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A B S T R A C T

The rise of compute power over the last decades, best described by Moore’s empirical
law, has made it possible to establish simulation as the third pillar of science in
between the longstanding pillars of theory and experiment. Investigating systems ’in-
silico’ has since then become a wide-spread approach to research, enabling numerical
insights on scales not accessible to theory and experiment. In recent years, artificial
intelligence and machine learning, specifically deep learning, has emerged as one
of the key technologies of the information age, fueled by the abundant availability
of computation and data.
In this thesis, we show in two case studies that a deep learning approach to dimen-
sionality reduction, called EncoderMap, is able to find better, more descriptive col-
lective variables in the same amount of dimensions than established linear methods.
In the main chapter, we concern ourselves with improving the analysis of simulation
data by incorporating this deep learning method. Simulation can be considered as
an experiment conducted on a computer that creates a lot of raw data from which
insights can only be extracted in a nontrivial manner. This analysis follows an elab-
orate modeling pipeline, which consists of multiple steps and algorithms. One of
these crucial steps is dimensionality reduction, in which high-dimensional data is
mapped into a lower-dimensional space, retaining as much of the important informa-
tion as possible and aiming to find descriptive collective variables fit for modeling.
We show with a well-studied small peptide, deca-alanine, that the aforementioned
deep autoencoder architecture with an additional distance metric - EncoderMap -
allows to find collective variables that are at least as good as an established linear
method - TICA - in the same amount of dimensions. Connecting results, obtained
by simulation, back to experiment is done by identifying metastable states, long-
lived structural conformations that are accessible to experiment. We compare these
dimensionality reduction methods in their capabilities to find expressive collective
variables that allow to find these metastable states. Lastly, as EncoderMap does
not make use of the time-series character of the data and works on structure alone,
our results hint towards potential applications in combination with algorithms that
allow to harvest unordered data fast, e.g. Monte Carlo simulations.
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Z U S A M M E N FA S S U N G

Die Zunahme der Rechenleistung in den letzten Jahrzehnten, die am besten durch
das empirische Gesetz von Moore beschrieben wird, hat es ermöglicht, die Simulation
als dritte Säule der Wissenschaft zwischen Theorie und Experiment zu etablieren.
Die Untersuchung von Systemen "in-silico" ist seitdem zu einem weit verbreiteten
Forschungsansatz geworden, der numerische Erkenntnisse auf Größenskalen ermög-
licht, die für Theorie und Experimente nicht zugänglich sind. In jüngerer Zeit haben
sich künstliche Intelligenz und maschinelles Lernen, insbesondere Deep Learning,
als eine der Schlüsseltechnologien des Informationszeitalters herauskristallisiert, die
durch die reichliche Verfügbarkeit von Rechenleistung und Daten ermöglicht werden.
In dieser Arbeit zeigen wir in zwei Fallstudien, dass ein Deep-Learning-Ansatz
zur Dimensionalitätsreduktion namens EncoderMap in der Lage ist, bessere, aus-
sagekräftige kollektive Variablen in der gleichen Anzahl an Dimensionen zu finden
als die etablierten linearen Methoden. Im Hauptkapitel beschäftigen wir uns mit
der Verbesserung der Analyse von Simulationsdaten durch die Einbeziehung von
Deep-Learning-Methoden. Simulationen können als Experimente betrachtet wer-
den, die auf einem Computer durchgeführt werden und eine große Menge an Roh-
daten erzeugen, aus denen nur auf nicht-triviale Weise Erkenntnisse gewonnen wer-
den können. Diese Analyse folgt einer aufwendigen Modellierungspipeline, die aus
mehreren Schritten und Algorithmen besteht. Einer dieser entscheidenden Schritte
ist die Dimensionalitätsreduktion, bei der hochdimensionale Daten in einen niedrigdi-
mensionalen Raum abgebildet werden, wobei so viele wichtige Informationen wie
möglich erhalten bleiben sollen, um aussagekräftige kollektive Variablen zu finden,
die sich für die Modellierung eignen. Anhand eines gut untersuchten kleinen Pep-
tids, Deca-Alanin, zeigen wir, dass eine tiefe Autoencoder-Architektur mit einer
zusätzlichen Distanzmetrik - EncoderMap - es ermöglicht, kollektive Variablen zu
finden, die mindestens so gut sind wie eine etablierte lineare Methode - TICA - bei
der gleichen Anzahl von Dimensionen. Die Verknüpfung von Simulationsergebnis-
sen mit Experimenten erfolgt durch die Identifizierung metastabiler Zustände, also
langlebiger Strukturkonformationen, die für Experimente zugänglich sind. Wir ver-
gleichen diese Methoden zur Dimensionalitätsreduktion hinsichtlich ihrer Fähigkeit,
aussagekräftige kollektive Variablen zu finden, die das Auffinden dieser metastabilen
Zustände ermöglichen. Da EncoderMap den Zeitreihencharakter der Daten nicht
nutzt und nur mit der Struktur arbeitet, deuten unsere Ergebnisse auf potenzielle
Anwendungen in Kombination mit Algorithmen hin, die es ermöglichen, ungeordnete
Daten schnell zu erzeugen, z.B. Monte-Carlo-Simulationen.
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I
I N T R O D U C T I O N

The evolution of the natural sciences has largely been driven by human curiosity to
understand the composition and behavior of the matter around us. To remove human
bias from the equation, the process of investigation into the natural world has been
formalized as the scientific method, initially resting upon the back and forth between
theory and experiment. Ideally, theories allow to produce falsifiable predictions
which are then tested in experiment. The results of experiments allow to rule out
false theories or inform improvements of theories, while theories inform experiments
by giving guidance towards interesting phenomena to examine. In practice, however,
both theory and experiment have to deal with severe limitations. It is often hard
to extract falsifiable predictions from a theory. Possible reasons include equations,
which lack closed-form solutions, or complex systems, where countless variables in-
teract in non-linear, emergent ways that can not be described by simple equations.
It is even harder to extract falsifiable predictions from a theory that can be tested
in an experiment. Experiments are often limited by the time- and length-scales the
available instruments have access to. The challenge for theorists then is to come up
with new plausible theories as well as to extract novel predictions in clever ways,
which can be tested in experiments with available instruments. The challenge for
the experimenters is on the other hand to come up with clever experimental designs
or instruments to test the predictions from the theory side. This interplay between
theory and experiment leads to new insights, theory improvements and knowledge
gain overall. [1, 2]
A prominent example of this procedure is the debate on the existence of atoms.
Though already hypothesized by Democritus in the 5th century BC, the debate could
only be settled around 2500 years later in the 20th century [3, 4]. Shortly after the
adaptation of the microscope in the 17th century, the irregular motion of small grains
suspended in liquids was observed. In the 19th century, botanist Robert Brown then
was one of the first to carry out detailed observations of the movement of pollen grains
suspended in water. He later showed that the same phenomenon can be observed
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2 introduction

for inorganic matter, suggesting a physical origin of ’Brownian motion’. The bigger
controversy at that time was - after the successful theories of Maxwell and Newton
- whether a ’continuous’ description of all natural phenomena was possible, which
stood in direct opposition to the discontinuous nature of matter put forth by the
molecular-kinetic theory. In his famous paper from 1905 [5], Einstein developed
the first testable theory of Brownian motion by deriving a diffusion law, which was
experimentally measurable. The theory was further developed by Smoluchowski [6]
and Langevin [7] and marked the development of the field of stochastic dynamics.
The predictions finally were confirmed in experiment by Perrin in 1909 [8], who was
awarded the Nobel price for his contributions in 1926. This scientific achievement
was crucial in establishing the atomic nature of matter and consequently statistical
mechanics as the statistical basis of thermodynamics [3].
Although the existence of atoms was established in the early 20th century, the afore-
mentioned limitations on the theoretical side of science remained. The study of many-
particle-systems remained limited, because Newtonian mechanics becomes virtually
intractable for more than two particles. This changed, when scientific computing
became available in the early 1950s. The two corner stones of molecular simula-
tion were introduced around the same time, Monte Carlo (MC) simulation [9] and
molecular dynamics (MD) simulation [10]. Monte Carlo simulations aim to estimate
average system properties by sampling and averaging over configurations from the
statistical mechanical ensemble corresponding to the system’s thermodynamic state.
Molecular dynamics simulations determine the movements of every atom in a molecu-
lar system over time by solving its equations of motion. By now, computer simulation
has established itself as a third pillar of science in between theory and experiment
[1, 2, 11, 12]. Running ’computer experiments’ allows to inform theory as well as
experiment by uncovering functional mechanisms, often in atomic detail, or by pre-
dicting the properties of systems. Simulation enables to investigate the behavior
of bio-molecules, especially proteins, on time- and length-scales not accessible to
experiment. Computing contributes to the scientific method by complementing theory
and experiment and alleviating some of their shortcomings. In particular, computers
make it possible (in principle) to approximate solutions to equations to any desired
accuracy, thus extracting predictions from theories that are not possible analytically.
Since its inception, computer simulation has been developed into a mature discipline
that has been instrumental in the interpretation of experiments and sometimes even
in the prediction of their results [13, 14].
It is important to note, however, that simulations are not without their own inherent
limitations. Firstly, simulation does not have a direct connection to the physical
world. Rather, it can only explore the theory that was put in, and consequently
may produce unphysical results if the theory was incorrect in the first place. In
this regard, simulation is closer to theory than experiment, and all of its results
must be checked against nature or, if not possible, rigorous internal validation needs
to be performed. Secondly, above all, simulation is limited by the availability of



introduction 3

computational resources and the efficiency of the algorithms employed. Although, in
principle, simulation can give answers to a lot of interesting and relevant physical
questions, the feasibility is frequently constrained by financial resources and the
time necessary to conduct the simulations. One of these problems is protein folding.
Although in principle accessible to simulation, the majority of proteins fold on the
timescales of milliseconds (10−3s), while timesteps in MD simulations typically are
on the order of femtoseconds (10−15s), necessitating enormous compute resources
to bridge this gap. Furthermore, the computation needed for each timestep scales
with the amount of atoms in the molecule so that the simulation of protein folding
remains feasible only for relatively small peptides comprising approximately 100
residues [15–19]. These limitations are addressed in two ways. The limitation in
computing power is mitigated by the ongoing growth and the general abundance
of computing resources in today’s world fueled by technological advancement, the
digitalization of our world and the proliferation of specialized hardware like the
widespread availability of GPUs due to the current AI boom [13, 20–22]. Additionally,
there are initiatives aimed at the development of specialized computer chips for the
purpose of molecular dynamics simulations [23]. The second approach to mitigate the
limitations of MD simulations are a multitude of enhanced sampling algorithms that
accelerate the sampling of the configuration space of the system under investigation,
leading to an effective speedup of the simulations [24, 25]. In this work, we employ
enhanced sampling techniques by combining simulations from multiple ensembles.
An approach that has been widely adopted in the field is that of Markov state models
(MSMs), as it addresses both the limitations in simulation speed and facilitates the
analysis of substantial amounts of simulation data. The ability of MSMs to combine
multiple independent short simulations allows the problem to be naturally paral-
lelized, enabling the exploitation of today’s available massively parallel computing.
Furthermore, MSMs facilitate the analysis and human understanding of simulation
data by providing a low-dimensional coarse-grained model of relevant metastable
states and transition probabilities between them. For MSMs to offer a good de-
scription of the physical processes, however, it is important to choose their temporal,
spatial resolution and their states well. An elaborate modeling pipeline has been
developed to achieve this [26–29]. In this work, we investigate the improvement po-
tential of introducing a deep learning method into the modeling pipeline for MSMs.
By now, deep learning has proven itself to be one of the most promising, capable and
versatile technologies of the emerging 21st century. Besides being responsible for
generative models of not before seen quality, like ChatGPT for text or Stable Diffu-
sion for images, deep learning also has found entrance into most branches of science
as a universal tool for modeling (e.g. drug discovery, medical image analysis, mate-
rials science, particle physics) [30–33]. Although domain knowledge is still relevant,
there has been a longstanding effort to remove the human element from the modeling
process and let algorithms find relationships in the data in a data-driven, unsuper-
vised manner without human constraint. Artificial neural networks (ANNs) are a big
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step towards this promise by learning internal representations autonomously - often
incomprehensible to humans - that are frequently able to outperform other, more clas-
sical methods. The impact of deep learning on the natural sciences was recognized
by the Nobel Prizes in physics and chemistry in 2024. In physics the Nobel Prize
was awarded to Hinton and Hopfield for their foundational discoveries and inventions
that enable machine learning with artificial neural networks. In the field of chem-
istry, the Nobel Prize was awarded in part to researchers from Google DeepMind,
who developed AlphaFold [34], an ANN that predicts protein structures, resolving a
long-standing challenge in the field through the application of deep learning.
In this thesis, we investigate the capabilities of deep learning for the use case of
dimensionality reduction, which is an important step in most modeling pipelines.
This is the case because high-dimensional spaces are so vast that data in them is
always sparse, a fact known as the curse of dimensionality. More specifically, we use
EncoderMap, an autoencoder architecture with an additional distance metric which
is able to compress information from a high-dimensional into a lower-dimensional
space in a non-linear and unsupervised fashion. We show in two case studies that
this method is able to build better collective variables, compressing more information
in the same amount of dimensions than established linear methods.
In the main chapter III, we investigate the capabilities of EncoderMap as a dimension-
ality reduction technique in the modeling pipeline of molecular dynamics simulations.
We use a small, well studied peptide - Deca-Alanine - to compare the capabilities
of EncoderMap with the established linear method of time-lagged independent com-
ponent analysis (TICA).
In the second case study in chapter IV, we explore this method for sparse data using
a very different dataset containing quantitative information from world history. As
the modeling in this case bears similarity with the modeling in molecular dynamics,
we carry over our approach, apply EncoderMap for dimensionality reduction and
compare it against the established linear method of principal component analysis
(PCA).
In both case studies we aim to quantitavely compare the methods involved as well
as to investigate the collective variables found and gain understanding of their low
dimensional spaces. The linear methods offer a more direct interpretation of the
axes, while for EncoderMap the axes do not necessarily have meaning. The dis-
tance metric in the EncoderMap algorithm, however, infuses additional structure in
the low-dimensional space, leading to points being close in low-dimensional latent
space, which were close in the original high-dimensional space before dimensional-
ity reduction. By investigating their low-dimensional spaces, we aim to understand
which information is retained by the different dimensionailty reduction methods and
assess their capabilities for modeling.
The various methods used in this thesis are summarized in chapter II, which is in-
tended to act as both an introduction to the methods and as a reference, when more
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information about the methods is of interest to the reader. In the final chapter V, we
summarize our findings and give some potential directions for further research.
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8 theory & methods

This chapter expands on methods and theory that underlie the analyses of the case
studies in chapter III and chapter IV. It is intended both as an introduction and as a
reference and collects further information here to not disrupt the flow of reading in
the other chapters.
We start with a general short introduction into statistical physics and how it enables
the study of physical systems on the computer through simulation in section II.1.
As thermal fluctuations give rise to stochastic behavior in molecular systems, we
introduce the description of stochastic dynamics in section II.2. We approximate
the stochastic processes with Markov state models (MSMs), time-discrete stochastic
models with a finite state space, to make modeling computationally feasible and
interpretable. For MSMs to be a good approximation, it is important that timescales
and states are well chosen and we introduce the elaborate modeling pipeline in
section II.3. Lastly, we introduce multi-ensemble methods in section II.4, which allow
combining information from simulations conducted in different ensembles and which
can be used to speed up the sampling process.

ii.1 statistical physics & simulation
Statistical physics is the branch of physics that applies statistical methods to explain
and predict the thermodynamic properties of systems that are comprised of a large
number of particles. Unlike classical mechanics, which often focuses on the behavior
of individual particles, statistical physics recognizes that the collective behavior of
particles leads to emergent phenomena that can be described statistically. There
exists comprehensive literature covering thermodynamics and statistical physics - we
mainly use [35, 36] here.
At its core, statistical physics connects microscopic states (the individual configu-
rations of particles) to macroscopic observables (such as temperature, pressure and
entropy). The set of all accessible microstates is called the phase space

Γ = {(x1, . . . , xf) | xi = (qi,pi)} (II.1)

with the generalized coordinates qi and their canonically conjugated momenta pi.
For a classical system with N particles the degrees of freedom amount to f = 3N.
To understand the physics of a macroscopic system, however, the knowledge of the
exact microstate is often not relevant. When the system exhibits a high amount of
degrees of freedom, the central limit theorem leads to well defined stable equilibria,
which are characterized by a few macroscopic observables. There then exist numerous
microscopic configurations which correspond to the same macrostate.
This realization leads to the notion of an ensemble: An ensemble is defined as all the
thermodynamic systems (all possible microscopic realizations) which are compatible
with a given set of macroscopic obervables (e.g. given energy E, volume V and number
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of particles N for the microcanonical ensemble) that fully define the macroscopic
equilibrium state.
The notion of an ensemble enables two distinct ways to determine observables A on
the computer [1]:

• Monte Carlo (MC) Simulation:
In general, following basic probability theory, observables A are given by en-
semble averages over the state space Γ weighted by the equilibrium distribution
µ(x):

⟨A⟩ =
∫
Γ
A(x)µ(x)dx. (II.2)

The equilibrium distribution µ and the accessible state space Γ depend on the
given ensemble, e.g. µ = µ(T ,V ,N) and Γ = Γ(T ,V ,N) for the canonical ensem-
ble with given temperature T , volume V and number of particles N. Here, each
configuration of the system x ∈ Γ needs to be prepared in such a way that it is
compatible with the macroscopic equilibrium quantities describing the system.
Each microstate x can therefore be viewed as another macroscopically equiva-
lent system of the ensemble. Using the law of large numbers, Equation II.2 can
be approximated by averaging the observable over a finite amount of configu-
rations/systems {x1, . . . , xn} of the ensemble, which are distributed according
to the equilibrium distribution xi ∼ µ:

⟨A⟩ = lim
n→∞ 1

n

n∑
i=1

A(xi) ≈
1

n

n∑
i=1

A(xi). (II.3)

For efficient calculation, configurations x with high probability weight µ(x)

need to be found. Here, the famous Metropolis-Hastings-Algorithm [9, 37] is
often used, which is a Markov Chain Monte Carlo (MCMC) method that uses
a Markov process to obtain a sequence of random samples from a probability
distribution (from the equilibrium distribution µ in this case).

• Molecular Dynamics (MD) Simulation:
Another way to view an ensemble is to think about the time evolution of the
system. When a microstate x is prepared that adheres to a specific ensemble
(e.g. the canonical ensemble (T ,V ,N)) then this microstate will evolve over time
x = x(t) according to the equations of motion. As the macroscopic equilibrium
(i.e. the ensemble) does not change, this time evolution represents a trajectory
in the state space of the respective ensemble, e.g. x(t) ∈ Γ(T ,V ,N). This
allows to take a time average of an observable A along the trajectory:

Ā = lim
t→∞ 1

t

∫ t
0
A
(
x(t ′)

)
dt ′. (II.4)
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If this time evolution visits all possible microstates x ∈ Γ in a finite time, then
the time average is equal to the ensemble average of Equation II.2:

⟨A⟩ = Ā. (II.5)

This assumption is called the "ergodic hypothesis" and it is not true in general
(it is e.g. not true for glasses). It is true for a lot of systems, however, and when
true it allows for another method to determine observables on the computer: In
molecular dynamics simulations a system is prepared in a microstate x and is
then evolved by solving the equations of motion repeatedly for a small timestep
∆t. The simulation program needs to take care of keeping the evolution of
microstates x(t) in a given ensemble. When the system is equlibrated properly,
observables can be measured by time averages according to Equation II.5.

The equilibrium distribution of systems in thermal equilibrium with a heat bath of
given temperature T is the Boltzmann distribution. For the case of the canonical
ensemble with given (T ,V ,N), it reads:

µ(x) = e−βE(x)/Zc (II.6)

with the inverse temperature β = 1/kBT and the energy function E(x). The canonical
partition function Zc, represents the normalization over the state space Γ(T ,V ,N):

Zc =

∫
Γ(T ,V ,N)

e−βE(x) dx. (II.7)

It can be shown that the partition function is a particular important quantity, as all
thermodynamic equilibrium quantities can be derived from it. The quantity that is
minimized in equilibrium in the canonical ensemble is the free energy

F(T ,V ,N) = −kBT ln(Zc). (II.8)

ii.2 stochastic dynamics
The trajectory x(t) of a point particle in an isolated system can be described in a
deterministic way by Newton’s equations of motion

mẍ(t) = F(x, ẋ, t), (II.9)

which is a differential equation in x. The total force F acting on the particle depends
on the system under consideration.
When considering more complex systems, however, thermal fluctuations and environ-
mental interactions can give rise to stochastic behavior. This turns the previously
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deterministic trajectory x(t) into a realization of a stochastic process Xt. A stochas-
tic process Xt is a sequence of random variables, indexed by a parameter, usually
time t.
A classic example for such stochastic trajectories is the erratic and irregular movement
of large pollen grains suspended in water (Brownian motion). Furthermore, each
trajectory calculated in a molecular dynamics simulation is such a realization of a
stochastic process.
There exist two equivalent ways to describe stochastic processes:

• Description on the level of realizations x(t) of a stochastic process Xt:
By introducing stochastic terms into the differential equation, we end up with
a stochastic differential equation (SDE) that is called Langevin equation in
physics.

• Description on the level of the probability distribution p(x, t) of a stochastic
process Xt:
Under the restriction that the stochastic process is Markovian (it does not
depend on the past) the time evolution of the probability is described by an
integral equation called Chapman-Kolmogorov equation. The differential form
of the Chapman-Kolmogorov equation is called master equation and in the spe-
cial case of continuous state spaces bears the name of Fokker-Planck equation
(FPE).

We will elaborate on these descriptions in the following chapters and demonstrate
their application using the example of Brownian motion. For this chapter we use
[38–40], which are classic books on stochastic processes in the context of physics.

ii.2.1 langevin equation
To model the erratic and irregular movement of large pollen grains suspended in
water, Langevin [7] introduced a stochastic force Fstoch into Newton’s equation of
motion (Equation II.9). For instructional purposes we will constrain ourselves to
the 1-dimensional case here, although the formalism can well be generalized to d

dimensions. Langevin’s equation reads

mẍ(t) = F(x, ẋ, t)

= Fdrag + Fstoch

= −γẋ(t) + ση(t),

(II.10)
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where Fdrag = −γẋ(t) is Stokes’ law for the friction of a particle moving through a
viscous fluid. The stochastic force Fstoch = ση(t) consists of the strength of the force
σ and the Gaussian white noise η(t) with the properties

⟨η(t)⟩ = 0 (II.11)〈
η(t)η(t ′)

〉
= δ(t− t ′). (II.12)

These properties encode that the stochastic force has no preferred direction and
that different times are uncorrelated (i.e. there exists no memory and the process is
Markovian). This Langevin equation can be considered as a first order differential
equation in v(t) = ẋ(t) with the formal solution

v(t) = v(0) e−
γ
m t +

σ

m
e−

γ
m t

∫ t
0
η(t ′) e

γ
m t ′ dt ′. (II.13)

Taking the average and using Equation II.11 yields

⟨v(t)⟩ = v(0) e−
γ
m t, (II.14)

so on average an initial velocity v(0) decays exponentially with relaxation time
τ = m

γ . For t < t ′ the velocity autocorrelation yields

〈
v(t)v(t ′)

〉
=

(
v(0)2 −

σ2

2mγ

)
e−

(t+t ′)/τ +
σ2

2mγ
e−

(t ′−t)/τ. (II.15)

As for these particles the relaxation timescale is usually very short t, t ′ ≫ τ, the first
term can be neglected and the second term dominates. The velocity autocorrelation
therefore decays very rapidly, but yields a finite constant value for equal times:

〈
v(t)2

〉
≈ σ2

2mγ
. (II.16)

In statistical physics exists another expression for the mean square velocity in equi-
librium, namely the equipartition theorem:

1

2
m
〈
v(t)2

〉
=

1

2
kBT . (II.17)

Combining Equation II.16 and Equation II.17 results in a relation between the
strength of the stochastic force σ and the temperature of the system T :

σ2 = 2γkBT . (II.18)
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Integrating Equation II.15 allows to determine the mean squared displacement of the
particle

〈
(x(t) − x(0))2

〉
≈ σ2

γ2
τ
(
e−

t/τ − 1
)
+

σ2

γ2
t
(t≫τ)
≈ σ2

γ2
t

(II.18)
= 2

kBT

γ︸︷︷︸
=:D

t,
(II.19)

which reproduces the diffusion law Einstein had derived before Langevin in his famous
paper [5]. Einstein, however, employed a different approach we will present in the
following chapter, where he used the probability distribution of the stochastic process
p(x, t). The Einstein relation D = kBT

γ shows that the diffusion coefficient D and
the mobility of the particle are connected through the thermal energy (fluctuation-
dissipation theorem).
To summarize, a general Langevin equation is a stochastic differential equation

Ẋt = A(Xt, t) +B(Xt, t)η(t), (II.20)

consisting of a deterministic part (A) and a stochastic part (Bη), where the Gaussian
noise η(t) follows Equation II.11 and Equation II.12.
In this chapter, we used the Langevin equation to model a particle in a thermal bath
(Brownian motion). We find that even if the particle inhabits a preferential direction
in the beginning in the form of an initial velocity, this velocity decays rapidly so that
on average the particle holds no preferential direction for movement (Equation II.14).
Although no direction is preferred, the stochastic force (i.e. the incessant kicks from
other particles in the bath) keeps the particle in motion (Equation II.16). The strength
of the motion depends on the temperature of the bath and leads to diffusive behavior
of the particle (Equation II.19).
The stochastic process with an initial velocity discussed here is also called an
Ornstein-Uhlenbeck process, while the purely diffusive process (obtained in the over-
damped limit τ → 0) is called a Wiener process.

ii.2.2 fokker-planck equation
We will now turn from the description of stochastic processes with stochastic differ-
ential equations to the equivalent description using the probability density p(x, t).
Given a trajectory {(x1, t1), . . . , (xn, tn)} with time ordering ti < tj for i < j, we
denote the joint probability for the trajectory as p(xn, tn; . . . ; x1, t1), which fully
determines a (separable) stochastic process. We assume the Markov property

p(xn, tn; . . . |xi, ti; . . . ; x1, t1) = p(xn, tn; . . . |xi, ti) ∀i ∈ {1, . . . ,n− 1}, (II.21)
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which can be interpreted as "memorylessness", i.e. at each point in the trajectory
the future always depends only on the present, but not on the past. This property
is an idealization that can often be employed for macroscopic scales, while physical
processes usually exhibit memory on microscopic scales. This memory, however, often
decays over time so that the process is Markovian on an adequately chosen timescale.
Using the Markov property, the joint probability can recursively be reduced to tran-
sition probabilities p(xj, tj|xi, ti) and an initial probability p(x1, t1), which fully de-
scribe the process:

p(xn, tn; . . . ; x1, t1) = p(xn, tn|xn−1, tn−1; . . . ; x1, t1)p(xn−1, tn−1; . . . ; x1, t1)

= . . .

(II.21)
= p(xn, tn|xn−1, tn−1) . . . p(x2, t2|x1, t1) · p(x1, t1).

(II.22)

For these probabilities, two consistency equations for Markov processes can be de-
rived. Integrating the definition of the conditional probability

p(xj, tj; xi, ti) = p(xj, tj|xi, ti) · p(xi, ti) (II.23)

over xi gives

p(xj, tj) =
∫
p(xj, tj|xi, ti) · p(xi, ti)dxi, (II.24)

which can be interpreted as the law of total probability for Markov processes.
To derive the second consistency equation, we first use the definition of conditional
probability and the Markov property to derive the following expression:

p(x3, t3; x2, t2|x1, t1) =
p(x3, t3; x2, t2; x1, t1)

p(x1, t1)

=
p(x3, t3; x2, t2; x1, t1)

p(x2, t2; x1, t1)
· p(x2, t2; x1, t1)

p(x1, t1)
= p(x3, t3|x2, t2; x1, t1) · p(x2, t2|x1, t1)

(II.21)
= p(x3, t3|x2, t2) · p(x2, t2|x1, t1).

(II.25)

Integrating Equation II.25 over x2 yields the Chapman-Kolmogorov equation

p(x3, t3|x1, t1) =
∫
p(x3, t3|x2, t2) · p(x2, t2|x1, t1)dx2 (II.26)

that relates all transition probabilities p(xj, tj|xi, ti) of a Markov process to each
other. It is both an integral equation describing the dynamics of a Markov process
as well as a consistency equation we use later in this work to check whether our
system under investigation can be adequately described with a Markov state model
(see subsection II.3.5).
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From the Chapman-Kolmogorov equation a partial differential equation for the time
evolution of the probability p(x, t) can be derived, which is the central equation
for processes with diffusion, called the Fokker-Planck equation. The Fokker-Planck
equation that is equivalent to the general Langevin equation of Equation II.20 can
be derived to be

∂

∂t
p(x, t) = −

∂

∂x
(A(x, t)p(x, t)) +

1

2

∂2

∂x2

(
B(x, t)2 p(x, t)

)
. (II.27)

Coming back to the Brownian motion of subsection II.2.1, we consider the overdamped
case (τ = m

γ → 0 ⇒ m
γ ẍ(t) → 0) of Equation II.10:

ẋ(t) =
σ

γ
η(t)

=
√
2Dη(t),

(II.28)

where in the last line Equation II.18 and the Einstein relation was used. Turning
this Langevin equation into its respective Fokker-Planck equation (compare Equa-
tion II.20 and Equation II.27) yields the diffusion equation

∂p(x, t)
∂t

= D
∂2p(x, t)

∂x2
. (II.29)

Assuming the particle is localized at x0 = x(0) in the beginning p(x, 0) = δ(x− x0),
the solution of Equation II.29 is a Gaussian

p(x, t) =
1√

4πDt
e−

(x−x0)
2

4Dt (II.30)

with mean µx = x0 and variance σ2
x = 2Dt. By looking at the mean squared dis-

placement, we recover the diffusion law of Equation II.19 that was originally derived
by Einstein [5]:

〈
(x(t) − x(0))2

〉
=
〈
(x(t) − µx)

2
〉
= σ2

x = 2Dt. (II.31)

ii.3 markov state modeling
In the previous chapters we showed, using the example of Brownian motion, how
stochastic processes can be modeled using either Langevin equations or probability
distributions (using the Chapman-Kolmogorov or the derived Fokker-Planck equa-
tion). Both approaches - implicitly or explicitly - assume the Markov property of
"memorylessness" - that the process does only depend on the present and not on
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the past. Physical processes usually do not exhibit memorylessness on microscopic
scales, while the idealization often holds on appropriate macroscopic scales.
We now go a step further - and thereby make modeling more computationally feasible
- by approximating the physical process with Markovian models discrete in time and
states, Markov state models (MSMs). The challenge then is, to choose an appropri-
ate timescale and state space such that the behavior is (approximately) Markovian
and the states are (physically) meaningful. This requires a sophisticated modeling
pipeline, the methods of which are described in this chapter.
Markov state models in conjunction with molecular dynamics simulations have been
a long-standing research field spanning several decades [26–28, 41–43]. We give a
short introduction here to provide enough information for understanding the results
presented in chapter III.

ii.3.1 motivation
The motivation to use MSMs for modeling molecular dynamics simulations is two-fold.
Firstly, it helps tackling the sampling problem (slow barrier crossing and limited total
simulation time) by making it possible to run a lot of short simulations from different
starting points and combine them to estimate long term behavior that is otherwise
not accessible through simulation alone. Secondly, the spectral decomposition of the
transition matrix allows to extract the interesting dominant slow processes and their
implicit timescales from data. We will elaborate on both points briefly.
In equilibrium molecular dynamics simulations the stationary distribution is given by
the Boltzmann distribution

µ(x) = e−βE(x)/Z (II.32)

with the inverse temperature β = 1/kBT , energy function E(x) and partition function
(i.e. the normalization over the state space Γ )

Z =

∫
Γ
e−βE(x) dx. (II.33)

Interesting physical quantities are measured by averages

⟨A⟩ =
∫
Γ
A(x)µ(x)dx, (II.34)

which involve integrals over a vast state space Γ . In general, these integrals can
not be computed exactly, but they can be approximated by sampling the x ∈ Γ with
highest weights µ(x) which contribute the most to the integral. Performing this
sampling is hard, especially because of metastable states and free energy barriers,
which are hard to cross. Introducing a disjoint state space partitioning

⋃̇k

i=1Si = Γ ,
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however, can alleviate this problem when the partitions Si do not have internal
barriers [27]. Then the local stationary densities µi in set i can easily be sampled
and are defined as

µi(x) =

{
µ(x)
πi

x ∈ Si

0 x /∈ Si
(II.35)

with the stationary probability πi to be in set i

πi =

∫
Si

µ(x)dx. (II.36)

Estimating transition probabilities tij of transitioning from discrete state i → j in
time τ then do not need information about the global equilibrium distribution µ(x),
but only about the local equilibrium distribution µi(x)

tij(τ) = P[x(t+ τ) ∈ Sj | x(t) ∈ Si]

=

∫
x∈Si

∫
y∈Sj p(x → y; τ)µi(x)dxdy∫

Si
µi(x)dx

.
(II.37)

Here, p(x → y; τ) denotes the transition probability density from x ∈ Γ to y ∈ Γ

after time τ. Following this approach allows for the full dynamical information of
the discretized system to be obtained by simulating short trajectories from each of
the partitions Si. The starting points x of these simulations need to be drawn from
the local equilibrium distributions µi(x). Estimating the transition matrix T =

(
tij
)

allows to determine the stationary probabilities πi for each state i as the discrete
stationary distribution of T fulfilling

π · T = π. (II.38)

This eventually allows to determine physical quantities

⟨A⟩ =
∫
Γ
A(x)µ(x)dx

=
∑
i

πi

∫
x∈Si

A(x)
µ(x)

πi
dx

=
∑
i

πi

∫
x∈Si

A(x)µi(x)dx

=
∑
i

πi ⟨A⟩i

(II.39)

through local instead of global sampling, simultaneously offering a parallelization of
the problem.
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The transition matrix T (τ) propagates the probabilities of being in different states i,
(pi), forward in time by lag time τ

p(t0 + τ) = p(t0)T (τ). (II.40)

We assume detailed balance πitij = πjtji to be fulfilled as it is equivalent to being
in equilibrium [42]. Then the transition matrix is diagonizable and can be written as
its spectral decomposition [44]

T (τ) = Π−1
k∑

i=1

λi lil
⊺
i (II.41)

with the inverse of the discrete stationary distribution Π−1 = diag(π−1
1 , . . . ,π−1

k ),
the eigenvectors li and their eigenvalues λi.
With iterated application of the transition matrix, a time evolution for t = sτ is
given and as the matrix is diagonal, the exponential only acts on the diagonal of the
decomposition

p(t) = p(sτ) = p(0)T (sτ) = p(0)T s(τ)

= p(0)

(
Π−1

k∑
i=1

λi lil
⊺
i

)s

= p(0)Π−1
k∑

i=1

λsi lil
⊺
i

= p(0)Π−1
k∑

i=1

eln (λi)s lil
⊺
i = p(0)Π−1

k∑
i=1

e

− t(
−

τ

ln (λi)

)

︸ ︷︷ ︸
ti lil

⊺
i .

(II.42)

So the time evolution for the probability distribution of the states p(t) can be de-
composed into subprocesses lil

⊺
i (almost) all of which decay exponentially on a

timescale ti. It can be shown that the largest eigenvalue of a stochastic matrix
is equal to one, λ1 = 1, and is associated to the equilibrium distribution l1 = π,
as it never decays. When arranging the eigenvalues in descending order, we there-
fore get a decomposition of the complete process into subprocesses of ascending
timescales. This allows to extract the slowest timescales and its processes, which
are often connected to slow transitions between metastable states and observable
by experiment.

ii.3.2 clustering/discretization
As Markov state models (MSMs) need a discrete state space, methods to turn a
continuous trajectory into a discrete one are required. Clustering algorithms are
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able to provide this discretization and are also used to group states of a finite state
space together to reduce the amount of states, which is a form of coarse-graining.

ii.3.2.1 K-means algorithm

The k-means algorithm [45] is used to group Ns samples/observations {ξ1, . . . , ξNs
}

into k clusters {S1, . . . ,Sk}. The centers of these k clusters can then be seen as a
discretization of the original data. The number of clusters k is the only input param-
eter for this algorithm, which has to be provided and can not be found automatically.
To find a suitable k, there exist several heuristics and clustering evaluation metrics
e.g. the elbow method. In Markov state modeling, the number of discrete clusters k

is chosen such that it balances minimizing the discretization error (high k) and hav-
ing enough transition statistics between these states to construct a reliable MSM
(low k).
Starting with k cluster centers {c1, . . . , ck} the algorithm consists of alternating be-
tween two steps:

1. Assignment step:
Assign all samples ξi to their nearest cluster centers cj (i.e. ξi ∈ Sj) with

j = arg min
l∈{1,...,k}

∥ξi − cl∥2. (II.43)

2. Update step:
Recalculate all the cluster centers ci as the mean of the assigned samples

ci =
1

|Si|

∑
ξ∈Si

ξ. (II.44)

It can be shown that this algorithm is minimizing the variance within the clusters and
only converges to a local optimum. Although only a local optimum is guaranteed,
in practice this algorithm is important as it solves a theoretically NP-hard prob-
lem heuristically in polynomial time and often converges quickly. The k-means++
algorithm [46] improves the original algorithm by choosing better starting cluster
centers.

ii.3.2.2 Fuzzy c-means

The fuzzy c-means (FCM) algorithm [47, 48] is a fuzzy clustering method in which
every of the Ns samples/observations {ξ1, . . . , ξNs

} can be assigned to several cluster
centers {c1, . . . , ck} with membership degree

(
mij

)
∈ [0, 1]Ns×k. While k-means

assigns every sample to exactly one cluster, fuzzy c-means can be thought of as
a generalization thereof, which was developed for the case of imprecisely defined
categories. The fuzziness of the clusters is controlled by an additional parameter
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f ∈ (1,∞). In the limit of no fuzzyness (f → 1) k-means is recovered. The FCM
algorithm uses a weighted version to compute the cluster centers

cj =

∑Ns
i=1m

f
ijξi∑Ns

i=1m
f
ij

(II.45)

and minimizes a weighted version of the objective function of k-means (variance within
clusters)

Ns∑
i=1

k∑
j=1

mf
ij∥ξi − cj∥2 (II.46)

with the memberships

mij =

(
k∑

l=1

(
∥ξi − cj∥
∥ξi − cl∥

) 2
f−1

)−1

. (II.47)

The standard choice for the fuzziness is f = 2. Equivalently to k-means the algorithm
only finds a local optimum and depends on the starting cluster centers. Although for
fixed observations i, the memberships to be assigned to all of the cluster centers are
normalized (

∑k
j=1mij = 1), they can not be interpreted as probabilities, since the

distribution is controlled by fuzziness f and therefore is somewhat arbitrary.

ii.3.2.3 Robust Perron-Cluster Cluster Analysis (PCCA++)

When discretizing trajectories into k discrete states to be able to build a Markov
state model (MSM), the goal is to model the transitions in the data with minimal error.
Ultimately, the states we are interested in are the Nc << k long-lived metastable
states that could be observed in experiment.
Given a k × k transition matrix T , the Robust Perron-Cluster Cluster Analysis
(PCCA++) [49, 50] is a fuzzy clustering method that determines a membership ma-
trix (mic) ∈ Rk×Nc of discrete state k belonging to a given amount of (metastable)
states Nc. The algorithm is best suited for this coarse-graining task as, with its fuzzy
assignments, it is able to handle transition states and it exactly preserves the slow
timescales while simultaneously aiming to maximize the ’crispness’ of the clusters. It
is important to mention that the resulting coarse process on the metastable states
found is not guaranteed to be a Markov chain.
Thus coarse-graining introduces further errors so that calculation of system kinetics
is better done on the more accurate discrete MSM with k states. Lastly, the method
has been further developed in recent years to enable modeling of non-equilibrium
systems under the name of generalized PCCA (G-PCCA) [51–53].
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ii.3.3 dimensionality reduction techniques
As high-dimensional spaces are so vast that data often is sparse, dimensionality
reduction techniques are applied to mitigate this problem by mapping the data into
a lower-dimensional space, while retaining as much of the information as possible.
Here, we present the dimensionality reduction methods that are used in this thesis
and represent an important part of the modeling pipeline. The methods are catego-
rized into classical linear methods and the non-linear modern approach using deep
learning.

ii.3.3.1 Curse of Dimensionality

The curse of dimensionality is a common term, referring to problems in machine learn-
ing associated with high-dimensional spaces. Assuming one needs n points to model
a function on a 1-dimensional interval, nd points are needed on its d-dimensional
counterpart. This poses a problem in machine learning as algorithms need expo-
nentially more data, the higher the dimension is, and this often leads to algorithms
failing to extract meaningful information in high dimensions.
To circumvent this problem, dimensionality reduction techniques are employed to
transform the data into a lower-dimensional space. Consequently, the quality of the
data in the lower-dimensional space is dependent on the dimensionality reduction
technique used. Since in high-dimensional spaces inherently more information can be
stored, the dimensionality reduction technique decides, which part of the information
is used and which is discarded. Ideally, only the information for the problem at hand
is projected into the lower-dimensional space and noise in the data is discarded.
Naturally, this is not always feasible to do, with the exception of the data living on
a submanifold and having a dimensionality equal or lower to the space the data is
supposed to be projected into. Following these arguments - that machine learning
algorithms may only have enough density of data in lower-dimensional spaces -
dimensionality reduction techniques are often an important part of data processing
pipelines.

ii.3.3.2 Linear dimensionality reduction

PCA

Principal Component Analysis (PCA) is a method to find a linear transformation into
a new orthogonal coordinate system, in which the variance of the data is maximized
along the axes. It can then be used as a dimensionality reduction technique by
projecting onto the first axes with maximum variance. This reduces the amount of
dimensions while retaining the maximum amount of variation in the data.
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The method is closely related to the rotation of rigid bodies in physics and finds the
same principal axes as the principal axes of inertia for a set of point masses rotating
around their center of mass. We follow the derivation in [54].
Let x(t) be a p-dimensional data vector out of t ∈ {1, . . . ,n} observations. Although
for our purposes this will be time-series data, in general the data does not need to
be ordered for PCA. We normalize the data in each of the p components:

(x̃(t))i =
(x(t))i − (x(t))i

σi
∀i ∈ {1, . . . ,p} (II.48)

with sample mean (x(t))i and sample standard deviation σi =
√

σ2
i

(x(t))i = E
t

[
(x(t))i

]
, (II.49)

σ2
i = σ2

(
(x(t))i

)
=

n

n− 1
E
t

[(
(x(t))i − (x(t))i

)2]
. (II.50)

While subtracting the mean is part of the PCA algorithm, scaling to unit variance
leads to unitless dimensions in each entry of the data vector avoiding skew by high
absolute values.
Now let Σ be the sample covariance matrix, which can be calculated using the data:

Σ =
n

n− 1
E
t

[
x̃(t) (x̃(t))⊺

]
. (II.51)

The PCA problem can then be stated as a constrained optimization problem

max
α0

[
σ2
(
α
⊺
0 x̃(t)

)]
= max

α0

[
n

n− 1
E
t

[
α
⊺
0 x̃(t) (x̃(t))⊺α0

]]

= max
α0

[
α
⊺
0 Σα0

]
,

such that α
⊺
0α0 = 1.

(II.52)

In words: Find a normalized vector α0 along which the variance is maximized, when
projected onto. This corresponds to the single dimension along which most of the
variation in the data is retained.
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Using the technique of Lagrange multipliers, this optimization problem turns into an
eigenvalue problem:

d
dα0

(
α
⊺
0 Σα0 − λ0

(
α
⊺
0α0 − 1

))
= 0

Σα0 − λ0α0 = 0
(
Σ− λ0 Ip

)
α0 = 0,

(II.53)

with Ip being a p-dimensional identity matrix. Therefore α0 is an eigenvector of Σ
with eigenvalue λ0. Since we are maximizing

σ2
(
α
⊺
0 x̃(t)

)
= α

⊺
0 Σα0 = λ0α

⊺
0α0 = λ0, (II.54)

we need to take the eigenvector which corresponds to the largest eigenvalue. To find
the second axis α1 with the second largest variance, we repeat the argument with
the additional constraint to ensure orthogonality: α

⊺
0α1 = 0.

Using Lagrange multipliers and following the same derivation yields another eigen-
value problem with α1 being the eigenvector corresponding to the second largest
eigenvalue λ1. Repeating the argument for all dimensions of x̃(t) gives rise to the
following theorem:
If Σ is the covariance matrix defined above with ordered eigenvalues λ0 > λ1 >

· · · > λp−1 and corresponding eigenvectors α0,α1, . . . ,αp−1 then these eigenvectors
solve the PCA problem of finding axes along which variance is maximized with the
eigenvalues denoting the respective variances.
Numerically, this problem can be solved e.g. by singular value decomposition (SVD),
which can be found in every linear algebra package.

TICA

Time-lagged independent component analysis (TICA) was first developed in [55] to
separate independent signals and then explored independently in [56] and [57] as
a method for analyzing molecular dynamics (MD) data. The method is similar to
PCA explained in paragraph II.3.3.2. While PCA is used to find a new orthogonal
coordinate system, in which the variance is maximized along its axes in descending
order, TICA finds a new coordinate system, in which the autocorrelation of a time
series is maximized along its axes.
While PCA finds the axes, along which the maximum of the variance in the data is
retained, TICA finds the axes, along which a timeseries changes the slowest. Since
TICA explicitly uses the autocorrelation function, it is in contrast to PCA only able
to handle ordered data, namely time series. In MD simulation, we are usually
interested in the slowest degrees of freedom, which correspond to conformational
changes compared to fast degrees of freedom like rotations and vibrations.
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The autocorrelation function ACF
(
∆t
)

of a 1-dimensional timeseries {Yt}t∈{1,...,n}
with lag time ∆t is defined as

ACF
(
Yt , ∆t

)
=

COV
(
Yt , Yt+∆t

)

VAR
(
Yt
) =

E
t

[(
δYt
)
·
(
δYt+∆t

)]

E
t

[(
δYt
)2] , (II.55)

with δYt = Yt−E [Yt] denoting the mean-free timeseries. We can formulate the TICA
problem as an optimization problem similar to PCA. Let |Xt⟩ be a p-dimensional data
vector out of a timeseries of t ∈ {1, . . . ,n} observations. The TICA problem is then
given by

max
|α0⟩

[
ACF

(
⟨α0 | δXt⟩ , ∆t

)]
= max

|α0⟩




E
t

[
⟨α0 | δXt⟩ ⟨α0 | δXt+∆t⟩

]

E
t

[
⟨α0 | δXt⟩ ⟨α0 | δXt⟩

]




= max
|α0⟩




E
t

[
⟨α0 | δXt⟩ ⟨δXt+∆t |α0⟩

]

E
t

[
⟨α0 | δXt⟩ ⟨δXt |α0⟩

]




= max
|α0⟩




〈
α0

∣∣∣C(∆t)
∣∣∣α0

〉

⟨α0 |Σ |α0⟩




= max
|α0⟩

[〈
α0

∣∣∣C(∆t)
∣∣∣α0

〉]
,

such that ⟨α0 |Σ |α0⟩ = 1.

(II.56)

To simplify the expression we use the time-lagged correlation matrix

C(∆t) = E
t

[
|δXt⟩ ⟨δXt+∆t|

]
(II.57)

and the covariance matrix

Σ = E
t

[
|δXt⟩ ⟨δXt|

]
, (II.58)

which can be calculated from the data. Since the time-lag correlation matrix may not
be exactly symmetric, it is symmetrized by adding the transpose and dividing by two.
In contrast to PCA, we normalize the vector to have unit variance ⟨α0 |Σ |α0⟩ = 1 to
achieve dimensionless units, when calculating distances along these projections.
An alternative normalization is scaling by the respective eigenvalues, which leads to
distances in the projected space approximating kinetic distances [58]. Similar to the
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PCA problem, we use Lagrange multipliers to turn the optimization problem into a
(generalized) eigenvalue problem:

(
C(∆t) − λ0 Σ

)
|α0⟩ = 0. (II.59)

Since we are maximizing

ACF
(
⟨α0 | δXt⟩ , ∆t

)
=
〈
α0

∣∣∣C(∆t)
∣∣∣α0

〉
= λ0 ⟨α0 |Σ |α0⟩ = λ0, (II.60)

we need to take the eigenvector, which corresponds to the largest eigenvalue. To find
the second axis |α1⟩ with the second largest autocorrelation, we follow the same ar-
gument, while additionally ensuring the axes are uncorrelated: ⟨α0 |Σ |α1⟩ = 0. Re-
peating the derivation using Lagrange multipliers yields another eigenvalue problem
with |α1⟩ being the eigenvector corresponding to the second largest eigenvalue λ1.
Finally, repeating the argument for all dimensions of |δXt⟩ leads to the following
statement: If λ0 > λ1 > · · · > λp−1 are ordered eigenvalues with corresponding
eigenvectors |α0⟩ , |α1⟩ , . . . ,

∣∣αp−1

〉
of the generalized eigenvalue problem II.59, then

these eigenvectors solve the TICA problem of finding axes, along which autocorrela-
tions are maximized with the eigenvalues denoting the respective autocorrelations.
The first eigenvectors correspond to the slowest degrees of freedom in the time
series. The respective eigenvalues are connected to the implied timescales of these
processes:

ti =
∆t

ln (λi)
(II.61)

When analyzing a system, the hope usually is that there exists a clear spectral gap
between fast and slow processes (i.e. timescale separation) and the description of the
system can be simplified by projecting on the slow degrees of freedom and neglecting
the fast ones. In reality, this gap is not always obvious or even existent.

ii.3.3.3 Deep learning

Short introduction to Deep Learning

The deep learning revolution, fueled among others by achieving super-human per-
formance on some tasks previously thought impossible, has made deep learning one
of the most promising technologies of the decade. Here, we give a very short and
rudimentary introduction to deep learning in the framework of statistical learning
theory [59], with the aim to establish a general notion of it in the reader that will
hopefully be able to carry him through the thesis. We will only concern ourselves
with supervised deep learning, as it is the most prevalent one and although the deep
learning method used in this thesis - EncoderMap - is unsupervised, it is eventually
formulated internally as a supervised problem.
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Supervised machine learning can be thought of as a basic fitting problem: Given
tuples (x,y) ∈ D ⊂ X× Y of data D with inputs x ∈ X and outputs (or labels) y ∈ Y,
the aim is to find a mapping f : X 7→ Y such that f describes the data D in a specified
optimal way: f(x) ≈ y ∀(x,y) ∈ D.
More specifically, this task can be formulated as an optimization problem: Chosen
a class of parametric functions fθ (also referred to as architecture in the deep learn-
ing context) with parameters/weights θ and a cost/error/loss function L(Y, Ŷ) that
measures the error between a set of approximated output values Ŷ ∋ ŷ = fθ(x) and
true output values y ∈ Y of the data (x,y) ∈ D, the objective is to find the optimal
parameters θ∗ such that the function with this parameters fθ∗ best describes the data
D according to the error function L:

θ∗ = arg min
θ

L(Y, fθ(X)) with (X, Y) = D (II.62)

In practice, this is done by first choosing an architecture, which refers to the function
fθ with parameters θ. Usually, the architecture consists of chaining layers of ’artificial
neurons’, which are linear functions with a bias term and a subsequent non-linearity
like ReLU(x) = max(0, x).
The next step is to choose a loss function that depends on the learning task and
which measures the error of the function on the data. Popular loss functions are
cross-entropy for classification tasks and mean squared error and mean absolute
error for regression tasks. Then training/learning consists of repeating the following
steps until convergence (finding approximately good enough parameters θ̂∗):

1. Calculating the current error (forward pass):
The current error L(Y, fθi(X)) is determined by first inserting the data (X, Y) =
D or a subset (e.g. training set) into the function fθi with the current parameters
θi and subsequently inserting the result into the error function L. Calculating
the current output values Ŷ = fθi(X) is called the forward pass in machine
learning.

2. Improving the error (optimization):
An optimization algorithm is applied to improve the parameters θi such that the
error L is reduced and the function fθi describes the data D better. There are a
lot of optimization algorithms available. The ones used in the context of training
artificial neural networks are usually of gradient descent type, using first-order
derivatives with respect to the parameters. A generic gradient descent update
rule would be

θi+1 = θi − η∇θiL(Y, fθi(X)) (II.63)

with learning rate η. This algorithm can be thought of as taking a step into
the direction of steepest descent in the loss landscape L(Y, fθi(X)), aiming to
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Figure 1: Exemplary usage of EncoderMap (as used in chapter III): (a) The coordinates
of the atoms of a molecule are transformed into a descriptor, a representation respecting
symmetries of the input data. (b) The descriptor is fed into EncoderMap, a deep neural
network with a bottleneck in the middle. The network is trained to recover the input
data and therefore learns to compress the data into a low-dimensional intermediate
representation in the bottleneck. (c) The latent space of the compressed representation
is taken as new collective variables for modeling. (Parts adapted from our publica-
tion [63].)

reduce the error L with the learning rate η controlling the step length. The
derivative ∇θiL can be efficiently calculated with the famous back-propagation
algorithm, in what is called the backward pass in machine learning.

EncoderMap

EncoderMap [60] is a non-linear dimensionality reduction algorithm combining a
neural network autoencoder with the distance metric from sketch-map [61]. Sketch-
map can be understood as a non-linear version of multi-dimensional scaling [62],
which is an algorithm that tries to position data points in the best way in space,
under the constraint of incorporating given distances between points.
In Figure 1(b) the architecture of EncoderMap is visualised. Data is fed into a neural
network consisting of several layers, exhibiting a bottleneck layer in the middle. The
output of the bottleneck layer neurons is considered to be the new coordinates of
the low-dimensional latent space. The first half of the autoencoder representing
the mapping from high-dimensional into latent space is called the encoder. The
second half usually is a mirrored architecture of the encoder, called the decoder,
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and is responsible for mapping the low-dimensional latent space back to the high-
dimensional space.
Each neuron represents a linear function composed with a non-linear activation func-
tion. To train the model, a loss function consisting of several terms is minimized. One
of the objectives encoded in the loss function is for the output of the neural network
to reproduce the input as closely as possible after going through the information
bottleneck. This is known as the autoencoder loss

Lae =
1

N

m∑
i=1

∥x̂i − xi∥. (II.64)

Here, i ∈ {1, . . . ,N} is the index of the data, xi is the respective data sample and
x̂i = f(xi) denotes the output of the neural network f for this data. Minimizing this
loss, the neural network "learns" to compress as much information as possible into
the low-dimensional latent space, yielding a good latent space representation and
therefore a good dimensionality reduction. EncoderMap combines the autoencoder
with the sketch-map objective, which is to preserve the distances of points in the high-
dimensional space also in the low-dimensional representation of the latent space as
much as possible.
The idea is that low distances between data points only represent noise and fluctu-
ations in baisins, while the high distances are only an artifact of distances in high
dimensions. The relevant information lies in the intermediate distances, which rep-
resent the distances between energy baisins and therefore the connectivity between
states. Sketch-map aims to preserve this connectivity through the dimensionality
reduction resulting in good, informative latent variables. Sketch-map achieves this
by using a separate sigmoid function as a filter for the distances in the high- and
low dimensional spaces. These sigmoid functions

sσ,a,b(r) = 1−
(
1+

(
2

a
b − 1

)( r
σ

)a)−a
b

(II.65)

contain free parameters, which have to be chosen for the respective problem at hand.
The inflection point of the sigmoid is determined by σ and sets the length scale
of intermediate distances, while a and b control how fast the function saturates
towards −∞ and +∞ respectively. Since points are differentiated where the values
are further apart, the slope of the sigmoid can be interpreted as a graph of the
sensitivity regarding the different distance values. The sketch-map idea can be
encoded in another loss function to be minimized:

Lsm =
1

m

∑
i ̸=j

[
G
(
Rij

)
− g

(
rij
)]2 (II.66)
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Here, G(Rij) = sσh,ah,bh(Rij) and g(rij) = sσl,al,bl(rij) are the sigmoids in the high-
and low-dimensional space, while Rij and rij are the distances between data sample
i and j in high- and low-dimensional space respectively.
The loss is an average over the amount of pairwise distances m. Minimizing the
sketch-map loss Lsm leads to the distance structure in the latent space resembling
the distance structure between intermediate distanced points in the high-dimensional
original dataset. The points far apart in high-dimensional space are therefore far
apart in the latent space and originally close points are close. This property allows
for the interpretation of the latent space as a map of states, in which structurally
similar states are clustered together. The complete loss function to be minimized is
then assembled to be

L = kae Lae + ksm Lsm +REG. (II.67)

The prefactors kae and ksm allow to set the relative priority of both of the minimization
objectives, while REG is an additional regularization term to avoid overfitting. More
information about the internal workings of the algorithm can be found in the original
paper [60].

ii.3.4 estimation of the transition matrix
As data from molecular dynamics simulations is already time-discrete, discretizing the
trajectory into k discrete states enables modeling the behavior of the molecule with
a memoryless stochastic model that approximates the behavior of the original data.
This Markov state model (MSM) is a k× k transition matrix T =

(
tij
)

consisting of
the probabilities

tij = P(xt+τ = j | xt = i) (II.68)

to transition from discrete state i to discrete state j in time step τ. This model
describes the system fully in a stochastic sense, when the ’memorylessness’ or Markov
property is fulfilled. This property is that the transition probability only depends on
the present state and is independent of prior states

P(xt+τ = j | xt = i, xt−τ = k, . . . ) = P(xt+τ = j | xt = i). (II.69)

Given an observed trajectory of discrete states xobs(t) = (xobs
1 , xobs

2 , . . . , xobs
n ) the

number of transitions C =
(
cij
)

from discrete state i to j in time step τ can be counted.
From these quantities, maximum likelihood estimation can be used to estimate the
transition matrix T from the data xobs(t). Likelihood is defined as being proportional
to the probability density of the observed data given the model
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LMSM(T ) ∝ P(data | model) = P(C | T )

= P(x1 = xobs
1 )

n∏
t=2

P(xt = xobs
t | xt−1 = xobs

t−1, . . . , x1 = xobs
1 )

= P(x1 = xobs
1 )

n∏
t=2

P(xt = xobs
t | xt−1 = xobs

t−1)

= P(x1 = xobs
1 )

k∏
i,j=1

(
tij
)cij

∝
k∏

i,j=1

(
tij
)cij .

(II.70)

Here, in the third row the Markov property (Equation II.69) and in the fourth row
the definition of the transition probabilities was used (Equation II.68). As we want
to maximize the likelihood, a constant factor can be discarded in the last row. Since
maximizing a sum is easier than a product, we change to the equivalent formulation
of log-likelihood

LMSM(T ) = log (LMSM(T )) =

k∑
i,j=1

cij log
(
tij
)

, (II.71)

which needs to be maximized under the constraint

k∑
j=1

tij = 1 ∀i ∈ {1, . . . ,k} (II.72)

that the probability over all possible end states j is normalized to one for each
starting state i.

To maximize a function under constraints, the method of Lagrange multipliers can
be applied and re-expresses the problem as setting all the partial derivatives of the
Lagrangian function

Λ(T ,λ) = LMSM(T ) −

k∑
i

λi




k∑
j=1

tij − 1


 (II.73)

to zero ∇Λ(T ,λ) = 0, with Lagrange multipliers λ1, . . . , λk. More specifically, this
yields
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∂Λ

∂tij
=

cij

tij
− λi = 0

∂Λ

∂λi
=

k∑
j=1

tij − 1 = 0

(II.74)

Solving the first equation for tij and inserting this expression into the second one
gives an expression for the Langrange multipliers

λi =

k∑
j=1

cij. (II.75)

From this follows the best (naive) estimator of the transition probabilities, given the
data, as

t̂ij =
cij∑k
j=1 cij

. (II.76)

This formula expresses the intuitive result that the transition probabilities between
states can be estimated by the relative frequencies of the observed transitions in
the data. The derivation shown here can act as an introduction to Markov state
modeling and give a basic notion of what it is about, but is naive in the sense that
the derived estimator has a lot of shortcomings and has already been improved upon
significantly [42, 64, 65]. One of these shortcomings is that maximum likelihood esti-
mation assumes a uniform prior, not using additional information we might have about
transition matrices. Estimated transition matrices, for example, do not necessarily
fulfill detailed balance πit̂ij = πjt̂ji, which we know to hold true in equilibrium. Im-
proved approaches incorporate Bayesian ideas and sample the posterior distribution
of possible matrices compatible with the data, to be able to get error estimates on
matrices and connected quantities.

ii.3.5 chapman-kolmogorov test
At the end of the modelling pipeline we want to validate that the Markov state model
we built is consistent with the data we used to build it. This is done by conducting
a Chapman-Kolmogorov test [42, 66] which amounts to checking that

[P(τ)]s ≈ P(sτ) (II.77)

holds for as many s ∈ N as possible. Passing this test guarantees that transition
probabilities P(sτ) at lag times sτ are well described by iteratively applying the



32 theory & methods

transition matrix of the Markov model T = P(τ), meaning that the Markov model
adequately captures the transitional behavior of the data. The matrices P(sτ) are
estimated by maximizing Equation II.70 or more sophisticated versions hereof respec-
tively. As we are not interested in the correct modeling of all of the k discrete states,
but rather of the Nc metastable states, the test is conducted on these states.
In practice, the time evolutions pcc ′(sτ) of starting in metastable state c with initial
distribution wc ∈ Rk and ending up in metastable state c ′ are compared for the first
smax multiples of the lag time τ:

pMSM
cc ′ (sτ) ≈ pMD

cc ′ (sτ), s ∈ {1, . . . , smax}. (II.78)

Let (mic) be the membership matrix calculated by the PCCA++ algorithm (see also
II.3.2.3), then the initial distribution wc for starting in metastable state c is chosen
as the normalized stationary distribution π of the Markov model P(τ) (i.e. π ·P = 0),
weighted with the membership probabilities

(wc)i =
πimic∑k
l=1 πlmlc

(II.79)

The time evolutions are given by

pMSM
cc ′ (sτ) =

k∑
l=1

[w⊺
c [P(τ)]s]lmlc ′ (II.80)

pMD
cc ′ (sτ) =

k∑
l=1

[w⊺
c P(sτ)]lmlc ′ (II.81)

calculated by propagating the initial distribution to time sτ and attributing the ratio
of the resulting density according to the memberships of the final state j.
The one-sigma standard error of the transition probabilities, estimated from the MD
data, is given by (SI of [66], [42])

σ
ij
MD(sτ) =

√√√√√s
p
ij
MD(sτ) −

[
p
ij
MD(sτ)

]2

∑k
l=1mli

∑k
j=1 clj(sτ)

, (II.82)

while the error of the MSM can be estimated by Bayesian methods [42, 64, 65].

ii.4 multi-ensemble methods
As the integration time step of molecular dynamics simulations is restricted to fem-
toseconds by the fastest degrees of freedom like bond vibrations, reaching timescales
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of natural processes is often computationally not feasible. To bridge this timescale
gap, a lot of different enhanced sampling techniques have been developed and the
field keeps being an active area of research [24, 25, 67, 68]. Multi-ensemble methods
allow to combine simulations conducted in different ensembles to estimate quanti-
ties of interest. Different ensembles are used to speed up exploration of the state
space as - for example - free energy barriers are more easily crossed for higher tem-
peratures. Multi-ensemble methods encompass enhanced sampling methods using
biasing potentials like umbrella sampling [69–72], metadynamics [73, 74] as well as
replica exchange molecular dynamics (REMD) [75, 76].

ii.4.1 multistate bennett acceptance ratio
(mbar)

The Multistate Bennett Acceptance Ratio (MBAR) [77–80] allows to combine data
from different ensembles to improve free energy estimates in a chosen ensemble.
The potentials uα(x) need to be known for each ensemble α ∈ {1, . . . ,K} out of K
ensembles. A general reduced dimensionless potential is given by

uα(x) = βα [Uα(x) + pαV(x) + (µα)⊺ n(x)] (II.83)

with x ∈ Γ being from a state space Γ . The other symbols correspond to the usual
thermodynamic quantities: For ensemble α, βα = 1/kBTα is the inverse temperature,
Uα(x) the potential energy function, pα the external pressure, V(x) the volume, µα

the vector of chemical potentials in the system and n(x) the vector containing the
number of molecules corresponding to the respective chemical potentials. Which
terms in Equation II.83 are relevant depends on which thermodynamic quantities are
held constant i.e., which thermodynamic potential we are in. Since our data was
harvested in NPT ensembles with four different biasing forces fα ∈ {0, 5, 10, 15}, our
dimensionless potentials reduce to the potential energy term

uα(x) = u(x) + bα(x) (II.84)

with dimensionless bias potentials

bα(x) = βfαr(x), (II.85)

α ∈ {1, . . . ,K} denoting the ensemble with biasing force fα and r(x) the end-to-
end distance of the respective configuration. The equilibrium distributions of the
ensembles follow the Boltzmann distributions

pα(x) = qα(x)/Zα (II.86)
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with Boltzmann weights

qα(x) = e−uα(x), (II.87)

reduced dimensionless potentials uα(x) and partition functions

Zα =

∫
Γ
qα(x)dx (II.88)

that act as a normalization over the state space Γ . Differences in dimensionless free
energies βFα = − ln(Zα) between ensembles then depend on the ratio of partition
functions

βFβ −βFα = − ln
(
Zβ

Zα

)
, (II.89)

β = 1/kBT being the inverse temperature and subscripts α,β ∈ {1, . . . ,K} denoting
the ensembles. These free energies can be estimated, when configurations are sam-
pled in the different ensembles with known potentials. To show that, let us first
canonically define the equilibrium expectation of observable A in ensemble α by

⟨A⟩α =

∫
Γ
A(x)pα(x)dx =

∫
Γ A(x)qα(x)dx∫

Γ q
α(x)dx

. (II.90)

For arbitrary choice of functions ααβ(x) it then holds by symmetry that

Zα⟨ααβ(x)qβ(x)⟩α =

∫
Γ
qα(x)dx ·

∫
Γ q

α(x)ααβ(x)qβ(x)dx∫
Γ q

α(x)dx

=

∫
Γ
qα(x)ααβ(x)qβ(x)dx

=

∫
Γ
qβ(x)dx ·

∫
Γ q

α(x)ααβ(x)qβ(x)dx∫
Γ q

β(x)dx

= Zβ⟨ααβ(x)qα(x)⟩β.

(II.91)

The law of large number states that for a sufficient amount of samples, the ensemble
average (Equation II.90) can be approximated by an average over the samples

⟨A⟩α ≈ 1

Nα

Nα∑
i=1

A(xαi ) =: Âα, (II.92)
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with xαi being the i-th sample from ensemble α: i ∈ {1, . . . ,Nα}. Approximating the
ensemble averages in this way in Equation II.91 and summing over β leads to the
following K estimating equations with free parameter α:

K∑
β=1

Ẑα

Nα

Nα∑
i=1

ααβ qβ(xαi ) =

K∑
β=1

Ẑβ

Nβ

Nβ∑
i=1

ααβ qα(xβi ). (II.93)

The quality of the estimation depends on the choice of ααβ and

ααβ(x) =

Nβ

Ẑβ∑K
γ=1

Nγ

Ẑγ
qγ(x)

(II.94)

has been shown to be optimal by having the lowest variance for a large class of
possible functions [81]. As it is not summed over α in Equation II.93, rearranging
and inserting Equation II.94 yields an expression to estimate the partition function

Ẑα =

∑K
β=1

Ẑβ

Nβ

∑Nβ

i=1 α
αβ qα(xβi )∑K

β=1
1

Nα

∑Nα

i=1 α
αβ qβ(xαi )

=

∑K
β=1 �

��Ẑβ

Nβ

∑Nβ

i=1
�
��Nβ

Ẑβ∑K
γ=1

Nγ

Ẑγ
qγ(xβi )

qα(xβi )

∑K
β=1

1
Nα

∑Nα

i=1

Nβ

Ẑβ∑K
γ=1

Nγ

Ẑγ
qγ(xαi )

qβ(xαi )

=

∑K
β=1

∑Nβ

i=1
qα(xβi )∑K

γ=1
Nγ

Ẑγ
qγ(xβi )

1
Nα

∑Nα

i=1
��������∑K

β=1
Nβ

Ẑβ
qβ(xαi )

��������∑K
γ=1

Nγ

Ẑγ
qγ(xαi )

=

K∑
β=1

Nβ∑
i=1

qα(xβi )∑K
γ=1

Nγ

Ẑγ
qγ(xβi )

,

(II.95)

which further leads to an estimator for free energies βF̂α = − ln(Ẑα). These estimat-
ing equations can be solved e.g. by self-consistent iteration or a Newton-Raphson
solver and allow to combine samples from different ensembles to improve free energy
estimates. It is important to note that the estimated partition function in Equa-
tion II.95 is only determined up to a multiplicative constant so that only free energy
differences are meaningful. It can be shown that MBAR can also be derived by
maximizing the likelihood [82]

LMBAR =

K∏
α=1

Nα∏
i=1

pα(xαi ). (II.96)
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ii.4.2 transition-based reweighting analysis
method (tram)

The general transition-based reweighting analysis method (TRAM) [83, 84] can be
seen as an advancement of MBAR [77], combining reweighting of data from different
ensembles with Markov state modeling. We use the TRAM method in this work as a
multi-ensemble method to combine the information from different ensembles, in which
trajectories were simulated. The TRAM method creates a multi-ensemble Markov
state model (MEMM), which consists of a Markov model for each of the ensembles,
while taking into account the information from all ensembles simultaneously.
In Markov state modeling (see also subsection II.3.4), describing the molecular dy-
namics in discrete states

⋃̇m

i=1Si = Γ and discrete times t = sτ, s ∈ N leads to the
transition matrix Tα =

(
tαij

)
. The elements tαij represent the probability in ensem-

ble α to transition from discrete state i → j in time τ, while Si represents the phase
space volume belonging to discrete state i. The transition matrices are approximated
by using a maximum likelihood approach: For number of transitions cij from discrete
state i to j in time step τ observed in a fixed ensemble, the likelihood is given by
(derived in Equation II.70)

LMSM =

m∏
i,j=1

(
tij
)cij . (II.97)

The equilibrium distributions of the ensembles follow the Boltzmann distributions
pα(x) = qα(x)/Zα, with Boltzmann weights qα(x) = e−uα(x), reduced dimensionless
potentials

uα(x) = u(x) + bα(x) (II.98)

and partition functions

Zα =

∫
Γ
qα(x)dx (II.99)

that act as a normalization over the state space Γ . Compared to MBAR, which pos-
tulates global equilibrium for each of the ensembles, TRAM relaxes this requirement
to only demanding local equilibrium within the discrete states i,

pαi (x) =

{
qα(x)/Zα

i = pα(x)Z
α

Zα
i

x ∈ Si

0 else.
(II.100)
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This corresponds to renormalizing the distribution for each discrete state i separately
with

Zα
i =

∫
Si

qα(x)dx. (II.101)

We can then formulate the local equilibrium likelihood analogously to the MBAR
likelihood in Equation II.96:

LLEQ =

K∏
α=1

m∏
i=1

∏
x∈Xα

i

pαi (x)

=

K∏
α=1

m∏
i=1

∏
x∈Xα

i

p(x)e−bα(x)e∆f
α
i ,

(II.102)

which is expressed in reference to the unbiased ensemble with distribution p(x) and
free energy differences ∆fαi = fαi − f. The set Xα

i contains the samples belonging
to discrete state i in ensemble α. Combining the likelihoods in Equation II.102 and
Equation II.97 eventually gives the TRAM likelihood

LTRAM =

K∏
α=1




m∏
i,j=1

(
tij
)cij





m∏
i=1

∏
x∈Xα

i

p(x)e−bα(x)e∆f
α
i


 . (II.103)

The TRAM likelihood is maximized, subject to the additional constraints

e−∆fαi pαij = e−∆fαj pαji ∀i, j,α (II.104)∑
j=1

pαij = 1 ∀i,α (II.105)

∑
x∈X

p(x) = 1, (II.106)

yielding the point densities p(x) for all configurations x ∈ X, the transition probabil-
ities pαij to transition from discrete state i → j in time τ in ensemble α and the free
energy differences ∆fαi . The constraints correspond to normalizations and detailed
balance, which enforces reversibility.
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iii.1 introduction/overview
Predicting the folded structure of a protein from its amino-acid sequence is a chal-
lenging task that has driven research in molecular simulations for decades [13, 20, 23,
85–88]. While deep learning architectures have recently been employed to achieve
promising results such as, among others, Google’s AlphaFold [34, 89, 90], investigat-
ing the folding mechanisms still necessitates studying the behavior of a protein in
an aqueous environment with molecular dynamics situations. Molecular dynamics
simulations, however, are computationally expensive, require specific choices of force
fields [91–95] and are limited to the study of relatively small peptides with lengths
up to approximately 100 residues [15–19].
Because of these limitations there have been long standing efforts to speed up simula-
tions as well as improving the modeling of the harvested data. An elaborate modeling
framework has been built around Markov state models (MSMs) with an involved mod-
eling pipeline, consisting of numerous processing steps and algorithms [27–29, 41].
MSMs are memoryless discrete stochastic models approximating the behavior of a
molecule as probabilistic transitions between metastable molecular conformations.
A significant step in the modeling process is dimensionality reduction, where a high-
dimensional descriptor is transformed into a low-dimensional space, serving as col-
lective variables (CVs). The MSMs are then built in the space of these CVs, so the
modeling relies heavily on these CVs’ ability to represent conformational transitions
accurately. There exist various dimensionality reduction methods exploiting the tem-
poral information present in molecular dynamics simulations data, such as, among
others, TICA [56, 57], time-lagged autoencoders [96], and VAMPnet [97]. When there
is no temporal information available (e.g., Monte Carlo simulations), or when the
temporal information is not compatible (e.g., trajectories simulated under different
external parameters), alternative methods for dimensionality reduction are needed.
For that, approaches often involve constructing low-dimensional representations by
considering the connectivity between data points, only incorporating structural (ge-
ometrical) information. Notable representatives of this approach include Isomap [98,
99], diffusion maps [100–102], and sketch-map [61], which was later integrated with
an artificial neural network autoencoder architecture into EncoderMap [60].
In a prior investigation, we found that EncoderMap, utilizing solely structural data,
produces representations with similar quality to those obtained by TICA (incorpo-
rating temporal information) for the self-assembly of two single-stranded DNA frag-
ments into a ring-like structure [103]. Additionally, autoencoder architectures have
demonstrated success in automated CV discovery [104–106] and accelerating sim-
ulations [107]. EncoderMap provides an added advantage through its sketch-map
functionality, which preserves distances between configurations during dimensional-
ity reduction and thus retains supplementary structural information.
We therefore formulate the following research question, which we explore in this
thesis: Is it feasible to use deep learning (more specifically EncoderMap) for dimen-
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sionality reduction to construct a descriptive, low-dimensional space from structural
information alone, in which it is possible to model the behavior of molecules with
MSMs and identify metastable sets?
We explore this question by following the three different paths in the modeling
pipeline in Figure 2, representing three different methods and comparing their mod-
eling capabilities. To control for variations in systems, we employ deca-alanine,
an alpha-helix forming small peptide model system that has been extensively stud-
ied [108–115]. The first modeling path (dark yellow) skips dimensionality reduction
and therefore retains more information as the other modeling paths. This is only
possible for small systems and we use it here as baseline we compare the results of
the other methods with. The second modeling path (red) uses TICA for dimensional-
ity reduction, which is an established linear method that uses temporal information.
The third modeling path (blue) represents our approach, using deep learning in the
form of EncoderMap as the dimensionality reduction method, which only incorpo-
rates structural information. We compare our results with a fourth modeling path
not visualized in the figure and published in [116]. This study was performed by
Fabian Knoch, a former member of our research group, who originally harvested and
analysed the data used in this work for his study.
The current main chapter starts out by shortly explaining the different steps of the
modeling pipeline (Figure 2) in the subsequent section III.2 and then goes on to ex-
plore each step in a dedicated section afterwards. There, each step in the modeling
pipeline is described, visualized and explored. Special emphasis is given to gain-
ing insight into the low-dimensional latent spaces constructed by the dimensionality
reduction methods TICA and EncoderMap as well as comparing the performance of
MSMs built in these spaces. The performance of the models can be considered as
a metric for the quality of the latent spaces constructed by these dimensionality re-
duction methods. Investigating these latent spaces leads us into an excursus about
H-Bonds in section III.7 as the formation of the native H-Bonds of deca-alanine adds
to the understanding of which structures are located where in each of the respective
latent spaces. The outcomes of the modeling process are finally compared in sec-
tion III.11 in two important aspects. These aspects consist of, firstly, the capability
of the latent spaces to allow for accurate modeling of the transitions in the data
with MSMs and, secondly, the capability to identify the same metastable sets in the
latent spaces that are found in the modeling path without dimensionality reduction.
Dimensionality reduction methods excelling in both of these aspects imply we are
able to compress the important aspects of the data into lower dimensions, thereby
vastly simplifying the modeling process.
This chapter represents a more extensive version of our results, which were published
in [63], and it therefore contains significant overlap with this publication.
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Simulation:

MD - Data  

Featurization:

Descriptor 

Dimensionality reduction:

Latent space 

TICA

EncoderMap

Discretization:

-Means  

Markov state modeling:

MSM  

Coarse-graining:

PCCA++  

Validation:

Chapman-
Kolmogorov Test

Figure 2: Modeling pipeline used in this work. The baseline approach involves omit-
ting the dimensionality reduction step and discretizing the descriptor directly, which is
represented as the dark yellow path. The established modeling pipeline follows the red
path and utilizes the TICA method for dimensionality reduction, which leverages tem-
poral information in the data. In this work, we propose and investigate the blue path as
an alternative, using EncoderMap, a machine learning-based approach that relies solely
on structure. (Adapted from our publication [63].)

iii.2 the modeling pipeline
When modeling a molecule on the computer, we are usually not equally interested
in all of the possible states (configurations), but rather in the longer-living states
the molecule spends most of its (simulation) time in. These classes of similar states,
which correspond to minima in the free energy, are called conformations and can be
accessible to experiments. Several of these conformations can make up metastable
sets representing big classes of different structures with slow transitions between.
The notion of the behavior of molecules consisting of distinct metastable sets with
transitions in between, leads to using Markov state models (MSMs) as a stochastic
way to describe their behavior. Markov state models consist of a set of distinct
states with transition probabilities. Approximating MSMs can help bridge the gap to
longer timescales, which often are not accessible to simulation. A short introduction
to MSMs can be found in section II.3, while more extensive introductions are offered
by [26, 28]. Conducting a study on a molecule via the computer and buildig a MSM
usually consists of the following steps:

1. Molecular dynamics (MD) simulation:
The time-evolution of the molecule is simulated with a molecular dynamics
simulation program. For this, an initial configuration and the force-fields de-
scribing the interactions have to be specified. Often a solvent is added, which is
crucial for the behavior of the simulated molecule to be physical. The program
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then evolves the configurations in discrete time steps by integrating Newtons
equations of motion numerically. The described approach is classical, but there
also exist a lot of different algorithms to simulate additional (quantum) effects.
Two widely used programs are GROMACS [117] and LAMMPS [118]. The out-
put of these simulations are trajectories consisting of snapshots of the system
at different timestamps showing the evolution of the system.

2. Featurization:
Since the output of molecular dynamics simulations are trajectories, usually
containing positions and velocities of each atom in the simulation box at
each time step, the data is naturally very high-dimensional already for small
molecules. Ordinarily, one is not interested in the absolute values stored in
the trajectory, but rather in relative values between the positions of the atoms,
encoding the structure of the molecule. The absolute values furthermore do
not exhibit any symmetries and change completely when the molecule is trans-
lated or rotated. To get a more suitable description, in which these symmetries
are apparent, the original data is featurized - mapped to a new representa-
tion abstracting away these symmetries. Featurization can also be thought of
as picking the observables. Two commonly used features are distances (e.g.
pairwise distances) between atoms or angles (e.g. dihedrals or torsion angles)
between backbone atoms, which both capture information about the structure
of the molecule under investigation and obey translational and rotational in-
variance. Another desirable property of features is that the structure of the
molecule can be reconstructed out of the featurization. While this is possi-
ble for dihedral angles, it is not unique for pairwise distances. As a welcome
side-effect featurization can also offer a first form of dimensionality reduction.
As data is sparse in high dimensions, dimensionality reduction is a necessary
step to be able to use modeling algorithms (see also subsection II.3.3.1). There-
fore, featurization acts as a first dimensionality reduction step, transforming the
original data into a descriptor, while next in the modeling pipeline follows an
explicit dimensionality reduction step to find good collective variables.

3. Dimensionality reduction:
In this crucial step, the dimensionality is further reduced to find good collective
variables, which describe the important processes. The goal is to find the
least amount of coordinates, which still capture all of the relevant processes
and describe them in an obvious way. Since this is no easy task to do by
hand, machine learning algorithms are employed, which are able to do this
automatically. Examples for linear algorithms are PCA (paragraph II.3.3.2) and
TICA (paragraph II.3.3.2), whereas TICA is used as the standard in the modeling
pipeline. In this work we explore the use of non-linear dimensionality reduction
methods, namely EncoderMap (paragraph II.3.3.3), over the linear method of
TICA. It can further be shown that TICA fulfills a variational principle called
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variational approach for Markov processes (VAMP) [119]. There exist further
non-linear dimensionality reduction methods built on this approach [97, 120].

4. Discretization:
To be able to approximate a MSM, we need transitions between discrete states.
In this step of the modeling pipeline, the continuous CVs are discretized. This
can be done by using various binning strategies or applying clustering algo-
rithms like k-means, which is the standard method. The k-means algorithm
positions a given amount of cluster-centers in such a way that the error made
by the discretization is minimal (see also subsection II.3.2). We aim for a
discretization, which resolves the important processes.

5. Markov state modeling:
The next step is to estimate the actual MSM and validate that it correctly
captures the behavior of the molecule in the subsequent modeling steps. There
exist several methods to build MSMs depending on the data and assumptions
(see section II.3). Parameters must be chosen as well, one of them being the lag
time, which represents the time after which transitions are counted and which
therefore represents the temporal resolution of the MSM. When choosing the
lag time, there exists a trade-off between resolving more processes (lower lag
time) and ensuring that the implied timescales of the processes have converged
(higher lag time).

6. Coarse-graining:
The MSM is built on the k discrete states so that it adequately captures the
transitional behavior on this discretized version of the original data. We are,
however, interested in the long-lived metastable states and the slow transitions
in between them that are accessible to experiment, so that a coarse-graining
step is required. Clustering these k discrete states into Nc metastable sets
is done in a fuzzy way by using the PCCA++ algorithm [49]. The amount of
metastable states Nc is an input parameter for the PCCA++ algorithm, which
is usually chosen as the amount of slow processes that are separated by a gap
in the implied timescales from the fast processes of the model, implying a scale
separation between slow and fast processes. The slow processes correspond
to the slow transitions between metastable states we are interested in. After
having identified these states, they can further be examined by looking at the
average configurations to get an idea, which conformations these metastable
states represent.

7. Validation:
Since MSMs require Markovianity to be a good description of the process, the
model has to be validated to exhibit this property for the data under investi-
gation. This is done via the Chapman-Kolmogorow (CK) test, which tests to
which degree the evolution of the MSM matches with the evolution in the data
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(see also subsection II.3.5). This test is carried out on the metastable sets,
which are a coarse-grained version of the discretized states defined in the dis-
cretization step. Usually, several of the k discrete states belong to each of the
Nc metastable sets. Estimating and validating an MSM is an iterative process
that involves almost all of the steps in the modeling pipeline (Figure 2). The
parameters all over the pipeline are adjusted with the aim to build a model,
which resolves the important processes and fulfills Markovianity.

8. MSM analysis:
After having built a validated MSM, this model works as a substitute for the
more complex system and can be used to extract knowledge about the system
under investigation. Then stationary and kinetic properties can be extracted or
experimental observables calculated. The contributions from individual transi-
tions to the overall transition between two relevant states can furthermore be
investigated with transition path theory (TPT) [121, 122].

Following this modeling pipeline, it is possible to study the metastable sets of a
molecule simulated on the computer, the processes mediating between them as well
as further stationary and kinetic properties of the system.

iii.3 the molecule
The research community has long been interested in alanine-based peptides [123–
132]. Alanine is one of the nonessential amino acids used to form proteins and
exhibiting alpha helical behavior. Short alanine-based peptides were early adapted
as toy models by the simulation community as they are short enough to be simulated
in full-atom detail, while they exhibit non-trivial folding behavior. They can therefore
be used to study folding mechanisms. Here we use deca-alanine, a homopeptide with
ten alanine residues, which has been studied extensively in vacuo [102, 133–137] as
well as in implicit and explicit solvent [108–115] numerically. The structural formula
is depicted in (a) of Figure 3. The beginning on the left hand side is called N-
terminus, while the end of the chain on the right hand side is called C-terminus.
The repeating -N-C-C- structure in the middle is called the backbone of the peptide,
while the middle carbon atoms in each of the ten residuals are called Cα atoms
respectively. The backbone is visualized as a band in (c) of Figure 3 and emphasizes
the configuration of the molecule. Deca-alanine folds into an alpha-helix which is
stabilized by six native hydrogen bonds forming between the O of the i-th residue
(acting as acceptor) and the hydrogen of the (i+ 4)th N (acting as donor).
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Figure 3: Various representations of deca-alanine and a selection of its molecule con-
formations. (a) Structural formula of deca-alanine, consisting of ten alanine residues
with N-terminus to the left and C-terminus to the right. (b) Depiction of extended deca-
alanine (in a similar style as encountered in [116]). (c-e) Depictions of selected config-
urations of deca-alanine with an orange band emphasizing the shape of the backbone:
(c) Fully folded alpha-helix stabilized by native hydrogen bonds. (d) Misfolded beta-
hairpin, stabilized by non-native hydrogen bonds. (e) Extended configuration belonging
to the diffusive, unfolded conformation. ((c-e) adapted from our publication [63].)

iii.4 molecular dynamics simulation
When running an all-atoms molecular dynamics simulation, Newton’s equations are
solved for N atoms numerically and the system is evolved for a small integration
time step ∆t repeatedly. In this way, high-dimensional data is produced in the form
of 3N-dimensional snapshots. These snapshots, denoted as Xt = {rk(t)}

N
k=1, are

comprised of the positions rk(t) of all N atoms at time t.
To have an additional reference and baseline for the modeling, the data was taken
from an earlier project in our group conducted by Fabian Knoch [116]. For complete-
ness we replicate the simulation parameters here. The Gromacs 5.1.2 [117] software
package was utilized for the molecular dynamics simulations of deca-alanine. An
integration time step ∆t of 2 fs was used alongside a temperature of T = 300K
in an NPT ensemble. To regulate the temperature, the velocity-rescaling thermo-
stat [138] was employed with a τT value of 1ps. The Parrinello–Rahman baro-
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stat [139] was also used to adjust pressure with a τp value of 2 ps and a compress-
ibility of 4.5× 10−5 bar−1. The system’s coordinates were recorded every 5000 inte-
gration time steps, equating to 10ps per time step recorded in the data. Short range
interactions were cut-off at a distance of 1.0nm and covalent bonds that consisted of
hydrogen atoms were controlled by means of the LINCS [140] algorithm. Long range
electrostatic interactions were determined using the particle mesh Ewald summation
technique, employing cubic interpolation and a Fourier grid spacing of 0.16nm. The
CHARMM22/CMAP39 force field [141] was utilized to model molecular interactions,
with TIP3P40 water used for solvent interactions. Simulations were executed in
a cubic container, subjected to periodic boundary conditions with a side-length of
7.2nm, containing approximately 12,000 water molecules as solvent.
To cover a wider range of conformations, force-bias simulations were conducted us-
ing four distinct magnitudes of the pulling force, f = {0, 5, 10, 15}kJ mol−1 nm−1.
The pulling force acted upon the center of mass of both the N-terminus and the C-
terminus of the peptide, and the resulting distance defined the end-to-end distance.
80 independent simulations were conducted for f = 0 with 48 more simulations being
run for each other applied force value. The simulations all originated from random
configurations sampled from a 50ns trajectory. We excluded the first 2ns of each
trajectory to guarantee equilibration, and were eventually left with 1.7− 3.9µs of
trajectory data per force, amounting to 11.3µs in total.

iii.5 descriptors
The number of dimensions required to describe a molecule’s atomistic configurations
increases with the number of atoms it contains. High-dimensional data is often
sparse, however, making it difficult to find and exploit correlations between different
aspects of the dataset. This is known as the ’curse of dimensionality’ (see subsec-
tion II.3.3.1). To address this issue, dimensionality reduction is an essential step in
data processing pipelines. It involves projecting the data into a lower dimensional
space that can be handled by algorithms, while retaining as much information as
possible. Additionally, the physical symmetries of the molecular configuration, such
as translation, rotation, and (potentially) permutations of indistinguishable atoms,
are not inherent in the representation of the molecule in Cartesian coordinates.
To mitigate this, a first dimensionality reduction step is carried out by construct-
ing structural descriptors, which are maps from the atomistic trajectory Xt to a time
series xt in a lower dimensional space Rn that respects the aforementioned symme-
tries, with n ≪ 3N. The selection of a structural descriptor constitutes a decision
by the modeler, often necessitating domain-specific knowledge. Common structural
descriptors encompass pairwise distances, torsion angles and their combinations and
variations.
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Figure 4: Depiction of how pairwise distances between atoms (of a configuration X) are
used to build up a structural descriptor x. (Adapted from our publication [63].)

In the course of our studies, we concern ourselves with three different descriptors
- namely pairwise distances, torsion angles and H-bonds - which are described in
the following. In the first half of our analysis, we investigate the low-dimensional
latent spaces of all these descriptors to show that EncoderMap is able to construct
sensible latent spaces for a wide range of different descriptors. In the second part
of our analysis, we commit ourselves to the first of these (the pairwise distances de-
scriptor with H-bonds) to be able to compare the performances between the different
dimensionality reduction methods.

iii.5.1 pairwise distances with h-bonds
In this descriptor, we consider all pair distances of Cα atoms in the backbone sepa-
rated by at least three amino-acid residues, as the others are highly correlated. In
order to incorporate the influence of the six native hydrogen bonds that contribute to
the stabilization of alpha-helical structures, we additionally introduce their distances
between each C=O and their corresponding N-H group four residues apart. This
results in a total of n = 6+

∑10−3
i=1 i = 34 entries (i.e. dimensions) for our structural

descriptor x, which captures the main features of protein backbone geometry. The
resulting descriptor is illustrated in Figure 4.

iii.5.2 torsion angles
Torsion angles are another translationally and rotationally invariant way to describe
the geometry of a protein backbone. Let ABCD be four consecutive atoms in a
protein backbone. As three points in space define a plane, we can form planes out of
ABC and BCD. These two planes intersect with an angle which is called a torsion
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angle as it describes how much the bond between B−C is twisted. There are two
different torsion angles in the backbone of peptide chains (also called Ramachandran
angles): The torsion angle between N−Cα called Φ and the torsion angle between
Cα −C called Ψ (compare the structural formula in (a) of Figure 3). These angles
fully capture the geometry of the backbone. The resulting torsion angles descriptor
consists of all the Φ/Ψ torsion angles of the backbone of deca-alanine, giving n =

2(10− 1) = 18 dimensions.

iii.5.3 h-bonds
Since we know that stable structures tend to be stabilized by hydrogen bonds, we
experimented with building a descriptor out of all pairwise distances between poten-
tial hydrogen bonds as an unsupervised approach. We find that these descriptors
quickly grow to high dimensions with high correlation between entries, while only
being sensitive to stabilized structures and not being able to distinguish between
unstabilized structures well. Because of these reasons we abandon this approach,
but we still present some of the results here for completeness. There exist several
conventions for describing hydrogen bonds, for more information see section III.7.
Here, we take all the possible distances between the O atoms (acceptor) and the
hydrogen of the N atoms (donor) at least one residue apart. The H-bonds descriptor
ends up with n = 72 dimensions.

iii.6 dimensionality reduction
The dimensionality reduction achieved by utilizing a descriptor x is insufficient for
bigger molecules or complex data and additional dimensionality reduction x 7→ ξ ∈ L

is performed using dedicated algorithms, mapping from descriptor space into latent
space L. Numerous techniques have been proposed for this purpose. In this study,
we compare TICA [55–57], a linear method which is widespread for its ability to opti-
mally approximate the Markov transfer operator, with EncoderMap [60], a non-linear
method using an autoencoder with an additional distance metric (see also subsec-
tion II.3.3). Another difference between these two methods is that TICA exploits the
temporal information of the time series, while EncoderMap uses structural informa-
tion only. This makes EncoderMap both more flexible and applicable on a larger
class of data, when no such information is available.
We choose the latent space dimension as d = 2 for ease of visualization, but em-
phasize that the model can always be improved by considering more dimensions. To
take all of the data, which was harvested in different ensembles, into account, we
reweigh the data from the biased ensembles via the MBAR method (subsection II.4.1)
to establish an unbiased estimate. To get insight into the latent spaces L = Rd of
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Figure 5: Free energy landscape F(ξ) of the pairwise distances descriptor in TICA latent
space LTICA with selected average structures. The first two independent components of
TICA display several local minima, with the global minimum corresponding to the helix
conformation F. The slowest independent component ξ1 describes the transition from an
unfolded (U) to a folded (F) helical conformation, while the second slowest independent
component ξ2 allows to distinguish between intermediary (I) and misfolded (M) states.
(Adapted from our publication [63].)

reduced dimension, we plot the free energy landscapes F(ξ) = −kBT ln (µ(ξ)) with
stationary probability distribution µ(ξ). This is done by binning the data in the
latent space L into a 120× 120 regular bin grid and calculating the free energy
value for each of the bins. As only free energy differences are meaningful, we choose
the global reference value Fref = 0 such that the most probable bin has a value of
zero.
Simulations can be thought of as the system exploring the free energy landscape.
Free energy minima then correspond to more probable states, in which unbiased
simulations spend more time and which therefore are candidates for metastable states.
To understand which structures of the molecule belong to which part of the free energy
landscape, average structures are determined for each bin. This is done by aligning
all structures in a selected bin and then calculating the average position of each
atom. As long as the structures in the bin are relatively homogeneous, the average
structure is a good representation of the conformation belonging to the free energy
minimum. This homogeneity is especially found in narrow and deep free energy
minima, as structures are especially similar to each other in this case.
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iii.6.1 pairwise distances descriptor space
We start by investigating the latent space generated by applying additional dimen-
sionality reduction to the 34-dimensional pairwise distances descriptor with addi-
tional H-bonds described in subsection III.5.1. We will call this descriptor ’pairwise
distances descriptor’ for brevity. Although we show latent spaces of other descriptors
in the following subchapters, we stay with this descriptor afterwards for the rest of
this work, as it was also used in [116] and therefore gives us an additional reference,
we can compare our results to.

iii.6.2 tica

We project our data into a 2-dimensional latent space LTICA ⊂ R2 created with the
TICA method. TICA is one of the most widely used techniques for dimensionality
reduction in this context. It is a linear method that finds the directions, in which the
slowest processes occur (see paragraph II.3.3.2). We fit the TICA transformation only
on the data from the unbiased ensemble f = 0, as the bias skews the timescales, but
then project all the data from all ensembles into this latent space.
The resulting free energy landscape in TICA space is visualized in Figure 5 with
selected average structures. The first coordinate ξ1 represents the direction of the
slowest process, which is the transition from the unfolded state U to the fully folded
state F stabilized by native hydrogen bonds. As the unfolded state comprises a lot
of different structures, the free energy minimum is spread out widely, implying a
wide heterogeneity of states. In contrast, the free energy minima belonging to more
folded states exhibit more narrow minima implying more similar configurations. The
second coordinate ξ2 describes the second slowest process and allows to differentiate
between intermediary states I (ξ2 ≈ 0), giving rise to different folding pathways and
misfolded states M (ξ2 > 2), which disrupt the folding process by trapping the
molecule in a stabilized metastable state with high free energy barriers.

iii.6.3 encodermap
We continue with investigating the 2-dimensional latent space of EncoderMap
LEM ⊂ R2. EncoderMap is a non-linear method using an autoencoder with a dis-
tance metric, such that close points in descriptor space (similar structures) are close
to each other in the latent space (see paragraph II.3.3.3). The neural network is
trained on all the data from all ensembles. This is possible since EncoderMap only
takes into account structural information and does not make use of the time-series
character of the data.
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Figure 6: EncoderMap MBAR ensembles with different biasing forces f applied, pulling
at the ends of the molecule: (a) f = 0 (unbiased), (b) f = 5, (c) f = 10, and (d) f = 15 with
units of kJ mol−1 nm−1 respectively. With increasing pulling force f the folded states
(areas of low free energy at the top center of the latent space) become less probable, while
the extended states (lower right of the latent space) become more probable (compare also
Figure 7). Some areas of rare misfolded states (left of the latent space) are not explored
any more in ensembles of higher biasing forces.

We start by visualizing the free energy landscapes of each of the different ensembles
separately without reweighting in Figure 6. In different ensembles different parts
of the latent space are explored and the probability weight changes with increasing
biasing force. When using MBAR (see also subsection II.4.1) to combine this data,
it is important to have overlap between the ensemble of interest (the unbiased one
in our case) with the ensembles used to improve the free energy estimates (the ones
with biasing force f > 0), as estimates are only affected and improved in areas with
overlap. The combined and reweighted unbiased free energy landscape is shown
in Figure 7 with selected average structures. When comparing the free energies in
the different ensembles (Figure 6) with the combined free energy and the average
structures in Figure 7, we find as expected that for increasing biasing force strength
f, which stretches the molecule, the folded states (in the upper part of the figure)
become more and more improbable, while stretched unfolded states (in the bottom
right part of the figure) become more frequent.
It is important to note that as for EncoderMap only distances are important, the
absolute orientation and absolute values do not carry information in the latent space.
More precisely, this means that repeating the dimensionality reduction with Enco-
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Figure 7: Free energy landscape F(ξ) of the pairwise distances descriptor in EncoderMap
latent space LEM with selected average structures. The distance metric enforces a latent
space, in which similar structures are close to each other. As EncoderMap is only sen-
sitive to relative distances, the orientation and absolute coordinates do not carry infor-
mation and we omit the axes. To visualize the location of structures in the latent space,
representative average structures of selected bins are shown, including the folded con-
formation (F) and an unfolded extended conformation (U).

derMap for serveral times leads to rotated and translated versions of the data in the
latent space. Because of that the axes do not carry meaning and we leave out the
axes in Figure 7 to reduce clutter. The unfolded states are found in the lower right of
the latent space, while the increasingly folded states are found in the upper left of the
space. Most of the misfolded M and intermediary states I are situated in the middle
upper part of latent space, close to the fully folded state F. The plot indicates that
the basins representing folded, intermediate, and misfolded conformations are found
in the middle upper area of the plot, whereas the diffusive extended configurations
occupy the lower right region. It is worth noting that there is no minimum in the
free energy landscape for the extended unfolded configurations. Although we find
most of the conformations from TICA (compare Figure 5), we do not find local minima
corresponding to I4 and M3. Instead, two new minima emerge, which we designate
as I5 (near-helical conformation) and M4 (beta-hairpin residing in a relatively flat
minimum).
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Figure 8: Free energy landscape F(ξ) of the torsion angles descriptor in EncoderMap la-
tent space with selected average structures. The distance metric enforces a latent space,
in which similar structures are close to each other. As EncoderMap is only sensitive to
relative distances, the orientation and absolute coordinates do not carry information and
we omit the axes. To visualize the location of structures in the latent space, representa-
tive average structures of selected bins are shown. The conformations found are similar
to the ones found for the pairwise distances descriptor in Figure 7. This shows that
EncoderMap is able to build a meaningful latent space independent of the descriptor
used, as long as the descriptor captures the structural information of the molecule.

iii.6.3.1 Torsion angle descriptor

In Figure 8 the free energy landscape of the torsion angles descriptor (see subsec-
tion III.5.2) in 2-dimensional EncoderMap latent space is shown. The data of all
ensembles was again used by reweighting with MBAR (subsection II.4.1). Compared
to the pairwise distances descriptor in Figure 7, we find a lot of shallow minima which
appear to belong to different unfolded configurations. The torsion angles descriptor
therefore is better able to distinguish between unfolded configurations. The more
folded configurations are situated in the bottom left of the latent space and exhibit
similar conformations as the pairwise distances descriptor. Although we do not con-
tinue with this descriptor, the free energy landscape shows that EncoderMap is able
to find a meaningful low-dimensional projection that distinguishes between important
metastable states. It certainly would be interesting to repeat the analysis conducted
in this work with the torsion angles descriptor and compare the performance of the
two.
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Figure 9: Free energy landscape of mean native hydrogen bond distances q with repre-
sentative configurations of minima. Configurations are similar in bins with low q and
become increasingly heterogeneous in the bins with high q. (Adapted from our publica-
tion [63].)

iii.6.3.2 H-bond descriptors

As H-bonds stabilize deca-alanine and therefore are responsible for the metastable
conformations, we shortly investigate some H-bond descriptors in this section, which
we do not pursue further later on.

Scalar native H-bonds descriptor

We examine the mean distance

X 7→ q =
1

6

6∑
i=1

|xOi − xNi+4| (III.1)

of the six native hydrogen bonds stabilizing the alpha helix of deca-alanine as a
naive scalar order parameter (see also [142]). These hydrogen bonds occur between
the acceptor oxygen at xOi (t) in residue i and the hydrogen of the donor nitrogen
at xNi+4(t) four residues apart (compare the structural formula in Figure 3). As more
native hydrogen bonds are formed, we expect a smaller value for q(t) such that q is
able to differentiate between different stages of folding.
Figure 9 displays the free energy landscape along q with representative structures
corresponding to the respective free energy minima. As q is highly sensitive to
most native hydrogen bonds closing, configurations in the bins corresponding to low-
q free energy minima are very similar. The order parameter q thus distinguishes
metastable states for low values of q. The absolute minimum of the free energy is
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situated around qhelix ≈ 0.32nm, which corresponds to the conformation of the fully
folded alpha-helix with all native hydrogen bonds closed. This matches the literature
value for mean donor-acceptor distances of closed hydrogen bonds of approximately
0.3nm [143].
As q is symmetric under permutation of native bond distances, it cannot distinguish
between different native bonds. Consequently, structures with one broken native
bond include configurations, where the helix is opened at either end. As q increases,
the configurations in the bins become more heterogeneous and q is not able to distin-
guish between them. This is visualized in Figure 10(b), where we color configurations
in TICA space based on their standard deviation of q values that provides a measure
of configuration similarity within each bin. For the region containing folded, interme-
diate and misfolded conformations (high ξ1), bins have similar configurations, while
structures in bins belonging to diffusive conformations (low ξ1) are strongly hetero-
geneous. Figure 10(a) shows that q does not distinguish between different minima
of the free energy landscape apart from being minimal for the folded conformation.
As such, q is a coarse order parameter that is sensitive to the folded structure but
cannot further distinguish conformations of deca-alanine.

H-bonds descriptor

In Figure 11 the free energy landscape of the H-bonds descriptor (see subsec-
tion III.5.3) is visualized after projection down to d = 2 dimensions with EncoderMap.
Although we abandoned this descriptor later on, we show its free energy landscape
here to support the statement that EncoderMap is able to construct sensible latent
spaces for different descriptors. As before, all ensembles are used and combined with
MBAR to construct the free energy landscape and average structures are shown for
selected free energy minima by averaging configurations over the respective bins.
Most of the conformations found, again, are similar to the ones found in the pair-
wise descriptor case (compare Figure 7) and the torsion angle descriptor (compare
Figure 8), implying that the important (stable) conformations are independent of
the choice of descriptor, as is expected. By construction, the H-bonds descriptor
is mainly sensitive to H-bonds so the different average structures reflect structures
with different H-bonds being closed and broken. We investigate this further in the
following section III.7.

iii.6.4 tica-4d-e2e
As we have a complete, published analysis of the data at our disposal [116], we
compare the modeling in this previous publication with the modeling performed in
our work. The publication was authored by Fabian Knoch, a former member of our
research group, who for this publication also harvested the data used in this work. In
his modeling, he uses the same pairwise distances descriptor with native H-bonds (as
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Figure 10: (a) TICA space colored by mean q values of the bins. The q values decrease
along each TICA coordinate, indicating a transition towards partially folded conforma-
tions. (b) TICA space colored by standard deviations of q values in the bins. Partially
folded regions (high ξ1) exhibit similar configurations, while the bins in the unfolded re-
gions (middle to low ξ1) are highly heterogeneous. (Adapted from our publication [63].)
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Figure 11: Free energy landscape F(ξ) of the H-bonds descriptor in EncoderMap latent
space with selected average structures. As before, due to the distance metric, similar
structures are close to each other in the latent space and we omit the axes as they do not
carry meaning. To visualize the location of structures in the latent space, representative
average structures of selected bins are shown. The conformations found are similar
to the ones found for the pairwise distances descriptor in Figure 7. This shows that
EncoderMap is able to build a meaningful latent space independent of the descriptor
used, as long as the descriptor captures the structural information of the molecule. Since
the H-bonds descriptor is only sensitive to the H-bonds in this case, the latent space
represents structures stabilized by H-bonds very well, while it is not able to distinguish
other conformations.

described in subsection III.5.1) and a latent space of four TICA components with the
end-to-end distances of the molecule as an additional dimension. The end-to-end
distance contains additional information about the extension of the configurations,
but generally has been found to be an insufficient coordinate for modeling. We call
this 5-dimensional latent space - four TICA components plus end-to-end distance -
the TICA-4D-E2E space. Our exposure to the data indicates that here the TICA
algorithm was trained on the biased ensemble with f = 10, which only leads to
small differences in the first two TICA coordinates compared to our TICA space. As
the space is 5-dimensional, it can not be visualized completely, but the first two
dimensions closely resemble Figure 5 (compare [116]).
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Figure 12: Visualization of a generic H-bond with donor atom (D), acceptor atom (A),
hydrogen atom (H) and typical observables used to study bond formation.

iii.7 excursus: h-bonds
As the (native) H-bonds are the strongest stabilizers of the configurational structures,
we investigate them in more detail. Determining which (native) hydrogen bonds are
closed, can be a strong predictor of structure and gives qualitative insight into the
distribution of configurations in the latent space.

iii.7.1 criteria for closed h-bonds
Because of the stabilizing nature of H-bonds, they have been investigated for a
long time and represent a research field in its own right. There have been numerous
studies to investigate the H-bond distributions in proteins [143, 144] and to determine
suitable criteria for detecting H-bond formation.
The general structure of an H-bond is visualized in Figure 12: A hydrogen atom is in
a covalent bond with a more electronegative donor atom (D). This shifts the densities
of the covalent electrons to the donor atom and leads to a partial positive charge of
the hydrogen. This partial positive charge can attract a negative partial charge of
another more electronegative acceptor atom (A) with lone electrons forming a hydro-
gen bond. There have been indications that the interaction is not solely electrostatic
in nature [145]. H-bonds occur in many scenarios with different variations, therefore
the official definition is even more involved [146]. Donor and acceptor atoms are often
atoms of the second period (e.g. N, O, F) because of their high electronegativity. The
criteria for bond formation often involve the donor-acceptor-distance r or the bond
length r ′ as well as the acceptor-donor-hydrogen angle α or the donor-hydrogen-
acceptor angle θ.
Several criteria encompass
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• General criteria:

– GROMACS convention: r ⩽ 0.35nm, α ⩽ 30◦

– AMBER convention: r ⩽ 0.3nm, θ ⩾ 135◦

– Baker-Hubbard criterion [147]: r ′ < 0.25nm, θ > 120◦

• More specific criteria applicable to helix formation in deca-alanine:

– Study about folding of polyalanine [148, 149]:
H-Bond fully intact ⇔ r ′ < 0.18nm, θ ⩾ 120◦

– C = O · · ·N H-Bond from crystals [150]: r ⩽ 0.33nm, θ ⩾ 135◦

– Study about non-covalent interactions in the backbones of proteins [151,
152]: r ′ < 0.244nm, θ ⩾ 90◦

Although several of the different criteria define bond formation in a comparable
regime, the criteria differ from each other, which leads to different statements down
the road about which hydrogen bonds are formed or not. Naturally, a certain loss
of information is to be expected as these criteria turn a distribution into a binary
statement. We therefore expect these criteria only to give a tendency and hence a
qualitative picture of the hydrogen bonds formed.
In Figure 13 we visualize the distribution of donor-acceptor distances r of the six
native hydrogen bonds in our data, in Figure 14 the distribution of hydrogen-acceptor
distances r′ and in Figure 15 the distribution of donor-hydrogen-acceptor angles θ.
We show (a) the distributions of the full data and (b) the distributions in the bin
with the lowest free energy belonging to the conformation of the fully folded helix
(compare Figure 7) for r, r′ and θ respectively. Examining these plots, two things
stand out. Firstly, the means of the distributions of native H-bonds 5 and 6 differ
from the other native H-bonds. This observation is found in both, the full data
distribution and the folded helix distribution. Secondly, because of that, none of
the above-mentioned criteria appear to generally describe the bond formation of the
native hydrogen bonds correctly, with a particular discrepancy for native H-bonds 5
and 6. It is not clear whether this is physical or an artefact of the force field used.
Although the applied force field CHARM22/CMAP was finetuned with the help of
alanine dipeptide to improve the description of folding of small peptides and showed
better agreement with NMR measurements for folded proteins [153], it is also known
to be biased towards alpha helical conformations [154]. By now, more recent force
fields exist for (folded) proteins, which have been validated over a wide range of
parameters [155, 156].
To get a more appropriate picture of which native H-bonds are formed, we deduce
individual criteria for each of the native H-bonds i from data by using the mean
distances and angles µr,i/µθ,i and the standard deviations σr,i/σθ,i of the fully folded
helix distributions (b) respectively: H-bond i formed ⇐⇒ ri < µr,i + 2σr,i, θi >

µθ,i − 2σθ,i. To sum up our criterion, we consider a native H-bond closed when the



62 folding of deca-alanine

a) b)

Figure 13: Distribution of donor-acceptor distances r of the six native hydrogen bonds
for (a) the full dataset and (b) the bin with the fully folded helix structure.

a) b)

Figure 14: Distribution of hydrogen-acceptor distances r′ of the six native hydrogen
bonds for (a) the full dataset and (b) the bin with the fully folded helix structure.

a) b)

Figure 15: Distribution of donor-hydrogen-acceptor angles θ of the six native hydrogen
bonds for (a) the full dataset and (b) the bin with the fully folded helix structure.
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a) b)

Figure 16: Sensitivity to parameters of distributions of closed H-bonds of pairwise de-
scriptor in TICA latent space with (a) bin threshold of 30 and (b) bin threshold of 100.
The colors represent the amount of native H-bonds closed of the structures correspond-
ing to the respective bin in the latent space.

distance and angle are within 2 standard deviations of the fully folded helix structure
distribution.

iii.7.2 distribution of closed h-bonds in la-
tent space

Having established a sensible criterion for closed H-bonds from our data in the
previous section, we can now explore the distribution of structures in the different
latent spaces. For that, we take the free energy landscapes from section III.6, which
were determined by binning the data into a regular 120× 120 bin grid, and use these
bins to look at the formed native H-bonds in each of the bins according to the afore-
determined criterion. To that end, we only take into account bins with at least 100
data points to ensure a minimum of statistics and consider a native H-bond closed for
this bin when at least 60% of the configurations in this bin have this native H-bond
closed according to the criterion. We acknowledge that these threshold values are
somewhat arbitrary and have an effect on the details of the resulting distributions.
The overall picture, however, of where which conformations are located in the latent
spaces, stays the same so that these investigations can be used to get insight into
the structure of the respective latent spaces.
To give an exemplary visualization of the sensitivity to these parameters, the resulting
amount of native H-bonds closed in the TICA latent spaces are plotted in Figure 16
for (a) a bin threshold of 30 and (b) a bin threshold of 100. Lowering the bin
threshold leads to bigger patches of closed H-bonds and new patches with low
statistics appearing, as more bins are taken into account, while the overall picture
of the distribution remains unchanged.
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a) b)

Figure 17: Distributions of closed native H-bonds of pairwise descriptor in EncoderMap
latent space with (a) the amount of native H-bonds closed and (b) the specific native H-
bonds closed ("x" closed, "-" open).

a) b)

Figure 18: Distributions of closed native H-bonds of pairwise descriptor in TICA latent
space with (a) the amount of native H-bonds closed and (b) the specific native H-bonds
closed ("x" closed, "-" open).

a) b)

Figure 19: Distributions of closed native H-bonds of angles descriptor in EncoderMap
latent space with (a) the amount of native H-bonds closed and (b) the specific native
H-bonds closed ("x" closed, "-" open).
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a) b)

Figure 20: Distributions of closed native H-bonds of H-bonds descriptor in EncoderMap
latent space with (a) the amount of native H-bonds closed and (b) the specific native H-
bonds closed ("x" closed, "-" open).

To get an insight into how the structures are distributed in the respective latent
spaces, we show where in the latent spaces (a) how many native H-bonds are closed
and (b) which of the native H-bonds are closed for the pairwise distances descriptor
latent space (Figure 17), the TICA latent space (Figure 18), the angles descriptor
latent space (Figure 19) and the H-bonds descriptor latent space (Figure 20). We
will not go into detail for each of the latent spaces, as they are shown here for
completeness and as evidence that EncoderMap is able to construct sensible latent
spaces with a wide variety of different descriptors. We mention a few general obser-
vations, however. Firstly, the H-bond information presented here matches and gives
more context to the free energy landscapes with average structures presented in sec-
tion III.6. Secondly, the configurations with closed native H-bonds are confined to a
smaller region of the latent space, which coincide with several free energy minima
that signify stabilized conformations. As H-bonds stabilize structures, this matches
our expectations exactly. Thirdly, we observe artifacts in the more detailed (b) fig-
ures in the transition regions between bigger patches/domains of the same structures.
Folding usually progresses by forming a ’helix nucleus’ of three consecutive native
H-bonds, which then ’zip’ the alpha helix outwards [109, 126, 131, 157]. Configura-
tions, which have single broken native H-bonds surrounded by closed H-bonds, are
therefore unlikely and while these configurations appear in the figures as artefacts
in transition regions, we do not find extended patches with these configurations in
the latent spaces.

iii.8 discretization
In order to assess and compare the modeling capabilities of the two dimensionality
reduction techniques considered in this work, TICA and EncoderMap, we construct
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a) b)

Figure 21: Discretized latent spaces with k = 300 cluster centers of (a) EncoderMap and
(b) TICA (the respective axes labels ξi are omitted to avoid clutter).

Markov state models (MSMs) in their respective latent spaces. To be able to com-
pare results between these methods, we constrain ourselves to the pairwise distances
descriptor (subsection III.5.1) for the rest of this work. We follow the different mod-
eling paths shown in Figure 2, which allows us to compare the ground truth of no
dimensionality reduction with the performances of TICA and EncoderMap in two
dimensions respectively.
It is necessary to discretize the latent spaces first, to be able to build MSMs. This
can be accomplished by partitioning the latent spaces into discrete sets Si ⊂ L. In
this work, we utilize the k-means algorithm [46] for the partitioning. This method
optimizes the assignment of data points to a specified number of clusters k by min-
imizing the variance within each cluster (see also subsection II.3.2) leading to a
Voronoi partition of the latent space. Each cluster then represents a finite region
of the latent space, with higher densities of data points typically leading to higher
densities of clusters and and therefore smaller attributed regions.
In the discretization step of our modeling pipeline (see Figure 2), each point is
assigned to its nearest cluster center in order to partition the full space. These cluster
centers will henceforth be referred to as discrete states. The number of discrete
states k is chosen such as to strike a balance between minimizing discretization error
(high k) and having enough transition statistics between these states to construct a
reliable MSM (low k). Furthermore, k also needs to be chosen high enough such that
transition states between metastable states are well represented to reduce errors in
MSM construction [42].
In Figure 21 the final discretizations with k = 300 are visualized for (a) the Enco-
derMap and (b) the TICA latent space. The cluster centers are represented as big
orange dots while all available data is projected into the respective latent spaces
as small blue dots in the background. Areas of higher data density (dense blue re-
gions) also lead to a higher density of cluster centers to reduce discretization error,
as is expected. Discretizing the continuous trajectories in latent space ξt ∈ R2 by
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assigning each point to its nearest cluster center leads to discretized trajectories
ξdisc
t ∈ {1, . . . , 300} only containing the numbers of the respective cluster centers for

each time t.

iii.9 msm modeling
Having turned the continuous trajectories into discretized trajectories in the previous
section, we can now proceed to build Markov state models (MSMs) by counting
transitions between the k = 300 discrete states in the discretized trajectories (see
also section II.3). The discretized trajectories ξdisc

t through the latent space are thus
transformed into count matrices, resulting in the transition matrices Tij = Pij(τ),
where Pij(τ) is the probability of transitioning from state i to state j after a duration
τ. For Markov state modeling the lag time τ is a crucial parameter that needs to
be chosen well and represents the ’time-resolution’ of the MSM. The choice of this
parameter represents a tradeoff, as τ needs to be large enough that correlations have
decayed sufficiently and the Markov property is fulfilled, while being small enough
to allow for sufficient statistics and the resolution of important processes. The lag
time represents the lower bound on timescales of processes, which can be resolved
within a MSM and should therefore be as low as possible.
We use the PyEMMA package [158] for the whole modeling pipeline. The standard
approach to choose the lag time τMSM, is to build MSMs for increasing lag times
τ and plot the timescales of the slowest processes against them. We use Bayesian
MSMs, which sample several transition matrices compatible with the data, to estimate
errors. As Markovian dynamics implies timescales to be constant (but not the other
way round) and true timescales are always underestimated [42], it is usual practice
to aim to converge the timescales faster (allowing to pick lower τMSM) by adjusting
parameters in all the possible previous steps in the modeling pipeline (Figure 2),
which influence the MSM.
The resulting plots showing the convergence of timescales can be found in Figure 22.
As the biased ensembles skew the timescales, only the data from the unbiased en-
semble f0 = 0 was used. We follow the three modeling paths visualized in Figure 2
of building MSMs in (a) descriptor space without additional dimensionality reduc-
tion and in the two-dimensional latent spaces after dimensionality reduction with
(b) TICA and (c) EncoderMap. It should be emphasized that MSM building with-
out additional dimensionality reduction is only feasible for small systems, as bigger
systems have a lot of dimensions and suffer from the curse of dimensionality (see
also subsection II.3.3.1). As deca-alanine is a small toy system, we make use of this
here to establish a baseline by building an MSM directly in the descriptor space, in
which no additional information is lost through dimensionality reduction. We com-
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Figure 22: Convergence of the six slowest implied timescales of MSMs estimated in the
unbiased ensemble f0 = 0 as a function of the lag time τ for (a) the full descriptor with-
out dimensionality reduction, (b) TICA and (c) EncoderMap. To ensure comparability,
a lag time of τMSM = 4ns is chosen, for which the timescales have approximately con-
verged for all modeling paths. (Adapted from our publication [63].)

pare the results of modeling with the dimensionality reduction methods TICA and
EncoderMap against this baseline later on.
Figure 22 shows that the timescales have approximately converged for a choice of
τMSM = 4ns for all three modeling paths. This choice of τMSM also matches Fabian
Knochs publication [116], where the data was first used and therefore makes our
results comparable to parts of this earlier analysis.
As the MSM built in descriptor space incorporates more information than after di-
mensionality reduction with TICA or EncoderMap, we use it to establish further
parameters for the subsequent analysis. In Figure 23 the first ten eigenvalues and
corresponding timescales for the MSMs built in descriptor space are shown with the
previously determined τMSM = 4ns. We find a small gap between the sixth and sev-
enth eigenvalue and set the number of metastable sets to Nc = 6. It is usual practice
to look for a timescale separation, which separates the slow interesting processes
from the fast fluctuations and helps determine this cutoff. To make use of the full
data including the biased ensembles, we then build multi-ensemble Markov models
(MEMMs) with the TRAM algorithm, which is able to incorporate information from
different ensembles (see also subsection II.4.2). TRAM uses all ensemble data to
build a MSM for each of the ensembles and we continue analysis with the MSMs
for the unbiased ensembles (f = 0) respectively, as we are interested in the unbiased
behavior of the molecule.
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Figure 23: First ten eigenvalues and implied timescales (ITS) of an MSM built in the
unbiased ensemble of descriptor space with lag time τ = 4ns. The first eigenvalue is
exactly one representing the stationary state. Between the sixth and seventh processes
exists a small timescale separation. (Adapted from our publication [63].)

iii.10 metastable states
We now progress with analyzing these MSMs (one for each modeling path) and com-
pare them in the subsequent chapters to derive statements about the capabilities of
TICA and EncoderMap as dimensionality reduction methods for modeling. Our ulti-
mate goal is to identify long-lived metastable sets, which correspond to molecular
conformations and are represented as larger subdivisions of the latent space. The
PCCA++ algorithm (Robust Peron Cluster Cluster Analysis) (see subsection II.3.2.3)
can be employed in this context, as it is a fuzzy spectral clustering method that
partitions the k discrete states into a specified number Nc of metastable sets, while
preserving the slow timescales of the Markov chain. The algorithm produces a mem-
bership matrix (mic) ∈ Rk×Nc , with mic denoting the probability of state i belonging
to set c, Si ⊆ Sc. This allows PCCA++ to handle discrete transition states that do
not have a clear affiliation with a metastable set, providing a more comprehensive
analysis.
The membership matrix provided by PCCA++ contains probabilities for each discrete
state to belong to each one of the six metastable sets. As it is not possible to visual-
ize all of these distributions simultaneously, we depict this attribution in TICA space
in Figure 24(b) by assigning each discrete state the set with the highest percent-
age. These sets represent contiguous regions, corresponding to localized kinetically
accessible regions with similar configurations. Not all free-energy minima in the
free energy landscape (see (a) of Figure 24) translate into metastable sets following
this analysis. Most of the discrete states are assigned to the unfolded conformation
c = 1T (orange) while the folded helix is combined with intermediate states I1 and I4
into partition c = 2T (green), showing that these states are kinetically accessible to
each other. The two intermediate conformations I2 and I3 are kinetically separated
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Figure 24: (a) Free energy landscape in TICA space with average structures (equivalent
to Figure 5, reproduced here for ease of reading). (b) Metastable sets found in the TICA
latent space by the PCCA++ algorithm for Nc = 6. (Adapted from our publication [63].)
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Figure 25: (a) Free energy landscape in EncoderMap space with average structures
(equivalent to Figure 7, reproduced here for ease of reading). (b) Metastable sets found
in the EncoderMap latent space by the PCCA++ algorithm for Nc = 6.

into another partition (c = 6T , cyan) by the second coordinate ξ2. Furthermore, three
partitions are found at even larger values of ξ2 (c = 3T contains M1 and M2 and
c = 5T contains M3). Interestingly, the c = 4T (blue) partition does not correspond
to a minimum of the free energy and is not separated by a barrier.
For EncoderMap we proceed with the same methodology as before by mapping tra-
jectories into the latent space and discretizing them using the k-means algorithm
involving k = 300 discrete states. We then develop a MEMM incorporating trajec-
tories from all ensembles and utilize the MSM of the unbiased one. Finally, we
employ the PCCA++ algorithm to group the discrete states into six metastable sets
in the EncoderMap latent space, as presented in Figure 25(b).
By analyzing the conformations within each set, we find qualitative overlap between
sets 1E and 1T (unfolded configurations), sets 2E and 2T (folded and fast intermedi-
ates), sets 3E and 3T (misfolded), and set 6E with 6T (slower intermediates). Set 4E
however encompasses an extended region between unfolded and folded (containing
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intermediate I1) while 4T is only linked to the unfolded region. In TICA space, 5T is
related to M3 while 5E occupies a flat region with respect to the free energy in the
latent space of EncoderMap.
We compare the metastable sets found in the different latent spaces more quantitavely
in subsection III.11.2, but validate the models first in the folllowing chapter.

iii.11 validation
In this chapter, we validate the models built for each of the modeling paths on the
basis of two important aspects. Firstly, we expect the models to describe the data
sufficiently well and as we use MSMs, we validate that the models describe the
transitions between metastable sets correctly. Secondly, we look at and compare
the partitioning of the latent space into metastable states, which is different for each
of the models. Ideally, we would expect that the same (physical) metastable sets are
found and therefore the amount of correct metastable sets found can be viewed as
an indicator for the quality of the latent space.

iii.11.1 chapman-kolmogorov test
At the end of the modeling pipeline, we need to ensure the consistency between
the MSM we have constructed based on data and the behavior of this original data.
To accomplish this task, we use the Chapman–Kolmogorov test (CK-Test) (see also
subsection II.3.5). The CK-Test verifies that the transitions in the coarse-grained
set of determined metastable sets accurately reflect the transitions in the continuous
original data. For that, the CK-Test compares the transition statistics between all
metastable sets in the MSM with the original data. There are two known weaknesses
of the CK-Test. Firstly, a lot of the possible transitions can be rare so that there is
not enough statistics for a certain amount of transitions. In practice, this is often dealt
with by only conducting the test on the statistics of staying in the same states, i.e.
transitions i → i for all of the Nc metastable states. Since metastable states decay
slowly by definition, these transitions offer more statistics by default. In this work,
however, we conduct the full test to show the full picture and to be able to compare
the full information. Secondly, the CK-Test checks whether the MSM describes the
transitional behavior in the data well with the chosen metastable sets, but it does not
test that the metastable sets are sensible in the first place. Although unlikely, there
is therefore always the possibility that pathological models are built that incorporate
trivial or unphysical metastable states that work well with the data, but ultimately
represent models with no physical value. To mitigate this, it is good practice to
inspect the determined metastable sets or the distribution of structures in the free
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Figure 26: Descriptor CK-Test showing the probabilities of all the possible transitions
over time between the metastable sets found in descriptor space. The blue dashed line
represents the predictions of the Markov state model, while the red line represents the
transitions observed in the data. (Adapted from our publication [63].)
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Figure 27: TICA CK-Test showing the probabilities of all the possible transitions over
time between the metastable sets found in TICA space. The blue dashed line represents
the predictions of the Markov state model, while the red line represents the transitions
observed in the data.(Adapted from our publication [63].)
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Figure 28: EncoderMap CK-Test showing the probabilities of all the possible transitions
over time between the metastable sets found in EncoderMap space. The blue dashed
line represents the predictions of the Markov state model, while the red line represents
the transitions observed in the data.(Adapted from our publication [63].)
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energy landscape visually. We will investigate and compare the metastable states
found in the different latent spaces in the next chapter.
As a baseline model for comparison with TICA and EncoderMap, we first validate
the MSM built without dimensionality reduction directly in the descriptor space.
The CK-Test results presented in Figure 26 demonstrate that the iteratively applied
transition matrix of the MSM (dashed blue line) accurately describes the behavior
found in the original molecular dynamics (MD) data (red line). To this end, we use the
methods outlined in [42] to calculate the CK-Test for the MD data and its error. The
error bands shown represent 2σMD. The CK-Test result affirms that for our particular
system, modeling without dimensionality reduction is possible and can provide a
suitable baseline. It is important to note, however, that the error on PMD increases
at long lag times. This is because the trajectories are of varying lengths, with only
around a quarter of them exceeding 8000 time steps, leading to poor statistics. As
such, the CK-Test results in this regime should be taken with caution.
To assess the quality of the TICA latent space for model building, we conduct a
corresponding CK-Test for TICA space presented in Figure 27. The overall trend of
the data is captured by the model, while there are discrepancies in the long-term
behavior of several transitions (e.g., 3T → 3T ). This again may be due to the fact that
only around a quarter of the simulated trajectories exceed 8000 time steps, which
could lead to poor statistics and make it difficult to observe certain transitions for
high lag times. Another possible explanation is the linear nature of TICA as a model,
which restricts its ability to capture non-linearities in few dimensions. To improve
the performance of the model, increasing the dimensions of the latent space may be
necessary.
To evaluate the extent to which the EncoderMap latent space accommodates Marko-
vian dynamics between the metastable sets found, a CK-Test is performed Enco-
derMap space as well. The results of the CK-Test are presented in Figure 28 and
indicate that the data can be accurately described by the model. When comparing
the CK-Tests of the descriptor without dimensionality reduction (Figure 26) to the
CK-Test in EncoderMap space, it stands out that the test in EncoderMap space is
smoother than the one in descriptor space that contains more fluctuations. This is
exactly what we expect, as it shows that EncoderMap distills the correct information
for Markov state modeling from descriptor space, which contains additional informa-
tion that can not be modeled by MSMs. Consequently, it can be concluded that
EncoderMap produces a low-dimensional representation that is at least comparable
in quality to the other methods.

iii.11.2 comparison of metastable sets
After having established in the previous chapter that the models built for all three
modeling paths (from Figure 2) describe the transitions in the data sufficiently well,
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we now concern ourselves with the metastable sets found in each of the latent spaces.
The metastable sets are identified in an unsupervised manner and the partitioning
is not guaranteed to be sensible, which could potentially lead to bad models. As we
expect the descriptor space to contain more information than the modeling spaces of
TICA and EncoderMap after dimensionality reduction, we take the metastable sets
found in descriptor space as reference to compare to. We are aiming to investigate,
which of the metastable sets found in the different latent spaces correspond to each
other and which of the (ground truth) metastable states found in the descriptor space
are found in the latent spaces of TICA and EncoderMap, too.
Measuring the correspondences of these metastable sets turns out to be a hard prob-
lem, because of several reasons. Firstly, the association of data points to different
metastable sets is done by probabilities, which are determined by the PCCA algo-
rithm. Comparing these associations therefore turns into comparisons of probability
distributions. We find that often the same sets of metastable states are found in the
data, but with different uncertainties. As we are only interested in which metastable
sets are found, we abandon the probability distributions and turn them into hard
attributions by assigning each data point the metastable set with the highest prob-
ability. Secondly, there exist transitory states between metastable sets so that the
boundary between these sets is not unique and the boundary easily fluctuates with-
out changing the underlying metastable conformation. To mitigate these problems,
we measure the overlap between metastable sets by the fraction ϕcc ′ = Ncc ′/Ns
of configurations shared by the (baseline) set in descriptor space c and the sets in
TICA or EncoderMap space c ′ respectively. This metric has the property that it is
symmetric in the sets as well as that all fractions sum to unity (

∑Nc
c,c ′=1ϕcc ′ = 1)

since each configuration belongs to exactly one set. The fraction ϕcc ′ = Ncc ′/Ns
therefore represents what percentage of the whole data was assigned to metastable
set c in descriptor space and to metastable set c ′ in TICA/EncoderMap space. As
the metastable sets have different sizes in latent space, not the absolute size of the
number is important, but the size of the number for a fixed c in relation to all the
possible values for c ′, which we visualize by normalizing the colors for each row in
the subsequent matrices. Note that this normalizing is not symmetric in the methods
and we normalize here on the descriptor results, as we take them as baseline. As
a side note, the colors can be seen as visualizing a non-symmetric variant of the
Jaccard index, a common metric for measuring the overlap of sets.

iii.11.2.1 TICA

In Figure 29 the metastable sets found in TICA space are compared with the
metastable sets found in descriptor space. In (a) the free energy landscape in TICA
space is shown with selected average structures and in (b) the metastable sets 1T −6T
found in TICA space are visualized. Both (a) and (b) are equivalent to Figure 24
and are reproduced here for ease of comparison. In (c) the baseline metastable sets
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Figure 29: Comparison of TICA metastable sets with descriptor metastable sets. (a) Free
energy landscape in TICA space, (b) Metastable sets found in TICA space ((a)+(b) equiv-
alent to Figure 24, reproduced for ease of reading) (c) Metastable sets found in descriptor
space (baseline) projected into TICA space, (d) Overlap matrix between metastable sets
found in descriptor and TICA space. Counterparts to descriptor metastable sets 1D− 4D
are found in TICA space as 1T − 4T while there are no counterparts for 5D and 6D.

1D− 6D from descriptor space are projected into TICA space to allow for comparison
with the TICA sets in (b). The amount of the baseline descriptor sets found in TICA
space can be considered as a metric for the quality and the modeling capabilities of
the TICA space. In (d) the previously described overlap matrix between these sets is
shown, which illustrates the results of the overlaps for the full descriptor space with
TICA’s metastable sets. Each row and column sum represents the fraction of config-
urations assigned to the corresponding sets. The colors are normalized separately
for each row to show which TICA conformations best match with the baseline con-
formations of the full descriptor. Non-diagonal entries indicate discrepancies in the
partitionings generated by the different methods. While there may be some variation
in attributing transition states to conformations across methods, these discrepancies
are not significant if the same free energy basins are attributed. Analyzing the over-
lap matrix in (d), we find that the assignments in descriptor and TICA space agree on
the three biggest metastable states, which together make up over 92% of the total
data. As these three metastable states make up such a high amount of the data they
appear to be the ’more obvious’ metastable sets, which mainly consist of the unfolded
conformation (U) for 1D, the folded (F) and intermediate conformations (Ix) for 2D
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Figure 30: Comparison of EncoderMap metastable states with descriptor metastable
states. (a) Free energy landscape in EncoderMap space, (b) Metastable sets found in
EncoderMap space ((a)+(b) equivalent to Figure 25, reproduced for ease of reading) (c)
Metastable sets found in descriptor space (baseline) projected into EncoderMap space,
(d) Overlap matrix between metastable sets found in descriptor and EncoderMap space.
Counterparts to descriptor metastable sets 1D − 5D are found in EncoderMap space as
1E − 5E (with pronounced differences) while no counterpart for 6D is identified.

and the ’obvious’ misfolded conformations (Mx) for 3D. For the other metastable sets
4D − 6D there exist no ’obvious’ pronounced free energy minima in the free energy
landscape of TICA space (a). Furthermore, there is a discrepency between 3D which
encompasses free energy minima M1 −M3, while 3T only contains M1 −M2 and
in TICA space M3 is identified as its own metastable set 4T . Although the fourth
metastable set of descriptor space 4D also has significant overlap with 1T (see row
four in (d)), it is still identified in TICA space as 4T , which is in accordance with
visual inspection of (b) and (c). Metastable sets 5D − 6D, however, completely over-
lap with 1T in TICA space and are not found in TICA latent space. In contrast,
another metastable state 6T is suggested, which contains free energy minima I2 − I3
and belongs to the metastable set 2D in descriptor space, containing folded and fast
intermediate conformations.
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iii.11.2.2 EncoderMap

We compare the metastable sets found in EncoderMap space with the metastable
sets found in descriptor space in Figure 30. In (a), we present a visual representation
of the free energy landscape in EndoderMap space with selected average structures,
and in (b) the metastable sets 1E − 6E found in EncoderMap space are displayed.
These visualizations are equivalent to Figure 25 and are provided here for ease of
comparison. In (c), we project the metastable sets 1D − 6D found in descriptor space
and which serve as a baseline, into EncoderMap space to enable comparison with
the EncoderMap sets displayed in (b).
The matrix in (d) shows the overlaps between the full descriptor space’s and the
EncoderMap’s metastable sets. Each row and column sum represents the fraction of
configurations assigned to the corresponding set. The colors are normalized sepa-
rately for each row, highlighting which EncoderMap conformations most closely match
the baseline conformations of the full descriptor. The diagonal entries reveal that
five of the six descriptor metastable sets are found in EncoderMap space. The three
biggest metastable sets again are easily identified with a total agreement of over
80% of the total data. This agreement is less than in TICA space as the states bleed
into each other in EncoderMap space (compare (c)). Another way to see this are the
non-diagonal entries in (d) indicating discrepancies in the partitionings generated
in descriptor and EncoderMap space. Especially 4E stands out, as it has significant
overlap with 1D− 4D (compare column 4 in (d)). We still consider 4E the counterpart
to 4D, as it visually follows the same area in latent space (compare dark blue in
(b) and (c)). Comparing (c) with (a), we find analogously to TICA space that 1D
again describes the unfolded conformation (U), which has no free energy minimum
in EncoderMap space, 2D contains the folded (F) and intermediate conformations
(Ix), and 3D contains the ’obvious’ misfolded conformations (in this case M1 and M2),
which possess a pronounced free energy minimum in EncoderMap space. M3 from
TICA space is not found here, but potentially belongs to one of the more shallow
free energy minima here. In EncoderMap latent space we uncover that 6D which
is neither identified in TICA nor in EncoderMap space as a metastable set, can be
attributed to a free energy minimum M4 in the EncoderMap free energy landscape,
representing a misfolded beta-hairpin conformation. Interestingly, 6E again contains
the intermediate conformations I2− I3 so that both, TICA and EncoderMap, postulate
the same metastable set, which is not identified in the descriptor space.

iii.11.2.3 TICA-4D-E2E

Finally, we compare our results with the 5-dimensional TICA-4D-E2E space (see
subsection III.6.4) from [116] and the metastable sets found therein. The modeling
in this space progresses analogously to the modeling pipeline (Figure 2) by dis-
cretizing with k-means to k = 300 discrete states, building a MEMM with TRAM to
incorporate all ensembles, continuing with the unbiased MSM and coarse-graining
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Figure 31: Comparison of metastable states in TICA-4D-E2E space identified in Knoch’s
publication [116] with descriptor and EncoderMap metastable states. (a) Metastable sets
found in EncoderMap space ((a)+(c) as in Figure 30, reproduced for ease of comparison),
(b) Metastable sets found in TICA-4D-E2E space projected into EncoderMap space, (c)
Metastable sets found in descriptor space (baseline) projected into EncoderMap space,
(d) Overlap matrix between metastable sets found in descriptor and TICA-4D-E2E space.
Counterparts to descriptor metastable sets 1D − 5D are found in TICA-4D-E2E space as
1K − 5K while no counterpart for 6D is identified.

the discrete states into Nc = 6 metastable sets with PCCA++. In Figure 31 the
metastable sets found in descriptor space 1D− 6D are compared with the metastable
sets 1K − 6K, found in TICA-4D-E2E space from Knoch’s publication [116]. As TICA-
4D-E2E space is 5-dimensional, it is not possible to visualize the space directly
and we project the metastable sets found into EncoderMap space for visualization,
as we have studied this space in this work extensively. Since TICA-4D-E2E space
mainly consists of a higher dimensional TICA space, we can consider this space as
insight into the modeling capabilities of TICA when using more dimensions. We find
in this space that metastable sets 1D − 5D from descriptor space are identified as
1K − 5K, which closely resemble the descriptor metastable sets. The agreement and
high overlap is expressed by the low non-diagonal entries in the overlap matrix in
(d). A higher-dimensional TICA space thus manages to find one more of the de-
scriptor metastable sets than 2-dimensional TICA space, but still fails to identify 6D.
Regarding metastable sets, it therefore has a similar performance as 2-dimensional
EncoderMap space, albeit with better overlap of the descriptor sets found. That
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6D is not identified could be an artifact of the end-to-end distance incorporated in
TICA-4D-E2E space, but that is highly unlikely as the additional end-to-end dis-
tance information should make it even easier to identify the beta hairpins in 6D, as
they usually distinguish themselves by their low end-to-end distance.

iii.12 summary & conclusions
In summary, we have demonstrated that the low-dimensional latent space of an
autoencoder neural network with an additional distance metric (EncoderMap) can
be utilized as suitable coordinates for Markov state modeling. This implies that
the sketch-map metric is capable of preserving kinetic connectivity between adjacent
structures in latent space. Unlike TICA, this method does not require the time-series
character of trajectories and instead constructs the latent space from structural data
alone.
To further investigate the latent space representation, we performed similar analy-
ses using the full descriptor space without additional dimensionality reduction, then
using TICA to create a low-dimensional representation that includes temporal in-
formation and thirdly, we looked at the results of the already available analysis
of Fabian Knoch, which uses a higher-dimensional TICA space. The results of the
Chapman-Kolmogorov tests show that the EncoderMap latent space performed at
least as well as for TICA (in low and higher dimensions) and the full descriptor space.
This suggests that the kinetics of such peptides is strongly influenced by their struc-
ture, especially through the conformations assumed by the molecule. The metastable
sets identified through building Markov state models agree quite well with all three
methods: EncoderMap, TICA, and the full descriptor space. EncoderMap, however,
was able to discover five of the six descriptor conformations, while TICA could only
identify four in the same amount of dimensions. For higher-dimensional TICA space
(TICA-4D-E2E space) the same five descriptor conformations were identified, but ex-
hibit higher overlap with the descriptor conformations, implying that TICA improves
in performance with more dimensions. Moreover, without dimensionality reduction,
beta-hairpins were found to be a metastable set that was missed by both TICA and
EncoderMap.
There are advantages to using only structural information as with EncoderMap in this
work. Firstly, as demonstrated here, data from different ensembles can be combined
straightforwardly. Secondly, it can be used to identify long-lived conformations in
unordered data harvested with different methods (e.g., Monte Carlo simulations [159–
162]) with the possibility of using bias potentials and virtual moves to speed up
the exploration of configuration space. Finally, EncoderMap is a nonlinear method,
which could potentially capture more relationships in the data compared to TICA,
especially in fewer dimensions. This is exactly what we find: more dimensions are
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needed for TICA to identify the same amount of metastable sets as EncoderMap
is already able to find in low dimensions. This means that especially for bigger
molecules leading to descriptors with more dimensions, EncoderMap should be able
to compress more information into less dimensions than TICA, making modeling and
visualization easier.
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Figure 32: Visualization of the 30 natural geographic areas (NGAs) in the data and their
locations on the globe, three belonging to a particular region respectively. (Reproduced
from Turchin et al. [163], licensed under CC BY-NC-ND 4.0.)

The "Seshat: Global History Databank" is a massive database of quantitative histori-
cal information incorporating 414 human societies from 30 regions over a timespan of
10.000 years. It has been shown that from this data a single principal component can
be extracted, named "Social Complexity" which captures almost three quarters of the
observed variation in the dataset [163]. This finding hints at structural similarities
in human organization and the way they evolve.
Since this setting exhibits similarities to the dimensionality reduction step in the
modeling pipeline of molecular dynamics, we explore the dataset as a second project
in this work to show the capability of EncoderMap to find reasonable latent represen-
tations. We aim to improve on the result presented in the aforementioned paper by
comparing the performance of EncoderMap with principal component analysis (PCA)
used therein.

iv.1 structure of the data
The unit of analysis in the data is called a polity, an independent political unit,
which can range from small villages to whole states. There are 414 polities in the
dataset, distributed over 30 natural geographic areas (NGAs) on the globe, three
belonging to a particular region respectively. The regions and corresponding NGAs
are visualized in Figure 32, namely:

• Africa: Ghanaian Coast (1), Niger Inland Delta (11), Upper Egypt (21)

• Europe: Iceland (2), Paris Basin (12), Latium (22)
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Figure 33: (A) Complexity characteristics and factors contributing to them respectively.
(B) Proportion of variance in the data that can be explained by the principal components
(PC). Approximately three quarters of the variation can be captured by a single principal
component. (C) Loadings of the different complexity characteristics on the first principal
component. Comparable loadings for all of them indicates that they contribute equally.
(Figure reproduced from Turchin et al. [163], licensed under CC BY-NC-ND 4.0.)

• Central Eurasia: Lena River Valley (3), Orkhon Valley (13), Sogdiana (23)

• Southwest Asia: Yemeni Coastal Plain (4), Konya Plain (14), Susiana (24)

• South Asia: Garo Hills (5), Deccan (15), Kachi Plain (25)

• Southeast Asia: Kapuasi Basin (6), Central Java (16), Cambodian Basin (26)

• East Asia: Southern China Hills (7), Kansai (17), Middle Yellow River
Valley (27)

• North America: Finger Lakes (8), Cahokia (18), Valley of Oaxaca (28)

• South America: Lowland Andes (9), North Colombia (19), Cuzco (29)

• Oceania-Australia: Oro PNG (10), Chuuk Islands (20), Big Island Hawaii (30)

For the analysis, 51 variables are used, which could be reliably coded across differ-
ent polities, whereby the temporal sampling rate is one hundred years. These 51
variables are then compressed into 9 different complexity characteristics (CCs), which
reflect different aspects of the polity (see Figure 33):

• Scale of societies

– Polity population: Total population of the polity (log-transformed).



86 social complexity

– Polity territory: Extent of the territory the polity controls (log-
transformed).

– Capital population: Size of the largest urban center or capital respectively
(log-transformed).

• Measures of hierarchical or vertical complexity

– Levels: Number of control/decision levels in the administrative, religious,
military and settlement hierarchies (averaged).

• Organization and specialized positions

– Government: Presence of professional soldiers and officers, priests, bu-
reaucrats, and judges as well as characteristics of the bureaucracy and of
the judicial system (averaged binary values).

• Infrastructure

– Infrastructure: Variety of public goods and public works involved in the
functioning of the polity (averaged binary values).

• Informational complexity

– Writing: Characteristics of writing and record-keeping systems (averaged
binary values).

– Texts: Presence of specialized literature, including history, philosophy,
and fiction (averaged binary values).

• Complexity of cash economy

– Money: “Most sophisticated” monetary instrument present (aggregated
value between 0 and 6).

Since our knowledge of the past is patchy at best, there are not all variables available
for all times in the dataset. For the final dataset the threshold was set to 30%,
meaning polities were only included if at least thirty percent of all 51 variables
were coded. To avoid bias from these lacking values and to reflect the uncertainty
present in the data, 20 imputed datasets of complexity characteristics were created
and published alongside the original paper [163]. We use dataset S1 in our work,
containing 20 imputed versions of the CC time series. Imputation procedures replace
missing values with plausible values. When only ranges or expert disagreement was
present, values were probabilistically sampled from these options. This procedure
was repeated 20 times to create 20 datasets representing the inherent uncertainty
in the data, which we use for the analyses in the upcoming chapters.
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iv.2 connection to molecular dynam-
ics

In the modeling pipeline of molecular dynamics (see section III.2), we are usually
confronted with the output of molecular dynamics simulations: High-dimensional time
series, consisting of positions and velocities of each atom at each time step. Subjected
to the curse of dimensionality (see also subsection II.3.3.1), it is not possible to extract
meaningful information directly from such a high-dimensional space. Dimensionality
reduction then takes place as a two step process:

1. Creating features using a (structural) descriptor:
A descriptor is used to abstract away symmetries which are inherent in the data,
but are not explicit. This could be the rotational symmetry of the structures
under investigation for example, which is not explicit in the coordinates of the
atoms.

2. Dimensionality reduction algorithms:
These are algorithms designed to compress the information in the data into
fewer dimensions, while throwing away mostly irrelevant variation (e.g. fluctu-
ations). Notable representatives are e.g. PCA, TICA and autoencoders.

Applying these steps, one ends up with new coordinates describing the properties of
interest, which are amenable to investigation. If chosen well, analyses can be con-
ducted in the space of these newly found collective variables that were not possible
in the higher-dimensional space. There, different metastable sets are identified and
Markov state models are built to model the dynamics between these sets (compare
the analysis in chapter III).
In the data presented here, forming the 9 complexity characteristics (CCs) plays the
role of a structural descriptor. Principal components analysis (PCA) was used in
the original publication [163] to construct a single variable containing 77.2± 0.4%
of the original variance, describing the social complexity of the polity. We aim to
improve upon this result by going from a linear method (PCA) to a non-linear method
(EncoderMap). Hereby the goal is not only to improve on the amount of variance
explained, but also to find novel insights in these improved coordinates. To push the
analogy between molecular dynamics and this setting further, we think of societies
described by these coordinates as - analogously to molecules - being in a metastable
state and undergoing transitions to other metastable states.
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iv.3 comparison of different methods

iv.3.1 fraction of variance explained
To be able to compare different methods against each other, we need an appropriate
metric, which is able to capture the performance of the particular method involved.
Here, we use the fraction of variance explained (FVE)

FVE = 1−
MSE(Ŷ)
VAR(Y) , (IV.1)

where Y is the data, Ŷ are the values predicted by the algorithm, MSE is the mean
squared error and VAR is the sample variance, both defined below. The concept of
FVE is closely related to the coefficient of determination R2. For ease of reading,
we will mostly use percentages later on, with percentage of variance explained being
defined as PVE = 100 · FVE.
For a dataset, comprised of points {Yi}i∈{1,...,n}, and predictions for these points
{Ŷi}i∈{1,...,n} made by an algorithm, the mean squared error (MSE) is defined as

MSE(Ŷ) = 1

n

n∑
i=1

(
Yi − Ŷi

)2
. (IV.2)

The sample variance is defined as

VAR(Ŷ) = σ2(Ŷ) =
1

n− 1

n∑
i=1

(
Yi − Y

)2 , (IV.3)

measuring the variation around the sample mean Y = 1
n

∑n
i=1 Yi.

The fraction of variance unexplained FVU = MSE(Ŷ)/VAR(Y) measures, which fraction
of the variation in the data is due to the prediction errors made by the prediction
algorithm. We can investigate the edge cases:

• Worst prediction:
An algorithm always predicting the mean of the dataset, Ŷ = Y, is considered
as the worst prediction possible, since the algorithm is not sensitive to the
variation in the data. It follows then that the fraction of variance explained
vanishes.

Ŷ = Y ⇒ MSE(Ŷ) = VAR(Y) ⇒ FVE = 0 (IV.4)

It should be mentioned that in general, the fraction of variance explained can
even turn negative (FVE < 0), if the algorithm does not explain any of the
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existing variance in the original data, but introduces additional variance into
the prediction instead (MSE(Ŷ) > VAR(Y)).

• Best prediction:
The best prediction possible means predicting every value correctly Ŷ = Y. The
prediction algorithm is then able to explain all the variation in the data.

Ŷ = Y ⇒ MSE(Ŷ) = 0 ⇒ FVE = 1 (IV.5)

A dimensionality reduction algorithm f is a mapping from a high-dimensional space Y

to a low-dimensional latent space X, f : Y 7→ X. To measure the information retained
by such an algorithm we use an (approximate) inverse f−1 : X 7→ Y to transform the
data into the latent space and back into the original space Ŷ = f−1(f(Y)). With this
predictions we can assess, which fraction of the variance is explained by the latent
representation. There is a caveat to this methodology however: The algorithm could
be learning the data "by heart", a problem widely known as "overfitting". For example,
trivial mappings exist, which reproduce each data point perfectly: Just map every
data point to an integer on the number line. These algorithms and representations,
however, do not generalize well on unseen data. This exactly is the reason, why the
performance on unseen data (also called out-of-sample data) is used to assess the
degree of overfitting and is the ultimate test of the usefulness of the algorithm.

iv.3.2 crossvalidation on imputed datasets
To avoid overfitting, we make use of the 20 imputed datasets mentioned in section IV.1
to validate the performance on unseen data. For this, we train the algorithm on one
of the datasets and measure the performance on all the others respectively. In this
manner, we are able to get a handle on the variation in performance and how well
the model generalizes. We then repeat this for each dataset. If the model generalizes
well and learns the important aspects of the data, the results should be comparable
between different imputed datasets. By using the imputed datasets, we have therefore
nd = 20 versions of the same data. To get a measure of the overall performance,
we aggregate the performance on the individual datasets {Xi}i∈{1,...,nd}

into one big
dataset X :=

⋃nd
i=1 Xi, on which we measure mean and variance. It can be shown

that these quantities can be calculated from the individual means {Xi}i∈{1,...,nd}
and

variances {σ2
i }i∈{1,...,nd}

:

X =

nd⋃

i=1

Xi =
1∑nd

i=1 ni

nd∑
i=1

ni∑
j=1

xi,j =
1∑nd

i=1 ni

nd∑
i=1

niXi, (IV.6)
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σ2(X) =
1(∑nd

i=1 ni

)
− 1

nd∑
i=1

ni∑
j=1

(
xi,j −X

)2

=
1(∑nd

i=1 ni

)
− 1

nd∑
i=1

ni∑
j=1

(
xi,j −Xi +Xi −X

)2

=
1(∑nd

i=1 ni

)
− 1

nd∑
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ni∑
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[(
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)2
+ 2

(
xi,j −Xi

) (
Xi −X

)
+
(
Xi −X

)2]

=
1(∑nd
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)
− 1

nd∑
i=1

ni∑
j=1

(
xi,j −Xi

)2

︸ ︷︷ ︸
(ni−1)σ2i
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(
Xi −X

) ni∑
j=1

(
xi,j −Xi

)

︸ ︷︷ ︸
�����ni(Xi−Xi)

+

ni∑
j=1

(
Xi −X

)2
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ni(Xi−X)

2

=
1(∑nd

i=1 ni

)
− 1

nd∑
i=1

[
(ni − 1)σ2

i +ni

(
Xi −X

)2] ,

(IV.7)

with xi,j ∈ Xi denoting the j-th element in the i-th dataset and ni = |Xi| the number
of elements in Xi.
It is important to mention that since the performance on the training dataset can
contain an arbitrary amount of overfitting, it is highly likely that these numbers
overestimate the accuracy of the algorithms. We therefore only trust the performance
on the test sets as a viable metric. The errors given represent 2σ, which amounts to
a confidence interval of roughly ≈ 95.4%, given the data is distributed normally.
It should be remarked that another common way to combine measurements is by
using a weighted sum with the inverse variances as the weights:

Xw =

∑
i
Xi/σ2i∑
i
1/σ2i

, (IV.8)

with the variance on the quantity resulting in

σ2(Xw) :=
1∑
i
1/σ2i

. (IV.9)
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Figure 34: Histogram of distances in high-dimensional space of complexity character-
istics using the example of imputed dataset 7. The graphs of the sigmoid and the
differentiated sigmoid are overlayed and show the sensitivity to the distances in the En-
coderMap algorithm.

This estimator maximizes the likelihood assuming all the measurements are samples
from Gaussian distributions with the same mean Xw and different standard deviations
σi with i ∈ {1, . . . ,nd}:

L(Xw) =
∏
i

f(Xi

∣∣Xw,σi) =
∏
i

1√
2πσi

exp

(
−
1

2

(
Xi −Xw

)2

σ2
i

)
(IV.10)

Therefore using this approach implicitly assumes a Gaussian distribution and we
choose the former more general one.

iv.3.3 performance in different dimensions
To train EncoderMap, parameters for the sigmoid function must be chosen which
define the distances in the high-dimensional space of complexity characteristics En-
coderMap is sensitive to (see also paragraph II.3.3.3). In Figure 34 the distances
between data points in the high-dimensional space are visualized as a normalized
histogram for imputed dataset 7. All the other imputed datasets lead to a comparable
plot. Furthermore, the sigmoid and the differentiated sigmoid that are used in the
high-dimensional space are plotted into the same diagram to show which distances
the EncoderMap algorithm is sensitive to. The sigmoid for the high-dimensional
distances uses the parameters σh = 3, ah = 6 and bh = 3. The value of σh deter-
mines the inflection point of the sigmoid, as can be seen in the plot, while ah and
bh determine how quickly the function falls off towards −∞ and +∞ respectively.
As the algorithm is most sensitive where the change in the sigmoid is largest, the
graph of the differentiated sigmoid (green) gives a direct measure of the sensitivity
for different distances. Following the original idea of Sketchmap that small and big
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Figure 35: Comparison of performance of PCA (left) and EncoderMap (right) algorithm
against dimension of latent space. More latent dimensions allow for richer represen-
tations, while having diminishing returns in performance for each latent dimension
added.

distances are irrelevant in high-dimensional spaces, the parameters are chosen such
that EncoderMap is most sensitive for intermediate distances, which is between the
two local maxima for the distance histogram presented here.
The sigmoid for the low-dimensional distances (not shown) uses parameters σl = 1,
ah = 2 and bh = 6. These parameters are not as crucial as the ones for high-
dimensional distances as they usually only scale, contract and spread out the data
in latent space. The EncoderMap algorithm is trained on the data for n = 5000 steps,
setting the first two layers to 128 neurons each and the third layer as the latent
space with the amount of neurons set to the desired number of latent dimensions,
while leaving the standard values for all the other parameters.
To compare the performance of the PCA and EncoderMap algorithm in different
latent space dimensions, we train the algorithms on each imputed dataset and cross-
validate on all the others as described in the previous subsection IV.3.2, calculating
the percentage of variance explained. We repeat this process for each of the possible
latent dimensions ndim ∈ {1, . . . , 9} to get an estimate of the performance in every
dimension.
The results are shown in Figure 35 with PCA to the left, EncoderMap to the right,
and a summary in Figure 36 for both algorithms. Both algorithms gain the most
performance in the first few dimensions and experience diminishing returns per di-
mension for higher latent dimensions. This is to be expected for PCA by construction,
whereas EncoderMap does not exhibit a guarantee for this property. More notably,
EncoderMap gains the most performance until a latent dimension of three, after
which the rate of improvement per additional dimension changes (note the different
slope for more than three dimensions). Furthermore, EncoderMap reaches the high-
est uncertainty in the performance for a latent dimension of two, as depicted by the
error bars. The errors on performance are always comparable between train and
test datasets, while in contrast to PCA the mean values differ for EncoderMap. For
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Figure 36: Comparison of cross-validated performance in all dimensions between PCA
and EncoderMap. To allow for easier comparison of the differences the y-axis does not
start at the origin.

EncoderMap, the mean values of performance are systematically higher on the train-
ing dataset than on the test dataset, hinting to a small but systematic overfitting in
every dimension, which PCA as a linear method is not plagued by. This is a common
danger of the higher flexibility of non-linear models on the one hand, while on the
other hand they are able to provide superior performance for the same reason when
validated carefully.
This is the case in Figure 36. Although the EncoderMap algorithm slightly overfits
in every dimension (note the green graph always being above the orange one), the
performance of EncoderMap, as measured by this metric, is superior to the perfor-
mance of PCA in every amount of dimensions except for the full original 9 dimensions
of the dataset (i.e. the CCs). The usual strategy is to find a trade-off between the
amount of dimensions and the percentage of variance these dimensions can represent.
Ideally, we want the least amount of dimensions with a maximum amount of infor-
mation captured from the high-dimensional dataset. Additionally, a big advantage
of few dimensions (especially one or two) lies in the fact that they can easily be
visualized and investigated with human eyes. In the following chapters, we compare
the performance of PCA and EncoderMap with a latent space of one and two dimen-
sions. A one-dimensional latent space is used in the original publication [163] and
going to two dimensions gives the highest improvement in performance when adding
additional dimensions, while still being low-dimensional enough to be visualized
easily.

iv.3.4 pca vs. encodermap (1d)
As discussed in subsection IV.3.2, the PCA and EncoderMap models are trained on
one imputed dataset and then validated on all the others. We start by investigating
the performance of both dimensionality reduction algorithms in a one-dimensional
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Figure 37: Comparison of performance of PCA (left) and EncoderMap (right) algorithm
in one dimension trained on imputed dataset number 7 (red bar) with the performance
on the remaining out-of-sample datasets (blue bars).

Figure 38: Comparison of performance of PCA (left) and EncoderMap (right) algorithm
in one dimension on all the imputed datasets.

latent space. The performance is comparable between being trained on different
datasets, so we choose the model trained on imputed dataset i = 7 as an arbitrary
representative. In Figure 37 the performance on the datasets is shown for the PCA
algorithm on the left hand side and for EncoderMap on the right. The performance
on the dataset, on which the model was trained (i = 7 here), is shown in red, while
the test datasets are shown in blue. The out-of-sample performance on the test
datasets is comparable to the performance on the training dataset, which shows that
the model is generalizing very well with no overfitting occurring. When comparing
the overall performance between the algorithms, EncoderMap is around 3% better
than PCA at compressing the information into one dimension. The likely reason for
that is that EncoderMap is non-linear and more expressive, while PCA is a linear
method. Combining the performance data of Figure 37 with the data from the models
trained on all of the other 19 datasets, we get a summary of the performance of all the
models depicted in Figure 38. There, the performance for every model is presented
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Figure 39: Comparison of the latent space of model 7 trained with the PCA (left) and
EncoderMap (right) algorithm in one dimension.

along with the performance and the 2σ interval on the respective test datasets. The
combined overall performance of the respective algorithm, denoted in the title, is
determined as described in subsection IV.3.2. The train value for the PCA algorithm
of 77.2± 0.4 is the reproduced value from the original publication [163]. Therein, to
our knowledge, the test value is not determined, which represents a more accurate
measure of the performance, since it reflects the performance on unseen data. The
overall performance of the EncoderMap algorithm is on average 3.7 percentage points
better, while having a comparable error. This likely is again due to the non-linear
nature of EncoderMap. The performance on the test datasets is comparable to the
performance on the training datasets for both algorithms. Consequently, this excludes
overfitting and gives reason to believe that trustworthy models are produced by both
algorithms.
In Figure 39, the latent space of model 7 trained with the PCA algorithm is plotted on
the left hand side, while the EncoderMap model is shown on the right hand side. The
plots contain the actual data points as blue ticks above the x-axis, while also showing
a kernel density estimate (KDE) on the y-axis. The kernel density estimate depicts a
bimodal distribution, where the data is composed of two differently populated clusters.
The distributions of the two different algorithms look qualitatively the same, while
they are mirrored and extend differently on the x-axis. Both these differences are
negligible, since the absolute values do not carry any meaning and only the relative
placement is important for the collective variables. The solution of the eigenvalue
problem PCA is based upon is only determined up to a sign and EncoderMap only
takes into account distances. Consequently, both algorithms give a similar result in
terms of latent space up to scaling and rotation.
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Figure 40: Comparison of performance of PCA (left) and EncoderMap (right) algorithm
in two dimensions trained on imputed dataset number 7 (red bar) with the performance
on the remaining out-of-sample datasets (blue bars).

Figure 41: Comparison of performance of PCA (left) and EncoderMap (right) algorithm
in two dimensions on all the imputed datasets.

iv.3.5 pca vs. encodermap (2d)
In our quest to find a better measure for social complexity, we add another dimen-
sion to be able to retain more information of the original dataset and find a better
representation.
In Figure 40 the equivalent of Figure 37 from the last chapter is visualized, here
for the 2-dimensional versions of the algorithms. The red bar again denotes the
performance on the imputed dataset, on which the model was trained, while the other
blue bars represent the out-of-sample performances on each of the other imputed
datasets. The performance on the training dataset is comparable to the performance
on the test datasets for the PCA algorithm. For EncoderMap this seems not to be
the case in Figure 40, as the training value lies outside of the 2σ confidence interval
of the performance on the test sets.



iv.3 comparison of different methods 97

Figure 42: Comparison of the latent space of model 7 trained with the PCA (left) and
EncoderMap (right) algorithm in two dimensions.

This gives the suspicion that the EncoderMap algorithm is slightly overfitting in two
dimensions, which is confirmed in Figure 41 showing the comparison of performance
of all the models. On the left hand side, we show the comparison of the performance
for the PCA models in two dimensions, giving an overall percentage of variance
explained of 83.2± 0.3 on the test datasets. This is comparable to the value on the
training data of 83.2± 0.4, which reproduces the value for two dimensions of the
original paper (SI of [163]). Therefore the model generalizes well on unseen data
and appears to learn reasonable, general structures in the data.
The comparison of the performance of EncoderMap in two dimensions on the right
hand side tells a slightly different story: Here, we find that the performance on the
training data is always better, for each model, compared to the test data, and that the
variation on the performance is almost twice as high as for the 1-dimensional case.
This hints to a slight overfitting - the model learning some non-linear relationships
in the training dataset, which do not generalize to the unseen test data. The overall
performance on the test data, which is the most trustworthy value, is with 89.0± 1.3
on average still 6 percentage points higher than the PCA algorithm, though. Since
all the models perform similarly well, we stay with model 7 in two dimensions to
investigate further.
In Figure 42, the 2-dimensional latent space of model 7 is plotted, for the PCA
algorithm on the left hand side and for EncoderMap on the right hand side. The
latent space of the 2-dimensional PCA algorithm looks like two ellipsoid clusters
situated parallel to each other. This pattern is qualitatively the same for all PCA
models in 2D, up to scaling and rotation. The EncoderMap latent space in two
dimensions on the other hand consists of two densely populated clusters, which seem
to be located around a straight line, connecting the two with a sparsely populated gap
in between. Outside the densely populated clusters, there are randomly distributed
outliers, which spread out perpendicular to the line outside the clusters and the
gap. This pattern is qualitatively the same for all EncoderMap models in 2D, up
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Figure 43: Rotated latent space of EncoderMap model 7 (Figure 42 right), aligned along
the axes with PCA.

to scaling and rotation. It should be mentioned that since PCA is a linear model,
the first axis in the 2-dimensional model is the same as in the 1-dimensional one,
while EncoderMap in two dimensions has no such connection to the 1-dimensional
case. Therefore, the first axis in the PCA model still represents the most variation
in the data and the second axis the second-most. In contrast, the orientation in the
EncoderMap latent space is arbitrary and the axes do not carry any meaning. It is
possible to align the data along the axes using PCA, used here to find an optimal
rotation and not as a dimensionality reduction algorithm. This rotated version of the
EncoderMap latent space of model 7 in two dimensions is visualized in Figure 43.
We will use both versions of the EncoderMap latent space interchangeably on the
following pages, depending on suitability.

iv.4 exploratory data analysis in the
latent space

In the following section, we concern ourselves with exploring the dataset in the 2-
dimensional latent spaces, created by the PCA and EncoderMap algorithms. We
examine these spaces to verify that these dimensionality reduction methods extract
meaningful information from the high-dimensional spaces, as well as to visualize and
gain insight into the dataset.

iv.4.1 independence of the data from region
To be sure that the complexity measure is independent of the region, we plot the
latent spaces of both of the algorithms and color the data points according to the
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Figure 44: Comparison of the latent spaces of model 7, trained with the PCA (left) and
EncoderMap (right) algorithm in two dimensions, colored by region. The latent spaces
do not separate the data by region, which shows that the latent spaces represent general
properties of societal development.

regions, which were introduced in section IV.1. If the models find relationships in
the development of societies which are general and are not connected to particular
regions, we expect that the regions are not clustered together in the latent space,
but rather randomly distributed. The respective plots in Figure 44 exhibit exactly
this property with the PCA latent space to the left and the EncoderMap one to the
right.

iv.4.2 time series behavior
The previous analyses did not take into account the ordered structure of the data,
namely that we are dealing with time series. Acknowledging the time-series character
of the data, we end up with 30 time series, one for each NGA defined in section IV.1.
The distribution of the lengths of the time series is plotted in Figure 45. More than
half of the time series (16 out of 30) span less than 2,000 years, with several very
short ones only covering a few centuries. The longer time series vary greatly, with
lengths of up to over 11,000 years.

iv.4.2.1 Influence of time on the latent space

To get an idea of the behavior of the data, we plot the latent space colored by absolute
time in the standard Gregorian calendar. In Figure 46 the data is visualized in the
respective latent spaces, PCA to the left and EncoderMap to the right, with the color
encoding the year of the data points. The brighter (the more yellow) the points
are, the more recent is the data, while the darker colors represent older data points.
Taking into consideration the colors, going from black to blue to green to yellow, the
evolution of the data over time can be reconstructed in the latent space. We observe



100 social complexity

Figure 45: Distribution of length of the 30 time series in imputed dataset 7, each from
one natural geographic area (NGA). The distribution is leaning towards shorter time
series of a few thousand years.

Figure 46: Comparison of the latent space of model 7 trained with the PCA (left) and
EncoderMap (right) algorithm in two dimensions, colored by absolute time in the Gre-
gorian calendar.

that most of the recent brightest points lie on the very left of the left cluster, while
most of the darkest old points belong to the right cluster or lie to the far right of
the left cluster. The overall temporal pattern - going from mostly older points to
mostly newer points, when going from right to left - suggests that social complexity
increases in this direction, while there are still a lot of more recent points found in
the area of lower complexity.
Another perspective on the data is visualized in Figure 47, where the color encodes
the relative position in their respective time series as the fraction passed. We observe
that most of the 30 time series either start somewhere in the right cluster or far to
the right of the left cluster, while most of the time series end to the left of the left
cluster, which we identify as the location of higher complexity. This implies that
most time series either start and end in the left cluster or they start in the right
cluster and end in the left cluster, while having an unknown amount of transitions
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Figure 47: Comparison of the latent space of model 7 trained with the PCA (left) and
EncoderMap (right) algorithm in two dimensions, colored by the fraction of the respec-
tive time series passed.

Figure 48: Comparison of the latent space of model 7 trained with the PCA (left) and
the EncoderMap (right) algorithm, both clustered with c-means.

in between. To investigate this behavior further, we look at transitions between the
clusters in the following chapter.

iv.4.2.2 Transitions between clusters

To investigate the transitions between the clusters, we first need a model to be able
to associate the points to its respective clusters. There exists a plethora of different
clustering methods, the most prominent being the k-means clustering algorithm. The
k-means algorithm only gives a hard clustering, however, separating the data into
distinct (Voronoi) cells. We use a different, soft clustering approach, which gives a
measure of membership to each of the clusters for all points, more specifically the
fuzzy c-means algorithm. This algorithm is a soft clustering extension of the k-means
algorithm (see also subsection II.3.2.2).
In Figure 48 the results of clustering the data into k = 2 distinct clusters is depicted
with the PCA latent space on the left and EncoderMap on the right. The cluster
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Start
End

Blue Green

Blue 11 16

Green 1 2

(a) PCA 2D

Start
End

Blue Green

Blue 11 16

Green 1 2

(b) EncoderMap 2D

Table 1: Comparison of the start and end clusters of the 30 NGA time series in the
latent space of PCA(left) and EncoderMap(right). In the respective latent spaces the
blue cluster (right) is associated with lower complexity while the green cluster (left) is
associated with higher complexity.

centers are shown as red squares. In both cases the algorithm captures the clusters
well and the centers are located in the dense regions. In between the dense cluster
regions there exists a transition region, which is populated less densely with points,
while these points are distributed on a wider range along the second axis. Although
the fuzzy c-means algorithm is a soft clustering algorithm, the memberships are
depicted as hard associations, attributing each point to the cluster with the highest
certainty. This is comparable to using the k-means algorithm, but we will make use
of the uncertain nature of the assignments later on. Having established the clusters,
we can now analyze the transitions between them.
To verify the implications of Figure 47 that the majority of the time series start in
the right hand cluster and end in the left hand one, we look at the statistics of the
start and end clusters of the time series. The results of this analysis can be found in
Table 1. It immediately stands out that the statistics of both of the different latent
spaces match. This does not mean, however, that the mapping of the points to the
clusters is the same and it will turn out not to be. It can be a hint though that the
assignment may be similar. Inspecting the table, we find that 27 out of 30 time series
start in the blue cluster of lower complexity, while only a slight majority of 18 out
of 30 time series end up in the green cluster of higher complexity.
Since Table 1 does not make a statement about the amount of transitions in each
time series, we provide this information in Figure 49. Here, we find that the cluster
assignments are indeed not identical and that transitions between the clusters appear
to be rare in general. Slightly less than half of the time series (13 out of 30) do
not contain a transition at all, while about half of the time series contain only one
transition and a minority of a few time series contain three transitions. Combining
Figure 49 with Table 1 leads to the conclusion that all of the 13 time series which
start and end in the same cluster (the diagonal of Table 1) do not contain a transition
at all. Furthermore, most of the time series that contain a transition only transition
once from the blue to the green cluster.
The only difference between the different latent spaces in Figure 49, is, that in the
PCA latent space there exists one more time series with three transitions, which in
contrast appears to have only one transition in the EncoderMap latent space. It was
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Figure 49: Comparison of the distribution of transitions between clusters in the 30 NGA
time series for the latent space of PCA (left) and EncoderMap (right). Most time series
exhibit a single transition or no transition at all. The similar distributions suggest that
both latent spaces capture similar trends.

stated before that the less densely populated region between the cluster centers can
be interpreted as a transition region between the dense clusters. This could be the
reason for the difference of transitions between the latent spaces. Since the decision
boundary - which point is assigned to which cluster - is exactly in the middle between
the cluster centers, this boundary is somewhat arbitrary. It is not apparent to which
cluster points in the transition region belong and whether they belong to a cluster at
all. To consider this argument, we introduce a transition region between the clusters
and examine the impact of the transition region on the transition statistics.
As we use a soft clustering algorithm, the algorithm provides us for each point with a
measure of certainty that the point belongs to each of the clusters. To use a consistent
criterion for declaring points as transitory, we take a fixed percentage of all the points
(here 15%), for which the uncertainty is highest. More specifically, we declare a
fixed fraction of points as transitory, which exhibit the property that the absolute
difference between the measure of certainty for both of the cluster assignments is
minimal. This naturally gives points in the region between the clusters, where the
algorithm is least certain about the cluster assignment. A fixed percentage is chosen
so that the transition regions between PCA and EncoderMap can be compared.
The respective latent spaces with the clustering and the transition region are shown
in Figure 50, with the PCA latent space on the left and the EncoderMap on the right.
The criterion for a transition state, defined above, defines a reasonable transition
region as expected, although the margin now becomes a new parameter which has
to be chosen and is somewhat arbitrary.
In Table 2 the statistics of the start and end clusters of each of the 30 NGA time
series is shown, with the transition state as an additional cluster the points can be
assigned to. Naturally, a fraction of the previously hard clustered time series now
changes to the transitory state. In contrast to the hard clustering in Table 1, the
statistics do not agree any more between the methods. The tables share common
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Figure 50: Comparison of the latent space of model 7 trained with the PCA (left) and
the EncoderMap (right) algorithm, both clustered with c-means and a declared transition
margin of 15%.

Start
End

Blue Green Gray

Blue 7 12 6

Green 0 2 0

Gray 0 0 3

(a) PCA 2D

Start
End

Blue Green Gray

Blue 8 14 5

Green 0 2 0

Gray 0 0 1

(b) EncoderMap 2D

Table 2: Comparison of the start and end clusters of the 30 NGA time series in the
latent space of PCA (left) and EncoderMap (right). In the respective latent spaces the
blue cluster (right) is associated with lower complexity while the green cluster (left) is
associated with higher complexity. In between the clusters is a transition region which
belongs to none of the clusters (gray).

ground in the statement, however, that most of the time series start in the blue cluster
of low complexity (25 for PCA, 27 for EncoderMap) and approximately half of them
end up in the green cluster of high complexity (12 for PCA, 14 for EncoderMap).
Apparently, for a fraction of the time series which started in the blue cluster, the
end cluster was not as certain as implied in the previous analysis and they are now
categorized as ending in the transition region (6 for PCA, 5 for EncoderMap).
Another important point the statistics in both latent spaces agree on, is, that none
of the 30 time series end in a cluster with lower complexity than they started in. Of
course the complexity may fluctuate, may drop within one cluster and even transitions
might occur, but the general trend appears to be towards higher social complexity in
the long run. This confirms the general trend implied in Figure 46 and Figure 47,
where the temporal evolution of the data in the latent spaces is shown. Naturally,
we expect this trend to be reflected in the data, as we all know the development of
the human species over the last centuries. Furthermore, the statistics in both latent
spaces appear to agree on two time series starting and ending in the green cluster
of higher complexity, while disagreeing about the amount of time series starting and
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Figure 51: Comparison of the distribution of transitions between clusters in the 30 NGA
time series for the latent space of PCA (left) and EncoderMap (right), with a declared
transition margin of 15% of the data. Most time series exhibit a single transition or no
transition at all.

also ending in the transition region (3 for PCA, 1 for EncoderMap). Since not all of
the time series span several millenia, the two time series which start and end in the
green cluster, suggest that they are among the more recent ones.
In Figure 51, the distribution of the amount of transitions in the 30 NGA time series
is visualized, with the PCA latent space on the left and EncoderMap on the right.
Here we only count the transition when it is from one cluster to the next, surpassing
the transition region. In both latent spaces there exist two time series with three
transitions and around 10 with one transition (10 for PCA, 12 for EncoderMap).
Since the amount of time series in Table 2, which start in the blue cluster of low
complexity and end up in the green cluster of high complexity, exactly matches the
amount of time series in Figure 51 which exhibit transitions, we conclude that these
are the same time series. All other time series do not contain transitions between
the clusters, albeit containing transitions into the transitory region.

iv.4.2.3 Region time series in latent space

As described in section IV.1, the data consists of 30 time series from natural geo-
graphic areas (NGAs), while always three belong to a particular region respectively.
In this chapter, we visualize these three time series respectively for several regions
in the respective latent spaces to give some exemplary insight into the behavior of a
selection of different NGA time series. The rest of the data is slightly implied in the
background to give context to the trajectories of the time series. The points in the
time series are color-coded by the year in the Gregorian calendar.
In Figure 52 the three time series for the Europe region are shown in the latent space
of PCA to the left and for EncoderMap to the right. The time series for Latium and
the Paris Basin contain a single transition from the right cluster of lower complexity
to the left cluster of higher complexity at around year zero, probably related to the



106 social complexity

Figure 52: Comparison of the time series in Europe in the latent space of PCA (left) and
EncoderMap (right) in two dimensions colored by region.

Figure 53: Comparison of the time series in South Asia in the latent space of PCA (left)
and EncoderMap (right) in two dimensions colored by region.

Roman Empire. In contrast, the time series for Iceland is way more recent, starting
around year 1000 in the right cluster of lower complexity and only manages to
progress into the transition region.
In Figure 53 the three time series for the South Asia region are visualized in the
latent space of PCA to the left and for EncoderMap to the right. The time series for
the Kachi Plain is one of the time series exhibiting three transitions in both latent
spaces. The transitions are probably related to the data gathered from the Neolithic
archeological site Mehrgarh, which is situated in the Kachi Plain and today belongs
to Pakistan. The evidence dates back to starting between years -7000 and -5500
and the city appears to have been abandoned between years -2600 and -2000, which
probably constitutes the back-transition in the data.
In Figure 54 the three time series for the Southeast Asia region are visualized in the
latent space of PCA to the left and for EncoderMap to the right. It stands out that
all of the time series in this region contain relatively few data points and that none
of the time series contain a transition between the clusters. In fact, the time series
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Figure 54: Comparison of the time series in Southeast Asia in the latent space of PCA
(left) and EncoderMap (right) in two dimensions colored by region.

for the Cambodian Basin and the Central Java natural geographic regions are the
only two time series, which start and end in the green left cluster in Table 2. The
color scale shows that all of the time series span only comparatively recent times,
starting around year zero.
When comparing the time series in the latent spaces of PCA and EncoderMap, we
observe qualitative agreement for a lot of the visualized trajectories (while the direc-
tions along the y-axes in latent space appear to be mirrored). This implies that both
of the algorithms pick up on similar relationships in the data.

iv.4.3 interpreting the latent space
In this section we want to investigate the effect the input variables in the high-
dimensional space (i.e. the CCs) have on the latent variables in the low-dimensional
spaces and explore if certain input variables drive the latent variables predominantly.

iv.4.3.1 Correlations between complexity characteristics

One thing to look at first is the correlation in the original data between the complexity
characteristics defined in section IV.1. Let Xi be the data of the i ∈ {1, . . . , 9} respec-
tive complexity characteristics. Then the (Pearson) correlation coefficient between
two complexity characteristics i, j ∈ {1, . . . , 9} is defined as

ρXi,Xj
=

E
[
(Xi − µi)

(
Xj − µj

)]

σXi
· σXj

, (IV.11)

with µi,µj being the means and σi,σj being the standard deviations of the respective
CCs. The correlation matrix in Figure 55 shows all possible correlations between
the different CCs. The values in the matrix shown are determined by calculating the
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Figure 55: Correlation between complexity characteristics (CCs). The overall high cor-
relation between the CCs suggests that the information can be compressed into fewer
variables.

correlation matrix for each of the 20 imputed datasets and then taking the average.
We find the behavior to be very consistent over all of the 20 imputed datasets with
the maximum standard deviation being σmax = 0.013 and we therefore do not show
the respective standard deviations.
The high correlation values imply that each of the complexity characteristics contain
overlapping information. This is often a prerequisite for dimensionality reduction
since this shared information can then be described by fewer variables. As the
Pearson correlation only captures linear relationships, the correlations shown in the
correlation matrix can be exploited by both, linear and non-linear dimensionality re-
duction techniques, namely PCA and EncoderMap that we use in this scenario. There
may exist further non-linear relationships, however, which only non-linear techniques
like EncoderMap can take advantage of. On the one hand high correlation in the
high-dimensional variables is important for dimensionality reduction techniques to be
able to find good low-dimensional representations, on the other hand it complicates
interpreting the resulting mappings, as we will see later. Sensitivity analyses are
often distorted by (already approximate) colinearities in the input variables, since it
is unclear in which manner effects on the target values are supposed to be attributed
to the colinear input variables.

iv.4.3.2 PCA specific analysis methods

As PCA is a linear method, we have certain methods for interpreting the dimen-
sionality reduction mapping available, for which no equivalent exists for non-linear
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Figure 56: Absolute loadings of the complexity characteristics on the first principal
component (left) and on the second principal component (right). The absolute loadings
shown here can be interpreted as a form of feature importance.

methods. In Figure 56 the loadings of the nine complexity characteristics (defined
in section IV.1) on the first two principal components are shown. The loadings can
be understood as the impact the CCs have on the position along the respective axis
and therefore represent a form of feature importance. To get the average loadings
over the 20 imputed datasets, the PCA algorithm was applied to each of the imputed
datasets and the average of the absolute loadings was determined. The error bars
are the standard deviations belonging to the respective values. The left hand side
of Figure 56 shows that each of the complexity characteristics load equally strongly
on the first principal component, which can be interpreted as each of the complexity
characteristics equally impacting this 1-dimensional measure of social complexity.
Hereby, the loadings are very consistent over all the imputed datasets, as they have
a vanishingly small error bar. This plot is basically reproducing the plot in the lower
right corner of Figure 33, which was reproduced from the original publication [163].
The loadings on the second principal components are varying more on both, between
the complexity characteristics as well as between the different imputed datasets, as
is implied by having a larger error bar on the values. The complexity characteristics
of levels, government and infrastructure seem to load less on the second principal
component, while the others appear to load approximately the same on it.
Another way to visualize the loadings is a PCA biplot, which is shown in Figure 57.
Here, the directions are shown in which the complexity characteristics drive the values
in the latent space. The vectors are scaled versions of the values of Figure 56 and
were shifted away from the origin to increase visibility. By imagining the projection
of the vectors on the first axis, one can see that all of the complexity characteristics
load on the first principal component equally. All of the complexity variables drive
the points in the latent space to the left, which is the direction of higher social
complexity. Imagining the projections on the second axis, we reproduce that levels,
government and infrastructure load less on the second principal component than the
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Figure 57: PCA biplot showing the direction of the high-dimensional complexity char-
acteristics (input variables) in the latent space. The arrows show the directions in which
a point is driven, when the respective complexity characteristics (CCs) are increased.
Higher CCs all drive the points in latent space to the left (higher social complexity),
while CCs of scale drive the points up and non-scale CCs drive the points down.

other complexity characteristics. In the original paper [163], it was hypothesized that
social complexity is driven by two distinct groups of complexity characteristics:

1. Complexity characteristics of scale:
Encompassing variables of size (polity population, polity terrain, capital popu-
lation), combined with the variable describing hierarchical organization (levels).

2. Non-scale complexity characteristics:
All the other variables, representing organisation and technology, e.g. amongst
others, specialization of roles and products.

These two groups of variables appear to drive the second principal component in
Figure 57. The complexity characteristics of scale drive the points in the latent
space in the direction of the second principal component (up), while the non-scale
complexity characteristics drive the points in the opposite direction (down). The value
of the second principal component can thus be interpreted as a form of imbalance
between complexity characteristics of scale and non-scale.

iv.4.3.3 Correlation with latent space variables

Another way to investigate feature importance is to determine the correlation between
each of the input variables (CCs) with each of the latent space variables.
The correlation of all the complexity characteristics with the principal components of
PCA is shown in Figure 58, with the correlations with the first principal component
being on the left and the correlations with the second principal component on the
right. Notably, the left figure shows a strong negative correlation of all the complexity
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Figure 58: Correlations of the complexity characteristics with the first principal compo-
nent (left) and the second principal component (right) of PCA. All correlations with the
first principal component are negative (left) as increases in all CCs drive the respective
point in the latent space towards negative x-values, which represent higher complexity
(note all arrows pointing to the left in Figure 57). There exist two groups of CCs - dis-
tinguished by positive and negative correlation with the second principal component
(right) - which drive the respective point in the latent space along or against the y-axis,
when increased (note the groups of arrows pointing up and down in Figure 57).

characteristics with the first principal component, showing again that higher values
in all of the complexity characteristics drive values in the PCA latent space to the
left. The small error bar in the correlations implies that this behavior is consistent
over all the models built from different imputed datasets.
Since the sign of the direction of the principal components is not unique, some of the
axes of the second principal components were flipped. To make the correlations com-
parable, the dominating directions of the models over the 20 imputed datasets were
chosen, which are the directions visualized in Figure 57. The correlations with the
second principal component (on the right hand side of Figure 58) are notably weaker
than with the first one, but are still relatively consistent over the 20 datasets, which
hints at them not only being random noise. The first four complexity characteristics
are positively correlated with the second principal component, while the other five
are negatively correlated with it, which is equivalent to what was already found in
Figure 57. In fact, it can be shown that the correlations in PCA are equivalent to
the loadings scaled by the square root of the respective eigenvalue, which explains
the similarity to Figure 56.
In Figure 59 the correlations of the complexity characteristics with the axes in latent
space of EncoderMap 2D are shown, with the correlations with the first axis on the
left and the correlations with the second axis on the right. The correlations with the
first axis appear to be similar to the first axis of PCA in Figure 58. As the Pearson
correlation coefficient only measures linear correlation, this suggests the conclusion
that the first axis of EncoderMap captures at least the same linear relationships as
the first principal component of PCA with possible further non-linear relationships
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Figure 59: Correlations of the complexity characteristics with the first latent variable
(left) and absolute correlations with the second latent variable (right) in the EncoderMap
2D latent space of model 7. Similar to PCA, an increase in all CCs drives the respective
point in EncoderMap latent space towards negative x-values in the direction of higher
complexity (expressed by the negative correlation of all CCs along latent variable 1, left
figure). Along the second latent variable the impact of the CCs differs between the
imputed datasets as indicated by the error bars.

that are not represented in the correlation coefficient. For the correlations of the
CCs with the second axis of EncoderMap 2D, the sign structure varies greatly over
the 20 imputed datasets so that we take the absolute value to be able to at least
compare the strength of the correlations between different models. The comparatively
big error bars on the correlations in the visualization on the right side of Figure 59
only leave the conclusion that the correlations with the second axis of EncoderMap
2D models are not consistent between different imputed datasets.
This can be due to several reasons. First of all, PCA guarantees by definition that
the axes are independent (linearly uncorrelated), while EncoderMap does not. As all
the EncoderMap 2D models are rotated to have the most variance on the first axes,
the behavior on the first axis appears to be similar, but there is no such comparability
between the second axes. Since there exist different sign structures for the correla-
tions between the different imputed datasets, the models also appear to catch on to
different (sometimes probably also spurious) relationships depending on the model.
Another fact may be that non-linear relationships are used by EncoderMap that are
not captured by the linear Pearson correlation coefficient. As the performance com-
parison in Figure 41 hints at EncoderMap 2D being superior to PCA in terms of
performance, all these reasons probably have a say and the correlation analysis for
EncoderMap 2D should be taken with a grain of salt.

iv.4.3.4 Model-Agnostic interpretation methods

With the advent of large scale machine learning and deep learning the last decades,
models have become significantly more complex with hundred thousands of parame-
ters that often do not allow for easy interpretation of their behavior. The more these
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models are deployed and their decisions impact our everyday life, the more the need
for interpretability grows. This is one of the main challenges the emerging fields
of interpretable machine learning and explainable artificial intelligence aim to solve.
This chapter is based on information from [164], which is an excellent free book on
the topic.
Since EncoderMap is already considered a deep neural network, it suffers from the
same lack of interpretability and we are forced to use methods from this field to get
a glimpse of what it is doing with the data. In this section, we will apply the method
of Shapley values on both the PCA and EncoderMap mappings to examine influence
of the input variables (CCs) on the latent spaces.

Shapley values

Shapley values are a concept from cooperate game theory. They were introduced
in 1951 by Lloyd Shapley [165], who was awarded the nobel price in economics for
them in 2012.
Given a set P = {1, . . . ,n} of n players and a value function v : 2P 7→ R, which
measures the value v(S) a subset of players S ∈ 2P create together, the Shapley
values are defined as

ϕi =
∑

S⊆P\{i}

|S|! (n− |S|− 1)!
n!

(v(S∪ {i}) − v(S)) , (IV.12)

while the additional condition needs to be fulfilled that no players create no value,
v(∅) = 0. For a given coalition of players S, the term v(S∪ {i}) − v(S) describes the
value a player i is bringing to the coalition. The Shapley value ϕi for player i then
represents the average value, which player i contributes over all possible coalitions.
The factor in the formula is the inverse of a multinomial coefficient counting the
number of ways the players in S can be ordered, making the expression independent
of ordering of players. In other words, the Shapley value ϕi measures the average
value a player i contributes to a given coalition S ⊆ P \ {i}.
Considering the players P collaborate and create the value v(P) together, it can be
shown that the only "fair" payout method is giving every player i their respective
Shapley value ϕi. "Fair" in this context means that Shapley values can be shown
to be the only attribution method fulfilling the properties of efficiency, symmetry,
dummy and additivity:

• Efficiency:
The value is completely distributed between the players:

∑
i∈P ϕi = v(P).

• Symmetry:
If two players i, j ∈ P contribute equally in the sense that they create the same
value v(S ∪ {i}) = v(S ∪ {j}) for all possible coalitions S ⊆ P \ {i, j} then they
also receive the same payout ϕi = ϕj.
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• Dummy:
A dummy player k, who does not contribute to any coalition, i.e. v(S∪ {k}) = 0

∀S ⊆ P \ {k}, does not get any payout ϕk = 0.

• Additivity:
If the players P cooperate in two games creating value v1(P) + v2(P) then the
payout for each player i is ϕ1

i +ϕ2
i .

Interpreting models with Shapley values

To make the connection back to interpreting machine learning models, the features
(input variables) of a model can be considered as playing a game with the prediction
being the value function. Shapley values of the features in this scenario then describe
the fair attribution of the share in the prediction to each of the individual input
variables. With this method, theoretically, we can get an interpretation for every
individual prediction, in the sense that we get a decomposition of a prediction value
into Shapley values of the features, which represent the share or influence of the
features in this particular prediction.
In reality this idea suffers from two bottlenecks:

1. For the calculation of Shapley values the average over all subsets of features
needs to be calculated. The number of subsets grows exponentially with the
number of features and quickly becomes infeasible, when more features are
present.

2. It is not defined in which way a feature can be removed from a prediction, since
the model usually has a fixed amount of input variables. Schemes for remov-
ing a feature often involves sampling, creating and using data the model was
never trained on, giving non-viable predictions. This is especially true when
features are correlated, since the sampling procedures do not take correlation
into account.

It follows from the Symmetry property of Shapley values that if we replace a feature
with two of the exact same features, the previous Shapley value of the feature is
split up between the two new equal features. This gives a hint as to what happens
with correlated features: The more correlated features are, the more information they
share and so the attribution for this shared information is fairly split between the
two correlated features. Naturally, this complicates interpretation, since this shared
information could have been an isolated feature on its own to which the value would
have been attributed to in a more interpretable manner. So correlation between
features leads to a smearing out of the contribution over all the correlated variables.
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(a)

(b)

(c)

Figure 60: Interpretation with Shapley values for a single point in PCA 2D latent space
of model 7, emphasized with an arrow in (a). The decomposition in Shapley values
is shown in the force plots below for principal component 1 (b) and principal compo-
nent 2 (c).

Results of Shapley analysis

To approximate the Shapley values, we use the SHAP (SHapley Additive exPlana-
tions) package [166].

local interpretation with shapley values

To demonstrate how interpretation with Shapley values works, we show the Shapley
values for the same exemplary data point in PCA 2D latent space (Figure 60) and in
EncoderMap 2D latent space (Figure 61). The interpretation is done for each of the
axes independently, since a scalar value function is needed for Shapley values. The
point chosen belongs to the left cluster of higher complexity (as defined in Figure 50),
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(a)

(b)

(c)

Figure 61: Interpretation with Shapley values for a single point in EncoderMap 2D
rotated latent space of model 7, emphasized with an arrow in (a). The decomposition
in Shapley values is shown in the force plots below for principal component 1 (b) and
principal component 2 (c).

while being an outlier of varying degree along the second axis in both of the latent
spaces.
The force plots in (b) and (c) show the decomposition of the position in the respective
latent spaces into Shapley values for both of the axes. Since the data is centered in
both latent spaces, the base value equals zero and the coordinates of each data point
correspond to the sum of its respective Shapley values. As both latent spaces have
different scales, the absolute Shapley values can not be compared directly, while the
relative impact of the complexity characteristics on the respective predictions can be
checked against each other qualitatively.
Comparing the force plot (b) in Figure 60 and Figure 61, which show the impact of
the complexity characteristics on the position along the respective first axis for this
particular data point, we find that the explanations are qualitatively the same. In
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Figure 62: Mean of Shapley values over the whole dataset for the first principal compo-
nent in PCA latent space of model 7 (left) and distribution of Shapley values for each
complexity characteristic (right).

both plots the position in latent space is driven to the left towards higher complexity
by all of the complexity characteristics except for the polity territory (PolTerr), albeit
in slightly different proportions (compare (b) of Figure 60 and Figure 61). The value
for polity territory appears to deviate from the usual values expected from the values
of the other complexity characteristics, driving the point in latent space a bit back to
the right towards lower complexity. When comparing the force plots for the second
latent axis (plot (c) in Figure 60 and Figure 61 respectively) the plots appear to
agree on the outlier character of the point along this axis, mainly being driven by
the values for the complexity characteristics of polity territory (PolTerr) and money.
Although both latent spaces exhibit a different structure and the impact of different
complexity characteristics may vary between the latent spaces, Shapley values still
allow to qualitatively compare the main reasons for the latent space placings.

global interpretation with shapley values

To obtain a global view on the influences of the complexity characteristics on the
placements in the respective latent spaces, the decomposition into Shapley values
analogously to Figure 60 and Figure 61, as described in the previous paragraph, is
carried out for each of the data points. The results for the first principal component
of the PCA latent space are shown in Figure 62. These decompositions over the
complete dataset give a distribution of contributions for each of the complexity char-
acteristics, showing a global picture of their effects on the output (right). The mean
of the absolute Shapley values for each of the complexity characteristics represents
a measure of the mean impact on the output and can be interpreted as a form of fea-
ture importance (left). It can be qualitatively compared to the loadings in Figure 56,
which also represent a variant of feature importance. Here, the two most important
(Texts, PolPop) and two less important (Money, PolTerr) features are the same while
the other features are in a different order, but are still qualitatively recognized as
being almost equally important.
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Figure 63: Mean of Shapley values over the whole dataset for the second principal
component in PCA latent space of model 7 (left) and distribution of Shapley values for
each complexity characteristic (right).

On the right hand side of Figure 62 the distribution of Shapley values is shown for
each of the complexity characteristics. Higher feature values are represented with
red color, while low feature values are in blue. That the red points of the distributions
are positioned on the left, at negative Shapley values, restates the fact that higher
values in all of the complexity characteristics drive points in the latent space to the
left towards higher complexity, while low values do the opposite. Furthermore, all
the distributions extend similarly with often having some places with more density at
the edges. This already hints to all of them being more or less similarly important.
The text feature being the most important probably stems from its density being
concentrated at the edges. The distribution for the money feature stands out as
having a discrete character. Lastly, the distributions are not symmetric around zero,
which is due to the data in latent space extending further to the right than to the
left.
In Figure 63 the same plots are depicted for the second principal component of PCA
with the distributions of Shapley values for each complexity characteristic to the right
and the mean abolute Shapley values to the left. In contrast to the distributions in
the first principal component (Figure 62), the distributions in Figure 63 vary more
greatly and (a) shows, for example, that the polity territory (PolTerr) feature has more
impact on the second principal component than the government feature. Looking at
the impact of higher feature values (red) in (b), we find that higher feature values
in polity territory (PolTerr), capital population (CapPop), polity population (PolPop)
and levels drive the prediction up in varying degrees in latent space along the
second principal component axis, while higher feature values in the other complexity
characteristics drive the prediction down. These are the same directions already
found in the biplot in Figure 57. The plot showing the mean of absolute Shapley
values (Figure 63 left) is best compared to the loadings plot in Figure 56 to the right.
Although the order is sometimes swapped for complexity characteristics with similar
importance, the qualitative feature importance found is the same. One reason for
the differences could be fluctuations, as the Shapley values are only calculated for
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Figure 64: Mean of Shapley values over the whole dataset for the first latent variable
in EncoderMap 2D latent space of model 7 (left) and distribution of Shapley values for
each complexity characteristic (right).

Figure 65: Mean of Shapley values over the whole dataset for the second latent variable
in EncoderMap 2D latent space of model 7 (left) and distribution of Shapley values for
each complexity characteristic (right).

one particular model, while the loadings are averaged over all of the models. These
findings validate that the interpretation with Shapley values is consistent with other
interpretation methods like loadings, which are available for PCA.
Although these particular interpretation methods are not available for other algo-
rithms, Shapley values are model-agnostic and can also be used for neural networks
like EncoderMap. The respective plots are shown in Figure 64 for the first latent
variable and in Figure 65 for the second of the EncoderMap 2D latent space. Com-
paring the plots for the first principal component of PCA (Figure 62) with the plots
for the first latent variable in EncoderMap 2D latent space (Figure 64), the plots
draw qualitatively the same picture, with a few exceptions. In both latent spaces
higher feature values drive the prediction to the left in all complexity characteristics.
Furthermore, the text feature appears to have the biggest effect on the prediction,
while polity territory (PolTerr) and money are less important. The biggest difference
along these axes is the infrastructure feature, which scores last in importance for the
first latent variable in EncoderMap latent space, but is in the middle region for PCA
latent space.
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As before with the correlations in subsection IV.4.3.3, the latent spaces differ more
greatly along the second axis between PCA in Figure 63 and EncoderMap 2D in
Figure 65. While the polity territory (PolTerr) scores highest in feature importance
for the second principal component of PCA and money comes in second, the situation
is reversed for the second latent variable in EncoderMap 2D latent space: The money
feature appears to be the most important by far, with polity territory being second.
Although both algorithms identify the levels and government feature as being least
important for the second axis of both latent spaces, the overall importance structure
for both algorithms is quite different. This is expected, since in contrast to PCA,
EncoderMap is a non-linear method with no guarantee for independent axes.
Differences can also be found in the shape of the distributions (compare Figure 63
and Figure 65 respectively), with the distributions of Shapley values for the second
latent variable of EncoderMap 2D appearing to be more evenly spread out with one
or two places of higher density. When looking at where the high (red) and low
(blue) feature values are situated in the distributions in Figure 65, we can infer the
influence of different complexity characteristics on the position on the second axis in
EncoderMap 2D latent space. Thus higher values in the complexity charactersitics of
money, writing, infrastructure, texts and government drive the position up along the
second axis in latent space, while high values in the other complexity characteristics
drive the prediction down.
When comparing the directions, in which the different complexity characteristics drive
the position in the latent spaces, we find that these directions are opposite to each
other along the second axis in the latent spaces of PCA and EncoderMap for model
number 7. This information can be read off by comparing the direction of the color
gradient in Figure 63 (PCA) for each complexity characteristic with its counterpart
in Figure 65 (EncoderMap). The time series in subsection IV.4.2.3 reflect this insight,
as the time series mirror the directions along the second axis between the two meth-
ods. While for PCA the directions between models only differ by a global minus, for
EncoderMap the sign structure can vary independently for each complexity charac-
teristic. This leads to the structure of different latent spaces not being comparable
between models, as was already implied in Figure 59. These directions can easily
be read of from the global distributions of Shapley values and thus give a hint as to
where each input feature drives the prediction in latent space. Finally, each of the
distributions in the Shapley analyses show a well defined behaviour of a continuous
transition from blue to red values or vice versa. This is expected as a prerequisite
for a sensible latent space, where each change in the input variable has a smooth
effect in the latent space.
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iv.5 summary
In the present chapter, we have systematically compared the deep learning architec-
ture EncoderMap against the established linear method of PCA in their capacities
to find expressive low-dimensional representations of human history data describing
"Social Complexity". We find that EncoderMap outperforms PCA in all dimensional-
ity reduction tasks. More specifically, we find that EncoderMap is able to explain
80.9± 0.6 percent of the variance in one dimension compared to 77.2± 0.4 percent for
PCA and 89.0± 1.3 percent (EncoderMap) vs. 83.2± 0.3 (PCA) in two dimensions.
As the improvement in performance with non-linear methods over linear methods is
often paid for in interpretability, we looked at methods to interpret both of the latent
spaces found by the respective methods. Here, we uncover that EncoderMap picks
up on the same main relationships in the data as PCA, namely the two groups of
complexity characteristics of scale and non-scale, driving the placements in the latent
spaces. We think that this coherency between linear models and their non-linear
advancements is a crucial baseline to verify for rooting out non-sensical models that
can potentially occur in deep learning due to the high flexibility of the models. We
showed that using a non-linear method (EncoderMap) leads to a measurably better
latent space, while loosing some of the interpretability of the linear method (PCA).
Therefore, we advocate for a symbiosis of linear and non-linear methods: Linear
methods will stay relevant to identify and interpret the big driving factors in the
data, while non-linear methods allow to incorporate non-linear effects and therefore
improve the overall performance of the methods, as demonstrated in this chapter.
A big obstacle in this case study is the lack of sufficient data. Naturally, historical
data is very hard to acquire, as it takes a lot of historians, archaeologists and research
to even produce single data points that furthermore have large error-bars attached.
Because of that, the data is coarse and we can only conclude rather simple insights.
There appear to be only two big ’metastable basins’ in the data, a basin of low
complexity and a basin of high complexity with rare transitions between. There are
too few transitions and states to reasonably apply Markov state models for further
analysis. The most common transition is the transition from a state of low complexity
to one of high complexity, a rather obvious observation, when looking back at history.
The most profound insight was already stated in the original paper [163], namely
that the aspects of human social organization appear to co-evolve in similar ways,
but there are still a lot of interesting open questions left:

• Recent data:
Recent data including the industrial revolution and globalization is not present
in the data. As globalization erodes the notion of a locally isolated polity it
is not clear this data can even be looked at in this framework. Nonetheless, it
would be interesting to include this information as it probably would establish
a new third cluster of even higher complexity.
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• Amount of latent dimensions:
The majority of the variation in the data is unambiguously captured in one
dimension, independent of the dimensionality reduction method applied. When
adding additional latent dimensions, however, EncoderMap and PCA differ in
their statements (compare Figure 36). While the fraction of variance explained
gradually increases with additional dimensions for PCA, EncoderMap paints a
different picture. For EncoderMap, most fraction of variance explained is gained
until a latent space with three dimensions, while the rate of improvement drops
after that. An interesting question to investigate therefore would be whether a
latent space of dimension three is optimal and which relationships in the data
are caught in these dimensions.

• Non-linear effects: More generally, it would be interesting to conduct further
research into identifying the non-linear effects, which are captured by Enco-
derMap and that improve the performance of the representation over that of
PCA.



V
P E R S P E C T I V E S

In the present thesis we showed that deep learning, in the form of an autoencoder
architecture with a distant metric (EncoderMap), is able to construct descriptive low-
dimensional spaces in an unsupervised manner that are fit for modeling. Our two case
studies show that EncoderMap is a promising tool for dimensionality reduction in two
vastly different circumstances and is potentially applicable in even more contexts.
Our main result implies that our approach enables the modeling of molecules in-
silico in at least the same or even fewer dimensions than established methods, while
only using structural information. This result adds another modeling tool to the
already vast arsenal that is potentially able to improve the modeling process in
various scenarios. Naturally, as it is important to look at things from different angles,
there does not exist a one-size-fits-all modeling tool. It is important to use different
modeling tools depending on the task at hand and aim to retain as much of the
interesting information as possible throughout the modeling process, which usually
is mediated through the methods applied.
We believe that our approach has the capability to be applied to scenarios, where
no time series are available and only unordered structural data exists. This data is
often cheaper to generate (with e.g. Monte Carlo Simulations, which can be sped
up by trial moves), while time series need more computationally expensive molecular
dynamics simulations. It is important to emphasize that ordered data, like time series,
inherently contains more information than unordered data, as the order can always
be discarded and therefore ordered data can always be turned into unordered data.
Because of that, it is possible to apply algorithms that work on unordered data to
ordered data, but not the other way round. The drawback is that the information
inherent in the ordering is lost that way and not made use of. Both kinds of algorithms,
for unordered and for ordered data, will therefore stay relevant and should be applied
depending on the task.
This thesis successfully lays the groundwork for further research into the applicability
of EncoderMap-type deep learning methods by showing feasibility on two particular
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(model) problems. As feasibility does not mean practicability nor generalizability,
this work is not exhaustive and further research is needed. For the modeling of
molecules on the computer, potentially interesting directions for further research
include:

• Larger systems:
As we only did a feasibility study on a small system, the next step would be
to scale the approach up to a larger system and investigate the efficacy there.
It was already shown in [104] that the approach works for larger systems with
an autoencoder architecture without distance metric. This suggests that our
slightly different approach should also work for larger systems.

• Impact of the additional distance metric:
As mentioned in the previous point, the approach was already found to be
working without the additional distance metric that EncoderMap employs [104].
It would therefore be interesting to investigate the effect the additional distance
metric in our approach, using EncoderMap, has on the quality of the latent
space compared to using an autoencoder alone.

• Encoding of dynamical information:
Our work using EncoderMap [63] and the previously mentioned work using
autoencoders alone [104] strongly suggest that modeling is possible with struc-
tural data alone. This poses the question, where the dynamic information is
encoded that allows these methods to find good collective variables. A hint
might give diffusion maps [100–102], which also use structural data alone to
extract dynamical quantities. Following the theory of diffusion maps, the dy-
namics is encoded in the connectivity between data points, which ultimately
is encoded (locally) in the distances between (neighbouring) points. If this
applies as well for our approach, several conclusions worth investigating come
to mind: First of all, it would hint in favor of using EncoderMap, which also
reproduces distances, over using an autoencoder alone as in [104], an answer
to the previous point made in this list. Secondly, it would mean that the John-
son–Lindenstrauss lemma applies, which gives an upper bound for the amount
of dimensions needed to embed data points, while retaining distances between
them. It would be interesting to investigate with different systems, whether this
could be a good heuristic for the amount of dimensions needed to construct a
good latent space for modeling. Thirdly, it would be interesting to investi-
gate, whether and in which manner distances between points potentially need
to be rescaled to preserve correct dynamics when combining different biased
simulations.
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