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Abstract

In this thesis, we engage with the physics of drops deposited on polymer brushes and
gels that can also be swollen by a lubricant. We discuss results from simulation, theory,
and experiment at three different levels: equilibrium, approach towards equilibrium, and
steady state dynamics.

At the level of equilibrium, we use Molecular Dynamics (MD) simulations using the Many-
body Dissipative Particle Dynamics (MDPD) model. We tune our model to emulate a
water drop on a PDMS substrate. To characterize the brush, we find the point where it
is saturated with lubricant and the corresponding brush height. In addition, we calculate
the surface tension for different lubricant fractions. We show that the contact angle
should theoretically be independent of the swelling of the brush. Afterwards, we show
that drops deposited on lubricated polymer brushes undergo a cloaking transition, where
the drop becomes covered by a film of lubricant. The transition sets in after a particular
amount of lubricant is infused in the brush, a result which is supported by a theoretical
thermodynamic analysis of the system. For spherical drops on dry brushes we reveal
the presence in MDPD of a line tension that promotes the spreading of the drop. On
lubricated brushes, the relation is not as transparent, though we do see a dependence
of contact angles on the size of the drop. We also find that the brush in the area of
the wetting ridge is swollen to a height that is close to the height at saturation, especially
after the cloaking transition sets it. We complement our results for spherical drops with an
analysis of cylindrical drops to eliminate the effect of line tension. In terms of the cloaking
transition the results for both spherical and cylindrical drops are consistent. However, we
see opposite behavior for the contact angle as a function of the lubricant fraction in the
brush, which is indicative of a possible dependence of line tension on the swelling of the
brush.

To study the approach towards equilibrium, our experimental collaborators ran exper-
iments where a glycerol drop was deposited on PDMS gels swollen with high viscosity
silicone oils. There, the lubricant separates from the gel so that the wetting ridge has a
liquid component. We show that as the ridge grows, it does so in a geometrically sim-
ilar fashion, maintaining the same shape. The separation height between the apex of
the wetting ridge and the gel is followed through time and shown to depend on both
the degree of swelling and the viscosity of the oil. We support the experimental findings
with a theoretical model based on diffusion, and find that the results agree very well with
the experiments for saturated gels, but not so much for undersaturated ones. To follow
the approach towards equilibrium in terms of cloaking, we perform experiments where
a drop is pending from a swollen gel, and follow the evolution of the shape with time.
Unfortunately, few conclusions could be drawn from the experiments due to a lack of re-
producibility. In addition, we perform numerical simulations using the MDPD model to
follow the cloaking away from equilibrium. We find that the cloak front progresses on the
drop linearly with time, with the rate increasing with the fraction of oil. Additionally, the
cloak creeps onto the drop as it thickens simultaneously, and continues to get thicker after
it covers the entire drop. We also find that the distribution of lubricant throughout the
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brush is consistent with our assumption that the time scale is set through the diffusion of
lubricant across the brush.

Finally, we address the steady state dynamics of drops moving on lubricated polymer
brushes. The results of our experimental collaborators for water drops on PDMS brushes
reveal an asymptotic power law relation between the dissipated power and the velocity
of the drop. Our numerical simulations also show such a power law, albeit with different
exponents. The exponent in the experiments is the same for two preparation methods
of the brush. Meanwhile, in simulation, the exponent depends weakly on the swelling of
the brush. To understand the discrepancy and the dissipation mechanisms that influence
the exponent, we quantify the height of the wetting ridge and the flow field inside the
drop. The analysis rules out slip as a major contributor to dissipation, but neither viscous
dissipation in the drop nor viscoelastic dissipation in the brush can be ruled out at this
stage. Instead, we find that the viscoelastic dissipation can remain relevant even at high
velocities since the wetting ridge does not vanish at any velocity; in addition, the flow
field inside the drop is complex with the possible presence of multiple vortices, and can
possibly explain the observed exponents.
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Preface

The largest struggle facing a person attempting a new project is filling gaps in their
knowledge. The largest obstacle to of filling such gaps is having the right sources. As
a young PhD student, my supervisor presented me with excellent review articles on the
topic of wetting in general and wetting on soft substrates in particular. However, there is
the problem that the articles in question are typically aimed at experienced researchers,
as most review articles are. As such, certain concepts are presented in a matter-of-fact
fashion, jargon is used freely without definition, and relations are presented without proper
motivation. In many of these situations, references are not provided; however, even when
provided, they tend to be overwhelmingly numerous and many times inappropriate, as
they do not make the statements they are cited for.

Having gone through this struggle, my aim when writing the current work was to make it
pedagogical. The goal I set for myself was:

A student who is inexperienced in the field should be able to read this work and
make further progress with the project, without the need to look for further
references.

Whether I succeeded in my goal or not is yet to be revealed. Nevertheless, I made of effort
into presenting a comprehensive overview of wetting phenomena and an introduction to
polymer brushes with the utmost clarity and logical progression. When needed, I clarified
the relevance of certain concepts. I chose references that I found to be the most transparent
in the subtopic of interest. Where appropriate, I specified the particular section or chapter.

Part of the theory and the associated literature, especially in the section on dissipation, is
not directly applied to the work presented in this thesis. The aim behind introducing them
is to provide a well rounded overview of the topic, one that will allow a future student to
have the necessary knowledge to pick up the project where it was left off. Additionally, the
student should have enough knowledge to understand talks and discussions at conferences,
even when the topic is not directly related to their main subject. This was a problem I
struggled with significantly throughout the years working on this project, even late into
my doctoral studies.

To differentiate particularly useful references, certain citations will be followed by the word
‘key’ as such: [00, key]. I view those references as key references. Any student working
on a similar topic should go through the key references at least once. When the reference
is a book, it provides a good introduction to a particular field. When the reference is an
article, it is typically a foundational article, the results of which are used repeatedly in the
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literature. For key articles, a person working on a similar topic is advised to be strongly
familiar with the main results, and more importantly, with the range of applicability of
the results, without necessarily being familiar with the details of the study. Key articles
are not always the earliest or most influential publication on a particular topic, instead, I
regard them as the most useful references for someone working on the topic.

The results are organized into three overarching themes. The corresponding chapters in-
clude both published and unpublished data. Chapters based on published work reproduce
the original articles with some modifications, while those presenting unpublished material
are written entirely from scratch. To distinguish between the two, we append the letter
‘U’ to the chapter numbers that contain unpublished results, while retaining the same
numeral for chapters within the same thematic group. For instance, Chapters 4 and 4.U
belong to the same theme, with the latter presenting unpublished data.
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1. Introduction

As we go on with our daily lives, it is near impossible not to encounter liquid drops,
or items that were in contact with liquid drops. Drops play a relevant role in everyday
life, such as condensation in refrigerators and on cold windows (Figure 1.1 a); in
agriculture, with raindrops on leaves and in greenhouses; and in environmental solutions,
such as passive water harvesting from moisture in the air and water drops on solar cells [1].

Due to their ubiquity, situations arise where the behavior of liquid drops can dra-
matically affect the functioning of equipment, or one’s ability to perform certain tasks. A
classic example is rain on a windshield as shown in Figure 1.1 (b). If the wipers are not
in a good condition, the water will smear over the windshield, obstructing the driver’s
vision until it dewets and forms separate drops again. Another example comes from the
renewable energy sector where solar panels continuously collect dust (Figure 1.1 c) which
affects their efficiency. Problems like this can be avoided, or their severity reduced, if
transparent and durable materials could be manufactured on which drops do not stick.
This is where hydrophobic, slippery surfaces come into play. Examples of such surfaces
already exist in nature, such as on the leaves of the lotus and taro plants [2] (Figure
1.1 d), which employ ‘dry’ patterned surfaces to induce hydrophobicity, or on the lip of
carnivorous pitcher plants to trap their prey (Figure 1.1 e), where the surface is infused
with water as a slippery liquid [3]. Inspired by nature, much research has been dedicated
to designing slippery substrates as patterned surfaces [4]. However, despite their success
in nature, interest is not limited to patterned surface as they show certain limitation.
One possibility circumvent some limitations is to design slippery coatings [5].

Of available materials for such applications, silicones are very good candidates.
The design of silicone-based slippery substrates relies heavily on the use of
Polydimethylsiloxane (PDMS) as an integral material. PDMS is a polymer with a
siloxane (Si-O-Si) backbone, and with methyl groups (CH3) attached to the silicon atoms,
giving it the linear formula [Si(CH3)2O]n. A PDMS monomer has a molecular mass of
about 74 g/mol. The Si-O bond length is about 1.64, Å, and the Si-O-Si angle ranges from
130◦ to 150◦, depending on the configuration of the molecule [6]. Owing to the large bond
angle, PDMS chains experience low torsional barriers [7], resulting in a persistence length
of only a few monomers, making them very flexible. When PDMS is in its free form at
room temperature and atmospheric pressure, it forms a liquid polymer melt of density
965 kg/m3, known as silicone oil. Silicone oil forms the foundation for the synthesis and
fabrication of silicone-based substrates. Broadly speaking, silicone-based substrates can
be split into three classes: Liquid/Lubricant Infused Surfaces (LIS), elastomeric surfaces
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1. Introduction

Figure 1.1.: (a) Condensation on a window with a smiley face drawn in. (b) Rainwater on
a windshield obstructing the vision of the driver. (c) Dirty solar panels. (d) Water drops
on lotus (left) and taro (right) leaves, with corresponding scanning electron microscopy
(SEM) images of the corresponding microstructures below each image. (e) Carnivorous
pitcher plant with an ant on it that is likely about to be devoured, and on the right are
SEM images of the microstructure on the “lip” at two different magnifications. Adapted
under public domain from [8], under CC BY 2.0 from [9], CC BY-SA 3.0 from [10], CC
BY-SA 4.0 from [11], CC BY 2.5 from [12], and with permission from [2, 3, 13].

(elastomers), and brush-like surfaces, also known as Slippery Omniphobic Covalently
Attached Liquid-like (SOCAL) surfaces.

LIS typically take the form of surfaces patterned with porous microstructures (Figure 1.2
a) and are later infused with a liquid that acts as a lubricant. In the absence of lubricant,
drops on patterned surfaces can exist either in the Wenzel state or the Cassie-Baxter state
(cf Figure 1.2 b). In the Wenzel state, the drop wets the substrate homogeneously [14],
imbibes the microstructure, and is characterized by strong pinning [15]. In the Cassie-
Baxter state, the drop wets the substrate heterogeneously, leaving air pockets within the
microstructure, which dramatically reduces the friction experienced by the drop [16]. This
forms the basis of so-called patterned superomniphobic surfaces [17, 18]. However, such
superomniphobic surfaces suffer from low durability, due to vulnerability to mechanical
stress [19], chemical reactions [20], and radiation damage [21], although sometimes the
damage is reversible, for example, by heat treatment [20, 21]. Another challenge for
superomniphobic patterned surfaces is the stability of air pockets. The collapse from the
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Figure 1.2.: (a) Two kinds of micro-pillar structures for LIS. (b) Possible states a drop
can have on a solid surface. From left to right we have a drop on a smooth surface, on a
rough surface in the Wenzel state, and on a rough surface in the Cassie-Baxter state. (c)
A glass vial containing a PDMS gel. (d) A drop in the process of sliding off a stainless
steel surface that was coated with grafted PDMS chains. (e) Left: Spray paint dewetting
from a glass slide that was coated with grafted PDMS chains. Right: Spray paint sticking
to a non-coated glass slide. Adapted under CC BY-SA 3.0 from [31], CC BY 4.0 from
[32], and with permission from [30, 32].

slippery Cassie-Baxter state to the sticky Wenzel state can occur for various reasons [22–
25]. One method to avoid this problem is to infuse the surface with a lubricating liquid.
Silicone-based LIS typically consist of patterned surfaces infused with silicone oil as a
lubricant [26]. LIS infused with silicone oil exhibit very low roll-off angles [27], i.e. the
tilt angle at which drops roll off, and can perform well even with simple patterns that
can be easily manufactured [28]. However, LIS generally lack durability due to lubricant
depletion as drops roll off [27, 29], though strategies have been developed to replenish the
lubricant [30].

The second class of silicone substrates is elastomers. Elastomers are crosslinked net-
works, or gels, of PDMS chains. PDMS gels are used as coatings on different materials
to modify their wetting properties. The crosslinking is achieved by mixing PDMS chains
with functionalized chain ends (vinyl- or hydroxyl-terminated) and a crosslinker, typically
methylhydrogensiloxane, (HCH3)SiO. The result is a transparent viscoelastic solid as
shown in Figure 1.2 (c). The mechanical properties of PDMS gels are easily tunable, even
with commercial kits, and the elastic modulus can range from 20 kPa to 1.6 MPa [33]. In
most practical cases, the synthesis of PDMS gels leaves uncrosslinked chains within the
gel [34, 35], which we will refer to as free chains. The presence of free PDMS chains within
the gel can affect the wetting behavior in several ways. First, free chains can enhance the
slippery nature of the gel, thereby acting as a lubricant. Second, free chains swell the gel,
altering its elasticity [33], and ultimately its response to the wetting liquid. Additionally,
free chains sometimes accumulate on the surface, even when the gel is not fully saturated
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1. Introduction

[36], which may reduce the adhesion of liquids onto the surface. When a drop sits on the
gel, free chains can gather at the three phase contact line, further swell the gel locally
[37], separate from the gel [38], or even cover the surface of the drop, fully cloaking it
[35]. The properties of leftover free chains are generally not known. However, they can be
washed out with a solvent and replaced with silicone oil of known properties [38], in order
to tune the material for a specific application. Drops moving on PDMS gels experience
little adhesion, and can roll off at relatively small tilt angles [39], making them excellent
candidates for self-cleaning coatings. However, they also suffer from lubricant depletion.
Nevertheless, one advantage PDMS gels have over LIS is better oil retention, as the oil
swells the gel, making them more durable against lubricant loss.

The final class is SOCAL surfaces, such as PDMS brushes. PDMS brushes are layers
of PDMS where the chains are anchored or grafted by one end to the substrate [40].
The typical thickness of PDMS brushes is on the order of nanometers. As opposed to
crosslinked PDMS gels, which form solids, the PDMS chains in brushes retain their
flexibility since one end is left free, and the free ends behave, more or less, as they would in
liquid silicone oil, hence the term “liquid-like.” Owing to the liquid-like properties of the
resulting layer, drops deposited on PDMS brushes readily roll off even when the substrate
is tilted by less than 5◦ [41]. The synthesis of polymer brushes can generally be achieved
in one of two ways: grafting-from or grafting-to. In both methods, the substrate has
chemically active sites that will bind to monomers at one of the free ends of the grafted
chains. As the name suggests, grafting-from involves the growing of the brush chains from
the substrate. For PDMS, this can be achieved by vapor deposition on plasma-treated
glass [42]. In the grafting-to method, pre-polymerized chains are grafted by one of their
free ends onto grafting sites on the substrates [32]. The grafting densities achievable using
the grafting-to method are lower than those using the grafting-from method, due to the
screening of the grafting sites by the chains [43]. On the other hand, lower polydispersity
indices can be achieved through the grafting-to method if one starts the grafting procedure
with monodisperse chains. As with the synthesis of crosslinked PDMS gels, at the end of
the process, free, non-grafted chains will remain. Free chains can either be washed out
with a solvent or removed by wiping with a cloth or tissue [32]. Grafted PDMS layers
were shown to work as coatings on a variety of materials, such as glass, metals, and
certain fabrics [32, 44] (see Figure 1.2 d). The synthesis can sometimes be carried out
at room temperature, and the resulting film is very durable against strong mechanical
stresses, such as scouring with a metallic sponge [32]. In addition, since the grafted chains
already behave like a liquid at the interface, the slipperiness can be maintained even at
low or zero lubrication, while crosslinked PDMS gels were shown to lose slipperiness after
a certain number of drops roll off within a given period [32]. This is further confirmed by
the fact that the low roll-off angles were maintained even after washing the coatings with
toluene, ethanol, and water for as long as 120 s [32]. With water as the wetting liquid,
the wetting properties of the coatings are also resilient to heating up to temperatures of
250◦ C for several days [41]. Finally, the ability of such coatings to repel liquids is not
limited to water. Grafted PDMS layers can repel a multitude of liquids, from low surface
tension liquids like ethanol, to super glue, permanent markers, and spray paint [32, 41]
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(see Figure 1.2 e), making them truly omniphobic. PDMS brushes have very promising
characteristics as durable, slippery coatings for self-cleaning and anti-fouling purposes [44].

Following this, the current thesis aims to investigate the static and dynamic wet-
ting of polymer brushes for the ost part, but also of gels. Our main focus is on the
numerical and theoretical aspects, but we couple our studies with experimental findings.
We focus in particular on coatings that are swollen with lubricant, and quantify the effect
and relevance of the lubricant, as well as the response of the coatings to drops, and vice
versa.

We begin by introducing the fundamental theoretical concepts of wetting in Chap-
ter 2. First, we cover the basics of static wetting on idealized and “real” rigid surfaces,
and slowly make our way towards more involved situations, such as wetting on elastic
and lubricated surfaces. We afterwards introduce the main concepts for dynamic wetting.
As one of the motivations for this investigation is the design of slippery surfaces, the
ultimate goal is to improve our understanding of the dynamics of drops moving on such
surfaces. In this dynamic situation, energy dissipation is one of the most relevant physical
processes that affect the efficacy of the slippery surfaces. We spend some time, therefore,
discussing the possible sources of dissipation, and the resulting behavior of the moving
drops. As will become apparent, many sources can result in similar macroscopic trends,
making it hard to isolate the culprits without resolving the microscopic details. The dis-
cussion on wetting is followed by an introduction to polymer physics and polymer brushes.

Afterwards, we discuss the methods we applied for our study, followed by the main results
to come out. The results are thematically divided into three parts. In Chapters 4 and
4.U we discuss the equilibrium properties of droplets on lubricated polymer brushes in
simulation. In Chapters 5 and 5.U we describe the kinetic evolution of wetting ridges
and cloaks for stationary drops deposited on swollen PDMS gels and brushes through
experiment, simulation, and theory. Finally, in Chapters 6 and 6.U we investigate the
dynamics of droplets moving on lubricated polymer brushes through simulation and
experiment; the published results are supplemented with further interpretation based on
the expected behavior of dissipative forces following the discussion in section 2.4.
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2. Theoretical Background

2.1. Wetting fundamentals

2.1.1. Surface tension

Before talking about wetting, we need to introduce the concept of interfacial or surface
energy. When a liquid forms, the driving force behind its formation is the cohesive inter-
actions between the molecules that constitute it. Liquids generally exist in contact with
other phases, either a gas, a solid, or another liquid that does not mix with it (immiscible
liquids), leading to the formation of an interface that separates the two phases. If we con-
sider a liquid molecule in the liquid, when it is in the bulk it is on average surrounded by
a certain number of interaction partners, and its total interaction energy is at a particular
value. If we instead consider a molecule at the interface with the other phase, the number
of cohesive interaction partners decreases, raising the energy (see Figure 2.1 a). The total
free energy of the system can be written as

F = F0 + Fint (2.1)

where F is the total free energy, F0 is the free energy in the absence of interfaces, and Fint

is the contribution of the interface. Since nature tends to minimize energies, the liquid
therefore would like to reduce the number of molecules at the interface; in other words,
it likes to reduce the interfacial area. From this intuitive view, one can then define the
surface energy γ as the contribution per unit area to the interfacial free energy Fint

Fint = γ A (2.2)

where A is the total interfacial area. From the above equation, we can see that the units
of γ are [Energy]/[Area]. This unit, however, is equivalent to that of [Force]/[Length].
This suggests that γ can also be interpreted as a surface stress, or as it is more commonly
called, interfacial or surface tension Υ. Indeed, for most simple liquids, where the surface
energy does not depend on the strain, the surface tension Υ and surface energy γ are
equivalent. This can be seen by following the change in interfacial energy upon a change
in area

δFint = γ δA (2.3)
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2. Theoretical Background

Figure 2.1.: (a) Cartoon of a liquid-vapor system showing a representation of the liquid
molecules. The molecule in the bulk has more interaction partners than the one near
the interface. (b) Cartoon of a liquid film caught in a rectangular frame. Considering a
rectangular section of this film (dashed area), it is subject to horizontal external forces
from two sources. The fluid to the right of this area exerts a force Fγ due to surface
tension of magnitude Fγ = γL (right pointing arrow). This force is balanced by an equal
and opposite force −Fγ from the left due to the adhesion to the frame.

and equating that to the work done during that change

δFint ≡ Υ δA. (2.4)

Therefore, we see that the surface tension is equal to the surface energy Υ = γ. This
equality may not always be valid, however (see section 2.1.1.2 below).

The surface energy is the reason why drops and bubbles take spherical shapes when im-
mersed in another fluid, since at fixed volume, the sphere has the smallest area compared
to other shapes, which minimizes the total interfacial energy Fint = γA. The surface
tension is then the manifestation, in the form of stress, of the tendency to minimize the
interfacial energy. This can be understood by making an analogy to how pressure is a
bulk stress, that acts in the direction normal to surfaces cutting through the bulk. The
surface tension is a form surface stress in the sense that it acts normal to lines on the
interface, but still tangent to the interface.1 Figure 2.1 (b) shows a flat liquid film in a
rigid frame. Considering the dashed region alone, the surface tension aims to reduce its
area, i.e. the dashed region is subjected to internal forces directed such that the area
shrinks. To maintain equilibrium, considering only the horizontal direction, these internal
forces are balanced by two external force: (1) a force Fγ exerted on the boundary to the

1This is not be confused with a two dimensional version of pressure. Pressure in a 2D system will act to
increase the size of the system in a completely similar fashion to its 3D equivalent. The surface tension
we are considering is defined for 2D interfaces in 3D systems, and always aims to reduce interfaces.
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2.1. Wetting fundamentals

Figure 2.2.: Three stages of a bubble bursting: before, immediately after, and some time
after puncture from a small black pellet. Black arrows indicate the position of a pellet
causing the burst. Under each stage is a cartoon illustrating the forces due to surface
tension in red arrows. Blue represents the soap film, the dashed line represents the shape
of the puncture, and the white area represents air. Bubble screenshots obtained from [45]

right by the rest of the fluid, and directed outwards from the dashed region, and (2) a
force −Fγ exerted on the other boundary in the opposite direction by the rigid frame.

The area reducing property of surface tension is well illustrated in the bursting of a soap
film, where the puncture results in an imbalance in the tension, causing the total area
of the film to decrease in the direction away from the puncture. Figure 2.2 (b) shows
three stages of a soap bubble burst: before, immediately after, and some time after a
puncture is made. Under each stage is a cartoon illustrating the forces due to surface
tension. Considering a closed contour on the interface, before the puncture the tension
takes the form of equal and opposite forces acting perpendicular to the contour at every
point. When the interface is punctured, the tension is unbalanced, and the force acting
on a length element dl on the line of the puncture is dFγ = γ dl leading to the growth of
the puncture and the decrease of the interfacial area of the film.

2.1.1.1. Laplace pressure

In the absence of surface tension, hydrostatic equilibrium dictates equality of pressure
throughout the system. However, in the presence of curved interfaces, this is no longer true.
If we consider two immiscible fluids as shown in Figure 2.3, the condition for equilibrium
is given by

P2 − P1 = γ (∇ · n) (2.5)

where P1 and P2 are the hydrostatic pressures in the the bulk of each fluid, γ is the surface
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2. Theoretical Background

Figure 2.3.: Sketch of an arbitrary interface between two fluids. P1 and P2 are the
hydrostatic pressures in the bulk of each fluid and n is a unit normal to the interface.

tension, and n is a unit vector that is normal to the interface, the divergence of which
∇ · n measures the local curvature of the interface. Eq. (2.5) is called the Young-Laplace
equation. The jump in pressure across the interface ∆P ≡ P2−P1 is known as the Laplace
pressure. The solution of Eq. (2.5) for constant γ and in the absence of other forces is
a surface of constant curvature. The Laplace pressure may affect the system in question
in several ways, such as modifying the wetting configuration (see section 2.1.5) or locally
compressing soft substrates. Derivations of Eq. (2.5) are presented in sections A.2 and
A.3 based on two different approaches. The derivation in section A.3 accounts also for the
case of inhomogeneous surface tension.

2.1.1.2. Shuttleworth effect

Comparing eqs. (2.3) and (2.4) above led to the result that the surface tension Υ is equal
to the surface energy γ. Exceptions to this arise when the surface energy depends on the
strain in a material. The result is known as the Shuttleworth effect [46] and in that case
the change in interfacial free energy is

δFint = δ (γA)

= γ δA+Aδγ

=

(
γ +A

dγ

dA

)
δA. (2.6)

We then see that the surface tension is not equivalent to the surface energy anymore.
Instead we have the Shuttleworth relation [46]
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2.1. Wetting fundamentals

Υ = γ +A
dγ

dA
. (2.7)

In our theoretical and computational work we either focus on systems where the surface
energy is independent of the strain, or we assume that the dependence is weak so that the
Shuttleworth effect can be neglected. We therefore use the symbol γ to refer to both the
surface energy and the the surface tension.

2.1.2. Equilibrium contact angle

Equipped with our knowledge about surface tension, let us begin with the most basic
wetting scenario: a simple liquid deposited on a rigid solid in an ambient gas or vapor
phase. From this very simple statement of the setting we infer the presence of three phases:
liquid (l), solid (s), and vapor (v); by extension we have three interfaces: liquid-vapor (lv),
solid-liquid (sl), and solid-vapor(sv) with surface tensions γlv, γsl, and γsv respectively.
The equilibrium configuration is eventually decided through a competition of the surface
tensions of all three interface. The typical setting is illustrated in 2.4 (a). As mentioned
above, the surface tension results in unbalanced forces at lines cutting through interfaces.
Here, the relevant line is the so-called three phase contact line (cl): the boundary of the
contact area between the drop and the solid, and the meeting point of the three phases
(red line in Figure 2.4 a). Assuming the solid is perfectly rigid, we only need to balance
forces in the horizontal direction. The force per unit length fcl acting on the three phase
contact line is (see Figure 2.4 b)

fcl = γsv − γsl − γlv cos θ. (2.8)

At equilibrium the local force should be zero at every point and we get

cos θY =
γsv − γsl

γlv
. (2.9)

Figure 2.4.: (a) Cartoon of a drop on a rigid surface. Shown in red is the three phase
contact line (b) Side view of the drop, showing the direction of the forces due to each
surface tension. θ is the contact angle which is dictated by the balance of forces.

Eq. (2.9) is know as the Young-Dupré equation [47, 48], and θY is known as the Young
contact angle. The contact angle is the most fundamental measure which characterizes
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the wetting state of a system. As can be seen from Eq. (2.9), not all combinations of
surface tensions will result in allowed values for cos θ. One limit is cos θ ≤ 1 leading to
γsv − γsl − γlv ≤ 0. When this is not satisfied the liquid will spread on the solid, wetting
it completely. We therefore can define a spreading parameter S as

S = γsv − γsl − γlv (2.10)

where if S ≥ 0 the liquid wets or spreads on the surface, and if S < 0 the liquid will dewet
from the surface and form puddles and drops.

2.1.3. Line tension

Line tension is a hypothesized tension of the three phase contact line, originally suggested
by Gibbs [49]. The relevance of line tension in real life applications is heavily debated in
literature, to the point where it is sometimes referred to as a myth [50], despite having
a basis in thermodynamics [51, §8.6]. In addition, measurements of line tension yield
different results regarding its effect: whether it promotes dewetting (positive line tension)
[52] or promotes spreading (negative line tension) [53]. The line tension is allowed to
have either sign since there is no thermodynamic ground for one sign or the other [54].
Measurements of the magnitude of line tension also vary majorly, with values between
10−11N [55] and 10−5N [56]. In the presence of line tension T , the contact angle θ
deviates from the Young contact angle θY from Eq. (2.9) and becomes (see section A.1
for a derivation)

cos θ = cos θY − T /γlv
rcl

(2.11)

where rcl is the radius of the contact line (see Figure 2.4 a). T /γlv sets a length scale
below which the effects of line tension become significant.

2.1.4. Contact angle hysteresis

So far we considered drops on idealized homogeneous surfaces where the contact angle
can take its equilibrium value. However, in reality surfaces are rough or chemically
heterogeneous, and the heterogeneity provides locations on the surface where the drop
will want to stick. Such locations are known as pinning sites and result in real contact
angles that deviate from the value predicted by the Young-Dupré equation. The extent
by which pinning affects the wetting of a solid can be investigated experimentally with
multiple methods. One such method is to inflate and deflate a drop that is sitting on a
solid, and measure the contact angle during that process, shown schematically in Figure
2.5 (a). During inflation, it is observed that the contact line will remain stationary, and
the contact angle increases until a particular angle is reached, then it starts moving. This
angle is called the advancing contact angle θadv. During deflation, the contact line also
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2.1. Wetting fundamentals

Figure 2.5.: (a) Cartoon of a drop being inflated (light blue), with the corresponding
advancing contact angle θadv shown on the right hand side, and deflated (dark blue) with
the corresponding receding contact angle θrec shown on the left hand side. (b) An example
of a result from an inflation deflation experiment on a sample of vitrinite. Over multiple
(clockwise) cycles the advancing contact angle averages at θadv = 88.5◦ and the receding
contact angle at θrec = 42.9◦. Reproduced with permission from [57]. (c) Illustration of
a drop under the effect of an external body force with magnitude equal to the maximum
adhesion force Fmax. Shown are the advancing and receding contact angles at the right
and the left hand ends of the drop respectively. (d) Top view illustration of a drop under
an external force F showing the deformation of the three phase contact line, along with
the unit vector normal to the contact line n, an infinitesimal length element dl, the unit
vector x̂, and the contact angles at the front and the back of the drop.

remains stationary and the contact angle decreases until a particular angle, the receding
contact angle θrec, is reached [58]. When a drop is deposited on a heterogeneous surface,
the contact angle will then take a value θ ∈ [θrec, θadv], and the hysteresis is quantified
through the difference between the two limits: θadv − θrec. The value of the contact angle
then depends on the manner by which the drop was deposited, and it can be said that
we have “contact angle hysteresis”. An example of a result from an inflation-deflation
experiment is shown in Figure 2.5 (b). The measurements of the contact angle at the
different stages of the experiment lie on a hysteresis curve, where we have two regions of
constant values which correspond to the advancing and receding contact angles.

Contact angle hysteresis is a symptom of the lateral adhesion forces that a drop
experiences on a heterogeneous substrate. If an external body force Fext is applied to a
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drop in the direction lateral to the surface, the drop will stay stationary until the force
exceeds the maximum adhesion force Fmax holding the drop in place. As the magnitude
of the external force increases, the drop will deform while remaining stationary and the
local contact angles around the contact line will change, until the angles at the front and
the back of the drop reach the limiting values θadv and θrec respectively (see Figure 2.5 c)
and the drop starts moving. For an external force of magnitude F the capillary adhesion
force Fa can be related to contact angles through [59]

Fa =

∮
dl γlv cos θl n · x̂ (2.12)

where the integral is carried out around the three phase contact line, n is a unit normal
vector to the contact line, x̂ is a unit vector pointing in the direction of the lateral force,
and θl is the local contact angle. The integral can be approximated as [59–61]

Fa = γlv wκ (cos θ1 − cos θ2) (2.13)

where w is the width of the drop, κ is a geometric factor that depends on the shape of the
contact line with κ = 1 if the contact line is rectangular, and θ1 and θ2 are the contact
angles at the back and the front of the drop respectively (see Figure 2.5 d). The maximum
value for the adhesion force Fmax is achieved for θ1 = θrec and θ2 = θadv, and it is at this
moment that the contact line depins and the drop starts moving.

2.1.5. Disjoining pressure

If a system is prepared by spreading a liquid thin film over a solid substrate, either the
film is stable, or it is unstable, breaks, and dewets from the surface. What controls this is
a physical quantity named disjoining pressure. Disjoining pressure is a pressure Π(h) that
appears between the two interfaces of a thin film, and depends on the distance h between
those interfaces (see Figure 2.6 a). It may results from multiple physical origins [62, 63],
such as dispersion (van der Waals) forces [64], electrostatic forces [65], or structural forces
[66, 67]. For dispersion interactions, the disjoining pressure takes the form [64]

Figure 2.6.: (a) Cartoon of a thin film of thickness h. The value of the disjoining pressure
depends on h and will control the stability of the film. (b) Cartoon of a configuration where
a thin film of constant thickness is unstable. The system settles in a configuration with a
drop forming a contact angle θ and a precursor film of thickness h∗, satisfying Π(h∗) = 0.

14



2.1. Wetting fundamentals

Figure 2.7.: Typical disjoining pressure curve for a nanodroplet with sketch of the result-
ing configuration. The thickness of the precursor film is at hads ̸= h∗ due to the effect of
the Laplace pressure. The contact angle is measured through the tangent at the inflection
point of the shape. Adapted with permission from [68], copyrighted by the American
Physical Society.

Πd(h) =
AH

6πh3
(2.14)

where AH is known as the Hamaker constant whose value depends on the optical properties
of the materials in the system. The contribution of electrostatic forces obtained from
DLVO theory takes the form [65]

Πe(h) = −Ae exp (−h/κ) (2.15)

where Ae depends on the dielectric properties of the liquid in the thin film and the surface
potentials at the two interfaces, and κ is the Debye length. Finally, the structural forces
originating for example from polar interactions [69, 70] are of the form [66, 67]

Πs(h) = As exp (−h/λ). (2.16)

The sign of As depends on whether the structural forces are hydrophobic or hydrophilic,
and λ is on the same order as the correlation length in the liquid.

The stability of a thin film depends on the total disjoining pressure Π(h). The contribution
from dispersion forces Eq. (2.14) is omnipresent and constitutes the main contribution to
long range forces; however, it diverges when the thickness of the film vanishes. This is
problematic when transitioning theoretically between macroscopic films and films of zero
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thickness. It is typical to use a combination of Eq. (2.14) and Eq. (2.15) [68] or Eq. (2.16)
[69, 70] which results in a disjoining pressure curve passing through 0 as shown in Figure
2.7. In such treatments only films of non-zero thickness can exist, and at a given uniform
thickness, the film may be unstable. When the film is unstable, the system will end up in
a configuration similar to that illustrated in Figure 2.6 (b). There, we have drop forming
a contact angle θ and coexisting with a film of thickness h∗ called the precursor film. The
contact angle can be obtained through the Frumkin-Derjaguin equation [62]

cos θ = 1 +
1

γlv

∫ ∞

h∗
Π(h′)dh′ (2.17)

where the thickness of the precursor film h∗ is the thickness corresponding to Π(h∗) = 0.
For very small nanodroplets, the Laplace pressure becomes significant and affects both the
contact angle and the thickness of the precursor film [68]. A typical disjoining pressure
curve with the resulting equilibrium configuration accounting for Laplace pressure is shown
in Figure 2.7. Here, the thickness hads of the precursor film deviates from the thickness
h∗ at which Π(h∗) = 0 due to the effect of the Laplace pressure. The contact angle in this
sketch is defined through the tangent at the inflection point of the shape of the drop.

The disjoining pressure, in addition, modifies the surface energy of a system. If we consider
a solid with no film (h → 0), the surface energy is γsv, while if the solid is covered with a
film of macroscopic thickness (h → ∞) the surface energy is the sum of the two available
interfaces γlv + γsl. As the film thickness h varies between macroscopic h → ∞ and
microscopic h → 0, the effective surface energy γeff (h) varies like [65]

γeff (h) = γsl + γlv +

∫ ∞

h
Π(h′)dh′ +Π(h)h. (2.18)

From Eq. (2.18), it is evident that the disjoining pressure is related to the spreading
parameter through

S = γsv − (γsl + γlv) =

∫ ∞

0
Π(h′)dh′ (2.19)

since we should recover γeff (0) = γsv. As mentioned above, the contribution of dispersion
forces from Eq. (2.14) is present in most real-life treatments of the disjoining pressure.
Therefore, the last term in Eq. (2.18) and the integral in Eq. (2.19) will diverge as the
disjoining pressure itself diverges strongly for h → 0. The divergence can be circumvented
by integrating from a cut-off thickness hc on the order of the range of hard-core repulsion
between molecules [71]; the cut-off thickness hc typically corresponds to the thickness of
the precursor film hc = h∗ with Π(h∗) = 0 [71]. In the case where the film dewets and a
drop is formed the divergence can also be resolved by accounting for the dependence of the
disjoining pressure on the gradients in thickness [72]. To the best of our knowledge, a full
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2.2. Static wetting on deformable surfaces

treatment of disjoining pressure without a divergence for a flat film is absent. A qualitative
description of the possible finite disjoining pressure curves and the corresponding wetting
configurations can be found in Ref. 50 §4.1.4.

2.2. Static wetting on deformable surfaces

In the previous section we focused on wetting phenomena on rigid surfaces, both ideal and
heterogeneous. In this section, we turn our attention to deformable surfaces. We start
with drops on pure liquid surfaces, and make our way to wetting phenomena on elastic
substrates.

2.2.1. Liquid lenses and the Neumann construction

Figure 2.8.: Cartoon of a drop on a liquid surface. The configuration is that of a liquid
lens, with three angle α, β, and θ at the three phase contact line. The angles are set
by the balance of the three surface tensions between the three phases. Also shown is the
corresponding Neumann triangle for this configuration.

When a drop is placed on the surface of an immiscible liquid on which it does not spread,
the equilibrium configuration is that of a liquid lens illustrated in Figure 2.8. At the
three phase contact line, the equilibrium is again dictated by the balance of forces. Now,
however, the balance in the vertical direction is not possible without deforming the surface.
We label the three fluid phases as α, β, and θ, which also corresponds to the angle in each
phase. The surface tensions are labeled γXY for the tension at the interface between
phases X and Y , with X, Y ∈ {α, β, θ}. The liquid surface is fully deformable and the
equilibrium configuration is that of a liquid lens. Balancing forces (per unit length) in
both the vertical and horizontal directions yields
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γαθ + γβθ cos θ + γαβ cosα = 0

γαθ cos θ + γβθ + γαβ cosβ = 0 (2.20)

γαθ cosα+ γβθ cosβ + γαβ = 0.

The configuration satisfying the equations above is known as a Neumann configuration.
Another way of identifying the angles in a Neumann configuration is through what is known
as a Neumann triangle. One can construct a triangle whose side lengths are proportional to
the surface tensions between the three phases as shown on the left side of Figure 2.8. The
angles in the triangle can be mapped to the contact angles in the wetting configuration.
We can see from this analogy that a Neumann configuration is only possible if the surface
tensions satisfy a triangle inequality

γXY + γY Z ≥ γXZ (2.21)

with X,Y, Z ∈ {α, β, θ}. The inequality needs to be satisfied for all permutations of α,
β, and θ. If the triangle inequality is broken, the equilibrium configuration is either one
where the deposited liquid spreads on the surface, is engulfed by it, or fully detaches from
it, depending on the spreading parameters.

In the case where a Neumann configuration is possible and in the absence of external
forces, a liquid lens forms and the shapes of the interfaces are dictated by the Young-
Laplace equation Eq. (2.5), with Eqs. (2.20) providing the boundary condition at the
contact line. This means that the equilibrium configuration is one where every interface
has a constant curvature, and the α − β interface remains flat all the way towards the
contact line [73].

2.2.2. Elastic solids and wetting ridges

So far, we addressed the question of static wetting on either rigid surfaces or on liquids.
Elastic solids fall somewhere in between the two extremes. When subjected to external
forces or stresses, elastic solids, without flowing, react with a non-zero yet finite deforma-
tion. In reality, rigid solids are also elastic; however, the resulting deformation is so small
that it can be neglected, and in the case of idealized solids it is assumed that there is no
deformation.

The reaction of solids to different stresses is captured through constitutive relations. Con-
stitutive relations relate the stress to the resulting deformation as quantified by the strain.
In the linear deformation regime and for an isotropic body2 the relation is [74, key]

2For non-isotropic bodies the moduli will depend on the direction of the strain, not only on whether it is
a bulk or shear strain
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Figure 2.9.: The deformation of an elastic solid resulting from the application of a surface
tension-like force at the origin x = 0. The force is proportional to the liquid surface
tension γlv, the contact angle is assumed to be θeq = 90◦, and the solid’s shear modulus is
G, resulting in an elastocapillary length lec ≡ γlv/G. a is a molecular length scale.

σij = Kukkδij + 2G

(
uij −

1

3
ukkδij

)
(2.22)

where K and G are the bulk modulus and shear modulus respectively, σij is the stress
tensor, and uij is the strain tensor (see Ref. 74 for definitions). The Einstein summa-
tion convention is applied in Eq. (2.22).3 The diagonal elements of each tensor corre-
spond to compressive stresses/strains, while the off diagonal elements correspond to shear
stresses/strains.

When a drop is deposited on a solid, it exerts a stress on the surface of the substrate
localized at the three phase contact line. For an equilibrium contact angle θeq from the
horizontal, and a liquid vapor surface tension γlv the vertical force per unit length fγ
exerted on the solid at the three phase contact line is

fγ = γlv sin θeq. (2.23)

This force is equilibrated by the elastic force from the solid, resulting in its deformation.
The extent of the deformation depends on the surface tension of the liquid, as well as the
elastic properties of the solid. Considering the force to be concentrated on a point or a
line, the deformation of the solid can be obtained as [74, 75]

ui(x) =
γlv
G

gi(x|θeq) (2.24)

where i ∈ {x, y, z}, and gi is a function of position x that, given the contact angle θeq, sets
the shape of the deformation in direction i. It is clear that the size of the deformation is set

3In the Einstein summation convention repeated indices are summed over: ukk ≡
∑

k ukk
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Figure 2.10.: Illustration of an elastic solid deformed by a drop.

by the length scale lec ≡ γlv/G, known as the elastocapillary length. The functions gi are
singular as one approaches the point where the force is applied, resulting in non-physical
deformations.4 If r is the distance from the point or line of force, the divergence is at least
as strong as r−3 for a point force [74] and is logarithmic (∼ ln r) for a line force [75]. In
practice, the force is not applied to a mathematical point or line, but to a finite region
that can be characterized by a molecular length scale a. Accounting for this molecular
length scale both softens the singularity [76] and defines the regimes for the deformation of
the solid. For lec ≪ a the solid is too rigid or the tension too small, and the deformation
is negligible. For lec ≫ a the deformation is significant and a noticeable wetting ridge
appears. Figure 2.9 shows the deformation of an elastic solid for a surface tension-like
force applied at a point at the origin, with a contact angle θeq = 90◦, as calculated from
the solution in §8 of Ref. 74. To avoid the singularity, the deformation is plotted for a
layer originally a distance a below the surface of the solid, and it is shown for different
values of the elastocapillary length lec.

A natural question that arises in the case of a liquid drop on an elastic solid is whether
the Neumann balance (Eqs. 2.20) still applies at the contact line. Consider an elastic
solid with a drop deposited on its surface. For simplicity we take a 2-dimensional slice of
the solid along the x-z plane (see Figure 2.10). The positions of points on the surface can
be traced with the parameterization (x(s), z(s)) where s is a curvilinear coordinate. The
position of the contact line is at s = scl. The tangent to the solid surface is ts and the
tangent to the drop at the contact line is tlv. The surface stresses due to surface tension
are directed along the aforementioned tangents. The normal to the solid is labeled ns. It
can be shown that at the surface of the solid, the local stress balance takes the form [77]

4This appears in the linear elasticity treatment. Accounting for non-linear terms may remove the singu-
larity
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σijns,j =
∂

∂s
[γsts,i] + γlvt{lv},iδ(s− scl) (2.25)

where the left-hand side represents the contribution of bulk stresses to the surface, the
first term on the right-hand side is a Laplace-pressure term, and the second term on the
right-hand side is the stress caused by the drop, localized at the contact line through the
Dirac delta function δ(s− scl). Eq. (2.25) can be integrated over a small distance around
the contact line (cl) s ∈ [s−cl, s

+
cl]

∫ s+cl

s−cl

ds [σijns,j ] =

∫ s+cl

s−cl

ds

[
∂

∂s
[γsts,i] + γlvt{lv},iδ(s− scl)

]
= γsts,i

∣∣
s=s+cl

− γsts,i
∣∣
s=s−cl

+ γlvt{lv},i

= γsvt{sv},i + γslt{sl},i + γlvt{lv},i (2.26)

where tsl and tsv are tangent to the solid surface at the contact line, directed towards the
solid-liquid and the solid-vapor interfaces respectively. The right-hand side of Eq. (2.26) is
the net force due to interfacial tensions at the three phase contact line. It is clear then that
the Neumann balance is recovered if the left-hand side vanishes when we take the limit
|s−cl − s+cl| → 0. It can be shown that if the elastic solid at the contact line forms a sharp
corner, σijns,j is only logarithmically singular [73] and the integral vanishes, recovering
the Neumann balance of forces from Eq. (2.20).

2.2.2.1. Polymer gels as elastic coatings

Polymer gels are one type of material that exhibit elasticity. Polymer gels typically consist
of polymer chains that are crosslinked, forming a network. When crosslinked and so that
percolated gel forms, a flexible polymer like PDMS that is liquid at room temperature,
will behave like a solid [78]. The elastic properties of the resulting solid can be controlled
by varying the density of crosslinks, the length of the intermediate chains, the degree of
swelling, as well as other means [79].

Though the elastic response of gels can take complicated forms, for wetting problems the
deformations are small and the linear elasticity regime is valid. Then the energy of the
gel is a quadratic function of the strain. The interest in PDMS gels for the context of
wetting is typically as coatings on other materials [80]. When applied as a coating, the
resulting layer is quite thin (µm−mm), such that one can assume uniform vertical strain.
In such situations one can write the local elastic energy density fel of the gel as a quadratic
function of its thickness H (see Chapter 5 below)

fel =
1

2
K

(
H

H0

)2

(2.27)

where H0 is the reference thickness and K the bulk modulus.
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2.2.2.2. Polymer brushes as elastic coatings

As mentioned in the introduction, another possible coating, and the main focus of this
thesis, is polymer brushes. Polymer brushes consist of polymer chains that are grafted
by one end to a substrate. As such, polymer brushes that are synthesized from flexible
polymers retain their flexibility and in certain regards behave like a liquid. Following
similar arguments as with polymer gels, one can write the elastic energy density of a
polymer brush as a function of its thickness. For a brush in good solvent one can specialize
to what is known as the Alexander-de Gennes brush [81, 82], where all the chains are
assumed to extend to the same height H. The elastic energy per brush chain fel,brush is
in this case

fel,brush =
3

2
kBT

(
H

R0

)2

(2.28)

where kB is the Boltzmann constant, T is the temperature, and R0 =
√
Nb2 is the size

of an ideal chain with N monomers of size b. This energy is nothing but the cost of
stretching an ideal chain to an end-to-end distance H, which is a valid assumption since
in the brush regime the chains are in a semi-dilute solution [81]. Even when the brush is
in poor solvent, one can assume a quadratic dependence of fel,brush on the thickness H,
albeit with a different elastic constant than the one in Eq. (2.28) (see Chapter 4 below).
If the brush occupies an area A at a grafting density σ, the total elastic energy within the
brush is

Fel,brush = σAfel,brush. (2.29)

2.3. Static wetting on lubricated surfaces

While our descriptions above focused on substrates with only one type of material, it is
possible to combine a solid or a polymer brush with a compatible liquid to create a hybrid
surface with desirable properties. What is typically sought after is a surface with reduced
friction, namely a lubricated surface. The equilibrium shape of drops on lubricated surfaces
is dictated through the interplay of interactions between the drop, the lubricant, and the
underlying substrate, be it a patterned surface, gel, or polymer brush. The lubricant
typically is an oil with surface tension γo at the oil-vapor interface, and in the case of a
gel or polymer brush, the oil is absorbed by the coating and swells it. An advantage of
lubricated surfaces is that they reduce contact angle hysteresis (see section 2.1.4) [27] and
dynamic friction forces experienced by moving drops [83].
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Figure 2.11.: Comparison of different PDMS surfaces. Designed by Lukas Hauer, adapted
from [80] under CC BY 3.0.

2.3.1. Liquid wetting ridges

On LIS the lubricant layer is typically not thick enough for the drop to sink into it.
Instead, the drop exercises the same kind of stress as described in section 2.2.2, leading
to the formation of a purely liquid wetting ridge [83–85]. The contact angle at the three
phase contact line is still expected to obey the Neumann configuration, except in the cases
where the lubricant spreads on the drop, in which case the result is the cloaking of the
drop.

2.3.2. Cloaking

In Eq. (2.10) we introduced the spreading parameter S for a liquid on a solid. One can
introduce a similar parameter, So/w for the spreading of oil on the liquid drop, which we
will assume to be a water drop (w)

So/w = γw − γow − γo. (2.30)

where γw is the water-vapor surface tension, γo is the oil-vapor surface tension, and γow is
the oil-liquid surface tension. If the spreading parameter So/w is positive, that means the
oil likes to spread on the liquid of the drop. When dealing with an LIS this will always
lead to the formation of an oil cloak on the surface of the drop [80]. For gels and polymer
brushes with a positive So/w, the condition for cloak formation depends on the fraction
of oil in the substrate and is the subject of study in Chapter 4. Such a cloaking layer
can play a role in the durability of lubricated surfaces by contributing to the depletion of
lubricant. In addition, the cloak might affects the static wetting properties as it changes
the effective interfacial tension of the drop (see Eq. 2.18).
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Cloaking on swollen gels and polymer brushes leads to the formation of a phase separated
wetting ridge. The ridge consists then of a pure liquid part that coexists with the swollen
gel/polymer brush. The size of the liquid phase in the ridge is another important factor
when it comes to lubricant depletion, and the growth and size of this phase is the subject
of Chapter 5.

Figure 2.11 summarizes the main differences between PDMS surface types as described so
far.

2.4. Dynamics of moving drops

Wetting is not only relevant in the static situations. Often, in nature and applications,
situations arise where the liquids are moving, such as in dip coating [86, 87], spin coating
[88, 89], dewetting of films [90, 91], spreading of drops [92, 93] , and our particular topic of
moving drops [94, 95]. One of the most relevant questions regarding moving drops is about
the sources of dissipation and their contributions to the total friction experienced by a
drop. Below we will present different predictions for the power dissipated as drops move.
The dissipated power Pdiss is presented as a function of velocity, either of the contact line
vcl or of the center of mass of the drop vcm, as both are experimentally accessible.5 We
will attempt to give power law relations

Pdiss ∝ vβ (2.31)

although as we will see below, this will not always be valid. We will replace the proportion-
ality symbol ∝ with a similarity symbol ∼ when the relation is only valid asymptotically
for large velocities. When possible, we aim to determine the exponent in Eq. (2.31) based
on physical considerations.6 The concepts discussed in this section will be most relevant
for the interpretation of some results presented in Chapter 6.

2.4.1. Contact Line Dissipation

The majority of wetting dynamics will involve a moving three phase contact line. The topic
has been studied extensively in the literature, and here we present the two dominant views
for the dissipation at the contact line, and their contribution to friction. It is customary
to quantify the forces acting on the three phase contact line through a dynamic contact
angle θD which deviates from the equilibrium contact angle θE [100–102].7 The motivation

5In most situations vcl = vcm as the drop moves with constant shape. However, there are situations when
this is not true, see for example stick-slip motion [96–99].

6In some of the cited references such relations are not given explicitly, but can be inferred for example
from velocity versus force relations, or the dependence of dynamic contact angles on velocity.

7Some theories allow, during motion, for the coexistence of the “macroscopic” dynamic contact angle
with a different “microscopic” contact angle by including a precursor film. It is common to assign the
microscopic contact angle the same value as the equilibrium contact angle. See [101, 103] and section
2.4.1.1.
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2.4. Dynamics of moving drops

Figure 2.12.: Cartoons illustrating the two prevalent views for contact line dissipation.
The contact line moves at a velocity vcl and the macroscopic dynamic contact angle is
θD. (a) Wedge dissipation where the source of dissipation is the viscous dissipation from
the hydrodynamic flow in the contact line region. The inset is a close up of the contact
line showing the microscopic contact angle θm (b) Molecular Kinetic Theory (MKT) view
where the dissipation originates from the transition rates of molecules between the solid-
liquid and solid-vapor interfaces, which occurs over a length scale λ.

behind this finds its origins in spreading dynamics, where the contact line is subject to a
spreading force (per unit length) [100, 101, 104, 105]

fs = γ (cos θE − cos θD) (2.32)

where γ is the surface tension of the spreading liquid. If the contact line is moving at
constant velocity and in the absence of other interactions, the friction force fd acting on the
contact line is then exactly equal to the spreading force [101]. Though the relation between
fd and θD originates in spreading dynamics, a similar relation applies to rolling drops
[106]. Hence, one can quantify contact line dissipation by measuring the experimentally
accessible dynamic contact angle. From that, one can then calculate the power dissipated
in the motion of the contact line (cl) as

P cl
diss = fd · vcl (2.33)

where vcl is the contact line velocity. For brevity, in what follows we will refer to the
results directly in terms of the power dissipated P cl

diss not the dynamic contact angles.
We give brief descriptions of the predicted relation between dissipation and contact line
velocity in the following sections.

There are two prevalent views on the origin of contact line dissipation. The first is a
hydrodynamic view which regards viscous dissipation as the dominant source. The viscous
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dissipation takes place in a “wedge” adjacent to the actual contact line, this view is
therefore referred to as wedge dissipation [101]. The other view ascribes the dissipation
to dynamical processes and exchange rates related to the exchange of particles between
phases as the contact line moves, and has been labeled Molecular Kinetic Theory (MKT)
[105]. The two views are illustrated in Figure 2.12. Each of the two views was applied
with varying success to explain various experimental results [105, 107]. There are other
sources of dissipation that can be attributed to the motion of the three phase contact line
such as viscous and viscoelastic dissipation in wetting ridges. However, we reserve the
discussion of dissipation in wetting ridges for sections 2.4.4 and 2.4.5.

2.4.1.1. Wedge dissipation

For early researchers considering the hydrodynamic view, moving contact lines presented
a paradox. The problem was to make sense of moving contact lines while maintaining
the hydrodynamic no-slip boundary condition8 at the solid-liquid interface [106]. Indeed,
under simple considerations and maintaining the no-slip condition, the dissipative forces
diverge logarithmically at the contact line [106, key]. As mentioned above, a lot of interest
in contact line dissipation stems from the study of spreading liquids. During spreading,
the dynamic contact angles are typically small. This leads to small variations in the height
as one moves away from the contact line into the spreading liquid. Under such conditions,
the power dissipated in the wedge can be approximated by [101, 108]

P cl
diss =

η

θD
v2cl ln

(
Lmax

Lmin

)
(2.34)

where η is the viscosity of the liquid, θD is the dynamic contact angle, vcl is the contact
line velocity, and Lmax and Lmin are upper and lower cut-off lengths respectively. Lmax

can be taken to be related to the size of the drop. The divergence originates from taking
the limit Lmin → 0. This can be circumvented by taking a finite non-zero value for Lmin,
dictated by for example a molecular slip length [101] or accounting for a precursor film
of characteristic size Lmin [109]. Another way to deal with the singularity is to solve
the hydrodynamic problem allowing for slip from the start [110–112]. Allowing for slip,
however, results in a flow profile where the contact line region is always composed of the
same ‘material’ that is slipping on the solid. In addition, the dependence of the contact
angle on velocity could not be recovered from such models, making them unattractive,
although more recently progress was made to resolve this issue [112].

Assuming that the dynamic contact angle θD does not depend on the contact line velocity,
Eq. (2.34) predicts

P cl
diss ∝ v2cl (θD = cst). (2.35)

8The no-slip boundary condition states that the velocity of the fluid and the solid at the interface are
equal, so that the liquid does not slip on the solid.
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2.4. Dynamics of moving drops

Although Eq. (2.34) was derived under small angle considerations, the quadratic depen-
dence of the power dissipated on velocity relation should still be valid for an arbitrary
fixed angle θD < π

2 [106]. However, following the Cox-Voinov theory [103, 109, key], the
dynamic contact angle is expected to vary with velocity as

θD ∼ v
1/3
cl (2.36)

which agrees well with experimental results [105, 113].Considering Eqs. (2.36) and (2.34),
the relation for small dynamic contact angles is

P cl
diss ∼ v

5/3
cl (θD ∼ v

1/3
cl ). (2.37)

For large dynamic contact angles, the power law dependence will be completely lost, al-

though the Cox-Voinov relation θD ∼ v
1/3
cl remains valid for θD ≤ 3π/2 [103]. One,

therefore, needs to exercise caution when attempting to make predictions for the dissipa-
tion based on hydrodynamic considerations. For the types of systems we are interested
in, namely drops rolling on surfaces with Young contact angles θY > 90, the small angle
approximation is not valid. The relation is then not necessarily expected to follow a simple
power law.

In the theories mentioned above, the introduction of the the small length scale Lmin

implies the existence of a “microscopic” contact angle θm that appears at those scales
(see Figure 2.12). In some approaches the value of this angle is taken to be independent
of velocity [103]. A more involved theory is by Shikhmurzaev [102, key]. There, the
microscopic contact angle θm is allowed to vary through the implementation of interfacial
thermodynamic considerations near the contact line. These considerations, in addition,
eliminate the contact line singularity by effectively resulting in an apparent slip only in
the contact line region, while away from the contact line the no-slip condition still applies.
An (implicit) expression for the friction force is given, which takes a complicated form of
the velocity, and does not resemble a power law.

2.4.1.2. Molecular kinetic theory (MKT)

The main idea in MKT is to view the phenomenon of moving contact lines as a molecular
kinetic process, governed by transition rates that depend on energy barriers [100, key]. The
transitions will correspond to displacements of gas molecules by liquid ones (spreading) or
vice versa (dewetting). At equilibrium, the transition rates in either direction are equal,
the contact line is stationary, and molecules transition back and forth at a characteristic
rate κ0. In out of equilibrium situations, the motion of the contact line is considered to
be driven by an imbalance of interfacial forces, and subject to the force per unit length
in Eq. (2.32). This force modifies the energy barriers, lowering one and raising the other.
This in turn leads to an imbalance in the transition rates and then directional motion of
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the contact line. the velocity of the contact line v can be related to the driving force per
unit length fs as [100, 105, 114]

vcl = 2κ0λ sinh

(
λ2

2kBT
fs

)
(2.38)

where λ is a characteristic length for molecular motion in the vicinity of the contact line (see
Figure 2.12). For a system at room temperature, λ ≈ 10−10m, kBT ≈ 10−21Kgm2 s−2,
and assuming the liquid is water with a surface tension γ ≈ 72 × 10−3Kg s−2 the force
is fs ≈ 10−3. This makes the argument of sinh in Eq. (2.38) very small, warranting the
approximation

vcl ≈
κ0λ

3

kBT
fs

(
λ2

2kBT
fs ≪ 1

)
. (2.39)

Eq. (2.39) takes the form of a drift velocity resulting from a force fs and mobility µ = κ0λ3

kBT .
The friction force is, therefore, proportional to the contact line velocity, and the resulting
dissipation from MKT is

P cl
diss ∝ v2cl (2.40)

2.4.2. Viscous dissipation in the bulk of the drop

For a viscous fluid with viscosity η, the energy dissipated in a volume dV due to shear
dissipation is [116]

dPdiss = −1

2
η
∑
i,k

(
∂vi
∂xk

+
∂vk
∂xi

)2

dV (2.41)

where v(x) is the velocity field in the fluid and i, k ∈ {x, y, z}. In particular situations it
is safe to assume a constant shear rate within the drop as illustrated in Figure 2.13 (a).
In this case, the power dissipated due to shear is found to be quadratic in the velocity vcm
of the center of mass

P dr
diss ∝ v2cm. (2.42)

The assumption of constant shear rate is valid for drops at low velocities and in situations
where one dimension is significantly smaller that the others [117]. However, for drops
at larger velocities it may no longer be valid. Experiments of drops rolling on inclined
surfaces [115] as well as numerical simulations [118, 119] show complex flow patterns that
may invalidate the assumption of constant shear (See Figure 2.13 b). Despite this, it is
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2.4. Dynamics of moving drops

Figure 2.13.: (a) Cartoon illustrating a possible velocity profile for a drop with center-
of-mass velocity vcm. The profile can be divided into two components, a slip component
and a shear component. The earlier contributes to dissipation through friction with the
substrate, while the latter contributes through viscous dissipation. Inset shows a close
up near the advancing contact line where the motion of the wetting ridge is shown. (b)
Experimental picture showing a top view of a drop moving down an incline. The darker
spots indicate the presence of dye which shows clear vortex formation, indicative of rolling
motion. Reproduced with permission from [115].

found experimentally that when the dissipation in the drop dominates, the scaling in Eq.
(2.42) is preserved [84, 85] (see section 2.4.4 below).

2.4.3. Dissipation due to slip at the interface

As mentioned above, it is customary when dealing with fluids to consider a no-slip bound-
ary condition at solid-liquid interfaces (see footnote 8 on page 26). Although wildly suc-
cessful, the no-slip boundary condition both leads to paradoxes in certain situations (see
section 2.4.1.1) and is not always satisfied [117] (see Figure 2.13 a).

We consider a two-dimensional system consisting of a fluid in contact with a flat rigid
solid and assign to it an orthogonal x-z coordinate system.9 We define the z-direction to
be normal to the interface, and place the solid interface at the z = 0 plane. The simplest
way to account for slip at the interface, sometimes called Navier slip, is [120, 121]

∂vx
∂z

∣∣∣∣
z=0

=
1

δslip
vx|z=0 (2.43)

where δslip is called the slip length and vx is the fluid velocity in the x-direction. δslip = 0

9The results can be easily generalized to three dimensions by treating the y-direction in a similar fashion
to how the x-direction is treated here.
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corresponds to no slip, while δslip → ∞ corresponds to perfect slip. Now considering
the rigid solid as stationary, we can use hydrodynamic considerations and linear-response
theory to obtain the friction force dFslip acting on an area dA at the interface [122]

dFslip =
η

δslip
vslip dA (2.44)

where η is the viscosity of the fluid and vslip ≡ vx|z=0 is the slip velocity. Assuming
the contact area between the drop and substrate does not depend on velocity, the power
dissipated due to slip is [117]

P slip
diss ∝ v2slip. (2.45)

Comparing Eqs. (2.41) and (2.44) for the case of a finite drop, we see that the shear
dissipation scales with the volume of the drop while the dissipation due to slip scales with
the contact area. Therefore, as was pointed out by Servantie and Müller [117], when the
slip velocity is proportional to the drop velocity, the contribution from slip will dominate
for small drops, while the shear dissipation will dominate for large ones.

2.4.4. Viscous dissipation in liquid wetting ridges

Moving away from single component substrates, we consider lubricated surfaces. As men-
tioned above, drops deposited on lubricated substrates such as LIS are typically surrounded
by a liquid wetting ridge. As the drop moves on the surface, the wetting ridge moves with
the drop (see inset in Figure 2.13 a). This induces flow in the lubricant layer and ridge,
which adds to the dissipation.

In typical situations, whether the dissipation in the liquid ridge is relevant depends on
the ratio of viscosity between the drop and the lubricant. It was shown in experiment
that for drops that are much more viscous than the lubricant, the dissipation in the drop
dominates and the dissipated power follows [85]

Pdiss ∼ v2cm (drop dominance). (2.46)

However, if the lubricant is much more viscous than the drop, then the dissipation in
the ridge dominates. To the best of our knowledge, there is no detailed model for the
flow within liquid ridges. However, estimates can be made which fit experimental results
reasonably well [83–85, 123]. As pointed out by Keiser et al. [85], the ridge at the
advancing front can be regarded as a liquid spreading on the same liquid, and although
a contact angle cannot be uniquely defined, the Cox-Voinov relation should be valid for
a particular choice of the dynamic contact angle. The estimate is then based on similar
arguments to those presented in section 2.4.1.1, and the dissipated power is expected to
vary in a similar fashion to Eq. (2.34). At the receding end, the ridge is analogous to
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2.4. Dynamics of moving drops

a Landau-Levich-Derjaguin film pulled by the drop [124, 125, key] [126]. The height hr
and width lr of the ridge are then related to the velocity through Landau-Levich scaling

hr ∝ v
2/3
cl and lr ∝ v

1/3
cl . Assuming constant shear rate in the small ridge, the the friction

force per unit length in the receding ridge is then estimated to be ∼ v
2/3
cl . At both the

advancing front and the receding end we end up with the same dependence on velocity,
and we have

Pdiss ∼ v
5/3
cl (ridge dominance) (2.47)

which was observed in both experiments [83, 84] and simulations [127] for drops on LIS.
Simulations in addition reveal an equal contribution from both the advancing and receding
sides. A transition from the above scaling was observed in experiments for drops traveling
at faster velocities [85, 128].

2.4.5. Viscoelastic dissipation

For certain materials, the response to an applied stress or strain depends on the manner in
which they are applied. A classic example is a mixture of starch and water. If the mixture
is perturbed slowly it flows like a liquid, but under rapidly applied stresses it behaves as a
solid. Such materials that under external perturbation respond partly as an elastic solid
and partly as a viscous fluid are called viscoelastic materials [129, key, experimental][130,
key, theoretical]. The materials we are interested in such as the PDMS gels and high
viscosity silicone oils also exhibit viscoelastic behavior, and may contribute significantly
to the dissipation.

2.4.5.1. Introduction to linear viscoelasticity

Viscoelastic materials are characterized by their response to varying types of stresses or
strains. Similarly to the case of a purely elastic solid (see section 2.2.2), the relation
between stress and strain in a viscoelastic material is captured through constitutive re-
lations. However, differently from the case of purely elastic solids, the bulk and shear
moduli for viscoelastic materials depend on the rate at which the strain is applied, and
are therefore dependent on the history of the system. For small deformations, known as
the linear viscoelasticity regime, a reasonable approach is to view the net strain at time t
as the sum of a sequence of infinitesimal strains

uij(t) =

∫ t

−∞
duij(t

′) =

∫ t

−∞

∂uij(t
′)

∂t′
dt′. (2.48)

The stress at time t can then be regarded as originating from the added effect of the
infinitesimal strains, weighted based on how long in the past each strain is applied. Under
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this assumption, a relation analogous to eq. (2.22) for isotropic materials can be obtained
[129–131]10

σij(t) =

∫ t

−∞
dt′
{
K(t− t′)u̇kk(t

′)δij + 2G(t− t′)

[
u̇ij(t

′)− 1

3
u̇kk(t

′)δij

]}
(2.49)

where a dot signifies a time derivative, u̇ij(t) are strain rates, and again we use the Einstein
summation convention (see footnote 3 on page 19). K(t) and G(t) are known as the stress
relaxation moduli for bulk and shear respectively; when determined K(t) and G(t) fully
capture the viscoelastic properties of a material. As linear response functions, causality
imposes that K(t) = 0 and G(t) = 0 for t < 0 [132]. Since most materials we are interested
in are incompressible, the trace of the strain tensor vanishes ukk = 0, and the viscoelastic
properties are fully captured through the shear relaxation modulus G(t). For the rest of
the discussion we will focus on the incompressible material constitutive relation, along
with its Fourier transform11

σij(t) = 2

∫ t

−∞
dt′G(t− t′) u̇ij(t

′) (2.50)

σij(ω) = 2i ω G(ω)uij(ω) (Fourier transform) (2.51)

where ω is a frequency, and to obtain the second relation the upper limit of integration
in Eq. (2.50) was extended to ∞ and the convolution theorem was applied. The Fourier
transform G(ω) of G(t) is a complex function of frequency, and it is used to define the
function G∗(ω)

G∗(ω) ≡ i ω G(ω) = G′(ω) + iG′′(ω). (2.52)

G∗(ω) is called the complex shear modulus, while G′(ω) and G′′(ω) are named the storage
modulus and loss modulus respectively. As a corollary of the causality condition stated
above G∗(ω) obeys the Kramers-Kronig relations, which means that G′(ω) and G′′(ω) form
a Hilbert transform pair (see section 8.3.1 in Ref. 130). For a viscoelastic material that is
periodically deformed at a frequency ω, the energy stored as elastic energy is proportional
to G′(ω), while the dissipated energy is proportional to G′′(ω) [130]. Typically, when
G′(ω) < G′′(ω) the material behaves more like a liquid referred to as a viscoelastic liquid,
while if the opposite is true it behaves more like a solid referred to as a viscoelastic solid.

10In some references the strain tensor is defined as larger by a factor of 2 than the convention we are
following. This leads Eq. (2.49) to be defined with a factor of 1

2
as in Ref. 129 for example.

11We will keep track of the Fourier transforms of functions f(t) by explicitly showing that they are functions
of the frequency f(ω)
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2.4.5.2. Viscoelastic braking

Experiments on the rheology of PDMS gels [98, 133, 134] reveal that the loss modulus
G′′(ω) obeys a power law for a wide range of frequencies ω

G′′(ω) ∼ ωn (2.53)

where n is an exponent that depends on the viscoelastic properties of the material, but is
found to take values between 1/2 and 2/3 [135]. In fact, the power law is expected to be
exact and valid at all frequencies for gels at the gel point [133–136].

For drops moving on a viscoelastic solid such as a PDMS gel, the solid will be pulled up at
the three phase contact line as described in section 2.2.2. In dynamic situations, however,
the ridge will be carried by the contact line, deforming material ahead of it, and allowing
material behind to relax (see inset in Figure 2.13 a). This time dependent deformation
leads to energy losses through the dissipative channels of the material. This ultimately
slows the motion of the drop, a phenomenon known as viscoelastic braking. The total
power injected into the material in a volume dV is [130, ch. 9]

dP = σij u̇ijdV. (2.54)

The total power injected has contributions from both elasticity and dissipation, propor-
tional to G′(ω) and G′′(ω) respectively. Therefore, we can write for the dissipated power

dPdiss ∼ G′′(ωr) u̇ijdV (2.55)

where ωr is the typical excitation frequency of the ridge as the contact line moves. If the
ridge has a characteristic length l and is moving with velocity v, the excitation frequency
ωr can be estimated as

ωr ≈
v

l
(2.56)

while strain rate can be approximated as

u̇ij ∼ ωr. (2.57)

Using these approximations in Eq. (2.55) and using Eq. (2.53) we get

Pdiss ∼ ωn+1
r ∼ vn+1. (2.58)
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2.4.6. Summary of dynamics

As drops move over surfaces, their dynamics can be affected by a multitude of dissipative
forces. Since the velocity of the drop is a quantity that is relatively easily obtainable
in experiments, it is valuable to find relations between the dissipated power and velocity.
Such relations can offer insights into the dominant sources of friction, and guide the design
of surfaces with desirable properties.

Going over the prevalent theories for dissipation, we attempted to write the relation be-
tween the power dissipated Pdiss and the velocity v

Pdiss ∼ vβ. (2.59)

Depending on the situation, v is either the velocity of the contact line or of the center
of mass of the drop. We list here the different theoretical considerations along with the
prediction for the exponent β:

• Hydrodynamic wedge dissipation with constant dynamic contact angle θD < π
2 [106]

(see section 2.4.1.1 Eq. 2.35):

β = 2

• Hydrodynamic wedge dissipation with variable and small dynamic contact angle
θD ∝ v1/3 [103, 109] (see section 2.4.1.1 Eq. 2.37):

β = 5/3

• Hydrodynamic wedge dissipation with variable and large dynamic contact angle
[103, 109] (see section 2.4.1.1):

no power law

• Hydrodynamic wedge dissipation with variable dynamic and microscopic contact
angles [102] (see section 2.4.1.1):

no power law

• Molecular Kinetic Theory (MKT) [100] (see section 2.4.1.2 Eq. 2.40):

β = 2

• Bulk viscosity in the drop with constant shear [117] (see section 2.4.2 Eq. 2.42):

β = 2
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• Dissipation due to slip at the contact area [117] (see section 2.4.3 Eq. 2.45):

β = 2

• Dissipation in liquid wetting ridges [85] (see section 2.4.4 Eq. 2.47):

β = 5/3

• Viscoelastic braking on a medium with G′′(w) ∼ wn (see section 2.4.5.2 Eq. 2.58):

β = n.

As the list shows, caution is required when making conclusions on the sources of dissipation
in dynamic wetting. A power law is not always present, and when it is, multiple sources
could result with the same exponent, making it difficult to single out the dominant source
of dissipation.

2.5. Polymer physics

2.5.1. Polymer science basics

Polymers are (macro)molecules composed of multiple sub-units covalently attached to each
other, with the sub-units referred to as monomers. Based on composition we can differ-
entiate between homopolymers where the sub-units are all the same, and heteropolymers
where at least one sub-unit differs from the rest. Our material of interest PDMS where
the monomer is dimethylsiloxane with the chemical formula Si(CH3)2O is an example of a
homopolymer, while proteins for example are heteropolymers. The number of monomers
in a polymer is called the degree of polymerization N . In our work we are mainly inter-
ested in linear homopolymers and will focus on their properties. For an overview of the
classes of polymers see Ref. 137 Ch. 1.

At the theoretical level, it is common to treat polymers as chains of connected units, and to
deal with the chemical details of the underlying polymers implicitly. The state of a linear
polymer chain can be quantified through its size. A measure of the size of a polymer chain
is the mean end-to-end distance Ree defined as

〈
R2

ee

〉
=

N−1∑
i=1

〈
(ri+1 − ri)

2
〉

(2.60)

where ri is the coordinate of the i-th monomer, N is the degree of polymerization and
the angle brackets denote an average over the conformations of the chain at thermal
equilibrium. Another quantity that quantifies the size of a chain is the gyration radius Rg

defined as

35



2. Theoretical Background

〈
R2

g

〉
=

1

N

N∑
i=1

〈
(ri − rcm)2

〉
(2.61)

where rcm is the position of the center of mass of the chain. The radius of gyration is
sometimes a more suitable measure of the size of a polymer, in particular when the polymer
is not linear. The size of a polymer chain is dictated by the interaction between the
monomers themselves and between the monomers and the surrounding medium which is
named the solvent. One can distinguish many types of interactions, of which we summarize
a select few.

We begin with bond interactions, which occur between pairs of consecutive monomers on
the chain. The bonds between consecutive monomers are typically covalent bonds, and
they keep the chain together and dictate its topology [137, Ch. 1].

Furthermore, one can consider interactions that contribute to the stiffness of the chain.
The most common interactions of this type are bending stiffness which sets the average
bond angle between three consecutive monomers (3-body interactions), and dihedral (tor-
sion) interactions which control the dihedral (torsion) angle formed by four consecutive
monomers (4-body interactions).12 Stiffness interactions introduce correlations between
the orientations of bonds along the chain, generally leading to larger sizes for a stiff chain
than for a chain with no correlations. The characteristic length scale over which the cor-
relations decay is called the persistence length lp. A chain where all stiffness interactions
are absent is called a freely jointed chain.

Additionally, monomer can interact through non-bonded interactions that depend on the
energetic cost of bringing two monomers close to each other in the average background of
other monomers and solvent; they therefore capture the specifics of monomer-monomer,
solvent-solvent, and monomer-solvent interactions into one effective interaction. The com-
bined effect is quantified through a parameter v. Despite situation where the parameter
v can be negative, it is colloquially referred to as excluded volume; therefore, we will call
such interactions “excluded volume interactions”. Certain interaction, such as electro-
static interactions, are usually dealt with separately and not included in the contribution
to excluded volume interactions. The interactions contributing to excluded volume effects
are typically short-ranged and include, for example, London dispersion forces and steric
repulsion, among others. The steric repulsion between monomers sets the hard core di-
ameter of the monomers. Other contributions to v lead to an excluded volume different
from the hard core volume of a monomer. In the case of a poor solvent the monomers
prefer to interact among one another leading to attractive excluded volume interactions
(v < 0) and the collapse of the chain; in the case of a good solvent the monomers prefer
to interact with the solvent molecules leading to repulsive excluded volume interactions

12Every three consecutive monomers (two bonds) that are not co-linear define a plane that includes all
three. The dihedral (torsion) angle is the angle between the two planes defined by consecutive sets
of three monomers. The two sets share two monomers for a total of four consecutive monomers per
dihedral angle.
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(v > 0) and the swelling of the chain. The excluded volume parameter v can be related
to the mean-field parameter χ commonly known as the Flory-Huggins interaction param-
eter (see section 4.2 in Ref. 137). The value of the Flory-Huggins interaction parameter
typically depends on the temperature T ; a solvent where χ is independent of tempera-
ture is said to be an athermal solvent, and the excluded volume for an athermal solvent
coincides with the hard core volume of a monomer [137, §3.1.1]. In addition to excluded
volume interactions, which are 2-body interactions, there may be many-body interactions.
Many-body interactions are crucial to stabilize chains against unphysical collapse in poor
solvents [137, §3.3.2.2]. If excluded volume and many-body interactions are absent, we
say the chain is an ideal chain, while we call it a real chain when they are present.

While interactions we describe do not exhaust all the possible interactions that can be
present, such as electrostatic and depletion interactions, we do not discuss further types
of interactions here as they are not relevant for our system.

2.5.2. Self-similarity and scaling

A key property of long polymer chains is their self-similarity, the observation that the
chain looks similar at small and large length scales, or that smaller segments of the chain
look similar to the entire chain if magnified.13 Here, similar refers to the average statistical
properties such as the size, as the smaller segment will not look exactly the same as the
entire chain. Another way of stating the self-similarity property of polymer chains is
by saying that the sizes of different segments of a chain, composed of different numbers
of monomers, can be mapped to one another by appropriate rescaling, i.e. the size of
segments of a chain are scale invariant. Therefore, the self-similarity of polymer chains
suggests that the size obeys a scaling law

Ree ≡
√
⟨R2

ee⟩ ∝ aNν (2.62)

where N is the degree of polymerization and a is a statistical segment length. Though
presented in terms of the end-to-end distance, the same scaling is obeyed by the radius
of gyration Rg. The exponent ν can take different values depending on the interactions
between monomers. For a freely jointed ideal chain (v = 0), the chain conformations
correspond to a random walk with step size a and the exponent takes the value [137, §2.2]

ν = 1/2 (ideal chain). (2.63)

For real chains, the solvent quality is related to the value of the interaction parameter χ
as follows14:

1. Poor solvent: χ > 1
2

13This is only true at scales larger much larger than the size of a monomer, and smaller than the size of
the entire chain.

14For an overview of solvent quality and phase behavior see Ch. 5 in in Ref. 137, in particular Figure 5.1.
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2. θ solvent: χ = 1
2

3. Good solvent: χ < 1
2

For a real chain in a good solvent, the conformations correspond to a self-avoiding walk
with the (mean-field) exponent [137, §3.1.2]

ν = 3/5 (real chain, good solvent). (2.64)

Numerical calculations of the exponent in a good solvent give ν ≈ 0.588 [138]. For a real
chain in a poor solvent, the chain is collapsed and the exponent can be found to be [137,
§3.3.2]

ν = 1/3 (real chain, poor solvent). (2.65)

One can transition between the above scaling exponents by changing the solvent quality.
It is common that at low temperatures solvents are poor, and they are good solvents at
higher temperatures. As one transitions between the poor and an good solvent regimes for
real chains, there is a temperature where the chains have the same scaling as ideal chains

ν = 1/2 (real chain, θ solvent). (2.66)

The temperature where this scaling is valid is called the θ temperature, and the solvent is
called a θ solvent and the excluded volume v = 0.

2.5.2.1. Scaling in polymer solutions and blends

While above we were focusing on the properties of single chains, we rarely deal with single
chains in practice. It is more common to encounter mixtures where multiple polymer
chains co-exist with other polymer species or a non-polymer solvent. For polymers in
a non-polymer solvent, we call the mixture a polymer solution. The type of solution
varies depending on the solvent quality as well as the concentration of polymers cp or the
corresponding volume fraction φp. The polymer volume fraction is defined as the ratio of
the volume occupied by the polymers Vp to the total volume occupied by the solution

φp =
Vp

Vs + Vp
(2.67)

where Vs is the volume occupied by the solvent. The fraction of solvent φ can be defined
as the complement of φp such that φp = 1 − φ. In a good solvent we distinguish three
regimes depending on the fraction of polymers φp [137, §5.3.1]:

1. The dilute regime φp < φ∗
p where the chains behave as single chains in solution and

obey the scaling of real chains in a good solvent.
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2. The semidilute regime achieved when φ∗
p ≤ φp < φ∗∗

p where at large scales the inter-
chain interactions screen the intra-chain interactions resulting in ideal chain-like
scaling for long chains (see Figure 5.5 in Ref. 137).

3. The concentrated or melt regime achieved when φp ≥ φ∗∗
p where the chains have

ideal chain-like scaling at all length scales [139, §II.1].

The lower limit for semidilute solution φ∗
p depends on the excluded volume interactions as

well as the length of the polymer chain [137, §5.3.1]

φ∗
p ≈

(
a3

v

)6ν−3

N1−3ν (2.68)

while the upper limit for semidilute solution φ∗∗
p is independent of the chain length

φ∗∗
p ≈ v

a3
. (2.69)

Despite certain studies showing that in the melt regime (φp ≥ φ∗∗
p ) the behavior deviates

from ideal behavior [140, 141], it remains a good first approximation for most applications.
When the polymers are in a poor solvent, and if the interaction parameter is above a critical
value χc (temperature is below a critical temperature Tc), we also distinguish three regimes
depending on the polymer fraction φp:

1. The dilute regime φp < φ
′
p where the chains behave as single chains in solution and

obey the scaling of real chains in a poor solvent.

2. The phase separated regime φ
′
p ≤ φp < φ

′′
p where the solution is demixed into a

polymer rich phase and a polymer poor phase. The polymer rich phase, sometimes
called the dense phase, has a polymer fraction equal to φ

′′
p . The chains in the dense

phase behave like chains in a melt and obey an ideal chain-like scaling due to the
screening of the self-interaction of the chains [139, §II.1]. The polymer poor phase,
sometimes called the dilute phase, has a polymer fraction equal to φ

′
p. The chains

in the dilute phase behave like chains in a dilute solution and obey the scaling of
real chains in a poor solvent.

3. The concentrated or melt regime φp ≥ φ
′′
p where the chains obey an ideal chain-like

scaling due to the screening of the self-interaction of the chains [139, §II.1].

The phase separated regime does not always exist for a poor solvent. For phase separation
to be possible for a polymer in a simple (non-polymer) solvent, the interaction parameter
χ needs to be larger than a critical value

χc = (
1

2
+

1√
N

+
1

2N
) (2.70)
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where N is the degree of polymerization of the polymer chains. For very long chains
N → ∞, the critical interaction parameter χc coincides with the θ parameter χθ

χc ≈ χθ =
1

2
for N → ∞. (2.71)

When multiple polymer species are mixed, the mixture is called a polymer blend. A binary
blend is a polymer blend with only two species of polymers. A special type of binary blend
is one where the two species A and B differ in the degree of polymerization NA ̸= NB,
but are otherwise the same. Since the species are the same the Flory-Huggins interaction
parameter vanishes χ = 0. In such a blend the scaling laws depend on the degrees of
polymerization of each species. Considering the A chains, we have for the scaling of the
end-to-end distance RA

ee ∼ NνA [137, §4.5.2]

νA = 1/2 for NA < N2
B (2.72)

νA = 3/5 for NA > N2
B. (2.73)

The second equation indicates that a melt of short chains acts as a good (athermal) solvent
when mixed with much longer chains of the same species.

2.5.3. Polymer brushes

A polymer brush consists of polymer chains grafted by one end to a surface. In particular,
a collection of grafted chains is said to form a brush when the typical distance between the
grafting sites d is smaller than the size of a chain Rg [142]. When all the grafted chains
have the same degree of polymerization N the brush is said to be monodisperse, while
if the degree of polymerization varies between chains it is called a polydisperse brush.
Instead of the distance between grafting sites d, it is customary to describe a polymer
brush through the grafting density σ

σ =
1

d2
. (2.74)

For small grafting densities, the chains are far apart and do not interact with each other,
and they are said to be in the mushroom regime. For large grafting densities the chains
do interact and they are said to be in the brush regime. The crossover between the two
regimes occurs when the typical distance between the chains in on the order of the radius
of gyration of a single chain Rg, which for a monodisperse brush occurs at a grafting
density [142]

σ∗ ∼ N−2ν . (2.75)
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However, for a brush in a poor solvent at intermediate grafting densities σ > σ∗, the
grafted chains will aggregate into localized clusters leading to a rough polymer brush (see
Figure 3.2 a) [143, 144]. For larger grafting densities σ > σ∗∗ the brush will be smooth
again [144], though will remain in a collapsed state. In this collapsed state the fraction of
grafted chains is uniform in the brush and the brush is similar to a polymer melt at the
coexistence concentration φ

′′
.

If we assume the solvent is uniformly distributed across the brush, known as the Alexander-
de Gennes brush picture [81, 82], the free energy per particle for the polymer brush and
solvent can be written as [145]

FB =
φ

Ns
lnφ+ χφ(1− φ) +

(1− φ)

NB

K

2

H2

NBa2
(2.76)

where φ is the fraction of solvent, Ns is the degree of polymerization of the solvent, χ
is the Flory-Huggins interaction parameter, K is a prefactor that captures the elasticity
of the brush, H is the thickness of the brush, NB is the degree of polymerization of the
grafted chains, and a is the size of a monomer of a grafted chain. The first term is the
contribution of the translational entropy of the solvent molecules. The grafted chains do
not contribute any translational entropy, as they are grafted. The second term is the
contribution of the interaction between the solvent and the grafted chains. Finally, the
last term is the energy associated with the stretching elasticity of the brush; it takes the
form of the (ideal chain) entropic contribution of stretching a grafted chain to a height H,
with the prefactor K accounting for any deviations from the exact results for ideal chains.
The thickness of the brush H is constrained by the solvent fraction as

H =
NBa

3σ

1− φ
. (2.77)

In the following we will assume that NB ≫ Ns. In the presence of an excess of solvent, the
equilibrium condition is the equality of chemical potentials of the solvent in the reservoir
µs and the chemical potential in the brush µB, which in turn sets the fraction of solvent
in the brush. For good and θ solvents, one can use virial expansions for 1−φ ≪ 1 to find
the a relation of the thickness of the brush H with the grafting density σ, the degree of
polymerization of the grafted chains NB, and the interaction parameter χ

H ∼ NBσ
1/3

(
1

2
− χ

)1/3 (
good solvent χ <

1

2

)
(2.78)

H ∼ NBσ
1/2

(
θ solvent χ =

1

2

)
. (2.79)

For the case of a poor solvent with σ > σ∗∗, the brush collapses into a melt-like state
with uniform fraction φ

′′
B [144]; the fraction φ

′′
B corresponds to the coexistence value in
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the polymer rich phase. The solvent fraction in the brush is set through φ = 1− φ
′′
B and

we have by Eq. (2.77)

H =
NBσ

φ
′′
B

. (2.80)

Far from the critical point, the fraction φ
′′
B is related to the interaction parameter through

φ
′′
B ∼ χ− 1/2 [137, §5.2] which allows us to write

H ∼ NBσ

(
χ− 1

2

)−1(
poor solvent χ >

1

2

)
. (2.81)

2.5.3.1. The parabolic profile for a brush

When writing the brush free energy in Eq. (2.76) we assumed that the density distribution
of both grafted chains and solvent is uniform. A more accurate approach based on Strong
Stretching Theory (SST) [146][147, key] reveals that this is not the case [148, key]. The
partition function Q of a polymer chain can be written as

Q ∝
∑
{rα}

exp

(
−E[rα]

kBT

)
(2.82)

where rα is the configuration of the chain describing the positions of its monomers, E[rα]
is the energy of a particular configuration of the chain, and the sum is executed over all
possible configurations {rα}. The subscript α will be used to refer to different chains
when multiple are present. The energy typically includes a term due to the elasticity of
the chain, as well as a contribution from a field w(rα) external to the chain

E[rα]

kBT
=

∫ Nα

0
dn

{
3

2a2Nα

∣∣∣∣drα(n)dn

∣∣∣∣2 + w(rα(n))

}
(2.83)

where a is the size of a monomer, Nα is the number of monomers of the chain, rα(n) is the
position of the nth monomer of the chain, and the sum over monomers was replaced by
an integral since we assume Nα ≫ 1. The first term in the integrand is the contribution
of the chain elasticity. When the strength of the external field is much larger than the
thermal energy kBT , only configurations with low energy will contribute significantly
to the partition function since the contribution of higher energy states is exponentially
smaller [147]. SST corresponds to the situation where the partition function is dominated
by configurations with the lowest energy

Q =
∑
{rα}

exp

(
−E[rα]

kBT

)
≈ exp

(
−Emin[rα]

kBT

)
(2.84)

42



2.5. Polymer physics

where Emin[{rα}] is the minimum of the energy. Therefore, under the assumptions of SST
one needs to find the configurations that minimize the energy. Since E[rα] is a functional
of the configuration, this is equivalent to solving the Euler-Lagrange equations which leads
to the following equations for the configuration rα

3

a2Nα
r′′α(n)−∇w(rα) = 0 (2.85)

where r′′α(n) is the second derivative of rα(n) with respect to n. The equation is analogous
to the equations of motion of a particle in a potential U(r) = −w(r), with time replaced
by the monomer index n. In the case of monodisperse grafted chains in the brush regime,
the brush exhibits lateral symmetry which means that the potential depends only on the
coordinate perpendicular to the brush, which we choose to be the z-direction

w(r) = w(z). (2.86)

Since the potential is independent of the x and y coordinates, the positions of the monomers
in those directions will correspond to random walks. As for the z-direction, the fact that
the chains are grafted at one end can be captured by requiring that the z-coordinate of
the last monomer in each chain lies on the grafting surface at z = 0

zα(N) = 0 (2.87)

where N is the length of the chain. This condition is satisfied regardless of the initial
position of the other end zα(0). In addition, the free ends of the chains must be free of
tension

z′α(0) = 0. (2.88)

One can make sense of this condition by making the analogy with the tension in a massive
rope in a gravitational field [147]. The conditions in Eqs. (2.87) and (2.88) indicate that
starting with no initial ‘velocity’ and independent of the initial position zα(0), the chains
reach the same end position zα(N) = 0 in equal ‘time’ N . From classical mechanics, we
know that this condition is satisfied by the simple harmonic oscillator potential, which is
quadratic in position. The parabolic potential w(zα) that satisfies these conditions is

w(z) = A− 3π2z2

8a2N
(2.89)

where A is a constant shift in the potential that depends on the thickness of the brush [148].
This potential is the solution to the SST of a brush when there are no positions within
the brush where the free ends are excluded [148]. For grafted chains in a good solvent,
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the brush regime corresponds to a situation similar to a semi-dilute solution, where the
self interaction of a chain is screened by interactions with other chains. This means that
the monomers interact through a mean field proportional to the average concentration at
a position z [148]

w(z) = B ⟨φ(z)⟩ (2.90)

where B is a constant that is proportional to the excluded volume. Combining Eqs. (2.89)
and (2.90) yields a parabolic concentration profile for a brush in a good solvent

⟨φ(z)⟩ = 1

B

(
A− 3π2z2

8a2N

)
. (2.91)

For a brush in poor solvent, the situation corresponds to a phase separated system and
we have a constraint on the concentration

φ(z) = φ′′. (2.92)

where φ′′ is the concentration of polymers at phase coexistence. This constraint in addition
to the potential in Eq. (2.89) dictate properties of the brush within SST (see section 1.6.1
in Ref. 147 for a discussion in the case of a dry brush).

2.5.3.2. Undersaturated brushes in a chemically identical solvent

In our work, the solvent is composed of polymer chains that are chemically identical to
the grafted chains. Therefore, the interaction parameter between the solvent and the
brush vanishes χ = 0. However, we do not always have an excess of solvent. In this case,
the system is better perceived as a ternary mixture, with the vacuum or air acting as a
poor solvent for the solvent and grafted polymers. The polymers in the vacuum separate
into two phases with coexistence number densities ρp and ρv in the polymer rich and
the polymer poor (vapor) phase respectively. We can classify the state of the brush as
undersaturated or oversaturated. When oversaturated, the solvent is in excess, and the
brush will behave like a brush in good (athermal) solvent, since the grafted chains are much
longer than the solvent chains (see Eq. 2.73). The chemical potential in all components of
the system (vapor phase, polymer film, brush) is the same and corresponds to the chemical
potential of solvent chains in vacuum at a concentration equal to ρv. However, when the
brush is undersaturated, the thickness is set through Eq. (2.77) with the constraint that
the combined number density of grafted and solvent chains in the brush is equal to the
coexistence value ρp. The thickness varies as

H =
σNB

(1− φin)ρp
(2.93)
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where φin is the fraction of solvent inside the brush. At the theoretical level, the value of
φin is preset. This is equivalent to setting the chemical potential potential in the system,
which can be obtained from the free energy in Eq. (2.76) with φ = φin. Choosing the
chemical potential in turn sets the concentration of solvent in the vapor phase by equality
of chemical potentials between the brush and vapor. The concentration in the vapor phase
for an undersaturated brush will be lower than the value at coexistence ρv.
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Our main method of investigation is through Molecular Dynamics (MD) simulations. In
MD simulations one aims to obtain the trajectories of particles, i.e. the position of each
particle as a function of time, given a set of initial positions and velocities of the par-
ticles. The trajectories of the particles can be influenced by their interactions among
each other, external forces, constraints etc. . . Each particle, therefore, experiences a force
Fi({xi}, {ẋi}, t) that depends on time t and the positions and velocities of all the par-
ticles within the system, where {xi} is the set of the positions of N particles labeled
i ∈ {1, . . . , N}, and {ẋi} is the set of velocities. The trajectories of the particles can then
be obtained by solving Newton’s second law of motion

miẍi(t) = Fi({xi}, {ẋi}, t) (3.1)

where mi and ẍi(t) ≡ d2xi
dt2

are the mass and the acceleration of particle i respectively. The
methods for solving the equations are numerous; however, since this thesis is not concerned
with the development of simulation methods, we shall not list the methods here. Instead,
we refer the reader to the vast and excellent literature on the topic [149, 150, key], and
focus on introducing our model of choice along with the setup of our simulated system.

3.1. Simulation model

The first step in setting up MD simulations is to choose a model— namely, making a choice
for the forces experienced by the particles in the system. For the interaction between
particles, we use the Many-body Dissipative Particle Dynamics (MDPD) coarse-grained
model which is an extension of the original Dissipative Particle Dynamics (DPD) model.
In DPD-like models, the total force acting on particle i due to particle j is

Fij = FC
ij + FD

ij + FR
ij (3.2)

where FC
ij is the conservative contribution to the force, FD

ij is the dissipative contribution,

and FR
ij is the random force contribution. The latter two forces act to maintain the system

at a fixed temperature, therefore acting as a thermostat. As such, they are not completely
independent, but are related through the fluctuation-dissipation theorem [150, ch 12]. The
original DPD model [151, key] considers soft (non-singular) conservative forces between
the particles

47



3. Model and Methods

FC
ij = Aijw

C(rij)r̂ij (3.3)

where rij = ri − rj , and r̂ij = rij/rij are vectors that point from particle j towards
particle i. wC(rij) is a positive non-singular weight function that decreases monotonically
with the distance between the particles. When simulating a single species using DPD the
conservative force has to be repulsive in order for the system to be stable. This eliminates
the possibility of simulating a system with liquid-vapor coexistence. To circumvent this
limitation, the MDPD model expands on the original DPD simulation model by including
a density dependent term in addition to the original DPD interaction. The addition of the
many-body force allows for the coexistence of liquid and vapor phases when the original
force is chosen to be attractive and the many-body force is repulsive [152–154]. In the
MDPD model the conservative force is

FC
ij = Aijw

C(rij)r̂ij +B(ρ̄i + ρ̄j)w̃
C(rij)r̂ij (3.4)

where Aij < 0 is the strength of the attractive part, and B > 0 is the strength of the
density dependent repulsion. To ensure that the force is conservative, B must have the
same value for all pairs of particles as shown by the no-go theorem of MDPD [155, key].
w̃C(rij) is an additional weight function with similar properties to wC(rij), and ρ̄i is a
measure of the local density around particle i

ρ̄i =
∑
j ̸=i

15

2πr3d

[
w̃C(rij)

]2
. (3.5)

In a system with multiple species, only particles of the same species as particle i contribute
to ρ̄i [153, key]. The weight functions are chosen as

wC(rij) =

{(
1− rij

rc

)
rij ≤ rc

0 rij > rc
(3.6)

w̃C(rij) =

{(
1− rij

rd

)
rij ≤ rd

0 rij > rd
(3.7)

where rc and rd are cutoff radii which set the ranges of the forces. Two cut-off radii are
needed since the range of the density-dependent repulsion must be smaller than that of
the attraction (rd < rc) in order to have liquid-vapor coexistence with Aij < 0 and B > 0
[154].

As for the dissipative and random forces, they take the form
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FD
ij = −ζwD(rij)(r̂ij .vij)r̂ij (3.8)

FR
ij = σRwR(rij)θij r̂ij (3.9)

where vij = vi − vj , ζ is the drag coefficient, σR is the amplitude of the random forces,
and θij is an uncorrelated Gaussian distributed random variable with zero mean and
unit variance. wD(rij) and wR(rij) are additional weight functions. As can be seen
from Eqs. (3.8) and (3.9), the DPD thermostat functions through pairwise dissipative and
random forces that are momentum conserving, allowing for the emergence of hydrodynamic
phenomena [156, key][157, 158]. As mentioned above, the dissipative and random forces are
related through the fluctuation dissipation theorem, which leads to the following relations
[151]

wD(rij) =
[
wR(rij)

]2
; σR =

√
2ζkBT (3.10)

where kB and T are Boltzmann’s constant and the temperature respectively. Except
for the condition in Eq. (3.10), the choice of weight function is more or less arbitrary.
Therefore, for simplicity, it is typically chosen that wR = wC . With this choice, the final
form of the dissipative and random forces is

FD
ij = −ζ

[
wC(rij)

]2
(r̂ij .vij)r̂ij (3.11)

FR
ij =

√
2ζkBTw

C(rij)θij r̂ij (3.12)

Some constituents of our systems of interest are polymer chains. To model the chains we
adopt a bead-spring model, where the monomers of a particular polymer chain are point
particles that interact with the forces described above, and the bonded monomers have an
additional spring force keeping them bound to each other. We choose a simple quadratic
spring potential Ubond

Ubond(rij) = k(rij − r0)
2 (3.13)

where k is the spring constant and r0 is the equilibrium extension of the spring.

In addition to the forces mentioned above, we include a short-ranged purely repulsive
force originating from a flat surface. This surface acts as the substrate to which the
polymer brush is grafted (see section 3.2.3). For the potential of this force we choose the
Weeks-Chandler-Anderson (WCA) potential [159]
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VWCA(r) =

{
4ε
[(σ

WCA
r

)12 − (σWCA
r

)6]
+ ε r ≤ 21/6σWCA

0 r > 21/6σWCA

(3.14)

(3.15)

where ε sets the strength of repulsion, σWCA sets the length scale and range, and r is the
distance from the surface.

All simulations are run in the NVT (canonical) ensemble in the absence of gravitational
forces and with periodic boundary conditions in all directions.

3.2. Simulation setup

We set up our simulations to model lubricated SOCAL surfaces. As such, our system
consists of a polymer brush composed of grafted polymer chains, oil lubricant composed
of free chains, and a droplet composed of individual particles forming a simple liquid.
All our constituents coexist with a dilute vapor phase sparsely populated by the liquid
particles and a few of the free chains. Quantities related to the liquid are denoted by
a subscript ‘l’ (or ‘w’ for ‘water’), those related to the polymer chains collectively are
denoted by ‘p’, while for the brush chains alone we use the subscript ‘B’, and finally for
the oil chains alone we use ‘o’.

3.2.1. Choice of model parameters

To produce a system mimicking water on PDMS, we choose the interaction parameters
such that the surface tensions between the different phases reproduce the relevant contact
angles, i.e. contact angle of water on bulk PDMS materials under ambient conditions.
This motivates in particular our choices of the DPD attraction strength for the polymer-
polymer cohesion App, the liquid-liquid cohesion All, and the polymer-liquid adhesion Apl.

Our simulation units are set through

kBT = 1 ; rc = 1 ; m = 1

where the unit of energy is set by the thermal energy kBT , the unit of length by the cutoff
distance of the DPD attraction rc, and the mass unit by the mass particle m for all species.
The unit of time can then be defined as

τ =

√
mr2c
kBT

= 1.

All quantities are given in these units, represented between square brackets. The time
step of the simulation is ∆t = 10−3 [τ ].
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Unless otherwise specified, the strength of attraction between the different species is set
as (see sections 4.U.1 and 4.U.2 for motivation)

App = −28 [kBT/rc] ; All = −50 [kBT/rc] ; Apl = −21 [kBT/rc].

The remaining MDPD parameters are

rd = 0.8 [rc] ; ζ = 4.5 [kBT · τ · r−2
c ] ; B = 40 [kBT · r2c ].

The bond potential parameters are chosen as

k = 20 [kBT · r−2
c ] ; r0 = 1 [rc].

Bonded monomers are not excluded from the MDPD pair interaction. The resulting bond
length is a ≈ 1.09 [rc] with a standard deviation of σa = 0.22 [rc] based on an average over
106 bonds.

For the grafting surface WCA potential we choose

σWCA = 1 [rc] ; ε = 1 [kBT ].

The surface is chosen to be normal to the z-axis.

With our model parameters, we obtain values

γw = 3.14± 0.04 [kBT/r
2
c ] ; γo = 0.841± 0.020 [kBT/r

2
c ] ; γow = 1.41± 0.03 [kBT/r

2
c ]

for the liquid-vapor surface tension, the oil-vapor surface tension, and the the oil-liquid
surface tension respectively.

This results in a predicted Young contact angle (Eq. 2.9) of θY ≈ 100◦ for a droplet on
a planar polymer surface. The spreading parameter of the oil on the liquid is positive,
Sow = γw − γow − γo = 0.89± 0.06 [kBT/r

2
c ]. Therefore, a Neumann triangle construction

(Eq. 2.20) does not exist.

The simulations are conducted using the HOOMD-Blue simulation package [160, 161] ver-
sions 2.9.7 and 4.5.0. All snapshot visualizations are made with the OVITO visualization
package [162].

3.2.2. Liquid slab preparation

Many of our systems of interest require the preparation of a liquid coexisting with a vapor
phase in a slab geometry. The slab can consist of either a simple liquid or a polymeric
liquid. We refer to the latter as a melt. The slab is prepared in two stages.

In the first stage, chains or individual particles are equilibrated in a box with periodic
boundary conditions. The size of the box in the x− y direction is chosen manually. The
size in the z-direction is chosen so that the number density of monomers has a specific
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3. Model and Methods

Figure 3.1.: Simulation snapshots of slabs of (a) a polymer liquid and (b) a simple liquid
each coexisting with a dilute phase. The interaction parameters are described in section
3.2.1.

value. If the density of the liquid phase at coexistence is known, the starting density is
chosen close to that. From experience, it is better to choose the starting density as slightly
smaller than the coexistence value.

In the second stage the size of the simulation box in the z-direction is doubled. When
simulating a polymeric liquid, chains that cross the boundary in the original box are
properly unwrapped. The system is then left to equilibrate until a single liquid slab is
coexisting with a dilute vapor phase as shown in Figure 3.1.

3.2.3. Dry brush preparation

The polymer brush consists of chains of length NB grafted by one end by fixing the end
monomer to one position. The position of the grafted monomer coincides with the purely
repulsive flat surface (Eq. 3.14). The brush has nB = Nx × Ny chains, with Nx and
Ny the number of grafting sites in the x and y directions respectively. The grafting sites
are distributed on a square lattice with a lattice constant (distance between nearest sites)
equal to d; this results in a grafting density

σ =
1

d2
. (3.16)

The polymer brush is initialized with the chains fully elongated along the z-direction, then
left to relax until equilibrium is reached.
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3.2. Simulation setup

Figure 3.2.: (a) Simulation snapshot of a dry brush composed of 100 × 100 chains and
showing the rough topography of the collapsed brush. (b) Same brush as in (a) but
swollen with oil at a number fraction Φ = 0.44. The interaction parameters are described
in section 3.2.1. Grafted chains are shown in red, free chains in yellow.

Unless stated otherwise we choose NB = 50 and d = 2 [rc] resulting in a grafting density
σ = 0.25 [r−2

c ]. With the choice of parameters described in section 3.2.1, the brush is in
bad solvent and the equilibrium corresponds to a collapsed state with a rough topography
as shown in Figure 3.2 (a).

3.2.4. Swollen brush preparation

To swell the brush, it is placed in contact with a melt of oil chains prepared as described
in section 3.2.2. The number of chains in the melt is no and each chain has length No.
The size of the melt in the x − y direction is equal to that of the brush, which results in
faster equilibration as the diffusion of free chains is quite slow.

The next step is to place the melt in the vicinity of the brush, and run the simulation until
the brush absorbs the oil and swells to its equilibrium thickness. The degree of lubrication
is characterized through the number fraction Φ of oil monomers to the total number of
monomers

Φ =
number of oil monomers

total number of monomers
=

noNo

noNo + nBNB
. (3.17)

In our simulations we choose No = 5 and vary the degree of lubrication. For the choice of
parameters described in section 3.2.1, the equilibrium monomer density of oil in coexistence
with vapor is ρo ≈ 2.95 [r−3

c ]. With a grafting density σ = 0.25 [r−2
c ]σ = 0.25 [r−2

c ], the
brush is saturated with oil at a fraction Φ ≈ 0.77, beyond which the brush stops swelling
and additional oil will form a film on top of the brush. A snapshot of a swollen brush at
is shown in Figure 3.2 (b).
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3. Model and Methods

Figure 3.3.: (a) The first method of a extracting a drop resulting in a hemispherical drop.
(b) The second method of extracting a drop resulting in a pendant drop. (c) Equilibrium
configuration of a swollen brush with a drop. The number fraction of oil is Φ = 0.44. The
drop is clearly cloaked. (d) Cross section of the system shown in (c). The interaction
parameters are described in section 3.2.1. Grafted chains are shown in red, free chains in
yellow, and liquid particles in blue.

3.2.5. Liquid drop preparation and deposition

To prepare a drop to be deposited on the brush, the first step is to prepare a slab of simple
liquid as described in section 3.2.2. The second step is to use this slab to deposit a droplet
on the brush, which can be done in one of two methods.

The motivation behind the first method is to have better control over the contact radius
and size of the droplet. Here, we extract a hemisphere of radius RD from the slab (see
Figure 3.3 a) and place it in contact with the brush. The first method was applied to
obtain the results in section 5.U.2.

The motivation behind the second method is to emulate experiments. To achieve this
we start by extracting a cylinder from the liquid slab with the axis along the z-direction.
Afterwards, we fix the positions of particles in a layer at the top and apply a downward
gravitational force until a pendant droplet is formed (see Figure 3.3 b). Finally, we place
this pendant drop in contact with the brush. The second method was applied to obtain
the results in the attached publications. Figure 3.3 (c) and (d) show the equilibrium
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configuration of the drop on a swollen brush at an oil fraction Φ = 0.44 with the choice of
parameters described in section 3.2.1.

With the choice of parameters described in section 3.2.1, we have a liquid density of
ρl ≈ 4 [r−3

c ] and dynamic viscosity µ ≈ 5.806± 0.008 [kBT · τ · r−3
c ].

3.3. Analysis Methods

Here follows a brief description of certain analysis methods that are used repeatedly
throughout this work. A big role in our analysis is played by what we call density maps:
multi-dimensional spatial histograms of particle positions. We create density maps in
varying coordinate systems, and subsequently extract quantities of interest.

Figure 3.4.: (a) Cartesian density map ϱo(x, z) of oil for a cylindrical droplet deposited
on a lubricated polymer brush. The blue line shows the height of the unperturbed brush
and the red line is a circular fit of the drop. (b) A cylindrical density map ϱo(ρ, φ) of the
same system as in (a) with the rotation axis oriented along the axis of the drop. The red
line is a constant density contour ϱo(ρ, φ) = ρo/2. (c) Cylindrical density map ϱo(ρ, z)
of oil a spherical drop deposited on the brush. The blue line is a part of the best fitting
circle for the drop. The chosen frame is away from equilibrium so that the cloak has not
reached the top of the droplet. (d) Spherical density map ϱo(r, θ) for the same system and
frame and in (c).
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3.3.1. Density maps

For a particular simulation snapshot, the first step is to shift the coordinates of all particles
so that the center of mass of the droplet coincides with the z-axis, while accounting for
periodic boundary conditions. The density map ϱ is created by counting the number of
particles belonging to each bin and dividing by the volume of the bin.

3.3.1.1. Cartesian coordinates

In Cartesian coordinates, the bin size in every direction is ∆x, ∆y, and ∆z for x, y, and
z-directions. All bins have equal volume

∆V = ∆x×∆y ×∆z. (3.18)

A two-dimensional version of this map is employed in section 4.U.5 where ∆y is chosen to
be equal to the length of the box in the y-direction as we are dealing with a cylindrical
droplet. An example of the resulting density map ϱo(x, z) for the oil is shown in Figure 3.4
(a). The full three-dimensional version is used in Chapter 6 where the lack of symmetry
does not allow us to average over an entire dimension (see for example Figure 6.5 which
shows ϱ(x, y, z) for all species at a particular choice of y).

3.3.1.2. Cylindrical coordinates

The density maps in cylindrical coordinates are used in Chapter 4 and section 5.U.2
where we are dealing with sessile droplets. There, the choice of cylindrical coordinates is
motivated by the azimuthal symmetry of the drop. Therefore, the box is partitioned into
bins in the z-direction and the radial direction, with respective sizes ∆z and ∆ρ. The bin
edges are positioned at

ρi = i×∆ρ (3.19)

zj = j ×∆z (3.20)

with i, j ∈ N the indices of the radial bin and of axial bins respectively. In this case, bins
have different volumes depending on the index of the radial bin (see section A.5.1 for a
more general expression)

∆Vij = π∆z∆ρ2(2i+ 1). (3.21)

An example of such a density map ϱo(ρ, z) for the oil is shown in Figure 3.4 (c). Cylindrical
coordinate density maps are also employed in section 4.U.5. In this case, the rotation axis
of the coordinate system is along the y-direction and is chosen to pass through the center
of curvature of the droplet (see section 3.3.2.1); in addition, we average over the length
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of the box Ly in the y-direction. The box is partitioned into bins in the the radial and
angular directions, with respective sizes ∆ρ and ∆φ. The bin edges are positioned at and
the volume is

ρi = i×∆ρ (3.22)

φj = j ×∆φ (3.23)

∆Vij =
Ly

2
∆φ∆ρ2(2i+ 1) (3.24)

with i, j ∈ N the indices of the radial bin and of angular bins respectively. An example of
such a density map ϱo(ρ, φ) for the oil is shown in Figure 3.4 (b).

3.3.1.3. Spherical coordinates

We use spherical coordinate density maps in Chapter 4 and section 5.U.2 where we are
dealing with sessile droplets and have azimuthal symmetry. The origin of the coordinate
system is placed at the center of curvature of the droplet (see section 3.3.2.1). The box is
partitioned into bins in the radial and polar directions, with respective sizes ∆r and ∆θ.
The bin edges are positioned at

ri = i×∆r (3.25)

θj = j ×∆θ (3.26)

with i, j ∈ N the indices of the radial bin and of polar bins respectively. In this case, bins
have different volumes depending on the index of the radial bin (see section A.5.2 for a
more general expression)

∆Vij =
2π

3
∆r3(cos θj − cos θj+1)[(i+ 1)3 − i3]. (3.27)

An example of such a density map ϱo(r, θ) for the oil is shown in Figure 3.4 (d).

3.3.2. Equal density contours

Having the density maps, one key method for delineating the boundaries between the
different phases is through equal density contour lines.1 An example of such a contour is
shown in Figure 3.4 (b), where the line is an equal density density contour ϱo(ρ, φ) = ρo/2,
with ρo the bulk density of the bulk polymer phase. Density contours are used in various
ways to extract information from the simulations as described in the following sections.

1In the case of a three-dimensional density map, this corresponds to equal density isosurfaces.
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3. Model and Methods

3.3.2.1. Droplet shape

One way of using the density contours is to characterize the shape of the droplet. In
the case of a sessile cylindrical or spherical droplet, a density contour at ϱl(. . .) = ρl/2
is extracted for the density map of the droplet; afterwards, the top half is fit to a circle,
providing us with the coordinates of the center of curvature and the radius of curvature
of the droplet. This information is then used to calculated other types of density maps if
needed. An example of such a fit is shown in Figure 3.4 (a) and (c).

In the case of a moving drop, the shape deviates from a spherical cap. A reasonable
approximation of the shape of a section of the moving droplet is an ellipse. In this case,
we fit the top half of the contour to a rotated ellipse, which provides us with a quantification
of the shape. An example of such a contour with the corresponding fit is shown in Figure
6.5.

3.3.2.2. Unperturbed brush height

To find the height of the brush far away from the droplet, we calculate density contours
ϱo(. . .) = ρo/2 from the density map of polymers, where ρo is the density of the bulk
polymer phase. Having this contour, we then calculate the average height far away from
the drop, and use that as the height of the unperturbed brush.

3.3.2.3. Apparent contact angle

Having the height of the brush away from the droplet, we can use it as a baseline for
calculating apparent contact angles. In our work, the apparent contact angles are always
defined as the angle the fit to the droplet shape makes with a horizontal line at the height
of the unperturbed brush. In the case of moving droplets, we can differentiate between
advancing and receding contact angles. Helpful relations for such calculations can be found
in section A.5.3.

3.3.2.4. Cloak thickness

An example of an oil density contour ϱo(ρ, φ) = ρo/2 for a cylindrical droplet in cylindrical
coordinates in shown in Figure 3.4 (b). It is clear that at equilibrium the distance between
the contour lines is constant across the droplet before it starts increasing when we reach
the wetting ridge. Therefore, we define the cloak thickness as the average distance between
the contour lines for θ ∈ [0, π/6]. In cases where the cloak is not thick enough to have
clear contour lines, we set the cloak thickness to 0.

58



4. Cloaking Transition of Droplets on
Lubricated Polymer Brushes

Note: This chapter reproduces the publication in Ref. 163. Additions and changes from
the original publication are marked with a violet text color, while omissions are marked
through the symbol [...].

Contributions to the publication:

• Simulation setup: R.G.M. Badr designed and wrote the simulation initialization
and execution scripts which rely on the HOOMD-Blue version 2.9.7 [160, 161].

• Analysis and figures: R.G.M. Badr developed the analysis schemes with input
from F. Schmid. R.G.M. Badr wrote and executed the analysis codes and visualized
the data. Experiments were performed by L. Hauer and D. Vollmer.

• Writing: R.G.M. Badr in collaboration with F. Schmid wrote the bulk of the sim-
ulation results sections, the conclusion, and drafted the introduction of the original
article which was then substantially revised by D. Vollmer. Experiment section was
written by L. Hauer and D. Vollmer.

Reprinted with permission from Rodrique GM Badr, Lukas Hauer, Doris Vollmer, and
Friederike Schmid. Cloaking transition of droplets on lubricated brushes. The Journal
of Physical Chemistry B, 126(36):7047–7058, 2022. Copyright 2022 American Chemical
Society.
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4. Cloaking Transition of Droplets on Lubricated Polymer Brushes

4.1. Introduction

Droplets are omnipresent. Important applications include self cleaning [164–166], spray
coating, anti-icing, anti-fouling [167], anti-corrosion or more efficient application of pesti-
cides [168, 169]. Understanding the interactions of droplets with surfaces is also of inherent
interest for physicists due to the interplay of various forces and energies acting at different
length and time scales. Here, we aim to understand the wetting of water droplets on dry
and lubricated brushes. Applications of polymer brushes in regards to wetting include
moisture harvesting using PNIPAAm brushes on cotton fabric [170], anti-fogging using
stimuli-responsive brushes [171], and the manufacture of materials with modifiable and
switchable adhesive, dissipative, and wettablity properties [172].

For a long time, wetting research focused on modelling the static and dynamic properties
of droplets on smooth and rigid surfaces. Modelling wetting dates back to Thomas Young
[47]. He showed that in thermodynamic equilibrium the contact angle of a droplet de-
posited on an ideally smooth, chemically homogeneous rigid surface is determined by the
interplay of the interfacial tensions.

cos θ =
γs − γsw

γw
(4.1)

γs, γw and γsw, are the solid-vapour, droplet-vapour and solid-droplet interfacial tension.
While this equation holds for micrometer sized droplets and larger ones, for nanometer
sized droplets line tension changes the contact angles, too. In contrast to Thomas Young’s
equation, in real life a droplet never has a unique well-defined contact angle. Surface
roughness, chemical inhomogeneities, adaptation of the surface due to the presence of
a drop [173] or droplet induced charging of the surface [174] cause pinning of the three
phase contact line. The measured apparent contact angle can take any value between
the apparent receding and apparent advancing contact angle. Contrary to experiments, in
simulations the realization of the ideal condition is possible. Modelling idealized conditions
has the advantage that the influence of different factors on wetting phenomena can be well
separated. In particular if small length or time scales are involved this might be hard or
even impossible to probe with currently available experimental techniques. Here, it should
be kept in mind that the wetting properties are determined by the properties of the droplet
and the surface close to the three-phase contact line.

Particularly challenging is the understanding of the wetting properties of sessile droplets on
dry or lubricant infiltrated brushes. A brush is composed of chains grafted by one end to a
surface. The resulting layer is elastic and of very small thickness (order of nm). Therefore,
the length scales are too small and curvatures are too large to experimentally investigate
the shape of the area close to the three-phase contact line. However, to a certain extent,
information gained from droplets on rigid surfaces, gels, or lubricant infused surfaces can
be used to understand the wetting properties of droplets on dry and lubricated brushes
[26, 175–177]. For example it has been shown that sessile droplets on gels and lubricant
infused surfaces are surrounded by an annular wetting ridge. The vertical component of
the interfacial tension at the three phase contact line exerts a force on the surface, pulling
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the gel or lubricant up. Depending on the elastic modulus of the gel or the thickness of
the lubricant layer, now the contact angles can be modelled by a Neumann triangle [178].
For lubricant impregnated surfaces the droplet can be covered by a thin cloak. Whether
it is possible to form a cloak or not depends on the balance of the interfacial tensions. A
cloak forms for a positive spreading parameter S, S = γw − γo − γow, where γo and γow is
the interfacial tension of lubricant-vapour and droplet-lubricant, respectively. Interference
measurements allow an estimate of the thickness of the cloak but are insufficiently sensitive
to quantify the variation of the thickness over the surface [29]. The reason is that the
curvature of the droplet complicates data analysis. So far it is also unclear how the
thickness of the cloak depends on the amount of lubricant available.

In the present paper, we aim to tackle these questions for sessile droplets on dry and
lubricated brushes using coarse-grained molecular dynamic simulations. We use a simple
rather generic model, however, with interactions parameters adjusted to polydimethyl-
siloxane (PDMS). Brushes made of PDMS recently have attracted a lot of attention be-
cause droplets experience particularly low contact line pinning [179]. Reported values
[32, 180, 181] for the contact angle hysteresis of water on PDMS vary between 1 − 11◦.
The differences may be caused by varying amounts of non-crosslinked chains in the brush.
The reason for this low contact angle hysteresis is that PDMS chains are very flexible,
having a persistence length of a few monomers. The large bond angle of approximately
150◦ between Si-O-Si atoms induces a very low torsional barriers [7]. The hydrophobic
methyl side groups lead to the low interfacial tension of 0.02 N/m. They also shield the
inorganic Si-O backbone [182]. As opposed to PDMS gels where the chains are crosslinked
resulting in an elastic solid, PDMS brushes keep their high flexibility. Figure 4.1 shows an
example of an experimental view of a droplet on a PDMS brush covered by a layer of sil-
icone oil as a lubricant, obtained with confocal microscopy, where the yellow fluorescence
signal indicates the presence of lubricant. Details on the experimental setup are given in
the Appendix A. The confocal image shows two very important features. Near the three
phase contact line there is an accumulation of lubricant, forming a wetting ridge. Espe-
cially clear in the cross sectional view is a visible fluorescent signal all over the droplet,
showing that the droplet is indeed cloaked by the lubricant.

While a molecular understanding of wetting properties of sessile droplets on brushes can-
not be achieved experimentally, molecular dynamics studies can give detailed insight at
the molecular level. Previous molecular dynamics simulations of polymeric droplets on
polymer brushes by Léonforte and Müller have provided insight into the dependence of
the contact angle and height of the wetting ridge on the affinity between the droplet and
the brush, in addition to the effect of line tension [183]. Later work by Mensink, de
Beer, and Snoeijer investigated the transition between mixing, total wetting, and partial
wetting, of polymeric droplets on polymer brushes [184], and studied the effects entropic
contributions have on the transitions [185]. As for droplet on lubricated surfaces, molec-
ular dynamics simulations on lubricant-infused patterned surfaces have reproduced the
phenomenon of the cloaking of the droplet by the lubricant [186, 187]. Here, we use such
simulations to study the shape of the wetting ridge, the onset and thickness of the cloak,
and the influence of the amount of lubricant on the apparent contact angle.
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[...]

4.2. Results and discussion

4.2.1. Experiment

Figure 4.1.: Left: Experimental 3D view of the droplet on a PDMS brush infused with
silicone oil, obtained through confocal microscopy. The image shows a clear wetting ridge
at the three phase contact line, in addition to a cloaking layer on the surface of the droplet.
Right: Cross sectional side view of the same droplet. A wetting ridge is clearly visible, in
addition to a cloak indicated by the fine fluorescence signal all over the droplet.

Figure 4.1 shows an example of an experimental view of a droplet on a PDMS brush covered
by a layer of silicone oil as a lubricant, obtained with confocal microscopy, where the yellow
fluorescence signal indicates the presence of lubricant. Details on the experimental setup
are given in section 4.5. The confocal image shows two very important features. Near the
three phase contact line there is an accumulation of lubricant, forming a wetting ridge.
Especially clear in the cross sectional view is a visible fluorescent signal all over the droplet,
showing that the droplet is indeed cloaked by the lubricant.

4.2.2. The brush

To better understand the wetting behavior, we first investigate the characteristics of the
brush. At grafting densities σ ≤ 0.25 the dry brush has a rough topography, with the
density in the saturated sections having a value similar to the melt density. Figure 4.2
shows the variation in the height of the brush as a function of the amount of lubricant
present for grafting densities σ = 0.17, 0.25, 0.31. The x-axis is the fraction of lubricant in
the system

Φ =
noNo

noNo + nBNB
, (4.2)

where no is the number of lubricant chains, No is the length of lubricant chains, nB is
the number of brush chains, and NB is the length of brush chains. This fraction does not
always coincide with the fraction of lubricant strictly inside the brush, to which we will
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Figure 4.2.: (a) Height of the brush versus the total fraction of lubricant Φ for different
grafting densities and (b) difference in height between the brush and the top of the lubri-
cant layer versus the ratio of lubricant particles to grafted chain particles noNo/nBNB,
for different grafting densities. The solid lines illustrate the extrapolation procedure used
to determine the saturation point (see text). For σ = 0.25, we obtain a saturation point
noNo/nBNB ≈ 3.33 or Φ ≈ 0.77

refer as ΦB
o , because a layer of lubricant forms on top of the brush if Φ exceeds a certain

value (see below). With our choice of grafting density and length of the free chains, we
are in the regime where the free chains are not expelled from the brush, and the film
formed after the brush is saturated is stable against autophobic dewetting [188, 189].

We begin with examining the brush height, which we define as the point where the density
distribution of brush particles drops below a cut-off value of 10−3. Here and in the rest of
this article, the error bars correspond to the standard error on the average value obtained
from 5 independent simulations. Figure 4.2a shows that the brush height increases with
the lubricant content as one might expect, but then reaches a constant value, indicating
that the brush is saturated with lubricant. Once the brush is saturated, a film of lubricant
forms on top of the brush, which is in coexistence with a vapor phase that has a very low
lubricant density (< 10−3). To identify the saturation point, we calculate the difference
between the height of the brush (HB) and the height of the lubricant (Ho), which are both
defined as the height at which the respective densities drop below a value of 10−3. We
then plot the difference, Ho −HB, versus the ratio of the number of lubricant particles to
brush particles noNo/nBNB. When the brush is saturated it stops swelling, which means
Ho −HB should increase linearly with the overall fraction of lubricant chains. Fitting the
last 3 points of each curve for Ho − HB to a line, we can clearly detect the saturation
point as the point where the curve deviates from that line. For example, at grafting density
σ = 0.25, the saturation point is at Φ ≈ 0.77. This value for the grafting density will be
chosen below to study droplets on brushes. [...]

Figure 4.3 shows the variation of the brush height versus σ1/3 for a saturated brush. The
data points show linear behavior, which is consistent with a brush in good solvent [82]
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Figure 4.3.: Height of the brush versus σ1/3 for a saturated brush Φ = 0.84. The linear
trend is consistent with the prediction for a brush in good solvent.

(see section 2.5.2.1).

For the cloaking and wetting properties, surface tension plays an important role. The sur-
face tensions of the different components of the system are calculated through integration
of the stress tensor anisotropy across flat interfaces [190, 191][192, §2.3]

γx =

∫
dz(P⊥ − P∥) (4.3)

Different configurations were simulated in order to determine separately the liquid-vapor
interfacial tension γw, the lubricant-vapor tension γo, the lubricant-liquid tension γow,
the brush-vapor tension γb, and the brush-liquid tension γbw, A liquid or lubricant slab
surrounded by vapor for γw and γo, a brush for γb, a brush covered by a slab of liquid
for γbw, and a lubricant slab in contact with a liquid slab for γow. Here and throughout,
the subscripts o, w, and b refer to the oil (lubricant), water (liquid droplet), and brush
respectively. A single subscript refers to the interface of the respective phase with the
vapor phase, while a combination of two subscripts refers to the interface between the two
respective phases. A distinction needs to be made between the oil-water interface and
the brush-water interface since the surface tension of the latter depends on the degree of
swelling of the brush as will be shown below.

Figure 4.4 shows the stress anisotropy profile for an undersaturated and a fully saturated
brush in contact with vapor, and an undersaturated brush in contact with liquid. The
three curves show similar features, i.e., strong oscillations of same magnitude near z = 0
characterizing the brush-substrate interactions (z < 4). This zone is followed by a zone
where the stress anisotropy is slightly negative due to the mutual repulsion of the stretched
polymers and decays to zero, and finally a positive peak at the position of the polymer
interface away from the grafting surface. (In the case of the brush-liquid system, an
additional peak appears around z = 35, which marks the position of the liquid-vapor
interface).

[...] We note that the curve for the strongly oversaturated brush covered by a lubricant
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Figure 4.4.: Stress tensor anisotropy for a brush with different lubricant content. The
integral over the peak gives the relevant surface tension for the wetting. Both profiles
show similar properties near the grafting surface, due to the repulsion of the surface and
the tension in the first (grafted) bond. The large peak near z = 35 is the liquid-vapor
interface.

layer (blue line corresponding to Φ = 0.89 in Figure 4.4) does not feature an additional
peak which would mark the brush-lubricant interface. Hence we conclude that the inter-
facial tension between brush and lubricant film is zero. Furthermore, one can see that
the behavior of the curves inside the brush is independent of the fraction of lubricant
and of the type of the adjacent phase (vapor or liquid). Here we are mainly interested
in the difference of γbw and γb, which is the quantity entering the expected value for the
equilibrium contact angle of the droplet (the Young’s angle). From the curves in Figure
4.4 it is apparent that when we calculate this difference the contribution from the bulk
of the brush will cancel. This was later confirmed by Veldscholte et al. [193]. There-
fore, to reduce statistical errors, we choose to evaluate only the integral over the peaks at
the interfaces, which correspond to the pure polymer-vapor and polymer-liquid interfacial
tension, omitting the contributions of the brush and brush-substrate interactions to the
surface energy.

To be as close as possible to the experimental conditions of water on PDMS, we choose
the interaction parameters such that the ratios of these surface tensions match the corre-
sponding experimental values. Specifically, we choose Aij = Aww = −50 [kBT/rc] for the
liquid-liquid cohesion which results in a liquid-vapor surface tension of γw ≈ 3.1 [kBT/r

2
c ],

we choose Aij = App = −28 [kBT/rc] for the polymer-polymer cohesion which gives
γo ≈ 0.8 [kBT/r

2
c ] for the pure lubricant-vapor interface, and finally Aij = Apw =

−21 [kBT/rc] for the polymer-liquid cohesion which gives a lubricant-liquid surface tension
of γow ≈ 1.4 [kBT/r

2
c ] (see section 4.U.2).
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Figure 4.5.: (a) Surface tension versus lubricant content for both the brush-vapor and
the brush-liquid interfaces. (b) Young angle versus lubricant content, as calculated using
equation 2.9 with γw = 3.2

The brush-vapor and brush-liquid surface tensions are calculated as a function of the
lubricant content of the brush at σ = 0.25. The results are shown in Figure 4.5a, while
Figure 4.5b shows the predicted Young angles versus the lubricant content as calculated
using equation (2.9). The surface tension starts at a higher value for dry brushes, possibly
due to the roughness, and then decreases and eventually reaches the melt (lubricant) γo
value after saturation.

4.2.3. Cloaking

When a water droplet is placed on a PDMS substrate, the residual silicone oil/lubricant
accumulates on the droplet, resulting in a cloaking layer as shown in Figure 4.1 and [194].
The main driving force for this phenomenon is the positive spreading parameter of silicone
oil (uncrosslinked PDMS) on water So/w = γw−γow−γo = 11 mN/m, effectively lowering
the droplet-vapor surface tension. With our choice of parameters we get a spreading
parameter Ssim = 0.9, which results in cloaking as shown in Figure 4.6 (a). To investigate
the cloaking, we study the cloak thickness as a function of the lubricant fraction in the
system (see section 3.3.2.4 for details on the calculation method). We define a cloak as
a layer of lubricant chains that is at the bulk density. Figure 4.6 (b) shows the cloak
thickness versus lubricant content. The figure shows that cloaking is absent for low Φ and
sets in at a certain transition point, beyond which the cloak thickness increases with the
lubricant content. The graph seems to flatten as we approach the brush saturation point.
No points beyond saturation were simulated here because of computational limitations.

To rationalize these findings, we develop a simple theoretical picture (see appendix 4.6 for
the full derivation, and Figure 4.7 for a schematic representation). We consider a coupled
system of a spherical droplet, which is possibly covered by lubricant, and a lubricant
infused brush, which can exchange lubricant chains. Equilibrium is achieved when the
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Figure 4.6.: (a) Side cross-sectional view of a spherical droplet on lubricated brush.
Yellow particles represent the free chains, red the grafted chains, and blue the liquid
particles. (b) Cloak thickness as a function of lubricant content. R in the legend is the
radius of curvature of the droplet. We define a cloak as a layer of free chains that has the
bulk density ρo of the lubricant melt. The thickness is at zero before a certain transition
point is reached, after which the thickness increases before seeming to flatten near the
brush saturation point Φ ≈ 0.77.

chemical potentials of both subsystems are equal. The free energy of the brush-lubricant
subsystem is

FB

kBT
= no lnΦ

B
o +

k

2
nB H2

B − µB
o no (4.4)

where first term is the mixing free energy of the lubricant in the brush, the second term
is the stretching elasticity cost of the brush with the spring constant k/2 = K/NB (K is
an undetermined prefactor with units of inverse length squared), and the last term is the
chemical potential contribution. Eq. (4.4) can be rewritten as the free energy per unit
area and in terms of the fraction of lubricant in the brush as

F̃B =
NB

No
σ
ΦB
o lnΦB

o

1− ΦB
o

+KNBσ
3 1

(1− ΦB
o )

2
− µB

o

NB

No
σ

ΦB
o

1− ΦB
o

(4.5)

where ΦB
o is the volume fraction of lubricant in the brush, and µB

o the chemical potential
of the lubricant in the brush. If we impose the equilibrium condition ∂F̃B/∂Φ

B
o = 0, we

can obtain a relation between the lubricant chemical potential and the lubricant content,
ΦB
o ,

µB
o = 1− ΦB

o + lnΦB
o + 2KNoσ

2 1

1− ΦB
o

(4.6)

Next we consider the droplet-lubricant subsystem. In our simulations we work with short
ranged forces. This leads us to hypothesize a rapidly decaying disjoining pressure for the
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4. Cloaking Transition of Droplets on Lubricated Polymer Brushes

Figure 4.7.: Diagram representing the most relevant quantities involved in the theory.

cloaking layer, as opposed to the typical h−3 dependence associated with long range Van
der Waals forces. This is also supported by the results in section 4.U.3. The driving
mechanism for the cloaking phenomenon is the difference in surface tensions, captured by
the spreading parameter S = γw−γow−γo (we use S instead of So/w here for compactness).
We then write our free energy contribution FΠ of the disjoining pressure as

FΠ = AD S exp (−HD
o /ξ) (4.7)

where AD is the surface area of the droplet, HD
o is the thickness of the cloaking layer, and

ξ a length scale characterizing the range of the disjoining pressure. Therefore, we write
the free energy of the cloaking layer as

FD

kBT
= ADS exp (−HD

o /ξ) +ADγow +Aoγo − µD
o n

D
o (4.8)

The first term is the contribution of the disjoining pressure, the following two terms are
the interfacial energies, and the last term is the contribution of the chemical potential. In
the above expression µd

o is the chemical potential of the lubricant on the droplet, nD
o the

number of lubricant chains in the cloaking layer, AD and Ao are the areas of the droplet
surface and the surface of the cloaking layer, respectively, given by

AD = κD4πR
2
D

Ao = κo4π(RD +HD
o )2,
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and κD and κo are geometric factors that depend on the contact angle. For thin cloaking
layers, we approximate κD = κo ≡ κ. Using this information we write the free energy of
the cloaked droplet per unit area of the droplet AD as

F̃D = S exp (−HD
o /ξ) + γow +

(
1 +

HD
o

RD

)2

γo − µD
o

nD
o

κ4πR2
D

(4.9)

Minimizing F̃D with respect to nD
o , we obtain an expression for the relation between the

chemical potential of the lubricant, µD
o , and the thickness of the cloaking layer, HD

o :

µD
o =

No

ρo

1(
1 + HD

o
RD

)2

[
−S

ξ
exp

(
− HD

o

ξ

)
+ 2

γo
RD

(
1 +

HD
o

RD

)]
. (4.10)

Equating equations (4.6) and (4.10) gives the equilibrium condition between the lubricated
brush and the cloaked droplet µB

o (Φ
B
o ) = µD

o (H
D
o ). Setting HD

o = 0 on the R.H.S implies
the existence of a transition when the fraction of lubricant is equal to the value ΦB∗

o , which
corresponds to a chemical potential value µB∗

o

µB∗
o = µB

o (Φ
B∗
o ) =

No

ρo

[
− S

ξ
+ 2

γo
RD

]
(4.11)

The existence of a cloaking transition is a clear feature from the results of our simulations.
When the brush is fully saturated, including the configurations where a film of pure lubri-
cant is formed on top of the brush, we have µB

o = 0. When this is the case the equilibrium
condition is given by

µD
o = 0 =⇒ −S

ξ
exp

(
− HD

o

ξ

)
+ 2

γo
RD

(
1 +

HD
o

RD

)
= 0. (4.12)

This means that the cloaking layer will reach a limiting thickness as the brush gets fully
saturated, found by solving equation (4.12) for HD

o . We were not able to simulate systems
with an oversaturated brush and a droplet due to computational limitations, but the trend
in Figure 4.6 (b) seems to be flattening near the saturation point Φ ≈ 0.77.

4.2.4. Cloaking and wetting: effect on contact angles and the wetting ridge

After having investigated the cloaking transition, we now turn to study the influence of
cloaking on the wetting properties of droplets, in particular the contact angle and the
properties of the wetting ridge.
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Figure 4.8.: (a) Spherical Droplet on a dry brush (b) cross-sectional side view of the
same droplet on a dry brush.

4.2.4.1. Contact angles on a dry brush

We first investigate spherical droplets on dry brushes with a grafting density σ = 0.25.
This results in systems as shown in Figure 4.8.

A key qualitative observation is the formation of a wetting ridge at the three phase
contact line. Of particular interest is the contact angle between the droplet and the brush.
Here we are specifically looking at the apparent contact angle, which can be compared to
the angle calculated from the Young equation. The angle is calculated by fitting the top
of the droplet to a circle and finding the angle it makes with a horizontal line at the level
of the unperturbed brush. This procedure results in an apparent contact angle θapp. For
details on the calculation see section 3.3.2.3.

Figure 4.9 shows the variation of cos(θapp) with the inverse radius of the contact line. The
graph shows linear behavior, which is in agreement with the line tension hypothesis at the
three phase contact line. The hypothesis suggests a contribution to the free energy that
is proportional to the length of the three phase contact line. This results in a correction
to the apparent contact angle of the form [195]

cos(θapp) = cos(θ∞)− τ/γw
rcontact

(4.13)

where θ∞ is the limiting Young contact angle, achieved for infinitely large droplets, τ is
the line tension, and rcontact is the radius of the three phase contact line. Here the line
tension is an effective parameter which possibly includes other corrections, most notably
the correction due to the Tolman length. Fitting the data points to a line gives an effective
line tension value τ/γw = −5.0 and a Young angle θ∞ = 101◦. The latter is in good
agreement with the value calculated from the corresponding surface tensions, assuming the
Shuttleworth effect (see section 2.1.1.2) is negligible due to the nature of the brush, where
the stresses and strains are in the normal direction to the unperturbed brush interface [46].
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Figure 4.9.: Variation of cos(θapp) with the inverse radius of the contact line. The
variation is linear suggesting that the dominant correction to the Young equation is that
due to an effective line tension cos(θapp) = cos(θ∞) − τ/γw

rd
. Our simulations suggest

τ/γw = −5.0 for a dry brush. The y-intercept has the value −0.19, which corresponds to
a Young angle of 101◦. This angle is in good agreement with the result calculated from
surface tensions (≈ 100◦)

The correction due to the Tolman length should result in a small variation of the contact
angle; however, it is expected to be smaller than 1◦ based on the values obtained in section
4.U.4. This indicates that the correction due to curvature is not a major contributor to
the apparent line tension in the system.

4.2.4.2. Contact angles on a lubricated brush

The next line of inquiry is to investigate the influence of lubricant on the contact
angles. Figure 4.10 (a) shows the variation of the apparent contact angle on lubri-
cated brushes. The graph shows a gradual decrease in the contact angle until about
Φ = 0.44. This suggests the hypothesis that the magnitude of the line tension in-
creases when lubricant is added, and then again when the cloaking transition sets in, since
in our case the line tension is negative and therefore promotes the spreading of the droplet.

To test this hypothesis we measure the contact angle versus the size of the droplet on a
lubricated brush beyond the cloaking transition point. The results are shown in Figure
4.10 (b). The points do not clearly fall on a line, indicating that the interpretation of
the apparent contact angle in terms of surface tensions and line tensions may be too
oversimplified, at least for the nanodroplets considered in this work. If we nevertheless
enforce a fit and try to extract the limiting angle and line tension, we get a value for
the line tension τ/γw = −5.7 and a limiting angle θ∞ = 101◦. The line tension strength
slightly increased, but more investigation is required to rule out other mechanisms that
might be in play.
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Figure 4.10.: (a) Variation of θapp with the lubricant content. The contact angle decreases
when lubricant is added and after the transition point (black dashed line), suggesting a
possible increase in the magnitude of line tension. (b) Variation of cos(θapp) with the
inverse radius of the contact line for a lubricated brush with Φ = 0.44. Here the behavior
is not exactly linear, which is likely due to effects other than line tension. If we forcefully
try to extract a line tension however, we get τ/γw = −5.7 and the y-intercept has the
value −0.19, which corresponds to a Young angle of 101◦.

After Φ = 0.44 we see a slight increase in the contact angle for the following two points.
Since the droplet is cloaked for those points, the effective droplet-vapor surface tension is
expected to be lower [194]. Lowering the droplet surface tension drives the contact angle
away from 90◦, which is what we observe. The final point suggests a jump in apparent
contact angle. However, this jump is most likely an artifact of the large curvature of the
droplet near the contact line at high lubrication.

4.2.4.3. Brush ridge reduction

The cloaking of the droplet can be seen as an example for fluid separation from the
underlying substrate, which is observed in certain cases of soft wetting. We observe in our
simulation that the fluid separation is accompanied by a reduction in the height of the
grafted chains near the droplet, in the vicinity of the wetting ridge as seen in Figure 4.11.
Such a phenomenon has also been observed experimentally for water droplets on swollen
PDMS gels [38]. Figure 4.12 (a) shows the maximum height of the grafted chains near
the droplet after subtracting the unperturbed height away from the droplet. The ridge
height slightly increases after lubricant is added to the system. At some point it reaches
a maximum then decreases. After cloaking sets in, the height decreases more rapidly as
the the fraction of lubricant increases. The non-monotonic behavior before cloaking is
qualitatively in agreement with the experimental results from [38].

In many experiments, the resolution is not high enough to allow for visualization of the
cloaking layer, but one can still observe a wetting ridge where Neumann angles can be
calculated. The confocal image in Figure 4.1 show an accumulation of lubricant close to
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Figure 4.11.: Snapshots showing the reduction in the grafted ridge height (red particles)
as lubricant is added. The solid line shows the height of the unperturbed brush, the dashed
line the height of the grafted ridge at low lubrication, and the dash-dot line the height at
higher lubrication.

the three phase contact line. This accumulation can be considered as an effective wetting
ridge, so that if the resolution of the microscope were lower, the cloaking layer would not
be visible, only the ridge. We observe a similar effect in our simulations, where the cloaking
layer of constant thickness gets wider near the contact line (see section 3.3.2.4). From the
simulation we can extract an effective ridge height, which we define as the position where
the thickness of the cloaking layer increases by more than 10% above its mean value far
from the contact region, in the region of constant thickness. In the absence of a cloaking
layer, the ridge height can be calculated directly. Figure 4.12 (b) shows the change in the
brush ridge height hB, the lubricant ridge height hR, and the lubricant-brush separation
hsep = hR − hB, as the amount of lubricant is increased. hB and hR are measured as the
height above the unperturbed brush as illustrated in Figure 4.11. The trends are very
similar to the ones observed by Cai et al in [38]. Notable is the rapid increase in the
separation after the onset of cloaking. Also shown in Figure 4.12 (b) is the brush ridge
height h0B measured as the height above the grafting surface instead of the unperturbed
brush. h0B increases gradually until the cloaking transition, then remains constant at
the value of the saturated height of the brush ≈ 22 [rc]. This is an indication that the
accumulation of lubricant in the wetting ridge results in a local swelling of the brush at the
three phase contact line; when the cloaking transition sets in, the lubricant is in excess and
the brush locally swells to its saturation value. This means that the height of brush part
of the ridge does not decrease as originally suggested in Figure 4.12 (a) and Ref. 38 for
PDMS gels. Instead, the more likely scenario is that, when there is enough lubricant, the
elastic material near the three phase contact line is fully swollen to its maximum height;
what is observed as a decrease in the height is due to the swelling of the surrounding
material as more lubricant is added to the system.
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Figure 4.12.: (a) Height of the brush ridge versus the lubricant content, the dashed black
line indicates the onset of the cloaking transition. The ridge height shows non-monotonic
behavior. It first increases as lubricant is added, then decreases again, with the decrease
being more steep after the onset of cloaking. [...] (b) Variation of the lubricant ridge
height hR, the brush ridge height hB, and the separation between the two hsep versus the
lubricant fraction. In the absence of cloaking the ridge height is calculated directly. Shown
as well is the brush ridge height h0B measured from the grafting surface, which increases
gradually until the cloaking transition, then remains constant at the value of the saturated
height of the brush ≈ 22[rc] (see Figure 4.2).

4.3. Conclusion

In this study we have examined the cloaking of liquid droplets on lubricant infused polymer
brushes by simulations and supporting experiments and theoretical considerations.

The experiments clearly demonstrate the existence of such cloaking layers for droplets on
brushes with a high lubricant content. This is accompanied by an accumulation of lubri-
cant near the contact line between the droplet and the substrate. In experiments where
the resolution does not allow for the observation of a cloaking layer, the accumulation near
the contact line will appear as a Neumann type wetting ridge. The qualitative properties
of the droplets in simulation are in very good agreement with the experiment.

In the simulations we characterized the swelling of the brush by the lubricant and found
the saturation point for different grafting densities, which plays a role in the thickness
of the cloaking layer. The surface tension of the brush surface with vapor and liquid as
a function of swelling is found to gradually decrease as one goes from a dry brush to a
saturated brush, where for the latter the value approaches the values corresponding to the
lubricant with the relevant interface.

Furthermore, we characterized the cloaking of the droplet by the lubricant by calculating
the variation of the cloak thickness versus the amount of lubricant present in the system.
We find that a cloaking-transition takes place already for lubricant concentrations that
are significantly lower than those where the brush saturates with lubricant. The cloak
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thickness seems to flatten as one approaches the saturation point of the brush. We derive
a thermodynamic theory that predicts the cloaking transition, the increase of the cloak
thickness, and the limiting thickness at saturation. Given the approximate nature of
the theory however we do not have quantitative agreement. An additional effect of the
presence of lubricant is liquid-substrate separation at the three phase contact line. This
is accompanied by a decrease in the height of the substrate in the wetting ridge as more
lubricant is added, which is an effect that has also been observed experimentally for
droplets on PDMS gels.

We [...] investigate the contact angles of the droplet on the brush. On a dry brush, we
study the dependence of contact angles on the size of the droplet and find that line tension
plays an important role for spherical droplets, where we find the value τ/γw = −5.0.
On lubricated brushes, we find that the angle is reduced, implying that the addition of
lubricant increases the magnitude of line-tension (negative in our case). Overall, the effect
of cloaking on the apparent contact angle is remarkably small, in the range of only a few
degrees. It is strongly affected by the finite size of the droplet, but the extrapolated value
for infinite droplet size is in good agreement with the Young’s angle predicted from the
surface tension, both for cloaked and uncloaked droplets. Thus we find that the cloaking
transition has only a minor effect on the static equilibrium wetting properties of droplets.

Given that cloaking has a strong effect on the structure of the contact line, we do however
expect that it will strongly influence the dynamic wetting properties, i.e., contact angle
hysteresis and the friction of rolling droplets. This will be the subject of [...] Chapter 6.
Another interesting subject for future investigation is the spreading and imbibition of the
free chains into the brush and comparison with atomistic simulations [196].
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4.5. Experimental details

4.5.1. PDMS brush substrate

Glass slides (24× 60 mm, 170 µm thick) were rinsed with ethanol and acetone and dried
under nitrogen gas. Thereafter, they were exposed to oxygen plasma (0.3 bar) for 10
minutes at 300 W (Femto, Diener Electronic, Germany). This treatment adds hydroxyl
groups to the surface. Approximately 250 µl of methyl terminated PDMS oil (6000 Da) is
cast on the surface and distributes homogeneously. Over time, PDMS chains condense on
the hydroxyl (anchor) groups at the surface [32]. After 24h, we remove ungrafted PDMS
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chains from the surface by immersing the substrate in a toluene-sonication bath for 15
minutes. A 5 − 10 nm thick film of surface-grafted PDMS chains remains. Free PDMS
oligomers (3500 Da) are distributed overnight (3 ± 2 µl/mm2) into the grafted PDMS
chains. The oligomers were fluorescently labeled (Lumogen Red, BASF, 0.1 mg/ml).

4.5.2. Experimental visualization of oligomer cloaking

We place the PDMS brush substrate on a laser scanning confocal microscope (Leica TCS
SP8)). We place a droplet (approx. 500 nl) of glycerol (57 %wt) water (43 %wt) on the
substrate. The glycerol-water mixture was chosen to suppress evaporation. The mixing
ratio yields a refractive index match between drop and PDMS (i.e. n = 1.4) and a surface
tension of around γw ≈ 67 mN/m[197, 198]. Combining this with γo ≈ 21 mN/m for
silicone-oil-air, and γwl ≈ 40 mN/m for silicone-oil-water, we expect an apparent contact

angle (for uncloaked droplets) θY = cos−1

(
γo−γwl

γw

)
≈ 106◦.

After 20 minutes, we capture 3D stacks of the droplet using a Leica HC PL APO CS
10x/0.40 objective lens. We observe stark silicone oil (yellow) accumulations in the vicinity
of the three-phase contact line in Figure 4.1. Additionally, silicone oil distributes on the
entire air-exposed interface of the drop, indicated by the fine fluorescence signal. This
gives direct indication of a silicone oil cloak on the droplet.

[...]

4.6. Derivation of the thermodynamic theory for cloaking

4.6.1. Notation

• kB: Boltzmann constant

• T : temperature

• nB
o : number of lubricant chains

• No: length of a lubricant chain

• nB: number of grafted chains

• NB: length of a grafted chain

• a: size of a monomer

• ΦB
o : fraction of lubricant in the brush

• HB: height of the brush

• µB
o : chemical potential of the lubricant in the brush

• σ: grafting density of the brush
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• γw: surface tension of the droplet-vapor interface

• γo: surface tension of the lubricant-vapor interface

• γow: surface tension of the droplet-lubricant interface

• S = γw − γow − γo: spreading parameter of the lubricant on the lubricant on the
droplet

• HD
o : thickness of the lubricant layer

• ξ: length scale of the decay of the disjoining pressure

• RD: radius of curvature of the droplet

• µD
o : chemical potential of the cloaking layer (lubricant on the droplet)

• nD
o : number of lubricant chains on the droplet

• ρo: density of pure lubricant melt

4.6.2. Free energy of the brush

We consider the lubricated brush and the cloaked droplet as coupled thermodynamic
systems which can exchange energy and lubricant chains. The free energy of the brush
subsystem is given by

FB

kBT
= no lnΦ

B
o +KnB

H2
B

NB
− µB

o no (4.14)

The first term is the mixing free energy of the lubricant in the brush, the second term
is the stretching elasticity cost of the brush the spring constant k/2 = K/NB (K is an
undetermined prefactor with units of inverse length squared), and the last term is the
chemical potential contribution. Here µB

o ≤ 0 with µB
o = 0 corresponding to a fully

saturated brush. Rewriting nB
o and nB as

nB
o = ABHB

ΦB
o

Noa3

nB = ABσ

with AB the surface area of the brush, we can rewrite the free energy as

FB

kBT
= ABHB

ΦB
o

Noa3
lnΦB

o +ABσK
H2

B

NB
− µB

o ABHB
ΦB
o

Noa3
(4.15)

The fraction of grafted chains is given by

ΦB = 1− ΦB
o =

NBσa
3

HB
(4.16)
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which leads to an expression for the height of the brush

HB =
NBσa

3

1− ΦB
o

(4.17)

making this final replacement and dividing by the area AB to get the free energy per area
we get the final form for our free energy

F̃B ≡ FB

kBTAB
=

NB

No
σ
ΦB
o lnΦB

o

1− ΦB
o

+KNBσ
3 1

(1− ΦB
o )

2
− µB

o

NB

No
σ

ΦB
o

1− ΦB
o

(4.18)

Where a factor of a6 has been absorbed into the prefactor K. Now if we impose the
equilibrium condition ∂F̃B/∂Φ

B
o = 0, we can obtain the chemical potential as

µB
o = 1− ΦB

o + lnΦB
o + 2KNoσ

2 1

1− ΦB
o

(4.19)

4.6.3. Free energy of the cloak

In our simulations we work with short ranged forces. This leads us to hypothesize a
rapidely decaying disjoining pressure for the cloaking layer, as opposed to the typical h−3

dependence associated with long range Van der Waals forces. Given that the driving
mechanism for the cloaking phenomenon is the difference in surface tensions, captured by
the spreading parameter S = γw − γow − γo, we write our free energy contribution FΠ of
the disjoining pressure as

FΠ = AD S exp (−HD
o /ξ). (4.20)

Therefore, we write the free energy of the cloaking layer as

FD

kBT
= AD S exp (−HD

o /ξ) +ADγow +Aoγo − µD
o n

D
o (4.21)

and dividing by the area of the droplet we get

F̃D =
FD

kBTAD
= S exp (−HD

o /ξ) + γow +
Ao

AD
γo − µD

o

nD
o

AD
(4.22)

where AD and Ao are the areas of the droplet and the cloaking layer respectively, given
by

AD = κD4πR
2
D

Ao = κo4π(RD +HD
o )2
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4.6. Derivation of the thermodynamic theory for cloaking

where κD and κo are geometric factors that depend on the contact angle. For thin cloaking
layers, we approximate κD = κo ≡ κ. Inserting this into the expression for F̃D we get

F̃D = S exp (−HD
o /ξ) + γow +

(
1 +

HD
o

RD

)2

γo − µD
o

nD
o

κ4πR2
D

(4.23)

To minimize F̃D with respect to nD
o , we use

nD
o =

ρo
No

Vo =⇒ dnD
o =

ρo
No

dVo (4.24)

where Vo is the volume of the cloaking layer, whose differential dVo is given by

dVo = κ4π(RD +HD
o )2dHD

o (4.25)

the above two equations give

∂HD
o

∂nD
o

=
No

ρo

[
κ4π(RD +HD

o )2
]−1

(4.26)

using the above equation to evaluate ∂F̃D/∂n
D
o = 0 we obtain the chemical potential of

the cloaking layer as

µD
o =

No

ρo

1(
1 + HD

o
RD

)2

[
− S

ξ
exp

(
− HD

o

ξ

)
+ 2

γo
RD

(
1 +

HD
o

RD

)]
(4.27)

4.6.4. Cloaking transition and limiting cloak thickness

Equilibrium between the brush and the cloaked droplet is achieved when the chemical
potentials are equal µB

o (Φ
B
o ) = µD

o (H
D
o ). The transition from uncloaked to cloaked droplet

is found by setting HD
o = 0 on the R.H.S implying the existence of a transition when the

fraction of lubricant is equal to the value ΦB∗
o which corresponds to a chemical potential

value µB∗
o

µB∗
o = µB

o (Φ
B∗
o ) =

No

ρo

[
− S

ξ
+ 2

γo
RD

]
(4.28)

when the brush is fully saturated, including the configurations where a film of pure lubri-
cant is formed on top of the brush, we have µB

o = 0. When this is the case the equilibrium
condition is given by
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µD
o = 0 =⇒ − S

ξ
exp

(
− HD

o

ξ

)
+ 2

γo
RD

(
1 +

HD
o

RD

)
= 0 (4.29)

which means that the cloaking layer will reach a limiting thickness as the brush gets fully
saturated.
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4.U. Unpublished Results: Cloaking
Transition of Droplets on Lubricated
Polymer Brushes

The following sections include unpublished results obtained in preparation or after the
conclusion of the published article in Chapter 4.

4.U.1. Phase diagrams
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Figure 4.U.1.: Phase Diagrams for the MDPD model for (a) monomers No = 1 and
(b) oligomers No = 5. A is the strength of monomer-monomer cohesion, ρ is the number
density, and B is the strength of many-body repulsion. The dashed lines connect the data
points to guide the eye. Open symbols are the critical points. The critical points in (a)
overlap with each other and some of the data points.

In preparation for the wetting on polymer brush simulations, it was important to find out
what choice of interaction parameters results in a phase separated state in the MDPD
model. To that end, we run single species liquid slab simulations (see section 3.2.2) of liq-
uids composed of molecules of different degrees of polymerizationNo ∈ {1, 5, 10, 20, 40, 80}.
From the simulation we extract the densities of the dense and dilute phases by fitting the
density profile of the liquid slab to a form derived from mean field theory [199][200, §6.3]

ρ(z) =
1

2
(ρh − ρl)

[
1− tanh

(
z − z0
w

)]
+ ρl (4.U.1)
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4.U. Unpublished Results: Cloaking Transition

where ρh is the ‘high’ density in the dense phase, ρl is the ‘low’ density in the dilute phase,
z0 is the position of the interface, and w is the width of the interface.

We choose the same interaction parameters as described in section 3.2.1, except that the
strengths of attraction and repulsion A and B are varied (see Eq. 3.4). Due to the
volume of simulations needed, only one simulation was used for every data point. After
equilibrium is reached each simulation was run for t = 3200 [τ ] from which we extract 50
frames for analysis. The results for No = 1 and No = 5 are shown in Figure 4.U.1 (a) and
(b) respectively. The phase diagrams are represented as A − ρ diagrams, with different
lines corresponding to different values of B. Horizontal error bars on ρ correspond to the
standard error on the fit parameters. Open symbols are placed at the critical point as
calculated through least-squares fitting to

ρh − ρl ∝
(
1− A

Ac

)β

(4.U.2)

ρh + ρl
2

= ρc + C(Ac −A)1−α (4.U.3)

where Ac and ρc are the critical attraction strength and critical density respectively, and
β ≈ 0.326 and α ≈ 0.11 are critical exponents corresponding to the 3D Ising model
universality class [201]. For No = 1 the critical points overlap among each other and with
some of the data points. Additional phase diagrams for the other values of No are shown
in Figure B.1.

4.U.2. Surface tension
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Figure 4.U.2.: Surface tension and spreading parameter of oil on water versus cohesion
strength |Aij | for (a) a simple liquid and (b) a polymer liquid No = 5. The oil-liquid
surface tension and spreading parameter of oil on water are calculated for adhesion strength
Apl = −21.
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4.U.3. Disjoining pressure in simulations

The next step in the set up was to find suitable values for interaction parameters that
would reproduce the ratios of surface tensions in the experiments. We begin by varying
the cohesion strength and calculating the liquid-vapor surface tension for a simple liquid
and a polymer liquid (No = 5) which will be our oil. As the simple liquid represents
water, we label the related physical quantities with a subscript ‘w’, while we use the
subscript ‘o’ for the polymer liquid as it represents the oil. The results are shown in Figure
4.U.2. To be as close as possible to the experimental conditions of water on PDMS, we
choose the interaction parameters such that the ratios of these surface tensions match
the corresponding experimental values. Specifically, we choose Aij = All = −50 for the
liquid-liquid cohesion which results in a liquid-vapor surface tension of

γw = 3.14± 0.04 [kBT/r
2
c ],

we choose Aij = App = −28 for the polymer-polymer cohesion which gives

γo = 0.841± 0.020 [kBT/r
2
c ]

for the pure oil-vapor interface. Finally, we need to match the ratio of oil-liquid surface
tension to the other two. After some exploration of the parameter space, we settle on
Aij = Apl = −21 for the polymer-liquid adhesion which gives an oil-liquid surface tension
of

γow = 1.41± 0.03 [kBT/r
2
c ].

With this choice the spreading parameter of the oil on the liquid is positive,

So/w = γw − γow − γo = 0.89± 0.06 [kBT/r
2
c ].

Figure 4.U.2 also shows the variation of the oil-liquid surface tension and the spreading
parameter of oil on the liquid as we vary the cohesion strengths All and App for a fixed
adhesion Apl = −21.

4.U.3. Disjoining pressure in simulations

As we are interested in droplets on lubricated brushes, there is the possibility that the
drops will be cloaked by the oil. This is driven by the positive spreading parameter of
the oil on the droplet Eq. (2.30). This driving force for the cloaking can also be captured
through the disjoining pressure Πo(h) for a thin film of oil of thickness h on the surface
of the droplet (see section 2.1.5). The disjoining pressure is related to the spreading
parameter through Eq. (2.19). A way of determining the disjoining pressure is to measure
the effective surface tension γeff (h) for a thin film of thickness h and relate it to the
disjoining pressure through Eq. (2.18), resulting in

Πo(h) = −
dγeff
dh

(4.U.4)
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4.U. Unpublished Results: Cloaking Transition

Figure 4.U.3.: Effective surface tension versus film thickness for free chains on liquid.
The dashed line is a fit to γeff = So/w exp (−h/ξ)+γeff,∞ with So/w = 1.06±0.06 [kBT/r

2
c ],

ξ = 1.85 ± 0.29 [rc], γeff,∞ = 2.22 ± 0.04 [kBT/r
2
c ]. Insets show the stress anisotropy at

the interface for the different thicknesses with a single apparent interface, two overlapping
interfaces, and two well separated interfaces. The corresponding simulation snapshots are
also shown, where the simple liquid is shown in blue, while the polymers are shown in
yellow.

To that end, we perform simulations of a thick slab of simple liquid placed in contact with
polymeric liquid slabs of different thicknesses. We use the set of parameters described in
section 3.2.1. The surface tension is calculated by integrating the stress tensor anisotropy
across the interface. The results are shown in Figure 4.U.3. Each point corresponds to
an average over 5 independent simulations, with the error bars corresponding to standard
errors of the mean. The thickness is calculated as [65]

h =
noNo

ρoA
(4.U.5)

where no is the number of polymer chains, No = 5 is the length of individual chains,
ρo ≈ 2.95[r−3

c ] is the density of the polymer melt at equilibrium, and A is the surface area
of the interface. The insets in Figure 4.U.3 show the shape of the stress tensor anisotropy
at the interface for the different thicknesses. For low thickness we have a singular peak, for
intermediate thickness two overlapping peaks, and for thick polymer films the two peaks
are well separated. Finally, the dashed line corresponds to a fit to a function γeff (h) and
corresponding disjoining pressure Πo(h)
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4.U.4. Curvature and surface tension: Tolman length

γeff (h) = So/w exp

(
−h

ξ

)
+ γeff,∞ (4.U.6)

Πo(h) = −
dγeff
dh

=
So/w

ξ
exp

(
−h

ξ

)
(4.U.7)

where γeff,∞ = γow + γo and So/w is the spreading parameter of oil on the droplet. Our
choice is motivated by the fact that we have short range forces between the particles which
leads to the assumption of a fast decaying disjoining pressure. The fit results in

So/w = 1.06± 0.06 [kBT/r
2
c ] ; ξ = 1.85± 0.29 [rc] ; γeff,∞ = 2.22± 0.04 [kBT/r

2
c ]

where the errors are standard errors on the fitting parameters. The reasonable fit for
the data supports the assumption made in the theory of sections 4.2.3 and 4.6 of an
exponentially decaying disjoining pressure.

4.U.4. Curvature and surface tension: Tolman length

0.05 0.10 0.15 0.20
1/R [r−1

c ]

5.0

5.5

6.0

γ
[k
B
T
/r

2 c
]

(a)

γ20

γ22

0.05 0.10 0.15 0.20
1/R [r−1

c ]

0.2

0.4

0.6

0.8

1.0

1.2

∆
P

[k
B
T
/r

3 c
]

(b)

Figure 4.U.4.: (a) Surface tension versus the curvature of spherical drops based on
capillary wave theory for spherical drops. The results for the ‘20’ and ‘22’ modes overlap.
Even for the largest droplets, the results deviate from the surface tension of the flat
interface γw ≈ 3.2 kBT/r

2
c . (b) Laplace pressure versus the curvature of spherical drops.

The dashed line is a fit accounting for the Tolman length correction ∆P = 2γ∞
R

(
1− δ

R

)
.

The fit results in γ∞ = 3.5163 ± 0.0023 [kBT/r
2
c ] , δ = 1.02 ± 0.08 [rc] and y-intercept

∆P∞ = −0.0214± 0.005 [kBT/r
3
c ].

It is common practice to treat the surface tension as a fixed quantity, and rely on mea-
surements of the surface tension for flat interfaces to infer results for droplets. However,
the surface tension may vary with the curvature of the interface. The dependence of the
surface tension on the radius of curvature was first investigated for a single component
system by Tolman [202]. Tolman considered the definition of surface tension based on the
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4.U. Unpublished Results: Cloaking Transition

Gibbs adsorption isotherm (a.k.a. Gibbs adsorption equation, see Ref. 54 §2.3 and §2.4)
for a single species at liquid-vapor coexistence and followed the consequences for spherical
interfaces to obtain

γ = γ∞

(
1 +

2δ

R

)−1

(4.U.8)

(for R ≫ δ) ≈ γ∞

(
1− 2δ

R

)
(4.U.9)

where γ∞ is the surface tension for a flat interface, R is the radius of curvature of the
interface, and δ is known as the Tolman length. The last approximation corresponds to
large drops R ≫ δ which applies for most situations of interest. To investigate the effect
of curvature on our system, in particular on the liquid droplet, we ran simulations for
spherical droplets of different radii. The drops were initialized by extracting spheres from
liquid slabs prepared as described in section 3.2.2.

As a first approach, we calculated the surface tension using an approach based on capillary
wave theory, which relates the surface tension to thermally excited oscillation modes of
the interface [203, key]. Considering a spherical coordinate system with the origin at the
center of mass of the drop, the position of every point on the interface is r(θ, φ), where
θ ∈ [0, π] is the polar angle and φ ∈ [0, 2π] is the azimuthal angle. The shape of the
interface at time t is expanded in spherical harmonics Ylm(θ, φ)

r(θ, φ, t) = R+
∑
l>0

∑
m

ζlm(t)Ylm(θ, φ) (4.U.10)

where ζlm(t) is the amplitude of the (l,m) mode, and R ≡ ζ00 is the unperturbed equilib-
rium radius of the drop. The surface tension is related to the fluctuation ⟨|ζlm|2⟩ in the
amplitude of every (l,m) mode

γlm =
kBT

(l − 1)(l + 2)⟨|ζlm|2⟩
(4.U.11)

where γlm is the surface tension obtained through a particular mode. The value of surface
tension should be independent of the modes considered γlm = γ, but considering different
modes provides independent measurements. To apply the theory we follow the approach
described in the supporting information of Ref. 204. There, the drop at every measured
frame is fit to an ellipsoid and the fluctuations in the axes of the ellipsoid are calculated.
This is then related to the fluctuations of the (l,m) = (2, 0) and the (l,m) = (2,±2)
oscillation modes. From that two independent measurements γ20 and γ22 for the surface
tension are obtained. The results for the surface tension versus the curvature of the droplet
1/R are shown in Figure 4.U.4 (a). At a first glance, it seems the curvature does not have
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4.U.5. Cylindrical droplets

an effect on the value. However, the value obtained from both estimates at all curvatures
deviates significantly from the value for a flat interface γ ≈ 3.2 [kBT/r

2
c ].

As a second approach to quantify the Tolman length we calculate the Laplace pressure
across the spherical interface (see section 2.1.1.1). Accounting for the Tolman correction,
the Young-Laplace equation becomes [51]

∆P =
2γ∞
R

(
1− δ

R

)
. (4.U.12)

Where ∆P is the Laplace pressure and R ≫ δ is the equilibrium radius of the droplet.
Having the Laplace pressure and the equilibrium radius of the droplet from simulation
we fit ∆P vs 1/R to Eq. (4.U.12). The results are shown in Figure 4.U.4 (b). The data
points fit the expectation nicely, and the fit parameters have reasonable values

γ∞ = 3.5163± 0.0023 [kBT/r
2
c ] ; δ = 1.02± 0.08 [rc]

where the errors are standard errors on the fitting parameters. In addition, the y-intercept
(Laplace pressure for the flat interface) ∆P∞ = −0.0214±0.005 [kBT/r

3
c ] ≈ 0 as expected.

The calculated value for γ∞ is reasonably close to the value calculated for flat interfaces
γ ≈ 3.2 [kBT/r

2
c ], though it still falls outside the confidence interval. The value of the

Tolman length is on the order of the size of a molecule, also as expected.

To conclude this section, we reiterate the discrepancy between the surface tension for flat
interfaces and the results obtained through the application of capillary wave theory to the
spherical drop, especially compared to the significantly better performance of the approach
based on the measurement of the Laplace pressure. The discrepancy in the first approach
can be explained by the fact that the theory that leads to Eq. (4.U.11) does not account
for the possible variation of the surface tension with curvature and assumes a constant
value. This is a valuable observation as it illustrates that applying capillary wave theory
in a näıve manner may lead to strikingly misleading results.

4.U.5. Cylindrical droplets

In section 2.1.3 we described line tension, which, if present, can affect the wetting prop-
erties of the system. In section 4.2.4.1 we show that indeed our system does have some
dependence on the curvature of the contact line (see Figures 4.9 and 4.9). In particular,
we show that the line tension in our system is negative, i.e. it acts to decrease the contact
angles. To avoid such effects, it is customary in MD simulation of droplets to use cylin-
drical droplets [117, 184]. Such simulations are set up such that the simulation box has a
long dimension and short dimension, and periodic boundary conditions. If the droplet is
large enough, it will form a rivulet across the periodic boundary of the short dimension
and adopt a cylindrical equilibrium shape, as opposed to the typical spherical shape.
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4.U. Unpublished Results: Cloaking Transition

Figure 4.U.5.: Simulation snapshot from a cylindrical droplet simulation.

To investigate the differences between spherical and cylindrical droplets for our system,
we run simulations of cylindrical droplets on lubricated brushes. We set up the lubricated
brushes in a manner similar to that described in sections 3.2.4 and 3.2.3, the difference
being that we choose a different number of grafting sites in the x and y-directions. Our
short dimension will always be along the y-direction. We prepare systems with Nx×Ny ∈
{100×20, 120×20, 120×40, 120×50}, at a grafting density σ = 0.25 [r−2

c ]. The resulting
box sizes are Lx×Ly ∈ {200×40, 240×80, 240×40, 240×80} [r2c ]. To place the droplets
on the brush, we extract a half cylinder from a simple liquid slab and place it in contact
with the brush. The axis of the cylinder is along the y-direction, and its length is equal to
Ly. The radius of the cylinder is varied to study the effect of droplet curvature. We use
radii R ∈ [10, 50] [rc]. For the larger values of Ly, certain values of R result in a rivulet
instability and the cylinder break into spherical droplets.1 A snapshot from a simulation
of a cylindrical droplet is shown in Figure 4.U.5.

We begin by investigating the cloaking of the droplet. In section 4.2.3 we show the exis-
tence of a cloaking transition which sets in at a particular oil fraction Φ∗. The transition
fraction Φ∗ depends on the radius of curvature of the drop as well as other factors (see
Eq. (4.11)). For a valid comparison we use cylindrical drops with radii comparable to
the spherical drop. Figure 4.U.6 shows the calculated cloak thickness versus the oil frac-
tion Φ for cylindrical drops of different radii and box lengths, as well as the results for a
spherical drop of radius R ≈ 45 [rc]. For all of the simulated systems the transition occurs
at 0.333 < Φ∗ ≤ 0.444. The inset shows the values of the thickness without averaging
at Φ = 0.444. We see that the spread is largest for the R = 30 [rc];Ly = 40[rc] droplet,
with one of the data points corresponding to a vanishing thickness. This could be an
indication that the transition sets in later for this smaller drop, which is predicted by the
thermodynamic considerations resulting in Eq. (4.11). The smallest spread corresponds

1The rivulet instability kicked in when R < 15 [rc] for Ly = 80 [rc], and when R < 20 [rc] for Ly = 100 [rc]
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Figure 4.U.6.: Thickness of the cloak versus oil fraction Φ for cylindrical droplets. The
different lines correspond to variations in the radius of the drop and the box length in the
short dimension. Within the values of Φ we chose, no detectable change in the transition
point is found. The thickness varies slightly for the three lines near the transition at
Φ = 0.444. Inset shows the individual data points at Φ = 0.444. The larger spread for
the smaller radius may indicate a delay in the onset of the transition as expected from Eq
(4.11).

to the R = 40 [rc];Ly = 80[rc] droplet, and that is likely due to the larger sample in the
larger system, as all results are averaged over the y-direction.

Afterwards, we study the effect of the drop curvature on the equilibrium contact angle on
dry brushes. We in addition vary the box dimensions to capture any finite size effects. The
results are shown in Figure 4.U.7 (a). Except for the smallest droplets, the contact angle
seems independent of the curvature of the cylindrical droplet. For very small radii we see
some variation which is likely due to the drop “sinking” into the brush which results in
smaller apparent contact angles. The correction due to the Tolman length should result
in a small variation of the contact angle, but given the parameters from section 4.U.4 it is
expected to be smaller than 1◦. The dimensions of the box also do not seem to influence
the results, although Ly is more than doubled.

Finally, we investigate the effect of lubrication on the contact angle. As described above,
the cloaking of the drop is expected to affect the contact angles as it results in a smaller
effective surface tension of the drop (see also section 4.U.3). As the equilibrium contact
angle on dry brushes is larger than 90◦, the decrease in droplet surface tension should lead
to larger contact angles. To compare cylindrical and spherical droplets, we use similar
oil fractions as those used for the spherical drop. We again vary the box length and the
radius of the cylindrical droplet, and show the results for a spherical drop with a radius of
curvature R ≈ 45 [rc]. For the cylindrical droplets the contact angle is unaffected by the
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Figure 4.U.7.: (a) Cosine of the apparent contact angle versus the curvature of cylindrical
drops on dry brushes. Boxes of different dimensions are shown. For larger droplets, neither
curvature nor box size seem to affect the result. (b) Apparent contact angle versus oil
fraction Φ. The droplet radius and the box length in the short dimension are varied. Also
shown are the results for a spherical droplet with a radius of curvature R ≈ 45 [rc].

change in Φ until the cloaking transition sets in, where for the larger droplets the contact
angle seems to increase slightly, before rapidly decreasing due to the drop “sinking” into
the brush for very high oil fractions. This is to be contrasted with the spherical drop,
where all values of the contact angle are smaller than those for cylindrical drops, but more
importantly, the contact angle seems to be decreasing as the oil fraction increases, until
the cloaking sets in and it increases slightly again. In section 4.2.4.2 we speculated that the
decrease is likely due to changes in the magnitude of line tension. This speculation is partly
validated by the behavior of the cylindrical droplets, as before the cloaking transition they
are unaffected, and after the cloaking transition they exhibit a slight increase in contact
angle.

4.U.6. Summary of unpublished results

We began by calculating liquid-vapor coexistence phase diagrams for the MDPD model for
a simple liquid and polymeric liquid. Afterwards, we calculated the liquid vapor surface
tension for each type of liquid with the aim of matching the ratios of surface tension
in simulation to the values in the experiments. The results for the phase behavior and
interfacial tension guided our choice of interaction parameters in the simulations.

Afterwards, we quantified the disjoining pressure of lubricant on the drop and found an
exponentially decaying disjoining pressure, which is consistent with the short ranged forces
in our simulations. In addition, as we are investigating small droplets, we studied the effect
of curvature on surface tension as summarized through the Tolman length. Here we find
that applying capillary wave theory blindly to small spherical droplets results in wrong
values of the surface tension, and in our system showed no variation with curvature. We
found that a better approach is to calculate the Laplace pressure across the interface of
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4.U.6. Summary of unpublished results

spherical droplets and extract physical quantities through fitting to the Young-Laplace
equation that includes the correction due to curvature.

Finally, to eliminate the effect of line tension and compare to the published results, we
perform similar analysis on cylindrical droplets as we did for spherical droplets. The
cloaking transition and cloak thickness coincide for the spherical and cylindrical drops
suggesting that they are not strongly affected by line tension for the spherical droplet
size we investigated; in addition, the are not affected by the length of the cylindrical
droplet. As expected, the apparent contact angle for cylindrical droplets on dry brushes
does not depend on the size of the droplet, except when it is small enough to sink into
the brush. There also does not appear to be a finite size effect relating to the length
of the cylindrical droplet, at least in the range of box sizes we studied. The apparent
contact angles for cylindrical droplets are larger than the angles for spherical droplets. In
addition, on lubricated brushes, the apparent contact angle for cylindrical droplets appears
to increase with the fraction of lubricant, although the change is only a couple of degrees.
This increase is expected with cloaking, as the contact angles are larger than 90◦ and
cloaking reduces the droplet surface tension. This is in contrast to the case of a spherical
drop where the apparent contact angle seems to gradually decrease for a certain range of
lubrication, before increasing again. This is an indication of the effect of line tension, and
possibly shows that the magnitude of line tension slightly increases with lubrication, as
the negative line tension we found promotes spreading, resulting in smaller contact angles.
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Note: This chapter reproduces the results from the publication in Ref. 205. Additions and
changes from the original publication are marked with a violet text color, while omissions
are marked through the symbol [...].

Contributions to publication:

• Theoretical model setup: the main model was formulated by F. Schmid. Modifi-
cation, and extensions to the model were performed by R.G.M. Badr and F. Schmid.

• Analysis and figures in original publication: R.G.M. Badr generated and an-
alyzed the theoretical data in the original publication. Experiments were performed
by co-authors. Part of the analysis of experiments was performed by R.G.M. Badr.
Interpretation of the results was performed by R.G.M. Badr in collaboration with
the co-authors.

• Writing: R.G.M. Badr in collaboration with F. Schmid wrote the bulk of the the-
oretical results sections. The introduction was written by co-authors. Experimental
results section written by R.G.M. Badr and co-authors. Conclusion to the original
article was mainly written by J. T. Pham with minor contributions from R.G.M.
Badr.

Reproduced from Zhuoyun Cai, Rodrique GM Badr, Lukas Hauer, Krishnaroop Chaud-
huri, Artem Skabeev, Friederike Schmid, and Jonathan T Pham. Phase separation dy-
namics in wetting ridges of polymer surfaces swollen with oils of different viscosities. Soft
Matter, 20(36):7300–7312, 2024, no permission required for article authors for reuse in
dissertation from the Royal Society of Chemistry.
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5.1. Introduction

Wetting on soft surfaces has gained significant attention for the wide range of potential
applications, from soft robots [206] and biological processes [207] to adhesives and self-
cleaning coatings [208, 209]. Drops on soft elastomers generate an out-of-plane deformation
around the three-phase contact line, known as a wetting ridge, due to the drop surface
tension pulling vertically on the surface [210–214]. Such behavior is more easily observed
when the modulus of the polymer network is soft enough for the surface tension force
to cause visible deformations. This ridge can play a role in drop spreading, drying, and
sliding [77, 215–222]. Similarly, wetting ridges can also be found on slippery, lubricant-
infused surfaces, although these ridges are comprised purely of liquid lubricant [163, 223–
226]. Swollen elastomers, which are polymer networks infused with a liquid, can behave
as an intermediate between these two cases; the swelling liquid can separate from the
polymer network, making the wetting behavior even more complex [37, 80, 107, 227–
239]. Specifically, when a drop is placed on a swollen elastomer, the imbibed liquid may
phase separate at the contact line, affording a pure liquid phase at the wetting ridge tip
[38, 219, 236, 240]. While wetting-induced phase separation on swollen elastomers has
been investigated, the shape and growth dynamics of the phase separated region is not
well understood, especially as a function of the swelling oil viscosity. Such information is
critical for designing time-dependent processes for soft polymer coatings.

To study soft wetting, silicone elastomers (e.g., crosslinked polydimethylsiloxane, PDMS)
are one of the most widely used substrates, [80] due to their commercial availability, easily
tuned modulus, and simple preparation methods [38, 215, 228, 241–246]. However, many
elastomers contain uncrosslinked molecules (i.e. extractable oils) that are left over after
curing, which serve as a liquid swelling agent in the network [247–249]. Hence, these mate-
rials are two-component systems that include a crosslinked network and an uncrosslinked
liquid; the liquid phase is effectively a high viscosity silicone oil. For example, the Sylgard
184 elastomer kit has a base liquid polymer with a viscosity of ∼ 5000 cSt, which likely
makes up most of the remaining extractable oil in the elastomer after curing [34, 35, 247].
This high viscosity imbibed oil can play an important role in dynamic surface properties,
like drop sliding dynamics [250] and adhesive detachment dynamics [251]. However, prior
studies have not investigated the phase separation shape and dynamics with varying oil
viscosities.

In this work, we study the dynamics of wetting-induced oil phase separation of on lightly
crosslinked elastomers near the contact line of a liquid drop (Figure 5.1a). We focus on
how the oil viscosity (i.e., molecular weight) and the degree of swelling (i.e., amount of
infused oil) affects the size and growth rate of the separated oil region (Figure 5.1b-c). For
highly swollen networks, the oil separation size increases with time after a drop is placed
on the surface. The separation occurs faster at early times and then slows at longer
times. For intermediately swollen elastomers, the oil separation size reaches a maximum
and remains constant with time. The separation rate is a function of the oil viscosity;
lower viscosities separate more and faster at early stages, while the ridge growth is faster
for higher viscosity during later stages. Interestingly, we observe that the growth of the
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oil region grows with a consistent geometry that scales up during growth. Motivated by
the slow time scales at the later stages of growth, we supplement the experiments with a
theoretical model for the diffusion of oil from the gel into ridge. Our result suggests that
phase separation size and rate are strongly affected by the viscosity and amount of oil in
soft elastomers, which may provide insight into the design of soft polymer coatings.

Figure 5.1.: Schematic diagram illustrating the experiment. (a) A drop is placed on
swollen elastomer, creating a zone of oil separation near the contact line. (b) and (c)
Zoomed-in regions of the contact line at two different time points. The oil (ho) and network
heights (hn) are measured over time, with the separation height given by ∆h = ho − hn.
At an early time point (e.g. time 1), there is a small amount of oil separation. At a later
time point (e.g. time 2), the hn remains constant and h0 increases. Note that the wetting
ridge zone is not to scale and serves only to describe the process.

5.2. Growth of phase separated wetting ridges on lubricated gels

5.2.1. Surfaces with different viscosity oils

To prepare our surfaces, we use a commercially available polydimethylsiloxane (PDMS)
elastomer kit (Sylgard 184, Dow) with a base to crosslinker ratio of 60:1 by weight; this
leads to an as-prepared Young’s modulus of the order ∼ 5 [kPa] [233, 245, 252]. At this high
base/crosslinker ratio (noting that the manufacturer recommended ratio is 10:1), the base
is in excess relative to the crosslinker, resulting in uncrosslinked chains that remain in the
as-prepared samples after curing. The properties of the uncrosslinked chains are generally
unknown because they come from a commercial product and because there is limited
control over the molecular weight distribution and architecture after curing. To control
the number and molecular weight of free chains, we first remove these uncrosslinked chains
by washing samples in hexane. In this procedure, the as-prepared samples are immersed
in hexane for several days to allow the uncrosslinked chains to migrate from the elastomer
into the surrounding solvent. The process is repeated three times. The washed elastomers
are then dried to remove residual hexane; we consider these washed samples as dry polymer
networks. Details of this washing process are described elsewhere [38, 247].

To study the effect of oil viscosity, the dry samples are swollen with different silicone
oils. We use unreactive, trimethylsiloxy-terminated silicone oils with molecular weights
of 14 kg ·mol−1, 28 kg ·mol−1, and 49 kg ·mol−1, which have viscosities of 350, 1000, and
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5000 cSt, respectively. To measure the maximum degree of swelling for the different
molecular weights, we prepare dry blocks of 60:1 PDMS (1.5 x 1 cm x 1 mm) and sub-
sequently immerse them in oil. Upon immersion, the oil penetrates the network until it
reaches a maximum degree of swelling (i.e., saturated). The degree of swelling is defined as
Q = Vd/Vs, where Vd is the volume of the dry sample and Vs is the volume of the swollen
elastomer. For all molecular weights, Q increases with immersion time, indicating that
silicone oil expands the PDMS elastomer (Figure 5.2). The rate of increase in Q is fast
initially and slows down in the range of 25-50 days, although Q continues to increase after
135 days (∼ 4.5 months). As anticipated, the maximum degree of swelling and the rate of
swelling decrease with increasing molecular weight. At 135 days, Q ∼ 4.0 for 14 kg ·mol−1

oil, ∼ 2.9 for 28 kg ·mol−1 oil, and ∼ 2.0 for 49 kg ·mol−1. Q appears to be approaching
a maximum at 135 days. The increase in swelling over these long times may be due to
the slow reaching of equilibrium by swelling thick samples with high viscosity oil or pos-
sibly due to chains breaking (e.g. hydrolysis) and altering the equilibrium swelling ratio.
Nevertheless, since these values are approaching a plateau, we assume these are around
their saturated swelling states, and will be used as a baseline comparison for preparing
swollen, micron-scale thick films for the following wetting experiments. It should be noted
that due to challenges in high viscosity swelling and sample preparation of thin films of
micron-scale thickness, some variations exist in the maximum measured Q in the following
samples for wetting experiments.

Figure 5.2.: The degree of swelling Q as a function of immersion time in days for macro-
scopic, bulk PDMS elastomers being swollen with silicone oil having molecular weights of
14 kg ·mol−1, 28 kg ·mol−1, and 49 kg ·mol−1.

5.2.2. Observing time-dependent phase separation

To investigate the wetting ridge at the periphery of a drop, a glycerol drop is placed
onto the surface while imaging its contact line. Glycerol is used because it has a similar
surface tension to water, low volatility, and does not swell or mix well with PDMS [34]
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or silicone oil [253], which are important for long term wetting experiments. Moreover,
we previously found that the spreading parameter S should be positive for oil separation
to occur spontaneously [38, 80]; S > 0 for a glycerol and silicone oil system. In Figure
5.3a, confocal images are presented for a drop on a surface with 14 kg ·mol−1 oil and a
measured swelling of Q = 4.1 (∼ maximum swelling). At early stages (30 s), the swollen
polymer network is pulled up and a small amount of oil separation is visible. This suggests
that the emergence of the phase separated region is a fast process. One can hypothesize
that at initial contact (t=0), the drop interfaces with both polymer network chains and
oil molecules. Shortly after, the oil separates and the vertical interfacial stresses at the
tip are mostly felt by the phase separated oil region. After 50 minutes (3000 s), more
oil separated, while it appears that the polymer network relaxed in the vertical direction.
After an even longer time of 5 hours (18000 s), the oil separation becomes more apparent.
Additionally, it is observed that not only does the height of the distinct oil wetting ridge
grow over time, but so does the width to the same extent; that is, the shape remains
geometrically similar.

Figure 5.3.: (a) and (c) Confocal imaging of oil separation during wetting of a glycerol
drop on PDMS elastomers swollen with 14 kg ·mol−1 silicone oil. The insets in (c) are
to illustrate oil separation more clearly at these low separations. (b) and (d) The corre-
sponding measured heights are plotted. The degrees of swelling Q are (a) and (b) 4.1 and
(c) and (d) 2.8. Scale bar: 20µm

To gain more insight into this time-dependent process, we measured the maximum network
height hn and the oil tip height ho relative to the original, unperturbed surface. The
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separation size is calculated from these values, defined as ∆h = ho − hn. These heights
are presented in Figure 5.3b for the corresponding images in Figure 5.3a. Consistent
with our confocal images, the oil separation size increases as a function of time. In the
short time regime (e.g. 30 s), a quick formation of the network wetting ridge is observed
when the drop is placed, while a very small ∆h is observed. However, ho increases with
increasing time. After 3000 s, ∆h ≈ 16µm , and reaches ≈ 30µm at 18000 s. This
qualitative trend also holds for a polymer network swollen to a lower degree of Q = 2.8
(Figure 5.3c), but with smaller ∆h. In this case, we find again that the network wetting
ridge forms quickly, but without clear oil separation at t = 30 s. After 3000 s, a small
amount of oil separation can be visualized, which appears to be maintained after 18000 s.
This is evident in Figure 5.3d, which shows that the separation size ∆h reaches ∼ 2µm
after about ∼ 2500s; thereafter it does not increase significantly with time (Figure 5.3c-d).
This concept of a stable ∆h is consistent with our prior work on low molecular weight
oils (770 g ·mol−1), which showed an apparently stable oil separation after a few minutes
[38]. When the degree of swelling is decreased even more to Q = 2.1, effectively no oil
separation is visible in our confocal images. The data becomes rather noisy, and the oil
and network heights are difficult to discern. It is likely that a small amount of oil does
separate, which is outside the resolution limit of our confocal microscope.

To investigate the idea of geometric similarity in the ridge, we trace the ridge shapes at dif-
ferent times and overlay them. Figure 5.4a shows the shapes of the ridge for 14 kg ·mol−1

oil at the highest swelling for all times. The lines are colored according to the measure-
ment time, gradually changing from dark purple at early times to light yellow at the latest
time. To show the similarity in the shape, we rescale the ridges at different times to have
the same ridge height, as measured from the unperturbed surface of the network. Figure
5.4b shows the ridge at different times after rescaling. As it turns out, the ridge initially
steepens with time (illustrated by the outlying purple lines), but soon assumes a invariant
shape. Except for the outlying early times, we see a collapse of the shapes after rescaling.
At equilibrium, a self-similar shape is expected to appear as the result of a point load on a
viscoelastic medium [254], and we believe this manifests itself in the geometrically similar
growth of the liquid ridge at steady state. To further characterize the shape during growth,
we measure the opening angle at the tip of the separated ridge. To measure the angle,
we take the 30 points closest to the tip of the ridge from either side, and fit each set to a
line. This gives an approximation of the left and right tangents to the ridge. The opening
angle is then calculated as the angle between those lines. The results for 14 kg ·mol−1 are
shown in Figs. 4c and 4d at Q = 2.8 and Q = 4.1, respectively; the angles relax and take
constant values after about 500 s and 1000 s, respectively. Both durations are shorter
than the time needed to reach equilibrium, which is about 2500 s for Q = 2.8, and longer
than 20000 s for Q = 4.1. The steady value for the measured angle further supports the
similarity in the ridge shape during growth.

An interesting point is that the tip angle is relatively large (>40◦). Due to the interfacial
tensions at play in our system, vanishingly small angles are expected. The reason is
because the spreading parameter of the oil on the glycerol is positive, meaning that at
equilibrium, a Neumann configuration is not possible [80]. In addition, if the network is

98



5.2. Growth of phase separated wetting ridges on lubricated gels

Figure 5.4.: Geometry of the wetting ridge for 14k and Q = 4.1. (a) Original ridge and
(b) rescaled ridge at all times. The time span between two lines is about 30s, and the
lines are colored according to the measurement time, gradually from dark purple at early
times to light yellow at the latest time. Except for ridges at early times, the ridge shapes
collapse to a common one after rescaling. (c) and (d) Opening angles of the oil ridge tip for
14k oil swollen surfaces for (c) Q = 2.8 and (d) Q = 4.1. The opening angle is measured
using estimates of the tangents from both sides of the tip of the ridge

highly swollen, the oil likely cloaks the drop, leading to a vanishing angle at the tip of the
ridge. Measuring angles from microscopy images suffers from inherent limitations, namely
the imaging resolution and the inability of image analysis tools to find infinitely sharp
corners in noisy images. This may lead to measured angles being larger than they are in
reality. The reported angles should, therefore, not be taken as a sign of the existence of a
stable Neumann state at equilibrium, but simply as an indication of the similarity of the
shape of the ridge during growth.

To compare the oil separation for the different molecular weights, ∆h for different Q are
plotted for the 14, 28, and 49 kg ·mol−1 surfaces as a function of time (Figs. 5a-c). In
the 14 kg ·mol−1 case, the sample with high swelling (Q = 4.1) displays a large separation
size, which decreases with decreased swelling. Hence, the maximum separation size is a
function of the degree of swelling. The same general trend is observed for the 28 kg ·mol−1

and 49 kg ·mol−1 oils (Figure 5.5b-c); when the networks are swollen to their maximum
values, a large oil separation is observed (Qmax = 3.5 for 28 kg ·mol−1 and Qmax = 2.3
for the 49 kg ·mol−1), which decreases with decreased swelling. This can be conveniently
observed in Figure 5.5b for the 28 kg ·mol−1 samples, where the long time ∆h decreases
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with decreasing Q. At a sufficiently low Q, the separation size ∆h becomes too small to
clearly image. For example, samples with Q = 1.9 for the 28 kg ·mol−1 and Q = 1.4 for the
49 kg ·mol−1 do not display clear separation, even after a long wetting time of ∼ 5 hours;
the values remain around ∼ 1µm with noisy data, close to our resolution limit. This little
to no oil separation is consistent with our previous study suggesting that the fluid is held
inside the polymer network for elastomers with a low Q, possibly due to osmotic pressure
[38, 220, 227, 239].

To make a direct comparison between the different viscosity oils, we replot the highest
swelling data from Figs. 5a-c in Figure 5.5d; during the duration of our experiments, the
separation size clearly increases with decreasing oil molecular weight. However, we note
that the lower molecular weight system has a larger absolute amount of oil within the
network, since it has a higher maximum Q (Figure 5.2). Hence, it is not immediately
obvious whether the molecular weight or the amount of oil in the network governs the
oil separation size. One could also compare samples with similar degrees of swelling but
different molecular weights (e.g. Q = 2.3 for 49 kg ·mol−1, Q = 2.5 for 28 kg ·mol−1, and
Q = 2.8 for 14 kg ·mol−1, Figure 5.5a-c); however, ∆hmax for these are not similar. For
example, although the swelling ratio for 49 kg ·mol−1 is the lowest (Q = 2.3), the ridge
height reaches higher values than for 28 kg ·mol−1 (Q = 2.5), followed by 14 kg ·mol−1,
which has the highest swelling ratio of the three (Q = 2.8). These overall results indicate
that even though the swelling ratio plays a role in ∆hmax, it is also strongly governed by
the viscosity.

Figure 5. Separation height ∆h as the function of wetting time with different degrees
of swelling Q for PDMS elastomers swollen with silicone oil having molecular weights of
(a) 14, (b) 28, and (c) 49 kg ·mol−1, respectively. (d) Separation height ∆h as the func-
tion of wetting time for elastomers swollen with different molecular weight oils near their
maximum; Qmax = 4.1 (black, 14 kg ·mol−1), 3.5 (blue, 28 kg ·mol−1) and 2.3 (purple,
49 kg ·mol−1).

In addition to the separation size, we can make a comparison of the time-dependent, oil
separation dynamics from Figure 55.5d for the different viscosities. For all samples, the oil
separation occurs fastest in the early stages of wetting, which is then followed by a slower
rate of oil separation. Qualitatively, one can observe that the early-stage oil separation
occurs faster with lower viscosity oil. For example, the slope (separation height growth
rate) of the curves in Figure 5.5d in the first 1500 s (25 minutes) increase with decreasing
molecular weight. This is intuitive if we consider that the oil mobility will scale inversely
with the molecular weight. On the other hand, the growth slows down after a certain
point in time, suggesting two regimes.

5.2.3. Description of separation process

Based on our experimental findings, it is clear that the separation process is associated
with both the molecular weight of the swelling oil and the swelling ratio. The timescale
of the separation process is relatively long, suggesting that it is dominated by diffusion.
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Figure 5.5.: Separation height ∆h as the function of wetting time with different degrees
of swelling Q for PDMS elastomers swollen with silicone oil having molecular weights of
(a) 14, (b) 28, and (c) 49 kg ·mol−1, respectively. (d) Separation height ∆h as the func-
tion of wetting time for elastomers swollen with different molecular weight oils near their
maximum; Qmax = 4.1 (black, 14 kg ·mol−1), 3.5 (blue, 28 kg ·mol−1) and 2.3 (purple,
49 kg ·mol−1).

Given the time scales of our experiments, it is safe to consider that the system reaches the
diffusion limit. To describe the phase separation growth dynamics, we consider that the
ridge grows through the accumulation of oil near the three-phase contact line, and that the
oil is supplied by a diffusive flow through the swollen network. To describe the process,
we set up a simple diffusion model for the growth of the wetting ridge in the presence
of a drop. A key part of a theoretical description of the process is the driving force for
the accumulation of oil in the ridge. The accumulation of oil is driven by differences in
chemical potential between the ridge and the network outside the three-phase contact
line. The ridge chemical potential can be obtained from the free energy in the ridge.
We consider the ridge to be composed of the elastic network and the phase separated
fluid, located at the three-phase contact line. The ridge free energy Fr depends on the
number of chains nr in the ridge and will be a complicated expression with contributions
from the elasticity of the network, interfacial tensions, and possibly other contributions.
Developing a comprehensive theory for the ridge free energy goes beyond the scope of the
present work. Instead, we approximate the free energy function by an expansion about its
minimum, which corresponds to the saturated ridge with n0 chains:
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Fr ∝ (nr − n0)
2 (5.1)

where nr is the number of chains in the ridge and n0 is the number of chains at saturation,
which is unknown. We consider the location of the ridge to be at the three-phase contact
line radius R, and express the ridge free energy in terms of the line number density in the
contact line

Fr =

∫
dl
κ

2
(λ− λ0)

2 (5.2)

where λ ∝ nr/R and λ0 ∝ n0/R are the actual line density and the line density at satu-
ration respectively, and κ is an unknown proportionality constant. The above-mentioned
details of the physics in the ridge are captured implicitly within the two free parameters
κ and λ0. The details of the free energy in the ridge, however, should not play a major
role, since the time evolution is dominated by slow diffusion.

For the free energy of the swollen polymer network, we include contributions from the
translational entropy of the oil, in addition to a term relating to the elasticity of the
network. The equilibrium free energy for the network is then chosen as

FG = Fid + Fel (5.3)

where Fid is the entropic contribution and Fel ∝ Q2 is the elastic contribution. To capture
the local details in the network, the free energy can be expressed in functional form, which
depends on the local fraction of oil at different positions within the network. Expressed
in this way, the free energy takes the form

FG[φ] =

∫∫∫
Ω
dV

{
φ

No
(lnφ− 1) +

K

2

1

1− φ

}
(5.4)

where the integral is evaluated over the volume of the network, No is the number of repeat
units per oil chain, φ is the local fraction of oil, and K is the elasticity of the network.
The first term in Eq. (5.4) is the entropic contribution of the oil, while the second term
is the contribution from elasticity.

Equilibrium between the ridge and network is achieved when the chemical potentials in
both are equal. The equilibrium line density λe ≤ λ0 is then given by

λe ≡ λ0 +
µeq
G

κ
. (5.5)

Here µeq
G is the equilibrium chemical potential of the elastomer, which is negative and in-

creases monotonously with φ and No. This means that when the swelling or the molecular

102



5.2. Growth of phase separated wetting ridges on lubricated gels

Figure 5.6.: (a) λ(t) vs. time as the direct result of solving the dynamical equations. (b)
The separation height as calculated using λ(t) in eqn (9) and (10).

weight of the oil increases, more material will accumulate in the ridge at equilibrium. This
provides theoretical support for the observations made earlier in Figure 5.5.

For the out of equilibrium situation, having the expressions for the free energies of the
ridge and the network enables us to derive dynamic equations. At the ridge, the flux jr
into the ridge is driven by the difference in chemical potential between the ridge and the
network

jr ∝ µr − µG. (5.6)

Within the network, the local flux jG is driven by local gradients in chemical potential.
Using variational calculus, Eq. (5.4) can be varied to obtain the local flux jG at every
point within the network, in a fashion similar to Fick’s first law. Combining the flux with
a continuity equation results in a diffusion equation for the local fraction of oil within the
network

∂tφ = M∇r

{[
1

No
+

Kφ

(1− φ)3

]
∇rφ

}
. (5.7)

Since our focus is on the separation rate, we assume that the liquid separates immediately
from the network upon the formation of the ridge. With this assumption and since no
material is lost during the growth of the ridge, any oil leaving the network must accumulate
in the pure liquid ridge. With this we set up our diffusion equation with the appropriate
boundary conditions, namely

jG = −jr. (5.8)

The full details on the derivation of the theoretical model are included in the Appendix.
The diffusion equation with the boundary condition does not admit analytical solutions;
we use a simple spatial discretization and integrate it with a forward Euler scheme.
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Solving the dynamical equations gives us the line density within the ridge as a function
of time λ(t). An example of a solution is shown in Figure 5.6a. To compare the results
from the theory to the experiment, it is necessary to calculate the separation height from
the line density. To accomplish this, we first calculate the volume of the phase-separated
ridge from λ(t) as

V (t) =
2πRλ(t)No

ρ
(5.9)

where ρ is the density of the liquid, R is the radius of the three-phase contact line, and
No is the number of repeat units per chain. As noted earlier in Figure 5.4, the shape of
the phase-separated ridge shows geometrically similar growth. This kind of growth can be
exploited to calculate the separation height from the volume of the ridge without having
a detailed shape for the ridge. The similarity assumption, combined with the fact that
the radius of the contact line (∼ mm ) is much larger than the size of the ridge (∼ µm),
implies that the volume scales quadratically with the height of the ridge V (t) ∝ ∆h2(t).

As time progresses, the height of the ridge scales up by a factor of α(t) = ∆h(t)
∆h0

, where ∆h0

is a reference height at a time t0. We then have for the scaling factor α(t) =
√

V (t)/V0 ,
where V0 is the volume at time t0. This finally allows us to relate the separation height
to the volume of the liquid ridge

∆h(t) = ∆h0

√
V (t)

V0
. (5.10)

Using Eqs. (5.9) and (5.10) we can calculate the separation height ∆h(t) from λ(t) as
shown in Figure 5.6b.

With the goal of comparing our experimental data to this simplified theory, we solve the
diffusion equation for a given set of fixed parameters (e.g. modulus of the material and
the drop size, details in the Appendix) and vary the molecular weights and swelling ratios;
these are chosen based on the molecular weight and swelling ratios from experiments. The
parameter that appears in the theory (i.e., in the translational entropy) is the degree of
polymerization of the oil No. For the 14, 28, and 49 kg ·mol−1 oils, No values are set
to 184, 378, and 667 respectively, assuming a repeat unit (monomer) molar mass of 74
g/mol. The mobility in the theory is taken as M = M0

No
, such that it scales inversely with

the molecular weight and M0 is the mobility of an individual monomer. This assumes that
there is no effect of entanglements. In the diffusion regime, the only effect of entanglements
is that the mobility M varies more strongly with molecular weight Mw [255]. When it
comes to inter-chain entanglements, an estimation of the entanglement molecular weight
Mc for PDMS yields Mc = 33 ± 7 kg ·mol−1 [256]. A study of the transition between
the two regimes shows that it can be smooth [257]. The 14 kg ·mol−1 is below Mc while
the 28 kg ·mol−1 falls is within the confidence interval from below, and we will consider
both to not have entanglements. The mobility of the 49 kg ·mol−1 oil might include
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effects from entanglements. However, given the smoothness of the transition and that
the molecular weight is not too far above the Mcvalue confidence obtained by Valles and
Macosko [256], we assume that inter-chain entanglement plays a small role and will be
neglected. Moreover, for elastomers prepared from commercial kits as we do here, it is
difficult to estimate the density of crosslinks and strand lengths, which are relevant for
determining the properties of the swollen elastomer [258]. Previous studies on the diffusion
of unreactive PDMS chains in PDMS networks found that up to weight average molecular
weights of 30 kg ·mol−1, Rouse dynamics still govern the diffusion [259, 260]. Taking this
into consideration, we use the scaling M ∝ 1

Mw
for our mobility.

Figure 5.7.: Theoretical separation height ∆hth(t) vs. time at different swelling ratios for
(a) No = 184, (b) No = 378, (c) No = 667. (d) Same as (a)–(c) but for the highest swollen
elastomers with oils of different molecular weights. The theoretical results are shown in
solid lines, while the experimental results in triangles.

The results for the theoretical separation heights ∆hth are shown in Figure 5.7, which is
designed to be analogous to Figure 5.5. Figs. 5.7a-c show the evolution of the separation
height for No = 184, 378, 667 respectively, at different swelling ratios. One difference is
apparent between the theory (Figs. 7a-c) and the experiments (Figs. 5a-c) for lower swelling
ratios. In the experiments, we have little and quickly saturating growth for low swelling
ratios, while in the theory the growth is significant and slow for all swelling ratios. Since the
ridge heights reached for low swelling are much smaller than for high swelling, it is possible
that all of the necessary oil is supplied from the immediate surrounding of the ridge, and
equilibrium is reached before the diffusive regime sets in. One possible explanation for
the discrepancy is our choice of parameters in the free energy for the ridge Eq. (5.2). We
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5. Wetting Ridge Growth Kinetics on Lubricated Gels

choose the same value for the proportionality constant κ and for the saturation line density
λ0 while both could depend on the swelling ratio. For Qmax in particular, the theoretical
curves are in good qualitative agreement with the experiments. This is illustrated in
Figure 5.7d, showing the evolution of the separation height for different molecular weights
at the highest swelling ratios for both theory (lines) and experiment (triangles). Above we
made the choice for the scaling law of the mobility as M ∝ 1/Mw, based on observations
from the literature [259, 260]. The agreement of the theory with the experiment in Figure
5.7d supports the validity of this scaling.

To better quantify the similarities and differences we plot the data in a logarithmic scale
and extract power law exponents of the form ∆h ∝ tβ. Figs. 8a and 8b show the data
on a logarithmic scale for the experimental results and the theoretical results respectively,
for different molecular weights at high swelling. The grey dotted lines in the plots are
power law fits for the data at t ≥ 7500s. It is clear in both the experiment and theory
that different regimes exist at early and late stages, as evident from the deviation of the fit
from the curves. The experimental exponents with standard errors are βex = 0.296±0.005
(14 kg ·mol−1), 0.338± 0.029 (28 kg ·mol−1), and 0.489± 0.016 (49 kg ·mol−1), while the
theoretical exponents are βth = 0.335 (N0 = 184), 0.356 (N0 = 378), and 0.412 (N0 =
667). The experimental and theoretical exponents are in reasonably good agreement,
suggesting that the mechanisms governing the long-term growth of the ridge are most
likely simple diffusion and geometry.

Figure 5.8.: (a) Logarithmic plot of the experimental height vs. time for saturated
elastomers with different oil molecular weights. The grey dots are power law fits with
∆h ∝ tβex for t ≥ 7500 s. βex = 0.30, 0.34, 0.49 for the 14

[
kg ·mol−1

]
, 28

[
kg ·mol−1

]
,

49
[
kg ·mol−1

]
molecular weight oils, respectively. (b) The same plots as part (a) but

for the theoretical results. The grey dots are power law fits ∆h ∝ tβth for t ≥ 7500 s.
βth = 0.34, 0.36, 0.41 for the monomer numbers of No = 184, 378, 667, respectively.

It is interesting to note that in the early-stage of phase separation growth, the rates are
in the order 14k > 28k > 49k; this is observed in initial slopes of Figure 5.5d, prior to
reaching the second regime. On the other hand, the power law fits in Figure 5.8 show
the scaling exponents in the order of 49k > 28k > 14k. Evidently, the late-stage phase
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separation height grows faster with higher viscosity oils (e.g. 49k) compared to lower
viscosity (e.g. 14k). This can be rationalized by considering the initial phase separation
rate to be governed by two main two factors: (a) the swelling ratio is higher for lower
molecular weight oils, meaning there is more oil available in the local vicinity and (b) a
low viscosity permits faster oil flow. Hence, the 14k oil separates more and faster initially.
For the the late-stage separation, the slower rates for lower molecular weight oil would then
be due to the phase-separated ridge being closer to equilibrium, such that the chemical
potential difference is lower.

5.3. Conclusions

In this study, we employ confocal microscopy to separately visualize the crosslinked net-
work and the mobile oil of a swollen elastomer during wetting. When a drop is placed on
the surface, we show that phase separation occurs near the contact line, where the phase
separation dynamics is related to the molecular weight of the swelling oil and the degree
of swelling. The ridge formation starts with a deformation of both components, followed
by a quick separation of the liquid and subsequent relaxation of the polymer network.
The liquid part of the phase separated ridge grows in a geometrically similar fashion. The
ridge outlines collapse at different times after rescaling. For low swelling ratios, the ridge
reaches the plateau height relatively fast, while at the highest swelling ratios, complete
equilibrium is not reached even after long times (i.e., ∼ 15000− 18000 s). Higher degrees
of swelling and lower molecular weight oils lead to larger phase separation sizes and rates
in the early-stage wetting while, the separation rate appears to be faster for high viscosity
oil at later stages of wetting, likely because less oil has separated compared to the lower
viscosity counterpart, leading to a lower chemical potential. We confirm this by employ-
ing a model based on diffusion and by considering the geometrically similar growth of the
phase separated ridge. The results of the model fit the experiments well for the highest
swelling ratio. The theory fails, however, to predict the low equilibrium heights and the
ensuing fast equilibration at lower swelling ratios. This shortcoming is most likely due
to simplicity of the theoretical considerations, where the two free parameters κ and λ0

are chosen to be independent of the swelling ratio or oil molecular weight. A detailed
molecular theory may be needed to capture the complex physics in the ridge. The physics
in the ridge and the details of what governs early-stage phase separation dynamics are
still open questions for future consideration.

5.4. Experimental section

The details of the preparation of thin, swollen PDMS films for confocal imaging is described
in our previous work [38]. Briefly, Sylgard 184 (Dow) is used as our model polydimethyl-
siloxane (PDMS) elastomer with base/crosslinker of 60:1. Fluorescein O,O’-diacrylate
(Sigma-Aldrich) with concentration of ∼ 400µg per gram of PDMS is used to dye the
crosslinked PDMS network. The samples are cured in a 65°C oven for 48 hours, followed
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by extracting uncrosslinked chains with hexane. After extraction, silicone oil that is mixed
with a red-shifted perylene monoimide (PMI) dye is used to reswell the PDMS. In this
work, silicone oil (polydimethylsiloxane, trimethylsiloxy terminated, Gelest) with viscosi-
ties of 350, 1000, or 5000 cSt are used. During reswelling, a minor amount of hexane can
be used to help increase the swelling rate of viscous silicone oil into PDMS network. The
silicone oil is mixed with hexane with a volume ratio of 1:8, and the oil-hexane mixture
is added directly onto the extracted PDMS film. The oil-hexane mixture spontaneously
swells into the PDMS network, and the degree of swelling is controlled by the volume of
oil-hexane mixture added. The container with samples is sealed with aluminum foil for 1
week, followed by unsealing the container and leaving the samples in the open environment
for 1 hour to allow any residual hexane to evaporate.

Confocal images are captured on an inverted confocal microscope (Leica SP8) equipped
with a 40x objective with a correction ring. Two lasers with wavelengths of 488 nm and
638 nm are utilized to excite the fluorescein and PMI dyes separately, and two high-
sensitivity (HyD) detectors are used to collect emission wavelength ranges of 500-600 nm
and 670−750 nm. A 2µL glycerol drop is placed on the sample and cross-sectional images
of the surface deformation are taken every 30 s or 10 mins, depending on the wetting time
of the experiment. The heights of oil and network are measured by the vertical distance
between the flat surface and the highest tip of the oil and network through MATLAB and
image analysis.
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5.6. Theoretical details

5.6.1. Ridge model

List of symbols:

• Fr: total free energy in the ridge

• fr: line free energy density of the ridge

• ∂Ω: contact line between the drop and the gel
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• κ: prefactor controlling the ”rigidtity” of the free energy (implicitly holds infor-
mation over the combined effect of elasticity of the gel, interfacial effects, osmotic
pressure...)

• λ: line number density in the ridge

• λ0: saturation line number density in the ridge.

• nr: number of polymer chains in the ridge

• No: number of repeat units per chain

• n0: saturation number of polymer chains in the ridge

Since the ridge is located at the three-phase contact line we write the free energy Fr as
an integral over a line free energy density fr

Fr(λ) =

∮
∂Ω

fr dl (5.11)

where the integral is executed over the three-phase contact line of the drop with the gel.
We assume that the state of the ridge is not too far away from the equilibrium, so that it
is quadratic in the line number density in the ridge λ

fr(λ) =
1

2
κ(λ− λ0)

2 (5.12)

with λ0 the line density at saturation. The total number of polymer chains in the ridge is

nr =
1

No

∮
∂Ω

λ dl (5.13)

with No the number of repeat units per chain. With this, the total free energy of the ridge
can also be written in terms of the number of chains, up to a numerical prefactor that
depends on the radius of the drop and No

Fr ∝ (nr − n0)
2 (5.14)

with n0 the number of chains at saturation.

5.6.2. Gel model

List of symbols:

• φ(r, z): local lubricant fraction in gel

• h0(r): local height of the gel
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• φb: initial fraction of lubricant in gel

• H0: height of collapsed gel (no lubricant)

• K: gel elastic constant

• F [φ, λ]: total free energy functional

• No: number of repeat units per chain

• Ω: the spatial domain of the gel

We consider a situation where the lubricant swells the brush or gel layer, and the elasticity
of the gel layer contributes to the dynamic equation. We formulate the theory in terms of
the bulk density φ(r, z) inside the gel, where z is the coordinate perpendicular to the gel
layer, and r the radial coordinate. We will assume that the layer is thin enough that the
perpendicular lubricant diffusion is very fast, hence φ(r, z) = φ(r) only depends on r. For
given gel thickness H we have the relations:

Φ(r) =

∫ H

0
dz φ(r, z) = h0(r) φ(r), h0(r) = H0/(1− φ(r)). (5.15)

The total free energy of the system has an elastic contribution due to the swelling of the
gel. The elastic distortion is described in terms of a strain tensor ε, which is derived
from the displacement u⃗(r⃗0) = r⃗ − r⃗0 of a point in the swollen gel with respect to its
position r⃗0 in the unswollen reference gel. Here we only account for swelling in the z
direction, therefore the strain tensor only has one nonzero component εzz = ∂uz/∂r0,z ≈
∂z/∂z0 = 1/(1 − φ). In coordinates z0 of the unswollen gel, the elastic energy can then

be written as Fel =
K
2

∫ H0

0 dz0 ε
2
zz. In coordinates of the swollen gel, this can be written

as Fel =
K
2

∫ H
0 dz εzz. The integral gives Fel =

K
2 H

2/H0 ∝ H2 as expected. Hence, we
obtain the total free energy

F [φ, λ] =

∫∫
Ω
dA dz

{
φ

No
(lnφ− 1) +

K

2

1

1− φ

}
+

∮
∂Ω

dl f(λ) (5.16)

where the first term in the first integral is the mixing contribution, and the second integral
is the contribution of the ridge from the previous section.

5.6.3. Dynamic equations

• j⃗r: lateral diffusive current

• M : Mobility of the lubricant chains

• B: fill rate at the ridge

• R: Radius of the drop
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• µeff
G : effective chemical potential in the gel

• µeq
G : equilibrium chemical potential in the gel

The lubricant density φ obeys the continuity equation ∂tφ+∇j⃗ = 0, but the current j⃗ has
a diffusive and a convective component. The convective component is perpendicular to
the substrate and describes the lubricant transport with the gel as it expands. Given our
assumption that φ(r, z) does not depend on z due to the joint effect of convection and fast
perpendicular diffusion, we do not need to calculate it explicitly. The diffusive current in
the lateral direction is given by

j⃗r = −Mφ∇r
δF
δφ

= −M

{
1

No
+

Kφ

(1− φ)3

}
∇rφ. (5.17)

The flux into the ridge is driven by a difference in effective chemical potentials at the
boundary ∂Ω ≡ r = R. In addition, it will be proportional to the fraction of lubricant
present at the boundary Φ(R). Since material accumulates in the ridge, we have the
following equation

∂tλ = −B Φ(R)
[
f ′(λ)− µeff

G

]
(5.18)

with B a filling rate at the ridge. We make the approximation that the effective chemical
potential in the gel near the ridge stays close to the equilibrium value and set µeff

G = µeq
G .

At equilibrium the free energy of the gel is

Feq
G = no(lnφ− 1) +

K

2

noNo

φ(1− φ)
(5.19)

and the chemical potential is

µeq
G =

∂Feq
G

∂no
= lnφ− φ+

KNo

1− φ
(5.20)

Hence, we have the set of equations

∂tφ = M∇r ·
{[

1

No
+

Kφ

(1− φ)3

]
∇rφ

}
(5.21)

∂tλ = −B Φ(R)
[
κ(λ− λ0)− µeq

G

]
. (5.22)

We can define the equilibrium line density in the ridge λe ≡ λ0 +
µeq
G
κ and rewrite Eq.

(5.22) as
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∂tλ = −B Φ(R) κ(λ− λe). (5.23)

For the boundary conditions, we choose at the contact line an equal flux boundary condi-
tion, while at the outer boundary we choose constant volume fraction

−H(φ(R)) jr(R)
!
= ∂tλ (5.24)

φ(∞) = φb. (5.25)

The initial conditions are chosen as

φ(r, t = 0) = φb inside Ω (5.26)

λ(t = 0) = 0. (5.27)

Using eqs. (5.15), (5.17), and (5.22), the boundary condition Eq. (5.24) can be written as

[
H0 M

1− φ

{
1

No
+

Kφ

(1− φ)3

}
∇rφ

]
r=R

= −B Φ(R) κ(λ− λe). (5.28)

5.6.4. Numerical integration

In order to solve the equation numerically, we split the domain radially into bins with
width ∆r, and label the separate bins as ri with r0 = R. For any function g(r) we call
gi ≡ g(ri). We use the discretization scheme :

∂gi
∂r

=
1

2∆r
(gi+1 − gi−1) (5.29)

∂2gi
∂r2

=
1

∆r2
(gi+1 + gi−1 − 2gi) (5.30)

and the forward steps in time are executed as a forward Euler scheme.

The inner boundary condition is imposed by rewriting Eq. (5.28) in the following way and
solving for φ(R) ≡ φ0

(
φ1 − φ0

)[
(1− φ0)

3

No
+Kφ0

]
− B

M
κ(λ− λe)φ0(1− φ0)

3∆r = 0 (5.31)

where we used a forward derivative definition instead of central derivative for the concen-
tration at the ridge.
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5.6.5. Height of the ridge by shape scaling

List of symbols:

• h(r, t): shape function of the ridge at time t

• ∆h(t): separation height at time t

• α(t): scaling factor α(t) = ∆h(t)
∆h0

• R: radius of the drop and position of the ridge tip

• V (t): volume of the ridge at time t

Due to the symmetry of the system, the total ridge is a solid of revolution traced by
rotating a curve h(r −R, t) around the z-axis. The volume of the ridge is then

V (t) = 2π

∫ ∞

0
h(r −R, t)rdr. (5.32)

Assuming the drop is large enough, the position of the peak of the ridge R is constant.
This is supported by the confocal microscopy images in Figure 3, where it seems that the
ridge tip is moving vertically upwards. The position of the ridge R ∼ mm, while the size
of the ridge is on the order of 10µm. That means that the shape function must decay
very quickly as one moves away from r = R. Due to this, most of the contribution to the
volume is coming from the region close to the tip, and the volume of the ridge is very well
approximated by

V (t) = 2πR

∫ ∞

0
h(r −R, t)dr. (5.33)

Executing a change of variables r′ = r −R the expression for the volume becomes

V (t) = 2πR

∫ ∞

−∞
h(r′, t)dr′ (5.34)

where we extend the lower bound to −∞ since the radius R is much larger than the size of
the ridge. From the confocal microscopy images, the shape of the ridge shows self-similar
growth. We therefore choose a scaling form for the shape function h(r′, t)

h(r′, t) = α(t)h

(
r′

α(t)

)
(5.35)

where α(t) is a time-dependent scaling factor. Following another change of variable r′ →
α(t)r′ in Eq. (5.34) the expression for the volume becomes
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V (t) = α2(t)2πR

∫ ∞

−∞
h(r′)dr′

= α2(t)V0 (5.36)

where V0 is a constant with units of volume. We then see that the volume scales quadrat-
ically with the scaling factor. The scaling factor at time t is related to the height of the
phase separated ridge ∆h(t) through

α(t) =
∆h(t)

∆h0
(5.37)

where ∆h0 is the height of the ridge when the volume is equal to V0. Putting all this
together we finally get

∆h(t) = ∆h0

√
V (t)

V0
. (5.38)

The total volume can be obtained from the solution of the diffusion equation as

V (t) =
N(t)

ρ
=

2πRλ(t)

ρ
(5.39)

where ρ is the density of the fluid. Having the volume V (t) and choosing for V0 and ∆h0,
we use Eq. (5.38) to obtain the time evolution of the height.

5.6.6. Parameters and units

The diffusion equation was solved for the following fixed parameters:

• R = 1

• K = 0.00004

• κ = 2.5

• λ0 = 1

• B = 12× 10−5

• H0 = 1

The mobility was chosen depending on the molecular weight of the fluid as M = M0
No

with

M0 = 10−3. We chose No = 184, 378, 667 which correspond to to the molecular weights of
the oils in the experiment using 74 g/mol as the molecular weight of a monomer. For each
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No we chose three values for φb that would correspond to the experimental swelling ratios
using φb = 1−1/Q. We choose discretized time and spatial steps ∆t = 10−6; ∆r = 2×10−4.
For the values of V0 and ∆h0 we choose the shape of the ridge to be an isosceles triangle
with side length ≈ 2R×10−4. We choose ρ = 1 in Eq. (5.39). A possible mapping of units
is to identify the radius of the drop to R = 1mm and the mobility M0 = 10−12m2/s/kBT ,
which sets the unit of time in the theory to [t] = 103s.
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5.U. Unpublished Results: Cloaking Kinetics
on Lubricated Gels and Polymer
Brushes

Note: The results of the experiments in section 5.U.1 were obtained under a tandem
project as part of the GRK 2516 training program. The experiments were conducted in
collaboration with Lukas Hauer, Azadeh Sharifi-Aghili, and Doris Vollmer. The simulation
results related to the kinetics of cloak development in section 5.U.2 were generated mostly
by Antonio Torregrosa Abellán in the context of his Master thesis under the supervision
of R.G.M. Badr, the author of the current doctoral thesis.

Contributions to section 5.U:

• Experiment: The experiment was designed by the experimental collaborators.
R.G.M. Badr and A. Sharifi-Aghili synthesized the samples. Surface tension mea-
surements and analysis performed by R.G.M. Badr.

• Simulation setup: R.G.M. Badr designed the simulation initialization and execu-
tion scripts which rely on the HOOMD-Blue version 2.9.7 [160, 161]. A. Torregrosa
Abellán translated the simulation codes into HOOMD-Blue version 4.5.0 and ran
the simulations.

• Analysis and figures in simulation work: Simulation analysis schemes and codes
were developed jointly by R.G.M. Badr and A. Torregrosa Abellán. A. Torregrosa
Abellán executed the analysis codes and visualized the data. Interpretation of the
results was performed by R.G.M. Badr, A. Torregrosa Abellán, and F. Schmid.

As described in Chapter 4, the water on PDMS system can exhibit cloaking of the drop
by the lubricant in the brush. In addition, cloaking was observed for water droplets on
PDMS gels [194]. The experiments described in the earlier sections of this chapter do not
show sign of cloaking. This is likely due to the spacial and temporal resolutions in those
particular experiments; therefore, we focused only on the growth of the phase separated
ridge instead of the cloak. In order to get some insight into the cloaking kinetics, we
perform experiments where we follow the cloaking kinetics on PDMS gels and simulations
where we follow the kinetics on polymer brushes.
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5.U.1. Cloaking kinetics on swollen polymer gels in experiment

PhD students who are part of the research training group GRK-2516 were required to
take part in a tandem project with a research partner. The aim is to exchange knowledge
and foster collaboration between theory/modeling and experiment. The results in this
section were obtained under this context. Lukas Hauer provided the initial training in
the experimental laboratory, supplemented by Doris Vollmer and Azadeh Sharifi-Aghili.
Samples were synthesized by R.G.M. Badr and Azadeh Sharifi-Aghili. The experiments
and analysis were performed by R.G.M. Badr. The experiment was designed by the
experimental collaborators [261].

The time scales for cloaking make direct visualization methods such as fluorescent confocal
microscopy unsuitable. Instead, the cloak development can be inferred by measuring the
surface tension of a drop in contact with a PDMS gel [248, 261]. To that end, we perform
experiments where we place a pendant drop in contact with a swollen PDMS gel and
calculate the surface tension from the shape of the pendant drop.

5.U.1.1. Experimental details

Figure 5.U.1.: A picture of the experimental setup and the resulting drop images. The
drop pends over a water bath that provides humidity to slow down evaporation. The gel
is at the bottom side of the glass slide so that the drop is in contact with the gel. The
drop images correspond to the beginning and end of the experiment, where we can see the
elongation of the drop due to the reduction in surface tension after cloaking.

To synthesize the swollen PDMS gels, we use commercially available kit Sylgard 184 (from
Dow Chemical Company). The kit is composed of a base of functionalized PDMS and a
crosslinker. We mix 10-1 ratio by weight of the base to crosslinker. To the mixture, we
add unfunctionalized silicone oil which is composed of PDMS chains that will not react
with the crosslinker. This will provide us with part of our uncrosslinked chains, and allows
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us to control the degree of swelling by controlling the ratio of unfunctionalized silicone oil
to the gel mixture. The added silicone oil does not account for all the uncrosslinked chains
at the end of the synthesis, since it is expected that some of the chains from the base will
also remain uncrosslinked [194]. The components are mixed vigorously for 5 minutes, then
placed in vacuum to remove any air bubbles.

Glass slides were rinsed with acetone and ethanol then dried with a flow of nitrogen gas.
The glass slides we used were modified to have three 2mm holes drilled into them. The
purpose is to deposit drops through the holes so that they are pending under the slide.
The purpose of having three holes is to reduce the variability due to synthesis between
different slides, and to avoid having to use the same hole for repeated measurements. The
dried glass slides were placed in a plasma oven at 300 W for 10 minutes. Afterwards, the
gel mixture was placed on the slide and spin-coated at 1000 rpm for 60s. The spin-coated
slides are then cured in an oven at 60◦ for 24h.

To measure the surface tension of pendant drops we use the Krüss Drop Shape Analyzer
(DSA100). The glass slide is held by its edges at an elevated with the coated side facing
down above a water bath. The purpose of the water bath is to reduce the evaporation of
the drop after deposition. The setup is composed of a light shining into a camera with
the drop in between. The drop then casts a shadow on the camera, which can then be
used to analyze the shape of the drop (see Figure 5.U.1). In addition, the setup includes
a syringe with a mechanism that can be controlled through a software on the computer.
The mechanism allows us to control the volume of liquid to be deposited as well as the
rates, position of the syringe, etc . . . The software, in addition, has a built in shape analyzer
which fits the shape to the Young-Laplace equation and extracts the corresponding surface
tension (see section A.3). To set the units of length in the image, we calibrate to the width
of the syringe we used, which was 1.637 mm. To deposit the drop, we follow the procedure
described in Ref. [261] and we use the mechanism of the Krüss Drop Shape Analyzer to
automate the procedure as much as possible (steps 3 onward):

1. lower the syringe through one of the holes until the tip is well below the slide, but
still within the view of the camera

2. deposit 24 µL of water and measure the surface tension. If the surface tension
corresponds to that of pure water 72 mN/m we proceed. Otherwise, the syringe is
contaminated with oil and needs cleaning before repeating from step 1

3. raise the syringe until the drop is in contact with the coated side of the slide

4. dose an additional 11 µL of water at 5 µL/s

5. begin the measurement of the surface tension with time.

The result is a surface tension versus time graph that should correspond to the water
surface tension at early times, and decrease with time until it reaches the equilibrium
value for a cloaked drop. We repeated the experiment for different degrees of swelling of
the gel and for different viscosities of the silicone oil.
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5.U.1.2. Results
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Figure 5.U.2.: Surface tension versus time for gels of different degrees of swelling swollen
with oils of different viscosities. The percentage refers to the weight percentage of added
oil to gel. The viscosity is also indicated in cSt. Grey dots are the data from different
replicates, and the solid black line is an average over the replicates.

The experimental procedure described in the previous section results in values for the
surface tension of the pendant drop versus time. We begin by measuring the evolution of
the surface tension with time across different holes in different slides. We vary the degree
of swelling by varying the percent by weight of the silicone oil added to the gel mixture.
Figure 5.U.2 shows the results for different degrees of swelling and different oil viscosities.
For the same parameters, the results from replicates are shown as gray dots. The black
line is an average over the replicates. A problem is immediately apparent: either the
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5.U.1. Cloaking kinetics on swollen polymer gels in experiment

surface tension reaches its final value too quickly (12%;200cSt and 25%;200cSt), or the
trends are not reproducible (12%;500cSt and 18%;200cSt). This makes it hard to draw
any conclusions from the experiments. A possible reason for the quick variation in some
cases might be the accumulation of oil at the rim of the hole. As for the problem with
reproducibility, it might be due to inherent differences between the different hole that
might arise during drilling, spin coating, or some other stage of the preparation of the
samples.
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Figure 5.U.3.: Surface tension versus time for gels swollen with 12% weight of oil with
viscosity 200 cSt. Each figure corresponds to repeated measurements in the same hole.
The text indicates the slide, the hole in that slide, and the approximate lag time between
the beginning of consecutive measurements.

In an attempt to circumvent such problems, we take a different approach to the mea-
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5.U. Unpublished Results: Cloaking Kinetics

surements. Although the original motivation behind having multiple holes on one sample
was to avoid using one hole multiple times, it appears that the intrinsic variability be-
tween holes is leading to large variations. Therefore, instead of doing measurements on
different holes, we repeat the measurement on only one, with a constant time interval
between measurements. The motivation behind this approach is that any excess oil will
be gradually removed with repeated measurements. In addition, as we are using the same
hole, we exclude any aberrations due to the differences between holes. To perform those
measurements, we perform steps as described in section 5.U.1.1. The surface tension is
measured for a fixed period of time which we call the lag time. After the measurement
is finished, the drop is removed with a tissue paper, and the steps are repeated without
any further modification of the sample. We choose lag times of 5 minutes and 3 minutes.
Figure 5.U.3 shows the results for 12% weight of oil with viscosity 200 cSt. The colors of
the repeated measurement indicate the order of the measurement from blue for the earliest
to yellow for the latest. The results across all samples and lag times do not show any sign
of reproducibility or systematic change. Despite the problems with reproducibility in both
approaches, the value for the surface tension at the end of each measurement is γ ≈ 63
mN/m as expected for a cloaked drop. This means that the observed changes are indeed
due to cloaking. However, the reasons behind the seemingly random cloaking times remain
a mystery. A possible improvement on our method could be to use Reflection Interference
Contrast Microscopy (RICM) as described in Ref. [29]. This method has the advantage of
measuring the thickness of the film directly at an impressive temporal resolution. Apply-
ing this method also circumvents the need for drilling holes into the glass slides, as that
might be a major source of inconsistency.

5.U.2. Cloaking kinetics on lubricated polymer brushes in
simulation

What follows are results obtained by A. Torregrosa Abellán while working on his Master
thesis under the supervision of R.G.M. Badr. The results already appeared in his written
thesis. They are included in this thesis to provide a well rounded description of the
kinetic properties of systems that exhibit cloaking. As the experiments cannot provide
a detailed description of the cloaking process through time, simulations might provide
valuable insights.

To follow the cloaking kinetics in simulation, we set up simulations analogous to those
in Chapter 4. One difference is that we use larger brushes with nB = 120 × 120 chains.
We choose lubricant fractions beyond the cloaking transition Φ∗ ≈ 0.44, in particular we
simulate brushes with Φ ∈ {0.61, 0.73, 0.77}. To simulate the droplet we place a spherical
cap of radius R = 40 [rc] in contact with the swollen brushes, as described in section
3.2.5. Since we are dealing with an out of equilibrium and non-steady state process, we
are limited in our statistical sample. To get reasonable results, we average the density
map (see section 3.3.1) at every frame over 5 independent simulations before extracting
quantities of interest. The downside of this approach is that we are not able to obtain
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uncertainties for many of our results.
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Figure 5.U.4.: (a) An example Σ(θ) from Eq. (5.U.1). We choose the first inflection
point as the position of the cloak front. The large increase near θ ≈ 65◦ is due to the
wetting ridge. (b) The derivative of Σ(θ) normalized by its maximum value. The orange
line shows the same data after applying a low pass filter. The filtered data shows a clearer
peak at the inflection point. Graphs by Antonio Torregrosa Abellán.

5.U.2.1. Cloak front kinetics

The first quantity we look at is the progression of the cloak front. To find the position
of the cloak front, we calculate the azimuthally symmetric local density of oil ϱo(r, θ)
in spherical coordinates as described in section 3.3.1 (see Figure 3.4 d). From that, we
calculate the quantity

Σ(θ) =

∫
ϱo(r, θ)dr. (5.U.1)

Figure 5.U.4 (a) shows Σ(θ) at a particular time point in the simulations. The line is an
average over 5 independent simulations. We define the position of the cloak front as the
position of the first inflection point in Σ(θ)

d2Σ

dθ2
= 0. (5.U.2)

To find the inflection point, we first calculate the first derivative using the two point
formula

dΣ

dθ
=

Σ(θ +∆θ)− Σ(θ −∆θ)

2∆θ
. (5.U.3)

Afterwards, we apply a low pass filter on the result to eliminate high frequency noise, and
calculate the position of the highest peak as the position of the inflection point in Σ(θ)
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Figure 5.U.5.: Cloak front position versus time for three different lubricant fractions
Φ, all beyond the cloaking transition. As expected the higher the lubricant fraction, the
faster the cloaking progresses. Graph by Antonio Torregrosa Abellán.

(see Figure 5.U.4 b). The results for the progression of the cloak front are shown in Figure
5.U.5. The lines begin when the cloak has crossed a certain point (θ ≈ 65◦) and terminate
when the cloak closes at the top of the drop (θ = 0). As expected, the cloak progresses
faster for higher lubricant fractions. Interestingly, the arc length covered by the cloak on
the drop grows linearly with time.

5.U.2.2. Cloak thickening regime

heq

Slow cloaking

Figure 5.U.6.: Cartoons illustrating two extreme regimes of cloak thickening. In the fast
cloaking regime the cloak covers the entire droplet quickly, then thickens homogeneously.
In the slow cloaking regime, the cloak progresses onto the droplet with a thickness that is
constant in time. Figure by Antonio Torregrosa Abellán.
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One interesting aspect of the kinetics is the regime in which the cloak develops Two
possible extreme cases are possible. If the material transport on the droplet is faster than
in the brush, the cloak will cover the entire droplet rapidly before increasing in thickness
homogeneously across the surface of the drop. We term this as the “fast cloaking” regime.
On the other extreme, if the material transport is slow on the droplet, the cloak will reach
its equilibrium thickness locally, before progressing on the droplet. We label this as the
“slow cloaking” regime. Both regimes are illustrated in Figure 5.U.6. To quantify the
thickness of the cloak with time, we begin with the relation

N =

∫
ϱor

2 sin θ dr dθ dφ (5.U.4)

whereN is the number of oil monomers in the integration volume and ϱo(r, θ, φ) is the local
density of oil in spherical coordinates centered at the center of curvature of the droplet.
Since the cloak thickness is much smaller than the drop radius of curvature we set r = R,
and since we have azimuthal symmetry, we rewrite Eq. (5.U.4) as

N(t) = 2πR2

∫ θtip(t)

θridge

∫
ϱo sin θ dr dθ = 2πR2

∫ θtip(t)

θridge

Σsin θ dθ. (5.U.5)

where θtip is the angular position of the cloak front and θridge is the angular position of
the wetting ridge. The ridge remains more or less unchanged as the cloaking progresses;
therefore, we determine θridge manually at θridge = 65◦ from the Σ(θ) curve at the highest
lubrication, and use this value for all lower lubricant fractions. Given the number of oil
monomers, the thickness of the cloak can be written as [65]

h =
N

ρoA
(5.U.6)

with ρo and A the bulk density of oil and the area covered by the cloak respectively. The
area can be calculated through

A(t) = 2πR2(cos θtip(t)− cos θridge) (5.U.7)

Finally, using Eqs. (5.U.5), (5.U.6), and (5.U.7), we can calculate the thickness of the
cloak from Σ(θ, t) as

h(t) =

∫ θtip(t)
θridge

Σsin θ dθ

ρo [cos θtip(t)− cos θridge]
. (5.U.8)

Figure 5.U.7 shows the thickness of the cloak versus time as calculated from Eq. (5.U.8).
The results indicate that our simulations are in an intermediate regime between fast and
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Figure 5.U.7.: Thickness of the cloak versus time for (a) Φ = 0.61, (b) Φ = 0.73, and (c)
Φ = 0.77. (d) Expected curves for the cases of fast and slow cloaking. The dashed lines
indicate the time when the cloak reaches the top of the droplet. (a), (b), and (c) graphs
by Antonio Torregrosa Abellán.

slow cloaking. In the case of fast cloaking, we expect the thickness to be low and constant
then start increasing only after the cloak reaches the top of the drop; for slow cloaking, the
thickness should increase rapidly then remain constant for the entirety of the simulation
(see Figure 5.U.7 d).

5.U.2.3. Oil depletion

Another aspect of interest is the distribution of material in the brush as the cloak develops.
To track this distribution, we calculate the quantity

Λ(ρ) =

∫
ϱo(ρ, z)dz (5.U.9)

where ϱp(ρ, z) is the local density of polymers in cylindrical coordinates with the axis
aligned along the z-axis and passing through the center of curvature of the drop (see
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Figure 5.U.8.: Λ(ρ) at different time points during cloaking for (a) Φ = 0.613, (b)
Φ = 0.737, and (c) Φ = 0.777. Insets are close ups near the three phase contact line.
There is a clear depletion zone of material outside of the drop. The amount of material
also drops from under the droplet.

section 3.3.1). Λ(ρ) is akin to a local effective surface density of polymers and provides
information of the quantity of material at a distance ρ from the center of the drop. The
evolution of Λ(ρ) is shown in Figure 5.U.8. A clear depletion zone is present outside the
droplet. The radial extent of the depletion zone increases with the lubricant fraction Φ.
Material is also depleted from under the droplet. The presence of the depletion zone is
an indicator that the time scale is controlled by the diffusion of oil in the brush, which
supports our motivation behind the model in section 5.2.3.

5.U.3. Conclusion

To investigate the kinetics of cloak development, we perform both experimental and numer-
ical investigations. At the level of the experiments, we perform pendant drop experiments
with the drop in contact with a swollen PDMS gel. A problem that appears immediately is
the lack of reproducibility of the results with our experimental approach. The drops were
pending through holes drilled in glass slides, which might have introduced inconsistencies
between different measurements in different holes. However, even repeating measurements
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in the same hole at regular intervals resulted in seemingly random results. Despite the
lack of reproducibility, the initial and final values for the surface tension correspond to the
values expected for a pure and cloaked drop respectively, which means that the observed
changes are indeed due to cloaking.

At the numerical level, we use the local density distribution of oil to track the position
of the cloak front with time. The cloak front progresses on the drop linearly with time,
with the rate increasing with the fraction of oil. The cloak progresses towards the top
of the droplet while thickening at the same time, reaching the top before reaching the
equilibrium thickness. During cloak development a depletion zone emerges in the vicinity
of the wetting ridge outside the droplet. This is indicative of a diffusive timescale set
through the speed of diffusion of oil chains in the brush and supports the motivation
behind our theoretical model.
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6. Dynamics of Droplets Moving on
Lubricated Polymer Brushes

Note: This chapter reproduces the results from the publication in Ref. 119. Additions and
changes from the original publication are marked with a violet text color, while omissions
are marked through the symbol [...].

Contributions to the publication:

• Simulation setup: R.G.M. Badr designed and wrote the simulation initialization
and execution scripts which rely on the HOOMD-Blue version 2.9.7 [160, 161].

• Analysis and figures: R.G.M. Badr developed the analysis schemes with input
from F. Schmid. R.G.M. Badr wrote and executed the analysis codes, visualized
the data, and contributed to the interpretation of the results. Experiments were
performed by L. Hauer and D. Vollmer.

• Writing: R.G.M. Badr in collaboration with F. Schmid wrote the bulk of the sim-
ulation results sections and parts of the introduction of the original article (omitted
in this chapter). Other parts of the introduction were mainly written by D. Vollmer.
Experiment section was written by L. Hauer and D. Vollmer. Conclusion was mainly
written by F. Schmid.

Reprinted under Creative Commons license CC BY-NC-ND 4.0 from Rodrique GM Badr,
Lukas Hauer, Doris Vollmer, and Friederike Schmid. Dynamics of droplets moving on
lubricated polymer brushes. Langmuir, 2024
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6.1. Introduction

Droplets are ubiquitous in nature and technology. Understanding the wetting dynamics
of liquid droplets enables improved use of droplets for various applications [262–265] such
as self-cleaning [164–166], spray coating [266], efficient application of pesticides [168, 169],
microfluidics [267], heat transfer [268], or drag reduction [269–271].

Coating a solid substrate by polymer brushes or gels provides a versatile way to tune the
static and dynamic properties of deposited drops [40, 98, 243, 272–274]. In particular,
the softness, type, and thickness of the coating govern the friction a drop experiences
when sliding or rolling over a surface. The dynamic wetting properties of drops on soft
surfaces result from the interplay between interfacial tension, contact line tension, sub-
strate elasticity, and dissipation within the substrate and drop [38, 195, 211, 219, 275–279].
This intricate puzzle of coexisting effects makes understanding, predicting, and tuning the
friction of drops on soft surfaces challenging.

Polydimethylsiloxane brushes form a class of promising soft coatings for applications [181,
280]. A PDMS brush is composed of PDMS chains grafted by one end to a surface. The
resulting viscoelastic layer has a thickness of a few nm. PDMS chains are very flexible,
having a persistence length of a few monomers [281]. In the brush, the chains keep their
flexibility as opposed to PDMS gels where the chains are crosslinked, resulting in an
elastic solid. Owing to the flexibility of the brush chains, water drops on PDMS can
show a contact angle hysteresis of less than 10◦[180]. Often PDMS brushes are swollen
by PDMS chains which are not grafted-to the surface. These mobile chains may provide
additional lubrication [32].

One characteristic of wetting on soft surfaces is the deformation of the surface surrounding
a deposited drop. The vertical component of the interfacial tension pulls the substrate
up. A wetting ridge forms [244, 282, 283]. The shape and height of the ridge result from
the competition between the surface tension of the droplet applying a vertical stress on
the substrate and the substrate elasticity [284]. The wetting ridge plays a crucial role in
the dynamics of sliding droplets, with the main effect being viscoelastic energy dissipation
inside the ridge[98, 216, 278, 279, 285]. This so-termed contact line friction contributes to
the energy dissipation during the motion of the droplet.

In addition, mobile chains can remain in the PDMS film. The poor solubility of silicone
oil in most solvents requires severe rinsing of the film to remove all mobile chains. Since
the amount of remaining mobile chains is hard to quantify experimentally, its contribution
to dynamic wetting is still unclear [32, 175, 226]. This is further complicated by the fact
that mobile chains can cloak a drop, if the fraction of lubricant in the brush exceeds a
certain critical amount (cloaking transition [163]). The cloaking of water by silicone oil
on lubricated surfaces influences both static and dynamic experiments [29, 84]. It has the
effect of dynamically reducing the surface tension of the drop [194, 248], and contributes
to the depletion of lubricant for drops rolling off on surfaces as the cloaking material leaves
the surface with the drop.
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Despite the interesting physics and applications of wetting on PDMS brushes, recent ex-
perimental work on dynamic wetting on PDMS has largely focused on gels [219, 229]. This
is partly due to the fact that polymer brushes typically have thicknesses in the order of
nanometers, which makes it challenging to probe the microscopic details of the phenomena
in question. Numerical and simulation methods can provide valuable insights. In particu-
lar, such methods allow us to look into details such as the flow [118] and dissipation within
the droplet [117], the structure of the wetting ridge on polymer brushes [99, 163, 183, 286]
and the structure of the cloaking layer [163].

To date and to our best knowledge, simulations of droplets on polymer brushes have been
limited to the study of static properties [163, 183–185, 287], or dynamic properties for
brushes that are swollen by the drop [288–291] or serve as coatings in nanochannels [292–
294]. Molecular simulations of the properties and dynamics of droplets rolling on polymer
brushes under the influence of body forces such as gravitational forces are still missing.
Such studies can shed light on the molecular mechanisms underlying the friction between
droplets and brushes, in particular in the presence of lubricants and, possibly, a cloaking
layer.

In the present study, we use coarse-grained molecular dynamics simulations to address
this problem. One question of integral importance is the dependence of drop dynamics
on degree of lubrication. In order to study this, we first investigate the relation between
friction forces and velocity, which provides a global measure of energy dissipation. This
is mostly done by simulations, but we also present corresponding experimental studies.
The dissipation stems from multiple sources, such as the slip between the droplet and
the brush, viscoelastic dissipation in the ridge, or the flow within the droplet. To better
understand these active players, we then use simulations to quantify the response of the
brush and lubricant, and the flow within the droplet. Another standing question is that of
the transport and depletion of lubricant. The cloak is expected to enhance the lubricant
transport. However, it is not clear whether the cloak remains stable for moving droplets,
and if so, how the velocity of the droplet affects the cloak. To better understand this, we
characterize the cloaking layer for droplets moving with different velocities.

6.2. System preparation

The brush is composed of nB chains of length NB = 50 with the first monomer of each
chain fixed on the grafting surface following a regular square lattice pattern. We choose
the lattice constant d = 2 rc, corresponding to a grafting density σ = 0.25 r−2

c . We use
nB = 100 × 100 chains resulting in typical box sizes of 200 × 200 × 300 r3c . The grafting
density is such that the grafted polymer layer is in the brush regime and not the so-called
mushroom regime [142]. The dry brush is in a collapsed state and is rough.

In addition, the system may contain no lubricant polymers of length No = 5. We char-
acterize the amount of lubricant present in terms of the number fraction of lubricant
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Figure 6.1.: Snapshots from simulations at lubricant fraction Φ = 0.444 and applied
force F = 0.0002. The top panel shows the full system, the bottom panel a cut across the
droplet.

monomers to brush monomers,

Φ =
noNo

noNo + nBNB
. (6.1)

The brush is first equilibrated without any lubricant for 8 × 105 simulation steps. We
separately prepare a film of lubricant of length No = 5 at the equilibrium melt density
ρo ≈ 2.9 r−3

c . The lubricant is then added to the system by placing the film in contact
with the brush and letting the lubricant infuse the brush. Equilibrium is reached after a
maximum of 64× 105 steps. The swollen brush is in the strong stretching regime, as can
be inferred from the monomer concentration profiles reported in our previous work [163].

To prepare the spherical droplets we take a pendant droplet and place it in contact with
the brush, and let it equilibrate in the absence of gravity. The number of liquid particles
was nw = 766 × 103 in all simulations. The systems are then left to equilibrate until no
more conformational changes are observed. The systems with the droplet need at least 107

steps to reach equilibrium. This results in the equilibrium configurations described in our
previous publication [163], where we observed a cloaking transition at a lubricant fraction
of Φ ≈ 0.4. Therefore, droplets on brushes containing a higher amount of lubricant will
be fully cloaked at equilibrium.

Finally, to induce the motion of the droplet, we apply a constant force of magnitude F in
the positive x-direction. The force is applied to every individual liquid particle and only
to the liquid particles i.e. the droplet experiences a total force Ftot ≈ NwF . This mimics
the experimental situation where the force is transmitted to the droplet by a cantilever
(see below). The simulations with the force are then run for at least 24× 105 steps until
a steady state with constant droplet velocity is reached. All measurements are made
during a consequent run of 48 × 105 steps where 150 simulation snapshots are obtained.
Simulation snapshots can be seen in Figure 6.1.

For each set of parameters, 5 independent simulations are performed. The independent
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simulations are obtained by equilibrating 5 different polymer brushes from the same initial
condition, but with different initial seeds for the random number generator. Following
that, every stage of the system preparation is again conducted with fresh set of seeds for
the random number generator, resulting in minimally correlated simulations. The results
from those simulations are averaged to obtain mean values x̄ and the error bars in the

plots correspond to standard errors αx =

√∑N
i=1(xi−x̄)2

N(N−1) with N = 5 is the number of

independent values.

To characterize regimes of the droplet motion we can calculate various dimensionless hy-
drodynamic numbers, using the values calculated above for the density of the liquid ρw,
its surface tension with vapor γw, its dynamic viscosity µ, the droplet radius R ∼ 40rc,
and typical droplet velocities in the simulations (v ∼ 0.001 − 0.1), see section ”Results
and Discussion”. The Reynolds number showing the ratio of inertial to viscous forces is
in the range Re = ρvR

µ ∈ [0.01, 1.5], the Weber number showing the ratio of inertial to

interfacial forces is in the range We = ρv2R
γ ∈ [8×10−6, 1.8×10−1], the Ohnesorge number

showing the ratio of viscous to inertia and interfacial tensions is around Oh =
√
We
Re ≈ 0.28.

Another important dimensionless quantity is the Bond number, which gives the ratio of
gravitation to interfacial forces. Our simulations are run in the absence of gravitational
forces. However, we can calculate an analogue to the Bond number using our driving

force instead of gravity: Bo = ρwFtotR2

mwγw
, where mw = Nwm is the mass of the droplet. As

mentioned above the total force is Ftot = NwF , and using m = 1 this gives values in the
range Bo ∈ [0.04, 0.8].

6.3. Experimental setup

The present work mainly focuses on simulations of droplet rolling/sliding dynamics on
lubricated brushes. To complement the simulation study, we have also carried out experi-
ments to investigate the friction forces between water droplets moving at constant velocity
on lubricated PDMS brushes. Unfortunately, a direct quantitative comparison between
simulations and experiments is not possible, mainly due to the size differences: Matching
the surface tension at the liquid/vapor interface and the dynamic viscosity of the liquid
with that of water (γw = 3.2kBT/r

2
c and µ = 6.4kBTτ/r

3
c in the simulation versus γw =

0.072 N/m and µ = 0.001 Pa s in water), we find that our length unit should roughly
correspond to rc ∼ 4 Å and our time unit to τ ∼ 3 · 10−12 ps. Even though our simula-
tions include 1.2-2 million particles, the droplet radii are only R ∼ 40rc, corresponding to
R ∼ 16 nm, whereas the droplet in the experiments have a radius of 1.5 mm. Neverthe-
less, we can still compare general trends regarding the relation between friction forces and
droplet velocities, and the influence of free lubricant polymers.

Glass slides (24× 60 mm2, 170± 5 µm thickness, Menzel-Gläser) were coated with PDMS
pseudo brushes, using the ”grafting-from” [295] and the ”grafting-to” [32] approaches. In
short, ”grafting-from” implies the polymerization of vaporous monomers from grafting
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sites on the surface while prepolymerized chains are ”grafted-to” grafting sites. For graft-
ing sites, hydroxyl groups are formed by O2-plasma activation (300 W, 10 min) of the glass
surfaces. For ”grafting-from”, we placed the plasma-activated glass slides in a desiccator
(20◦C, 40% humidity ) together with 1 ml dichlorotetramethyl-disiloxane (Sigma-Aldrich).
After 10 min the samples were removed from the desiccator. The number or percentage of
free PDMS chains can not be quantified experimentally because the amount is insufficient
even for state of the art analytical techniques. For ”grafting-to”, tetramethyl-terminated
PDMS oil (6 kDa and Nb ≈ 80, Alfa Aesar) was drop cast on the activated glass slides.
Atmospheric or surface-bound water can break Si-O bonds, allowing PDMS chains to bind
to the surface hydroxyl groups. The samples were equilibrated overnight. Excess oil was
removed by sonicating the samples for 30 min in toluene.

Sliding forces were measured with a cantilever set-up, mounted on a confocal microscope
(Leica, SP8) [194]. The coated glass slides are mounted on a motorized stage, above the
microscope lens. An approx. 100 mm long metal blade is vertically placed over the coated
glass slides so that the upper end is fixed while the lower end hangs freely several microns
above the surface. 10 µl large drops are placed on the coated glass slide and moved at
constant speeds against the metal blade. This results in a displacement of the blade that
we track with the microscope. The blade displacement is linearly related to a force by
the spring constant. We determine the spring constant with a natural frequency analysis
[261] to be around 214 mN/m, yielding a measurable force resolution of approx. 5 µN. In
steady-state, the sliding forces of the droplet balance with the spring force of the displaced
blade.

To characterize regimes of the droplet motion we again calculate the various dimensionless
hydrodynamic numbers, using the density of water, ρ = 1000 kg/m3, its surface tension
with vapor, γ = 0.072 N/m, its dynamic viscosity µ = 0.001 Pa s, droplet mass mw =
10−5 Kg, and the droplet radius R ∼ 1.5 mm. In the experiments, the Reynolds number

is in the range Re = ρvR
µ ∈ [0.015, 1.5], the Weber number in the range We = ρv2R

γ ∈
[2 × 10−6, 2 × 10−1], the Ohnesorge number in the range Oh =

√
We
Re ≈ 0.094, and the

Bond number in the range Bo = ρwFR2

mwγw
∈ [0.06, 0.3], where we consider the friction force

instead of the gravitational force. For the most part, the dimensionless numbers in the
simulations are comparable to those in the experiments.

6.4. Results and discussion

6.4.1. Friction force and dissipation

We first investigate the relation between the energy dissipation and the velocity of the
droplet relative to the substrate. Experimentally, this is measured by imposing a constant
substrate velocity while keeping the droplet in place by a cantilever, and measuring the
force on the cantilever [194] (see Section ”Experimental Setup” above). The measured
force corresponds to the friction force felt by the droplet. Once the force is measured, the
power dissipated is calculated as Pdiss = F ·v. In the experiments, the force was measured
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Figure 6.2.: Experimental measurements for two methods for synthesizing PDMS
brushes, chemical vapor deposition (grafting from) and drop casting (grafting to). (a)
Steady-state force exerted on the cantilever versus velocity v of the stage, on logarith-
mic axes. The dashed lines are power-law fits F ∝ vα with αfrom ≈ 0.246 ± 0.028 and
αto ≈ 0.248 ± 0.011. (b) Steady-state power dissipation defined as Pdiss = Fv versus the
velocity v of the stage, on logarithmic axes. The dashed lines are power-law fits Pdiss ∝ vβ,
with βfrom ≈ 1.246± 0.028 and βto ≈ 1.248± 0.011.

for different velocities for droplets deposited on PDMS brushes synthesized using two
different methods as described earlier: ”grafting from” and ”grafting to”. The ”grafting
to” samples were washed after synthesis to remove free chains, while the ”grafting from”
samples were not washed. The results from the experiments are shown in Figure 6.2.

Figure 6.2 (a) shows the friction force versus velocity, while (b) shows the dissipated
power versus velocity. The results show a power law dependence between the friction
forces and velocity. Such a relation is expected, and was observed in previous work on the
friction of moving droplets [117, 217, 296]. The force measurements on both samples seem
to coincide and show very little effect of the synthesis method. One factor that would
influence the friction force is the presence of free chains which would act as lubricant.
Since the ”grafting to” samples were washed, no lubricant should be present [32]. The
experimental measurements then imply: either the ”grafting from” method does not leave
residual free chains, the amount of free chains in PDMS polymer brushes was insufficient
to reduce drop friction, or free chains hardly lower friction. The latter would mean that
the addition of a small amount of free chains will only swell the brush and not make
the interface more liquid-like, hence not lowering drop friction. On the other hand, it
has been demonstrated in Ref. 32 that free chains in a brush reduce the contact angle
hysteresis, which is directly proportional to the friction force. Since it is difficult to control
the amount of free chains in PDMS brushes experimentally, we turn to the simulations to
investigate the effect of free chains on drop friction in a controlled fashion.

In the simulations, we apply a constant force F to each individual liquid particle and
measure the ensuing steady-state velocity vx. The velocity vx is taken as the mean x-
component of the velocity of all liquid particles. The simulations were performed at
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Figure 6.3.: Applied force F per particle versus the resulting steady-state velocity vx (a)
on linear axes, (b) on logarithmic axes. The dashed lines in (b) show a fit to a power-law
behavior F ∝ vαsim

x , with αsim = 0.618± 0.015; 0.672± 0.020; 0.739± 0.025; 0.726± 0.013
for Φ = 0; 0.231; 0.444; 0.615 respectively. Φ ≥ 0.444 corresponds to cloaked droplets.

varying fractions of free chains Φ = 0; 0.231; 0.444; 0.615, giving brushes that are partly
swollen by free chains, but not yet fully saturated (the saturation point is Φ ≈ 0.77)[163].
For each fraction Φ, forces ranging from F = 2× 10−5kBT/rc to F = 4× 10−4kBT/rc are
applied on the liquid particles. For forces lower than F = 2 × 10−5kBT/rc the droplet
does not seem to move. For forces higher than F = 4 × 10−4kBT/rc the droplet smears
on the brush and forms a ”rivulet” across the periodic boundary. Figure 6.3 shows the
force F per particle versus the steady-state velocity vx in linear (a) and logarithmic (b)
representation. Looking at the trend lines, the velocity measurements for the lower free
chain fractions Φ = 0; 0.231 essentially coincide, whereas the velocity at the same force
increases for Φ = 0.444 and again for Φ = 0.615, implying that the free chains indeed
reduce the friction between the droplet and the substrate. Interestingly, this qualitative
change of behavior coincides with the cloaking transition, which was located at Φ ∼ 0.4
in this system [163]: Φ = 0.444 is just above the cloaking transition, and the droplets
are not cloaked for the lower fractions. The trends in Figure 6.3 b) suggest a power law
vx ∝ Fαsim with exponents ranging between αsim ∼ 0.6 for bare droplets on dry brushes
to αsim ∼ 0.7 for cloaked droplets on lubricated brushes.

Another way of looking at the data is to calculate the power dissipated by the droplet.
This can be done like in the experiments using Pdiss = NwF · v, where we multiply by the
number of liquid particle Nw because our force F acts on each particle individually. Figure
6.4 shows the steady-state power dissipation Pdiss versus the steady-state velocity vx with
linear axes in (a) and logarithmic in (b). This graph demonstrates again that the dissipated
power is lower for higher lubrication (beyond the cloaking transition). The logarithmic

plot also suggests a power law relation Pdiss ∝ vβsim
x with exponents βsim = 1+αsim in the

range of β ∼ 1.6 for droplets on dry brushes to β ∼ 1.7 for cloaked droplets.

The power law exponents in experiment and simulation are not the same. We will discuss
this further below. One interesting aspect is that the presence of a small amount of
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Figure 6.4.: Steady-state power dissipation defined as Pdiss = NwFvx versus the steady-
state velocity vx (a) on linear axes, (b) on logarithmic axes. The dashed lines in (b) show

fits to a power-law behavior Pdiss ∝ vβsim
x , with exponents βsim = 1 + αsim = 1.618 ±

0.015; 1.672± 0.020; 1.739± 0.025; 1.726± 0.013 for Φ = 0; 0.231; 0.444; 0.615 respectively.
Φ ≥ 0.444 corresponds to cloaked droplets.

free chains has no significant effect on the friction force acting on the droplet. This
suggests that the quantity of free chains in the ”grafting from” method may not be large
enough to lubricate the motion of the droplet. Beyond the cloaking transition, the friction
between the droplets and the substrate is somewhat reduced. However, even this effect is
comparatively small. As mentioned in the introduction, the total friction has contributions
from multiple sources.

As discussed in section 2.4, the exponent β can take on a particular value depending on
what source of dissipation dominates the friction force. When an exact exponent can be
calculated, multiple approaches result in either β = 2 or β = 5/3 ≈ 1.67. The exponent
in our simulations is close to the value β = 5/3 ≈ 1.67 which was also observed in Ref. 85
on LIS. This suggests that the dominant source of dissipation could be the dissipation in
the contact line following the Cox-Voinov wedge dissipation theory of section 2.4.1.1 (see
Eq. 2.37). However, since our contact angles are large, it is unlikely that the Cox-Voinov
dissipation law is valid for our contact line. Another possibility is that the friction is
dominated by the dissipation in the liquid wetting ridge as described in section 2.4.4 (see
Eq. 2.47). Although difficult to rule out, an argument can be made against this since
our wetting ridge is not composed of pure liquid, but likely include some stretched grafted
chains. This brings us to another important component of our system: the polymer brush.
The value of the exponent may be due to the viscoelastic properties of the brush, with
the exponent β being set by the loss modulus as described in section 2.4.5.2. This offers
a possible explanation on the variation of the exponent as the lubricant fraction is varied,
since that may lead to changes in the rheology of the brush. In addition, this could explain
the discrepancy between the simulations and experiments: the rheology of the brush is
different, leading to different exponents. This is to be contrasted with the other sources
of dissipation where the exponents are independent of the details of the system. One final
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Figure 6.5.: Density map showing contours of the brush (orange), the free chains (green),
the droplet (blue), along with a fit to an ellipse for the droplet (red dashed line). The
fit was then used to find the tangents to the droplet where it intersects the unperturbed
height of the brush (purple dashed lines). (a) F = 8 × 10−5, (b) F = 20 × 10−5, (c)
F = 30 × 10−5, (d) F = 40 × 10−5. For all figures Φ = 0.615. Φ ≥ 0.444 corresponds to
cloaked droplets.

possibility is the dominance of the viscous dissipation in the bulk of the drop. Certain
approximations result in an exponent β = 2 (see section 2.4.2); however, the flow can
be complex and the shear rate could depend non-linearly on the center of mass velocity,
leading to deviations from the value β = 2 for the exponent. While this could explain the
discrepancy between simulation and experiment, it is not clear whether it can explain the
small variation in the exponent as the lubricant fraction changes.

To try and address these questions, we quantify below the response of the substrate to the
motion of the droplet, as well as the flow within the droplet to better understand the small
dependence of the friction force on lubrication and the relevance of the different sources
of dissipation.

6.4.2. Droplet shape and contact angles

As the droplet slides, the forces acting on it cause it to deform, and at steady-state
the shape of the droplet can be approximated by an ellipse. In addition, the advancing
and receding contact angles differ from each other due to the adhesion of the droplet to
the substrate. In order to characterize these effects, we take a section of the droplet of
thickness 2rc along a plane parallel to the direction of motion and analyze the density map
in that plane. Examples of such density maps are shown in Figure 6.5. From the density
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maps we delimit the different interfaces as density isosurfaces. The droplet surface (blue
lines in Figure 6.5) corresponds to the water density isosurface ρisow ≡ 2r−3

c , and the full
substrate surface (green lines) to the polymer density isosurface ρisoo ≡ 1.5r−3

c (brush and
free chains). These isosurfaces (or density contours) were set at densities corresponding
to roughly half the bulk density of water and polymer. The brush surface (orange lines)
is taken to be the brush monomer isosurface ρisob ≡ ρmean

b /2, where ρmean
b is the mean

brush density and depends on the level of lubrication. Having determined the droplet
surface, we can now fit the droplet-vapor part to a tilted ellipse. This is achieved by
optimizing the coordinates of the foci F1 and F2 such that they best obey the relation
PF1 + PF2 = 2A, with P a point on the droplet-vapor part of the contour, and A the
semi-major axis of the ellipse. The parameters F1, F2, and A fully define the ellipse,
and we can calculate contact angles at the advancing and receding ends. For this, we
find the intersection of the ellipse with the horizontal line at the level of the unperturbed
substrate and calculate the angle between the tangent to the ellipse at that point and the
horizontal line. With this approach, we measure apparent, macroscopic, contact angles.
In Figure 6.5, the ellipse and both the receding and advancing tangents are shown in red
and purple dashed lines respectively. The ellipse fits the droplet quite well for all velocities
at the receding end. However, right at the advancing front, the fit deviates significantly
from the contour of the droplet. Thus the values of macroscopic advancing contact angles
differ from the microscopic values. Unfortunately, it is difficult to unambiguously define
microscopic contact angles in the presence of a wetting ridge, especially if the free chains
spread on the droplet. Therefore, we limit our analysis to macroscopic contact angles.

Figure 6.6 a) shows the apparent advancing contact angle θappadv versus velocity for different
fractions of free chains. The shape of the curves is similar to that found in earlier exper-
iments on expanding water drops on PDMS surfaces [297]: After an initial increase, the
advancing contact angle quickly saturates, and it overall varies by less than ten degrees.
In contrast, the receding contact angle θrecadv, shown in Figure 6.6 b), decreases seemingly
linearly as the velocity increases and drops to roughly 2/3 of the force-free value at the
highest force. Along with this decrease of θrecadv, the eccentricity of the ellipse strongly in-
creases with velocity (Figure 6.6 c). However, all three quantities, i.e., the advancing and
receding contact angles and the eccentricity, are not significantly affected by the presence
of lubricant. This is already observed in equilibrium droplets: The equilibrium contact
angles for different lubricant fractions are shown in Figure 4.10 (a) in the Supporting In-
formation. For all lubricant fractions Φ we find an apparent angle θapp ∼ 92◦− 95◦, which
is roughly 5◦ below the value expected for macroscopic droplets [163].

6.4.3. The wetting ridge

Next we study the influence of the moving droplet on the brush. The droplet pulls up on the
brush at the three-phase contact line, due to the interfacial tension. Beyond the cloaking
transition, the wetting ridge separates into two ”phases”. One phase still includes the
brush chains, and the other is purely composed of free chains. A similar phase separation
has also been observed for swollen PDMS gels [38, 219, 228]. The formation and relaxation
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Figure 6.6.: (a) Advancing contact angle θadv versus droplet velocity. (b) Receding con-
tact angle θrec versus droplet velocity showing a roughly linear decrease. (c) Eccentricity
of the ellipse that best fits the droplet shape versus the droplet velocity.

of the wetting ridge at the contact line contributes to the total friction through viscoelastic
and poroelastic dissipation [236, 283]. To quantify the effect of the moving droplet on the
brush, we measure how the heights of the brush and the full ridge (brush and free chains)
at the three-phase contact line vary with the velocity of the moving droplet. The heights
are calculated as the highest points in the contours shown in Figure 6.5, measured from
the grafting surface, both for the brush and the full substrate, and both for the receding
end and the advancing front. In addition, a quantity of interest that has been studied in
experiments is the separation height between the two phases [219]. It is calculated as the
difference between the brush height and the height reached by the free chains. Since no
separation is observed below the cloaking transition, we can only calculate the separation
height for the two densities Φ = 0.444 and Φ = 0.615.

Figure 6.7 a) shows the height of the brush at the advancing front hadvB versus the steady
state velocity vx of the droplet. The brush height at the advancing front always decreases
with increasing velocity. The decrease is less pronounced for high swelling. This is due
to the fact that the more the brush is swollen by lubricant, the less it is affected by
the presence of the droplet, as can be seen in Figure 4.10 b) [...]. This observation has
implications for the contribution of the brush to the total friction force on the droplet: as
the droplet moves, it pulls the brush at the advancing front. The further out the brush is
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Figure 6.7.: (a) Height of the brush at the advancing front hadvB versus droplet velocity.
(b) Height of the full ridge at the advancing front hadvR versus droplet velocity. (c) Sep-
aration height between the liquid part of the ridge and the brush part at the advancing
front hadvsep versus droplet velocity, featuring non-monotonic behavior at high swelling. (d)
Separation height between the liquid part of the ridge and the brush part at the receding
end hrecsep versus droplet velocity. In (c) and (d) only data for cloaked droplets are shown
(Φ ≥ 0.444) since only those exhibit a separation between the liquid part and the brush
part in the ridge.

pulled, the larger the viscoelastic dissipation within the brush. Our results then suggest
that at higher velocities the contribution of viscoelastic dissipation in the ridge could be
reduced.

Figure 6.7 b) shows the height of the full ridge at the advancing front hadvR versus the
steady state velocity vx of the droplet. For low lubrication, the ridge height decreases as
the speed of the droplet increases. However, for Φ = 0.615 something interesting happens:
With increasing droplet velocity, the ridge height first increases up to a maximum at
vx ≈ 0.01, then it starts decreasing again. Figure 6.7 c) shows the separation height at
the advancing front hadvsep versus the steady state velocity vx of the droplet. For Φ = 0.444
and within the confidence intervals, the trend follows the expected decrease with velocity,
while for Φ = 0.615 the trend mirrors that of the ridge height hadvR . Finally, Figure 6.7 d)
shows the separation height at the receding end hrecsep versus the steady state velocity vx of
the droplet. The separation between the brush and the liquid ridge at the receding end
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gradually decreases as the velocity of the droplet increases. The peculiar behavior at the
advancing front could be explained as follows. As the droplet rolls, it drags material from
the receding end onto the advancing front. The material is transported as part of the
cloak. For all velocities, material is depleted from the receding end, hence the separation
height decreases. At the advancing front, however, material will be deposited. At low
velocities, the material is deposited there and the ridge grows, leading to an increase in
the separation height. This is the case until a threshold velocity is reached. Then the
droplet starts rolling over the advancing ridge leading to a decrease in the separation
height.
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Figure 6.8.: Flow field inside the droplet in the xz-plane in the laboratory frame for
different applied bulk forces and lubricant fraction Φ = 0.615. Green contour represents
the substrate, blue contour the droplet. (a) F = 8×10−5kBT/rc, (b) F = 20×10−5kBT/rc,
(c) F = 30 × 10−5kBT/rc, (d) F = 40 × 10−5kBT/rc. The low flow velocity near the
substrate indicates little to no slipping. The arrow outside the droplet sets the scale for
twice the steady state velocity 2vx.

Summed up, the behavior of the wetting ridge does not allow us to conclude whether
the dissipation is dominated by either the liquid wetting ridge or the viscoelastic braking
in the brush. Above, we mention that the contribution of the dissipation in the wetting
ridge is reduced at larger velocities. However, as will be shown in section 6.U.2, that
contribution does not vanish. First, the height of the wetting ridge still extends higher
than the unperturbed brush for lubricated brushes even at large velocities. In addition,
the height of the wetting ridge in the middle of the drop (between the advancing and
receding sides) is not affected by velocity in the same way; in particular, at the position
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of the center of mass the wetting ridge is not affected by velocity (see Figure 6.U.4).

6.4.4. Flow field
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Figure 6.9.: Same as Figure 6.8 in the co-moving frame of the center of mass of the
droplet. (a) F = 8 × 10−5kBT/rc, (b) F = 20 × 10−5kBT/rc, (c) F = 30 × 10−5kBT/rc,
(d) F = 40 × 10−5kBT/rc. The flow field shows clear signs of rolling motion. The arrow
outside the droplet sets the scale for the steady state velocity vx.

To understand the contribution of the droplet motion to the total friction, we need to
know whether the drop is rolling, sliding, or a combination of both. To answer this we
calculate the flow field within the droplet. We select a slab of the droplet of thickness 2rc
along different planes and analyze the flow in this slab. To obtain the final flow fields we
calculate a flow field from each simulation by taking an average over 150 snapshots, and
subsequently average the flow fields of 5 independent simulations. Figure 6.8 shows the
flow field in the xz-plane near the center of mass of the droplet in the laboratory frame.
For F = 8 × 10−5kBT/rc (Figure 6.8 a), the average local flow is on the order of the
statistical error due to thermal motion within the droplet, hence flow profile is strongly
affected by noise, but a net flow to the right can be discerned. For the other forces
F = 20 × 10−5kBT/rc; F = 30 × 10−5kBT/rc; F = 40 × 10−5kBT/rc in (b), (c), and (d)
respectively, there is a clear net flow toward the right. At the interface between the droplet
and the brush, the velocity is small indicating that the droplet rolls with little to no sliding
even in the presence of lubricant. This is different from previous simulations of polymer
droplets on hard corrugated substrates [117, 298], where significant slip was observed at
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the surface. This safely eliminates the possibility of the dominance of dissipation due to
slip.

Figure 6.9 shows the flow field in the co-moving frame of the center of mass of the droplet.
Again, extracting a flow field is difficult at the lowest force due to the random thermal
motion. For stronger forces, the flow field profiles clearly feature a rolling motion. Inter-
estingly, the flow field inside the droplet seems to feature two vortices, one close to the
center of the droplet and one towards the back end. Similar two-vortex structures have
been visualized experimentally in flow profiles inside adhering droplets in shear flow [299].
Numerical Lattice Boltzmann simulations [300] and continuum simulations [118] of rolling
droplets on flat and structured hydrophobic surfaces have also revealed complex flow pat-
terns inside the droplets. The flow looks similar along different slices on the y-axis, except
at the absolute edge of the droplet (see Figure 6.13). The complexity of the flow means
that the exponent could deviate from the value β = 2 expected for the case of constant
shear rate in the droplet (see section 2.4.2).
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Figure 6.10.: Flow field inside the droplet in the yz-plane in the laboratory frame for
F = 40× 10−5kBT/rc and lubricant fraction Φ = 0.615. The different figures correspond
to different slices along the x-axis: (a) near the receding end, (b) at the center, (c) near
the advancing front. The arrow outside the droplet sets the scale for half the steady state
velocity 0.5vx.

Figure 6.10 shows the flow field in the yz-plane in the laboratory frame for F = 40 ×
10−5kBT/rc and lubricant fraction Φ = 0.615. The different sub-figures correspond to
different slices along the x-axis: (a) near the receding end, (b) at the center, (c) near the
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advancing front. Moving from the receding end to the advancing front, we see what is
expected in the case of rolling motion, in addition to a lateral flow that brings material
towards the center at the receding end, and away from the center at the advancing front.
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Figure 6.11.: Flow field inside the droplet in the xy-plane in the laboratory frame for
F = 40× 10−5kBT/rc and lubricant fraction Φ = 0.615. The different figures correspond
to different slices along the z-axis: (a) near surface of the brush, (b) at the center, (c) near
the top of the droplet. The arrow outside the droplet sets the scale for twice the steady
state velocity 2vx.

Figure 6.11 shows the flow field in the xy-plane in the laboratory frame for F = 40 ×
10−5kBT/rc and lubricant fraction Φ = 0.615. The different sub-figures correspond to
different slices along the z-axis: (a) near surface of the brush, (b) at the center, (c) near
the top of the droplet. We see the expected increase in velocity as we move away from the
brush, and the flow is quite uniform throughout.

6.4.5. Cloak structure and oil transport

As real cloaked droplets move on PDMS substrates, they carry the lubricant with them,
thus depleting the lubricant and reducing the associated favorable qualities of the sub-
strate. To investigate the effect of the droplet motion on its cloak, we study how the cloak
thickness is affected by the droplet velocity. We now section the droplet along a plane
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Figure 6.12.: (a) Example of a polymer density map in a cross-section perpendicular to
the droplet velocity at Φ = 0.615. (b) Normalized Surface density of free chains at the
top of the droplet Σ/Σ0 versus droplet velocity (Σ0 = 4.0/r2c at Φ = 0.444, Σ0 = 4.4/r2c
at Φ = 0.615).

perpendicular to the direction of motion. We choose a section centered at the center of
mass of the droplet and of thickness 2rc and calculate the local density of polymers ρ(y, z)
within that section. Such a density map is shown in Figure 6.12 a). To measure the
variation in the cloak we calculate an effective surface density at the top of the droplet

Σ =

∫ z2

z1

dzρ(y = 0, z) (6.2)

with z1 corresponding to a point within the droplet, and z2 > z1 a point above the cloak.
Figure 6.12 b) shows Σ versus the droplet velocity normalized by the value at the lowest
velocity Σ0. For low velocities the cloak is not affected, but for the highest two velocities
the value slightly decreases by about 10%.

The fact that the cloaking layer is not strongly affected by the motion, combined with the
fact that the area of the droplet increases at larger velocities due to shape deformations,
implies that the transport of lubricant is expected to be enhanced at higher velocities.

6.5. Conclusion

In sum, we have studied the effect of adding lubricant on the motion of droplets on
polymer brush coated surfaces under the influence of an external, e.g., gravitational, body
force. The simulation model is adapted to describe water droplets on surfaces with PDMS
brushes and free PDMS chains acting as lubricant. One characteristic feature of this
system is the existence of a cloaking transition [163]: beyond a critical lubricant content,
the water droplet is fully covered by a thin layer of free PDMS chains. Hence our study
also addresses the question how such a cloaking layer affects the droplet motion.
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In general, we find that the droplet velocity v increases with the applied force F following
a power law, v ∝ F 1/α. With increasing velocity, the droplet deforms and elongates. The
receding contact angle decreases roughly linearly as a function of v, while the advancing
angle remains roughly constant at a value close to the equilibrium angle. In previous
molecular dynamics simulations of rolling droplets on hydrophobic surfaces [301] or pat-
terned superhydrophobic surfaces [302], and also of oil droplets that slide on polymer
brush surfaces driven by shear flow [294], both the advancing and the receding angle were
found to deviate strongly from the equilibrium value. In these examples, the surfaces were
either hard, or soft but with negative spreading parameter S, i.e., a Neumann construction
is possible. Assuming S < 0, linear vicoelastocapillary theory [98] predicts that the ad-
vancing contact angle should deviate from the static angle. However, recent experiments
have suggested that this theory is no longer generally valid if the spreading parameter is
positive [229]. Our simulation results support this hypothesis.

For the investigated fractions of lubricant in the brush, we find that lubrication has a
surprisingly small effect on this behavior. Adding a limited amount of lubricant chains
only slightly reduces the friction force between the droplet and the surface. This is also
suggested indirectly by the experiments, where it was found that the friction does not
depend on the method used to prepare the polymer brushes. In particular, whether or
not free polymers have been washed out from the brushes after synthesis did not seem
to make any difference. However, the degree of swelling could not be determined in the
experiments. In the simulations, the velocity of droplets subject to a given driving force
does not change at all (within the statistical error) if one adds lubricant amounts below
the cloaking transition. Above the cloaking transition, the velocity somewhat increases,
i.e., the friction is somewhat reduced, but by less than a factor 3/4 at the highest lubricant
content. The power law exponent α increases slightly for cloaked droplets, but by less than
20%.

The value of the exponent β = 1 + α in simulation is close to the value β = 5/3 pre-
dicted by certain theoretical approaches for the dissipation in the three phase contact line
and the liquid wetting ridge. However, it is not clear whether the value is due to those
sources of dissipation dominating the friction, or it is coincidental, especially given that
the experimental exponent deviates from that value.

Lubricants also have no discernible effect on the macroscopic properties of the droplet,
i.e., its shape as a function of velocity, and the advancing and receding contact angles.
They do, however, affect the local structure at the contact line, i.e., the wetting ridge. In
particular, the ridge height of strongly cloaked droplets exhibits a maximum as a function
of droplet velocity, suggesting a transition between a low-velocity regime where the droplet
pushes the wetting ridge in front of it, to a regime where it partially rolls over it. At higher
velocities, the height of the ridge is reduced. Regardless of the geometry of the ridge, our
ridges are composed of both liquid lubricant and stretched grafted chains; although the
exponent in the simulation is close in value to the prediction in section 2.4.4, the fact that
the ridge is not a pure liquid could invalidate the arguments presented there.

To understand the reason for the unexpected low lubricating effect of free chains in the
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brush, we analyzed the pattern of the flow field inside the droplet. The friction results from
an interplay of energy dissipation at the adhesive surface (contact area dissipation), at the
contact line, i.e., the wetting ridge (contact line dissipation), and inside the droplet (bulk
dissipation). In previous molecular simulation studies of droplets driven by external forces
move on flat or patterned forces, it was found that droplets may both roll and slide (slip)
at the surface [117, 298, 303]. In such cases, it has been argued that the friction between
the droplet and the surface is dominated by contact area dissipation for small droplet sizes
[117, 298], and by contact line friction [298] or bulk dissipation [117] for larger droplets. In
our system, we find that the flow velocity is very small at the interface between droplet and
substrate, thus the droplet does not slide, and the dissipation due to slip at the adhesive
surface can be neglected. The dissipation at the wetting ridge does contribute - as can
be inferred from the fact that the friction force is affected by the cloaking transition [...]
Given that the ridge is smaller at high velocities, the dissipation in the wetting ridge could
play a smaller role at high velocities. However, the ridge does not fully vanish, and the
dissipation in it might still be significant. Based on this, we argue that the dominating
contribution to dissipation is either the shear flow inside the droplet, which is not affected
by the lubricant (see Figures 6.14 and 6.15) or the viscoelastic dissipation in the brush. In
the case where the viscous dissipation in the droplet dominates, for droplets of fixed shape
with fixed flow patterns, one would expect the resulting friction force to scale linearly with
the droplet velocity [117]. However, the droplets can partly reduce the dissipation at high
velocities by changing their shape, which affects the flow profiles as discussed in Section
6.4.4. As a result, the increase of the friction force with droplet velocity is only sublinear,
and could explain the discrepancy between experiment and simulation. In the experiment,
the drop is fixed in place by a cantilever that is used to measure the force of friction and
could affect the flow dramatically. In the other case, where the viscoelastic dissipation
in the brush dominates, the exponent would be set by the rheology of the brush. This
can also explain the different exponents between experiment and simulation as the two
brushes likely have different rheologies. On top of that, the rheology in simulation is likely
affected by the degree of lubrication, which might be the reason for the small variation in
the exponent as the lubricant fraction is varied.

Ultimately, the question remains why the power exponent α measured in the simulations
(α ∼ 0.6−0.7) differs from the one measured in the experiments (α ∼ 0.25). Although we
have studied large droplets containing almost a million particles, they are still microscopic
compared to the droplets considered in the experiments, which have sizes of the orders
of millimeters. Nevertheless, the Reynolds numbers in the simulations and experiments
are comparable (see section ”Model and Methods”), suggesting that the flow fields may
also be comparable. On the other hand, the experimental drop sizes are comparable to
the capillary length (radius ≈ 1.5mm, capillary length ≈ 2.7mm) such that gravity may
become important. The influence of droplet size and gravity on the friction force will be
an interesting subject of future studies.

We should also note that, in the present study, we have only studied lubricant fractions
where the brush is not yet fully saturated. If we had much more lubricant, it will form
a thick film above the brush, and the situation will change. The droplet will then be
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immersed in the lubricant film and the shear flow inside the film will significantly contribute
to the dissipation.

6.6. Data availability

All codes used for simulation are available on the github repository https://github.com/

rodbadr/dropletOnLubricatedBrush.

Data used for all figures except flow fields and density maps are available at https:

//github.com/rodbadr/DataDynamicsOfMovingDroplets. Simulation trajectories and
flow field data can be provided upon reasonable request.
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6.8. Supporting information to the published article in Chapter 6

Note: With the exception of Figure 6.13 (f), the figures in this section already appear as
supporting info on the online page of the published article Ref. [119].

[...]

6.8.1. Additional flow fields

Below are some additional flow fields from the simulations. Figure 6.13 shows the flow
field inside the droplet in the xz-plane in the co-moving frame at different positions across
the droplet. Comparing the different slices indicates that the components of velocity along
the x and z directions depend only weakly on the y-coordinate. This is made more clear
by overlaying the flow fields at different positions of the xz-plane as shown in Figure 6.13
(f). The flow fields from the different slices overlap well in both magnitude and orientation
excepts for small variations.

Figure 6.14 shows the flow field inside the droplet in the xz-plane in the co-moving frame
with varying lubricant fraction for a driving force F = 20 × 10−5kBT/rc. The flow fields
for lubricant fractions Φ < 0.615 are more noisy than for Φ = 0.615. This is likely due to
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Figure 6.13.: Flow field inside the droplet in the xz-plane in the co-moving frame for
F = 40× 10−5kBT/rc and lubricant fraction Φ = 0.615. The different figures correspond
to different slices along the y-axis: (a), (b) near the edge of the droplet, (c), (d) closer
to the center, (e) at the center. The arrow outside the droplet sets the scale for twice
the steady state velocity vx. (f) Overlay of the flow field from different slices across the
droplet; the color of the arrows relate to the position of the slice going from blue on one
edge to yellow on the other.

the larger steady state velocity at Φ = 0.615 which is almost twice as large as the velocity
in the absence of lubricant. However, once the velocity is large enough, the lubricant has
little effect on the flow field, as can be seen in Figure 6.15 which shows the flow fields for
a force F = 40× 10−5kBT/rc at different lubricant fractions.
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Figure 6.14.: Flow field inside the droplet in the xz-plane in the co-moving frame for
F = 20 × 10−5kBT/rc and varying lubricant fractions. (a) Φ = 0, (b) Φ = 0.231, (c)
Φ = 0.444, (d) Φ = 0.615. The arrow outside the droplet sets the scale for twice the
steady state velocity vx.
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Figure 6.15.: Flow field inside the droplet in the xz-plane in the co-moving frame for
F = 40 × 10−5kBT/rc and varying lubricant fractions. (a) Φ = 0, (b) Φ = 0.231, (c)
Φ = 0.444, (d) Φ = 0.615. The arrow outside the droplet sets the scale for twice the
steady state velocity vx.
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6.U. Unpublished results: Dynamics of
Droplets Moving on Lubricated
Polymer Brushes

The following sections include unpublished results obtained in preparation or after the
conclusion of the published article in Chapter 6.

6.U.1. Effect of MDPD model parameters on viscosity

Figure 6.U.1.: (a) Snapshot from a Poiseuille flow simulation of a simple liquid. The
red particles are frozen in place, while the blue particles are allowed to move. (b) The
resulting flow field for the liquid shown in (a) with the corresponding fit to a parabola.

For the question of the dynamics of moving droplets, the viscosity plays an important role
as viscous dissipation can be a major contributor to energy loss. To quantify the viscosity
of our liquids, we run Poiseuille flow simulations. Liquid slabs are prepared as described in
section 3.2.2 with the z-direction normal to the liquid-vapor interface. Afterwards, chains
within 10rc from either interface are frozen in place, and a force F in the x-direction is
applied on each particle to create a flow. For a planar Poiseuille flow, the expected velocity
profile has the form

vx(z) = −Fρl
2µ

(z2 − z20) (6.U.1)
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where µ is the dynamic viscosity, ρl the number density and vx(±z0) = 0. An example
simulation snapshot and the resulting flow field are shown in Figure 6.U.1. We perform
simulations for both simple liquids (No = 1) and polymer liquids (No = 5), and we
vary the drag coefficient and cohesion strength for each. The force per particle for the
case of a simple liquid is F = 0.01 [kbT/rc], while for the polymer liquid we choose F =
0.001 [kbT/rc]. Though the results are robust with changes in the force, occasionally an
instability would kick in, where a bubble would spontaneously appear in the bulk of the
liquid. The instability was not investigated systematically; however, it appears to be a
static instability akin to a liquid-vapor phase separation. The liquid in the slab is at the
coexistence density which is very close to the metastable region of the phase diagram;
therefore, occasionally a nucleus of low density vapor would appear in the bulk and grow
into a vapor bubble. The likelihood of the instability kicking in is reduced for thicker slabs,
and every individual simulation was checked for bubbles before calculating the viscosity.

The results for the viscosity are shown in Figure 6.U.2. Interestingly, the drag coefficient
seems to have very little effect on the viscosity: upon doubling the value of the drag
coefficient the resulting change in the viscosity is about 10% for both the simple and
polymer liquid (see Figure 6.U.2 a and b). On the other hand, the viscosity is more
sensitive to changes in the strength of cohesion. For the simple liquid (Figure 6.U.2 c)
the viscosity increases threefold upon doubling the strength of cohesion. For the polymer
liquid, the sensitivity to the cohesion strength is stronger, with the viscosity increasing
more than threefold upon an increase of 30% in the strength of cohesion. The results
from the Poiseuille flow simulations provide a valuable insight into the MDPD model: the
majority of the momentum transport is carried by the conservative force.
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Figure 6.U.2.: Dynamic viscosity µ of (a) a simple liquid and (b) a polymer liquid versus
the drag coefficient ζ. The value of the drag coefficient does not have a strong effect on
the viscosity. Dynamic viscosity µ of (c) a simple liquid and (d) a polymer liquid versus
the cohesion strength |A|. The viscosity increases significantly as the cohesion increases.

6.U.2. Dynamics at higher lubricant fractions

In the published part of this chapter we focused on polymer brushes with intermediate
lubricant fractions and observed that the lubricant plays only a minor role in the dynamics.
However, the situation might differ at higher lubrications. To investigate this we performed
similar analysis as above with two additional lubricant fractions Φ = 0.737 and Φ = 0.778;
the latter corresponds to the saturation limit, i.e. if more lubricant is added, the brush
will not swell any further and the additional lubricant will form a film on top of the swollen
brush.

We begin by looking at the power dissipated in terms of lubrication and velocity. Figure
6.U.3 (a) show the power dissipated Pdiss = NwFvx versus velocity on linear axes. For
Φ ∈ [0, 0.444] the data is clustered and separated from the results for Φ > 0.444. This
indicates a possible change in behavior due to the cloaking transition at Φ ≈ 0.444 (see
section 4.2.3). Figure 6.U.3 (b) shows Pdiss versus velocity on logarithmic axes, where
the dashed lines are linear fits to the data. The relevance of the cloaking transition can
also be observed in the value of the exponent βsim which captures the dependence of
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Figure 6.U.3.: Steady-state power dissipation defined as Pdiss = NwFvx versus the
steady-state velocity vx (a) on linear axes, (b) on logarithmic axes. The dashed lines in

(b) show fits to a power-law behavior Pdiss ∝ vβsim
x . Φ ≥ 0.444 corresponds to cloaked

droplets.

the power dissipated on velocity Pdiss ∼ vβsim . The dependence of the exponent on the
lubricant fraction is shown in the inset of Figure 6.U.3 (b); the data points indicate a
slight increase in the exponent until the cloaking transition, after which the value of the
exponent saturates.

As mentioned above, the dissipation in the wetting ridge could constitute a significant
contribution to the friction experienced by the droplet. We showed that an increase in the
velocity of the drop is accompanied by a reduction in the height of the wetting ridge. Figure
6.U.4 (a) and (b) show the height of the wetting ridge at the receding and advancing ends
of the droplet. We see a similar trend at the receding end for the high lubricant fractions
as we did for the lower ones, namely that the height of the ridge decreases with velocity.
When it comes to the advancing front, one feature was the accumulation of lubricant
there for low velocities at certain lubricant fractions, resulting in an increase in the height
of the wetting ridge, before it decreases at high velocities. This feature is maintained at
Φ = 0.737 but disappears when the brush is saturated at Φ = 0.778. Despite the reduction
in height at both the receding and advancing ends, the wetting ridge does not vanish even
at the highest velocities. The open symbols in Figure 6.U.4 (a) and (b) show the height
of the unperturbed brush; the vertical dashed lines indicate the difference between that
height and the height of the wetting ridge at the fastest simulated velocity. For all lubricant
fractions the height of the ridge exceeds the unperturbed height for all droplet velocities.
In addition, the height of the wetting ridge between the two ends is affected differently
by velocity. Figure 6.U.4 shows the height of the ridge hmid

R at a plane that contains the
center of mass of the droplet; there, the effect of the motion of the droplet on the height
of the wetting ridge is minimal. Overall, the results for the height of the dynamic wetting
ridge indicate that the contribution of the dissipation in the wetting ridge does not vanish
at high velocities, and depending on its magnitude, might constitute a significant part of
the total dissipation.
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Figure 6.U.4.: (a) Height of the wetting ridge at the receding end hrecR versus droplet
velocity. (b) Height of the wetting ridge at the advancing front hadvR versus droplet velocity.
(c) Height of the wetting ridge in the middle of the droplet hmid

R versus droplet velocity.
The open symbols and dashed lines serve to compare the height of the wetting ridge to
the height of the unperturbed brush. (d) Cartoon illustrating the positions of the receding
end, the advancing front, and the middle position we chose with COM referring to the
position of the center of mass.

Figure 6.U.5 shows the flow field in the co-moving plane of the droplet in the xz-plane
passing through the center of mass of the droplet for a force per particle F = 40 ×
10−5 [kBT/rc] and varying lubricant fractions. Comparing the flow fields to those shown
in Figure 6.15 we see that the effect of lubrication on the flow field is minimal even at
high lubricant fractions. However, the shape of the wetting ridge changes significantly for
Φ = 0.737, and Φ = 0.778 compared to the lower lubricant fractions. Since the flow field
is not strongly affected, the viscous dissipation in the droplet is likely not the source of
the change in the exponent βsim; however, more detailed investigation is still needed to
rule it out completely.
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Figure 6.U.5.: Flow field inside the droplet in the xz-plane in the co-moving frame for
F = 40 × 10−5 [kBT/rc] and varying lubricant fractions. (a) Φ = 0.737, (b) Φ = 0.778.
The arrow outside the droplet sets the scale for the steady state velocity vx.

6.U.3. Conclusion

In this section, we presented results for the viscosity of simple and polymer liquids in
the MDPD model as well as results pertaining to the dynamics of rolling droplet at high
lubricant fractions in the brush.

The results for the viscosity with varying MDPD model parameters showed an interesting
behavior: the majority of the contribution to viscosity stems from the conservative forces.
This is indicated by the small effect of varying the drag coefficient in the thermostat of
our model, and by the more pronounced change in viscosity upon a change in the strength
of cohesion.

Concerning the role of lubrication on the dynamics of rolling droplets, we find the the value
of the exponent βsim which relates the power dissipated to velocity through Pdiss ∼ vβsim

varies slightly with lubrication, but its value appears to remain constant after the cloaking
transition sets in at lubricant fraction Φ = 0.444 in our system.

The behavior of the wetting ridge at the receding end is similar at all lubrications. At
the advancing front, the accumulation of lubricant for small velocities is still present for
Φ = 0.737, but does not occur at the saturation fraction Φ = 0.778. Between the advancing
and receding ends, the wetting ridge is affected differently by the motion of the droplet,
and at a particular position is not affected at all by the motion. At all positions around the
three phase contact line, the ridge is higher that the unperturbed brush for all velocities.
Taken together, this indicates that if the dissipation in the wetting ridge is significant, it
will remains so at all velocities. We also find that the flow field does not strongly depend on
the lubricant fraction. Therefore, the viscous dissipation in the droplet does not explain the
variation in the exponent βsim. However, this does not mean that the viscous dissipation
in the drop is not significant. The contributions from both the dissipation in the ridge
and the viscous dissipation may be equally significant; the exponent βsim could be set
through a self-consistent interplay between the different dissipation sources. Quantifying
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the separate contributions to dissipation and its localization in space is an interesting
subject for future study.
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7. Summary and outlook

The interaction of liquid drops, in particular water drops, with elastic substrates swollen
with PDMS is an interesting problem, rich with challenging physics and yet to be answered
questions. To address some of these questions, we perform numerical, theoretical, and
experimental studies, focusing on the phenomenon of cloaking.

In our first study, we investigate the cloaking of a droplet on a lubricated polymer brush
in MD simulations. The parameters of the simulation are tweaked so the surface tension
ratios reflect those in experiments of water on PDMS. We show the existence of a cloaking
transition in simulation, supported by theoretical thermodynamic considerations. The
transition sets in when the brush is swollen with a particular fraction of lubricant. The
effect of cloaking on the wetting properties is studied for both spherical and cylindrical
droplets. For spherical droplets, we show that the dependence of the contact angle on
a dry brush is consistent with the presence of a negative line tension that promotes the
spreading of the drop, while on lubricated brushes the size dependence, though significant,
cannot be simply attributed to line tension alone. For cylindrical droplets, the cloaking
transition is still present and sets in at the expected lubricant fractions. As expected, the
contact angle on dry brushes does not show a size dependence since the straight contact
lines of cylindrical brushes eliminate the influence of line tension. The dependence of
the contact angle on the lubricant fraction for spherical and cylindrical droplets shows
some interesting features. For cylindrical droplets the contact angle increases slightly
with lubrication, as expected from a cloaked drop with a contact angle larger than 90◦.
As for spherical drops, the contact angle is smaller than that for cylindrical drops, owing
to the line tension; in addition, the contact angle for spherical drops decreases slightly
with lubrication, suggesting a possible dependence of the line tension on the degree of
lubrication of the brush.

The investigation of the static properties is followed by a probe into the kinetics of ridge
and cloak development of the lubricant on both PDMS gels and brushes. Fluorescent
confocal microscopy was used to probe the wetting ridges of drops on PDMS gels swollen
with high viscosity oils. The oil was previously shown to separate from the gel and form a
liquid phase of the wetting ridge [38]. In our work we followed the time evolution of this
phase separated ridge. We first show that the ridge grows with a geometrically similar
shape. In addition, we show that both the swelling ratio and oil viscosity play a role
in the growth rate and size of the ridge. The higher the swelling ratio, the larger the
resulting ridge, and the later the equilibrium size is reached. Higher viscosity oils exhibit
slower ridge growth; however, at the same swelling ratio, the equilibrium size is larger
for higher viscosities. Some of the conclusions of the experiments are consistent with a
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7. Summary and outlook

theoretical analysis based on a diffusion model. The theoretical growth curves for heavily
swollen gels overlay nicely with the theoretical data. However, the theoretical model does
not capture well the curves for gels with low swelling ratio, neither in equilibrium size
nor in saturation speed. This is likely due to the simplicity of the model. In addition to
the experiments on the growth of the wetting ridge, we were interested in the kinetics of
cloaking. We investigated cloaking on the experimental level indirectly by measuring the
surface tension of pendant drops in contact with a swollen PDMS gel. The experiments
exhibit very little reproducibility, likely due to the design of the experiment which utilizes
holes drilled into glass slides. During the drilling process, defects appear around the holes
which could have a significant effect on the behavior of the system. On the numerical
level, we setup MD simulation similar to those used to study the static case, but follow
the cloak development as it evolves towards equilibrium. We found that the cloak crawls
onto the droplet while thickening simultaneously, and thickens further even after reaching
the top of the droplet. The arc length covered on the drop grows linearly with time, and
it grows faster for higher lubricant fractions in the brush. Looking at the distribution of
lubricant in the brush during cloak development shows a depletion zone in the vicinity
of the contact line, which indicates that the process is limited by the speed of lubricant
diffusion in the brush.

Finally, we study the dynamics of droplets moving on lubricated polymer brushes. The
experiments show that the dissipated power is a power law function of the velocity, with
the same exponent regardless of the manner of preparation of the brush. In simulation,
we find a similar power law dependence, albeit with a different exponent than that in
experiments, and that varies slightly with lubrication. The exponent in simulation is close
in value to the exponent β = 5/3 predicted by certain theories of dissipation. One situation
where this exponent could arise is for moving contact lines at low contact angle, which
is not the case in our system. Another situation is that of a droplet moving along with
a purely liquid wetting ridge, which again is not the case for us due to the brush. The
proximity in the value of the exponent might therefore be coincidental as it is unlikely for
our system to be dominated by either of those sources. A deeper investigation into the
possible sources of dissipation reveals that while the drop does not slip on the brush, is
exhibits non-trivial flow patters, with the possible presence of multiple vortices in the bulk.
In addition, the wetting ridge is present at all velocities and lubricant fractions, despite
the reduction in its size at the advancing and receding ends of the droplet. Neither of those
observations immediately explains the value of the exponent. However, either can explain
the discrepancy between simulation of experiment, as the flow field of the drop and the
rheology of the brush might differ dramatically between the two. Finally, a measurement
of the cloak density near the apex of the droplet shows that it is not affected by the speed
of the droplet, so that any effect that is present due to cloaking remains at all velocities.

While our study reveals many interesting results, many questions remain. The details of
cloak development are still a mystery at the experimental level. A possible way of inves-
tigating the out of equilibrium cloak might be through Reflection Interference Contrast
Microscopy (RICM) which can reveal the local thickness of the cloak at high temporal res-
olution. Another hanging question is that of the sources of dissipation for moving drops,
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and whether any source dominates over others. While difficult to investigate in a detailed
manner at the experimental level, the local contribution of the different dissipation sources
can be quantified in simulations and will be an interesting avenue for future work.
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A. Derivations

A.1. Line tension modification to the contact angle

Consider a drop on a solid as illustrated in Figure 2.4. We assume the presence of a line
tension which results in a contribution Fcl to the free energy proportional to the length
of the three phase contact line lcl

Fcl = T lcl (A.1)

where T is the line tension and lcl is the length of the contact line. The total area of
the solid is labeled A. We label the interfacial areas in the system as Asl for the solid-
liquid interface, Alv for the liquid-vapor interface, and Asv = A−Asl for the solid-vapor
interface, each with its corresponding surface tension. When a drop is deposited on the
solid, the free energy is

F = γslAsl + γlvAlv + γsv(A−Asl) + T lcl. (A.2)

The total area of the solid A is constant meaning that the γsvA term is a constant shift
in the free energy that can be ignored. We rewrite the free energy as

F = (γsl − γsv)Asl + γlvAlv + T lcl. (A.3)

Assuming the drop has a radius of curvature R and contact angle θ, the surface areas and
length of the contact line are

Asl = πR2 sin2 θ (A.4)

Alv = 2πR2(1− cos θ) (A.5)

lcl = 2πR sin θ (A.6)

which allows us to rewrite the free energy as
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F = π
[
(γsl − γsv)R

2 sin2 θ + 2γlvR
2(1− cos θ) + 2T R sin θ

]
. (A.7)

To obtain the equilibrium contact angle for the system, we minimize the free energy in
Eq. (A.7) with the constrain of constant volume V

V =
π

3
R3(2 + cos θ)(1− cos θ)2 (A.8)

which means that at a given volume of the drop, its radius of curvature is a function of
the contact angle

R(θ) =

[
3

π

V

(2 + cos θ)(1− cos θ)

]1/3
(A.9)

∂R

∂θ
= −R

sin2 θ

(2 + cos θ)(1− cos θ)2
(A.10)

where we also write the derivative of R with respect to θ. Minimizing the free energy with
respect to θ

∂F
∂θ

= 0 (A.11)

(γsl − γsv)
∂

∂θ
[R2 sin2 θ] + 2γlv

∂

∂θ
[R2(1− cos θ)] + 2T ∂

∂θ
[R sin θ] = 0 (A.12)

R sin θ(γsl − γsv) +R sin θ cos θγlv + T = 0. (A.13)

Identifying rcl ≡ R sin θ as the radius of the three phase contact line, and rearranging Eq.
(A.13) we obtain

cos θ =
γsv − γsl

γlv
− T /γlv

rcl
. (A.14)

A.2. Young-Laplace equation from force balance

We consider an arbitrary interface between two fluids, shown in Figure A.1, with hydro-
static pressure P1 and P2 in the bulk of each fluid, and with interfacial tension γ. We
seek to derive the condition for mechanical equilibrium, i.e. the balance of forces. For this
purpose we consider an arbitrary section Ω and take a counter-clockwise orientation on
the boundary ∂Ω. Ω is considered as an open set of points, i.e. the boundary ∂Ω is not
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A.2. Young-Laplace equation from force balance

Figure A.1.: Sketch of an arbitrary section on an arbitrary interface between two fluids.
P1 and P2 are the hydrostatic pressures in the bulk of each fluid, Ω is the domain of the
section with boundary ∂Ω, n is a unit normal to the interface, t is a unit tangent to the
boundary ∂Ω, nl is a unit normal to the boundary ∂Ω that is at the same time tangent
to the interface. On the boundary ∂Ω we have nl = t× n.

included in Ω: ∂Ω ̸⊂ Ω. With this choice, all the internal forces on Ω vanish, and we only
need to account for external forces, namely the force FP due to the pressure difference
acting on Ω, and the surface tension force Fγ acting on the boundary ∂Ω. In case of a
pressure difference ∆P = P2 − P1 across the interface, the force on an area element dA is
normal to the area element and equals ∆P dA, and the force on Ω due to pressure is

FP =

∫
Ω
∆P dA =

∫
Ω
∆P ndA (A.15)

where n is a unit vector normal to the interface. On the boundary, the parts of the
interface exterior to Ω exert a local force γdl on ∂Ω due to surface tension, where dl is a
length element on ∂Ω. This force is directed along a unit vector nl that is tangent to the
interface, but normal to ∂Ω. The total force is then

Fγ =

∫
∂Ω

γ nl dl =

∫
∂Ω

γ t× ndl (A.16)

where t is a unit vector tangent to ∂Ω in the counter-clockwise direction and nl = t× n.

At equilibrium, the net force should vanish and we have
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FP + Fγ = 0∫
Ω
∆P ndA+

∫
∂Ω

γ t× ndl = 0. (A.17)

The second term in eq. (A.17) can be rewritten using the vector calculus identities

∫
∂Ω

t× v dl =

∫
Ω
(∇v) · n − (∇ · v)ndA (A.18)

1

2
∇ (v · v) = (∇v) · v. (A.19)

Replacing v with n in eqs. (A.18) and (A.19) we get

∫
∂Ω

t× ndl =

∫
Ω
(∇n) · n − (∇ · n)ndA

=

∫
Ω

1

2
∇ (n · n) − (∇ · n)ndA

= −
∫
Ω
(∇ · n)ndA (A.20)

where between the second and third lines we used ∇(n · n) = ∇(1) = 0. Using the result
from eq. (A.20) in eq. (A.17) we get

∫
Ω
[∆P − γ (∇ · n)]ndA = 0. (A.21)

Since the domain Ω was arbitrary, the integrand must vanish; we finally get

∆P = γ (∇ · n) . (A.22)

Eq. (A.22) is known as the Young-Laplace equation. It is a statement on the balance of
forces at equilibrium due to pressure and surface tension. The ∇ · n term is a measure of
the local curvature of the interface.

A.3. Young-Laplace equation from variational principle

A.3.1. Free energy functional

Given a drop under the influence of gravity, the free energy will have interfacial contri-
butions, and a contribution from the gravitational potential energy. The free energy can
then be written as:
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Figure A.2.: Illustration of (a) a sessile and (b) a pendant drop under the influence of
gravity

F = γAlv + γslAsl + γsv(A−Asv)± ρghcmV (A.23)

where Alv, Asl, and A are the area of the drop, the area of the substrate-drop contact
region, and the total area of the substrate respectively, ρ is the mass density of the drop, g
is the gravitational acceleration, hcm is the distance of the center of mass from a reference
plane, and V is the volume of the drop. The sign in front of the gravitational contribution
depends on the choice of orientation of the coordinate system. The total area of the
substrateA is fixed, and assuming the substrate is not adaptive, γsv is constant. Therefore,
the γsvA term is only an added constant and does not affect the physics. We therefore
ignore it and rewrite the free energy as

F = γAlv + (γsl − γsv)Asl ± ρghcmV. (A.24)

We would like to find the equilibrium shape of a sessile or pendant drop. Therefore, we
write the free energy as a functional of the shape of the drop. We assume that the system
has azimuthal symmetry, and define the shape of the drop through the cylindrical radius
of the drop r(z) at a distance z away from the tip of the drop (see Figure A.2). We choose
the positive z-direction to be pointing from the tip of the drop towards the substrate. In
addition, since we are interested in drops getting cloaked with time, it is possible that the
surface of the drop is not homogeneous, and the surface tension varies with position; we
therefore define a spatially varying surface tension γ(z). Finally, assuming the evaporation
is slow, and that we do not add material to the drop, the volume is constant and the free
energy must also have a volume constraint term. For a sessile drop the positive z-direction
points in the direction of gravity which results in the following form of the free energy
functional

169



A. Derivations

Fs[r(z), r
′(z)] = (γsl − γsv) πR

2 + 2π

∫ h

0
γ(z)r(z)

√
1 + r′2(z) dz

− πρg

∫ h

0
r2(z)z dz + πλ

∫ h

0
r2(z) dz (A.25)

where R ≡ r(h) the radius of the three phase contact line, r′(z) is the first derivative of
r(z), h the distance from the tip to the substrate, ρ is the mass density of the drop, and
g the gravitational acceleration. The first two terms are the contributions from interfacial
energy, the third term the contribution from gravitational energy, and the last term is a
constraint on the total volume of the drop with a Lagrange multiplier λ.

In the case of a pendant drop, we choose the positive z-direction to point in the opposite
direction of gravity (see Figure A.2). This results in the same form of the free energy
functional, except that the sign of the gravitational term must be flipped

Fp[r(z), r
′(z)] = (γsl − γsv) πR

2 + 2π

∫ h

0
γ(z)r(z)

√
1 + r′2(z) dz

+ πρg

∫ h

0
r2(z)z dz + πλ

∫ h

0
r2(z) dz. (A.26)

In what follows we will derive the shape equations for a pendant drop. The equations for
a sessile drop can be easily obtained by flipping the sign of the gravitational acceleration
g in the equations.

A.3.2. Variation and shape equations

To find the equilibrium shape of the drop we vary the free energy functional and find its
extremum

δF [r(z), r′(z)] = 0. (A.27)

One needs to be careful here to account for possible changes in the contact line and the
height of the drop. We will perform the derivation for pendant drops, while the result for
sessile drops can be obtained by changing g → −g. The full variation of the functional in
Eq. (A.26) is
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δFp = 2(γsl − γsv) πRδR+ π
[
2γr
√
1 + r′2 + ρgr2z + λr2

]
z→h

δh

+ 2π

∫ h

0

[
γ(z)

√
1 + r′2 + ρgrz + λr

]
δr dz

+ 2π

∫ h

0
γ(z)

rr′√
1 + r′2

δr′ dz. (A.28)

The first term is the variation in the radius of the contact line, while the second term is the
variation in the height of the drop, i.e. the variation in the upper bound of the integrals.
We require the drop to “close” at the tip or in other words r(0) = 0; in addition, we require
the drop profile to be smooth at z = 0. We integrate the last term by parts resulting in

∫ h

0
γ(z)

rr′√
1 + r′2

δr′ dz =

[
γ

rr′√
1 + r′2

δr

]h
0

−
∫ h

0

d

dz

[
γ(z)

rr′√
1 + r′2

]
δr dz. (A.29)

As stated above, we require that r(0) = 0, getting rid of the lower bound of the first term
in eq. (A.29).1 Developing the derivative in the second term of eq. (A.29) and inserting
the result into eq. (A.28) we obtain

δFp = 2π

∫ h

0

[
ρgrz + λr + γ

[
1√

1 + r′2
− rr′′

(1 + r′2)3/2

]
− γ′

rr′√
1 + r′2

]
δr dz

+ 2π

(
γ(h)

r′√
1 + r′2

∣∣∣∣
z=h

+ γsl − γsv

)
RδR+ π

[
2γr
√
1 + r′2 + ρgr2z + λr2

]
z=h

δh.

(A.30)

where γ′(z) is the first derivative of γ(z). At equilibrium δFp = 0 for any arbitrary
variation δr(z). Therefore, the integrand in the first term, the factor multiplying δR, and
the factor multiplying δh must each vanish independently, giving us our final equations

ρgz + λ+ γ

[
1

r
√
1 + r′2

− r′′

(1 + r′2)3/2

]
− γ′

r′√
1 + r′2

= 0 (A.31)

R

(
γ(h)

r′√
1 + r′2

∣∣∣∣
z=h

+ γsl − γsv

)
= 0 (A.32)

2γ(h)R

√
1 + r′2(h) + ρgR2h+ λR2 = 0 (A.33)

1Note: limz→0 r
′(z) = ∞ due to the smoothness condition. However, the singularities in the numerator

and denominator cancel each other in this situation.
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A.3.3. Young-Laplace equation

Eq. (A.31) is nothing but the Young-Laplace equation with variable surface tension. To
show that, we consider the case where the surface tension is uniform. In this case the last
term vanishes and eq. (A.31) can be rewritten as

ρgz + λ+ γ

[
1

r
√

1 + r′2
− r′′

(1 + r′2)3/2

]
= 0. (A.34)

The terms in the square brackets are the principal curvatures for a surface of revolution
[304, ch. 2], which can be used to rewrite

1

R1
≡ 1

r
√
1 + r′2

(A.35)

1

R2
≡ − r′′

(1 + r′2)3/2
(A.36)

ρgz + λ+ γ

[
1

R1
+

1

R2

]
= 0 (A.37)

where R1(z) and R2(z) are the principal radii of curvature of the surface at height z. From
this we see that the Lagrange parameter λ ≡ −∆P where ∆P is the Laplace pressure at
the tip of the drop (z = 0). Not surprisingly, the additional term due to gravity takes the
form a typical hydrostatic pressure. Eq. (A.37) can finally be written in the usual form
of the Young-Laplace equation

∆P − ρgz = γ

[
1

R1
+

1

R2

]
. (A.38)

A.3.4. Reparametrization of the shape equation

An alternate form of the shape equation (A.31) can be obtained by expressing r and z in
terms of the length element s along the shape

ds2 = dr2 + dz2. (A.39)

Defining the angle θ(s) as the angle between the horizontal and the tangent to the drop
we find
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dz

ds
= sin θ (A.40)

dr

ds
= cos θ (A.41)

df

dz
=

1

sin θ

df

ds
(A.42)

where f is an arbitrary function of z(s). Using the above equations we then obtain the
following identities

r′(z(s)) = cot θ(s) (A.43)

r′′(z(s)) = − 1

sin3 θ(s)

dθ

ds
(A.44)√

1 + r′2 =
1

sin θ(s)
. (A.45)

Using the above relations in Eq. (A.31) we can rewrite it into

ρgz + λ+ γ
sin θ

r
+ γ

dθ

ds
− dγ

ds
cot θ = 0

dθ

ds
= −ρgz

γ
− λ

γ
− sin θ

r
+

cot θ

γ

dγ

ds
. (A.46)

The above equation is a linear ordinary differential equation in the angle θ(s), which along
with eqs. (A.40) and (A.41) provides a system of equations that can be solved for the
shape with the requirement that θ(0) = 0 since we require the drop to be smooth at the
tip of the drop, in addition to the initial conditions r(0) = 0 and z(0) = 0. The Lagrange
multiplier λ can again be identified with the Laplace pressure λ ≡ −∆P . In addition, the
Laplace pressure ∆P can be related to the curvature of the tip of the drop

∆P =
2γ

R0
(A.47)

which allows us to write the final form of the equation

dθ

ds
= −ρgz

γ
+

2

R0
− sin θ

r
+

cot θ

γ

dγ

ds
. (A.48)
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A.3.5. Boundary equations

It is worth noting that when applying the Young-Laplace equation to fit the shape of
a drop, the boundary terms Eqs. (A.32) and (A.33) do not play a role in the fitting
procedure. The drop shape is typically fit away from the contact line.

A.3.5.1. Boundary equation 1: Young-Dupré equation

Eq. (A.32) can be rewritten by first requiring that R ̸= 0 and identifying

r′(z) = cot θ(z) (A.49)

r′√
1 + r′2

= cos θ. (A.50)

where θ(z) the angle that the tangent to the curve makes with the horizontal (see Figure
A.2). Then Eq. (A.32) becomes

γ(h) cos θ0 + γsl − γsv = 0 (A.51)

which is the Young-Dupré equation with θ0 ≡ θ(h) the contact angle.

A.3.5.2. Boundary equation 2

Eq. (A.33) can be rewritten by again requiring that R ̸= 0 and identifying

√
1 + r′2 = sin θ. (A.52)

where θ(z) the angle that the tangent to the curve makes with the horizontal (see Figure
A.2). Then Eq. (A.33) becomes

2
γ(h)

sin θ0
+R (ρgh+ λ) = 0 (A.53)

ρgh+ λ = −2
γ(h)

R sin θ0
(A.54)
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A.4. Diffusion equation from free energy functional

A.4.1. The flow of matter

The dynamic evolution of a system, given a free energy functional F [φ], is perfectly
captured and very well described in the context of Dynamic Density Functional The-
ory (DDFT). A review of the method is found in Ref. 305 where multiple mathematical
derivations of the evolution equations are provided. The aim of this section, however, is
not to provide a mathematically rigorous derivation, but instead to arrive at similar equa-
tions based on physical intuitions/interpretations. The key aspect is an interpretation of
the relation between the local material current j(x) and the functional derivative of the
free energy functional δF

δφ eq. (A.61).

We seek a dynamic equation to model the evolution of the concentration profile and flow of
matter given a thermodynamic framework. We specialize to one spatial dimension where
in general we may start with a local free energy density that depends on position, the
concentration φ(x), and possibly its derivatives. For simplicity we focus on free energies
which only depend on the first derivative: f (φ(x), φ′(x)). The total free energy will then
be in the form of a functional of the concentration profile:

F [φ(x)] =

∫ L

0
f
(
φ(x), φ′(x), x

)
dx. (A.55)

The equilibrium is obtained by extremizing (minimizing) the total free energy, i.e. by
setting the the variation of the functional to 0 (possibly under certain constraints)

δF = 0. (A.56)

Starting from a configuration φ0(x) and modifying by φ0(x) → φ0(x)+δφ(x), the variation
in the total free energy is

δF [φ(x)] ≡
∫ L

0

δF
δφ

(x)δφ(x)dx (A.57)

=

∫ L

0

(
∂f

∂φ
− d

dx

∂f

∂φ′

)
δφ(x)dx. (A.58)

which defines the variational derivative of the functional F [φ(x)] [306]. Another way to
define the variational derivative is as the limit of a finite difference

175



A. Derivations

Figure A.3.: (a) The original concentration profile φ(x). (b) The variational derivative
of the free energy, assuming the free energy density increase monotonically and quickly
with concentration. Red arrows indicate the direction of the flow of matter.

F [φ+ εδ](x′) =

∫ L

0
f(φ(x) + εδ(x− x′), φ′(x) + εδ′(x− x′), x)dx (A.59)

δF
δφ

(x′) ≡ lim
ε→0

F [φ+ εδ]−F [φ]

ε
(A.60)

where δ(x) is the Dirac delta function. The result from the definition in eqs. (A.59) and
(A.60) coincides with the result in eq. (A.58) [147, Appendix]. We can see then from eqs.
(A.57) and (A.60) that δF

δφ (x
′) is a measure of the change in the total free energy upon an

increase in the local value of the function φ(x) at the point x′. Therefore, in a system
that is out of equilibrium, matter will flow from regions where the variational derivative
is large to regions where the value is smaller.

To illustrate this with an example we consider a system with specific properties. For
simplicity, we consider a free energy density that only depends on the local concentration
f(φ,φ′, x) = f(φ(x)) and grows monotonically faster than f(φ) ∝ φ. The resulting
variational derivative is positive and the peaks in concentration φ(x) correspond to peaks in
δF
δφ (x).

2 Figure A.3 (a) shows a certain out of equilibrium concentration profile and A.3 (b)
illustrates qualitatively the corresponding variational derivative based on our assumptions.
The total change in free energy is related to the variational derivative through Eq. (A.57),
which tells us that the total variation is a sum over the product of the variational derivative
and the variation in concentration δφ at every point; matter will flow in a manner that
reduces the total free energy. Removing matter from a point x corresponds to a negative
δφ(x) while adding matter there corresponds to a positive δφ(x). Removing matter from
a point where the variational derivative is large corresponds to a large negative value of

2Those conditions are satisfied for example in the case of free diffusion.
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the product δF
δφ (x)δφ(x), contributing to a reduction in the total free energy. Dumping

this matter at an adjacent point x + dx where the variational derivative has a smaller
value leads to a smaller positive value of the product δF

δφ (x+dx)δφ(x+dx), contributing
to an increase in the total free energy. The net effect is a reduction in the total free energy
upon a flow of matter from regions of high to low δF

δφ (x). The flow, therefore, is in the

opposite direction to the gradient in δF
δφ (x), which results in a current (flux) j(x)

j(x) ∼ − d

dx

δF
δφ

(x). (A.61)

The above equation can be generalized to three dimensional space by replacing the current
j(x) with a vector j(x) where each component corresponds to a spatial direction, and the
derivative d

dx replaced by a gradient

j(x) ∼ −∇δF
δφ

(x). (A.62)

A.4.2. Continuity equation

To obtain the final form of the dynamic equations, we invoke the concept of conservation
of matter, captured through a continuity equation. Consider a volume Ω enclosed by a
boundary ∂Ω. The total amount of matter M in Ω is

M =

∫
Ω
φdV. (A.63)

In the absence of sources and sinks of matter, any change in M must be due to the current
j(x); the latter is a flux through the boundary ∂Ω, i.e. it is the amount of matter flowing
through a unit area per unit time. Therefore, we can write

∂M

∂t
=

∫
Ω

∂φ

∂t
dV = −

∫
∂Ω

j(x) · dA (A.64)

where dA is an area element on the boundary ∂Ω pointing outside of the volume Ω. Eq.
(A.64) is the integral from of the continuity equation. Using the divergence theorem we
can rewrite

∫
∂Ω

j(x) · dA =

∫
Ω
∇ · j(x) dV (A.65)

and Eq. (A.64) becomes

∫
Ω

[
∂φ

∂t
+∇ · j(x)

]
dV = 0. (A.66)
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Since this equation must be valid for any choice of the volume Ω, the integrand must
vanish at every point, which results in the differential form of the continuity equation

∂φ

∂t
+∇ · j(x) = 0. (A.67)

The current j(x) can be obtained from Eq. (A.62) and inserted into Eq. (A.67) to obtain
the final form of the dynamical equations.

A.4.3. Pressure and virial theorem

The virial theorem in classical mechanics is derived in the following way (based on Landau
mechanics and statistical mechanics §10 and §31 problem 2 respectively)

d

dt

∑
i

ri · pi =
∑
i

ṙi · pi +
∑
i

ri · ṗi (A.68)

=
∑
i

ṗi · ṗi

mi
+
∑
i

ri · ṗi (A.69)

= 2K +
∑
i

ri · ṗi (A.70)

where ri is the position of a particle, pi its momentum, mi its mass, i is an index that
goes over all particles in the system, and K is the total kinetic energy. For any bounded
function of time f(t) we have for the time average of its derivative

〈
df(t)

dt

〉
t

≡ lim
τ→∞

1

τ

∫ τ

0

df(t)

dt
dt (A.71)

= lim
τ→∞

f(τ)− f(0)

τ
(A.72)

(since f(τ)− f(0) is finite) = 0. (A.73)

For most cases of interest, the quantity ri · pi is bounded and so the average of the LHS
in Eq. (A.68) vanishes, and we are left with the virial theorem in classical mechanics

2 ⟨K⟩t +

〈∑
i

ri · ṗi

〉
t

= 0. (A.74)

The derivative of momentum in the second term can be related to the forces acting on the
particle i, which, in the case of particles in a box, are the interaction forces with other
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A.4. Diffusion equation from free energy functional

particles Fi, and the forces from the walls. For the latter, assuming an isotropic pressure
P , the force acting on a particle i near the wall is −PdAi (dAi is taken to be pointing
outwards) and the contribution to the virial is

−
∑
i

Pri · dAi = −P

∮
r · dA (A.75)

where the sum includes only particles near the surface of the box, and the intergral is
executed over that surface. The divergence theorem can be used to change the surface
integral to a volume one, and we use ∇ · r = 3 to obtain

P

∮
r · dA = P

∫
∇ · r dV = 3PV. (A.76)

Finally, the virial theorem gives:

3PV = 2 ⟨K⟩t +

〈∑
i

ri · Fi

〉
t

. (A.77)

Now we consider the product of two different components of the velocity and the momen-
tum, instead of the dot product:

〈
d

dt

∑
i

rαi p
β
i

〉
t

=

〈∑
i

ṙαi p
β
i

〉
t

+

〈∑
i

rαi ṗ
β
i

〉
t

(A.78)

0 =

〈∑
i

miv
α
i v

β
i

〉
t

+

〈∑
i

rαi ṗ
β
i

〉
t

(A.79)

where the LHS was set to 0 following similar arguments as above, and vi ≡ ṙi ≡ ṗi

mi
was

used. The change in the β component in momentum is on average due to intermolecular
forces Fi, as well as the stresses acting on the boundary of the box. The total force due to
the latter is −P λβ dAλ

i , where we sum over repeated indices, and we only consider particles
near the walls. As we did above, we can change the sum to an integral and we obtain

〈∑
i

miv
α
i v

β
i

〉
t

+

〈∑
i

rαi F
β
i

〉
t

− P λβ

∮
rα dAλ = 0 (A.80)

where again the integral is executed over the whole box. Considering a cubic box, dAλ is
non-zero for only 2 of the 6 faces, and on the faces where it is non-zero, it is equal but
opposite in sign, namely dAλ

1 = −dAλ
2 . For a given λ, we differentiate between 2 cases.
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The first is when λ ̸= α. In that case, rα will vary in the same way on both faces when
the integral is evaluated, and we have

∮
rα dAλ =

∫
1
rα dAλ

1 +

∫
2
rα dAλ

2 (A.81)

=

∫
1
rα dAλ

11−
∫
2
rα dAλ

1 (A.82)

= 0. (A.83)

The other possibility is that λ = α. In this case, rα is constant on each of the two faces,
and we have

∮
rα dAα =

∫
1
rα dAα

1 +

∫
2
rα dAα

2 (A.84)

=

∫
1
rα1 dAα

1 −
∫
2
rα2 dAα

1 (A.85)

= (rα1 − rα2 )L
2 (A.86)

= L3 (A.87)

where in the last step we used the fact that the distance between faces is equal to the
length of the box. Finally we obtain for the virial theorem with mixed components

〈∑
i

miv
α
i v

β
i

〉
t

+

〈∑
i

rαi F
β
i

〉
t

− P λβV = 0. (A.88)

When the forces are pair forces, we can rewrite the second term as

∑
i

rαi F
β
i =

∑
<ij>

rαi F
β
ij (A.89)

(symmetric form) =
∑
<ij>

1

2

(
rαi F

β
ij + rαj F

β
ji

)
(A.90)

(Fji = −Fij) =
∑
<ij>

1

2

(
rαi − rαj

)
Fβ
ij (A.91)

where the sum is over all pairs of particles < ij >.
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A.5. Useful relations

A.5.1. The volume of a section of a cylinder

The volume of a section of a cylinder with ρ1 ≤ ρ ≤ ρ2 ; φ1 ≤ φ ≤ φ2 ; z1 ≤ z ≤ z2:

V =

∫ z2

z1

∫ φ

φ

∫ ρ2

ρ1

ρ dρ dφdz =
1

2
(φ1 − φ2)(z2 − z1)(ρ

2
2 − ρ21) (A.92)

If the space is divided into radial bins of size ∆ρ with ρi = i×∆ρ, angular bins φj = j×∆φ,
and axial bins zk = k ×∆z then

Vijk =
1

2
∆z∆φ∆ρ2(2i+ 1) (A.93)

A.5.2. The volume of a section of a sphere

The volume of a section of a sphere with r1 ≤ r ≤ r2 ; θ1 ≤ θ ≤ θ2 ; φ1 ≤ φ ≤ φ2:

V =

∫ φ2

φ1

∫ θ2

θ1

∫ r2

r1

r2 sin θ dr dθ dφ =
1

3
(φ2 − φ1)(cos θ1 − cos θ2)(r

3
2 − r31) (A.94)

If the space is divided into radial bins of size ∆r with ri = i×∆r, polar bins θj = j×∆θ,
and azimuthal bins φk = k ×∆φ

Vijk =
1

3
∆φ∆r3(cos θj − cos θj+1)[(i+ 1)3 − i3] (A.95)

A.5.3. Angles at the intersection of an ellipse and a horizontal line

A rotated ellipse centered at the origin as shown in Figure A.4 can be parametrized as

x(φ) = a cosα cosφ− b sinα sinφ (A.96)

y(φ) = a sinα cosφ+ b cosα sinφ (A.97)

where a is the semi-major axis, b the semi-minor axis, α is the rotation angle of the ellipse,
φ is an angle measured from the major axis of the ellipse, and xc and yc are the coordinates
of the center of the ellipse. At every point (x, y) on the ellipse, the tangent vector can be
written as
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A. Derivations

Figure A.4.: Rotated ellipse with the relevant angles and axes.

xt(φ) =
∂x

∂φ
= −a cosα sinφ− b sinα cosφ (A.98)

yt(φ) =
∂y

∂φ
= −a sinα sinφ+ b cosα cosφ. (A.99)

Given a horizontal line at level y0 that intersects the ellipse at two points with parameter
values φ1 and φ2, the internal angle at each point can be calculated as

θ(φ) = cos−1

[
− xt√

x2t + y2t

]
. (A.100)

A.5.3.1. Finding the intersection points

To find the intersection points of the ellipse with a horizontal line at y0 we need to solve
the equation
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y(φ) = y0. (A.101)

Using the parametrization in Eq. (A.97) we have

a sinα cosφ+ b cosα sinφ = y0 (A.102)

a sinα cosφ− y0 = −b cosα sinφ (A.103)

(a sinα cosφ− y0)
2 = (−b cosα sinφ)2 (A.104)

(a sinα)2 cos2 φ− 2a sinαy0 cosφ+ y20 = (b cosα)2 sin2 φ (A.105)

[(a sinα)2 + (b cosα)2] cos2 φ− [2a sinαy0] cosφ+ [y20 − (b cosα)2] = 0 (A.106)

where in the last step we used sin2 φ = 1−cos2 φ and rearranged the equation. Eq. (A.106)
is a quadratic equation in cosφ with two solutions cosφ1 and cosφ2. Using similar steps
one can write an equation for sinφ

[(a sinα)2 + (b cosα)2] sin2 φ− [2b sinαy0] sinφ+ [y20 − (a cosα)2] = 0 (A.107)

whose solution provides sinφ1 and sinφ2. The solutions to Eqs. (A.106) and (A.107) can
then be used in equations Eq. (A.100) to obtain the required angles.

A.5.4. Miscellaneous

Having

df = a
dx1
b1

= a
dx2
b2

(A.108)

it can be rewritten as

df =
a

b1 − b2
d(x1 − x2) (A.109)
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B. Additional Data

B.1. MDPD Phase Diagrams
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Figure B.1.: Phase Diagrams for the MDPD model for oligomers of length (a) No = 10,
(b) No = 20, (c) No = 40, (d) No = 80. Amm is the strength of monomer-monomer
cohesion, ρ is the number density, and B is the strength of many-body repulsion. Dashed
lines connect the data points to guide the eye. Open symbols are the critical points.
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1869.

[49] Josiah Willard Gibbs. The Collected Works of J. Willard Gibbs...: Thermodynamics,
volume 1. Longmans, Green and Company, 1928.

[50] Pierre-Gilles de Gennes, Françoise Brochard-Wyart, David Quéré, et al. Capillarity
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[264] Aurélie Lafuma and David Quéré. Superhydrophobic states. Nat. Mater., 2(7):
457–460, 2003.

[265] Hong Wang, Xinhong Xiong, Li Yang, and Jiaxi Cui. Droplets in soft materials.
Droplet, 1(2):110–138, 2022.

[266] D. Tejero-Martin, M. Rezvani Rad, A. McDonald, and T. Hussain. Beyond
traditional coatings: A review on thermal-sprayed functional and smart coat-
ings. J. Therm. Spray Technol., 28(4):598–644, APR 2019. doi: 10.1007/
s11666-019-00857-1.

[267] Kihwan Choi, Alphonsus HC Ng, Ryan Fobel, and Aaron R Wheeler. Digital mi-
crofluidics. Annual review of analytical chemistry, 5(1):413–440, 2012.

[268] H. Jeremy Cho, Daniel J. Preston, Yangying Zhu, and Evelyn N. Wang. Nanoengi-
neered materials for liquid-vapour phase-change heat transfer. Nat. Rev. Mater., 2
(2):16092, FEB 2017. doi: 10.1038/natrevmats.2016.92.

[269] Jonathan P. Rothstein. Slip on superhydrophobic surfaces. Annu. Rev. Fluid Mech.,
42:89–109, 2010. doi: 10.1146/annurev-fluid-121108-145558.

[270] Choongyeop Lee, Chang-Hwan Choi, and Chang-Jin Kim. Superhydrophobic drag
reduction in laminar flows: a critical review. Exp. Fluids, 57(12):176, DEC 2016.
doi: 10.1007/s00348-016-2264-z.

[271] Hyungmin Park, Chang-Hwan Choi, and Chang-Jin Kim. Superhydrophobic drag
reduction in turbulent flows: a critical review. Exp. Fluids, 62(11):229, NOV 2021.
doi: 10.1007/s00348-021-03322-4.

[272] Xinjie Liu, Qian Ye, Bo Yu, Yongmin Liang, Weimin Liu, and Feng Zhou. Switching
water droplet adhesion using responsive polymer brushes. Langmuir, 26(14):12377–
12382, JUL 20 2010. doi: 10.1021/la101909e.

[273] Xinjie Liu, Meirong Cai, Yongmin Liang, Feng Zhou, and Weimin Liu. Photo-

206



Bibliography

regulated stick-slip switch of water droplet mobility. Soft Matter, 7(7):3331–3336,
2011. doi: 10.1039/c0sm01144d.

[274] Kenji Okada, Yoko Miura, Tomoya Chiya, Yasuaki Tokudome, and Masahide Taka-
hashi. Thermo-responsive wettability surface roughness change on polymer-coated
titanate nanorod brushes toward fast and multi-directional droplet transport. RSC
Adv., 10(47):28032–28036, JUL 30 2020.

[275] Joost H. Weijs, Jacco H. Snoeijer, and Bruno Andreotti. Capillarity of soft amor-
phous solids: A microscopic model for surface stress. Phys. Rev. E, 89(4):042408,
APR 28 2014. doi: 10.1103/PhysRevE.89.042408.

[276] Bruno Andreotti and Jacco H. Snoeijer. Soft wetting and the shuttleworth effect, at
the crossroads between thermodynamics and mechanics. EPL, 113(6):66001, MAR
2016. doi: 10.1209/0295-5075/113/66001.

[277] Dan Daniel, Yunita Florida, Chee Leng Lay, Xue Qi Koh, Anqi Sng, and Nikodem
Tomczak. Quantifying surface wetting properties using droplet probe atomic force
microscopy. ACS Appl. Mater. Interfaces, 12(37):42386–42392, SEP 16 2020. doi:
10.1021/acsami.0c12123.

[278] Dirk Peschka. Variational approach to dynamic contact angles for thin films. Phys.
Fluids, 30(8):082115, AUG 2018. doi: 10.1063/1.5040985.

[279] Lorenzo Giacomelli, Manuel V. Gnann, and Dirk Peschka. Droplet motion with
contact-line friction: long-time asymptotics in complete wetting. Proc. Royal Soc.
A, 479(2274):20230090, JUN 28 2023. doi: 10.1098/rspa.2023.0090.

[280] Liwei Chen, Shilin Huang, Robin HA Ras, and Xuelin Tian. Omniphobic liquid-like
surfaces. Nat. Rev. Chem., 7(2):123–137, 2023.

[281] Xiaoxiao Zhao, Behrooz Khatir, Kiana Mirshahidi, Kai Yu, Jayachandran N
Kizhakkedathu, and Kevin Golovin. Macroscopic evidence of the liquidlike nature
of nanoscale polydimethylsiloxane brushes. ACS nano, 15(8):13559–13567, 2021.

[282] Martin ER Shanahan and Alain Carre. Anomalous spreading of liquid drops on an
elastomeric surface. Langmuir, 10(6):1647–1649, 1994.

[283] MER Shanahan and A Carre. Viscoelastic dissipation in wetting and adhesion
phenomena. Langmuir, 11(4):1396–1402, 1995.
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Rüdiger Berger, Maria D’Acunzi, Doris Vollmer, and Hans-Jürgen Butt. Adaptive
wetting of polydimethylsiloxane. Langmuir, 36(26):7236–7245, 2020. doi: 10.1021/
acs.langmuir.0c00538.

[298] Shuhang Lyu, Zhen Yang, and Yuanyuan Duan. The sliding mode and dissipative

208



Bibliography

force of moving nanodroplets on smooth and striped hydrophobic surfaces. J. Mol.
Liquids, 346:118284, JAN 15 2022. doi: 10.1016/j.molliq.2021.118284.
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