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Abstract

A study of maar-diatreme volcanoes has been perfomed by inversion of gravity and magnetic
data. The geophysical inverse problem has been solved by means of the damped nonlinear least-
squares method. To ensure stability and convergence of the solution of the inverse problem, a
mathematical tool, consisting in data weighting and model scaling, has been worked out. Theoret-
ical gravity and magnetic modeling of maar-diatreme volcanoes has been conducted in order to get
information, which is used for a simple rough qualitative and/or quantitative interpretation. The
information also serves as a priori information to design models for the inversion and/or to assist
the interpretation of inversion results.

The results of theoretical modeling have been used to roughly estimate the heights and the dip
angles of the walls of eight Eifel maar-diatremes — each taken as a whole. Inverse modeling has
been conducted for the Schonfeld Maar (magnetics) and the Hausten-Morswiesen Maar (gravity
and magnetics). The geometrical parameters of these maars, as well as the density and magnetic
properties of the rocks filling them, have been estimated. For a reliable interpretation of the
inversion results, beside the knowledge from theoretical modeling, it was resorted to other tools
such like field transformations and spectral analysis for complementary information. Geologic
models, based on the synthesis of the respective interpretation results, are presented for the two
maars mentioned above.

The results gave more insight into the genesis, physics and posteruptive development of the
maar-diatreme volcanoes. A classification of the maar-diatreme volcanoes into three main types
has been elaborated. Relatively high magnetic anomalies are indicative of scoria cones embeded
within maar-diatremes if they are not caused by a strong remanent component of the magnetization.
Smaller (weaker) secondary gravity and magnetic anomalies on the background of the main anomaly
of a maar-diatreme — especially in the boundary areas — are indicative for subsidence processes,
which probably occurred in the late sedimentation phase of the posteruptive development.

Contrary to postulates referring to kimberlite pipes, there exists no generalized systematics
between diameter and height nor between geophysical anomaly and the dimensions of the maar-
diatreme volcanoes. Although both maar-diatreme volcanoes and kimberlite pipes are products of
phreatomagmatism, they probably formed in different thermodynamic and hydrogeological environ-
ments. In the case of kimberlite pipes, large amounts of magma and groundwater, certainly supplied
by deep and large reservoirs, interacted under high pressure and temperature conditions. This led
to a long period phreatomagmatic process and hence to the formation of large structures. Con-
cerning the maar-diatreme and tuff-ring-diatreme volcanoes, the phreatomagmatic process takes
place due to an interaction between magma from small and shallow magma chambers (probably
segregated magmas) and small amounts of near-surface groundwater under low pressure and tem-
perature conditions. This leads to shorter time eruptions and consequently to structures of smaller
size in comparison with kimberlite pipes. Nevertheless, the results show that the diameter to height
ratio for 50% of the studied maar-diatremes is around 1, whereby the dip angle of the diatreme walls
is similar to that of the kimberlite pipes and lies between 70 and 85°. Note that these numerical
characteristics, especially the dip angle, hold for the maars the diatremes of which — estimated
by modeling — have the shape of a truncated cone. This indicates that the diatreme can not be
completely resolved by inversion.



Zusammenfassung

Mittels Inversion von gravimetrischen und magnetischen Daten wird eine Studie an Maar-
Diatrem-Vulkanen durchgefiihrt. Das geophysikalische Inversionsproblem wird durch eine gedampf-
te nichtlineare Methode der kleinsten Quadraten gelost. Um die Stabilitat und die Konvergenz der
Losung des inversen Problems zu gewéhrleisten, wird ein mathematisches Verfahren ausgearbeitet,
das eine Gewichtung von Daten und eine Skalierung von Modell zum Kern beinhaltet. Um Informa-
tionen fiir eine einfache grobe qualitative und/oder quantitative Interpretationzu erhalten, werden
theoretische Schwere- und Magnetik-Modellierungen von Maar-Diatrem-Vulkanenerarbeitet. Die
gewonnenen Resultate dienen weiterhin als a priori Information, um genauere Modelle fiir die In-
version zu konzipieren und/oder als Unterstiitzung fiir die Interpretation der Inversions-Ergebnisse.

Um die vertikale Ausdehnung von Maar-Diatrem-Vulkanen und die Einfallswinkeln ihrer Dia-
tremwénde abzuschéitzen, werden die Ergebnisse theoretischer Modellierungen auf acht Objekte in
der Eifel — jedes einzelne in seiner Gesamtheit — angewandt. Inversionsmodelle werden fiir das
Schonfelder Maar (Magnetik) und das Hausten-Morswiesen Maar (Schwere und Magnetik) berech-
net. Sowohl die geometrischen Parameter dieser Maare, als auch die Dichten und die magnetis-
chen Eigenschaften der Gesteine ihrer Fiillungen werden bestimmt. Neben der aus theoretischer
Modellierung stammenden Information, werden fiir eine zuverlassige Interpretation der Ergebnisse
zusétzliche Informationen einbezogen, die aus weiteren Operationen, wie Feldtransformationen und
Spektral-Analyse, gewonnen wurden. Auf Basis der jeweiligen Gesamt-Ergebnisse werden geologis-
che Modelle fiir die zwei oben erwdhnten Maare dargestellt.

Die Ergebnisse geben tieferen Einblick in die Physik, die Genese und die posteruptive En-
twicklung von Maar-Diatrem-Vulkanen. Maar-Diatrem-Vulkane werden in drei Haupt-Typen klas-
sifiziert. Relativ starke magnetische Anomalien, die nicht durch eine starke remanente Komponente
der Magnetisierung verursacht werden, weisen auf die in Maar-Diatremen eingebetteten Schlack-
enkegeln hin. Kleinere bzw. Schwéchere sekundére Schwere- und magnetische Anomalien innerhalb
der Haupt-Anomalie eines bestimmten Maar-Diatrems — insbesondere in Randbereichen — weisen
auf Subsidenzprozesse hin, die wiahrend der spateren Sedimentationsphase der posteruptiven Ent-
wicklung stattfanden.

Im Gegensatz zu den Postulierungen, die sich auf Kimberlitschlote beziehen, gibt es keine allge-
meine Systematik zwischen Durchmesser und Tiefe, noch zwischen der geophysikalischen Anoma-
lie und den Dimensionen der Maar-Diatrem-Vulkane. Zwar sind sowohl Maar-Diatrem-Vulkane
als auch Kimberlitschlote Produkte des Phreatomagmatismus, ihre Bildung aber findet unter ver-
schiedenen thermodynamischen und hydrogeologischen Umgebungsbedingungen statt. Im Falle der
Kimberlitschlote, sind grofie Mengen von Magma und Grundwasser, sicherlich aus tiefen und groflen
Reservoirs, unter Hochdruck- und Hochtemperatur-Bedingungen am phreatomagmatischen Prozess
beteiligt. Dies fiihrt zu einem langzeitigen Prozess und folglich auch zur Bildung von groflien Struk-
turen. Die phreatomagmatische Entstehung von Maar-Diatrem- und Tuffring-Diatrem-Vulkanen
hingegen, wird durch die Wechselwirkung zwischen Magma aus relativ kleinen, nicht tiefliegenden
Magmakammern (wahrscheinlich Segregationsmagmen) und kleinen Mengen von oberflichennahem
Grundwasser unter Niedrigdruck- und Niedrigtemperatur-Bedingungen verursacht. Der Bildungs-
prozess ist daher kiirzer und demzufolge sind auch die Strukturen kleiner im Vergleich zu Kimber-
litschloten.

Die Ergbnisse zeigen trotz allem, dass das Verhéltnis von Durchmesser zu Tiefe fiir 50% der
untersuchten Maar-Diatreme bei 1 liegt und der Einfallwinkel der Diatremwénde dem der Kim-
berlitschlote gleicht und zwischen 70 und 85° liegt. Es ist zu bemerken, dass diese numerischen
Charakteristiken, insbesondere der Einfallwinkel, fiir die Maare gelten, deren Diatreme durch Mod-
ellierung abgeschatzte Kegelstiimpfe sind. Dies weist darauf hin, dass die Tiefe des Diatrems durch
Inversion nicht genau bestimmt werden kann.
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1. Introduction

The maar-diatreme volcanoes — being products of an unusual type of volcanism,
namely of a phreatomagmatic one — have long attracted the interest of geoscientists in
different countries. Till the present day, several geologic and geophysical investigations
of maar-diatreme volcanoes have been conducted (e.g., Kopecky et al., 1966; Berger et
al., 1968; Dawson, 1967, 1970, 1971; Camus, 1975; Lorenz, 1970, 1971, 1973, 1975, 1980,
1986; Lorenz and Biichel, 1980; Clement, 1982; Biichel, 1982 — 1984, etc.). Recent studies
perfomed by diverse geoscientific institutions have outlined further maar structures of Ter-
tiary age (Baruth, Saxony) or produced evidence of their phreatomagmatic origin (Messel,
Hesse) in Germany. In order to better understand the nature of maar-diatreme volcanoes,
their formation, the relationship between them and other structures such like scoria cones
and tuff-rings, and their relevance to the formation of other geologic structures such as
kimberlite-diatremes, further geologic and geophysical studies are required (Lorenz, 1986).

Geophysical methods have been widely used to investigate the Eifel volcanic area.
Large scale geophysical surveys (refraction seismics, magnetotellurics, gravity) have been
conducted in order to study the tectonic phenomena occuring in the Rhenish Massif (Fuchs
et al., 1983). Small scale geophysical investigations carried out in this area were aimed
either to assist geologic mapping or to outline volcanic features such like maars and related
diatremes, tuff-rings or scoria cones (Biichel, 1978-1980; Henk, 1984; Hoover, 1987; Lepold,
1987; Bannert, 1989; Franzreb-Hertel, 1989 ; Stachel and Biichel, 1989; Horrle, 1991;
Smilde, 1997; Diele, 2000 and many others). Magnetic and gravity were the most common
methods. The interpretation of the data has been mainly qualitative. Within some maars,
geoelectrics, mainly vertical electrical sounding, has been conducted with the aim to study
the geologic layering and the electrical properties of the upper part (Hunsche, 1973). Some
important investigations have been conducted by students and staff members of Institut
fiir Geowissenschaften of Mainz in the framework of annual geophysical fieldworks under
the supervision of Prof. Dr. W. Jacoby. One of those contributions is a 44 km long
gravity profile across the central part of the Kelberg High (Biichel et al., 1988). The
negative gravity anomaly correlates well with the positive magnetic anomaly, observed on
the map of the total geomagnetic field of the Federal Republic of Germany (BGR, 1976).
By data processing and interpretation of all existing geophysical data assisted by geological
mapping of the High Eifel Tertiary volcanic field of the Kelberg High area, Biichel (1990)
showed that a series of near-surface acidic intrusive bodies — characterized by a negative
gravity anomaly — overlie an anomalous magnetic body, which is located at 10-13 km
depth and appears to be the top of an underlying magma chamber.

Paleomagnetic properties of the Eifel volcanics (lava flows and surface tuffs) have been
studied by Cipa (1958), Bohnel et al. (1987) and Herzog et al. (1988). Haverkamp (1984)
has done paleomagnetic measurements of the crater sediments of the Meerfeld Maar. The
configuration and the parameters of the upper part (maar) of the structures under study are
more or less known from geologic and shallow geophysical investigations. Attempts have
been made to construct geological models of some of the maar-diatremes of the Eifel area
in Germany (Stachel and Biichel, 1989; Horrle, 1991; Pirrung, 1992), trying to find the best
fit to observed gravity data by forward modeling. Franzreb-Hertel (1989) has done gravity
investigations in the area of Kelberg. Using Fourier analysis of gravity data, she could
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better outline some maar-diatremes and identify some fracture zones in the area. Bannert
(1989) has presented a model for the Mosbruch Maar, derived from the inversion of gravity
data using the method of vertical prisms worked out by Cordell and Henderson (1968).
Further investigations on maar-diatremes by inverse 3-D modeling of gravity data were
conducted by Smilde (1997) on the example of the Meerfeld Maar. Using a combination of
different surveying and interpretation techniques (gravity, magnetic, electrical soundings
and volume calculations), Diele (2000) gave an insight into the morphological, physical
and tectonic nature of the Pulvermaar and its surroundings.

Although all the above studies were valuable contributions to understanding the nature
of maar-diatreme volcanoes, it is still necessary to get more detailed answers to some
pertinent questions related to their genesis, their morphology and their physics. One
would like to know the type of the volcanic feature which is dealt with, its vertical and
lateral extent, and the physical properties of the rocks it is made of. Two other important
questions, directly connected to the above ones, are the evolution of the volcanic activity
and the posteruptive development. Most of all these problems have also been geologically
formulated and in some cases investigated.

While conducting a geophysical survey, one gets a set of records which are nothing
but a given physical field expressed in digital or analog form. The character and the
amplitude of the physical field observed either in the air or at the Earth’s surface, at the
sea or in a borehole, depends on the morphological aspect and the physical properties of
the subsurface structure to be explored. The aim of every geophysical survey is to get as
much information as possible about the geological structure under study with the aid of
appropriate data processing and data analysis. Depending on the type of the survey and
its aim or on the data to be analysed and on the way they are analysed, geophysical data
interpretation can be qualitative and/or quantitative.

This work is aimed at making a quantitative analysis, i.e., estimating parameters of
some of the Eifel maar-diatreme volcanoes from observed gravity and magnetic data. This
enables to build up geological models which could supply with complementary information
to the existing geological and geophysical knowledge about the maar-diatreme volcanoes.
However, it should be noted that a qualitative step will precede the quantitative inter-
pretation since it is always necessary to set up a strategy for given problems; and there
is no totally automatic procedure conceivable. The procedure of estimating parameters
of causative sources from observations is generally known as inversion or solving the in-
verse problem. The philosophy of this method, which has become the standard method
for solving geophysical problems, is to try to match theoretical data with observations to
get the best fit. This is usually achieved by means of the so-called modeling. Modeling
is conducted in two operations dependent on each other: forward and inverse modeling.
Theoretical data (f), also called “model response”, are computed by forward modeling for
models (m) estimated by inverse modeling and are compared with observations (y). Un-
der forward modeling one understands the solution of the forward problem. Given some
source distribution (e.g., mass or magnetization distribution), geophysical fields (e.g., grav-
ity, magnetic field) are calculated by means of mathematical relations which are derived
from known physical laws and are uniquely determined. Inverse modeling is the reverse
operation of the forward modeling, i.e., the solution of the inverse problem consists in the



evaluation of sources from observed data (y). In other words, by means of appropriate
methods, one tries to build some quantitative models (m) which are described by defined
parameters. It is obvious that solving an inverse problem can be thought of only if there
exist mathematical means for relating the model parameters to the data. The feasibility
of an inverse problem to be solved is fully conditioned by the possibility of the forward
problem to be solved. Hence it would not be a mistake to state that the way how the
forward problem is being solved (either analytically or numerically) will have a significant
influence on the computations (e.g., speed, accuracy) and on the solution of the inverse
problem. There are several different methods to solve geophysical inverse problems —
simple conventional and computer aided ones. The choice of the method is defined by
the type and the complexity of the problem to be solved. The whole set of mathematical
techniques implemented to solve the inverse problem is referred to as the “inverse theory”.
A good description of the inverse theory can be found in several textbooks, e.g., Menke
(1984) and Tarantola (1987).

In the inverse theory, there are two main groups of mathematical techniques used to
solve inverse problems: matrix equations for problems in which physical properties can
be described by discrete parameters or numerically approximated and integral equations
techniques for problems in which physical properties must be described by continuous
functions. In this work the discrete inverse problem will be dealt with. Moreover, the
relationship between the gravity/magnetic field and most of involved parameters is non-
linear. Thus modeling will be carried out by means of iterative nonlinear inversion, using
algorithms based on matrix equations. By this technique, geological models estimated by
inverse modeling are adjusted by comparing physical effects computed by forward model-
ing with observed data. To enhance both data and model prediction, all available relevant
information, referred to as a priori information, must be taken into account. A model,
which best fits the observations and is in good agreement with existing information from
different geoscientific sources, is then thought as to represent the investigated target. How-
ever, because of the problem of the nonuniqueness in most geophysical inverse problems
(Treitel and Lines, 1988), especially in potential field problems (Al-Chalabi, 1971), the
estimated model has to be considered as one of the various plausible candidate models.
That is the reason, instead of selecting out one particular model for a given maar-diatreme
volcano, a range of possible models will be defined beside the estimated one, i.e., a model
will be presented with its probabilistic bounds. The method of matrix equations consists
in solving a linear system, the coefficients of which — also called Jacobian or data ker-
nel — are made of partial derivatives respective to given model parameters. The solution
is computed by multiplying the inverse of the Jacobian by the observations. This proce-
dure can encounter problems of slowness, instability, singularity and non-convergence due
to errors from different sources (observations, model, computations, soft- and hardware).
Thus, it is envisaged to work out a tehchnique which could enhance the solution of the
inverse problem.

Further goals of this work are to find out whether there exists a certain systematics be-
tween the amplitude of the geophysical anomaly and the dimensions of the maar-diatremes
and to make a classification of the latter into different types. Therefore theoretical mod-
eling of maar-diatremes will be conducted to assist and complement the inverse modeling.



2. Geology and petrophysics of the Eifel maar-diatreme volcanoes

2.1. Brief geologic overview of the Eifel volcanic field
2.1.1. Crust and mantle structure

The upper part of the geologic structure of the Eifel area (Fig. 2.1) is made up of
slightly metamorphosed, folded and faulted Devonian sedimentary rocks, mainly slates and
sandstones (Schmincke et al., 1983). Their thickness is about 5-10 km. After analyses of
crustal xenoliths, mainly from the Quaternary volcanic field of the East Fifel, the sediments
are underlain by the crystalline basement composed of metamorphic rocks represented,
with increasing depths, by metapelites of the greenschist facies, by metasediments and
metagranitoids, migmatites of the amphibolite facies and finally above the Moho by mafic
granulites, pyroxenites and hornblendites as well (Worner et al., 1982; Voll, 1983). The
Moho is estimated at 30-35 km depth (Meissner et al., 1987). Under the Moho, the mate-
rial is made up of peridotites and other ultrabasic rocks. The lithosphere/asthenosphere
interface lies approximately at 50 km depth (Mechie et al., 1983).

Large scale geological, geophysical and geodetic investigations within the Rhenish
Massif have revealed the existence of an intracrustal shear zone characterized by high
conductivities (100-200 mS/m) (Jodicke et al., 1983) and relatively low velocities (6.25
km/s) (Mechie et al., 1983). This zone, located at depths between 15 and 20 km, is
assumed to be under stress connected with the overthrusting phenomenon considered as
the main cause of the continuous thickening of the crust in its whole (Fuchs et al., 1983).
After Mechie et al. (1983), in the crust of the Eifel area, seismic velocities of p-waves
at depths below 3-5 km generally range from 5.6 to 6.7 km/s. In the mantle part of
the lithosphere, velocities reach values of 8.5 km/s. As indicated by the results of the
modeling of the rheological structure of the lithosphere, the lower crust of the Eifel area,
like the neighbouring coal-mining region, is characterized by low viscosities due to high
temperatures (Klein et al., 1997). In the asthenosphere, between depths of 50 and 200
km, there exists a body of low velocity, probably due to partial melts (Raikes and Bonjer,
1983). This might be considered as the cause of the lower Bouguer anomaly observed
in the Rhenish Slate Mountains area to the left of the Rhine relative to the eastern side
(Drisler and Jacoby, 1983).

2.1.2. The Paleozoic basement (bottom)

As can be seen on the schematic geological map of the Eifel area and its vicinity
(Fig. 2.1), rocks of the Eifel — except some Tertiary and Quaternary volcanics and some
Triassic rocks of small extent, are exclusively of Devonian age. At the present day, the
oldest Devonian rocks occur within the big anticlinorium of the main East Eifel anticline.
In the area of its maximal culmination in the East Eifel, Lower Siegenian rocks, up to
1000 m thick, are exposed (Meyer, 1958; Meyer and Pahl, 1960). The whole Siegenian
series (Lower-, Middle-, and Upper Siegenian) with a maximal thickness of 5000 m in the
Central Eifel, is made up of interlayered clay-, silt- and sandstones. Southwards, this so-
called ”"sandy Siegenian normal facies” is taken over by the main Siegenian overthrust. In
the South of the overthrust occur Siegenian thick schist layers, which, in analogy with the
comparable schists series in Hunsriick and Taunus, are referred to as Hunsriick schists.
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The Lower-Emsian layers, with a maximal thickness of 5000 m as well, are subdivided
into two parts: a lower part with abundant fossils and made up of grey sand-, silt- and
claystones and an upper part with less fossil occurence, in which reddish, unsorted clas-
tic sediments characterized by quick lateral variations are often prevailing (Klerf-Layers,
”Schistes rouges de Clerveaux”, Gosselet, 1885).

In the Upper-Emsian, due to regression, only small amounts of sediments have ac-
cumalated; in the East Eifel area a few tens of metres, in the West Eifel up to 300 m
whereas in the Moselle-Trough fine clastic sediments reached a maximum thickness of
1000 m. After Meyer (1988), the Eifel North-South Zone, situated in the western Eifel
Mountains, begins to develop. But after Murawski (1964), this zone has a pre-Variscan
origin.

In the Middle and Upper Devonian, the sedimentation went on with a marl and
limestone series with an increasing component of fine clastic sediments northwards. In
some areas of the Eifel North-South Zone, the Middle and Upper Devonian sediments are
preserved. Carboniferous sediments, if they ever existed in the Eifel, have been completely
removed. They occur at the northern boundary of the Rhenish Slate Mountains.

The Permian was characterized by the tendency to form tectonic basins with northerly
directions different from the NE-SW Variscan trend (Murawski, 1983). Such basins, as the
Lower Permian Wittlich basin, located South of the Eifel, were filled up by clastic material
eroded from the mountains, which formed isostatically at the same time. Due to arid
climatic conditions, red coarse clastic fanglomerates, conglomerates and sandstones were
formed mainly from the North. Rhyolithic clasts, up to a few decimetres thick in the
lower part of the rock pile, indicate that the volcanic activity has taken place within
these structures (Binot in Meyer, 1988). The uppermost series is composed of fine-grained
sandstones and siltstones, which probably belong to the Upper Permian.

2.1.3 The Mesozoic cover

The structural development of the Permian time carried on in the Triassic and Lower
Jurassic, leading to a continuous subsidence of the Eifel Depression (Murawski, 1983).
In the Middle Lower Triassic, the Eifel North-South Zone was again filled up by fluvial
sediments such like conglomerates and sandstones. In the Uppermost Lower Triassic, the
sedimentation extended from this zone over the whole Eifel east of the former depression
(Meyer, 1988). Sandstones, siltstones and schists are the prevailing rock types of this series.
At the present day, Lower Triassic occurs only at the southern and northern boundaries of
the Eifel N/S-Zone. In the central part of the Eifel N/S-Zone, it survived in the Oberbet-
tingen graben-like structure and in Stadtkyll. The Lower Triassic has an average thickness
of 200-300 m.

Above the Lower Triassic lay shallow marine sediments of the Middle and Upper Tri-
assic, overlain, in turn, by Lower Jurassic rocks which conclude the Mesozoic sedimentation
in the Kifel. The latter sediments are represented in the Trier-Bitburg Embayment and
in a narrow zone at the northern boundary of the Mechernich Triassic Embayment. In
the Central Eifel, relics of Middle Triassic sediments exist only in the Oberbettingen area
(Biichel, 1990).



2.1.4 The Cenozoic cover

In the Tertiary, the central Eifel was subject to denudation. The changes of the surface
of the Slate Mountains, which began in the late Mesozoic, continued till the end of the
Oligocene. The alteration was characterized by a high degree kaolinitisation, leading to
the formation of kaolinite minerals and of a brown ferrigeneous crust on the bottom of the
layer. Under these conditions, the Eifel became a nearly flat deeply eroded peneplain in
the Earlier Tertiary.

Layers resulting from the young Mesozoic and Tertiary alteration are present only at
the boundaries of the Eifel area. The absence of such layers in the High Eifel area might
be explained by the denudation, which at the latest began in the early Oligocene; this can
be deduced from the condition of the Eocene/Oligocene volcanoes (Biichel, 1990).

Within the present-day Moselle valley, Tertiary sediments also accumulated in a wide
subsiding zone extending eastwards toward the Neuwied Basin which was connected to
the Paris Basin in the west. Such sediments are preserved in Eckfeld, at the southern
boundary of the High Eifel volcanic field. Here, layers of Eocene sediments accumulated
in a small lake and are underlain by basaltic tuffs. Therefore Negendank et al. (1982)
consider this feature to be an Eocene maar. The tuffs might also have been ejected by
the Tertiary volcanoes, located in the vicinity (Biichel, 1990). Geological and geophysical
investigations conducted by Pirrung (1992, 1997) confirmed the hypothesis of Negendank.

To the south of the Eifel occur Tertiary sediments which correspond to the Upper-
Eocene to Lower-Oligocene sand- and gravel layers of tributaries of the old Moselle river
(Lohnertz, 1978).

In the Antweiler Graben, north of the High Eifel, Oligocene sands and gravels with
clay and brown coal layers overlie Eocene clays (Knapp, 1978). In the North Eifel, beside
Pliocene sediments, Oligocene-Miocene sediments occur only as relics of the erosion. These
sandy-clayey rocks are referred to as Cologne layers (Ledoux, 1987).

From the beginning of the Tertiary till the end of the Mid-Oligocene, the Eifel had
a very uniform topography. In the transition period between the Middle and Upper
Oligocene, the Eifel was subject to vertical tectonics which particularly led to the for-
mation of the Rhenish Embayment and the Neuwied Basin. In the Upper Eocene, the
Eifel was briefly flooded by the sea (Sonne and Weiler, 1984). The filling of the Neuwied
Basin — clay-, mergel and brown coal series — basically took place in the Oligocene and
to a lesser degree in the Upper-Eocene.

In the Miocene, the Central Eifel was subject to denudation. Within the Low Rhenish
Embayment gravels, sands and mainly clays and coal accumulated, which are preserved in
small tectonic depressions between the Neuwied Basin and the Low Rhenish Embayment.
In the Pliocene, the climate became cold and a fluviatile sedimentation takes place in the
Rhine and Moselle valleys. In the Pleistocene, depressions were deeply eroded.

During the Pleistocene, the Kifel was a periglacial area. After the formation of the
main terraces 0.6 Ma ago (Bibus and Semmel, 1977), the volcanic activity began in the
West Eifel and a bit latter, 0.5 Ma, in the East Eifel (Biichel, 1990). In the beginning of
the glacial period, antecedent deep and sloping valleys formed in connection with a strong
uplift of the Rhenish Schield. In the Quaternary, those High Eifel volcanoes located in the
valleys, suffered deep erosion, following strong denudation in the Tertiary.



2.1.5 The Eifel volcanism

The information about the oldest volcanic activity/rocks in the Eifel area is based on
the results of the K-Ar dating conducted by Lippolt (1983). After him, the oldest volcanic
rocks, melilite nephelinites, occuring at the southern boundary of the High Eifel volcanic
field in the northern part of the Lower Permian Wittlich Basin, are more than 100 Ma old
(Lippolt, 1983). Rocks of the same age have been identified also at the western boundary
of the High Eifel volcanic field (Miiller-Sohnius et al., 1989).

The main volcanic activity of the Eifel started in the Eocene (about 45 Ma ago) and
kept on through the Oligocene until the Earlier Miocene. This Tertiary volcanism, spread in
the High Eifel area, is represented by rocks of varied composition: trachytes, benmoreites,
alkali olivine basalts (hawaiites, mugearites), nepheline basanites and hornblende bearing
basalts (Huckenholz, 1983).

The Quaternary volcanic activity, which began about 0.6 Ma ago (Lippolt, 1983;
Biichel and Lorenz, 1982, Mertes and Schmincke, 1983), is spread out in the West Eifel and
East Eifel areas. The Laach Lake and the Ulmen Maar, with an approximate age of 11000
and 10000 years, respectively, are the youngest volcanic occurences of the Eifel (Biichel,
1990). The East and West Eifel volcanic fields strongly differ from one another concerning
the number and the volume of volcanoes and as the relative fraction of intermediate and
highly differentiated magmas. The length (50 km NW/SE), the area (600 km?) and the
number of volcanoes (250) of the West Eifel exceed those of the East Eifel (about 35 km
NW/SE, 400 km?, and 100). However, the volume of the erupted magma in the Laach
Lake volcano (about 5 km3) on its own is approximately twice that of all West Eifel
volcanoes (about 3 km?3) (Frechen, 1976; Lorenz and Biichel, 1980; Biichel and Mertes,
1982; Schmincke et al., 1983; Lorenz, 1984; Biichel, 1990). In both the West and East
Eifel, geological studies (Biichel and Lorenz, 1982; Biichel and Mertes, 1982; Mertes, 1983;
Biichel, 1984) have shown that the youngest volcanoes are concentrated in the eastern and
southeastern parts of the respective volcanic fields. That means that the centre of the
volcanic activity has migrated from the Northwest to the Southeast. Nephelinites, leucite
nephelinites, melilite nephelinites, nepheline leucitites, basanites and phonolites are the
main rock types of the Eifel Quaternary volcanism (Mertes, 1983).



2.2 The West Eifel volcanic field

The West Eifel volcanic field (Fig. 2.2) is 50 km long and 20 km wide. The 600
km? big volcanic field extends in a NW-SE direction (130°) (Mertes, 1983; Biichel, 1984).
The volcanic activity in this area began in the late Quaternary, probably in connection
with stronger vertical tectonic movements of the Rhenish Massif and went on up to 10000
years ago. About 250 eruption centres have been identified to the present day. The oldest
volcanic features, the majority, are concetrated in the central part while the youngest are
in the South-East (Biichel and Mertes, 1982).

Depending on the origin and the form, the following types of volcanoes are known in
the West Eifel (Biichel and Mertes, 1982):

— Scoria cones (= 66%); they are on average 40 m high (max. 100 m) and 430 m wide
(max. 1000 m); about 50% of them have lava flows (in some cases several kilometers
long).

— Maars (~ 25%) with diameters from 70 m to 1700 m.

— Tuff-rings (= 5%) with diameters from 70 m to 1400 m.

— Scoria rings (~ 2%): very small volcanoes with very gentle slopes.

Diatremes (/= 2%): strongly eroded maars or tuff-rings, the crater of which is difficult
to recognize.

Although erupted magmas generally are K-rich and SiOs- undersaturated nephelinites,
leucitites and basanites with a predominant mafic character, petrographic/geochemical
analyses (Mertes, 1983) have shown that those volcanic rocks of phreatomagmatic origin
(maars, tuff-rings, diatremes) contain melilite whereas the others (scoria cones, scoria
rings) contain leucite and nepheline.

It is important to point out that the West Eifel volcanoes sometimes occur in complex
groups with eruption centres forming areal clusters close to each other or lying in a line.
These groups, usually referred to as volcanic or eruption systems (Lorenz and Biichel,
1980%), are believed to have erupted at about the same time each or within a very short
period (Biichel, 1984). Moreover, taking into account that the volcanic activity in the
West Eifel was highest within the last 100000 years (Mertes, 1983) and that tectonic
processes such as vertical tectonic movements (Malzer et al., 1983), crustal rifting and
seismicity (Ahorner, 1983) are still occuring at the present day in the Rhenish Massif, it
is not excluded that new eruptions might take place in this area (Biichel, 1984). These
processes are obviously the continuation of the Quaternary tectonic phase that generated
the Quaternary volcanism. Recent geophysical investigations showed that all the processes
mentioned above, including the volcanism, are directly connected with the Eifel plume
which derives from the upper mantle and the ascent of which is intermittent (Ritter et al.,
2001).
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Fig. 2.2 Map of the eruption centres of the Quaternary Westeifel Volcanic Field
(triangles and circles). Crosses mark the the volcanoes of the Tertiary Hocheifel

Volcanic Field (after Buchel and Mertes, 1982).
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2.3 Phreatomagmatic volcanism

Maar-diatreme volcanoes differ from ordinary volcanoes by the mechanism of their for-
mation and their morphology. While the ordinary volcanism is driven by gases ejecting the
upgoing magma, to form volcanic edifices above the Earth’s surface, the explosion volcanism
which gives rise to the formation of maar-diatreme volcanoes is caused by magma/water
interaction (Lorenz, 1985, 1986; Schmincke, 1986). The process, usually referred to as
phreatomagmatism, depends on the magma/water ratio and the hydrostatic pressure. It
results in the formation of complex structures ranging from maar-diatremes through scoria
rings to tuff rings. The phreatomagmatic activity usually occurs along fracture or fissure
zones, where surface and/or groundwater is available (Lorenz, 1973, 1986).

At the initial phase of the eruption, which normally occurs at shallow depth a maar
is formed (Fig. 2.3, A). A maar is a volcanic crater cut into country rocks below the
Earth’s surface and surrounded by a low rim of ejecta, the thickness of which may reach a
maximum of 40 m and decreases outwards (Lorenz, 1973 and 1986; Wood, 1974). Maars
have diameters ranging from less than 100 m up to more than 1500 m and depths range
from tens of metres to 200 m and more. The erupted material is mostly composed of
country rock debris and a small proportion of juvenile pyroclasts. Subsequent eruptions
associated with downward migration of the explosion centre (as confirmed by experiments,
Woolsey et al., 1975) lead to the collapse of the walls of the former structure and to a
continuous growth in depth and width. As a result, a diatreme is formed. A cone-shaped
structure, also called pipe, is the subsurface feeder structure of the maar. At depth, the
diatreme might extend into igneous dikes. While the diatreme is probably cut by a system
of precursor dikes in its root zone (Clement, 1982; Lorenz, 1986), it is not excluded that
a series of late dikes might intrude its body upwards. The diameters of diatremes are in
the same range as those of maars but their depths may reach a maximum of 2000-2500
m. The filling of the diatreme is made of pyroclastic debris (tuff or lapilli tuff) and blocks
of wall rocks. In the posteruptive phase a crater lake forms in the maar and its bottom
is continuously filled by sediments (Fig. 2.3, B and C). As time goes on, the crater lake
might dry up and the maar-diatreme is subject to erosion (Fig. 2.3, D and E).

It has been mentioned above that the magma/water ratio is the major controlling
factor of the phreatomagmatic volcanism. Beside maar-diatremes, scoria cones, scoria
rings or lava lakes may form within the maar if there is no more water to interact with the
ascending magma. In contrast, instead of maars, tuff rings will form if large amounts of
water are available. Being similar to maars in shape and size, tuff rings are large volcanic
craters above the Earth’s surface with shallow diatremes underneath (Fig. 2.4). The
composition of their ejecta is predominantly made up of juvenile pyroclastic material with
a small fraction of country rock clasts.
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ring wall

original maar

Fig. 2.3 Schematic plot of the post-eruptive evolution of a maar-volcano in four stages.
A: initial stage, B: lake stage, C: post-lake stage, D and E : post-sedimentary erosion
stages (from Biichel, 1984).

Dyke

Fig. 2.4 Schematic representation of a tuff-ring and its supposed shallow diatreme -
(after Lorenz, 1985)
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2.4 The West Eifel maars

Owing to geophysical investigations and geological mapping, the number of recognized
West Eifel maars has recently increased to more than 60. Most of them are located in
fracture-controlled valleys (Lorenz, 1973; Lorenz and Biichel, 1980; Biichel and Mertes,
1982; Mertes, 1983; Schmincke et al., 1983; Biichel, 1984); the fractures are favourable
pathways for circulating water and rising magma. The West Eifel maars have diameters
between 70 and 1700 m; their depth varies between 10 and 180 m (Lorenz, 1982). Eight
young maars have lakes in their craters and still preserve their tuff-rims. Older maars,
whose tuff-rims and crater walls have been partially or completely eroded and denudated,
are dry and filled up by sediments. Intermediate between the two types, some maars
contain marshes. Petrographic studies (Negendank et al., 1982; Haverkamp, 1984) of drill
cores and samples from different maars have shown that crater lake sediments are often
made up of pyroclastics (bottom), sapropel deposits (diatomites, shales) and terrigenous
material (clay, silt, clayey silt and silty clay).

Mostly, country rocks (Devonian clayey schists, sandstones, quartzites, graywackes,
dolomites and limestones and Mesozoic sandstones as well) are exposed at the crater walls.
The crater rims and walls consist of maar tuffs. The bottom of the maars is underlain by
pipe structures (diatremes) filled with maar tuffs. Maar tuffs are composed of fragments of
the erupted magmas (ashes with a grain size less than 2 mm of diameter, lapilli, between
2 and 64 mm, and bombs, larger than 64 mm) and of debris of the country rocks in the
same grain size as the juvenile material: ashes, lapilli and blocks instead of bombs (Lorenz
and Biichel, 1980; Lorenz, 1982).

After radiometric (}*C) dating, the maar volcanism and that of the scoria cones in
the West Eifel have developed in the same time interval (Lorenz, 1973; Biichel and Lorenz,
1982). This means that there should exist old maars deeply eroded which geomorphologi-
cally can not be easily distinguished from the surrounding environment.

2.5 Physical rock properties

The Devonian sedimentary rocks of the West Eifel are represented by schists and
sandy schists. As given by Telford et al. (1990), the average susceptibility and density
of such rocks amounts to about 1500x10~¢ ST and 2.64 g/cm?, respectively. Kohnen et
al. (1976) and Mertes (1983) gave a mean density of 2.5 g/cm? for the Devonian rocks
of the West Eifel. As shown by density determinations conducted by Bannert (1989) for
Devonian rocks in the Mosbruch Maar area, their density varies according to grain size:
2.51 g/cm3 for massive rocks, 2.64 g/cm? for fine grained rocks and 2.76 g/cm? for coarse
grained ones. Pirrung (1992) determined a value of 2.56 g/cm? for Lower Devonian rocks
in the Eckfeld Maar area.

Magnetic properties of Quaternary West Eifel volcanics (lava flows and surface tuffs)
have been studied by Cipa (1958), Bohnel et al. (1988) and Herzog et al. (1988). Values
of the magnetic susceptibility of the tuffs given by Cipa lie betweeen 600 and 1800x10~°
SI while those determined by Bohnel et al. are about ten times higher (=~ 10000x107°
SI). After Bohnel et al., the Konigsberger ratio (Q-factor) of the tuffs is about 1.2, which
means that the Normal Remanent Magnetisation (NRM) component is about as strong
as the induced one. Beside tuffs, other volcanic rocks have been sampled and investigated.
The results have shown that the magnetic declinations vary in a broad range while the
inclinations mainly vary in the range from 50 to 80°. Haverkamp (1984) has done paleo-
magnetic measurements of the Meerfeld Maar sediments. Both the intensity of the NRM
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and the susceptibility of the sediments increase with depth. The susceptibility varies be-
tween 100 and 800x107% SI. The NRM reaches values of 0.1 A/m at 20 m depth. The
inclination has a mean value of 52°, which is less than the expected one (67°) for the
Eifel region. This means that the inclination is connected rather with the Depositional
Remanent Magnetisation (DRM) than with the geomagnetic field.

In order to get more information about the density and magnetic properties of the
tuffs and sediments of the West Eifel maars, I sampled eleven maars for laboratory mea-
surements. For maar tuffs (single sample per maar), the results are shown in Table 2.1.
The Quaternary West Eifel maar tuffs have densities ranging approximately between 1.7,
for the brittle type with a little fraction of volcanic material, and 2.3 g/cm?, for the com-
pact type with more magmatic material (palagonite tuffs). Density values of samples from
nine maars gave a mean of (1.98 & 0.20) g/cm3. This value is in good agreement with
the value of 2.0 g/cm? given by Mertes (1983) for Quaternary maar tuffs and that of 2.07
g/cm3 given by Bannert (1989).

The susceptibility and the remanent magnetization of the West Eifel maar tuffs vary
in a wide range and are, as expected, controlled by the texture and the structure of the
rock, by the magmatic fraction and probably by the time, since the sedimentation. Brittle
and porous units with a small volcanic fraction are characterized by low values, massive
compact tuffs by medium values, and palagonite tuffs by high values. As shown in Table
2.1, the susceptibility and the remanent magnetization have mean values of (10190 + 3660)
x107% SI and (1.17 + 0.48) A/m, respectively. The Q-factor of the sampled maar tuffs,
determined for an assumed present day Earth’s magnetic field strength of about 48000
nT in the Eifel area, has a mean value of (2.8 £ 0.7). This again shows that a certain
NRM, higher than twice the induced one, is present. While the values of the susceptibility
are in good agreement with those determined by Bohnel et al., those of the Q-factor
are relatively higher. This might result from different instrument precision or man made
measurement errors. Note that Bohnel et al. have used only two samples, which might not
be representative. It seems that Cipa mistook units of the susceptibility; the values given
by him obviously are in CGS-units, which are greater than SI-units by a factor of 4.

It should be noticed that the maar tuffs were sampled at the surface, where they likely
are weathered. Thus, their density and their susceptibility might probably be higher at
deeper levels. Moreover, other factors such like compaction and cementation might also
contribute to the increasing effect.

Magnetic directions (declination and inclination) are of irregular character. Taking
into account that the Quaternary Eifel maars were formed within a broad period — between
about 600000 and 10000 years ago (Biichel and Lorenz, 1982) — which belongs to the first
chron (0.0-0.73 Ma) of a normal polarity of the geomagnetic field (Cox and Hart, 1986), the
elements of the latter might have been remarkably different due to secular variations. After
Cox and Hart, at some localities the orientation of the geomagnetic vector has changed by
20° in a century. These secular variations can last 10 to 10* years.

Density and susceptibility determinations for maar sediments have been conducted
using three samples from the Neunkirchen Maar and four samples from the Dehner Maar.
As can be deduced from the results shown in Tab. 2.2, maar sediments are generally
characterized by low densities and susceptibilities with mean values of (1.58 +0.15) g/cm?
and (2054130)x10~° ST, respectively. Other densities for Cenozoic sediments ranging from
1.80 to 2.15 g/cm? have been reported (Schon, 1983). Density determinations conducted
by Pirrung (1992) for the Eckfeld Maar sediments gave values of 1.6 to 2.0 g/cm3. The
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intensity of the remanent magnetization with a value of 0.04 A/m has been determined
only for one sample of the Neunkirchen Maar. The values of both the susceptibility and the
remanent magnetization are in the same range as those of the Meerfeld Maar determined
by Haverkamp (1984, see above).

Table 2.1 Density and magnetic properties of the tuffs of the West Eifel maars.

Name |Description Density p |Suscept. x NRM |Q-Factor | D I
lg/em?] | [x107581] | [A/m] Pl | 1)
Schalken- massive
mehren ash tuffs 1.82 14990 2.113 3.7 1355 |—29
Maar
Kirchweiler massive
Maar tuffs 1.86 10070 0.862 2.2 (142 64
Pelm | palagonite
Maar tuffs 2.35 26250 6.114 6.1 |327 32
Roth massive
Maar tuffs 1.75 7800 0.573 1.9 132 |-15
Lach massive
Maar | palagonite 2.17 16223 1.273 2.0 (241 | =7
tuffs
Schonfeld massive
Maar tuffs 1.92 11055 1.220 2.9 | 53 70
Essingen porous
Pipe tuffs 2.00 7026 1.035 3.9 | 96 72
Mosbruch massive
Maar tuffs 1.98 9511 1.122 3.0 5 [—60
Pulver massive
Maar tuffs 1.85 4620 — — | — | —
p=1.96 |y = 10160* | = 1.171* |Q =2.8* | — | —
o=0.20 oc=23660 | c =0.478 |oc=0.70

p, X, I, Q : mean values for tuffs’ samples; * without consideration of the Pelm Maar;
o : standard deviation of the mean value.
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Table 2.2 Density and magnetic properties of the crater lake sediments of the
West Eifel maars.

Name Description Density Susceptibility
p lg/cm?] X [x1076ST]
Dehner crater sediments: 2.8 m depth
Maar black clayey lake sediments 1.58 160
Dehner crater sediments: 3.0 m depth
Maar dark-grey clayey lake sediments 1.50 130
Dehner crater sediments: 3.2 m depth
Maar bright-grey clayey lake sediments 1.59 120

crater sediments: 6.9 m depth

Dehner yellowish lake sediments 1.88 185
Maar with magmatic fraction
1.43
Neunkirchen fine and layered sediments 1.58 432
Maar 1.50
ps = 1.58 Xs = 205
o =0.15 o =130

Ps, Xs — mean density and susceptibility of the Dehner and Neunkirchen sediments
o — standard deviation of the mean value

Extra density and susceptibility determinations have been done for the crater sediments
and the scorias of the Schonfeld Maar (Table 2.3). Sediments sampled along a cobra
drillhole within the maar crater up to 7.5 m depth are characterized by a mean density
of (2.054 0.10) g/ecm?® and a mean susceptibility of (100004+300)x10~¢ SI, values which
are very similar to those of the maar tuffs. These sediments, which mainly are made of
lapilli tuffs and lapilli- ash tuffs with a high content of magmatic fraction (scoria) are
not lake sediments but probably redeposited maar tuffs, eroded from the crater rim or
result from later eruptions, which took place with a less pronounced or without water-
magma interaction. Some scorias have been observed at the north-eastern boundary of the
Schonfeld Maar. Two samples of scorias have given density values of 1.90 and 2.65 g/cm?
and susceptibilities of 15440x10~¢ SI and 29415x10~6 SI.
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Table 2.3 Density and magnetic properties of the crater sediments and scorias
of the Schonfeld Maar.

Name Description Density Susceptibility
p lg/cm3] X [x1076ST]
Schonfeld dark and dense scorias
Maar with micas (NE boundary) 2.65 29415
brittle and light scorias
Schonfeld with yellowish clayey 1.90 15440
Maar material (NE boundary)
crater sediments: 0.5-1.5 m depth
Schonfeld sandy clay, debris of devonian
Maar rocks and basaltic scorias 2.18 14250
probably redeposited tuffs
crater sediments: 1.5-2.5 m depth
Schonfeld clayey sand, clay (ash tuffs) 2.10 10790
Maar probably redeposited tuffs
Schonfeld crater sediments: 2.5-3.5 m depth
Maar coarse grained silt, lapilli ash tuffs 2.10 10095
crater sediments: 3.5-4.5 m depth
Schonfeld lapilli ash tuffs with augite grains 2.00 11185
Maar and lapilli ash tuffs with clay matrix
crater sediments: 3.5-4.5 m depth
Schonfeld lapilli ash tuffs with augite grains 2.00 11185
Maar and lapilli ash tuffs with clay matrix
crater sediments: 4.5-5.5 m depth
Schonfeld and lapilli ash tuffs with clay matrix
Maar lapilli ash tuffs with augite grains, 2.10 14810
country rocks debris and black scorias
Schonfeld crater sediments: 5.5-6.5 m depth
Maar clayey-sandy silt with micas 1.85 10055
Schonfeld crater sediments: 6.5-7.5 m depth
Maar lapilli ash tuffs, clayey silt 2.15 10670
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3. Brief theoretical review of geophysical inversion

3.1 The Geophysical Inverse Problem

As already mentioned, geophysical inversion consists in extracting parameters of a
subsurface structure from a set of measurements of a definite physical field. This is done
by trying to fit synthetic data computed for a set of parameters of the conceived model to
actual observations. The whole procedure is also referred to as modeling. Modeling needs
necessarily taking into account some a priori information. The estimated parameters can
never be unique since observed data always contain effects which we are not able to explain
in geologic terms. Thus, even the achieved solution which fits the observations within a
prescribed error must be thought of as one of the candidate solutions and presented with
probabilistic bounds.

3.1.1 Formulation and solution of the geophysical inverse problem

In most cases, the relationship between the geophysical model effects and the model
parameters is nonlinear. However, all methods used to solve discrete geophysical problems
are based on the solution of the linear inverse problem. This is well understandable since
the mathematical techniques to be used have been developed on the basis of the solution of
linear systems. The nonlinearity is dealt with by using linear approximation (linearization
about a given model) and further proceeding with iterative techniques.

3.1.1.1 The Linear Inverse Problem

The simplest, inverse problem is the linear problem. A problem is said to be linear if
it is of the form:
Am =y (3.1)

where
y is a set of, say, M observations; y = (y1,%2,¥3,...yanr)% f
m is a set of, say, N parameters; m = (my, my, ms3,...my)
A is a certain linear operator, also called data kernel, in the form of a M x N matrix.
In the matrix notation the linear problem can be formulated as follows:

T

F A A .. AN T [ Y1 ]
Agy Agp ... Aoy my Y2
Ag1 Az ... Asn ma Y3
Ay Ay ... Ayn : | va

: : : my :

LAM1 Am2 ... AunN. L ynr

where A1, A1o... Ay n are the elements of the operator A.

T 7 denotes the transposed matrix
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3.1.1.2 Methods for solving the Linear Inverse Problem

The method for solving a linear inverse problem is determined by the way how one
wants to measure the size, or length, of the vector of the estimated model parameters m®st
and that of the predicted data f = Am®t.

A measure of length or size is normally referred to as a norm. The mostly used norms
are those based on the sum of some power of the components of a given vector. These
norms are known as the L, norms, where n is the power. Given a vector V with the
components v; (i = 1,2,...p), its norm ||V|| with respect to the power n (n =1,2,...00)
can be expressed as follows:

Lynorm : ||V]|; = [Z |v¢|1]

i

1/2
Lonorm : ||V]|2 = [Z |U,~|2]

1/n
Lynorm : ||V|, = [Z |U,|”]

When n tends to infinity (n — 00) the Lo, norm is equal to the greatest of all absolute
values of the elements of the vector i.e.,

Loonorm : ||V|]|eo = max;|v;]

The norm to be used for estimating a quantity is defined by the approach to weighting
the data that fall far from the general trend (Fig. 3.1). For data which are believed to
be accurate enough, the fact that a datum falls far from the trend is of importance. In
this case a high order norm should be used to give more weight to that datum. On the
other hand if the data are widely scattered, a more equal weight should be given to them
by using a low order norm. We see that the statistics of the data (data distribution) is
decisive for choosing the norm under which a quantity might be estimated.
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Fig. 3.1 Straight line fits to (z, d) pairs where the error is measured under the Ly, Ly
and Lo, norms. The L; norm gives least weight to the one outlier; (from Menke, 1984).

Data with a wide scatter have a long-tailed distribution, whereas those with less scatter
have a short-tailed distribution (Fig. 3.2). The most frequently encountered distribution
is the short-tailed one which is classically known as the Gaussian or normal distribution.
For data obeying this distribution a point falling far from the average will be given a
considerable weight; hence the use of a high norm — usually — the L, norm. Moreover,
as can be seen in Fig. 3.1, the L, norm can be considered as a compromise between the
L, norm and the higher norms for measuring the length.

(a) (b)

P(d)
P(d)

A\ 4

d d

Fig. 3.2 (a) Long-tailed distribution; (b) Short-tailed distribution; (from Menke, 1984).

There are several methods based on the Ly norm, but the most customary one is the
so called ” Least-Squares” method. This method has been widely and successfully used in
applied geophysics for solving inverse problems. The method consists of solving an inverse
problem by minimizing the predicted error or the solution length or the combination of
both quantities measured under the Lz norm.

Beside those methods based on the L, norm another group of methods based on
the L, norm finds a common use for solving linear inverse problems. These methods are
especially used to solve problems, where data obey a long-tailed distribution or problems in
which data have Gaussian statistics but are of bad quality (data with saddles or outliers).
The best known method is the one involving linear programming. Another successful and
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robust method — the FIFOT method — has been worked out by J. Claerbout and F. Muir
in 1973 and later, also well described by A.Tarantola (1987).

3.1.1.3 The Standard Least-Squares Method

The Least-Squares method consists in fitting the predicted data to observations by
minimizing a misfit function (also called chi-squared function) which is the sum of squares
of errors between the two sets of data. Let

y; be a set of observations (i =1, 2, ...M);

fi be a set of predicted data (i = 1, 2,..M);

m; be a set of model parameters (j = 1, 2, ...N);

If the problem is assumed to be linear, the predicted data f; are related to the model
parameters m; by the following expression: Am = f, where A is a linear operator. We then
define the error e; as the difference between y; and the corresponding f;, i.e., e; = y; — f;

or in vector form
e=y— Am (3.2)

The misfit function which we refer to as E is the sum of the squares of all e¢; (i = 1, 2,

or in matrix notation E = eLe. From (3.2)
E=eTe=(y— Am)T(y — Am)

Our aim is to determine those model parameters for which the misfit function E will assume
its minimum value. From classical mathematics, we know that a function has a minimum
when its first derivative with respect to a given variable is zero. Hence the minimization of
the misfit function E with respect to the model m requires that 0E/9dm be equal to zero.

OF 0
— =0 — —Am)T(y— A =
om 0 om (v m)” (Y m) 0

After some matrix and differentiation operations, we get
AT Am — ATy =0

or
AT Am = ATy (3.3)

The relation (3.3) is a linear system of the so-called normal equations. Assuming that the
inverse of the square matrix AT A exists, m can be determined from (3.3)

m = [ATA]7'ATy (3.4)

T FIFO stands for first in, first out

21



which is the least-squares solution of the linear inverse problem, also called the Gauss-
Newton solution.

3.1.1.4 Classification of inverse problems

Depending on how much information is contained in the equation Am = y for deter-
mining the model parameters, inverse problems can be classified into the three following
groups:

a) underdetermined problems in which the information is insufficient. In such prob-
lems, one is faced with the task of determining model parameters using insufficient data.
Classically, the underdeterminancy arises in problems, where there are more unkowns than
data.

b) overdetermined problems for which the equation Am = y contains too much infor-
mation capable of contributing to better approximating the solution. Such problems are
characterized by a greater number of data than of the model parameters. Most problems
in geophysics are formulated this way by the assumption of a sufficiently small number of
model parameters.

c¢) even-determined problems which have just sufficient information for determining
the unique existing solution.

3.1.1.5 The standard least-squares solution of the linear inverse problem

Having classified geophysical inverse problems, let us examine the relevance of the
least-squares solution to them.

In problems which are assumed to be completely overdetermined, the solution is found
by minimising the overall predicted error E = eTe. This is done by using the » Least-
Squares Method ” to yield the solution

mt = [AT AT ATy (3.5)

In purely underdetermined problems, where we have an infinite number of solutions
with a zero prediction error, additional information (a prori information) is needed to
help us to single out a suitable solution. One of the guiding characteristics while solving
geophysical inverse problems is to yield a solution which is simple. The characteristics can
be used as a priori information in solving problems of this type. A solution is said to be
simple if its measure under a certain norm is small. This means that under the Ly norm, a
solution is expected to be simple if its Euclidean length L = m”m is small. The approach
to solve the underdetermined linear problem is the same as that for the overdetermined one.
Only in this case, we want to determine parameter estimates m®* which, while satisfying
the equation Am = y (predicted error = 0), minimize the solution length L = mTm at
the same time. Without going into mathematical details of this problem, its solution looks
like

met = AT[AAT] Yy (3.6)
The relation (3.6) is the minimum length solution of the underdetermined problem.
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Geophysical problems are often considered to be overdetermined. But this fact can
never be proved. This is only an assumption. It might happen that some parameters
are not introduced into the problem because we are not able to see them. The same
holds for underdetermined problems. The underdeterminancy might occur just because
of some superfluous parameters. Therefore, instead of solving a purely overdetermined or
underdetermined problem, one solves rather the so called ” mixed-determined ” inverse
problem.

The strategy consists in solving an overdetermined problem which is supposed to con-
tain a slight indeterminancy. The problem could be well solved only if we were able to form
a new model m’ — a linear combination of the old one m — and then partition it into two
parts: the overdetermined part m? and the underdetermined one m® . Consequently, the
data would be divided into two sets: one yol and another y“’ related to the overdetermined
and underdetermined model parameters, respectively.

In terms of linear algebra, from the system Am = y a new system A’m/ = y’ will be
formed, which would be composed of two sets of linear equations:

A° 0 me . yol
0 A | |m* |~ y“’

Having this operation done the upper part of the system might be solved in the least-
squares sense giving the overdetermined part of the model whereas the underdetermined
part might be given by that solution of the lower part of the system which has the minimum
L5 length. The Singular Value Decomposition (SVD) is the most popular technique used
to carry out such a partitioning procedure.

Another alternative in common use — instead of dealing with the partitioning proce-
dure which is time consuming — is to find the solution by minimizing a function ® which
is the combination of the prediction error E and the solution length L:

®(m) = E+ €L
or in matrix notation

d(m) =eTe+ mTm

where €? is a factor which weighs the relative importance of one or the other component
of the function. If ¢ has a significantly large value, both the overdetermined and the
underdetermined part will be minimized. Consequently, the solution will not minimize
the prediction error E and the estimated parameters will not be good representatives of
the real ones. On the other hand, if € is too small (¢ — 0), the weight of the component
e2mTm will be negligible. Here the prediction error E will be minimized but we are not
able to single out the underdetermined model parameters because of the lack of a priori
information.

A better suitable value of €2 is that which would lead to a solution with the least
prediction error E and the minimum length at the same time. In practice, this compromise
value is determined by the trial and error method.
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The approach for solving a mixed-determined problem is the same as the one for the
least-squares solution. The minimization of the function ®(m) with respect to the model
parameters leads to the solution

m® = [ATA+ 1) ATy (3.7)

(3.7) is known as the "damped least-squares solution” (Menke, 1984; Lines and Treitel,
1984), also called in the literature the solution of the constrained least-squares problem by
the so-called Marquardt-Levenberg method (Levenberg, 1944; Marquardt, 1963) or by the
ridge regression (Hoerl and Kennard, 1970; Marquardt, 1970; Inman, 1975). The concept
of this method is to bound the solution in order to avoid large fluctuations; which leads
to a smoothed solution. It has the advantage of considering not only the prediction error
but also the solution error, hence damping the indeterminancy of the inverse problem.

3.1.2 Enhancing the solution of the linear inverse problem

In most of cases, geophysical inverse modeling involves a great amount of data (ex-
perimental, theoretical and model parameters) and a lot of computations. Each of the
above elements has its particular influence on the behaviour of the solution and on the
model parameter estimates. It is well known that observations may contain errors of sta-
tistical and/or systematical character. Computed data might contain uncertainties which
depend on the assumptions for the model, on the algorithm used (analytical or numerical
approximation), on the machine used (round-off errors), on errors in programs and soft-
ware (Hatton, 1989), on the computation mode (single or double precision), etc. Similarly,
model parameters are not error-free. This means simply that the model parameters are
not absolutely fixed values but are varying in a certain acceptable range. Beside that, geo-
physical inverse problems are generally ill-posed, that is, the M x N Jacobian matrix A is
usually not square and not of a full rank. Practically, there are always more observations
than parameters, i.e., M > N. Inverse problems are also, in most cases, ill-conditionned,
that is, the M x N Jacobian matrix A has a large condition number. The ill-conditionness
is often caused by inaccuracies in the partial derivatives approximated by numerical dif-
ferentiation. All these factors can lead to slow convergence, to instability of the inverse
problem, to large fluctuations of the solution and, as it should be expected, to unreliable
results. Therefore special devices should be built in to enhance the functioning of the
algorithm used and to improve the solution. Valuable contributions in this direction have
been made by many scientists, among others Marquardt (1963, 1970), Hoerl and Kennard
(1970), Smith and Shanno (1971), Jackson (1972), Claerbout and Muir (1973), Lawson and
Hanson (1974), Inman (1974), Lines and Treitel (1984), Menke (1984), Tarantola (1987),
Lines, Schultz and Treitel (1988), etc.

One of the ways to improve the solution of an inverse problem is the use of some extra
knowledge about the nature of the data and/or the model. This extra information, usually
referred to as a priori information, while included in the solution, improves the latter
considerably. The uncertainties mentioned above are just one type of a priori information
which contributes successfully to the improvement of the solution of an inverse problem
(Jackson, 1972). The relative degree of accuracy in the data and/or in the parameter sets
can be introduced into the solution, for instance, by weighting. The more accurate the
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data, the higher their weight (Menke, 1984). A different approach to take into account
the uncertainties in the data and in the model is the use of the covariance matrices of the
respective errors (Tarantola, 1987; Smilde, 1997).

Scaling is also an operation which often has a significant influence on the performance
of optimization methods (Gill et al., 1981). Since convergence tolerances and other crite-
ria are necessarily based on an implicit definition of "small” and ”large”, problems with
unusual or unbalanced scaling may cause difficulties for some algorithms. For instance,
in many geophysical problems one is faced with the determination of depths, thicknesses
and physical properties of geological structures at the same time. The two first quanti-
ties are in length units while others might be in units of density, magnetization, electrical
resistivity or conductivity, etc. It is clear that all these quantities are characterized by
uncertainties of different nature which will lead to an unbalanced data kernel. There ex-
ists no commonly adopted scaling technique. Depending on the problem to be solved, it
is up to the user to design a scaling technique, which best enhances the performance of
the optimization algorithm in the sense of meeting the interests and expectations. One of
the ways of scaling the data kernel is to use a scaling diagonal matrix D(j) equal to the
reciprocal of the mean of the M components (M is the number of rows of the data kernel)
of the j*B column vector’s uncertainty (Lawson and Hanson, 1974). This type of scaling
has the effect of making the uncertainty of every column the same magnitude in the scaled
matrix.

Mostly, there is no knowledge about the errors and the covariances of the data and of
the model parameters. In this case one has to guess them. Depending on how the guess
has been made, one might introduce too small or too large errors, which could worsen the
solution instead of improving it. Below, I propose a technique for the data weighting and
the scaling of the data kernel using information contained in the latter.

3.1.3 Proposed weighting and scaling technique

Given the linear inverse problem Am = y , I find it reasonable to use the information
contained in the Jacobian matrix A to define the diagonal matrices W (i) and D(j), for the
data weighting and the scaling of the data kernel, respectively. The data weighting matrix
W (i) will be designed using the information about both observed and computed data.
The data, and the model parameters, might be correlated or uncorrelated. To simplify the
problem, as is usually the case in practice of geophysical data inversion, I assume both data
and model parameters to be uncorrelated and have each its independent error or standard
deviation.

Let o, be a vector containing the standard deviations of M observations; o, =
oy(i),i = 1,M. The standard deviations of observations can be evaluated by means of
repeated field measurements. For the computed data, I propose to use what I would like
to call the pseudo-standard deviations oy which are calculated from the rows of the matrix
A. In fact, the elements A;; of the ith row of the matrix A represent each the sensitivity of
the i*" computed value f(i) due to the respective j* model parameter. In terms of vector
algebra, this simply means that each element of the i** row is the projection of the i** com-
ponent of the model response vector f onto the given j** direction of the model parameter
space. In other words, the elements of the i** row of A can be considered as the compo-
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nents of the gradient of the i** datum. The variance of the mean value of this gradient will
reflect how accurate the datum has been or could be theoretically observed. It is believed
that the probability of an error, if not systematic, to occur in theoretical computations
is higher for the datum with larger variance of the gradient. In terms of geophysics, it is
more probable for points located in the anomalous area to be affected by errors than for
those situated away from the sources. These considerations can be introduced into the
linear inverse problem as weighting to take into account the degree of accuracy with which
different theoretical data are computed. From a statistical point of view, the standard
deviation of the mean value of the gradient of the i*” datum can be calculated from the
elements of the i*" row of A. This standard deviation is believed to be the image of that
of the i*" computed value f(i). Hence the name of pseudo-standard deviation because it is
not a true one. The *" pseudo-standard deviation o (i) is calculated as follows:

71() = \| 37 DA ) - A (3.5)

J=1

where A; = & Ejvzl A(i, 7)

Having computed the pseudo-standard deviations which take into account the uncer-
tainties in the theory, we combine them with those of the observations to finally design the
weighting diagonal matrix W (i). To obtain the complex vector of standard deviations o4,
we sum up the corresponding values of the two sets of the standard deviations o, and o
element by element. The i*" element of o4 is: 04(i) = 0y (i) + o4(i). The vector oq(M) is
then used to compute the weighting matrix W (i) according to the principle: the smaller
the complex standard deviation, the greater the weight. The it" element of W (i) is defined
as:

W (i) = ogmax/o4(i) (3.9)

where ogmaz is the largest complex standard deviation.

The resolution of the model and consequently the variances/covariances of the model
parameters depend upon the condition of the data kernel A. The relationship between the
relative data error dy and the relative solution error dm is given by:

loml _ o Il
Tl < " A (3.10)

(Tarantola, 1987), where r(A) is the condition number of the matrix A. The condition
number of A is defined as the ratio of the largest singular value of A to the smallest
non-zero singular value of A. The relation (3.10) shows that, if the condition number is
large, the relative solution error will be large too. To reduce the data error which will be
projected into the model error, it is necessary to enhance the condition of the data kernel
A. This can be done by scaling.

Proceeding in the same way as for the data weighting, I propose to calculate the scaling
diagonal matrix D(j) using the information contained in the columns of the linear operator
A. The elements of the j** column of A represent, each, the sensitivity of the it datum with
respect to the given j** model parameter. In other words, those elements can be considered
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as projections of the M components of the theoretical data vector onto the j** direction of
the model parameter space. It is believed that the fluctuations of the mean value of those
elements reflect how accurate the given j** parameter contributes to theoretical data and
consequently to the behaviour of the expected solution. The parameters with which large
fluctuations are connected will lead to instability of the algorithm and to wide scattering
of the solution. The measure of the fluctuations relative to the j** parameter can be
expressed in terms of the standard deviation of the mean of the M elements of the j**
column of the Jacobian matrix A. The standard deviations computed for all columns can
be thought of as representing those of the model parameters and are therefore referred to
as their pseudo-standard deviations.

Relying on all the ideas discussed above, I find it justified to use these pseudo-standard
deviations for designing the scaling diagonal D(j). Let o, be the vector of the pseudo-
standard deviations of the model, o, = 7,(5),5 = 1, N. The j** element of this vector is
given by:

o) = \| 37— DA ) - AP (311)

where A; = 4 Zf\il A(i, 7)

To design the scaling diagonal matrix D (j) using the vector o,,(N) of pseudo-standard
deviations, I want the parameters with small pseudo-standard deviations to have the pre-
vailing contribution to the general solution and the influence of those parameters with
large pseudo-standard deviations to be damped. Following this reasoning, each ;™ el-
ement of the scaling diagonal matrix D(j) will be the reciprocal of the corresponding
pseudo-standard deviation, i.e.,

D(j) =1/om(j) (3.12)

Implementing the data weighting and the scaling of the data kernel by multiplying all
elements of the i*" row of A and the i*" element of y by the i*” element of the diagonal
matrix W (i) and by multiplying all elements of the j** column of A by the j*" element of
the diagonal matrix D(j), one gets the following modified system:

WADm =Wy (3.13)
Since column scaling has been applied to the data kernel A, the solution of (3.13) should

be descaled by multiplying it by the scaling matrix D to get the actual solution of the
original linear inverse problem.
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3.1.4 Mathematical aspects of the Least-Squares Problem (LSP)
3.1.4.1 Linearization of the problem

Depending on the character of the relationship between the model response and the
model parameters, geophysical problems can be linear, linearizable, quasi-linear or nonlin-
ear.

In most cases geophysical observations are not linear functions of all the model pa-
rameters and cannot be linearly mapped into the latter by a simple inversion. A general
approach for solving a geophysical inverse problem is to guess an initial model m, about
which a linearization is then made. The linearization is generally achieved by first order
Taylor’s expansion:

f=1fo+Ab (3.14)

where

fo is the model response of the initial model m,;

f is the response of the slightly perturbed initial model;

A is the the Jacobian (matrix of partial derivatives of the function with respect

to all parameters);

0 is the vector of the parameter changes.
Let y be a vector containing observed data. The error between y and fis: y — f = e. From
(3.14), y — f, — Ad = e. By replacing y — f, by b, we obtain

b—Ad=e (3.15)

where b is the discrepancy vector. The relation (3.15) is of the same form as equation
(3.2) in 3.1.1.3. Hence, the concept of solving a linearized problem in the least-squares
sense, based on (3.15), will analogically lead to the normal equations

AT A5 = ATh (3.16)
From (3.16), it is clear that the linearization has led to the linear inverse problem
Ad=b (3.17)
with ¢ as unkown.

3.1.4.2 Mathematical methods for solving the normal equations

There are diverse mathematical methods for solving a system of linear equations
(3.16); among others, the Cholesky decomposition and the Gaussian elimination. Having
solved (3.16) for the parameter change vector 4,

5§ =[ATA]" A b

the parameter estimates are then defined as follows:
me*t =m, + 6 (3.18)
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If the problem is assumed to be linear, a single iteration is required for the convergence
and the relation (3.18) is considered as the estimate of the solution of the inverse problem.
For a nonlinear case the process will be iterated until a preset convergence criterium is
satisfied. At each stage, the system A, 0,411 = b is solved for § and the model is updated
to get the new guess:

m’ly =met + 61 (3.19)

3.1.4.3 The least-squares problem with the SVD

In order to avoid errors connected with matrix multiplication while solving the normal
equations, Golub and Reinsch (1970) proposed to solve the system Ad = b by means of
the SVD. Without going into details, if the MxN matrix A is decomposed in such a way
that A = UAVT, where

U is a MxM orthogonal matrix,

V is a NxN orthogonal matrix,

A is a MxN diagonal matrix (the diagonal elements of which are the singular values

A of A), the solution of (3.17) computed by the SVD is of the form:

1
6 =VA'UTH = VXUTb (3.20)

The vector of the parameter estimates is then adjusted as:

t
mffﬂ = My, + Ont1

The advantage of the SVD, though slower than the other methods mentioned, is its numer-
ical stability (Stewart, 1973; Lawson and Hanson, 1974; Lines and Treitel, 1984). Beside
that, the method of the SVD offers the possibility to look inside the nature of the inverse
problem itself; that is especially important for poorly conditioned problems. This allows
us to build up different candidate solutions, the analysis and comparison of which might
lead to choosing the one with better characteristics.

Owing to this method, the so-called generalized inverse (A~9) can be used to
compute the solution (Marquardt, 1970; Menke, 1984). The expression of the generalized
inverse is:

A79 = [AT A]71 AT (3.21,)
or from the SVD

A9 =VA~UT (3.21)

If some of the eigenvalues are zeros (Fig. 3.3 a), the so-called natural solution is computed
using (3.215). An estimate which is no longer natural can be built up with the help of
(3.21), when some singular values are so small that they are excluded (the components of
the solution in the null space are assumed to be zeros).
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If the p*" singular value is the cut-off in the spectrum, the solution will be

1
5=V, —
P)\p

Ulb (3.22)
The solution (3.22) will yield a better variance but a worse resolution. This is due to the
trade-off between the variance and the resolution.

Sometimes it is not clear enough which singular value should be taken as the cut-off
(Fig. 3.3 b). The simplest way to get rid of this problem is to include all singular values
and to add to all of them a small value S which will damp the influence of the small
eigenvalues (the estimates of the solution in the null space are considered but in a damped
manner).

Aj T
5_V<)\§+B>U b (3.23)
In this case the resolution will be enhanced and a worse variance will be expected. But the
quality and the measure of both the resolution and the variance will be strongly influenced
by the chosen value of the damping factor 3. Large values of this factor might lead to small
variances (Hoerl and Kennard, 1970) while simultaneously degrading the resolution due to
the exclusion of some eigenvalues. As can be seen on Fig. 3.4, there are some values of the
damped factor 8 for which a least-squares solution with a minimum mean-square error and
quite acceptable values of the bias and of the variance can be achieved. There exists no
method for determining the values of the suitable damping factors 3 in advance. They must
be determined by trial and error. A better choice of the damping factor would be that,
which is small enough to yield a good resolution and allow the evaluation of the variances
of the parameter estimates at the same time (Crosson, 1976). For a linear problem, such a
value is that which gives the minimum mean-square error as shown in Fig. 3.4 (value 3*).
However, for a nonlinear problem several iterations must be performed before a solution
is obtained, and each iteration may require a different value of 5. Marquardt (1963) has
worked out an algorithm which determines the value of g for each iteration as the solution
converges. A small starting value of 3, say, 1072, will be increased by a factor of 10 if
the sum of squared errors at a given iteration is greater than the previous one. If the
iteration has converged, i.e., if its squared error is less than that of the previous one, 3 is
decreased by a factor of 0.1 and the inversion process goes further till a final convergence
to a minimum is reached. It is important to point out that, apart from the damping role,
the damping factor 3 speeds up the convergence of the solution and is a good tool for
avoiding singularity problems (Lines and Treitel, 1984).
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3.1.5 Assessment of the goodness and accuracy of the inversion

The quality of the inversion can be deduced from a statistical or a mathematical
analysis of both predicted data and estimated model. The commonly used measure of how
good the predicted model response fits the observations is the a posteriori data variance
o2 or the related Root Mean Square error (RMS) 0, which is the standard deviation of
the sample mean. The a posteriori variance crzz) of the least-squares problem Am = y is
computed as

s [l Am —y|?

P=t =Bl (3.24)

(Stewart, 1973; Lawson and Hanson, 1974), where E = ele is the least-squares error
at convergence, v is the number of the degrees of freedom of the Jacobian matrix A,,xn,
p = maz(m,n), k = Rank(A) = min(m,n). In some cases, the Jacobian might be singular
or rank deficient. Then, if the SVD is used, k is the number of non-zero singular values
or of those singular values of the Jacobian, which are larger than a certain value (cut-off)
given by the product of the smallest singular value and a very small preset number.

RMS = \/E/v (3.25)

The goodness of the fit between the predicted and observed data can also be measured by
the so-called ”Normalized Mean Square Error” MSE. It is given by the ratio of the sum
of the squared errors divided by the sum of the squares of the observed data y(i).

p—__Y (3.26)

S ly()]2

However, the value of the a posteriori variance 012, should be assessed carefully. When crg
is greater than the variance (75 of the observations, the data have not been completely
explained by the assumed model. This means that some elements of the data might be
possibly well fitted if more parameters were used. But a greater value of a;f might also
mean that crz has been underestimated. Similarly a smaller value of crzz) might also mean
that 05 has been overestimated or that the data contain some noise which is fitted by the
computed data.

Another mathematical tool to assess the goodness of the inversion with respect to
the data is the data resolution matrix IN. In terms of the generalized inverse, the data

resolution matrix can be expressed as
N =AA"Y (3.27)
Predicted data f are related to observations y as follows

f=Ny (3.28)

If the data resolution matrix is an identity matrix I, the predicted error equals zero and
the observed data can be considered as well resolved. If this even happens artificially, it
is difficult to imagine it as corresponding to the true situation, especially in geophysical
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problems which are in most cases overdetermined. Generally, predicted data are weighted
averages of the observations through the resolution matrix N.

As in the case of the data, an analysis of the quality of the estimated model can be
performed proceeding in the same way. The question of how well the estimated model is
resolved can be answered by considering the model resolution matrix R. In terms of the
generalized inverse, the model resolution matrix can be expressed as

R=A94 (3.29)

R is a square N x N matrix. The model estimate is related to the true model as

m®" = Rm'™"° (3.30)

If R = I, each model parameter is uniquely determined; otherwise the model parameter
estimates cannot be independently determined and are weighted averages of the true model
parameters. The goodness of the model resolution matrix R is partly assessed by the values
of the diagonal elements. The resolution is good when the values of those elements are close
to unity. The overall goodness is quantified by the spread of the off-diagonal elements,
also called the Dirichlet spread function p(R), which is measured under the Ly-norm of
the differences between the resolution matrix R and an identity matrix I. It is given by:

p(R) = R—=1I15=2 Y Ry~ L]’ (3.31)

i=1 j=1

where R;; are the elements of the resolution matrix, I;; are the elements of the identity
matrix. A concentration of the largest elements of the model resolution matrix around its
main diagonal — the remaining off-diagonal elements being small — is an indication for a
fairly good resolution.

The accuracy of the determined model parameter estimates can be evaluated by the
a posteriori covariance matrix COV [m]

COVm] =0, A"9A4s" (3.32)

where a;f is the predicted variance of the data. The diagonal elements of the covariance ma-
trix are considered as the variances of the estimated parameters; namely o2 (m) = cov;;(m).
Obviously, these variances are, or might be, different from those of the true parameters.
The standard deviation of the given model parameter estimate is then evaluated as the
square root of the respective variance. With the help of the standard deviations, we are
able to define probabilistic bounds of the estimates (confidence intervals).

Sometimes, it is useful to analyze the correlation matrix of the estimated parameters.
This analysis — rather qualitative than quantitative — can show us the interdependency
of the estimates. The size of the correlation coefficients will show which estimates are
linearly dependent and which are not (correlated or uncorrelated) and how strong is the
dependency. This information has a double meaning;:

— it shows the feasibility of an estimate to be determined independently or otherwise;

— it tells us whether our starting hypothesis of the model parameters being correlated
or uncorrelated holds.
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3.1.6 Convergence and nonuniqueness of the solution of the LSP

If the least-squares problem is purely linear, it will require one iteration to converge.
But if it presents some nonlinearity, the convergence will be achieved only after a certain
number of iterations have been performed. By convergence it has to be understood that
a good match between the computed data and the observations has occured within a
prespecified criterium. The whole procedure is controlled by the behaviour of the least-
squares error E. The updating of the solution takes place if the value of E at the actual
iteration is less than that of the previous iteration. The procedure will be stopped if a preset
convergence criterium is satisfied. The inversion will be considered to have converged if
the difference between two consecutive least-squares errors F,, and E, 11 is less than some
suitably small positive number «, say 1072, i.e.,

En - En+1 < Y (333)

However, it is important to recall that most geophysical inverse problems suffer from
nonuniqueness (Al-Chalabi, 1971; Treitel and Lines, 1988). For several reasons the solution
of the inverse problem can never be unique. For example, we are not able to see the inside
of the model and to know exactly all geological factors that contribute to the observations.
Moreover, geophysical observations contain always components that we cannot explain in
geological terms. Another point is that, since the model optimization is based on the
minimization of the chi-square function (sum of errors), the achieved convergence will be
strongly connected with the behaviour of the latter. The function might have a single
minimum — sharp or broad — or several minimum points. Thus the question whether the
minimum reached is local or global can never be answered with absolute certainty. The
optimized model is the one of all those plausible candidate solutions able to produce data
which will fit the observations by satisfying the preset convergence criterium. Thus, it is
not possible to single out one solution as the unique one. A reasonable approach is to solve
the inverse problem with different starting models and/or a priori information in order
to yield diverse solutions among which the one with better characteristics will be kept as
the estimate of the model. Even for the retained solution, it is necessary to represent it
with its confidence limits. The reliability of the solution can be enhanced by taking into
account information from other sources, last but not least, the geophysicist’s intuition!
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3.1.7 Scheme of the nonlinear inversion

Since gravity and magnetic field measurements will be used to estimate the parameters
of the maar-diatreme volcanoes, the inverse problem is discretely formulated. Thus, the
problem will be solved by methods of matrix equations that are based on the fundamental
relation (3.1). The problem to be dealt with is nonlinear, i.e., the physical field is not
a linear function of all contributing parameters. The nonlinearity will be handled by an
iterative procedure, i.e., by means of updating the solution of the linearized inverse problem
until a preset convergence criterium is satisfied. Hence the linear inverse problem to be
solved can be formulated as in (3.17), i.e.,

Ad =10

where A is a M x N matrix of partial derivatives of the model response f with respect to
model parameters, J is the vector of the parameter changes, b is the vector of discrepancies
between the observed and the computed data. Before the above linear system is solved,
weighting and scaling are applied to it as described in 3.1.3.

Taking into consideration that more than one iteration are practically needed for the
solution to converge and that linear systems of large dimensions will be dealt with, it is
of great importance for solving the problem to choose a mathematical method which best
reduces errors connected with matrix operations and machine dependent errors such like
round-off errors. The method must also be stable enough in order to avoid wide scattering
in the solution. That is the reason I will use the damped least-squares method combined
with the SVD. The SVD method provides more stability than other known methods used
to solve linear systems (Golub and Reinsch, 1970; Lawson and Hanson, 1974) and the use
of the damping factor also known as the ” Marquardt-Levenberg” factor enables us to avoid
problems of matrix singularities (Lines and Treitel, 1984). The parameter change vector ¢
and the model parameter estimates will be computed by (3.23) and (3.19), respectively. At
a current iteration, the estimate of the solution of the inverse problem will be accepted if it
achieves a least-squares error E which is less than that of the previous one. The flow-chart
presented on Fig. 3.5 shows the whole inversion procedure.
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Fig. 3.5 Flow-chart of the nonlinear least-squares inversion.
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3.2 Gravity and magnetic forward problems

3.2.1 Physical-mathematical fundamentals
3.2.1.1 The gravity forward problem

Mathematical expressions of the gravity field are based on the well-known Newton’s
law which describes the interaction force between two masses. From Newton’s law, the
acceleration of gravity g is expressed as

g=—(ym/r*)m (3.34)

where v = 6.67 x 107X Nm?/kg? is the gravitational constant, m is the point mass at-
tracting a unit mass situated at the distance r (r = y/z2 + y? + 22) and 7 is a unit vector
directed from the unit mass toward the point mass m along r.

Using the potential field theory, the acceleration g giving rise to the gr