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Abstract

Muonic hydrogen-like atoms, bound systems of a muon and an atomic nucleus,
are excellent probes for nuclear physics, because the muon is much heavier than
the electron and its wavefunction overlaps significantly more with the nuclear
charge distribution. This increased sensitivity to nuclear physics allows for precise
extractions of nuclear charge radii by measuring the Lamb-shift. The precision of
this extraction is currently limited by the uncertainty of nuclear structure effects,
which are not known as precisely as quantum electrodynamics effects, due to
the non-perturbative nature of the strong force at the low-energy scale relevant
to muonic atoms. This work addresses the calculation of the nuclear structure
corrections to the Lamb-shift of muonic helium and lithium atoms.

For muonic lithium, we calculate the nuclear structure corrections to the Lamb-
shift using a simplified model of the nuclear force. This allows us to perform
estimates, which are useful in view of the future planned experimental activities.
For muonic helium, the novelty of this work comes from the use of nuclear in-
teractions derived from the chiral effective field theory and of Bayesian inference
for quantifying the uncertainties. This combination of techniques puts the prob-
lem of quantifying theoretical uncertainties in nuclear physics into a more solid
statistical ground and defines a systematically improvable method for calculat-
ing observables. The main results of this work are new high-precision values for
nuclear structure corrections in muonic atoms, which can be used to update the
charge radii of 3He and 4He extracted from the recent muonic-atoms spectroscopy
experiments in muonic helium.

Due to partial cancellation of uncertainties, the squared difference in the nuclear
charge radii, δr2 = r2

c (
3He)− r2

c (
4He) can be obtained with more precision than

the nuclear charge radii itself. This quantity can also be precisely obtained from
spectroscopy experiments in ordinary helium atoms, which allows to perform con-
sistency checks between theory and experiments in electronic and muonic atoms.
Two publications of δr2, one using muonic atoms and the other using ordinary he-
lium atoms, were recently published, which resulted in a disagreement at the level
of 3.6 σ. Our updated theory of the nuclear structure effects supports the previous
value of δr2 coming from muonic atoms, and intensifies the current disagreement.
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1. Introduction

The hydrogen atom has historically been at the center of the development of mod-
ern physics. Explaining the gross features of its energy spectrum led Einstein,
Bohr, Pauli, Heisenberg, Schrödinger and many others towards the development
of quantum mechanics [7, 8]. The explanation of its fine structure inspired Dirac
to generalize the theory for relativistic particles [9]. The experimental discovery of
the Lamb shift [10] gave rise to the theory of quantum electrodynamics (QED) and
its validation by the famous calculations of Feynman, Schwinger and Tomonaga
proved that the world can be described in terms of quantum fields [11–13] at the
energy scale accessible by our experiments. Currently, the hydrogen atom is still
at the forefront of scientific research [14–16], given that its simplicity makes it an
ideal ground for exploring the limits of predictions from bound state QED [17]
and for determining the Rydberg constant, which is one of the most accurately
known fundamental constants of nature and it is an important ingredient in the
global adjustments of other fundamental constants [18].

The recent progress in trapping and studying simple atomic systems containing
electrons or muons has opened a new frontier of precision physics searches aimed
at discerning violations of lepton universality and possible interactions between
leptons not yet included in the Standard Model [19, 20]. This can be achieved by
comparing the high-precision spectroscopy experiments in positronium (Ps) [21],
a bound state of an electron and a positron, and muonium (M) [22, 23], a bound
state of a positive anti-muon and an electron, against the respective theory pre-
dictions based on the Standard Model. In comparison to purely leptonic systems,
muonic atoms, bound states of a muon and an atomic nucleus, can hardly test
lepton universality at the same level of significance, given that they suffer from
the large uncertainties associated with the nuclear structure effects. However, this
sensitivity to nuclear physics is not necessarily a negative feature. In fact, it allows
to directly probe possible forces between leptons and hadrons not yet considered
in the Standard Model and to establish new high-precision tests to nuclear physics.

Because the muon is roughly 200 times heavier than the electron, and accord-
ingly the Bohr radii of muonic atoms are much smaller compared to Bohr radii
of ordinary atoms, the wavefunction of the bound muon has a significant over-
lap with the nuclear charge distribution, which largely amplifies the corrections
to the atomic spectra due to the nuclear structure. This argument inspired an
experimental campaign aimed at extracting nuclear charge radii by performing
spectroscopy experiments in light-muonic atoms, which led over the years to the
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CHAPTER 1. INTRODUCTION

most precise determinations of the nuclear charge radii of the proton [24,25], alpha
particle [26] and helion [27], while experiments in heavier muonic atoms such as
muonic lithium [28] are planned for the future. The nuclear charge radii can be ex-
tracted form spectroscopy experiments in muonic atoms by comparing the result
of the experiments with the theory prediction. In particular, for the Lamb-shift
ELS, the sensitivity to the nuclear charge radius can be parameterized as

ELS = EQED + Cr2
c + ENS , (1.1)

where EQED comprises purely QED and nuclear recoil effects, while the other two
terms are related to the structure of the nucleus. In the second term of Eq. (1.1), we
made explicit the dependence over the nuclear charge radius rc. This dependence
allows for the extraction of nuclear charge radii by combining theory with laser
spectroscopy of muonic atoms. The last term ENS contains all the known nuclear
structure effects that do not contribute to C. For this extraction to be successful,
both experiments and the theory predictions must reach a high level of precision.
The most recent determinations of these factors are reported in Table 1.1, where
the nuclear structure corrections are separated as ENS = ETPE + E3PE, where ETPE

indicates the contribution from the two-photon-exchange diagrams and E3PE is the
contribution from the three-photon-exchange diagram.

ELS [meV] EQED [meV] C [meV fm−2] ETPE [meV] E3PE [meV]

µH 202.3706(23) 206.0344(3) −5.2259 0.0292(25) −0.0013(3)

µ2H 202.8785(34) 228.7740(3) −6.1074 1.718(20) 0.0022(9)

µ3He+ 1258.598(48) 1644.348(8) −103.383 15.370(310) −0.214(214)

µ4He+ 1378.521(48) 1668.491(7) −106.209 9.224(400) −0.165(165)

Table 1.1.: Experimental measurements (first column) of the Lamb-shift in muonic atoms
and theoretical predictions (the other columns) of the terms on the right side
of Eq. (1.1).

It is evident from Table 1.1 that the largest contribution to the Lamb-shift comes
from the QED term. However, it is also clear that most of the uncertainty in
Eq. (1.1) comes from nuclear structure effects. It is important to improve the cal-
culation of the nuclear structure effects, since better calculations allow for a more
precise extraction of the nuclear charge radii. This motivates the work of this the-
sis. Its scope is to re-examine the nuclear structure corrections in light-muonic
atoms in view of recent progresses in nuclear theory, with the goal of better quan-
tifying and possibly reducing the main sources of uncertainty. Our motivation for
this work is directly related to a better determination of the charge radii of light
nuclei, but it is not limited to this goal. A different approach is to experimentally
measure the Lamb-shift in muonic atoms, and use an independent measurement
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of the nuclear charge radii to extract a value for the nuclear corrections ENS. This
can be used as a benchmark to put our understanding of the nuclear interaction
to the test [26, 27] and improve the description of the nuclear polarizability.

This thesis is structured as follows. In Chapter 2, we develop the atomic the-
ory for calculating nuclear structure corrections to the Lamb-shift of hydrogen-like
muonic atoms; the primary purpose of this theory is to identify the relevant nu-
clear matrix elements which must be obtained from nuclear physics. In Chapter
3, we discuss our strategy for calculating these matrix elements. This strategy
is based upon deriving the interactions among nucleons as a low-energy effec-
tive representation of quantum chromodynamics, and then solving the nuclear
Schrödinger equation numerically without making use of any uncontrolled ap-
proximations. In Chapter 4, we identify Bayesian statistics as the ideal framework
for quantifying the uncertainties in the calculations. Accordingly, in this chapter
the Bayesian methods are briefly described and adapted for the estimations of the
most significant uncertainties associated to muonic atoms. Finally, in Chapter 5
we show the results of this work, while Chapter 6 is reserved for the concluding
remarks and a discussion on the future prospects.
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2. Atomic theory

In this chapter we derive a theory for calculating the nuclear structure corrections
to the Lamb-shift [10] of hydrogen-like muonic atoms. These corrections are col-
lected in the last two entries of Eq. (1.1) and their precise evaluation is crucial for
enriching the significance of precision spectroscopy experiments in muonic ions,
given that they currently dominate the uncertainty budget. Our definition of the
Lamb-shift, which follows the definition used in the literature devoted to muonic
atoms and that of CODATA [18], assumes no coupling between the total angular
momentum of the orbiting muon and the nuclear spin. Accordingly, the Lamb-
shift is defined as the difference between the 2P1/2 and 2S1/2 atomic energies,
ELS= E

(
2P1/2

)
- E
(
2S1/2

)
.

In describing the spectral lines of muonic ions, we start from the solution of
the Schrödinger equation for the muon bound by the Coulomb interaction to an
infinitely massive and point-like nucleus standing at the origin of the coordinate
system, see Figure 2.1 (left panel). The spectrum obtained from this theory differs
from the experimental one. This is expected given that many physical effects are
missing in such a model. However, the predicted and observed energy spectra are
not profoundly different. This is mostly due to the perturbative nature of QED, the
large separation of scales between nuclear and atomic physics, and the significant
difference between the masses of the muon and of the lightest nuclei. The missing
corrections can then be interpreted as refinements of the more basic picture ob-
tained from the Schrödinger equation, and they can be included in perturbation
theory. Nuclear structure effects originate from two distinct physical phenomena:
the dominant one is due to the finite-size of the nucleus, while the sub-leading
effect is due to the nuclear polarizability. This hierarchy is well explained by the
evidence that nuclear finite-size effects originate from order (Zα)4, where Z is the
nuclear charge and α the fine-structure constant, while the nuclear polarizabilities
start from order (Zα)5. Our goal is to elaborate a theory for the calculation of
these effects up to order (Zα)5, and also include selected corrections from higher
orders. As a consequence, our theory includes the leading nuclear polarizabilities
and the nuclear finite-size effects up to their sub-leading order. Unless otherwise
specified, throughout this thesis we will be working in natural units h̄ = c = 1.
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CHAPTER 2. ATOMIC THEORY

Figure 2.1.: Representation of the nuclear finite-size effects. Compared to the Coulomb
interaction between point-like particles (left), the muon at position r interacts
with the Coulomb field of the nuclear charge distribution ρch(s) generated by
the nucleons (right).

2.1. Nuclear finite-size

Nuclear finite-size corrections originate from the nuclear charge being distributed
over a finite volume. Because the muon spends some time inside the nuclear
charge cloud and experiences a smaller attraction compared to the case of a point-
like nucleus, the qualitative effect of the nuclear finite-size is to increase the atomic
energies. We define the unperturbed spectrum E(nL) and states |ϕnL⟩ of hydrogen-
like muonic atoms by the known solution of the Schrödinger equation in a Coulomb
potential radiated by a point-like nucleus at the origin of the coordinate system.
According to the discussion of the previous section, the nuclear finite-size effects
can be included in perturbation theory. They arise from the following perturbative
Hamiltonian [29]

∆Vc(r) = −(Zα)
∫

d3s ρch(s)

(
1

|s − r| −
1
r

)
= −(Zα)

∫
d3s ρch(s)

(
1

(r, s)>
− 1

r

)
,

(2.1)
where r represents the coordinates of the muon, r ≡ |r|, s ≡ |s| and ρch(s) is the
nuclear charge distribution, see Figure 2.1. The second equality holds if the charge
density is a scalar under rotation. The symbol (r, s)> selects the largest between
the norm of the two vectors. The Hamiltonian in Eq. (2.1) can be regarded as a
perturbation because the term in the bracket is generally small compared to the
point-like Coulomb interaction due to the large separation of scales between the
size of the atom and the size of the nucleus.
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2.1. NUCLEAR FINITE-SIZE

Our goal is to calculate nuclear finite-size corrections to the Lamb-shift up to
order (Zα)5. This means that we must calculate the nuclear finite-size corrections
to the energies of the 2S-states only, given that corrections to the 2P-states are of
higher orders. We expand the unperturbed 2S-wavefunction in powers of (Zα) as

ϕ2S(r) = ϕ2S

(
1 − mr(Zα) +

3
8
(mr)2(Zα)2 +O(Zα)3

)
, (2.2)

where ϕ2S is a shorthand for the value of the wavefunction at the origin of the
coordinate system. The correction to the energies1 of the 2S-states in first order
perturbation theory reads

∆E(1)
2S = ⟨ϕ2S|∆Vc(r) |ϕ2S⟩ . (2.3)

We calculate this expectation value up to order (Zα)5, obtaining

∆E(1)
2S =

2π

3
(Zα) ϕ2

2S

(
⟨r2

c ⟩ − (Zα)m ⟨r3
c ⟩+O

[
(Zα)2]) , (2.4)

note that ϕ2
2S is of order (Zα)3. Starting from order (Zα)5, we obtain further correc-

tions to the energies of the 2S states from second-order perturbation theory. These
corrections are expressed as

∆E(2)
2S = ⟨ϕ2S|∆Vc(r)G′(E2S)∆Vc(r) |ϕ2S⟩ , (2.5)

where

G′(En) = ∑
k ̸=n

|k⟩ ⟨k|
En − Ek

, (2.6)

is the reduced Green’s function for the Schrödinger equation of the muon in the
Coulomb field generated by the nucleus. In coordinate space it is expressed as [29]

G′(r, r′, En) = − m
2π

1
r>

[
1 − Zαm(r + r′)

− 2Zαmr>
(
log(βr>) + ψ(n) + 2γ − 1/n − 3/2

)]
+O(Zα)2 ,

(2.7)

where r = |r| and r′ =|r′| are coordinates in muon’s space, r> selects the largest
between r and r′, β = 2Zαπ/n, γ is the Euler gamma constant, and ψ(n) is the

1In what follows, ∆E(n)
2S is one specific nuclear finite-size correction to the energy of the 2S-

state of the atom, E(2S1/2). The superscript means that this correction originates from the n-th
order perturbation theory of the interaction in Eq. (2.1).
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CHAPTER 2. ATOMIC THEORY

digamma function. Keeping only terms contributing to order (Zα)5 we obtain

∆E(2)
2S =

2π

3
m(Zα)2 ϕ2

2S ⟨r3
c ⟩ −

π

3
m(Zα)2 ϕ2

2S

∫
d3s d3t ρch(s) ρch(t) |s − t|3 .

(2.8)

To summarize, the energy shift up to order (Zα)5 due to the finite-size of the
nucleus is given by the sum of ∆E(1)

2S and ∆E(2)
2S . We obtain

∆E2S =
2π

3
(Zα) ϕ2

2S

(
⟨r2

c ⟩ − (Zα)m ⟨r3
c ⟩+ (Zα)m ⟨r3

c ⟩ −
m
2
(Zα) ⟨r3

c ⟩(2) +O
[
(Zα)2])

=
2π

3
(Zα) ϕ2

2S

(
⟨r2

c ⟩ −
m
2
(Zα) ⟨r3

c ⟩(2) +O
[
(Zα)2]) , (2.9)

where
⟨r3

c ⟩(2) =
∫

d3s d3t ρch(s) ρch(t) |s − t|3 (2.10)

is the third Zemach moment. Taking into account that ELS= E
(
2P1/2

)
- E
(
2S1/2

)
,

the first term in Eq. (2.9) contributes to C in Eq. (1.1) as

C = −2π

3
(Zα) ϕ2

2S + ... , (2.11)

where the dots represent higher-order corrections which are not calculated in this
thesis, they are presented in details in Ref. [5] and mostly include radiative correc-
tions due to the electron-vacuum polarization.

The contribution to C derived in this section assumed a nucleus without spin.
For a general nuclear spin the problem is more complicated and requires care in
the definition of the nuclear charge radius. For instance, in the case of the proton
one has that the photon-proton interaction is parameterized in terms of the Dirac
F1(−q2) and Pauli F2(−q2) form factors, where q is the momentum transfer of the
photon-proton interaction vertex. The general convention is to define the proton
charge radius as the slope at q2 = 0 of the Sachs electric form factor GE(−q2),
which is an appropriate combination of F1(−q2) and F2(−q2). If this definition of
the proton charge radius is used, one sees that the correction to the Lamb-shift of
muonic hydrogen takes the form in Eq. (2.11) with the dots representing also an
effect coming from the Darwin-Foldy term [30], see for instance the discussion in
Chapter 6 of Ref. [31].

The second term in Eq. (2.9) is referred to as the Zemach correction

δZem = −π

3
m(Zα)2ϕ2

2S ⟨r3
c ⟩(2) .

This correction does not effectively contribute to the Lamb-shift of muonic atoms,
since it is analytically canceled by a term coming from the nuclear polarizabilities.
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2.2. NUCLEAR POLARIZABILITIES

Figure 2.2.: Pictorial representation of the polarization effects. Due to the Coulomb attrac-
tion, the center of the nuclear charge distribution moves towards the orbiting
muon. This increases the potential energy felt by the muon and lowers the
energies of atomic states.

2.2. Nuclear polarizabilities

The energy spectrum of a bound muon is affected by the polarization of the nu-
cleus. Polarizability effects are purely dynamical contributions which pictorially
can be interpreted as due to the protons in the nucleus being pulled away from
the nuclear center-of-mass due to the electromagnetic interaction with the orbit-
ing lepton. The distorted charge distribution then follows the lepton in its orbit
around the nucleus, lowering the energy levels of the atom [32], see representa-
tion in Fig. 2.2. The most complete derivation of this correction can be obtained
by relating the energy shift to the forward Compton amplitude, Fig. 2.3. When
the hadronic tensor is evaluated in the non-relativistic limit, the seagull correction
needs to be introduced to make the amplitude gauge invariant. The seagull term
effectively acts as a subtraction point that cancels an infrared divergence in the
transverse part of the amplitude.

Below, we derive the energy correction to the Lamb-shift coming from the dia-
grams in Fig. 2.3. By making some simplifying assumptions that work very well in
light-muonic atoms, we will express these corrections as sum rules or ground state
expectation values over the nuclear Hilbert space, namely as quantities that can be
either extracted from experiments or calculated from first principles using ab-initio
nuclear theory. The derivation of the formula follows from a lengthy calculation.
In the main part of the thesis we only describe the main results. The interested

9
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Figure 2.3.: (a): Self-energy correction to the bound muon spectrum due to the nuclear
polarization. (b): ladder diagram. (c): crossed diagram. (d): seagull diagram.

reader can consult the Appendices A, and B where the derivation is reported in
full.

The sum of the three Feynman diagrams in Fig. 2.3 is here expressed as a product
of leptonic Lµν(q, k), gauge Dµν(q) and hadronic Hµν(q,−q) tensors. Accordingly,
the total amplitude reads

iM =
∫ d4q

(2π)4 Lµν(q, k) Dνσ(q) Dµρ(−q) Hσρ(q,−q) , (2.12)

where q denotes the 4-momentum of the photon loop and k denotes the 4-momentum
of the bound lepton. In this section we discuss each of the tensors separately, and
combine them together at the very end.

Leptonic tensor. We start with the evaluation of the leptonic tensor. As opposed
to the notation in Eq. (2.12), here it is convenient to explicitly show the dependence
of the leptonic tensor over the spin of the muon, namely Lµν(q, k) ≡ Ls

µν(q, k).
Since muons are structureless spin-1/2 particles, the leptonic tensor follows di-
rectly from the QED Lagrangian as

Ls
µν(q, k) =

[
− ie2

(k − q)2 − m2 + iϵ

]
ūs(k) γµ

[
(k − q)λγλ + m

]
γν us(k) , (2.13)

where us(k) are the Dirac wavefunctions of the bound muon with spin s and 4-
momentum k, while with m we denote the mass of the muon and with e the abso-
lute value of its electric charge. In both the diagrams of Fig. 2.3 and in Eq. (2.13),
we set the spins and the 4-momenta of the incoming and outgoing muons to be
equal, this ensures that the amplitude of Eq. (2.12) includes processes affecting
energy corrections of a specific atomic state. The internal leptonic line has been
evaluated using the free Dirac propagator. This approximation allows us to ex-

10



2.2. NUCLEAR POLARIZABILITIES

tract the leading (in Zα) correction to the energies due to the diagrams in Fig. 2.3,
and later it will be relaxed with the inclusion of the so called Coulomb distortion
effects.

Given our definition of the Lamb-shift, which assumes no coupling with the
nuclear spin, the two states associated with the possible spin orientations of the
muon are degenerate. This feature can be exploited to simplify the calculation
of the amplitude in Eq. (2.12) by averaging the leptonic tensor over the spin. We
further neglect the three momentum of the muon with respect to its rest mass.
This approximation is motivated by the evidence that light hydrogen-like atoms
are loosely bound systems, where the momentum of the bound lepton goes as
k ∼ m(Zα). For light atoms this means that k ≪ m. We refer to this as the
”wavefunction approximation” and since our derivations are entirely based on the
applicability of this approximation, this means that our calculation works best in
light systems where (Zα) is a small parameter. Finally, the hadronic tensor is gen-
erally written in a way that it obeys crossing symmetry Hρσ(−q, q) = Hσρ(q,−q).
The symmetries of the amplitude in Eq. (2.12) can then be exploited by writing the
leptonic tensor in a way that it follows this symmetry as well. The full derivation
of this symmetric leptonic tensor L(S)

µν (q, k) can be found in Appendix A. Here, we
report only the final result

L(S)
µν = −i2πα

[
2mδν0δµ0 − qµδν0 − qνδµ0 + q0gµν

q2 − 2mq0 + iϵ
+

2mδν0δµ0 + qµδν0 + qνδµ0 − q0gµν

q2 + 2mq0 + iϵ

]
,

(2.14)
where gµν is the Lorentz metric tensor, while δµν is the Kronecker delta function.

Gauge choice. As a next step, we specify a gauge for the photon propagators in
Eq. (2.12). As long as we guarantee that the total amplitude is gauge invariant,
the derived energy corrections will not depend on our arbitrary choice of gauge
conditions. Our calculation is done in Coulomb gauge. This choice significantly
simplifies the final expression for the amplitude, and allows for a much simpler
numerical evaluation. The photon propagator in this gauge takes the following
expression

Dµν(q) =


D00(q) = 1

q2

Di0(q) = D0j(q) = 0

Dij(q) = 1
q2

(
δij − qiqj

q2

) , (2.15)

where we follow the convention of using Greek letters for Lorentz vectors and
Roman letters for denoting their space components. Bold variables denote spatial
three-dimensional vectors. The simplifications from using the Coulomb gauge
are immediately clear when performing the contractions with the symmetrized

11
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leptonic tensor L(S)
µν of Eq. (2.14). Many contributions vanish and after a lengthy

calculation ones is left with

L(S)
µν Dνσ(q) Dµρ(−q) = i(4πα)

2m
(q2 + iϵ)2 − 4m2q2

0

[
g00

q2 +
q2

0
(q2 + iϵ)2 Tnm

]
, (2.16)

where Tnm ≡ Tnm(q) =
(
δnm − (qnqm)/q2) defines the transverse-projector tensor

and q0 is the time component of the 4-vector q.

Hadronic Tensor. Lastly we discuss the structure of the hadronic tensor Hµν(q,−q)
that appears in Eq. (2.12). At present there are different approaches to derive this
tensor, see for instance Refs. [33, 34] and references therein.

In this work our approach is based on the calculation of this tensor from first
principles, using ab-initio methods that will be described in Chapter 3. Defin-
ing with Jµ(q) the one-photon current operator and with Bµν(q) the two-photon
operator, we write the hadronic tensor as

Hµν(q,−q) = ∑
N

[
⟨0| Jµ(q) |N⟩ ⟨N| Jν(−q) |0⟩

E0 − EN + q0 + iϵ
+

⟨0| Jν(−q) |N⟩ ⟨N| Jµ(q) |0⟩
E0 − EN − q0 + iϵ

]
+ Bµν(q) , (2.17)

where |0⟩, |N⟩ represent the nuclear ground and excited states with energies E0,
EN respectively. Details regarding the derivation of the formula above can be
found in Appendix A, while a discussion of the consequence of gauge invari-
ance and the relations between the one-photon and two-photon operators can be
found in Ref. [35]. It is easy to see that this tensor preserves crossing symmetry
Hρσ(−q, q) = Hσρ(q,−q) as anticipated.

For a relativistic Lagrangian of nucleons and photons Bµν(q) = 0, since the
electromagnetic coupling is derived from minimal substitution and the relativistic
Dirac Lagrangian is linear with respect to the 4-momentum of the nucleons. When
one performs a non-relativistic reduction of this Lagrangian, the kinetic energy
becomes quadratic with respect to the momentum of the nucleons, this generates
a coupling term with two-photon fields.

Total amplitude. The total amplitude follows from combining Eq. (2.16) and
Eq. (2.17). We obtain

iM = i(4πα)2
∫ d4q

(2π)4
2m

(q2 + iϵ)2 − 4m2q2
0

[
1

q2 HL +
q2

0
(q2 + iϵ)2 HT

]
, (2.18)
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2.2. NUCLEAR POLARIZABILITIES

where we took a factor of (4πα) outside of the definition of Hρσ and we defined
the longitudinal HL and transverse HT parts of the hadronic tensors as

HL = ∑
N ̸=0

|⟨N| ρch(q) |0⟩|2
[

1
q0 − ωN + iϵ

− 1
q0 + ωN − iϵ

]
, (2.19)

HT = ∑
N ̸=0

|⟨0| J⊥ |N⟩|2
[

1
q0 − ωN + iϵ

− 1
q0 + ωN − iϵ

]
+ B⊥(q) , (2.20)

where the symbol (⊥) indicates contraction with the transverse-projector tensor
Tij defined after Eq. (2.16), while ρch(q) = J0(q) and ωN = EN − E0. Note that,
compared to Eq. (2.17), here we are taking only the inelastic part of the hadronic
tensor, since we are interested in polarizability effects.

The energy corrections. The amplitude in Eq. (2.18) defines a complex potential
that shifts the energies of the bound muon by ∆EnL = ⟨ϕnL|Re

[
iM

]
|ϕnL⟩, where

|ϕnL⟩ is the eigenstate of the bound muon with principal quantum number n and
orbital angular momentum L. An interesting derivation of the previous result
applied to the radiative correction to the Lamb-shift in ordinary hydrogen due
to the electron self-energy diagram can be found in Ref. [36]. According to this
discussion, the energy shift due to the nuclear polarization reads

∆EnL = (4πα)2 ϕ2
nL Im

∫ d4q
(2π)4

2m
(q2 + iϵ)2 − 4m2q2

0

[
1

q2 HL +
q2

0
(q2 + iϵ)2 HT

]
,

(2.21)
where to simplify the notation we introduced the shorthand for the modulus
square of the muon’s wavefunction at the origin ϕ2

nL = |ϕnL(0)|2. The functional
dependence of Eq. (2.21) to ϕ2

nL only is due to our approximation, introduced in the
previous section, to completely neglect the three momentum of the bound muon
compared to its rest mass. The energy correction is expressed in terms of the lon-
gitudinal and transverse parts of the hadronic tensors, which are defined in terms
of the matrix elements of the nuclear electric charge, electromagnetic current and
two-photon operators. Our strategy for calculating these matrix elements will be
discussed in Chapter 3.

The expression in Eq. (2.21) can be further simplified by analytically performing
the integration over the time-like component q0. The calculation is a straightfor-
ward application of contour integration and it is reported in full in Appendix A
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from which we only quote the final result 2

∆EnL = −8α2m ϕ2
nL

∫ d3q
4π

{
∑

N ̸=0
|⟨N| ρch(q) |0⟩|2

(2Eq + ωN)

q4Eq
[
(Eq + ωN)2 − m2

]
+ ∑

N ̸=0
|⟨0| J⊥(q) |N⟩|2

[
q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2q3

ωN + 2q
(ωN + q)2

]

+ B⊥(q)
1

8m2q2

(
1
q
− 1

Eq

)}
, (2.22)

where Eq =
√

q2 + m2 and q = |q|. The previous equation is the leading correc-
tion to the non-relativistic energies in hydrogen-like atoms due to the polarization
effects of the nucleus. The formula is derived in Coulomb gauge, but the cor-
rection is gauge invariant if the one-photon and two-photon operators are prop-
erly constructed. Due to the ”wave-function approximation” (see discussion after
Eq. (2.13)), and the use of the free Dirac propagator, the corrections to the 2S states
are of order (Zα)5, while there is no correction to the energies of any state with
orbital angular momentum greater than 0. In particular, nuclear polarizability cor-
rections to 2P states are of order (Zα)7, whose precision is beyond the scope of
this work.

The total sum in Eq. (2.22) is finite, but the individual terms are not. In fact both
the electromagnetic current and seagull integrals are infrared divergent, but as we
will see the divergence is canceled in the sum. Even though Eq. (2.22) is already
well suited for numerical solutions, the equation has been directly applied only
to the calculations of the nuclear structure effects in muonic deuterium [37, 38].
This is entirely due to the difficulties in calculating the matrix elements of the
charge, current and two-photon operators for a comprehensive range of energy
and momentum transfer in larger systems.

In this thesis a more sophisticated method is pursued, which allows to ease
the numerical burden and extend the feasibility of the calculations to systems
heavier than muonic hydrogen and deuterium. Unfortunately, this comes at the
cost of introducing one further source of uncertainties, but we will prove in this
thesis that such uncertainties can be both quantified and improved systematically.
This method, sometimes referred to as the ”η-expansion,” is presented in the next
sections of the thesis, first assuming non-relativistic kinematics for the muon and
later in full relativistic form.

2Here, q is the magnitude of a three-dimensional vector and shall not be confused with q, which
is a 4-vector.

14



2.2. NUCLEAR POLARIZABILITIES

The non-relativistic structure function

The integrals in Eq. (2.22) are generally peaked at small values of the momentum
transfer. For muonic atoms most of the sensitivity of ∆EnL is found in the non-
relativistic region, where q2 ≪ m2. In this region, the longitudinal part of the
equation dominates the transverse terms, which from Eq. (2.22) can be seen to be
generally suppressed by further powers of q2/m. It is then clear that an approxi-
mate value for the nuclear polarizability correction can be obtained by considering
only the contribution from the longitudinal hadronic tensor and reducing it to a
non-relativistic form. Following this discussion, the non-relativistic approximation
of the energy shift is written as

∆ENR
nL = −8α2 ϕ2

nL ∑
N ̸=0

∫ d3q
4π

|⟨N| ρch(q) |0⟩|2
1

q2
(

q2

2m + ωN

)
q2

. (2.23)

An alternative derivation of the previous formula can be obtained from second-
order perturbation theory in ordinary non-relativistic quantum mechanics, as shown
in Ref. [39]. The matrix elements of the momentum-space charge-distribution op-
erator are commonly defined in Fourier space from the definition of the coordinate
space matrix elements. With the use of Eq. (B.2), we can express the previous equa-
tion in the following form

∆ENR
nL = −8α2 ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ INR(z) , (2.24)

where z = x − y and z ≡ |z|. All of the coupling between the lepton and the
nucleus is now contained within the structure function INR(z), defined as

INR(z) =
∫ d3q

4π

eiq·z

q2
( q2

2m + ωN
)
q2

=
λ2

z ωN

∫ dq
q3

sin(qz)(
q2 + λ2

) , (2.25)

where λ2 = 2mωN. The solution of the integral on the right-hand side of Eq. (2.25)
is known, and an expression suitable for computation can be found by expanding
it in terms of the small parameter η = λz.

This parameter has been argued in previous literature [39–41] to hold an ap-
proximate value of ∼ 0.3 in light-nuclear systems, which justifies the use of an
expansion and allows us to obtain meaningful estimates of the non-relativistic cor-
rection by truncating an expansion to low orders. In Section 5.2 we will prove with
the use of Bayesian techniques that η is indeed a small parameter in light-nuclear
systems. We find

INR(z) =
π

2
1

λ ωN

(
−λ2z2

6
+

λ3z3

24
− λ4z4

120
+ ...

)
, (2.26)
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and inserting the expansion of INR(z) back into Eq. (2.24) we obtain the follow-
ing η-expansion expression for the nuclear polarizability corrections to the atomic
energies

∆ENR
nL = −4π

3
α2ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩

×
[
−

√
2m
ωN

z2

2
+ m

z3

4
− m2

√
ωN

2m
z4

10
+O

(
z5)] . (2.27)

Relativistic effects

The formalism of the previous section was based on a non-relativistic approxima-
tion of the integration kernels in Eq. (2.22). Here we perform a similar derivation
but without the non-relativistic reduction. Similarly to what was done for the non-
relativistic derivation, we want to write the energy correction due to the nuclear
polarizability in the following form

∆EnL = −8α2m ϕ2
nL

{
∑

N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ IN(z)

+ ∑
N ̸=0

∫
d3x d3y ⟨0| J†

i (y) |N⟩ ⟨N| Jj(x) |0⟩
[
δij JN(z) + zizj J̄N(z)

]
+

∫
d3x d3y Bij(x, y)

1
2

[
δijK(z) + zizjK̄(z)

]}
, (2.28)

where the problem of finding the structure function INR(z) of the previous sec-
tion now translates in finding the five relativistic structure functions IN(z), JN(z),
J̄N(z), K(z) and K̄(z). The evaluation of the relativistic structure function is much
more difficult than the non-relativistic case of the previous section, and it is best
to address the longitudinal, transverse-current, and transverse-seagull terms sepa-
rately, summing them together only at the very end. The details of the calculations
are shown in Appendix B while in the main body of this thesis we describe only
the crucial points.

Longitudinal term. From Eq. (2.22) we can extract the longitudinal part of the
energy correction

∆EL
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫ d3q
4π

|⟨N| ρch(q) |0⟩|2
(2Eq + ωN)

q4Eq
[
(Eq + ωN)2 − m2

] . (2.29)

Similarly to what was done in the non-relativistic section, we express the matrix
elements of the nuclear charge-distribution operator in Fourier space, the integra-
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tion over the angular part of the momentum transfer can easily be performed,
leading to

∆EL
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ IN(z) , (2.30)

where the coupling between nucleus and lepton is now found within the relativis-
tic structure function IN(z)

IN(z) =
1

ωNz

∫
dq

sin(qz)
q3

(2EqωN + ω2
N)

Eq
[
(Eq + ωN)2 − m2

] . (2.31)

There are some similarities between Eq. (2.25) and Eq. (2.31), but the solution for
the latter one is much more difficult to find. Details of the calculation are shown
in Appendix B, from which we merely quote the result of Eq. (B.24).

IN(z) =
F (ωN/m)

6m
z2 +

π

24
z3

+

[
m2

240ωN
D(3)(µ, ν′, β) +

ωN

40

(
γ + ln

(
mz/2

)
− 137

60

)]
z4

+ O
(
z5) , (2.32)

where we defined two new structure functions

F (ωN/m) =
m

2ωN


µ sinh−1(µ)− µ′ sinh−1(µ′) ωN > 2m
µ sinh−1(µ) + ν′ sin−1(ν′) m ≤ ωN ≤ 2m
µ sinh−1(µ) + ν′

[
π − sin−1(ν′)

]
ωN < m

,

(2.33)

and

D(3)(µ, ν′, β) =


µ3 sinh−1(µ)− µ′3 sinh−1(µ′) ωN > 2m
µ3 sinh−1(µ)− ν′3 sin−1(ν′) m ≤ ωN ≤ 2m
µ3 sinh−1(µ)− ν′3

[
π − sin−1(ν′)

]
ωN < m

,

(2.34)
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while the parameters are defined as

µ2 =
ωN

m

(
ωN

m
+ 2

)
, (2.35)

µ′2 =
ωN

m

(
ωN

m
− 2

)
, (2.36)

ν′2 = −µ′2 , (2.37)

β = mz . (2.38)

The result of Eq. (2.32) is obtained by using an expansion that is similar to the one
used in the derivation of the non-relativistic structure functions of Eq. (2.26), which
is truncated up to O

(
z5). The first term in Eq. (2.32) generates energy corrections

proportional to the nuclear electric dipole moment, by performing a low-energy
expansion of the function

F (ωN/m) ∼ −π

2

√
2m
ωN

(
1 − ωN

4m

)
+

ωN

3m
, (2.39)

we see that the leading order generates the O
(
z2) term that was found in the

derivation of the non-relativistic structure function of Eq. (2.26), this leading-order
term is of non-relativistic origin3 and the rest can be regarded as a relativistic
correction. The second term in Eq. (2.32) matches exactly the O

(
z3) term found

already in Eq. (2.26), and is thus of non-relativistic origin. By performing the
non-relativistic expansion of

D(3)(µ, ν′, β) ∼ −4π
ωN

m

√
ωN

2m
+ 8

ω2
N

m2 , (2.40)

we recover from the leading order of the previous equation the previously found
non-relativistic term of O

(
z4) in Eq. (2.26), the rest can then be interpreted as a

relativistic correction. In previous literature [32, 39, 40] it was argued that only the
corrections related to the electric dipole response functions might give significant
contributions at very high values of the energy transfer ωN. We then retain the
full expression of Eq. (2.33) but we write the longitudinal structure function by

3Non-relativistic origin is intended here, and below, as the leading order term in the low-
momentum, q2 ≪ m2, expansion of Eq. (2.22).
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performing the low-energy expansion of Eq. (2.40). We obtain

IN(z) = − π

12m

√
2m
ωN

z2 +

[
F (ωN/m)

6m
+

π

12m

√
2m
ωN

]
z2

+
π

24
z3

− mπ

60

√
ωN

2m
z4 +

[
ωN

40

(
γ + ln

(
mz/2

)
− 57

60

)]
z4

+ O
(
z5) , (2.41)

where we separated the relativistic terms (in square brackets) from the non-relativistic
ones that were already found in Eq. (2.27).

Transverse-current term. The transverse-current corrections to the atomic ener-
gies read

∆E(T)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| J†

i (y) |N⟩ ⟨N| Jj(x) |0⟩

×
∫ d3q

4π

[
q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2q3

ωN + 2q
(ωN + q)2

](
δij +

∇z
i ∇z

j

q2

)
eiq·z

≡ −8α2m ϕ2
nL ∑

N ̸=0

∫
d3x d3y ⟨0| J†

i (y) |N⟩ ⟨N| Jj(x) |0⟩
(

δij JN(z) + zizj J̄N(z)
)

.

(2.42)

The two structure functions JN(z) and J̄N(z) can be obtained from our solution
of the longitudinal structure function IN(z) in Eq. (2.32), the derivation is done in
Appendix B and in the following we only quote the main results

J̄N(z) =
D(3)(ωN/m)

120ωN
+

ωN

20m2

[
ln
( m

2ωN

)
− 1

3

]
, (2.43)

JN(z) = − 1
6m3F (ωN/m)− 1

6ωNm2

[
1 + ln(ωN/λ)

]
− 2 J̄N(z)z2 . (2.44)

In Eq. (2.44) we wrote 2λ = m in the divergent logarithm. Although having a
divergent structure function might seem surprising, we note that the divergence is
removed by a similar divergence appearing in the seagull correction, which makes
the total energy shift a finite quantity.
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Transverse-seagull term. Similarly to the transverse-current term, we write the
correction coming from the seagull diagram in the following form

∆E(S)
nL = −8α2m ϕ2

nL

∫
d3x d3y Bij(x, y)

×
∫ d3q

4π

1
8m2q2

(
1
q
− 1

Eq

)(
δij +

∇z
i ∇z

j

q2

)
eiq·z

≡ −8α2m ϕ2
nL

∫
d3x d3y Bij(x, y)

1
2

[
δijK(z) + zizjK̄(z)

]
. (2.45)

The correction is defined in terms of the two structure functions K(z) and K̄(z).
Here we do not derive expression for these functions but quote the result in
Refs. [32, 42].

K̄(z) = − 1
120

[
γ + ln(β/2)− 31

30

]
+O

(
z2) , (2.46)

K(z) = − ln(2λ/m)

6m2 − 2z2
(

K̄(z) +
1

480

)
. (2.47)

Note the logarithmic divergence in Eq. (2.47), when the total energy correction is
evaluated this divergence cancels the one in Eq. (2.44).

2.2.1. Sum rules

In this section we write the corrections in Eq. (2.28) in terms of electromagnetic
multipole sum rules. Our strategy is to evaluate the sum rules obtained from the
longitudinal correction of Eq. (2.29) in full, while only the leading corrections are
derived from the transverse terms of Eq. (2.42) and Eq. (2.45). This is justified by
the evidence that the Lamb-shift of muonic atoms is mostly sensitive to the matrix
elements of nuclear charge distribution, and not much to the matrix element of
the electromagnetic current and seagull operators. As shown in Chapter 5, trans-
verse corrections coming from the electromagnetic current and seagull operator
contribute roughly 1% to the total nuclear nuclear structure effects. It is irrelevant
at this point to look for small corrections of a 1% effect, given that we anticipate a
relative uncertainty due to ab-initio nuclear physics at the few-percent level.

Electric-dipole corrections. Corrections related to the electric-dipole transitions
of the nucleus are obtained by combining the z2 terms of Eq. (2.30) with the z-
independent corrections from Eq. (2.42) and Eq. (2.45). We obtain
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∆EnL = −8α2m ϕ2
nL

{
∑

N ̸=0

[
− π

12m

√
2m
ωN

+

(
F (ωN/m)

6m
+

π

12m

√
2m
ωN

)]
×

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ z2

+ ∑
N ̸=0

[
− 1

6m3F (ωN/m)− 1
6ωNm2

[
1 + ln(ωN/λ)

]]

×
∫

d3x d3y ⟨0| J†
i (y) |N⟩ ⟨N| Ji(x) |0⟩ −

ln(2λ/m)

12m2

∫
d3x d3y Bii(x, y)

}
.

(2.48)

Let us consider the longitudinal part of the energy shift first. The electric dipole
operator is defined as the first moment of the nuclear charge distribution, in spher-
ical coordinates it is written as D = Z−1

∫
Y1(x̂) x ρch(x) d3x, where Y1(x̂) are the

spherical harmonics functions with angular momentum equal to one and Z is the
charge number of the nucleus. We expand z2 = x2 + y2 − 2x · y and drop the first
two terms, since they can not generate nuclear transitions, to obtain

∆EL,E1
nL = −16π2

9
(Zα)2 ϕ2

nL ∑
N ̸=0

√
2m
ωN

|⟨N|D |0⟩|2

+
32π

9
(Zα)2 ϕ2

nL ∑
N ̸=0

(
F (ωN/m) +

π

2

√
2m
ωN

)
|⟨N|D |0⟩|2 , (2.49)

where we have separated the correction into a non-relativistic part – quoted in the
first line of the previous equation – and a purely relativistic correction.

We turn our attention to the transverse correction. We use the Siegert theorem
to relate the matrix element of the electromagnetic current to the matrix element
of the electric-dipole operator. Similarly, also the seagull correction can be related
to matrix elements of the electric dipole operator by using one of the gauge condi-
tions discussed in Refs. [35, 42]∫

d3x d3y Bii(x, y) =
8π

3
Z2 ∑

N ̸=0
ωN | ⟨N|D |0⟩ |2 . (2.50)

By making use of the previous relations, the transverse energy correction can be
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written as

∆ET,E1
nL =

16π

9
(Zα)2 ϕ2

nL ∑
N ̸=0

{
ω2

N
m2 F (ωN/m) +

ωN

m

[
1 + ln(2ωN/m)

]}
|⟨N|D |0⟩|2 .

(2.51)

Note that, as anticipated, this energy correction is finite and the divergences of
Eq. (2.44) and Eq. (2.47) are removed.

At this point it is convenient to define the electric dipole response function

SD1(ω) = ∑
N ̸=0

|⟨N|D |0⟩|2 δ(ω − ωN) , (2.52)

where ω is a energy variable, and divide the two corrections of Eq. (2.49) and
Eq. (2.51) into three terms

δD1 = −16π2

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

√
2m
ω

dω , (2.53)

δL =
32π

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

[
F (ωN/m) +

π

2

√
2m
ω

]
dω , (2.54)

δT =
16π

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

[
ω2

N
m2 F (ωN/m) +

ωN

m
+

ωN

m
ln(2ωN/m)

]
dω ,

(2.55)

where Eq. (2.53) is the leading non-relativistic electric dipole correction while
Eq. (2.54) and Eq. (2.55) are the relativistic corrections coming respectively from
the longitudinal and transverse terms.

Zemach-like corrections. The only O(z3) term comes from the longitudinal struc-
ture function of Eq. (2.41). The energy correction related to this term reads

∆Ez3

nL = −π

3
(Zα)2m ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ |x − y|3 . (2.56)

It is well know [32,39,43] that this correction can be simplified by using closure on
the nuclear states, which allows us to divide it in two terms

δR3 = −π

3
(Zα)2m ϕ2

nL

∫
d3x d3y ⟨0| ρ†

ch(y)ρch(x) |0⟩ |x − y|3 , (2.57)

δZ3 =
π

3
(Zα)2m ϕ2

nL

∫
d3x d3y ⟨0| ρ†

ch(y) |0⟩ ⟨0| ρch(x) |0⟩ |x − y|3 . (2.58)

22



2.2. NUCLEAR POLARIZABILITIES

The advantage of splitting the correction of Eq. (2.56) is not limited to easing
the computational costs. In fact, Eq. (2.58) analytically cancels the third Zemach
moment of Eq. (2.9) contributing to the nuclear finite-size correction to the Lamb-
shift. This means that only Eq. (2.57) effectively contributes to the Lamb-shift.

Electric monopole, quadrupole and retarded dipole corrections. The corrections
of O(z4) have both non-relativistic and relativistic origin, and come from both
longitudinal, Eq. (2.29), and transverse, Eq. (2.42) and Eq. (2.45), electromagnetic
transitions of the nucleus. Since these correction are already small we include only
the leading longitudinal and non-relativistic term, which can be found in Eq. (2.41)
(outside of the bracket). We get

∆Ez4

nL =
2π

15
α2m2 ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩
√

ωN

2m
|x − y|4 .

(2.59)
This expression can be simplified by performing the expansion |x − y|4 = x4 +

y4 + 10
3 x2y2 − 4x · y(y2 + x2) + 4Qx

ijQ
y
ij, where Qx

ij = xixj − x2δij/3 is the irreducible
quadrupole tensor written in Cartesian components. The first two terms in the
expansion can be dropped because they can not generate nuclear transitions, the
other three terms contribute with the following correction to the non-relativistic
energies

δR2 =
4π

9
(Zα)2m2 ϕ2

nL

∫
dω

√
ω

2m
SR2(ω) , (2.60)

δQ =
64π2

225
(Zα)2m2 ϕ2

nL

∫
dω

√
ω

2m
SQ(ω) , (2.61)

δD1D3 = −32π2

45
(Zα)2m2ϕ2

nL

∫
dω

√
ω

2m
SD1D3(ω) , (2.62)

where we introduced the monopole, SR2(ω), quadrupole SQ(ω) and retarded-
dipole SD1D3 response functions. They are defined as

SR2(ω) = ∑
N ̸=0

|⟨N| r2 |0⟩|2 δ(ω − ωN) , (2.63)

SQ(ω) = ∑
N ̸=0

|⟨N|Q |0⟩|2 δ(ω − ωN) , (2.64)

SD1D3(ω) = ∑
N ̸=0

(
⟨0|D† |N⟩ · ⟨N|O |0⟩ + cc.

)
δ(ω − ωN) , (2.65)

respectively. With the goal of exploiting standard angular momentum techniques,
we write the monopole, quadrupole and retarded-dipole operators as irreducible
spherical tensor operators of rank zero, two and one respectively.
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Namely we have

r2 = Z−1
∫

ρch(x) x2 d3x ,

O = Z−1
∫

ρch(x) x3 Y1(x̂) d3x ,

Q = Z−1
∫

ρch(x) x2 Y2(x̂) d3x .

Sub-sub-sub-leading non-relativistic term. It is straightforward to derive the term
of O

(
z5), at least for the non-relativistic structure functions. We obtain the follow-

ing correction

δR5 = − π

45
α2m2 ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ ωN |x− y|5 . (2.66)

We expect this correction to be more important than the relativistic correction
to the O

(
z4), since our analysis of the non-relativistic η-expansion uncertainty

suggests that this correction is suppressed by roughly a factor of three compared
to the sub-sub-leading term, whereas relativistic effects are suppressed by factors
of m/ωN̄ ∼ 20, where ωN̄ represents the energy of the first nuclear excited state
which in light-nuclei corresponds generally to the threshold energy of the first
photo-dissociation channel. This term has not been calculated yet, and we are not
including it in our results either.

2.2.2. Nucleon finite-size

The corrections to the Lamb-shift derived so far are model independent, in the
sense that the nuclear charge ρch(x), current J(x) and two-photon Bij(x, y) oper-
ator have been left unspecified, and the corrections do not change in form when
a model for these operators is constructed. In nuclear physics it is common to
express and calculate quantities in terms of point-nucleon electromagnetic opera-
tors. These operators are derived assuming that protons and neutrons are point-
like particles, which is done with the scope of separating the nuclear dynamics
with the sub-nuclear degrees of freedom. The internal degrees of freedom of the
nucleons is generally taken into account by phenomenological models.

In this section, we re-define the previously derived corrections in terms of point-
nucleon densities, and we derive the leading effects coming from the finite-size of
the individual nucleons. We start by writing the charge operator in its impulse
approximation form ρp(x) – which assume point-like non-relativistic nucleons–
plus a term ρfs(x) that corrects the charge distribution for the charge densities of

24



2.2. NUCLEAR POLARIZABILITIES

the individual nucleons. In this approximation we obtain

ρch(x) = ρp(x) + ρfs(x) , (2.67)

ρp(x) =
A

∑
i=1

e δ(x − xi) êp
i , (2.68)

ρfs(x) =
A

∑
i=1

e

[(
ηp(x − xi)− δ(x − xi)

)
êp

i + ηn(x − xi) ên
i

]
, (2.69)

where êp
i and ên

i are isospin projector operators on the proton and neutron state
respectively, ηp(x − xi) is the charge distribution of the proton while ηn(x − xi) is
the charge distribution of the neutron and with ρp(x) we defined the point-proton
charge density. In Fourier space this distribution reads

ρch(q) = ρp(q) +

[(
ηp(q)− 1

)
ρp(q) + ηn(q)ρn(q)

]
= ρp(q) + ρfs(q). (2.70)

The proton and neutron form factors are parametrized using a phenomenological-
dipole model. With the scope of simplifying the derivation, we proceed by ap-
proximating this model by its leading low-q expansion

ηp(q) =
1

(1 + q2/β2)2 ∼ 1 − 2
q2

β2 , (2.71)

ηn(q) =
λq2

(1 + q2/β2)3 ∼ λ q2 , (2.72)

where λ and β are related to the charge radii of the neutron and proton respec-
tively. This expansion creates a further source of uncertainty which might be
improved at a later stage by extending the expansion to more orders or making
use of other parametrizations of the form factors, similarly to what was done in
Ref. [38]. In this work we use the value of the proton radius obtained from muonic
atoms [25] and the value of the neutron radius taken from [44]. Using Eq. (2.71)
and Eq. (2.72), the relevant matrix element of the charge operator can be written
as

|⟨N| ρch(q) |0⟩|2 =
∫

d3xd3y ⟨0| ρ†
p(y) |N⟩ ⟨N| ρp(x) |0⟩

[
1 +

2
β2∇

2
x +

2
β2∇

2
y

]
eiq·z

+
∫

d3xd3y ⟨0| ρ†
p(y) |N⟩ ⟨N| ρn(x) |0⟩ λ∇2

x eiq·z

+
∫

d3xd3y ⟨0| ρ†
n(y) |N⟩ ⟨N| ρp(x) |0⟩ λ∇2

x eiq·z +O
(
q4) .

(2.73)
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The first term in the square bracket of the previous equation generates the point-
nucleon sum rules. The other terms proportional to q2 are the leading nucleon
finite-size corrections. With the insertion of Eq. (2.73) into Eq. (2.23) we obtain
the leading correction to the non-relativistic polarizabilities due to the finite-size
of the nucleons. After some lengthy manipulation we extract the three following
corrections

δR1 = −8πα2m ϕ2
nL

∫
d3xd3y

[ 2
β2 ρpp(x, y)− λ ρnp(x, y)

]
|x − y| , (2.74)

δZ1 = 8πα2m ϕ2
nL

∫
d3xd3yρp(x)

[ 2
β2 ρp(y)− λ ρn(y)

]
|x − y| , (2.75)

δNS = −128
9

π2(Zα)2m2 ϕ2
nL

[ 2
β2 + λ

] ∫
dω

√
ω

2m
SD1(ω) , (2.76)

where ρpp(x, y) and ρnp(x, y) are two-body proton-proton and proton-neutron den-
sities, defined as

ρpp(x, y) =
1

Z2

A

∑
i,j

⟨0| δ(x − xi) δ(y − yj)ê
p
i êp

j |0⟩ , (2.77)

ρnp(x, y) =
A

∑
i,j

⟨0| δ(x − xi) δ(y − yj)ê
p
i ên

j |0⟩ . (2.78)

2.3. Higher-order nuclear polarizabilities

So far, the derived nuclear polarizabilities are of order (Zα)5. Most of the higher-
order corrections are usually neglected, since they are suppressed by more powers
of α or (Zα). There are however some exceptions, which were calculated within
the scope of solving previous discrepancies between experiment and theory, or
because the corrections were expected to be unnaturally large. One example is the
three-photon-exchange correction, which is of order (Zα)6 and is included in the
theory of muonic deuterium [45]. Other examples are Coulomb distortion effects,
of order (Zα)6, and nuclear polarizabilities with electron vacuum polarization ef-
fects, which are of order (Zα)5α. The Coulomb distortion was calculated in the
past by many authors [40,41,43,46] and it is also included in our calculations. The
electron-vacuum polarization was included in the theory of muonic deuterium in
Ref. [47] and we included this effect in the theory of muonic helium for the first
time in Ref. [5]. This section is devoted to the description of these two higher-order
corrections.
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2.3.1. Coulomb distortion

Coulomb distortion effects originate as corrections of the lepton propagator in
Fig. 2.3 due to intermediate Coulomb interactions with the nucleus. The leading
effect is of order O

(
Zα
)6 and is calculated in the leading electric dipole approx-

imation. The derivation of this correction was performed by many authors, one
example can be found in Ref. [39], from which we only quote the final result

δC = −16π2

9
(Zα)3 ϕ2

nL

∫
dω

m
ω

ln

(
2(Zα)2m

ω

)
SD1(ω) . (2.79)

Although this correction is formally of order (Zα)6, it is logarithmically enhanced
and previous numerical calculations have shown [39–41, 43] that this term is large
and can not be neglected.

2.3.2. Electron vacuum polarization

The electron-vacuum polarization (eVP) is a radiative correction to the leading
nuclear polarizability that originates from the intermediate creation of electron-
positron pairs in the interaction between the muon and the nucleus. This effect
modifies the Coulomb interaction by charged particles as

Vvp = −α

r

(
1 +

2α

3π

∫ ∞

1
dξ ρ(ξ) e−2rmeξ

)
, (2.80)

As shown in [47], in the electric dipole approximation and neglecting Coulomb
distortion effects, the correction is expressed in terms of the following sum rule

δeVP1 =
32π

27
(Zα)2α ϕ2

nL

×
∫

dω | ⟨0|D |N⟩ |2
√

2m
ω

(
ln

E
2m

+ 2 ln
2m
me

− 5
3
+

3πme

4m

√
2m
ω

)
+

α

π
C2S δD1 , (2.81)

where the second term in Eq. (2.81) comes from the modification of the wave
function of the muon at the origin of coordinate system. In fact, following [48] this
modification is expressed for the 2S-state in terms of the original wave function as

ϕ̃2(0) =
(

1 +
α

π
C2S

)
ϕ2(0) , (2.82)

where some notable values for the coefficients are C2S(D) = 1.4523, C2S(3He) =

2.1818 and C2S(4He) = 2.1920. The correction in Eq. (2.81) is the eVP-correction
to the leading electric-dipole polarizabilities, another correction of similar order
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is included in Ref. [5]. It comes from an eVP correction to the sub-leading non-
relativistic structure function of O

(
z3). The correction is

δeVP2 = δR3

[
α

π
C2S −

α

π

4
3

( 5
12

+ ln(merL) + γ
)]

, (2.83)

where rL is defined as

∑
i,j

⟨0| |ri − rj|3 ln(|ri − rj|) |0⟩ = ∑
i,j

⟨0| |ri − rj|3 |0⟩ ln(rL) , (2.84)

where ri and rj are the coordinates of nucleon i and nucleon j, respectively. In
Ref. [5] it was assumed rL ∼ 2rc, where rc is the charge radius of the nucleus, and
we follow the same assumption in this work.

2.4. Summary

We write the nuclear structure corrections, δNS, to the energies of muonic atoms as

δNS = δTPE + δN
TPE + δ3PE + δeVP + δµSEVP ,

where δN
TPE, is the two-photon exchange correction on individual nucleons, δ3PE

is the three-photon nuclear structure correction, δeVP is the nuclear polarizability
with electron vacuum polarization and δµSEVP is the nuclear polarizability with
muon self-energy and muon vacuum polarization [5]. At our level of precision,
corrections to the Lamb-shift differ from corrections to the 2S1/2 energy by a factor
of (−1). This means that ENS of Eq. (1.1) is obtained as ENS = −δNS(2S1/2), where
the notation highlights that the nuclear structure corrections are calculated for the
2S-state.

This work concerns with the calculation of the two-photon nuclear structure
correction, δTPE. This term is obtained as

δTPE = δZem + δpol ,

where δZem is the elastic part of the two-photon exchange and δpol is the nuclear
polarizability. These effects are defined as

δZem = −δZ3 − δZ1 ,

δpol =
[
δD1 +

(
δZ3 + δR3

)
+
(
δR2 + δQ + δD1D3

)]
+ δC +

[(
δL + δT

)]
+
[(

δZ1 + δR1 + δNS
)]

.

The terms are:
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δD1 = −16π2

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

√
2m
ω

dω , (2.85)

δL =
32π

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

[
F (ωN/m) +

π

2

√
2m
ω

]
dω , (2.86)

δT =
16π

9
(Zα)2 ϕ2

nL

∫
SD1(ω)

[
ω2

N
m2 F (ω/m) +

ω

m
+

ω

m
ln(2ω/m)

]
dω ,

(2.87)

δR3 = −π

3
(Zα)2m ϕ2

nL

∫
d3x d3y ⟨0| ρ†

ch(y)ρch(x) |0⟩ |x − y|3 , (2.88)

δZ3 =
π

3
(Zα)2m ϕ2

nL

∫
d3x d3y ⟨0| ρ†

ch(y) |0⟩ ⟨0| ρch(x) |0⟩ |x − y|3 , (2.89)

δR2 =
4π

9
(Zα)2m2 ϕ2

nL

∫
dω

√
ω

2m
SR2(ω) , (2.90)

δQ =
64π2

225
(Zα)2m2 ϕ2

nL

∫
dω

√
ω

2m
SQ(ω) , (2.91)

δD1D3 = −32π2

45
(Zα)2m2ϕ2

nL

∫
dω

√
ω

2m
SD1D3(ω) , (2.92)

δR1 = −8πα2m ϕ2
nL

∫
d3xd3y

[
2
β2 ρpp(x, y)− λ ρnp(x, y)

]
|x − y| , (2.93)

δZ1 = 8πα2m ϕ2
nL

∫
d3xd3y ρp(x)

[
2
β2 ρp(y)− λ ρn(y)

]
|x − y| , (2.94)

δNS = −128
9

π2(Zα)2m2 ϕ2
nL

[
2
β2 + λ

] ∫
dω

√
ω

2m
SD1(ω) , (2.95)

δC = −16π2

9
(Zα)3 ϕ2

nL

∫
dω

m
ω

ln

(
2(Zα)2m

ω

)
SD1(ω) , (2.96)

δeVP1 =
32π

27
(Zα)2α ϕ2

nL

×
∫

dω | ⟨0|D |N⟩ |2
√

2m
ω

(
ln

E
2m

+ 2 ln
2m
me

− 5
3
+

3πme

4m

√
2m
ω

)
+

α

π
C2S δD1 , (2.97)

δeVP2 = δR3

[
α

π
C2S −

α

π

4
3

( 5
12

+ ln(merL) + γ
)]

. (2.98)

29



CHAPTER 2. ATOMIC THEORY

Values for C2S are given after Eq. (2.82) and the response functions are defined as

SD1(ω) = ∑
N ̸=0

|⟨N|D |0⟩|2 δ(ω − ωN) , (2.99)

SR2(ω) = ∑
N ̸=0

|⟨N| r2 |0⟩|2 δ(ω − ωN) , (2.100)

SQ(ω) = ∑
N ̸=0

|⟨N|Q |0⟩|2 δ(ω − ωN) , (2.101)

SD1D3(ω) = ∑
N ̸=0

(
⟨0|D† |N⟩ · ⟨N|O |0⟩ + cc.

)
δ(ω − ωN) , (2.102)

and the operators are the electromagnetic moments of the nuclear charge distribu-
tion. They are written as irreducible spherical tensors as

D = Z−1
∫

ρch(x) x Y1(x̂) d3x , (2.103)

r2 = Z−1
∫

ρch(x) x2 d3x , (2.104)

O = Z−1
∫

ρch(x) x3 Y1(x̂) d3x , (2.105)

Q = Z−1
∫

ρch(x) x2 Y2(x̂) d3x . (2.106)

Important remarks. We have constructed two approaches for calculating the nu-
clear structure corrections to the Lamb-shift of muonic ions. The first one, sum-
marized in Eq. (2.22) is formulated in terms of the matrix elements of the nu-
clear charge density, electromagnetic current and two-photon operators. Apart for
the expansion in (Zα), this method does not use any further approximation, it
is model independent and allows for a calculation of the complete nuclear struc-
ture corrections. However, the difficulties in evaluating the nuclear matrix ele-
ments for a comprehensive range of energy and momentum transfers has so far
limited its applications to the lightest muonic ions [37, 38]. The need to extend
the calculation to heavier systems has led to the development of the η-expansion
method [32, 39, 43, 46, 49], which is summarized by the list of corrections written
in this section. This method, at the cost of introducing a further source of un-
certainty from the truncation of the expansion of the nuclear structure functions
INR(z), IN(z), J(z), J̄(z), K(z) and K̄(z), expresses the nuclear structure corrections
in terms of matrix elements that can be more easily calculated, since they involve
only multipole expansions of the nuclear charge distribution. Here, we make use
of the η-expansion method, given that our goal is to extend the calculation of
the nuclear structure corrections to muonic helium and lithium ions. In the next
chapter we describe our strategy for calculating the nuclear matrix elements.
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3. Nuclear theory

In this thesis, we describe the atomic nuclei as systems of non-relativistic and
point-like nucleons bound by the nuclear force. The nuclear force is an effective
picture of the more fundamental interaction among quarks mediated by the glu-
ons, the gauge bosons of Quantum Chromodynamics (QCD). It is well known
that to describe results of low-energy experiments one does not need to know the
details of high energy physics. The classical example is the applicability of the
multipole expansion of the electric field generated by a localized charge distribu-
tion. At large distances the exact details of the distribution are not needed and a
simplified description of the physics can be obtained by the only use of its mul-
tipole moments. The partial decoupling between high- and low-energy physics
allows us to construct a robust picture of the atomic nuclei without the explicit
introduction of the sub-nuclear degrees of freedom.

In this work, the relevant degrees of freedom are identified with the nucleons
and the pions, and our picture of the nuclear dynamics will then be given by the
so called chiral effective field theory (ChEFT). Being an effective theory, the chiral
Lagrangian contains an infinite number of operators, which need to be classified
according to a power counting scheme. From the series of Lagrangians at differ-
ent chiral orders, a series of nuclear Hamiltonians can be derived, which are then
iterated in the Schrödinger equation to obtain the nuclear wavefunctions and to
calculate the relevant electromagnetic matrix elements. The electromagnetic oper-
ators must be derived consistently with the nuclear Hamiltonians, since they are
related by a gauge transformation. It is clear that the process of calculating any
observable in low-energy nuclear physics can be separated in two complex, but
partially independent, steps. One deals with the systematic construction of the
Hamiltonians of interacting nucleons and electromagnetic (or electroweak) opera-
tors via which nucleons couple to external fields [50, 51], the other deals with the
solution of the nuclear few-body problem and with the calculation of the observ-
ables, assuming that Hamiltonians and operators were previously derived.

This chapter is organized as follows. First we discuss the solution of the nuclear
few-body problem and the calculation of the nuclear wavefunctions. Our method
of choice is based on the effective interaction hyperspherical harmonics (EIHH)
method, which we explain in detail. In the second part of the chapter we describe
the construction of the nuclear Hamiltonians.
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CHAPTER 3. NUCLEAR THEORY

3.1. Few-body methods

The quantum few-body problem appeared in the scientific practice right at the
birth of modern physics. After the finding that quantum mechanics was able to
predict the spectrum of the hydrogen atom, the next validation test for the theory
was the description of the second-simplest atomic system, the helium atom. The
problem captured the attention of many leading scientists, including Max Born,
who soon gave it to one of his young collaborator, Egil Hylleraas, which solved
it by an early application of the variational principle [52]. After this early suc-
cess, research in few-body physics extended its range of applicability both towards
heavier atomic systems and to the study of physics at disparate energy scales.

Few-body methods are nowadays applied to studies in molecular [53,54], atomic
[55], nuclear and hadronic [4, 56] and even condensed-matter physics [57]. This
work focuses on the application of these methods to the description of the lightest
atomic nuclei. There are several reasons that make nuclear physics a challenge for
few-body methods. The strong repulsion of the nuclear force at short distances
creates short-distance correlations that are difficult to capture with ordinary basis
expansions. The presence of the long-distance Coulomb force creates distortion
effects, which make it difficult to accurately describe scattering processes, or ab-
sorption and dissociation reactions. Depending on the computational method,
even the anti-symmetrization of the nuclear wavefunction might be a challenging
task. On top of this the nuclear interaction is not exactly known, which requires
us to solve the few-body problem while learning about the structure of the Hamil-
tonian at the same time.

Several methods have been successfully applied to the study of nuclear sys-
tems, most notably we quote the hyperspherical harmonics [2, 58, 59], the no-core-
shell-model [60], the direct solution of the Faddeev [61] and Faddeev-Yakubovsky
[62] equations, various formulations of the stochastic variational method [57] and
Quantum Monte-Carlo methods, like the Green’s function Monte Carlo (GFMC)
[63] etc. Each of these methods has both advantages and disadvantages when
compared to the others. The work presented in this thesis made use of the hyper-
spherical harmonics method, which is described in the following section.

3.1.1. The hyperspherical harmonics

This section is devoted to the description of hyperspherical harmonics method.
The algorithm was in large part developed by other authors and successfully ap-
plied for studying the structure of light nuclei, see for instance Ref. [64]. In de-
scribing the method of hyperspherical harmonics, we follow closely Refs. [65, 66].

The algorithm solves the time-independent many-body Schrödinger equation
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for the A-nucleon system
HN |Ψ⟩ = EN |Ψ⟩ , (3.1)

with the nuclear Hamiltonian, HN, being the sum of the non-relativistic kinetic
energy operator and of the forces among nucleons, V and W, as

HN = T + V + W

=
A

∑
i

Ti +
A

∑
i<j

Vij +
A

∑
i<j<k

Wijk . (3.2)

Here, Ti is the kinetik energy operator associated with the ith nucleon, while Vij
and Wijk are two-body (NN) and three-body (3N) nuclear forces, respectively. In
principle, the sum in Eq. (3.2) should include also four-body and, in general, many-
body nuclear forces. In fact, as it is discussed in Section 3.2, these forces arise
naturally in chiral effective field theory. However these terms are expected to give
contributions that are much smaller than the precision of our calculation, and they
have not been considered in this work.

The method is based upon an expansion of the internal wavefunction of the
A-nucleons system in terms of the eigenstates of the hyper-angular part of the
Laplace operator in 3A − 3 dimensions, namely the hyperspherical harmonics
functions. It was firstly introduced in 1935 by Zernike and Brinkman [67], rein-
troduced later in the 60’s by Delves [68], Simonov [69], Zickendraht [70] and
Smith [71] and it is widely applied nowadays to the study of few-body systems.
Recent reviews with applications to nuclear physics can be found in Refs. [59, 72].

In this work, the hyperspherical harmonic functions are constructed to form
irreducible representations of the SO(3) group of space rotations, the SA permuta-
tion group of the A-particle system and the dynamical O(N) group of rotations in
the space of the N = A − 1 Jacobi vectors. There are many reasons to motivate the
construction of basis functions that fill irreducible representations of these sym-
metries.

The nuclear Hamiltonian is symmetric under rotations of the coordinate sys-
tem, nuclear states then populate the corresponding irreducible representations of
the SO(3) group identified by their total angular momentum. If one neglects the
electromagnetic interaction and the isospin symmetry breaking part of the nuclear
force, nuclei can be considered as bound states of identical particles which popu-
late the totally antisymmetric irreducible representation of the permutation group
SA. Finally, two reasons motivate the construction of a basis populating irreducible
representations of the dynamical O(N) group. The first comes from noting that
SA ⊂ O(N), namely that the permutation group of A particles is a sub-group of
the dynamical O(N) group. The irreducible representations of SA can then be con-
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structed from the reduction O(N) ↓ SA. Secondly, in the hyperspherical harmonics
method the nuclear wavefunctions are written in terms of Jacobi coordinates, but
the nuclear interaction is generally expressed in terms of the relative coordinates
of the nucleons. The calculation of the matrix elements of the nuclear interaction
then follows the transformation of Jacobi vectors into relative coordinates, this
is generally accomplished by several O(N) rotations, and the rotations are more
easily implemented in the wavefunction if the basis functions have well defined
transformation properties under O(N).

Jacobi coordinates. In physical applications, the Hamiltonian operator generally
factorizes out the time evolution of the center of mass (c.o.m.) from the internal
dynamic of the system. This is a welcomed feature, since several times one is not
interested in studying the time-evolution of the c.o.m. and the study of its internal
structure can be formalized as a problem in lower dimensions. This separation
can best be achieved by writing the internal wavefunction of the system in terms
of Jacobi coordinates.

The most general method of defining the set of Jacobi coordinates is done
through a recursive splitting of the A particles into sub-groups. The method can
best be described with an example. Starting by writing the A particles in any
order, a possible splitting might be

(
1234 ... 789 ... A − 1 A

)(
1234 ... 789 ... A − 1

)(
A
)(

1234 ... 789 ...
)(

A − 1
)(

A
)(

1234
)(

... 789 ...
)(

A − 1
)(

A
)

...

...(
12
)(

3
)(

4
)

...
(
7
)(

8
)(

9
)

...
(

A − 1
)(

A
)(

1
)(

2
)(

3
)(

4
)

...
(
7
)(

8
)(

9
)

...
(

A − 1
)(

A
)

.

We clearly need N = A − 1 steps to completely divide the particles into the A
sub-groups. The construction follows by associating a Jacobi vector connecting the
c.o.m. of the two fragments created at each steps.

The division of the A particles into sub-groups can be done in several ways.
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Figure 3.1.: Two possible definition of Jacobi vectors for describing the internal motion of
a four-body system with different masses. The recursive ’K’ splitting on the
right is compared with another possible definition of Jacobi vectors on the
left.

However, In the general case, it is best to work with the recursive ’K’ splitting(
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)(
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(

A − 1
)(
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.

This splitting defines a set of N = A − 1 Jacobi coordinates, {ηi} with i = 1, ..., N,
which together with the coordinate of the c.o.m. η0 = Rcm completely identifies
the configuration of the system. An example of the recursive splitting applied to
the four-body system with different masses is shown in Figure 3.1.

By following this scheme the Jacobi coordinates of a system made of particles
with different masses are written as [73]

ηk−1 =

√
Mk−1mk

Mkm̄

(
rk −

1
Mk−1

k−1

∑
i=1

miri

)
; k = 2, ..., A. (3.3)

where {mi} is the set of masses of the particles, Mk = ∑k
i=1 mi and m̄ identifies an

arbitrary mass scale. It is possible to rewrite this linear transformation by defining
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an orthogonal matrix Sij [74]

ηk−1 =
A

∑
i=1

Ski

√
mi

m̄
ri , (3.4)

ri =
1√

mi/m̄

A

∑
k=1

Ski ηk−1 , (3.5)

where Sij has the following form

Sij =



√
mj
MA

i = 1

−
√

mimj
Mi Mi−1

i > 1√
Mi−1

Mi
i = j

0 j > i

. (3.6)

The gradient and momentum operators are transformed as

∂

∂ri
=

A

∑
k=1

√
mi/m̄ Ski

∂

∂ηk−1
, (3.7)

pi =
A

∑
k=1

√
mi/m̄ Ski qk−1 , (3.8)

where qk = −i∂/∂ηk. The bilinear combinations are given by

Iα,β =
A

∑
i=1

mi(ri)α(ri)β = m̄
A

∑
i=1

(ηi−1)α(ηi−1)β , (3.9)

Tα,β =
A

∑
i=1

1
2mi

(pi)α(pi)β =
1

2m̄

A

∑
i=1

(qi−1)α(qi−1)β , (3.10)

Lα,β =
A

∑
i=1

mi(ri)α(pi)β = m̄
A

∑
i=1

(ηi−1)α(qi−1)β , (3.11)

and finally the volume elements are expressed as

A

∏
i=1

dri =
1
µ

A

∏
i=1

dηi−1 , (3.12)

A

∏
i=1

dpi = µ
A

∏
i=1

dqi−1 , (3.13)

where µ = ∏N
i=1

√
mi.
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Hyperspherical coordinates. From a given choice of Jacobi coordinates, the hy-
perspherical coordinates {ρN, φ(N), Ω(N)} can be introduced. In this notation, ρN
is the hyper-radius, Ω(N) ≡ {Ω1, ..., ΩN} where Ωj = (θj, ϕj) gathers the angular
coordinates of the Jacobi vectors , and φ(N) ≡ {φ2, ..., φN} is a set of hyper-angles.
The hyper-radial coordinates ρ1, ..., ρN and the hyper-angular coordinates φ2, ..., φN
are constructed recursively. The transformation law for the first two Jacobi coordi-
nates is

η1 = ρ1 = ρ2 cos φ2 ,

η2 = ρ2 sin φ2 .
(3.14)

Assuming that we obtained already the hyper-radial coordinates ρ1, ..., ρj−1 and
the hyper-angular coordinates φ2, ..., φj−1, the transformation law for ρj and φj
reads in analogy to Eq. (3.14) as

ρj−1 = ρj cos φj ,

ηj = ρj sin φj .
(3.15)

This iterative procedure defines the full set of hyperspherical coordinates from the
Jacobi vectors.

The internal kinetic energy operator for the A-body system is given by the 3N-
dimensional Laplace operator ∆(N), which in terms of the hyperspherical coordi-
nates it is written as

∆(N) = ∆ρ −
1
ρ2 K̂2

N(φ(N), Ω(N)) . (3.16)

In the previous equation we simplified the notation by writing ρ ≡ ρN. The hyper-
radial part is

∆ρ =
∂2

∂ρ2 +
3N − 1

ρ

∂

∂ρ
, (3.17)

where K̂2
N is the grand-angular momentum operator1. Denoting with l̂j the angular

momentum operator related to the Jacobi vector ηj, and with L̂2
j and M̂j the total

orbital angular momentum operator and z-projection of the system identified by
the first j Jacobi coordinates, it is possible to define the grand-angular momentum
operator K̂2

N of the system recursively in terms of K̂2
N−1 and l̂N as [75]

K̂2
N = − ∂2

∂φ2
N
+

3N − 6 − (3N − 2) cos(2φN)

sin(2φN)

∂

∂φN
+

1
cos2 φN

K̂2
N−1 +

1
sin2 φN

l̂2
N

(3.18)
where K̂2

1 = l̂2
1 . The operators K̂2

N, ..., K̂2
2, L̂2

N, ..., L̂2
2, l̂2

N, ..., l̂2
1 and M̂N commute with

each others. As a consequence, it is possible to label hyperspherical states using
the set of 3N − 1 quantum numbers {KN} ≡ {KN, ..., K2, LN, ..., L2, lN, ..., l1, MN}.

1Here we put hats on the operators to avoid confusion with the related quantum numbers.
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Hyperspherical Harmonics functions. The hyperspherical harmonics functions
Y{KN} are the eigenfunctions of the grand-angular momentum operator with eigen-
values KN(KN + 3N − 2). The explicit expression for the hyperspherical harmonics
functions is given by [76]

Y{KN} =

[
∑

m1,...,mN

CL2 M2
l1m1,l2m2

CL3 M3
L2 M2,l3m3

× ... × CLN MN
LN−1 MN−1,lNmN

N

∏
j=1

Yljmj(Ωj)

]
×

×
[

N

∏
j=2

Nj(sin φj)
lj(cos φj)

Kj−1 P
[

lj+
1
2 ,Kj−1+

(3j−5)
2

]
nj (cos 2φj)

]
,

(3.19)

where CLM
limi,ljmj

are the Clebsch-Gordan coefficients, Yljmj(Ωj) are the spherical har-

monics associated with the Jacobi coordinate ηj, P
[

α,β
]

n are Jacobi polynomials,
and

Nj =

[
(3Kj + 3j − 2)nj!Γ(nj + Kj−1 + lj +

3j−2
2 )

Γ(nj + lj +
3
2)Γ(nj + Kj−1 +

3j−3
2 )

] 1
2

(3.20)

is a normalization constant with 2nj = Kj − Kj−1 − lj. The hyperspherical harmon-
ics form a complete orthogonal set so that

⟨Y{KN}|Y{K′
N}⟩ = δKN ,K′

N
δLN ,L′

N
δMN ,M′

N
δℓN ,ℓ′N

× δKN−1,K′
N−1

δLN−1,L′
N−1

δMN−1,M′
N−1

δℓN−1,ℓ′N−1
(3.21)

× ...

× δK2,K′
2

δL2,L′
2

δM2,M′
2

δℓ1,ℓ′1
.

Anti-symmetrization. The hyperspherical functions of Eq. (3.19) do not have
well defined transformation properties under the permutation group SA. As re-
quired by Fermi statistics, the nuclear wavefunction must belong to the total anti-
symmetric irreducible representation of SA, at least in the limit where we can ig-
nore any isospin symmetry breaking effects in the nuclear Hamiltonian. The com-
plete algorithm that generates the symmetry-adapted hyperspherical harmonics
was developed in Ref. [65], from which we just quote the main findings. The
main idea is to first construct functions populating the irreducible representa-
tions of the dynamical O(N) group, and then use that SA ⊂ O(N), to reduce
to the irreducible representations of SA. These symmetry-adapted hyperspher-
ical harmonics, Y[KN ], are uniquely identified by the set of quantum numbers
[KN] ≡ {KN, LN, MN, λN, αN YA, βA}, where λN identifies the irreducible repre-
sentation of O(N), YA is the Yamanouchi symbol which specifies the irreducible
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representations of the group-subgroup chain S1 ⊂ ... ⊂ SA presented by the ap-
propriate Young diagrams Γ1, ..., ΓA, while αN and βA are additional quantum
numbers needed to remove further degeneracies. The O(N) and SA symmetry-
adapted hyperspherical harmonics Y[KN ] are constructed recursively. Assuming
that Y[KN−1]

have been already constructed, the Nth Jacobi coordinate is then cou-
pled to this system, so that a state with total angular momentum LN and grand-
angular momentum KN is formed. Let us call this state Y[KN−1],KN LN MN

. Note that
Y[KN−1],KN LN MN

is a irreducible tensor under O(N − 1) and SA−1 but not under
O(N) and SA. The states Y[KN ] are obtained as linear combinations of the states
Y[KN−1],KN LN MN

, where the coefficients of the linear combinations are labeled as[(
KN−1, LN−1, λN−1, αN−1; lN

)
KN LN|}KN LNλNαN

]
,
[(

λN−1ΓN βN
)
λN|}λNΓAβA

]
and are known as hyperspherical orthogonal group parentage coefficients (hsopcs)
and orthogonal group coefficients of fractional parentage (ocfps) respectively. The
final expression of the symmetry-adapted hyperspherical harmonics reads

Y[KN ] = ∑
λN−1βN

[(
λN−1ΓN βN

)
λN|}λNΓAβA

]
× ∑

KN−1,LN−1,αN−1,lN

[(
KN−1, LN−1, λN−1, αN−1; lN

)
KN LN|}KN LNλNαN

]
× Y[KN−1],KN LN MN

. (3.22)

Spin-isospin degrees of freedom. In Eq. (3.22), we have constructed hyperspheri-
cal harmonics functions belonging to irreducible representations of the dynamical
orthogonal O(N) and permutation SA groups. Nucleons possess also spin and
isospin degrees of freedom, which slightly complicate the construction of the hy-
perspherical basis with the proper transformation properties. In particular, the
rotational symmetry of the nuclear Hamiltonian requires us to couple the spin
and configuration part of the nuclear wavefunction into a state that has the total
angular momentum J as good quantum number. On the other hand, isospin is
an approximate symmetry for the nuclear interaction with the consequence that
the total isospin T of the system is (almost) conserved. On top of this, the com-
plete basis function in configuration, spin and isospin space must belong to the
total anti-symmetric irreducible representation of the permutation group SA, as
required by Fermi statistics. All of this can be achieved by coupling the configura-
tion, Y[KN ], and spin-isospin wavefunction, χ[SA]

, of the A-nucleon system as [77]

H(KN) = ∑
YN

ΛΓA,YN√
|ΓA|

∑
MNSz

C J Jz
LN MN ,SSz

Y[KN ] χ[SA]
, (3.23)

where Y[KN ] is defined in Eq. (3.22), while χ[SA]
is the spin-isospin wavefunction

of the A-nucleon system populating irreducible representations of the permuta-
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tion group. Above, we defined (KN) ≡ {KN, LN, SN, JN, (JN)z, λN, αST
N , YA, βA},

[SA] ≡ {S, Sz, T, Tz, YA, αST
A }, while ΛΓA,YN is a phase factor, and |ΓA| is the di-

mension of the irreducible representation ΓA. The construction of the A-nucleon
symmetrized spin-isospin wavefunction χ[SA]

is done, similarly with the construc-
tion of the configuration part of the basis functions, recursively. As explained for
instance in Ref. [77].

The Schrödinger equation. The symmetry-adapted hyperspherical harmonics
form a complete and orthogonal basis in the hypersphere spanned by the Jacobi
vectors. This allows us to expand the internal wavefunction of the many-body
system as

Ψin(η1, ..., ηN) =
Kmax

∑
(KN)

R(KN)

(
ρ
)

H(KN)

(
φ(N), Ω(N)

)
, (3.24)

where the radial part R(KN)(ρ) is a function of the hyper-radius only, and Kmax

is the maximum grand-angular momentum quantum number. Using Eq. (3.10),
Eq. (3.16), Eq. (3.17) and the orthogonality of the hyperspherical functions we see
that the Schrödinger equation for the internal wavefunction of the many-body
system generates the following coupled system of eigenvalue problems for the
hyper-radial wavefunction

− 1
2m

(
∂2

∂ρ2 +
3N − 1

ρ

∂

∂ρ
− K(K + 3N − 2)

ρ2

)
R(KN)(ρ) (3.25)

+
Kmax

∑
(K′

N)

V(K′
N),(KN)(ρ)R(K′

N)(ρ) = E R(KN)(ρ) .

Here, V(K′
N),(KN)(ρ) are matrix elements of the nuclear many-body interactions

among hyperspherical states

V(K′
N),(KN)(ρ) = ⟨(K′

N)|
(

∑
i<j

Vij + ∑
i<j<k

Wijk + ...

)
|(KN)⟩ (3.26)

=
∫

dΩ H∗
(K′

N)

(
Ω
)(

∑
i<j

Vij + ∑
i<j<k

Wijk + ...

)
H(KN)

(
Ω
)

,

where we simplified the notation with the definition Ω ≡
(

φ(N), Ω(N)
)
. We see

that, with the expansion of the internal wavefunction in hyperspherical harmon-
ics, the solution of the Schrödinger equation is obtained in two steps. The first
involves the calculation of the matrix elements of the potential in Eq. (3.26), the
second requires the solution of the hyperradial equation in Eq. (3.25). The latter
is generally obtained by expanding the hyper-radial wavefunction in terms of a
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further complete set of state. In the work described in this thesis, the expansion is
done in terms of the generalized Laguerre polynomials Lv

n(ρN)

R(KN)(ρ) =
nmax

∑
n=0

Cn
(KN)L

v
n(ρ). (3.27)

The hyperspherical harmonics method is very powerful and allows for precise
solutions of the Schrödinger equation in three- and four-body systems, but un-
fortunately the numerical cost scales very quickly with the mass number A, see
Figure 3.2.
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Figure 3.2.: Total number of states (HH states × hyperradial states) as a function of the
maximum grand-angular momentum quantum number Kmax and of the num-
ber, A, of particles in the system. Figure taken from Ref. [78].

Since the dimension of the basis becomes untreatable as we go to large value of
Kmax, to accelerate the convergence of the hyperspherical harmonics expansion, we
substitute the bare nucleon-nucleon interaction with an effective interaction, using
the so called effective interaction hyperspherical harmonics (EIHH) method [79].
To derive the effective interaction, the Hilbert space of the A-body Hamiltonian
HN = T + V + W + ... is divided into a model space and a residual space, defined
by the projectors operators P and Q of T,[

T, P
]

=
[

T, Q
]
= 0 ;

Q T P = P T Q = 0 ;

P + Q = 1 .
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The Hamiltonian is then replaced by the effective model space Hamiltonian

Heff
N = P T P + P Veff P + P Weff P + ... ,

that by construction has the same energy levels as the low-lying spectrum of the
bare Hamiltonian. In general, finding the complete many-body effective inter-
action is a problem that is numerically as complicate as finding the full-space
solution with the bare interaction. However, for the case of the hyperspherical
harmonics expansion, we can easily construct the two-body effective interaction,
Veff
[2] . In this work we truncate the generation of the effective interaction at the two-

body level, and work then with bare three-nucleon forces. Despite the truncation
of the effective interaction, observable in three- and four- body nuclei converge
relatively fast, see for instance Ref. [2].

Important remarks. In essence, the hyperspherical harmonics method is a pow-
erful technique and for many years it has been applied to the study of few-body
systems. In the limit of infinite model space the solution converges to the ex-
act solution of the Schrödinger equation, however in common practice one will
always truncate the expansion at some point. While we observe that good con-
vergence can be reached with nmax ≤ 50, the convergence in terms of Kmax is
more problematic, and requires careful investigations. The uncertainty related to
these truncations can be estimated by looking at the convergence pattern of the
observables of interest, as will be shown in Chapter 5 of this thesis. Because the
formulation presented here is developed in coordinate space, the method benefits
from having local forces, such as the AV18 nucleon-nucleon potential. While one
can formulate hyperspherical harmonics also in momentum space [58], the goal
of this work is to focus on the coordinate space representation and implement
local-chiral interactions.

3.2. The nuclear interaction

In 1935 Yukawa laid the foundation to the theory of the nuclear forces by con-
sidering an interactions among nucleons mediated by pions [80]. His one-pion
exchange term is nowadays known as an important contribution to the interaction
among nucleons in the long-distance range and is implemented in many nuclear
interaction models. In the mid 1990s and early years of the next decade the first
high-precision nucleon-nucleon potentials able to reproduce at the same time the
deuteron properties, the proton-proton, and the proton-neutron scattering data
were released. Some notable examples of these interactions are the above men-
tioned AV18 [81], the Nijmegen (Nijm93) [82], and the charge-dependent Bonn
(CD-Bonn) [83]. The subsequent development of three-nucleon interactions, see
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for instance Refs. [84, 85], improved the description of the A > 2 nuclear dynam-
ics, initiating a successful theoretical campaign of nuclear structure and reaction
predictions, see e.g., Refs. [86–88] and references therein. Despite the great success
of the phenomenological interactions, there were still open questions to address,
including the estimation of the uncertainties due to the modeling of the forces, the
lack of connection between the NN and 3N interactions and the missing direct link
to quantum chromodynamic.

An important step forward to address these issues was made when the concept
of effective field theory (EFT) was introduced and applied to low-energy QCD. As
suggested by Weinberg [89–92], the low-energy nuclear dynamic can be described
by a Lagrangian written in terms of pions and nucleons fields and consistent with
all the commonly accepted symmetries of QCD, including the (explicitly and spon-
taneously broken) chiral symmetry which strongly constrains the pion dynamics.
The proposed Lagrangian contains an infinite number of terms and a systematic
expansion must be introduced to make the theory applicable. Following Wein-
berg’s proposal, in the early 2000s modern versions of chiral-inspired nuclear in-
teractions were released by many groups – for a compilation of results, see for
instance Refs. [50, 51, 93] and references therein – each interaction being different
by the truncation order of the chiral expansion, by the inclusion or exclusion of
the ∆-isobar, by the fitting procedure or by the regularization scheme used. Given
that these interactions are derived in field theories written in momentum space,
they are highly non-local. One of the consequences is that they are difficult to
implement in some of the few- and many-body techniques which are developed
in coordinate-space representation.

In recent years a set of local nuclear interactions derived from chiral effective
field theory at the next-to-next-to-leading order (N2LO) has become available [63,
94–96]. This interaction has a series of properties which make it interesting for
our computations. It is formulated in coordinate space and contains only one non-
local operator. Furthermore, the two-body and three-body forces are regularized
consistently, in the sense that the same regulator form and cut-off is used. Given
that the hyperspherical harmonics method takes advantage in working with local
interactions in coordinate space, this interaction is extensively used in the work
described in this thesis.

Below, we highlight how the nuclear interactions originate from an effective
field theory of the QCD Lagrangian. We start our discussion by describing the
symmetries of QCD in the chiral limit, these symmetries are then used as a guid-
ing point in constructing the leading order effective Lagrangians describing the
dynamics of pions and nucleons, and finally we show how the nuclear force can
be obtained from the calculation of the few-nucleon scattering amplitudes in the
effective theory.
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3.2.1. The symmetries of the QCD Lagrangian

The dynamics of the hadrons is described by QCD, a field theory based on the
gauge SU(3)color group. The fundamental degrees of freedom for the theory are
the quark and gluon fields. Here, we limit the discussion to the part of the QCD
Lagrangian that is more strongly related to nuclear physics. Accordingly, our
Lagrangian contains only two species of quarks: the ”up” and ”down” flavours.
These quarks live in the fundamental representation of color SU(3) and populate
the spinor representation of the Poincaré group. Their interaction is mediated by
the exchange of gluons, which are the gauge fields of the theory and are intro-
duced in order to make the QCD Lagrangian invariant under a local SU(3)color
transformation. The Lagrangian reads

LQCD = q̄
(

i��D −M
)

q − 1
4

Fµν,aFµν
a , (3.28)

with

��D ≡ γµDµ = γµ∂µ − igγµ λa

2
Gµ,a , (3.29)

Fµν,a = ∂µGν,a − ∂νGµ,a + g fabcGµ,bGµ,c . (3.30)

Here M is the quark mass matrix, λa {a = 1, ..., 8} are the eight Gell-Mann matri-
ces operating in color space, fabc are the structure constants of SU(3)color and g is
the strong coupling. In the notation of Eq. (3.28), the quark field is represented as
a collection of column vectors in Dirac, color and flavour spaces as

q =

(
ϕ

χ

)
⊗

 qr

qg

qb

⊗
(

u
d

)
,

where ϕ and χ are the large and small components of the Dirac field, qr, qg, qb
represent the three different colors of quarks, while the remaining two dimensional
column vector collects the flavours. The quark mass matrix takes the following
form

M = 1Dirac ⊗ 1color ⊗
(

mu 0
0 md

)
.

Given the previous form of the quark mass matrix, the Lagrangian in Eq. (3.28) is
both Lorentz and local SU(3)color invariant. It is also invariant under independent
U(1)u ⊗ U(1)d global transformations, which implies flavour conservation of the
strong force. This Lagrangian exhibits also a larger approximate symmetry in
flavour space, known as isospin symmetry. It can be seen by noting that the mass
of the lightest quarks mu ∼ 2.5 Mev, md ∼ 5 MeV are much smaller than the typical
masses of the hadrons mh ∼ 1 GeV. As a first approximation, the lightest quarks
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can then be considered as having identical masses. We seek the description of an
even larger approximate flavour symmetry, which arises when mu = md = 0. In
this approximation the QCD Lagrangian reads

L(0)
QCD = q̄i��Dq − 1

4
Fµν,aFµν

a

= q̄Ri��DqR + q̄Li��DqL −
1
4

Fµν,aFµν
a , (3.31)

where

qR =
1
2
(1 + γ5)q , (3.32)

qL =
1
2
(1 − γ5)q . (3.33)

This Lagrangian is invariant under the chiral transformation U(1)L ⊗ U(1)R ⊗
SU(2)L ⊗ SU(2)R. Without any loss of generality the chiral transformations can be
expressed in terms of vector and axial-vectors transformations U(1)V ⊗ U(1)A ⊗
SU(2)V ⊗ SU(2)A. Noether’s theorem then predicts the existence of 8 conserved
currents

Vµ
i = q̄γµ τi

2
q , (3.34)

Aµ
i = q̄γµγ5

τi

2
q , (3.35)

Vµ = q̄γµq , (3.36)

Aµ = q̄γµγ5q , (3.37)

and eight corresponding conserved charges, which are the generators of the chi-
ral transformation in the hadronic Hilbert space. In the previous equations τi
{i = 1, 2, 3} are Pauli matrices in flavour space. The singlet axial-vector current,
Aµ, is only conserved at the classical level, i.e., quantum corrections break the cur-
rent conservation [97,98]. Furthermore there is strong evidence that the chiral sym-
metry group of the Lagrangian G = U(1)V ⊗ SU(2)V ⊗ SU(2)A is spontaneously
broken into H = U(1)V ⊗ SU(2)V by the ground state of QCD. This implies the
existence of three massless Goldstone bosons with the same quantum numbers of
the broken generators. These Goldstone bosons are nowadays associated with the
pions, which is not massless because the chiral group is not only spontaneously
but also explicitly broken.

3.2.2. Chiral effective field theory

Starting from the symmetries of QCD, in this section we construct an EFT that
describes the properties of the atomic nuclei at low energies. Accordingly, only
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pions and nucleons are explicitly included in the theory. This theory is known
as chiral effective field theory (ChEFT). The structure of the chiral Lagrangian is
strongly constrained by the symmetries and symmetry breaking pattern of QCD.

Given that the chiral Lagrangian contains an infinite number of terms, it is im-
portant to start by structuring a classification scheme. As a first approach we
classify the operators in the Lagrangian as

LχEFT = L(2)
π (mπ, fπ) + L(4)

π (l1, ..., l7)

+ L(1)
πN(gA) + L(2)

πN(MN, c1, ..., c7) + L(3)
πN(d1, ..., d23) + L(4)

πN(e1, ..., e118) + ...

+ L(0)
NN(CS, CT) + L(2)

NN(C1, ..., C7) + L(4)
NN(D1, ..., D12) + ...

+ L(0)
3N(E) + L(2)

3N(E1, ..., E10) + ... , (3.38)

where mπ and fπ are the pion mass and decay constant, MN is the nucleon mass,
and {l1, ..., l7}, {gA, c1, ..., c7, d1, ..., d23, e1, ..., e118}, {CS, CT, C1, ..., C7, D1, ..., D12} and
{E, E1, ..., E10} are low-energy constants (LECs). These constants multiply the op-
erators, and since they are not constrained by the symmetries of QCD, they need to
be first fitted to the experimental data, or matched to lattice QCD, before making
the theory predictive. The generally accepted rule is to indicate with lower case
letters the constants that set the strength of the operators in the meson or single
barion sector, while with capital case letters the constants that multiply short-range
interactions between (and among) nuclei. The first row of Eq. (3.38) describes the
dynamics and interaction of the pion fields, the second row describes the interac-
tion between pion and nucleon fields, the third row describes short-range inter-
actions between two nucleons and so on. The superscript counts the number of
derivatives or pion mass insertions.

The group-theoretical foundations for the non-linear realization of the sponta-
neously broken chiral symmetry was developed in Refs. [99–101]. The crucial
point is that the fields entering the Lagrangian are assumed to transform under
irreducible representations of the subgroup H which leaves the vacuum invariant,
whereas the chiral symmetry group G of the Lagrangian is non-linearly realized.
We start by constructing the chiral Lagrangians in the purely mesonic sector. Ac-
cordingly, the non-linear realization of chiral symmetry is realized by introducing
the operator U(x), which collects the goldstone bosons, {ϕ1(x), ϕ2(x), ϕ3(x)}, and
transforms under G = SU(2)L ⊗ SU(2)R as

G = SU(2)⊗ SU(2) = {(L, R)|L ∈ SU(2), R ∈ SU(2)} , (3.39)

U(x) G
=⇒ RU(x)L† . (3.40)

A widely used representation of this operator is the exponential one

46



3.2. THE NUCLEAR INTERACTION

U(x) = exp

[
i
ϕ(x)

fπ

]
, (3.41)

ϕ ≡ ϕiτi =

(
ϕ3 ϕ1 − iϕ2

ϕ1 + iϕ2 −ϕ3

)
=

(
π0

√
2π+

√
2π− −π0

)
, (3.42)

where {π0, π+, π−} are the physical pion fields and for convenience, in Eq. (3.42),
we have suppressed the dependence over the Minkowski variables. It is easy to
prove [102] that a SU(2)V transformation leaves the vacuum (ϕ(x) = 0) invariant
and that the pion fields transform according to the adjoint representation. On the
other hand, under the spontaneously broken SU(2)A transformation, the fields
ϕi(x) do not have a simple transformation behaviour. In other words, the commu-
tation relations of the pion fields with the axial charges are complicated nonlinear
functions of the fields. This is the origin for the terminology nonlinear realization of
chiral symmetry [99–101].

The most general Lagrangian with the least number of derivatives with respect
to the exponential operator, U(x), reads [103]

L(2)
π =

f 2
π

4
Tr
[
∂µU ∂µU† + m2

π(U + U†)
]

, (3.43)

=
1
2

∂µϕ∂µϕ − 1
2

m2
πϕ2 + ...

where the missing terms contain operators with three or more pion fields. We
note that the second term in Eq. (3.43) explicitly breaks chiral symmetry and its
origin can be traced back to the quark mass matrix in the QCD Lagrangian, see for
instance Chapter 3 of Ref. [102].

We now generalize the previous discussion to the baryon sector. We start by
defining the nucleon field Ψ(x) as

Ψ =

(
ϕ

χ

)
⊗
(

p
n

)
,

namely as a collection of Dirac fields for the proton, p, and neutron, n. We denote
the unitary square root of U(x) by u(x), u2(x) = U(x) and define the SU(2) valued
function K(L, R, U) by

u(x) G
=⇒

√
RUL† ≡ RuK−1(L, R, U) , (3.44)

K(L, R, U) =
√

RUL† R
√

U . (3.45)
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The following homomorphism defines an operation of G on the set {(U, Ψ)}

φ(g) :
(

U
Ψ

)
→
(

U′

Ψ′

)
=

(
RUL†

K(L, R, U)Ψ

)
, (3.46)

where g ∈ G. Under the isospin transformation H = SU(2)V the field Ψ transform
as an isospin doublet [102].

We are now in a position to introduce the most general chiral baryonic La-
grangian at lowest order. We demand the effective chiral Lagrangian to be in-
variant under a local G = SU(2)L ⊗ SU(2)R ⊗ U(1)V flavor transformation. The
transformation behavior of the nucleon and pion fields reads

(
U(x)
Ψ(x)

)
G−→
(

R(x)U(x)L†(x)

exp
[
−iθ(x)

]
K
(

L(x), R(x), U(x)
)

Ψ(x)

)
, (3.47)

where the phase factor is responsible for the U(1)V transformation of the nu-
cleon field, the pions transform trivially under this transformation since they have
baryon number B = 0. The local character of the transformation means that one
needs to introduce a covariant derivative DµΨ, with the property that it transform
in the same way as Ψ. It can be proven that the covariant derivative

Dµ = ∂µ + Γµ , (3.48)

Γµ =
1
2
[u†, ∂µu] , (3.49)

has the right transformation properties. The most general Lagrangian that pre-
serves the local symmetry G contains also another building block, the so called
chiral vielbein

uµ ≡ i{u†, ∂µu} , (3.50)

which under parity transforms as an axial vector. The most general pion-nucleon
Lagrangian with the least number of derivative reads [104]

L(1)
πN = Ψ̄

(
iγµDµ − MN +

gA

2
γµγ5uµ

)
Ψ , (3.51)

by expanding Dµ and uµ, in terms of the pion fields, the previous Lagrangian
reads

L(1)
πN = Ψ̄

(
iγµ∂µ − MN − 1

4 f 2
π

γµτ · (π × ∂µπ)− gA

2 fπ
γµγ5τ · ∂µπ + ...

)
Ψ , (3.52)

where τ is the vector of Pauli matrixes in isospin space, the term proportional to
gA is the axial-vector coupling of the pion and the nucleus fields and the term with
two pion fields is known as the Weinberg-Tomozawa coupling.
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Heavy baryon formalism. The Lagrangian in Eq. (3.51) leads to power counting
problems. The reason is that the time-derivative ∂0Ψ generates a factor E ≈ MN
which is not small as compared to the chiral symmetry breaking scale Λχ ≈ 1
GeV. A solution to the problem has been proposed in [105], using an effective
field theory technique originally developed in [106] for the study of heavy quark
systems. The idea is to treat the baryons as heavy static sources such that the mo-
mentum transfer between baryons due to the pion exchanges is small as compared
to the baryon mass. The expansion is performed in terms of these small momenta
over the baryon mass and has become known as heavy baryon chiral perturbation
theory (HBChPT). We parameterize the four-momentum of the nucleon field as
pµ = MNvµ + lµ, with vµ being the four-velocity and lµ a small residual momen-
tum. By defining the operators

P±
v =

1 ± γµvµ

2
, (3.53)

P+
v + P−

v = 1 , (3.54)

we can introduce the so-called velocity-dependent fields

N(x) = exp
[
i MNvµxµ

]
P+

v Ψ(x) , (3.55)

h(x) = exp
[
i MNvµxµ

]
P−

v Ψ(x) , (3.56)

so that the nucleon field can be expressed as

Ψ(x) = exp
[
−i MNvµxµ

](
N(x) + h(x)

)
. (3.57)

The point that makes the redefinition in Eq. (3.55) and Eq. (3.56) useful is that
when considering a static nucleon field vµ ≡ (1, 0, 0, 0) the projectors P±

v select
the large and small component of the Dirac field, furthermore the phase redefini-
tion of Eq. (3.55) removes the large MN dependence in the chiral Lagrangian for
the nucleon field N(x). Accordingly, inserting Eq. (3.57) back into the relativis-
tic pion-nucleon Lagrangian of Eq. (3.51), we obtain the following heavy-baryon
Lagrangian describing the leading order pion-nucleon interaction

L̂(1)
πN = N̄

(
iD0 −

gA

2
σ · u

)
N +O

(
h
)

(3.58)

= N̄

{
i∂0 −

1
4 f 2

π
τ ·
(
ϕ × ∂0ϕ

)
− gA

2 fπ
τ ·
(
σ · ∇

)
ϕ

− gA

12 f 3
π

(
τ · ϕ

)[
ϕ ·
(
σ · ∇

)
ϕ
]
+

gA

12 f 3
π

ϕ2[τ · (σ · ∇)ϕ
]}

N + ... , (3.59)
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where the missing terms in Eq. (3.59) contains more pion or h(x) fields, while σ is
a vector of Pauli matrices in spin space.

The pion-nucleon Lagrangian of Eq. (3.51) and Eq. (3.58) is responsible for gen-
erating the leading long-range part of the nuclear interactions. In conventional me-
son exchange models, the short-range nuclear force is described by the exchange
of heavy mesons. Qualitatively, the short-range behavior of the NN interaction is
obtained by Fourier transforming the propagator of heavy mesons

∫
d3q

eiq·r

m2
ω + q2 ∼ e−mωr

r
. (3.60)

ChEFT is an expansion in small momenta of order q ∼ mπ, which are too small
to resolve the structure of the lightest mesons, like ρ(770) or ω(782), because
q ≪ Λχ ≈ mρ,ω. This means that it is possible to obtain an approximate treatment
of the propagator in Eq. (3.60) by expanding it for small momenta

1
m2

ω + q2 ≈ 1
m2

ω

(
1 − q2

m2
ω
+

q4

m4
ω

+ ...
)

, (3.61)

which generate contact interactions with an increasing number of derivatives. The
contact operators do not break the chiral symmetry, so they must be included in
the effective Lagrangian. They mimic the effects of heavy boson exchanges and are
important for the renormalization of the theory. In the heavy-baryon formalism,
the nucleon-nucleon Lagrangian consistent with the symmetries of ChEFT and
with the minimal number of derivatives can be written as [90, 91]

L̂(0)
NN = −1

2
CS(N̄N)(N̄N)− 1

2
CT(N̄σN) · (N̄σN) . (3.62)

Power Counting. The operators in the chiral Lagrangian have been organized by
counting the powers of derivatives or pion mass. This approach can be successfully
applied in the mesonic or single baryon sector but it is insufficient in describing
the interactions among nucleons. Furthermore, as noted by Weinberg in the early
90s [90,91], there are large terms in the scattering series associated with the nucleon
propagators in the intermediate states which explicitly break the perturbative con-
vergence of the scattering series. To overcome this problem, Weinberg suggestion
was to generate a potential from the amplitudes not containing these large terms,
and then iterate the interaction in the Schrödinger or Lippmann-Schwinger equa-
tion to generate the complete scattering series. The Feynman diagrams, given that
they do not contain the large terms, can be organized by simply counting the pow-
ers, v, of the associated small external momenta Q, which are assumed to be much
smaller than the breakdown scale of ChEFT, Q ≪ Λχ. Using naive dimensional
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Diagram Expression

π propagator a b
iδab

q2 − m2
π + iϵ

NN vertex CS,CT CS, CT(σ1 · σ2)

Nπ vertex
a − gA

2 fπ
τaσ · q

Table 3.1.: The relevant Feynman rules for calculating the leading order chiral nuclear
potential in Weinberg power counting.

analysis, Weinberg derived the following power counting scheme

v = 2 − 1
2

En + 2L + ∑
i

Vi

[
d̃i +

1
2

ñi − 2
]

, (3.63)

where En counts the number of external nucleon lines, L counts the number of
loops, ñi counts the internal nucleon lines associated with each interaction vertex,
d̃i is the number of derivative of the interaction while Vi counts the number of
interactions of the type associated with the square bracket.

Feynman rules. The relevant terms of the pion-nucleon Lagrangian which gen-
erate the Feynman diagrams with the least power of v is [50]

L̂χEFT =
1
2

∂µϕ∂µϕ − 1
2

m2
πϕ2

+ N̄

[
i∂0 −

1
4 f 2

π
τ ·
(
ϕ × ∂0ϕ

)
− gA

2 fπ
τ ·
(
σ · ∇

)
ϕ

]
N

− 1
2

CS(N̄N)(N̄N)− 1
2

CT(N̄σN) · (N̄σN) , (3.64)

from which the Feynman rules that are relevant for deriving the leading-order
nuclear potential in Weinberg power counting can be derived, and are shown in
Table. 3.1.
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3.2.3. Nuclear Hamiltonians

In the modern view of nuclear physics, nuclear Hamiltonians are derived from
ChEFT or an alternative EFT. Nuclear forces can be either formulated in coordi-
nate or in momentum space. In this work we prefer a coordinate space formu-
lation, given that the hyperspherical harmonics method is better suited to work
in this framework. There are many important details that must be considered
when deriving nuclear forces from the chiral Lagrangian, such as the choices of
power counting and regulator schemes and the renormalization of the few-nucleon
amplitudes obtained from the interaction. These important points will not be ad-
dressed in this thesis, given that they were not the main focus of this work, and
that there are already some very well written reviews on the subject. The inter-
ested reader can consult for instance Refs. [50, 51] and references therein for more
details.

In what follows, we start our derivation of the nuclear interaction by organizing
the NN potential as

V12 = Vct
12 + Vπ

12 , (3.65)

where the indexes 1/2 refers to the two nucleons taking part in the interaction.
In Eq. (3.65) we explicitly separate the pion-exchange diagrams from the contact
terms. The operator structure of the contact terms is the most general one allowed
by the symmetries of QCD in the chiral limit. These operators are then multiplied
by their respective LECs which must be fitted to A ≥ 2 nucleon observables before
making the theory predictive. The structure of Vπ

12 is completely determined by the
spontaneously broken approximate chiral symmetry of QCD and the experimental
information on the πN system. This means that there are no free parameters in
Vπ

12, the most general structure of this interaction up to N2LO is given by [94]

Vπ
12 = VC(r12) + WC(r12)τ1 · τ2

+
[
VS(r12) + WS(r12)τ1 · τ2

]
σ1 · σ2

+
[
VT(r12) + WT(r12)τ1 · τ2

]
S12 , (3.66)

where S12 is the well-known tensor operator, defined as

S12 = 3(σ1 · r̂12)(σ2 · r̂12)− (σ1 · σ2) . (3.67)

Here r̂12 is the unit vector related to the relative distance, r12, between the two nu-
cleons. The local functions VC(r12), WC(r12), VS(r12), WS(r12), VT(r12) and WT(r12)

change form at each order in ChEFT. In the discussion that follows, we discuss
the structure of the nuclear interactions up to the next-to-next-to-leading order in
Weinberg’s power counting.
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Leading order nuclear force. The leading order (LO) interaction in Weinberg
power counting is derived in Appendix. C. It consists of two contact terms and
a static pion-exchange diagram. Using the Fierz rearrangement, see for instance
Ref. [94], the contact terms can be written with the following operator structure

Vct,LO
12 =

(
CS + CTσ1 · σ2

)
δ(r12), (3.68)

where δ(r12) is the Dirac delta function, while CS and CT are two low-energy
constants. Following Eq. (C.5), and according to Eq. (3.66), we parameterize the
pion exchange interaction as

WLO
S (r12) =

(
gA

2 fπ

)2
m2

π

12π
Y(r12) , (3.69)

WLO
T (r12) =

(
gA

2 fπ

)2
m2

π

12π
T(r12) , (3.70)

and with all the other functions in Eq. (3.66) identically zero. For convenience in
the previous equations we have defined the two functions

Y(r12) =
e−mπr12

r12
, (3.71)

T(r12) =

(
1 +

3
mπr12

+
3

(mπr12)2

)
Y(r12) . (3.72)

Next-to-leading-order nuclear force. At the next-to-leading order (NLO) there
are contributions coming from the leading two-pion exchange diagrams, which
greatly improves the description of the intermediate-range part of the nuclear in-
teraction. In this work, we follow Refs. [94,107] where the loop diagrams are regu-
larized using the spectral-function-regularization (SFR). Given that the calculation
is quite technical, we will not evaluate the NLO diagrams here, but refer to the
relevant literature [50, 94]. For the scope of this thesis, it is important to only note
that the NLO diagrams modify the values of the local functions VS(r12), VT(r12)

and WC(r12), which with respect to the leading-order case are not identically zero
anymore. Furthermore, the strength of the one-pion-exchange (OPE) diagram is
slightly modified because of the Goldberger-Treiman discrepancy (GTD) [108]

gπN =
gAmN

fπ

(
1 − 2m2

π d̄18

gA

)
, (3.73)
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where gπN is the coupling constant in the pion-nucleus vertex and d̄18 is a LEC
from the third-order pion-nucleon effective Lagrangian, see Eq. (3.38). At NLO
there are also 7 new independent LECs coming from the short-distance part of
the interaction, using Fierz rearrangement, the operator structure of the contact
interaction can be written as

Vct,NLO
12 = −

[
C1 + C2

(
τ1 · τ2

)]
∆δ(r12)−

[
C3 + C4

(
τ1 · τ2

)](
σ1 · σ2

)
∆δ(r12)

+
C5

2
∂r12δ(r12)

r12

(
L · S

)
+
[
C6 + C7

(
τ1 · τ2

)]
(3.74)

·
[(

σ1 · r̂12
)(

σ2 · r̂12
)(∂r12δ(r12)

r12
− ∂2

r12
δ(r12)

)
−
(
σ1 · σ2

)∂r12δ(r12)

r12

]
,

where ∆ is the Laplace operator, while L and S are the total orbital angular momen-
tum and spin operator in the two-body system represented by the two interacting
nucleons. The {C1, ..., C7} is the set of new low energy constants (LECs). In this
version of the nuclear interaction, the term proportional to C5 is the only non-local
operator.

Figure 3.3.: Feynman diagrams of the chiral 3N force at N2LO, from the left to the right:
2π-term, 1π-term and ct-term.

N2LO nuclear force. At this order there are sub-leading two-pion-exchange dia-
grams which modify the values of VC(r12), WS(r12) and WT(r12) [94]. There are no
new contact diagrams, however the first non-zero three-nucleon (3N) forces, see
the diagrams shown in Figure 3.3, arise at this order. The 3N force is composed
of a two-pion (2π) exchange, a one-pion (1π) exchange and a 3N contact (ct) in-
teraction. The 2π-term comes with the LECs c1, c3, and c4 that already appear in
the subleading two-pion-exchange interaction at the NN level at the same chiral
order, while the one-pion exchange and the 3N contact diagrams introduce two
new LECs, cD and cE, which must be fitted on A ≥ 3 observables. In writing the
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3.2. THE NUCLEAR INTERACTION

3N forces we follow Ref. [63]. The 3N interaction reads

W123 = ∑
cyc

W1,23 = ∑
cyc

[
W2π,c1

1,23 + W2π,c3
1,23 + W2π,c4

1,23 + W1π,cD
1,23 + Wct,cE

1,23

]
, (3.75)

where the sum runs over the cyclic permutations of the particle triplet and the
notation has the intention to highlight the symmetry of the interaction over the
exchange of particles 2 and 3. Each term is denoted with a label that includes the
associated LEC. The 2π exchange 3N terms are given by

W2π,c1
1,23 = A U12Y12U13Y13 (τ2 · τ3) (σ2 · r̂12) (σ3 · r̂13) , (3.76)

W2π,c3
1,23 = B {τ1 · τ2, τ1 · τ3} {χ12, χ13} , (3.77)

W2π,c4
1,23 = −C [τ1 · τ2, τ1 · τ3] [χ12, χ13] , (3.78)

where we have defined the coupling constants A, B and C as

A = c1
g2

Am4
π(h̄c)2

16π2F4
π

, (3.79)

B = c3
g2

Am4
π(h̄c)2

1152π2F4
π

, (3.80)

C = c4
g2

Am4
π(h̄c)2

2304π2F4
π

, (3.81)

while the other functions and operators are

U12 ≡ U(r12) = 1 +
1

mπr12
, (3.82)

χ12 ≡ χ(r12) = X12 −
4π

m2
π

δ(r12)
(
σ1 · σ2

)
= T(r12)S12 + Ỹ12

(
σ1 · σ2

)
, (3.83)

X12 ≡ X(r12) = T(r12)S12 + Y(r12)
(
σ1 · σ2

)
, (3.84)

Ỹ12 ≡ Ỹ(r12) = Y(r12)−
4π

m2
π

δ(r12) . (3.85)

Finally Y(r12), T(r12) are defined in Eq. (3.71) and Eq. (3.72) respectively. The
1π-interaction and contact terms used in this work read

W1π,cD2
1,23 = D

(
τ2 · τ3

)
χ23

[
δ(r12) + δ(r13)

]
, (3.86)

Wct,cEτ
1,23 = E

(
τ2 · τ3

)
δ(r12) δ(r13) (3.87)
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with

D = cD
gAm2

π(h̄c)4

96πΛχF4
π

, (3.88)

E = cE
(h̄c)6

ΛχF4
π

. (3.89)

In addition to the isospin-symmetric interactions described so far, there are also
isospin symmetry breaking effects, which originate from the mass splitting be-
tween the pion triplet and nucleon doublet and from the electromagnetic interac-
tion. We will not describe these effect here, but refer directly to Ref. [94], where
more details can be found.

The NN forces derived so far are already written as irreducible spherical ten-
sors, in fact they follow the same structure of the AV18 [81] interaction. However,
the same does not apply for the 3N forces, an important work of this thesis was
the re-formulation of the three-nucleon forces as spherical tensors, and their im-
plementation in the hyperspherical harmonics formalism. Given that this part of
the work is quite technical, it is described in Appendix D.

Important remarks. Given that the chiral Lagrangian contains an infinite number
of operators, the ChEFT expansion must be truncated at a certain order. In this
work, we choose to truncate the expansion at N2LO. This is motivated by the
evidence that starting from N3LO there are sub-leading three-body forces that have
not yet been derived consistently with the other forces [109, 110]. Furthermore, at
N3LO, ChEFT predicts the existence of four-body forces [50], which complicate
even further the solution of the many-body Schrödinger equation. Nevertheless,
in Chapter 5 we include a partial N3LO calculation, which is done by truncating
the expansion of the 3N forces at N2LO while the NN forces are truncated at
N3LO. We expect this to improve our results, but it is difficult to quantify what
could be the effect of the missing N3LO operators.

It is important that we find methods to estimate the uncertainties of our results
due to truncations of the ChEFT expansion. We have achieved this by the use of
Bayesian methods, which are briefly introduced in the next Chapter.
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4. Bayesian uncertainty quantification

In the previous two chapters, we described the relevant theory for the calculation
of the nuclear structure effects on the spectra of muonic hydrogen-like atoms. As
the importance of our theoretical result is closely tied to the expected precision,
it becomes crucial to devise methods that quantify the uncertainties inherent in
our predictions. In this chapter, we illustrate how the Bayesian analysis provides
an optimal tool to achieve this goal, enabling us to estimate the ChEFT truncation
error that predominantly influences the uncertainty of the calculation.

The Bayesian interpretation of probability was originally introduced by the Rev-
erend Thomas Bayes in the latter half of the 18th century. It was later indepen-
dently reformulated in the early 19th century by Laplace, who made significant
contributions in advancing the theory during its early stages. Notably, one of
the most remarkable applications of Bayesian inference at that time was Laplace’s
prediction of the mass of Saturn. Given the experimental data of its orbit {D}
and the theory of celestial mechanics available at that time, which is denoted here
with the label I, Laplace employed Bayes’ theorem to extract a probability density
function (pdf) of the mass of Saturn pr

(
Ms|D, I

)
which has remarkably withstood

the test of time. Despite its early successes, the Bayesian approach faced signif-
icant opposition from the scholars throughout the 19th and early 20th centuries,
who favored the more objective definition of probability advocated by the classical
frequency school. Various criticisms emerged, ranging from the interpretation of
probabilistic thinking to the meaning of the so-called Bayesian priors. These led
to the overall disguise of the Bayesian approach, until in modern years the works
of Cox [111], Jeffrey [112] and Jaynes [113] rescued and revitalized the Bayesian
school by establishing the theory on solid mathematical foundations. Presently,
Bayesian statistics is extremely popular in frontier science, due to its capacity to
extract the maximum amount of information from limited data sets while provid-
ing a systematic framework to confront theory against data.

This chapter is structured as follows. In Section 4.1 we introduce the fundamen-
tals of Bayesian statistics, in Section 4.2 we apply the method to the problem of
quantifying truncation uncertainties, and finally in section 4.3 we present a discus-
sion on the derivation of the Bayesian priors.
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CHAPTER 4. BAYESIAN UNCERTAINTY QUANTIFICATION

4.1. Fundamentals of Bayesian statistics

The work of Richard Cox [111] laid the mathematical ground for interpreting the
Bayesian perspective on probability. He started by considering how we can repre-
sent our belief in the truth of various propositions. As a minimum requirement, he
assumed that our beliefs in various statement can be ranked in a transitive man-
ner. If we believe in X more than Y, and if we believe that Y is more likely to be
true than Z, then necessarily we have to believe in X more than Z. This transitive
ranking can be obtained if we assign a real number to each statement according to
our belief, where the number 1 (0) represents absolute certainty that the statement
is true (false). Starting from this obvious point, Cox derived the rules that these
numbers have to satisfy in order to meet some requirement of logical consistency.
He started from two axioms:

• If we specify our belief in X, then we indirectly specify our belief in X̄, the
opposite of X.

• If we specify our belief in (X and Y assuming X), this uniquely identifies our
belief in (X and Y).

Starting from these two axioms, Cox derived the following two relations

pr
(
X|I
)
+ pr

(
X̄|I
)
= 1 , (4.1)

pr
(
X, Y|I

)
= pr

(
Y|X, I

)
pr
(
X|I
)

, (4.2)

which take the name of sum rule and product rule, respectively. In Eq. (4.1) and
Eq. (4.2), I represents the background information relevant in assessing the proba-
bility of X and Y. Among the most useful consequences of the previous rules, one
can prove the following corollaries

pr
(
X|Y, I

)
=

pr
(
Y|X, I

)
pr
(
X|I
)

pr
(
Y|I
) , (4.3)

pr
(
X|I
)

=
∫

pr
(
X, Y|I

)
dY =

∫
pr
(
X|Y, I

)
pr
(
Y|I
)

dY . (4.4)

Eq. (4.3) is known as Bayes’ theorem, it follows directly from the product rule and
it is invaluable in daily scientific practice. It allows us to turn things around and
relate the probability of X given Y to the probability of Y given X. Its advantages
are evident if we write it with X ≡ Hypothesis and Y ≡ Data then Eq. (4.3)
becomes

pr
(
Hyp|D, I

)
=

pr
(
D|Hyp, I

)
pr
(
Hyp|I

)
pr
(
D|I

) . (4.5)
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The theorem allows us to extract the probability distribution of hypothesis (re-
lated to some underlying theory) being true given the observed experimental data
{D}. Each term in Eq. (4.5) has a name. We call the term on the left-hand side
of the equation ”posterior probability distribution” (ppd). On the right-hand side,
pr
(
D|Hyp, I

)
is known as the ”likelihood” since it represents how likely it is to

obtain the data given that the hypothesis is true and pr
(
Hyp|I

)
is the ”prior proba-

bility distribution” or simply ”prior” since it represent our belief in the hypothesis
being true even before acquiring the experimental data {D}. Finally pr

(
D|I

)
takes

the name of ”evidence”. In some situation it is omitted, since it effectively acts as
a normalization constants. Eq. (4.4) goes with name of marginalization and it is of
great importance in scientific practice because it allows integrating out of nuisance
parameters that enter the analysis but with no intrinsic interest.

There are many other corollaries that can be derived from Eq. (4.1) and Eq. (4.2),
but they will not be needed for the applications of Bayesian statistics described in
this thesis. In our work, we are focusing on applying Bayesian statistic to study
the truncation uncertainties of the EFT expansion which is, described in the next
section.

4.2. Estimating truncation uncertainties

The goal of this chapter is to develop a general method to give uncertainty esti-
mates of truncation errors. In physics, truncations arise from various sources each
with their own distinct nature. One example is the truncation of the Hamiltonian
operator, which in ChEFT is expanded in different terms with small parameters.
Another example might be the truncations of the Taylor series, as those made in
Chapter 2 to derive closed expressions for the nuclear polarizability effects on the
spectrum of muonic atoms. While the specific details of each truncation may vary
depending on the particular expansion being employed, we can still highlight cer-
tain general principles that remain unchanged across most applications.

Problem statement. Our goal is to study the convergence pattern of an observ-
able X which is calculated in terms of the following expansion

X =
k

∑
n=0

Dn +
∞

∑
n=k+1

Dn , (4.6)

the observable could be, e.g, the binding energy of a system, while the terms de-
noted by D ≡ {D0, ..., Dk, ...} correspond to the partial calculations of that observ-
able at different orders in the underlying expansion. This expansion is meaningful
only under the assumption that there exists a hierarchy among the partial correc-
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tions, that is |D0| > |D1| > |D2| > ..., and that the series converges towards the
real value of the observable X. To provide further specificity, it is often anticipated
that each term in the series is suppressed by a factor of Q compared to the previ-
ous one, where Q < 1 is referred to as the expansion parameter of the series. With
these considerations, we then rewrite Eq. (4.6) as

X =
k

∑
n=0

Dn +
∞

∑
n=k+1

Dn

= Xref

[ k

∑
n=0

cn Qn +
∞

∑
n=k+1

cn Qn
]

, (4.7)

where Xref sets the natural scale of the observable X and the coefficients c ≡
{c0, ...ck, ...}1 are dimensionless and parameterize the converging pattern of the se-
ries. In an ideal case, where each term in Eq. (4.6) is exactly suppressed by a factor
of Q compared to the previous one, all the coefficients in Eq. (4.7) can be taken as
c = 1 by an appropriate choice of the reference scale. One could argue that this
ideal case is meaningless, since it reduces the expansion in Eq. (4.6) to a geometric
series which can be analytically summed to all order. However it makes the idea
that, in a properly converging series for the observable X, it is generally expected
that the expansion coefficients are of O(1) through an appropriate choice of refer-
ence.

Our goal has two aspects. First, if the expansion parameter Q is unknown, we
would like to make an optimal estimation for its value. Second, assuming that
the expansion in Eq. (4.6) and Eq. (4.7) are truncated to the order n = k, we seek
to guess the extent of the un-calculated corrections at higher orders, namely to
estimate the size of dimensionless quantity

∆k =

[
∞

∑
n=k+1

cn Qn

]
, (4.8)

which, after multiplication with Xref, gives the uncertainty of the truncation in
Eq. (4.7) at order n = k.

Learning the expansion parameter. Given the most general dataset of partial
corrections {Dm, ..., Dk}, Bayes’ theorem allows us to obtain a posterior probability
distribution for the expansion parameter Q as

pr(Q|Dm, ..., Dk) =
pr(Dm, ..., Dk|Q) pr(Q)

pr(Dm, ..., Dk)
. (4.9)

1These coefficients shall not be confused with the sub-leading pion-nucleon coupling constants
defined in Chapter 3.
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In Eq. (4.9) the evidence pr(Dm, ..., Dk) effectively enters the analysis as a normal-
ization constant. The quantity pr(Q) is the prior which summarizes our expec-
tations for the value of the expansion parameter before performing the Bayesian
analysis, and the likelihood pr(Dm, ..., Dk|Q) is specified by the series of assump-
tions made in the previous paragraph, which define the relations between the
dataset D and the expansion parameter as Dn = Xref cn Qn. We further assume
that the expansion coefficients are uncorrelated among each other and their scale
is set by a single scale parameter c̄ through a probability distribution pr(cn|c̄) for
n = m, ..., k. We then eliminate the dependence on this “nuisance” parameter c̄ by
marginalizing over it as

pr(Dm, ..., Dk|Q) =
∫

dcm...dck pr(Dm, ..., Dk|cm, ..., ck, Q)pr(cm, ..., ck|Q)

=
∫

dc̄ dcm...dck pr(Dm, ..., Dk|cm, ..., ck, Q) pr(cm, ..., ck|c̄, Q) pr(c̄|Q) . (4.10)

Following Eq. (4.7) and the assumption that the dimensionless coefficients ci are
uncorrelated, we have

pr(Dm, ..., Dk|cm, ..., ck, Q) =
k

∏
n=m

pr(Dn|cn, Q) =
k

∏
n=m

δ
(

Dn − XrefcnQn
)

=
k

∏
n=m

1
Xref Qn δ

(
Dn/(XrefQn)− cn

)
=

N
Q(k−m+1)(k+m)/2

k

∏
n=m

δ
(

Dn/(XrefQn)− cn

)
,

(4.11)

Here, the dependence on Xref has been absorbed in the normalization constant N .
Using the delta functions to analytically perform the integrals over the dimension-
less coefficients in Eq. (4.10), we obtain

pr(Dm, ..., Dk|Q) =

=
N

Q(k−m+1)(k+m)/2

∫
pr
(

cm =
Dm

XrefQm , ..., ck =
Dk

XrefQk

∣∣∣ c̄, Q
)

pr(c̄) dc̄ ,

(4.12)

where we further assumed that the scale-parameter c̄ is independent of Q. The
posterior probability distribution for the expansion parameter pr(Q|Dm, ..., Dk) can
then be written as

pr(Q|Dm, ..., Dk) =

= N pr(Q)

Q(k−m+1)(k+m)/2

∫
pr
(

cm =
Dm

XrefQm , ..., ck =
Dk

XrefQk

∣∣∣ c̄, Q
)

pr(c̄) dc̄ ,

(4.13)
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where this equation is well specified once we define the priors pr(Q), pr(c̄) and
give the probability distribution pr(cn|c̄). The definition for these quantities will
be specified in the result section of this thesis, since their optimal choice depends
on the individual features of the series to be studied.

Estimating the truncation uncertainty. Assuming that we already know the ex-
pansion parameter Q, or that we have previously obtained its probability distribu-
tion by following the analysis indicated in the previous paragraph, our next goal
is to obtain a probability distribution for the truncation error in Eq. (4.8). We will
work in the approximation that this uncertainty is dominated by the first omitted
term, ∆k ≈ ∆(1)

k = ck+1 Qk+1. Given the data set {Dm, ..., Dk}, we begin by ex-

pressing the Bayesian posterior for the truncation error pr(∆(1)
k | Dm, ..., Dk, Q), as

an integrated likelihood over the first omitted coefficient ck+1,

pr(∆(1)
k | Dm, ..., Dk, Q) =

=
∫

dck+1 pr(∆(1)
k | Dm, ..., Dk, Q, ck+1) pr(ck+1 | Dm, ..., Dk, Q)

=
∫

dck+1 δ(∆(1)
k − ck+1 Qk+1) pr(ck+1 | Dm, ..., Dk, Q)

=
1

Qk+1 pr
(

ck+1 =
∆(1)

k
Qk+1

∣∣ Dm, ..., Dk, Q
)

. (4.14)

From the assumptions introduced in our Bayesian analysis of the expansion pa-
rameter, the coefficient ck+1 is only related to the scale parameter c̄, which we
explicitly introduce in the previous equation by marginalizing over it

pr(∆(1)
k | Dm, ..., Dk, Q)

=
1

Qk+1

∫
dc̄ pr

(
ck+1 =

∆(1)
k

Qk+1

∣∣ Dm, ..., Dk, Q, c̄
)

pr(c̄ | Dm, ..., Dk, Q) .

(4.15)

Eq. (4.15) expresses the truncation error in terms of the probability distribution of
the coefficient ck+1. Our analysis uses the calculated partial corrections {Dm, ..., Dk}
to learn about the probability distribution of c̄ and then folds it with pr(ck+1|c̄) to
obtain our estimate of the truncation uncertainty. Applying Bayes’ theorem on the
last term of Eq. (4.15), we arrive at the expression

pr(∆(1)
k | Dm, ..., Dk, Q) =

∫
dc̄ pr

(
ck+1 =

∆(1)
k

Qk+1

∣∣ c̄
) [ k

∏
n=m

pr
(
cn = Dn

Qn

∣∣ c̄
)]

pr(c̄)

Qk+1
∫

dc̄
[ k

∏
n=m

pr
(
cn = Dn

Qn

∣∣ c̄
)]

pr(c̄)
.

(4.16)
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Since we are not interested in the explicit dependence of the truncation error over
the expansion parameter Q, we marginalize over it to obtain

pr(∆(1)
k | Dm, ..., Dk) =

∫
dQ pr(∆(1)

k | Dm, ..., Dk, Q) pr(Q| Dm, ..., Dk) , (4.17)

with pr(Q| Dm, ..., Dk) given either by Eq. (4.13) or, if Q is already known, ex-
pressed in terms of a delta distribution pr(Q| Dm, ..., Dk) = δ(Q − Q̄), with Q̄
being the known value of the expansion parameter.

4.3. Assigning probabilities

In the previous sections, limited discussion was given upon the selection of Bayesian
priors. The basic premise is that these prior probability distributions should sum-
marize the available information about the related quantities prior to the Bayesian
analysis. However, the practical question remains: How do we choose the prior?
Again, we can offer a few general principles.

First of all, given that the dataset D is informative enough, any reasonable choice
of the priors will converge to the same posterior. In other words, the result is
independent of the (reasonable) prior choice in the case of a very large and infor-
mative dataset D 2. In this ideal case, we do not need a particularly informative
prior to get a narrow posterior probability distribution, since all the information
needed for the statistical inference is provided by the dataset. However, since in
practice one has to work with a limited dataset, it is important that we imple-
ment all the available information on the system in our choice of priors, since this
will be crucial in obtaining posterior probability distributions that are statistically
meaningful. The question at hand is how one can summarize all the available in-
formation and, at the same time, make the most unbiased choices for the Bayesian
priors. The assignments of probabilities that make use of the minimum amount of
information are commonly called Least Informative Probabilities (LIP). A variety of
methods have been invented to construct priors free of inconsistencies and at the
same time capable of conveying the information we have on the problem at hand.

Invariance for transformation groups. Assume that our problem concerns over a
bounded parameter, whose scale is not known. One example might be the mass
of a heavy particle beyond the Standard Model, which could be anywhere from
M ∼ 105 GeV to the Planck mass. Consistency demands that the LIP should
remain invariant when the scale is changed, M → k · M,

2The notation for the dataset shall not be confused with the electric dipole operator defined in
Chapter 2.
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pr(M|I)dM = pr(k · M|I)d(k · M) = k pr(k · M|I)dM (4.18)

hence
pr(M|I) ∝

1
M

. (4.19)

This is known as Jeffreys’ prior [112], and it represents the least informative prior
for a scale parameter.

If a parameter θ is unbounded and our interest lies in its location, then the LIP
should be invariant under the transformation θ → θ + a, with a being a constant.
This means

pr(θ|I)dθ = pr(θ + a|I)d(θ + a) = pr(θ + a|I)dθ , (4.20)

hence
pr(θ|I)dθ = const , (4.21)

and we obtain the uniform distribution.

The Maximum Entropy principle. Given the availability of more detailed infor-
mation, the Principle of Maximum Entropy states that the probability distribution
that most accurately represents our state of knowledge is the one that maximizes
the Shannon information entropy [113]

S = −
∫

pr(x) · log
[
pr(x)

]
dx (4.22)

under the constraints posed by the problem. There are numerous reasons that
make the maximization of the Shannon information entropy desirable. However,
we will not dive into discussions and instead focus on the application of this prin-
ciple. For instance, using the principle of maximum entropy one obtains that the
LIP of a positive definite quantity with mean µ is given by the exponential distri-
bution, namely

pr(x) =
1
µ

e−x/µ , (4.23)

which can easily be proven by the use of the Lagrange multipliers. The prior in
Eq. (4.23) will be used as the optimal prior for the analysis of the η-expansion
uncertainty in Chapter 5 of this thesis.

64



5. Results

In the last three chapters we introduced the relevant theory for calculating the nu-
clear structure corrections to the Lamb-shift in muonic ions. The theory is based
on a (Zα) expansion, in which the nuclear finite-size effects start at order (Zα)4

while nuclear polarizabilities begin at order (Zα)5. The most important corrections
found at order (Zα)5 are summarized in Section 2.4, Eqs. (2.85–2.95). Higher-order
corrections are suppressed by further powers of α or (Zα), and are expected to
be small. However, there are two high-order effects that have been found un-
expectedly large which cannot be neglected: the Coulomb distortion shown in
Eq. (2.96) and the electron-vacuum polarization correction to the leading polariz-
abilities shown in Eq. (2.97) and Eq. (2.98), which are of order (Zα)6 log(Zα) and
(Zα)5α, respectively.

In this Chapter, this theory is applied to calculate the nuclear structure correc-
tions to the Lamb-shift in muonic helium and lithium ions. For muonic helium
ions, the corrections are calculated with the highest possible precision and un-
certainties originating from the ChEFT truncation of the nuclear interaction are
quantified with Bayesian inference. For muonic lithium ions, instead, we just aim
at an estimate of the two-photon-exchange correction using simple NN potentials.

The present Chapter is organized as follows: Section 5.1 presents our study of
the nuclear structure effects in µ6Li2+ and µ7Li2+ ions; Section 5.2 gives the quan-
tification of the truncation uncertainties of the Taylor expansions of the structure
functions INR(z), IN(z), J(z), J̄(z), K(z) and K̄(z) (derived in Section 2.2); Sec-
tion 5.3 shows the benchmark tests of our implementation, and finally Section 5.4
provides the calculations of the nuclear structure corrections in muonic helium
ions with uncertainty estimations using Bayesian statistics.
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5.1. Estimates of the nuclear structure effects in

muonic lithium atoms

In this section we describe how we estimated the nuclear structure effects to the
Lamb-shift of muonic lithium. The work described below is published in SciPost
Phys. Proc. [1].

In order to calculate the nuclear structure corrections shown in Section 2.4, one
needs to obtain both the ground-state wavefunction of the nucleus and the relevant
nuclear response functions. For lithium such calculations are challenging and we
are not yet able to perform them with realistic Hamiltonian. Our strategy for
estimating the nuclear structure effects in muonic lithium ions is to extract them
from the photoabsorption cross-sections σγ(ω), of lithium nuclei at low energies.
From the photoabsorption cross-section, one can get the electric dipole response
function SD1(ω), in fact in the unretarded-dipole approximation they are related
by the following equation [4]

σγ(ω) = 4π2αω SD1(ω) . (5.1)

We perform the extraction using the cross-section calculated in Refs. [114–116]
with the semi-realistic AV4’ nucleon-nucleon interaction [117], which is a simpli-
fied version of the realistic AV18 interaction [81]. Compared to the AV18, the
AV4’ interaction has only central terms and its parameters have been refitted to
reproduce the deuteron binding energy.

In Figure 5.1, the corrections are shown as functions of the final integration point
of the sum rules. From the plots it is evident that the most important sum rules,
namely δD1 and δC are well converged at 100 MeV. The same applies for the small
electron-vacuum polarization correction, δeVP. Other corrections, such as δL, δT

and δNS are close to but yet not fully convergent, especially for the µ7Li2+ system.
To complete the estimates, it is necessary to evaluate the remaining terms. Based

on our experience [5, 39], we are aware that, in addition to the electric-dipole cor-
rections, there are other important terms, namely δR3 and δR1 which are shown in
Eq. (2.88) and Eq. (2.93), respectively, which we cannot easily calculate. Our strat-
egy to estimate these terms is the following. First, using the calculated proton and
neutron distribution in lithium nuclei [118] with the AV18+UIX, we compute δZ3

and δZ1 which are strongly correlated with δR3 and δR1. Second, we assume that
the ratios δR3/δZ3 and δR1/δZ1 in lithium ions are the same as the ratios observed
in helium ions with the AV18+UIX interaction [39].

The remaining corrections are related to the electric monopole, retarded dipole
and quadrupole response functions, which are expected to be small. However, for
the sake of completeness, we estimate these terms as well assuming that their ratios
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µ6Li [meV] µ7Li [meV]

δD1 -41 -51

δC 8 10

δL 2 2

δT -1 -1

δR3 -155 -118

δZ3 165 126

δR2 4 5

δQ 6 8

δD1D3 -5 -7

δR1 -12 -11

δZ1 24 22

δNS -1 -2

δeVP -1 -1

δpol -7 -18

δZem -189 -148

δTPE -196 -166

Table 5.1.: Nuclear structure corrections to the Lamb-shift in muonic lithium ions

with the related terms in µ3He+ are the same as the ratio of δD1(Li2+)/δD1(µ
3He+).

Results for muonic lithium are reported in Table 5.1. We truncate the corrections
at the level of 1 meV, considering the remaining digits as insignificant.

For comparison, we also quote the results of δpol from Ref. [119] which were ob-
tained using experimental data: δpol(µ

6Li2+) = −15 ± 4 meV and δpol(µ
7Li2+) =

−21 ± 4 meV. It is worth noting that in order to compare on the same footing,
we must remove the non-dipole sum rules and the electron vacuum polariza-
tion from our calculations, given that the non-dipole and the eVP corrections are
not included in Ref. [119]. As a result, we obtain δpol(µ

6Li2+) = −12 meV and
δpol(µ

7Li2+) = −23 meV, which are in agreement with Ref. [119]. Comparing
to the previous works, we have given the complete nuclear structure correction
to the Lamb-shift of muonic lithium, calculated within the framework of the η-
expansion, and up to order (Zα)5 with the further inclusion of the eVP-correction
of order α(Zα)5 and the Coulomb distortion effects.

Important remarks. This preliminary analysis is useful to illuminate some im-
portant and general features. Firstly, as qualitatively argued at the beginning of
Section 2.2, the energy-shift is negative, which means that the nuclear structure
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Figure 5.1.: Running sum rules as a function of the energy for the polarizability cor-
rections related to the electric-dipole response function as a function of the
integration endpoint.

effects at order (Zα)5 lower the energy of atomic 2S-state and enhance the mag-
nitude of the Lamb-shift ELS = E(2P1/2)− E(2S1/2). Secondly, as clearly shown
in Table 5.1, the most important corrections are δR3, δZ3, δZ1, δR1 and δD1. How-
ever, as discussed in the theory chapter, the analytical cancellations between the
elastic and the inelastic (Zα)5 corrections make δZ3 and δZ1 irrelevant to the total
energy shift considering that these two terms appear in both elastic and inelastic
corrections with opposite signs. The relevant corrections are then δR3, δR1, and
δD1. Finally, the high but not exactly known correlations among the terms in Ta-
ble 5.1 make it difficult to quantify the uncertainties of our results. The problem
can be addressed by performing an order-by-order analysis of the corrections us-
ing interactions derived from the chiral effective field theory. This task is left to
the future.
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5.2. Uncertainties due to the η-expansion

In this section we use the Bayesian methods developed in Chapter 4 to quantify the
uncertainties in our calculation of the nuclear structure corrections to the Lamb-
shift due to the truncation of the η-expansion. This work is published in Journal of
Physics G [3].

The η-expansion originates from the Taylor expansion of the structure functions
INR(z), IN(z), J(z), J̄(z), K(z) and K̄(z) which are defined in Section 2.2. The
nuclear polarizability corrections to the energies of muonic atoms are related to all
five structure functions, see Eq. (2.28). However, instead of studying the expansion
of the complete energy shift, we decided to study the truncation uncertainties of
the non-relativistic correction shown in Eq. (2.24) which is related to only one
structure function, INR(z). This is justified by the fact that, in muonic atoms,
the relativistic terms are significantly smaller than the non-relativistic ones. We
expect that the relativistic terms do not significantly modify the conclusions of our
analysis.

From Eq. (2.27) the nuclear polarizability correction to the atomic 2S-state can
be expressed as

δpol =
2π

3
α2 ϕ2

2S (2m)−
1
2 ∑

N ̸=0
(ωN)

− 3
2

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩

×
[

η2 − 1
4

η3 +
1

20
η4 +O

(
η5)]. (5.2)

Comparing to Eq. (2.27) we re-define the correction as ∆ENR
20 ≡ δpol and we write

η =
√

2mωN|x − y|, where m is the mass of the muon. Following Ref. [39], one
can argue by using the uncertainty principle that |x − y| scales inversely with the
momentum boost, q, of the traveling proton. It is thus roughly related to the
nuclear excitation energy by ωN ∼ q2/2mp ∼ (2mp)−1|x − y|−2, where mp is the
mass of the proton. Therefore η is a small parameter in light-nuclear systems,
since it is of the order η ∼

√
m/mp ≪ 1. This justifies performing and truncating

the Taylor expansion of the structure function INR(z) as in Eq. (2.26).
Our goal is to quantify the uncertainties associated with the truncation in Eq. (5.2).

The way we tackle the problem was explained in Section 4.2. We write the nuclear
polarizability as a sum of the partial calculation terms {D2, D3, D4, ...}

δpol = D2 + D3 + D4 + ...

= Xref

[
c2 η2 + c3 η3 + c4 η4 + ...

]
, (5.3)

where Xref sets the natural scale of the observable, η is the expansion parame-
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ter of Eq. (5.3), and {c2, c3, c4, ...}1 are the dimensionless coefficients that are ex-
pected to be of O(1) and set the converging pattern of the nuclear polarizability.
Following Section 4.2 we assume that the expansion coefficients are uncorrelated
with each other and the expression is set by the dimensionless scale parameter c̄
through the probability distribution pr(cn|c̄). The values for the partial calcula-
tions {D2, D3, D4, ...} used in this work are listed in Table 5.22.

Corrections 2H 3H 3He 4He

D2 δ
(0)
D1 -1.912 -0.7848 -6.633 -4.701

D3 δ
(1)
R3 + δ

(1)
Z3 0.359 0.1844 -0.384 0.809

D4 δ
(2)
Q + δ

(2)
D1D3 + δ

(2)
R2 -0.037 -0.0247 0.83 0.101

∑4
k=2 Dk - -1.590 -0.6251 -6.187 -3.791

Xref - -1.664 -0.6986 -14.564 -8.220

Table 5.2.: Nuclear polarizability correction to the Lamb shift (in meV) for several light
muonic atoms at various orders in the η-expansion. The reference Xref are the
δTPE values evaluated using the AV18+UIX interaction. Data from Ref. [39].

To proceed with the statistical analysis, we need to specify the prior probability
distributions pr(c̄), pr(cn|c̄) and pr(η). Whenever feasible, we will adhere to the
principle of maximum entropy [113] in order to determine the least informative
priors. Below we list a few considerations on the choice of the priors:

• The parameter c̄ sets the overall scale of the dimensionless coefficients cn.
Our unbiased expectations of c̄ can be encoded by adopting the Jeffreys’
prior, pr(c̄) ∝ 1/c̄ [112], with only one constraint: c̄ is a positive definite
quantity. In order to work with a normalizable distribution, we introduce a
slight modification and restrict the range of c̄ from a minimum value of c< =

10−4 to a maximum value of c> = 104 by multiplying with step functions
θ(x).

• For pr(cn|c̄), we present two different reasonable choices. The sensitivity of
the obtained posterior distributions to these choices will indicate whether
the data set provides enough information to dominate the analysis or not.
Our first choice, labelled as prior A, assumes that the magnitude of the di-
mensionless coefficients can not be larger than c̄. The maximum-entropy
principle then leads to a uniform distribution in the range −c̄ < ci < c̄ with

1Again, these should not be confused with the sub-leading pion-nucleus LECs introduced in
Section 3.2.

2The corrections of Table 5.2 are reported with the notation of Ref. [39], the superscript indicates
at what order the correction appears in the η-expansion.
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i = m, ..., k. Our second choice, labelled as prior B, is a Gaussian distribution
with zero mean and standard deviation c̄. This was initially introduced in nu-
clear effective field theories [120] and is motivated by the maximum-entropy
principle. It assumes that there is testable information available regarding
the means and standard deviations of the dimensionless coefficients.

• For pr(η), we first note that this parameter is constrained to be positive. In
the following discussion, we assume that the simple estimate of η ∼ 0.33 can
be considered as an informative measure for the mean of pr(η). As shown
in Section 4.3, the exponential distribution is the least-informative prior for a
parameter which is positive definite and whose mean is known. We label this
choice as αη. In order to assess the stability of the statistical analysis conclu-
sions under reasonable modifications of η-prior, we compare this choice with
a β-distribution, denoted as β(a, b), that constrains η ∈ [0, 1]. This alternative
prior choice is referred to as βη. The choice of the parameters of βη should
keep its mean equal to 0.33. There is an infinite set of β-distributions that
satisfy this constraint. We select a = 3.0 and b = 6.0, because it holds a rea-
sonable standard deviation for both the prior and the data to be informative.

We list in Table 5.3 the prior-choices for pr(c̄) and pr(cn|c̄), while the prior choices
for pr(η) are listed in Table 5.4.

Priors pr(ci|c̄) pr(c̄)

A 1
2c̄ θ(c̄ − |ci|) 1

ln(c̄>/c̄<)c̄
θ(c̄ − c̄<)θ(c̄> − c̄)

B 1√
2πc̄

exp
(
− c2

i
2c̄2

)
1

ln(c̄>/c̄<)c̄
θ(c̄ − c̄<)θ(c̄> − c̄)

Table 5.3.: Priors for the scale parameter c̄ and for the dimensionless coefficients cn.

Priors pr(η)

αη
1
λ exp

(
− η

λ

)
βη β(a, b)

Table 5.4.: Priors for the expansion parameter η. The mean of the exponential distribution
is λ = 0.33, while for the β-distribution we take a = 3.0 and b = 6.0.

Having specified the priors and described all the important aspects of the anal-
ysis, we now move on to the exposition of the results. Our first goal is to obtain a
posterior probability distribution for the values of the expansion parameter η us-
ing Eq. (4.13). The results are shown in Figure 5.2 for different choices of the priors
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Figure 5.2.: (Upper panel) Prior probability distributions pr(η): αη choice (left) and
βη choice (right). (Lower panels) Posterior probability distributions
pr(η| D2, D3, D4) for the choice of pr(η) = αη (left) and pr(η) = βη (right)
and two choices (A and B) of priors for pr(c̄) and pr(ci|c̄).

pr(η), pr(cn|c̄) and pr(c̄). Overall, the posterior distributions are quite stable un-
der modifications of the priors, suggesting that there is enough information in the
data sets to dominate the analysis. For pr(η) in particular, we note that the ex-
ponential distribution only assumes η > 0, whereas the β-distribution constrains
η ∈ [0, 1]. We find only weak deviations in the results with the two priors, which
increase the credibility of the assumption η ∈ [0, 1], and that the expansion in
Eq. (5.2) converges. Our Bayesian analysis indicates that the most likely η-value is
smaller than the estimate obtained from the uncertainty principle for the µ2H, µ3H
and µ4He+ systems, because the maximum-likelihood value of η is approximately
0.15.

As a next step, we address the evaluation of the truncation errors in the expan-
sion of Eq. (5.3). By utilizing the posterior distributions pr(η|D2, ..., D4) of Fig-
ure 5.2, we calculate distributions for the truncation uncertainty pr(∆(1)

4 |D2, ..., D4)
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through a process of marginalization, as shown in Eq. (4.17). The results are shown
in Figure 5.3. We also illustrate the confidence interval (CI) at the 68% and 95%
level in Table 5.5. Again, the distributions show good stability when we modify the
prior choices. We find a fairly good agreement between the 68% CI uncertainties
of this work and the estimates in Refs. [39], with the exception of the truncation
uncertainties in the µ3He+ system, which are roughly four times larger compared
to Refs. [39]. We note that the 95% CIs in Table 5.5 are much larger than twice
the size of the corresponding 68% CIs for all systems and all prior choices, indi-
cates that the posterior probability distributions are not Gaussian. The η-prior αη

efficiently summarizes, through the maximum-entropy principle, the information
available on the parameter η before the calculation of the data sets. On the other
hand, the analysis with prior βη makes additional assumptions about the value
of η, e.g. it constrains η to a value smaller than 1. While this assumption is well
supported by both prior and posterior information that is available, it does not
allow us to diagnose divergences of the expansion in Eq. (5.2). Furthermore, the
analysis with prior B for pr(ci|c̄) is more sensitive to details of the distributions of
the coefficients cn comparing with the analysis with prior A. Based on our analy-
sis, we conclude that the uncertainty estimates obtained with the combinations of
priors αη and B exhibit better calibration compared to other choices. Therefore, we
recommend using the results obtained with these specific priors for future studies.

Atom Prior
68% CI 68% CI 95% CI 95% CI Ref. [39]

(αη) (βη) (αη) (βη)

µ2H
A 0.60 1.03 2.81 3.72

0.4
B 0.79 1.38 3.46 4.07

µ3H
A 1.18 1.73 5.44 6.67

1.3
B 1.52 2.29 6.88 7.73

µ3He+
A 4.95 4.90 14.47 13.05

1.1
B 4.81 4.74 14.99 13.87

µ4He+
A 0.63 1.02 3.32 4.86

0.8
B 0.89 1.55 4.70 5.80

Table 5.5.: Truncation uncertainties of Eq. (5.2) expressed as confidence interval % for
various prior choices.
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Figure 5.3.: Posterior distributions for the truncation uncertainties of Eq. (5.2). Results
with pr(η) = αη (left) and pr(η) = βη (right). Solid lines (dotted lines) denote
posterior distributions obtained with choices A (B) for priors of Table 5.3.
The 68% and 95% CI are reported as dark and light shaded areas for the
prior choice A, respectively, while for the prior choice B they are reported as
vertical dashed lines.

5.3. Benchmark tests of the local-chiral interaction in

helium nuclei

With the goal of applying Bayesian inference to the nuclear structure corrections
in muonic atoms, we have implemented a local version of the chiral interaction in
our computational methods. This interaction was developed in Refs. [63, 94–96]
up to N2LO. Here, we show the benchmark tests of this interaction on three- and
four-body nuclei, published in Frontiers in Physics [2], as well as a new calculation
of the photoabsorption cross-section of 4He published in the same Journal [4].

In our calculations of the nuclear charge radii, r2
c ≡ ⟨r2

c ⟩, we use

r2
c = r2

pt + r2
p +

A − Z
Z

r2
n +

3h̄2

4m2
pc2 , (5.4)
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where r2
pt ≡ ⟨r2

pt⟩ is the calculated point-proton radius, rp = 0.8751(61) fm [121]
is the root-mean-square (rms) charge radius of the proton, and r2

n = −0.1161(22)
fm2 [121] is the squared charge radius of the neutron. The last term is the Darwin-
Foldy relativistic correction to the proton-charge radius [30]. We neglect the spin-
orbit relativistic contribution, because it is negligible in s-shell nuclei [122], as well
as two-body currents. Since the goal of this section is to benchmark our calculation
against the available Monte-Carlo results, we have used the same numerical values
for rp and rn as in Ref. [63], which follows the CODATA-2014 recommendations
[121]. However we note that, nowadays there are more precise results coming
from muonic atoms spectroscopy [25,123] and we recommend using these updated
values when providing new predictions.

For a given observable, O, the numerical uncertainty, δ(O), is estimated as

δ(O) = |O(Kmax)− O(Kmax − 2)|+ |O(K max − 2)− O(Kmax − 4)|+ δres , (5.5)

where O(Kmax) is the expectation value of the observable computed by setting a
given maximal value of Kmax, which is the maximal grand-angular momentum
quantum number in the expansion of the wavefunction. δres is the residual uncer-
tainty (independent of Kmax) obtained by varying the number of radial grid points
(from 70 to 90), the maximal values of the angular momentum in the construction
of the two-body effective interaction (from 60 to 120), and the maximal number of
three-body angular momentum (from 5/2 to 7/2) in the partial wave expansion of
the 3N force.

In the following, we first address and discuss the benchmarks of the interaction
at LO and NLO in order to have a clean test on the NN interaction. Then we move
to the N2LO, where the three-body forces are included.

Benchmarks at LO and NLO. We study the maximally-local chiral interactions
with two different regulator cut-offs, r0 = 1.0 fm and r0 = 1.2 fm. The latter gives
rise to a softer interaction compared to the former. For the benchmarks at LO
and NLO, the 4He is used as a testing ground. We compute point-proton charge
radii r2

pt, and ground-state energies E0, at increasing values of the grand-angular
momentum quantum number and compare them to the GFMC calculations. The
results are shown in Table 5.6, where the uncertainty is estimated as explained
above with Kmax = 22. Taking into account the uncertainties, our final EIHH
results agree well with the GFMC calculations, which is a strong validation of our
implemented interaction up to this order.

Benchmarks at N2LO. We now turn to the benchmark at the next order. At
N2LO we have the first appearance of 3N forces, so this serves as a check of our
irreducible tensor representation. The 3N interaction involves two new LECs, cD
and cE, coming from the one-pion-exchange and the contact term of the 3N forces,
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LO NLO
Cut-off E0

√
⟨r2

pt⟩ Cut-off E0

√
⟨r2

pt⟩
[fm] [MeV] [fm] [fm] [MeV] [fm]

EIHH 1.0 -42.830(6) 1.0370(3) 1.0 -21.55(4) 1.575(1)
1.2 -46.6054(7) 1.01765(4) 1.2 -22.974(6) 1.5278(6)

GFMC 1.0 -42.83(1) 1.02(1) 1.0 -21.56(1) 1.57(1)
1.2 -46.62(1) 1.00(1) 1.2 -22.94(6) 1.53(1)

Nature -28.29566 1.46(1) -28.29566 1.46(1)

Table 5.6.: Ground-state energies and point-proton radii for the 4He nuclear system at LO
and NLO computed with the EIHH method. For comparison we report the
GFMC results and the experimental values (Nature) taken from Ref. [124,125].

respectively, which can not be fitted in the NN sector. In Ref. [96] these couplings
have been fitted to reproduce the 4He binding energy and the n-4He scattering P-
wave phase shift and the values reported in Table 5.7 were obtained. We employed
the same values in [2] for the benchmark.

3N force r0 cE cD c1 c3 c4
[fm] [GeV−1] [GeV−1] [GeV−1]

N2LO 1.0 -0.63 0.0 -0.81 -3.40 3.40
1.2 0.085 3.5 -0.81 -3.40 3.40

Table 5.7.: Fit values for the couplings cD and cE for different choices of 3N cut-offs as
reported in [63, 96]. The constants c1,3,4 are tuned in the pion-nucleon sector,
see Ref. [50].

As a testing ground for our N2LO Hamiltonian expressed in terms of spheri-
cal tensors, we study the three-body 3He, and 3H and the four-body 4He nuclear
systems. We calculate ground-state energies E0, and charge radii r2

c , for the two
different cut-off choices r0 = 1.0 and 1.2 fm and carefully study the convergence
with increasing Kmax values. The Kmax convergence is explicitly shown in a graph-
ical manner in Fig. 5.4, Fig. 5.5, and Fig. 5.6, where we compare with the GFMC
method. Our final EIHH results with numerical uncertainties quantified as ex-
plained in Eq. (5.5) with Kmax = 22 are shown in Table 5.8 comparing with the
GFMC, the auxiliary-field diffusion Monte-Carlo (AFDMC) method and the exper-
imental data. The theoretical computations agree with each other at a similar level
as observed in other benchmarks [126]. Note that for the harder cut-off r0 = 1.0
fm, EIHH and GFMC results are in agreement within error bars while AFDMC
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3He 3H 4He
Cut-off E0

√
⟨r2

c⟩ E0
√
⟨r2

c⟩ E0
√
⟨r2

c⟩
[fm] [MeV] [fm] [MeV] [fm] [MeV] [fm]

EIHH 1.0 -7.630(6) 1.976(7) -8.338(5) 1.759(6) -28.34(5) 1.656(6)
1.2 -7.619(4) 1.974(5) -8.332(3) 1.758(5) -28.31(2) 1.651(4)

GFMC 1.0 -7.65(2) 1.97(2) -8.34(1) 1.72(3) -28.30(1) 1.65(2)
1.2 -7.63(4) 1.97(1) -8.35(4) 1.72(4) -28.30(1) 1.64(1)

AFDMC 1.0 -7.55(8) 1.96(2) -8.33(7) 1.72(2) -27.64(13) 1.68(2)
1.2 -7.64(4) 1.95(5) -8.27(5) 1.73(2) -28.37(8) 1.65(1)

Nature -7.718043(2) 1.973(14) -8.481798(2) 1.759(36) -28.29566 1.681(4)

Table 5.8.: Ground-state energies and charge radii for the nuclear 3He, 3H and 4He sys-
tems at N2LO in the chiral expansion computed with the EIHH, GFMC and
AFDMC method. The GFMC and AFDMC results are from [63, 96, 124, 127].
Experimental values (Nature) are from Ref. [125, 128–130].

ones have some discrepancy. Given that the AFDMC method is known to be less
accurate, we do not consider this difference to be significant. In summary, all these
results constitute a successful benchmark for our implementation of 3N forces.

A much improved agreement with experiment is obtained at N2LO. In fact, if
one compares the experimental binding energies with the LO and NLO calcula-
tions in Table 5.6 one observes that these low orders either overbind (LO) or un-
derbind (NLO) the few-body nuclei, while N2LO nicely agree with experiments.
For 4He it is well expected, given that 3N forces are fit to reproduce the 4He bind-
ing energy. A good agreement is also found for 3He and 3H due to the strong
correlation between the three- and four-body binding energy.

A nice converging pattern is also found for the nuclear charge radii. From a
closer look at Table 5.8, one would appreciate that our EIHH calculations are more
precise than the GFMC and AFDMC results in the three-nucleon sector and that
our numerical uncertainty for the radii is comparable to the experimental values.
This is expected, since the nuclear radii are sensitive to the tails of the wavefunc-
tion which is usually well reproduced with the hyperspherical harmonics. While
this may be an advantage of our method, it is important to note that the error
bars quoted in this table do not include the uncertainties coming from the ChEFT
expansion and do not constitute the full uncertainty of the theory. In light nuclei,
the ChEFT dominates the uncertainty budget.

We expect the uncertainty coming from the ChEFT expansion to dominate the
uncertainty budget in observables of light nuclei.

To further check the quality of the interaction, we calculate the inclusive pho-
toabsorption cross-section of 4He in the unretarded-dipole approximation, see
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Figure 5.4.: Ground-state energy and charge radius of the nuclear 3H system as a function
of the grand-angular momentum quantum number Kmax. The green and blue
error-bands are the GFMC results with the relative statistical uncertainty.
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Figure 5.5.: Ground-state energy and charge radius of the nuclear 3He system as a func-
tion of the grand-angular momentum quantum number Kmax. The green and
blue error-bands are the GFMC results with the relative statistical uncertainty.
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Figure 5.6.: Ground-state energy and charge radius of the nuclear 4He system as a func-
tion of the grand-angular momentum quantum number Kmax. The green and
blue error-bands are the GFMC results with the relative statistical uncertainty.

Eq. (5.1), and compare against experimental data [131]. We estimate the uncer-
tainty due to the ChEFT truncation using the algorithm proposed in Ref. [132].
The results are shown in Figure 5.7. We find a good agreement with the data once
the ChEFT truncation uncertainties are included, see Figure 5.7 (right panel).
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Figure 5.7.: Inclusive 4He photoabsorption cross-section calculated at different orders in
ChEFT. Left panel: bands display the numerical uncertainty. Right panel:
bands display the ChEFT truncation uncertainty estimated with the algorithm
proposed in [132]. Experimental data from Ref. [131].
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5.4. Nuclear polarizabilities in muonic helium atoms

In this section we perform an order-by-order calculation of the nuclear structure
effects in muonic helium ions and assess the theory uncertainty with Bayesian
statistics. The paper on this work is currently in preparation [6].

First, to compare with Ref. [39], we include in the calculation of the two-photon-
exchange not only the terms obtained in Chapter 2 in Eq. (2.85–2.98), but also the
very small magnetic dipole term, denoted below as δM1. Since we did not derive
this correction ourselves, we directly use the definition given in Ref. [39]. We per-
form calculations without including the electron vacuum polarization corrections
of Eq. (2.97) and Eq. (2.98). It is because Eq. (2.98) requires the evaluation of the
radius rL shown in Eq. (2.84) which is not an easy observable to obtain, and in
Ref. [5] it was only estimated as rL ∼ 2 rc, with rc being the nuclear charge radius.
To have a better quantification of uncertainties, we prefer to use Bayesian methods
to quantify only the uncertainties of the calculated, as opposed of the estimated,
terms. Accordingly, we take the value of δeVP from Ref. [5].

We first calculate the terms listed in Section 2.4 at N2LO in ChEFT. The results
obtained with the two short-range cut-offs are shown in Fig. 5.8 for µ3He+ and
Fig. 5.9 for µ4He+. The differences between the two cut-offs emerge as regulator
artifacts [63]. In order to maximally reduce our sensitivity to these unphysical
effects, we take as our final results the calculations with the lower cut-off r0 =

1.0 fm, as they are expected to be less affected by possible regulator artifacts.
These are shown in Table 5.9.

Our next goal is to estimate the uncertainties due to the truncation of ChEFT.
This is done by performing an order-by-order analysis. Namely we re-calculate the
terms shown in section 2.4 but by using chiral interaction at LO and NLO. This
allows us to employ the Bayesian techniques developed in the previous chapter
and study the convergence pattern of the two-photon-exchange correction to the
2S-states in muonic helium, δTPE, as3

δTPE = D0 + D2 + D3 + ...

= Xref

[
c0 + c2 Q2 + c3 Q3 + ...

]
, (5.6)

where D0 is the result of δTPE obtained using the LO chiral interaction, D2 is
obtained using the NLO interaction, D3 is obtained using the N2LO interaction.
Q is the expansion parameter in ChEFT, Q = max{mπ, p}/Λ with p being the
average nucleon momenta, mπ the pion mass and Λ the breakdown scale of

3Note that there is no operator of order Q in the ChEFT hamiltonian, thus the NLO is already
of order Q2 and in Eq. (5.6) we have c1 = 0.
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Figure 5.8.: Relative strengths of the nuclear structure corrections to the 2S-states of
µ3He+ at order (Zα)5 with the inclusion of the higher-order Coulomb dis-
tortion δ
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C which is of order (Zα)6 log(Zα).
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µ3He [meV] µ4He [meV]

δD1 -6.552 -4.373

δC 1.015 0.514

δL 0.232 0.287

δT -0.104 -0.125

δM1 0.008 0.011

δR3 -8.691 -3.477

δZ3 8.255 4.230

δR2 0.701 0.285

δQ 1.062 0.505

δD1D3 -0.899 -0.690

δR1 -1.302 -0.856

δZ1 2.057 1.758

δNS -0.193 -0.277

δpol -4.411 -2.208

δZem -10.312 -5.988

δTPE -14.723 -8.196

Table 5.9.: Nuclear structure corrections to the 2S-states in µ3He+ and µ4He+ at N2LO in
the chiral expansion with the cut-off choice of r0 = 1.0 fm.

ChEFT. In this work, we made the following choices for the expansion parame-
ters: Q(µ3He2+) = 0.279 and Q(µ4He2+) = 0.356. These correspond to assuming
a breakdown scale of Λ = 500 MeV and a low-energy scale of mπ in 3He, while in
4He we estimate that p > mπ and use p = 178.0 MeV. The reference scale Xref is,
in all cases, taken as the result in Ref. [39] with the AV18+UIX interaction.

In Ref. [39] a partial N3LO calculation of δTPE is presented, which is obtained
by using NN forces at N3LO and 3N forces at N2LO4. The uncertainty due to the
nuclear Hamiltonian was then estimated in Ref. [39] by comparing the prediction
of the N3LO chiral interaction against the one of the AV18+UIX. With an order-
by-order analysis of the chiral expansion, where we also include the partial N3LO
calculation, we can improve that uncertainty quantification.

In fact, we propagate the uncertainty estimate of Eq. (5.6) to the next order,
namely we include the term Xrefc4Q4 using the result of the N3LO calculation
in [39]. The full Bayesian analysis is shown in Figure. 5.10. We obtain that at
each order the truncation uncertainty of the chiral expansion reduces by roughly

4As discussed at the end of Chapter 3, it is impossible to perform a calculation with consistent
3N forces at N3LO, since these forces have not been derived yet.
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a factor of 3, which is expected given an expansion parameter Q ∼ 0.3.
However, when going from LO to NLO the uncertainty increases, which is due

to the peculiar pattern of the dimensionless expansion coefficients {c0, c2}: the co-
efficient c0 is always much smaller than c2. This means that, when we truncate
the expansion at LO, the Bayesian analysis tends to underestimate the uncertainty
since it generates a probability distribution for pr(c̄|c0) peaked in the neighbor-
hood of the calculated c0. Once the NLO expansion coefficient c2 is included, the
Bayesian analysis re-elaborates the uncertainty budget and predicts a much larger
uncertainty. This is consistent with the previous calculations of δTPE shown as
the vertical lines in Figure. 5.10. We expect that the LO coefficient, c0, is the only
outlier, and that all the uncertainties starting from NLO reflect the true truncation
errors of the ChEFT for δTPE.

The nuclear structure corrections to the Lamb-shift of muonic atoms consist of
different sources of uncertainties which are summarized in Table 8 of Ref. [39]. We
update three sources of uncertainties of that table: the numerical, nuclear model,
and η-expansion terms. We report an updated list of the uncertainties in Table 5.10.
Our numerical precision is at the sub-percentage level which is comparable to what
was previously obtained in Ref. [39]. The nuclear model uncertainties are larger
at N2LO but slightly smaller when we extend the Bayesian analysis to N3LO. For
the η-expansion uncertainties we get a comparable result in µ4He+ but a much
larger uncertainty in µ3He+. Finally note that compared to Table 8 of Ref. [39], we
removed the quoted uncertainty due to the Zα expansion to avoid double counting
with the uncertainty given in the three-photon-exchange, see Table 1.1.

Our final predictions for the two-photon-exchange correction to the energies of
2S-states in muonic helium ions are:

δTPE(µ
3He+) =

{
−14.723(955) meV (N2LO)
−14.868(357) meV (N3LO)

, (5.7)

δTPE(µ
4He+) =

{
−8.196(900) meV (N2LO)
−8.751(303) meV (N3LO)

, (5.8)

which, compared to Ref. [5], include the Coulomb distortion effects but not the
two-photon exchange of individual nucleons. Following Ref. [5] we then include
the two-photon exchange terms of individual nucleons, the electron-vacuum po-
larization, the three-photon exchange, the very small muon self energy, and muon
vacuum polarization corrections. We obtain

δNS(µ
3He+) =

{
−15.499(981) meV (N2LO)
−15.644(421) meV (N3LO)

, (5.9)

δNS(µ
4He+) =

{
−8.986(917) meV (N2LO)
−9.541(351) meV (N3LO)

. (5.10)
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5.4.1. Nuclear charge radii and helium isotope shift

In a recent review, currently submitted to Review of Modern Physics [5], we sum-
marized the theory of the Lamb-shift in light-muonic ions. This summary of the
atomic, nuclear and hadronic effects in the Lamb-shift is important, because it al-
lows to extract the nuclear charge radii from spectroscopy experiments in muonic
ions.

We start from Eq. (1.1), and by using the value of ELS from the recent laser
spectroscopy experiments in muonic helium [26, 27], the updated QED theory,
EQED, of Ref. [5] and our new values of the nuclear structure corrections from
Eq. (5.9) and Eq. (5.10), we can extract updated charge radii of the 3He and 4He
nuclei, obtaining

rc(
3He) =

{
1.9700(24) fm (N2LO)
1.9704(10) fm (N3LO)

, (5.11)

rc(
4He) =

{
1.6777(26) fm (N2LO)
1.6793(10) fm (N3LO)

. (5.12)

These are compared to previous extractions in Figure. 5.11 and Figure. 5.12, for
µ3He and µ4He, respectively.

1.960 1.965 1.970 1.975 1.980 1.985
rc [fm]

Li Muli at N3LO

Li Muli at N2LO

Schuhmann 2023

Sick 2014

Figure 5.11.: Recent determinations of the 3He charge radius. The blue line is the electron
scattering experiments of [128], the green line is the spectroscopy of µ3He+

[27] using the theory in Ref. [5]. Red points are the results in [6].
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1.676 1.678 1.680 1.682 1.684
rc [fm]

Li Muli at N3LO

Li Muli at N2LO

Pachucki 2023

Krauth 2021

Sick 2008

Figure 5.12.: Recent determinations of the 4He charge radius. The blue line is the elec-
tron scattering experiments from [133], the green line is the spectroscopy
of µ4He+ from [26] using the theory of the nuclear structure effects in [39]
(Krauth 2021) and in [5] (Pachucki 2023). Red points are the results in [6].

The helium isotope shift. Due to partial cancellation of uncertainties, Eq. (1.1)
can be used to obtain the difference of the squared nuclear charge radii, δr2 =

r2
c (

3He)− r2
c (

4He), with better precision than the individual charge radii. Further-
more, an independent value of δr2 can be obtained by combining the isotope shift
theory of ordinary helium atoms [5,134,135], with the results of laser spectroscopy
experiments in neutral helium [136–140]. Comparing the predictions of δr2 from
muonic and ordinary atoms is important, since it allows to perform consistency
checks between experiment and theory and can probe possible violations of lepton
universality. Recently, two values for δr2 from muonic and ordinary atoms have
been extracted, which are in a 3.6 σ disagreement [27, 140].

Here, we analyze the current discrepancy by updating the theory of the isotope
shift in the 2P1/2 − 2S1/2 transition of muonic helium ions, by using our results for
the nuclear structure effects in Eq. (5.9) and Eq. (5.10). We obtain

δr2 =


ELS(µ

3He+)
C(µ3He+)

− ELS(µ
4He+)

C(µ4He+)
+ 0.2612(51) fm2 (N2LO)

ELS(µ
3He+)

C(µ3He+)
− ELS(µ

4He+)
C(µ4He+)

+ 0.2574(31) fm2 (N3LO)
, (5.13)
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where ELS are the experimentally measured values of the Lamb-shift in muonic
helium ions and the values of C are given in Table 1.1. Using this updated theory of
the isotope shift, and the recent laser spectroscopy experiments in muonic helium
ions [26, 27], we obtain

δr2 =

{
1.0664(52) fm2 (N2LO)
1.0626(32) fm2 (N3LO)

, (5.14)

in agreement with the previous value from muonic helium [5, 27]. When com-
paring with the prediction of δr2 obtained from the isotope shift in neutral he-
lium [134,135,140], at N2LO we find that the disagreement weakens, but it is then
reinforced at N3LO, given our updated central value and reduced uncertainty.
The results are shown in Figure 5.13 and prove the relevance of the calculations
performed in this thesis in the context of precision atomic physics.

1.00 1.02 1.04 1.06 1.08 1.10 1.12
r2 [fm2]

Shiner 1995

Cancio Pastor 2012

Sick 2014

Zheng 2017

Huang 2020

Schuhmann 2023

van der Werf 2023

Li Muli at N2LO

Li Muli at N3LO

Figure 5.13.: Squared charge radius difference between the 3He and 4He. The blue point
is from electron scattering [128]. Points in black are spectroscopy of ordinary
atoms: Shiner [136], Cancio Pastor [137], Zheng [138], Huang [139] and van
der Werf [140], respectively. The point in green is the spectroscopy of muonic
helium ions [26, 27]. Red points are from [6].

88



5.4. NUCLEAR POLARIZABILITIES IN MUONIC HELIUM ATOMS

µ3He+ µ4He+

δpol δZem δTPE δpol δZem δTPE

[%] [%] [%] [%] [%] [%]

Numerical [39] 0.4 0.1 0.1 0.4 0.3 0.4

Numerical 0.1 0.2 0.1 0.4 0.3 0.2

Nuclear model [39] 0.7 1.8 1.5 3.9 4.6 4.4

Nuclear model (N2LO) 4.8 6.9 6.2 14.5 9.4 11

Nuclear model (N3LO) 1.6 1.6 1.4 4.1 2.8 3

η-expansion [39] 1.1 – 0.3 0.8 – 0.2

η-expansion 4.8 – 1.4 0.9 – 0.2

Zα [39] 1.5 0.0 0.4 1.5 0.0 0.4

Zα – – – – – –

ISB [39] 1.8 0.2 0.5 2.2 0.5 0.5

Nucleon-size [39] 1.2 1.3 0.9 2.7 2.0 1.2

Relativistic [39] 0.4 – 0.1 0.1 – 0.0

Coulomb [39] 3.0 – 0.9 0.4 – 0.1

Total [39] 4.2 2.2 2.1 5.5 5.1 4.6

Total (N2LO) 7.6 6.9 6.5 10.6 9.6 10.9

Total (N3LO) 6.3 2.1 2.4 5.3 3.5 3.5

Table 5.10.: Relative uncertainties of the two-photon-exchange (plus the Coulomb distor-
tion) correction in muonic helium atoms, compared with the previous esti-
mates of Ref. [39]. The total uncertainties are obtained by a quadrature sum.
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6. Conclusions

In this thesis, we have studied the nuclear structure corrections to the Lamb-shift
of muonic helium and lithium hydrogen-like atoms.

In muonic lithium ions, we have theoretically estimated nuclear structure cor-
rections to the Lamb-shift, which on the one hand agree fairly well with the inde-
pendent estimates of Ref. [119] based on experimental data, and on the other hand
extend Ref. [119] with the inclusion of several new terms. We used the theory sum-
marized in Section 2.4 and calculated the corrections related to the electric dipole
nuclear response function with the semi-realistic AV4’ interaction. We estimated
the remaining non-dipole terms of Section 2.4 by assuming some scaling properties
with the known corrections in muonic helium. The predicted energy corrections
to the Lamb-shift are ETPE(

6Li2+) = 196 meV and ETPE(
7Li2+) = 166 meV. Due

to the simplified version of the nuclear interaction used in this work, and to the
assumptions made in scaling the missing terms from the results of muonic helium,
these numbers are intended to provide only the order-of-magnitude of the nuclear
structure effects, which might nevertheless be helpful for experimental physicists
searching for the frequency of the atomic transition. This work is timely in view
of the planned experimental activity in muonic lithium ions [28], and serves as a
preparatory step for future work aiming at a complete ab-initio calculation.

For muonic helium ions, we have calculated the nuclear structure corrections
originating from the two-photon-exchange diagram with realistic NN and 3N in-
teractions using the effective interaction hyperspherical harmonics method. Com-
pared to what was previously done in Refs. [39,40], we have: calculated δTPE at var-
ious orders in ChEFT, included for the first time the electron-vacuum-polarization
correction to the leading nuclear polarizabilities, see Eq. (2.97) and Eq. (2.98), and
quantified the uncertainties with Bayesian inference. The results of this work, to-
gether with the recent spectroscopy experiments in muonic helium ions [26, 27]
and the relevant QED theory [5], allow to extract new values for the charge radii
of the 3He and 4He nuclei. Our results at N2LO lead to rc(3He) = 1.9700(24) fm
and rc(4He) = 1.6777(26) fm, while at N3LO we obtain rc(3He) = 1.9704(10) fm
and rc(4He) = 1.6793(10) fm.

Due to partial cancellation of uncertainties, from Eq. (1.1) we can extract the
difference of the squared nuclear charge radii with better precision than the in-
dividual charge radii. The same quantity can also be extracted from the theory
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of the isotope shift of ordinary helium [134, 135] and laser spectroscopy experi-
ments in helium atoms. In view of the recent disagreement between the values
obtained from muonic helium ions [27] and helium atoms [140], we have updated
the isotope shift theory of the Lamb-shift of muonic helium using the nuclear struc-
ture corrections calculated in this work. Then, the laser spectroscopy experiments
in muonic helium ions [26, 27] allow us to extract new values for the difference
of the squared nuclear charge radii. At N2LO we obtain r2

c (
3He) − r2

c (
4He) =

1.0664(52) fm2, while at N3LO we get r2
c (

3He)− r2
c (

4He) = 1.0626(32) fm2. The
results are in perfect agreement with the previous prediction from spectroscopy of
muonic atoms [27]. However, we see a slight deviation at N2LO with the result
obtained from neutral helium spectroscopy [140], which is reinforced at N3LO in
view of our different central value and reduced uncertainty compared to N2LO.

Finally, we present an overview of the future prospects of this research line:

1. The three-photon-exchange (3PE) correction has been calculated so far only
in muonic deuterium [45]. The correction is expected to be large, and it has
been roughly estimated in muonic helium with an uncertainty of 100%. In the
future, it might be possible to calculate this effect with a relative precision
of 20% or better, which will improve the precision of the extraction of the
nuclear charge radii by ∼ 10%.

2. Given that the η-expansion is one of the largest source of uncertainty in
µ3He+, the calculation of the next term in the expansion, see Eq. (2.66),
should be addressed. This could lead to a further 10% improvement in the
precision of the extracted charge radius. Another promising approach is to
calculate the nuclear structure corrections in µ3He+ without making use of
the η-expansion at all [38, 141]. The calculation is numerically challenging,
but should be feasible in a three-body system.

3. Complete ab-initio calculations of muonic lithium should be provided. This
can perhaps be achieved using the no-core-shell-model (NCSM) or a Green’s-
function-Monte-Carlo (GFMC) method, which work well for p-shell nuclei.

4. The most difficult uncertainty to reduce is the one related to the nuclear
Hamiltonian. To improve in that respects, calculations at complete N3LO
or even N4LO are required. However, the development of complete nuclear
interactions at N4LO is extremely challenging, due to the large number of
operators and LECs included up to this order.

5. In the framework of ChEFT, the nuclear Hamiltonian and the electromagnetic
operators should be constructed consistently. It will be important in the
future to extend our calculation by including two-body operators, which are
required to conserve the e.m. current.
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A. The two-photon exchange

amplitude

Here, we present the calculation of the scattering amplitude shown in Fig. 2.3 with
the inclusion of the intermediate derivations omitted in the main part of the thesis.

We start by writing the scattering amplitude in terms of the lepton Lµν(q, k),
hadronic Hµν(q,−q) and gauge Dµν(q) tensors. The amplitude reads

iM =
∫ d4q

(2π)4 Lµν(q, k) Dνσ(q) Dµρ(−q) Hσρ(q,−q) , (A.1)

where q is the 4-momentum of the photon loop while k is the 4-momentum of the
external muon. Since muons are fundamental Dirac particles, the evaluation of the
leptonic tensor comes immediately from the QED Lagrangian

Ls
µν(q, k) =

[
− ie2

(k − q)2 − m2 + iϵ

]
ūs(k) γµ

[
(k − q)λγλ + m

]
γν us(k) , (A.2)

where us(k) is the Dirac wavefunction of the bound muon with with spin s and
4-momentum k. The muon propagator is taken as the Dirac propagator for a free
muon. This approximation generates the leading contribution to the amplitude,
which is of order (Zα)5.

Given our definition of the Lamb-shift, which assumes no coupling between
the muon and the nuclear spins, the two states associated with the possible spin
orientations of the muon are degenerate. This feature can be exploited to simplify
the calculation of the amplitude in Eq. (2.12) by averaging the leptonic tensor over
the spin. We obtain

1
2 ∑

s
Ls

µν(q, k) =
1
2

[
− ie2

(k − q)2 − m2 + iϵ

]
Tr

[
γµ[(k − q)λγλ + m]γν

kσγσ + m
2m

]

=
1
m

[
− ie2

(k − q)2 − m2 + iϵ

][
kν(k − q)µ + kµ(k − q)ν + mq0gµν

]
,

(A.3)
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where gµν is the metric tensor and we normalized the Dirac wavefunctions as in
non-relativistic quantum electrodynamic, ∑s us(k)ūs(k) = (kµγµ + m)/(2m). In
the last step of Eq. (A.3), we assumed that the three-momentum of the bound
muon can be neglected compared to its rest mass, namely that k ∼ (m, 0, 0, 0).
This approximation is motivated by the evidence that light hydrogen-like atoms
are loosely bound systems, where the momentum of the bound muon goes as
|k| ∼ m(Zα). For light atoms this means that |k| ≪ m. We refer to this as the
”wavefunction approximation” and since our derivations are entirely based on the
applicability of this approximation, this means that our calculation works best in
light systems where (Zα) is a small parameter. Finally, the hadronic tensor is gen-
erally written in a way that it obeys crossing symmetry Hρσ(−q, q) = Hσρ(q,−q).
The symmetries of the amplitude in Eq. (A.1) can then be exploited by writing
the leptonic tensor in a way that it follows this symmetry as well. We label this
symmetrized leptonic tensor as L(S)

µν (q, k), and write it as

L(S)
µν (q, k) =

1
2

[
Lµν(q, k) + Lνµ(−q, k)

]
= − i

2m
(4πα)

[
2m2δν0δµ0 − qµmδν0 − qνmδµ0 + q0mgµν

q2 − 2mq0 + iϵ
+ (q → −q)

]
,

(A.4)

where we introduced the fine-structure constant 4πα = e2. Giving that every term
in Eq. (A.1) obeys crossing symmetry, the substitution 1/2 ∑s Ls

µν(q, k) → L(S)
µν (q, k)

does not modify the amplitude.

As a next step we specify a gauge for our amplitude. Our task is heavily sim-
plified in the use of the Coulomb gauge (∇ · A = 0). In this Gauge, the photon
propagator reads

Dµν(q) =


D00(q) = 1

q2

Di0(q) = D0j(q) = 0

Dij(q) = 1
q2

(
δij − qiqj

q2

) , (A.5)

where we follow the convention to adopt Greek letters for the components of
Lorentz vectors and Roman letters to denote the space components only. The only
non-trivially zero combinations in the tensor contractions, L(S)

µν DνσDµρ, are

L(S)
µν Dνσ Dµρ = L(S)

00 D00 D00 + L(S)
0i Din D00 + L(S)

i0 D00 Din + L(S)
ij Djm Din . (A.6)
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However, two more of these combinations are found to be identically zero:

L(S)
0i Din D00 = L(S)

i0 D00 Din

= − i
2m

(4πα)
1

q2
1
q2

[
−mqi

q2 − 2mq0 + iϵ
+

mqi

q2 + 2mq0 + iϵ

]
Tin(q) = 0 ,

(A.7)

where we defined the transverse projection tensor Tnm(q) =
(
δnm − (qnqm)/q2).

The remaining two terms are

L(S)
00 D00 D00 = − i

2m
(4πα)

[
1

q2

]2[
2m2 − mq0

q2 − 2mq0 + iϵ
+

2m2 + mq0

q2 + 2mq0 + iϵ

]
, (A.8)

L(S)
ij Djm Din =

i
2
(4πα)

[
1
q2

]2[
−q0

q2 − 2mq0 + iϵ
+

q0

q2 + 2mq0 + iϵ

]
Tnm(q) .

(A.9)

The sum of Eq. (A.8) and Eq. (A.9)

L(S)
µν Dνσ Dµρ =

i
2
(4πα)

4m
(q2 + iϵ)2 − 4m2q2

0

[
g00

q2 +
q2

0
(q2 + iϵ)2 Tnm(q)

]
, (A.10)

defines the leptonic-gauge part of the scattering amplitude in Eq. (A.1).

Finally, we derive the hadronic tensor. This tensor is formally defined as the
time-ordered product of two nuclear currents over the nuclear ground state

iΠµν(x, x′) = ⟨0|T
[

Jµ(x)Jν(x′)
]
|0⟩

= ∑
N

[
⟨0| Jµ(x) |N⟩ ⟨N| Jν(x′) |0⟩ θ(t − t′)

+ ⟨0| Jν(x′) |N⟩ ⟨N| Jµ(x) |0⟩ θ(t′ − t)
]

,

(A.11)

where we expressed the time-ordered product in terms of the unit step function,
θ(t), and inserted a complete set of states. The nuclear currents are written in the
Heisenberg picture Jµ(x) = ei Ht Jµ(x)e−i Ht, with H being the nuclear Hamiltonian,
H |N⟩ = EN |N⟩. By rewriting τ = t − t′ , the previous equation becomes

iΠµν(x, x′) = ∑
N

[
⟨0| Jµ(x) |N⟩ ⟨N| Jν(x′) |0⟩ ei(E0−EN)τθ(τ)

+ ⟨0| Jν(x′) |N⟩ ⟨N| Jµ(x) |0⟩ ei(EN−E0)τθ(−τ)
]
. (A.12)
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Taking the Fourier transform over τ, we arrive at the following expression

Hµν(q,−q) = ∑
N

[
⟨0| Jµ(q) |N⟩ ⟨N| Jν(−q) |0⟩

E0 − EN + q0 + iϵ
+

⟨0| Jν(−q) |N⟩ ⟨N| Jµ(q) |0⟩
E0 − EN − q0 + iϵ

]
.

(A.13)
This tensor preserves crossing symmetry, i.e., Hρσ(−q, q) = Hσρ(q,−q). However,
it does not fulfill the gauge condition written in the form qµHµν = 0, when we
model nucleons as non-relativistic particles, which is the case in our calculations.
Thus the hadronic tensor of Eq. (A.13) breaks the gauge invariance of the two-
photon amplitude in Eq. (A.1). Gauge invariance is restored by the inclusion of
the seagull (or two-photon) operator, Bµν(q). As a result we write our full hadronic
tensor as

Hµν(q,−q) = ∑
N

[
⟨0| Jµ(q) |N⟩ ⟨N| Jν(−q) |0⟩

E0 − EN + q0 + iϵ
+

⟨0| Jν(−q) |N⟩ ⟨N| Jµ(q) |0⟩
E0 − EN − q0 + iϵ

]
+ Bµν(q) . (A.14)

The total amplitude of Eq. (A.1) reads

iM = i(4πα)2
∫ d4q

(2π)4
2m

(q2 + iϵ)2 − 4m2q2
0

[
1

q2 HL +
q2

0
(q2 + iϵ)2 HT

]
, (A.15)

where we took out a factor of (4πα) outside of the definition of Hρσ. This ampli-
tude defines a complex potential that shift the energy of the bound muon, see for
instance Refs. [36, 37], by

∆EnL = ⟨nL|Re
[
iM

]
|nL⟩

= (4πα)2 ϕ2
nL Im

∫ d4q
(2π)4

2m
(q2 + iϵ)2 − 4m2q2

0

[
1

q2 HL +
q2

0
(q2 + iϵ)2 HT

]
,

(A.16)

where the shorthand ϕ2
nL stands for the modulus square of the muon’s wavefunc-

tion at the origin of the coordinate system.
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A.1. Solving the time-like integral

Here, we solve the integration over the time-like component in Eq. (A.16) analyti-
cally, and express the energy correction to the Lamb-shift in terms of quantity that
can be evaluated from nuclear theory.

We firstly focus on the correction to the Lamb-shift coming from the longitudinal
component of the hadronic tensor. We denote this energy correction as ∆E(L)

nL .
Following Eq. (A.14), Eq. (A.16), and defining ωN = EN − E0, we write

HL = ∑
N ̸=0

⟨0| ρch(−q) |N⟩ ⟨N| ρch(q) |0⟩
q0 − ωN + iϵ

− ⟨0| ρch(−q) |N⟩ ⟨N| ρch(q) |0⟩
q0 + ωN − iϵ

,

(A.17)

∆E(L)
nL = (4πα)2 ϕ2

nL ∑
N ̸=0

Im
∫ d3q

(2π)3
2m
q2 ⟨0| ρch(−q) |N⟩ ⟨N| ρch(q) |0⟩ Q(L)

N ,

(A.18)

Q(L)
N =

∫ dq0

2π

1
(q2 + iϵ)2 − 4m2q2

0

[
2ωN

q2
0 − (ωN − iϵ)2

]
.

(A.19)

Compared to Eq. (A.14), we are taking only the inelastic part of the hadronic tensor,
since we are interested in polarizability effects. In order to solve the integral in
Eq. (A.19), we write it in a more convenient form

Q(L)
N =

ωN

π

∫
dq0

1
(q0 − m)2 − E2

q + iϵ
1

(q0 + m)2 − E2
q + iϵ

1
q2

0 − ω2
N + iϵ

, (A.20)

where E2
q = q2 + m2. We now make use of the following identities, which hold as

long as we take the limit ϵ → 0 at the end of the calculation

1
(q0 − m)2 − E2

q + iϵ
=

1
(q0 − m) + (Eq − iϵ)

1
(q0 − m)− (Eq − iϵ)

,

1
(q0 + m)2 − E2

q + iϵ
=

1
(q0 + m) + (Eq − iϵ)

1
(q0 + m)− (Eq − iϵ)

,

1
q2

0 − ω2
N + iϵ

=
1

q0 + (ωN − iϵ)
1

q0 − (ωN − iϵ)
.

Using the previous transformations, is easy to see that the integrand of Eq. (A.20)
has six poles, three of which lie in the upper-half of the complex q0-plane, at
q0 = m− Eq + iϵ, q0 = −m− Eq + iϵ and q0 = −ωN + iϵ. The integral in Eq. (A.20)
can then be solved as a contour integration by closing the contour with a large
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semi-circle, ΓR, in the upper half of the complex plane. We obtain

Q(L)
N = − i

4mEq

[
1

(m − Eq)(m − Eq − ωN)
− 1

(m + Eq)(m + Eq + ωN)

]
. (A.21)

We insert Eq. (A.21) back in Eq. (A.18), obtaining the longitudinal part of the
energy correction

∆E(L)
nL = −(4πα)2 ϕ2

nL ∑
N ̸=0

∫ d3q
(2π)3

g(ωN, q)
q2 ⟨0| ρch(−q) |N⟩ ⟨N| ρch(q) |0⟩ ,

(A.22)

with

g(ωN, q) =
1

2Eq

[
1

(Eq − m)(Eq − m + ωN)
− 1

(Eq + m)(m + Eq + ωN)

]

=
m
Eq

(
2Eq + ωN

)
q2
[
(Eq + ωN)2 − m2

] . (A.23)

It is possible to combine the two previous equations in a more compact form

∆E(L)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫ d3q
4π

|⟨N| ρch(q) |0⟩|2
(2Eq + ωN)

q4Eq
[
(Eq + ωN)2 − m2

] .

(A.24)

The next step is to evaluate the time-like integral of the transverse part of Eq. (A.16).
We separate this transverse part in a term proportional to the nuclear currents, and
a term proportional to the two-photon operator. We discuss the term proportional
to the nuclear currents first. Similarly to the longitudinal part of the equation, we
write

HT = ∑
N ̸=0

|⟨0| J⊥ |N⟩|2
[

1
q0 − ωN + iϵ

− 1
q0 + ωN − iϵ

]
,

(A.25)

∆E(T)
nL = (4πα)2 ϕ2

nL ∑
N ̸=0

Im
∫ d3q

(2π)3 |⟨0| J⊥ |N⟩|2 2m Q(T)
N ,

(A.26)
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and

Q(T)
N =

ωN

π

∫
dq0

[
1

(q0 − m)2 − E2
q + iϵ

1
(q0 + m)2 − E2

q + iϵ
1

q2
0 − ω2

N + iϵ

]

×
q2

0

(q2
0 − q2 + iϵ)2

. (A.27)

Here, we defined the transverse part of the vector current J⊥(q) = q̂ × J(q). In
performing the contour integral in Eq. (A.27), we see that the terms in the square
brackets have the same simple poles that we found in our evaluation of Q(L)

N . Their
contribution to the integral is

Q(T)
N,1 =

ω

π
2πi

[
− 1

2Eq

1
4m2 − 4mEq

1
(m − Eq)2 − ω2

N

1
4m2

− 1
2Eq

1
4m2 + 4mEq

1
(m + Eq)2 − ω2

N

1
4m2

− 1
2ωN

1
(m + ωN)2 − E2

q

1
(m − ωN)2 − E2

q

ω2
N

(ω2
N − q2)2

]

= − i
2m

[
1

4m2 g(ωN, q)− 1
2m

1
(ω2

N − q2)2

]
. (A.28)

The last term of Eq. (A.27) has a 2nd order singularity at q0 = −|q|+ iϵ, we obtain

Q(T)
N,2 = − i

2m
ωN

2m
3|q|2 − ω2

N
2|q|3

1
(ω2

N − q2)2
. (A.29)

In summary, we can rewrite Eq. (A.27) as Q(T)
N = Q(T)

N,1 + Q(T)
N,2, obtaining:

Q(T)
N = − i

2m

[
q2

4m2
g(ωN, q)

q2 − 1
4m|q|3

ωN + 2|q|
(ωN + |q|)2

]
.

(A.30)

Inserting Eq. (A.30) back in Eq. (A.26) we get

∆E(T)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫ d3q
4π

|⟨0| J⊥ |N⟩|2

×
[

q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2|q|3

ωN + 2|q|
(ωN + |q|)2

]
.

(A.31)
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Lastly, we evaluate the time-like integral of the term proportional to the two-
photon operator Bµν(q). According to Eq. (A.16), and similarly to what was done
before, we write

∆E(S)
nL = (4πα)2 ϕ2

nL Im
∫ d3q

(2π)3 2m B⊥(q) Q(S)
N , (A.32)

Q(S)
N =

∫ dq0

2π

1
(q2 + iϵ)2 − 4m2q2

0

[
q2

0
(q2 + iϵ)2

]
=

i
16m2q2

(
1
Eq

− 1
|q|

)
,

(A.33)

where B⊥(q) = Tnm(q)Bnm(q). We insert the solution of Eq (A.33) back in Eq (A.32)
and rearranging terms we find

∆E(S)
nL = −8α2m ϕ2

nL

∫ d3q
4π

B⊥(q)
1

8m2q2

(
1
|q| −

1
Eq

)
. (A.34)

The total energy. The total energy correction comes as the sum of Eq. (A.24),
Eq. (A.31) and Eq. (A.34)

∆EnL = −8α2m ϕ2
nL

∫ d3q
4π

{
∑

N ̸=0
|⟨N| ρch(q) |0⟩|2

(2Eq + ωN)

q4Eq
[
(Eq + ωN)2 − m2

]
+ ∑

N ̸=0
|⟨0| J⊥(q) |N⟩|2

[
q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2q3

ωN + 2q
(ωN + q)2

]

+ B⊥(q)
1

8m2q2

(
1
q
− 1

Eq

)}
, (A.35)

where we have redefined q = |q|.
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B. Relativistic structure functions

Here, we derive the electromagnetic sum rules contributing to the nuclear polar-
izability corrections to the Lamb-shift with relativistic lepton kinematic. The cor-
rection can be separated into a longitudinal ∆E(L)

nL , transverse ∆E(T)
nL and seagull-

transverse ∆E(S)
nL components. It is best to treat these component separately, and

combine the contributions only at the very end. This appendix follow closely the
discussion in Ref. [32].

B.1. The longitudinal correction

The longitudinal polarizability correction to the Lamb-shift is written in Eq. (A.24),
and is for convenience reported below

∆E(L)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫ d3q
4π

|⟨N| ρch(q) |0⟩|2
(2Eq + ωN)

q4Eq
[
(Eq + ωN)2 − m2

] . (B.1)

The momentum space matrix elements of the nuclear charge distribution operator
are defined as Fourier transform of the coordinate space matrix elements

|⟨N| ρch(q) |0⟩|2 =
∫

d3x d3y ⟨0| ρ†
ch(y) |N⟩ ⟨N| ρch(x) |0⟩ eiq·z , (B.2)

where z = x − y. We insert Eq. (B.2) in Eq. (B.1) and solve the angular integral
over the momentum transfer, obtaining

∆E(L)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| ρ†

ch(y) |N⟩ ⟨N| ρch(x) |0⟩ IN(z) , (B.3)

where the coupling between nucleus and lepton is now found within the relativis-
tic structure function IN(z) which depends only on the radial part of z

IN(z) =
1

ωNz

∫
dq

sin(qz)
q3

(2EqωN + ω2
N)

Eq
[
(Eq + ωN)2 − m2

] . (B.4)

The problem reduces into the evaluation of the integrals in Eq. (B.3) and Eq. (B.4).
To find a solution to Eq. (B.4), it is best to define two parameters depending only
on the two relevant scales of the problem ξ = ωN + m, ξ ′ = ωN − m. For normal
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electronic atoms both ξ, ξ ′ > 0, while for muonic atoms we usually have that the
low-lying nuclear transitions are smaller than the mass of the muon, this means
that for the first few terms of the sum in Eq. (B.3) we have ξ ′ < 0. We define

Ī(ξ, z) = ξ I0(z) +
∫ ∞

0
dq

sin(qz)
qEq

1
Eq + ξ

, (B.5)

which allow us to rewrite the relativistic longitudinal structure function as

IN(z) =
1

2mωNz

[
Ī(ξ, z)− Ī(ξ ′, z)

]
. (B.6)

The function Ī(ξ, z) is well defined for any value of ξ and ξ ′, but smoothly changes
form in different regions of the allowed domain. We make use of the field-theory
trick

1
E1E2(E1 + E2)

=
2
π

∫ ∞

0
dλ

1
(λ2 + E2

1)(λ
2 + E2

2)
, (B.7)

and the solution of the integral [142]

∫ ∞

0

sin(ax)
x(β2 + x2)

dx =
π

2β2

[
1 − e−aβ

]
, (B.8)

to write Eq. (B.5) as

Ī(ξ, z) = ξ I0(z) + ξ
∫ ∞

0
dλ

1
(λ2 + ξ2)(λ2 + m2)

− ξ
∫ ∞

0
dλ

e−z
√

λ2+m2

(λ2 + ξ2)(λ2 + m2)
.

(B.9)
The first integral in Eq. (B.9) has a standard solution [142]

ξ
∫ ∞

0
dλ

1
(λ2 + ξ2)(λ2 + m2)

=
π

2m
1

ξ + m
. (B.10)

The second integral in Eq. (B.9) requires further manipulations. Firstly, we define
µ2 = ξ2/m2 − 1 and then we use partial fraction to split the integral in two parts

∫ ∞

0
dλ

e−z
√

λ2+m2

(λ2 + ξ2)(λ2 + m2)
=

1
µ2m2

∫ ∞

0
dλ

[
e−z

√
λ2+m2

(λ2 + m2)
− e−z

√
λ2+m2

(λ2 + m2) + µ2m2

]

=
1

µ2m3

∫ ∞

0
dx

[
e−βx

x
√

x2 − 1
− xe−βx

(x2 + µ2)
√

x2 − 1

]
,

(B.11)

where in the last step we made a change of variable z2λ2 = β2(x2 − 1) and re-
defined β = mz. The first integral in Eq. (B.11) can be solved by using standard
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methods [143], the result is

1
µ2m3

∫ ∞

0

e−βx

x
√

x2 − 1
dx =

1
µ2m3

[
π

2
−
∫ β

0
K0(β′) dβ′

]
, (B.12)

where K0(β) is the modified Bessel function of 0th order. The last integral of
Eq. (B.11), which we label Ī(β, µ), is more difficult to solve. As shown in Ref. [42],
the solution can be found by recognizing that Ī(β, µ) is the solution of the dif-
ferential equation ∂2

β Ī(β, µ) + µ2 Ī(β, µ) = K′
0(β) with the boundary condition that

Ī(+∞, µ) → 0 exponentially. Instead of solving the integral we then solve the dif-
ferential equation, which can be done with conventional techniques. The solution
is

Ī(β, µ) =
m
ξ

[
sin(µβ) sinh−1(µ) +

π

2
cos(µβ)

]
+
∫ β

0
dβ′ K0(β′) cos

(
µ(β − β′)

)
.

(B.13)

In summary, from Eq. (B.13), Eq. (B.12) and Eq. (B.10) we obtain

Ī(ξ, β) =
π

2m2µ2

(
cos(µβ)− 1

)
+

1
µ2m2 sin(µβ) sinh−1(µ)−

− ξ

µ2m3

∫ β

0
K0(β′)dβ′

[
cos
(

µ(β − β′)
)
− 1 +

µ2

2
(β − β′)2

]
. (B.14)

The evaluation of Ī(ξ ′, β) is done similarly. The main difference is that µ′2 =

ξ ′2/m − 1 now takes negative values for the low-lying nuclear transitions, where
ωN < 2m. In these region, we define the (positive) parameter ν′2 = −µ′2 which
allows us to find a solution for Ī(ξ ′, β) with the same techniques used for Ī(ξ, β).
The solution is

Ī(ξ ′, β) = − π

2m2ν′2

(
cosh(ν′β)− 1

)
+

B(ωN/m)

m2 +

+
ξ ′

ν′2m3

∫ β

0
K0(β′)dβ′

[
cosh

(
ν′(β − β′)

)
− 1 +

µ2

2
(β − β′)2

]
,

(B.15)

were we defined the function

B(ωN/m) =


sin(µ′β) sinh−1(µ′)/µ′2 ωN > 2
sinh(ν′β) sin−1(ν′)/ν′2 1 ≤ ωN ≤ 2
sinh(ν′β)

[
π − sin−1(ν′)

]
/ν′2 ωN < 1

. (B.16)

Most of the changes between Eq. (B.14) and Eq. (B.15) are trivial because they
came from the substitution µ → iν′. We insert Eq. (B.14) and Eq. (B.15) back into
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Eq. (B.6) and obtain

IN(z) =
π

4m3ωNz
Z(µ, ν′β) +

1
2m4ωNz

Q(µ, ν′, β) +
1

2m3ωNz
D(µ, ν′, β) , (B.17)

where, to simplify the notation, we defined three new functions

Z(µ, ν′β) =
1

ν′2
cosh(ν′β) +

1
µ2 cos(µβ)− 1

µ2 − 1
ν′2

, (B.18)

Q(µ, ν′, β) =
∫ β

0
K0(β′)

[
ξ ′

ν′2
+

ξ

µ2 +

(
β − β′)2

2
(
ξ ′ − ξ

)
− cosh

(
ν′(β − β′)

) ξ ′

ν′2
− cos

(
µ(β − β′)

) ξ

µ2

]
, (B.19)

D(µ, ν′, β) =
1
µ2 sin(µβ) sinh−1(µ)−B(ωN/m)

=


1

µ2 sin(µβ) sinh−1(µ)− 1
µ′2 sin(µ′β) sinh−1(µ′) ωN > 2

1
µ2 sin(µβ) sinh−1(µ)− 1

ν′2
sinh(ν′β) sin−1(ν′) 1 ≤ ωN ≤ 2

1
µ2 sin(µβ) sinh−1(µ)− 1

ν′2
sinh(ν′β)

[
π − sin−1(ν′)

]
ωN < 1

.

(B.20)

To obtain expressions for the nuclear polarizabilities that can be more easily calcu-
lated numerically, we expand the previous functions in terms of the small param-
eters µβ and ν′β. We obtain

Z(µ, ν′β) =
1
6

ωNm3z4 +O
(
z6) , (B.21)

Q(µ, ν′, β) =
ω2

Nm4z5

20

(
γ + ln

(
β/2

)
− 137

60

)
+O

(
z6) , (B.22)

D(µ, ν′, β) = −m3z3

6
D(1)(µ, ν′, β) +

m5z5

120
D(3)(µ, ν′, β)

= −m3z3

6


µ sinh−1(µ)− µ′ sinh−1(µ′) ωN > 2m
µ sinh−1(µ) + ν′ sin−1(ν′) m ≤ ωN ≤ 2m
µ sinh−1(µ) + ν′

[
π − sin−1(ν′)

]
ωN < m

+
m5z5

120


µ3 sinh−1(µ)− µ′3 sinh−1(µ′) ωN > 2m
µ3 sinh−1(µ)− ν′3 sin−1(ν′) m ≤ ωN ≤ 2m
µ3 sinh−1(µ)− ν′3

[
π − sin−1(ν′)

]
ωN < m

+ O
(
z7) . (B.23)
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We neglected terms in the expansions that can not generate nuclear transitions
and we defined the first two relevant orders of D(µ, ν′, β) as D(1)(µ, ν′, β) and
D(3)(µ, ν′, β). To connect the notations in Ref. [32] and in Ref. [39], we define
(m/2ωN)D(1)(µ, ν′, β) = F (ωN/m), where F (ωN/m) is the function that gener-
ates the unretarded electric dipole sum rule in [39]. With the previous substitution
and by moving Eq. (B.21), Eq. (B.22) and Eq. (B.23) back in Eq. (B.17) we obtain

IN(z) =
F (ωN/m)

6m
z2 +

π

24
z3

+

[
m2

240ωN
D(3)(µ, ν′, β) +

ωN

40

(
γ + ln

(
mz/2

)
− 137

60

)]
z4

+ O
(
z5) . (B.24)

B.2. The transverse correction

The transverse polarizability correction to the Lamb-shift was obtained in Eq. (A.31),
and it is for convenience reported here :

∆E(T)
nL = −8α2m ϕ2

nL ∑
N ̸=0

∫
d3x d3y ⟨0| J†

i (y) |N⟩ ⟨N| Jj(x) |0⟩

×
∫ d3q

4π

[
q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2q3

ωN + 2q
(ωN + q)2

](
δij +

∇z
i ∇z

j

q2

)
eiq·z

≡ −8α2m ϕ2
nL ∑

N ̸=0

∫
d3x d3y ⟨0| J†

i (y) |N⟩ ⟨N| Jj(x) |0⟩
(

δij JN(z) + zizj J̄N(z)
)

.

(B.25)

The two structure functions, JN(z) and J̄N(z), are defined through matching terms
with δij J0(z) +∇zi∇zj JCG(z), where J0(z) and JCG(z) are functions defined as

J0(z) =
∫ d3q

4π

[
q2

4m2

(
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − 1
4m2q3

ωN + 2q
(ωN + q)2

]
eiq·z ,

(B.26)

JCG(z) =
∫ d3q

4π

1
4m2

[ (
2Eq + ωN

)
q4Eq

[
(Eq + ωN)2 − m2

] − ωN + 2q
q5(ωN + q)2

]
eiq·z .

(B.27)
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The solutions for the integrals in Eq. (B.26) and Eq. (B.27) can be easily found by
using the derived expression for IN(z). Starting from Eq. (B.4) one can show that

J0(z) = − 1
4m2

1
z

d2

dz2 z
[

IN(z)− lim
m→0

IN(z)
]

, (B.28)

JCG(z) =
1

4m2

[
IN(z)− lim

m→0
IN(z)

]
. (B.29)

The longitudinal structure function is logarithmic divergent in the limit of zero
lepton mass, we find

lim
m→0

1
6m

F (ωN/m) = − 1
6m

[
1 + ln

(
ωN/λ

)]
, (B.30)

lim
m→0

m2D(3)(µ, ν′, β) = 6ω2
N

[
1
3
+ ln

(
ωN/λ

)]
, (B.31)

where we wrote 2λ = m in divergent logarithms. With the results of Eq. (B.30) and
Eq. (B.31) the limit of the longitudinal structure function can be written as

lim
m→0

IN(z) = − 1
6ωN

[
1 + ln

(
ωN/λ

)]
z2 +

π

24
z3 +

ωN

40

[
γ − 39

20
+ ln

(
ωNz

)]
z4

+ O
(
z5) . (B.32)

By using Eq. (B.24), Eq. (B.32) and the definitions of J0 and JCG in Eq. (B.28) and
Eq. (B.29) we obtain

J0(z) = − 1
4m3

[
F (ωN/m) +

m
ωN

(
1 + ln

(
ωN/λ

))]
− D(3)(ωN/m)

48ωN
z2

− ωN

8m2

[
ln
( m

2ωN

)
− 1

3

]
z2 +O

(
z3) , (B.33)

JCG(z) =
z2

24m3

[
F (ωN/m) +

m
ωN

(
1 + ln

(
ωN/λ

))]
+

z4

960ωN
D(3)(ωN/m)

+
ωN

160m2 z4

[
ln
( m

2ωN

)
− 1

3

]
+O

(
z5) . (B.34)

108



B.3. THE SEAGULL CORRECTION

Performing the contraction δij J0(z) +∇z
i ∇z

j JCG(z) and doing the matching with
Eq. (B.25) we obtain

J̄N(z) =
D(3)(ωN/m)

120ωN
+

ωN

20m2

[
ln
( m

2ωN

)
− 1

3

]
, (B.35)

JN(z) = − 1
6m3F (ωN/m)− 1

6ωNm2

[
1 + ln(ωN/λ)

]
− 2 J̄N(z)z2 . (B.36)

B.3. The Seagull correction

We write the transverse seagull correction, Eq. (A.34), as

∆E(S)
nL = −8α2m ϕ2

nL

∫
d3x d3y Bij(x, y)

×
∫ d3q

4π

1
8m2q2

(
1
q
− 1

Eq

)(
δij +

∇zi∇zj

q2

)
eiq·z

≡ −8α2m ϕ2
nL

∫
d3x d3y Bij(x, y)

1
2

[
δijK(z) + zizjK̄(z)

]
. (B.37)

The structure functions, K(z) and K̄(z), are obtained by matching from δijK0(z) +
∇zi∇zj KCG(z), where K0(z) and KCG(z) are defined as

K0(z) =
∫ d3q

4π

1
8m2q2

(
1
q
− 1

Eq

)
eiq·z , (B.38)

KCG(z) =
∫ d3q

4π

1
8m2q4

(
1
q
− 1

Eq

)
eiq·z . (B.39)

These integrals can be written as variants of

I0(z) = − 1
2m3

∫ β

0
K0(β′)(β − β′)2 , (B.40)

and here we merely quote the result in Ref. [42]

K̄(z) = − 1
120

[
γ + ln(β/2)− 31

30

]
+O

(
z2) , (B.41)

K(z) = − ln(2λ/m)

6m2 − 2z2
(

K̄(z) +
1

480

)
. (B.42)
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C. Leading order chiral NN

interaction in coordinate space

The ChEFT diagrams contributing to generating the nuclear potential and at lead-
ing order in Weinberg power counting are shown in Figure C.1. These are the static
one-pion-exchange (1PE) and two contact interactions given by the low-energy
constants (LECs) CS and CT.

b, νa, µ
(0, q)

(Ep, p′) (Ep,−p′)

(Ep, p) (Ep,−p)

(Ep, p′) (Ep,−p′)

(Ep, p) (Ep,−p)

CS,CT

Figure C.1.: Feynman diagrams for the amplitudes contributing to the leading order chi-
ral interaction in Weinberg power counting.

The contact diagrams generate a potential with the following spin-isospin struc-
ture

Vct
12(r12) =

[
CS + CT(σ1 · σ2)

]
δ(r12) , (C.1)

where δ(r12) is the Dirac delta function. The OPE diagram leads to the following
potential

Vπ
12(r12) = −

(
gA

2 fπ

)2(
τ1 · τ2

) ∫ d3q
(2π)3

(σ1 · q)(σ2 · q)
q2 + m2

π
eiq·r12 . (C.2)

In the previous two equations we defined r12 as the distance between nucleon 1
and nucleon 2, while r12 = |r12|. The Fourier transform in Eq. (C.2) is easily found.
In fact, it is well known that the Fourier transform of the Yukawa potential is

Y(r12) =
∫ d3q

(2π)3
1

q2 + m2
π

eiq·r12 =
1

4π

e−mπr12

r12
. (C.3)
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Eq. (C.2) can then be expressed as

Vπ
12(r12) =

(
gA

2 fπ

)2(
τ1 · τ2

)
σi

1σ
j
2 ∇ri

12
∇

rj
12

Y(r12) . (C.4)

After performing the derivatives of the Yukawa potential and rearranging terms,
it is possible to express the OPE potential as

Vπ
12(r12) =

(
gA

2 fπ

)2
m3

π

12π

e−mπr12

mπr12
(C.5)

×
[(

1 +
3

mπr12
+

3
(mπr12)2

)(
τ1 · τ2

)
S12 +

(
τ1 · τ2

)(
σ1 · σ2

)]
,

where S12 = 3(σ1 · r̂12)(σ2 · r̂12)− (σ1 · σ2) is the standard tensor operator.
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D. Three-nucleon forces as spherical

tensors

The 3N chiral forces derived in Chapter 3 are written here as irreducible spherical
tensors in configuration-spin space and isospin space.

Notation. We denote the general spin space Σλ
ij, Σλ,Λ

ij,k and configuration space

Xλ
ij, X(λ,λ′)Λ

ij,ij irreducible tensor operators as

Σλ
ij = [σi × σj]

λ,

Σλ,Λ
ij,k =

[
[σk × [σi × σj]

λ
]Λ

,

Xλ
ij = [r̂1i × r̂1j]

λ,

X(λ,λ′)Λ
ij,ij =

[
[r̂1i × r̂1j]

λ × [r̂1i × r̂1j]
λ′
]Λ

,

where, contrary to the main part of the thesis, here we follow Ref. [2] and denote
the generic particle indexes with i, j, k. With r̂1i we mean the rank 1 normalized
spherical tensor associated to the relative distance between particle 1 and particle i.
With the notation [r̂1i × r̂1j]

λ we intend the two rank-one coordinate space tensors
coupled into a rank-λ tensor, and analogously for [σi × σj]

λ and [τi × τj]
λ in spin

and isospin space, respectively. Furthermore, we define

Xλ(r̂ij, r̂ij) = [r̂ij × r̂ij]
λ ,

where r̂ij is the rank-1 normalized spherical tensor associated to the relative dis-
tance between particles i and j.

In writing the 3N forces we follow Ref. [63]. The 3N interaction reads

W123 = ∑
cyc

W1,23 = ∑
cyc

[
W2π,c1

1,23 + W2π,c3
1,23 + W2π,c4

1,23 + W1π,cD
1,23 + Wct,cE

1,23

]
,

where the sum runs over the cyclic permutations of the particle triplet and the
notation highlights the symmetry of the interaction over the exchange of particles
2 and 3. Each term is denoted with a label that includes the associated LEC. The
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2π exchange 3N terms are given by

W2π,c1
1,23 = A U12Y12U13Y13 (τ2 · τ3) (σ2 · r̂12) (σ3 · r̂13) , (D.1)

W2π,c3
1,23 = B {τ1 · τ2, τ1 · τ3} {χ12, χ13} , (D.2)

W2π,c4
1,23 = −C [τ1 · τ2, τ1 · τ3] [χ12, χ13] , (D.3)

where we have defined the coupling constants A, B and C as

A = c1
g2

Am4
π(h̄c)2

16π2F4
π

, (D.4)

B = c3
g2

Am4
π(h̄c)2

1152π2F4
π

, (D.5)

C = c4
g2

Am4
π(h̄c)2

2304π2F4
π

, (D.6)

while the other functions and operators are

U12 ≡ U(r12) = 1 +
1

mπr12
, (D.7)

χ12 ≡ χ(r12) = X12 −
4π

m2
π

δ(r12)
(
σ1 · σ2

)
= T(r12)S12 + Ỹ12

(
σ1 · σ2

)
, (D.8)

X12 ≡ X(r12) = T(r12)S12 + Y(r12)
(
σ1 · σ2

)
, (D.9)

Ỹ12 ≡ Ỹ(r12) = Y(r12)−
4π

m2
π

δ(r12) , (D.10)

Y(r12) =
e−mπr12

r12
, (D.11)

T(r12) =

(
1 +

3
mπr12

+
3

(mπr12)2

)
Y(r12) . (D.12)

The 1π-interaction and contact terms used in this work read

W1π,cD2
1,23 = D

(
τ2 · τ3

)
χ23

[
δ(r12) + δ(r13)

]
, (D.13)

Wct,cEτ
1,23 = E

(
τ2 · τ3

)
δ(r12) δ(r13) (D.14)
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with

D = cD
gAm2

π(h̄c)4

96πΛχF4
π

, (D.15)

E = cE
(h̄c)6

ΛχF4
π

. (D.16)

We now write the 3N interactions in terms of irreducible tensors in isospin space
and in the coupled spin-configuration space. They are:

the 2π − c1 term

W2π,c1
1,23 = AU12Y12U13Y13(τ2 · τ3)(σ2 · r̂12)(σ3 · r̂13)

= −
√

3A[τ2 × τ3]
0FUU

(
Σ0

23 · X0
23 − Σ1

23 · X1
23 + Σ2

23 · X2
23

)
, (D.17)

the 2π − c3 term

W2π,c3
1,23 = B{τ1 · τ2, τ1 · τ3}{χ12, χ13}

= −2
√

3B[τ2 × τ3]
0
(

Σ0
23 · (+FTTX0

23 −
1√
3
(3FYY + FTY + FYT))

+ Σ1
23 · (−FTTX1

23)

+ Σ2
23 · (+FTTX2

23 + FTYX2
22 + FYTX2

33)
)

, (D.18)

the 2π − c4 term

W2π,c4
1,23 = −C[τ1 · τ2, τ1 · τ3][χ12, χ13]

= 4
√

3C[τ1 × [τ2 × τ3]
1]0
[

Σ1,0
23,1 ·

(
− FTTX(1,1)0

23,23 − 1√
3
(3FYY + FTY + FYT)

)
+ Σ0,1

23,1 ·
(
+ FTTX(1,0)1

23,23

)
+ Σ2,1

23,1 ·
(
+ FTTX(1,2)1

23,23

)
+ Σ1,2

23,1 ·
(
− FTTX(1,1)2

23,23 − 1
2
(FTYX2

22 + FYTX2
33)
)

+ Σ2,2
23,1 ·

(
− FTTX(1,2)2

23,23 −
√

3
2

(FTYX2
22 − FYTX2

33)
)

+ Σ2,3
23,1 ·

(
+ FTTX(1,2)3

23,23

)]
. (D.19)
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Where we have introduced the following definitions

FUU = U12Y12U13Y13,
FTT = 18T12T13,
FYY = 2(Ỹ12 − T12)(Ỹ13 − T13),
FTY = 6T12(Ỹ13 − T13),
FYT = 6(Ỹ12 − T12)T13 . (D.20)

Finally we have:

the D term

W1π,cD2
1,23 = D(τ2 · τ3)χ23(δ12 + δ13)

= −
√

3D[τ2 × τ3]
0
[

Σ0
23 ·
(
−
√

3(δ12 + δ13)Ỹ23

)
+ Σ2

23 ·
(

3(δ12 + δ13)T23X2(r̂23, r̂23)
)]

, (D.21)

the E term

Wct,cEτ
1,23 = E(τ2 · τ3)δ12δ13 = −

√
3E[τ2 × τ3]

0δ12δ13 . (D.22)
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