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Abstract

We study the mathematics of a finite particle system coupled to a heat bath.
The Standard Model of Quantum Electrodynamics at temperature zero yields a Hamiltonian
H describing the energy of particles interacting with photons. In the Heisenberg picture the
time evolution of the physical system is the action of a one-parameter-group (73)¢cr on a set of
observables A:
7 A—T7(A),teR, Aec A

Note, that 7 is related with solutions of the Schrédinger equation for H.

To consider states of A describing the physical system near its thermal equilibrium at temper-

ature T > 0, we follow the ansatz of Jaksic and Pillet to construct a representation of A.
Now, states are unit vectors in this representation and the time evolution, is described with

the aid of the Standard Liouvillean L.

The following results are derived or proved, respectively, in this thesis:

the construction of the representation

the self-adjointness of the Standard Liouvillean

the existence of an equilibrium state in the representation

the limit of large times for the physical system.



Zusammenfassung

Wir untersuchen die Mathematik endlicher, an ein Wirmebad gekoppelter Teilchensysteme.
Das Standard-Modell der Quantenelektrodynamik fiir Temperatur Null liefert einen Hamilton-

Operator H, der die Energie von Teilchen beschreibt, welche mit Photonen wechselwirken. Im

Heisenbergbild ist die Zeitevolution des physikalischen Systems durch die Wirkung einer Ein-

Parameter-Gruppe (7;):cr auf eine Menge von Observablen A gegeben:
Tt - AHTt(A), tGR, AEA

Diese steht im Zusammenhang mit der Losung der Schrédinger-Gleichung fiir H.

Um Zustande von A, welche das physikalische System in der N&dhe des thermischen Gleich-
gewichts zur Temperatur T darstellen, zu beschreiben, folgen wir dem Ansatz von Jaksic und
Pillet, eine Darstellung von A zu konstruieren.

Die Vektoren in dieser Darstellung definieren die Zusténde, die Zeitentwicklung wird mit Hilfe
des Standard Liouville-Operators £ beschrieben.

In dieser Doktorarbeit werden folgende Resultate bewiesen bzw. hergeleitet:

die Konstuktion einer Darstellung

die Selbstadjungiertheit des Standard Liouville-Operators

die Existenz eines Gleichgewichtszustandes in dieser Darstellung

der Limes des physikalischen Systems fiir grofe Zeiten.
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Chapter 1

Introduction

In this work a system of n particles is considered with the aid of quantum mechanics. The

particles are described in a non relativistic setting, so the kinetic energy is T'= 7 ——(p;)*.
J

In this context is p; the momentum of the j-th particle and m; is its mass, the position in R? is

Z;. The potential energy is V(z) = V(Z4,...,7,). Thus, the classical expression for the total
energy is
"1
H=T+V(@) =Y — @)+ V(&,...,T). 1.1
+Vi(z) ]EZI o, (P5)" + V(Z1, ..., 2n) (1.1)

To take effects like uncertainty of the momentum p; and the position Z; into account, one
quantizes the system, i.e. H, p; and V(z) are replaced by operators acting on complex-valued
wave functions ¢¥. The momentum is p; := —Zﬁxj and V(z) means now, multiplication of a
wave function with the potential energy V' (z). The Hamiltonian H is defined to be the operator
on the right hand side of . The wave function v is the state of the system, the probability

density to find the particles 1,...,n at time ¢ in the positions x4, ..., z, is

(F1, .o ) = N7 (@, )|

N is the normalization constant. The Hamiltonian H determines the time evolution of a state,

in the sense that 1 obeys the Schrodinger equation,

2 " " - "
—ﬁ(atw)(xl,...,l'n) = (Hy) (21, . .., 7). (1.2)
h is the Planck constant divided by 27. Usual we write states time independent, the connection
is

Wy, ..., ) = (e ) (T, ..., ). (1.3)
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A measurement of a quantity, called observable, is modeled as follows, one expresses the ob-
servable by an operator A, for example H for the energy, z; for the position of the j-th particle.

The expectation value of an observable corresponding to A in a state v is

N [T R AN B (1.4

The second ingredient is a gas of infinitely many bosons that surrounds the particles. The
bosons are for example photons of an electromagnetic field. The states for such a gas is a
sequence of n particle states, ( ,(ﬁh)) . The m-particle state is ¢, (z) = (oh) (T1,. ., Tp), We
assume that 1 is symmetric, i.e. invariant under a permutation of z; and z;. The Hamiltonian

H for the gas is

m

(HpPM)Y (24, . = (Ipsl &) (1, ..., 20). (1.5)

7j=1
It corresponds to the relativistic kinetic energy of m photons.
The states of the coupled system are now vectors in the tensor product H of the particle states
and the photon states. The Hamiltonian H) is sum of the particle and the photon Hamiltonian

and an interaction operator W,
Hyi=Ho1+1® H+W. (1.6)

We remark again, that we now consider time independent states. The time evolution is ex-

pressed by a group action on the observables
M A e peminh (1.7)
A is in this context an observable for the coupled system. The expectation of A in ) is

w(A) = N7V (0]Ag), N = [[¢] (1.8)

In this work an algebra A of observables is specified, such as the x-automorphism group 7.
Our aim is to study the physical system at an inverse temperature (3, therefore a representation
m of A in a Hilbert space K is introduced, so that the vectors of IC shall describe state over
A. In this representation the time evolution is defined by a unitary group e®**, generated by
the so-called Standard Liouvillean £, being a self-adjoint operator that does not represent the
energy of the physical system. The parameter A € R is the coupling constant, describing the

coupling strength between particles and bosons. If the particle system is confined, i.e. the



Gibbs condition Z := Tr{e ##} < oo is fulfilled, we investigate the existence of an equilibrium
state. Moreover we study the property, that states represented as vectors in K return to the
equilibrium state in the large time limit.

At this point we give a short overview of related results in mathematical physics on this topic.
The representations of the canonical commutation relations (CCR) describing an infinite free
Bose gas of finite density are considered in a work of Araki and Woods [3]. An other fundamental
work is due to Haag, Hugenholtz and Winnink [I5], therein the representations of a C*-algebra
corresponding to thermal equilibrium of a system at given temperature 7' is studied. Moreover,
properties of these representation are discussed in relation with the KMS-condition. A coupled
system, consisting of a small system (finite level atom) and a heat bath is considered by Jaksic
and Pillet in [16] I7]. They give a characterization of "Return to Equilibrium" in terms of
spectral properties of the Liouvillean. However, their proof of return to equilibrium needs the
assumption |[AF| < 1, i.e. the product of inverse temperature § and coupling constant A is
small. In a work of Bach, Frohlich and Sigal [5] the "Return to Equilibrium" for the same model
is shown for small coupling constant and a less restrictive infrared condition on the coupling
function. To our knowledge the most general existence theorem for a KMS-state for the coupled
system is formulated by Derezinski, Jaksic and Pillet in [9, [10].

Thermal Ionization is an other related topic, Frohlich, Merkli and Sigal have shown in
[12, 13] an atom coupled to the heat bath will be ionized in the limit of large times, if the atom
is not confined.

The dipole approximation of a harmonic oscillator plays an important role in our work, it was
treated rigorously by Arai [1 2] at temperature zero. In those papers asymptotic completeness
is shown the spectrum of the Hamiltonian is completely determined. We apply these results
to the case of positive temperature. The analysis of an anharmonic oscillator in context of the
Langevin equation is studied by Maassen in [18]. The same anharmonic oscillator is considered
by Spohn [25] to prove asymptotic completeness of photon scattering.

To the contribution of this thesis we count

e The definition of a W*-dynamical system (901,7%), that represents a particle system
in a heat bath (Bose gas). Models with minimally coupled interaction are included.
Self-adjointness of the Liouvilleans is proved in Theorem [4.1.2] the existence of a *-
automorphism is proved in[4.2.8] In Theorem [4.1.2] one do not need a commutator condi-
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tion, that is for example assumed in [19], hence Liouvilleans describing thermal ionization

are included.

e Assuming the existence Tr{e~(*~9H} < oo, of the partition function of the small system
at inverse temperature § > € > 0 we formulate conditions on the coupling constant A,
and on the interaction W, that ensure the existence of a thermal equilibrium state wf ,
see Theorem It is also shown, that the KMS-boundary conditions are fulfilled and
the vector representative of this state is cyclic and separating. The proof draws on ideas

of the one given in [0] for a simpler model. In general the condition for existence of a

KMS-state, ||e?/2900|| < co formulated in [9, 0] includes not the same class of models.

e In Theorem [4.3.1] a specific variant of Theorem geared to a harmonic oscillator with
a dipole interaction is applied. In this case we show existence for small || independent of

(3. This result can not be obtained by applying abstract results of [9] [10], confer Remark
4.3.4

e In the case of a harmonic oscillator with a dipole interaction we derive a second approach
to establish existence of a KMS-state essentially using results stated in [I, 2]. In this
case Return to Equilibrium is shown and a time-decay rate is given. Its positivity is due
to Fermi Golden rule for the Hamiltonian, not for the Liouvillean. This is treated in
Theorem [5.2.6] Moreover, both approaches are compared in Theorem [5.3.4] It turns out,
that both models are mathematically equivalent and a complete spectral analysis of the

Standard Liouvillean is obtained.

e The property of "Return to Equilibrium" in the harmonic oscillator case is preserved if
a potential ( depending on the coupling constant) is added. The rate of decay decreases
if the potential increases, confer Theorem [5.4.1] The proof uses ideas formulated by

Maassen in [18].

The work is subdivided into five chapters.

The first chapter is the introduction.

In the second chapter a few fundamental definitions and theorems are recalled to be self-
contained. Some theorems are proved if they deal with W*-algebras. For the remaining proofs

the reader is referred to textbooks. The examples given in this chapter are mostly relevant
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for the later discussion. W*-dynamical systems, the formalism of second quantization and the
Weyl algebras are the main topics. In the most important part deals with a perturbation-theory
for W*-dynamical system, it uses ideas we found in [I0]. The other statements and proofs have
there origin in the textbooks of Bratteli and Robinson [7, 8] and the Lecture Notes on open
quantum systems [4] by Attal et.al. In chapter three an equilibrium state for an Ideal
Bose Gas, such as Gibbs states, are considered. Hamiltonians, generating the dynamics in the
temperature zero case are presented. The Gibbs condition for several Hamiltonians describing
confined particles is discussed. Furthermore, a representation of the algebra of observables and
corresponding Liouvilleans are defined.

Here, statements concerning self-adjointness of the Liouvilleans , existence of KMS-states
are formulated and proved. Theorem [4.1.2] Theorem [4.2.1] and Theorem [£.3.1] are found
there. In the last chapter the dipole approximation of a harmonically bounded, respectively
anharmonically bounded, particle is considered. This includes Theorem [5.2.6] Theorem [5.3.4]
and Theorem [5.4.11
Finally, we give a list of related problems or questions that seem to be interesting, but (far)

out of the scope of this work.

1. The condition Tr{e ##<} < oo encodes that the particle is confined, which should be
necessary for the existence of a thermal equilibrium state. But the condition might be

too strong. Confer Section

2. Is there a way to get rid of the smallness condition for |[\3] in the Standard Model, which
does not occur if H,; is just a finite level atom or if H,; is the harmonic oscillator 7 Is

|A| < 1 sufficient ?

3. Is there a way to generalize Theorem to the model considered by Arai independent

of the UV-cutoff 7 This would imply that wf is in generally wg normal.

4. What happens if the inverse temperature tends to infinity 7 Why does the Nelson Model
have a thermal equilibrium state, even without restrictions to A and 3, but in the tem-

perature zero case, there is no ground state in the Fock space?

5. Tt is possible to obtain spectral informations for the Liouvillean £, in the general case,

although the techniques and methods for the finite level atom do not solve the problem
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alone 7 What is dimker(Ly), 0.(L£y) or 4e(Ly)?

CHAPTER 1.

INTRODUCTION



Chapter 2

Mathematical Theory

2.1 (C*-Algebras, States and Representations

First, we give a short introduction in the theory of C*-algebras and their states. The elements
of a C*-algebra are also called observables, they describe the physical system. The states stand

for our information of a physical system.

Definition 2.1.1 (C*-Algebra). 1. An algebra 2 is a vector space with coefficient field C
equipped with a multiplication, that is associative and distributive, i.e. for A,B,C € 2
and a,b € C is AB € 2 and

(AB)C = A(BC) (2.1)

(A+ B)C = AC+ BC (2.2)

a(bA) = (ab)A. (2.3)

2. An algebra A is called normed with norm || - ||, if (2] - ||) is a normed vector space and

the norm s compatible with the multiplication, i.e.

IAB| < [All-1IB], A,Be (2:4)

3. A x-algebra A is an algebra, such that for all A € A exists A* € A and

(A = A, (2.5)
(aA+bB)* = aA*+bB* (2.6)
(AB)* = B*A". (2.7)
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4. An identity 1 is an element of A, uniquely determined by
A=1A= A1, Ae (2.8)
An algebra with identity is called unital.

5. A C*-algebra A is a normed, complete x-algebra, such that
IAAll = || Al (2.9)
6. B C A is a x-subalgebra of a x-algebra A, if A* € B for A € B.
If additionally, A is a C*-algebra and B s closed, then B is a C*-subalgebra.

We give a few examples for C*-algebras.

Example 2.1.2. e C is a unital C*-algebra, a* = a.

e The unital C*—algebra B(h) of bounded operator on a Hilbert space b. || - || is the

operator norm and A* is the adjoint operator of A.

e Com(h) C B(h) the compact operators on a Hilbert space b define a C*-subalgebra of

B(h). Com(h) is not unital in the case of an infinite dimensional b.

e Let = be a topological space and C,(Z; C) the continuous bounded functions with values in
C. Cy(Z; C) equipped with the uniform norm || - || is a commutative, unital C*-algebra.

For f € Cy(Z; C), one defines f* by pointwise complex conjugation.

e Let (X, ) be a measure space. L®(X, pu; C) is the commutative, unital C*-algebra of
p-essentially bounded, complex-valued functions. Again, f* is obtained by pointwise

complex conjugation, the norm is the p-essential supremum of f.

The next definition deals with maps that preserve the structure of C*-algebras. An impor-

tant role play the maps into the bounded operators of a Hilbert space.
Definition 2.1.3 (Representation). Let A, B be C*-algebras and m : A — B be a linear map.
1. 7 s a x-morphism, iff
w[AB] = nl[A|n[B] (2.10)
w[A*] = w[A]". (2.11)
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2. A x-morphism w is isometric, if ||w[A]l| = ||A|| for all A € A. 7 is a *-isomorphism,

if it is bijective. If additionally A = B, then an isometric x-isomorphism is called an

x-automorphism.

3. If m is a x-morphism and B = B(h), then 7 is a representation map of A in b.

Remark 2.1.4. Let A be unital.
e The range 7[2] of 7 is a C*-subalgebra of B.
e For A € A we have ||7[A]|| < [|A].

Confer (|7], Prop. 2.3.1).

The next example shows, in which way an isometric isomorphism between two Hilbert spaces

yields an isometric #-isomorphism between the C*-algebras of bounded operators.

Example 2.1.5. e Let U : h — b be an isometric isomorphism between two Hilbert

spaces. ay : B(h) — B(h), A~ UAU! is an isometric *-isomorphism.

e For Hilbert spaces b, b’ one can define a representation map 7 : B(h) — B(h ® ') by
means of m[A]¢ ® ¢ 1= (Ap) ® 1.

Definition 2.1.6 (States). Let 2 be a unital C*-algebra. A linear map w : A — C is a state,

ilf
w(A*A) > 0, Ae (2.12)
w(l) = 1. (2.13)
It can be shown, that states are always continuous maps with operator norm ||w|| = 1. For

every A € 2 one has w(A*) = w(A). The set of states is obviously closed and convex.

Example 2.1.7. e Let ¢ € hand ||¢|| = 1. The vector state over B(h) associated with ¢ is
wy(A) = (Pp|Ad). A vector state is the finest preparation of a physical system, it encodes

full information and is therefore called pure, as well.
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o Let 1 >p; >py > ... >0, such that ) p, = 1. Moreover, let (¢,), be an orthonormal

system of vectors in h. The operator p € B(h) defined by
p() = puldul) by, ¥ €D (2.14)

is referred to as density operator. The corresponding state is

wo(A) 1= Tr{pA} = p,(¢,|A0,), A€ B(b). (2.15)
w, is called a normal state. One can interpret that the physical system is with probability
pi in the state wy,, w, is a mixed state.
Definition 2.1.8 (Cyclic and Separating Vectors). Let ¢ € h and A C B(h) a subalgebra.
1. ¢ s cyclic for 2L, iff cl2A¢ = .
2. ¢ s separating for A, iff Ap =0 implies A =0, for all A € 2.
Theorem 2.1.9 (GNS-Representation). Let 2 be a unital C*-algebra and w a state.

1. There exists a Hilbert space b, a normed vector ), and a representation map m, : A —

B(b.,), such that m,[1] = 1. Furthermore Q, is cyclic for m,[] and
w(A) = (Q,|m[A]), Ae (2.16)
(bo, 0, Q) s a GNS-Triple corresponding to w.

2. Let (b, 1y, ) and (b, m,Q) be GNS-triple. There is a natural isometric isomorphism
U:b,—b, such that UQ, = and ay om, = 7.

Proof of[2.1.9: We only prove the second statement, for the first see (|7], Thm. 2.3.16). For
A € A we define
U(m,[A]Q,) := w[A]Q. (2.17)

First, we check that U : 7, [A|Q, — 7[A]Q2is a well-defined map. Assume m,[A]Q, = 7,[A|Q0,
it follows directly from the definition of the scalar product.
U (7 [A]2) = U(mu[A])|* = (n[A — A)Qr[A — A')Q) (2.18)
= (Qr[(A - A)(A - A)Q) =w((A - A)(A-A))
= (Q|m[(A - A) (A= A)Q) = |7 [A]Q — Ww[A/]Qw“2 =0.
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To show linearity, pick a,b € C and A, B € 2, the linearity of m and 7, yields

Ulam,[A]Q, + b [A]Q,) = U(m,laA+ bB]S,) = m[aA + bB|Q (2.19)
= an[A]Q 4+ br[B]Q = aU (7, [A]Qy,) + 0U (7, [B]€).
U is isometric,
(Uma[A]Q2)|U (o [A]Sh)) = (r[A]Qn[B]Q2) = (Q|7[A"B|Q) (2.20)

= W(A*B) = (Q|m,[A* B = (1 [A]Qu |7, [BIOL).

Since €, is cyclic for 7[2], the subspace 7, []€), is dense in h,,. Hence U extends isometrically
to a map b, — b.
U is surjective. Let ¢ € h. Since Q is cyclic for 7, [2], there is a sequence (¢,,), C hy, such that

lim,, .., U¢, = 1. Since U is isometric,

Ifn = dmll = [[Udn — Ul (2.21)
Hence (¢,,)n is a Cauchy-sequence in b, and therefore convergent. Thus
P = JLHC}O Up, = Unh_{rolo ¢n € ran U. (2.22)
since U is bounded. For ay defined in (2.1.5)
ay(1u[A])(7[B]Q) = UAU '#[B]Q = Un,[AJU ' (Ur,[B]Q) (2.23)
= Un,[A|r,[B|Q, = Un,[AB|Q, = m[AB]Q = w[A]|(7[B]),

hence ay o, = 7, since 7[A]€2 is dense in b. O

We remark, that the assumption for [ to be unital is not necessary.

Definition 2.1.10 (w-normal States). Let w be a state over A and (b, 7, Q) the GNS-
triple. A state p is w-normal, if there exists a density operator p € B(b,,), such that u(A) =
Tr{pm,[A]}, A e

The GNS-representation gives us a tool to define states, that are closely related to a given
state w. We remark, that p is in general not uniquely determined by u. In the following example

we give an explicit construction of a GNS-Triple, if w, is a normal state over B(h).
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Example 2.1.11 (GNS-Representation for a Normal State). Let p € B(h) be a density opera-
tor, defined in Example and g := (ker p)* C h. Choose 7 as defined in Example for
b’ = g. We define

Qp = szl//2¢u & ¢1/ € bp = [j ®g. (224)

The vector state corresponding to €2, is

(| 7o [A]2) g = <Zp1/2¢y ® ¢y me Ad,) ®¢#> (2.25)

Zpylzﬂp,l/Q DuAu)y - (Puldp)g va Ou|Adu)y = Tr{pA} = w,(A).

Let b € h and ¢, € g fixed and A¢ := p;1/2<q§,,|¢>w, ¢ € h. We observe that 7,[A]Q, = Y ® ¢,

Therefore

clm, A DALH{Yy ® ¢, €h, : veh, v=12..}=h,. (2.26)

Moreover, Q, is separating for m,[B(h)], iff ker p = {0}.

2.2 Wr*-Algebras

In this section we consider unital C*-algebras 20 embedded in B(h). We are interested in
algebras, that are closed in weaker topologies, and therefore it is possible to apply more technics

and theorems.

Definition 2.2.1 (Commutant). Let & be a non-empty subset of B(h), such that S* € & for
S € 6. We denote by & :={A e B(h) : AS=SA, VS € &} the commutant of &.

Theorem 2.2.2 (Properties of the Commutant). 1. & is a unital C*-subalgebra of B(h).

2. & is weakly closed, i.e. if for a C € B(h) and for all ¢ > 0 and ¢1,...,0, € b,
U, ..., 0, € b emists A € &, such that

|<¢z|(C—A)¢Z>} <e i=1,2,...,n, (2.27)

then C € &',
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Proof of[2.2.9. Obviously, 1 € &. To show that &' is a subalgebra, we pick S € & and
A,Be @, a,be C. Since

S(aA+bB) = aSA+bSB =aAS+bBS = (aA+bB)S (2.28)
S(AB) = (AS)B = A(BS) = (AB)S,

we obtain (aA + bB) € & and AB € &'. Since S* € & we have
SA* = (AS*)" = (S*A)" = A*S. (2.29)

Thus A* € &'. It suffices to show now the second statement. Assume C' ¢ &', then exists an

e >0, and ¢, 1 € h such as S € G, for which
[(ol(SC = CS)p)| > 2. (2.30)
Hence for all A € &,

2¢ < [{Gl(SC — AS)B)| + [(4I(AS — COS)w)] (2.31)
= |(5"6l(C — )| +[{g](A ~ C)S)].

Hence C' does not belong to the weak closure of &'. O

Theorem 2.2.3 (Bicommutant Theorem). Let A a unital *-subalgebra.
1. A" is a weakly closed, unital C*-algebra containing 2.

2. For all A” € A", € > 0 and every sequence (), C b with Y oo |[¥n]]* < oo exists
A e A, such that

D (1A, — A" |)? < €, (2.32)
n=1
i.e. A" is the o-strong closure of 2.

Lemma 2.2.4. Let A” € A". For all e > 0 and i € b exists an A € A, such that

Ay — A"|| < e. (2.33)
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Proof of [2.2.4, Let B € B(h) be fixed and assume for all A € 2
| Ay — Byp|| > e. (2.34)

To prove we will show B ¢ ”. First, define hy := cf2A¢y and P, to be the orthogonal

projection onto hg. For A;, Ay € 2 we obtain
A1POA2¢ = AlAgw = PoAlAQ’Qb = POA1POA2’¢. (235)

We conclude APy = PyA1 Py, since 1 is dense in hy. Analogously, we conclude AjF) =

PyA;Fy. Furthermore, since P* = P we have
APy = RbAL Py = (RATR)" = (ATR)" = RAs. (2.36)

Hence Py € 2'. Now we will show that Py and B do not commute.

Pytp = 1) because 2 is unital. From Equation (2.34]) follows

|BPyp — PoBY|| > ||BPyw) — APy — ||[ARPyy) — Py BY|| (2.37)

Since PyB1 € by and A1) is dense in by we obtain
|BPyt) — PoBy|| > € — }‘ngHAw — PyBy|| =€ > 0. (2.38)
S

It follow [B, Fy] # 0 and therefore B ¢ ". O

Proof of[2.2.3 The first statement is a consequence of Theorem [2.2.2]
Let g = @2, b and [[o[lg = 32,2, [[@ullf for ¢ = (¢n)n € g and

7 B(h) = Bla), 7lAld=(Ad), Adn,...). (2.39)

The reader can easily check, that m is a representation map. 7[2] is a unital x-subalgebra of

B(g), By Lemma [2.2.4] we find for ¢ = (¢,,),, € g and € > 0 a C' € n[2]", such that
I7[AlY) — Cllg <. (2.40)

Next, we shall show that 7[”] D #[2]”. We write operators as infinite matrices, the entries
are bounded operators on B(h) that map one subspace in the infinite direct sum to another.

Hence 7[A] = (6;;A); jen. Let B € B(g), we write

B = (Bij)ijen, C = (Cij)ijen, Bij, Cij € B(b). (2.41)
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To the commutator w[A]B — Br[A] belongs the matrix

We conclude B € 7n[]" iff B;; € ' for all 4,5 € N. Let Ej = (dk; - 6;1)ijen. Clearly,
Ey € (). Otherwise

EuC = (Cj - du)ijen, CEu = (Cy - 6ji)ijen (2.43)
coincide, hence all matrix entries are equal and we obtain
C = (Ch1-dij)ijen- (2.44)

Direct calculation yields C}; € " and therefore C' = 7[Cy;| € 7[A"]. Equation (2.40) now
1/2
implies (252, | A — Cuutial?) < =

Lemma 2.2.5 (Cyclic and Separating Vectors for 2 and ). Let A be a unital subalgebra of
B(h) and ¢ € h. We have:

¢ is cyclic for A & ¢ is separating for A'.

Proof of [2.2.5 Let be ¢ € b a cyclic vector for A, hence h = cf Ap. Assume now B € A’
with B¢ = 0. We need show that B = 0. Taking A € 2 one has BAp = AB¢ = 0. Thus
B(2l¢) = {0}. Since B is a bounded operator, B is zero on .

Conversely, let ¢ € b be a separating vector for A" and bhy := cf A¢p. Our goal is to show
that hy = h. Let Py be the orthogonal projection hy. As in the proof of 2.2.3] we conclude
P e . From ¢ € hy we obtain (1 —Fy)¢ =0, but 1 — Py in . It follows P = 1 and hy = . O

Lemma 2.2.6. &' = &", & = &" for every non-empty subset & of B(h), for which & =
{S*: S €&}

Proof of[2.2.6. Obviously, A C B = B’ C A’. Since & C &", it follows &” C &'. But the

inverse inclusion & C &” holds, as well. & = &” implies & = &"". O

Example 2.2.7. o (C1) = B(h)
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e B(h) =C1

e For a separable Hilbert space b it is easy to show that Com(h)” = B(h). We consider
the case dim h = co. Let (¢,)7°, be an ONB of B(h) and P, the orthogonal projection
onto LH{¢,...,¢,}. For A € B(h) the operator P,A is compact, since P, has finite
range. But obviously A = w-lim,, ., P, A. We remark that Theorem holds even for

algebras without unit.

Definition 2.2.8 (W*-Algebras). A unital C*-subalgebra A of B(b) is called a (concrete)
W*-algebra, iff A = A",

Remark 2.2.9 (Further Topologies). There a several other local convex topologies on B(h),
for which 2" is the closure of a unital *-subalgebra 2. We only have introduced two: the weak

topology and the o-strong topology, they belong to the systems of semi-norms
o {phy o veh,  py,(A)=[(Y]Ag)|}
2 2 00 2\ /2
o« {i2ioeerh pAA) = (S 140) )
We use in the following to more topologies
e The o-weak topology : {psz Do € @b, Pl (A) =200 [ (Un| Adn)|}
4 4 00 2 2\
e The o-strong* topology : {p¢ Do € DLy, pg(A) = (anl(HAganh + ||A*q§n||h)> }

The reader is referred to ([7], Chap. 2.4) for the proofs and a more comprehensive representation

of this topic.

Remark 2.2.10 ( (Abstract) W*-Algebras). In literature the concept of W*-algebras is not

restricted to subalgebras of B(h). There is an intrinsic definition, but we do not need it.

2.3 Tomita-Takesaki-Theory

Let 2 be a W*-algebra and €2 a cyclic and separating vector for 2. One can define

SAQ=A*Q, Ac®, dom(S)= A (2.45)
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S is an anti-linear, closeable operator on h. Its closure S has a unique polar decomposition
S = JAY? (2.46)

where J is an anti-unitary operator and A is a positive self-adjoint operator. J is called the

modular conjugation and A is the modular operator associated with 2 and €, since J = J2.

Theorem 2.3.1 (Tomita-Takesaki theorem). Under the above assumptions one has

JAT = A (2.47)
A"IAT =9, t € R. (2.48)

(A")ier is the modular group associated with A and .

Proof of [2.53.1 See ([7], Thm 2.5.14). O

Definition 2.3.2 (Natural Positive Cone). The natural positive cone associated with A and

18

C:=cl{AJAQ : A e} (2.49)
The following theorem holds:
Theorem 2.3.3 (Representation of Normal States). 1. C is conver.
2. C is self-dual, i.e.
C={pech: (Ylp) >0, Yy € C}. (2.50)

3. For all ¢ € C one has
@ 1s separating for A & ¢ is cyclic for A.

4. For an arbitrary normal state w of A exists a uniquely determined ¢ € C, for which
w(A) = (¢|Ag), Aei. (2.51)

Proof of [2.3.3 See ([7], Prop 2.5.28, Prop 2.5.30, Thm 2.5.31). O
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Remark 2.3.4. The Tomita-Takesaki-theory yields a characterization of the commutant of a
W*-algebra 2, if a cyclic and separating vector exists. Moreover a *-automorphism group can
be defined, such as a simple description of normal states. It turns out, confer Theorem [2.4.11]
that there is a strong connection between KMS-states and the modular structure. In our case

we can explicitly calculate J and A.

Example 2.3.5 (Modular Structure). 1. Let b be a separable Hilbert space. The two-sided
ideal & := L2(h) C B(h) of Hilbert-Schmidt operators is a Hilbert space equipped with
the scalar product (r|o)g := Tr{r*c}.

We define a representation map B(h) — B(R) by 7[A]c = Ao. Now,
(T|m[A]o)g = Tr{r* Ao} = Tr{(A*1)*0} = (n[A%|T|0) s (2.52)

yields that 7 is a #-morphism. One can show, that 2 := w[B(h)] is a W*-algebra. Let
o € R be a positive operator with ker o = {0} and [|g||g = 1. It follows directly from
ran o = (ker )+ = &, that g is separating for 2.

Let (¢n)n C b be an ONB of eigenvectors for g and o¢,, = €,¢,,. We define for ¢ € b the

operator Ag := € (d;]¢) ¢i.
Obviously, m[A]p = E;j, where E;;¢ := (¢j|¢) ¢;. From

Cgﬂ[gl]g 2 CgLH{Ew ER: ’l,j € N} =R

follows cyclicity of o for 2. Let us now consider the modular conjugation and the modular
operator. For o € 8, A € B(h) and 7 € dom(A'?) :={r e & : Y77, [loro ¢4} < oo}
we define

Jo=c", AY?*r=ro " (2.53)

We check Jr[A]*o = oA = AY2x[A]g. J is obviously anti-linear J? = 1, moreover

(Jo|JT)g=Tr{(c")* 7"} = Tr{o7"} = Tr{r"0} = (7]|0) s (2.54)

2. AY? s self-adjoint: Let P, = 1[0 >m™']. For 7, 7' € dom(A"?) we have:

(A27]r) s = lim (AV2rP,|7'Pu)g = lim Tr{o™'7"07' Py} (2.55)

— lim Te{r'or'o " P} = lim (7Pu]AY?7' By = (r] A7)
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Assume [(AY%7|0)g| < O||7|| for all 7 € dom(A'/2). Choose 7,,, = 0o P07

Clltnlls = [AY7,l0)6] = | Tr{o * Puo™ 0’0} (2.56)

= Tr{(00Pno ") (00Pno ")} = 7wl

We conclude that ||7,,[|% = .2 leo Prno~ ¢illf < C?. Hence Y77, [Jooo™" ¢4l|f < C* and
o € dom(Al/2).

3. AY2 is positive: Since
Te{P,0* 000 ' P} = Tr{(0"*0 Pro~/?)* (0?0 Pro~/?)} > 0. (2.57)
We obtain for o € dom(A'/2) that

(o|AY20) ¢ = lim Tr{P,0% 000 'P,} > 0. (2.58)

4. = JUAT={BeBR) : JA€ B(h) : Vo € & Bo = cA*}.

5. C=cl{AJAp : A€ B(h)}. Since AJAp = ApA* all elements of C are positive operators.
Let n € R be a positive operator. We define A = n'/2p=/2P,,. We conclude 7, :=
ApA* =n'?P,n'? € C.

I —malll = Te{(n"?(1 = Pu)n'/?)*} = Te{(1 = Pu)n(1 = Pu)n(1 — P)}(2.59)

< Te{(1 = Po)n*(1 = Po)} < [In(1 = Pu)llz — 0
asm — o0o. HenceneCandC={oc € R : 0> 0}.

6. Let p € B(R) be a density operator and (0,), C K an ONB of eigenvectors, such that

POy = pnoy. The corresponding normal state w, over 2 is

wy(A) = an<crn|Aan>§:anTr{U;;Aan} (2.60)
n=1 n=1

= ipn Tr{o,0; A} = Tr { ipnanajf/l}.
n=1 n=1

Let 0 := (Y07, Pnoso;)'/% Since Tr{o,0;} = 1, we obtain that o is a positive Hilbert-

Schmidt operator with ||o||g = 1 and

w,(A) = (0|Ao) s (2.61)
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2.4 Dynamical-Systems

Definition 2.4.1 (WW*-dynamical System). Let 2 be a C*-algebra.

1. A x-automorphism group T = (T;)ier 1S @ group

Tirs(A) = 1(15(A)) € A, 19(A)=A, VAelU Vt,se R (2.62)
and for fired t € R one has

7(AB) = (A)1(B), m(aA+0bB)=an(A)+br(B), m(A")=(n(A)*. (2.63)

2. For a W*-algebra A C B(h) a *-automorphism group T is o-weakly continuous, if for

every A € U
R >t n(A) € B(h) (2.64)

is continuous and B(h) carries the o-weak topology.

3. (A, 7) is a W*-dynamical system, if A is a W*-algebra and T is a o-weakly continuous

automorphism group.

4. Let 7 a x-automorphism group and w a state over ™A. w is T-invariant, if
w(r(A)) =w(A) (2.65)
forall Ac A andt € R.

Example 2.4.2 ( A W*-dynamical System). Let H be a self-adjoint (not necessarily bounded)
operator on h. For A € B(h) we define 7,(A) = e Ae™ t € R. (B(h),7) is a W*-dynamical
system and wy(A) := (¢|A¢) is a T-invariant state, whenever ¢ is a normed eigenvector of H.
We sketch the proof:

Choose ¥ = (Yn)n, ¢ = (dn)n € B, h. For fixed s € R and A € B(h) we define f,(t) =
|(¥n](1:(A) — 75(A))dn)|. By Stone’s theorem R > ¢ — ey for x € b is continuous. It
follows that f,, is continuous, moreover | f, ()| < ||¥n|l - [|@nl| - [|All. Hence f(t) :=>""_, fu(t) =
P35 5(Ti(A) = 75(A)) is the uniform limit of continuous functions and therefore continuous. We
obtain limy_, pf, ,(1:(A) — 75(A)) = f(s) = 0. pj, , is an arbitrary semi-norm that generates the

o-weakly topology.
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Lemma 2.4.3 (Analytic Elements of a W*-Algebra). Let (U, 7) a W*-dynamical system. There

exists a x-subalgebra Ay of A of T-analytic elements, such that 2Aj = .

An element is T-analytic, if

Rot—n(A) e (2.66)
has an analytic extension to

C3z-1(A) €. (2.67)
Proof of[2.4.3 The proof can be found in ([4], page 170) O

Lemma 2.4.4. Let A be a W*-algebra. Fvery x-automorphism is o-weakly continuous.

Proof of [2.4.4} The proof can be found in ([4], page 115, Cor 2.12) O

Let Sg:={2z€ C : 0 < Sz < g}

Definition 2.4.5 (KMS-States). Let (A, 7) be a W*-dynamical system and > 0. A normal
state w is (1, B)-KMS-state, if for A, B € A there is a function Fg(A, B,-), that is analytic on

S and continuous on its closure and taking the boundary conditions

F3(A,B,t) = w(An(B)) (2.68)
F3(A, B, t+18) = w(r(B)A)

fort e R.

Example 2.4.6 (Gibbs state). Let h be a separable Hilbert space. Assume furthermore, that

H is a self-adjoint operator, such that
Zg:=Tr{e "7} < o0 (2.69)

for some § > 0. For A € B(h) we define 7(A) = e Ae™ ¢ € R and w(A) = Z;' -
Tr{e PH A}. w is positive by cyclicity of the trace, and normed since w(1) = 1. We show, that
wis a (1, §)-KMS state over B(b). Let F(A, B, z) = Zz" - Tr{e" =7 Ae*H B} for 2 € Sy. Let
0<7 :=R(B+12) and 0 < 7 = N(—12). Obviously 7, + 7 = . Since e~ ¢ £5/7(p)

and e*H € £8/™(h) we conclude that e~ (#T*)H Ae*H B is an operator of trace class. (£%(h)
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are the operators of Schatten a-class). The analyticity properties for F'(A, B, -) follow directly.
Moreover, the boundary conditions in Equation (2.68) are derived from the cyclicity of the

trace.

Lemma 2.4.7. Let w be a (1, 3)-KMS-state and B € Ay an analytic element. We have for
ze€Cand A e

W(AT,15(B)) = w(r.(B)A). (2.70)
In particular,
w(Ar,5(B)) = w(BA). (2.71)
Proof of B4 By assumption
G . C—C, =z wAr(B) (2.72)

H : C—-C, z—w(m(BA)

are entire analytic. Fj3(A, B,z) and G(z) are equal on :R. By Schwarz reflection principle
F3(A, B, z) and G(z) are identical on ¢/ Sz and

G(t+18) = F3(A, B, t +18) = H(t), t € R. (2.73)

Since G(z 4+ 13) and H(z) coincide for z € R, they are identical. O

Theorem 2.4.8 (Time-Invariance of KMS-states). Let w be a (1, 3)-KMS state. It follows that

w 18 T-tnvariant.

Proof of [2.4.8 Let A be an analytic element and M := max,¢jo g ||7-(A)|. Then for s € [0, 5]
and t € R
(Tt (A))] = |w(Te(ms(A)))] < s (A)]] < M, (2.74)

since ||w|| = 1 and since 7; is an isometric *-automorphism for ¢ € R. Hence |w(7,(A))| < M
for z € ¢/ S3. By Lemma w(7:(A)) = w(Tz4,5(A)), hence is entire analytic and bounded.

By Liouville’s theorem it is constant. In particular,

w(n(A) =w(A), teR (2.75)

for A € y. By Lemmata 2.4.3 and 2.4.4] and since w is normal, Equation (2.75)) holds for
Aed O
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Theorem 2.4.9 (Unitary Implementation of Automorphism Groups). Let (A, 7) be a W*-
dynamical system and w a normal T-invariant state. Let (h,7,Q) be the GNS-representation

corresponding to w. There is a uniquely determined strongly continuous group (Up)ier, such
that for A€ A
Utﬂ'(A)Ut* = W(Tt(A)), UtQ = Q. (276)

The infinitesimal generator L,, is the w-Liouvillean.

Proof of [2.4.9. Let by := w[A]Q2. One has to define U;n[A]Q = 7[r(A)]Q. First we check

well-definedness

(7 (A))Q — 7(m(B))QUE = w((m(A — B))*1(A - B)) (2.77)
= w(n((A-B)'(A-B))) =w((A-B)" (A= B)) = [r(A)Q2 - 7(B)Q|*.

Hence 7[1:(A)]Q is determined by ¢ and 7[A]Q2. By time-invariance of KMS-state
IUA[AIQ)* = w(r(A)*n(A)) = w(n(A"A)) = w(A"A) = ||r[A]Q]* (2.78)

U, is isometric on fo. As in the proof of Theorem [2.1.9] one obtains that U, is unitary. Since 7

is a o-weakly continuous group and w is normal, one has
1111(% Ui (A)Q — 7(A)Q|? = 2w(A*A) — 21'1r% Rw(A*r(A)) = 0. (2.79)

The continuity at zero follows from Lemma [2.4.3| and Lemma [2.4.4 U

Lemma 2.4.10. Let w be a (7, 3)-KMS-state. For a A, B € Ay one has
wW(T_,p/2(A)T,8/2(B)) = w(BA). (2.80)

Proof of[2.4.10. Let
G(z) == w(T(A)Toq5(B)). (2.81)

(G is entire analytic, for z =t € R we obtain
G(t) := w(Te(A)T1415(B)) = w(T(AT5(B))) = w(ATg(B)) = w(BA). (2.82)

Hence G(z) = w(BA) for all z € C. The statement follows by setting z = —13/2. O
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The next theorem clarifies the connection between KMS-states and the modular structure.

Theorem 2.4.11 (KMS-State/ Modular Structure). Let € b a normed vector, cyclic and
separating for A. Assume w(A) = (QAQ) is a (1, 3)-KMS-state. Then the modular conjuga-

tion can be defined as

JAQ == T,5/2(A")2, A € Ap. (2.83)
The modular operator is A = e P~ where L., is the w-Liouvillean.
Proof of [2.4.11 Since ( is separating for 2, one can define for A € 2,
JAQ = T,5/2(A")S2. (2.84)

First we remark, that 7,(cC +dD)Q = ¢7,(C)Q2+ dr,(D)S? and 7,(C)*Q = (C*)Q for C, D €
o and ¢, d € C. Hence

J(aAQ + bBQ) = J(aA + bB)Q = 1,5/2((aA + bB)*)Q (2.85)
= arp2(A)Q + br,p2(B*)Q = aJAQ + bJ BQ.
For A, B €
(JAQJIBQ) = (1p/2(A")Q7p/2(B")Q) = (Q7_1p/2(A)Tis/2(B")) (2.86)
= W(Tog/2(A)T8/2(B")) = w(B*A) = (BQAQ).

Let by := Ap2. Since 2 is cyclic for A = 2A{j, we have h = clb,. Because J is anti-linear and

isometric on by, it can be uniquely extended to a conjugation on . Let L, be the w-Liouvillean.

Choose ¢ € [ J2°, ran{1[|£,| < n]}. For A € 2 we define
fo(2) = (DI (A)Q),  go(2) = (e7*0|AQ). (2.87)
Both f, and g are entire analytic, for z = ¢ we have
fo(t) = (Im(A)Q) = (g](e"““ Ae™5)Q) = g4(t). (2.88)
Hence f, = gs. For z = 13/2 one has
(e P12 g AQY) = (9| TA™QY) = (QAT9). (289)

Equation (2.89) extends to 2 = 2, hence for A € A (e P#/2«p|AQ) = (p|JA*Q). Since
U2, ran{1[|L,| < n]} is a core of e %24 we obtain AQ € dom(e #/?£+) and e /2w AQ =

JA*. U
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Example 2.4.12. Assume now h C L?(X,du) is a separable, closed subspace. By _ we denote
the complex conjugation. Assume also, that f € b whenever f € ). For an operator A on § we
define

Af = Af, dom(A) := dom(A). (2.90)
For a Hamiltonian H with Tr{e ##} < oo as in Example we have a (7, 5)-KMS-state
w. In Example the modular structure on & = L?(h) for a cyclic and separating vector is

defined. The link between both is the following:
Let (¢;)32; be a ONB of eigenvectors of H. We denote by Ej; the operator

Eijo = (9;l0)¢i, ¢ €. (2.91)

The set {E;; : i,j € N} is an ONB of R We identify & with h ® h € L*(X x X, du ® du)
via the unitary p, that is defined by p : E;; — gbz(x)m We understand elements of h ® b
as L*-functions of (z,y) € X x X. The modular conjugation becomes to Jx(z,y) = r(y,z).
The Liouvillean reads L = H, — Hy, where the subscript x means that H acts for fixed y, and
similarly, the subscript  means that H acts for fixed z. Instead of 7[A] we only write A,. The

vector Q(z,y) = Zgl/Q Z;’il e P1?Ei g (2)¢;(y) is the cyclic vector, so that

w(A) = (QA:Q)pep. (2.92)

2.5 Perturbation of WW*-dynamical systems
Definition 2.5.1. A closed operator A is affiliated with 2, if
A" dom(A) C dom(A) AA D AA VA e . (2.93)

Lemma 2.5.2. If A is self-adjoint and affiliated with A, then all bounded Borel functions of A
belong to .

Proof of [2.5.9. The proof follows from ([[7], Lemma 2.58) and the spectral theorem, confer also
([10], Thm 2.1) O

Theorem 2.5.3. Let a(A) = e Ae %, t € R be a x-automorphism group acting on A, i.e.

L is a self-adjoint operator and e Ae™* € A for A € A. Let Q be a self-adjoint operator
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affiliated with A, such that dom(L) N dom(Q) is a core for L, Q and L+ Q. (In particular,
L+ Q is assumed to be essentially self-adjoint.)
Then

al(A) = AR e EFQ) e R, A e (2.94)

defines a x-automorphism group acting on 2.

Proof of[2.5.3 In the sense of weak convergence in B(h) we obtain using Trotter’s product

formula

al(A) = MDA = ywlim,, . (e'nlern@)" A(en Qe k)" (2.95)

= W'hmnaoo at (eZ%Q e (61%QA€—1%Q) . 6_Z%Q),

i
Since () is affiliated with 2, one has en@ € A and emQAe @ € A, whenever A € 2. More-
over, « leaves 2 invariant. Hence oth (A) is the weak limit of operators in 2(, and therefore

a?(A) e . O

Theorem 2.5.4. Let Q) € b be a cyclic and separating vector and J be the modular conjugation
associated with Q and A. Let ay(A) = e Ae ™ be a x-automorphism, where L is a self-
adjoint operator. Furthermore let Q) be a self-adjoint operator affiliated with A, such that
dom (L) Ndom(JQJ) is a core for L, JQJ and L — JQJ. (In particular L — JQJ is assumed
to be essentially self-adjoint.)
Then

oy (A) = IR fe=HE=IR) "t c R, A€ QU (2.96)

Proof of[2.5.4. Obviously, e?/?/ = Je="@ J € . As in the proof of Theorem we obtain
for Aed

GHE—IQI) fp—H(E—=IQT) _ lim (eliﬂe—l%JQJ)”A(QZ%JQJe—lﬁﬁ)” (2.97)
n—oo
= lim ax (e an (e Vs (e At T )¢ n QT et/

n—oo

) Lt
= lim a,(e WIQT

n—o00 n

(6—z%JQJaL(A)€z%JQJ) . ez%JQJ)

3

= w(A),

since ay(A) € A for all t € R. O



2.5. PERTURBATION OF W*-DYNAMICAL SYSTEMS 33

We prove a simple statements, that will be needed:

Lemma 2.5.5. Let H be a self-adjoint operator on a separable Hilbert space. (3 > 0 and
¢ € dom(e ?/2H). Then ¢ € dom(e *H), whenever 0 < Nz < (/2.

Proof. Proof of We assume that ¢ is normed. Let p be the probability measure corre-
sponding to p and H. By the spectral theorem we obtain [, e P u(ds) < oo. But for z € Sg)s

we have

/ ‘€7ZS‘2/L<d8) — / eQS&‘:zsu<d8) _'_/ eQS‘Est(dS) S 1 _|_/ efﬁslu(ds) < Q. (2.98)
R ]—O0,0} ]0700[ R

The spectral theorem yields Lemma [2.5.5] U

Theorem 2.5.6. Assume Q € dom(e ?/26+@) be a cyclic and separating vector for a W*-

algebra A. L and J are the Standard Liouvillean and the modular conjugation corresponding to
2 and J. Let Qg 1= e P2 ¢ p

The following it true:
1. JQg =Qq
9. Qp = P/2E-1QQ
3. Loflg =0
4. JA* Qg = e PIPLQeAQqg for AU
5. Qg 1is separating for A
6. Qg 1is cyclic for A
7. Let wo(A) :=||Qg] 72 (Q]AQq). wg is a (a9, 3)-KMS-state.
Proof of [2.5.6, First, we define Q(z) = e *“+9Q for 2 € Sp/p and E(t) := Qe L € B(h).

elt(£+Q)€71t£ = S_hmnﬂoo (elﬁﬁez%Q)ne—ztﬁ (299)
= slimy_ oo e (€59) vz (€9) - - - aum (€'59)
= s-lim, oo (e’%(ﬁ_JQJ)eZ%Q)”6—zt(£—JQJ)

— MLEHQ=TQU) i (L-TQT)
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From the second line in (2.99) follows that E(t) is the strong limit of operators in 2, therefore
B(t) = eME+Q=IQD) —t(£=JQT) ¢ g,

1. We choose ¢ € |J,,cnran 1[|£| < n]. Let

J(2) = (9l7Q(Z)) and g(2) = (7727l H D).
Both f and g are analytic on Sg/, and continuous on its closure. Since
ft) = (G| JE)Q) = (gle " E(t)*Q) = g(ut), t € R. (2.100)

By Schwarz theorem f and g are equal, particularly in z = 3/2. It follows since e *(£+@)

is self-adjoint, and since ¢ is an arbitrary element of a core, that JQ(3/2) = Q(5/2).

. Similarly, we choose ¢ € |J,,cyran 1[|£ — JQJ| < n]. Now we define

g(z) = (HENG[eQ). Since JE(t)] = e"E77e™E, g coincides for real z =
it with f(z) = (¢|JQ(Z)). Hence they are equal in z = (/2 and therefore Q) €
dom(e?/2£=T1QN)Y and Q(B/2) = eP/2E-TQNQ,

. Choose ¢ € |J,xranl|Lo| < n]. We define g(z) := (e772¢|e*“~72N)Q) and f(z) :=

(#]Q(2)) for z in the closure of Sg/o. Again both functions are equal on the line z =
it, t € R. Hence f and g are identical, and therefore Q(3/2) € dom(e=#/24Q) and
e P2a)(B/2) = Q(3/2). We conclude that LoQ(3/2) = 0.

. Let A € Uy be an ag-analytic element of 2. Hence

JAQ(—it) = JA*E(t)Q = e PR (1) AQS
= ¢ BRTDLmUEFQ AQE — o= (B27WLLR (A)e M EFQQ (2.101)

Let ¢ € [J,enran 1[|£] < n]. We define
f(2) = (9lJA"Q(Z)) and g(z) = (P50 a.(A)Q(2)).

Since f and g are analytic and equal for z = t, we have JA*Q(3/2) = a,p/2(A)Q(5/2).

To finish the proof we choose ¢ € |, .y ran1[|Lg| < n]. Let

f(2) = (9la2(A)Q(B/2)) and g(2) := (e” 26| AQ(5/2)).
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For z = 1t we see

9(it) = (gle"EQ A EAQ(3/2)) = (6o, (A)QAB/2) = f(r).  (2.102)

Hence AQ((3/2) € dom(e ?/2£@) and JA*Q(B/2) = e P/2£@ AQ(5/2).
As in Equation (2.89) one can extend the result to all A € 2.

5. Let A € . We choose ¢ € |, o ran 1[|(£ + Q)| < n]. First, we have
JAQB/2) = cug/2(A)QB/2). (2.103)

Let f4(2) = (@|a.(A)Q(B/2)) and gy(2) = (*EFTQp| Ae=B/2HALFRIQO) for —3/2 < Rz <
0. Both functions are continuous and analytic if —3/2 < Rz < 0. Furthermore , fy(:t) =
gs(at) for t € R. Hence f, = g4 and for z = —3/2

(G| JA™Q(B/2)) = (™72 AQ). (2.104)

This equation extends to all A € 2, we obtain AQ € dom(e ?/2(£+@)) and e=#/2(L+Q) AQ) =
JA*Q(B/2) for A € A. Assume A*Q(5/2) = 0, then e #/2E+@ AQ = 0 and AQ = 0. Since
Q is separating, it follows that A = 0 and therefore A* = 0.

6. Let C be the natural positive cone associated with J and €. To prove that ¢ € C it is
sufficient to check that (¢|ATAQQ) > 0 for all A € M. We have

(QUB/2)|ATAQG) = (JA*Q(B/2)|AQg) = (e P/2E+Q AQFAQ]) > 0.
7. For A, B € A and z € S5 we define
F3(A, B, z) = cle”#/?2 A*Qgle*/**2 BQy,), (2.105)
where ¢ := ||Qg| 2. First, we observe
F3(A,B,t) = cle A" Qg2 BOg) = c(QolAa2(B)Qg)  (2.106)
= wo(Aag(B))
and

wo(of (B)A) = clal(B*)Qq|AQq) = o(JAQq|Jof (B*)Qq) (2.107)

_ C<e—6/QLQA*QQ|e—ﬁ/2£QOétQ(B)QQ> _ C<€—z(z,@+t)/2£QA*QQ|ez(z,8+t)/2£Q BQQ>

= Fﬂ(A, B,t + Zﬁ)
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The requirements on the analyticity of F3(A, B, -) are directly fulfilled, hence wg is a (agq, 8)-
KMS-state. O

Lemma 2.5.7. Let Q € B(b) self-adjoint and o (A) = e"CHQ) Ae="E4Q) one has for t > 0

e}

af (A) = ay(A) + D o /O<t o [, (Q), [-1,(Q), - - [0, (Q), e (A)] - - - ] di. (2.108)

The convergence is in the norm on B(h). The integral is defined in a weak sense. Fort <0 the

statement s analog.

Proof of [2.5.7] First, we define for all t € R
Y, = efztl:ezt(EJrQ)14efzt(ll+Q)€’Lt£7 Yy := A. (2109)

It is well known, that dom(£) = dom(£ + Q) and that e** and e*“+@) leave dom(£) invariant.
For ¢, ¢ € dom(L) we obtain directly

%(cb'}/ﬂm — %<6—zt(£+Q)€th¢|Ae—zt(£+Q)eth¢> (2.110)

_ <e—zt(£+Q) (—Z) Qeztﬂ¢|Ae—zt(£+Q)€ztﬂ¢> + <e—zt(£+Q)ezt£¢|Ae—zt(ﬁ+Q) (—Z)Q@ltﬁiﬁ)

= (Phla—(Q), Yi]y).

It is a simple calculation to check that for all bounded operator C, D € B(h) and x € b the
function R > Ce™“+@ Dy is in C(R;h). Since ||Y;|| < ||A| the fundamental theorem of

calculus yields

[(l(Y: — Yo)y)| < ’/ (0le]n (Q), Yolp) dr < 2|[o]] ] [t — sl QI IA]l- (2.111)

The density of dom(£) in b implies Y. € C(R; B(h)).
For fixed to € R and T' > 0 we define

F 2 C(fto—T,to+T);B(h)) — C([to — T, to + T}; B(h)) (2.112)

FIZ|(t) = Ay, +1 / 0. (Q), Z,] dr.

to

The integral can be defined in a weak sense, since the integrand is weakly continuous. This

means zfti la_.(Q), Z,] dr is the bounded operator corresponding to the form

(6.1) 1 / (@lla_(Q), ZJw) dr, 6,9 € b,

to
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For T small enough is F' a contraction:
|F12] = FIZto-taasr < 2T NQNIZ = Z'lpy-r0s1: (2.113)

where || Z||(t,—7.t04+7) = SUDte(to—110+7) || Z ()] is the norm of C([to — T',t0 + T]; B(h)). Choosing
Ay, =Y, implies that Y is a fixed point of F.

We construct a solution by the Picard-Lindelof iteration, formally ¥ = lim,_., F(A), and
define

OV eS| 0-0(Q).l0-(Q), - [, (@A Jldt. (2114)

o Joste<i<n<t

: "
since ’fogtng...gtlgt 1d§’ < &- and

o, (@), [0, (@), -+ - [, (@), A - I < 271 QU ([ Al

the series is norm-convergent resp.| - || and all t+ € R. Moreover, Y is continuous and weakly

differentiable, and

Y(t) = A—l—z/o[a_T(Q),Y(r)]dr:f/(to)+/t if/(r)dr (2.115)

= ?(to)jtz/t [a_.(Q),Y (r)]dr.

Hence Y € C([to — T, to + T); B(h)) is a fixed point for F. Since F is a contraction we obtain
Y =Y on [ty — T, 1o + T] and hence for t € R. But af?(A) = oy (Y (t)) = au (Y (1)). O

2.6 Ergodic Properties

Let (A, o) be a W*-dynamical system. 2 is a normed, cyclic and separating vector and w(A) =

(QAQ) is the vector state associated with €.

Definition 2.6.1. 1. (A, «o,w) is ergodic, if for all w-normal states u, one has
1 (T
lim —/ plag(A))dt =w(A), VAe (2.116)
T—o0 2T T

2. (A, o, w) is mizing, if for all w-normal states p

tlLICI)lo pla(A) =w(A), VAell (2.117)
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An immediate consequence is

Corollary 2.6.2. If (2, «,w) is mizing, then (A, a,w) is ergodic. If (A, o, w) is ergodic, then

w 18 titme-tnvariant.

Lemma 2.6.3 (Mean Ergodic Theorem). Let L be self-adjoint, then for i) € b.

: 1 g L
Tlgr;o T /_T e pdt = 1[L = 0. (2.118)
Proof of[2.6.5. For the proof see ([4],Thm. 3.13). O

Theorem 2.6.4 (Koopman Ergodic Theorem). Let L, be the w-Liouvillean of o (A, v, w) is
ergodic, iff ker{L,} = {CQ}.

Proof of[2.6.4 First we consider the states u, that can be written as u(A) = (RQ|ARQ) for
Ae, Re. From the Mean Ergodic Theorem follows

17 17
Thjroloﬁ/:p p(aq(A))dt :jlgrgoﬁ/T(Rth(A)RQ)dt (2.119)
I I -
_ : * — i * 1Ly
= Tlgrolo 5T /_T<R RQ|a (A)Q)dt 711_{1;10 o /_T<R RQ|e™ (A)Q)dt

= (R*RO|1[L, = 0]AQ).

Let P be the orthogonal projection onto €. Since Q is separating for 2, it is cyclic for 2,

furthermore
h=c(LH{R'RQ : Re W, ||RQ| =1} = c(LH{AQ : A€ A}. (2.120)
Since w(A) = (R*RQ|1[L, = 0]AQ) we have for all A € 2 and all ;1 as specified above

Jim % /T j(ag(A))dt = w(A) < 1[L, = 0] = P. (2.121)

Let p be an arbitrary w normal state. From the Tomita-Takesaki-theory follows, that there is
a ¢ € C with u(A) = (¢|A¢) for A € A. Assume 1[L, =0 =P and R € A, |RQ| = 1.
1 /7
lim sup ‘ﬁ/ p(a(A))dt — w(A)’ (2.122)

T—o0 -T

— timsup| 7 [ ((6lan(A)0) ~ (RIa(A)RDY)

T—o0 _T

< 2||A|||RQ = 4. (2.123)

Since ) is cyclic for &, one has infgeor, ||ro|=1 || RS2 — ¢|| = 0. O
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Lemma 2.6.5. Assume 0,.(L,) = 0(L,) \ {0} and dim ker £, = 1, then (2, a,w) is mizing.

Proof of[2.6.5 First, we consider states u(A) = (RQARQ) for R € A" with 1 = (RQ|RQ). We

obtain

lan(A)) — w(A) = (ROlay(A)RD) — (2] AQ) (2.124)
= (R*RQ|e"™ AQ) — (R*RQQ)(QAQ) = (R*RQ|(1 — 1[L,, = 0])e" AQ).
By the spectral theorem we can find a Borel measure dv on o(L,) \ {0} such that
(RRO|(1 — 1[L,, = 0])e* AQ) — / e u(d)). (2.125)
o(Lw)\{0}
Since (L) \ {0} = 04.(Ly), there is an absolutely integrable function p with respect to the
Lebesgue-measure d\, such that dv = pd\. Hence we obtain
lim pu(a:(A)) —w(A) = lim e p(\)dX\ = 0, (2.126)
e 1700 Jo(La)\{(0}
by the Riemann-Lebesgue Lemma. An approximation argument extends Equation (2.126)) to

all normal state p. O

2.7 Infinite Particle Space

2.7.1 Symmetrization

Let (b, (-,-)1) be a separable Hilbert space. We remark that for the n-fold tensor product
bn = (®;L:1 ha <'7 >n) one has

QR =clg,, g, =LH{fi® & [, : [; €b} (2.127)

i=1
and

(1®@ falgr @+ @ ga)n = [ [(filgi)r- (2.128)

=1

The symmetric projection S, is defined by

Su(f1 @ ® [fn) =% Y )@ @ - (2.129)
)

" meS(n

In this context &(n) is the symmetric group of permutations acting on{1,2,... n}.



40

Lemma 2.7.1. S, is an orthogonal projection.

CHAPTER 2. MATHEMATICAL THEORY

Proof of[2.7.1l For any 7 € &(n) one has 7'6(71) ={ro7m: me &(n)} =&(n). That yields
’TTK'EG(TZ
= @ fri(n)
7'66 (n) 7'eT&(n
1 1
= (ﬁ > 1) (m Z Fr) @+ @ o)
TES(N) ' eB(n)
- Snfl X 02y fn-
Since &(n) = {r~! : 7 € &(n)} we have
(1® @ gulSnfr @+ @ fu)n (2.131)
1
" ned(n)
= n| Z H gz|f7rz Z H gr—1 z)|fz
T€S(n ! neS(n) i=1
1
- E Z <gﬂ'*1(1) Q@ gwfl(n)|fl Q- fn>n
" re6(n)
— <Sn91®"'®9n|fl®"'®fn>n-
It follows, that S,, extends linearly to f € g,,. By definition of the norm, we have
ISaflln < NSaflln +I1f = Sufllz = 1115 (2.132)
S, can therefore be extended to a bounded operator on h™ by continuity. Since S? = S,, and
Sy =38, on g,, it is true on h". 0
2.7.2 Fock Space
The Fock space is the vector space
Flo] :=C o Ph" (2.133)
n=1
equipped with the norm
© 1/2
Il = (P00 02) (2.134)
n=1
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The elements of F[h] are sequences f = (f,)22,, such that fy € C and f, € b, n € N and

1Fll7 < oo

Fh] is a separable Hilbert space. In this context h™ is the m-particle subspace. Q :=

(1,0,...) is the vacuum vector. A short calculation yields that

fo[b] = {(fn)zo:() € F[b] : vne]N fn € On, ElnoE]anZno fn - 0} (2135)

is a dense subspace of F[h]. On F°[p] creation- and annihilation-operators are defined for i € b

by,

VWNA®-@fn = M+ D2 h@ i@ f, b(h)Q=h (2.136)
bW [i® @ fn = 0> hfi)1- fo® @ fa, bh)Q:=0.

We obtain

"R ® falgr @+ ® Gnt1)n1 (2.137)

= (n+1) 1/2 (hlg1)1 H filgis)i = (fi®@- - @ fulb(h)g1 ® -+ @ Gny1)n
7j=1
for n € Ny. It follows (b*(h)f|g)r = (f|b(h)g)F for f,g € F°[p].

2.7.3 Bosonic Fock-Space

Not all vectors in F[h] describe bosons, one has to restrict to the subspace
Filb] := C @ P Sah" (2.138)
n=1

called the Bosonic Fock Space. FP[h] is defined analogously. S,h™ is the symmetric n-particle

subspace. We define (bosonic) creation operators by

M) fi@ @ fn = Sppb (W)Spfr @@ f, (2.139)
= (4128 h@ i@ @ fo

and a*(h)Q2 = h. The (bosonic) annihilation operators are

a(Wfr@ @ fu = Suab(W)Spfr @@ f, (2.140)
= n_l/2z<h’fm> Snflfl ®®.?;®®fn
m=1
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and a(h)Q? = 0. The symbol f/\m means, that the factor f,, is omitted. A straightforward

calculation yields the so called Canonical Commutator Relations (CCR).

[a(h), a(he)] = 0, [a"(h1),a"(h2)] = 0, la(hn),a"(h2)] = (halh2)s (2.141)

That are identities of operators on F7[h]. From

(a*(h)flg)r = (fla(R)g)r,  f,9 € F[H] (2.142)

follows that a*(h) C (a(h))* and a(h) C (a*(h))*, i.e. a*(h) is a restriction of the adjoint
operator of a(h) and vice versa. From now on we identify a*(h) and a(h) with their closures.

The field operators are defined on F_[p] as

B(h) i= 5 (2.143)
®(h) is obviously symmetric and
o (h) = O (h) ?/%(I)(zh), a(h) = O (h) T/;@(zh) (2.144)
Furthermore, it follows from and that
F = LH{a'(f1)---a"(fa)Q : n€No, fi,...,[n €D} (2.145)
Let dom(N) := {f = (fu)ilo € Fo[b] : o0, n?[| full7 < o0} and
Nf:= (nfn)iio:o? for f = (fnﬁozo (2'146)

N is the number operator, it is self-adjoint. One easily, that F[h] is a core of N. Applied to
Z(u in) fiy ® - ® fi, € S,H" we obtain

77777

..........

The yields the relative bound

la*(R)fll= < NIAll - [(N +1)2f |1 =. (2.148)
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Otherwise,

la(h)fll= < lIRll - INY2 £ 2 (2.149)

follows if additionally the CCR are used,

AT NN+ 1)Y2f|5 = (a*(h) fla*(h) f)= = {fla(h)a"(h) f)
= (fla*(Wa(h) f)z + (Blhy - (1) F = la(r) 17+ [1R1T - 1Lf]1%

Consequently, we obtain for the field operator the relative bound

1@(h) fllz < V2 Rl - [I(N + )2 f|| 7. (2.150)

2.7.4 Second Quantization

Let A be an essentially self-adjoint operator with core D C h. We define the second quantization
of A by

dr'(A)

P —Z A®-@l), dAR:=0. (2151

dI'(A) is essentially self-adjoint on
F[D) = LH{a*(f1)--a*(f,)Q : fi € D, n € Ny}. (2.152)

In the following we do not distinguish between dI'(A) and its closure. Given A the spectrum

and the pure point spectrum of dI'(A) is well known:

o(dD(A)) = cf ({0} U G { Z Am €R: Ay € a(A)}) (2.153)

n=1 m=1

op(dD(A)) = {0}U D { i Am € R Ay € app(A)}. (2.154)

n=1 m=1

2.7.5 The Natural Isomorphism F[g; @ go] = Folg1] @ Fplgo]

Let h = g1 ® go and gy L go, such as f; € g; and g; € go. There is a unitary map U : F[h] —
Folg1] ® Fplgo] determined by

n n m

Ha* Ha* g;)2 — Ha*(fj)Q) ® (Ha*(gj)Q) (2.155)

7=1 =1 7j=1
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for all m,n € N.
For an essentially self-adjoint operator A; on g; with core D; for i« = 1,2, one has that A; & A,
is essentially self-adjoint on § with core D; @ D, and for f; € D; and g; € D,

Udl(Ay ® Ag) [T o () [T o (9592 (2.156)
j=1 j=1
= Za (f1)---a"(Aife)- H@*
7=1

—|—UHCL f] ZCL* gl AQQk) (gm>)Q
k=1

m

= (dr(A)a’(f1) - a’(£)9) @ [ a (92 + [ [ a*(£)Q @ (dT(A2)a"(g1) - - - algm)Q).

j=1 j=1

Hence UdI'(A; ® Ay) = (dI'(A;) ® 1+ 1 ® dI'(A2))U. For the field operators one can show

O(f @ g)U =Ud(f)®1+Ul®d(g). (2.157)

2.7.6 The Fock Space F;[L*(R?, du)]

We consider now the case, where h = L?(IR3, du) for some Borel measure p. In the following

we will identify

Sa( @0y LA(R?, dp)) (2.158)

= {fe LX((R)",@_ydp) : f(kr,. .. kn) = f(kn1, .. knn), ™€ &(n),ae.}.

In this case creation and annihilation operators read for f = (f,)%%, € Fp[L*(R3, du)]

(a(h) fos1)(kr, - k) = (”+1)1/2/dﬂ(’fn+1)h(kn+1)fn+1(/ﬁ,-~~7kmk5n+1)a

@) f) (Rt ongs) = (1) I/QZh SYATYC Y U

Let a be a real valued measurable function, we observe

n

(A0 (@) fa) (bt k) = alky) fulkr, - ) (2.159)

=1
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for f e dom(dl()) = {(fn)20 = oo IS0 alk) | fr(kay ..y kn)|? < 00}
For h € L*(Q) and if u(supp(a) \ supp(h)) = 0 we have

/ya Vg1 (1, oo k) Pdu(ky) . .. du(k,) (2.160)
= 0+ 1) [ dp®)] [ el b i)
| (Kng1) |

< e n) faw( [t i)
([ dutsuslathucdllfusatns .. ki)

(k) [Pdu(k)
( / _— W> 1T ()2 fa 72 im0y

Hence one obtains the relative bounds
la(h) > < C?||ldT(|a)) fIIP (2.161)
la*(R)FI? = lla(h) fII? + [[RITIFI1Z < CPlAT(Jal) £I1* + (A5

2 1/2
for f € dom(dl'(|a]))and C = (fsupp(h) %) .

2.7.7 Weyl Algebra in the Fock Representation

Theorem 2.7.2. Let h,g € .

1. ®(h) is essentially self-adjoint on FP[h]. After identifying ®(h) with its closure, we define
the Weyl operator by Wg(h) := exp(1®(h)).

2. If Y € dom(®(h)) then
Wr(g)y € dom(®(h)), Wr(g)®(h)y — (h)Wr(g)y = S(hlg) Wr(g9)Y.

3. Wr(h)Wr(g) = e /30 Wp(h + g)

Proof of [2.7.2. Let e,(t) := (thﬁ))m@(fl)---@(fn)ﬁ An iterated application of estimate

(2.150)) yields
2002 (4 4y 4 1)1]1/2 .
lem(B)]l7 < - (Al H £l (2.162)

) 0 .
Since (mzr"jl)) < 2mttl we derive

(2m+2n+1)/2 n
femtl < LD g, mHHfJHl 2169
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From the quotient criterion follows, that >~ e, (t) converges normally for [t| < R, R > 0.
Nelson’s analytic vector theorem completes the proof of the first part.
Let ¢ € dom(®(h)) and n € F[h]. Since n, ®(g)™n, ®(h)n € FP[h] they are analytic

vectors and

(n|Wr(9)@(h)) . = (Wr(—g)n|®(h)) (2.164)
= lim %<(<—z>@<g>>”n\@<h>¢>7 = lim ) %((‘P(h)(ﬂ)@(g))nn}wf

= im0 (@), (02(0) ) + T D ((~)2(9) (e,

= Jin 3 (006" )+ (W) 20le),

= S{lgn (We(=g)n|e) , + (Wr(—g)@(R)n|¢) -

That is equivalent to

<<D<h)77}WF(9W>f = <77’(WF(9)‘I)(}L) + %<h‘g>1WF(9))w>]—'- (2.165)

Since F[h] is a core of ®(h) the second part follows by the definition of self-adjointness.
Let 6,4 € FUb] and p(t) = (S[Wi(th)Wi(tg)We(~t(h + g))i)r. Tt is p(0) = (ou)r,

furthermore

p(t +8) — p(t) (2.166)
= ((Wgp(=0h) = 1)Wp(=th)p|Wp((t + 8)g)Wr(—(t + 6)(h + 9))¥)
H((Wr(=dg) = DYWr(—tg)Wr(=th)o|Wr(—(t +6)(h + 9)¥) -
+(Wp(th)We(tg)d|(We(=6(h+ g)) — YWe(—t(h+ g)¢) .

Since

Wg(—th)p, Wp(—tg)Wr(—th)¢ € dom(P(th)) N dom(P(tg)

and |[W(f)|| = 1 for all f € b, and s-lims .o 6 (Wp(—dk) — 1) = —1®(k) for k = h, g, h + g,
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we obtain that p is differentiable and

pt) = (@(=h)Wg(—th)p|We(tg)We(—t(h+g))) .
+ (1@ (—g)Wr(—tg)Wp(—th)op|Wr(—t(h + g)))
+(We(th)Wp(tg)¢[1®(—(h + g)Wr(—t(h + g)v) .
= —1(Wp(—th)s|[®(=h), Wr(tg)]Wr(—t(h + g)¥) -

= —z\s<h’tg>p

Solving this initial value problem for p yields

p(t) = exp(—ut® /23(hlg) (¢l V) 7.

Hence Wp(R)Wp(g)We(—(h + g)) = e /2309 for ¢ = 1.

Theorem 2.7.3. Let Wr(h) := clLH{Wp(f) € B(F,[b]) : f €b}. Then
Wr(h) = {C1}.
Proof of [2.7.3. Let T € Wg(h) for fi,...,fn € hand g1,...,gn we have

<¢)(f1) T @(fn)QIT‘I)(gl) T <I>(gm)9>f
= i (M=) w0fTe() - alom)2),
- gﬂ@(ﬁ)---@(f@@]T%j”
= (D(f) - B([)QITO(S1)D(g1) -~ B(g0)2)

= <Q‘T(I)(fn) e O(f1)P(g1) - (P(gm)Q>}_.

Using equation ([2.144]), we obtain

(@ (f1)---a*(fa)QTa*(g1) - - - " (gm)$2) 7
= (Q ra(fi)a*(g1) - a"(gm)) 1
= (1T"Q)) - <Q| (fa)---a(fi)a"(g1) - a*(9m)2) -

The last equation is to show. First we assume n > m, then

D(g1) - Plgm)2)

47

(2.167)

(2.168)

(2.169)

(2.170)

(2.171)

a(fn)---a(fi)a*(g1) -+ - a*(gm)2 = 0 and the equality holds. Assume n < m, we obtain since
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T € Wgr(h)

(@ (f1)---a*(fa)QTa*(g1) - - - " (gm)$2) 7 (2.172)
(*(g1) - - a*(gm)UT*a*(f1) - - - a* (fm) )2 7

= (TQ[Q) - (Qalgm) - - - algr)a*(f1) - - - a*(fa) Q)
(T7QIQ) - (Qfa(f) - a(fi)a™(g1) - " (gm) 7.

If n =m one has a(f,) - -a(f1)a*(g1) - a*(gm)2 =c-Q for ¢ € R and

(@ (fr) - a"(fn)QTa*(g1) - - - a*(gm) ) 7 (2.173)
= QT 7 = (T*QQ) 7 - (Qa(fn) - - al(fr)a"(91) - - - " (gm)) 5.

By linearity follows for ¢, v € F?[p] that
(OITY) = (T"Q|N) - (d|)F (2.174)
and T' = (T*Q|Q) - 1. O

Corollary 2.7.4. For all A € B(Fp[h]), € > 0 and (n);2, € D, Fu[b] ewists W € Wk(h),

1/2

such that (3 07| W, — A, |)?) " <,

Proof of [2.74) Theorem and B(Fy[h]) = Wr(h)". O

2.8 The Abstract Weyl Algebra

Let h be a Hilbert space and f C h a (not necessarily closed) subspace.

Definition 2.8.1. A C*-algebra 2 is a Weyl algebra over f, if A = cCLH{W (f) € A : f €}
The operators W (f) have to fulfill the Canonical Commutation Relations (CCR), i.e.

W(HW(g)=e*3VW(f+g) fgef. (2.175)
Furthermore W (f)* = W(=f), f €f. W(f) is called a Weyl operator.

Obviously, W(0) = 1 and W (f) is a unitary of 2.
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Theorem 2.8.2 (Uniqueness). Assume 2y, %Ay are Weyl algebras over §
Then exists a unique x-isomorphism o : Ay — Ao, such that

a(Wi(f)) =Walf), feF (2.177)

Proof of[2.8.2. Confer ([8], Thm. 5.2.8). O

We write in the following W(f) for the Weyl algebra over f.

Theorem 2.8.3 (Bogoliubov-transform). Let §; C b;, i =1,2 and v : f; — fo. v is real linear

and

S((Hlv(g))2 = S(flg)- (2.178)

Furthermore, let 2A; be Weyl-algebras over §;, then exists an unique, injective x-morphism o :
2[1 — 2[2 with
a(Wi(f)) = Wa(v(f)). (2.179)

a is called a Bogoliubov-transform.

Proof of [2.8.3 Let Ws(f) := Wa(v(f)), f € f1.

Az = cl LH{W3(f) €Uy : fEf} C Ay (2.180)
Since
Ws(£)Walg) = Walv(f))Walv(g)) = e 22CDRD210, (u(f) +v(g))
= SN (o(f +g)) = e PN (f + ),
and

Ws(f)* = Wa(v(f))" = Wa(=v(f)) = Wa(v(=f)) = Wa(=f). (2.181)

We conclude that 23 is a Weyl-algebra over f;. a : 2A; — 23 is the x-isomorphism of
defined by Wi(f) — W5(f). O
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Example 2.8.4. e The main example is the Weyl algebra in the Fock representation de-
fined in Theorem

e The range of a Weyl algebra under a s-morphism is a Weyl-algebra.
Definition 2.8.5 (States over the Weyl algebra). Let w be a state over W (f).
1. w is reqular, if R o t — w(W(tf)) € C is continuous for all f € §.
2. w is quasi-free, if there is a real bilinear form q : fx§f — C, and w(W(f)) = e~ f €.

Example 2.8.6. Let w(W) = (QWQ) for W € Wgr(h) C B(F[h]) and let Q be the vacuum
vector of Fp[h]. We define z(t) = w(Wg(tf)). Obviously (0) = 1 and

#(t) = QAWr(t))D(£)Q) = 272 QWr(tf)a*(£)Q) = 27 Qa; (/)Wr(tf)Q), (2.182)
where we have
a;(f) = We(tf)a"(fY)Wr(=tf) = a"(f) + 27 /t]| f|[5. (2.183)
It follows @(t) = —(1/2)t[| f||} - 2(t) and solving the initial value problem for z yields
o(t) = exp(=(1/4)2| f[I§) = w(Wr(f)) = exp(=(1/4)|| fII})- (2.184)
Hence w is a quasi-free state of Wx(h).

Theorem 2.8.7 (Regular States). Let w be a reqular state over W(f) and (b, 7, L) its
GNS-representation. For all f € § exists a self-adjoint operator ®,(f) on b, such that

W(tf) = et®), (2.185)

Proof of[2.871 R > t — m,(W(tf)) € B(h,) is a group of unitaries. The statement of the
theorem follows from Stone’s theorem, whenever the group is strongly continuous.
Let by = 7 (W ().
(7 (W(tf)) = D) (W (9)) Q| (2.186)
= (Qulme(W(9))" (me (W (tf)) = 1) (mo(W(tf)) — D) (W (9)) )
= w(W(e) (W) = 1) (W(tf) - )W (9))
= 2= LW (=tf)) — e I(W(Ef)) — 0,

if ¢ tends to zero. Hence it is strongly continuous on by, but by is dense in b,,. U
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Theorem 2.8.8 (Wick’s Theorem). Let w be a regular state over W (¥).

1. Assume

18 smooth, then fork=1,...,n
Qw € dOIIl((I)w<f1>>, (I)w(fk—l) T (I)w(fl)Qw S dom(q)w<fk))

2. If w is quasi-free, then

<Qw‘q)w(f1) e cbw(onfl)Qu) =0
(Qul®u(f) - Pulfon)) = D[] (Qul®u(fi)Pu(fi)).

P6P277 {k<l}€P

P, is the set of pairings of {1,...,2n}. That is, P, contains sets P of the power set of

{1,...,2n}. Each P € P, is a decomposition of {1,...,2n} into set with exactly two element.

Proof of [2.8.8 Theorem is proved in the Appendix. O

Lemma 2.8.9. If H s a self-adjoint operator on a separable Hilbert space b and B,pn € R, g >
0, such that H — 1 > € > 0 and Tr{e P} < oo, then Tr{e PrH-1} < .

The parameter p is often called the chemical potential.

Proof of[2.8.9. Since Tr{e "} < oo, H has only discrete spectrum and we may write the
eigenvalues in increasing order F, < FEs ..., repeated according to multiplicity. Let P,, be the

projection onto the m-particle space S,, @, h of the bosonic Fock space. We obtain

B (H—p) p <® o~ BH—p ) . (2.188)

In @~ b the eigenstates of @~ e P~ can be characterized by (Ei,...,FE;, ). But the

eigenstates in S,,, @, h can be indexed by
((El-l,nl), ...,(Eim,nm))), ?:1 < ... <im, n1+...+nm:n, 'leGNO (2189)

due to symmetry. That yields for the trace

Tr{e_ﬁdF(H—ﬂ)PnL} — Z Z ﬂzz;l nk(Eik_,LL)' (2190)

11<12<...<lm (nq,..., nm)ENITY
ni+--+nm=m
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For the full trace we obtain using the Neumann series

Te(e @0y = Nt riop L < TT (1+ Z eTIE) (2,191
=0

k=1
e

8

1
_ _ o B(Ex—n)
- Hl—e B(Br—p) — exp(Zln(l c >>
k= k=1
Using concavity of In we obtain
1 1 e B(Er—p) e B(Ex—p)
In <1 — e*ﬁ(Ek*#)> =1 ¢ BE—n) 1= 1 — e B(Ex—p) < 1 —eBe’ (2.192)
Inserting in Equation (2.191)) yields
Tr{e PH=- < exp (Tr{e_ﬁ(H_“)}(l - e_ﬂ€)_1> (2.193)
_8H eBk
S exp (TI‘{@ }m) < 0.
We have shown the trace class property of e~ A (H=1), O

Theorem 2.8.10 (Gibbs States of Second Quantized Operators). For f € b and W(h) C
B(Fp[b]) we have

W) = 27 Te{e PO} (2.191)
= exp (= (1/4)(flcoth((8/2)(H — ))).
where Z .= Tr{e P H=0Y and H, pu, 3 as in Lemma[2.8.9
Proof of[2.8.10} Pick € > 0 such that H — > 2e > 0. For every m € N we have
Tr{e PAH-(N £ 1)} = Tr{e PTHE-1=e=AN(N L )"} (2.195)

< Tefe MUY BN (N 4 1) < oo,

since ||e PN (N +1)™|| < oo because of the spectral theorem, Tr{e #'H#-1=91 < o0 by Lemma
For any operator A, such that A(N + 1)™™ is bounded be obtain that e #'(H-1=c) 4
extends to operator of trace class. It is simple to show, that one can choose any polynomial of

creation- and annihilation operators for A. First, we remark that for n € Ny

Tr{e PMHE-WG(f)2+1)} =0, (2.196)
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since for the orthogonal projection P,, onto the m-particle space we have e #0UH-mp ~ —

Pe P H=1) and P, ®(f)**+!)P,, = 0. Moreover,

Te{e P00 (f)™ a(g)} = Tr{a(g)e "W e (f)™ 1) (2.197)

_ Tr{efﬁdF(H*u)a(efﬂ(H*u)g)q)(f>2n*1}
2n—1, 4 _ _ e
= T (e g ) Te{e AU ()22

+ Tr{e—ﬁdF(H—u)@(f)%—la(e—ﬁ(H—u)g) 1

For h := (1 — e PH=1)) g we obtain

Tr{e PTH-WG(£)*1a(h)} (2.198)
= S () < 1)) Tee g,
Furthermore,
Te{e MU0 (f)* " a* (h)} = Tr{e-PTUE-ma(h)D(f)?"~1} (2.199)
2n —

= Tr{e #rH=mO(f) " a(h)} + LRI - Trfe PTG ()7

V2
= 2”\/_ <f’ —B(H—p) ( B(H—p) _ 1>71h> Tr{efﬁdI‘(Hfu)(I)(f)th}.

That yields

Tr{e M0 (f)) (2.200)
= 2n\/—§ 1 (flcoth(B/2(H — p))f) - Tr{efﬂdF(H*u)q)(f)anQ}
(2n —1)(2n —3)---1

= (flcoth(B/2(H — p)) f)" - Te{e =1}

2n
- %(ﬂ coth(3/2(H — p)) )" - Tefe 01},

For a Weyl operator W (f) = ) we have

w(W(f) Z

0

Tr{e FILH-D ()2} = exp ((— (1/4){f] coth(B/2(H — w) ) ).

O
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Chapter 3

Models in Nonrelativistic QED

3.1 Particle-Photon Interaction

In the Standard Model of QED, the particles are described with spin and with a potential. We
are working in units, where the Planck-constant i and the speed of light ¢ are equal to 1. The
Hilbert space H,; is a closed subspace of L?(R3M;C?). If all particles are identical fermions,
then to H,, belong only antisymmetric wave functions, i.e for any permutation of {1,..., N},

we have

’(/J(k’ﬂ—l,...,kﬂ]v) :Sgn(ﬂ')’gb(l{?h...,k’]\[) (31)

almost everywhere, for every ¢ € H,. The Hamiltonian for the particles is

Hy =3[0 (=9.))"] + V. (3.2)

Y
7

where 0; = (oF, 0/, 07) is the vector of spin-matrices. V is a potential, i.e. a measurable

function V : R3" — R, that acts by multiplication and leaves H,; invariant.

The Hilbert space for the bosons is

Hy = Flb], bpn = L*(R® x {£};C). (3.3)

bpn is a Hilbert space equipped with the scalar product (f[g)y,, = >_,_. [ fu(k)gu(k)d’k. The

field Hamiltonian is the second quantization of the one-particle energy,

I = dr(|k|) (3.4)

95
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|k| denotes the function that acts by multiplication with |k| in each component.

The quantized radiation field is defined by

—

Aw) = (@m)2 ; / %em“dk, wa*(k, j1)d*k + hec. (3.5)

&(k, \) is a measurable functions over R®x {=}, for almost all k € R3, the triple (k, &k, +), ek, —))
defines an ONB in C3. Formally, one can check that A(z) is in Coulomb gauge, i.e. div, A(z) =
0. p is an artificial charge distribution of the particle, its Fourier transform p yields an UV-

cutoff, in particular p(—k) = p(k). a*(k,\), a(k,\) are creation- and annihilation- operators,

for a definition of these objects, see ([22], Sec X.7). In our notation we have

Ai(x) = B(G), Gialh) = (27) "2 @ﬁﬁle—mq(hu). (3.6)

G (k) is considered as an operator on H,; depending on (k, 1) € R? x {}. We also use the
notation ®(G,) = (P(Grz), P(Gan), P(Gsa)).
The interaction between both particle system and photons is obtained by minimal coupling,

one replaces —1V,, — —1V,, — A2®(G1/2,,). A is the coupling constant its physical value is

%. we allow in our model A to take any value not equal to zero. The full Hamiltonian now
reads
N
H =} [(a;. (¥, — )\3/2<I>(GA1/2%)))2} TVelrle d. (3.7)
i=1
(3.8)

The units in this model are 7~ = ¢ = 1, the positions of the electrons are measured in units of
(1/2)7Bonr = (2mee?) " %, Tpon, is the Bohr radius, e is the charge of the electron, m,, is the
mass of the electron. The wave length is measured in units of (1/2)Arpgop,, the energy is chosen
in unit of 4 Rydberg, with 4Ry = 2627“];,”.

Other models describing the particle-photon interaction can be derived from the standard
model. For example one neglects the spin of the particles and the polarization of the photons.
The Hilbert space H,; is now a subspace of L?(IR*) and the Fock space corresponds to L*(R?).
As Hamiltonian one would consider

N
Hy = Y (=1V,, ® 1= \0(Gyp,))’+Ve@l+1@H. (3.9)

i=1
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To obtain other models, that are simpler to study, we introduce

N
U :=exp ( — N2 Z Z; @ @(60)>
i=1

U is an operator-valued gauge transformaton, known as the Pauli-Fierz transformation. We

will not prove that U is a unitary, since the proof is simple. One obtains

N
U=V )U* = =iV, @ 14 2A2) ;@ o(Gy) (3.10)

i=1

N
U(Giae,,) U = ®(Giaum,,) + XY S(@mGol Gz, o, = P(Gja,,)

m=1
) N . N 2 =
UHU* = 18 H+X"Y 00 0k Go) + X (Y wi ©1) (K2l
i=1 =1

The unitary transformed Hamiltonian is

N
H, = UH\U"= Z(_Zﬁzi ®1— )\3/2@(@’)\1/2% B é’o))Q LV QL4+ i
=1
N . . N )
£33 @ (ulk|Go) + N KGOl (i) @ 1. (3.11)
=1 i=1

In the following we call a model Dipole Approximation, if we consider have éo in the interaction,

i.e. the transformed Hamiltonian is

N N
— ~ 2 —
HPP ::}:(—Axi®1+A3/2xi®<1>(z\k\Go))+V®IL+]1®H+>\3<§ ::cm) I1E[2Goll2 . (3.12)
i=1 m=1

This Approximation seems to be justified if one considers the bounded states of atoms, where x;
is small. The Pauli-Fierz Transformation has the property to improve the infrared singularity
in the interaction by the factor |k|.

An alternative model, introduced by Nelson, uses G, := % The particles have no

spin and the photons have no polarization, i.e. the Fock space F;[L?(IR?)] is considered. The

Nelson Hamiltonian is

HYM = Hy@l+1®@H+XY ®(G,,). (3.13)

i=1
This model is used to study the behavior of HY as p(k) tends to 1, i.e. the ultraviolet cutoff

is removed. Confer [20].
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3.2 The concrete Model

In the mathematical analysis we consider operators of the form
Hy=H,+W +H, (3.14)

acting on H = Hey @ Fplh], b := L*(R3). H, is a Hilbert space of wave functions, i.e. a
separable subspace of L*(X;C). X = (X, %, u) is measure space and v is a o-finite, regular
Borel measure. In principle, one could take an arbitrary Hilbert space, if one introduce an
abstract conjugation map on it, we use in our case the pointwise complex conjugation. Its
also possible to consider particles with spin and photons with polarizations, but to keep things
simple we will not do.

The operator W denotes the interaction. We set

W= S (3.15)
W NS (@G, + B(H)O(G)

Wy = /\2<IZ>:(}7)

Wy = AV,

which can be specified to operators mentioned above. First, we remark, that we can write

H U)o © fo € XX x R, du@ dk), f(z,-) € L2, (R} (3.16)

sym

The free Hamiltonian is

Hy:=H,®1+1®H, (3.17)

where H,; is self-adjoint and bounded below. We will see, that one obtains the same Liouvillean

for H,, and H, + E. Therefore, we may assume that
H, > 1. (3.18)

Partly, we need the assumption

Hypothesis 1 (Gibbs Condition).

Tr{e~P=9Ha} < o0 for some 0 < € < S. (3.19)
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The value (3 is of course the inverse temperature, the positive number € > will yield a kind
of regularization in the proof of Theorem We will discuss this condition in section

Let G = {G}rers, H = {Hy}rers, F = {F)}rers be families of closed operators (eventu-
ally depending on further indices). We assume, that dom(F/*) > dom(H ell/ %) and

R*s k— G, HY, H,'*F € B(H.) (3.20)
belong to L*(R*; B(He)). Furthermore we assume

/ (k] + K GE B 6%k < oo, / (] + OV g dk <00 (3.21)

_ —1/2 _
/ (K| + (kL2 EE B Ak < 00, [HZV sy < 0o,

el

where 0 < § < 1is fixed and G¥*, HY, F7 is either Gy, Hy, Fi or G3, Hi, F}.
The critical singularity for Gk#, H,fé or F,f& at the origin is |k|™!, that includes the physical case
|k|~1/2 resp. |k|Y/2.

We define for f = (f,)22,,

(a*(F>fn)(x7 k17 ey kn+1) (322)
n+1
- (TL + 1)_1/2 Z(Fklfn)(xa kla B k;iv S 7kn+1)7

and a(F) fo(z) = 0, resp.

(a(F) fos1) (@, K1y - Kn) (3.23)
= 0+ DY [l (B Fa) )

The following bounds are obtained directly from Equation [5.10]

|H, Pa(P)fIR, < / (k)| TH N H o 2 F e,k - AT (o) 2 £, (3.24)
120 ()1, < [0t VHG Fillor b - |40 al) 211,

+ [ 1HZ Fulfedh- 171,

For Gy, Hy € B(H,;), the regularization H;l/Q can be omitted. At this moment we say nothing
about self-adjointness of Hy. In most parts of this work (except in Chapter [5)) need not this

fact, nevertheless it can deduced by 4.1.2| and 4.1.3]
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3.3 Gibbs Condition

In this section we discuss in detail for same relevant operators, which conditions imply that H,
as only discrete pure point spectrum and Tr{e ##e} < co. Only in this section we will write
H for H,,.

In the first case we consider particles in a bounded region. Let Q C R*® be open and
bounded. We set

O =0 x---xQ.
N -times

The kinetic energy is Hy is defined on C§°(2y) by —A,. Hy is defined by Friedrichs extension

on L*(Qy). For the potential one can choose

W = Z V(z, —zj),
1<i<j<N
where V' : R® — R is a potential that is an infinitesimally form bounded perturbation of H,.
Hence H = Hy+ W can be defined as sum of quadratic forms in the sense of ([22], Thm. X.17).
It follows for all 3 > 0 that Tr{e "7} < co. For a proof see (|23], Thm. XIIL.78).

In the second case we consider a particle system in R® with confining potential. First
assume H = —A, +V and V = V; + V, is potential, where V; € Lj, (R™) is positive and for
all N > 0 exists R > 0, so that the Vj(x) > N for almost all  with |z| > R. 1, is a form
bounded perturbation of —A, with relative bound a < 1. Then H defined as sum of quadratic
forms has a compact resolvent and hence only discrete pure point spectrum. For the proof of
self-adjointness see ([22], Thm. X.32 and Thm. X.17) for the rest see (|23], Thm. XIIL.68).
To check the Gibbs condition we assume V; € L7 (R") and V5 is perturbation of —A, with

relative bound a < 1. By (|22], Thm. X.29) H is essentially self-adjoint on C5°(R™). Since in

the quadratic form sense V5 < a(—A,) + b we have
H>(1—-a)(—A;)+Vi—0. (3.25)
By the Golden-Thompson inequality we have

Tr{e PH)} < P Tr{eP/20-0(-20) =BVio—B/2(1-a)(~Aa)} (3.26)
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We define now A = e~ (8/2Vig=(8/2)(1-a)(=A2)  Using Fourier Transform F one calculate the

integral kernel k4 of A,
(A0)(w) = [ kalo.poly)dy = I F GRG0y (321)
— (2m) / ¢~ B2V @) o= (B2 1-0) (1)) s () gy
for almost every x € R". From Lemma follows
418 = [ stz p)Paradry = o) [ e, [esamiay,
Since Tr{e P} < P Tr{A*A} = || A3, it follows
/e_ﬂvl(m)d”x — Tr{e "} < . (3.28)

This means, at least a logarithmical growth at infinity is needed to fulfill the Gibbs condition.
The Gibbs condition indicates that the particle is confined to finite region. This is believed
to be sufficient for the existence of an equilibrium state, since otherwise an escape to infinity

is expected.

Remark 3.3.1 (The Representation of the Dynamical System for the Particles). In our context

the Gibbs condition enables us to define

wi(A) = Z5" - Te{e P A}, Zg=Tr{e M} (3.29)

el

for A € B(H,;). Whether the Gibbs condition is satisfied or not, one can define a representation
of B(Hg) into B(Ky), Ko := Ha®He by 7 : A+ A®1. We use also the notation 7¢[A] = A,
introduced in Example [2.4.12]

In our case is My = 7[B(Ha)] = B(Hy) @ 1 a W*-algebra. Its the commutant 9, is

1 ® B(H.). We have a modular conjugation 7,; defined in [2.4.12f and in the case where the
B

el

GNS-triple corresponding to %ﬁw confer|2.4.12, In any case the Liouvillean is L := H; » —Fehy
and 7 (A) = et Ae7 %<t for A € M.

Gibbs condition is fulfilled, we have a cyclic and separating vector QZ and (Ko, 7, wh) is a

3.4 Thermodynamic Limit

In this section we are interested in equilibrium states over (77, W (f)), which describe a Bose

gas, infinitely extended, without condensation with an particle density due to Planck’s law. In
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a grand canonical setting the equilibrium state is the so called Gibbs state
w(A) = Tr{psA}, pp= Te{ePH} . Pl (3.30)
It is not only a (7, §)-KMS-state, pg is the maximum of the entropy
Ent(p) = —Tr{plnp}, pe{oceL'(h) :0<o, Tr{o} =1, Tr{cH} = Es}. (3.31)

Eg is a fixed energy depending on H and 3. In a grand canonical setting, that belongs to
an infinitely extended region, there is no explicit unique formula for an equilibrium state, in
general.

We start with a restriction to a box A of length L > 0, and a Hilbert space Hp = L*(A, d3x).
We use the Laplacian —A, with periodic boundary conditions. The Hamiltonian we consider
to describe a single boson in a box is A* := (—A,)"/?

We describe the Bose gas in the configuration space, while before we considered the momentum
space, the one-particle Hamiltonian was the Fourier-transform of (—A,)'/? in the whole R3,
For fixed L and n € Z* we define e,(z) = L=32¢'T"* x € A. {e, : n € Z%} is an ONB of

eigenvectors of h*, explicitly we have
—Inle,, |n| = (n{+n5+ n3)1/2 (3.32)

For every chemical potential © < 0 we check, that

7!' s 3
7 = Tr{e PO M} = Z e AT Inl=1m < 865N<Ze B3Ln ) < 865“<1—e‘537> < 00, (3.33)

nezs
in the calculation we used g(|ni| + |n2| 4 |ng]) < |n| and the Neumann series. By Lemma
m we deduce from e 8" —1 ¢ L'(Hy) that e P0a=m) ¢ g1 (fb[HA]). Let f € Hy. B
Theorem [2.8.10| we obtain for the Gibbs state over the Weyl operators:
1
W () = (23,) ™ Te{e O ()} = exp (3 (f]coth(B/2)(H — ) f),,, ). (3:34)

For a f with compact support and all A D supp f we obtain for the Fourier coefficient

27T)3/2. (3.35)

22T
f is the Fourier transform of f in L2(R?). Since f = 3", czs(€n| )7, €n, We obtain

W) = exp(ﬁZcoth(w/z)(%m—m)@f}f(%m)f) (3.36)

Loy exp ( — —<f‘ coth((8/2)(|k| — >)
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using a Riemann approximation. To calculate the particle density, we use the formula for the

photon number operator Ny on Fy[L?(A, d3x)):
Na= > a*(en)alen). (3.37)
nezs

The convergence is in a weak sense. We remark that

Al ®len)?) = 00w, (W(te))| = Seoth(B/2)CT Il — ), (3.38)

confer Theorem[2.8.8] From ®(e,,)? = (1/2)a(e,)a(e,) + (1/2)a*(en)a*(e,) +a*(en)alen) +(1/2)

and from wj ,(a(en)a(en)) = 0 = wj ,(a*(en)a*(en)) we conclude

-1

Aulaenaten) = (exp (BTl — ) —1) (3.39)

For the particle number density one obtains

WiuNa) _ > (e (4 —|n| 1) — 1)1 (3.40)

‘A’ nezs
-1
= (o) [ (exp (90K - ) ~1) " .
Since wj , is a (0, 7*)-KMS state, where 7,*(A) = e =1m) 4e=40 =) " and, formally,
dU(hy — p) = H — N, (3.41)
we define the dynamical system, as follows:
Definition 3.4.1. Let
A=W, F= {7 € L) [+ AP, < oc).
We define a linear functional by
3 1
W] Ap = © W) exp (= 7(fleoth ((8/2)[K]) ).

The x-automorphism group is 71 (A) = e Ae™H for A € A, H is defined in . We
also introduce the Planck density o(k) = (ePFl — 1)~ In terms of this function, we have
GFW () = exp (= 5{fI(1+20)f))-
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3.5 A Derivation for the concrete Model at inverse Tem-
perature [
Lemma 3.5.1. There is an injective x-morphism
Taw + Ay = Wlh @bl W(f) = W(1+0)'f & o"7f), (3.42)
such that for the vacuum vector Q?
W?(W) = <Q?\7TAW[W]Q?>ﬂ[h@h]' (3.43)

Taw S the so called Araki-Woods-Isomorphism.

It follows directly, that w? is a state over Ay.

Proof of[3.5.1} Let v : § C h — bh @ b be defined by v(f) = (1 + o)V/2f @ 0*/*f. v is a real

linear map and

SN0y = SU(L+0)"2f @ 0ZFI(1+0)?9 @ 0" *F)pen (3.44)

= S+ 0)9)y + S(Fleg)y = S(f19)s-

Theorem [2.8.3| and Example yield the morphism 74y O

Lemma 3.5.2. (F,[h®b|, maw, Q?) is a GNS-triple for w?. That is, Q? is cyclic for maw[Ay].

Proof of [3.5.9. We have to show, that
Folb @& b] = ct{maw [W]Q : W € A}, (3.45)

Let U := CE{WAW[W]Q? : W e A}, We will show q)ﬁ(fn)---(bg(fl)ﬂ? e U, f; € f, where
Dy(f) = ((1+ 0)2f @ 0"/?f) Note that maw [W(f)] = e®s()). We proceed by mathematical
induction. For n = 0 it is clear. By induction hypothesis ®5(f,)- - ®g(f1)9? € U and hence
for all t € R.

Taw [W(tfni1)] —
it

Lou(f) - a9 T By(frr) - Dp(f1)Q] € U (3.46)

because maw [W(f;)] leaves U invariant. Hence using CCR we have

@ (14 0)2fn @ 0/2F0) -~ a* (1 + )2 1 @ 02 11) Q% € UL (3.47)
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Since f +— a*(f) is linear, one obtains

a((L+0)2fa0) = (1/2)a* (L4 0)"*f @ 0"*f) — (1/2)1a” (1 + 0)"/*of @ 0> (of))

a (0@ 0f) = (1/2)a"((1+0)"*f @ 0"°F) + (1/20a” (1 + 0)'/*1f ® 0'*(1f)).
Therefore for g1,...,9, € f,
a*((1+0) "2 fn @ 0"%gn) - a" (1 +0) 2 f1 @ 02g1) QU € U. (3.48)

Since clyen{ (14 0)Y2f ®0'%g : f,g € f} = h @b, the statement follows with Equation (2.158))
and Equation [2.145] 0

We define My := maw [Af]”. At this point we remark, that 9, is not B(F,[h @ b]). Indeed,
Taw[Af] = W (f) up to a x-isomorphism, but it is not the Fock-representation of the CCR.

Lemma 3.5.3. Q’? is separating for M.

Proof of[3.5.3 For f,g € f we have

W((1+0)'?f@ o ?fYW (o' ?g& (1+0)"%7) (3.49)
= oXp ( —1/23((1+ 0)"*f @ 0"*fl0?g & (1 + 9)1/2§>b€9h)
W(e"?g& (1+0) ") W((1+0)' 2 f @ 0'*f)

= W(0"ga (1+ 0?9 W((1+0)"*f & 0"/*f).

Hence W (029 @ (1 + 0)Y/2g) € maw[A;] = M. As in Lemma , we obtain that Q? is
cyclic for 9, and therefore separating for 91;. O

Next we observe, that
waw (7 (W(f))) = W((1 + o) 2™ f @ o2 M F) = e“rmaw (W (f))e ™, (3.50)
where L := dI'(|k| & —|k]).

Lemma 3.5.4. w2 (A) := (QP|A0%) is a 71, 3)-KMS-state over M s, where th A) = e"Er AeHEy
f f f f
for A € ;.
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Proof of [3.5.4 First, we observe

wi(W () o (W(9) = wi (exp(=(/2)3(fle Mg W (f + M) (3.51)
= exp (= (1/2)(f|(1 + o)™ g) — (1/2)(gloe™ "M f))

cexp (= (/41 + o) 2f 17 = (1/4)lI(1 + 2)*g]%).

and analogously,

T (W(9) W () (3.52)
= exp (= (1/2){gl(1 + 0)e ¥ f) — (1/2)(f|0c""g))
oxp (= (/41 + )27 = (/41 +2)gl?).

Using o(k) = (/¥ — 1), we define

F(maw W], maw[W(9)], 2) . (3.53)

= e (~ 21| g0) ~ 2] i)
2

.exp(—<1/4>H<1+@>1/2f] - (/1)) a+o| ).

A short calculation yields, that Fis analytic on S3, continuous on cf Sz and takes the necessary
boundary conditions defined in [2.4.5] By linearity we can define F(A, B,-) for A,B € U :=
LH{maw W (f)] = f € f}. since maw[W(f)] = cfjU. and My is the o-strong® closure of

maw [W (f)], we can pick for every given B € My a B,, € U, such that

. . 1 1

I(B* = B;)Q|| < —and (B — B,)Q]| < -~ (3.54)

Immediately, for A € U
|F3(A, Bo,t) — (AT (B))| = [(Qf|Ae"® B,Q]) — (@] A" BQY)] (3.55)

< JAIIB. — BQJI < n ' Al
and
|F3(A, Bo, t +18) — wi(i/(B)A)| = |(Qf|Bae "™ AQ}) — (Q]|Be™r AQT)| (3.56)
< AN 1B = B < n” Al

Hence Fj(A, B, ) and Fg(A, B, -+13) converge uniformly against W?(AT{)(B)), resp. w?(T{)(B)A).

The Phragmen Lindelof theorem states that ( under further weak assumptions ) an analytic
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functions defined on the strip Sg take their maximal modulus at the boundary of Sg. This

means in our case

sup |F3(A, By, z) — F3(A, By, 2)| (3.57)
z€cl Sg
< max{sup|F3(A, By, t) — Fs(A, B, t)|, sup |Fs(A, By, t +108) — Fz(A, B, t +10)|}.
teR teR

We conclude, that Fjg(A, B, ) is a Cauchy-sequence the uniform norm. Let Fj3(A, B,-) be the
limit, hence Fj is the function that yields the (77, 3)-KMS property of w?.
Now let A, B € M; and A,, € U, such that

I(An — A)QF|| < n™tand [|(A] — ANQJ < n7 (3.58)

As before, it follows Fj3(A, B, z) := lim, o F3(An, B, 2) is the uniform limit on ¢/ Ss. O

12

Remark 3.5.5. We identify IC; := Fp[h @ h] = F[h] @ Fplh]. and Ly := dI'(|k| & —|k|)
H®l—-1® H=H—-H,, using the notation 4; ;= A®1land A, =1® A.

A summary:

Theorem 3.5.6. (sz,Tf,w?) is a W*-dynamical system (Sﬁf,rf,wﬁ). w? is a (17, 3)-KMS-
state. Q? € Fp[b] @ Fplb] is a cyclic and separating vector, such that w?(A) = (Q?|AQ?>, Ae
M. Ly s the w?—Lioum‘llean for 77 in the sense of and also the Standard Liouvillean
for (M, Q?) The modular conjugation J; is defined by

Trai () -~ ai (fa)ay(gr) -+~ ap(gm) S = aj (G1) -~ af (Gm)a; (1) - a7 (F2)$25. (3.59)

Remark 3.5.7. One easily obtains a representation = of A := A, ® Ay in B(K), where
K = Kq ® Ky, by setting 7 := 7% @ m;. The W*-dynamical system shall be 9 := 7[2A]".
Furthermore we have

m[r2(A)] = eFon[Ale™ 0, t € R, (3.60)

where Lo = Lo @1 +1R Ly = Hepp — ﬁel,y + H, — H,, confer Remark The modular
conjugation is J 1= Ju ® Js. If H,; fulfills the Gibbs condition, there is a cyclic and separating
vector Qf = Qfl ® Q? For A € A we have

wo (A) = (|m[A]0). (3.61)
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For A € M we take the right side of (3.61)) as definition and choose
TU(A) 1= o AeE0 (3.62)

as the x-automorphism group.

Although, an x-automorphism group 77*(A) = e Ae="Hx on A may not exist, one can
define an *-automorphism group 7* on 9 that describes the dynamics of an interacting system.
Therefore one replaces for example Hy in the definition of Hy by £y and for ®(G;), ®(H;), ®(F)
by ®5(G;), s(H;), Ps(F). The interaction term reads now

Q=M1 Y (95(G))®s(H)) + Bs(Hj)Ps(G5)) + Ma®s(F) + A3V (3.63)

J=1

For families of operators defined in Equation we define ®3(F) = ®((1 + 0)/2F @ 0Y/?F)
and ®((1 + )/2F @ ¢V2F) = 27Y2a((1 + 0)'/2F & 0Y/?F) + h.c., confer Equation To

study the dynamics we introduce a Liouvillean that anti-commutes with .J,
Ly=Ly+Q—JQJ (3.64)

and define
MA) = e Ae TN A € M. (3.65)

In the following we prove that £, is self-adjoint. That allows to define 7* and apply the theory
of perturbations of W*-dynamics, confer Theorem [2.5.6]
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Existence of Thermal Equilibrium States

4.1 The Liouvillean £,

First, we define four auxiliary operators, which we use in Nelson’s commutator theorem for £,.

Let fix notation:

L), = (Hao+Heay) + (Huwt + Houaor + 1) (4.1)
LY, = (Haw+ Q)+ (Hey+TQJT) + e1(Hus,t + Husrr + 1) + 2
E((i)x = (Hel,x + Q) + ﬁel,y + cl(Hau:c,l + ]:Iauw,r + 1) + Co

‘C((;i)g; = Hel,x + (ﬁel,y + jQJ) + Cl(Haum,l + Hauz,r + 1) + Ca

be defined on dom(ﬁéﬁw) = dom(ﬁgi)m) = dom(H) ® dom(H) ® dom(Hgy,) ® dom(Hyyy),
where Hgy, := dI'(1 + |k|). Recall, that J = J,; ® Jr. In Example [2.4.12 we defined

Hy,=H,®1®1®1 and Hy, =10 H,®1®1.
Furthermore, following Remark we have
Howet =101 @ Hype @1 and  Hyyer = 101 @1 ® Heyy.

Lemma 4.1.1. For sufficiently large values of c1,co > 0 is ﬁﬁfﬁr, 1 =1,2,3,4 self-adjoint and

positive. Moreover, there is a constant cg > 0 such that

c5 LG50l < I£5.01 < esll£0holl, ¢ € dom(LL),). (4.2)

auxr auxr

69
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Proof of [4.1.1. Let N =dI'(1) be the number operator.

®,(nG.) o (17 H.) (N, + Ny + 1) (4.3)
== CDa(nGz) (Nr + Nl + 1)71(1)11’(77/Hz)
~1®(nG.) (N + Ny +1) " o () H) (N, + Ny +1)

where a,a’ € {l,r}, z € {z,y} and 0,7 € {0'/?, (1 + 0)'/?}.

Equation (4.3)) together with Equation (2.148)) and (2.149) yields
-1
124 (nG)Por (" H) (N; + Ny + 1) || < const [[nG g - |0 Hll, (4.4)
where [|K[|7 = [ (IIK*(k)| 3, + 1K (8)||B3q,,))d*k. Furthermore, we have

|®a(nF2)Hy, Y * (N, + 1)V < const |nH,,"*F||;. (4.5)

el,z

Note, that
IHY2(N, + DY2(qHu, + ¢ 'Na+ )7 < 1 (4.6)

el,z

for all 0 < ¢. From ||[N¢|| < ||dL(|k| 4+ 1)¢|| follows that

Qe + 17 QTSI < ¢'l|(Heto + Hery) ¢ + c1(Hauzi + Hauor + 1)l- (4.7)

for all 0 < ¢’ < 1 and for ¢; > 0 depending on ¢’. By the Kato-Rellich theorem ( [22], Thm
X.12) follows self-adjointness, boundedness from below of £, and that £33, is £5),-bounded
for every ¢ > 0 and 1 = 2, 3, 4. O

Theorem 4.1.2. The operators

Lo, Lyn:=Lo+Q—-TQT, Lo+Q, Lo—TQI (4.8)
are self-adjoint with domains including dom(ﬁgt)x). Every core of L8 is a core of the operators
in Equation (4.1)).

Recall, that £, was defined in Remark and J = Ju ® Jy.

Proof of [{.1.9 We restrict ourselves to the case of £,. We check the assumptions of Nelson’s
commutator theorem (|22], Thm X.37). Using Lemma it suffices to show that for ¢ €
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dom (L)),
L3¢l < CILE), ol (4.9)
(20| £2.0) — (LZ0|Lro)| < L0 (4.10)
The first inequality follows from Equation (4.7). For the second inequality we observe
[(Lr0|L5300) = (Li0]La0)] (4.11)
< | <Q¢‘ (Haum,l + ﬁaux,r)¢> - <(f{aua:,l + Hauz,r)qb}quH
+01’<\7Qu7¢}(ﬁau:c,l + Haux,r)¢> - <(-Haua:,l + Hauz,r)¢|u7@j¢>‘
+H(Lr8|Qs) — (Qo|Lro)| + [(Ls0|TQTS) = (TQT S| Ls9)],
where we used, that in a strong sense
[Heo+Q, Hay+JQJT] =0. (4.12)
We remark that
[©a(nG)Pa(n'H), dl'a(1+ [k[)] (4.13)
= 1@ (1 + [k[)nG) (0 H) + 1D (nG) Pa(a(1 + |k|)n'H)

and

[@a(nF), dla(1 + [K[)] = 1@a(u(1 + [E[)nF), (4.14)

hence the terms on the right side of (4.11]) are infinitesimal perturbations of £, For Lo+ Q
and Ly — JQJ one has to consider the commutator with Eﬁ)x, resp. E((ﬁ)x in Equation . l

Remark 4.1.3. In the same way one can show, that H) is essentially self-adjoint on any core

of Hy + Heye, even if Hy is not bounded below and is defined Hg,, = dI'(1 4+ |k|).

4.2 Equilibrium States

The goal of the following theorem is to give explicit conditions for H,; and W, which ensure

QF € dom(eF/2£o+@)) Recall, that Q is defined in and QF in m
Let 7,0 > 0, so that

/(Vfl + RIOIHL FY )@k < 0o, [1HLV |10, < o0 (4.15)
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We are interested in small values for v and 9.

Theorem 4.2.1. There are two cases,

1. If0 < v < 1/2, then for |\i| < CB7Y, X, A3 € R and all 3 > 0 we have Qg €
dom(e~#/2(£0+Q))

2. If v = 1/2 then there is a constant C' < oo, such that for |\|, |Ao| < CB7' and A3 € R

we have Q) € dom(eF/2(LotQ)),
Furthermore we assume that the Gibbs condition is fulfilled for a small, but fized e > 0:
Tr{e P98l < o0, ify+0 > 0. (4.16)

When v = 0 and § = 0 only have to assume Tr{e PHe} < oo. In this case the constant C

depends on € > 0.

First we introduce a regularized version of Q).

r

Qn =M Y _ (p(Gin)Ps(Hjn) + Ps(H;n)Ps(Gjn)) + Aa@p(Fi) + AsVan, (4.17)

j=1
where ijN = PNG]'PN, Hj,N = PNH]'PN, FN = PNFPN and V;ﬁ,N = PN%PN- PN =
1[H, < NJis a spectral projection of H,.

Lemma 4.2.2. Qy is self-adjoint with dom(Qx) D dom(1 @ dI'(1 & 1)). Qu is affiliated with
M, i.e. Qn is closed and commutes with all elements in ', confer Definition [2.5.1]

Proof of[4.2.9 By assumption, V, x is bounded and V,, y € 90, hence it suffices to consider the
case Vy v = 0. Let Ko := |, ran 1[1® (N; +N,.) < n]. Obviously, Qn : Ky — Ko. On Ky we
have

— Z[(I)g(FN), 1 X (Nl +N,«)] = (I)B(ZFN), (418)

the same is true for ®3(G; ) and ®3(H; ). Therefore

r

- Z[QNa I® (Nl + Nr)] = A Z (‘I)/B(ZGj,N)(I)ﬁ(Hj’N) + (I)g(Gj,N)(I)ﬁ(ZHLN) + hC)

j=1

+)\2q)g<ZFN>. (419)
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Since Equation (4.4) holds, we have

1@~ < const [|(N; + N, +1)¢]| (4.20)

1@~ Ni+Nyjo|| < const [[(Ny + N, +1)¢|| (4.21)

for ¢ € Ky, we can apply Nelson’s commutator theorem ([22], Thm X.37) to show that Qy is
essentially self-adjoint on Ky. Next, we remark that A, - Trmaw [ W(f)]Tr : Ko — dom(Qn),

and

Qn (Ay - Trmaw W () Tp) b = (Ay - Trmaw ()] T5)Qné, ¢ € Ko. (4.22)

By closedness of @)y the above equation extends to all ¢ € dom(Qy). Since the strong closure
of U := LH{A, - TrmawW(f)|Ts : A€ B(h), f € f}is w2 =M = TMT, we have for every
Y € 9, a sequence Y,, € U, such that Y,, — Y strongly. Hence

QAnYnd =YoOno = YOnO, Ynp =Y, n— oo (4.23)

From the closedness of @y follows Y¢ € dom(Qy) and QnY D YQu. Hence Qy is affiliated
with 9. O

We observe, that (e=*50Qye®c0) leaves ran{ Py ® Py ® 1 ® 1} invariant and ran{ Py ® Py ®

1 ® 1}t C ker(e=*£0Qye 0). Therefore, we can define
W(t,s,n, N) := eFo (e EoQ e 0) . . - (e75150Q ye*1£0)Qp (4.24)
for 0 <s, <s,1<...<s1<3/2, neNg

Lemma 4.2.3. With the assumptions of Theorem we have

Qg c dom(e—B/Q(ﬁo-S-QN))7 sup ||e—ﬁ/2(ﬁo+QN)Qg|| < o0, (4.25)
N
and
e IAETAN QP = S (1) / ds (0, 5,n, N) (4.26)
n=0 E

for ¢ defined in Equation (4.24). Here, A} = {(s1,...,8,) ER" : 0 <5, < ... <51 < B} is

a simplex of dimension n.
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Proof of [4.2.3. For ¢ € ran1[|Ly + Qn| < k] we have

m

(e Lot gl em o) =y (=1)" / ds (¢|(0, 8,1, N))
n=0 5/2
+(=1)m ! / ds(esmrEot@N) gl (s, 1, 5,m, N)), (4.27)
Am+1

B/2

From Lemma and Lemma we obtain

S [ s Nlds <o (48)
n=1 A75/2
Since |e~sm+1(Lot@n) || < ef%||p||, the limit m — oo for (4.27) exists and equals
(e PE 0100 = (6] S (-1 [ dsu(0,5.m, ) (4.29)
n=0 g/z
Since ¢ € Uy ran{1{|Lo+Qn| < K]} is a core of e~%/2(£04QN) e get Qf € dom (e~ #/2Lo+@n))
and
e IAEHNGE Z 3 (1) / ds (0, 5,m, N). (4.30)
n=0 Z/z

Furthermore, Lemmata [4.2.4] and [4.2.5| allow to choose A and 8 > 0 so small, that

S%p |[e= B2 LotNQB)12 < Sup<Q€|e*ﬁ(£0+QN)Qg> (4.31)

= supZ/ ds (1 (0,s,2n, N)) < oc.

[
Lemma 4.2.4. Let ¢(t,s,n,N) be defined as in Equation (4.24]).
1. For all m,n, N € N one has
/ / dr <w(0,£,m, N)|¥(0, s,n, N)> (4.32)
B/2 B2
- / 02 1fem > B/2 > 2ma)(Q2]0(0, 2,1+ m, N)),
An+m
2. and
2
| [ w.sn N < / (O4[9(0, 5,20, ) |ds. (4.33)
Ab2 Ag"
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Proof of [[.2.4 First, we introduce the short cut ¥(s,n) := (0, s,n, N). Since (e~*°Qye®0), s €
R is affiliated with 91, one has

— / dS / d’l“ —rmﬁoQ ermﬁo) . (6—T1COQN€T1[)O)Qg
| SnEOQ 6Sn£o) . ( —slﬁoQ 65150 Q,6’>
- / d§ / dt <j(6_TmLOQNeTm£O) [ (S_TILOQNeTlL"O)Qg

( snﬁoQNesnllo) ( SlﬁoQNeslﬁo QB>

— / dS/ d,,» B/Qﬁo( s1£oQ €—s1£0) _(esnﬁoQNe—snLO)Qg

B/2 B8/2

67,3/250 (erlﬁoQNe*TILO) e (ermﬁoQNeme£0>Qg>.

We used that J is a the modular conjugation with respect to Qg. Next, we introduce new
variables for r, namely @; := 8 — ryp_ip1. Let Djjy :={z € R™ : /2 <z, <...<x < B}

Hence we get, using eﬁﬁOQB Qg, that

/An ds / . dr (4 (r,m)|e(s,n))

= / ds/ da: (eF0Q e *150) ... (5P Q e o))

B/2

(e—ﬂfmﬁoQNeﬂ?mﬁo) . (e—llﬁoQNemlﬁo)Q€>

- / dg]l[zm25/222m+1]< 0
Ag+7n

<€*Zn+m£0QN€Zn+mﬁo) . (eleﬁoQN621£0>Q€>_

Choosing n = m yields the second part of the statement. U

For this section we write Z5 ¢ = Tr{e~(F=9Ha},

Lemma 4.2.5. Let n > 0. There are constants Cy, C, Cs, C5 > 0 independent of B, X\, N, such
that

ds < (Z5/Z0)Co > (Ci(1+B)a)™ (4.34)
ni+2nz+ng=n
Coe ™1(L+B)A; \m2( Cae’BlAg| 7o
((1+2(1 —7)n2)1—2’7> (((1 —5)n3)1—5> '

[ [@810.5.0.3)
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Jor some € > 0. If v =0 =0 one can choose e = 0. v and 0 are defined in Equation[[.15 € is

a small real, defined in Theorem [/.2.1].

Proof of [4.2.5 We observe that

[ |05 w]as = [ asn.s ) (1.35)
A7 AT
where
[n<ﬁ7§7 N) _ ﬁnwoﬁ<(€*ﬁan0WAeﬁano) . (efﬁmHoWAe,@MHo)) (436)
= (ZZ)‘lﬁ" Z W?<Trml {e—ﬁHel (e—ﬁano)\H(n)Wn(n)eﬁano) (e—ﬁslHo)\H(l)WK(l)eﬁslHo)}).
ke{1,2,3}7

Next, we give a short summary how to evaluate the quasi-free state in this case. From Wick’s
theorem about quasi-free states we conclude for (1 + [k|72)f1, ..., (1 + |k|7Y2) fom € L*(R?)
and o € {+,—}*"

wi (a7 (emrmszm kL fy ) at (em TR ) (4.37)
= > I e pan e i),

PeZ; {i,jrep
1>7

Z, are the pairings, that is

PGZQ IHP:{Ql,,Qm}, #Q1:2and UleZ:{l,,Zm}

Of course a™ = a* and a~ = a. For the expectation of the so called two-point functions, we

obtain:

wia (M fat (¥ ;) = 0 = wila(e ™ f)a(e P f;)) (4.38)
eB(si=s;)|k|

Wi (at (M f)a (e P f)) = / PRER) 0~

o (B+Bs;—Bsi)Ik

wi(a” (P fr)a* (e 7)) = / PRGEO R =

That implies for the expectation value of 2m creation- or annihilation operators:

w?(aazm (6—02m,@52m|k|f2m) ! (e—alﬂsl\k\fl)) (439)

= /V(d3(2m)k®d2mz) o (Kgm, Tom) - -+ f1 (K1, m1),
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where fT(k,7):= f(k)1[r = +] and f~(k,7) := f(k)1[r = —].

v is a measure on (R3)*™ x {+, —}*™, which expresses the pairings by means of Dirac-measures

v(d*PME @ d*™r) (4.40)
eB(si—s;)lkil e(B—B(si—s;))|ki|

— Z Z H 571-,—7]- 5ki,k’j <6Ti7+€ﬁ|ki‘—_1 —+ 5Ti’_em1ci|—_1>d3(2m)k7-

PeZom re{+,-}2m {i>j}eP
Let M(my,mq,m3) = {rx € {1,2,3}" : #x1({i}) = m;, i = 1,2,3}, it is the set vectors that
have m; times the value 1 in a component, msy times the value 2 and mgs times the value 3. We

obtain

L(z,s,N) = > PP PEEOYE / V(P @ d*r) (4.41)
(ny,n9, "3>EN8 KEM (n1,2n9,n3)
n1+2ng+nz=n M=N11n2

(Zg)_lﬁn TrHel{6—(ﬁ—ﬁ(81—82m))Hez]2me—6(szm_1—82m)Hez . 6_/6(51_52)Hel11}’

where we have for x(j) =1,2,3
L = Lim,7), k(j) =2 (4.42)

pDpr— Yo (7, 7') = (02i1, 029)] G777 (m) H* (m/) + hec., k(j) =1
= S Frm)l[r =+ + F-(m)l[r = -], k() =2

14 r(J) =3,

\

where we have suppressed the index N. In the integral (4.41]) we insert for (m,7) and (m’, ")
from left to I‘lght k’gm, Tom, ka_l, Tom—1y -+« /{51, T1-
In the next step we want to take the norm within the integral of (4.41). Additionally we

use

udmedl < Y Y ] <5kkcoth ]ki|/2))d3(2m)k. (4.43)

PeZom re{+,—-}2m {i>j}eP

Next, we apply Holder’s-Inequality for the trace, i.e.

| Te{ Agp B - - A131}|<H\|B | - HTr{Ap]}p (4.44)

J=1

if p; > 1 and Z 1pZ =1, such as A; > 0. Confer Theorem Let

pri=1—s+ SQm)_l, pi = (s8i-1 — si)_l, 1=2,...,2m (4.45)
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We define )
(7, L, mm!, 7)), R() =1
(Aj, By) =S (e M 1y H Li(m, 7,)), K(j)=2- (4.46)
(e M HY, HP L), w(j) =3
Let \
m(k) = _max {GTRIHT (R}, ne2(k) = max||H " F ()] (4.47)

T

We obtain after applying Holder’s inequality and integrating over v, using Equation (4.43)),

factors like
/ i ()n; (k) coth(8/2/k|)d*k (4.48)
< ([ npycoth(3/2kDa*) ([ 1) coth(B/20k)a%k)
< / n2(R)(2 + 4(Blk)))dk) / n2(k)(2 + 4(BIK[))dk) .

Note that the number of pairings is #25 = ( ) . That yields for the evaluation of I,

In N < Zﬁ —lgn ni y 2n2 n3( )22n1r+2n2
L(Bs, N)| < (Za)'6" ) Do AR

(n1,m9,n3)EN KEM(ny,2n9,n3)
ni+2n2+nz3=n m:=ni+nsg

2
H / (2 + 4(6|k])™ H Try, {e” ﬁH@l}p
=1 1:k(1)=1

To, {e-ﬁHelH:a”}p’ [T Tow ooy

:k(1)=2 1:k(1)=3

V|| (4.49)

Furthermore, for € > 0

—1 _ —1
Try, {eiﬁHelel”}pi < He*GHelel” P! Try,, {e*(ﬁ*G)Hel}p" . (4.50)

The spectral theorem for H,; states, that the norm in Equation (4.50) is less than the maximum

of the function f(r) =e 7?7, r > 0. For 0 <+ < 1/2 we obtain
Ty, {e MO HT Y™ < e p] Toyg, {e” O} (4.51)

The same inequality holds for ¢ instead of v. We obtain

2
[twswas < pzizy Y S el s

(ny,n2,n3)EN  KEM(ny,2n2,n3)
ni1+2ns+nz=n m:=ni+ng

2
H / 2+4< ‘k|)—1)d3k)ni€—2nﬂ—n36/ CE(§)d§,

i=1
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where 1
Cr(s) = (1= 514 82) 7 [ (55 = s041) ™, (4.53)
i=1
and )
0, k(j)=1
=197, k()=2- (4.54)
J, k(j)=3

We remark, that > 1 < 3mt2netns and % < 2mFm2(py + ny)l. Thus Lemma

yields the assertion. O

KEM (n1,2n2,n3)

Lemma 4.2.6. For the function C,, we have

I'(n1 +n2+1) / Ci(s)ds (4.55)

Ap
< (n+1)2CeC (g +2(1 — 7)712)7(1727)@ (1- 5)713)7(176)”3,

Proof of [4.2.6. We turn now to the integral

n—1

/An Cu(s)ds = /A%n ds(l —s1+ 8,)"" 1_[(3Z — Si1) (4.56)

=1

We define for £ = 1, ..., 2n, a change of coordinates by s, = 7“1—2?:2 r;, the integral transforms
to

n n

/ (1 — (TQ—{—-.. —|—Tn))—a1 Hr;aidni _ / (1 i (T2+"'+Tn))1_al Hr;aidn—lf
" Tn—1

=2 =2
T(1—a;)"'T(1 —~)*D(1 — )™

L(ni +2ny(1 =) +n3(1 = 9)) (4.57)

where S ;= {re R : 0<r; <1, mg+ - +ro, <mpand T L:={reR™ 1! :0<r <
1, 79 + -+ + 1y, < 1}. From the first to the second formula we integrate over dri. The last
equality follows from a formula in [I4] Formula 4.635 (4).

From Stirling’s formula we obtain

(2m) 2272 < T(a) < (2m) 20" 24, 0 > 1 (458)
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Since m = n; + ny and n = ny + 2ny + nz we have for ny +ny > 1

C'(ny+mny+1) (n1 4+ ng + 1)1 (ng + ny)

T(ny +2(1 — y)na + (L —6)ng)  T(ny + 2(1 — y)na + (1 — 6)ng) (4.59)
< (417 <n1 + 2(2 - ’y)n2>(127)"2 <(1 —65)n3><16>n3‘ (460)
O

Lemma 4.2.7. If supycy He‘ﬁ/Q(ﬁO*QN)QOﬂH < oo then Qg € dom(e=A/2(Lo+Q)),

Proof of[4.2.7] For f € C°(R) and ¢ € K we define ¥ = f(Ly + Qn)¢. Obviously, for
g(r) = e P f(r) € C°(R) we have e #/2(£0+@n)q) . = (Lo +Qn)b. Since Lo+Qn — Lo+Q

for N — oo in the strong resolvent sense, we know from [21] that
e ATy = g(Lo + Qu)d — 9(Lo + Qu)d, N — o0, (4.61)

and
vy — = f(Lo + Qn)p, N — o0. (4.62)

Hence for 0 <z <e
| (e /2Lt p| )| = li]rvn sup | (e~ 2Lty 00| < all], (4.63)

Since {f(Lo+ Q)p € K : ¢ € K, f € C(R)} is a core of e #/2£0+Q) " we obtain Qg €

Corollary 4.2.8. Let 7)(A) 1= e Ae 5 A € M. 7 is a x-automorphism group for M.
By the assumptions of Theorem L W(A) == (QF)AQYY is a (B, 7)-KMS-state.

Proof of [{.2.8 Since Qn — Q and JQnJT — JQJ strongly for N — oo, we have e(Co+@n) —,

ezt(ﬁo-i-QN)7 e(Lo—TQNT) _, ot(Lo=TRT) and e®fen —s e*lxr, Therefore, for A € M

w-limpy o 5N Ae7Fen = 72 (A) € M (4.64)

W-lim o ettfan et TONT) — w_lim y_, o 0@V etlo — B(1) € M, (4.65)

where E(t) := efre £0=TQT) — (£otQ)ertlo defined in Theorem [2.5.3] The rest follows by
mimicking the proof of Theorem using E(t) € M. O
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4.3 The Harmonic Oscillator

In this section we consider a concrete model to check, if one can get rid of the assumption on

|AG] < 1 in Theorem |4.2.1} Let
Hy = Hy + \O(F) + H, (4.66)

where F' = z- f(k), with (|k|~Y2+|k|"/2)f € L*(R?). The form-factor is obtained by the dipole
approximation. Furthermore, Hy = L*(R) and H, = (1/2)(—=A, + a?z?).
H,; is the harmonic oscillator with friction constant v > 0. The Liouvillean for this model is

denoted by
Eosc = llelx — Hel,y + ‘Cf + Q - \7@\7 (467)

We can show.
Theorem 4.3.1. Q) is in the domain of dom(e /20t @) for all 5 € (0,00), whenever
207 Al K2 £ < 1.

Proof of |4.5.1. We define the ladder operators for the harmonic oscillator

1/2,. —-1/2 1/2 -1/2
A =2 x\/%o‘ L xf/%o‘ P p=_0, (4.68)

D(c) = 27%(cA* +¢A), force C.

These operators fulfill the CCR-relations and the harmonic oscillator is the number operator

up to constants.

(A, A7 =1, [A"A]=[A A =0, Hy=aA"A+a/2, (4.69)
[Ha, Al = —aA, [Hu, A" = a A",

1/4
The vector Q2 = (%) e~*""/2 is called the vacuum vector. Note, that one can identify F,[C]
with L?(R), since LH{(A*)"Q : n € Ny} is dense in L*(R). By Theorem [2.8.10| follows

Wi (W(e)) = Zﬁ_1 Tr {e P"4W (c)} = exp ( — 1/4 coth(Ba/2)|c|?),

where Z5 = Tr{e Pt} First, we remark, that Equation is defined for this model
without regularization by Py := 1[H, < N]. Moreover we obtain from Lemma that

¥(0,s,n, oo>d§H2 < /M (Q8]1(0, s, 2n,oo)>.‘d§ = han(, ). (4.70)
B

Al
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To show that Q) € dom(e #/2(£0tQ)) is suffices to prove, that 3.5 hy, (8, \)/? < co. Using
that w3™ is quasi-free, Wick’s Theorem [2.8.8] yields

— B\ 2n
hQn(ﬁ, )\) = ( p ) / ds Tr {e—ﬁHez (e—BSz)nHezxeﬂsQnHez) (e_ﬁslHelxeﬂschl>}
Zy  Japy

Wi (e @ (f)efsantly | (e Pllp(f)ef=iT)).
Moreover, we have

e PsiHe g ofsiHer  — (2&)_1/2 (e—ﬂOASiA* + 6ﬂaSiA)

e_BSiH(I)(f)€ﬁSiFI — 912 (a* (e—ﬁsl'\klf) + a(eﬁsi“ﬁ'lf)). (471)

Inserting the identities of Equation (4.71) in Equation (4.3) yields

han(B,) = (W\)%/A%dﬁ Yo 1 Beellsi=sil.0) > 11 Killsi —sil.8)

1 PeZy {ij}eP P'eZy {k,I}eP!
(BN

~ (2n)! /[0’1]2”‘15 Yo I Keellsi = sl OKs(lsk = si.8),  (4.72)

P,P'€Zy {ij}eP

{k,itep’
where for k <[ and 7 < j
Ki(lsi —sil,8) = wi((e PHo(f)e ) (e Pt p(f)eH)) (4.73)
_1 [ cosh(B|s, — si||k| — Blk|/2) 5
_ 91 ) 2d3k
[ e R
and
Kosc<|51' i 5j|>6) — wgsc<efﬁsiHezxeﬁsiHeze*BSjHezxeﬁsJ'Hez) (4.74)
_,cosh(Bals; — sj| — Ba/2)

= () sinh(fa/2)

The last equality in holds, since the integrand is invariant with respect to a change of
the axis of coordinates.

We interpret two pairings P and P’ € Z5 as an indirected graph G = G(P, P’), where
M,,, = {1,...,2n} is the set of points. Any graph in G has two kinds of lines, namely lines in
Lysc(G), which belong to elements of P and lines in L(G), which belong to elements of P’

Let G(A) be the set of undirected graphs with points in A C Ma,, such that for each point

e

"i" in A, there is exact one line in L¢(G), which begins in "i", and exact one line in L,..(G),

which begins with "i". G.(A) is the set of connected graphs. We do not distinguish, if points
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are connected by lines in L;(G) or by lines in L, (G).
Let

k
Pri=A{P: P={A1,... A}, D# A C My, AinA; =0 for i # j, | JAi = Ma,}  (4.75)

i=1
be the family of decompositions of My, in k disjoint set. It follows
b0 = 0 S [ s KoselJs: — 551 B)K (|3 — sil, )
' GEeG(May,) Y Man {u}eLosaG)
{kl}GLf(G)
2n 2n
- !Z D I | (L
k=1 {Al ..... Ak}e'Pk (G1,...,.Gg) a= 1
Ga€Gc(Aa)
= (B - le A 4.7
- (2n>' ZE Z Z H ( as aa6)7 ( g 6)
k=1 Ay,...,A,CMay,, (Gq,...,Gp) a=1
{A1,...,AL}EPL Ga€Ge(Ag)
where
[(GavAmﬁ) = / d§ H Kosc(lsi - 8j|a6>Kf(’8k - Sl’aﬁ)' (477)
Aa {i,7}€Losc(Ga)

{kI}eL;(Ga)

[, ds means, fjl dsj, fjl dsj, . .. fjl dsj,., where A, = {j1,...,jm} and #A4, =m

From the first to the second line we summarize terms with graphs, having connected compo-
nents containing the same set of points. From the second to the third line the order of the com-
ponents is respected, hence the correction factor i is introduced. Due to Lemmamthe inte-
gral depends only on the number of points in the connected graph, i. e. I(G, A, 3) = I(#A, ).
Moreover, Lemma [4.3.3]states that 3#4. I(#A, 3) < (2]||k|/2fls (8)~)#4- (CB+1). To en-
sure that G.(A,) is not empty, #A, must be even. For (my,...,my) € N*¥ with m;+...+mp =n

we obtain

3 1= (2n)! . (4.78)

l... |
Ay, A C Moy #A;=2m,; (2m1)' (2mk)
{Al 7777 Ak}epk

Let now be A, C M, with #A, = 2m, > 2 fixed. In G, are #A, lines in L, (G,), since

such lines have no points in common, we have ( ,2m L choices. Let now be the lines in Lose(Go)

fixed. We have now ((2m, — 2)(2m, —4) - ) choices for m, lines in L(G,), which yield a

connected graph. Thus

Y o= M((zma—2)(277@(1—4)--4) - g (4.79)

Mg 2Ma
Ga ch(Aa):
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For # A, = 2 exists only one connected graph. We obtain for hg,

Pl ) = ank, >l (4.0

(mq,..., rnk)ElNlC a=1
mi+...+mrg=n

2 (CB+1)
AN gy Y H -
=1

(mq,..., mk)EINk a=1
mi+..+mr=n

IA

< oy (D T )

k!
k=1
Since the " L can be considered as a lower Riemann sum we have " | L <In(n + 1).
Thus,
T Lo ((CB+1)/2In(n +1))"
hon(B,0) < (a7 1K 0 Y o (4.81)

k=1
< (2aTHIIATEIN (0 4 1)V,

Since 2|A| - [[|k|Y2f|| < « the series Y00 ho (8, A)}/? converges absolutely for all 8 > 0. Tt
follows, that

o—B/2(£0+Q) () Z/ (0, 8,1, N)ds

exists. ]

Conversely, Equation (4.80) and Lemma imply
G222 /41 (k)| dk)”

-1
I(2n, 3)3%" <O‘ fsinh(\k\ﬁ/Z)sinh(ﬂa/Q)
h ) > (A/2)% ’ =

Hence for every 8 > 0 exists a A € R, such that ha, (3, A) > 5. Thus Y o7 hon(8,A)/? = 0

(4.82)

Remark 4.3.2. We can therefore not extended Theorem to an existence proof for all
A > 0.

Lemma 4.3.3. Following statements are true.

I(G,A,B) = 1(#A,5), G € G(A) (4.83)

I(#A,3) < [l[E[72 fly (aB) 1) #4 - (CB+ 1) (4.84)
. 1f (k)7 #A/2
I#4,0) 2 (o / Snh([k3/2) sinh(aﬁ/2)dk>

where #A =2m and C = (1/2) ||\k|\|1f/”22f||2'

, (4.85)
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Proof of [{.3.3. A relabeling of the integration variables yields

I(G, A, B) :/[ | dt Kosc([t1 — tof, B) Ky ([t2 — t5], B) - - - (4.86)
0,1]2m
Kosc(thmfl - t2m‘7ﬁ)Kf(|t2m - tl|> 6)

< / 0t K poo(t1 — ta], YK (It — ts), B) - -+ Koselltam_1 — tam, B)
[01]2m

sup K¢(s, ).
s€[0,1]
We transform due to s; :=t;—t; 11, ¢ < 2m—1 and s9,, = to,,, hence —1 < s, <1, i=1,...,2m,

since integrating a positive function we obtain

s€[0,1]

I(G,A,p) < /[11 Kose(ls1], 8) Ky(|s2], 0) - - - Kose(|sam-1; B)ds sup Ky(s, 5)

_ / Koee(Js], 5)d / Kf(lsl.8)ds) " - sup Kj(s.B). (487)

s€[0,1]

We recall that

[ Ballsl, gy s = 2ot [ SR i o)

and

cosh(ls|Ikl — BRUDIFRE - [ LFGR)P
/ Ki(lsl. ) d / / Dsmh(Alkl2) =2 T

Using coth(z) < 1+ 1/x, we obtain

cosh(3lk|/2)LF (k) [P
< 1/2) [1rwpar+ 5 [ )

sup Ky(s, ) < 2_1/

s€[0,1]

Due to the fact, that t — K(t,3) and t — K,(t, §) attain their minima at ¢ = 1/2, we obtain
the lower bound for I(#A, 3). d

Remark 4.3.4. In the literature there is one criterion for Qg € dom(e /2Lt @) o our

knowledge, that can be applied in this situation [I0]. One has to show that ||e #2000 || < oo.
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If we consider the case, where the criterion holds for £\, then the expansion in A must converge,

82200 = Z%—M () (B(1)) (4.89)
E:&%%!<2gl>lgwﬂkﬁWK}wJ%”

o0

— Z()\ﬁ)2"a_”(2n)2 2"(coth af3/2) /]f coth(ﬁ|k!/2)dk>

n=0

v

im%m /u|%. (4.90)
n=0

Obviously, for any value of A # 0, there is a 3 > 0, for which ||e=#/2Q07|| < oo is not fulfilled.



Chapter 5

Return to Thermal Equilibrium

In this chapter a slightly modified model is considered, it originates from a from an one di-

mensional harmonic oscillator coupled to the quantized radiation field by means of the dipole

approximation.

This model was studied by Arai in [1} 2] for temperature zero. Therein the existence of a unique

ground state is shown, such as asymptotic completeness of Hy and H. We introduce the ladder

operators for the harmonic oscillator,

T —p A* — T+
V2 V2

defined as operators on the Schwartz space S(R) C L?(R). The operator z is the position

A* =

(5.1)

operator defined by (x¢)(z) = x(z) and p is the momentum operator for the particle, it is
defined by (py)(z) = —zalg—f) on S(R). It is an easy calculation to check that, A and A* fulfill

the Canonical Commutator Relations (CCR),
[A,A] =0=[A" A"], [A4,A]=1. (5.2)

Moreover, there is a (up to a complex phase) unique normed vector Qo in L*(R) in the kernel
of A,
Qo(x) = 7 Ve /2, (5.3)

It is well known, that
c/ LH{(A")"Qo € L*(R)|n € No} = L*(R) =: Hq.

Hence we can identify L?(R) = F;[C]. Qo is the vacuum vector. The position- and momentum-

operator are the field operators ®(1) and ®(z).

87
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We turn now to the model. The Hamiltonian for the particle is H, = %(p2 + 2?) of the
bosons the Hamiltonian is H = [ |k|a(k)*a(k)d®k. Hence the non-interacting Hamiltonian is
Hy := H, + H on the Hilbert space H = L*(R) ® F[L*(R?)] = F[C @ L*(R?)]. The full
Hamiltonian is

Hy=Ha®1+1@ H+ W + 2272k 5]2-2* @ 1, (5.4)

W is given by x - ®(|k|~'/2p). Confer with the derivation in Section

We assume

o (1+|k[™V)p € L2A(R?), p(k) > 0, k € R.

p is rotation invariant.

In polar coordinates: [0,00) 3 r + p(r) has an anal. cont. to {z € C : |Jz| < 27671}

SUD|s<ang-1 | (74 15)p(r +15)*dr < oo,

o p(r)=pl—r), r R

Note, that p > 0 is a relict of the analysis of Arai.
The main advantage of this model is that H) is a quadratic operator in creation- and annihi-

lation operators. Hence one expects, that
P (cw e = @(wy(c® f))
for a real linear operator w; on C @ b, such that

Swi(c® lwild & f))eay = e fld ® [eay.
This fact allows us to define a C*-algebra of observables

A = cELH{W(c@f) e B(H) : ceC, fef},

f= rebs [ A0 PEE < o)

where the closure is taken in the operator norm of B(H), and a *-automorphism group 7;(A) =
e A=t € R for A € A. The operator W(c® f) := exp(1®(c & f)) is called a Weyl
operator, ¢ @ f is a form factor and A a Weyl algebra.

The Equilibrium of the dynamical system (A, 7}) is a state wf that suffices the so called
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(8, 7)-KMS-condition, i.e. for all A,B € A exists a complex function Fj(A, B,-) that is
analytic in the strip {z € C : 0 < 3z < [}, continuous on its closure and taking the boundary

conditions

F3(A, B, t) = W2 (AT)(B)), Fs(A, B,t 4+18) = i (7(B)A). (5.5)

The positive parameter 3 is the inverse temperature.

5.1 A Summary of Results due to Arai

In this section we recall definition and statements, that Arai made in [, 2]. Therein a explicit
unitary transform of Hy into H is defined. Therefore time dependent field operators . (t) for

a sharp momentum k € R? are considered, i.e.

Op(t) i= e g(t) = g N (5.6)

where ®;, := ﬁ(ak + aZ) is a operator valued distribution. These objects obey Heisenberg’s

equations of motion:

@ [ w | T XU A SR [ [l )
di \ @, (1) oY K2 (1) | |

One can explicitly solve them for the Laplace transform with respect to ¢t of x(-) and ®(-).

The explicit formulas for it, are formulated with the help of the functions

Definition 5.1.1.

D(z) = —z+1+)\2|Hk\1ﬁ|]f,+)\2/d3k%, z€ C\[0,00) (5.8)

Di(r) = Elirél+D(rize), r € [0,00) (5.9)
_ p(k)

Qk) = —)\D+(k2) (5.10)

Qx(k) = (1/2)(|K|'? £ [k[7*)Q(k). (5.11)

and the operators on b
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Definition 5.1.2.

(Geg)(k) = / 9(k) dk’ (5.12)
SN ] ORI (R =R e |

G = lim G, (5.13)

e—0+

Tg = g+MK|'?QGIk|'?pg (5.14)

T*g = g—Mk|'"?pG[k|'"*Qg (5.15)

Wig = (L/2){|k[7V2Tk[V? + k[T k|72 }g (5.16)

Weg = (/2){|k[7V2T" k[ = k[>T |k|7}2 }g. (5.17)

Using the Laplace transforms one can find explicit formulas for the asymptotic incoming

creation- and annihilation operators. Since we have to calculate with the objects in Definition

[b.1.1] and [5.1.2] we recall some results of Arai for these objects. The reader may skip the rest

of this section and consult the Lemmata later.

The hypothesis on the analyticity and positivity of p implies directly
Lemma 5.1.3. 1. D is analytic in C\ [0,00),

2. Dy(s) = lime_o4 D(s +1€) exists and is continuous for s € [0, 00),

3. infyejo.00) [D+(5)] > 0,

4. |D(2) + z| < ¢ and |D(2)| > ¢o for all z € €\ [0,00) and ¢y, ¢y < 0.

Let Mo(R®) = {f : |[flla = l|k|*f]ly < oo}, for @ € R. For the operators introduced in
Equation (5.11)) and (5.12)) we have:

Lemma 5.1.4. 1. G, is bounded on by, uniformly for e > 0.
2. G :=s—lim.oy G¢ exists as an operator on .
3. G is bounded on b and M_,;2(R?).
4. G* = =G, i.e G is skew-symmetric on b.

Given a bounded operator A on h we denote by A an operator acting on ¢ € b by means of

(Ag)(k) := (Ag)(k). The bar is of course the complex conjugation.

Lemma 5.1.5. 1. T and T* (see Equation (5.13)) ) are bounded on M, (R?) fora =1/2,0,—1.
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2. T* s the adjoint of T.

3. For a rotation invariant function h on R3, we have T*hT = T°hT
4. Furthermore, if hQ € b, then T*hQ =T  hQ.

5. T*Q =0

The next algebraic relations ensure that the incoming creation- and annihilation operators

tulfill the CCR.

Lemma 5.1.6. The operators W and W_ defined in (5.15) and (5.16) are bounded on M, (R?)
for ao=—1/2,0 and fulfill

WW, -WW_+P, —P_. =1, W,Wi-W_W_=1, (5.18)
W W -W' W, +P,_—P =0, WW;-W, W =0, (5.19)

where
Pof=(Q:lf)y-Qe, P f=(Q_|f)y-Qp, P-if={(Qs|f)y - Q_. (5.20)

Furthermore W_ is a Hilbert-Schmidt operator with integral kernel

AD(R)Q(K)
(IRIE DR+ K1)

W_(k.K) = 3 (5.21)

The starting point of our work is the following result:

Lemma 5.1.7. The asymptotic creation- and annihilation- operators a (f) exist for [ €

Mo(R?*) N M_;,2(R?),

CL# (f) — S'hmt—>—oo eth,\e—thoa#(f>ethoe—th)\7 (522)

in

dom(a? (f)) > dom(H,) and

m

in(f) = (Q-[F)oA" + (Q+[[)pA + " (W_]) + a(W_f). (5.23)
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5.2 Return to Equilibrium for the Harmonic Oscillator

In this section we define a C*-algebra of observables, a time-evolution group and an equilibrium
state for the isolated bosonic system. A comparison with the dynamical system (A, 7}) yields
the existence of an equilibrium state of (A, 7).

In Lemma the analyticity and the zeros of D, (-) in the complex plane depending on
the coupling parameter A # 0 are studied. A dense set of form-factors is specified, which define
a x-subalgebra A, of observables.

In Theorem is proved Return to Equilibrium for a set of states. The exponential rate
of decay is specified by the imaginary part of zeros of D, (-), it follows Fermi’s Golden Rule for
H,.

5.2.1 Existence of an Equilibrium State

The free bosonic system is defined by a C*-algebra W(f) of observables and a *-automorphism

group 7 (A) = e Ae=*H A € W(§). The corresponding thermal Equilibrium State w? is
WOVB)) = exp (— /4RI + 20)h)), (5.24)

where o(k) = ﬁ is the density due to Planck’s law. It is well known that w? is a (8, 77)-
KMS-state. For the coupled system without interaction (A = 0) the Equilibrium state over
W(C @) is

wyW(c@h)) =exp (— 1/4(c @ h|(1 + 200)c © h)oas), (5.25)

for oo(k) = 65%1 @ ﬁ We remark that
' W(c® h)) = e™W(c @ h)e o = W(etc @ M p). (5.26)

To define a thermal Equilibrium State A = W/(C @ f) for A\ # 0 we start from a result due to
Arai [I] 2], where an explicit formula for the incoming creation- and annihilation- operators is

given for H) at temperature zero.

Lemma implies directly for ®;,(f) = \/Li(am(f) +a;,(f)), that
Cin(f) = QLI )y + (f1Q_)5) ® W f +W_])). (5.27)

We remark that e @, (f)e Hr = &, (e®* f). A simple but lengthly calculation using Lem-

mata [5.1.6| and [5.1.7] yields ®(c @ h) = ®@;,(v(c @ h)), where v is a real linear operator from
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C @ b to b defined by
v(e®h) =W, h+c- Q, —W-h—c-Q_. (5.28)
Note that v is surjective since
b= v((@x Wy + (Q-[F)y) & (Wi h + W_R). (5.29)
Hence it follows, that
MN®(c® h)) = ™D, (v(c ® h))e I = &, (eFlu(c @ b)) = D(wi(c @ h)). (5.30)
for the real linear, time dependent operator w; defined by
wle@h) = (@ e Mo(e® b))y + (@ Foce h)Q_)y) (5.31)
(W ie™o(c@ h) + W_e™Fly(c @ n)).
Since @y, (e*lv(c @ h)) = Oy, (v(wi(c @ h))) we have
e™y(c@® h) = v(w(c® h)). (5.32)
Furthermore we have
S(c® h|d & W )oan = —1[P(c D h),d(d D N')) (5.33)
= B (v(c® b)), Bn(v( @ H))] = S{o(e @ B)lo(c & H))y.

Moreover, v is injective:

Assume v(c@®h) = 0, hence for all f € f and ¢ € C we have 0 = I(v(' @ f)|v(cBh))y = (' ®
fle®h)oey. Since S{(=0)(d @ flc@h)coy = R(CD flc® h)cey = 0, it is (S flc® h)cay = 0.
Hence ¢ & h = 0 follows from the density of § in b.

Let
i: A= W(), W(cadh)— W(u(cah)). (5.34)
Hence 7 defines a x-isomorphism, in particular a Bogoliubov-transform. It follows that wf =
w? o1, i.e

(W (e® h)) = exp(—(1/4)[|(1 + 20)*v(c & h)) (5.35)

is a (8, 7")-KMS state over W(C @ f). We have

16
AT

| 4

W (F) 2 W),

C
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5.2.2 Return to Equilibrium

Lemma 5.2.1. There is a function Gy : Sy — C, such that Gy is an analytic continuation of
Ror— D (r*) €eCinSy={z€C: |z <|Ske(N)|} that has no zeros. Furthermore,
Ki(+) is even, analytic and

ky(N) =14 koA + ..., (5.36)

where Sky = —2m2p%(1). The result holds for small values of \.

We remark that the same is true for r — D, (r?).

Definition 5.2.2. Let k be a real number, depending on A # 0, , so that 0 < k < |[Sk4(N)| and

Kk < 2w~ 1. Kk is the so-called decay rate.

Proof of[5.2.1] Let G be defined for |3z| < n and A € C by

00 A2
Gz, ) = =2+ L4 ||| 55N + 27X° / p(r £ m)(r + )

dr + 4m*\2 p? : .
ey ey T+ ATt P (2)z. (5.37)

Since p(r) is an even function, we may write

oo A2
LA R S (5.38)
=T

D(2%) = =2 + 14 |||k| 7' A5 N° + 27r)\2/

The residue theorem yields that G, (+) := G(-, ) is an analytic continuation of D(2?) into the
lower half plane and hence

G(z,A) = G(—2z,A) = G(z,—\). (5.39)

Let s > 0. We can choose p.(s), such that s*> +1c = p.(s)?, Rz > 0 and Sz > 0, then

G(s,A) = lim G(p(s),\) = lim D(s* +1¢e) = D, (s%). (5.40)

e—0+ e—0+

Next, we define P(z) = —2% + 1. For 0 < 1 < n we have

sup | P(2) — G(2,\)| < Cy| A (5.41)
{z:[Szl<n'}

Since 0,G(£1,0) = F2 the implicit function theorem states that we can find A, > 0 and
0 < e <7 such that for (z,\) € B.(£1) x By (0)

G(z,\) =0< z=rs(N) (5.42)

for two analytic functions k. : By, (0) — Bc(41) with x4(0) = £1. Using (5.41]) we can choose
0 < Ao < A that ensures G(z,A) # 0 for |z — 1| > € and |z + 1] > € for all |A] < A.
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By symmetry of G and uniqueness of ki we have k_(\) = —k;(A\) and £ (A) = ki (=)), in
particular 8§2H+1)/£+(0) = 0. For the second derivative we have
93G)(1,0) < p*(r)r
iy (0) = —BDLO e / ——dr — 4P (1 5.43
)\K’-i-( ) (8ZG)(1,O) ||| | p”h_'_ P o 1—1r r T™p ( )Z7 ( )
where P [*°means the Cauchy Principal value. O

For f € b we define

- r,®), r>0
f(r,©) = u , (5.44)
f(=r0), r<o0

where (r,0) € [0,00) x S? and f is written in polar coordinates.

Definition 5.2.3. Let

H*(k) = {f €h:R3r— f(r,-) € L*(S?) has an anal. contin. to S,,
sup [ 15 F(r + 15, s < o0
Is|<k JR
Gonat = {az|k|1/2L BRI e b fe HYn), abe R}
D.() D, ()
Hanal = {CEB f € C @[’) . U(C@ f) € Qaml}. (545)

Lemma 5.2.4. Gy is dense in Mo(R*) N M_12(R?). Hana is dense in C @ (My(R?) N
M_1/5(R?)).

Proof of [5.2.4 Clearly, Guna is a dense real subspace of f, respectively the norms || - ||;, j =
0, —1/2. To show that Hane is dense in C & (My(R?) N M_1,2(R?)), we observe, that ¢ ® 0 €

H(znah since for ¢ = a + b

v(c®0) = alk|~Y2Q — b|k|*?Q, (5.46)

and Equation (5.10)).
Let f € h. We observe f = W, g+ W_g for g = W:f—Wt? € h. We choose now (¢,,), C Ganal

with g, — ¢g, v — 00. Therefore we have
fo=Wig +W_g, — f, v — . (5.47)
Moreover, for ¢, := (Q1]g,)y — (Q_[7,)s We obtain

9y =v(c, © fo), (5.48)
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hence ¢, ® f, € Hana and 0 ® f € cl Hypai- O

Lemma 5.2.5. For f,g € Gona one has

IR(F(1+ 20)e*lg)y| < const e (5.49)

\%(f]e”‘k‘mp,\ < const e ", (5.50)

. Za|k|1/2f/_|_b‘k‘—1/2f/ za’|k|1/2g’+b’|k| 1/29/ ’
Proof of [5.2.5. We choose [ = ) and g = D) for a,b,a’,b € R

and f', ¢ € H*(x). For (5.49) we obtain

R(fI(1 + 20)e" gy (5.51)

(kg (k)e™ + h.c.
B 1/2/(’klaa/“b'\’f\_l)(l+2@(k))fwm]l@(kz)\;h &k

F1(k)g (k)e™ — h.c.
+1/2/(za’b—mb’)(l—i—QQ(k))f(k)ﬁlgﬁ)(kQ)P he- o,

Let (Proaf)(r ! [ f(r,©)dO, where f is written in polar-coordinates. We have
R(fI(1 + 20)e" ™ g)y (5.52)
[t BT
+or /O h r?(1a'b — 1ab) coth(3r/2)" Proa")(r )ug“j((gz))g)em © dr
o /R > (rad’ + bb'r™ )coth(ﬁr/2)< Praaf” >‘<D>+ g;l)(‘ 7)),
+or /R r? (1a’b — 1) coth(gr/2) Pl )\(Dl <;C;‘3(|2/)(T)€Ztrdr.

The last line follows if we split the integrals in (5.51)) in a part with " and e~*". In the second
we substitute » — —r and then we integrate over R. ~ is defined in Equation . By
Lemma we obtain that the integrand is analytic on the strip S, = {z € C : |¥z| < k}.
By the Cauchy’s integral theorem, we can shift the contour to R > r +— r + k. That yields the

decay rate for t — oo.

The proof of inequality (5.50) is analog. O
Let

A =LH{W(c f) e A: c® f € Hanar}- (5.53)
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Theorem 5.2.6. For A, B,C € A we have
o W is strongly clustering, i.e. limy_., Wi (AT (B)C) = W (AC)wy(B).
Moreover, if A, B,C € Ayna one has
o | (ATMNB)C) — Wi (AC)W? (B)| < const e,
Proof of [5.2.6. We prove the second part of the statement. Let v; := v(¢;® f;) for ¢;® fi € Hana
and i = 1,2, 3.
Wy (W (e1 @ f)72 (W (ca @ £2)) W (cs @ f3)) (5.54)
= wf(W(cl D fi +wi(ca® fo) +c3® f3))
-exp(—(1/2)S{{c1 @ filwi(cz @ f2))can + {1 ® f1 + wilc2 @ fa)les @ fs)can})
In the above calculation we used 72 (W (ca ® f2)) = W (wi(ca ® f2)) and twice the CCR relation,
defined in Definition Using now Equations and we obtain
WY (W (er @ f) (W (ea ® £2))W (e5 @ f3) (5.55)
= exp(—1/4[|(1 + 2@)1/2(1)1 + eklyy + vd)H%)
cexp (= (1/2)S{(vi]e"™va)y + (1 + € Fluglug)y}).
From
AWV (@18 )W es ® ) (W (2 £) (5.56)
= exp(—0/23{ur]us)s) exp(—1/4 (1 +20)"" (w3 + 5)[}) exp(~1/4] (1 + 20)! 26 ¥l |2
we conclude
W (W (er @ )7 (W(e2 @ f2))W (e ® fi)) (5.57)
= WKW (e ® )W (s ® f3)) W (W(e2 @ f2))
~exp(—(1/2)R(vr + vs|(1 + 20)e"lv)y) exp(—(1/2)S(vr — vsleHvy)y).
The rest follows by Lemma [5.2.5] and linearity. To prove the first statement, we assume

f1, f2, f3 € M_1,2(R*) N Mo(R?). As before we obtain Equation but only vy, vs, v3 €
M_1/2(R*) N Mo(R?) is satisfied. The Riemann-Lebesgue Lemma yields

tlirgowf(W(cl & f1)(W(ca @ £2))W(cs & f3)) = Wi (W(er & f1)W (s @ f3)) Wi (W(ca & f2)).
(5.58)
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By linearity we obtain

lim W (W (W)W (Ws)) = Wl (W W) wh (W), (5.59)

t—o0

for Wy, Wy, W3 € Ag :=LH{W(c® f) e W(C@®f) : ce C, f € f}. Since Ag is dense in A

respectively the operator norm, we have

lim W (AT} (B)C) = Wl (AC)W (B)

t—o0

for A, B, C' € A. O

5.3 Comparison with the Liouvillean Approach

At this point we summarize, what is discussed in Chapter [3] and Chapter [4
In the Liouvillean approach the algebra A := B(H) ® W(J) is considered. One starts from
the (79, 3)-KMS-state

wo (AW (f)) = Z5 Te{Ae™} - exp(—(1/4)(1 + 20)" fII7) (5.60)

where Zj := Tr{e PHe} < oo and A € B(H,;). Next, one makes an explicit GNS-construction
(A, K, 00) with w(B) = (|7[B]Q)x, B € A. One may choose K := L*(R) ® L*(R) ®
Filh] @ Flb] and Qf = Z;'% - kspe @ Qy ® Qp, where kgpo is the Hilbert-Schmidt kernel of
e”PP2Ha iy [2(R?) = L*(R) ® L*(R).

The *-isomorphism 7 is given by
FAQW(f)]=Ax1W((1+0)?f) @ W(o"*f). (5.61)

The time evolution is

(A @ W(f)] = e rlA@ W(f)le™, (5.62)

where Lo =Ly ®1+1Q0Ls, Log:=Hy®1—-1® Hg and Efzfl@l—l@ﬁ. We define
Ho o= 1/2( = Ay + (1+ X2k 15)22). (5.63)
Let 9 := #[A]”. Furthermore, the so-called modular conjugation 7 on K is defined by

TJA*QE = e P2 AQ8 A e M. (5.64)
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Using @ := A7[W] one can define the standard Liouvillean
Ly:=Ly+Q—-TQJ. (5.65)

Note, that the definition of 7 must be extended from Weyl operators to field operators, as done

in Remark [3.5.7 The time evolution of the interacting system is
A (A) = e e A € M. (5.66)

In our context one has to verify, that the canonical imbedding j of A into A fulfills:

Moreover,
Q’f —_ c,e—(ﬁﬂ)(ﬁoHQ)Qg (5.67)

is cyclic for ﬂfl] and separating for 91, and normed for some ¢ > 0. Furthermore, Qf is in the

kernel of £, and

Wi (A) = (A, (5.68)

is a (TN)‘, B3)-KMS-state over 9, if A € R is small. The main theorem in this context is Theorem

with o := 14 N?|| k|71 p[[3.

Remark 5.3.1. In Theorem [2.5.6] is a fatal factor 2, that inhibits to prove existence of a
(o, ;A)—KMS—state with the Liouvillean approach for all A £ 0. We think, that Theorem m
can be improved using a better estimate in Equation (4.87). Therein we used —1 <'s; < 1, but

—1<Y " si<lform=1,...,n—1Iis true, as well.

Lemma 5.3.2. (70 j)[A]" =M.

Proof of[5.53.2 By the Bicommutant-Theorem it suffices to show, that for every X € 7[A],
¢ € K and € > 0 exists a Y € (7 0 j)[A] such that

[X¢ =Yk <e (5.69)

Using density and linearity arguments one can assume X = 7T[AQ W (f)] =A@ 1 W((1+
0)2f) @ W(0Y2f), where A € B(Ha), ¢ = ¢1 ® ¢ @ ¢3 @ ¢4, where ¢; € H, for i = 1,2 and
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¢i € Fplb] for i = 3,4. Since W(C)"” = B(H,) the Bicommutant-Theorem yields, that there

is a W € W(C) such that ||A¢p; — Wey|

choice.

Theorem 5.3.3. If a cyclic KMS-state Qf € K exists, one has
W(A) = S (7 0 4)[A]), A€ A

Hence,

Proof of[5.5.3 Tet ¢ := (7 0 §)(B)Q) € K with ||¢||% = wj (B*B) =

(RIT 0 J(A2)xk — (e T 0 j(A)e )]

n, < € Hence Y := 7[W @ W(f)] is an appropriate

O

(5.70)

(5.71)

= [T 0 j(A)e D) — (@leDF o j(A)e )k

< 2|6 — k- [|All5ec)-

Next, because of Theorem [5.2.6|

t—o0

Hence

(RIT 0 5( ARk — X (A)] < 2016 — Rl - [ Allsec).

On the other hand
cl 7o jlAIQ) = cl7 o jIA]"QS = ct MO = K.

Therefore ||¢ — Q7||x can be chosen arbitrarily small, so that u;f('fr’ 0j(A)) =

lin (917 o (A)e™ ) = fim (B 7 (A)B) = 5(4).

(5.72)

(5.73)

(5.74)

Wy (A) follows. [

Let Hy = Fp[h] ® Fp[h] and Q? = Q ® Q. The Araki-Woods-Representation is

maw (W (g)) = W((1+ 0)'%9) ® W(0"*7).

(5.75)
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We define M, = maw[W ()] € B(Hy) and w[(W(g)) = (Qf|maw[W(9)]2)s,, such as
TF(A) = e£rAe s A € A. Tt is well known, that Q? is cyclic for maw [W(f)] and sep-

arating for M. Moreover, the following diagram is commutative

f B
W T wi s ¢

TAW l TAW l wﬁ

!
My —— M.
1,

In the following we identify w? and w? , such as i ¢+ and th .

Theorem 5.3.4. There is an isometric isomorphism U : H; — K, such that Ue"cr = e U

and UQ] = OF. Let v : B(H;) — B(K), ~(A)=UAU'. Then yomaw =7ojoi L.

wtL f

(M, 90) C (1, 0) AT )
o |
(K, ) —— (K, %) W () —= B(H;).

Proof of[5.3.4. Let Hy := (maw o z)[A]Q? and Hy = (7 o j)[A]Q). Since Q? is separating for
(maw o 1)[A] one can define
U : Hi— Ha, (maw 0 D)[A]Q] — (7 0 j)[A]Q. (5.76)
We observe that
(7 0 HIAIS| (7 0 BI)x = wi (7 0 ))[A"B)) = W} (A" B) (5.77)
= Wi((maw 0 )[A"B]) = {(maw 0 0)[AJQ]|(maw © ) [BIQ]),-
Therefore, U is an isometric isomorphism. Moreover,
AU (T aw o i)[A]QB e (7 0 §)[AQS (5.78)
eON(T o )[Ale QN = (7 0 ) (AR = Ulmaw o d)[r (A))2
= Ue"™ I (mapy 0i)[A]e"™ s QB Ue"™ 1 (1 gy 0 z)[A]Q?

That is XU = Ue"*s. Now, we extend U to an isometric map from cfH; onto cf H,. The

proof is complete, since ¢l Hy = cl(maw © 2)[.,4]9? =c/ WAw[W(f]ﬂQ? =Hs;and clHy, =K. O
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Corollary 5.3.5. 1. The W*-dynamical systems (I, 7, Qf) and (M, 77, Q?) are unitarily

equivalent.
2. Ly is unitarily equivalent to L and dom(Ly) = U dom(Ly).

3. 0(Ly) = R, 04(Ly) = 0, 0ae(Ly) = R\ {0}, 0,,(Lx) = {0} and Q) is up to scalar

multiples the only vector in the kernel of Ly. (9N, 7, Qf) 1S MATINg.
Proof of[5.3.54 1. Since i(A) = W (f) and (7 o j)[A] C I, we have
v maw [W ()] — M. (5.79)

Furthermore, since My (resp. M ) is the o-weak closure of waw [W(f)] (resp. (7o j)[A]),

1

and «, v~ are o-weakly continuous, we conclude that v : 9 — 90U is a spatial *-

isomorphism.
2. follows from e = UecsU1,

3. The spectral of £ well known. By Lemma implies, that (901, 72, Qf) is mixing.
0]

5.4 Anharmonic Oscillator

In this section we consider an anharmonic oscillator in the dipole approximation, i.e. we replace

in our model Hy by Hgpse :== He + V(x). The potential V' is defined by
V(z) = / v(dp)e™. (5.80)
R

v is a complex-valued Borel-measure, such that v(A) = v(—A) for any Borel set A, where

—A:={—-a€R : ae A}. V is therefore real valued. Moreover, the conditions

a; :/ wl(du)lpl’ < oo, i=0,1,2, (5.81)
R

where |v| is the absolute value of v and

K > 2(@0 + CgCLQ) (582)
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A2 |p(r+m) (r+1k) |

for C3 := 27 f]R dr have to be satisfied. This choice for V' is due to Maassen

‘G,\ (r+wk)Gx(r— m)‘
[18], who studied the Langevin equation. V is also used by Spohn in a paper [25], in which a

three dimensional harmonic oscillator, coupled to a field with polarization at temperature zero.
For our reasons we define P := [ v(dp)W (v(u & 0)) € My and the corresponding standard
Liouvillean

Lp=L;+P—JPJ (5.83)

J is the modular conjugation corresponding to Q? It is well known, that Lp is self-adjoint and
P (A) = elr AeEr € M for A € M.

Moreover a (3,7;"")-KMS-state is given by wf’P, where wfvp(A) = <Q§,P|AQ§,P>H,¢ and
inP = He‘ﬁm(ﬁﬁp)ﬁf?H_le_ﬁ/z(ﬁf*P)Q?. It is also textbook knowledge, confer ([8] Thm. 5.4.4)
and Theorem that Qf,P is cyclic and separating for 9. We remark that

o0

T (A) =T (A) + ) 0" /N L dt (7, (P), [ [7ite, (P), 7 (A)] ] (5.84)

n=

Theorem 5.4.1. For A, B,C € i(Auna) we have

WY (AT (B)C) — Wi (AC)wY, p(B)| < constexp(—(r — 2(ag + Csaz))t), (5.85)

7 dr and w)\P(B) = limy_oo Wi ("7 (B)).

A2 {p(r«#m )2 (r+k)

where C3 2m f]R ‘G,\ (r+1)G (r—ws)

Proof of [5.4.11 Tt suffices to assume A = W(c, @ f1), B=W(ca® f2) and C' = W(c3 @ f3).

wf(ATt’\’P(B)C) = W (AT)NB)C) (5.56)
i Z / e A (W(wler & ANV (Mo & 0), ..

W (e o, @ 0)), W (e¥o(cz @ fo))].. JIW (v(es @ fs)))~

For the commutator of Weyl operators we obtain

(W(f), W(g)] = 2usin ((1/2)3(f]g)y) - W(f + 9)- (5.87)
Let
Cltnp) = (20" Hsm(z (e (g © )| Mo (g, © 0))y/2 (5.88)

+e (g & 0)[(er @ £2))0/2)
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and
n

g(tn ) =Y e Mo  0) + v(cz © fo). (5.89)

m=1

We obtain

C(t,n, p) - W(eg(t,n, p)) (5.90)
= W Ho(uy @0)), [ W (e IHMo(uy @ 0)), W(eo(c, & f2))] ...
Therefore,
W (AT (B)C) = Wi (AT} (B)C) (5.91)

[e.e]

+ z"/ dz/ud,uCz,n,u
Z 0<tn <. t1<t (_) ( _)

n=1

&0W<a@m><mwanumw<@@ﬁw

= ! AT )+ / / d
AT Z 0<tn<..t1<t V()

W (W(o(er @ fl)) (vles ® f3)))wx (W(g(t,n, 1))
Clt, n?ﬁ) ~exp(A(t, ¢, n?/i))v

where

Alt,tn,p) = —(1/2)R(v(er ® fi) +vles @ fo)[(1+20)e ™ g(t,n, 1))y
~(1/2)3(v(er @ fi) = v(es @ f3)leMg(t,n, 1)) (5.92)

Due to Theorem ([5.2.6)) we have
W (ATNB)C) — W (AC)W? (T)(B))| < Coe™. (5.93)
From |e2(t4m) — 1| < |A(L,t,n, p)|eP2ELm0) and
W (W wler @ PO (vles @ f2)))d (W (gt ) exp(IRA(E £ m, o)) < 1
follows that

WX (AT (B)O) = wi(AC)WA (777 (B))] (5.94)

e}

< C’oe_“t+Z/ dg/yuy(dﬁ)]C(g,n,g)A(t,;,n,ﬁ)y
0<t,<..t1:<t

n=1
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We observe

n

At )] < G e il 4+ e7) (5.95)

i=1
for some Cy > 0. Furthermore, Maassen’s estimate (A.0.4) yields

i—1

I TI+ Cand), (5.96)

C(t,n, p)] < Coe™™"

where Cy > 0 and C5 > 1, Cj5 is independent of v(¢; & f;), i = 1,2, 3.

(WX (AT (B)O) = wi (AC)A (77 (B))] (5.97)
S C —kt + e—nt0102 Z/ / |I/’ d[L Z/L? H 1 + C’g,ui) —+ 1)
0<tn<..t1<t =2 _

< Coe m+€_”t01022/ dt /|1/| dp) H 1+ Csp})
0<tn<..t1<t Pl

< Coeiﬁt + 0102 eXp(-t(H — ag — Cgag)).
Furthermore for 0 <t < s

WX (T (B)) =X (7 (B)|

<> it 1l 2 1) [ i) (Ot )|
1 J0Stn< <hi<s
From Lemma follows
|wi( AP(B)) Wy (7" (B))] (5.98)
S Czao Z 2”/ dﬁ 1[t1 Z t](ao + 03a2)n—16—nt1
0<tn<..<t1<s

-1

- a3 [ G

(n—1)!

< 202@0/ eXp(—(K - 2(@0 + CgCZQ))T)dT
t

202&0
R — 2(@0 + Cgag

) exp(—(m — 2(@0 + CgCLQ))t).

—

We define wip(B) — lim,_ W) (7)F(B)) using the Cauchy criterion. O

Lemma 5.4.2. (maw 0 i)[Agna]” = M.
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Proof. First, we observe ran i = LH{W(f) € W(f) : f € Hana}. Since Hguy is dense in
Mo(R3) N M_1,2(R?), for every f € My(R?) N M_q,2(R?) exists a sequence (f,,)n C Hanat, SO
that

V1+ofu®of, — V1+of ®of, n— oo,

where the limit is in the norm of h & h. It follows, that

s-limy, oo W (/14 0fn @ V/0f,) = W(/1+ of & of).

We conclude, that (maw 0 4)[Auna)” = LH{W (V1 + of & \/57) s feft =My dJ

Corollary 5.4.3. For every wip—normal state p1 over My and every C' € My we obtain

lim (" () = wf ()

Hence w/\vp 1S MiTing.

Proof of[5.4-3 Let now ¢ € Hy, ||¢]| =1 and A, B € (maw © 1)[Aanal], 50 that [|AQY|| = 1.

(67" (B)6)s, — wi p(B)| (5.99)
< BT (B, — (A (BYADS)| + [l (A7 (B)A) — o (B)|

< 20 AQF = ¢l - 1Bl + |wa (AR (B)A) — o p(B)]

We obtain directly

limsup [(g| 7" (B)@)n, — wh p(B)] (5.100)

t—o0

< 2Bl inf{|]AQ} — |l | A € (maw 0 §)[Awna], |AQf]| =1} =0

Choosing ¢ = Qip we obtain by time-invariance of KMS-states, that waD = wff over
(maw © 0)[Aana]. Assume now C € My, (Ch)n € (maw © 1)[Aana] and D € N, so that
C = s-lim,_ C,,. We have

<DQ§,P‘7})\’P(C - Cn)DQiﬁ = <D*DQ§,P’TtA’P<C - Cn)Qf,P> = <D*DQ§,P‘€MP<C - Cn)Qf,P>
(5.101)
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Hence,

i sup o (C) = (Dl (DO, (5.102)
< h?ii?p ‘wf,P(Cn) - <DQ§,P|Tt)\7P(On)DQ§,P>|
+ h?i sup (W p(C = Cn) = (DOS p|7(C = C) DR )|
< (14D D)) - I(C = G pl-
For n — oo we obtain wiP(C) = limtqoo<DQ’§7P|7'{\’P(C’)DQ§P> Since Qf,P is separating for

My, it is cyclic for (My)". A simple approximation argument yields now
wyp(C) = lim (9]77(C)9) (5.103)

for all ¢ € Hy. Apply now Theorem [2.3.3] O
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Appendix A

Two Additional Proofs

Lemma A.0.4 (Maassen,[18]). Let fo, ..., fn be vectors in a Hilbert space by, and real numbers

0<ty <ty < ...t and X\, X\o,..., N, € R and a, 3,7 > 0, such that

IS(felfo)] < alAele™™, k>0 (A1)
Sl < BN e” 757 k> 5> 0, (A-2)
Then,
n k-1 n—1
’Hsin Z% felf5) ‘<e T, ]aH (14 BAD). (A.3)
k= k=1

Proof of [A.0.4 First we remark that for z,y € R

|sin(z + y)| < |sin(x)| + |sin(y)|, [sin(x)] <|z|, |sin(x)] <1, (A.4)

n k—1
‘ Hsin Z (felfi) ’ (A.5)
=0
’ n—1 n—1 k—1
= Jsin (S0l [ TLsin (X S4Al6))
j=0 k=1 Jj=0
n—1 Jj—1 k-1
< S sin(SCal )] - T sin (0 SUlf)) |+ sin (Sl fo))|
j=1 k=1 j=0
n—1 j—1
< 3 (Bl e ) (et la T+ 8N ) + aldale ™.
j=1 k=1

Since the right-hand side (r.h.s) of Equation (A.5) is less than the (r.h.s) of Equation (A.3)). O

109
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Theorem A.0.5 (Wick’s Theorem). Let w be a regular state over W (¥).

1. Assume
R™ 3 (t1,. ., tn) = W(W (tnfr) -+ W(t1 1)) (A.6)

18 smooth, then fork=1,...,n

Q, € dom(Py,(f1)),  Pu(fie1) - Pul(f1)Q € dom(Py(fr))
2. If w is quasi-free, then

<Qw‘q)w(f1) : "(I)w(anfl)Qu» =0
(Qul®u(f1) - Pulfon)) = D T (QulPu(fi)Pu (/1))

PePan {k<i}eP

Proof of [A.0.5 Let

Su(tan, - 1) (A7)
= W(W<_tn+1fn+l> T W<_t2nf2n)w(tnfn) T W(tlfl))

and
Sultny o st1) == (W (tnfn)) -+ mo(W(t1 /1)) Q0. (A.8)

We want to show that 0, - - - 9y, Sp(tn, ..., t1) exists if s, is smooth.

We proceed by induction for n. For n = 0 is nothing to show. Let

T'n+1<tn+1) = ath_H cee 8tn+28tn s 3tlsn+1 <tn+1 e ,tl, tn+1 e ,tl) (Ag)

and

Roy1(tns1) = 0O, -+ 04 Sga(tng, -+, 1), (A.10)

We want to show that R,.(t,.1) is differentiable in 0. Cauchy’s criterion for the differential

quotient reads

27" (Ros1 (2) = Roy1(0)) =y (Ruga(y) = Ruia (0)]° (A.11)
T2 Rua (@)]° + 42 | Rur I + (27" = 572 Ry (0]
=207y R(R1 ()| R (9)) — 207 (27 =y YR(Ry1 (2)| Ry (0))
+2y7 (27 =y )R(Rsa ()| Ray1 (0))
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per induction we obtain (R, 41(tn+1)|Rot1(the1)) = Sna1(tntr)-

[ (Ros1(2) = Rpy1(0)) =y~ (Rosa(y) — Ras1(0)) 12 (A.12)
= @24y 2+ @ =y ))s1(0) — 27y (i (T — y) + ras (v — 2))
—z Nz =y ) (raga () 4 P ()

+y (@ =y ) e () + e (-9)-
We define A(z) = 27 2(r1(x) + 11 (—2) — 2r,01(0)), = # 0 and get
27 (Rng1(7) = Rpy1(0)) =y~ (Rara(y) — Rus1(0)) ]2 (A.13)

= —o 'y Nz —y)PA@—y) —z@ -y HA@) +y(z -y HA(Y)

= 2y "(A(x) — Az —y) + 27 'Y(A(y) — Az — y)).

Since 7,,1 is smooth, A extends to a function in C!'(R;C). From A(x) = A(—=x) follows, that
the (r.h.s) of (A.13) tends to zero if z,y — 0.
Because [0,00) 3 7 — /7 is uniformly continuous, 0,,,, R,+1(0) exists.

As a result of the differentiability of S,(¢) in zero, we obtain

Boy(foi) - Pu(f1)Q € dom(Py(f)). (A.14)

Let now w be quasi-free. Hence

w(sl, ce sn) =w(W (slfl) W (snfn)) (A.15)
= < <fk7fl>5k3l>w<w(z Slfl)>
I=k+1 1=1
= Hex ( z/2 S( frs f1) 5k31> H exp(—q(fx, fi)sks1)
I=k+1 k,l=1
= exp ( — Z WkISES] — Zwkksk)
1<k<iI<n

where wy == (1S(fi, £1)/2 + a(fw, i) + a(fi, fi)), if k <1, and wir, := q(f, fr)-
Let Pow,, be the power set of {1,...,m} and

Pon = {P C Powg, : P:={A;,..., A} (A.16)
A;NA; =0fori# j, #A; =2} (A.17)
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the set of pairings of {1,...,2n}. We obtain

Osy_y * Oyw(S1y -+, Son1) .= 0 (A.18)
s=
O+ O(sn, - sm)| = (=1 > I ww (A.19)
= PEPan {k<l}EP
Proof by induction for n.
2
8Slw(sl)‘s o = —2wns exp(—wy187)| =0 (A.20)
1= 1=
2
05, 05, (51, 52)’31,32:0 = 0O (—wi2s1) exp(—wi157) oo —Wi2
=
Assume it is true for n.
832(n+1)_1 cee 851w(81, c. 752(n+1)—1) o0 (A21)
2n
= 33% Tt asl ( - g Wk 2n+1Sk — 2W2n+1,2n+152n+1)
k=1
2n+1
Z Z 2
exp < — WEISES] — wkkskﬂ 0
1<k<l<2n+1 k=1 5=
2n
= Oy, "+ 0 < - E wm,zn+1sm> exp < - § WrISKS] — E wkk3k>‘
m=1 1<k<I<2n -~
2n
- - E wm,2n+13masgn T 851 €exp ( - E WEISEST — E wkksk) ‘ B
= 1<k<1<2n -
— E Wn2n4+10sy, ** * Bay, -+ Oy XD ( E WrISKST — E wkkskﬂ
1<k<i<2n -

The first term of the (r.h.s) of Equation (A.21]) is zero, since s = 0 The second term is zero by

induction since only 2n — 1 derivatives are taken into account. Analogously, we obtain

Oy " 05, w(51,. .., S2(nt1)) Y (A.22)
2n+1 /; 2n+1
= - Z Win,2n+20sp,41 O,y - O, €XP < - Z Wk1SES] — Z Wkk8k> ‘
m=1 1<k<i<2n+1 =
k,l#m k;ém
Let
Popi1 = {P C Powg,i1 @ P:={Ay,..., A} (A.23)

A;NA;=0fori+#j, #A;, =2, V. m e A;} (A.24)
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the set of pairings of {1,...,2n+1}\ {m}. By induction we obtain for the (r.h.s.) of Equation

(A.22) that

0, (A.25)

sny1) | 881Cd(81, ceay 52(n+1)) 0

2n+1

= —Zwm,2n+2(—1)n Z H Wkl - (A-26)

PePR | {k<I}eP

Since

(—2)"0s, -

05, w(S1, .+, Sn)

0 = <QW|(I)w(fl) T (I)W(fn)QW> (A'27)

and wi; = (Qu| Py (fx)Pu(f1)€) the proof is complete. O
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Appendix B

Operator Theory

1/2

For a bounded self-adjoint operator on a Hilbert space h we denote by |A| := (A*A)'/* absolute

value of A. |A]| is obviously positive and A = |A|, whenever A is positive. From now on we

assume that b is separable.

Definition B.0.6 (Trace of positive Operators). Let A be a positive, bounded operator on b
and ()22, any ONB of b.

o

Tr{A} = Z<¢n’A¢n> (B'l)

n=1
is the trace of A, it is independent of the choice of (¢,)2,. If A has pure point spectrum, then
Tr{A} is the sum of the eigenvalues of A counted with multiplicity

Definition B.0.7 (Operators of Schatten p-Class). For 1 < p < oo we define for A € B(h)
1A, = Te{|AP}/? € [0, o]
and ||A|| is the operator norm. Furthermore, for 1 <p < oo
Lr(h) :={A e B(h) : [|All, <oo}. (B-2)
Lemma B.0.8. Lel 1 < p < .
1. (L*(h),||-|lp) és a Banach space. A € LP(h) implies A* € LP(h). Moreover ||A*||, = || A]l,-

2. Assume p,q,r € [1,00] and p~' +q~' = r~'. For A € LP(h) and B € LI(h) we have
AB € L7(h) and ||AB||, < [|A|lp - ||Bllq- Only for this definition we set L>(h) := B(bh).

115
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3. For A € L'(h) one can define a bounded linear functional, the trace, Tr : L1(h) — C, by

o

TI"{A} = Z<¢n|A¢n>b

n=1

where (¢,,)32 is an arbitrary ONB of §. The definition of Tr is independent of (¢,)52 .
LY(h) are the operators of trace class. For A, B € B(b) the trace is cyclic, that means

AB, BA € L'(h) = Tr{AB} = Tr{BA}. (B.3)

. (L2(H), || - l2) s a Hilbert space equipped with the scalar product (A|B)y := Tr{A*B}. We

have
. o 1/2
4l = Te{a A} = (3 l4aul)
n=1
for every ONB (¢,)22, of b. (L2(h),| - |l2) are the Hilbert-Schmidt operators. If h =
L*(X,p) and A € L2(h) then exists an uniquely determined k € L*(X x X,p ® )

with (A¢)(x) = [ k(z,y)¢(y)pu(dy) for p-almost every x € X and all ¢ € h. Moreover

ANz = W1l 2 e -

Proof of[B.0.8, The statements are textbook knowledge. The proof is partly in (J2I],Chapter,
VIL.6) and in (|24], Thm. 2.7 and Thm. 2.8) O

Theorem B.0.9 (Golden-Thompson-Inequality). Let A, B be self-adjoint operators, bounded

below. Assume, that A+ B is essentially self-adjoint on dom(A) Ndom(B). Then

le” B, < fle=4/ZemFem 42, 1< p < o0, (B4)

Proof of[B.0.9. For the proof see (|24], Thm 8.5). Note, that one can prove the theorem under

weaker assumptions. O



Bibliography

[1] A. Arai. On a Model of a Harmonic Oscillator coupled to a Quantized, Massless, Scalar

Field I. J. Math. Phys., 22:2539-2548, 1981.

[2] A. Arai. On a Model of a Harmonic Oscillator coupled to a Quantized, Massless, Scalar
Field II. J. Math. Phys., 22:2549-2552, 1981.

[3] H. Araki, E. Woods. Representations of the Canonical Commutation Relations describing

a non-relativistic infinite free Bose Gas. J. Math. Phys., 4:637-662, 1963.

[4] S. Attal, A. Joye, C.-A. Pillet Open Quantum Systems I- The Hamilton Approach. Lecture

Notes in Mathematics, Springer-Verlag, 2006

[5] V. Bach, J. Frohlich, and I. M. Sigal. Quantum electrodynamics of confined non-relativistic
particles. Adv. in Math. , 137:299-395, 1998.

[6] V. Bach, J. Frohlich, I. M.Sigal. Return to Equilibrium. J. Math. Phys., 41:3985-4060,
2000.

[7] O. Bratteli, D. Robinson. Operator Algebras and Quantum Statistical Mechanics 1. Text

and Monographs in Physics, Springer-Verlag, 1987.

[8] O. Bratteli, D. Robinson. Operator Algebras and Quantum Statistical Mechanics 2. Text

and Monographs in Physics, Springer-Verlag, 1996.

[9] J. Derezinski, V. Jaksic. Return to Equilibrium for Pauli-Fierz Operators. Ann. Henri
Poincare, 4 : 739-793,2003

[10] J. Derezinski, V. Jaksic, C.-A. Pillet Perturbation theory of W*-dynamics, Liouvilleans
and KMS-states. Rev. Math. Phys, 15: 447-489, 2003.

117



118 BIBLIOGRAPHY

[11] J. Frohlich, M. Merkli. Another Return to Equilibrium. Commun. Math. Phys., 251:
235-262, 2004.

[12] J. Frohlich, M. Merkli. Thermal Tonization. Math. Phys. Anal. Geom. 7, 3: 239-287, 2004.

[13] J. Frohlich, M. Merkli, I. M.Sigal. Ionization of Atoms in a Thermal Field. Journal of
Statistical Physics, 116: 311-359, 2004. DOI 10.1023/B:JOSS.0000037226.16493.5¢

[14] L1.S. Gradstein, .M. Ryzhik. Table of Integrals, Series, and Products. Academic Press,
1980, 4

[15] R. Haag, N. Hugenholz, M. Winnink. On the Equilibrium States in Quantum Statistical
Mechanics. Commun. Math. Phys., 5: 215-256, 1967.

[16] V. Jaksié, C. A. Pillet. On a Model for Quantum Friction. II: Fermi’s Golden Rule and
Dynamics at Positive Temperature. Commun. Math. Phys., 176:619-643, 1996

[17] V. Jaksié, C. A. Pillet. On a Model for Quantum Friction III: Ergodic Properties of the
Spin-Boson System. Commun. Math. Phys., 178:627-651, 1996

[18] H. Maassen. Return to Thermal Equilibrium by the Solution of a Quantum Langevin
Equation. J. Stat. Phys., 3/: 239-262, 198/.

[19] M. Merkli. Positive Commutators in Non-Equilibrium Statistical Quantum Mechanics.
Commun. Math. Phys., 223: 327-362, 2001.

[20] E. Nelson  Interaction of Non-Relativistic Particles with a Quantized Scalar Field
J. Math. Phys. , 1964., 5: 1190-1197, 196/

[21] M. Reed, B. Simon. Methods of Modern Mathematical Physics: I. Functional Analysis.
Academic Press, 1980.

[22] M. Reed, B. Simon. Methods of Modern Mathematical Physics: II. Fourier Analysis and
Self-Adjointness Academic Press, 1980.

/28] M. Reed, B. Simon. Methods of Modern Mathematical Physics: IV. Analysis of Operators
Academic Press, 1978.



BIBLIOGRAPHY 119

[24] B. Simon Trace Ideals and Their Applications. Mathematical Survey and Monographs,
Volume 120, American Mathematical Society, 2nd Edition

[25] H. Spohn Asymptotic completeness for Rayleigh scattering J. Mathe. Phys., 88: 2281-
2296, 1997.

[26] M. Takesaki. Theory of Operator Algebras I. Springer-Verlag, 1979.



