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Abstract

Viscoelastic phase separation describes dynamically asymmetric demixing of polymer so-
lutions after a deep quench, i.e., after a sudden decrease in the temperature. The dynamic
asymmetry of the polymer solution gives rise to new and more complex phenomena than
the standard phase separation of binary fluids. Coupled with the incomplete timescale
separation, the process forms a complex multiscale problem. Phenomenological contin-
uum mechanical models for standard phase separation, e.g., model H, are insufficient to
capture the enriched dynamics observed in experiments for viscoelastic phase separation.
Hence, a key difficulty is the derivation of more complex models which resemble exper-
imental data and preserve fundamental principles of physics, e.g., conservation of mass,
momentum, and the second law of thermodynamics. For a suitable phenomenological
model, we consider mathematical well-posedness of the problem, i.e., existence, unique-
ness and stability of solutions. The models are complex nonlinear parabolic systems of
partial differential equations with an energy-dissipative structure based on a non-convex
free energy functional. The key difficulties arise due to a strongly nonlinear cross-diffusive
coupling of one subsystem and a logarithmic type of free energy for another subsystem.
We prove the global-in-time existence of dissipative weak solutions in two and three
space dimensions using the energy method. Additionally, we employ relative energy
methods to derive an abstract stability result. As an application, this approach yields
the weak-strong uniqueness principle for dissipative weak solutions. For the numeri-
cal approximation and the corresponding error analysis, it is suitable to derive numerical
methods which preserve the second law of thermodynamics also on the discrete level. Key
difficulties are the correct discretisation of the convective terms on the discrete level and
suitable time integration methods for the non-convex energy. For the semi-discretisation
of a reduced model, we consider conforming inf-sup finite elements in space and analyse
the corresponding semi-discrete problem. The thermodynamic properties are preserved
by the Galerkin method, hence using a discrete version of the nonlinear stability estimate
allows us to deduce the optimal second-order accuracy in a transparent and structured
way. In the fully discrete case, we employ a variational time discretisation via a Petrov-
Galerkin method on the semi-discrete system. Time-discrete thermodynamic structure
is preserved and together with a fully discrete stability estimate the corresponding error
analysis is derived. This allows us to deduce here the optimal second-order accuracy
in space and time using realistic smoothness assumptions. Theoretical error estimates
of the semi-discrete and fully discrete scheme are illustrated by a series of numerical
experiments.
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Kurztassung

Viskoelastische Phasenseparation beschreibt die dynamische asymmetrische Entmischung
einer Polymerlosung nach dem Abschrecken, einer plotzlichen Abnahme der Temperatur.
Die dynamische Asymmetrie der Polymerlosung ruft neue und komplexere Effekte her-
vor als die normale Phasenseparation von bindren Fliissigkeiten. In Kombination mit
der unvollstdndigen Skalenseparation formt der Prozess ein komplexes Mehrskalensys-
tem. Kontinuumsmechanische Modelle fiir die Phasenseparation, z.B. das Modell H,
sind nicht ausreichend, um die erweiterte Dynamik zu beschreiben, die in Experimenten
zur viskoelastischen Phasenseparation beobachtet worden ist. Eine Schliisselschwierigkeit
ist die Konstruktion eines erweiterten Modells, welches die experimentellen Daten repro-
duzieren kann und konsistent mit den Grundprinzipien der Physik ist. Dies beinhaltet
insbesondere die Erhaltung von Masse, Impuls und den zweiten Hauptsatz der Ther-
modynamik. Fiir ein solches Modell werden wir die mathematische Wohlgestellheit des
Problems, also Existenz, Eindeutigkeit und Stabilitat von Losungen, untersuchen. Die
betrachteten Modelle sind komplexe, nichtlineare, parabolische Systeme von partiellen
Differenzialgleichungen mit einer energiedissipativen Struktur basierend auf einem nicht-
konvexen Energiefunktional. Die Schliisselschwierigkeit hier entsteht zum einen aufgrund
der Kreuzdiffusionsstruktur eines Teilproblems und zum anderen durch die logarithmis-
che freie Energie eines anderen Teilproblems. Wir beweisen die Existenz von globalen dis-
sipativen schwachen Losungen, in zwei und drei Raumdimensionen, mittels Energiemeth-
oden. Weiter verwenden wir die relative Energiemethode, um ein abstraktes Stabilitéatsre-
sultat zu erhalten. Eine Konsequenz ist die schwach-starke Eindeutigkeit fiir dissipative
schwache Losungen. In der numerischen Approximation und der zugehorigen Fehler-
analyse ist es niitzlich, dass das Verfahren den zweiten Hauptsatz der Thermodynamik
erhélt. Die Schliisselschwierigkeit hier ist die richtige Diskretisierung der konvektiven
Terme im diskreten und eine geeignete Zeitintegrationsmethode fiir den nicht-konvexen
Teil der Energie. Fiir die Teildiskretisierung eines reduzierten Modells betrachten wir
konforme inf-sup stabile Finite Elemente Methoden im Raum und analysieren diese. Die
thermodynamischen Figenschaften werden unter Galerkinprojektion erhalten und wir
verwenden eine diskrete Version des Stabilitdtsresultats um die optimale Approxima-
tionsordnung zwei mittels eines transparenten und strukturierten Zugangs zu beweisen.
Fiir eine volle Diskretisierung verwenden wir eine variationelle Zeitdiskretisierung mittels
Petrov-Galerkinmethoden auf Basis der Teildiskretisierung im Raum. Die diskrete ther-
modynamische Struktur ist erhalten und mithilfe eines volldiskreten Stabilitatsresultats
fithren wir die Fehleranalyse durch. Wir beweisen die optimale Approximationsordnung
zwei in Raum und Zeit mittels realistischen Glattheitsannahmen. Die theoretische Anal-
yse der Teil- und Volldiskretisierung wird mittels numerischer Experimente illustriert.
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Introduction

The process of mixing and demixing of multiphase flows, i.e., simultaneous flow of at
least two thermodynamic phases, is of special interest in chemistry and physics. While
the theoretical understanding of mixing is quite far developed, the opposite process, i.e.,
demixing of multiphase flows, is less understood in general. In the context of two fluid
components, for instance water and oil, one speaks about binary fluids and the demixing
process is called phase separation. A phenomenological macroscopic description for the
phase separation of binary fluids is given by the model H of Hohenberg and Halperin
[77] and reads

System S.1 (Model H).

Q6 +u- Vo = div(b(¢)Vp),
p=—7A¢+ f(4),

g+ (u- V)u = div(n(¢)Du) — Vp + Ve,
0 =div(u).

This model consists of the Cahn-Hilliard equation for the evolution of the volume
fraction ¢, describing the fraction of one of the two phases. The Cahn-Hilliard equation is
a gradient flow, where the chemical potential y is the variational derivative of the relevant
functional, which models the internal behaviour of the mixture. The flow is modelled by
the incompressible Navier-Stokes equation for the velocity u and the pressure p, where
the density is set equal to one here. Both equations are coupled, in the sense that in the
Cahn-Hilliard equation the volume fraction is transported by means of the velocity, while
the volume fraction exhibits the Korteweg stress [7] on the flow, i.e., Vopu. Note that
this stress can be rewritten as a symmetric second-order tensor by redefining the pressure
p, i.e., the stress can be written as a symmetric matrix, in agreement with momentum
conservation. The parameter functions b(-), n(-) are volume fraction dependent functions
that represent the mobility, i.e., diffusion, and the viscosity of the mixture, which are
always non-negative. The missing functions and parameters f(-) and ~y are related to the
free energy functional, which is given by

B = [ LVoP + 7(0) + 5P de. (1)
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Here 2 is the spatial domain. The mixing potential f(-) models the internal behaviour
of the mixture and is typically chosen as a non-convex double-well potential, such that
the two wells, i.e., minima of f, represent the energetically favourable states for the
mixture. The interface width ~ penalizes jumps such that the transition between the
two separated states is smooth but sufficiently small. As mentioned in the beginning,
is the variational derivative of E(¢,u) with respect to ¢.

The model is compatible with the second law of thermodynamics, which — in absence
of external forces — implies that the free energy has to be non-increasing over time.
This property will further be labelled thermodynamic consistency. For System S.1, using
suitable boundary conditions, the temporal evolution of the free energy (1.1) reads

EE(@ u) = — /lel/2(cz5)vu|2 + [n'/%(¢)Du/? dz < 0.

dt
This illustrates that the model S.1 is dissipative, i.e., in general, the free energy will
decrease over time. The model is also well understood from a mathematical point of
view, i.e., existence [24], uniqueness [24] of suitable solutions and also the numerical
analysis [46] has been established.

S S P w e
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":..‘... . P ., a1 . ..
BT Leestent @ 90
PO LR A T AT S A
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Figure 1.1.: Numerical simulation: Pattern evolution for model H. Taken from [118].
©IOP Publishing. Reproduced with permission. All rights reserved. Per-
mission conveyed through Copyright Clearance Center, Inc.

Figure 1.1 shows a typical simulation for the above model. One starts from an almost
uniformly distributed state and after some time small droplet of the minority phase start
to appear and grow in space.

This observation perfectly matches with the underlying physical understanding. In
the context of simple binary fluids one speaks about dynamical symmetry [117], which
implies that the dynamical properties of both components are very similar, i.e., the
characteristic time scales of both components are comparable. Furthermore, it is known
that the mean droplets size scales like t'/3 [36], which implies a very slow algebraic decay
to equilibrium. In the context of the above simulations, this implies that it will take
more and more time to form bigger droplets. A typical property of soft matter systems
is that the process has an incomplete scale separation, i.e., the regimes corresponding to
characteristic time scales cross each other, which makes it difficult to relate observations
to a single process.

However, when leaving the case of simple binary fluids for instance by considering
a polymer solution, i.e., the mixture of polymer and solvent(fluid), dynamic symmetry



does not hold anymore, see [120]. In Figure 1.2, we display snapshots of the demixing
of a polymer solution taken from real experiments. One can observe that, after some
initial phase, the so-called frozen phase, a phase inversion happens, i.e., the observable
dominant phase changes rapidly and a transient network of the polymer is formed. After
some time, the network starts to relax and breaks out in the small clusters.

One can see that qualitative observations do not match with the results of model H,
i.e., Figure 1.1. Hence, we conclude that some effects of the polymer solution cannot be
explained within model H, and therefore we need a more complex model.

Figure 1.2.: Phase separation of the polystyrene-polyvinylmethylether (PS-PVME) mix-
ture, observed by video phase-contrast microscopy. Taken from [118]. ©@IOP
Publishing. Reproduced with permission. All rights reserved. Permission
conveyed through Copyright Clearance Center, Inc.

Let us shortly discuss the physical background of a polymer solution within the context
of phase separation. Polymer solutions are a typical example of a soft matter system, in
which temperature effects balance other effects, like diffusion, demixing and many more.
Hence, the mixing properties of polymer solutions crucially depend on the temperature
regime. This leads to the division into the so-called “good” and “poor” solvent conditions.
While “good” solvent conditions correspond to temperature regimes at which contacts
between solvent particles and the macromolecules of the polymer are more favourable
than self-contacts, i.e., a mixing process, for “poor” solvent conditions it is the opposite
case, i.e., self-contacts are more favourable, which induces a demixing. Of common
interest is to understand the relevant dynamics of demixing after a quench, i.e., a sharp
temperature drop, from “good” to “poor” solvent conditions.

In the polymer solution, the new effects are related to what is called dynamical asym-
metry, see [119, 120]. This means that the dynamic properties, like diffusion and relax-
ation, are completely different for the solvent and the polymer phase. Note that these
dynamic properties give rise to different time scales where the associated effects are
prominent, and hence we deal with a multiple time-scale problem. However, additionally
to this asymmetry, the problem exhibits an incomplete scale separation, i.e., the time
scales are not separated, but rather overlap and from dynamic regions. Within these
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regions, it is rather difficult from observations to deduce which effect triggers a certain
phenomenon.

We will start with reviewing the modelling of the described process. In order to model
these new effects, it is natural to build on model H and add viscoelastic effects, based on
polymer chain deformation effects, to the model. Such approaches have been considered
in several works, see for instance [48, 76, 102, 121]. However, many of them could not
reproduce experimental observations during simulations. The basic idea of our model
goes back to Tanaka [119]. In order to incorporate the observed effects, he proposed,
in addition to a viscoelastic equation associated with the deformation of the polymer
chains, another viscoelastic equation for what he calls “bulk stress”. The bulk stress is
assumed to be a pressure which is directly coupled to the diffusion process of the sys-
tem. In detail, Tanaka proposed the bulk stress as an isotropic stress tensor, associated
with the volume deformation via the relative velocity, i.e., the phase velocity differences.
Note that such stress in general can only exists as long as the relative velocity does
not coincide with the mixture velocity, which is assumed to behave almost incompress-
ible. Furthermore, Tanaka coined the phenomenon wviscoelastic phase separation and
introduced relevant regimes of this process, see Figure 2.1. Tanaka’s model seems to
reproduce the experimental observation quite well, see [118, Figure 20].

Zhou et al. [132] questioned the thermodynamic consistency of Tanaka’s model. We
want to note here that Tanaka’s model is in fact not thermodynamically consistent
with the typical choice of free energy. Since this violates basic physical principles and
is the basis of mathematical discussion, Zhou et al. re-derived a similar model via
variational arguments, i.e., the generalized virtual work principle [45]. This ensures
thermodynamic consistency, and they provided numerical simulations of their new model,
which again seems to describe the new effects. At this stage, it is natural to ask if
the numerical method with Zhou et al. employed is also consistent with the second
law of thermodynamic. Furthermore, the mathematical well-posedness and convergence
analysis of the numerical methods is not discussed. The model in Zhou et al. is of mixed
parabolic-hyperbolic type and reads

System S.2 (Viscoelastic model H).

8+ u- V6 = div (b(6) Vi — b/2() V(A(6)q))
1= —vA¢ + f'(¢),
Biq+u- Vg = —k1(9)q + div (V(A(@)g — () V)
dpa + (u- Viu = —Vp +div (1(¢)Du) + div (B) + uV¢,
0 = div (u),
8B+ (u-V)B = (Vu)B + B(Vu)' — k3(¢)B + B(¢)Du.

We observe that in addition to model H, the system contains an evolution equation
for the bulk stress g coupled directly to the Cahn-Hilliard equation. Furthermore, the
Navier-Stokes equation is coupled to an evolution equation for the viscoelastic stress
tensor B, which together form the so-called Oldroyd-B model, see [41].

Strasser et al. [116] proposed efficient and energy-stable numerical methods for the



simulation of System S.2. Hence, this ensures that the numerical algorithm preserves the
second law of thermodynamics. However, the mathematical analysis of well-posedness
and rigorous approximability by numerical methods for this type of model was open.

Let us start reviewing the viscoelastic model H, i.e., System S.2. The model is obtained
using the generalized virtual work principle of Groot et al. [45]. One starts from a set
of not completely determined evolution equations for the chosen state variables and pre-
scribed free energy. In order to close the system, phenomenological relations are chosen
such that the system fulfils the second law of thermodynamics. We refer to [28], where
we have derived the phenomenological closure used in [132] by model reduction. Such
a derivation can be interpreted in the framework General Equation for Non-Equilibrium
Reversible-Irreversible Coupling (GENERIC) of Grmela and Ottinger [65, 66]. This al-
ready indicates that thermodynamic consistency is built-in into the derivation process.

Following [132] the free energy of the System S.2 is given by

y 1 1 1
Epree(,0:0.8) = [ V0P + £(9) + 5¢° + 5lul’ + 5tx(B) da, (1.2)
where f is a mixing potential, typically non-convex. Using suitable boundary conditions,
it can be shown that the following energy-dissipation identity holds for System S.2

d
T Ea0.a0B) = = [ AOVH- VAP + K@) (13)

+|n'/*(¢)Dul* + I{Qéqb)tr(B) dz.

From a physical point of view, the model is thermodynamically consistent assuming that
tr(B) and the relaxation time ks(¢) are non-negative. By adding a suitable identity to
B we can change variables to the so-called conformation tensor C. This state variable
is preferable since it is rooted in kinetic theory and should always be a positive-(semi)
definite matrix. We note that the Oldroyd-B model arises as the simplest model from
kinetic theory, see [86], i.e., considering linear spring potential. In general, for modelling
complex effects in polymer solutions, a more sophisticated free energy is proposed, see
for instance [114, 115]. The proposed free energy therein depends on a contribution from
the spring potential, which is typical of logarithmic Warner type, see [20, 21]. Addition-
ally, there should be a contribution from the inherent entropy of the springs, which is
typically modelled by a log(det(-)) term. We can observe that such a term is completely
missing in the above free energy (1.2), cf. [79].

Furthermore, the structure of the energy-dissipation identity heavily influences the
mathematical analysis. The well-known energy techniques rely on the a priori estimates
following this energy-dissipation identity. Technically, we can replace the problem with
a suitable approximation and pass to the limit if the necessary bounds for the approxi-
mations are available. However, by looking at the above identity, we can identify several
difficulties.

The main issues from a mathematical point of view are twofold. First, due to the
highly nonlinear cross-diffusive coupling, one cannot extract independent information on
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gradient bounds on g or q. The second problem is the information on the Oldroyd-
B equation itself. First, because without a priori information on the definiteness, the
energy is not sufficient. This problem can be relaxed by switching variables to the men-
tioned conformation tensor C. However, the second problem is that the coupling terms
to the Navier-Stokes equation are quite ill-behaving. These coupling terms are part of
the upper-convected derivative, which is a frame-invariant time derivative for matrices.
A common approach in the literature is replacing them with another frame-invariant
derivative, which however destroys the energy-dissipation structure. Furthermore, with-
out gradient bounds on the conformation tensor there are only restricted results available,

see [37, 87, 92].

Outline and structure of the thesis:

In this thesis, we will study an enhanced version of the System S.2, see [28] for compari-
son, and prove well-posedness and rigorous error analysis of the model and further related
models. These models are derived and constructed to be thermodynamically consistent.
In contrast to System S.2, the enhanced version will be a completely parabolic system
with an energy-dissipative structure. The thesis will be divided into two main parts.

Well-posedness:
The first part of the thesis is divided into three chapters, i.e., Chapter 2-4, and will
consider the well-posedness, i.e., existence, uniqueness, and stability.

1. In Chapter 2 we will introduce the enhanced model and related simplifications. We
give an overview of the available results in the literature and identify theoretical
gaps, which we will consider. Furthermore, we use this as an outline and informally
present the results of the first part of the thesis. Afterwards, we will show that the
model we propose is thermodynamically consistent.

2. Chapter 3 is devoted to the existence results for the relevant models. We use stan-
dard tools of nonlinear parabolic theory, i.e., Galerkin approrimation and energy
based arguments, together with variational, i.e., weak, formulations. We show the
existence of dissipative global-in-time weak solution in two and three space dimen-
sions.

3. Chapter 4 provides a nonlinear stability estimates for the problems, and as an
application, we study continuous dependence on the initial data. Here we apply
the relative energy techniques, i.e., constructing “distances” based on the energy,
to measure differences between solutions. The results of this chapter will be an
abstract stability result and the weak-strong uniqueness principle. Finally, we con-
clude the first part of the thesis on well-posedness and give an outlook.

Numerical analysis:
The second part of the thesis consists of five chapters, i.e., Chapter 5 -9, and will consider
numerical approximations and their rigorous error analysis for a simplified model.

1. In Chapter 5, we will recall the available results on the numerical approximation
for the considered model and again outline the results presented in this thesis. Fur-
thermore, we recall some well-known results from approximation theory, including
finite element methods and variational time discretisation.



2. Chapter 6 provides a semi-discrete numerical method by stable conforming finite
elements. Using the Galerkin projection in space allows us to recover the stability
estimate of Chapter 4 to prove optimal second convergence of this method in a
simple and transparent way.

3. In Chapter 7, we consider a full discretisation by employing wvariational Petrov-
Galerkin methods in time. In a similar spirit as in Chapter 6, we prove optimal
second-order convergence in space and time under realistic smoothness assump-
tions. Hence, we establish rigorous numerical approximability for the simplified
model.

4. Chapter 8 illustrates the convergence results of the two preceeding chapters by
convergences tests, and we consider some simulations regarding the process of vis-
coelastic phase separation.

5. In Chapter 9 we will conclude the second part of the thesis on numerical analysis
and give an outlook.

Finally, the thesis is completed by an appendix which for completeness provides an
extensive list of notation, nomenclature and results which are used in the thesis, applying
almost standard notation.
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In this chapter, we will briefly introduce and motivate the enhanced model and the asso-
ciated simplifications which we will consider in this work. Furthermore, we will comment
on the available results in the literature. Furthermore, we will outline all the results we
obtained in this context and emphasize which will be presented in this thesis. After-
wards, we provide the formal proofs for thermodynamic consistency and some additional
structures. This energetic structure from the second law of thermodynamics, which we
will call energy-dissipative structure, is hidden in the differential equation and contains
the most relevant information for mathematical treatment.

2.1. Modelling

In order to resolve the theoretical issues with System S.2 mentioned in Chapter 1, we
will replace the Oldroyd-B model with a more nonlinear but mathematically more stable
diffusive Peterlin model, see [72, 96]. The Peterlin model used here employs a quadratic
spring potential, see [96] for a generalisation.

The problem with the gradient bound in the cross-diffusion part is resolved by consid-
ering a diffusive variant of the bulk stress equation. This can be understood as a regu-
larisation. However, the work of Sili et al. [15] implies that such models should indeed
contain diffusion which is related to diffusion of the polymer chains. From a mathemat-
ical point of view, this type of model reduction by neglecting the diffusion, seems to
be counter-productive. We additionally add a regularisation term in the Cahn-Hilliard
equation. This is in principle not necessary but facilitates the theoretical arguments.
Our viscoelastic phase separation model is similar to the one in our publications [31, 32]
and reads

System S.3 (Full Model).
O+ Vo = div (1 +e0)b(¢) Vi) = div ("2(9)V (A(0)q))
p=—yA¢+ f'(¢),
0g +u- Vg = —r1(9)g+ A(D)A(A(9)q) — A()div (b*($) Vi) + e14q,
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du+ (u-V)u=div (n(¢)Du) — Vp + div (tr(C)C) + Vou,
0 =divu,

8,C + (u-V)C = (Vu)C + C(Vu)" + ra(¢)(2(t(C)) I - X(tr(C)) C) + £2AC.

The equations are assumed to hold on a bounded domain £ C R? in the space dimen-
sions d = 2, 3. To avoid technicalities with boundary conditions, we assume that

(A0) Q = T?, where T¢ denotes the d-dimensional torus.

To be precise, ¢ denotes the volume fraction of the polymer, i.e., the percentage of poly-
mer in the solution, which is evolved by a Cahn-Hilliard equation. The term ¢I denotes
the bulk stress introduced by Tanaka, cf. [118], which is modelled by a convection-
diffusion equation and forms a strong coupled cross-diffusion system with the Cahn-
Hilliard equation. The viscoelastic flow is model by the Peterlin model via the velocity
u and the pressure p together with the conformation tensor C, which is related to the
chain deformation during the flow and is assumed to be a symmetric and positive definite
matrix. The conformation tensor can be related to a part of the elastic stress by the
equation T = tr(C)C. We can directly observe that the system is of parabolic nature.

The total energy of the system S.3 is given by

Boa(6,0,0,0) = [ J[V01 + £(6) + 30+ 5P + {x(C) — Lur(n ©) dr. (1)
We will show that the above energy again decays monotonically, cf. Theorem 2.3.1. We
will see that all the mathematical issues with the System S.2 model are formally cured.
However, we need to ensure the positive definiteness of C to make sense of the total
energy.

To make the analysis more easily accessible, we present two simplified models. The
reason for division into submodels is that we can study the mathematical properties of
simpler systems and can consider specific mathematical problems without considering
other problematic contributions. Indeed, we will prove all mathematical results for the
simplified models and by combination derive results for the full model, if applicable. As
already outlined, the main key points are first the cross-diffusive coupling between the
Cahn-Hilliard and the bulk stress equation, while the second key point is the logarithmic
type energy and the associated positive definiteness of the conformation tensor.

Hence, the first simplified model is related to the diffusive effects, and called Cahn-
Hilliard-Navier-Stokes-Bulk (CHNSQ) system, and is given by

System S.4 (CHNSQ model).
0p +u- Vo = div((1+)b(¢)Vu) — div(b"(¢)V (A(¢)q)),
p=—7A¢+ f'(¢),
Ohg + - Vg = —m(8)g + AG)A(A(9)g) — A(9)div (b'/(6) Vi) +e1 g,
du+ (u-Viu= div(n(gb)Du) — Vp+ Vou,
0 =divu.

10



2.2. Outline of the main results

This simplified model is complemented with the following total energy

v 1 1
Etotal(¢a q, 11) = / 7|v¢’2 + f((b) + 7q2 + 7|u’2 dz.
Q2 2 2
In order to study the viscoelastic flow and the positive definiteness property of the con-
formation tensor, we introduce the second simplified model. This model is characterized
by the Peterlin model and given by

System S.5 (Peterlin model).

o+ (u-V)u = div (nDu) — Vp + div tr(C)C,
divu =0,

9,C+ (u-V)C = (Vu)C + C(Vu)" + &(tr(C)) I — x(tr(C)) C + £,AC.

For this system, the total energy is given by

Eiota(1,C) = ;|u|2 + itr(C)2 — ;tr(ln C) dz.

The above simplified models can also be interpreted as suitable approximations related
to different regimes of the viscoelastic phase separation. The CHNSQ model corresponds
to the initial phase of the viscoelastic phase separation for a small velocity field. While
the effects of the Peterlin model corresponds to the late phase after the network breaking,
where the velocity is the dominant variable. This perfectly fits into the different regimes
introduced by Tanaka in [118], see Figure 2.1. We may associate the CHNSQ model
with the regimes (a)-(e), while the viscoelastic effects modelled by the Peterlin model
will be most relevant in (e)-(f). Of course, the multiphase character of the Cahn-Hilliard
equation has to be taken into account.

2.2. Outline of the main results

In Table 2.1 we will sketch the relevant well-posedness results for the above models
that can be found in the literature in the case of strictly positive coefficient functions
and polynomial-type potentials. Furthermore, we only present results and global-in-time
weak or strong solutions. Hence, the row Ezistence refers to the existence of global-in-
time weak /strong solutions, the row WSU is an abbreviation for weak-strong uniqueness
of the weak /strong solutions and finally Stability refers to the stability of the mentioned
solution with respect to perturbations.

Let us note that there is, of course, plenty of literature on the Cahn-Hilliard equation
and even more on the incompressible Navier-Stokes equation. For Navier-Stokes, the
existence in two and three space dimensions is known, and the results are obtained by
Leray [88]. The uniqueness of weak solution in three space dimensions is still open, see
[40]. In principle, further results on the local existence of strong solutions and stability
are known, see for instance the monographs [25, 122] and the review article [19]. For a
review article of the relative energy methods in fluid dynamics, we refer to [127].

11
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Figure 2.1.: Dynamical regimes across viscoelastic phase separation. Taken from [118].
©IOP Publishing. Reproduced with permission. All rights reserved. Per-
mission conveyed through Copyright Clearance Center, Inc.

2D Model H | CHNSQ | Oldroyd-B Peterlin Full Model
Existence | v/,[24] v 41, 15] v/,[30], [96] v, [31, 32]
WSU | v, [24] | v, 33 [41]* v, 33, 96 | v, [33]
Stability v v - v v
3D
Existence | v/, [24] v - v, 130], [97] v
WSU v v - conditional 30| | conditional
Stability v v - conditional conditional

Table 2.1.: Road map of results. Colorcode: v for results which will be presented in the
thesis; v to emphasise our works; v' denote results, which can be obtained
with the proofs presented here almost verbatim. Here * emphasises that in
these cases even uniqueness is known. The three “conditional” results can be
obtained using the presented techniques, together with the results in [30].
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2.3. Thermodynamic consistency

For the Cahn-Hilliard equation, the existence of weak solutions goes back to Elliott
et al., see [50]. See also [2, 24, 39, 103] and the references therein for several theoretical
extensions. The case of partially vanishing coefficients and logarithmic potentials is also
considered by Elliott et al. [50] and we will comment on that in more detail.

2.3. Thermodynamic consistency

In this section, we provide formal proof for the thermodynamic consistency of System S.3.
In order to establish the relevant energy-dissipation identity, we assume that the param-
eter functions are sufficiently smooth, and the following conditions hold

e, 2 0,6(¢),1(0), k1(0), k2(¢) = 0 and x(tr(C)) = @(tr(C))tr(C) = 0 (2.2)

Furthermore, every model is subjected to suitable initial conditions, for instance System
S.3 to (¢,¢,u,C)|,_q = (d0,q0,u0,Cp). Recall assumptions (A0), i.e., that 2 is the
d-dimensional torus. In principle, the following results translate almost verbatim for a
sufficiently smooth boundary with the following boundary conditions

an¢’89 = aﬂ:u|89 = anq|a§z =0, u|aQ =0, anc|a§z =0. (2.3)

Theorem 2.3.1. Let (¢, i, q,u,p,C) denote a (sufficiently) smooth solution of System
S.8 on [0, T] with conformation tensor C(t) positive definite for all t € [0,T]. Further-
more, assume (A0) holds, all parameter functions are (sufficiently) smooth, the condi-

tions (2.2) hold and recall that T = tr(C)C. Then following holds for allt € (0,T)

d
&Etoml(cf?, ¢,1,C) = —Dyprr <0, (2.4)
with

Diotar = / 50\51/2( )Vil* + |/<01/2( Jal* + |bl/2<¢)vﬂ — V(A(9)q)* + 1| Vg[* dx
d
+ [ n@Ipul + 5| vir(C )|2+%Z|C‘1/28wiCC‘1/2|2dx

+/ ~Ra(@)X(tr(C))tr (T + T — 21) da
Proof. We recall the definition of the total energy (2.1) as
Fualé,0,0,0) = [ 1VoP+ 10) + [ Sa+ 1\u\2+/ L2 = an ) da
U Q2 Q2 Q2 Q4 2
= (4) + (4¢) + (it7) + (iv).

In order to establish the energy-dissipation identity, we differentiate every term of (2.1)
with respect to time and insert the partial differential equations, i.e., System S.3 suitably.
Note that no boundary term appear when integrating by parts, since we work with the
d-dimensional torus, i.e., Q = T¢. Let us consider the first integral which yields

=< [ 196 + f() da

13
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= [ V60V + (6)06 dx
= [ =78606 + [(@)010 dw = [ pdy da
= [ —u- Vg + div((1+20)b(8) Vi) — div (6/2(0)V (A(0)0) )

= —c(u;p,p) — /Q<1+eo>\b1/2<¢>w\2 —0"2($)V(A(9)q) - Vppda.  (25)

Here we applied the definition of the convective term c(-;-, ) according to (A.31).

(i) = 3 [ Sl de = [ adg s
= [ —(a- Vg — r(6)q* + AlAW@)D)A@)q — div(n(8) Vi) A(9)g + £19Aq da
= —c(uiq.q) = [ k1(6)¢* + V(AN = n(6) Vi V(A(@)g) + 1|Vl da

= — [ 1@ + [V (A@)q) = b2(6)Vp- V(A@)g) +21lVa dz. (26)

Here we used the definition of the convective term c(u;¢q,q) and the associated skew-
symmetric property yielding c(u;q, q) = 0, see (A.32).

(zzz)z(i/gé|u|2 dxz/ﬂu-@tu dz
= [ ~(u- V)u-u—div (1(6)Du) - u +div(T) -u+ uVe - u dr
:—c(u;u,u)—i—c(u;gb,,u)—/Qn(gb)Du:Vu—i—T:Vu dz

=c(u; ¢, u) — /Q’nl/Q(QS)Du'2 +T:Vudz. (2.7)

As for the last equation, we cancel out the first term by skew-symmetry, i.e., (A.33).
Furthermore, we use that Du : Vu = Du : (Du + Wu) = Du : Du, where Wu denotes
the skew-symmetric part of the velocity gradient. For the tensorial part, i.e., (iv) we
split the contribution and obtain for the first part

()1 = jt /Q itr(C)2 de = /Q ;tr(C)attr(C) do
= [ ~u Vix(C) £ t(C) + tr(C)C : Y — ma(9)X(+(C))ix(C)’
+ ;l@(gb)@(tr(C))u(C) + 26(C)AN(C) da
— —c(wC.C) + [ T Vudr — Lrafé)x((C))1r(C)°
+ S ha(0)B(1(C))ix(C) — 2|Vir(C) P d

= [T Vude - ;/@(qb)x(tr(C)) (0P —d) - 2|V dr. (28)

14



2.3. Thermodynamic consistency

Here we used the skew-symmetry of c(-;C,D), i.e., (A.34) and used the definition of
X(tr(C)), see (2.2). For the next term we compute

(iv)y = (;it /Q ;tr(ln(C)) dz = /Q C ' 8,Cde
- /Q —(u-V)C:C! + tr(VuCC) — gmg(gb)x(tr(C))
+ ;/{Q(qﬁ)@(tr(C))tr(C_l) + %AC . C7!dz
- /Q div (u) tr(In(C)) + tr(Vu) — ZVC : VC!
1

- yrox(u©) (1- ) a

- 2yc.ve ! + ;m(@X(tr(C)) (d _ tifc)l >> d. (2.9)

Here we applied the Jacobi formula (A.13), divergence-freedom of the velocity u and the
definition of x (tr(C)), see (2.2). Summing up (2.5)-(2.9) we obtain

d
&Etotal(gbv q,4a, C)

T /950|bl/2(¢)Vu!2 da + |my*(8)a]* + [b"/*(¢) Vi = V(A(0)g)* + 1| V[ du

- /9]171/2(@5)Du]2 + §|Vtr(C)|2 - gvc :VC T de

- ; . Kao(0)X (tr(C)) <tr(C)2 + tl’;ifc_)) - 2d> dz
= (x).

We will estimate all negative terms from above by zero. Computation of the gradient of
the inverse and further rearrangement, by recalling that T = tr(C)C yields

(%) < —9/ Ed:VC . C19,,CC dr — 1/ ko (@)X (tr(C))tr (T—i—T_1 — 21) dz
- 2o ' . 3 Jo X '

The first term yields by definition of the Frobenius inner product and decomposition into
the matrix square root

d d
-2 [32vC: 9,00 dr = = [ S|C12,,COT R dr <0,
2 JaiH 2 JaiA

For the second term we recall that for a symmetric positive definite matrix, in our case
T = tr(C)C, cf. (A.9) we have

tr (T+T*1 _ 21) > 0.

Together this implies (x) < 0 and hence

d
7an )y 4 7C S .
1 ttl(¢qu ) 0

15
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This identity can also be obtained by formally testing the weak formulation (3.64) with

1 1
(/“L7 atd)a q,4a, §tr(C)I - 2C_1> )

respectively. [

The derivation of the above energy-dissipation identity is based on variational argu-
ments. We see that by multiplying the time derivative of the respective variable by the
variational derivative of the total energy with respect to the corresponding variable. The
time derivative is substituted with the remaining part of the equations. However, after
rearrangement, and integration over the domain €2 this is exactly the same as testing the
variational formulation with the corresponding variational derivative.

In the following, we will present several additional energy-type inequalities, which are
relevant for the analysis but have no direct physical interpretation as the total energy.

Energy-type inequality:
In the above proof, we already derived another relevant equality of the energy functional

= J 2 /1 2 /1 2 /1 2
E@.qu,C)i= [ (V0P +56)) + [ 5+ [ S+ [ Jw(©) dr,  (2.10)
which is summarized in the following lemma.

Lemma 2.3.2. Consider the same conditions as in Theorem 2.3.1, except the positive
definiteness of the conformation tensor C. Then for a (sufficiently) smooth solution
(¢, i, q,u, p, C) of System S.3 the following evolution holds for the reduced total energy

;tE(gb,q,u, C)=-D+R. (2.11)
with
D= /Qso\bW(cb)wf + | (9)al” + b*(6) Vi — V(A($)g)|” + &1|Vgl” da
+ [r20)Duf’ + ZIT(C) + (@)X (@O dr,
R=d /Q ko ()®(t(C))tr(C) da.
Proof. The results follows by summing only (2.5)-(2.8), i.e., not considering (iv)s. O

Two-dimensional additional energy-type inequality:
In the special case of two space dimensions, we can propose another energy functional,
which contains suitable information of the solution and is given by

Ba(6.0.0,C) = [ (UVoP 4 70)) + [ 5a+ [ Sl + [ JICFdn (212)

Let us consider the evolution of (2.12). The difference in both energies is only due to
the conformation tensor C.

16
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Lemma 2.3.3. Consider the same conditions as in Theorem 2.5.1, except the positive
definiteness of the conformation tensor. For (sufficiently) smooth solution (¢, i, ¢, u, p, C)
of System S.3 in two space dimensions, the following equality holds

d
aEQd(¢a q, 4, C) = _D2d + R2d (213)

with
Daa = [ =olb2(6)Vu[ + 5*(0)al* + [6/2(6) Vi = V(A(@))* + a1 Vgl da
+ [[(6)puf’ + SIVCP + Sm(e)x(e(©)ICP dr,

Rog = /Q k() ®(tr(C))tr(C) da.

Proof. The new term from the conformation tensor C yields

d 1, 1,
&/szq dx:/QiC.athm
:; [~ 9)C: CH+[(Tu)C+C(vu)T:C
— (@)X (tr(C))[CP* + #2(¢) @(tr(C))tr(C) — £2| VC|* dz (2.14)
:; /Q 2tr(C)C : Vu — k()X (tr(C))|C|* + k2(¢)@(tr(C))tr(C) — £5| VC|? da.

For the second equality we used (A.12) and skew symmetry of the trilinear form (A.34).
Combination of (2.14) with (2.5)-(2.7) yields

d
%Ezd(ﬁ ¢, u,C) = —Dyg+ Roy

= — | ot (@) V| + k1 (@)af + PGV — V(A@)g)* + 1|Vl da
_ /91771/2(@1311]2 +IVCP + ;ng(gb)x(tr(C))|C|2 dz + /Q () (tr(C) )tr(C) da.

]

In contrast to the total energy, the additional functionals £ and FEs; do not need to
decay in time, but an application of the Gronwall lemma, cf. Lemma A.3.1 yields a
suitable estimate for tr(C) and C without requiring positive definiteness.

Remark 2.3.4. A functional equality with similar estimates as in (2.13) is not available
in three space dimensions. This results from the fact that (A.12) is a consequence of the
Cayley-Hamilton theorem, cf. (A.11). In three space dimensions, we obtain instead

(tr(C)C — C?) : Vu = C,y : Vu

with C,g = det(C)C™! as the adjoint matrix. In general, this is not zero, and without
this property we cannot establish a direct estimate as in two space dimensions.
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Energy of the simplified models:

The submodels System S.4 and System S.5, imply corresponding energy laws. Indeed,
for the CHNSQ model, i.e., System S.4, all three energy functionals, omitting the con-
tribution of C, are the same and we summarize the result in the following lemma.

Lemma 2.3.5. Let (¢, i, q,u,p) denote a (sufficiently) smooth solution of System S.4
on [0,T]. Furthermore, assume (A0) holds, all parameter functions are (sufficiently)
smooth and the conditions (2.2) hold. Then the following holds for all t € (0,T)

d
S B(6,0,0) = = [ 2b2(6)Val? + 572(6) Vi — V(AG)) + In1(0)af
+&1|Vq]* + ]171/2(¢)Du]2 dz. (2.15)

Proof. This follows from the proof of Theorem 2.3.1 by neglecting the contributions of
the conformation tensor C. n

For the Peterlin model, we obtain a simplified version of the total energy and two
additional energy laws, which are again summarized in a lemma.

Lemma 2.3.6. Let (u,p, C) denote a (sufficiently) smooth solution of System S.5 on
[0, T] with conformation tensor C(t) positive definite for all t € [0,T]. Furthermore,

assume (A0) holds, all parameter functions are (sufficiently) smooth and the conditions
(2.2) hold. Then the following holds for allt € (0,T)

d , 1 »
%Etoml(u,C):—/Qn|Du| + 5X(r(C))tr (T + T - 21)
d
+ %thr(C)\Q + %Zycﬂ/?amcc*/?y? dz, (2.16)
=1
4 _ 2 E2 2 1 2_d
th(u, C) = /977|Du\ + 5 |Vir(C)|” + 2X(tr(C))|tr(C)\ 2®(tr(C))tr(C) dz,
(2.17)
d __ 2 2 gcp L 2
SEu(1,C) = = [ ylDul* + ZIVCP + Jx(tx(C))[C|
~ Lot (C))tr(C) da (2.18)

2

Proof. The result simply follows from the proof of Theorem 2.3.1, Lemma 2.3.2 and
Lemma 2.3.3 by neglecting the contributions of the volume fraction ¢ and the bulk
stress q. O

Before we proceed, let us recap the results derived so far. We have built an enhanced
version of the viscoelastic model H, i.e., System S.2, by System S.3. Furthermore, we have
provided formal proof that the model is indeed thermodynamic consistent and presented
additionally energy-like equalities. These additional equalities will help us in the proofs
in the next chapter but have no direct physical meaning.
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In this chapter, we will prove the existence of dissipative global-in-time weak solutions
by using the energy-dissipative structure of the models. The chapter is structured as
follows. In the first and second sections, we consider the CHNSQ model, i.e., System
S.4. We first introduce a notion of weak solutions and state the corresponding existence
result in two and three space dimensions, see Section 3.1, which is proven in Section 3.2.
The proof is realized by a suitable Galerkin approximation based on energy arguments.
Afterwards in the third and fourth sections, we consider the Peterlin model, i.e., System
S.5, in two and three space dimensions. As before, we first state the weak formulation
and the corresponding existence result in Section 3.3, while the proof is given in Section
3.4. Here we use a mixed Galerkin and semigroup approach to obtain the result. This
approach is based on the ideas of [97]. Also, among other results, the existence result of
System S.5 can be found in our recent work [30]. Next, we consider the full model, i.e.,
System S.3 in Section 3.5, where the existence result simply follows by combining the
proofs for the CHNSQ and the Peterlin model. In Section 3.6, we comment on the weak
formulation in space and time, to derive a suitable setup for the following chapter.

Notation and basic assumptions:

We mainly use standard notation; see appendix A for details. First, we recall assumption
(A0), i.e., that Q is the d-dimensional torus. This implies that the dual spaces of the
Sobolev space H'() can be identified with the negative Sobolev space, i.e., (H*(Q))* =
H=1(Q). We denote by (-,-) the L?(€2) inner product or the dual paring H~(2) x H'(2)
or H'(Q) x H1(); the precise meaning will be clear from the context. The spaces
L3,()% HL (Q)? correspond to the standard spaces in fluid dynamics, i.e., the space
of divergence-free functions in L*(Q)? and H'(Q)4, respectively, cf. Appendix A. We
denote the dual space of HL ()¢ by Hg;l(Q)%. In the following, we abbreviate [; [, by
Jo, forall t € (0,7).

The basic assumptions on the coefficient functions are collected below.

Assumptions 3.0.1 (Regular case).
(A0) The domain Q) is the d-dimensional torus, i.e., ) = T

(A1) The mobility function b € C*(R) with 0 < by < b(s) < by for all s € R and
[6'll0,00 < 3.
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3. Global weak solutions

(A2) The potential f is C*(R) with f(s), f"(s) > —f1 for fi > 0 and the growth condi-
tions | f®(s)] < 8 + f57|s[** for 0 < k < 4 for f37, £5"

(A83) The bulk modulus A € C*(R) with 0 < A; < A(s) < Ay and ||[A® |00 < Agyo for
k=12

(A4) The relazation times ki, ko € CY(R) with 0 < k1 < Kki(8) < Kio and ||Koco < iz

(A5) The interface width and the diffusion coefficients are positive, i.e., v, g, €1,62 > 0.

(A6) The viscosity n € C*(R) with 0 < m < n(s) < ma for all s € R and ||n']o.00 < 13-

(A7) The generalized relazation times satisfy X (tr(C)) = tr(C)*+altr(C)| and ®(tr(C)) =
tr(C) + a for a > 0.

3.1. Weak solutions for System S.4

In this section, we will define a suitable concept of weak solutions for System S.4 and
state the corresponding existence result. The main difficulty in the existence will arise
from the strong nonlinear coupling between the volume fraction ¢ and the bulk stress ¢
due to the cross-diffusive nature.

Definition 3.1.1. Let (A0)—(A6) hold and T > 0 is a given time. The quadruple
(¢, i1, q,u) is called a weak solution of System S.4 on Q x (0,7, if

¢ € L0, T; HY(Q)) N L*(0,T; H*(Q)) N H*(0,T; H*(Q)) = W(0,7),

pe L20,T; HY(Q)) = Q(0,T) (3.1)
q € L=(0,T; L*(Q)) N L*0,T; HY(Q)) n W30, T; H1(Q)) =: M(0,T),

u e L%(0,T; L, (2)7) N L0, T; Hy,, ()1 N WH(0, T; Hyio ()7) =: X(0,7),

with p = 2 in two space dimensions and p = % in three space dimensions, and

(Oh, 1) — (w1, ) + (1 + £0)b(8) Viu — b*(6)V(A(¢)q), Vb) = 0,
(1,8) — ¥V, VE) — (£'(4).£) =0,
(000, ¢) — c(u; ¢, @) + (k1()g,C) + £1(Vg, V) (3.2)
+ (V(A(¢)q) — b"*(¢) Vi, V(A($)C)) = 0,
(O, v) — c(u; v,u) + (n(¢)Du, Dv) + c(v; 1, ¢) =0,

for any test function (¢, &, ¢, v) € [HY(Q) x HY(Q) x HY(Q) x H}, ()] and almost every
te (0,7).

We remark that the weak solution (¢, u, ¢, u) depends on time, which we suppress for
readability whenever there is no confusion, i.e., (¢, p, g, u) = (&(t), u(t), q(t), u(t)),

Remark 3.1.2. Every sufficiently smooth solution (¢, i, ¢, u, p) of System S.4 is a weak
solution in the above sense. This can easily be seen, by using suitable test functions
and integration by parts. The pressure p vanishes from the weak formulation since we
consider the velocity in the divergence-free space HL (Q)? This again follows from

testing and integration by parts.
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3.2. Proof Theorem 3.1.3

We proceed to state our first result on the existence of dissipative global-in-time weak
solutions.

Theorem 3.1.3. Let the initial data (¢o,qo,ug) € [H () x L*(Q) x L2, (Q)]
be given. Under assumptions (A0)-(A6) for d € {2,3} and for every T > 0
there ezists a dissipative global-in-time weak solution (¢, u,q,u) of System S.4 in
the sense of Definition 3.1.1, which satisfies the initial data ($(0),q(0),u(0)) =
(0o, qo, ug) and furthermore satisfies the energy inequality

B(6,q,0)(t) + [ <ot (@) Vil + [62(6)Vn ~ V(AG))P + ri/(8)gl? da ds

2
+ [ 21lVgl + |n"/2(¢)Du]" dv ds < B(6,q.w)(0) (3.3)
for almost every t € (0,T).

In principle, we call a weak solution that satisfies an energy inequality, a dissipative
weak solution. Before proceeding to the proof, let us shortly discuss some extensions.

Remark 3.1.4. 1. In fact, one can prove all results in the case gy = 0, see [31, 32]
for the existence result in two space dimensions. While the proof has to be slightly
adapted, on which we will comment later, the regularity of the constructed solution
only changes in three space dimensions. The regularisation with ¢ fits into the
boundedness-by-entropy principle for cross-diffusion systems of Jingel [82] in the
sense that they assume independent gradient bounds. Unfortunately, this technique
cannot be applied in our case, since it was only developed for second-order equations
with convex entropies.

2. The growth conditions on the potential can be relaxed depending on the space
dimensions, again this yields similar existence results, see [31, 32].

3.2. Proof Theorem 3.1.3

The proof presented in this section is inspired by our two-dimensional considerations in
[31] and [32].
Before we continue with the proof, let us give a short sketch of the main steps.

1. Approximation and local existence of suitable Galerkin scheme, see Subsection
3.2.1. Here we will briefly describe the construction of the Galerkin system, which
severs as a finite-dimensional in space approximation of the original problem. This
reduces the problem to a huge system of ordinary differential equations whose
local existence can be established using standard theory for ordinary differential
equations.

2. In the next step, see Subsection 3.2.2, we will deduce suitable approximation in-
dependent bounds on the discrete solution, which also allows us to continue local
solutions to global solutions. Here, we will first derive a priori bounds using the
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3. Global weak solutions

energy estimates. Secondly, we will derive higher estimates for the approximative
volume fraction ¢, using the stability of the Galerkin projection and elliptic regu-
larity. The final set of a priori estimates are bounds for the time derivative of the
approximate system, which will be obtained using duality arguments.

3. The third step, see Subsection 3.2.3, is to establish convergence of suitable subse-
quences. The typical weakly /weakly-* convergences can be directly obtained from
the a priori bounds of the second step by using the consequence of Banach-Alaoglu
A.3.3, i.e., in reflexive spaces, every bounded sequence has a weakly convergent
subsequence. Since our model is nonlinear, we will also need strong convergences,
which we obtain by applying compactness arguments via the Aubin-Lions lemma,
cf. Lemma A.3.6.

4. The fourth step, see Subsection 3.2.4, is the passage to the limit in the approxima-
tive formulations. Here, we show that the constructed sequence does converge to
the weak formulation. Hence, proofing the existence of global-in-time weak solu-
tions. This will be done by using the before obtained convergences together with
suitable density arguments.

5. The fifth step, see Subsection 3.2.5, is the limit in the energy inequality, i.e., proof-
ing that the weak solution is also dissipative. This will be done again by employing
weak and strong convergence arguments together with the generalized lemma of
Fatou/lower-semi continuity of norms. This will conclude the proof.

3.2.1. Construction and local existence of Galerkin
approximations

In order to prove existence of a weak solution to System S.3 we consider a Galerkin

approximation of the weak formulation (3.64). For more details on the construction, we

refer to monographs [122, 104, 110]. Let ¢;,v,,j = 1,..., 00, be the eigenfunctions of
the Laplace operator and Stokes operator respectively, i.e.,

—ij = )\jwja —AVj + Vp = UJjVj, div (Vj) = 0.

The eigenfunctions t; are smooth and orthogonal in H'(Q2) and L?*(f2), while the v;
are smooth, divergence-free and orthogonal in H}, (Q2)? and L3, ()% Without loss of
generality we set Ay = 0 = wy, i.e., the constant function 1 is an element of V,,, and @Q,,,
respectively. One can immediately see that

H1<Q) = Span{wj};ilv Héiv(Q)d = Span{"j}f’il-
The finite-dimensional spaces are then defined by
Vin i=span{ty, ..., ¥} Qm = span{vy,..., v, }.

Within this set, we then now define orthogonal projections

m m

Py, (V) = Z(zﬁ,@bl)m CHY Q) =V, Pg,, (V) == Z(V,vl)vi : HéiV(Q)d — Qum.

=1 i=1
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3.2. Proof Theorem 3.1.3

We then define the m-th Galerkin approximation of (¢, i, ¢) as an orthogonal projec-
tion onto V,, and u,, as an orthogonal projection onto @, via

m

Z)‘Jm Wi(x),  pm(z,t) =

= Zl Cim ()5 ()

®om = Pv,,(¢0), Jom = PVm(QO)v U, = Po,, (up).

i

Hence the initial values are also orthogonal projections onto the corresponding finite-
dimensional subspace.

The Galerkin approximations satisfies a discrete version of (3.2), which is a system of
ordinary differential equations, given by

(OsPm, V) — c(W; ¥, Om) + (1 + €0)0(Drm) V fm — b1/2(¢m)v(A(¢m)Q)a Vi) =0,
<,um7 5) - 7<V¢m7 V€> <f/( ) > 0,
<atqma <> - C(uma C> qm) + </€l (¢m)Qm> > + €1<qu, VC> (34)

+ (V(A(Sm)gn) = 02 (6) Vitm, V(A()C)) = 0,
(O, v) = c(Wmn; v, W) + (10(Pm) D, DV) + (V; i, ) =

for all ¥,¢,¢ € V,, and v € @,,, and all t € (0,7). The system is subjected to the
initial conditions (¢,,(0), ¢ (0), u,(0)) = (Gom, Gom, om ). By standard techniques from
ordinary differential equations, the solution can b shown to exist up to time T,,.

Lemma 3.2.1. Let the (A0)-(A6) hold. Then the finite-dimensional Galerkin system
(3.4) for (Gm, tom, Gm, Wm) has a solution up to time T,, <T such that

bm € CH[0, Trn); Vin), tim € C°([0, T]; Vi),
Gm € CM([0,T]; Vi), W € CH([0, T Qi)

Proof. The local existence follows from the theory of ordinary differential equations since
everything depends continuously on the Galerkin approximations ¢,,, ttm, @m, Un. How-
ever, at first glance, it seems that the system is formally a differential-algebraic equa-
tion(DAE) for p,,. Since in space everything is finite-dimensional and smooth, we can
simply insert the definition of u,, and obtain an ordinary differential equation. O

In the following, we will reproduce the energy inequality to obtain a priori bounds
on the approximative solution (¢, fim, Gm, U,,) independent of m to first extend the
existence time to 7" independent of m. This and further a priori bounds will finally allow
us to pass to the limit and obtain a weak solution of System S.4.

3.2.2. A priori estimates

In order to obtain all the relevant a priori bounds independent of m, we will first re-
produce the energy inequality. Afterwards, we will simply compute several immediate
consequences of these bounds. The finally a priori bounds which we will seek are bounds
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3. Global weak solutions

on the time derivatives.

Energy-dissipation bounds:

The energy inequality (2.15) is be obtained by variational arguments, cf. Theorem 2.3.1,
by inserting the test functions (¢,&,(, V) = (tm, Osbm, G, W) € Vi X Vi X Vi X Q.
These are all valid test functions by construction, hence we obtain a discrete energy
inequality (2.15) and by integration over time (0,t), ¢ < T,,, we find the following
lemma.

Lemma 3.2.2. Let (A0)-(AG) hold. Then the Galerkin system (3.4) for (¢m, tms Gm, Um)

has a solution up to time T independent of m and satisfies the energy inequality

([ 2170 + (6n(t) + Slan(OF + 3 lun(0) d) (35)
+ [ ol ()l 4 020 Vs = V(A + 1]Vl d ds
+/ |/{1/2 G @ |* + ‘nl/g(gbm)Dum‘Q dz ds

< ([ 2IV0n0)F + F6n(O) + 5lan(OF + Jlun(0) dz) for it € [0,7).

Proof. After integration up to time 7,,, and using the Gronwall lemma, i.e., Lemma A.3.1,
for the inequality (3.5) implies that we obtain the a priori estimates

||v¢m||%°°(L2) + ||qm||%°°(L2) + ||um||%°°(L2) + ||V:um||%2(L2)
+16Y2(m) Vit = V(A D)) [72(2) + [ @m | Z2ar1y + [ 0m|7201y < Co-

Hence we can continue the solution up to time 7. The energy inequality and suitable a
priori bounds follow directly. O]

Note that the constant Cy in the proof depends on the energy of the initial data and
the inverses of the lower bounds for the parametric function b, , x; and also inversely on
g0, 1. In order to gain control of ¢,, in L>(0,T; L*(9)), we insert 1) = 1 as test function
in (3.4),, and obtain

<at¢m7 1> = 0

This implies that the mean value of ¢,, is constant in time. The desired bound on ¢,,,
ie., o, € L>(0,T; L*(Q)) follows from Poincare’s inequality (A.19).

Next we need an estimate for p,, € L?(0,T; L*(€2)). First we consider the mean value
of p, by testing (3.4), with £ = 1 to obtain

i 1) = (£ G 1) M) = [ G D s < [ 170w, ds.

Using that p < 4, cf. assumption (A2), we calculate

T / 2 T 6 6
L7l ds < ef) [ lomllss ds < el Vol uz) < Co.
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3.2. Proof Theorem 3.1.3

where we have used the embedding H'(2) C L3(Q) in dimension d < 3, see (A.17). By
applying Poincaré’s inequality (A.19) we obtain

1tmllo, < €V tmllgs + Clpim, 1) (3.6)
for all p < 6 in d < 3. Since the mean value of the chemical p,,, i.e., M(t), is bounded
in L?(0,T; L*()), we obtain p,, € L*(0,T; LP(Q2)) for p < 6.

The derived a priori estimates of this part are summarized in the following lemma.

Lemma 3.2.3. The Galerkin solution (¢, fim, Gm, Wm) of system (3.4) satisfies the fol-
lowing a priori bounds independent of m

’Wm”%oo(m) + HCImH%w(m) + HumH%m(m) + HMmH%?(Hl) (3.7)
+ (16" (dm) V i — V(A(Sm) @i ) 1 212) + g 172021y + [ | 7201y < Co.

Higher order a priori estimates for ¢:

In this part, we will obtain higher order estimates from the approximation of the chemical
potential p,,. Since the subspace V,, is stable under —A due to construction, we can
test the discrete equations with A¢,,, i.e., set { = A¢,, in (3.4), and obtain

’VHAgbmH%? = (' (Dm) = tms Do)

Using Holder’s inequality yields and integration over time from 0 to T yields

T ) ro 2
/0 [A¢m |72 ds < C’(y)/o (b)) — fim|? ds.

Since the chemical potential y,, is already bounded in L?(0,T; L?(f2)) by the a priori
estimates (3.7), we only have to consider a suitable bound for f'(¢,,). By recalling (A1),
we compute

T 2 r 6 r 6
LI @n)llE ds < OO [ llonllss ds < ) [ 1905 ds < o,

which is bounded again due to the a priori estimates (3.7). Hence, the right-hand side
is bounded by the a priori estimates (3.7) and we conclude that Ag¢,, is bounded in
L?(0,T; L*(©)) independent of m. Since (A0) holds, i.e., the domain is smooth, it suffices
to control the Laplacian to obtain bounds in H?*((2).

The last remaining goal is to bound ¢,,, € L*(0,T; H3(€2)) independent of m. This will
be done by applying the results from the elliptic regularity theory, see [56]. First, we
already know that p,, € L?(0,T; H*(Q2)). We will show now that f’(¢,,) is also bounded
L?(0,T; H'(Q)) independent of m. Then by using elliptic regularity we immediately
obtain the desired regularity. We estimate f'(¢,,) as follows

[ [97GnP dzds = [ 176 V6uP dzds < [ 177 0m) Rall VoulRs d
0 JQ " xstQ " m:cs_o mone milos €5

T
< [ U + 216l IVl ds
<C(f 0mllzoe i) IVl 721y < Co.

The derived estimates are summarized in the following lemma.

25
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Lemma 3.2.4. The Galerkin solution (¢m, thm, @m, Um) of (3.4) satisfies the additional
a priori bounds independent of m

pmllz2s) + 1f (Dm) 22y < Co (3.8)

Estimates for the time derivative:
Next, we consider the appropriate space in which the time derivatives are bounded by
the a priori estimates. In order to obtain the relevant bounds, we use duality as follows

<at¢m(t)7 770) <at¢m (t)7 ¢>
0Dy = RARLANA R ~ 7 3.9
10:6m(ll-1 = sup ==y = sup =5 (3.9)

The last equality holds since the basis functions are orthogonal in H'(Q). In the fol-
lowing, we will insert the discrete variational problem in the numerator and estimate
by using Cauchy-Schwarz and Holder inequality. Hence, this amounts to estimate every
inner-product using the dual norm. Finally, (3.9) is integrated over (0,7) to employ the
previously derived a priori bounds.

Cahn-Hilliard equation:
We start with the first variational identity, which was given by

(0, ) = (W1, &) — (1 + 20)b(dn) Vit — 0 (01) V(A(Dm)q), V), Vb € Vs,
= (z’) + (z’z’).

For the first term, we compute

(7)) < [umlloallVellozllémllos < [[wnllosllll1llémllos

T
LG ds < a6l ey
For the second term, we estimate

(i) < (20llb(dm)Vitmllo,2 + ClNOY* () Vi = V(A(Gm)gm)llo.2) 1)1,
T
/0 ||(“)||2—1 ds < 60Hb(gbm)vlu’mH%Q(LQ) + C||b1/2(¢m)vﬂm - V(A(¢m)QW)||%2(L2)

Inserting into (3.9) estimating and integrating over time yields

2 b2 T
[9:6mll2y ds < [N, + G2, < Co
which is bounded by the a priori estimate (3.7).

Bulk stress equation:
Similarly, the following holds

10¢gm (t)]| -1 = sup w = sup M

(3.10)
cert  |[Clh cevm  |ICII
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3.2. Proof Theorem 3.1.3

Furthermore, we recall the variational identity for the bulk stress given by

(Otm, €) = (W € gm) — (F1(m)Gm» C) — €1(Vm, V()
— (V(A(6m)@m) = 0" ($n) Vb, V(A )C))
= (1) + (1) + (i11) + (iv).

For the first term, we estimate
(1) < [[amllosI Vo2l gmllos

4/3 4/3 4/3
LIONY ds < [ a5 ds < NanlZaus) + Itnlaces) < Co

which again is bounded due (3.7) by using the interpolation inequality (A.25).
Turning to the second and third terms we compute

(i) + (iii) < Frallgmllol[¢llo + e Vamllol Vello,

/ | (1) + (i74)||*, ds < C(k1, e / lamlle + 1| Vamlls ds < Co,

which again is bounded due to (3.7).
For the final term, we again estimate

(itd) < (1" (6n) V ttm — V(A(Dm)gm) 02|V (A(Sm)8) 0.2
< |16Y2(bim) Vit — V(A(Dm) @) lo2(A2| V|02 + A3l Vdmllosl¥]os),

where we applied the upper bounds for A(¢), cf. (A3), and a Holder inequality. Using
the Sobolev embedding and Young’s inequality with p = 3/2 and ¢ = 3, we find

LGN ds < ) [T 1072600V itm = VAGR @I +[F0nl) ds
C(A)[6(6n) Vit — V(A(Sm)am)[22(12) + VIl Za(z3) < Co,

due to a priori bounds (3.7) and (3.8) using the interpolation inequality (A.25).
Together, this yields the following bound for the time derivative

T T
| 10all? ds < € [N + @I + )] 7 ds < Co.

Navier-Stokes equations:

For the Navier-Stokes contributions, we obtain a slightly different formula, i.e., we replace
HY(Q) by H} ()% and V,, by Q,,. Furthermore, we abbreviate the norm of Hj!(€)?
by ||-||=1.aiv- With this notation we obtain

Oy, (1), O, (t),
|0 (t)||—1,av =  sup 7< (1), v) = sup 7< i () V>. (3.11)
veH}, ()4 vl VEQm |

We recall the variational identity for the Navier-Stokes equation given by

<atum7 V> = c(um; v, um) - <n(¢m)Dum7 DV> - C(V; Mo Qbm)
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= (1) + (i1) + (uii).
For the first term we estimate
(i) < [lamll§ 41V V]o.

Then using the interpolation inequality (A.22) we find

4/3 8/3 2/3
LUON s < [l s < [ 3w s

< HumHLoo L2) ||uml|%2(H1) < Co,

which is bounded due to the a priori estimate (3.7). Let us note that at this point using
the corresponding interpolation inequality in two space dimensions, i.e., (A.21) yields a
similar bound with a power 2 instead of a power 4/3.

For the second term, we estimate

(i1) < mal D | DV o < CO)II Vo[Vl
T T
LGOI g ds < COn) [V 3 ds < G,

For the third term, we compute

(i) < [ Vitmlo|émllosl|V]los,
T T
|G e ds < [ 10mlEIV il ds < ellémllE g limlFm) < Co.

due to the bounds (3.7). Thus, the equation (3.64), implies

B Y ds<c [ I3 i) ||2 i)12, . ds < C 3.12
|| W || 7] gy ds < ; 12T e + 17y sy + (@)1 g5y ds < Co. (3.12)

In two space dimensions, the same holds true in L2(0,T; H;;(€2)?). Together, the above
parts can be summarized in the following lemma.

Lemma 3.2.5. Let assumptions (A0)-(A6) hold. Then the Galerkin approzimation
(Dumy Loms Gmsy W) Satisfies the following additionally a priori bounds independent of m

4/3 4/3
190 311y + 10l g1y + 1002 1) < Cor (3.13)

3.2.3. Convergent subsequences

We will use the obtained a priori bounds to extract suitable converging subsequences. In
principle, from the a priori bounds we will directly obtain weakly/weakly-* convergent
subsequences in the corresponding spaces using Banach-Alaoglu A.3.3. However, since
the problem involves nonlinear terms, we will also need strong convergence of these se-
quences. This will be realized by compactness arguments via the Aubin-Lions lemma,
cf. Lemma A.3.6, which yields strong convergence in weaker norms.

Consequences of Banach-Alaoglu:

By the Banach-Alaoglu Lemma, see A.3.3, we obtain weakly/weakly-* convergent sub-
sequences directly from the a priori bounds. We will denote the subsequence still by the
index m. Hence, we find the following lemma.
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3.2. Proof Theorem 3.1.3

Lemma 3.2.6. Let (G, fim, Gm, W) be the solution of (3.4) and let the a priori bounds
hold, i.e., (3.7), (3.8), (3.13). Then we obtain the following weak/weak-* convergences

G —* ¢ € L=(0,T; H(Q)), Gm —* q € L™=(0,T; L*(2)), (3.14)
Om — ¢ € L*(0,T; H*(2)), 4m — q € L*(0,T; H'(Q)),
Gm — ¢ € LPH(0,T; WHPL(1)) qm — q € LP*(0,T; L7 (52)),

Orpm — O € L*(0,T; H1(52)), Digm — g € LY*(0,T; H'(92)),
fm — p € L(0,T; H'(Q)),

u,, ~*ue L>0,T; L%, (Q)%), (3.15)
Wy — u € L2(0, T Hyp, ()7),
u, —uc LP(0,T; LP(Q)%),
O, — dpu € LY3(0, T Hy ().
Here the number py follow from suitable embeddings and is given as follows

4 nd=2
P1 =19 10

Proof. The main convergence results follow direct from the a priori bounds, cf. (3.7),
(3.8), (3.13), using Banach-Alaoglu. Using the interpolation inequality, see (A.25), we
obtain the other uniform bounds for the application of Banach-Alaoglu. m

Aubin-Lions:
To obtain strong convergence of suitable subsequences via compactness arguments, we
apply the Aubin-Lions lemma, cf. Lemma A.3.6.

Lemma 3.2.7. Let (¢, fin, @m, W) be the solution of (3.4) and let the a priori bounds,
i.e. (3.7), (3.8), (3.13), hold. Then we obtain the following strong convergences

Gm — ¢ € LP(0, T; WHP(Q)) for p <p1,  Gm — q € LP(0,T; LP()) for p < pr,
Om — ¢ € LZ(O,T; Wl’p(Q)) for p < pa, Gm — q € LQ(O,T; LP(Q2)) for p < pa,
Gm — ¢ a.e. in Q x (0,7T), Gm — q a.e. in Q2 x(0,T),

u,, —u € L*0,T; LP(Q)) for p < pa,
u, —u € LP0,T; LP(Q)) for p < p,
u, = uae inx0T).
Here the numbers p; and py follow from suitable embeddings and are given as follows

4 md=2 oo ind=2
P1= 10 P2 =

3 ind=3, 6 in d=3.

Proof. We apply the Aubin-Lions lemma, we need suitable sequences of embedded spaces
H*(Q) € H'(Q) c H (), HY(Q) € L*(Q) c H () for ¢,
HY(Q) € L*(Q) ¢ HY(Q) for ¢, HL () e L3, (Q) ¢ HEH Q) for u.
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3.2.4. Passage to the limit

We are now in the position to pass to the limit in the Galerkin approximation (3.4). Let
us shortly sketch the main arguments, cf. [110, Section 8.4].
o We multiply the formulation of the Galerkin approximation (3.4) with a smooth
function in time ¢(s) and integrate the variational formulation from 0 to 7T

o For this integrated formulation, we will show that we can pass to the limit with
m — oo in the Galerkin approximation for (¢, tim, Gm, W), but with a fixed test
space. This will be the step which we will prove here.

« A standard step, see [110, Theorem 8.28], is to extend the formulation from the dis-
crete test spaces Vi, @,, to the infinite-dimensional spaces H'(2), H,(Q)¢. This
is done by a density argument; details are omitted. The main argument is that the
test spaces Vi, Qr are nested with respect to k£ and as already mentioned dense in
HY(Q), H ()%, respectively.

 Finally, we obtain a space-time formulation of the weak formulation (3.2). Since
the test functions in time, i.e. @(s), is sufficiently smooth by standard approxima-
tion arguments, [110], we can convert to the point-wise almost everywhere in time
formulation (3.2).

Before going into details, let us discuss the weak limit of the crucial nonlinearity
V(A(¢m)qm). Due to our a priori bounds (3.7), we know that

V(A(dn)gm) = 2 € L*(0,T; L*(2))
for some z € L*(0,T; L*(Q2)). Computation of the gradient yields

V(A(¢m)Qm) = A(Qbm)Qm + A,(¢m)v¢QO-

The first term can be treated via Lemma A.3.4. We already know that ¢,, converges
almost everywhere in Q x (0,7"), see (3.2.7), hence A(¢,,)Vqn converges weakly to
A(¢)Vq in L*(0,T; L*(2)). For the second term due to a priori bounds (3.7), we al-
ready know that it is weakly convergent, and we only have to identify the limit. Since we
have strong convergence of V¢, ¢, in L'%/379(0,T; L'%/379(Q)) the product converges
in L>37%(0,T; L>?7°(Q2)) for 0 < § < 1 and therefore almost everywhere. Hence, the
weak limit must coincide with ¢V¢. Together we obtain

V(A(0m)am) = V(A(¢)a) € L*(0,T; L*(Q)).

We will now pass to the limit m — oo in (3.4). To do so, we formally multiply by
a smooth function ¢(s) in time and integrate the discrete system (3.4) over the time
interval (0,7") which yields

[ o) ((01608) — (i ¥, 60) + 40+ <0)bl) Vs, V)
— (B2 (6m)V(A($m)q), V1)) ds = 0,
[ 0) (&) = 160, VE) — ((0),€)) s =0,
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3.2. Proof Theorem 3.1.3

[0 (00 ©) = €lats ) + (051G )+ 1(Va, V) (3.16)
+ {(V(A(Gm)am) = 0"*(6) Vi, V(A(dm)Q)) ) ds = 0,

/0 ' 2(5) (O, V) = (Wi v, W) + (0(G) Dttyn, DY) + €(V3 i, b)) dis = 0,

for all (¢,&,(,v) € Vi X Vi X Vi X @, and all ¢ € L°(0,T).
The space-time weak formulation of (3.2) restricted to the discrete test spaces reads

[ o) (1016, 9) — el 0, 6) + (1 + c0)b(6) Vi — H(6)V(A(B)a), V) ds =0,
/OT('D(S)<</L7€> - 7<v¢7 V£> - <f/(¢)7£>) ds = O,

[ e)(@0,0) = e(wi¢,0) + ((0)a, ) +21(74, 7 (3.17)
+(V(A(¢)q) = b"(6) Vi, V(A($)()) ) ds =0,
[ ol5) (100, v) el v, w) + (@)D, DY) + e(v; . 6)) ds =0,

for all (¢,&,(,v) € Vi, X Vi X Vi X @, and all p € L>(0,T).

In this part we abbreviate ||¢]lo00 as the L>(0,7)-norm of ¢(s), but only for this
variable we make this exception. We note that we can pass to the limit in all linear
terms, since this follows directly from weak convergence, see Lemma 3.2.6 and will hence
be omitted. Therefore, we only have to deal with nonlinear terms for which have derived
suitable strong convergences in Lemma 3.2.7. The terms we consider in the following are
simply the differences between the above two formulations.

Cahn-Hilliard equation:
In the Cahn-Hilliard equation (3.16); we have to consider

Funi= [ [ [00) Vi — 0(0) V4] Trpts) e as

Let us discuss this term in detail and note that many terms later follow the same ar-
gument. First, ¢, converges almost everywhere in 2 x (0,7) and therefore, due to
continuity of b, we have almost everywhere convergence of b(¢,,) to b(¢). Application
of Lemma A.3.4 implies that g,, := b(¢,,) Vi, converges weakly in L2(0,T; L?(Q2)) to
g = b(¢)V . Indeed, this insight reduces the above problem to

/OT/Q(Q — gm)VYp(s) do ds — 0,

which holds by the definition of weak convergence. This can be seen since Vi is
bounded in L>(0,T; L*()) and by embedding in L?*(0,T; L*(Q)) .
The next integral can be treated similarly

Prni= [ [ [97260) (06 V10 ~ ¥ (A(6m)an))
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3. Global weak solutions

= 02(6) (42(6) Vi~ T (A(0)a)) | Vop(s) d s

Since bY2(¢,,) — bY/%(¢) ae. in Q x (0,T) we can apply the weak convergence of
b2 () V i, — V(A(gbm)qm) in L*(0,7; L*(9)), cf. Lemma A.3.4 to obtain P, — 0.
The treatment of the convective term in (3.16); is given by

= /T/ mum - (bu) ’ VWP(S) dz ds
= [ ] 6l — wVoe(s) + (6~ BunVipls) d ds
< HSOHO,OO/O [, — uHo,3H¢H0,6|WH0 + [|pm — ¢HO,6”umHO,3HVwHO ds
< “SDHO,OO‘|¢H1 (Hum - u”L2(L3)”¢HL2(H1) + ([ Pm — ¢||L2(L2)||um||L2(L3)) :

Recalling (3.14) and (3.15), the integral P»,, goes to zero as m — oo, due to the strong
convergence of u,, and V¢,, in L*(0,T; L*(2)).

Chemical potential:
Next, we consider the limit in the chemical potential, i.e., (3.16), where the only nonlin-
earity is the potential part. Here we have

wim [ 60) ~ F@)eels) da ds
:/ // P (G + (b — b)) dw (b — B)E(s) da ds
< U2+ Ul + 16lwary)) [ 16m — dlalElillelloos ds 0.

The above integral goes to zero, since ¢,,, ¢ are uniformly bounded in L>(0,T; H*(Q)),
see (3.7), and ¢,, converges strongly to ¢ in L*(0,T; H'(Q)), cf. Lemma 3.2.7. Therefore,
Py, — 0 goes to zero as m — oo.

Bulk stress equation:
Let us consider the limit in the bulk stress equation (3.16);. The main nonlinearity is

Puni=— [ [ (072(60) Vi~ Y (AGm)an)) V(A0 )els) i ds

= /OT/Q (5"2(6) Vit — V(A(S)m)) (Aldm)VE + A (6) V) (s) da ds
= Pyim + Piom-

Since we already know the weak convergence of b*/2(¢, )V iy — V(A(dm)qm) to its limit
b'/2(p)Vu — V(A(¢)q) in L*(0,T; L*(2)), we only have to show that A(¢,,)V(p and
A(pm)VmCp converge strongly in L2(0,T; L*(€2)). Since A(¢pn), A'(¢m) converges to
A(g), A(¢) a.e. in Q x (0,7, we can conclude that A(¢,,)V(p converges strongly to
A(p)VCyp in L*(0,T;L*(2)). This implies Py1,, — Pi1 as m — oo. Similarly, by
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3.2. Proof Theorem 3.1.3

virtue of (3.14), we observe that A’(¢,,)Von(p converges strongly to A'(¢)Ve(y in
L*(0,T; L*(92)). Hence, we found Pya,, — Pi2 as m — o0o.
The convective term can be estimated by

T
Pom = /0 /Q(q?num —qu) - V(p(s) dz ds
T
:/0 /QQ(U.m_u) 'VC@(S)_}_(Qm_Q)um’VCQO(S) dr ds
T
< lllloeliclly [ I = uloslalios + llgm = alloalltnlos ds

< llepllo.co Il (lam = wll 2z gl 2y + llgm = allz2ws) [ 22y

We observe that P;,, goes to zero due to the strong convergence of u,, and ¢, in
L2(0,T; L3(Q)), cf. Lemma 3.2.7, and the bounds on w,,q, in L2(0,T; H*(Q)), see
Lemma 3.7. Indeed, this shows F;,, — 0 as m — oo.

The relaxation term is given by

Fom 1= /()T/Q(/f1(¢m)Qm — k1(0)q)Cp(s) dx ds.

Again we can show with Lemma A.3.4 weak convergence of k(¢,)¢nm in L0, T; L*(Q))
and therefore F,, goes to zero as m — oo.

Navier-Stokes equations:

As a last step we consider the Navier-Stokes equations (3.16),. The first term is given
by

P, = /OT /Q(n(¢m)Dum —n(¢)Du) : Dvip(s) dx ds.

Again, with Lemma A.3.4, we obtain the weak convergence of n(¢,,)Du,, in L?(0, T’; L*(9)),
and therefore the integral Pr,, goes to zero as m — oo, due to weak convergence. Next,
we consider the corresponding convective term by

Py = /OT/Q(um (W, V) —u-(u-V))vp(s) dz ds
= /OTc(um —u,vp(s),u,) — c(u,ve(s),u, —u) dr ds

T
< H%OHO,ooHVHl/O [, — ‘1H0,3H‘1mHo,6 + [, — ‘1H0,3Hu!|0,6 ds
< lellocollVIlillam — allrzs) ([wnll 2y + lallzzcan))-

Again due to the bounds (3.7) and the strong convergence of u,, in L*(0,T; L3(2)), cf.
Lemma 3.2.7 the integral Py, goes to zero as m — oo.
Lastly, we consider the coupling term

T
Py = /0 /Q (6 pim — OV ) vip(s) dz ds

B /OT/Q (P = O)V 1+ V(i — ) O] vip(s) d ds
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T T
< IVIlelle | 16m = dlloalVally ds + [ [ ¥ (am = m)émvep(s) de ds
T
<116 = 6l 2w I8 2y W ol s + [ [ (on = 1)V 0mvip(s) d .

The first integral of Py, tends to zero due to the strong convergence of ¢,,, in L*(0, T'; L*(Q2)),
cf. Lemma 3.2.7. The second integral of Py ,, goes to zero by weak convergence. Finally
Vv converges strongly to Vov in L2(0,T; L*(Q2)), cf. Lemma 3.2.7.

In summary, we have obtained the following lemma.

Lemma 3.2.8. Let (G, fom, Gm, W) be the solution of (3.4) and let the a priori bounds
(3.7), (3.8), (3.13) hold. Furthermore, recall Lemma 3.2.6 and Lemma 3.2.7. Then we
can pass to the limit m — oo, i.e., (3.16) converges to (3.17), and show ezistence of a
global-in-time weak solution (¢, p, q,n) which satisfies Definition 3.1.1.

As a final step we will show that we can also pass to the limit in the approximation
of the energy dissipation identity. Before considering the limit in the energy, let us
realize that the initial conditions indeed make sense. First, we observe by application
of the second Lions-Aubin embedding (A.29) that our solutions are almost every equal
to a continuous function from [0,7] into a suitable space, which is at least the dual
space of the associated space test function. Indeed, we can find ¢ € C([0,T7]; L*(2)),
q € C([0,T); H 1)), u € C([0,T); Hy:(Q)?). Using test functions in time such that
©(T) = 0 coupled with standard comparison arguments, see [104], yields

(90 — ¢(0), ¥)0(0) =0, (g0 — q(0),(0) =0, (ug—u(0),v)p(0) =0,  (3.18)

for all (¢,¢,v) € HY(Q) x HY(Q) x HL ()% Choosing ¢ such that p(0) = 1, we see
that the initial data are obtained in a weak sense. Note that with the third Lions-Aubin
embedding (A.30), using the higher regularity of ¢ € L*(0,T; H*(Q2)), we can obtain
C([0,T]; H'(Q2)). Similarly, in two space dimensions, the velocity is even a continuous
function from [0, 7] into the space L3, ()%

Lemma 3.2.9. The weak solution (¢, i, q,u) of (3.4) is continuous in time, i.e.,
¢ € C([0,T]; H'(Q)),q € C([0,T]; H (), u € C([0,T]; Hysy (2)%).
Furthermore, the initial data (¢g, o, W) s attained, i.e., (¢(0),q(0),u(0)) = (¢, g0, Up),

in the weak sense (3.18).

3.2.5. Limit passage in the energy dissipation identity

In order to pass to the limit in the energy equality (3.5), we recall that for a suitably
weakly /weakly-* convergent sequence {g,,}>°_, we have by the generalized lemma of
Fatou/lower-semi continuity of norms [55, 58, 57]

l9@)llo < Ngll oo 0,220 < B I [l gm [ oo 0.4,12(0) (3.19)

||9||L2(0,t;L2(Q)) < lmioréfngmHLQ(O,t;LQ(Q))
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3.2. Proof Theorem 3.1.3

for almost every t € (0,7") Using the weak convergence in Lemma 3.2.6, the strong conver-
gences in Lemma 3.2.7 and by application of Lemma A.3.4 we can show that the dissipa-
tion terms converge weakly in L?(0,T; L?(£2)). Hence, the above result can be applied for

the dissipation terms g € {bY2(én)V ttms V(A(Sm)am): 51/ (G dms Vs 12 (6r) Dt}
This implies, for example, that for almost every ¢t € (0,7)

2

1/2 2 o 1/2
19"2(&) Vil 20,1200y < lim i [0/ (60) Vi L2(0.6L2(2)

With the same reasoning, we can pass to the limit in most of the terms appearing in the

energy functional, i.e 2|V, I3, 3l|lgml3, 3/lunll. For instance this yields

2 2 . . 2
[Vo(t)[ly < HV¢HLoo(o,t;L2(Q)) < 1%1£fHV¢mHLoo(o,t;m(Q))

almost every ¢t € (0,7). For the mixing potential we show strong convergence, i.e.,

L1576 = 1@ de < [ [ £+ 50— 6)) dston — 0) do
< (S + 2ol + 18110)) | 6m — 8]l — 0

for almost every ¢ € (0, 7). Let us recall the discrete energy inequality given by

1 1
([ 219600 + FGn(®) + Slan®F + 5 lun(®) da)
+/Q 0l6"(G) Vi[> + 072 (@) Vit — V (A6} )| + 21| Vun|? da s
—l—/Q 151”2 (D) i |* + ‘nl/Q(gbm)Dum’Q dx ds

< (] 00+ )+ 0+ ot ).

Taking the supremum in time, i.e. sup,c ), and liminf,, ,., by considering (3.19)
allows us to pass to the limit in all terms of the inequality. For the right-hand side, we
use that the stability of the orthogonal projections.

Hence, we can pass to the limit in the approximate energy (3.5) and obtain the fol-
lowing lemma.

Lemma 3.2.10. Let (¢, p,q,u) be a weak solution obtained from Lemma 3.2.8. Then
for almost all t € (0,T) the following inequality holds

E(¢,q,u)(t) + /Q olb2 () Vul? + \bm(cp)w ~ V(A(¢)q) \2 dz ds

+ [ eVl + 512 (0)al” + " *(6)Dul? da ds < B(6.q,w)(0).

Hence, the weak solution obtained in the above sections is a dissipative weak solution.
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3. Global weak solutions

3.2.6. Comments

Let us shortly comment on suitable extensions of the above results with respect to the
parameters €;. In the case ¢g = 0, one has to deduce the bounds for Vu,, from the
cross-diffusive dissipation estimate

(6 Vri — V(A di ds < Co,

Thus, one has first to deduce a suitable space for V(A(¢.,)¢m) from the existing bounds,
which turns out to be only L%/3(0,T; L*3()) in three space dimensions. Therefore, the
same regularity holds for V,,, which is indeed a regularity loss. With this at hand, one
can in principle follow the rest of the proof. In summary, the existence proof can be
done, but with less regular function spaces.

Note that the case £; = 0 turns out to be more complicated. One has to find estimates
for Vq,, from the bound V(A(¢,)gm) € L*(0,T; L*()). In principle, this can be done
by suitable assumptions for A again in less regular function spaces.

Lastly, the case ; = 0,7 = 1, 2, i.e., the case of System S.2, turns out to be problematic
in nature. In this setting, the gradient estimate is only from the cross-diffusion estimate.
Therefore, we will not get any independent gradient bound, and the above approach will
not work. Indeed, it can happen for suitable constellations of ¢, u, g that the diffusion
term cancels the other ones, i.e., the behaviour can be conservative in certain regimes.

3.3. Weak solutions for System S.5

Let now us turn to the definition of weak solution for the Peterlin model, i.e., System
S.5. In the context of the Peterlin model, the main difficulty will be the construction
of weak solutions such that C is positive definite. In principle, we will follow similar
techniques as in the proof of the CHNSQ model. However, for the conformation tensor,
other techniques have to be considered, here using parabolic regularity.

Definition 3.3.1. Let (A0), (A5)-(A6) hold and for given 7" > 0 the tuple (u,C) is
called a weak solution of System S.5 on 2 x (0,7, if

w € L(0, 75 Ly, () N L2(0, T3 Hyy, (Q)) 0 WH(0, 5 Hygy () = X(0.7), - (3:20)
C e L>(0,T; L)) 0 L*(0, T; H' (™) n W30, T; HH(Q)™) = T(0,7),

with p = 2 in two space dimensions and p = % in three space dimensions and
(Oyu,v) — c(u;v,u) + (nDu, Dv) + (tr(C)C, Vv) =0
(0,C,D) — c(u; D, C) — {(Vu)C + C(Vu) ", D) + £,(VC, VD) (3.21)
= —{X(tr(C))C, D) + (¢(tr(C)), tr(D)),
for any test function (v, D) € [Hi ()% x HL(Q)?*9] and almost every t € (0, 7).

Let us shortly comment on the symmetry properties for the test functions D. In
principle, one can state the weak solution first on the full space H!(Q)?*?. However,
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3.3. Weak solutions for System S.5

choosing D suitably, one can observe that the variational formulation of C;; is exactly
the same as for Cj;. Since we will always assume symmetric initial data symmetry follows
immediately, and it suffices to work on the symmetric test space, i.e., H&(2)?*<.

For the Peterlin model in two space dimensions an existence result is already available
in [96] and after minor modification can be stated as follows.

Theorem 3.3.2 (Two space dimensions, d = 2, [96]). Let the initial data
(ug, Co) € L%, (2)? x L%(Q)**? be given. Under assumptions (A0), (A4)-(A7)
for d = 2 and for every T > 0 there exists a dissipative global-in-time weak solu-
tion of System S.5 in the sense of Definition 3.3.1 that satisfies the initial data,
i.e., (u(0),C(0)) = (up, Cp) and furthermore satisfies the energy-type inequality

€ 1
Baa(u,C)(®) + | nDuf’ + Z|VCE + Sx(tx(C)|Cf dzds  (322)

< Eyy(u, C)(0) + ; /Q (tx(C))tx(C) de ds

for almost all t € (0,7).

Remark 3.3.3. We note that the above mathematical energy is relevant for the proof.
However, indeed the following energy-type inequality

B(w,0)(0) + [ aiDuP + ZTa(O) + ;X(tr(C))|tr(C)|2 dz ds (3.23)

<E(u,C)(0) + ; /Q 4P (tr(C))tr(C) dz ds.

holds also for almost every ¢t € (0,7"), which is tied to the total energy (2.1).

A quick inspection of the above result indicates that in two space dimensions, it is
possible to construct weak solutions without investigating the positive definiteness of
C. However, without positive definiteness, we cannot expect to make sense of the total
energy (2.1). Furthermore, it seems that in three space dimensions this is inevitable to
construct weak solutions with this property. Indeed, the positive definiteness is a relevant
physical condition, and therefore we present another proof which will also include the
three-dimensional case as well as positive definiteness under some conditions. We mention
that the basic idea of the proof is inspired by [97]. However, positive definiteness was
not considered there. The results in this section are based on our recent work [30].

Theorem 3.3.4 (Two/Three space dimensional, d = 2,3). Let the initial data
(g, Co) € L%, () x Lipp(Q)¥*4 be given. Under assumptions (A0), (A4)-(A7)
ford € {2,3} with Cy such that tr(In(Cy)) € L' () and for every T > 0 there exists
a dissipative global-in-time weak solution of System S.5 in the sense of Definition
3.3.1 that satisfies the initial data, i.e., (u(0),C(0)) = (ug, Co) and furthermore
satisfies the energy inequality (3.23). Moreover, if a > 0 the conformation tensor
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C is positive definite and enjoys the further reqularity

tr(log C) € L>=(0,T; L*()) N L*(0, T; H'(Q), (3.24)
C 12vCC2 € L0, T; L*()), tr(C™),tr(C~Htr(C) € L'(0,T; L1(Q))

and the total energy inequality

Erotat(u, C)( +/ niDu* + 2 |Vix(O) + Z|c v ee 2 deds (3.25)

+ A ;X(tr(C))tr(T + T ! = 2I) dz ds < Eypa(u, C)(0)

holds for almost every t € (0,T). In the special case of two space dimensions also
the energy inequality (3.22) holds.

3.4. Existence proof of Theorem 3.3.4

Let us now turn to the existence proof of Theorem 3.3.4. Before starting the proof, let
us shortly mention the main steps.
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In the first step, see Subsection 3.4.1, we will recall the energy and total energy
inequalities from Chapter 2 and derive formal a priori bounds using the Gronwall
lemma.

. In the second step, see Subsection 3.4.2, we introduce a Galerkin approximation for

the velocity u while the conformation tensor is the solution of the parabolic prob-
lem for finite-dimensional u. Local existence follows from the theory of ordinary
differential equations and parabolic regularity. Further, we obtain global existence
using energy type arguments.

. The third step, see Subsection 3.4.3, consists of deriving suitable approximation

independent a priori bounds on the approximative solutions. The first observation
is that smooth solutions for the conformation tensor are symmetric and positive
definite. Using this information, the first set of a priori bounds follow from the
energy inequalities of the system. The second set of a priori estimates are again
the bounds on the time derivative, which we obtain from duality.

. The fourth step, see Subsection 3.4.4, is to establish convergence of suitable subse-

quences. The typical weak/weak-* convergence can be directly obtained from the
a priori bounds of the second step by using the consequence of Banach-Alaoglu.
Since our model is nonlinear we will also need strong convergences, which we obtain
use compactness arguments via the Aubin-Lions lemma.

. The fifth step, see Subsection 3.4.5, is the passage to the limit in the approximate

formulations. Here, we show that the constructed sequence does converge to the
weak formulation. Hence, proving the existence of global-in-time weak solutions.



3.4. Existence proof of Theorem 3.3.4

This will be done by using the previous convergence results together with suitable
density arguments.

6. The final step, see Subsection 3.4.6, is the limit in the energy inequalities, i.e.,
proofing that the weak solution is dissipative. This will be done again by employing
a weak and strong convergence argument together with the generalized lemma of
Fatou/lower-semi continuity of norms. For the limit in the total energy inequality
(3.25) we first have to prove positive definiteness of the conformation tensor in the
limit, which is done via strong convergence arguments.

3.4.1. Formal a priori bounds

In order to treat System S.5, we consider several formal energy type estimates. First
recall the energy equality (2.17) which can also be obtained by taking the inner product
of S.5; with u and S.5; with tr(C)I/2 and integrating over the domain 2 and reads

th(u, C)+/Q77|Du|2+€22|Vtr(C)|2+;(|tr(C)|4+a|tr(C)|3) da
- [ ; (J6(C)P + atx(C)) da. (3.26)

Estimating the last integral of (3.26) by the Holder inequality we find after applying the
Gronwall lemma, cf. Lemma A.3.1 the inequality

[l Zoe 22y + 162(CY oo 22) + IDZ2 12y + IVE(C)l 22y + 1E0(C)[Laza) < Co. (3:27)

Here Cy depends on the final time and bounds of parametric functions and coefficients.
These yields uniform bounds in the following spaces

u € L*(0,T; Lg;, (%) N L*(0, T; Hy, ()Y), (3.28)
tr(C) € L>(0,T; L*()) N L*(0,T; H*(Q)) N L*(0,T; L*(Q)).
Since for a smooth solution the matrix C is positive definite, see [96], we find also that

C e L*0,T; L*(f2)), due to the norm equivalence in Lemma A.2.1. Now we can take the
Frobenius inner product of S.55 with C/2 and obtain

d

1 2 €2 2 1 2 9
T (/MICI >+ 5 /Q|V0| +2(Itr(C)C| +a|tr(C)[|C[*) dx

</ ;(tr(C)Q +atr(C)) do+ [ (VuC) : C de. (3.29)

The first integral of (3.29) can be treated as in (3.26). The second integral of (3.29) can
be bounded by

[(VuC): € de < [[Vall | < eVl + [} < Co. (3.30)

Using the Gronwall lemma, c¢f. Lemma A.3.1 implies bounds in the space

C € L>=(0,T; LE(Q)™Y) N L0, T; H' (). (3.31)
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Recall the total energy equality in Chapter 2, i.e., (2.16). As already discussed, the total
energy law can be obtained by taking the inner product of S.5; with u and S.5; with
tr(C)I/2 — C~1/2. With this and an application of (A.13) we find

d

= Frai(1,C) +/ aIDul® + Z|Vir(O)f — 2VC: VO da (3.32)

+/ (It(C)[* + altx(C)* — d|tx(C)|* + adtx(C)) da
_ /Q 5 (dt2(C)F + ad|tr(C)| — tr(C)tr(C™") — atr(C™)) dz = 0.

First we will expand the diffusion term involving the inverse matrix by

/ ve:v(c Z / o a%lc dz (3.33)

Z—Z/tr< 1/280(3 R on Wgcc—l/?) da
Z I’L

1
Ve ) < 2| Vir(log )3

Here we used the cyclic property of the trace, symmetry of C and existence of a square
root C'/2 which follows from positive definiteness and (A.14). Rewriting (3.32) yields
d 2
37 Broa (1, C) + /Q nDul® + %2|Vtr(C)|2 + %’C‘WVCC‘W’ dz (3.34)
1
+ 5/ (tlr(C)2 + atr(C)) tr(T + T —2I) dz < 0.
Q

As before, we integrate over time and apply the Gronwall lemma. Since C is symmetric
positive definite, using (A.8) and the bounds (3.28), we obtain from (3.34) the additional
information

tr(log C) € L>(0,T; L*(Q)), (3.35)
atr(C™) € LY(0,T; L*(Q)), tr(C YHtr(C) € L0, T; L' (Q)), (3.36)
Vir(log C) € L*(0,T; L*(Q)), C~Y2VCC™2 e L*0,T; L*(Q)). (3.37)

While all the above calculations and estimates are purely formal, we will make them
rigorous in what follows.

3.4.2. Approximation and Estimates

The goal of this subsection is to derive an approximation scheme based on a Galerkin
method of u. Similarly to the existence proof of the CHNSQ model, we are introduc-

ing vj,7 = 1,... as the eigenfunctions of the Stokes operator, cf. Subsection 3.2.1.
As before, these functions are smooth, divergence-free and orthogonal in L3, (2)? and
H} (Q)% Furthermore, we introduce the space @, := span{v;,...,v,,} and the associ-

ated orthogonal projection by

m

PQm (V) = Z<V7 Vj>Vj : Héiv<Q)d — Qm

J=1
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3.4. Existence proof of Theorem 3.3.4

Then we define the m-th Galerkin approximation of u by
Un(2.0) = 3 g (V5(2), = Py, (10). (3.39)
j=1

Furthermore, C,,(u,,) denotes the solution of the parabolic problem S.5, for C,,. To-
gether, the approximate system is given by

(O, V) — c(up; v, uy,) + (nDu,,, Dv) + (tr(C,,)C,,, Vv) = 0, (3.39)
OCn + (W, - V)Cy, — (V) Cry + Cro (V)
+ X (tr(C,,))Cy, — @(tr(C,))I — e2AC,, = 0.

for all v € @,,,. The system is subjected to the initial data (u,,(0), C,,(0)) = (ugm, Co).
Due to the standard theory of ordinary differential equations, there exists a velocity u,,
locally up to time T,,,. Further by parabolic regularity, see Priiss and Simonet [106], since
the velocity u,, is smooth, we obtain a symmetric solution C,, € C'((0, Ty]; C*(€2)). Us-
ing the energy inequality (3.26) to show uniform bounds for the velocity, hence existence
can be extended independently of m to time T. We mention that (u,,, C,,) is sufficiently
smooth to obtain the energy inequality (3.26). Again, parabolic regularity ensures the
existence of C,,, € C'((0,T]; C*(Q)). Let us summarize the results obtained so far.

Lemma 3.4.1. For every m > 0 there exists a solution (w,,,C,,) of the discrete system
(3.39) up to time T independent of m in the following spaces

Uy € CH[0,T;Qu),  Cw € C'((0,T]; C*(Q)).

3.4.3. A priori bounds

The above bounds are not independent of m, hence we will now derive m independent
bounds. Similarly to the proof of the CHNSQ model, we will first deduce m independent
a priori bounds via the energy inequality. Afterwards, we will deduce further a priori
bounds for the time derivative.

A priori energy bounds:

Since C,, is positive definite for every m, see [97], we reproduce the energy inequalities
(3.26) and (3.29) to gain a priori bounds. Together, we summarize the a priori bounds
in the following lemma.

Lemma 3.4.2. Let (u,,, C,,) be the approzimative solution of (3.39). Then the con-
formation tensor C,, is symmetric positive definite and the following m independent a
priori bounds hold

HumH%OO(L?) + HCWH%OO(L?) + HCH%Q(Hl) + ||C||4L4(L4)
4/3
X))ol sy + [O(Ca)) [y < Co (3.40)

Proof. Integration of discrete versions of (3.26) and (3.29) yields the a priori bounds for
u,, and C,,. Note that we used the positive definiteness of C,,, to derive these bounds.
The a priori bounds for  (tr(C,,))C,, and ®(tr(C,,)) follow from simple calculations. [
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3. Global weak solutions

Furthermore, considering a discrete version of the total energy estimate, i.e (3.34), we
can obtain more independent bounds, which we will summarize in an extra lemma.

Lemma 3.4.3. Let (u,,, C,,) be the approzimative solution of (3.39). Then the following
m independent additional a priori bounds hold

< COJ

L2(L?) —
(3.41)

|tr(Cpn)? = 2tr(log C,y |+ [1Vtr(log Gl g + |C,.}?ve,,C, L

J+ [tr(C)tr(CY)

) P
aHtr(C;ﬁ)‘

Li(L1 LY(LY) S C(a)

Here C(a) depends inversely on a, i.e., it blows up for a — 0.

By the above bounds, we can take the weak limit for the logarithm which yields
tr(log C,,) — tr(log C,,) € L*(0,T; H'(Q)). (3.42)

As soon as we know that the limit tensor C is positive definite, we can identify the limit,
i.e., neglect the bar.

Note that we will not employ the bounds which are obtained from the total energy
inequality, i.e., Lemma 3.4.3 to pass to the limit in the equations. These bounds will
only be relevant for the limit in the total energy.

Bounds on the time derivative:

In this part, we will derive a priori bounds on the time derivative. To this end, we will
follow the same strategy as for the CHNSQ model for the Navier-Stokes equation, i.e.,
recall (3.11).

O, (1), Opu, (),
100 (D] v =  sup  28n(D:v) o Otn(D), V) (3.43)
vermt @ VIl veQm VIl

Following the computations of for the CHNS(Q model using the Cauchy-Schwarz and the
Holder inequality we obtain

T T
2
10l gy ds < e [P, 4+ (Co)Conllh, + un i ds. (344)

Using the obtained regularity (3.40), the first two terms are bounded for p < 2. For the
third term, we observe that in two space dimensions, due to (A.23) we can take p < 2.
However, in the three-dimensional case, (A.23) implies that p < 4/3.

Next we consider the evolution equation for the conformation tensor in the operator
form given by

@Cm + 52Acm = me (345)
F,, = —(u,-V)C,, + (Vu,)C,, + C,.(Vu,,)" — x(tr (C,,))C,, + ®(tr (C,,))L.

Note that C,, is not defined as a Galerkin approximation, hence we will directly estimate
the dual norm and calculate for which index p we can show F,, € LP(0,T; H~1(Q)%*%).
This yields the following inequality

T T
LIy ds < [l IOl + ICHE IV aall

42



3.4. Existence proof of Theorem 3.3.4

Xt (Cn))Conllg 45 + 12t (Cin))[5 5 ds- (3.46)

The last two integral are already bounded by (3.40) and imply p < 4/3. The first integral
can be treated with (A.23) which yields u,, € L*(0,T; L*(Q)¢). Suitable application of
Young’s inequality implies again p < 4/3. For the second term, we employ again Young’s
inequality and use (3.40) to obtain at least p < 4/3. By bootstrapping and parabolic
regularity, we obtain

0,Cy, € L4/3(0, T; HH Q)™ C,, € L4/3<()’ T; H(Q)%4),
Let us summarize the results of this part in the following lemma.

Lemma 3.4.4. Let (u,,,C,,) be the solution of the approximate system (3.39) and let
the a priori bounds (3.40) hold. Then we obtain the m independent a priori bounds

10all s -1, + 1 Coll 1) < Co (3.47)

LA/3(H LA/3(H-)

3.4.4. Convergent subsequences

In the same spirit of the CHNSQ model, we will derive convergence of suitable sub-
sequences. As before, we will use the same index m also for the subsequences. Using
Banach-Alaoglu, i.e., lemma A.3.3, we will immediately find weakly /weakly-* convergent
subsequences. However, as we have to deal with nonlinear terms, strong convergence in
suitable norms is necessary. This will be realized by using compactness arguments via
the Aubin-Lions lemma, cf. Lemma A.3.6.

The consequences of Banach-Alaoglu Lemma are summarized in the following lemma
and are directly obtained from a priori bounds, i.e., (3.40), (3.47).

Lemma 3.4.5. Let (u,,, C,,) satisfy the a priori bounds (3.40) and (3.47). Then the
following weak/weak-* convergences hold

u, —~*ue L>0,T; L% (), C, —*C e L>(0,T; L* ()™,  (3.48)
u, —uc L*0,T; H, ()9, C,, — Cec L*0,T; H (Q)™%),
u,, — u e LY3%0,T; L3 (Q)%), C,. — C e LY0,T; LY(Q)™%),

o, — du e LY3(0,T; H L ()Y,  6,C — 0,C € LY3(0,T; HH(Q)™9).

Application of the Aubin-Lions lemma, cf. Lemma A.3.6, with the following compact and
continuous embeddings HL ()¢ € L%, () C HLL(Q)? and HY(Q)™4 € L2(Q)™ C
H=Y(Q)?™? we obtain the following lemma on strong convergence.

Lemma 3.4.6. Let (u,,, C,,) satisfy the a priori bounds (3.40) and (3.47). Then the
following strong convergences hold

u, — u € L*0,T; LP(Q)?) forp <6, C,, — C <& L*0,T;LP(Q)™) for p < 6,
u, — uae infdx(0,7), Cn—>Cae inQx(0,T).
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3. Global weak solutions

3.4.5. Passage to the limit

In this subsection, we use the obtained convergences to pass to the limit in the Galerkin
approximation u,, for u and the parabolic solution C,,(u,,), cf. (3.39). The technique
is similar to Subsection 3.2.4, but we will recall the main ideas by suitable adjustments.
« Convert the parabolic equation for the conformation tensor C,,, i.e., (3.39), to
the variational formulation on the space HL(Q)?*¢. This yields no additionally
difficulty, since C,, is smooth.

o We multiply the weak formulation of the approximation (3.39) with a smooth
function in time ¢(s) and integrate the variational formulation from 0 to 7.

o For this integrated formulation we will show that we can pass to the limit with
m — oo in the approximation for (u,,, C,,) but with a fixed test space for the
velocity. This will be the step which we will prove here. Note that C,, does
not arise from a finite-dimensional approximation, but from parabolic regularity.
Hence, this part is directly considered on the infinite-dimensional space HE ().
This is the step which we will provide.

o The next step is to extend the formulation from the discrete test spaces @), to the
infinite-dimensional spaces HJ, ()¢, which again is omitted, cf. Subsection 3.2.4.

 Finally, we obtain a space-time formulation of the weak formulation (3.21). Since
the test functions in time, i.e. ©(s), is sufficiently smooth by standard approx-
imation arguments, we can convert to the point-wise almost everywhere in time
formulation (3.21).

The space-time formulation for the discrete problem then reads

/OTgo(s)(@tum,v) — c(uy; v, u,,) + (nDu,,, Dv) + (tr(C,,)C,,, VV>) ds =0, (3.49)
/OT #(5)((%:Cpm, D) = c(t; D, Cpn) = (V) Cyp + Cp (V) ', D)
+ (X(t(C))C D) — (B(t1(Cy)), t1(D)) + £2(VC,y, VD>) ds = 0.

for all ¢ € L>(0,T) and all (v,D) € Q,, x HL(Q)™<. In addition, the space-time
formulation of the weak solution (3.21) reads

/O ' #(s) ({0, v) = c(u;v, 1) + (yDu, Dv) + (tr(C)C, Vv)) ds = 0, (3.50)
[ #(s)(10.C.D) ~ c(wD.C) - (Vw)C + C(Vu) . D)
+ (x(tr(C))C, D) — (®(tr(C)), tr(D)) + £2(VC, vn)) ds = 0.
for all ¢ € L>(0,T) and all (v,D) € Q,, x HL(Q)¥.
Here we will focus on the limiting process in the main nonlinearities of (3.49). The

terms which we consider in the following are simply differences of the formulations (3.49)
and (3.49).
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3.4. Existence proof of Theorem 3.3.4

Navier-Stokes:

First, we start with the Navier-Stokes equation and observe that we have the same
weak /weak-* and strong convergences as in the proof of Theorem 3.1.3, see Lemma 3.4.5
and Lemma 3.4.6. Therefore, the only term which is not present in the CHNS(Q model
has to be considered. This term is the coupling term to the Peterlin equation and is
treated via

Py = /OT Q(tr(Cm)Cm —tr(C)C) : Vvip(s) dz ds

=/, Q(tr(Cm —Q))C,, : Vvp(s) +tr(C)(C,, — C) : Vvyp(s) dx ds

T
< /0 (||Cm - C||074||tr(C)||074 + [[tr(Cy — C)||0,4||Cm||0,4) ||VV||0,2||90||0,oo ds
< ¢ (IICm = CllZ2(us)16(C) 17210y + [12(Con = ©) |21 |Cum 1 721 ) -

Since tr(C,,), C,, are strongly convergent to tr(C),C in L*(0,T; L*(2)), cf. (3.48), we

see that P, — 0 as m — oo.

Conformation tensor:
Let us now turn to the conformation tensor equation we first consider

Py = /OT [ X(5(C))Cn - Di(s) s (3.51)

The integrand of P,,, is bounded in at least in L"(0,T;L"(Q)) for * = 2 4 1, which

yields r = 12/11 > 1, see. (3.48). Since the integrand is continuous and convergent a.e.

in 2 x (0,7), cf. (3.48), by the Vitali lemma, i.e., Lemma A.3.5, (3.51) converges to its
limit P,. Further, we consider

Ps = /()T/Q(I)(tr(Cm))tr(D)go(s) dz ds.

Here the same reason, as for P, ,, applies with a better, r and therefore via the Vitali
lemma we pass to the limit.

Let us consider the next term which is the convective term of the conformation tensor
equation we have the following estimate

Pin = /OT/Q (Coulu, - V) — Cu- V)| - Dip(s) da ds
= /OT/Q [Cm((um —u)-V)+(C,,— C)(u- V)] : Dy(s) dz ds

T
< HDHlHﬁpHo,oo/O |Conlloslla—amllos + [[ullos]|[C — Crnllos ds
< IDl1][ello,c0 (ICmllz2(zoy [0 — W[ 2223y + [l z2(26) |C — CoallL2(zs))-

Again P, ,, goes to zero, as m — oo due to the a priori bounds (3.40) and the strong
convergence of u,,, C,, in L*(0,T; L*(Q)), cf. (3.48).
As the last term, we consider the upper convective derivative

T
e [
0 Q

(Vu,,)C,, — (Vu)C + C,,(Vu,,)" — C(Vu)'| : Dy(s) dz ds
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3. Global weak solutions

_ /OT/Q [(Vum ~ Vu)C,, + Vu(C,, — C)
+ Cp(Vu,, — Vu)' + (C,, — C)(Vu)"| : Dy(s) dr ds.

Thanks to the strong convergences of C,, in L*(0,T; L*(2)) and the weak convergence
of Vu,, in L?(0,T; L*(2)), cf. (3.48), P3,, — 0, as m — oo.

The terms not considered here are linear and therefore treated by the corresponding
weak convergences, cf. (3.48). Hence, we have passed to the limit in all terms of the
weak formulation, which yields the existence of a global-in-time weak solution.

Lemma 3.4.7. Let (u,,, C,,) be a solution of the approzimative system (3.39). Further-
more, let the a priori bounds, i.e., (3.40), (3.47), and the obtained convergence results,
i.e., Lemma 3.4.5 and Lemma 3.4.6, hold. Then we can pass to the limit m — oo, i.e.,
(3.49) converges to (3.50) and show existence of a global-in-time weak solution (u, C)
which satisfies the Definition 3.5.1.

Indeed, similarly to the first submodel, we obtain using the Lions-Aubin lemma, cf.
Lemma A.3.6, that the weak solution (u, C) is continuous in time and initial data is
attained in the weak sense via

(up — u(0),v) =0, ¥v € H (Q)4, (Cy — C(0),D) =0, VD € H* ()™, (3.52)
Lemma 3.4.8. The weak solution (u,C) is continuous in time, i.e.,
ue C([0,T); Hy ()4, CeC([0,T); H(Q)). (3.53)

Furthermore, the initial data (ug, Cy) is attained, i.e., (u(0),C(0)) = (uo, Cy), in the
weak sense (3.52).

3.4.6. Energy-dissipation and positive definiteness of the
conformation tensor

In this subsection, we will consider the limiting process in the energy inequalities. Indeed,
this will show that the weak solution we constructed is a dissipative weak solution. For
the energy inequality, i.e., (3.26), this follows the same lines as for the CHNSQ model, cf.
Subsection 3.2.6. Furthermore, for the limit in the total energy inequality (3.25), we need
to prove that the limiting conformation tensor C is positive definite almost everywhere
in Q x (0,7).

Energy inequality:

First, we consider the limit in the discrete version of (3.26). We observe that due to the
convergence given by (3.48) we can apply the same techniques as for System S.4, see
Subsection 3.2.5. We obtain immediately the following result.

Lemma 3.4.9. The constructed weak solution (u, C) satisfies for almost every t € (0,T)
the following inequality

E(u,C)(t) + /Qt n|Dul* + 652|Vtr(C)\2 + ; (\tr(C)|4 + a]tr(C)]?’) dz ds

<

< [ 2(©F + atr(0) ax as + B, C)0). a5
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Proof. Considering the discrete energy inequality (3.26), we use the the generalized
lemma of Fatou/lower-semi continuity of norms, (3.19), to pass to the limit and al-
most all terms. For the remaining integral over time and space on the right-hand side,
we use the strong convergence of C,,, cf. (3.48), to pass the limit in the first integral
on the right-hand side of (3.54). The limit for the special case of two space dimensions
follows from the same arguments. O

Positive definiteness:

In what follows, we want to prove a similar limit for the discrete version of (2.16). Here
we follow the ideas in [15, 14, 16, 13]. In order to identify the limit correctly, we first
need to prove the positive definiteness of the limit C, since all approximations C,, are
positive definite by construction. Recalling (3.41) we already have

/Q tr(C) da ds < cfa), (3.55)

where the constant ¢(a) depends inversely on a, i.e., it blows up for a — 0. Estimate
(3.55) implies, by using the positive definiteness of C,, the following estimates

/ ‘C;}’ dz ds, / tr(C') do ds < c(a). (3.56)
QT QT

With these estimates at hand, we can prove the following lemma by contradiction.

Lemma 3.4.10. Let a > 0 and the estimates (3.56) hold. Further, let C be the limit
of the sequence of positive definite solutions C,, of (3.45). Then the limit C is positive
definite a.e. in QL x [0,T). If a = 0 we can conclude positive semi-definiteness of the
limit solution C a.e. in Q x (0,T).

Proof. Assume the existence of a set D of non-zero measure with D C Q x (0,7 such
that C is not positive definite. By construction C is the limit of positive definite sequence
C,, which yields that C is positive semi-definite, due to the strong convergence of C,,
in L0, T; L?(2)%*4), cf. (3.48). This implies that C has at least one zero eigenvalue in
D, i.e., there exists a vector function v € L>(0,T; L>(Q))¢ such that |v| =1 in D and
zero else, such that vCv = 0 a.e. in Q x (0,7) := Q7. We estimate the measure of D
by

|D| = / |v| dz ds = / |v| dz ds = / ‘C’1/2C1/2V‘ dz ds

< (/ C, 7 da ds>2 </ ci| da ds>2
QT QT
: :
< (/ C;!| da ds) (/ VI Cpv] da ds)
QT QT
1
< c(a) (/ ‘VTCmV‘ dz ds) ° (3.57)
Qr
We can see that if a > 0 then c(a) is bounded and the right side of the inequality (3.57)
converges as m — oo since C,, is converging strongly to C in L?(0,T; L?(Q)%9), cf.

Lemma 3.4.6. However, by assumptions v Cv = 0 a.e. in Q x (0,7), i.e., we find
|D| = 0, which is a contradiction and yields that C is positive definite a.e.. ]
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Total energy inequality:

In the case of a > 0 we can proceed to pass to the limit in the discrete version of the
total energy inequality (3.34). To pass to the limit in the total energy inequality, we
rewrite the functionals of (3.41) into

tr(C1) =tr(g1 0 Cp), tr(Cpo)tr(C ') =g20C,,, tr(logC,,) = tr(gsoC,), (3.58)

m

where g; : (0,00) = R,i =1,...,3 are continuous functions. Since C,,, C are symmetric
positive definite a.e. in © x (0,7") and converge for a.e. (x,t) in Q x (0,7, cf. (3.48), it
follows from [63, Exercise 2.37] that

g10C,, — g10C, ¢20C,, — g20C, g30C,, —> g30C a.e. in Qx (0,7). (3.59)

Using the convergence of (3.59) on (3.41)s we can conclude that tr(log C,,) = tr(log C)
a.e. in Q x (0,7), i.e.,

tr(log C,,,) — tr(log C) € L*(0,T; H'(Q)). (3.60)

For the bounds of (3.41); we consider the following. Since C,, is positive definite a.e. in
Q x (0,T) we conclude by virtue of C,,,C,;! =1 that C,;! is symmetric positive definite
a.e. in Q x (0,7). Consequently, we obtain tr (C,}) > 0 a.e. in  x (0,T). Application
of the generalized lemma of Fatou/lower-semi continuity of norms, see [55, 58, 57|, yields

/ tr(C™) dor ds = / tr(C;!) dz ds < lim inf/ tr(C;,') dx ds, (3.61)
Q4 O m—0o0 Qe

where we used again tr(C;!) = tr(C™1) a.e. in Q x (0,7). Similarly, we can find

tr(C Htr(C,,) dx ds < lim inf tr(C, Htr(C,,) dz ds.

/ tr(C1)tr(C) do ds = /
> h (3.62)

Q4

The last functional to be treated is given by

)

The limit is obtained in [18] with the same estimates, and we omit it.
With the convergences in (3.48), (3.60), (3.61), (3.62) we can pass to the limit in the
total energy inequality and obtain summarize the result in the following lemma.

C,*vC,,C, 2 dr ds.

Lemma 3.4.11. Let (u, C) be a weak solution constructed from Lemma 3.4.7. Further-
more, let a > 0 and T = tr(C)C. Then for almost allt € (0,T) the following inequality
holds

By (u, C)(2) + /Q n|Dul* + %thr(C)F + %\C—chc—mf dz ds (3.63)

4 ;X(tr(C))tr(T + T = 90) da ds < By (u, C)(0).

Q

Hence, the weak solutions are dissipative weak solutions.

48



3.5. Weak solutions for System S.3

3.5. Weak solutions for System S.3

We now consider the full model, i.e., System S.3 and introduce a suitable concept of
weak solution. In the Sections 3.2 and 3.4 we proved existence of global-in-time dissipa-
tive weak solutions via variational arguments based on suitable energy inequalities. In
principle, the full system exhibits the same a priori bounds from the energy. Hence, we
will deduce existence of suitable solutions by combination of both proofs.

In order to state the definition of weak solution, recall the appropriate definitions for
the simplified model, i.e., Definition 3.1.1 and Definition 3.3.1, and the abbreviations for
the solutions spaces, i.e., W(0,7"),Q(0,7"),M(0,T),X(0,7),T(0,7), cf. (3.1), (3.20).

Definition 3.5.1. Let (A0)—(A7) hold and for given T' > 0 the quintuple (¢, u, ¢, u, C)
is called a weak solution of System S.3, if ¢ € W(0,7), p € Q(0,7), ¢ € M(0,7),
u € X(0,7), CeT(0,7T) and
(016, 9) — e(u; ¥, 0) + (1 + 20)b(@) Vi = b *(8)V(A(9)q), Vi) = 0
(1, &) = 7<V¢ VE) = (f(¢),6) =0
(0q,¢) — c(u; ¢, q) + (r1(9)q, C) +1(Vg, V()

+(V(A(¢)q) = 0"*(¢) Vi, V(A()()) = 0 (3.64)
(0, v) = c(u; v, 1) + (n(¢)Du, Dv) + (tr(C)C, Vv) + c(v; o1, ¢) = 0
(0,C,D) — c¢(u; D, C) — ((Vu)C + C(Vu)'",D) + &,(VC, VD)

—(r2(@)X(tr(C))C, D) + (r2(¢)@(tr(C)), tr(D)),

holds for any test function (¢,&,¢,v,D) € [HY() x HY(Q) x HY(Q) x HL (Q)¢ x
HL(Q)¥4] and almost every t € (0,7).

With this definition we can state the main result of this section.

Theorem 3.5.2 (Full model S.3). Let the initial data (¢, qo, g, Co) € HY(Q) x
L2(Q) x L%, () x L%pp(Q)? be given. Under assumptions (A0)—(A7) and for
d € {2,3} with Cy such that tr(In(Cy)) € L' (Q) and for every T > 0 there exists a
dissipative global-in-time weak solution of the viscoelastic phase separation model,
i.e., System S.3, in the sense of Definition 3.5.1 which satisfies the initial data,
i.e., (¢(0),¢(0),u(0),C(0)) = (b0, 90, o, Co) and furthermore satisfies the energy
inequality

B(¢.q.0,0)(t) + | <olt(8)Vul* + [0(8) Vi~ V(A@)) + 1| Vg da ds
+ [ 1s2@)aP + [12(0)Du]” + ZIVOP + 21y (6)x(x(C)2CP? do ds
< B(6,4,0,0)0) + 3 [, Ia(@)X(tx(C)) do s (3.65)

Furthermore, if a > 0 the weak solution enjoys the additional reqularity (3.24) and
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3. Global weak solutions

the integrated total energy inequality

Eiorar(¢, 4,1, C)(t) + /Q eolb' (@) Vil? + [0'/2(9) Vi — V(A(¢)g)|* dx ds
+ /Q e[ Val? + [w/2()al? + [n(¢)/*Du|” + %)c*ﬂvcc*ﬂf dz ds
+ o, %|Vtr(C)|2 + ;h(¢)x(tr(C))tr(T +T7! —2I) dz ds (3.66)
< Eiotal(¢, ¢, 1, C)(0)

holds for almost allt € (0,T). Here again in two space dimensions and additionally
the integrated inequality involving Esq, i.e., (2.13) holds.

Proof. The proof of the above existence result follows almost verbatim by combination
of the proofs for Theorem 3.1.3 and Theorem 3.3.4, respectively. For completeness, we
summarize the main steps.

o Approximation of the system via Galerkin approximation based on orthogonal
eigenfunctions for (¢, i, ¢, u). While C is resolved as the solution of the parabolic
problem. Local existence holds, and via bootstrapping and energy arguments ex-
istence of a global approximation follows. As before, the approximation C,, is
smooth and therefore symmetric positive definite.

o Reproducing suitable energy inequalities to obtain the a priori bounds from the
energy-dissipative structure. Afterwards, we need to obtain higher regularity for
®m, cf. Subsection 3.2.2. Finally, we have to deduce bounds on the time derivatives.
The crucial point is that we obtain the same a priori bounds as for the simplified
models, hence nothing new has to be estimated. This holds since by (A4) ko(¢) is
bounded from above and below by a positive constant.

o Passage to the limits in the formulation and the energy inequalities. This follows
immediately since the only new terms are the ky(¢) appearing in the equation of
the conformation tensor C. However, since we have suitable strong convergence
for ¢, this yields no difficulty, and we can pass to the limit.

]

With this we have proven the main results of this chapter, i.e., the existence of dissipative
global-in-time weak solutions for System S.3 and the two simplified system, i.e., System
S.4 and System S.5. In the last section of this chapter, we will discuss space-time
formulations, which is a preparatory step for the next chapter.

3.6. Space-Time formulation

Before concluding this chapter, let us briefly discuss space-time weak formulations. As
we have already seen in the proofs is that we have actually constructed weak solutions
for space-time formulations, where we used L>(0,T, H*(Q2)) or L*>(0,T; H} (2)?) test
functions. This allowed us to convert between a space-time weak formulation and the
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3.6. Space-Time formulation

point-wise, almost everywhere in time, space formulation. However, in the following
chapter we will indeed use space-time weak formulation, which employ test functions
from LP(0, T, H'(Q)) and L?(0, T, H}, (2)9).

We can simply use density arguments to relax the regularity assumptions on the test
functions. In general, this amounts to test functions such that the dual pairing with the
time derivative makes sense.

But, if we would like to exchange the convective form, cf. (A.32)-(A.34), c(u,v,g)
to —c(u, g,v), i.e., using partial integration to transfer the gradient from ¢ to g, for
g € {#,q,u,C} we have to make sure that c(u, g,1) remains bounded and meaning-
ful. Note that in the case of the Cahn-Hilliard equation, due to the high regularity of
¢ € L*0,T; H*(Q)), there is no additional regularity needed. However, for the remain-
ing variables, we have to require ({, v, D) € L*(0,T; H(Q) x H} (Q)¢x HL(Q)%*4). Note
that these assumptions could be relaxed depending on the space dimension.

In the following, we present the space-time formulation, which we will use in the
following, and remark that following the above discussion all existence results so far
remain true.

106, 0) — clw.9) + (1 + () Vi — DGV (AWB)a), Vo) ds =0 (367
[ 1.6 = 4{V9,VE) = ((9).€) ds =0 (3.68)

[[100.€) + &(w;4,0) + s (8)a, O + (Ve V) (3.69)
+(V(A(9)q) — n(9)Vu, V(A(9)()) ds = 0
/Ot@tu, v) + ¢(u;u,v) + (n(¢)Du, Dv) + (tr(C)C, Vv) + c(v;u,¢) ds =0  (3.70)

/0t<‘9tc= D) + &(u;C, D) — ((Vu)C + C(Vu) ", D) + £2(VC, VD) ds (3.71)
= — [ 0)X(1(©))C. D)  (ra(6)(1x(C)), 1r(D)) s,

for all ¢, & € L*(0,T; H'(2)), (¢,v,D) € LY0,T; HY(Q) x H () x HL(Q2)4*?). Here

¢ denotes another skew-symmetric formulation of ¢ which is given by

cuiq.¢) = ge(ui.Q) ~ pe(uiC,q). (3.72)
¢(u;u,v) = ;c(u; u,v) — ;c(u; v,u), (3.73)
&(u: C,D) = ;c(u; C.D)- ;c(u;D, C). (3.74)

On the continuous level, there is no difference between ¢ and ¢. However, it turns out
that ¢ is skew-symmetric even for non-divergence free velocities u, which will be useful
in the second part of the thesis.

Note that due to our regularity assumptions, we have relaxed the conditions on the
test functions for y, i.e. £ € L*(0,T; H (), by using suitable dual paring.
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3. Global weak solutions

Proposition 3.6.1. The existence results for the full model, i.e., Theorem 3.5.2 holds
also for the space-time weak formulation (3.67)-(3.71).

Peterlin model:

In the case of the Peterlin model, which will be in the following chapter only considered
in two space dimensions, we can make the following further manipulations. We observe
that for all symmetric test functions D € H()?*? we have the equivalence

{(Vu)C + C(Vu)", D) = 2(VuC, D).
At last, we note that using (A.12) in two space dimensions we can rewrite
(tr(C)C, Vv) = (C*,Vv), Vv e Hy ()%

In the following chapter for considerations involving the Peterlin submodel we will there-
fore work with the formulation

/ (00, v) + &(w: 1, v) + (Du, DV) + (C2, Vv) ds = 0 (3.75)
/Ot@tc, D) + &(u: C, D) — 2(Vu)C, D) + & (VC, VD) ds (3.76)
— — [[(x(tx(C))C. D) + (a(1x(C) (D)) ds.

for all (v,D) € LY0,T; HY, (02)? x H§(Q)2*?).

Proposition 3.6.2. The existence results for the Peterlin model in two space dimensions,
i.e., Theorem 3.3.4 holds also for the space-time weak formulation (3.75)-(3.76).
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Relative energy
stability estimates an
weak-strong uniqueness

In the previous chapter, we have observed that the energy functionals (3.65) and (3.66)
are crucial for the construction of weak solutions. In this chapter, we will use suitable
“distances” based on the energy functional as a tool to study the stability and uniqueness
of weak solutions. This will be realized by the so-called relative energy method together
with a perturbed system approach. Let us shortly sketch the main ideas. If E(z) is a
strictly convex energy functional, then a possible relative energy £(z|2) is given by

E(2)5) = E(2) — E(3) — (E'(2), 2 — 5), (4.1)

see also [43, 44]. The convexity of the energy implies several relevant and practical prop-
erties of this relative energy. The goal is to derive an inequality for the time evolution
of the relative energy, similarly to the energy inequalities, using Gronwall arguments.
Instead of a more regular weak solution of our model Z we will consider a perturbed
system in order to derive our results. Finally, this will allow us to control the differ-
ence between the weak and the perturbed solutions, roughly only by the initial data
and suitable residuals. This will be the abstract stability result. Afterwards, we apply
the abstract stability result to study the dependence on initial data. By identifying the
residual in this case, we obtain the weak-strong uniqueness principle. For simplicity, we
will assume that the perturbed solution 2 is sufficiently regular such that every manip-
ulation involving 2 is allowed. We emphasise at this point, that we adopted the name
weak-strong uniqueness, despite the fact, that the result is obtained with less regular
solutions. The results of this chapter are inspired by our recent preprint on weak-strong
uniqueness for the full viscoelastic phase separation model in two space dimensions, see
[33]. However, we adapt our recently developed residual approach, see [29], to simplify
the whole proof.

Structure of the chapter:

1. In the first section, cf. Section 4.1, we will construct the relative energy for the full
model and the related submodels.

2. In Section 4.2 we will introduce a suitable perturbed system for the full model,
which will be necessary to obtain the main results of this chapter.

53



4. Relative energy, stability estimates and weak-strong uniqueness

3. Before stating the first results, we will briefly discuss the main idea of the proof in
Section 4.3

4. In Section 4.4 we will formulate the abstract stability and weak-strong uniqueness
results for the CHNSQ model. The proof of the stability result will be given in
Section 4.5, while the proof for the weak-strong uniqueness principle is contained
in Section 4.6.

5. In Section 4.7 we will formulate the abstract stability and weak-strong uniqueness
results for the Peterlin model in two space dimensions. The proof of the stability
result will be given in Section 4.8, while the proof for the weak-strong uniqueness
principle is contained in Section 4.9.

6. In Section 4.10 we will formulate the abstract stability and weak-strong uniqueness
results for the full model, in two space dimensions. The proof of the stability result
follows almost verbatim by the proofs in Section 4.5 and Section 4.5. The necessary
adjustments for the proof of the weak-strong uniqueness principle are contained in
Section 4.11.

7. Discussion on possible conditional extensions to three space dimensions, conver-
gence to equilibrium and the degenerate problem can be found in Section 4.12.

8. Finally, we will summarize the result of Part I in Section 4.13.

4.1. The relative energy method

We start with the construction and properties of a suitable relative energy. First we recall
the energy functional (2.13) for the full model, i.e., System S.3 in two space dimensions
as

1 1 1
EZd(¢7 q, 4, C) = /Q %|v¢|2 + f(¢) + §q2 + §|u|2 + 1|C|2 d. (42)

For simplicity this will now be denoted by E, instead of Ey;. Since most of the energetic
contributions are L?-norms of the corresponding variables, we will briefly derive the
relative energy for those contributions as follows
o Ly Loe ) .
E(12) = 5ll=13 - 51213 - (2,2 — 2)

1 1 1
= S2lE + SR = (2, 2) = Slle — 21

The above calculations imply that using (4.1) we can introduce the following relative
energy functionals

. 1 . . 1 R N 1 .
Eald) = Zlla—all}.  E(ula) =S lu—al.  £(CIO) = L[ C - CJf.

For the mixing energy, we observe that this does not fit into this framework, since f is
non-convex. Recalling (A2) we observe that f is A-convex, i.e., f(s) + As? is convex for
suitable A. Therefore, we introduce a penalized relative energy by

Ea(9l0) == [ JIV(6 =B+ 1(6) = [B) = F()(6— &) + 1o — 3 da
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4.1. The relative energy method

= Emix,a(¢) - Emix,a(é) - <E;m'x7a((£)7 ¢ - $> (43)

In fact, we observe the penalized relative energy corresponds to the relative energy of
the convexified energy functional for the mixing energy given by

[0
Emix,a = Emzm(gb) + §H¢”3

Before stepping forward, we will have a brief look what is a suitable range for .. Using
Taylor expansion, we find

F(6) ~ @) - F@)6 -3+ Do - o = LE T e (a)

where ¢ is an intermediate value between ¢ and é Recalling assumption (A2) we can
estimate further with the lower bound — f; for f” by

()2 g

The above computation shows that a > f; > 0 is enough to obtain a non-negative
distance. Hence, we formulate an additional assumption.

(A8) The penalty constant o € R is chosen such that o« > f; > 0.

With this assumption, together with the gradient part, the relative energy includes a
relative H'-norm. In total, the full relative energy is given by

Ea($,0,u,C|0, 4,1, C) = £.(8]9) + £(q]d) + E(ul) + E(C|C). (4.4)

Let us introduce the ordered function set z = (¢,q,u,C) and correspondingly z =
(¢, 4,1, C) and define the metric space M such that z € M if {¢p € H'(Q),q € L*(Q),u €
L*(Q),C € L*(R2)}. Due to the convexity of the generating functionals, we automatically
have the following properties.

Lemma 4.1.1. Let z,2 € M. Then the relative energy E,(z|2) has the following prop-
erties

e Eu(2]2) >0 and E,(2|2) =0 2 = 2.
o Iz = 2§ < C€al212) fori = 1,4 and ||¢ - 6|} < C(v, @)€a(2]2).

Although the first condition is typical for a metric, the relative energy, formally a
Bregman distance, is not a metric. In fact, due to the potential f we lose symmetry and
triangle inequality, though all other contributions are metrics on normed spaces.

Similar to the existence proofs in Chapter 3, we will prove the result for the CHNSQ
model and the Peterlin model separately and obtain again a full result by combination.
Therefore, we introduce the reduced relative energies associated with the CHNSQ model,
i.e., System S.4 and Peterlin model, i.e., System S.5, respectively by

E1a(0, 0,00, 4,0) = E.(3]0) + E(q]q) + E(ult), (4.5)
& (u, Cla, C) := E(ula) + £(C|C). (4.6)

A similar result as in Lemma 4.1.1 holds for the reduced relative energies. Because
the relevant relative energies and properties have been introduced, we can move to the
introduction of a perturbed system.
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4. Relative energy, stability estimates and weak-strong uniqueness

4.2. Perturbed system

In this section, we will introduce a suitable perturbed system of equations for (Z,/i). In
principle the idea is that for sufficiently smooth functions, here (2, 1), by inserting into
the variational formulation of the problem, we can interpret these functions as solutions
of a perturbed variational formulation.

Let 2 = (gg, q,, C) and /i be given functions, which are sufficiently smooth. Then we

define the corresponding residuals 75,4 = 1,...,5 via the perturbed system
[[106,) el 9, 6) + (cob(9) Vi, V) (47)
F{OITA B0V (A), To) ds = [ (71, 0) ds (48)
4,6 = (V8,96 — (78, ds = [ (72,6) s (4.9
[10.€) = e(w ¢, ) + 12(0)d.©) + £1(Vd, 7) (4.10)
+(V(AWD)) — B TA,T(AG)O) ds = [ (75,€) ds (4.11)
/ (01, v) + &(w; 8, v) + (7(6)Dat, Dv) (4.12)
+{(CC, V) + e(vi 1, ¢) ds = /Ot<f4,v> ds, (4.13)
/Ot@té, D) + &(u; €&, D) — 2((Va)C, D) + £(VE, VD) (4.14)

+ (@)X (1r(C))C, D) — (2(0)2(1x(C)), (D)) ds = [ (75, D) ds,  (4.15)

for all (¢,€,¢,v,D) € L*(0,T; H'(Q) x H1(Q) x H'(Q) x H} ()4 x HL(Q)¥9) and
for almost all t € (0,7"). By testing with ¢ = i — r9,{ = 0,9, = ¢, v =10,D = C, we
obtain the following energetic law

E(2)(t) ~ = — [ Ducli2) + R(3.2) ds, (4.16)
Dy, 2) :so||b1/2< >wno+||bl/2< O)Vi — V(ADDIZ + 151 (9)al3 + = Va2

N S PN ~
+ [ln2(@)Dalf + IV CI; + *||%1/2(¢)X1/2(tr(0))C||§

— S l(6)8(1x(C), 1(C)),
R(jo 2) = = (11, ) + (r2,0d) = 3, ) = (0, 8) = 575, €).

Since we want to work on the reduced models, i.e., the CHNSQ model, cf. System
S.4 and the Peterlin model, cf. System S.5, we need suitable perturbed systems for both
sub systems. However, it is clear that we can easily decompose the perturbed system in
analogy to Chapter 2.

Remark 4.2.1. Let us mention that the explicit appearance of a weak solution, i.e.,
¢, u, C in the perturbed system, can be considered as some kind of linearisation around
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the weak solution. This choice will allow us to deduce the right dissipation contributions
directly, without the introduction of many suitable additions of zero. Furthermore, it
reveals some sort of structure, since an analogous linearisation of the weak solution
around arbitrary functions does not lead to the right result. Furthermore, if one chooses
the variables consistent, the energetic structure is not harmed. We will later see how one
can take advantage of this structural property.

4.3. General proof strategies

Before we step into the concrete proofs, let us discuss the main strategy. If the weak
solution (z,u) is smooth enough, we can simply calculate the time derivative of the
relative energy. We will do this for a general relative energy and obtain

ig(z\z) — (E'(2),0,2) — (E'(2),0,2) — (E'(2), 02 — 8:5) — (E"(2)di2, » — 2)
— (E'(2) — E'(2), 02 — 0,2) + (E'(2) — E'(3) — E"(3)(2 — 3),8,2).  (4.17)

From this point, one would expand the above computation by insert suitable test func-
tions into the corresponding variational formulations and deduce the relative dissipation
and the terms to estimate. We note that with such regularity, one can compute the time
evolution for every equation separately and combine them at the end. Furthermore, for
quadratic energies, the second inner product just vanishes.

However, in our case, we are not allowed to test the weak solution with itself in general,
which the above computation would require. Therefore, we try to solve this problem.
Let us first present the following abstract lemma.

Lemma 4.3.1. Let H(g) be a quadratic energy, i.e., H(g) = ||g||3, and let g,§ given in
the following spaces g € L*(0,T; HY(Q)) N WP(0,T; H-1(Q)), g € W(0,T; H'(2)) N
L2(0,T; H (), with p~t + ¢ ' =1,p < 2. Then the following holds

(H'(§).9 - 9)(t) = (H'(@).9 — 9)0) + [ (H'(@).09 = 3) + (H'(3){g — 9).0.9) ds.

Since ¢ is smooth enough, this can be extended to the mixing potential contribution
Jo f(¢) . Also, a similar formula, using suitable dual pairings, can be derived for the
quadratic gradient part.

Proof. The proof follows the lines of Lemma 4.1 in [53] and uses standard approximation
and density arguments. O]

The above lemma will allow us to circumvent the problems arising in the calculations
needed to prove (4.17). We will compute this for an abstract relative energy by assuming
that there is a suitable energy inequality for z and assume that there is a suitable energetic
law like in (4.16), i.e., D, R are defined. We start expanding an abstract relative energy

E(2(1)|2(t)) = E(2(t)) — E(2(1)) — (E'(8), 2 — £)(1)
< E(2(0)) — E(2(0)) — (E'(2), 2 — £)(0) — /0 D(z) = D(2) = R(2) ds
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4. Relative energy, stability estimates and weak-strong uniqueness

- /Ot<E’(2), Oz — 0,8) + (E"(3)(z — 2),9,3) ds
< E(:(0)|2(0)) - [ D) — D)~ R(2) ds
- /Ot<E,(2); Oz — 02) + (E"(2)(z — 2),0:2) ds.

Here we have employed the energy inequality of the dissipative weak solution (3.3) or
(3.22), the energetic law of the perturbed solution (4.16) and Lemma 4.3.1. By adding
+2F(2) we can equivalently find

E(z(t)]2(t)) < E(2(0)]|2(0)) — /Ot D(z)+ D(2) + R(2) ds (4.18)

-/ YE(2),002 + 82) + (B"(2)(= — 5),02) ds, (4.19)

where only the sign change in front of D(2),R(2) and 8,2 in the first inner-product
changed. Before we proceed, we recall that in the case of a quadratic energy F(z) = L[ z||2

2
the remainder can be reduced to
t t
/ (B'(2),0,2 + 0,2) + (E"(3)(z — 2),0,5) ds = / (2,0:8) + (2,0,2) ds.
0 0

This construction imposes several regularity assumptions on the perturbed solution.
Indeed, the perturbed solution must be so regular that it can be taken as a test function
in the weak formulation of the original problem and that we can take the weak solution
as a test function in the perturbed formulation. Furthermore, we require the perturbed
solution so smooth that (4.16) is valid.

In the next section, we will state the stability and weak-strong uniqueness result for
the CHNSQ model, i.e., System S.4 which will be derived via the relative energy method.

4.4. Stability estimate & weak-strong uniqueness for
System S.4

In this section, we will state the main results on abstract stability and weak-strong
uniqueness for the CHNSQ model in two and three space dimensions. The main difficulty
arises from dealing with the non-convex energetic structure of the Cahn-Hilliard equation
and its cross-diffusive coupling to the bulk stress equation. To this end, we recall the
relevant relative energy is here given by (4.5), i.e.,

E10(9,0,ul0.q,7) = £a(610) + £(¢lg) + E(ulD)
=2V =)+ | £6) = £() ~ F(@)6 - ) do
A 1 1
+ Sllo = B3+ Slla — alld + 5 Il — al

Let us state the main result of this section.
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4.5. Relative energy estimates for the CHNSQ model

Theorem 4.4.1. Let (z,p) with z = (¢,q,u) be a dissipative weak solution of
System S.4 for d € {2,3} in the sense of Definition 3.1.1. Furthermore, let the
set of sufficiently smooth functions z = (gg, g,a) and i, cf. Remark 4.5.1 for the
exact reqularity requirements, yield the associated residuals 7; given by (4.7)-(4.12).
Then the following holds

t
E1a(zIE0) + [ Dral 218, 2) ds < Cofra(2(0)[2(0)) (4:20)
t
+C1 [l o+ rallf + sl + iy ds, (4:20)

where Dy 4 denotes the relative dissipation functional given by

Dug(p, 2|1, 2) :; (IIbl/g(é)V(u — 1) = V(A@)(a = )5 + ol *($) V(i = D)3

+ 1516 a - DIF + =2l V(g = DI + In*(¢)(Du - DA)Z).

The proof of the theorem will be given in Section 4.5 and the proof of the following
lemma will be given in Section 4.6.

As an application of this stability result, we study the stability with respect to the
initial data. From this, we can identify the so-called weak-strong uniqueness principle,
given by the following corollary.

Corollary 4.4.2. Let (2, 1) with 2 = (gg, G,0) be a more reqular dissipative weak
solution of System S.4, cf. Remark 4.6.2 for the necessary reqularity, existing up to
time T < T, such that Theorem 4.4.1 holds. Then every dissipative weak solution
(z, ) with z = (¢, q,u) of System S.4 in the sense of Definition 3.1.1 starting from
the same initial data as (2, i) coincides with (2, 1), i.e. z(t) = 2(t), for almost all
t € (0,T") and u = f.

It will become clear from the proof that the necessary regularity can be reduced by
either using better inequalities or considering only two space dimensions. Indeed, in two
space dimensions, it might be possible to prove a higher regularity estimate for the weak
solution itself.

4.5. Relative energy estimates for the CHNSQ
model

Let us start with the proof of Theorem 4.4.1. For convenience, we recall the variational
identities of the weak solution and the associated perturbed problem. The variational
identities of the weak solution are given by

[106,0) — el ,6) + (1 + 20h(6) Vi — DGV (AWG)), Vo) ds =0 (422
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4. Relative energy, stability estimates and weak-strong uniqueness

[ 40,6 =1(90,98) — (1'9).€) ds = 0 (4.23)

[0, + i 4.0) + (11(6)4.©) + £1(¥4, V) (4:24)
+(V(A(#)g) = b*(¢) Vi, V(A(9)()) ds = 0

/Ot(atu,v> + ¢(w;u, v) 4+ (n(¢)Du,Dv) + c(v; p, ¢) ds =0 (4.25)

for all (,€) € L2(0, T; H(Q) x H(Q), (,v) € LH0,T; H(Q) x H},(2)°).
For the perturbed problem, we have the following variational identities

106, 0) — el ,9) + (eob(0) V1 V) (1.26)
+ MOV~ VOV (AD), T0) ds = [ (F1,0) ds, (1.27)
[[4.6) =16,V — (7/0).€) ds = [[(72,) s, (4.23)
[10.0) = &w ¢.0) + (m(9)3. O +21(¥4, V) (4.29)
HV(AWB)) — B TA,T(AG)O) ds = [ (75,€) ds (1.30)
[100,%) + 6w 6,v) + ()D&, DY) + e(vi . 0) ds = [ (Fvhds  (431)

for all (¢,&,¢,v) € L*(0,T; HY(Q) x H~1(Q) x HYQ) x HL (2)¢) and for almost all
t € (0,T). We will start applying the general strategy of the proof, i.e., using (4.19), cf.
Section 4.3, to obtain

t
Eralz|3)]t = — /0 Dro(pt, 2) + Dy, 2) + R (i, 2) ds

- YEL(2), 00z + 002) + (E(2)(= — 2),013) ds (4.32)

(%)
We emphasize that the penalty term, since ¢ is sufficiently regular, can be treated by
standard calculation, without this expansion. We recall that the dissipation of the weak
solution and the “dissipation” of the perturbed solution is given by

Dy g(p, z) =|[0"2(@)Vulls + 16"%(0) Vi = V(A(D)g) 13
+e1l| Va2 + 5% (9)all2 + [In'/*()Dul2,
Dug(f1 2) + Ra(fr, 2) =[b"*(9)VAlls + [0"*(9) Vi — V(A($)d)
+e1[Val2 + [ls1* (9)all2 + In'/*(¢)Da )3
— (r, 1) + (12, 0i0) — (r3,4) — (r5,10). (4.33)

Bulk stress equation:
We will start expanding the remainder (x), cf. (4.32), equation-wise and start with the
bulk stress contribution, which by testing ( = ¢ in (4.24) and { = ¢ in (4.29) yields

(D = [ (.00 + (d.00) ds

60



4.5. Relative energy estimates for the CHNSQ model

= [V (A6)0) ~ 120V, TAWG)D) + (V(AWG)) — b/(6) V4, T (A(D)a))
+ 2€1<V61, VQ> +2(k1(9)q, §) +€(u; 4, q) + €(u; ¢, 9) +(r3,q) ds.

Combination of (x); with the corresponding dissipation terms, i.e., (4.33), ;, (4.33),, for
i = 3,4 and residual term (4.33), ¢ yields

Py =— /o e1||V(g — Q)Ho + ||f€1/2( ?)(q — @)H% +Cs+ (r3,q — q) (4.34)
F(V(A()q) — bY2(3) V1, V(A($)d)) + (V(A(B)G) — b2(8) Vi, V(A(¢)q)) ds.

Cahn-Hilliard equation:
Next, we turn to the Cahn-Hilliard part, and we expand

()2 = = [ 1(V6,903) +7(V,Va0) + (1'(8), 00 + 0)
+("(0)(@ = 6),00) — ¢ = 6,09 — 0} ds
== [[1(96,90) +((9), 0) + (¥, V00) + 1'(9), 0
—(1'(®) = J'(9) = ["(8)(6 = 6), 016) — (0 = 6,060 — D) dis

where we added +(f(¢),d,¢). Inserting & = d;¢ into (4.23) and & = 9, into (4.28)
yields

(#)o = — /Otm, 0:0) + (1t = 2), 08)) — (f'(9) = F1() — ["(D)(¢ — §), Du)
— alp — ¢, 000 — D,0) ds = (i) + (id) + (idd) + (iw). (4.35)

In the next step, we will insert suitable test functions into the variational identities to
expand (¢) — (iv). Since there will be many terms, we treat them pairwise. Let us start
with the first two terms by inserting ¢ = ji — ry as test function into (4.22) and ) = p
as test function into (4.26) we find

(i) + @) = = [ {p.0d) + (= r2,0,0) s (436)
= [ {b6) V1 — 120)V(AD)a), V(7 — 72)) (4:37)
+ (b(6) Vi b1/2<> (A(6)d), Vi)
+ 220(b(9) Vi, VM>+€o<b(¢)Vu, Vry) (4.38)
—c(usfi = ra 6) = (i1, 6) Hrip) — (ra, 00 ds. (4:39)

C1

Combination of Fy, cf. (4.34) and (i) + (ii) together with the dissipation terms
(4.33), ;5 (4.33)y,;, i = 1,2 and the residual terms (4.33), ;, i = 6,7, yields

Pri= [ =V - Dl — (L= D@V — ) - V(A — )}
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4. Relative energy, stability estimates and weak-strong uniqueness

—||H”2<¢><q—q>||o (1 — 0)eolb™2(¢)V (1 — ) |12

+ Zci + (r1, i — ) 4 (ro, 8ip — D4d) + (r3,q — q) ds. (4.40)

=1

We proceed by estimating the remaining terms related to the residual, and start with

[ty ds <€ [Inl ol =l ds (1.41)
< 0@ [ Il w01+ 219~ Vall) ds (1.02)
Q) [In a4 = 0.0+ COW VG-l ds. (443

The first term can be estimated by inserting into the variational identities, i.e., £ =1 in
(4.23) and (4.28). Recalling (A3) yields

(i — 1) = (f/(9) — £'(), 1) — (r2,1)
< O + K2l + 1810)é = olli + Irillogt,
(i — i, D < CF)1d — ¢l13 + Clira3-

To estimate the second residual, we insert 1) = 75 in (4.22) and (4.26) to find

[t 0106 = ) ds = [ =2(0(6)V s — 1) — 1) V(AD) 4 — D), V)

- 250<b(¢)v(ﬂ - la)a VT2> +C(u’ T2, ¢) - C(ﬁv T2, Q/g) _<7,.17 7’2) ds
Ca

< [ 8162(0) V(= ) = V(A(@) (g = )IIF + S=0llb () V(1 = o)
+ Cllri]|21 4+ C(8, ba, g0) ||r2lF + Ca ds.

For the third residual, we use Holder’s and Young’s inequality to estimate

t t
[rsa-a)ds < [ 5219~ IR + Cella = alR + CG.0) sl ds.
We now turn to the remaining integral in (x)q, cf. (4.35), and recall, using (A3), that

1£(8) = F1(D) = (D) (& — )| < (152 + 1P| +16])]o — 9.

This allows us to estimate the third term by

(i) < [ tHiMSH 17(6) — 1'(3) = £ )6~ B)o s (1.41)
< [ 10057 + 5ol + 1Bl s — DI ds (4.45)
< o, 14 ,||¢||Lw<m>,||(£||Loo<m>> [lodlea@ldy s (1a0)
<C(f) [ 10dNuEalold) as (a.47)
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4.5. Relative energy estimates for the CHNSQ model

The norms of ¢,é in C (f) are bounded, due to the regularity of the dissipative weak

solution for ¢ and the regularity assumption for (ﬁ, cf. Remark 4.5.1. For the fourth term
we obtain by inserting ¢ = a(¢ — ¢) in (4.22) and (4.26)

—(iv) =a / BV (i — i) — D)V (AD) g — 1)), V(6 — )
+e0(b(B)V (1 — 1), V(6 — 6)) —c(u— ;6 — ¢,¢) +(r1, ¢ — ) ds

Ca
< /Ot —68[|n(®)V (1 — f1) — V(A(¢)(q — @))||5 — de0l|b"(6)V (1 — 2|3
+C(3, b2, 20) |6 — B3 + Co + C|r1 ]|, ds.

Summation of all the estimates yields the following inequality for the cross-diffusive part

t
Py < —(2—49) [ Dig(uglind) ds (4.48)
t 4
+ [ CUNE(E2) + G+ CO)Iral+C@) Y i, ds.
0 i=1 ie{1,3,4}

Navier-Stokes equations:
Let us consider the Navier-Stokes part and recall (4.32). We obtain by inserting v =
in (4.25) and v = u in (4.31)

(3=~ | ", 0,80) + (&, ) ds
= /Ot 2(n(¢)Du, D) + ¢(u;u,0) + ¢(u; 0, u)

+ c(; 41, @) + c(u; fi, @) + (r4, 1) ds.

Combining (*); with the remaining dissipation terms (4.33), , (4.33), 5, and the remain-
ing residual (4.33),, yields

Py [ 2(0)(Du — D)3 + {ri ) (449
Cs

+€(u;u,a) + €(u;a,u) + c(b; 4, ¢) +c(u; fi, ¢) ds
t
</0 —(1=8)[[n"2(¢)(Du — D) (|3 + C (6, m2)||ral|%1 + C(6,m2)E10(2]2) + C5 ds.

Combining all expansions of (4.32), i.e., (4.48) and (4.49) yields the inequality

5

t t
ErazlDli+ [ Prolp, 21 2) ds < [ €106, NEa:12) + 3G

i=1
+ Co(O)Ir 12y 4 2l + llrsl®y + [|7al?, ds.
Let us now consider the convective remainder

t 5 t ~
/ > C; ds:/ —c(u; fi, ¢) — c(; 1, ) —c(u —0; ¢ — ¢, @)
0 0

C1 C2
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4. Relative energy, stability estimates and weak-strong uniqueness

+¢(u; ¢, q) + €(u; 4, q) +c(u — @; 7y, @)

We observe that due to skew-symmetry of ¢ the term C3 and the first part of Cy5 are zero,
see (A.32) and (A.33). The term C; cancels with the last part of C5. The remaining
terms will be estimated via

t A
| elu—tirs ) - clu— o - d,¢) ds
0
t A
S/O [u —1allos||Vrallol|¢lloe + [[u— 1ol — ¢l l|#llos ds

t
S/O C(6, 1911)&1.a(212) + C(9)lIra|[} + 20Dy (uld) ds,

where we applied the interpolation inequality (A.24). Finally, choosing ¢ small enough
yields the desired stability estimate

t t ~
EraCzli+ [ Proli 21 2) ds < [ Ci(6,G)Era(212) ds

t
+Co [ sl + ol + s, + a2, ds

where C1(6,8) = CU, £, 16z, 18l =ty 0:6o). Tn order to apply the Gron-
wall lemma, cf. Lemma A.3.1 we need C; € L'(0,7). Indeed, all necessary bounds
involving the arbitrary function gg are bounded by the regularity assumptions of the the-
orem. We only need to consider ||@||z g1y, which is bounded by the energy estimate,
see Definition 3.1.1.

Remark 4.5.1. By inspection of the proof, one can see that we have used the following
regularities for the perturbed solution (2, i)

b€ W(0,T) N WU N0, T; L*()), fi € Q0,T) (4.50)
G € M(0,7) N L*0,T; H'(Q)) N H*(0,T; H*(Q)),
i € X(0,T) N LY0,T; H-(Q)) N HY(0,T; H(Q)),

see (3.1) for the definition of the above spaces.

In the next section, we prove the weak-strong uniqueness principle, i.e., Corollary 4.4.2,
which can be obtained as an immediate consequence of the stability estimates. The main
idea is that for more regular weak solutions the residuals r; can be identified quite easily.
Afterwards, we only have to bound them suitably by the relative energy and obtain
the statement via another application of Gronwall lemma. The weak-strong uniqueness
principle can be understood as stability with respect to the initial data.
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4.6. Weak-strong uniqueness for the CHNSQ model

4.6. Weak-strong uniqueness for the CHNSQ model

Assume that the set of functions (ngS, fi,§,0) is a more regular dissipative weak solution of
(3.2), cf. Remark 4.6.2 for the necessary regularity. Then we can identify the residuals
i by

[t ) ds = [+ 0)(bl0) — bIVA, V) — (0(6) — V() V(A(9)3), Vo)
+ (02 (D)V((A(9) = A(0))d), Vi) + (s, 6 — 6) ds,
/0<7’2,§) ds =0,
[ty ds = [ {((6) = m(9)d. ) + (V((A(6) ~ A, V(AG)C))
(

) — A(
+(V(A()q) — b"*(9) Vi1, V((A(¢) — Al
b2 () = b2(9)) Vi, V(A()()) + &(u — 11;4,¢) ds

~
[ travy ds = [(0(6) = 7(8))D, DY) + e — 5,v) + e(vi 16 — 9) ds

We now bound the residuals by relative energy and dissipation terms, such that the
Gronwall lemma, cf. Lemma A.3.1 can be used. This gives rise to the next result.

Lemma 4.6.1. Let r;,1 = 1,...,4 be defined as above. The following bounds for the
residuals hold

t t
/OHfrlH%l dsg/o O (2, 2)E10(2]2) ds,
t t
/0 ’|T3||%1 dS S A 25D1:¢(M7 Z|ﬂ7 2) + 02(27275>51,a(z|2> dS,

t t
[ lrals ds < [ 20Dy o0, 211, 2) + Ca(@, i, )81 al212) ds

Proof. We will estimate each residual step-by-step.

First residual:
We estimate the first residual by

[(r )] < 116(0) = b(D) o6l VRl sl 11+ 1672(6) = b2(D) oIV (A(@)a) ol 1
+C (1) IV((A(@) = A@D)D)llo2ll ¢l + Illoslle = dlloslle s

Using the definition of the dual norm, we estimate

t t N ~
Ll ds < [bllo = B8 IVAIR, + Ol = 3 T(A@DIR,

+ CE)IV((AWG) — A@)II52 + l1all3 5ll¢ — Sl ds
< (@) + (i) + (dii) + (iv).

Let us expand the second term

(i) < [ Cllo = Bl V (A@DIR 5 ds
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4. Relative energy, stability estimates and weak-strong uniqueness

t
< [ CAlVall s + Al VoI 3117 ) Era(=12) ds
t
< CA) [ IVl + 19913 1115 )E1.0(212) ds.

Note that due to the regularity of the dissipative weak solution, cf. Definition 3.1.1,
IV @|| parsy is bounded, i.e., we require ¢ € L*(0,T; L>(Q)).
For the third term, we expand the gradient and obtain

V((A(9) = A@))d) = (A(¢) — A(9))Vd + V(A() — A(9))d-

Using Taylor’s theorem and the above expansion yields

t ~ N
(iid) < C(n) /0 Aollo = @1l 6l1V4ll5 s + Asllé — A I141I5
+ Adlld + 0 510 — A5 l1dl1F 0 ds
t A~
< C(A)/O (IVallg s + 1406 00 + 116+ Al17 5114016 00 + 11015 5)E1.0(212) ds.

Similar as for the second term, the bracket is integrable in at least L'(0,TT). For the
fourth term we simply estimate

t
(i) < [ 1013 561.0(212) ds.

All together, the first residual can be bounded by

t t N
Ll ds < [V + 1Vl + 101 + 18036 + G112 )Era(212) ds

t
< / Oz, 2)E1(2]3) ds.
0
As already discussed C] is integrable in L*(0,TT).

Third residual:
Let us consider the third residual. We estimate

(73, Q)] < [161(6) — K1(D) loslldllos + 1672(6) — 8"/2(&) o Vitllos V (A(G)C) o
+ IV ((A(6) — A@)D IV (A)O)llo
+[62($) Vi — V(A(D)d) losll V((A(d) — A(@)O) 0,32
+ [lu = allo s/ VallolI¢llos + [[u —alloslV{lolldllo.6-

Estimating the second, third and fourth terms further, we find
(i1) < C(b2)ll6 = Bllosl Vitllos(A2ll¢ Il + Asl[VElslCllos),
(2id) < (A5[[Vallosllo — @llos + Asll¢ — oll1]ldllo.0
+ Aa|[Vo + Vlloslld = dllosllgllo.ce) (AzllCll + AslIVlsliClle),
(i) < [6"2(9)Vii = V(AD)d)llo.5(As]|6 = dllos V<o + Asllé = Sll1[I¢llos
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4.6. Weak-strong uniqueness for the CHNSQ model

+ 44|V + Vlloslld — lloslI¢llos)-

Using the definition of the dual norm, we obtain

t t N N
L2y ds < [ Cllo = Bl 6llalls + Cllo = ol Vs (1 + IV615)

+ C(IVallds + 1)1 s + IV + V|2 5l1dl12 ) (L + [ Vol[as) ¢ — oI
+ b2 () Vi — V(AB)D) o s(L+ IVo + Vles)llo — ol
+ Jlu— )3 5| Vall§ + [[u — a3 5dlg 6 ds

= (@) + (i2) + (i13) + (i) + (v) + (vi).
We observe that (i) — (iv) is already in the right form. For the remainder, we obtain
t
(v) + (vi) < [ 20Dy(ult) + C(0)|11€1(2[2) ds.

Using these estimates, we can bound the residual by

t t
Ll ds < [ o(Nalzs + IV, + IVAI3 IV 6l3,
+ (19035 + Illos + 196+ VIR llal ) (1 + IV I3)
+ n()Vi = VABDIE 1+ V6 + VI3 )
+ 101 ) E10(212) + 26Ds(uld) ds
t
§b/(L(aigﬂghxzﬁ)+25DL¢UMZUL2)d&
0

For sufficiently smooth (2, i), Cy is integrable if V¢ is bounded in L*(0,T; L3(Q)),
which is bounded be definition of the weak solution, cf. Definition 3.1.1.

Fourth residual:
We first estimate in standard manner the inner product, defining the fourth residual by

[(ra, V)] < [In(¢) — n(@)[losIDAS 5 + Cllu — aflosllafloslv]
+ Cllu =1l sl|[Vallozllvios + IVlosl Villoss2llé — dllos-

Using the negative norm we find the following inequality
t t N
LUl ds < [ lls = 618 IDaIE, + Clhu =l 1l
+Cllu =g Valg, + [Vallgslle — ¢l5s ds
t
< /O 26[|n'(¢)(Du — DR)[|§ + C(8,n)[lu — a[§([[Vall5, + Va3 )
+Vallgapallo — ollos ds

t
gézmwmﬂma+@mﬂﬁﬁm@@®,

here C'5 depends only on bounds of G and /i and therefore is integrable. O]
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4. Relative energy, stability estimates and weak-strong uniqueness

Remark 4.6.2. Reviewing the above estimates, we need additionally to the assumptions
of Theorem 4.4.1 the following regularity
fi € L0, T; WH3(Q)), n(9)Vi— V(A(9)q) € L*(0,T; L*(Q)),
g€ L0, T; L=(Q)) N LY 0, T; W3(Q)), @€ L*0,T; W3 (Q)). (4.51)

Using Theorem 4.4.1 together the estimate in Lemma 4.6.1 and choosing ¢ small enough
yields after another application of the Gronwall Lemma A.3.1

E1al=(O1E0) + [ Diolin 21 2) ds < CEu(=(0)|2(0))

Since z and £ start from the same initial data, we conclude that & ,(2(0)]2(0)) = 0. The
properties of the relative energy, cf. Lemma 4.1.1 and the lower bound on the relative
dissipation functional concludes the proof Lemma 4.4.2.

4.7. Stability estimates & weak-strong uniqueness
for System S.5

In the case of the Peterlin model, i.e., System S.5, we have to restrict ourselves to the
two-dimensional case and consider n, ko constant. This is due to technical reasons, and
we comment later on extensions into three space dimensions. Again, we recall that the
relevant relative energy for the following results is given by (4.6), i.e.,

LA . A 1 . 1 A
&(u, Cli, €) = £(uld) + £(CIC) = flu — a3+ C - CJ}
We can develop a stability estimate which is given by the following theorem.

Theorem 4.7.1. Let z = (u,C) be a dissipative weak solution of System S.5
for d = 2 in the sense of Definition 3.3.1. Furthermore, let the 2 = (a,C) be
sufficiently smooth, cf. Remark 4.8.1, induce the associated residuals 7; given by

(4.12)-(4.14). Then the following holds

E(z(1)|3(1)) + /0 t D, c(2]2) ds < Co&a(2(0)|2(0)) (4.52)
+ G4 /Ot\|7“4!|21 + |I7s]12, ds, (4.53)

where Dy ¢ denotes the relative dissipation functional given by

1

DQ’C(Z'|:7;) 25

R € A 1 A
(nlIDu = Dal + ZIV(C - Q) + 5IX 2 (C)(C - E)IR ).

The proof of the theorem will be given in Section 4.8 and the following lemma will
be proven in Section 4.9. Similarly to before, we study as an application the stability
with respect to the initial data, which yields a corresponding weak-strong uniqueness
principle characterized by the following result.
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4.8. Relative energy estimate for the Peterlin model

Corollary 4.7.2. Assume d = 2. Let 2 with 2 = (4, C) be a regular dissipative
weak solution of System S.5, cf. Remark 4.8.1 for the necessary reqularity, existing
up to time TT < T, such that Theorem 4.7.1 holds. Then every dissipative weak
solution z with z = (u, C) of System S.5 in the sense of Definition 3.5.1 starting
from the same initial data as % coincides with 2, i.e. z(t) = 2(t), for almost all
t € (0,T7).

In the case of the two-dimensional Peterlin model, higher regularity is available for

better initial data, see [98]. Hence, in two space dimensions our weak-strong uniqueness
principle implies uniqueness of weak solutions for the Peterlin model, see [98].

4.8. Relative energy estimate for the Peterlin model

For convenience, we recall the weak formulation and the associated perturbed problem.
The variational identities of the weak problem are given by

/Ot@tu, v) + ¢(u;u, v) + (nDu, Dv) + (tr(C)C,Vv) ds = 0 (4.54)
/Ot@c, D) + &(u; C, D) — 2((Vu)C, D) + £(VC, VD) ds
=— /Ot<X(tr(C))C, D) + (®(tr(C)), tr(D)) ds, (4.55)

for all (v,D) € L*(0,T; H},,(Q)? x HL(Q)**?). While the variational identities for the
perturbed problem are given by

/Ot@tﬁ,v) + (w0, v) + (3D, DV) + (EC, Vv) ds = /Ot<f4,v> ds (4.56)
/Ot@é, D) + &(u; &, D) — 2((Va)C, D) + £(VC, VD)
+ (X((©)C, D) — (B(er(€), (D)) ds = [[{75, D) ds, (457
for all (v, D) € L2(0, T; H, ()2 x HL(Q)2*?) and for almost all ¢ € (0, T).

Proof. We will start expanding the relative energy associated to the Peterlin model in
two space dimensions, cf. (4.6), i.e.

A 1 N 1 A
&:(u, Cla, €) = - Jju -} + £/|C - C (4589)

We again use the abstract calculation of Section 4.3, see (4.19), which implies

ED]E(1) — E((0)20) = = [ Daclz) + Dacl?) + Ra2) ds

-/ EY(2), 0r — 012) + (EL(E) (2 — 2),32) ds (4.50)

(*)
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4. Relative energy, stability estimates and weak-strong uniqueness

and we recall the definition of the D, R by
Drc(z) =nlDul} + VO] + LI (x(C)CI} — 5 (®(tx(C), tx(C)
Dsc(2) + Ra(2) =nlIDal} + ZIVEI + L Ix 2 ((C)CI; — 5 (®(1x(C), tx(C)
— (r4,0) — (r5, C). (4.60)

Navier-Stokes equation:
We will start expanding (), see (4.59), for the energetic contribution of the Navier-Stokes
equation and obtain

(¥)1 = — /0t<u,8tu> + (@, Bpu) ds

t A
:/ 2(nDu, Dit) +(CC, Vi) + (CC, Vu)
0

C1

+¢(u;u, @) + ¢(u; 4, u) —(ry,u) ds.

Co

We observe immediately that Cy vanishes due to skew-symmetric, see (A.33). In combi-
nation with the corresponding term of the dissipation, i.e. (4.60), ;,(4.60),,, the residual
term (4.60), 5, we find

t
P, ::/ —p||Du = Da|? + C; — {ry,u — @) ds. (4.61)
0

Peterlin equation:
Considering now () for the contribution from the Peterlin model, we obtain
1t A A
(#) = — 5/0 (C,5,8) + (C,0,C) ds

-/ ") (VC,VE) + (x(62(C)r(C), 1x(C)) + ;<7~5, c)

1 N 1 A A
—i—ic(u; C,C)+ §c(u; C,C)—(VuC,C) — (VaC,C) ds.

Ca

C3

As before C3 vanishes due to skew-symmetry (A.34) and combination with the remaining
dissipative terms, i.e., (4.60), ;, (4.60),; for i € {2,4} and the residual (4.60),, yields

t ¢ A 1 A 1 N
Py :=/ —§IIV(C - O)lg — §le(tr(C))1/z(C ~ O + S lItx(C — O)lls
0
— (r5,C — C) +C4 ds. (4.62)

Note that we have inserted the definition of ®(tr(C)) = tr(C) 4 a, cf. (A7), in order to
cancel out the terms related to a. Finally, we use the estimates P;, (4.61) and P», (4.62)
into (4.59) and obtain

t t
52(z|2)|6+2/ Dsc(2]2)(s) ds < C’O/ E(2|) ds
0 0
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4.9. Weak-strong uniqueness for the Peterlin model

t
+/0 Co+Cat (r,u— 1) + (r5,C — €) ds.

In order to obtain the proposed stability estimate, we have to estimate the terms on the
right-hand side suitably. First we start with the residuals which can easily be estimated
using the negative Sobolev norms and Young’s inequality via

t ~ t ~
) ravu =)+ (. © = €) ds < [ frall-affu = lly + irs-+[C = Gy ds
t
< [ 20Dac(e12) + C&(=12) + C0.m) [l + O )l d.

Finally, we consider the convective remainder C; + C,, which vanishes

4
> € =(CC, Vi) + (CC, Vu) — (VuC, C) — (VacC, C) =

i=1

Choosing § = % yields the final inequality

G5+ [ Daclels) ds < [ ClEa(el) + Callrll?y + s s
Using the Gronwall lemma, c¢f. Lemma A.3.1 concludes the proof of Theorem 4.7.1. [

The regularity assumptions for (1, C) follow only from the abstract calculations with the
relative energy, see (4.19) and the insertion of suitable test function.

Remark 4.8.1. We find the following set of regularity, recalling that we worked in two
space dimensions

e X(0,7) N LY0,T; HL (%), CeT(0,T)Nn LY0,T; H(Q2)>?).

See . (3.20) for the definition of the above spaces.

4.9. Weak-strong uniqueness for the Peterlin model

To prove the weak strong uniqueness principle for the two-dimensional Peterlin model
(S.5) we assume that (@1, C) is a regular dissipative weak solution of (3.75)-(3.76), cf.
Remark 4.8.1 for the necessary regularity. We can then identify the residuals as

(r3, vy =¢(u;,v) — ¢(i; 0, v) + <C(C C) Vv), (4.63)
(ry,D) = &(u; C,D) — &(i; €, D) + 2(Va(C — C), D) (4.64)
+((x(tr(C)) — x(tx(C))C, D). (4.65)

The next step is to estimate the residuals by the relative energy and dissipation terms,
such that we can employ the Gronwall lemma, cf. Lemma A.3.1.
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4. Relative energy, stability estimates and weak-strong uniqueness

Lemma 4.9.1. Let z = (u,C) be a dissipative weak solution of System S.5 and Z =
(4, C) be a more reqular weak solution, such that Theorem 4.7.1 is satisfied. Then the
following estimates hold

t t A

/OHMHL dsg/o 26Dy o(2]5) + Ca(it, ©)Es(2]2) ds,
t t A

/0\|r5|131 dsg/o 26Dy o (2]2) + C5 (i1, €)Ex(2]2) ds,

where Cy,Cs are at least integrable in L*(0,T).

Proof. After integration by parts we obtain
[(ra, V)| < Cllu = ol Vo2l VV]lo + ClIClloallC = Cllo.al| Vv]lo-
Using the definition of the negative Sobolev norm, we obtain
[y ds <€ [u— a2, 1valE + ICI 1€ — €24 ds
< [ onllDu—Daj} + 62 9(C - €)[ + O, )llu - allal!
+C|Cllg4lIC — CIIF ds
<[ CDs(22) + Caltt, ©)Ex(2|2) ds,

where Cy depends on the norms || 11y and || C||za(z).-
In a similar manner, we obtain

(5, D)| < Cllu = 0.4l VC o2l VDllo + 2/ Vaflo2]|C — Clloa Do
+ X (tx(C)) = X(tx(C))llo.4/3/|CllosDllo.12-
We further estimate by recalling X (tr(C) from (A7), i.e., X(tr(C)) = tr(C)? + atr(C)
and usage of the interpolation inequality (A.24) we find that
[l ds < € [ =l ¢l + I valRic - €3,
+[[tr(C = C)RICIE + [Ite(C + O)gItr(C — O)IFICIIF ds
< [ onll(Du - D) + 262 9(C - )
+C(IC)T + ICIT + [ICllIte(C + C)llg)Ex(2]2) ds
< [ 20Dsc(:12) + C5(0, €, Q) (al2) i,

where C5 depends on the norms ||| z1(z), ||Cll sy and [[tr(C + C)|| oo (r2)- O

A quick inspection of the used regularity implies that the regularity for the stability
estimate, i.e., Theorem 4.7.1, is enough.
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4.10. Stability estimate & weak-strong uniqueness for System S.3

Use of Theorem 4.7.1 together with the estimate in Lemma 4.9.1 and choosing ¢ small
enough yields directly after application of the Gronwall lemma

E:(212)(t) + /Ot Dyo(2]2) ds < E(2]2)(0).

Since z and 2 start from the same initial data, we conclude &(z|2)(0) = 0 and therefore
the application of the above inequality by using the properties of the relative energy, cf.
Lemma 4.1.1 concludes the proof of Corollary 4.7.2.

4.10. Stability estimate & weak-strong uniqueness
for System S.3

In this section, we state stability and weak-strong uniqueness result for the full model,
i.e., System S.3. In principle, the stability result follows by combination of Theorem
4.4.1 and Theorem 4.7.1 for the full model, i.e., System S.3, in two space dimensions.
Furthermore, we consider the weak strong uniqueness principle, which is obtained by
only minor adjustments. Let us recall that the relevant relative energy employed here is
given by (4.4), i.e.,

(9, q,u,Clo, 4,10, C)

Eal0]0) + E£(q]d) + E(uld) + £(C|C)
= 2IV@ =+ [ £(0) = £(6) = F(@)(6 - ) da
« A 1 N 1 R 1 A
+ 26— BB+ glla— all+ sl — a3+ yIc — €I}
Then the main results of this can be stated as follows.

Theorem 4.10.1. Let (z, n) with z = (¢, q,u, C) be a dissipative weak solution of
System 8.3 for d = 2 in the sense of Definition 3.5.1. Furthermore, let the set of
smooth functions %2 = (ngﬁ, q,, C) and i, cf. Remark 4.5.1 and Remark 4.8.1 for
the necessary regularity, induce the associated residuals r; given by (4.7)-(4.14).
Then the following holds

t
Ea(2(1)[2(2)) +/O Dy.c(p, 2|1, £) ds < Co€a(2(0)]2(0)) (4.66)
t
+C1 [ sl + liral + s 2, + liral2, + sl ds, - (4.67)
where Dy ¢ denotes the relative dissipation functional given by
A . . .
Dy, 21 2) =5 <||b1/2(¢)V(u — 1) = V(A@) (@~ )5 + ol (@) V(1 — D)3

+ 5 (0) (g = D15 + &1l V(g — DI + [I7"/*(¢) (Du — D) |3

+Z9(C - O + S 2@ A((C)(C - O)JR).
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4. Relative energy, stability estimates and weak-strong uniqueness

Proof. The proof follows almost directly by combining the arguments used in the proofs of
Theorem 4.4.1 and Theorem 4.7.1, using the full perturbed problem (4.7)-(4.14). Similar
to the existence result, the only change is the appearance of k3(¢). Since the perturbed
problem is linearised around the weak solution, i.e., k(@) is the prefactor in the weak
solution and the perturbed solution, we can conclude the result by recalling the uniform
bounds, cf. (A4). For brevity, let us shortly sketch the main steps

1. Using the abstract calculations (4.19) on (4.4).

2. Expanding the relative energy by inserting test functions suitably into the varia-
tional formulation. This exactly can be obtained by combining all computations
in the stability proofs for the CHNSQ model and the Peterlin model, i.e. Section
4.8 and Section 4.5

3. Estimation of the remaining integrals and the Gronwall lemma. Since x5 is bounded
the estimates are exactly the same as before.

O

We also obtain a weak-strong uniqueness principle, given by the following corollary,
whose proof is given in Section 4.11.

Corollary 4.10.2. Assumed = 2. Let (2, i) with 2 = ((;3, g,a, C) be a more reqular
dissipative weak solution of System S.3, cf. Remark 4.6.2 and Remark 4.8.1 for the
necessary reqularity, existing up to time Tt < T, such that Theorem 4.10.1 holds.
Then every dissipative weak solution (z,p) with z = (¢, q,u, C) of System S.3 in
the sense of Definition 3.5.1 starting from the same initial data as (2, i) coincides
with (2, 1), i.e. z(t) = 2(t), for almost allt € (0,T") and pu = fi.

4.11. Weak-strong uniqueness for System S.3

If (é, fi, 4,1, C) is a more regular weak solution of (3.64) we can identify the residuals r;
as follows. In fact, the residuals r;,7 = 1,...4 do not change and the new contribution
in the fifth residual is given by

(r5news D) = {r2(0) (X (tx(C)) = X(tr(C)))C, D) + {(r2(¢) — r2(6)) X (t(C))C, D).

While the first term can be treated as before, since ko < kg2, we estimate the second
term as follows

(5w, D) = ((k2(9) — #2(9))X(tr(C))C, D) < Clrg2)lld — Sl ICI5.4lIDo,12-

Consequently, we obtain in the negative Sobolev norm
t t ~ ~ t A
L rsneual?s ds < [ Clrsallo = SIRICH ds < [ C(E)Ea(=12) ds.

Again this does not yield a new regularity assumption for C and as before we complete
the proof by application of the Gronwall lemma, cf. Lemma A.3.1.
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4.12. Related work and further applications

Before concluding the first part of the thesis, we will give a short outlook on several
related topics and results.

Extensions of the relative energy method:

A similar result is possible in the case £ = 0 again with lower integrability of the weak
solution and consequently higher integrability of the perturbed variables. In principle,
when estimating a term of the form Vu — Vi against the relative dissipation, one has
to add and subtract £V (A(¢)(¢ — ¢). And of course, one of these factors has to be
estimated by the relative dissipation Vq — V{.

In [30] we have proven a conditional weak-strong uniqueness result for the three-
dimensional Peterlin model. In principle, combination of the mentioned result together
with Corollary 4.4.2 implies a conditional weak-strong uniqueness result for System S.3
in three space dimensions. Let us shortly note, that the relative energy for the elastic
contribution in this case is given by £;(C|C) = ([tr(C — C)|2 + 5||C — C|2, for any
£ > 0. While the first contribution can be dealt using the energy inequality in any space
dimension, the second term has no associated energy inequality in three space dimen-
sions. Exactly, for this term one needs to assume that the weak solution is regular enough
to allow the computation, i.e., the condition is a regularity assumption for the conforma-
tion tensor of the weak solution C. Furthermore, the stability approach translates also
to the three-dimensional case, since the main structure is preserved. Even more, since
both relative energies are quadratic, the stability estimate translates verbatim. However,
even the stability estimate would be conditional. An open question is whether similar
results can be obtained with a relative energy approach based on the total energy of the
Peterlin model.

Convergence to equilibrium:

A rather natural question is to ask whether the CHNSQ model or the Peterlin model
converges to an equilibrium solution if ¢ — oo. This is known for the Cahn-Hilliard
equation and the Navier-Stokes equation separately. In the Navier-Stokes case, either
U., = 0 in the case of Dirichlet boundary conditions and u..; = (u;(0), 1) in the periodic
case. The convergence to these states is exponential in time and follows directly from
the energy-dissipation identity. In the case of the Cahn-Hilliard equation, this is more
involved since the related energy functional exhibits infinitely many non-trivial states.
However, it can be shown that for every initial datum there is a unique equilibrium solu-
tion to which the solution converges, here only algebraic in time, see [111, 3]. The same
results hold for model H, see [80]. We believe that the above-mentioned techniques can
be extended to the CHNSQ model since the bulk stress exhibits the trivial equilibrium
(oo = 0. Furthermore, for the viscoelastic Peterlin model, such convergence results are
not known. In the case of Oldroyd-B and the FENE-P model, the convergence towards
the equilibrium is discussed in [79] and is again exponential in time. We expect that the
decay to equilibrium can be shown, however, with an algebraic rate.

Degenerate mobilities:
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4. Relative energy, stability estimates and weak-strong uniqueness

Another topic that has to be mentioned is the so-called degenerate case. In the above
consideration, we always assumed that the mobility function b(¢) is strictly positive,
i.e., non-degenerate, and the potential is of polynomial-type. However, since the Cahn-
Hilliard equation is a fourth-order partial differential equation, we have a priori no max-
imum principle available. Nevertheless, from a physical point of view, ¢ is representing
the volume fraction which has the natural domain ¢ € [0,1]. Even more, the general
view is that the pure states, i.e., ¢ € {0,1} are not reached if they are not present at
the initial time. However, all this is not known to be true in the case of strictly positive
mobilities and polynomial-type potentials. To gain a maximum-like principle, one can
consider the equation with so-called degenerate mobilities, i.e., b(¢) ~ ¢"(1 — ¢)" n >0
with a suitable potential which can either be smooth or even more singular. In this
context, a typically potential is the Flory-Huggins potential, i.e.,

f(9) = ¢log(¢) + (1 — ¢)log(1 — &) + xé(1 — 9).

In our work [32] we considered the above-mentioned case for System S.3 with ¢y = 0
in two space dimensions. The result translates immediately to ¢y > 0. Even more, the
approach of [32] would allow treating the three-dimensional case in the same fashion.
We refrain from the proof and only state a suitable concept of weak solutions, the main
idea of the proof and some additional considerations. The technique extends to known
results in the literature, see [50] and [24] for similar results for Cahn-Hilliard and Cahn-
Hilliard-Navier-Stokes respectively.

The main problem is a lack a priori estimate for u, since b(¢) can vanish in certain
parts of the domain. A further issue is to establish suitable L*>*-bounds for ¢ such that
possible singularities in f or f are not reached. We make the following four assumptions:
(D1) We assume b € C*([0,1]) with b(s) = 0 if and only if s € {0, 1}.

(D2) The potential can be divided into f = f. + f,, with a convex part f. € C%(0,1)
and a smooth concave part f,, € C?([0,1]).

(D3) We assume the compatibility condition (bf”) € C(][0,1]).

(D4) We assume that (Ab~'/2)(s), (A’b=1/2)(s) are uniformly bounded in L>®(R).

The assumption (D4) is only due to technical reasons and in principle states that A(¢)
should also go to zero fast enough for ¢ — 0, or ¢ — 1. From a physical point of view,
this seems reasonable, since in the pure phases the degenerate Cahn-Hilliard equation
should also reduce to a transport equation. Next, we state the corresponding definition
of a weak solution and an existence result, where we have for simplicity neglected the
effects of the conformation tensor C. However, a similar result holds also in this case.

Definition 4.12.1. For every T" > 0 the quadruple (¢,J, ¢, u) is called a weak solution
of System S.4 on Q x (0,7) if it satisfies

¢ € L=(0,T; H(Q)) N L*(0,T; H*(2)), q € L™(0,T; L*(Q)) N L*(0,T; H(Q)),
ue L=0,T; L2, ()Y N L0, T; HL ()Y, J=0bY%3(¢)J, T € L*(0,T; L*(Q))

with time derivatives

O € LX0,T; HH(Q), 0O LY3(0,T; H(Q)), due LP(0,T; H;LHQ)Y),
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where p = 2 for d = 2 and p = 4/3 for d = 3. Further, for any test function (¢, (,&,v) €
HY(Q) x HY(Q) x HY(Q2) N L®(Q) x HL (2)? and almost every ¢ € (0,7 it holds that

(010, 0) = c(u; 9, 0) + £0(T, V) + (I = 02(9)V(A(9)g), Vib) = 0
(J,€) = 7(Ad, div (b(¢)§)) — (b(¢) [ (¢)V$,€) = 0 (4.68)
(04, Q) + (w3 ¢,¢) + (w1(9)g, ¢) + (V(A(¢)g — I, V(A(9)C) + (1Y, V) =0
(O, v) + c(u;u, v) + (n(¢)Du, Dv) + (yA¢V¢, v) = 0.
The above definition of a weak solution is much weaker than Definition 3.1.1, i.e.,
we characterize only the flux J instead of the chemical potential p. Also, from the

above definition, we observe why (D3) is important. Following [32] one can establish the
following existence result.

Theorem 4.12.2. Let the initial data (¢o, qo, ug) € H(Q) x L2(2) x L%, (Q)? be given.
Let assumptions (D1)-(D4) hold. Further, let ¢ : Q — [0,1] and ¢g € H'(Q). The
potential function f and the entropy function G, cf. [32], fulfil

I ( F(60) + G (o) dx) < 0. (4.69)

Then for any given T > 0 there exists a dissipative global-in-time weak solution (¢, q,J, u)
of the System S.4 in the sense of Definition 4.12.1. Furthermore, the initial data is
attained, i.e., (¢(0),q(0),u(0)) = (¢o, qo, wo). Moreover,

o the integrated energy inequality
. - 2
B(qw)(t) + | 2olI + [T = V(A@))| dv ds
2
+ | 1k72(0)g + 1V + [n2(@)Du[ da ds < B(6,q,w)(0)

holds for almost every t € (0,T).

o ¢(x,t) €10,1] for a.e. (z,t) € Qx (0,7T).
If the mobility function satisfies b/'(0) = 0'(1) = 0, then the set

{(z,t) € Q2 x (0,T) | p(x,t) =0 or ¢p(x,t) =1} (4.70)
has zero measure.

The proof can be sketched as follows:

1. Regularize the mobility b, the potential f and the bulk modulus A such that The-
orem 3.1.3 is applicable. This yields a sequence of solutions, labelled by §.

2. Due to the energy inequality, we gain several a priori estimates for the sequence.
However, we lose the estimate for ps. Therefore, the function Gy is introduced
via G%(s) = bs'(s). One can consider an entropy estimate based by testing with
G%5(¢s), which yields uniform bounds for the ¢s € L?*(0,7; H*(Q2)) and we get
Jo Gs(¢s) is bounded uniformly in L>°(0,7).
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4. Relative energy, stability estimates and weak-strong uniqueness

3. This bounds on Gy allows us to establish the desired uniform L°°-bounds on ¢,
which yields in the limit ¢ € [0, 1] almost everywhere in Qr, see [32] for details.

4. Afterwards one passes to the limit with 6 — 0 in the equations and the energy.

5. Prove of (4.70) by exploiting the singular behaviour of G together with the uniform
bounds from the entropy estimate.

Furthermore, we emphasize that the stability estimate does not transfer to the degen-
erate case, since the lower bound of the mobility occurs in the constant for the Gronwall
lemma.

However, in the spirit of the conditional weak-strong uniqueness in [30], let us assume
the weak solution component ¢(z,t) € [3,1 — ] for almost all (z,t) € Q x (0,T) with
B > 0, probably dependent on time. In this case, the degenerate weak solution is a
regular one in the sense of Definition 3.1.1. Hence, the stability estimate and the weak-
strong uniqueness result transfer directly. The condition of compact containment in
[0,1] with constant f3, is known as the strong separation principle. Unfortunately, it
is only known to hold rigorously in one space-dimension or with constant mobility and
sufficiently singular potential, see [38, 103].

It would be interesting to study if the refined entropy estimate of Griin et al., see
[67, 105], can be transferred to the Cahn-Hilliard equation with the above-mentioned
mobilities. Of course, then a further translation to the models studied in the thesis
seems possible.

4.13. Conclusion of the theoretical part

Before we proceed with our investigation on numerical approximability in the second
part, let us shortly recap the main points we made. First, we have shown that it is
possible to construct dissipative weak solutions of the considered models in the relevant
space dimensions two and three. This is done and heavily relies on exploiting the energy-
dissipative structure behind the equations. The proofs are mainly based on the Galerkin
approximation for the CHNSQ model, i.e., System S.4, where the main difficulty is
to obtain the necessary bounds from the cross-diffusion part of the model. With these
estimates at hand, in general, we proceed by standard energy methods, however adapting
to the fact of several nonlinearities in the equations. For the Peterlin model, i.e., System
S.5, we have applied a combination of the Galerkin approximation for the velocity u,
while we resolve the conformation tensor by parabolic regularity. A crucial point is to
construct solutions for the conformation tensor, which are at least positive semi-definite.
While from a physical point of view this is necessary to interpret C as a physical quantity,
in the mathematical setting this is not so obvious, at least not on the level of weak
solutions. Both results together imply an existence result for the full viscoelastic phase
separation model, i.e., System S.3.

In the next step, we have investigated the uniqueness and stability of these dissipative
weak solutions. In this context, we have applied the relative energy method to compare
the weak solutions with a suitable perturbed problem and corresponding residuals. Using
the energy-dissipative structure of the weak solutions yields a rather general stability
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4.13. Conclusion of the theoretical part

estimate. The obtained estimates are then applied in the context of dependence of
initial data, which at the very end yield a weak-strong uniqueness principle for the
corresponding models. Again, the approach only exploits the structure which is hidden
in the equations and in fact it is not valid for weak solutions without energy inequality.
Finally, we made several comments on possible extensions and related results.

In summary, the whole part can be shortly rephrased as Hadamard well-posedness
[73] in a weak sense, i.e., uniqueness and continuous dependence, are replaced by the
weak-strong uniqueness principle and the stability estimates, respectively.
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Numerical methods

In the next chapters of the thesis, we will focus on numerical approximation and the
corresponding error analysis of the CHNS(Q model, i.e., System S.4. In Chapter 5, we
will review the literature on suitable numerical methods for System S.4 and several sub-
systems of System S.4, i.e. the Cahn-Hilliard equations, the Navier-Stokes equations and
the model H, cf. System S.1. Afterwards, we recall relevant tools from the approxima-
tion theory focusing on variational discretisation which will be used in the upcoming
error analysis. Chapter 6 will consider a semi-discretisation of System S.4 in space by
inf-sup stable conforming finite elements based on the weak formulation (3.2). We will
apply the nonlinear stability estimate of the preceeding part to analyse the convergence
behaviour of the numerical solution. As a next step, we consider a full discretisation by
employing a variational method, i.e., the Petrov-Galerkin method, in tiéme in Chapter 7.
The variational character of the time discretisation allows us to deduce a fully discrete
version of the stability estimate, which we will employ in the error analysis. Chapter 8
will illustrate the obtained error estimates and consider typical experiments related to
viscoelastic phase separation. Finally, in Chapter 9 we conclude the second part of the

thesis on numerical analysis and briefly comment on further directions and applications.
To this end, we recall the CHNSQ model by

System S.4 (CHNSQ model).

O +u- Vo = div((1+)b(¢) Vi) — div(b"*(¢)V(A(¢)q)),

pn=—vA¢+ f'(),
Og+u- Vg =—r(0)g + A( JA(A(@)a) — A(@)div("*(@)Vi) + 1A,
g+ (u- Vyu = div(n(¢)Du) - Vp + Vep,

divua = 0.

5.1. Review of the literature

The only numerical results concerning the approximation of the CHNSQ system, i.e.,
System S.4, we are aware of, are proposed by Zhou et al. [132] and Strasser et al. [116].
Both of them consider the whole viscoelastic model H, i.e., System S.2. In [116] sev-
eral efficient linear energy-stable numerical approximations are presented. Therein, the
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focus is on time discretisation, while in space finite differences and finite volume ap-
proaches are employed. However, the error analysis of this scheme is open. We will use
conforming finite element discretisation in space and the Petrov-Galerkin discretisation
in time to perform rigorous error analysis. Since for the CHNSQ model, no scheme of
this category is available, we will review results for numerical approximations of sub-
systems contained in the CHNSQ system. Namely, for the Cahn-Hilliard equations, the
incompressible Navier Stokes equations and finally the model H, i.e., the Cahn-Hilliard-
Navier-Stokes system.

Cahn-Hilliard equations:

When written as a system of second-order differential equations, cf. System S.4, the
Cahn-Hilliard equations involves two variables, i.e., the volume fraction ¢ and the chem-
ical potential u, which can be discretised separately. In the context of finite element
methods (FEM), this is known and realized by mixed finite element methods, see [42,
51, 52, 47]. Furthermore, the problem is also considered by the discontinuous Galerkin
(DG) methods [83, 129, 93] and by the Fourier spectral methods [75, 89, 90]. We mention
the work of Feng [61], where explicit dependence on the interface width + is considered.
Since the Cahn-Hilliard equation is a formal gradient flow, it is desirable to preserve
this structure and the corresponding energy-dissipative structure on the discrete level.
In the literature, this is termed “energy stability”. The main difficulties on the discrete
level arise due to the non-convex potential term f(¢). Application of typical time inte-
gration methods, like Runge-Kutta or multi-step schemes, in general, destroy the energy
structure without stabilisation. Hence, a large part of the literature focuses on suitable
decomposition or expansions of the potential, see for instance [70, 71]. Rather recently,
the Invariant Energy Quadratisation (IEQ) method and the scalar auxiliary variable
(SAV) approach was considered, see [113, 6]. Roughly, the main idea is reformulating
the problem with another auxiliary variable, such that the non-convex potential is re-
placed by a new variable with quadratic energy. This can be understood as a relaxation
scheme and is capable of dealing with non-convex energies in a stable manner.

Navier-Stokes equations:

The incompressible Navier-Stokes equations are very intensively studied from a numeri-
cal point of view. In the framework of finite elements, one of the main issues arises from
the correct discretisation of the convective term. An equally prominent issue comes from
the saddle point structure of the problem. For the continuous problem, one can simply
retract the analysis on the divergence-free subspace where the pressure simply vanishes.
However, the construction of such exact divergence-free finite-dimensional subspaces, i.e.,
a suitable finite elements space, is delicate and non-trivial. Due to this reason, a typical
choice for discretisation involves also pressure and is also considered via mixed finite
elements, i.e., discretising the velocity and the pressure in separate spaces. Since the
pressure is only a Lagrange multiplicative enforcing the incompressibility, one has to
choose inf-sup stable finite element space pairs for the velocity and pressure to preserve
this structure, see [9], or one has to stabilize the problem in various ways for instance see
[27]. In general, the theory is well-developed, see for instance the monographs [122, 81].

Model H:
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5.1. Review of the literature

In general, model H inherits the main issues from the Cahn-Hilliard and Navier-Stokes
equations. However, as we have already seen in the theoretical part the coupling terms
between the Cahn-Hilliard and the Navier-Stokes equations, i.e., u- V¢ and ¢V, are
again of convective type. However, for the energy-dissipation identity, they will not
cancel by skew-symmetry, but by their subtraction. Hence, a suitable discretisation to
preserve this cancellation property is necessary. Mixed finite element methods for dis-
cretising the model H can be found in [60, 84]. A second order in time Crank-Nicolson
discretisation is given in [74], without any error analysis. A Fourier-spectral method was
proposed in [95] and extensions of the SAV and IEQ schemes are considered in [64, 91].

Before going into details, we present a small road map concerning error analysis for the
CHNSQ model and simplified equations. In Table 5.1 we sketch the relevant references
containing a rigorous error analysis results from the literature on the CHNSQ model,
the Cahn-Hilliard equations and the model H in the case of strictly positive coefficient
functions and polynomial-type potentials.

discretisation Cahn-Hilliard Model H CHNSQ
only time [34]1 ., [113]; ., [126]2.., [107]2.. [35]1,., [91]1,. -
DG [83]1 k5 [93]1 & [94]5 & -
Fourier spectral | [75]2.k, [89]1.x, [90]1 £, [131]2.x - -
mixed FEM [52].72, [47]272, [130]271€7 ;’2 [60]070, [84]070, [46]2’2, \/3’2 ;’2
Table 5.1.: Road map of results. Colourcode: v for results which will be presented
in the thesis; v to emphasize our results;. v to denote results, which can

be obtained with the proofs presented here almost verbatim. v'5; denotes
a proven convergence rate of order s in time and k in space. Finally, *
emphasises that in these cases the error analysis is done considering variable
mobility and viscosity, if applicable.

One can see that numerical methods for the Cahn-Hilliard equations are well studied,
even in the context of rigorous error analysis. However, in the case of model H, i.e.,
the Cahn-Hilliard-Navier-Stokes system, rigorous error analysis is not considered that
often. We emphasise that rigorous error estimates for a rather general potential involving
variable mobility and viscosity are not present in the literature. The goal of the following
chapters is to fill this gap and present the rigorous error analysis for the CHNS(Q model
for variable mobility and viscosity. Of course, the result immediately translates to the
simpler model H, cf. System S.1. The techniques and ideas used in the following chapters
are based on our study of the Cahn-Hilliard equations in [29].

In the following section, we will introduce relevant notation, techniques, and results for
the upcoming numerical analysis. Since we will employ variational methods in space and
time, we will first introduce the necessary tool for conforming finite element discretisation
in space. In time, we will employ the Petrov-Galerkin method, which allows us to preserve
the space-time variational character of the problem.
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5. Numerical methods

5.2. Conforming finite elements

Conforming finite element methods are particular Galerkin approximations, based on
piecewise polynomial approximations over an appropriate partition of the computational
domain. The techniques and ideas presented in the following are based on our recent
work [29] and extend the results therein to the CHNSQ model.

Domain and Mesh:

Like in our analysis, we will consider as domain ) the d-dimensional torus, i.e., Q = T¢,
cf. (A0), and denote by (-,-) the inner-product on L*(Q) as well as dual parings on
H*(Q) x H*(2) or H*(Q) x H*(2). This choice of computational domain can be
interpreted as a square or cube with periodic boundary conditions. Let 7, denote con-
forming partition of Q C R, d = 2, 3 into triangles or tetrahedra. We denote by px and
hx the inner-circle radius and diameter of the element K € 7Ty, respectively, and call
h = maxge7, hk the global mesh size. We assume that 7;, is quasi-uniform, i.e., there
exists a constant o > 0 such that oh < px < hx < h for all K € T;,. We further assume
that the mesh 7, is periodic in the sense that it can be extended periodically to periodic
extensions of the domain 2. In the following, we will abbreviate the above partition of
() into triangles or tetrahedra as a triangulation.

We then denote by the space of continuous piecewise quadratic and mean-free piecewise
linear polynomials over the mesh 7, by

Vi i={ve H(Q)?:v|g € R(K)Y, VK €T}, and (5.1)
Qn:={ve L} NHYQ) :v|x € P(K), YK €T}, (5.2)

respectively.

Projection operators:

We start by introducing some projection operators and recall the corresponding error
estimates. Let 7y : H'(Q) — V), denote the L?-orthogonal projection which can be
characterized by

(Thu —u,v) =0 Vo, € V. (5.3)

By definition, 7j is a contraction in L?(2). For a quasi-uniform triangulation 7y, 7} is
also stable with respect to the H'-norm, i.e., ||moul; < C(o)||ul|; for all u € H'(Q); see
[54, Lemma 1.131, Proposition 1.134]. Moreover, the following error estimate holds

lu = mgulls < Ch"ull, (5.4)

for all -1 < s < 1land 0 < r < 4. We will also apply the H!-elliptic projection
m} : HY(Q) — V},, which is characterized by the variational problem

(V(mpu — ), Vo) + (mpu —u,vp) =0 Vo, € V. (5.5)
By standard finite element error analysis and duality arguments, one can show that

lu = mhulls < CR™ull.. (5.6)
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5.2. Conforming finite elements

forall =1 < s < 1and 1 <r < 3; see [26, Theorem 5.7.6/5.8.3] for details. Since we
assumed quasi-uniformity of the mesh 7, we can further consider the inverse inequalities
[26]

[onlli < cinoh Hvnllo and  [[onllop < o™ |vp o (5.7)

which hold for all discrete functions v, € V}, and all 1 < g < p < oo of the quasi-uniform
triangulation in dimension d.

Inf-sup stability:
It is well-known that the choice V& x Qy, i.e., the lowest order Taylor-Hood elements, is
an inf-sup stable pair [9]. This means that the well-known discrete inf-sup stability [22]

holds ) di
lwnl| < = sup (wn, divvy)

,th € 9. (58)
B 0#vy, Ve Va1

Here the constant 5 > 0 is strictly positive and under rather general conditions on 7y,
i.e., more than two triangles for d = 2 and every tetrahedron has an interior vertex
for d = 3, cf. [22, Theorem 8.8.1/8.8.2], it is independent of h and only depends on
the domain ) and the quasi-uniform structure of the triangulation, i.e., on o. In the
upcoming analysis we will need the subspace of discretely divergence free functions of Vi
given by

Vi, = {Vh S V]Cll : <divvh,wh> = O,‘v’wh S Qh} (59)

Due to the discrete inf-sup stability (5.8), this space is not empty. In principle, this space
mimics in a discrete sense the continuous space HL (Q)¢. Furthermore, we emphasize
that functions in v, € V}, do not satisfy div v, = 0 in general. The equality does not even
hold elementwise, but it does hold for the whole domain, i.e., [, div v, = 0. This holds
since the discrete divergence is well-defined, hence multiplication with 1 and integration
by parts shows the result.

Stokes projection:
Let us introduce the Stokes projector (P}, Pl) : HY(Q)? x L(Q) — V{ x Q) given by

(Vu — VP;(u,p), Vv) + (div(u - P,ll(u,p)),wh) + (div vy, p — Pr(u, p)) = 0.
for all v, € V}, and wy, € Qy,.

Lemma 5.2.1. The Stokes projection (P} (u,p), Pl(u,p)) is well-defined for functions
(u,p) € (HY(Q)4, L2(Q)) and the following error estimate holds,

lu— Py (u,p)lls + [[p — Br(w,p) |1 + || < CH*JJull, + Ch™*|[pllr—1 (5.10)
forall -1 <s<landl1l<r <3.

Proof. The well-posedness of the projector is shown in [22, Proposition 8.2.1] and crucial
depends on the discrete inf-sup stability (5.8). The approximation error estimate can be
found in [68, Theorem 6] and [26, Theorem 12.6.7]. O
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Note that in the case when we are projecting the pair (u,0) we set u, = Pju and
obtain the estimate

Ju—wf[s < CR"ull,, (5.11)

forall -1 <s<landl<r<3.
For the projection of the pressure p;, we introduce in analogy to (5.3) the L?-projection
onto Q, denoted by 7, : L§(Q) — Qy, via
(p—myppywp) =0, Vw, € Q.

Moreover, the following error estimate holds

lp = mpupllo < CR?(lp]l2- (5.12)

5.3. Time discretisation

For the approximation in time we will employ the Petrov-Galerkin method as a varia-
tional approach. The main difference between the standard Galerkin method and the
Petrov-Galerkin method is that in the latter case the ansatz and test space are not re-
quired to coincide. We will consider the Petrov-Galerkin ansatz in time of degree 1,
i.e., the ansatz functions are piecewise linear polynomials, while the test functions are
piecewise constant functions over a suitable partition of [0, 7.

Given a step size 7 = T/N > 0 we define the discrete time points t" := n7 and the
corresponding time partition of the interval [0, 7] by Z, := {0 =%, ¢!, ..., TN =T}. We
write Py(Z,) for the space of piecewise polynomials of degree k over the time partition
Z., and denote by P¢(Z,):=Px(Z,) N C(0,T) the corresponding sub-space of continuous
functions. To this end, let

I HY0,T) = PY(Z,),  I'u(t") =u(t")
denote the piecewise linear interpolation with respect to time. Furthermore, let

1 "
70 L20,T) — Po(L,),  7lu(t) = - / w(t)dt,  te (L),
t

T n—1

be the L2-orthogonal projection to piecewise constant functions in time. For later refer-
ence, we summarize some important properties of these operators.

Lemma 5.3.1. Forue W™1(0,7),0<r <1,1<p<q <00, it holds

[u — 70u| ooy < CTYPY T |l 0.1 - (5.13)
Forue Wm0, T) with 1 <r <2 and 1 <p <q < o0, it holds

Ju — Trul| ooy < COTYP7V 9l yyrrago.) - (5.14)
Moreover, the interpolation and projection operators commute with differentiation, i.e.,

Oi(Itu) = 72(Oyu). (5.15)
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5.3. Time discretisation

Proof. The proof for these standard results can be found, e.g., in [112]. n

Here and in the following, let a = 7a denote the L2-orthogonal projection onto Py(Z,).
For the piecewise constant L?-projection we can show the following estimate for the
product error, for the proof see Appendix A, cf. also [29, Lemma 23].

Lemma 5.3.2. Let u,v € H*(t""',¢") then the following holds true
||'L_L77 - W||L2(tn71,tn) S CTQHU/UHHQ(tnfl’tn) S 61’7—2||/LL||I_1’2(tn717tn)||/U||]_I2(tn717tn)7 (516)
where C' is independent on 7.

In order to further quantify errors due to the nonlinear coefficient functions, we provide
the following lemma with proof given in the appendix.

Lemma 5.3.3. Let ¢ € PS(Z,). Then for any g € W?P(0,T) with 1 < p < oo, it holds

l9(0) = (D)l ooy < CT2[19(D)lw2 0,7 (5.17)

with a constant C' independent of T.
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Semi-discrete problem

In this chapter, we will turn to the semi-discretization of the CHNSQ model in space,
for which we consider an conforming Galerkin approximation of the variational principle
(6.1)—(6.5) with inf-sup stable finite elements. In the first section of this chapter, i.e.,
Section 6.1, we state the semi-discretisation which we will analyse in the following and
establish the existence of dissipative discrete solutions via the results of Picard-Lindelof
and state the main result on optimal second order convergence. In Section 6.2, we
introduce a discrete perturbed problem and generalize the stability result of Section 4.4
to the discrete setting. In Section 6.3, we choose the perturbed solution as suitable
projections of the continuous solution and establish the projection errors. In Section
6.4, we conduct the error analysis, which reduces to estimating the residuals by the
relative energy, the relative dissipation and approximation error. Finally, in Section 6.5
we establish error estimates for the discrete pressure using the discrete inf-sup stability
(5.8).

To numerical methods and their analysis presented in this section rely on the weak
formulation of System S.4, which is given by

(000, 9) — (w1, 8) + (1 +0) (0(6) Vi, Vi) — (B*(8)V(A()q), V¥) =0,  (6.1)
(1, &) — ’Y<V¢ VS) (f'(¢).£) =0, 6.
(0:q, ¢) +¢e(u;¢,¢) +1(Vq, V() + (k(¢)g, ¢) (6.3)

+(V(4 (¢) ) — b2 (6) Vi, V(A(9)C)) =
(Opu, v> + ¢(u;u,v) + (n(¢)Vu, Vv) — (p, div V> c(v;u,¢) =0, (6.4)
= (divu, w), (6.5)

for all ,&,¢ € HY(Q), ve HY(Q), w € Q := L(Q) and for a.a. t € (0,7).

For simplicity, in contrast to the formulation (3.2) we consider only Vu instead of
its symmetric part Du and the pressure p is now part of the problem, as discussed in
the preceeding chapter. We further recall that c(-;-,-) denote the convection terms, cf.
(A.31), and €(+;-,-) denote the skew-symmetric variant, cf. (3.72) and (3.73), which are
given by

c(u;v,w) = ((u-V)v,w), ¢(uv,w)= ;c(u;v,w) — ;c(u;w,v)
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6.1. Convergence result for a semi-discrete approximation

6.1. Convergence result for a semi-discrete
approximation

In this section, we will state the semi-discrete problem, establish the existence of dissipa-
tive discrete solutions and state the main result of this chapter on optimal second order
convergence of the proposed scheme. Let us introduce the approximation spaces
W, (0,7T) :
Xh(O, T) :

HY(0,T;Vy),  Qu(0,T):= L*(0,T; V),
HY0,T: VD), P,(0,T) := L*(0,T; Qp).

We recall the finite element space Vj,, Q) given in (5.1)-(5.2), are piecewise quadratic
finite elements and piecewise linear finite elements with zero mean. Furthermore, we
recall (A0), i.e. that the domain €2 is the d-dimensional torus. Using these spaces we
can state the semi-discrete problem as follows.

Problem P.1 (Semi-discrete scheme). Let ¢p0 € Vi, gno € Vi, upo € Vi be given. Find
the functions (¢h, Hhy Qh, uh,ph) € Wh(O, T) X @h(O, T) X Wh(O, T) X Xh(O, T) X IP’h(O, T)
with ¢1,(0) = ¢n0,¢n(0) = gn o, un(0) =y, and such that

(Octn, Vi) = c(un; ¥n, ¢n) — €o(b(Pn)V pnVibn) (6.6)
— (b2 (Pn)Vin — V(A(dn)an), b (dn) Vi),

(tn, €n) = v (Von, VEn) + (' (0n),En), (6.7)

(Oean, Cn) = €(un; Cn, Gn) — (K(Pn)qn: Cn) — €1{Van, Vn) (6.8)
—(V(A(dn)an) — bl/z((bh)vﬂm V(A(én)Ch)),

(Opuy, vi) = €(up; v, up) — (N(dn)Vuy, V) (6.9)

+ (pn, div vi) — (Vs i, On),
(divuy, wy) =0, (6.10)

holds for all (¢, &n, Cny Vi, wh) € Vi X Vi X V) X V,Cf X Qp and for all 0 <t <T.

Note that the ansatz functions depend on time, while the test functions are time
independent. We further recall that c(-; -, -) denote the convection terms, cf. (A.31), and
¢(+;-,-) denote the skew-symmetric variant, cf. (3.72) and (3.73).

Remark 6.1.1. Let us comment on why in the Navier-Stokes and the bulk stress equa-
tion the skew-symmetric convection term ¢ is used, while for the discretisation of the
Cahn-Hilliard terms we can use the standard convection term c. On the continuous level,
the convection terms which are discretised by ¢, cancel after integration by parts and
divergence-freedom of the velocity u. Indeed, c and ¢ are the same. However, on the
discrete level divergence-freedom is not obtained in this sense. Hence, we have to make
sure that the form still cancels when testing with uy, or ¢,. For the Cahn-Hilliard terms
both convective terms cancel each other, i.e., divergence-freedom is not relevant, hence
the only relevant aspect is to make sure that the convection term is chosen such that it
conserves mass, i.e. c(uy; ¥y, ¢p,) vanishes for 1, = 1.

Before we turn to the error analysis, let us first discuss the existence of a discrete
solution and the related uniform bounds. To this end, we consider the following lemma.
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6. Semi-discrete problem

Lemma 6.1.2. Let assumptions (A0)-(A6) hold. Then for any initial value ¢op, € Vh,
Gon € Vi, Ugp € Vi, Problem P.1 has a unique solution (¢p, tin, qn, Un, pr). Moreover, for
all 0 <t < T, one has conservation of mass, i.e. [q¢p(t) dz = [ ¢don dx, as well as the

energy-dissipation equality E(¢n, qn, un)(t) + fy Dy, (1t an, ) (s) ds = E(on, qn, Uon)-
Furthermore, the following uniform bounds hold

16nlZ 00 21y + anllTooz2) + 1l oo 2y + letnllZecany + NanllZ2 e (6.11)
+ 162 (81)Vin — V(Aldn)an) 17212y + a2y < Cldnolli: lanolls, lanolld)-

Proof. The above system consists of three differential variables (¢, ¢, ) and two algebraic
variables (i, p). In order to apply the Picard-Lindelof theorem, we eliminate both alge-
braic variables from the system and reconstruct them after the existence of (¢, qn, us)
is ensured. First, we restrict Problem P.1 to the space of discretely divergence free func-
tions and consider u, € H*(0,T;V},) and v;, € V. This eliminates the discrete pressure
pr from the equation (6.9). The discrete chemical potential py can be eliminated by
simply inserting its definition into (6.6).

Using (A0)—(A6), the existence of a unique solution (¢y, qn, up) € C1(0, T; Vi x V), x V&)
can be deduced from the Picard-Lindel6f theorem. The discrete chemical potential py €
C(0,T;Vy,) can be reconstructed, immediately. Conservation of mass and the energy
dissipation identity then follow with similar arguments as for the continuous problem
by testing equations (6.6)—(6.9) with ¢, = 1 and (¢¥n,&n, Ch, Vi) = (n, Ordn, qn, up),
respectively. Using the obtained bounds, we get the existence of the discrete pressure
pn € C(0,T; Q) from the discrete inf-sup stability (5.8). The uniform bounds are then
obtained from the energy-dissipation identity of the full system by testing (6.6)—(6.10)

with (¢Yn, &n, Ch, Vi, Wn) = (i, OcPhy Qh, Un, Ph)- O

In order to simplify the presentation of the subsequent error analysis, we introduce a
simplification and formulate an additional assumption.

(A9) We assume A = 1.

However, we will only need this simplification in the error analysis and briefly remark
when using it. Discussion on the extension to the nonlinear case A = A(:) is given in
Chapter 9. For later reference, let us summarize the main assumptions underlying our
error analysis for the semi-discretisation.

Assumptions 6.1.3. Assume that assumptions (A0)-(A6) and (A8)-(A9) hold and
let (¢, 1, q,u,p) be a weak solution of (6.1)—(6.5) with the initial data (po,qo, Wy) €
H3(Q) x H*(Q) x H}, ()N H?(Q). Furthermore, let (¢, i1, q,a,p) satisfies the following
additional reqularity assumptions

¢ € L*0,T; H*(Q)) N H'(0,T; H'(Q)), pe L20,T; H* (),
q € L*(0,T; H*(Q))n H'(0,T; H(Q)),
ue L*0,T; H*(Q)) N HY(0,T; H'(2)), p € L*(0,T; H*(Q)).

Furthermore, we denote by (dn, fin, qn, Un, pr) be the solution of Problem P.1 with the
initial data ¢5,(0) = 7}¢o, qn(0) = Thqo and u,(0) = Pjuy.
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Remark 6.1.4. We emphasise that from a regularity viewpoint, the regularity assump-
tion ¢ € H'(0,T; H'(€)) immediately implies more regularity for ¢, i.e. typical regu-
larity would be ¢ € L>(0,T; H3*(Q)) or ¢ € L*(0,T; H3(2)). Similar implications hold
also for ¢ and u.

With the existence result at hand, we can state the main result for the semi-discrete
problem, characterized by the following theorem.

Theorem 6.1.5. Let Assumptions 6.1.3 hold. Then the error estimate
lon — ¢||%00(H1) + [lgn — qll%oo<Lz> + [Jup — u”%OO(L?)
+ [l g — :U“”%,Q(Hl) + [lgn — Q||%2(H1) + [Jay, — u||%2(H1) < Ch*

holds, where C' is a constant independent of h. Furthermore, the following error
estimate for the discrete pressure holds

lpn — pllZ2z2) < Ch*.

Before we start the proof, let us shortly sketch the main steps

1. In Section 6.2, we will introduce a suitable discrete perturbed system, which using
the relative energy methods from Chapter 4 implies a discrete stability result.

2. In Section 6.3, we will consider the approximation errors by choosing the perturbed
solution as a suitable projections of the solution (¢, i, ¢, u, p).

3. In Section 6.4, we will prove Theorem 6.1.5. Using the stability estimate of Section
6.2, together with the choice of perturbed solution from Section 6.3, reduces the
error estimate to simply computing and estimating the residuals suitably. In this
section, we will use the assumption (A9) for the first time.

4. In Section 6.5 the error analysis for the pressure is conducted using inf-sup stability
with the techniques in [81]. In this section also assumption (A9) is used.

6.2. Semi-discrete stability estimate

With similar arguments as for the continuous problem, we will first study the stability
of the semi-discrete solution with respect to perturbations. For a given set of functions
(Ons funs Gns Oy Pr) € Wi(0,T) X Qp(0,T) X W,,(0,T) x X5,(0,T) x P(0,T), we then define
semi-discrete residuals (1 5, Fop, P30, Fan) € L2(0,T; Vi x Vi, X Vi x VE) by

(Dun on) = c(tn; Yn, dn) — 0(b(n) Vi Vi) (6.12)
— (V2(6n)Viin — V(A(@n)dn), 0" (0n) Vi) + (FLas n),

(fins &n) = ¥V, VER) + (F'(0n): &) + (Panr En), (6.13)

(Orn, Cn) = €(un; Cns Gn) — (K(D)dn, Cn) — €1V n, VCn) (6.14)

— (V(A(n)dn) — b (0) Vi, V(A(Gr)Ch)) + (P30, G,
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6. Semi-discrete problem

(O, Vi) = €(up; v, Up) — (n(én) Vi, Vvy) (6.15)
+ (P, div vi) — (Vs fin, @n) + (Pap, Vi),
<d1V ﬁh,wh> = 0, (616)

for all 1y, &n, Cn € Vi, Vi € VI, wy, € Qp and 0 < ¢ < T'. The functions (q@h, ks Gy ¥y D)
can be understood as solutions of the perturbed semi-discrete problem, i.e., (6.12)—(6.16).
Similar to the continuous case we measure the distance between the semi-discrete solution
of Problem P.1 and the solution of the perturbed problem (6.12)—(6.16) via the relative
energy, given by

Ea(Bny Gy Un| Py Gy ) = %HV% — Voulls + f(on) = () = () (dn — dn)
N 1 1
o+ Sllon = dnlld + 5 llan = anll} + Sl — aall3.

Furthermore, we often abbreviate the relative energies related to the single variables by
Eodn|dn), E(qnldn), E(up]iny), respectively. Following the proof of the continuous stability
estimate, i.e., Theorem 4.4.1 we can almost verbatim deduce a semi-discrete version. Note
that this result does not require assumption (A9).

Lemma 6.2.1. Let assumptions (A0)-(A6), and (A8) hold. Let z;, = (¢n,qn, up) and
the functions (zn, pn, pn) € Wr(0,T) X W, (0,7) x X,(0,T) x P, (0,T) x Qx(0,T") denote a
solution of Problem P.1. Furthermore, let 2, = (ggh, dn, y) and given the set of functions
(Zhy Dry fin) € WR(0,T) x W(0,T) x X,(0,T) x Pr(0,T) x Qu(0,7T) and the associated
residuals 75,1 =1,...,4, which are defined by (6.12)~(6.16). Then the estimate

t
Ealznl2)(8) + | Do s, nlins 51) ds (6.17)

t
< 08, (21]2)(0) + Ce® [ S a2 + Il ds
0 e(1,3,4)

holds for all0 < t < T with ¢(t) = cot+c1 fi |8snllo ds such that cq, ¢y, C depend only on
the uniform L®(H") x L*(H") bounds for (¢n, ux) and (¢n, fin), respectively. We denote
by 1]l -1n = SUp,, ey, 1222 It holds that ||7]| -yn < [|Fl| -1 = sup,,cpq) T

Proof. The result follows with the very same arguments as used in the proof of Theo-
rem 4.4.1 and is therefore omitted. In fact, the arguments are easier since we are allowed
to test O;z, with z;, since Vy is a finite-dimensional space and (¢, ¢, u) are C! in time, cf.
proof of Lemma 6.1.2. O

We can observe that the following lower bounds hold for the relative energy and relative
dissipation.

Lemma 6.2.2. The following lower bounds hold for the relative energy &, and relative
dissipation Dy,

6n — Gull3 + llan — dulla + [[un — @ull3 < CEL(zn] ), (6.18)
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5051 ~ &1 ~ m ” R
— IV (n — i) II5 + 5 IV (g — an) 3 + 5 IV (a — n)[[5 < D, (ttns 2nlfin, 2n)-

(6.19)

Since the difference of mean values of pup — fin, can be controlled by the relative energy we
deduce full control of || — fin||3.

Proof. The bounds in (6.18) follow immediately from the construction of the relative
energy and (A8). The bounds in (6.19) follow from the lower bounds of the parametric
functions, i.e., (A1), (A4), (A6). For the mean value of yu, — fi5, we consider the difference
of (6.7) and (6.13) and insert &, = 1 to obtain

(i — fns 1) = (F'(6n) — F'(dn) 1) < OO £ (Ul 10nl10)Ealdnl bn).

This already completes the proof. O

Similar to the decomposition of the relative energy into separate contributions, we will
frequently use the single dissipation functionals Dy, (i |fin), D, (qn|dn) and Dy, (wy|Gy).
In order to identify the residuals, we will now choose (2, pp, i) as suitable projections
of the smooth solution (z, p, i).

6.3. Auxiliary results

In this section, we will make a specific choice for the perturbed solution (Zj, fi5) as
suitable projections of the true solution. Furthermore, we will obtain the projection
errors which will be necessary for the error analysis in Section 6.4. Let (¢, i, q,u,p)
be a weak solution of (6.1)-(6.5). We introduce ¢y (t) as the H'-elliptic projection, i.e.
on(t) = mo(t) € Vu, 4(t) = 72(t) € Vj by the L2-projection in space and the pair
(Gx(t), Pa(t)) = (PRu(t), ) ,p(t)) € Vi x Qp by the Stokes projection with zero pressure
and the L2-projection for the pressure. Finally, we choose [i;, € V}, by solving the elliptic
variational problems

(n(t) = p(8), &) = 1V ou(t) = V(1) VE) — (' (dn(t) — F/(6(t)),6) =0 (6.20)

for all £, € V, and 0 < ¢t < T. Existence of a unique solution fi; follows immedi-
ately, since the problem is linear in fi,(¢) and has finite dimensions. For this choice of
(dn, finy Gn, Qn, D), we have the following result for the approximation error.

Lemma 6.3.1. Let Assumptions 6.1.3 hold and let (ngSh, i, Gn, Qp, Pr) be defined as above.
Then the following projection errors hold

l6(t) = dn(®)]l < CH*6(1)]l5, 10:6(t) — Dubn ()| 1.0 < CH(|016(D)]1,
lg(t) = @n(@®)lls < Ch2[lg(®)]]s, 18:4(t) = Den(t)]| -1 < CR?||Oea(t) |1,
lu(t) — ()]l < Ch?[lu(®)]ls, 10cu(t) — 0t (t) |10 < CR?[|Oru(t) |1,
() = (@)l < CRE((ln@)lls + lle@)]ls). lp(t) = Bu(t)llo < CRZ[lp(t)]]2,

for 0 <t <T with constants C' = C(Q2) and C" = C"(Q,~, f2(2), §2)7CT(||¢0||3))-
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6. Semi-discrete problem

Remark 6.3.2. It will become clear in the proof that assumption (A8)—(A9) will not
be used in the following proof.

Proof. The estimates for ¢ — ggh, q — ¢ and u — 1y, together with the corresponding
time derivatives follow directly from (5.6), (5.4) and (5.11), respectively. The estimate
for p — py, follows from (5.12). The bound for the error p — fi is given in [29] and for
completeness we provide it here. We use the triangle inequality to split the error in the
chemical potential, i.e., u — fi, into

1an = pll < Nl — mpull + lmhpe = plh

Using the standard projection error (5.4), the last term can directly be estimated by
|70 — plli < Ch?||pl|3. For the first term we apply inverse inequality (5.7), such that
the discrete error component can be bounded by

| — mpplls < Ch o — Tppefo-

For the error in the L?-norm, we can deduce, using the definition of the L2-projection
(5.3), that

fn — moplly = (fn — T, fin — Tpp) = (fln — b, fin — Top),

since &, = fij, — mop € Vi,. We can then use the variational problem (6.20) with this
specific choice if test function &, and observe that

(fir — f1.6n) = V(Y (b — 0), V&) + (f'(dn) — ['(9), &)
=5(¢ — on, &) + (f'(dn) = 1(8), &)
Here we used the particular choice of q@h = mi¢ and (5.5), to replace the gradient term
in the second step. We note that using this property of the elliptic projection is central

to obtain the optimal convergence rate. Proceeding with standard arguments, we then
obtain

(in — 1> €8) < VN6 = bulloli€nllo + 117/ () — F (@) lollénllo
< C(f2, 12, Cr, ) n — bllol|€nllo-

In the last step, we have used similar arguments as before to estimate the second term,
involving the potential f’, using the bounds ||¢po.co + [|2llo.e < C|l@||2 for the H'-
projection and the true solution. In summary, we thus obtain

1an — plly < CR*(|plls + [18]]3),

with constant C' independent of the mesh size and uniform for all 0 <t < T. O

Using that (¢, i, ¢, u,p) solves (6.1)—(6.5) and the definition of the semi-discrete per-
turbed solution (¢p, fin, Gn, Qp, Pr), one can see that (6.12)—(6.16) is satisfied with resid-
uals 75, = 0 and

(Pris Un) =(0sn — 0sb, 1) + (0 — Tp; Yn, dn) + (s Yy & — b1) (6.21)
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6.4. Error estimates

+ 2o (b(dn)V (fir, — 1), Von) + o{(b(en) — b(8)) Ve, Vibn,)
+ (bl/2(¢h)vﬂh — V(A(on)dn), b/ (6n) Vi)
— (02(¢)Vi — V(A()q), b"* () Vibn),

(T3 1y Cn) =(Okdn — Orq, Cu) + €(up, — 3 G, Cp) + €(w; G — g, Cp) (6.22)
+ (5(Dn)(Gn — q), Cr) + ((K(dn) — K(@))q, Cu) + €0(V (an — ), V(i)
+ (V(A(¢n)dn) — b2 (61) Vin, V(A(dn)Cn))
— (V(A(¢)q) — b"*(8) Vi1, V(A(9)Ch)),

<f4’h, Vh> :<8tﬁh — atu, Vh> + é(uh — u; ﬁh, Vh) + é(u; ﬁh —u, Vh) (623)
+ (@n)V (U, — ), Vvi) + ((n(¢n) — 1(¢))Va, Vvy)
— (n — p, div V) + c(Va; fin, o — @) + c(Vas i — s @)

In the next step, we will estimate the residual between the discrete relative energy, the
discrete dissipation and projection errors.

6.4. Error estimates

In this section, we will conduct the error analysis stated in Theorem 6.1.5. Using the
above constructions the error analysis reduces to estimating the discrete residuals suitably
by the relative energy, the relative dissipation and the projection errors. We remark that
this is the first section where assumption (A9), i.e., A = 1, is used. We will proceed in
estimating the residuals, which yields the following result.

Lemma 6.4.1. Let Assumptions 6.1.3 and Lemma 6.3.1 hold. Then the following esti-
mates hold

t t N

[l ds < Cint 4 [ Cagalonln) ds. fan =0,
t t N

[ 1sali2y ds < Csh® + [ Caaléns ualdn, ) + 20Dy, (wnlin) ds
t t N

/{)Hmﬂ!i ds < C5h4+/0 CsEa(On | dn, i) + 26Dy, (up|iy) ds

with constants C;,1 =1, ...,6 independent of h and § > 0 sufficiently small.
Proof. First residual: We start estimating the first residual, c¢f. (6.21). Using the
definition of the dual norm we find directly
t t .
Ll ds < [ 1000 = I+ = aul} sl ol + I8l sllén — 611

+ (1 +€0)l1b(¢n) V (it — )5 + 116(6n) — b() 6,61V aell5 5
+16Y2(6n) V(@ = )l + 116'72(9) = b/2(en) I3 6l Valls s ds
= (1) + (i7) + (2ii) + (iv) + (v) + (vi) + (vii).
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6. Semi-discrete problem

We will consider every term separately and estimate all these terms suitably by means
of the relative energy, relative dissipation and projection errors.
Let us start with the first term. Definition of ¢; together with Lemma 6.3.1 yields

t t
(i) = [ oo = )2y ds < C [ w¥ o) ds.

For the second term we use the uniform L>(0,T; H'(2)) bounds of ¢y, i.e., (6.11) and
Lemma 6.3.1 to find

t t
(i) < C(n) [ u—lliyds <€ [ mlul ds.
For the third term, we employ the stability of the projection and Lemma 6.3.1 to find
t ~
(iii) < C [ [allgsllén = én — 13 ds
t A~ N
< C [l a(ln = ulizg + 16 — 612 ds
LI 2 2 f
<O [ Rl slol + ul}s€a(én.b) d.
For the next term, we obtain using the bounds for b, i.e., (A1) and Lemma 6.3.1, we get
t t
() < C 190~ p)I ds < C [ Wl s +10]25) ds.
By Taylor’s theorem, the bounds on b, i.e., (A1), and Lemma 6.3.1 we deduce
t t N
() < Clbs) [ on = 0l3 oIVl ds < C [l salnldn) + bl 51013 .
The sixth term can be treated by the arguments used for the fourth term, and we find
t
(vi) < C [ h'ql ds.
0
The seventh term follows the same reasoning as the fifth and yields
t ~
(vii) < C/O gl s€a(énln)(s) + h¥llalli sl 0115 ds.
Summing the above estimates together yields
t t .
Ll ds < [ Cale, )t + Calei)Ea(Gnln) ds

with C1(z, p) = C([0:¢ll1; [|0lls, l[alls, [llls; llalls), Caz, 1) = Clllpll1z, allos llalls)-

Note that the second residual is zero.
Third residual: We will now consider the third residual, which yields

t t
L sl ds < [ 10 = @), + = wall s lanl + [l olldn —
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6.4. Error estimates

+ 182 (0n) (G — DI + 1872 (dn) = B2 (D) 115 61190 115 5
+ C(e) V(G — )15 + 16(0)V (i, — )1+ 16(¢n) — b(D)[[5 61213 5 ds
=(i) + (it) + (23d) + (iv) + (v) + (vi) + (vii).

Consider the first term, which by similar reasoning as in the first residual yields
t
() < C [ ol ds
0

The second term yields by using the stability of the L2-projection, an addition of zero
and the interpolation inequality

t
(i) < C [ (lun = aall; + 18 = w3 )llal? ds
t t
<2 [ Dy, (wiliwn) s+ C [ gl )+l ds.
The third term is straightforward using Lemma 6.3.1 and yields
t
(iii) < C [ Wl sllal; d.

We note that the fourth and fifth terms can be estimated using the bounds on x, Taylor’s
theorem and Lemma 6.3.1 which yields

t ~
(i) + (v) < C/O gl + R llallg slll5 + lallf s€a(nlon) ds.

Since the last three terms already appeared in the first residual, we obtain directly

t N
(vi) 4 (vid) + (vidi) < C/O WA (allz + ellg s + ells + Nl sll@ll5) + Il s€a(énlén) ds.

Summing up the estimates yields the following bound for the third residual
t t R
/0 Hﬁ?,h”%l ds S /0 Cg(Z,/L)h4 + 04(2, u)f,'((bh, llh|(25h, ﬁh) + 25D¢,h(uh|ﬁh) dS,
where Cs = C([|0eqll1, [|@[ls, [[ulls, |3, llqlls) and Ca = C({[pll1.s, [[allos, [lall13)-

Fourth residual: Let us now turn to the final residual. Using the definition of the dual
norm, we obtain

t t
/O I7anl% ds < /0 10, (0 — w2 + [[w = wnl[§ 18T + g 5[t — ullge

+ {02 (@n) V (@, — )l + [17"%(¢n) — 0*2(@) 115/ V R 5
+ 180 = 2l + Ninll52ll0n — @ll56 + I — w3l 81165 ds
= (4) + (40) + (i) + (i) + (v) + (vi) + (vid).

We note that all estimates follow the same structure as the estimates of the other resid-
uals. Therefore, we omit the details and list the estimates

t
() < C [ n*oml} ds,
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6. Semi-discrete problem

t t
(i) + (iii) < [ 20Dy, (wnlan) ds+C [ b [ullflal + fulli€ ) ds.
t N
(i) + (0) < C [ B (llf + i l1015) + [l s€a(@nld) ds,
t
(vi) < C [ I3 s,
0
t A
(vii) + (viii) < C [ W (llallolf + Nl + 1913) + 1l sEa(01n) d.

Altogether this yields the following bound for the fourth residual
t t .
/0 |Pan? ds < /o Cs(z, p)h* + Co(z, 1) Ea(bn, Un|dn, Gy) + 20Dy, (up ) ds,

where C5(z, 1) = C([|0wully, [[¢lls, [[ulls, [l ulls, l[pll2) and Ce(z, ) = C([|ull1s, [[ull13). O

With these estimates at hand, we can control the discrete error. Using the semi-discrete
stability estimate, i.e., Lemma 6.2.1, the bounds in Lemma 6.4.1 we can estimate the
error by the Gronwall lemma, cf. Lemma A.3.1. This yields the following result.

Lemma 6.4.2. Let Assumptions 6.1.3 and Lemma 6.4.1 hold. Then
lon — (bhHioo(Hl) + llan — @hH%oo(ﬂ) + [Ju, — ﬁh“%OO(LQ)
+ [ — ﬂhH%?(Hl) + llgn — @h”%%m) + [Jay, — ﬁh”%?(Hl) < Ch'.

The proof is omitted. Since the projection errors are already identified in Lemma 6.3.1
we can use the triangle inequality for a suitable norm || - ||, to show

lzn = zll« < llzn = Znlle + (120 = 2]l

While the first error is estimated in Lemma 6.4.2, the second error is the standard pro-
jection error and is already given in Lemma 6.3.1. This yields the convergence result up
to the pressure convergence.

6.5. Pressure estimate

In this section, we will consider error estimates for the discrete pressure p, — Py using
the discrete inf-sup stability, i.e. (5.8) and the techniques of Ayuso et al., see [11].
The error estimate can be deduced from the discrete inf-sup stability (5.8), i.e., from

. 1 Ph — Dn, div vy,
lpn — Dullo < = sup < )
B 0£vLEV] [Vl

Rearrangement and insertion of the discrete formulation (6.9) and (6.15) yields

<Ph — Pp, div Vh> = <atuh - atﬁh, Vh) + C(uh; u;, — Uy, Vh)
+ ((dn)V(wy —0p), Vi) + (Vi i — fin, &n) — (Pan, Va)-
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6.5. Pressure estimate

From the error estimate of Theorem 6.1.5 we immediately deduce

t t
o = pully ds < [ 100an = Dl 4+ Clrunll ollan = 4+ C o) =
+ onllo sV (= ) |I§ + | Fanly ds
t
< /O 1Oy — Bytun |2 + Cllunl? o lun — 2+ Ch* ds. (6.24)

For the second term we add a suitable zero, use the inverse inequality (5.7) with p =
00,q = 2,d < 3 and obtain

t t
J el el = @l < [, = a1 s = 80 + Cllanllo ol — @ ds

< h_3|\‘1h - ﬁh”%m(m)”uh - ﬁhH%P(Hl) + C(u)|luy — ﬁh”%/z(Hl)
< Ch*. (6.25)

The above inequalities together yield

t t
62/0 lp — prl2 ds < 0h4+c/0 10w, — Bty 2, ds. (6.26)

Thus, the only term to estimate is ||0;(u, — 1) |2, ;. However, the standard way of error

estimation would already include the discrete error for the pressure. Therefore, we need
another way to obtain the desired convergence result from the discrete weakly-divergence
free formulation, i.e., the formulation, where the pressure contribution vanishes. To prove
this, we will consider techniques developed by Ayuso et al., Ahmed et al. and John,
(11, 5, 81].

Lemma 6.5.1. Let Lemma 6.4.2 hold. Then the following error estimate holds
10 (up — @p) 12251y + lon — Pll7212) < ChY.
Proof. Let us recall the subspace of discretely divergence free functions of V{ given by
Vi = {vi, € VI : (divvy,wy) = 0,Yw, € Qu}, cf. (5.9). We introduce the linear
operator Ay : V, — V), defined by
(Ahuh, Vh> = <Vllh, VVh>, VVh € Vh.
Then the following equalities, proven in [5], hold

1A wnllo = [Vunllo,  IVA, Punllo = [unllo,  Vu, € Vi (6.27)

Following the lines of Ayuso et al., John and John et al. [11, 5, 81], one can the
following lemma.

Lemma 6.5.2. There exists a positive constant C independent of h such that

185 (un — @) |12, < CJlAL 20 (ws — 1) o (6.28)
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6. Semi-discrete problem

Proof. The proof can be found in [11, Lemma 3.11]. It use the stability of the discrete
Leray-projection, i.e. the L?-projection from H}, (2)? onto V},, and usage of the norm
equalities (6.27) with the inverse inequality. O

We introduce the short notation e;, = w;, — 4y,. It suffices to obtain an error estimate
for || A;,""*8,ep]|o. To this end we take the difference of (6.9) and (6.15), restricted to the
space V}, and insert A;lateh as test function. We obtain

1A, 2 0venl2 = — (1(¢)Ven, VA, 0ren) — &(up; en, Ay Ldses)
— (I (n — fin), Ay Oren) — (Fan, A; ' Over,)
=(7) + (23) + (vit) + (iv).

For the first term, we use Holder’s inequality and (6.27) to estimate
(i) < In(6n)Venllol VA, drenllo < C(m)[Venlloll A renlo

For the second term, we first expand the trilinear form ¢ by
.. 1 _1 1 _1
(i1) = 5 ((un - V)en, Ay " Oren) = 5 (en, (wn - V) Ay drey,).

For the first part, we use the dual paring. For the second part, we directly estimate by
using again (6.27) to find

(iid) < C(Il(wn - V)enll-1 + llenllo [ unllo. o) 45 *Orenllo

For the third and fourth terms, we use the dual pairing and again (6.27) to obtain
(i) + (iv) < (160 V (= )| -1+ [Panll )14, Orenllo.

Together this yields the bound

14, *dvenllo < ClVenllo + Ol (un - V)en|| -1 + llenllo]unlloco)
+ 1|00V (1tn — fin) || -1 + |74l -1-

We can observe that we have already estimated the square of all this terms, see (6.24)
and (6.25). Therefore, we find by (6.28), squaring and integration over time

t t
/ 8ren2, ds < c/ 1A, 20enllo ds < ChY.
0 0

The convergence of the discrete pressure follows then immediately from (6.26). This
concludes the proof. [

With this, we have proven the rigorous second order convergence of the semi-discretisation
in space, cf. Problem P.1, which preserves the energy-dissipative structure.
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Fully discrete
approximation

In this chapter, we will consider a full discretisation of the CHNSQ model in space and
time by using a Petrov-Galerkin method in time on the semi-discretisation in space from
Chapter 6. The main result of this chapter is the proof optimal second order error
estimates in space and time.

In Section 7.1, we state the full discretisation of the CHNSQ model, i.e., System
S.3, which we will analyse in the following. We establish the existence of dissipative
discrete solutions via Brouwer’s fixed-point theorem and state the main result on optimal
second order convergence in space and time. In Section 7.2, we introduce a fully discrete
perturbed problem and prove a fully discrete stability result, by using the discrete relative
energy. In Section 7.3, we choose the perturbed solution as suitable projection and
interpolation of the continuous solution and establish the projection errors. In Section
7.4, we conduct the error analysis, which reduces to estimating the residuals by the
relative energy, the relative dissipation and projection error. Furthermore, we establish
error estimates for the discrete pressure using the inf-sup stability. The last section, i.e.,
Section 7.6, considers uniqueness of discrete solutions. This again is treated using the
discrete stability estimate and the proof is very similar to the weak-strong uniqueness
proof, cf. Section 4.6.

7.1. Convergence result for the full discretisation

We now introduce the subsequent time discretization, for which we again employ a
variational method. We recall that 7 = T/N, N € N, the discrete time points are given
by t" := n7 and the corresponding partition of [0,T] by Z, := {0 = ¢!, ...tV =T}.
Furthermore, § = 7g denotes the piecewise constant projection of g with respect to
time. For piecewise constant functions in time, this is simply the identity, while for
piecewise linear functions this amounts to the mean-value in time per element. We look
for approximations

gbhﬂ' € Wh,’r(oy T); /:Lh,T € Qh;r(O? T)) Gh,r € Wh,’r(oa T)y Uy - € Xh,T(Oa T))ﬁhﬂ' € ]P)h,T(Oa T)a
where the spaces are given by

Whﬂ'(O) T) = Plc(IT7 Vh)a Qhﬂ'(oa T) = PO(I’T" Vh)a
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7. Fully discrete approximation

Xpr(0,T) := PUZ VD),  Pu,(0,T) := Po(Z,; Qn).
To this end, we introduce the fully discrete problem as follows.

Problem P.2 (Fully discrete scheme). Let ¢n0 € Vi, gno € Vi, uno € Vi be given. Find
the discrete functions (¢p r, finrs Qhrs Unor, Prr) € Wi -(0,T) x Qp(0,7) x W), -(0,T)
Xp.-(0,T) x Py, (0, T) with ¢5,.-(0) = ¢pn0, grh+(0) = gno, un-(0) = upp and such that

‘/tzil <at¢h,fra 77Z)}L,7—> ds = ‘/ttil C(l_lh,r; IZ}W—, gzﬁhﬁ) — <€0b($h77)vlah,rvdh,7—> (71)
— (B2 (G Viins — V(A(Gnr)Gnr ) b2 (dnr ) Vibpr) ds,
/t:_l<ﬁh,r>€_h,r> ds = /t:_l VVOhr, VEnr) + (f(bnr), Enr) ds, (7.2)

/t:inl <8tqh,T7 Eh,r> ds = /t:nl (NZ(Uhﬂ-; 5]1,7'7 (jh,r) — <H((5h,7')q_h,‘r> C_h,7'> — &1 <VQh,Ta VE}L,T)
- <V(A($h,7')q_h,‘r) - bl/z(éh,f)vﬁh,ﬁ V(A(éhﬂ')gh,‘l’)> dS, (73)

t" tn -
/t"—l <atllh,7'7 \_fh,7'> ds = ‘/tn_l é(uth; ‘_’hﬂ') ﬁhﬂ—) - <n(¢h,T)Vﬁh,T> V‘_’hﬂ') ds (74)
t’ﬂ
+ /t”_l <Z§h’77—7 dlv ‘_’hﬂ_) - C(‘_/hﬂ" ﬂh,T? ¢h,7’) ds)
tn
0= / 1 <d1V Uy r, U_]h,T> dS, (75)
tTL*

for all (Y., Enrs Chrs Vi, Whr) € Po(t" 1, 8% Vi X Vi x Vi x VE x Q) and n > 1.

We remark that the algebraic variables (fi r, Dp.r), i.e., the variables without a time
derivative, are considered piecewise constant in time, while the differential variables
(Onrs Qhr,Up,) are piecewise linear in time. Recall that (éhﬁ,cjhmﬁh,f) then denote
the piecewise mean value of (¢p ., qnr,up,) on Z,, ie., the L?*-projection in time onto
piecewise constant functions. We further note that for all z;,, € PY(Z,; V)

tn
/ (Ovzhry Zhr — Znr) ds = 0 for all n.
t

n—1

This follows since 0,z € Py(I,; V) is piecewise constant in time and using the particular
choice of the discrete method, we can show the following result.

Lemma 7.1.1. Let (A0)-(A6) hold. Then for any (¢on, qno, Won) € Vu X Vi X Vi and any
h,7 > 0 Problem P.2 has a solution. Moreover, every solution (¢n r, ith.ryQhrs Uhrs Dhr)
of (7.1)~(7.5) satisfies for all 0 < t™ < T the identities [o ¢n.(t") do = [qPon dz

and E(¢nr, qhr,apn) (") + fgn Dy, (fthrs Ghr, ) ds = E(dno, ho, Uno). As a direct
consequence, we obtain uniform bounds

||¢h,r||%oo(H1) + HQh,TH%OO(L?) + Huh,TH%N(L?) + Hﬁhﬂ'H%Z(Hl) + ||(jh,7'||%2(H1) (7.6)
+ 102(dn,) Viine = V(A(Snr)ane) 722y + Nine 72
< C(llonollT; llanolld, llanoll5)-
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7.1. Convergence result for the full discretisation

Proof. Conservation of mass follows by testing the variational identity (7.1) by &hﬁ =1.
To derive the energy-dissipation identity we test the variational identities (7.1)-(7.5)

with the set <wh T fh T Ch T Vh ST Qh T) — (:uh,T7 atgzshﬂv dh,rs uh,T? ph,T) and obtain

Bt e+ [ <ol G Vit 4 1072(60,) V- — V(A )
0l Ve 152G 3+ 192(nr) Vi [ s = 0,

To show the existence of at least one solution, we use an induction argument. Let
("), qrr ("), wp - (E771) be given. In the n-th time step, we only need to determine

¢ZL = ¢h,7(tn>7 Q}TLL = Qh,T(tn)J UZ = uh,T<tn) /LZ 1/2 ﬁh,T(tn - 7—/2) € Vh

and p2_1/2 = Dh(t" —7/2) € Qp,. The above values can be derived either from Problem
P.2 or the equivalent nonlinear time stepping scheme which we will consider in Chapter 8,
see Problem P.3. Similar to the semi-discrete case, we restrict the solutions to the space
of discrete divergence free functions, i.e., uy, € Pf(Z,;Vy) and vy, € Py(t" 1, t™; Vy,).
Again, the pressure contribution pj,, vanishes from the problem. From the discrete
energy-dissipation identity, the bounds for the coefficients, and the equivalence of norms
on finite-dimensional spaces, one can deduce that potential solutions are necessarily
bounded.

The existence of a solution for the n-th time step then follows from Brouwer’s fixed-
point theorem. Finally, the existence of the discrete pressure pZ_l/ ? follows from the dis-
crete inf-sup stability (5.8). The uniform bounds for the solution, finally, follow directly
from the energy-dissipation identity and using the lower bounds (A1), (A4)—(A6). O

In order to state the main result on error estimates, we introduce the following as-
sumptions.

Assumptions 7.1.2. Assume (A0)-(A6) and (A8)-(A9) and let (¢, i, q,u,p) denote
a weak solution of (6.1)—~(6.5) with the initial value (¢g,qo,ug) € H3(2) x H?*(Q) x
HL, ()N H2(Q)L. Furthermore, let (¢, 1, q,u, p) satisfy the additional reqularity

¢ € H*(0,T; H(Q)) N H'(0,T; H) (1)),
p € H?(0,T; HY(Q)) N L0, T; WH(Q)) N L*(0, T; H3*(Q)),
q € H*(0,T; H'(2)) N L>(0,T; WH3(Q)) N L*(0,T; H*(2)),
ue H*0,T; H(Q)) N L0, T; WH(Q)) N L*(0, T; H*(9)),
pe LX0,T; H*(Q), f'(¢) € H*(0,T; H'()),

b(¢) Vi, b (9)Va, k(¢)q, n(¢)Vu € H*(0,T; L*(€2)).

Furthermore, we denote by (Gn,ry fbhry Qhrs Uhry Drr) be a solution of Problem P.2 with
¢h,7(0> = ﬂ-}ll(b(); Qh,‘r(o) = ﬂ-}quv uh,‘r(o) = P}11u0'

With this existence result and the necessary assumptions, we are ready to formulate
the convergence result for the fully discrete problem, i.e., Problem P.2.
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7. Fully discrete approximation

Theorem 7.1.3. Let Assumptions 7.1.2 hold. Then for any step size T < 1
sufficiently small and h > 0 the following convergence result holds

max (617 = 6112 + lans — gl + l1un — wl?)

+||ﬂh,fr - /jL”%Q(Hl) + H(jhﬂ' - QH%Q(HI) + ||1_1h77— — ﬁH%Q(Hl) < C(h4 ar ’7'4),

where C' is independent of T and h. Under the assumption T = cph, with a constant
¢p independent of T and h, the discrete solution is unique and the following error
estimate for the pressure holds,

|21 = PliF2qzz) < C(h* +74).

Remark 7.1.4. Let us interpret the above convergence result. First, the obtained con-
vergence rates are order optimal, i.e. from a pure approximation point of view the rates
cannot be enhanced. For the differential variables, i.e. (¢, q,u), one obtains pointwise
error estimates in the energy norms, i.e. H' norm for ¢ and L? norm for ¢ and u. For
the algebraic variables, i.e. (u,p), and the space derivatives in the dissipation terms,
one only obtains error estimates in L? norms in time. This will be important for the
experimental convergence test later.

Before we step into the proof, let us again give a proof sketch.
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In Section 7.2 we will introduce a fully discrete perturbed problem and a corre-
sponding relative energy. Using the relative energy techniques, we will prove a
fully discrete stability estimate. Since the energy-dissipative structure and all con-
sequences are only valid for every time step, i.e., every element in Z, , we have
to consider the discrete Gronwall lemma, Lemma A.3.2, instead of the continuous
lemma, cf. Lemma A.3.1.

. In Section 7.3 we introduce a certain choice of the perturbed solution as suitable

projection and interpolation of the continuous solution. Furthermore, we will de-
duce the projection errors in this section.

. In Section 7.4 we will conduct the error analysis. By the aforementioned construc-

tions, this reduces to estimating the fully discrete residual suitably by the relative
energy, relative dissipation and projection and interpolation error. Furthermore,
we consider the error analysis for the discrete pressure, which fortunately almost
follows the lines of Section 6.4. In analogy to the semi-discrete case, this is the first
time assumption (A9) is used.

. In the last section, i.e., Section 7.6, we will investigate the uniqueness of the full

discrete solutions. In contrast to the semi-discrete case where uniqueness follows
immediately from Picard-Lindel6f, this is not the case for Brouwer’s fixed-point
theorem and hence this has to be investigated separately. This will again be con-
sidered using the full discrete stability estimate by following the ideas of the weak-
strong uniqueness proof, i.e., Section 4.6, by assuming the perturbed solutions to
be discrete solutions. Here, assumption (A9) is again used.



7.2. Discrete stability estimate

7.2. Discrete stability estimate

In this section, we will introduce the fully discrete perturbed system and the correspond-
ing stability result. Let (ggh,T7 ﬁh,T, Gh.ry ﬁh77,ﬁh77) € Wy, (0, 7)xQp-(0,T) x Wy, (0,T) x
Xp.r(0,T) x Py, -(0,T) be a set of arbitrary discrete functions, we then define the discrete
residuals 7, € Qp,(0,T), i =1,...,4 via

tn

/ (Obnrs ) ds = [ ellingi s ) = (€0b(énr) Vi Vi) (7.7)
— (0"*(¢n.2)Viinr — V(A(Gnr) s ), 0" (0n.7)Vnr)
+ <771 h,T &h T> ds

/tt L <ﬁh,’ra gh;r) ds = /: <V¢h T véh 7'> <f/(q§h,7')7 gh,7'> + <7:2,h,7'7 gh,7'> ds (78)

/t:—l <at(jh,'ra Eh,'r) ds = /t:—l é(uh,‘r; Eh,‘ra Cih,r) - <H'(Q_Sh,'r)q£h,7'> g_h,7'> — & <Vth,T7 vé_“h,r>
- <V(A(¢;hﬁ)§hﬁ) - bl/Q(q;h,T)Vﬁh,Ta V(A(qghﬂ')ghﬂ')>

+ (731,75 Chyr) ds (7.9)
tn tn N _
[ Ot Vi) ds = [ @i ¥ ts) = (0(00) Vit V9,) (7.10)

+ <ﬁh,7’a div ‘_’h,fr> - c(‘_/hﬂ'; ﬁh,T7 gbhﬂ') + <f4,h,T7 ‘_fh,7—> ds

tn
0:/ (div iy, @) ds (7.11)
tn—

for all (Vn.r, Enrs Chrs Vir, Whr) € Po(t" 17 Vi x Vi x Vi x Vi x Qy) and for all n > 1.

In order to obtain a discrete analogue of the stability estimate (6.17) we use a fully
discrete version of the relative energy as a measure between the discrete solution of
Problem P.2 and the solution of the corresponding perturbed problem (7.7)—(7.11). The
relative energy is given by

~ R R v ~
Soa(¢h,77 qh,7s uh,’r|¢h,'ra Adh,rs uh,’r) = 5 ||v¢h,'r - vQSh,'rH(Z)
=+ /Q f(¢h,‘r) - f(ggh,T) - f/<(lgh,7)(¢h,7' - Qghﬂ')
(0% A 1 ~ 1 A
+ §||¢h,7 — o g+ §||q}L,T — anr G+ §||uh,r — -5

Furthermore, we often abbreviate the relative energies related to the single variables by
8&(¢h,7|¢h,7)7 S(Qh,T |(?h,7'>7 g(uh,T|ﬁh,T>’ respectively.

Following the semi-discrete case, we can derive a stability estimate. However, since
we are discrete in time, we have to resort to the discrete Gronwall lemma, cf. Lemma
A.3.2. Since this inequality works different from the continuous version, we will provide
full proof of the stability estimate. We will again use the notation notation z,, =
(Ohrs Ghr, W) Where (2n.r, Py fin,-) denotes the discrete solution of Problem P.2 and

we denote 24, = (Gnrs Gh,rs Upr) Where (24, Dhrs finr) = (Ghirs Ghrs Whors Dhors fin,r) I8 the
discrete perturbed solution, cf. (7.7)—(7.11). In total, we find the following result.
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7. Fully discrete approximation

Lemma 7.2.1. Let Assumptions 7.1.2 hold. Then for a step size 7 < 19 with 1o suffi-
ciently small and h > 0 we find

t‘fL

goz(zh,T(tn”éh,T(tn)) + 0 D(j)h’.,. (ﬂh,T) 2h,7'|ﬁh,7’7 ghﬂ') ds S ecwga(zhﬁ(oﬂéhﬁ(o))

t’ﬂ
F O [T S el [ancl ds
0 je{1,3.4)

for all t™ € I with relative dissipation

— — [y [y ]- i — [y 3 — fay
Dy, (s Zhz|lhr, Znr) =3 (€0Hbl/2(¢h,7)v(ﬂh,f — L )IE+ 1162 (0nr) (Gnr — Gnr) |l

1162007V (jinr = finr) = V(A(dnr) (@nr = anr))
41V @ = G + 172 (00) e — ) )

with constants ¢ = co + cl||8tgzgh77 Le(L2), and co,c1,C depending only on bounds for the
coefficients, the domain 2, and the uniform bounds for ¢p. and ¢p, in L®°(H'(2)).

Similar to the semi-discrete case, we derive lower bounds for the relative energy and
relative dissipation in the following result.

Lemma 7.2.2. Let &, denote the relative energy and Dy, _ the relative dissipation. Then

[6nr — Onrll? + llanr — Qs |2 + 0nr — Gnr |2 < CEL(2hr|2nr), (7.12)
Eobl _ A &1 _ ~
THV(M,T - Mh,T)Hg + §|’V(Qh,f - qh,T)H(z)

+ 2V anr — ) I3 < Do (s Zalin, 5. (7.13)

Since the difference of mean values of jip, » — ﬁhi is controlled by the relative energy, one
can get full control of ||finr — pn.r||3-

Proof. The result follows the lines of the proofs for (6.18) and (6.19) and therefore is
omitted. We only recall that g , and uy, ; denote the mean values in time per element. [

We will frequently use the dissipation functional related to every variable which we
denote by Dy,  (fin,r; tine)s Doy, (Gnirs Gnr)s Doy, (Unrs Unr).

Proof of Lemma 7.2.1 . First, we compute the time derivative of a general relative energy
using the fundamental theorem of calculus, we obtain

n " d .
g(zhﬂ-’éhﬂ-)’in—l = /tnil &S(zhﬁkhﬁ) ds
tn
= <E/(Zh,7-) - El(fh,r), O (2hr — Znyr))

+ <E/(Zh77-) — El(,%hﬂ-) — E”(ZA’hVT)(ZhJ — ﬁhﬂ-), 6t2,w) dS. (714)

Due to the linearity of the relative energy with respect to the solution components,
i.e., Onr,qnr, Up, We can consider the contribution per equation separately and combine
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7.2. Discrete stability estimate

them at the very end. Again we emphasize that for quadratic energy, i.e. E(z) = ||z||3,
the second inner-product vanishes.

Bulk stress equation: We start by considering the relative energy related to (7.3) and
(7.9). Using (7.14), we find that

| n
/ —E(qn+|Gn,r) ds = / (Ghr — Qnrs Or(qnr — dn.r)) ds
tn—1 dt tn—1

$n

= <(jh,‘r - (jh,r: at(q}z,f - (jh,‘r)> dS = (*)

tn—1

Inserting ( » = qnr — qﬁhﬁ € Py(t" 1t V) into (7.3) and (7.9) yields

n
A

(0= [ ~rn) @ = ). (e = 1)) = <0ll Vi = i)

— V(A ) (@hr — Gnr)) — 02 (Inr)V (it — finr)s V(AP ) (@ — Gnr)))
+ €(Whr; e — Qe Qe — Qnr) + (P3rs Gnie — Qnr) ds. (7.15)
We observe that the first two terms contributed to the relative dissipation Dy, . The
third term is another part of the relative dissipation, which we will discuss soon. The

fourth term vanishes due to skew-symmetry of €(uy.,v,v) = 0, cf. (A.32) and (3.72)
and the last term can be estimated by

tm R tm B ~ R _
/ T3y Qhr—nr) ds < /tn_1 021V (@nr =) I +C () lanr —Gn~15+C 1 Fan 21,5 ds.

tn—

Here and in the following 6, C'(0) > 0 are constants from Young’s inequality, which we
will choose at the very end. Together this yields the first inequality

t" _ N B ~
S(qh,T‘cjh,T)‘i’l*l + ln_l |‘H1/2(¢h,7')(6jh,7 - q_h,‘r)Hg + (1 - 5)51HV(C]}L,T - Qh,T)H?) ds

< [" COE@inr) + COFnr (7.16)
+<V(A(éh’7')(qh’7 B éhv"'» - bl/2($h77-)v(ﬁh77 - ﬁh,‘r)a V(A<Q_5h,‘r)(6h,r - éh,‘r)» ds.
R

Cahn-Hilliard equations: Let us now consider the contributions from the Cahn-
Hilliard equation, i.e., (7.1)-(7.2) and (7.7)-(7.8). The abstract calculations (7.14) imply

| . tn . .
[ 5 €Gnrtbnn) ds = [ 3V (0nr = dnr). VOUlonr — b))

+ <f/(¢h,7') - f/((/gh,”r>7 at<¢h,'r - gghﬁ»
+ a<¢h,7’ - &h;ra at(¢h,7’ - éh,‘r))
+ (' (Snr) = £/ (Dnr) — f(Pnr), Osonr) ds
=0+ 1+ I3+ 1. (7.17)

We start with the first two terms. Inserting ch = O(dn.r — (;Bh,T) € Py(t"1,t"; V) into
the variational identities (7.2) and (7.8) yields

tn N N
Wt lo= [ {fine = fine + Tonr Ons = nr)) ds = (+).

tn—1
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7. Fully discrete approximation

Next we insert &h,r = jpr — ﬁhi + Tonr € Po(t"1,t" V) as test function into the
identities (7.1) and (7.7) and deduce

tn N N
(*) :/ 1<ﬂh,r — fhr + T2hr, at(¢h,r - ¢h,7)> ds

tn—

t" _ R R
= [ =20V i = i), Vs = finr + o)
o <b1/2(éh77)v(ﬁh77 - ﬁhv"') B V(A(Qgh,‘r)(q_h,f - (jh,‘f'))? bl/Q(&h,T>V(,Bh,T - /jh,‘r + 7:2,h,7)>

+ c(uy,r — ﬁh,f; M — ﬁh; + Tohrs Onr) + Ty b — ﬁh; + 7o) ds
=(1) + (i4) + (2ii) + (iv).
The first term can be rewritten and estimated via Holder’s and Youngs’ inequality as

(@) < | (1= 0)eollb(6n.r)V (Fnr — inr) g + C@)l|Tonr 1T ds.

tn—1

For the second term, we consider the reminder in (7.16) and obtain

tm _ ~ — N
R+ (i) < [ = (1= O (o) Vs = fins) = V(AR Gz — G
+ C(8)||F2n+ 7 ds.

By definition of the dual norm, Poincaré’s inequality (A.19), and the bounds for the
coefficients, the third term can be further estimated by

" R B
i) < [ IFnellos (ins = il + [Fanclly) ds
tn ~ - _ ~ _
< [ Pl (Claing = fines DI+ 10 260) Vi = finella + [Fanely) ds

t" A _ N —
< /ﬂH CONFarlZy + [fnr = fne, DI + 20 Dy, (finrltin,r) + [IP2,pz (17 ds.

In the last step, we use Youngs’ inequality to separate the factors with the same arbitrary
parameter 0 > 0 as before. In order to control the mean value of i — fin,» We can use
the variational identities (7.2) and (7.8) with &,, =1 € Py(¢t""1,¢";V},), which leads to

tm t"

/t"—l |</1h,7 - /jh,’ra ]->|2 ds = /t” |<f,(¢h,7) - f/(q/;hﬂ') + f2,h,7’7 1>|2 ds

-1

tn

<O [ Ianelly + 15 0ns) = £ @)l ds.

From the bounds for the potential f in assumption (A3), we can further deduce that

7/n) = 8l = | [ 17+ (607 = 1)) d(01s = i)
< (fff) + £ (Ionzl + [8n7D)?) [Snr — bnrl.

An application of Holder’s inequality, the continuous embedding of H'(Q) into LP(£2) for
p < 6, and the uniform bounds for ¢, . in (7.6), and for ¢y, ., then lead to

1 (bnr) = F (Do) 3s < (COOLT + K2 (dnrliss + 10nr166)) 16nr — Snrliss
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7.2. Discrete stability estimate

2 2 n n
<o, 17, 15, [6n,l| Lo 111) s | Onr || oe 212) | Dnr — Pne ||

Using ||7onr 151 < C(Q)||72,n+17 and the lower bound (6.18) for the relative energy, we
arrive at

tn R B B
(i) < [ 2Ds, (Ginsliing) + CO il + CQ) sl

+ O 2, 57 0nr oy [ Gnr | o). 7) Ea(Snorlbn.r) ds.
Let us consider the third term in (7.17). By inserting ¢, , = oz(qghﬁ—gziﬁhﬁ) € Py(t" 1t W)

into the variational identities (7.1) and (7.7) we derive

n—1

=a [ ~2olblon) Vs = fine), ¥ (Gnr = )

n—1

I3 =« /tt <(5h,7— - (;h,Ta O dn,r — Ggh,r» ds

— (0"*(In2)V (inyr — fine) = V(ADhr) @ — Gnir))s b (G12)V(nr — (;h,f»
+ C<ﬁh,‘r - ﬁh,T; v((lgh,f - (Ehn-), ¢h,‘r) + <F1,h,‘r? ¢h,7’ - (Eh,‘r> ds.

All terms above except the convection term c(ﬁh,T—ﬁhﬁT, gghﬁ—gf;hm ¢n.-) will be estimated
via Holder’s and Young’s inequality, and we obtain

tn _ . N
Is < /tn—l 560||b1/2(¢h,7')v(/1h,’r - ﬂh,7)||(2) + C(O‘)Hflyhﬂ'HQ—l + C((Sv a)||¢h,7’ - Qbh,TH%
+ 6[16"2 (0. 2)V (jinr — ftnr) = V(A(Gnr) (@nr — @)
+ OéC(ﬁth - 1th,‘r; V(Q_Sh,ﬂ' - &h,T)? ¢h,7’) ds.

From the bounds in assumption (A3), we can deduce that

1 (0n) = £ (@nr) = £ (Dnr) (s — Bne)l < (587 + £ (0mr] + 1007D) |60 — Inr [

Using Holder’s inequality, embedding estimates of H! into L? for p < 6, and the uniform
bounds for ¢y, in (7.6), we can bound the fourth term in (7.17) by

1< [ 10 lollf (0nr) = £/ (Bn) = £ (Gn)(énr = ) o ds
< /tn_l 10wdnrllo (£57 + 157 (I6nrllos + [ Bnrllos)) [ 6nr — dnrllis ds

tn

< O 15, 150 b lloen 1n ey, VNOn sl [ EalOnsldne) ds.

tn—

Combining all estimates obtained so far, we find the following inequality

~ n e — — fay fay
5&(¢h,7’7 Qh,7|¢h,7'7 Qh,T) |§n—1 + (2 - 45) /tn*l D¢h,-r (/“Lh,”m Qh,T|:uh,T7 Qh,T) ds
tm A~
. Ol£a(¢h,7’7 Qh,r|¢h,’ru (jhﬂ') + 02 Z ||fi,h,7'||2—1,h + ||f2,h,7'||%

<
t i€{1,3}

n
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7. Fully discrete approximation

+ C<ﬁh,‘r - ﬁh,ﬂ ﬂh,f - ,ah;r + T2 hT ¢h,7-)

+ ac(ﬁh,T - ﬁhﬂ'; V(Q;hﬂ' - Qghﬂ')a ¢h,7) dS, (718)

where C; = ¢o + Cl”@t@ghﬂ-HLoo(L?). Let us note that the constants cg, ¢; here only depend
on uniform bounds of ¢, and ¢y, in L=(H(Q)).

Navier-Stokes equations: Finally, we consider the contributions of the Navier-Stokes
equations. By (7.14) we find

g ) - A A

/ —E(up |0y,) ds = / (W, — pr, Oy (p, — Tp,)) ds

tn— 1 dt tn—l
t™ R R

= - <ﬁh,T - ﬁh,T? 8t(Uh77— — uh,7)> ds = (*>

Insertion of vy, = Uy, — Up, € Po(t"~', " V1) into (7.4) and (7.10) yields

tn

i ¢h T (uh,T - lﬁlh,7’)7 v(ﬁhﬂ' - ﬁh,T)>

+ (uh T uhT - uh T uh’T - uh 7') + <]3h,7' - ﬁh,ra div (ﬁh,’r - ﬁhﬂ')>

—c(up, — uhn fhr ﬂh,T) Gnr) + (Tapr, Upr — ﬁhx) ds.

The first term yields the contribution to the relative dissipation Dy, (1, T|ﬁh +). The
second vanishes due to skew-symmetry of the convective form €(up,, v, v) =0, cf. (A.33)
and (3.73). The third term vanishes by insertion of @y, , = ps, — p;” € Py(t" 1, t"; Qp)
into (7.5) and (7.11). We keep the fourth term for later cancellation and estlmate the
fiftth term by

tm N
/t <7:4,h,7'7 ﬁh,T - ﬁh,’r) ds

n—1

n

t N 2 A
< [ 810 Gne)V (@ r = )[4 C(8) unr —

(O7anrl? 1, ds

tn

< [ 0Dy, (Unrltns)(s) + CQO)E (W |nr) () + CO)|Fanrly ds.

tn—1

Together this yields the inequality

tn R tn R
E(Wn,rs Q) fpns + (2=20) | Doy (Wnsfung) ds < | - CL(O)E (nr )

tn—1

+ C5(9)]

7747h,T||2_17h — c(Upr — Upr fins — s $nr) ds  (7.19)

Finally, we combine (7.18) and (7.19) and after cancellation of convective terms in
the Cahn-Hilliard equations and the Navier-Stokes equations, i.e., c(Up, — W} flnr —
fhrs Gnr), We obtain the inequality

tm R R
Ea<zh,7|2h,‘r)’§"—1 + (2 - 46 / ’de,f (Iah,‘ra Eh,Tmh,Ta Zh,‘r) ds (7'20)

< [ CoOEanrlinn) + Col®) S el + 7ol

1€{1,3,4}
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7.2. Discrete stability estimate

+ C<ﬁh,r - ﬁh,T; 7:2,h,7'7 (bh,T) + @C(ﬁh,r - ﬁh,‘r; V(éh,‘r - &h,‘r% ¢h,7) dS,

where C; = ¢ + clﬂat@w” Leo(r2)- Hence, it remains to estimate the last two terms in
(7.20) and start with the first one

t"l .
/ c(Upr — Wnri T2 hr,s Phr) ds
tn—1
tm .
< [ e = e loslFans i énln ds

t” . - .
< /t 5D¢h,T (ﬁh,7|ﬁh,7) + C2(¢h,7)||742,h,7”% + g(uh,f|uh,7) ds.

n—1

For the second term we can similarly derive

n—1

tn R - ES
/t ac(p,; — U7 V(P — Onyr)s Gnr) ds
n . 2
< /tnil allan: —aprlosllénr — Gnllillonl ds

" R ~
< [ 8D, (nrliing) + Cal6nr, 0)EalGnelnr) + CL@)E (s f) ds.

n—1

In total, we obtain by choosing § = 1/6 the final inequality

tn ..
ga(zh,'r|2h,7') |i"*1 + /t"—l D(f)h,T (ﬁh,Ta 5h77|ﬁh7'r7 Zh,‘r) ds

t’)’L
<C [ Ealaslinn) + o Y el s+ Clifans | ds.

tn—1 .
1€{1,3,4}

Since the inequality holds for all t* € Z, instead of all ¢ € (0,7") we have to use the
discrete Gronwall lemma, cf. Lemma A.3.2. Using uniform bounds in L>(0,T; H'(Q))

for ¢, O we estimate

tTL
Cl/ goc(zh,7'|2h,7') ds S 70(7) goa(zhﬂ'(tn”gh;r(tn)) + goz(zh,T(tn_l)|2h,7<tn_1)) :

tn—1
Under the assumption that 7 < 1/(2¢(y)c) =: 79, we can rewrite the inequality into
un+bn < e)\unfl _._dn’

with
tn R N
u" = €a<zh,7(tn)|2h,‘r (")), bt =e" de,f (ﬂh,77 Eh,rmh,‘r? zhﬂ') ds,

tn—1

tn
"= [ S el + o} ds.

ie{1,3,4}

One can observe that e’ = % which implies vy & 2¢(«y)e. Then the assertion follows

by the discrete Gronwall lemma and the bounds on the relative energy and dissipation
functional. O]
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7. Fully discrete approximation

7.3. Auxiliary results

In this section, we will consider a specific choice for the perturbed solution as suitable
interpolation and projection of the continuous solution. Furthermore, we will quantify
the projection and interpolation error, i.e., the error between the continuous solution and
the discrete perturbed solutions. As discrete approximations ((ZAbh,T, ﬁhﬁ, dn+, Upr, ﬁhﬁ) €
Wi x Qpr X Wy, X Zp,» X Py, for the weak solution of (6.1)—(6.5), we now choose

bnr=I'ti¢ and . =70m0pn  and  Gh, = I'7mlq (7.21)

and @, =I'Pu and p,,= T - (7.22)

The above choice uses the linear interpolator I' and the L*-projection onto piecewise
constant function 7¥ in time. While in space we use the elliptic projection 7} the L*-
projection onto Vy, i.e. 7y, the Stokes projector P} and the L?-projection onto Qy, i.e.
ngh. Using these choices we obtain the following projection errors results.

Lemma 7.3.1. Let Assumptions 7.1.2 hold. For the functions defined in (7.21)-(7.22)
one has the following projection and interpolation errors

||¢h,7 - ¢||%2(H1) < O(h4 + T4)7 ||ﬁh,7’ - ﬂ||%2(H1) < Oh4,
1dnr = all7zry < O +7Y), IV (@hr = D222y < ChY,
I8, = ullZegry < C* +74, IV Qae = @722 + [Par — Bll722) < Ch*.

Proof. Let us first consider the error for the piecewise linear approximation. We estimate
113700 — & £ a0 Fa gy < N — Tl Fa gy + 700 — Gl T2
< Ol 2y + CRH| 0|72 115y

Similarly, choosing the appropriate projection, these estimates translates to ¢, , and Gy, ;.
For the piecewise constant approximation, we use the stability of the L2-projection in
time to estimate

itnr — Bl 22y < Cllmpp — pll 22y < Ch*|pll7e sy
Similar estimates can be done for the pressure and the gradient terms, using I'g = g. [
For this particular construction, we can identify the corresponding residuals.

Lemma 7.3.2. Let Assumptions 7.1.2 hold and let (Qgh,77ﬁh,ryéh,77ﬁh,T,ﬁh,T) be defined
as in (7.21)-(7.22). Then (7.7)~(7.11) holds with

/ttn1<rl,h,7'a &h,’r) ds = / at(ﬂ—hgb ¢) wh ’T> + 60< (qgh T)vﬁh,’r - b(ﬁb)vl% V@Z)h,T>

- {
+ <b1/2( ,T)<b1/2(¢h T)v:“h T V( (?Ehﬁ)éh,r))a vzzhﬂ'>
— (V2 (0)(012(6) Vi — V(A(9)0)), Vinr)
C<ﬁh Tawh ’7’7¢h ’T) (11, &hﬂ')qb) ds
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/tn1<f2,h,n Enr) ds = /:1 (i = I Enr) + (Y (Dnr — [10), VEnr)
+ (f'(0nr) = I1f(0),6nr) ds,
/t:i1<7:37h7‘r7 Chyr) ds = /Ot@ﬂﬁgq — 044, Chr) + (K(Dnr)@hr — K(O)V G, Chr)
+ e1({Vanr — Ve, Vi) + €nr; qnry Cnr) — a0 Cnr)

¢(u;
+ (V(A(Pn)anr) — 0" (dnr) Vitnr, VIA(nr)Crr))
— (V(A(0)q) — b'*(6) Vi1, V(A(¢)Grr)) d

tm t _ .
[P Vas) ds = [ (OPhu = 0, 90) + (0 Vi = (6)Vut, V)

n—1
- <ﬁh,7’ - D, div (‘_/hﬂ')> + é(uhﬂ'; ﬁhﬂ') ‘_/h,T) - 6(11; u, ‘_/hﬂ')

- C(‘?h,r; ﬁh,T? ¢h,‘r> + C(vh,ﬂ'; H, ¢) ds.

Proof. The representation of the first, third and fourth residual is obtained as follows.
Testing the corresponding continuous variational identity, i.e (6.1), (6.3), (6.4), with ¢ =
zzhﬁ, (= ch,r and v = vy, - and integration over time yields the continuous contribution.
Subtracting the continuous contribution from (7.7), (7.9), (7.10), respectively, yields the
representation. The formula for the time derivative error follows from the commuting
diagram property (5.15). For the second residual we consider (6.2) and test it at time ¢”
and "' with £ = &, .. Noting that

[ als)bs) ds = Z(a(e") + ol piee )

n—1

for all a € Pi(t"*,¢") and b € Py(t""',t"), we obtain

/t:il <I7%'u’ ghﬂ—) + 7<v]’}¢h=77 Vth) + <Iif/(¢)v ghﬂ') dS - O (723)

for all fh,f € Py(t" 1, t";V},). The residual representation is then obtained by subtracting
equation (7.23) from identity (7.8). O

7.4. Error estimate

In this section, we will conduct the error analysis. By the constructions in the last
two sections, this will reduce to estimating the residuals suitably by the relative energy,
the relative dissipation and the projection errors. Furthermore, we consider the discrete
pressure error and uniqueness of solutions. Let us recall that this will be the first time,
where we use assumption (A9), ie. A= 1.

In the following lemma, we summarize suitable estimates for the residuals.

Lemma 7.4.1. Let Assumptions 7.1.2 and Lemma 7.53.2 hold. Then

tn tn R
[ naliz ds < €O+ 74+ [ CEalonldng) ds
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7. Fully discrete approximation

tn
| IFonslt ds < O(h* +74),

tn

t" N
/tnil ||f3,h,7—’|271 ds < C(h4 + T4) + i1 C’Ea(zh,Tléh,T) + 4(5D¢hﬁ (ﬁh,7—|ﬁh’7) dS,

tm A~
/tn_1||7747h7TH2_ vds S OO+ 7 + [ CEulanrlang) +40Ds, , (Wirlin, ) ds

Proof. As before, we will estimate every residual separately. Let us again recall that g, ,
denotes the piecewise mean value in time for all differential variables, i.e. (¢n.r, Gnr, Un+)
and their perturbed counterpart (¢p +, Gn.r, Up.r).

First residual: Use of the dual norm yields

tm t™
[ Fnl2ds < [ 10r(mho = )12 + (1 + 20)l1b(énr) Viin, = 6@Vl
+ (162 (Pn,r) Vi, — 012(6) V4|3 + |onran, — oullf 5 ds
= (1) + (44) + (ii1) + (v).
Let us estimate the terms separately. The first term can be bounded as in the semi-
discrete case by

(i) < ChY| N2
Since all other terms can be treated similarly to the second, we will briefly describe how
to estimate the second term.

A

(ii) < C / 16(.2)V (finr — V)2 + | (B(Sn.-) — b(S)) VAl

+11(b(@) — b(@)) VA5 + 16(8) Vi — b(@) Va5 ds
= (a) + (0) + (¢) + (d).

The first term can be treated by the stability of the L2-projection in time, the projection
estimates in Lemma 6.3.1 which yields

)< C [ lindu— pl} ds < Ol
With the stability of the L?-projection and Lemma 7.3.1 we deduce that
) <C [ o~ olRlilla ds
< Ch4||ﬂ||%oo<w13>||¢lliz 13y + CTH el Lo w191 72 )
sy [ Ealneldns) ds
The third term can be treated by Lemma 5.17, and we find

(¢) < CTY| pllFoo .y 10(&) 1 712 16
The last term can be treated by Lemma 5.16 and we obtain

(d) < CT|b(¢)V el 72 12y
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7.4. Error estimate

Together this implies
tn

(i1) < Cy(d, p)h* + Co(, )7 + C(|| ]l Lo wr3y) /tnil 5a(¢h,7|923h,7) ds,

where the two constants have the following dependence

Ci(d, 1) = C(1oll L2arsys lll 2 ey | pll os wrsy) and
Co(0, 1) = Cl 12y, 10(O)V ell 222y, (| 1el| Lo (wrn2y)-

We observe that in principle, the third, and fourth terms can be treated with the same
technique. Using the uniform L>°(H') bounds on ¢, , we estimate

tr ~
(ZZZ) S C3(¢7 Q>h4 + C4<¢7 q)7-4 + C(HQHL‘”(Wlﬁ)) /tn—l ga(¢h,7'|¢h,7) dS,

$n

(iv) < Cs(é, w)h* + Co(, u)r* + C(||ul| o (1)) /t Ealbnr|bnr) ds,

with the constants

Cs3(0,9) = Cllgll L2y, 10Nl L2 arsys 1l oo wrs)),

Ci(¢,q) = CUIollmr2canys gl w2y, 1672(0)Val 222, @] e s,
Cs(¢,u) = C([|dllL2(as), 1ull 2 ey, [[afl oo (z2)),

Co(o.u) = C9ll 2y [[all 2y, [l e zs))-

Finally, this yields the following bound for the first residual

n

tn «
[ sl ds < CO 4+ ) + [ CEulbnrldng) do.

Second residual: The second residual can be expressed equivalently in strong form as

Ponr = (mpp — L) + (110 — dn7) + (f'(dn-) — ILF/(9)),

where g = 7¢g denotes the piecewise constant projection of g with respect to time. This
pointwise representation allows us to estimate

tn

[ WairlE ds < limipe = LmullEagay) + 1726 = dnr 2y
tn—1 P p
1S (Dnr) = L f (D) T2y = (i) + (id) + (idd).
For the first term using the contraction of the L2-projection in space, we obtain
(0) < llp— L pllZemny < Ol ey
For the second term, using the error estimate for the H'-projection 7} and we find

(it) < Cll¢ — mpollToeary < ChH DN (115 -
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7. Fully discrete approximation

For the last term, we employ the uniform bounds of ¢ and ¢y, in L®(0, T; W (Q)).
Therefore, all terms f*)(-) can be bounded by a constant C(f) and we obtain the estimate

(#1) < ||/ (In,r) — FONZecmy + 1F(0) = L (O Z2 0y
< C(f)onr — D722y + CT S (D2
< C(NM T2 arsy + CHT DN Fr2 )y + CTHL (D) |72 1y

Note that one could compute the norm involving f’ to find the necessary regularity
assumption on ¢. Together, this yields the following bound for the second residual

n

[ ansli? ds < COt 4 7).
tn—1

Third residual: For the third residual, we find

" tn _ R
[ snelds < ¢ [ lomia = @)l + 15(6n)ine — (@)l

+ IV (@ — DN+ 1102 (Phr) Vit — b2(0) Vil
+ 10, rGnr — UGG + 108,V e — uVa|G g5 ds
= (i) + (1) + (i73) + (iv) + (v).

Similar estimates as for the first residual, we find the following bound
(i) < ChMllqll 72

The second and fourth terms can be treated by the same arguments as the second term
of the first residual and implies

(ZZ) + (Z/U) §01(¢? q, ,U)h4 + CQ(d)a q, :u)7—4

+ Ol =) |

n

tn

 Ealdnslns) ds,
with

Ci(o,q, 1) = C(||¢||L2(H3)> ||q||L2(H2), ||,U||L2(H2)a ||M||L°o(w1v3)a ||C]||L°°(L3))a
Co(0,q, 1) = Cll| D2y, 15(e)al 2 2), 1672 (8) Vel 222y, el oo oy gl oo (2o -

For the third term we use the projection errors, i.e., Lemma 7.3.1, and obtain
(iii) < Ch*l gl 25y + CTallTr .
For the fifth term, we decompose as follows
tm™ ~ ~ _ _ _ _
(v) < /tH [0, —all§ sllanr 56 + llanr — dllsslallge + llqu —qulfg ds.

A similar argument as before, paired with an interpolation inequality, yields

t N
(v) < Colg. W' + Calg, ) +26 [ Dy (slin,) ds
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7.4. Error estimate

tn

+ C(HQ”LOO(Hl)a HuHLOO(Hl))/t . 5a(¢h,n uh,r|$h,ﬂ ﬁh,r) ds.

Here the constants depend on Cs(g,u) = C(||q|| 23y, [0l L2w2sy, [|q]| oo arry, || oo (arry)

and Cy(q,u) = C(||Q||H2(L3)7 ||u||H2(H1)||Q||L°<>(H1)> ||11||L°°(H1))-
For the sixth term in a similar fashion, we first estimate

n

i) < [ lans =l 5l

1+ llans = allgslialli + Vau — Vaul[gg s ds.
Using the same arguments, as before, i.e., using Lemma 5.3.2 yields

tn A
(’UZ) S 05(q, Ll)h4 + CG(Q7 U)7'4 + 20 An—l D¢h,7— (ﬁh,7'|ﬁh,'r) ds
t’ﬂ

+ Cllal oy, [[al o)) /tn_l EalPh,rs Wnr|Onr, U7 ) ds.

Here the constants depend on C5(q,u) = C(||q|| 23y, [0l L2w2sy, [|q]| oo a1y, |0 oo (a1y)
and Cs(q, u) = C(||ql| w2y, |l gzl ql| oo a1y, || oo (a1y)- In total, the third residual
can therefore be estimated by

tn

tn A
/t ||’I:37h77||2_1 ds < C(h4 + ’7'4) + - Cga(2h77—|2h77—) + 46D¢h,r (l_lh77|1_lh77—) ds.

n—1

Fourth residual: The fourth residual we estimate

" tm _ R
Lo a2y ds < [ loeha = )12, + l(én) Viin, —n(@)Vull}
+ |l — BlI§ + ap -0, — ][
[ Vi — 0VE g5+ [ Gnr Viins — SVl g5 ds
= (i) + (i1) + (4i7) + (iv) + (v) + (vi).

The first and third terms can be bounded by the projection errors, i.e., Lemma 7.3.1 and
the stability of the L?-projection in time via

(i) + (iii) < Ch*||ul|Z2(zny + CRM Pl 72 a2

The second term follows by similar expansions as before and can be estimated by

n

(ii) < Ch (¢, w)h* + Co(d, u)r* + C(|Jul| oo wr1.5)) /t Ealdnrldnr) ds

where the constants depend on Ci(¢,u) = C(||@l r2(m3), |[ull 2y, |l Lowrs)) and
Ca(o,u) = C(||0l m2imy, [l mzy, In(@0)Vall p2rz), Jul[ oo qwrs)).

The bounds for the fourth and fifth term follow from similar estimates as for the third
residual and yields

tn A
(ZU) + (U) < 05(11)h4 + 06(11)7'4 + 45 /tn_l D¢h,r (l_lh77|1_lh77—) ds
tn

+C(||uHLoo(H1))/t E(up ) ds.
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7. Fully discrete approximation

Here the constants are dependent on the norms via Cs(u) = C(||ul|p2(ms), [|ul| e m))
and Cg(u) = C’(Hu||H2(H1), HuHLoo(hn)).
Finally, the sixth term can be estimated by

tn

i) < [ léns

oslline = 2+ 1onr — Gl sllull + 190V — SV ulF g5 ds.

Estimation as before yields the bound

(vi) < Cr(¢, wh* + Cs(, 1) 7" + C(llpll L= (arv))

with the space constant C7(¢, 1) = C(||@|| L2(m3), |11l 2(a3), || 4] oo (1)) and the time con-

stant Cs(¢, 1) = CU|@ a2y, el mzcay, |l ny)-
Therefore, we obtain as full estimate for the residual

n

||77[1’h,,r||2_1 ds S C(h4 + 7'4) + C’Ea(zh77|2hﬁ) + 45D¢hﬁ (l_lh77-|1£1h77) ds.

tn—1
[

With these estimates for the residuals at hand, we can proceed and using the discrete
Gronwall lemma, cf. Lemma A.3.2, we obtain the following result for the discrete error.

Lemma 7.4.2. Let the Assumptions 7.1.2, Lemma 7.2.1 and Lemma 7.4.1 hold. Then

)

+lline = inr 72y + 1@nr = GnrllFogry + 100 = Wl F2gny < CR*+ %)

glgl}'i (”(bh,r - (bh,T”% + HQh,‘r - (jh,TH(Q) + Huh,T - 1tlh,‘r

holds with a constant C' independent on h and 7.

Proof. We use the stability estimate, i.e., Lemma 7.2.1 and the bounds for the discrete
residuals Lemma 7.4.1, in order to obtain a inequality for the relative energy. Application
of the discrete Gronwall lemma similarly, as in Lemma 7.2.1, yields

$n

5a<2h77(tn)‘2h’7(tn)) + % ) D¢h,-r (ﬂh,n 2h,7'|/ih,7'7 ,%hﬂ—) ds < C(h4 + T4), V" € IT.

Using the lower bounds for the relative energy (7.12) and the relative dissipation (7.13)
then already concludes the proof. O

The error estimates in Theorem 7.1.3 follow by standard triangle inequality, which
requires to estimate the projection error, i.e., Lemma 7.3.1 and the discrete error, i.e.,
Lemma 7.4.2. Finally, it remains to deduce the error estimate for the discrete pressure.

7.5. Pressure estimate

We will now consider the error for the discrete pressure, i.e., pp » — ﬁhﬁ. Inspired by the
semi-discrete considerations, we can prove the following lemma.
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7.5. Pressure estimate

Lemma 7.5.1. Let Lemma 7.4.2 hold and additionally assume 7 = c,h, where ¢, is a
constant independent of h and 7. Then the following error estimate holds

10 (nr — W) L2(-1) + 1Pnr — PllT2(2) < C(F* + 1Y),

Proof. Following the semi-discrete case, we use the discrete inf-sup stability (5.8) together
with Lemma 7.4.2 and deduce

n

[ Bl = bl s

tn A
< [ 10 = Bt 21+ Clltn I s —
+ CO) e = 2+ 100351V Ginr — fin )3+ [Fan ] ds
t A
< /0 |0run — Btun |2+ Clln |2 | nr — T, |2 + C(R* + 74) ds. (7.24)

We estimate the second term as follows

tn

N ¢ _ A A
[ Ml el = GnelF ds < [ (e = sl + s
tn—1 tn—1

g,oo)Hﬁh,T - ﬁh,T”% ds
tn

< (18 = e ooy + 1007 o0 10 /t [Uhr — [} ds

N

2Loo(Loo))(h4 +74) = (%).

< C(Hﬁh,ﬂ' - lih,‘r”%oo([/oo) + Hlﬁlhﬂ-

For the first term we use the inverse inequality (5.7) in space with p = c0,q = 2,d < 3.
Since the second term is uniformly bounded, we obtain by means of Lemma 7.4.2

(¥) < C(h™3||tp, — ﬁh,TH%m(LQ) + 1)+ 7Y < CR3(A + (A + 7 + O(h* + 14).

The choice 7 = ch yields altogether the estimate

n

R t’n R
[ B lbne = buclds < [ 10, = Bt |2, ds + O+ 7.

Using the same argumentation as in the proof of Lemma 6.5.1 we can show that

tn
/ 1 ”8tuh,'r - atﬁhyTHQ—l’h ds S C(h4 + 7_4).

t?’l

The result then follows from the triangle inequality and the estimates for the projection
error, stated Lemma 7.3.1.
O

In the above proof, we have used the natural restriction 7 = ¢,h to obtain convergence
rates for the pressure. The pressure is reconstructed via the discrete inf-sup stability
(5.8), hence there is a unique pressure for every velocity. In the following, we will
investigate under which conditions the discrete solution is also unique.
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7. Fully discrete approximation

7.6. Uniqueness of discrete solutions

In this section, we will prove the uniqueness of discrete solutions of Problem P.2 by using
the discrete stability estimate, i.e., Lemma 7.4.1. This follows the idea of the weak-strong
uniqueness proof, i.e., assuming that the discrete perturbed solutions are indeed discrete
solutions of the same problem.

In order to obtain uniqueness on the fully discrete level, we will again use the stability
estimate of Lemma 7.2.1. However, in contrast to the error estimate, we will now assume
that the perturbed solution is itself another solution of Problem P.2. This immediately
implies 75 5 = 0 and the remaining residuals are given by

tn _ o _ .
/ ATLhr Ynr) ds = /tn_l c(nr; Yhrs Grr — Onr)

— (14 0)(B(Bnr) — b(Onr)) Viing, Vibnr)
+((0"*(dnr) — 0% (P1r))Var Vibir) ds,
/t L <773,h,'r7 @h,T> ds = /tt iE<uh,7— - ﬁh,T; C_h,*ry 5h,T> - <</€(¢h,7> - Kj(&h,‘r))qih,ﬂ Eh,7>

tn— n—1

+ (14 20) (0 (pnr) — b*(bnr)) Vi ry Viir) ds,

tn tn . - . R
/tni1 (Tahrs Vi) ds = /tni1 (s — Upr; Vir, Unr) — C(Vigs figs Ohr — Ohir)

—{(0(Snr) — N(Pnr))Vnr, Vi) ds.

The above residuals and the following estimates are quite similar to the calculations
for weak-strong uniqueness, see Section 4.6.

Lemma 7.6.1. Let Lemma 7.4.2 hold. Under the condition that T = cyh for a constant
¢, independent of h, T the solution (¢n -, fihr, Qhrr Unrs Dhr) Of Problem P.2 is unique.

Proof. The proof is divided into two steps. In the first step, we estimate the residuals.
In the second step, we verify several uniform bounds and apply the discrete Gronwall
lemma, cf. Lemma A.3.2. We start estimating the first residual by

tm tm _ A R ~ ~
[ a2y as < [ 1 = dnr a1 + 1973 + 913 ds

Loo(Wlﬁ)) /tni1 5a(¢h,7\¢3h,7) ds.

< C([an e oy, il Lo qwray, [|Gn,r

The third residual similarly yields

tn tn R .
Lo sl ds € [ It = ol Va1

+ 0nr = bnrllo s lans 155 + IV i ll5 5) ds

2
0,3|

n

< Cllin ey, e ) [ Ealenelzng) ds

tn .
T /tn—l 25D¢ha7 (ﬂth’ 2h77-|ﬂh77_’ Zh,fr) dS.
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7.6. Uniqueness of discrete solutions

The fourth residual yields

" tn R R
Lo a2y ds <O [ s =t 1359803

n—1

+ ||Q;h,’r - ggh,T”(%,G(HVﬁhJH(Q)’g + ||Vﬁh77_||373) ds
= A tm A
< Cllpnrll sy, [,z || e i) \/tnfl Eal2n,r|2n,r) ds
¢n o
+ ln,1 25D¢h,‘r (ﬂh,Ty Zhﬂ"ﬂh,‘r; Zh,T) dS

Summing up together the estimates yields

tn tn N .
/ 1 Z HfﬁhJHQ—l ds < / ) 45@%,7 (ﬂhﬂ'? zh,T|/:Lh,T7 Zh,T) ds
" e(1,3,4) e

A A~ 2 " A~
+ C(H/j‘h,T”LOO(Wl’S)’ Huh,THLOO(WL?’)a ||Qh,7 Loo(Wlﬁ)) /t%1 5a(Zh,T|Zh,T) ds.

In order to be able to apply the discrete Gronwall lemma, we have to prove that g ,
is uniformly bounded in L>(0,T; W'3(Q)) for gnr € {fin+, U, qnr}. To verify this we
estimate gy, . as follows

gn | e sy < N ghr — g Loo sy + TG — gllpoeqwrsy + (|Gl Loe wr3).-

Here IT denotes either the L?-projection for p and ¢, or the Stokes projection with zero
pressure for u. We observe that the second and the third term are uniformly bounded
by the projection error and the regularity assumption of u,q or u, see Lemma 7.3.1.
Therefore, we only have to bound the first term. Using the inverse inequality (5.7) with
p=3,qg =2,d < 3 in space and with p = 00,q¢ = 2,d = 1 in time, as well as the
convergence estimates of Lemma 7.4.2, we obtain

||§h,7’ - H§||Loo(W1,3) < Ch_1/27—_1/2(h4 + 7_4)'

Consequently, for 7 = ¢,h the right hand-side is uniformly bounded. As a second step
we apply the discrete Gronwall lemma similarly to Lemma 7.2.1 which yields

tn R R
Enlznr ()20 (7)) + & /0 Doy (s Znrlfinr Snr) ds < 0, (7.25)

Together with the lower bounds of the relative energy and dissipation we know that
(7.25) is bounded from below by zero and consequently we find

¢h,‘r (tn> = éhﬂ'(tn)? Qh,r(tn) = Qh,T (tn)> uh,T(tn) - ﬁh,r (tn) and ,ah,T = /jh,ﬂ'

for all n > 1, which already concludes the proof of the lemma. n
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Numerical experiments

In this chapter we consider numerical experiments using the fully discrete scheme of
Chapter 7, i.e., Problem P.2. In the first section, i.e., Section 8.1, we will consider a
time-stepping formulation which is completely equivalent to Problem P.2. In Section 8.2
we will illustrate the convergence results of the last two chapters, i.e., the semi-discrete
convergence result, i.e., Theorem 6.1.5 and the fully discrete convergence result, i.e.,
Theorem 7.1.3. This will be done by considering a suitable test problem on nested grids in
space-time and computation of the experimental convergence order. We test the CHNSQ
model with three different realisations of A. In Section 8.3 we consider the applications
within the viscoelastic phase separation by conducting a reference experiment again for
three different realisations of A. Within this section, we will consider the structure factor
as a first estimate and the evolution of suitable time scales of the problem.

8.1. Time-stepping formulation

In this section, we will convert the fully discrete space-time formulation, i.e., Problem
P.2, to a more standard but equivalent time-stepping formulation. We set g} := gp, - (")
and denoted the midpoint approximation of piecewise linear functions in time by

— n—1/2 n n—
Gh,r = Gp /2= (gh + 91 )/2,

i.e., for g € {¢,q,u}. For piecewise constant function in time g , =: 92_1/2 denotes the
unknown, i.e., for ¢ € {u,p}. Using the formulation of Problem P.2 we can compute
almost all time integral directly and obtain the following time-stepping formulation of
the problem.

n—1

Problem P.3 (Time-stepping formulation). Given (¢}, g7 ', u}™') € V) x V, x Vi

Find the discrete functions (¢7, zr "2, ¢&, u?, pr™ /%) € Vi x Vi, x Vi, x V& x Qy, such that

n __ gn—1
(P00 ) — el 67%) + eolblon Va2, )
+ RV = VAL g, 0 ) V) =0,
i %, 60) = AV V) — (F (S5 1) &) = O,
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8.1. Time-stepping formulation

<Qh — Qh 7Ch> (uZ 1/2a QZ 1/27 Ch) + <K’( 271/2) h 1/27 Ch) + 61<an 12 VCh>

+ (VA g ) = 02 (6 Y2V (Ale ) 6) =

n _ ,n—1
<Uh Tuh ,Vh)‘i‘c(uz 1/2 uZ 1/2 Vh)+<7]( n— I/Q)V n— 1/2 vvh> —<p2_1/2,divvh>
1 2 n—1/2
+ (Vhauh / h /) 07
0= (divu,~ 12 wh>

holds for all (wh,gh, Ch,Vh,U)h) € Vh X Vh X Vh X V;f X Qh.

Here f/( n or 1) denotes the time average of f'(¢y,) and is given by

= 1 [

P@ i =~ [ fons)ds
Since ¢y,  is uniquely determined by the values ¢} and #7~! this can be computed using a
suitable quadrature up to sufficiently high accuracy, hence almost exact. Note that, using
low-order quadrature rules, i.e. inexact integration, results in well-known discretisation
for the potential, see [69, 116]. However, such an inexact integration, in general, destroys
the energy-dissipative structure.

In this notation, the energy-dissipation identity follows by testing ¢, = € W,

&= (&) — &P /T €V, G = q V2 ey, v, = u, 2 ¢ Vi wy, = pp- Y2 ¢ 9, and
reads

n—1/2

n o on ..n n— n— n— n—1/2 n—-1/2 _n—1/2
E(¢p.an,up) — E(oh ™ g5 up 1>__TD¢Z—1/2(Hh /,qh /7uh /) (8.1)

where the dissipation is given by

n—1/2 n—1/2 n—1/2

:(epol/2 o\ R T Pt N/l P T P

0
S R M e R TR b N W

Before we consider the numerical tests, let us remark on several properties of the numer-
ical method, i.e., Problem P.3.

1. The discretisation is an implicit time-stepping scheme that is very similar to Crank-
Nicolson schemes or implicit midpoint rules, respectively.

2. The ezact integration of f’ (¢}, 1) is crucial for the eract energy-dissipation
identity (8.1).

3. Solving of the nonlinear system per time step is realized by suitable fixed point
methods, i.e., Newton method or simple fixed-point iterations. In general, this
amounts to solving some linear systems per time step.
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8. Numerical experiments

8.2. Experimental convergence

In this section, we will illustrate the results of the error analysis numerically. We will
consider the same test for three different realisations of the CHNSQ model via Problem
P.3. Before going to the example, let us discuss the structure of the three different real-
isations. We consider the following cases.

Model H: In this case, we assume that A = 0. This allows us to completely decouple
the bulk stress equation for q. Hence, we consider the Cahn-Hilliard-Navier-Stokes sys-
tem with an unrelated heat equation for ¢q. Of course, all the results of the preceeding
sections translate immediately. This will be relevant to understand the impact of the
bulk stress on the model and can furthermore be used to check that indeed this model
is not sufficient to describe viscoelastic phase separation.

Constant A: In this case, we consider the setup in our error analysis where (A9) holds.
Hence, we can illustrate the rigorous results and compare them with model H to under-
stand the impact of the bulk stress.

Nonlinear A: In the application, the exact choice of A seems to have an important
impact. From a theoretical point of view, many results hold even in this case, while the
rigorous error analysis can in principle be done, cf. Chapter 9. We will focus on specific
choices of A, which is used in the literature and can be interpreted as an interpolation
between the two other cases.

In all three cases, we consider the following experiment. While for model H, we neglect
all contributions for ¢, i.e. the initial data is not relevant.

Experiment 8.2.1. We consider the following initial conditions

¢o = 0.25 cos(2mx) cos(2my) + 0.5,
go = 0.01sin(27x) sin(27y),
uy = 0.25(— sin(7z)?sin(27y), sin(7y)? sin(27x)) "
with parameters v = 0.001, 9 = 1 = 0. For the nonlinear parametric functions we chose

b(¢) =1071¢*(1-¢)+107°, f(¢) = (¢ —0.01)*(¢ —0.99)%, k(¢) = 107(10¢* +107%)~",
n(¢) =1073(1 +2.5-1071(1 + ¢)?) and

0, for model H
A=<5- 10_4[1 + tanh(10[cot(m¢*) — cot(mb)])} for CHNSQ
1-1073, for CHNSQ.

The evolutionary behaviour of this experiment is shown in Figure 8.1 for the volume
fraction ¢ and Figure 8.2 for the magnitude of the velocity |u?>. We observe that the
volume fraction is rotated by the velocity field all the time, until the separation process
starts to form connected clusters of the pure phases which are around ¢ =~ 0.01 and
¢ ~ 0.99. As time evolves the solution approaches a state where we have one big cluster
of each separate phase. The velocity field preserves its rotation form over a long time
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8.2. Experimental convergence

and starts to disperse in small areas with a high velocity and big areas with a small
velocity. The realisation for constant and nonlinear A can be found in the Appendix.
Both look very similar. Furthermore, the energy decay in time and the error of mass
conservation, mean divergence and the energy-dissipation error for the three different
cases as described at the beginning of this section are depicted in Figures 8.3, 8.4, 8.5,
respectively. We observe in all three cases that the energy is decaying over time and the
errors of the energy-dissipation equality, the mass conservation and the mean divergence
are very small being of the order 107!, The error in the energy-dissipation identity (8.1)
is so small compared to the mass error that it is below the mean divergence error.

- ' am! - p—— 1
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0.6 0.6 0.6
' ® ' 0.4 0.4 0.4
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Figure 8.1.: Model H: Snapshots of the volume fraction ¢ for Experiment 8.2.1.
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Figure 8.2.: Model H: Snapshots of the velocity field u for Experiment 8.2.1.
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Figure 8.3.: Model H: (Left): Evolution of the energy £(¢,u) and (Right): Energy-
dissipation and mass conservation and mean divergence error for Experiment
8.2.1.
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Figure 8.4.: (Left): Evolution of the energy £(¢,u) and (Right): Energy-dissipation,
mass conservation and mean divergence error for Experiment 8.2.1.
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Figure 8.5.: (Left): Evolution of the energy £(¢,u) and (Right): Energy-dissipation,
mass conservation and mean divergence error for Experiment 8.2.1.
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8.2.1. Experimental convergence error

We will consider the above tests to compute the experimental order of convergence (eoc).
Since no analytic solution is available, the discretisation error will be estimated by com-
paring discrete solutions on uniformly refined meshes in space and time. In order to
measure the eoc we introduce the discrete error by

)2+ e (07) = g @7 + Jane ) =y 57
2

pa— n —_—
€h,r gleal)i (H¢h,r(t ) ¢g,g

2 2

e = g 2oy 8 = T 5 oy + 80 = 8 5]

Furthermore, we introduce the following additional errors by

2
L2(L2)’

e = Hf — Dn e = maXHu t") — un
p,h,T DPh,r pa’% u,h, T et h,T( ) L 0

2
o = maxan(t") = ay ()]

For the semi-discrete case, we consider a fixed time step 7* and define the error quan-
tities by

Ep = max (H¢h7 Qbh 7_*( t" H2 + thﬂ—* (tn) - C]%7T* (tn)Hi + Huh,T* (tn) — 11%77* (tn)Hz>
+ Hﬂh,T* — Hk o ; A + HQhT =k o ;(Hl) + Hﬁh,r* — ﬁ%ﬁ* i?(Hl)'
Similarly, we introduce the following additional errors by
o 1= [Prre =Py an = ma e () =y ()

ny __ n
ean = | () — g ¢ >Ho'
We note that again g denotes the L?-projection onto the time mesh Z.. The experi-
mental order of convergence can be then computed via

eh,T eh,T*
eoc := log, , or eoc := log, ,
€h/2,7/2 €h/2,r

both for the fully discrete or semi-discrete error. Of course, similar formulas are valid
for the additional errors in the velocity u, pressure p and bulk stress q.

The results for the three test cases can be found in the Tables 8.1-8.10. In what follows

we will discuss the results of our computations obtained on a sequence of uniformly re-
fined meshes. In the case of model H, we consider the mesh size hy, = 2-G+t% k=0,...,3
and time steps 7, = 0.025h;. For the results concerning the semi-discretization, the time
step is chosen 7% = 1.28 - 279,
In the case of the CHNSQ model, we use the mesh size by, = 2-%+%) k' =0,...,3 and
time steps 7, = 0.01h,. For the results concerning the semi- dlscretlzatlon, the tlme step
is chosen 7% = 1.024 - 2719 Since nested grids are used in all our computations, the
discrete errors can be computed exactly, i.e., we do not introduce an additional interpo-
lation error by projection onto finer or coarser meshes.
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8.2. Experimental convergence

In the case of model H we observe the eoc of 4th order, hence due to squared norms,
we have the second order experimental convergence in space and time. Similarly, the
pressure converges with the second order in space and time. Furthermore, we observe
the third order superconvergence of the velocity in the L?*-norm in space. We have no
proof for this superconvergence. Note that, this fact is known for smooth solutions of
incompressible Navier-Stokes equations, see [68] for superconvergence in space. Such a
property is typically related to the smoothness of the dual problem.

Due to the complexity for the test cases involving non-zero A, we present the full
convergence test until 7' = 2 for four different meshes and until 7" = 0.3 for five different
meshes. We observe again that the error e, converge almost with second order in space
and time, as well as the pressure. Again we observe the third order superconvergence
for the velocity. In the bulk stress, the superconvergence of order three is not observed.
This could be due to large time steps or simply that is a property that does not hold
for the bulk stress. We also observe that the error and the eoc of the semi-discrete and
the fully discrete case almost coincide. This is due to the choice of a small time step to
speed up the iteration of the nonlinear system. This implies that the error in this regime
is dominated by the space discretisation error.

Let us shortly summarize the results of the section.

1. The numerical results match the theoretical results in terms of the error estimates.
Furthermore, we observe that the energy-dissipation identity (8.1) holds up to
machine precision.

2. We observe a superconvergence property in the L2-norm for the velocity, which is
not theoretically proven, but at least to some degree expected.

3. The experimental convergence for the test cases with constant and nonlinear A does
not really deviate. This can be understood as a first hint that the error analysis
can indeed be extended to the nonlinear case, i.e. beyond assumption (A9).

Table 8.1.: Model H: Errors and experimental convergence rates for the semi-discrete
approximation for Experiment 8.2.1, final time T" = 2.

H ep ‘ eoc ‘ €u,h ‘ eoc ‘ €p,h ‘ eoc
5743100 — [3.669-103] — [4.866-10"%| —

1.521-1079 | 1.916 | 4.101-10% | 3.084 | 1.442-10~% | 1.754
1.634-1071 | 3.217 | 1.156-107° | 5.122 | 1.586-10° | 3.184
1.757-1072 | 3.928 | 1.757-10"7 | 6.038 | 5.544 -10~7 | 4.839

W N = O
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Table 8.2.: Model H: Errors and experimental convergence rates for the fully discrete
approximation for Experiment 8.2.1, final time T = 2.

eh,r ‘ eoc ‘ Cu,h,r ‘ eoc ‘ €p.h,T ‘ eoc

57481070 — [3468-103| — [4863-107%] —

1.523-1079 | 1.916 | 4.011-10"* | 3.084 | 1.442-10~% | 1.753
1.637-1071 | 3.217 | 1.156-107° | 5.123 | 1.586-10~° | 3.184
1.074-1072 | 3.929 | 1.757-10"7 | 6.084 | 5.544 - 10~ 7 | 4.839

W N~ O

Table 8.3.: Nonlinear A: Errors and experimental convergence rates for the semi-
discrete approximation for Experiment 8.2.1, final time 7" = 2.

k H en ‘ eoc ‘ €u,h ‘ eocC ‘ €p,h ‘ eoc ‘ €q.h ‘ eoc
0 4573-107°F | — [2121-100%] — [3.019-10°| — | 1.749-107 | —
11 7.392-1072 | 2.629 | 2.154-107° | 3.265 | 2.173-1076 | 3.796 | 1.270-10~8 | 3.782
2 | 5.074-1073 | 3.864 | 2.550- 107 | 6.412 | 8.890-10~% | 4.611 | 4.551-10~10 | 4.803

Table 8.4.: Nonlinear A: Errors and experimental convergence rates for the fully dis-
crete approximation for Experiment 8.2.1, final time T" = 2.

H ehJ ‘ €0C ‘ eu,h,r ‘ €0C ‘ ep,h,r ‘ €0C ‘ 6q,h,7— ‘ €0C

4578-1071 | — [2121-107%] — [3.018-10°] — 1.749 - 1077 —
7.412-1072 | 2.626 | 2.154-107° | 3.265 | 2.172-107% | 3.796 | 1.270-1078 | 3.782
5.086- 1073 | 3.865 | 2.550-10"7 | 6.412 | 8.889-1078 | 4.611 | 4.551-10710 | 4.803

N = O

Table 8.5.: Nonlinear A: Errors and experimental convergence rates for the semi-
discrete approximation for Experiment 8.2.1, final time 7" = 0.3.

en ‘ eoc ‘ €u,h ‘ eoc ‘ €p.h ‘ eoc ‘ €q.h ‘ eoc

5.681-1073 | 3.647 | 2.715-107% | 4.047 | 3.648-10~7 | 3.782 | 1.911-107Y | 5.679
4.914-107% [ 3.531 | 1.273-1077 | 4.415 | 1.392-10"8 | 4.711 | 4.709 - 1011 | 5.343
3.257-107° | 3.915 | 1.203-1077 | 6.724 | 6.486 - 10710 | 4.423 | 1.599 - 1012 | 4.880

W N = O

7121-1072 | — |4563-100° | — 5.029 - 10~ ° — 9.795-10~% —

Table 8.6.: Nonlinear A: Errors and experimental convergence rates for the fully dis-
crete approximation for Experiment 8.2.1, final time 7" = 0.3.

€h,r ‘ eocC ‘ €u,h,m ‘ €eocC ‘ €p,h,T ‘ €eocC ‘ €q,h,T ‘ (S0]¢

5.710-1073 | 3.643 | 1.442-107% | 4.016 | 2.648-10~7 | 3.782 | 1.270-1078 | 5.679
4.977-107% | 3.520 | 1.586-107° | 4.415 | 1.392-10"8 | 4.711 | 4.551-10710 | 5.343
3.287-107° | 3.920 | 1.203-1077 | 6.724 | 6.486 - 10710 | 4.423 | 1.599 - 1012 | 4.880

W N~ O

7138-1072| — [4.863-10%] — | 5.019-10°6 — 1.749-1077 | —

Table 8.7.: Constant A: Errors and experimental convergence rates for the semi-discrete
approximation for Experiment 8.2.1, final time 7" = 2.

H en ‘ eoc ‘ €u,h ‘ eoc ‘ €p.h ‘ eoc ‘ €q.h ‘ eoc

4572-1071 | — [2121-107%] — [3.018-10°] — 1.669 - 10~7 —
7.390-1072 | 2.629 | 2.154-107° | 3.265 | 2.172-107% | 3.796 | 1.109-10~% | 3.911
5.073-1073 | 3.864 | 2.548 - 1077 | 6.412 | 8.888 - 1073 | 4.611 | 5.092- 10710 | 4.445

N = O
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8.3. Viscoelastic phase separation

Table 8.8.: Constant A: Errors and experimental convergence rates for the fully discrete
approximation for Experiment 8.2.1, final time 7" = 2.

k H e ‘ eoc ‘ €uh ‘ eoc ‘ €p.h ‘ eoc ‘ €q,h ‘ eoc
0] 4578-10°*| — [2121-107*] — [3.018-10°] — | 1.669-1077 | —
1 || 7.411-1072 | 2.626 | 2.154-107° | 3.265 | 2.172-107% | 3.796 | 1.109-10% | 3.911
2 || 5.085-1073 | 3.865 | 2.548 - 1077 | 6.412 | 8.888-107% | 4.611 | 5.092- 10710 | 4.444

Table 8.9.: Constant A: Errors and experimental convergence rates for the semi-discrete
approximation for Experiment 8.2.1, final time 7" = 0.3.

H ep ‘ eoc ‘ €u,h ‘ eoc ‘ €p,h ‘ eoc ‘ €q,h ‘ eoc
2044-1071 | — |1.618-107*] — 4.736 - 10~ — 1.311-1077 —

2.105-1072 | 3.279 | 1.756 - 107> | 3.233 | 3.209-10"7 | 3.883 | 6.385-107? | 4.360
1.303-1073 | 4.013 | 2.111-1077 | 6.386 | 1.288-10~% | 4.637 | 3.732-10710 | 4.096
6.675-107° | 4.287 | 1.352-1079 | 7.250 | 6.229-10"10 | 4.371 | 1.151-10~ | 5.018

w N~ O

Table 8.10.: Constant A: Errors and experimental convergence rates for the fully dis-
crete approximation for Experiment 8.2.1, final time T = 0.3.

en,r ‘ €eocC ‘ €u,h,T ‘ eocC ‘ €ph,r ‘ eocC ‘ €q,h,r ‘ eocC
2.045-1071 ] — |1618-107*| — | 4735-106 | — | 1311-107 | —
2.108-1072 | 3.277 | 1.756-10~* | 3.239 | 3.209-10"7 | 3.883 | 6.385-1077 | 4.360
1.305-1073 | 4.013 | 2.111-107° | 6.386 | 1.288-1078 | 4.637 | 3.731-10710 | 4.096
6.681-107° | 4.288 | 1.352-107°2 | 7.251 | 6.229-10~10 | 4.371 | 1.151- 10~ | 5.018

W N~ O

8.3. Viscoelastic phase separation

Here, we study the evolutionary behaviour of the CHNSQ model, i.e., System S.4 in the
context of viscoelastic phase separation. We again consider the three cases A =0, A =1
and a nonlinear relation for A. We consider the same initial data for all simulations.

Experiment 8.3.1.

¢U:O4+£('xay)a g =0,
uy = 1073(— sin(7x)? sin(27y), sin(ry)? sin(27z)) .

with &(x,y) is a uniformly distributed random variable with range [—0.0025,0.0025] and
the parameters v = 0.001,e9 = €; = 0. For the nonlinear parametric functions we chose
b(¢) = 1.6-¢*(1—)?>+1073, f(¢) = 16(¢—0.95)%(¢p—0.05)%, k(¢) = 1073(10¢*+10"4)71,
n(¢) = 1073(1 + ¢*) and

0, for model H
A= %[1 + tanh(10[cot(m¢*) — Cot(7r¢)])] for CHNSQ
1, for CHNSQ.

Note that the nonlinear variant of A can be understood as the interpolation between
the limiting cases A = 0 and A = 1. We fix h = 27° and 7 = 5 - 1073. We refer again
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to the case A =0 as model H, to A = 1 as the constant case, and the remaining case is
called the nonlinear case. In principle, the configuration is chosen to mimic the experi-
mental setup shown in Figure 1.2, i.e., we start from an almost constant state with small
perturbations.

In the Figures 8.1-8.8, 8.10-8.12 and 8.13-8.16 we show the evolution of the volume
fraction ¢, the velocity u, and the energy for model H, the CHNSQ model with nonlinear
A and constant A, respectively. We observe that for model H the separation into small
droplets is almost instantaneous, while for the CHNSQ model we observe a slow network-
like pattern evolution. For the CHNSQ model, we show the volume fraction with a
fixed colour scale ranging from [0, 1] and colour scale which adjusts to the minimal and
maximal values of ¢ for the given time step. We observe that in the case of nonlinear
A, the dynamics evolve much faster than for the constant A, and we observe a lengthy
network trident at the final time.

In order to emphasise that the model is capable of simulating viscoelastic phase sep-
aration, we compare the results either to the real experiment, i.e., Figure 1.2 or to the
scaling regimes, i.e., Figure 2.1. We observe that in principle, the simulations show the
same effects of viscoelastic phase separation. In details, by recalling Figure 1.2 and 2.1
we observe that until ¢ = 0.4 we exhibit the evolution from frozen state to the solvent-rich
droplet phase. Afterwards, the volume of the polymer richer phase starts to shrink and
developed network-like patterns until ¢ = 3.2. Here the phase inversion happens, i.e.,
change of the visible dominant phase. After ¢ = 3.2 we enter the relaxational regime,
i.e., the network starts to break and relax towards smaller structures. Note that the
final regime, i.e., the hydrodynamic regime, is not visible here, since it requires much
larger times. Furthermore, the instantaneous droplet phase in model H corresponds to
the droplet regime, i.e., Figure 2.1 (f).

Let us shortly summarize the results of this section. The appearance of the bulk stress,
i.e. for constant or nonlinear A, in the CHNSQ model allows us to reproduce experimental
observation of viscoelastic phase separation to some degree. While, for model H, we do
not observe the more complex dynamics. This again underlines that model H is not
capable to describe the complex dynamics of viscoelastic phase separation, while the
more complex CHNSQ model seems to be capable. The main dynamics in the case of
constant and nonlinear A is very similar, however, it seems that the evolution of the
dynamics for nonlinear A is faster. Again, conservation of mass and the energy identity
(8.1) holds up to machine precision.
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t=1.2

t=2

Figure 8.6.: Model H: Snapshots of the volume fraction ¢ for Experiment 8.3.1.
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Figure 8.7.: Model H: Snapshots of the velocity u for Experiment 8.3.1.
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Figure 8.8.: Model H: (Left): Evolution of the energy £(¢,u) and (Right): Energy-
dissipation, mass conservation and mean divergence error for Experiment
8.3.1.
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Figure 8.9.: Nonlinear A: Snapshots of the volume fraction ¢ with the fixed colour map
[0, 1] for Experiment 8.3.1.
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Figure 8.10.: Nonlinear A: Snapshots of the volume fraction ¢ for Experiment 8.3.1.
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Figure 8.11.: Nonlinear A: Snapshots of the velocity u for Experiment 8.3.1.
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Figure 8.12.: Nonlinear A: (Left): Evolution of the energy &(¢,q,u) and (Right):
Energy-dissipation, mass conservation and mean divergence error for Ex-
periment 8.3.1.
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Figure 8.13.: Constant A: Snapshots of the volume fraction ¢ with the fixed colour map
[0, 1] for Experiment 8.3.1.
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Figure 8.14.: Constant A: Snapshots of the volume fraction ¢ for Experiment 8.3.1.
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Figure 8.15.: Constant A: Snapshots of the velocity u for Experiment 8.3.1.
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Figure 8.16.: Constant A: (Left): Evolution of the energy &£(¢,q,u) and (Right):
Energy-dissipation, mass conservation and mean divergence error for Ex-
periment 8.3.1.
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8.3.1. Structure Factor

In this subsection, we will compare to so-called structure factors for the above three
experiments. We introduce the averaged structure factor S(q,t) : [0,27) x [0,T] — R,
for a given wave number in two steps. First we introduce the full structure factor S(q,t) :
0,2m)¢ x [0,T] — R, via the Fourier transformation as
2

S(a,t) = |(e(t), €47) (8.2)

The above expression is now averaged over spherical shells of width w > 0 as follows

Sta)= [, S@ida,  Zgw={ack q-w<lal<q)

For the Cahn-Hilliard type models we immediately obtain for wavenumber ¢ = 0 that
S(0,t) = (p(t),1)% = (4(0),1)2, by the conservation of mass. The results for Experi-
ment 8.3.1 are given in Figure 8.17. In principle, we observe that in the case of model
H, the structure factor is almost the same for all snapshots. While we observe that for
constant and nonlinear A that the height of S(q,¢) grows in time. In comparison of both
viscoelastic models, we observe that in the nonlinear case the structure factors grow
faster in time than in the constant case.

According to [10, 28] one expects that the wavenumber ¢y, corresponding to the
maximal peak of S(q,t), i.e. max, S(g,t), is inversely proportional to the characteristic
length scale, which is associated to the growth of domains. This means that S(g,t) is a
measure of how fast the domains evolve under the dynamics of the system. Hence, we
can observe that this length scale for the viscoelastic phase separation problems grows
much slower than in the case of model H. From an experimental point of view, this is
expected, since the slow domain growth described by the dynamics of the viscoelastic
phase separation is the reason why the experiment, i.e., the process of phase separa-
tion, visualised in Figure 1.2 is observable. In the context of standard phase separation
processes, the length scale growth is so fast, that it is almost impossible to observe the
process of phase separation experimentally. For more simulations and more details on the
physical background, we refer to our latest article [28]. There we have compared similar
simulations with a mesoscopic model based on an algorithm that combines molecular
dynamics with Lattice-Boltzmann techniques, see [125].
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8. Numerical experiments
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Figure 8.17.: Comparison of the structure factors for Experiment 8.3.1. (Left:) Overview
over full timescale. (Right:) Comparison for small timescales.
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Summary and outlook

In this chapter, we will first summarize the results of the second part of the thesis on
numerical analysis. Afterwards, we will comment on several extensions and related topics
to give a brief outlook of what is possible or still open. To this end, we recall the summary
of the first part on well-posedness in Section 4.13.

9.1. Summary of Part II: Numerical analysis

In the Chapters 5-8 we considered the numerical analysis for the CHNSQ model. In
Chapter 5 we gave an overview of the relevant methods known in the literature and
stated the main problems which arise in the discretisation of the CHNSQ model. Fur-
thermore, we recalled the relevant tools for the numerical approximation used in the
chapters afterwards. In Chapter 6 we analysed a semi-discretisation in space using con-
forming finite elements with quadratic/linear inf-sup stable elements. We have proven
order-optimal second order convergence in space with sharp regularity assumptions. Un-
der the Galerkin projection the inherent energy-dissipative structure is preserved. Using
a discrete version of the stability result, derived via relative energy methods, the error
analysis can be performed by choosing the discrete perturbed solution by suitable projec-
tions. In order to simplify the final estimates, we restricted this part of the proof using
the simplification A = 1. In principle, the result can be extended to suitable nonlinear
A in a straightforward but tedious fashion.

In Chapter 7 we employed a Petrov-Galerkin discretisation in time on the semi-discrete
problem and obtained a fully discrete scheme. We have proven optimal second order error
estimates in space and time using realistic regularity of the true solution via a discrete
relative energy method. The energy-dissipative structure is preserved even at the fully
discrete level. In principle, the proof structure follows the semi-discrete case. However, it
has to be adapted to capture the discrete nature of the time approximation. Again, only
the error estimate is subjected to the simplification, A = 1, and this can be extended to
the nonlinear case.

We emphasize that the techniques and results immediately translate to suitable re-
ductions of the CHNSQ model, i.e., the Cahn-Hilliard equation, the Cahn-Hilliard-Bulk-
Stress model, the Cahn-Hilliard-Navier-Stokes model and also the Navier-Stokes equa-
tions. Furthermore, the techniques can be extended to more complicated models, for
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9. Summary and outlook

instance, the Cahn-Hilliard-Navier-Stokes system, with non-constant density and inter-
face width.

In Chapter 8 we present numerical experiments which illustrate theoretical convergence
result in various cases. Finally, we applied the method for viscoelastic phase separation
and demonstrated that the model is indeed able to reproduce the network structure, the
phase inversion observed in numerical experiments, cf. Figure 1.2.

9.2. Outlook

In this section, we would like to discuss future directions and possible generalizations of
the simplifications we considered here. Let us also recall the outlook of the first part of
the thesis in Section 4.12.

Error analysis for nonlinear A

First, the rigorous error analysis results can be generalized for non-constant A. In
principle, one can start by estimating the residuals in Lemma 6.4.1 or 7.4.1. Com-
parison with the continuous case, i.e., Section 4.6 implies that the uniform bounds
Ahqﬁh,Ahggh,T € L?(0,T;L*(Q)) will be crucial. Here A; denotes the discrete Lapla-
cian whose control can be attained in standard manner, see for instance [47, 46].

Higher-order discretisation

In principle, the same proof can be applied for higher-order finite element approximations
in space without any difficulties. High order discretisation in time is possible by consid-
ering a modified Petrov-Galerkin formulation with Pf/P;_; as ansatz and test functions.
Rigorous error analysis of such a scheme is an ongoing work.

A posteriori estimates

In the a posteriori analysis one reverses the idea of the a priori analysis. Instead of using
the discrete stability estimate we employ the continuous stability estimate and choose 2
as a suitable reconstruction of the discrete solution zj, ;. Since we already have the sta-
bility estimate on the continuous level, this would be very interesting to study, especially
in the context of adaptive mesh refinement in 7, h.

Large time behaviour

Another very interesting question is the large time behaviour of our system. We have
given an outlook on this for the weak solutions in Section 4.12. A natural question is
whether the numerical method we have proposed preserves this convergence property. In
the case of the Cahn-Hilliard equation this is proven for several methods, see, [8, 101]. In
the Navier-Stokes case, this in principle depends only on the correct discretisation of the
convective term c(u,u,v) and the associated boundary conditions. To our knowledge
there is no work considering large time behaviour for discretisation for the model H and
hence not for the CHNSQ model. We believe that our numerical method for the model
H and the CHNSQ model can be proven to preserve the long time behaviour, at least
with Neumann-Dirichlet boundary conditions. The periodic case seems to be much more
involved.
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9.2. Outlook

BDF-type extrapolations

Following [124] one can study suitable linearisation or extrapolations backwards in time
in the nonlinear terms. We note that in principle the parts of the equation, where we
linearised the perturbed system around the discrete solution, can be used to apply such
simplifications. Exactly these terms do not contribute to the energy or appear in posi-
tive coefficient functions. Hence, this does not harm the energy dissipative structure and
therefore the stability estimate translates verbatim. We note that so far our study does
not allow linearising the potential. We mention, for instance, [116], for a second order
linear scheme and observe except the potential this can be obtained by second order
extrapolation of Problem P.3.

Numerical methods for the Peterlin model

To derive schemes for the full viscoelastic phase separation model, i.e., System S.3 we
also need to consider discretisation strategies for the Peterlin model, i.e., System S.5.
In two space dimensions methods with rigorous convergence proofs, using the special
energy estimate (2.13), are already available [98, 99, 109]. Applying our strategy, i.e.,
the Petrov-Galerkin scheme in time, and conforming inf-sup stable finite elements in
space, we can preserve the energy estimates (2.13) and (2.11). Computing time averages
yields the time-stepping scheme proposed in [109].

However, the development of a scheme that preserves the total energy structure (2.16)
seems to be much more involved. We discuss the main problems. To obtain the total
energy, we have to test with C~!. On the discrete level, this is not allowed, since the
inverse matrix does not belong to the discrete subspace in general. The second problem
is to preserve the positive definiteness on the discrete level, which immediately limits
one to use linear finite elements. The only methods available in the literature which
rigorously preserves the total energy can be found in [12] and [16] for the Oldroyd-B and
FENE-P model, respectively. The rigorous analysis is restricted to two space dimen-
sions and the proof is rather difficult and involves several regularisations and limiting
processes. However, the main core of their work is a combination of mass-lumping and
convex regularisation of the logarithmic terms. It would be interesting to study the Pe-
terlin model with reformulations and the discrete variational concepts as proposed by
Egger [49].

Parameter calibration

From an application point of view, a more involved parameter study for the model is
necessary to identify the relevant parameters and calibrate the model. Therefore, iden-
tification of these objects from experimental data is necessary.

Time and length scale quantification

The structure factors are only a first tool to quantify the dynamic properties of the evo-
lution. More detailed quantification of the network structure is possible, for instance, via
the so-called Minkowski functionals [10], with an application to standard phase separa-
tion see, [100]. In principle, these functionals are related to many topological properties
of the networks, such as the number of holes and curvature of the network.
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Theoretical framework

For completeness, we present here several technical and mathematical results and relevant
notations, which are used throughout the whole thesis, which can also be found in [104].

A.1. Notation and functional spaces

Let d € {2,3} be the space dimension and let z = (1, ..., 2z4) € R? be the vector of space
coordinates. Further, let u,v be scalar function, u = (uy,...,uy),v = (vy,...,vy) be
vector-valued functions and C = {C;;},D = {D;;},4,j,=1,...d, be d x d matrix-valued
functions. We introduce the following notation

(Vu)i = al‘i“? (VU-)ij = aa:jlli, (vc)ijk = 8$kcij;
d d d
Au = Z@izu, (Au% = Z@ijui, (AC)Z] = Z aszij,
=1 j=1 k=1
d d d
u-v= Zuivi, C:D= Z CijDi,j7 VC:VD = Z @ckCij(?mkDij,
=1 1,j=1 ,5,k=1
d d d
v-Vu= ZViain, ((V : V)ll)z = Zvjﬁzjui, ((V : V)C)U = Z Vkﬁkaij,
=1 j=1 k=1
d
div (LI) = Z &Eiui, (le (C)>z = Z 81,3. Cjz
=1 j=1

We denote the deformation tensor or the symmetric part of the velocity gradient by
1 T
D(u) = §(Vu—|— Vu'). (A1)

Let o := (ay,...,ay) € N? be the multi index and |a| = 2%, ;. Then we denote the
a-th partial derivative by D® and mean

[} alalu 0
D% = Gorgr .. Doz, and D"u = w.
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A.1. Notation and functional spaces

Further, we denote by tr(C), det(C), C" the trace, determinant and transposed respec-
tively and introduce the notation

C:D=) C;D;; =tr(CD") =tr(C'D) for C,D € R™*". (A.2)
.3
While the inner product for vectors is the standard euclidean scalar product, the inner
product for the real n x n matrices will be induced by the Frobenius norm, i.e.

1/2
|ID||r = (Z|Dm‘|2) = tr(DD").

Y]

Functional spaces

From now on the space domain  C R? is assumed to be bounded with at least a
Lipschitz-continuous boundary 0f2.
The Holder spaces C*(Q),C°(Q), C52,(Q) [4]
For k > 0 we introduce the Holder spaces C*(Q) as the space of all k-times dif-
ferentiable function in Q and by C*(Q) the intersection of all C*(Q). This is the
space of all infinitely many times continuously differentiable function in €2. The
spaces are equipped with the norm

= D%yl if )
[[ullor ogﬁﬁk?&%' ul if k < oo

We introduce the abbreviations C(Q) := C°(Q) and introduce the spaces,
CF(Q) == {u cu € C*(Q), supp(u) compact in Q} :
S (Q) == {u:u e CR(Q), div (u) = 0} .

The Lebesque space LP(2), L3(Q), L3, ()4, LZ(Q)¥ L2, ()% [4, 59, 108, 122]
We denote by LP(Q2) for 1 < p < oo the Lebesque space of all measurable function
where the p-th power is Lebesque-integrable in ). Furthermore, the space L>(€)
is the space of essentially bounded function in €2. The norms of the above space
are given by

1/p
lallop = ([ Jul dz) ", fullooo = esssupu(a),
Q z€eQ

with the abbreviation ||-|jo2 = |||lo. The special case of L*(2) is a Hilbert space
with the inner product

(u,v)p2 == / u(z)v(x)de.
)
The typical spaces in fluid dynamics are defined via

L3(Y) = {u tu € L2(Q)’/ udr = ()} . L2 ()= m\\-llo
Q ;
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Appendix A. Theoretical framework

and denote the space of mean-free L2-functions and the space of divergence-free
L2-functions. Here divergence-free is understood in the sense of distributions. we
denote the space of square-integrable symmetric and symmetric positive definite
d x d matrices by L%(Q)™? L%pp ()94 respectively.

The Sobolev spaces H*(Q), W*r(Q), HL (Q)%, HL(Q)?*? [4, 56, 122]
We denote the Sobolev space
WhP(Q) i= {u: D*u € L(Q), for a € N, |a| < k}, (A.3)

where the derivative D“u are defined in the sense of distributions. Moreover, in
the case p = 2 we set WF2(Q) = H*(Q2). In this case H*(Q2) is a Hilbert space with
the inner product

(u, v) g ::/Q > D%u(z)Dv(z) dz.

|| <k

We denote the norm of the Sobolev space by

1/p
|wllkp = (Z ||DO‘UI|6’,p)

loo| <k
and in the case of p = 2 we abbreviate ||-||z2 = ||||z. The relevant space for fluid
dynamics is given by
S
Héiv(Q)d = O,div(Q) g
d><d.

The Sobolev space of symmetric d X d matrices is denoted by H&(Q)

The Bochner space LP(0,7; X(Q2)) [56, 108]
Let X (Q2) be a Banach space and given 1 < p < co. For a function u(t, x) defined
on (0,7) x Q for every t € (0,T") the function u(t)(z) := u(t, z) is measurable, and
it is an element of the space X (£2). We therefore denote the Bochner spaces by

¢ 1/p
LP(0,T; X (Q)) := {u cu(t): (0,T) — X (), (/0 ||u(t)||th> < oo} ,

L>=(0,T; X(Q2)) := {u cu(t) 2 (0,T) — X(Q),esssup|lu(t)||x < oo}

te(0,T)

with the corresponding norms

T 1/p
fullocsy = ( ] Jal at) il = esssuplut)
0 te(0,T)
Similarly, we introduce the Bochner-Sobolev spaces W*?(0, T; X (Q2)) by

WHhP(0,T; X(Q)) :== {u e LP(0,T; X(Q)), 55 € LP(0,7:X(Q),5=1,... k} .
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A.2. Symmetric positive definite matrices

The dual spaces X', W~52(Q), L¥ (0, T; X ()"
Let X be a normed, linear space. Then the dual space X’ is the space of all bounded
linear functionals g : X — R which together with the norm

lgll = sup \Fxxx (A4)
lullx20  llullx

makes it a Banach space. Here the inner product is replaced by the so-called dual
paring between X and X'. In this context for 1 < p < oo we introduce the dual
space to the Sobolev space W*?(Q) as WH»(Q)" := W5 (Q) where p’ denotes the
conjugate exponent, i.e. 1/p+ 1/p’ = 1. In fact, we will also abbreviate

(U, v) grsg—r = (u,v) and (v, u) g-rypgr = (v, u). (A.5)

It will be clear from the context which dual paring or inner product is used. Sim-
ilarly, the dual space of the Bochner space LP(0,7T; X(2)) is defined by the dual
space of both components LP(0,T; X () = L¥'(0,T; X (R2)') if X is reflexive.

A.2. Symmetric positive definite matrices

Here we will give a short review about symmetric and positive definite matrices and list
relevant properties, see [1, 78, 108] for details and proofs. Furthermore, we will introduce
the concept of matrix functions.

Symmetry and definiteness for matrices
A matrix D € R%9 is symmetric if D = D", where DT denotes the transposed of
D. The following properties hold:

The matrix has d real eigenvalues.

There exists an orthogonal decomposition (the eigendecomposition) D =
QAQ', with a real orthogonal matrix Q, where the columns are given by
the eigenvectors of D. Moreover, A is a real diagonal matrix with the eigen-
values on the diagonal.

A matrix D is positive definite if and only if all eigenvalues are positive.

A matrix D is positive semi-definite if and only if all eigenvalues are non-
negative.

A matrix D is indefinite if there is at least one positive and one negative
eigenvalue.

We denote the space of all symmetric positive definite matrices in R™¢ by S¢.

Matrix norm
In what follows we provide some norms and equivalence of norms for matrices. First

we denote by ||D

op = Jo Z?,j:l |D; ;|?, which for p = 2 is the Lebesque-Frobenius

norm.
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Lemma A.2.1 ([96]). Let D € 8¢. Then the following holds

D[S, < [ltr(D)]I5, < d”*|IDIJ5 p=2 (A-6)

0,p»

Let D € R4 then it holds

ltrD)If, < DI, p =2

Matrix function

Let D € 8. Then we define the matrix function f(D) via the orthogonal decom-
position as

f(D):=Qf(A)Q,

where f(A) is the application of f on each eigenvalue \;. Although the orthogonal
decomposition is not unique, the matrix function is uniquely defined. In the follow-
ing we present the main matrix function we need. First we consider the logarithm
by f(z) =In(z), i.e. we need \; > 0 to define the real logarithm of a matrix by

In(D) :=QIn(A)Q.

The second application is the inverse matrix, i.e. f(x) = 1/, and we obtain
1
D !':=Q-—-Q.
Q AQ

Consider a matrix D € 8?. Then the following holds

tr(lnD) = Indet D, (A.7)
tr(D)D — 2In D — I is symmetric and tr(tr(D)D —2InD —I) > 0, (A.8)
D + D! — 2I is symmetric and tr(D + D™ — 2I) > 0. (A.9)

The proof can be found in [104] in the case of d = 2. However, since the proof
is based on the eigenvalue representation of the trace this extends verbatim to all
space dimensions.

Cayley-Hamilton [62]:

162

Furthermore, we can deduce from the Cayley-Hamilton theorem in two and space
dimensions

C? — t1(C)C + det(C)I = 0, (A.10)
O — t2(C)C2 + ;[tr(C)2 — t1(C2)]C — det(C)I = 0. (A11)

A direct consequence of divergence-freedom of the velocity u, see [96], yields the
following result.
Let C € R?**? be a symmetric tensor and let u € R? be a divergence-free vector
field. Then the following identity holds true

1

tr(C)C : Vu = 3 (Vu)C + C(Vu)'| : C. (A.12)



A.3. Inequalities and useful lemmas

Jacobi’s formula [23]:
Furthermore, for a positive definite matrix function C € C*([0,T')) the following
Jacobi formula holds

0,C: C! =tr(C'9,C) = 9str(In C). (A.13)

Lemma A.2.2 (Matrix laplacian, [17]). Let D € H*(Q)™*™ N C'(Q)™ ™, m € N,
be a symmetric matriz function, which is uniformly positive definite on €0 and
satisfies homogeneous Neumann boundary conditions, then

|
/ AD:D'ds = —/ VD : VD !dz > —/]Vtr(logD)|2 dz > 0. (A.14)
Q Q m JQ

A.3. Inequalities and useful lemmas

In what follows, we state several inequalities that are needed in the thesis.
Continuous Gronwall lemma [128]:

Lemma A.3.1. Let T > 0, v,g € C[0,T] and X € L*(0,T) be given. Further,
assume that

¢
v(t) < g(t) +/ A(s)v(s)ds, 0<t<T,
0
and that A\(t) > 0 for a.a. 0 <t <T. Then

ot < gt)+ [ LgA(s)e) A g<p<T (A.15)

A similar result also holds on the discrete level.
Discrete Gronwall lemma [108]:

Lemma A.3.2. Let (a"),, (bn)n, and (c,)n be given positive sequences, satisfying
Up + by < € Mupy_q + Cns n>0

with some A € R. Then

Un + Y eXi=k Vi, < e2ui=0Miy, + > eXi= Y, n>0. (A.16)
k=0 k=0

Holder inequality [56, 59]:
Let u € LP(2) and v € L4(Q2) with 1 < p, ¢ < oo and %—I—% = 1. Then the following
holds

[ tullel de < flullos o

Furthermore, let u; € LPi(Q),i = 1,...,m, with 1 < p; < oo and 7", p; ' = r~}
then the following inequality holds

m

[[uw

i=1

m
< TTlwillogp,-
0,r =1
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Young inequality [56]:
Let ¢ < p,q < oo conjugated exponents, i.e. % + % = 1. Then the inequality
a? b

b
ab < — + — and ab < da? + ¢(6)b?
p q

hold for a,b,6 > 0 and ¢(6) = (op)~¥Pg~!. In fact the constant c(d) depends
inversely on § and we will genuinely denote them using the pair (J,¢(d)) for the
Yong inequality.
Sobolev embeddings [4, 56, 122]:
The following embedding holds
1 1 1

Whr(Q) c Lq(Q),& =@ WkP(Q) C C(Q),pk > d. (A.17)
Furthermore, the following compact embedding holds
1 1 1
WhP(Q) € LY(Q), - > - — =, A.18
@@, > - (A.18)

Poincaré inequality [123]:
Let u € H'(Q) then the following inequality holds

Jull < G, (I9ullo+ | [ w do

) (A.19)
where the constant C), is the Poincaré constant which is known to be related to the

diameter of €.

Interpolation inequalities [85], [67]:
Let Q C R be a bounded smooth domain. Then the following inequalities hold

true
lullos < ellullys I Vullys + cillull?,, ue H'(Q), for d € {2,3} (A.20)
lullo. < ellullys IVullyy + e llull2, we HY(Q), ford=2  (A21)
lullo.s < cllullys 1IVullys + exllull?,, ue H'(Q), for d = 3. (A.22)
Let v € L*>(0,T; L*(Q)) N LP(0, T; W'*(Q)). Then v € L™(0,T;L%()) and the
estimate
o1 d d
vl ey < c(d,p, g, |2, T)([[v| oo (zry + 0] Logwrey), with T2 (A.23)

holds, if the following constraints are satisfied

d

2
p
VIS [pa
-p

y 7€ [p,oo)if 1 < p<d, qE[p,oo),rE(Z,oo],if1<d<p.

In fact for p = 2 the symmetric space, i.e. r = ¢ is given by

ve LY0,T; LYQ)) ford =2  ve L0, T;L'3Q)) ford=3.  (A.24)

Moreover, for d = 3 and p = 2,
v e LY0,T; L*(Q)) N L*0,T; LY(Q)). (A.25)
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Weak and strong convergence [55]:
Given a sequence {u,}2, C LP(Q) for 1 < p < oo and % + :z% = 1. A sequence is
called weakly convergent to its limit v € LP(2), denoted by u,, — w in LP(2) if

/ W(@)o(z) dz —s / ) dz, Vo € LV (Q). (A.26)

In the case p = oo we say that a sequence {u}>2, C L*(£2) converge weakly-*,
denoted by w; —* u in L*(Q) if

/ ) dz — / ) dz, Vo € LY(Q). (A.27)

If 1 < p < oo then weak/weak-* convergence to u € LP()) implies that every u, is
bounded in LP(€2) and ||ul|o, < liminf, oo s |o.p-

Lemma A.3.3 (Consequences of Banch-Alaoglu). Suppose 1 < p < oo and the
sequence {u,}°2, is bounded in LP(QQ). Then there is a subsequence, still denoted
by {u,}5°,, and a function u € LP(QY) such that

w; — u in LP(Q).
Note that the result also holds for p = 0o, by replacing weak with weak-* convergence
and remember that this is false for p = 1.
We call a sequence {u, }5°, C LP(Q) for 1 < p < oo strongly convergent to its limit
u € LP(Q), denoted by u, — u in LP(Q), if

dim fJu; — wljop = 0.

Finally, we remark that for strongly convergent sequences in LP(£2),p > 1 one can
extract a subsequence which converges almost everywhere in €2 to its limit.

Lemma A.3.4. Let {u,}?2 1, {v,}5°, be two sequences and D be a bounded domain
with the following properties

1. up = w a.ein D and [luylly o, < c < oo foralln.
2. v, = v in L*(D).
Then the product u,v, converges weakly to uv in L?(D).

Lemma A.3.5 (Vitali lemma [63]). Let M C R be a measurable and bounded set.
Let the sequence { fum tmen be uniformly bounded in LY(M) for ¢ > 1. Finally, let
fon = [ a.e. in M for some f € LY(M). Then

/M fm = /M J

Lemma A.3.6 (Aubin-Lions lemma [24]). Let X C Y C Z be three Hilbert spaces,
and suppose that the embedding of X in'Y s compact and Y in Z is continuous.
Then
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i) For any p,q € (1,00) the embedding

d
{fGLp(O,T;X),C;;ELq(O,T;Z)} C LP(0,T;Y) (A.28)
15 compact.
it) For any p > 1 the embedding
00 daf
felL (O,T;X),%GL‘](O,T;Z) C C([0,T);Y) (A.29)

18 compact.

iii) The following continuous embeddings holds

{f € L*(0,T; X), a € L*(0,T; Z)} C 00,T;[X, 7]

- ). (A.30)

1
2

The space [X, Y]% is an interpolation space, see [24]. In the thesis we only use
[H‘l(Q),H‘g(Q)}% = HY(Q), see again [24].

Convective trilinear forms [123, 96]:
For any open set  C R? it holds that the forms

c(u;¢,¢) = (u- Vo, ), c(u;v,w) = ((u-V)v,w),
c(u;C,D) = {(u-V)C,D) (A.31)

are continuous and trilinear on H} ()% x HY(Q) x HY(Q), HL (Q)? x HL ()4 x
HL (Q)4 and HL ()4 x HY(Q)™? x HY(Q)%*4 respectively. Furthermore, the
forms are skew-symmetric, i.e.,

c(w; ¢, ¢) = —c(u;e), ), u € Hy, Q)Y 6,4 € H'(9), (A.32)
c(u;v,w) = —c(u; w, v), uc H ()% v,we H(Q), (A.33)
c(u;C,D) = —c(u; D, C), uc H; (Q)4C,Dec HY(Q)™ (A.34)

Proof of Lemma 5.3.2:
We can now return to the proof of Lemma 5.3.2. We start with considering a single
time element J = ("1 ") and show that

150 — @0, < CT*(ull2pllvll100 + 100 1V]l25), (A.35)

where || - [lrp = || - [lwre(s) and @ = T2a denotes the time average of a over J. In
addition, we denote by @ := a(t"~'/?) the constant interpolant of a at the midpoint
t"=1/2 = (" 4 t"71) /2. Then we estimate via triangle inequality

[uv —@llo, < |[uv = @vllop + [0 = adljop + |00 — wvllo, + |uv —uvljoy
= (i) + (21) + (i13) + (iv).
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In order to bound the individual terms, we use the superconvergence estimate
la —allo, < C77lallzyp, (A.36)

which follows by observing that @ — a = 0 for a € P;(J) and using the Bramble-
Hilbert lemma and a scaling argument; see [26] for details. We can then estimate
the first term in the above error expansion by

(i) < lla — illopllvlloce < CT¥ull2pllv]oc0-

Following similar lines, we observe that (i7) < C72||ul|occ||v||k+2,- The third term
vanishes identically, i.e., (7i7) = 0. Applying (A.36), the last term can be bounded
by,

(v) < C7?|luv]l2p < CT*(ull2pllvllco) + ell1oollvll2p).

This proves the desired estimate (A.35) for one single time element J = (t"~1 7).
The global estimate (5.16) then follows by summation over the elements and using
the the continuous embedding ||a||z o, < ||allwiecor) < Cllallw2eom).-

Proof of Lemma 5.3.3
Let us now turn to the proof of Lemma 5.3.3. We will consider the single time
interval J = (t"~1 ") and show that

l9(8) = 9(&)llop < CT*/|g(d) 2,

We denote again by @ := a(t"~'/?) the constant interpolant of a at t"~/? and
estimate

19(6) = 9@ llop < 19(6) = 9(8)llo + 119(6) = 9(0)llo.-

The second term is already of second order using (A.36). The first term can be
written as

l9() = 9(D)llos = l9(®) = 9(D)llop = llg(@(t" %)) = g(6(t"~"/*)) 0,y = 0.

The full estimate (5.17) follows from summation over the elements.
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Simulation appendix

B.1. Numerical results for the CHNSQ model for
Experiment 8.2.1

For completeness, we present the simulations results of Experiment 8.2.1 for the CHNSQ
model. We observe that the dynamics match of the model H quite well, cf. Figures 8.1

and 8.2.

T b ol 1
0.8 0.8 0.8
0.6 0.6 -0.6
0.4 0.4 0.4
0.2 0.2 0.2

| ‘ 0 | ___| 0 0

t=0.4 t=0.8

1 1
0.8 v 0-8

0.6

0.4

) L -
0 0

t=1.6 t=2

Figure B.1.: Nonlinear A: Snapshots of the volume fraction ¢ for Experiment 8.2.1.
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Snapshots of the velocity u for Experiment 8.2.1.
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Figure B.2.: Nonlinear A

Snapshots of the volume fraction ¢ for Experiment 8.2.1.

Figure B.3.: Constant A
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Appendix B. Simulation appendix

Snapshots of the velocity u for Experiment 8.2.1.
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Figure B.4.: Constant A
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Within the research project, the following publications or preprints were written. In
the following, we will state the works, my main contributions to the publications and
where parts of the publications can be found in this thesis.

1. A. Brunk, B. Diinweg, H. Egger, O. Habrich, M. Lukacova-Medvidova, and D.
Spiller, Analysis of a viscoelastic phase separation model. Condens. Matter Phys.,
33 (2021), p. 234002.

The main contribution in this work is the development of the model reduction, the
review of existing results and the macroscopic simulations. We use this work as a
main reference for the model derivation.

2. D. Spiller, A. Brunk, O. Habrich, H. Egger, M. Lukac¢ova-Medvidova, and B. Diin-
weg, Systematic derivation of hydrodynamic equations for viscoelastic phase sepa-
ration, J. Condens. Matter Phys., 33 (2021), p. 364001.

The contribution in this work is careful calculations to obtain a physically relevant
model, which satisfies the Second Law of Thermodynamics.

3. A. Brunk, Y. Lu, and M. Lukacova-Medvidova, Existence, regularity and weak-
strong uniqueness for the three-dimensional Peterlin viscoelastic model, 2021. Ac-
cepted in Commun. Math. Sci.

The main contribution is the existence result and weak-strong uniqueness principle
as well as the illustrating simulations. The existence result and its proof can be
found in the thesis in Chapter 3.

4. A. Brunk, H. Egger, O. Habrich, and M. Lukacova-Medvidova, Relative energy
estimates for the Cahn-Hilliard equation with concentration dependent mobility,
2021. Submitted to STAM J. Numer. Anal.

The main contributions is the relative energy estimate and the error analysis for
the Cahn-Hilliard equation. The techniques in this work are extended to a more
complex model in the theoretical part in Chapter 4 and the numerical part in the
Chapters 6 and 7.

5. A. Brunk and M. Lukacova-Medvidova, Global existence of weak solutions to vis-
coelastic phase separation: Part [ Regular Case, 2019. Submitted to Nonlinearity.

The contribution in this work is the development of a suitable concept of weak
solutions, its existence proof and the illustrating simulations. The results of this
paper servers as a basis for the existence proofs in Chapter 3, however extending
the results to three space dimensions.

6. A. Brunk and M. Lukacova-Medvidova, Global existence of weak solutions to vis-
coelastic phase separation: Part II Degenerate Case, 2020. Submitted to Nonlin-
earity.

The main contribution in this work is the development of a suitable concept of weak
solutions, the associated existence proof and the illustrating simulations. The re-
sults are only used as a reference in the outlook, cf. Section 4.12.
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7. A. Brunk and M. Lukacova-Medvidova, Relative energy and weak-strong unique-
ness of the two-phase viscoelastic phase separation model, 2021. Submitted to
Appl. Math. Mech.

The main contribution is the development of a suitable relative energy concept, the
relative energy estimates and the resulting weak-strong uniqueness principle. These
results inspired the relative energy method in Chapter 4. However, we adopted a
more general method for the proofs.
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