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Abstract

Precision calculations are nowadays of central interest for the physics community. They serve on one
hand as a test of the standard model and on the other hand as a window into the search for new physics.
The anomalous magnetic moment of the muon a, has represented a puzzle for many years now. At
the 0.20 ppm level of accuracy, the experimental measurement is in strong tension with the theoretical
prediction. On the theory side, the main source of uncertainty is due to hadronic contributions, which
cannot be evaluated perturbatively. The hadronic vacuum polarization (HVP) is the largest such
contributions. To obtain this quantity, there are two methods: The dispersive approach, which relies
on experimental input from e* e -scattering data and lattice QCD, as a framework to obtain hadronic
observables from first principles. In recent years, the lattice community has made tremendous effort
in order to reach sub-percent precision in the determination of the HVP contribution aEVp .

In this thesis, we want to investigate a covariant coordinate-space (CCS) approach for the calcula-
tion of aEVp, which has some advantages compared to the traditional time-momentum representation
(TMR) used in the community. We develop a method for estimating finite-size effects in this new
method based on a field theory approach. We present a full lattice calculation of the quark-connected
light and strange component to the intermediate distance window quantity at an unphysical pion
mass of m; = 350 MeV. This calculation verifies the result obtained using the TMR method. We fur-
thermore give a blueprint for computations of other observables in the CCS representation, especially
with applications for very large lattices, which will become more relevant as computing resources
become more powerful.

We then turn to the evaluation of isospin breaking corrections to aBVp. These need to be included in
order to match the accuracy of the experimental measurement. We propose a scheme for regularizing
the effects from quantum electrodynamics (QED) by introducing a Pauli-Villars regulator in the photon
propagator. We present a calculation of one UV-finite diagram that constitutes a major part of the
QED corrections to aEVp. This is performed on several ensembles with pion masses ranging from
approximately 132 MeV to 422 MeV. We furthermore employ a calculation of the dominant charged
pion and pseudoscalar meson contribution using an effective field theory approach to support the
lattice calculation. We obtain a physical result for this partial contribution that can be seen as a

benchmark quantity for the lattice calculation of QED corrections to the HVP contribution.
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1 Motivation

"Every theoretical physicist who is any good knows six or seven different theoretical representations

for exactly the same physics.”
Richard Feynmmﬂ

In the modern era of precision calculations, Richard Feynman’s quote is more relevant than ever.
If two methods that both rely on the same physical principles do not agree on a final result there is
something off. For the case of the anomalous magnetic moment of the muon, such a situation seems
to arise nowadays. Determinations of this quantity have a long history, starting in the early twentieth
century. But since 2006, the experimental measurement at BNL [1] with an accuracy of 0.54ppm is in
tension with the theoretical prediction. This puzzle seems to turn now into a disagreement between
two competing methods for the leading hadronic contribution, which dominates the uncertainty of
the theory prediction currently. A major motivation for this thesis is to contribute to the understanding
of this problem.

On the other hand, there are various examples, where a different viewpoint on a physical problem
has led to new breakthroughs. Quantum field theories have their have their origin in the unification
of classical field theory with quantum mechanics. The realization that classical electrodynamics
exhibits a U(1) gauge symmetry played a crucial role in the development of quantum electrodynamics
(QED), which itself sparked the idea for non-abelian gauge theories by extending the symmetry group
to more complicated Lie-group such as SU(2) x U(1) for the electroweak theory [2}3]. It was now
possible to describe the weak interaction that is responsible for f-decays in terms of interactions
between fermions and the W* and Z° vector-bosons. These particles are expected to be massless, but
measuring their energy signature in particle detectors one finds their masses to be my = 80.377(12)
GeV and my =91.1876(21) GeV, which appears to contradict the formulation as a local gauge theory
[2,;3]. However, due to the interpretation of their rest mass as an effect of the interaction with the Higgs
boson, the contradiction was resolved.

For the theoretical description of the strong interaction in the 1960s there were several competing
theories. Today we know that the strong interaction on the fundamental level is described by a SU(3)

gauge theory that describes the interaction between several species of quarks and eight gluons, which

IThe Character of Physical Law (MIT Press, 1965), p. 168.
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we call quantum chromo dynamics (QCD) [4]. Another description of hadronic physics relies on pions
as the force carrier particles, which has ultimately led to the development of chiral perturbation theory
as a low energy effective theory of QCD, which has still many applications today [5]. Even string theory
has its origin in the 1970s as a theory for the strong interaction and was picked up only many years
later again as a candidate for a theory of everything [6].

The discovery of the Higgs particle in 2012 [7] completed the standard model (SM) of particle
physics as it is today. However, it is clear that it is not the most fundamental theory of nature, as it
fails to explain some well known phenomena. It assumes neutrinos to be massless, which in reality
cannot be the case, since there is experimental evidence for neutrino oscillation [8+10]. It furthermore
yields no explanation for the abundance of dark matter in the universe. And even gravity itself can
not be described within the standard model due to the fact that we have not yet been able to find a
consistent theory of quantum gravity.

Still, the standard model withstands some of the most extensive precision tests that have been
made in the history of physics. The anomalous magnetic moment of the electron has been measured
experimentally with a remarkable precision of 0.24 ppb [11,|{12]. This is in full agreement with the
theoretical calculation that has achieved a precision of 0.66 ppb [13}/14]. To this level of precision the
uncertainty is dominated by the QED contribution that is calculated up to O(a’) in the fine-structure
constant a.

The anomalous magnetic moment of the muon is a different case. It has been a long standing
puzzle that the measurement of its anomalous magnetic moment with a precision of 0.20 ppm [1}15,16]
does not agree with the prediction from the standard model [17] up to 5.2¢. The fact the the muons
mass is roughly 200 times larger than the electrons mass amplifies the contributions from the weak and
strong interactions. Especially the effects from hadronic processes play a major role in understanding
this tension, since these are the dominant source of error nowadays. In this thesis, we want to focus
precisely on these hadronic contributions to the anomalous magnetic moment of the muon in order
to examine if the tension between the standard model prediction and the measurement is due to
our lack of understanding of hadronic effects. Or, if this tension is evidence for physics beyond the

standard model.

1.1 The anomalous magnetic moment of the muon

The magnetic moment p of a particle with spin S, charge g and mass m is given by [18]:

b= g_qg_ 1.1
2m (1.1)

The proportionality factor g is called gyromagnetic ratio or Lande factor. Dirac’s theory for fermions

predicts a factor of g = 2. We denote any deviation from this for a given lepton [ = e, u, 7 by the
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N . > >

(a) Hadronic vacuum polarization (b) Hadronic light-by-light scattering

Figure 1.1: Leading hadronic contributions to the anomalous magnetic moment of the muon

anomalous magnetic moment

2
a; = glz . 1.2)

In the standard model (SM), the magnetic moment receives quantum corrections from QED, the

electroweak (EW) and hadronic (had) interactions

ED
a] = alQ

+aV +ahed, (1.3)
By far the largest contribution stems from QED corrections that can be treated by perturbation theory
in the fine-structure constant a. The one-loop correction to the vertex was calculated first by Julian
Schwinger (1948) [19]. It is universal for each lepton / = e, y, 7 and given by [18]

ED,1 a
aQ =—

l o (1.4)

Since then, QED corrections have been calculated up to O(a®). These corrections dominate the error
for the case of the electron’s anomalous magnetic moment. With a precision of 0.66 ppb [13,14] the
result calculated within the SM is in perfect agreement with the experimental measurement that
achieved a precision of 0.24 ppb [11}{12]. The anomalous magnetic moment of the muon is a different
case [17]. In comparison to the electrons anomalous magnetic moment, quantum corrections from
virtual particles, coupling to the photon are enhanced by a factor of (2—5)2 ~ 40000 for a,,. This leads
to a drastic enhancement of the contributions from the weak and strong interaction. At the current
level of precision of the experimental measurement of the muon’s anomalous magnetic moment with
0.20 ppm [16], these interactions need to be taken into account carefully.

Electroweak corrections, like QED corrections, can be calculated with perturbation theory. Results
exist up to two-loop order [17], see table Hadronic contributions enter the a, only indirectly
via their coupling to virtual photons. These corrections can not be treated perturbatively, since the

anomalous magnetic moment is very sensitive to effects from small energies where the coupling of
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Table 1.1: The different standard model contributions to the anomalous magnetic moment of the muon a,
taken from the theory White Paper [17]. Since the publication of the White Paper in 2020 several new results
from lattice QCD [21+29] and from dispersive calculations [30-33] have been published. A new experimental
measurement of a, was conducted at Fermilab with first results published in Ref. [15,(16] agreeing with previous
the experimental result given in the table [1].

Contribution Value x10'! References
Experiment 116 592 089(63) Ref. [1]
HVPLO (ete) 6931(40) Refs. [34-39]
HVP NLO (e*e™) -98.3(7) Ref. [39]
HVP NNLO (ete™) 12.4(1) Ref. [40]
HVP LO (lattice, udsc) 7116(184) Refs. [41-49]
HLbL (phenomenology) 92(19) Refs. [20,50461]
HLbL NLO (phenomenology) 2(1) Ref. [62]
HLbL (lattice, uds) 79(35) Ref. [63]
HLbL (phenomenology + lattice) 90(17) Refs. [20,/50-H61}63]
QED 116 584 718.931(104) Refs. [13]/64]
Electroweak 153.6(1.0) Ref. [65,/66]
HVP (eTe~, LO + NLO + NNLO) 6845(40) Refs. [34-40]
HLbL (phenomenology + lattice + NLO) 92(18) Refs. [20,/50463|
Total SM Value 116 591 810(43) Refs. [13,[34-40,/50-56,62-66]
Difference: Aay, :=a,; " - a;M 279(76)

the strong interaction aj is large [20]. However, they can be classified by the order in the electromag-
netic coupling a in which they appear. The largest hadronic contribution is the hadronic vacuum
polarization (HVP), Fig. contributing at O(a?). At the order O(a®) the hadronic light-by-light
scattering contribution, shown in Fig. is one of the hardest to compute. For these diagrams
the hadronic ”"blob” has to be evaluated by non-perturbative means. Although by far the largest
contribution to a, stems from QED corrections, the total uncertainty is completely dominated by the
hadronic contributions, see table[1.1]

In 2020, the muon g-2 theory initiative published a result for a,, [17] with similar precision that
is in 5.00 tension with the newest experimental measurement [16]. This tension could potentially
be a hint for new physics. However, it is still an ongoing effort to narrow down the uncertainty from
hadronic contributions.

Here, we see an interesting development in the field in the last few years. The traditional method
to compute hadronic corrections, using a dispersive approach, relying on data from e* e~ scattering
experiments, shows a discrepancy to the calculation from first principles in lattice QCD [22]. In the
spirit of Feynman’s quote from the start one expects both methods to be perfectly consistent with
each other. It is an ongoing effort in the community to resolve this tension and ultimately to explain
the experimentally measured anomalous magnetic moment of the muon.

In this thesis, we want to focus on the calculation of the HVP contribution from lattice QCD. To

this end, we will in many cases use results from chiral perturbation theory to support the lattice
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calculation, for example in controlling finite-size effects or extrapolating results that are computed
with unphysical pion masses to the physical point.

The chapters[2}{5|can be seen as a general introduction relying mostly on material from introduc-
tory textbooks. In chapters[6l{11lwe will concentrate on the specific calculation of the HVP contribution.
In chapter[6|we will review the dispersive framework, as well as the time-momentum representation,
which is commonly used by lattice practitioners to obtain the HVP contribution to a,. Then, we will
focus on the covariant coordinate-space (CCS) representation as a new framework to calculate aEVp in
chapter([7] In this representation we will work out the calculation of finite-volume effects in chapter
and present results on the light and strange connected contribution to the intermediate window
observable in chapter[9] We will then discuss the computation of isospin breaking corrections using
the CCS method in[10]and present some preliminary results on a specific UV finite QED correction to

the HVP contribution in chapter[11}



2 Euclidean quantum field theory

In this chapter, we want to establish the basic formalism that is used throughout this work, as well as
review some key concepts such as the computation of correlation functions and Wick rotation. This
introduction is based on the textbooks of Peskin & Schroeder [3], Weinberg [2] and Srednicki [67]. We
assume that the reader is familiar with the basic concepts of quantum field theory, discussed in these
sources. Some introductory parts are taken from the authors master’s thesis [68]. Especially sections
2.1.2 and show some overlap with Ref. [68].

2.1 Computing correlation functions

We are ultimately interested in the computation of expectation values of hermitian field operators
O(x) depending on the coordinates x of the underlying spacetime manifold acting on the ground state

|Q) of the theory in Hilbert space
(QI0W)IQ) = o(x), 2.1)

where (:|-) is the inner product of that Hilbert space. The resulting real number o(x) is a physical
quantity that can in principle be compared with an experimental measurement. In this thesis, we will
only discuss the case of flat spacetime. We will first write down the equations in Minkowski space
with metric tensor n = diag(1, -1, —1, —1) and work out the connection to the formulation in Euclidean
space in section[2.2] We denote coordinates in Minkowski space by xy;.

Physical interactions are governed by the action functional
S[®] = f d*xm L@ (xy)] 2.2)

that depends on quantum fields ®(x;) D which themselves are functions of the spacetime coordinates
xp. The physical equations of motion are obtained by minimizing the action functional, while taking
into account all symmetries of spacetime, i.e. the isometries of the Poincaré group, as well as the

internal gauge symmetries of the Lagrangian density £.

IWe use the notation ®(xy,) for a general quantum field content, not specifying under which irreducible representation
of the Lorentz group it transforms (Scalar, Spinor, - --)
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A systematic approach to the computation of correlation functionsE]is the path integral formalism,

first used in the theory of statistical mechanics. We define the generating functional [3]
Z[¢]= f@qJexp (lf d* xp (LD (xa)] + fé[q)(xM)]))- 2.3)

for a gauge invariant operator O[®]. The formal integral [ 2® sums over all possible field configura-

tions. Using the functional derivative we can obtain n-point correlation functions of this operator by

writing
QIO OOGaI N = 21 (i) (— i) )zt e
6&(xpr) o0¢(ym) é=0
where T stands for the time-ordered product, defined as
T{O[®(xp)]1 0@ (yan)]1} = 0 (x0 — Y0) OL® (xa) 101D (yar)] + O (3o — x0) Ol® (yan) 1O (xp1)]. (2.5)

2.1.1 The free scalar propagator

At first we want to discuss the case of a free scalar field theory with the Klein-Gordon Lagrangian
density

1 2
2= 0u0' D -, 2.6)

Let us use the path integral formalism defined in EqJ2.4]to derive the expression for the time-ordered
two-point function (0| T {¢p(xrr)d(¥ar)}10) [67]. We define

1 2
Selp] = f d*xp (L +EP(xp)) = f d4xM(5(au¢(xM))(a”¢(xM))—m7(<p(xM))2+&p(xM)), 2.7)

and use four-dimensional Fourier transformation

da PMm

b(pu) = f d*xpe” PPy, plan) = o e IPMIM B (pyy), 2.8)
to rewrite the action as [67]
~ 1 d4pM ~ 2 2.~ ~ ~ ~ ~
Se191=5 | Gyt (~ PP Wiy = mIFpan) + EpadP=pan) + EprPipan). 2.9)

where plzw = p(z) — p?. We use the notation 7 for variables in momentum space. Now we apply the

change of variables

o (2.10)
M—m + 1€

2A correlation function is defined as an expectation value of multiple hermitian field operators
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thus obtaining

1 d4pM(E(pM)E(—pM)

Selpl = =
<1l pi,—m?+ie

5] ot + 1) (P~ mIT(=pa))- 2.11)

The ie is necessary to regulate the p,, integral at the poles pg = + \/m We will consider the
limit € — 0 for terms that are not multiplying any pole contribution. We see now that the second term
in Eq. is not dependend on &. This means that when we evaluate the generating functional Eq
this term will give us exactly Z[0]. For the first term of Eq.[2.11]we have

1 d4pM(E(pM)E(—pM)

1
5] G Pirm“if)zi f d* xyd" )€ (xyn) G (1 = X ) (), (2.12)

where we have defined

4 .
PMm l —ipyp(xp—xh )
Gm(xp — X)) = " e PMIXM=Xy) (2.13)
2 .
@m)* py,— m*+ie

This yields for the generating functional
i
ZIE1=exp 5 f d"xnd" X} € Con) G Cint — K46 ()| Z101. (2.14)

So, to achieve our goal we only need to calculate the functional derivative according to Eq.

(O N, 8
OTipEapno) = 21617 (= 15— (= 15 =) 719
_ -1 _ g : 4.1 - /
= 267 (i) [ Gty = dipecin 2181
= Gm(ym—xm). (2.15)

The function G, (yam — xp) is known as the Feynman propagator. It turns out that the regularization
prescription of using +ie in the denominator of Eq is exactly the right one in order to ensure time

ordering of the field operators [3]. For a general n-point correlation function, we have (67

OITIPO) . OO = Y Gl = x2) .. Gy (2 — T2, (2.16)

pairs

This result is known as Wick'’s theorem. Using Eq.[2.13} it is easy to check that the Feynman propagator

is a Green 's function of the Klein-Gordon operator,
@50 + ) Gy (xtag — ya) = 6 (ear — yun). (2.17)

It is furthermore possible to evaluate the integral in Eq. explicitly. In Ref. [69] the authors derived

a closed expression for one time and D — 1 spatial dimensions. Using the parameter A = % —1, the
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result reads

1 ~ , (_l')2/1+lml @ P
Cmx=y) = 8((x—y) )2’“271/1((36—}/)2—ie)MZH/1 (mV (x=7) —ze)
A

Y m e 2
+9( (x y))(2n)f1+1(—(x—y)2+ie)/“ZK’l(m\/ (x—y +ze) (2.18)

where H/(lz) (x) is the Hankel function of the second kind of order A and K (x) is the modified Bessel

function of the second kind of order A. In this form we see that the position-space propagator has
poles at x¥ = +1/(x)2 + ie. In D = 3 + 1 dimension the result reads

_ _ _ 2 (_i)”Z (2) _ 2 =
Gulx-y) = 0((x y))23n((x—y)2—ie)“2H1 (m\/(x ¥) ze)
—(x— 12 m K S (x—1)2 4+
+0( &=y )(271)2(—(x—y)2+i€)1/2 l(m ==y HE)' 19

2.1.2 The free fermionic propagator

Fermions are described by spinor fields v [3] with the Lagrangian density
L =y(iduy" - my (2.20)
where ¥ = ¢y? and Yy are the Dirac gamma matrices that obey the relation
=ty eyt =2 (2.21)
These matrices are not unique. We stick to the convention of Peskin & Schroeder [3]. The gamma
matrices in the chiral basis are

. [0 o . (-1 0 . _
Y= E” 0 ’ Y = 0 1 ’ g :(HZXZ)O'); 0-:(1]2x2)_0')) (2-22)

where the Pauli matrices in the standard basis are

1 —i 1
ol = (0 ) 02:((? Z), 03:( 0 ) (2.23)
1 0 i 0 0 -1

The time-like y¢ matrix is Hermitian, ﬂ) =70, and the space-like matrices y; for i = 1,2,3 are antiher-
mitian, 7/: =-v;.
Similar to Eq.[2.15|the fermionic Feynman propagator is
OIT{y () w (ym)}0) Sm(Xm—ym)
_ f dlp Py +m) ey
@m)* p?2—m? +ie )

(2.24)
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For a derivation we refer to the textbook by Srednicki [67]. From Eq. we can immediately check

that it is a Green'‘s function of the Dirac Operator:

(=105 pH + m) S (s — yu) = 8(xnr — Ya) (2.25)
and can be expressed through the scalar Feynman propagator, via the relation

SmCenr = yan) = (05 M + m) G (s — yua).- (2.26)

For a general n-point correlator function we obtain

o(n)

OITW Y - TEPW N0 = Y S =y S5 = Y, (2.27)

og€eS,

where S, is the set of all possible permutations.

2.2 Wickrotation

In this section we want to describe the process connecting the observables calculated in Minkowski
space to their counterpart in Euclidean spacetime. This process is called Wick rotation. In the physics

literature [2,/3,67] this is often written as a simple coordinate transformation

0 0

X —»x}f;=—ix, xj—»xi;:xj for j=1,2,3 (2.28)

where we use the subscript E for the spacetime coordinates in euclidean space. This implies

ok = (@) = ()2 = ()% = (22 = — () = ()P - ()P - ) = —lxel (2.29)

From the viewpoint of axiomatic quantum field theory, Wick rotation is an isometry between the
Minkowski and Euclidean spacetime which are both embedded in a complex four dimensional mani-
fold. The Osterwalder-Schrader theorem states the precise conditions under which this transformation
is valid [70]. In the context of the Feynman propagator [2.13|the prescription of adding +ie in the
denominator corresponds to a specific choice of integration contour in the complex x plane. The
process of Wick rotation has to be performed in such a way that the contour is continuously trans-
formed onto the axis of complex time, see Fig. The choice given in Eq.[2.28]satisfies this condition.

However, the momentum coordinate needs to be rotated in the opposite direction,

p’— p4E =ip", pl — pé =p/ for j=1,2,3. (2.30)

10
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Im(x°)

(@ x¥ in the complex plane (b) po in the complex plane

Figure 2.1: Wick rotation in position (a) and momentum space (b). Singularities of the propagator are marked

”n”

with an ”x”. This graphic is taken from Ref. [68].

2.2.1 The propagator in Euclidean space

Now, we are ready to evaluate the Euclidean form of the propagator. Recalling Eq. and performing
the Wick rotation,
[ d*pe i

_iphad il 1 52 2 2 3.3
o IPEXptippXptippXpHippXy

Gm(xg)

@2m)* —p2 —m?+ie
d4pE 1
@2m* p +m?—ie

e'PEYE, 2.31)

where we used the substitution p4E - - p4E in the last step. A feature of this form is that the pole of
the integrand is now located at p% = —m? and is not touched by the integration contour. So, the limit
€ — 0 becomes trivial. In Euclidean space, one obtains for the propagator in D = 21 + 2 dimensions,
similar to the second term of Eq.[2.19|the result

G;}?(xE) _ (27;:)11“ K,ll(leleEl), (2.32)
and for D =4 we have
Gy (xp) = % %E"ICED (2.33)
In the Euclidean formulation equation reads:
(~A%E) + m?)GL (xp) = 6P (xp), (2.34)

11
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D _&
J=1 oy’
For the case of a massless scalar we can take the limit m — 0. This yields

where A®#) is the D dimensional Laplacian Operator A% = -

r'A)
A -
Gy (xp) = PR ESTREYL (2.35)
where I'(1) is the Gamma function. For D = 4 this simplifies to
Go(xp) 1 (2.36)
Xr) = . .
O A xg 2
For the case of fermions we define the Euclidean y matrices
YP—=1%=y" Y —yl=iy/ for j=1,23. (2.37)
These Euclidean gamma matrices are all Hermitian and obey the anticommutation relation:
0 YEV = YRV +7EYE = 202" (238)
So, in the Euclidean formalism the fermionic propagator is a solution to the equation:
(xB) Y+ m)Sm(xg) = 6(xg) (2.39)
For a general spacetime dimension D = 21 + 2 the result reads:
S () = mA+1 ((x » Kj41(mlxgl) KA(mIXEI)) (2.40)
T et TR A It '

2.2.2 Euclidean path integral

The transformation described in section can be applied to the very starting point of all our

derivations, the generating functional2.3] This defines the Euclidean generating functional

Zgl¢&]

f 92(Dexp(— f d4xE(££+<fO[d>(xE)])). (2.41)

f @cpexp(—sE[q)] + f d4xE§O[q>(xE)])) (2.42)

This makes the connection with statistical mechanics immanent. The generating functional becomes
a weighted integral with the Boltzmann factor exp (—Sg), which is real for a real action Sg. This can
be utilized for Monte-Carlo methods and will be the key instrument for lattice QCD, which will be
described in chapter[5]

In the following, we will only work in the Euclidean space formulation and thus drop the subscript

E, x:=xg, p:=pE.

12
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2.3 Scalar quantum electrodynamics

In this section we want to discuss an interacting field theory in the case of scalar quantum electrody-

namics (SQED). The Lagrangian in Euclidean space is given by
1
L= FyFuy+ (Dup) (D) + m*¢' e, (2.43)

where D, =0, + ieAy, is the covariant derivative and F), , is the electromagnetic field strength tensor
defined as

F,uv = a,uAv - 6VA/J, (2.44)

m is the mass of the scalar particle, e is the electric charge of the scalar particle. The kinetic term can

be expanded as:
(D) (Dup) = 0" —ie A dN 0P +ieAue), (2.45)

yielding a cubic interaction term i eA#((a,J(pT)q) — ¢t (0,¢)) and a quartic interaction term e? AyAy |2,

If we apply a local U(1) transformation to the scalar field,
p—pe' ™, Pt — e, (2.46)

the resulting additional terms due to the derivative d,, acting on a/(x) can be absorbed into a redefini-

tion of the vector field
Ay — Ap+0,a(x), (2.47)

leaving the form of the Lagrangian, and thus the equations of motion, invariant. This is known as
gauge invariance.

It is convenient to split the Lagrangian into three different parts
% = $¢+$A+$jnt (2.48)

where £ is the Lagrangian of the free complex scalar field, &4 the Lagrangian of the free photon and

Zint the interaction term:

Lol "1 = 0T (0up) + Mgl (2.49)
LalA] = %FWFW, (2.50)
Lintlp, ¢, Al = ieA (0PN~ D (0,p)) + 2 AL A1 (2.51)

13
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To evaluate any Green’s functions in the interacting theory with ground state |Q2), which is different
from the vacuum state |0), we first write down the Green’s functions in the free theory. In section
we have already seen how to calculate correlation functions in the free theory by making use of the
generating functional. When we only consider Z[¢, ¢, the Feynman propagator for the scalar field
in the free theory is derived similarly to Eq.

OIT{px)P (1)}10)

Gm(x)
m Ki(mlx—yl

2.52
ar’  |x-yl (2:52)

If we only consider the kinetic term for the vector boson £4[A], we can derive the photon propagator
in the free theory. However, the procedure described in section [2.1.1]can not simply be applied here.
Gauge invariance of the photon leads to a divergence due to the fact that one is redundantly integrating
over an infinite set of physical equivalent field configurations, resulting in a badly divergent integral [3].
Instead one can make use of the Fadeev-Popov procedure [3] to express a gauge fixing choice with the

tunable parameter ¢. Following this procedure one obtains the photon propagator in Euclidean space

d4p e—ixp PuPv
OITIA A0 = [ 2 rlow-a-o), (2.53)
In Feynman gauge ¢ = 1 the result in position space is simply given by
OIT{AL(X) Ay(VHO) = 6yvGo(x) (2.54)
1)
- 0w (2.55)
42| x — y|?

Now with the Green’s functions of the free theory at hand, we can look at the interacting theory. The

generating functional for any correlation function of the fields [¢, ¢, A] is given by
Z16,¢'al = f P92’ Aexp - f A XLyl ¢+ LalAl+ Ll 1, A1+ P+ P+ @Ay ). 2.56)

Now, we can express all dependencies of the fields in the interaction Lagrangian by functional deriva-

tives with respect to the corrresponding parameters &, ¢, a:

Z[f,f,, al = e(_fd4xﬂnt[

_6 _ 6 _ 0
58 5e ﬁap])f@(p@(pT@AeXp(—fd4xg¢[¢,¢T]
+ZLalAl+EPp+E P+ “uAu)

= e

where Zy[¢, &, a] is the generating functional of the free theory. Making use of Eq. this can be

14
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rewritten as
Z1§,¢',al = Z10,0,0]exp |5 f d*xd* X' () G (x = x)8' () + @ () -+ |, (2.58)

where we have not written the term for the photon propagator explicitly. One would need to apply
the Fadeev-Popov procedure here as well, to obtain a meaningful photon propagator. The crucial
point in Eq[2.57)is that we have expressed the generating functional of the interacting theory through
functional derivatives acting on the generating functional of the free theory.

Expression is well suited for applying perturbation theory. We can write down the Taylor
expansion of the first exponential function of Eq. [2.57]in powers of e,

4 ) ) 5

l[—ef J ( 0 sw_0 0 sw_90 )]”
! 5au(x) SE(X) M 88 6E() M SEW)

n
1 iy 0 5 66
— 2.59
J[f dau(x) dayu(x') 6§(x") 6¢'(x) (2:59)

z
%

Under the condition that the electromagnetic coupling e is small, the sums over n and j do converge.
This means that up to a given order in e we can express Eq. [2.59|by a finite number of terms. For
the total generating functional of the interacting theory, Eq. we have to take into account that
the functional derivatives in Eq[2.59)are acting on the free Lagrangian. We can now apply our master
formula, Eq. to obtain any correlation function of the fields ¢, ¢, Ay up to a given order in
e. Although this is challenging , it can be done in a purely systematic way by the use of Feynman

diagrams.

2.3.1 Feynman rules in position space

Any correlation function (Q|T{® (x)®y (y)(...)}|Q), where @ is any field ¢, R Ay evaluated at the
source x, can be expressed in p