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Abstract

For a solid interpretation of experimental data and comparison with predictions from
the Standard Model of Particle Physics, one needs a precise theoretical understanding
of the underlying scattering processes and incorporate higher-order corrections into
theoretical predictions. However, the calculation of these corrections is in general
very cumbersome and time-consuming and new techniques need to be developed that
facilitate the computation. In this thesis, we study radiative corrections to two dif-
ferent processes at very different energy scales. Despite the fact that the underlying
theories are quite different, the techniques and tools to calculate higher-order effects
in both situations are the same.

In the first project, we calculate the leading-order corrections in quantum elec-
trodynamics to the Compton process on the proton in different experimental setups.
The Compton process is one of the most important processes to study the internal
structure of nucleons using scattering data at different energies and from different
experiments to access the Compton amplitude phenomenologically. To extract struc-
ture functions from the data, it is important to know the size of radiative corrections
on the level of the theoretically predicted cross section when comparing with exper-
imental data. We study these corrections in various experimental situations and for
different models, describing the Compton amplitude in two different energy regimes.

In the second project, we study the mixed electroweak-strong radiative correc-
tions to the Drell-Yan process. Although this type of correction received a significant
amount of attention in the particle physics community during the last decades, the
calculation of the full set of contributions without any approximation remained a
challenge for a long time. The main technical issue was the calculation of the master
integrals with two masses using differential equations. They fall into a class of inte-
grals whose differential equations contain non-rationalizable algebraic functions such
that the standard algorithm to integrate the differential equation does not work. We
develop new techniques to tackle this class of differential equations and successfully
calculate all master integrals for the mixed electroweak-strong two-loop corrections
to the Drell-Yan process. Using these integrals, we furthermore calculate the virtual
two-loop mixed electroweak-strong helicity amplitudes for the first time.
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Zusammenfassung

Um neue, immer präziser-werdende Streuexperimente zu analysieren und mit Vorher-
sagen des Standardmodells der Teilchenphysik zu vergleichen, braucht man ein gutes
theoretisches Verständnis der zugrunde liegenden Streuprozesse und muss daher Kor-
rekturen höherer Ordnung in die Rechnung mit einbeziehen. Die Berechnung dieser
Korrekturen ist im Allgemeinen jedoch sehr zeitaufwendig und komplex und neue
Algorithmen und Methoden müssen entwickelt werden, um solche Rechnungen zu
ermöglichen. In der vorliegenden Arbeit werden Strahlungskorrekturen zu zwei ver-
schiedenen Prozessen bei sehr unterschiedlichen Energien berechnet. Obwohl die zu-
grundeliegende Theorie zu beiden Prozessen sehr unterschiedlich ist, sind die Metho-
den und Werkzeuge zur Berechnung in beiden Fällen die selben.

Im ersten Projekt werden Strahlungskorrekturen erster Ordnung in der Quan-
tenelektrodynamik zum Compton-Prozess am Proton berechnet. Dieser ist einer der
wichtigsten Prozess um die interne Struktur des Nukleons bei unterschiedlichen En-
ergien zu untersuchen, indem man die Compton-Amplitude phänomenologisch aus
verschiedenen Experimenten extrahiert. Dafür ist es aber erforderlich die Größenord-
nung der Strahlungskorrekturen auf den theoretisch vorhergesagten Wirkungsquer-
schnitten zu kennen, wenn man sie mit den experimentellen Daten vergleicht. In
dieser Arbeit werden die Korrekturen für verschiedene experimentelle Situationen
und für verschiedene Modelle der Compton-Amplitude untersucht.

Im zweiten Projekt werden die gemischt-elektroschwach-starken Zwei-Schleifen-
Korrekturen zum Drell-Yan Prozess berechnet. Obwohl sie eine große Aufmerk-
samkeit seitens der Teilchenphysik-Community im Laufe der letzten Jahrzehnte erhiel-
ten, ist die Berechnung dieser Korrekturen, ohne dabei Näherungen zu machen, tech-
nisch sehr herausfordernd. Der konzeptionell schwierigste Teil ist dabei die Berech-
nung der zwei-massigen Masterintegrale mittels Differentialgleichungen. Diese fallen
in eine Klasse von Integralen, deren Differentialgleichungen nicht-rationalisierbare,
algebraische Funktionen enthalten, so dass die Standardalgorithmen um sie zu inte-
grieren nicht funktionieren. Wir entwickeln eine neue Methode, die es erlaubt solche
Differentialgleichungen zu vereinfachen und anschließend zu lösen, und berechnen so
alle Masterintegrale, die zu den gemischten elektroschwach-starken Zwei-Schleifen-
Korrekturen zum Drell-Yan Prozess beitragen. Diese Integrale nutzen wir, um auch
die gemischt-elektroschwach-starken virtuellen Zwei-Schleifen-Korrekturen der Heliz-
itätsamplituden zum ersten Mal zu berechnen.
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1 Introduction

1.1 The Standard Model and Precision Physics

The Standard Model of particle physics is beyond any doubt one of the most suc-
cessful theories in physics. Being developed throughout the second half of the 20th
century, it establishes a uniform way to describe three out of the four fundamental
forces in nature. The Standard Model is based on quantum field theory (QFT), the
relativistic generalization of quantum mechanics. It is able to describe phenomena
over a broad range of energy scales. On the one hand, for low energies, it is capa-
ble to describe electromagnetic interactions of electrons with nucleons or atoms in
scattering experiments and spectroscopy, as well as the weak interactions of nucleons,
which are responsible for the radiative decay of atomic nuclei. These interactions are
incorporated in the electroweak (EW) sector of the Standard Model, which includes
the theory of electromagnetic interactions, called quantum electrodynamics (QED).
On the other hand, for high energetic proton-proton collisions at the Large-Hadron-
Collider (LHC) at CERN, the Standard Model is also capable of predicting cross
sections based on quantum chromodynamics (QCD), the theory of strong nuclear
interactions.

In order to describe interactions of particles in QFT, one defines so called Feynman
(or scattering) amplitudes which give the probability of a quantum transition of an
initial state |i〉 to a final state 〈f | as:

Mfi = 〈f | S |i〉 , (1.1)

where the S-matrix encodes the time evolution of the system and can be calculated
by means of the Dyson expansion

S = 1 +
∞∑
n=1

(−i)n
n!

∫
d4x1 . . . d

4xnT [Hint(x1) . . .Hint(xn)]. (1.2)

In Eq. (1.2), Hint denotes the interaction Hamiltonian that can be deduced from
the Lagrangian of the theory and T denotes the time-ordered product. Eq. (1.2)
gives a perturbative solution to a Feynman amplitude. Since Hint is proportional to
the coupling constants of the interacting quantum fields, one effectively expands the
amplitude in these couplings. Each term in the sum of Eq. (1.2) corresponds to a set
of Feynman diagrams, which one has to take into account at a given order. Terms
beyond the leading order in the expansion are also called radiative corrections and
the Feynman diagrams corresponding to them are called loop diagrams.

Feynman amplitudes as defined in Eq. (1.1) are not physical observables by them-
selves since they can not be measured directly in an experiment. For instance, con-
sidering a scattering process of particles, one could measure the total cross section
of that process in an experiment. This cross section is proportional to the squared
amplitude summed over all final states. If the amplitude is a sum of several terms,
this shows that in an experiment one is sensitive to the interference of these terms.

In order to compare experimental data with predictions of the Standard Model,
it is important to have a precise theoretical understanding on these predictions. In
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the perturbative solution of QFT, this means one has to include radiative corrections
to a given observable. As a famous example let us mention the discrepancy between
the measured and the theoretical value of the anomalous magnetic moment of the
muon [1], the latter being now calculated up to the tenth order in the electron coupling
in QED, corresponding with up to five-loop diagrams [2]. Although the theoretical
value of the anomalous magnetic moment of the muon only differs after the eighth digit
from the experimental value, that difference still amounts to roughly four standard
deviations and thus might be a signal for physics beyond the Standard Model. What
becomes clear from this example is that precision matters: a tiny deviation from
the Standard Model prediction in an experiment can only be identified if radiative
corrections are under control to the precision reached by experiments.

However, the calculation of radiative corrections is in general very complicated
and time-consuming. This has several reasons. Firstly, as mentioned above, including
higher-order terms in the expansion means one has to calculate more and more Feyn-
man diagrams. Secondly, the calculation of these diagrams becomes more difficult.
This is, in general, due to a more complex algebraic structure of the amplitudes,
as well as due to Feynman integrals appearing in higher-order calculations, which
become more complicated with an increasing number of loops. Thirdly, Feynman
diagrams involving loops are in general divergent. Thus, in order to get a physically
meaningful and finite result, one has to perform a so-called renormalization which
becomes more involved if one includes higher-order corrections.

With the increasing amount of data collected at colliders all over the world, pre-
cision physics is becoming more and more important for both high- and low-energy
experiments. It is thus crucial to develop new tools and automate calculations, such
that precise predictions from the theory side can be performed with less effort.

In this thesis, we study the radiative corrections to two different processes at
very different energy scales. Namely, in one project, we study radiative corrections
from QED in electromagnetic interactions with the proton. Those are important if
one wants to study the internal structure of the proton, which typically is accessed
through various scattering experiments. For the interpretation of the data of such
experiments, radiative corrections need to be known. In another project, we study
radiative corrections to the Drell-Yan process, a very prominent process measured
in proton-proton collisions at the LHC. In this case, the underlying theory is not
only QED (together with the EW sector) but also QCD in the perturbative domain.
Here, higher-order corrections are again crucial for a robust interpretation of the
data. Although the two processes are very different with respect to the energy scale
and the involved particles that are responsible for the interactions, in both cases the
setup used for the calculation is quite similar and relies heavily on modern tools and
computer algebra. In the remainder of this chapter, we give a brief introduction to
both projects and a motivation why the studied subjects are important.

1.2 Electromagnetic interactions of the nucleon

1.2.1 Compton scattering on the proton

For several decades, Compton scattering, corresponding to the process

γ +N → γ +N, (1.3)

has been a prime tool to study electromagnetic interactions of the proton and its
internal structure. The Feynman diagram of the Compton process in the most gen-
eral case with arbitrary photon virtualities is shown in Fig. 1.1. In general, one can
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γ∗

N N

γ∗

Figure 1.1: Diagram representing the most general Compton process,
in which both photons are off-shell.

Figure 1.2: Diagrams contributing to the e−p → e−pγ reaction.
One distinguishes between the VCS process (left diagram) and the

BH process (central and right diagrams)

describe this process in terms of 18 independent helicity amplitudes or structure func-
tions [3]. Depending on the photon virtualities, one distinguishes between different
cases.

The real Compton scattering (RCS) process on the proton, with both photons
being real, has already been studied in the 1950s [4] and has been used extensively
since then to extract the electric, magnetic and spin polarizabilities of the nucleon
experimentally. These fundamental constants describe how the proton or nucleon
response to an external electromagnetic field. RCS is the cleanest way to extract
nucleon structure functions, as it is not diluted by background processes. However,
one is only able to access six out of the 18 structure functions for on-shell kinematics.

To extract more general information of the proton structure, virtual Compton
scattering (VCS) has become more and more important during the past three decades.
VCS refers to a Compton scattering process with an incoming photon with spacelike
virtuality and an outgoing real photon and can be accessed experimentally through
the e−p → e−pγ reaction. The VCS process is always accompanied by the Bethe-
Heitler (BH) process, referring to the photo-production on a nucleon target. The
Feynman diagrams for these processes are shown in Fig. 1.2. Since only the elastic
proton form factors enter the BH amplitude, it does not contain any new information
on the proton structure beyond these. Although the BH process typically dominates
the cross section, VCS has been considered in various kinematic domains to study
the proton structure. In order to be able to extract the relevant information on
the proton structure from experimental data, it is thus important to have a solid
theoretical understanding of the interference term between BH and VCS amplitude.
This of course also includes the knowledge of radiative corrections, which become
increasingly more important with more and better data available.

In recent years also timelike Compton scattering (TCS) has been widely discussed
in the literature as a complementary tool to VCS to extract information of the proton
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Figure 1.3: Diagrams contributing to the γp → e−e+p reaction.
One distinguishes between the TCS process (left diagram) and the

BH process (central and right diagrams)

structure in the timelike region. The TCS amplitude is experimentally accessible
through the reaction γp→ e−e+p, which is related to the VCS reaction by a crossing
symmetry. Like for the VCS case, this reaction is accompanied by a BH process. The
Feynman diagrams are shown in Fig. 1.3. Also for TCS, it is important to note that
the BH amplitude is typically the dominant contribution. Therefore, also in this case
it is crucial to have a precise theoretical understanding of radiative corrections to be
able to interpret experimental data accordingly.

In the most general case, in which both photons have finite virtuality, we speak
of the double virtual Compton scattering (dVCS). The dVCS amplitude is accessible
via the e−p→ e−l+l−p reaction, in which the produced dilepton (l−l+) can be either
an e−e+ or a µ−µ+ pair. From all cases considered here, it is the most challenging to
measure experimentally, as it has the largest background due to the BH process at
the cross section level and is suppressed by an additional power in the QED coupling
constant αem compared to VCS or TCS.

Compton scattering at low energies

As mentioned above, RCS allows to experimentally access electric and magnetic po-
larizabilities of the proton. In the low-energy regime, one can think of the proton
as being composed of a quark core that is surrounded by a pion cloud, which gets
deformed after applying an external electromagnetic field. The strength of this de-
formation is characterized by the polarizabilities.

Using the VCS process instead of RCS, one can access more information and ex-
tract the so-called generalized polarizabilities [5], which encode not only the strength
of the deformation of the charge density but also its spatial dependency [6]. At low
energies, one can interpret the final state real photon as an almost constant exter-
nal electromagnetic source. In that picture, one can think of the VCS process as an
electron-proton scattering experiment with an external electromagnetic background
field applying a charge deformation on the proton. Over the past two decades, general-
ized polarizabilities have been extracted at different facilities and various experiments
at MIT-Bates, MAMI and Jefferson Lab (JLab) through a measurement of the VCS
process. For a review of VCS and generalized polarizabilities see Ref. [7].

Another important application for low-energy Compton scattering is related to the
forward double-virtual Compton scattering (VVCS) amplitude, which corresponds to
a special limit of dVCS, in which the initial and final photons have the same non-zero
space-like virtuality. In contrast to the VCS process discussed above, the forward
VVCS process is not directly measurable. It enters however in the leading hadronic
corrections to the muonic hydrogen Lamb shift and hyperfine splitting through the
two-photon exchange [8, 9]. The interest in the improvement of these corrections is
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X

e−

p

e−

Figure 1.4: Left panel: Feynman diagram contributing to DIS in the
e−p → e−X process. Squaring the amplitude corresponds to taking
a cut through the diagram shown on the right. One can identify the

forward Compton amplitude (shown as a blob) in that diagram.

motivated by the so-called proton radius puzzle, which stands for the discrepancy
of the extraction of the proton charge radius in different experiments using muonic
spectroscopy vs electron data. We will give more details on the proton radius puzzle
in a subsequent section. Here, it is important to note that the dominant theoretical
error in the radius extraction from spectroscopy up to date stems from the dispersive
subtraction function entering the VVCS process [9–11]. Thus, to get a better theo-
retical understanding of the spectroscopy experiments one needs more constraints on
this function. At second order in the photon virtuality, it can be constrained by the
proton magnetic polarizability. However, to fourth order, one low-energy constant in
the subtraction function is at present empirically unconstrained [12], and one relies on
chiral effective field theory calculations [10, 13] or phenomenological estimates [14].
In Ref. [15] it was proposed to access this low-energy nucleon structure constant ex-
perimentally through the dVCS amplitude in the e−p → l−l+e−p reaction, where
l− = e− or l− = µ−. As a part of this thesis, we study the impact of one-loop QED
corrections in the soft-photon approximation to this process and its sensitivity to
this low-energy constant using a low-energy model for the Compton amplitude. The
results have been published in Ref. [16].

Compton scattering at high energies

At high energies one can use the factorization theorem to calculate the Compton
scattering amplitude. The interaction of the photon with the proton factorizes into a
hard partonic subprocess, which is calculated in perturbative QCD, and a parton dis-
tribution of the proton which encodes the non-perturbative physics. This formalism
of QCD factorization was firstly applied in inclusive deep inelastic scattering (DIS)
in the reaction e−p→ e−X, where X indicates the unobserved, inclusive final state.
First experiments of DIS were performed in the 1960s at SLAC and were able to proof
the existence of quarks for the first time [17].

QCD factorization works for high scattering energies, i.e. for large center-of-mass
energy and large photon virtuality Q � 1/fm. Using the optical theorem, the cross
section of DIS can be related to the imaginary part of the forward Compton ampli-
tude, in which the initial and final photon and proton momenta are equal. This is
depicted in Fig. 1.4. On the left panel, we show the Feynman diagram contributing to
e−p→ e−X. Taking the squared amplitude corresponds to a cut through the diagram
shown on the right, in which we can identify the forward Compton amplitude. The
cut is understood as an on-shell sum over all possible states in the Compton blob.
Thus, using DIS, we can only test the forward dynamics of the Compton amplitude,
meaning the case in which the initial state momenta equals the final state momenta.
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This corresponds to the Parton Distribution Functions (PDFs) in forward direction,
encoding the longitudinal momentum fraction of the partons.

To complement the information on the proton structure from the forward ampli-
tude, one can access the Compton amplitude in the more general case in which both
photons have different virtuality. The factorization still works as long as at least one
virtuality is large enough. In this case, the interaction is described by so-called Gen-
eralized Parton Distributions (GPDs), which were first introduced in Refs. [18–21].
In contrast to the regular PDFs, GPDs encode in addition to the longitudinal also the
transverse structure of the proton, thus providing a fully three-dimensional picture.

One of the cleanest ways to extract GPDs is through the measurement of the
deeply-virtual Compton scattering (DVCS) process in which the virtuality of the
final state photon is zero. Measurements of this process have been carried out over
the last two decades at HERA and JLab [22–25]. Information accessed through the
VCS process can be further complemented by a measurement of the TCS process
such that GPDs can be extracted also in the timelike region. A first measurement
of the TCS amplitude through the γ → e−e+p process in the high-energy region
has very recently been performed at JLab [26], in which the cross section, as well
as the beam-spin and forward-backward asymmetries, have been measured. It was
found that both asymmetries are non-zero, thus providing strong evidence of the
GPD mechanism for timelike kinematics for the first time. One main objective of this
thesis is the calculation of the first-order radiative corrections to these observables
and to study their impact as well as the sensitivity on the GPDs. The results have
been published in Ref. [27].

A further extension of either the DVCS or TCS process in the high-energy near-
forward region has been proposed through the e−p→ e−pl−l+ reaction (with l− either
an e− or µ−), which accesses the double deeply virtual Compton scattering (DDVCS)
process with incoming space-like photon and outgoing time-like photon. The DDVCS
process is of particular interest as it allows to extend the DVCS beam spin asymmetry
measurements, which directly access GPDs, into the so-called Efremov-Radyushkin-
Brodsky-Lepage (ERBL) domain [28, 29]. A feasibility study of the DDVCS exper-
iment has shown that the SoLID@JLab project with its high luminosity and large
acceptance is very promising to perform such measurements [30]. In this thesis, we
study the impact of first-order soft-photon corrections in such an experimental setup,
studying the cross section as well as forward-backward and beam spin asymmetry to
the process e−p→ e−pl−l+. The results have been published in Ref. [16].

1.2.2 The proton radius puzzle and lepton universality

As mentioned above, the proton radius puzzle refers to the discrepancy between
the extracted values of the proton charge radius from electron data vs muon data.
Originally, this discrepancy amounted to around 5.6 σ when comparing the value
of RE = 0.879(8) fm obtained from electron-proton scattering experiments from the
A1@MAMI Collaboration in 2001 [31, 32] with the value of RE = 0.84087(39) fm from
muonic spectroscopy data from the year 2010 [33, 34]. The puzzle spurred a lot of
research activity and although recent electron spectroscopy measurements [35, 36] as
well as an electron-proton scattering experiment at JLab [37] are now in favor of the
smaller value obtained from the muonic spectroscopy, there are still new experiments
planned to further clarify the situation. The most prominent experiments to mention
are probably the first ones to study muon-proton scattering: the MUSE experiment
at the Paul-Scherer-Institute [38, 39], which is still ongoing and aims to extract the
proton radius with low-energy muon scattering data, and the COMPASS experiment
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at CERN [40], which plans to measure elastic muon scattering off a proton using a
100 GeV muon beam.

Of course the proton radius puzzle also led to a lot of speculation on new physics
scenarios to explain the discrepancy, see for example Refs. [41–50]. In any such
scenario it is clear that lepton universality has to be violated. In the Standard Model
all leptons have the same tree-level couplings, therefore predicting identical couplings
for electrons and muons to the proton. In this context another experiment has been
proposed in Ref. [51], which aims to test lepton universality by exploiting the ratio
of cross sections of the reaction γp → e−e+p vs. γp → µ−µ+p. In order to extract
this ratio, the cross section measurement can be performed below and slightly above
the di-muon threshold (but below the two-pion threshold). By calculating the ratio
of two cross sections one does not rely on the precision which can be achieved for an
absolute cross section measurement. It was found that the difference between both
original values for the extracted proton charge radius mentioned above amounts to
an effect of 0.2 % on this ratio. One result of this thesis is the calculation of the
radiative corrections to this ratio, c.f. Refs. [52, 53]. We found that the inclusion of
these corrections is imperative, as they shift the ratio by more than the 0.2 % effect
from changing the coupling of the proton to the muon. The experiment is currently
planned at MAMI.1

1.3 The Drell-Yan process

1.3.1 The basic process

The Drell-Yan (DY) process is one of the most important and basic processes mea-
sured at the LHC. The process, described by the reaction

pp→ l+l− +X, with l− = e− or l− = µ−, (1.4)

was firstly measured in 1970 in the case of di-muon production, which showed a rapidly
falling cross section with increasing di-muon mass. The theoretical mechanism for the
production of dilepton pairs in proton-proton collisions was introduced in the same
year by Drell and Yan using Feynman’s parton model [54]. In this model, the quarks
q are treated as free particles during the collision, neglecting the binding energy
in the proton. Both quarks carry a momentum fraction x1 and x2 of the colliding
proton momenta P1 and P2. Like in the high-energy case of Compton scattering, the
interaction of the two protons factorizes in terms of a hard scattering sub-process
and parton distributions. The hard scattering sub-process can be calculated using
perturbative QFT and is described at leading order by the reaction

qq̄ → l+l−, (1.5)

where q denotes a constituent quark of the proton. The basic Feynman diagram is
shown in Fig. 1.5. Thus, provided the PDFs are known, the cross section of Drell-Yan
scattering can be calculated without any further free parameters within this model.
At the time, the parton distributions were already extracted from DIS, and a first
comparison between the theoretical predicted cross section with the experimentally
determined one resulted in a cross section that was too small by roughly a factor
of two. Later it was realized that the inclusion of QCD subprocesses, like gluon-
gluon or quark-gluon annihilation, was able to explain this deviation. Thus, the

1https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/09/
LOI-A2-01-2016.pdf

https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/09/LOI-A2-01-2016.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/09/LOI-A2-01-2016.pdf
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Figure 1.5: Feynman diagram of the neutral Drell-Yan process.

Drell-Yan process provided one of the first experimental tests of the universality of
parton distributions, the QCD factorization theorem, as well as a powerful test of
perturbative QCD.

With increasingly large scattering energies at the LHC, the Drell-Yan process was
later used for the production of the heavy EW gauge bosons. Indeed, by replacing
the virtual photon in Fig. 1.5 with a Z boson, the Drell-Yan process was the leading
contribution in the UA1 and UA2 experiments at CERN that led to the discovery of Z
and W± bosons in 1983 and was awarded the Nobel prize in 1988 [55, 56]. Nowadays
the Drell-Yan process is used for precision measurements of Standard Model param-
eters, like the W± or Z mass, and the weak mixing angle, but as well for searches
of physics beyond the Standard Model. For a review on the Drell-Yan process see
Ref. [57].

1.3.2 Higher order corrections

As mentioned above, the difference between the theoretical predicted cross section and
the experimental one in the early days of Drell-Yan production was an effect of radia-
tive corrections. For searches of deviations from the Standard Model in experimental
data we thus again see how important the incorporation of radiative corrections is.
It therefore comes as no surprise that a lot of effort has been put in the theoretical
calculation of higher order corrections to the Drell-Yan process during the last four
decades. The corrections to the cross section from pure QCD have already been cal-
culated up to two-loop order in the 1990s [58–64]. Regarding the EW corrections, up
to now only the pure QED corrections are known at the two-loop level [65, 66], but
the full set of EW corrections is only available at one-loop order [67–75]. Due to their
large size, it has long been of interest in the particle physics community to calculate
also the mixed EW-QCD corrections of relative order αemαs. Those are at present
the main uncertainty on the Drell-Yan cross section. Many partial results have been
obtained over the last decade: a calculation of the subset of QED-QCD corrections
in Ref. [76] as well as approximations that are valid in the resonance region of the Z
or W± gauge boson [77–83].

One objective of this thesis is the calculation of the mixed EW-QCD virtual
corrections to the Drell-Yan process, which have been published in Refs. [84, 85].
Recently, also the full set of mixed corrections of order αemαs, including real radiation,
have been calculated [86].
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1.4 Outline of the thesis

This thesis is organized into three parts.
Part I gives a brief overview on different steps that are necessary to calculate

Feynman amplitudes. In Chapter 2, we give a brief review on Feynman integrals,
whose calculation is often the most difficult step in the calculation of the amplitude.
Parts of that chapter are based on Refs. [84, 87] in which we introduce a novel
method, that helps to calculate a special class of Feynman integrals involving non-
rationalizable square roots in their differential equations. In Chapter 3, we introduce
briefly the automated setup that we use to calculate Feynman amplitudes. Chapter 4
is based on Ref. [88], in which we discuss a novel algorithm to simplify rational
functions based on partial functioning. Since this algorithm was used extensively
for the calculation of different Feynman amplitudes studied in this thesis, we briefly
present it here.

Part II is based on four publications [16, 27, 52, 53], which all deal with radiative
QED corrections to Compton scattering and the Bethe-Heitler process in different
experimental setups. In Chapter 5, based on Refs. [27, 52, 53], we study the process
γp → l−l+p and discuss how it can be used to test lepton universality and access
the TCS amplitude via forward-backward and beam spin asymmetries. Accessing the
TCS amplitude allows one to test the underlying non-perturbative nucleon structure
model, and in Ref. [27] we studied the sensitivity on two different nucleon models in a
low and a high-energy regime. However, the main objective of this chapter is to study
the leading-order QED corrections and check how they affect the cross sections and
asymmetries. Chapter 6 is based on Ref. [16], in which we generalized the calculation
from the TCS case to the double virtual case, the dVCS amplitude. We show how the
dVCS amplitude can be accessed through the e−p→ e−l−l+p reaction, again studying
two different models for different energy scales. Regarding radiative corrections, in
this case, we restrict ourselves to the approximation of soft-photon corrections and
again study their size on cross sections as well as asymmetries.

In Part III we present the calculation of the mixed EW-QCD two-loop corrections
to the Drell-Yan process. The work on these corrections has led to two publica-
tions [84, 85]. In Ref. [84] we calculated the two-loop master integrals with two
internal masses that are needed to calculate all terms contributing to the amplitude
without any approximations. The calculation of these integrals is computational
challenging since it involves a square root in the differential equation which is non-
rationalizable. The results of this work are presented in Chapter 7. In Chapter 8
we present parts of Ref. [85], in which we report on the calculation of the two-loop
corrected helicity amplitudes. The main contribution of this thesis to these results
was an independent calculation of the unpolarized amplitude. This calculation served
as an important cross-check for the calculation of the helicity amplitudes in Ref. [85]
and we will discuss how the comparison was performed.
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Part I

The Art of Multi-Loop
Calculations
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2 Review of Feynman integrals

2.1 Introduction

Feynman integrals appear in multi-loop calculations in QFT due to the exchange of
virtual particles in Feynman diagrams. As an example how Feynman integrals emerge
in QFT and how they look, let us consider the vacuum polarization diagram shown in
Fig. 2.1. Using Feynman rules, the amplitude corresponding to this diagram is given
by

Πµν(q) = ie2
∫

d4l

(2π)4
Tr [γµ(6 l −6 k +m)γν(6 l +m)]

[(l − k)2 −m2 + iδ][l2 −m2 + iδ] , (2.1)

where m denotes the mass of the lepton in the loop and the integration has to be per-
formed over all four-momentum configurations of the loop momentum l, correspond-
ing to the momentum of the virtual particle in the loop of Fig. 2.1. The infinitesimal
imaginary part iδ (which we will supress in the following) is introduced due to the
Feynman prescription to invoke the choice of physical branch cuts.

In general, Feynman integrals can be divergent. This is also true for the integral
in Eq. 2.1, which diverges (after performing the Wick rotation) for Euclidean l→∞.
Using spherical coordinates, in the limit l→∞, the integral scales as

Πµν(q) ∝
∫
dl l3

l2

l4
=
∫
dl l→∞. (2.2)

A Feynman integral which diverges for l → ∞ is called ultraviolet (UV) divergent.
To make sense of an UV divergent amplitude one needs to perform a renormalization
and introduce counterterms, which render the amplitude finite.

There is a second type of divergences, that can occur in the calculation of Feynman
integrals called infrared (IR) divergence. Those can be further distinguished between
soft and collinear divergences. A soft divergence emerges from a massless propagator
1/l2 in the limit l → 0, while a collinear divergence results from a point where the
loop momenta l is collinear to an external momentum k. IR divergences can not
be removed by renormalization. Instead, to get a finite and physical meaningful
result, one has to include so-called bremsstrahlung diagrams to the cross section,
which correspond to diagrams with additional photons or gluons in the final state.

qq

l

l − q

Figure 2.1: Vacuum polarization diagram. The wavy line denotes a
photon, the solid lines a (virtual) fermion.
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Figure 2.2: The virtual IR divergent one-loop correction (left dia-
gram) and real-radiation diagrams (center and right diagrams) that

need to be included to cancel the IR divergence.

Those diagrams possess the same infrared structure as their virtual counterparts and
thus cancel the infrared divergences of the virtual corrections. As an example, let
us consider the diagrams shown in Fig. 2.2. The dots in these diagrams indicate
that more particles can be incoming or outgoing. The amplitude corresponding to
the virtual correction, shown in the left diagram, has an IR divergence. However,
taking into account real radiation (corresponding to the center and right diagrams),
this divergence cancels out in the sum on the level of the cross section. Note that
for the real-radiation diagrams an integration over the final-state photon has to be
performed,

dσr =
∫

dΦ |Mr|2 , (2.3)

where the matrix element of the real radiation diagrams is proportional to

Mr ∝ ieū(k′)
[
6 ελl(l)

6 k′ + 6 l +m

2k′ · l Γtree − Γtree
6 k −6 l +m

2k · l 6 ελl(l)
]
u(k), (2.4)

where Γtree denotes the Dirac structure of the diagram without the additional pho-
ton, and where

∫
dΦ denotes the integral over the phase-space which includes the

integration over the photon momenta and helicities λl, i.e. dΦ ∝
∫ d3l

2l0
∑
λl
. Here we

see explicitly thatMr, and thus also dσr, diverge if

k · l = 0 or k′ · l = 0, (2.5)

which is either true for l→ 0 (soft divergence) or l ∝ k(′) (collinear divergence). Note
that collinear divergences only appear if k2 = k′2 = 0, since only in that case l can
become collinear to one of these momenta.

2.2 Dimensional regularization

To make sense of divergent Feynman amplitudes, one needs to introduce some regu-
larization technique to split the divergent part of an integral from its finite remainder.
Throughout this thesis, we use dimensional regularization, which was first introduced
by ’t Hooft and Veltman in Ref. [89]. In dimensional regularization the loop integral
is not performed in d = 4, but in d = 4− 2ε dimensions:∫

d4l

(2π)4 →
(
µ2
)ε ∫ d4−2εl

(2π)4−2ε , (2.6)

where ε is a complex number and µ the ’t Hoost scale, that is introduced to maintain
a dimensionless action. In that way, divergences of the integral manifest themselves
as poles of the form 1/εn, where n is a natural number.
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Dimensional regularization can be used to treat UV as well as IR divergences.
Assuming that an integral is IR finite but UV divergent we have to choose the di-
mension of the integral as d < 4, thus Re(εUV) = 2 − d/2 > 0. Similarly, assuming
that an integral is only IR divergent, we have to choose d > 4 and thus we have
Re(εIR) = 2 − d/2 < 0. However, integrals, and thus of course also amplitudes, can
be both, UV and IR divergent. We can still use dimensional regularisation for both
types of divergences at the same time, by splitting the domain of integration into a
part where the integral is UV divergent and a part where it is IR divergent. Then, by
performing an analytic continuation from d < 4 for the UV divergent part to d > 4
and vice versa for the IR divergent part, we get a result that is valid for the whole
complex d plane.

As we will see, in our setup it is very complicated to distinguish between UV
and IR divergences on the level of the bare (i.e. unrenormalized) amplitude. This
is not a problem in practice. Once we renormalize the amplitude by introducing
counterterms, we know that all remaining divergences have to be IR divergences.

As a consequence of dimensional regularization, we also have to pay attention
how to treat the Lorentz and Dirac algebra in d dimensions. There are different
schemes how to do that. In conventional dimensional regularization all particle mo-
menta and polarization vectors, including also the external states, are extended to
d dimensions, such that interference terms between tree and loop diagrams can be
treated consistently in d dimensions [90]. In this scheme one therefore always has

gµνgµν = 4− 2ε , (2.7)
{γµ, γν} = 2gµν 1 , (2.8)

and γµγµ = 1
2g

µν {γµ, γν} = gµνgµν = 4− 2ε. (2.9)

In the ’t Hooft-Veltman scheme [89], one only extends the momenta and polariza-
tion states of unobserved particles to d dimensions, while external polarisation states
and four-momenta remain four-dimensional. Finally, in the four-dimensional helicity
scheme [91], only the loop momenta are d dimensional and all polarization vectors of
all particles remain four-dimensional.

In what follows, we will introduce concepts and algorithms that facilitate the
calculation of Feynman integrals in dimensional regularization.

2.3 Integral families and IBP identities

A scalar l-loop Feynman integral can, in general, be written in terms of propagators
as

Ia1...an =
∫ ( L∏

i=1
ddli

)
1∏n

i=1D
ai
i

, (2.10)

where Di = q2
i −m2

i are called propagators and where qi are linear combinations of
the external momenta pi and internal momenta li,

qi =
∑
j

λijlj +
∑
j

σijpj , λij , σij ∈ {−1, 0, 1}. (2.11)

The exponents ai in Eq. (2.10) are integers, which can also be negative such that
non-trivial numerators are possible. The set of all Feynman integrals that can be
built from Eq. (2.10), is called integral family.
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In dimensional regularization, the integral over a total derivative yields zero. Let
I ′a1...an be the integrand of Eq. (2.10). Then, the integral over a total derivative can
be written as: ∫

ddli
∂

∂lµi
qµI ′a1...an = 0. (2.12)

where qµ can be either a loop or an external four-momentum. Working out the
differentiation explicitly, one can rewrite the left-hand side (lhs) of this equation as
a sum of integrals with new indices a′1...a′n. This leads to linear relations between
integrals of one family with shifted indices, which are called integration-by-part (IBP)
identities. As an example of an IBP relation let us consider the integral family
corresponding to a massless three-point function,

I ′a,b,c =
( 1
l2

)a ( 1
(l − p1)2

)b ( 1
(l − p1 − p2)2

)c
. (2.13)

IBP identities can be generated by empolying the differentiation with respect to lµ:

∂

∂lµ
I ′a,b,c,0 = −2aIa+1,b,c,0lµ − 2bIa,b+1,c,0 (lµ − p1µ)− 2cIa,b,c+1,0 (lµ − p1µ − p2µ) .

(2.14)

Contracting this equation with lµ, pµ1 and pµ2 leads to three different equations gen-
erating IBP identities:

0 =− c Ia−1,b,c+1 − b Ia−1,b+1,c − 2 a Ia,b,c
− b Ia,b,c − c Ia,b,c + c s Ia,b,c+1 + d Ia,b,c,

0 =− c Ia−1,b,c+1 − b Ia−1,b+1,c + c Ia,b−1,c+1

− a Ia,b,c + b Ia,b,c + c s Ia,b,c+1 + a Ia+1,b−1,c,

0 =− c Ia,b−1,c+1 − b Ia,b,c + c Ia,b,c + b Ia,b+1,c−1

− a Ia+1,b−1,c + a Ia+1,b,c−1 − a s Ia+1,b,c, (2.15)

where s ≡ (p1 + p2)2 and where d Ia,b,c in the first equation is coming from the
derivative

gµν
∂lµi
∂lνj

= dδij , (2.16)

after commuting the derivative for qµ = lµ in Eq. (2.12). In principle, one could now
try to solve such a system analytically for generic values of a, b and c. In practice
this is too complicated (or unknown how to do in general), so instead one plugs in
specific values for a, b and c. This procedure is known as Laporta’s algorithm [92] in
the literature. For instance, if one wants to reduce the integral

I1,1,1 =
∫
ddl

1
l2(l − p1 − p2)2(l − p1)2 , (2.17)

one can plug in 0, 1 and −1 as values for a, b and c and write down a system of linear
equations. Using Gaussian elimination one finds

I1,1,1 = 1− 2ε
εs

I1,0,1, (2.18)

which shows that the massless three-point function is reducible to the massless two-
point function. This example also shows two additional interesting aspects in IBP
reductions. Firstly, the coefficients in front of master integrals can be divergent (i.e.
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contain poles in ε). If that happens, we have to evaluate the corresponding integral
up to higher orders in ε. Secondly, IBP relations mix IR and UV divergences: the
massless three-point function is IR divergent, while the massless two-point function
is UV divergent. Nonetheless Eq. (2.18) relates them both. It is therefore in general
impossible to distinguish between both types of divergences once the bare amplitude
is reduced to master integrals. As already mentioned before, this is not a problem in
practice. We first perform the UV renormalization of the amplitude and then know
that all remaining divergences have to be IR divergences.

2.4 Passarino-Veltman tensor reduction

The Passarino-Veltman (PV) tensor reduction allows one to express any tensor inte-
gral in terms of scalar integrals. This is achieved by considering all external momenta
of the integrand and constructing a tensor basis using them as building blocks. As
an example consider the two-point function of tensor rank two,

Bµν
2 (s,m2

1,m
2
2) =

∫
ddl

lµlν

[(l − p)2 −m2
1][l2 −m2

2] , (2.19)

where s ≡ p2. The integrand only depends on one external momentum pµ. The two
building blocks to construct a tensor basis are therefore pµpν and gµν . We have

Bµν
2 (s,m2

1,m
2
2) = gµνB2,00(s,m2

1,m
2
2) + pµpνB2,11(s,m2

1,m
2
2). (2.20)

By contracting both sides of the equation with gµν and pµpν , one gets a system of
equations relating B2,00 and B2,11 with scalar integrals:∫

ddl
l2

[(l − p)2 −m2
1][l2 −m2

2] = d B2,00(s,m2
1,m

2
2) + s B2,11(s,m2

1,m
2
2)∫

ddl
(lp)2

[(l − p)2 −m2
1][l2 −m2

2] = s B2,00(s,m2
1,m

2
2) + s2B2,11(s,m2

1,m
2
2). (2.21)

The lhs of Eq. (2.21) can be reduced with the help of IBP reductions in terms of
simpler integrals. One can easily verify that∫

ddl
l2

[(l − p)2 −m2
1][l2 −m2

2] = A0(m2
1) +m2

2 B0(s,m2
1,m

2
2),∫

ddl
(lp)2

[(l − p)2 −m2
1][l2 −m2

2] = m2
2 −m2

1 + 3s
4 A0(m2

1) + m2
1 −m2

2 − s
4 A0(m2

2)

+ (m2
1 −m2

2 − s)2

4 B0(s,m2
1,m

2
2). (2.22)

Therefore, one can express the two tensor integrals in terms of the master integrals
B0 and A0:

B2,00(s,m2
1,m

2
2) =m2

2 −m2
1 + s

4(−1 + d)s A0(m2
2) + m2

1 −m2
2 + s

4(−1 + d)s A0(m2
1)

− m2
1 + (m2

2 − s)2 − 2m2
1(m2

2 + s)
4(−1 + d)s B0(s,m2

1,m
2
2) (2.23)

B2,11(s,m2
1,m

2
2) =d(m2

1 −m2
2 − s)

4(−1 + d)s2 A0(m2
2) + d(m2

2 −m2
1 + 3s)− 4s

4(−1 + d)s2 A0(m2
1)

+ d(m2
2 −m2

1 + s)2 − 4m2
2s

4(−1 + d)s2 B0(s,m2
1,m

2
2), (2.24)
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where A0 and B0 are defined as

A0(m2) =
∫

ddl

l2 −m2 , (2.25)

B0(s,m2
1,m

2
2) =

∫
ddl

1
[(l − p)2 −m2

1][l2 −m2
2] . (2.26)

In general, the system of equations can become very cumbersome to solve for
more complicated functions with more external scales or higher loop orders. In these
cases it can be useful to use finite field techniques to solve the system of equation, cf.
Refs. [93, 94]

2.5 Feynman parametrization

In order to evaluate Feynman integrals analytically or numerically, it is often useful
to use the so-called Feynman parametrization, which makes use of the identity

1
D1 · · ·Dn

= (n− 1)!
∫ 1

0
dx1 · · ·

∫ 1

0
dxn

δ(x1 + . . .+ xn − 1)
[x1D1 + . . .+ xnDn]n , (2.27)

where the Di are the propagators of a given Feynman integral. Given a scalar in-
tegral, it allows one to rewrite the denominator in terms of just one propagator
x1D1 + · · ·xnDn, raised to power n such that it becomes spherically symmetric. Us-
ing this identity for a generic L-loop Feynman integral without numerator (as given
in Eq. (2.10) with all ai > 0), after performing the integration over the loop momenta,
one arrives at:

Ia1,...an = (−1)a
(
iπ

d
2
)L

Γ
(
a− Ld

2

) n∏
j=1

∫ 1

0
dxjx

aj−1
j δ(x1 + . . .+ xn − 1)U

a−d/2(L+1)

Fa−Ld/2
,

(2.28)
where a = a1 + . . .+ an. The polynomials U and F in Eq. (2.28) are called first and
second Symanzik polynomial and depend on the Feynman parameters xi, the external
momenta and internal masses. Both polynomials can be constructed algorithmically
from the topology of the Feynman graph corresponding to the Feynman integral [95].
As an example let us consider again the two-point function defined in Eq. (2.26). Its
Feynman parameter representation is given by

B0(s,m2
1,m

2
2) = iπ

d
2 Γ
(

2− d

2

)∫
dx dy δ(1− x− y)

[
xm2

1 + ym2
2 − xys− iδ

]−2+d/2
,

(2.29)
where the iδ is due to the Feynman prescription.

Note that from Eq. (2.28) it is clear, that any Feynman integral can be written as
an iterated integral over the Feynman parameter with a rational function as integrand.
Thus, Feynman integrals admit at most singularities of the form ln(s− s0)n/(s−s0)m
for a given limit in some scale s→ s0.

2.6 The method of differential equations

In this section, we will introduce the method of differential equations to calculate
Feynman integrals analytically. Let us consider a family of scalar integrals with
n master integrals, ~m = (m1, ...,mn), and perform all derivatives with respect to
all external scales and internal masses, which we call ~x = (x1, ..., xn). Performing
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these derivatives, it is clear that on the right-hand side (rhs) only integrals of the
same family appear, which we can again reduce to the n master integrals using IBP
identities. We therefore arrive at a system of differential equations, that can be
written as follows:

∂xi ~m = Ai(ε, ~x) ~m, (2.30)

where the Ai are matrices with rational functions of the variables ~x and the dimen-
sional regulator ε as entries.

As we saw in Section 2.5, Feynman integrals have at most logarithmic singularities.
Therefore, the system of differential equation (2.30) is of Fuchsian type. Differential
equations of Fuchsian type can always be cast into a form, in which the matrices Ai
have only first-order poles in all scales xi. Such a transformation can be interpreted as
a basis change of master integrals. Defining the matrix T that transforms the vector
~m of master integrals to a new vector ~m′ = T ~m (a new basis of master integrals),
the new master integrals ~m′ fulfill the differential equation

∂xi ~m
′ = ∂xiT ~m = ∂xiT ~m+ TAi ~m =

(
∂xiTT

−1 + TAiT
−1
)
~m′ ≡ A′i ~m′. (2.31)

If one finds a transformation matrix T , such that all A′i as defined above have only
first order poles, the differential equation is in Fuchsian form.

Let us clarify these steps with an example. We consider the one-loop two-point
function with two identical masses m, given by

B0(s,m2) =
∫

ddl

[(l − p)2 −m2][l2 −m2] , (2.32)

where s ≡ p2. The function depends on the two scales s and m2. We perform the
differentiation with respect to m and s and find after using IBP reductions:

∂mB0(s,m2) = 2(ε− 1)
(s− 4m2)mA0(m2) + 2(−1 + 2ε)

s− 4m2 B0(s,m2),

∂sB0(s,m2) = 2(−1 + ε)
s(s− 4m2)A0(m2) + 2m2 − εs

s(s− 4m2)B0(s,m2),

∂mA0(m2) = 2(ε− 1)
m

A0(m2), ∂sA0(m2) = 0. (2.33)

Without loss of generality, we can write the differential equation in terms of one
dimensionless variable x = s

m2 . Defining the vector

~m =
(
A0(m2)/m2

B0(s,m2)

)
, (2.34)

we find
∂x ~m =

(
0 0

2(ε−1)
(x−4)x

2−εx
(x−4)x

)
~m. (2.35)

We have now derived a differential equation for the Feynman integrals, which we
can in principle solve using standard tools from mathematics. In the next section, we
show how to simplify the differential equation further and how to solve it analytically
in terms of a certain class of functions, called multiple polylogarithms. As an alter-
native, it is also possible to solve the differential equation numerically using a power
series as ansatz.



2.7. The canonical basis 25

2.7 The canonical basis

In many physical applications further simplifications of the differential equation can
be achieved by transforming to another basis of master integrals. If, in addition to the
single-pole criterion, one can also achieve a decoupling of the dimensional regulator
ε, one arrives at a so-called canonical basis [96]. In this case the differential equation
takes the form

dmi = ε
∑
j,k

d ln(lk)
(
A(k))

ij
mj , (2.36)

where lk are called letters, A(k) are matrices with rational coefficients and d stands
for the total derivative, dmi ≡

∑
j ∂xjmidxj . Written in this way, one effectively

reduces the multi-scale differential equation to a single-scale problem, since the rhs
of Eq. (2.36) only depends on logarithmic forms of the letters.

Coming back to the example of Eq. (2.35), we find the canonical basis by trans-
forming

~m = T ~m, (2.37)

where the matrix T is given by

T =
(

(1− ε)ε 0
(ε− 1)ε

√
−x
4−x −ε(2ε− 1)

√
−x
4−x

)
. (2.38)

In general, finding the T -matrix that transforms a given differential equation into
canonical form can be quite difficult and a lot of effort has been put into algorithms
to automate its determination, see e.g. Refs. [97–99]. In our example, in the new
basis the differential equation now reads

dm1 = 0,

dm2 = ε

[
d ln

(
2− x−

√
x(x− 4)

)
m1 − d ln (4− x) m2

]
. (2.39)

In order to solve the canonical differential equation as given in Eq. (2.36) in
general, one can define a formal solution in terms of Chen iterated integrals. By
introducing a single-scale parametric path γ(t) connecting two points ~x0 and ~x in
phase space, one can define the solution as:

~m(ε, ~x) = P exp
[
ε

∫
γ

dA
]
~m(ε, ~x0), (2.40)

where
dA =

∑
k

d ln(lk)A(k) , (2.41)

and where ~m(ε, ~x0) are the boundary constants of the master integrals at the point
~x = ~x0. The path-ordered exponential in Eq. (2.40) is defined as an infinite series of
integral operators acting to the right,

P exp
[
ε

∫
γ

dA
]
≡ 1 + ε

∫
γ

dA + ε2
∫
γ

dA⊗ dA + · · · . (2.42)

The product of several differential forms in Eq. (2.42) have to be performed iteratively.
For instance, the integral over a straight line connecting 0 and x of the product of
two d ln forms can be evaluated as follows:∫

τ
d ln(x)⊗ d ln(x+ 1) =

∫ x

0

dx2
x2 + 1

[∫ x2

0

dx1
x1

]
. (2.43)
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In order to calculate these iterated integrals in terms of analytic functions, we use
Goncharov polylogartithms. Those are defined recursively:

G(a1, . . . , a1;x) =
∫ x

0

dt

t− a1
G(a2, . . . , a1;x), (2.44)

with the recursion start G(;x) = 1. Thus, in the example above, we have∫
τ

d ln(x)⊗ d ln(x+ 1) = G(−1, 0;x). (2.45)

We define the transcendental weight of a G function as the number of integrations in
Eq. (2.44) that have to be performed.

Now, as a concrete example, let us come back again to Eq. (2.39) and solve it in
the Euclidean region, in which x < 0. Up to order ε, the solution is straight-forwardly
given by

m1 = c1,0 + ε c1,1 + ε2 c1,2 + . . . (2.46)

m2 = c2,0 + ε

(
c2,1 + ln

(
2− x−

√
x(x− 4)

)
c1,0 − ln(4− x)c2,0

)
+ ε2m(2)

2 + . . . ,

(2.47)

where the ci,j are boundary constants from the integration. At order ε2, the second
integral is formally given by

m(2)
2 =

∫
τx
c2,0 d ln(4− x)⊗ d ln(4− x)− c1,0 d ln

(
2− x−

√
x(x− 4)

)
⊗ d ln(4− x)

+ c1,1 d ln
(

2− x−
√
x(x− 4)

)
− c2,1 d ln(x− 4). (2.48)

The result of this integration is most easily obtained by performing a change of
variable that rationalizes the square roots. This can be achieved by x→ −(1−y)2/y,
resulting in the substitution of the square root

√
x(x− 4)→ (−1 + y2)/y. Using this

reparametrization, it is straight forward to evaluate each term (2.48) separately. For
instance∫

τx
d ln

(
2− x−

√
x(x− 4)

)
⊗ d ln(x− 4) =

∫
τy

d ln
(2
y

)
⊗ d ln

(
(1 + y)2

y

)
.

(2.49)

The rhs of this equation can be integrated in terms of Goncharov polylogarithms
considering a straight line path connecting 0 and y:∫

τy
d ln

(2
y

)
⊗ d ln

(
(1 + y)2

y

)
= −

∫
τy

d ln(y)⊗
(
2d ln(1 + y)− d ln(y)

)
= G(0, 0; y)− 2G(−1, 0; y). (2.50)

The full result is thus given by

m(2)
2 =c2,0

1
2 ln

(
(1 + y)2

y

)2

+ c1,0 (G(0, 0; y)− 2G(−1, 0; y))

− c1,1 ln
(1
y

)
− c2,1 ln

(
(1 + y)2

y

)
+ c2,2. (2.51)
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In order to determine the integration constants ci,j , we will use the analytic expression
for A0, given by (

µ

m

)−2ε A0(m2)
iπd/2rΓ

= −Γ(−1 + ε)
m2rΓ

, (2.52)

where
rΓ = Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε) . (2.53)

We therefore find (
µ

m

)−2ε m1
iπd/2rΓ

= 1 + ε2
π2

6 +O(ε3), (2.54)

from which we can read off the integration constants for m1. In order to fix the
integration constants of the second integral, we will make use of the Feynman param-
eterization of B0 given in Eq. (2.29). Factoring out the same prefactor as before, we
find(

µ

m

)−2ε B0(s,m2)
iπd/2rΓ

= Γ(ε)
rΓ

∫ 1

0
da [−a(1− a)x+ 1 + iδ]−ε

= Γ(ε)
rΓ

∫ 1

0
da

[
1− ε ln(1− (1− a)ax) + ε2

2 ln2(1− (1− a)ax) + . . .

]
(2.55)

From this expression we easily see, that the rhs yields zero for x = 0 (starting at zeroth
order in ε), which corresponds to y = 1. Thus, we know the boundary constants at
y = 1 and we can write down the complete expression for m2:(

µ

m

)−2ε m2
iπd/2rΓ

= −G(0; y)ε

+ (G(0, 0; y)− 2G(−1, 0; y) + 2G(−1, 0; 1)) ε2 +O(ε3). (2.56)

In the solution from Eq. (2.56), we see an interesting feature: the functions that
appear at the n-th order in ε have transcendental weight n. This is a general feature
of the canonical differential equation, and the canonical integrals are said to be of
uniform transcendental weight.

In general, if all letters of the differential equation are linear, it is always possible
to integrate Chen iterated integrals as in Eq. (2.40) in closed form using G functions,
as in the example above. This is no longer true, however, if one encounters non-linear
or non-rational letters. In the former case, it is often possible to choose an appropriate
integration order, for which the non-linear letters appear only in the final integration
kernel, such that the integration can be performed. If one encounters non-rational
symbol letters, the standard integration algorithms for G functions cannot be applied.
In many cases, a transformation can be found which simultaneously rationalizes all
letters of the alphabet [100]. This is indeed exactly what we did above to get rid
of
√
x(4− x) in the example. In the next section, we will discuss what can be done

in the case of non-linear letters, or even worse, in the case of algebraic letters if no
rationalization of some square root is possible.

2.8 Integrating non-linear and algebraic letter

This section is partly taken from Ref. [84] and discusses an alternative method to
integrate Eq. (2.36) in terms of generalized polylogarithms, so-called Li functions.
These functions can be defined as nested sums as:

Lim1,...,mk(x1, . . . , xk) =
∑

n1<n2<...<nk

xn1
1 xn2

2 · · ·x
nk
k

nm1
1 nm2

2 · · ·n
mk
k

, for |xi| < 1. (2.57)
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The Li functions are related to the Goncharov polylogarithms defined in Eq. (2.44)
by the following identity:

Lim1,...,mk(x1, . . . , xk) = (−1)kGmk,··· ,m1

( 1
xk
, . . . ,

1
x1 · · ·xk

)
, (2.58)

where
Gmk,··· ,m1(t1, · · · tk) = G(0, . . . , 0︸ ︷︷ ︸

m1−1

, t1, . . . , 0, . . . , 0︸ ︷︷ ︸
mk−1)

, tk; 1). (2.59)

Therefore, both define the same class of functions. In analogy to the transcendental
weight defined for the G functions, the transcendental weight of a Lim1,...,mk function
is given by m1 + · · ·+mk.

2.8.1 Matching the symbol

The methods discussed in the following, are based on the algorithms from Ref. [101]
for the case of rational (linear or non-linear) letters. In order to solve the differential
equation (2.36), the idea is to construct a suitable ansatz which can be matched
against it. This is done with the help of the so-called symbol calculus. The symbol of
a function is defined in terms of its total derivative. Given a function f , it is defined
recursively as follows: if the total derivative of f is given by

df =
∑

fi d ln ri, (2.60)

then the symbol S of f takes the form

S(f) =
∑
i

S(fi)⊗ ri. (2.61)

As an example, let us consider the symbol of Lin functions:

S
(
Lin(f)

)
= −(1− f)⊗ f ⊗ ...⊗ f︸ ︷︷ ︸

(n−1) times

. (2.62)

Terms inside the symbol can be treated in the same way as one would treat arguments
of d ln. In that way one can expand the symbol into irreducible components. For
rational arguments, this means one can factorize them and then expand according to
the rule ln(ab) = ln(a) + ln(b). For example one has:

S
(

Li2
(1
x

))
= −

(
1− 1

x

)
⊗ 1
x

= −1 + x

x
⊗ x = (−1 + x)⊗ x− x⊗ x. (2.63)

From its definition, we see that the symbol of a constant is zero since d ln(c) = 0 if c
is constant. Therefore, in order to integrate a total derivative it is not enough to just
match its symbol. To make our point, let us look at an example and let us assume
someone gives us the task to find a function, whose total derivative is given by

df = Li2(1/x)d ln(x) + π ln(−x)d ln(x). (2.64)

Considering the symbol, we have

S(f) = S
(

Li2
(1
x

))
⊗ x+ S(π)⊗ x⊗ x = (−1 + x)⊗ x⊗ x− x⊗ x⊗ x+ 0, (2.65)
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where we used the fact that S(π) = 0. One can immediately verify that the symbol
is matched, for example, by the function

F = −Li3(x)− 1
6 ln(−x)3, (2.66)

and use it as an ansatz. However, this function does not match the total derivative,
since the symbol is not sensitive to terms of type constant times function (because
the symbol of the constant yields zero). Therefore, we have to make sure our ansatz
matches the total derivative in an addtitional step. Taking the difference of both
total derivatives, we have

dF − df =
(
−Li2(x)− 1

2 ln(−x)2 − Li2
(1
x

)
− π ln(−x)

)
d ln(x). (2.67)

The next step depends on what values for x we consider. We will assume that x < 0,
such that all functions are real-valued and we do not need to consider any analytic
continuation. Then we have

−Li2(x)− 1
2 ln(−x)2 − Li2

(1
x

)
= π2

6 for x < 0, (2.68)

and using this identity, we find

dF − df =
(
π2

6 − π ln(−x)
)

d ln(x), (2.69)

and all we have to do is to match the symbols x and x ⊗ x corresponding to these
two terms. Finally we obtain

f = −Li3(x)− 1
6 ln(−x)3 + 1

2π ln(−x)2 − 1
6π

2 log(−x) + c, (2.70)

where c is a constant.
To conclude, let us rephrase the main message of this section. If we want to find

a function f that matches a given total derivative

df =
∑
i

fi d ln ri (2.71)

using the symbol calculus, we have to make sure that our ansatz F

1. matches the full symbol, i.e. S(F ) = ∑
i S(fi)⊗ ri, and

2. that the difference of the total derivatives df −dF yields zero. If it doesn’t, we
have to add terms of type constant times function to F , to which the symbol is
not sensitive.

2.8.2 Matching the differential equation

Coming back to differential equations, note that the differential equation in the form
of (2.36) fully defines the symbol at a given order in ε of the master integrals. The first
task is then to find a solution, that matches this symbol. To do that, one constructs
an ansatz of polylogarithmic functions and chooses the arguments of these functions
such, that their symbol does not contain spurious letters. Note, that there is no proof
that this always works. There might be cases in which additional, spurious letters
need to be introduced.
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At weight one, it is clear that logarithms of the letters are admissible functions.
For higher weights we consider the symbol of Lin functions as given in Eq. (2.62). We
see that we have to choose their arguments f such, that both f and 1 − f may also
be written as a power product of other symbol letters, which already appear in the
differential equation. In practice, one therefore forms power products f out of the
letters from the differential equation and tests if 1 − f factorizes over the alphabet.
If it does, f is a valid argument.

As mentioned above, in Ref. [101] this method was introduced for rational func-
tions. In the presence of square roots, one needs a generalized concept of factorization.
In Refs. [84, 87] we use a heuristic factorization algorithm to search for admissible
function arguments. For a given expression g and a list of symbol letters l1 . . . ln we
are interested in factorizations of the form

g = ca0 la1
1 l

a2
2 · · · l

an
n , (2.72)

with a rational number c and ai ∈ Q. It is non-trivial to find such factorizations using
standard computer algebra systems, if square roots are present in the li. However,
note that the factorization (2.72) implies

ln(g)− a0 ln(c)− a1 ln(l1)− a2 ln(l2)− . . .− an ln(ln) = 0 . (2.73)

Replacing the variables by numerical samples and using heuristic integer relation
finders [102] allows us to find a0, a1 . . . an, such that (2.72) is fulfilled.

Let us come back to our example considered before, the two-point function con-
sidered in Eq. (2.39). From Eq. (2.47) we know the solution up to first order in ε,
and we now have to solve for m(2)

2 . From the differential equation we can deduce the
symbol of m(2)

2 :

S
(
m(2)

2

)
= −c1,0 l1 ⊗ l2 + c2,0 l2 ⊗ l2, (2.74)

where l1 = 2−x−
√
x(x− 4) and l2 = 4−x. Next, we form power products from the

set {2, l1, l2} and use our heuristic factorization algorithm to find admissible function
arguments. In total we find six admissible arguments for the Li2 functions:{√

2
√
l2√

l1
,

2
l1
,
l1
2 ,
√
l1√

2
√
l1
,−
√
l1
√
l2√

2
,
−
√

2√
l1
√
l2

}
. (2.75)

Note that we introduced 2 as an additional function argument and that square roots
of letters appear in our ansatz. We observed that including 2 as an additional letter is
often necessary in the presence of square roots, thus we always add it as an additional
letter to our alphabet. We proceed by trying to match Eq. (2.74). The matching of
the second term is trivial, since

S(ln2(l2)) = 2 l2 ⊗ l2. (2.76)

In order to match the first term in Eq. (2.74) we have several candidates. For instance
note that

S
(

1
2 ln2(l1) + 2 Li2

(√
2
√
l2√

l1

))
= l1 ⊗ l2, (2.77)

but also

S
(

ln(l1) ln(l2)− 1
2 ln2(l1)− 2 Li2

(
1−
√

2
√
l2√

l1

))
= l1 ⊗ l2. (2.78)
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We will prefer the second choice, since Li2
(
1−

√
2
√
l2√

l1

)
is real-valued for all x < 0 in

the Euclidean region. We can proceed by writing down a function, that matches the
first term of the symbol of m(2)

2 :

F = −c1,0

(
ln(l1) ln(l2)− 1

2 ln2(l1)− 2 Li2
(

1−
√

2
√
l2√

l1

))
. (2.79)

However, as explained above, this is not enough since we need a function that matches
the total derivative of m(2)

2 , not just the symbol. The total derivative proportional
to the constant c1,0 of m(2)

2 is given by

dm(2)
2 = −c1,0 ln(l1) d ln(l2). (2.80)

Comparing this with the total derivative of our ansatz we find

dF = −c1,0

[
ln(l1)d ln(l2) + (ln(l2)− ln(l1))d ln(l1)

+ 2 ln
(√

2
√
l2√

l1

)
d ln

(
1−
√

2
√
l2√

l1

)]
. (2.81)

Next, we will use the following identity, which can be detected using the heuristic
factorisation approach:

ln(l1) + ln
(
−1 +

√
2
√
l2√

l1

)
= ln(2) ⇒ d ln

(
1−
√

2
√
l2√

l1

)
= −d ln(l1), (2.82)

to rewrite dF as

dF = −c1,0
[
ln(l1)d ln(l2)− ln(2) d ln(l1)

]
. (2.83)

Thus, to get the function which matches the total derivative, we have to correct for
the terms comparing Eq. (2.83) with Eq. (2.80), i.e. we have to add ln(2) ln(l1) to F .
We therefore get

m(2)
2 = −c1,0

[
ln(l1) ln(l2)− 1

2 ln2(l1)− 2 Li2
(

1−
√

2
√
l2√

l1

)
+ ln(2) ln(l1)

]

+ c2,0
1
2 ln2(l2)− c1,1 ln(l1) + c2,1 ln(l2) + c2,2. (2.84)

One can determine all integration constants in the same way as before. One finds:

c2,0 = 0, c2,1 = ln(2), c2,2 = π2

6 + ln(2)2

2 . (2.85)

We have now discussed how to match the differential equation up to second order
in ε using Li2 functions. For higher orders, we need functions with higher weight and
higher depth than two. The symbols of these functions are more complicated and
lead to additional constraints. For instance, to treat Li2,1, Li3,1, and Li2,2, let F be
the union of the set of admissible Lin function arguments and the set {1}. Then, the
symbol demands, using the same argument as above that no new letters appear in
the symbol of our ansatz, that a possible pair of arguments (fi, fj) for these functions
has to be chosen such that 1− fifj factorizes over the alphabet.
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2.8.3 Simplifying the alphabet

The above algorithm has been applied for several processes in practice, see e.g.
Refs. [97, 103–107]. However, in all these cases the symbol alphabet was either
rational or could be rationalized. In Ref. [108] it was applied for the first time to a
non-trivial alphabet involving a square root, that was not rationalized for the inte-
gration, i.e. using the heuristic factorization approach discussed above. However, it
turned out later, that there actually was a reparametrization to fully rationalize the
alphabet, that the authors were not aware of.

The first time the algorithm was successfully applied to a case involving one
provably non-rationalizable square root [109] in the letters, was in Ref. [84], in which
we calculated the two-mass two-loop integrals contributing to the mixed EW-QCD
corrections to the Drell-Yan process. However, before being successful in this case, we
had to overcome two main problems specific to differential equations with non-rational
symbol letters compared to the case with rational symbol letters:

(i) In general, one needs to allow for non-integer powers, e.g. 1/2, 1/4, etc. when
forming power products f (we also saw this in the example above). Conse-
quently, one may have to test many more expressions than in the rational case
in order to construct enough function arguments to successfully “integrate the
symbol.” In fact, without additional constraints, the inherent combinatorial
complexity makes the extension of the Duhr-Gangl-Rhodes method to algebraic
letters too costly for many applications

(ii) Factorization over algebraic functions is not unambiguously defined; in princi-
ple, it is not clear where to “stop” factorizing. Consider, for instance, the set of
letters {

√
x,
√
y, x − y} and note that it is a priori unclear whether one ought

to factor the third letter further, i.e. x− y = (
√
x+√y)(

√
x−√y).

In the cases we considered so far, cf. Refs. [84, 87], both of these problems could be
tackled by the following observations: given an alphabet, we introduce the subset of
rational letters, LR, and the subset of intrinsically non-rational letters, LA. Let us
assume that in LA we encounter a square root, r. We find it natural to take r itself
to be an element of LA. For a given algebraic letter with a non-trivial rational part,
la, we define the conjugated letter, l̄a, by making the replacement r → −r in la. For
each la ∈ LA we observe that l̄a can be written as a power product of other symbol
letters; that is to say, one could exchange any letter for its conjugate without affecting
the singularity structure of the alphabet. As a consequence, the product la l̄a always
factorizes over the rational part of the alphabet, LR.

This observation implies that one can in fact predict all algebraic symbol letters
which can appear, once the square root r and the rational part of the alphabet, LR are
known. In other words, it is possible to construct the algebraic part of the alphabet,
LA, unambiguously. We will use this feature to construct a simplified alphabet in the
following. Knowing only r and LR, we make an ansatz of the form

la = qa + r, (2.86)

where qa is a rational function depending on kinematic variables xi and then requiring
that la l̄a factorize over LR. In practice, it is more convenient to directly make an
ansatz of the form

(qa + r)(qa − r) = q2
a − r2 =

∑
i1i2...in

ai1i2...inx
i1
1 x

i2
2 · · ·x

in
n − r2, (2.87)
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and then solve for the unknowns aij . We can perform this search degree by degree.
An algorithm for the construction of simple letters, given the rational part of the
alphabet and a square root r thus reads:

Input: rational part of alphabet and square root r depending on xi
Result: simplified letters
initialization: monlist=monomials of rational alphabet up to degree n;
for f in monlist do

di = deg(f, xi);
polynomial ansatz: p = ∑

i

∑di
ni anix

ni
i ;

solve f = p− r2 for unknown coefficients ani ;
if p is perfect square then

set polynomial q ≡ √p ;
add l = q + r to new alphabet;

end
end

As mentioned above, we applied this simplification algorithm to two different
processes: in Ref. [84] we applied it to the calculation of the master integrals of the
mixed EW-QCD two-loop corrections to Drell-Yan production, while in Ref. [87] it
was applied to a family of planar master integrals that contribute to e−µ− scattering
at two-loop. In both cases it was crucial to first simplify the alphabet before beeing
able to match the differential equation against an ansatz and solve it. The calculation
of the EW-QCD integrals will be presented in more detail in Chapter 8. Therefore,
in the present section, we will briefly showcase the simplification of the alphabet
in the second application [87]. In that reference we derived a canonical differential
equation for one planar integral family of two-loop master integrals contributing to
e−µ− scattering,

µ−(p1) + e−(p2)→ µ−(p3) + e−(p4), (2.88)

where p2
1 = p2

3 = m2
1 and p2

2 = p2
4 = m2

2. The integral family is defined by nine
propagators,

D1 = k2
1 −m2

1, D2 = k2
2 −m2

1, D3 = (k1 − k2)2,

D4 = (k1 − p1)2, D5 = (k2 − p1)2, D6 = (k1 − p1 − p2)2 −m2
2,

D7 = (k2 − p1 − p2)2 −m2
2, D8 = (k1 − p3)2, D9 = (k2 − p3)2. (2.89)

In total we find 37 master integrals, and without going into too much details, we were
able to express the differential equation in the form

~m = ε
30∑
i=1

Aid ln
(
l̃i
)
~m. (2.90)

At first sight, we found in this differential equation in total 30 different, independent
letters, which we list here:

L̃ =
{
x− y, x+ y, y, 2y + 1, 2y + z + 1, 2y − 1, 2y − z − 1, z, 2y +

√
4y2 − 4x+ 1− 1,

2y +
√

4y2 − 4x+ 1 + 1,
√

4y2 − 4x+ 1,
√

4x+ 4y − z +
√
−z,

√
4x+ 4y − z,√

4x− 4y − z +
√
−z,

√
4x− 4y − z, 2y − z +

√
4y2 + z2 − 4x− 4xz + 2z + 1− 1,

2y + z +
√

4y2 + z2 − 4x− 4xz + 2z + 1 + 1,−4y2 + 4x− z − 1, 4y2 − z − 1,
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− 4y2 + 2zy + 4x− z +
√

4y2 − 4x+ 1
√

4y2 + z2 − 4x− 4xz + 2z + 1− 1,
− 4y2 − 2zy + 4x− z +

√
4y2 − 4x+ 1

√
4y2 + z2 − 4x− 4xz + 2z + 1− 1,

− 4
√
−zx+

√
−zz − 2y

√
−z +

√
−z +

√
4x+ 4y − z

√
4y2 + z2 − 4x− 4xz + 2z + 1,

− 4
√
−zx+

√
−zz + 2y

√
−z +

√
−z +

√
4x− 4y − z

√
4y2 + z2 − 4x− 4xz + 2z + 1,

2
√
−zy +

√
4y2 − 4x+ 1

√
4x+ 4y − z +

√
−z, 4y2 + 4y − z + 1,

− 8y3 + 8xy2 − 4zy2 + 8y2 − 8xy + 2zy − 2
√

4y2 − 4x+ 1
√
z
√
−4x+ 4y + zy

− 2y + 2x+ 2xz − z +
√

4y2 − 4x+ 1
√
z
√
−4x+ 4y + z,

− 16y4 + 16y3 + 16xy2 − 8y2 − 16xy − 4zy + 4
√

4y2 − 4x+ 1
√
z
√
−4x+ 4y + zy

+ 4y − z2 + 4x+ 4xz − 2
√

4y2 − 4x+ 1
√
z
√
−4x+ 4y + z − 1,

4x− z +
√
−4x− 4y + z

√
−4x+ 4y + z − 2,

√
4y2 + z2 − 4x− 4xz + 2z + 1,

2
√
−zy +

√
4y2 − 4x+ 1

√
4x− 4y − z −

√
−z
}
, (2.91)

where
x = m2

1 +m2
2

2s , y = m2
1 −m2

2
2s , z = t

s
, (2.92)

where s, t and u are the usual Mandelstam variables.
Clearly, the structure of the letters is very complicated and it was crucial to

simplify them as much as possible before trying to match the symbol. We will do this
along the lines as discussed above. First, we identify the rational part of the alphabet
and note that there are four roots, which are given by

r1 =
√

1− 4x+ 4y2, r2 =
√
−4xz + 4yz + z2, r3 =

√
−4xz − 4yz + z2,

r4 =
√

1− 4x+ 4y2 + 2z − 4xz + z2. (2.93)

Our starting point for the construction of new and simpler letters is now to consider
the rational part of the alphabet, given by

L̃R =
{
x− y, x+ y, y, 2y − 1, 2y + 1, z + 1, 4x− 4y2 − z − 1, z, 4y2 − z − 1,

2y + z + 1, 2y − z − 1, 4y2 + 4y − z + 1, 4y2 − 4y − z + 1
}
. (2.94)

We proceed by making an ansatz to find simple algebraic letters, which factorize over
the rational alphabet, i.e. for all four roots we try to find letters of the form

l = q(x, y, z) + ri, l̄ = q(x, y, z)− ri, (2.95)

such that l̄l factorizes over the set of functions in Eq. (2.94), and where q is a poly-
nomial in x, y and z. In this way, we find the following candidates:{

r1
2 + 1

2(−1 + 2x), r1
2 + 1

2(−1 + 2y), r1
2 + 1

2(1 + 2y), r2
2 + 1

2(2x− 2y − z),

r2
2 + z

2 ,
r3
2 + 1

2(2x+ 2y − z), r3
2 + z

2 ,
1
2(−1 + 2x− z) + r4

2

}
.

However, it turns out that using only these candidates we do not find enough new
simpler letters to re-express all old letters from Eq. (2.91) in terms of the new ones.
Therefore, we need to include more terms in our search. To do this, we proceed by
making another ansatz with two roots,

l = q(x, y, z) + rirj , l̄ = q(x, y, z)− rirj , (2.96)
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such that again l̄l factorizes over the set of functions in Eq. (2.94).
In the present calculation, we discovered that some of the candidates we find with

this extended ansatz can be reduced even further. For example, we find that

l = 1
2 (−z + 2yz + r1r2) (2.97)

is a valid candidate, since

1
2 (−z + 2yz + r1r2) 1

2 (−z + 2yz − r1r2) = −(x− y)(−1 + 4x− 4y2 − z)z. (2.98)

However, it is possible to factorize that candidate further taking into account another
root, r4. In particular, we have

1
2 (−z + 2yz + r1r2) = 1

2(r1 + r2 + r4)1
2(r1 + r2 − r4), (2.99)

which gives us two simpler candidates with lower degree in x, y and z, i.e. (r1 + r2 +
r4)/2 and (r1 +r2−r4)/2. We therefore always try to simplify a given candidate with
two roots further along the same lines as above as a sum of three roots.

Using these ideas, we are able to simplify the initial alphabet drastically. Our
final alphabet is given by the rational part

LR =
{
x− y, x+ y,−1 + 4x− 4y2 − z, z

}
(2.100)

and the algebraic part

LA =
{
r1, r2, r3, r4,

1
2
(
− 1 + 2y + r1

)
,
1
2
(
1 + 2y + r1

)
,
1
2
(
r2 + z

)
,
1
2
(
r3 + z

)
,

1
2
(
− 1 + 2x− z + r4

)
,
1
2
(
r2 + r1 + r4

)
,
1
2
(
r3 + r1 + r4

)
,
1
2
(
r2 − r1 − r4

)
,

1
2
(
r3 − r1 − r4

)
,
1
2
(
r1 − r3 − r4

)
,
1
2
(
r1 − r2 − r4

)
,
1
2
(
z(−2 + 4x− z) + r2r3

)}
.

(2.101)

Note, that the new alphabet has a remarkably simple structure. Especially the struc-
ture of the letters which are sums of three roots seems much more natural compared
to the initial alphabet in Eq. (2.91). Note also, that the number of letters was reduced
from 30 in the starting alphabet to only 20 in the final one. This shows not only the
power of our method, but also how difficult it is to see if a given differential equa-
tion in d ln form with algebraic functions has a minimal number of letters. For more
details on the computation of the master integrals, we refer the reader to Ref. [87].

Finally, it should be noted that there are examples of canonical differential equa-
tions involving non-rationalizable square roots, that can not be integrated in terms
of multiple polylogarithms [110]. It would be interesting to know, under which con-
ditions it is possible to integrate a given canonical differential equation in terms of
polylogarithms and when not.
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3 Automated computation of
Feynman amplitudes

Particle physics has always been an important and active field for the development
of new computer algebra tools and programs. To name a few, Reduce, Schoonship
and also Mathematica all have their roots in the particle physics community. In this
chapter, we will give a short overview of the typical workflow of calculating Feynman
amplitudes starting with Feynman diagrams using computer algebra. Such a workflow
of a multi-loop calculation is shown in Fig. 3.1. It typically consists of the following
three steps:

• generate all diagrams contributing to an amplitude at a given loop order

• use Feynman rules to derive the amplitudes and simplify the resulting expres-
sions (Dirac algebra, IBP relations etc.)

• implement the amplitudes in a numerical routine to evaluate them

In our setup, we use for the generation of Feynman diagrams the program QGRAF
[111] written in FORTRAN. The program is quite versatile as it allows to define so-
called model files, in which all particles and interactions between them can be de-
fined. In that way, it is easy to restrict to parts of the full Standard Model, e.g. it
allows to consider QED interactions only. After setting it up, QGRAF generates all
possible Feynman graphs using the vertices and propagators from the model file at a
given loop order. These graphs are represented by field indices with propagators and
vertices connecting them. QGRAF allows defining the output format in a general way
by providing a so-called style file, making it compatible with other computer algebra
systems for further processing of the diagrams.

For the second step in the calculation, we use Form [112] for the implementation
of Feynman rules and the Dirac algebra. Form has built-in routines to take traces
of Dirac matrices in four and d dimensions. In Form we implement Feynman rules
to process the symbolic input from QGRAF. Furthermore, we implement Passarino-
Veltman reductions such that any Feynman amplitude is expressed in terms of scalar
Feynman integrals. These integrals can be reduced further using IBP relations. For
the generation of these relations we use the C++ program Reduze 2 [113], which gener-
ates replacement rules, that can be used in Form directly. In this way, the amplitude
is expressed as a sum over master integrals, with rational functions depending on the
space-time dimension d and all external kinematic invariants and masses as coeffi-
cients.

As an additional step, we need to simplify those coefficients. To cast them into a
unique form, we employ a novel multivariate partial functioning algorithm, which we
first introduced in Ref. [88] and present in the next chapter.

The last step is to implement the analytic expression in a numeric C++ code. For
the numerical evaluation of generalized polylogarithms which appear in the calcula-
tion of Feynman integrals, we use the C++ library GiNaC [114, 115].
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QGRAF

FORM

l ist of scalar integrals

REDUZE

IBP reduction to master integrals

numerical  evaluation

e .g .  Mathemat ica ,  C++

Figure 3.1: Overview of the typical workflow of a multi-loop calcu-
lation in our setup
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4 MultivariateApart:
Generalized Partial Fractions

This chapter is based on Ref. [88] in which we introduced a novel algorithm for
multivariate partial fractioning. As mentioned in the previous chapter, we use partial
fractioning to bring rational functions into a unique form when calculating Feynman
amplitudes. Our algorithm has been used in several applications, including also by
other researchers, see e.g. Refs. [27, 116–119]. It has been published in Computer
Physics Communications.

An implementation of naive partial fractioning in one variable was already avail-
able in Schoonschip [120], one of the first computer algebra systems that were de-
veloped for the calculation of Feynman amplitudes. Schoonship had the capability
to partial fraction two or three rational functions [121]. With Schoonship’s suc-
cessor Form [112, 122], partial fraction decomposition of rational functions became
widely established in the particle physics community. While the standard partial
fraction decomposition is a method for rational functions of a single variable, it is
often applied iteratively to treat multivariate functions. However, this generalization
has two drawbacks: first, this method generally introduces new denominator factors,
i.e. spurious singularities, and second, it is often slower than reduction schemes in
which spurious singularities are avoided from the beginning. A method to separate
linearly dependent denominators without introducing spurious poles was presented
in Ref. [123] for the special case of multivariate but linear denominator factors. A
representation for the general multivariate case which avoids spurious denominators
is known as Lĕınartas’ decomposition [99, 124–126]. It separates denominators that
don’t share common zeros or are algebraically dependent.

Here, we discuss a method to compute a partial fraction decomposition via poly-
nomial reductions. Our general approach coincides with that of Refs. [127, 128], but
we present new insights concerning the choice of a good monomial ordering and the
resulting output forms. In particular, we propose a new monomial ordering, which
still guarantees the separation of denominator zeros but allows for deviations from
Lĕınartas’ form to allow for lower denominator degrees. We also discuss performance
optimizations and other practical issues, such as the local elimination of specific de-
nominators, if they are known to be spurious globally. We implement our algorithms
in a Mathematica package which is publicly available. It can be used to partial
fraction rational functions directly in Mathematica but also allows to generate local
replacement rules that can be incorporated in Form.

This chapter is organized as follows. In Section 4.1, we motivate our method.
We demonstrate the problem with iterated univariate partial fractions and discuss
ambiguities when applying the “classical” Lĕınartas decomposition to individual terms
of a sum. We spell out an explicit wish-list for an ideal partial fraction algorithm and
discuss which items are addressed by available implementations and the one described
in this chapter, respectively. In Section 4.2, we introduce our algorithm in detail, give
examples and show how it can be used efficiently in complicated cases. Furthermore,
we present some considerations concerning the reconstruction of rational functions
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from finite field samples, which can be useful to speed-up tasks like linear system
solving. In Section 4.3, we conclude and provide an outlook. Appendix 4.A, gives
a brief introduction to polynomial reductions. Appendix 4.B discusses the relation
between Lĕınartas’ decomposition and our polynomial reduction method.

4.1 Motivation

4.1.1 Spurious poles in iterated partial fractions

We consider a univariate rational function r(x) = n(x)/d(x), where n and d are
polynomials in x and the coefficient field K could be e.g. the set of rational numbers.
The denominator d(x) can be factored into irreducible factors di(x) such that d(x) =∏
i d
αi
i (x), where the polynomials di can not be written as a product of two non-

constant polynomials and αi ∈ N. The univariate partial fraction decomposition of
r(x) is given by

r(x) =
∑
i

∑
j≤αi

ni(x)
dji (x)

, (4.1)

where in each term the degree of the numerator is smaller than the degree of the
denominator. As an example, consider the partial fraction decomposition

x

(x− 1)(x+ 1)2 = − 1
4(x+ 1) + 1

2(x+ 1)2 + 1
4(x− 1) . (4.2)

In the case of multivariate rational functions r(x, y, . . .) the partial fractioning can
be performed iteratively in each variable. One performs a partial fraction decompo-
sition with respect to the first variable x, treating the other variables as constants
during this step. The resulting coefficients pi are now rational functions of the remain-
ing variables, and one can perform a partial fraction decomposition of the pi(y, . . .)
with respect to the next variable y. One iterates until the coefficients are actual
numbers. As an example, consider the function r(x, y) = 1/((x− f(y))(x− g(y))),
where f(y) and g(y) are two different polynomials of y. A partial fractioning with
respect to x gives

1
(x− f(y))(x− g(y)) = 1

(f(y)− g(y))
1

(x− f(y)) −
1

(f(y)− g(y))
1

(x− g(y)) . (4.3)

The partial fractioning in x thus introduces a denominator f(y) − g(y), which may
have zeros at regular points of the original rational function r(x, y). For example,
consider the special case

1
(x+ y)(x− y) = 1

2y
1

(x− y) −
1
2y

1
(x+ y) , (4.4)

where the subsequent partial fractioning of the x-independent coefficients in y is
trivial. Although the original expression is manifestly regular at y = 0, the individual
terms of the partial fractioned form are not—they introduce spurious poles 1/y. This
obscures the interpretation of the singularity structure of the expression and can lead
to loss of precision in its numerical evaluation close to y = 0. Note, that a different
spurious pole would have appeared in this example, if we had chosen to partial fraction
in y first and then in x.

We conclude that iterated partial fractioning will in general introduce spurious
poles and is therefore not an ideal approach to the multivariate case.
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4.1.2 Features of Lĕınartas’ decomposition

Lĕınartas’ decomposition is an approach to multivariate partial fractioning, which
avoids the introduction of spurious singularities. In this section, we review this de-
composition and comment on possible ambiguities arising in practical calculations.
Polynomial reductions and the usage of Gröbner bases will play an important role
here and in the following; in case the reader is not familiar with these concepts we
recommend reading Appendix 4.A first.

Definition 1 Lĕınartas’ decomposition [124, 125] of a rational function r of the
variables x1, . . . , xn with coefficients in the field K is a decomposition of the form

r(x1, . . .) =
∑
S

nS(x1, . . .)∏
i∈S d

αi
i (x1, . . .)

, (4.5)

where, for each term of the decomposition, S is an index set, such that all denomi-
nators di with i ∈ S

(i) have common zeros in Kn, and

(ii) are algebraically independent.

Here, K denotes the algebraic closure of K, e.g. the algebraic numbers for K = Q or
C for K = R.

A set of polynomials {d1, . . . , dm} is called algebraically dependent, if there exists a
non-zero polynomial A in m variables such that A(d1, . . . , dm) = 0, see e.g. [129, 130].
A is called the annihilator of the ideal generated by the polynomials {d1, . . . , dm}.
The annihilator can be obtained by calculating the Gröbner basis of the ideal {y1 −
d1(x1, . . . , xn), . . . , ym−dm(x1, . . . , xn)}, if one chooses a monomial ordering in which
yi ≺ xj ∀i, j. A set of polynomials is called algebraically independent, if it is not
algebraically dependent. Since for n variables at most n polynomials are algebraically
independent, there can be at most n different denominator factors for each term in
(4.5).

Algorithm 1 Lĕınartas’ decomposition of a rational function can be reached in two
reduction steps [125]:

1. Use Hilbert’s Nullstellensatz to decompose the denominator of r into several
terms such that each term fulfills (i).

2. Calculate the annihilator for each term and use it to decompose each denomi-
nator to reach (ii).

In contrast to iterated partial fractioning, these decomposition steps do not in-
troduce new singularities. Appendix 4.B gives more details for this algorithm. A
decomposition that fulfills requirements (i) and (ii) is not unique. In order to re-
solve this ambiguity, Refs. [99, 131] require additionally for each term (4.5), that the
numerator pS is reduced with respect to the ideal generated by the denominators
{di|i ∈ S}. We note that the algorithm of [131] assumes the input expression to
be a single rational function r = n/d with polynomials n and d and starts with a
factorization of d.

Further ambiguities can arise due to spurious denominators which are not auto-
matically removed. The algorithm in [131] for example does not guarantee a unique
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result, if n and d are not coprime. However, common factors between numerator and
denominator can always be eliminated by first performing a greatest-common-divisor
computation.

In practical applications, one also encounters sums of rational functions, and
it can be useful to decompose individual terms of the sum separately instead of
combining them over a common denominator first. With the methods spelled out so
far, uniqueness is not guaranteed in this approach, even in absence of any spurious
denominator. Let us illustrate this phenomenon by considering an example where

r(x, y) = 2x− y
x(x+ y)(x− y) . (4.6)

Then a Lĕınartas decomposition of r is given by

r(x, y) = 1
x(x+ y) + 1

(x− y)(x+ y) . (4.7)

Another Lĕınartas decomposition is given by

r(x, y) = 3
2x(x+ y) + 1

2x(x− y) . (4.8)

If we consider the terms in Eqs. (4.7) and (4.8) separately, each of them is in Lĕınartas’
decomposed form and the numerator is reduced with respect to the denominator, but
the resulting representation is different for the respective sums. In order to resolve
this ambiguity, some kind of “global” information needs to be incorporated into the
decomposition of “local” terms. We will discuss a solution to this problem below,
which does not necessarily require bringing the rational function into a common-
denominator form first.

4.1.3 A wish-list for a “good” partial fractioning algorithm

Let us assume someone gives us a rational expression in any form, expanded, over a
common denominator, or partially mixed. Then an “ideal” partial fraction decompo-
sition would have the following properties:

(i) it should give a unique answer,

(ii) it should not introduce spurious denominator factors,

(iii) it should commute with summation,

(iv) it should eliminate spurious denominators if they are present in the input.

Note that requirement (iii) can be crucial if one aims at employing such a partial
fraction algorithm in a system like Form. In such a case, one usually starts with
fully expanded expressions, uses local replacement rules, and then wants to obtain a
unique answer, such that cancellations can take place.

Unfortunately, there is no know solution to fulfill all of these points simultaneously.
In the next section, we consider an algorithm that fulfills requirements (i), (ii) and
(iii), and, in cases in which one knows which denominators are spurious in the final
answer, also point (iv).
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4.2 Multivariate partial fractions with polynomial re-
duction

4.2.1 Reduction algorithm

Let {d1, ...dm} be the irreducible denominators of a rational function or a sum of
rational functions with di ∈ K[x1, . . . , xn]. Consider the ideal

I = 〈q1d1(x1, . . .)− 1, . . . , qmdm(x1, . . .)− 1〉 , (4.9)

where I ⊂ K[q1, . . . , qm, x1, . . . , xn] and qi label inverse denominators. The main idea
here is, that setting the generators of the ideal qidi(x1, . . .)−1 to zero, corresponds to
the relation qi = 1/di(x1, . . .). If we rewrite a rational function r as a polynomial in the
variables q1, . . . , x1, . . . and reduce it with respect to the ideal I, we do not introduce
new denominator factors and obtain a unique representation. Furthermore, whenever
we encounter a product qidi it will be reduced to 1. By choosing a suitable monomial
ordering, one can control further features of the reduced form as will be discussed
in more detail in Section 4.2.2 and Appendix 4.B. Here, we only note that for any
monomial ordering, which sorts first for the qi and then for the xi, denominators with
disjoint zeros will be separated and it is justified to call the reduction a partial fraction
decomposition. Using such a monomial ordering, we thus achieve a multivariate
partial fraction decomposition with the following two steps: 1. calculate the Gröbner
basis of the ideal I and 2. reduce the rational function with respect to this Gröbner
basis. This reduction yields a unique remainder, which is the partial fractioned form
of r. A complete algorithm to bring a rational function into a unique partial fractioned
form can be formulated as follows (see also [127, 128]).

Algorithm 2 Multivariate partial fraction decomposition. A rational function
r(x1, . . .) ∈ K[x1, . . .] can be decomposed into partial fractions using the following
steps.

1. Bring the rational function into the form n(x1, . . .)/d(x1, . . .) and cancel com-
mon factors in n and d such that they are coprime.

2. Factorize d over K. Let’s call the irreducible factors of the denominator di(x1, . . .)
for i = 1, . . . ,m.

3. For each denominator factor di(x1, . . .) introduce a new indeterminant qi which
represents the inverse of di(x1, . . .), i.e. qi = 1/di(x1, . . .). Express all denomi-
nators in the problem in terms of the qi such that the rational function becomes
a polynomial p ∈ K[q1, . . . , x1, . . .].

4. Calculate the Gröbner basis of the ideal I generated by {q1d1(xi) − 1, . . . ,
qmdm(xi)− 1} using a monomial ordering which sorts first for the qi and then
for the xi.

5. Find the fully reduced form of the polynomial p with respect to the Gröbner
basis.

6. Replace back qi → 1/di.

Step 1 eliminates spurious poles and ensures a unique final form. When operating
on large sums, it may be useful to skip this step and operate on the individual terms
of the sum separately. In this situation, one can still arrive at a unique output for
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the sum when considering the decomposition of each term separately, but using the
global set of denominators in the sum. For instance, for the example of Section 4.1.2,
Algorithm 2 finds a unique form independent of the specific initial form of r (Eqs.
(4.7) and (4.8)) once all possible denominators in the problem are specified. The
difference to the standard Lĕınartas decomposition lies in the fact, that we specify
by the monomial ordering which denominators are preferred in the partial fractioned
result. The elimination of denominators that are known to be spurious, can then be
achieved by a suitable choice of the monomial ordering; this will be discussed in the
next section.

Step 6 is optional, of course. Leaving the denominators in abbreviated form can
allow for more compact representations and as a preparation for an efficient numerical
implementation.

4.2.2 Monomial ordering

The choice of monomial ordering has a crucial impact on the properties of the output
of Algorithm 2 and the performance of its computation. We show in Appendix 4.B
that the output form will satisfy Lĕınartas’ requirement (i) and thus separate de-
nominators with disjoint zeros as long as the monomial ordering orders all qi before
the xi, while Lĕınartas’ requirement (ii) may or may not be satisfied depending on
further details.

The calculation of the Gröbner basis can be very challenging for practical applica-
tions of Algorithm 2, depending heavily on the choice of monomial ordering. Here we
propose a specific monomial ordering which aims to provide good computational per-
formance. We tested this ordering in various calculations of scattering amplitudes,
and we were able to compute the Gröbner basis and partial fraction the required
rational functions in all cases that we considered so far.

To motivate our choice of monomial ordering, let us go back to Eq. (4.3). Note
that the prefactors in front of the denominators x− f(y) and x− g(y) do not depend
on x. In the case where now f(y) − g(y) is itself a valid denominator, this identity
would therefore actually be a valid replacement rule and corresponds to a polynomial
in the ideal I in Eq. (4.9). To ensure that this polynomial leads to the reduction (4.3),
one can choose a monomial ordering, in which the inverse denominator variables q1
and q2 corresponding to d1 = x− f(y) and d2 = x− g(y), respectively, are “greater”
than the inverse denominator variable q3 corresponding to d3 = f(y) − g(y). This
motivates the use of a block ordering, in which we group all denominators depending
on x and y and all denominators depending on only x or only y.

Algorithm 3 Monomial block ordering. A suitable monomial ordering for the ring
K[q1, . . . , qm, x1, . . . , xn] in Algorithm 2 can be constructed as follows.

1. Group the denominators d1, . . . , dm by their dependence on all variables x1, . . . , xn,
such that denominators which depend on the same set of variables form a group;
each group will correspond to a block in the monomial ordering.

2. Sort the groups according to the number of variables they depend on; a group
with denominators depending on fewer variables is considered “smaller” than a
group with denominators depending on more variables.

3. In each group, sort the denominators according to their total degree.

4. Replace the denominators di by the corresponding inverse denominator variables
qi and add a last group containing the variables x1, . . . , xn.
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5. Let the sequence of groups of variables define the blocks of a monomial order-
ing. Within each block, use the “standard” degree reverse lexicographic ordering
(degrevlex).

Let us consider an example with the denominators

d1 = x2 + y, d2 = x− y, d3 = x+ 1, d4 = x2 − 3, d5 = y + 1, d6 = y . (4.10)

The ideal I is generated by the polynomials

{q1(x2 +y)−1, q2(x−y)−1, q3(x+1)−1, q4(x2−3)−1, q5(y+1)−1, q6y−1}. (4.11)

In steps 1-3, we identify the three groups of denominators

{{d1 = x2 + y, d2 = x− y}, {d4 = x2− 3, d3 = x+ 1}, {d5 = y+ 1, d6 = y}}, (4.12)

which gives in step 4

{{q1, q2}, {q4, q3}, {q5, q6}, {x, y}}. (4.13)

This defines a monomial ordering with four blocks, see step 5, which would be used
to calculate the Gröbner basis and the subsequent polynomial reductions.

Our proposal for the monomial ordering aims to reduce the computational effort
of the decomposition and to prefer low degrees of the denominator and numerator
polynomials. In our experiments, it allowed for a significantly faster calculation of the
Gröbner basis than a global degree or a lexicographical ordering. We would like to
point out that our choice of monomial order will in general only guarantee Lĕınartas’
requirement (i) but not (ii). A lexicographical ordering could achieve a Lĕınartas
decomposition fulfilling both requirements, but potentially at the price of significantly
increased polynomial degrees. We give details and an example in Appendix 4.B.

4.2.3 Example for the algorithm

We consider again the rational expression in Eq. (4.6),

r = 2x− y
(x− y)y(x+ y) , (4.14)

and apply our partial fraction algorithm to it. We identify three irreducible denomi-
nators and label their inverses according to

q1 = 1
x− y

, q2 = 1
y
, q3 = 1

x+ y
, (4.15)

such that we can write r as a polynomial,

r = (2x− y)q1q2q3 . (4.16)

Corresponding to the identification in Eq. (4.15), we consider the ideal

I = 〈q1(x− y)− 1, q2y − 1, q3(x+ y)− 1〉 . (4.17)

With the monomial ordering defined by

{{q3, q1}, {q2}, {x, y}}, (4.18)
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we obtain a Gröbner basis of I as

G = {−1 + q2y,−1 + q1x− q1y,−1 + q3x+ q3y,−q1q2 + 2q1q3 + q2q3}. (4.19)

Reducing the polynomial representation of r in Eq. (4.16) with respect to G yields
the reduced form

r = 1
2q1q2 + 3

2q2q3 (4.20)

= 1
2(x− y)y + 3

2y(x+ y) , (4.21)

which is our partial fractioned result. Let us now assume we start with the equivalent
expression from Eq. (4.7), i.e.

r = 2
y(x+ y) + 1

(x− y)(x+ y) = 2q2q3 + q1q2. (4.22)

Reducing this expression with respect to G indeed yields exactly the same result as
before, given by Eq. (4.20). Therefore, in this example, our algorithm recognizes that
both input forms of r are equivalent, and gives a unique result. If we however start
in another form, in which spurious denominators occur, one has to be careful.

Let us consider a different representation of the same rational expression r in
(4.14), this time containing the additional spurious denominator x:

r = 2
y(x+ y) + 1

2x(x− y) + 1
2x(x+ y) . (4.23)

In this case we would identify four denominators and consider the ideal

I = 〈q1(x− y)− 1, q2y − 1, q3(x+ y)− 1, q4x− 1〉 . (4.24)

Our method produces in this case the block ordering

{{q3, q1}, {q2}, {q4}, {x, y}}. (4.25)

Calculating the corresponding Gröbner basis and reducing with respect to that basis
yields

r = 1
2q1q4 + 2q2q4 −

3
2q3q4 . (4.26)

We see that the spurious inverse denominator q4 does not drop out, since we use
a monomial ordering in which q4 ≺ q1, q2, q3. However, if we would have chosen a
different monomial ordering, in which q4 is greater than all other qi, the spurious
denominator would drop out after reduction. In this way, one can locally eliminate
denominators that are known to be spurious or add additional denominators to the
problem without altering previous reductions.

4.2.4 Efficient reduction of factorized inputs

If the input expression is in a form with a single common denominator, i.e.

r = qα1
1 ...qαmm ×N , (4.27)

where N is a possibly lengthy numerator, it may be optimal from a performance
perspective to just fully expand the polynomial prior to reduction. In this case, we
propose the following guided scheme.
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Algorithm 4 Iterated reductions. The polynomial reduction of r in Eq. (4.27) with
respect to I can be performed as follows.

1. Set p = N and Q = {qα1
1 , . . . , qαmm }.

2. Identify the “smallest” inverse denominator factor qi in Q according to the
monomial ordering defined in Section 4.2.2. Set p ← p × qαii and remove qαii
from Q.

3. Replace p by its reduced form w.r.t. the Gröbner basis of the ideal I.

4. If Q is non-empty, goto step 2. Otherwise, stop and return p.

The reason why this reduction scheme can be much faster than a “naive” direct
reduction is, that the decomposed form of the common denominator qα1

1 , . . . , qαmm
alone can result in huge expression, which only shortens once the numerator is taken
into account. The iterative reduction of one denominator at a time avoids this in-
termediate expression swell because it avoids the clustering of many denominators at
one reduction step.

In the Mathematica functions of our package, the iterated scheme above can be
selected as an option. Our Form implementation of the polynomial reductions uses
this scheme by default. We observed an additional speed-up in our implementation in
Mathematica by partitioning the whole expression into smaller pieces and reducing
these individually in step 2. An example with a comparison of timings for different
sizes of these partitions can be found in our publication [88].

4.2.5 A comment on rational reconstructions

Symbolic manipulations of large rational expressions can be computationally expen-
sive. Finite field sampling and rational reconstruction techniques allow to prevent
intermediate expression swell and have become quite standard in high energy physics
calculations today [94, 132–136]. The basic idea is to set the indeterminates to numer-
ical values in prime fields, perform all complicated manipulations with machine-sized
integers instead of rational functions, and reconstruct the final rational function of
interest from many such samples. In this section, we would like to discuss the us-
age of information about the denominator structure for an improved reconstruction
of rational functions. A major goal is to reduce the number of samples needed to
reconstruct the rational functions, thus speeding up the computation. Furthermore,
in applications involving linear relations between Feynman integrals, the partial frac-
tioned forms are often particularly simple and it would be a significant advantage to
directly reconstruct the partial fractioned form.

We first start with the following observation concerning the prediction of denom-
inator factors in rational functions, which are to be reconstructed from numerical
samples. Linear relations (integration-by-parts identities) between Feynman inte-
grals typically involve only a small set of denominator factors. Moreover, choosing
appropriate basis or master integrals can help to avoid spurious denominators in the
calculation. In practice, the analysis of the denominator factors may be performed
by considering only a small set of linear relations for a specific sector (set of distinct
propagators) and setting subsector integrals (with fewer distinct propagators) to zero
[137, 138]. This results in a list of possible denominator factors to be expected for a
specific rational function. This knowledge helps to predict the denominator structure
of the multivariate rational function e.g. by univariate reconstructions, see also [139].
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Here, we propose a new method, which allows us to straight-forwardly guess
denominator factors and their powers for a rational function, based on a list of can-
didate denominator factors and a small number of numerical probes (samples) of the
rational function to reconstruct. Once the denominator is known or at least partial
information about it, the full rational function can be reconstructed from (substan-
tially) fewer samples. Let us assume we analyzed our rational functions and expect a
list of irreducible denominator factors d1, . . . , dm in the result. We assume that the
coefficient to be reconstructed is of the form

r = N
dα1

1 · · · d
αm
m
, (4.28)

where N , d1, . . . , dm are polynomials in Q[x1, . . . , xn], and α1, . . . ∈ N0.

Recipe 1 Denominator guess. For a rational function, which is expected to be of the
form (4.28) with known denominator factors d1(x1, . . .), . . ., the following construction
provides a guess for the full denominator.

1. Find integer samples for all x1, . . . , xn such that all d1, . . . , dm have a distinct,
largest prime factor, which we denote by pi, and each of these largest prime
factors has multiplicity one. This requirement can be weakened but the stated
form simplifies the following analysis.

2. Evaluate the rational function for the numerical values of the x1, . . . , xn. In
practice, this may mean e.g. linear system solving for several prime fields, Chi-
nese remaindering and rational reconstruction. The result of this step is a
number rnum ∈ Q, which can be written in the form rnum = nnum/dnum with
nnum, dnum ∈ Z.

3. Perform a prime factor decomposition of the integer number dnum. Due to Eq.
(4.28), each factor dαii must contribute pαii to the prime factors in dnum. On the
other hand, if we find a factor pαii , we can take it as an indication that it was
generated by dαii in the denominator. In this way, we can make a guess for the
denominator just by counting the multiplicities of the pi in the factorization of
dnum.

In step 3 our guess may be off due to the presence of a new denominator factor
that was not in the candidate list or a factor pi appearing in the coefficients of the
numerator polynomial N . One could imagine repeating the above construction for
several samples of the indeterminates and combining this information to validate or
correct the guess. In our experiments, we have just picked somewhat larger integers
and were in fact not even faced with these problems for the cases that we checked.

The above method lets us therefore identify (parts of) the denominator of the
expression we want to reconstruct. A robust way to use this guess for the full re-
construction of a rational function is to multiply all samples with this denominator
and reconstruct the resulting expression as if it was a rational function. If the guess
was accurate, only the numerator needs to be reconstructed, thereby reducing the
number of required samples. We emphasize that this method will allow for a success-
ful reconstruction of the result even if the guess was incomplete or inaccurate. After
reconstruction, one can perform the partial fractioning as discussed in Section 4.2.

We successfully applied this method to integration-by-parts reductions of Feyn-
man integrals for problems with up to three loops. Considering the reconstruction
of just a single variable, we typically observe a reduction of the number of samples
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by a factor of about two due to the guessed denominators. For a reduction problem
with five variables, the iterated reconstruction of all variables resulted in an overall
reduction of the number of samples by about a factor of 10.

As a next step, one can ask if it is possible to directly reconstruct the result
in partial fractioned form. Indeed, assuming one knows all irreducible denominator
factors of an expression beforehand, our method in Section 4.2 actually allows to
systematically construct a basis of all monomials that can be expected in the final
partial fractioned result, using a bound on the monomial degree in the construction.
This, in principle, allows to match against an ansatz and reconstruct the partial
fractioned form directly. We observed in our experiments that depending on the exact
strategy the ansatz in partial fractioned form may require more samples to fix the free
coefficients than the reconstruction in the common denominator representation along
the lines described above. Furthermore, an incomplete list of denominator factors
would prevent a successful fit of a partial fractioned ansatz as well as an insufficient
degree of the ansatz. In contrast, the method for the reconstruction in the common-
denominator form presented above is robust to incomplete denominator information.

4.2.6 Implementation in Mathematica

We implement the described algorithm in a Mathematica package, that can be down-
loaded using git:

git clone https://gitlab.msu.edu/vmante/multivariateapart.git

More information on the usage can be found in our original publication [88] in which
we provide examples of the functionality of our package.

4.3 Conclusion and outlook

In this chapter, we discussed a method for the partial fraction decomposition of mul-
tivariate rational functions through polynomial reductions which has been published
in Ref. [88]. The method does not introduce spurious singularities and allows for
a straightforward implementation in Form using local replacement rules. We imple-
mented our algorithms in a Mathematica package that is publicly available.

Our approach involves the construction of a special monomial ordering, which
is optimized for computational performance and leads to results with comparably
low degrees. We used this algorithm in several “real-life” applications, in which it
helped to calculate Feynman amplitudes, in the presence of many kinematic variables,
many denominators, or high polynomial degrees of the denominators. In several of
our examples, the calculation of the Gröbner basis is highly non-trivial and became
possible through our method to define the monomial ordering. The partial fractioned
sum of terms lends itself to a straightforward and compiler-friendly implementation
in numerical codes.

We discussed options for the reconstruction of rational functions from prime field
samples. Here, we proposed a new idea to reconstruct the denominator of a rational
function based on knowledge about possible denominator factors and a small number
of numerical samples. This method has been successfully tested in the context of linear
relations between Feynman integrals and reduced the number of samples required for
the reconstruction of the full rational functions significantly. Our partial fraction
decomposition provides a systematic approach to the direct reconstruction rational
function in this representation. Future research might provide an optimized strategy
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to further reduce the number of samples required to reconstruct complicated rational
functions in this approach.

A possible future application of our methods to particle physics is the direct para-
metric integration of Feynman integrals [140, 141]. In this context, it is important
to recognize potential cancellations between different terms and to avoid the intro-
duction of spurious (non-linear) denominators, since they can prevent a successful
integration. The algorithms discussed here provide a systematic approach to this
problem. Further, particle physics calculations based on loop-tree duality [142, 143]
or intersection theory [144] can benefit from our algorithms. Since our methods ap-
ply to general rational functions, they may be useful also for other areas of research
unrelated to particle physics.
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Appendix

4.A Polynomial reductions

In this appendix, we review some basic notions that can be found in any introductory
textbook on the topic, see e.g. [129, 130].

Let us consider polynomials in the variables x1, . . . , xn with coefficients in the
field K (e.g. the rational numbers). These polynomials form a polynomial ring R =
K[x1, . . . , xn].

A monomial ordering is a total order ≺ on the set of monomials

M ≡ {xα ≡ xα1
1 · · ·x

αn
n |αi ∈ Z≥0} (4.29)

such that

(i) for all monomials xα, xβ and xγ : xα ≤ xβ ⇒ xα+γ ≤ xβ+γ ,

(ii) 1 ≤ xα ∀α.

In many applications, in which the specific monomial ordering does not matter,
one chooses the so-called degree reverse lexicographic order (degrevlex), which first
compares the total degree of two monomials, and then, if the degrees are the same,
uses a lexicographic comparison and reverses the outcome of the latter.

There is a more general way of defining a monomial ordering, which will be relevant
to us. A monomial ordering is called a block ordering, if one can group the variables
into two sets {x1, . . . , xm} and {y1, . . . , yn}, such that

xα ≺ yβ ∀α, β with yβ 6= 1 (4.30)

i.e. all monomials formed from variables from the first block are “smaller” than mono-
mials formed from variables from the second block.

We call the “greatest” monomial of a polynomial p with respect to a monomial
order the leading monomial of p. A term is a monomial multiplied by a coefficient,
which is a non-zero rational number for our purposes. The leading term LT(p) of
polynomial p is the term corresponding to the leading monomial.

Having defined a monomial ordering puts us in a position to discuss polynomial
reductions. Given two polynomials p1 and p2 together with a monomial ordering ≺,
we call p1 reducible modulo p2 if for some term t of p1 there is a term u such that
t = u · LT(p2). Then we say p1 reduces to p′1 modulo p2, where

p′1 = p1 − u · p2 (4.31)

The effect of the polynomial reduction is that a term in p1 is replaced by a linear
combination of “smaller” terms.

It is useful to introduce another concept. A set of polynomials g1, . . . , gm ∈ R,
the generators, define an ideal I ⊂ R as the set of all their linear combinations,
where the coefficients are polynomials themselves, I = {∑i figi with fi ∈ R}. We
also use the notation I = 〈g1, . . . , gm〉. The choice of generators is not unique, and
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it is a non-trivial task to decide whether a polynomial is a member of a given ideal.
It is clear that, if a polynomial reduces to zero modulo the generators of an ideal,
this polynomial is a member of the ideal. The inverse, however, is not true and
the remainder of a polynomial reduction will in general depend on the individual
reduction steps.

It is possible to find a set of generators for an ideal, called a Gröbner basis, which
allows one to find a unique remainder for the reduction of any polynomial modulo the
generators. In this case, a reduction to zero occurs if and only if the polynomial is
in the ideal. A Gröbner basis can be calculated algorithmically by adjoining specific
differences of generators. The Gröbner basis depends on the choice of the monomial
ordering and is unique if reduced with respect to itself.

4.B Lĕınartas’ requirements and polynomial reductions

In this appendix, we revisit the two central decomposition steps in Algorithm 1 leading
to Lĕınartas’ decomposition, see Section 4.1.2 and consider under which circumstances
they are reproduced by the polynomial reductions in Algorithm 2, see Section 4.2.
As we will show, Algorithm 2 may or may not produce a Lĕınartas’ decomposition,
depending on the monomial ordering. If the monomial ordering sorts first for the qi
and then for the xi, requirement (i) will be fulfilled, that is, the denominator zeros
will be separated. If the qi are sorted lexicographically, also requirement (ii), the
algebraic independence of different denominator factors, will be guaranteed [128].
For degree-based orderings of the qi, requirement (ii) is violated in general. This
means in particular, that our monomial block ordering proposed in Section 4.2.2
guarantees only requirement (i) and not (ii), and will therefore not lead to a Lĕınartas
decomposition. We emphasize, that an even more general choice of monomial ordering
will ensure neither of the two requirements, but still allows for a unique output form.

First, we consider the requirement (i), i.e. that the denominators of each term shall
have common zeros in K

n. Let us assume we encounter a term which is not fully
decomposed yet and has denominators {d1(x1, . . .), . . . , dm(x1, . . .)}. By Hilbert’s
Nullstellensatz, a finite set of polynomials {dα1

1 , . . . , dαmm } has no common zeros in
K
n if and only if there exist polynomials h1, . . . , hm, such that

1 =
∑
i

hi(x1, . . .) dαii (x1, . . .). (4.32)

Dividing this equation by dα1
1 · · · dαmm gives the decomposition [125]

1
dα1

1 · · · d
αm
m

=
∑
i

hi(x1, . . .)
dα1

1 · · · d̂iαi · · · d
αm
m

. (4.33)

where d̂iαi means leaving dαii out in the product.
This decomposition step in Algorithm 1 has a direct analog in terms of a polyno-

mial reduction in step 5 of Algorithm 2 for a suitable monomial ordering. Multiplying
Eq. (4.32) by qα1

1 · · · qα1
m and replacing qidi(x1, . . .) = 1 gives

qα1
1 · · · q

αm
m −

∑
i

hi(x1, . . .) qα1
1 · · · q̂i

αi · · · qαmm = 0, (4.34)

where q̂iαi means leaving qαii out in the product. It is clear, that the polynomial on
the lhs of Eq. (4.34) is a member of the ideal I = 〈1− q1d1(x1, . . .), . . .〉. Furthermore,
qα1

1 · · · qαmm is the leading monomial for any monomial ordering which sorts first for all
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of the q1, . . . , qm and then for the x1, . . . , xn. In Algorithm 2, that leading monomial
will be thus be replaced by the subleading terms on the lhs of Eq. (4.34), resulting
in terms with fewer factors of qi, that is, simpler denominators. A fully reduced
term will therefore not have all factors q1 · · · qn. This proves the above statements.
We conclude that, for our choice of monomial ordering, the polynomial reduction
in Algorithm 2 guarantees requirement (i) of Lĕınartas’ decomposition, that is, the
separation of independent denominator zeros.

Second, we consider requirement (ii), that is, the algebraic independence of the
denominator factors. Let us assume that our decomposition contains a term with
denominator dα1

1 · · · dαmm , where the factors {d1, . . . , dm} are algebraically dependent.
One can show that then also the polynomials {dα1

1 , . . . , dαmm } are algebraically depen-
dent and there exists a non-zero annihilating polynomial p(y1, . . . , ym) with

p(dα1
1 , . . . , dαmm ) = 0 (4.35)

after inserting the explicit expressions the di(x1, . . .). In Algorithm 1, one can for
example choose one of the monomials of p with smallest degree and substitute the
remainder, i.e. one has

cβ(dα)β = −
∑
γ∈S

cγ(dα)γ , (4.36)

where d = (d1, . . . , dm), α, β and γ are multi-indices in Nm, with ∑i βi ≤
∑
i γi

for all β in the set of multi-indices S. Dividing by cβdβ+1 gives the decomposition
step [125]

1
dα1

1 · · · d
αm
m

= −
∑
γ∈S

cγ
cβ

m∏
i=1

dαiγii

d
αi(βi+1)
i

. (4.37)

Since ∑i βi ≤
∑
i γi and β 6= γ, for each γ there exists an i such that βi + 1 ≤ γi and

the factor dβi+1
i is removed from the denominator. Therefore, each term on the rhs

of (4.37) depends on at least one denominator factor di less than the lhs.
The described decomposition step in Algorithm 1 may or may not have an ana-

log in terms of a polynomial reduction in step 5 of Algorithm 2, depending on the
monomial ordering. In general, for a degree based ordering of the qi variables, either
globally or in blocks like proposed here, a similar decomposition will not occur. In
(4.37), the denominator degree may actually be higher on the rhs than on the lhs,
and it may therefore not correspond to a polynomial reduction for such an ordering.
A lexicographic ordering, on the other hand, will separate algebraically dependent
denominators. To show this, we pick in Eq. (4.35) the unique exponent β′ of p such
that (qα)β′ is minimal with respect to our monomial ordering. Multiplication with
(qα)β′+1/(cβ′) gives

qα1
1 · · · q

αm
m +

∑
γ∈S

cγ
cβ′

m∏
i=1

dαiγii q
αi(β′i+1)
i = 0. (4.38)

Replacing all products qidi(x1, . . .) = 1 gives

qα1
1 · · · q

αm
m +

∑
γ∈S

cγ
cβ′

m∏
i=1

d
max(αi(γi−β′i−1),0)
i q

max(αi(β′i+1−γi),0)
i = 0. (4.39)

Assuming a lexicographic ordering of the qi with q1 � q2 � . . . implies that for each
term γ there exists a j = 1, . . . ,m such that β′i = γi for all i = 1, . . . , j, β′j ≺ γj , the
powers of qi coincide with that of the first term for i = 1, . . . , j−1, but qj is removed.
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This means that the first term in (4.39) is indeed the leading term. Since furthermore
the polynomial on the lhs of (4.39) is a member of the ideal I = 〈q1d1(x1, . . .)− 1, . . .〉,
the first term in (4.39) would be reduced in step 5 of Algorithm 2 for this ordering.
We conclude that, for the block monomial ordering presented in our algorithm, the
polynomial reduction in Algorithm 2 does not guarantee requirement (ii) of Lĕınartas’
decomposition, that is, algebraically independent denominators. In contrast, a lexi-
cographical ordering guarantees this requirement.

We would like to illustrate the impact of the monomial ordering on the decompo-
sition with the following example. We consider the irreducible denominator factors

d1 = x3 + y4, d2 = x+ y2, d3 = x2 + y, (4.40)

which share a common zero. We note that three denominator factors in two variables
must be algebraically dependent on general grounds. Let us consider the ideal

I = 〈q1d1(x, y)− 1, q2d2(x, y)− 1, q3d3(x, y)− 1〉 . (4.41)

The monomial block ordering proposed in our algorithm gives

{{q1, q2, q3}, {x, y}}. (4.42)

Calculating the Gröbner basis of I with respect to this ordering, we see that the
polynomial representation of 1/(d1d2d3),

q1q2q3, (4.43)

is fully reduced already, despite the denominators d1, d2 and d3 being algebraically
dependent.

Next, let us consider a lexicographic ordering of the qi according to

{{q1}, {q2}, {q3}, {x, y}}. (4.44)

In this case, the Gröbner basis computation of I reveals that q1q2q3 is reducible.
Alternatively, we can derive a reduction identity of type (4.39) as described above.
Indeed, it is not difficult to calculate the annihilator

p(y1, y2, y3) = y4
1 − 4y3

1y
2
2 − 4y3

1y3 + 3y3
1 + 6y2

1y
4
2 + 4y2

1y
2
2y3 − y2

1y
2
2 + 8y2

1y2y
2
3

− 6y2
1y2y3 − 8y2

1y2 − 2y2
1y

3
3 + 6y2

1y
2
3 − 2y2

1y3 + 3y2
1 − 4y1y

6
2 + 4y1y

4
2y3

− 7y1y
4
2 − 16y1y

3
2y

2
3 + 12y1y

3
2y3 − 8y1y

3
2 + 4y1y

2
2y

3
3 + 4y1y

2
2y

2
3 + 36y1y

2
2y3

− 16y1y2y
3
3 − 18y1y2y

2
3 + 2y1y2y3 − 5y1y2 + 4y1y

4
3 + 2y1y

3
3 − y1y

2
3 + 2y1y3

+ y8
2 − 4y6

2y3 + 5y6
2 + 8y5

2y
2
3 − 6y5

2y3 − 2y4
2y

3
3 + 6y4

2y
2
3 − 2y4

2y3 + 5y4
2

− 16y3
2y

3
3 − 14y3

2y
2
3 − 2y3

2y3 + 20y2
2y

4
3 + 6y2

2y
3
3 − 8y2y

5
3 + 5y2y

4
3 + y6

3 − 2y5
3 (4.45)

with p(d1(x, y), d2(x, y), d3(x, y)) = 0 and identify qidi = 1 modulo I to obtain

q1q2q3 − 1
2q1q2 − 1

2(d7
2 + 5d5

2 + 5d3
2)q1q

6
3 + (2d5

2 + 3d4
2 + d3

2 + d2
2)q1q

5
3

− (4d4
2 + 3d3

2 − 7d2
2)q1q

4
3 + (d3

2 + 8d2
2 − 3d2)q1q

3
3 − 1

2(20d2 + 5)q1q
2
3 + 4q1q3

− 1
2(d3

1 + 3d2
1 + 3d1)q2q

6
3 + (2d2

1 + d1 − 1)q2q
5
3 − 1

2(6d1 − 1)q2q
4
3 + (d1 − 1)q2q

3
3

− 2q2q
2
3 + 1

2(4d2
1d2 − 6d1d

3
2 + d1d2 + 8d1 + 4d5

2 + 7d3
2 + 8d2

2 + 5)q6
3

− (2d1d2 − 3d1 + 2d3
2 + 6d2

2 + 18d2 + 1)q5
3 − (4d1 − 8d2

2 + 2d2 − 9)q4
3

− (2d2 − 8)q3
3 = 0, (4.46)
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where d1, d2, d3 are meant to be replaced by their definitions (4.40). As we see, this
gives a reduction identity for (4.43) since the first term is indeed the leading term in
this ordering, such that the algebraically dependent denominators are decomposed.
However, we also see that this decomposition leads to a significant increase in the
degrees of the polynomials.
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Part II

Radiative corrections to
Compton processes
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5 Leading-order QED
corrections to the γp→ pl−l+

process

This chapter is based on three articles [27, 52, 53], which were all published in Phys-
ical Review D. In the first publication, Ref. [52], we study the one-loop soft-photon
corrections to the BH process, corresponding to the reaction γp → l+l−p. In a sub-
sequent work [53], we extend that calculation from the soft-photon approximation to
a full next-to-leading-order calculation, taking into account all one-loop QED correc-
tions including full dependence on the lepton mass. The main objective of both studies
was the calculation of radiative corrections to the ratio of cross sections for muon vs
electron pair production. As described in Section 1.2.2, a measurement of this ratio
can potentially serve as a test of lepton universality as suggested in Ref. [51]. The
authors propose to perform such measurement slightly above the di-muon production
threshold (but below the two-pion threshold) and relate it with a measurement be-
low the di-muon production threshold. They find, that the discrepancy between the
different extracted proton charge radii at that time amounts to an effect of 0.2% on
the ratio. In Refs. [52, 53] we showed that the inclusion of radiative corrections is
mandatory to be able to interpret data from such experiments. In our analysis, we
found that the effect of radiative corrections is of the order 1% on the cross section
ratio, and thus significantly larger than the 0.2% effect that amounts for the different
proton charge radii.

In Ref. [27], we extended our study to include radiative corrections in addition to
the BH process also to the TCS process. While in Refs. [52, 53] we study kinematic
regions, in which the BH process is the dominant contribution, in Ref. [27] we study
the reaction γp → e−e+p also for small values of the invariant dilepton mass, such
that the TCS amplitude becomes larger and the interference between BH and TCS is
not negligible. By measuring the forward-backward and the beam spin asymmetry,
one is able to access the real and imaginary part of the TCS amplitude and thus
test various theoretical models describing the amplitude. In Ref. [27] we study the
TCS process in two energy regimes, which we describe with two different models.
For low energies, we model the amplitude in terms of the Born contribution and the
first excitation of the proton, the ∆(1232) resonance. For high energies, when the
timelike photon has large virtuality, we express the amplitude in terms of GPDs. In
both cases, we study the impact of radiative corrections on the cross section and the
two asymmetries, which allow to access the TCS amplitude.

The outline of the chapter is as follows. In Section 5.1, we introduce the contribut-
ing BH and TCS amplitudes to the γp→ l−l+p reaction at tree level and define the
relevant kinematic variables. In Section. 5.2, we describe in detail the two different
models for the double virtual Compton amplitude. In Sections 5.3.1, 5.3.2 and 5.3.3,
we calculate the virtual one-loop QED corrections due to vacuum polarization, as well
as due to photons attached to the lepton lines of the BH and TCS amplitudes. In
both cases we calculate the corrections on the level of the amplitude, allowing for the
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Figure 5.1.1: TCS (left panel) and BH (right panel) processes. The
blob on the proton line denotes the nucleon structure, whereas the
blob on the lepton line denotes the QED amplitude, including radiative

corrections.

calculation of polarized cross sections. In Section 5.4, we calculate the soft-photon
emission. We distinguish between two different experimental setups, corresponding to
the measurement of the recoil proton or the dilepton pair. Including the soft-photon
radiation gives infrared finite results for the observables. In Section 5.5, we present
our numerical results and show the effect of the radiative corrections on the cross sec-
tions as well as on the forward-backward and photon beam helicity asymmetries. We
show results both in the ∆(1232) resonance region as well as in the kinematical regime
of the CLAS12@JLab TCS experiment [26]. For the latter, we show the sensitivity of
the cross section and asymmetries on the underlying GPD parameterization. We also
show the effect of radiative corrections on the ratio of cross sections motivated for
the test of lepton universality. We conclude in Section 5.6 and give technical details
in three appendices.

5.1 Bethe-Heitler and timelike Compton Scattering pro-
cesses at tree level

In this chapter we consider the process

γ(q) +N(p)→ l−(l−) + l+(l+) +N(p′), (5.1)

where the quantities in brackets denote the four-momenta of the particles. We distin-
guish between two different contributions to (5.1), which are called the Bethe-Heitler
(BH) process and the timelike Compton scattering process (TCS). We show the cor-
responding Feynman diagrams in Fig 5.1.1.

The process (5.1) is defined in terms of three kinematic invariants,

(p+ q)2 = W 2, (l+ + l−)2 = sll, (p′ − p)2 = t, (5.2)

and two angles θl and φl, which are defined in the rest-frame of the dilepton pair, with
the polar angle θl defined relative to the center-of-mass (c.m.) direction of q′ ≡ l++l−.

The matrix element of the BH process at leading order is given by

MBH
0 = ie3

t
ū(l−)

[
γµ

(6 l− −6 q +ml)
(l− − q)2 −m2

l

γν + γν
(6 q −6 l+ +ml)

(q − l+)2 −m2
l

γµ
]
v(l+)

× εµ(q)N̄(p′)Γν(t)N(p), (5.3)

where m denotes the mass of the lepton and where the electromagnetic vertex Γν for
the proton is expressed as:

Γν(t) = FD(t)γν + iFP (t)σνα∆α

2M , (5.4)
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with momentum transfer to the proton ∆ ≡ p′ − p, satisfying ∆2 = t, with M
the proton’s mass, and with FD (FP ) the Dirac (Pauli) proton form factors (FFs)
respectively.

The general TCS matrix element is given by

MTCS
0 = − ie

3

sll
N̄(p′)MµνN(p)εµ(q)ū(l−)γνv(l+), (5.5)

where Mµν is the Compton tensor which will be specified below, and which depends
on the model used to describe the interaction with the proton.

The unpolarized, fully differential cross section dσ0 is given by

dσ0
dt dsll dΩ∗ll

= 1
(2π)4

1
64

β

(2MEγ)2

∑
i

∑
f

|M0|2 , (5.6)

where Eγ is the lab energy of the initial photon, which is related to W as Eγ =
(W 2 −M2)/(2M), and Ω∗ll is the solid angle of the lepton pair in the l+l− center-of-
mass frame, in which the lepton velocity is denoted by

β =
√

1− 4m2
l

sll
. (5.7)

The tree-level amplitudeM0 is given by the sum of BH and TCS amplitudes,

M0 =MBH
0 +MTCS

0 . (5.8)

In Eq. (5.6), we average over all polarizations in the initial state and sum over the
polarizations in the final state.

In the following, we will consider two different experimental setups. In the case in
which one wants to measure the forward-backward asymmetry of the dilepton pair,
one needs to measure the pair. In that case the differential cross-section is given by
Eq. (5.6).

In an experimental setup when only the recoil proton is measured, one has to
integrate (5.6) over the lepton angles:

dσ0
dt dsll

= 1
(2π)4

1
64

β

(2MEγ)2 ·
∫
dΩll

∑
i

∑
f

|M0|2 . (5.9)

In that case, the kinematical invariant t is in one-to-one relation with the recoiling
proton lab momentum ~p′ (or energy E′) as follows:

|~p′| = 2M
√
τ(1 + τ), (5.10)

E′ = M(1 + 2τ), (5.11)

whereas the invariant sll is then determined from the recoiling proton lab scattering
angle as:

cos θp′ = sll + 2(W 2 +M2)τ
2(s−M2)

√
τ(1 + τ)

. (5.12)

5.2 Models for the doubly virtual Compton amplitude

The doubly virtual Compton tensor Mµν entering Eq. (5.5) is calculated from the
process

γ∗(q) +N(p)→ γ∗(q′) +N(p′). (5.13)
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q, µ q′, ν

p p′

Figure 5.2.1: Diagram representing the doubly virtual Compton pro-
cess.

We show the Feynman diagram for this process in Fig. 5.2.1. The blob in this diagram
represents the interaction of the incoming and outgoing photons with the nucleon. In
the following we use the average photon (q̄) and proton (P ) momenta,

q̄ = 1
2(q + q′), P = 1

2(p+ p′). (5.14)

Although in this chapter we study the process for a real initial photon, we will
indicate below the extension to the general case with two off-shell photons, which we
will use also in the subsequent chapter in which we study the double-virtual case.

The general doubly virtual Compton tensor Mµν can be constructed using qµ,
q′µ, pµ, gµν and γµ as building blocks. From these blocks, one finds 34 independent
tensors with two indices. Using gauge invariance it was shown that the number
of independent amplitudes can be reduced from 34 to 18 [3]. The latter number
corresponds with the minimal number of helicity amplitudes for a parity conserving
process, which can be determined by accounting for the possible helicity states of
the photons (3) and fermions (2). However, it was realized in Ref. [3], that there
is in general a problem in such representation. For specific kinematical points, the
18 tensors become linearly dependent and therefore do not form a basis at these
specific points anymore. As a result, the corresponding Compton amplitudes display
kinematic singularities at these points. To bypass this problem, Tarrach introduced
an overcomplete basis by introducing three additional tensors which do not have any
kinematical constraints and are valid in the whole phase space. It was realized in
Ref. [145] that the kinematic singularities and constraints of the Compton amplitude
in a minimal basis are due to the Born terms, in which the intermediate state in the
Compton process in Fig. 5.2.1 is a nucleon, and that for the non-Born contributions a
minimal tensor basis consisting of 18 structures free of kinematical singularities and
constraints exists.

To specify the doubly virtual Compton amplitude, we need to model the internal
structure of the nucleon. In this work, we will consider two different models, which
are tailored for applications in two different energy regimes. In a low-energy model,
which is motivated for applications to describe the hadronic structure in precision
atomic physics measurements such as the Lamb shift or hyperfine splitting in muonic
Hydrogen, we consider the photons to interact with the nucleon and its lowest ex-
citation, the ∆(1232) resonance. In a high-energy model, in which at least one of
the photons is highly virtual, we use perturbative QCD which allows factorizing the
Compton process on the nucleon in terms of a Compton amplitude on the quark
convoluted with the amplitude to find the quarks inside the nucleon. The latter is
parameterized through GPDs.
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p∆

Figure 5.2.2: Born contribution (upper panel) and s-channel ∆-
pole contribution (lower panel) to the Compton amplitude. While for
the Born contribution only the sum of s and u- channel diagrams is
gauge invariant, the s-channel ∆-pole contribution is gauge invariant

by itself.

p∆p

µ

β

q

p′p∆

ν

q

α

Figure 5.2.3: The γ∗N∆ vertex ΓβµγN∆ (left diagram) and its adjoint,
Γ̃ανγN∆ (right diagram).

5.2.1 Born term and ∆-pole model at low energies

At low photon energies, the leading Born (B) contribution to the Compton amplitude
is described by two Feynman diagrams, shown in Fig. 5.2.2 (upper panel), in which
a nucleon is propagating between both photon interactions. Its contribution to the
tensor in Eq. (5.5) can be calculated as:

Mµν
B = Γνf

6 p+ 6 q +M

(p+ q)2 −M2 Γµi + Γµi
6 p′ −6 q +M

(p′ − q)2 −M2 Γνf , (5.15)

where Γµi (Γνf ) are the initial (final) state proton vertices, given by analogous expres-
sions as Eq. (5.4) in which ∆ is replaced by q (−q′) for Γµi (Γνf ) respectively. Note that
the FFs entering Γνf correspond with a timelike virtuality. For the numerical evalu-
ation of these FFs we use the paramaterization of Ref. [146]. This parameterization
allows the analytical continuation based on dispersion relations into the unphysical
part of the timelike region, 0 < q′2 < 4M2, in which no direct experimental extraction
exists.

In addition to the Born term, we also evaluate the matrix element of the leading
contribution due to the ∆ resonance in the general case with two off-shell photons.
The corresponding s-channel diagram is shown in Fig. 5.2.2 (lower panel) and its
contribution to the tensor in Eq. (5.5) can be calculated as:

Mµν
s∆ =Γ̃ανγN∆(p′, p+ q)

(6 p+ 6 q +M∆)(−gαβ + 1
3γαγβ)

W 2 −M2
∆ + iM∆Γ∆(W 2) ΓβµγN∆(p+ q, p). (5.16)
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In Eq. (5.16), ΓβµγN∆ and Γ̃ανγN∆ refer to the γ∗N∆ vertex function and its adjoint
respectively. They are shown in Fig. 5.2.3 and can be expressed in terms of three
transition form factors as [147]:

ΓβµγN∆(p∆, p) =
√

3
2

(M∆ +M)
MQ2

+

{
gM (q2)iεβµκλ(p∆)κqλ − gE(q2)(qβpµ∆ − q · p∆g

βµ)γ5

− gC(q2) 1
M∆

[
6 p∆(qβqµ − q2gβµ)− γβ(q · p∆q

µ − q2pµ∆)
]
γ5

}
, (5.17)

and its adjoint:

Γ̃ανγN∆(p′, p∆) = −
√

3
2

(M∆ +M)
MQ′2+

{
gM (q′2)iεανκλ(p∆)κq′λ − gE(q′2)(q′αpν∆ − q′ · p∆g

αν)γ5

− gC(q′2) 1
M∆

γ5
[
6 p∆(q′αq′ν − q′2gαν)− γα(q′ · p∆q

′ν − q′2pν∆)
]}
,

(5.18)

where we defined Q± =
√

(M∆ ±M)2 − q2 and likewise Q′± =
√

(M∆ ±M)2 − q′2.
Note that the FFs gM , gE , and gC appearing in Eq. (5.17) have spacelike virtuality
(q2 < 0), whereas the corresponding ones in the adjoint vertex of Eq. (5.18) have
timelike virtuality (q′2 > 0).

The form factors gM , gE , and gC can be expressed by the more conventional
magnetic dipole (G∗M ), electric quadrupole (G∗E), and Coulomb quadrupole (G∗C)
transition FFs as:

gM = Q+
M +M∆

(G∗M −G∗E),

gE = − Q+
M +M∆

2
Q2
−
{(M2

∆ −M2 + q2)G∗E − q2G∗C},

gC = Q+
M +M∆

1
Q2
−
{4M2

∆G
∗
E − (M2

∆ −M2 + q2)G∗C}, (5.19)

with the so-called Ash FFs parameterized, for spacelike virtuality Q2 = −q2, through
the MAID2007 analysis as [148, 149]:

G∗M (Q2) = 3.00(1 + 0.01Q2)e−0.23Q2
GD(Q2),

G∗E(Q2) = 0.064(1− 0.021Q2)e−0.16Q2
GD(Q2),

G∗C(Q2) = 0.124 1 + 0.12Q2

1 + 4.9Q2/(4M2)
4M2

∆e
−0.23Q2

GD(Q2)
M2

∆ −M2 , (5.20)

with Q in GeV and the dipole FF GD(Q2) = 1/(1 + Q2/0.71)2. For small timelike
virtualities, 0 < q′2 < (M∆ −M)2, we can extrapolate the expressions for spacelike
virtualities by the substitution Q2 → −q′2.

5.2.2 High-energy timelike Compton Scattering in terms of GPDs

For deeply-virtual Compton scattering, in which at least one of the photons has large
virtuality, we can express the doubly virtual Compton tensor using perturbative QCD
in terms of GPDs. At leading order in the large virtuality, the deeply virtual Compton
tensor can be calculated through the handbag diagrams, shown in Fig. 5.2.4. These
handbag diagrams express the factorization of the process in terms of the Compton
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Figure 5.2.4: Handbag diagrams for the doubly virtual Compton
amplitude. The single (composite) lines represent quarks (nucleons)

respectively. The blobs represent the GPDs.

amplitude on the quark convoluted with the amplitude to find the quark in the
nucleon, which is parameterized through the GPDs.

To describe the deeply-virtual Compton process with two virtual photons, it is
convenient to define the Lorentz invariants ξ and ξ′ as:

ξ ≡ − ∆ · q̄
2P · q̄ = −q2 + q′2

2(W 2 −M2)− q2 − q′2 + t
, (5.21)

ξ′ ≡ − q̄2

2P · q̄ = −q2 − q′2 + t/2
2(W 2 −M2)− q2 − q′2 + t

. (5.22)

To calculate the handbag diagrams, we first express the four-momenta Pµ and q̄µ
in terms of the lightlike four-vectors p̃ and n, with p̃ · n = 1,

Pµ = p̃µ + M̄2

2 nµ, (5.23)

q̄µ = −ξ̃′p̃µ − q̄2

2ξ̃′
nµ, (5.24)

with M̄2 = M2 − t/4. The variables ξ̃ and ξ̃′ are related to the invariants ξ and ξ′
introduced in Eqs. (5.21,5.22):

ξ̃ = ξ
1 + ξ̃′2M̄2/q̄2

1− ξ̃′2M̄2/q̄2 , (5.25)

ξ̃′ = ξ′
2

1 +
√

1− 4ξ′2M̄2/q̄2
. (5.26)

We notice that the difference between the tilded quantities ξ̃, ξ̃′ of Eqs. (5.25, 5.26)
and the quantities ξ, ξ′ of Eqs. (5.21, 5.22) involve kinematical corrections due to
the target mass M and momentum tranfer t. In the following, we will consider the
Bjorken limit q̄2 � M̄2, in which

ξ̃ → ξ, ξ̃′ → ξ′. (5.27)

With these kinematic definitions, the double deeply virtual Compton scattering
(DDVCS) tensor at leading twist-2 can be expressed as [28]:

Mµν
DDVCS = 1

2(−gµν)⊥
∫ 1

−1
dx

[ 1
x− ξ′ + iε

+ 1
x+ ξ′ − iε

]
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×
{
H(x, ξ, t)6n+ E(x, ξ, t)iσαβnα

∆β

2M

}
+ i

2(ενµ)⊥
∫ 1

−1
dx

[ 1
x− ξ′ + iε

− 1
x+ ξ′ − iε

]
×
{
H̃(x, ξ, t)6nγ5 + Ẽ(x, ξ, t)γ5

∆ · n
2M

}
, (5.28)

where

(−gµν)⊥ = −gµν + p̃µnν + p̃νnµ,

(ενµ)⊥ = ενµαβn
αp̃β, (5.29)

and where the lightlike four-vectors p̃ and n are obtained from Eqs. (5.23,5.24) as:

nµ = 1
ξ̃′M̄2/2− q̄2/(2ξ̃′)

{
ξ̃′Pµ + q̄µ

}
,

p̃µ = −1
ξ̃′M̄2 − q̄2/ξ̃′

{
q̄2/ξ̃′Pµ + M̄2q̄µ

}
. (5.30)

Furthermore in Eq. (5.28), H, E, H̃, and Ẽ are the GPDs, which depend on the two
quark momentum fractions x and ξ, and on the momentum transfer t.

One can apply the above formula of Eq. (5.28) for the DDVCS tensor to two
experimentally important limits. The first is the deeply-virtual Compton scattering
(DVCS) process, in which the final photon is real (q′2 = 0), and the intial photon’s
virtuality is large, i.e. Q2 = −q2 � −t, for which one has:

DVCS : ξ = ξ′ = xB/2
1− xB/2

, (5.31)

with Bjorken variable xB ≡ Q2/(2p · q). The second limit is the timelike Comp-
ton scattering (TCS) process with initial photon real (q2 = 0), and large timelike
virtuality, i.e. q′2 � −t, for which one has:

TCS : ξ = −ξ′ = q′2

4MEγ − q′2
. (5.32)

The TCS amplitude can then be obtained by using the expression for the DDVCS
tensor of Eq. (5.28) in the TCS limit in Eq. (5.5).

In the following, we will consider the observables for the TCS process on an un-
polarized nucleon at small momentum transfer −t � q′2. For these observables, the
dominant contribution arises from the structure-function H, which is normalized to
the proton Dirac FF FD(t). When studying the influence of the radiative corrections
on the TCS observables at small values of −t, we will therefore neglect the contri-
bution of the GPDs E, H̃ and Ẽ in our study below. For the numerical evaluation
in this work, we will use the GPD parametrizations from the VGG model [150–153],
summarized in Ref. [154], in which

H(x, ξ, t) = 4
9H

u
DD(x, ξ, t) + 1

9H
d
DD(x, ξ, t) +D(x

ξ
, t). (5.33)

The parameterization is based on a double-distribution (DD) ansatz for the (x,ξ)-
dependence of the up (down) quark 1 GPDsHu

DD (Hd
DD), with parameter values bv = 1

1The small s-quark GPD contribution is neglected throughout this work.



64 Chapter 5. Leading-order QED corrections to the γp→ pl−l+ process

Figure 5.3.1: Vacuum polarization contributing to the TCS and BH
processes (left and right panels, respectively).

Figure 5.3.2: Left panel: vertex correction to the TCS process.
Right panel: box diagram contributing to the corrections on the lepton

side of the BH process.

(bs = 5) for valence (sea) quarks respectively, and on a Reggeized ansatz for the t-
distribution, which was found to give a global description of existing DVCS data [155,
156]. Furthermore, we added an isoscalar so-called D-term contribution in Eq. (5.33),
which only depends on the two variables x/ξ and t, and which is directly related to
the subtraction function in a dispersive framework for the Compton amplitude. For
its evaluation, we use the dispersive estimate of Ref. [157].

5.3 Virtual corrections to timelike Compton scattering

In this section, we calculate the one-loop QED corrections contributing to the TCS
and the BH processes. We distinguish between three types of contributions: the
vacuum polarization diagrams, shown in Fig. 5.3.1, the vertex correction contributing
to the TCS process, shown in the left panel of Fig. 5.3.2, and the set of one-loop
corrections on the lepton side contributing to the BH process. For the latter we show
one sample diagram in the right panel of Fig. 5.3.2.

In the following, we will discuss the calculation of all three types of contributions
separately.

5.3.1 Vacuum polarization at first order

We start our discussion of the first-order radiative corrections with the vacuum po-
larization process, which is shown to first order in Fig. 5.3.3. The photon propagator
can be written as:

Dµν(q) = Dµν
0 (q) +Dµα

0 (q)Παβ(q)Dβν
0 (q), (5.34)
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qq

l

l − q

Figure 5.3.3: Vacuum polarization diagram. The fermion loop can
be either electrons or muons.

where Dµν
0 is the leading order photon propagator

Dµν
0 = −g

µν

q2 , (5.35)

and Παβ is the vacuum polarization, which is given at first order in αem ≡ e2/(4π)
by

Πµν(q) = −ie2
∫

d4l

(2π)4
Tr [γµ(6 l −6 k +ml)γν(6 l +ml)]

[(l − k)2 −m2
l ][l2 −m2

l ]
, (5.36)

where ml is the mass of the lepton in the loop. Due to gauge-invariance, qµΠµν =
qνΠµν = 0, and the vacuum polarization can be decomposed as

Πµν(q) = (−gµνq2 + qµqν)Π(q2). (5.37)

The scalar function Π(q2) has an UV divergence. In dimensional regularisation, it is
given by [158]

Π(q2) =− αem
3π

[ 1
εUV
− γE + ln

(
4πµ2

m2
l

)
−
(
v2 − 8

3

)
+ v

2(v2 − 3) ln
(
v + 1
v − 1

)]
,

(5.38)

where we defined v2 ≡ 1− 4m2
l /q

2. In the following we consider muons and electrons
in the fermion loop.

The UV-divergence (in limit εUV → 0+) in Eq. (5.38) is removed by the renor-
malization constant Z3 as follows:

Π̃(q2) = Π(q2)− (Z3 − 1). (5.39)

In the on-shell scheme this constant is fixed by requiring that the renormalized vacuum
polarization Π̃(q2) has a pole with residue 1 at q2 = 0,

Z3 = 1 + Π(q2 = 0). (5.40)

The renormalized vacuum polarization is then given by

Π̃(q2) = αem
3π

[(
v2 − 8

3

)
+ v

2(3− v2) ln
(
v + 1
v − 1

)]
, (5.41)

and the renormalized photon propagator by

D̃µν(q) = −g
µν

q2

[
1 + Π̃(q2)

]
+ qµqνΠ̃(q2)

q4 . (5.42)
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q = p′ − p

p′

p

Figure 5.3.4: One-loop QED correction to the vertex (left panel)
and the counterterm to remove its UV divergence (right panel).

Note that, due to gauge invariance, only the term proportional to gµν contribute to
the BH and TCS amplitudes, such that the corrections factorize:

MTCS
vac pol = Π̃(sll)MTCS, MBH

vac pol = Π̃(t)MBH. (5.43)

For the evaluation of Π̃(sll), we need to perform an analytic continuation of Eq. (5.41),

Π̃(sll) = αem
3π

(
v2 − 8

3

)
+ αem

3π


ṽ
2 (v2 − 3) [2 arctan ṽ − π] 0 < sll < 4ml

v
2 (3− v2)

[
ln
(

1+v
1−v

)
− iπ

]
sll ≥ 4m2

l ,
(5.44)

where ṽ ≡ iv =
√

4m2
l /sll − 1.

5.3.2 Vertex correction to the TCS amplitude

Next, we consider the one-loop QED corrections to the process

γ∗(q)→ l+(p) + l−(p′), (5.45)

shown in Fig. 5.3.4.
The corresponding matrix element can be expressed in terms of two form factors,

F eD and F eP , called Dirac and Pauli electron form factors respectively,

Γµ(q2) = F eD(q2)γµ + iF eP (q2)σµν qν
2ml

. (5.46)

To first order in αem, the Dirac form factor F eD is divergent. In dimensional regulari-
sation it can be expressed as [158]

F eD(q2) =
(
αem
4π

){[ 1
εIR
− γE + ln

(
4πµ2

m2
l

)]
1 + v2

v
ln
(
v + 1
v − 1

)

+
[

1
εUV
− γE + ln

(
4πµ2

m2
l

)]
+ v2 + 1

2v ln
(
v + 1
v − 1

)
ln
(
v2 − 1

4v2

)

+2v2 + 1
v

ln
(
v + 1
v − 1

)
+ 1 + v2

v

[
Li2

(
v + 1

2v

)
− Li2

(
v − 1

2v

)]}
. (5.47)

The Pauli form factor F eP is finite and is given by

F eP (q2) = −αem4π
v2 − 1
v

ln
(
v − 1
v + 1

)
, (5.48)

where v is defined in the same way as below Eq. (5.38).
As can be seen from Eq. (5.47), F eD has an UV divergence, as well as an IR

divergence (in limit εIR → 0−). The UV divergence gets removed by the on-shell
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p1, µ

p2, ν

p3

p4

Figure 5.3.5: Diagrams contributing to the one loop corrections for
the process γ∗(p1) + γ∗(p2) → l−(p3) + l+(p4). We don’t show the
crossed diagrams, which can be obtained by replacing p3 and p4.

subtraction scheme, in which the vertex counterterm is defined to fix the electron
charge e at q2 = 0. One finds at q2 = 0 the renormalization constant

Z1 = 1− F eD(0)

= 1− αem
4π

{[ 1
εUV
− γE + ln

(
4πµ2

m2
l

)]
+ 2

[
1
εIR
− γE + ln

(
4πµ2

m2
l

)]
+ 4

}
.

(5.49)

This leads to the renormalized (on-shell) form factor

F̃ eD(q2) = F eD(q2)− F eD(0). (5.50)

For the case when the momentum transfer q2 becomes timelike, i.e. q2 > 0, one has
to perform an analytic continuation of both form factors.

To calculate the corrections to the dVCS matrix element, we just have to contract
Γµ with the dVCS tensor. Adding the vacuum polarization correction of Eq. (5.43),
this yields the one-loop radiative correction to the TCS amplitude:

MTCS
1-loop = − ie

3

sll
N̄(p′)MµνN(p)εµ(q)ū(l−)Γ̃ν(sll)v(l+) +MTCS

vac pol, (5.51)

where Γ̃ν denotes the renormalized vertex, and where we indicated that the momen-
tum transfer which appears in the Compton tensor is given by t. The remaining IR
divergence in Eq. (5.47) will be discussed in Section 5.4.

5.3.3 One-loop corrections to the BH process

In order to calculate the one-loop diagrams contributing to the BH process, we con-
sider corrections to the sub-process

γ∗(p1) + γ∗(p2)→ l−(p3) + l+(p4), (5.52)

with two off-shell photons with momenta p1 and p2. We show the contributing dia-
grams in Fig. 5.3.5. We use the standard definition of Mandelstam variables

sll = (p1 + p2)2, tll = (p1 − p3)2, (5.53)

and denote the virtualities of the photons by

p2
1 = t1, p2

2 = t2. (5.54)

In order to construct a general tensor basis, we use pµ1 , p
µ
2 , p

µ
3 , gµν and γµ as building

blocks. In this way, we find 34 independent tensors Ti with two indices to expand
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k′ k′

l

Figure 5.3.6: Left panel: Lepton self-energy diagram with k′2 = s′.
Right panel: counterterm for fermion self energy

the one-loop amplitude. However, as discussed in Section 5.2.1, we can reduce the
number of amplitudes from 34 to 21 amplitudes, which are gauge invariant and free
of any kinematic singularities, such that we can write

Mµν

γ∗γ∗→ll̄(p
2
1, p

2
2, sll, tll) =

∑
i=1,..,21

Bi(p2
1, p

2
2, sll, tll)τ

µν
i , (5.55)

where the τµνi denote the tensor basis introduced in Ref. [3] and are shown for com-
pleteness in Appendix 5.B, and Bi the corresponding invariant amplitudes. More
details how to achieve this decomposition will be given in Section 5.3.3.

Using Eq. (5.55) and adding the contribution from vacuum polarization, the one-
loop matrix element corresponding to the BH process with the incoming photon
on-shell can be calculated by contracting with the photon polarization vector and the
proton line as follows:

MBH
1-loop = ie3

t
ū(l−)Mµν

γ∗γ∗→ll̄(0, t, sll, tll) v(l+)εµ(q)N̄(p′)Γν(t)N(p) +MBH
vac pol,

(5.56)

where we now can identify tll = (q − l−)2, t1 = 0 and t2 = t.

UV renormalization and counterterms

To subtract UV divergences, we use as before the on-shell renormalization scheme.
In addition to the vertex counterterm, that has been calculated in Section 5.3.2, we
also need the counterterm from the fermion self-energy, which we show in Fig. 5.3.6
to first order. The corresponding amplitude is given by

−iΣ(6 k′) = −e2µ4−d
∫

ddl

(2π)d
γα(6 k′ + 6 l +ml)γα
((k′ + l)2 −m2

l ) l2
. (5.57)

It can be reduced to

Σ(6 k′)

= αem
4π

{[ 1
εUV
− γE + ln (4π)

] (
4ml −6 k′

)
−6 k

[
1 + m2

l

s′
+ m4

l − (s′)2

(s′)2 ln
(

1− s′

m2
l

)]

+2ml

[
3 + 2(m2

l − s′)
s′

ln
(

1− s′

m2
l

)]}
, (5.58)

where s′ ≡ (k′)2. For 6 k′ = ml, we find

Σ(ml) = ml
αem
4π

{
3
[ 1
εUV
− γE + ln (4π)

]
+ 4− 3 ln

(
m2
l

µ2

)}
. (5.59)
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The on-shell renormalization condition fixes the pole at (k′)2 = m2
l with residue

equal to one. This gives the wave-function renormalization constant Z2 and the mass
renormalization constant Zm as follows:

Z2 = 1 + d Σ(6 k′)
d6 k′

∣∣∣∣
6 k′ =ml

, (5.60)

(1− Zm)Z2ml = Σ(ml). (5.61)

The evaluation of Σ(k′) and its derivative results in the following renormalization
constants:

Z2 = 1− αem
4π

{[
1
εUV
− γE + ln

(
4πµ2

m2
l

)]
+ 2

[
1
εIR
− γE + ln

(
4πµ2

m2
l

)]
+ 4

}
,

Z2Zm = 1− αem
4π

{
4
[

1
εUV
− γE + ln

(
4πµ2

m2
l

)]
+ 2

[
1
εIR
− γE + ln

(
4πµ2

m2
l

)]
+ 8

}
.

(5.62)

The renormalized self-energy is therefore given by

Σ̃(k′) = Σ(k′)− (Z2 − 1)6 k′ + (Z2Zm − 1)ml, (5.63)

and, plugging in Z2 and Zm explicitly, we find

Σ̃(k′) = −αem4π

{
(6 k′ −ml)

[
−2
[

1
εIR
− γE + ln

(
4πµ2

m2
l

)]

−3 + m2
l

s′
+
(
m4
l

(s′)2 − 1
)

ln
(

1− s′

m2
l

)]

+ml

[(
m2
l

s′
− 1

)
+
(

3 + m4
l

(s′)2 − 4m
2
l

s′

)
ln
(

1− s′

m2
l

)]}
≡ (6 k′ −ml)Σ̃1(s′) +mlΣ̃2(s′). (5.64)

Calculation of the amplitudes

We calculate the one-loop corrections to the process (5.52) using the setup described
in Chapter 3. First, we use QGRAF to generate all contributing diagrams in a symbolic
representation. In Form, we implement Feynman rules using Feynman gauge. We
use PV tensor reductions to express the amplitude in terms of scalar integrals. Next,
we use Reduze 2 to generate IBP identities which can be applied in Form. Using the
anti-commutation relation of the Dirac matrices together with the Dirac equation, we
are now able to express the amplitude in terms of the aforementioned 34 tensors as a
sum over scalar integrals with coefficients that are rational functions in all external
scales and the space-time dimension d = 4−2ε. For the on-shell case, in which t1 = 0,
we encounter seven master integrals which are all given in Appendix 5.A

The next step is to reduce the 34 amplitudes to the 21 ones as given in Eq. (5.55).
This is achieved in two steps. First, we reduce the 34 tensors to the 18 gauge-invariant
ones by inverting the relations between the Ti and the τi. This is done by expressing
all Ti for i ∈ {2, 3, 6, 7, 9, 10, 12, 13, 15, 16, 18, 19, 20, 21, 22, 24, 28, 30} in terms of τi
for i = 1 . . . , 18 and the remaining Ti (see also Appendix 5.B). One could now assume
that the amplitude would depend not only on these 18 τi, but also the remaining Ti.
However, gauge invariance requires that the dependence on the remaining Ti drops
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out completely. This is indeed the case and establishes a highly non-trivial check on
the calculation of the amplitude.

Due to the replacement of the Ti in terms of τi, one introduces a spurious sin-
gularity at the kinematic point p1 · p2 = (sll − t1 − t2)/2 = 0, which has its origin
in the fact that at this point some τi become linearly dependent, as mentioned in
Section 5.2. In the second step, we want to get rid of this spurious singularity. As
mentioned before, Tarrach gives a recipe for how to achieve that [3]. By introducing
three new tensors, namely τ19, τ20 and τ21, one can absorb the singularity into the
definition of these new tensors. Explicitly, introducing the new tensors results in a
shift in the other amplitudes, which displays a singularity at p1 · p2, as follows:

B′2 = B2 + 2(P12 · P34)2

p1 · p2
B19, B′3 = B3 + 2 t1t2

p1 · p2
B19,

B′4 = B4 − P12 · P34
t1 + t2
p1 · p2

B19, B′5 = B5 − P12 · P34
t1 − t2
p1 · p2

,

B′10 = B10 + t1 − t2
4p1 · p2

B20 + t1 + t2
4p1 · p2

B21, B′14 = B14 −
t1 − t2
2p1 · p2

B20 −
t1 + t2
2p1 · p2

B21,

B′15 = B15 + P12 · P34
p1 · p2

B20, B′16 = B16 + P12 · P34
p1 · p2

B21, (5.65)

where P12 = (p1− p2)/2 and P34 = (p3− p4)/2. Note that, in principle, B19, B20 and
B21 can be freely chosen. However, in order to get rid of the spurious singularity, one
has to choose the amplitudes B19, B20 and B21 in such a way, that they cancel the
singularity at p1 · p2 for the eight amplitudes on the lhs of Eq. (5.65). Then the new
amplitudes, Bi for i = 1, . . . 21 corresponding to to the decomposition in Eq. (5.55),
are free from constraints and singularities.

The next question is therefore, how to choose B19, B20 and B21. For that purpose,
we find the partial fraction algorithm introduced in Section 4 extremely helpful. Let
us clarify this. In total, we find in our calculation due to IBP reductions and due to
the reduction to the 18 gauge-invariant tensors, the following set of denominators:

{sll − 2 sll tll + s2
ll tll + sll t

2
ll − sll t1 − sll t t1 + t21 − sll t2 − sll t t2 − 2 t1 t2 + sll t1 t2 + t22,

1− 2 sll + s2
ll − 2 tll + 2 sll tll + t2ll − 4 t1 + 2 t2 − 2 sll t2 − 2 t t2 + t22,

1− 2 sll + s2
ll − 2 tll + 2 sll tll + t2ll + 2 t1 − 2 sll t1 − 2 t t1 + t21 − 4 t2,

2− sll − tll + t1 + t2, 1− sll − tll + t1 + t2, s
2
ll − 2 sll t1 + t21 − 2 sll t2 − 2 t1 t2 + t22,

sll − t1 − t2, 1− 2 tll + t2ll − 2 t2 − 2 t t2 + t22, 1− 2 tll + t2ll − 2 t1 − 2 tll t1 + t21,

tll,−1 + t, sll, 4− sll, t2, t1}, (5.66)

where we set m2
l = 1 and where, as mentioned above, sll − t1 − t2 is spurious. Now,

choosing a monomial order in which the denominator sll − t1 − t2 is “greater” than
all other denominators, we achieve a decomposition of the amplitudes B′i of the form

B′i = 1
sll − t1 − t2

X + Y. (5.67)

Comparing with Eq. (5.65), we can then try to choose B19, B20 and B21 such, that
the term X in the above equation gets cancelled. Indeed, in that way we are able
to determine B19, B20 and B21 such that the singularity at p1 · p2 is cancelled for all
eight B′i appearing in Eq. (5.65). Furthermore, by choosing a monomial ordering in
which not only sll − t1 − t2 is greater than the other denominators, but also t1 and
t2, we find an even better representation, which is also free from singularities in the
limit t1,2 → 0. In conclusion, our result can be applied for real-photon kinematics.
Finally, let us note that the partial fractioned result is reduced in size by a factor of
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seven on average compared to the factorized form. Some individual amplitudes are
even reduced by a factor of 20 to 30.

5.3.4 Soft-photon approximation and IR structure

After performing the on-shell renormalization, the amplitude does not contain any
UV divergence anymore but still is IR divergent. We checked that the amplitude
has the correct infrared structure, which can be calculated using the soft-photon
approximation. This approximation is defined by the scaling of the loop momenta:
we only account for the regions of integration where the loop momentum l scales with
respect to a small parameter λ (small compared to all external scales and masses) as:

l ∼ λ. (5.68)

We then calculate all contributions only up to order λ. The resulting corrections
factorize, for TCS and BH amplitude separately, in terms of the corresponding tree-
level amplitude. It follows, that the soft-photon approximation is a gauge-invariant
subset of the full one-loop corrections. In the present case, only two terms contribute
in this limit: for the BH process the two box diagrams and for the TCS process the
vertex correction, calculated in Section 5.3.2.

In the soft-photon approximation, the amplitude corresponding to the BH box
diagram shown in the right panel of Fig. 5.3.2, is given by

MBH
box = ie24(l+ · l−)MBH

0 µ4−d
∫

ddl

(2π)d
1

[(l − l−)2 −m2
l ][(l + l+)2 −m2

l ][l2] +O(λ).

(5.69)

A similar identity is valid for the crossed box diagram. Thus, the virtual soft-photon
one-loop amplitude for the BH process is given by

MBH
soft = −e

2

4π2 (l− · l+)C0
(
m2
l , (l− + l+)2 ,m2

l ; 0,m2
l ,m

2
l

)
MBH

0 , (5.70)

with the three-point function

C0
(
m2
l , sll,m

2
l , 0,m2

l ,m
2
l

)
= 1
sllβ

{[
1
εIR
− ln

(
m2
l

µ̄2

)]
ln
(
β − 1
β + 1

)

+2 Li2
(
β − 1

2β

)
+ ln2

(
β − 1

2β

)
− 1

2 ln2
(
β − 1
β + 1

)
− π2

6

}
, (5.71)

where µ̄2 = µ2 4π
eγE . Eq. (5.71) is valid in the Euclidean region, i.e. for sll < 0. Note

that the same formula applies for the TCS amplitude in the soft-photon limit:

MTCS
soft = −e

2

4π2 (l− · l+)C0
(
m2
l , (l− + l+)2 ,m2

l ; 0,m2
l ,m

2
l

)
MTCS

0 , (5.72)

In order to get the full IR structure, we also have to take into account infrared
divergences stemming from counterterms. Extracting the IR divergent pieces of the
vertex counterterm (Eq. (5.47)) as well as the self-energy counterterm (Eq. (5.64)),
we find for the full correction, after performing an analytic continuation of Eq. (5.71)
to sll > 4m2

l , on the level of the cross section

dσs;v = dσ0

(
δIRs;v + δs;v

)
, (5.73)
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with the IR divergent part

δIRs;v =−αem
π

[(
1 + β2

2β

)
ln
(1− β

1 + β

)
+ 1

] [
1
εIR
− γE + ln

(
4πµ2

m2
l

)]
, (5.74)

and the finite part

δs;v =−αem
π

(
1 + β2

2β

){
2 Li2

( 2β
β + 1

)
+ 1

2 ln2
(1− β

1 + β

)
− π2

}
. (5.75)

5.4 Soft-photon bremsstrahlung

As the virtual corrections are IR divergent, we need to account for soft bremsstrahlung
corresponding to diagrams, in which an additional soft photon is emitted from an
external fermion line. Denoting the momentum of the fermion line with l and the
momentum of the soft photon by kγ , it corresponds to the amplitude

Ms = ±eQf
ε∗ · l
kγ · l

M0, (5.76)

with the + sign, if the fermion is outgoing and the − sign if it is incoming, where
Qf denotes the charge of the lepton, and whereM0 denotes the amplitude without
photon emission.

To evaluate the soft bremsstrahlung contribution to the cross section, one has
to integrate over the unobserved soft-photon phase space. It is easiest to perform
this integral in the reference frame S where the maximum soft-photon energy ∆Es
is isotropic. The frame S depends on the specific experimental conditions. It is in
general given by the rest frame of the soft photon and the unobserved particle(s) in
the process. Without specifying S for the moment, let us write down the soft-photon
phase space integral for this process:

dσs;r =− dσ0
e2

(2π)3

∫
|~kγ |<∆Es

d3~k

2k0
γ

{
m2
l

(kγ · l+)2 + m2
l

(kγ · l−)2 −
2(l+ · l−)

(kγ · l+)(kγ · l−)

}
,

(5.77)

where the maximal soft-photon energy ∆Es depends on the frame and will be specified
below. We can easily perform the integration for the first two terms in Eq. (5.77),
which yields the expression

dσs;r = dσ0
−αem
π

{
−
[

1
εIR
− γE + ln

(
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)]

+ 1
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)
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2β̃+
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(

1− β̃+

1 + β̃+

)
− 1

2πI−+

}
, (5.78)

where β̃−, β̃+ are the lepton velocities, defined in the frame S

β̃∓ =
(
1−m2

l /Ẽ
2
∓

)1/2
, (5.79)

where Ẽ∓ are the corresponding lepton energies, which also depend on the system S
in which the soft photon integral is calculated and will be specified below.
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Furthermore, in Eq. (5.78) the integral I−+ is due to the interference between soft-
photon emissions from the l− and l+ lines. It has been worked out e.g. in Ref. [159]
and is given by

I−+ ≡
∫
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d3~kγ
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γ
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where

η ≡ l− · l+
m2
l

+

√√√√( l− · l+
m2
l

)2

− 1 = 1 + β

1− β , (5.81)

v ≡ (η2 − 1)m2
l

2 (ηl− − l+)0
= βsll

2(Ẽ− − 1−β
1+β Ẽ+)

, (5.82)

with β given in Eq. (5.7).
In general, we can divide the soft-photon contribution of Eq. (5.78) in an IR

divergent piece (δIRs;r) and a finite piece (δs;R) as follows:

dσs;r = dσ0

(
δIRs;r + δs;r

)
, (5.83)

where the IR divergent piece is given by
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and the finite part δs;r by
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In the ultrarelativistic limit for the leptons, i.e. β ≈ 1, β̃∓ ≈ 1, which is a very good
approximation for the production of an e−e+ pair, the above expression simplifies
considerably. Using

v ≈ sll/(2Ẽ−), (5.86)

we obtain in this limit for the finite part
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− 1
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4Ẽ−Ẽ+

)}
. (5.87)

Note that the IR divergent pieces from virtual and real corrections, i.e. Eqs. (5.74)
and (5.84), exactly cancel on the level of the cross section, thus giving an IR finte
result.

5.4.1 Measurement of the recoil proton

We will now specify the system S, in which we actually performed the integration,
and derive expressions for ∆Es and Ẽ±, depending on the experimental setup. First,
let us consider the case in which the recoil proton is measured and the dilepton pair
remains unobserved. In this case the soft-photon integral is performed in the rest
frame of the dilepton pair and the soft-photon. In this system, the energies of the
dilepton pair are given by

Ẽ± =
√
sll
2 , (5.88)

such that the soft-photon integral given in Eq. (5.85) simplifies to
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In order to derive a formula for the soft-photon energy cut-off ∆Es, we define the
missing mass pm of the system as:

p2
m = (l+ + l− + kγ)2 = sll + 2pmEs, (5.90)

Es = p2
m − sll
2pm

, (5.91)

where Es denotes the soft-photon energy in the rest frame of the dilepton pair and
soft photon.

In the case of a proton measurement, the missing mass pm is experimentally
determined from the quantity

p2
m = (q + p− p′)2 = 4Mτ

(
Eγ

√
1 + τ

τ
cos θp′ − Eγ −M

)
, (5.92)

where τ is determined from the lab proton momentum by Eq. (5.10), and θp′ is the
experimentally measured recoil proton scattering angle in the laboratory frame.

For the process without radiation, this angle is given by Eq. (5.12), which can be
equivalently obtained from Eq. (5.92) by the replacement p2

m → sll as follows:

sll = 4Mτ

(
Eγ

√
1 + τ

τ
cos θp′ |no rad − Eγ −M

)
. (5.93)

Combining Eqs. (5.92) and (5.93), we can express the soft-photon energy of
Eq. (5.91) approximately as:

Es = 2MEγ
√
τ(1 + τ)
√
sll

[
cos θp′ − cos θp′ |no rad

]
. (5.94)
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Consequently, the experimental recoiling proton angular resolution, denoted as
∆θp′ , determines the maximum value ∆Es of the undetected soft-photon energy,
which enters the radiative correction of Eq. (5.89), as:

∆Es = 2MEγ
√
τ(1 + τ)
√
sll

sin θp′ ∆θp′ . (5.95)

5.4.2 Measurement of the dilepton pair

We will now consider the second case, in which the recoil proton remains unobserved
and a measurement of the dilepton pair is performed. For that purpose, it will be
convenient to express the lepton energies in terms of the lepton angles θl and φl in
the l−l+ rest frame as defined in [15]. First, note that the energies of the dilepton
pair can be expressed as:

Ẽ∓ = pm · l∓√
p2
m

≈ 1
M

(q + p− q′) · l∓. (5.96)

Eq. (5.96) then allows to express the dilepton energies Ẽ∓ in terms of invariants and
the angle θl as follows:

Ẽ∓ = 1
4M

{
(W 2 −M2 − sll)± [(W 2 −M2 − sll)2 − 4M2sll]1/2β cos θl

}
. (5.97)

To evaluate the finite soft-photon cross section corrections of Eq. (5.85) or Eq. (5.87),
we need again to express the maximal soft-photon energy ∆Es, defined in the frame
~pm = 0 in terms of the experimental resolutions using

∆Es = ∆
(
p2
m −M2

2
√
p2
m

)
≈ ∆p2

m

2M , (5.98)

where to first order we have used p2
m ≈ M2 in the denominator, and where ∆p2

m

denotes the resolution in the missing mass squared. For the case of detecting the
dilepton pair, the lab energies (E∓), the scattering angle between the pair (θLabll ),
and the angle between the incoming photon q and the virtual photon q′ (θLabγγ ) are
measured. These four parameters are in correspondence with the kinematic quantities
sll, t, θl, and φl introduced in the cross section expression of Eq. (5.6). In the Lab
frame, the missing mass squared can be expressed, neglecting the lepton mass in the
kinematics, as

p2
m =(q − q′ + p)2

=M2 − 2q · q′ + sll + 2p · (q − q′)

=
[
M2 + 2MEγ + 2E−E+ (1− cos θll)

+ 2Eγ |~q ′| cos θγγ − 2(Eγ +M)(E+ + E−)
]
Lab

.

Accounting for the finite resolutions in the Lab quantities, and adding their contri-
butions quadratically, we can express the maximal soft-photon energy ∆Es as:

∆Es = 1
M

[(
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+ E2
−E

2
+(1− Eγ

|~q ′|
cos θγγ)2 sin2 θll(∆θll)2 + E2

γ |~q ′|2 sin2 θγγ(∆θγγ)2
]1/2
Lab

.

(5.99)

As is evident from Eq. (5.99), the evaluation of the soft-photon radiative correction
depends on the specific experimental resolutions. For the purpose of illustrating the
size of these corrections, we will provide predictions below, where the soft-photon cut-
off energy ∆Es is chosen to be in the one to few percent range of the beam energy,
as a realistic value. For our predictions in the low-energy region (Eγ ' 0.36 GeV),
we will show the corrections for ∆Es = 0.01 GeV, whereas for the high-energy region
(Eγ ' 6.8 GeV), we will show the results for ∆Es = 0.05 GeV.

5.5 Results and discussion

5.5.1 Observables

We implement all one-loop corrected amplitudes in a C++ code and use our setup
to study the radiative corrections to the γp → e−e+p process in both, low- and
high-energy regimes. For both kinematical situations, we study the effect of these
corrections on the cross section, on the forward-backward asymmetry AFB, as well
as on the beam spin asymmetry A�. These asymmetries are respectively defined as

AFB = dσθl,φl − dσπ−θl,φl+π
dσθl,φl + dσπ−θl,φl+π

, (5.100)

A� = dσ+ − dσ−

dσ+ + dσ−
, (5.101)

where dσθl,φl in AFB stands for the unpolarized cross section measured at lepton
angles θl and φl (in the l−l+ rest frame), and where dσ± in A� stand for the polarized
cross sections for circular photon polarization ±1 respectively.

Because of the opposite symmetry of the BH and TCS amplitudes (Fig. 5.1.1)
under charge conjugation (odd versus even number of photon couplings to the lepton
charge), the asymmetry AFB, which interchanges the kinematics for l− and l+, allows
for a direct assessment of the interference term between the BH and the real part of the
TCS amplitude. The BH and TCS processes separately yield a zero asymmetry. While
AFB is proportional to the real part of the BH-TCS interference, A� is proportional
to the imaginary part of this interference. Note however, that the complex TCS
amplitude by itself also yields a contribution to A�, which is usually very small
unless the real part of the TCS amplitude becomes comparable in size to the BH
amplitude. The observables AFB and A� are thus complementary in accessing the
complex TCS amplitude experimentally and in testing theoretical models.

In addition to the two asymmetries, we also use our setup to study the effect
of radiative corrections on the ratio R of cross sections of muon- vs electron-pair
production. This ratio was studied in Ref. [51] and is defined as

R(sll, s0
ll) ≡

[
σ0(µ+µ−)

]
(sll) + [σ0(e+e−)](sll)

[σ0(e+e−)](s0
ll)

, (5.102)

which depends on the invariant mass of the lepton pair sll, and a reference point s0
ll

below the di-muon threshold to which the measurement is normalized. Note, that
for this observable the cross sections have to be integrated over the lepton angles,
since only the recoil proton is measured. For this setup, we neglect the contribution
due to the TCS amplitude since we choose a kinematical regime, in which the BH
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contribution is dominant. The motivation behind such measurement of cross section
ratios is to test lepton universality. As we will see, the ratio R is sensitive to a differ-
ence between the coupling of the electron and the muon to the nucleon. Measuring R
allows one to test, if the coupling to the nucleon is universal for both lepton flavors
or not.

5.5.2 Results for TCS observables in the ∆(1232) region
We firstly study the importance of the radiative corrections on the γp → e−e+p ob-
servables in the low-energy kinematical region. The γp→ e−e+p process was studied
in Ref. [15] in the ∆(1232) resonance region at small values of sll and −t. In this limit,
the TCS amplitude approaches the forward real Compton scattering amplitude, for
which a full dispersive calculation based on empirical structure functions exists [160].
It was found in [15] that around W = 1.25 GeV the full TCS cross section integrated
over the dilepton angles is reproduced by a Born + ∆-pole model for the TCS am-
plitude, as discussed in Section 5.2.1, within an accuracy of 5% or better. Therefore,
we consider the Born + ∆(1232)-pole model to be realistic enough as a model for the
TCS amplitude around the ∆(1232)-pole in the near forward direction in order to
study the effect of the QED radiative corrections on this reaction. In the following,
we will show the effect of the radiative corrections on the γp→ e−e+p cross section,
as well as on the two asymmetries AFB and A� for a c.m. energy of W = 1.25 GeV.

In the upper-left panel of Fig. 5.5.1, we show the sll dependence of the unpolarized
γp → e−e+p observables for in-plane dilepton kinematics (θl = 0◦ and φl = 0◦) in
the ∆(1232) region and for a small value of −t. One notices that the TCS amplitude
increases the cross section in this kinematical region by 50% or more, and that the
forward-backward asymmetry AFB, which depends linearly on the TCS amplitude
reaches values larger than 30%. We see that the first-order QED radiative corrections
yield a 5 - 8% correction on the γp→ e−e+p cross section in this kinematical range.
However, we also notice that in comparing the complementary forward (δF for θl =
φl = 0◦) and backward (δB for θl = φl = 180◦) kinematics, these correction factors are
nearly the same, such that the asymmetry AFB is to good approximation unaffected
by the first-order QED radiative corrections. This makes AFB an ideal observable to
extract the real part of the TCS amplitude.

Until recently, the only proof-of-principle experiment of the forward-backward
asymmetry of the γp → e−e+p process was conducted by Alvensleben et al. at
DESY [161]. It was performed at W ' 2.2 GeV in near-forward kinematics and
aimed at an experimental verification of the Kramers-Kronig dispersion relation for
the forward Compton amplitude. The Kramers-Kronig relation encompasses a funda-
mental connection between the photon absorption and scattering based on analyticity
and unitarity and allows to evaluate the real part of the forward Compton scattering
off protons through a dispersive integral over its imaginary part, which is evaluated
using the empirical knowledge of the total photoabsorption cross sections. It was
shown in a recent re-analysis of the Kramers-Kronig relation for forward Compton
scattering [160], that the present database of the unpolarized photoabsorption cross
section is not entirely consistent, and shows the largest discrepancies (in the 5 - 10%
range) in the region of the ∆(1232) peak and in its higher-energy tail region. It was
furthermore shown in [160] that these discrepancies in the world database also directly
limit the obtained precision of the extracted Baldin sum rule value for the sum of
proton electric and magnetic polarizabilities, αE1 + βM1. Being nearly unaffected by
the first-order QED radiative corrections, our results show that the forward-backward
asymmetry in the resonance region provides a direct measurement of the real part of
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Figure 5.5.1: Upper panel: sll-dependence of the γp → e−e+p un-
polarized cross section for in-plane kinematics (left panel) and out-
of-plane kinematics (right panel) of the e−e+ pair. We show results
for BH, BH+TCS, using a Born + ∆(1232)-pole model for TCS, and
including first-order QED radiative corrections with a soft-photon en-
ergy of ∆Es = 0.01 GeV. Middle panel: correction factor for forward
(δF ) and backward (δB) cross sections for in-plane kinematics (left
panel) and δ± for polarized cross sections for out-of-plane kinematics
(right panel). Lower panel: sensitivity of the TCS amplitude on AFB
(left panel) and A� (right panel). The radiative correction are negligi-
ble on these observables (solid and dashed curves nearly overlapping).
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Figure 5.5.2: Dependence of the forward-backward asymmetry (up-
per panel) and photon beam helicity asymmetry (lower panel) on the
lepton angle θl for different values of sll and t. The effect of the radia-

tive corrections on both observables is negligibly small.

the near-forward Compton amplitude and thus has the potential to settle the existing
discrepancies in the Compton database.

In the right panel of Fig. 5.5.1 we show the corresponding dilepton mass de-
pendence of the γp → e−e+p observables for a circularly polarized photon beam for
out-of-plane dilepton kinematics (θl = φl = 90◦). As before we see that the first-order
QED radiative corrections yield a 7 - 9% correction on the γp→ e−e+p cross section
in this kinematical range. The small cusp in the curves of δ± around sll ≈ 0.044
GeV2 is due to the muon threshold in the vacuum polarization. This gives a contri-
bution with different sign for the cross sections dσ±. For the corresponding photon
helicity asymmetry A�, which is directly proportional to the imaginary part of the
BH-TCS interference, the first-order QED radiative corrections nearly drop out. For
kinematics close to the ∆(1232)-pole position, where the imaginary part of the TCS
amplitude is maximal, we find a large value of the asymmetry, varying between −65%
and −45%.

In Fig. 5.5.2 we show the dependence of both asymmetries in the ∆(1232) region
on the lepton angle θl for fixed out-of-plane angle φl (φl = 0◦ for AFB and φl = 90◦
for A�) and different values of t and sll. We see that increasing the values of −t and
sll results in larger asymmetries due to the larger interference terms. We only show
the radiatively corrected results in Fig. 5.5.2, as the difference between the tree-level
result and the result including first-order QED radiative corrections is at the few per
mille level on these asymmetries.
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5.5.3 Results for high-energy TCS observables

In this section, we study the effect of the first-order QED radiative corrections on
the cross section, as well as on the forward-backward and beam helicity asymmetries
of the γp → e−e+p process in the high-energy, forward scattering regime in which
the dilepton pair is produced with large virtuality. In this regime, a QCD factoriza-
tion theorem allows modeling the TCS amplitude in terms of GPDs as described in
Section 5.2.2. We present here results in the kinematics of a recent CLAS12@JLab
experiment [162]. The latter is the first TCS experiment where data have been re-
ported [163, 164] in the kinematical regime corresponding with an average c.m. energy
of W = 3.69 GeV and a large dilepton invariant mass squared of sll = 3.24 GeV2.

In the left panel of Fig. 5.5.3, we show the t-dependence of the unpolarized
γp → e−e+p observables for in-plane dilepton kinematics (θl = 65◦ and φl = 0◦),
corresponding with the CLAS12@JLab experimental conditions. One notices that the
cross section and the forward-backward asymmetry show a sizeable sensitivity on the
D-term contribution to the GPD parameterization, which contributes to the real part
of the TCS amplitude. Comparing the GPD double distribution parameterization
(shown by blue dashed curves in upper-left and lower-left panels in Fig. 5.5.3), which
was used in a previous global analysis of DVCS data in the valence region [155, 156],
we see that adding the dispersive estimate of Ref. [157] for the D-term contribution
(dotted red curves) gives a sizeable contribution to the cross section. For the forward-
backward asymmetry, which is directly proportional to the real part of the BH-TCS
interference, it leads to a shift in the asymmetry by 10 - 20%. We see that the first-
order QED radiative corrections yield a nearly 20% correction on the γp → e−e+p
cross section, which is important to account for in the extraction of the Compton
form factors. However, we also notice that in comparing the complementary forward
and backward kinematics, these correction factors are nearly the same, such that the
asymmetry AFB is to good approximation unaffected by the first-order QED radiative
corrections. This makes AFB a gold-plated observable to extract the real part of the
Compton form factor, and test its sensitivity to the D-term contribution in GPD
parameterizations.

In the right panel of Fig. 5.5.3 we show the t-dependence of the γp → e−e+p
observables for a circularly polarized photon beam for out-of-plane dilepton kinemat-
ics (θl = φl = 90◦), corresponding with the CLAS12@JLab experimental conditions.
We notice that in out-of-plane kinematics the sensitivity to the D-term in the GPD
parameterization is very small, while the radiative correction on the polarized cross
sections is also around 20%. In the corresponding photon beam helicity asymmetry
A�, which is directly proportional to the imaginary part of the BH-TCS interference,
the first-order QED radiative corrections again nearly drop out. As the D-term is
purely real, its effect on A� is very small and contributes only through the squared
modulus of the complex TCS amplitude. The imaginary part of the latter is rather
well constrained by the precise electron beam helicity asymmetry data for the corre-
sponding DVCS process [155, 156]. As the non-perturbative part in both processes
is the same, a direct comparison between the GPD predictions for DVCS and TCS
beam helicity asymmetries at the same values of −t and ξ, provides a stringent test
of the applicability of the underlying QCD factorization theorem at these kinematics.
Furthermore, as can be seen from the lower panel in Fig. 5.5.1, such test is basically
unaffected by the first-order QED radiative corrections.
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Figure 5.5.3: Upper panel: t-dependence of the γp → e−e+p
unpolarized cross section for in-plane (left panel) and out-of-plane
(right panel) kinematics of the dilepton pair, corresponding with the
CLAS12@JLab experiment [163, 164]. We show our results for two
GPD models and including the first-order QED radiative corrections,
for a soft-photon energy of ∆Es = 0.05 GeV. Middle panel: radiative
correction factor for forward (δF for θl = 65◦, φl = 0◦) and backward
(δB for θl = 115◦, φl = 180◦) cross sections for in-plane kinematics
(left panel) and correction factors δ± for circular photon polarization
±1 for out-of-plane kinematics (right panel). Lower panel: sensitivity
of AFB (left panel) and of A� (right panel) on the D-term contribu-
tion to the GPD. The radiative correction are negligible on these two

observables (solid and dotted curves nearly overlapping).
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Figure 5.5.4: Comparison of first-order QED corrections to the cross
section, including soft-photon bremsstrahlung with ∆Es = 0.01 GeV
(solid lines), with the calculation in the soft-photon approximation
(dashed lines). The vertical dashed red line indicates the muon-pair

production threshold at sll ≈ 0.045 GeV2.

5.5.4 Results for the ratio of e+e− vs µ+µ− production cross sections

In this section, we study the effect of radiative corrections on the ratio R of the
electron- vs muon-production cross sections as defined in Eq. (5.102). We choose a
kinematic region in which the BH cross section is dominant, such that we can neglect
the TCS amplitude [51]. We perform the integration of the unpolarized BH cross
section over the lepton angles numerically using NIntergate in Mathematica.

In Fig. 5.5.4 we show the radiative corrections to the cross section in the kine-
matical range of sll between 0 and 0.08 GeV2 and compare with the result obtained
in the soft-photon approximation in Ref. [52]. We indicate the muon threshold at
sll = 4m2

µ ≈ 0.045 GeV2 with a vertical dashed red line. We observe, that the correc-
tions for electrons are negative of order 10 percent, while the corrections for muons
are positive of order one percent. The difference between the full one-loop calculation
and the soft-photon approximation comes from terms that are not proportional to
the double logarithmic form ln2(m2

l /sll)2.
In Fig. 5.5.5 we show the effect of the full one-loop radiative corrections on the

ratio defined in Eq. (5.102), as well as the effect of taking into account higher-order
soft-photon corrections. Those corrections can be incorporated by exponentiation
of all double-logarithmic terms that appear in the soft-photon approximation [165].
More concretely, in the case under consideration the unpolarized cross section can be
written as:(

dσ

dtdsll

)
=
(

dσ

dtdsll

)
0

× F exp
{
−αem

π

[
ln
(

4∆E2
s

m2
l

)
+ ln

(1− β
1 + β

)][
1 + 1 + β2

2β ln
(1− β

1 + β

)]}

×
{

1 +
[
δ1-Loop +

(
αem
π

) 1 + β2

4β ln2
(1− β

1 + β

)
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)
+ 1− β

β
ln
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))]}

≡
(

dσ

dtdsll

)
0

(1 + δexp) , (5.103)

where δ1-loop is the finite part of the one-loop virtual corrections and δexp denotes the
full, exponentiated correction. The normalization factor F arises due to the physical
assumption that in an experiment the sum of all soft-photon energies is smaller than
∆Es instead of requiring that each soft-photon energy is individually smaller than
∆Es. Its leading correction from unity is given by [165]

F = 1− α2

3

[
1 +

(
1 + β2

2β

)
ln
(1− β

1 + β

)]2

+ ... (5.104)

Taking radiative corrections into account, the ratio of Eq. (5.102) is now given by

R(sll, s0
ll) ≡

[
σ0(µ+µ−)(1 + δµ)

]
(sll) + [σ0(e+e−)(1 + δe)](sll)

[σ0(e+e−)(1 + δe)](s0
ll)

, (5.105)

which depends on the measured invariant lepton mass sll and the reference point s0
ll,

to which the cross section is normalized. Taking into account exponentiation of soft
photon corrections, δe and δµ are given by Eq. (5.103). One chooses s0

ll < 4m2
µ, such

that the reference measurement is below the muon-pair-production threshold, and
only electron pairs are created. As can be seen in Fig. 5.5.5, the exponentiation has
a considerably smaller effect on the full one-loop calculation, than on the soft-photon
approximation. Furthermore, the soft-photon approximation clearly overestimates
the effect of radiative corrections in this calculation.

In Fig. 5.5.6 we show the differential cross section ratio R of Eq. (5.102), in-
cluding full one-loop QED corrections (including the exponentiation of soft photon
corrections) with ∆Es = 0.01 GeV. The radiative corrections to R are of the order
of 1%. The red curve in Fig. 5.5.6 shows the scenario when lepton universality is
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Figure 5.5.6: Ratio of cross sections between electron- and muon-
pair production at tree level (dotted blue curve) with account of
full one-loop QED corrections estimated using ∆Es = 0.01 GeV
(green curve) with corresponding 3σ error bands. The dashed red
curve denotes the scenario when lepton universality is broken with

GµE/G
e
E = 1.01, including the one-loop radiative corrections.

violated by GµE/GeE = 1.01, which is an effect of order 0.2%. Following Ref. [51], we
use 3σ bands around the curves, with the experimental resolution σ = 7× 10−4. One
sees from this plot, that the inclusion of radiative corrections is indispensable, since
the ratio of cross sections, defined in Eq. (5.102), is shifted to higher values by more
than the 3σ band. The statement that lepton universality can be tested with a 3σ
confidence level remains true, if one adds radiative corrections as can be seen in Fig.
5.5.6.

5.6 Conclusions

In this chapter, we presented the first-order QED corrections on the lepton side
contributing to the timelike Compton scattering process on a proton corresponding
to the reaction γp → l−l+p. This reaction contains contributions from both the
BH amplitude, for which the dependence on the proton structure is parameterized
through its spacelike elastic form factors, and from the TCS amplitude with initial real
photon and final timelike photon. We calculated the first-order radiative corrections
on the level of the amplitude, such that the individual sub-processes can be easily
incorporated into different calculations. We studied the effect of radiative corrections
in two different energy regimes. In the ∆(1232) resonance region the TCS amplitude
was modeled as the sum of Born and ∆(1232)-pole contributions, which was found
to give a very good description of the near-forward kinematical regime. In the high-
energy, near-forward regime we calculated the TCS amplitude in terms of GPDs, in
the kinematics of a recent CLAS12@JLab experiment.

In the kinematics near the ∆(1232)-resonance position, we found that the first-
order QED radiative corrections on the γp→ e−e+p cross section are in the 5 - 10%
range, while in the high-energy kinematics of the CLAS12@JLab experiment, they
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are in the 20% range. Their inclusion is thus important to extract the low-energy
constants or Compton form factors from the γp→ e−e+p process.

Besides the corrections on the unpolarized cross section, we also studied in both
kinematical regimes the effect of the first-order radiative corrections on the forward-
backward asymmetry AFB, obtained by interchanging the kinematics of the produced
dileptons, as well as on the photon beam helicity asymmetry A�. While the asym-
metry AFB accesses the real part of the BH-TCS interference, the asymmetry A�
accesses the imaginary part of the BH-TCS interference in the regime where the BH
amplitude dominates. The asymmetries AFB and A� are thus complementary in
accessing experimentally the complex TCS amplitude.

We found that in both kinematical regimes the radiative corrections on these
asymmetries are at the few per mille level only, although the radiative corrections
on the γp → e−e+p cross sections are in the 10 - 20% range. The reason for the
near cancellation of radiative corrections is that the corrections on the forward and
backward cross sections as well as on both beam helicity cross sections are of the
same size, and thus nearly cancel out in the corresponding ratios. This makes the
AFB and A� gold-plated observables to extract the real and imaginary parts of the
TCS amplitude respectively.

In the ∆(1232) region, we find a value around +30% for the forward-backward
asymmetry, which provides a good opportunity for a direct measurement of the real
part of the near-forward Compton amplitude. This will also allow for a comparison
with existing dispersive extractions, in which the real part of the forward Compton
amplitude has been obtained as a dispersive integral over its imaginary part. At
present, the latter extraction is limited in precision due to discrepancies in the world
database for photoabsorption on a proton, especially in the ∆(1232) region, which
also directly limits the obtained precision of the extracted Baldin sum rule value for
the sum of proton electric and magnetic polarizabilities, αE1 + βM1.

In the kinematical regime of the CLAS12@JLab experiment, the measurement of
both asymmetries AFB and A� will allow to extract the Compton form factors from
the TCS amplitude and compare them to the corresponding DVCS process with a
spacelike initial photon and final real photon. As the non-perturbative part in both
processes is the same, a direct comparison between the GPD predictions for DVCS
and TCS observables provides a stringent test of the applicability of the underlying
QCD factorization theorem at these kinematics. In particular, the forward-backward
asymmetry is a very sensitive observable to extract the D-term contribution to the
GPD parameterization, as it only contributes to the real part of the TCS amplitude.
We found that a dispersive estimate of the D-term contribution leads to a shift in AFB
by 10 - 20%. The latter sensitivity will be interesting to test by the CLAS12@JLab
TCS experiment (for first results see Ref. [26]) and is complementary to the infor-
mation one extracts from the DVCS process when comparing cross sections for both
electron and positron beams.

Additionally, we studied the first-order QED corrections to the ratio of dilepton
production cross sections above and below µ+µ− threshold for the Bethe-Heitler
process. This ratio shows a sensitivity of 0.2%, when the difference between the
larger proton charge radius extracted from the MAMI electron scattering from 2001
is used versus the smaller proton radius which results from the muonic hydrogen
spectroscopy. Since the full one-loop radiative effects induce a correction around 1%
on this same ratio, its inclusion is indispensable in this comparison.

In the next chapter, we will generalize our radiatively corrected calculations to
the double virtual Compton scattering, in which the incoming photon has non-zero
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spacelike virtuality while the outgoing photon has non-zero timelike virtuality, ac-
cessed through the e−p → e−pl−l+ reaction. In the ∆(1232) region, it was shown
that this process allows for an empirical determination of the remaining unknown low-
energy structure constant entering the hadronic correction to the muonic hydrogen
Lamb shift [15]. In the high-energy near-forward region, double deeply virtual Comp-
ton scattering allows extending the DVCS beam helicity asymmetry measurements
of GPDs into the ERBL domain [28, 29]. Since in the present chapter we calculated
all sub-parts of the amplitudes for off-shell particles, it will be straightforward to
generalize our setup to the double virtual Compton observables.
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Appendix

5.A Master integrals

In this appendix, we list analytic results for all scalar master integrals, which are
needed for the calculation. The integrals A0(m2

l ) and B0
(
sll,m

2
l ,m

2
l

)
are needed

up to order ε, since they get multiplied by a factor proportional to 1
ε from IBP

identities. All other integrals are needed only up to order ε0. All integrals, except
for C0(tll, t,m2

l , 0,m2
l ,m

2
l ), can be found at http://qcdloop.fnal.gov/. General

expressions for three-point functions can be found in Ref. [166].
We give the analytical results in the physical region, in which

sll > 4m2
l , t < 0, tll < 0, (5.106)

in terms of real-valued logarithms and dilogarithms for this region. We use the
kinematical quantities

βx =

√
1− 4m2

l

x
, (5.107)

λ =
√
−2tll

(
m2
l + t

)
+ t2ll +

(
m2
l − t

)2
. (5.108)

In the following, we use the notation µ̄2 = µ2 4π
eγE with ε = 2−d/2. To get the integral

appearing in a calculation with the usual prefactor 1/(2π)d, one has to multiply our
results by the factor i/(4π)2.

The tadpole up to order ε is given by:
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(
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l

)
= m2

l

{
1
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[
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ε

}
.

(5.109)

The two-point function are given by:

B0
(
tll, 0,m2

l

)
= 1
ε

+ 2− ln
(
m2
l

µ̄2

)
+ tll −m2

l

tll
ln
(

m2
l

m2
l − tll

)
, (5.110)
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B0
(
t,m2

l ,m
2
l

)
= 1
ε

+
{

2− ln
(
m2
l

µ̄2

)
+ βt ln

(
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)}
. (5.112)

http://qcdloop.fnal.gov/
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The three-point functions are given by:
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We also need the following four-point function:
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(
βt − 1
βt + 1

)
× ln

(
2 (βsll

+ βt)
(βt + 1) (βsll

+ 1)

)
− 2 ln

(
2 (βsll

+ βt)
(βt + 1) (βsll

+ 1)

)[
ln
(

(βt − 1) (1− βsll
)

(βt + 1) (1 + βsll
)

)
− iπ

]
+ ln2

(
2 (βsll

+ βt)
(βt + 1) (1 + βsll

)

)
− Li2

(
(1− βsll

)2

(1 + βsll
)2

)
+ 2Li2

(
(βt − 1) (βsll

+ 1)
2 (βt − βsll

)

)
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+2Li2
(

(βt + 1) (βsll
+ 1)

2 (βt + βsll
)

)}
. (5.116)

In the expansion for small m2
l , keeping only terms proportional to ln

(
m2
l

)
, all

integrals simplify considerably. The two-point functions are given by:

B0(tll, 0,m2
l ) = 1

ε
+ 2− ln

(
−tll
m2
l

)
− ln

(
m2
l

µ̄2

)
, (5.117)

B0(sll,m2
l ,m

2
l ) = 1

ε
+
[
2 + iπ − ln

(
sll
µ̄2

)]
+ ε

[
(−2− iπ) ln

(
sll
µ̄2

)
+ 1

2 ln2
(
sll
µ̄2

)
+ 4 + 2iπ − 7π2

12

]
. (5.118)

The three-point functions are given by:

C0(0, t, sll,m2
l ,m

2
l ,m

2
l ) = 1

2(t− sll)

[
π2 + 2iπ ln sll

m2
l

− ln2 sll
m2
l

+ ln2 −t
m2
l

]
, (5.119)

C0(0,m2
l , tll,m

2
l ,m

2
l , 0) = 1

tll

[
π2

3 + 1
2 ln2 −tll

m2
l

]
, (5.120)

C0(t,m2
l , tll,m

2
l ,m

2
l , 0) = 1

2(t− tll)

[
ln2 −t

m2
l

− ln2 −tll
m2
l

− 4Li2
(
tll − t
tll

)]
. (5.121)

The four-point function for small lepton mass is given by:

D0(m2
l , 0, t, tll, sll, 0,m2

l ,m
2
l ,m

2
l ) = 1

ε

1
slltll

[
iπ − ln

(
sll
m2
l

)]

+ 1
slltll

{
ln
(
sll
m2
l

)[
−2 ln

(
sll − t
sll

)
+ 2 ln

(
− tll
sll

)
+ ln

(
m2
l

µ̄2

)
− 2iπ

]

+ ln
(
sll − t
sll

)[
−2 ln

(
− t

sll

)
+ 2 ln

(
− t

m2
l

)
+ 2iπ

]

+2 ln2
(
sll
m2
l

)
+ 2Li2

(
sll

sll − t

)
+ ln2

(
sll − t
sll

)
− 2iπ ln

(
− tll
sll

)

−iπ ln
(
m2
l

µ̄2

)
− ln2

(
− t

m2
l

)
− 5π2

6

}
(5.122)

5.B Tensor basis for the dVCS amplitude

In this appendix, we give the explicit tensors needed to calculated all helicity ampli-
tudes contributing to the doubly virtual Compton scattering process. Note, that the
same tensor structure also applies to the four-point helicity amplitude of the process

γ(p1) + γ(p2)→ l−(p3) + l+(p4) (5.123)

considered Section 5.3.3, by exchanging

q → p1, q′ → −p2, k → −p3, k′ → p4. (5.124)

In the following, we consider the dVCS process as defined in Eq. (5.13). Forming
tensors with two open indices from the building blocks, gµν , qµ, q′µ and pµ, one finds
34 different Lorentz structures:

T1 =gµν , T2 =qµq′ν ,
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T3 =q′µqν , T4 =qµqν + q′µq′ν ,

T5 =qµqν − q′µq′ν , T6 =PµP ν ,
T7 =Pµqν + P νq′µ, T8 =Pµqν − P νq′µ,
T9 =Pµq′ν + P νqµ, T10 =Pµq′ν − P νqµ,
T11 =gµν /̄q, T12 =qµq′ν /̄q,
T13 =q′µqν /̄q, T14 =

(
qµqν + q′µq′ν

)
/̄q,

T15 =
(
qµqν − q′µq′ν

)
/̄q, T16 =PµP ν /̄q,

T17 =
(
Pµqν + P νq′µ

)
/̄q, T18 =

(
Pµqν − P νq′µ

)
/̄q,

T19 =
(
Pµq′ν + P νqµ

)
/̄q, T20 =

(
Pµq′ν − P νqµ

)
/̄q,

T21 =Pµγν + P νγµ, T22 =Pµγν − P νγµ,
T23 =qµγν + q′νγµ, T24 =qµγν − q′νγµ,
T25 =q′µγν + qνγµ, T26 =q′µγν − qνγµ,
T27 = (Pµγν + P νγµ) /̄q − /̄q (Pµγν + P νγµ) ,
T28 = (Pµγν − P νγµ) /̄q − /̄q (Pµγν − P νγµ) ,
T29 =

(
qµγν + q′νγµ

)
/̄q − /̄q

(
qµγν + q′νγµ

)
,

T30 =
(
qµγν − q′νγµ

)
/̄q − /̄q

(
qµγν − q′νγµ

)
,

T31 =
(
q′µγν + qνγµ

)
/̄q − /̄q

(
q′µγν + qνγµ

)
,

T32 =
(
q′µγν − qνγµ

)
/̄q − /̄q

(
q′µγν − qνγµ

)
,

T33 =γµγν − γνγµ,
T34 = (γµγν − γνγµ) /̄q + /̄q (γµγν − γνγµ) . (5.125)

In order to define gauge invariant amplitudes, one needs to take linear combinations
from the tensor structures, such that the contraction with the photon momenta qν or
(q′)µ yields zero. One finds 21 such structures given by [3]:

τ1 =q · q′ T1 − T3,

τ2 = (q · q) (q′ · q′) T1 + q · q′ T2 −
1
2(q · q + q′ · q′)T4 + 1

2(q · q − q′ · q′)T5,

τ3 =(P · q̄)2 T1 + q · q′ T6 − P · q̄ T7,

τ4 =P · q̄(q · q + q′ · q′)T1 − P · q̄ T4 −
q · q + q′ · q′

2 T7 + q · q − q′ · q′

2 T8 + q · q′ T9,

τ5 =− P · q̄(q · q − q′ · q′)T1 + P · q̄ T5 + q · q − q′ · q′

2 T7 −
q · q + q′ · q′

2 T8 + q · q′ T10,

τ6 =P · q̄ T2 −
q · q + q′ · q′

4 T9 −
q · q − q′ · q′

4 T10 −M T12 +M
q · q + q′ · q′

4 T23

−M q · q − q′ · q′

4 T24 + q · q − q′ · q′

8 T29 −
q · q + q′ · q′

8 T30 −
q · qq′ · q′

4 T33,

τ7 =8T16 − 4P · q̄ T21 + P · q̄ T34,

τ8 =T19 + q · q − q′ · q′

2 T22 − P · q̄ T23 + q · q + q′ · q′

8 T34,

τ9 =T20 −
q · q + q′ · q′

2 T22 + P · q̄ T24 −
q · q − q′ · q′

8 T34,

τ10 =− 8q · q′ T6 + 4P · q̄ T7 + 4Mq · q′ T21 − 4MP · q̄ T25 − 2P · q̄ T32

− 2q · q′P · q̄ T33 +Mq · q′ T34,

τ11 =T18 − q · q′ T22 + P · q̄ T26,

τ12 =P · q̄ T4 −
q · q − q′ · q′

2 T8 − q · q′ T9 −M T14 +Mq · q′ T23 −M
q · q − q′ · q′

2 T26

− q · q + q′ · q′

4 T32 − q · q′
q · q + q′ · q′

4 T33,
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τ13 =P · q̄ T5 −
q · q − q′ · q′

2 T8 + q · q′ T10 −M T15 +Mq · q′ T24 −M
q · q + q′ · q′

2 T26

− q · q − q′ · q′

4 T32 − q · q′
q · q − q′ · q′

4 T33,

τ14 =2P · q̄ T8 − 2Mq · q′ T22 + 2MP · q̄ T26 − q · q′ T27 + P · q̄ T31,

τ15 =− (q · q − q′ · q′)T7 + (q · q + q′ · q′)T8 − 2q · q′ T10 − 2Mq · q′ T24 +M(q · q − q′ · q′)T25

+M(q · q + q′ · q′)T26 − q · q′ T29 + q · q + q′ · q′

2 T31 + q · q − q′ · q′

2 T32,

τ16 =− (q · q + q′ · q′)T7 + (q · q − q′ · q′)T8 + 2q · q′ T9 − 2Mq · q′ T23 +M(q · q + q′ · q′)T25

+M(q · q − q′ · q′)T26 − q · q′ T30 + q · q − q′ · q′

2 T31 + q · q + q′ · q′

2 T32,

τ17 =− 4P · q̄ T1 + 2T7 + 4M T11 − 2M T25 + T32 + q · q′ T33,

τ18 =4T17 − 4P · q̄ T25 + q · q′ T34,

τ19 = 1
q · q′

(2(P · q̄)2τ2 + 2(q · q)(q′ · q′)τ3 − P · q̄(q · q + q′ · q′)τ4 − P · q̄(q · q − q′ · q′)τ5),

τ20 = 1
4q · q′ ((q · q − q

′ · q′)τ10 − 2(q · q + q′ · q′)τ14 + 4P · q̄τ15),

τ21 = 1
4q · q′ ((q · q + q′ · q′)τ10 − 2(q · q − q′ · q′)τ14 + 4P · q̄τ16).

5.C Compton Tensor in Born+∆ approximation

In this appendix, we give the amplitudes contributing to the dVCS tensor in Born+∆
approximation for the low-energy model. In the Born approximation only ten different
tensor structures contribute to the Compton tensor which are given by

B1 = 1
M

1
(q · q′)2 − 4P · q̄

[
q · q′

(
FD(q · q)FP (q′ · q′) + FD(q′ · q′)FP (q · q)

+ FP (q · q)FP (q′ · q′)
)

+ 1
M2 (P · q̄)2FP (q · q)FP (q′ · q′)

]
,

B3 = 4
M

1
(q · q′)2 − 4P · q̄

[
FD(q · q)FD(q′ · q′)− 1

4M2 q · q
′FP (q · q)FP (q′ · q′)

]
,

B6 =P · q̄
M3

1
(q · q′)2 − 4P · q̄

FP (q · q)FP (q′ · q′),

B7 =− P · q̄
2M2

1
(q · q′)2 − 4P · q̄

FP (q · q)FP (q′ · q′),

B8 = 1
2M2

1
(q · q′)2 − 4P · q̄

[
q · q′

(
FD(q · q)FP (q′ · q′) + FD(q′ · q′)FP (q · q)

+ 2FP (q · q)FP (q′ · q′)
)

+ 2
M2 (P · q̄)2FP (q · q)FP (q′ · q′)

]
,

B10 = 1
4M

1
(q · q′)2 − 4P · q̄

[
2FD(q · q)FD(q′ · q′) + FD(q · q)FP (q′ · q′)

+ FD(q′ · q′)FP (q · q) + t

4M2FP (q · q)FP (q′ · q′)
]
,

B14 = 1
2M

1
(q · q′)2 − 4P · q̄

[
FD(q′ · q′)FP (q · q)− FD(q · q)FP (q′ · q′)

− q · q − q′ · q′

4M2 FP (q · q)FP (q′ · q′)
]
,
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B17 =P · q̄
M

1
(q · q′)2 − 4P · q̄

[
FD(q · q) + FP (q · q))(FD(q′ · q′) + FP (q′ · q′)

]
,

B18 = 1
8M2

1
(q · q′)2 − 4P · q̄

[
− q · q′

(
FD(q · q)FP (q′ · q′) + FD(q′ · q′)FP (q · q)

)
− 2
M2 (P · q̄)2FP (q · q)FP (q′ · q′)

]
,

B21 =− q · q′

4M3
1

(q · q′)2 − 4P · q̄
FP (q · q)FP (q′ · q′). (5.126)

Although we implement the full amplitude for the ∆(1323) resonance, we only
present the dominant contribution, given by the part that is proportional to the
magnetic dipole form factor G∗M . Pulling out a global prefactor, we decompose the
dominant contribution ofMµν

∆ as follows:

Mµν
∆ = −3

2
(M∆ +M)2

M2Q4
+

G∗M (q2)G∗M (q′2)
W 2 −M2

∆ + iM∆Γ∆(W 2)

21∑
i=1

BiT
µν
i , (5.127)

The amplitudes are given by

B1 = 1
96M

[
16M3M∆ − 12M2(q2 + q′2) + 24M2W 2 + 8M2t∆ + 12M4 − 8MM∆(q2 + q′2)

+ 48MW 2M∆ − 8Mt∆M∆ − 20W 2(q2 + q′2) + 3(q2 + q′2)2 + 28W 4 + 8W 2t∆ − 3t2∆
]
,

B2 = 1
12M

[
− 4MM∆ + q′2 + q2 − 2W 2 − t∆

]
,

B3 = 1
12M

[
− 4M2 − 8MM∆ + 3(q2 + q′2)− 4W 2 − 3t∆

]
,

B4 = 1
24M

[
− 4M2 − 12MM∆ + 4(q2 + q′2)− 8W 2 − 3t∆

]
,

B5 = 1
24M

[
q2 − q′2

]
,

B6 = 1
12M

[
8M2 + 8W 2 − 3t∆

]
,

B7 = 1
48M

[
− 2M2 − 4MM∆ − 3(q2 + q′2)− 2W 2 + 3t∆

]
,

B8 = 1
96M2

[
− 32M3M∆ − 28M2(q2 + q′2)− 8M2W 2 + 44M2t∆ − 52M4 + 4Mt∆M∆

− 20W 2(q2 + q′2) + 3(q2 + q′2)2 + 28W 4 + 8W 2t∆ − 3t2∆
]
,

B9 = 0,

B10 = 1
96M

[
8M2 + 4MM∆ + q′2 + 3q2 − 4W 2 − 3t∆

]
,

B11 = − 1
4M

[
q2 − q′2

]
,

B12 = 1
24M

[
8M2 − 8W 2 − 3t∆

]
,

B13 = 1
8M

[
q2 − q′2

]
,

B14 = − 1
24M q′2,
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B15 = 1
96M

[
− 2M2 − 5q′2 + 3q2 + 2W 2 + t∆

]
,

B16 = − 1
48M

[
4M2 + 8W 2 − t∆

]
,

B17 = − 1
24M

[
M4 − 2M3M∆ −M2(q2 + q′2)− 6M2W 2 +MM∆(q2 + q′2)

− 2MW 2M∆ −W 2(q2 + q′2) + q2q′2 +W 4 + 3W 2t∆

]
B18 = − 1

384M

[
28M4 − 4M2(q2 + q′2)− 56M2W 2 − 4M2t∆ + 4Mt∆M∆

− 20W 2(q2 + q′2) + 3(q′2 + q2)2 + 28W 4 + 8W 2t∆ − 3t2∆
]
,

B19 = − 1
12M ,

B20 = t∆ − 2q′2
48M ,

B21 = 4M2 − 4MM∆ − t∆
48M , (5.128)

where we defined t∆ = (q − q′)2.
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6 Soft-photon corrections to the
e−p→ e−pl−l+ process

This chapter is based on Ref. [16], in which we extended the calculation from the
TCS process to the dVCS process on a proton. More specifically, we calculate the
amplitudes contributing to the process e−p→ l+l−p, where l− = µ− or l− = e−. We
distinguish between three different contributions, the spacelike and timelike Bethe-
Heitler process, and the aforementioned dVCS process. As described in Section 1.2.1,
this most general case of a double-virtual Compton process can be useful to access
the so-far unknown low-energy constant, which appears in the leading hadronic cor-
rections to the muonic Hydrogen Lamb shift and hyperfine splitting. In this chapter,
we will study the sensitivity on this low-energy constant using the same low-energy
model for the Compton tensor as in the TCS case. Furthermore, we study the dVCS
tensor also in a high-energy regime, again using GPDs, and show the sensitivity of
the e−p → l+l−p process on their parameterization. In both models, we calculate
cross sections, as well as forward-backward and beam spin asymmetries. To provide a
first estimate of the size of radiative corrections to these observables, we will use the
soft-photon approximation. We distinguish between three different, gauge-invariant
types of corrections, from which one contributes also to the VCS case, a second one
contributes to the TCS case, both of which are obtained as limits of our present work,
and a third type of correction, which is new for the double-virtual case. We study
the size of these corrections on the level of unpolarized cross sections as well as on
the forward-backward and beam spin asymmetries.

The outline of the present chapter is as follows. In Section 6.1, we introduce the
relevant Feynman diagrams at tree level. In Section 6.2, we introduce the models
we used to calculate the dVCS tensor. Since those have been presented already in
the previous chapter, we will comment only on the additions we implemented going
from the TCS to the dVCS case. In Section 6.3, we calculate the virtual radiative
corrections in the soft-photon approximation from the three gauge-invariant types
of contributions. We give analytic expressions for the finite as well as for the IR
divergent parts of all three contributions in terms of a factorizing contribution on
the level of cross section. In Section 6.4, we calculate the contribution to the cross
sections due to soft-photon bremsstrahlung. Taking real radiation into account, we
cross-check analytically the cancellation with the IR divergences from the virtual
corrections. In Section 6.5, we show our results for the observables in both the low-
energy and high-energy kinematical regimes. We conclude in Section 6.6. Technical
details are discussed in two appendices.

6.1 Dilepton electroproduction at tree level

In this chapter, we study the dilepton electroproduction process

e−(k) +N(p)→ e−(k′) +N(p′) + l−(l−) + l+(l+), (6.1)
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Figure 6.1.1: Tree level QED diagrams contributing to the e−p →
e−pl−l+ process. We distinguish between the spacelike (left) and the
timelike (right) Bethe-Heitler processes. The crossed diagrams, for
which in the spacelike process the order of the vertices on the produced
dilepton line are interchanged, and for which in the timelike process
the order of the vertices on the electron beam line are interchanged,

are not shown.

p p′

l+

l−

k′
k

q

q′

Figure 6.1.2: Tree level diagrams for the Compton scattering. The
blob represents the (elastic and inelastic) interaction of the virtual

photon with the nucleon.

as a probe of proton (N) structure, with l− = e− or l− = µ−, where the quantities
in brackets denote the particle four-momenta. At tree level, we distinguish between
three different contributions, which we denote as the spacelike (SL) and timelike (TL)
Bethe-Heitler (BH) processes, see Fig. 6.1.1, as well as the double virtual Compton
process (dVCS), see Fig. 6.1.2.

To specify the kinematics, it is useful to introduce the following four-momenta:

q = k − k′, q′ = l+ + l−, ∆ = p′ − p. (6.2)

The process (6.1) is defined by five kinematical invariants,

s = (k + p)2, Q2 = −(k − k′)2,

W 2 = (q + p)2, t = ∆2,

sll = q′2, (6.3)

and three scattering angles,
Φ, θ∗l , φ∗l , (6.4)

where Φ denotes the angle of the initial electron plane relative to the production plane.
Furthermore, the angle θ∗l (φ∗l ) denotes the polar (azimuthal) angle respectively of
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q
q'

l
-

k

k'

Φ

θl

*

ϕl

*

Figure 6.1.3: Planes defining the scattering angles which character-
ize the e−p→ e−pl−l+ process. The angles Φ and φ∗l are defined with
respect to the blue plane, which is the scattering plane of the virtual

photons with four-momenta q and q′.

the negative charged lepton in the rest frame of the l−l+ lepton pair. In Fig. 6.1.3
we show the three different scattering planes defined by these angles.

We denote by m the mass of the electron, by ml the mass of the produced leptons,
and by M the mass of the proton. The on-shell relations of the external particles are
therefore

k2 = k′2 = m2, l2− = l2+ = m2
l , p2 = p′2 = M2, (6.5)

and the invariant s is obtained from the Lab electron beam energy Ee as s = M2 +
m2 + 2MEe.

The matrix element for the spacelike Bethe-Heitler (BH,SL) process (left diagram
in Fig. 6.1.1) is given by

MBH,SL
0;dir = −ie

4

Q2t
ū
(
k′, h′

)
γµu (k, h)

×ū (l−, h−)
[
γµ

/l− − /q +ml

(l− − q)2 −m2
l

γα + γα
6 q −6 l+ +ml

(q − l+)2 −m2
l

γµ

]
v (l+, h+)

×N̄
(
p′, s′

)
Γα(t)N (p, s) , (6.6)

while the timelike Bethe-Heitler (BH,TL) process (right diagram in Fig. 6.1.1) is given
by

MBH,TL
0;dir = ie4

sllt
ū (l−, h−) γµv (l+, h+)

×ū
(
k′, h′

) [
γµ

/k
′ + /q′ +m

(k′ + q′)2 −m2
γα + γα

/k − /q′ +m

(k − q′)2 −m2
γµ

]
u(k, h)

×N̄
(
p′, s′

)
Γα(t)N (p, s) . (6.7)

In Eqs. (6.6,6.7), h(h′) denote the helicities of the intial (scattered) electrons, h−
and h+ are the helicities of the produced lepton pair, and s(s′) are the helicities of
the intial (final) proton respectively. Furthermore, Γα is the electromagnetic nucleon
vertex given by

Γα(p′, p) = F1(t)γα + F2(t) iσ
αα′∆α′

2M , (6.8)
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where F1 (F2) are the Dirac (Pauli) form factors of the nucleon respectively.
The matrix element for the double virtual Compton scattering (dVCS) process

(Fig. 6.1.2) is expressed as:

MdVCS
0;dir = ie4

Q2sll
ū
(
k′, h′

)
γµu (k, h) ū (l−, h−) γνv (l+, h+)

×N̄
(
p′, s′

)
MµνN (p, s) , (6.9)

whereMµν denotes the Compton tensor, which depends on the model to describe the
interaction of photons with the nucleon, and which will be specified below.

In the case of e−e+ production, we have to take into account that the electrons
with momenta k′ and l− are indistinguishable. Thus for e−e+ production, we have
to consider, besides the direct (dir) contribution of Eqs. (6.6,6.7,6.9), also the con-
tribution of all exchange (ex) diagrams where both electrons in the final state are
interchanged. The Bethe-Heitler matrix elements corresponding with these exchange
terms are given by (note that this only contributes in the case ml = m):

MBH,SL
0;ex = ie4

(k − l−)2t
ū (l−, h−) γµu (k, h)

×ū
(
k′, h′

) [
γµ

/l− − /q +m

(l− − q)2 −m2γα + γα
6 k −6 q′ +m

(k − q′)2 −m2γµ

]
v (l+, h+)

×N̄
(
p′, s′

)
Γα(t)N (p, s) , (6.10)

MBH,TL
0;ex = ie4

(l+ + k′)2t
ū
(
k′, h′

)
γµv (l+, h+)

×ū (l−, h−)
[
γµ

/k
′ + /q′ +m

(k′ + q′)2 −m2
γα + γα

/q − /l+ +m

(q − l+)2 −m2
γµ

]
u(k, h)

×N̄
(
p′, s′

)
Γα(t)N (p, s) , (6.11)

and the exchange term corresponding with the dVCS matrix element is given by

MdVCS
0;ex = −ie4

(k − l−)2(l+ + k′)2 ū (l−, h−) γµu (k, h) ū
(
k′, h′

)
γνv (l+, h+)

×N̄
(
p′, s′

)
MµνN (p, s) . (6.12)

To ensure the Pauli principle, one has to anti-symmetrize the amplitude under ex-
change of both electrons in the final state. Therefore, the full matrix elements for the
e−p → e−pe−e+ process is obtained as difference between the amplitudes for direct
(dir) and exchange (ex) diagrams as follows:

MBH,SL
0 =MBH,SL

0;dir −M
BH,SL
0;ex ,

MBH,TL
0 =MBH,TL

0;dir −MBH,TL
0;ex

MdVCS
0 =MdVCS

0;dir −MdVCS
0;ex , (6.13)

while for µ−µ+ production only the direct diagrams contribute.
The fully differential cross section for the e−p→ e−pl−l+ process is given by(

dσ
dQ2dW 2dΦdtdslldΩ∗l

)
0

= 1
(4π)7

1
2(s−M2)2

β

[((W +M)2 +Q2)((W −M)2 +Q2)] 1
2

×
∑
i

∑
f

∣∣∣MBH,SL
0 +MBH,TL

0 +MdVCS
0

∣∣∣2 , (6.14)
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where dΩ∗l refers to the phase space of the produced lepton of the dilepton pair in
the l−l+ rest frame, and where β is the lepton velocity in the l−l+ rest frame,

β =
√

1− 4m2
l

sll
. (6.15)

6.2 Models for the double virtual Compton amplitude

Like in the case of TCS, we use two different models to calculate the dVCS amplitude.
Both models are described in the previous chapter in Section 5.2. In the present
section, we describe a few differences we implemented compared to the TCS case.

6.2.1 Low-energy model and low-energy expansion

For the low-energy model we use, as before, the Born and ∆-pole model as described
in Section 5.2.1. However, in the present calculation, we only use the dominant
contribution of the ∆-pole model coming from the magnetic dipole transition FF
G∗M . This corresponds with the leading term in the so-called δ-expansion [147] to
calculate observables, i.e. we set G∗E = G∗C = 0.

In addition to the Born+∆ model, we furthermore use a low-energy expansion of
the amplitude. The expansion of the helicity-averaged amplitude can be described
by five independent tensors which are given, following the notations of [145], by

Mµν =
∑

i=1,2,3,4,19
Bi(ν, q2, q′2, q · q′)Tµνi , (6.16)

where Tµνi are the spin-independent and gauge invariant tensors, symmetric under
exchange of the two virtual photons, and are given by

Tµν1 = −q · q′gµν + q′µqν ,

Tµν2 = (2Mν)2
(
−gµν + q′µqν

q · q′
)
− 4q · q′

(
Pµ − q · P

q · q′
q′µ
)(

P ν − q · P
q · q′

qν
)
,

Tµν3 = q2q′ 2gµν + q · q′qµq′ν − q2 q′µq′ν − q′ 2 qµqν ,

Tµν4 = (2Mν)(q2 + q′ 2)
(
gµν − q′µqν

q · q′
)

+ 2
(
Pµ − q · P

q · q′
q′µ
)(
−q′2qν + q · q′q′ν

)
+ 2

(
P ν − q · P

q · q′
qν
)(
−q2q′µ + q · q′qµ

)
,

Tµν19 = 4q2q′ 2
(
Pµ − q · P

q2 qµ
)(

P ν − q · P
q′ 2

q′ ν
)
. (6.17)

Furthermore, in Eq. (6.16), the invariant amplitudes Bi are functions of four Lorentz
invariants, with ν ≡ q · P/M .

The non-Born part of the dVCS amplitudes, denoted as B̄i, can be expanded
for small values of ν, q2, q′ 2, and q · q′, with coefficients given by polarizabilities.
The relations between these low-energy coefficients and the polarizabilities measured
through real Compton scattering (γp→ γp) and virtual Compton scattering (γ∗p→
γp) have been given in Ref. [12].

A special limit of the double virtual Compton process is given by its forward
limit, denoted by VVCS, which corresponds with q′ = q and p′ = p. This limit
is of particular importance as it enters the two-photon hadronic corrections to the
electronic and muonic hydrogen energy levels. The helicity averaged VVCS process
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is described by two invariant amplitudes, denoted by T1 and T2, which are functions
of the two kinematic invariants Q2 and ν, as:

Mµν
VVCS ≡

1
αem

{
ĝµνT1(ν,Q2)− p̂µp̂ν

M2 T2(ν,Q2)
}
, (6.18)

with ĝµν ≡ gµν−qµqν/q2, p̂µ ≡ pµ−p ·q/q2 qµ. The optical theorem allows expressing
the imaginary parts of T1 and T2 as:

Im T1(ν,Q2) = e2

4MF1 , Im T2(ν,Q2) = e2

4ν F2 , (6.19)

where F1, F2 are the conventionally defined structure functions parameterizing inclu-
sive electron-nucleon scattering, depending on Q2 and x ≡ Q2/2Mν. The two-photon
exchange correction to the µH Lamb shift can be expressed as a weighted double inte-
gral over Q2 and ν of the forward amplitudes T1 and T2 [9]. Using the empirical input
of F1 and F2, the ν dependence of T2 can be fully reconstructed using an unsubtracted
dispersion relation, whereas the dispersion relation for T1 requires one subtraction,
which can be chosen at ν = 0 as T1(0, Q2). The subtraction function is usually split
in a Born part, corresponding with the nucleon intermediate state, and a remainder,
so-called non-Born part, denoted by T̄1(0, Q2). The Born part can be expressed in
terms of elastic form factors and is well known, see e.g. [167] for the corresponding
expressions. The non-Born part cannot be fixed empirically so far. In general, one
can however write down a low Q2 expansion of T̄1(0, Q2) as:

T̄1(0, Q2) = βM1Q
2 + 1

2T
′′
1 (0)Q4 +O(Q6), (6.20)

where the term proportional to Q2 is empirically determined by the magnetic dipole
polarizability βM1 [168]. Theoretical estimates for the subtraction term were given
at order Q4 in heavy-baryon chiral perturbation theory (HBChPT) [10], in BChPT,
both at leading order due to πN loops, and at next-to-leading order, including both
∆(1232)-exchange and π∆ loops [12, 13], as well as extracted from superconvergence
sum rule (SR) relations [14]. The different estimates for T̄ ′′1 (0) are compared in
Table 6.2.1. Even for these theoretically well-motivated approaches, the spread among
the different estimates is quite large. The resulting uncertainty due to this subtraction
term constitutes at present the main uncertainty in the theoretical µH Lamb shift
estimate. To reduce such model dependence, the dilepton electroproduction process
on a proton has been proposed in [15] as an empirical way to determine T̄ ′′1 (0).

As the forward VVCS process of Eq. (6.18) is a special case of Eq. (6.16), one can
express the subtraction function entering the hadronic corrections to the µH energy
levels as [12]:

T̄1(0, Q2) = αemQ
2
(
B̄1 +Q2B̄3

)
, (6.21)

where both non-Born amplitudes B̄1, B̄3 are understood in the forward limit (q = q′),
i.e. B̄i(0, q2, q2, q2) for i = 1, 3. In order to specify T̄1(0, Q2) up to the Q4 term, we
use the low-energy expansion in k ∈ {q, q′} of the amplitudes B̄1, B̄3 [12],

B̄1(0, q2, q′2, q · q′) = 1
αem

{
βM1 −

1
6βM2q · q′ −

(
β′M1(0) + βM1

8M2

)
(q2 + q′ 2)

}
+O(k4),

B̄3(0, q2, q′2, q · q′) = b3,0 +O(k2), (6.22)

where βM2 is the magnetic quadrupole polarizability determined from real Compton
scattering [169], and β′M1(0) is the slope at Q2 = 0 of the generalized magnetic dipole
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Source Ref. 1
2 T̄
′′
1 (0) αemb3,0

HBChPT [10] [−1.01,−0.35]
πN loops −0.06 0.001
π∆ loops −0.10 −0.005

∆ exchange −1.98 0.11
Total BChPT [12] −2.14± 0.98 0.11± 0.05

superconvergence SR [14] −0.47 3.96

Table 6.2.1: Estimates of the Q4 term of the subtraction function
T̄1(0, Q2) (second column) and of the dVCS low-energy constant b3,0
(third column), both in units 10−4 fm5, in different theoretical ap-
proaches [12]. The indicated range for the HBChPT result corresponds

with the range given by Eq. (15) in Ref. [10].

polarizability which is accessed through virtual Compton scattering, see Ref. [7] for
a recent review. While the terms of O(k0) and O(k2) in the low-energy structure of
the amplitude B̄1 at ν = 0 are empirically constrained from real or virtual Compton
scattering, the low-energy constant b3,0 is not determined empirically so far because
the tensor structure Tµν3 in Eq. (6.17) decouples when either the initial or final photon
is real. As such the low-energy constant b3,0 is the main unknown to date in the
empirical determination of T̄ ′′1 (0). Below, we study the sensitivity of the e−p →
e−pl−l+ process, including the soft-photon radiative corrections, to this low-energy
constant.

6.2.2 High-energy double virtual Compton amplitude in terms of
GPDs

For the high-energy regime, we use the same model as described in Section 5.2.2
based on perturbative QCD, in which the amplitude is expressed through GPDs,
cf. Eq. (5.28). However, since we now consider two off-shell photons in the Compton
amplitude, we have to ensure that for both incoming and outgoing virtual photons in
the DDVCS process exact electromagnetic gauge invariance is satisfied. We therefore
generalize the procedure introduced in Ref. [151] to add transversal correction terms
which are formally of higher-twist as follows:

Mµν
DDVCS = Mµν

DDVCS,tw−2 −
Pµ

2P · q̄ (∆⊥)κMκν
DDVCS,tw−2

+ P ν

2P · q̄ (∆⊥)λMµλ
DDVCS,tw−2

− PµP ν

4(P · q̄)2 (∆⊥)κ(∆⊥)λMκλ
DDVCS,tw−2, (6.23)

where the transverse part ∆⊥ of the four-momentum transfer to the nucleon is defined
as

(∆⊥)µ ≡ ∆µ + 2ξ̃ p̃µ − ξ̃M̄2 nµ. (6.24)

Using the identities

qµM
µν
DDVCS,tw−2 = 1

2 (∆⊥)µ M
µν
DDVCS,tw−2,

q′νM
µν
DDVCS,tw−2 = −1

2 (∆⊥)ν M
µν
DDVCS,tw−2, (6.25)
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one immediately verifies that both qµMµν
DDVCS = 0 and q′νM

µν
DDVCS = 0.

Using the parameterization of Eq. (5.33) for the GPD H in terms of a double
distribution and a D-term part, the evaluation of the amplitude in Eq. (5.28) involves
a principle-value integral which can be evaluated numerically, for the case 0 < ξ′ < ξ,
as:

P.V.
∫ 1

0
dx

Hsinglet(x, ξ, t)
x− ξ′

=
∫ 1

0
dx

Hsinglet
DD (x, ξ, t)−Hsinglet

DD (ξ′, ξ, t)
x− ξ′

+ 2
∫ ξ

0
dx

D(x/ξ, t)−D(ξ′/ξ, t)
x− ξ′

+ ln
(1− ξ′

ξ′

)
Hsinglet
DD (ξ′, ξ, t) + ln

(
ξ − ξ′

ξ′

)
2D(ξ′/ξ, t),

(6.26)

with the singlet GPD,

Hsinglet(x, ξ, t) ≡ H(x, ξ, t)−H(−x, ξ, t). (6.27)

6.3 Virtual soft-photon corrections

In this section, we evaluate all one-loop virtual photon radiative corrections to the
e−p→ e−pl−l+ process in the soft-photon approximation. From all soft-photon con-
tributions, one can distinguish between the following three gauge-invariant subsets:

• class (a): soft photon attached to the beam electron line

• class (b): soft photon attached to the dilepton pair

• class (c): soft photon connecting the beam electron line with the dilepton line

We give analytical expressions for the corrections of all three types. Like in the pre-
vious chapter, we use dimensional regularization to regularize infrared divergences
coming from the integration over the soft-photon loop momentum l. In addition
to the diagrams with virtual soft photons, we also have to consider infrared diver-
gent counterterms, which were calculated in the previous chapter using the on-shell
renormalization scheme.

We will subsequently discuss the virtual radiative corrections to the spacelike BH
process, the timelike BH process, and the double virtual Compton process.

6.3.1 Corrections to the spacelike Bethe-Heitler process

Contributions of class (a)

In this section, we calculate the soft-photon corrections for which the soft-photon is
attached to the electron line. This corresponds to the left diagram in Fig. 6.3.1. In
the following, we suppress helicity states in all spinors to make the formulas more
compact and better readable. Using Feynman gauge, the first diagram in Fig. 6.3.1
is given by

MBH,SL
a = − e6

Q2t
N̄
(
p′
)

Γα(t)N (p)µ4−d

×
∫

ddl

(2π)d
ū (k′) γβ(/k′ + /l +m)γµ(/k + /l +m)γβu (k)

[(k′ + l)2 −m2] [(k + l)2 −m2] [l2]
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Figure 6.3.1: Virtual corrections of class (a) (left) and class (b)
(right) to the spacelike BH process with two virtual photons. One also
has to consider the corresponding counterterm diagrams. The crossed

diagrams with l− and l+ interchanged yield the same correction.

×
ū (l−) γµ

(
/l− − /q +ml

)
γαv (l+)[

(l− − q)2 −m2
l

] , (6.28)

which reduces in the soft-photon approximation to

MBH,SL
a = −ie24(k · k′)MBH,SL

0 µ4−d
∫

ddl

(2π)d
1

[l2 + 2k · l] [l2] [l2 + 2k′ · l]

= e2

4π2 (k · k′)C0
(
m2,

(
k − k′

)2
,m2; 0,m2,m2

)
MBH,SL

0 , (6.29)

with the three-point function C0 given in Eq. (5.71).
In addition to the contribution of Eq. (6.29), we also have to include the vertex

counterterm. We have shown the calculation of the one-loop vertex in Section 5.3.2
using the on-shell subtraction scheme. In the soft-photon approximation, one has to
extract only the IR divergent piece of the full expression. From Eq. (5.47) we thus
find for the vertex counterterm in the soft-photon approximation

MBH,SL
ct;s = −αem

2π

[
1
εIR
− γE + ln

(
4πµ2

m2

)]
MBH,SL

0 . (6.30)

After adding the vertex counterterm to Eq. (6.29) and evaluating the three-point
function, the infrared divergent part of the virtual correction to the cross section of
the spacelike process is given by

δBH,SLa,IR = −αem
π

[(
1 + β2

Q

2βQ

)
ln
(
βQ − 1
βQ + 1

)
+ 1

] [
1
εIR
− γE + ln

(
4πµ2

m2

)]
, (6.31)

and the finite part by

δBH,SLa = −αem
π

(
1 + β2

Q

2βQ

){
2 Li2

(
βQ − 1

2βQ

)
+ ln2

(
βQ − 1

2βQ

)

− 1
2 ln2

(
βQ − 1
βQ + 1

)
− π2

6

}
, (6.32)

where βQ =
√

1 + 4m2

Q2 .
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Note that here and in the following, we define δ to be the correction on the level
of the cross section, not the amplitude. This corresponds to taking twice the real
part of the correction on the level of the amplitude.

For the crossed diagrams with l− and l+ interchanged we find the same result as
in Eqs. (6.31) and (6.32). In the limit of a small electron mass, i.e. m � Q2, the
correction simplifies to

δBH,SLa,IR = αem
π

[
ln Q

2

m2 − 1
] [

1
εIR
− γE + ln

(
4πµ2

m2

)]
,

δBH,SLa = −αem
π

[
1
2 ln2 Q

2

m2 −
π2

6

]
. (6.33)

Contributions of class (b)

Here, we calculate all contributions to the spacelike process, for which the soft-photon
is attached to the dilepton line. The Feynman diagram corresponding to this correc-
tion is shown in Fig. 6.3.1 on the right. The matrix element is given by

MBH,SL
b = − e6

Q2t
N̄
(
p′
)

Γα(t)N (p) ū
(
k′
)
γµu (k)µ4−d

∫
ddl

(2π)d
ū (l−) γβ

(
−/l + /l− +ml

)[
(l − l−)2 −m2

l

]
×
γµ
(
−/l + /l− − /q +ml

)
γα(−/l − /l+ +ml)γβv (l+)

[(l − l− + q)2 −m2
l ][(l + l+)2 −m2

l ] [l2]
, (6.34)

which in the soft-photon approximation reduces to

MBH,SL
b = ie24(l− · l+)MBH,SL

0 µ4−d
∫

ddl

(2π)d
1

[l2 − 2l− · l] [l2] [l2 + 2l+ · l]

= −e
2

4π2 (l− · l+)C0
(
m2
l , (l− + l+)2 ,m2

l ; 0,m2
l ,m

2
l

)
MBH,SL

0 . (6.35)

As before for the class (a) contribution, we need to include counterterms. In addi-
tion to the infrared divergent piece of the vertex counterterm as given by Eq. (6.30),
we also need the counterterm of the fermion self-energy. The full self-energy has been
calculated in Section 5.3.3. In the soft-photon limit, in which we only extract the IR
divergence from Eq. (5.64), we find

Σ̃s(k′) = αem
2π

(
6 k′ −ml

) [ 1
εIR
− γE + ln

(
4πµ2

m2
l

)]
. (6.36)

Adding the counterterms of the vertex and fermion self-energy to Eq. (6.35), we
find for the total contribution the infrared divergent part

δBH,SLb,IR = αem
π

[
1 + β2

2β ln
(1 + β

1− β

)
− 1

] [
1
εIR
− γE + ln

(
4πµ2

m2
l

)]
, (6.37)

and the finite part

δBH,SLb = −αem
π

(
1 + β2

2β

)[
2 Li2

( 2β
β + 1

)
+ 1

2 ln2
(1− β

1 + β

)
− π2

]
. (6.38)
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Figure 6.3.2: Virtual photon corrections of class (c) to the spacelike
BH proces. The crossed diagrams with l− and l+ interchanged yield

the same correction.

Note that this correction is exactly the same as in the TCS process, that was studied in
the previous chapter, cf. Eq. (5.75). In the limit of small lepton masses, i.e. m2

l � sll,
we find

δBH,SLb,IR = αem
π

[
ln sll
m2
l

− 1
] [

1
εIR
− γE + ln

(
4πµ2

m2
l

)]
,

δBH,SLb = −αem
π

[
1
2 ln2 sll

m2
l

− 2
3π

2
]
. (6.39)

Contributions of class (c)

In this section, we calculate all diagrams, in which a soft-photon connects the elec-
tron line with the dilepton line. We show the contributing diagrams of this class in
Fig. 6.3.2. For the contribution of class (c) no counterterms contribute.

The first diagram in Fig. 6.3.2 is calculated as

MBH,SL
c1 = e6

t
N̄
(
p′
)

Γα(t)N (p)µ4−d
∫

ddl

(2π)d
ū (k′) γµ

(
/l + /k +m

)
γβu (k)

[(l + k)2 −m2] [(l + k − k′)2] [l2]

×
ū (l−) γβ

(
/l− + /l +ml

)
γµ
(
/l− − /q +ml

)
γαv (l+)[

(l + l−)2 −m2
l

] [
(l− − q)2 −m2

l

] , (6.40)

which in the soft-photon limit can be reduced to

MBH,SL
c1 = −ie24(k · l−)µ4−dMBH,SL

0

∫
ddl

(2π)d
1

[l2] [l2 + 2k · l] [l2 + 2l− · l]
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= e2

4π2 (k · l−)C0
(
m2, (k − l−)2 ,m2

l ; 0,m2,m2
l

)
MBH,SL

0 . (6.41)

Evaluating the three-point function C0, as given in Appendix 6.B, we find, that the
infrared-divergent part is given by

δBH,SLc1,IR = αem
π

k · l−
λkl−(k − l−)2 ln

(
γ−kl−(1− γ+

kl−
)

(1− γ−kl−)γ+
kl−

)[
1
εIR
− γE + ln

(
4πµ2

m2

)]
, (6.42)

and the finite part by

δBH,SLc1 = αem
π

k · l−
λkl−(k − l−)2

{
− ln

(
−λkl−

) [
ln
(
γ+
kl−
− 1

γ+
kl−

)
+ ln

(
γ−kl−

γ−kl− − 1

)]

+ 1
2 ln2

(
−γ+

kl−

)
− 1

2 ln2
(
γ−kl−

)
− 1

2 ln2
(
1− γ+

kl−

)
+ 1

2 ln2
(
γ−kl− − 1

)
− Li2

(
1− γ−kl−
λkl−

)
− Li2

(
γ+
kl−

λkl−

)
+ Li2

(
γ+
kl−
− 1

λkl−

)
+ Li2

(
γ−kl−
λkl−

)

− ln
(
γ−kl−(1− γ+

kl−
)

(1− γ−kl−)γ+
kl−

)
ln
(
−(k − l−)2

m2

)}
, (6.43)

where

λkl− =
2
√

(k · l−)2 −m2m2
l

(k − l−)2 , γ±kl− =
[
m2
l − k · l−

(k − l−)2 ±
λkl−

2

]
. (6.44)

We now consider two limits for this correction, in which the above expressions
simplify. The first limit corresponds to the case, when the electron mass is small
compared to all other scales. In this limit, we find for the infrared divergent contri-
bution

δBH,SLc1,IR = αem
π

ln
(2k · l−
m ml

)[ 1
εIR
− γE + ln

(
4πµ2

m2

)]
, (6.45)

and for the finite contribution

δBH,SLc1 = αem
2π

{1
2 ln2

(
m2

2k · l−

)
− 1

2 ln2
(

2k · l−
2k · l− −m2

l

)
+ 1

2 ln2
(

m2
l

2k · l− −m2
l

)

− ln
(

4(k · l−)2

m2m2
l

)
ln
(2k · l−

m2

)
+ Li2

(
2k · l− −m2

l

2k · l−

)
− Li2

(
m2
l

2k · l−

)
+ π2

6

}
.

(6.46)

If in addition to m2 � k · l−, also ml = m, i.e. considering electron pair production,
we find

δBH,SLc1,IR = αem
π

ln
(2k · l−

m2

)[ 1
εIR
− γE + ln

(
4πµ2

m2

)]
,

δBH,SLc1 = −αem
π

{1
2 ln2 2k · l−

m2 − π2

6

}
. (6.47)

We now turn to the second diagram in the first row of Fig. 6.3.2. It can be related
to the previous one using Eq. (6.41) with the replacement l− → l+ together with a
sign change,

MBH,SL
c2 = −e

2

4π2 (k · l+)C0
(
m2, (k − l+)2 ,m2

l ; 0,m2,m2
l

)
MBH,SL

0 . (6.48)
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Therefore, the correction on the level of the cross section is given by

δBH,SLc2,IR = −δBH,SLc1,IR

∣∣∣
l−→l+

, δBH,SLc2 = −δBH,SLc1

∣∣∣
l−→l+

. (6.49)

The first diagram in the second row of Fig. 6.3.2 is given by

MBH,SL
c3 = e6

t
N̄
(
p′
)

Γα(t)N (p)µ4−d
∫

ddl

(2π)d
ū (k′) γβ

(
/l + /k′ +m

)
γµu (k)

[(l + k′)2 −m2] [(l − k + k′)2] [l2]

×
ū (l−) γβ

(
/l− − /l +ml

)
γµ
(
/l− − /q +ml

)
γαv (l+)[

(l − l−)2 −m2
l

] [
(l− − q)2 −m2

l

] , (6.50)

which reduces to

MBH,SL
c3 = −ie24(k′ · l−)µ4−dMBH,SL

0

∫
ddl

(2π)d
1

[l2 + 2k′l] [l2 − 2l−l] [l2]

= e2

4π2 (k′ · l−)C0
(
m2,

(
k′ + l−

)2
,m2

l ; 0,m2,m2
l

)
MBH,SL

0 . (6.51)

In this case, the second argument of the three-point function is positive. Therefore,
an analytic continuation of this function to the timelike region has to be performed.
This yields

δBH,SLc3,IR = αem
π

(k′ · l−)
λ̃k′l(k′ + l−)2 ln

(
γ̃−k′l−(1− γ̃+

k′l−
)

(1− γ̃−k′l−)γ̃+
k′l−

)[
1
εIR
− γE + ln

(
4πµ2

m2

)]
, (6.52)

and

δBH,SLc3 =αem
π

(k′ · l−)
λ̃k′l(k′ + l−)2

{1
2 ln2

(
λ̃k′l

1− γ̃+
k′l−

)
+ ln2

(
1− γ̃−k′l−

)
− ln2

(
γ̃−k′l−

)

+ ln2
(
γ̃+
k′l−

)
− ln2

(
1− γ̃+

k′l−

)
+ Li2

(
λ̃k′l

1− γ̃−k′l−

)
+ Li2

(
−
γ̃−k′l−
λ̃k′l

)

+ 1
2 ln2

(
λ̃k′l
γ̃−k′l−

)
+ Li2

(
λ̃k′l

γ̃+
k′l−

)
+ Li2

(
γ̃+
k′l−
− 1

λ̃k′l

)
− 5π2

3

− ln
(
γ̃−k′l−(1− γ̃+

k′l−
)

(1− γ̃−k′l−)γ̃+
k′l−

)
ln
(

(k′ + l)2

m2

)}
, (6.53)

where

λ̃k′l− =
2
√

(k′ · l−)2 −m2m2
l

(k′ + l−)2 , γ̃±k′l− =
[
m2
l + k′ · l−

(k′ + l−)2 ±
λ̃k′l−

2

]
. (6.54)

We consider the two limits like before. In the limit of a small electron mass, we find
for the infrared divergent contribution

δBH,SLc3,IR = −αem
π

ln
(2k′ · l−
m ml

)[ 1
εIR
− γE + ln

(
4πµ2

m2

)]
, (6.55)

and for the finite contribution

δBH,SLc3 = αem
2π

{1
2 ln2

(
2k′l−
m2
l

)
− ln2

(2k′l−
m2

)
+ ln2

(
2k′l−

2k′l− +m2
l

)
− ln2

(
m2
l

2k′l− +m2
l

)
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Figure 6.3.3: Virtual corrections of class (a) (left) and class (b)
(right) to the timelike BH process. One also has to consider the cor-
responding counter-term diagrams. For the correction, the crossed

diagrams with ∆ and q′ interchanged yield the same result.

+ 1
2 ln2

(
4(k′l−)2

m2(2k′l− +m2
l )

)
+ ln

(
m2m2

l

4(k′l−)2

)
ln
(

m2

2k′l− +m2
l

)

+ Li2
(
− m2

l

2k′l−

)
+ Li2

(
2k′l−

2k′l− +m2
l

)
− 3

2π
2
}
. (6.56)

Considering electron production, ml = m, we find

δBH,SLc3,IR = −αem
π

ln
(2k′ · l−

m2

)[ 1
εIR
− γE + ln

(
4πµ2

m2

)]
,

δBH,SLc3 = αem
π

{1
2 ln2 2k′ · l−

m2 − 2
3π

2
}
. (6.57)

For the second diagram in the second row of Fig. 6.3.2, we can derive the correction
in the soft-photon approximation from the previous result, leading to

δBH,SLc4 = −δBH,SLc3

∣∣∣
l−→l+

. (6.58)

Note that from Eqs. (6.47), (6.49), (6.57) and (6.58) we can see that the sum
of all class (c) corrections is anti-symmetric with respect to interchanging l+ ↔ l−.
This is in contrast to the contributions of class (a) and (b), which are symmetric with
respect to the interchange of l+ and l−.

6.3.2 Corrections to the timelike Bethe-Heitler process

In this section, we give the soft-photon corrections for the timelike process, which
lead to exactly the same corrections as in the spacelike process.

The first diagram in Fig. 6.3.3 is given by

MBH,TL
a = e6

sllt
N̄
(
p′
)

Γα(t)N (p) ū (l−) γµv (l+)µ4−d

×
∫

ddl

(2π)d
ū (k′) γβ

(
/k′ + /l +m

)
γµ
(
/k
′ + /q′ + /l +m

)
γα
(
/k + /l +m

)
γβu (k)

[(k′ + l)2 −m2] [(k′ + q′ + l)2 −m2] [(k + l)2 −m2] [l2] ,

(6.59)
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Figure 6.3.4: Contributing diagrams from class (c) for the timelike
Bethe-Heitler process. The crossed diagrams with ∆ and q′ inter-

changed yield the same result.

which in the soft-photon limit reduces to

MBH,TL
a = −ie24(k · k′)µ4−dMBH,TL

0

∫
ddl

(2π)d
1

[l2] [l2 + 2k · l] [l2 + 2k′ · l]

= e2

4π2 (k · k′)C0
(
m2,

(
k − k′

)2
,m2; 0,m2,m2

)
MBH,TL

0 . (6.60)

After adding the counterterms, on the level of the cross section, the same correction
as for the spacelike process is found:

δBH,TLa = δBH,SLa . (6.61)

By the same argument, the second diagram in Fig. 6.3.3, including counterterms,
yields the same correction as for the spacelike process from Eqs. (6.37) and (6.38):

δBH,TLb = δBH,SLb . (6.62)

The same argument also applies to the four diagrams of class (c), shown in Fig. 6.3.4,
which yield the same correction as for the spacelike process:

δBH,TLc1 = δBH,SLc1 , δBH,TLc2 = δBH,SLc2 ,

δBH,TLc3 = δBH,SLc3 , δBH,TLc4 = δBH,SLc4 . (6.63)
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Figure 6.3.5: Virtual corrections of class (a) (top left), class (b) (top
right), and class (c) (lower two rows) to the dVCS process. One also
has to consider the corresponding counter-term diagrams. The crossed

diagrams with q and q′ interchanged yield the same result.

6.3.3 Corrections to the Compton process

In this section, we derive the corrections for the Compton scattering, which in the
soft-photon limit lead again to the same results as before for space-like and time-like
Bethe-Heitler process. Therefore, on the level of the cross section, the correction in
the soft-photon approximation can be factorized for the total process, and is given by

δdVCSa = δBH,SLa , δdVCSb = δBH,SLb ,

δdVCSc1 = δBH,SLc1 , δdVCSc2 = δBH,SLc2 ,

δdVCSc3 = δBH,SLc3 , δdVCSc4 = δBH,SLc4 . (6.64)

6.3.4 Sum of all virtual soft-photon corrections

Adding all contributions from classes (a), (b) and (c), we define the virtual soft-photon
corrections on the cross section as

dσs;v = dσ0(1 + δs;v). (6.65)

The correction can be separated in the IR divergent contribution

δIRs;v = αem
π

{[ 1
εIR
− γE + ln

(
4πµ2

m2

)]

×
[

ln
(
Q2

m2

)
+ ln

(2k · l−
m ml

)
− ln

(2k · l+
m ml

)
− ln

(2k′ · l−
m ml

)
+ ln

(2k′ · l+
m ml

)
− 1

]
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+
[(1 + β

1− β

)
ln
(1 + β

1− β

)
− 1

] [ 1
εIR
− γE + ln

(
4πµ2

m2
l

)]}
, (6.66)

and the finite contribution

δs;v = δa + δb + δc1 + δc2 + δc3 + δc4 . (6.67)

For convenience of the reader, we summarize all formulas derived in the previous
sections:

δa = −αem
π

{
1
2 ln2

(
Q2

m2

)
− π2

6

}
, (6.68)

δb = −αem
π

(
1 + β2

2β

){
2 Li2

( 2β
β + 1

)
+ 1

2 ln2
(1− β

1 + β

)
− π2

}
, (6.69)

δc1 = αem
2π

{1
2 ln2

(
m2

2k · l−

)
− 1

2 ln2
(

2k · l−
2k · l− −m2

l

)

+ 1
2 ln2

(
m2
l

2k · l− −m2
l

)
− ln

(
4(k · l−)2

m2m2
l

)
ln
(

2k · l−
2k · l− −m2

l

)

+ Li2
(

2k · l− −m2
l

2k · l−

)
− Li2

(
m2
l

2k · l−

)
+ π2

6

}
, (6.70)

δc2 = −δc1

∣∣∣
l−→l+

, (6.71)

δc3 = αem
2π

{1
2 ln2

(
2k′ · l−
m2
l

)
+ ln2

(
2k′ · l−

2k′ · l− +m2
l

)
− ln2

(
m2
l

2k′ · l− +m2
l

)

+ 1
2 ln2

(
4(k′ · l−)2

m2(2k′ · l− +m2
l )

)
− ln2

(2k′ · l−
m2

)

+ ln
(

m2m2
l

4(k′ · l−)2

)
ln
(

m2

2k′ · l− +m2
l

)
+ Li2

(
−m2

l

2k′ · l−

)

+ Li2
(

2k′ · l−
2k′ · l− +m2

l

)
− 3

2π
2
}
, (6.72)

δc4 = −δc3

∣∣∣
l−→l+

. (6.73)

In the case of e−e+ production, the formula simplifies significantly to

δs;v = −αem
2π

{
ln2
(
Q2

m2

)
+ ln2

(
sll
m2

)
− ln2

(2k′ · l−
m2

)
+ ln2

(2k′ · l+
m2

)
+ ln2

(2k · l−
m2

)
− ln2

(2k · l+
m2

)
− 5

3π
2
}
. (6.74)

6.4 Soft-photon bremsstrahlung

Like in the TCS case discussed in Section 5.4, we need to include soft bremstrahlung
to cancel the IR divergences of the virtual soft-photon corrections. On the level of
the cross section, the IR divergences cancel, resulting in a finite physical result. Since
in the present chapter, we study the process in which the proton remains unobserved,
while the dilepton pair is measured, the bremstrahlung integral has to be performed
in the rest frame of the unobserved proton and soft-photon. Defining the missing
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momentum pm ≡ p′ + kγ , this frame is defined by the condition ~pm = 0. The
bremstrahlung contribution to the cross section is then given by

dσs;r = dσ0
−e2

(2π)3

∫
|~kγ |<∆Es

d3~kγ
2k0

γ

{
m2
l

(kγ · l+)2 + m2
l

(kγ · l−)2 + m2

(kγ · k)2 + m2

(kγ · k′)2

− 2l+ · l−
(kγ · l+)(kγ · l−) −

2k′ · l+
(kγ · k′)(kγ · l+) + 2k′ · l−

(kγ · k′)(kγ · l−)

− 2k′ · k
(kγ · k)(kγ · k′)

− 2k · l−
(kγ · k)(kγ · l−) + 2k · l+

(kγ · k)(kγ · l+)

}
, (6.75)

where the maximal soft-photon energy in that frame is denoted by ∆Es. The ex-
pression after performing the integration in Eq. (6.75) is lengthy and complicated in
the general case. Here, we give explicit results only in the limit of a small electron
mass, i.e. we only keep the logarithmic dependence on m. For the IR divergent
contribution, we then find

δIRs;r = −αem
π

{[ 1
εIR
− γE + ln

(
4πµ2

m2

)]

×
[

ln
(
Q2

m2

)
+ ln

(2k · l−
m ml

)
− ln

(2k′ · l−
m ml

)
+ ln

(2k′ · l+
m ml

)
− ln

(2k · l+
m ml

)
− 1

]

+
[(

1 + β2

2β

)
ln
(1 + β

1− β

)
− 1

] [
1
εIR
− γE + ln

(
4πµ2

m2
l

)]}
, (6.76)

while for the finite part we find

δs;r ≡δs;ra + δs;rb + δs;rc , (6.77)

where

δs;ra = −αem
π

{
ln
(

4(∆Es)2

m2

)[
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+ 1
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)
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(
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3

}
, (6.78)

δs;rb = −αem
π
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, (6.79)

δs;rc = −αem
π

{
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. (6.80)
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In the above, we defined

v ≡ βsll

2(Ẽ− − 1−β
1+β Ẽ+)

, β̃∓ =
(
1−m2

l /Ẽ
2
∓

)1/2
, (6.81)

where Ẽ± denotes the energy of the lepton with momentum l± in the rest frame of
the soft-photon and recoil proton, and we denote by Ẽ (Ẽ′) the energy of the electron
with momentum k (k′) in the same system.

Adding Eqs. (6.66) and (6.76), we verify that the IR divergences from real and
virtual soft-photon corrections cancel on the level of cross section.

As mentioned before, the integration of the soft-photon bremsstrahlung is per-
formed up to a small energy cut-off ∆Es. This cut-off can be related to the experi-
mental resolution of the detector. In the frame with ~pm = 0, we find

∆Es = ∆
(
p2
m −M2

2
√
p2
m

)
≈ ∆p2

m

2M , (6.82)

where to first order we have used p2
m ≈ M2 in the denominator, and where ∆p2

m

denotes the resolution in the missing mass squared. In order to express ∆Es in terms
of Lab quantities, one needs to calculate the missing mass in that frame. Neglecting
the lepton masses, we find

p2
m = (q − q′ + p)2 = M2 + sll −Q2 − 2q · q′ + 2p · (q − q′)

=
[
M2 + 2Mq0 + 4E−E+ sin2 θll/2

− 4EE′ sin2 θkk′/2 + 2|~q ||~q ′| cos θγγ
− 2(q0 +M)(E+ + E−)

]
Lab

, (6.83)

where all quantities on the rhs have to be given in the Lab frame, where θkk′ denotes
the scattering angle between the incoming electron with momentum k and the out-
going with momentum k′, and where θll denotes the Lab angle between the lepton
pair momenta. Eqs. (6.82) and (6.83) allow one to express the maximal soft-photon
energy ∆Es (defined in the system ~pm = 0) in terms of Lab quantities and detector
resolutions.

In the following, it will be convenient to express the energies Ẽ±, Ẽ and Ẽ′ in
terms of kinematic invariants. For the case of a large lepton mass, for which the
formulas are lengthy and complicated, we use the expressions given in Appendix 6.A
and then boost to the rest frame of the recoiled proton and soft-photon to calculate the
energies numerically. In the case of electron-pair production in which we can neglect
the mass m compared to other quantities, the formulas become more compact. In
that case, we also find more compact expressions for the bremstrahlung corrections.
We find

δs;r = −αem
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{
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)
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− Li2
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1− 2Ẽ′Ẽ−
k′ · l−

)
+ Li2

(
1− 2ẼẼ−

k · l−

)
− Li2
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1− 2ẼẼ+
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)
+ 2

3π
2
}
.

(6.84)

The energies Ẽ±, Ẽ and Ẽ′ in the rest frame of the recoil proton + soft photon are
given by

Ẽ∓ = pm · l∓√
p2
m

≈ 1
M

(q + p− q′) · l∓

= 1
4M

{
(W 2 −M2 − sll)± [(W 2 −M2 − sll)2 − 4M2sll]1/2β cos θ∗l

}
, (6.85)

Ẽ = pm · k√
p2
m

≈ 1
M

(q + p− q′) · k

= 1
2M

(
(W 2 −M2 +Q2)2 + 4M2Q2

){Q2
[
t(W 2 +M2 +Q2)− 2M2(Q2 + sll)

]

+ (s−M2)
[
(W 2 −M2)(W 2 −M2 +Q2 − sll + t) +Q2(−sll − t+ 4M2)

]

+ 2Q cos(Φ)
[
s
(
s−M2 −Q2

)
−W 2

(
s−M2

) ]1/2

×
[
− t(W 2 −M2)(W 2 −M2 +Q2 − sll + t)−M2

(
(Q2 − sll + t)2 + 4sllQ2

)]1/2}
,

(6.86)

Ẽ′ = Ẽ − W 2 −M2 − sll + t

2M . (6.87)

6.5 Results

6.5.1 Observables

We implement all amplitudes in our C++ code to calculate numerically helicity am-
plitudes and interference terms. We use our setup to study the e−p→ e−pl−l+ pro-
cess, including the first-order radiative corrections in both, the low- and high-energy
regimes. For both cases, we study the effect of these corrections in the soft-photon
approximation on the cross section, on the forward-backward asymmetry AFB, as
well as on the beam spin asymmetry A�. These asymmetries are defined in analogy
to the asymmetries in the TCS case (cf. Eqs. (5.100) and (5.101)) as

AFB =
dσθ∗

l
,φ∗
l
− dσπ−θ∗

l
,φ∗
l
+π

dσθ∗
l
,φ∗
l

+ dσπ−θ∗
l
,φ∗
l
+π
, (6.88)

A� = dσ+ − dσ−

dσ+ + dσ−
, (6.89)

where dσθ∗
l
,φ∗
l
in AFB stands for the unpolarized cross section measured at lepton

angles θ∗l and φ∗l (defined in the l−l+ rest frame), and where dσ± in A� stand for the
polarized cross sections for a polarized electron beam with helicity ±1/2 respectively.
In the following we show plots ranging from θ∗l = −180◦ to θ∗l = +180◦. This
allows us to show forward and backward cross sections economically in one plot, since
dσ(θ∗l , φ∗l + π) = dσ(−θ∗l , φ∗l ). The forward-backward asymmetry can therefore also
be written as:

AFB = dσ(θ∗l , φ∗l )− dσ(π − θ∗l , π + φ∗l )
dσ(θ∗l , φ∗l ) + dσ(π − θ∗l , π + φ∗l )

= dσ(θ∗l , φ∗l )− dσ(θ∗l − π, φ∗l )
dσ(θ∗l , φ∗l ) + dσ(θ∗l − π, φ∗l )

, (6.90)
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and, including radiative correction explicitly, it is given by

AFB = dσ0(θ∗l )(1 + δ(θ∗l ))− dσ0(θ∗l − π)(1 + δ(θ∗l − π))
dσ0(θ∗l )(1 + δ(θ∗l )) + dσ0(θ∗l − π)(1 + δ(θ∗l − π)) . (6.91)

From Eq. (6.91) one can see that corrections that are symmetric under the inter-
change l− ↔ l+, corresponding with θ∗l ↔ θ∗l − π, drop out in the ratio. Therefore,
to first order, only corrections of class (c) give a contribution to the asymmetry:

AFB = A0
FB + δc/(1 + δa + δb)

1 +A0
FB δc/(1 + δa + δb)

≈ A0
FB + δc

(
1− (A0

FB)2
)
, (6.92)

where A0
FB denotes the uncorrected asymmetry.

On the other hand, the radiatively corrected beam spin asymmetry, given by

A� = dσ+(1 + δ+)− dσ−(1 + δ−)
dσ+(1 + δ+) + dσ−(1 + δ−) , (6.93)

does not get modified in the soft-photon approximation, since the corrections are the
same for both helicity cross sections, i.e. δ+ = δ−, and therefore drop out in the
ratio.

In the following, we show our numerical results for the e−p→ e−pl−l+ observables
including the first order soft-photon radiative corrections.

6.5.2 Results for dVCS observables in the ∆(1232) region
In this section, we show our results in the low-energy regime in which we choose the
center-of-mass energy W = 1.25 GeV. We model the dVCS amplitude in terms of
the Born amplitude and the first proton excitation, the ∆(1232) resonance. As was
found in Ref. [15], this model can reproduce the full calculation based on empirical
structure functions from Ref. [160] with an accuracy in the few per-cent range for the
process γp → e−e+p (i.e. for a real photon). Therefore, we can safely assume that
the Born + ∆-pole model describes the dVCS amplitude sufficiently well also in the
virtual-photon process for sufficiently small photon virtualities.

For the dVCS model to be also accurate for the e−p→ e−pe−e+ process, in which
we need to anti-symmetrize the full amplitude under exchange of both final electrons
as given by Eq. (6.13), we choose the kinematics in such a way that also for the
exchange dVCS amplitude the c.m. energy Wex remains in the ∆(1232) resonance
region, and the photon virtualities entering the exchange process remain sufficiently
small. As can be seen from Fig. 6.5.1 (left panel), for the choice of an electron beam
of 0.6 GeV, we find that Wex (blue dotted curve) is roughly of the same magnitude as
W (dashed red curve), varying between 1.18 and 1.33 GeV as function of θ∗e . Note,
that a larger electron beam energy leads to a larger value of Wex. From the right
panel of Fig. 6.5.1, we furthermore see that both photon virtualities in the exchange
dVCS amplitude, denoted by Qex (blue dotted curve) and sll,ex (green dash-dashed
curve), are both below 0.18 GeV2 for the full range of the lepton angle θ∗e . We are
thus in a kinematic regime where we can study the sensitivity of the full amplitude
to the low-energy constant b3,0 described in Section 6.2.1.

Having studied the appropriate kinematics to describe both, the direct and the
exchange dVCS amplitude, within the same model, we next explore the sensitivity
of the e−p → e−pl−l+ observables on the low-energy constant b3,0 introduced in the
low-energy expansion of Eq. (6.22). This low-energy constant is the main unknown in
the determination of the O(Q4) term of the subtraction function T̄1(0, Q2) entering
the theoretical calculation of the µH Lamb shift.
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Figure 6.5.1: Kinematic quantities entering the exchange dVCS am-
plitude for the e−p→ e−pe−e+ process in the ∆(1232) region. In the
left panel we show the c.m. energy Wex, as function of θ∗e , compared
with the value W = 1.25 GeV of the direct process. In the right panel
we compare the θ∗e dependence of both photon virtualities in the ex-
change dVCS amplitude with their constant values for the direct dVCS

amplitude.

In Fig. 6.5.2, we show the dependence on the lepton angle θ∗l of the e−p →
e−pl−l+ differential cross section (upper panels), the forward-backward asymmetry
(middle panels) as well as the beam spin asymmetry (lower panels) for both e−e+

and µ−µ+ production (left and right panels respectively). We choose the kinematics
as in Fig. 6.5.1. As can be seen from the upper panel, the interference between
the dVCS process with the BH process amplifies the cross section for both e−e+

and µ−µ+ production by roughly a factor of two as compared with the BH process
itself. Furthermore, the spread between the different theoretical estimates for the low-
energy constant b3,0, as shown in Table 6.2.1, increases the cross sections additionally
by approximately 15% in both cases.

We also study the effect of the soft-photon radiative corrections on the cross
section, as given by Eqs. (6.67) to (6.73), (6.77) to (6.80) and (6.84). For the real soft-
photon emission correction, we choose the soft-photon energy cut-off of ∆Es = 0.01
GeV, which corresponds to approximately 1.5% of the lepton beam energy. As can
be seen from Fig. 6.5.2, the effect of the first-order radiative corrections is found
to be quite sizeable on the level of cross sections. In the case of e−e+ production,
the effect leads to a decrease of the cross section by around 30%, whereas for µ−µ+

production it leads to a decrease of the order of 15%. Therefore, although the cross
section by itself has a relatively high sensitivity on the low-energy constant b3,0, for an
experimental extraction of b3,0 the inclusion of the radiative corrections is imperative.
Comparable importance of the radiative corrections was also found in the extraction
of the proton generalized polarizabilities from the cross sections of the VCS process
e−p→ e−pγ [7, 158].

The situation is different for the asymmetries. For the forward-backward asym-
metry AFB, we find for the kinematics of Fig. 6.5.2 only a small sensitivity to the
dVCS amplitude and its underlying hadronic model. However, this is mainly due to



116 Chapter 6. Soft-photon corrections to the e−p→ e−pl−l+ process

-100 0 100
θ∗e (deg)

0.00

0.20

0.40

0.60

0.80

1.00

1.20
d
σ
/d
Q

2
d
W

2
d
s l
ld
td

Φ
d
Ω
∗ e

(n
b
/G

eV
8
sr

2
)

Ee = 0.6 GeV
W = 1.25 GeV
sll = 0.075 GeV2

Q2 = −t = 0.1 GeV2

Φ = 90◦

φ∗e = 0◦

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

0 50 100 150
θ∗e (deg)

-1.00

-0.75

-0.50

-0.25

0.00

0.25

0.50

0.75

1.00

A
F

B

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

−100 0 100
θ∗e (deg)

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

A
�

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

-100 0 100
θ∗µ (deg)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

d
σ
/d
Q

2
d
W

2
d
s l
ld
td

Φ
d
Ω
∗ µ

(n
b
/G

eV
8
sr

2
)

Ee = 0.6 GeV
W = 1.25 GeV
sll = 0.075 GeV2

Q2 = −t = 0.1 GeV2

Φ = 90◦

φ∗µ = 0◦

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

0 50 100 150
θ∗µ (deg)

-0.40

-0.20

0.00

0.20

0.40

A
F

B

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

−100 0 100
θ∗µ (deg)

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

A
�

BH

BH+dVCS (Born+∆)

BH+dVCS (Born+∆+b3,0)

rad. corr.

Figure 6.5.2: θ∗l dependence of the e−p→ e−pl−l+ cross section (up-
per panels), forward-backward asymmetry (middle panels) and beam
spin asymmetry (lower panels) for e−e+ production (left panels) and
µ−µ+ production (right panels) in the ∆(1232) region, for Φ = 90◦.
The curves show the predictions for BH and BH + dVCS for two
models showing the sensitivity to the low-energy constant b3,0. The
black solid curves show the effect of the radiative corrections, for the
hadronic model of the green dashed-dotted curves (these curves exactly

coincide in the lower panels).
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Figure 6.5.3: θ∗e dependence of the e−p → e−pe−e+ cross section
(upper panels) and forward-backward asymmetry (lower panels) in the
∆(1232) region for Φ = 30◦ (left panels) and Φ = 45◦ (right panels).

Curve conventions as in Fig. 6.5.2.
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the choice of Φ = 90◦, for which the forward-backward asymmetry is completely dom-
inated by the BH process. The sensitivity can be increased by varying Φ. In Fig. 6.5.3
we show the cross sections and forward-backward asymmetries for the same kinemat-
ics, but for smaller angles between the (~k,~k′) and (~q, ~q ′) scattering planes in Fig. 6.1.3:
Φ = 30◦ and Φ = 45◦. For these cases, we find a 20% shift of the forward-backward
asymmetry for the case including the ∆-resonance compared to the BH process by
itself. Including the range of theoretical values for the dVCS low-energy constant
b3,0, we find a further shift of the asymmetry of up to 5% on AFB, while the inclusion
of radiative corrections is found to have a very small effect, around or below the 1%
range on AFB.

For the beam spin asymmetry, we find a significantly higher sensitivity on b3,0
than for the forward-backward asymmetry, as shown in the lower panels of Fig. 6.5.2.
Note, that the result for Born + ∆-pole + b3,0 (green dashed-dotted curves) and the
result which in addition also includes the radiative corrections (black solid curves)
coincide since in the soft-photon approximation the radiative corrections drop out in
the ratio of cross sections calculated for A�, as discussed above. Including the range
of theoretical values for the dVCS low-energy constant b3,0, leads to a shift in A� up
to around 15% for e−e+ production and up to around 10% for µ−µ+ production.

As AFB and A� are basically not affected by the radiative corrections, a combined
analysis of the cross section, AFB and A� holds promise to extract the dVCS low-
energy constant b3,0.

In Fig. 6.5.4 we show in more detail how the radiative corrections to the e−p →
e−pe−e+ process vary when the initial photon approaches the real photon limit, i.e.
Q2 → 0. In this limit, only the class (b) corrections contribute. We choose the
kinematics comparable to the case shown in the previous chapter, in which we studied
the effect of radiative corrections for the process γp → e−e+p. There, we found
corrections of roughly 8% for the full set of one-loop QED corrections (cf. Fig.
5.5.1) for the kinematics shown in Fig. 6.5.4. In the soft-photon approximation, the
corrections are somewhat over-estimated, as can be seen from the blue dotted curve
corresponding with a correction of roughly 13%. Comparing the blue dotted curve
with the red dashed-dotted one, we see that for quasi-real photons with the virtuality
of 10−4 to 10−3 GeV2 the inclusion of all corrections is important, and the description
as a real photon underestimates the corrections by 10−15%. Note, that in the region
around Q2 ≈ 0.03 GeV2 the two outgoing electrons with momenta k′ and l− are
becoming collinear. This explains the spiked behavior in the red dashed-dotted curve
since the logarithm with the argument proportional to the scalar product k′ · l− is
becoming large.

In Fig. 6.5.5 (upper panels), we study in more detail the relative size of the radia-
tive corrections due to the three different diagram classes (a), (b) and (c). While for
e−e+ production the corrections due to class (a) and (b) are dominant and negative,
for µ−µ+ production the main correction arises from class (a) as it involves the ver-
tex correction on the beam electron, whereas the corrections between the produced
µ−µ+ pair are small and positive. Comparing left and right panels, one can clearly see
that the biggest difference between e−e+ and µ−µ+ production is due to the correc-
tions of class (b), which correspond with the corrections from the produced dilepton
pair. Furthermore, Fig. 6.5.5 illustrates, as mentioned above, that the corrections of
class (a) and (b) are symmetric under the interchange of l+ and l−, corresponding
to the angular shift θ∗l → θ∗l − π, while class (c) is anti-symmetric. As only class
(c) contributes to the forward-backward asymmetry to lowest order, the smallness of
the corrections of class (c) also explains why the AFB is largely unaffected by the
radiative corrections.
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Figure 6.5.4: Radiative corrections for the e−p→ e−pe−e+ process
in the ∆(1232) region in the limitQ2 → 0 for the comparable kinematic
setup as was studied before for the γp→ e−e+p process in Chapter 5.
The corrections are for soft-photon cut-off energy of ∆Es = 0.01 GeV.

Furthermore, in Fig. 6.5.5 (lower panels), we show the sum of all three types of
corrections also for a twice larger value of the soft-photon cut-off energy ∆Es. One
notices the positive contribution to the cross section correction δ upon increasing the
value of ∆Es.

6.5.3 Results for high-energy DDVCS observables

In this section, we show our results for the e−p → e−pl−l+ observables in the high-
energy regime, in which we use GPDs to model the dVCS amplitude in the deeply
virtual regime, the so-called DDVCS process, as described in Section 5.2.2. We will
explore the sensitivity of this process to the modeling of the GPDs, in particular
the D-term contribution, and quantify the effect of the radiative corrections in the
soft-photon approximation.

As is conventional in the high-energy regime, we give the differential cross section
with respect to the Bjorken scaling variable instead of the c.m. energy W describing
the Compton process. Therefore, in this section we show differential cross sections
with respect to the quantity ξ, which is related to the kinematical invariants through
Eq. (5.21). The cross section differential w.r.t. ξ is related to the cross section
differential w.r.t. W 2 as:(

dσ
dQ2dξdΦdtdslldΩ∗l

)
=
(
Q2 + sll

2ξ2

)(
dσ

dQ2dW 2dΦdtdslldΩ∗l

)
. (6.94)

In Fig. 6.5.6 we show a comparison of e−p → e−pl−l+ cross sections for e−e+

production (left panels) vs µ−µ+ production (right panels). The cross sections are
shown for an incoming electron beam energy of 11 GeV, which corresponds to the
experimental setup of the CLAS12@JLab experiment and of the SoLID@JLab project.
We show the cross section for ξ = 0.175, Q2 = 2.75 GeV2, −t = 0.25 GeV2, Φ = 90◦
and for three values of the dilepton invariant mass sll. While for e−e+ production one
observes a pronounced peak around θ∗e ≈ −20◦ for all three cross sections, the cross
sections for µ−µ+ production appear flatter. Furthermore, the cross sections for e−e+

production are 4 to 15 times larger than the cross sections for µ−µ+ production at the
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same value of sll. This significant difference is due to the contribution of the exchange
diagrams, which only contribute to e−e+ production to satisfy the Pauli principle.
Naively, one would expect the cross sections to be of roughly the same magnitude,
since even for sll = 0.5 GeV2 the dilepton invariant mass is 10 times larger than
the µ−µ+ production threshold, such that effects from the lepton mass don’t play a
crucial role. However, the anti-symmetrization of the final-state electrons for e−e+

production yields a large contribution of the exchange diagrams, which increases with
increasing values of sll.

Furthermore, one can see from Fig. 6.5.6 that the BH process again serves as
an amplifier of the dVCS process, and the BH+dVCS cross section is roughly 50%
larger than the BH cross section. The cross section therefore has a strong sensitivity
to the underlying GPD model. In particular, through such interference, the D-term
contribution to the GPD, using the dispersive estimate of Ref. [157], decreases the
cross section by up to approximately 20% (green dashed-dotted curves vs red dashed
curves).

In order to use the e−p → e−pl−l+ as a tool to access the DDVCS amplitude, it
is important to quantify the radiative corrections, which is an aim of this work. In
Fig. 6.5.6 we show the impact of the radiative corrections on the cross section. For
the real soft-photon emission correction, we choose the soft-photon energy cut-off of
∆Es = 0.05 GeV, which is roughly 1% of the e− p center-of-mass energy

√
s = 4.64

GeV (corresponding to an electron beam of 11 GeV). We see from Fig. 6.5.6 that the
soft-photon radiative corrections are very sizeable in the DDVCS regime, decreasing
the cross sections by up to 50% for e−e+ production and by up to 35% for µ−µ+

production (black solid curves vs green dashed-dotted curves).
In Fig. 6.5.7 we show the θ∗l dependence of the soft-photon radiative correction

factor on the e−p→ e−pl−l+ cross section in more detail, for the three values of sll,
corresponding to the cross sections shown in Fig 6.5.6. As mentioned above, using
∆Es = 0.05 GeV, the corrections in the DDVCS regime vary between −60% and
−45% for e−e+ production, while for µ−µ+ production they are slightly smaller and
vary between −45% and −30%.

In Fig. 6.5.8 (upper panels) we show the relative size of the corrections to the
unpolarized cross sections stemming from the three different classes of diagrams for
the central value of the squared dilepton mass, sll = 1.0 GeV2. We show both,
the virtual corrections (labeled "virt"), corresponding with Eqs. (6.67) to (6.73), as
well as the virtual + real soft-photon corrections, with the real corrections given by
Eqs. (6.77) to (6.80) and (6.84).

While the corrections of class (a) are just constant and negative, the corrections
of class (b) and (c) have a non-trivial dependence on the dilepton scattering angle
θ∗l . For class (b) this dependence is coming entirely from the real photon emission
correction since the dilepton energies in the soft-photon frame depend on the lepton
scattering angle θ∗l , see Eq. (6.85). Comparing the soft-photon radiative corrections
to e−e+ and µ−µ+ production we see that the largest difference is again coming
from class (b), which is expected since it is most sensitive to the lepton mass ml.
Let us note that, as discussed before for the low-energy case, classes (a) and (b) are
symmetric with respect to the interchange l+ and l−, while class (c) is anti-symmetric.
Therefore to first order, only class (c) contributes to the AFB.

In the lower panels of Fig. 6.5.8, we show the sum of all corrections for two
different values of the soft-photon energy cutoff of ∆Es = 0.05 GeV (blue dotted
curve) and ∆Es = 0.1 GeV (red dashed curve). The difference between both curves
is a constant proportional to ln ∆E2

s/m
2. For the twice higher value of the soft-photon

energy, we find in absolute values smaller corrections shifted by approximately 10%.
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Figure 6.5.6: θ∗l dependence of the e−p → e−pl−l+ cross section
in the DDVCS regime for e−e+ production (left panels) and µ−µ+

production (right panels), for different values of the dilepton invariant
mass sll. The curves show the predictions for BH and BH + dVCS
for two models showing the sensitivity to the D-term in the GPD pa-
rameterization. The black solid curves show the effect of the radiative
corrections, for the hadronic model of the green dashed-dotted curves.
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Figure 6.5.7: θ∗l dependence on the soft-photon radiative corrections
to the e−p→ e−pl−l+ cross section in the DDVCS regime, for differ-
ent values of sll. Left (right) panel is for e−e+ (µ−µ+) production
respectively. The corrections are for a soft-photon cut-off energy of

∆Es = 0.05 GeV.

Furthermore, we see that the sum of all corrections is in absolute value smaller by
more than 10% for µ−µ+ production compared to e−e+ production. As mentioned
above the difference is coming mainly from corrections of class (b) which are (in
absolute value) smaller for µ−µ+ production.

In Fig. 6.5.9, we show the soft-photon radiative corrections for the e−p→ e−pe−e+

process, for roughly the same kinematics as in the previous chapter where we studied
the effect of radiative corrections for the timelike Compton scattering (TCS) process,
γp → e−e+p, with an on-shell incoming photon (cf. Fig. 5.5.3). In the soft-photon
approximation, the corrections to that process are equivalent to that of class (b)
studied in the present chapter. Therefore, we find for corrections of class (b) the
same order of magnitude of approximately -25 % as in the TCS case (blue dotted
curve). Including also corrections of class (a) and (c) we find that the corrections
increase with increasing Q2 values, varying from -35 % to -50 % when varying Q2

from 10−5 GeV2 to 10−1 GeV2 (red dashed curve). Furthermore, one observes around
Q2 = 1 GeV2 the same spiked behavior as in the low-energy case in Fig. 6.5.4. The
reason is again that in this kinematics the two outgoing electrons with momenta k′
and l− become collinear which leads to a large logarithm in the corrections of type
(c). For an experiment, such kinematic region should be avoided.

In Fig. 6.5.10, we show a comparison of both, beam spin and forward-backward
asymmetries in the DDVCS regime, both for e−e+ and µ−µ+ production, and for a
dilepton invariant mass squared of sll = 1.0 GeV2.

Studying the DDVCS process in this energy regime is of particular interest as it
allows to extend the DVCS beam spin asymmetry measurements of GPDs into the
so-called ERBL domain [28, 29]. The A� is proportional to the imaginary part of the
DDVCS amplitude of Eq. (5.28), and allows to access the GPDs directly unlike the
real part of the amplitude which depends on a convolution integral over the GPDs.
The numerator of the A� directly yields for both the cases ξ′ > 0 (Q2 > q′2) and
ξ′ < 0 (Q2 < q′2):

σ+ − σ− = c Hsinglet(ξ′, ξ, t) + ..., (6.95)
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Figure 6.5.8: Upper panels: θ∗l dependence of the radiative correc-
tions to the e−p → e−pl−l+ cross section in the DDVCS regime for
e−e+ production (left) and µ−µ+ production (right), for the different
classes of radiative corrections for ∆Es = 0.05 GeV. Lower panels: θ∗l
dependence of the total radiative correction for different values of ∆Es

for both e−e+ production (left) and µ−µ+ production (right).
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Figure 6.5.9: Radiative correction for the e−p→ e−pe−e+ process in
the TCS limit Q2 → 0 in a kinematic setup comparable to Chapter 5.
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Figure 6.5.10: θ∗l dependence of the e−p → e−pl−l+ beam spin
asymmetry A� (upper panels) and forward-backward asymmetry AFB
(lower panels) in the DDVCS regime, for e−e+ production (left) and

µ−µ+ production (right). Curve conventions as in Fig. 6.5.6.
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with −ξ < ξ′ < ξ. In Eq. (6.95) c is a known factor, originating from the BH
amplitude dependent on the nucleon elastic form factors, and the ellipses stand for
the subdominant contribution of GPDs beyond Hsinglet.

As Hsinglet is an odd function in its first argument, we thus see that the A� for
the DDVCS process changes sign when crossing the point ξ′ = 0. The A� for the
DVCS and TCS limits have the same magnitude but opposite signs, expressing the
fact that the GPD information content in both limits is the same.

Given that the real BH process does not yield a beam spin asymmetry by itself,
we see from Fig. 6.5.10 that A� has a significant sensitivity to the GPDs, yielding
asymmetries between -25% and +10% for e−e+ production and between -25% and -5%
for µ−µ+ production. The difference between both cases is mainly due to the effect of
anti-symmetrization in both outgoing electrons for e−e+ production. Furthermore,
unlike the DVCS and TCS cases, the A� for DDVCS is also sensitive to the D-
term contribution to the GPD, as it also yields a contribution to the imaginary part
of the DDVCS amplitude. By comparing the red dashed and black solid curves in
Fig. 6.5.10, we notice that the sensitivity to the D-term induces a change of the A�
by 5% or more over a large angular range. As noticed above, the radiative correction
drops out of the A� in the soft-photon approximation.

We also show the forward-backward asymmetry in Fig. 6.5.10, and notice that
the anti-symmetrization induces already a large effect for the BH process itself (blue
dotted curves in Fig. 6.5.10). Adding the dVCS contribution changes the forward-
backward asymmetry by up to 25% over a large angular range, while the effect of
radiative corrections (black solid curves) is in the few percent range only. The sensi-
tivity on the D-term for the forward-backward asymmetry is much smaller, comparing
the curve including the D-term (green dot-dashed line) and the curve excluding the
D-term (red dashed line) we find a difference of up to approximately 5%.

For the calculation of the e−p→ e−pe−e+ cross sections shown in Fig. 6.5.6 (left
panels) and the corresponding asymmetries shown in Fig. 6.5.10 (left panels) we have
to ensure that the model used for the dVCS amplitude is applicable for both the direct
and the exchange terms. In Fig. 6.5.11 we show the two photon virtualities entering
the dVCS tensor for the exchange diagrams. One can see that in the kinematics
considered one of the two virtualities is around or above 2 GeV2 for nearly all lepton
angles, which corresponds with the lower limit for which the QCD-factorization in
terms of GPDs is expected to hold. This justifies the use of the handbag description
of Section 5.2.2 in terms of GPDs also for the exchange term.

Furthermore in Fig. 6.5.11 (right panel) we show the scaling variables entering
the DDVCS tensor for the exchange diagrams. While ξex and ξ̃ex both are roughly
constant as function of the dilepton angle, close to the value of ξ = 0.175 for the
direct diagram, one notices a large angular variation for ξ′ex and ξ̃′ex. Compared to
the constant value ξ′ = 0.0758 entering the direct diagram, ξ′ex varies between −0.08
and 0.08. Thus the e−p→ e−pe−e+ process has the unique feature, due to the anti-
symmetrization in both outgoing electrons, that by varying the dilepton angle θ∗e one
performs a systematic scan in the scaling variable ξ′ex in the ERBL domain of the
GPDs.

In Fig. 6.5.12 we also show the dilepton momenta and scattering angles measured
in the Lab frame as a function of the dilepton rest frame angle θ∗l . From the left panel
of that figure, it becomes clear, that most of the region is experimentally accessible.
Except for angles around 0◦ and ±180◦, over most of the dilepton angular range the
lepton momenta are larger than 0.1 GeV, which makes it quite feasible to detect the
particles. The scattering angles measured in the Lab system are shown in the right
panel in Fig. 6.5.12. In the region where the Lab momenta of the dilepton pair are
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Figure 6.5.11: Left panel: photon virtualities entering the dVCS
amplitude in the exchange diagrams of the e−p→ e−pe−e+ process for
the kinematics of Fig. 6.5.10. Right panel: scaling variables entering

the GPDs for the exchange diagrams.
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larger than 0.1 GeV, they range from −50◦ to 50◦. This initial study seems promising
for a measurement of the e−p → e−pe−e+ process over a large range of scattering
angles.

6.6 Conclusions

In this chapter, we studied the soft-photon radiative corrections to the process e−p→
e−pl−l+, where l = e or l = µ. The process contains two distinct contributions:
firstly the space- and time-like Bethe-Heitler processes which only depend on the
nucleon elastic form factors, and secondly the double virtual Compton scattering
process. The latter is sensitive to the underlying hadronic model describing the virtual
photon-nucleon interaction, and a measurement of e−p → e−pl−l+ observables can
therefore be used to test and study nucleon structure models. Here, we studied the
e−p→ e−pl−l+ process in two different energy regimes.

In the low-energy regime, in which the center-of-mass energy of the dVCS am-
plitude is close to the ∆(1232)-resonance, and in which both photon virtualities are
typically below or around 0.1 GeV2, we described the interaction using a ∆-pole
model together with a low-energy expansion of the dVCS amplitude. This regime
is motivated to better constrain the hadronic corrections to precision atomic spec-
troscopy. In particular for the muonic Hydrogen Lamb shift, the main hadronic
unknown to date results from a low-energy nucleon structure constant, denoted by
b3,0, which enters the empirical determination of the O(Q4) term in the subtraction
function T1(0, Q4) of the forward double virtual Compton amplitude. We found that
the spread between the different theoretical estimates for the low-energy constant b3,0
increases the e−p→ e−pl−l+ cross section by approximately 15% both for e−e+ and
µ−µ+ production. Furthermore, we also found that the beam spin asymmetry and
the forward-backward asymmetry, resulting from an interchange in the kinematics
of the produced dilepton pair, are sensitive to the low-energy constant b3,0. For the
beam spin asymmetry the range of theoretical values for this low-energy constant
leads to a shift in the asymmetry up to 15% for e−e+ production, and up to around
10% for µ−µ+ production. A measurement of the e−p→ e−pl−l+ observables in this
low-energy regime is thus promising to extract the nucleon structure constant, which
could help to reduce the main uncertainty in the theoretical µH Lamb shift estimate.

For the high-energy deeply-virtual regime, we modeled the dVCS amplitude in
terms of GPDs. We studied the sensitivity of the e−p → e−pl−l+ process to the
modeling of the GPDs, in particular the so-called D-term contribution. In kinematics
of future experiments at JLab, we found that dispersive estimates for the D-term
contribution to the GPDs induce around 20% change in the e−p → e−pl−l+ cross
section. Furthermore, we also found a large sensitivity to the GPD model for the
beam spin as well as the forward-backward asymmetry. The beam spin asymmetry is
of particular interest as it does not involve any convolution over GPDs, but is directly
proportional to the GPDs, mostly in a linear way, through interference with the BH
process. For the e−p → e−pe−e+ process, the beam spin asymmetry has the unique
feature, due to the anti-symmetrization in both outgoing electrons, that by varying
the dilepton angle one performs a systematic scan in the average quark momentum
fraction in the ERBL domain of the GPDs, due to the exchange term.

In order to use the e−p→ e−pl−l+ process in either the low-energy or high-energy
regimes as a probe of nucleon structure, we also studied the QED radiative corrections
on the observables, in the soft-photon approximation. We found that the radiative
corrections have a large impact on the cross sections. In the low-energy regime, we
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find that these corrections lead to a decrease of the cross section of up to 30% for e−e+

production, and around 15% for µ−µ+ production. In the high-energy deeply-virtual
regime, the corrections even range up to 50% for e−e+ production, and around 35%
for µ−µ+ production in JLab kinematics. For the forward-backward and beam spin
asymmetries, the situation is different. For the AFB the radiative corrections were
found to affect the asymmetry only around or below the 1% level, whereas the beam
spin asymmetry is not affected at all in the soft-photon approximation. A combined
analysis of the cross section and both asymmetries thus holds promise to access the
hadronic structure information in both regimes.

A next step to interpret future measurements of e−p → e−pl−l+ observables,
would consist in performing a full one-loop radiative correction calculation, beyond
the soft-photon approximation. Such calculation can build upon the work of Refs. [27,
53] (which were presented in the previous chapter), in which such study was performed
for the related γp→ l−l+p process. The latter study has shown that the soft-photon
approximation can be expected to somewhat over-estimate the full one-loop correc-
tions on the cross sections, while the beam spin and forward-backward asymmetries
remain nearly unaffected by the radiative corrections.
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Appendix

6.A Kinematics in γ∗p rest frame

In this appendix, we derive expressions for the four-momenta in the rest frame of the
proton and the momentum transfer of the scattered electron, i.e. the frame in which

~q = ~k − ~k′ = −~p. (6.96)

We align this system along the z-axis, such that the energy of the virtual photon with
momentum q is given by

q0
cm = W 2 −M2 −Q2

2W , (6.97)

and the z-component of the three-momentum by

qcm ≡ qz = 1
2W

[(
(W +M)2 +Q2

) (
(W −M)2 +Q2

)]1/2
. (6.98)

The energy of the incoming electron with momentum k is given by

k0 = s−M2 −m2 −Q2

2W . (6.99)

In order to write down the three-momentum ~k, we define rk, which is the magnitude
of the three-momentum in x- and y-direction:

rk = Q

2Wqcm

[
s(s−M2 −Q2)−W 2(s−M2)

− m2
(
(W 2 −M2)2/Q2 + 2s+W 2 +M2

)
+m4

]1/2
,

(6.100)

such that ~k is given by

kx = rk cos Φ
ky = rk sin Φ

kz = WQ2 + q0
cm(s−m2 −M2 −Q2)

2qcmW
. (6.101)

Using these quantities, we can write down the momenta of the incoming and outgoing
electron k and k′ as

k =


k0

rk cos Φ
rk sin Φ
kz

 k′ =


k0 − q0

cm

rk cos Φ
rk sin Φ
kz − qcm

 . (6.102)
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The energy of the photon with momentum q′ is given by

q′0cm = W 2 −M2 + sll
2W , (6.103)

and its three-momentum by

q′cm ≡|~q′cm| =
1

2W
[(

(W +M)2 − sll
) (

(W −M)2 − sll
)]1/2

. (6.104)

The angle θγγ is defined as the angle between the two virtual photons with momenta
q and q′. It can be calculated in terms of invariants as follows:

2qcmq′cm cos(θγγ) = (W 2 −M2 −Q2)(W 2 −M2 + sll)
2W 2

+ t− sll +Q2. (6.105)

We can now write down the four-momentum of l−:

l− =


q′0cm

2

(
1 + q′cm

q′0cm
β cos θ∗l

)
q′0cm

2

(
β cos θ∗l + q′cm

q′0cm

)
sin(θγγ) +

√
sll
2 β sin θ∗l cosφ∗l cos(θγγ)

√
sll
2 β sin θ∗l sinφ∗l

q′0cm
2

(
β cos θ∗l + q′cm

q′0cm

)
cos(θγγ)−

√
sll
2 β sin θ∗l cosφ∗l sin(θγγ)

 . (6.106)

The momentum l+ of the other lepton can be obtained via the transformation

cos θ∗l → − cos θ∗l , cosφ∗l → − cosφ∗l , sinφ∗l → − sinφ∗l . (6.107)

The momentum p of the incoming proton is aligned to the z-axis. The energy and
the z-component are given by

p0 =
√
M2 + q2

cm, pz = −qcm. (6.108)

The momentum p′ of the outgoing proton can be calculated using energy-momentum
conservation. The energy and three-momentum are given by

p′0 =
√
M2 + |~q′|2, ~p′ = −~q′. (6.109)

Having derived all four-momenta in the γ∗p center-of-mass frame, one can easily
perform a Lorentz transformation to get the four-momenta in any other system. In
particular, one can perform the boost to the recoil proton + soft-photon rest frame,
which is needed to calculate the soft-photon integrals from Section 6.4.

6.B Three-point function

In this appendix we give analytic expressions for the three-point function which we
need for the virtual soft-photon corrections of type (c), the three-point function with
two different masses m and ml. Up to zeroth order in ε, it is given by

C0
(
m2, s,m2

l ; 0,m2,m2
l

)
=

1
2λ

{[ 1
εIR
− ln

(
s

µ̄2

)]
ln (x+x−)− ln

(
−λ
s

)
(ln (x+) + ln (x−))



132 Chapter 6. Soft-photon corrections to the e−p→ e−pl−l+ process

+ 1
2 ln2

(
−γ+

)
+ 1

2 ln2 (γ− − 1
)
− 1

2 ln2 (−γ−)+ 1
2 ln2

(
1− γ+

)
− Li2

(
s− sγ−

λ

)
− Li2

(
sγ+

λ

)
+ Li2

(
sγ+ − s

λ

)
+ Li2

(
sγ−

λ

)}
, (6.110)

with

λ =
√

(−s+m2 +m2
l )2 − 4m2m2

l , γ± = 1
2

[
1 + m2

l −m2

s
± λ

s

]
,

x− = −γ−
1− γ−

, x+ = γ+ − 1
γ+

, (6.111)

and µ̄2 = µ2 4π
eγE . The expression is valid in the space-like region with s < 0.
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Part III

Mixed EW-QCD corrections to
the Drell-Yan process
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7 Calculation of the master
integrals with two masses

This chapter is based on Ref. [84], in which we computed the two-loop two-mass
master integrals for the mixed EW-QCD corrections to Drell-Yan production. These
master integrals can be cast into a canonical dln form, depending on algebraic, un-
rationalizable letters. In total, the definition of the master integrals involves three
square roots at once which can not be rationalized simultaneously [109, 170]. Thus,
the standard algorithm of integrating the differential equation in terms of Goncharov
polylogarithms fails and one needs new methods. We have discussed a new approach
to tackle this type of differential equations in Section 2.7 and in Ref [84] we applied
these techniques for the first time. We showed for the first time, that it is still possi-
ble to integrate the differential equation, despite those algebraic letters, in terms of
multiple polylogarithms for the present case. Therefore, the result of this work is not
only of phenomenological interest, but also interesting from a mathematical point of
view.

The outline of this chapter is as follows. In Section 7.1, we define a normal form
basis with εd ln differential equations for the two-loop master integrals for the mixed
EW-QCD corrections to Drell-Yan production with two massive internal lines and
discuss a partial rationalization of the roots appearing in the integral basis definition.
In Section 7.2, we discuss in detail how to use the methods introduced in Section 2.8
in the present case to integrate the differential equation. We introduce the initial
alphabet and show how it can be simplified using our algorithm. In Section 7.3, we
review the analytic continuation of multiple polylogarithms and outline our proce-
dure to filter multiple polylogarithms with undesirable analytic properties out of our
ansätze. In Section 7.4, we present results for the most complicated two-loop mixed
EW-QCD Drell-Yan master integrals. In particular, we highlight the notable analytic
features of the solution for the six-line integral. We conclude in Section 7.5, and, for
clarity, we give the set of complete εd ln differential equations for the two-loop master
integrals considered here in Appendix 7.A.

7.1 An ε basis for the Drell-Yan master integrals with
two massive lines

In this chapter, we are primarily concerned with neutral-current lepton pair produc-
tion in quark-antiquark annihilation,

q(p1) + q̄(p2)→ `−(p3) + `+(p4), (7.1)

where all external particles are taken massless and on their mass shell. The master
integrals for the two-loop mixed EW-QCD corrections to the above process involving
zero or one mass (Family A and Family C from Table 7.1.1) have been already calcu-
lated in Ref. [107] using the standard approach of differential equations. However, the
most complicated master integrals are those with two internal lines of mass m, where,
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Family A Family C Family E
k2

1 k2
1 k2

1
k2

2 k2
2 k2

2 −m2

(k1 − k2)2 (k1 − k2)2 (k1 − k2)2

(k1 − p1)2 (k1 − p1)2 (k1 − p1)2

(k2 − p1)2 (k2 − p1)2 (k2 − p1)2

(k1 − p1 − p2)2 (k1 − p1 − p2)2 (k1 − p1 − p2)2

(k2 − p1 − p2)2 (k2 − p1 − p2)2 −m2 (k2 − p1 − p2)2 −m2

(k1 − p3)2 (k1 − p3)2 (k1 − p3)2

(k2 − p3)2 (k2 − p3)2 (k2 − p3)2

Table 7.1.1: Integral families for the master integrals which appear
in the differential equations for the two-loop mixed EW-QCD Drell-

Yan master integrals with two massive internal lines.

depending on the parent Feynman diagram, m may refer to either mW or mZ . In
particular, as mentioned above, some integral topologies for this case actually contain
master integrals with unrationalizable symbol letters in their ε-decoupled differential
equations. In total, we encounter 17 master integrals with two massive internal lines
and we consider a single integral family based on the two-loop planar double box
with two massive internal lines (Family E from Table 7.1.1). For completeness, we
will also give definitions for those normal form integrals from family A and B, which
appear on the right-hand sides of the ε-decoupled differential equations for the master
integrals with two massive internal lines.

To obtain a closed system of differential equations for the two-loop two-mass
master integrals, we need to consider in total 36 integrals. Our notation for Feynman
integrals in this section is exactly that of Ref. [107] (i.e. dots for doubled propagators,
heavy lines for massive propagators, numerator insertions written in square brackets,
and F:x for the crossed version of sector x from family F). As usual, we define the
kinematic invariants as

s = (p1 + p2)2, t = (p1 − p3)2, u = (p2 − p3)2, p2
1 = p2

2 = p2
3 = p2

4 = 0 .
(7.2)

In the following, we keep the dependence on the internal mass parameter m implicit
for the sake of brevity and since it is clear from the thick-line notation. We build up
the normal form basis out of the following 36 Feynman integrals:

fA:38
1 = (t) fC:97

2 = (s) fC:76
3 =

fC:69
4 = (s) fC:69

5 = (s) fA:53
6 = (s)

fA:53
7 = (t) fC:212

8 = (t) fE:99
9 = (s)

fE:71
10 = (s) fE:78

11 = (s) fE:78
12 = (s)
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fA:174
13 = (t, s) fC:372

14 = (t) fC:244
15 = (t)

fC:117
16 = (s) fC:117

17 = (s) fC:341
18 = (s, t)

fC:341
19 = (s, t) fC:213

20 = (s, t) fC:213
21 = (s, t)

fE:115
22 = (s) fE:103

23 = (s) fE:87
24 = (s)

fE:79
25 = (s) fE:214

26 = (s, t) fE:214
27 = (s, t)

fC:245
28 = (s, t) fC:245

29 = (s, t) fE:119
30 = (s)

fE:343
31 = (s, t) fE:215

32 = (s, t) fE:247
33 = (s, t)

fE:247
34 =

[
(k2 − p3)2

]
(s, t) fE:247

35 =
[
(k1 − p1)2

]
(s, t)

fE:247
36 =

[
(k1 − p1)2(k2 − p3)2

]
(s, t). (7.3)

From the general principles discussed in Ref. [97], one can readily cast (7.3) above
into a normal form basis for the integrals of interest.1 Abbreviating the three square
roots which appear as

r1 =
√
s
(
s− 4m2) , (7.4)

r2 =
√
−s t

(
4m2(m2 + t)− s t

)
, (7.5)

r3 =
√
s
(
t2(s− 4m2) +m2 s (m2 − 2 t)

)
, (7.6)

we find:

m1 = ε2 t fA:38
1 ,

1Due to the presence of unrationalizable square roots, the available public software packages for
the construction of a normal form basis of integrals [99, 171, 172] are not applicable to the problem
at hand.
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m2 = ε2 s fC:97
2 ,

m3 = ε(1− ε)m2 fC:76
3 ,

m4 = ε2 s fC:69
4 ,

m5 = 2 ε2(s−m2)fC:69
4 + ε2(s−m2)fC:69

5 ,

m6 = ε3 s fA:53
6 ,

m7 = ε3 t fA:53
7 ,

m8 = ε3 t fC:212
8 ,

m9 = ε2 s r1fE:99
9 ,

m10 = ε(1− ε)m2 s

4 r1
fC:76
3 − ε2 s(s− 3m2)

2 r1
fC:69
4 − ε2 s(s−m2)

4 r1
fC:69
5 + ε2(1− 2 ε)m2 s

r1
fE:71
10 ,

m11 = ε3 s fE:78
11 ,

m12 = −ε(1− ε)m
2 s

r1
fC:76
3 + 3 ε3 s(s− 2m2)

r1
fE:78
11 + ε2m4 s

r1
fE:78
12 ,

m13 = ε3 s t fA:174
13 ,

m14 = ε3m2 t fC:372
14 ,

m15 = ε3m2 t fC:244
15 ,

m16 = ε3m2 s fC:117
16 ,

m17 = ε3 s2 fC:117
17 ,

m18 = ε3(1− 2 ε) t fC:341
18 ,

m19 = 3 ε3(1− 2 ε)m2 fC:341
18 + ε2(1− 2 ε)m2 (m2 + t)fC:341

19 ,

m20 = ε4 (s+ t)fC:213
20 ,

m21 = ε3m2 (s+ t)fC:213
21 ,

m22 = ε3 s2 fE:115
22 ,

m23 = ε3(1− 2 ε) s fE:103
23 ,

m24 = ε3(1− 2 ε) s fE:87
24 ,

m25 = ε4 s fE:79
25 ,

m26 = ε3(1− 2 ε) s fE:214
26 ,

m27 = ε3 r2 fE:214
27 ,

m28 = ε4 s t fC:245
28 ,

m29 = 2 ε4m2 s fC:245
28 + ε3m2 s (m2 + t)fC:245

29 ,

m30 = ε4 s r1 fE:119
30 ,

m31 = ε3(1− 2 ε) r2 fE:343
31 ,

m32 = ε4 r3 fE:215
32 ,

m33 = ε4 s r2 fE:247
33 ,

m34 = ε4 s2 fE:247
34 ,

m35 = 2 ε4 t r1 fE:215
32 − ε4 s t r1 fE:247

33 + ε4 s r1 fE:247
35 ,

m36 = 2 ε4 t fC:213
20 + ε3 s t fE:115

22 − 1
2ε

3 s fE:103
23 − 1

2ε
4 s (s− 2m2)fE:119

30 + ε4 s t fE:215
32

− 1
2ε

4 s t (s− 2m2)fE:247
33 + 1

2ε
4 s (s− 2m2)fE:247

35 + ε4 s fE:247
36 . (7.7)
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For m1, . . . ,m36, we employ the integration measure(Γ(1− ε)sε
iπ2−ε

)2 ∫
d4−2εk1

∫
d4−2εk2 (7.8)

with ε = (4 − d)/2, which allows us to consider our integrals to be functions of two
dimensionless kinematic variables. For instance,

m1 = Γ5(1− ε)Γ(1 + 2ε)
Γ(1− 3ε)

(
− t
s

)−2ε
. (7.9)

One achieves a rationalization of two of the three roots, r1 and r2, with the parametriza-
tion [173]

s = −m
2(1− w)2

w
and t = −m

2w (1 + z)2

z (1 + w)2 , (7.10)

and we hereafter work primarily with the variables w and z. It is immediate from
Eq. (7.7) that, in the (w, z) representation, the only normal form integral which
involves a square root in its definition is m32. Indeed, we see from (7.10) and Appendix
A of Ref. [173] that

r1 = −m
2(1− w)(1 + w)

w
, (7.11)

r2 = −m
4(1− w)(1− z)(1 + z)

z(1 + w) , (7.12)

r3 = m4(1− w)
w z(1 + w)

√
(1 + w2z2)(w + z)2 + 2w z(w − z)2 + 4w z2(1 + w2) (7.13)

in the region s > 4m2 (see also Section 7.3.1 for a detailed discussion of the (w, z)
parametrization).

In the following, we will replace r1, r2 and r3 according to (7.11)-(7.13) in the
normal form definitions m1, . . . ,m36 and use these partially rationalized expressions.
Note that only the definition of m32 involves the root

r ≡
√

(1 + w2z2)(w + z)2 + 2w z(w − z)2 + 4w z2(1 + w2) (7.14)

in the prefactor, which is real valued for s > 4m2, which is the region of phase-space
we are primarily concerned with. Using these definitions, it is straightforward to
obtain the differential equations in the ε-decoupled form. We used Reduze 2 [113,
114, 174, 175] to compute the integration-by-parts identities required to derive the
differential equations.

7.2 Integrating the symbol

In this section, we discuss in more detail how the methods discussed in Section 2.8
are applied to the EW-QCD Drell-Yan master integrals with two massive internal
lines. At the outset, before performing any simplification of the symbol alphabet, we
find the rational alphabet

LR = {1− w,−w, 1 + w, 1− w + w2, 1− z,−z, 1 + z,

1− w z, 1 + w2 z,−z − w2, z − w} (7.15)

and the intrinsically algebraic alphabet

LA = {r,−(1− w)(z − w)(1− w z) + r (1 + w),
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− (1− w)
(
4w z + (w + z)(1 + w z)

)
− r (1 + w), r2 − 2w z2(1− w)2 + r (w + z)(1 + w z),

r2(1− z)2 + 2z2(z + w2)(1 + w2z) + r (1− z)(1 + z)
(
2w z − (w + z)(1 + w z)

)
}, (7.16)

where r is given in Eq. (7.14). Note that r already appears as a letter in Eq. (7.16).
However, there are also two rather complicated-looking symbol letters with terms
involving r2. The next step, is to use the simplification algorithm introduced in
Section 2.8.3 to simplify (7.16). Considering ansätze up to degree four, we find the
following candidates for algebraic letters for the differential equation:

L̃A =
{
r,

1
2
(
2 + z − w + w z(w + z) + r

)
,
1
2
(
2w2 + z − w + w z(w + z) + r

)
,

1
2
(
− (w + z)(1− w z) + r

)
,
1
2
(
− (z − w)(1 + w z) + r

)}
. (7.17)

The overall factors of 1/2 in Eq. (7.17) are judiciously chosen after the fact to prevent
the appearance of explicit factors of 2 in our Li function arguments. The presence
of this factor can be understood in light of the factorization property: one can easily
check that all letters in L̃A after multiplication with their conjugate, indeed factorize
over the rational part of the alphabet without the presence of the factor 2 in this
product. In order to find the correct normalization, one can run the above algorithm
first adding the letter 2 in the rational part of the alphabet.

Using our heuristic approach to algebraic function factorization, we immediately
find that the non-trivial elements of LA can indeed be expressed as power products
of letters drawn from the candidates in L̃A from Eq. (7.17):

− (1− w)(z − w)(1− w z) + r (1 + w) =
2
(
− w

)(
1 + z

)(
− z − w2)(2 + z − w + w z(w + z) + r

)
2w2 + z − w + w z(w + z) + r

,

− (1− w)
(
4w z + (w + z)(1 + w z)

)
− r (1 + w) =

8
(
− w

)2(− z)(1 + z
)3(1 + w2 z

)(
2w2 + z − w + w z(w + z) + r

)(
2 + z − w + w z(w + z) + r

)(
− (w + z)(1− w z) + r

)(
− (z − w)(1 + w z) + r

) ,
r2 − 2w z2(1− w)2 + r (w + z)(1 + w z) =(

− z
)2(2 + z − w + w z(w + z) + r

)2(2w2 + z − w + w z(w + z) + r
)2

8
(
1 + z

)2(1 + w2 z
)2(− (w + z)(1− w z) + r

)2(− (z − w)(1 + w z) + r
)−2 ,

r2(1− z)2 + 2z2(z + w2)(1 + w2z) + r (1− z)(1 + z)
(
2w z − (w + z)(1 + w z)

)
=

2
(
− z

)2(1 + w2 z
)2(− (w + z)(1− w z) + r

)2(
− (z − w)(1 + w z) + r

)2 . (7.18)

In summary, we define the full symbol alphabet for the two-massive-line Drell-Yan
integrals, L = LR ∪ L̃A, in terms of positive definite letters for physical phase space
points which satisfy −1 < w < 0 and w < z < −w2 (this component of (w, z) space
corresponds to part of the s > 4m2 region, see Section 7.3.1 for details). From Eqs.
(7.15) and (7.17), we have:

L = {l1, . . . , l16}

=
{

1− w,−w, 1 + w, 1− w + w2, 1− z,−z, 1 + z, 1− w z, 1 + w2 z,−z − w2,

z − w, r, 1
2
(
2 + z − w + w z(w + z) + r

)
,
1
2
(
2w2 + z − w + w z(w + z) + r

)
,
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1
2
(
− (w + z)(1− w z) + r

)
,
1
2
(
− (z − w)(1 + w z) + r

)}
. (7.19)

We express the differential equation in terms of this new alphabet and, for complete-
ness, present it in Appendix 7.A.

Using the improved representation of the alphabet we are able to match the dif-
ferential equation against an ansatz of multiple polylogarithms, cf. Section 2.8. For
the integration through to weight four, it is enough to consider power products of
symbol letters up to a total degree nine. In the next section, we will comment on
what additional constraints we put on our ansatz to get a result with real-valued and
monodromy-free functions only.

7.3 Analytic continuation and optimization of the func-
tional bases

In this section, we review the salient features of the (w, z) representation for the mixed
EW-QCD corrections to Drell-Yan production introduced in Section 7.1 above, as well
as subtleties one encounters when analytically continuing multiple polylogarithms.
Our primary goal in Section 7.3.1 is to motivate the analysis of Section 7.3.2, where
we show how we avoid all explicit analytic continuations and +i 0 prescriptions by
selecting only well-behaved, monodromy-free Li functions in our ansatz. However, we
also find it useful to review the fundamentals of analytic continuation of Feynman
integrals as well as some details relevant to our specific representation.

7.3.1 Analytic continuation

Feynman’s +i 0 prescription for the propagators determines the value of a given Feyn-
man integral in a specific region of phase space unambiguously. In principle, one could
imagine solving the Feynman integral in each region of phase space separately. Al-
ternatively, one can try to solve the integral in one region and then use the solution
to obtain a result for it in a neighboring region by analytic continuation. The latter
method is of particular interest for the method of differential equations, since it typ-
ically involves regularity conditions in some regions of phase space, and one needs to
transport this knowledge to the region of interest.

If we want to continue a specific representation of the solution based on just the
solution itself (without reference to the original Feynman integral), we need to make
sure Feynman’s +i 0 prescription is maintained by appropriate complex values of the
kinematic parameters. It is essential to observe that the analytic continuation is along
a path in complex phase space and that the +i 0 prescriptions must be respected for
all points along this path, not just for the start and endpoint. This is in general
non-trivial and needs to be checked for the representation at hand.

What is commonly referred to as “analytic continuation” in the physics literature
should really be regarded as a two-step procedure in general:

(i) The actual analytic continuation in the mathematical sense: given a solution
for one region, derive a solution for a connected region in some representation.

(ii) A possible change of functional representation in the new region such that no
explicit +i 0 prescription is necessary.

We will now work out the details for our current application.



7.3. Analytic continuation and optimization of the functional bases 141

-1.0 -0.5 0.5 1.0

0.2

0.4

0.6

0.8

1.0

-1.0 -0.5 0.5 1.0

0.2

0.4

0.6

0.8

1.0

Figure 7.3.1: The (w, z) representation of the physical phase space
has two main components which merge at the point of non-analyticity
w = z = −1, corresponding to the two-mass threshold at s = 4m2.
The line segments on the negative real axes of w space (left) and z
space (right) are half-open intervals which correspond to the above-
threshold region; the points w = 0 and z = 0 are approached in
the s → ∞ limit. The semi-circular domains in the upper w and z
half-planes correspond to the below-threshold region; the point w = 1
corresponds to the phase space boundary point s = 0 and z = 1
corresponds to the phase space boundary point s = −t = 2m2. Note
that the upper endpoint of z depends parametrically on w both above

and below the two-mass threshold.

The Euclidean region for the mixed EW-QCD two-loop integrals is given by s < 0,
t < 0 and m2 > 0.2 Considering other regions of phase space, we observe that the
Feynman propagator prescription can effectively be implemented by the replacements
s → s + i 0, t → t + i 0, since these are external scales, and m2 → m2 − i 0, since
this is an internal scale. The +i 0 prescription is relevant for s (t) whenever s (t) is
positive. For the discussion of w and z, we will see that it is sufficient to view m2 as
being normalized to 1 without any imaginary part.

Let us focus on the (w, z) parametrization of our integrals in the physical region
of phase space, s > 0, t < 0 and m2 > 0. It was noted in [173] that the (w, z)
representation has a point of non-analyticity at the physical two-mass threshold s =
4m2 and a rather different character depending on whether s is above or below this
threshold. We find it natural to adopt the definitions

w = −
√
s−
√
s− 4m2

√
s+
√
s− 4m2

, (7.20)

z = −
√

4m4 − t (s− 4m2)−
√
−t(s− 4m2)√

4m4 − t (s− 4m2) +
√
−t(s− 4m2)

. (7.21)

We can see from the above that w and z are real variables which satisfy −1 < w <
0 and −1 < z < −w2 in the region s > 4m2. With our choices (7.20) and (7.21), we
find that the Feynman prescription implies w → w+ i 0 and z → z+ i 0 in this region.
On the other hand, both w and z become pure phases in the region 0 < s < 4m2.
Therefore, it makes sense to explicitly extract their real and imaginary parts,

w = 1− s

2m2 +
√

1−
(

1− s

2m2

)2
i , (7.22)

2For non-planar topologies with four massless external legs, also cuts in u must be taken into
account, which may actually prevent the existence of a Euclidean region with s + t + u = 0 [176].
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Figure 7.3.2: The path in w space prescribed by Eq. (7.24) for w(0) =
1/6 and δ = 1/17 (left) induces a nearly semi-circular path in s space
(right) which respects the +i 0 prescription for s. Note that, for fixed
t and m2, this straight-line path in w determines a nearly straight-line

path in z as well.

z = −1− t (4m2 − s)
2m4 +

√
1−

(
−1− t (4m2 − s)

2m4

)2
i , (7.23)

to emphasize that, in the below-threshold region, the imaginary parts of w and z are
fixed in terms of the real parts of w and z. In particular, we can deduce from Eqs.
(7.22) and (7.23) that Re[w] and Re[z] satisfy −1 < Re[w] < 1 and −1 < Re[z] <
1−2 (Re[w])2 in the below-threshold region. A visualization of the full physical phase
space in the (w, z) representation is given in Figure 7.3.1.

In the following, we will study how to analytically continue solutions between dif-
ferent regions in s. In practice, we work with simple straight-line paths in the complex
(w, z) space, checking after the fact that the chosen paths of analytic continuation
always preserve the +i 0 prescription for the original kinematic variables. In what
follows, we carefully go through typical elementary examples of analytic continuation
to clearly illustrate the subtleties for our Li functions, which one must be wary of to
avoid introducing errors.

First, let us illustrate the importance of taking into account the complete path of
analytic continuation rather than just the start and endpoint. Consider the analytic
continuation of ln

(
w2) along a straight-line path from wi = w(0) +i δ to we = −w(0) +

i δ, for real w(0) and δ such that 0 < w(0) < 1 and 0 < δ < w(0) (see Figure 7.3.2).
Such a path allows one to connect solutions for s < 0 with solutions for s > 4m2.
Naively, one might be tempted to erroneously implement the analytic continuation
as ln

(
w2
i

)
= ln

(
w2

(0)
)

= ln
(
(−w(0))2) = ln

(
w2
e

)
and incorrectly conclude that the

analytic continuation is trivial along the chosen path. The problem here, is that the
logarithm is a multi-valued function and one must therefore carefully check whether
or not the specified path of analytic continuation forces the polynomial function
argument to cross the branch cut of the logarithm on the negative real axis, (−∞, 0).
In the absence of any branch cut crossings, knowledge of the endpoint of the path is
sufficient. However, in the presence of one or more branch cut crossings, the function
leaves its principal Riemann sheet and one must add an appropriate monodromy
contribution, taking into account the details of the path of analytic continuation.
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Figure 7.3.3: The path in w space prescribed by Eq. (7.24) for w(0) =
1/6 and δ = 1/17 (left) induces an essentially hyperbolic path in w2

space (right) which crosses the negative real axis at −δ2.

Let us spell out in detail how to correctly analytically continue solutions valid for
different values of s. We parametrize our chosen path in w space as

w(v) = (1− 2v)w(0) + δ i, (7.24)

with a parameter v ∈ [0, 1]. We then have

w2(v) = (1− 2 v)2w2
(0) − δ

2 + 2 (1− 2 v) δ w(0) i (7.25)

for the argument of ln
(
w2). As depicted in Figure 7.3.3, our path in w space takes

w2(v) from just above the point w2
(0) − δ

2 on the positive real axis to just below the
point w2

(0)− δ
2 and, crucially, it passes through the negative real axis at w(1/2) = δ i.

The monodromy contribution to ln
(
w2) in this case is well-known to be simply 2πi,

due to the fact that our path induces just one counter-clockwise branch cut crossing.
Therefore, the analytically continued function is ln

(
w2) + 2πi in a neighborhood of

the endpoint of our chosen path. This conclusion may be quickly checked by rewriting
the function ln

(
w2) as 2 ln(w) in the Euclidean region where 0 < Re[w] < 1 before

carrying out the analytic continuation along our chosen path. When the function
is viewed in this alternative way, no branch cut crossing is induced and one can
simply rewrite the function to explicitly extract its imaginary part: for Im[w] > 0,
2 ln(w) = 2

(
ln(−w) + πi

)
= 2 ln(−w) + 2πi = ln

(
w2)+ 2πi. In the two-step picture

mentioned above we thus have

ln
(
w2) −−−−→

(i)w(v)
ln
(
w2)+ 2πi =

(ii)
ln
(
w2)+ 2πi (7.26)

or

ln
(
w2) = 2 ln

(
w
)
−−−−→
(i)w(v)

2 ln(w) =
(ii)

2 ln(−w) + 2πi = ln
(
w2)+ 2πi (7.27)

Depending on the type of representation we consider, either the analytic continuation
(i) or the rewriting of the function to be independent of +i 0 prescriptions (ii) is trivial
in this example.

The relevant monodromy contributions become more complicated for higher-
weight Li functions. Already for Li2, a new feature emerges: moving across its branch
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cut on the positive real axis, (1,∞), onto a Riemann sheet other than the principal
one actually exposes the existence of a hidden branch point at 1. To see this, consider
Euler’s identity for the dilogarithm of 1− w2,

Li2
(
1− w2) = −Li2

(
w2)− ln

(
w2) ln

(
1− w2)+ π2

6 . (7.28)

The representation furnished by the right-hand side of (7.28) and the above discussion
of ln

(
w2) make it clear that Li2

(
1−w2) has non-trivial monodromy for the path w(v)

defined above in Eq. (7.24). For the path w(v), we find:

Li2
(
1− w2) = −Li2

(
w2)− ln

(
w2) ln

(
1− w2)+ π2

6

−→
w(v)
−Li2

(
w2)− ( ln

(
w2)+ 2πi

)
ln
(
1− w2)+ π2

6
= Li2

(
1− w2)− 2πi ln

(
1− w2), (7.29)

This implies that Li2
(
1−w2) picks up a monodromy contribution of −2πi ln

(
1−w2)

due to the branch point at w = 1, despite the fact the function is continuous at that
point on the principal sheet.

When considering general analytic continuations of Lin1,...,nk functions, one must
take into account all function arguments to obtain the monodromy contributions as
one moves along the path of analytic continuation. Building on the work of Goncharov
[177], it was shown in [178] how one can easily compute the monodromy of an arbitrary
Li function in terms of monodromies of simple logarithms using the coproduct. In
particular, the presence of a monodromy contribution can be detected by studying the
first entry of the symbol. For our master integrals, the sheer number of distinct branch
cut crossings that can arise from the arguments of the various Li functions renders the
analytic continuation between different regions rather involved in practice. While our
final goal is to obtain representations in terms of well-behaved, monodromy-free Li
functions for a given kinematic region, we find it convenient to also employ auxiliary
representations for the purpose of analytic continuations.

If available, a representation in terms of G functions with the kinematic variables
in the argument avoids many of the subtleties involved in the continuation described
above. For the integrals with unrationalizable alphabets, however, this is not an
option. For such cases, we find it useful to use expansions around regular and singular
points [179] for the continuation. For this part of the analysis, we do not include
the unrationalizable root of m32 in (7.38) in the definition of our basis in order to
work with rational differential equations. Using high-precision numerical evaluations
for two expansion points with an overlapping region of convergence and the PSLQ
algorithm [102], one can effectively transport analytic integration constants.

What has been discussed so far allows us to construct a functional basis for a given
region of phase space, integrate the symbol in terms of these functions, and relate
solutions for different regions by analytic continuation in order to fix the integration
constants. We will now discuss how to construct domain-restricted but well-behaved
ansätze of multiple polylogarithms, which don’t require an explicit +i 0 prescription
and perform well numerically.

7.3.2 Optimizing the bases of multiple polylogarithms

Starting from a Duhr-Gangl-Rhodes basis of multiple polylogarithms for the integrals
~m, we wish to remove Li functions that have suboptimal analytic properties for
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physical kinematics. In the following we will restrict ourselves to the region above
the two-mass threshold, i.e. s > 4m2. To proceed, we must determine under what
conditions the logarithms of the letters either diverge or move off of their principal
Riemann sheets. We find that, in practice, it is simplest to use Eqs. (7.20) and (7.21)
above threshold, and the Mathematica function Reduce to work out how various
constraints on polynomials of w and z map back to conditions on the original and
more familiar kinematic variables, s, t, and m2. To check whether it is possible for a
given function to live without a +i 0 prescription, we must first understand for what
values of s, t, and m2 the letters vanish or become negative:

• ln(l1) = ln(1− w) diverges at the phase space boundary point s = 0.

• ln(l2) = ln(−w) has no issues for m2 > 0, except at the phase space boundary
point s = 0 where it becomes ill-defined.

• ln(l3) = ln(1 + w) diverges at the two-mass threshold s = 4m2.

• ln(l4) = ln
(
1− w + w2) diverges at the one-mass threshold s = m2.

• ln(l5) = ln(1− z) diverges at the phase space boundary point s = −t = 2m2.

• ln(l6) = ln(−z) has no issues for m2 > 0, except at the phase space boundary
point s = −t = 2m2 where it becomes ill-defined.

• ln(l7) = ln(1 + z) diverges at the phase space boundary where t = 0 and at the
two-mass threshold s = 4m2.

• ln(l8) = ln(1− w z) diverges at the two-mass threshold s = 4m2.

• ln(l9) = ln
(
1 + w2 z

)
diverges at the phase space boundary s = −t for 0 ≤ s ≤

2m2 and at the two-mass threshold s = 4m2.

• ln(l10) = ln
(
−z − w2) diverges at the phase space boundary s = −t for s ≥ 2m2

and, in particular, at s = 4m2.

• ln(l11) = ln(z − w) diverges when t = −m2 for s ≥ m2 and, in particular, at
s = 4m2. ln(l11) is also not analytic at s = − 4m2t

m2−t for −m
2 ≤ t ≤ 0.

• ln(l12), . . . , ln(l16) do not diverge anywhere for s > 4m2

Due to the absence of u dependence in our planar double boxes, we expect them to
have a regular limit as u approaches 0. We see from the above that for s > 2m2

(thus also s > 4m2) regularity for u → 0 suggests the absence of ln(l10) at weight
one. Of course, we wish to achieve that also the higher weight basis functions lack
logarithmic singularities (and are thus monodromy-free) as l10 → 0 for s > 4m2.
This can be achieved by imposing an appropriate first-entry condition [178, 180–182]
on the symbol to select suitable functions: we remove all Li functions, which have
the letter l10 in the first entry of their symbols, from our ansatz. The only additional
logarithm with a spurious singularity in the physical region for s > 4m2 is ln(l11),
which can also be dealt with by imposing an additional first-entry condition on l11.

Since all 16 letters evaluate to real numbers for s > 4m2, we can impose a further
restriction on our ansatz, namely, we only allow real-valued functions. After filtering
our ansatz with these two constraints (monodromy-free and real-valued functions
only) we find in total 478 candidates for the Lin functions. We proceed analogously
to filter the set of Li2,1, Li3,1, and Li2,2 function argument pairs which survive the
first-entry condition and are real-valued. In total, we find 41 admissible candidates
for the Li2,1 functions, 516 Li2,2 and 960 Li3,1 functions.
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7.4 Weight-four multiple polylogarithms for Drell-Yan
master integrals

Having build our ansatz as described in the previous section, we apply the tech-
niques introduced in Sections 2.8 and 7.3.2 to explicitly integrate the ε d ln form for
{m1, . . . ,m36}, (7.38), in the physical region above the two-mass threshold (s > 4m2)
through to weight four in terms of real-valued and monodromy-free Li functions. To
our knowledge, this is the first time a complete solution in terms of standard multiple
polylogarithms has been found for a multi-loop Feynman integral with an εd ln differ-
ential equation containing provably unrationalizable symbol letters. We fix our inte-
gration constants using a variety of established techniques, such as direct evaluation
in Feynman parameters, exploiting regular kinematic limits of the differential equa-
tions, and exploiting kinematic limits where particular integrals are power-suppressed
and must therefore vanish (see Section 5.2 of [173]).

Due to the significant length of our results, we refrain from presenting them
explicitly in the text. It is worth pointing out that our choice of alphabet, Eq. (7.19),
produces remarkably simple integration constants. E.g. for m36 we find

3
2ζ3 −

3
2π

3i (7.30)

at weight three and
1335349

32 ζ2
2 − 116 ζ3 πi (7.31)

at weight four.
In lieu of our explicit analytic results, it is straightforward to obtain high-precision

numerical results for our master integrals using GiNaC. For the randomly chosen
physical phase space point(

s, t,m2
)

= (17,−7, 6241/1681) . (7.32)

we find for the most complicated master integrals with two massive internal lines

m32 ≈ ε3
(
0.066537984962080530758 . . .− 27.508245870011457529 . . . i

)
+ ε4

(
51.615607433806381131 . . .− 149.06326619542437190 . . . i

)
+O

(
ε5
)
,

(7.33)
m33 ≈ ε2

(
10.163316917366188927 . . .+ 6.2974465571355440423 . . . i

)
+ ε3

(
33.914009430201406423 . . .+ 4.6486595371603574921 . . . i

)
+ ε4

(
163.17321004422879959 . . .− 128.72756457117576796 . . . i

)
+O

(
ε5
)
,

(7.34)
m34 ≈ ε2

(
− 9.3166453894096456380 . . .− 4.6722528592943756861 . . . i

)
+ ε3

(
− 12.274144284891231677 . . .− 11.270075866466130873 . . . i

)
+ ε4

(
− 51.057330106861359687 . . .+ 87.629800828432935443 . . . i

)
+O

(
ε5
)
,

(7.35)

m35 ≈ ε4
(
6.9039856473317646358 . . .− 0.013343873471826080269 . . . i

)
+O

(
ε5
)
,

(7.36)
m36 ≈ ε3

(
− 4.7564239669560836801 . . .+ 4.0753242804814306037 . . . i

)
+ ε4

(
− 8.5216864119748844907 . . .− 13.318764764536663942 . . . i

)
+O

(
ε5
)
.

(7.37)
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Using the finite integral method [107, 183, 184] and SecDec 3 [185], we were able to
independently check these numerical results to a few decimal digits.

We find, that a double precision evaluation of all 36 master integrals m1, . . . ,m36
at the point (7.32) using GiNaC takes 0.5 seconds on one Intel E3-1275 CPU core.
The performance in this central point in phase space is therefore not much worse than
what is encountered for Feynman integrals involving rational alphabets, see e.g. the
discussion in [105]. Therefore, we expect the functional representation discussed here
to be well-suited for direct usage in Monte-Carlo programs.

7.5 Outlook

In this chapter, we considered irreducible Feynman integrals that appear in the cal-
culation of the mixed EW-QCD two-loop corrections to the Drell-Yan process. These
integrals satisfy εd ln differential equations with non-rational symbol letters. We de-
veloped a new technique, which allowed us to simplify the differential equation. We
were then able to find an analytic solution in terms of standard multiple polylog-
arithms, even in the presence of unrationalizable symbol letters. The results have
been published in Ref. [84]. In the next chapter, we will use these master integrals to
calculate the mixed EW-QCD two-loop amplitude and evaluate it numerically.
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Appendix

7.A Differential equations for the Drell-Yan masters with
two massive lines

In terms of the symbol letters {l1, . . . , l16} defined in (7.19), the system of differential
equations for m1, . . . ,m36 in (7.7) can be cleanly written in differential form:

ε−1dm1 = m1

[
4 d ln (l1)− 4 d ln (l2) + 4 d ln (l3) + 2 d ln (l6)− 4 d ln (l7)

]
,

ε−1dm2 = m2

[
2 d ln (l1)− d ln (l2)

]
,

ε−1dm3 = m3

[
4 d ln (l1)− 2 d ln (l2)

]
,

ε−1dm4 = m4

[
6 d ln (l1)− 3 d ln (l2)

]
+ m5

[
d ln (l2)− d ln (l4)

]
,

ε−1dm5 = m4

[
12 d ln (l1)− 6 d ln (l2)

]
+ m5

[
4 d ln (l1) + 2 d ln (l2)− 4 d ln (l4)

]
,

ε−1dm6 = 0,

ε−1dm7 = m7

[
4 d ln (l1)− 4 d ln (l2) + 4 d ln (l3) + 2 d ln (l6)− 4 d ln (l7)

]
,

ε−1dm8 = m1

[
− d ln (l3)− 1

2d ln (l6) + 1
2d ln (l8) + 1

2d ln (l11)
]

+ m3

[
d ln (l3) + 1

2d ln (l6)− 1
2d ln (l8)− 1

2d ln (l11)
]

+ m8

[
4 d ln (l1)− d ln (l2) + 2 d ln (l3) + d ln (l6) + 2 d ln (l7)− 2 d ln (l8)− 2 d ln (l11)

]
,

ε−1dm9 = m2

[
− d ln (l2)

]
+ m9

[
2 d ln (l1)− 2 d ln (l3)

]
,

ε−1dm10 = m3

[
− 1

4d ln (l2)
]

+ m4

[3
2d ln (l2)

]
+ m5

[
− 3

4d ln (l2)
]

+ m10

[
4 d ln (l1)− d ln (l2)− 2 d ln (l3)

]
,

ε−1dm11 = m11

[
6 d ln (l1)− 3 d ln (l2)

]
+ m12

[
d ln (l2)

]
,

ε−1dm12 = m3

[
− 2 d ln (l2)

]
+ m11

[
3 d ln (l2)

]
+ m12

[
4 d ln (l1)− d ln (l2)− 2 d ln (l3)

]
,

ε−1dm13 = m1

[
− 3 d ln (l2)− 3 d ln (l7) + 3

2 d ln (l9) + 3
2 d ln (l10)

]
+ m6

[
6 d ln (l1) + 6 d ln (l3) + 3 d ln (l6)− 3 d ln (l9)− 3 d ln (l10)

]
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+ m13

[
2 d ln (l1)− 4 d ln (l2) + 2 d ln (l3) + d ln (l6)− 4 d ln (l7) + d ln (l9) + d ln (l10)

]
,

ε−1dm14 = m3

[
d ln (l3) + 1

2d ln (l6)− 1
2d ln (l8)− 1

2d ln (l11)
]

+ m7

[
3 d ln (l2) + 6 d ln (l7)− 3 d ln (l8)− 3 d ln (l11)

]
+ m14

[
4 d ln (l1)− d ln (l2) + 2 d ln (l7)− d ln (l8)− d ln (l11)

]
,

ε−1dm15 = m1

[
− d ln (l2)− 2 d ln (l7) + d ln (l8) + d ln (l11)

]
+ m3

[
2 d ln (l3) + d ln (l6)− d ln (l8)− d ln (l11)

]
+ m8

[
4 d ln (l2) + 8 d ln (l7)− 4 d ln (l8)− 4 d ln (l11)

]
+ m15

[
4 d ln (l1)− 2 d ln (l2)

]
,

ε−1dm16 = m2

[
d ln (l2)− d ln (l4)

]
+ m3

[
d ln (l1)− 1

6d ln (l2)− 1
3d ln (l4)

]
+ m4

[
6 d ln (l1)− 3 d ln (l2)

]
+ m5

[
− d ln (l1) + 2

3d ln (l2)− 1
6d ln (l4)

]
+ m6

[
− 2 d ln (l2) + 2 d ln (l4)

]
+ m16

[
6 d ln (l1)− 7

3d ln (l2)− 2
3d ln (l4)

]
+ m17

[
4 d ln (l1)− 2

3d ln (l2)− 4
3d ln (l4)

]
,

ε−1dm17 = m2

[
d ln (l2)− d ln (l4)

]
+ m3

[1
3d ln (l2)− 1

3d ln (l4)
]

+ m5

[
− 1

3d ln (l2) + 1
3d ln (l4)

]
+ m6

[
− 2 d ln (l2) + 2 d ln (l4)

]
+ m16

[2
3 d ln (l2)− 2

3 d ln (l4)
]

+ m17

[
4 d ln (l1)− 2

3 d ln (l2)− 4
3 d ln (l4)

]
,

ε−1dm18 = m4

[
4 d ln (l1) + 4 d ln (l3) + 2 d ln (l6)− 2 d ln (l9)− 2 d ln (l10)

]
+ m5

[
− d ln (l1)− d ln (l3)− 1

2d ln (l6) + 1
2d ln (l9) + 1

2d ln (l10)
]

+ m7

[
− 4 d ln (l1)− 4 d ln (l3)− 2 d ln (l6) + 2 d ln (l9) + 2 d ln (l10)

]
+ m18

[
d ln (l2) + 4 d ln (l7)− 3 d ln (l8) + d ln (l9) + d ln (l10)− 3 d ln (l11)

]
+ m19

[
− 2 d ln (l1)− d ln (l8) + d ln (l9) + d ln (l10)− d ln (l11)

]
,

ε−1dm19 = m4

[
− 12 d ln (l1) + 3 d ln (l2)− 6 d ln (l3) + 6 d ln (l4)− 3 d ln (l6) + 6 d ln (l7)

]
+ m5

[
3 d ln (l1)− d ln (l2) + 2 d ln (l3)− 3

2d ln (l4) + d ln (l6)− 2 d ln (l7)
]

+ m7

[
12 d ln (l1)− 6 d ln (l4)

]
+ m18

[
12 d ln (l1)− 6 d ln (l2)− 6 d ln (l4)− 12 d ln (l7) + 6 d ln (l8) + 6 d ln (l11)

]
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+ m19

[
10 d ln (l1)− 3 d ln (l2)− 4 d ln (l4)− 4 d ln (l7) + 2 d ln (l8) + 2 d ln (l11)

]
,

ε−1dm20 = m3

[
− d ln (l1) + d ln (l2)− d ln (l3)− 1

2d ln (l6) + d ln (l7)
]

+ m4

[
− 4 d ln (l1) + 4 d ln (l2)− 4 d ln (l3)− 2 d ln (l6) + 4 d ln (l7)

]
+ m5

[
d ln (l1)− d ln (l2) + d ln (l3) + 1

2d ln (l6)− d ln (l7)
]

+ m8

[
− 2 d ln (l1) + 2 d ln (l2)− 2 d ln (l3)− d ln (l6) + 2 d ln (l7)

]
+ m20

[
− 4 d ln (l2)

− 4 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)
]

+ m21

[
− 2 d ln (l1) + d ln (l2)

]
,

ε−1dm21 = m1

[
− 1

2d ln (l2) + d ln (l3) + 1
2d ln (l4) + 1

2d ln (l6)− 1
2d ln (l8)− 1

2d ln (l11)
]

+ m3

[
2 d ln (l1)− 3

2d ln (l2) + d ln (l3)− 1
2d ln (l4) + 1

2d ln (l6)− 2 d ln (l7) + 1
2d ln (l8)

+ 1
2d ln (l11)

]
+ m4

[
6 d ln (l1)− 6 d ln (l2) + 6 d ln (l3) + 3 d ln (l6)− 6 d ln (l7)

]
+ m5

[
− 2 d ln (l1) + 2 d ln (l2)− 2 d ln (l3)− d ln (l6) + 2 d ln (l7)

]
+ m8

[
6 d ln (l1)− 4 d ln (l2) + 2 d ln (l3)− 2 d ln (l4) + d ln (l6)− 6 d ln (l7) + 2 d ln (l8)

+ 2 d ln (l11)
]

+ m20

[
12 d ln (l1)− 6 d ln (l4)

]
+ m21

[
10 d ln (l1)− 5 d ln (l2)− 4 d ln (l4)− 4 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)

]
,

ε−1dm22 = m9

[
− 2 d ln (l2)

]
+ m22

[
4 d ln (l1)− 2 d ln (l2)

]
,

ε−1dm23 = m3

[
d ln (l1)− 1

2d ln (l2)
]

+ m4

[
4 d ln (l1)− 2 d ln (l2)

]
+ m5

[
− d ln (l1) + 1

2d ln (l2)
]

+ m9

[
2 d ln (l2)

]
+ m10

[
2 d ln (l2)

]
+ m23

[
4 d ln (l1)− 2 d ln (l2)

]
,

ε−1dm24 = m10

[
− 2 d ln (l2)

]
+ m24

[
6 d ln (l1)− 3 d ln (l2)

]
,

ε−1dm25 = m3

[
− 1

2d ln (l1) + 1
4d ln (l2)

]
+ m4

[
− 2 d ln (l1) + d ln (l2)

]
+ m5

[1
2d ln (l1)− 1

4d ln (l2)
]

+ m10

[
d ln (l2)

]
+ m11

[
d ln (l1)− 1

2d ln (l2)
]

+ m12

[
− 1

2 ln (l2)
]

+ m25

[
4 d ln (l1)− 2 d ln (l2)

]
,

ε−1dm26 = m8

[
− 2 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m11

[
− d ln (l2)− d ln (l7) + 1

2d ln (l9) + 1
2d ln (l10)

]
+ m12

[
− d ln (l2)

]
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+ m26

[
8 d ln (l1)− 4 d ln (l2) + 2 d ln (l3) + d ln (l6)− d ln (l7)− 1

2d ln (l9)− 1
2d ln (l10)

]
+ m27

[
− 1

2d ln (l9) + 1
2d ln (l10)

]
,

ε−1dm27 = m1

[
− d ln (l8) + d ln (l11)

]
+ m3

[
d ln (l8)− d ln (l11)

]
+ m8

[
4 d ln (l8)

− 3 d ln (l9) + 3 d ln (l10)− 4 d ln (l11)
]

+ m11

[
− 3

2d ln (l9) + 3
2d ln (l10)

]
+ m12

[
− d ln (l6)

]
+ m26

[3
2d ln (l9)− 3

2d ln (l10)
]

+ m27

[
4 d ln (l1)− 4 d ln (l2)

− 2 d ln (l3)− 4 d ln (l5) + d ln (l6)− d ln (l7) + 3
2d ln (l9) + 3

2d ln (l10)
]
,

ε−1dm28 = m1

[
− 1

2d ln (l1)− 1
2d ln (l3)− 1

4d ln (l6) + 1
4d ln (l9) + 1

4d ln (l10)
]

+ m3

[1
2d ln (l1) + 1

2d ln (l3) + 1
4d ln (l6)− 1

4d ln (l9)− 1
4d ln (l10)

]
+ m4

[
3 d ln (l1) + 3 d ln (l3) + 3

2d ln (l6)− 3
2d ln (l9)− 3

2d ln (l10)
]

+ m5

[
− 1

2d ln (l1)− 1
2d ln (l3)− 1

4d ln (l6) + 1
4d ln (l9) + 1

4d ln (l10)
]

+ m8

[
− 4 d ln (l1)− 4 d ln (l3)− 2 d ln (l6) + 2 d ln (l9) + 2 d ln (l10)

]
+ m15

[
d ln (l1) + d ln (l3) + 1

2d ln (l6)− 1
2d ln (l9)− 1

2d ln (l10)
]

+ m17

[
2 d ln (l1) + 2 d ln (l3) + d ln (l6)− d ln (l9)− d ln (l10)

]
+ m20

[
− 6 d ln (l1)− 6 d ln (l3)− 3 d ln (l6) + 3 d ln (l9) + 3 d ln (l10)

]
+ m21

[
− 2 d ln (l1)− 2 d ln (l3)− d ln (l6) + d ln (l9) + d ln (l10)

]
+ m28

[
2 d ln (l1)− 2 d ln (l2) + 2 d ln (l3) + d ln (l6)− 2 d ln (l8) + d ln (l9) + d ln (l10)

− 2 d ln (l11)
]

+ m29

[
2 d ln (l3) + d ln (l6)− d ln (l8)− d ln (l11)

]
,

ε−1dm29 = m1

[
d ln (l1) + 3

4d ln (l2) + 1
2d ln (l3) + 1

2d ln (l4) + 1
4d ln (l6) + 3

2d ln (l7)

− d ln (l9)− d ln (l10)
]

+ m2

[
− d ln (l2) + 4 d ln (l3) + d ln (l4) + 2 d ln (l6)− 2 d ln (l7)

− d ln (l9)− d ln (l10)
]

+ m3

[
− d ln (l1) + 1

12d ln (l2)− 3
2d ln (l3)− 1

6d ln (l4)

− 3
4d ln (l6) + 1

6d ln (l7) + 2
3d ln (l9) + 2

3d ln (l10)
]

+ m4

[
− 6 d ln (l1) + 3

2d ln (l2)

− 9 d ln (l3)− 9
2d ln (l6) + 3 d ln (l7) + 3 d ln (l9) + 3 d ln (l10)

]
+ m5

[
d ln (l1)

− 1
12d ln (l2) + 3

2d ln (l3) + 1
6d ln (l4) + 3

4d ln (l6)− 1
6d ln (l7)− 2

3d ln (l9)− 2
3d ln (l10)

]
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+ m6

[
d ln (l2)− 6 d ln (l3)− 2 d ln (l4)− 3 d ln (l6) + 2 d ln (l7) + 2 d ln (l9)

+ 2 d ln (l10)
]

+ m8

[
8 d ln (l1) + 4 d ln (l3)− 2 d ln (l4) + 2 d ln (l6)− 2 d ln (l9)

− 2 d ln (l10)
]

+ m13

[
d ln (l2)− 2 d ln (l3)− d ln (l6) + 2 d ln (l7)

]
+ m15

[
− 2 d ln (l1)− 1

2d ln (l2)− d ln (l3)− 1
2d ln (l6)− d ln (l7) + d ln (l9) + d ln (l10)

]
+ m16

[2
3d ln (l2) + 2

3d ln (l4) + 4
3d ln (l7)− 2

3d ln (l9)− 2
3d ln (l10)

]
+ m17

[
− 4 d ln (l1) + 1

3d ln (l2)− 2 d ln (l3) + 4
3d ln (l4)− d ln (l6) + 2

3d ln (l7)

+ 2
3d ln (l9) + 2

3d ln (l10)
]

+ m20

[
12 d ln (l1)− 3 d ln (l2) + 6 d ln (l3)− 6 d ln (l4)

+ 3 d ln (l6)− 6 d ln (l7)
]

+ m21

[
4 d ln (l1)− 3 d ln (l2) + 2 d ln (l3)− 4 d ln (l4)

+ d ln (l6)− 6 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)
]

+ m28

[
3 d ln (l2)− 2 d ln (l3)− d ln (l6)

+ 6 d ln (l7)− 2 d ln (l8)− 2 d ln (l11)
]

+ m29

[
2 d ln (l1)− d ln (l2)− 2 d ln (l3)− d ln (l6)

+ 2 d ln (l7)− d ln (l8) + d ln (l9) + d ln (l10)− d ln (l11)
]
,

ε−1dm30 = m3

[
d ln (l2)

]
+ m4

[
6 d ln (l2)

]
+ m5

[
− d ln (l2)

]
+ m16

[
2 d ln (l2)

]
+ m17

[
4 d ln (l2)

]
+ m22

[
− 2 d ln (l2)

]
+ m23

[
2 d ln (l2)

]
+ m24

[
− 2 d ln (l2)

]
+ m30

[
6 d ln (l1)− 4 d ln (l2) + 2 d ln (l3)

]
,

ε−1dm31 = m3

[
− 1

2d ln (l8) + 1
2d ln (l11)

]
+ m4

[
− 2 d ln (l9) + 2 d ln (l10)

]
+ m5

[1
2d ln (l9)− 1

2d ln (l10)
]

+ m7

[
− 3 d ln (l8) + 3 d ln (l9)− 3 d ln (l10)

+ 3 d ln (l11)
]

+ m10

[
2 d ln (l6)

]
+ m14

[
− d ln (l8) + d ln (l9)− d ln (l10) + d ln (l11)

]
+ m18

[
3 d ln (l8)− 3 d ln (l11)

]
+ m19

[
d ln (l8) + d ln (l9)− d ln (l10)− d ln (l11)

]
+ m24

[
− 2 d ln (l9) + 2 d ln (l10)

]
+ m31

[
4 d ln (l1)− 3 d ln (l2)− 2 d ln (l3)− 2 d ln (l5)

+ d ln (l9) + d ln (l10)
]
,

ε−1dm32 = m1

[
− 1

4d ln (l2) + 1
4d ln (l9)− 1

4d ln (l10)− 1
2d ln (l13) + 1

2d ln (l14)
]

+ m3

[
− 1

4d ln (l2)− 1
2d ln (l6)− 1

2d ln (l7)− 1
2d ln (l9) + 1

2d ln (l13)− 1
2d ln (l14)

+ 1
2d ln (l15) + 1

2d ln (l16)
]

+ m4

[
− d ln (l2)− 2 d ln (l6)− 2 d ln (l7)− 2 d ln (l9)



7.A. Differential equations for the Drell-Yan masters with two massive lines 153

+ 2 d ln (l13)− 2 d ln (l14) + 2 d ln (l15) + 2 d ln (l16)
]

+ m5

[1
4d ln (l2) + 1

2d ln (l6)

+ 1
2d ln (l7) + 1

2d ln (l9)− 1
2d ln (l13) + 1

2d ln (l14)− 1
2d ln (l15)− 1

2d ln (l16)
]

+ m8

[
− 2 d ln (l2) + 2 d ln (l9)− 2 d ln (l10)− 4 d ln (l13) + 4 d ln (l14)

]
+ m10

[
2 d ln (l1) + d ln (l2) + 2 d ln (l7) + 2 d ln (l9)− 2 d ln (l13)− 2 d ln (l14)

+ 2 d ln (l15)− 2 d ln (l16)
]

+ m11

[
− 1

2d ln (l2) + 1
2d ln (l9)− 1

2d ln (l10)− d ln (l13)

+ d ln (l14)
]

+ m12

[
− d ln (l1)− 1

2d ln (l2)− d ln (l7)− d ln (l9) + d ln (l13)

+ d ln (l14)− d ln (l15) + d ln (l16)
]

+ m15

[1
2d ln (l2)− 1

2d ln (l9) + 1
2d ln (l10) + d ln (l13)− d ln (l14)

]
+ m20

[
− 3 d ln (l2) + 3 d ln (l9)− 3 d ln (l10)− 6 d ln (l13) + 6 d ln (l14)

]
+ m21

[
− 3 d ln (l2)− 2 d ln (l6)− 2 d ln (l7)− 2 d ln (l10)− 2 d ln (l13) + 2 d ln (l14)

+ 2 d ln (l15) + 2 d ln (l16)
]

+ m24

[
− 2 d ln (l2)− 2 d ln (l6)− 2 d ln (l7)− d ln (l9)

− d ln (l10) + 2 d ln (l15) + 2 d ln (l16)
]

+ m25

[
d ln (l2)− d ln (l9) + d ln (l10) + 2 d ln (l13)− 2 d ln (l14)

]
+ m26

[
3 d ln (l2)

+ 3 d ln (l6) + 3 d ln (l7) + 3
2d ln (l9) + 3

2d ln (l10)− 3 d ln (l15)− 3 d ln (l16)
]

+ m27

[1
2d ln (l9)− 1

2d ln (l10) + d ln (l15)− d ln (l16)
]

+ m32

[
4 d ln (l1)− d ln (l2)− 2 d ln (l3) + 2 d ln (l7) + d ln (l9) + d ln (l10)− 2 d ln (l12)

]
,

ε−1dm33 = m1

[3
4d ln (l9)− 3

4d ln (l10)
]

+ m2

[
d ln (l9)− d ln (l10)

]
+ m3

[
− 13

12d ln (l9)

+ 13
12d ln (l10)

]
+ m4

[
− 11

2 d ln (l9) + 11
2 d ln (l10)

]
+ m5

[13
12d ln (l9)− 13

12d ln (l10)
]

+ m6

[
− d ln (l9) + d ln (l10)

]
+ m8

[
6 d ln (l9)− 6 d ln (l10)

]
+ m9

[
− 2 d ln (l6)

]
+ m10

[
− 4 d ln (l6)

]
+ m11

[
2 d ln (l9)− 2 d ln (l10)

]
+ m12

[
2 d ln (l6)

]
+ m13

[
− 1

3d ln (l9) + 1
3d ln (l10)

]
+ m15

[
− 3

2d ln (l9) + 3
2d ln (l10)

]
+ m16

[
− 2

3d ln (l9) + 2
3d ln (l10)

]
+ m17

[
− 7

3d ln (l9) + 7
3d ln (l10)

]
+ m20

[
5 d ln (l9)− 5 d ln (l10)

]
+ m21

[
3 d ln (l9)− 3 d ln (l10)

]
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+ m22

[
2 d ln (l9)− 2 d ln (l10)

]
+ m23

[
− d ln (l9) + d ln (l10)

]
+ m24

[
2 d ln (l9)− 2 d ln (l10)

]
+ m25

[
− 2 d ln (l9) + 2 d ln (l10)

]
+ m26

[
− 2 d ln (l9) + 2 d ln (l10)

]
+ m28

[
4 d ln (l8)− d ln (l9) + d ln (l10)− 4 d ln (l11)

]
+ m29

[
2 d ln (l8)− d ln (l9) + d ln (l10)− 2 d ln (l11)

]
+ m32

[
2 d ln (l9)− 2 d ln (l10) + 4 d ln (l15)− 4 d ln (l16)

]
+ m33

[
2 d ln (l1)− 4 d ln (l2)− 2 d ln (l3)− 6 d ln (l5) + 2 d ln (l6)− 2 d ln (l7)

+ 2 d ln (l9) + 2 d ln (l10)
]

+ m35

[
− 2 d ln (l6)

]
+ m36

[
2 d ln (l9)− 2 d ln (l10)

]
,

ε−1dm34 = m1

[
− 1

2d ln (l2)− 1
2d ln (l7) + 1

4d ln (l9) + 1
4d ln (l10)

]
+ m2

[
− 2 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m3

[7
6d ln (l2) + 7

6d ln (l7)

− 7
12d ln (l9)− 7

12d ln (l10)
]

+ m4

[
5 d ln (l2) + 5 d ln (l7)− 5

2d ln (l9)− 5
2d ln (l10)

]
+ m5

[
− 7

6d ln (l2)− 7
6d ln (l7) + 7

12d ln (l9) + 7
12d ln (l10)

]
+ m6

[
2 d ln (l2) + 2 d ln (l7)− d ln (l9)− d ln (l10)

]
+ m8

[
− 4 d ln (l2)− 4 d ln (l7)

+ 2 d ln (l9) + 2 d ln (l10)
]

+ m9

[
2 d ln (l2)

]
+ m10

[
4 d ln (l2)

]
+ m11

[
− 2 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m12

[
− 2 d ln (l2)

]
+ m13

[2
3d ln (l2) + 2

3d ln (l7)− 1
3d ln (l9)− 1

3d ln (l10)
]

+ m15

[
d ln (l2) + d ln (l7)

− 1
2d ln (l9)− 1

2d ln (l10)
]

+ m16

[4
3d ln (l2) + 4

3d ln (l7)− 2
3d ln (l9)− 2

3d ln (l10)
]

+ m17

[2
3d ln (l2) + 2

3d ln (l7)− 1
3d ln (l9)− 1

3d ln (l10)
]

+ m20

[
2 d ln (l2) + 2 d ln (l7)

− d ln (l9)− d ln (l10)
]

+ m21

[
− 2 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m22

[
− 4 d ln (l1)− 4 d ln (l3)− 2 d ln (l6) + 2 d ln (l9) + 2 d ln (l10)

]
+ m24

[
− 4 d ln (l2)− 4 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)

]
+ m26

[
4 d ln (l2) + 4 d ln (l7)

− 2 d ln (l9)− 2 d ln (l10)
]

+ m28

[
2 d ln (l2) + 2 d ln (l7)− d ln (l9)− d ln (l10)

]
+ m29

[
2 d ln (l2) + 2 d ln (l7)− d ln (l9)− d ln (l10)

]
+ m30

[
− 2 d ln (l2)

]
+ m32

[
4 d ln (l2) + 4 d ln (l6) + 4 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)
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− 4 d ln (l15)− 4 d ln (l16)
]

+ m33

[
d ln (l9)− d ln (l10)

]
+ m34

[
4 d ln (l1)− 4 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m35

[
2 d ln (l2)

]
+ m36

[
− 4 d ln (l2)− 4 d ln (l7) + 2 d ln (l9) + 2 d ln (l10)

]
,

ε−1dm35 = m1

[
− 3

4d ln (l2)
]

+ m2

[
d ln (l2)

]
+ m3

[ 5
12d ln (l2)

]
+ m4

[7
2d ln (l2)

]
+ m5

[
− 5

12d ln (l2)
]

+ m6

[
− d ln (l2)

]
+ m8

[
− 6 d ln (l2)

]
+ m13

[
− 1

3d ln (l2)
]

+ m15

[3
2d ln (l2)

]
+ m16

[4
3d ln (l2)

]
+ m17

[11
3 d ln (l2)

]
+ m20

[
− d ln (l2)

]
+ m21

[
d ln (l2)

]
+ m22

[
− 2 d ln (l2)

]
+ m25

[
2 d ln (l2)

]
+ m26

[
− 2 d ln (l2)

]
+ m27

[
2 d ln (l6)

]
+ m28

[
− 3 d ln (l2)

]
+ m29

[
− d ln (l2)

]
+ m30

[
− 2 d ln (l2)− 2 d ln (l7) + d ln (l9) + d ln (l10)

]
+ m32

[
4 d ln (l1) + 2 d ln (l2)

+ 4 d ln (l7) + 4 d ln (l9)− 4 d ln (l13)− 4 d ln (l14) + 4 d ln (l15)− 4 d ln (l16)
]

+ m33

[
2 d ln (l6)

]
+ m35

[
2 d ln (l1)− 2 d ln (l2)− 2 d ln (l3)− 2 d ln (l6) + 2 d ln (l7)

+ d ln (l9) + d ln (l10)
]

+ m36

[
− 4 d ln (l2)

]
,

ε−1dm36 = m1

[5
4d ln (l1)− 3

8d ln (l2) + 1
2d ln (l3) + 1

4d ln (l6)− 1
4d ln (l9)− 1

4d ln (l10)
]

+ m2

[
d ln (l1) + 1

2d ln (l2) + 2 d ln (l3) + d ln (l6)− d ln (l9)− d ln (l10)
]

+ m3

[
− 17

12d ln (l1)− 1
24d ln (l2)− 3

2d ln (l3)− 3
4d ln (l6) + 3

4d ln (l9) + 3
4d ln (l10)

]
+ m4

[
− 13

2 d ln (l1)− 1
4d ln (l2)− 7 d ln (l3)− 7

2d ln (l6) + 7
2d ln (l9) + 7

2d ln (l10)
]

+ m5

[17
12d ln (l1) + 1

24d ln (l2) + 3
2d ln (l3) + 3

4d ln (l6)− 3
4d ln (l9)− 3

4d ln (l10)
]

+ m6

[
− d ln (l1)− 1

2d ln (l2)− 2 d ln (l3)− d ln (l6) + d ln (l9) + d ln (l10)
]

+ m8

[
6 d ln (l1)− 3 d ln (l2)

]
+ m9

[
− d ln (l2)

]
+ m10

[
− d ln (l2)

]
+ m13

[
− 1

3d ln (l1)− 1
6d ln (l2)− 2

3d ln (l3)− 1
3d ln (l6) + 1

3d ln (l9) + 1
3d ln (l10)

]
+ m15

[
− 5

2d ln (l1) + 3
4d ln (l2)− d ln (l3)− 1

2d ln (l6) + 1
2d ln (l9) + 1

2d ln (l10)
]

+ m16

[2
3d ln (l1)− 1

3d ln (l2)
]

+ m17

[
− 5

3d ln (l1)− 1
6d ln (l2)− 2 d ln (l3)− d ln (l6)

+ d ln (l9) + d ln (l10)
]

+ m20

[
7 d ln (l1)− 1

2d ln (l2) + 6 d ln (l3) + 3 d ln (l6)− 3 d ln (l9)
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− 3 d ln (l10)
]

+ m21

[
d ln (l1) + 1

2d ln (l2) + 2 d ln (l3) + d ln (l6)− d ln (l9)− d ln (l10)
]

+ m22

[
2 d ln (l1) + 2 d ln (l3) + d ln (l6)− d ln (l9)− d ln (l10)

]
+ m23

[
− 2 d ln (l1)

+ d ln (l2)− 2 d ln (l3)− d ln (l6) + d ln (l7) + 1
2d ln (l9) + 1

2d ln (l10)
]

+ m24

[
− 2 d ln (l1) + d ln (l2)

]
+ m25

[
− 2d ln (l1) + d ln (l2)

]
+ m26

[
4 d ln (l1)

− d ln (l2) + 2 d ln (l3) + d ln (l6)− d ln (l9)− d ln (l10)
]

+ m27

[
− d ln (l9) + d ln (l10)

]
+ m28

[
d ln (l1)− 3

2d ln (l2)− 2 d ln (l3)− d ln (l6) + d ln (l9) + d ln (l10)
]

+ m29

[
− d ln (l1)− 1

2d ln (l2)− 2 d ln (l3)− d ln (l6) + d ln (l9) + d ln (l10)
]

+ m30

[
2 d ln (l2)

]
+ m32

[
− 3 d ln (l2)− 2 d ln (l6)− 2 d ln (l7)− 2 d ln (l10)− 2 d ln (l13)

+ 2 d ln (l14) + 2 d ln (l15) + 2 d ln (l16)
]

+ m33

[
− d ln (l9) + d ln (l10)

]
+ m35

[
− 2 d ln (l2)

]
+ m36

[
4 d ln (l1) + 2 d ln (l7)− d ln (l9)− d ln (l10)

]
.

(7.38)
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8 Calculation of the amplitude

This chapter is based on Ref. [85], in which we calculated the mixed EW-QCD two-
loop corrections to all helicity amplitudes to the Drell-Yan process. As we briefly
mentioned in that reference, we performed an independent check of this calculation
by calculating the spin-averaged, unpolarized amplitude as a part of this thesis. In the
present chapter, we will focus more on the calculation of this unpolarized amplitude,
which was performed using a similar setup as described in Chapter 3.

During the calculation of the amplitudes, we had to overcome several technical
difficulties. Firstly, the calculation of the master integrals involving two masses was
very complicated and required new insights into differential equations involving al-
gebraic letters; we discussed this in the previous chapter. Secondly, one needs a
solid understanding of the γ5 problem in dimensional regularization [186–190]. In
Ref. [85], we therefore performed the calculation in two different γ5-schemes, namely
the ’tHooft-Veltman-Breitenlohner-Maison (HVBM) scheme [89, 186–188] and the
Kreimer scheme [191–194]. We found that intermediate results actually depend on
the choice of the used scheme. Only after taking into account the IR subtraction
function, the scheme dependence drops out in the hard scattering function. Since in
the present chapter we focus on the calculation of the unpolarized amplitude, which
was performed in Kreimer’s scheme, we will present only that scheme here. Details on
the differences between the HVBM and the Kreimer scheme can be found in Ref. [85].

This chapter is organized as follows. In Section 8.1, we review the problem re-
lated to dimensional regularization in the presence of chiral couplings. We introduce
Kreimer’s γ5 scheme, which allows us to treat γ5 consistently in d dimensions. In
Section 8.2, we introduce the kinematics and the form factor decomposition that we
used in Ref. [85] to calculate the helicity amplitudes. Although, as a part of this
thesis, we calculated the unpolarized amplitude only, we need these definitions to
make contact with the results obtained in that reference. In Section 8.3, we derive
all renormalization constants and counterterms that we need for the calculation. In
Sections 8.4 and 8.5, we show the diagrammatic structure as well as the definition of
master integrals for the one-loop and two-loop amplitudes. In Section 8.6, we present
the calculation of the unpolarized amplitude in Kreimer’s scheme which, as mentioned
above, was the main contribution of the present thesis to the results of Ref. [85] and
served as an independent check on the calculation of the helicity amplitudes in that
reference. In Section 8.7, we study the IR structure of two-loop mixed EW-QCD
corrections and define the hard scattering function. This function is IR finite and,
as we found in Ref. [85] by using two different schemes, also independent of the γ5
scheme. In Section 8.8, we show some numerical results that we obtained in Ref. [85]
for the different helicity amplitudes. We conclude in Section 8.9.

8.1 γ5 in dimensional regularization and Kreimer’s scheme

It has been clear from its inception that the treatment of γ5 in dimensional regular-
ization is conceptual challenging. It was already emphasized by the inventors of di-
mensional regularization themselves in Ref. [89], that an anti-commuting γ5 together
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with the usual trace identity is ill-defined. This can be easily seen by considering
the following identity, which makes use of the usual anti-commutation relation of γ
matrices in d dimensions, as given in Eq. (2.9):

tr(γ5γαγµ1γµ2γµ3γµ4γµ5) =2 [tr(γ5γµ2γµ3γµ4γµ5)gαµ1 − tr(γ5γµ1γµ3γµ4γµ5)gαµ2

+ tr(γ5γµ1γµ2γµ4γµ5)gαµ3 − tr(γ5γµ1γµ2γµ3γµ5)gαµ4

+ tr(γ5γµ1γµ2γµ3γµ4)gαµ5 ] . (8.1)

Contraction with gµ5α and using cyclicity of the trace together with an anti-commuting
γ5,

{γ5, γ
µ} = 0, (8.2)

Eq. (8.1) yields
(d− 4) tr(γ5γµ1γµ2γµ3γµ4) = 0. (8.3)

This clearly shows, that a cyclic trace together with the anti-commutation relation
(8.2) give inconsistent results in d 6= 4 dimensions. In the literature, different solutions
to this problem have been discussed, the first one being proposed already in the
original reference on dimensional regularization, Ref. [89]. In their scheme, later
referred to as the ’tHooft-Veltman-Breitenlohner-Maison’s (HVBM’s) scheme, γ5 is
treated as a purely four-dimensional object. As a result, one has to give up the usual
anti-commutation relation (8.2) and distinguish between the four-dimensional space
and the d− 4 dimensional subspace, such that one has:

{γµ, γ5} = 0 for µ = 0, 1, 2, and 3 (8.4)
and [γµ, γ5] = 0 in the (−2ε)-dimensional subspace. (8.5)

This, of course, complicates the Dirac algebra in the calculation of Feynman ampli-
tudes since one has to distinguish between the two spaces. Furthermore, it has the
additional drawback that the chiral symmetry of the Standard Model is violated in
the HVBM scheme. In order to restore that symmetry, one needs to include finite
counterterms.

A different scheme, that avoids these problems, was introduced by Kreimer in
Ref. [191]. In Kreimer’s γ5 scheme the identity given in Eq. (8.2) is valid in d di-
mensions. Instead, one gives up the cyclicity of the trace; Kreimer introduces a new
linear functional acting on products of Dirac matrices, which we called Tr to distin-
guish from the usual trace (tr), which only corresponds to the usual trace in four
dimensions. This functional projects out the four-dimensional part of a string of γ
matrices. Specifically, given a product

Γ = γµ1 · · · γµn , (8.6)

one expands in terms of the exterior product in d dimensions:

Γ = a014x4 + aµ1γµ + aµ1,µ2
2 γµ1 ∧ γµ2 + . . .+ aµ1...µn

n γµ1 ∧ · · · ∧ γµn , (8.7)

where the exterior product between Dirac matrices is defined as

γµ1 ∧ γµ2 ∧ . . . ∧ γµn = 1
n!
∑
perm

sign(perm)γperm(µ1) · · · γperm(µn). (8.8)

From Eq. (8.7) we can define the action of Tr on a string of γ matrices as a projection
on specific coefficients as follows:

Tr(a014x4 + aµ1γµ + . . .) = 4a0, (8.9)
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V

V

A

Figure 8.1.1: The famous V V A triangle diagram which is the source
of the Adler–Bell–Jackiw anomaly. In Ref. [191] it was shown that
in Kreimer’s scheme the anomaly can correctly be reproduced if one
chooses the axial vertex as the starting point of the trace. However,
in the Standard Model, the above diagram is zero after summing over
all fermions in the loop. Therefore, any vertex can be used as starting

point as long as it is consistently used in the full calculation.

Tr
(
γ5(a014x4 + . . .+ a0 1 2 3

4
−i
4! εµ1µ2µ3µ4γ

µ1γµ2γµ3γµ4 + . . . )
)

= 4a0 1 2 3
4 , (8.10)

where εµ1µ2µ3µ4 denotes the four-dimensional Levi-Civita symbol. As an example let
us consider a product of four Dirac matrices. Expanding in terms of the exterior
product, we find [191]

γµ1γµ2γµ3γµ4 =(gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)14x4 + gµ3µ4γµ1 ∧ γµ2

− gµ2µ4γµ1 ∧ γµ3 + gµ2µ3γµ1 ∧ γµ4 + gµ1µ2γµ3 ∧ γµ4

− gµ1µ3γµ2 ∧ γµ4 + gµ1µ4γµ2 ∧ γµ3 + γµ1 ∧ γµ2 ∧ γµ3 ∧ γµ4 . (8.11)

We therefore can easily deduce, that

Tr(γµ1γµ2γµ3γµ4) = 4(gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3),
Tr(γµ1γµ2γµ3γµ4γ5) = 4iεµ1µ2µ3µ4 . (8.12)

Note, that the identity in Eq. (8.10) can also be expressed in terms of the usual
trace:

Tr(Γγ5) = −i4! ε
µ1µ2µ3µ4 tr (Γγµ1γµ2γµ3γµ4) . (8.13)

This shows the practicability of the scheme; one can easily implement Tr in existing
computer algebra programs, in which the usual trace is already implemented. One
has just to distinguish between traces with even and odd numbers of γ5. For a trace
with an even number of γ5, the usual trace can be used. A trace with an odd number
of γ5 can always be reduced to Eq. (8.13), using the anti-commutation relation (8.2)
and γ2

5 = 1. Then, the usual trace can be used with an additional number of four
Dirac matrices as shown in Eq. (8.13). Let us stress again, that the Levi-Civita tensor
in Eq. (8.13) is defined in four dimensions, such that contractions with d dimensional
objects always are projected onto the four-dimensional subspace. As a consequence,
one has to be careful when contracting εµ1µ2µ3µ4 with d dimensional loop momenta. In
Ref. [85], we introduced split momenta to perform this contraction, in which the loop
momenta k is split into a four-dimensional and a d−4 dimensional component. Here,
we will use an alternative way and employ a Passarino-Veltman (PV) reduction, such
that the Levi-Civita tensors can safely be contracted with external momenta only.

As mentioned above, Tr is not cyclic and thus depends on a reading point pre-
scription, i.e. the choice where the trace is started. In Ref. [191] it was shown that
the Adler–Bell–Jackiw anomaly can be reproduced if one starts reading the trace at
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the chiral coupling, cf. Fig. 8.1.1. In the case of several chiral couplings in a diagram,
Kreimer suggests to average over all possibilities starting at these couplings. How-
ever, as mentioned in Ref. [191] this does not matter in the case of an anomaly free
model, like the Standard Model. In this case, one can in fact choose any vertex to
start reading the trace. The crucial point is, that the same prescription has to be used
throughout the whole calculation for all contributions, such that spurious anomalies
cancel out in the end. In our case, we use a fixed reading point prescription, in which
we start reading the trace always at the same vertex. We will specify this in Section
8.6.

8.2 Kinematic definitions

In this chapter, we study lepton pair production from annihilation of an up quark
with an up antiquark,

u(p1) + ū(p2)→ `−(p3) + `+(p4) , (8.14)

at one and two loops. In Ref. [85] we obtained complete results for all helicity ampli-
tudes at order αemαs, order α2

em, and order α2
emαs in the approximation of vanishing

light quark and lepton masses, i.e. p2
1 = p2

2 = p2
3 = p2

4 = 0. In this thesis, we will focus
only on the calculation of the unpolarized amplitude, which served as an independent
cross check.

As usual, we use the Mandelstam variables,

s = (p1 + p2)2 and t = (p1 − p3)2; u = (p2 − p3)2 = −s− t, (8.15)

in order to describe process (8.14). In total, five independent kinematic scales, s, t,
mw, mz, and mh, appear in the calculation. Here, mw is the mass of the W boson,
mz is the mass of the Z boson, and mh is the mass of the Higgs boson. As mentioned
in the previous chapter, we calculated the most complicated master integrals only
for s > 4m2

w or s > 4m2
z, depending on the diagram. To avoid further technical

complications due to analytic continuation of these integrals and also to avoid a
complex mass renormalization scheme, we will restrict our calculation to the physical
phase-space region where s is above all two-particle thresholds,

s > (mh +mz)2 (−s < t < 0 ). (8.16)

In order to be able to perform the check between the calculation of the helicity
amplitudes with the calculation of the unpolarized amplitude carried out as a part
of this thesis, we will introduce the Lorentz structures that were used in Ref. [85] in
the following. Considering massless external fermions, the amplitude in conventional
dimensional regularization can be written up to two loops in terms of the following
Lorentz structures [195]:

T̄1 = v̄(p2)γµu(p1) ū(p3)γµv(p4), (8.17)
T̄2 = v̄(p2)/p3u(p1) ū(p3)/p1v(p4), (8.18)
T̄3 = v̄(p2)γµγνγρu(p1) ū(p3)γµγνγρv(p4), (8.19)
T̄4 = v̄(p2)γµ/p3γ

νu(p1) ū(p3)γµ/p1γνv(p4), (8.20)
T̄5 = v̄(p2)γµγνγργσγτu(p1) ū(p3)γµγνγργσγτv(p4), (8.21)

and T̄6 = v̄(p2)γµγν/p3γ
ργσu(p1) ū(p3)γµγν/p1γργσv(p4), (8.22)
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where we suppressed color and spin indices and ignored insertions of γ5. In the case
of the EW-QCD corrections, structures T̄5 and T̄6 can be omitted even in a general
Rξ gauge because the gluon couples only to the initial-state quark line. As mentioned
before, in Ref. [85] the calculation of the helicity amplitudes was performed in two
different γ5 schemes. We adopt the notation, and use a bar on top of a Lorentz
structure or an amplitude to indicate that the quantity was calculated in Kreimer’s
scheme. We will use this notation throughout this chapter.

Allowing also for insertions of γ5 at the end of each Dirac chain, we obtain in total
16 different Lorentz structures. In d = 4 dimensions, only four out of these 16 Lorentz
structures are independent, as can be seen using Schouten and Fierz identities. In
order to facilitate a smooth d → 4 limit, we can define a d-dimensional basis of the
four structures derived from T̄1 by inserting γ5 matrices:

T̄VV = v̄(p2)γµu(p1) ū(p3)γµv(p4), (8.23)
T̄AA = v̄(p2)γµγ5u(p1) ū(p3)γµγ5v(p4), (8.24)
T̄AV = v̄(p2)γµγ5u(p1) ū(p3)γµv(p4), (8.25)
T̄VA = v̄(p2)γµu(p1) ū(p3)γµγ5v(p4), (8.26)

and 12 further structures (derived from T̄2, T̄3, and T̄4 in a similar way), which
are strictly “orthogonal” in d dimensions and smoothly vanish for d → 4 (see also
Appendix A in Ref. [85]). Of course, these four independent structures in d = 4 are
directly related to the four independent helicity amplitudes.

8.3 Renormalization

8.3.1 MS renormalization of αem and αs

In our calculation, we use for both coupling constants, αem and αs, the MS subtrac-
tion scheme. As we neglect all fermion masses, this choice is particularly convenient
for the calculation of the two-loop mixed EW-QCD corrections to the neutral-current
Drell-Yan process. Furthermore, we neglect the gauge-invariant subset of Feynman
diagrams with closed fermion loops and any contributions involving top quark. This
includes in particular the two-loop Standard Model vacuum polarization of order
αemαs, i.e. diagrams with a single quark loop and a gluon exchange inside that quark
loop. Note that the electric charge renormalization constant therefore vanishes iden-
tically at order αemαs in our setup.

Throughout this chapter, we follow the convention of [76] for fixed-order results.
Quantities in Standard Model perturbation theory are written in the form

Z =
∞∑

m,n=0
Z(m,n)

(
αem
4π

)m (αs
4π

)n
(8.27)

to all orders in the coupling constants. In this notation, neglecting contributions with
closed fermion loops which are proportional to the number of light leptons (nl) or
light quarks (nq) or involve the mass of the top quark (mt), we have

δZ(1,1)
e

∣∣∣∣∣
n`,nq→0;mt→∞

= 0 , (8.28)

for the order αemαs corrections to the electric charge renormalization constant.
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Since the tree-level Drell-Yan amplitude is of order αem, the renormalization of
the strong coupling constant is just given by

(4π)εe−γEεαbare
s = αs (8.29)

at order α2
emαs. On the other hand, the one-loop electric charge renormalization

constant does contribute in our setup. In the MS scheme it is given by,

δZ(1,0)
e

∣∣∣∣∣
n`,nq→0;mt→∞

= − 7
2ε . (8.30)

For notational convenience, we will suppress the indicated limits n`, nq → 0; mt →∞
provided on the left-hand sides of Eqs. (8.28) and (8.30) throughout the rest of this
chapter.

8.3.2 On-shell electroweak gauge boson wavefunction and mass renor-
malization

In this section, we review the on-shell renormalization of the electroweak gauge bosons
in a generalized ’tHooft-Feynman gauge. We use the Feynman rules provided in
Refs. [196–199]. The electroweak gauge boson renormalization constants are defined
using the same renormalization on-shell conditions as in these references. However,
in contrast to the aforementioned references, we factor the squared electroweak gauge
boson mass, m2

v, out of the mass renormalization constants, Zm2
v
, to render them

dimensionless.
As usual, a particularly convenient choice for the gauge parameter renormalization

constants is

Zξγ = Zγγ , Zξz = ZZZ , and Zξw = ZW± (8.31)

because it simplifies the all-orders form of the electroweak gauge boson kinetic terms
in the renormalized Lagrange density. The ’tHooft-Feynman gauge is then defined
by setting all of the renormalized gauge parameters to one at the outset,

ξγ = ξz = ξw = 1 . (8.32)

This is justified because, due to Eqs. (8.31), the gauge parameters in this scheme
receive no radiative corrections.

We decompose all electroweak gauge-boson self energies as:

−iΣµν
γγ(q) = −i

(
gµν − qµqν

q2

)
ΣT
γγ

(
q2
)
− iq

µqν

q2 ΣL
γγ

(
q2
)
, (8.33)

−iΣµν
γZ(q) = −i

(
gµν − qµqν

q2

)
ΣT
γZ

(
q2
)
− iq

µqν

q2 ΣL
γZ

(
q2
)
, (8.34)

−iΣµν
ZZ(q) = −i

(
gµν − qµqν

q2

)
ΣT
ZZ

(
q2
)
− iq

µqν

q2 ΣL
ZZ

(
q2
)
, (8.35)

and − iΣµν
W+W−(q) = −i

(
gµν − qµqν

q2

)
ΣT
W+W−

(
q2
)
− iq

µqν

q2 ΣL
W+W−

(
q2
)
,

(8.36)

where the longitudinal components ΣL
V V ′ are unphysical and need not be calculated

explicitly and the transverse components ΣT
V V ′ are gauge invariant and are needed to

calculate the renormalization constants.
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In order to project out the transverse component of the self energies only, we
define the following projector in d dimensions:(

PTV V ′
)
µν

= i

3− 2ε

(
gµν −

qµqν
q2

)
. (8.37)

For the Lorentz projection operators considered in this section, a sum over the avail-
able open Lorentz and spin indices is always implied for their action on Feynman
diagrams. Following Ref. [197], we define the on-shell renormalization constants as:

δZγγ = −
dΣT

γγ

(
q2)

dq2

∣∣∣∣∣
q2=0

, δZZγ =
2ΣT

γZ

(
q2)

m2
z

∣∣∣∣∣
q2=0

,

δZγZ = −
2ΣT

γZ

(
q2)

m2
z

∣∣∣∣∣
q2=m2

z

, δZZZ = −dΣT
ZZ

(
q2)

dq2

∣∣∣∣∣
q2=m2

z

,

δZm2
z

= ΣT
ZZ

(
q2)

m2
z

∣∣∣∣∣
q2=m2

z

, δZm2
w

=
ΣT
W+W−

(
q2)

m2
w

∣∣∣∣∣
q2=m2

w

. (8.38)

Apart from light fermion and top quark contributions which, as mentioned above,
we consistently neglect throughout this work, explicit expressions for the self-energies
and counterterms at order αem relevant to the higher-order corrections of interest to
us can be found in the ancillary files in our arXiv submission of Ref. [85] to all orders
in ε. Note that we do not provide an explicit expression for δZ(1,0)

W± because it plays
no role in the renormalization of any of the Feynman diagrams we calculate.

8.3.3 On-shell renormalization for massless fermion fields

In this section, we review the systematics of on-shell renormalization of the wave-
functions for massless fermion fields in the Standard Model. The on-shell scheme
for massless fermions is widely used in QCD because, due to the scalelessness of the
contributing gluon-exchange diagram, the one-loop quark wavefunction counterterm
vanishes identically in dimensional regularization. The Lorentz decomposition of the
fermion self energy in the Standard Model is given by

i
(
Σ̄f (q)

)
αβ

= i Σ̄V, f
(
q2
) (
/q
)
αβ

+ i Σ̄A, f
(
q2
) (
/qγ5

)
αβ

(8.39)

where q2 is taken to be different from zero.1 In writing Eq. (8.39), we have implicitly
assumed Kreimer’s γ5 scheme (indicated by the bar, i.e. we write Σ̄f (q) instead of
Σf (q)); analogous calculations in HVBM’s γ5 scheme can be found in Ref. [85].

We employ the notation of [196] for the interactions of the electroweak gauge
bosons with matter. The Z interaction is parametrized by flavor-dependent axial
vector and vector coupling coefficients,

af =
m2
z I

3
f

2mw

√
m2
z −m2

w

and vf = m2
z

2mw

√
m2
z −m2

w

(
I3
f − 2m

2
z −m2

w

m2
z

Qf

)
. (8.40)

1Throughout this section, we suppress the color indices of the quarks to streamline our discussion
and allow for a unified description of propagator corrections at one loop. The two-loop mixed EW-
QCD scattering amplitudes of primary interest to us in this work always come with a color factor
of CF , due to the fact that all contributing Feynman diagrams feature exactly one gluon exchange
between quark lines.
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Figure 8.3.1: Independent Z exchange diagrams at one and two
loops. Due to the absence of fermion masses, diagrams which feature

only gluon and/or photon exchanges vanish identically.

The W interaction, on the other hand, is parametrized by a universal coupling coef-
ficient

aw = vw = mz

2
√

2
√
m2
z −m2

w

. (8.41)

We will make extensive use of these aliases throughout the rest of this chapter.
At first sight, it might seem counterproductive not to employ Eq. (8.41) to elim-

inate aw and vw, as they are equal and have no dependence on the fermion flavor.
However, as will become clear later on in this section, it is useful to retain the depen-
dence on aw and vw at intermediate stages of fermion self-energy and vertex calcu-
lations because it generically allows for a determination of axial-vector components
from vector components through chiral symmetry. The fermion self-energies consid-
ered in this section are particularly simple and have no independent W -exchange
Feynman diagrams; all W -exchange diagrams can be obtained from the Z-exchange
diagrams by making the replacements af → aw and vf → vw (see Figure 8.3.1).

Thus, for the relatively low perturbative orders of interest to us, it suffices to
consider the calculation of the Z-exchange contributions to the vector component of
the fermion self-energy.

We now proceed by calculating the Z-exchange diagram to the vector component
of the fermion self-energy. It is given by:(

Σ̄(1,0)
V, f (q2)

∣∣∣
Z exchange

)(
/q
)

=− c1
(
ε, µ2

) (
a2
f + v2

f

) ∫
ddk1

γν(/q + /k1)γν
(q + k1)2(k2

1 −m2
z)
,

(8.42)

where

c1
(
ε, µ2

)
= eγEε

(
µ2)ε

iπ2−ε . (8.43)

As Eq. (8.42) does not depend on γ5, it can be trivially simplified using the con-
traction identity of the γ matrices in d dimensions. After carrying out the numerator
algebra, we obtain:(

Σ̄(1,0)
V, f (q2)

∣∣∣
Z exchange

)(
/q
)

= 2 c1
(
ε, µ2

) (
a2
f + v2

f

)
(1− ε)

∫
ddk1

/q + /k1
(q + k1)2(k2

1 −m2
z)
.

(8.44)

To extract Σ̄(1,0)
V, f (q2)

∣∣∣
Z exchange

, we need to identify the coefficient in front of /q on the
rhs of the above equation. This can be done using a PV reduction, which yields:

Σ̄(1,0)
V, f (q2)

∣∣∣
Z exchange

=
c1
(
ε, µ2) (a2

f + v2
f

)
(1− ε)

q2

(
(q2 −m2

z)
∫ ddk1

(q + k1)2(k2
1 −m2

z)



8.3. Renormalization 165

+
∫ ddk1
k2

1 −m2
z

)
, (8.45)

where, using Feynman/Schwinger parameters,∫ ddk1
k2

1 −m2
z

= − eγEε

c1 (ε, µ2)

(
µ2

m2
z

)ε
m2
z Γ(−1 + ε) and (8.46)

∫ ddk1
(q + k1)2(k2

1 −m2
z)

= 2 eγEε

c1 (ε, µ2)

(
µ2

m2
z

)ε Γ(ε)Γ(2− 2ε)
Γ(3− 2ε) 2F1

(
1, ε; 2− ε; q

2

m2
z

)
.

(8.47)

In writing Eq. (8.47), q2 was assumed to be less than m2
z. From Eqs. (8.46) and (8.47)

we now have to take the limit q2 → 0 of Eq. (8.45). Using l’Hôpital’s rule, we find:

lim
q2→0

(
Σ̄(1,0)

V, f (q2)
∣∣∣
Z exchange

)
=

2
(
a2
f + v2

f

)
(1− ε)Γ(ε)eγEε

2− ε

(
µ2

m2
z

)ε
. (8.48)

Note that taking the limit q2 → 0 before expanding in ε, becomes technical challenging
at higher orders in perturbation theory. In Ref. [85] we used a different approach
and obtained all counterterms by defining projectors that project out the self-energy
directly at q2 = 0. This facilitates the calculation from the beginning.

In order to derive the axial component of the lepton one-loop self energy, we note
that in the Standard Model right- and left-handed components of the Z-exchange
contributions are exchanged under γ5 → −γ5. Thus, the axial vector component of the
Z-exchange contribution to the fermion self-energy can be obtained by a replacement
of the form v2

f + a2
f → ±2 afvf in Eq. (8.48). In order to fix the overall sign, recall

that the coupling of the W to matter is exactly left-handed, that the W -exchange
contribution is obtained by making the replacements af → aw and vf → vw, and that
aw = vw. Taken together, these considerations allow us to conclude that

Σ̄(1,0)
A, f (0)

∣∣∣
Z exchange

=− 4 afvf (1− ε)Γ(ε)eγEε
2− ε

(
µ2

m2
z

)ε
(8.49)

with no additional calculation.
In the on-shell scheme, massless fermion wavefunction counterterms are defined to

exactly cancel the perturbative corrections to the corresponding fermion self-energies
order-by-order. Therefore, we find

δZ
(1,0)
V, f = −Σ̄(1,0)

V, f (0)

= −
2
(
a2
f + v2

f

)
(1− ε)Γ(ε)eγEε

2− ε

(
µ2

m2
z

)ε
− 2

(
a2
w + v2

w

)
(1− ε)Γ(ε)eγEε

2− ε

(
µ2

m2
w

)ε
(8.50)

δZ
(1,0)
A, f = −Σ̄(1,0)

A, f (0)

= 4 afvf (1− ε)Γ(ε)eγEε
2− ε

(
µ2

m2
z

)ε
+ 4 awvw(1− ε)Γ(ε)eγEε

2− ε

(
µ2

m2
w

)ε
(8.51)

for the vector and axial vector components of the one-loop fermion wavefunction
counterterm.

We now turn to the vector and axial vector components of the two-loop quark
self-energy of order αemαs. In contrast to our calculation presented in Ref. [85] where
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we used projectors to access the self energies at q2 = 0 directly, here we will showcase
a different derivation of the counterterms starting from the off-shell self energies.
These were obtained using a PV reduction. For the vector component of the quark
self energy Σ̄q we find

Σ̄(1,1)
V, q (q2) = (a2

q + v2
q )f(q2,m2

z) + (a2
w + v2

w)f(q2,m2
w), (8.52)

where

f(q2,m2) = −m
2 (2ε3m2 − 5ε2m2 + 2εm2 + 3m2 + q2ε2 − 2q2ε

)
q4(ε− 2)ε2(2ε− 1)2 m17

+ 4(ε− 1)
(
q2 −m2) (−εm2 +m2 + q2ε2

)
q4ε3(2ε− 1)2 m24

+ 2(ε− 1)
(
q2 −m2) (−2ε2m2 + εm2 − 2m2 + q2ε

)
q4ε3(2ε− 1)2 m25

+ m19
q4(ε− 2)ε3(2ε− 1)(3ε− 2)(3ε− 1)

(
28q2ε5m2 − 90q2ε4m2

+124q2ε3m2 − 90q2ε2m2 + 40q2εm2 − 8q2m2 + 9ε4m4 − 36ε3m4

+65ε2m4 − 42εm4 + 8m4 + 16q4ε5 − 18q4ε4 − 30q4ε3 + 24q4ε2
)

+ −(ε− 1)m13
q4ε3(2ε− 1)2(3ε− 2)(3ε− 1)

(
−30q2ε4m2 + 32q2ε3m2 − 38q2ε2m2

+26q2εm2 − 4q2m2 + 18ε4m4 − 27ε3m4 + 31ε2m4 − 20εm4 + 4m4

+8q4ε4 + 7q4ε3 − 3q4ε2 − 2q4ε
)

+ −2m18
q4(ε− 2)ε3(2ε− 1)(3ε− 2)(3ε− 1)

(
59q2ε5m2 − 176q2ε4m2 + 229q2ε3m2

−188q2ε2m2 + 92q2εm2 − 16q2m2 + 4ε5m4 − 58ε3m4 + 135ε2m4

+5ε4m4 − 90εm4 + 16m4 + 25q4ε5 − 27q4ε4 − 55q4ε3 + 51q4ε2 − 6q4ε
)

+ 2
(
−2ε2m2 + 6εm2 − 4m2 + 5q2ε2 − 10q2ε+ 3q2)

q2(ε− 2)ε2(2ε− 1)2 m15, (8.53)

and where the master integrals {m13,m15,m17,m18,m19,m24,m25} are all provided
in Ref. [107]. As stated above, the axial component of the self energy can be obtained
from Eq. (8.52) by the replacement v2

f + a2
f → −2 afvf .

In order to derive the counterterms, we have to take first the limit q2 → 0 and
then expand in ε. For all integrals despite m15 the limits q2 → 0 and ε→ 0 commute,
such that we can use the ε-expanded off-shell expressions, and then take q2 → 0. For
m15 we find that taking the limit q2 → 0 for the ε-expanded expression is ill-defined.
Note, that m15 is the product of a one-loop tadpole and a massless one-loop self-
energy integral. Thus, since the massless self-energy becomes scaleless for q2 = 0, we
have to set m15 to zero from the outset before expanding in ε. For all other integrals,
the limit q2 → 0 is well defined and we can safely expand first in ε and later take
the limit. For our two-loop calculation, we need the counterterms only up to zeroth
order in ε. We find:

δZ
(1,1)
V, q = −Σ̄(1,1)

V, q (0) = (a2
q + v2

q )CF
[

3
2ε +

(
−7

4 + 3 ln
(
µ2

m2
z

))]

+ (a2
w + v2

w)CF
[

3
2ε +

(
−7

4 + 3 ln
(
µ2

m2
w

))]
+O(ε), (8.54)
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δZ
(1,1)
A, q = −Σ̄(1,1)

A, q (0) = −2aqvqCF
[

3
2ε +

(
−7

4 + 3 ln
(
µ2

m2
z

))]

− 2awvwCF
[

3
2ε +

(
−7

4 + 3 ln
(
µ2

m2
w

))]
+O(ε). (8.55)

Note, that these expressions agree with the ones we derived in Ref. [85] using pro-
jectors up to the given order in ε, thus providing a strong check on our previous,
projector-based calculation.

8.4 One-loop scattering amplitudes

8.4.1 Diagrammatic structure

In this section, we present the diagrammatic structure of the one-loop perturbative
corrections to the neutral-current Drell-Yan process. Due to their familiarity, the
renormalized self-energy corrections to the photon and Z propagators,

,

will not be visualized in explicit detail. In what follows, we will also use a generic
wavy line for both the photon and the Z, keeping in mind that some contributions
involving e.g. a coupling to neutrinos can occur only for the Z. As is well-known,
just a single class of diagram contributes to the one-loop corrections of relative order
αs,

.

The remaining one-loop corrections of relative order αem fall into three categories:
initial state vertex diagrams, final state vertex diagrams, and box diagrams. Both
the initial state vertex diagrams

and the final state vertex diagrams

require renormalization,

,
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due to the presence of ultraviolet divergences. The box diagrams

have IR divergences only.

8.4.2 One-loop integral definitions

All of the one-loop integrals defined below are functions of uniform transcendental
weight taken in the standard MS normalization. Therefore, all one-loop Feynman
integrals are understood to have a multiplicative factor of

c1
(
ε, µ2

)
= eγEε

(
µ2)ε

iπ2−ε (8.56)

in the integration measure. In what follows, thin solid lines denote massless propa-
gators or massless external momenta, thick, dotted lines denote propagators of mass
mw, thick, dashed lines denote propagators of mass mz, and thick solid lines denote
propagators of mass mh. In total, 31 linearly-independent one-loop integrals appear
in the one-loop calculation:

I1 = ε
(
m2
w

)
(8.57)

I2 =
√
s(s− 4m2

w) ε
(
s,m2

w

)
(8.58)

I3 =
√
m2
z(4m2

w −m2
z) ε

(
m2
w,m

2
z

)
(8.59)

I4 = ε
(
m2
z

)
(8.60)

I5 = ε
(
m2
h

)
(8.61)

I6 =
√
λ
(
s,m2

z,m
2
h

)
ε

 +

(s,m2
z,m

2
h

)
(8.62)

I7 =
√
m2
h(4m2

z −m2
h) ε

 +

(m2
z,m

2
h

)
(8.63)

I8 = s ε
(
s,m2

w

)
(8.64)

I9 =
√
λ (s,m2

w,m
2
z) ε

 +

(s,m2
w,m

2
z

)
(8.65)
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I10 =
√
λ
(
s,m2

w,m
2
h

)
ε

 +

(s,m2
w,m

2
h

)
(8.66)

I11 =
√
m2
z(4m2

w −m2
z) ε

 +

(m2
w,m

2
z

)
(8.67)

I12 =
√
m2
h(4m2

w −m2
h) ε

 +

(m2
w,m

2
h

)
(8.68)

I13 = s ε (s) (8.69)

I14 = s ε2
(
s,m2

z

)
(8.70)

I15 = s ε2
(
s,m2

w

)
(8.71)

I16 = s ε2
(
s,m2

w

)
(8.72)

I17 = t ε (t) (8.73)

I18 = u ε (u) (8.74)

I19 = s t ε2 (s, t) (8.75)

I20 = s u ε2 (s, u) (8.76)

I21 = s ε
(
s,m2

z

)
(8.77)

I22 = t ε2
(
t,m2

z

)
(8.78)

I23 = u ε2
(
u,m2

z

)
(8.79)

I24 = t
(
s−m2

z

)
ε2

(
s, t,m2

z

)
(8.80)

I25 = u
(
s−m2

z

)
ε2

(
s, u,m2

z

)
(8.81)

I26 =
√
s(s− 4m2

z) ε
(
s,m2

z

)
(8.82)
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I27 = s ε2
(
s,m2

z

)
(8.83)

I28 =
√
s t (s t− 4m2

z (t+m2
z)) ε2

(
s, t,m2

z

)
(8.84)

I29 =
√
s u (s u− 4m2

z (u+m2
z)) ε2

(
s, u,m2

z

)
(8.85)

I30 = u ε2
(
u,m2

w

)
(8.86)

I31 =
√
s u (s u− 4m2

w (u+m2
w)) ε2

(
s, u,m2

w

)
, (8.87)

where λ(x, y, z) is the Källén function,

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (8.88)

For clarity and later convenience, we have made all dependence on the kinematic
variables s, t, u = −s− t, m2

w, m2
z, and m2

h completely explicit on the right-hand side.
Moreover, we have included integrals for all relevant permutations of the kinematic
variables separately. In order to actually calculate the master integrals, it is enough
to find explicit expressions for I1, I2, I3, I6, I7, I8, I13, I14, I16, I17, I19, I22, I24,
and I28, as all other integrals may be obtained by making simple replacements. For
example, I31 is obtained from I28 by replacing m2

z with m2
w and t with u. Due to the

fact that we consider the physical region s > (mz +mh)2 (see (8.16)), the same form
of the analytic result can be used in a straightforward way.

Our calculation requires knowledge of the most complicated one-loop box-type
master integrals (i.e. I24 and I28) expanded through to the fourth-order in ε. We
could not find suitable analytic solutions for all integrals in the literature. Several of
the explicit results we could locate in the Loopedia database [200] were either not
expanded to sufficiently high order in ε for our purposes or not provided in a form
convenient for numerical evaluations in the physical region of interest to us.

We therefore computed all of the integrals from scratch, either by direct integra-
tion for generic ε followed by an expansion2 in ε or by using the method of differential
equations [202–208]. The integral definitions given above lead to a ε-decoupled form
for the differential equations [96, 209], which we integrate in terms of multiple polylog-
arithms. To proceed, we construct real-valued multiple polylogarithms in the region
of phase space of interest to us, employing the functional basis presented in [84, 107],
together with a few additional logarithms and polylogarithms required to integrate
e.g. I6 to sufficiently high order in ε. We provided our results in the ancillary file
oneloopmasters.m attached to the arXiv submission of Ref. [85].

8.5 Two-loop scattering amplitudes

8.5.1 Diagrammatic structure

In this section, we present the diagrammatic structure of the two-loop perturbative
corrections to the neutral-current Drell-Yan process of relative order αemαs. As at

2For some of the more complicated expansions, we used the Mathematica package HypExp [201].
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one loop, we do not explicitly identify the photon and Z. Due to their familiarity,
diagrams with one-loop renormalized self-energy insertions of the form

will not be visualized in explicit detail. Several other two-loop diagrams are also
trivial, in that they essentially consist of simple products of one-loop contributions:

.

Note that, in the above, the sum of the final four diagrams vanishes identically.
For the sake of brevity, we draw only one half of the two-loop vertex diagrams

with a single massive vector boson stretched across the quark line:

.

The remaining diagrams of this type may be trivially recovered from the above by
exchanging the gluon and the electroweak gauge boson attached to the quark line.

Of course, there are also diagrams with γW+W− and ZW+W− interactions:

.
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Finally, the order αemαs vertex receives a correction from a two-loop vertex countert-
erm insertion,

.

The most complicated two-loop diagrams are those of box type:

.

Our evaluation of these box-type diagrams is one of the most important new results of
this work. In our calculation in Ref. [85], in the HVBM’s γ5 scheme further diagrams
with finite counterterms,

,

need to be included to ensure that the order α2
emαs hard scattering function in

HVBM’s γ5 scheme respects the chiral symmetry of the Standard Model. In Kreimer’s
scheme, which was used for the calculation in this thesis, those diagrams do not exist.

8.5.2 Two-loop integral definitions

All of the two-loop integrals defined below are functions of uniform transcenden-
tal weight, converted from the idiosyncratic notation of Refs. [84, 107], where they
were originally evaluated in the physical region above all two-particle thresholds, to
standard MS normalization. To be explicit, themi integrals from [107] and the mi in-
tegrals from [84] (i.e. the two-mass integrals which were also presented in the previous



8.5. Two-loop scattering amplitudes 173

chapter) must be multiplied by

c2
(
ε, µ2, s

)
= e2γEε

Γ2(1− ε)

(
µ2

s

)2ε

. (8.89)

That is to say, the integral measure of our two-loop integrals is exactly:(
eγEε

(
µ2)ε

iπ2−ε

)2 ∫
ddk1

∫
ddk2 . (8.90)

For brevity, we suppress the factors of c2
(
ε, µ2, s

)
which belong in the definitions

of all of the non-factorizable two-loop integrals given below. In total, 133 linearly-
independent two-loop integrals appear in the full calculation:

J1 = m17
(
m2
z

)
J2 = m17

(
m2
w

)
J3 = m1 (s)

J4 =
(
I13
)2

J5 = m5 (s) J6 = m12 (s)

J7 = I4I13 J8 = m18
(
s,m2

z

)
J9 = m19

(
s,m2

z

)
J10 = m28

(
s,m2

z

)
J11 = m31

(
s,m2

z

)
J12 = m32

(
s,m2

z

)
J13 = I13I14 J14 = m37

(
s,m2

z

)
J15 = m39

(
s,m2

z

)
J16 = m42

(
s,m2

z

)
J17 = m43

(
s,m2

z

)
J18 = m44

(
s,m2

z

)
J19 = m56

(
s,m2

z

)
J20 = m57

(
s,m2

z

)
J21 = m58

(
s,m2

z

)
J22 = m15

(
s,m2

w

)
J23 = m18

(
s,m2

w

)
J24 = m19

(
s,m2

w

)
J25 = m28

(
s,m2

w

)
J26 = m31

(
s,m2

w

)
J27 = m32

(
s,m2

w

)
J28 = I13I15 J29 = m37

(
s,m2

w

)
J30 = m39

(
s,m2

w

)
J31 = m42

(
s,m2

w

)
J32 = m43

(
s,m2

w

)
J33 = m44

(
s,m2

w

)
J34 = m56

(
s,m2

w

)
J35 = m57

(
s,m2

w

)
J36 = m58

(
s,m2

w

)
J37 = I2I13 J38 = m10

(
s,m2

w

)
J39 = m11

(
s,m2

w

)
J40 = m12

(
s,m2

w

)
J41 = m23

(
s,m2

w

)
J42 = m24

(
s,m2

w

)
J43 = m25

(
s,m2

w

)
J44 = m2 (t) J45 = m2 (u)

J46 = m6 (t) J47 = m6 (u) J48 = m7 (s, t)
J49 = m7 (s, u) J50 = m8 (s, t) J51 = m8 (s, u)
J52 = m9 (s, t) J53 = m9 (s, u) J54 = m10 (s, t)
J55 = m10 (s, u) J56 = m11 (s, t) J57 = m11 (s, u)

J58 = I13I21 J59 = m25
(
s,m2

z

)
J60 = m26

(
s,m2

z

)
J61 = m27

(
t,m2

z

)
J62 = m37

(
t,m2

z

)
J63 = m38

(
t,m2

z

)
J64 = m40

(
s,m2

z

)
J65 = m45

(
s, t,m2

z

)
J66 = m46

(
s, t,m2

z

)
J67 = m47

(
s, t,m2

z

)
J68 = m48

(
s, t,m2

z

)
J69 = m49

(
s, t,m2

z

)
J70 = m50

(
s, t,m2

z

)
J71 = m51

(
s, t,m2

z

)
J72 = m52

(
s, t,m2

z

)
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J73 = m53
(
s, t,m2

z

)
J74 = m54

(
s, t,m2

z

)
J75 = m55

(
s, t,m2

z

)
J76 = m27

(
u,m2

z

)
J77 = m37

(
u,m2

z

)
J78 = m38

(
u,m2

z

)
J79 = m45

(
s, u,m2

z

)
J80 = m46

(
s, u,m2

z

)
J81 = m47

(
s, u,m2

z

)
J82 = m48

(
s, u,m2

z

)
J83 = m49

(
s, u,m2

z

)
J84 = m50

(
s, u,m2

z

)
J85 = m51

(
s, u,m2

z

)
J86 = m52

(
s, u,m2

z

)
J87 = m53

(
s, u,m2

z

)
J88 = m54

(
s, u,m2

z

)
J89 = m55

(
s, u,m2

z

)
J90 = I13I26

J91 = m10
(
s,m2

z

)
J92 = m11

(
s,m2

z

)
J93 = m12

(
s,m2

z

)
J94 = m23

(
s,m2

z

)
J95 = m24

(
s,m2

z

)
J96 = m25

(
s,m2

z

)
J97 = I13I27 J98 = m26

(
s, t,m2

z

)
J99 = m27

(
s, t,m2

z

)
J100 = m30

(
s,m2

z

)
J101 = m31

(
s, t,m2

z

)
J102 = m32

(
s, t,m2

z

)
J103 = m33

(
s, t,m2

z

)
J104 = m34

(
s, t,m2

z

)
J105 = m35

(
s, t,m2

z

)
J106 = m36

(
s, t,m2

z

)
J107 = m26

(
s, u,m2

z

)
J108 = m27

(
s, u,m2

z

)
J109 = m31

(
s, u,m2

z

)
J110 = m32

(
s, u,m2

z

)
J111 = m33

(
s, u,m2

z

)
J112 = m34

(
s, u,m2

z

)
J113 = m35

(
s, u,m2

z

)
J114 = m36

(
s, u,m2

z

)
J115 = m27

(
u,m2

w

)
J116 = m37

(
u,m2

w

)
J117 = m38

(
u,m2

w

)
J118 = m46

(
s, u,m2

w

)
J119 = m47

(
s, u,m2

w

)
J120 = m48

(
s, u,m2

w

)
J121 = m49

(
s, u,m2

w

)
J122 = m52

(
s, u,m2

w

)
J123 = m53

(
s, u,m2

w

)
J124 = I13I16 J125 = m26

(
s, u,m2

w

)
J126 = m27

(
s, u,m2

w

)
J127 = m30

(
s,m2

w

)
J128 = m31

(
s, u,m2

w

)
J129 = m32

(
s, u,m2

w

)
J130 = m33

(
s, u,m2

w

)
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(
s, u,m2

w

)
J132 = m35

(
s, u,m2

w

)
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(
s, u,m2

w

)
. (8.91)

In writing the above definitions, we have made all dependence on the kinematic
variables s, t, u = −s − t, m2

w, m2
z, and m2

h explicit on the right-hand side for all
functions not expressed as a simple product of the one-loop integrals from Section
8.4.2. Note that, out of 124 non-factorizable integrals, only 57 need to be evaluated
since the rest may subsequently be accessed by considering simple permutations of
the kinematic invariants.

8.6 Calculation of the unpolarized amplitude in Kreimer’s
γ5 scheme

In this section, we present details on the calculation of the unpolarized amplitude.
To be more specific, we calculate the unpolarized interference between one- and two-
loop diagrams with the tree-level. This calculation served as an independent cross-
check for the calculation of all helicity amplitudes carried out in Ref. [85], in which
we decomposed the Drell-Yan scattering amplitude in terms of the Lorentz tensors
introduced in Section 8.2. For the comparison, we use the decomposition in Kreimer’s
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Figure 8.6.1: Reading point prescription used in the calculation of
the unpolarized amplitude. For all contributions we start reading the
trace at the tree level vertex, denoted by the red circle in the figure.

γ5 scheme. Thus, the amplitude is decomposed as

iĀDY = i
(
C̄VVT̄VV + C̄AAT̄AA + C̄VAT̄VA + C̄AVT̄AV + . . .

)
, (8.92)

where the dots denote the additional Lorentz structures, which can be ignored after
taking the interference with the tree level, and the Lorentz structures of relevance
are defined in (8.23)-(8.26). In order to compare these results with the independent
calculation of the unpolarized amplitude, we have to sum over all initial and final
state spins. Note that the tree level decomposition is given by just four structures
(this is also true in d dimensions):

Ā(0,0)
DY = 4παem

{(
QqQ`
s

+ vqv`
s−m2

z

)
T̄VV −

a`vq
s−m2

z

T̄VA −
aqv`
s−m2

z

T̄AV + aqa`
s−m2

z

T̄AA

}
.

(8.93)

Thus, the unpolarized amplitude in terms of the Lorentz structures from Ref. [85] in
Kreimer’s scheme, is given by∑

spin,color
Ā(0,0)

DY ĀDY

= αemπ

{(
− 2

3s + vqvl
s−m2

z

) [
8
(
s2(1− ε) + 2t(s+ t

)
C̄VV + 8s(s+ 2t)C̄AA

]
+ vqal
s−m2

z

[
8
(
s2(1− ε) + 2t(s+ t

)
C̄VA + 8s(s+ 2t)C̄AV

]
+ aqvl
s−m2

z

[
8s(s+ 2t)C̄VA + 8

(
s2(1− ε) + 2t(s+ t)

)
C̄AV

]
+ aqal
s−m2

z

[
8s(s+ 2t)C̄VV + 8

(
s2(1− ε) + 2t(s+ t)

)
C̄AA

]}
. (8.94)

For the independent calculation of the unpolarized amplitude, we used the setup
described in Chapter 3. For the two-loop corrections, we generate in total 751 dia-
grams in QGRAF and use Form to take traces (in d dimensions) over the lepton and
quark lines for the interference terms.

Since we use Kreimer’s scheme to treat γ5, we have to define a reading point
prescription. In our setup, we choose a fixed reading point prescription, in which
we always start reading traces at the tree-level vertex, as depicted in Fig. 8.6.1, in
which the reading point is marked with a red circle. To get consistent results, one
has to make sure that for all contributions (denoted by the blob in Fig. 8.6.1) all
traces are treated in the same way. Using this fixed reading point corresponds to the
same prescription we used in Ref. [85], in which we begin reading the trace always at
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the projector insertion. This makes a comparison with that calculation easy. Other
choices, like a symmetric reading point prescription in which one reads the trace
starting from all γ5 insertions and averages over all possibilities, are also possible.

Since in Kreimer’s scheme traces over γ5 evaluate to four-dimensional Levi-Civita
tensors, which are then contracted with d-dimensional loop momenta, we employ a PV
tensor decomposition, such that the contraction can be performed with the external
momenta. Although we performed the calculation in Feynman gauge, we implement
the PV reduction for two-loop integrals up to rank 10, which would be needed for
a calculation in general Rξ gauge. The calculation of these reduction identities was
very cumbersome and relied heavily on finite field methods [93, 94] for the involved
linear algebra.

We compared our final result of the unpolarized amplitude to the one, that was
obtained using the helicity amplitudes as given in Eq. (8.94). We compared all coeffi-
cients of all master integrals in the bare amplitude and find full agreement analytically
in d dimensions. Restricting to the mixed two-loop QED-QCD corrections, we were
also able to reproduce the results from Ref. [76] in which the unpolarized amplitude
for this subset of corrections has been considered.

Although we only considered the unpolarized amplitude in this setup, let us stress
that using a PV reduction one could easily also extract helicity amplitudes. It is worth
noting that in this setup complications of traces with γ5 can be avoided: using a PV
reduction one never needs to take traces over Dirac matrices. Instead, one extracts
all Lorentz structures as defined in Eqs. (8.17)-(8.22) in d dimensions by using only
anti-commutator relations between γ matrices and the Dirac equation only. In that
way, one can in principle also calculate helicity amplitudes using, for instance, just an
anti-commuting γ5 (called naive γ5 scheme in the literature). Since the PV reduction
only depends on the external kinematics, our setup might also be useful for future
calculations of other massless two-to-two processes.

8.7 Infrared dipole singularity structure and subtraction
functions

Having obtained the renormalized, UV finite amplitude, we now proceed to define
the finite hard scattering function by subtracting all IR divergences. Those can be
predicted for a general scattering amplitude in two-loop QCD in a process independent
way [210–215]. The dipole formula [216–222] provides a particularly concise and
straightforward recipe for the generation of IR subtraction terms at two loops.3 While,
historically, the singularity structures of scattering amplitudes in particularly simple
models such as massless QED, massless QCD, and N = 4 super Yang-Mills theory
were discussed most frequently in the literature, broader applications to theories with
massive particles or mixed gauge groups are certainly possible and have long been
known, see e.g. [76, 233]. In particular, it was shown in [76] that with straightforward
modifications, the dipole formula can be extended to describe the singularity structure
of two-loop mixed QED-QCD Drell-Yan scattering amplitudes. This setup covers also
the case of the mixed EW-QCD corrections discussed here.

We begin by introducing the building blocks required to describe the IR singu-
larities of the order αemαs, order α2

em, and order α2
emαs neutral-current Drell-Yan

scattering amplitudes. As has long been clear, the leading IR singularities of gauge
theory scattering amplitudes are governed by cusp anomalous dimensions [234]. For

3At three loops and beyond, an extension of the formalism is necessary [223–232].
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the one-loop quark cusp anomalous dimension in QCD, one has

Γ(0,1)
q = 4CF , (8.95)

whereas in QED the result can be obtained from Eq. (8.95) by replacing the quadratic
Casimir invariant CF with the squared charge of the fermion flavor,

Γ(1,0)
f = 4Q2

f . (8.96)

However, as pointed out in [76], the mixed quark cusp anomalous dimension vanishes:

Γ(1,1)
q = 0 . (8.97)

The next-to-leading IR singularities are more complicated and receive contribu-
tions from both soft anomalous dimensions and resummation functions derived from
the ε−1 poles of massless vertex form factors with an appropriate number of gluon
and/or photon exchanges. The one-loop Drell-Yan soft anomalous dimensions are
well-known and have been calculated in many places in the literature, see e.g. [217,
218] for a thorough discussion. Note that, for general QCD scattering processes, the
soft anomalous dimension becomes a mixing matrix in color space. For processes
with just two partons in the initial state such as the Drell-Yan process, the color
space structure trivializes and all matrices in the dipole formula may be replaced
with functions. Rewriting the results to make all imaginary parts explicit in the
physical kinematic region of interest, we find

S
(0,1)
DY =

(
−4 ln

(
µ2

s

)
− 4iπ

)
CF (8.98)

and S
(1,0)
DY =

(
−4 ln

(
µ2

s

)
− 4iπ

)(
Q2
` +Q2

q

)
+ 8Q`Qq ln

(
t

u

)
. (8.99)

Once again, as shown in [76], the two-loop mixed EW-QCD Drell-Yan soft anomalous
dimension vanishes identically:

S
(1,1)
DY = 0 . (8.100)

We define our massless QCD resummation functions in the framework of [235]. In
practice, following [76], all results may be derived from the one- and two-loop quark
resummation functions of massless QCD by making simple replacements. In what
follows, f [k] denotes the coefficient of εk in the Taylor series expansion of f(ε),

f(ε) =
∞∑
k=0

f [k]εk . (8.101)

To the relevant ε orders, we have

G(0,1)
q [0] = 6CF , (8.102)

G(0,1)
q [1] =

(
16− 2ζ2

)
CF , (8.103)

G(0,1)
q [2] =

(
32− 3ζ2 −

28
3 ζ3

)
CF , (8.104)

G(0,1)
q [3] =

(
64− 8ζ2 − 14ζ3 −

47
10ζ

2
2

)
CF , (8.105)
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G(0,2)
q [0] =

(
3− 24ζ2 + 48ζ3

)
C2
F

+
(2545

27 + 44
3 ζ2 − 52ζ3

)
CACF , (8.106)

and G(0,2)
q [1] =

(1
2 − 116ζ2 + 120ζ3 + 176

5 ζ2
2

)
C2
F

+
(70165

162 + 575
9 ζ2 −

520
3 ζ3 −

176
5 ζ2

2

)
CACF (8.107)

from Eqs. (3.10) and (3.11) of [235] after discarding all contributions proportional to
the number of light quarks.

As with the cusp anomalous dimensions, the one-loop QED results may be ob-
tained by making the replacement CF → Q2

f in Eqs. (8.102)-(8.105). Explicitly, we
have

G
(1,0)
f [0] = 6Q2

f , (8.108)

G
(1,0)
f [1] =

(
16− 2ζ2

)
Q2
f , (8.109)

G
(1,0)
f [2] =

(
32− 3ζ2 −

28
3 ζ3

)
Q2
f , (8.110)

and G
(1,0)
f [3] =

(
64− 8ζ2 − 14ζ3 −

47
10ζ

2
2

)
Q2
f . (8.111)

Finally, the two-loop mixed EW-QCD quark resummation functions are obtained
from Eqs. (8.106) and (8.107) by setting CA to zero and replacing C2

F with Q2
qCF :

G(1,1)
q [0] =

(
3− 24ζ2 + 48ζ3

)
Q2
qCF (8.112)

and G(1,1)
q [1] =

(1
2 − 116ζ2 + 120ζ3 + 176

5 ζ2
2

)
Q2
qCF . (8.113)

Given the ingredients discussed above, we are now in a position to present the
predictions of the generalized dipole formula for the ultraviolet-renormalized, infrared-
divergent scattering amplitudes. We adopt the notation of our previous work, Ref. [85],
in which we had to distinguish between the amplitudes calculated using Kreimer’s γ5
scheme and the HVBM scheme. Like before, we denote the amplitude in Kreimer’s
scheme with a bar in the following, ĀDY, while the amplitude in the HVBM scheme
is denoted by ADY. At tree level we have

(–)

ADY = 4παem
(–)

H(0,0)
DY [0] + · · · , (8.114)

where the dots stand for terms of higher order in the coupling constants. As the
notation suggests, the tree-level hard functions, H(0,0)

DY [0] and H̄(0,0)
DY [0], are defined to

be independent of the coupling constants. We have
(–)

H(0,0)
DY [0] =

(
QqQ`
s

+ vqv`
s−m2

z

)
(–)

TVV −
a`vq
s−m2

z

(–)

TVA −
aqv`
s−m2

z

(–)

TAV + aqa`
s−m2

z

(–)

TAA.

(8.115)

As is clear from the form of Eqs. (8.115), the tree-level amplitudes in the two γ5
schemes, trivially coincide in the four-dimensional limit, because all of the differences
between the schemes disappear in four spacetime dimensions:

lim
ε→0

{
H(0,0)

DY [0]
}

= lim
ε→0

{
H̄(0,0)

DY [0]
}
. (8.116)
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In the following, it will be convenient to view the hard scattering functions in the
two schemes as vectors of coefficients with respect to

(–)

TVV,
(–)

TVA,
(–)

TAV, and
(–)

TAA. This
minor abuse of notation will allow us to rewrite e.g. Eq. (8.116) as

H(0,0)
DY [0] = H̄(0,0)

DY [0] . (8.117)

At higher perturbative orders, we have

(–)

ADY = 4παem

(
(–)

A (0,0)
DY +

(–)

A (0,1)
DY

(
αs
4π

)
+

(–)

A (1,0)
DY

(
αem
4π

)
+

(–)

A (1,1)
DY

(
αem
4π

)(
αs
4π

)
+ · · ·

)
,

(8.118)

where
(–)

A (0,0)
DY =

(–)

H(0,0)
DY , (8.119)

(–)

A (0,1)
DY = 1

ε2

(
− 1

2Γ(0,1)
q

(–)

H(0,0)
DY [0]

)
+ 1
ε

(
1
2
[
S

(0,1)
DY −G(0,1)

q [0]
] (–)

H(0,0)
DY [0]

)

− 1
2G

(0,1)
q [1]

(–)

H(0,0)
DY [0] +

(–)

H(0,1)
DY [0] + ε

(
− 1

2G
(0,1)
q [2]

(–)

H(0,0)
DY [0] +

(–)

H(0,1)
DY [1]

)

+ ε2
(
− 1

2G
(0,1)
q [3]

(–)

H(0,0)
DY [0] +

(–)

H(0,1)
DY [2]

)
+ · · · , (8.120)

(–)

A (1,0)
DY = 1

ε2

(
− 1

2
[
Γ(1,0)
` + Γ(1,0)

q

] (–)

H(0,0)
DY [0]

)
+ 1
ε

(
1
2
[
S

(1,0)
DY −G(1,0)

` [0]−G(1,0)
q [0]

] (–)

H(0,0)
DY [0]

)

− 1
2
[
G

(1,0)
` [1] +G(1,0)

q [1]
] (–)

H(0,0)
DY [0] +

(–)

H(1,0)
DY [0] + ε

(
− 1

2
[
G

(1,0)
` [2] +G(1,0)

q [2]
] (–)

H(0,0)
DY [0]

+
(–)

H(1,0)
DY [1]

)
+ ε2

(
− 1

2
[
G

(1,0)
` [3] +G(1,0)

q [3]
] (–)

H(0,0)
DY [0] +

(–)

H(1,0)
DY [2]

)
+ · · · ,

(8.121)

and
(–)

A (1,1)
DY = 1

ε4

(
1
4Γ(0,1)

q

[
Γ(1,0)
` + Γ(1,0)

q

] (–)

H(0,0)
DY [0]

)
+ 1
ε3

(
− 1

4

(
Γ(0,1)
q

[
S

(1,0)
DY −G(1,0)

` [0]

−G(1,0)
q [0]

]
+
[
Γ(1,0)
` + Γ(1,0)

q

] [
S

(0,1)
DY −G(0,1)

q [0]
] ) (–)

H(0,0)
DY [0]

)
+ 1
ε2

(
1
4

(
Γ(0,1)
q

[
G

(1,0)
` [1]

+ G(1,0)
q [1]

]
+
[
Γ(1,0)
` + Γ(1,0)

q

]
G(0,1)
q [1] +

[
S

(0,1)
DY −G(0,1)

q [0]
] [
S

(1,0)
DY −G(1,0)

` [0]

−G(1,0)
q [0]

] ) (–)

H(0,0)
DY [0]− 1

2Γ(0,1)
q

(–)

H(1,0)
DY [0]− 1

2
[
Γ(1,0)
` + Γ(1,0)

q

] (–)

H(0,1)
DY [0]

)

+ 1
ε

(
1
4

(
Γ(0,1)
q

[
G

(1,0)
` [2] +G(1,0)

q [2]
]

+
[
Γ(1,0)
` + Γ(1,0)

q

]
G(0,1)
q [2]

−G(0,1)
q [1]

[
S

(1,0)
DY −G(1,0)

` [0]−G(1,0)
q [0]

]
−
[
G

(1,0)
` [1] +G(1,0)

q [1]
] [
S

(0,1)
DY −G(0,1)

q [0]
]

− 2G(1,1)
q [0]

)
(–)

H(0,0)
DY [0]− 1

2Γ(0,1)
q

(–)

H(1,0)
DY [1]− 1

2
[
Γ(1,0)
` + Γ(1,0)

q

] (–)

H(0,1)
DY [1]

+ 1
2
[
S

(1,0)
DY −G(1,0)

` [0]−G(1,0)
q [0]

] (–)

H(0,1)
DY [0] + 1

2
[
S

(0,1)
DY −G(0,1)

q [0]
] (–)

H(1,0)
DY [0]

)



180 Chapter 8. Calculation of the amplitude

+ 1
4

(
Γ(0,1)
q

[
G

(1,0)
` [3] +G(1,0)

q [3]
]

+
[
Γ(1,0)
` + Γ(1,0)

q

]
G(0,1)
q [3]

−G(0,1)
q [2]

[
S

(1,0)
DY −G(1,0)

` [0]−G(1,0)
q [0]

]
−
[
G

(1,0)
` [2] +G(1,0)

q [2]
] [
S

(0,1)
DY −G(0,1)

q [0]
]

+G(0,1)
q [1]

[
G

(1,0)
` [1] +G(1,0)

q [1]
]
− 2G(1,1)

q [1]
)

(–)

H(0,0)
DY [0]− 1

2G
(0,1)
q [1]

(–)

H(1,0)
DY [0]

− 1
2
[
G

(1,0)
` [1] +G(1,0)

q [1]
] (–)

H(0,1)
DY [0] + 1

2
[
S

(0,1)
DY −G(0,1)

q [0]
] (–)

H(1,0)
DY [1]

+ 1
2
[
S

(1,0)
DY −G(1,0)

` [0]−G(1,0)
q [0]

] (–)

H(0,1)
DY [1]− 1

2Γ(0,1)
q

(–)

H(1,0)
DY [2]

− 1
2
[
Γ(1,0)
` + Γ(1,0)

q

] (–)

H(0,1)
DY [2] +

(–)

H(1,1)
DY [0] + · · · . (8.122)

The one- and two-loop hard scattering functions which appear above are determined
by demanding equality between Eqs. (8.118) and the corresponding explicit calcula-
tions at one and two loops.

All other things being equal, it is generally believed that HVBM’s γ5 scheme and
Kreimer’s γ5 scheme produce identical results through to one loop and O

(
ε0
)
[199].

At order α2
em, our explicit one-loop calculations do indeed show that

H(1,0)
DY [0] = H̄(1,0)

DY [0] . (8.123)

However, in Ref. [85] we also find that

H(1,0)
DY [k] 6= H̄(1,0)

DY [k] for k > 0 . (8.124)

Thus, in light of the fact that the higher-order-in-ε one-loop hard functions first enter
Eqs. (8.118) at the level of the ε−1 poles of the relative order αemαs expressions, it
is not obvious that an analog of Eq. (8.123) continues to hold at higher orders in
perturbation theory:

H(1,1)
DY [0] ?= H̄(1,1)

DY [0] . (8.125)

While it is generally expected that all terms of virtual and real radiative corrections
sensitive to ambiguities in the treatment of γ5 eventually cancel out of combinations,
that furnish complete fixed-order perturbative corrections to physical observables,
hard partonic scattering functions by themselves are not physical observables. How-
ever, as a result from our explicit calculation in Ref. [85] in both γ5 schemes, we found
that (8.125) actually is an equality.

8.8 Numerical results

8.8.1 Helicity amplitudes

In this section, we show some numerical results for the helicity amplitudes that
we obtained in Ref. [85]. To calculate helicity amplitudes we first derive the four-
dimensional spinor in the chiral representation. Due to the form of the massless
fermion propagator and how the electroweak gauge bosons couple to matter, the
helicity quantum number is conserved along the initial and final fermion lines (see
e.g. [236] for a review). This implies that there are just four non-vanishing helicity
amplitudes, those where both the quark and the antiquark have opposite helicity
and the lepton and antilepton have opposite helicity. We parametrize the center-of-
momentum frame according to

p1 =
√
s

2 (1, 0, 0, 1), p3 =
√
s

2 (1, sin θ, 0, cos θ),
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p2 =
√
s

2 (1, 0, 0,−1), p4 =
√
s

2 (1,− sin θ, 0,− cos θ), (8.126)

with
− t
s

= 1− cos θ
2 , (8.127)

and use an explicit basis of spinor states in the chiral representation [237]

u+(p1) = s1/4(0, 0, 1, 0), u+(p3) = s−1/4(0, 0,√−u,√−t),
u−(p1) = s1/4(0, 1, 0, 0), u−(p3) = s−1/4(−√−t,√−u, 0, 0),
v+(p2) = s1/4(− 1, 0, 0, 0

)
, v+(p4) = s−1/4(−√−u,−√−t, 0, 0),

v−(p2) = s1/4(0, 0, 0, 1), and v−(p4) = s−1/4(0, 0,−√−t,√−u). (8.128)

Plugging these representations4 into our Lorentz structures directly gives us results
for the helicity amplitudes. Decomposing the hard functions (or finite remainders)
according to

(–)

H(m,n)
DY [0] =

(–)

C(m,n), fin
VV

(–)

TVV +
(–)

C(m,n), fin
AA

(–)

TAA +
(–)

C(m,n), fin
VA

(–)

TVA +
(–)

C(m,n), fin
AV

(–)

TAV , (8.129)

we obtain for the polarized hard scattering functions H(m,n)
λ1λ2λ3λ4

:

H(m,n)
+−+− = −2(s+ t)

(
C(m,n), fin

VV + C(m,n), fin
AA + C(m,n), fin

VA + C(m,n),fin
AV

)
,

(8.130)

H(m,n)
−+−+ = −2(s+ t)

(
C(m,n), fin

VV + C(m,n),fin
AA −C(m,n), fin

VA −C(m,n), fin
AV

)
,

(8.131)

H(m,n)
+−−+ = −2t

(
C(m,n), fin

VV −C(m,n), fin
AA −C(m,n),fin

VA + C(m,n), fin
AV

)
, (8.132)

and H(m,n)
−++− = −2t

(
C(m,n), fin

VV −C(m,n), fin
AA + C(m,n),fin

VA −C(m,n), fin
AV

)
. (8.133)

for coupling orders m and n. In Eqs. (8.130) - (8.133), due to the observed γ5 scheme-
independence of the hard scattering functions at zeroth order in the ε expansion (see
Section 8.7), we drop the dual notation employed in Eq. (8.129).

8.8.2 Final results from Ref. [85]

In this section we present visualizations of the polarized hard scattering functions
H(0,0)
λ1λ2λ3λ4

, H(0,1)
λ1λ2λ3λ4

, H(1,0)
λ1λ2λ3λ4

, and H(1,1)
λ1λ2λ3λ4

defined in Section 8.8.1 for all four
non-trivial helicity configurations which we obtained in Ref. [85]. In the numerical
analysis, we set the gauge boson and Higgs masses to their on-shell values as listed
in [168],

mw = 80.379 GeV, mz = 91.1876 GeV, mh = 125.10 GeV, (8.134)

and the renormalization scale µR =
√
s. Since we keep powers of αem and αs factored

out of the expressions we plot, we do not need to specify their values here. For
illustrative purposes, we found it sufficient to consider up-type quarks in the initial
state. Our figures do look rather different for down-type quarks, but our impression

4The phase conventions of (8.128) above are in line with the spinor helicity formalism, as in
[238] where u±(pi) = v∓(pi) for all i. Let us stress, however, that we do not adopt the all-outgoing
convention for the external four-momenta. We made use of Eqs. (8.126) and (8.127) to derive Eqs.
(8.128).
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Figure 8.8.1: Helicity amplitudes for uū → `+`− in dependence
on the center-of-momentum energy for central scattering, cos θ = 0,
and µR =

√
s. The figure shows the real parts of the polarized

hard scattering functions (finite remainders) ReH(m,n)
λ1λ2λ3λ4

/(4π)m+n,
see Eqs. (8.130)-(8.133), where the relative orders in the electroweak

and strong couplings are denoted by (m,n).

is that, on the whole, they do not introduce completely new features which would be
of paramount importance to discuss here. We elected to plot only the real parts of
our final results, as the real parts of H(1,1)

λ1λ2λ3λ4
contain the most complicated weight

four multiple polylogarithms appearing in our calculations.
In our numerical analysis, we focus on larger values of

√
s where the previously

unknown non-factorizable two-loop box-type Feynman diagrams of Section 8.5.1 are
expected to be important. In order to compare the different orders in αem and αs, we
find it convenient to include in our plots the 4π suppression factors taken out of each
higher-order term in Eq. (8.118); that is, we consider H(m,n)

λ1λ2λ3λ4
/(4π)m+n, where the

relative orders in the electroweak and strong couplings are given by (m,n) (see also
Eq. (8.27)).

In all plots, we include the tree-level and relative order αs results for reference,
they show a rather simple behavior. The one-loop QCD corrections lie almost on top
of the tree level results. Indeed, they fully factorize from the tree results; we have

H(0,1)
λ1λ2λ3λ4

/(4π) =
(
π

3 − i
)
H(0,0)
λ1λ2λ3λ4

(8.135)

for all helicity configurations and both up- and down-type quarks in the initial state.
For the real part we see that π/3 ≈ 1.05, thus explaining the observed similarity.

Figure 8.8.1 shows the dependence of the hard functions on the center-of-mass
energy

√
s for fixed central scattering angle. We observe that the absolute values of

all plotted real parts of relative order αemαs increase as a function of
√
s, justifying

the expectation that the calculation of the mixed two-loop EW-QCD corrections for
the leptonic final state is well-motivated in the kinematic regime depicted in the
figure. We note that the real parts of the one-loop EW and the two-loop EW-QCD
corrections are not aligned for all helicity configurations.

Figure 8.8.2 shows the dependence of the hard functions on the cosine of the
scattering angle for fixed center-of-mass energy

√
s. The electroweak corrections

show a rather complex angular dependence. While the one-loop EW and the two-
loop EW-QCD corrections show a similarity in their angular dependence, they differ
in the details.

We also compared the curves of Figure 8.8.2 to analogous ones for the pure QED-
QCD model studied in [76]. While maybe not instructive from the phenomenological
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Figure 8.8.2: Helicity amplitudes for uū → `+`− in dependence on
the cosine of the scattering angle for

√
s = 500 GeV and µR =

√
s. The

figure shows the real parts of the polarized hard scattering functions
(finite remainders) ReH(m,n)

λ1λ2λ3λ4
/(4π)m+n, see Eqs. (8.130)-(8.133),

where the relative orders in the electroweak and strong couplings are
denoted by (m,n).

point of view, it was interesting to see a somewhat similar qualitative angular depen-
dence emerge when comparing the two-loop polarized hard scattering functions for
QED-QCD and EW-QCD normalized by their respective tree-level contributions.

8.9 Summary and outlook

In this chapter, we discussed the calculation of the relative order αemαs unpolarized
mixed EW-QCD corrections to Drell-Yan lepton pair production, qq̄ → `+`−. This
calculation served as an independent check to the results obtained in Ref. [85], where
the helicity amplitudes have been considered. For the unpolarized amplitude, we find
full agreement with the results obtained there.

In Ref. [85] we performed the calculation in two γ5 schemes, the ’tHooft-Veltman-
Breitenlohner-Maison and the Kreimer scheme. While the two-loop scattering ampli-
tudes were found to be scheme dependent starting at O

(
ε−1), unique polarized hard

scattering functions in d = 4 were obtained after IR subtraction.
Our calculation provides a major building block for the calculation of the rel-

ative order αemαs corrections to off-shell Drell-Yan production in the high energy
region, which is particularly relevant to new physics searches and the establishment
of constraints on possible extensions of the Standard Model.
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10 List of acronyms

QFT Quantum field theory

QED Quantum electrodynamics

EW Electroweak

QCD Quantum chromodynamics

LHC Large-Hadron-Collider

JLab Jefferson Lab

RCS real Compton scattering

VCS virtual Compton scattering

TCS timelike Compton scattering

DVCS deeply-virtual Compton scattering

VVCS forward double-virtual Compton scattering

dVCS double virtual Compton scattering

DDVCS double deeply virtual Compton scattering

BH Bethe-Heitler

SL spacelike

TL timelike

FF form factor

DIS deep inelastic scattering

PD Parton Distribution

GPD Generalized Parton Distribution

ERBL Efremov-Radyushkin-Brodsky-Lepage

DY Drell-Yan

PV Passarino-Veltman

UV ultraviolet

IR infrared

IBP Integration-By-Part

HVBM tHooft-Veltman-Breitenlohner-Maison
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