIGURE 18.3. The graph of the function fy(L) resulting from
the “type 17-calculation for N = 100. The parameters G and
Ay, are set to G = 1 and A, = 107!, The dashed graph for
comparison is that of the polynomial L + 4A,L* — 12L% —
% [farav (V) + fahosts(IV)].  Clearly visible is the last zero of fy,
that is due to this polynomial’s contribution, located right of the
last pole of the graph (which due to numerical limitation is de-
picted only as a small peak).

(C) The case Ay, € (—00,0). In case of non-vanishing negative bare cosmolog-
ical constant, the self-consistent radii which are due to the “U-functions” are

also given by Eq. (18.67)), i.e.,
2(N — k) =52 —q; 2k — T2 — g
LkN,i = \/_[ ( ) 5P~ and  Ly; = \/—w (18.69)

8[Ap| 8| Ap|
These radii are real if and only if
¢ > [2(N — k) —5]* viz. ¢ > [2k—17)*. (18.70)

Since ¢; € {—15,1,9} and N,k € Ny, it is straightforward to see that the
argument of the square roots is always negative and hence there exist no self-
consistent radit which are due to the “U-functions”, i.e. in other words, which
are due to logarithmic divergences. However, there still may be self-consistent
radii arising arising as zeros of fy (L) which are due to its polynomial structure,
i.e., quartic and quadratic divergences. It is a rather difficult task, if not impos-
sible, to proof the existence of these self-consistent radii analytically (without
approximations); furthermore they depend parametrically on G and Ay,. Here,
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where we only take the very first steps of the program of N-cutoff approximants,
we will leave this proof an open task and restrict our analysis to showing ex-
amples sequences of self-consistent radii L5°(N) that grow with N. Figure m
clearly illustrates such a sequence arising from the “type 2”-calculation with a
negative bare cosmological constant. For the same values of G and Ay, Figure
18.5| shows the analogous graph for the calculation of “type 17; strikingly there
exist no self-consistent radii for the calculation of “type 1”7. This further em-
phasizes that the calculation of “type 2” is preferable to that of “type 17.

Hence, also in the case of a negative bare cosmological constant, the cosmo-
logical constant problem can be avoided and there exist self-consistent back-
ground S* geometries that in the limit N — oo become perfectly flat.

In(L)

N =200

FIGURE 18.4. The graph of the function fy (L) resulting from the
“type 2”-calculation for the parameters G = 20 and A, = —1/10.
It is clearly illustrated that the zeros, i.e., self-consistent radii
L3°(N), grow as N becomes larger.

(D) The case A, — 4o0o. For the case of a diverging bare cosmological

constant, A, — +oo, the equation of motion for L in leading order in /N becomes
N [44 2
12 J+4-00-ELN" (DI + DE)  for “type 1

— = (18.71)
L? +4 .00+ %% 7]:[:1 (Dg; + Dﬁ) for “type 2”
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In(L)

SDXMF’////x
N =200
AMU“////\

N =250
15x101

N =300

FIGURE 18.5. The graph of the function fx (L) resulting from the
“type 17-calculation for the parameters G = 20 and A, = —1/10.
There exist no zero points hence no self-consistent radii in this
case.

Hence for all N, the self-cosistent radius for both calculations, “type 17 and

“type 27, becomes singular in this case, L3°(N) = 0, and the curvature diverges,

R°(N) = .






CHAPTER 19

Weyl transformations and their Ward identities

Executive summary. For a given set of fields we derive the Weyl transforma-
tions” anomalous Ward identities which result from quantizing these fields on
a generic Kuclidean background manifold. On this basis, we explicitly demon-
strate how the anomaly contributes to the difference between first and second
kind of approximants, proposed in the previous chapters. By the examples of a
scalar field and metric fluctuations, we highlight the general results.

What is new? The relationship between the Weyl transformations’ anomaly
and the first and second type of approximants.

Based upon: Reference [6].

In the previous sections, we had rooted the difference between the first and
second type of approximants (for the scalar as well as the graviton field) in the
contribution from the path integral measure. Here, in this short intermezzo on
Weyl transformations, we will explicitly show how the anomaly resulting from
the non-Weyl-invariance of the measure contributes to this difference.

19.1. WEYL TRANSFORMATIONS AND THEIR ANOMALOUS WARD IDENTITIES

(A) Weyl transformations. On a generic Euclidean background manifold
(M, g) consider some action functional S[{¢;}; g] of a set of fields {¢;} in which
cach field ¢; is potentially equipped with an arbitrary index structure that we
henceforth will not explicitly denote. Associated to the action S[{¢;};¢g] is the

stress-energy tensor defined by Eq. (15.19), i.e.,

({6} g)(x) = - 72(@ 5?9%39] .

To each field ¢; we assign a Weyl weight w;, that we may choose freely, often

(19.1)

it is defined as the canonical mass dimension w; = [¢;] (cf. appendix |A|for the

281
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conventions used here). We define the Weyl transformation of the metric field
g and each field ¢; as

() =720 g, () (19.2)
@ (x) = e 1%, (x) . (19.3)

Next, we will Taylor-expand the Weyl-transformed action S[{¢;};¢] in a(z)
around o = 0:

S [femeoshie g = Sl{orbigl + [dlav/glo)ala) # ({6} 59] () + Ofe?)

(19.4)
where the field A4 [{¢;}; g] has been defined by this expansion. On the other
hand, we can first expand the exponential in the transformations and

in a,
S [{e ¢} s e g ] =S [{(1 +w;j)¢;}; (1 = 2a)g,,] + O(a?)
=S {¢; + wjag;}; gu — 209, + O(a?),

and only then Taylor-expand the action in w;a¢; and —2ag,, around a = 0:

S [{ewja(bj} : 6—2ag‘wj}

= S[{ds}i9]+ Z / d w; (), (x) 2 {5 +(;’(Jii;i>g(g — 209,

+ /ddx (—2(x) g (2)) 6S[{9; 22?32;1;?{;; 2009, ]

(19.5)

+0(a?)

SHostig +Z/ddmw] ), (x )W

0S[{)}; g
09y ()

= S[{é5} g+ [ dlav/g(@) alx) [Z 5 05(a 511 95); g

-2 /ddas a(z)g,.(x) + O(a?)

00;()

+ g ()T [{ ¢} 9l () | + O(a?).

(19.6)
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By comparison with the above definition of the field A [{¢;}; g] we can read off
the identity

N {6} 1] (2) = T oy} ol }: o, —%%%%%ﬂ- (19.7)

Furthermore let us define the functional

HQSJ} 9] ddx\/g N {¢J} gl (v), (19.8)

for which to define in general, it is sufficient to consider the restriction to a(x) =

const. = a:

S [{e°6;} e 9] = S[{o,} s+ aN [{o,} 9]+ O(@?) . (19.9)

On the other hand, said functional is determined by
N{o;}:9) = [ d%av/g(2) T, [{¢5}; 9l(x)

(19.10)
o oo

With help of the operator 7 = —2 [d%z+\/g(x) g, (2)0/8g,., (), the integrated
and traced stress-energy tensor can be expressed as

A \/9(e) T, {65 )(x) = TS ({65} 1) | (19.11)

which leads the way to an alternative derivation of Eq. (19.10]) employing lemma

(17.13)), cf. appendix |F.10]

(B) Ward identities. Next, we define the effective action I'[g] associated to
the action S[{¢,}; ¢ byE|

Tlg.] _/HD SHes}ig-] (19.12)

where D(¢;; g.) = D,y¢; is the g dependent path integral measure of the field
¢;, cf. appendix . The Weyl transformation of this measure is given by its
Jacobian J;|a; g] that we parametrize as follows:

D (¢59.) = Jjla; g|D (¢35 9.) =t e~ X VI@@A@OD (41 9.) . (19.13)

"n this paragraph, we indicate the placement of indices (where these need not be placed) by
bullets because this placement is essential to perform Weyl transformations correctly.
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Therewith, applying the Weyl transformations ((19.2)) and (19.3) to the EA, we
find

exp {-Te > Vg.]} = / HD (06720 g.) exp {=S[{¢}; e **Vg.]}

— /He— fddm\/@a(a:)%(a:)l) (¢j§g..) eXp{ — S[{ij};g]
— [ da/g(x)a(x) A [{d;}; g](x) + O(a2)}

~ [ate/g@ate) [m-(a»+</V[{¢j};g1<x>+o<a2>]}.
(19.14)

Furthermore expanding the exponential in the last step gives

exp {— (F[e_%‘(')g..] —I'g.]) }
:ﬁ / 117 59.) e_s[{‘z”‘};g"}{
1- ;/ddx g9(z)a(z) {%<x> + r/V[{%};g](l’)} + O(a2)}

=1 % [ate/aiaato) o) + (A dl) ] + 0,
' (19.15)

where we have have quantized each field ¢ — éz and the expectation value has
been defined by the last step, i.e., it is calculated with respect to [T], D (¢4; g) e~ SHoshl,
On the other hand, an ordinary Taylor expansion of the EA gives

Te 20g.] - T[g.] = —2 /ddx a(av)gu,,(ac)ér—M +0(a?). (19.16)
0 gy ()
Let us define the effective stress-energy tensor Tl [g] by
ol'[g] 1
= —— T : 19.1
Sl VT ) (1917)
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Therewith, the ordinary Taylor expansion amounts to

exp{ - (F[e_%‘(')g..] — F[g..D } =1— [d%+\/g(x) a(r)Temhlg](z) + O(a?).
(19.18)
Combining both these expansions, we can read off the following identity from

term of order «:

/gl Taflol(x) = 3 [0l | o+ (A 100} 010) |

(19.19)
The function «, however, is fully arbitrary. Thus, this identity is equivalent to
Tarlo(w) = 3 o(x) + (A [{B:}igl(a)) - (19.20)

This is the anomalous Weyl- Ward identity and we call the first term on the RHS
the anomaly. Its integrated version reads

7T = [ /5) Tusklol@)
= 3 [ttaval e + (NG ale))

(Note that this equation still requires regularization!)

(19.21)

(C) Tegl; vs. (cla@ﬂ’f ). Let us promote Eq. (19.7)) to an operatorial relation

@wﬂ@hmu»=<wm@kd@w
< RUCICHTN
j
From this operatorial relation and Eq. (19.20) we can deduce the difference
nﬁmu»—@wu@hﬂuw
> ] (19.23)
¢ =9;

whose expectation value we subsequently take:
> (19.22)
5¢]< ) bj=b; |
[{cb]} Gy
— o, ENE I Juvd
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whose integrated version amounts to

7))~ (TSl kl) = 3 [ d'e/g() ()

J

W /ddx <@(@M

0 () ¢J¢E]~>] '

(Again, all terms appearing in this paragraph still require regularization.)

(19.24)

19.2. EXAMPLE: A REAL SCALAR FIELD

As an example, consider a single real scalar field A on a generic Euclidean
background manifold (M, g), i.e., ¢; = A, whose action is given by Eq. (3.3),

SulA: g] = % / Ay /g A [0, + 4% + ER(g)] A. (19.25)

Here, let us set the Weyl weight of the field A to its canonical mass dimension,
ie., w; = w = [A]. We can deduce the canonical mass dimension of the scalar
field A from the fact that the action has canonical mass dimension zero. Using
the convention of dimensionless coordinates (cf. appendix [A]), we find

! d—2
0= [d? mwa AdAl = [Al=—=. 19.26

2
0 —d +2 0 0

Consequently, the scalar field ¢; = A possesses Weyl weight w; = w = (d—2)/2.
Therewith we can deduce the functional N[A;g] by means of Eq. (19.9)) (with
a = const.):

Su [P essetog] = fate Aeile Fg e A

—e**¢" D,D,

d—2

+ p? + §R(e_2ag)] ez %A (19.27)

A.

= [d%x\/g(x) A

(=0, +€R(g)) + e~
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where we have used that \/det(e=2%g.) = e~%,/g, R(e"**g) = e**R(g) and

that fact that the Christoffel symbols are not affected by Weyl transformations.
Hence we have

Sar [e%m;e*h ] Sui[Asg] = = [ d%e/g(z) Ale 12A
= —ap? /ddac\/ﬁA2 + O(a?) (19.28)

N[4; ] + O(a?)

from which immediately follows that

N[A;g] = dazy/g(x) A(x (19.29)

Next, let us deduce the anomaly o7 (x) from Weyl transforming the measure
defined by Eq. ,

H det (g.)"* dA(z) . (19.30)

Thereby let us assume that the measure is regularized by discretizing spacetime,
i.e., restricting it to finitely many points. This leads to

= H det (e_m(z)g..)l/4 d (e%a(m)A(xD
— H e (det g.)/* e 2 @ A(z)

= [[e @ (det g.)""* dA(x) (19.31)

=™ 2= D(4;g)
L o= 4%\ /o@) @ @) D 4; ).

Here, we must clarify the sum in the forelast step. It is a sum over the finitely
many points of spacetime. As shown in Section we can identify this
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discretization-based regulator with a cutoff of the N-type. This is why the
sum can be rewritten as ) «(z) = Tr[a(2)|y and hence also reads

S o) = / de/5(@) (zlold)]z)

T .
“lattice”

= / ddx\/g(x) afx)d (z),

“lattice”

(19.32)

where the integration domain “lattice” means the finitely many spacetime points.

By setting a(x) = 1, we can determine the integrated field «7:

/ dt /(@) of (x) = / de/5(@) (] L)

“lattice” “lattice”

= Trs[ls]n

(19.33)

In a further step, we compare the general defintion of the EA, Eq. 7
with the EA we had defined for the scalar field A in Chapter|[3|at order one
loop. It is clear that we must replace the general EA I'[g] of the previous section
with the 1L-EA (8.39), i.e., Ipfg] = $ Trin (=0, 4+ p? + ER) = 5 Trin X [g].
Accordingly, when employing an N-cutoff, we have

TTlgly = <N[A g > ddx\/g_eQiN
= i [ /yl) (@) |+ Trslisly

Expanding the scalar field A in the truncated basis of eigenfunctions { xs.m }n=1
of X '[g] = -0, + p* + &R, this equation becomes, using Eq. (16.29),

TTlgly = — /dd:v\/g sznm )X (@ —i—ZD

(19.34)

.....

:gpn {1_;_”] o (19.35)
-1 [ 90
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Furthermore, Eq. (19.24) becomes when employing an N-cutoff, using Eq. (16.29)),
A _ A. d—2 d i 0Sum[A; g
<ySM[A7g]>N_ <N[A’g]>N_T d JI<A<$)— il o

dA(x)
= —u? [da/g(e) (A%(a))

-2 [t /o) (A (gAY ) )

N D,

_ MQ /ddx\/@ Z Z Xnm(@X;m@)

Fn

N

n=1m=1

=2 [ /7 3 3 XX )

Fn

n=1 m=1

_ gTrS[]ls]N 4 Trs {M} .

(19.36)
Together with the previous equation leads directly to
- d
TTulgly — (7 Suldigl) =3 Trs[Lsly. (19.37)
which precisely is (a regularized version of) Eq. (17.25)).

19.3. EXAMPLE: GRAVITON AND GHOST FIELDS

As a further example, consider the graviton field h,, together with the ghost
fields £, and £ also on a generic Euclidean background manifold (M, ). Their

classical dynamics is determined by the matter action (4.44)),

Sni[hy €,€;9) = Saraviton|h; G] + Sanl0, &, & ] (19.38)
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in which we specify both, the graviton action (4.45) and the Faddeev-Popov
action (4.34)), to the harmonic gauge a« = 1 and = 1/2:

1 .
Seraviton 1 6. =3 / A%w/g by (% [0: 91 )" 1[9)77* hag
L fa = 11d, - ., _ L
:5 dx\/g(x)hm, 3 5(Ptr)ﬂ po_[u oo (D* — R+ 2A)

+ 3" Rpy — Oy R*, — Rp”a”}f 77 hag
(19.39)

and
50,6691 = — V3 / dey/GE,. 17,5, €
SN / e GE, [0 + R €

We will exploit the freedom of chosing the Weyl weights of the fields h,,, f_u
and &* by applying the Weyl transformations as follows:

(19.40)

(@) =e20g,, ()

19.41
¢(x) = e g;(x) o
with
gbj = h,uy = w; = u
2 Ly (19.42)
¢y =Euor & = wj:[¢j]:T~

The Weyl weights of the ghost fields correspond to their canonical mass di-
mensions, [¢,] = [€#] = (d — 2)/2, however this is not the case of for graviton
field h,,. (The chosen Weyl weight would be its canonical mass dimension if
Newton’s constant was dimensionless.) Therewith let us obtain the functional
NTh,&,&; g using Eq. (19.9). With a(-) = a) we therefore expand

d—6 d—2 — d—2 d—6
o = Eae, 2= =ay. —20=
Smle 2z %h,e 2 % ez %e g] = Sgraviton [e 2 “h;e g]

+ Sgn [O,e%af,ed%of;e_zag} (19.43)
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in the parameter . Let us expand both terms independently; the former term
yields

a—6
an. 20—
S graviton [e 2 h) € gi|

1 = =6 1 d D v TRV
=3 d%z \/det (e=203..) e 2 hW{— [—(Ptr,)“ oo — 1" pa}

—— 2 |2
x@Mﬁ—ﬁﬁham+§%¢#%—&ﬁy—mgﬂ}&FW%T%M

1 — — v o —2a d, o v Ty o
:§/ddx\/§{hw/2/[0;g]“ o7 Fe 2N R {5(31)“ o — 1" pg} h* }

DN | —

/ ddx\/ﬁ{ hyuw 2 10; g1 b7
11d % THY po 2
(1= 20020 5 | S (P} = T | 17 6+ O(0)
d - _
= Sgraviton[h; g] - QaA /ddx\/ghuu |:§(]Dtr.)w/pg - [/Wpa:| hpg + O(Oé2) )
(19.44)

while the latter term in fact can be shown to be invariant under Weyl transfor-
mations:

Sgh [07 e%agv e%af; e*QCMgi|
= - \/§/dd$ N T > [64D* + R, ] e T oLy

== gh[0> ga ga g] .
Thus we have determined the “non-invariance” that amounts to
d—2

Sm [e%ah,e z “f,eti?io‘ﬁ;e_mg} — Smlh, &, & 7]

d - _
= — 20A / Ad\/G [—(Ptr,)wpa — 1" | K7 4+ O(a?)
2 (19.46)

=aN[h,E &3]+ 0(a?).
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From this equation we can easily read off that

N(h,& & g) =N(h; g)

y d o - o (19.47)
= =200 [ d"0Ghy | 5(Pa)" = T | B

Next, we quantize the fields (h, &, €) (ﬁ, C,C) and determine the anom-
alies o7 by Weyl transforming the measure for the graviton /f;W and the ghost
fields C,, and C,. Again, let us do so seperately and assume that each mea-
sure is regularized by discretizing spacetime. The measure for /HW is given by

Eq. (D.10), i.e., (cf. [118] Eq. (2.19))])
D(h:g) = [ ] H g(2) 5 I dhyu(2). (19.48)

u>v

where we have used that the symmetric tensor EW possesses d(d+ 1)/2 degrees
of freedom. Performing a Weyl transformation on this measure leads to

D(H;g) =D (e%aﬁ; e’2°‘g>
(d 4(er1)

T 5 Ta(e o)

n>v

—a(z) W=D (d—4)(d+1) (d—6)d(d+1) ~
_ H e a(z) g(x) s eOl(CL‘) 1 H dhm,(x)

sy (19.49)
= He-“T*”W)D(E;g)

_ d(d2+l) z

=e Io‘(x)D(ﬁ;g)

= exp {—Trsye [Lsrea(@)]y } D(h; 7).
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Here, we have identified the discretization-based cutoff with an N-cutoff, as

before, i.e.,
Trore [Lsr2a(2)]y = / dz\/g(z) (z, p, v|a(2) |z, 1, v)
“lattice”
= tr[lsre] / d’z a(z) (19.50)

“lattice”

By setting a@ = 1, it follows immediately from the definition of the anomalies

<7; that
/ Aa/G(@) i (2) = Trara[Lgze] , . (19.51)

“lattice”
The measure for the ghost fields Ou and C* is given by Egs. (D.7) and ,
ie.,

D(C;9)D(Cs9) = D|g % C*| D] C,| = Hg )" 2ACH (2)dC, ()

(19.52)
We point out, as we did in appendix[D.5] that the ordering of the factors in the
product is crucial; here, the ordering is defined in the way the factors stand (no
further commuting). Applying a Weyl transformation to the measure for the
ghost fields leads to

D(C" 7,) (C" ,,) :H (e—Qda(:c)g(x))*d/Qd<ed2;20¢(1’)c'/ﬁ(x)> d(e%“(“})c_’u(z»
T,u
_ H edQOé(f)g(I)_d/Qe_d(d_Z)a(m)dC”(ZE)dC'M(«'E)
o H eQda x (C‘ )

= e%Z D(C;9)D(C; 9)

= exp {— (=2Try [lya(2)] )} D(C; 9)D(C g)
(19.53)
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where we have used that

Trvftva(@ly = [ a5 o ula(@)e. )

“lattice”

= tr[ly] /ddxa(a:) (19.54)

“lattice”
=d Z ax).
T

Again, by setting a = 1 it follows immediately from the definition of the field
<7; that

/ A /500 [(x) + (@) = —2Try [1y],, (19.55)

“lattice”

With these ingredients, we are ready to calculate the difference given by Eq. (19.24)).
Therefore, first note that the general EA defined by Eq. (19.12)), which, in this
application, is defined by the bare matter action Syi[h, C, C; g], here is precisely

is the 1L-EA (4.71]),
1
Pifg] = 5 Trsrz In[#[0; g)".] = Tev In[.#1[g. 91" - (19.56)
Hence, Eq. (19.24)), when applying an N-cutoff, here yields
T Tulgly — <<75M[ha C,C;§]>N

= [ Wil Y e+ ddx<ﬁuu(x)5SM[g’C7C;§]>N

“lattice” je{EC—',C’}

d—6 ~

=Trsye [Lsraly — 2Ty [Lv]y + —5— d%z <hw(:c) (52/ [0; ﬁ]””pﬁ”"> (56)>N

d

= <§ — 2) Trgr2 []lSTQ]N —dTry []IV]N’

(19.57)
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which is precisely Eq. (18.34)). (In the third step, we have applied the one-loop
expectation values given by Eq. (4.54)).)






CHAPTER 20

Conclusion and outlook

In the final part of this thesis, we considered quantum fields in contact with
dynamical gravity and proposed a novel, non-perturbative framework for the
analysis of such systems.

This framework is subject to a main principle, Background Independence,
which must be rigorously implemented already at the level of the regularized
precursors of a quantum field theory, which we refer to as “approximants”. The
resulting generalized continuum limit of such self-consistent approximants thus
results in a quantum field theory whose fields live on a dynamically selected
background manifold, in accordance with Background Independence. To realize
such limites, we introduced a regularization scheme via cutoffs of the N-type
which results in N-sequences of approximants of an increasing number of de-
grees of freedom. Moreover, we argued that each member of an N-sequence
should constitute a (quasi-)physically realizable system. All these considera-
tions together can be summarized in the proposed requirements (R1,2,3).

After proposing this quantization framework, we began with probing the
properties of the explicit quantum systems that arise from it. Therefore, on the
one hand, we considered a quantized scalar field on a classical background mani-
fold, and, on the other hand, quantum gravity itself, by means of the background
field technique. We identified two non-identical candidates for N-sequences of
approximants, which in turn are inspired from two different versions of the field’s
operatorial stress-energy tensor that is not unique at the quantum level. As a
starting point, we chose to determine the underlying self-consistent spherical
geometries, given by a sequence of N-dependent, self-consistent radii. It must
be emphasized that we henceforth determined these in ezact calculations.

When specialized to four spacetime dimensions, the resulting N-sequences of
self-consistent radii exhibited striking physical properties. Especially we were

able to demonstrate the absence of the cosmological constant problem, whereby
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adding further degrees of freedom to the quantum system flattens the universe.
Furthermore, they allow for an interpretation of the microscopic degrees of free-
dom that form the thermodynamic Bekenstein-Hawking entropy of de Sitter
space.

These preliminary investigations of the proposed novel quantization frame-
work should be extended in a number of directions. Especially, more physically
realizable approximants should be constructed. Then the convergence prop-
erties of the resulting N-sequences should be analyzed, i.e., conditions should
be worked out under which N-sequences of approximants converge to quantum
field theories of desirable properties.

Regarding the analyzed field content, this will particularly require the treat-
ment of self-interacting matter. Regarding the self-consistent background ge-
ometries, it is necessary to expand their analysis to more complicated back-
ground structures. In particular, background structures of cosmological models

might result in approximants with physically intriguing properties.
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Part 5

Appendix






APPENDIX A

Mathematical background

The following appendix gives an overview about the mathematical conventions
and notations used in this thesis. As the content of such an appendix can eas-
ily get out of control, let us specify a few notational peculiarities right away:
Throughtout this thesis, we use natural units in which A = 1 = ¢. In theo-
ries of gravity, canonical mass dimensions can follow the conventions of either
dimensionless coordinates, i.e. [z*] =0, [0,] = 0, [g] = —2 and [¢"] = +2
etc., or of a dimensionless metric tensor, i.e. [g,] = 0, [¢"] = 0, [z#] = —1,
[0,] = +1. In case that we specify canonical mass dimensions, we always point
out which convention we follow. With z,y € R¢, the delta-function is defined
by §(x —y) = H?Zl §(x' —y*). Furthermore, det and tr denote the determinant
and trace of a matrix, while Det and Tr denote the determinant and trace of an

operator (that potentially is equipped with a tensor structure, as well).

A.1. CONVENTIONS AND NOTATION
A.1.1. Manifolds and Hilbert spaces

Where not mentioned elsewise, we model classical spacetime as an d-dimensional
Riemannian manifold M with metric g of Fuclidean signature, i.e. signature
+ + - -+ +. In the rare cases of working on Lorentzian manifolds we adopt the
signature —+- - - +. In special cases, Lorentzian metrics can be converted into a
Euclidean metrics applying a Wick rotation of the time coordinate in the com-
plex plane. The mathematical aspects of Wick rotations are delicate [178] and
as these are hardly made use of throughout this thesis, we will, later on, solely
expound the Wick rotations actually used.

We denote by g, R = ¢"' R, Ry = R e and R, = =017 + -

the components of the metric tensor, scalar and Ricci curvature as well as the
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Riemann tensor emerging from g, respectivelyﬂ Also, D,, denotes the covariant
derivative given by g and we call U, := ¢’ D, D, the Laplacian operator.

Attached to (M, g) is the Hilbert space L*(M,g) of square-integrable func-
tions with the scalar product

('7 ')g:L2(Mvg> X L2(M7g> —C

which is locally given by

(fifo)g = [ d'z/g(2) fi(2) folx), (A1)

where g(z) = det (g, (x)) denotes the determinant of the metricﬂ Let us define
another, auxilliary, scalar product by

(fi, fah = /ddﬂ? fi(@) folz) (A.2)
which is independent of the metric g. This scalar product is not associated to

L*(M, g) but plays a crucial role in evaluating the Gaussian path integral.

Next, we may express (-, - ), employing the bra-ket notation:

(f1, f2)g = (f1lf2) (A.3)

with |f2) € L*(M,g) and (fi| € L*(M,g)*, the dual space. Introducing the
basis {|z) |z € R?} one has f(z) := (z|f) and consequently

(filf2) = [ d%2/g(2) fi(2) fa(z)
— [t /a(@) (fr L)l o)
— (] / da/g(@) ) ] o)

such that in this setting the unit operator on L?*(M, g) is given by
L = [dla/500) o)l (A4)

INote that in the common textbooks [179] and [46], the Riemann tensor is defined with the
opposed sign.

2We denote by g the metric as a geometric object, i.e. a section of a vector bundle, as well
the determinant of its local components. In the respective context, it will be clear to what
notion we are referring to (mostly the latter).
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that is the completeness relation of the basis {|z)}. Its orthogonality follows as
o(z —y)

<$C|y> = <x|]1L2|y> = \/M

and we can therewith confirm consistency,

(1) = [ /5(o) Gl ol ) = 1),
Defining matrix elements of an operator A on L?(M,g) by
Ay = (2| Aly) , (A.6)

(A.5)

matrix multiplication of A with another operator B and the operator trace of A
are given by, respectively,

(AB),, = [d%2\/g(2) A,.B., (A7)

To[A] = [dl/g(2) A.. . (A.8)

A differential Operator A% associated to the abstract operator A is defined as
(for f € L*(M, g))

(A 5) (2) = [ @y /5] Auyfy = GalALS). (4.9)

Alternative notations are (A% f) (z) = (AMF@f) (z) = <A§iﬂ(x) f > (x) where
“diff(z)” refers to differentiation with respect to z. The inverse operator A~!
of A is defined by

ATA = AA =12 (A.10)

from which we derive the relations
(AATY), =112y, (A.11)
/dd\/g(z) Az (A7), = Li2gy (A.12)

(A.13)

So far, we have built a framework to handle scalars on a Riemannian mani-
folds, i.e. the space of square-integrable functions L?(M, g). In addition to that,
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we are required to accordingly treat vector fields and symmetric rank-2 tensor
fields. Geometrically, vector fields are elements of I'T'M, the space of sections
of the tangent bundle T'M — M, while symmetric rank-2 tensor fields are el-
ements of I'Sym?(TM), the space of sections of the vector bundle of bilinear
mappings on TM, Sym?(TM) — M. Locally, X € I'TM and ¢ € I'Sym?(TM)
can be expressed, with help of a chart x : U ¢ M — U’ C RY, as [179-181]

9,
X, = X"(q) S (A.14)
0 0
— oM
b0 = ") 500 © o (A.15)

where ¢ € U E| Relying on the fact that vector budles are locally trivial, we fur-
ther restrict I'TM to V and I'Sym?(T'M) to ST?, which are subspaces identified
by the local isomorphisms

ITM|y 2 Vi]y 2 LM, g)|y ® R?
ISym(TM)|y 2 ST2|y = LX(M, g)ly @ R" = .
Then we may extend the scalar product (A.1]) to the space of vector fields and

symmetric rank-2 tensors, respectively,

(X,Y), Ad%w\/g() g () X (2)Y" () (A.16)

(¢ w ddx V g guaguﬁ + guﬁgua)(x)(b*w}(x)waﬁ(x) ) (A17)

where X,Y € V and ¢,1 € ST? (or complexifications thereof). These local ex-
tentions of (-, -), are obviously well-behaved under coordinate transformations
and hence defined globally. Therewith, we identify the spaces of vector fields
and of symmetric rank-2 tensor fields as Hilbert spaces. Their canocial bases

are given by, respectively

{lz,p) |z e R, pe{1,...,d}} (A.18)

3At this short moment in time, we are aware of the ongoing abuse of notation: Physicists
usually treat sections of vector bundles locally, i.e. consider mappings codomain of chart —
manifold — total space that are well-behaved under chart transitions. If x denotes a chart
and X a vector field, then such mappings are obtained by X o z~!. However, we denote
this mapping, that we consider only in local treatments, as x > X*(x) where x € R%, and
conveniently forget about the interposed chart but keep in mind the transformation behaviour
under chart transitions from now on.
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{|ZE,,M,V>‘.Z’€RC[;MSI/;M,VE{L...,CZ}}. (A.19)

These bases map X € V and ¢ € ST? to their local components, X*(x) =

(w,1|X), X:(x) = (X|a, ), 62 = (w,p,v]6) and @, (z) = (6], u,v), and
fulfill the relationsfl

(2, ply, v) = 55—5(90 — ) (A.20)
9(y)
1 o(z —y)
<SC,,U/,I/‘y,Oé,B> =5 555U+5“52 (A21>
3 0 + 0502) = ==
as well as
Z /dd:v\/g(a:) |z, w)(x, | = unity operator on I'T'M (A.22)
m

Z /ddx\/g(x) |z, g, v){z, p, v| = unity operator on T'Sym?(TM). (A.23)
R

Regarding the scalar products, we verify that for X, Y € V and ¢, € ST? one
has

) =Y / dar /(@) (X |z, )z, ufY)

= [d% g(x) X, (2)Y*(x)
=(X,Y),

and

Bl =3 / da /(@) (B, 1,0 (s, o)

= [ d%a\/g(x) b, (2)9" ()
= <¢a Q/})g :

After having meticulously introduced the geometric framework to work with,
let us summarize the precedent outline by introducing a simplified notation. We
denote by. ..

“When indices appear in bras and kets, we explicitly denote whether they are summed over.
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....S the Hilbert space of scalars with canonical basis {|z)}. Its unit
operator is 1g = [d%zy/g(x) |z)(z| and the operator Ag acting on S
is locally given by (x|Ag|f) = (As)iilcf f(x). Its trace reads Trg[As| =

Jd%e\/g(x) (z]As|z).

...V the Hilbert space of vector fields with canonical basis {|zu)}.

. . o d
Its unit operator is 1y = Y [d%c\/g(2) |z, ) (x, s and the opera-
tor Ay acting on V' is locally given by (z, u|Av|X) = (Av X)" (z) =
(Ay)* VilﬂX Y(x). Therewith, its trace is given by the formula Try [Ay] =

>, A%/ g(2) (x, plAv]z, p).

... ST? the Hilbert space of vector fields with canonical basis {|x, u, V) }.

Its unit operator is Tgr2 = Y, [d%w\/g(x) |z, p, v)(x, pp,v| and the
operator Agr2 acting on ST? is locally given by (x,p,v|Agr2|¢) =

(Asr2)" (z) = (ASTz)Waﬁingbaﬁ(m). Therewith, its trace is given by
Trorz[Agr2] = ZW, [d4x\/g(z) (z, p, v|Asp2 |z, 1, V).

Also, we point out the significant fact that Trg, Try as well as Trgp2 are inde-

pendent of the metric g due to (A.5)), (A.20) and (A.21)).

Lastly we introduce the general notation

> —. JHipz 5(33 — y)

12828

<x7M1>M2, .- |]l|y7 Vi, Vo, ...

such that especially
17 1 v v
Isr2" po = 5 (0505 + 0457) (A.24)
and Iy", = 0¥ and Ig = 1. Usually, as the context is clear, we write only I for

]ST2~

A.1.2. Separable Hilbert spaces

Often we assume M to be compact. This implies the Hilbert space S = L*(M, g)
to be separable and equipped with a generic countable basis {|n> ’ n e ]N} of S.
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Without loss of generality, this basis can be chosen orthonormal, (n|m) = 0.
In terms of the functions (x|n) =: u,(z) this relation reads

Onm = (n|m) = (n|1g|m) = [ d%z+/g(z) (A.25)

and the completeness relation 1g = > |n)(n| amounts to

oz —y) _ (@ly) = (xln)(nly) = Zu : (A.26)

9(y) .
In this setting the trace of the operator Ag acting on S can be computed as
Trs[Ag] =) (n|Asn) . (A.27)

n

Therewith it is clear that the Hilbert spaces V and ST? of vector fields and
symmetric rank-2 tensor fields are separable, too. However, in order not to
digress in the preliminary, we dub their generic countable bases only in special
cases.

Next, we will study the properties of a basis of S that has been constructed
in terms of the eigenfunctions of some operator acting on S. Therefore, let %
be some operator acting on S that is self-adjoint with respect to (A.1)). We

assume its eigenvalue problem,

to be solved. Furthermore, we assume %  to have a fully discrete spectrum and
to be positive definite; then one finds the sequence

n—o0

Fl< Py << F — 0

and {Xn,m ‘ nelN,me{l,..., Dn}}, where m is the index accounting for the
degeneracy D,, of the eigenvalue .%,,, forms an orthonormal and complete basis
of S. The orthogonality and completeness realtions, (A.25) and (A.26]), now
read

5nk5ml = ddx V g Xn m Xkl <A29>

=> Z X () X (¥) - (A.30)

nelN m=1
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Here, we draw attention to an important lemma: If J# is self-adjoint with

respect to (A.1)) then
L= gY@ gV (&) (A.31)

is self-adjoint with respect to (A.2). Note that for the sake of clarity, we denoted

the position operator in the argument on ¢'/* with a “hat” — elsewise, we drop

the “hat” for operators. The proof is a sequence of equal signs:
(f1. L fo)1 = / A fi (x)g"(x) (H g7 f2) ()

= /ddxﬂg‘mf{‘ g gy
= (g7 fhgt g7V )
= (%9_1/4f179_1/4f2)g

= /ddw g (g V) g

= / d% (g"* o g7V ) fo

= (Zf, f2), O

where in the fourth step we have used that # is self-adjoint with respect to

)

g

To diagonalize .Z, let us consider its eigenvalue problem:
Ly =Ty & Hg V= FgT M,
Without loss of generality, we can choose 1, = g~ */*x,, which implies
F=F,.
Hence, we have found that

spectrum(.¢) = spectrum (%) = {.%,} . (A.32)

The eigenfunctions v, of £ occur with the same degree of degeneracy as x,,
(that of .%,) and fullfill

OnkOmi = /ddx g (@) g (@)X (2) X0t (2) = (Cnms i), (A.33)
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5z —y) = g""*(x)g"*( ZZXW ) Xnan (¥ Zzwnm Vnm(y) -
n m=1 n m=1 (A34)

Note that {t,,,,} forms a basis of S, too.

A.1.3. The special case M = S4(L)

Sometimes we restrict (background) spacetime to the special case of M = S4(L),
the d-sphere of radius L, and employ the bases of S, V and ST? given in terms of
the eigenfunctions of the negative Laplacian —, = —¢"”D,D,. The spectrum
of the Laplacian on the d-sphere, acting on S, V and ST?, has been determined
rigorously [182-184]. Subsequently, we summarize the required results while

introducing compact notations for these.

The eigenvalue problem for the Laplacian acting on scalars reads
— Oyt () = E5Up () (A.35)

where n =0,1,2,... and m = 1,2,..., DY accounts for the degeneracy of é?fﬂ
We introduce the state [nm) in S by

(zlnm) = wpm(z); (A.36)
thence
{lnm) |n=0,1,2,... ; m=1,2,...,D;} (A.37)
is an orthonormal basis of S and the trace of an operator Ag is given by
0 DZ
Trg[As| = Z Z (nm|Ag|nm)
n=0 m=1
~ D3
_ZZ/ddx\/g U (T Agdlﬁunm(x).
n=0 m=1

SHere, we explicitly let the index n start running from zero to mark the (single) zero mode —
the constant function.
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A wector field can be decomposed into transverse and longitudinal parts, cf.
(A.75)). Accordingly, the eigenvalue problem of —[J; can be decomposed into

transverse and longitudinal eigenfunctions:

T _ T (, T
-0, (ul,) (&) = &7 (ul,) (2). (A.38)
where D <u£7m)u =0;n=1,2,... and m=1,2,..., DL as well as
L _ pL(, L
- DQ (un,m)“(x) - éan (un,m)u<x) ) (A39)
where (uﬁm)u =Dytpm;n=12,... and m=1,2,..., DL We introduce the

states [nm)” and [nm)” in V by

(z, pulnm)" = a¥ (ufm)“(x) (A.40)
and
(, u!nm>L = aﬁ (uﬁm)”(x) (A.41)

where o and al are constants chosen such that /(nm|kl)” = 6;10um0u; I, J =

T, L. Then

{\nm>T In=1,2...;m= 1,2,...,DZ}
X U{|nm>L n=12...;m= 1,2,...,D£} (A.42)
is an orthonormal basis of V' and the trace of an operator Ay is given by
oo DT 0o DE
Try[Ay] = Z Z Tinm| Ay |nm)" + Z Z Linm| Ay |nm)*| (A.43)
n=1 m=1 n=1 m=1

or put another way,

o Di
Tro[Av] = > D> (ah)® [de/g(@) (uh) (@) (A", 2T (ul,0)" (@)
I=T,L n=1 m=1
A covariant symmetric rank-2 tensor field can be decomposed into transverse-
traceless, longitudinal-transverse-traceless, longitudinal-longitudinal-traceless and
trace part, cf. . Accordingly, the eigenvalue problem of —[J; can be de-
composed:
— Oy (uph) () =& (uph )W(:c) : (A.44)

nm) n,m
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where D* (ulT) =0=g" (ulT) :n=23,... andm=12,... DI

uv My
-0, (uBT) (@)= 65 (ulT) (), (A.45)
uv nv
where (uﬁif) =D, (ugm) +D, (ugm) in=2,3,...andm=1,2,..., DﬁT’T'
’ v ) v ) 12
=0, () (@) = & (uliT) (@), (A.46)
uv uv
where (uﬁfnT) =2D,Dyup,—2g,,0gup;n=2,3,... andm =1,2,. .. ,DL"T.
uv
as well as
— Oy g tinm(z) = EF*up m(z), (A.47)
where n =0,1,2,... and m = 1,2,..., D¢ 'We introduce the states |nm>TT,
|nm>LT’T, |nm>LL’T and |nm)"™™ in ST? by
(@, vinm)"™ = ol (ul T )" (), (A.48)
uv
(. vlm) T = gl (k) (@), (A.49)
uv
(. vm) T = a5 () (@), (A.50)
(@, v|m) ™ = a4 g ()t () (A.51)
where aI7, aL"T aE" T and a'™ are constants chosen such that ! (nm|kl)’ =

8170mmOu; I, J € {(TT), (LT, T), (L, T), trace}. Then

{lnm)"" | n=2,3,... s m=12.., DI}
< J{mm) n=28 . m=12,.. DETY
xU{|nm)LL’T n=23. m:1,2,...,DT§LvT}
< | J{lnm)™ | n=0,1,... ; m=1,2,...,Dy*} (A.52)

is an orthonormal basis of ST72.



314 A. MATHEMATICAL BACKGROUND

The trace of an operator Agr2 can be calculated by means of this basis,

00 DTT

Trorz[Asr2] ZZT (nm|Agpz|nm)™"
n=2 m=1

T 1
ooDL

+Z Z LET ()| Agre [nm) LT

n=2 m=1

(A.53)
00 D{{L‘T
30 >0 H | Asgafnm)
n=2 m=1
00 D’;Lrace
+ Z trace nm|AST2|nm>trace’
n=0 m=1
which is equivalent to
0o DI
2 diff B
Trsrldsr =333 (@) [dlevg (ul,), (om0, (ud,)°
I n=2m=1
00 Dtrace

race v diff o
+Z Z t /ddx\/gg;wun(ASTQ)“ afB g Bun7

n=0 m=1

where I € {(TT), (LY, T), (LY, T)}.

Lastly, we point out that the index n starts running from 0, 1 and 2 for u,,
ul and ulT, respectively, per construction 182, 184] (corresponding to the rank
of the tensor). All other eigenfunctions are constructed from these three; and

consequently one can deduce the respective ranges that n indexes [183].
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A.2. FIELD DECOMPOSITION

Details on how to decompose a tensor field can be found in many textbooks,
e.g. |102, |185} |186]. Subsequently, we introduce the most important properties.
In general, we denote a projector onto some subspace of a Hilbert space by P

and by P its associated tensor structure given by
i 0@ —y
() 1, pa, - - | Ply, 1,19, ...) = (PH#H2 ,,1V2...)$ w e —y) :
9(y)
(Usually, we write P##2, . for notational simplicity and keep in mind that

we deal with a differential operator.)

A.2.1. On flat spacetime

Tensor fields defined on a flat spacetime, i.e. Euclidean space with the metric
9 = 0, or Minkowski space with the metric g, = 7,,, can be decomposed
into irreducible representations of the Lorentz group. These are labeled by spin
J and parity P, in short J¥ [102, p. 21].

A wvector field X, can be decomposed into its transverse and longitudinal
components. These correspond to the following representations of the Lorentz-
group, respectively. Firstly, a (d — 1)-dimensional representation with J¥ =1~
given by the projector

v ._ Pub”
in Fourier space (otherwise L*, = f"g?v) and, secondly, a one-dimensional rep-

resentation with J£ = 0% given by the projector
1, =96, —L,". (A.55)
This implies that we may split the vector field X, as
X, =X, +0,0=L"X,+T,"X, (A.56)

where G“XE =0 and o is a scalar field.
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A symmetric rank-2 tensor field ¢,, can be decomposed into four irreducible
representations of the Lorentz group — firstly, a (d + 1)(d — 2)/2-dimensional

representation with J¥ = 2% given by the projector

2y o8 _ 1 o 1 N
on the transeverse-traceless part of ¢,,:
XIT = (P®) s (A.58)

Secondly, there is a (d — 1)-dimensional representation with J = 1~ given by
the projector

(PM) 0 % (ToL) + T)T + To Ly + TP LY) (A.59)

whose projection (traceless, not transverse) of ¢, can be written in terms of a

transverse vector fg:
1y o8 T T

Lastly, there are two one-dimensional representations, each with J = 07, given
by the projectors

(P<07ss))Waﬁ = ﬁTwTo‘ﬁ (A.61)

( p(&ww))waﬂ = L, L (A.62)

whose actions on ¢,, can be expressed through two scalar fields, s and w,
respectively:

(P(O’SS))WQB Dap = éTws (A.63)

where s = —llT (baﬁ (transverse, not traceless) and
(P(O’ )) ¢08 = —Lb w (A 64)
wy d v )

where w = L* ¢, (neither transverse nor traceless).

The subsequent relations equally hold for the actual projectors P, PM) etc.
(with I exchanged for 1):
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With help of the identity I given by Eq. (A.24) we can formulate the com-
pleteness relation that the projectors defined above fulfill,

P@ 4 pM 4 pOss) 4 pOww) — (A.65)
which is equivalent to
1 1
T (0.6 +0,8)) + s + S L = (A.66)

Next we note that it is possible to define projectors that entwist the two one-

dimensional representations. These are given by

1

(Osw)y @ _ aB

(PO),," = =Tl (A.67)

(PLOw) #__1 L, T (A.68)
weod—1

and can also be included in expressing an orthogonality relation for the projec-

tors:
(I,ab)
(P )yu

where P?) = p209) p() = po0) 17 —0,1,2 and a,b,c,d € {0,s,w}.

P (P(‘]’Cd))pgaﬁ = 51J5bc(P(J’ad)) or , (A.69)

1%

It can be easily verified that a linear combination
Y = CLQP(Q) + Cllp(l) + aSSP(O,ss) + CwaP(O,ww) + aswP(078w) + awSP(Oﬂus)

where as, a1, as, @y, a5 € R, is inverted by

]. 1 ww SS
ylo —p®@ —p) a POss) 4 a pOww)
a2 a1 Qg5 — Qswlys AssAuw — Aswlays
— el pOsw) _ Qs POw) - (A70)
Qg5 — Qswlws Q55w — Aswlys

ie. YY l=Y"1ly =1

Finally, we introduce the projector on the trace part of a symmetric rank-2

tensor,

1
(P )0 = ;lgw,gaﬁ (A.71)
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and note that this definition also holds on curved manifolds (just as the identity
(A.24)). With that, one has the relations

d—1 ss 1 ww V d—1 sw ws
P = —— P 4 SR 4 S (H(f.)’ '+ Py )> ; (A.72)
d d d
1 EX] d - 1 ww d — 1 sw ws
I =Py =P+ PP+ R0 4 S p) - Y (P 4 PO

A.2.2. On curved spactime

On curved spacetime the decomposition of a symmetric rank-2 tensor field into
irreducible representations of the Lorentz group is not possible.ﬁ However, a
similar decomposition, the York decomposition, is still possible [187]. First, a
symmetric tensor field ¢, is split into its transverse and longitudinal parts:

By = Gy + D (A.73)

where D“(bfu = 0. The longitudinal component can be expressed through a

vector §,,
L =D, + D,E,. (A.74)

py

Then again, the vector &, can be decomposed into transverse and longitudinal

parts:
&u=¢ + Do, (A.75)
where D“fg = 0. The longitudinal part of ¢,, hence becomes
L =Dul +D,& +2D,Dyo. (A.76)

Next, we will further decompose ¢Zu into its traceless and trace part. Therefore,
we write the trace of ¢, as

¢ = g" by = 9" by, + 9" s, = 9" b, + 2D%0 (A.77)
where D? = ¢g**D,,D,.. Hence,

1
9O =0 —2D% & &, = —gu (6~ 2D%) (A.78)

6This is obviously only possible for tensors whose transformation behaviour under coordinate
transformations is given by elements of the Lorentz group.
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and {

D = b+ 9 (¢ = 2D%0) (A.79)
where g“”gbg,/T = 0 (transverse-traceless). All together, the York decomposition
reads

1
Guw = Gy + D&l + DEL + 2D, Dyo + <G (¢ —2D%) . (A.80)

Nota bene. Applying general coordinate transformations to ¢,,, it is straight-
forward to see that the fields £ and o are pure gauge fields while ¢/ and the
combination ¢ —2D?¢ are invariant and hence physical degrees of freedom [185].
Futhermore in flat space, i.e. g, = d,, Or g, = N, one finds that s = ¢—2D%*c

and w = ¢ + (d — 1)D?o [102].

Often it is convenient to take a look at the York decomposition from a dif-
ferent angle: Define by

1%

2
"7 .= D&, + D&, — EgWDQU (A.81)
the traceless longitudinal part of ¢,,. This directly leads to the decomposition
1
¢,u1/ = ZE‘{' ﬁg + Eg;u/¢'
Next, we can further decompose the traceless longitudinal part by decomposing
the vector &, according to Eq. (A.75]):
T
LT =Dyl + DL (A.82)

is the tranceless longitudinal-transverse part of ¢,, (where the latter “trans-

verse” refers to the decomposition of ¢,,) and

1
(ﬁﬁj’T = 2 (D”DVO' — EQW,D20'> (A83)

is the traceless longitudinal-longitudinal part of ¢,,. Then the York decompo-

sition can be written as

1
b = By + 0"+ ST+ 90 (A.84)
Note that the degrees of freedom of ¢17, (d+1)(d—2)/2, of ¢, T, d—1, and of

ﬁj T and égu,,gb, each having a single degree of freedom, sum up to d(d + 1)/2
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— corresponding to the decomposition in flat spacetime into irreducible repre-
sentations of the Lorentz group.

Also on curved spacetimes, projectors on the respective parts of the York
decomposition can be constructed. The definition (A.24) of the identity I}y
on the space symmetric tensors does not depend on the metric can is therefore
trivially valid also on curved spacetimes. Likewise the projector on the trace

part

1
(P )oo = 909" (A.85)

fulfills its purpose on curved spacetimes: (P )b ¢ = (1/d)gps¢. The re-
maining projectors cannot be adopted as simply from flat space and their con-
struction is much more involving. Following [62] the projector on the traceless
longitudinal part is given byﬂ

(Pr) ,p = (PR (Py)5(=D) (I = Pi)??,

po o

where

2
(PO = D!5; + D8 — 5" D

d—2
(P2)5 = | =D*5 — R*3 — ——=D"D;
Therewith one has (Ppr)* ,¢* = (¢*7)*". In practical situations the appear-
ance of the inverse projector P, ' makes it difficult to deal with the projector
Prr. In this thesis, the projector Prr is only formally required, however. Fur-

thermore, this definition also entails the projector onto the vector part,

(Pe)po = (P53 )5(=Dy)(I = Pu)”,

o

that acts as (%), 977 = . Hence, by applying the projectors of a contravariant
vector onto its longitudinal and transverse part,

(Pp)t & =D"(D*)7'D,&" = D'o
(Pp)*, & = (Iy — PL)" & = (§")",

7(PLT)’“’ po acts on contravariant second-rank tensors — we could raise and lower its indices
using I such that it acts on covariant tensors. Here, we refrain from doing so in order to
not artificially complicate the matter.
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we can construct the projector of a contravariant second-rank tensor fields onto
its traceless longitudinal-transverse and traceless longitudinal-longitudinal part.
These are

(Prrp) ,, = (Do + D"34) (Pr)”5(Pe)”

po
(P, = (DB DB = 30 DalP)?, ) (R,
and act as (Ppr )" ¢#7 = D*(E")"+D¥ (€M) and (Pre ) 677 = 2D" D" o —
(2/d)g" D*c. Obviously these projectors fulfill
Ppr = Prrgp+ Py,

Lastly, we define the projector on the traceless transverse part by

(Pro)" o = (I — Por — P )™,
that acts as (Prr)* 07 = (¢"7)*, such that we obtain the overall identity

I - PTT + PLT,T + PLL,T + Ptr. . (A86)

Furthermore, it should be said that these projectors fulfilll the defining proper-
ties of a set of projectors: PPy =0 for I # J and P? = P.

A.3. LORENTZIAN VS. EUCLIDEAN ACTION FUNCTIONALS

Here, we wish to briefly illustrate how Euclidean action functionals can be
derived from Lorentzian action functionals by a formal analytic continuation
(“Wick rotation”). All the omitted subtleties can be found in the standard
textbooks [102} 118}, |188].

Consider the action functionals of a scalar field A on a four-dimensional

curved spacetime with Lorentzian signature:

1
Sler — —5 /d4\/—g (9" 0,A0,A+ (m* + {R)A?)
and the four-dimensional Einstein-Hilbert action

1
Lor __ 4 — —92A) .
SEH 162G d*zy/—g(R )
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Next, assume g to be a static Lorentzian metric of the form

Loy — (90() 0
Gy () ( 0 gij<$)>

of signature — + + ..., i.e. goo < 0. Here, static means that with z* = (¢, 2%),
the components goo and g;; depend on z’ only. In order to map this metric
to the Euclidean, we “Wick-rotate” the time ¢ to the imaginary time tg by
letting t = —itg and considering tg real thereafter. The formal rules for Wick-
rotating the action functionals are [dt = —i [dtg, ¢v.0,A0,A = g4’ 9,A0,A
and Rro(9) = R (gr) where

E —goo 0
9w = .

Therewith we can determine the Wick-rotated action functionals,

iS = (—i)(—i)% / dts / Br/G5 (g0, A0, A + (m? + ER)A?)

2
= _SE P

== [V (g 0,A0, 4+ (' + ER)A)

and

. 1 ;

= — (Sen)g -






APPENDIX B

Metric variations of geometric objects

This appendix is nothing but a list of variations of geometric objects built from
the metric g,,. All these variations can be obtained in tedious, yet simple cal-
culations, applying basic algebra and, here and there, commutators of covariant
derivatives: [D,, D,|¢, = Ru," ¢, and [D,, D)0 ps = Ry 0r0 + Ruve” dpa. In-
dices are raised and lowered using g,,, .

® 00, = hyu
o 0gi” = —hH
® 09 = 3/99" I
o 0V5 = 5 (40 = )
° (51_‘576 = %geo [Dﬁhryg' + D7h50 - Dghg,y]
® 0Ru3, = =Dyl 3, + Dol yy"
- %[ — Rapy/hy" + Rapu“hy — DaDyhs
+ DgDyho + DoDhg, — DgDehy|
® 0R,, = 3[Ruch,” + R hoy + 2Ry b
+ D, Dyh®, — D, D, ho™ — Do D*hyy, + D,y D%h, )
e /R = _Ruyhfpz/ + -DB(DahOéB - Dﬁh’g)
® g%V 6?Ragys = DahasD hG — Doah**Dghys — Doh*® Dshig
+ Doh**Dyhgs — D*h3Dyhos + 5[ — DxhD*hgs
+ Dgh® Dshax + Dghy Dyh + DshyDyh)|
® 52R = Rﬁuhﬁyhg - Raﬁvuhﬂvh(xu
— 3R D, Doh§ + 207 DDy h + 2h%Y DRy,
— WP Do Dghg — Dohy Dah*? + 3 D hog Dyh?
— 2D Dghl + 2D*hADyh — LD hDyh
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APPENDIX C

Functional calculus

In this appendix, we review the basic conventions and definitions of functional
calculus as well as the properties of the functional derivative.

C.1. FUNCTIONALS AND FUNCTIONAL DERIVATIVES

Consider a function space §, e.g. § = C°(R",R). In this case, an element
f € § is function R — R, z — f(z). A functional F then is a function
§ — R, f — F|[f]. Thus a functional is a function whose domain is a function

space. A few examples (n = 1):

o Ff] = [} dx f(x)
o Fylf] = [Jdzg(f(x), f'(z)) with g : R x R — R fixed

o [[f] = f(z) with z € R fixed (“evaluation functional”)

To prepare the definition of the functional derivative, we define the delta
function
duy : R" = R, &+ 0y (z) = d(x — x0) (C.1)
that will play the role of a basis vector in the “z¢-th direction”. Therewith the
functional derivative of a functional F': C*°(R",R) — R with respect to f(zo)
is defined as

oF = im1 € —
6f(x0)m = lim = (F[f +eds] = FIS]) - (C.2)

This definition is in full analogy with the partial derivative of a function f :
R™ — R, given by

ﬁ(3:) = lim1 (f(z +ee;) — f(x)) (C.3)

ox; e—0 £
where ¢; = (0,0,...,1,0,0,...,0) (with 1 at the i-th entry). Just like the
partial derivative df/0z; again is a function R™ — R, the functional derivative
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d0F/df(zo) again is a functional C*(R", R) — R. Table (1| depicts the details of
this analogy.

TABLE 1. Corresponding objects in the analogy between function
and functional.

Function f Functional F

argument z € R" argument f € §

r={x;|i=1,....,n} f={f(x)|zeR"}

i={l,....n} =N, x=(x1,...,2,) €ER"

x.: N, —> R f:R"—= R
€; 5:1:0
(52']' 5(1’ - Io)

An important example is the functional derivative of the “evaluation func-
tional” F[f] == f(z) with x € R™ fixed — in the distributional sense this is the
delta distribution. We have

oF 1

Sl = 2 (F(a) + 0y (@) = f(2)) = b (2)

Analogous to dx;/dx; = ;; we write henceforth § f(x)/df(xo) = 0(z — x0).

Another, alternative, yet more general, definition of the functional derivative
is to consider dF[f]/0 f(x) to be defined by
OF[f] - F[f +e¢] - F[f]
d —
/d x(sf(x)gb(as). llir(l] .
d

:d—gF[f + &g

=0F(f, ).

The more general functional derivative §F(f, ¢) can be regarded as a “direc-

e=0

tional derivative” in the direction of ¢. It is related to our previous definition

by
SF[f]

6f(x)

SF[f]
6 f(xo)

SE(f,6,) = / SUSLLATA NS
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Futhermore, the functional derivative can be generalized to functions f :

R™ — R* by componentwise differentiation,

ale) s
fslag) o0 T (e

where «, 5 € {1,2,...,k}. Therewith, also the functional Taylor series (more

precisely: Volterra series) goes along the lines of the analogy with ordinary
calculus:

F[f +h] = +Z/d" 5fa (z)

" " ] .«
'Z/ T / s ) £ (€3

B

C.2. PROPERTIES OF THE FUNCTIONAL DERIVATIVE

To state the properties of the functional derivative, let F, F}, F5 : § — R be
functionals, ay, s € R and G : § — § a function-valued functional, d.h.
G[f] € § and (F o G)[f] € R. Then the following properties hold:

%(x) (i Fi[f] + asFo[f]) = ey 5(;{;) [f] + az 5?{;) [f] (linearity) (C.6)
%@)@Fﬁ[ﬂ 5;?;) 15[ f] + Filf] 5?)[ ] (product rule)  (C.7)
(Sgc—&?[f] = / d™y 5‘22% f][)(”) § ([f;)(y) (chain rule)  (C.8)

2 commtes it [0y 09

) = 5 = b= a) ©10)

0 (x) By, By 0f(x) — Oy,
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Proof. All these properties can proven in the same way as their counterparts
in ordinary calculus would be proven. As an example, let us prove the chain

rule (C.8): Define v, € § by

. 1 (5G[f] e—0

and w:§ x§ — R by

w(p, ) =

Therewith, we can write

e—0

(Flp+ed] = Flp]) = 6F(p, ) — 0.

(LI

Gf +ed.] =Gf] +¢ (%+UI>

and

Flp+ed] = Flp] + < (0F (p,6) + w(p, 9)) -

From these two equations we can deduce that

_ 5 sl
FIGIf +¢6.)) = F[GIf]) + {6F (Gm, ok )
which is equivalent to
PGS + e8]~ FICL] _ 5l
8 =0F (G[f], 5F () + x)
iGlf]
f(z)
In the limit ¢ — 0 we find
(FoG) . G| f]
o= (a5

which is what we wanted to show.
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Lastly, we point out some special cases of the chain rule (C.8)). Consider
G[f] = go f with g : R — R fixed and F[f] :== f(xo) with 2y € R" fixed. Then

we find 5 1]
0 : /

—_ = d(xo — C.11

where the prime denotes the ordinary derivative. Therewith we also find that,

with G as above and F' an arbitrary functional,

5(1?5;(%) o 5(25 Lgfj <]2> g(f@) (C.12)

oo F)Lf] _ 0Flf]
57 5)

and

(FLf])- (C.13)







APPENDIX D

The path integral measure

Path integrals play a key role in this thesis. The catchiest part in their con-
struction, aside from their regularization, is the construction of “correct” path
integral measures. The following appendix is a detailed exposition on this issue;
we will construct all path integral measures used throughout this thesis and ap-
ply these in evaluating Gaussian integrals. Lastly, a technical note: All Gaussian
integrals evaluated here can be w.l.o.g. generalized by replacing f(z) — f .

D.1. CONSTRUCTING AN INVARIANT MEASURE

Given two real scalar fields f and ¢ on flat space, consider the simple path
integral

/ Do da S@6@) (D)

where the measure is given by D¢ = N ], dé(z). It is understood that the
normalization constant N is always chosen such that we may ignore irrelevant
multplicative constants. This measure is still of an ill-defined nature and must
be regularized, e.g. by Fourier transforming the field ¢ and employing a cutoff
in momentum space. At the formal level, the integral is easily evaluated [31}
p. 188],

/ng o~ JA f(@)e* (@) (H /dd(b(m)) o 2o f(@)0* (@)
“T1 / ()@ @)

= L —De 22 .
~I1/75 =P v (D.2)
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With f and ¢ defined on a curved manifold (M, g) we wish to evaluate path
integrals such as

/D¢e % /(@) [ (@)6*(@) _ Dot ( /g(:?:)f(:?:)> e (D.3)

Due to the transformation behaviour of the scalar density \/M it is obvious
that the path integral is neither diffeomorphism- nor BRST-invariant.
However, by defining the path integral with an appropriate measure it is possible
to restore its BRST invariance. Eq. suggests to introduce the scalar
density

¢ =g (D.4)
and to define the path integral measure D¢ as Dy¢ == D [9"4¢]. Then

/ D e [ Va@ @) @) _ / D[g"/*9)] o Jatef (@) (a"/ 4 @)6(2)"
(D.5)

= Det (f(#))72.

The BRST-invariance of a genergal path integral [ D¢ F|[§] has been proven
rigorously by showing that the Jacobian of the BRST transformation associated
to diffeomorphisms is equal to 1 [189]. From the invariant scalar measure D¢
it is straightforward to derive the corresponding invariant measures for path
integrals over tensors of any rank. The most frequently needed measures are
given by [189, p. 260)]

Dy = D[gl/A‘(b} for a scalar field ¢ (D.6)
D,¢" =D [g%aﬁ”] for a contravariant vector field ¢* (D.7)
Dy¢, =D [g% ¢u} for a covariant vector field ¢, (D.8)
D, =D [g%gzﬁ‘“’] for a contravariant tensor field ¢*” (D.9)

Dy =D [ng_dzlng} for a covariant tensor field ¢,,, , (D.10)
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where D¢, =[], ,d¢.(2), Do =1, ., dpu(z) etc; and therewith Dy =
[1. (¢"*(z)do(z)) et cetera.

Assuming to be invariant, the invariance of the remaining measures
can be easily proven: With the help of vielbeins we will transform the tensors
under consideration into tensors “without” spacetime indices. Then we can use
to obtain the invariant measures. The vielbeins are defined by g,, =
euaeybéab from which one obtains /g = dete,* as well as \/ﬁfl = det e#, from

g = e',e”,6%. Next, we will derive (D.§)) and (D.10)) explicitly — the remaining

measures follow analogously.

The covariant vector field “without” spacetime indices is given by
Ga =g e 0y (D.11)
Therewith, it follows that
Do, = D[g"/ e a0,
— H det (g"*(x)e",(2)) Do,

=11¢7 (@)Ds,

oy
is invariant. The covariant tensor field “without” spacetime indices is, in turn,
given by
qgab = gl/4euaeyb¢uv ) (D12)
from which follows in the same way that
Dday = D[g"*e" ae” 1]
— H det (g"*(x)e"o(z) @ €"4()) D

= Hgd /4 ) (det e, (z ))QdD@W

For symmetric tensor fields, such as the metric field, we define the measure as [D¢,, =
IL < Jdé,u(x) to avoid double counting.
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is invariant.ﬁ Here, ¢,, has been vectorized and thus is thought to possess
a single index running from 0 to d*> — 1. Furthermore, “®” in the second
line denotes the Kronecker productf] such that e#,(z) ® e”;(r) is regarded as
a d? x d?>-dimensional matrix; also the determinant in the second line is defined
with respect to this concept. Note that in d = 4 the measure D¢, already is
the correct invariant measure for functional integration over covariant rank-2

tensors.

Nota bene. Throughout the proof we had considered ¢, ¢, ¢, ¢,,, and ¢
to be bosonic variables. 1t is straightforward to show that for fermionic (Grass-
mann) variables the results are identical; however, note that if ¢ is Grassmann
one must use

D¢ = D[g"¢] = Det(g") ' Do.
This becomes obvious when we remind us of the definition of integration over
Grassmann variables, [dnn = 1. Rescaling n with a constant ¢ one finds that

d(cn) = dn/c.

At last, we point out that in order to define a diffeomorphism-invariant path
integral, it is not necessary to choose preferred coordinates in function space
[191]. We also may define a scalar density of arbitrary weight w by gE =g /%
to obtain for the exponent in ({D.5))

A /g f(@)6(a) = [l f(a) (43 H@)iw)

Consequently, defining the measure accordingly, the path integral
w ~ 2
/ p g® +i o= Jde\/g(@)f(2)$* (@) _ / D [g%ﬁ é} o Jdw f(@) (g7+%<x>¢(:c>)
= # Det (f(2))"

is invariant, too. Earlier, we made the easiest choice of setting w = —1/2. This
choice of coordinates in function space is analogous to choosing an orthonormal

frame in a vector space. However, note that when substituting ¢ = ¢'/4¢ we

arrive back at (D.5]).

2When considering the metric field Juv, the very same result can be derived by analysing the
metric in field space (the “supermetric” or “DeWitt-metric”) [118],|190].

3The Kronecker A @ B product of two d x d-dimensional matrices A and B is a d? x d?-
dimensional matrix whose determinant fulfills det(4 ® B) = (det A)?(det B).
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D.2. THE GAUSSIAN INTEGRAL OVER SCALAR FIELDS
D.2.1. The action functional

Consider a real scalar field A on a Riemannian manifold (M,g) that we, for
ease of the subsequent analysis, assume to be compact. We define the action

functional for A by

S[A; g] = (A HA), /dd V(@) Az (z) (D.13)

where £ is an operator defined to have the properties outlined in subsection
A.1.2] In terms of the scalar density B = g'/*A the action reads

S[A(B);g] = S [¢7"*B; 4]

_ %/ddxgl/2g_1/4B<%/g_l/4B

1 (D.14)

== / d’z Bg'/*t g "' B
2
1

= 5 <B7 gB)l

where & = g"/*(2).# g~ V4(%).
We can expand A in the eigenbasis {x,mn} of

= Z A Xnm (T) - (D.15)

Multiplying this equation with g¢'/*(x) we obtain the expansion of B in the
eigenbasis {¢, .} of 2,

B(x) = Z an,ml/}n,m(x) . (D.lﬁ)

n,m
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Note that both expansions possess the same coefficients. Inserting these expan-
sions into S we find

1

S[A;g] = =

[ A9l =5

1
= 5 /ddx\/ﬁ Z an,an,mt%/Z Q1 Xk,
n,m k,l

(A, A),

1 ) (D.17)
= 5 Z ammakak /d Jf\/EXn,ka,l
n,m,k,l
- 52 S
- 2 n*n,m
where we have used (A.29)). Likewise, using ({A.33), we find
1
S|A(B) g = 5 (B.2B),
1
= 5 /ddm Z an7m¢n,m$; A Phy
(D.18)

1
= 5 Z an,mawgzk /dden,mwk,l

n,m,k,l
1
— E a 2
- 5 JTLa’an, )
n,m

which confirms that (B, £B), = (4, #'A),.

D.2.2. The transformation formula

In order to evaluate certain path integrals, it is often useful to expand the scalar

field A as in (D.15)),
Az) = anxn(), (D.19)

where the summation over two indices has been absorbed into a single sum.
In section we have learned that instead of f DA we must choose f DB =
D[g"/*A] = [DyA as the measure to construct an diffeomorphism-invariant
path integral. The scalar density B can be expanded as in ([D.16)),

B(x) =) aun(x), (D.20)
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with 1, = ¢'/*x,. After performing this expansion, one wishes to change the
integration variables from B(x) to a,. To do so, we make use of two fundamental
rules. Firstly,

/DgA FlA] = /DA Det (¢m)_l/2 FlAl (D.21)

whose proof is trivial on the prevailing level, given that D, A = [, ¢~ /4(x)dA(z).
Secondly, expanding any scalar field C' in a basis {u,}, C(z) = >, anun(x),

/DCG[O] = <1;[ /dca/> G zn:anun

This relation can be easily proven when considering the transition from the

one has

(D.22)

integration variable C(z) to a,, is given by C(z) = C, = Y, Junan, with
Jen = un(x) the Jacobian. From the properties of the basis,

S Ty = un(@)un(y) = 6(z — )
Z S Tem = /dxu;(:c)um(x) = Opm »

it follows that J = J' and hence detJ = 1. Therewith, it is obvious that
DC =[][,dC(z) =11, da,.

Applying these rules to the expansions of the scalar fields A and B amounts
to the rules

/ pAFA =] / day,., Det +/g(%) F [Ala] (D.23)

/ pBFB| =[] / da,, F [Bla]] (D.24)

D.2.3. The Gaussian integral in configuration space

In quantum field theory, the by far most important functional integral to eval-
uate is the Gaussian one. Therefore, let us evaluate the integrals

/DA e SMdl and /DgA oSl _ /DB o SIA(B)ig]
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with S defined as in (D.13)) and (D.14). After expanding A and B as in (D.15))
and (D.16]), we found in equations (D.17)) and (D.18) that

Sl = 3 3" Fuad, = SIA(B): 4]

n,m

With (D.24]) we can finally evaluate:

/DB o SNl = H/dan,m o 3 Fna2

_ a—1/2
g Ve, (D.25)

= Det ¢ 1/2
= Det £~ V2.

Likewise, we obtain for the other integral

/DA e 39l = Det milm H /dan,m e~ 37 n%hm

= Det \/g(i)il/2 Det ¢ ~1/2 (D-26)

— et (Va@x)

Note that in this case — as a consistency check — we derived, starting from a
non-diffeomorphism-invariant path integral, a result that is not diffeomorphism-
invariant, too. I.e., we are always going to consider DyA as the correct measure

to integrate over functionals depending on the scalar field A.

D.2.4. A note on the phase space measure

Quite interestingly, the results (D.25) and (D.26]) can be related to evaluating

the canonical path integral over phase space. For this single purpose, we will

consider the action

1
SLOr[A;g] — _5 /ddQH /—g [gMVaMA 8VA -+ Q(Q)A2j|
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defined on a d-dimensional Lorentzian manifold with signature — + +..., so
that we are not required to use an Euclidean Hamilton formalism. Here, € is
an ordinary function. Defining the Lagrangian as [192, p. 131 ff]

£ g) = — 5 [0 0,A DA + 9(g) A7
one has
S[A;g] = /ddx\/—_gﬁ.
In order to derive the associated Hamiltonian density
H[A; g] = paA(A,pa) — L

let us employ the ADM decomposition of the metric [188]:

N,N® — N? N,
. D.27
g# < NC hab) ( )

and for the inverse metric,

_1/N>  NY/N?
w D.28
g (NC/N2 hab — NeNY/N? | (D-28)

with NV the lapse function and N the shift vector (the indices a,b,c... run
over {1,2,3} and describe vectors on the spatial Cauchy surface). Note that
—g¢% = 1/N? and that the volume element then reads

V=g =NVh.

The canonical momentum is defined as
0
= — (vV/—9gL
ba A ( g )
. QOa
= _\/__ggoo (A + maaA) .
g
Applying the ADM decomposition, this expression becomes more handy,
b
pa = \/W_ (A — N“@aA> .

Therefrom, we can express A in terms of A and pa,
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as well as £ in terms of A and py,
1 N
VgL = =5 | = b+ NVRT0,A0A + NVRO(g) A%

such that the Hamiltonian density is given by

H=3 pr + paN®9, A + N\/_ h W04 A0 A + Q(g)A?] .

Having obtained these results, it is easy for us to evaluate the canonical
path integral (which is anologous to the elementary quantum-mechanical path

integralsﬂ)

/DA /DpA oifdte(pad=n) _ /DA /DpA exp i/ddx{pA (A — N“(?aA)

1N ,
— 5P
2Vh A
Note that DA = [[, dA(z) is g-independent. Using eq. (D.3)), we can perform
the Gaussian integration over the field momentum p A(x) to obtain

/ DA / Dpy eifdle(Pad=) _ (Det %) / DA S 4] D

— [Djacis i
g )

) —1/2
DA = 1;[ (%) dA(z)
= H{\/To(:v)(—g( ) dA(z) } (HV 9 >D A

where we have used (D.28) and denoted by DyA the Lorentzian counterpart of
the measure from the previous subsections.

~ SNV (A0, A0,A + (o) 47 } - (D29)

with

4DA’Dp 4 is analogous to the “Liouville measure” dg A dp in elementary quantum mechanics.
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In order to obtain the invariant (formally fully covariant) Lagrangian path

integral ([D.25)), this result suggests that DAD [Npa| = DAD [pA / \/—goo} is
the correct phase space measure [191], i.e.

/ DA / D [Npy] e'/d"=(pad=H) _ / D, A9 — 7[g]. (D.31)

with D,A =[], (—g(z))"*dA(x), as in the previous subsections, is the final
result for the correct path integral in phase space.

On the other hand, we may firstly ackowledge the result (D.25)) to be defined
over an “un-foliated” curved spacetime. Then the result (D.30]), and therewith

(D.31])), follows from (|D.25)) for any foliation, chosen to be applied to (D.25)), in
the legit gauge N = 1.

D.3. THE GAUSSIAN INTEGRAL OVER VECTOR FIELDS

When we wish to perform a path integral over a covariant (real) vector field
¢u, we ought to choose the invariant measure , Dy, = D[g%gbu]. A
Gaussian path integral over vector fields thus is

[olao] e~ [ayao, @vor) (D.32)

where Oy is an Operator on V', the Hilbert space of vector fields defined in
section , that acts as (Oy o) (z) = (Oy)" “T¢¥(x). Now the path inte-

vx

gral (D.32) can be easily performed, using (D.25) and taking into account the
additional vector structure,

/ Dy, exp {— / d’z\/goy (ﬁvcb)“}
- [Pl 0] e {- [aeva@ioon, ) o)
= Det (y(2)’6%) Det (\/M(ﬁv)’“‘pg””(:i"))1/2

d—2 _ —1/2
= Det g(Z) = Det g(i)_% Det (g(2)7") Y2 Det ((ﬁﬂ“p)

= Det ((Gy) )% . (D.33)
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In the third step, we have partially perfomed the determinants with respect
to the vector structure. This important result confirms that that the measure
has been constructed indeed in a correct way, i.e. to be diffeomorphism-

invariant.

D.4. THE (GAUSSIAN INTEGRAL OVER SYMMETRIC RANK-2 TENSOR FIELDS

The Gaussian path integral over a (real) covariant symmetric rank-2 tensor field

¢, In turn is given by

/D g 4d ¢MV eXp{ /ddx\/ﬁgbw, (ﬁgq@(ﬁ)wj} (D34)

where Ogr2 is an Operator on ST?, the Hilbert space of symmetric rank-2 tensor
fields defined in section|A.1} that acts as (Osr20)" (z) = (ﬁv)“l’aﬁdlff¢aﬂ( ). To
perfom this integral, we will regard the symmetric pair () of indices in ¢, to

have been (half-)vectorized into a single index, such that the sum over p and v in
(D.34)), each from 0 to d—1, becomes a single sum from 0 to d(d+1)/2 (avoiding
double counting), and the index structure of (&y)" ”aﬁ can be interpreted as a
d(d +1)/2 x d(d + 1)/2-matrix. Therewith, we have transformed the integral
(D.34)) into the form of the integral — that we already have evaluated —
and find the Gaussian path integral over symmetric rank-2 tensor fields,

JPut exv{ - [de i, @sror” ]
/ D 9 P exp{ A2/ g(2) s () (Csr2)" o 0" (177 o) (m)}
= Det [g(2)“5 5| Det (Vo) (s, 170(3))
- Det[ (7)Y ] Det (\/g(_fg) Jﬂmﬁ(@)>l/2 Det ((ﬁSTz)’“’pa>

where [°7%8 = % (gpo‘g"ﬁ + g*P g"a) and the determinant of the tensor structure
is taken as the determinant of the d(d + 1)/2 x d(d + 1)/2-matrix constructed
from the respective tensor. Using the fact that det A = det [(det A)l/” ]lnxni|
for an n x n-matrix A, we obtain (cf. [118] p. 59ff])

Det (/g(2) 17°9(#) ) = Det [\/g(_i") g d(:f:)% (67677 + 5PB5M)]

—-1/2
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=Dt | (g2 )02 (0) |

.\ (d—4) d(d+1)
= Det [g(x) 2d 2 :|
As an immediate consequence, the Gaussian integral over symmetric rank-2

tensor field is determined:

/ D [Q%%u} exp {— / A%\ /Gy (Os2 ¢)uu}
= Det ((Og72)".) "% . (D.35)

Interestingly, requiring this result to hold for g2 = I sometimes is used to de-
fine the measure indirectly, in order to bypass the ill-definedness of the product
over all spacetime-points in the defintion of the measure used here |193].

D.5. THE (GAUSSIAN INTEGRAL OVER FERMIONIC VARIABLES

Along the same lines, Gaussian integrals over fermionic fields on curved space-
times can be obtained. Here, the starting point is the path integral over the

fermionic scalar field n on flat space [31]:

Jowexn{= [atenia) @ @)} = Det (097,

where Og is an operator acting on scalar fields. This path integral is a cose-
quence of the definitions [ dn := 0 and [ dnn =1 that define the integration
of fermionic variables. Remarkbly, the sign of the exponent, —1/2 or +1/2, en-
trenches the difference between bosonic and fermionic Gaussian path integrals.
With the previous discussion on bosonic variables in the back of our mind and
using eqs. , this Gaussian path integral for the fermionic scalar field n
defined on a curved spacetime becomes

e {~ [atav/a@nte) @en @)} = Dot (097"

with Dyn = D[g"/*n] = Det g(&)"/*Dn. Likewise, the Gaussian integral over

a fermionic vector field 7, reads

oo {= [eedaine @y )} = Dec(or )™ D)
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where Oy is an operator acting on vector fields. Using Eq. (D.§)), the employed
. d—2 . d—2
measure is Dyn, = D [gﬂnu} = Det g(z)~ "7 Dn,.

Also, we are in need of deriving Gaussian integrals over complex fermionic
scalar and vector fields. Therefore, let n and 7 be conjugate complex feriomic
scalar fields and n* and 7, conjugate complex fermionic vector fields. In the
definition of fermionic path integrals, there is a sign ambiguity given by the
ordering of the factors in the product [ [, dn(x)dn(z). Therefore, it is crucial to
specify the ordering with which to the measure is defined. Here, we will employ
the “natural” ordering

DDy = | [ dn(x)dn(z)
which results in the “hyperbolic” Gaquian integrald] [31]
[ouon e {+ [atenwiomi ) = vetos.
as well as
Jowpn e {+ [aten o) @) @)} =Det (v
Applying the measures , and , we immediately find the cor-

responding Gaussian integrals over the respective fields defined on a curved

spacetime,
Joaaes{+ [tevi@emo}

= [pl ol ) e+ [ateva@amiosio)
=Det Oy,

and

[P D exp {+ [dtav/stim (@) (Gvny <x>}

SFor the ordering DnDi = [[,dfj(z)dn(x), the fermionic Gaussian integral is
[DnDij exp {— [d?zij(z)(Osn)(z)} = Det Os. The corresponding Gaussian integral over
complex bosonic scalars, a and @, is [DaDa exp {— [d?za(z)(Osa)(x)} = Det 671,
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= [ola ] plaa] e {+ [atevi@ne @mr @} @)
=Det (Oy".) .

As for the real-valued fermionic fields, the only technicality to take into account
is the Jacobian arising from the transformation of the fermionic variables, that

for the case of vector fields is given by
D[Q%W] D[g%ﬁﬂ] = Det g(2)~*F Det g(2)~“*Dy"Di,

— Det (\/Maf;) Dy,






APPENDIX E

The evaluation of traces using heat kernel techniques

Traces of the form Tr[1W (—D?)]; where 1 is the identity on the space the
trace is taken on, e.g. for the Hilbert space ST?, and W is a scalar
function; can be evaluated by means of heat kernel techniques. These have
been extensively studied in the literature |40, |194-199]. Here, we may skip the
details and restrict our calculation to applying the formula for the local early
time expansion of the heat kernel

Yy 4rs

d
: S 1 2 - n
lim (2, pi1, i, - |1 |y, o, pra, ) = <—) Y s"trag(z),  (E1)
n=0

where tr denotes the trace of the tensor structure of the Seeley-DeWitt coeffi-
cients a,. In fact, the applications in this thesis only demand the first two of
these coefficients

ap(x) =1

1
and ay(z) = éR(x)I,

where I denotes the identity of the tensor structure of the Hilbert space in
cosideration, i.e. specifically Ig2"" ,, given by Eq. (A.24), Iy*, = 0, and Is = 1.
To actually apply formula (E.1]), we Fourier transform the trace according toE|

Tr [1W(-D?%)] = /_:ds W(s) Tr []le_is’y} ,

which requires the function W to decrease sufficiently fast in the direction of
+00. With s — —is we obtain

Tr [1W(-D?)] = /OO ds W (s) /ddx\/g(x)(x, fin, iy - 1e 5% @y o, )

o0

IThe coefficients a,, with n > 3 are at least squared in the curvature and thus can be neglected
in the Einstein-Hilbert truncation.
2 Alternatively, we could use a Laplace transform.

349
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:/ dsW(s) [ d%a+/g(x) (%)d 3 > s"tra,(x)
:tr(f)/ooolsW()(L>g d?z+/g(x) [1——153 }

. s
+ O(R?).
(E.2)

Can we also use this formula to calculate Tr [P W (—D?)] where P is a
projector on a subspace of the Hilbert space the trace is taken over? Videl-
icat, we can interpret P as the identity of this very subspace (the isomor-
phism is obvious) and, for example, consider Try [Py W (—D?)] where Py is
the projector on the transverse part of a vector field (cf. subsection .
If we denote the corresponding subspace of V' by Vp with identity 1y, we
find that Try [Pr W(—D?)] = Try, [Ly, W(—D?)], which is from where we
could proceed the calculation with the above recipe. Unfortunately, there is
an obstacle here that renders this recipe not applicable: The projector Pp
is defined by differential constraints involving covariant derivatives which ulti-
mately gives Try [Py W (—D?)] a further curvature depedence. In the expression
Try, [1v, W(—D?)], this curvature dependence is hidden in the subspace Vr it-
self because V7 in fact is spanned per definitionem by {Pr|z,u) | x € RY; =

: ,d}ﬂ On the other hand, it is obvious that the above formula applies only
to Hilbert spaces that are not given by differential constraints and thus are
“curvature independent”. Inspecting the counter-example Vi a little further,

we in fact obtain, using the defintion of the projector P,

Try, [Lv, W(=D?)] = Try [Py W(—D?)]
1
=Try [1y W(=D?)] — Try | D’ D W(-D?
The first term can be calculated using the standard above procedure while the
second term requires the application of off-diagonal heat kernel methods [62,

3The structure of this discussion is similar to the question whether the trace is independent of
the metric g,,, although it is calculated e.g. for scalar fields as Trs[A] = [d%z\/g(z)(z|A|x).
Surely, the trace is 1ndependent of the metric, namely because the states are g-dependend

themselves: (z|y) = d(z —y)/+/9(
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200] that are not required in this thesis. Thus, we can conclude that we indeed
may caculate Tr [P W (—D?)] with the above formula, provided that P is not
defined by differential constraints. The only example appearing in this thesis
for such a projector, aside from the identity, is the projector P, on the trace

part of a symmetric rank-2 tensor field, given by P, [g]~ Z, = é 9" gap. We thence

have

Trgre [Py, W(—D?)]

= x(R) / stW(s) (ﬁ) : / e /g(x) {1 _ éisR(x)] +O(R?).

Next, we can still work on Eq. (E.2)) in order to organize the intermediate
result:

/_OO ds W (s) (%)d die/g(@) {1 - %isR(x)}

00 S

) (o () fenn
L dz

(&) {Qd[W] e/ + g, ddx\/gmf-z(x)}
with the “Q-functionals”

Qu[V] = / ds T/ () (—is) ™ (E.3)
This Mellin transform can also be expressed through W instead of W by making
use of the Gamma functionﬁ D(n) =i [[Cdzz""te =

Q.[W] = /_Oods W(S)(—is)"ﬁ(—i)” /Ooo Az 2 1ei

[e.9]

_ ﬁ/_oodsﬁ/(s) /OOO azt (5)" e

[e.9]

4Note that here I'(n) € R and thus I'(n)* = I'(n).
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1 /°° . /OO ~ )
= — dz 2" ds W (s)e'**
) Jo W)

= ﬁ /OOO dzz""W ().

In the third step we have substituted z — z/s.

All in all, we have obtained the equation, with W a scalar function,

WMWPWH=MM(LY{%Wﬂd%WM)

47

|~

+

%AW]MW%WW%+WW%

(E4)

with A =1 and A =1 or on ST? also A =P,, and A = P.

Lastly, it is obvious that if we follow the procedure yet again with the untraced
heat kernel, we will obtain the expansion

lim (2, i1, pig, [ AW (=D%)y, s oo, )



APPENDIX F

Outsourced calculations

This appendix is a conglomerate of meticulous calculations that the author
decided to dislodge from from the main text for various reasons, mostly because
the respective calculation is long and comprehensive. Then the author does not
have to encumber the reader with it at that point. Sometimes calculations have

been moved in order not to digress from the main line of thought, as well.

F.1. DERIVATION OF THE INFINITESIMAL COORDINATE TRANSFORMATION

Consider a d-dimensional (semi-)Riemannian manifold (M, ¢g). In a local chart
z:U C M — U C R? the metric is given by local functions g, : U — R.
In abuse of notation, let us think of the functions g,, as being actually the
mappings ¢, ox~!

x € R? consider the infinitesimal coordinate transformation

, i.e. we think of these local functions as g, : R — R. With

2" (x) = at — VF(x)

where V* is an infinitesimal vector field. We insert this coordinate transforma-

tion into the argument of g, to then expand it around z”:

G () = G (2" + V() = g (') + %gw(m') (2" + V) —2') + -

=) + (ol ) V) + O,

The chart transitions are given by

oz g ovVi(x)

oxv 7 oxv '

Oxt Oz® OVH(x) OVH(x) 9
=) R S Y 4 -\ .

oz o+ oxr'"  Ox~ o0+ ox” +0(V7);
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such that the metric transforms as

PP Oz OxP
9, (7) =ga5(x)ww

Blx @
= gle) + 9000) 2 g P oy,

Bringing this transformation behaviour together with the above Taylor expan-

sions immediatle yields

e ag v\ T ovVe(x oV (x
0hul0) = gunl) + Vo) 20 g (@), OO

= g () + (Lvg)w(z) + O(V?).

We particularly stress that LHS and RHS are defined at the same point z.

+O(V?)
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F.2. PROOF OF THE NILPOTENCE OF THE BRST OPERATION

We apply successively apply the BRST operations ¢, and d., with  and ¢ an-

ticommuting parameters. Note that ¢, and . are “even”, i.e. commuting,
however.

Nilpotence applied to ﬁuv:
648:hyu =8y (eLc i)
=e0y(LcGu)
=¢ (Ls,cGuw + LcbnGu)
=& (Lyoro,09uw + Le(LoGuw))
=en (Lycro,c9uw — Le(MLcGuw))
=0
as for an arbitrary covariant tensor field ¢,3 one has
Leoo,cbap — Lo(Ledas)
= (C70,C")0pdap + [0a(C705C7)6ps + [05(C7 05 C7)]¢a
= C70,(Letap) — (0aC%)Ledes — (05C7) Ledas

=— {C"’C’p&,ap(bag + C7(0aC")05Ppp + C?(05C?) 05 by

=0 (3) 2 (F.1)
—C(0,07)0,005+ (0a07)(0,0) 60, ~C (05071000
3) (1) (2
—0.C0C)01s)

(1)
=0.

(The eponymously labeled terms cancel; the first term vanishes due to a symmetric-
antisymmetric contraction.)
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Nilpotence applied to C*:

5,0-C* = §,(sC"9,C")
=£[(8,C7)8,C* + C¥9,(5,C")]
=e[(nC*9,C")8,C" + C¥9,(nC*5,C")]
=en[(C*9,0%)9,C* — (C*0,C")9,C,, — C*C*9,0, C*]
| I —

=0
=0.

Nilpotence applied to éu3

OF,(h;g) . ~
=ca 'Y, [ —5"6, he
u[ ] Ohes n'tap
w1 OF /ﬁ;_ R
gD
af

Therewith 5,7656_’M = 0 iff we use the equation of motion of the Fadeev-Popov
action with respect to C’#:
0Sgn[h, C, C; g] OF,(h:9)
af

=0 & ———=L Aa =0.
5C, oh CYap
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F.3. PROOF OF THE BRST INVARIANCE OF Sg + Sgr + Sgn

The invariance of the bare action itself is trivial as the BRST transformation
reduces to a general coordinate transformation of the metric:

Salg +6:9] = Salg + eLcg] = Salg + Lecg] = Salg].-

Next, we insert the BRST transformation into the gauge-fixing condition and
expand (all terms O(g?) can be neglected):
~ ~ 9F,(h+06.h;g
h._ _|__ /l\/‘( + 5/\79)68]1&6'
8(ha,3 + (Sshaﬁ)
Therewith, we apply the BRST transformation to the gauge-fixing action and to

the Fadeev-Popov action (again, neglecting terms O(g?)):
- 1 ~ - ~ -
Sar[h +0ch; g+ 6.9] = o / dx\/g F,(h+ 6.h; )Y " (g F,(h + 6.h; 9)

OF,(h + 0.h: ) s
8(ha5 —+ 6Eha18)

:%/ddx\/ﬁ (Fu(ﬁ;g)—i-

~ OF,(h 55& g
vy (Bl 4 DA sy,
O(hpo + 0chpo)
1 _ N a1 =
Zﬁ/ddfc\/ﬁ< Eu(h; g)Y" (g1, (h; 9)
F, h (55ﬁ; g
OF, (h + d:h g)dshw
O(hap + 0chap)
OF,(h+8:h:g)
8@116 + 567%%6 )
Note that if Y#[g] is a differential operator built from covariant derivatives we

made use of its behavior under partial differentiations, [d?z,/g A, Y " [g]Y B, =
[d%z\/g B,Y"[g]Y A,, that we had required in its definition.

+2F,(h; g)Y*[g]

-~

:&ﬂm¢+§/¥m@ﬂ@wWWM

-~

cYap -
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Senl[h + 0-h,C + 6.C,C + 6.C; g + 6.]

—— [ @ovag (Curza Y gl Falh+ 50 )

8F(h+§hg)
Loy, o +ha +eLots.c9a
a(ha5+5ha5) C+5.C <gﬁ 8 C+s 9. 6)
— /dd (0 +ea” Y7 [gIF, (h+5hg)>

3F (h-i—(Shag, J)
8(ha5+(5h )

= [ @evig (Cut e Yol Fh + 50i9)

 OF(h+6hosig)
8(ha5 + 9, hag)

~ F,
= Sen[h, C, C; g] — /d $\/_9W{ 8 (h+5ha'3’ 9) eLcra,cGap

LC’+5EC <ga5 + haﬁ + 5LC§0¢5)

[LC(gaﬁ + Tag) + Ls.o(Gag + hag) — €LC(Lc§aﬂ)]

8(ha5 + 5€hag)
— OF,(h+ 6.has: g R
-C, A( b g)eLo(chaﬁ)
O(hap + chap)
£ o~ 1 0F,(h+0.hasG) . -
+ —|\Y?,9]F,(h; g = Lcg,
= [v*.lg1Fu (s ) oo et

Eq. (F] ~ = N 8Fh+5ha,
*ED g [h.C.C;g) - /dw{ F,(h:5)Y"[g] 8(2 e )g)cha}.
af af

Again, note that if Y#”[g] contains derivatives then partial integrations have
been performed in the last step. With this result, it immediately follows that

~

Sap[ht-0.h; G+8.3)+Sgu [h+0:h, C+0.C, C+6.C; g+0.3] = Sar[h; gl+Salh, C, C; 7]

which is what was left to show, as d.Sgn 2[b; g] = 0 holds trivially.
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F.4. PROOF OF THE INVARIANCE OF e[/l eWil/idl ANp eWkl/i8:78] yNDER
BACKGROUND GAUGE TRANSFORMATIONS §(5)

We prepare the proof with a small lemma: Let f be a scalar built from tensors
Ttk for which 6B (Ty)ui ot = Ly (T;)k 4% holds. Consequently, §Bf =

vy vy

Ly f and
o0 [ dtaygs = [dlas® (g f)
— [ @ (VDS +VaLef]
= / d%z [Vg(D,V*) +/gV*D,f]

— [ @y, e
=0.

The last step holds due Gauss’s law; in the third step have used that

1 .
LV\/§ = 5\/§gﬂ LVguu
1

= VT V0 + (DY) + 0,V

1
- 5\/5 [V”g“”apgw + QOpr]

= %\/5 [2V°TY, +20,V7)
=\gD,V".
As the classical action Sg[g] in form of the Einstein-Hilbert action or
of the higher-derivative action ([£.4), SGF[E;Q] as in Eq. (£.12), Sgh[ﬁ, C,C, g
as in Eq. (4.13), Sgn2(b;g] as in Eq. (4.14), Ssource[/ﬁ, C,C b;t,0,5,d;5] as in
Eq. and A.S [ﬁ, C,C,b;g] as in Eq. precisely are of that form, one
immediately has that §)Sy[g] = 0, 5(B)SGF[E;§] =0, 5(B)Sgh[ﬁ, C,C,g] =0,
§B) Sy 5[b; 7] = 0 and 6B) Syoeeh, C, C, b; t, 0,5, d; g] = 0 as well as 6B AL S[h, C, C, b; g =
0. The crucial ingredient here is that 5(B)Fu(ﬁ; g) = LvF”(/f;; g) for the back-
ground gauge transformations.
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The action Sioueelg, C,C;t,0,5;3,7;g] is almost of that form — the term
7,C"0,C*" does not transform as a tensor. However, it can still be tamed.
Applying the background gauge transformation to it we find by expanding and
neglecting terms O(V?2):
7,0"0,C" + §B) (1,070,C") = (1, + Ly1,)(C” + Ly C*)d,(C* + Ly C*)

=7,C"0,C" +V°(0,7,)C"0,C" 4+ 1,(0,V°)C"0,C*
L = i
+7,V?(0,C")0,C* —1,C°(0,V")0,CH
L = i
+ 7,C"(0,V?)0,C* +71,C"V°?0,0,C*
L = i
-7,C7(0,C%)(0,V*) —1,C"C°0,0,V*
L — A
=7,C"0,C*" +V°0,(7,C"0,C") — IT”C”’C"’@,,&,V”I

=0

=7,C"0,C*" + Ly (1,C"0,C"),
where the eponymously labeled terms cancel. We have used that Ly7, =
V20,1, + 750,V and LyCH = V°9,C* — C?0,V*. Thus we may especially
write C¥ Ly (0,C*) = C¥0,(LyC*") and therewith have
6B (\/g7,C70,C") = /3 D,(VP1,C"0,C").
It follows that also %) Syueelg, C, C;t,0,5; 3, 7;g] = 0.

Lastly, we must show the invariance of the gravitational measure (4.21)),

respectively (4.22)), under 6P, It is clear that applying 6% to Eq. (#.21)) or
Eq. (4.22) amounts to applying a general coordinate transformation. In fact,
on can show that any measure

[To@r T[] o).

index structure
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where ¢ is a tensor field with arbitrary index structure and « is an arbitrary
parameter, is ivariant under general (infinitesimal) coordinate transformations
x> o' (x) =x+ V(x) |[118] 201203] given by

M B
Mot T aoto) o TLaee (“507) st T aote),

index structure index structure

The power 8 depends on the parameter o and the dimension d but is not of

importance here. Calculating the Jacobian yields
o™ (z)\"” 8
E[det ( v ) = E[det(é,‘j + 0, V)P (z)
= [ +0.v")’()
= H eﬁauvu(x)

SCD DALY

_ eﬁ Jd%28, VH(z)
=1,

assuming an empty boundary of the manifold. Hence, the gravitational mea-
sure also is 0(P)-invariant. As a side note, in the literature the above
calculation has been used as a point of suspension of the dicussion regarding
the potential irrelevance of the parameter «.

All in all, we thus have shown that 6P eVl = 0 §BeWil/idl = (0 and
5B Wil i8,m38] — ().
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F.5. DERIVATION OF THE RELATION J; = ((—1)%'1/,/g) 6T /6 ¢

We consider only the case b, = 0, i.e. that Y#"[g] does not contain derivatives.
In the following we abbreviate: t = t[h, ¢, €], o = o[h,&,€] and & = 5]h, €, €] as
well as W = W{[J[¢]; g]. We first show the relation for ¢ = 1 and then for ¢ = 3.
The calculation for ¢ = 2 is fully analogous.

oT(¢g) _ / s \@[ @) gy )

S () S (y) Shos (1)
=13 8(z—y)
00, () ., doh(z) -
@) ) Sy )

B /ddac Sth () ow N dot(x) oW N 00,(x) ow
Shap(y)  Ot*(x) Shap(y) oot (x) Shap(y) 60,(x)
=\/3(@)hyuw (z) =/3(2)éu(x) =\/a(x)¢n ()

=gyt (y) .

In the case ¢« = 3 it is crucial to note that when calculating the left derivative
of a composition of functions of even and odd variables, the inner derivatives
stands left of the outer derivative (cf. Footnote [I| of Chapter [17]).

oTlsig) _ [ =] (@) 60,(x) ,

R A [ sety) T e © )
L 0g(a) | bo(a)

o D5eay) bey) W)]

(4, ot (x) W doh(z

/ ‘ [55&@) () dE(y

== V3Y)oaly) .

SN~— | ~—
(=)
g
=
—~
8
~—
(o)
m I
Q
—~
<
~—
(o9
Ql
=
—~
S
~—
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F.6. DERIVATION OF THE FADEEV-POPOV OPERATOR .Z[g, g|",

~ _ _ oF, =~
Sgh[ha C: C; g] = - /ddx\/gcuglwaﬁ LC’(gaﬁ + haﬁ)
af
_ / /G G 2T G] LG + o)
=2 / d"z/GC, [§"°5* Dy — Bg"§*’Dy] LcGag -
Next, add

0= - @(—]mg—]w\[))\ [/g\au/g\y(s(ap/g\ﬁf - 85?]\/)7')07-}

1 N [~ =v -~ -~ T
+ _gung)\D)\ [gpvg 6(80957 - 85907)0 ]

2
Lo e e
+ §g,upg /\D)\ [gaz/g 6(8/)967 - aégpr)c }

4

in form of a “zero” to

[7°5°7Dy — 85" 5°° D,)] LeGas = + 375 D1 (C?0,ap)
+3"°g° D ((8aC?)Gps)
+3"79% D, ((95C”)Gap)

— 83" §*° D,,(C*,Gup)
— 85" 5 D, ((0aC?)Gpp)
— 33" 5°° Dy, ((95C”)Garp) -
It follows that
[3"75°7 Dy — 85" 5" D] LoGas =357 [D(Gp DsC”) + Dr(G5v D,C")]
— 265" 5" Dx(Gov D,C") .

Insert this back into Sgp:
Sen[h, C,Cg] = — V2 / d’2/3 Cy ("5 DA(Gov Do + G D) — 269”7 §"* DrGo D] C”

= —V2 / d'z\/g C,. 43, g",C" .
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F.7. DERIVATION OF THE OPERATOR (% [0; g]"” ,)en

Here, we explicitly calculate the inverse propagator (02/ 0; g|™ pa> for the
E

Einstein-Hilbert action (4.3)) with gauge fixing action (4.33]) (with unspecified
gauge fixing parameters), defined by Eq. (4.42]),

d d SEH[ +ﬁ] + SGF[h g])
diz [ dlyh,,(z g
/ / y () (y) . (y)

= [ ey @ 09", )

~

We define the integrals I, I and I3 as:

e s i
= — 2K /ddx /ddy /ddzﬁw(y) {@yy(y?;gpo(z) (@Rx)] :ﬁpg(z)
+ 4AR? /ddx /ddy /ddzﬁw(y) [MW(;)SZQW(Z) \/g(_x)] :ﬁpg(z)
@ [de /@ g(a) [aly [atsht)
x [ i (yf T (0 b)) (710 (o) Lzoﬁm<z>

::Il+]2+l3a

where we had taken into account that .Z°[§]gas = Z2°[g] h,ag. Next we bring
the integrals 1, I and I3 independently 1nt0 such a form that, at the end, we
can read off Z0; g|.
We start with I5, noting that further one has .Z2° [g]hag = D°h, —BD, h and
therewith{]

Iy zé%f d’z+/g(x) 57 (x) / d%y / A%z Py (y) (Z2° (G130 1455 (2 — )

X (FFAS 120 (x = 2)) Ty (2)

'Remember also that 5h“”(11) = 1206(xy — x2) with I defined in Eq. (A.24).

ap(72)
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1
= — 27 /ddx g(x) g™ ( /dd /ddz has(y
Q@
x (629" (x) DY — Bg*" (x) DY) 6(x —y)}
x [(079"(2)D; = Bg* (2) D7) d(x — 2)] hpo(2),
where have used that Dié(z—y) = 026(z—y) = —846(z—y). Next, we perform
two partial integrations, in y and z respectively, in order two evaluate the delta
functions. Yet another partial integration in x yields

1 ~ _ _
Iy = — =2k* [ d%+\/g(x) §*°(2)h,u [(5;9#71)7 — 33" D,)
(0%

x@wa—@mmﬁwm

= —2}{ ddwv g(x hW { Q'WD D + ﬁguﬂguvgtmDvDB

+ 8§ DyD, — 3%d (Hr,)“”paD2} 1 (z) ),

where (P )" oo

appendix [A.2.2]

Next, the integral I can be quickly treated. Using the second variation of the

= (1/d)g,-g"" is the projector on the trace part of g,,, see

metric determinant (cf. appendix

I [
091(y)09p0 (2) 2 |27

one straightforwardly obtains

I, = 2k°A / A%/G [d(Ptr) o IWW} s

Lastly, we determine /5. To do so, we again use the metric variations stated in
appendix [B}

o (y) LW IO Rl = e @5( — ) >{

3Gy (y )69,,0( )

§@Wg-+¢wwﬂ@wu—yw@—z»

171 1

il o e S TV 7 ne Py | R
+2{2g 97 = 5(9"9" +9"g )}
— 9" 99" Rag + g 9" 9"’ DD,

1 v lo} Q Vo
_§gugp D2+g“ pﬁRﬂ
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guaguﬁgpégchRéaﬁT . g,uoguwngnyDT
1 vo T
+§g“pg D2} d(x — 2)hpe(2) .

T

Therewith one has

I =27 ddx\/g(x)ﬁw(:v){ -

5

N | —

d
|:_ Ptr.>lwpo- - ijpa"| R

S8

+ 3" Rpg = 5" DoDp+ (P )" 1o D* = §"*0; Ry

O |

— 1 _ ~
+3"5" Ryapo + 049" D, D, — 2JW,,(,D?} W (z).

Putting these results together, the off-diagonal terms can be summed up by

exploiting the symmetry (uv) <> (po) and partial integration. One finds

L+ 1 + Iy = 2K /ddx\/ﬁﬁ,w{ (1 - —) 8°g" DD, + (2§ - 1) 7D, D,
+ ; [d (1 - 252) (P )™ 5 — JW,,U] D?
i ()
+ §" R,y — §"* 0" Rap + g“o‘g”ﬁl_%pagg} hee

As I+ I+ Is = [ d%\/G P (%0; " o)k h*° holds per construction, we

can read of the operator (% |0; g] EH:

)
KU (0 g ) — {d (1—2 )(Ptr,)“”pg—lﬂ”pg] D?

1
+3 <1 — —> [64D"D, + 6,D"D,
+ 64DV Dy 4 6V D" D, |
1 _ _
+ = <2§— ) “”D D,+g"D,D,
2\ «

+ Gpo D" D¥ + §po D" D"

+ [g(ﬂr) —IW,M] (20 - R)
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+ (7" Rpo + Gpo R

VR', + 6V R, + 6ERY , 4 0L R,

9
1
[
— [RS,V + R, .
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F.8. DERIVATION OF THE OPERATOR (% [0; G, = 6#,,]“”pa)h_,d.

We spread the calculation of the operator (%[0; g, = (5W,]Wpa)h,,d, given by

Eq. into two parts: (A) The variation of Sy _q.[g —i—ﬁ], given by Eq. (4.4),
on the one hand and (B) that of SGF[E; gl, given by Eq. (1.85), on the other
hand. In a further step (C), we will specify this result to four spacetime dimen-
sions which leads to Eq. . For that purpose, we introduce two auxiliary
operators, Q" ,,[g] and Qqp"”,,[g]. The former arises from applying the varia-

tion g, = /f;,w twice to the higher-derivative action evaluated at g,

528 _a[5] = / /G T 5] R

~

while the latter arises from reformulating the gauge-fixing action Sgr[h; g that

per se already is quadratic in EW,

SGF@L@] = /ddiﬁx/ﬁﬁuuQGFWpo[ﬁ]diﬁﬁpg-

A direct cosequence of these definitions together with that of the operator

(%[O;Quu]uypg)h.—d.a Eq ‘ ) 18
~ diff < ~ e~
/ A"z/g hy (% [0; g,w]“”m) W= / A" /G hy Q™ (9] 177

respectively,
%0; 9], _q. = Q[g] + 2 Qcr[g] .- (F.2)

(A) With some straightforward algebra the second variation of Sy, _q.[g] can be
expanded as

75, -ald = [as {m(@RﬂmﬁRwaﬁ) FBR(VERWR™) + 8 (VG ) }
_ / a2 (%VF) [a Rywap R +b R R + ¢ 2]
2 (5v5) (00 (R 2) + 03By R) + 3(R2)]
VG [0 (Ruas RP) + b8 (R B + ¢6*(R2)] } |

Further expanding the Riemann, Ricci and scalar curvature in the last term

according to 0?°R? = 26(ROR) = 2[(6R)*> + R&*R], it is clear that the only
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surviving term when evaluating this second variation on flat space with g,, =

J

i.e. the only curvature-independent term, is “2(§R)?”; and thus

/ddx \/_‘guufﬁul { 2a (5RMVO‘B) (5R'U‘VO‘B)

1

2

6°Sh.—a.[7]

guuzéuu

T2 (0R,) (FR™) + 2 (53)2}

g,uu:é,uu
The variations requlred here can be found in appendix [B] and projected onto
flat space read, with h=h,® and O =9, 0%,

_ 1 ~ ~ ~ -
5Ruya18 Gt = 5( - a,uaahuﬁ + 81/aahuﬁ + auaﬁhua - auaﬁh,ua>
_ 1 ~ ~ ~ o~
6Ru| = 5(@@@ — 8,0,k — Ol + 8,0 hw>
SR = 930,h*® — Oh.
Guv=>06uv

Next, we bring these variations, when squared and integrated, into the desired

form. For the coupling a:

/ 02 (5R,us) SR

- / g 1( S o S o
g=6 4
+ 'R — 00 )
x ( — 0,0ahs + 0,0uhs
+ 8,05hya — a,,aﬁﬁua>
/ %z (+ W00, 00y — WP 000,00 hys — BP0 0 0,05hya
+ W00, 0he — W00 0,00 hys + WP D" 0% Duhyys
+ WP 9°0" 0,05 R0 — hP0"0°0,05h,0 — h0°0"8,00hyg
+ WP 8,00 hys + h40°0,0,05he — Y0P 00, 05N 0
+ B 0P8 0,00 b5 — BP0 0,00, — W OP” 0,05hy
B8 0, D
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— / ddx}ﬁw( + g gAR — 510 r 9P — 5109”970 + 049* 0°0°
S e I T e G 27, 0 s L L i
— 5P 9P + 949”970 + shasAI2 — hor 9P
+0/0"0°0° — 54990 — 520" 0° 0 + 5600 Y s

_ / A% (0°6P 02 — 250 0°0) + 9407 0°0° ) s

For the coupling b:

[ate (R 57

1 - - - -
_ d..~-( _ « _ le%
= / g 4( 0adyi,® + 0,0, %+ Ol — 8,0 hm>

x ( — 90" R+ OO+ TR — aﬂaﬁﬁﬁy)
- / ddx%l ( + 1, 0,00050" W10 — 1,080,050 0" h — "8, 0,00
+ 1,20, 00,0"0°hg” — 1, 0,050" W + h,0,0"0"h
+ 10,0,0R" — hd,0,0"0°hg" — h,, 000" b
+ 1y D0 1+ by PR — by, 00H0% R
+ hya0%0,050" W' — h,00%0,0"0"h — h,a0%0,0R"
+ hyad 0,00 05"
- / ddx%ﬁw< +0M 9 9°0 — 00 9°0 — 649" 9° 0 + 09" 9°0°
— M 9°0°0 + M 6P + 697 0°0 — 6 90D
— 619r0°0 + 6" 9°0°0 + 646V — 59" 0°0)
+ 019 9°0° — 6" 9°0°0 — M990 + Wavaﬂm)ﬁaﬁ
- / A’z ﬁ“”i (5#”5&652 + §rgvi? — 2619 9°0)
—25m929°0 + zaﬂayaaaﬂ)ﬁaﬁ :

For the coupling c:

/ A’z (5R) SR

=5 / d' (8“66“%&5 - Dﬁ) ((%&,/f\wv B Dﬁ)
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- / e by, (9707007 — 26" 000 + 6" 5°°T12) hyp .

(In each second step of these three calculations we have used partial integration.)
Therewith, it follows that

= /ddx ﬁuv

52 Sh._a. g]

B
<§ + 20) S 5P <§ + 2a> sre§vP?

Guv="0uv

— (b + 4a)0"*070°0 — (b + 4¢)8"9°0°0

+ (2a + b+ 2¢)0"970°0° | hag

and thus, with I*,, given by Eq. (A.24]),
; b b
Q" o [gul/ = 5w']dlﬁ =t <§ * 20) 6W5PUD2 + (5 * QG) Iuypomz

b+ 4a

4

b+4c . _,, ,
- (610,000, + 6,,0"0"]

+ (2a+ b+ 2¢)0"979,0,

[5;‘8”58(, + 020"00, + 6,0"1J0, + 62000,

(F.3)

(B) Next, we re-write the gauge-fixing action that is built from the gauge-
fixing condition F), (ﬁ, g) = 0 given by Eq. and the weight function Y*|g]
given by Eq. ; we do so on a generic background with metric g,, (i.e. here
h= QWEW, O, = " D,D, etc.):

~

1 - A
Scrlhi gl = — [ d®xv/g Fu(h; 9) Y™ [g)"" F, (h; 9)
200
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= /dda:\/g;ﬁ,w [ -

]

4 (30, + vD*D® — 6D D) D°

v (370, + D" D? — 6D D¥) D,

Qi
=
]

]

+ +
ol 2l @ |~
<
S
-]

, (#7°0, + 7D*D® — 6D DP) D°

2
— =g"g**D, (3"°0y + 7D’ D’ — 6D° D) Dy | has

~ 1 _ _ Y=, =, = = 0 - - _ _
— d. /7 _ 2B DD _ LprprvDeDB L ZDEDHY DB
_/dm\/gh,w[ o D*UyD aDDDD —i—aDDDD

S L L
+ S DH[DP, DD + ﬁgaﬁpﬂngV + ﬁgaﬁDﬂDgDV
(6% (6% «
o S s I
+ g pepr o) - gty p0 - g pepeir, b,
« 0 «
gl

/6—1/_ B
+ag“ DO, D™ +
B_

P D, 0e + gy, 07D
«

5 OB B

g DP0,D* — [D,, D’1D?D* — g“”gaﬁ 02

2 _ _ 5 2
—_ 5_51#”?]0@31)0 [Dg, DU] —_ mgﬂ’/gaﬁmé 4 ig#l’gaﬁmg
(0% (0% (0%

~

552#%0@3_ Do DHP1 TN
+79 g Dp[D ,D ]Dg hoé,g

- 1 _ _ S—~_
= / dda;\/ghwl——g”ﬂmmgmju T prprpepP
(6%

a
ﬁ —pv Mo Ye) 52 pv o B2
+25(1+’y—5)g De0O; D" — ( +v—4)g" g™ ;

+ curvature-dependent terms ]/ﬁag
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Therefrom, we can read off the operator Qqp"”,,[g] evaluated at g, = du
easily:
174 - 1 14 14 v v
Qcr" oG = 0] = — = [649"00, + 610700, + 67000, + 0,0"00,|
B

+ 5_—78“8”0,080 + =
« o
52

o

(147 = 6) [6"0,00, + 6,,0"006"]

(147 — 8)8"5,,.
(F.4)

Finally, we can bring the result (F.3) from (A) and the result (F.4)) from
(B) together; with Eq. (F.2) these lead directly to the operator % [0; gn.—a.,

(Z[0: G = 60" )80 = 2 0 G = O] + 2 Q68" po Guw = 0]
b
= (5 + 2a) 1" 1

Y B 2
+ §+2c —2—(14+~vy—=9)| 0"6,,0
«

b+ 4a 1 s e
- +%] {61070, + 640"00,
+ 89100, + 649"00, )
b+ 4
- b+2 C—zguﬂ—a)] {58,000,

+ 8,,0"00"

(0%

+ {20+ b+ 2+ 25_—7} 0"9"9,0, .

This precisely is Eq. (4.98]) and thus what we wished to show.

(C) In four spacetime dimensions, d = 4, we may eliminate one coupling thanks
to the undynamical Gauss-Bonnet term. The couplings f; and f, that are
related to a, b and ¢ via Eq. (?7?7) can be regarded as the most convenient
choice; thence subsequently let us rewrite the operator Q" ,; [g,, = 0,,] given
by Eq. in terms of the couplings fy, and f;. Therefore, we introduce the
auxiliary notation

Apvas sym. i = Au)ap)) ;
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ie. “sym.” indicates that a tensor structure is to be fully symmetrized. One
has

U (G = O] = { + (g + 2c) L Sdm s (g + 2a) Rl n

— (b+ 4a)s"800° — (b + 4¢)59°00°

+ (2a + b+ 20)8“8”0‘”85} sym.

1 4
=2 — pv sofl = suv sof3 pa s
ov 0P 9°9% 8 9B
— o 1224 v %
S i R U
4
+ 2019V 9%0° — gaﬂa"aaaﬂ]
+ i — léﬂv(;aﬂ + gywaa@ﬁ _ 28“8”8“85 v
5l 3 37 O 3 [ ym.
1 i A 7 27 a0
— 2 — po svf3 . e _
O {2f22 L) sz/m. 2<5 5 = )sym.
—JHro 1 .
—_p(yrvab
1 9°98 o HHb
_ L (suwvgaB _ osuw
3 <5 ) 20 = + a )Sym.

—p(0,ss)Hvap

le} oAV A A6 le}

= p0,ww)rrad

9B 1 097 HHP
_{_% (_161“/5&6_’_%5#”0 a _ _M) Sym}

ZANE 3 0 3 >
—_ p(0,ss)HVeB
(A.65) 2 1 (2)MVCXB 1 (© ss)uuaﬂ)
g (——P + . po ,
2f3 f3

where we have made use of the spin projectors P?), P1)  pP(Oss) apnd pOww)

that are defined by Eqgs. (A.57), (A.59), (A.61) and (A.62)). Next, we also
rewrite the operator Qgpt’®? (G = 9] given by Eq. (F.4) in terms of these
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projectors. Thereby, for convenience, we set the gauge fixing parameters v and
0 to v — 0 = 0; then one has

v B a 9B
QGFHVQB[Q;UJ — 6uy] — _|:|2 {_ﬁéuyéab’ _ ééuaa 0 + %5;“/8 0 } ‘

a O «Q O

The projector P on the trace-part of a symmetric rank-2 tensor field can be
decomposed according to Eq. (A.72)):

1
Zgwgab — puval
4

3P(0’ss)lwaﬂ + 1P(0,ww)/waﬂ + \/g (P(O,sw) + P(O,ws))lwaﬁ 7

4

where the “projectors” P(5%) and P are given by Eqs. (A.67]) and (A.68).
Furthermore one has, with Eqs. (A.54)) and (A.55),

aayaﬁ arTvs aff v
o o sym. = (T“ L7 4+ L LM )sym.
_ 1 ( poEad o p(O,wwwmﬁ)
2
and
Vaaaﬂ vraf vr1af
o o sym. = (T“ L + LML )sym.

V3

= (P(O,sw) 4 P(o,ws))l“/aﬁ 4 P(O,ww)“”‘xﬁ.

Therewith the operator Qgr|g,, = d,,] immediately reads

2 2
/B_IP(D,SS) + (ﬁ — 1) ]P(O,ww)
(0% «

1
QGF[?]NV = 5,uu] - —|:|2 {EIP(D + 3

+ \/gﬁ(ﬁ - 1) [P(O,sw) + IP(O,ws)j| } )
«

Consequently, the inverse propagator in d = 4, %[0, g = 0,,]{=%, , reads

%[O’ g/“/ = 51“/]ﬁ.:—4d. = Q[gp,l/ = 5,[,”/] + 2 QGF[Q;},V = 5/“,]
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1 1 1 682
= _|:|2 — _]P(Q) + = IP( ) + (_ + _) Oss
{ 2f3 @ 13
+ 2(5 — 1>2P(O,ww)

X 2\/§5(6 - 1) [IP(O,sw) + P(O,ws)} }
a
The operator % [0, g, = 0,1~

% in this form can be easily inverted by means
of Eq. (A.70). The required parameters are

1 1 68°f2 + 2(8 — 1)
Q2 = —o5 » QG =— , Qg = y Q= —
2f3 o afg «
o 2V3B(8 1) » _ 2(B—1)
Qg = ws—T ) Ass ww_asw—a—fg7
0
Qss o 662f3 + Ay o f2 Qs o \/§ng
AssQypw — agw 2(6 - 1)2 ’ AssQypyw — agw 0 AssAyw — agw 6 - 1 ’

such that (%[0, g = (5#,,]ﬁ‘:_4d.)_1
gravity in d = 4 — is given by

(e =80122) =g 2o e

— which is the propagator of higher-derivative

+f02 IP(O,SS)+

(6—1)

\/—6 Osw 0,ws
4 e}

This is precisely Eq. (4.101]) and thus what we wanted to show.
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F.9. CALCULATION OF 9(%[0;g]“”m)diff,4ﬂ0 AND T (Mg, g]*,) XV

First, we introduce the auxiliary operator
)

1o [4a
= 29—/d mgW(:p)agW(x).

With its help, the relations we wish to proof now read

V(2091 ,,)" A = = (% [0:9)" 0| \_)
diff

v(Ag,9"),)" X" = — (Mg, 9)",)

In the following, we verify all the relations needed as ingredients to calculate
V% 0; 9] )T AP7 and v (A [g, g]*,) " X¥. These are in summary:

diff diff

AP

diff 1

V9w = G > VG = —g"

(
(
(
(
(5) YRw =0 , yR"=-2R" | R, =-R",
(
(
(
(

YR, =0 , AR} V= —-R}Y"
7) v(D.D,A”) =0
8) v(D*D, A??) = —D"D, AP’ which implies v(D?Ar?) = —D?Ar°
9) 7(D*D¥ APy = —2DFD¥ AP
(10) v(D.D,X*) =0

Aplying these rules to the operator (% [0; g]*” pa)diff as given by Eq. acting
on A’ and to the operator (. [g, g]*,)4 as given by Eq. , the relations
(% [0; g]“”pa)diﬁAW = —(%|0; g]“”pa|A:0)diHAp" as well as (. [g, g )BT XY =
— (A g, g]*,) M X" directly follow. It remains to verify the above rulesﬂ

2Cf. appendix for the applied metric variantions; especially note that % = Il‘j‘f o(x—vy).
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d’z ga/ﬁ(x)ég%(x)gw(y) = / A% gop(2)15)0(z — y) = g (y)

J

9" (y) = — / A%z gas(2)g" (y) 9" (W I526(x — y)

= —g"(y)

1 v v
== (=9""9p0 + 9" 9ps) =0

d
vI" o =0 (holds trivially)

1
Y7 (y) = / A"z gos () 59" (4) | DYy — 2) 122

+ DY (y — )% — DY5(y — )18
v Ho o g

— 597 [ e v/oo) [Dz‘s(y ) gy

g(z) g9(z)

=0 (after using partial integration)

oy — —
+ DI:J/: (y [E) I/jyf o Dgé(y [E) Iﬁf]

YR(y) = / A’agas ()| = R*(y) + DDy — g () D} | [205(x — )

=R(y) + /dda; (d—1)D26(x — y)

—Jatey/a(e) Df | Y-8 Ds(a-y)| =0
= — R(y)
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(5)

YR (y) = / d’z Qaﬁ(x)%

p 69u,(Y) P Spu(y)
Bl W) S gus@) T Y Sgn @)

o o 0900 (y) y p(sgpu(y)
PR W5 ) TS g

69w (Y) | 1y 990 (Y) ]

D> L DYD
yégaﬁ(x) a yégaﬁ(x)

R (y) + Ruu(y) + 29,0 (y) R 7 (y)

N | —

+ /ddx 9ou(x)DYDLS(x — y) — /ddx 9po () DY DYg" (y)o(x — y)

=surface term=0 =surface term=0
- /ddx gW(:v)ijé(m —y) — /ddx gpy(y)DzDg(;(x - y)]
: =surface term=0 Pt =surface term=0 !
1
=0

YR (y) =~ [9“”(y)g”“<y)3po(y)}

= — " (Y) " (Y) Roo(y) — 9" (¥) 9" (y) Rpo (y)
= —2R"(y)
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(6)
VR, (y) = % / 4%z gap () [

R (y) gov@)% + R ( )g”(y)%

09, (y) 69,7 (Y)
_DyDngT y +D3Dyga7' y H
DiDus 005y ) * PP g ()
=surface term=0 =surface term=0

+ pvpe 99 )y e 99ue(y)

v
" 6gas(x) Y 6gap(x)
L 1L 1
=surface term=0 =surface term=0

% [ — 9e(1)97 (W) Ry (y) + gm(y)g”(y)Ruw"(y)]
= [ - R/u/pg(y) + R/u/pg(y)}

-0

=7[0"" W) Rore” (¥)] = =" () Rpro” (y) = —Ro"s" (y)

YR 5" (y)

(7-11)

First, one has
D'D,A*" =g¢""D.D,A” = ¢""|0,D,A”” +1°_D,A* + 17 _D,A* — 1% _D.A"|.
Next, as D, AP? = 0,AP? +1'0_A*? +1'7_A*°, the terms inside the square brackets

depend only via the Christoffel symbols on the metric. Therewith, one directly
has:

¥(D-D,A") =0
¥(D"D,A") =~(¢""D.D,A?) = —D"D, A"
V(D' DY AP) = (¢ g"* D, D.A"") = —2DFD” A™ .

(The proofs of v(D,D,X?) =0 and v(D"D,X?) = —D*D, X" are fully analo-

gous.)
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F.10. CALcULATION OF EQ. (19.10) USING LEMMA ([17.13))

/g T 6):alw) = 7S (61} )
- 2 [dleg )" (0}
~ lim dis ({6} 672

= lim — {S {14+ wja —w;a)0;} 5 (1 — 2a)g] + 0(042>}

a—0 dov

_ gi%di{s {(1+wja)e;}; (1 —2a)g]
; (55 j 2
/d :L‘Z wjag;(x 5[;2?( }) 9 + O(a )}

:iii%%{ [{¢j}’g]+aN[{¢j}-g]+O( 2y

{¢]} g ij/dd ¢J (Ssé;{bjb]})g]
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F.11. DERIVATION OF THE FUNCTIONAL RENORMALIZATION GROUP
EQUATION

We only show the case b, # 0; the case b, = 0 follows fully analogously by
employing the measure instead of . Taking the partial derivative
with respect to the renormalization group time ¢ = In k of the functional I'y[¢; g]
yields (thereby taking note of the comment on the chain rule for the left deriv-
ative of Grafimann variables in Footnote (1| of Chapter

&i‘k[@ g9l = /ddx\/ﬁ [attk’wh;w + 010kuS" + 315%“5# + atdk“Cul
— (0:Wy) [Jr]#; gl; 9]

5tklw 55’;9”
=VGhu =VgEr
W [Je]d: gl: g Wi [ Jilo; g); g
L ] 1 - 1
=\/§§H =V9Cu

= — (W) [ile; 91 g
D[, C,C,b; 3 8:A4S[h, C, C, b; gl e SIC.Cbit0.0.451=AuSh,C.Cbi)
= Dulh. C.C. b gl o—5h.C.Chit.oo,digl—AxSTh,C.Cbig]
f ,LL[ PR =) 79]
= <atAkS[ﬁ7 0707 b? g]> :
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Before proceeding further, let us rewrite the cutoff action (6.1]) using Eqs. (A.5)),
(E30) and (A21) (see also appendix [5.1)
Aks[}z? Ca C? b; g]

= [t @i {* uul) 0 512D ey

() gD ey

T

QI
~~
<
=

Lo 1 ( )%ghgu 5 ];hff(s(xi_ Y)
gy

= /dd;m/g(x) /ddy\ /g(y){+ %EW (x){x, u, V|'%)grav[g]|y,p, o) }Zpo(y)

+ Coul@) (@, nl %5 [glly. v) € (y)

FShule) Gl 3], v) b“<y>} -

N~—
S
<
N
<
S~—
——

Thus,
8tfk[¢; g] (F5>

/ddx\/g_ /ddy\/_{ % (z, p, V|0 ]|y, p, 0 ><?luu(1’)ﬁpo(y)>

+ (z, |08 [g) |y, v) {Cou(2)C" ()

(2, pl 2 [g]ly, v) (bu(a )b”(y)>}-

Next, we must find a way to express the expectation values above through the
EAA T'k[¢; g]. Therefore, we firstly acknowledge that

PWilJig] 0
6Ja(x)6Jb(y) N 5Ja($)5jb(y)

5 1 eVl
AT <eWM 54(y) )

1 SeWkl:al §eWklJ;d] 1 §52eWkl/;d]

T (@A) 0da(m) 0h(y) | (eWeldal)? 0Ja(2)0 b (y)

Inexp Wi[J; g
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~ OWi[J; g 5Wk J 9
= oL +VIERVI) K@)
- Vi@ \/g<y>{ <xa(x)xb(y)> ~ (@) (W) }
— /i@ \/g<y>{ @)X () - ¢a<x>¢b<y>} . (F.6)

Secondly, note that Eq. (6.10]) inverts Eq. in the following sense (here, the
index structure is supressed):

a _ 6Ja(x)
6(z —y)oy = A
S PRCGHELCLEANS
6.J(2) 09°(2)

B O G S W) 10 —] 5 (=) 5Tyo; -]
‘/ AN R ENACIER: O ACHA

We can re-express this identity by introducing the crucial operators G[J; g]
and f‘,(f) [¢; ] in field space by (we point out that in this definition no sum over
a and b is intended)

abl 7. = . ab 52Wk[J g]
(x,.. |GV glly, - ) = \/—\/—] 9 ] 2)0Jy(y)
. (—1)1¢" B 52Fk[¢> gl

<£L‘,| (sz )ab[(b;g“y’“»' \/—\/— ]5¢a 5¢b( )

2

where “...7, I, and 1% symbolically account for the index structure that must

be adapted accordingly, e.g.

T v 117 7. = o) = ; wvaB| - 52Wk[J, g]
Gl o) = e T s a5
(o, fl G5 gl ) = — g S Wil 9]

V(@) /gly) © " o (x)das(y)

Hence, the above identity reads

[AGE o Gl e AT sl = 122
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Therewith, especially the following relation holds:

Gilig) = ((P1a)) |

and furthermore Eq. (F.6) amounts to
X @)X W) Lo = (2, G Gy, - ) + 6 (2)0" (y) L

By plugging this equation back into our intermediate result (F.5) we obtain
ofuoig) = [a'o/ote) [ ddy\/g@){

1 rav — — Tol

5 (@ V10 (4], p, o) [(y,m |G T; G|, i v) + Py () (y)]

+ (x, pl 0 Gy, v) | (y, VIGE [ J; gl v) + &(x)f”(y)]

1
+ = (x, p0ZE[G) |y, v)

: (G gl + cu<x>gv<y>] } |

It immediately follows that
OiT[¢: g) = 0Lk [¢: 3] — 0. AS[6: 7]

= [ty [ ddy\/gw){
1 Tav [ = _
§<SE7 M, V|at%1§ [g”yv P, U> <y7 P, O-|G11€1[J7 g”x7 [y V>
+ (, 1|28 gy, v) (. vIGRLT; g, v)
1
+ Lo, WOAB gy, v} . IGE i g u>} .

Note that G23[J;g] = —G3%[J;g|. Further applying the definitions (6.15) and

(6.16)), from which
GilJ: 9] = (TP[1 9] + Zulg))

follows, yields



386 F.10. CALCULATION OF EQ. (19.10) USING LEMMA (17.38)

o L'[¢; 9]

NI { (2 .0] (@i a)) (D103 + 2l ) Jop )

~ (a1l Ol ([P2[0:3) + 2la]) ) o)

_ %<g;“u| (at%k44[g]) <[F(2)[¢ ] +%k[ H 1> ’ |x’M>}

= 5 TI'STz

(0, [5]) ([F,(f) [¢; 9] + %[Qﬂ _1)11

— TI'V

Otesla) [ 10s5] + 21l )]

1
_CT
g TV

(0 1417) ([r< 'lo:9] + ulg)| )] .

This is precisely Eq. (6.13]) and thus what we wanted to show.
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F.12. DERIVATION OF THE RELATIONS ({12.19))

In this section, we solely work in four-dimensional flat spacetime. The derivation
(or proof) of the relations proceeds as follows: First, we show that under
the integral [d*p using symmetric integration the projectors P (p), P (p) etc.
can be expressed in terms of P, [g,, = 0,,] and Igr2 = I. Then the relations

(12.19)) directly follow from the Equations (11.21)) and (11.22), i.e.
1
" T, (u) = —n® and P, [5W]WPUT"’"W(u) = E(nz —2n).

Consider the relations (12.19)) to be labeled top-down from (1) to (6). Subse-

quently, we will show each relation separately.

(1)
1 1 1
P;Eii)a (p) = § upTI/a + §TuaTup gTuqua
1

Using symmetric integration under the integral [d*p we have

1 1
Iy lsz)pa (p ) = § [fslw(swl _1 ?upévcfl - 5upéw + (5.UV590 + 5up5wr + 5u051/p)
(@) (i) (41) (i)

4
(@) (41) (423) (47)

1
+ 0o Oup —— (5ugf5y (5,“,(51,[, + (6W(5p0 + (5;”)(5,,0 + 6M05Vp)]

1 1
—3 d0ps — 15“ dpo — 5pg5w, —|— (5“1,5,)0 + 5ﬂp5w + (5#05,,[))]
(@)
1 1/1 1 1 1 1
(=2 (= 4= -2 4 — — I
<24 3 (2 * 24)) OOy + ( 11 3~2-6> npo
5) 5)
= - §Ptr- [5]uupa + 5‘[[5]MVPU :
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Thus,
” ” 5(n?—2n) 5
TH po’(u)P(Q)p W(p) _ _§ 7 . §n2
10
= 5n(2 —5n).
(2)
(1) 1
Puv,ocr(p) - 92 (TM)LW + Do Lp + Top Lo + TWLM))
1 DvPo  PuPvPpPo DuPp  PuPvPpPo

PuPs  PuPuPpPo
p? p?

+ 51/p + 51/0

PuPp  DPuPvPoPo
p2 p4

Using symmetric integration under the integral [d*p we have

1{1 1 1 1
P/Ei)pa(m -9 (Z(SMJ&/U + Zélwézm + ZL(Sup(S/w + Z&m%p
1
B 4ﬁ (01w0p + Oupduo + Ouadup)
1 4 4
= 5 (I[(s]NPVU - éptt [(SLU/PU - E[[d]upua>
1 1
= gl[é]upw §P“' 0]y po
Thus,
v - 1 11
™ PU(U)P(I)p ;w(p) = g(_ 2) - 51( 2 2”)
1
= En(Z —5n)
(3)
Pl (p) = Yror
nuvpo p po

37
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1 Dubv PpPo
=5 (o2 (0128

1 g v v g
1 ( Sy — 0, 1002 _ g Dubv | PubvPop )

3 p? p? p*
Using symmetric integration under the integral [d*p we have
1 1 1
0,ss _
P;Eypo) (p) - g <5w/5p0 - Zéuuépa - Zépaé;w

1
+ ﬂ (5/w5p0 + 5up5wf + 5u05Vp) )

1 1 1 1

= 3 1—= = 4Pr vpo _[VO'

3 (( 2+24) t~[5]ﬂp +12 ﬂp)
1 13

= %I[é]uupa + EPU"- [6]MVPU
Thus,
, o) oo 1 13 1
T o (u) POSP7 () = %(_n2) i i Z(n2 — 2n)
1

0,ww _
Pitps (9) = L Lo
_ PuPoPyPo
= p4

Using symmetric integration under the integral [d*p we have

" 1
P(va )(p) — ﬂ (5MV590 + 6p,p6VO' + 5}“"5”%7)

pvpo

1 |
= éptr. w;wpa + E[[(S]uvm ‘
Thus,
TH (1) PO, () = = (=) + - (n? — 20)
b wP) =79 6 4
1
=——n(n+2).

24
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()

1
[PO=) o pOw] - (p) = —= (TuwLpos + Ly Tps)

nvpo \/g
_ L (5 PoPs _ PubvPoPo | s PuPv _ PuPvPplo
VAN gy p*
Using symmetric integration under the integral [d*p we have
Sw ws 1 1 1
[P(O, ) + PO, )LWM (p) = ﬁ (215;”/5;)0 — QQ (0,006 + 6,p000 + 5W§l,p)>

1 2 2 2
=7 ((1 — ﬂ) 4P 0] jwpo — o 2][5]uupa)

Ve
Thus,
12 sw ws loa 1 1 5 1
T (0 [P 4 PO, 5) = 2 (= Glo) 4 5 S0 = 20)
1
= n(7n —10).
V312 ( )

The proof of (6) is fully equivalent to (5).
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