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A B S T R A C T

This thesis is split into two parts. In the first part on the top level is a
model-checking algorithm, which verifies safety properties of a linear
hybrid automaton. During computation it has to handle intermediate
state sets, which are described as non-convex polyhedra, i.e. subsets
of Rn×Bm with linear hyperplanes as boundaries. The computation
of this algorithm had problems handling the huge amount of linear
constraints in the description of those state sets. Therefore we com-
pute a Craig interpolant of the state set Φ and the complement of
an epsilon-bloated state set Φ ′ = (Φ∪Φε)C, with a preferably lower
amount of linear constraints.
We propose an algorithm that reduces the number of constraints of a
given interpolant for the pair (Φ,Φ ′) of state sets. The approach is to
select two linear constraints of the current interpolant and, if success-
ful, substitute it by only one new linear constraint.
Additionally, we propose two applications of this algorithm in simi-
lar context. With the first application we construct lower bounds for
the problem above, in the specific case that Φ and Φ ′ share the same
boundary. As a second application we propose an algorithm to re-
duce the number of bits used in the description of a state set, while
limiting the overapproximation by taking a superset of the given state
set into account.
Our results show that the quality of our main algorithm is superior
to all related algorithms. In addition it is even faster than all related
algorithms, when we do not count the algorithm that only removes
redundant linear constraints.
In the second part we switch to the context of theoretical machine
learning. More specifically we propose an algorithm that is a Probably
Approximately Correct (pac) learner algorithm for the concept class
of bounded linear arrangements in fixed dimension. Furthermore we
introduce an Integer Linear Program (ilp) that models this problem,
which then is solved by a Column Generation (cg) approach to han-
dle the large amount of variables used in the ilp. Finally we speed
up the algorithm by a randomized approach. Instead of taking all
samples into account at once, we build up a subset of samples that
consists of significant samples.
Additionally to the theoretical results, our evaluation confirms that
our final approach can handle more reasonable datasets.
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Z U S A M M E N FA S S U N G

Diese Arbeit ist in zwei Abschnitte unterteilt. Im ersten Teil ist un-
ser Problem angesiedelt als Anwendung für einen Model-Checking-
Algorithmus, der sicherheitskritische Eigenschaften eines linearen hy-
briden Automaten verifiziert. Für die Berechnung werden Zustands-
mengen als nicht konvexe Polyeder beschrieben, d. h. Mengen aus
Rn × Bm dessen Grenzen durch lineare Hyperebenen beschrieben
werden. Die Berechnungszeit des Algorithmus scheitert an zu großen
Mengen von linearen Hyperebenen in der Beschreibung der Zustands-
mengen. Wir suchen eine Craig Interpolante für eine Zustandsmenge
Φ und dem Komplement der um Epsilon erweiterten Zustandsmen-
ge Φ ′ = (Φ ∪Φε)C mit einer möglichst geringen Anzahl an linearen
Ungleichungen.
Wir stellen einen Ansatz vor, der die Anzahl an linearen Ungleichun-
gen einer gegebenen Interpolante für ein Paar von Zustandsmengen
(Φ,Φ ′) reduziert. Unser Ansatz wählt zwei lineare Ungleichungen
aus der momentanen Interpolante aus und versucht diese durch ei-
ne neu berechnete Ungleichung zu ersetzen. Zusätzlich stellen wir
zwei Anwendungen unseres Algorithmus in dem Kontext des Model-
Checking-Algorithmus vor. Als erste Anwendung berechnen wir un-
tere Schranken für unser Problem in dem Fall, dass sich beide Zu-
standsmengen Φ und Φ ′ eine gemeinsame Grenze teilen. Die zweite
Anwendung reduziert die Anzahl der verwendeten Bits in der Be-
schreibung einer Zustandsmenge unter Berücksichtigung einer Ober-
menge.
Durch unsere Analyse zeigen wir, dass die Qualität unseres Haupt-
algorithmus besser ist, als die verwandter Methoden. Zusätzlich ist
unsere Methode schneller als alle verwandten Methoden, wenn man
die Methode vernachlässigt, die nur Redundanzen beseitigt.
Im zweiten Teil beschäftigen wir uns mit dem Thema des theore-
tischen maschinellen Lernens, insbesondere mit dem Wahrscheinlich
Annähernd Richtigen Lernen (pac). Wir stellen einen pac-Lerner für
beschränkte lineare Anordnungen in fixierter Dimension vor. Zudem
modellieren wir ein Ganzzahliges Lineares Programm (ilp) und lösen
dieses mit Spaltengenerierung (cg), um mit der großen Menge an Va-
riablen umgehen zu können. Als letzte ausschlaggebende Verbesse-
rung stellen wir einen randomisierten Ansatz vor. Statt alle Proben
gleichzeitig zu betrachten, baut der randomisierte Ansatz eine Teil-
menge von charakteristischen Proben auf.
Zusätzlich zu den theoretischen Resultaten zeigt die Analyse, dass
unser endgültiger Algorithmus deutlich komplexere Benchmarks be-
rechnen kann, als der Basis-Algorithmus.
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Part I

I M P R O V I N G I N T E R P O L A N T S W I T H L I N E A R
A R I T H M E T I C





1
I N T R O D U C T I O N

The combination of compact descriptions and Craig interpolants for
the Boolean Satisfiability Problem (sat) and the problem of smt

came into focus during the last years, mainly in form of applications
in formal verification. There interpolants are usually computed based
on resolution proofs of unsatisfiability for the conjunction of two for-
mulas and were used as overapproximations of reachable state sets.
Due to the fact that an interpolant is by far not unique, this lead to the
research of computing interpolants that are beneficial in other ways.
In our case the problem arose in the context of an algorithm based
on Counterexample-Guided Abstraction Refinement (cegar) for the
verification of safety properties of a linear hybrid automaton. In this
context we propose an algorithm that computes interpolants for two
non-convex polyhedra. These non-convex polyhedra represent sets of
states in this linear hybrid system. Typically these hybrid automata
have a large discrete state space. Therefore these non-convex polyhe-
dra can be described by a smt formula, with respect to linear arith-
metic as the underlying theory. The safety properties are given by an
initial state set and an unsafe state set, where the automaton is con-
sidered to be safe if there exists no trajectory from the initial state set
to the unsafe state set. This is done by a reachability analysis. In our
case the algorithm enlarges the unsafe state set stepwise by adding
all points that lead to an unsafe state within one step. A crucial step
in this computation is the elimination of quantifiers, which highly
depends on the number of linear constraints used in the description
of the intermediate state set. Therefore we search for an overapprox-
imation of the current state set that can reach the unsafe state set
by an interpolant. In our case we try to minimize the number of lin-
ear constraints used in the description of the interpolant, where the
interpolant can be chosen over all interpolants of two non-convex
polyhedra. Since the overlying problem is safety critical, the whole
computation is done in rational arithmetic to avoid misclassification
by rounding errors.
Therefore several heuristic methods were developed to find inter-
polants with as few linear constraints as possible. Scholl et al. [48]
were able to outperform several existing tools in the computation
of quantifier eliminations, by only removing redundant constraints,
i.e. constraints that are unnecessary to describe the current non-convex
polyhedra. After these results Scholl et al. [49] developed another al-
gorithm that computes simple interpolants by combining theory lem-
mata of a resolution proof, to minimize the number of linear con-
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4 introduction

straints used in such an interpolant. Another algorithm was proposed
by Albarghouthi and McMillan [2], who compute an interpolant from
scratch by iteratively exploring the non-convex polyhedra and sepa-
rating pairs of convex regions. This, combined with a clever combi-
nation of merging and splitting these pairs together, ends up in a
method which is most effective when the resulting interpolants con-
sist of few linear constraints and no discrete state space. Due to the
fact that our state space has a large number of discrete variables, this
method has to be adapted to be applicable on our problems.

1.1 contributions and objectives

The main contribution of this part of this thesis is the development
of a heuristic for improving the number of linear constraints for an
interpolant of two non-convex polyhedra.
Additionally we present an algorithm that computes lower bounds
for the number of linear constraints used in these interpolants in very
specific situations. Those lower bounds can be used to verify global
optimality of certain interpolants and therefore we can distinguish be-
tween cases where there is potential room for optimization and those
which are not improvable.
Further we design an algorithm that reduces the number of bits that
the worst coefficient of a linear constraint is using in its description,
while again limiting the overapproximation by another state set simi-
lar to the limitation where we reduce the linear constraints.
Parts of the main contribution, the algorithm for improving inter-
polants, were published in [3]. Furthermore the cegar-approach,
i.e. the algorithm in which this procedure is used, was published in
[4].

1.2 context

This part of the thesis was mainly supported by the German Research
Foundation (DFG) in the context of the Transregional Collaborative
Research Center “Automatic Verification and Analysis of Complex
Systems” (SFB/TR 14 AVACS, [7]). It was part of the subproject “First
Order Model Checking” within the subproject H3, which focused on
the automatic abstraction for hybrid controllers.

1.3 outline

The remainder of the first part of this thesis is structured as follows.
In Chapter 2 we give general preliminaries. We focus on linear op-
timization, but we also give an overview of well-known techniques
used to solve satisfiability modulo theory formulas, and a basic in-
sight of the related model-checking algorithm.



1.3 outline 5

In the section for linear programming we will state certain milestones
leading to the well-known simplex method, which is the commonly
used technique in state-of-the-art Linear Program (lp) solvers. Be-
sides the fact that we will use this method for solving every lp in
this thesis it is also a fundamental basis for the concept of column
generation, which we will introduce in the second part of the thesis.
Along with this method we will introduce the basic concept of Farkas’
Lemma, which is the basis for the lp formulation in the core of our
algorithm.
The section about satisfiability modulo theory gives an overview of
the syntax and semantics, as well as basic insights of techniques used
in smt solvers. While many of this is true for general theories we
focus only on the theory of real and rational linear arithmetic.
In the section about the model-checking algorithm, we will roughly
sketch the algorithm, but we focus on the representation of state sets
and the situations in which circumstances an abstraction or a refine-
ment must be computed.
Chapter 3 gives a formal definition of the problem and a sketch why
this problem is NP-hard.
In Chapter 4 we will briefly introduce the abovementioned related
algorithms that compute Craig interpolants to find a compact form
for state sets. While the methods in Section 4.1 and 4.3 where also
explicitly developed for this model-checking algorithm, the method
described in Section 4.2 is an approach published for verification pur-
poses, but not explicitly for this context.
Chapter 5 presents our developed algorithm for solving the mini-
mization interpolant problem heuristically. Instead of computing the
actual description of our new state set directly, we minimize a set
of linear constraints while preserving a property that implies that a
representation for the state set can be build by only using this set of
linear constraints. With that in mind we minimize the set by succes-
sively replacing two linear constraints by one new linear constraint.
We also include several strategies to optimize the procedure and to
generalize it for open or partially open state sets.
In Chapter 6 we describe a procedure to compute lower bounds for
the number of constraints used in an interpolant. Especially for a
situation which often occurs due to a refinement step in the cegar-
algorithm.
As a last application we propose an algorithm in Chapter 7 that re-
duces the maximum number of bits used in a linear constraint present
in an interpolant.
Chapter 8 presents the experiments we made to evaluate our opti-
mization strategies, and to compare our algorithm with related algo-
rithms. Additionally we evaluate the algorithm for the computation
for lower bounds, and the description test.
In Chapter 9 we summarize the results of our algorithm and discuss
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the differences between our experimental results and the results of
our work group and why both experiments can differ in results.



2
P R E L I M I N A R I E S

In this chapter we want to introduce notions that we use throughout
the thesis, followed by an introduction of linear programming. After
that we shortly introduce techniques and theories that we only use
in the part of model-checking, i.e. Satisfiability Modulo Theory and
Fourier–Motzkin elimination. This content is not original and is men-
tioned for the completeness of the work and a better understanding
for the decisions made in our algorithms.

2.1 notations

The symbols R, Q and N denote the real, rational and natural num-
bers. B = {0, 1} represents the Boolean values true and false, also stated
as > and ⊥.
A matrix of dimensions m×n is an array of real numbers aij:

A =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

 .

For an arbitrary matrix A with fixed dimensions m× n we denote
A ∈ Rm×n. The (i, j)-th entry of a matrix A is denoted by aij or [A]ij.
A row vector is a matrix where m = 1, a column vector or simply vector
where n = 1. For an n-dimensional vector x, denoted by x ∈ Rn, we
use xi to denote its i-th component. The n-dimensional vector with
all components equal to zero we denote by 0n, or simply by 0. For
the i-th unit vector, i.e. the vector with all components equal to zero
except that the i-th component is equal to one, is denoted by ei.
The transpose AT of an m×n matrix A is the n×m matrix

AT =


a11 a21 . . . am1

a12 a22 . . . am2
...

...
...

a1n a2n . . . amn

 .

It therefore holds that
[
AT
]
ij
= [A]ji.

The inner product of two vectors x,y ∈ Rn is defined by

xTy = yTx =

n∑
i=1

xiyi.

7



8 preliminaries

For a matrix Awe denote its j-th column by Aj =
(
a1j,a2j, . . . ,amj

)T .
Similar we will denote its i-th row by ai = (ai1,ai2, . . . ,ain). There-
fore A can be written as

A =

A1 A2 . . . An

 =


aT1

aT2
...

aTm

.


For two matrices A,Bwith dimensionsm×n and n×k, their product
AB results in a matrix of dimensionsm×k, with the following entries

[AB]ij =

n∑
l=1

[A]il [B]lj = a
T
i Bj .

If the number of columns and rows are equal the matrix is called
square. The identity matrix in n× n, i.e. the matrix whose entries are
all equal to zero except the ones on its diagonal are one, is denoted by
In. Let A be an n-dimensional square matrix. If there exists a square
matrix B of the same dimension, satisfying AB = BA = In, the matri-
ces are called invertible, and B is called the inverse of A. The inverse
matrix is unique and denoted by A−1.
For a vector x and an (in-)equality sign ∼ the notation x ∼ 0 means
that for all components xi ∼ 0 the in-/equality holds. Similar for two
vectors x,b ∈ Rn and an in-/equality sign ∼ the notation x ∼ b means
that for all components xi ∼ bi the in-/equality holds.

We describe a linear constraint l in Rm by a formula dTx 6 d0 with
real coefficients d0,d1, . . . ,dm ∈ Rm+1 over real variables x1, . . . , xm.
Let P be a set of m linear independent points in Rm, then P induces
two linear constraints l+P and l−P , such that all p ∈ P fulfill the con-
straint with equality. Sometimes we just want to refer to any of these
two linear constraints, then we will denote it as lP. Therefore we can
interpret any linear constraint l in Rm as a function

l : Rm → B p 7→

0 if dTp > d0

1 if dTp 6 d0
.

Additionally a linear constraint l defines different subsets of the
real space Rm. For each symbol ∼ ∈ {<,6,=,>,>} we define the
subset

l∼ = {x ∈ Rm|dTx ∼ d0} .

If we speak about the hyperplane l we usually mean l=. We write
Dx 6 d0 for a conjunction of u linear constraints over the variables
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(x1, . . . , xm)T = x with D ∈ Ru×m and d0 ∈ Ru.
Furthermore a point of a state set is an element of Bn ×Rm, therefore
we denote the first n components of p by pB, and the last m by pR.
The linear constraint and the function described above are always
defined only on the part of the point pR. Since the linear constraints
are only based on the real part we will sometimes write p instead of
pR.

2.2 linear programming

An lp is given by

min cTx

s.t. A(1)x 6 b(1)

A(2)x = b(2)

A(3)x > b(3) .

(1)

The linear function cTx is called objective function, while all equalities
and inequalities used in the description are usually called constraints.
A variable x that fulfills the constraint x > 0 is denoted as positive;
and negative when the constraint x 6 0 holds. If both are not valid the
variable is called free.
Each x that satisfies every linear constraint and the variable bounds
is called a feasible solution. The set of all these feasible solutions is
called the feasible set. If a feasible solution x∗ minimizes the objective
function, i.e. it holds that cTx∗ 6 cTx for every feasible solution x, it is
called an optimal solution. The corresponding objective value is called
an optimal value. If there exists no lower bound for the objective value
the problem is called unbounded. In case that the feasible set is empty
it is called infeasible.
The constraints of an lp define a polyhedron in Rn, therefore we will
quickly review some aspects of polyhedra.

2.2.1 Polyhedra

A Polyhedron P ⊆ Rn is a set that can be described by the intersection
of finitely many linear inequalities or equalities, i.e.

P =

x ∈ Rn |

A(1)x 6 b(1)

A(2)x = b(2)

A(3)x > b(3)

 .

A polyhedron is bounded if there exists a constant W, such that P ⊆
[−W,W]n. A bounded polyhedron is also called polytope.
For a fixed point we say a constraint of the polyhedron is active or
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binding, if the constraint is fulfilled with equality at this point. A vec-
tor x∗ ∈ Rn is a basic solution if all equality constraints are active, and
out of every constraints that are active there exist n that are linear
independent. Furthermore if a basic solution is feasible, we say that
it is a basic feasible solution. A vector x ∈ P is a vertex if there exists
some objective function defined by a vector c ∈ Rn, where x is the
only optimal solution in P when minimizing over c. We call a vector
x ∈ P an extreme point of P, if there exist no two points y, z ∈ P with
x 6= y 6= z and a scalar factor λ ∈ [0, 1], such that x = λy+ (1− λ) z.
The following theorem states that all three definitions are equivalent
if P is non-empty.

Theorem 1.
Let P be a non-empty polyhedron and let x∗ ∈ P. Then, the following are
equivalent:

a) x∗ is a vertex;

b) x∗ is a extreme point;

c) x∗ is a basic feasible solution.

There are two different specific representations of a polyhedron used
in linear programming, the canonical form and the standard form.
We will show that both representations can be achieved for any poly-
hedron and therefore are no restrictions.
The canonical form uses only greater-than-or-equal-to constraints.
Therefore we reformulate every equality constraint (a,b) ∈ (A2,b2),
by two inequality constraints aTx 6 b and aTx > b. Further, for every
(a,b) ∈ (A1,b1), we will add −aTx > −b to the constraints. Finally
the only constraints left are A(3)x > b(3). Notice that in each step
we will modify the matrices A(i) and the right-hand-side vectors b(i),
i.e. we will delete the constraint that we reformulate and inserting the
new constraint to the appropriate matrix and right-hand-side vector.
The standard form uses only equality constraints and positive variables.
First we eliminate all free variables, by introducing two new positive
variables x+, x− > 0 for each free variable x and substitute every
appearance of x by x+ − x−. Second we eliminate all inequality con-
straints, by introducing so called slack and surplus variables. For every
(a,b) ∈ (A1,b1) we introduce a positive slack variable s and replace
the constraint by the equality constraint aTx+ s = b. Similar for ev-
ery (a,b) ∈ (A3,b3) we introduce a surplus variable s and replace
the constraint by aTx− s = b.
Both reformulations will still describe the same sets in Rn and there-
fore the optimization problem will have the same optimal value and
solution in every representation.
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2.2.2 Simplex Algorithm

There are multiple ways to solve linear programs, we focus on the
most commonly used in practical applications, the simplex algorithm
first described by Dantzig in 1948 [20–22]. It is worth mentioning that
the worst case runtime of this method is exponential and that there ex-
ist weakly polynomial algorithms that solve linear programs, i.e. the
ellipsoid method [36] and the interior point method [32]. While the el-
lipsoid method is only of theoretical interest and no implementation
can compete in usual applications against the simplex method, there
exist applications in which the interior point method is comparable
or even faster than the simplex algorithm.
The rough idea of the simplex algorithm is to go from one vertex to
another, always checking if there is an adjacent vertex with a better
objective value, or in fact if there is a direction in which the objec-
tive value improves. For the rest of this section we consider the lp in
standard form,

min cTx

s.t. Ax = b

x > 0 ,

(2)

where A ∈ Rm×n, b ∈ Rm, and c, x ∈ Rn. We can assume that A
has a full row rank, otherwise there exists another matrix A ′ with
full rank, which describes the same polyhedron as A. A set of indices
B = {B1, . . . ,Bm} and the set N = {1, . . . ,n} \ B, the induced matrix
AB =

(
AB1 , . . . ,ABm

)
is called basis, if the columns are linearly inde-

pendent. Often the set of indices B is called basis, too. An initial basis
is often known for a specific lp and most solvers will gladly take
such information into account. Otherwise there is always the possi-
bility to solve an auxiliary lp to get such a basic feasible solution. We
assume, without loss of generality that b > 0, we can always switch
the sign of bi by multiplying its equality constraint by −1. Further
we introduce positive artificial variables y ∈ Rm for every constraint,
and add yi on the left-hand-side of the i-th constraint. The auxiliary
problem is finally

min
m∑
i=1

yi

s.t. Ax+ y = b

x > 0

y > 0 .

(3)

This is a problem in standard form, and by setting x = 0 and y = b,
we always have a feasible basic solution at hand and therefore can
use the simplex algorithm to solve it. Since we penalize the use of the
variables in y, any feasible solution that solves the initial problem (2)
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has the objective value of 0. If the problem terminates with an optimal
value greater than zero, we can conclude that there exists no feasible
solution to the original problem.
So we can consider that we have a basic feasible solution x, i.e. all
nonbasic variables are zero, while xB = (xB1 , . . . , xBm) is given by

xB = A−1
B b .

Now we want to find an adjacent vertex to x by the construction of a
feasible direction.

Definition 2.
Let x be an element of a polyhedron P. A vector d ∈ Rn is called feasible
direction at x, if there exists a positive scalar τ for which x+ τd ∈ P.

Therefore we select a nonbasic variable xj and increase it to a positive
value τ, while all other nonbasic variables remain at zero. In fact we
set the components of a vector d, such that dj = 1 and all components
for other nonbasic variables to zero. Then the vector of the basic vari-
ables xB changes into xB+ τdB, where dB = (dB1 , . . . ,dBm). Since we
want to find a new basic feasible solution, and therefore a feasible so-
lution, the new point must satisfy the constraints, i.e.A(x+ τd) = b.
This can be transformed to Ad = 0, since x is a feasible solution and
τ > 0. We can transform this even further by recalling the construc-
tion of d

0 = Ad

=

n∑
i=1

Aidi

=

m∑
i=1

ABidBi +Aj

= ABdB +Aj .

With the fact that B is invertible, we obtain

dB = −B−1Aj .

Thus the equality constraints hold for this computed direction. The
non-negativity constraints for all variables are initially valid. Further
all nonbasic variables are increased and are therefore valid. Thus we
only have to determine τ such that the first basic variable hits zero.
In the degenerate case it is possible that d is not a feasible direction,
and therefore τ is determined as zero.
To determine if it is valuable for the objective function to choose the
j-th nonbasic variable, we introduce the so called reduced cost of the
j-th variable.

Definition 3.
Let x be a basic solution, let AB be the associated basis matrix, and let cB be
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the vector of costs of the basic variables. For each j, we define the reduced
cost c̄j of the variable xj according to the formula

c̄j = cj − c
T
BA

−1
B Aj .

Consider a basic variable xBi , we can determine the reduced costs by
the fact that A−1

B ABi is the i-th unit vector ei. Therefore the reduced
costs are

c̄Bi = cBi − c
T
BA

−1
B ABi = cBi − c

T
Bei = cBi − cBi = 0 .

Thus the reduced costs for every basic variable is zero. The next theo-
rem states the connection between the vector of all reduced costs and
the optimality of the solution.

Theorem 4.
Consider a basic feasible solution x associated with a basis B, and let c̄ be the
corresponding vector of reduced costs.

a) If c̄ > 0, then x is optimal.

b) If x is optimal and not degenerate, then c̄ > 0.

So if we choose a nonbasic variable j we can determine a specific
direction d associated with j and the reduced costs c̄j. If c̄j < 0 and
therefore indicates that we improve the objective function in the direc-
tion d, we now have to determine how far we move in this direction.
Since the costs improve in the direction, we want to maximize the
way, while staying feasible. The new point is computed by x + τd,
with τ > 0, therefore we have to compute,

τ∗ = max{τ > 0 | x+ τd ∈ P} .

There are two cases we have to distinguish:

a) If d > 0, then x+ τd > 0 for all τ > 0, and the problem is therefore
unbounded.

b) There exists an i such that di < 0, and the constraint xi + τdi > 0
gives an upper bound for τ 6 −xi/di. For each negative compo-
nent i we therefore obtain an upper bound −xi/di, and τ∗ is the
lowest of all of these bounds, i.e.

τ∗ = min
{i | di<0}

(−xi/di) = min
{i=1,...,m | dBi<0}

(−xBi/dBi) .

Since we set the component di to zero for all nonbasic variables
except the entering variable j, we only have to consider basis vari-
ables Bi. Note that if B is not degenerate, all xBi > 0, and therefore
τ∗ > 0.

Let us assume that all basic feasible solution are not degenerate. Then
we are able to give a typical iteration of the simplex method, usually
denoted as pivot that will improve the objective function or terminate.



14 preliminaries

a) The iteration starts with a basic feasible solution x, with an associ-
ated basis B.

b) Compute the reduced costs c̄j for all nonbasic variables j. If one
is negative we can improve the objective function, otherwise The-
orem 4 states that x is optimal.

c) Compute the direction dB = B−1Aj for a variable j with negative
reduced costs. If there exists no negative component in dB we
terminate as the problem is unbounded.

d) If a component in dB is negative, we compute

τ∗ = min
{i=1,...,m | dBi<0}

(−xBi/dBi) .

e) Let l be the index for that τ∗ = −xBl/dBl holds, which means
Bl is leaving the basis. Then the new basic feasible solution x ′ is
computed by x ′j = τ

∗ and x ′Bi = xBi + τ
∗di for i 6= l.

Notice that in step (c) we have the freedom to choose any of the
variables that have negative reduced costs. In Figure 1 we show a
possible route through some vertices of a polyhedron by a simplex
algorithm.

c

Figure 1: Example route of a simplex algorithm

In case there exist basic feasible solutions that are degenerate we have
to specify how to choose the incoming variable in the basis. There are
specific rules, so called pivoting rules, which prevent the algorithm
from an indefinite loop while changing the basis but not the basic
feasible solution x. This undesirable effect is called cycling. Perhaps
the simplest out of all pivoting rules is to take the smallest subscript,
i.e. choose the smallest j for which c̄j is negative.

2.2.3 Duality of Linear Programs

For several theoretical reasons we want to introduce the dual theory
of linear programs. Let an lp in standard form be given, i.e.

min cTx

s.t. Ax = b

x > 0 .

(4)
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Table 1: Relation between variables and constraints in primal and dual lps

primal minimize maximize dual

constraints
> b > 0

variables6 b 6 0

= b free

variables
> 0 6 c

constraints6 0 > c

free = c

We call this the primal problem (P). Then the following problem

max bTy

s.t. ATy 6 c
(5)

is called its dual problem (D). In general we can note that for every con-
straint in (P), there exists a variable in (D), and additionally for every
variable in (P) there exists a constraint in (D). As another fact the sign
of the constraint and the sign of the variable are related. Table 1 states
how the different kinds are related. As in the general transformation
of lps we can always transform a maximization problem into a mini-
mization problem by taking −c instead of c as the objective function.
With this in mind, computing the dual of (D) leads to Lemma 5

Lemma 5.
Let (P) be an lp and (D) its dual lp. Then the dual lp of (D) is equivalent
to (P).

We want to state some major theorems known for the duality theory
of lps.

Theorem 6 (Weak duality).
If x is a feasible solution for the primal problem (P) and y a feasible solution
for the dual problem (D), then

bTy 6 cTx .

From weak duality several simple corollaries follow. For instance that
if one of the problems is unbounded the other has to be infeasible.
Another corollary states that if there are feasible solutions for both
problems with the same objective value, those solutions have to be
optimal for their problem.

Theorem 7 (Strong duality).
If an lp has an optimal solution, so does its dual, and the optimal costs of
both are equal.
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Recall that for every lp there are three possible outcomes, where
exactly one will occur:

a) There is a finite optimal solution.

b) The problem is unbounded, i.e. the optimal cost is −∞ (minimiza-
tion), or∞ (maximization).

c) The problem is infeasible, i.e. no feasible solution exists.

This leads to nine possible outcomes for the primal and the dual. In
fact these outcomes are not all possible. We already excluded four
combinations by a corollary of weak duality. Finally with the help of
the theorem of strong duality we can limit the number of possible
outcomes to four situations:

1. Both the primal and the dual problem have a finite optimum.

2. The primal problem is unbounded, and the dual problem is
infeasible.

3. The dual problem is unbounded, and the primal problem is
infeasible.

4. Both problems are infeasible.

The theorems of weak and strong duality were statements over the
objective value of feasible or optimal solutions. The next theorem pro-
vides a relation between the primal and dual solutions.

Theorem 8 (Complementary slackness).
Let x and y be feasible solutions of (P) and (D), respectively. They are
optimal solutions for the two respective problems if and only if:

yi(a
T
i x− bi) = 0, ∀i,

(cj − y
TAj)xj = 0, ∀j.

2.2.4 Farkas’ Lemma

Suppose that we want to determine if a given system of linear in-
equalities is infeasible. We will use the duality theory to show that
the infeasibility of a given system is equivalent to the feasibility of
another system of inequalities. Consider that the first system is given
by a system in standard form, i.e.Ax = b and x > 0. Farkas’ lemma
states that either there exists such a solution, or there exists a certifi-
cate of infeasibility, i.e. a solution y such that ATy > 0 and yTb < 0.

Theorem 9 (Farkas’ Lemma).
Let A be a matrix of dimensions m× n and let b ∈ Rm. Then, exactly one
of the following two statements holds:
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a) There exists some x > 0 such that Ax = b.

b) There exists some vector y such that ATy > 0 and yTb < 0.

Proof. We have to prove two directions, if there exists x > 0 satisfying
Ax = b, and if ATy > 0, then we can conclude that

yTb = yTAx > 0 .

This concludes that if (a) holds, (b) is not satisfiable. As we stated
above we want to use the duality theory, therefore we need lps to use
the theorems. We will formulate the primal problem in standard form,
with the objective function c = 0, and formulate it as a maximization
problem. Then we can state the primal and the dual problem,

max 0Tx

s.t. Ax = b

x > 0 ,

min bTy

s.t. ATy > 0 .

Now let us assume that the primal problem is infeasible, i.e. there
exists no x > 0 such that Ax = b. The infeasibility of the primal
implies that the dual problem is either unbounded or itself infeasible.
Since y = 0 implies that ATy = 0 > 0, this is a feasible solution for
the dual problem. Though the objective costs are −∞, and so there
must exist a feasible solution y such that yTb < 0.

We will later use a modification of Farkas’ Lemma to find indistin-
guishable pairs in our algorithm. There our primal problem is given
in the form where only lesser-then-or-equal constraints are used, i.e.
Ax 6 b. And we already know that we describe two feasible polyhe-
dra A and B, which are disjoint.
For this context we will use a theorem that is a variant of Farkas’
Lemma. This is one amongst other theorems that are often called the-
orems of the alternative.

Theorem 10.
Suppose that the system of linear inequalities Ax 6 α has at least one solu-
tion, and let d0 be some scalar. Then, the following are equivalent:

(a) Every feasible solution to the system Ax 6 α satisfies dTx 6 d0.

(b) There exists some y > 0 such that ATy = d and yTα 6 d0.

Proof. Consider the pair of lps

max dTx

s.t. Ax 6 α ,

min αTy

s.t. ATy = d

y 6 0 .
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and note that they are dual to each other. Since the first one is feasible
by assumption, it can only be bounded or unbounded. If (a) holds,
then it is bounded by d0 and therefore there exists an optimal solu-
tion. Strong duality gives the fact that the optimal solution of the dual
problem must be lower than d0, too. Therefore there exists a solution
of the dual that satisfies (b). If (b) holds, then weak duality states
that the left lp is bounded by the objective value of the dual so (a)

holds.

We want to modify this theorem such that we combine two systems
of linear inequalities Ax 6 α and Bx 6 β, which both have at least
one feasible solution. But they are not simultaneously satisfiable.

Theorem 11.
Suppose the two systems of linear inequalities Ax 6 α and Bx 6 β have
both at least one feasible solution. Then, the following are equivalent:

a) Every feasible solution of the system Ax 6 α satisfies dTx 6 d0 and
every feasible solution of the system Bx 6 β satisfies dTx > d0.

b) There exists some y = (ya,yb) > 0 such that ATya = d, BTyb = −d,
yTaα 6 d0 and yTbβ 6 −d0.

Proof. Assume (a) is true, then Theorem 10 states for the system of
linear inequalities Ax 6 α that there exists ya > 0 such that ATya = d

and yTaα 6 d0, which is part of the statement of (b). When we use the
other system of linear inequalities Bx 6 β, and modify the statement
dTx > d0 to −dTx 6 −d0, Theorem 10 states that there exists yb > 0
such that BTyb = −d and yTbβ 6 −d0, which gives us the missing
part of the statement of (b).
Consider (b) is true, then again Theorem 10 gives the statement of
(a) for both linear systems separately.

Note that we can solve (b) by a linear program. Additionally d,d0
can be set as variables without creating a non-linear constraint. Since
condition (b) is only a statement of feasibility, there is no objective
function used so far. This leads to more freedom in terms of modeling
other goals. In Section 5.1.3 we describe an lp that solves a similar
problem based on the idea of this theorem.

2.3 satisfiability modulo theory

Satisfiability modulo theory (smt) is an extension of the common
known sat problem. In sat problems there is a given formula φ in
propositional logic, i.e. a formula built by Boolean variables, where
the operators are conjunction (∧), disjunction (∨), negation (¬), and
parentheses. A formula φ is satisfiable, if there exists a model m,
i.e. an assignment of the variables, such that the formula evaluated in
m is true.
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In smt problems, some of the Boolean variables have a deeper mean-
ing, i.e. must fulfill some background theory, e.g. real numbers, arith-
metic, or linear arithmetic. The basics of smt can be backtracked to
the 1970s and 1980s, where decision procedures where used in formal
methods, see [11, 45, 51]. The modern smt solvers combine fast sat

solvers with theory solvers, which typically only solve conjunctions
of literals. To formally introduce smt formulas we first give basic con-
cepts and notations about first-order logic, then we specify the setting
by introducing only the theory of linear arithmetic.

2.3.1 Syntax

A signature Σ contains predicate and function symbols, and every sym-
bol has a specific arity. Further we partition any signature Σ into ΣF

and ΣP, denoting that they are functions or respectively predicate
symbols. A 0-arity symbol in ΣF is called a constant symbol. The 0-
arity symbols in ΣP are called propositional symbols or Boolean vari-
ables. A term t is a first-order term built from the function symbols of
Σ. As it is common, we call a formula atomic (or atom), if it has one of
the following forms, a 0-arity symbol in ΣP, a propositional n-arity
p(t1, . . . , tn) with terms t1, . . . , tn, an equality t1 = t2, false⊥, or true
>. A literal is an atom or the negation of an atom. The complement of
a literal l is written as ¬ l, such that if l is an atom it is the negation,
and if l is already the negation of an atom, it is the atom itself. The
disjunction of literals l1 ∨ · · ·∨ ln is called a clause c, we then denote
with ¬ c the set {¬ l1, . . . ,¬ ln}. Correspondingly for a set of literals
µ = {l1, . . . , ln}, we denote by ¬µ the clause ¬ l1 ∨ · · ·∨¬ ln. A for-
mula is in Conjunctive Normal Form (cnf), or called a cnf-formula,
if it is a conjunction of clauses, e.g. c1 ∧ · · ·∧ cn.

2.3.2 Semantics

Formulas are mapped to the set of truth values {true, false}, with the
concept of models. A model A for a signature Σ is a pair (A, (·)A),
where A is a non-empty set and (·)A a mapping. This mapping as-
signs every constant to an element in A, every symbol in ΣF with
n-arity (n > 0) to a total function that maps An to A. Additionally
this mapping assigns each propositional to {true, false}, and every
symbol in ΣP with n-arity (n > 0) to a total function that maps An to
{true, false}. Generally the mapping (·)A is extended to map terms
to an element of A and formulas to an truth value {true, false}. This
extension is called interpretation of the terms and formulas. A model
A satisfies a formula φ if and only if, φA, the interpretation of the
formula, is true.
Now in the context of smt we are no longer interested in any model
that satisfies a formula, but in a model belonging to a given theory T,
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which constraints the interpretation of the symbols of Σ. In this con-
text say a ground formula φ is satisfiable in T, if and only if there is an
element of the set T that satisfies φ. Similar to this, a set of ground for-
mulas Γ (T)-entails a ground formula φ, if and only if every model of
T that satisfies every formula in Γ satisfies φ as well, written Γ |=T φ.
Such sets Γ are called T-consistent if and only if Γ 2T ⊥, and a function
φ is T-valid if and only if ∅ |= φ. We therefore call a clause c a theory
lemma if c is T-valid.
For a set of literals C and a formula F, we denote by C \ F the set
containing the literals in C by removing all atoms occurring in F, and
by C ↓ F the set of literals created from C by removing all atoms not
occurring in F.

2.3.3 Real Linear Arithmetic

Since the theory of linear arithmetic LA(Q) is already a combina-
tion of theories, i.e. rational numbers and linear arithmetic, we would
have to formally introduce both and then talk about the combina-
tion of theories. For the sake of simplicity we will skip this part and
leave it to the reader to get additional information if needed, details
are shown in [6]. For rational linear arithmetic we now have two dis-
joint sets of variables C and B, where C contains continuous variables
c1, . . . , cm ∈ Q, and B contains Boolean variables b1, . . . ,bn ∈ {0, 1}.
Then we want to reason about formulas over B ∪ C, but with the
restriction that every term over C has to be of the form of a lin-
ear term, i.e. there are rational constants α0, . . . ,αm such that the
term is of the kind α0 +

∑m
i=1 αici. The predicates are then based

on linear constraints, i.e. for a term t they have the form t ∼ 0 with
∼∈ {=,<,6>,>}. As a remark, if we only allowed ∼ to be 6 it would
not reduce the expressive power of the theory, since every other sym-
bol can be expressed by 6 with the negation and combination of
Boolean formulas. As an example an equation is simply a conjunction
of two linear constraints, and the strict inequality is just the negation
of non-strict equation with negated factors. An (quantifier-free) smt

formula is therefore a formula over the set of all Boolean combina-
tions of the Boolean variables B and linear constraints over C.
A basic example of an smt formula in real linear arithmetic is

((c1+ c2 > 0)∨b1)∧ (((c1 < 0)∧ (c2 < 0))∨b2)∧¬ (b1∧b2) . (6)

2.3.4 Typical Solving Strategies for smt-Formulas

In this subsection we want to introduce some basic strategies that are
used to solve smt formulas. Additionally we want to point out which
tools are usually available in common smt solvers, e.g. incremental
solving and resolution proofs. A common way is to represent every
linear constraint, or in general every atom, as a new Boolean variable.
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Then solve the formula by an sat solver, since the formula now only
consists of Boolean variables. Convert the model that was found for
the sat problem back to the theory and check this for consistency. If
it is consistent in the theory, the solver found a solution. If it is not
consistent, the theory solver will derive a cause, i.e. a subset of atoms
that cannot be fulfilled at the same time. We will call this subset a
T-conflict. Then the solver will again substitute this T-conflict to the
Boolean variables and will add the negation as a conjunction to the
formula. Then the sat solver will again try to solve this. The proce-
dure stops when the sat solver cannot come up with a model, i.e. will
state the formula is unsatisfiable, or the theory solver states that the
model is consistent in the given theory, where it will state that the
formula is satisfiable.

Example 1.
Assume an smt solver wants to check if the formula in (6) is satisfiable.
Then it would substitute every atom, i.e.

q1 7→ c1 + c2 > 0 q2 7→ c1 < 0 q3 7→ c2 < 0 .

The sat solver will now solve the formula

(q1 ∨ b1)∧ ((q2 ∧ q3)∨ b2)∧¬ (b1 ∧ b2) , (7)

and find a Boolean assignment, e.g.q1,q2,q3 = > and b1,b2 = ⊥. Now
the theory solver has to decide whether this Boolean assignment (i.e. the sub-
stitution back to the linear constraints) is consistent with the theory or not,
i.e. if there exists a solution for c1, c2, such that q1, . . . ,q3 = >. Obviously
in this situation this is not possible and the solver returns a conflict. In our
case the conflict is {(c1 + c2 > 0), (c1 < 0), (c2 < 0)}. Then the conflict is
added to the sat formula in (7), which leads to

(q1∨ b0)∧ ((q2∧ q3)∨ b1)∧¬ (b0∧ b1)∧ (¬q1∨¬q2∨¬q3)

The solver will return a new model, e.g.q1,b2 = > and q2,q3,b1 = ⊥.
And since this is consistent with the theory, the theory solver will return a
suitable assignment, e.g. c1 = c2 = 1.

2.3.4.1 Incremental Solving

Most common smt solvers will process the Boolean model incremen-
tal, and propagate if a partial model is consistent within the theory.
When afterwards a theory solver will determine that there is a con-
flict, the sat solver can backtrack to the last propagation that was
valid with the new added clause, instead of solving the whole prob-
lem from scratch. This method is not restricted to the algorithm it-
self, but can be addressed from an algorithm or user. That allows the
user to solve a complicated smt problem, then change a minor thing,
e.g. drop a clause and add another one instead. With the incremen-
tal technique this second problem is far more easier, since the solver
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can backtrack to the last propagation that is valid for the new clause,
and start from this point, instead of solving the problem again. The
authors of [39] did a comparative study in which they came to the re-
sult that incremental solving is in most cases much faster compared
to cache-based approaches.

2.3.4.2 Resolution Proofs

The conflicts derived from the theory solver are usually optimized in
the way that the number of literals used is minimized but still the
unsatisfiability of the theory is maintained. The subset of the conflict
is therefore often called minimal infeasible subset.

Definition 12 (Resolution Proof).
Let S = {c1, . . . , ct} be a set of clauses. P = (VP,EP) is a directed acyclic
graph partitioned into inner nodes and leaves. P is a resolution proof of the
unsatisfiability of c1 ∧ · · ·∧ ct in LA(Q), if

1. each leaf in P is either a clause in S or a LA(Q)-lemma (corresponding
to some LA(Q)-conflict η);

2. each inner node v in P has exactly two parents vR and vL, such that
vR and vL share a common variable p (pivot variable) in the way that
p ∈ vL and ¬p ∈ vR. We derive v by computing the conjunction of
vR ∧ vL;

3. the unique root node r in P is the empty clause.

Let S = {c1, . . . , ct} be an LA(Q)-unsatisfiable set of clauses, (A,B)
a disjoint partition of S, and P a proof for the unsatisfiability of S in
LA(Q). Then an interpolant I for (A,B) can be constructed by the
following procedure [42]:
The unique root node rI then represents the formula of an inter-
polant of A and B. Several methods are known to construct LA(Q)-
interpolants, e.g. [47], all have in common that they construct a single
linear constraint based on the convex regions given to the function.
One basic idea is to use Farkas’ Lemma to construct a linear constraint
separating these convex regions computed by linear programming. If
those calls are handled separately, as in Algorithm 1, this will add
for each LA(Q)-conflict in the proof a linear constraint with a fixed
normal [49] to the interpolant, and therefore will lead to a substantial
blow-up in complexity.

2.4 model checking

Since our problem occurs in the context of a specific model-checking
algorithm, we want to give a very short overview of the overall algo-
rithm. For a detailed description we refer to [4]. We will skip most
of the formal definitions and only give an overview. The system



2.4 model checking 23

Algorithm 1 : Construct an interpolant from a resolution proof

begin
I = P

for every leaf vP ∈ P associated with a clause in S do
if vP ∈ A then

vI = vP ↓ B
else if vP ∈ B then

vI = >
for every leaf vP ∈ P associated with a LA(Q)-conflict η do

vI = Interpolant(η \B,η ↓ B)
for ever inner node vP ∈ P do

if vP /∈ B then
vI = v

L
I ∨ v

R
I

else if vP ∈ B then
vI = v

L
I ∧ v

R
I

return I

model is based on a Linear Hybrid Automaton Extended with Dis-
crete States (lha+d), which is based on a finite set of Boolean and
continuous variables. It alternates between two transitions, so called
flows that are continuous transitions, and jumps that are discrete tran-
sitions. The set of variables is usually separated into four different
sets, but for our purpose we can just consider them split in three.
A set of continuous variables C, and two sets of Boolean variables
D,M, whereD consists of variables that are used to model something,
e.g. counters, and M consists of so called mode variables that encode
the discrete states of a traditional linear hybrid automaton. Each dis-
crete transition (jump) is a guarded assignment, which is modeled as
an smt formula over rational linear arithmetic and change the vari-
ables xi ∈ D ∪M ∪ C to values that satisfy either linear or Boolean
expressions. Additionally there are smt formulas, called global con-
straints, which specify lower and upper bounds for continuous vari-
ables, possibly for every mode individually.

Definition 13 (The Semantics of a lha+d without formal definition).

• A state of an lha+d is a valuation s = (d, c,m) of D,C and M.

• There exist conditions for a continuous transition from a state si =

(di, ci,mi) to a state si+1 = (di+1, ci+1,mi+1), which mainly in-
volves that on the way from si to si+1 neither a transition is triggered
nor the global constraints are violated.

• A finite sequence of states
(
si =

(
di, ci,mi

))
06i6n is a trajectory of

an lha+d. All states satisfy the global constraints, each transition
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satisfies its guarded assignment, and its predecessor was of a specific
transition type.

• A state s ′ = (d ′, c ′,m ′) is reachable from the state s = (d, c,m),
if there exists a trajectory that starts in s and ends in s ′. For a set of
initial states Init we call the set that consists of states that is reachable
from a state in Init the reachable state set.

The lha+d is called safe for the states set Init and Unsafe, if the
reachable state sets of Init and Unsafe are disjoint. The algorithm
performs a backward fixpoint computation. Starting with Unsafe the
algorithm repeatedly computes the pre-image until it reaches a fix-
point or halts when an intersection with Init is detected.

2.4.1 Representation of State Sets

To represent a state set the algorithm needs to handle huge (quan-
tifier free) smt formulas with rational linear arithmetic. Therefore it
represents every linear constraint present in the formula by a Boolean
variable, identical to the procedure that was described in Section 2.3.4.
This leads to a Boolean structure, which is then represented by a Func-
tionally Reduced AND-Inverter Graph (fraigs), which are basically
AND-Inverter Graphs (aigs) where no two nodes exist that represent
the same Boolean formula. Since the previous substitution enriches
the aigs with linear constraints, the structure is called LinAIGs. Fig-
ure 2 shows the structure of a LinAIG.

Boolean
domain

variables
d1 dn c1 cf

continuous
domain variables

. . .. . .

lin. constraints

ql1 qlk. . .
mapping between
linear constraints and
Boolean variables

AIG

f1 fm. . .
represented
predicates

Figure 2: Structure of LinAIGs, which combine Boolean and continuous
variables to model state sets of a hybrid linear automaton.

2.4.2 Computation of Continuous Steps

The computation of the continuous steps is basically a quantified smt

formula. Since the LinAIGSs are not designed to handle quantifiers,
the quantifiers have to be eliminated. To avoid a conversion of a
LinAIG to cnf or Disjunctive Normal Form (dnf), the quantifier
elimination is done by Loos’s and Weispfennig’s test point method
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[40] instead of Fourier-Motzkin algorithm. With this method, uni-
versal quantifiers are converted to finite conjunctions and existential
quantifiers into finite disjunctions. The subformulas used in both of
them are derived from the original formula by suitable test-points,
which are again formulas of linear arithmetic. The number of test-
points necessary for this procedure is linearly correlated to the num-
ber of linear constraints in the original formula. Thus for each elimina-
tion of a single real-valued variable, the number of linear constraints
potentially grows quadratic with the number of linear constraints that
are used in the original formula.
To enhance the performance of the algorithm it combines the two
approaches onioning, and cegar.

2.4.3 Onioning

The idea behind this approach is that in the computation of the fix-
point we repeatedly compute a pre-image of the current state set. The
state set itself therefore can be written as a union of pre-images of a
specific depth in the fixpoint computation. To calculate the next pre-
image it is not necessary to compute the pre-image of every single
former pre-image, since only the states that are added due to the last
pre-image will produce possibly new states. This idea was introduced
in the late eighties in the context of symbolic model-checking in [15].
It is however not clear if the computation of the pre-images is eas-
ier on a smaller set, but combined with other methods this creates
freedom to create simpler state sets to compute the pre-image.

2.4.4 Counterexample-Guided Abstraction Refinement

The algorithm will try to overapproximate some intermediate state
set, and computes the pre-image of this, instead of the real state set.
If a fixpoint is reached without a detection of an intersection with Init
the model is safe. On the other hand an intersection with Init does
not necessarily lead to Unsafe, since the overapproximation could be
the reason. With this in mind, the algorithm searches for a spurious
counterexample, i.e. a trajectory from a state in the intersection to a
state that is only in a state set of an overapproximation and not of
the original intermediate state set. These trajectories are then used
to refine the overapproximation, and the algorithm restarts from this
point with a new computed overapproximation. The model is still
unsafe, when a trajectory is found that leads to Unsafe that is always
in the original intermediate state set. The algorithm terminates if such
a real counterexample is found, or if a fixpoint is reached without a
detection of an intersection with Init.
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2.4.5 Epsilon Bloating

To guide the overapproximation of the intermediate state set and for-
bid a huge overapproximation, [4] introduced the concept of epsilon
bloating. For a given state set representation as an smt formula Φ(x),
where x are the continuous variables, we compute a bloated state set
bloat(Φ(x)) by the following formula,

bloat(Φ(x)) = ∃v(Wε(v)∧Φ(x− v)) , (8)

where v is a vector of real variables with the size of x, and Wε(v)

defines a lower and upper bound for every variable vi. Previously we
defined an εi for every variable. Wε(v) is defined as

Wε(v) =
∧
i

−εi (ui − li) 6 vi 6 εi (ui − li) , (9)

where li,ui are the lower bound and upper bound of the variable xi.
In the current standard setting of the algorithm every εi is set to a
global ε, such that the range of each variable is only defined by the
size of the bounding box of the variable.

Remark The given state set Φ(x) is always a subset of bloat(Φ(x)),
since v = 0 is valid for every Wε.

φ

φ ′

Figure 3: An ε-bloated state set

2.4.6 Resume

We therefore have a model-checking algorithm that searches for a fix-
point by a backward approach, so instead of searching for all states
that are reachable from Init, it searches for all states that can reach
Unsafe and therefore would also lead to Unsafe. The computational
effort for the pre-image computation is linearly correlated to the num-
ber of linear constraints, and leads to a potentially quadratic growth
of linear constraints used in the formula of the pre-image. Therefore
the pre-image computation itself will potentially grow quadratically.
With the two approaches cegar and onioning, the algorithm has two
possibilities where the state set can be overapproximated. Regardless
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of which situation, the quadratic growth of linear constraints in the
pre-image computation and the fact that the elimination of quanti-
fiers has a quadratic factor in its computation time depending on the
number of linear constraints, the goal of a simple representation is to
lower the amount of linear constraints. This leads us to our problem
definition in the next chapter.
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P R O B L E M D E F I N I T I O N

In this chapter we will give a formal definition of the problem to
minimize interpolants. In the previous Section 2.4 we introduced the
algorithm in which the problem occurs. The main goal is a simple rep-
resentation of a state set that should have fewer linear constraints. In
both concepts to improve the algorithm cegar and onioning, there
are two state sets. In case of cegar there is the intermediate state set
Φ and the one computed by the epsilon bloating bloat(Φ). In case of
onioning there is the set of all with i iterations reachable points Φi
and the state set that is only needed to compute the next pre-image
Φi \Φi−1. It is also done that these two are again combined, such
that in cegar not the actual reachable set is bloated, but Φi \Φi−1
the state set that is actual needed for the next pre-image computa-
tion. Such that the two state sets in this situation are Φi \Φi−1, and
bloat (Φi \Φi−1)∪Φi.
All these cases have in common that there are two state sets, where
one is a subset of the other, e.g.Φ ⊆ bloat(Φ). In this case there
is a well known theorem of mathematical logic that introduces the
concept of an (Craig) interpolant:

Definition 14 (Craig interpolant [16]).
Let A and B be two formulas, such that A∧B � ⊥. A Craig interpolant I
is a formula such that

1. A � I

2. I∧B � ⊥

3. the uninterpreted symbols in I occur both inA and B, the free variables
in I can occur freely both in A and B.

Remark We will sometimes use only the concept of an interpolant, not a
Craig interpolant, which does not explicit enforce the third point of the defi-
nition.

Remark Sometimes an interpolant is also defined for formulas, such that
A � B, instead of A∧B � ⊥. In this situation ¬B will suffice the condition
for the definition, A∧¬B � ⊥.
The second condition I∧B � ⊥, can also be reformulated such that ¬ I � B.

With this concept, we can formulate our problem by the following:

Definition 15 (Minimize Interpolant Problem).
Given two state sets A,B ⊂ Bn ×Rm. Let I be the set of all interpolants
for A and B. The solution for the Minimize Interpolant Problem I∗ is an
interpolant out of I that has minimal number of constraints.

29
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This problem is at least NP-hard, which can be shown by a reduction
of k-polyhedral separability. Given two sets of points, does there exist
a set of k hyperplanes, such that every pair out of these two sets is
separable? This problem is NP-complete.

Lemma 16.
The Minimize Interpolant Problem is NP-hard.

Proof. To reduce k-polyhedral separability problem to our problem
we show that every instance of the k-polyhedral separability prob-
lem can be solved by an algorithm solving the Minimize Interpolant
Problem. Therefore we just re-formulate every point as a convex re-
gion. The disjunction of all these convex regions of one set will give a
suitable formula for our problem. Therefore an algorithm for the Min-
imize Interpolant Problem will directly answer the k-polyhedral separa-
bility problem. If the instance of the k-polyhedral problem is separa-
ble by at most k hyperplanes, the k-bounded interpolant problem is
solvable. If it were not solvable there could not exist k hyperplanes
that separates the set of points. And if the formulated k-bounded in-
terpolant problem is solvable, the k-polyhedral separability problem
is solvable by the same formula.

Example 2.
Figure 4 shows two state sets A,B, with no Boolean complexity, i.e.n = 0.
One representation of those sets is

A = (l1 ∧ l2)∨ l3 ∨ l4 and B = (l5 ∧ l6)∨ (l7 ∧ l8)

In this case, A itself is an interpolant of A and B.

A

B

l3 l2

l1

l4

l5 l7

l6

l8

Figure 4: Running example for our algorithm
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In this chapter we will give an overview over the techniques that are
currently used to solve the Minimize Interpolant Problem, Definition 15.
Every algorithm we present here solves the problem only heuristically.
First we will present the method of Redundancy Removal that will just
remove so called redundant constraints, i.e. they will construct another
description for A with a subset of linear constraints already used in
the description of A. The extended approach Constraint Minimization
is to find an interpolant for A and B by defining Don’t Care-Sets and
removing more constraints as long as the over-approximation of A
only extends in these Sets.
Beautiful Interpolants [2] is a method that constructs an interpolant
from scratch. It iteratively searches for points that are not separated,
and refining the interpolant step by step. The last approach Simple
Interpolants for Linear Arithmetic [49] constructs the interpolant by sim-
plifying the resolution proof given by an smt solver.

4.1 redundancy removal and constraint minimization

In this section we will first present a method that reduces the num-
ber of linear constraint in the description of a state set by removing
all redundant constraints. This is not as straightforward as in the sit-
uation of convex polyhedra. A linear constraint l is redundant for a
formula F if there exists a formula G that depends on the same linear
constraints except for l and F and G represents the same predicates,
formally:

Definition 17 (Redundancy of linear constraints).
Let F be an smt formula over Boolean variables b1, . . . ,bk and linear con-
straints l1, . . . , ln over the real-valued variables c1, . . . , cf. The linear con-
straints l1, . . . lr(1 6 r 6 n) are called redundant in the representation
of F(b1, . . . ,bk, l1, . . . , ln) if and only if there is a Boolean formula G with
the property that F(b1, . . . ,bk, l1, . . . , ln) and G(b1, . . . ,bk, lr+1, . . . , ln)
represents the same predicate.

To check for redundant constraints the algorithm will make a copy
c ′i for every real-valued variable ci. Then they formulate every linear
constraint lj over the copied variables and denote this constraint with
l ′j. The check for redundancy is then based on the following theorem
[19]:

31
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Theorem 18 (Redundancy check).
The linear constraints l1, . . . lr(1 6 r 6 n) are redundant in the representa-
tion of F(b1, . . . ,bk, l1, . . . , ln) if and only if the predicate

F(b1, . . . ,bk, l1, . . . , ln)⊕F(b1, . . . ,bk, l ′1, . . . , l ′n)∧
n∧

i=r+1

(li ≡ l ′i) (10)

(where⊕ denotes exclusive-or) is not satisfiable by any assignment of Boolean
values to b1, . . . ,bk and real values to the variables to c1, . . . , cf, c ′1, . . . , c ′f.

The proof of this theorem is given in [48] and is constructive. To
achieve this they introduce a Don’t Care Set (dc) for F, which con-
sists of all Boolean configurations which are not LA(Q)-sufficient,
and then efficiently construct G, which holds F = G for every config-
uration not in DC. Formally the dc is defined by

Definition 19 (Don’t Care Set).
The Don’t Care Set DC induced by linear constraints l1, . . . , ln is defined
as

DC := {(vl1 , . . . , vln) | (vl1 , . . . , vln) ∈ {0, 1}n and

∀ (vc1 , . . . , vcf) ∈ Rf ∃1 6 i 6 n with

li (vc1 , . . . , vcf) 6= vli} .

This is useful, since common smt solvers (with the option of mini-
mizing conflict clauses) will produce a representation of a subset of
dc as a byproduct of the solution of formula (10). The new formula G
can be computed in linear time from a resolution proof of a formula
in cnf. As mentioned in Section 2.3.4 resolution proofs are available
in any modern smt solver, if the user turns on proof logging.
With this approach and this definition of the dc set, the representa-
tion would remove redundant constraints, but it would not overap-
proximate the state set. However the method was expanded in [18]
to compute interpolants of A and B. Therefore they extend the dc

set from Definition 19 by the Boolean combinations that are repre-
senting the region ¬A∧¬B. With this extension of the set dc they
allow to differ not only in Boolean configuration that are not LA(Q)-
sufficient, but also in regions that are neither in A nor in B. This
turns the method of Redundancy Removal in a method of interpolation,
named Constraint Minimization. The main difference is that Constraint
Minimization will overapproximate the state set A, when Redundancy
Removal would only change the representation.
For both approaches the fundamental disadvantage is that they will
only use linear constraints already known to the system.

4.2 beautiful interpolants

This method was introduced in [2]. The following algorithm is ini-
tially not designed to handle state sets with additional Boolean com-
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plexity. Since this is a main part of our problem we have to redefine
certain steps to handle this issue. It will construct an interpolant of
two state-sets from scratch, i.e. without the usage of a previously com-
puted interpolant.
The basic idea is to search for a model that is not yet correctly sepa-
rated. Expand this model to a sample, i.e. a convex region, and further
try to partition these samples into a small amount of samplesets, such
that each A-sampleset can be separated from each B-sampleset by a
single linear constraint. Therefore the main objects of the algorithm
are the two sets of samplesets SA and SB, and the partial interpolant
map PItp. PItp maps pairs of sets of convex regions to a hyperplane,
i.e. it maps (sA, sB) ∈ SA × SB to a hyperplane that will separate ev-
ery convex region in sA from every convex region in sB.
The authors introduce three different kinds of subroutines for the al-
gorithm, which are all formulated as guarded commands.

1.) Rules that distribute samples into samplesets, i.e. Merge and
Split. Where Merge and Split are contrary commands, where
Merge will reduce and Split will increase the number of sam-
plesets by one.

2.) Rules that check interpolants and construct partial interpolants,
i.e. CheckItpA and CheckItpB will check if there exists a
model in A or B that is not yet separated, and PartialItp a
command that will fill a single entry of the partial interpolant
map PItp for a pair of sampleset if it is possible.

3.) Rules that check for termination.

Note that invariantly, if (sA, sB) is in the domain of PItp then the
linear constraint PItp(sA, sB) is an interpolant for (

∨
sA,

∨
sB).

In the initialization the sets SA,SB and the map PItp are set to be
empty. Then the algorithm would construct an interpolant C out of
PItp and check whether A∧¬C is satisfiable, alternatively it would
check if B∧C is satisfiable. In either case the found model in A (or B)
is expanded to a sample, and put in SA (or SB) as a new sampleset.
If the number of samplesets of A is bigger then two, the algorithm
has now the choice to Merge the new convex region into another
set sA ∈ SA. Either way there is a new A-sampleset and therefore the
algorithm has to execute PartialItp for every existing B-sampleset
and compute a new linear constraint for each of them. If this is not
possible for a single pair, the algorithm has to execute a Split. How
this is exactly guided is not well described in the paper, they mention
to use the Farkas coefficients to choice a split, but if they for example
split after a single partial interpolant failed, or if they use multiple
failed PartialItp-calls to find a choice that is suitable for multiple
splits is not known. It is important to notice that not every split will fix
the problem, and perhaps multiple splits are needed. To understand
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A1

B1
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Figure 5: Running example with the technique of Beautiful Interpolants

the behavior of this algorithm better, we show what could happen in
our example.

Example 3.
In Figure 5 (a) two points a1 and b1 are enlarged to the shaded convex re-
gions A1,B1, then SA = {{A1}} and SB = {{B1}}.
In (b) we find a point a2 which is on the wrong side of the interpolant and
therefore the convex region A2 is introduced, i.e.SA = {{A1}, {A2}}. Now
the algorithm takes the opportunity to merge these sets to one, such that
SA = {{A1,A2}}. In this case we have to update every partial interpolant
already computed for {A1} ∈ SA. In (c) we find a third point a3, but after
we also merged A3 to the other sets, the update for the partial interpolants
returns an error. This means we have to split the set {A1,A2,A3} somehow,
e.g. to {A1,A2} and {A3}.
Recognize that not every choice of the split will end in direct solvable solu-
tion, e.g. if we would split into {A1} and {A2,A3} it would return the same
error and would force another Split.

To ensure the termination of the algorithm they remember every set
that enforced a Split in the process and will never perform a Merge

that end up in such a set. Since the number of sets are finite, this leads
to a limited number of possible sets and therefore to its termination.
The interpolant build out of the partial interpolant is defined by

Cand (SA,SB,PItp) ≡
∨

sA∈SA

 ∧
sB∈SB

PItp(sA, sB)

 . (11)

Remark In a nutshell this method efficiently produces small inter-
polants, when the situation is trivial, i.e. the state sets are separable
with one or two linear constraints. It has to terminate to actually have
an interpolant to work with, and the only way to speed up the pro-
cess is to skip merges. This on the other hand leaves the algorithm
to an enumeration of convex regions and separating every single pair
of them on their own. If someone wants to implement this approach
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there is a fair amount of unknown decisions, e.g. which convex region
they choose in a split, in which order they execute the subroutines
when multiple guards are fulfilled. Last but not least the interpolant
build by this method is always in disjunctive normal form, which can
lead to exponentially larger form than needed. Since And-Inverter-
Graph (aig) or Linear-And-Inverter-Graph (linaig) are known to
be a better representation for Boolean formulas, the interpolant must
be transformed to actually work with it.

As mentioned in the beginning this method was introduced with no
Boolean complexity in the state sets in mind. First of all the samples
are specific to a Boolean assignment, in the step where they enlarge
the sample to a convex region, they have now the option to find a
more general formula for the Boolean assignment as well. The basic
condition they use in the actual construction of the interpolant is that
for each pair of samplesets sA, sB the partial interpolant map pro-
vides an interpolant for

∨
sB and

∨
sA. Assume they hold on to that,

then the partial interpolant is no longer a formula only over the real
variables (a linear constraint), but over the Boolean variables that are
used in the description of the state sets as well.
This would lead to a different function to compute the partial inter-
polants. One possible way would be to search for a linear constraint
that still separates all samples sA from sB. If there are no Boolean
assignments of a sample in sA equal to any sample in sB the sample-
sets have to be separated due to the Boolean variables, i.e. a Boolean
interpolant. All this could lead to the fact that the method has to
enumerate over all Boolean assignments.

4.3 simple interpolants for linear arithmetic

In Section 2.3.4.2 we introduced a way to compute interpolants di-
rectly as a result of a resolution proof. The disadvantage we already
mentioned is that they typically handle the separation of the convex
regions separately, where each of them add a linear constraint with
a fixed normal to the interpolant. This leads to a substantial blow-up
in the number of linear constraints. The idea behind this method is
therefore to relax the LA(Q)-conflicts to gain more freedom in these
conflicts and then try to find constraints that separate more than one
conflict. The method is based on a lemma in [49]:

Lemma 20.
Let P be a proof of LA(Q)-unsatisfiability of A∧ B, let ¬η be an LA(Q)-
lemma in P not containing literal ¬ l, and let l be implied for A, i.e.A � l
and l does not occur in B. Then Craig interpolation according to [42] applied
to P with ¬η replaced by ¬η∨¬ l computes a Craig interpolant for A and
B.
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They are therefore free to extend the conflicts with every negation
of implied literals for A or B while keeping the interpolant correct.
Additionally they introduce a system of linear constraints that will
compute a shared interpolant for multiple conflicts. Assume a fixed
set of conflicts {η1, . . . ,ηr}. Each of them defines a convex region by
a conjunction of linear constraints of A and B, i.e.η \ B for A and
η ↓ B for B, as we described it in 2.3.4.2. For the conflict ηj we write
Ajx 6 aj for the system ηj \ B, and Bjx 6 bj for the system derived
by ηj ↓ B. They introduce a system of inequations

λTj Aj + µ
T
j Bj = 0

T (12)

λTj Aj = i
T (13)

λTj aj 6 δ (14)

δ+ µTj bj 6 −1 (15)

λTj > 0 (16)

µTj > 0 , (17)

where for each solution the variables i and δ define a single inequa-
tion iTx 6 δ, which separates all conflicts simultaneously. This is
solved by linear programming, without a objective function.

Remark Since they do not have an objective function, the problem is
never unbounded, it is feasible or unfeasible.
They also exclude the solution where everything is set to zero natu-
rally by the equation (15).
The downside to that approach is that they can not handle strict in-
equalities properly, since they will never allow that the convex regions
touches each other in any point, due to the equation (15).

These ideas combined lead to the following algorithm.
They first compute a resolution proof for A and B. Then they extend
the conflicts by literals computed after a scheme called Lemma Lo-
calization, introduced in [46]. After that they compute an undirected
compatibility graph G = (V ,E), where V consists of all conflicts, and
there is an edge (ηi,ηj) if there is a shared interpolant of ηi and
ηj, i.e. the system (12-17) is feasible. Their first idea was a greedy al-
gorithm, which iteratively tries to extend a shared interpolant by a
conflict that is connected to the other conflicts already in the shared
interpolant. If this is possible they extend the interpolant, otherwise
they will try another conflict. When no conflict can extend the inter-
polant, they create a new interpolant by an edge of the graph, where
both conflicts are not used in a previously shared interpolant.
The second idea was to iteratively find the maximum subset of con-
flicts in the graph. After finding a maximum subset, they would re-
move all conflicts from the subset in the graph. They implemented
this idea by formulating the maximal subset as an smt-formula. We
will not go into more details here, since their experimental results
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showed that the greedy algorithm performs better and there were few
examples where the maximum subset method would find smaller in-
terpolants.





5
T H E A L G O R I T H M F O R I M P R O V I N G
I N T E R P O L A N T S W I T H L I N E A R A R I T H M E T I C

In this chapter we will present our heuristic method to compute good
solutions for the Minimize Interpolant Problem. A detailed description
of the problem is given in Chapter 3.
Our algorithm is based on an extension of the following proposition.

Proposition 21 (Prop. 3 in [43]).
The hyperplanes L1, . . . ,Lh separate the sets (of points) P andQ in the sense
of h-polyhedral separability through some Boolean formula if and only if for
every pair of points, p ∈ P and q ∈ Q, there exists an i (1 6 i 6 h) such
that p and q lie on different sides of the hyperplane Li.

We will extend this proposition to our context in two ways. First by
changing the sets of points P and Q to state sets. Therefore they can
be viewed as a union of convex regions in different Boolean spaces.
Second we will change the condition appropriate to the situation by
forcing an existence of such an hyperplane only in the case where
they are in the same Boolean space.

Proposition 22 (Extension of Proposition 21).
The set of hyperplanes L = {L1, . . . ,Lh} separates the state sets A and B
through some Boolean formula only over the Boolean variables used in the
state sets and the variables induced by the hyperplanes in L if and only if
for every pair of points p ∈ A and q ∈ B with pB = qB there exists an i
(1 6 i 6 h) such that p and q lie on different sides of the hyperplane Li.

The proof of the extension is basically the same as the one given in
[43] despite two differences caused by our changes. For the sense of
completeness we will give the complete proof with the adjustments.

Proof. Let I = {1, . . . ,h} be the index set of hyperplanes, and
J = {1, . . . ,n} the index set of Boolean variables that describe the
Boolean space of the state sets. We denote the induced variables of a
hyperplane Li ∈ L with ξi, and the Boolean variables of the descrip-
tion of the state sets with ϑ1, . . . , ϑn. First we can rewrite the state
sets as mentioned above, such that for every Boolean space we have
a representation of the state set A as a union of convex sets. Analo-
gously, we find for every Boolean space a representation of B with
convex sets. Now we can refine those representations by partitioning
every convex set by the hyperplanes in L. For every convex set C in
this refined representation and for every constraint l ∈ L all points
in C are on the same side of the hyperplane l, since otherwise it is a
contradiction that C is a convex set of the refined representation. If

39
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two points lie on the same side of each hyperplane the Boolean values
of the functions induced by the hyperplanes are equal. If L separates
the state sets A and B in the sense of the definition then for any two
points p ∈ A and q ∈ B there is a variable that has a different truth
value at p and q. If they are in the same Boolean space, i.e. the points
are equal under all variables ϑj, there exists at least one variable ξi
with different truth values for q and p. This implies that at least the
hyperplane Li separates the two points.
For the other direction we suppose that for every Boolean space Bk
every two points pki ,qkj are separated by at least one hyperplane. Let
ζ be any point in A ∪ B, and split the set of indices I and J such that
for every i ∈ I ′ ⊂ I and j ∈ J ′ ⊂ J the variables ξi and ϑj are true
for the point ζ. Otherwise for every point i ∈ I \ I ′ and j ∈ J \ J ′ the
variables ξi and ϑj are false for the point ζ. Let

φζ = φζ (ξ1, . . . , ξh, ϑ1, . . . , ϑn) =
∧
i∈I ′

ξi
∧
j∈J ′

ϑj
∧
i∈I\I ′

ξi
∧
j∈J\J ′

ϑj

denote a Boolean formula associated with ζ. Then φζ is true at ζ.
Consider the formula

φ =
∨
p∈A

φp .

Then for every point in A the formula φ is true. Otherwise for every
point q ∈ B, φp is false for q for every p ∈ A, since at least one
variable has another truth value at the two points. Thus φ separates
A and B with only the usage of the Boolean variables stated in the
condition.

We use this proposition in our algorithm as follows. The algorithm
iteratively improves the set L by replacing two linear constraints by
one, while preserving the invariant that L satisfy Proposition 22. The
linear constraints in L are called interpolant constraints. Every new con-
straint added to L can be described separately by a linear combination
of constraints in A and B. This leads to the fact that if the initial L only
contains constraints described over local variables of A and B, the
output of our algorithm only contains such constraints, for details we
refer to the linear constraints of the lp (21) and (22) in Section 5.1.3.
Hence, our algorithm is a local search heuristic.
In the following section, we describe the test whether two linear con-
straints can be replaced by one and in Section 5.2, we describe some
techniques to improve the performance. In particular, we describe our
approach to reduce the number of pairs of linear constraints that are
tested. Most approaches are of a heuristic nature.
The interpolant itself is then constructed by using the method de-
scribed in Section 4.1. We therefore deliver a sufficient set of con-
straints to construct the interpolant, so in the constraint minimiza-
tion the part of finding redundant constraints can be skipped. This
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Figure 6: Sketch of the core part of the heuristic

together with the fact that all interpolant constraints are defined over
local variables ofA and B lead to the fact that the resulting interpolant
is in fact a Craig interpolant.

5.1 test whether one additional linear constraint is

sufficient

This is the core part of the heuristic, where we determine if we can re-
duce the size of the interpolant, i.e. the set of interpolant constraints.
It will test if it is possible to substitute two given interpolant con-
straints by one new linear constraint l∗. Notice that when removing
two interpolant constraints, there will be pairs a ∈ A,b ∈ B of points
with aB = bB that can not be distinguished by the remaining inter-
polant constraints L, i.e. l(a) = l(b) for all l ∈ L. We will test whether
all those pairs of points can be distinguished by a single new linear
constraint.
Basically, we iteratively collect such pairs of points and construct a
linear constraint l∗ separating all pairs of points already found, un-
til either all pairs of points can be distinguished with the additional
help of l∗ or no such linear constraint can be found. Figure 6 gives a
sketch of the algorithm.
In order to guarantee termination, it does not suffice to collect pairs
of points, as there can be an infinite number. Therefore, we construct
convex regions Ca and Cb around the points a and b described only
by constraints known to the system, i.e. for Ca we only use linear con-
straints used in the description of A and additionally all remaining
interpolant constraints. The convex sets are contained in the respec-
tive sets, i.e.Ca ⊆ A and Cb ⊆ B. Since there are only a finite number
of linear constraints in the description of the state sets and interpolant
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Figure 7: Example of reducing the set of interpolant constraints, still satisfy-
ing the conditions of Proposition 22

constraints, there are only a finite number of possible convex sets de-
scribable by these constraints. This leads to a termination of this part
of the algorithm in a finite number of steps.
Hence, we need three sub-algorithms. One for finding pairs of points
that can not be distinguished, one for constructing the convex regions
around them, and one for constructing a linear constraint separat-
ing a given set of pairs of convex regions. An algorithm for the first
problem is given in Section 5.1.1, which is based on solving an smt-
problem. A simple solution for the second problem is given in Sec-
tion 5.1.2. Finally, we give a solution for the third problem based on
linear programming in Section 5.1.3.

Example 4 (cont.).
As mentioned in the previous part the set of linear constraints L = {l1, . . . , l4}
of A is a valid set of interpolant constraints, i.e. satisfying Proposition 22.
Figures 7(a) and (b) show the solutions of the three sub-algorithms from the
test, whether l1 and l2 can be substituted by a single new constraint. In the
first iteration, shown in (a) we find a pair of points a1,b1 that are indistin-
guishable, once L = {l3, l4}. After that we compute convex regions around
those points, shown as highlighted areas, and finally compute a linear con-
straint l9 that separates this pair of convex regions. L∪ {l9} does not satisfy
Proposition 22, therefore the algorithm starts a second iteration, shown in
(b), and finally computes a linear constraint l10 that simultaneously sepa-
rates both pairs of convex regions found in the first and the current iteration.
Finally L∪ {l10} satisfies Proposition 22 and therefore one constraint less is
needed in the interpolant.

5.1.1 Finding Pairs of Indistinguishable Points with Satisfiability Modulo
Theory

Notice that we are in the situation that we have to test whether our
tentative new linear constraints l∗ together with the remaining linear
constraints L of the interpolant suffice to construct an interpolant be-
tween state sets A and B. The linear constraints are not sufficient if
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and only if we can find points a ∈ A,b ∈ B with aB = bB that are not
distinguishable, i.e. for all l ∈ L∪ {l∗} l(a) = l(b) holds.
To solve this by an smt-solver we use the following formula:

(a ∈ A)∧ (b ∈ B)∧ (aB = bB)∧

 ∧
l∈L∪{l∗}

l(a) = l(b)

 (18)

Either we found a valid solution and therefore two points a,b that
are not separable by any linear constraint in L ∪ {l∗} or we found
that L∪ {l∗} is a valid set of interpolant constraints. The problem has
only minor changes in every iteration, because we only substitute the
old condition l∗(p) = l∗(q) with an updated linear constraint l∗. This
gives us the opportunity to use the advantage of using an incremental
smt, described in Section 2.3.4.1.

5.1.2 Enlarge Pairs of Indistinguishable Points to Convex Regions

If we have found a pair of points a,b as described in the previous
section, we want to find a convex region Ca ⊆ A around a that is
preferably large, such that no point in Ca can be distinguished from
b and vice versa.
We achieve this by computing a convex region around a, such that
all points within Ca are equal with respect to all linear constraints in
L \ {l∗} and all linear constraints used in the description of A.
For computing Ca we go through every linear constraint l that is
used in the description of A, and test if a satisfies this linear con-
straint, i.e. we compute l(a). We therefore collect linear constraints in
a set C. Then l is added to C when l(a) is true, or ¬ l if l(a) is false.
After evaluating this for every linear constraint in A, we compute the
same for every interpolant constraint l ∈ L \ l∗. We do not use the
current l∗ in the description of the convex region, since we change
this constraint in the next step, where we search for a new candidate.
Ca is then computed as a conjunction of all constraints in C. As a
remark we want to point out that Ca is not the largest convex region
defined with these linear constraints including a. To enlarge these
convex regions we can use more detailed information of the state sets,
i.e. [4] provides a method to compute polarities of linear constraints in
a state set. The polarity of a linear constraint l in a state set has three
possibilities. It is positive if only l is used as a Boolean variable in the
description of the state set, negative if only the negation ¬ l is used,
or both descriptions are used. For completeness there is the possibil-
ity that none of the variables are used, but then this linear constraint
would be redundant, which is tested earlier. With this information we
can enlarge the regions even further by only using Boolean variables
whose polarities are used in the description of the state set. For the in-
terpolant constraint we would still have to use both Boolean variables,
since there is no such information at hand.
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5.1.3 Finding a Linear Constraint Separating Pairs of Convex Regions
with Linear Programming

We try to find a solution to this problem by constructing an lp where
a part of the solution represents a separating linear constraint. The
lp does not solve the problem in general, as it will fix the side for
every convex region in the formulation. Typically we will put all con-
vex regions of A on one side and the convex regions of B on the other
side, but this is not necessarily their required place. Furthermore, it
assumes that all inequalities in A and B are non-strict, i.e. convex re-
gions are enlarged by their boundary. Both deficiencies are handled
heuristically later. We use an lp solver that handles rational arith-
metic as errors in the coefficients preventing the algorithm from ter-
mination since we could be forced to separate the same pair of convex
regions multiple times, due to rounding errors.
The construction of the lp is similar to the one that computes the lin-
ear constraints in resolution proofs, hence based on Farkas’ Lemma.
We expanded the approach to separate multiple pairs of convex re-
gions.
Therefore, we define the variables d ∈ Qm and d0 ∈ Q that describe
the new linear constraint l∗ in the form dTx 6 d0. Pairs of convex
sets (Ai,Bi) for i ∈ {1, . . . ,k}, which are present in the k-th iteration
of the lp-problem for finding a new constraint for one test described
in Section 5.1, all constructed by the enlargement of points to convex
regions described in Section 5.1.2. The constraint dTx 6 d0 is implied
by Ai, if there is a non-negative linear combination of the inequali-
ties of Ai leading to dTx 6 d0. Similarly, the constraint dTx > d0 is
implied by Bi, if there is a positive ε such that there is a non-positive
linear combination of the inequalities of Bi leading to dTx > d0 + ε.
All constraints can easily be formulated as linear constraints.
Let Ai,Bi be the convex sets of the i-th iteration, constructed by sAi ,
respectively sBi , conjunctions of linear constraints. Then Ai is for-
mally defined by

Ai =
{
x ∈ Rm| Aix 6 αi

}
, with Ai ∈ Qm×sAi (19)

and

Bi =
{
x ∈ Rm| Bix 6 βi

}
, with Bi ∈ Qm×sBi . (20)

We additionally introduce for every iteration i ∈ {1, . . . ,k} variables
for the factors of the linear combinations. This means we have to add
sAi variables λi for A and sBi variables µi for B.
We look for an inequality that maximizes a simple measure of the dis-
tance of the constructed inequality to the convex regions. We achieve
this by subtracting ε from the positive convex combination of the in-
equalities from Ai for l, i.e. the convex combination leads to
dTx 6 d0 − ε. As we can scale any lp-solution by an arbitrary pos-
itive scalar so far, we have to normalize the solution. Therefore, we
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restrict the linear combination of one region to be a convex combina-
tion.
Hence, we obtain the following lp, where all linear constraints except
(23) and (28) are introduced for all i ∈ {1, . . . ,k}:

max ε

s.t. (Ai)Tλi = d (21)

(Bi)Tµi = d (22)∑
λ1 = 1 (23)

(αi)Tλi 6 d0 − ε (24)

(βi)Tµi > d0 + ε (25)

λi > 0 (26)

µi 6 0 (27)

ε > 0 (28)

Constraints (21) and (22) enforce that the direction of the new con-
straint, described by d, is representable by the linear constraint of
every convex region. Conditions (24-28) verify that convex regions
are on the correct side of l∗, i.e. as stated above every Ai of A and
every Bi of B are on different sides. Condition (23) normalizes the
solutions.

Lemma 23.
If the lp (21-28) has a feasible solution (d,d0, λi,µi, ε) with ε > 0, then the
correspoding linear constraint l : dTx 6 d0 separates each pair of convex
regions.

Proof. Let (d,d0, λi,µi, ε) be a feasible solution of the lp with ε > 0.
Given an arbitrary point ai ∈ Ai and an arbitrary point bi ∈ Bi, then
it follows that

dTai =
(
λi
)T

Aiai (29)

6
(
λi
)T
αi (30)

6 d0 − ε < d0 . (31)

For an arbitrary point bi ∈ Bi, it follows that

dTbi =
(
µi
)T

Biai (32)

>
(
µi
)T
βi (33)

> d0 + ε > d0 . (34)

The first equations (29) and (32) are concluded from (21) and (22). The
inequality in (30) is a consequence of (19) and (26), the reason why
the inequality of (33) is different comes from the fact that the negative
variables from (27) combined with (20) will flip the inequality. The
last conclusion is either by (24) or by (25).
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5.1.3.1 Extension to Non-Closed Polyhedra

The construction of the convex regions around the points, described
in Section 5.1.2, leads to the fact that Ai,Bi are not like we described
them in (19) and (20). The correct description is

Ai =
{
x ∈ Rm| Ai6x 6 α

i
6 ∧Ai<x < α

i
<

}
(35)

and

Bi =
{
x ∈ Rm| Bi6x 6 β

i
6 ∧Bi<x < β

i
<

}
(36)

Obviously Lemma 23 is also true in the case that some of the inequal-
ities are strict, since ε > 0. But in the case where the lp (21-28) has
only feasible solutions where ε = 0, we need another condition to con-
clude this statement. In this case there are convex regions that share
the same boundary, and so for the separation it is crucial that some
strict constraints used in the description have non-zero coefficients in
the solution. The following proposition states when we have found a
separating constraint in case of ε = 0.

Proposition 24.
Assume the lp (21-28) has optimal value of 0 and let (d,d0, λi,µi, ε) be a
feasible solution.

1. If for all i ∈ {1, . . . ,k} either (βi)Tµi−d0 > 0 or there exists a strict
inequality s 6= 0m in Bi< with variable (µi)s such that (µi)s < 0,
then dTx 6 d0 separates the regions.

2. If for all i ∈ {1, . . . ,k} either (αi)Tλi − d0 < 0 or there exists a strict
inequality s 6= 0m in Ai< with variable (λi)s such that (λi)s > 0,
then dTx < d0 separates the regions.

Proof. Review the proof of Lemma 23, there we were able to conclude
the strict inequality for both regions at the last point, by just stating
that ε > 0. This time we have to conclude in the first case that bi and
in the second case that ai is strict. Here we will only give a proof for
the first case, the second case is analog.
So let assume that for all i ∈ {1, . . . ,k} either (βi)Tµi−d0 > 0 or there
exists a strict inequality s 6= 0m in Bi< with variable (µi)s such that
(µi)s < 0, then dTx 6 d0 separates the regions. As a repetition, this
part holds for any feasible solution of the lp,

dTbi =
(
µi
)T

Biai (37)

>
(
µi
)T
βi (38)

> d0 . (39)

So let us assume for i that there exists a strict inequality s 6= 0m in Bi<
with variable (µi)s such that (µi)s < 0. Then this will lead to a strict
inequality in the transformation from (37) to (38), since the variable
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is not zero.
Now assume for i that (βi)Tµi − d0 > 0, i.e. the inequality (25) is
strict. Then in the transformation from (38) to (39) the inequality
would be strict.
So in either case the points on the border are not part of any Bi and
therefore dTx 6 d0 separates the regions.

Alternatively, a linear program that is forced to use a strict inequality
of the right-hand side of the linear combination evaluates if d0 can be
used.
We want to point out that the condition (23) is crucial for these cases.
Otherwise the solution (d,d0,α,β) = 0 is always a feasible solu-
tion, and therefore other meaningful solutions with the same optimal
value will possible be ignored.

5.1.3.2 Greedy Approach

The lp (21-28) is trying to separate all regions by always forcing Ai

on one side of l∗ and all Bi on the other side of l∗. This is more than
we actually need in order to satisfy Proposition 22. So we expand
our lp-problem by a greedy approach as follows. Assume we find a
linear constraint separating the pairs

(
Ai,Bi

)
for the first k− 1 con-

vex pairs, but the lp (21-28) does not find a solution when trying to
set Ak on the one side and Bk on the other. Then we try to switch
the sides of Ak and Bk, i.e. we modify the variable bounds and the
constraints concerning the last added pair of regions, such that the
convex regions will change the sides on l∗.
The lp (21-28), Lemma 23, and Proposition 24 can be adopted easily
for this approach.
This is only a greedy approach, as we only change the positions of
the convex regions of the last iteration.
In [2] they face a similar problem. There for every lp they will solve
an smt-problem without running into the problem to solve this last
step with an greedy approach. They introduce Boolean variables, for
the decision on which side the pair will be.

5.2 optimizations

Our main goal with the optimizations is to reduce the number of
tested pairs of linear constraints to a reasonable amount. For this
goal, we first introduce the concept of nrc points for interpolant
constraints, which are then used to choose interesting candidates of
pairs of linear constraints. The idea behind this heuristic is that it
is more likely to combine constraints when they are needed to sep-
arate the same regions. There will be situations where we will not
choose the correct pair. To check the potency of the heuristic choice
of specific pairs and the overall heuristic algorithm we computed all



48 the algorithm for improving interpolants with linear arithmetic

benchmarks in Section 8.3 with the heuristic choice and by testing ev-
ery pair of interpolant constraints. Furthermore, we give some other
optimizations to the general approach.

5.2.1 nrc-Points

An nrc-point (a,b) is a pair of points, where a ∈ A and b ∈ B are
only distinguishable by one interpolant constraint h and are indis-
tinguishable for every other interpolant constraint, we call (a,b) an
nrc-point of h. Formally, an nrc-point (a,b) of h is a solution of the
formula

(a ∈ A)∧ (b ∈ B)∧ (aBB = bBB)∧

 ∧
l∈L\h

l(a) = l(b)

 . (40)

Since there can be more than one nrc-point of h, we first solve (40),
then we compute convex regions Ca,Cb around a and b, with the
method described in Section 5.1.2. After this, we can solve (40) with
the additional conjunction that (a /∈ Ca)∧ (b /∈ Cb). This can be done
multiple times, and with the advantage of an incremental smt since
we only add clauses to the formula.
It is worth mentioning that the search for the nrc points detects if
an interpolant constraint is redundant, i.e. it is not needed to fulfill
Proposition 22. This is the case, when (40) is not satisfiable in the
first iteration. When this occurs, we delete the inequality from the in-
terpolant constraints. To keep the computational effort low, we only
compute a maximum of three nrc points for each interpolant con-
straint, this is motivated by experimental results.

Example 5 (cont.).
Consider Example 4, we want to compute all nrc points for l3. Therefore we
search for points (a3,b3) that are a solution to the problem
(a3 ∈ A)∧ (b3 ∈ B)∧ (

∧
i∈{1,2,4} li(a3) = li(b3)). The pair (a3,b3) is

shown in Figure 8 (a). The highlighted areas are again the convex regions
built around the points a3,b3. There is no other solution that is not in the
convex regions, therefore (a3,b3) is the only nrc-point for l3. Additionally
it is easy to see in Figure 4 that the pair (a1,b1) is an nrc-point of l1, and
(a2,b2) an nrc-point of l2.

5.2.2 The Choice of Interesting Pairs of Inequalities.

After we calculated the nrc points for every interpolant constraint,
we compare the constructed convex regions around these points.
A pair of inequalities (s, t) is chosen by our heuristic, if there exist
two nrc points (as,bs) and (at,bt) for interpolant constraints s and
t, such that either as and at or bs and bt are equal in respect to
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Figure 8: Example of nrc points and the heuristic choice of pairs.

all l ∈ L \ {s, t}. In this case, our heuristic chooses the pair (s, t) as
a pair that is promising, and therefore will be tested by the method
described in Section 5.1.
If it was possible to improve the interpolant by testing the pair (s, t),
all other constraints that were chosen to be tested with either s or t
are then tested with the newly found interpolant constraint.

Example 6 (cont.).
Consider Example 5, we already computed nrc points for l1, l2 and l3.
The heuristic for interesting pairs now compares these points, i.e. the convex
regions around these points only built by interpolant constraints. In Fig-
ure 8 (b), we see that the convex regions around a1 and a2 are the same,
the heuristic therefore chooses the pair l1, l2 as a promising candidate. The
heuristic does not choose the pair l1, l4 since none of the convex regions are
equal as we can see in Figure 8(c).

5.2.3 Using NRC-Points to Save smt calls.

The time consumption for solving a new smt is huge, therefore we
try to minimize the amount of smt-problems we have to solve. One
way is to use nrc points to skip the computation of unsatisfiable
points, i.e. solving the formula (18) initially. Whenever we want to re-
place two interpolant constraints l1 and l2 by a new linear constraint
l∗, the algorithm would first compute a pair of points that is not
separable. Since l∗ is typically initialized by one of the constraints,
e.g. l∗ = l1, we can use the nrc points of l2 as the first indistinguish-
able points.
If we are not in the initial search of indistinguishable points we will
still search through all nrc points of both linear constraints and
check whether or not these points are still separated.
Since we will use nrc points quite frequently in this way it is worth
updating them in the process of the algorithm. Therefore when we
solve an smt-formula by the solver the found pair is added as an
nrc-point to both linear constraints l1 and l2. Additionally when
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we successfully merged them to a single linear constraint l∗ this con-
straint will inherit all nrc points of l1 and l2.

5.2.4 Simplifying the Description of the Convex Regions.

There are benchmarks where we detected a lot of constraints having
the same normal. Inspired by these cases we want to avoid the in-
troduction of unnecessary variables in our linear programs with a
fast redundancy test. Since all constraints have to be orientated such
that the inequality-sign is < or 6, we go through all constraints that
are computed by our method described in Section 5.1.2 and take the
lowest right-hand side if there are multiple constraints with the same
normal. If the normal and the right-hand side of two constraints are
the same, we take the strict inequality in preference to the non-strict
inequality.

5.2.5 Use Rational LP-Solvers Only When Needed.

Most of the time we only need the lp to verify that the current pair of
constraints cannot be substituted by one new constraint. Therefore we
will first use an lp solver without rationals to solve the problems. If it
states that the lp has no valid solution we will skip the pair, if we find
a solution we will make a rational constraint and check whether the
previous pair of points is separated by the new constraint. Further we
will test in the next iteration if we encounter the same convex region
as in the previous iteration. If it won’t separate the pair of points, or
the same convex region appears in the next iteration we will change
to a rational lp solver for the rest of the computation if one constraint
is sufficient for the current pair. For the next pair of constraints we
will again begin with the lp solver without using rationals, and only
change to it if we need to.
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L O W E R B O U N D S F O R T O U C H I N G S TAT E S E T S

In this chapter we want to compute lower bounds for the Minimize
Interpolant Problem, stated in Definition 15. We will only give a few
statements for the general case and then will focus on the case where
the state sets will touch each other. The main purpose of this compu-
tation is to identify already optimal benchmarks, and to get a mea-
surement for the quality of the computed interpolants. In many cases
though the lower bound will be far off the actual global minimum,
because we only have reasonable techniques for touching state sets.
Even for them we will only find the global minimum if there are at
most two non-touching constraints.

6.1 the general case

In the general case we are only able to state trivial lower bounds.
Since we are talking about an amount of linear constraints, the trivial
bound is 0. When it is the case that no linear constraint is needed to
separate the state sets, our algorithm will recognize it, since the test
for redundancy will state that every linear constraint is redundant.
In the case where actual linear constraints are needed to separate the
state sets we can only give 1 as a lower bound, regardless of how
many constraints are in the computed interpolant.
There are in fact situations where it is possible to give better lower
bounds. For example if we would recognize that the same convex
region is used multiple times in one lp. We can reduce the lp, by
using only pairs of convex regions that have the region as a compo-
nent. If such an lp is not solvable, then we can definitely say that
the two linear constraints are not replaceable by one new constraint,
and therefore we can increase the lower bound to two. But if this
happens multiple times we are not able to increase the lower bound
further than two. The following example will show a situation where
this happens in two different situations, but the needed interpolant
contains still only two linear constraints.

Example 7.
In the example shown in Figure 9 (a) both pairs (l1, l2) and (l1, l3) have
the situation that their lp can be written in the reduced form with all pairs
included, and still they are not separable.
But as we can see in Figure 9 (b) the linear constraint l4 and l5 are sufficient
to build an interpolant.

51
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l1

l2

l3

(a)

l4 l5

(b)

Figure 9: Example for the Worst Case for Lower Bound

6.2 touching state sets

During the model-checking algorithm our method can be called to re-
fine a previously computed interpolant. In this case the second state
set is not created by epsilon bloating, but is the inverse of the pre-
viously computed interpolant united with the spurious counterexam-
ple that was found. This is done to have a monotony on the computed
interpolants, i.e. the new interpolant will always be a subset of the old
interpolant. But since we try to minimize the overapproximation and
therefore, if possible, let the interpolant constraints touch the initial
state set, it will often occur that we actually have used a constraint in
the interpolant that is used in the description of the state set itself. In
the following theorem we will use the terminology of simple topol-
ogy, i.e. for a set A we will use Ā for its closure, δ(A) for its boundary.
Since our sets are in the space Bn ×Rm this is simply induced by
the euclidean space, where the different real spaces are separately
handled by comparisons of the Boolean part.

Theorem 25.
Let A,B ⊂ Bn ×Rm be two disjoint state sets. If there exists a hyperplane
h, such that

h ′ = h= ∩ δ(A)∩ δ(B) (41)

includes a (m− 1)-dimensional convex polytope C, then every finite set of
linear constraints that suffices the condition of Proposition 22 for these state
sets contain a linear constraint which corresponds to h, i.e. all points that
suffice the linear constraint with equality are in h=.

Proof. Assume that h ′ includes an (m− 1)-dimensional convex poly-
tope C. Furthermore, let H be a set of hyperplanes that suffices the
condition of proposition 22, but none of the hyperplanes corresponds
to h, i.e. for every hyperplane h̃ ∈ H it holds that h̃= ∩ h= 6= h=.
Then for every point in C we can create a pair of points in A×B with
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distance ε. For each of these pairs, and for every ε there must exist
a hyperplane in H, but since none of them corresponds to h, each of
them can only cover an m− 2-dimensional subspace of C. To separate
C we therefore need an infinite amount of hyperplanes which contra-
dicts the condition that H is a finite set.

We can therefore use this theorem to raise the lower bound of hyper-
planes for touching state sets. Therefore we have to compute the clo-
sure of both sets. Then we choose one state set, e.g. the state set with
the smaller number of hyperplanes. For every hyperplane h in the de-
scription we will compute h ′ = h= ∩ δ(A)∩ δ(B), and the dimension
of h ′. If the dimension of h ′ is m− 1, we have to check if it includes
a (m− 1)-dimensional convex polytope. When all tests were positive
we have to check if another hyperplane already corresponded with h.
The last step is necessary, since the description could be using a re-
dundant description, and even if it is not redundant, there could be a
lesser and a lesser-or-equal hyperplane that is used in the description
in different parts of the state set.
There are cases where we need two hyperplanes that correspond to
the same h, in this case they describe a lesser and a lesser-or-equal
hyperplane in the same orientation. This is only needed if there are
different (m− 1)-dimensional convex polytopes that are already part
of A and B, i.e. there exists a CA ∈ A and CB ∈ B with CA,CB ⊂ h ′.
Finally we have a set of constraints H.
The final lower bound for touching state sets is computed by the num-
ber of constraints in H, and the fact that was stated in the general case.
If the constraints found due to the theorem are not enough to sepa-
rate the state sets, we can conclude that the lower bound is at least
|H|+ 1.

6.3 implementation

We only implemented the case of touching state sets, since the bounds
in the general case are to small to being relevant. In the theoretical
view we talked about the closure and proved Theorem 25 such that
we will have these closures for our state sets. Unfortunately that is
not the case with the description of state sets given as an linaig. It
is not obvious how to compute a closure of a state set with an smt-
formula. We did it in a naive way, and had to make up for it, because
what we compute is not the actual closure of the set, but we will take
care of it in the algorithm afterwards.
The naive way we implemented the closure for a state set A is the fol-
lowing. We copied the complete structure of A into a new predicate
A ′, and then replaced every literal that was a linear constraint by al-
most the same linear constraint, except for its sign. This was switched
so that the equality of the constraint changed the side, e.g.atx 6 b
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is replaced by aTx < b. The naive closure is then A∨A ′. Note that
the whole border of A is described by linear constraints, therefore
the only parts that are in the closure but not in A are describable by
linear constraints, more explicit by an smt-formula with linear con-
straints. By changing the sign from lesser-than-equal to lesser-than
we will include the facets that are created by this constraint either
in A or in A ′. We abuse here the word facet, this is a known term
in geometry of polytopes and describes an (m− 1)-dimensional face
of an m-dimensional convex polytope. It is appropriate to use it in
this context because a state set could be described by a union of poly-
topes and therefore its border is always a union of facets of convex
polytopes.
Further we are only interested in parts of the closure that can include
an (m − 1)-dimensional convex polytope. Therefore it is okay that
A∨A ′ may miss lower dimensional faces, we again abuse the term
face that is known from geometry of convex polytopes, e.g. edges or
vertices.
The last and most crucial point is that we might include points that
are not part of the closure. This can happen when a linear constraint
is present in A with both orientation, i.e.aTx 6 b and aTx > b. They
can be used to describe the empty set by asserting ¬ (aTx 6 b)

and ¬ (aTx > b). In the naive closure we will therefore also include
¬ (aTx < b) and ¬ (aTx > b), which will include the equality. This
fact is also a known problem in the epsilon bloating. All cases are
shown in Figure 10.
We therefore start the algorithm by computing the two naive closures
of the disjoint state sets A and B. Then we construct three different
smt-instances. The first two are just initialized with not(A) or not(B),
respectively. The last instance is initialized with the naive closures A
and B. Now we solve the last smt-problem, and if it is unsatisfiable,
i.e. no point is in the intersection of the naive closures of A and B, the
state sets A and B are not touching state sets. In the case it is satisfi-
able we get an assignment for the variables, and we have to ensure
that it is a point of the real closure. Therefore we do the following.
We have to check this for A or B, respectively. Here we only describe
the computation for A, the case of B is analog. First we create a con-
vex region around the real point by the assignment, similar to Sec-
tion 5.1.2 but with the difference that we will ignore linear constraints
that are satisfied with equality. Then we assert this convex region and
the Boolean assignment to an smt-problem that was initialized with
not(A). If this is satisfiable it means that there are points around the
assignment, i.e. in the convex region that are not in A, which is in fact
what we are looking for. But if it is unsatisfiable it means that the
whole convex region is in A, therefore the assignment cannot be part
of the real closure of B, since A and B are disjoint.
If both tests are satisfiable we will continue by collecting the set of lin-
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ear constraints of the naive closures of A and B that are satisfied with
equality. For this test every constraint must be normalized. Again we
construct a convex region around the point, in this case considering
every constraint that is used in the description of the naive closures of
A and B. Then we test how many of the constraints in the set satisfy
the whole convex region with equality. If this is only one constraint
this convex region is m − 1 dimensional and therefore suffices the
condition of Theorem 25. Afterwards we look up what constraints
are used in A and B that correspond to the equality from the found
constraint. In the case that one state set uses only one constraint we
can use this as a certain interpolant constraint, but if both state sets
use both possible descriptions we know that we need at least one of
these constraints, but not certainly if the other one is mandatory as
well.
The last step of an iteration is to exclude the assignment that was
found. In the case that we found a constraint that has to be present in
the interpolant we exclude not only the convex region but the whole
equality of that constraint, since it is already proven that the con-
straint is needed, and by this we will not lower the dimension of any
other convex region with dimension m− 1. Note that we will prob-
ably remove vertices by this procedure, which is a good thing, since
they do not contribute to a lower bound.

Example 8.
In the example shown in Figure 10 (a) the state set A of Example 2 is
slightly modified. The constraint l1 is a lesser-then constraint, and there-
fore the dashed line is not part of the state set. Additionally we introduced
l9, l10, and they only differ in the sign, i.e. if l9 is described by aTx 6 b
then l10 is aT > b. The state set A is described by the following formula

A = (l1 ∧ l2)∨ l3 ∨ l4 ∨ (not(l9)∧not(l10))

The dashed-dotted black line indicates presence of the linear constraints, but
nothing is added to the state set by expanding the formula with
not(l9)∧not(l10).
In Figure 10 (b) we show the result of the naive closure. The previously
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Figure 10: Example of the naive closure and its differences to the real closure
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dashed-dotted line is now actually a part of A ′, because there l9 and l10
are changed to aTx < b and aT > b, and therefore not(l ′9)∧ not(l

′
10)

includes the line segment. The circle around the vertex of l1 and l2 indicates
that it is not present in the naive closure, since it is neither in A nor in
A ′. The point x indicates a satisfying assignment of the intersection of both
naive closures.
Finally in (c) we see an example of the check whether x is in the real closure
of A. The convex region Cx has no intersection with not(B) and therefore x
cannot be part of the real closure of A.
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Since model-checking is used in the verification of safety properties,
every computation is made in rational arithmetic. This leads to situa-
tions, where through the iterations the description of the actual state
set, i.e. the linear constraints, are using fractions with large numera-
tors and denominators as factors, which are time consuming in doing
further computations in exact arithmetic. This fact leads to the appli-
cation of our method for improving the description of a given state.
The idea that this has to be done is not new, i.e. a well known tool
for verification of hybrid systems PHAVer [27] described how they
handle bad coefficients in linear constraints. Their case differs in mul-
tiple ways to ours, but we used it as a basic algorithm to start with.
First, they consider only convex polytopes, where we have to handle
the whole state set as ones, which is a union of convex polytopes.
Second, the resulting overapproximation is in their case not limited
by any other structure, where in our case we still want to ensure a
reasonable overapproximation, i.e. there is a second state set which
has to be a superset of the computed overapproximation, see Sec-
tion 2.4.5. Despite these facts we are still able to use major thoughts
of their idea.
We will first describe their algorithmic idea and then modify it in the
next section, such that it fits to our circumstances. Their goal is to find
an overapproximation of a convex set P, such that the used constraint
aTi x 6 bi is replaced by αTi x 6 βi, while the coefficients αij,βi each
uses less than z bits. The approach of PHAVer is, to scale down aij so
that these coefficients are smaller than z bits, and then find a βi that
will overapproximate the polytope. Their idea is to calculate a scaling
factor f, such that the new coefficients can be represented as

αij = faij + rij

βi = fbi + ri

where rij and ri are rounding errors. Since they round the coefficients
for the normal to the next integer, the error |rij| 6 0.5 is bounded. The
rounding error of ri is based to the new normal αi, and therefore not
bounded. To find a good representation the goal is to find a scaling
factor f close to 1. To get an initial assumption for f they choose for
βi the closest integer, which will also result in a bound for |ri| 6 1.
This leads to upper bounds for the scaling factor f:

f 6 (2z − 3/2) /|aij| and (42)

f 6 (2z − 2) /|bi| . (43)
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Algorithm 2 : Limiting the number of bits in a constraint [27]
input : Polyhedron as a set of constraints

P = {aTkx ∼k bk|k = 1, . . . ,m; ∼k∈ {6,<,>,>}},
index i to constraint to be limited,
desired number of bits z

output : new constraint αTi x ∼i βi
begin

success := false

f := min{(2z − 3/2) /|aij|, (2z − 2) /|bi| | j = 1, . . . ,n}
while ¬ success do

for j = 1, . . . ,n do
αij := round(faij)

q := infx∈Pα
T
i x

if αi = 0∨ q = −∞ then
return success

βi := ceil(q)

if |βi| 6 2z − 1 then
success := true

else
f := min{f/2− 3/(4|aij|), (2z − 2)/|βi| | j = 1, . . . ,n}

return success

Then they employ a heuristic to solve this, shown in Algorithm 2.
First they estimate the scaling factor with (42) and (43), then they cal-
culate a factor q by linear programming and set βi = ceil(q). If βi
has less than z bits, they found a solution, otherwise they repeat the
process by decreasing f and starting over. The procedure terminates
if βi has less than z bits, or the factors αij are all set to zero, in which
case the problem is infeasible, or if the lp is not solvable.
We want to state out some things that are formulated a bit sloppy or
where we disagree in their choice.
Mainly that is the case in the choice and computation of f. The goal
is to limit the number of bits that every single coefficient is using,
i.e. |αij| 6 2z − 1 holds for every coefficient and for the right-hand-
side. This way it is ensured that αij can be stored by using z bits
with the two’s complement. They state in their paper that in further
iterations they want to decrease f, but in the pseudocode they do not
handle the case that factors aij may be zero. This would lead to the
fact that f is no longer a scaling factor between 1 and 0, but rather
can be −∞ or ∞. Since the goal is to limit the number of bits, for
those coefficients there is absolutely no need to lower f in any kind.
We know that this fact is pretty obvious and is just space-consuming
in a pseudocode, but we still think this should have been mentioned.
The other fact is that the behavior of f is quite different from the first
iteration to all following iterations. In the first iteration the coefficient
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with the largest absolute value will define f, which makes sense, be-
cause in this way every coefficient is forced to be smaller than the
limit 2z − 1. But in all following iterations the computation of f is
lead by the smallest absolute values and the crucial fact is that they
can lead to negative scaling factors, which is not intended. Our guess
is that in each iteration they want to reduce the coefficients to use
one bit less, such that b can be one bit less. It is like scaling the whole
linear constraint by 1/2 but with the fact that they have to recompute
the right-hand-side, because they round every coefficient. This guess
can be formalized as∣∣∣α(s)

ij

∣∣∣ 6 2z−s − 1 , (44)

when the first iteration starts with s = 0. We will sketch how this mis-
take might have happened. If one wants to prove that
f(s+1) := min{f(s)/2 − 3/(4|aij|), (2z − 2)/|βi| | j = 1, . . . ,n} is the
right formula, one would make a proof by induction, there it would
be fine to use f(s+1) 6 f(s)/2− 3/(4|aij|), since we took the minimum
of all that factors. Let us look at the proof. The inductive basis is valid.
Let (44) be valid for all previous s, and prove that it is valid for s+ 1,

|α
(s+1)
ij | =

∣∣∣aijf(s+1) + rij∣∣∣
6
∣∣∣aijf(s+1)∣∣∣+ |rij|

6
∣∣aij∣∣ ∣∣∣f(s+1)∣∣∣+ 1/2

6
∣∣aij∣∣ ∣∣∣∣f(s)2 −

3

4|aij|

∣∣∣∣+ 12
=

∣∣∣∣∣f(s)|aij|2
−
3

4

∣∣∣∣∣+ 12 .

If we ignored the absolute value, we would conclude the formula that
was given in the paper. To disprove the statement that (44) is fulfilled
in every iteration we simply need to look at an example.

Example 9.
Consider two coefficients a0 = 60 and a1 = 1, and the limit of bits defined
by z = 5. We compute the first iteration f(0) = (32− 3/2)/60. Now con-
sider that the right-hand-side is still not good enough, and we compute the
second iteration.

f(1) = min
{
32− 3/2

120
−

3

240
,
32− 3/2

120
−
3

4

}
=
32− 3/2

120
−
3

4
= −

119

240

So this time we look at the new coefficient

alpha
(1)
0 = round

(
f(1)a0

)
= round

(
−
119

240
60

)
= −30 .
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Therefore |alpha(1)0 | is not lesser or equal 15.

The main problem why we mention this mistake is that the algorithm
will not terminate, since it does not hold that lim(f) = 0 for s → ∞,
and therefore the termination criterion that αi = 0 will never trigger.
To modify the algorithm there are multiple options. We choose to
modify the computation of f to only consider the largest absolute co-
efficient. By doing this, the iteration steps are limited by z+ 1, where
in the last iteration it will always end up with αi = 0.

7.1 modified algorithm for better state sets

We have to modify the algorithm to handle our cases. There we do
not handle polytopes but state sets, and further we are searching for
a better representation in a restricted area, i.e. we again compute an
interpolant of two state sets.
First the linear program in Algorithm 2 only computes a q, such that
the linear constraint described by αi is tangent to their polytope. In
our case the linear constraint is used in the description of a state set,
and therefore possibly used in the description of multiple polytopes.
This problem is handled by making use of our algorithm concept of
interpolants. We will not use the complete description of the state set
but rather look for significant pairs of convex regions. First we search
for nrc points of the constraint, which representation is currently
optimized. These points are extended to convex regions Cs,Ct. In
the first iteration, where only one pair of convex regions is present,
this will be similar to the algorithm showed in the previous section.
But since we need to handle multiple convex regions at once, we
modify the lp q = infx∈P αTi x to a formulation of two lps that are
somehow separations of the lp described in 5.1.3 with a fixed normal
d, another objective function, and without the use of an extra variable
ε that defines the margin.

min d
(1)
0

s.t. (Sk)Tλk = d

(sk0)
Tλk 6 d(1)0
d = αij

λk > 0

(45)

max d
(2)
0

s.t. (Tk)Tµk = d

(tk0)
Tµk > d(2)0
d = αij

µk 6 0

(46)

The lp (45) can be viewed as a direct extension of the one used in
the previous algorithm, where as (46) is used to ensure that the new
constraint is in fact separating these convex regions. Similar to our
case in Section 5.1.3 we have to decide which convex region has to lay
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on which side of the constraint, but differently in this case we already
know the original constraint, and therefore the convex region Cs is
added to (45) if the point s satisfies the original constraint, or to (46)
if it is not.
As solutions for these lps we get two right-hand-side values d(1)0 ,d(2)0
for the normal d. From the first value we compute βi = ceil(d

(1)
0 ),

and if βi < d
(2)
0 the new constraint αTijx 6 βi is feasible for our

problem, i.e. separates the convex regions that were introduced to the
lps.

Lemma 26.
If both lps (45,46) are solvable, and ceil

(
d
(1)
0

)
< d

(2)
0 then the new con-

straint αTijx 6 βi separates every Sk from Tk, i.e.∀k∀x ∈ SkαTijx 6 βi
and ∀k∀x ∈ TkαTijx > βi.

The proof of this lemma is analogous to the one given for Lemma 23.
So after this we check if the quality is good enough, and if not we
have to compute another iteration.
In our case we will not terminate the whole algorithm if we found
a new constraint, which has the right size of coefficients. Instead as
in our original algorithm we have to make sure that everything is
separable, i.e. the interpolant constraint where the i-th constraint is
substituted by the new constraint fulfills the condition of Proposition
22. This again is checked by the same procedure we described in Sec-
tion 5.1.1, so if a new pair of indistinguishable points is found by the
smt we will start a new iteration. The lps will therefore grow with
each of these iteration by one convex region.
Further we were not pleased with the results. When the original de-
scription of the constraint needs more than 150 bits to represent a
coefficient, it is not enough to stop if there is no description with 16
bits, because also a 32 bit representation would be a good improve-
ment. On the other it is preferable to use integers instead of fractions
if possible, e.g. 1 instead of 10000000000/10000000001. To achieve this
we have to do a bit more. We can start with the lowest z such that
2z is lower than the worst coefficient. Then we save the first iteration
where all coefficients, including the right-hand-side, are lower than
2z. Even further we will try to improve the description even further
by simply reducing the coefficients with the same technique as be-
fore. If this tends to be solvable, we will save the improved version
and continue reducing, if it fails we will use the last saved constraint.
This constraint is then used as we described above, we have to check
if everything is separable.
Alternatively we can increase the number of bits, when the algorithm
is failing. The modified algorithm is shown in Algorithm 3.
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Algorithm 3 : Modified version to limit the number of bits in a
constraint of a state set
input : State set A with a set of constraints

I = {aTkx ∼k bk|k = 1, . . . ,m; ∼k∈ {6,<,>,>}},
State set that bounds the overapproximation B,
index i of the constraint to be limited,
maximum number of bits maxz

output : new constraint αTi x ∼i βi
begin

z = 1

I := I \ aTi x ∼i bi
(αi,βi) = 0n+1

I := I∪ {αTi x 6 βi}
maxa = max{|aij| | j = 1, . . . ,n}
while true do

success := false

if there is a none separated pair of Points s, t then
if aTi p ∼i bi then

Add Cs to the first lp (45)
Add Ct to the second lp (46)

else
Add Cs to the second lp (46)
Add Ct to the first lp (45)

success := false

f := min{(2z − 3/2) /maxa, (2z − 2) /|bi|}
restart = false

do
do

for j = 1, . . . ,n do
αij := round(faij)

Solve the linear programs with fixed normal
d = αi and get (d(1)0 ,d(2)0 )

if (αi = 0)∨ (one lp is not solvable) then
z := 2z

if z < maxz then
restart := true

else
return false

βi := ceil(d
(1)
0 )

if (|βi| 6 2z − 1)∧ (βi < d
(2)
0 ) then

success := true

else
f := min{f/2− 3/(4maxa), (2z − 2)/|βi|}

while ¬ restart

while ¬ success∧¬ restart

else
return (true,αTi x 6 βi)
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E X P E R I M E N T S A N D E VA L U AT I O N

This chapter presents the experiments of our algorithms. First we de-
scribe the experimental setup in Section 8.1. Then we evaluate the
algorithm for the lower bound computation of touching state sets in
Section 8.2. The results are used to determine a more appropriate sub-
set of the test instances for evaluating the interpolant methods. Fur-
ther we evaluate the different optimization strategies in Section 8.3,
and choose two parameter settings. In Section 8.4 we compare the two
chosen parameter settings of our algorithm to the other approaches
mentioned in Section 4. Finally we evaluate the description test on
the same set of instances in Section 8.5.

8.1 experimental setup

For benchmark instances we extracted intermediate state sets that
occur during runs of the model-checking algorithm for a variety of
models. The models, and therefore the instances we extracted, differ
in the amount of Boolean and real variables and also in the complex-
ity of the interpolants. Since for evaluating the interpolant methods
it is not important how well the model checker itself performs, we in-
creased the times where the model-checker algorithm would use an
interpolant method to get a reasonable amount of instances. We can
differentiate them by whether they occurred during a normal approx-
imation or during the computation of a refinement step.
Further we added a time limit for the computation of our methods
A1, . . . ,A17 to 600 s, but if there was a successful reduction during
the computation we compute the new interpolant with the current in-
terpolant constraints. Otherwise we output the interpolant that was
given as an input to our algorithm. Since we use the interpolant com-
puted by the constraint minimization as an input, the runtime of our
algorithms always includes the computation of the interpolant.
We will not take instances into account where the constraint mini-
mization, Section 4.1, exceeds 200 s of time limit, and instances in
which no constraint is needed to construct an interpolant. For the
evaluation we divided the models in different categories: acc, flap, in-
tersect, dam, and etc. In the acc models the objective of the controller is
to set the acceleration of the controlled car to reach the goal velocity
in a distance equal to or greater than the goal distance.
Flap contains models where a controller corrects the pilot’s commands
if they endanger the flaps, which are used during take-off and land-
ing to generate more lift due to high velocity.
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In intersect are models that monitor the traffic at an intersection. The
controller has to guarantee a car on the minor road can safely drive
over the major road without interfering its traffic.
Dam consists of models, where a controller of a water dam has to
switch turbines on and off. After a certain amount of switching op-
erations the turbines need to enter a maintenance mode. The con-
troller has to guarantee that the water level always stays within given
bounds.
In etc the models are derived from a collision avoidance protocol for
trains, consisting of speed supervision and a cooperation protocol to
a radio block center that grants movement authorities to the train. For
more details on the models we refer to [4].
We also have a second set of instances without further information of
the refinement step, the overlying model, and the epsilon value. These
instances were also created with the same model-checking algorithm.
In the evaluation we will separate those two sets of instances, since
we can extract some information out of the more detailed context of
the first set. Since the overall amount of instances in the first set is
quite small, we take a second view on all instances together, where
we can extract more general information.

8.2 evaluation for lower bounds

The objective for this evaluation is to prove that there are cases, where
we can verify the optimality of the given interpolant. Additionally, we
want to create a subset of benchmarks for the evaluation of the inter-
polation methods, where such cases are excluded.
In the first test set we focus on the cases of refinement, due to the
fact that we did not propose any real lower bound computation of
the general case. Further we can evaluate if a given interpolant is
already globally optimal, i.e. if the lower bound is equal to the com-
puted number of linear constraints.
Therefore we computed for every instance that arose from a refine-
ment step the lower bound as described in Section 6. Table 2 dif-
ferentiates between model category and epsilon value. The columns
state the runtime (time) used to compute the lower bound, the total
amount of instances (# instances) and the number of instances where
the initial interpolant of the constraint minimization is already opti-
mal (# cm opt), as well as the average size of the lower bound (lb size)
and the constraint minimization (cm size).
There is a significant difference between the model categories and

the epsilon values. When the epsilon value is set to infinity, more
refinement instances arise. This is not surprising, since the first over-
approximation is much more likely to create a spurious counterexam-
ple, than in the case of 0.05. The main amount of instances in total is
based on the avc category, where 2073 instances arose with an epsilon



8.2 evaluation for lower bounds 65

Table 2: Results for the Lower Bound Computation for Refinement Instances
of the First Test Set

type #inst. time [s] lb size cm size #cm opt.

ε =∞
avc 2073 4.04 12.75 13.35 1894

dam 17 26.31 1.00 34.53 0

etc 9 1.48 1.56 2.78 3

flap 32 2.56 2.81 3.75 21

intersect 204 4.29 4.05 6.80 33

ε = 0.05

avc 35 107.96 6.06 13.17 2

flap 12 147.85 15.00 26.00 0

intersect 103 187.80 16.66 24.81 9

value set to infinity. In this setting also the most instances (1894) are
already optimal due to the constraint minimization, this means that
over 91% of these instances are not suitable for testing an interpolant
method.
The results of Table 2 show that over 78% of the instances of the
refinement are already restricted. We observe that for the few in-
stances where the epsilon is 0.05%, the lower bound computation
seems much harder. Also we observe that the refinement seems to
be model-specific, e.g. the lower bound for all dam models is trivial,
but not easy due to the computation time needed. All cases where
we confirmed that the initial interpolant is already optimal will be
ignored in the following evaluations of the interpolant methods.
Since the second test set has no information of its occurrence in the
model-checking process we computed the lower bound on every in-
stance. This means that all instances that occurred not in a refinement
step will most likely not have touching state sets and therefore lead
to trivial bounds. Table 3 uses the same rows as Table 2, only with-
out further differentiation. The row unknown consists of all instances
of the second test set, while the second row all is the combined test
of the first and the second test set. In the evaluation of the second
test set we can state that only about 6% of the instances are already
restricted. Recall that we do not know if the instances arose from re-
finement steps. After this evaluation of the lower bounds we end up
with 674 instances in the first test set, and 6324 in the second test set,
for further evaluations.
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Table 3: Results for the Lower Bound Computation of the Second and the
Combined Test Set

#inst. time [s] lb size cm size #cm opt.

unknown 6757 0.41 1.94 7.21 432

all 9242 4.06 4.61 8.86 2394

8.3 evaluation of optimizing strategies

We will first take a look at the performance of the optimizing strate-
gies stated in Section 5.2. Table 4 shows all algorithms and which
optimizations they use. Each row stands for a binary parameter.

tps : Uses the heuristic for interesting pairs.

nrc : States if nrc points are used to skip smt calls.

red. : Whether to use the simple redundancy test during the compu-
tation of the expansion to convex regions.

newnrc : The algorithm will add a NRC point for each smt solu-
tion.

lp solver : States if the algorithm uses the rational lp solver only
when needed.

greedy : Uses the greedy approach for unsolvable lps.

We state two different tables, again Table 5 is computed over the
first test set, while Table 6 is computed over all instances. In Table 5

we evaluate 674 instances, where the average size of the interpolant
is around 17, compared to Table 6 where we evaluate 6998 instances,
and an average size of the interpolant of 8. Both tables state the aver-
age numbers of the following attributes: the runtime, the total num-
ber of timeouts (# to), the absolute number of linear constraints used
in the interpolant (# lcs), the relative number of linear constraints
compared to the constraint minimization (rel. # lcs), the number of
SMT problems we do not need to solve (# skipped SMTs), the num-
ber of variables we did not need to introduce to the lp (# skipped LP
vars), the total number of instances where we improved the size of
the interpolant (# improved), the total number of instances where the
method computed the relative minimum compared to all other meth-
ods (# rel. minimal), and the number of successful greedy reductions
(# suc. greedy reductions).

We will now go through all of the binary parameters and discuss
their impact on the performance of the algorithm.
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Table 4: Parameters Used in the Different Algorithms

tps nrc red.
new

nrc

lp

solver

greedy

A1 0 1 1 1 0 0

A2 1 1 1 1 0 0

A3 0 1 1 1 1 0

A4 1 1 1 1 1 0

A5 1 1 0 1 0 0

A6 1 0 1 1 0 0

A7 1 1 1 0 0 0

A8 0 1 1 1 1 1

A9 1 1 1 1 1 1

A10 0 1 0 1 1 0

A11 1 1 0 1 1 0

A12 0 0 1 1 1 0

A13 1 0 1 1 1 0

A14 0 1 1 0 1 0

A15 1 1 1 0 1 0

A16 0 1 0 0 1 0

A17 1 1 0 0 1 0
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tps : Since we can construct examples in which the heuristic choice of
interesting pairs does not include the one which will lead to a re-
duction, we cannot expect to gain the same results, but will drop
some reduction to gain a better total runtime. Here we compare
the results in both tables of several pairs: (A1,A2), (A3,A4),
(A8,A9), (A10,A11), (A12,A13),(A14,A15), and (A16,A17). All
pairs have in common that the only difference between both al-
gorithms is that the first one tries every pair, and the second
one uses the heuristic. The results are similar to what is ex-
pected, the quality of the solutions are better for the algorithm
that tries to reduce every pair, while the running time is better
for the algorithm that uses only a subset of these pairs. As an
example if we compare A1 and A2, the runtime of A1 is around
3.3 times higher compared to A2, and the timeouts of A1 are
significantly higher compared to A2. On the other hand the rel-
ative improvement is better by about 3%, and the number of
improved instances has a difference of roughly 800. Compared
to the total amount of instances this means that A1 can improve
the interpolant in 11% of the cases where A2 does not improve
the interpolant at all. This picture is similar for all of these pairs,
where the factor for the average computation time is 3.5, and the
relative improvement is about 2.5%. In overall this optimization
is still a matter of choice, since both algorithms have their bene-
fits.

nrc : To evaluate the usage of nrc points to skip smt-problems we
compare the following pairs: (A2,A6), (A3,A12), and (A4,A13).
The expectation is that the result of the algorithm should not
differ much, since we will only skip smt-problems when pos-
sible. If a new pair needs to be separated, we have to compute
it in both cases by an smt-problem. Thus the main goal of the
optimization was to improve the runtime of the algorithm. The
runtime over all examples from the first algorithm to the second
algorithm increased by a factor of 1.65. In case of A3 and A12
the amount of timeouts significantly increased from 72 to 160.
When comparing the quality of the results this option does not
effect them in a significant way. Thus this option increases the
runtime without sacrificing the quality.

red. : Here the main goal was to reduce the number of variables
of the lp, and therefore its complexity. Again this should only
impact the runtime of the algorithm and not the quality of the
solution. For this case we compare the following pairs: (A2,A5),
(A3,A10), (A4,A11), (A14,A16), and (A15,A17). The average in-
crease of runtime for the second algorithm of all pairs is around
1.17. This indicates that this simple redundancy test in fact low-
ers the overall runtime of the algorithm. The quality of the re-
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sults is not effected in a measurable way. Thus we can conclude
that for such instances a redundancy test is a viable choice to re-
duce the computation time. We want to remark here that these
are certainly instance-specific optimizations, since linear con-
straints with the same normal cannot be expected in a random
instance.

newnrc : Since the option NRC was successful, we introduced new
nrc points while solving smt-problems during the optimiza-
tion. This only makes sense if the flag for using nrc points is
used. We compare the following pairs of algorithms: (A2,A7),
(A3,A14), (A4,A15), (A10,A16), and (A11,A17). The first algo-
rithm computes more nrc points, while the second only uses
initially computed nrc points. In case of A14 and A16, we com-
puted initial nrc points without using them in the heuristic.
This option only has a small impact when comparing A10 and
A16, where the runtime is faster for A16 compared to A10. On
all other pairs the impact of both the runtime and the quality of
the results is barely noticeable.

lp solver : For evaluating this option we compare the following
pairs: (A1,A3), (A2,A4), (A5,A11), (A6,A13), and (A7,A15).
The average decrease of runtime for the second algorithm is
around 0.55. The impact of the quality of the results is minor.
Comparing the absolute difference of the relative improvement
of the number of linear constraints we observe a difference
of 0.30%, in relative perspective this is an increase by the fac-
tor 1.004. Also when we compare the absolute numbers of im-
proved instances the highest difference can be observed in the
first pair, where A1 improved 158 more instances compared to
A3. Further we can observe that this does not imply that A1
has a better quality, since A3 computed more relative best in-
terpolants in the first test. We can conclude that the runtime
was decreased by a factor of 0.55, while the loss of quality was
minimal.

greedy : Here we expected an increase in the runtime, since in every
verification that the second pair makes the lp unsolvable, we
have to compute a third lp in which the second pair switches
the sides of the constraint. While this could lead to more re-
ductions, it is most likely that it will increase the runtime by a
significant amount. To evaluate the option we compareA8 to A3
and A9 to A4. The increase of the runtime by using the greedy
approach is about 2.2, while the improvement is about 0.30%. In
all instances the greedy option in A8 improved on average 0.12
pairs that would be otherwise stated as not replaceable. This at
least indicates that there are instances where this option can in
fact improve the solution, but this is not usually the case for the



72 experiments and evaluation

test sets we evaluated. Also A8 and A9 are the only algorithms
that exceeded the time limit on the second test set.

As a remark we want to state that even without a time limit the results
of the algorithms can differ due to randomness of the smt-solvers.
We state that for this dataset, and perhaps for every dataset that is
created by models occurring during a model checker run, the two
promising candidates A3 and A4. Therefore we want to compare
those with the related methods. They differ only in the option Tps,
whether to try all pairs for reduction or only a heuristic subset. As
mentioned before this option is a trade-off between quality and run-
time.

8.4 evaluation compared to related methods

In the previous section we concluded that A3 and A4 are the best
choices of parameters, where A3 is faster than A4, but with the costs
of losing quality of the resulting interpolant. Here we want to com-
pare the results of our algorithms to the algorithms stated in the Sec-
tion 4, namely Constraint minimization (CM), Simple interpolants (SI),
MathSAT interpolants (MS), and Beautiful interpolants (BI). In our pa-
per [3] we stated that the method of BI is not directly applicable to
our problems. In this thesis we adapted the method, such that it can
handle Boolean complexity. We implemented the proposed strategies,
but the method still exceeded the time limit in almost every case.
Since the method constructs a brand-new interpolant we were not
able to use the current computation to improve the interpolant at all.
Therefore we will leave out BI in the rest of this evaluation.
In Table 7, we state for every algorithm the average number of con-
straints used in the resulting interpolant (# lcs), the percentage im-
provement of the results compared to CM (rel. # lcs), the number of
improved instances (# improved), the number where the method com-
puted the relative minimal solution (# rel. min.), and finally the total
runtime (time) in seconds. In the row of CM “rel. # lcs” is obviously
1, since it is stating the size relative to its own size, “# improved”
is by the same reason 0, and “# rel. min.” states the number of in-
stances where no method constructed an interpolant better than the
one computed by CM. When counting the number of relative mini-
mal interpolants we computed the interpolant by every method that
is stated here, including A1, . . . ,A17, and count 1 if the interpolant of
the method has the same size as the minimum of all methods. This
means that multiple algorithms can count 1 if they computed an inter-
polant with the same (relative minimal) size. The instances are sorted
by the bloating factor (∞, 0.05), and in which situation they occurred
in the model-checking process (bloated,refinement). Since this informa-
tion is not present for the second test set we do not differentiate in
this test set. Finally we state everything for all instances together.
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Table 7: Comparison of the Runtime and Quality to Related Methods

A3 A4 SI MS CM

bloated, ε =∞, 63 instances

# lcs 13.32 18.24 18.35 19.78 20.49

rel. # lcs [%] 63 79 86 95 100

# improved 60 49 40 30 0

# rel. min. 39 12 5 4 2

time [s] 142.36 48.36 230.16 2179.00 8.54

bloated, ε = 0.05 , 88 instances

# lcs 30.82 34.58 34.49 36.58 37.13

rel. # lcs [%] 81 90 93 98 100

# improved 82 65 54 38 0

# rel. min. 53 11 9 6 2

time [s] 444.03 139.87 811.10 2716.67 38.58

refinement, ε =∞ , 384 instances

# lcs 8.56 8.91 9.54 9.77 9.59

rel. # lcs [%] 91 92 100 102 1

# improved 170 150 81 75 0

# rel. min. 152 114 55 46 191

time [s] 68.77 23.43 65.85 224.23 6.01

refinement, ε = 0.05 , 139 instances

# lcs 22.50 22.66 23.30 23.19 22.86

rel. # lcs [%] 97 98 101 101 100

# improved 37 20 15 6 0

# rel. min. 34 16 9 1 99

time [s] 192.13 32.75 280.72 436.97 14.20

Second Test Set, ε unknown , 6324 instances

# lcs 5.86 6.10 7.11 7.24 7.36

rel. # lcs [%] 77 80 97 99 100

# improved 3997 3398 1122 624 0

# rel. min. 3576 2578 164 170 2009

time [s] 0.76 0.52 2.86 2.10 0.28

all 6998 instances

# lcs 6.72 7.05 8.01 8.18 8.29

rel. # lcs [%] 78 81 97 99 100

# improved 4346 3682 1312 773 0

# rel. min. 3854 2731 242 227 2303

time [s] 15.14 4.60 24.05 76.66 1.43
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As we observe the bloated instances are most likely not optimal, since
out of 151 only 4 instances cannot be improved by any method. On
the other hand, in roughly 55% of the refinement instances CM is
still the best interpolant that can be derived by any method, and these
numbers are only the instances where the lower bound computation
did not already confirm that the interpolant of CM is optimal. In total
we observe that about 33% of all instances could not be improved by
any method.
To rate the algorithms we will compare their computational time and
the number of linear constraints of their solution. We state that both
of our algorithms A3 and A4 compute a better interpolant in terms
of the number of linear constraints as SI and MS, and this by using
less computational time. Both algorithms have a much higher success
rate in improving the instance, 55% and 39%. In comparison, both
SI and MS have a success rate lower than 3.5%. When comparing
the runtime of SI to A3 and A4 we observe factors of 1.59 and 5.23.
Therefore the best-performing algorithm in terms of quality of the so-
lution is A3 with an average improvement rate of 78%, and in terms
of computational time it is A4, which uses 4.60 s as an average compu-
tation time. It should be noted that the computational time includes
the computation of the initial and the final interpolant.
If we consider instances where any method was able to improve the
interpolant that was computed by CM, we will end up with 4695 in-
stances. The improvement rate of A3, and A4 then is 92% and 78%,
while the improvement of SI and MS is still only 28% and 16%. In
this situation we can also determine, with the use of the computed
lower bounds, that in 511 of these instances A3 computed the global
optimal solution, which is about 10.9% of these cases.

8.5 evaluation of the description test algorithm

In the experiment we test the algorithm for improving the descrip-
tion size of an interpolant, see Section 7. If we would use this test in
a model-checking context we would definitely use a lower threshold
to trigger the algorithm, since descriptions with already small rep-
resentation do not need an optimization. To test the viability of the
algorithm instead we have set the threshold for triggering to 8 bits,
but we will differentiate further which instances would be triggered
when it was set to higher values.
In Table 8 we will therefore differentiate in the columns between the
thresholds 8, 16, 32, and 64. The rows are first separated between
the test set with all instances used before the lower bound compu-
tation, and after the lower bound computation, i.e. the instances we
used in the previous sections. In both the row triggered states how
many times the method is triggered, success states in how many of
the triggered cases the method succeeded, runtime states the runtime
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Table 8: Comparison of Different Thresholds for the Description Test Algo-
rithm

threshold 8 16 32 64

all instances

triggered 8923 5355 3374 2513

success 5178 3438 3299 2468

runtime [s] 6.32 9.37 11.14 10.97

worst_init 45.99 68.83 98.99 115.27

worst_comp 15.38 18.10 18.75 18.00

av_init 21.55 30.78 43.56 48.78

av_comp 9.24 10.47 11.46 11.32

success rate [%] 58.03 64.20 97.78 98.21

CM not optimal

triggered 6558 3511 3333 2501

success 5117 3402 3267 2464

runtime [s] 6.61 10.75 11.04 10.88

worst_init 56.48 95.55 99.51 115.45

worst_comp 14.90 18.28 18.36 17.72

av_init 26.11 42.09 43.69 48.86

av_comp 9.42 11.23 11.31 11.23

success rate [%] 78.03 96.90 98.02 98.52

used for the algorithm, worst states the worst coefficient in any of
the linear constraints used in the interpolant, and average computes
the average over all worst coefficients of the linear constraints used
in the interpolant. The last two are both stated for the initial (_init)
and the computed (_comp) interpolant. In the last row the success rate
is stated, so how many of the triggered instances were successfully
improved in the description.
When evaluating Table 8, we notice that the success rate improves
while increasing the threshold, which was expected because this gives
the algorithm more chances to improve the constraint. Also the al-
gorithm needs more time for the computation when increasing the
threshold. This is also expected due to the fact that more chances to
improve the constraint lead to more computations. The decrease in
runtime in the last column can be explained by the fact that the in-
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stances will trigger if at least one linear constraint is above the thresh-
old, which means that the instances can differ in the number of con-
straints they need to improve. Another explanation for this effect can
be that the instances with a worst coefficient exceeding 64 bits have
a smaller description size than the instances that were triggered by
the 32 threshold. This again leads to fewer computations. Overall this
method improves the description of almost every interpolant with a
worst coefficient exceeding 32 bits, which would be our suggestion
for the threshold.
We want to remark that all the instances where we improved the de-
scription of the interpolant, when CM was already proven to be op-
timal, does not contradict the lower bound computation. The lower
bound computation will compute the number of fixed constraints and
then evaluate if they are enough to separate the two state sets. If this
is not the case we can increase the lower bound by one. This one
linear constraint is not fixed and therefore the description of this con-
straint can be improved.
With fixed constraints in mind, we want to add that all instances
where the algorithm fails to improve the description for a threshold
greater or equal than 16 are instances that arose from the refinement
and are therefore most likely fixated. This can also mean that even
if there is a free choice in at least one constraint, this constraint does
not have to be the one that triggered the algorithm by a coefficient.
At last we just want to give an example of such a reduction in the
description. The following linear constraint

−5697910064298676302013528542589086209536722502321174938208958960111454145770820954080x3+

158969056474783417765646516290712627824313598397065820176508606143537192x4+

−6331011182553963954351970204015796972282839003596309964051599136633987110491719564530x5+

−1956851119061990705210339385661777318464361663709094996295003698082710x8+

−240578424937049837659076973643778050924192647043127346384634276551451772030381142252259890x9+

700473483667392673342190082938621674874204271991121852537092787002364x10

6 −240506015526643673525461062811428824911262218027753902258702016092065278372027896477117225

was reduced to

−1x3 + 0x4 +−1x5 + 0x8 +−32767x9 + 0x10 6 −32790 .
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In this part of the thesis we presented one main algorithm with dif-
ferent parameter settings to improve the number of linear constraints
used in an interpolant of two state sets, and two application algo-
rithms that use the same algorithmic idea, i.e. one computes lower
bounds for the size of such interpolants, and the other improves the
rational description of these interpolants instead of the number of
constraints. During the evaluation we confirmed that most of the opti-
mization strategies significantly improve the runtime of the algorithm.
The option of using only a heuristic subset of reduction pairs gives the
user the choice of improve the runtime even more by sacrificing solu-
tion quality. We recommended parameter settings for the algorithms
A3 and A4, using all optimizations introduced in Section 5.2 with
the difference that A3 is not using nrc points to reduce the amount
of test pairs for the reduction, while A4 uses the described heuristic.
Through the evaluation with the related algorithm Simple Interpolants
that was developed exactly for this problem and the general approach
of interpolation of MathSAT, we confirmed that our two settings A3
and A4 outperform both algorithms in terms of solution quality and
runtime. The final choice between those two algorithms is a trade-off
between faster computation and better solution quality, and therefore
depends on the application. Finally we evaluated the algorithm for
optimizing the description of an interpolant, i.e. the number of bits
that are used by the coefficients of a linear constraint. Although the
task is a different optimization problem, the underlying description
of the state sets is the same. Therefore we used the same technique as
for our main algorithm, i.e. do not try to solve the problem directly
for the whole system, but solve it piecewise and build up the part of
the problem that is needed for the current task. In the evaluation of
our proposed algorithm we differentiated between different thresh-
olds. If the worst coefficient of a linear constraint needs more bits to
encode then we triggered our method. When we would choose 16 as
a threshold our algorithm was successful in reducing the description
in over 97%. Since this is a separate method it could be performed
despite the method which computes the interpolant.
For the main algorithm we want to point out that we evaluated how
well the methods perform for the interpolation tasks. As we men-
tioned the problem is a present subproblem of a model-checking
process, where the number of linear constraints is a major factor in
computing pre-images. The problem for this subproblem is that the
formulated problem is not well designed. In fact if we consider a
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method that computes the global optimum for our problem instantly,
this could lead to a worse model-checking time in a cegar model-
checking algorithm. This is due to the fact that these interpolations
are abstractions and therefore can lead to refinement steps, which are
extremely time consuming. Another worse interpolant with respect
to the number of linear constraints would perhaps lead to a model-
checking run without any refinement step and therefore would per-
haps outperform even the imagined instant interpolation method that
computes the global minimum. This does not imply that the quality
of the interpolation method is not relevant, in fact Damn et al. [19]
showed a significant improvement for the model-checking algorithm
when they switched to the constraint minimization. Perhaps we only
need to consider more things to interpolate in a better way. If for ex-
ample we could predict in which regions the state sets would evolve,
we could substitute the epsilon bloating to guide the overapproxi-
mation. By this way the overapproximation would most likely create
fewer spurious counterexamples and therefore trigger fewer refine-
ment steps. Another point we want to make is that as far as we know
the refinement does not have to include the last interpolation that
was made in that state, this would at least give the interpolation the
freedom it needs to achieve better interpolants. If this is a problem we
would recommend to simply use the constraint minimization, since
redundancy is more efficient and without freedom leads to similar
interpolants.

9.1 future work

There are still many things that could be improved or combined for
our main algorithm. Still a better heuristic choice of the subset for
all pairs might be worthwhile, but this is not a straightforward task.
The use of rational lp solvers could still be improved, there are ex-
isting techniques that use the optimal basis that was computed by a
state-of-the-art lp solver and only compute the last simplex steps in
rational arithmetic. Further we could combine both application meth-
ods into the main algorithm. In case of the lower bound computation,
it might be beneficial to compute not lower bounds but fixated linear
constraints in the interpolant, since this would reduce the number of
test pairs for the reduction. Also if this is implemented within the
model-checking algorithm, this could be only triggered when the in-
terpolation was part of the refinement computation. Otherwise there
would be no fixated linear constraints in the interpolant. In case of
the description test, this is by now a standalone algorithm that, given
an interpolant, tries to improve the description. But when we would
combine it with our method the description optimization could be a
post-process of every reduction our method performs.
Due to the fact that most algorithms use parallel computation we
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want to mention ideas for parallelization. The main loop, where ev-
ery pair or a subset of these pairs are tested for reduction is not triv-
ially parallelizable, due to the fact that these computations are not
independent of one another. On the other hand we mentioned earlier
that the main part of these pairs is not even close to be separable at
once. In fact most of these pairs are proven to be not separable at
once after the second pair of convex regions is added to the prob-
lem. This would make room for parallel computation since we could
run several of those tests for reduction in parallel, and only need to
reevaluate the solution if there were multiple reductions happening
at once, and even that can be done by solving a single smt-problem.
If the problem does not yield to unseparated points we could use all
reductions, and if it finds unseparated points, we could choose one
reduction that is used certainly, and use the found pair of unsepa-
rated points to refine the other reductions, where also the interpolant
constraints needed to be updated. Another point for parallelization
would be the greedy approach, where both possible choices could
be computed in parallel. The binary blow-up of instances should not
happen, due to the fact that in later iterations one of the cases is most
likely infeasible.
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I N T R O D U C T I O N

10.1 motivation

In machine learning a classifier is typically measured by its observed
accuracy. While there are different approaches to take several things
of the dataset into account, like the distribution of the samples over
the classes, the typical proceeding is to split the sample points into a
training and a test set. Thus the error between the classifier and the
real function is usually the estimation based on the test set. The defini-
tion of pac learning, introduced by Valiant in [54] tried to change this
approach. He defined a notion such that a concept is pac learnable, if
there exists an algorithm such that for every given probabilities δ and
ε, with probability at least 1− δ the algorithm outputs a hypothesis
concept, satisfying that the true error of this hypothesis is lesser than
ε.
In our case we were driven by the first part of the thesis into concepts
that are describable by linear constraints, i.e. linear arrangements.

10.2 contributions and objectives

Our main objective was to develop an algorithm that is a pac learning
algorithm for a subset of concepts of linear arrangements. While this
is impossible for the concept of all linear arrangements, due to the un-
bounded VC-dimension, we achieved to propose an algorithm that is
a pac-learner for the concept class of bounded linear arrangements
in fixed dimension. After proving that our proposed algorithm is in-
deed a pac-learner, we found a similar statement that was published
in [12]. Since our results differ in certain aspects, and our proof tech-
niques differ a lot, we will do our best to show the different proofs
and work out the differences.
Another objective was to show the applicability of our approach. Since
we found no indication that the approach from [12] was implemented
or would be applicable to normal datasets, this is the second objective
of this part of the thesis.
For the applicability of our approach we modeled the basic approach
as an ilp. Since the model uses a huge amount of variables the stan-
dard approach of using a Branch-and-Bound algorithm would lead
to unacceptable runtimes. Therefore we used a cg approach to solve
this ilp, which basically creates variables that improve the solution
during the runtime and thus can handle the huge amount of vari-
ables.
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Finally we will introduce a randomized technique to find a mean-
ingful representation of the dataset with a small amount of chosen
samples.

10.3 outline

The remainder of this part of the thesis is structured as follows.
In Chapter 11 we give a very brief introduction to the field of machine
learning, while focusing on (agnostic) pac learning. Furthermore we
will introduce the concept of ilp and commonly used techniques to
solve them. Here we focus on the concept of column generation.
In Chapter 12 we formally introduce the problem of this part, i.e. the
pac learning problem or more explicit the concept class of bounded
linear arrangements in fixed dimension.
Then we will introduce the related work in Chapter 13, where we
focus on the proof given by [12], who achieved a similar theoretical
result. We will not only sketch the proof but will point out the differ-
ences between our problems and our proof-techniques.
Finally we will introduce our algorithms in Chapter 14. First we dis-
cuss several adaptions that would be necessary to apply the algo-
rithm of the first part of the thesis to the classification context. This
lead to a heuristic approach and therefore was not used afterwards,
but is stated for completeness. Then we introduce a basic algorithm,
for which we formally prove that it is indeed a pac-learner in Sec-
tion 14.3. Afterwards we focus on the applicability and propose the
ilp and discuss certain aspects of the cg approach in Section 14.4.
Chapter 15 presents the experiments we made to evaluate our dif-
ferent strategies, and finally compare our algorithm with algorithms
typically used in machine learning.
Chapter 16 presents our conclusion of this part of the thesis and will
present some ideas for future work.
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P R E L I M I N A R I E S

This chapter is an extension of Chapter 2. We will give a short in-
troduction to machine learning and go into more details about pac

learning. After this we will briefly introduce ilp, and a concept how
to solve ilps if they have a large number of variables called column
generation. The content of the chapter is not original and is men-
tioned for completeness.

11.1 machine learning

A typical supervised classification task is given by a set of samples in
X and their class. In prototypes of real-world classification tasks, X is
a combination of continuous and numerical features. Throughout this
work we will consider that X = Rd, where d is an arbitrary but fixed
dimension. The number of possible classes is numerical, i.e. {1, . . . , f}.
A learning algorithm A computes for a set of samples S =

⋃
i Si,

where each Si ⊂ X consists of samples of the class i, a hypothesis A(S),
which is a function from Rd into {1, . . . , f}. The task is to correctly
classify new samples, drawn by the same distribution D as the set S,
correct. The true error of a hypothesis H : Rd → {1, . . . , f}, is therefore

ErrD(H) := Pr(x,xf)∈DRd×{1,...,f}[H(x) 6= xf] , (47)

which is all with respect to the used distribution D. In practice ErrD
is not known, and typically the error rate due to a test set is used as
an estimation. The true error therefore depends not only on the algo-
rithm A itself, but on the size of S and on its underlying distribution
D.
When evaluating machine learning algorithms on real-world tasks dif-
ferent statistical indicators are used. Typically a cross-validation, or a
k-fold, is computed for a dataset. This is a technique where we divide
the whole sample set into k disjoint subsets with almost the same size.
These sets have to be created randomly, so without manually creating
simple subsets. For example not only the size of the subsets should be
almost equal, but also the distribution of the classes should be almost
the same compared to the whole sample set. Then every algorithm we
want to compare is trained k times in total. Every time only k− 1 of
these sets are used to train the machine learning algorithm, while the
last set is always used to test the then resulting classifier. Therefore
every point in the sample was present as a new point in one test, and
was used k−1 times to train the classifier. The results of the algorithm
then can be evaluated by comparing, for example the classification ac-
curacy. This measures the relative factor of how many points of the
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sample were correctly classified. Other factors are for example false
negatives and false positives rates, which give a more detailed view on
the classification accuracy. False negatives are the errors, where the
classifier stated that a condition does not hold, while in fact it does.
False positive are in contrast where the classifier indicates that it is in
a specific class, while the sample is not part of that class. In certain
classifier problems it is crucial that one of these errors is small, and
one might prefer a classifier which has an overall worse error rate,
when for example the false positive rate is small.
In the next sub-sections we will describe the ideas behind pac learn-
ing and agnostic pac learning and how they differ from each other.

11.1.1 Probably Approximately Correct Learning

The content of this section is based on [35]. In pac learning theory
a priori knowledge of the problem is used, in fact the target function
which determines the class for each sample is limited to a set of con-
cepts, called concept class. Additionally the algorithm itself can decide
how many samples it will need. Both of these conditions are the main
points, why it is doubtful that the theory is relevant for real-world
tasks.

Definition 27 (pac learnable).
Let C be a concept class over the feature space Rd. We say that C is pac

learnable if there exists an algorithm A with the following property: For ev-
ery concept c ∈ C, for every distribution D on Rd, and for all
0 < ε < 1/2 and 0 < δ < 1/2, if A is given the inputs ε and δ it chooses
the size of S, then with a probability at least 1− δ, A outputs a hypothesis
concept H ∈ C satisfying Err(H) 6 ε. This probability is taken over D and
any internal randomization of A.

If the runtime of L is polynomial in 1/ε and 1/δ, we say that C is
efficiently pac learnable. Therefore a pac learning algorithm has ad-
ditional inputs to the samples, namely the two probabilities ε and δ.
Although the first probability (δ) was present all throughout the his-
tory of machine learning, which is the error of the predicted classifier
due to future sample points, the second probability (ε) was first intro-
duced to machine learning by the concept of pac learning by Valiant
in [54]. This probability is the only way to prove that a given machine
learning algorithm fulfills a certain given threshold for the first prob-
ability on a given problem.
To get an idea of what a pac learning algorithm looks like, and since
we will use a similar technique to prove that our algorithm is a pac-
learner, we give a simple example of the rectangle learning game.
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11.1.1.1 Rectangle Learning Game

The goal of this one-person game is to learn a rectangle by draw-
ing samples. The target rectangle R is axis-aligned and only two-
dimensional. A positive sample indicates that the point is in the rect-
angle, a negative sample indicates that the point is outside of the
rectangle. The player has to decide how many samples he needs to
predict a hypothesis rectangle R ′, which should be a close approxima-
tion of R. To check how good the approximation is we compute the
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+
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Figure 11: Running example for Rectangle Learning Game

probability that a point is drawn out of the region (R \ R ′) ∪ (R ′ \ R),
which is basically the sum over false negatives and false positives.
One central point is that we do not know what distribution we take
over the points in R2, therefore we assume that the distribution is
arbitrary but fixed over the whole process. So every sample that is
drawn by the player, and the error of the hypothesis rectangle R ′ are
all computed over the same distribution D.
The player decides to choose the strategy to compute always the tight-
est axis-aligned rectangle around the samples, if no positive point is
in the sample he will return R ′ = ∅.
Now we will show that for any input (R ′, ε, δ,D), we can predict a
sample size n such that with a probability at least (1− δ) the tightest
axis-aligned rectangle R ′ has at most an error of ε, where all samples
and the error are computed over D.
First we can observe that R ′ ⊂ R, since we choose the tightest axis-
aligned rectangle around the positive samples. This means the error
of R ′ is only the sum of false negatives, formally

errorD,R(R
′) = Prx∈D[x ∈ R \ R ′] (48)

Further we describe R \R ′ by a union of four stripes, one on each side
of the rectangle. When we are able to state that each of those stripes
has an error smaller than ε/4 we can conclude that the complete error
is smaller than ε.
Therefore we take a look at the upper strip T ′. Additionally we define
the rectangular strip T at the top of R, such that T has exactly the
weight ε/4 under the distribution D. This is possible due to the fact
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that D is a continuous distribution. It is clear that T ′ has a weight
greater than ε/4 if and only if T ′ includes T , since by definition they
have a subset-superset relation. Furthermore, T ′ includes T if and
only if no point in T appears in the sample S. This statement holds,
since if there is a point p ∈ T in the sample, then this must be a
positive sample. Therefore the rectangle R ′ must include this point,
and the strip T ′ must be smaller than T . We now want to compute
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Figure 12: Error of one stripe T ′ in the Rectangle Game

how likely it is that every drawn sample misses the region T . This is
by definition of T exactly (1− ε/4)n, when n is the size of samples.
Which concludes that T ′ has a probability greater than ε/4 with a
probability (1− ε/4)n. The same analysis is true for the other three
stripes, which leads to the following. The error of R ′ is greater than ε
with an estimated probability of 4 (1− ε/4)n. The estimation is due to
the fact that we counted every corner two times. With this estimation
we can compute the sample size based on ε and δ, i.e.

m > (4/ε) ln (4/δ) . (49)

11.1.2 Polynomial Learnability with Respect to Concept Complexity

In this section we will introduce the theoretical concept of polynomial
learnability (poly-learnable), developed by Blumer et al. [10]. This
concept is used in the related paper [12] and is the main difference of
their statement and the statement we prove in this thesis. They first
defined a triple for a concept class C. They fix the learning domain
such that X is in finite dimension d, in our case Rd, C be the concept
class on X and size be a function from C to Z+ called the concept com-
plexity measure.

Definition 28.
Let (C,X, size) be as defined above. It is called (properly) polynomial
learnable (poly-learnable) if there exists a polynomial-time algorithm A

that takes as input a sample of a concept in C, outputs a hypothesis in C,
and has the property that for all 0 < ε, δ < 1 and s > 1 there exists a
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sample sizem(ε, δ, s), polynomial in 1/ε, 1/δ, and s, such that for all target
concepts c ∈ C with size(c) 6 s, and all probability distributions P on X,
given a random sample of c of sizem(ε, δ, s) drawn independently according
to P, A produces, with a probability at least 1− δ, a hypothesis h ∈ C that
has an error of at most ε. The smallest such m(ε, δ, s) is called the sample
complexity of A.

Note that the concept class C itself can have an infinite VC-dimension.
Further they use the notion of the effective hypothesis space ofA for target
complexity s and sample size m CAs,m that is basically the A–image, i.e.
all hypotheses produced by A, of all possible m–samples of concepts
c ∈ C such that size(c) 6 s.
Additionally they use the notion of an Occam algorithm for C.

Definition 29.
Given the triple (C,X, size), an algorithm A is an Occam algorithm for C
if there exists a polynomial p(s) and a constant α, 0 6 α < 1, such that for
all s,m > 1, the VC-dimension of CAs,m is at most p(s)mα.

Finally they state a theorem that combines poly-learnable with Occam-
algorithms.

Theorem 30.
Let A be an Occam algorithm for C with effective hypothesis space CAs,m for
target complexity s and sample size m. Then if the VC-dimension of CAs,m
is at most p(s)(logm)l for some polynomial p(s) > 2 and l > 1, then A is
a polynomial-time learning algorithm for C using the sample size

m = max

(
4

ε
log

2

δ
,
2l+4p(s)

ε

(
log

8(2l+ 2)l+1p(s)

ε

)l+1)
.

11.1.3 Agnostic Probably Approximately Correct Learning

Agnostic pac learning is a variant of pac learning. Due to [31] and
[34], this is a more relevant concept to practical machine learning,
since no a priori knowledge is used. The samples are here drawn by
a distribution over the product of Rd× {1, . . . , f}, and thus there exists
no target concept c nor a concept class C. Another difference to pac

learning is the goal of the algorithm A. In pac learning we have to
find a hypothesis with an arbitrarily small true error. In agnostic pac

learning theory we only need to find an arbitrarily small true error in
the limit of our hypothesis class Hd.

Definition 31 (Agnostic pac learning).
An algorithm A is an agnostic pac learning algorithm, if there exists
a function n : R2 ×N → N that is bounded by a polynomial, such
that for any given ε, δ > 0, any d ∈ N, for any distribution D over
Rd × {1, . . . , f}, and any set S of size n(1/ε, 1/δ) drawn by D, the error



90 preliminaries

|ErrD(A(S)) − infH∈Hd
ErrD(H)| 6 ε with probability greater-or-equal

1 − δ. The probability is taken over D and any internal randomization of
A.

Also in this theory A is an efficient agnostic pac learning algorithm if
the running time of A is polynomial in 1/ε, 1/δ and in the (bit-length)
size of the representation of S.

11.1.4 Main Results for (Agnostic) pac-Learning

The main results in the field of pac learning were achieved by com-
bining the theory with the notion of the VC-dimension, introduced
by [55].

Definition 32 (VC-dimension).
Given a nonempty concept class C ⊆ 2X and a set of points S ⊆ X, ΠC(S)
denotes the set of all subsets of S that can be obtained by intersecting S with
a concept in C that is, ΠC(S) = {S∩ c : c ∈ C}. If ΠC(S) = 2S, then we say
that S is shattered by C. The Vapnik–Chervonenkis (VC) dimension of
C is the cardinality of the largest finite set of points S ⊆ X that is shattered
by C. If arbitrary large sets are shattered, the VC-dimension of C is infinite.

A combination by [10] led to the theorem that every concept class C
is pac learnable if and only if the VC-dimension of the C is finite.
For agnostic pac learning theory [31] proved that if an algorithm
misclassifies a minimal (with respect to its hypothesis class) number
of samples efficiently, and the VC-dimension is finite, then the algo-
rithm is an efficient agnostic pac learning algorithm.
There are also some negative results for (agnostic) pac learning. It
was shown that for arbitrary dimensions the concept of intersection
of hyperplanes is not efficiently pac learnable, unless P = NP, even
if the number of hyperplanes is restricted to two [9].

11.2 integer linear programming

This section is a continuation of Section 2.2, where we introduced
linear programming. In integer linear programming we still consider
that a linear function is optimized over a set of variables that is de-
scribed by linear constraints. The difference is that specific variables
are here forced to be integer instead of real valued in case of linear
programming.
To obtain an ilp in standard form, we consider A ∈ Qm×n,
B ∈ Qm×k, b ∈ Qm, c ∈ Qn, d ∈ Qk, x ∈ Qn, y ∈Nk and

zILP = min cTx+ dTy

s.t. Ax+By = b

x,y > 0

y integer.

(50)
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Notice that similarly to linear programming problems we can model
inequality constraints by adding slack or surplus variables. To high-
light the appearance of continuous and discrete variables, 50 is also
known as a mixed integer linear program. In the case where y only
takes binary values the problem is called Binary Integer Linear Pro-
gram (bilp).
In contrast to linear programming problems, integer linear program-
mings problems are more difficult to solve. In fact already a bilp is
NP-hard, proofs are given by Schrijver [50] and are based on Cook
[14] and Karp [33].
Due to this fact there are typically three kinds of algorithms to solve
ilps. Exact algorithms that terminate with the global optimal solu-
tion but may take an exponential number of iterations. Approximate
algorithms that compute a suboptimal solution in polynomial time
together with a bound on the degree of sub-optimality. Heuristic al-
gorithms that provide suboptimal solutions in polynomial time, but
without any guarantee on their quality.
We will focus on a specific exact algorithmic idea, which is based on
the most common one to solve ilps the branch and bound frame-
work.

11.2.1 Branch and Bound

Branch and bound is a “divide and conquer” approach to explore
the set of feasible integer solutions, it was first proposed by Land
and Dog [37] in 1960 and later extended, implemented and tested by
Dakin [17] in 1965. It is based on the idea to use bounds on the op-
timal objective value to skip divided subspaces that cannot improve
the current best feasible value. Let F be the set of all feasible solutions
of an ilp of the form

zOPT =mincTx

s.t.x ∈ F .

Now consider a partition of F into a finite collection, such that
F =

⋃
i∈I Fi, which then are solved separately.

zi =minc
Tx

s.t.x ∈ Fi

Then it would hold that zOPT = min{zi|i ∈ I}. Since these problems
may be almost as difficult as the original problem we can conse-
quently partition the subproblems themselves, leading to a tree of
subproblems. This is the branching part of the method. We addition-
ally assume that there exists an algorithm to compute a lower bound
lb(i) 6 zi in a tolerable time for each of those subproblems. A pop-
ular method to compute lower bounds is to solve the lp relaxation,
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i.e. ignore the integrality constraints of all variables. If a subproblem
is solved to optimality we get an upper bound ub > zOPT of the ini-
tial objective value.
The essence of this procedure, or the bounding part, is that if we en-
counter a lower bound lb(i) for a subproblem that is greater than
the best ub we found so far, then we do not need to consider this
subproblem anymore since the optimal solution of this subproblem
is worse than the one already encountered in the process.
There are several strategies how to proceed in a branch and bound
algorithm, i.e. which subproblems should be computed next and how
subproblems are created. Two extreme ways of choosing the next sub-
problem are “breadth-first search” and “depth-first search” that pre-
fer subproblems of the depth, and respectively subproblems along
each branch.
A common way to partition a problem is to use the optimal fractional
solution x∗ of the lp relaxation, and adding for a fractional integer
variable x∗i either xi 6 bx∗ic or dx∗ie to the current constraints.

11.2.2 Column Generation Approach

Column generation is used when solving lps or ilps with a large
number of variables. We will first introduce the concept of a col-
umn generation approach for lps and will afterwards introduce the
Branch and Price Framework which combines column generation
with a branch and bound framework to solve ilps.
The idea behind column generation is to solve a lp by iteratively
adding the variables of the model, since only a tiny fraction of the
variables is needed to prove optimality. So consider the lp we want
to solve, this is called the Master Problem (mp). In the beginning the
problem only consists of a restricted number of variables, therefore
the problem is called Restricted Master Problem (rmp). After solving
the rmp to optimality the values of the dual variables are known, due
to the fact of strong duality. Similarly to the procedure in the simplex
method from Section 2.2.2, we now search for a variable that is not
currently in the basis of the lp, such that its reduced cost in the cur-
rent basic solution is negative. This subproblem which searches for
new variables is called pricing problem.
If the pricing problem found a variable with reduced cost, the rmp is
then updated with a new column and solved again. When the pricing
can prove that no variable with reduced cost exists, it guarantees that
the current solution of the rmp is the optimal solution for the mp.
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11.2.2.1 Algebraic Derivation

Consider the linear program,

min
∑
j∈J

cjλj

s.t.
∑
j∈J

ajλj > b

λj > 0, j ∈ J

(51)

with |J| = n variables and m constraints. We assume that working
with (51) is not an option because n is large. Instead we consider
the rmp which contains only a subset J ′ ⊂ J of variables. An optimal
solution λ∗ to the rmp does not need to be optimal for the mp. Denote
by φ∗ an optimal dual solution to the rmp, similarly to the pricing
step in the simplex method, we search now for a non-basic variable
of negative reduced cost to enter the basis. In our case we therefore
have to solve the Pricing Problem (pp)

v(PP) := min{cj −φ∗aj | j ∈ J} . (52)

If v(PP) < 0, we will add the variable λj corresponding to the optimal
value with its column of coefficients (cj,aj) to the rmp. Now we iter-
ate the process, by solving the rmp again to optimality and obtaining
the optimal dual variables, until we obtain v(PP) > 0 in one iteration.
In this case λ∗ is also the optimal solution for (51). The correctness
and finiteness of the method is inherited by the simplex method, see
Section 2.2.2 for details.
Typically the problem (52) is an optimization problem itself that can
be solved easily.

11.2.2.2 Branch and Price

When solving an ilp by branch and bound, the linear relaxation is
typically used to compute lower bounds for the subproblem. If we
solve the linear relaxation by column generation in each node one
speaks of a branch and price framework.
There are many aspects that will change the performance of a branch
and price framework. The column generation suffers from the tailing-
off effect [28], which describes the slow convergence to the optimum.
A main reason for this effect lies in the unstable behavior of the dual
variables. The dual solutions of consecutive steps may be far apart
from each other. While there are some techniques to reduce this effect,
it is also an option to branch earlier. This early branching will leave
a node without computing the optimal solution. Therefore we have
to compute the lower bound in a different way. Assume there is an
upper bound κ >

∑
j∈J λj that holds for an optimal solution of the

mp, then in each iteration the optimal function value z̄ of the rmp
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will lead not only to an upper bound of z∗, but also to a lower bound.
Since we cannot reduce z̄ by more than κ times, the smallest reduced
cost v(PP) is, hence

z̄+ v(PP)κ 6 z∗ 6 z̄ . (53)

So to compute a lower bound without solving the mp to optimality
for the branch-and-price framework, we can use the highest lower
bound computed by (53) over all iterations where the pp was solved
optimally.

11.3 linear arrangements

We want to introduce some basic theorems known by the arrange-
ments of hyperplanes, also known as linear arrangements. A finite hy-
perplane arrangement A is a finite set of hyperplanes in some vector
space V ∼= Kn. We are only interested in the case where K = R. In this
case a hyperplane is a linear constraint with equality used as a sign,
as we defined it in Section 2. An arrangement A is in general position,
if

{H1, . . . ,Hp} ⊆ A, p 6 n⇒ dim(H1 ∩ · · · ∩Hp) = n− p

{H1, . . . ,Hp} ⊆ A, p > n⇒ H1 ∩ · · · ∩Hp) = ∅.

A region of an arrangement A is a connected component of the com-
plement X of the hyperplanes:

X = Rn −
⋃
H∈A

H .

Usually the set of regions is denoted by R(A), and

r(A) = #R(A) ,

is the number of regions of A.
In our case the algorithms calculate a set of linear constraints L, where
the inequality is not allowed to hold with equality. This set can be in-
terpreted as a linear arrangement, but we will define a region similar
to the enlargement of points to convex regions in Section 5.1.2. A re-
gion r of a set of linear constraints L is defined as a convex region
that is not distinguishable by any linear constraint in L. Similar the
set of all regions is denoted by R(L).
Our classification will be a function over the regions defined over
the set of linear constraints L, c : R(L) → {1, . . . , f}, based on a pre-
viously computed set of linear constraints L. This can of course be
interpreted as a function with the domain Rn. Note that the function
over the regions defined by the linear arrangement would be over
X ⊂ Rn, which needed to be enlarged to Rn.
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To calculate the actual number of regions of an arrangement is a non-
trivial task, but we will later only need an upper bound to estimate
the probabilities in our proof. Therefore we can use a part of a propo-
sition about arrangements in general position, see Proposition 2.4 in
[52].

Proposition 33 (general position).
Let A be an arrangement over Rn with m hyperplanes in general position.
Then the number of regions are

r(A) = 1+m+

(
m

2

)
+ · · ·+

(
m

n

)
.

Since there exists no arrangement of m hyperplanes with more re-
gions, this is an upper bound for all arrangements over Rn with m
hyperplanes. Because our actual classifier is based on another defini-
tion of regions, we show that in the general case the two sets are of
the same size.

Lemma 34.
Let L be a set of linear constraints where every constraint in L is not an
equality constraint, and A be the corresponding linear arrangement. If A is
in general position, then it holds that

#R(L) = #R(A) .

Proof. It is trivial that every region in R(A) has a corresponding re-
gion in R(L). In case that A is in general position though it is also
true that there is no other region R(L). So consider that there is a
region that is in R(L), but not in R(A). This region has a lower dimen-
sion, since it must be a convex subset of the complement of X, which
can be at most n− 1. To achieve that the dimension of a region in R(L)
is at most n− 1, at least two linear constraints must face each other to
form an equality. This contradicts the condition that A is in general
position, since then those two corresponding hyperplanes would lead
to

dim(H1,H2) = n− 1 6= n− 2 .

This leads to the fact that the upper bound given by Proposition 33

holds also for R(L).
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P R O B L E M D E F I N I T I O N

We want to formulate the problem that is solved by the exact algo-
rithm without using the concept of column generation.
The problem is a supervised classifier problem, whose general form
is described in Section 11.1. We will focus on problems where the fea-
tures are purely real, i.e.X = Rd, and all samples are labeled. Also
the number of classes is not bounded to be binary. As in general the
task of the algorithm A is to compute a hypothesis or a classifier A(S)
based on the samples S.
The hypothesis/classifier in all of our algorithms is defined by a func-
tion, whose domain are the regions of an arrangement. So basically
the algorithms compute a set of linear constraints, which can be inter-
preted as a linear arrangement, and the regions of this arrangement
are then used to define the classifier. In the learning phase where no
learning-error occurred, which is the usual case for our exact algo-
rithm, the classifier will map the regions accordingly to the classes of
the learning points.
Additionally we want to state that our exact algorithm is a pac-
learner, therefore we have to specify for which concept class this
holds. Accordingly we define Cdk , which consists of concepts in Rd

defined by k hyperplanes that induce an equivalence relation, i.e. two
points in X are equivalent if and only if none of the k hyperplanes can
separate them. Note that d and k are bounded for all concepts in Cdk .
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R E L AT E D W O R K

In this chapter we want to focus on presenting the algorithm intro-
duced by [12]. As we already mentioned, the theoretical result we
will give in Section 14.3, is similar to the one stated in this paper.
Their algorithm and therefore the proof differs from ours and the pa-
per was not known to us when we made the proof ourself.
They introduce the exact same concept class Cdk , but since they will
use the concept of poly-learnable (11.1.2) they will only fix the dimen-
sion d and for the number of hyperplanes they will consider it to be
bounded for the target concept. Their own hypothesis will in fact use
k lnm number of hyperplanes.
The proposed algorithm will do the following. First they draw the
samples. Then they compute a subset Q of all possible hyperplanes
in S that includes a subset of s hyperplanes that separates the sam-
ples of different classes. After that they introduce a graph, where each
vertex is a sample point and for every sample point of the other class
an edge is introduced between the vertices. A hyperplane will cover
an edge, when the hyperplane separates the corresponding sample
points. When F is a set of hyperplanes, then it is easy to see that they
have to solve a set-covering problem on this graph.
They will not solve the set-covering problem optimally, but use an
approximation algorithm with ratio O(lgm), and thus the hypothesis
of the algorithm uses at most O(s lgm) hyperplanes.
To reduce the number of all hyperplanes to a finite subset they use an
argument of the geometrical dual space. First they introduce equiva-
lence classes of hyperplanes such that two hyperplanes are equivalent
if all samples are identical under both hyperplanes. Then they use the
fact that every point in the primal space is a hyperplane in the dual
space and vice versa. Thus every point of the sample p is mapped to
a hyperplane g(p). Therefore each equivalent class is represented by
the interior of a (d− k)-dimensional face of the arrangement consist-
ing of all hyperplanes g(p),p ∈ S, where k is the number of points of
S on a hyperplane in the equivalence class. Accordingly the number
of hyperplanes is at most O(md). By adding all hyperplanes to F it
leads to the fact that the optimal solution is s, and therefore the ap-
proximate solution by the greedy algorithm will be O(s lnm).
Their time complexity is dominated by the greedy algorithm, which
takes O(

∑
p∈F |p|), where |p| is the size of the set p. Since the set rep-

resents the edges its covers, the size is bounded by the number of
edges in the graph, i.e.O(m2). Combined with the fact that F con-
sists of at most O(md) sets, this leads to an overall time complexity
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of O(md+2).
This, combined with other details, leads to the fact that their algo-
rithm proofs that the concept is poly-learnable. The main difference to
our algorithmic idea is that their solution is using far more constraints
than are needed to classify the data. Their proof is very elegant and
based on both the geometrical dual space (see, for example, Edels-
brunner [24]), and the theorems provided by Blumer et al. [10]. Our
proof of the fact that the concept class Cdk with bounded d and k is
pac learnable is given in Section 14.3.
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T H E A L G O R I T H M S F O R S U P E RV I S E D L E A R N I N G

In this chapter we will introduce different types of learning algo-
rithms. The first algorithm proposed in Section 14.1 is a theoretical
adjustment to our main algorithm of the first part. This adjustment
is only theoretical, since the adjustments where not able to turn this
approach into a pac learning algorithm. Further we will introduce
the basic algorithm in Section 14.2. In the following Section 14.3 we
prove that the basic algorithm is a pac learning algorithm for the con-
cept class Cdk with bounded d and k. In Section 14.4 we propose the
ilp that models the approach of the basic algorithm, and introduce
all problems for the cg-approach, i.e. the master problem, and the
pricing problem. Finally in Section 14.5 we will introduce a random-
ized approach handling the sample size. Instead of taking all samples
into account, this approach will solve several smaller samples and in-
crease the amount of samples each time.
As noted before, despite the algorithmic approach our output classi-
fication is always based on a set of linear constraints L computed by
the algorithm. The actual classifier is then computed by mapping the
regions R(L) to the class with the most samples in this region.

14.1 heuristic approach

This algorithm was considered to be a direct application of the algo-
rithm of the first part for the context of machine learning. Therefore
we will not describe the whole algorithm again but point out certain
aspects that had to be revised to make this work.

14.1.1 Missing Interpolant

The algorithm described in Section 5 is based on improving an al-
ready existing interpolant, or more formally correct a set of inter-
polant constraints, therefore an initial interpolant must be computed.
In the context of state sets that was always an easy task, since the
algorithm could start with either one of the sets of interpolant con-
straints used in the description of the state sets.
In this case we could use the following approach. Starting with an
empty set of constraints, we search for a pair of points that were not
separated by any constraint in the set. Then we compute the hyper-
plane separating this pair and add it to the set. This leads to large sets
of interpolant constraints, nevertheless viable interpolant constraints
that suffice Proposition 22.
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14.1.2 Samples Instead of State Sets

In the first part we handled unions of convex regions in an implicit
way. Therefore we enlarged points found through smt-solvers to con-
vex regions to ensure the termination of the algorithm. In this new
situation we handle a finite amount of samples, and therefore we do
not need to enlarge them to convex regions to ensure termination.
This leads to a simpler version of the lp stated in Section 5.1.3.

max ε

s.t. aTpi 6 b− ε

aTqi > b+ ε

a 6 1

a > −1

ε > 0

Additionally the samples are real-valued and there is no safety crite-
rion present in this problem. So we are able to switch to a state-of-
the-art lp solver. This leads to much better performance on this sub-
problem compared to the algorithm of the previous part. A technical
difference is that this lp is always solvable, by setting every variable
to zero. Since a touching case as described in Section 5.1.3.1 is not
feasible in this context, the circumstance that the objective function is
zero indicates that there is no separating linear constraint.

14.1.3 Allow Misclassification of Points

From all new aspects that arose in this setting, this is the most com-
plicated one. Basically the first algorithm was developed to separate
every single point, since it was created for a safety critical environ-
ment. In the cegar approach it was essential that we can separate
a single counter example that was discovered to make sure that in
the next refined circle this is never part of the state set. This stands
in absolute contrast to the situation in machine learning, where out-
liers or simply misclassified samples are well-known problems that
are common in supervised learning datasets that are derived by real
world applications. When an algorithm ignores this fact it will most
likely lead to an over-fitting classifier.
To change the least in the central part of the algorithm, i.e. the lp

and the task of finding indistinguishable points, we tried to identify
these outliers at best before we start reducing the description of the
classifier. Therefore we took the initial interpolant as a reference. An
outlier would most likely create a region where it is the only point of
its class, therefore we mark these points as possible outliers, and will
ignore them in the first iterations of the algorithm.
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14.1.4 Find Indistinguishable Points

Instead of solving an smt-problem, like described in Section 5.1.1,
we did the following. For every point we compute for every current
linear constraint a bit, which is 0 if the point is invalid for the linear
constraint and 1 if it is valid. Then we sort all of them by their cor-
responding bit-vector. Now every point that has the same bit-vector
is indistinguishable under these linear constraints, so we just have to
check if there are points of different classes with the same bit-vector.
If we find such a bit-vector with points of different classes we have
to separate them from each other. Note that a bit-vector with more
than two classes will always end in a misclassification of one of them,
since we only compute one additional linear constraint inside the sub-
routine described in Section 5.1. Also note that if there are more than
two bit-vectors with points from different classes the sides of the lin-
ear constraint can differ from the first bit-vector, i.e. a point of class A
is decided to be valid under the new linear constraint, then another
point of A with another bit-vector must not be forced to be on the
same side. This situation is very similar to the one we discussed in
Section 5.1.3.2, with the difference that we have this knowledge di-
rectly when we compare all bit-vectors. The only idea where we can
solve this optimally is where we try every single permutation, which
would use a lot computational effort, without gaining the certainty of
being global optimal. Therefore we stuck with the same approach as
before, where we choose the side for the “pair”, in this case all points
with the same bit-vector, and then only change the sides of the last
“pair” if the lp cannot compute a separating linear constraint.

14.2 exact approach

In this approach our goal is not to make a heuristic algorithm but
instead to compute a global minimum. Let k ∈N be an input for the
algorithm stating the maximal amount of linear constraints used in
classifier. The goal of the algorithm is to compute the minimal num-
ber of linear constraints that is needed to classify the samples without
misclassification.
The main idea of our algorithm is that instead of finding arbitrary lin-
ear constraints in Rd, we limit our search to a finite subset of linear
constraints based on the samples S. This subset Q should fulfill the
following condition.
For a subset A ⊂ S there exists a hyperplane in Q that separates A from
S \A if and only if there exists a hyperplane that separates A from S \A.
For simplicity we begin to consider that S is in general position, i.e.
every d+ 1 points are not on any possible hyperplane, and will dis-
cuss the case of arbitrary position afterwards.
Consider d points P = {p1,p2, . . . ,pd} out of S. These points define
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Figure 13: Example of the hyperplanes created for one pair

a hyperplane in Rd, so regardless which inequality sign we would
choose for the hyperplane, all S \ P are divided into the same two
sets S1,S2. Now for every ordered pair of disjoint sets P1 ·∪ P2 = P

we introduce a hyperplane, such that the hyperplane will addition-
ally separate S1 from P2, S2 from P1 and P1 from P2. This is not a
classical partition of P in two subsets, due to the fact that P1 and P2
are explicitly allowed to be empty, and we distinguish the order. For
these d points we introduce

∑d
i=0

(
d
i

)
= 2d hyperplanes in total, see

Figure 13 for a two-dimensional example. The set Q is the conjunc-
tion of all these hyperplanes for every pair (or d-tuple), such that
|Q| =

(
n
d

)
2d. Note that there are linear constraints that end up sepa-

rating the same sets, thus Q is not minimal.
When S is not in general position, the sets S1 and S2 are not necessar-
ily fixed, since more than d points could lay on the hyperplane. For
the points on the hyperplane that are not in P, we could just com-
pute in which set they belong when choosing the sets P1 and P2. This
would not change the amount of linear constraints in Q.

Theorem 35.
Let S be a set of points in Rd with |S| = n > d. For a subset A ⊂ S there
exists a hyperplane in Q that separates A from S \A if and only if there
exists a hyperplane that separates A from S \A.

Proof. The if direction is trivial. Assume that there exists a hyperplane
that separates A from S \A. Now let P be the set of points that are
on this hyperplane. If there are none, we can shift the hyperplane
towards any point in the samples until at least one point is on the
hyperplane. Unless |P| < d we can rotate around these points until
the changed hyperplane touches another point in S, until d or more
points are on the hyperplane. So every point S \ P is separated by the
hyperplane defined by P. Despite the set A or S \A each point of P
must be separated, since we took a hyperplane in Q that separates P
in exactly that way.
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Example 10.
In Figure 13 the hyperplanes h1, . . . ,h4 represent all hyperplanes that can
be created from P = {a,b} in R2, with S = {a,a1,b,b1,b2}. The hy-
perplane h is induced by P, therefore divides S \ P into S1 = {a1} and
S2 = {b1,b2}. Every hyperplane h1, . . . ,h4 still separates S1 from S2. The
hyperplane h1 for example represents the choice of P1 = {a} and P2 = {b}.

Now consider the basic algorithm that will test every combination of
k hyperplanes out of Q, these are

(
|Q|
k

)
combinations. This leads to a

total number of O(nkd2kd) tests, which is polynomial for the number
of sample points n for fixed dimension d and a fixed number of k
hyperplanes.
For the pac learning results we consider the following basic algo-
rithm. As an input the algorithm takes (ε, δ,k), while the parameters
d,k, f are arbitrary but fixed. Then the algorithm computes a number
of needed samples n(ε, δ), and get the sample set S of size n. Now
the basic algorithm will test for every k ′ ∈ {1, . . . ,k} if there exist
k ′ hyperplanes out of Q, such that no single sample in S is misclas-
sified. If this is the case we terminate with a k ′ 6 k, or otherwise
with a hypothesis using k hyperplanes with a minimal number of
misclassified points in S. This leads to an overall running time of
O(k(n(ε, δ)kd2kd)). When n(ε, δ) is a polynomial in k,d, 1/ε and 1/δ,
the running time is still polynomial in 1/ε and 1/δ. Now we will

Algorithm 4 : Basic Algorithm for pac learning
Input : (ε, δ,k)
The parameters d,k and f are arbitrary but fixed.
Output : A linear arrangement used as a classifier, such that

parts of the partition are mapped to a class.
begin

Compute the number of needed samples n(ε, δ), and get the
sample set S of size n.
for k ′ ∈ {1, . . . ,k} do

Compute Q ′ ⊂ Q with |Q ′| = k ′, such that the number t
of misclassified samples in S is minimal.
if t = 0 then

return k ′ and the classifier created by Q ′ and S.
else

if k ′ = k then
return k and the classifier created by Q ′ and S.

first prove that this is a pac learning algorithm and will improve the
idea by changing the brute-force search through all possibilities into
a more reasonable search due to column generation in Section 14.4.
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14.3 theoretical results

In this section we will present the main theoretical results for the
basic algorithm 14.2.
As already mentioned similar results for the concept class are already
known by [12]. The techniques and the algorithm used in this paper
are different from ours, and as mentioned before were not known by
us when we proved these statements.
In the first part we focus on pac learning, while afterwards we will
discuss the algorithm in the context of agnostic pac learning. We will
introduce our proof-technique, which is quite similar to the one used
to prove the rectangle game (see Section 11.1.1.1) in the simple case
of C21. Then we give the more technical proof for the concept class
Cdk . After this we will use some results based on the VC-dimension
to prove that our basic algorithm is also an efficient agnostic pac

learning algorithm.

14.3.1 Probably Approximately Correct Learning

In this section we will first prove that the basic algorithm is a pac

learning algorithm for the concept class C21. This is done for the ben-
efit of a better understanding of the proof technique. Afterwards we
will give the proof of Cdk , which obviously includes the previous state-
ment but is much more technical.

Theorem 36.
The basic algorithm (Algorithm 4) is a pac learning algorithm for the con-
cept class C21.

Proof. Consider an arbitrary but fixed distribution D over R2 and val-
ues ε ∈ (0, 1), δ ∈ (0, 1/2). There have to be sample points of each
class, otherwise nothing has to be separated. In the general case, the
error of a hypothesis hyperplane h to the target hyperplane h∗ is de-
fined by a double-cone T ′, see Figure 14 for an example. The degen-
erated case where both hyperplanes are parallel is discussed below.
This double-cone is well defined by the regions not(h∗) ∩ h and
h∗ ∩not(h), since the orientation of both hyperplanes is fixed by the
sample points. Additionally there is an intersection of h and h∗ at the
point x. We define a double-cone T , between the target hyperplane h
and a hyperplane h ′, with an intersection in x, such that

Prs∈DX[s ∈ T ] = ε

and there exists an intersection of T and T ′ for any ε, which fixates
the rotation around x, when T ′ 6= ∅. This is well defined, since at the
start with h ′ = h∗ the probability is zero, and by rotating h ′ in point
x this leads to probability one, when it fulfills h ′ = h∗ again. In case
that T ′ = ∅, the probability of Prs∈DX[s ∈ T ′] = 0. The weight of T ′
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Figure 14: The error of the hypothesis hyperplane

has lesser weight than ε under D if and only if T ′ ⊆ T . This follows
directly from the construction of T . Furthermore it holds that if a
point in T appears in the sample S, then T ′ ⊆ T , since our algorithm
separates the sample without error. The direct consequence is that the
following conditional probability is 1.

PrD[error(h) 6 ε|T ∩ S 6= ∅] = 1

Now let us take a look at the probability that no point in T appears
in S, denote n = |S|.

PrD[T ∩ S = ∅] = Prsi∈DX[s1, . . . , sn /∈ T ]
= (Prs∈DX[s /∈ T ])

n

= (1− Prs∈DX[s ∈ T ])
n

= (1− ε)n

If we choose n such that (1− ε)n 6 δ, then the probability that no
point in T appears in S is greater than δ. Then the probability that at
least one point appears in T , is at least 1− δ.
Now we are able to calculate the following probability.

PrD[error(h) 6 ε] = Pr[error(h) 6 ε|T ∩ S = ∅]Pr[T ∩ S = ∅]
+Pr[error(h) 6 ε|T ∩ S 6= ∅]Pr[T ∩ S 6= ∅]

> Pr[error(h) 6 ε|T ∩ S 6= ∅]Pr[T ∩ S 6= ∅]
> 1(1− δ)

= (1− δ)

This leads to a lower bound of n,

n > (1/ε) ln(1/δ) .

Now we discuss the case where the hyperplanes are parallel. There
are again two cases, but each of them is treated similarly. The first
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case is where h and h∗ are orientated in the same direction, therefore
the true error T ′ is between these hyperplanes. The second case is
that their orientation is not equal, then the error T ′ is defined by the
complement of the region between these hyperplanes. We will take
a closer look at the first case. We define T by a hyperplane h ′ also
parallel to h∗ and h, with the same orientation as h. In the first case T
is defined by the region between h ′ and h∗. Now we move h ′ towards
h until the point where the probability of T under D is equal to ε. This
is only possible if the probability-mass on the negative side of h∗ is
greater than ε. If this were not the case, the true error is lesser than ε.
As in the case of general position, we can conclude that the weight of
T ′ exceeds weight ε under D if and only if T ′ ⊇ T . And furthermore
that if T ′ ⊇ T then no point in T appears in the sample S, by the
same argument as above. The same is true for the second case, where
only T ′ and T are defined by the complement. In this case we have to
technically divide the region T into two parts. There is a contradiction
if there is a point of the sample on the side of h∗ where h is not, since
then we would make an error in the sample.

Theorem 37.
The basic algorithm (Algorithm 4) is a pac learning algorithm for the con-
cept class Cdk .

Proof. Consider an arbitrary but fixed distribution D over Rd and
values ε ∈ (0, 1), δ ∈ (0, 1/2), and k ∈ N. Since the algorithm would
find a solution with no test error at least with the use of k linear con-
straints, this leads to an upper bound of 2k linear constraints in our
discussion. We will name the k linear constraints of the target class
c1, . . . , ck, and the k linear constraints of the hypothesis h1, . . . ,hk.
All those are later used as halfspaces, so each of them will represent
a halfspace in Rd. We define an index set I = {1, . . . ,k}, and a set R of
all regions defined by all of the 2k hyperplanes. Proposition 33 states
that the maximal number of regions defined by 2k hyperplanes is

|R| 6 1+ 2k+

(
2k

2

)
+ · · ·+

(
2k

d

)
. (54)

Now let R ′ ⊂ R be the subset of regions, where the class predicted
by the target and the hypothesis are different. The general case of the
true error, can then be specified by R ′

error(h) =
∑
r∈R ′

Prs∈DX[s ∈ r] .

For readability we write Pr[r] instead of Prs∈DX[s ∈ r] in the rest of
the discussion.
Now we want to give a sketch of what we are going to do. The proof
will be similar to the previous one for C21. In this proof we had con-
structed two double-cones T that had exactly the probability mass ε,



14.3 theoretical results 109

and T ′ which was the double-cone describing the difference between
h and the target hyperplane h∗. Then we concluded that T ′ ⊆ T if and
only if T ′ has lesser probability-weight than ε. This concept will be
used in this proof as well, with the difference that we do not have one
region but |R ′| regions that sum up to the true error. Therefore when
constructing the regions Tr we only let each of them have at most the
probability-mass ε/|R|. We will then conclude that a similar statement
like the previous if-only-if statement is true in this case. With this at
hand we are able to estimate that the probability that the true error is
smaller than ε is at least 1− δ.

We take a look at a random region r ∈ R ′, this region is defined by an
intersection of 2k hyperplanes (or their negation). For readability we
assume that r is the intersection of all 2k hyperplanes, without nega-
tion. The case with partial negated hyperplanes or less hyperplanes
in the hypothesis is analogous. Now we construct Tr corresponding
to the region r, while the following property must be fulfilled,

∃p ∈ Tr \ r =⇒ r ⊂ Tr . (55)

This is essential to conclude that

r ⊂ Tr ⇔ Pr[r] 6 Pr[Tr] 6 ε/|R|

holds.
If there are points in Tr that are not in r, then r is already a subset of
Tr. First we define l = 1, I ′ = I, and T0r = ∅. Then we take an arbitrary
index i ∈ I ′. For the chosen hyperplane hi we create a hyperplane
h ′i = ¬c1, update I ′ := I ′ \ i, and define T lr .

T lr =

(⋂
u∈I

cu ∩
⋂
v∈I ′

hv ∩ h ′i ∪ T l−1r

)
\
⋃

r̃∈R\R ′
r̃ . (56)

At the beginning the set T lr is equal to T l−1r or more explicit the prob-
ability mass for T lr is equal to T l−1r .
Then we distinguish two cases of the hyperplanes hi and c1, either
the hyperplanes are parallel or there exists an intersection xi, this in-
tersection is (d− 2)–dimensional. In case of parallel hyperplanes we
will edit the hyperplane h ′i by shifting it away from c1 always stay-
ing parallel to each other. The direction is determined such that an
infinitesimal shift leads to an intersection of the interiors of r and
T lr . This will be continued unless, either the probability mass of T lr
under D reaches exactly ε/|R|, or we shift to infinity and the mass
is still lesser than ε/|R|. In case of an intersection we will rotate the
hyperplane h ′i around the intersection xi in the direction such that
an infinitesimal rotation leads to an intersection of the interiors of r
and T lr . Notice that at the beginning there is a intersection of r and
T lr , but the probability mass is zero. We will continue to rotate unless
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one of two things happens, either the probability mass of T lr under D
reaches exactly ε/|R|, or h ′i is equal to c1. By the fact that the integral
over a continuous density function defines a continuous function, the
intermediate value theorem states that a hyperplane that leads to a
probability with exact ε/|R| must exist, if the probability with h ′i = ci
is greater than ε/|R|. If we stopped because Pr[Tr] = ε/|R|, we have
finished the construction and set Tr = T lr . Otherwise we will repeat
this procedure, set l := l+ 1, and take again an arbitrary index i ∈ I ′
and so on.
For T1r the property (55) holds at the beginning, since T1r = ∅. Regard-
less of whether the hyperplanes hi and c1 are parallel or not, T1r ⊂ r
until the point where h ′i = hi. At this point the sets T1r and r are equal.
After that it is possible there exist points, but it is not necessary. For
any case l > 1, the set r is always a subset of T lr , since r ⊂ T1r when
there was no termination in the first iteration.
This algorithm defines Tr and has two possible outcomes. Either
Pr[Tr] = ε/|R|, or Tr =

⋂
u∈I cu \

⋃
r̃∈R\R ′ r̃ and Pr[Tr] < ε/|R|.

Algorithm 5 : Theoretical algorithm to construct Tr
Output : Tr: a convex region defined by hyperplanes, with

property (55)
There are two possible outcomes, either Tr = ε/|R|, or
Tr =

⋂
u∈I cu \

⋃
r̃∈R\R ′ r̃ and Pr[Tr] < ε/|R|.

begin
T0r = ∅;
I ′ = I;
l = 1;

for i ∈ I ′ do
T lr =

(⋂
u∈I cu ∩

⋂
v∈I ′ hv ∩ h ′i ∪ T l−1r

)
\
⋃
r̃∈R\R ′ r̃;

h ′i = ci;
I ′ = I ′ \ i;

repeat
if hi and c1 are not parallel then

xi = hi ∩ ci;
rotate h ′i around xi;

else
shift h ′i parallel to c1

updating T lr ;
until h ′i 6= ci AND T lr 6= ε/|R|;
if T lr = ε/|R| then

return T lr ;

l = l+ 1;

return T lr ;
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It now holds that

r ⊂ Tr ⇔ Pr[r] 6 Pr[Tr] 6 ε/|R| .

The if-part is trivial. The only-if-part follows from property (55) of
Tr. Additionally it holds that if there exist a point p ∈ Tr ∩ S, then
r ⊂ Tr. Consider a point p ∈ Tr ∩ S, then this point must be classified
correctly, since the algorithm makes no sample error and no point in
Tr is classified correctly. This leads to the fact that p ∈ Tr \ r, and since
the property (55) holds, this leads to r ⊂ Tr.
First we estimate the following probability

PrS

[
Pr [r] >

ε

|R|

]
= 1− Pr

[
Pr [r] 6

ε

|R|

]
The first probability is over the sample S, i.e. over the n drawings
s1, . . . , sn ∈D X.

6 1− Pr[Tr ∩ S 6= ∅]

Because the event Tr ∩ S implies the event that Pr[r] 6 ε/|R|.

= 1− (1− Pr[Tr ∩ S = ∅])
= Pr[Tr ∩ S = ∅]
6 (Pr[s /∈ Tr])n

= (1− Pr[s ∈ Tr])n

=

(
1−

ε

|R|

)n
Now we take a look at the error of the hypothesis

PrS [error(h) < ε] > Pr

[ ⋂
r∈R ′

Pr [r] 6
ε

|R|

]

= 1− Pr

[ ⋃
r∈R ′

Pr [r] >
ε

|R|

]

> 1−
∑
r∈R ′

Pr

[
Pr [r] >

ε

|R|

]

> 1−
∑
r∈R ′

(
1−

ε

|R|

)n
= 1− |R ′|

(
1−

ε

|R|

)n
> 1− |R|

(
1−

ε

|R|

)n
Now choose n such that δ > |R| (1− ε/|R|)n.

> 1− δ
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With the usage of the common inequality

(1− x) 6 e−x

this leads to a lower bound of n,

n >
|R|

ε
ln

|R|

δ
.

This bound can be tightened, since the case where all regions are in
R ′ is not possible. There is at least one region where correct classified
points are, since all samples are correctly classified. With that we can
reduce the bound from n by one, i.e.

n >
|R|− 1

ε
ln

|R|− 1

δ
.

14.3.2 Agnostic Probably Approximately Correct Learning

Agnostic pac learning is based on the notion of VC-dimensions, and
as we introduced in Section 11.1.4 it is essential that the VC-dimension
of a hypothesis class must be finite. Therefore we have to argue that
Cdk has a finite VC-dimension.
Whenever a concept class C is of finite VC-dimension, then Cl, the
set of all Boolean combinations formed from at most l concepts in C,
is also of finite VC-dimension [23]. This leads to the fact that every
convex l-gon is of finite VC-dimension, since it is formed by l-fold
intersections of half-spaces (over Rd), which are known to have the
finite VC-dimension d + 1. The hypothesis class C2k can also be de-
fined over a function that maps convex regions describable by k fixed
hyperplanes to a class.
Since the number of these convex regions are finite, we can formulate
every concept of C2k as a Boolean combination formed over a finite
number of k-gons, and thus its VC-dimension is finite, too. For a
higher number of classes (f > 2) the VC-dimension is bounded by
the VC-dimension of C2k, since C2k ⊂ Cdk , for d > 2.
According to [31] an algorithm is an agnostic pac-learner, if it mis-
classifies a minimal number of samples in S and its concept class
has a finite VC-dimension. To add the missing statement, we have to
conclude the following theorem.

Theorem 38.
Our basic algorithm computes for any d,k ∈ N and any given samples
S =

⋃f
i=0 Si with |S| = n a linear arrangement from Cdk that misclassifies

a minimal number of samples in S.

This is a trivial statement for the basic algorithm, since it is formu-
lated as a minimization problem that optimizes the number of mis-
classified samples.
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Theorem 39.
The basic algorithm is an agnostic pac learning algorithm with the hypoth-
esis class Cdk .

Proof. The VC-dimension of Cdk is finite for any fixed k. According to
[31], this and the fact stated in Theorem 38 directly implies that our
basic algorithm is an agnostic pac learning algorithm.

14.4 the algorithm based on column generation

In this section we describe the algorithm that was implemented to
avoid the brute-force enumeration of all hyperplanes in Q, and there-
fore enlarge the reachability for higher parameters d and k. The al-
gorithm cg computes for given d,k ∈ N and given n samples S ⊂
Rd× {1, . . . , f} a function in Cdk , such that the number of misclassified
points, and the used number of constraints are minimal with respect
to Cdk . Additionally we can give the algorithm an input p, which speci-
fies the relative learning accuracy as a termination criteria. By default
p is set to 1, i.e. the algorithm will only terminate if there is no mis-
classified sample.
As mentioned before the hypothesis class is a function from the re-
gions of the linear arrangements to the classes. The computation of
the hypothesis in cg is done by solving an ilp with a column gener-
ation approach.
We will first introduce the ilp, and then state how we can incorporate
the column generation approach to solve it. For every sample s ∈ S
we introduce a binary variable xs that represents if the point s can
be correctly classified, where xs = 1 indicates an error and xs = 0 in-
dicates a correct classification. Further we introduce binary variables
yh that each represent a hyperplane h, where yh = 1 indicates that h
is used in the classifier, while yh = 0 indicates it is not used. The ilp

is then built by the objective function c =
∑
xs, and two types of con-

straints. The first type of constraint is a single constraint which fixes
the number of used hyperplanes to k. The second type of constraint
exists for every pair of points of different sets and basically stand for
the ability that this pair is separable by the chosen y or not.

min
∑

xs

s.t.
∑
yh∈Q

yh = k

xs + xt > 1−
∑

yh∈Q separates st

yh

xs ∈ {0, 1}

yh ∈ {0, 1}

(57)
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The set Q is the finite subset of all hyperplanes in Rd, described in
Section 14.2.
This ilp (57) has a large amount of variables, since the number of hy-
perplanes in Q creates a massive amount of binary variables. To han-
dle the large number of variables in Q we use a column generation
approach, where only a small amount of variables will be present in
the so-called rmp. Variables that can improve the current solution are
found by the pricing problem and then added to the rmp. Therefore
we introduce an rmp, where only a subset Q ′ ⊂ Q of hyperplane-
variables y are present.

min
∑

xs

s.t.
∑
yh∈Q ′

yh = k (58)

xs + xt > 1−
∑

yh∈Q ′ separates st

yh (59)

xs ∈ {0, 1}

yh ∈ {0, 1}

Typically we will solve this in a Branch and Price framework. Begin-
ning in the root node, with k randomly chosen hyperplanes in the set
Q ′, we solve the lp relaxation to optimality. Then the pricing prob-
lem is solved to find new variables y /∈ Q ′, such that y can improve
the solution of the lp relaxation. We have different possibilities to
terminate.

• The Branch-and-Price is solved to optimality.

• The global lower bound (dual bound), i.e. the worst lower bound
of all nodes, implies an error that contradicts a relative learning
accuracy of p.

• The best primal solution leads to an learning accuracy greater
than p.

• At any time, we can terminate and output a heuristic solution.

14.4.1 The Pricing Problem

The goal of the pricing problem is to compute new variables, in our
case hyperplanes that can help to improve the solution of the lp re-
laxation. In lp theory these variables are determined by having neg-
ative reduced costs. More specific the original pricing problem is in
our case

c∗ := minyh∈J\Q ′{−π
Tayh} , (60)

where π are the dual-factors of the optimal solution previously solved,
and ay are the factors of the newly found variable in the constraints
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of the rmp. Thus every hyperplane yh has a factor 1 for the constraint
(58), since this constraint takes the sum over every y ∈ Q ′. Thus the
hyperplane yh leads to a factor (ayh)i = 1 in the constraints of (59),
if yh separates the points corresponding to the constraint i, and 0

otherwise.
In most iterations it is enough to find a hyperplane such that −πTayh
is negative, since this would lead to a better solution of the rmp. But
when the improvement is getting too small it is usually worth solv-
ing this problem exactly, i.e. to achieve lower bounds for the branch-
and-bound tree. We set two parameters for the pricing, the maximal
number of heuristic and exact computations for each node. Thus we
compute the heuristic pricing as long as it is solvable and the maximal
number of heuristic rounds is not reached. When the heuristic pricing
is not able to compute a new variable with reduced costs, the exact
pricing is triggered as long as the number of exact rounds already
reached the maximal number of exact pricing. Note that either of the
maximal values can be set to zero, while if both are set to zero no
normal pricing would be computed. This problem without weights
for every pair is known. In two dimensions this is called the stabbing
line problem. In [5] an algorithm is introduced that solves the anal-
ogous unweighted problem in arbitrary dimension. Their algorithm
finds a hyperplane stabber for n segments in Rd in O(nd). Since the
unweighted problem can be seen as a subproblem of the weighted
problem, this indicates that this problem is at least that hard. In our
case the number of segments are the number of pairs that need to be
separated, which is in O(m2).

14.4.1.1 Heuristic Algorithm for the Pricing Problem

This algorithm is a basic greedy approach for the pricing problem.
The dual factors π give an order of the constraints and therefore we
have an order of pairs that have to be separated. We first order the
pairs according to their value, and then build up a set of pairs that is
simultaneously separable by one hyperplane.

max ε

s.t. aT si 6 b− ε ∀i
aT ti > b+ ε ∀i
−1 6 a 6 1

0 6 b, ε

(61)

This lp formulation predefines on which side of the hyperplane each
point will be. Because of this structure we always check if a point that
is added to the lp is already used and therefore does not have to be
added to the problem, and more importantly the side of the other
point is already defined by the first choice. If a pair occurs where
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both points are already used in the lp and are on the same side, it
will not be separated. Since we first order the pairs according their
value this leads to a simple greedy heuristic. To speed up the process
we double the number of pairs that are inserted into the set after each
successful insertion. An insertion is not successful and thus the pairs
are not inserted, when the pairs are not separable simultaneously. At
last we compute a linear constraint that separates at least the pairs
that were in the last successful insertion. It can happen that more
pairs are separated, but to compute the actual representation of this
linear constraint we have to check every pair if it is separated by this
constraint or not.

14.4.1.2 Exact Algorithm for the Pricing Problem

This algorithm is a slow but exact algorithm for the pricing problem.
In this case we fall back to our basic algorithm, where we compute
the reduced costs for every hyperplane for our finite subset Q. In fact
we can speed up the process a little bit. In Section 14.2 we introduced
the sets P,S1,S2,P1 and P2 = P \ P1. We explained that we have to
add 2d hyperplanes in Q (for each subset of P). The reduced costs of
each of these hyperplanes is given by the dual factors of the linear
constraints, where the separated points are in S1 and S2, and addi-
tionally we have the factors that are produced by the actual subset
P1. We can therefore give a lower bound for the reduced costs for all
hyperplanes defined by P. This is computed by adding the reduced
costs by S1 and S2, for each point p ∈ P the smaller of the two values
corresponding to S1 and S2, and at last we add every reduced cost
that can occur in P itself. If the lower bound is greater than zero, all
2d hyperplanes will not have negative reduced costs.
As in the heuristic solution we can stop early once we found a vari-
able with reduced costs. Only when we found the global minimum
and therefore checked every hyperplane inQ, we can perhaps tighten
the lower bound by the reduced costs. In this case the new lower
bound is the maximum of the previous lower bound and lpobjval +
(c∗(k ′ − fV)), where lpobjval is the objective value of the current
lp solution, and fV is the number of already fixed variables due to
branching decisions.
We also implemented an exact pricing computation, for the situation
where all but one linear constraint is fixed due to branching deci-
sions. In this case we use our lp formulation, but instead of making
a greedy decision on which side the sample will lie, we compute the
whole tree. Note that we do not have to branch a node further, if it is
not separable itself.
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14.4.1.3 Branching Decisions and Farkas’ Pricing

This is a typical decision for all problems that use a branch and bound
framework for solving. Especially in the context of column generation
there is often the opportunity to make branching decisions that are
unique to the problem, and often rely on the so-called original vari-
ables instead of the variables that are currently in the formulation.
Since our case is not derived in that way we do not have the op-
portunity to use original variables, but instead have only the x and
y variables present in our formulation. We decided to do a priority
branch on the x variables, so if there are fractional x variables we will
prefer them over any fractional y variable. This decision is supported
by the fact that the branch on a x variable will split the problem into
two subproblems, where one is stating that a certain point cannot be
misclassified, and the other problem can be postponed, since its lower
bound is at least 1. If only x variables are used, we therefore end up
in a deep-first search like branch and bound tree, where the subprob-
lem restricts many points to be misclassified. This can end up in the
situation that the lp relaxation of the node is not solvable anymore
and we would need to make a so-called Farkas pricing.
Since the problem is not solvable, there is no dual solution that could
be used to formulate the pricing problem. Therefore in the Farkas
pricing we use Farkas values. These are the solutions of the Farkas’
infeasibility proof, or the Farkas’ Lemma stated as Theorem 9 in Sec-
tion 2.2.4. Those values are then used to formulate the Farkas pricing
problem which uses those values just as we used the dual values in
the pricing problem. In general the pricing problem would change in
the way that there would be no objective values taken into consider-
ation while solving the Farkas pricing, but since that is already the
case in our pricing problem this changes nothing in our formulation.
What really makes a difference is that we need to do Farkas pricing
until we can prove that no variable with reduced costs exists, or un-
til the lp is solvable due to new added variables. This leads to the
fact that we will not stop after the stated maximal number of exact
rounds, but have to compute further iterations.
Finally if the Farkas pricing is not able to produce variables with re-
duced costs, we have a proof that the lp is not solvable and therefore
the branch and bound node can be cut. If we are in the case that we
dived into a deep-first search, where only x variables where used in
the branching decision, this means that for this k ′ the problem is not
solvable without error and we can terminate the process.
Now we are able to point out the difference when we would use y
variables in the branching decisions. First of all, the two nodes that
are created by this decision are both viable and no trivial lower bound
can be obtained for each of them. We end up with one subproblem
that fixates a single constraint, and therefore only has to choose k ′− 1
different linear constraints, additionally the lower bound computed
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in the following pricing problems is reduced. The other subproblem
would only forbid a specific linear constraint, or more precisely a spe-
cific combination of separated pairs. But since the linear constraint is
most likely not taken for separating all of those pairs there is a high
chance that a similar linear constraint will separate the same relevant
pairs while it differs in pairs that are not relevant since they are sep-
arated by other linear constraints. This leads to a cascade where we
have to branch multiple y variables to finally forbid that the relevant
pairs are separated by one linear constraint. All those nodes are quite
similar but must be treated separately.

14.4.1.4 Three Cycle Cuts

In theory we developed a method that could improve the problem
that arises when branching on y variables. Instead of branching on
y variables we add for this a linear constraint to make the current
fractional solution infeasible, without changing the feasible set based
on the binary variables, this is a so-called cut. This specific cut is not
always applicable and will not entirely eliminate the need of branch-
ing on y variables, but will tackle a certain situation that is common
in all cases where the number of classes exceeds two. This can get out
of hand, when there are multiple of these situations in one sample,
since it would take a lot of effort to prove that, for example, two of
these situations are not separable by three linear constraints. In the
original formulation we have the following linear constraints,

x1 + x2 > 1− y1 − y2

x1 + x3 > 1− y2 − y3

x2 + x3 > 1− y1 − y3 .

And we would end up adding the linear constraint

x1 + x2 + x3 > 2− y1 − y2 − y3 .

This new constraint would make the current fractional solution infea-
sible. And if the points x1, x2 and x3 are from different classes we
know that those three pairs cannot be separated by a single linear
constraint, so the constraint will not change the feasible set on the
binary variables. To use those cuts we need to search for all fractional
variables y and check if there are triples that are connected that way.
We can think of two strategies that can be considered. The first one is
to simply add those constraints to the problem, this has the disadvan-
tage that it will add many constraints to the initial problem, which
will slow down the solving process in times where these constraints
are not relevant. Even if some of them are relevant we would most
likely end up adding more constraints than needed to solve the ilp

to optimality. The other strategy is to check for usable cuts after each
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relaxation is computed. In our view this is the more viable strategy.
We do have to check every time if there exists such a triple, but we
only have to check all triples of fractional y variables, instead of all
variables.
The main challenge is that these constraints need to be considered in
the pricing problem. Since they are constraints, they have correspond-
ing dual variables which contribute to the reduced costs. Additionally
for each new variable that is added through the pricing process we
have to insert the variable in every cut, where it separates one of the
corresponding pairs.

14.4.1.5 Support Vector Like Heuristic

The main bottleneck is the number of samples in our computation,
since the exact pricing still needs to compute the reduced costs for
every hyperplane in our finite subset Q. Therefore we incorporate an
idea of support vectors to a heuristic, where we search for a subset
of points which are essential for the determination of the k ′ hyper-
planes.
This is a primal heuristic, which will not solve the pricing problem ex-
plicitly, but will eventually find hyperplanes that have reduced costs.
We take the best primal solution found so far, and compute a subset of
the samples S ′ ⊆ S. In this subset S ′ we take every misclassified point
of the solution, and add for each hyperplane the substantial learning
samples that define this hyperplane so far, i.e. for each hyperplane we
take the d closest points on each side. For this sample set, we start an
instance of cg that will not use this heuristic itself and let it run for
several seconds. Whether or not it terminates in this short time frame,
we can use the computed lower bound, and we check the best primal
solution found so far. If we want to achieve a certain percentage of
correct classified training samples, we can use the lower bound to ter-
minate the current process, since the lower bound on S ′ is valid for S.
Additionally every hyperplane of the best primal solution so far will
be checked for reduced costs.
We trigger this heuristic only once per primal solution and only if the
objective value is better than a certain relative bound (in our experi-
ments 10% of the size of the training set), since early primal solutions
misclassify a lot of samples, and therefore the reduction from S to S ′

would be not efficient.

14.4.2 Margin Optimization

After the ilp 57 is solved by the Branch and Price framework, we have
minimized the number of misclassified samples by k hyperplanes. To
maximize the margin of each of the k hyperplanes, we take the sub-
set of P ⊂ S which is not separated by any of the remaining k − 1
hyperplanes and formulate a similar lp (61) like the one we used for
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testing if the pairs are separable simultaneously. The test for separa-
tion is clearly not necessary, but the objective function will maximize
the margin.

14.5 randomized increasing the size of samples

Since the main bottleneck for all approaches is the number of sam-
ples and therefore the amount of linear constraints that must be con-
sidered, we used another technique to withhold the number of con-
straints to a small level. Therefore we build up the sample set and
solve many easier problems, with respect to the number of points in
the sample, instead of solving one large problem. There are differ-
ent options to increase the size of samples, but we ended up using a
guided randomized increase. We will start with at least one sample
of each class in a partial sample set. Then we solve the problem on
the partial sample set. If it is not possible to separate those, we know
it is not possible to solve the problem on the whole sample set. The
current solution for the partial sample set is then used to find a new
sample to increase the partial set. We assign a weight to every sam-
ple, which is initialized by 1. If the point is wrongly classified by the
current solution the weight will be multiplied by 2. Then we draw a
random number over the total weight of every current misclassified
sample, and add this sample to the partial set.
By this scheme we will increase the chance of choosing a sample
that was not separated by chance. A similar scheme is known for
other randomized algorithms, typically used for so-called Las-Vegas-
algorithms. In these algorithms typically the complexity of the prob-
lem is reduced to a reasonable amount by reducing the samples, but
the main difference is that they usually can pinpoint to a constant
number of samples. Additionally the most crucial fact is that these
algorithms typically do not have to verify lower bounds, but instead
already know that there is a solution for this problem. In our case
we have to evaluate for every k if it feasible or not, until we end up
with the lowest k that has a feasible solution. Therefore we increase
the number of samples instead of restarting every time with the same
amount of samples.
There is a freedom about how many samples we can add in each
iteration. Our testings showed that it is most viable if we only add
one sample at a time, since in this case we can sometimes rearrange
one linear constraint to separate the additional sample. Therefore we
simply test if a neighboring of the misclassified point is appointed
to the same class or to no class at all. Then we try to adapt the corre-
sponding linear constraint that separates those neighbor regions. This
is done by computing in a single lp if the points that are only sepa-
rated by this constraint are still separable if we switch the side of the
misclassified point.
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The worst case runtime for this algorithm combined with the basic al-
gorithm is obviously worse than the worst case runtime for the basic
algorithm itself. This is based on the fact that there is no maximum
number of samples that would guarantee that it would lead to an
optimal solution. Therefore the worst case is to add all samples once
at a time, and at the end solve the complete problem anyway. On the
other hand the expected runtime should be much lower, but is not
computed in this thesis.

14.5.1 Computing Linear Constraints

For both the basic and the ilp-approach, we need to compute all
relevant linear constraints defined by the samples. Since most of the
linear constraints where already computed in the previous iteration it
is obvious that we want to use this information. The problem which
occurs is that we only want to add each binary variable once. As
mentioned before we can differentiate the linear constraints by the
fact which pairs they separate. For the subproblem it is only relevant
to differentiate by pairs that are present in the subproblem. Now we
want to use the previous computation and do not go over all

(
n
d

)
combinations again. Thus we have to save the linear constraints of
the previous computation with respect to all points of the sample.
Then we compute all new linear constraints which can be created
by the new sample and d − 1 other samples of the partial sample
set. If they are unique we will save them together with the previous
linear constraints for the next iteration. After that we evaluate which
of those are unique under the partial sample, and take only those
into consideration. This is a significant overhead we have to take for
reusing the previously computed linear constraints, and it is not clear
if this pays off.
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E VA L U AT I O N

In this chapter we want to evaluate our algorithm described in Sec-
tion 14.4. We will first compare our different approaches among an-
other. First we will introduce the experimental setup, i.e. the differ-
ent algorithmic methods and the dataset used for the evaluation. In
the next section we will compare the different algorithmic choices
with different sets of parameters, and make a final choice for the
parameters and the overlying algorithm. Then we will take this can-
didate and will compare it with well-known machine learning algo-
rithms, namely Support Vector Machine (svm) and k-Nearest Neigh-
bor (kNN). Finally we will give a conclusion of the evaluation.

15.1 experimental setup

For benchmarks we use two different types of datasets. First we cre-
ated datasets for ourself. Therefore we defined the dimension d, the
number of linear constraints k, the number of classes f, and always
chose the number of samples. We then randomly chose k linear con-
straints in dimension d, and mapped the regions of this linear ar-
rangement to the f classes. After that we drew samples and mapped
them to the corresponding class. In that way we created a set with
300 samples. We always made sure that every class was mapped to
at least one region, but it can occur that fewer linear constraints are
needed to separate those regions, then the ones used in the construc-
tion. This is more likely when we use fewer samples, but it can also
occur when we would use an infinite amount of samples. The other
datasets are a set of known and not artificial examples, where it is
mostly unknown how many linear constraints are needed to sepa-
rate the classes. Namely we used the datasets Wisconsin Diagnostic
Breast Cancer [53], Iris [25] and Wine [1], all found in the uci Machine
Learning Repository [38].

wisconsin diagnostic breast cancer (wdbc) A well-known
data set that contains 569 patterns with 30 real-valued input
features for a binary classification task. This set is linearly sep-
arable. In 1992 [8] introduced a linear program that solved this
problem. Therefore they used a projection in the 3-D space of
Worst Area, Worst Smoothness and Mean Texture.

iris plants database (iris) This is a well-known dataset with 3

classes, containing 50 patterns each, and is taken over 4 real-
valued input features. This set in total is not linearly separa-
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ble, but one class is linearly separable from the other two. It is
known for very low misclassification rates.

wine recognition (wine) A dataset of 178 patterns over 3 classes,
and is taken over 13 real-valued input features. Created in 1992,
it was shown that it was separable by RDA functions, but is not
linearly separable.

In all our comparisons we use a single 10-fold cross-validation, and
timeout of 300s for each fold.

15.1.1 Implementation

We implemented the different algorithms in C++, where we used scip
[41] as a branch-and-price framework for the cg-approach. All lps
and the ilp for the ilp-approach were solved with gurobi [30], and
to solve systems of linear equations we used eigen [29].

15.2 evaluation of the different algorithms and strate-
gies

We will first take a look at the performance of the different algo-
rithms, the basic algorithm (B), the ilp-approach (ILP) where all con-
straints that are defined by the samples are precomputed, and the cg-
approach (CG). Further we will evaluate different strategies stated in
Section 14.4. Those algorithms share some parameters, i.e. inc, adapt,
while all other parameters are not applicable to all algorithms. There-
fore CG is specified by the following input parameters: inc, adapt,
warmstart, # ex.rounds, # heur.rounds, special case, exact early

exit. While the algorithms ILP and B are specified by these input pa-
rameters: inc, adapt, warmstart. The parameters are, except for #
ex.rounds and # heur.rounds, all binary parameters, and they de-
scribe the following:

method : States the method which is used, 0 stands for the cg ap-
proach, 1 for the basic algorithm and 2 for the ilp-approach.

inc . : States if we use the randomized increase of the sample size.

adapt : States if we try to adapt the old solution by changing only
one constraint.

warmstart : Whether to reuse the previous computed linear con-
straints.

branch : If this is used we prioritize branching on x variables, oth-
erwise we leave it to the solver to make the branching decision.
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# ex .rounds : States the number of exact rounds the pricing will do
for each node in the branch and bound tree.

# heur .rounds : The number of heuristic rounds the pricing will
do for each node in the branch and bound tree.

special case : Whether or not we will treat a search for the last
hyperplane differently than other exact pricing steps.

For this evaluation we only used artificial produced datasets that
are separable by linear constraints. In this evaluation we will only fo-
cus on the runtime of the algorithms, since the quality of the solution
does not depend on the algorithmic choice, but mainly on the choice
that was made in the randomized approach (inc), and the choice
between all feasible solutions. Note that neither is driven by the algo-
rithmic choice of the method. To improve readability we do not state
every result for every parameter setting, but only give a good repre-
sentation of different candidates and summarize the impacts of every
parameter. First we can state that the CG had a timeout in 110 out of
180 instances, whenever the whole dataset is used, i.e. the parameter
inc is set to false. Additionally the basic approach (B) had a timeout
in every single instance, when the parameter inc was set to false.
We will now go through all of the parameters and discuss their im-
pact on the performance of the algorithm.

method : Here we can state as a general rule that the cg-approach
and the ilp-approach are superior to the basic algorithm de-
spite the parameters that were chosen. The comparison between
the cg-approach and the ilp-approach is more delicate and we
will discuss that afterwards.

inc . : For the ilp and the basic algorithm both algorithms were not
able to start the optimization process, because the number of lin-
ear constraints that have to be computed is to large. Therefore
all instances of these algorithms that did not use the random-
ized approach to increase the sample set produced a timeout.
For the cg-approach the impact is still major, but there are in-
stances where the approach found a solution. Still there were
110 out of 180 instances where it produced a timeout.

warmstart : In the cg-approach this means that the linear con-
straints computed in the previous iteration are directly added
to the next problem, the impact is mixed. While the number
of timeouts increases with the warmstart, the total runtime de-
creases. This behavior could be explained by the fact that the
use of a previous linear constraint can lead to a local minimum,
which is time consuming to leave through exact pricing steps.
In the ilp algorithm, this option increases both timeouts and
the average runtime.
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adapt : This parameter has a major impact on both algorithms. The
runtime is reduced by more than 50% in both cases.

branch : The branching decision implied no significant impact on
the dataset.

# ex .rounds : Also the number of exact rounds had no further im-
pact.

# heur .rounds : When we compare the runs where the number of
heuristic rounds are 20 and 100, the relative improvement of the
runtime with 100 is about 25%.

special case : This option improves the runtime of the algorithm
by about 8%.

Further it is notable that the increase of linear constraints and the
number of classes where both manageable, while the dimension of 4
was enough to trigger timeouts, although both the linear constraints,
and the number of classes were set to 2. This indicates that the di-
mension is the major factor in the computational complexity of the
problem.
We can state for this dataset that the cg-approach is superior to the
ilp-approach despite of the parameter choice as long as inc is set to
true. The best performing parameter choice on this dataset is there-
fore to use Inc, Adapt and the SpecialCase, while the number of
heuristic rounds is set to 100, and the number of exact rounds to 1.
When we fixate all other parameters and only vary the number of
heuristic rounds, the relative improvement from 20 to 100 rounds is
reduced to 8%.

15.3 evaluation compared to related methods

In the previous section we concluded that the cg-algorithm was su-
perior to both the ilp and the basic-approach. Further we defined a
choice of parameters for all flags based on the performance in the pre-
vious section. In this section we want to compare the cg-approach to
the well-known procedures of support vector machines [13], with lin-
ear kernels, and k-Nearest Neighbor [26]. Both algorithms are avail-
able in Weka, a tool developed by [56]. We used Weka to run the
datasets for both algorithms with different settings. Since both algo-
rithms are well-known we will only give a very short introduction to
both of them.
Support vector machines (svm) had their breakthrough in 1992, where
a implementation by Chang and Lin [13] was published. Since then
it is a state-of-the-art classification method. It is known for its high
accuracy, and the ability to deal with high-dimensional data. svm is
defined as a two-class classifier, therefore we used the multi-class ver-
sion that is also implemented in libSVM [13]. The rough idea behind
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svm is to solve a non-linear optimization problem where the margin
between a hyperplane and the samples is maximized. In the optimiza-
tion the hyperplane can then be swapped to a kernel-function which
allows the decision boundary to be non-linear. Therefore there are
multiple parameters that need to be set, where the most important
parameters are the choice of the kernel, and the penalization factor C
in the objective function for points that are misclassified or inside the
margin. A large C leads to fewer of these points, while a small C will
focus on maximizing the margin.
k-Nearest Neighbor (kNN), first published in 1951 by [26], is a simple
but popular method. Based on a distance measure, it maps a new
sample to the class with the most members present in the k nearest
neighbors, based on the chosen distance measure. While we will use
only the euclidean distance, other distance measures are also viable
choices. Usually k is set to a small uneven number to dodge the case
where there are two classes with the same number of neighbors. This
works at least in the case where the problem only consists of two
classes.
For this evaluation we used all datasets described in Section 15.1, in-
cluding the previously used artificial dataset that we constructed. In
contrast to the previous section we will focus on the quality of the
solutions, instead of the runtime. As a measure we will look at the
percentage of correctly classified samples, combined with the kappa
value. To describe the kappa value in a nutshell, this value combines
the observed accuracy while taking into account the expected accu-
racy of a dataset. In other words, it will take the distribution of the
classes into account. To categorize poor, good and excellent classifiers
by the kappa value is not a trivial task. As an estimate we can con-
sider kappas below 0.4 as poor, between 0.4 and 0.75 as good, and
over 0.75 as excellent.
In Table 9 we therefore state the runtime in seconds, the percentage
of correct classified samples (% correct), the kappa value, and for our
algorithm the number of timeouts (# to).
We can observe that the runtime of our algorithm is clearly not yet
practical for real datasets, since the dimension representing the num-
ber features is typically higher then 4, and as we saw in our arti-
ficial examples this leads to serious problems in the computational
time. For the quality of the solution we observe that in the WDBC,
Iris and the Wine-dataset our cg-approach leads to a higher clas-
sification error, but is still comparable. Its kappa value of all three
datasets is above .87, which indicates that it is able to compute a
reasonable classifier for those datasets. When we take a look at the
artificial datasets we created, the cg-approach is able to outperform
the other two candidates, when given enough time. There the svm is
not able to separate the different cells, while kNN is able to classify a
significant amount.
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Table 9: Comparison of the Runtime and Accuracy to Related Methods

CG svm kNN

C=0.1 C=1 C=10 K=1 K=2 K=3

WDBC

runtime (in s) 3.01 0.71 2.65 4.00 0.01 0.01 0.01

% correct 94.03 94.73 95.44 95.08 95.96 95.96 96.84

Kappa 0.87 0.89 0.90 0.89 0.91 0.91 0.93

# to 0

Iris

runtime (in s) 138.36 0.01 0.00 0.00 0.00 0.00 0.00

% correct 92.00 96.67 96.67 96.00 95.33 94.67 95.33

Kappa 0.88 0.95 0.95 0.94 0.93 0.92 0.93

# to 2

Wine

runtime (in s) 3.86 0.35 0.57 1.42 0.00 0.00 0.00

% correct 94.35 95.49 95.52 96.08 94.97 95.56 94.97

Kappa 0.91 0.93 0.93 0.94 0.92 0.93 0.92

# to 0

A(1000, 5, 3, 2)

runtime (in s) 18.13 0.03 0.04 0.24 0.01 0.00 0.00

% correct 99.40 78.50 78.50 78.50 96.90 95.60 95.90

Kappa 0.99 0.67 0.67 0.67 0.95 0.93 0.94

# to 0

A(1000, 6, 3, 2)

runtime (in s) 187.67 0.03 0.07 0.35 0.01 0.00 0.00

% correct 97.90 73.70 73.50 73.50 94.00 93.00 93.40

Kappa 0.97 0.60 0.60 0.60 0.91 0.89 0.90

# to 1

A(300, 5, 3, 2)

runtime (in s) 26.40 0.02 0.02 0.07 0.00 0.00 0.00

% correct 96.67 68.00 68.33 68.00 88.33 84.67 88.00

Kappa 0.95 0.49 0.50 0.49 0.82 0.76 0.81

# to 0

A(300, 6, 3, 2)

runtime (in s) 217.38 0.01 0.01 0.04 0.00 0.00 0.00

% correct 92.33 77.33 77.33 77.33 91.00 89.67 91.33

Kappa 0.80 0.00 0.00 0.00 0.74 0.68 0.74

# to 2
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In this part we introduced a pac learning algorithm for Cdk , see Sec-
tion 14.3. While the worst case runtime of the algorithm is still poly-
nomial for fixed d and k, the given bound is also the best case, which
motivated us to improve the algorithm. Therefore we formulated an
ilp and at last implemented a column generation (cg) approach to
solve it. Further we introduced two main approaches to handle the
number of samples. First we randomized an incremental increase of
the sample size, such that we can start with a small sample size and
the randomized algorithm chooses meaningful samples to build up a
good representation of the dataset. This motivated a second approach,
where instead of solving the cg-algorithm, we first search if there is a
simple solution be changing only one linear constraint in the descrip-
tion - this was done by using a linear program.
In the evaluation we confirmed that each mentioned step improved
the practical runtime of the algorithm significantly, such that the cho-
sen candidate of Section 15.2 is now able to handle 1000 samples,
while both the basic and the ilp-approach were not able to start to
compute separation, since the precomputation of all relevant linear
constraints was to time consuming. Still the comparison of more re-
alistic datasets, and other often used machine learning algorithms
showed several things. The runtime is still not practically usable. We
are now able to handle more samples, but especially the dimension
is a factor that cannot be handled well by the algorithm. Additionally
we deem that the expressibility with a fixed k is insufficient to give a
reasonable classifier in many cases.

16.1 future work

There are still many things that could be improved in the cg ap-
proach. The main problem here lies within the case of the exact pric-
ing problem. If we could find a way to solve this in a more reasonable
time frame, like in the special case, where only one linear constraint
is searched, this would improve the overall computational time sig-
nificantly. There is also a concept of combining column and row gen-
eration [44], which could be advantageous to our approach of han-
dling both separately, with the column generation and the random-
ized algorithm which essentially reduces rows and variables in the
ilp. As for the use of parallelization, this could improve the compu-
tation of the exact pricing, since we search for a global minimum of a
set, where the computation of each element does not depend on the
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outcome of another. Furthermore a cg approach has always several
possibilities for improvement. As for an example we tried to use a
primal heuristic for improving the lower bound earlier in the search
tree. In our case this would reduce the time we spent searching for k ′

for which the samples are not separable. In the end we did not use
it, due to the randomized approach which increases the sample size
incrementally.
Another point for improvement would be a good starting heuristic for
a useful set of linear constraints. This perhaps could be done by using
a clustering algorithm and explicitly computing the linear constraints
that describe the corresponding Voronoi cells.
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