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Abstract We present a study of the two-photon-exchange
(2y-exchange) corrections to the S-levels in muonic (uD)
and ordinary (D) deuterium within the pionless effective field
theory (# EFT). Our calculation proceeds up to next-to-next-
to-next-to-leading order (N3LO) in the #EFT expansion.
The only unknown low-energy constant entering the calcu-
lation at this order corresponds to the coupling of a longitu-
dinal photon to the nucleon—nucleon system. To minimise its
correlation with the deuteron charge radius, it is extracted
using the information about the hydrogen—deuterium iso-
tope shift. We find the elastic 2y-exchange contribution in
uD larger by several standard deviations than obtained in
other recent calculations. This discrepancy ameliorates the
mismatch between theory and experiment on the size of 2y-
exchange effects, and is attributed to the properties of the
deuteron elastic charge form factor parametrisation used to
evaluate the elastic contribution. We identify a correlation
between the deuteron charge and Friar radii, which can help
one to judge how well a form factor parametrisation describes
the low-virtuality properties of the deuteron. We also evalu-
ate the higher-order 2y-exchange contributions in uD, gen-
erated by the single-nucleon structure and expected to be
the most important terms beyond N3LO. The uncertainty
of the theoretical result is dominated by the truncation of the
# EFT series and is quantified using a Bayesian approach. The
resulting extractions of the deuteron charge radius from the
uD Lamb shift, the 25—1S transition in D, and the 25—18
hydrogen—deuterium isotope shift, with the respective 2y-
exchange effects evaluated in a unified # EFT approach, are
in perfect agreement.
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1 Introduction

Laser spectroscopy of muonic hydrogen (wH) and deuterium
(uD) by the CREMA Collaboration in 2010, 2013 and 2016
enabled determinations of the proton and deuteron charge
radii with unprecedented precision:

rp(uH) = 0.84087(26)exp(29) theory fm

= 0.84087(39) fm [1,2], (1a)
ra(uD) = 2.12562(13)exp(77)theory fm
= 2.12562(78) fm [3], (1b)

while the most accurate extraction of the deuteron charge
radius,

ra(uH & iso) = 2.12771(22) fm, 2)

is an indirect achievement combining measurements from
the spectroscopy of ordinary and muonic atoms [2]: the 25—
1S hydrogen—deuterium (H-D) isotope shift and the Lamb
shiftin ©H. This result is driving the presently recommended
value of the deuteron charge radius from the CODATA 2018
report [4]:

r4(CODATA *18) = 2.12799(74) fm. A3)

As one can see from Eq. (1), the charge radius extractions are
limited by the theory uncertainty, which for muonic atoms is
almost solely due to subleading nuclear-structure effects, and
in particular, the O () two-photon exchange (2y exchange)
discussed in this work.

The initial tension between the r;(uD) and ry (uH & is0)
extractions, shown above, was resolved in 2019 by amending
the uD theory [5] to include the subleading O (a®) electronic
vacuum polarization (VP) effects [6] and the inelastic three-
photon exchange (3y exchange) [7]:

ra(uD) = 2.12710(13)exp (8 Dtheory fm
= 2.12710(82) fm [6]. 4)
The deuteron-radius extractions from deuterium spectroscopy

and electron—deuteron (ed) scattering are less precise and
lead to larger values:

rq(D spectroscopy) = 2.1415(45) fm [8], (5a)
rq(ed scattering) = 2.130(10) fm [9], (5b)
r4(CODATA *14) = 2.1413(25) fm [10]. (5¢)

This distinct discrepancy for the deuteron radius — the
“deuteron radius puzzle” — is strongly affected by the 2y
exchange. It is thus timely to re-evaluate the 2y-exchange
effects in a model-independent manner and try to improve
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their precision. While the latest developments [6,7] are cer-
tainly important, they do not provide a path to a more system-
atic improvement of the theory error on the side of nuclear
structure.

In this work, we consider the forward 2y-exchange contri-
butions to D and D, including the accompanying electronic
VP contributions, within the pionless effective field theory
(#EFT) of nuclear forces [11-17]. This framework allows
one to represent the nuclear observables in a well-defined per-
turbation theory, expanding in powers of the small parameter
P/my,where P is the typical momentum scale (e.g., the size
of the relative momentum between two nucleons, or that of
the momentum of an external probe) and m, =~ 139 MeV is
the pion mass. The typical momentum scale in the deuteron is
characterized by the binding momentum y = /My B =~ 45
MeV, where My is the nucleon mass and B is the deuteron
binding energy. The momentum scale probed by the electro-
magnetic interaction in uD is ~ am,,, which is less than an
MeV. This is also well below the limiting scale of the theory
set by m . The atomic systems should thus be well-suited
for the application of # EFT. In addition, it has been shown
that # EFT provides a good description of low-energy experi-
mental data on real deuteron Compton scattering 18, 19], and
can be used to investigate the deuteron electric polarizabil-
ity and electromagnetic form factors (FFs) [15]. Finally, the
effective-field-theory (EFT) expansion allows one to quantify
the theoretical uncertainty using methods such as Bayesian
inference [20]. The basis for our 2y-exchange calculation is
provided in Ref. [21], where closed analytic expressions for
the unpolarized amplitudes of forward doubly-virtual Comp-
ton scattering (VVCS) off the deuteron are derived.

The paper is organized as follows. In Sect. 2, we briefly
introduce the 2y-exchange and # EFT frameworks. In Sect.
3, we calculate the elastic finite-size, inelastic deuteron-
polarizability and single-nucleon contributions to the uD
Lamb shift, and compare our results to other recent predic-
tions. In Sect. 4, we repeat the same calculation for D and
use the H-D isotope shift to fix the unknown low-energy con-
stant (LEC) [ ICOS that enters the VVCS amplitude. In Sect. 5,
we utilize the unique possibility to cross-check the theoreti-
cal predictions for the 2y exchange in uD with an empirical
determination. The latter is extracted from the measured uD
Lamb shift by fixing the deuteron charge radius to the inde-
pendent value r; (uH & iso). We also compile an update for
the theory prediction of the uD Lamb shift that will be used
to extract rgy(uD) from the measurement of the CREMA
Collaboration. In Sect. 6, we discuss deuteron and proton
charge radii extractions from uD, D and the H-D isotope
shift. A discussion of the neutron charge radius is postponed
to Appendix G. In Sect. 7, we finish with conclusion and out-
look. The appendices cover: (A) the Bayesian error analysis,
(B) the inclusion of nucleon FFs beyond the #EFT frame-
work, (C) electronic VP corrections, and updated theory com-
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Fig. 1 The leading order in o 2y-exchange potential

pilations for the: (D) 25—18 H-D isotope shift, (E) 2S—1§
in H, and (F) 25—1S in D. Appendix E also has a determina-
tion of the Rydberg constant R, from 25—1S in H and the
Lamb shift in uH. A concise summary of our main results
and their implications is published in Ref. [22].

2 Theoretical framework
2.1 2y exchange in (muonic) deuterium

The leading order (LO) in o 2y-exchange correction corre-
sponds to the forward kinematics, shown in Fig. 1. It gives
a 6(r)-function correction to the Coulomb potential, thus,
only shifts the S-levels, which have a non-vanishing atomic
wave function at the origin. The spin-independent forward
2y exchange is related to the VVCS amplitude off an unpo-
larized deuteron:

Tri =eoeg* fL(v. Q) + (e - &™) fr(v. 07, (6)
where f7 (v, Q%) and fr(v, Q%) are the longitudinal and
transverse scalar amplitudes with Q> = —g? and v =

P - q/ M, the photon virtuality and lab frame energy, and My
the deuteron mass. The modified photon polarization vector
components are defined as

. v lgl
80‘[0 g )}Q’

e=€—q(e-q), (N
with ¢ and § = ¢/|q| being the photon three-momentum
in the lab frame and its unit vector, and (&g, €) the time and
space components of the photon polarization vector. This
description in terms of fr (v, Q2) and fr(v, Q2) is natu-
ral for the # EFT framework, but not unique. The explicitly
covariant tensor decomposition with two other scalar ampli-
tudes 7; (v, 0?) related via

2

v 2
+ @> (v, O7),

0% = Ti(v, 0%), 8)

frv, Q%) = =T1(v, Q%) + (1
Sfrv,

is widely used in, e.g., the dispersive 2y-exchange evalua-
tions [23,24]. We start from the covariant expression for the
forward O(a”) 2y-exchange correction to the energy of a
nS state in (muonic) deuterium, given in these references,
and rewrite them in terms of the longitudinal and transverse
amplitudes:

EMY = —Simam [¢,(0)]

(2m)*
(0? = 2?) Ti(v, 0%) — (Q? + V) Tr (v, Q%)
X
0*(Q* — 4m?v?)
(9a)
Qi 2
= 8imram [¢,(0)] )
L, 0 ) +2(v2/ 0% fr(v, 0?) ©9b)
0%(Q* — 4m?v?) '
where m is the electron or muon mass, [¢,(0)]> =

1/(wn3a?) is the (Coulomb) wave function of the nS atomic
state at the origin, a = 1/(Zam,) is the Bohr radius,
Z is the nuclear charge (£ = 1 for the deuteron), and
m, =mMyy/(m+ My) is the atomic reduced mass. Separat-
ing the scalar amplitudes into the deuteron-pole and non-pole
parts, one splits the 2y-exchange correction into the elastic
and inelastic part [24]. The inelastic part, after doing the
Wick rotation v = igq and introducing the hyperspherical
coordinates, takes the form:

00 1
s [¢n(0)]2/d—Q/dx\/1—x2
m 0

L fuiox, Q2>—2x2fT<—zQx 0?)

r1+x

Emel —

; (10)

with 77 = Q?/(4m?). Here we assume that the pole-part
is subtracted from the scalar VVCS amplitudes. The elastic
part of the 2y exchange is readily obtained via the deuteron
electromagnetic FFs — charge, magnetic, and quadrupole —
Gc(0?), Gu(Q?), and G o(Q?), resulting in [24]:

6 OF /

2 2 2 A
X =§GM(Q Y+ ta)yi(ta, w)

GZ(0%) —
T4 3

Eelastlc _

nS M, (M2

202 )+—rdG (Q%}

R M;—m
X P2 (T4, T) + 16M§"—G’C(0)} , (11)
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where 7; = Q?/ (4M§), and the weighting functions are
defined by:

yi2(x)  y1.2()

V12(x,y) = NG Nl (12a)
yi(x) = (1 — 2031+ x + 2x3/2, (12b)
y2(x) = (1 +x)32 =532 — %ﬁ. (120)

Note that the contributions of point-like charge and charge
radius of the deuteron are removed from the elastic part to
avoid double counting [24]. This is done by subtracting the
unity and the term proportional to G (0) in Eq. (11).

2.2 Unpolarized deuteron VVCS in pionless EFT

In our analysis, we use results from the # EFT calculation of
the unpolarized deuteron VVCS amplitudes f7 (v, Q%) and
fr(v, Q2) presented in Ref. [21]. This section gives a brief
recap of the # EFT framework applied to the deuteron VVCS,
as well as a description of the technicalities relevant to the
2y-exchange calculation.

#EFT is an EFT for nucleon interactions at low energies,
where the high-energy scale is set by the pion mass m . If
the momentum transfer between two nucleons is P < my,
one can treat a pion-exchange interaction as a contact one. In
#EFT nucleons are thus interacting through contact interac-
tions [11-13,15]. The Lagrangian is constructed performing
a non-relativistic expansion in the one-nucleon sector and
writing out the relevant two-nucleon interactions [11-17].
To assign a particular order to a Feynman graph, one counts
powers of momenta [Q = O(P)] and energies [v = O (P?)]
coming from the interaction vertices, nucleon propagators
[O(P~2)], and loops [O(P?)]. The small expansion param-
eter is the ratio P/my. For the deuteron, where the typi-
cal momentum scale is the binding momentum y, this cor-
responds to P/my, =~ 1/3. Note that different momentum
scales can count as different powers of the typical momentum
P, depending on the problem setting. For instance, the count-
ing we use has the photon three-momentum |g| = O(P),
whereas its energy is v = O(P?), and hence also its virtu-
ality Q = O(P). This reflects our expectation that the vir-
tual photons in the 2y -exchange, as viewed in the lab frame,
mostly transfer three-momentum, and very little energy, to
the intermediate deuteron state, and is in contrast to, e.g.,
a typical real Compton scattering setting where v = |q|,
implying they have to be of the same size in the counting.

Regarding the description of the deuteron state, one can
use different prescriptions to perform the expansion around
the deuteron pole of the nucleon—nucleon (N N) scattering
amplitude. The z-parametrisation [17], chosen in Ref. [21,
Sec. II B], is particularly well-suited for quantities such as
the deuteron electric dipole polarizability o g that receive
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mostly long-range contributions and are thus sensitive to the
correct description of the long-range tail of the deuteron wave
function. This parametrisation reproduces the residue Z of
the NN scattering amplitude at the deuteron pole at next-to-
leading order (NLO). The residue is related to the effective
range pg in the NN triplet channel via Z = (1 — yp4)~",
and is also connected to the asymptotic normalisation of the
deuteron S-wave via

r—>00 yZe VT
v(r) Vg 5 (13)

It is therefore straightforward to see that this procedure also
reproduces the correct large-distance asymptotics at NLO.
Note also that it introduces a new formal expansion parameter
(Z—-1)=0(P).

Analysing the counting for the VVCS shows [21, Sec. II
B] that the longitudinal amplitude, driven by the deuteron
electric polarizability ag, is dominant, starting at O(P_2),
whereas the transverse amplitude starts two orders higher at
O (P). In the context of the 2y-exchange correction, Eq. (9b)
shows that the fr contribution is additionally suppressed,
compared to the contribution of f;, by the factor v2/ Q% =
O (P?). The transverse contribution to the 2y-exchange cor-
rection therefore starts only at O (P?%), or NALO compared to
the leading longitudinal contribution. It is also at N4LO that,
as explained in Ref. [21], higher powers of momenta enter-
ing the # EFT expansion render the 2y-exchange correction
naively divergent. This divergence ought to be absorbed by a
four-nucleon two-lepton contact term entering at this order,
and, since there is no data that would allow one to pinpoint
the corresponding coupling other than the 2y-exchange cor-
rection itself, this is where the predictive power of #EFT
is exhausted. This motivated us to calculate the longitudinal
amplitude up to N3LO in Ref. [21]. We also calculated the
transverse amplitude up to O (P), or its respective NLO; this
allows us to quantify here the corresponding 2y-exchange
contribution.

Further details of the # EFT framework used to calculate
fr and fr at their respective N3LO and NLO can be found
in Ref. [21, Sec. II]. The results for the VVCS amplitudes
are given in a closed analytic form in Ref. [21, Sec. III],
in terms of the longitudinal and transverse four-point func-

tions My, (v, QZ) and the inverse of the derivative of the
-1

deuteron self-energy (SE) at the deuteron pole [E/ (Ed)]
We use them here to calculate the 2 y-exchange correction. At
N3LO in the #EFT expansion of f7, one encounters a previ-
ously undetermined coupling / ICOS of alongitudinal photon to
the two-nucleon system, which contributes, in particular, to
GC(QZ) and r4. The latter quantity was used in Ref. [21] to
extract / 1C05 from a fit to r4(uD) in Eq. (1b). This procedure
is potentially problematic due to the fact that/ ICOS also enters
the 2y-exchange correction, both in 1D and the isotope shift.
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We investigate the resulting correlations below and demon-
strate explicitly that they are negligible at the current level of
theoretical and experimental precision.

3 2y exchange in muonic deuterium

In the following section, we will present in detail our calcu-
lation of the elastic and inelastic 2y-exchange contributions
to the Lamb shift in uD. A summary of our results can be
found in Sect. 3.4.

3.1 Elastic contribution

We start by considering the elastic contribution to the 2y-
exchange correction based on the 7# EFT deuteron FFs. Tak-
ing the N3LO result for GC(QZ) in Ref. [21, Eq. (75)] and
expanding in Eq. (11) also to N3LO results in

Eglastic — [—0.4482 — 0.993811COS] meV. (14)

This neglects the magnetic and quadrupole FFs, whose con-
tributions are subleading in the #EFT counting and are
indeed numerically very small, see below in Table 2. The
electric contact term coupling / 1COS can be fixed through the
deuteron charge radius:

3(Z-1)3 €05
2 4

+2r + :
0 7/2

5 , 1 z-1
I’dE—6GC(O)=8—y2+V

5)

with rg = 1 [r,z, +3/4 M;z + r,%] being the isoscalar
nucleon charge radius, with the proton Darwin—Foldy term
3/8 M;z added toit. Previously, llcos was chosen to reproduce
the deuteron charge radius from uD spectroscopy, resulting

in [21]
1€ = —2.32(41) x 1073, (16)

where the uncertainty stems from the error of the deuteron
radius, Eq. (1b), and the uncertainty of Z. However, the
extraction of r[% from uD spectroscopy depends on the the-
ory result for the 2y-exchange correction (even though the
contribution of / ICOS to the 2y-exchange correction is small).
This correlation can be practically eliminated if the deuteron
radius extracted from the combination of the proton radius
and the H-D 2S—1S isotope shift, as given in Eq. (2), is
used as the reference data point. One has to note that the
isotope shift also has a 2y-exchange contribution, but its rel-
ative importance as well as its correlation with r§ is much
smaller. To investigate this issue quantitatively, we perform
a re-analysis of the isotope shift using the #EFT formal-
ism to predict the 2y-exchange correction in ordinary D, see

Sect. 4 and Appendix D. Our calculation confirms that the
contribution of / ICOS to the isotope shift can indeed be safely
neglected. The corresponding result for the electric contact
term coupling, which will be used throughout this work, is

1€9 = —1.80(38) x 1072, (17)

This agrees with the result that we deduced from Eq. (2) [25],
but differs from Eq. (16) by about 1 o, since the extraction via
the isotope shift gives a value of ry (uH & iso) slightly differ-
ent from ry(uD) in Eq. (1b). The related effect on Eg?“ic is
small. The final numerical result for the elastic contribution
is:

ESIstc — [-0.2043 — 0.1582 — 0.0626 — 0.0213] meV
= —0.4463(77) meV, (18)

where the numbers here stand for the order-by-order contri-
butions. The uncertainty of Eglsamc is due to higher orders
in the #EFT expansion; we quantify it as explained in
Appendix A.

To study the elastic (and inelastic) contribution in detail,
we split them as shown in Table 1, keeping track of different
terms appearing both due to the (Z — 1) factors coming from
the NLO piece of [Z/(Ey) | ~! and due to new sources at each
order in the longitudinal four-point function M . This rep-
resentation will also be useful below in the investigation of
the theoretical uncertainty. In order to split the elastic term
this way, it is convenient to rewrite the last term in Eq. (11)
replacing G-(0) by G¢(0) G(0) = 1/2[GZ(0))] | 920
where the normalization of G¢(0) = 1 is used. This reflects
the fact that the elastic part of the VVCS amplitude is propor-
tional to the deuteron FFs squared, and allows one to separate
the contributions in the integrand without generating spuri-
ous singularities at O = 0. One can see from the table that the
most important contributions to E%’Stic come, as expected,
from the LO part of M, with the nucleon charge radius con-
tributions providing the most important correction at N2LO.
One can also see that the only new contributions beyond NLO
come either from the nucleon structure or from the N3LO
contact term proportional to / ICOS . The nucleon charge radius
contributions may seem somewhat larger than expected at
N2LO and N3LO; to judge whether this is an indication of
potentially sizeable corrections to E%‘mic beyond N3LO, itis
instructive to look at the details of the deuteron charge FF at
small photon virtualities. Indeed, it is evident from Eq. (11)
that the 2y-exchange integrand is strongly weighted towards
low Q2. Therefore, it is the slopes and the curvatures of the
deuteron FFs at Q% = 0 that will have significant influence
on the elastic contribution. The slope of the charge FF, pro-
portional to rg, is reproduced at N3LO; based on that alone,
a sizeable modification of the shape of G ¢(Q?) at small Q>
could come from higher-order coefficients in its expansion

@ Springer
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Table 1 ESstc, gebE and

[ Clastic EineI,L ESum
their sum E5§" in detail: 25 25 25
contributions appearing at each LO
order in the expansion. Values -3
are in meV. Upper indices E —0.2043 —0.9433 —1.1476
indicate the order of M that 0
generates the corresponding NL/
contribution, see Ref. [21]. (Z -1ED —0.1408 —0.6502 —0.7910
Quantities without labels are the E-2) —0.0174 0.0153 —0.0021
contributions at the respective
order excluding the labelled N2LO
terms listed separately. Labels “2)
indicate specific terms within (Z-DE —0.0120 0.0106 —0.0014
My:rd, wy, P, and IICOS stand, ECD 0 —0.0006 —0.0006
in (%der, for Ithe nucleon c.harge E(z_l) —0.0506 0.0389 00117
radii correction, the contribution N
proportional to the NN triplet
S-wave shape parameter w, the N3LO
NN P-wave contribution, and (Z —1HEED 0 —0.0004 —0.0004
;lé%::ontrlbutlon proportional to - l)Er(z_l) —0.0349 0.0268 —0.0081
1 N
E© 0 —0.0009 —0.0009
EY 0.0002 0.0002
EY 0.0068 0.0068
E;ggs 0.0018 —0.0012 0.0006
1
EY 0.0118 —0.0063 0.0055
N

in powers of Q2. To look into this issue, we review the calcu-
lation of ESlSaStiC using several different deuteron FFs along
with the N3LO 7 EFT result, and investigate how the features
of those FFs affect the result.

Starting with the recent higher-order, N4LO in the respec-
tive counting, chiral effective theory (xET) calculation of
Refs. [26,27], a good agreement between the N3LO #EFT
and the N4LO x ET results for G (Q?) atlow Q was pointed
out in Ref. [21]. As expected, our result for E;lsamc perfectly
agrees with what one obtains using the x ET charge FF from
Ref. [27]:

ESBSUC(y ET) = —0.4456(18) meV, (19)
where we neglected the magnetic and quadrupole contribu-
tions, and evaluated the uncertainty using the uncertainty of
the xET result for G¢(Q?). On the other hand, using the
recent empirical deuteron FFs from Ref. [28], Carlson et al.
obtained a considerably smaller value [24]:
ESESUC (emp. FF [28]) = —0.417(2) meV, (20)
with the uncertainty estimated using the different FF parametri-
sations derived in [28]. The same result has been adopted in
Ref. [29]. We repeat this calculation, separating the contri-
butions from the charge, magnetic and quadrupole FFs. The
results are presented in Table 2 (using parametrisation II of
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Abbott et al.), along with values obtained by us based on the
Sick and Trautmann parametrisation [9], as well as the x ET
and # EFT FFs. One can see that the contributions of both the
magnetic and quadrupole FFs to the elastic part of the 2y-
exchange correction can be safely neglected at the current
level of precision. While the values of ESISZ‘Stic obtained in
#EFT, xET, and with the Sick and Trautmann parametrisa-
tion of the deuteron FF agree, the parametrisation of Abbott
et al. gives a significantly smaller value for the elastic con-
tribution. The left panel of Fig. 2 shows that this discrepancy
is due to the behaviour of the parametrisation of Ref. [28]
being very different from the other three calculations (which
would all overlap) at low Q.

Expanding the integrand in Eq. (11) at small Q [neglecting
the G 7 (Q?) and GQ(QZ) contributions], one obtains

2 GZ(0») — 1
0 B T

R M;—m
Ya(ta, 7) + 16M§dT /C(O)}

=4My(My — m)[4Md G{(0) —4M, G (0)?

+ 3G/C(0)/m] +0(0). 21)

Therefore, the bulk of the difference can be further traced
down to the deuteron charge radius and the 4th moment of

the deuteron charge density: G.(0) = —r%/6 and G(0) =
(r;‘) /60. Also interesting are two further quantities related to
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Table 2 Deuteron form factor contributions to the elastic 2y exchange. Values are in meV. The magnetic and quadrupole contributions are omitted

in the xET calculation. In 7# EFT, those contributions first start at N4ALO

Deuteron form factor Ge Gum Go E;lsas‘ic

Abbott et al. [28] —0.4153 <1074 —0.0007 —0.417(2) [24]
Sick and Trautmann [9] —0.4503 <1074 —0.0006 —0.4509

xET N4LO [27] —0.4456(18) / / —0.4456(18)
#EFT N3LO —0.4463(77) 0 0 —0.4463(77)

the elastic 2y-exchange contribution, namely, the cubic and
the Friar radii, defined respectively as [30]:

48 oon ,
=— E (e -1-6@*]. @2
0
48 [d
er = Q—Q4 G (Q ) —1—=2G(0) QZ] (22b)
0

In #EFT at N3LO, the considered moments have the follow-
ing analytic expressions, obtained using G¢(Q?) from Ref.
[21, Eq. (75)] (note again that the integrand in r% ., has to be
expanded up to N3LO):

3
rhy = 803{2[5 2Z(1 —21n2)]

320
— r3y?[Z(1 —41n2) —2 +21n2]

9
+80(Z — 1)? lfOS}, (232)
(rd) = 2y o3 (3+32r ?). (23b)
i) = 56,3 (9+80r0y ). (23¢)

Table 3 shows the values of these quantities for the considered
FFs. It is evident that parametrisation II of Abbott et al. [28]
gives smaller values for all radii. Smaller r; and (r;‘) lead to
a significantly smaller value of the integrand at low Q, as
seen in the left panel of Fig. 2, and consequently a smaller
ES#U¢ as well as smaller Friar and cubic radii. Note that,
neglecting recoil corrections, the elastic contribution can be
approximated through the Friar radius as [30]

4.5
i m,.o
B3 = = 24)

This approximation, however, results in a noticeable under-
estimation of Ef e]aStiC . The # EFT value, for instance, turns out
to be E;?SUC F = —0.4323 meV, which has to be compared
to Eq. (18). We therefore conclude that at the present level of

theoretical precision it is important to retain the full weight-
ing function (g4, 77) in Eq. (11) instead of only taking the
leading Friar radius term.

The dependence of both rg and rg 4 onl ICOS can be rep-
resented as a linear correlation between these quantities. We
show the correlation line in the right panel of Fig. 2, where
we also plot a 1% ~ (y/mz)* band as a simple estimate
of terms beyond N3LO in the 7# EFT expansion. One can see
that the N4ALO x ET result lies almost on the correlation line,
very close to the # EFT results fixed by the H-D 25—1S iso-
tope shift, see Sect. 4 and Appendix D. The parametrisation
of Ref. [9] lies some distance from the line, albeit reasonably
close to it, whereas that of Ref. [28] is much further away.
It would be interesting to see if this correlation line can be
reproduced in a y ET calculation.

The above considerations indicate that the FF parametrisa-
tion of Ref. [28], used in Refs. [24,29], might not adequately
describe the behaviour of the deuteron charge FF at low virtu-
alities. The agreement between the N3LO 7 EFT and N4LO
x ET calculations, see Ref. [21, Sec. IV] for a detailed com-
parison of the FFs, is not entirely surprising as both these
EFTs are expected to well reproduce low-momenta/long-
range properties of the deuteron, and both calculations are
of sufficiently high orders in the respective expansions. This
vindicates our choice of the # EFT as the calculational frame-
work. One can also conclude that the correlation shown
in Fig. 2 can serve as a diagnostic criterion for a realistic
parametrisation of the deuteron charge FF. Furthermore, one
can note that the # EFT expression for the deuteron charge
FF at N3LO, as given in Ref. [21, Sec. IV], can serve as an
analytic one-parameter fit to the electron—deuteron scattering
data in the low-Q? range that is to be covered in the planned
DRad experiment [31].

3.2 Inelastic contribution

The calculation of the longitudinal contribution to inelastic
part of the 2y-exchange correction with the known f7, (v, 0?)
is straightforward. The only technical complication is that
the longitudinal term in the integral of Eq. (10) goes as
.00, 0%/ 03 « 1/Q for Q — 0 when one sets x = 0.
This singularity, however, is spurious, and can be avoided by
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Table 3 Various radii - -
corresponding to the different Radii [fm] #EFT N3LO xET N4LO [27] Sick and Trautmann [9] Abbott et al. [28]
deuteron charge form factors rg 2.128 2,126 2.130(10) 2.094(9)
'Fd 3.376 3.372 3.385 3.292
(r3y” 2.468 2.468 2.480 2.401
ray 2.820 2.837 2.844 2.726
oOF  ~ ~ Tt~ T T T T O A T T T ‘ T E
[ e #EFT ]
—20} + xET -]

|
N
(@)

integrand [MeV™1]
2

-80
-100}
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12055 200 400 600 800 1000
Q [MeV]

Fig. 2 Left panel: integrand of Eq. (11) as function of Q. Black dotted:
deuteron form factor parametrisations from Ref. [28]; red solid: result
of the #EFT calculation. Right panel: correlation of rl‘; 4 and rj. The
dashed line shows the correlation obtained from the # EFT results at
N3LO, with the band showing the estimated 1% N3LO uncertainty;

subtracting from f7, (v, 0?) its static part:
frv, 0% = 10, 0) + [ £, 0% = 10, 0V)]. 25)

The integration over x in the integral of f7(0, Q%) can
be done analytically, resulting in a f7, (0, Q2) /Q2 x QO
behaviour for Q — 0. At the same time, the difference in
the square brackets is O (x?) at small x and therefore cancels
the singularity in the weighting function. The longitudinal
contribution then results in:

Efs = [-1.5032 40,6350/ | mev. (26)
One can see that the coefficients in front of / ICOS here and in
Eq. (14) partially cancel each other. The resulting contribu-
tion of the N3LO contact term to the 2y exchange in uD is

rather small. The numerical order-by-order result for E;’?I’L,

using / ICOS as obtained from the H-D isotope shift, is:

ENSME = [-0.943 — 0.635 + 0.049 + 0.025] meV

= —1.504(16) meV. (27)

The uncertainty here is due to higher-order terms in the
#EFT expansion, calculated as explained in Appendix A.
The individual terms of the inelastic contribution are shown
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the red disc, purple cross, green diamond, and blue square show the val-
ues obtained, respectively, from # EFT at N3LO, the NALO xET form
factor [27], the parametrisation of Ref. [9], and the parametrisation of
Ref. [28]

in Table 1, in an analogy to what is shown for the elastic
part. While the bulk of E;’?I’L is given by the LO part of
M, the most important correction comes from the nucleon
charge radii, with the second-biggest correction driven by the
NLO term of M, . The remaining mechanisms all give much
smaller contributions.

The above results, Eqs. (26), (27), and Table 1, are
obtained with the substitution |g| — Q in the expressions
for My ; using |g| = / Q2% + v2 brings the total value to
—1.507 meV. This gives an estimate of the relativistic cor-
rections at N4LO. The smallness of the effect corroborates
the choice of counting scheme in our calculation, namely,
that the energy transfer is suppressed and v/Q = O(P).
This statement can be made more quantitative by observ-
ing that shrinking the x integration interval in Eq. (10) to
x € [—y/mg,y/mg] = [—1/3,1/3] retains ~ 96% of the
LO+NLO contribution. Furthermore, the transverse contri-
bution to Elznsel calculated at NLO for f7 (v, 0?), is small in
accordance with the prediction of the # EFT counting:

EYST = —0.005 meV. (28)

It is also in a very good agreement with the existing disper-
sive x ET-based evaluations [29,32]. Despite the smallness
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of the transverse contribution, we add it to the total inelastic
contribution, since it is included in most of the alternative
calculations, thus having

EX = gyt 4 ENYT = —1.509(16) meV. (29)

The uncertainty of the transverse contribution is neglected.

Based on the observations above, we conclude that the
#EFT counting used by us works well for the present cal-
culation. We also do not expect any higher-order corrections
that would change the pattern that one sees at N3LO; a quan-
tification of this statement follows through the Bayesian pro-
cedure in Appendix A.

In Table 4, we compare our E‘z‘:gel result with other recent
evaluations. Our result agrees with the recent covariant dis-
persive calculation [29] as well as with the value quoted in
Ref. [32] within the uncertainties. The latter has a slightly
larger in magnitude central value. These two results obtain
the deuteron response functions at N3LO in the x ET expan-
sion to calculate E‘2“Sel from a dispersive integral. The data-
driven evaluation of Carlson et al. [24] also uses a dis-
persive approach, but extracts information on the deuteron
response functions from experimental data. It calculates an
even larger Ei‘?l with a large uncertainty that makes it com-
patible with all other results. In addition, we compare the
results in the point-nucleon limit, where the contributions
from the nucleon charge radii are removed (in which case we
also omit the contribution of llcos). Our result here is compat-
ible with the earlier N3LO xET result [32], as well as with
that obtained from the N2LO #EFT deuteron longitudinal
response function in the point-nucleon limit [33].

3.3 Single-nucleon effects beyond N3LO

The results of Sects. 3.1 and 3.2 show that single-nucleon
contributions generated by the hadron structure, such as the
nucleon FFs, are the most important corrections beyond the
LO and NLO nuclear-structure effects. They are also poten-
tially the most problematic, since they tend to be enhanced
by factors of g2 compared with the corresponding amplitude
with point-like nucleons. For instance, an N4LO correction
with two insertions of the nucleon charge radius operator in
the LO M diagrams, shown in Ref. [21, Fig. 7], would be
enhanced by a factor of g* and would lead to a contribution to
E>;s that is divergent at large Q. Another potentially sizeable
single-nucleon effect, first appearing also at N4LO, is that of
the nucleon polarizabilities. Their inclusion into the deuteron
VVCS amplitude also leads to a similar divergent contribu-
tion. A 7# EFT consideration would therefore introduce four-
nucleon and two-lepton contact terms at N4LO to regularise
the divergence generated by the single-nucleon terms. Those
contact terms, as pointed out in Sect. 2.2, limit the predictive
powers of # EFT in the study of the 2y-exchange corrections
to N3LO. In this section, we quantify these hadron struc-

ture effects, expected to be the most important ones beyond
N3LO, using alternative methods that go beyond the # EFT
expansion.

Starting from the nucleon FF, one alternative that can
improve the bad behaviour of the nucleon FF correction
would be to insert the full nucleon FFs in the nucleon charge
operator vertex, replacing its LO term according to:

GN(0?)

2’
1+497%

1
5(1 +13) — (30)

where é]g(Qz) = G%(Qz) + G}E(QZ) 73 with G%’l being
the isoscalar and isovector nucleon electric FFs, G%’ ! (Q2) =
[G%(Q%) £ G%(0Q?)] /2. This procedure obviously repre-
sents a departure from the strict # EFT treatment. It provides,
however, a viable workaround and allows one to estimate the
effects generated by the higher-order terms in the expansion
of the nucleon FFs. It also is routinely used in xET cal-
culations of electromagnetic processes in nuclei, since the
nucleon FFs do not converge well in a chiral expansion,
either, see Refs. [27,29] for recent examples. The specific
substitution of Eq. (30), strictly speaking, breaks the elec-
tromagnetic gauge invariance. The violating terms are, how-
ever, of higher orders than we consider. The modified VVCS
amplitudes can be found in Appendix B.

The N3LO #EFT prediction for the deuteron charge
radius, given in Eq. (15), does not change with Eq. (30),
as long as we make sure that the parametrisation of the
isoscalar nucleon FF agrees with our choice of rg. We chose
the nucleon FF parametrisations from Borah et al. [35], since
their slopes are constrained by the nucleon radii used by
us: the proton charge radius from pH spectroscopy given in
Eq. (1a), and the neutron charge radius [36,37]:

r2 = —0.1161(22) fm?. (3D

The elastic 2y-exchange correction resulting from inserting
the full nucleon FFs can be calculated using Eq. (11) with
the re-summed deuteron FFs given in Ref. [21, Eqgs. (77)
and (78)], and it differs only marginally from the result in
Eq. (18) (specifically, by about —0.001 meV); we neglect
this difference.

The inelastic part changes more significantly. Introducing
the nucleon FFs results in the following modifications to the
LO and NLO contributions to Eénsel’L in Table 1, using the
nucleon FF parametrisation of Ref. [35]:

ECY 5 ELY = —0.9156 meV,
ECY - ESY =0.0125 meV, (32)
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Table4 Comparison of our results with other recent calculations for the

inelastic contribution Ej mel and the inelastic contribution in the point-
nucleon limit Emel pN The latter is the inelastic contribution with
point-like nucleons (calculated up to N3LO, with the contribution of

1 ICOS omitted). Values are in meV. To compare with Ref. [32], we sub-

tract the subleading O (a®log ) Coulomb correction from their “z-
less” result. The uncertainty given here for their prediction is obtained
using the relative uncertainties of individual error sources from Ref.
[34, Table 8] (nuclear model, isospin symmetry breaking, relativistic,
higher Z«) summed in quadrature. The value quoted for Ref. [33] is
their “Z;-improved” result

#EFT N3LO Acharya et al. [29] Hernandez et al. [32] Emmons et al. [33] Carlson et al. [24]
Ei“sel —1.509(16) —1.511(12) —1.531(12) —1.566(740)
gy PN ~1.567 —1.571 —1.574(80)

Table 5 Single-nucleon subtraction-function contributions from 2y
exchange between muon and proton («H) or neutron (un), respectively.
The last column gives the E;gdr SWt ¢ ontribution to D, obtained by

rescaling the muon-nucleon values. Values are in meV

uH un uD

xPT [39,40]

data-driven

0.0035(26)
0.0023(13) [41]

0.0043(25)
0.0043(20) [41]

0.0091(60)
0.0078(37)

which at the same time absorbs both E D and E', O . Using

N
a different nucleon FF parametrisation [3 8] results in:

ECY 5 ELY = —0.9151 meV,
ECY - ES?P =0.0125 meV. (33)

This amounts to a correction of Ehadr FF . 0.0129 meV

with the nucleon FFs from Ref. [35] the parametrisation of
Ref. [38] gives Epa™ ' = —0.0121 meV. In the following,
we will adopt

ER T — _0.013(1) meV. (34)

This effect is within our N3LO uncertainty estimate; one can
also notice that it is significantly larger than a similar dif-
ference obtained in a xET calculation replacing linearised
(expanded in Q?) nucleon FFs by a realistic parametrisa-
tion [29]. At the same time, the difference due to the dif-
ferent nucleon FF parametrisations is negligibly small. The
replacement of the charge operator by the nucleon FFs in
the contributions to Ejy inel.L peyond NLO would also give a
negligible effect on the total result.

Coming to the other effect we consider here, that of the
nucleon polarizabilities, it consists of two parts, the inelastic
and the subtraction hadronic corrections. The first one of the
two can be calculated from a dispersive relation, using the
empirical deuteron structure functions, at energies starting
from the pion production threshold, as done in Ref. [24]:

ERIninel — _0,028(2) meV. (35)
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See also Ref. [42] for a similar evaluation. Another method
to calculate it, similar to inserting the nucleon FFs in the
consideration above, is to apply a rescaling procedure to
the inelastic 2y-exchange effect in uH and the analogous
inelastic 2y-exchange effect between a muon and a neutron
(un), adding them together and correcting for the differ-
ent atomic Wave functions, rescaling the sum by the fac-
tor [¢ (O) /qb (O)]2 as done in Ref. [5] and references
therem. Using the single-nucleon values from Ref. [41], we
obtain a value of —0.030(2) meV, where we added uncertain-
ties linearly to be conservative. This perfectly agrees with the
dispersive evaluation given by Eq. (35), which is an indica-
tion that the rescaling procedure works well in this setting.

The second part of the single-nucleon polarizability effect,
the subtraction contribution, cannot be directly related to
empirical data. It has to be either modelled or predicted from
baryon chiral perturbation theory (x PT). With the rescaling
procedure described above, and the covariant y PT results for
the proton VVCS subtraction function [40] and its neutron
counterpart, we obtain for the subtraction-function contribu-
tion to uD!:

ENn St — 0.009(6) meV, (36)

which agrees well with the value adopted in Ref. [5]:
0.0098(98) meV. As one can see from Table 5, our predic-
tions agree with the dispersive estimates from Ref. [41]. It
is also instructive to compare our result for the proton sub-
traction contribution, 0.0035(26) meV, to predictions in the
framework of heavy-baryon x PT: 0.0042(10) meV [43] and
0.0029(12) meV [44].

The above considerations take into account the most sig-
nificant higher-order nucleon structure corrections that start
to appear at N4LO in the # EFT expansion. One can notice
that each one of the corrections, E,g hadr, FE _ _0.013(1) meV
from Eq. (34), and the nucleon polarizability corrections,
Eyadn subty phadrinel —_0,019(6) meV from Egs. (35)
and (36), is separately smaller or of the size of the estimated

I Note that the leading pion-nucleon loop contribution to the
subtraction-function correction was previously calculated with an
approximate formula [39, Eq. (17a)] and has been updated here.
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N3LO uncertainty of the inelastic contribution, 0.016 meV,
Eq. (26). Their total, however,

Ehadr _ Ehadr FF + Eggdr subt + Eggdr, inel

= —0.032(6) meV, (37)

is about twice as large as that uncertainty. Nevertheless, we
expect the higher-order nuclear effects, as well as the rel-
ativistic corrections, to be much smaller, and we expect the
remaining higher-order effects to be within our N3LO uncer-
tainty estimate. Erring on the side of caution, we refrain from
going as far as performing an N4LO adjustment of the uncer-
tainty.

3.4 Summary of results

We conclude this section by summarizing our # EFT predic-
tions of the nuclear-structure effects on the 2.5 level in uD
from the forward 2y exchange, and including the accom-
panying electronic VP contributions. At N3LO, we derived
the dominant 2y-exchange effects coming from the elastic
deuteron charge FF G ¢ and the non-pole part of the deuteron
VVCS amplitude:

Eelastic

—0.446(8) meV,
—1.509(16) meV,

(382)
(38b)

Emel —

see Sects. 3.1 and 3.2 for details. The uncertainties have been
quantified through the Bayesian error estimate described in
Appendix A. As mentioned above, the value of E} mel contains
the transverse contribution.

In Fig. 3, our #EFT predictions are compared to data-
driven and x ET results. The disagreement with Carlson et al.
[24] for ESI;S“C is due to the deuteron charge FF parametri-
sation from Ref. [28]. As one can see from Table 2, our pre-
diction is in good agreement with the data-driven approach
if the Sick & Trautmann parametrisation [9] is used instead.

Beyond N3LO, we also take into account the single-
nucleon effects discussed in Sect. 3.3. They can be split into
the nucleon-polarizability contribution, the single-nucleon
subtraction-function contribution, and the insertion of the
nucleon FFs in the nucleon charge operator vertex of # EFT.
In total, they amount to:

ENIr — —0.032(6) meV. (39)

On top of the above forward 2y-exchange effects,

Efwd Eeldstlc + Emel + Ehddr = —1.987(20) meV, (40)

there are the electronic VP corrections to the 2y-exchange,
described in Appendix C:

ESYP = —0.027 meV (41)

(their uncertainty also being negligibly small). In total this
adds up to:

ENeVP — piwd 4 pSVP — 2.014(20) meV . (42)

In Sect. 5, we will discuss all the relevant deuteron-structure
effects, including also the Coulomb distortion from the off-
forward 2y exchange [5] and the 3y -exchange effect [7].

4 Hydrogen—deuterium isotope shift

In this section, we will use the isotope shift between 1§ and
28 states in H and D:

Eiso=h fiso = E?S—IS - Egls_ls s (43)

where £ is the Planck constant, to get a prediction for the
deuteron charge radius, cf. Eq. (2), and, in turn, determine
the LEC! ICOS as given by Eq. (17). The empirically measured
value of the isotope shift is very precise [45],

fiso = 670994 334.605(15) kHz . (44)

To extract from it r; and [ 1COS , we will update the theoret-
ical prediction for the isotope shift. Our notation generally
follows the work of Jentschura et al. [45]. It is, along with
most of the features of the consideration in this section, such
as a list of all contributions relevant to the isotope shift, pre-
sented in Appendix D. Here, we focus on our #EFT result
for the 2y-exchange correction to the S-levels in D. The per-
tinent calculation proceeds analogously to Sect. 3, where the
2y exchange in uD is evaluated, hence its details are largely
omitted.

4.1 2y exchange in deuterium

The longitudinal part of the inelastic contribution to the
2S5—18 shiftin D is:

v, = [16.612 -~ 0.76911“’5] kHz (45a)
= [9.929 4 6.825 — 0.062 — 0.078] kHz
= 16.613(191) kHz. (45b)

In the second line, we show our numerical order-by-order
result with the LEC [; €05 determined in the following
Sect. 4.2. Note that all forward 2y-exchange contributions
scale through the atomic wave function at the origin as 1/n3.
Thus, to deduce the shift of the n S-level in D, one sim-
ply has to multiply the isotope shift value by —8/74°. The
uncertainty of our result is obtained in a simplified way by
multiplying the total by (y/m)*. This is justified by the
smallness of the N2LO and N3LO contributions (with the
NLO contribution given by (Z — 1) times the LO result plus
a small correction, cf. Table 1 for the case of uD).
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Fig. 3 Comparison of predictions for the elastic and inelastic contributions to the 2y exchange in uD. Values are the same as in Tables 2 and 4

The transverse 2y-exchange contribution appears to be
relatively more important in D than in uD:

Avgy = 1.859(65) kHz. (46)

The uncertainty is obtained here by multiplying the total
with (y/my)3, where the usual NLO factor of (y/my)? is
multiplied with another y /m to take into account that the
transverse amplitude is well reproduced already at NLO [21,
Sec. V]. The full N3LO #EFT prediction for the inelastic
contribution to the forward 2y exchange is then given by

AV, 7 = 18.472(202) kHz. A7)

The hadronic contributions to the shift of levels in D are
as follows. Inserting the nucleon FFs as in Eq. (30) leads to
a negligible shift:

AUE, hadr. FF = 0.014(1) kHz. (48)

The inelastic part, calculated in the same way as done for uD
[24], gives [46]

AUE, hadr. inel = 0-148(11) kHz. (49)

This is in perfect agreement with the result from rescaling the
single-nucleon values obtained in Ref. [41]: Av(l)) hadr. inel =
0.145(12) kHz. The subtraction part is calculated by us in
the same way as done for D by rescaling the single-nucleon
values from yPT:

AVE padr. supe = —0.069(29) kHz. (50)

The subtraction function contributions found in Ref. [41]
tend to be smaller, cf. Table 6.

The off-forward 2y-exchange correction, known as the
Coulomb distortion, can be estimated by rescaling the results
for uD presented in Ref. [47]. For the 25 —1.S shift in D, we
obtain a very small result of >~ —0.034 kHz. Adding all
contributions together, we find

AvP =[18.530 - 07691 | KHz = 18.531(204) kHz.
(5D
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Table 6 Single-nucleon subtraction-function contributions from 2y
exchange between electron and proton (H) or neutron (en), respectively.
The last column gives the Avg_ padr. sube contribution to D, obtained by
rescaling the electron—nucleon values. Values are in kHz

H en D
xPT [39,40] —0.032(15) —0.037(14) —0.069(29)
data-driven —0.016(4) [41] —0.025(9) [41] —0.041(13)

This has to be compared to AUE = 18.70(7) kHz used in
Ref. [48] and based on Ref. [49].

The N3LO #EFT prediction for the elastic contribution
to the 25—1S shift in D is

AvR) = [0.625 + 1.607 1% | kHz (52a)
= [0.292 +0.221 + 0.087 + 0.023] kHz
= 0.622(7) KHz, (52b)

where the uncertainty is estimated as above for AVE - Thisis
slightly bigger than the pure Friar-radius contribution appear-
ing in Ref. [48], which gives Avp, = 0.507 kHz.

Adding all 2y-exchange corrections to the 2S—1S transi-
tion in D together, we find

AV, sy = [19.155 +0.838 1 | Kz
= 19.153(204) kHz. (53)

One can see that the elastic and inelastic contributions pro-
portional to / ICOS partially cancel each other, making the total
slightly less sensitive to the value of the N3LO contact term,
similarly to what happens in uD. In any case, the effect of
it (assuming the maximal magnitude of / ICOS ~ 1072) is at
most 0.01 kHz, which is far smaller than the total uncertainty
of the isotope shift. Therefore, the contribution of / ICOS to the
2y exchange in the isotope shift can be safely neglected (at
the current level of precision), and the deuteron charge radius
extracted from the isotope shift is a good quantity to deter-
mine / 1C0S.
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4.2 2y exchange in isotope shift and determination of
low-energy constant / ]COS

For the isotope shift, we also need the 2 y-exchange correction
to the 25 —1. transition in H. For the elastic contribution, we
use the results from Ref. [41]:

Av{},) = 0.035(6) kHz, (54)

which is in perfect agreement with the Friar-radius contri-
bution Avg) = 0.035 kHz appearing in Ref. [48]. For the
inelastic contribution, it is important that Avé{ is consis-
tent with the single-proton contributions entering D through
AV9 hadr. inel and AV padr. subt- Lherefore, we will use
the subtraction-function contribution predicted by x PT, see
Table 6, and the inelastic contributions from Ref. [41]:

Avil = [—0.032(15) + 0.073(5)] kHz = 0.041(16) kHz.
(55)

This compares to Avgl = 0.061(11) kHz used in Ref.
[48] and based on Ref. [50]. Using instead the subtraction-
function contribution from Ref. [41], we would find:

Avil = 0.057(6) kHz. (56)

In total, the 2y-exchange correction to the 25—1S transition
in H amounts to

AvEL ) = 0.076(17) kHz. (57)

The combined results for the isotope shift are given in
Egs. (D19) and (D23) of Appendix D.

In the appendix, we give a full updated list of all contribu-
tions entering the isotope shift, together with a comparison to
the values used in Ref. [45]. Besides theoretical updates, e.g.,
of the VP and recoil contributions, we discuss the impact of
refined values for the electron, proton and deuteron masses,
and the role of the Rydberg constant. Our final result for
the theoretical prediction of the 25— 15 deuterium—hydrogen
isotope shift reads:

fiso = |:671 000534.811(924) + 0.838 IICOS

—1369.346 (;1—11)2} kHz. (58)

Note that, in the calculation of the 2y-exchange corrections,
we used the value of the proton charge radius r, (.H) pub-
lished by the CREMA Collaboration, Eq. (1a). This value is
consistent with the nucleon FF parametrisations from Ref.
[35], used in Sect. 3.3 to estimate the single-nucleon effects
beyond N3LO in # EFT. The proton finite-size corrections to
the isotope shift use instead a refined value [51], extracted
from the Lamb shift measurement of the CREMA Collabora-
tion [1,2] accounting for the recent updates of the ;H theory
[52-55]:

rp(uH) = 0.84099(36) fm. (59)

The effect of the updated r, value on the 2y-exchange cor-
rections would be negligibly small compared to the estimated
theoretical uncertainties of the latter.

The LEC 1C05 is small (again, a reasonable estimate of its
maximal magnitude being ~ 1072). It is therefore justified to
use the N3LO # EFT prediction for the deuteron radius, given
in Eq. (15), as an exact relation to express / lCOS in Eq. (58)
through r;. We can then extract r; by comparing our theory
prediction and the experimental value for the isotope shift
(44):

ra(WH & iso) = 2.12788(16) fm, (60)

where the error is completely dominated by the theory. Our
result for r4 is in perfect agreement with the previous extrac-
tion in Eq. (2). Setting /% = 0 in Eq. (58) leads to
the same result, which proves that the error generated by
applying Eq. (15) as an exact relation can indeed be safely
neglected. A comparison and consistency check of state-of-
the-art deuteron charge radius extractions from uD, D and the
H-D isotope shift can be found in Sect. 6.1. From Eq. (15),
we then find:

1€ = —1.80(4)(36)(12) x 1073, (61)

where the uncertainties in the brackets stem from our
extracted value of the deuteron radius, the uncertainty of
Z = 1.6893(30) [56], and the isoscalar nucleon charge
radius ro = 0.5586(10) fm, respectively.

5 Muonic deuterium Lamb shift

In this section, we will extract an empirical value for the
2y-exchange effects in the uD Lamb shift from the high-
precision Lamb shift measurement by the CREMA Collabo-
ration [3] and the deuteron radius determined from the H-D
isotope shift. The empirical value will be compared to our
#EFT prediction. A theory compilation for the uD spec-
trum, including a review of recent theoretical predictions for
the 2y-exchange effects, can be found in Ref. [5]. At the end
of this section, we will present an updated theory prediction
of the uD Lamb shift, based on our 7# EFT prediction for the
2y exchange, taking into account all recent theory improve-
ments since the publication of Ref. [5].

5.1 Empirical 2y exchange

The theory prediction for the uD Lamb shift reads [5,
Eq. (18)]:

Exp_os = [228.77356(75) +0.00310(60)
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2
—6.11025(28) (;—d) — Egg}mev. (62)
m

Here, the first term is deuteron-radius independent, the next
two terms are deuteron-radius dependent, and the last term
contains deuteron-structure effects from 2y exchange. Note
that the prefactor in front of the radius-dependent finite-size
term also contains radiative corrections, such as the elec-
tronic VP corrections partially discussed in Appendix C, see
Ref. [5] for details.”> The empirical value measured by the
CREMA collaboration is:

Ezp_ns = 202.8785(31)sgar (14)sys meV. (63)

With the theory prediction for the Lamb shift in Eq. (62), the
empirical value in Eq. (63), and r4(1H & iso) from Eq. (2),
one obtains an empirical value for the 2y-exchange effects
in the uD Lamb shift [3]:

EJ} (emp.) = —1.7638(68) meV . (64)

In the following, we update this value based on the improved
hadronic VP [55] and electronic light-by-light scattering con-
tributions [57], as well as 4 (uH & iso) from Eq. (60).

For the effect of LO and NLO hadronic VP [55], combined
with the mixed electronic and muonic VP, as well as the elec-
tronic VP loop in the SE correction [52], we use (2P — 2.5):
11.64(32) peV. This reduces the uncertainty of the old value
11.12(71) peV (sum of ##12, 13, 14, 30, 31 in Ref. [5, Table
1]), thereby improving the uncertainty of the deuteron-radius
independent term by a factor 2. In addition, we include the
inelastic 3y-exchange, calculated for the first time in Ref.
[7]. Compared to Eq. (62), the elastic 3y-exchange contri-
bution (# #r3, r3’ in [5, Table 2]) has been removed from the
radius-dependent term, so that the sum of elastic and inelas-
tic 3y-exchange (2P — 25): 2.19(88)(27) neV [7], is now
listed as an individual term. The updated theory prediction
for the Lamb shift in uD then reads [51]:

2
Exp_ss = [228.77408(38) — 6.10801(28) (fr—;’l)
—Egg + 0.00219(92)] meV. (65)
Inserting the deuteron charge radius determined from the
H-D isotope shift, Eq. (60), and comparing to the CREMA

measurement, Eq. (63), we refine the empirical 2y-exchange
effect:

E3} (emp.) = —1.7585(56) meV. (66)

5.2 Comparison of theoretical predictions for 2y exchange

2 Note that in the final sum of radius-dependent terms in Ref. [5, Table
2] the entry #r8 has been included with a wrong sign.
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Table 7 Comparison of prediction for the 2y-exchange effects in the
D Lamb shift

E% [meV]

Theory prediction
Krauth et al. [5] —1.7096(200)
Kalinowski [6, Eq. (6) + (19)] —1.740(21)
#EFT N3LO —1.752(20)
Empirical («H + iso)
Pohl et al. [3] —1.7638(68)
This work —1.7585(56)

In Sect. 3.4, we summarized our ¥ EFT results for the
deuteron-structure effects in the D Lamb shift originating
from the forward 2y exchange, including the accompanied
electronic VP contributions, and compared to other theory
predictions. Our final result is given in Eq. (42). For a mean-
ingful comparison to the empirical value for the 2y-exchange
effect, Eq. (66), we need to add effects from off-forward 2y
exchange (the Coulomb distortions). Formally of a sublead-
ing O(a®Ina), they are, however, numerically important.
We use the recommended value from the theory compilation
in Ref. [5]:

ESgUlomb — 0.2625(15) meV, (67)

derived from modern deuteron potentials (x ET potential and
AV 18 model [58]). This value should be consistent with the
#EFT framework, since the deuteron electric dipole polariz-
ability from # EFT [21] is in agreement with predictions from
the applied deuteron potentials [59]. Combining Egs. (42)
and (67), our final result for the 2y-exchange structure effects
on the 2S-level in D reads:

2
E;} = —1.752(20) meV, (68)

which is larger than the value accounted for in Ref. [5,
Eq. (17)], but agrees with Ref. [6] within errors, cf. Table
7. It is also in agreement with the empirical value, Eq. (66),
but more than a factor 3 less precise. Our new theory com-
pilation will be used in Sect. 6.1 to extract rz (D) from the
experimental value for Eop_»s.

6 Charge radius extractions
6.1 Deuteron charge radius

This section compares three independent extractions of the
deuteron charge radius: from the spectroscopy of the uD
Lamb shift, the 25—1S transition in D and the 25—1S H-
D isotope shift, respectively. With the experimental value
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Fig. 4 Comparison of deuteron charge radius determinations from fits
to electron—deuteron scattering data, ordinary and muonic-deuterium
spectroscopy, and the 25—1S hydrogen—deuterium isotope shift com-
bined with the proton radius from muonic hydrogen

for the uD Lamb shift in Eq. (63), the theoretical predic-
tion in Eq. (65), and our result for the 2y-exchange effects,
Eq. (68), we can extract the deuteron charge radius from uD
spectroscopy:

ra(uD) = 2.12763(13)exp (7T theory = 2-12763(78) fm,
(69)

where the uncertainty budget remained the same as in the
original extraction from Ref. [3], see Eq. (1b). In addition, we
consider the extraction from the measured 25— 1S transition
in D [60]:

f2]?9715 = 2466732407 522.88(91) kHz, (70)
and the theory prediction in Eq. (F2), which leads to:
rg(D,285—18) = 2.12767(49) fm. (71

Note that the entering Rydberg constant, R, in Eq. (E4), is
strongly driven by r ), (uH). The third extraction from the H-
D isotope shift and r, (. H) has been presented in Sect. 4.2:

rq(uH & is0) = 2.12788(16) fm.

All results are shown in Fig. 4, together will older extractions,
results from electron—deuteron scattering and the CODATA
recommended values. We can see that the spectroscopy of
ordinary and muonic hydrogen isotopes, after the recent the-
ory updates, cf. Ref. [6], gives consistent results for the
deuteron charge radius.

6.2 Proton charge radius

Analogously to the calculation of 4 (uH & iso0), we can use
the isotope shift and ry(uD) to extract the proton charge

radius:
rp(uD & is0) = 0.8404(20) fm. (72)

While a previous extraction along these lines, , (uD & is0) =
0.8356(20) fm [3], had been in tension with r,(uH), the

result presented here based on the state-of-the-art theory pre-

dictions agrees. This, again, nicely shows the consistency

between the spectroscopic analyses of ordinary and muonic

hydrogen isotopes.

6.3 Proton—deuteron squared charge radii difference

Assuming m, < M, ~ My, we can find an approxima-
tion for the nuclear-size correction to the H-D isotope shift,
Eq. (D22), which is related to the often quoted difference
of squared proton and deuteron charge radii. The best such
approximation turns out to be

7 atmict
Afory -~ e [rz—rz]. 73
fo ™ =5 (1 +m /M,y L4 P 73)

We give here the charge radius difference exactly, based on
Egs. (59) and (60), and use the relation in Eq. (73) only to
estimate the uncertainty, which is dominated by the theory
of the isotope shift:

rg —ry =3.82061(31) fm”. (74)

Using Eq. (73) instead, the central value would decrease by
about 1.50: 3.82013 (f;? fm?. These results are in good

agreement with the difference between charge radii extracted
from the Lamb shift in muonic hydrogen isotopes:

rg(uD) — rp(uH) = 3.81955(337) fm”. (75)

From Eq. (74), we can see that the larger CODATA ’14
recommended value for the proton charge radius, r, =
0.8751(61) fm [10], would impose a larger value for the
deuteron radius inconsistent with the ©D Lamb shift.

7 Conclusion and outlook

In this work, we calculated the 2y-exchange corrections to
the S-levels in ordinary and muonic deuterium in the # EFT
framework. The calculation was performed at N3LO, with
the only unknown LEC l]COS appearing at this order extracted
using the H-D isotope shift, where the correlation between
that LEC and the 2y-exchange correction is negligible. In
addition, we evaluated the contribution of the nucleon struc-
ture, i.e., the effect of the nucleon polarizability and of the
shape of the nucleon FFs, which are the most important
single-nucleon effects beyond N3LO. We also included the
accompanying electronic vacuum polarization contributions.
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Our predictions for the elastic contribution to the 2y
exchange in uD from #EFT at N3LO and xET at N4LO
appear to be several standard deviations larger than the eval-
uations [24,29] based on the deuteron charge FF parametri-
sation of Ref. [28], cf. Fig. 3 and Table 2. This suggests that
the latter parametrisation does not adequately describe the
behaviour of the deuteron charge FF at low virtualities. The
correlation between the Friar radius rgg and the deuteron
charge radius r4 in #EFT, cf. Fig. 2, through the LEC / ICOS
could serve as a diagnostic criterion for a realistic parametri-
sation of the deuteron charge FF. We also point out that the
#EFT expression for the deuteron charge FF at N3LO [21,
Sec. IV] can be used for an analytic one-parameter fit to the
electron—deuteron scattering data in the low-Q? range rele-
vant to the planned DRad experiment [31].

Supplementing the uD theory [5] with a few missing
electronic VP effects [6] and the inelastic 3y exchange [7],
together with the shift of the elastic contribution found in
this work, the past discrepancy between theory and experi-
ment on the size of 2y-exchange effects, see Table 7, is now
completely resolved.

The uncertainty of the theoretical result for the 2y-
exchange correction was quantified using Bayesian infer-
ence. While our N3LO #EFT prediction was not yet able
to improve the theoretical precision, the improved under-
standing of the elastic contribution is of utmost importance.
In addition, by calculating the 2y-exchange correction to uD
and D, we were able to perform a few consistency checks. In
particular, we showed that extractions of the deuteron charge
radius from the uD Lamb shift, the 25—1S§ transition in D
and the 25—1S5 H-D isotope shift, cf. Fig. 4, are now in
excellent agreement.
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Appendix A: Quantification of uncertainty

The uncertainty of an EFT calculation is in many cases,
including the present work, dominated by the unknown
higher-order terms rather than input parameters. To quantify
the uncertainty, we follow the Bayesian approach developed
in Refs. [20,63] and references therein. The results and the
details specific to our evaluation are presented in this section.

We start with the EFT expansion of a generic observable A
in powers of the expansion parameter £ (whichis & = y/m
in #EFT):

o
A=Ag) ", (A1)
n=0

where the parameter Ag sets the scale of A, and ¢, are the
expansion coefficients. The uncertainty of A caused by a
truncation at n = k is given by the unknown remainder:

o0
OAr= Ao Y cuf".
n=k+1

(A2)

The typical prior assumption used in EFT calculations is the
naturalness of the expansion coefficients, i.e., ¢, should be
at most O (1). One may refine this assumption using the cal-
culated expansion coefficients as done in, e.g., Ref. [64] that
assigns (written out here for an N3LO calculation, k = 3):

©A3 = max [£444101, £3]AAN0), £2|AAN1O),
€|AAN3LO|}

= Ao £* max |c,|, (A3)
n<3

where AALO, AANLO etc. are the contributions to A at the
respective order. This also implicitly assumes that ® Ay is
dominated by its first term, Ag cxy1EXT!; we will employ
this assumption in the following (note that it can be relaxed,
in particular, in the Bayesian approach [20,63]). Looking at
the expansion of E»g, we note that the expansion of the LSZ
factor, [2(Eq)] ™ o 14 (Z=1)+040+---, see Ref.
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[21,Eq. (49)], results in every term appearing at a given order
in the four-point function acquiring a factor of Z at the next
order, as is also explicitly shown in Table 1. This induces
correlations between the coefficients in the expansion. It is
therefore natural to slightly modify the expansion for the
purpose of quantifying the uncertainty, taking out the known
Z factor along with the scale factor Ag. This amounts to
working with the expansion of the (integrals of) the four-point
functions, and the simple estimate of Eq. (A3) becomes:

OA3 = ZAp £+ max |cy], (A4)
n<3

where Ag and ¢, are now the normalization and the expansion
coefficients of the integrals of the four-point function, which

can be deduced from Table 1, respectively, for Egléf‘snc and
Einel,L
25 -

Moving to the Bayesian quantification, we use the prior

probability density functions (PDFs) introduced in Ref. [20]
as Sets A, B, and C. Each one of the sets of priors consists
of two PDFs, pr(c) and pr(c,|c), where the first is associated
with the scale ¢ typical of the coefficients ¢, , while the second
describes the probability distribution of ¢, given the scale.
In the leading-term approximation for the uncertainty, the
Bayes’ theorem with the given prior PDFs gives the PDF of
the uncertainty at order &, given the known co, . .. ck:

[ depr(cerile) pre) [TE —o pricmle)

0
pr(®Ag|co, ...ck) = =

Z Ag R+ [ depr(e) TT5 _o priemle)

0
(AS)
with
OAy

Ck+1 = W? (A6)

where we specialize to the case of E,s and the quantities Ag
and ¢, again pertain to the expansion of the (integrals of) the
four-point function (with the Z factored out).

The expansion coefficients and prefactors that correspond
to the modified 7 EFT expansion of ES&SUC, g]SeI‘L, and their
sum E5um = Egastic 1 pIehL are given in Table 8. One can
see that the expansion coefficients of the elastic contribution
are somewhat larger than one, whereas the inelastic part, as
well as the total, have smaller expansion coefficients. There
are partial cancellations between the higher-order elastic and
inelastic contributions, which, together with the LO total term
being about five times larger than its elastic counterpart, sup-
presses the expansion coefficients of the total 2y-exchange
correction. With these coefficients, we start with the estimate
of Eq. (A4), which gives:

elastic prinel,L  rsum
@({Ezs s Eys s Eos ])

= {0.009, 0.018, 0.022} meV. (A7)

The uncertainties deduced this way are a priori not Gaussian-
distributed quantities (as one sees explicitly from, e.g., the
Bayesian PDFs below, cf. Fig. 5), therefore the usual addition
of uncertainties in quadrature may not be an adequate way to,
e.g., calculate the uncertainty of a sum given the uncertainties
of its constituents; we therefore estimate the uncertainty of
E5§" independently.

Proceeding to the Bayesian estimates, we apply Eq. (AS5)
with the priors of Ref. [20] to the results of our calculation.
The specific parameters that we use for the priors are:
c- =100, c. = 1073, 6 =2.0. (A8)
The resulting PDFs for ® A3 are shown in Fig. 5. Set A and
Set B result in PDFs that in each case are practically on top of
each other, we therefore show only Set A as a representative,
along with Set C.

The Bayesian procedure results in the following 68%
degree-of-belief (DOB) intervals:

seea: o ({Ese B E3m))

= {0.0078, 0.0156, 0.0189} meV, (A9a)
setB: o ({Es Bt B

= {0.0077, 0.0155, 0.0188} meV, (A9b)
seec: o ({ese BNt B

= {0.0071, 0.0111, 0.0133} meV. (A%)

One can see that the simple estimate of Eq. (A7) gives amore
conservative uncertainty than is obtained from the Bayesian
framework, which was also the tendency observed in Ref.
[20]. It is also evident that the priors Set A and B result in
somewhat bigger uncertainties than Set C; the difference is
rather small for the elastic contribution, but is of the order
of 25% for the inelastic term and the total 2y-exchange cor-
rection. Seeing that the current uncertainty estimate uses the
leading omitted term approximation, one can expect an about
30% change in the uncertainty once higher-order terms are
taken into account. The above difference between Sets A and
B, on the one hand, and Set C, on the other hand, is thus not
unexpectedly big. One can also note that the uncertainty of
the elastic term is probably overestimated, since higher-order
terms are unlikely to change that term as much as suggested
by the projected uncertainty, given that the value of rﬁ is fixed
at N3LO. This is also supported by the agreement between
the #EFT and xET results for the elastic contribution. We
take the more conservative results of Sets A and B as our
uncertainty estimate for the calculated 2y-exchange contri-
butions.
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Table 8 Expansion coefficients and prefactors corresponding to the modified # EFT expansion
Ag [meV] co c1 2 c3
Eglastic —0.204 1 0.260 2.311 —1.896
EShE —0.943 1 —0.050 —0.379 0.044
ES" —1.148 1 0.006 0.100 —0.301
60 T T T ] 40 T T T T T T
L N L /N Lo N ]
ic 1 i i sum
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Fig. 5 Probability distribution functions for G)(E;lsasm) (left), ® (Eiz‘gel’l‘ ) (center), and @ (E3{™) (right). Red solid (blue dashed) curves correspond
to Set A (Set C) priors. Thin vertical lines indicate the corresponding 68% degree-of-belief intervals

Finally, one may notice that, in particular, the relative
smallness of the higher-order coefficients in Table 8, might
mean that the assignment £ = 1/3 overestimates the size of
the expansion parameter (and thus also the truncation uncer-
tainty). As demonstrated in, e.g., Ref. [20] with xET calcu-
lations, Bayesian tools could also be applied to quantify the
(assigned) value of the expansion parameter. Such a study
would ideally involve additional quantities obtained in the
same 7 EFT framework, and will be presented elsewhere; in
this context, see Ref. [65] that studies the uncertainties aris-
ing from a different expansion employed in calculations of
2y-exchange corrections in muonic atoms and ions.

Appendix B: Deuteron VVCS amplitudes with insertion
of nucleon form factors

In this appendix, we provide the expressions for the longi-
tudinal deuteron VVCS amplitude at LO and NLO resulting
from the procedure outlined in Sect. 3.3, where one inserts the
full nucleon FFs. The expressions for the four-point function
(see Ref. [21, Sec. II D] for the definition) with the inserted
FFs read:

(=3), FF _
M =

M’ 0* [[Gh]) +[GLd]
T q? v [4% +4(v +210)?]
[G9.(0)] - [GLeY]

2
Miglv o, q°)
4[GY0M] ,
o=
+ (v —> —v), (B1)
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2173 02
_ M> Q“2(Z—-1) 1 - 2
M2 FE_ € = [GO 2]
¢ — 20
L a)[la] = (0 + 2 (v, ¢7)]
q*(y — ra)
+ (v = —v). (B2)
Here, the kinematic functions are [21]:
ra=,[v*— Mv + q_2 ¢ (v, ¢*) =arctan el (B3)
4 9 9 2(}/ +)\'d)’

and the barred nucleon isoscalar and isovector electric FFs
are:

G%'0Y

2
1+497§

G%'% = (B4)

Appendix C: Electronic vacuum polarization corrections
to finite-size and polarizability contributions

In this appendix, we consider the one-loop electronic VP
given by:

(D)

0% =1Ye* - o)

1
L Y L
3 21,
1 1 1
X 1+ —arccoth [14+ ——1)+ =1,
Te Te 3

(ChH
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Fig. 6 One-photon exchange
with vacuum-polarization and
finite-size correction

with 7, = Q2 /4m£ and m, the electron mass, and its well
known corrections to the deuteron structure effects.

We start with the corrections to the O (a*) deuteron radius
term to illustrate the approach, before calculating the cor-
rections to the O () 2y-exchange effect, relevant for this
paper. The one-loop electronic VP correction to the deuteron
charge radius term, see Fig. 6, is described by the following
potential:

dq eiq-r

@2n)? q
X [Gc(qz) — 1] .

Note that this is a contribution to the Breit potential [66, Ch.

IX, §83], where the retardation effects can be neglected at

this order in «, and hence Q2 is replaced by g2. We shall

make use of the dispersion relations (DRs) for the VP and
the FF:

4o —(1)

AVyppr(r) = — ~ 10 (g?)

(€2

Q2 Im I1(¢)
e = - ]imgdtm, (C3a)
) _l][w ,Im Ge ()
Ge(@h = f o S0 (C3b)

where f denotes the principal-value integration. The one-
loop expression for the absorptive part of electronic VP reads:

( 2m> 4m?
1+ 1 - —=.
3 t

The DR for VP is once-subtracted to ensure the correct nor-
malisation of the electromagnetic field. Similarly to ensure
the correct normalisation of the deuteron charge, G¢(0) = 1,
we can use the once-subtracted relation for the charge FF:

2 Im Ge(t'
Ge(0 )—1_—Q—][ dr’ m—C(Z)
T Jy A+ 0%
In first-order perturbation theory to the unperturbed Coulomb
wave functions, one finds for the Lamb shift:

Im IV () = (C4)

(C5)

Im 1D (1)

3 0
(D(VP-FF) _ Ol m; .
EZP 2S - 2 (]imzd (\/_+0‘mr)4 I:GC(I) 1]
Ty M Ge@) zm )
+ dt/ ————— t C6
]{o (\/7+o¢mr)4 ) (o)

It is clear that the dominant effect comes from the small-#
region in the first integral, which starts from the threshold of
ete™ production. Unfortunately, we cannot simply expand

(a) (b) (c)

Fig. 7 a One-photon exchange with vacuum polarization; b one-
photon exchange with finite-size correction; and c elastic and inelastic
two-photon exchange

G ¢ around 0 before integration, since the integral will even-
tually diverge. Instead we use again the DR for G¢ given in
Eq. (C3a). We then change the variable t — 4mzu2 and per-
form the integration over u. Afterwards, only integrals over
t' remain, which start from the threshold of hadron (e.g.,
77 ™) production #y. Assuming that 2m, < ty < t/, we
can expand up to 0(4m3 /t"). Neglecting terms which are
suppressed by additional factors of mg, we obtain:

(VP-FF) _

1
ESDRTE — < m3AGc)ra (C7a)

— 00135 [f%l]z meV

~ —0.06113(1) meV, (C7b)

with the auxiliary function:

Alk) = [K2(4K2 ~7

1
127(1 — k2)?2
K (dk* — 1062 +9)
T ise
~ 0.152309

arccos K:|

(C8)

atk = am, /2m,. Our formula agrees numerically with Ref.
[67, Eq. (28)]. In Eq. (C7b), we used the deuteron radius
determined through the isotope shift to illustrate the quanti-
tative size of the effect, where the uncertainity is just propa-
gated from the error of the radius in Eq. (60).

A similar subleading correction stems from the interfer-
ence of one-photon exchange potentials with electronic VP,

d 47ra 1
AVyp(r) = #e’q .2 "¢
* Im OV (@) eV’
_o % m Ve )
4m? t r

and finite-size corrections,

dq
@r) ¢
2
N 4o r;
- 6

AVEp(r) = —

8(r), (C10)
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see Fig. 7a, b, respectively. The latter can be approximated
with a delta-function potential proportional to the deuteron
radius. To calculate this effect at second order in perturba-
tion theory, we need to know the matrix elements of the
delta-function and Yukawa-type potentials between the uD
Coulomb wave functions:

1
(2816(r)|nS) = ———, (Clla)
23 2n3ma’
42n 4 —n*(3+4a’t
@S|V jinS) = =2 erac
@ [r2 (1 +2avi) - 4]
2 tanh 2
x exp | —2n arctanh ——— |,
P n (14 2a/1)
(Cl11b)
and the energy levels of the Coulomb potential:
E,=——2 = -2 (C12)
" 2an?’ TR

with n the principal quantum number. For the discrete spec-
trum, we obtain:

E(Z)dlSC (VP)(EF) ZZ (28|AVyp|nS)(2S|AVEg|nS)

n£2 E, — E,
(C13)
40{ rd 1
7L 5 2SO
n#2
© Imn®q
x / ar PO o e sy
4m?
(Cl4)
— ~0.008274 [ £ mev
~ —0.037464(6) meV, (C15)

with the deuteron radius in fm units. For the continuous spec-
trum, we apply:

1 k
2516 kS) = , Cl6
SBEIRS) = 5T (Cl6a)
42 3+4(a’t +k?
sleplks) = 22 it )
© 4+ (14 2av7)’)
[ 2 % ]
X €X ——arctan ————
P k 1 +2a+/t
3
S (C16b)
and
k2
By = —, (C17)
2a
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Fig. 8 Elastic and inelastic
two-photon exchange with
vacuum-polarization insertion at
0%

to get:

(2)cont.(VP)(FF)
Eyg

2/"0 dk (2S|AVyp|kS)(2S|AVER|kS)
0 E; — Ek
(C18)

37ta3 / Vl—e 2n/k Ez—Ek

©  ImnO®e
X/ g m I
4mg

rqg 12
— 0.028761 [—] meV
fm

(281" /r|kS)
(C19)

~ 0.130226(20) meV. (C20)

In total, the interference of the one-photon-exchange poten-
tials in Fig. 7a, b amounts to:

(2)dlSC (VP) (FF) (2)c0nt (VP) (FF)

ES)VPER — (S + E§ (C21)
— 0.020487 [—] meV
fm
~ 0.092763(14) meV. (C22)

This formula agrees numerically with Ref. [67, Eq. (29)].
Let us now turn to our main interest: the electronic VP
corrections to the 2y exchange. The simplest correction is
due to the insertion of the one-loop electronic VP into the
2y-exchange diagram, see Fig. 8. We multiply the integrand

in Eq. (9a) with [1 (l)(Qz)] and obtain for the sum
of elastic and inelastic contributions:

ED@ VP _ 10,0071 — 0.0136] meV

= —0.0207 meV. (C23)
In addition, there is a correction to the uD atomic wave func-
tion that can be calculated at second order in perturbation the-
ory from the interference of the one-photon exchange poten-
tial with VP insertion, Eq. (C9), and the forward 2y-exchange
potential:

fwd
AVay (r) = 5 8(r),
g [ <0>1
see Fig. 7a, c, respectively. Since the latter is a delta-function
potential just like our approximated one-photon exchange

(C24)
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potential with finite-size correction, Eq. (C10), the calcula-

tion of £, (2) {VR2y) proceeds analogously to the calculation
of Eé? ) above. We therefore present here only the
results:
ESIYPIRY) — 0.0013624 ESY
~ —0.00271 meV, (C25a)
Esg < VP = _0.0047358 Efy
~ 0.00941 meV, (C25b)
@(VP)(2y) _ p)disc.(VP)(2y) | r(2)cont.(VP)(2y)
Eyg = Exg +Eyg
(C25¢)

= 1.4523 < g = 0,0033734 ERY
T

= —0.00670(7) meV. (C254d)

The formula agrees numerically with the wave function cor-
rection in Refs. [6, Egs. (17) and (18)] and [54, Table II].
Here we used the full forward 2y-exchange result, E5 de
—1.987(20) meV, collected in Eq. (40), and propagated its
uncertainty into Eq. (C25d).

The sum of electronic VP corrections to the 2y exchange,
amounts to:

(2y-VP) (VP)(2y)

VP ) (2)
E5¢" = Esg +E,
= —0.0274 meV, (C26)
which is about a factor one-and-a-half larger than our error
estimate for E; de . Our result is comparable to the results of
Ref. [6, Eq. (19)] ESYP = —0.0265(3) meV.

Appendix D: Hydrogen—deuterium isotope shift

In this appendix, we will update the analysis of the H-D
isotope shift presented in Ref. [45], which is based on the
framework reviewed in the CODATA 2006 report [48]. More
recent summaries of the theory of hydrogen-like atoms can be
found, e.g., in Refs. [7,68]. The most relevant physical con-
stants entering the isotope shift calculation are listed below,
with their relative uncertainties given in square brackets:

me =9.1093837015(28) x 1073 kg [3.1 x 107107,
Me 4 —11
= 5.446 170214 87(33) x 10 [6.0 x 107117,
p
;"4" = 2.724437 107 462(96) x 1074 [3.5 x 10711,
d
My 1
— = 1.99900750139(11) [5.6 x 10711,
MP
1 =137.035999 084(21) [1.5 x 107197,
Rooc = 3.2898419602508(64) x 10> Hz  [1.9 x 107 "2].
(D1)

The values are taken from the latest CODATA and PDG
reports [4,69]. Compared to the CODATA 2006 report [48],
the relative uncertainties have improved by a factor 3.5 to 12.
The relative uncertainty of m, has even shrunk by two orders
of magnitude. The Rydberg constant, R, listed above is a
result of the CODATA 2018 fit of various measured transi-
tions in hydrogen-like atoms. It is, however, largely driven
by the Lamb shift in uH. A similar result is obtained relying
solely on the Lamb shift in «H and the 25—1S transition in
H, see our determination in Appendix E.

In Ref. [45], the various contributions to the isotope shift
are split into four Sets (i)—(iv). The bulk of the isotope shift
comes from the respective difference of the Dirac eigenvalues
once the reduced mass effects are accounted for, identified
in Ref. [45] as Set (i). Based on the newest CODATA 2018
set of physical constants, we evaluate the frequency shift as:

Afi = 671004 071.028(85) kHz

[671 004 071.29(66) kHz]. (D2)
This is 262 Hz smaller than the old value (given in square
brackets) obtained using the CODATA 2006 set of constants,
and considerably more precise. As mentioned already, the
best values for the Rydberg constant, see Eqs. (D1) and (E4),
are determined i.a. from the experimental 25 —1S transition
in H, thus, rely on the same theory input as the 25—15 H-
D isotope shift. However, since they are largely driven by
rp(uH), itis justified to use these values in our analysis. Both
central value and uncertainty estimate, following Ref. [45],
are the same for A f; with Egs. (D1) and (E4), respectively.
We should also mention that since the latest CODATA
adjustment, there have been many advances in the experimen-
tal determination of the electron—proton mass ratio [70-72]
and the proton—deuteron mass ratio [73,74]. The presently
most precise values (relative uncertainty in square brackets),

A’Ze =5.446170214805(98) x 107+ [1.8 x 1071,
P

My —11

= 1.999 007 501 243(31) [1.6 x 107117,
P

are based on an improved theory of rovibrational spin-
averaged transitions in the hydrogen molecular ion HD™
[75]. From this it also follows that:
m

—£ =2.724437107 624(65) x 1074
My

[2.4 x 10717

Using these values to calculate the effect of the dominant
Dirac eigenvalue contribution to the isotope shift, we obtain:

Af, = 671004 070.972(29) kHz, (D3)

in agreement with Eq. (D2), but almost a factor three more
precise. Note that the 5 o variance between the latest determi-
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nation of the fine structure constant « from a rubidium recoil
measurement [76] and the best caesium recoil measurement
[77] has no effect on the isotope shift.

The next by size Set (ii) of Ref. [45] includes ten contribu-
tions with frequency shifts Av;. We checked that we repro-
duce the numbers for this set from Ref. [45] individually,
using the constants and the formalism given in the CODATA
2006 report [48], up to 0.01 kHz. The new CODATA 2018
constants do not have a significant effect here. However, there
have been considerable improvements of the theory, as we
show in our updated evaluation below (old values in square
brackets):

1. One-loop SE and electronic VP:

Av; = —5558.999kHz  [-5558.99 kHz]. (D4)
2. Two-loop SE, electronic VP, and combined effects:

Avy = —0.521(1)kHz  [—0.51kHz]. (D5)

Here, we use updated values for the coefficients [10]:

Bso(nS) = —21.55447(13) [—21.5561(31)],
(D6)

Beo(1S) = —81.3(0.3)(19.7)  [—95.3(0.3)(33.7)],
(D7)

Beo(25) = —66.2(0.3)(19.7)  [—80.2(0.3)(33.7)].
(D8)

For the logarithmic coefficient Bg1, we are including pre-
viously neglected light-by-light contributions, evaluated
in Ref. [78,79], see Ref. [80]:

43 70972
B (nS) = ~3¢ " 3156

(DY)

We checked that using instead of Bgo(1S) the all-order
in (Z«) coefficient [80],°

Geo(1S5) = —94.5(6.6), (D10)

the result changes marginally, to —0.520 kHz. This is
within the uncertainty estimate in Eq. (D5). For a discus-
sion of the pure SE contribution to G see Ref. [81].

3. Three-loop SE, electronic VP, and combined effects:

Avs = —0.001kHz  [—0.001 kHz]. (D11)

3 This is in agreement with Ggo(1S) = —92(13) [68].

@ Springer

. Radiative recoil corrections:

Including Csg and Cg, from Ref. [82,83], see Ref. [80]:

Cso(nS) = —3.3(10.5) [£30], (D12)

2
Cer(nS) = —§B40(nS) ~ —0.36, (D13)

in addition to the leading Cy4¢ term, has no effect at the
precision given above. Note that the four-loop QED con-
tribution has been calculated in Ref. [84], but can be
neglected at the present level of precision.

. Salpeter recoil correction:

Avs = 1032.65kHz  [1032.65 kHz]. (D14)

. Higher-order pure recoil corrections:

Avs = (—3.140 + 0.081) kHz
= —3.059(7)kHz [-3.41(32) kHz].  (D15)

In Ref. [45], pure recoil corrections at first order
in the electron—nucleus mass ratio and expanded up
to (Za)’ logz(Zoc)’2 in the (Za) expansion were
included. The uncertainty was estimated assuming that
the first neglected higher-order term proportional to
(Za)” log(Za)~? is of natural size. In Ref. [85], it was
shown that the previously neglected coefficient D71 mul-
tiplying the (Za)’log(Za)~2 term is about a factor
16 larger than the coefficient D7, multiplying the sup-
posedly more important (Z«)” log?(Za)~2 term. This
resolved a discrepancy between numerical all-order and
analytical (Za)-expansion results. Here, we use the all-
order result reported in Ref. [86]. The two values in
Eq. (D15) are the recoil corrections for point-like and
Gaussian distributed nuclear charges, respectively. The
uncertainty is due to the latter contribution of the nuclear-
finite size. As suggested in Ref. [85], we estimate that the
uncertainty of the dimensionless parameter dg,s P due to
the values of the nuclear radii is given by 26R/R &gy P,
where for § R we take the difference between the proton
and deuteron radii in the Gauss nuclear model and the
experimental values from Eqgs. (59) and (2). Furthermore,
we include an uncertainty due to approximations made
in the calculation of 8 P (19 x 107 for H, 65 x 10~/
for D) and the difference between the nuclear models in

Ref. [85,86].
4

Ave = —=5.38(32)kHz  [-5.38(11) kHz]. (D16)

4 Note that the reference for this correction given in Ref. [45] is incor-
rect. It is calculated from Eq. (56) of Ref. [48].
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10.

As suggested in Ref. [87], the more conservative uncer-
tainty estimate from CODATA is used [10].
Nuclear SE:

Av; =298(11)kHz  [2.98(10) kHz]. (D17)
Muonic and hadronic VP:
Avg = 0.006kHz  [0.006 kHz]. (D18)

While the numerical value of the sum of muonic and
hadronic VP contributions remains unchanged, it has in
fact been improved, including in addition the effect of
NLO hadronic VP and the muonic VP correction to the
electromagnetic electron vertex [55]. We checked that
the scatter between theoretical predictions and experi-
mental extraction of the hadronic VP contribution to the
muon anomalous magnetic moment a,, used as input in
Ref. [55], agrees with an updated value based on the new
experimental result from Fermilab [88] and the presently
recommended Standard Model prediction collected in the
Theory Initiative White Paper [89]. It also covers the
recent lattice QCD prediction from the BMW Collab-
oration [90]. The further improvement in precision of the
scatter is not relevant at the level of precision required
for the isotope shift.

Nuclear-polarizability correction:

Avg = [18.489 ~0.769 szS] kHz

= 18.490(205) kHz  [18.64(2) kHz], (D19)

from combining our results in Egs. (51) and (55). The
uncertainty is dominated by AUE . The decrease of the
central value is mainly due to our new 7 EFT prediction
of the inelastic contribution to the 2y exchange in D. The
error estimate in Ref. [45] seems to be too low by about
a factor of 4; based on Eqgs. (17) and (18) from Ref. [48],
one should get 0.08 kHz instead of 0.02 kHz. In addition,
we think that the previously used work [49] might have
underestimated the uncertainty. The error estimate pre-
sented here is a conservative choice, given the smallness
of higher-order terms (in particular, the effect of single-
nucleon contributions). We also do not take into account
the correlation between the proton contributions in H and
D, which would lead to a reduction of the uncertainty
estimate.

Compensation of the Darwin—Foldy term for the deuteron:

Avyp =11.37kHz  [11.37kHz]. (D20)

The total contribution to the isotope shift coming from this
Set (ii) is given by:

Afi = [~4502.48 — 076917 | k7

= —4502.48(40) kHz  [—4502.66(60) kHz], (D21)

where we added the above uncertainties quadratically.
Finally, the smallest correction comes from Set (iii) in Ref.
[45]. In the following, we will split the set and separate the

contributions that we deduce directly by scaling the leading
non-relativistic nuclear-size correction:

4.3 4 2 2
7amec|: r; r, i|

Afy=—=—— -
= S | U eme/ M (L meb,)

(D22)
The higher-order nuclear-size corrections of Set (iii) are:

(b) Elastic contribution to the 2y exchange:

Avgy = [0.590 - 1.6071?05] kHz

=0.587(9)kHz  [0.472kHz], (D23)
from combining our results in Eqgs. (52) and (54). The
previous result only included the dominant Friar-radius
correction.

(c) Relativistic higher-order corrections:
Avey = —2.029(41)kHz  [-2.828 kHz]. (D24)
Here, we use the recent update from Ref. [87], including
the 3y-exchange effects due to finite nuclear size.

(d) SE contribution to the nuclear size correction:

23
Avg) = a? [41112 — T} Afiy

=0.830kHz  [0.828 kHz]. (D25)
To illustrate the numerical size of the effect, we are
using the proton charge radius from the ©H Lamb shift,
rp(uH) in Eq. (59), and the CODATA 2018 recom-
mended deuteron charge radius, rs(CODATA °18) in
Eq. 3).

(e) Electronic VP contribution to the nuclear size correction:

3 2
Avey = % Afiy = —0.209kHz  [—0.209kHz].
(D26)
In total, Set (iii) amounts to:
Afiii = Avpy + Avey + Avgy + Avg
— —0.821(42)kHz  [—1.73 kHz], (D27a)
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Table 9 Individual

I Contribution
contributions to the 25—18

Value (uncertainty) in Hz

ggnigf)“ in H with Reoc from Dirac eigenvalue AfH = 2466068 540936 672 (2026)
One-loop SE and electronic VP Av{" = —7124094961 (1)
Two-loop SE, electronic VP, and combined effects AV%{ = —636 881 (1733)
Three-loop SE, electronic VP, and combined effects Av? = —1509 (370)
Salpeter recoil correction Av};‘ = —2068223
Higher-order pure recoil corrections Avé’I = 6354 7
Radiative recoil corrections A vé{ = 10781 (74)
Nuclear SE AVl = —4034 (141)
Muonic and hadronic VP Avé’I =7410 (70)
Nuclear polarizability correction Avé{ =41 (16)
Subtotal: Lamb shift contributions A ii{ = —7126781023 (1780)
Elastic 2y Avg) =35 6)
Relativistic higher-order corrections Avg) = —928 (344)
SE contribution to the nuclear size correction Av(};) =217.0 (f%)2
Electronic VP contribution to the nuclear size correction Avg) = —54.7 (%)2
Subtotal: higher-order nuclear-size correction Avg) + Avg) = —893 (344)

AV AV = 1623 (f2)°

Leading non-relativistic nuclear-size correction Al =-1368229 (;4“’1)2

with

Avipy + Avey = [~1.439 +1.607 17| kHz i i

25-15 = fas s (E1)

=—1.442(42) kHz [—2.356 kHz], (D27b)
Avy + Avey = @* [41n2 — 5] Afiy

= 0.621kHz [0.619 kHz]. (D27¢)

Here, we again assumed 7, (uH) and r;(CODATA ’18) to
illustrate the numerical size of the effect.

Collecting Egs. (D2), (D21), (D27) and (D22), our final
result for the theoretical prediction of the 25—1S5 H-D iso-
tope shift reads:

fiso = Afi + Afii + Afiii + Afiv

= [671 000534.811(411)(828) + 0.8381?05

2
—1369.346 (fr—d) ] KkHz, (D28)
m

where the first uncertainty is the combined uncertainty of
Afi—A fiii, and the second uncertainty is due to r,(uH) in

Afiy.

Appendix E: Rydberg constant from 25—1S transition in
hydrogen and muonic hydrogen Lamb shift

Analogously to Appendix D, we study the S-level transition
in H:

@ Springer

The individual contributions are listed in Table 9. In total, we
find:

fsis = A+ AR+ AR+ AR

RooC
= [0.74960091418756 T 7126781916(1813)
z

2
—1368229 (f%) } Hz. (E2)
If not specified differently in Appendix D, we follow the
CODATA procedure for the error estimate [10]. For A f;, we
use the exact formula to deduce the uncertainty, see Ref. [45,
Sec. III C.]. We can use Eq. (E2) and r, (uH) to extract the
Rydberg constant from the measured transition [91]:

A 1g = 2466061413 187035(10) Hz. (E3)
Our result:
Rooc = 3.2898419602509(27) x 10'° Hz, (E4)

is in perfect agreement with Ref. [8, Eq. (22)] and Eq. (D1).
Compared to the latter, the uncertainty is more than a factor
2 better. We can use this value to extract the deuteron radius
from the 25—1.S transition in D, since it is largely driven by
the measured Lamb shift in ©H.
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Table 10 Individual

. Contribution
contributions to the 25—18

Value (uncertainty) in Hz

transition in D with Ry c from

Eq. (E4) Dirac eigenvalue A fiD = 2466739 545007 700 (2025)
One-loop SE and electronic VP Ale = —7129653960 (1)
Two-loop SE, electronic VP, and combined effects Avlzj = —637402 (1734)
Three-loop SE, electronic VP, and combined effects AU? = —1510 (370)
Salpeter recoil correction Avf = —1035575
Higher-order pure recoil corrections AU? =3295 3)
Radiative recoil corrections Avg = 5398 37
Nuclear SE AVP = —1059 (35)
Muonic and hadronic VP Av? =7416 (70)
Nuclear polarizability correction Avg = 18531 (204)
Compensation of the Darwin—Foldy term for the deuteron Avll)o = 11369
Subtotal: Lamb shift contributions AfD = —7131283498 (1787)
Elastic 2y Av(b) =622 @)
Relativistic higher-order corrections Av( o = = —2961 (357)
SE contribution to the nuclear size correction AV =217.1(% )

Electronic VP contribution to the nuclear size correction Av = —54.7 (ﬁ)
Subtotal: higher-order nuclear-size correction (b) + Av( o = —2340 (357)

Leading non-relativistic nuclear-size correction

2
Avey + Ave) = 162.4 (L)

AfD = —1369346 (1£)’

Appendix F: 25—1S transition in deuterium

Analogously to Appendix E, we study the S-level transition
in D:

EYs_15="h fyz_is- (F1)

The individual contributions are listed in Table 10. For the
3y-exchange contribution, we use Ref. [87, Eq. (104)] with
rq(uD) from Eq. (4) and apply 10 % uncertainty for the
inelastic part and 100 % for the single-nucleon part, where
for the latter we also assume a correlation between 1S5 and 25
levels. The updated theory prediction for the 2S—1S transi-
tion in D, including the 2y exchange from 7# EFT, then reads:

Frso1s = AP+ AP+ Af + Af
2
- [2 466732413721 862(2724) — 1369 346 (L") } Hz.
fm
(F2)

This is used in Sect. 6.1 to extract the deuteron charge radius.

Appendix G: Neutron charge radius and deuteron struc-
ture radius

Another interesting quantity is the deuteron structure radius,
defined as:

2
rstr_rd 2rO

(GI)

This definition implies that the difference of squared deuteron
and proton charge radii is related to the sum of squared
deuteron structure radius and neutron charge radius:

3

str+_+r

4M2 G2)

2 2
rd_rp

The deuteron structure radius has recently been predicted in
xET [27]:

rer (XET) = 1.9729 (“5) fim. G3)

We can use this value as an alternative reference to fix the
unknown LEC from Eq. (15):

19 = —2.41 (+32) (35) x 1073 = —2.41 (+48) x 1073,

(G4)

where the first error is due to rg and the second is due to Z.
Using in addition the 25 —15 H-D isotope shift in Eq. (D28),
we extract the neutron charge radius as:
r2 = —0.105 (fg) fm?, (G5)
in exact agreement with Ref. [27], but in slight disagreement
with the value used by us, see Eq. (31). We checked that the
effect of the nucleon charge radii entering our # EFT pre-
diction of the 2y exchange adds up to 0.021 kHz. Since the
size of these nucleon-radius contributions is covered by the
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uncertainty budget in Eq. (58), we can safely ignore this cor-
relation in the above extraction of r,,. Note that even though
the value of / ICOS in Eq. (G3) agrees well with Eq. (16), the
corresponding values for r; disagree, since it also depends
on r,, through ro, cf. Eq. (15).
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