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Abstract

We investigate the prospects of setting the lattice scale via the mass of one of
the SU(3)-octet or -decuplet baryons including isospin-breaking effects in Lattice
Quantum Chromodynamics and discuss first, but incomplete results on the topic.
To determine values for the lattice scale, we compute the correlation functions
for SU(3)-octet and -decuplet baryons as well as pseudoscalar octet mesons on
ten of the (2+1)-flavor QCD gauge ensembles of the Coordinated Lattice Sim-
ulations (CLS) collaboration at five different lattice spacings on a trajectory of
constant average quark mass. As these ensembles are simulated in the isospin-
symmetric limit, i.e. with two identical light quarks instead of distinct up and
down quarks, we also compute corrections to the above mentioned correlation
functions to account for a difference in mass of these two light quarks and for
electromagnetic interactions of the quarks to leading order following a pertur-
bative approach by the RM123 collaboration. We compute masses and their
corrections for the baryons that are stable in isospin-symmetric QCD as well as
the pion and kaon from correlation functions using the model averages of single
and two-state fits to an effective mass based on the Akaike information criterion.
We use the isospin-symmetric masses as well as available values for the Wilson
flow scale t0 to extrapolate the combinations

√
8t0mB for all stable baryons B

to the physical point following a procedure by the RQCD collaboration. At the
physical point, we match the extrapolated data to modified experimental baryon
masses that account for isospin-symmetry in order to determine a physical value√

8tphys0 for the Wilson flow scale. We use this physical value to determine values
of the five different lattice spacings at which we have gathered data which we
use to compute the isospin-breaking expansion coefficients for each ensembles by
matching the differences of squared pion and kaon masses in the isospin-broken
theory to experimental data. From these data and the corrections to the baryonic
masses in lattice units, we compute masses for the baryons in the isospin-broken
theory. We furthermore discuss a method we developed to substantially reduce
the computational effort for the computation of electromagnetic corrections of the
investigated correlation functions and the generalization of the isospin-symmetric
scale-setting procedure to include isospin-breaking corrections. Finally, we dis-
cuss the results with with regards to the precision achievable for the lattice scale
and the different baryonic candidates to use as intermediate scales.
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Chapter 1
Introduction

Modern physics is governed by two major theories. While general relativity de-
scribes gravity at large scales through the curvature of spacetime, the standard
model of particle physics (SM) accurately describes matter and its interactions
at microscopic scales as a relativistic quantum field theory (QFT). Both theories
are well tested and established as highly accurate descriptions of reality at their
respective scale, however, a unification of the two has as of yet not successfully
been established.

The SM describes elementary particles as fields classified into four categories.
The first category encompasses the gauge bosons, which mediate the three fun-
damental forces of electromagnetism, the weak and the strong nuclear force, the
first two of which are unified in the electroweak interaction. The second category
is comprised of the leptons which can be subdivided into the charged leptons
(electron, muon, and tau) and the neutrinos of which one flavor exists for each
charged lepton. Thirdly, the only strongly interacting particles called quarks of
which there are six flavors; three positively charged (up, charm, top) and three
negatively charged (down, strange, bottom) ones. In addition to these spin-1
gauge bosons and spin-1/2 leptons and quarks, a single spin-0 Higgs boson com-
pletes the standard model, that gives mass to the leptons, quarks and three of
the electroweak gauge bosons. Furthermore, every fermion has an antiparticle of
the same mass but opposite charge.

Besides gravity, the SM does, however, miss some crucial properties of the uni-
verse that were uncovered through experimental evidence. For example, the neu-
trinos are massless in the standard model which is not true in nature as evidenced
by the observation of neutrino oscillations [1]. Another example is dark matter,
which solves the mismatch of the observed speed of stars orbiting far from the
center of a galaxy to the theoretical speed that would keep them on a circular
orbit. Furthermore, the SM has 18 free parameters, which cannot be computed
from first principles and have to be determined from experimental measurements.
It is unclear if these are truly free parameters or if a more fundamental model
would be able to predict some of them.

To improve our understanding of the fundamental laws of nature, it is crucial to
understand, which predictive power our best theories still lack. Working towards
this goal, various different experiments test the predictions of the standard model
in precise measurements of observables derivable from the SM. One such observ-
able is the anomalous magnetic moment of the muon, which has recently been
measured to a precision of 127 ppb at the Fermi National Accelerator Laboratory
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[2] lowering the experimental world average combining different observables to
124 ppb for the central value aexpµ = 1165920715(145)× 10−12 [2]. The theoretical
value estimated in the latest White Paper as aSMµ = 116592033(62) × 10−11 [3],
i.e. 530 ppb, is also known very precisely. These new updates remove a tension
between the experimental and theoretical estimates of more than 3σ that has
been found before [4]. However, the uncertainty of the theoretical calculation
is strongly dominated by quantum chromodynamics (QCD), the theory of the
strong nuclear force, where a tension is still present between data-driven calcu-
lations and those from lattice QCD (LQCD). To finally resolve the question of
agreement between the SM and experimental measurements of aµ and the tension
between the different QCD predictions, it is imperative to improve the precision
of these computations.

LQCD solves the computational problems of QCD, namely that the standard per-
turbative approach breaks down at low energies. This problem stems from the
running coupling αS which, for the strong interaction, tends to zero for large mo-
mentum transfers and becomes too big for a perturbative expansion for smaller
momentum transfers. LQCD avoids the perturbative approach completely by
treating spacetime not as an infinite continuum, but as a finite lattice with dis-
crete points. This makes the numeric computation of observables possible from
first principles in a stochastic way via Markov chain Monte Carlo simulations.

Due to algorithmic advantages, LQCD calculations are usually performed in the
isospin-symmetric limit. Isospin symmetry is a historical concept to explain
hadrons (meaning strongly bound states made up of quarks) of similar masses
like the proton and neutron, which were interpreted as the spin-up and spin-down
states related to a SU(2) symmetry similar to the mathematical description of
quantum spin. Today, it is associated with the global SU(2)-symmetry of QCD
mixing up and down quarks. This symmetry is broken in the SM by the mass and
charge difference of up and down quarks. For a long time, the errors in LQCD
calculations introduced by assuming isospin symmetry and vanishing electromag-
netic charges of the quarks were negligible compared to the statistical uncertainty.
Today, however, algorithmic advancements, as well as improved and more avail-
able hardware for large-scale computations, made it possible for LQCD results to
achieve sub-1% uncertainty [3, 5], at which the effects of broken isospin symme-
try start to become relevant [6, 7]. In the context of high-precision observables
like aµ, it is therefore imperative to compute corrections for the isospin-breaking
effects previously neglected in LQCD calculations.

While working from first principles, LQCD introduces an additional free pa-
rameter that vanishes when extrapolating data to the continuum theory. That
parameter is the lattice scale a which, like the free parameters of the SM, has
to be determined using experimental input to match the lattice theory to the
continuum one. It enters any computation of dimensionful observables from the
lattice, and thus its uncertainty directly influences the uncertainty of observables
computed on the lattice. The uncertainty of the hadronic vacuum polarization
contribution to aµ, for example, is proportional to the relative uncertainty of the

quantity Λ used to set the lattice scale,1 ∆ahvpµ ∝ ∆Λ
Λ [4, 8]. It is thus crucial

to determine the scale to high precision which also requires the inclusion of
isospin-breaking corrections.

1For example by matching a hadron mass Λ = amH computed on the lattice to its experi-
mental value, i.e. a = amH

m
exp
H
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Chapter 1. Introduction

In this thesis, we investigate the prospects of setting the lattice scale via the mass
of one of the octet (nucleon, Λ, Σ, Ξ) or decuplet (∆, Σ∗, Ξ∗, Ω) baryons with
isospin-breaking corrections for the gauge Nf = 2+1 ensembles of the CLS collab-
oration [9]. These masses are computed from two-point correlation functions in
isospin-symmetric QCD (QCDiso) and isospin-breaking corrections thereof. The
corrections are computed from a perturbative expansion around QCDiso at lead-
ing order in the action parameters (β, e2,mu,md,ms) [10, 11], i.e. the inverse
strong gauge coupling, the electromagnetic coupling, and the masses of the three
lightest quarks (up, down, and strange) present in the isospin-symmetric CLS
simulations. We discuss isospin-breaking corrections in the sea-quark sector, but
only include corrections in the valence sector in our calculations.

For the computation of the correlation functions and their corrections, we im-
plement and optimize a highly parallel program to run on computing clusters.
We make use of baryonic operators based on a Clebsch-Gordan construction [12]
defining a set of multiple operators for each octet and decuplet baryon, from
which we compute all possible correlators and cross-correlators mixing two dif-
ferent operators. We furthermore compute correlators for the pseudoscalar meson
octet that are needed for an extrapolation of the baryon masses to the physical
point as well as for matching the isospin-broken theory to experimental data [13,
14].

We present results for the masses of viable candidates for the scale-setting pro-
cedure in the isospin-symmetric limit and with isospin-breaking corrections on
ten different gauge ensembles at five different lattice spacings. Using the isospin-
symmetric masses, we perform an extrapolation to the physical point and deter-

mine physical values
√

8tphys0 for the Wilson flow scale [15, 16] from the masses of
the nucleon, Λ, Σ, Ξ, and Ω baryons. From these results we derive values of the
lattice scale for each value of β for which we compute baryon and meson masses.

We finally use the lattice spacings we determine from the baryon giving the
most precise results to determine the unknown parameters of the isospin-breaking
expansion. We then use these parameters to compute the masses of the baryons
in the isospin-broken theory.

We do not extrapolate the isospin-corrected masses to the physical point,
but we discuss aspects of setting the scale with isospin-breaking correction.
Furthermore, we discuss a technique we developed for an efficient estimation of
the electromagnetic corrections which are otherwise expensive to compute.

This document is split into two parts. Part I focuses on the background of
the project and the underlying theory. Part II is more focused on the project
itself, although this separation is not strict such that we discuss some of our own
contributions in part I and discuss methods developed by other researchers in
part II that we needed to implement ourselves or that we adapted in parts.

Part I starts with an overview of QCD in the continuum theory in chapter 2
and continues with a brief introduction of LQCD in chapter 3. In chapter 4, we
discuss the properties of the CLS ensembles and methods used in previous studies
to set the lattice scale for these ensembles. Chapter 5 introduces a formulation of
QED we use for the computation of isospin-breaking corrections, and how these
corrections are computed. Chapter 6 completes part I with an introduction to
the statistical methods used for the generation of gauge ensembles as well as the

3



treatment of observables calculated on them.
In chapter 7, we discuss the computation of hadronic two-point correlation func-
tions as well as the methods we use to derive the masses of baryons and pseu-
doscalar mesons from them. We continue in chapter 8 with a description of the
setup and implementation of our computations of baryonic and mesonic two-
point functions as well as code optimizations and tests. Furthermore, we discuss
problems of these two-point functions related to the Monte Carlo noise and our
strategies to deal with them. In chapter 9 we discuss our results for the isospin-
symmetric baryon masses, their extrapolation to the physical point and first
results for the lattice scale based on the data we have gathered thus far. Chap-
ter 10 starts with the discussion of a method to reduce the computational effort of
computing the QED corrections followed by our results for the isospin-breaking
corrections of the baryon masses and the expansion parameters needed to deter-
mine these corrections. We finish chapter 10 with a short discussion of a possible
adaption of the scale-setting procedure we used to include isospin-breaking cor-
rections before giving a summary of our results and an outlook on the future of
the project in chapter 11.

4
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Chapter 2
QCD in Minkowski and Euclidean

Spacetime

The standard model of particle physics, in the following abbreviated as SM, is
the best description of the laws of nature at microscopic scales to date. The
SM describes the matter and its interactions in terms of 18 distinct particle
fields, twelve of which (the fermions, i.e. quarks and leptons) come with an ad-
ditional corresponding anti-particle. Interactions between particles are mediated
via gauge bosons related to local symmetries, namely an action of the gauge
group SU(3)C × SU(2)L ×U(1). SU(3) is related to the strong force which is the
most central part of this thesis. SU(2)L ×U(1) on the other hand gives rise to
the electroweak gauge bosons γ, Z, W+, and W −, the latter three of which are
the only massive gauge bosons whose mass enters the model through the Higgs
mechanism, as do the masses of fermions.

This thesis is based on lattice QCD, a model for studying the physics of the
strong force at low energies where traditional perturbative approaches cannot be
applied. In part II, we compute baryon and meson masses within this framework
with corrections stemming from QED, the theory of electromagnetism associated
with U(1) (among others). This chapter aims to give a short overview over
the main building blocks for the later discussion in the continuum model before
translating the framework to the lattice in chapters 3 and 4. We assume, however,
that the reader is already familiar with QFT and the SM. This chapter should
thus rather serve as a reminder of some topics of the theory relevant to this thesis.

We start the continuum discussion with a short primer on gauge theories in
section 2.1 and deal with QCD as a gauge theory specifically in section 2.2.
Section 2.3 then introduces the path integral formalism on which lattice QFTs
are built upon, followed by a discussion of Wick’s theorem which helps with
the computation of observables from QFTs in section 2.4. We end this chapter
in section 2.6 where we change the metric of the underlying spacetime from
Minkowskian to Euclidean which is necessary for for the later formulation of the
lattice theory.

2.1. Gauge Theories

Interactions between fermions in the SM are mediated by gauge bosons. Their
name comes from the fact that these are necessary additions to the free Dirac-

7



2.1. Gauge Theories

Lagrangian

L = ψ̄(iγµ∂µ −m)ψ (2.1)

when invariance is imposed under the action

ψ(x) ↦ Ω(x)ψ(x),
ψ̄(x) ↦ ψ̄(x)Ω−1(x)

of some non-trivial, unitary, local representation Ω(x) of a Lie-group G on the
fermions ψ; in other words, a gauge transformation. The Lagrangian (2.1) is
obviously not invariant under this action, from which it gains an additional term
of the form L ↦ L + iψ̄γµ(Ω−1∂µΩ)ψ stemming from the derivative of the trans-
formed field. In order to eliminate this additional term, one can introduce a
parallel transport U(y, x) that transforms as

U(y, x) ↦ Ω(y)U(y, x)Ω−1(x) (2.2)

and must be an element of the Lie-Group G. This allows us to redefine the
derivative in a gauge covariant way [17]:

nµ∂µψ(x) ↦ nµDµψ(x) = lim
a→0

1

a
[ψ(x + an) −U(x + an,x)ψ(x)] (2.3)

where n is a unit four-vector. Observing that U(x,x) has to be the identity in G
for eq. (2.3) to resemble a derivative, and requiring U to be differentiable, U(y, x)
can be expressed in terms of the exponential map on the Lie-Algebra g of G [17],

U(y, x) = P exp(ig∫C d
4zµAµ(z)) = P exp(ig∫

1

0
dt∣Ċµ(t)∣Aµ(C(t))) (2.4)

for some path C ∶ [0,1] → R1×3 connecting x and y. For simplicity we treat C in
the following as a straight line from x to y. P here denotes the path ordering
operator meaning that in the series expansion of the exponential products of Aµ
are ordered by the curve parameter t in their argument. Thus, infinitesimally,
the gauge transporter can be written as

U(x + an,x) = 1 + iganµAµ(x) +O(a2) (2.5)

such that the covariant derivative is given by

Dµ = ∂µ + igAµ

where Aµ is a g-valued field. For a complete Lagrangian, we further need a kinetic
term for A, which can be constructed by considering the parallel transport along
a loop based at x [17]:

Uµν(x) ∶=U(x,x + aν̂)U(x + aν̂, x + aµ̂ + aν̂)
⋅U(x + aµ̂ + aν̂, x + aµ̂)U(x + aµ̂, x),

(2.6)

where µ̂ and ν̂ are unit basis vectors of spacetime. A visualization of this path is
shown in fig. 2.1. Infinitesimally, this Uµν is given by [17]

Uµν(x) =1 − a2g(∂µAaν(x)ta − ∂νAaµ(x)ta + gfabcAbµ(x)Acν(x)tc) (2.7)

+O(a3)
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Chapter 2. QCD in Minkowski and Euclidean Spacetime

x x + aµ̂

x + aµ̂ + aν̂x + aν̂

Figure 2.1: A visualization of the path chosen in eq. (2.6) to construct a
gauge-invariant object from a parallel transport from point x to itself.

where ta are the generators of G, i.e. basis vectors of g such that the sum

Aaµ(x)ta ∶= ∑
dim(g)
a=1 Aaµ(x)ta can be any element of g. fabc are the structure con-

stants of g, defined via
[ta, tb] = i∑

c

fabctc.

The expression in brackets in eq. (2.7) is called the field strength tensor Gµν
and defines the kinetic term of the gauge fields which, combined with interac-
tions of the gauge bosons with each other, can be condensed in the expression
−1
4 trG(GµνG

µν). The full so-called Yang-Mills-Lagrangian takes the form

L[A,ψ, ψ̄] = ψ̄(x)(iγµDµ −m1G×Spin)ψ(x) −
1

4
trG(GµνGµν)

where 1G×Spin is the identity element in G and spinor space, which is usually omit-
ted. This full Lagrangian is then invariant under the local gauge transformation

ψ(x) ↦ Ω(x)ψ(x),
ψ̄(x) ↦ ψ̄(x)Ω−1(x)

Aµ(x) ↦ Aµ(x) +
i

g
Ω−1(x)(∂µΩ(x)).

(2.8)

The terms involving the structure constants inGµνG
µν define interactions of three

or four gauge bosons at a single vertex. In the case of an abelian gauge group,
these structure constants vanish and thus, there are no interaction terms involving
multiple gauge bosons, but only those arising from the covariant derivative Dµ

coupling the gauge bosons to the fields that transform non-trivially under the
action of G.

2.2. QCD in the Continuum

Quantum chromodynamics, or QCD, is the theory of the strong nuclear interac-
tion mediated by the gluon fields. It is the gauge theory that is arises from local

9



2.2. QCD in the Continuum

gauge invariance under actions of SU(3). The only fields in the SM that trans-
form non-trivially under SU(3) are the quarks u, d, c, s, t, b and the gluons Aaµ
which are QCD’s gauge bosons and thus, these are the only strongly interacting
fields. The Lagrangian of this theory is given by

LQCD = ∑
q

q̄(iγµDµ −mq)q −
1

4
GaµνG

µν
a (2.9)

where the sum runs over all six quark flavors q ∈ {u, d, c, s, t, b}. The field strength
tensor G here is given by

Gaµν = ∂µAaν − ∂νAaµ + gfabcAbµAcν
where A denotes the gluon field, g is the strong coupling constant and f denotes
the structure constants of SU(3). A set of generators of the three-dimensional
irreducible representation of SU(3) that is commonly used in the literature is
given by ta = λa

2 where λa are the Gell-Mann matrices [18]

λ1 =
⎛
⎜
⎝

0 1 0
1 0 0
0 0 0

⎞
⎟
⎠

λ2 =
⎛
⎜
⎝

0 −i 0
i 0 0
0 0 0

⎞
⎟
⎠

λ3 =
⎛
⎜
⎝

1 0 0
0 −1 0
0 0 0

⎞
⎟
⎠

λ4 =
⎛
⎜
⎝

0 0 1
0 0 0
1 0 0

⎞
⎟
⎠

λ5 =
⎛
⎜
⎝

0 0 −i
0 0 0
i 0 0

⎞
⎟
⎠

λ6 =
⎛
⎜
⎝

0 0 0
0 0 1
0 1 0

⎞
⎟
⎠

λ7 =
⎛
⎜
⎝

0 0 0
0 0 −i
0 i 0

⎞
⎟
⎠

λ8 =
1√
3

⎛
⎜
⎝

1 0 0
0 1 0
0 0 −2

⎞
⎟
⎠
.

(2.10)

Their structure constants are given by [18]

f123 = 1, f147 = f246 = f257 = f345 = f516 = f637 = 1

2
, f458 = f678 =

√
3

2
. (2.11)

The remaining structure constants can be deduced from these from the fact that
f is antisymmetric under exchange of two indices.
An important property of QCD is the dependence of its coupling constant on
the energy or length scale of a given process that occur at non-leading order
in perturbative calculations. To take this dependence into account, a scale µ –
which might for example be the momentum transfer in a collision – is introduced,
allowing for a description of the so-called running of the coupling via the β-
function, which to one-loop order is given by [19]

β(g) = µ∂g
∂µ
= − g3

16π2
[11
3
Nc −

2

3
Nf].

In a collision with momentum transfer Q2, the differentiable equation above can
be solved to find the squared coupling constant to be given by [19]

g2(Q2) = (4π)2

(11
3 Nc − 2

3Nf) log( Q2

Λ2
QCD

)
.

The reference scale ΛQCD in this formula depends on the renormalization scheme.
This shows, that the strong gauge coupling gets weaker with higher energy trans-
fer and diverges for Q2 → ΛQCD. This means that at low energies, QCD becomes
non-perturbative and has to be tackled by non-perturbative methods like lattice
QCD.
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Chapter 2. QCD in Minkowski and Euclidean Spacetime

2.3. The Path Integral

To get from a Lagrangian or action to a quantum field theory, the fields described
by the Lagrangian have to be quantized. One way to do this is by introducing
the path integral formalism.
Consider an action S[ϕ] describing the dynamics of a field ϕ. Furthermore,
consider a correlation function correlating the field ϕ in the state ϕa at time ta = 0
with the field in the state ϕb at time tb = t, i.e. ⟨ϕb(t)∣ϕa(0)⟩ = ⟨ϕb∣U(t)∣ϕa⟩ where
U(t) is the time evolution operator U(t) = e−iHt with H being the Hamiltonian
corresponding to the action S. The path integral approach to computing this
correlation function is to divide this matrix element up into small time increments
inserting identities 1 = ∫ dϕi ∣ϕi⟩⟨ϕi∣:

⟨ϕb(t)∣ϕa(0)⟩ = ∫
N−1
∏
k=1

dϕk ⟨ϕb∣U(t/N) ∣ϕ1⟩⟨ϕ1∣U(t/N) ∣ϕ2⟩⟨ϕ2∣⋯

⋯ ∣ϕN−1⟩⟨ϕN−1∣U(t/N) ∣ϕa⟩ .

The informal limit taking N → ∞ in this expression defines the path integral
which is denoted as

Z = ⟨ϕb(t)∣ϕa(0)⟩ = ∫
ϕ(t)=ϕb

ϕ(0)=ϕa
Dϕ exp(iS[ϕ])

with the path integral measure

Dϕ = lim
N→∞

N

∏
k=1

dϕk(xk). (2.12)

and S[ϕ] = ∫ d4xL[ϕ](x). In this formalism, expectation values of operators
O[ϕ] are defined as

⟨O[ϕ]⟩ = ⟨ϕb(t)∣O[ϕ]∣ϕa(0)⟩⟨ϕb(t)∣ϕa(0)⟩
= 1

Z
∫

ϕ(t)=ϕb

ϕ(0)=ϕa
DϕO[ϕ] exp(iS[ϕ]). (2.13)

2.4. Wick’s Theorem

Wick’s theorem allows for the computation of time ordered n-point correlation
functions

W(n)(x1, ..., xn) = ⟨Ω∣T {ϕ1(x1)ϕ2(x2)⋯ϕn(xn)}∣Ω⟩

by relating the time ordered product of the field operators ϕi(xi) to the normal-
ordered product ∶ ϕ1(x1)ϕ2(x2)⋯ϕn(xn) ∶ where ∣Ω⟩ is the vacuum state of the
theory. The time-ordered product rearranges the operators such that they are
sorted from latest time on the left and the earliest time on the right, e.g. for
xi = (ti,xi)T [17]

T {O1(x1)O2(x2)} =
⎧⎪⎪⎨⎪⎪⎩

O1(x1)O2(x2) t1 > t2
±O2(x2)O1(x1) t2 > t1

where the ± accounts for possible anti-commutation relations for the operators
in the case of fermionic operators. Thus the time ordering lets operators act on

11



2.4. Wick’s Theorem

a state in chronological order. The normal ordering, on the other hand, arranges
the operators such that all creation operators are on the left and all annihilation
operators on the right, i.e.

∶ a†
1a

†
2 ∶ =a

†
1a

†
2

∶ a1a2 ∶ =a1a2
∶ a†

1a2 ∶ =a
†
1a2

∶ a1a†
2 ∶ = ± a

†
2a1

where in the last case the sign is “+” if a1 and a2 commute and “−” if they
anticommute. Wick’s theorem relates those two orderings via

T {O1⋯On} = ∶ O1⋯On ∶ +
n

∑
i<j=1

∶ ⋯Oi⋯Oj⋯ ∶

+
n

∑
i<j<k<l=1

(∶ ⋯Oi⋯Oj⋯Ok⋯Ol⋯ ∶

+ ∶ ⋯Oi⋯Oj⋯Ok⋯Ol⋯ ∶

+ ∶ ⋯Oi⋯Oj⋯Ok⋯Ol⋯ ∶) +⋯

(2.14)

i.e. contractions O1O2 = T {O1O2}− ∶ O1O2 ∶ of all possible combinations of op-
erators have to be considered to express the time-ordered product in terms of the
normal-ordered one. This has the computational advantage that the vacuum-
expectation value of the normal-ordered product of any operator vanishes as all
annihilation operators act on the vacuum state first. Hence, in the n-point cor-
relation function, ⟨Ω∣T {O1⋯On}∣Ω⟩ only those terms in eq. (2.14) remain, in
which all operators are contracted. This results in an expression for the correla-
tion function in terms of propagators

iSϕ(x − y) = ⟨Ω∣T {ϕ(x)ϕ(y)}∣Ω⟩ = ⟨Ω∣ϕ(x)ϕ(y)∣Ω⟩ . (2.15)

When performing the contractions in eq. (2.14), all operators must be (anti-)
commuted such that the operators to be contracted appear right next to each
other in the product. This results in some combinatorial factors of equivalent
contractions which have to be accounted for. A more systematic approach reduc-
ing the statement of Wick’s theorem to functional derivatives can be derived in
the path-integral formalism. We discuss this in the following.

2.4.1. Wick’s Theorem for Bosons

Consider a bosonic field ϕ ∶ R1×3 → R with Lagrangian

L[ϕ] = −1
2
ϕ ◻ ϕ − 1

2
m2ϕ2 − V [ϕ].

A correlation function in the path integral formalism takes the form

⟨Ω∣T{ϕ1(x1)ϕ2(x2)⋯ϕn(xn)}∣Ω⟩ = ∫
Dϕϕ1(x1)ϕ2(x2)⋯ϕn(xn)eiS[ϕ]

∫ DϕeiS[ϕ]
.

12



Chapter 2. QCD in Minkowski and Euclidean Spacetime

Introducing a source field J ∶ R1,3 → R, we can define a generating functional

Z[J] = ∫ Dϕ exp(i∫ d4x(L[ϕ](x) + J(x)ϕ(x))).

Taking the functional derivative of this expression with respect to J , we find

δZ[J]
δJ(x) ∣J=0

=∫ Dϕ
δ

δJ(x) exp(i∫ d4y(L[ϕ](y) + J(y)ϕ(y)))∣
J=0

=∫ Dϕ iϕ(x) exp(i∫ d4y(L[ϕ](y) + J(y)ϕ(y)))∣
J=0

=iZ ⟨ϕ(x)⟩

where Z ∶= Z[0] and the expectation value is defined as in eq. (2.13). Thus,
evaluating the n-th derivative of the above expression with respect to J evaluated
at different points, we can compute the n-point correlation function via

⟨Ω∣T{ϕ1(x1)ϕ2(x2)⋯ϕn(xn)}∣Ω⟩

=[ 1

Z[J](−i
δ

δJ(x1)
)⋯(−i δ

δJ(xn)
)Z[J]]

J≡0
.

The propagator is then given by

iSϕ(x − y) = ⟨Ω∣T {ϕ(x)ϕ(y)}∣Ω⟩ = −[
1

Z[J]
δ2

δJ(x)δJ(y)Z[J]]J≡0
.

For a free field ϕ (i.e. V [ϕ] ≡ 0), this formula can be made more explicit via a
change of variables ϕ(x) ↦ ϕ(x) − i ∫ d4ySϕ(x − y)J(y) where Sϕ(x − y) is the
Green’s function of the differential operator defining the Klein-Gordon field, i.e.
(◻x +m2)Sϕ(x) = iδ(4)(x). Then the generating functional is given by

Z[J] = Z exp(−1
2
∫ d4xd4yJ(x)Sϕ(x − y)J(y))

effectively avoiding the computation of the path integral. In this free case, the
Green’s function can be computed analytically and is given by

Sϕ(x − y) =
1

(2π)4 ∫ d4p
e−ip(x−y)

p2 −m2 + iε .

2.4.2. Wick’s Theorem for Fermions

For fermions, the discussion differs from the above in the fact that the anti-
commuting nature of the fields has to be accounted for. Taking for example
fields described by the Dirac Lagrangian for a free field

L[ψ, ψ̄] = ψ̄(iγµ∂µ −m)ψ,

the variables used in the path-integral have to be Graßmann-variables whose
product is anticommutative:

ψ1ψ2 = −ψ2ψ1, ψ2
1 = 0.
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2.5. Gauge Fields in the Path Integral Formalism

Since the fermion action has to independent fields ψ and ψ̄, we need two sources η̄
and η instead of just the one source J in section 2.4.1. The generating functional
is then given by

Z[η̄, η] = ∫ DψDψ̄ exp(i∫ d4x(L[ψ, ψ̄](x) + η̄(x)ψ(x) + ψ̄(x)η(x)))

which, analogously to section 2.4.1 can for the free Dirac-field be brought into
the form

Z[η̄, η] = Z[0,0] exp(−∫ d4xd4y η̄(x)Sψ(x − y)η(y))

where Sψ is the Dirac propagator

Sψ(x − y) =
1

(2π)4 ∫ d4p
i(γµpµ +m)
p2 −m2 + iε e

−ip(x−y).

A (2n)-point function in this framework can be computed via [17]

⟨Ω∣T {ψ̄(x1)ψ(y1)⋯ψ̄(xn)ψ(yn)}∣Ω⟩

= [ 1

Z[η̄, η]
δ2

δη̄(x1)δη(y1)
⋯ δ2

δη̄(xn)δη(yn)
Z[η̄, η]]

η̄,η=0
.

For this derivative, care has to be taken due to the anticommuting nature of all
involved fields. This introduces additional minus signs in terms for with an odd
permutation of the involved fields.

2.5. Gauge Fields in the Path Integral Formalism

Consider free photon with action [17]

S[A] = − 1

4
∫ d4xFµνFµν =

1

2
∫ d4xAµ(x)(gµν ◻ −∂µ∂ν)Aν(x)

=1
2
∫

d4k

(2π)4 Ãµ(k)
(−k2gµν + kµkν)Ãν(−k).

This expression does not define a propagator for A which is related to the fact that
the functional integral includes a infinitely many different field configurations that
are physically equivalent through gauge transformations [17]. One can solve this
problem with the Fadeev-Popov procedure by explicitly fixing the gauge in the
path integral [17, 20]. This adds an additional gauge fixing term 1

2ξ (∂
µAµ(x))2 in

the path integral that for correlation functions can be absorbed into an effective
action1

S′[A] =1
2
∫ d4x[Aµ(x)(gµν ◻ −∂µ∂ν)Aν(x) −

1

ξ
(∂µAµ(x))2]

=1
2
∫ d4xAµ(x)(gµν ◻ −

1

ξ

←Ð
∂ µ
Ð→
∂ ν − ∂µ∂ν)Aν(x)

=1
2
∫

d4k

(2π)4 Ãµ(k)(−k
2gµν + (1 − 1

ξ
)kµkν)Ãν(−k)

1There are additional terms that appear in the path integral during the gauge fixing proce-
dure. However, these cancel in correlation functions ⟨Ω∣T O[A]∣Ω⟩ as long as O[A] is gauge-
invariant as they appear in the path integral and the partition function [17].
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Chapter 2. QCD in Minkowski and Euclidean Spacetime

where
←Ð
∂ acts on the left photon while the other derivatives act on the right one.

The free photon propagator depending on the gauge fixing parameter ξ is then
given by [17]

SµνA (x − y) =
1

(2π)4 ∫ d4k
−i(gµν − (1 − ξ)kµkν

k2
)

k2 + iε e−ik(x−y).

Note, that S′ is not gauge invariant, but the correlation functions of gauge-
invariant observables do not depend on ξ [17].
For non-abelian gauge fields, there are additional factors in the path integral in
the form of Faddeev-Popov ghosts c and c̄ which act as additional fermionic fields
and contribute an additional term to the modified action [17]

S′[A, c, c̄] =1
2
∫ d4x[Aµ(x)(gµν ◻ −∂µ∂ν)Aν(x) −

1

ξ
(∂µAµ(x))2 − c̄(∂µDµ)c].

2.6. Euclidean Quantum Field Theory

The discussion thus far dealt with QFT in Minkowski spacetime. However, dis-
cussions of an extension of this theory to Euclidean spacetime in which the time t
is replaced by the imaginary time t(M) ↦ t(E) = it(M), date back to the late 1950s
[21, 22]. Among other benefits [23], the treatment of QFT in Euclidean spacetime
allows for a statistical treatment of QFT on a finite lattice where the action takes
on a role similar to that of a Hamiltonian in the treatment of canonical ensembles
in statistical physics.
Leaving the spatial vector components equal to their counterparts in Minkowski
spacetime, i.e. xk,(E) = xk,(M), the Minkowski scalar product translates to the

Euclidean scalar product induced by the metric g
(E)
µν = δµν . The Euclidean vector

and covector components thus have the same sign convention. For derivatives,
the relation between Minkowskian and Euclidean spacetime is

∂
(E)
0 = ∂

∂t(E)
= ∂

∂(it(M))
= −i∂(M)0 , ∂

(E)
k = ∂

∂xk,(E)
= ∂

∂xk,(M)
= ∂(M)k .

However, one has to be careful when going from a Minkowskian QFT to Euclidean
one as it is not a priori clear, that the two formulations are equivalent. Different
attempts have been made to find conditions for a Euclidean QFT that ensure an
equivalence of Schwinger functions

S(n)(x(E)1 , ..., x(E)n ) = ⟨0∣ϕ(x
(E)
1 )⋯ϕ(x(E)n )∣0⟩ ,

defined in Euclidean spacetime and Wightman distributions

W(n)(x(M)1 , ..., x(M)n ) = ⟨Ω∣T {ϕ1(x(M)1 )ϕ2(x(M)2 )⋯ϕn(x(M)n )}∣Ω⟩

defined via the Wightman axioms [24] for Minkowskian QFT. For example, it
is possible to construct fields in Minkowski spacetime from Euclidean Markoff
fields [25]. The most prominent set of axioms for the Schwinger functions, from
which the existence of an analytic continuation to Wightman distributions can be
shown, are the Osterwalder-Schrader axioms [26, 27] which can also be applied
to lattice QFTs [28].
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2.6. Euclidean Quantum Field Theory

The following discussion is to be understood to be in Euclidean spacetime. Thus,
we omit the superscript (E) when discussing Euclidean coordinates.

Due to the Wick-rotation t ↦ it, the time evolution operator in Euclidean field
theory has the form U(t) = e−Ht [19, 28, 29] and the path integral similarly has
a negative sign in the exponential [19, 28, 29],

S(n)(x1, ..., xn) = ⟨0∣T {ϕ(x1)⋯ϕ(xn)}∣0⟩ = ∫
Dϕϕ(x1)⋯ϕ(xn)e−S[ϕ]

∫ Dϕe−S[ϕ]
.

As in Minkowski spacetime, the n-point correlation functions can be obtained
from a generating functional Z[J]. In the case of a free scalar field defined by
the action S[ϕ] = ∫ d4xϕ(x)(◻+m2)ϕ(x), for example, the generating functional
takes the form

Z[J] = exp(1
2
∫ d4xd4yJ(x)Sϕ(x, y)J(y))

where the propagator is given by

Sϕ(x, y) =S(2)(x, y) =
1

(2π)4 ∫ d4k
eik(x−y)

k2 +m2
.

The Dirac matrices in Euclidean spacetime transform slightly different than the
coordinates in that the Wick rotation occurs in the spatial Dirac matrices instead
of the one related to time, i.e. γ0,(E) = γ0,(M) and γk,(E) = iγk,(M) [28]. In the
contraction of the gamma matrices, with the derivatives, each term therefore picks

up a factor of i, such that iγµ,(M)∂(M)µ = −γµ,(E)∂(E)µ . The free Dirac equation

(iγµ,(M)∂(M)µ −m)ψ = 0 thus becomes

(γµ∂µ +m)ψ = 0

in Euclidean spacetime. The fermion propagator is then given by

Sψ(x, y) =
1

(2π)4 ∫ d4p
m − γµpµ
p2 +m2

eik(x−y).
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Chapter 3
QCD on the Lattice

Lattice QCD (LQCD) is a regularization technique for QCD in which space
and time are discretized to a lattice rather than having a continuous space-
time. Furthermore, this theory is defined in Euclidean spacetime compared to
the Minkowski spacetime description in the standard model. Making this lattice
a finite box, this model has the following advantages over the continuum theory:

• The path integral is well-defined and finite.

• The finite distance a between two lattice points has the effect that the
energy is limited by E ≤ π

a thus introducing an intrinsic ultraviolet-cutoff.

• A description of QFT in Euclidean spacetime together with the finiteness
of the path integral allows for a probability-density-interpretation of the
path integral such that observables can be estimated using Monte-Carlo
techniques.

This chapter aims to give a rough overview of the basic characteristics of a LQCD
computation before going into the details of the lattice prescription used for this
thesis in chapter 4. This overview starts with some general aspects of a field
theory and its constituents in a discretized spacetime in section 3.1 followed by
a general discussion of gauge fields in section 3.2 and fermions in section 3.3 in a
lattice quantum field theory (LQFT) context. Finally, we discuss how spin, which
is related to transformations of particle states under four-dimensional rotations1,
translates to a LQFT with broken O(4) symmetry in section 3.4 and describe the
role of the lattice spacing in section 3.5.

3.1. Discretization

When going from a continuum theory to one defined on a lattice, many observ-
ables and operations have to be discretized in a way that recovers their continuum
counterparts when approaching the limit of an infinitely fine lattice, i.e. in the
limit of zero lattice spacing (a→ 0). Take for example the action of a free fermion
ψ in Euclidean spacetime

S[ψ, ψ̄] = ∫ d4x(ψ̄(x)γµ∂µψ(x) +mψ̄(x)ψ(x)).

1In Minkowski spacetime this would be transformations under the Lorentz group which in
Euclidean spacetime translates to SO(4).

17



3.1. Discretization

Here, positions x at which the fermion fields are evaluated as well as the spacetime
integral and the derivatives have to be translated to a lattice description.

On a lattice, the coordinates x are restricted to a finite subset Λ ⊂ R4 of points at
a distance of a to their neighbors, i.e. Λ = {an∣n ∈N4

0, ni ≤ Ni}. Throughout this
work, Λ will usually be (anti-)periodically continued in the spatial directions and
in some cases also in the time direction. In these cases, Λ is to be understood
not as a subset of R4 but rather of R × T3 or T4 where Tn is the n-torus. We
then talk of periodic or open boundary conditions.

The derivatives ∂µ have to be replaced by finite differences, e.g.

∂µf(x) ↦
1

a
(f(x + aµ̂) − f(x)). (3.1)

This is obviously compatible with the continuum derivative, as it coincides with
the definition of a derivative in the limit a → 0. In practice, however, one usu-
ally uses a symmetric variant of the above formula, which eliminates leading
discretization effects of O(a):

f(x + aµ̂) − f(x − aµ̂)
2a

= ∂µf(x) + O(a2). (3.2)

The integral can be discretized as ∫
R4

d4x ↦ a4 ∑
x∈Λ

leading to a possible (naive)

lattice discretization

S[ψ, ψ̄] = a4∑
x∈Λ

⎛
⎝∑µ

ψ̄(x)γµ
ψ(x + aµ̂) − ψ(x − aµ̂)

2a
+mψ̄(x)ψ(x)

⎞
⎠

(3.3)

of the fermionic action. However, this action has some unwanted properties which
we will discuss in sections 3.3.2 and 3.3.3.

3.1.1. Momentum

Momenta in a lattice theory are located on the reciprocal lattice. For a lattice
with periodic boundary conditions, this is given by

Λ̃ = {p ∈ T4∣pµ =
2πkµ

aNµ
, kµ ∈ {−

Nµ

2
+ 1, ..., Nµ

2
}} (3.4)

where Nµ are the number of lattice points in direction µ. Functions on the
momentum lattice Λ̃ and the spacetime lattice Λ are related via the Fourier
transform

f̃(p) = 1√
∣Λ∣
∑
x∈Λ

f(x)e−ip⋅x,

f(x) = 1√
∣Λ∣
∑
p∈Λ̃

f(p)eip⋅x.
(3.5)

The momenta in eq. (3.4) are bounded by ∣pµ∣ ≤ π
a which acts as an intrinsic

ultraviolet cutoff.
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3.1.2. Discretized Path Integrals

One major benefit of treating QFT on the lattice is the fact that the path-integral
is well-defined and can (at least in principle) be computed directly. Coming from
the path integral measure in the continuum (2.12), the expression becomes well-
defined on the lattice as

Dϕ = ∏
x∈Λ

dϕ(x), (3.6)

where the measure dϕ has to be chosen according to the kind of field ϕ repre-
sents. The details of the measure for gauge fields and fermions are discussed in
sections 3.2.2 and 3.3.1 respectively.

Similarly to the continuum, expectation values of observables in a lattice theory
with action S[ϕ] are expressed as

⟨O⟩ = ∫ DϕO[ϕ]e
−S[ϕ]

∫ Dϕe−S[ϕ]
. (3.7)

With a real-valued action S, this expression can be interpreted as an expectation
value with respect to some probability measure P in field space as

⟨O⟩ =∫ O[ϕ]dP,

dP = 1
Z
Dϕe−S[ϕ].

Lattice calculations take advantage of this by estimating the path-integral
stochastically via Monte Carlo sampling. A more detailed discussion is provided
in section 6.1.

3.2. Gauge Fields on the Lattice

While in the continuum, gauge fields are treated as elements of the Lie-algebra
of a given gauge group, we have to take a step back for a lattice description and
instead consider a gauge transport as per eq. (2.2). Thus, we introduce gauge links
Uµ ∶ Λ→ G for a gauge group G that connect two neighboring points on the lattice.
More specifically, if a field ψ on the lattice transforms via ψ(x) ↦ Ω(x)ψ(x) for
some local gauge transformation Ω ∶ Λ→ G, then the gauge links transform via

Uµ(x) ↦ Ω(x)Uµ(x)Ω(x + aµ̂)−1. (3.8)

To relate lattice gauge links to the continuum gauge fields, one can interpret the
gauge links as Wilson lines (eq. (2.4)), e.g. along a linear path from point x+ aµ̂
to point x [30]

Uµ(x) = P exp(a∫
1

0
dtAµ(x + (1 − t)aµ̂)).

3.2.1. Gauge Actions

For a successful lattice description of QCD, it is imperative to find an action that,
in the limit of a → 0, converges to the continuum gauge action. The most basic
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3.3. Fermions on the Lattice

version of such actions is the Wilson gauge action [29]

Sg[U] =
2

g2
∑
x∈Λ
∑
µ<ν

Re tr[1 −Uµν(x)] (3.9)

where Uµν is a so-called plaquette

Uµν(x) = Uµ(x)Uν(x + aµ̂)Uµ(x + aν̂)†Uν(x)†. (3.10)

which is visualized in fig. 2.1 and is in fact a very similar construct (constrained
to a finite lattice instead of infinitesimal) to the one used to derive the continuum
gauge action in section 2.1. Describing the gauge links Uµ ∈ SU(3) in terms of the
continuum gauge fields Aµ ∈ su(3), it can be shown using the Campbell-Hausdorff
formula that [29]

Uµν(x) = exp(ia2Fµν(x) +O(a3))
which, when inserted into eq. (3.9) and expanded in powers of a, yields

Sg[U] =
1

2g2
∑
x∈Λ
∑
µ,ν

(a4 tr[Fµν(x)2] + O(a6)).

When taking the continuum limit a→ 0, the sum a4∑x∈Λ turns into a spacetime
integral ∫R4 d4x and the action converges to its continuum analog.

3.2.2. Haar Measure

To define an overall gauge-invariant theory, the path integral for the gauge links
U has to be gauge-invariant as well. Since the action discussed above is already
gauge-invariant, this means that a gauge-invariant measure DU has to be found,
meaning a measure that is invariant under gauge transformations as in eq. (3.8).
This is satisfied by the Haar measure which (for compact Lie groups G) has the
properties dU = d(UV ) = d(V U) for V ∈ G and ∫G dU = 1. For G = SU(N) the
Haar-measure can be constructed from the group representation in terms of its
generators ta as

U(ω) = exp
⎛
⎝
i
N2−1
∑
a=1

ωat
a⎞
⎠

via [29]

dU(ω) = c
√
det(g(ω))∏

k

dωk (3.11)

where g is the metric

g(ω)ij = tr[
∂U(ω)
∂ωi

∂U(ω)†
∂ωj

]

on SU(N) and c is a normalization constant necessary to normalize the integral
over the whole group to 1.

3.3. Fermions on the Lattice

Fermions, which have to be taken into account for a complete description of
QCD physics, come with a few complications. Multiple ways to deal with these
complications have been developed. The following discussion, however, will be
restricted to Wilson fermions [31] which are used in this thesis.
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Chapter 3. QCD on the Lattice

3.3.1. Fermions in the Path Integral

To describe fermions, Graßmann variables are commonly introduced that fulfill
the usual anti-commutation relations of fermions. These variables are basis el-
ements of the Graßmann algebra, i.e. the Clifford algebra with Q(v) = 0 (see
section B.1), such that

ηiηj = −ηjηi.

On this algebra, derivatives and integrals are defined via [17, 19, 29]

∂

∂η
1 = 0, ∂

∂ηj
ηi = δij ,

∂

∂ηk
ηiηj = δikηj − δjkηi,

∫ dη = 0, ∫ dηiηj = δij , ∫ dηkηiηj = δikηj − δjkηi.

Since the Dirac field ψ and its conjugate ψ̄ have to be treated as independent
fields in the path-integral, two Graßmann variables are needed for each fermionic
degree of freedom. It is customary to label the variables that correspond to the
conjugate of ηi as η̄i. Note, however, that unlike their field counterparts, η and η̄
are not related via conjugation with γ0 (η̄ ≠ η†γ0), but are independent variables.
Consider a fermionic action like eq. (3.3) which can be written as

S[ψ, ψ̄] = a4 ∑
x,y∈Λ

ψ̄(x)D(x, y)ψ(y). (3.12)

Here, D is a matrix in the spaces of lattice sites and spinor components (as well as
color components for quark fields) that does not depend on ψ or ψ̄. The partition
function for this action then takes the form [19, 29]

Z = ∫ dηNdη̄N⋯dη1dη̄1 exp
⎛
⎝
−a4

N

∑
i,j=1

η̄iDijηj
⎞
⎠
= det(a4D)−1 (3.13)

with N = ∣Λ∣NS(⋅NC) where NS is the number of spinor components and NC is
the number of color degrees of freedom. In the following, we abbreviate the path
integral measure as

DψDψ̄ = dηNdη̄N⋯dη1dη̄1

and treat ψ and ψ̄ asN -dimensional Graßmann vectors. If a spacetime-coordinate
x is provided, then ψ(x) means those NS(⋅NC) components of ψ that correspond
to the specified coordinate. The action in eq. (3.12) can then be written as

S[ψ, ψ̄] = a4ψ̄Dψ.

While in principle, the expectation value of an operator can be computed directly
from its definition eq. (3.7), it is in practice quite costly and instead computed
via a lattice version of Wick’s theorem [29]

⟨ηi1 η̄j1⋯ηin η̄jn⟩ =
1

Z
∫ DψDψ̄ ηi1 η̄j1⋯ηin η̄jn exp(−a4ψ̄Dψ)

=(−1)n ∑
σ∈Pn

sign(σ)Sψ,i1jσ(1)⋯Sψ,injσ(n)
(3.14)
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3.3. Fermions on the Lattice

where Sψ is the propagator of the fermion field. The propagator can be related
to the matrix D by introducing source fields θ, θ̄ for the fermion in analogy to
section 2.4.2 and rewriting the two-point function as

Sψ,ij = ⟨ηiη̄j⟩ =
1

Z
∫ DψDψ̄ ηiη̄j exp(−a4ψ̄Dψ)

= 1
Z

1

a8
δ2

δθ̄iδθj
∫ DψDψ̄ exp(−a4[ψ̄Dψ + θ̄ψ + ψ̄θ]) ∣

θ,θ̄=0
.

Introducing the transformation ψ ↦ ψ −D−1θ, ψ̄ ↦ ψ̄ − θ̄D−1 one finds the com-
monly known result

Sψ,ij =
1

a8
δ2

δθ̄iδθj
exp(−a4θ̄D−1θ)∣

θ,θ̄=0
= (D−1)

ij
. (3.15)

3.3.2. Fermion Doubling

Comparing the expressions eqs. (3.3) and (3.12), the Dirac operator for the naive
fermion action is identified as

D(x, y) = 1

2a
∑
µ

γµ(δx,y−aµ̂ − δx,y+aµ̂) +mδxy1.

In momentum space the Dirac operator is then given by

D̃(q, p) = 1

∣Λ∣ ∑x,y∈Λ
e−iqxD(x, y)eipy

= 1

∣Λ∣ ∑x∈Λ
e−iqx

⎡⎢⎢⎢⎣
1

2a
∑
µ

γµ(eip(x+aµ̂) − eip(x−aµ̂)) +meipx1
⎤⎥⎥⎥⎦

= 1

∣Λ∣ ∑x∈Λ
ei(p−q)x

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=δpq

⎡⎢⎢⎢⎣
1

2a
∑
µ

γµ(eiapµ − e−iapµ) +m1
⎤⎥⎥⎥⎦

=
⎛
⎝
i

a
∑
µ

γµ sin(apµ) +m1
⎞
⎠
δpq

=∶ D̃(p).

(3.16)

In this representation, the Dirac operator is thus site-diagonal2 and can eas-

ily be inverted expanding with unity
m1− i

a ∑µ γ
µ sin(apµ)

m1− i
a ∑µ γµ sin(apµ)

and using the identity

∑µ,ν γµγνAµAν = ∑µAµAµ to give

S̃ψ(p) =
m1 − i

a ∑µ γ
µ sin(apµ)

m2 + 1
a2 ∑µ sin(apµ)

2
.

This results in the desired limit for a → 0 matching continuum QFT. However,
the massless propagator

S̃ψ(p) = −a
∑µ γµ sin(apµ)
∑µ sin(apµ)2

2In LQCD, the Dirac operator is usually treated as a matrix in coordinate-, spinor-, and
color-space. Site-diagonal in this context means, that the matrix is diagonal in the spatial part,
i.e. it only depends on a single coordinate instead of two.
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has, 15 additional poles at maximal momenta in different directions,

p ∈

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛
⎜⎜⎜
⎝

0
0
0
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
0
0
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
0
π
a
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
0
π
a
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
π
a
0
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
π
a
0
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
π
a
π
a
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

0
π
a
π
a
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
0
0
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
0
0
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
0
π
a
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
0
π
a
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
π
a
0
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
π
a
0
π
a

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
π
a
π
a
0

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

π
a
π
a
π
a
π
a

⎞
⎟⎟⎟
⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

,

while the continuum theory only has the first pole at p = 0. These additional poles
are known as doublers. There are different ways to deal with this peculiarity of
the lattice. Here we will focus on a modification of the Dirac operator known as
the Wilson-Dirac operator [31]. The data used in this thesis are based on this
approach (see section 4.3). This modification adds a term 1

a ∑µ (1 − cos(apµ))1
to the naive Dirac operator in momentum space (3.16) that acts as an additional
mass term to all but the physical doublers, effectively removing the unphysical
poles in the propagator [29]. The modified operator then takes the form [29]

DW (x, y) =∑
µ

(γµ∂y,µ −
a

2
1∂+µy ∂−y,µ) +m1

= 1

2a
∑
µ

[γµ(δx,y−aµ̂ − δx,y+aµ̂) − (δx,y−aµ̂ − 2δxy + δx,y+aµ̂)1]

+m1δxy

= 1

2a
∑
µ

[γµ(δx,y−aµ̂ − δx,y+aµ̂) − (δx,y−aµ̂ + δx,y+aµ̂)1]

+ (m + 4

a
)1δxy.

(3.17)

3.3.3. Chiral Symmetry and the Nielson-Ninomiya-Theorem

In the case of vanishing mass, the continuum Dirac action has a chiral symmetry,
i.e. it is invariant under the transformation

ψ ↦ eiαγ5ψ, ψ̄ ↦ ψ̄eiαγ5 .

This has the effect, that the right- and left-handed parts

ψR/L =
1

2
(1 ± γ5)ψ

decouple, such that

L[ψ, ψ̄] = ψ̄LDψL + ψ̄RDψ̄R

where D is the continuum Dirac operator D = iγµ∂µ for a massless fermion. This
symmetry is present in the naive Dirac action (3.3) due to eiαγ5γµeiαγ5 = γµ which
follows from {γ5, γµ} = 0. However, just like the mass term, the additional terms
introduced for the Wilson-Dirac operator (3.17) break this symmetry. In fact,
the Nielson-Ninomiya theorem [32–36] states that no free Dirac operator on a
Euclidean lattice can fulfill the following properties simultaneously [36]:
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1. The momentum space Dirac operator D̃(p) is an analytic function with
period 2π

a in each momentum component.

2. D̃(p) = iγµpµ +O(ap2) for ∣p∣ ≪ π
a .

3. D̃(p) has no poles except for the physical one.

4. Dγ5 + γ5D = 0.

Any lattice formulation of fermions thus misses at least one of these proper-
ties, which are all required for a continuum limit consistent with standard-model
fermions [36]. The last of these properties is equivalent to chiral symmetry and
thus violated by the Wilson-Dirac operator. However, the Wilson-Dirac operator
fulfills a similar property, namely γ5-hermiticity, i.e.

D† = γ5Dγ5. (3.18)

This property ensures that the eigenvalues of the operator are either real or come
in complex conjugated pairs [19].

3.4. Spin on the Lattice

In a spacetime Rp+q with a signature +⋯+±
p times

−⋯−±
q times

of the metric, particles that

transform nontrivially under the Spin(p, q) (or just Spin(n) if p = n, q = 0) group
have an intrinsic spin [37]. In this association, the total spin quantum number
S ∈ 1

2N corresponds to the 2S +1-dimensional irrep of Spin(p, q) under which the
respective state transforms. An odd dimension or integer spin S then corresponds
to bosonic spin states, while even dimensions or half integer spins correspond to
fermionic spin states.
The Spin(p, q) group is the double cover of the rotation group SO(p, q) and
an object that transforms under this group is called a spinor. In the three-
dimensional Euclidean space we have Spin(3) ≅ SU(2), for Minkowski-spacetime
it is Spin(1,3) ≅ SL(2,C), and for four-dimensional Euclidean spacetime the spin
group is Spin(4) ≅ SU(2) × SU(2) [37, 38].
Since LQCD is defined on a lattice in four-dimensional Euclidean space, spinors
on the lattice are related to irreps of Spin(4), or SU(2) × SU(2) which can be
constructed from irreps of SU(2) [38]. For SU(2) it is known that there is ex-
actly one irrep acting on Cn for each number of dimensions n ∈ N with n = 1
corresponding to the trivial representation U ↦ 1∀U ∈ SU(2) which is the spin-0
irrep. For odd n, SU(2) irreps R ∶ SU(2) → GL(Cn) map the negative identity
to the identity in GL(Cn) so that these irreps are isomorphic to those of SO(3).
These odd-dimensional irreps correspond to integer spin, i.e. bosons, while the
odd-dimensional ones for which for which the corresponding SU(2)-irrep is not
isomorphic to SO(3) correspond to half-integer spin, i.e. fermions.
On the lattice, however, SO(3) is broken to the octahedral or cubic group Oh,
the symmetry group of eight points arranged at the edges of a cube. For a
classification of spin on a cubic lattice one thus has to find the decomposition
of irreps of SO(3) into those of Oh for integer spin. For half-integer spin, a
decomposition of irreps of SO(3)’s double cover Spin(3) ≅ SU(2) into irreps of
the double cover OD of Oh have to be constructed as well.
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For finite groupsG, irreps are in a one-to-one correspondence to conjugacy classes,
i.e. equivalence classes of group elements with two elements g, h ∈ G being equiv-
alent iff an element a ∈ G exists s.t. g = aha−1. In the case of Oh, the group
consists of 24 elements with 5 conjugacy classes listed in table 3.1 while the dou-
ble cover OD has 48 elements with 8 conjugacy classes I, J , C4, C3, C6, C8, C

′
8,

and C ′4 [39].

Table 3.1: Conjugacy classes of the octahedral group Oh [39].

#elements class description

1 I The identity element
3 C2 Rotations about an angle of π about the coordinate

axes

8 C3 Rotations about an angle of ±2π
3 about the four diag-

onals of the cube
6 C4 Rotations about an angle of ±π2 about the coordinate

axes
6 C ′2 Rotations about an angle of π about axes parallel to

the cube’s faces

The continuum irreps can be mapped to the ones on the lattice using the charac-
ters χRθ = trR(θ) of irreps R of SU(2) corresponding to a rotation about an angle

θ, and the characters χR
′

C = trR′ of irreps of a conjugacy class C of Oh or OD of
the same dimension as R. The latter are listed in tables C.1 and C.2 while the
former can be calculated without loss of generality using a rotation U(θ) ∈ SU(2)
about an angle θ about the z-axis which results in the following formula [39]

χ
(j)
θ = tr[U(θ)] = tr[e

iszθ] =
j

∑
m=−j

⟨m∣eiszθ ∣m⟩ =
j

∑
m=−j

eimθ ⟨m∣m⟩

=e−ijθ
2j

∑
m=0
(eiθ)m = e−ijθ 1 − e

i(2j+1)θ

1 − eiθ = e
−i(j+ 1

2
)θ − ei(j+ 1

2
)θ

e−i
θ
2 − ei θ2

=
sin((j + 1

2
)θ)

sin( θ2)

for spin j. The decomposition of continuum irreps can then be obtained by com-

puting the multiplicities m
(r)
j of each octahedral irrep r w.r.t. the corresponding

spin j irrep given by [39]

m
(r)
j =

1

g
∑
k

nkχ
(r)
k χ

(j)
k (3.19)

where g = 24 for Oh and g = 48 for OD. This decomposition is listed in table 3.2
for the six lowest-dimensional irreps.
These lattice irreps play a role in this thesis for the construction of hadronic
operators, which we discuss in more detail in section 7.1. As in the continuum
theory, different states can be classified by their spin (among other quantum
numbers). For example, pseudo-scalar mesons transform under the A1 irrep,
octet baryons transform under G1, vector mesons under T1, and decuplet baryons
under H. However, as the mapping between continuum and lattice irreps is not
one-to-one, there are always influences from other spin states for a given operator.
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Table 3.2: Decomposition of SO(3) and SU(2) irreps into irreps of the
octahedral group Oh and its double cover OD [39]. For an irrep X, we
denote 2X ∶=X ⊕X.

SO(3) Spin
Decomposition into

irreps of Oh
0 A1

1 T1
2 E ⊕ T2
3 A2 ⊕ T1 ⊕ T2
4 A1 ⊕E ⊕ T1 ⊕ T2
5 E ⊕ 2T1 ⊕ T2

SU(2) Spin
Decomposition into

irreps of OD
1/2 G1
3/2 H
5/2 G2 ⊕H
7/2 G1 ⊕G2 ⊕H
9/2 G1 ⊕ 2H
11/2 G1 ⊕G2 ⊕ 2H

For example, an operator defining an octet baryon transforming under G1 does
not only describe states with spin 1

2 , but also such with spin 7
2 ,

9
2 , etc. as these

continuum irreps have a nontrivial overlap with G1.

3.5. The Lattice Scale

The discussion thus far usually involved powers of the lattice spacing a which
naturally appear when discretizing fields and calculus operations as described in
section 3.1. However, a lattice action ultimately becomes dimensionless through
these factors involving the lattice scale a which is crucial for the interpretation of
exp(−S) as a likelihood of a field configuration as hinted at in section 3.1.2. As
a result, all quantities considered in a lattice simulation are made dimensionless
by scaling with an appropriate power of the lattice scale as in table 3.3. This has

Table 3.3: Correspondence of continuum quantities and those intrinsic to
a lattice simulation.

Quantity Continuum version Lattice version

Scalar field ϕ aϕ

Fermion field ψ a
3/2ψ

Gauge field Aµ Uµ = exp(iaAµ)
Mass m am
Length l l/a

the effect that a does not enter lattice simulations as a parameter and is thus not
known from the simulation alone. Like the free parameters of the standard model,
the lattice scale has to be determined from experimental results and cannot be
computed from first principles.

Such a matching of the lattice scale is done by comparing the result of a lattice
computation for some dimensionful observable to its experimental value. This
can in its simplest form be done by simple computing the ratio of both results for
the observable in question. If, for example, a hadron mass m is used to determine

the lattice scale, it can be computed via a = (am)latmexp
. More concrete examples of

how this is done in practice are discussed in section 4.4 and chapter 9. Some
observables used in practice are the pion and kaon decay constants [40, 41] or the
mass of the omega baryon [42–44], usually in combination with a so-called flow
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scales (see section 4.4.2 for t0 which is used later in chapter 9).
A matching can in principle be performed on each simulated lattice, but usually
one combines measurements from different simulations into a single value of a.
This is possible, as in LQCD simulations the lattice scale is in direct correspon-
dence to the gauge coupling g. In pure gauge theory, the renormalization group
equations β(g) = − ∂g

∂ lna can be solved when expanding

β(g) = −β0g3 − β1g5 +O(g7)

where β0 = 11
16π2 and β1 = 51

128π4 for pure QCD. Up to this order, the expansion is
independent of the regularization scheme [29] and the result of the above equation
is given by [29]

a(g) = 1

ΛL
(β0g2)

− β1
2β2

0 exp(− 1

2β0g2
)(1 +O(g2)).

The integration constant ΛL is a free parameter that can be chosen to set the scale
in pure QCD. This allows the use of a single lattice spacing for a set of simulations
sharing the same value of the strong gauge coupling g which, contrary to a, is a
parameter of the action that directly enters the simulations.
When introducing quarks into the theory, however, the circumstances become
more complicated as the lattice spacing does not only depend on the gauge cou-
pling, but also on the sum of all quark masses. This is often accounted for by
modelling this additional dependence as [40, 45, 46]

g̃2 = g2(1 + bgam̄) (3.20)

where m̄ is the average quark mass. By tuning the simulation parameters
such that the average quark mass is kept constant, it is thus still possible, to
determine a single lattice spacing for multiple simulations with the same gauge
coupling.

In order to derive physical results from a lattice calculation, the data from several
computations with different parameters of the lattice action have to be combined
in order to extrapolate the data to the continuum. In that regard, there are two
distinct limits that have to be taken to reach the continuum theory. The first is
the limit to a continuous space time, a → 0 or analogously β → ∞, the second
is that of infinite volume, i.e. Nt,Ns → ∞ where Nt and Ns are the number of
lattice points in the temporal and spatial directions respectively. Note that the
limit a → 0 at constant Nt and Ns shrinks the volume to zero and can thus not
be taken independently of the second limit [29]. To circumvent this problem, one
calculates observables at different lattice spacings a and chooses the number of
lattice points such that the physical extent T = aNt, L = aNs is constant to first
perform the a → 0 limit for constant physical volume and then take the infinite
volume limit from the extrapolated data at different values of T and L [29].
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Chapter 4
Lattice QCD Actions and CLS

Ensembles

Lattice discretizations of a continuum theory are not unique. Various choices
can be made for the discretization of fields in QFT or algebraic operations and
additional terms that vanish in the continuum limit can improve convergence
behavior. Different collaborations use different discretizations of QCD. In this
chapter we discuss used for the Coordinated Lattice Simulations (CLS) ensembles
[9].

Before describing the CLS ensembles in section 4.3, we introduce a simple lattice
description of fermionic interactions with gauge bosons in section 4.1 and a brief
introduction into the role of gauge ensembles in lattice simulations in section 4.2.
We end this chapter with a discussion of how the lattice spacing a has been
determined for CLS ensembles in previous analyses in contrast to the discussion
in chapter 9.

4.1. A Lattice QCD Action for Interacting Fermions

For a lattice description we add a gauge action like eq. (3.9) and a fermion action
for each quark flavor entering the model (like eq. (3.12) with the Wilson-Dirac
operator (4.2)). As in the continuum, we replace all derivatives in the quark
action by gauge-covariant derivatives

∇+µψ(x) =
1

a
(Uµ(x)ψ(x + aµ̂) − ψ(x)),

∇−µψ(x) =
1

a
(ψ(x) −U †

µ(x − aµ̂)ψ(x − aµ̂)),

∇µψ(x) =
1

2
(∇+µ +∇−µ)ψ(x)

= 1

2a
(Uµ(x)ψ(x + aµ̂) −U †

µ(x − aµ̂)ψ(x − aµ̂)).

(4.1)

This splits the action into two parts; a gauge part Sg[U] which only depends on
the QCD gauge links, and a fermionic part Sq[ψ, ψ̄,U] which depends both on
the quarks and the gauge links. The Wilson-Dirac operator (3.17) then becomes
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4.2. QCD Gauge Ensembles

[9, 29]

Df =∑
µ

(γµ∇µ −
a

2
1Spin∇−,µ∇+µ) +mf1Spin⊗SU(3)

Df(x, y) =
1

2a
∑
µ

((γµ − 1Spin)Uµ(x)δx,y−aµ̂ − (1Spin + γµ)U †
µ(x − aµ̂)δx,y+aµ̂)

+ (mf +
4

a
)1Spin⊗SU(3)

(4.2)

where f denotes the flavor of the quark in question. The total QCD action
combining Wilson’s gauge and fermion actions for Nf quark flavors for example,
is given by

S[ψ, ψ̄,U] =Sq[ψ, ψ̄,U] + Sg[U]

=a4
Nf

∑
f=1
∑
x,y∈Λ

ψ̄f(x)Df(x, y)ψf(y) +
2

g2
∑
x∈Λ
∑
µ<ν

Re tr[1 −Uµν(x)].
(4.3)

This is, up to terms improving of the continuum limit, the action used in the
project of this thesis. For more details, see section 4.3.

4.2. QCD Gauge Ensembles

Due to the large dimensionality of QCD calculations, direct computations of
observables become unfeasible. Thus, the lattice action is treated as a Boltzmann
weight defining a probability measure on field space, allowing the computation of
observables via expectation values as per eq. (3.7). This is done via Monte-Carlo
samples of field configurations which are drawn from the probability distribution
P = 1

Z e
−S . However, rewriting the expectation values as

⟨O⟩S =
1

Z
∫ DUDψDψ̄O[ψ, ψ̄,U]e−S[ψ,ψ̄,U]

= 1
Z
∫ DU(

1

Zq[U] ∫
DψDψ̄O[ψ, ψ̄]e−Sq[ψ,ψ̄,U])Zq[U]e−Sg[U]

= ⟨⟨O⟩Sq⟩Seff

(4.4)

allows the reduction of the fields that have to be sampled to the gauge links U
which are drawn from the distribution defined by the effective action

Seff[U] = Sg[U] − logZq[U] = Sg[U] +∑
f

log detDf . (4.5)

This effective action corresponds to the QCD action in which all fermionic degrees
of freedom are integrated out. In order to draw configurations from its corre-
sponding distribution, the effective action has to be evaluated multiple times (see
section 6.1). This is straight-forward for the pure gauge part, Sg, however, the
fermion determinant gets very costly at relevant lattice sizes. Some techniques
employed in the generation of CLS ensembles [9] that deal with the computational
complexity are discussed in section 4.3. However, at this point, a technique for
the stochastic estimation of detD which will become relevant in section 4.3 shall
be discussed in the following.
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4.2.1. Pseudofermions

Consider two mass-degenerate fermions f1 and f2 with Dirac operators Dfi . As
for the Wilson-Dirac operator (4.2) we assume that their mass-degeneracy asserts
thatDf1 =Df2 =D and that the Dirac operators are γ5-hermitean as in eq. (3.18).
Due to the γ5 hermiticity, one finds

detD = detγ5 detD detγ5 = det(γ5Dγ5) = det(D†)
such that the product of the two determinants can be written as

detDf1 detDf2 = detD2 = det(D†D).
Introducing a complex color-triplet, scalar field ϕ, the combined fermion deter-
minant can then be estimated stochastically via [19, 29]

det(D†D) = 1

πN
∫ Dϕ∗Dϕe−ϕ

†(D†D)−1ϕ (4.6)

where N is the number of degrees of freedom of ϕ, i.e. NC ∣Λ∣. The advantage
of this way of expressing the determinant is that it can easily be determined
stochastically by drawing random vectors R ∈ RN from the normal distribution
P (R) = 1

πN
e−R

†R. These independent variables can then be transformed via [19]

ϕ =D†R

to construct samples distributed according to the multivariate normal distribution
(4.6) with covariance matrix D†D. The exponential of the effective action from
eq. (4.5) can then be expressed as

exp(−Seff[U]) = ∫ Dϕ∗Dϕ exp(−Sg[U] − ϕ†(D†D)−1ϕ)

where the constant normalization is omitted as it is irrelevant for sampling tech-
niques used in LQCD. This expression can finally be used by sampling Nϕ fields
ϕk as described above and adding their contribution to the action as

Seff[U] = Sg[U] +
Nϕ

∑
k=1

ϕ†D[U]†D[U]ϕ

and sample U according to this action.1

4.3. CLS Nf = 2 + 1 Ensembles

The data discussed in this thesis are obtained using the Nf = 2 + 1 ensembles
of the CLS [9]. These ensembles are generated using the openQCD [47] software
package. Nf denotes the number of flavors introduced into the simulation and
2 + 1 is meant to express that two degenerate light-quarks and one additional
strange quark at a different mass are used. The ensembles consist of several
gauge field configurations on the links of lattices of sizes Nt ×N3

s where Nt is the
number of lattice sites in the time direction and Ns is the number of sites in any
of the spatial directions, which is the same for all three directions. The ratios of
lattice points in the time and spatial directions are typically Nt

Ns
∈ {2, 83 ,3,4,

16
3
}

with Nt ∈ {48,64,96,128,192,256}. For this thesis, only lattices with Nt = 2Ns

and Nt = 8
3Ns are used.

1Again, the change in normalization due to the sum is irrelevant in the sampling methods
used for the CLS ensembles as it is multiplicative in the exponential appearing in the path
integral.
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4.3.1. Action

For the gauge links, the Lüscher-Weisz action [30] with coefficients determined
at tree-level is used. This action has the form [9]

Sg[U] =
β

6

⎛
⎝
c0 ∑

x,µ,ν

tr[1 −Uµν(x)] + c1 ∑
x′,µ,ν

tr[1 −Rµν(x′)]
⎞
⎠

(4.7)

with c0 = 5
3 and c1 = − 1

12 , where Uµν are the standard plaquettes as in eq. (3.10)
and Rµν are rectangular Wilson loops [30]

Rµν(x) = Uµ(x)Uµ(x + aµ̂)Uν(x + 2aµ̂)U †
µ(x + aµ̂ + aν̂)U †

µ(x + aν̂)U †
ν(x).

The sums over x and x′ run over all lattice sites for which a plaquette or rectangle
can be constructed, which excludes some sites on or near an open boundary.
The fermionic part of the action is given by

Sq[U, ψ̄,ψ] = a4 ∑
f∈{u,d,s}

∑
x∈Λ

ψ̄f(x)D(m0,f)ψf(x) (4.8)

with the modified Wilson-Dirac operator

D = ∑
µ

(γµ∇µ −
a

2
∇−,µ∇+µ) + acSW∑

µ,ν

i

4
σµνF̂µν +m0. (4.9)

The term added to the Wilson-Dirac operator (eq. (4.2)) results in a dimension-5
operator in eq. (4.8), known as the Sheikholeslami-Wohlert term, involving the
field strength tensor [45]

F̂µν =
1

8a2
{Qµν(x) −Qνµ(x)},

Qµν(x) =Uµν(x) +Uν,−µ(x) +U−µ,−ν(x) +U−ν,µ(x)

and σµν = 1
2i[γµ, γν]. From five possible dimension-5 operators compatible with

all symmetries of the action, two can be eliminated via constraints from the
Dirac-equation and another two can be absorbed into redefinitions of the bare
mass m0 and bare coupling strength g, so that only the Sheikholeslami-Wohlert
term remains [29, 30, 45, 48]. The addition of this term improves the continuum
limit of the gauge action in the same way as taking the symmetric derivative over
the forward one does by eliminating the leading terms in the expansion of the
action around a = 0. This procedure of adding terms improving the continuum
limit is generally known as the Symanzik improvement program.

4.3.2. Reweighting

Light Wilson quarks in lattice simulations tend to suffer from exceptionally small
eigenmodes, making numeric simulations unstable [49], specifically leading to al-
gorithmic instabilities, sampling inefficiencies and ergodicity violations [50]. This
is remedied in CLS simulations by introducing a twisted mass term for the mass-
degenerate light quarks to the Wilson-Dirac operator, which in its simplest form
looks like [49, 50]2

Dtm =D + iµγ5. (4.10)

2This form sometimes includes a third Pauli matrix τ3 acting in flavor space, i.e. Dtm =

D + iµγ5τ
3 which thus couples differently to the two light quarks [49].
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Chapter 4. Lattice QCD Actions and CLS Ensembles

This modifies the fermion determinant for the pair of degenerate light-quarks as
follows [51]:

det(D†D) ↦ det(D†D + µ2). (4.11)

The eigenvalues appearing in the simulation thus satisfy λ ≥ µ resulting in a
more numerically stable simulation. The regularization used for CLS ensembles,
however, differs from the above prescription by instead modifying the Dirac-
Wilson operator as [50]

DCLS
tm = (D + iµγ5)

γ5D − iµ
γ5D − i

√
2µ

(4.12)

which changes the fermion determinant to [51]

det(D†D) ↦ det
⎛
⎝
(D†D + µ2)2

D†D + 2µ2
⎞
⎠

(4.13)

to a similar effect as the simpler version. While it is possible to match QCD with
a twisted mass to standard QCD in the continuum limit via careful treatment
of renormalization and unphysical quantum numbers in correlation functions [49]
(see chapter 7), the CLS collaboration instead recovers the non-twisted theory
via reweighting [9, 51]. The reweighting factors for the twisted mass are then
given by

W = det( D†D

D†D + µ2)

for the simple version (4.10) and

W = det(D†D
D†D + 2µ2

(D†D + µ2)2
) (4.14)

for the regularization used in CLS simulations [51].

4.3.3. The Light Quark Action

Instead of computing the fermion determinant in the effective action (4.5) directly,
the determinant is instead taken from Q = γ5D for light quarks, which does not
change the action because

D†D = γ5Dγ5D = Q2.

Given the fact that detγ5 = 1, this does not change the value of the determinant.
Furthermore, even-odd-preconditioning [52] is applied which expresses Q in terms
of its block LDU decomposition [19, 51, 52]

Q =(Qee Qeo
Qoe Qoo

) = (1 QeoQ
−1
oo

0 1
)(Q̂ 0

0 Qoo
)( 1 0
Q−1ooQoe 1

)

Q̂ =Qee −QeoQ−1ooQoe

where Qee is the subset of Q that contains only those entries Q(x, y) for which
x0 + x1 + x2 + x3 as well es y0 + y1 + y2 + y3 are even. Similarly, the sum of the
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spatial components in Qoo is odd and Qeo and Qoe mix even and odd lattice sites.
This has the advantage, that the determinant of Q is then factorized as

detQ = det Q̂detQoo

with Qoo being site-diagonal [19], thus reducing the determinant of Qoo to a
product

detQoo = ∏
x,y∈Λoo

det(Qoo(x, y))

of determinants of N2
C × N2

S = 144 × 144 matrices mixing only color and spin
indices.
Finally the twisted-mass regularization (4.13) is applied, but only to the Schur
complement Q̂. The light quark determinant is then given by

det(Q2) = det(Qoo)2 det(
Q̂2 + µ2

Q̂2 + 2µ2
)det(Q̂2 + µ2). (4.15)

The reweighting factor for the twisted mass in terms of Q is then given by

W0 = det
(Q̂2 + 2µ2)Q̂2

(Q̂2 + µ2)2
. (4.16)

To further reduce fluctuations in the forces, a factorization of the last factor in
eq. (4.15) [9, 53, 54]

det(Q̂2 + µ2) = det(Q̂2 + µ2Nmf
)
Nmf

∏
i=1

det
⎛
⎝
Q̂2 + µ2i−1
Q̂2 + µ2i

⎞
⎠

(4.17)

is used, where µ = µ0 < µ1 < ⋯ < µNmf
.

Finally, the effective action for the light quarks is computed using pseudofermions
(4.6) via [9]

Sud,eff[U,ϕ0, ..., ϕNmf
] =(ϕ0,

Q̂2 + 2µ2

Q̂2 + µ2
ϕ0) +

Nmf

∑
i=1

⎛
⎝
ϕi,

Q̂2 + µ2i
Q̂2 + µ2i−1

ϕi
⎞
⎠

+
⎛
⎝
ϕNmf+1,

1

Q̂2 + µ2Nmf

ϕNmf+1
⎞
⎠
− 2 log detQoo

(4.18)

where the scalar product including pseudoscalar fields is given by

(ϕ1, ϕ2) = ϕ†
1ϕ2 = ∑

x∈Λ
c∈colors

(ϕc1)
∗(x)ϕc2(x).

4.3.4. The Strange Quark Action

The strange quark determinant, like the one for light quarks, is computed us-
ing an even-odd decomposition of the modified Wilson-Dirac matrix Qs = γ5Ds.
This, too does not change the action since detγ5 = 1. However, for the Schur’s

complement, a rational approximation of
√
Q̂2
s is used in a Monte Carlo algo-

rithm known as Rational Hybrid Monte Carlo (RHMC) [55]. This procedure has
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the advantage that the determinant of Q̂2
s can be estimated via pseudofermions

as is done in eq. (4.18) for the light quark pair. The rational approximation
furthermore allows for a much more efficient calculation. However, the approx-
imation comes at the cost of an additional reweighting factor W1 such that the
exact strange quark determinant is given by [9]

detQs = detQs,oosign(det Q̂s)det
√
Q̂2
s =W1 detQs,oo det

⎛
⎝
A−1

Np

∏
i=1

Q̂2
s + µ̄2i

Q̂2
s + ν̄2i

⎞
⎠

where the parameters A, µ̄i, and ν̄i are determined using Zolotarev’s optimal
approximation to the square root in a given interval based on the number of poles
Np [9]. An additional reduction of computational complexity is performed by only
computing the N ′p terms with smallest µ̄i by individual pseudofermions, while the
determinant of the remaining factors is estimated using only one pseudofermion
leading to the strange quark effective action [9]

Ss,eff[U,ϕ0, ..., ϕN ′p] =
N ′p−1
∑
i=0

⎛
⎝
ϕi,

Q̂2
s + ν̄Np−i

Q̂2
s + µ̄2Np−i

ϕi
⎞
⎠

+
⎛
⎝
ϕN ′p ,

Np−N ′p
∏
j=1

ϕN ′p
Q̂2
s + ν̄2j

Q̂2
s + µ̄2j

ϕN ′p
⎞
⎠
− log detQs,oo.

A drawback of this approach is the loss of information about the sign of det Q̂s
which in some cases turns out to be negative [56]. This sign has to be determined
in a separate computation and reintroduced with the reweighting factor W1.

4.4. Setting the Lattice Scale

For some years, the lattice spacing has been determined in physical units using
a combination of the pion and kaon decay constants [40, 41]

fπK =
2

3
(fK +

1

2
fπ) (4.19)

where fX is the decay constant of the hadron X. These quantities can be deter-
mined to high precision in LQCD simulations and thus result in small statistical
errors for the lattice spacing. The combination 4.19 is furthermore chosen as its
expansion in chiral perturbation theory

fπK ≈ f(1 −
7

6
Lπ −

4

3
LK −

1

2
Lη +

16B trM

3f2
(L5 + 3L4)),

LX =
m2
X

(4πf)2 log(
m2
X

(4πf)2)
(4.20)

suggests it to be constant along a trajectory of ensembles sharing the same average
quark mass m̄ = 1

Nf
trM , where L4 and L5 are low energy constants.

In order to combine data from different gauge ensembles at varying physical
parameters into a single lattice spacing per choice of the inverse gauge coupling
β, fπK has to be expressed in terms of the lattice spacing a, the quark masses,
and the volume of the lattice. The a dependence is modeled to leading order
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as an a2 correction to the continuum theory, which is justified by the O(a)
improvement of the action used in CLS ensembles. The finite volume effects can
be neglected if fπL ≫ 1 and mπL ≫ 1 [40], otherwise they have to be modeled
depending on the observable.

In the following subsections, we will discuss the experimentally available observ-
ables in section 4.4.1, the theory scale t0 which has no experimentally accessible
analog and is ultimately used for the determination of the lattice spacing a in sec-
tion 4.4.2, and finally the procedure to determine the lattice scale in section 4.4.3.

4.4.1. Physical Observables

The decay constants are obtained from the pseudoscalar density P = ψ̄1γ5ψ2 and
the improved axial vector current Aµ = ψ̄1γµγ5ψ2 + acA∂µP where ψ1 and ψ2 are
two light quarks for the pion and a light and a strange quark for the kaon. cA
is a non-perturbatively tuned improvement coefficient to eliminate O(a) cutoff
effects [57]. Choosing fixed source positions at ty = a or ty = T − a, the two-point
functions

fP (tx, ty) = −
a6

L3 ∑
x,y

⟨P (tx,x)P (ty,y)⟩

fA(tx, ty) = −
a6

L3 ∑
x,y

⟨A0(tx,x)P (ty,y)⟩

are combined into a ratio

RPS(x0, y0) =
¿
ÁÁÀfA(x0, y0)fA(x0, T − y0)

fP (T − y0, y0)
.

This ratio has a plateau of height R which is related to the decay constants via
[40]

fX = ZA(g0)(1 + ab̄A trM + ab̃AmX)
√

2

mX
R

where ZA is a renormalization factor and b̄A and b̃A are constants. The massesmX

for X ∈ {π,K} are determined from the asymptotic behaviour of the pseudoscalar
two-point function fP (see chapter 7 and eqs. (7.2) and (7.3) for more details).

4.4.2. The Wilson Flow Scale t0

The Wilson flow Vt was first introduced in an attempt to improve the sampling
of topological sectors in LQCD simulations at small lattice spacings [15] but has
later been found to provide a suitable intermediate scale for the scale-setting
procedure [16]. It is defined via the equations

V̇t,µ(x) = −g20{∂x,µSg[Vt]}Vt,µ(x), Vt,µ(x) ∣
t=0
= Uµ(x). (4.21)

Here, the operator ∂x,µf(U) = ∑a ta d
dsf(e

staU) ∣s=0 with the SU(3) generators ta
is acting on the Lüscher-Weisz action 4.7 where g0 is the bare coupling and V̇
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stands for the derivative of Vt w.r.t the flow parameter t. The second equation
fixes the flow at flow time t = 0 to the gauge links on a given lattice.

The Wilson flow has a counterpart defined in terms of the Lie-algebra valued
fields of continuum QCD. It is given by the flow Bµ ∶ R ×R4 → su(3) defined by
the differential equation [16]

Ḃµ(t, x) =Dν(t, x)Gνµ(t, x),

where Ḃµ(t) = d
dtBµ(t) and

DµX = ∂µX + [Bµ,X], Gµν = ∂µBν − ∂νBµ + [Bµ,Bν].

As in eq. (4.21), the flow is subject to the constraint Bµ(0, x) = Aµ(x) where Aµ
is the gluon field. This definition gives rise to the observable

E = 1

4
GµνGµν . (4.22)

Its next-to-leading-order continuum expectation value in the MS renormalization
scheme at the normalization scale µ is given by [16]

⟨E⟩ = 3g2

16π2t2
(1 + c̄1g2 +O(g4))

c̄1 =
1

16π2
(11L + 52

3
− 9 log 3 −Nf(

2

3
L + 4

9
− 4

3
log 2))

L = log(8µ2t) + γE

making use of the Euler-Mascheroni constant γE . In terms of the running coupling

αS(µ) = g2(µ)
4π at the scale µ = 1√

8t
, this then becomes [16]

⟨E⟩ = 3

4πt2
αS(µ)(1 + k1αS(µ) +O(α2

S))

k1 =
1

4π
(11γE +

52

3
− 9 log 3 −Nf(

2

3
γE +

4

9
− 4

3
log 2))

≈1.0978 + 0.0075Nf .

(4.23)

Thus, up to this order, t2 ⟨E⟩ is a function of the renormalized gauge coupling at
the MS scale 1√

8t
and from eq. (4.23) the renormalized gauge coupling coupling

can be matched via [58–61]

g2GF (t;L,T, g20) =
16π2

3

1

(1 + δ(t,L, T )) t
2 ⟨E(t, g20)⟩

at tree-level, where g20 is the bare coupling going into the simulation and δ intro-
duces a correction for the gauge zero modes on periodic boundary ensembles [58,
59]. δ is a function of the spatial and temporal extent (L and T ) and the flow
time t.

On the lattice, E can for example be computed via [16]

E = 2∑
x∈Λ
∑
µ<ν

Re tr[1 − Vt,µν(x)] (4.24)
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where Vt,µν is the plaquette (3.10) built from Vt instead of the gauge links U = V0.
Note, however, that this lattice version of E is not unique and a more symmetric
version is suggested in [16] that reduces discretization effects.
While the continuum description of the gradient flow is limited to a region of
small values of t where the perturbative method is accurate, lattice results of
this quantity are valid past that region [16]. In fact, lattice computations show
that t2 ⟨E⟩ grows linearly at some point which is not predicted by the continuum
description [16, 62].
A useful intermediate scale for the purposes of scale setting can be defined as
the flow time t0 at which t20 ⟨E(t0)⟩ = c with the common choice of c = 0.3 which
satisfies the condition a≪

√
8t0 ≪ aL [63] where L is the number of lattice points

in the spatial directions. Figure 4.1 shows an example of t2 ⟨E⟩ with the value of
t0 for c = 0.3.

0 1 2 3 4 5 6 7
t/a2

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

t2
〈E
〉

t0/a
2 = 5.2024(35)

Figure 4.1: Example of the determination of t0 on the ensemble E250.
The two values between which t2 ⟨E⟩ crosses the value 0.3 are linearly
interpolated to determine the flow time t0 at which t2 ⟨E⟩ = 0.3.

4.4.3. Chiral Extrapolation and Scale Setting

For the quark mass-dependence, one usually makes use of chiral perturbation
theory, which relates the quark masses to the masses of the pseudo-scalar octet
mesons via the Gell-Mann-Oakes-Renner (GMOR) relation for SU(3) flavor sym-
metry [64]

f2πm
2
π =

1

2
(mu +md) ⟨0∣(ūu + d̄d)∣0⟩

f2Km
2
K =

1

2
(mu +ms) ⟨0∣(ūu + s̄s)∣0⟩

f2ηm
2
η =

1

6
(mu +md) ⟨0∣(ūu + d̄d)∣0⟩ +

4

3
ms ⟨0∣s̄s∣0⟩

(4.25)
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which is often reduced to [46]

m2
π = 2B0ml, m2

K = B0(ms +ml) (4.26)

to relate the light-quark mass ml and the strange quark mass ms to the pseu-
doscalar meson.
All observables are scaled with powers of the flow scale 8t0 described in sec-
tion 4.4.2 such that the scaled quantity is dimensionless. The quark mass depen-
dence is captured in the quantities

ϕ2 = 8t0m2
π and ϕ4 = 8t0(m2

K +
1

2
m2
π). (4.27)

The ensembles are chosen such that the sum over the quark masses trM is
constant which suggests that ϕ4 is a constant along these ensembles assuming
eqs. (4.25) and (4.26). In practice, however, slight corrections have to be made
because a constant sum of the hopping parameters used in the simulations does
not mean a constant sum of renormalized quark masses which to O(a) are given
by [40]

trMR = Zmrm((1 + ad̄m trM) trM + adm trM2).

This deviation is accounted for by a correction of the quark masses in terms of
Taylor expansions of observables w.r.t. the quark masses akin to the treatment of
isospin-breaking effects discussed in section 5.2. This shift is performed in a way
as to reach a universal value of ϕ4 = ϕ̃4 for all ensembles. For the ϕ2 dependence
of F =

√
t0fπK , two different model are tested. The first is a Taylor expansion

F cont
T (ϕ2) = c0 + c1(ϕ2 − ϕsym2 )2

around ϕ2 at the symmetric point defined by mu = md = ms. The second ansatz
comes from eq. (4.20) derived from chiral perturbation theory relating F at dif-
ferent points to F at the symmetric point via

F cont
χ (ϕ2)

F cont
χ (ϕsym2 ) = 1 −

7

6
(Lπ −Lsym

π ) − 4

3
(LK −Lsym

K ) − 1

2
(Lη −Lsym

η )

making use of the fact that at this order t0 is a constant along the constant ϕ4
trajectory. The dependence on the lattice spacing in both cases is modeled via

√
t0fπK(ϕ2, ϕ̃4) = F cont

T /χ (ϕ2) + cT /χ
a2

tsym0

.

For any choice of ϕ̃2, ϕ̃4 a value of t0 in physical units can be determined by
taking the ratio of the experimental value of fπK and

√
t0fπK(ϕ2, ϕ̃4). This

allows for the definition of a physical point at which the choice of ϕ̃2 = ϕphys2 and

ϕ̃4 = ϕphys4 produces the experimental results for the pion and kaon masses as well

as fπK defining the physical value tphys0 of t0. Analogously, a value of tsym0 at
the symmetric point is defined by taking the quotient of the experimental value
of fπK and the measured value of

√
t0fπK(ϕsym2 , ϕphys4 ). This symmetric value

is used to set the lattice spacing a at a given β = 2
g2

from the ratio of tsym0 in

physical units and the measured value of t0
a2

on the lattice [40].
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In a later analysis, only the chiral fit was performed, but in a combined fit in ϕ2
and ϕ4 via [41]

Fχ(ϕ2, ϕ4) =F cont
χ (ϕ2, ϕ4)(1 +C

a2

t0
)

F cont
χ (ϕ2, ϕ4) =

A

8π
√
2
[1 − 7

6
L( ϕ2

A2
) − 4

3
L(

ϕ4 − 1
2ϕ2

A2
) − 1

2
L(

4
3ϕ4 − ϕ2
A2

)

+Bϕ4] ,

L(x) =x log(x)

In this analysis, the scale is set by extrapolating tphys0 to the symmetric point
using the ϕ2 dependence of t0 at next-to-leading order in chiral perturbation
theory [41]

Rt0(ϕ2) =
√
t0√
tsym0

=
√

1 +G(ϕ2 − ϕsym2 ).

In this scheme the lattice spacing for a given β is then given by [41]

a =

√
tphys0

Rt0(ϕ
phys
2 )

√
tsym0

a2

.

4.4.4. Precision of the Lattice Scale

The main motivation for the project behind this thesis lies in the determination
of the anomalous magnetic moment of the muon, aµ = gµ−2

2 . This quantity is very
precisely known experimentally (at ∼ 190ppb [65] since 2023 and ∼ 124ppb [2]
since 2025) and from standard model computations. However, while the domi-
nant contributions to the theoretical prediction come from pure QED calculations,
hadronic contributions are introduced [3] whose magnitude cannot fully be com-
puted in a perturbative manner like the QED contributions. In fact, the error
of the theoretical value of aµ is at this point dominated by this non-perturbative

part, ahvpµ [3]. Among other contributions, the total uncertainty of ahvpµ from
lattice simulations is proportional to the relative uncertainty of the lattice scale
[4, 8]

∆ahvpµ =
RRRRRRRRRRR
Mµ

∂ahvpµ

∂Mµ
+Mπ

∂ahvpµ

∂Mπ
+MK

∂ahvpµ

∂MK
+⋯
RRRRRRRRRRR

∆Λ

Λ
(4.28)

where Λ is the quantity used to set the scale. It is thus imperative to reduce the
error on the lattice scale as much as possible in order to reduce the overall error
on ahvpµ , preferably to the level of a few permil in order to achieve a sub-percent

error on ahvpµ [4].
However, the CLS ensembles are generated with intrinsic isospin-symmetry,
meaning that up and down quark have identical properties. This introduces a
systematic error for any calculation performed from these ensembles of the order
of 1% [6, 7]. To achieve sub-percent precision on ahvpµ one thus has to correct for
these effects to remove this systematic uncertainty. On one hand, this correction
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Chapter 4. Lattice QCD Actions and CLS Ensembles

has to be computed for the direct calculation of the hadronic vacuum polarization
itself. On the other hand, the lattice scale too needs to be corrected as otherwise
the same 1% systematic uncertainty of the lattice scale would translate to that
of ahvpµ as per eq. (4.28).
While it is in principle possible to calculate isospin-breaking corrections to the
pion and kaon decay constants, it is rather involved [66, 67]. The problem in this
case is that contrary to the isospin-symmetric case, the hadronic and leptonic part
of the decay process do no factorize in the case where a quark and the charged
lepton exchange a photon as illustrated in fig. 4.2. Thus, the lattice calculation
cannot be done separately from the perturbative part of the calculation involving
non-lattice fields.

π+

µ+

νµ

u

d

π+

µ+

νµ

u

d

Figure 4.2: Problematic isospin-breaking corrections to the pion decay
constant with the W + boson integrated out. A photon exchange between
a lattice field (u or d) and a non-lattice field (µ+) cannot be accounted for
in a straight-forward way using the methods described in section 5.2.

An alternative, investigated in this thesis, is to replace these quantities in the
scale setting procedure by baryonic masses for which it is much more straight-
forward to calculate isospin-breaking effects on isospin-symmetric ensembles as
discussed in section 5.2. However, as these baryon masses suffer from a worse
signal-to-noise ratio than the light mesonic decay constants, this is a trade-off that
has to be investigated and a suitable candidate for scale setting with sufficient
precision has to be found.
Especially the I(JP ) = 0(3/2)+ Ω baryon is a popular candidate for setting the
scale [44, 68, 69] as its isospin-breaking corrections are assumed to be very small
(which we verify on individual ensembles in table 10.2) and therefore negligible
to a higher precision. Furthermore, the computation of this baryon is especially
cheap as it only involves strange-quarks which reduces the number of propagators
to compute while remaining only the cheaper to compute propagators.
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Chapter 5
QED and Isospin-Breaking Effects

on the Lattice

Many lattice simulations, such as the ones used for this thesis, make use of an
isospin-symmetric action, i.e. up and down quarks are mass-degenerate and of
all known forces of the standard model, only the strong SU(3)-force is taken into
account. As the weak nuclear force is – as its name suggests – very weak com-
pared to the electromagnetic and strong nuclear force, it can safely be neglected
at the current level of precision of hadronic observables in LQCD simulations.
Electromagnetic corrections, however, are only suppressed by a factor of the fine
structure constant αem ≈ 0.7%. So-called strong isospin-breaking corrections
stemming from the mass-difference of up and down quarks are known to also be
of the order of 1% of typical energy scales in QCD processes [6, 7]. Thus, one
usually finds estimates of 1% (depending on the observable) for the combined
corrections from strong isospin-breaking and QED effects in the literature [70–
72].

5.1. QED on the Lattice

Consider the continuum QED action

S[A,ψ, ψ̄] = ∫ d4x(1
4
FµνF

µν + 1

2ξ
(∂µAµ)2 + ψ̄(γµ∂µ + ieγµAµ +m)ψ) (5.1)

in a periodic box of lengths Lµ, µ ∈ {0,1,2,3} with a fermionic field ψ and a pho-

ton field A and field strength tensor Fµν = (∂µAν − ∂νAµ). The term 1
2ξ (∂µA

µ)2
introduces a gauge fixing condition with ξ = 0 corresponding to Landau gauge and
ξ = 1 corresponding to Feynman gauge [17]. Without the gauge fixing term, the
above action is invariant under the abelian version of the gauge transformation1

(see eq. (2.8))

ψ(x) ↦ eieα(x)ψ(x),
ψ̄(x) ↦ ψ̄(x)e−ieα(x)

Aµ(x) ↦ Aµ(x) − ∂µα(x).
1Note that the gauge fixing term breaks gauge invariance that the expectation value of gauge

invariant observables is independent of the choice of ξ [17].

43



5.1. QED on the Lattice

Moreover, due to the periodicity constraint that sets Aµ(x) = Aµ(x + nνLν) for
n ∈ Z4, there are additional large gauge transformations [73]

Aµ(x) ↦ Aµ(x) −
2π

e
(nL)µ

,

ψ(x) ↦ e2πi(L
−1n)µxµψ(x),

ψ̄(x) ↦ e−2πi(L
−1n)µxµψ(x).

(5.2)

Since these large transformations are not continuously connected to the identity,
they are not eliminated by any local gauge fixing procedure [73]. This poses
a problem for electrically charged state in such a setup as the propagator of ψ
transforms non-trivially under these gauge transformations

⟨ψ(x)ψ̄(y)⟩ ↦ e2πi(L
−1n)µ(xµ−yµ) ⟨ψ(x)ψ̄(y)⟩

and is only invariant for x = y. Thus, since eq. (5.2) is a symmetry of the model,
the propagator can only be non-zero on the spacetime-diagonal; in other words, an
electrically charged fermion cannot propagate in this model. More generally, any
observable that does not transform trivially under large gauge transformations
has to vanish.
While the above discussion is valid in the continuum, we will continue with a
lattice discussion of solutions to the stated problem. However, although it would
be possible to treat the photon field with gauge links as we do with QCD, we
instead treat QED perturbatively using Lie-algebra valued photons.

5.1.1. Prescriptions

In order to circumvent the above problem of large gauge transformations, several
different prescriptions have been proposed and used, for example QEDm [74],
which uses massive photons or QEDC [75, 76], which imposes boundary conditions
of the form ψ(x + Lµ̂) = C−1ψ̄T (x) [73]. In the following, we discuss two such
prescriptions, which relate to the computations performed for this thesis.

QEDTL

The QEDTL prescription [77] avoids large gauge transformations by explicitly set-
ting the zero-momentum-modes of the photon to zero, i.e. the momentum-space
photon field Ãµ(p) is restricted to Ãµ(0) = 0. To make sense of this restriction,
note that the large gauge transformations in eq. (5.2) take the form

Ãµ(p) →Ãµ(p) −
2π

e
(nL)µ

√
∣Λ∣δ(4)p0 ,

ψ̃(pµ) →ψ̃(pµ + 2π(
n

L)µ
),

˜̄ψ(pµ) → ˜̄ψ(pµ − 2π(
n

L)µ
).

(5.3)

The large gauge transformations only contribute to the zero-momentum-mode
of the photon field and thus have to vanish when requiring Ãµ(0) = 0. How-
ever, this prescription does not define a local QFT [73]. Moreover, the effec-
tive mass of a charged particle (see section 7.4 for an explanation) diverges in
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the limit of infinite time extent [73, 78]. For example, the correlation function
C(t) = 1

2 tr[
1+γ0
2
] 1
Λ ∑x∈Λ ⟨ψ(t,x)ψ̄(0)⟩TL

2 on a box with lengths L = (T,L,L,L)
has leading terms of [73]

meff(t) = −
d

dt
lnC(t) ≈m + e2T

16mL3
+O(e2T 0) +O(e4)

for large enough t, where m is the mass of the charged particle. This divergence
in the T →∞ limit implies that if a Hamiltonian exists for QEDTL it cannot have
a regular expansion [73].

QEDL

QEDL [79] differs from QEDTL in that only the spatial zero-modes of the photon
are set to zero, i.e. ∑x∈Λ3

Aµ(x) ≡ 0. This defines a local QFT in time (but not
in space) that thus does have a Hamiltonian and thus also a transfer matrix and
avoids the divergence in the T → ∞ limit discussed in the QEDTL paragraph.
While this prescription solves the problems discussed above, a calculation with
similar constraints to a scalar field in ϕ4 theory indicates that operators with
mass-dimension higher than 4 might not be renormalizable [73] making it
impossible to apply Symanzik improvement to QEDL. However, this calculation
cannot be trivially adapted to the QEDL case and it is thus unclear if this
is a problem or if it might only appear in higher orders of perturbation theory [73].

In this thesis, we use the QEDL prescription to compute QED corrections to
hadronic masses using a perturbative approach described in the following section.

5.2. Isospin-Breaking Effects

The method to introduce isospin-breaking effects in this project was introduced
by the RM123 collaboration [10, 11], in which electromagnetic and strong isospin-
breaking corrections are treated perturbatively. More precisely, the action S of
full QCD+QED which is a functional of the lattice gauge links U , the photon
field A and the different quark fields ψ,

S[U,A,ψ, ψ̄] = Sg[U] + Sγ[A] + Sq[U,A,ψ, ψ̄], (5.4)

is expanded around its isospin-symmetric counterpart

S(0)[U,ψ, ψ̄] = S(0)g [U] + S(0)q [U,ψ, ψ̄]. (5.5)

Here, Sg is the QCD gauge action, e.g. eq. (4.7), Sγ is the QED gauge action
and Sq is the quark action as in eq. (4.8) with non-degenerate quarks, while
the actions with superscript (0) have isospin-symmetric parameters and miss the
photon field.
In order to derive the perturbative expansion expressing observables in S in
terms of observables in S(0), we first need to establish a relation between the

2The expectation value of an operator O in the QEDTL prescription is defined via [73]

⟨O[A,ψ, ψ̄]⟩
TL
=

1

ZTL
∫ DADψDψ̄ δ

(4)
(∑
x∈Λ

A(x))O[A,ψ, ψ̄]e−S[A,ψ,ψ̄].
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two theories. To this end, consider the expectation value of an observable O in
QCD+QED:

⟨O⟩S =
1

Z
∫ DUDADψDψ̄O[U,A,ψ, ψ̄]e−S[U,A,ψ,ψ̄] (5.6)

= 1
Z
∫ DU(

1

Zqγ[U] ∫
DADψDψ̄O[U,A,ψ, ψ̄]e−Sγ[A]−Sq[U,A,ψ,ψ̄])

⋅Zqγ[U]e−Sg[U].

The expression in brackets can be interpreted as an expectation value

⟨O⟩Sqγ [U] =
1

Zqγ[U] ∫
DADψDψ̄O[U,A,ψ, ψ̄]e−Sqγ[U]

Zqγ[U] =∫ DADψDψ̄ e−Sqγ[U]

w.r.t. a QED action Sqγ[U,A,ψ, ψ̄] = Sγ[A] + Sq[U,A,ψ, ψ̄] on a background
SU(3) gauge field U . As in eqs. (4.4) and (4.5), we can then define an effective
QCD+QED action Seff[U] ∶= Sg[U]−logZqγ[U]3 to rewrite the expectation value
(5.6) in QCD+QED as

⟨O⟩S =
1

Z
∫ DU ⟨O⟩Sqγ [U]e

−Seff[U] = ⟨⟨O⟩Sqγ⟩Seff

. (5.7)

Note, that the inner expectation value ⟨O⟩Sqγ is perturbatively computed in
QED using the free photon propagator and Feynman rules to order αem (see
section 5.3).
Using the expression (5.7) and an isospin-symmetric version of the effective action

S
(0)
eff defined via S

(0)
eff [U] ∶= S

(0)
g [U]− logZ(0)q [U], one can express the expectation

value in full QCD+QED in terms of isospin-symmetric QCD via reweighting [11,
13, 80] as

⟨O⟩S =

1

Z
(0)
eff
∫ DU ⟨O⟩Sqγ [U]

exp(−Seff[U])
exp(−S(0)

eff
[U])

e−S
(0)
eff
[U]

1

Z
(0)
eff
∫ DU exp(−Seff[U])

exp(−S(0)
eff
[U])

e−S
(0)
eff
[U]

=
⟨R ⟨O⟩Sqγ⟩S(0)

eff

⟨R⟩
S
(0)
eff

,

R[U] = exp(S(0)eff [U] − Seff[U]) =
Zqγ[U]e−Sg[U]

Z
(0)
q [U]e−S

(0)
g [U]

.

(5.8)

See section 6.2 for an explanation of the concept. The ratio of exponentials
e−Sg[U]

e−S
(0)
g [U]

reflects the change in the strong gauge coupling from β(0) to β, while the

ratio of the partition functions Zqγ and Z
(0)
g accounts for the inclusion of QED

and the change of the quark masses.

3This definition is equivalent to the expression in eq. (5.6) as Zqγ and Sg yield a scalar
value when applied to a field configuration U and thus, the two summands commute and the
exponential function of their sum is the same as a product of the exponential function of each
summand. For the same reason, the gluon-action can be separated from the rest of the action
in eq. (5.6).
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Equation (5.8) provides a connection between expectation values between the two
actions which we can now perturbatively expand around the isospin-symmetric
action. To do so, we determine the sets of parameters ε and ε(0) characterizing
both actions so we can treat their difference as expansion parameters:

ε ε(0) Meaning

β β(0) The inverse (quadratic) strong gauge coupling
e2 0 The electromagnetic gauge coupling
mu mud The up-/light-quark mass
md mud The down-/light-quark mass

ms m
(0)
s The strange-quark mass

The expansion is then performed in terms of

∆ε =(∆β, e2,∆mu,∆md,∆ms)
=(β − β(0), e2,mu −mud,md −mud,ms −m(0)s ).

Note that the value of e2 = 4παem can be taken as the continuum-value as long
as the expansion is only performed up to leading order in αem since the running
of the electromagnetic coupling comes from its self-energy corrections which first
enter at next-to-leading order.
Expanding eq. (5.8) in terms of ∆ε, we find

⟨O⟩S = ⟨O⟩S(0) +∑
i

∂ ⟨O⟩S
∂∆εi

∣
∆ε=0

∆εi +O(∆ε2)

= ⟨O⟩S(0) +∑
i

∂ ⟨O⟩S
∂εi

∣
ε=ε(0)

∆εi +O(∆ε2)
(5.9)

where

∂ ⟨O⟩S
∂εi

∣
ε=ε(0)

= ∂
∂εi

⟨R ⟨O⟩Sqγ⟩S(0)
eff

⟨R⟩
S
(0)
eff

∣
ε=ε(0)

=⟨
∂ ⟨O⟩Sqγ
∂εi

∣
ε=ε(0)

⟩
S
(0)
eff

− ⟨⟨O⟩q
∂Seff
∂εi
∣
ε=ε(0)

⟩
S
(0)
eff

+ ⟨O⟩S(0) ⟨
∂Seff
∂εi
∣
ε=ε(0)

⟩
S
(0)
eff

(5.10)

which uses the relations R ∣ε=ε(0) = 1 and ∂R
∂εi
= −∂Seff

∂εi
R.

With the exception of β all derivatives of the effective action can be written as

∂Seff
∂εi

= − 1

Zqγ

∂Zqγ

∂εi
= ⟨∂Sqγ

∂εi
⟩
Sqγ

as only the gluon action depends on β. For the derivative w.r.t β, one finds

∂Seff
∂β
= ∂Sg
∂β

.

For electromagnetic corrections, it is important to note that, while these cor-
rections are functions of e2, electromagnetic effects appear at O(e) in the form
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of bremsstrahlung. While these O(e) effects do not contribute to the mass of a
bound state directly, they play a role when one quark emits a photon which is
absorbed by another quark, which is an O(e2) process that has to be accounted
for. In the case of these corrections, we thus have to replace first derivatives
∂

∂(e2) ∣ε=ε(0) by second derivatives 1
2
∂2

∂e2
∣ε=ε(0) w.r.t. e [11]. This, however, gets

quite lengthy, so for more details refer to section B.2.

5.2.1. IB Corrections To Hadronic Two-Point-Functions

In the scope of this thesis, the main focus lies in the isospin-breaking effects in
hadronic two-point-functions, more precisely, baryonic and pseudo-scalar mesonic
two-point-functions. The details of these are explained in chapter 7. The impor-
tant property of these correlation functions at this point is, that they can be
written (and are computed as) linear combinations of products of quark propa-
gator components4

Cxy = ⟨OH(x)OH(y)⟩S = ⟨∑
α

λα

nq

∏
i=1
Sαifi (x, y)⟩

Seff

(5.11)

where α is to be understood as a multi-index specifying spin and color structure
and λα ∈ C. Sfi is a propagator of the i-th valence quark of the hadron described
by OH which has flavor fi. This expression allows for a systematic expansion of
correlation functions in terms of corrections to single propagators as per eq. (5.10):

∂Cxy

∂εi
∣
ε=ε(0)

= ∑
α

λα

⎛
⎜⎜⎜⎜
⎝
⟨
nq

∑
k=1

∂Sαkfk (x, y)
∂εi

∣
ε=ε(0)

nq

∏
j=1
j≠k

Sαjfj (x, y)⟩

S
(0)
eff

− ⟨∂Seff
∂εi
∣
ε=ε(0)

nq

∏
j=1
Sαifj (x, y)⟩

S
(0)
eff

+⟨
nq

∏
i=j
Sαjfj (x, y)⟩

S
(0)
eff

⟨∂Seff
∂εi
∣
ε=ε(0)

⟩
S
(0)
eff

⎞
⎟
⎠
.

(5.12)

To express the derivatives of the propagators, we express them in terms of the
Dirac-operator Df = Sf−1 for which the derivative is known. Using matrix calcu-
lus, the relevant derivatives can be written as5

∂Sf(x, y)
∂εi

= − ∑
z,z′∈Λ

Sf(x, z)
∂Df(z, z′)

∂εi
Sf(z′, y). (5.13)

4In our calculations, we use smeared sources (see sections 7.2.2 and 7.2.3) such that the
operators OH are not located exactly at positions x and y but are smeared out in a certain
(spatial) volume around these positions. In that case, the Sfi are not specific components of
the quark propagators.

5This identity can be easily seen by applying the product rule ∂
∂x
(AB) = ∂A

∂x
B + A ∂B

∂x
to

A−1A:

0 =
∂1

∂x
=
∂A−1A

∂x
=
∂A−1

∂x
A +A−1

∂A

∂x
⇒

∂A−1

∂x
= −A−1

∂A

∂x
A−1
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This describes a so-called sequential propagator with an operator insertion. For
Wilson-fermions (see sections 3.3 and 4.1, eqs. (3.17), (4.2) and (4.8)), the deriva-
tive with respect to the mass of flavor f is given by

∂Sf(x, y)
∂mf

= − ∑
z,z′∈Λ

Sf(x, z)δzz′Sf(z′, y) = − ∑
z∈Λ
Sf(x, z)Sf(z, y). (5.14)

Diagrammatically, this is expressed as a propagator with a vertex indicating the
operator insertion given by the derivative of Df :

∂Sf
∂mf

= f
(5.15)

For electromagnetic corrections, we need to expand to second order in e so that
instead we find

1

2

∂2Sf
∂e2

∣
ε=ε(0)

=Sf
∂Df

∂e
Sf
∂Df

∂e
Sf −

1

2
Sf
∂2Df

∂e2
Sf

= + .

(5.16)

Furthermore, the second derivative of Cxy yields additional terms of the form

⟨∑
α

λα

nq

∑
k,l=1
k≠l

∂Sαkfk
∂e
∣
e=0

∂Sαlfl
∂e
∣
e=0

nq

∏
j=1
j≠k,l

Sαjfj ⟩

S
(0)
eff

= ⟨∑
α

λα ∑
k,l=1
k≠l

(Sfk
∂Dfk

∂e
∣
ε=ε(0)

Sfk)
αk

(Sfl
∂Dfl

∂e
∣
ε=ε(0)

Sfl)
αl nq

∏
j=1
j≠k,l

Sαjfj ⟩

S
(0)
eff

corresponding to the exchange of a photon between different valence quarks.
For baryon two-point functions (see section 7.3), these contributions to the ex-
pansion can diagrammatically be expressed as follows:

⟨B B⟩
S

= ⟨B(0)
B(0) (5.17)

+∆mf1B
(0)

B(0)

f1

+∆mf2B
(0)

B(0)f2 +∆mf3B
(0)

B(0)
f3

+ e2 [q2f1(B
(0)

B(0)+ B
(0)

B(0)) + q2f2(B
(0)

B(0)+ B
(0)

B(0))

+ q2f3(B
(0)

B(0)+ B
(0)

B(0))

+ qf1qf2B
(0)

B(0)+ qf1qf3B
(0)

B(0)+ qf2qf3B(0)
B(0)]⟩

S(0)

Here, qfie is the electric charge of the i-th quark counted from top to bottom of
the diagram; ∆mfi is its difference in mass between QCDiso and QCD+QED. The
Bs in these diagrams is meant to encode the colour-, spin-, and flavor-structure
of the baryons as well as a smearing kernel B(x,x′) (see section 7.2.2) such that
the source operator in eq. (5.11) can be written as

OH(x) =B(x)q1q2q3
= ∑
a,b,c∈{r,g,b}
fi∈{u,d,s}
µj∈{0,...,3}

x′∈ΛS

εabcB
µ1µ2µ3
f1f2f3

(x,x′)qf1,aµ1 (x
′)qf2,bµ2 (x

′)qf3,cµ3 (x
′)
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where x = (t,xT )T and x′ = (t,x′T )T .
Note, that the terms discussed so far only come from the first term in eq. (5.10)
(or its counterpart eq. (B.3) for electromagnetic corrections). The other terms in
this expansion, with derivatives of the effective action, are corrections in the sea-
quark sector shown in eq. (5.18). An expansion similar to eqs. (5.17) and (5.18)
has to be performed for any observable for which isospin-breaking corrections are
to be computed. We thus also perform an expansion analogous to eq. (5.17) for
mesonic two-point correlation functions.
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∑
f∈{u,d,s}

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∆mf

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−⟨ B
(0)

B(0)

f

⟩
S(0)
+ ⟨B(0)

B(0)⟩
S(0)
⟨

f
⟩
S(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

e2qf

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−⟨qf1 B(0)
B(0) + qf2 B(0)

B(0) + qf3 B(0)
B(0)⟩

S(0)

+
⎛
⎜⎜⎜
⎝
⟨qf1 B(0)

B(0)⟩
S(0)
+ ⟨qf2 B(0)

B(0)⟩
S(0)
+ ⟨qf3 B(0)

B(0)⟩
S(0)

⎞
⎟⎟⎟
⎠
⋅ ⟨ ⟩

S(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+e2qf2
⎡⎢⎢⎢⎢⎢⎢⎢⎣

−⟨ B
(0)

B(0) + B
(0)

B(0) ⟩
S(0)
+ ⟨B(0)

B(0)⟩
S(0)

⎛
⎝
⟨ ⟩

S(0)

+ ⟨ ⟩
S(0)

⎞
⎠

+ ∑
f̃∈{u,d,s}

qfqf̃

⎛
⎜⎜⎜⎜⎜
⎝

−⟨ B
(0)

B(0) ⟩
S(0)
+ ⟨B(0)

B(0)⟩
S(0)
⟨ ⟩

S(0)

⎞
⎟⎟⎟⎟⎟
⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+∆β

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−⟨ B
(0)

B(0)

GµνG
µν

⟩
S(0)
+ ⟨B(0)

B(0)⟩
S(0)
⟨ GµνG

µν ⟩
S(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(5.18)
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5.3. Implementation of QEDL

This section is based on the thesis of Andreas Risch [81] whose implementation
was used for the computation of QED corrections to hadronic observables detailed
in part II.
To describe photons in QEDL, a photon action can be defined using a difference
operator ∆ via [13, 80, 81]

Sγ[A] =
1

2
∑
x∈Λ

Aµ(x)∆µ
νA

ν(x)

=1
2
∑
x∈Λ
([∂+,µAν(x)][∂µ+Aν(x)] − [∂+,µAν(x)][∂ν+Aµ(x)]) + Sγgf[A]

where ∂+ is the forward derivative (see section 3.3.2) and Sγgf is a gauge fixing
term depending on the gauge fixing condition. For our computation, we use
QEDL in Coulomb gauge which ensures the existence of a transfer matrix [78].
The Coulomb gauge is defined via the condition ∑3

i=1 ∂
i
−Ai = 0 where ∂− is the

backward lattice derivative. To achieve this condition, a generalized Coulomb
gauge is introduced via the gauge fixing term [13, 81]

Sξγgf[A] =
1

2ξ
∑
x∈Λ
(

3

∑
i=1
(∂i−Ai(x)))

2

= 1

2ξ
∑
x∈Λ

3

∑
i,j=1
(∂+,iAj(x))(∂j+Ai(x)).

whose limit ξ → 0 enforces the Coulomb gauge condition in the path integral
in the form of a Dirac distribution. The difference operator for the generalized
Coulomb gauge can then be written as [81]

∆µ
ν =

⎛
⎜⎜⎜⎜⎜
⎝

∑3
i=1
←Ð
∂ i+
Ð→
∂ +,i −←Ð∂ 1

+
Ð→
∂ +,0 −←Ð∂ 2

+
Ð→
∂ +,0 −←Ð∂ 3

+
Ð→
∂ +,0

−←Ð∂ 0
+
Ð→
∂ +,1 ∑3

ρ=0
←Ð
∂ ρ+
Ð→
∂ +,ρ 0 0

−←Ð∂ 0
+
Ð→
∂ +,2 0 ∑3

ρ=0
←Ð
∂ ρ+
Ð→
∂ +,ρ 0

−←Ð∂ 0
+
Ð→
∂ +,3 0 0 ∑3

ρ=0
←Ð
∂ ρ+
Ð→
∂ +,ρ

⎞
⎟⎟⎟⎟⎟
⎠

µ

ν

+ (1
ξ
− 1)

⎛
⎜⎜⎜⎜⎜
⎝

0 0 0 0

0
←Ð
∂ 1
+
Ð→
∂ +,1

←Ð
∂ 2
+
Ð→
∂ +,1

←Ð
∂ 3
+
Ð→
∂ +,1

0
←Ð
∂ 1
+
Ð→
∂ +,2

←Ð
∂ 2
+
Ð→
∂ +,2

←Ð
∂ 3
+
Ð→
∂ +,2

0
←Ð
∂ 1
+
Ð→
∂ +,3

←Ð
∂ 2
+
Ð→
∂ +,3

←Ð
∂ 3
+
Ð→
∂ +,3

⎞
⎟⎟⎟⎟⎟
⎠

µ

ν

.

where
←Ð
∂ acts on the field to the left of ∆ and

Ð→
∂ = ∂ acts on the field to the right.

Another gauge condition we utilize to test our implementation for hadronic two-
point functions (see section 8.1.4) is Feynman gauge which is defined via the
gauge fixing term [81]

SFeynman
γgf [A] = ∑

x∈Λ
(

3

∑
i=1
(∂i−Ai(x)))

2

= ∑
x∈Λ

3

∑
µ,ν=0

(∂+,µAν(x))(∂ν+Aµ(x)).

This gauge is conceptionally simpler as the difference operator takes on the di-
agonal form

∆µ
ν =
⎛
⎝

3

∑
ρ=0

←Ð
∂ ρ+
Ð→
∂ +,ρ
⎞
⎠
δµν .
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The photon propagator, which is given by the inverse of the difference operator,
can be computed in momentum space and then translated back to its space-time
representation via the discrete Fourier transform. At this stage a distinction
has to be made between ensembles with periodic and open temporal boundary
conditions:

Periodic BC Using the Fourier transform of the first-order difference operators
∂±

pµ+ = −
i

a
(exp(iapµ) − 1) and pµ− = −

i

a
(1 − exp(−iapµ))

the difference operators take the form

∆̃(p)µν =
⎛
⎜⎜⎜⎜
⎝

∑3
i=1 p

i
−p+,i −p1−p+,0 −p2−p+,0 −p3−p+,0

−p0−p+,1 ∑3
ρ=0 p

ρ
−p+,ρ 0 0

−p0−p+,2 0 ∑3
ρ=0 p

ρ
−p+,ρ 0

−p0−p+,3 0 0 ∑3
ρ=0 p

ρ
−p+,ρ

⎞
⎟⎟⎟⎟
⎠

µ

ν

+ (1
ξ
− 1)
⎛
⎜⎜⎜
⎝

0 0 0 0
0 p1−p+,1 p2−p+,1 p3−p+,1
0 p1−p+,2 p2−p+,2 p3−p+,2
0 p1−p+,3 p2−p+,3 p3−p+,3

⎞
⎟⎟⎟
⎠

µ

ν

.

in generalized Coulomb gauge and

∆̃(p)µν =
3

∑
ρ=0

pρpρδ
µ
ν

in Feynman gauge [81]. These can be inverted in a straight-forward manner
leading to the momentum-space propagators

Σ̃(p)µν =
1

(∑3
ρ=0 p

ρ
−p+,ρ)(∑3

i=1 p
i
−p+,i)

⋅
⎛
⎜
⎝

∑3
σ=0 p

σ
−
p+,σ 0 0 0

0 p2
−
p+,2+p3−p+,3 −p2

−
p+,1 −p3

−
p+,1

0 −p1
−
p+,2 p1

−
p+,1+p3−p+,3 −p3

−
p+,2

0 −p1
−
p+,3 −p2

−
p+,3 p1

−
p+,1+p2−p+,2

⎞
⎟
⎠

µ

ν

in Coulomb gauge [81] (i.e. in the limit ξ → 0) and

Σ̃(p)µν =
δµν

∑3
ρ=0 p

ρ
−p+,ρ

in Feynman gauge [81].

Open BC CLS ensembles always have periodic boundary conditions in the spa-
tial directions and we thus only treat the temporal direction distinctly for
open boundary ensembles. In momentum space, the Fourier transform of
the first-order difference operators

pk+ = −
i

a
(exp(iapk) − 1) and pk− = −

i

a
(1 − exp(−iapk))
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is therefore used for the spatial components as for periodic boundary con-
ditions. For the temporal component, however, modified discrete sine- and
cosine-transforms are used instead, defining

p0+,SC =
2i

a
sin(ap

0

2
) and p0−,CS = −

2i

a
sin(ap

0

2
).

The difference operators and propagators then take on the form [81]

∆̂(p)µν =(p0−,CSp0+,SC +
3

∑
i=1
pi−p+,i)δµν ,

Σ̂(p)µν =
δµν

p0−,CSp
0
+,SC +∑

3
i=1 p

i
−p+,i

in Feynman gauge where ⋅̂ indicates that the quantity in question is a mix
of sine-cosine-transform and Fourier transform of its spacetime analog. For
(generalized) Coulomb gauge, the quantities take the form [13, 81]

∆̂(p)µν =
⎛
⎜⎜
⎝

∑3
i=1 p

i
−
p+,i −p1−p0+,SC −p2−p0+,SC −p3−p0+,SC

−p0
+,SCp+,1 D(p) 0 0

−p0
+,SCp+,2 0 D(p) 0

−p0
+,SCp+,3 0 0 D(p)

⎞
⎟⎟
⎠

µ

ν

+ (1
ξ
− 1)
⎛
⎜⎜⎜
⎝

0 0 0 0
0 p1−p+,1 p2−p+,1 p3−p+,1
0 p1−p+,2 p2−p+,2 p3−p+,2
0 p1−p+,3 p2−p+,3 p3−p+,3

⎞
⎟⎟⎟
⎠

µ

ν

,

Σ̂(p)µν =
1

D(p)(∑3
i≠1 p

i
−p+,i)

⋅
⎛
⎜
⎝

∑3
σ=0 p

σ
−
p+,σ 0 0 0

0 p2
−
p+,2+p3−p+,3 −p2

−
p+,1 −p3

−
p+,1

0 −p1
−
p+,2 p1

−
p+,1+p3−p+,3 −p3

−
p+,2

0 −p1
−
p+,3 −p2

−
p+,3 p1

−
p+,1+p2−p+,2

⎞
⎟
⎠

µ

ν

where D(p) = p0−,CSp0+,SC +∑3
i=1 p

i
−p+,i and for Σ̂ the limit ξ → 0 is already

taken.

For a more in-depth discussion and derivation of these results, we refer to [81].
As we use the QEDL prescription, only momenta pµ = (p0,p) with non-vanishing
spatial momenta, the support of Σ̃ and Σ̂ is

supp(Σ̃) = supp(Σ̂) = {p ∈ Λ̃∣pi ≠ 0, i ∈ {1,2,3}}.

The divergence of the propagators at p = 0 is thus not present in this prescription.

While the difference operator defines the photon propagators (at leading order),
the QED vertices in eq. (5.16) come from the modified Dirac operator Df [U,A]
for a quark of flavor f , which takes the form of eq. (4.9) with the modification of
the gauge links, which are replaced by

Wµ(x) =Uµ(x) exp(iaeQAµ(x))

≈Uµ(x)(1 + iaeQAµ(x) −
1

2
a2Q2e2Aµ(x)2 +O(e3))
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where Q = diag(qu, qd, qs) is a charge matrix acting in flavor space. Note, that
we use the Sheikholeslami-Wohlert term of isospin-symmetric QCD which means
that our QCD+QED computation is not O(a) improved.
Plugging the expanded QCD+QED gauge links back into the Wilson-Dirac action
(eqs. (4.3) and (4.8)), one can read off the following vertices [80, 81]:

Vq̄qγ[U](x, y, z)µ =
δ

δAµ(z)
∂Df [U,A]

∂e
∣
ε=ε(0),Aµ=0

= iqf
2
((γρ − 1Spin)Uσ(x)δx,y−aµ̂δxzgρµgσµ
+(1Spin + γρ)U †

σ(x − aµ̂)δx,y+aµ̂δx−aµ̂,zgρµgσµ)

=x y

z

,

Vq̄qγγ[U](x, y, z1, z2)µν =
δ2

δAµ(z1)Aν(z2)2
∂2Df [U,A]

∂e2
∣
ε=ε(0),Aµ=Aν=0

=
aq2f

2
((1Spin − γρ)Uσ(x)δx,y−aµ̂δxz1δxz2δµνgρµgσµ

+(1Spin+γρ)U †
σ(x − aµ̂)δx,y+aµ̂δx−aµ̂,z1δx−aµ̂,z2δµνgρµgσµ)

=x y

z1 z2

.

(5.19)

We explain how we use the vertices and propagators discussed in this section for
the computation of the diagrams in eqs. (5.17) and (5.18) in section 8.1.3.
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Chapter 6
Statistical Methods

Although in LQCD it is theoretically possible to perform exact calculations of
observables in the path integral formalism, it is computationally infeasible due to
the large problem size. However, an observable O can be estimated stochastically
from a probability distribution

P [ϕ] = e−S[ϕ]

∫ Dϕe−S[ϕ]
= 1

Z
e−S[ϕ], ⟨O⟩ = ∫ DϕO[ϕ]P [ϕ] = ∫

DϕO[ϕ]e−S[ϕ]

∫ Dϕe−S[ϕ]
(6.1)

dictated by the action S in Euclidean spacetime.

In this chapter, we discuss the statistical methods we use for the computation
of such expectation values and their uncertainties and techniques to improve the
computational efficiency of these computations. Section 6.1 starts with a discus-
sion of techniques used to sample from eq. (6.1) and to stochastically estimate
expectation values. Section 6.2 continues with the reweighting technique already
mentioned in chapters 4 and 5 transforming expectation values in one model to
functions of those in another model with a similar action. In section 6.3 we de-
scribe resampling methods that we use for statistical error estimation followed
by a discussion of the effects of autocorrelation in Markov chains in section 6.4.
Section 6.5 describes the technique of all mode averaging used to reduce the com-
putational cost of computing observables in LQCD as well as an improvement
we use for a cheap estimate of QED corrections to hadronic two-point-functions.
Finally, section 6.6 states the assumptions entering our maximum likelihood fits
entering the analysis of our data in chapters 8 to 10.

6.1. Monte Carlo Methods

Consider a field (or set of fields) ϕ whose dynamics are described by the ac-
tion S[ϕ]. In a QFT setting in Euclidean spacetime, the state of the field(s)
ϕ is governed by the probability density eq. (6.1). To avoid computing the in-
volved integrals exactly, which has to be done once for the partition function
Z = ∫ Dϕe−S[ϕ] and again for each observable O of interest, LQCD calculations
make use of a technique called importance sampling. This technique involves
sampling random field configurations ϕi, i ∈ {1, ...,N} from the distribution P [ϕ]
in eq. (6.1) from which the expectation value of an observable O can be estimated
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via

⟨O⟩ ≈ Ō = 1

N

N

∑
i=1
O[ϕi].

However, as this is a stochastic estimate, it comes with an uncertainty, which is
usually defined as the standard deviation of the distribution Ō is drawn from.
Depending on the method of sampling, the samples ϕi are usually not statisti-
cally independent such that the classical central limit theorem is not necessarily
applicable. For samples drawn via the Metropolis-Hastings algorithm (see sec-
tion 6.1.1) a variation of which are used for the generation of the CLS ensembles
(see sections 4.3.3, 4.3.4 and 6.1.2) for example, the different samples are corre-
lated in which case there might not be any convergence to a Gaussian distribution
for Ō in the N →∞ limit, but there are properties of a target distribution P that
ensure this convergence [82]. In the case of convergence, the uncertainty of Ō
can be determined via from the variance σ2O = ⟨(O − ⟨O⟩)

2⟩. For independently
sampled ϕi, this variance can be estimated via

σ2O ≈
1

N − 1
N

∑
i=1
(O[ϕi] − Ō)

2
.

The factor 1
N−1 is used as the above sum is a biased estimator in the sense that

⟨ 1N ∑
N
i=1 (O[ϕi] − Ō)

2⟩ = N−1
N σ2O. The correction of this bias is known as Bessel’s

correction. We discuss the effects of correlated samples on the uncertainty in
section 6.4.
The samples ϕi can be constructed via a Markov process, i.e. a process generating
a chain (known as a Markov chain) of random values where each value ϕk is
determined from a transition probability T (ϕk∣ϕk−1) that only depends on the
previous value ϕk−1 in the chain. In order to sample from a given distribution this
way, the Markov chain has to converge to a stationary distribution π(x) which has
to be equal to the target distribution. In this context, stationary means that the
distribution is unchanged by transitions drawn from the transition probability T .
To have a stationary distribution, a Markov process must be ergodic, i.e. every
possible configuration ϕ̂ must be reachable in a finite number of iterations of the
Markov process and the process must be aperiodic, meaning that there is no state
ϕp which is periodically visited at fixed intervals in the chain. Furthermore, T
and π have to satisfy a balance condition [29]

⨋ dϕT (ϕ′∣ϕ)P (ϕ) = ⨋ dϕT (ϕ∣ϕ′)P (ϕ′).

The CLS ensembles are generated using a hybrid Monte Carlo algorithm (HMC,
see section 6.1.2) which is a special case of a Metropolis-Hastings algorithm (see
section 6.1.1). These algorithms ensure the balance condition by constructing a
transition probability T with an even stronger detailed balance condition

T (ϕ′∣ϕ)P (ϕ) = T (ϕ∣ϕ′)P (ϕ′). (6.2)

The fact that a probability density defined via the exponential of an action S
as in eq. (6.1) is strictly positive allows for a simple construction of a strictly
positive transition probability T (ϕ∣ϕ′) for all pairs of configurations ϕ and ϕ′.
This property is known as strong ergodicity [29] and implies ergodicity.
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6.1.1. The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm for a system with probability distribution P
constructs a Markov chain whose stationary distribution is P without requiring
any knowledge of the normalization of the distribution. For samples drawn from
eq. (6.1), it is therefore not necessary to compute the partition function Z for
this algorithm. This is achieved via the following construction of a transition
probability [29, 82]

T (ϕ′∣ϕ) =
⎧⎪⎪⎨⎪⎪⎩

T0(ϕ′∣ϕ)min (1, T0(ϕ∣ϕ
′) exp(−S[ϕ′])

T0(ϕ′∣ϕ) exp(−S[ϕ]) ) if T0(ϕ′∣ϕ) ≠ 0
0 if T0(ϕ′∣ϕ) = 0

(6.3)

where T0 is a prior transition probability that can be almost arbitrarily chosen
as eq. (6.3) ensures detailed balance. The only restriction is that the ergodicity
of the Markov chain has to be guaranteed. Since the exponentials are always
positive, this can be achieved by choosing T0 to be nonzero for all combinations
of ϕ and ϕ′ as such a choice implies a strongly ergodic transition probability.

The Metropolis-Hastings algorithm updates a field by drawing a new candidate
from T0 and accepting or rejecting it with a probability given by the minimum-
expression in eq. (6.3). If a candidate is rejected, the last value in the chain is
repeated. The full algorithm is listed in algorithm 1.

Algorithm 1: The Metropolis-Hastings Algorithm [29]

Data: Field space F
Data: Prior transition probability T0 ∶ F × F → R≥0
Data: Action S ∶ F → R
Data: Number of iterations N

1 ϕ0 ← random configuration in F ;
2 for n← 1 to N do
3 ϕ′ ← random configuration drawn from T0(ϕ′∣ϕn−1);
4 r ← random number drawn from uniform distribution on [0,1);
5 if r <min (1, T0(ϕn−1∣ϕ′) exp(−S[ϕ′])

T0(ϕ′∣ϕn−1) exp(−S[ϕn−1])) then ; // Accept ϕ′

6

7 ϕn ← ϕ′

8 else ; // Reject ϕ′

9

10 ϕn ← ϕn−1

This algorithm is useful for local actions for which a single component of the
field(s) ϕ can be updated at a time. This is because the exponentials in eq. (6.3)
can be combined such that the acceptance probability can be written in terms of
the change in action when going from ϕ to ϕ′:

TA(ϕ′∣ϕ) =min(1, T0(ϕn−1∣ϕ′) exp(−S[ϕ′])
T0(ϕ′∣ϕn−1) exp(−S[ϕn−1])

)

=min(1, T0(ϕn−1∣ϕ
′)

T0(ϕ′∣ϕn−1)
exp(S[ϕn−1] − S[ϕ′])).
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Take for example the Wilson gauge action (3.9) for which the change in action
∆Sg[U,U ′] = Sg[U] − Sg[U ′] when changing U only at spacetime point x and
Lorentz-index µ can be computed from just Uµ at x and the points neighboring x
(with different Lorentz-indices). In this case, the acceptance probability is cheap
to compute and T0 can be tuned to keep the acceptance probability reasonably
high. If, however, fermions are included in the simulations, a very non-local
fermion determinant has to be computed (refer to sections 4.3.3 and 4.3.4) such
that updating a field at a single point is not a viable solution. When updating all
fields at all positions at once, however, the acceptance probabilities are extremely
small for large lattices such that the Metropolis-Hastings algorithm alone is too
computationally expensive. For these cases, the HMC algorithm can be used to
improve the acceptance probabilities, which we discuss in the following.

6.1.2. The Hybrid Monte Carlo Algorithm

The HMC algorithm works by introducing an additional “conjugate momentum”
field Π for ϕ which changes the action to S[ϕ] ↦ S1[ϕ,Π] = S[ϕ] + 1

2Π
2, where

Π is to be understood as a vector of all components of the field similar to the
notation used in section 3.3.1 and eq. (3.14), i.e. Π2 ∶= ∑x∈ΛΠ(x)2. After drawing
a random sample for the field Π from the distribution PG[Π] = 1

ZΠ
e−

1
2
Π2

, the fields
ϕ and Π are numerically evolved following the classical equations of motion

ϕ̇ = − ∂S1
∂Π
= Π,

Π̇ = − ∂S1
∂ϕ
= −∂S

∂ϕ
,

(6.4)

interpreting the action S1 as a Hamiltonian of a classical microcanonical ensemble
[29]. This procedure replaces the step of drawing an update candidate from
T0 in the Metropolis-Hastings algorithm and adds a deterministic step to the
random sampling of a field Π which improves the acceptance probability for a
global update. The whole procedure can then be interpreted as drawing from
a transition probability Tmd(Π′, ϕ′∣Π, ϕ) to update the field ϕ as is done in the
Metropolis-Hastings algorithm. In order to satisfy the detailed balance condition
(6.2), the numeric algorithm to evolve ϕ and Π according to eq. (6.4) has to
be chosen such that it is area preserving, i.e. Dϕ′DΠ′ = DϕDΠ, and reversible,
i.e. Tmd(Π′, ϕ′∣Π, ϕ) = Tmd(−Π, ϕ∣ −Π′, ϕ′) [29]. Since the Gaussian distribution
PG[Π] from which Π is drawn is symmetric in the sense that PG[−Π] = PG[Π],
Tmd is symmetric in the primed and unprimed fields and thus cancels in the
acceptance probability of the metropolis update step. The exact algorithm for
the update step is listed in algorithm 2.

In the context of LQCD with two mass-degenerate fermion fields ψ1/2 ∈ RNC ⋅NS ⋅∣Λ∣
and gauge fields U ∈ Λ×SU(3), the fermionic part of the action can be integrated
stochastically using pseudofermions (see section 4.2.1) φ drawn from a Gaussian

distribution Pf [φ] ∝ exp(−φ†(D†D)−1φ) where D is the Dirac operator. The

gauge links are then drawn using the HMC algorithm with a leap frog algorithm
for the integration of eq. (6.4) which fulfills the required properties of area preser-
vation and reversibility discussed above. The gauge links are not sampled directly
but rather the Lie algebra elements u ∈ su(3) that are related to gauge links via
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Algorithm 2: Update step of the general hybrid Monte-Carlo algorithm
[29]

Data: Field space F
Data: Action S ∶ F → R
Input: Prior field configuration ϕ
Output: The next field configuration ϕ′

1 Π← random sample drawn from PG[Π] ∝ exp(−Π2

2 );
2 Evolve ϕ,Π to ϕ′,Π′ using eq. (6.4);
3 r ← random number drawn from uniform distribution on [0,1);
4 if r <min (1, exp(−S[ϕ

′])
exp(−S[ϕ]) ) then

5 return ϕ′

6 else
7 return ϕ

exponentiation,

Uµ(x) = exp(iuµ(x)) = exp(i
8

∑
a=1

uaµ(x)ta).

Accordingly, the conjugate momenta Πµ are also defined in su(3),

Πµ(x) =
8

∑
a=1

Πaµ(x)ta.

The probability density of Π is then given by [29]

PG[Π] ∝ exp(−1
2
Π2) = exp

⎛
⎝
−1
2
∑
x,µ,a

(Πaµ(x))
2⎞
⎠
= exp

⎛
⎝
−∑
x,µ

tr(Πµ(x)2)
⎞
⎠
.

Using a “driving force” [29]

F [U,φ] =
8

∑
a=1

ta∇a(Sg[U] + φ†(DD†)−1φ) where (6.5)

∇af(U) ∶= ∂f(U)
∂ua

= ∂

∂u
f(eiutaU)∣

u=0
,

the HMC algorithm for LQCD can be implemented as in algorithm 3.
As these sampling algorithms start from a random configuration, the generated
Markov chain has to be advanced a number of steps to let it converge to the
stationary distribution. These first few steps are known as thermalization.
As the HMC algorithm is formulated for two degenerate fermions the algorithm
has to be tweaked in order to simulate a single fermion flavor. The method used
for the strange quark in the CLS ensembles (see section 4.3.4) is the RHMC
algorithm [55] that introduces an operator T to approximate the inverse Dirac
operator as D−1 = TT † with T in the form of rational polynomials. Since this
is only an approximation, the field configurations sampled by this technique do
not exactly follow the distribution described by the action and thus any results
obtained via importance sampling from these samples has to be corrected. The
method to correct for these inaccuracies is known as reweighting which we discuss
in the following section.
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6.1. Monte Carlo Methods

Algorithm 3: Update step of the HMC algorithm for LQCD with two
mass-degenerate fermions [29]

Data: The gluon gauge action Sg[U]
Data: The Dirac operator D[U]
Input: The prior gauge configuration U0

Input: The number Nφ of pseudofermion samples to use
Input: The step size for the leapfrog algorithm ε
Input: The number of steps for the leapfrog algorithm Nl

Output: The next field configuration Un
// Draw pseudofermion fields

1 for i← 1 to Nφ do

2 Ri ← random sample drawn from Pf,0[R] ∝ exp(−R†R);
3 φi ←DRi;

// Draw conjugate field

4 Π0 ← random sample drawn from PG[Π] ∝ exp(−1
2Π

2);
// Initial step of the leapfrog algorithm

5 Π 1
2
← Π0 − ε

2F [U,φ] ∣U=U0
;

// Intermediate leapfrog steps

6 for k ← 1 to Nl do

7 Uk ← exp(iεΠk− 1
2
);

8 Πk+ 1
2
← Πk− 1

2
− εF [U,φ] ∣U=Uk ;

// Final leapfrog step

9 UNl ← exp(iεΠn− 1
2
)Un−1;

10 Πn ← Πn− 1
2
− ε

2F [U,φ] ∣U=Un ;
// Metropolis-Hastings accept-reject step

11 r ← random number drawn from uniform distribution on [0,1);
12 ∆Sf ← ∑Nφi=1 φ

†
i((D[U0]D[U0]†)

−1 − (D[Un]D[Un]†)
−1)φi;

13 T ← exp(Π2
0 −Πn + Sg[U0] − Sg[Un] +∆Sf);

14 if r < T then
15 return Un;

16 else
17 return U0;
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6.2. Reweighting

Reweighting is a technique that is widely used in Lattice simulations with the
goal of improving algorithmic stability (see for example sections 4.3.2 and 4.3.3),
for improved sampling efficiency (see for example section 4.3.4), or to simulate
physics at slightly different physical parameters which is sometimes employed in
finite-temperature QCD with non-zero chemical potential [83–85]. The computa-
tion of isospin-breaking corrections as discussed in section 5.2 can be interpreted
in this way as well.

This technique allows to compute expectation values ⟨⋅⟩S in a theory defined by
the action S from Monte Carlo samples generated for a theory with action S0,
which is distinct but similar to S. This can be done by rewriting the expectation
values (6.1) in the following way:

⟨O⟩S =
∫ DϕO[ϕ]e−S[ϕ]

∫ Dϕe−S[ϕ]
= ∫ DϕO[ϕ]e

S0[ϕ]−S[ϕ]e−S0[ϕ]

∫ DϕeS0[ϕ]−S[ϕ]e−S0[ϕ]

=(∫ DϕO[ϕ]e
S0[ϕ]−S[ϕ]e−S0[ϕ]

∫ Dϕe−S0[ϕ]
)(∫ Dϕe

S0[ϕ]−S[ϕ]e−S0[ϕ]

∫ Dϕe−S0[ϕ]
)
−1

=
⟨OeS0−S⟩

S0

⟨eS0−S⟩S0

=∶
⟨RO⟩S0

⟨R⟩S0

.

(6.6)

The factor R[ϕ] = eS0[ϕ]−S[ϕ] is called a reweighting factor.

While in the limit of infinite statistics, this method gives the correct result, for a
finite set of samples it is crucial that the bulk of the distributions defined by S
and S0 overlap enough so that the sampled data contains enough configurations
typical of S [19].

6.3. Resampling

In lattice calculations there are typically two distinct types of observables; pri-
mary observables that can be computed directly from the path integral as in
eq. (6.1), and secondary observables that instead are functions of primary ob-
servables. The results of this thesis, for example are derived from two-point
correlation functions (discussed in detail in chapter 7). The correlation functions
themselves are primary observables1, but all derived quantities are secondary
ones.

Secondary observables can be analyzed using resampling methods which qualita-
tively determine uncertainties and other statistics of expectation values of observ-
ables and functions of these expectation values. Consider an experiment yielding
N data points for observables (O1, ...,On) ∈ F where F is a n-dimensional sam-
ple R-vector space. Suppose, one is interested in functions f(⟨O1⟩ , ..., ⟨On⟩) of
their expectation values. It is straightforward to define an estimator for such a
function by simply plugging the averages over the N samples into f . However,
due to the finite sample size, the result is shifted due to statistical fluctuations
in the sample and thus has an uncertainty attached. Two systematic methods to

1Note, that for CLS ensembles even correlation functions are secondary observables since the
data obtained from them require reweighting and thus (as per eq. (6.6)) an otherwise primary
observable O is in fact a function of the primary observables RO and R.
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6.3. Resampling

estimate these uncertainties are described in sections 6.3.1 and 6.3.2. For brevity,
we will denote the index set {1, ...,N} as IN .

6.3.1. Jackknife

To compute an estimator F̂ for the derived quantity F = f(⟨O1⟩ , ..., ⟨On⟩) and
its uncertainty σF from N samples Ok1 , ...,Okn where k ∈ {1, ...,N}, the jackknife
procedure uses N resamplings

Ji ∶= {(Ok1 , ...,Okn)T ∣k ∈ IiN} (6.7)

of the original data, where IiN = IN/{i}. For each of these resamplings, we define
sample means

J̃i ∶= (Õi1, ..., Õin)
T =
⎛
⎜
⎝

1

N − 1 ∑
k∈IiN

Ok1 , ...,
1

N − 1 ∑
k∈IiN

Okn
⎞
⎟
⎠

T

. (6.8)

These sample means serve as proxies for samples drawn from the distribution of
averages of N measurements of O. We then define the estimator F̂ as the result
of applying f to the sample mean:

F̂ ∶=f(Ō1, ..., Ōn) where

Ōi ∶=
1

N
∑
i∈IN
Oi.

(6.9)

The uncertainty of F̂ is estimated via the jackknife distribution

σ2Fk =
N

N − 1 ∑i∈IN
(fk(J̃i) − F̃k)

2
where

F̃ = 1
N
∑
i∈IN

f(J̃i)
(6.10)

Analogously, if f maps to a multi-dimensional vector f ∶ F → Rm, we define the
covariance matrix of the observable vector F ∈ Rm via

CovF =
N

N − 1 ∑i∈IN
(f(J̃i) − F̃)(f(J̃i) − F̃)

T ∈ Rm×m. (6.11)

6.3.2. Bootstrap

The bootstrap procedure is similar to the jackknife one. The main difference lies
in the way the samples are constructed. Contrary to jackknife samples, there
can be any number of bootstrap samples, which are randomly chosen. In the
following, we denote the number of bootstrap resamplings by NB. Each of these
resamplings are constructed by randomly sampling N times from the original
data with replacement, i.e. in analogy to eq. (6.7) the bootstrap resamplings are
given by

Bi ∶= {(Ok1 , ...,Okn)
T ∣k ∈ IB,iN } (6.12)
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where IB,iN is a collection of N samples drawn from IN with replacement. The

indices IB,iN are sampled once and are then reused for all computations performed
on a certain set of measurements. The sample means for the bootstrap are then
given by

B̃i ∶= (Õi1, ..., Õin)
T =
⎛
⎜
⎝
1

N
∑

k∈IB,iN

Ok1 , ...,
1

N
∑

k∈IB,iN

Okn
⎞
⎟
⎠

T

. (6.13)

The estimator F̂ is defined as in eq. (6.9) with N replaced by NB. The estimates
of the squared uncertainty and covariances are then

σ2Fk =
1

N − 1 ∑
i∈IB,kN

(fk(B̃i) − F̃k)
2
, (6.14)

CovF =
1

N − 1 ∑
i∈IB,kN

(f(B̃i) − F̃ )(f(B̃i) − F̃)
T
where (6.15)

F̃ = 1
N
∑

i∈IB,kN

f(B̃k).

6.4. Autocorrelation

Configurations of lattice ensembles are constructed as Markov chains and thus,
observables computed on close configurations of such a chain are generally cor-
related. When computing the expectation value of such an observable ⟨x⟩ ≈ x̄ =
1
N ∑

N
i=1 xi, the correlations of the different xi influence the uncertainty of x̄ and

thus have to be accounted for. The covariances of different measurements depend
only on the difference between the configurations in the Markov chain and can
thus be described in terms of a autocovariance function [86]

Cx(t) = ⟨xixi+t⟩i − ⟨x⟩
2 (6.16)

or an autocorrelation function

ρx(t) =
Cx(t)
Cx(0)

. (6.17)

Note that Cx and thus also ρx are symmetric in t, i.e. C(−t) = C(t), so that [29,
86]

σ2x =
1

N2

N

∑
r,s=1

Cx(r − s) =
1

N

N−1
∑

t=−(N−1)
(1 − ∣t∣

N
)Cx(t). (6.18)

In order to relate this to the naive variance σ̃2x = Cx(0), it is common to introduce
the integrated autocorrelation time [29, 86, 87]

τint,x =
1

2

∞
∑
t=−∞

ρx(t) =
1

2
+
∞
∑
t=1
ρx(t) (6.19)

with which the variance of x can be approximated by

σ2x ≈
2τint,x

N
σ̃2x. (6.20)
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In principle, one could simply compute the error of an observable using eq. (6.18).
However, this formula is only applicable for primary observables and secondary
observables have to be treated differently. Furthermore, Cx(t) has itself an un-
certainty that grows with ∣t∣ making the application of this formula unreliable in
practice. To deal with these problems, there are two methods used in some part of
the project described in chapters 8 and 9 to get a reliable estimate of the full vari-
ance (6.18). The first is by combining multiple measurements in order to reduce
the autocorrelation time of the resulting values described in section 6.4.1, the
other being the Γ-method introduced by Ulli Wolff [87] calculating τint,x directly,
which is briefly explained in section 6.4.2.

6.4.1. The Binning Method

Binning is the main method used in this thesis’ project wherever applicable. This
method groups consecutive configurations into chunks of size B and treats the
average of each chunk for a primary observable as a single measurement of said
observable. That means, for a primary observable x with measurements xi on N
configurations we define the binned measurements

xB,i =
1

B

B(i+1)
∑
j=Bi

xj .

These binned measurements are less correlated than the original xi so that for
large B the naive variance NBσ̃

2
xB
= NBCxB(0) converges to the full variance σ2x

in eq. (6.18) up to a correction of order
τint,x
B [87], where NB is the number of

bins NB = ⌊NB ⌋.
In combination with jackknife or bootstrap resampling, one can use the full set
of original measurements xi to compute the mean of an observable and construct
the jackknife or bootstrap samples from the binned measurements. Note, that
the sampling distribution can be treated as if it were the full distribution for error
analysis as the variance of the mean x̄ = ∑Ni=1 xi is given by

σ2x̄ =
σ2x
N
≈
Bσ̃2xB
N

≈
σ̃2xB
NB

,

i.e. the factor of the binsize is approximately canceled in the normalization
if B is large enough. This makes this method suitable for resampling analyses
which is why we use it in the analysis of the data gathered for this thesis’ project.
Secondary observables are treated just as in the limit of vanishing autocorrelations
discussed in section 6.3 by using the binned resampling distributions.
Binning has a few drawbacks however, which have to be taken into account.
Firstly, one might not be able to use all samples if B does not divide N . One
should thus choose B such that the number of unused samples, B mod N , is
small if possible. Secondly, binning drastically reduces the number of samples left
for error analysis which means that the binsize B cannot be chosen arbitrarily
large. Especially for LQCD simulations where the number of configurations per
ensemble is already only in the order of ∼1000 this can lead to bad estimators if
N
τint

is too small. With the goal of minimizing the error of σx̄ (i.e. the error of
the error) it can be shown that an “optimal” binsize is given by [87]

Bopt ≈ (2Nτint,x2)
1
3 (6.21)
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for which the relative error of σx̄ is given by ∆σx̄
σx̄
= 3

2
3
√

τint,x
2N .

6.4.2. The Gamma Method

A different approach to autocorrelated data is the Γ-method introduced in [87]
on which this section is based.
The Γ-method uses eq. (6.20) to compute the error of primary observables x ∈ Rn
as well as secondary observables F = f(⟨x⟩) ∈ R using error propagation. To this
end, an analog

ΓF (t) =
n

∑
α,β=1

∂f(x)
∂xα

∣
x=x̄

∂f(x)
∂xβ

∣
x=x̄

Cx,αβ(t)

to the autocovariance function Cx in eq. (6.16) is defined. Here, Greek letters
enumerate the components of the observable vector x and

Cx,αβ(t) = ⟨(xi,α − ⟨xα⟩)(xi+t,β − ⟨xβ⟩)⟩i

≈ 1
N

N

∑
i=1
(xi,α − x̄α)(xi+t,β − x̄β)

models the covariances of xα and xβ in addition to the autocovariance. From
this, the integrated autocorrelation time is defined for F as

τint,F =
1

2σ̃2F

∞
∑
t=−∞

ΓF (t) (6.22)

with σ̃2F = ΓF (0) being the naive, uncorrelated variance of F̄ = ∑Ni=1 f(x̄). The
variance of F̄ is then given by

σ2F̄ =
2τint,F

N
σ̃2F .

As mentioned above, this procedure still has the problem that the uncertainty
of ΓF grows with large t, which is accounted for in [87] by defining a truncated
autocorrelation time with a summation cutoff W in eq. (6.22) via

2σ̃2F τint,F(W ) =
W

∑
t=−W

ΓF (t) = ΓF (0) + 2
W

∑
t=1

ΓF (t).

To find a suitable cutoff, the error of the error ∆σF̄ is estimated based on the
assumption that ΓF (t) asymptotically decays exponentially as exp(−t/τ) for some
τ , in which case [87]

∆σF̄
σF̄
≈ 1

2
exp(−W

τ
) + 2

√
W

N
. (6.23)

W is then chosen such that the above relative error of the error is minimized. In
practice, this is done based on the assumption that there exists a factor S such
that

2τint,F(W ) =
∞
∑
t=−∞

exp(− S∣t∣
τ(W )).
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Using a guess for the value of S, this equation is solved for τ(W ) which in turn
is substituted for τ in eq. (6.23) to find the W that minimizes the error of the
error.
While this method is only applicable for N ≫ τ [87], it allows for a more reliable
estimation of the autocorrelation time τint than binning, especially if τint is large.
Nevertheless, it requires a guess of the value of S which may require tuning for
each observable and only treats errors of secondary observables up to first order
in the Taylor expansion of f and up to the second moment of the probability
distribution from which the expectation values ⟨x⟩ are sampled.

6.5. All Mode Averaging

All mode averaging (AMA) [88, 89] is a technique to reduce expensive parts
of a computation by trading off precision and computational cost using control
variates [90]. The general idea is to split an expectation value ⟨e⟩ into expectation
values of an expensive part and a cheap part:

⟨e⟩ = ⟨e − s⟩ + ⟨s⟩ . (6.24)

Here, s is a sloppy estimator that is strongly correlated with the exact estimator
e and this method reduces the error σe if 2Cov(e, s) > σ2s [90]. The benefit in
Lattice simulations comes in terms of saved computational resources: Instead
of computing e very often to reduce the error on the stochastic estimate of ē =
1
N ∑

N
i=1 ei for ⟨e⟩, one can compute only a few measurements for the first term

in eq. (6.24) and reduce the error by instead computing more values for s to
get a more precise result of the second term. In this procedure, s has to be
measured on the same data as e to make use of the correlation between the two
estimators which reduces the error of the first term. Otherwise, the overall error
is dominated by the few measurements of e.
Given a cheap estimator s, the error on the prediction can often be improved
by a rescaling of s: Let b = e − s be the bias of the cheap estimator. Then, the
variance of the bias is given by

σ2b = σ2e + σ2s − 2Cov(e, s).
Introducing a scaled cheap estimator ŝ ∶= rs for some r ∈ R, we find that the error
of the bias for the scaled estimator b̂ ∶= e − ŝ depends on r:

σ2
b̂
= σ2e + r2σ2s − 2rCov(e, s).

Thus, the error of the bias can be minimized by choosing r such that it minimizes
σ2
b̂
, i.e.

r = Cov(e, s)
σ2s

,

in which case the error of the bias is given by

σb̂ =
√
1 − ρ2esσe ≤ σ2b

where ρxy = Cov(x,y)
σxσy

is the Pearson correlation coefficient. This generally reduces

the error of the final estimator ⟨b̂⟩ + ⟨ŝ⟩ for ⟨e⟩, however, this error reduction is

smaller if positive correlations between b̂ and ŝ can be leveraged, as the optimal
value of r completely de-correlates b̂ and ŝ, i.e. Cov(b̂, ŝ) = 0. The correlation
between the bias and exact value for optimal r is given by ρb̂e =

√
1 − ρ2es.
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AMA with multiple control variates

The above procedure can be further improved upon if one has multiple control
variates s1, ..., sN that are correlated (or anticorrelated) to e. In that case, we
can replace the coefficient r above by a set of coefficients θ = (θ1, ..., θN)T ∈ RN
and with s ∶= (s1, ..., sN)T define ŝ = θT s and b̂ = e− ŝ. The variance of b̂ can then
be written as

σ2
b̂
= σ2e + θTCovsθ − 2θT ce,s

where Covs is the covariance matrix (Covs)ij = ⟨(si − ⟨si⟩)(sj − ⟨sj⟩)⟩ of s and

ce,s = (Cov(e, s1), ...,Cov(e, sN))T ∈ RN is a vector whose entries are the covari-
ances of e with the individual control variates. This is minimal for

θ = Cov−1s ce,s (6.25)

in which case the variance of b̂ is reduced to

σ2
b̂
= σ2e − cTe,sCov−1s ce,s.

In this approach, different control variates si and sj must not be affine trans-
formations of each other, i.e. there must not exist real numbers α and β s.t.
si = αsj + β since this leads to a singular covariance matrix.

6.6. Maximum Likelihood Fits

Consider a function f ∶ R × Rl → R modeling the dependence of two known
quantities x and y = f(x, θ) dependent on additional unknown quantities θ ∈ Rl.
To determine the values of the parameters θ from a set of data (xD, yD) ∈ Rn ×
Rn where yD is drawn from a distribution P ∶ Rn → R≥, we make the usual
assumption that the best guess of the parameters given the data is the vector θ̂
that maximizes the likelihood of producing the observed data if ⟨y⟩P = f(x, θ̂).
In the context of this thesis all data entering fits are averages over data drawn
from a distribution defined via the lattice action. We thus assume that by the
central limit theorem the probability distribution P is to a good approximation
a normal distribution

P (y) = detV
n
√
2π

exp(−1
2
(y − µ)TV (y − µ))

where V is the inverse covariance matrix of y which is computed from a jackknife
or bootstrap distribution. Thus, under the assumption that µ = f(x, θ̂), we define
θ̂ as the set of parameters that minimize the correlated χ2,

θ̂ = argmin
θ∈Rl

(y − f(x, θ))TV (y − f(x, θ)).

An overview of fits used for this thesis – as well as closed-form solutions for
the minimization if known – can be found in section B.3. We compute the
uncertainties and covariances of θ̂ from the bootstrap- or jackknife-distribution
of the fit results.
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Chapter 7
Computation of Hadronic 2-Point

Functions

The results of this thesis rely heavily on the extraction of hadron masses from
LQCD gauge ensembles which are described in more detail in section 4.3. Ground-
state masses of hadrons can be computed from hadronic 2-point functions

C(t) = 1

Λ3
∑

xsink∈Λ3

tr ⟨O(tsrc + t,xsink)Ō(tsrc,xsrc)⟩G,tsrc (7.1)

where O(t,x) is an operator annihilating a hadronic state at spacetime coordi-
nates (t,xT )T . The sum over the spatial sink positions projects the respective
operator to zero momentum as per section 3.1.1, eq. (3.5).
Rewriting eq. (7.1) in the energy eigenbasis ∣n⟩ and performing a time evolution,
one finds that it is described by a tower of exponentially decaying functions

C(t) = 1

Λ3
∑

xsink∈Λ3

tr ⟨0∣O(t,xsink)Ō(0,xsrc)∣0⟩

= 1

Λ3
∑

xsink∈Λ3

∑
n

tr[ ⟨0∣O(t,xsink)∣n⟩⟨n∣Ō(0,xsrc)∣0⟩]

= 1

Λ3
∑

xsink∈Λ3

∑
n

tr[ ⟨0∣eHtO(0,xsink)e−Ht∣n⟩ ⟨n∣Ō(0,xsrc)∣0⟩]

=∑
n

⎛
⎝

1

Λ3
∑

xsink∈Λ3

tr[ ⟨0∣O(0,xsink)∣n⟩ ⟨n∣O(0,xsrc)∣0⟩]
⎞
⎠
e−(E

′

n−E′0)t

= ∶ ∑
n

cne
−Ent.

(7.2)

Note that the experimentally accessible energies En are differences of the actual
energy eigenvalues E′n to the vacuum energy E′0. Furthermore, c0 = 0 as it
corresponds to the vacuum expectation value of an annihilation operator. Thus
the constant term in the exponential tower vanishes. In the above expression,
there is an implicit dependence of cn on xsrc. However, due to translational
symmetry of the underlying theory,1 this dependence vanishes when taking the
average over multiple gauge configurations.

1This symmetry is of course not given for open boundary conditions. However, the CLS
ensembles used in this project have exclusively periodic boundary conditions in the spatial
directions, such that this assumption is justified as long as the temporal boundary conditions
are also periodic or the source and sink times are in a region where this translational symmetry
is approximately valid.
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7.1. Operator Basis

Due to the zero-momentum projection, the n = 1 contribution decays with the
ground-state mass m = E1. Since all states with higher energy decay faster than
the ground state (e−Ent ≪ e−E1t for large enough t and n > 1), the correlation
function eq. (7.1) asymptotically behaves like

C(t) t→∞ÐÐ→ c1e
−mt (7.3)

allowing for the extraction of the ground state mass m. This is explained in more
detail in section 7.4.

7.1. Operator Basis

In order to calculate a two-point function as in eq. (7.1), suitable operators O
– also called interpolators – have to be found that describe the desired hadron.
Suitable here means that the operators match all required quantum numbers
and properties of the desired hadron. In the scope of this project, this typically
means quark content, parity, spin, and color structure. Popular choices of such
interpolators for the proton and π+ for example would be

Op(x) = P+ ∑
a,b,c

εabcu
a(x)(ub(x)TCγ5dc(x)),

Oπ+(x) = ∑
a

d̄a(x)γ5ua(x),
(7.4)

where u and d denote Dirac spinors for the up and down-quark, C = γ0γ2 is the
charge-conjugation operator, P+ = 1

2(1 + γ0) projects onto positive parity, and
the sums are over color indices. The Clifford-algebra element Cγ5 has the effect
that the term in parentheses has spin 0 (a so-called diquark) [29] such that,
combined with the first up-quark, the total operator Op describes a spin-12 state.

While we use operators of the form given in eq. (7.4) for mesons, the baryonic
operators used in this project are based on a different construction by the Lattice
Hadron Physics Collaboration [12] using a Clebsch-Gordan based approach. The
following discussion makes use of their notation and conventions.

The construction builds operators from Weyl-spinors in the Dirac-Pauli repre-
sentation in which Dirac-matrices are trivially decomposed into a ρ-spin and a
s-spin component:

γ = cρ⊗ σ.

This decomposition takes the form

1 =ρ0 ⊗ σ0
γ0 =ρ3 ⊗ σ0
γk =ρ2 ⊗ σk
γ5 =ρ1 ⊗ σ0
C = − iρ1 ⊗ σ2
S =ρ0 ⊗ σ3

where ρk and σk denote the k-th Pauli matrix, ρ0 = σ0 = 12×2, and S is the
spin-operator with eigenvalues s = ±1 for spin-up and spin-down.
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Chapter 7. Computation of Hadronic 2-Point Functions

The ρ-spin is linked to the parity transformation P as it can be written as

Pψ(x, t)P−1 = γ0ψ(−x, t) = (ρ3 ⊗ σ0)ψ(−x, t) =∶ ρψ(−x, t) (7.5)

when acting on a Dirac-spinor-field ψ, where ρ = ±1 is the parity eigenvalue.

Since ρ3 = σ3 = (
1 0
0 −1) and ρ0 and σ0 are the identity, a direct mapping from

combinations of s and ρ to the Dirac spinor indices emerges as listed in table 7.1.
In the following, we will adopt the notation from that table in which we denote
a spin-up quark-state with + and a spin-down state with −.

Table 7.1: Identification of Dirac indices α with spin and parity eigenvalues
in the Dirac-Pauli representation. + and − are to be understood as ±1
respectively.

α ρ s

1 + +
2 + −
3 − +
4 − −

For baryonic operators, we now have to consider a product state of three quarks
with color, spinor, and flavor components. For the purpose of the operator con-
struction, we ignore the spatial information assuming all three quarks to be at the
same position as in eq. (7.1). The operators discussed here are classified based
on the symmetries of the three spin, color, and flavor indices. The color indices
of the three quarks have to be antisymmetrized in order to construct a gauge-
invariant state. Thus, in order to fulfill the spin-statistic theorem, the combined
spinor and flavor components have to be either symmetric under the exchange of
two quarks or have no symmetry under this exchange so that the overall state is
totally antisymmetric under exchange of two quarks.

In the isospin-symmetric limit with a heavier strange quark, the SU(3)-octet and
decuplet baryons are classified by their flavor content and flavor symmetry in the
sense that the flavor component of the baryonic state can be symmetric under
exchange of up- and down-quarks but not under exchange of light- and strange-
quarks. In this classification there are 5 baryons with total symmetry under
exchange of two flavors (Ω−, ∆++, ∆+, ∆0, and ∆−) consisting of only strange-
quarks or only light-quarks respectively.2 Next, there are 10 baryons that have
flavor symmetry in two of their three quarks (which we call mixed symmetry).
6 of these consist of two light-quarks and one strange-quark (Σ+, Σ0, Σ−, as
well as their first excited states), the other 4 have one light- and two strange-
quarks (Ξ0, Ξ−, and their first excited states). Furthermore, the states can be
antisymmetric in their flavor content giving rise to 1 mixed antisymmetric baryon
with one strange-quark (Λ), and 2 mixed antisymmetric states consisting only of
light-quarks (p and n). An additional singlet state which does not correspond
to the octet or decuplet can be constructed with totally antisymmetric quark-
flavor content, which we denote as Λ0. For a list of the various states and their
quark-flavor symmetrization see table C.3.

2The symmetry here only refers to the quark-flavors and the mentioned quark content only
refers to the valence quarks.
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7.1. Operator Basis

In order to fulfill the symmetry requirements on the complete baryonic state
discussed above, this restricts the symmetry of the Dirac-indices of quark fields
to be identical to the flavor symmetry. The Dirac-structure of the baryonic
interpolators are constructed from products of three ρ- and three s-spins as shown
in table 7.3. The Weyl-spinor states going into the Dirac-spinor construction are
listed in table 7.2.

Table 7.2: ρ-/s-spin combinations defining totally symmetric (S), mixed-
symmetric (MS), and mixed-antisymmetric (MA) baryonic states [12].

Symmetry Spin State construction

S

3/2 ∣+ + +⟩
1/2 1√

3
(∣+ + −⟩ + ∣+ − +⟩ + ∣− + +⟩)

−1/2 1√
3
(∣+ − −⟩ + ∣− + −⟩ + ∣− − +⟩)

−3/2 ∣− − −⟩

MS
1/2 1√

6
(2 ∣+ + −⟩ − ∣+ − +⟩ − ∣− + +⟩)

-1/2 1√
6
(∣− + −⟩ + ∣+ − −⟩ − 2 ∣− − +⟩)

MA
1/2 1√

2
(∣+ − +⟩ − ∣− + +⟩)

-1/2 1√
2
(∣+ − −⟩ − ∣− + −⟩)

Table 7.3: Decomposition of Dirac spin symmetries in ρ-/s-spin symmetries
for the relevant baryonic spin irreps G1 and H [12].

Dirac symmetry Irrep ρ⊗ s

S
G1 MA⊗MA +MS⊗MS
H S⊗ S

MS
G1

S⊗MS
MA⊗MA −MS⊗MS

H MS⊗ S

MA
G1

S⊗MA
MA⊗MS +MS⊗MA

H MA⊗ S

A G1 MA⊗MS −MS⊗MA

As an example of this construction, consider the proton interpolator with spin-
up (i.e. sz = +1

2) and even parity. In the classification above, the proton’s flavor
content is mixed-antisymmetric, i.e. it is a linear combination of interpolators of
the form

pµ1µ2µ3 =
1√
2
εabc(uaµ1d

b
µ2 − d

a
µ1u

b
µ2)u

c
µ3

with different combinations of Dirac-indices µi and implicit sum over the color
indices a, b, and c. As a spin-12 state, its transforms under the G1 irrep (see sec-
tion 3.4, especially table 3.2 for more details on the correspondence of continuum-
and lattice-irrep of the spin-group). Looking up the decomposition of the mixed-
antisymmetric Dirac-structure for G1 in table 7.3, we find that the first variant is
S ⊗MA, i.e. totally symmetric ρ-spin and mixed-antisymmetric s-spin. A state
with totally symmetric ρ-spin has even parity for ρ3 = 3

2 and ρ3 = −1
2 as these
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Chapter 7. Computation of Hadronic 2-Point Functions

states have an even number of quarks with negative parity-eigenvalue (to see this,
compare the entries in table 7.2 with eq. (7.5)). We thus find, that one option
for such an operator has ρ = ∣+ + +⟩ and s = 1√

2
(∣+ − +⟩ − ∣− + +⟩) and therefore

the Dirac-structure is given by

pD =ρ⊗ s = ∣+ + +⟩ ⊗
1√
2
(∣+ − +⟩ − ∣− + +⟩)

= 1√
2
(∣+ + ++ − +⟩ − ∣

+ + +
− + +⟩).

Each column in these kets can now be mapped to a Dirac-spinor index via ta-

ble 7.1, where we find that
+
+ corresponds to the index 1 and

+
− corresponds to

the index 2. We thus find that the total interpolator for the proton is given by

p = 1√
2
(p121 − p211) =

1

2
εabc(ua1db2 − da1ub2 − ua2db1 + da2ub1)uc1

This operator can further be simplified using the observation that

pµ1µ2µ3 =
1√
2
εabc(uaµ1d

b
µ2 − d

a
µ1u

b
µ2)u

c
µ3 =

1√
2
εabc(−dbµ2u

a
µ1 + u

b
µ2d

a
µ1)u

c
µ3

= 1√
2
εabc(daµ2u

b
µ1 − u

a
µ2d

b
µ1)u

c
µ3 = −pµ2µ1µ3

making use of the Graßmann nature of quark operators and the antisymmetry of
the Levi-Civita-symbol. This results in a simplified operator

p =
√
2p121 = εabc(ua1db2 − da1ub2)uc1.

A full list of all operators used can be found in section C.2 in tables C.4 to C.7.

7.2. Sources

Consider a quark propagator S which is a (V × V ) ⊗ (NS × NS) ⊗ (NC × NC)
component object where V is the lattice volume (i.e. the total number of lattice
points), NS is the number of spinor components and NC is the number of colors.
This notation is to be understood as S acting like a V × V matrix in space-time,
a NS × NS matrix in spinor space, and a NC × NC matrix in color space. A
complete computation of such a propagator is unfeasible with (at the time of
writing of this thesis) available hardware. This is mostly due to the immense
size of these propagators. For example for the largest box of 192 × 963 lattice
sites, this matrix in spacetime, spinor, and color indices would take up 57.7EiB
of storage. Even on the smallest box with 48 × 243 lattice sites, it would still
need ∼ 1PiB. However, as the physical theory behind LQCD simulations is
translationally invariant, the expectation value of a propagator entry ⟨S(y, x)⟩
is simply a function of the distance between the spacetime points x and y, i.e.
⟨S(y, x)⟩ ≡ ⟨S(y − x)⟩.3 One could thus also average all the different entries of
the propagator with the two positions at the same distance. However, this would
still require the computation of V ⋅NS ⋅NC objects with V ⋅NS ⋅NC components
which is still not viable with modern hardware. Instead, one thus approximates
this exact average stochastically with sources of which we discuss a certain type
used in our computations in the following.

3The expectation values ⟨⋅⟩ are meant w.r.t. the path integral measure.
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7.2. Sources

7.2.1. Point Sources

The propagator ⟨S(y − x)⟩ can be stochastically approximated at certain dis-
tances by only computing a column of the propagator S(y, x), i.e. we fix the
position x and the respective spin and color indices α and a at xsrc, αsrc, and
asrc. This can be written as [29]

S(y, xsrc)basrcβαsrc
= ∑
x,α,a

S(y, x)baβαη(x,xsrc)aasrcααsrc
(7.6)

where
η(x,xsrc)aasrcααsrc

= δ(x − xsrc)δααsrcδaasrc .

In this expression, η is what is known as a point source in the context of LQFT.
The restricted propagator on the left-hand-side of eq. (7.6) is also called a one-
to-all propagator since it physically describes a particle at xsrc which then prop-
agates to any other spacetime point y on the lattice. To get a stochastic estimate
of ⟨S(y − x)⟩ one can then compute different S(y, xsrc,i), i ∈ {1, ..., n} for several
source positions and approximate

⟨S(∆x)⟩ ≈ 1

n

n

∑
i=1
S(xsrc,i +∆x,xsrc,i).

7.2.2. Source Smearing

A problem with simple point-like sources as in eq. (7.6) shows when trying to
compute ground state energies using eq. (7.2). One usually finds that the operator
O defined as a point-source has a low overlap with the ground state ∣0⟩ resulting
in a very late ground state domination in the correlation function. This effect is
showcased in fig. 7.1. An approach to fix this is to construct sources that resemble
more physical wave functions [91]

η̃(x, t) = ∑
x′∈ΛS

F (x,x′)η(x′, t) (7.7)

where η is a point-like fermion source which results in modified propagators

S̃(y, x) = ⟨ ∑
x′,y′∈ΛS

η(ty,y′)F (y′,y)F (x,x′)∗η̄(tx,x′)⟩ . (7.8)

This procedure is known as source smearing as it extends the point-source to a
less local object. The procedure used in this work is known asWuppertal smearing
and is defined by iteratively applying a gauge-covariant transformation [92, 93]

η(x, t) ↦γ ∑
x′∈ΛS

(δx,x′ + κGH(x,x′))η(x, t)

H(x,x′) =
3

∑
µ=1
(Uµ(x)δx′,x+µ̂ +U †

µ(x − µ̂)δx′,x−µ̂)
(7.9)

N times with a free parameter κG.
Note, that the smeared sources are still point-like in the time direction. Thus, the
time separation of source and sink is still well-defined in the context of Wuppertal-
smeared point sources which allows for a rigorous treatment of hadronic correla-
tion functions constructed from smeared operators.
For examples of the effects of Wuppertal smearing on the correlation function
and the effective mass, see figs. 7.1 and 7.2.
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Figure 7.1: Zero-momentum-projected correlation function (left) and ef-
fective masses (right, see eq. (7.12)) of the Ω baryon for different number
of iterations of Wuppertal smearing with κG = 1.1 on the periodic A654
CLS ensemble. t/a denotes the temporal difference of source and sink.
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Figure 7.2: Zero-momentum-projected correlation function (left) and ef-
fective masses (right, see eq. (7.18)) of the first order QED correction
Ω baryon for different number of iterations of Wuppertal smearing with
κG = 1.1 on the A654 CLS ensemble. t/a denotes the temporal difference
of source and sink.

7.2.3. Link Smearing

A typical problem in gauge theory simulations are strong short-distance fluc-
tuations in the gauge links [94, 95]. These fluctuations negatively impact the
uncertainties of observables even at long distances. To reduce these unwanted
effects, it is common practice to define operators in terms of smoothed gauge
links. In the project of this thesis, APE smearing [95] is used which replaces
individual gauge links Uµ by a weighted average Vµ of the gauge link itself and
the staples Cµν connecting the ends of the link [29]:

Vµ(x) = (1 − α)Uµ +
α

6
∑
ν≠µ

Cµν(x), where (7.10)

Cµν(x) =Uν(x)Uµ(x + ν̂)Uν(x + µ̂)† +Uν(x − ν̂)†Uµ(x − ν̂)Uν(x − ν̂ + µ̂).

For Uµ(x) ∈ SU(3), the smeared link Vµ(x) is in general not an element of SU(3)
and thus has to be projected back onto the gauge group [95]. This can be achieved
by scaling the gauge link such that it has determinant 1 [96, 97], i.e. Vµ(x) ↦

1
detVµ(x)Vµ(x). A more commonly used practice, however, is to choose the element

X ∈ SU(3) that maximizes Re (tr[XV †
µ (x)]) to replace Uµ(x) [29, 98].
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This method of link smearing is usually iteratively applied, replacing the new,
smeared gauge link Vµ again using the procedure in eq. (7.10). However, the
number of iterations of this algorithm and the parameter α have to be carefully
balanced as not to change underlying physical properties of the theory [99].

While link-smearing methods are effective for the treatment of long-distance ob-
servables in pure gauge theories where quarks are introduced in a quenched man-
ner, they cannot be used as is in combination with fermionic actions that intro-
duce non-localities in the sea-quark sector [100]. However, as described in [100],
one can replace gauge links by smeared links in eq. (7.9) when smearing quark
sources in order to further improve the overlap of the smeared operators with the
ground state.

7.3. Correlation functions

The calculations performed for this thesis use the operators introduced in sec-
tion 7.1 for baryons and operators of the form

OM(x) = ∑
f1,f2∈{u,d,s}

cf1f2M ∑
a

q̄af1(x)γ5q
a
f2(x),

for pseudo-scalar mesons where qafi denotes a valence quark ofM with flavor fi and

color a and cf1f2M are normalization coefficients satisfying ∑f1,f2∈{u,d,s} ∣c
f1f2
M ∣

2
= 1,

e.g. cf1f2K+ = δf1sδf2u, c
f1f2
π0 = 1√

2
(δf1uδf2u − δf1dδf2d).

The correlation functions considered in this thesis are hadronic two-point func-
tions for these operators of the form CM(y, x) = tr ⟨OM(y)ŌM(x)⟩. In order
to calculate these correlation functions, they first have to be expressed in terms
of propagators using Wick’s theorem (see eqs. (2.14) and (2.15)). For example,
consider the 2-point correlation function for the K+ meson

CM(y, x) = tr ⟨s̄(y)γ5u(y)ū(x)γ5s(x)⟩ = tr ⟨γ5s(x)s̄(y)γ5u(y)ū(x)⟩

= tr [γ5Ss(x, y)γ5Su(y, x)] = tr[Ss†(y, x)Su(y, x)]

where in the first row we rearranged the terms using the cyclic symmetry of the
trace. In the last step we made use of γ5-hermiticity (see eq. (3.18)) to rewrite
the antiquark propagator in terms of one propagating in the opposite direction.
This has the advantage, that each quark propagator only needs to be calculated
once per quark source which can then be used for the antiquarks as well. The
above correlation function would diagrammatically be denoted as

K− K+

u

s .
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For mesons with quark and antiquark of the same flavor, there are additional
quark-disconnected contributions:

Cff(y, x) = tr ⟨q̄f(y)γ5qf(y)q̄f(x)γ5qf(x)⟩

= tr ⟨γ5qf(x)q̄f(y)γ5qf(y)q̄f(x)⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=tr[Sf †(y,x)Sf (y,x)]

+ tr ⟨q̄f(y)γ5qf(y)q̄f(x)γ5qf(x)⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶disc.(y,x)

The first term is similar to the K+ correlation function, while the second one
corresponds to two quark loops:4

disc.(y, x) = ∑
α,β,γ,δ
a,b

γ5,αβγ5,γδ ⟨q̄af,α(y)qaf,β(y)q̄bf,γ(x)qbf,δ(x)⟩

= ∑
α,β,γ,δ
a,b

γ5,αβγ5,γδSaaf,βα(y, y)Sbbf,δγ(x,x)

= tr[γ5Sf(y, y)] tr[γ5Sf(x,x)]

where the Greek indices are spinor-indices and a, b are color-indices. For the
neutral pion π0 = 1√

2
(ūγ5u − d̄γ5d), for example, the correlation function is given

by

Cπ0(y, x) = 1

2
⟨tr[Su†(y, x)Su(y, x)] + tr[Sd†(y, x)Sd(y, x)]

+ tr[γ5Su(y, y)] tr[γ5Su(x,x)] + tr[γ5Sd(y, y)] tr[γ5Sd(x,x)]

− tr[γ5Su(y, y)] tr[γ5Sd(x,x)] − tr[γ5Sd(y, y)] tr[γ5Su(x,x)]⟩

or

1

2
∑
f1,f2

⎛
⎜⎜⎜⎜⎜⎜
⎝

cf1f2πf1f2
πf1f2

f1

f 2

+ df1f2πf1
πf2

⎞
⎟⎟⎟⎟⎟⎟
⎠

in diagrammatic form with cf1f2 = δf1f2 , df1f2 = δf1f2 − δf1uδf2d − δf1dδf2u.
For baryonic correlation functions, we use the operators described in section 7.1.
As an example, take (one of the) simplest operators,5 Ω111. These operators use
explicit spinor-indices and thus, we write out the spin-indices (all 1 in this case)
and color indices (roman letters) explicitly:

CΩ−(y, x) = ∑
a,b,c,d,e,f

εabcεdef ⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄

e
1(x)s̄d1(x)⟩ .

4Each of the contractions comes with a minus sign from anticommuting the q and q̄ which
cancel to a positive overall sign.

5For a complete list of all operators see section C.2, tables C.4 to C.7 in the appendix.
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There are six possible contractions of these terms:

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = − ⟨sa1(y)s̄
f
1(x)s

b
1(y)s̄e1(x)sc1(y)s̄d1(x)⟩

= − Safs,11(y, x)S
be
s,11(y, x)Scds,11(y, x)

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = ⟨sa1(y)s̄
f
1(x)s

b
1(y)s̄d1(x)sc1(y)s̄e1(x)⟩

=Safs,11(y, x)S
bd
s,11(y, x)Sces,11(y, x)

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = ⟨sa1(y)s̄e1(x)sb1(y)s̄
f
1(x)s

c
1(y)s̄d1(x)⟩

=Saes,11(y, x)S
bf
s,11(y, x)S

cd
s,11(y, x)

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = − ⟨sa1(y)s̄e1(x)sb1(y)s̄d1(x)sc1(y)s̄
f
1(x)⟩

= − Saes,11(y, x)Sbds,11(y, x)S
cf
s,11(y, x)

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = − ⟨sa1(y)s̄d1(x)sb1(y)s̄
f
1(x)s

c
1(y)s̄e1(x)⟩

= − Sads,11(y, x)S
bf
s,11(y, x)S

ce
s,11(y, x)

⟨sa1(y)sb1(y)sc1(y)s̄
f
1(x)s̄1

e(x)s̄d1(x)⟩ = ⟨sa1(y)s̄d1(x)sb1(y)s̄e1(x)sc1(y)s̄
f
1(x)⟩

=Sads,11(y, x)Sbes,11(y, x)S
cf
s,11(y, x)

Using the symmetries of the Levi-Civita-symbol, the correlation function can be
simplified to

CΩ−(y, x) = 6 ∑
a,b,c,d,e,f

εabcεdefSads,11(y, x)Sbes,11(y, x)S
cf
s,11(y, x)

which diagrammatically would be expressed as

Ω Ω

s

s

s

As this kind of calculation gets tedious quite quickly, a python program was
written at the beginning of the project to compute all these contractions for
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Chapter 7. Computation of Hadronic 2-Point Functions

isospin-symmetric and isospin-breaking contributions, that algebraically simpli-
fies the results and produces C++-code (see section 8.1.5 and listings 8.1 and 8.2)
to compute the contraction for a given correlation function.

7.4. Effective Mass

In order to extract the ground state mass from a correlation function as defined
in eq. (7.1), one makes use of the asymptotic behaviour (eq. (7.3)) to define an
effective mass

meff(t) = −
d

dt
lnC(t) t→∞ÐÐ→m. (7.11)

For large enough t, the contributions of excited states in the exponential tower
eq. (7.2) become subdominant and this function tends to a plateau corresponding
to the ground-state mass of the hadron described by the operator used for the
correlation function. On the lattice, eq. (7.11) has to be calculated using a
discretized version of the derivative. A common choice for this is the forward
derivative eq. (3.1) which results in the discretization

amforward
eff (t) = 1

a
ln( C(t)

C(t + a)).

However, in the scope of this thesis, we choose to define the effective mass at
half-integer multiples of the lattice spacing, i.e.

ameff(t +
1

2
) = 1

a
ln( C(t)

C(t + a)), (7.12)

which corresponds to the symmetric discretization of the derivative (eq. (3.2)) at
half the lattice spacing since this improves the continuum limit.
At finite propagation time t, the effective mass is always influenced by excited
states and thus never truly reaches a plateau. However, as we are dealing with
noisy data in practice, the excited state effects are subdominant to the uncertainty
of the measured effective mass at large enough t. Thus, the large-t behaviour of
the effective mass cannot be distinguished from an actual plateau. The asymp-
totic mass m obtained from a fit to a plateau in the tail of the effective mass
can then reasonably be identified with the ground-state mass of the hadron in
question.
On lattices with periodic boundary conditions the pseudoscalar mesonic correla-
tion function is symmetric under time reversal such that the exponential tower
takes the form

C(t) =∑
n

cn(e−Ent + eEn(t−T )) = ∑
n

cne
T
2 (e−En(t−

T
2
) + eEn(t−

T
2
))

=∑
n

c̃n cosh(En(t −
T

2
))

(7.13)

This allows for a more robust definition of the effective mass making use of this
symmetry via

C(t)
C(t + a) =

cosh(meff(t + a
2
) ⋅ (t − T

2
))

cosh(meff(t + a
2
) ⋅ (t + a − T

2
))

(7.14)
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which has to be solved numerically for meff(t) on each (half) timeslice.

While on ensembles with open boundary conditions the mesonic correlation func-
tion is not exactly symmetric, the symmetry holds approximately as long as t is far
enough away from the boundary. Thus, if the source and sink are close enough to
the center of the lattice, one can take the average C̄(t) = 1

2(C(t) +C(−t)) ≈ C(t)
for small enough ∣t∣ to effectively increase the number of measurements. For
sources close to one of the boundaries, one can instead use only the direction
away from the closest boundary in order to avoid boundary effects at early times
in C(t). For octet and decuplet baryons, a similar trick can be applied by using
the fact that the correlation function of two states O+ and O− differing only in
the parity eigenvalue are related via [29]

CO±(t) = −CO∓(−t)

on open boundary ensembles or ensembles with antiperiodic temporal boundary
conditions for fermionic fields, which is the case for the CLS ensembles. In the
construction described in section 7.1, the negative-parity operatorO− correspond-
ing to a positive-parity operator O+ can be identified by taking the operator with
the same irrep, quark flavor content and s-spin and exchanging ρ with −ρ. These
pairs can easily be read off the tables C.4 to C.7.

Effective Mass for Isospin-breaking Corrections

In the context of the RM123 approach described in section 5.2, we do not have
access to the full correlation functions in QCD+QED with non-degenerate light-
quarks. Thus, in order to define an effective mass that helps with the compu-
tation of the corrections to the ground-state masses of hadrons, an expansion of
the asymptotic correlation function (eq. (7.3)) in terms of isospin-breaking pa-
rameters has to be considered and matched to the expansions in (see section 5.2
for the expansion and section 10.2 for an example of matching conditions used in
this thesis).
Consider the asymptotic correlation function C(t) = ce−mt in QCD+QED. In this
expression, c and m (and thus also C) depend on the values of the quark masses
and the electromagnetic coupling and thus have to be expanded, i.e.

X =X(0) +∑
i

∆εiX
(1)
i +O(∆ε2)

for X ∈ {c,m,C(t)}. Performing this expansion up to first order in all these
quantities, one finds

C(0)(t) +∑
i

∆εiC
(1)
i (t) = c

(0)e−m
(0)t +∑

i

∆εi(c(1)i − c
(0)m(1)i t)e−m(0)t (7.15)

which leads to the identification

C(0)(t) =c(0)e−m(0)t,

C
(1)
i (t) =(c

(1)
i − c

(0)m(1)i t)e−m(0)t,
(7.16)

where C
(1)
i (t) are the corrections to the correlation functions computed with the

RM123 approach on isospin-symmetric QCD gauge ensembles.
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Chapter 7. Computation of Hadronic 2-Point Functions

In order to construct an effective mass that, as for the standard version discussed

above, asymptotically converges to the mass correctionm
(1)
i for each contribution,

we make use of the observation that

C
(1)
i (t) =

⎛
⎝
c
(1)
i

c(0)
−m(1)i t

⎞
⎠
C(0)(t).

Thus, the ratio of first order and zeroth order correlation functions is a linear

function in t with the slope equal to the desired quantity m
(1)
i , leading to the

definition of the first-order effective mass

m
(1)
eff,i(t) = −

d

dt

C
(1)
i (t)

C(0)(t)
. (7.17)

In order to calculate this quantity on the lattice, we again need to discretize this
expression for which we take the forward derivative, just as for eq. (7.12) to get
to the expression

am
(1)
eff,i(t +

a

2
) =

C
(1)
i (t)

C(0)(t)
−
C
(1)
i (t + a)

C(0)(t + a)
. (7.18)

As in the isospin-symmetric case, one can utilize the symmetry of the correlation
function for pseudoscalar mesonic sates on periodic boundary conditions. Ex-
panding the first term of eq. (7.13) in terms of isospin-breaking parameters, one
finds

C(t) =c̃ cosh(mτ) = C(0)(t) +∑
i

∆εiC
(1)(t)

=c̃(0) cosh(mτ) +∑
i

∆εi[c̃(1) cosh(m(0)τ) + c̃(0)m(1)τ sinh(m(0)τ)]

where τ = t − T
2 . Plugging these definitions into eq. (7.18) results in

C
(1)
i (t)

C(0)(t)
−
C
(1)
i (t + a)

C(0)(t + a)
=m(1)[F(t − T

2
) − F(t + a − T

2
)]

where F (t) = t tanh(m(0) ⋅ t). This suggests a definition of the first-order effective
mass for symmetric correlation functions via

m
(1)
eff,i(t +

a

2
) =

C
(1)
i (t)

C(0)(t) −
C
(1)
i (t+a)

C(0)(t+a)

F(t − T
2
) − F (t + a − T

2
)
. (7.19)

Note that this definition requires prior knowledge of the isospin-symmetric asymp-
totic mass which has to be determined beforehand e.g. via a fit to the isospin-
symmetric effective mass.

7.5. Generalized Eigenvalue Problem

Consider a set of N operators Oi describing the same state. We then define the
cross correlator of the i-th and j-th operator as the expectation value [101, 102]

Cij(t) = ⟨Oi(t)Ōj(0)⟩ =
∞
∑
n=1

cn,ije
−Ent,

cn,ij = ⟨0∣Oi∣n⟩⟨n∣Ōj ∣0⟩ ∈ C.
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7.5. Generalized Eigenvalue Problem

This defines a Hermitean N ×N matrix C(t) for each time slice t. These matrices
can be used to determine excited state energies, i.e. the energies En with n > 1
using the methods discussed in section 7.4. This can be done via a generalized
eigenvalue problem (GEVP) defined by [101, 102]

C(t)vn(t, t0) = λn(t, t0)C(t0)vn(t, t0).

For the generalized eigenvalues λ(t, t0) it can be shown that [101–103]

En = lim
t→∞

1

a
ln

λn(t, t0)
λn(t + a, t0)

. (7.20)

The expression in Limit here resembles an effective mass as in eq. (7.12), but
here, for each n the asymptotic energy is that of the n-th energy level in the
exponential tower.
The choice of t0 is not unique and can for example be chosen such that t − t0 is
constant or one could fix t0 [102]. However, if C(t0) has large uncertainties, these
uncertainties are reflected in λn(t, t0). For this reason, it is often useful to fix t0
at a value large enough to eliminate the influence of higher excited states, but
where the uncertainties are still small. It should be chosen such that t0 ≥ t

2 as
otherwise the effective energies in eq. (7.20) become independent of t0 [101] and
might converge to the ground state energy instead of higher ones.
Beside the application of finding higher energy levels, a GEVP can also improve
the convergence to the asymptotic ground state compared to a single correla-
tor. We tested this with correlator matrices from the different embeddings in
tables C.4 to C.7. However, we found that the set of operators do not yield an
advantage in this case as the λ(t, t0) simply project onto the least noisy correlator
as shown in figs. 7.3 and 7.4.
We observed slightly better results using a generalized pencil of function (GPOF)
in which the GEVP is used on a Hankel matrix

H(t) =
⎛
⎜⎜⎜
⎝

C0(t) C0(t + 1) ⋯ C0(t +N)
C0(t + 1) C0(t + 2) ⋯ C0(t +N + 1)
⋮ ⋮ . . . ⋮

C0(t +N) C0(t +N + 1) ⋯ C0(t + 2N)

⎞
⎟⎟⎟
⎠

constructed from a single correlation function C0 [104]. However, we decided to
simply use the least noisy correlator for our analysis instead as the benefits of
the GPOF were marginal in our tests.

86



Chapter 7. Computation of Hadronic 2-Point Functions

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t/a

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

(a
m
N

)(0
)

eff

GEVP

C00

C11

C22

Figure 7.3: Example of a test of the GEVP for the nucleon on the A654
ensemble. The correlation functions C00, C11, and C22 are constructed
from the embeddings 1, 2, and 3 of the even parity (gerade) G1 operators
in table C.4. Their cross-correlators were used to perform the GEVP. The
GEVP here only shows the lowest lying generalized eigenvalue λ1(t, t0).
The timeslice t0 is fixed at t0 = 5.
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Figure 7.4: Example of a test of the GEVP for the Ω baryon on the A654
ensemble. The correlation functions C00 and C11 are constructed from the
embeddings 1 and 2 of the even parity (gerade) H operators in table C.6.
Their cross-correlators were used to perform the GEVP. The GEVP here
only shows the lowest lying generalized eigenvalue λ1(t, t0). The timeslice
t0 is fixed at t0 = 5.
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Chapter 8
Analysis

This chapter details the setup for the computation of two-point correlation func-
tions for octet- and decuplet-baryons and pseudoscalar octet-mesons as well as
the methodology behind their analysis.

In section 8.1 we describe the algorithmic setup of our computation of two-point-
functions starting with the libraries we use and the quantities we compute. In
section 8.1.1 we detail the determination of the structure of the hadronic oper-
ators we use and their Wick-contractions. Section 8.1.2 outlines the algorithms
used to compute propagators from quark sources as well as the algorithmic pa-
rameters entering the computation. Finally, sections 8.1.4 and 8.1.5 discuss tests
we performed to verify the outputs of our implementation and some optimizations
thereof which were necessary to keep the cost of the computations at a reasonable
level.

Section 8.2 describes a well-known noise problem typical for baryonic observables
in lattice computations and section 8.3 details our methodologies to deal with
the noisy data in effective mass fits.

8.1. Simulation Setup

For the project of this thesis, two-point correlation functions of octet and decuplet
baryons, as well as pseudoscalar octet mesons, were computed based on a mixture
of the openQCD [47] and QDP++ [105] libraries, as well as code written by Andreas
Risch in the context of his dissertation [81] for the application of operators for
isospin-breaking corrections as described in sections 5.2 and 5.3. The code is
written in the C++ programming language using features from C++20 and earlier
standards. The input files used to specify the setup for a certain ensemble and its
individual gauge configurations are written in the YAML format and parsed using
yaml-cpp [106]. Output data is stored in a single HDF5 file [107] per configuration
in newer versions of the code or in one file for exact computations and one file for
sloppy computations (see sections 6.5 and 8.1.2) in older versions. The output
files contain the content of the respective input file used to produce the data,
additional information on the source positions as well as the versions of the QDP++
library and its dependency QMP [105]. The computed correlation functions are
stored in individual datasets for each combination of hadron, isospin component
I3, spin-irrep, spin component sz, parity, isospin-breaking (i.e. QED correction,
mass detuning) and isospin-symmetric contributions, and flavor content. For
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baryonic correlation functions, a correlator matrix including cross-correlators for
the used operators from tables C.4 to C.7 are stored asNsrc×Nsmear×NO×NO×NT

dimensional arrays of complex values, whereNsrc is the number of available source
positions, Nsmear is the number of different smearing setups, NO is the number of
operators and NT is the time extent of the lattice. Nsmear was introduced at an
early stage of the project at which experiments were done with different smearing
parameters, but was quickly discarded and only a single smearing setup is used
for any ensemble. Thus, in newer versions, this axis was removed from the output
data.

8.1.1. Determination of Operators and Contractions

To reduce the risk of mistakes in manually copying the operator structure de-
scribed in section 7.1 and to use a more consistent normalization than in the
original publication [12], we wrote a python library automating the operator
construction outlined in section 7.1 which was also used to generate the tables
in section C.2. Based on these operators, we implemented another python li-
brary computing the contractions for all isospin-symmetric and isospin-breaking
correlators with the following simplifications:

• After computing the contraction for a pair of source- and sink-operators,
up- and down-quarks are treated as identical particles due to the isospin-
symmetric nature of the CLS ensembles used in this project to simplify
the contractions. In the following we will refer to these quarks as light-
quarks. For ensembles with SU(3)-symmetry, the option of also treating
the strange-quark as identical to the light-quarks for further optimizations
is implemented as well. This identification only affects standard isospin-
symmetric propagators and those for the QED-corrections as discussed be-
low; the propagators used for isospin-breaking corrections involving quark-
mass-detuning as discussed in section 5.2 are never identified at this stage.

• For QED-corrections to a correlation function, the same identification as
above is done after multiplying each isospin-breaking propagator with its
respective charge-factor (i.e. its electrical charge in units of e).

The same library includes utilities to generate C++-code to compute the con-
tractions using QDP++ as described in section 8.1.5. The generated code for the
contractions was cross-checked with the LALIBE implementation [108] which com-
putes a subset of the correlators computed for this thesis.

8.1.2. Computation of Two-Point Functions

For the computation of hadronic two-point functions, one-to-all propagators are
sampled on 33 different randomly distributed sources using a DFL+SAP+GCR
solver. One-to-all propagator here means that the propagator S of a quark
is obtained by solving the equation DS = η where η is a Wuppertal-smeared
point source [91] (see section 7.2.2) with APE-smeared gauge links [95] (see sec-
tion 7.2.3) and D is the Wilson-Dirac operator (4.9). The position of the source
is thus fixed and a value is computed for each sink position. The solver has three
main components:
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Deflation (DFL) As simulations get close to physical quark masses, the Dirac
operator’s condition number gets larger, increasing the computational cost
of its inversion. This problem is partially mitigated by computing a de-
flation subspace dominated by the low eigenmodes of the Dirac operator
and restricting the problem of its inversion to the orthogonal space domi-
nated by high eigenmodes [109], increasing numerical stability and rate of
convergence.

Schwarz Alternating Procedure (SAP) The Schwarz alternating method
[110] is a method for solving a Dirichlet problem on the union of two
overlapping regions iteratively by switching between solving on each of the
regions. Each solution on one of the regions then defines the boundary
conditions for the next solve on the other region. In the application for the
solver however, the lattice is split into an even number (in each direction)
of non-overlapping rectangular blocks and then the inversions are solved
alternatingly starting with the initial guess ψ = 0 [111]. This modification
using non-overlapping sets is justified as the SAP is only used to generate an
approximate solution ψ ≈MSAPϕ as a preconditioning. The approximation
can then be used to modify the original problem to the better conditioned
equation D(MSAPϕ) = η which is then solved via the GCR algorithm [111].

Generalized Conjugate Residual (GCR) Algorithm The generalized con-
jugate residual algorithm produces a sequence of approximate solutions ψk
by iteratively minimizing the norm ∥rk+1∥ of the residual rk = η−Dψk [111]
over the Krylov subspace Kk(D,η) = span{η,Dη, ...,Dk−1η}.

For improved efficiency, we used the truncated solver method [112] in which all
propagators are computed with a fixed cutoff in the number of solver iterations
that is lower than what is needed for convergence. This results in slightly incorrect
propagators which are then corrected via an additional exact solve on one of the
sources on each gauge configuration from which the bias of the solver truncation
can be estimated and corrected via all-mode-averaging (see section 6.5). The
exact parameters for the solver and the deflation subspace have to be tuned for
each ensemble for a good balance between efficiency and precision. This was done
by testing different setups on a small subset of gauge configurations and observing
the time needed per configuration and the observed uncertainties of correlation
functions. While we optimized the solver-efficiency in general, the number of
solver iterations for the truncated solver was chosen such that the uncertainty of
the inherent bias is subdominant to that of the different correlation functions in
regions where a reasonable signal can still be expected (see section 8.2 for more
context).

While the action parameters fed into the solver and deflation subspace are faithful
to those which entered the generation of a given ensemble, on some individual
gauge configurations a small twisted mass was added in the deflation subspace
generation when convergence of the exact solves could not be achieved with the
general setup.

For link smearing a setup with 15 smearing steps and α = 0.6 was used for all
ensembles. The parameters chosen for source smearing are listed in table 8.1 and
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are chosen such that the smearing radius [92]

r2sm =
∑x ∣x − y0∣2∥ψ(x)∥2

∑x ∥ψ(x)∥2

for a smeared source ψ amounts to ∼ 0.5 fm.

Table 8.1: Setup for Wuppertal smearing for different strong gauge cou-
plings. n is the number of smearing iterations while κG and C in eq. (7.9)
are defined through α via γ = 1

1+6α and κG = γα.

β α n

3.4 1.1 75
3.46 1.1 95
3.55 1.1 125
3.7 1.1 200

The computation of a propagator is finished by smearing the propagator again
to effectively achieve a sink smearing such that both ends of the propagator are
smeared in the same manner.

8.1.3. Sequential Propagators for Isospin-Breaking Corrections

For the isospin-breaking corrections discussed in chapter 5, additional contribu-
tions involving operator insertions (see eqs. (5.13) to (5.16) and (5.19)) need to
be computed which replace some of the propagators computed as described in
section 8.1.2. To this end, we use the method of sequential propagators which
uses multiple inversions to compute the derivatives in eq. (5.13):

1. We start from a propagator Sf (0) for a quark of flavor f computed in QCDiso

by solving DfSf (0) = η.

2. We then apply the appropriate operator V = ∂Df
∂εi

(i.e. V = −1Spin×SU(3)×Λ
for εi =mf or eq. (5.19) for QED vertices) to Sf (0).

3. Finally, we treat Sf (0) as a source for another inversion Df(∂Sf∂εi
∣ε=ε(0)) =

V Sf (0) which is then solved for
∂Sf
∂εi
∣ε=ε(0) using the methods in section 8.1.2.

Note, that in this description η is a smeared source, while Sf (0) is not smeared
again. Only after the final inversion, sink smearing is applied. Furthermore, for

the self energy diagram , another operator insertion and inversion
are necessary for the second vertex.
Since we also have to incorporate diagrams with two propagators exchanging a

single photon (e.g. B
(0)

B(0)), we furthermore need to introduce the square

root of the photon propagator [81] which we attach to each of the sequential quark
propagators. In Feynman gauge, this computation of a square root is trivial as
the propagator is diagonal, i.e.

√
Σ̃(p)

µ

ν
= δµν√
∑µ pρ−p+,ρ
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for periodic boundary conditions and

√
Σ̂(p)

µ

ν
= δµν√

p0−,CSp
0
+,SC +∑ρ≠0 p

ρ
−p+,ρ

for open temporal boundary conditions. In Coulomb gauge the propagator has to
be diagonalized first using a change of basis U(p) before taking the square root
(see [81] for the exact form) to find

√
Σ̃(p) =U(p)diag

⎛
⎝

1

∑3
i=1 p

i
−p+,i

,
1

∑3
µ=0 p

µ
−p+,µ

,
1

∑3
µ=0 p

µ
−p+,µ

,0
⎞
⎠
U(p)−1

for periodic boundary conditions and

√
Σ̂(p) = U(p)diag

⎛
⎝

1

∑3
i=1 p

i
−p+,i

,
1

p0−,CSp
0
+,SC +∑

3
i=1 p

i
−p+,i

,

1

p0−,CSp
0
+,SC +∑

3
i=1 p

i
−p+,i

,0
⎞
⎠
U(p)−1

for open boundary conditions.
This application of a half propagator allows us to include part of the necessary
computation for the inclusion of sea quarks, namely diagrams of the form

B
(0)

B(0)

where a valence-quark exchanges a photon with a sea-quark. The lower (valence)
part of this diagram involves just another contraction when all the (sequential or
non-sequential) propagators are already computed, which is comparatively cheap.
We thus include the lower part of this diagram in our computations which can
then be multiplied with the upper (sea) part when sea-quark effects are to be
included in the calculation at a later stage of the project.
The computation of the sequential propagator with the two-photon-vertex,

, requires the diagonal entries of full photon propagator Σ(x,x)µν
which is computed from its known form in momentum-space [81].
The photon half propagators are generated stochastically using sources Jµ(x)
drawn such that the expectation value in the limit of infinite sources takes the
form ⟨Jµ(x)Jν(y)⟩J = gµνδxy [81] for each gauge configuration using a program
written by Andreas Risch. From the sources, the half-propagated photon source
A[J] is constructed via Aµ[J](x) = ∑y

√
Σ(x, y)µνJ

ν(y) such that the propagator
in terms of A is given by ⟨Aµ[J](x)Aν[J](y)⟩J = Σ(x, y)µν [81].
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8.1.4. Test of Correctness

Before running the code on actual large gauge ensembles, we performed a num-
ber of consistency checks to make sure that the code generates physically sound
results. For this purpose, two test ensembles with 16 × 83 lattice sites were gen-
erated; one with open, one with periodic boundary conditions.
At this stage, the isospin-symmetric contribution could not be tested completely,
only that the general shape of the correlation functions was as expected, i.e.
a tower of exponential decays in each direction from the source position with
different decay rates in the forward time-direction as in the backward one for
baryons and a symmetric one for mesons, and zeros on the boundary in the
open boundary case. Apart from these tests, invariance w.r.t. SU(3) gauge
transformations was tested.
For the mass-detuning contributions, the Ξ baryon-correlation function was com-
puted at varying masses for the light valence-quark. At a single point of these
masses the mass-correction (eq. (5.14)) was computed in addition to the isospin-
symmetric contribution. As expected, the test depicted in fig. 8.1 showed that
the derivative w.r.t. the light-quark mass computed using our implementation of
the mass-detuning on the single point is in agreement with that from a numerical
derivative gained from multiple simulations around that point.

Figure 8.1: Consistency check of the ∆mq correction implementation for
the Ξ baryon. The blue data points are isospin-symmetric masses com-
puted at different light-quark masses on the same ensemble. For the light
quark mass marked by the orange vertical line, the derivative of the two
point function w.r.t. the light quark mass was additionally determined
using the methods described in section 5.2 from which the green band is
derived which shows the expected (local) dependence of amΞ on aml.

To test the QED-corrections, the same combination of quark sources was pro-
cessed with 256 photon sources per gauge configuration, once in Coulomb gauge
and once in Feynman gauge. For a correct implementation, the results of these
computations have to be compatible. The result of this test is shown in fig. 8.2.
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Figure 8.2: Consistency check of the implementation of the QED correc-
tion for the pion. The red dots show measurements on individual gauge
configurations of the normalized difference between the correlation func-
tion with a source positioned at timeslice t

a = 3. The orange points show
the average of the red dots.

After succeeding in these conceptual cross-checks, the code was used to compute
all correlation functions relevant for this project on 563 out of 5068 gauge con-
figurations of the A654 CLS ensemble to compare results to other calculations of
the same correlation functions.

8.1.5. Code Optimizations

When testing the code on the A654 ensemble, we found that the run time was
dominated by the contractions, which should reasonably be faster than the inver-
sions of the Dirac operator. This was due to the usage of the QDP++ library, which
is optimized for matrix operations for the computation of interpolators based
on Dirac-matrices as in eq. (7.4). Indexing spinor- or color-matrices directly,
however, is quite slow in this library. To circumvent this problem, we store the
propagators as a std::array<std::array<QDP::LatticeColorMatrix, 4>, 4>

instead of a QDP::LatticePropagator1, which allows for faster indexing of
the spinor components. The contractions can then be sped up by perform-
ing the color contractions for each possible term needed for the contractions
and storing the results for later use. These color-contracted terms are simple
QDP::LatticeComplex, i.e. one complex number per lattice site and thus take
up less memory than a propagator by a factor of 144.
However, with 10104 unique (and 101580 non-unique) terms to be stored this way,
this uses a lot more memory than should be afforded. The amount of memory

1A QDP::LatticeColorMatrix is a matrix in color and coordinate space. A
QDP::LatticePropagator is a matrix in spinor space on top of that.
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needed at once can be reduced by noticing, that the unique terms can further be
classified into 25 subsets of different propagator combinations, (l, l, l), (l, l, um),
(l, l, dm), (l, lv, lv), (l, l, ls), (l, l, s), (l, s, um), (l, s, dm), (l, l, sm), (lv, lv, s),
(l, lv, sv), (l, ls, s), (l, l, ss), (l, s, s), (s, s, um), (l, s, sm), (lv, s, sv), (l, sv, sv),
(ls, s, s), (l, s, ss), (s, s, dm), (s, s, s), (s, s, sm), (s, sv, sv), (s, s, ss), where qm
denotes the sequential propagator (5.14) for the mass correction of flavor q, qv
denotes the sequential propagator with a single photon vertex, and qs denotes the
sum of two sequential propagators contributing to the self energy of the quark,
i.e. those containing photon loops. We make use of this by only computing all
terms for a specific propagator combination, then perform all the contractions
containing these terms and writing the results to disk. This reduces the number
of QDP::LatticeComplex to be held in memory (on top of the required propaga-
tors) at a time to at most 640.

Lastly, to speed up the computation of a contraction itself, we cater to the portable
expression template engine (PETE) that uses operator overloading on templated
data types C++ to optimize expressions involving addition, subtraction, and multi-
plication [105]. To this end we introduce maps that contain functions computing
all the different contractions such that they can be optimized with PETE. A
simplified version of this implementation is shown in listing 8.1. A later revision
of the implementation used only for isospin-symmetric computations is shown in
listing 8.2.

Listing 8.1: A collection of code snippets showcasing the computation
of the contractions of the correlator corresponding to the first entry in
the nucleon interpolator table, table C.4, including all considered isospin-
breaking corrections. The computation itself is performed in a function
stored in the baryonContractionMapG1g (similar maps exist for the irreps
G1u, Hg, and Hu) that is accessed via a CorrelatorInfo instance that
specifies the state that is computed by the respective function. The tuples
used as key for the cMaps indicate the spinor indices for each propagator
(the first two indices are for the first propagator and so on) with the
order being defined by the baryonCorrKeyType instance. cMaps values
correspond to color-contracted terms of the contraction with the specified
spinor components for a specific combination of quark flavors.
The states are specified by the octet-/decuplet-state’s name, its (doubled)
isospin, its irrep, its spin-z component, the embeddings of the sink- and
source interpolators (see the tables in section C.2), its contribution type
("symmetric", "mass", or "qed"), and the quark content.

// This d e f i n e s the combination o f propaga tors to which a
// con t rac t i on corresponds to
typede f s t d : : tuple<s t d : : s t r i ng , s t d : : s t r i ng , s t d : : s t r i ng >

baryonCorrKeyType ;
// A cMap conta ins a l l terms needed f o r a s p e c i f i c propagator
// combination indexed by the spinor−ind i c e s
typede f s t d : : map<s t d : tuple<uint , uint , uint , uint , uint , uint >,

QDP : : LatticeComplex> cMap ;
// The type o f the f unc t i on s computing the con t r a c t i on s t a k ing as
// input a map with a l l p o t e n t i a l ( co lor−con t rac t ed ) terms and a
// r e f e r ence to the v a r i a b l e to wr i t e the r e s u l t o f the con t rac t i on
// to
us ing pfunc = void (∗ ) ( const cMap& cm, QDP : : LatticeComplex& re s ) ;
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// The Cor r e l a t o r In f o i s used to s p e c i f y a s p e c i f i c baryonic s t a t e
c l a s s Co r r e l a t o r I n f o {

. . .
p r i va t e :

s t d : : s t r i n g f l a v o r ; // The name o f the s t a t e (" nucleon " , " x i " , . . . )
i n t two_times_I3 ; // Denotes the i s o s p i n o f the s t a t e
s t d : : s t r i n g i r r e p ; // "G1g" , "G1u" , "Hg" , or "Hu"
i n t irrep_row ; // Spin−z component counted as rows in i n t e r p o l a t o r

// t a b l e s
i n t s ink_id ; // The embedding o f the s ink i n t e r p o l a t o r
i n t source_id ; // The embedding o f the source i n t e r p o l a t o r
s t d : : s t r i n g con t r i bu t i on ; // IB con t r i b u t i on (" symmetric " , "mass " ,

// "qed ")
baryonCorrKeyType tuple_contr ; // The combination o f propaga tors to

// be con t rac t ed
} ;

// The `baryonContractionMap `s map s t a t e d e s c r i p t o r s ( i . e .
// Cor r e l a t o r In f o s ) to f unc t i on s performing the con t ra c t i on s
// f o r t ha t s t a t e
s t d : : map<Cor r e l a to r In f o , pfunc> baryonContractionMapG1g = {

{ Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , " symmetric " ,
baryonCorrKeyType ( " l " , " l " , " l " ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = 3 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 0 , 1 , 1) )
− 3 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 1 , 1 , 0) ) ;

}
} , { Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , "mass" ,

baryonCorrKeyType ( " l " , " l " , "u_mass" ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = 1 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 0 , 1 , 1) )
− 1 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 1 , 1 , 0) )
− 1 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 1 , 0 , 0 , 1) )
+ 5 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 1 , 1 , 0 , 0) )
− 4 .0 ∗ cm. at ( s t d : : make_tuple (0 , 1 , 1 , 0 , 0 , 0) ) ;

}
} , { Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , "mass" ,

baryonCorrKeyType ( " l " , " l " , "d_mass" ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = 2 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 0 , 1 , 1) )
− 2 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 0 , 1 , 1 , 0) )
− 2 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 1 , 0 , 0 , 1) )
+ 1 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 1 , 1 , 0 , 0) )
+ 1 .0 ∗ cm. at ( s t d : : make_tuple (0 , 1 , 1 , 0 , 0 , 0) ) ;

}
} , { Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , "qed" ,

baryonCorrKeyType ( " l " , " l_vertex " , " l_vertex " ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = −0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 0 , 0 , 1 , 1) )

+ 1.3333333333333333 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 0 , 1 , 1 , 0) )

− 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (0 , 1 , 0 , 0 , 1 , 0) )

− 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (1 , 0 , 0 , 0 , 0 , 1) )

+ 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (1 , 1 , 0 , 0 , 0 , 0) ) ;

}
} , { Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , "qed" ,
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baryonCorrKeyType ( " l " , " l " , " l_ s e l f " ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 0 , 0 , 1 , 1) )

− 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 0 , 1 , 1 , 0) )

− 0.6666666666666666 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 1 , 0 , 0 , 1) )

+ 2.3333333333333335 ∗
cm. at ( s t d : : make_tuple (0 , 0 , 1 , 1 , 0 , 0) )

− 1.6666666666666667 ∗
cm. at ( s t d : : make_tuple (0 , 1 , 1 , 0 , 0 , 0) ) ;

}
} , { Co r r e l a t o r I n f o ( " nucleon " , 1 , "G1g" , 1 , 1 , 1 , "qed" ,

baryonCorrKeyType ( " l " , " l " , " l_vertex " ) ) ,
[ ] ( const cMap& cm, LatticeComplex& re s ) {

r e s = 3 .0 ∗ cm. at ( s t d : : make_tuple (0 , 0 , 1 , 1 , 0 , 0) )
− 3 .0 ∗ cm. at ( s t d : : make_tuple (0 , 1 , 1 , 0 , 0 , 0) ) ;

}
} ,
. . .

} ;

Listing 8.2: A modified and updated version of listing 8.1 used for the com-
putation of baryonic two-point functions on E250 and E300, where we only
computed the isospin-symmetric contributions. The main differences are
the use of std::function instead of void* for the contraction functions,
std::arrays instead of tuples as keys for cMap, as well as removal of some
redundancies that only matter in the case of isospin-breaking corrections:
The isospin is not relevant as it is a symmetry and the contributions as
well as propagator combinations are unique to a state and are handled
before the color contractions. In addition to the interpolator combination
showcased in listing 8.1, the first cross-correlator is included which mixes
the first and second embedding of the nucleon interpolators.

// A cMap conta ins a l l terms needed f o r a s p e c i f i c propagator
// combination indexed by the spinor−ind i c e s
typede f s t d : : map<s t d : : array<uint , 6>, QDP : : LatticeComplex> cMap ;
// The type o f the f unc t i on s computing the con t r a c t i on s t a k ing as
// input a map with a l l p o t e n t i a l ( co lor−con t rac t ed ) terms and a
// r e f e r ence to the v a r i a b l e to wr i t e the r e s u l t o f the con t rac t i on
// to
typede f s t d : : funct ion<void ( const cMap &, QDP : : LatticeComplex &)>

pfunc ;

// The Cor r e l a t o r In f o i s used to s p e c i f y a s p e c i f i c baryonic s t a t e
s t r u c t Co r r e l a t o r I n f o {

s t d : : s t r i n g hadron ; // The name o f the s t a t e (" nucleon " , " x i " , . . . )
s t d : : s t r i n g i r r e p ; // "G1g" , "G1u" , "Hg" , or "Hu"
i n t spin_z ; // Spin−z component counted as rows in i n t e r p o l a t o r

// t a b l e s
i n t sink_row ; // The embedding o f the s ink i n t e r p o l a t o r
i n t source_row ; // The embedding o f the source i n t e r p o l a t o r

} ;

// The `baryonContractionMap `s map s t a t e d e s c r i p t o r s ( i . e .
// Cor r e l a t o r In f o s ) to f unc t i on s performing the con t ra c t i on s
// f o r t ha t s t a t e
s t d : : map<Cor r e l a to r In f o , pfunc> baryonContractionMapG1g = {
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{ { " nucleon " , "G1g" , 1 , 1 , 1 } ,
[ ] ( const cMap& cm, QDP : : LatticeComplex& re s ) {

r e s = 3 .0 ∗ cm. at ({0 , 0 , 0 , 0 , 1 , 1})
− 3 .0 ∗ cm. at ({0 , 0 , 0 , 1 , 1 , 0}) ;

}
} , { { " nucleon " , "G1g" , 1 , 1 , 2 } ,

[ ] ( const cMap& cm, QDP : : LatticeComplex& re s ) {
r e s = 3.4641016151377544 ∗ cm. at ({0 , 0 , 0 , 2 , 1 , 3})

− 1.7320508075688772 ∗ cm. at ({0 , 0 , 0 , 3 , 1 , 2})
− 1.7320508075688772 ∗ cm. at ({0 , 1 , 0 , 2 , 1 , 2})
+ 1.7320508075688772 ∗ cm. at ({0 , 2 , 0 , 2 , 1 , 1})
− 1.7320508075688772 ∗ cm. at ({0 , 2 , 0 , 3 , 1 , 0}) ;

}
} ,
. . .

} ;

8.2. Baryon Noise Problem

Consider an interpolator O = ∑α∏ni=1 qαii for a hadronic state and its correspond-
ing 2-point correlation function C(t) = ⟨O(t)Ō(0)⟩ where αi are multi-indices for
spin and color. According to Wick’s theorem, we can rewrite C(t) in terms of
quark propagators Sqi as

CO(t) = ⟨∑
α,β

n

∏
i=1
Sαi,βiqi ⟩ .

The variance of the correlation function is then given by

σ2O(t) = ⟨
RRRRRRRRRRR
∑
α,β

n

∏
i=1
Sαi,βiqi

RRRRRRRRRRR

2

⟩ − ∣CO(t)∣2.

The first term of the variance corresponds to a correlation function with all quarks
contributing to O and additionally the same quarks replaced by their antipar-
ticle [113]. For a pion correlation function, this corresponds to two quarks and
two antiquarks propagating for which the lightest state with the corresponding
quantum numbers is a two-pion-state. Both this term and the C(t)2 term thus
asymptotically fall off as e−2mπt thus yielding a standard deviation σπ(t) ∼ e−mπt.
As this is the same asymptotic behaviour as that of Cπ(t), the relative error of a
measurement of the correlation function is asymptotically given by [113]

σπ(t)
Cπ(t)

∼ const.√
N

where N is the number of measurements. This constant results in practice in a
clean correlation function for the pion as demonstrated in fig. 8.3.

For a nucleon, on the other hand, the first term in the variance is dominated by
a state with three pions [113, 114] which asymptotically decay as e−3mπt. The
relative error [113, 114]

σN(t)
CN(t)

∼ 1√
N
e(mN−

3
2
mπ)t
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Figure 8.3: Correlation functions of the pion (left) and the nucleon (right)
in the isospin-symmetric contribution on the N452 ensemble demonstrating
the noise problem for baryons.
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Figure 8.4: Effective mass of the pion (left) and the nucleon (right) in the
isospin-symmetric contribution on the N452 ensemble.

of the nucleon thus grows exponentially with t with the result, that the signal is
quickly lost as shown in fig. 8.3 for the correlation function and in fig. 8.4 for the
effective mass in the isospin-symmetric contribution.
This poses the problem that the noise can in principle grow too large before
excited-state effects die off enough to simply fit to an asymptotic exponential
in the correlation function or a plateau in the effective to determine the ground
state energy.
This problem is even more severe for isospin-breaking corrections as shown in
fig. 8.5 where the noise grows much stronger than in the isospin-symmetric con-
tribution. In the data analyzed for this thesis, a plateau can rarely be made out
in isospin-breaking corrections.
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Figure 8.5: Effective mass of the pion (left) and the nucleon (right) of the
QED correction on the N452 ensemble.
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8.3. Fit Strategies

The simplest strategy to find the asymptotic mass lies in finding a plateau in
the effective mass and fitting a constant value to the selected region. Similarly,
one could fit a linear function to the analogous region in the correlation function
directly. It is not a priori obvious which of the two is preferable, however, early
experiments with both fit functions on data gathered in the process of this thesis
resulted in a negligible difference between the results of both methods. Thus,
we decided to always fit the effective mass as this reduces the number of fit
parameters to one.

8.3.1. Two-State Fits for Isospin-Symmetric Contributions

Although fitting a plateau is a viable option for pseudoscalar mesons as can easily
be seen from figs. 8.4 and 8.5, the noise of baryonic effective masses can quickly
grow too large to allow for a reasonable fit as discussed in section 8.2. This
is especially true in the case of isospin-breaking corrections, where it is often
not clear whether a plateau has been reached. To compensate for these effects,
we decided to include two-state fits as introduced in [115] based on the ansatz
that the asymptotic behaviour of the correlation function is governed by two
exponentials

C(t) = ce−mt + c∗e−m∗t.

For this asymptotic model of the correlation function, the effective mass takes
the form

meff(t) = −
d

dt
C(t) = − d

dt
log(ce−mt + c∗e−m∗t) =

cme−mt + c∗m∗e−m∗t
ce−mt + c∗e−m∗t

=
m + c∗

c m∗e
−∆Mt

1 + c∗
c e
−∆Mt

= (m + c∗
c
m∗e

−∆Mt)
∞
∑
n=0
(−c∗

c
e−∆Mt)

n

=m +m
∞
∑
n=1
(−c∗

c
e−∆Mt)

n

+m∗
∞
∑
n=0
(−1)n(c∗

c
e−∆Mt)

n+1

=m +m
∞
∑
n=1
(−c∗

c
e−∆Mt)

n

+m∗
∞
∑
n=1
(−1)n+1(c∗

c
e−∆Mt)

n

=m +∆M
∞
∑
n=1
(−1)n+1(c∗

c
e−∆Mt)

n

=m + c∗
c
∆Me−∆Mt +O((c∗

c
e−∆Mt)

2

).

(8.1)

Combining the factor c∗
c ∆M into a single fit parameter, the fit function for two-

state fits is given by

ameff(t) = am + γe−∆Mt. (8.2)

This is the fit function used in [115] and is what will be used throughout this
thesis. It would of course have been possible to fit the exact formula for the
effective mass from the two-state fit ansatz, which can be further simplified to

meff(t) =m∗ −
∆M

1 + c∗
c e
−∆Mt

=m + ∆M

1 + c
c∗
e∆Mt

.
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However, a realistic correlation function still has influences from various different
higher energy states in the fit region so that the value of m∗ should not be inter-
preted as the actual mass of the second lowest energy eigenvalue. Moreover, the
derived expression up to first order in c∗

c e
−∆Mt does not accurately describe the

excited state contributions to the effective mass and is rather a physically moti-
vated ansatz to describe the curvature of the effective mass close to the plateau
where the approximation asymptotically converges to the exact expression.

A crucial advantage of using the approximate fit ansatz (8.2) is that it is linear
in m and γ, which allows for an exact solution for the maximum likelihood fit for
those two parameters as functions of ∆M . Thus, only the parameter ∆M has to
be found numerically, which improves the numerical stability of the fit. Details
on the exact procedure are given in section B.3.5.

An example of a two-state fit for the Ω baryon on the D450 ensemble is shown in
fig. 8.6, where it is compared to a single state (i.e. constant) fit. While the two
fits agree well in this example, it is not completely obvious from the data alone
that the plateau has been reached in the interval chosen for the constant fit. A
comparison of both fit functions is therefore useful to improve confidence in the
results.
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Figure 8.6: A two-state fit (blue) and a single state fit (red) of the isospin-
symmetric effective mass of the Ω baryon on the D450 ensemble.

Note that, since the fit ansatz only describes the asymptotic behaviour of the
correlation function close to the plateau, a fit should not start at too small times
t as the approximation then breaks down, just as that of a plateau from a single
exponential does. On the other hand, two-state fits become numerically unstable
as one get too close to the plateau, so the fit interval has to be carefully tuned by
testing the dependence of the asymptotic mass and stability of the fit depending
on the fit interval.

Moreover, note that this discussion explicitly assumes the definition eq. (7.12) for
the effective mass and is not applicable to the definition for symmetric correlation
functions. Since the signal of pseudoscalar meson correlators is much cleaner than
that of baryons with much more defined plateaux, we expect single-state fits to
be sufficient in these cases and have thus not derived a two-state fit ansatz.
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Chapter 8. Analysis

8.3.2. Two-State Fits for Isospin-Breaking Contributions

For isospin-breaking corrections, where the noise grows quicker than in the
isospin-symmetric contribution, compensating for influences from excited states
is even more important. For these corrections, we make an analogous ansatz
to the one discussed above. To this end, we have to revisit the expansion of
the correlation functions in eqs. (7.15) and (7.16) in terms of isospin-breaking
parameters and the first-order effective mass in eq. (7.17).
For two states in full QCD+QED expanded around isospin-symmetric QCD, we
find

C(t) =c(0)e−m(0)t + c(0)∗ e−m
(0)
∗
t

+∑
i

∆εi[(c(1) − c(0)m(1)t)e−m
(0)t + (c(1)∗ − c(0)∗ m

(1)
∗ t)e−m

(0)
∗
t]

+O(∆ε2).

To calculate the effective mass, C(0) and C(1)i in eq. (7.17) have to be set to

C(0)(t) = c(0)e−m(0)t + c(0)∗ e−m
(0)
∗
t,

C
(1)
i (t) = (c

(1) − c(0)m(1)t)e−m(0)t + (c(1)∗ − c(0)∗ m
(1)
∗ t)e−m

(0)
∗
t.

In a derivation similar to but more verbose than eq. (8.1), it can be shown, that
the effective mass at first order with two states is approximately given by

m
(1)
eff (t) = −

d

dt

C(1)(t)
C(0)(t)

= − d

dt

c(1) − c(0)m(1)t + (c(1)∗ − c(0)∗ m
(1)
∗ t)e−∆M(0)t

c(0) + c(0)∗ e−∆M(0)t

=m(1) −
⎛
⎝
⎛
⎝
c(1)

c(0)
− c
(1)
∗

c
(0)
∗

⎞
⎠
∆M (0) −∆M (1) +∆M (0)∆M (1)t

⎞
⎠
c
(0)
∗
c(0)

e−∆M
(0)t

+O
⎛
⎜
⎝
⎛
⎝
c
(0)
∗
c(0)

e−∆M
(0)t⎞
⎠

2⎞
⎟
⎠

where ∆M (i) =m(i)∗ −m(i). Combining constants into a minimal set of fit param-
eters, we find

am
(1)
eff (t) = am

(1) + (α − βt)e−∆M(0)t. (8.3)

The function turns out to similar to the fit function for isospin-symmetric con-
tributions but the prefactor of the exponential is now a linear function in t. Note
that the exponent is the same as for the isospin-symmetric fit function. It is
thus not necessary to fit the exponent as it can be taken from the fit to the
zeroth order effective mass in eq. (8.2) which comes from less noisy data. This
has the additional advantage that the parameters m(1), α, and β maximizing the
likelihood of a given set of data for eq. (8.3) can be computed analytically for
fixed ∆M (0) which makes the fit more stable than that of the isospin-symmetric
contribution. The exact formula used to compute the optimal fit parameters is
listed in eq. (B.9). An example fit comparing the single- and two-state fits for
the correction of the effective mass coming from the strange mass detuning for
the Ω baryon is shown in fig. 8.7. Here, the two results agree as in the isospin-
symmetric example, but the same care has to be taken when fixing the fit interval
as discussed above.
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Figure 8.7: A two-state fit (blue) and a single state fit (red) of the isospin-
breaking correction to the effective mass of the Ω baryon due to strange
mass detuning on the D450 ensemble.

8.3.3. Combining Fits Using Model Averages

While the procedures described in sections 8.3.1 and 8.3.2 allows for a reasonable
extraction of the asymptotic mass, the choice of the fit intervals is quite subjective
and there is no definitive best choice. In some cases, a small adjustment to the fit
intervals may in fact have a significant impact on the fit result, especially when
starting the fit interval too early for the asymptotic ansätze to be valid, or, in the
case of two-state fits, if the fit interval starts too late such that the fluctuations
of the data strongly influence the result of the fit.
We account for these biases by applying a technique known as model averages
[116, 117] based on the Akaike information criterion (AIC) [118]. Given a model
M that fits parts of the data D, then the AIC of M and D is given by [116, 117]

AIC(M,D) = χ2(M,D) + 2k(M) + 2n(M,D) (8.4)

where k is the number of fit parameters defining the model M (i.e. 1 for the
single-state ansatz and 3 for the two-state ansätze (8.2) and (8.3)) and n is the
number of data points not included in the fit interval. That means for example
if the effective mass encompasses Nt = 40 timeslices and the fit model fits the
interval t

a ∈ [23,35], i.e. an interval of 13 timeslices, then n = 40 − 13 = 27. χ2 is
the usual measure of fit quality

χ2 = (yD −M(xD))TCov−1yD(yD −M(xD))

where in our case yD is the effective mass and xD is the set of timeslices included
in the fit.
The AIC is roughly speaking a criterion for the reliability of a fit model and is
often used for model selection. In that case, one would choose out of a set of
different models the one that maximizes the AIC for the given data. However,
we take a different approach by Neil et al. [116, 117] in which the AIC is used as
a measure to define a probability distribution in the space of modelsM via

P (Mi∣D) =
exp(−1

2AIC(Mi,D))
∑j exp(−1

2AIC(Mj ,D))
. (8.5)
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Using this distribution, one can define a model average of a set of observables
a ∈ Rl described by all the models. To do so, we also need to consider the fact,
that the distribution of the data D induces a distribution on a for each model in
M. We define Qi ∶ Rl → R≥0 to be the resampling distribution of the observables
a as obtained from model Mi that is induced by the distribution of D. We then
define the model average of a as

⟨a⟩M = ∑
i

⟨a⟩Qi P (Mi∣D) = ⟨⟨a⟩Q⟩P . (8.6)

The covariance matrix of a is then given by [116, 117, 119]

CovMa = ⟨aaT ⟩M − ⟨a⟩M ⟨a⟩
T
M

= ⟨⟨aaT ⟩
Q
⟩
P
− ⟨⟨a⟩Q⟩P ⟨⟨a⟩Q⟩

T

P

= ⟨⟨aaT ⟩
Q
− ⟨a⟩Q ⟨a⟩

T
Q⟩P + ⟨⟨a⟩Q ⟨a⟩

T
Q⟩P − ⟨⟨a⟩Q⟩P ⟨⟨a⟩Q⟩

T

P

=∑
i

CovMi
a P (Mi∣D) +∑

i

⟨a⟩Qi ⟨a⟩
T
Qi
P (Mi∣D)

− (∑
i

⟨a⟩Qi P (Mi∣D))
⎛
⎝∑j
⟨a⟩TQj P (Mj ∣D)

⎞
⎠
.

(8.7)

Examples of the model average procedure are shown in figs. 8.8 and 8.9.
While this procedure helps with subjective bias in the choice of the fit interval,
it still has to be used with care. The problem of choosing fit intervals that are
expected to accurately describe the data still remains and thus the ranges as
shown in figs. 8.8 and 8.9 have to be considered thoroughly. As a general rule,
we do not include fit intervals that are longer than that with maximum model
probability for the given type of fit and restrict the length further if deemed
necessary, e.g. if the longest most probable model according to the AIC gives
unreasonable results. Furthermore, fits with smaller fit intervals are not used if
they are too noisy, i.e. if the errors of the fit parameters get unreasonably large
as this is usually a characteristic of numerical instability. Lastly, all fit intervals
end at the same timeslice tmax as shown in figs. 8.8 and 8.9 which is chosen such
that it avoids running into the noise problem for baryons. For mesons on open
boundary ensembles it might be necessary to restrict the fit intervals such that
boundary effects are avoided.
This procedure is of course still subjective but reduces the bias from the model
selection and accounts for varying predictions of different models by including
the variance stemming from the choice of model in the error of the observables
via eq. (8.7).
As the two-state fits have two more fit parameters than the single-state fits, we
actually consider two different model distributions for their averages, P1 where
the sum over j in the normalization of eq. (8.5) includes all single- and two-state
fits, and a distribution P2 where the sum only includes the two-state fits. P1 is
used to compute the model average for the asymptotic mass, P2 is used for the
model average of the additional fit parameters in two-state fits.
Since the two-state fits for the isospin-breaking corrections use the results for
∆M from the fits of the isospin-symmetric effective mass, it is not sufficient to
simply compute the variance of the model average, but the resampling distribu-
tion of ∆M has to have the correct variance as well. This is also the case for the
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Figure 8.8: An example of an AIC model average for the isospin-symmetric
effective mass of the Ω baryon on the N200 ensemble. The upper panel
shows the effective mass with a blue region marking the starting points of
individual two-state fits and the red region marking the starting points of
individual single-state fits. All fit intervals end at the same maximum time
tmax = 30a marked with a vertical line. The purple curve and band show
the function f(t) = am + γe−∆Mt with each parameter set to the result of
the model average. The center panel shows the individual results for the
asymptotic mass for two-state fits in blue and single-state fits in red. The
position of each data point indicates the start of the respective fit interval.
The black line indicates the model average for the asymptotic mass and
the gray band shows the error of the average. The lower panel shows the
model probabilities for each of the models with the position of the data
point indicating the start of the fit interval.

asymptotic masses obtained from the model average when they are used for the
chiral fits in chapter 9.

One possible way to correct the resampling distribution to yield the correct vari-
ances and covariances is to add some random Gaussian noise a0 to a that has
mean 0 and whose covariance matrix is given by Cova0 = CovMa − CovRa where
CovRa is the covariance matrix of the resampling distribution of the model aver-
age. This works as long as all correlations of entries of a0 and entries of a vanish2,
which is the case if a0 is independently generated.

Another option is to apply a transformation

a↦ A(a − aR) + aR (8.8)

to the resampled data, where aR is the average of the resampling distribution
and A ∈ Rl×l is chosen such that the transformed distribution has the covariance
matrix CovMa . Note that the transformation does not change the mean of the
distribution. Using the diagonalizations of CovRa = ODOT and CovMa = UΣUT ,

2In general, CovMa = Cov
R
a +Cova0 + 2 ⟨(a − ⟨a⟩)(a0 − ⟨a0⟩)

T
⟩ where the third term vanishes

if all entries of a and a0 are uncorrelated.
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Figure 8.9: An example of an AIC model average for the contribution
from strange mass detuning effective mass of the Ω baryon on the N200
ensemble. The upper panel shows the effective mass with a blue region
marking the starting points of individual two-state fits and the red region
marking the starting points of individual single-state fits. All fit intervals
end at the same maximum time tmax = 27amarked with a vertical line. The
purple curve and band show the function f(t) = (am)(1)+(α−βt)e−∆M(0)t

with each parameter set to the result of the model average. The center
panel shows the individual results for the asymptotic mass for two-state
fits in blue and single-state fits in red. The position of each data point
indicates the start of the respective fit interval. The black line indicates
the model average for the asymptotic mass and the gray band shows the
error of the average. The lower panel shows the model probabilities for
each of the models with the position of the data point indicating the start
of the fit interval.

one choice of such a transformation would be

A = U
√
Σ
√
D−1OT ,

which can be easily verified from the transformation of the covariance matrix
under eq. (8.8),

CovRa ↦ ACovRaA
T ,

which yields CovMa when using the above choice of A. Note, that this is not a
unique choice, as for any R ∈ O(l), the transformation A = U

√
ΣR
√
D−1OT would

result in the correct covariance matrix of the transformed distribution. We use
this latter option (with R = 1) to determine the uncertainties quoted in chapter 9
where applicable.
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Chapter 9
Extrapolation and Scale Setting

The extrapolation and scale setting strategy employed in this thesis mostly follows
a publication by the RQCD collaboration [46] which uses baryon masses to set
the scale of CLS Nf = 2 + 1 ensembles in isospin-symmetric QCD. The analysis
discussed in this chapter, however, is not to be seen as a full analysis with a final
result for the lattice scale. Rather, it is a test of the viability of the data gathered
for this project for a high-precision determination of the lattice scale. We use
only the marked ensembles in fig. 9.1.
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Figure 9.1: The CLS ensemble landscape restricted to the trajectory of
constant average quark mass. The ensembles used in the following discus-
sion are marked in green with a border and the black square shows the
point of vanishing lattice spacing and physical pion mass. The color of
each point indicates the total length of the lattice (in the spatial direction)
scaled with the pion mass.

We start this chapter with a short discussion of the values we use for the flow scale
t0 in section 9.1. Section 9.2 continues with a description of the extrapolation
strategy for baryon masses following the procedure of the RQCD collaboration
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and our results for the extrapolation. Section 9.3 discusses how we determine the
lattice scale from the baryon masses and compares our results to those found by
other collaborations.

9.1. Determination of t0

As in the approach to scale setting discussed in section 4.4, the Wilson flow scale
t0 (see section 4.4.2) is used as an intermediate scale in the following discussion.
Individual values of the flow scale are measured on each ensemble in order to avoid
the necessity to model the chiral dependence of t0. Measurements of the gradient
flow obtained via a program in the openQCD software package [47] were available
for the Mainz Lattice group and used to determine the ensemble-wise values of t0

a2
.

This is done by resampling the available measurements of the gradient flow a4E(t)
to find the two adjacent values ti, ti+1 such that t2i ⟨E(ti)⟩ < 0.3 < t2i+1 ⟨E(ti+1)⟩.
We then linearly interpolate these points to determine the value t0

a2
of the flow

time for which t20 ⟨E(t0)⟩ = 0.3.
We found that the autocorrelation of t0 is in fact too large to compensate for
it via rebinning on the limited number of configurations available per ensemble
as detailed in table 9.1. Since on some ensembles only 20 bins remain for the
statistical analysis based on an estimate of the optimal binsize [87] (see eq. (6.21)),
we decided to treat the uncertainties of t0 with the Γ-method instead. This is
done using the pyerrors python-package [120]. To use the measurements of t0
in our resampling-based analysis, we rescale the bootstrap distribution of t0 to
reflect the uncertainties determined using the Γ-method.

Table 9.1: The autocorrelation time of t0 for each ensembles measured on
the respective subsets of ensembles we used for our analysis. The column
Bopt lists the optimal binsize for the given replicum as per eq. (6.21) for
which Nbins bins would be left for the statistical analysis.

Ensemble τint,t0 ∆τint,t0 Bopt Nbins

A654 2.1928 0.0086 18 31

N101 2.8901 0.0030

19 21
16 15
18 19
17 18

D450 3.6995 0.0068 24 20

N451 3.6815 0.0090 30 33

N452 3.6687 0.0083 30 33

D200 5.1790 0.0062 47 42

N203 5.1462 0.0073
34 22
35 22

N200 5.1630 0.0070
36 23
36 23

E250 5.2017 0.0038 38 26

E300 8.6193 0.0063 44 12
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9.2. Extrapolation of Baryon Masses

We adopt an extrapolation procedure by the RQCD collaboration [46] based on
chiral perturbation theory. This procedure makes use of the proxies

M
2 =2m

2
K +m2

π

3
≈ 2B0m̄,

δM2 =2(m2
K −m2

π) ≈ 2B0δm

(9.1)

for the average quark mass m̄ = 2ml+ms
3 and the quark mass difference δm =

ms −ml based on the GMOR (see eqs. (4.25) and (4.26)). Furthermore, as in
section 4.4.3, all dimensionful quantities are scaled with some appropriate power
of t0. To make the upcoming equations more readable, we thus adapt the notation
from [46] for these scaled quantities,1

m =
√
8t0m, M

2 = 8t0M
2
, δM2 = 8t0δM2, a = a√

8t0
,

where m is a placeholder for various masses and a is the lattice spacing. 1
8a2

thus is the measured value of t0 in lattice units. The baryon masses are then
parameterized as

mO(mπ,mK ,a) = (mo + b̄M
2 + δbOδM2)(1 + coa2) (9.2)

for an octet baryon O ∈ {N,Λ,Σ,Ξ} and

mD(mπ,mK ,a) = (md + t̄M
2 + δtDδM2)(1 + cda2) (9.3)

for a decuplet baryon D ∈ {∆,Σ∗,Ξ∗,Ω}. In the above formulae, mo/d is the
SU(3) mass of the octet/decuplet baryon. b̄, t̄, co/d, and c̄o/d are constant for
the respective multiplet, while δbO and δtD are different for each baryon. This is

only the leading order of the parameterization and terms up to O(M4
, δM4) are

included in the analysis by the RQCD collaboration [46]. However, due to the
limited number of available ensembles at the time of writing, we use the simplest
viable fit ansatz.
We determine the free parameters in eqs. (9.2) and (9.3) via a single global fit over
various ensembles. The different hadron masses come from fits to the respective
effective masses as described in section 8.3. These fits were performed with the
levenberg marquardt Rust library [121, 122] using the matrix representation of
eqs. (9.2) and (9.3)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

mN,1

mΛ,1

mΣ,1

mΞ,1

mΩ,1

mN,2

⋮
mΩ,n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= (X + coXo + cdXd)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

mo

md

b̄
t̄
δbN
δbΛ
δbΣ
δbΞ
δtΩ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (9.4)

1In the referenced paper, a is scaled with
√
8t∗0 where t∗0 is the value of t0 at the SU(3)

symmetric point. In this project, we instead scale the lattice spacing with the measured value
of t0 on each ensemble.
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where the indices 1 through n label the different ensembles included in the fit
and the matrices X, Xo, and Xd given by

X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 M
2
1 0 δM2

1 0 0 0 0

1 0 M
2
1 0 0 δM2

1 0 0 0

1 0 M
2
1 0 0 0 δM2

1 0 0

1 0 M
2
1 0 0 0 0 δM2

1 0

0 1 0 M
2
1 0 0 0 0 δM2

1

1 0 M
2
2 0 δM2

2 0 0 0 0
⋮

1 0 M
2
n 0 0 0 0 δM2

n 0

0 1 0 M
2
n 0 0 0 0 δM2

n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

Xo =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

a
2
1 0 a

2
1M

2
1 0 a

2
1δM

2
1 0 0 0 0

a
2
1 0 a

2
1M

2
1 0 0 a

2
1δM

2
1 0 0 0

a
2
1 0 a

2
1M

2
1 0 0 0 a

2
1δM

2
1 0 0

a
2
1 0 a

2
1M

2
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2
1δM

2
1 0

0 0 0 0 0 0 0 0 0

a
2
2 0 a

2
2M

2
2 0 a

2
2δM

2
2 0 0 0 0

⋮
a
2
n 0 a

2
nM

2
n 0 0 0 0 a

2
nδM

2
n 0

0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

Xd =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 a
2
1 0 a

2
1M

2
1 0 0 0 0 a

2
1δM

2
1

0 0 0 0 0 0 0 0 0
⋮

0 0 0 0 0 0 0 0 0

0 a
2
n 0 a

2
nM

2
n 0 0 0 0 a

2
nδM

2
n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

This representation of the fit function makes it simple to construct the residuals

r =
√
V (y − (X + coXo + cdXd)θ),

where

y = (mN,1,mΛ,1,mΣ,1,mΞ,1,mΩ,1,mN,2,⋯,mΩ,n)T ,

θ = (mo,md, b̄, t̄, δbN , δbΛ, δbΣ, δbΞ, δtΩ)
T
.

These residuals and their Jacobians are required for the Levenberg-Marquardt
algorithm minimizing

χ2 = (y − (X + coXo + cdXd)θ)TV (y − (X + coXo + cdXd)θ), (9.5)
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where V is the block-diagonal inverse covariance matrix

V =
⎛
⎜⎜⎜
⎝

Cov−1
m1

0 ⋯ 0

0 Cov−1
m2

⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ Cov−1

mn

⎞
⎟⎟⎟
⎠
, mi =

⎛
⎜⎜⎜
⎝

mN,i

mΛ,i

⋮
mΩ,i

⎞
⎟⎟⎟
⎠

of y. Note, that from the decuplet baryons we only include the Ω. We do so
because the other decuplet baryons are unstable in QCD and thus need extra
care when determining ground state masses.

A problem arises when fitting eq. (9.4) to our current data as the ensembles pro-

cessed for this project thus far all have very similar average quark mass m̄∝M
2
.

Our fits can thus not sufficiently discern the influences of the average quark mass
and the SU(3) octet- or decuplet masses in eqs. (9.2) and (9.3) leading to large
uncertainties in the fit results for these quantities. This effect is unfortunately
extreme enough to make a determination of the physical point with the available
data impossible, as we will explain in more detail in section 9.3. For this reason,
we choose to either fit the SU(3) masses or the parameter multiplying the average
quark mass for each SU(3) multiplet, setting the other parameter to 0. For the
results quoted in this document, we opt to remove b̄ and t̄ from our fits as these
fits turned out to be more stable. The results for the different parameters listed
in table 9.2.

Table 9.2: The fit results for the extrapolations in eqs. (9.2) to (9.4) with
b̄ = t̄ = 0. mB and cB denote the SU(3) octet- or decuplet-masses and the
octet’s or decuplet’s lattice spacing coefficient respectively.

B mB cB δbB/δtB
N

2.510(27) −0.25(23)

−0.276(44)
Λ -0.100(18)
Σ -0.009(13)
Ξ 0.121(29)

Ω 3.057(57) -0.71(31) 0.202(33)

The dependence of the baryon masses on mπ, mK , a2 and δM2 is shown in
fig. 9.2. In these plots (except for the one showing the δM2-dependence) all but
the specified variables are fixed to their physical value. The way these physical
values are determined is explained in section 9.3.

Instead of parameterizing our fits in terms of the coefficients in table 9.2, one
could also fit the low-energy-constants (LECs) b0, bD, bF , tD0 , and tD which are
related to the other coefficients via [46]

b̄ = −6b0 − 4bD, t̄ = 3tD0 + 3tD,

δbN =
2

3
(3bF − bD), δbΛ = −

4

3
bD, δbΣ =

4

3
bD, δbΞ = −

2

3
(3bF + bD),

δt∆ = −tD, δtΣ∗ = 0, δtΞ∗ = tD, δtΩ = 2tD.
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Figure 9.2: The extrapolation of the baryon octet states and the Ω baryon
via eqs. (9.2) and (9.3) as a function of the pion mass at physical kaon
mass and a = 0 (top left), the kaon mass at physical pion mass with a = 0
(top right), the squared lattice spacing at physical pion and kaon masses
(bottom left), and δM2 (bottom right). The physical pion and kaon masses

here mean the ones listed in table 9.3 scaled with
√

8tphys0 from table 9.4
with S = Λ. Each data point corresponds to the respective baryon mass as
measured on a single ensemble and the black vertical line corresponds to
the physical point determined via eqs. (9.6) and (9.7). In the bottom right
panel, the masses are scaled with the respective lattice scale determined
with the Λ baryon as reference (see table 9.5).

This fit procedure can simply be implemented by replacing θ in eq. (9.5) by2

θ̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −6 −4 0 0 0
0 0 0 0 0 3 3

0 0 0 −2
3 2 0 0

0 0 0 −4
3 0 0 0

0 0 0 4
3 0 0 0

0 0 0 −2
3 −2 0 0

0 0 0 0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

mo

md

b0
bD
bF
tD0

tD

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

in which case we can still explicitly set b̄ and t̄ to 0 in the fit by setting the
columns of X, Xo, and Xd in eq. (9.4) corresponding to the specific fit parameter
to 0 or removing the respective column from each matrix and the respective row
from the parameter vector θ.
We found that this approach generally results in smaller uncertainties on the

δbB and δtB as well as some derived (extrapolated) quantities such as
√

8tphys0

2Note that we exclude ∆, Σ∗, and Ξ∗ from our fits. Thus, the corresponding rows are missing.
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discussed in section 9.3. However, the baryon masses extrapolated to the physical
point with the LEC fit results are less consistent with the experimental values and

we still have to leave the M
2
-dependence out of the fit to be able to determine

the physical point. As the latter fact introduces additional systematic errors, we
decided to stick to fitting the set of parameters in eq. (9.5) directly which yields
less precise but more realistic results.

Note, however, that our fit results in table 9.2 are not compatible with the pa-
rameterization via LECs as that would imply that δbΛ = −δbΣ whereas in our fit
δbΣ seems to be compatible with 0.

In general, there is a quark mass dependence of the strong gauge coupling (see
eq. (3.20)) which in its inverse form reads

a0(g2) = a(g̃2(g2, am̄))(1 − baam̄)

with ba = 0.31583(5) for three quark flavors [46]. This leads to O(a) effects that
have to be taken into account. However, as we are only concerned with ensembles
lying on a line of (approximately) constant m̄ at the time of writing, we neglect
this correction for the time being.

Furthermore, note that here and throughout the rest of this thesis we only quote
purely statistical uncertainties of our results.

9.3. Setting the Lattice Scale

As in the procedures described in section 4.4.3 and in [46] (on which the rest
of this section builds upon), we use the Wilson flow scale t0 to determine the
lattice spacings a for each value of the strong gauge coupling g2 = 6

β . We do so by

matching the lattice measurements t0
a2

of this scale to a physical value tphys0 that is
determined using experimental input. In our case, this experimental input comes
from the mass of one of the baryons we extrapolate as discussed in section 9.2 as
well as the masses of the π and K mesons in terms of which the baryon masses
are extrapolated. As our computation is based on isospin-symmetric data for
which no experimental data is available, we use experimental values corrected
for isospin-breaking effects [46] listed in table 9.3. These modified experimental
values are estimated as [46]

mN =
1

2
(mΞ0 +mΞ− − δmQED),

mΣ =
1

2
(mΣ+ +mΣ−) − δmQED,

mΞ =
1

2
(m0

Ξ +m−Ξ − δmQED),

mΩ =mΩ − 3MeV

with δmQED =mp −mn − 1
2(mΣ+ −mΣ−) = 2.75(11)MeV assuming that the split-

tings can be described by two additive parameters δmQCD and δmQED accounting
for strong and electromagnetic isospin-breaking respectively. For the pion and
kaon, the mass values of the FLAG 2016 Review [123] are used. For the remain-
der of this chapter, we mark a value taken from table 9.3 with the superscript
“exp”.
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9.3. Setting the Lattice Scale

Table 9.3: Physical hadron masses corrected for isospin-breaking effects

taken from [46] which we use as input for the determination of
√

8tphys0 .
The authors of [46] note that due to the prescription used to correct for
isospin-breaking, “an additional uncertainty of up to 2MeV may exist”.

Hadron H mexp
H / MeV

π 134.8(3)
K 494.8(3)
N 937.54(6)
Λ 1115.68(1)
Σ 1190.66(12)
Ξ 1316.9(3)
Ω 1669.5(3.0)

For a given scale S ∈ {N,Λ,Σ,Ξ,Ω}, we define the physical point, i.e. the
point in the space spanned by mπ, mK , and a, as the point at which the ra-

tios
mS(mπ ,mK ,a)

mπ
and

mS(mπ ,mK ,a)
mK

take on the experimental values
mexp

S

mexp
π

and
mexp

S

mexp
K

where a = 0. We define tphys0 via the ratio of mS and mexp
S at this point;

√
8tphys0 =

mS(mπ = mexp
π

mexp
S
mS,mK =

mexp
K

mexp
S
mS,a = 0)

mexp
S

. (9.6)

Plugging the arguments of the numerator of the right-hand side of eq. (9.6) into
eq. (9.2) for an octet state S, we find that the numerator is a solution of

mS =mo + (ᾱb̄ + δαδbS)m2
S,

where ᾱ = 2mexp
K +mexp

π

3mexp
S

, and δα = 2(m
exp
K −mexp

π

mexp
S

). At the physical point, the mass of

S is thus given by

mS =
1 ±
√

1 − 4mo(ᾱb̄ + δαδbS)
2(ᾱb̄ + δαδbS)

. (9.7)

For S = Ω, replace mo ↔md, b̄↔ t̄, and δbS ↔ δtΩ.
Note, that eq. (9.7) has two solutions since it solves a quadratic equation. How-
ever, one of these solutions results in unphysical, sometimes negative masses for
the remaining baryons and can thus be discarded.
A problem we see with our current data arises, when the uncertainties of the fit
parameters mo, b̄, and δbS (or their counterparts for the decuplet) are too large
such that the discriminant 1 − 4mo(ᾱb̄ + δαδbS) in eq. (9.7) becomes negative
on individual bootstrap samples. In that case, the variance of mS cannot be
estimated using the bootstrap procedure due to complex-valued contributions.
In our case, this happens, if we try to fit all parameters in eqs. (9.2) to (9.4) of
which b̄ and t̄ cannot be reasonably resolved simultaneously with mo and md

on our data for which M
2
only varies slightly. This has the effect, that the M

2

dependence in our data is almost constant and thus does not give any additional
information that cannot be absorbed in mo/d. We thus explicitly set b̄ and t̄ to
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0 as discussed in section 9.2 to circumvent this problem resulting in well-defined
variances of mS.

Since we extrapolate all baryon masses simultaneously with shared parameters,
we can compute physical masses for each baryon via

mB =
mB√
8tphys0

using the physical value of t0 from eq. (9.6) and the extrapolated value of mB

at the physical point. The results of this computation are shown in table 9.4
and fig. 9.3.

Table 9.4: The hadronic spectrum extrapolated to the physical point and
tphys0 determined from the results in table 10.1. For each column a different

baryon mass was used as the scale S to define
√

8tphys0 . The masses in
MeV are computed via mB = mB√

8tphys0

where mB is extrapolated to the

physical point.

Obs.

S
N Λ Σ Ξ Ω

√
8tphys0 /fm 0.413(11) 0.4095(37) 0.4131(44) 0.4117(87) 0.4072(60)

mN /MeV 937.54(50) 950(35) 937(48) 942(40) 958(46)

mΛ/MeV 1105(31) 1115.68(18) 1104(19) 1109(27) 1123(24)

mΣ/MeV 1191(39) 1201(17) 1190.66(13) 1195(30) 1208(20)

mΞ/MeV 1313(30) 1323(22) 1313(27) 1316.90(38) 1329(30)

mΩ/MeV 1651(40) 1662(23) 1651(21) 1655(35) 1669.5(3.1)

Note, that in [46] the authors use t∗0 instead of tphys0 for the computation of
physical observables and setting the lattice scale, where t∗0 is defined as the value
of t0 on the symmetric ml =ms line characterized by

ϕ∗4 = 8t∗0(m2
K +

1

2
m2
π) = 12t∗0m2

π = 1.110.

However, as of the writing of this thesis, we do not have data available at this
trajectory. Thus, we use tphys0 instead. Nonetheless, our results can reasonably
be compared to such determined using t∗0 since the two values are related via [46]

√
8t∗0 = 0.99974(4)

√
8tphys0

which is an insignificant difference compared to the uncertainties we find for√
8tphys0 (cf. table 9.4).

To determine the lattice spacing for each value of β, we make use of the fact
that the measured values of a2 = a2

8t0
fluctuate at a level much smaller than their

uncertainties for a given strong gauge coupling, such that we can assign a lattice
spacing for a given beta via

a(β) =
√

8tphys0 a
2
β (9.8)
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Figure 9.3: A visual representation of the results for the baryon masses
at the physical point listed in table 9.4. Each vertical stack of errorbars
corresponds to the results using the baryon indicated at the bottom of the
plot to determine the physical point. The horizontal lines correspond to
the hadron masses used as experimental input as listed in table 9.3.

where a2β is an average value of a2

8t0
over all ensembles simulated at QCD gauge

coupling g2 = 6
β which we determine via a constant fit according to eq. (B.4).

Table 9.5 lists a set of results for this computation for each β in our set of

ensembles and each value of
√

8tphys0 listed in table 9.4.

Table 9.5: The lattice spacings a(mS) determined for each inverse strong
gauge coupling β analyzed in this thesis. The values are computed via

eq. (9.8) using the results for
√

8tphys0 in table 9.4.

β a(mN) / fm a(mΛ) / fm a(mΣ) / fm a(mΞ) / fm a(mΩ) / fm

3.34 0.0987(26) 0.09787(90) 0.0987(10) 0.0984(21) 0.0973(14)
3.4 0.0859(22) 0.08520(77) 0.08596(91) 0.0856(18) 0.0847(12)
3.46 0.0761(20) 0.07548(69) 0.07615(80) 0.0759(16) 0.0751(11)
3.55 0.0642(17) 0.06369(58) 0.06426(68) 0.0640(13) 0.06333(93)
3.7 0.0498(13) 0.04934(45) 0.04978(52) 0.0496(10) 0.04906(72)

A comparison of our results for
√

8tphys0 and the different lattice spacings to dif-
ferent publications is shown in fig. 9.4. Note, that our results using mΞ for the
determination of the physical point are very similar to those computed by the
RQCD collaboration in [46] with the same quantity, albeit with a larger error.
However, their computation is expected to be more precise as they include five
times the number of ensembles. These additional ensembles especially include
ones from trajectories in parameter space which do not lie on the line of constant
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Chapter 9. Extrapolation and Scale Setting

average quark mass as our selection does. We thus expect their fits of the param-
eterization of octet and decuplet quark masses in according to eqs. (9.2) and (9.3)

to be more sensitive to the average quark mass proxy M
2
making it possible to

fit the full set of parameters. This should be investigated in the future by adding
ensembles from these additional trajectories of SU(3)-symmetric ensembles and
ensembles on a line of constant strange quark mass.
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Table 9.6: Isospin-symmetric masses for all considered hadrons and all
ensembles. amH and

√
8t0mH are computed on each ensemble directly,

while mH / MeV is computed by dividing amH by the lattice spacing
listed for the corresponding value of β in table 9.5 with the Λ baryon used
to determine the physical point.

β Ensemble
Obs.

H
π K N Λ Σ Ξ Ω

3.34 A654
amH 0.1687(13) 0.22751(100) 0.5447(55) 0.5726(37) 0.5839(36) 0.6074(25) 0.7398(84)√
8t0mH 0.7062(47) 0.9525(30) 2.280(22) 2.397(14) 2.445(14) 2.5429(92) 3.097(34)

mH / MeV 340.3(3.8) 458.9(4.4) 1099(17) 1155(14) 1178(14) 1225(13) 1492(21)

3.4 N101
amH 0.12286(41) 0.20189(24) 0.4508(30) 0.4903(26) 0.5080(26) 0.5377(19) 0.6633(67)√
8t0mH 0.5909(18) 0.97094(93) 2.168(14) 2.358(12) 2.443(12) 2.5858(88) 3.190(33)

mH / MeV 284.7(2.7) 467.8(4.3) 1045(12) 1136(12) 1177(12) 1246(12) 1537(22)

3.46

D450
amH 0.08392(28) 0.18389(12) 0.3789(26) 0.4289(14) 0.4503(31) 0.48778(94) 0.6152(31)√
8t0mH 0.4563(14) 0.99993(86) 2.060(14) 2.3320(73) 2.448(16) 2.6523(52) 3.345(17)

mH / MeV 219.5(2.1) 481.0(4.4) 991(11) 1122(11) 1178(13) 1276(12) 1609(17)

N451
amH 0.11088(26) 0.17835(16) 0.4056(15) 0.4372(18) 0.4552(22) 0.4771(14) 0.5983(16)√
8t0mH 0.6018(12) 0.9680(10) 2.2015(79) 2.3726(96) 2.471(11) 2.5894(76) 3.2473(88)

mH / MeV 290.0(2.7) 466.5(4.3) 1061(10) 1143(11) 1191(12) 1248(12) 1565(15)

N452
amH 0.13569(17) 0.17047(14) 0.4228(17) 0.4408(18) 0.4485(15) 0.4643(15) 0.5736(20)√
8t0mH 0.73551(78) 0.92406(78) 2.2919(89) 2.3894(91) 2.4311(78) 2.5169(80) 3.109(11)

mH / MeV 354.9(3.3) 445.9(4.1) 1106(11) 1153(11) 1173(11) 1214(12) 1500(15)

1
2
0
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3.55

D200
amH 0.06494(34) 0.15630(22) 0.3199(23) 0.36524(94) 0.3852(15) 0.41598(77) 0.5245(16)√
8t0mH 0.4180(21) 1.0061(13) 2.059(15) 2.3509(61) 2.4795(98) 2.6776(49) 3.376(10)

mH / MeV 201.3(2.1) 484.5(4.5) 992(12) 1132(11) 1194(12) 1289(12) 1626(16)

N203
amH 0.11309(23) 0.14435(20) 0.3607(25) 0.3767(24) 0.3859(14) 0.3985(11) 0.4880(38)√
8t0mH 0.7257(15) 0.9262(13) 2.315(16) 2.417(15) 2.4759(88) 2.5571(67) 3.131(24)

mH / MeV 350.5(3.2) 447.4(4.1) 1118(12) 1168(13) 1196(11) 1235(12) 1513(18)

N200
amH 0.09179(36) 0.15032(24) 0.3410(26) 0.3723(21) 0.3878(17) 0.4090(16) 0.5136(23)√
8t0mH 0.5899(22) 0.9661(15) 2.192(16) 2.393(13) 2.492(11) 2.6284(98) 3.301(15)

mH / MeV 284.5(2.8) 465.9(4.3) 1057(11) 1154(11) 1202(11) 1268(12) 1592(16)

E250
amH 0.04261(13) 0.159269(42) 0.3022(28) 0.3527(19) 0.3815(21) 0.41936(87) 0.5311(16)√
8t0mH 0.27484(81) 1.02741(40) 1.949(18) 2.276(12) 2.461(14) 2.7052(57) 3.426(10)

mH / MeV 132.1(1.3) 493.7(4.5) 937(12) 1093(11) 1183(12) 1300(12) 1646(16)

3.7 E300
amH 0.04396(24) 0.12387(13) 0.2396(78) 0.2788(30) 0.3005(26) 0.3277(48) 0.4084(31)√
8t0mH 0.3651(20) 1.0286(12) 1.990(65) 2.315(25) 2.496(22) 2.721(40) 3.391(26)

mH / MeV 175.9(2.0) 495.6(4.6) 959(29) 1115.7(4.7) 1202(13) 1311(21) 1634(20)
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Figure 9.4: Comparison of our results for the physical value of
√
8t0 (top

panel) with different other works (RQCD [46],CLS 21 [41], Bruno et al. 16
[40], QCDSF/UKQCD 15 [124], GSI 24 [68]) as well as the flag averages
of the 2021 and 2024 publications (FLAG 21 [70], FLAG 24 [71]). The
bottom panel shows the analogous comparison of our results for the lattice
spacings at different values of β for which we have data available at the
time of writing. The gray band band corresponds to our result using mΛ

to define the physical point. The five topmost values in each plot are our
results and the observables in brackets in each line indicate the quantity

used to compute the respective value of
√

8tphys0 .
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Chapter 10
Isospin-Breaking Corrections to

Hadronic Masses

While in chapter 9 we only discussed isospin-symmetric calculations, this chapter
covers our results for the isospin-breaking corrections. As these corrections are
expensive to compute, we start in section 10.1 with a discussion of a method
we developed to reduce the computational cost for the most expensive part of
the computation with stochastical inference of the corrections stemming from
photon interactions. We continue in section 10.2 by addressing the method we
use to determine the coefficients ∆ε necessary to perform the isospin-breaking
expansion described in section 5.2. Finally, in section 10.3 we propose a method
for setting the scale in the presence of isospin-breaking corrections.

10.1. Improvement of Computation Time of QED Cor-
rections

The computation of isospin-breaking corrections to hadronic masses is more in-
volved than a simple isospin-symmetric computation and thus takes up more
computational resources. Figure 10.1 shows how the time spent in the com-
putation described in section 8.1 is split up between the different parts of the
calculation for three of our ensembles. As can be seen from these pie charts, the
QED part of the calculation takes up roughly half of the total computational
time.

We found, however, that part of the QED calculation can be replaced by an
inference of its results from the other contributions via linear regression, i.e.

C
(1)
H,e2
(t) ≈cH,0(t)C(0)H (t) + cH,u(t)C

(1)
H,∆mu

(t) + cH,d(t)C(1)H,∆md(t) (10.1)

+ cH,s(t)C(1)H,∆ms(t) + dH(t),

which has to be done for any hadron H individually. Note, that we choose to de-
scribe each timeslice of the correlation function with a different set of coefficients
instead of trying to infer the correlation function as a whole.

To determine the coefficients cH,x(t) and dH(t) for a hadron H, we compute the
full QCD correction on all sources on a subset of the configurations of a given
ensemble, of which we treat the different correlation functions for each individual
source as different measurements. For a subset of Nc gauge configurations with
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10.1. Improvement of Computation Time of QED Corrections

Symmetric

∆mq

QED
Setup

D200

Symmetric

∆mq

QED

Setup

N200

Symmetric

∆mq

QED Setup

D450

Figure 10.1: Distribution of computing time onto different parts of the cal-
culation on three ensembles. ∆mq means the computation of the mass-shift
corrections and QED denotes the computations of corrections to correla-
tion functions involving photons. Setup includes all parts that are shared
between all computations, including loading gauge configurations, con-
structing the deflation subspace, source smearing and the first inversions
(i.e. solving DfSf (0) = η as described in section 8.1.3) for the QCDiso prop-
agators. Symmetric is thus mostly sink smearing and contractions. The
timings were taken from a random selection of log files from the respective
ensembles.

Ns sources each, we thus have Nc ⋅Ns data points to infer the coefficients cH,x(t)
for each timeslice t. We call this subsection of Nc configurations training set as
is common in machine learning contexts. The complement of the training set we
call evaluation set in the following, on which we infer the QED contribution from
eq. (10.1).

Since this is of course not an exact procedure, we have to correct for an inherent
bias this procedure introduces on all configurations of the evaluation set. We
do so analogously to the truncated solver method with all mode averaging as
explained in section 6.5. The sloppy observables s in this setup are the approxi-
mations as per eq. (10.1). For the exact observable e, we use one or more sources
on each configuration of the evaluation set for which we compute the complete
QED contribution and the prediction from eq. (10.1) so that we can compute the
bias correction as per eq. (6.24). Additionally, we compute the complete QED
contribution on all exact sources of the truncated solver method in order to be
able to correct both biases independently.

While we found that a simple linear regression works reasonably well to determine
the coefficients in the above procedure, we instead use a slightly different method.
We use the AMA method with multiple control variates we derived at the end in
section 6.5 where we absorb the coefficients cH,x(t) in eq. (10.1) into the coefficient

vector θ in eq. (6.25) and identify the inputs C
(0)
H (t) and CH,∆mq(t) with the

control variates s on the training set. The target (exact) value of the QED
contribution is then identified as e. This is still a linear prediction as discussed
above but with different coefficients compared to a simple linear regression and
without a constant term. However, this procedure is more tailored to a precise
bias correction taking the covariances of the input data into account. Note,
that the sloppy values ŝ computed this way are not necessarily compatible with
the exact QED corrections. However, they minimize the uncertainty of the bias
correction b̂ with which the prediction is compatible with the exact calculation.
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Figure 10.2: The QED correction to the correlation function (top) of the
pion (left) and the lambda baryon (right) as well as the first order effective
masses (bottom) on the evaluation set of N451. The prediction is computed
with the method of multiple control variates in section 6.5. The training
set consists of 20 configurations with 33 sources each. The evaluation set
spans 988 configurations 1 source per configuration to correct for the bias
of the QED prediction and 1 source per configuration to correct for the
bias of the truncated solver, leaving 31 sources per configuration for the
prediction. The exact data comes from a complete computation of the
QED contribution on all sources. The prediction is shifted to the right to
make it possible to distinguish the data.

We have tested this method on several ensembles with both open and periodic
boundary conditions. An example of such a test is shown in fig. 10.2 for the π+

and Λ showing a complete computation and the prediction side-by-side. This
test using only 20 out of 1008 configurations for the determination of the lin-
ear coefficients and only a single source for the bias correction shows, that this
procedure produces very accurate results with minimal computational effort. As
the prediction and determination of the linear coefficients is negligible in terms
of computer time compared to the full computation, we can save approximately
50% of the total runtime based on fig. 10.1.

We used this method in production for the N101 and D200 ensembles, with a
more conservative setup than the one in our tests using two sources per gauge
configuration for bias correction (on top of those needed for the truncated solver)
and using every fourth configuration on D200 and every 25th configuration on
N101 for the training set.

10.2. Hadronic Renormalization Scheme

As all lattice ensembles considered for this thesis are simulated in the isospin-
symmetric limit, there is no handle on the magnitude of the mass difference
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10.2. Hadronic Renormalization Scheme

between up- and down-quark as well as the electromagnetic coupling. Like the
lattice scale in QCDiso, these quantities have to be determined using experimental
data as they do not arise from the theory but are intrinsic parameters thereof.
There are multiple ways such a matching can be achieved. The method used in
this thesis is based on a matching of charged meson masses to relate QCD+QED
and QCDiso based on chiral perturbation theory with QED [14]. The elec-
tromagnetic coupling is set to its physical value in the low-energy-limit of
e2 = 4παem = 0.091701237 as this coupling strength does not renormalize at
leading order in αem [11, 14]. The shifts of the masses of up, down, and strange
quark are then determined via the matching conditions [14]

(m2
π0)QCD+QED = (m2

π0)
exp

(m2
K+ +m2

K0 −m2
π+)QCD+QED = (m2

K+ +m2
K0 −m2

π+)
exp

(m2
K+ −m2

K0 −m2
π+ +m2

π0)QCD+QED = (m2
K+ −m2

K0 −m2
π+ +m2

π0)
exp

(mπ0)QCDiso = (mπ0)exp

(m2
K+ +m2

K0 −m2
π+)

QCDiso = (m2
K+ +m2

K0 −m2
π+)

exp
.

(10.2)

The superscript “exp” here refers to the experimentally determined value. In
this scheme, the first three equations match the three quark masses in the full
theory, while the latter two fix the isospin-symmetric quark masses in relation
to the experimental ones. Plugging the expansion eq. (5.9) into the first three
conditions of eq. (10.2) and replacing the isospin-symmetric quark masses by the
experimental ones using the last two conditions, eq. (10.2) reduces to [14]

∑
i

∆εiM
i
π0 = 0,

∑
i

∆εi(M i
K+ +M i

K0 −Mπ+) = 0,

∑
i

∆εi(M i
K+ −M i

K0 −M i
π+ +M i

π0) =
a2

2
(m2

K+ −m2
K0 −m2

π+ +m2
π0)

exp
,

(10.3)

whereM i
X = (amX)(0)(amX)(1)i and a is the lattice spacing. a is itself a quantity

that has to be expanded in ∆εi, which we discuss in section 10.3. For the following
discussion, however, we assume a to be the isospin-symmetric lattice spacing.
The above system of equations can easily be solved by rewriting it as a matrix
equation1

⎛
⎜
⎝

Mu
π0 Md

π0 0

Mu
K+ −Mu

π+ Md
K0 −Md

π+ M s
K+ +M s

K0

Mu
K+ −Mu

π+ +Mu
π0 −Md

K0 −Md
π+ +Md

π0 M s
K+ −M s

K0

⎞
⎟
⎠

⎛
⎜
⎝

a∆mu

a∆md

a∆ms

⎞
⎟
⎠

+ e2
⎛
⎜⎜
⎝

M e2

π0

M e2

K+ +M e2

K0 −M e2

π+

M e2

K+ −M e2

K0 −M e2

π+ +M e2

π0

⎞
⎟⎟
⎠

= a
2

2

⎛
⎜
⎝

0
0

(m2
K+)

exp − (m2
K0)

exp − (m2
π+)

exp + (m2
π0)

exp

⎞
⎟
⎠
.

1This assumes only valence-quark contributions. If one were to include sea-quark contribu-
tions, all meson masses depend on all quark masses.
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Using the symmetries Mu
π0 =Mu

π+ =Md
π0 =Md

π+ =∶M l
π and Md

K0 =Mu
K+ =∶M l

K ,2

this can be reduced to

⎛
⎜
⎝

M l
π M l

π 0

M l
K −M l

π M l
K −M l

π 2M s
K

M l
K −M l

K 0

⎞
⎟
⎠

⎛
⎜
⎝

a∆mu

a∆md

a∆ms

⎞
⎟
⎠
+ e2
⎛
⎜⎜
⎝

M e2

π0

M e2

K+ +M e2

K0 −Mπ+

M e2

K+ −M e2

K0 −M e2

π+ +M e2

π0

⎞
⎟⎟
⎠

= a
2

2

⎛
⎜
⎝

0
0

(m2
K+)

exp − (m2
K0)

exp − (m2
π+)

exp + (m2
π0)

exp

⎞
⎟
⎠

which is solved by

⎛
⎜
⎝

a∆mu

a∆md

a∆ms

⎞
⎟
⎠
= 1

2

⎛
⎜⎜⎜⎜
⎝

1
M l
π

0 1
M l
K

1
M l
π

0 − 1
M l
K

M l
π−M l

K

M l
πM

s
K

1
Ms
K

0

⎞
⎟⎟⎟⎟
⎠

⎛
⎜⎜
⎝

−e2M e2

π0

e2(Mπ+ −M e2

K+ −M e2

K0)
a2

2 m
2
KKππ − e2M e2

KKππ

⎞
⎟⎟
⎠

(10.4)

where m2
KKππ = (m2

K+)
exp−(m2

K0)
exp−(m2

π+)
exp+(m2

π0)
exp

andMKKππ =M e2

K+−
M e2

K0 −M e2

π+ +M e2

π0 .
Note, that in addition to the mentioned contributions to the hadron masses there
is an additional shift of the strong gauge coupling which is useful to counter a
renormalization of the strong coupling due to the addition of electromagnetism
into the theory [81]. This shift would in turn affect the lattice spacing. However,
as mentioned above, we only consider quark-connected contributions at this stage
of the project and thus do not yet account for this shift.
Using the lattice scales determined using the mass of the Λ baryon as reference
in table 9.5, the above matching yields the mass shifts in table 10.1.

Table 10.1: The expansion parameters determined on each ensemble using
the scheme in eq. (10.3) and the lattice spacings given in table 9.5 using
the mass of the Λ baryon as reference scale.

Ensemble a∆mu a∆md a∆ms

A654 -0.0084007(83) -0.0016997(69) -0.0020553(86)
N101 -0.008604(22) -0.0018089(78) -0.0021431(62)
D450 -0.008757(20) -0.001909(19) -0.002181(30)
N451 -0.0087815(41) -0.0019118(39) -0.0021790(16)
N452 -0.0087889(39) -0.0019259(38) -0.0021672(17)
D200 -0.0090279(98) -0.0020154(100) -0.002263(13)
N203 -0.0090239(32) -0.0020385(31) -0.0022394(38)
N200 -0.0090148(46) -0.0020329(45) -0.0022507(44)

Using these results, we find the masses for the different isospin-multiplet listed in
table 10.4. tables 10.2 and 10.6 show the correction for the isospin-singlet states
Λ and Ω and the splitting of the isospin-multiplet masses respectively. For each
of these tables we have one version in lattice units and one in physical units.
Note, that we perform the matching on a per-ensemble basis. If an extrapolation
as in section 9.2 were performed in QCD+QED, this could also be done once for

2These symmetries are valid in our calculations due to the isospin-symmetric nature of the
theory we expand around and because we only consider the quark-connected contributions to
the π0 correlation function.
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10.2. Hadronic Renormalization Scheme

each value of the inverse strong gauge coupling β. Although the uncertainties
of the masses in table 10.4 are larger than the mass splittings due to isospin-
breaking, these splittings can be resolved to much better precision since the data
for different multiplet-states are highly correlated due to reuse of intermediate
results, thus strongly reducing the overall uncertainty of their difference.
Our data in table 10.2 verifies the assumption underlying various other efforts
towards precision scale-setting [44, 68, 69] that the Ω−-mass is insensitive to
isospin-breaking corrections (≤0.051(29)% ) of the total mass on all our ensem-
bles), making it a suitable reference scale for which isospin-breaking effects can
be ignored to much higher precision than for other observables. Going from our
data alone, it looks to be similar for the Λ (although the relative correction is
larger with at most 0.116(32)% in this case) which could be beneficial given
our results from section 9.3 which favor the Λ in terms of overall precision of
the lattice scale. However, these results have to be taken with a grain of salt as
in QCD+QED, Σ0 and Λ mix so that the state we call Λ in our analysis does
not exactly correspond to an experimentally observable mass eigenstate [125]. To
achieve accurate results for the Λ baryon in QCD+QED, this mixing has to be
explored and taken into account. Cross-correlators for Σ0 and Λ (as well as the
SU(3) singlet Λ0 corresponding to a totally antisymmetric flavor state) have been
collected together with all data necessary for our results so far and can be used
to find the actual mass-eigenstates in QCD+QED. However, these data have not
been analyzed for the sake of this thesis, so we cannot report the results at this
stage.
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Table 10.2: The shift in the masses of the Λ and Ω− baryon when correcting
for isospin-breaking effects, δmX =mQCD+QED

X −mQCDiso
X .

β Ensemble am
QCDiso

Λ δamΛ am
QCDiso

Ω δamΩ

3.34 A654 0.5726(37) 0.00062(36) 0.7398(84) 0.00026(11)

3.4 N101 0.4903(26) 0.00057(15) 0.6633(67) 0.00032(12)

3.46
D450 0.4289(14) 0.00031(15) 0.6152(31) 0.00032(19)
N451 0.4372(18) 0.000159(48) 0.5983(16) 0.00012(20)
N452 0.4408(18) 0.000282(43) 0.5736(20) 0.000276(15)

3.55
D200 0.36524(94) -0.00018(17) 0.5245(16) 0.000156(94)
N200 0.3723(21) -0.00029(77) 0.5136(23) 0.000128(32)
N203 0.3767(24) 0.000077(39) 0.4880(38) 0.000162(24)

Table 10.3: The shift in the masses of the Λ and Ω− baryon when correcting
for isospin-breaking effects, δmX = mQCD+QED

X −mQCDiso
X . The isospin-

symmetric lattice spacings a(mΛ) in table 9.5 are used to convert the
lattice results to physical units.

β Ensemble m
QCDiso

Λ / MeV δmΛ / MeV m
QCDiso

Ω / MeV δmΩ / MeV

3.34 A654 1155(14) 1.25(72) 1492(21) 0.53(23)

3.4 N101 1136(12) 1.31(36) 1537(22) 0.73(29)

3.46
D450 1122(11) 0.81(39) 1609(17) 0.82(49)
N451 1143(11) 0.41(13) 1565(15) 0.31(52)
N452 1153(11) 0.74(11) 1500(15) 0.722(39)

3.55
D200 1132(11) -0.56(51) 1626(16) 0.48(29)
N200 1154(11) -0.9(2.4) 1592(16) 0.396(100)
N203 1168(13) 0.24(12) 1513(18) 0.503(74)
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Table 10.4: The masses of all available QCDiso-stable hadrons in
QCD+QED determined to first order in isospin-breaking effects.

β Ensemble I3 amπ amK+/K0 amN amΛ amΣ amΞ amΩ

3.34 A654

1 0.1698(13) 0.5832(37)
1/2 0.2273(10) 0.5444(59) 0.6070(25)
0 0.1687(13) 0.5733(38) 0.5843(37) 0.7400(84)
−1/2 0.22857(100) 0.5460(55) 0.6089(25)
−1 0.1698(13) 0.5856(36)

3.4 N101

1 0.12406(42) 0.5072(28)
1/2 0.20172(25) 0.4513(30) 0.5370(19)
0 0.12286(41) 0.4909(26) 0.5081(28) 0.6636(67)
−1/2 0.20279(24) 0.4517(30) 0.5387(19)
−1 0.12406(42) 0.5096(27)

3.46

D450

1 0.08516(28) 0.4497(31)
1/2 0.18368(12) 0.3796(26) 0.4873(10)
0 0.08392(28) 0.4292(14) 0.4506(31) 0.6155(31)
−1/2 0.18467(12) 0.3800(26) 0.48881(96)
−1 0.08516(28) 0.4517(31)

N451

1 0.11184(25) 0.4544(22)
1/2 0.17814(16) 0.4057(15) 0.4766(14)
0 0.11088(26) 0.4373(17) 0.4553(22) 0.5984(17)
−1/2 0.17915(16) 0.4060(15) 0.4782(14)
−1 0.11184(25) 0.4565(22)
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N452

1 0.13653(17) 0.4479(15)
1/2 0.17030(14) 0.4231(17) 0.4636(15)
0 0.13569(17) 0.4411(18) 0.4487(15) 0.5739(20)
−1/2 0.17130(14) 0.4234(17) 0.4653(15)
−1 0.13653(17) 0.4498(15)

3.55

D200

1 0.06590(34) 0.3848(15)
1/2 0.15605(22) 0.3195(27) 0.41548(76)
0 0.06494(34) 0.36506(92) 0.3854(15) 0.5246(16)
−1/2 0.15695(22) 0.3197(26) 0.41690(76)
−1 0.06590(34) 0.3862(15)

N200

1 0.09254(37) 0.3871(17)
1/2 0.15010(25) 0.3411(25) 0.4085(15)
0 0.09179(36) 0.3720(23) 0.3880(17) 0.5138(23)
−1/2 0.15100(24) 0.3408(25) 0.4098(15)
−1 0.09254(37) 0.3891(16)

N203

1 0.11374(23) 0.3855(14)
1/2 0.14415(20) 0.3608(24) 0.3979(11)
0 0.11309(23) 0.3768(24) 0.3863(14) 0.4882(38)
−1/2 0.14505(20) 0.3612(24) 0.3994(11)
−1 0.11374(23) 0.3872(14)
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Table 10.5: The masses of all available QCDiso-stable hadrons in
QCD+QED determined to first order in isospin-breaking effects using the
isospin-symmetric lattice spacings a(mΛ) in table 9.5 to convert the lattice
results to physical units.

β Ensemble I3 mπ / MeV mK+/K0 / MeV mN / MeV mΛ / MeV mΣ / MeV mΞ / MeV mΩ / MeV

3.34 A654

1 342.5(3.8) 1176(14)
1/2 458.5(4.5) 1098(17) 1224(13)
0 340.3(3.8) 1156(14) 1179(14) 1493(21)
−1/2 461.1(4.4) 1101(17) 1228(13)
−1 342.5(3.8) 1181(14)

3.4 N101

1 287.5(2.8) 1175(13)
1/2 467.4(4.3) 1046(12) 1244(12)
0 284.7(2.7) 1138(12) 1177(13) 1538(22)
−1/2 469.9(4.3) 1047(12) 1248(12)
−1 287.5(2.8) 1181(12)

3.46

D450

1 222.8(2.2) 1176(14)
1/2 480.5(4.4) 993(11) 1275(12)
0 219.5(2.1) 1123(11) 1178(14) 1610(17)
−1/2 483.0(4.4) 994(11) 1279(12)
−1 222.8(2.2) 1182(13)

N451

1 292.5(2.7) 1188(12)
1/2 466.0(4.3) 1061(10) 1247(12)
0 290.0(2.7) 1144(11) 1191(12) 1565(15)
−1/2 468.6(4.2) 1062(10) 1251(12)
−1 292.5(2.7) 1194(12)
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N452

1 357.1(3.3) 1172(11)
1/2 445.5(4.1) 1107(11) 1213(12)
0 354.9(3.3) 1154(11) 1174(11) 1501(15)
−1/2 448.1(4.1) 1108(11) 1217(12)
−1 357.1(3.3) 1177(11)

3.55

D200

1 204.3(2.1) 1193(12)
1/2 483.7(4.5) 990(12) 1288(12)
0 201.3(2.1) 1132(11) 1194(12) 1626(16)
−1/2 486.5(4.5) 991(12) 1292(12)
−1 204.3(2.1) 1197(12)

N200

1 286.8(2.8) 1200(11)
1/2 465.2(4.3) 1057(11) 1266(12)
0 284.5(2.8) 1153(12) 1203(11) 1592(16)
−1/2 468.0(4.3) 1056(11) 1270(12)
−1 286.8(2.8) 1206(11)

N203

1 352.5(3.3) 1195(11)
1/2 446.8(4.1) 1118(12) 1233(12)
0 350.5(3.2) 1168(13) 1197(11) 1513(18)
−1/2 449.6(4.1) 1119(12) 1238(11)
−1 352.5(3.3) 1200(11)
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Table 10.6: The mass-splitting of each isospin-multiplet for all available
ensembles.

β Ensemble amπ+ − amπ0 amK0 − amK+ amn − amp amΣ0 − amΣ+ amΣ− − amΣ0 amΞ− − amΞ0

3.34 A654 0.001109(27) 0.001289(44) 0.0016(14) 0.001133(85) 0.00130(12) 0.00184(11)

3.4 N101 0.00120(12) 0.001070(82) 0.00038(13) 0.00096(19) 0.00147(20) 0.00169(15)

3.46
D450 0.001244(20) 0.000986(31) 0.00034(30) 0.00082(12) 0.00116(11) 0.00151(18)
N451 0.000959(10) 0.001006(30) 0.000297(92) 0.00091(16) 0.00123(16) 0.00157(10)
N452 0.0008472(43) 0.001002(31) 0.00036(21) 0.000807(34) 0.001147(60) 0.001684(64)

3.55
D200 0.000965(56) 0.000901(34) 0.00023(70) 0.00060(11) 0.00086(11) 0.001419(77)
N200 0.000744(20) 0.000899(28) -0.00028(88) 0.000890(59) 0.001073(57) 0.001299(59)
N203 0.0006500(50) 0.000900(26) 0.000362(62) 0.000746(49) 0.000960(49) 0.00150(21)

Table 10.7: The mass-splitting of each isospin-multiplet for all available
ensembles. The isospin-symmetric lattice spacings a(mΛ) in table 9.5 are
used to convert the lattice results to physical units.

β Ensemble mπ+ −mπ0 mK0 −mK+ mn −mp mΣ0 −mΣ+ mΣ− −mΣ0 mΞ− −mΞ0

3.34 A654 2.237(56)MeV 2.601(70)MeV 3.2(28)MeV 2.29(16)MeV 2.61(24)MeV 3.71(21)MeV

3.4 N101 2.79(28)MeV 2.48(18)MeV 0.88(31)MeV 2.22(43)MeV 3.40(47)MeV 3.91(34)MeV

3.46
D450 3.255(61)MeV 2.579(59)MeV 0.89(79)MeV 2.15(30)MeV 3.03(28)MeV 3.95(47)MeV
N451 2.510(36)MeV 2.630(58)MeV 0.78(24)MeV 2.38(42)MeV 3.22(42)MeV 4.11(27)MeV
N452 2.216(23)MeV 2.620(60)MeV 0.94(55)MeV 2.111(80)MeV 3.00(15)MeV 4.41(16)MeV

3.55
D200 2.99(18)MeV 2.793(89)MeV 0.7(22)MeV 1.85(34)MeV 2.65(35)MeV 4.40(23)MeV
N200 2.306(66)MeV 2.787(68)MeV −0.9(27)MeV 2.76(18)MeV 3.33(17)MeV 4.03(17)MeV
N203 2.015(24)MeV 2.791(58)MeV 1.12(19)MeV 2.31(15)MeV 2.97(15)MeV 4.64(64)MeV

1
3
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Chapter 10. Isospin-Breaking Corrections to Hadronic Masses

10.3. Scale Setting Including Isospin-Breaking Effects

As the ultimate goal of this project is to be able to determine a lattice scale that
includes isospin-breaking effects, we need to tweak a procedure as the one used
in chapter 9 to incorporate isospin-breaking effects. In this section, we want to
propose such a procedure that could be utilized in future calculations. To this
end, we want to discuss a method setting the scale on a per-ensemble basis in
section 10.3.1 and another version using t0 in section 10.3.2 which would allow a
definition of a single lattice scale per value of β.
Before we dive into these proposals, let us first introduce some notation to clean
up the calculations: For an observable O, we denote the value determined in
isospin-symmetric QCD as O(0) and the value including isospin-breaking correc-
tions as OQCD+QED. These two quantities are related via the expansion (see
section 5.2)

OQCD+QED = O(0) +O(1)

where the correction O(1) is given by

O(1) = ∑
i

∆εiO(1)i = ∑
i

∆εi
∂OQCD+QED

∂εi
∣
ε=ε(0)

.

Note, that if O is a primary observable (i.e. an observable that can be computed
on a single gauge configuration), we refer to its ensemble average in this section.
For (differentiable) functions of observables O and P, we then find

(f(O))QCD+QED =(f(O))(0) + (f ′(O))(0)O(1),
(OP)QCD+QED =(OP)(0) +O(1)P(0) +O(0)P(1).

10.3.1. Setting the Scale on Individual Ensembles

For an individual ensemble, we can define the lattice scale using the mass mS of
a reference Baryon S via

aQCD+QED = (amS)QCD+QED

mexp
S

, a(0) = (amS)(0)

mexp,0
S

(10.5)

for QCD+QED and QCDiso respectively. Here, mexp
S is an input from experi-

mental measurements of S’s mass and mexp,0
S is an adapted value reflecting an

isospin-symmetric world as we used them in section 9.3 (see table 9.3). Those
two lattice spacings are related via

aQCD+QED =(amS)(0) + (amS)(1)
mexp

S

=
mexp,0

S

mexp
S

⎛
⎝
(amS)(0)

mexp,0
S

+ (amS)(1)

mexp,0
S

⎞
⎠

=
mexp,0

S

mexp
S

(1 + (amS)(1)
(amS)(0)

)a(0).
(10.6)

Identifying the correction to a in the above expression with a(1) in aQCD+QED =
a(0) + a(1) we find

a(1) =
⎛
⎝
mexp,0

S

mexp
S

(1 + (amS)(1)
(amS)(0)

) − 1
⎞
⎠
a(0)
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10.3. Scale Setting Including Isospin-Breaking Effects

When determining the QCD+QED-value of an observableO with mass-dimension
n, the expression at the end of the first line of eq. (10.6) can be used as follows:

OQCD+QED =((a
nO)
an

)
QCD+QED

= ((a
nO)
an

)
(0)
+ (a

nO)(1)

(an)(0)
− n(a

nO)(0)

(an+1)(0)
a(1)

=(1 − na
(1)

a(0)
)((a

nO)
an

)
(0)
+ (a

nO)(1)

(an)(0)
.

Each term in this last expression can be determined directly using the RM123
method (see section 5.2).

A complication arises when setting the scale in QCD+QED via eq. (10.5) as the
isospin-breaking corrections (amS)(1) of the baryon-mass used to set the scale
depend on the parameters ∆εi, which (as outlined in section 10.2) themselves
depend on the lattice scale. To circumvent this problem, we propose an iterative
scheme to alternatingly set the lattice scale and ∆εi. More precisely, we define
two sequences an and ∆εi,n with a0 = a(0) and ∆εi,0 determined via eq. (10.4)
using a = a0. The next values of these sequences are then given by first computing

an+1 =
(amS)(0) +∑i∆εi,n(amS)(1)i

mexp
S

(10.7)

and then using an+1 in eq. (10.4) to determine ∆εi,n+1. Finally, we define
aQCD+QED ∶= lim

n→∞
an and ∆εi ∶= lim

n→∞
∆εi,n (provided the sequences converge).

We tested this procedure for all baryons used for isospin-symmetric scale setting
in section 9.3 as S with mexp,0

S taken from table 9.3 and mexp
S taken from the

particle data group [126]. We generally found, that the procedure converges
within three iterations to a precision of less than 1% of the statistical uncertainty
of the results. An example of the intermediate results this procedure produces is
shown in table 10.8 for S = Λ on D200.

Table 10.8: Test of the procedure described in section 10.3.1 using the Λ
baryon on D200. n is the iteration step as in eq. (10.7).

n an / fm (a∆mu)n (a∆md)n (a∆ms)n
0 0.06458(16) -0.0090296(83) -0.0020076(74) -0.002266(11)
1 0.06456(16) -0.0090295(83) -0.0020077(73) -0.002266(11)
2 0.06456(16) -0.0090295(83) -0.0020077(73) -0.002266(11)

10.3.2. Setting the Scale using t0

While it would in principle be possible to set the scale ensemble-wise as detailed
above, the preferred way would be to use a scheme similar to that in section 9.3
allowing for a combined lattice spacing for each value of the strong gauge coupling.
To achieve this, we propose a similar prescription as in chapter 9 based on [46].

To define such a scheme, we first note that the expansion of any dimensionless
combination of observables does not depend on the lattice spacing. For observ-
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Chapter 10. Isospin-Breaking Corrections to Hadronic Masses

ables O with mass dimension n we then find

((8t0)n/2O)
QCD+QED

=((8t0)n/2O)
(0)

+ ((8t0)n/2)
(0)
O(1) + ((8t0)n/2)

(1)
O(0)

=((8t0)n/2O)
(0)

+ ((8t0
a2
)
n/2
)
(0)
(anO)(1)

+ ((8t0
a2
)
n/2
)
(1)
(anO)(0)

=((8t0)n/2O)
(0)

+ ((8t0
a2
)
n/2
)
(0)
(anO)(1)

+ n
2
((8t0

a2
)
n/2−1
)
(0)
(8t0
a2
)
(1)
(anO)(0)

Since all isospin-breaking corrections of t0 come purely from the sea, i.e.

( t0
a2
)
(1)
= ∑
f∈{u,d,s}

∆mf

⎛
⎝
⟨ t0
a2
⟩
S0

⟨ ∂S
∂mf

∣
ε=ε(0)

⟩
S0

− ⟨ t0
a2

∂S

∂mf
∣
ε=ε(0)

⟩
S0

⎞
⎠

+ e2
⎡⎢⎢⎢⎣
⟨ t0
a2
⟩
S0

⟨∂
2S

∂e2
∣
ε=ε(0)

⟩
S0

− ⟨ t0
a2
∂2S

∂e2
∣
ε=ε(0)

⟩
S0

+ ⟨ t0
a2
(∂S
∂e
∣
ε=ε(0)

)
2

⟩
S0

− ⟨ t0
a2
⟩
S0

⟨(∂S
∂e
∣
ε=ε(0)

)
2

⟩

+ (⟨O⟩S0
⟨∂S
∂e
∣
ε=ε(0)

⟩
2

− ⟨O∂S
∂e
∣
ε=ε(0)

⟩
S0

)⟨∂S
∂e
∣
ε=ε(0)

⟩
S0

]

+∆β(⟨ t0
a2
⟩
S0

⟨∂S
∂β
∣
ε=ε(0)

⟩
S0

− ⟨ t0
a2
∂S

∂β
∣
ε=ε(0)

⟩
S0

)

where S is to be understood as the QCD+QED action and ⟨⋅⟩S0
means that the

expectation values are defined via the path integral in QCDiso (with the QCDiso-
action S0). As long as only corrections in the valence quark sector are taken into
account as we have done in our calculations so far, the corrections to t0

a2
vanish.

In this approximation, the value in QCD+QED is identical to that in QCDiso.

We could then define the physical value of 8t0 analogously to eq. (9.7) by defining

(
√

8tphys0 )
QCD+QED

=
(
√
8t0mS ∣phys)

QCD+QED

mexp
S

(10.8)

(
√

8tphys0 )
(0)
=
(
√
8t0mS ∣phys)

(0)

mexp,0
S

(10.9)
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10.3. Scale Setting Including Isospin-Breaking Effects

in order to set the scale for a given β via

aQCD+QED
β =

⎛
⎜
⎝

¿
ÁÁÀ a2β

8t0

⎞
⎟
⎠

QCD+QED

(
√

8tphys0 )
QCD+QED

(10.10)

=
⎛
⎜
⎝

¿
ÁÁÀ a2β

8t0

⎞
⎟
⎠

(0)

(
√

8tphys0 )
QCD+QED

(10.11)

a
(0)
β =
⎛
⎜
⎝

¿
ÁÁÀ a2β

8t0

⎞
⎟
⎠

(0)

(
√

8tphys0 )
(0)
. (10.12)

(10.13)

The notation ⋅ ∣phys above is to be understood such that the part on the left of the
bar is to be evaluated at the physical point, whose definition should vary between
QCDiso and QCD+QED.
As in section 10.3.1 we propose to alternatingly set the lattice spacing and the
isospin-breaking coefficients ∆εi until the sequences converge to the desired pre-
cision. However, unlike in eq. (10.7) one cannot simply expand aβ,n using ∆εn in
the n-th iteration. Instead (

√
8t0mS)n has to be extrapolated again each itera-

tion to determine a new physical point. Then, a new value
√

8tphys0 n+1 has to be
determined at the new physical point to finally set aβ,n+1 from the new values.
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Chapter 11
Conclusion and Outlook

We calculated octet and decuplet baryon masses as well as those of pseudoscalar
octet mesons in QCD including isospin-breaking corrections with the goal of set-
ting the scale to high precision for the QCD gauge ensembles by the Coordinated
Lattice Simulations (CLS) [9]. The precision of the lattice scale influences the
uncertainties of any dimensionful observables computed in LQCD, and thus plays
a major role in the computation of high-precision observables. An example for
such a high-precision observable that motivated this project is the anomalous
magnetic moment aµ of the muon, which is known experimentally to a precision
of ∼ 124ppb [2]. As lattice computations of the hadronic contribution to this ob-
servable surpass the O(1%) precision mark [3, 5], isospin-breaking effects, which
are estimated to be of that order, have to be incorporated into each part of the
calculation. This includes the lattice scale, whose relative uncertainty contributes
proportionally to the overall uncertainty of ahvpµ [4, 8].

We wrote a program to compute the correlation functions from which we could
derive the masses of the mentioned hadrons in isospin-symmetric QCD (QCDiso)
and corrections accounting for the difference of up- and down-quarks as well
as QED effects. To this end, we implemented an operator construction for the
baryons based on Weyl spinor decompositions of Dirac spinors which was pub-
lished by the Lattice Hadron Physics Collaboration [12]. Based on these op-
erators, we wrote another program to determine the symbolic contractions for
the two-point functions constructed from these operators. This includes cross-
correlators mixing different source and sink operators for the same states and for
different states that mix in the mass eigenbasis. These contractions had to be
determined for isospin-symmetric QCD and for isospin-breaking corrections.

For the isospin-breaking corrections we employed a perturbative approach by
the RM123 collaboration [10, 11]. This method expands expectation values in
QCD+QED around QCDiso to leading order in the quantities (β, e2,mu,md,ms)
which parameterize the QCD+QED action. For the QED corrections we used the
QEDL [79] prescription removing the spatial zero-momentum modes of the photon
to avoid problems related to compact QED for which we use an implementation
by Andreas Risch [13, 80, 81] operating in Coulomb gauge.

The program computing the correlation functions was written in C++ with MPI
based on the QDP++ library [105] using the solver of the openQCD library [47].
To make the program viable for large scale computations, we performed several
cross checks to ensure correctness of the implementation and optimized the code
multiple times while working on this project. For a more efficient determination
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of the QED corrections we developed a method to cheaply infer them from the
isospin-symmetric correlation function and the other corrections.

We computed masses for the various baryons as well as for the pion and kaon
using model averages [116, 117] based on the Akaike information criterion (AIC)
[118] combining single- and two-state fits for most of which we derived closed
form solutions for the χ2 minimization allowing for a more robust analysis using
bootstrap resampling.

We performed an extrapolation of the isospin-symmetric masses of baryons that
are stable in QCDiso to the physical point following a procedure by the RQCD
collaboration [46]. The extrapolation uses observables scaled with powers of
the Wilson flow scale [15, 16] for which we could determine a physical value√

8tphys0 by matching one of the baryon masses to a modified experimental value
accounting for isospin-symmetry [46]. At the physical point, we were able to

deduce masses for the baryons that were not used to determine
√

8tphys0 that are

mostly compatible with the modified experimental values. Using
√

8tphys0 , we
determined lattice spacings for each value of the strong gauge coupling for which
we had data available.

The lattice spacings then allowed us to compute the expansion coefficients for the
isospin-breaking corrections for each ensemble. Combining all results mentioned
so far, we were able to compute masses of all octet baryons and the Omega baryon
in QCD+QED to first order in isospin-breaking effects.

Finally, we proposed a modified version of the procedure used in this thesis for
setting the scale including isospin-breaking corrections given an extrapolation
scheme in QCD+QED.

While we were able to determine most baryonic masses to better than 1% preci-
sion on most ensembles (or on all for some baryons, see table 11.1), the extrapo-
lated masses have significantly larger uncertainties. Consequently, the uncertain-

ties of
√

8tphys0 and the lattice spacings which are derived from these extrapolated
masses also have larger uncertainties than one could expect from single lattice
measurements. A large contribution to these uncertainties comes from the pre-
cision of the extrapolated masses at the physical point, which, as we are unable
to resolve their dependence on the average quark mass, might not lie exactly
on the plane spanned by the accessible extrapolation parameters a2 = a2

8t0
and

δM2 = 16t0(m2
K −m2

π).

Especially using the Ξ baryon, which is used to determine
√

8tphys0 in the paper by

the RQCD collaboration [46], the uncertainty of our value for
√

8tphys0 is larger by
a factor of 3.92 than in the reference calculation. This is a larger discrepancy than
one would expect from a factor of 5 more ensembles in their analysis. However,
using ensembles with much larger variation in the average quark mass makes
their analysis more susceptible to the parameter we could not resolve. For future
progress on this project, we thus propose to add ensembles from other trajectories
than that of average quark mass to the analysis to be able to properly resolve
all fit parameters of our extrapolation. Adding more ensembles in general would
also enable fits including higher order chiral perturbation theory and other fit
procedures used in [46].

Another option to avoid the above mentioned problem could be to use the already
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Chapter 11. Conclusion and Outlook

Table 11.1: Relative uncertainty δam = ∆am
am of the isospin-symmetric

masses determined on each ensemble in lattice units as listed in table 9.6.

Ensemble δamπ δamK δamN δamΛ δamΣ δamΞ δamΩ

A654 0.77% 0.44% 1.01% 0.65% 0.62% 0.41% 1.14%
N101 0.33% 0.12% 0.67% 0.53% 0.51% 0.35% 1.01%
D450 0.34% 0.06% 0.68% 0.32% 0.69% 0.19% 0.50%
N451 0.23% 0.09% 0.36% 0.40% 0.48% 0.29% 0.26%
N452 0.13% 0.08% 0.40% 0.40% 0.34% 0.32% 0.35%
D200 0.52% 0.14% 0.72% 0.26% 0.39% 0.18% 0.30%
N203 0.20% 0.14% 0.68% 0.64% 0.37% 0.27% 0.77%
N200 0.40% 0.16% 0.76% 0.56% 0.43% 0.38% 0.46%
E250 0.30% 0.03% 0.93% 0.54% 0.56% 0.21% 0.29%
E300 0.54% 0.10% 3.24% 1.08% 0.86% 1.47% 0.77%

computed mass derivatives of the correlation functions, which we computed
for the isospin-breaking corrections, to correct for the mismatch of the aver-
age quark mass observed on individual ensembles as was done for example in [40].

For the inclusion of isospin-breaking corrections to the lattice scale, a parameter-
ization of the baryon masses that does not assume isospin-symmetry has to be
chosen in order to perform an extrapolation to the physical point in QCD+QED
and ultimately set the lattice scale in this theory. As the uncertainty of the
baryon masses is only marginally affected by the inclusion of isospin-breaking
corrections, we expect the uncertainty of the QCD+QED lattice scale to be dom-
inated by the QCDiso contributions as well. If our hypothesis is correct that
we can improve the precision of the extrapolated masses significantly by adding
ensembles from different trajectories, we expect that it is possible to achieve an
uncertainty of the lattice scale well below 1% using one of the baryons discussed
in this study.

Based on our results for
√

8tphys0 and the lattice scales determined using different
baryons, we see the Λ baryon as a suitable candidate for scale setting from a
precision-based perspective. However, in QCD+QED, Σ-Λ mixing has to be
taken into account, which is not an issue in QCDiso, the influence of which on
the overall precision we cannot estimate at this point. Furthermore, as table 11.1
shows, we find better overall precision on individual ensembles for the Ξ baryon
as suggested in [46]. It therefore stands to reason, that our data also favors this
baryon if we had a better handle on the average quark mass dependence of the
baryon masses.

Another aspect to consider is the fact that the Ω baryon is barely affected by
isospin-breaking corrections at shifts of 0.020(23)-0.051(29)% of its mass when
going from QCDiso to QCD+QED in our calculations. This is subdominant to
the uncertainty of the Ω baryon while this uncertainty is well below 1% on most
ensembles. Due to this small correction, it would then be possible to only com-
pute the isospin-breaking corrections on a small set of ensembles and extrapolate
the corrections independently from the isospin-symmetric masses, as even a 100%
uncertainty of the isospin-breaking corrections would not noticeably influence the
overall uncertainty. This would save a lot of computer time which could be in-
vested in more data points for the isospin-symmetric mass to further improve the
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final results. Furthermore, as the Ω baryon consists of only strange quarks in the
valence sector, one could avoid the more costly computation of light quark prop-
agators when focusing efforts on a precise determination of the Ω mass. Doing so
would thus be the most efficient way to gather data for a precise determination
of the lattice scale.

142



Bibliography

[1] Y. Fukuda et al. “Neutrino induced upward stopping muons in Super-
Kamiokande”. In: Phys. Lett. B 467 (1999), pp. 185–193. doi: 10.1016/
S0370-2693(99)01188-0. arXiv: hep-ex/9908049.

[2] D. P. Aguillard et al. “Measurement of the Positive Muon Anomalous Mag-
netic Moment to 127 ppb”. In: Phys. Rev. Lett. 135.10 (2025), p. 101802.
doi: 10.1103/7clf-sm2v. arXiv: 2506.03069 [hep-ex].

[3] R. Aliberti et al. “The anomalous magnetic moment of the muon in
the Standard Model: an update”. In: (May 2025). arXiv: 2505.21476
[hep-ph].

[4] T. Aoyama et al. “The anomalous magnetic moment of the muon in the
Standard Model”. In: Phys. Rept. 887 (2020), pp. 1–166. doi: 10.1016/
j.physrep.2020.07.006. arXiv: 2006.04822 [hep-ph].

[5] Simon Kuberski et al. “Hadronic vacuum polarization in the muon g − 2:
the short-distance contribution from lattice QCD”. In: JHEP 03 (2024),
p. 172. doi: 10.1007/JHEP03(2024)172. arXiv: 2401.11895 [hep-lat].

[6] Antonin Portelli. “Review on the inclusion of isospin breaking effects in
lattice calculations”. In: PoS KAON13 (2013), p. 023. doi: 10.22323/1.
181.0023. arXiv: 1307.6056 [hep-lat].

[7] Antonin Portelli. “Inclusion of isospin breaking effects in lattice simula-
tions”. In: PoS LATTICE2014 (2015), p. 013. doi: 10.22323/1.214.0013.
arXiv: 1505.07057 [hep-lat].

[8] Harvey B. Meyer and Hartmut Wittig. “Lattice QCD and the anomalous
magnetic moment of the muon”. In: Prog. Part. Nucl. Phys. 104 (2019),
pp. 46–96. doi: 10.1016/j.ppnp.2018.09.001. arXiv: 1807.09370
[hep-lat].

[9] Mattia Bruno et al. “Simulation of QCD with Nf = 2 + 1 flavors of non-
perturbatively improved Wilson fermions”. In: JHEP 02 (2015), p. 043.
doi: 10.1007/JHEP02(2015)043. arXiv: 1411.3982 [hep-lat].

[10] G. M. de Divitiis et al. “Isospin-breaking effects due to the up-down mass
difference in Lattice QCD”. In: JHEP 04 (2012), p. 124. doi: 10.1007/
JHEP04(2012)124. arXiv: 1110.6294 [hep-lat].

[11] G. M. de Divitiis et al. “Leading isospin-breaking effects on the lattice”.
In: Phys. Rev. D 87.11 (2013), p. 114505. doi: 10.1103/PhysRevD.87.
114505. arXiv: 1303.4896 [hep-lat].

[12] Subhasish Basak et al. “Clebsch-Gordan construction of lattice interpo-
lating fields for excited baryons”. In: Phys. Rev. D 72 (2005), p. 074501.
doi: 10.1103/PhysRevD.72.074501. arXiv: hep-lat/0508018.

143

https://doi.org/10.1016/S0370-2693(99)01188-0
https://doi.org/10.1016/S0370-2693(99)01188-0
https://arxiv.org/abs/hep-ex/9908049
https://doi.org/10.1103/7clf-sm2v
https://arxiv.org/abs/2506.03069
https://arxiv.org/abs/2505.21476
https://arxiv.org/abs/2505.21476
https://doi.org/10.1016/j.physrep.2020.07.006
https://doi.org/10.1016/j.physrep.2020.07.006
https://arxiv.org/abs/2006.04822
https://doi.org/10.1007/JHEP03(2024)172
https://arxiv.org/abs/2401.11895
https://doi.org/10.22323/1.181.0023
https://doi.org/10.22323/1.181.0023
https://arxiv.org/abs/1307.6056
https://doi.org/10.22323/1.214.0013
https://arxiv.org/abs/1505.07057
https://doi.org/10.1016/j.ppnp.2018.09.001
https://arxiv.org/abs/1807.09370
https://arxiv.org/abs/1807.09370
https://doi.org/10.1007/JHEP02(2015)043
https://arxiv.org/abs/1411.3982
https://doi.org/10.1007/JHEP04(2012)124
https://doi.org/10.1007/JHEP04(2012)124
https://arxiv.org/abs/1110.6294
https://doi.org/10.1103/PhysRevD.87.114505
https://doi.org/10.1103/PhysRevD.87.114505
https://arxiv.org/abs/1303.4896
https://doi.org/10.1103/PhysRevD.72.074501
https://arxiv.org/abs/hep-lat/0508018


Bibliography

[13] Andreas Risch and Hartmut Wittig. “Towards leading isospin-breaking
effects in mesonic masses with open boundaries”. In: PoS LATTICE2018
(2018), p. 059. doi: 10 . 22323 / 1 . 334 . 0059. arXiv: 1811 . 00895

[hep-lat].

[14] Andreas Risch and Hartmut Wittig. “Leading isospin breaking effects in
the HVP contribution to aµ and to the running of α”. In: PoS LAT-
TICE2021 (2022), p. 106. doi: 10.22323/1.396.0106. arXiv: 2112.00878
[hep-lat].
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[43] Sz. Borsányi et al. “Leading hadronic contribution to the muon magnetic
moment from lattice QCD”. In: Nature 593.7857 (2021), pp. 51–55. doi:
10.1038/s41586-021-03418-1. arXiv: 2002.12347 [hep-lat].

[44] Nolan Miller et al. “Scale setting the Möbius domain wall fermion on
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Chapter A
Conventions and Notation

In the following, a brief introduction to the notation and conventions in the
different contexts of this thesis are introduced.

A.1. Indices

If not specified otherwise, upper and lower indices may mean one of the following:

• Lorentz indices

Greek letters (most commonly starting with µ, ν, ρ, σ) or explicit values (0,
1, 2, or 3) denoting directions in 4D spacetime. In case multiple occur-
rences of the same indices as super- and subscript these indices are to be
understood as a Lorentz-contraction, e.g. in the expression jν = ∂µFµν an
implicit sum over µ is assumed, i.e. jν = ∑3

µ=0 ∂µF
µν .

• Spinor indices

Indices denoting spinor components for example in the context of a spinor
or propagator are denoted with Greek letters (usually starting with α,β) or
explicit values (1, 2, 3, or 4). In expressions containing spinor and Lorentz
indices it should be mentioned explicitly which indices correspond to which
class.

• Color indices

Latin letters (usually a, b, c) are used to denote color indices in the contexts
of quark fields or propagators.

• Spacetime coordinates

Spacetime coordinates are denoted by Latin letters and appear in brackets
after a field which is restricted to the given coordinates. For example, the
value of a quark field at position x might be denoted as Ψ(x) where x ∈ R4.

Indices which are not relevant for a specific argument may be omitted for read-
ability.
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A.2. Calculus

A.2. Calculus

For discretized derivatives, the following notations are used for the different dis-
cretizations:

∂+µf(x) =
1

a
(f(x + aµ̂) − f(x)),

∂−µf(x) =
1

a
(f(x) − f(x − aµ̂)),

∂µf(x) =
1

2a
(f(x + aµ̂) − f(x − aµ̂)).

The corresponding covariant derivatives for a gauge group with gauge links U are
written as

∇+µψ(x) =
1

a
(Uµ(x)ψ(x + aµ̂) − ψ(x)),

∇−µψ(x) =
1

a
(ψ(x) −U †

µ(x − aµ̂)ψ(x − aµ̂)),

∇µψ(x) =
1

2
(∇+µ +∇−µ)ψ(x)

= 1

2a
(Uµ(x)ψ(x + aµ̂) −U †

µ(x − aµ̂)ψ(x − aµ̂)).

A.3. Expectation Values

Expectation values are denoted by angle brackets, ⟨⋅⟩ with a subscript indicating
the quantities with respect to which the expectation value is taken. In the context
of path integral expectation values, the subscript is the action that appears in the
path integral. In general, this subscript should be clear from the context of the
equation/formula making use of this notation, or it might be one of the following
which are used frequently and thus have a common meaning:

S
(0)
eff – Expectation value in isospin-symmetric QCD where the quark fields are in-

tegrated out. This corresponds to the average over all gauge configurations.

Seff – Expectation value in QCD+QED where the photon and quark fields are
integrated out.

S
(0)
q – Expectation value w.r.t. the isospin-symmetric quark action. This corre-

sponds to the Wick contractions of the quark fields on an SU(3) background
field. The result is a function of the QCD gauge field.

Sqγ – Expectation value w.r.t. the combined photon and quark action. This
corresponds to the Wick contractions of the quark fields with O(αem) QED
corrections. The result is a function of the QCD gauge field.

The covariance ⟨(x − ⟨x⟩)(y − ⟨y⟩)⟩ of two scalar observables x, y ∈ R is denoted
as Cov(x, y). For a vector of observables x ∈ Rn, its covariance matrix is written
as

Covx = ⟨(x − ⟨x⟩)(x − ⟨x⟩)T ⟩ .
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Chapter B
Additional Details

B.1. Clifford Algebras

Consider the tensor algebra T (V ) =
∞
⊕
k=0

V k = K ⊕ V ⊕ (V ⊗ V ) ⊕ ⋯ of a vector

space V over a commutative field K and a quadratic form Q ∶ V → K. Then,
elements v ⊗ v −Q(v)1 ∈ T (V ) generate a two-sided ideal [37, 127]1

I(Q) = {t⊗ (v ⊗ v −Q(v)1) ⊗ s∣v ∈ V, t, s ∈ T (V )}.

The Clifford algebra Cl(Q) is then defined as the quotient algebra T (V )/I(Q),
i.e. the algebra that results from identifying the tensor product v ⊗ v of a vector
with itself with Q(v). In the following, we write the product of two elements of
the Clifford algebra x and y as xy.

In physics, the most relevant cases arise from K ∈ {R,C} and Q defined by
the (pseudo-)metric defined in the respective physical space or spacetime, which
in the following is called η which can be either the Euclidean metric or the
Minkowski-pseudometric. In these cases, one finds for the Clifford product that
v2 ∶= vv = η(v, v), i.e. the Clifford product of a vector with itself is the scalar
product of the vector with itself that is induced by η. for v ∈ V and for v,w ∈ V

η(v, v) + η(w,w) + 2η(v,w) =η(v +w, v +w) = Q(v +w) = (v +w)2

=v2 +w2 + vw +wv
=η(v, v) + η(w,w) + vw +wv

⇒ vw =2η(v,w) −wv. (B.1)

Thus, orthogonal vectors anticommute, while the product of two parallel vectors
is equivalent to their scalar product. If Q is the Euclidean norm in Rn, one often
writes Cl(Q) =∶ Cl(n) and Cl(Q) =∶ Cl(n,C) if V = Cn. If Q is a pseudo-metric
with signature +⋯+±

p times

−⋯−±
q times

, one writes Cl(p, q) or Cl(p, q,C), respectively. For

an orthonormal basis γµ, µ ∈ {1, ..., p+q} of V , eq. (B.1) reduces to the well-known
anti-commutation relation of the Dirac matrices,

{γµ, γν} = 2ηµν .
1In the literature, Q is often chosen with the opposite sign, as for example in [37].
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B.2. Expansion of Observables in Isospin-Breaking Parameters

Since these basis vectors square to scalars, the Clifford algebra is spanned by
products of up to n or p + q pairwise distinct basis vectors.
Clifford algebras naturally give rise to the double cover of SO(p, q), the Spin-group
which is the subgroup of invertible elements of Cl(p, q) formed by a product of
even numbers of vectors [37]

Spin(p, q) = {v1⋯v2pw1⋯w2q ∣η(vi, vi) = 1, η(wi,wi) = −1}.

B.2. Expansion of Observables in Isospin-Breaking Pa-
rameters

This section details further the expansions in section 5.2.
Assume X to be an observable defined in QCD+QED. In order to expand expec-
tation values of eq. (5.8), we need derivatives of expectation values of X in the
isospin-symmetric theory:

∂ ⟨X⟩
S
(0)
eff

∂εi
= ∂
∂εi

1

Z
(0)
eff

∫ DUX[U]e−S
(0)
eff
[U] = 1

Z
(0)
eff

∫ DU
∂X[U]
∂εi

e−S
(0)
eff
[U]

=⟨∂X
∂εi
⟩
S
(0)
eff

where we use that the isospin-symmetric theory is fixed and thus constant w.r.t.
the expansion parameters. Making use of the identity

∂R

∂εi
= ∂

∂εi

e−Seff

e−S
(0)
eff

= −R∂Seff
∂εi

,

we can compute the derivative of an expectation value in QCD+QED w.r.t. an
action parameter as

∂ ⟨O⟩S
∂εi

= ∂

∂εi

⟨R ⟨O⟩Sqγ⟩S(0)
eff

⟨R⟩
S
(0)
eff

(B.2)

=
⟨R

∂⟨O⟩Sqγ
∂εi

⟩
S
(0)
eff

− ⟨R ⟨O⟩Sqγ
∂Seff

∂εi
⟩
S
(0)
eff

⟨R⟩
S
(0)
eff

+
⟨R ⟨O⟩Sqγ⟩S(0)

eff

⟨R⟩2
S
(0)
eff

⟨R∂Seff
∂εi
⟩
S
(0)
eff

.

Using that R ∣ε=ε(0) = 1, the above yields eq. (5.10).
The derivative of ⟨O⟩Sqγ can be further expanded by

∂ ⟨O⟩Sqγ
∂εi

= ∂
∂εi
( 1

Zqγ
∫ DADψDψ̄Oe−Sqγ)

= 1

Zqγ
∫ DADψDψ̄ (

∂O
∂εi
−O∂Sqγ

∂εi
)e−Sqγ

− 1

Zqγ

∂Zqγ

∂εi

1

Zqγ
∫ DADψDψ̄Oe−Sqγ

=⟨∂O
∂εi
⟩
Sqγ

− ⟨O∂Sqγ
∂εi
⟩
Sqγ

− ⟨O⟩Sqγ
∂ logZqγ

∂εi
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where the last derivative of the logarithm of the partition function is given by

∂ logZqγ

∂εi
= 1

Zqγ

∂Zqγ

∂εi
= 1

Zqγ

∂

∂εi
∫ DADψDψ̄ e−Sqγ

= 1

Zqγ
∫ DADψDψ̄ (−

∂Sqγ

∂εi
)e−Sqγ = −⟨∂Sqγ

∂εi
⟩
Sqγ

eq. (5.10) can be written as

∂ ⟨O⟩S
∂εi

∣
ε=ε(0)

=⟨⟨∂O
∂εi
∣
ε=ε(0)

⟩
S
(0)
q

⟩
S
(0)
eff

− ⟨⟨O∂Sqγ
∂εi
∣
ε=ε(0)

⟩
S
(0)
q

⟩
S
(0)
eff

− ⟨⟨O⟩
S
(0)
q
⟨∂Sqγ
∂εi
∣
ε=ε(0)

⟩⟩
S
(0)
eff

− ⟨⟨O⟩
S
(0)
q

∂Seff
∂εi
∣
ε=ε(0)

⟩
S
(0)
eff

+ ⟨O⟩S(0) ⟨
∂Seff
∂εi
∣
ε=ε(0)

⟩
S
(0)
eff

.

For the expansion in terms of the electromagnetic charge, we write the expansion
as

⟨O⟩S ≈ ⟨O⟩S(0) +∑
f

∆mf ⟨O(1)∆mf
⟩
S(0)
+ e2 ⟨O(1)

e2
⟩
S(0)

where ⟨O(1)∆mf
⟩
S(0)

is computed as the first derivative of the left hand side w.r.t.

mf ,
∂⟨O⟩S
∂εi
∣ε=ε(0) , as discussed above. For the electromagnetic corrections, how-

ever, the expansion has to be performed in e rather than e2 to accommodate
for corrections in which different quarks (valence and/or sea) interact with each
other via photon exchange, as a single photon vertex comes at this order. Thus,

⟨O(1)
e2
⟩
S(0)

is in fact not the first derivative, but the second w.r.t. e with an addi-

tional factor of 1
2 as this is the second order in e. The above expansion thus can

be written as

⟨O⟩S ≈ ⟨O⟩S(0) +∑
f

∆mf
∂ ⟨O⟩S
∂mf

∣
ε=ε(0)

+ e2 ⋅ 1
2

∂2 ⟨O⟩S
∂e2

∣
ε=ε(0)

.

We therefore also need to consider the second derivative as in eq. (B.2):

∂2 ⟨O⟩S
∂e2

= 1

⟨R⟩
S
(0)
eff

⎡⎢⎢⎢⎢⎣
⟨R

∂2 ⟨O⟩Sqγ
∂e2

⟩
S
(0)
eff

− 2 ⟨R
∂ ⟨O⟩Sqγ
∂e

∂Seff
∂e
⟩
S
(0)
eff

+⟨R ⟨O⟩Sqγ (
∂Seff
∂e
)
2

⟩
S
(0)
eff

− ⟨R ⟨O⟩Sqγ
∂2Seff
∂e2

⟩
S
(0)
eff

⎤⎥⎥⎥⎥⎦

+ 2
⟨R∂Seff

∂e
⟩
S
(0)
eff

⟨R⟩2
S
(0)
eff

⎛
⎝
⟨R

∂ ⟨O⟩Sqγ
∂e

⟩
S
(0)
eff

− ⟨R ⟨O⟩Sqγ
∂Seff
∂e
⟩
S
(0)
eff

⎞
⎠

− 2
⟨R ⟨O⟩Sqγ⟩S(0)

eff

⟨R⟩3
S
(0)
eff

⟨R∂Seff
∂e
⟩
2

S
(0)
eff

+
⟨R ⟨O⟩Sqγ⟩S(0)

eff

⟨R⟩2
S
(0)
eff

⎛
⎝
⟨R∂

2Seff
∂e2

⟩
S
(0)
eff

− ⟨R(∂Seff
∂e
)
2

⟩
S
(0)
eff

⎞
⎠

159



B.2. Expansion of Observables in Isospin-Breaking Parameters

Evaluated at vanishing electromagnetic coupling, this yields

∂2 ⟨O⟩S
∂e2

∣
e=0
= ⟨

∂2 ⟨O⟩Sqγ
∂e2

∣
ε=ε(0)

⟩
S
(0)
eff

− 2 ⟨
∂ ⟨O⟩Sqγ
∂e

∣
ε=ε(0)

∂Seff
∂e
∣
ε=ε(0)

⟩
S
(0)
eff

+ 2 ⟨
∂ ⟨O⟩Sqγ
∂e

∣
ε=ε(0)

⟩
S
(0)
eff

⟨∂Seff
∂e
∣
ε=ε(0)

⟩
S
(0)
eff

− ⟨⟨O⟩
S
(0)
q
(∂

2Seff
∂e2

∣
ε=ε(0)

− (∂Seff
∂e
∣
ε=ε(0)

)
2

)⟩
S
(0)
eff

(B.3)

+ ⟨O⟩S(0) ⟨
∂2Seff
∂e2

∣
ε=ε(0)

− (∂Seff
∂e
∣
ε=ε(0)

)
2

⟩
S
(0)
eff

+ 2 ⟨
∂ ⟨O⟩Sqγ
∂e

∣
ε=ε(0)

⟩
S
(0)
eff

⟨∂Seff
∂e
∣
ε=ε(0)

⟩
S
(0)
eff

− 2 ⟨O⟩S(0) ⟨
∂Seff
∂e
∣
ε=ε(0)

⟩
2

S
(0)
eff

.

The derivatives of the effective action in the above formulae can be expressed in
terms of derivatives of Sqγ as follows:

∂Seff
∂e
= ∂
∂e
(Sg − lnZqγ) = −

1

Zqγ

∂Zqγ

∂e
= − ∂

∂e

∫ DADψDψ̄ ∂
∂ee
−Sqγ

∫ DADψDψ̄ e−Sqγ

=⟨∂Sqγ
∂e
⟩
Sqγ

∂2Seff
∂e2

= − ∂

∂e
( 1

Zqγ

∂Zqγ

∂e
) = 1

Zqγ
2
(∂Zqγ
∂e
)
2

− 1

Zqγ

∂2Zqγ

∂e2

=⟨∂Sqγ
∂e
⟩
2

Sqγ

− 1

Zqγ
∫ DADψDψ̄

∂

∂e
(−∂Sqγ

∂e
e−Sqγ)

= ⟨∂Sqγ
∂e
⟩
2

Sqγ

− 1

Zqγ
∫ DADψDψ̄ ((

∂Sqγ

∂e
)
2

− ∂
2Sqγ

∂e2
)e−Sqγ

=⟨∂Sqγ
∂e
⟩
2

Sqγ

+ ⟨∂
2Sqγ

∂e2
− (∂Sqγ

∂e
)
2

⟩
Sqγ

.
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B.3. Fit Procedures

This section deals with methods to find the fit parameters θ that minimize

χ2 = (y − f(t, θ))TV (y − f(t, θ))

for a given fit function f and data y with covariance matrix V −1.

B.3.1. Conventions

In the following, these symbols share their meaning across the different para-
graphs:
Variable Type Meaning

1 Rn (1, ...,1)T
t Rn Time slices
y Rn The values described by the fit function

(e.g. effective masses)
V Rn×n The inverse covariance matrix of y

Λ R 1
1TV 1

= 1
∑ni,j=1 Vij

f(t, θ) Rn+m → R The fit function

⊙ means elementwise multiplication, i.e. for a, b ∈ Rn

a⊙ b =
⎛
⎜⎜⎜
⎝

a1b1
a2b2
⋮

anbn

⎞
⎟⎟⎟
⎠
.

B.3.2. Constant Fit

A fit to a constant with correlated data, f(t,m) =m is solved by

m = Λ1TV y. (B.4)

The error of m can in this case be calculated analytically and is given by

∆m =
√
Λ.

B.3.3. Linear Fit

For a linear function f(t,m, b) =mt + b the slope and offset are given by

m = t
TV Y0
tTV T0

b =Λ1TV (y −mx)
Y0 =y −Λ(1TV y)1
T0 =t −Λ(1TV t)1.

(B.5)

The covariance matrix of m and b is then given by

Covmb =
1

tTV T0
( 1 −Λ1TV t
−Λ1TV t ΛtTV t

)
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B.3.4. General Linear Fit

For a linear function f ∶ Rn×k ×Rk → Rn, y = f(X,θ) =Xθ the parameter vector
θ minimizing the correlated χ2 is given by

θ = (XTV X)−1XTV y (B.6)

with covariance matrix

Covθ = (XTV X)−1.

Note that the constant fit in section B.3.2 and the simple linear fit in section B.3.3
are special cases of this scenario for

X =1, θ =m and

X =
⎛
⎜⎜⎜
⎝

t1 1
t2 1
⋮ ⋮
tn 1

⎞
⎟⎟⎟
⎠
= (t 1), θ = (m

b
)

respectively.

B.3.5. 2-State Fit for Isospin-Symmetric Mass Contributions

The χ2-minimization for the fit function f(t,m,∆M,γ) = m + γe−∆Mt can be
simplified by reducing the number of variables that have to be found numerically
by solving for m and γ in terms of ∆M analytically:

m =Λ1TV (y − γE)

γ =E
T
0 V Y0

ET0 V E0

Y0 =y −Λ(1TV y)1
E0 =E −Λ(1TV E)1
Ei =e−∆Mti .

(B.7)

This reduces the χ2 to be minimized to the expression

χ2 = (Y0 − γE0)TV (Y0 − γE0) (B.8)

which only depends on ∆M , thus simplifying the minimization. Results obtained
within the scope of this thesis for the fit function above were obtained using the
Levenberg-Marquardt algorithm [128, 129] using the levenberg marquardt Rust
library [121, 122].

B.3.6. 2-State Fit in First Order Isospin-Breaking

The χ2 minimization of the fit function f(t,m,α, β) = m + (α − βt)e−∆Mt where
∆M is fixed can be solved analytically resulting in the following fit results for
the parameters m, α, and β:
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m =Λ1TV (y + βF − αE)

α =βB +C
A

β =CÃ −AC̃
AB̃ −BÃ

X =ETV X0 for X ∈ {A,B,C}
X̃ =F TV X0 for X ∈ {A,B,C}
A0 =E −Λ(1TV E)1
B0 =F −Λ(1TV F )1
C0 =y −Λ(1TV y)1
Ei =e−∆Mti

F =t⊙E

(B.9)
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Chapter C
Tables

C.1. Characters of Oh and OD

Tables C.1 and C.2 can be used to compute the decomposition of continuum
spin-irreps in table 3.2 into irreps of the octahedral group and its double cover
via eq. (3.19).

Table C.1: Characters of the irreps of the octahedral group Oh [39]. The
top rows lists the conjugacy classes and their mutliplicities, while the bot-
tom row are the angles of rotation corresponding to the respective conju-
gacy class.

nC 1 3 8 6 6
C I C2 C3 C4 C ′2
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 2 -1 0 0
T1 3 -1 0 -1 1
T2 3 -1 0 -1 1

θ 2π π 2π
3

π
2 π

Table C.2: Characters of the irreps of the double cover of the octahedral
group OD [39]. The top row lists the conjugacy classes and their multi-
plicities, while the bottom row are the angles of rotation corresponding to
the respective conjugacy class.

nC 1 1 6 8 8 6 6 12
C I J C4 C3 C6 C8 C ′8 C ′4
G1 2 −2 0 −1 1 −

√
2
√
2 0

G2 2 −2 0 −1 1
√
2 −

√
2 0

H 4 −4 0 1 −1 0 0 0

θ 4π 2π π 4π
3

2π
3

3π
2

π
2 π
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C.2. Baryonic Operators

Tables C.4 to C.7 list the baryonic operators used to compute the two-point
correlation functions discussed in this thesis. Each table (except for table C.5)
corresponds to two different baryons which have the same flavor- and spinor
symmetry. The embedding (short Emb. in the tables’ captions) is a convention
from the original publication [12] listed here for reference. The indices noted on
the operators (e.g. 121 in N121 in the first row of table C.4) are to be understood
as Dirac-spinor indices and each index corresponds to one of the valence quarks.
Color indices and flavor are implicit and the flavor structure is assumed to simplify
the operators. Details on the construction are discussed in section 7.1.

Table C.3: The definition of the various baryonic operators used in ta-
bles C.4 to C.7 based on the flavor symmetry of the different baryons.

Operator Symmetry I3 Definition

Nµ1µ2µ3 MA
1/2 1√

2
εabc(uaµ1d

b
µ2 − d

a
µ1u

b
µ2)u

c
µ3

−1/2 1√
2
εabc(uaµ1d

b
µ2 − d

a
µ1u

b
µ2)d

c
µ3

Λµ1µ2µ3 MA 0 1√
2
εabc(uaµ1d

b
µ2 − d

a
µ1u

b
µ2)s

c
µ3

Λ0
µ1µ2µ3 A 0

1√
6
εabc (uaµ1d

b
µ2s

c
µ3 + d

a
µ1s

b
µ2u

c
µ3 + s

a
µ1u

b
µ2d

c
µ3

−uaµ1s
b
µ2d

c
µ3 − d

a
µ1u

b
µ2s

c
µ3 − s

a
µ1d

b
µ2u

c
µ3)

Σµ1µ2µ3 MS

1 εabcu
a
µ1u

b
µ2s

c
µ3

0 1√
2
εabc(uaµ1d

b
µ2 + d

a
µ1u

b
µ2)s

c
µ3

−1 εabcd
a
µ1d

b
µ2s

c
µ3

Ξµ1µ2µ3 MS
1/2 εabcs

a
µ1s

b
µ2u

c
µ3

−1/2 εabcs
a
µ1s

b
µ2d

c
µ3

∆µ1µ2µ3 S

3/2 εabcu
a
µ1u

b
µ2u

c
µ3

1/2 1√
3
εabc(uaµ1u

b
µ2d

c
µ3 + u

a
µ1d

b
µ2u

c
µ3 + d

a
µ1u

b
µ2u

c
µ3)

−1/2 1√
3
εabc(daµ1d

b
µ2u

c
µ3 + d

a
µ1u

b
µ2d

c
µ3 + u

a
µ1d

b
µ2d

c
µ3)

−3/2 εabcd
a
µ1d

b
µ2d

c
µ3

Σ∗µ1µ2µ3 MS

1 εabcu
a
µ1u

b
µ2s

c
µ3

0 1√
2
εabc(uaµ1d

b
µ2 + d

a
µ1u

b
µ2)s

c
µ3

−1 εabcd
a
µ1d

b
µ2s

c
µ3

Ξ∗µ1µ2µ3 MS
1/2 εabcs

a
µ1s

b
µ2u

c
µ3

−1/2 εabcs
a
µ1s

b
µ2d

c
µ3

Ωµ1µ2µ3 S 0 εabcs
a
µ1s

b
µ2s

c
µ3
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Table C.4: Operators used for the N/Λ baryons assuming a mixed an-
tisymmetric flavor state. The value for ρ left of the slash indicates the
corresponding ρ-spin for the gerade states, the right one corresponds to
the ungerade states. Red entries were not used in this project.

Irrep Emb. ρ s gerade ungerade

G1

1 3
2/

1
2

1/2
√
2N121

√
6(N123+N141−N231)

3

−1/2
√
2N122

√
6(N124+N142−N232)

3

2 −1
2/ −

3
2

1/2
√
6(N143−N233+N341)

3

√
2N343

−1/2
√
6(N144−N234+N342)

3

√
2N344

3 −1
2/

1
2

1/2 2
√
3(N134−N233−N341)

3
2
√
3(N123+N132−N141)

3

−1/2 2
√
3(N144−N243−N342)

3
2
√
3(N124+N232−N241)

3

H 1 −1
2/

1
2

3/2
√
2N133

√
2N131

1/2
√
6(N134+N143+N233)

3

√
6(N132+N141+N231)

3

−1/2
√
6(N144+N234+N243)

3

√
6(N142+N232+N241)

3
−3/2

√
2N244

√
2N242

Table C.5: Operators used for the Λ0 baryons assuming a totally anti-
symmetric flavor state. The value for ρ left of the slash indicates the
corresponding ρ-spin for the gerade states, the right one corresponds to
the ungerade states.

Irrep Emb. ρ s gerade ungerade

G1 1 −1
2/

1
2

1/2 2
√
3Λ0

134 −2
√
3Λ0

123
−1/2 2

√
3Λ0

234 −2
√
3Λ0

124

Table C.6: Operators used for the Ω/∆ baryons assuming a totally sym-
metric flavor state. The value for ρ left of the slash indicates the corre-
sponding ρ-spin for the gerade states, the right one corresponds to the
ungerade states. Red entries were not used in this project.

Irrep Emb. ρ s gerade ungerade

G1 1 −1
2/

1
2

1/2 2 (Ω134 −Ω233) 2 (Ω114 −Ω123)
−1/2 2 (Ω144 −Ω234) 2 (Ω124 −Ω223)

H

1 3
2/

1
2

3/2 Ω111

√
3Ω113

1/2
√
3Ω112 Ω114 + 2Ω123

−1/2
√
3Ω122 2Ω124 +Ω223

−3/2 Ω222

√
3Ω224

2 −1
2/ −

3
2

3/2
√
3Ω133 Ω333

1/2 2Ω134 +Ω233

√
3Ω334

−1/2 Ω144 + 2Ω234

√
3Ω344

−3/2
√
3Ω244 Ω444
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Table C.7: Operators used for the Ξ/Σ baryons assuming a mixed symmet-
ric flavor state. The value for ρ left of the slash indicates the correspond-
ing ρ-spin for the gerade states, the right one corresponds to the ungerade
states.

Irrep Emb. ρ s gerade

G1

1 3
2/

1
2

1/2
√
6(Ξ112−Ξ121)

3

−1/2
√
6(Ξ122−Ξ221)

3

2 −1
2/ −

3
2

1/2
√
2(2Ξ134−Ξ143−Ξ233+Ξ332−Ξ341)

3

−1/2
√
2(Ξ144+Ξ234−2Ξ243+Ξ342−Ξ441)

3

3 −1
2/

1
2

1/2 −2(Ξ134−2Ξ143+Ξ233−Ξ332+Ξ341)
3

−1/2 2(Ξ144−2Ξ234+Ξ243+Ξ342−Ξ441)
3

H 1 −1
2/

1
2

3/2
√
6(Ξ133−Ξ331)

3

1/2
√
2(Ξ134+Ξ143+Ξ233−Ξ332−2Ξ341)

3

−1/2
√
2(Ξ144+Ξ234+Ξ243−2Ξ342−Ξ441)

3

−3/2
√
6(Ξ244−Ξ442)

3

Irrep Emb. ρ s ungerade

G1

1 3
2/

1
2

1/2
√
2(Ξ114−Ξ123+2Ξ132−Ξ141−Ξ231)

3

−1/2
√
2(Ξ124+Ξ142−Ξ223+Ξ232−2Ξ241)

3

2 −1
2/ −

3
2

1/2
√
6(Ξ334−Ξ343)

3

−1/2
√
6(Ξ344−Ξ443)

3

3 −1
2/

1
2

1/2 −2(Ξ114−Ξ123−Ξ132−Ξ141+2Ξ231)
3

−1/2 −2(Ξ124−2Ξ142−Ξ223+Ξ232+Ξ241)
3

H 1 −1
2/

1
2

3/2
√
6(Ξ113−Ξ131)

3

1/2
√
2(Ξ114+2Ξ123−Ξ132−Ξ141−Ξ231)

3

−1/2
√
2(2Ξ124−Ξ142+Ξ223−Ξ232−Ξ241)

3

−3/2
√
6(Ξ224−Ξ242)

3
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