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Abstract

Let k := F, for p > 2, W, (k) := W(k)/p" and X,, be a projective smooth W, (k)-scheme that
is Wy41(k)-liftable. For all n > 1, we construct explicitly a functor, which we call the inverse
Cartier functor, from a subcategory of Higgs bundles over X, to a subcategory of flat Bundles
over X,,. Then we introduce the notion of periodic Higgs-de Rham flows and show that a periodic
Higgs-de Rham flow is equivalent to a Fontaine-Faltings module. Together with a p-adic analogue
of Riemann-Hilbert correspondence established by Faltings, we obtain a coarse p-adic Simpson

Correspondence.



Zusammenfassung

Sei k := Fp, p > 2, Wyp(k) := W(k)/p", und X,, ein projektives glattes W,,(k)-Schema, das
Wit1(k)-aufhebbar ist. Fiir alle n > 1, konstruieren wir ausdriicklich einen Funktor, den wir in-
versen Cartier-Funktor nennen, von einer Unterkategorie der Higgs-Biindel iiber X,,, nach einer
Unterkategorie der glatten Biindel iiber X,,. Dann fithren wir den Begriff der periodischen Higgs-de
Rham Fliisse ein und zeigen, dass ein periodischer Higgs-de Rham Fliiss einem Fontaine-Faltings-
Modul entspricht. Zusammen mit einem p-adischen Analogon der Riemann-Hilbert-Korrespondenz,

wie Faltings vorgeschlagen hat, erhalten wir eine grobe p-adische Simpson-Korrespondenz.
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1 Introduction

N. Hitchin [Hi] introduced rank two stable Higgs bundles over a compact Riemann surface X and
showed that they correspond naturally to irreducible representations of the fundamental group
m1(X) by solving Yang-Mills equations, which has generalized the earlier works of Donaldson,
Unblenbeck-Yau for polystable vector bundles. Later, C. Simpson|[Si|] obtained the full correspon-
dence for polystable Higgs bundles over complex projective manifolds of any dimension.

As a matter of fact, Simpson correspondence consists of two steps: the first step is the Riemann-
Hilbert correspondence from complex polarized variations of Hodge structures (C-PVHS) on a
complex manifold X to monodromy representations of 71 (X); the second step, ascribed to Simp-
son, is a correspondence from systems of Hodge bundles, which are polystable Higgs bundles with
trivial Chern classes, to C-PVHS.

Recall that a C-PVHS on a complex manifold X is a quadruple (H,V, Fil’, ¢) that consists
of a vector bundle H over X with an integrable connection V, a decreasing filtration Fil' of
H by holomorphic subbundles that satisfies the Griffiths transversality with respect to V, and
a horizontal bilinear form ¢ satisfying the Hodge-Riemann bilinear relation. We call (H, V) flat
bundle and Fil" Hodge filtration. Systems of Hodge bundles are a special type of Higgs bundles

that can be decomposed as a direct sum as follows:
(E,0) = (®ipjenFE™, @ipjmnb™),
where for 1 <i < n, 6% is an Ox-linear map:
0% . BW — BT @ Qx,
and 6% is the zero map.
Starting with a polystable system of Hodge bundles (FE, 8) with trivial Chern classes, by solving

the Yang-Mills-Higgs equation on (FE, ), Simpson obtained a solution guaranteed by the stability

condition, which are called Yang-Mills-Higgs metric A on F; the metric connection of h together



with 6 equips F with an integrable connection V and a filtration F'¢l', while the alternate sum of
h with respect to the Hodge decomposition of E gives a polarization ¢. Therefore, a C-PVHS is

associated to the system of Hodge bundles (F,6).

It has been attempted by many to establish a p-adic Simpson correspondence over a smooth
proper W (k)-scheme X, where k = I_Fp for some odd prime number p. In particular, G. Faltings has
accomplished the first step, i.e., a p-adic analogue of the Riemann-Hilbert correspondence. The
p-adic analogue of C-PVHS introduced by Faltings in [Fal is a quadruple (H, V, Fil’, ¢), which we
call Fontaine-Faltings module, consisting of a vector bundle H over X with an integrable connec-
tion V, a decreasing filtration F'il' of H with length n that satisfies the Griffiths transversality,

and the relative Frobenius map ¢ which is horizontal and satisfies p-divisible property.

Moreover, when n < p— 2, Faltings has shown that the category of Fontaine-Faltings modules
E)JTS[%W] (X) is equivalent to the category of dual-crystalline sheaves, which is a full subcategory of
the category of étale local systems over the generic fiber X°. These results are geometric analogues
of the arithmetic ones obtained earlier by Fontaine-Laffaille [FL| on the category of integral p-
adic representations of a local Galois group, and can be regarded as a p-adic analogue of the
classical Riemann-Hilbert correspondence. We have been motivated to build a p-adic Simpson
correspondence by studying relations between Fontaine-Faltings modules and systems of Hodge
bundles. In the thesis, we are aimed to establish a correspondence from systems of Hodge bundles

over X to Fontaine-Faltings modules.

We work inductively on Wy, (k) := W (k)/p" instead of on W (k). Let X; be a smooth projective
scheme over k with Wa(k)-liftings. Our work begins with an explicit construction of the inverse
Cartier functor from the category of nilpotent Higgs bundles of order less than p over X; to the
category of flat bundles with nilpotent p-curvatures of order less than p over X;. The inverse
Cartier gives an equivalence between the two categories. The same equivalence has also been
obtained by Ogus-Vologodsky [OV] abstractly by using Azumaya algebras; the inverse Cartier in
[OV] is different from ours only by a minus sign. We will construct the inverse Cartier in two steps:
first, locally define the inverse Cartier functor; second, define transition morphisms to glue the
local inverse Cartier functor into a global one. The definition of the transition morphisms makes
use of an important lemma of Deligne-Illusie, which roughly says that the obstruction to the
lifting of the absolute Frobenius morphism of X1 /k to a Wa(k)-lifting X» lies in H* (X1, FjTx, ).

An advantage of our method is that one can see immediately that the inverse Cartier functor



has a close relation with the Fontaine-Faltings modules, since the transition morphism in some
sense can be viewed as a characteristic-p version of the Taylor formula appeared in the definition
of Fontaine-Faltings modules. In fact, our idea arises from the interpretation of Fontaine-Faltings

modules and our construction is designed to be related to Fontaine-Faltings modules.

Furthermore, we construct explicitly the inverse Cartier over W, (k), whose existence seems
unclear from the method of Ogus-Vologodsky. A significant observation in our construction is
that to a de Rham bundle (H,V, Fil') over X,, we can associate a twisted flat bundle (H, V)
which has p-connection and can be viewed as an intermediate object between (H,V, Fil") and
the associated graded Higgs bundle Grp; (H,V). Actually, the key point is that the twisted
flat bundle (H,V) can be reconstructed from Grg; (H,V) and the reduction modulo p"~' of
(H,V,Fil") . Such a type of twisted flat bundles, due to the p-divisible property, has already
appeared in the formulation of Fontaine-Faltings module. To obtain the inverse Cartier functor,
we fix the Frobenius pullback of the twisted flat bundles as local models and glue them by Taylor

formula.

Once the inverse Cartier functor over W, (k) becomes available, the notion of periodic Higgs-de
Rham flow comes up naturally, and we prove that the category of periodic Higgs-de Rham flows is
equivalent to that of Fontaine-Faltings modules. Therefore, we obtain a p-adic Simpson correspon-
dence in some sense. In the characteristic-p case, beyond the scope of this thesis, a correspondence
involving stability has been further developed in [LSZ|, where the notion of strongly semistable
Higgs bundle is introduced and it is shown that a Higgs bundle is preperiodic (become periodic
after some steps) if and only if it is strongly semistable with trivial Chern classes; moreover, it
is proved that for a system of Hodge bundles of rank < p, semistability is equivalent to strong
semistability. The latter has also been proved by Adrian Langer independently with a slightly

different approach (see [AL1]).

In the end, we would like to mention that the concept of Higgs-de Rham flows in the characteristic-
p case has played an important role in Adrian Langer’s proof of Bogomolov-Giesecker inequality
and Miyaoka-Yau inequality in characteristic p (see [AL2]).

The thesis is organized as follows. In Chapter 2, we briefly review Faltings’ theory [Fal. Section
2.1 is on the category QJ?S[VOJL] (X); Section 2.2 is on the periodic ring BT (R); Section 2.3 is on the

functor from DJTS[VO’R}(X) to the category of representations of 71(X?), in particular, it is shown

to be fully faithful.



In Chapter 3, we discuss the inverse Cartier functor and Cartier transform functors in cha-
racteristic p. The construction of the inverse Cartier functor and Cartier transform functor are
given respectively in Sections 3.1 and 3.3. A discussion on the relation of the inverse Cartier and
Fontaine-Faltings modules is made in Section 3.2. In Section 3.4, we show that our construction
is equivalent to the one of Ougs-Vologodsky up to a minus sign.

In Chapter 4, we discuss periodic Higgs-de Rham flows in characteristic p. In Section 4.1, we
introduce the notion of periodic Higgs-de Rham flows and show that a 1-periodic Higgs-de Rham
flow is equivalent to a strict p-torsion Fontaine-Faltings modules. In Section 4.2, we generalize this
equivalence to the case when the period-1 condition is dropped.

In Chapter 5, we generalize the results from Chapters 3 and 4 to the Wy-level. In Section
5.1, we construct the inverse Cartier functor in the Wj,-case. In Section 5.2, we discuss periodic
Higgs-de Rham flows in the W,,-case.

In Chapter 6, we discuss rudimentary results of our theory. What is worth mentioning is the
full faithfulness of the grading functor in Theorem 6.0.7.

This thesis is a part of the joint work with my supervisor Prof. Kang Zuo and Prof. Mao

Sheng.



2 Falting’s theory

2.1 IN§ categories

Let k := F, for some prime p > 2, V.= W (k), and K be its fraction field. We call a V- algebra R
to be small if there exists an étale map V[Tlil, e ,le] — R. Let R be a small V- algebra and
R be the normalization of R over the maximal étale extension of R[%]. Denote by R (resp. ﬁ) the
p-adic completion of R (resp. R).

First recall the categories MFpiy(R), MF(R), MFY (R) from [Fa]. Since R is a smooth V-
algebra, we can choose a semilinear endomorphism  : R — R such that it is a lift of the absolute
Frobenius of R/pR. Note that ® induces a map d®. : Qp/y Qre R — Qr/v Or ﬁ, which is
divisible by p. An object of MF;x(R) consists of a p-torsion R-module M (here p-torsion means
every element is annihilate by p" for some n > 0 ), a sequence of p-torsion R-module F*(M), and
sequences of R-linear maps F'(M) — F=Y(M), F{(M) — M, and ¢' : F{(M) ®pe R — M,

subject to the following conditions:
i) The composition F*(M) — Fi=Y(M) — M is the map F*(M) — M,
ii) The map F*(M) — M is an isomorphism for i < 0;
iii) The composition of ¢~ with F{(M) — F=1(M) is pp'.

Morphisms between objects are morphisms of R-modules satisfying obvious conditions, and this
makes MFp;q(R) an abelian category. We define M as @F(M) modulo an equivalent relation.
The equivalent relation is as follows: for m € F'M, the image of m in F'(M) — F'=Y(M) is
equivalent to p-m € F'(M). Now axiom iii) is equivalent to the fact that ¢ induces a ®-linear

map M — M, or an R-linear map

@:M@R’¢R—>M.



Remark 2.1.1. The image of R under ® may not be contained in R. However, for p-torsion
module M, it makes sense to say M ®pr e R. In fact, if M is annihilated by p", then M is a
R/p"R-module. As R/p"R = R/p"R, ® induces a map ®,, : R/p"R — R/p"R. So M ®gre R is
defined to be M ®@g/pnr, ¢, R/p"R.

We define MF(R) as the full subcategory of MFy;,(R) whose objects are tuples
{M,F'(M), ¢}

such that M and all F?(M) are finitely generated p-torsion R-modules; F*(M) = 0 for i < 0;
F{(M) — F*=Y(M) — M are injections; and ¢ induces an isomorphism M®p ¢ R — M. MF(R) is
an abelian subcategory of 9§y (R). Note that MMF(R) depends on the choice of the Frobenius-lift
D.

Next we introduce integrable connections: an object of MF™ (R) is an object {M, F*(M), p}
of MF(R) together with an integrable connection V : M — M ®g Qg such that it satisfies

Griffiths-transversality :
V(F'(M)) C F"Y(M) @R Qpyv,
and the maps ¢’ : F'(M) ®p ¢ R — M are parallel. Being parallel means that

dd, , -
) )oV : FY(M)®pae R— F''(M)®r Qpyv.

Voy' = (¢ ' ®g

Another way to look at this is that V on M induces an integrable connection V on M ®g ¢ R, as
follows: For m € F*(M), m ® 1 is mapped to (1 ® %)(V(m)) € F'"Y (M) ®ra Qr)v-

Then the parallel condition is equivalent to that ¢ : M ® Rr,® 8 — M are horizontal. We can
easily see that the connection on M & Rr,® R is nilpotent, so it follows that V is nilpotent.

For integers a < b, we define EUI&[VM] (R) as the full subcategory of 9MF" (R) consisting of
objects with F@(M) = M, F**!' = (0). We claim that for b — a < p, the category EITZ%[VM] (R) is

independent of the choice of P.

Theorem 2.1.2. Assume 0 < b—a < p—1, and p > 2. Then for any two choices of ® there
is an equivalence between the corresponding categories SUIS'[VQ B (R). These equivalences satisfy the

obvious cocycle condition, so that up to a canonical isomorphism 93?3’[2 b](R) 1s independent of the

choice of ®.



Proof. We may assume that a = 0, b = p — 1. Suppose we have two Frobenius lifts ® and ¥, we

want to define an isomorphism
a:M@R@R%M@R,\PR.

Choose local coordinates {t1,...t4}, i.e., an étale morphism V[t1,...,t4] — R. Let 0; = % denote
the dual base of R-derivations. Via V these operate on M, and for any multi-index J = (j1,. .., jq)
we get an endomorphism V(9)7 £ (Vg, )7t -+ (Vg,)’ of M. Also (®(t) — ¥(¢))’ denotes the
monomial H?:1(<I>(ti) —W(t;))7, it is divisible by pl’l, [.J| = 1 + - - - + jq is the order of .J. Finally
J =1l g4

Now for m € F*(M) viewed as an element of M , its image under « is given by the formula
J

Here V()7 (m) is considered as an element of F™{04=I/I}()Mf), and the sum is over all multi-
indices J. Note that the terms (®(¢) — W(¢))’ /(J! - p™{I7li}) are elements of R and converge to
zero in the p-adic topology, so that the sum is finite.

Finally we can verify the following properties:

e Using the Taylor’s formula : ®(r) =Y, ¥(d7(r)) @ (®(t) — ¥(t))’ /J! for r € R, we see that

« defines an R-linear isomorphism from M ® Rro I to M® rw It
e For three different Frobenius-lifts &1, ®o, ®3 the a’s satisfy transitivity;
e « is independent of the choice of local coordinates t¢1 ..., tg;
e « is parallel with respect to the connections.

O]

As an application of the above theorem, we can define smg[va’b] (X) for any smooth V-scheme
X, by gluing the data obtained from local Frobenius lifts ®. So an object of imS[V(Lb] (X) is a
globally defined de Rham bundle (H, V, F'il") such that for each affine open sets U with a choice
of Frobenius lifting Fy; : U — U, there is a morphism ¢g; and for difference choice of open
subschemes and Frobenius liftings, the g ’s are related by the Taylor formula. We call objects of

DJTS[VM] (X) Fontaine-Faltings modules.



2.2 The period ring B*(R)
We have the following lemma (|Lo| Corollary 2.3).
Lemma 2.2.1. The absolute Frobenius map R/pR — R/pR is surjective.

Proof. Let K denote an algebraic closure of K, and V be the integral closure of V. Let Ry be
the subring of R, generated by p-power roots {ﬂip%|n € N,1 <i <d} over R®y V. We see
that the absolute Frobenius map on R /pRs is surjective. By Faltings’ almost purity theorem,
R is almost étale over Rs. It implies that the absolute Frobenius map on R/pR is an almost

isomorphism (see[GR] Theorem 3.5.13). That is for € R, there exists y, 2 € R, such that
1
pz-z=y"+p-z.

Set,
Then we have

As R is integrally closed, w € R, then
1
r=wl+p2 -z
Apply the same trick to z, we obtain u,v € R, such that
1
z=uf 4+ p2 -0,

So we have

1
z = (w+ p2u)’ mod p.

We will construct BT (R) following Fontaine’s method. Consider the ring
S = hgn(R/ pR).

Where the limit is taken over a projective system of rings indexed by N, with all transition-maps

R/pR — R/pR given by absolute Frobenius maps. So elements of S are sequences {r,, € R/pR|n €



N} such that r, = r? 41- Since S is a ring of characteristic p, the absolute Frobenius map Fr is

bijective on S.

We now form the ring of Witt-vectors W (.S). And we can define a homomorphism 6 : W(S) —
R as follows: if [s0, 81, - - -] is an element of W (.S), with each s,, as a sequence {s,;, € R/pR|m > 0}.

Lift the sy, to elements ry,, of R, and consider

pm— m—2

m 1 — —
rgm +p-ri, +p2-r§m + ™ T € R/pm+1R.

when varying m these form a compatible projective system, hence we obtain the desired ring-
homomorphism W(S) — ﬁ Since the Frobenius is surjective on R/pR, then @ is surjective. We
denote by I the kernel of 8. Note that I is a principal ideal. If we choose a sequence of p-power
roots of p in V' C R, that is {v,,n > 0}, with 1y = p, and v, = 1/£+1. Then reducing the v,
modulo p, we define an element p € S. Similarly we define an element —1 € S, by taking p-power

roots of —1. Let £ = [p, (=1),0,0,...]. Then I is generated by &.

Now we construct the divided power hull D; (W (S)). Then BT (R) is defined as the completion
of D;(W(S)) with respect to the topology defined by the divided power ideals. So it is a BT (V)
algebra, which in turn is an algebra over V. And the Galois-group Gal(R/R) operates continuously
on B*(R). Note that the Galois invariant of BT (R) in general is not equal to R. And by the same
calculation as in [FL|, the Frobenius Fr can be extended from W(S) to B*(R). We define a
decreasing filtration " on BT (R) by defining F™ to be the n-th divided power ideal of I. Then
B*(R) = lim B*(R)/F"(B*(R)). And gr'h(B*(R)) = R.

There exists a canonical map « : Z,(1) — BT (R)* defined as follows : Z,(1) can be described
as the multiplicative groups of sequences of p-powers roots {(,,n > 0}, with ¢, = (¥ 41- The
reduction modulo p of such a sequence defines an element ¢ of S, and by Teichmiiller lifting we
can associate [(,0...] € W(S) to it. Note that « is Galois equivariant, and ¢(a(x)) = a(x)?. Also
a(Zy(1)) C 1+1, so taking logarithmic defines an additive map 3 : Z,(1) — F!. Again 3 is Galois
equivariant and ¢(5(z)) = pB(x). If  is a generator of Zy(1),then @ € BT (R), and 6 maps it

71 . .
to an element of the form w - pr—1, where u is an unit .



2.3 Functors between Fontaine-Faltings modules and Galois

representations

First we are going to define a functor from DJI&V(R) to the category of Galois-representations
as in |FL| does. Let D = B“‘(R)[%]/B“‘(R), it has a filtration F(D) and the maps ' = Fr/p’
are from F*(D) to D. But it is not in My, (R), because there is no natural R-module structure.
However, as R is naturally contained in BT (R)/F!(BT(R)), and as R is smooth over V, we can lift
the inclusion above to a V-linear map R — BT (R). Furthermore, as F'(B*(R)) admits divided
powers, for any R-module M with integrable connection, the tensor product M ®g BT (R) is up to
canonical isomorphism independent of the choice of the lift, by applying Taylor formula similarly
as Section 2.1. To any object M € MFY (R), we can associate an object M ®r BT (R) with a
filtration. As (M ®p.e R)®r BT (R) is canonically isomorphic to (M ®g B*(R))~®B+(R)7Fr BT(R),
it follows that the map ¢ : M ®pe R — M induces a map (M @ BT(R)) — M ®g B*(R).
So we can define D(M) = Hom(M ®g B*(R), D), where the homomorphisms are B*(R)-linear,
preserve filtrations and commute with the ¢’s.

We want to define an action of the Galois group I' éGal(E[%]/R[%]) on M ®r BY(R). If
we choose local parameters {t1,...,%4}, the action on the p-power roots of the {¢;}, defines a
homomorphism I' — Z,(1)4. For ¢ € T, we denote the components of its image by o; € Z,(1), we
may apply the homomorphism S defined in section 2. If we let 9; denote the derivation dual to
dlog(t;) = %Z Then we associate ¢ a vector fields valued in B*(R), by 7(c) 2 3" 0;5(c;). Then
o € I defines a map exp(V,(,)) from M to M ®p B*(R). Since I acts on BT (R), we extend the
above to a I action on M ®r BT (R) compatible with the action on B*(R). This also defines a
Galois-action on D(M).

In summary, we define a functor D from the category EITIS[%,p%](R) to the category of Z,-I"

modules.
Lemma 2.3.1. suppose M € QJTS[VO p—2)(R) then:

1. if pM = (0), L is an IF,,-I" module, and we have a map L — D(M) which does not factor over
D(M/N) for any nontrivial quotient M /N of M in M € 93?3[%’1)72] (R). Then rankg/p,r(M) <

dimg, (L), and equality implies L = D(M).

2. The same holds for arbitrary M € 93?3[%719_2](]%) and finite Z,-I' modules L, provided we

10



replace dimg, by length 7, and rank by length after localization in the prime-ideal pR.

We define an adjoint functor E of D by the rule E(L) = hg{M]L — D(M)}, where the
direct limit is taken over all pairs consisting of M € 93?8‘7071772} (R) and amap L — D(M), and the
transition maps are the obvious ones. It is enough to consider pairs such that the map does not
factor D(M/N) for a nontrivial quotient M /N of M, and these form an ordered set. By lemma
2.3.1 this ordered set has a maximal element which we call E(L), and we know that its length
is less than or equal to the length of L, with equality holding only if L = D(M). Quite formally
it follows that Hom(M,E(L)) = Hom(L,D(M)), where the left side denotes a homomorphism
in mg[v&pfz}(}z), and on the right side we have the Galois linear maps. As E is left exact, and
D is faithful, it implies that the map 7 from M into E(D(M)) is always injective. By the length
inequality, we derive that 7 is an isomorphism, and so D is fully faithful. Finally the image of
D consists of those L such that the length of E(L) is equal the length of L. As we have always
the length inequality, and as E is left exact, it follows that the image of D is closed under taking

subobjects and quotients, which we call dual-crystalline representations.

Theorem 2.3.2. D induces an equivalence between img[%’p_ﬂ (R) and the full subcategory of finite
Zy-I" modules whose objects are dual-crystalline representations. This subcategory is closed under

taking subobjects and quotients.

Assume that X is a proper smooth V-scheme. Cover X by open affine subschemes Spec(R)
with R small. The categories img[Z’H] (R) are glued to a category fmg[v&pfz} (X), and the functors
D associate to each object of this category a compatible system of étale sheaves on spec(R[%]).

These can be glued into a locally constant sheaf on X ®y K. It follows that

Theorem 2.3.3. Suppose X is a proper smooth V-scheme. There exists a fully faithful contrava-
riant functor D from DﬁS[VO p—2] (X)) to the category of locally étale p-torsion sheaves on X @y K.
The image is closed under taking subobjects and quotients. Locally D is given by the procedure

above.

11



3 Inverse Cartier and Cartier transform in

char p

Let X7 be a smooth connected algebraic variety over k of dimension d. Let Wo := Wy (k). Assume
that X7 has a Wa-lifting, i.e., a smooth Ws-scheme Xo with closed fiber Xj.
A Higgs bundle (F, ) over X is a vector bundle E with an integrable Higgs field 0, which is

an Ox,-linear morphism

0:E— E®Qx,.

Locally over an open affine subscheme U C X; with local coordinates {t1,--- , ¢4}, the Higgs field
6 can be written as § = Y 0;dt;, where 6; = 0, 10 is an endomorphism of E. The integrability of
the Higgs field is then equivalent to the commuting relations [6;,6;] = 0 for 1 <7 < j < d. And
We say that the Higgs bundle is nilpotent of order less than p, if H?:l O;j =0 once Z;lzl ij > D.
Let HIG,—1(X1) denote the category of Higgs bundles of order less than p over Xj.

A flat bundle (H,V) over Xj is a vector bundle H with a integrable connection V, which is

a k-derivation

VZH—>H®QX1.

We recall some basics on connection and curvature. Take a local basis ey of sections of H over
U. Then over U, V = d + Ay, where Ay is a matrix-valued one-form given by V(ey) = Apey.
More precisely, the formula means that for a local section s = syey of H over U, where sy is a
row vector with elements in Ox, (U), one has V(s) = dspyey + sy Apey. Let Ay, be the connection
one-form of V under another local basis e;; = Mey of H over U, where M is an invertible matrix

with entries in Ox, (U). Then one has the transformation formula:

p=dMM '+ MAg M.

12



Finally, the curvature K of V is defined to the composite
1
H- He Oy, ~ Ho %,

where V1(h ® w) = V(h) Aw + h ® dw. Note that K is Oy,-linear and under the local basis e/
of H over U is expressed by the formula Ky = dAy + Ay A Ay. We say that the connection is

integrable if its curvature is zero. Let MIC(X;) denote the category of flat bundles over Xj.

3.1 Inverse Cartier

Now we proceed to the inverse Cartier functor C|° ! from the category HI Gp—1(X1) to the category
MIC(X,).

Let (E,0) € HIG, 1(X1), we construct (H, V) := C{*(E, ) as follows: take an affine covering
U = {U.}aer of Xo, whose closed fibers U = {U, }aer form an affine covering of X;. Note that
over each U/, we can take a lifting F,, : U} — U/ of the absolute Frobenius Fy : U, — U,. The

composite of Oy, -morphisms

1
dF. [p
F;QU& - pQUl/l = QU

e

descends to an Oy, -morphism
dF,
—2. FJQUQ — QUa'
p
Consider the vector bundle H, := Fj(E|y,) over U,, where E|y, denotes the restriction of £

over U,. Define a connection V, on H, by the formula

dF,
va = vcan + 7(F59)7

where V., is the canonical connection on H,, i.e., the sections of F{, 1 (E|y,) are horizontal under
vcan-

Lemma 3.1.1. The connection V,, on H, is integrable.

Proof. As 0 is integrable, i.e., 0A0 = 0, it follows that Fij(6) AF§(0) = F§(0A0) = 0. Furthermore,

2

dFa * dFa * dFOt * ES
—2(Fg0) A —"(F50) = (/\ —>)(Fg0 A F36) = 0.
p p p
It is left to show that d(%(FS‘ 0)) = 0. This is done by local computation: by definition, for
w e QUQ,
dF, 1
—2(Fw) = —(dF,(Fw")),
) (Fow) [p]( (Faw')

13



where w' € Qu is any lifting of w. Then

dFy,

1
do , —2(Fjw) =do — —(d o dF,(Fxw")).

(dF, (Fow')) = 5

[p]

We may write w’ = >~ fidg; for f;, g; € Oy . Then

d(dF,(Fw') ZdF*fl Nd(Frgi) € p*Qp = 0.

Thus d(d%(Fgw)) = 0. Clearly it follows that d(d%(Fa‘G)) = 0. The lemma is proved. O

Thus we have defined a local flat bundle (H,, V) over each U, € U. In order to glue them

into a global one, we need to provide a set of isomorphisms
{Gap € Iso (Halu,,, Hlu,,) = Aut(Fy Elu,,)},
where U,g := U, N Ug, satisfying
(i) the bundle gluing condition over Uygy := Uy N Uz N U,:

GpyoGap = Gay;

(ii) the connection gluing condition over Uy,ga:

Vo Gag = (Gag ®id) o Vg.

We shall need a lemma of Deligne-Illusie,

Lemma 3.1.2. There are homomorphisms hap : FgQu,, — Ou,, satisfying the following two

properties:

. — dF
(i) over Fy 'Qu,,,, we have % — 2 =dhag ;

(ii) the cocycle condition over Uagy: hap + hgy = hay

Proof. Consider the Wa-morphism G : Z, — U4 := U, N Uy sitting in the following Cartesian

diagram:

Ga

s/
lza

/ Fa /
UOC UOC’

14



where i/, is the natural inclusion. By reduction modulo p, we obtain the following Cartesian square

Zo =2 U,y

Jd

Uy —2 U,.
Thus we see that Z, is Uyg and G : Z!, — U/, is a lifting of the absolute Frobenius Fy over Uy,g.
Similarly for (Ué,Fﬁ), we have G : Zé — U(;ﬁ which is also a lifting of Fy : Uyg — Uag. Now
we apply [Il, Lemma 5.4] to the pair (Go : Z, — Uy, Gp : Z — Ul g) of Frobenis liftings of
the absolute Frobenius Fjy on U,g, we get the homomorphisms hqg : FO*QUW — Oy, 5 such that

dF,, dFg .
o — T2 = dhog and hag + hgy = hay. O

By the lemma, we have an Oy, -linear morphism hag(Fg0) : FiE|y,, — FiE|v,,. By the

assumption on the order of the nilpotent Higgs field 6, the morphism

Gop = explhas(Fy )]

hag(F50))"
T

is well-defined and in fact equal to the finite sum Zf;ol ( > . clearly G,g is an isomorphism

with exp[—hap(Fy0)] to be its inverse. Now we can use the {Gap : Halv,, = Hplu,,} as the

gluing isomorphisms for { H, }aerr- Then we have the following:

Theorem 3.1.3. The local flat bundles {(Ha, Va)}acu are glued into a global flat bundle (H, V)

via the isomorphism {Gapg}.

Proof. The proof is divided into two steps.

Step 1: Bundle gluing. We show the cocycle condition holds, i.e.,
GB'Y © Gaﬁ = GO&"/? VCK, /87 Y-
By direct computation,

Gy oGop = explhs,(F30)] explhas(Fi0))

It follows from the integrability of the Higgs field that the two morphisms hog(F;6) and hg. (F;0)

commute with each other. Thus

Gpy o Gag = exp|(hgy + hap) (F(0)] = explha, (F(0)] = Gany,
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where the second equality follows from Lemma 3.1.2 (ii).
Step 2: Connection gluing. We show that the local connections {V} coincide on the overlaps,

that is

(Gag & id) oV, = Vg o Gag, Va, (.

It suffices to show

dr,

dF,
; (Fg0) = G} 0dGas + G o =2

F50) o Gup.
p(o) B

We see that

G50 dGap = —dG_} 0 Gag = dhap(Fy0);

And as G, commutes with %(Fg ) due to the integrability of the Higgs field,

dF, dF,
Gop o —L(F50) 0 Gag = —L(Fy0).
p p
So
dF, dF, dF, , .
G hodGas+Goho pﬁ (F30) 0 Gop = dhas(F30) + T’B(FS‘G) = = (R0),
where the last equality uses Lemma 3.1.2 (i). O

Definition 3.1.4. By the above construction we define the inverse functor C’fl HIG, (X)) —

MIC(X) which maps (E,0) to (H,V).

Remark 3.1.5. The isomorphism class of C 1(E, ) depends on neither the choice of an affine

covering U’ of X5 nor the choice of Frobenius liftings. However, it does depend on the choice of

Wo-lifting of Xj.

3.2 Relation with strict p-torsion Fontaine-Faltings modules

Now suppose that X is a smooth proper scheme defined over W (k). Denote by X; (resp. X2) the
reduction modulo p (resp. p?) of X .

Let (H,V, Fil’, ) be a strict p-torsion object annihilated by p of smg[z,n] (X), where n < p—1.
As a strict p-torsion object, (H, V) descends to a flat bundle over X, still denoted by (H, V).
Let (E,0) := Grgqy-(H,V) be the associated graded Higgs bundle over Xi. Let (Hegp, Veap) :=

cy 1(E ,0), where the inverse Cartier C° 1is defined with respect to X. We have the following:

16



Proposition 3.2.1. ¢ induces an isomorphism
@t (Hezp, Veap) = (H, V).

Proof. We choose a small affine covering {U,} of X together with Frobenius lifting Fy  over each
ﬂa, where I:Ta denotes the p-adic completion of U,. Denote by U/, and F,, (resp. U, and Fp) the
reduction modulo p? (resp. p) of U, and Fy

Recall that for each pair (U}, Fy), ¢ induces a local isomorphism:
@Fa : H€$p|Ua = FJ(E‘U&) = H|Ua

Here note that £ = H , which has already appeared in the definition of Fontaine-Faltings module
and this identification is only true for strict p-torsion object. Then the isomorphism ¢ is obtained
by gluing the set of local isomorphisms {¢g, }.

Step 1: Bundle isomorphism. By choosing a local basis e of sections of E over U,g, we are

going to show that over Uyg,
Pr.(Fge) = @ry © Gap(Fpe).

Choose a coordinate {t1,---tq} of Uyg. For a multi-index j = (j1,--- ,ja), we put

0% = (D4, 0)7" -+ - (D, 20)9,

d

. . I, - F
2 = Hzl]l’ where z; = <M> (Fote)-
1:1 [Pl

As @ is horizontal under V, according to the Taylor formula, we have

F * i~ = %/ zl *
by (Fye) =5 0 | 1+ > F5(65)- i (Fre).
l7]=1 =
So it suffices to show
Gap =1+ > Fj(65)- T (3.2.1.1)
l7]=1 =
As
d
has(F30) = Fg (0 0)hap(Fgdty),
=1
and

Fo — Fp

hap(Fydt)) = < »

) (Fty) = =1,
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it follows that

(o (F§0))' _ (S F5(0u0)2)' _ 5~ Fi (0t

i! il

Recall that

then (3.2.1.1) follows.
Step 2: Connection isomorphism. We need to show that under the above isomorphism, the
connection Vg, on Heyp is equal to the connection V on H. Take any section e of E over U,.

And set 6; := 0(0t;). By the horizontal property of ¢, we have

V]er, (Fye)] = ¢, © ZFoel (Fgdt)| (Fge).

Veap(Fye) = ZFoel Fodtl) (Fge),

it follows that

@F. (Veap(Fpe)) ZFO 91 Fo dty)| ¢r.(Fye) = V[pr, (Fye)l.

3.3 Cartier transform

In this section we proceed to another direction, the Cartier transform functor C from the category
of flat bundles with nilpotent p-curvatures of order less than p to the category of Higgs bundles.

Let (H,Vg) be a flat bundle on X; whose p-curvature map
bu : FyTx, — End(H)

is nilpotent of order less than p. We construct (£, 0) := C1(H, Vg) as follows:
First, choose an affine covering U" = {U/, }ner of X2 and Frobenius liftings F,, : U, — U, for
all « € I as before. Also recall the map

dF,
Ca = FSQUQ — QUQ.
p

By lemma (3.1.2), we have a section hqap of Fj(Tx,) over Uyg such that

dhaﬁ = Coz - Cﬁ‘

18



Let Hy := H|u,, Yo = Yulu, and V, := Vg|y,. We define a new connection V), on H, as

follows:
vix =V,+ goc("poc)‘
Set

Jag = eXp(’(/JH(hag)) S Aut(H|Uaﬂ).
Obviously, it satisfies the cocycle condition
Joy 0 Jap = Jay-
So we can use {Jap : Hy — Hp} to glue {H,} into a new vector bundle H'.

Lemma 3.3.1. {V/} are glued into a connection on H', denoted by V'; The p-curvature map

ot 45 also glued into a morphism x, — En , still denoted by 1.
Y Iso glued h FyTx, — End(H' ld d by ¥

Proof. We first prove the gluing condition for V’. It suffices to show

Ca(¥u) = J;,Bl odJas + J;gl 0 (g(Vm) o Jap-

However we see that

Jidodlag = —dJ k0 Jog = AW (hap)) = Ca(r) — Ca(tm),

and
Tog Cs(r) Jap = Co(¥m).
So

dJapd g + JapCa(m) o5 = Ca(¥m) — Ca(vm) + Cp(vbm) = Ca(¥m).
Next, we show the gluing condition for ¥ . It suffices to show that
Yidag = Japm.
This is obvious. O
Lemma 3.3.2. The p-curvature map ¢y of V' is a zero map.

Proof. It suffice to check locally over each U,. Set &, := Oy, ® FjQy,. We define a connection

on &, :
Ve, :Ea —— &a ® Qu,

(fLg®w) — (df +9® ¢ (10w),(1®w)®dg),
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for f,g € Op,, and w € Q.

To calculate its p-curvature map g, : FjTy, — End(&,), we choose coordinates {ti---t4}
for U,. When restricted to the first component O, Y¢, is a zero map, because Vg, is just the
canonical connection.

For w = dt; € Qu,,,
0,
Ve (10 0t) (1@ dty) = (Ve (06)P(1 @ dty) = ()7 (O ol @ dty)) = =335
where 0;; = 1 if i = j, otherwise J;; = 0. So we have

¢5a(fag®w) = _(970)®w

Let S<P(Qu,) == D, S'Qy, . Extend the connection Vg, to a connection Vg, on F§(S<P(Qu,))
by Leibniz rule. It is easy to see that the p-curvature map g, of Vg, is as follows: for w &
S<P(Qu,),

Y0, (1@ 0t;) (1 ®w) = —1 ® Oty w.

Vaq, induces a dual connection Vr, on Ty := Fj(S<F1y,) == @D, F3(S'Ty,).
To calculate the p-curvature of Vi, , we need some calculation about V7, . Let fir = 0t (0 (1®

dt;), 17 denote the unit in 7,, and 1o denote the unit in Fg(S<PQy, ). Then

<V, (8tk)(1T), lg >=—<17,Vq, (6tk)(lg) >=0,

<V, (6tk)(1T), 1®dt; >=— < 17,Vq, (atk)(l & dti) >= —fik,

and for m > 1

< VTa (8tk), 1® dtil cee dtim >= 0.

So
Vi, (0ty)(17) = Z —fir ® Ot;. (3.3.2.1)

Now we calculate the p-curvature map 7, of VTa.
<1, (1@ 0t,) (1@ (9t1) - - (Otg)'), 1 @ (dt1) - - - (dtg)Ie >
= < [Vg, (0t)P(1 @ (Ot - -+ (Otg)i4),1 @ (dty)Ir - - - (dtg)Ie >
=—<1® (0t1)1---(0tg)',[Va, (0te)P(1 @ (dt1 )1 - - - (dty)?) >
=— < 1®(0t1) -+ (0tg), g, (1 ® Ot) (1 @ (dty)7t - - - (dtg)?d) >
= <1® (Oty) -+ (0ty)", 1 @ Otpo((dt1)?t - - - (dtg)e) >
= < 1@ty - (Ot1)1 -+ (Otg)'d, 1@ (dt1)1 - (dtg)e > .

)
(
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So for 7 € Ty, v € Fi(1v,),

Yr(v)(r) =v- T (3.3.2.2)

Let FjTy, act on 7T, via the map 9r,, then the action can be naturally extended to an action of

Lo := F;(S<P(Ty,)) on Ta. L4 has a natural ring structure induced by the following isomorphism,
‘CO( = FO*<STUO()/I7

with I the ideal Fj(S=PTy, ) := @, Fi S'Tu,.

By (3.3.2.2), this action is just the multiplication map. So 7, is a rank 1 free module over L,
with basis 1. On the other hand, £, acts on H, via the p-curvature map 1),. Now we consider
the following Oy, -module:

Home, (Ta, Hy).

There is a natural isomorphism:
)\a:%omﬁa(uaHa) s
¢ — ¢(1r).

12

H

Note that s#om,,(Ta, Hy) has a natural connection @a induced by V1, on 7, and V, on
H,. Via the isomorphism \,, it induces a connection V!, on H,. As L, acts as zero map on
Home, (Ta, Hy), so the p-curvature map ,,of V., is a zero map.

Now we calculate the V/,. For ¢ € #omg, (Ta, Hy), set e = ¢(17). Then

VL (0t)(e) = (Va(0tr)d) (1) = Va(0t) (6(17)) — (Vi () (17))
= Va(0tr)(e) + X0, ¢(fiwdt:) = Va(0te)(e) + X0y ¢, (fadti)(17))
= va(atk) + Z?:l wa(fikati)(ﬁb(lT)) = Voc(atk) + atk—‘Ca (wa(e))~

So V., =Va+ Ca(Va) - O
Now as the p-curvature map 1, of V' is a zero map, we can use the Cartier descend. Set
(B,0) := (H', )"

This is the Higgs bundle as desired.

Remark 3.3.3. The isomorphism class of (E, ) depends neither on the the choice of an affine
covering U’ of X5 nor on the choice of Frobenius liftings. However, it does depend on the choice

of Wo-lifting of X;.
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3.4 Comparison with the construction of Ogus-Vologodsky

In this section, we want to show that our construction of the inverse Cartier functor coincides
with Ougs-Vologodsky’s abstract construction up to a minus sign. In this section we will adopt
the notation in [OV] without explanation.

Consider the following commutative diagram :

X — 2 x® - X,

S

where o is the absolute Frobenius map of .5, Xl(l) is the base change of X7, the composite of F

and 7 is just the absolutely Frobenius map Fy of X;. Similarly denote by UO(}) and U(ilﬁ) respective
the base change of U, and U,z with respect to o.

To compare the inverse Cartier construction, we first recall the inverse Cartier from [OV,
Theorem 2.8]. Given a Higgs bundle (E, ) over X of nilpotent order less than p. Let (E(1), (1)) :=
7*(E,0). Set S := Spec(Ws(k)). By abusing notation, we also use o to denote the absolute
Frobenius on S. Set 7 : X5 1= X3 ®5 S — X5, and 2] = (X1/S, Xg/g)

Then C'g}/y

(EMW, M) is defined to be
— 1
(M, V) =Bay)s ®f,TX1, c(EW).

Now for (U}, F,), let Ua = U, Qo S and ]*:'a be the composite of F, and #~1. There is an

isomorphism
Oq - '%ﬁv"/waa = F*f'TU,gl)’

which induces more isomorphisms
ot M|y, = F*f‘TUg}) &

* 1) ~v *71 *
07 g BV 2 BT Ty, @,

and

@a : F§T Ty, ®p g, "E= F{U'E = FJE.
Let 1o 1= wq 0&,. Under the isomorphism 74, Vs induces a connection V,, on FjE. For any

section e of E over Uy,
Va(0t) (1 ® €) = wa(Var, (17) ® €) = wa(XL, (fir ® Ot;) @ ¢)
= - 2L @alfik @ Ot (€) = — iy fix@a(1 @ bar,(€) = —0tgiCa(8(e)).
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Note that the connection on F{y f‘.TUa in [OV] is different from ours in Section 3.3 by a minus sign.

So
va = vcan - C(Q)a

where V.., is the canonical connection.
On the overlap U,g, 0goo, 1is just the multiplication map by exp(hap), here hop is considered
as a section of F*TU(l). Set
ap
7 -1
Jag =18 015"
then

Tas(1® ¢) = explhap) © 7(c) = exp(—has (F56(c))).

Thus the inverse Cartier in [OV] is equivalent to using the transition isomorphisms

{Jap = exp(—hag(0(e)))}

to glue the local models

{(Ma = F(TE‘UQ7VQ = Vean — Ca(e))}

Clearly this is exactly our inverse Cartier defined in Section 3.1 for (E, —0).
Next we compare the Cartier transform. Also recall the Cartier transform in [OV, Theorem
2.8]. Given a flat bundle (H, V) , whose p-curvature map vy is nilpotent of order less than p,

Cy )9 (H,V) is defined to be

(E(l),G(l)) = L*%omD} (Ba )z, H).
1

/s

Let Dy, /g be the sheaf of algebra of PD-differential operators on Xi. Set Dy, := Dx, /s|v.
and (E,0) := (m~1)*(EM,M). As the p-curvature map vy is nilpotent of order less than p, the

04 induces isomorphisms
. * * D
Me 'E’Ua =y L%ﬂOmFSTUa(FOTUa,H‘Ua) “,

and

v/
Ko o U Hompgry, (F3Tu,, Hlu,)P* = H|p;,

where V!, is the connection on H, := H|y, induced via the isomorphism k, from the connection

on Jomprry, (F3Ty,,, Hy) which is induced by the connection V1, on FjTy, and Vg on H.
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Now the calculation in the proof of Lemma (3.3.2) implies that

Vo =V + Ca(vn).

Set po = Kq © e Via the isomorphism p,, the Higgs field 8 induces a Higgs field 6, on Hzg.
For any section e of H over U, annihilated by V/ and of the form e = ¢(17) for some section

d? S %OmFgTUa (F(TTUQ, Ha)(Ua) )

00 (0tr)(€) = ka(Yu(0tk) 0 @) = = (0tr)(¢(17)) = —u (Otk)(e).

Therefore, Oy := —1y.
On the overlap Ung, set Jog := pg o psL. Then for e € Hy® with e = ¢(17) for ¢ €
Homgsty, (FiTua, Ha)(Ua),
Jap(e) = ¢(exp(hap)) = ¢(Yr(exp(hap))(11))
= exp(Yn (hap))(0(17)) = exp(r (hap))(e)-
Thus

Jop = exp(Pr (hagp))-

So the pullback of Cartier transform construction in [OV], (77 1)*Cy,»(H, V) is equivalent to
using

{Jap = exp(¥r(hap)) }

to glue local models

{(Ba,00) = (Ho, —bp)V>}.

It is just our Cartier transform of (H, V) if the sign of the Higgs field is changed.
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4 Periodic flows in char p and strict p-torsion

Fontaine-Faltings modules

In this chapter, We fix a smooth projective variety X defined over W (k), with generic fiber
XY = X ® Spec(K) and closed fiber X over k. We also denote by X» the reduction modulo p?
of X. For convenience, we fix a small affine open covering {U,} of X, together with an absolute
Frobenius lifting Fy over each U, (the p-adic completion of U,). Denote by U, and Fy (resp.
U’ and F,) the reduction modulo p (resp.p?) of U, and Fy -

From now on, a Higgs bundle always means a system of Hodge bundles:

(E = ®i1jenE",0 = @iy jnd™), 0% :E% - Bt g Q.

4.1 1-periodic flows and equivalence of categories

First, we define the category HB, ¢(X2), abbreviated as HBy, of periodic Higgs-de Rham flows
of length f.

Its object is a tuple (E, 6, Fil, - - - il ¢) with the following properties:
(1) (E,0) is a Higgs bundle on Xj;

(2) Set (Ep,00) = (E,0). For 0 < i < f — 1, Fil; is a decreasing filtration on (H;,V;) :=
Cl_l(Ei,Hi) such that (Eii1,0i41) == Grp, (H;,V;) is a well-defined Higgs bundle. To be
precise, Fil; satisfies that Fil? = H;, Fil?Jrl =0, GTFZ'Z;(Hi) is locally free, and Griffiths

transversality holds. Here C|° 1is defined with respect to Xo;

(3) ¢ is an isomorphism of Higgs bundles

¢: Grpir, |0 CrH(Ep—1,05-1) = (E,0).
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A periodic Higgs-de Rham flow can be represented as the following diagram:

(Ho, Vo) (Hy—1,Vy_1)

2 ey

(Eo, 6o) (Ey,0p).

;

A morphism between two objects is a morphism of Higgs bundles preserving the additional structu-
res. As an illustration, we explain a morphism in the category #B; in detail: Let (E;, 0;, F'il;, ¢;),1 =
1,2 be two objects and

[ (B, 6h) = (E2,02)

a morphism of Higgs bundle. For f be become a morphism in HB1, it is required that :

(1) the induced morphism

CyY(f) - Cr N (Er, 01) — Cp (B, 62) (4.1.0.1)

preserves the filtrations;

(2) the morphism GrCy(f) : Grpilinl(El,Hl) — GrFil-QCfl(Eg,GQ), induced from applying

the grading functor Grg; to (4.1.0.1), fits into the following commutative diagram:

Grpi, 1 (E1, 01) Ny (B1,0)
GrCl_l(f)l lf (4.1.0.2)
GTFil‘ch_l(E%eQ) SN (Ea,02).
We introduce another category QJTS[VOML f(Xz), a modification of Faltings’ category zmg[%,n] (X).
For each f € N, let F,; be the unique extension of F, inside k of degree f. An object in
W§%7n]7f(X2) is a tuple (H,V,Fil,p,.), where (H,V,Fil,p) is a strict p-torsion object in
im%[%,n] (X) and
t:F,r < Endomg(H, V, Fil’, )

is an embedding of [Fj-algebras. A morphism in 93?3%7”]7 7(X2) is a morphism in EDTS[VDJL] (X) com-
patible with the endomorphism ¢ . Clearly, the category W§%7n]7f(X2) for f =1 is just the strict

p-torsion subcategory of smg[%m (X).

Proposition 4.1.1. There is a natural one-to-one correspondence between the Faltings’ category

93?5[%771]71(X2) and the category HB, 1(Xa2).
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To prove the above proposition, we shall need the following lemma which shows a functor GR

from the category 97(8[%7“]71()(2) to the category HB,, 1(X2).

Lemma 4.1.2. Let (H,V,Fil',p) be an object in fm&[%’nm(Xg). Set (E,0) := Grpy (H,V).
Then there exists a filtration Flily,, on CTY(E,0), which together with Fil' and ¢ induces an

1somorphism of Higgs bundles
bexp : Grrar,, (CrH(E,0)) = (E,6).
Proof. In Proposition 3.2.1, we have shown that ¢ induces a global isomorphism of flat bundles
¢:CyYE,0) = (H,V).

So we can define F'il,, on C7Y(E,0) to be the inverse image of Fil' on H by ¢ and deduce

tautologically an isomorphism of Higgs bundles
Gexp = Gr(p): GTFil'Exp(Cl_l(E,H)) ~ (E,0).
O

Therefore, we can define a functor GR : EDIS[VOle(Xz) — HB,1(X2) that maps (H, V, Fil", ¢)
to (E,0, Fil,,,, Pexp)-
Next, we show that the functor Cy ! induces a functor in the opposite direction. Given an

object (E,0, Fil', ) € HB, 1(X2), we define a de Rham bundle
(H,V,Fil') = (C{Y(E,0), Fil").

To produce a relative Frobenius ¢ from ¢, by definition it suffices to associate to each pair (U], Fy,)

an Oy, -morphism

¢F, : FoGrra Hly, — Hlu,,

satisfying the following conditions:
(1) Strong p-divisibility, that is, ¢, is an isomorphism;

(2) @F, is horizontal;
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(3) Over each UyNUp, ¢F, and ¢, are related via the Taylor formula. More precisely, if the gluing

map for H, := H|y, and Hg := H|y, is Gap, then the following diagram is commutative:

. WFaanmUB
F3(Grri- Holvanu,) ———— Halv.nvas

6’aﬁJ, lGaﬂ

F5(Grea-Hgluanu,)  ——  Hgluanu,

s |

" 4PF5 \UamUB
Fy(Grra-Hgluanu,) ——— Hgaluanug,
where éaﬁ is induced by Gag, and £44 is an Opy,nu,-linear map defined by the Taylor formula
as follows: for e any sections of GTFil-Hﬁ\UamUB,

ZE

= k
Eaﬁ(€®1):€®1+ ZGg(e)@pllel,

|k|=1

where k = (ki,--- ,kq) is a multi-index, 2% = J[%, 2 with 2, = Fo(t,) — Fs(ty,), 9% =

i=1%;
(Opy 20)F1 -+ - (By,u0)%a, and {t},--- ,t,} is a system of étale local coordinates of Ugp and a
lifting of the system of étale local coordinates {t1,--- ,tq} of Uys. Note that 2, is independent

of the choice of the lifting of {t1,--- ,t4}.
For H = {H, := FE|y,,Gag}, Gap = €ap. We define ¢p, to be
* F*¢ *

By construction, ¢, is strongly p-divisible, and satisfies condition (1). And as ¢ is globally

defined, we have the following commutative diagram:

bluanug
Grri-Holuanuy, —— Elvanu,

GT‘(GaB)J( l]d

dluanug
Grri-Hplu,nuy, —— Eluanv.-

Pulling back the above diagram by Fj , we get the following commutative diagram:

F(9)luanua
FyGregHalunu, FyE|vanua

Gan | [

. Fy@lanvy
F3Grra-Hglu,nu, ——— o Eluanug,
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Then we extend it to the following diagram

. F§(@lvanvs
FGrig Halvanu, ————— F§Elv.nu,

Gan | |

Fy(D)vanu
F§Grpa-Hglu.ov, ———— FiE|v.nu, (4.1.2.1)

6045\[ J{Ga,g

. B @lvarvy
FyGreg-Hglu,nu, ———— FyEluanu,

As ¢ commutes with 6, we have

Gag o F5(9)(e ®1)=0(e) @ 1+ Ty 5(0() © g
=) @ 1+ X1 6(65(¢)) @ g
~F§(6) 0 2us

So diagram (4.1.2.1) is commutative. Thus ¢, satisfies condition (3).
Lemma 4.1.3. ¢f, s horizontal with respect to V.
Proof. Put H = Grpg H, 0 = Grpi-V, Ya = @F,. By definition, it is equivalent to that the
following diagram is commutative:

FgHly, —~=  Hlu,

F;@l vl

% T7 @a@ld
FOH’UOL ® QUa - H’Ua ® QUa?

where FO’["@ is induced by d%(Fa‘ 0’) via Leibniz rule, i.e., it is the composite map

id dFy

~ F*o’ ~ Q= ~
F(TH’UQ U FJH‘UQ ®FJQUa —4 F;H’Ua ®QUQ.

It is reduced to show the following diagram commutes:

* T7 ngﬁ *
FyH|y, — FyEu,
0 | 2 (£50) | (4.1.3.1)
Fi¢w@id

Fgﬁhja ®QUa FO*E|Ua ®QUa'
As ¢ is a morphism of Higgs bundles, the following diagram is commutative:

Hly, . Ely,

| Jo

~ d
H)y, ® ., 2% Ely, @ Q..
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The pull-back via F{ of the above diagram yields the following commutative diagram:

Fio

FiH|p, FiE|v, (4.1.3.2)

Fge'l Fgel

* T * Fg¢®id * *
FyH|y, ® F5Qu, — FyEly, ® FjQu,

\
\id@d?:
Fypo4ta >

F§E|y, ® Qu,.

dFo %
o Fro

The commutativity of diagram (4.1.3.1) follows now from that of the diagram (4.1.3.2). O

The above lemma provides us with the functor C1_1 : HBp1(X2) — S)JTS[VO n] 1(X32) in the
opposite direction, which maps (E, 0, Fil',¢) to (H,V,Fil',p). Now we can prove Proposition
4.1.1.

Proof of Proposition 4.1. It suffices to check the following relations:
GRoC; '~ 1d, C/'oGR=Id.

First define a natural isomorphism A from C; Lo GR to Id as follows: for (H,V,Fil',p) €

m&%,n],l(Xz), put
(E,0,Fil',¢) = GR(H,V, Fil', ), (H V' Fil",¢')=C "E,0,Fil,¢).
Then we define A(H,V, Fil’, ) to be
¢: (H V') =CtoGrpyg (H,V) = (H,V).
It induces an isomorphism
F;Gr(p) : F{GrH' = F;GrH.
Over each U,, we have the following commutative diagram:

FyGrH 0 I

F;Gr@wa)l l@\ua

PFa

FyGrH —— H.
It is obvious that ¢ preserves filtrations, and is compatible with connections and relative Fro-

benius maps. So ¢ is an isomorphism from (H', V' Fil" ¢’) to (H,V,Fil,¢) in the category
MG )1 (X2).
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Given a morphism in MFY 1 (X2)
[ (H1, V1, Fi, 1) = (H2, Vo, F, 02),
we obtain
CrloGR(f) = Cr'Gr(f) : €7 o GR(Hy) = Hy — Hj = Ci ' o GR(H),

fitting into the following commutative diagram:

_10
CloGR(Hy) = H] L9 gr ool o GR(H,)

AHll l“% (4.1.3.3)

H1 L} H2.

The commutativity of the diagram (4.1.3.3) can be checked locally; Over each U,, it is the con-

sequence of the following diagram:

" FxGr(f "
FyGr(Hilv,) 29 pear(H,),)

@Fa,ll lﬁﬂFa,z

H1 L} HQ,

which follows from the definition of morphisms in EITIS[%’”“(XQ). The diagram (4.1.3.3) implies
that A is a natural equivalence between C; L6 GR and Id.
Second, define a natural isomorphism B from GR o Cl_1 to Id as follows: for (E,0, Fil',¢) €

HBp1(X2), put
(H,V,Fil,¢) =C{ (E,0,Fil',¢) (E',0',Fil",¢') = GR(H,V, Fil', ).
Note that E' = GrC 1 (E),
¢=Crl(¢): CrH(E) = Cr ().

¢’ = Gr(p), and Fil" is the pullback of Fil via .
Now we define B(E, 0, Fil', ¢) to be

¢:E =GrCY(E) 2 E.

We see that C ' (¢) = ¢ is compatible with filtrations, and the following diagram is commutative:

aros (B 2599, g
GrCfl(qb):Gr(gb)l lqﬁ

GreY(B) —2 B
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Therefore B(E, 0, Fil',$) = ¢ is an isomorphism from (E’, ¢, Fil", ¢') to (E, 6, Fil',¢) in the
category HB, 1(X2).

Given a morphism in HB), 1(X2)
g : (B, 01, Fily, ¢1) — (B2, 02, Fily, ¢2),

we obtain GRoCy ' (g) = GrC[ ' (g) : E| — EY. By definition of morphisms in HB,,1(X2), g satis-

fies the commutative diagram (4.1.0.2), which implies that the following diagram is commutative:

Ei GrCy ! (9)

£
B(E1,6‘1,Fil1,¢1)=¢>1l lB(E2,9§7Fil27¢2):¢2
E1 ——g——> E2.

So B is a natural equivalence between GR o C; L and Id. O

4.2 General equivalence

To deal with periodic Higgs-de Rham flows of length greater than 1, we shall introduce an interme-
diate category i.e., the category of periodic Higgs-de Rham flows of length 1 with endomorphism
structure F,,; denoted by HBS . An object of HB/ is a quintuple (E,0, Fil,¢,), where (E, 0, Fil, ¢)
is an object in HBp 1(X2) and ¢ : Fy — Endyp, | (x,)(E, 0, F'il, $) is an embedding of Fj-algebras.

As a direct consequence of Proposition 4.1.1, we have

Corollary 4.2.1. The category img[% n] f(Xg) is equivalent to the category HBY of periodic Higgs-

de Rham flows of length 1 with endomorphism structure ;.
Moreover, we have :

Proposition 4.2.2. There is a one-to-one correspondence between the category HB, s(X2) of
periodic Higgs-de Rham flows of length f and the category HB' of periodic Higgs-de Rham flows

of length 1 with endomorphism structure F ;.

We start with an object (E, 0, Fily, - - - JFily g, ¢) in B, 5(X2). Set
f—1

(G,n) == EP(Ei, 0:),

i=0
where (Eo,0p) = (E,6). As the functor C; ' is compatible with direct sum, one has the identifi-

cation

T
L

CiY(G.n) = CrH(E;, 6:).

i

Il
o
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We equip a filtration Fil' on C; (G, n) by @Zf;ol Fil; via the above identification. Also ¢ induces

a natural isomorphism of Higgs bundles

¢ : GreaCy (G, n) = (G, ).

¢ is defined as follows: because
-1
GreaCy(G,n) = €D Grea,Cr ' (Ei, 6:),
i=0

for 0 <i < f —2, ¢ maps the factor Grpi,(E;, 6;) identically to the factor (Ej11,6;11) and maps
the last factor Grpi,_,(Ey-1,07-1) isomorphically to (Ep,6p) via ¢. Thus the so-constructed
quadruple (G,n, Fil, qg) is an object in HB,,1(X2).

Lemma 4.2.3. For an object (E,0, Fily,--- ,Fily_1,¢) in HB, ;(X2), there is a natural embed-
ding of F,-algebras
v:Fyr — Endyg, (x,)(G,n, Fil, §).

Thus the extended tuple (G,n, Fil, , L) is an object in HBS .

Proof. For simplicity we only prove the case of f = 2. The general case can be proved similarly.
Choose a primitive element ¢ in the field extension )2 /IF;, once and for all. To define the embedding
t, it suffices to specify the image s := «(§). Write (G,n) = (Ey,6y) @ (E1,61). Then define

5 1= mg ® mgp, where m,: is the multiplication maps by §pi for ¢+ = 0,1. Clearly s is defines

3
an endomorphism of (G,7) and preserves Fil' on C;*(G,n). Write (Grpg-Cy)(s) to be the

induced endomorphism of Grp;;C; Y(G,n). It remains to verify the commutativity
dpos= (Grp o Cfl)(s) o ¢.
In terms of a local basis, it boils down to the equation

0 1 €0 L0 0 1
¢ 0 0 & 0 ¢ ¢ 0

which is obvious. O

Conversely, given an object (G,n, Fil,¢,t) in the category HBT, we can associate to it an
object in HB,, r(X2) as follows: (G, n) is decomposed to a direct sum of eigenspace of ¢(&)
-1

(G.n) = P (Gi,m),

=0
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where (Gj,n;) is the eigenspace with respect to the eigenvalue §pi. The isomorphism Cfl(L(f))

induces a decomposition of the de Rham bundle as well:

-1

(CT UG, m), Fil') = D(Cy (Gim), Fily).

i=0
Under the decomposition, the isomorphism ¢ : Grpy- C; Y@, n) = (G, n) decomposes into @Zf:_olqbi
such that

i : Greg,C7 N (Gini) = (G, 051),

where ¢ 4+ 1 means the representative of 7 + 1 mod f between 0 and f — 1.

Put (E, 9) = (Go,cgo).

Lemma 4.2.4. The filtrations {Fil;} and isomorphisms of Higgs bundles {¢;} induce inductively

filtrations j;’\z/ll on Cl_l(Ei, 0;),i=0,---, f —1 and an isomorphism of Higgs bundles

¢ Gr E; q,07-1) = (E,90).

ﬁz'f,l(
Thus the extended tuple (E,Q,/fijb, e ,ﬁ},l,é) is an object of HB, §(X2).

Proof. Again we shall assume f = 2. The filtration I’T\ZJZO on Cfl(EO,GO) is just F'ily. Via the
isomorphism

Cy (o) : C7'Grpa, C M (Go,mo) = 1 (Gr,m),

we obtain a filtration /F\ZJZI on C7Y(Ey,6,) from Fil;. Finally we define ¢ to be the composite:

Grﬁl—-lel(qbo)

Gr gy T (Grym) 2 (B,0).

GTﬁli (E1,01) = GT‘ C;lGTEZOC;l(E,Q) jax

Fil}

We come to the proof of Proposition 4.2.2.

Proof of Proposition 4.2.2 . Note that Lemma 4.2.3 gives us a functor £ from HB,, r(X2) to HBT,
while Lemma 4.2.4 provides a functor F in the opposite direction. We show that they give an

equivalence of categories. Obviously,

Fo& =1d.

So it remains to give a natural isomorphism 7 between £ o F and Id. Again we assume that f = 2

in the following argument. For (E, 6, Fil', ¢,), put

F{(E,0,Fil',$,.)} = (G,n, Fily, Fil}, $),
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Note that (E',0') = (G,n) & Grpilel_l(G, n), we define an isomorphism of Higgs bundles by
Id® ¢ : (E/, 9,) = (G,n) &) GTFZ'Z(-)Cl_l(G, 77) = (EQ, 90) D (E1,01) = (E, 9)

It is easy to check that the above isomorphism gives an isomorphism 7(E, 6, Fil,¢,t) in the

category HB/. The functorial property of 7 can be easily verified. O
Summarizing corollary 4.2.1 and proposition 4.2.2, we arrive the following theorem:

Theorem 4.2.5. There is a one-to-one correspondence between the category SJJTS[VO n] f(Xg) and

the category HB,, ¢(X2).
According to Faltings’s theory in Chapter 2, we have

Corollary 4.2.6. There is an equivalence of categories between the category of dual crystalline

F,s-representations of m (X9) and the category of periodic Higgs-de Rham flows of length f.

Proof. Under the functor D, an F,;-endomorphism structure on an object of 9)?3[% n] 1(X2) is
mapped to an ) s-endomorphism structure on the corresponding Fj-representation, and vice versa.

The result is then a direct consequence of Theorem 4.2.5. ]
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5 Inverse Cartier and periodic flows over W,

In this chapter, we construct the inverse Cartier functor and define periodic flows in the W,,-level

by induction on n. Assume that n > 2, let X, be a smooth proper W,,-scheme of dimension d and

X,,_1 be its reduction modulo p™~! .

5.1 Inverse Cartier over W,

Let (H,V,Fil’) be a de Rham bundle over X,,. Define H := @Fil’/ ~, where the equivalent
relation ~ is as follows: for s € F'il’, the image of s in F'il' — Fil'~! is equivalent to p-s € Fil'. V
on H induces a p-connection V on H as follows: for s € Fil’, denote by § its image in H; Regard

V(s) as a section of Fil'~! ® Qx, , and denote by 6(9/) its image in H ® Qx,,, define
V(3) := V(s).

We called (H,V) the twisted flat bundle (vector bundle with p-connection) associated to the de
Rham bundle (H,V, Fil’).

Lemma 5.1.1. (i) Fori=1,2, let (H;,V;, Fil;) be two de Rham bundles over X, and denote
by (H;, Vi, Fil;) the corresponding reduction modulo p™~' objects over X, 1. Suppose we

have two isomorphisms :

fio : (Hy, V1, Fil}) = (Hy, Va, Fily)

£S% : Grpg, (Hy, V1) 2 Grpg, (Ha, Va).

such that

Gr(fi2) = £, (mod p"™").

36



Then there exists an isomorphism between the associated twisted flat bundles:
fiz + (H1, V1) 2 (H, V).

(ii) If we have a third object (Hz, V3, Fil3), and two pairs of morphisms (fa3, %), (f13, %),

such that

f13 = f23 Of127

G G G
J13 = fa5 0 f12-

Then

f13 = f23 © f12~

Proof. (i) Without loss of generality, we assume that the weight of the filtration is 1, i.e.,
Fil? = H;, Fil? = 0. And set Fil; := Fil}. Now f&% induces an isomorphism Fil; & Fily,
which is exactly flg restricted to F'il;. For any section s of H; over any small open subscheme
of X,,, denote by 5 (resp. 3, 5) its image in H; (resp. Hy /Fily, Hy). Consider the set of sections
of Hy whose image in Hy mod p"~! (resp. Ho/F'ily ) is f12(3) (resp. f1G2(§) ). Note that the
difference of any two such sections lies in p"~! - Fily. Thus it determines a unique section #

of FIZ. Then define flg : 5 — t. We see easily that flg is a well-defined isomorphism.

(ii) This is obvious by the above construction.

O]

Consider the following category D"H,,: its object is a set of datum (E, 6, H,V, Fil', 1), where

(E,0) is a Higgs bundles nilpotent of order less than p — 1 over X,,; (H,V, Fil') is a filtered de

Rham bundle over X,,_;; and 1 is an isomorphism

12

¢ Grg, (H,V) 2 (E,0),
where (E, 0) is the reduction modulo p"~! of (E, ).

Corollary 5.1.2. There exists a functor T,, from the category D*H,, to the category of twisted flat

bundle over X,,.
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Proof. We first show that for a small enough affine open subscheme U of X,,, there exists a

Wy -lifting (Hy, Vy, Fily, ) of (H,V, Fil ;%) over U, where
Vv : Grpa, (Hy, Vo) = (Ely, 0lu).

Assume that F = @?:OEm_k’k, 0= @Z‘:_Olﬂk, with 6, : Em—kE  Emok=LE+l For 0 < k < m,
we take a basis {e;} of E™ %k over U. Under this basis, ) can be represented by a matrix

n—1

of differential 1-forms, still denote by 6. Set 8, = 6, mod p"~!, and &, = e, modp™ !, for

0 < k < m. Take a local basis {f} }o<k<m 0f Grg;(H) such that
D(fr) = e

Also choose a local basis {fx}o<k<m of H such that its image in Grm(ﬁ) is {f1.}o<k<m. Under
the basis {fx}, V can be represented by a matrix of differential 1-forms a;;, i.e,
V(fi) = Z aij fj-
By Griffiths transversality, one can see that (a;;) = 0 for j > i+ 1. For ¢ > j, take a matrix of
differential 1-forms a;; over U which lift @;;. For j =i+ 1, set a;; = 6;. For j > i+ 1, set a;; = 0.
Let Hy be a Wy,-lifting of H|yy with a local basis {fx to<k<m, of which reduction modulo p"~*
basis is { fx }o<k<m. Let Fil?_k be the subbundle of Hy generated by the base {fj}o<j<k, which

defines a filtration F'il;; on Hy. Then define a connection Vi on Hyy as follows:
m
Vu(fi) =) aiif;, Vi
=0

Denote by { fk}ogkgm the corresponding basis of Gr gy, (Hy, V). Therefore, an isomorphism

define vy : GTFil‘U(HU, Vv) = (E|y,0|y) can be given by
1/}U(fk) = €k. YV k.

Next, let (H, V) denote the twisted flat bundle associated to (Hy, Vi, Fily;), we want to show
that V is integrable, i.e, V(dt;) commute with V(dt;) for a system of local coordinates {t1,---t4}.

Let fi denote the image of fi € Filg%k) in H. Then {fk}lgkgm form a basis of H over U.
As the matrix of Vi under the basis {fi }1<k<m is A = (ai;) with a;; = 0 for j > i + 1, then the
matrix of V under the basis {fk}lgkgm is A= (@i;) with a;; = p"*'Ja;; for j < i+ 1, and the
rest are zeros. Then V(9t;) o V(0t;) under this basis is represented by the matrix

poti(Ot;1A) + (0t; A) - (Ot A).
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It suffices to show that

poti(Ot;1A) 4 (0t; A) - (Ot; A) — pdt;(dt;aA) — (9t; A) - (t; A) = 0.
Or equivalently: for 0 <r <m —2witht=r+1and s =17+ 2,
(8tiJaTt)(8thats) — (athart)(atiJats) =0,

which is just the integrability of the Higgs field 0;

And for 0 <r,s <m with s <r +1,

m

pr+2_5(8ti A 0tj)a(days) = pit2s Z [(Otioar)(0tjuass) — (Otjuare)(O0tisas)],
t=0

which follows from the integrability of V, i.e.,

(OF; A Ot;) a(dars) = [(OFiiy) (08 stiss) — (0L ae) (OFiiiss)]
t=0

where {t1,--- , %4} is the reduction of {t,--- ,t4}, and hence a system of local coordinate over U.

Finally we take a small affine open covering X,, = U;crU; (resp. X,,—1 = UieIUf) such that
over each Uj, there exists a lifting (H;, Vi, Fil;, ;) of (H,V,Fil ;1) over U;. We fix one such
lifting over each U;.

By the Lemma 5.1.1, there exist isomorphisms
inj : (I:IZ?@Z)‘UW = (gj7@j)‘Uij7 Vi, 7,

such that @jk o 1@-]- = @k over Uy, ¥ 4, j, k. So we can glue them into a global twisted de Rham
bundle (f[_l, @_1). Still by the Lemma 5.1.1, we see that (ﬁ_l, @_1) is independent of the choice

of the lifting (H;, Vi, Fil;, ;) of (H,V, Fil',1). Therefore, we obtain a well-defined functor

O]

Fixing a W,,,1-lifting X,, 11 of X,,, we are going to define a functor C;;! from the category
D"H,, to the category of flat bundles over X,, as follows: Given an object (E,0,H,V,Fil 1)
of D*H,,, by applying the functor 7, defined in Corollary 5.1.2, we obtain a twisted flat bundle
(H_1,V_1) over X,,.
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Choose an affine covering X,, ;1 = UieIUf ( resp. X,, = UjerU;). and Frobenius liftings {Fiﬁ :
Uf — Uiﬁ}ie] (vesp. {F; : U; — U,}ier). We first locally associated a flat bundle (H;, V;) to
(E,0,H,V, Fil ;1) over each U;. Note that there is a map

dF?
: FQu, — Q,, over U,

we can define a local flat bundle (H;, V;) as follow:
H; = Fi*(ﬁ—l‘Ui)’

; - -
and Vi(f®e)=df @ e+ f- (d? 1)(1® V_q(e)), for e € H_i|y, and f € Oy,.

Lemma 5.1.3. V; is a well-defined integrable connection on H;.

Proof. First, we show that V; is well-defined, i.e., V;(1® fe) = V;(F*(f)®e). This can be verified
by direct calculation as follows:

dF}
(-

Vi(l® fe) = (Lo ) (1@ V_(fe) = (Lo )1 epdf e+ 10 f- V()

= d(F7(f)) ©@e+ F(f)- (dejf ® (AR V_i(e) = Vil (f) @e).

where the second equality follows from the fact that V_; is a p-connection, i.e., @_1( fe) =
pdf -e+ fV_1(e).

Next, we show that V; is integrable. Fix a system of local coordinates {t1,---t4} of U;. By
definition, V_1 is integrable, i.e., @_1((%&) commutes with @_1(8%) for 1 < o, 8 < d. One cansee

that for 1 < j,k < dand e € H 4|y,

i
Vi(0t;)(e) =Y (athdfi (1® dta)> ® V_1(8ta)(e).

a=1

By calculation, we obtain

L dta)> ®V_1(0ta)(e)

Vi(0ty) o Vi(dt)) (1@ e) = S, 0, <at-

+ 2 1<a.p<d (8@ o1 ®dta)> <
i o, (o0t

+ Zl<a B<d <8t]_| L(l®dt )> <atk_: L(1® dtg)) ® @_1(815&) o @_1(8155)(6)
= Vi(9t;) o V;(0tr)(1 ®e),

(1 & dtﬁ)) ® @71(6255) o @71(625&)(6)

(1 ® dta)) ® V_1(ta)(e)

40



where the second equality is due to the fact that V_1(9t,) commutes with V_1(dtg).

Therefore, for all f € Oy, e € ﬁ—llUp 1 <k,j <d, we have
Vi(0ty) o V,((?tj)(f ®e)
2
= oot @ e+ gL - Viot) (1@ e) + 5L Vi) (1 @ e) + f - Vi(dty) Vi(0t)) (1 @ e)

= g @e+ S ViOn) (1@ e) + L Vi(0) (1@ €) + [ Vi) Vi(0ti) (1 © )

= V,(0t;) o Vi(0tg)(f ®e),
which means that V; is integrable. O

Next we glue locally defined flat bundles (H;, V;) to a global one by the Taylor formula as
follows: choose a system of local coordinates {t%, . ,tgl} over Ufj (resp. {t1,--- ,tq} over Ujj).
Define an isomorphism
Gij : Hilu,; = Hjlu,,

as follows: for any section s of H —1 over Ujj,

~ z‘]
Gi(3®1) =Y V()3 e =7 (5.1.3.1)
J

where the sum is over all multi-indices J := (j1, -, jq), J! = szl Jr!,

V() := (Vo) 0+ 0 (Var, ),
and 2/ = [[4_, 27*, with
FO*(#5) — (F*)* (4
b z)(k)p( )t (5.1.3.2)

Lemma 5.1.4. The above {Gj}i jer satisfies the cocycle condition and is compatible with connec-

tion {V;}ier, thus it defines a global de Rham bundle (H,V) = C,;*(E,0).

Proof. First we check the cocycle condition by direct calculation.

By iy plyx (of By iy (iyx (of
Similarly as in (5.1.3.2), let z; := (FD)" (t)—(F))" (t) over U;j, 4 = (D" (t)—(Fo)* () over Ujp,

p p
5 = <F£>*(t?);<F£>*<t?>

over Uj,. Then z; = 2 + £, over Ujj. For any section s € H_1 over Uyji,

J I

GiroGy(3o )=, VO (35) @2 - 4

=Yk VO G @ (Treser 51 -

=R,
N—

=S V(9K (5) @
—S (VO () @ i

=G(301).
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Thus Gji, o Gi; = G-

Next we prove that G;; is horizontal. For 1 < k < d , we identity k with the multiple index

(0,---,1,---,0), which vanishes at all positions except the k-th. Let § be a section of H_, over
Uij, then
~ d ~ Jtk/~ ZJ dF‘ﬂ
(ld® Giy)(Vi(3® 1)) = ZJ: }; VOG5 » (dty),
and
: o Tk o 2 OZFJT'j
Vi(GyE01) = 33 VO 6 @ Ty (L) +da ).
J k=1
As
dF! F!
dzp = —L(dty,) — —L(dty,),
Clearly

(id® Gij)(Vi(5) ® 1) = V;(Gy5(5 ® 1)).

We complete the proof. O

Definition 5.1.5. By the above construction, we define the W,-level inverse Cartier functor

C:l:DH, — MIC(X,).
Remark 5.1.6. The construction of C,;! depends on the W,,,;-lifting X,, 41 of X,,.
We have the following obvious lemma.

Lemma 5.1.7. Suppose that (H,V, Fil’, ) is a strict p"-torsion Fontaine-Faltings module over
X,. Let (H,V, Fil') denote its reduction modulo p"~" object over X,,_1. Let (E,0) = Grry-(H, V).

Using these datum and we can construct C,,1(E,0). Then ¢ induces an isomorphism:

¢:CYE,0) = (H,V).

5.2 Equivalent of categories over W,

Definition 5.2.1. A 1-periodic Higgs- de Rham flow ( call 1-periodic flow for short) over X,

consists of the following data:
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(1) A 1-periodic flow over X, 1 :

(C_—ll(E(]a 50)7 FTZZO)

(Eo, bo) Grpy, © Cr ki (Eo, 0)

(2) A Higgs bundle (E,0) nilpotent of order less than p — 1 over X,,, whose reduction modulo

n—1

p" 1 is exactly (Eo,0).

(3) Alifting of F'ily, i.e., a filtration Fil" on C;; ' (E, #) which is defined w.r.t. the data (C;, | (Eo, 6o), Fily, V)
and (E,0).

(4) A lifting of 4, i.e., an isomorphism

Y : Greg- (C, (B, 0)) = (E, ).
Theorem 5.2.2. The category ofl-periodic flows over X, is equivalent to the category of strict
p"-torsion Fontaine-Faltings modules over X,,.

Proof. The proof is similar to the case of n = 1. First we define a functor GR,, from the category
of strict p™-torsion Fonatine-Faltings modules to the category of 1-periodic flows over X,,.
Given a strict p"-torsion Fontaine-Faltings module (H, V, F'il’, ¢), we know that its reduction

modulo p"~! induces a periodic flow over X,,_1:

(Cr21(Eo, 0o), Fily)

(Eo,go) GrF_ilb o C;_ll(E‘o,éo).

Using the data (C, !, (Eo,0), Fily, ) and (E,0) := Grpg-(H, V), we obtain a de Rham bundle
C,YE,0) over X,,.
By Lemma 5.1.7, we see that ¢ : C;1(E,0) = (H,V); The pullback of the filtration induces

a filtration F'il,,, on C,*(E,0). By taking grading, we get an isomorphism

P = GT’((ZJ) : Grpy- (qul(E,G)) = GTFil-(H, V) = (E, 0)

exp
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Thus we obtain a 1-periodic flow over X,,, and define GR,(H,V, Fil', ) = (E,0, Fil.,,, ).
Next, we show that the functor C;; ! induces a functor C; ! in the opposite direction. Given a

1-periodic flow over X,

C;l W\

(E,@) Grpi chl(E,g).

|

We obtain a filtered de Rham bundle (H,V, Fil') := (C,;1(E, ), Fil’). It suffices to define an

isomorphism ¢. Consider the construction of C,; !, using the mod p"~! periodic flow

(€ 11(Eo, 0o), Fily)

(E[)a§0) Grfilb ] C;EI(EO,G_O).

where the right hand side is the twisted flat bundle appeared in the construction of C;!. For

1 € I, we define an isomorphism
i = FF (T()) : Fy Hly, = F{(H_1)|, = Hlo,,
which fits into the following commutative diagram:

-~ i -~ . -~
(F:Hadﬁ?@*w))) P (FrH, V)

Gi]'l lGi]'

i Y S Y (FrH_ .V
FH,—H(FF(V)) | —— (FJH-1,V;).

p

dF} = dF} =
p

where 7=+ (F;(V))” is viewed as a connection induced by the map —=(F;(V)) via the Leibniz

rule, G;; on the left side is the given by (5.1.3.1) with respect to V, and G;j on the right side is

with respect to V_;.
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This diagram implies that the {;}’s are related by the Taylor formula and hence are horizon-
tal. So we obtain a strict p™-torsion Fontaine-Faltings module (H,V, Fil’, ¢) over X,. And the
functor C,; ! is defined as

C, N E, 0, Fil' ) = (H,V, Fil', ).
Finally, we prove the following isomorphisms of functors:
GR,oC ' = 1d, C,loGR, = Id.

First define a natural isomorphism A,, from C,; ! o GR,, to Id. Given a strict p"-torsion Fontaine

Faltings module (H,V, Fil', ) on X,, set
(E,0,Fil' ;%) := GR,(H,V, Fil , ), (H',V'.Fil",¢) :=C, Y(E, 0, Fil ).
Then we define A, (H,V, Fil',¢) to be
¢:(H' V' Fil") = (C; o Grpy (H,V), Fil') = (H,V, Fil').

To check that ¢ is an isomorphism in the category of strict p"-torsion Fontaine-Faltings modules,

we consider the induced isomorphism @

¢ (H V)

I

(H,V).
and the following commutative diagram over over each Uj:

Fz'* ];NI/ Pi H'

ol b

from which it is clear that ¢ has the required property.

Now suppose that we have a morphism of Fontaine-Faltings modules
f:(H1, Vi, Fily, 1) — (Ha, Va, Fily, ¢2),
then we obtain
C.l o GRu(f) = C'Gr(f) : C 't o GRy(H1) = Hy — Hy = C, ' 0 GR,,(Ha).

To see that A, is a natural equivalence, it is equivalent to show the following diagram is commu-

tative:
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-1,
Cit o GR(Hy) = Hy Z2T 0 gy — 010 GR, (1)

AHll lAHQ (5.2.2.1)

H1 % H2.

The commutativity of (5.2.2.1) can be checked locally. Over each U;, by definition of morphism

in the category of Fontaine-Faltings modules, we have the following diagram:

T FrGr(f) . T
FiHily, ——— FHaly,
Sﬂl,zi J{‘P2,i

/
H1 E— HQ.

which implies that 5.2.2.1 is commutative over U;.
Second define a natural isomorphism B,, from GR, o C, 1 to Id. Given a l-periodic flow

(E, 0, Fil ) over X,,, set
(H,V,Fil,p) = C;l(E,H, Fil' o) (E',0',Fil" ,¢') = GR,(H,V, Fil’, ).
Note that E' = GrC,, }(E),
¢ =Crt(W): CH(E) = CH(E).

' = Gr(p), and Fil" is just the pullback via ¢ of the filtration Fil .
Now we define B(E, 0, Fil',1) to be

Y:E =GrC, (E) = E.

Because C;,; (1)) = ¢ is compatible with filtration, and the following diagram is commutative:

aro (g Y2,

Grcgl(w):Gr(@l lw
GrosWE) —Y B,
thus B(E, 0, Fil' ;1) = 1 is an isomorphism from (E', ¢, Fil" ¢') to (E,0, Fil' ;1) in the category

of periodic flows .

Now suppose that we have a morphism in the category of periodic flows,
g (En, b1, Fily, 1) — (B2, 02, Fily, ).

then we obtain GR,, 0C,'(g) = GrC,1(g) : B} — E.
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By definition of the morphism in the category of periodic flows , g satisfies the following

commutative diagram:

Grogt
Ei r (9) Eé
B(E1791,Fi11,¢1)=w1l lB(Em%,Filz,@Z&):wz

Fq L) Es5.

Therefore, B is a natural equivalence between GR,, o C,; Land Id.

O]

Finally for natural number f > 1, we can define the category of periodic length f Higgs-de
Rham flows in a similar way as characteristic p case in Section 4.1. and Using the same algebraic

trick as in Section 4.2, we have the following:

Theorem 5.2.3. There is a one to one correspondence between the category of dual crystalline
Wy (s )-representation of 7(X%) and the category of periodic length f Higgs-de Rham flows over
X,

We conclude this chapter with an example.

Example 5.2.4. Let A; be an ordinary abelian variety defined over k of dimension g. By Serre-
Tate theory, it has the canonical lifting A over W (k) with the Frobenius lifting F' : A — A.
Consider the following Higgs bundle (F,0) over A/W:

EYW g EY =Qu @ Oy, 010 =id: Q4 — 04 ® Q4.

We claim that the above Higgs bundle is 1-periodic. Let (E,,0,) = (E,0) mod p",¥n. First we
construct a 1-periodic Higgs-de Rham flow on A;. Since Ao has the global Frobenius lifting Fb, it
follows that

Cr ' (Er, 601) := (Hy, V1),

with

dF:
H, = Fl*El and Vi1 :vcan+72(Fl*‘91)

Define a weight-1 Hodge filtration on (Hi, V1) is defined by Fil; = F;Qa, = Q4,. Set
(Ei, 9/1) = GTFill (Hl, Vl)

Then

dFy
B, =Q ®04, 0°= 72<F1 61).
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Because A is ordinary, the Hasse-Witt map

dF.
72  HO(A1,Q4,) = HO(A1, Q4,)

is an isomorphism, and thus 9/11’0 is an isomorphism. We proceed to show that (], 6)) is isomorphic
to (Eq,61). Indeed, there is one natural choice of an isomorphism 1 : Ej — Ej of isomorphisms
described as follows: its (0, 1)-component mapping Oy, to itself is the identity, and its (1,0)-
component mapping 24, to itself is the unique isomorphism commuting with the Higgs fields.

Therefore, we have obtained a 1-periodic flow over A; as claimed:

((H1,V1), Fily)

(Er,601) (E1,07).

RS <

Next we proceed to the Wa-level. Using the fact that A3 has the Frobenius lifting F3, one computes
that ﬁ_l,g =Q4, ®O4,, and @_172 = pVean + 02. So

Cy (s, 02) = (Ha, V2),

where

dFy .-
Hy=FBy=Qa,®04s  and Vo= Ve + f(p;v_l,g).

Now we take the filtration Fily = Q4,, which lifts F'sl;. Then the associated graded Higgs bundle
is

dF; .
By =Q4, ®O0y,, 05" = 73(1’2 02)

which lifts (E7,0]). Again there is an obvious isomorphism
o 1 (B, 03) — (E2,02)

which lifts 11 and whose (0, 1)-component is the identity map. So we obtain a 1-periodic flow over
AQZ
((H2,V2), Fily)

(Ea,09) (E5, 05)

RS <
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Then one continues and constructs inductively a 1-periodic flow over A,, for n > 1:

£y, 07).

(

(En, bn)

RS <

By taking the inverse limit, we obtain a 1-periodic Higgs-de Rham flow over A/W, and hence a

rank-g + 1 crystalline Z,-representation of Hodge-Tate weight one of the generic fiber A% of A/W,

which corresponds to a p-divisible group over A/W by [Fa|[Theorem 7.1]|.
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6 Rudimentary results

Let p be a crystalline F,,;-representation of (X9), and (E, 0, Fily,--- , Filg_1, ¢) the correspon-
ding periodic Higgs-de Rham flow of length f. For
(Ey,05) = Grpa,_,(Hy1,Vi_1),
by pull back C]*(¢) induces a filtration C|*(¢)* Fiily on O ' (Ey, 0f) and an isomorphism GrC; ()
of Higgs bundles by taking the grading. It is easy to check that
(By, 601, Fily, -, Fily_;,Cy ' (¢) Fily, GrCyH(¢))

is an object in HB,, ¢(X2), which is called the shift of (E,0, Fily, - - - JFily_y, ¢). For any multiple
lf,l > 1, we can lengthen (E,0, Fil, - - - ,Fil'ffl,gé) to an object (E,6, Filg,--- ,Filjf,p(ﬁl) of
HB,,11(X2) similarly as above: define inductively the induced filtration on (H;, V;), f < j < 1f—1
from Filis via ¢; Define the isomorphism ¢; : (Ejr,0;¢) = (Eo,0) to be the composite of the
isomorphisms of Higgs bundles (GrCy 1) (¢) - (BEw+np 0wsnyg) = (Bry,0rp),0 <1V <1 -1
(E,0, Fily, - - - ,Filif_l,gbl) is called the I-th lengthening of (E.6,Fily,--- ,Fil'f_l,gb). By the
above construction, we obtain the following result.

Proposition 6.0.5. Let p and (E, 0, Fily, - - ,Filf71,¢) be as above. Then:

(1) The shift of (E,0, Fily, - - - ,Fily @) corresponds to p° = p ®F ;.0 F

»f» the o-conjugation

of p. Here o € Gal(F,¢|Fy) is the Frobenius element.

(i1) Forl € N, the l-th lengthening of (E, 0, Fily, - - - Fily g, @) corresponds to the base extension

POF ; Fpus
Given a periodic Higgs-de Rham flow

(Ho, Vo) (H1,V1)

E1,91 .

(Eo, 0o)
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we make the following observation:

Lemma 6.0.6. If (E,0) = (Eo,6) is Higgs stable, then there is a unique periodic Higgs-de Rham

flow with leading term (E,0) up to isomorphism and l-lengthening.

Proof. For (E,0,Fily,- - ,Fil'f_l,qb) € "B, s(X2), with (F,0) Higgs stable, we show that the
data F'il;, for 0 <i < f—1 and ¢ are uniquely determined up to isomorphism. By Theorem 4.2.5,

it corresponds to

(H,Fil’,V,p,1) € MFY 1 (X2)

satisfying Grpy(H,V) = @{Zl(EZ-, 0;). Since
(Grpio Gy (Ep,0p) = (Biy0;), 1<i<f—1,

each (E;,0;) is also Higgs stable by Corollary 4.4 [SZ]. Because the filtration on a flat bundle which
satisfies the Griffiths transversality and whose grading is Higgs stable, we see inductively that Fil;
is unique. Now we consider ¢. For another choice ¢, one notes that ¢ o ¢! is an automorphism
of (E,#). As it is stable, one must have ¢ = A¢ for a nonzero A in k. It is easy to see there is an

isomorphism in HB,, r(X2):
(E,0, Fily, -, Fily_y,¢) = (E',0, Fily, - -+, Fily_1, A).
O

Theorem 6.0.7. Let X be a smooth proper scheme over W (k). For i =1,2, let (H;,V;, Fil;, ¢;)
be a torsion free Fontaine-Faltings modules over X and (E;, 6;) be the associated Higgs bundles of
the respective filtered de Rham bundles. If (Eq,601) is isomorphic to (Eo,602) and E;,6; mod p is

Higgs stable for i = 1,2. Then (H;,V;, Fil;, ¢;) are isomorphic.

Proof. We prove that (Hy, Vi, Fily,p1) = (Ha, V2, Fily, p2) modulo p™ by induction on n. the
mod p™ objects are isomorphic.
Let (Hin, VinFil; ,,) and (Ejn,0; ) be the reduction modulo p" of (H;, Vi, Fil}) and (E;, 6;).
For n = 1, it is already proved by Lemma6.0.6. Assume that (Hy, V1, Fily, @1) = (Ha, Va, Fila, @) modulo p™~*

Apply the W,,-level inverse Cartier to (E;p,0; ), we obtain

(HLTM V1,n) = (HQ,na VQ,n)- (6071)
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We claim that the filtrations on (H;,, Vi) are preserved under the above isomorphism. If
not, let a be the largest number such that Fil{ not equal to Fl3, and b be the largest number

such that Fil¢™/ C Fil}™ for j > 0. Define

fn : (El,mgl,n) — (E2,n792,n)7
by setting fn|Fila+j/Fila+j+1 =0 for j > 1 and for j <0 f, is the following projection:
1 1
il JFigetitt o palty et

n—1

Clearly f, is a nonzero morphism of Higgs bundles. Note that f, = 0 mod p™~" zero. The composite

map of f, with the map ﬁ induces a nonzero morphism of Higgs bundles:

(Er1,611) = (E21,6021).

Which is neither zero nor an isomorphism. This contradicts with the fact that a morphism between
stable Higgs bundles is either zero map or isomorphism. Therefore, the isomorphism (6.0.7.1)
preserves the filtrations.

Moreover, as the automorphism of (Ej,,6;,) are only scalars, so ¢ is equal to 2 up to a

scalar. Thus (Hy, V1, Fily, 1) = (Ha, Va, Fila, ¢2) modulo p™. O

When the leading term (F, 6) of a periodic Higgs-de Rham flow is only Higgs semistable, the

above uniqueness statement is no longer true. We shall make the following

Assumption 6.0.8. Given an object (E,0, Fily,--- ,Fils_1,¢) € HB, t(X2). for each 0 < i <

f — 1, the filtration Fil; on H; is preserved by all automorphisms of (H;, V;).
The isomorphism ¢ : (Ey,0f) = (Ep, 6p) induces
(GrCT )™ (@) (Bnsty g Onsnys) = (Bng, Ong).-
For —1 < < j, we define ¢;; to be the isomorphism
(GroT D (p) oo (GrCTYY ()« (Egiinyp, 01)s) = (Bsygs Oy s)-
For + = —1, put ¢; := ¢j 1.

Lemma 6.0.9. For any two isomorphisms ¢, ¢ : (Ef,0¢) = (Eo, 0y), there exists a pair (i, j) with

0 <14 < j such that ¢j; o %—21 =id.
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Proof. Let 75 = ¢s0p5 L. Then 75 is an automorphism of (Ey, §p). Moreover, each element in the set
{7s}sen is defined over the same finite subfield of k. As there are only finite many automorphisms
of (Eo,b0p) defined over the same finite subfield, there exists j > i > 0 such that 7; = 7;. So the

lemma follows. O

Proposition 6.0.10. Under Assumption 6.0.8. Let (i,7) be a pair given by Lemma 6.0.9 for two

given isomorphisms ¢, ¢ : (Ey,0f) = (Eo, 0p). Then there is an isomorphism in HB,, (j_i¢(X2):
(E7 0, Filg, - - - 7Fil(j—i)f—la ‘iji—l) = (Ea 0, Filg, - - - aFil(j—i)f—la ¢j*i*1)-

Proof. Put 8 = ¢; o goi_l : (Eo,00) = (Eo,0p). We shall check that it induces an isomorphism in
HB,, (j—iyf(X2). By Assumption 6.0.8, Oy HGreH)™(B) for m > 0 always preserves the filtration.
We need only to check that 3 is compatible with ¢;_;_1 as well as ¢;_;_1. So it suffices to show

that the following diagram is commutative:

Dji—i—1 ?i

Y

bj—i—1
By ——

Y
E07

which in turn follows from that the following diagram is commutative:

Bi-iys Eo
—1 —1
Pji—i—1 ¥i
Y Y
By Eiit1)s
Pji—i—1 ®i
Y Y
Pj—i—1
E(j—iyp — E.

In the above diagram, the anti-clockwise direction is

-1 -1 -1 -1
$j—i—10 Qjj—i—1 0 Pii—i—1°Pj—i—1 = @50 Y = ®i o (¢ 0 P ) © i
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By the assumptions on for (4, j), we have ¢;; o 4,0;21 = id, so the anti-clockwise direction is ¢; o ¢,
which is exactly the clockwise direction. Therefore, 3 is compatible with ¢;_;_1 and ¢;_;_1, and

induces an isomorphism in HB,, (;_;)(X2), as required. O
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