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Abstract

In this thesis, the phenomenology of the Randall-Sundrum setup is investigated. In this context
models with and without an enlarged SU(2)L×SU(2)R×U(1)X×PLR gauge symmetry, which
removes corrections to the T parameter and to the ZbLb̄L coupling, are compared with each
other. The Kaluza-Klein decomposition is formulated within the mass basis, which allows for
a clear understanding of various model-specific features. A complete discussion of tree-level
flavor-changing effects is presented. Exact expressions for five dimensional propagators are
derived, including Yukawa interactions that mediate flavor-off-diagonal transitions.

The symmetry that reduces the corrections to the left-handed Zbb̄ coupling is analyzed in
detail. In the literature, Randall-Sundrum models have been used to address the measured
anomaly in the tt̄ forward-backward asymmetry. However, it will be shown that this is not
possible within a natural approach to flavor. The rare decays t → cZ and t → ch are
investigated, where in particular the latter could be observed at the LHC. A calculation of
ΓBs12 in the presence of new physics is presented. It is shown that the Randall-Sundrum setup
allows for an improved agreement with measurements of AsSL, Sψφ, and ∆Γs. For the first time,
a complete one-loop calculation of all relevant Higgs-boson production and decay channels in
the custodial Randall-Sundrum setup is performed, revealing a sensitivity to large new-physics
scales at the LHC.

Zusammenfassung

Gegenstand dieser Arbeit ist die Untersuchung der Phänomenologie von Randall-Sundrum-
Modellen. Es werden Modelle, bei denen Beiträge zum T -Parameter und zur ZbLb̄L-Kopplung
durch eine erweiterte SU(2)L × SU(2)R × U(1)X × PLR Eich-Symmetrie verboten sind und
solche ohne diese Symmetrie gegenübergestellt. Die Kaluza-Klein-Zerlegung wird direkt in der
Massenbasis vorgenommen, wodurch ein vertieftes Verständnis verschiedener Eigenschaften
der Modelle ermöglicht wird. Eine vollständige Analyse flavor-ändernder Prozesse auf Born-
Niveau wird präsentiert. Es werden exakte Ausdrücke für fünf-dimensionale Propagatoren
hergeleitet, unter Berücksichtigung flavor-ändernder Yukawa Kopplungen.

Die Unterdrückung der Korrekturen zum ZbLb̄L-Vertex wird detailliert analysiert. Randall-
Sundrum-Modelle wurden in der Literatur herangezogen, um die gemessene Erhöhung in der tt̄
Vorwärts-Rückwärts-Asymmetrie zu erklären. Es wird gezeigt, dass dies in einem natürlichen
Ansatz bezüglich der Flavor-Struktur nicht möglich ist. Die seltenen Zerfälle t → cZ und
t → ch werden untersucht, wobei insbesondere der letztere eine Größenordnung erreichen
kann, die am LHC messbar ist. Es wird eine Berechnung von ΓBs12 unter Berücksichtigung
von Beiträgen neuer Physik durchgeführt und gezeigt, dass in Randall-Sundrum-Modellen
eine bessere Übereinstimmung mit den gemessenen Werten für AsSL, Sψφ und ∆Γs erreicht
werden kann. In dieser Arbeit wird die erste vollständige Ein-Schleifen-Rechnung für alle
relevanten Produktions- und Zerfallskanäle des Higgs-Bosons in Randall-Sundrum-Modellen
präsentiert. Dabei wird eine Sensitivität auf große Skalen, jenseits der direkten Reichweite
des LHC, festgestellt.
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Preface

The Randall-Sundrum (RS) setup provides promising possibilities to address several puzzles
in particle physics. The aim of this thesis is to study the phenomenology of RS models with
bulk gauge and matter fields in an anarchic approach to flavor. We formulate the Kaluza-Klein
(KK) decomposition of the theory directly in the mass basis. The couplings to a brane-localized
Higgs sector are included in an exact way via boundary conditions. This avoids the truncation
of the KK towers, which is in contrast to the usual approach of treating these couplings as
a perturbation. In consequence, a clear and analytical understanding of important model-
specific features is possible. For gauge fields, we present the decomposition in a covariant
Rξ gauge. In the case of the fermion sector, the flavor mixing is included in a completely
general way. We show how the hierarchies of the quark sector are generated naturally in
warped models, starting from anarchical 5D Yukawa matrices (featuring neither symmetries
nor hierarchies). To this end, the analogy to the Froggatt-Nielsen mechanism is demonstrated.
We present a detailed discussion of the interactions of the model, including a complete survey
of tree-level flavor-changing effects.

A first look at electroweak precision observables reveals that the minimal RS model gener-
ically induces sizable contributions to the T parameter. However, we show that a heavy Higgs
boson mh . 1 TeV cancels part of the corrections. This allows for new-physics scales as low
as a few TeV. At the same time, this option potentially improves the agreement between the-
ory and experiment in the Z → bb̄ pseudo observables. Nevertheless, the minimal RS model
features sizable corrections to these observables. Extending the gauge group to the custodial
group SU(2)L×SU(2)R×U(1)X×PLR and including an appropriate embedding of the fermions,
allows to remove the problematic contributions. In addition, the T parameter is then protected
by a symmetry. We explore the custodial RS model in detail. The approach of treating elec-
troweak symmetry breaking exactly allows for a clear analysis of the model specific features
and protection mechanisms. As we formulate the KK decomposition of the fermion sector of
the minimal model in a general way, allowing for additional fermion representations, the appli-
cation to the extended fermion sector of the custodial model can be performed conveniently. In
turn, it is straightforward to address questions about the model-dependence of the resulting
gauge- as well as Higgs-boson interactions with the Standard-Model fermions. We demon-
strate explicitly the protection of the T parameter and of the left-handed Zbb̄ couplings. In
particular, we work out, which contributions are protected and which terms inevitably escape
protection. We identify them with the irreducible sources of custodial symmetry breaking.

Due to the presence of the towers of KK excitation one often encounters infinite sums
over gauge boson profiles. We show how to perform these complete sums for towers with
massless as well as massive zero modes, by using completeness relations for the profiles. As a
first application, these results are used to study effective four-quark interactions in both RS
variants. We pay special attention to the interactions with the Higgs sector and to the correct
inclusion of Yukawa interactions that couple Z2-odd fermions. In the perturbative approach
these contributions would be naively lost. This formal part of the thesis, already including
some phenomenological considerations is presented in Chapter 3.

A promising method to treat fields in five dimensions that appear as internal states in
Feynman diagrams is to use five dimensional propagators. This avoids the KK decomposition
and the need to sum up the contributions afterwards again. Especially for the case of sums
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involving several fermion generations, performing the KK sum turns out to be impractical. In
Chapter 4, we obtain exact expressions for the five dimensional propagators of massive gauge
bosons. Beyond that, analytic results for five-dimensional fermion-propagators, including a
generic flavor structure with off-diagonal Yukawa couplings, are presented for the first time.
These expressions are useful for studying loop mediated flavor-changing neutral currents, like
B → Xsγ, in warped extra dimensions.

The phenomenological survey of this thesis in Chapter 5 starts with an analysis of precision
tests. After exploring the modification of Standard Model parameters in the presence of
warped extra dimensions, aspects of the electroweak precision parameters will be treated again.
Since the anarchic RS setup predicts modified couplings especially for the third generation of
quarks, the focus will be on this sector. A detailed analysis of the Z → bb̄ pseudo observables
is presented. To a great extend, we will pay attention to the comparison of the results in the
custodial RS model with those of the minimal model. The tt̄ forward-backward asymmetry,
measured at Tevatron, shows a deviation from the Standard Model prediction of about 2σ.
We analyze if this discrepancy could be caused by the Randall-Sundrum setup calculating
the corresponding prediction at next-to-leading order in the strong coupling constant. The
results presented are valid for a broader class of new physics models. Then we study the flavor
(changing) sector of the model. After an analysis of the non-unitarity of the CKM matrix, the
flavor-changing rare decays t→ cZ and t→ ch will be examined. We will apply the formalism
of five dimensional propagators to study the anomalous magnetic moment of the muon in the
RS setup. Another focus is on CP violating observables in the B0

s -system, where recently some
anomalies have been reported. We perform a calculation of the absorptive part of the B0

s–B̄
0
s

mixing amplitude in the presence of new physics and explore, if warped extra dimensions can
lead to an improved agreement between theory and experiment in several observables.

One of the main questions which the CERN Large Hadron Collider (LHC) is supposed
to answer is how the electroweak symmetry is broken in nature. In consequence, one focus
of the phenomenological part is a detailed discussion of Higgs physics at Tevatron and the
LHC. For the first time, we present a complete one-loop calculation for all relevant Higgs-
boson production and decay channels in the Randall-Sundrum setup, incorporating the effects
stemming from the extended electroweak gauge-boson and fermion sectors. We discuss the
impact on physics at the LHC and demonstrate that the Higgs sector could be very viable for
finding physics beyond the Standard Model.

As this thesis is about extensions of the Standard Model of particle physics, it is mandatory
to explore the motivations to go beyond this successful model. Therefore, important aspects of
the Standard Model are reviewed in Chapter 1, starting from an effective field theory approach.
The fact that this minimal model works extremely well at low energies poses tight challenges
on theories that are meant to complete it. In this context, it is important to explore the
peculiarities of the Standard Model that lead to its successful agreement with experiment.
Such considerations gave rise to several extensions of the original Randall-Sundrum proposal,
which finally brought up the custodial Randall-Sundrum model with bulk-gauge and -matter
fields. In the first chapter we also review the evidence that causes the notion that the Standard
Model will have to be replaced by another theory above a certain scale. This discussion will
lead to the gauge hierarchy problem, which is finally examined, together with the puzzle of
fermion hierarchies. Models with (warped) extra dimensions that can address these problems
are introduced in Chapter 2 and at the beginning of Chapter 3.
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The chapters 3-5 contain the main results of this thesis. Chapter 3, besides the introductory
part at the very beginning, and Chapter 5 are based on my publications [1, 2, 3, 4]. Chapter 4
on propagators of massive gauge and fermion fields in five dimensions as well as Section 5.1.5
on the anomalous magnetic moment of the muon contain unpublished results.

A conclusion is presented in Chapter 6. Supplementary calculations and useful formulae
can be found in the appendices.



Chapter 1

Introduction: The Standard Model
and Hierarchies in Nature

The first chapter is meant to introduce aspects of the Standard Model (SM) of particle physics
and of effective field theories, with a focus on those topics which will be important for the fol-
lowing chapters. We will present the merits of the SM, which suggest that it is the right theory
to describe nature up to (at least) the weak scale. Beyond that, we will illustrate its short-
comings which bring us to the conclusion that it is, however, not the final theory of nature and
we will expound our expectations on the theory to complete it. In particular, we will discuss
several puzzling hierarchies that we observe in particle physics. These represent a convincing
motivation to study warped extensions of the SM, which will be the focus of this thesis.

1.1 Aspects of the SM and Effective Field Theories

As the SM has been extremely successful up to present collider energies of several hundred
GeV, it is a good starting point for studying new ideas in particle physics. Its extensions should
always have a SM-like theory as a low energy limit. Coming from an effective field theory
approach, we will go into the main building blocks and tests of the model. When exploring
warped setups, we will start from and refer to the structure of the SM, which represents the low
energy tail of the KK decomposition of these setups. Since the phenomenological part of this
thesis is mainly related to the Higgs and the flavor sector, as well as to precision tests, we will
focus on these fields. During this introduction we will meet problems of the SM that provide
a motivation to go beyond it. However, we will also see that the SM leads to a multitude
of non-trivial well-tested predictions. Many of those will be jeopardized, when extending the
minimal model of particle physics. For a successful model building it is thus important to be
aware of the features that have lead to these predictions.

1.1.1 The SM of Particle Physics and Symmetries of Nature

The dream of having a consistent, anomaly free, and renormalizable theory that describes
nature down to length scales of ∼ (1−10) TeV−1, beyond the weak scale, has become true with
the advent of the Standard Model of Particle Physics. These scales correspond to the energy
frontier currently probed directly by mankind at large collider experiments. The success story
of the SM started in the 1960s with the Glashow-Weinberg-Salam (GWS) theory of electroweak

1
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unification [5, 6, 7] (Nobel Prize in Physics 1979). Other milestones were the inclusion of the
theory of strong interactions, as a gauge theory of elementary particles carrying color charge,
the discovery of asymptotic freedom by Gross, Politzer, and Wilcszek [8, 9, 10] (Nobel Prize
in Physics 2004), and the prove of renormalizability of the SM by ’t Hooft and Veltman [11]
(Nobel Prize in Physics 1999). The SM incarnates the idea of combining special relativity and
quantum mechanics into a quantum field theory that describes the world around us.1 It has
been tested at the quantum level in a plethora of experiments and so far resisted every attempt
to refute its validity. Moreover, it lead to many successful predictions of phenomena and
particles, before their experimental discovery, like the existence of neutral currents and of the
massive W± and Z gauge bosons, including the corresponding mass ratio. The experimental
observation of jets in the mid-1970s, in particular three-jet events at PETRA in 1979 [13],
provided a striking confirmation of quantum chromodynamics (QCD), the theory of strong
interactions. The experimental evidence for quarks, some years before, confirmed that the
quark model, introduced by Gell-Mann and Zweig, is not only a mathematical model [14, 15],
but is realized in nature. Beyond that, the prediction of the tau neutrino, the charm quark,
and the third generation of quarks, before their experimental discovery (in particular the
indirect determination of the approximate top mass), is to be assigned to the SM.

Before looking at the model in more detail, let us recapitulate a general guiding principle
for constructing theories, that will finally lead us to the SM. The most fundamental properties
of nature, and thus also of a theory that shall describe it, are probably symmetries. From
Noether’s theorem, we know that continuous symmetries lead to conservation laws. Without
symmetries, the universe (if it would exist) would behave much more randomly and it would
be very hard to derive meaningful predictions. The dynamics of a system in quantum field
theory (QFT), which we will assume to be the right framework to describe particle physics, is
given by its Lagrangian (including a quantization rule). Thus, one should write down the most
general Lagrangian that corresponds to an experimentally given particle content and exhibits
the symmetries of the system. Every combination of fields of the theory, whose absence
can not be explained in terms of a symmetry, should appear. Certainly, a well established
symmetry of nature is Poincaré invariance. The particles of a theory should correspond to
irreducible representations of the Poincaré group. Beyond this space-time symmetry, internal
local symmetries seem to be important, so-called (local) gauge symmetries.

The known matter fields of the universe (leptons and quarks) transform according to
fundamental representations of a given gauge-symmetry group, if they are charged with respect
to that group, and thus their appearance is related to these symmetries. Global invariance
under such transformations corresponds to the freedom of redefining multiplets of matter fields
with the same transformation parameter at every space-time point

Ψ→ ei α
aTaΨ . (1.1)

Here, αa ∈ R and T a are the generators of the gauge group, in generalization of U(1) phase
rotations, where T a = Q (a = 1) is the charge. For SU(2), for example, the Pauli matrices

1Note that the SM does not incorporate a (quantum) theory of gravity, which is expected to become
important at the Planck scale MPl =

√
~c/GN ≈ 1.22 · 1019 GeV/c2 [12] at the latest. Here GN is the

gravitational constant, ~ is the reduced Planck constant and c is the speed of light in the vacuum. From now
on we will work in natural units, setting ~ = c = 1. For the discussion of the first chapter we will not consider
gravitational interactions explicitly.
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T a = σa/2 (a = 1, . . . , 3) can be used and Ψ = (Ψ1(x),Ψ2(x))T , whereas the Gell-Mann
matrices are generators of SU(3), T a = λa/2 (a = 1, . . . , 8) , see Appendix A.1. Throughout
this thesis, a summation over repeated indices is understood. If the symmetry transformations
(1.1) shall be local, i.e., depending on space-time coordinates

αa → αa(x) , (1.2)

one has to introduce corresponding gauge fields in order for the kinetic terms of the matter
fields, containing derivatives, to be invariant. Without kinetic terms there would not be any
physical propagating fields. Explicitly, these terms become invariant by replacing the ordinary
derivative with the covariant derivative

∂µ → Dµ = ∂µ − igAaµT a , (1.3)

where Aaµ are (gauge) vector fields, belonging to the generators T a of the corresponding gauge
group with coupling constant g. These fields have to transform according to the adjoint
representation of the gauge group. In summary, the local symmetry transformations read

Ψ(x)→ V (x) Ψ(x) , V (x) = ei α
a(x)Ta ,

Aaµ(x)T a → V (x)

(
Aaµ(x)T a +

i

g
∂µ

)
V †(x) .

(1.4)

Also from a geometrical perspective, the need for local gauge invariance of the kinetic terms
can be understood, if one wants to introduce local gauge transformations for the matter fields.
One requires a connection to define the derivative properly, which compares fields at different
space-time point, where they transform differently. This gauge connection is provided by the
gauge fields, together with their transformation properties, which are interpreted as physical,
propagating degrees of freedom. These bosonic fields then act as force carriers. For more
details see e.g. [16]. Local invariance under a certain gauge group induces and restricts the
interactions of the fields (via gauge bosons) just how they are discovered in nature and prevents
the theory from being possibly trivial. It is a defining criterion for a theory and, as we will see
below, also essential from a formal point of view for constructing a consistent, sensible theory
containing vector bosons. There is compelling experimental evidence (see Section 1.1.2) that
the gauge group of nature contains the structure

GSM = SU(3)c × SU(2)L × U(1)Y . (1.5)

The corresponding gauge bosons, induced by local gauge invariance, are the gluons, mediating
the strong interactions, and the W a and B bosons, responsible for the electroweak interactions,
see below. Having identified this gauge invariance as an appropriate symmetry to describe
interactions of matter fields, it should be imposed on the whole Lagrangian (in agreement with
observation). Note however that a part of (1.5) will have to be hidden in a certain way, in
order to obtain massive gauge bosons. This “encryption” of the symmetries also corresponds
to a fundamental property of nature which has to be accounted for. The fact that we do
not see the full gauge group in the form (1.5) at low energies, made it a demanding task to
find the correct gauge theory. After the gauge group of the theory has been identified, the
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matter content can be assigned to certain representations of the gauge group, according to
experimental observations. These representations determine the interactions between matter
and gauge fields, as explained above. For the known matter fields, the representations will be
given in Table 1.1 below.

In addition to these symmetry constraints, remember that a Lagrangian should be hermi-
tian in order to lead to a unitary scattering matrix (S-matrix) that conserves probabilities. It
should preserve causality, which is achieved by including proper anti-particle operators in ad-
dition to particle operators and brings about the necessity of field operators [16]. Furthermore,
to obtain a stable theory with a well-defined ground state, the spectrum of the corresponding
Hamiltonian has to be bounded from below. With these conditions in mind, it seems sensible
to write down the most general, translation-invariant, Lorentz scalar which contains spinor
fields for the observed matter representations and is (locally) invariant with respect to the
gauge group GSM (1.5) - inducing the gauge fields - and call it the Standard Model. If one
counts the number of terms that are allowed under these restrictions, one ends up with the
rather large number of infinity, which would spoil the predictivity of the model. Luckily, it
turns out that the situation is not as hopeless as it seems.

It is instructive to sort the terms in the Lagrangian according to the mass dimensions of
the products of field operators that they contain. The naive mass dimension of a field operator
can be read off from its standard kinetic term of its free theory (bilinear in the fields), by using
the fact that a derivative has the mass dimension of a momentum (D = 1) and that the action
has to be dimensionless in natural units. As in four space-time dimensions the Lagrangian
needs to have mass dimension D = 4, terms that have a mass dimension smaller (bigger) than
four have to appear with (inverse) powers of some yet unspecified mass scale2 M

L = L≤4 +
L5

M
+
L6

M2
+ · · · . (1.6)

The subscripts in (1.6) denote the mass dimension of the corresponding sub-Lagrangians. Note
that L≤4 contains all terms with mass dimensions equal to or less than four, including the
possibly dimensionful coefficients. These are expected to scale like powers of M , if there is no
second scale generated in the theory. The terms with D < 4 are generically problematic, see
sections 1.1.6 and 1.2.1. Accordingly, all dimensionless coefficients present in the Lagrangian
are expected to be of O(1), if there are no symmetries present, that would explain other values.
For the moment, let us not assume that it is possible to construct the final theory of nature,
valid up to arbitrary high energy scales, with just the particle content observed below the
TeV scale. Let us rather assume that we see the low energy tail of a more complete theory.
However, without direct hints for new particles, we would like to set up a theory, which is
based on the observed particle content and symmetries, and is valid up to some fixed energy
scale. This is assumed to lie above the scales at which we have already looked for new degrees
of freedom. Considering the Lagrangian above as belonging to such a theory, this cutoff scale
can now be identified with the scale M , see Appendix A.4. For example, M could be the
mass of a new heavy particle, not present in our low energy theory. If we are interested in
energies E �M , a description without this heavy particle as a propagating degree of freedom
is perfectly fine.

2A more rigorous treatment of the idea of effective field theories (EFTs), used here, is given in Appendix A.4.
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Crucially, the terms ∝ Li, with i > 4, will be suppressed by powers of E/M � 1. As a
consequence the most important part of the Lagrangian at low energies is given by L≤4, while
the additional terms can be neglected to more or less good approximation (depending on the
ratio E/M). Thus, one ends up with a finite number of terms, depending on the truncation
of (1.6). The part with D ≤ 4 is called the Standard Model of Particle Physics (with one
ingredient related to the masses of the particles still missing, see below). Experiments can
give a handle on the cutoff scale M by measuring effects of higher dimensional terms. As
mentioned, all this holds, if we assume to observe the low energy part of a more fundamental
theory with a scale M (the cutoff of our theory). The existence of a final ultraviolet (UV)
completion guarantees the suppression of higher dimensional (D > 4) terms just by this
new physics (NP) scale. This is the modern point of view of seeing the SM, see Section 1.1.6.
Historically, the SM was not introduced as part of a more general Lagrangian, but rather as the
Lagrangian of nature. The concept that singled out the terms with D ≤ 4 will be introduced
in Section 1.1.5. From the SM Lagrangian one obtains the corresponding SM-Feynman rules
to compute S-matrix elements perturbatively (as a sum over all possible Feynman diagrams)
via standard textbook techniques [16, 17].

From the previous discussion one expects L≤4 to be explored first in particle collisions.
Having identified gauge invariance as a crucial concept, it is thus no wonder that the SM
works so well (up to a certain energy). It just corresponds to the most important part of the
most general gauge invariant Lagrangian that one can write down, given the observed particle
content.3 It does not mean that there is no NP, it rather means that the NP should be rather
heavy. Nevertheless, the construction of the SM as a gauge theory with the appropriate (gauge)
symmetries was a tremendous success. This is even more the case, given the fact that when the
GWS model was constructed, not all gauge particles of the SM had been observed, yet. Their
existence has been deduced from measuring fermion interactions. Along the lines discussed
above, NP should already show up below being directly produced in terms of new particles,
due to suppressed terms with D > 4. Measuring deviations from SM expectations can give
a handle on the scale M , as mentioned before. It will turn out that in some sectors the SM
works so well that the expected NP scale is much higher than currently accessible scales. Note
that it is in principle not excluded that there exist unobserved particles which are very light,
perhaps with masses much below our designated cutoff for the SM. These particles then have
to posses very suppressed couplings to the known particles in order to have escaped detection.
As an example, consider the so called dark photon, which appears as a force mediator in some
models of Dark Matter. This could be rather light, e.g. mγ′ ∼ 1 GeV, and have couplings to
the SM via kinetic mixings with a strongly suppressed coefficient ε� 1, see e.g. [18].

Let us finally write down the SM Lagrangian

LSM ≡ L≤4. (1.7)

It reads4

LSM = Lferm + LW,B,G + LHiggs + LYukawa + LGF + LFP . (1.8)

This is the Lagrangian that we will study in the next pages, and, for the time being, we will

3By gauge invariance we mean invariance with respect to the local symmetry transformations corresponding
to (1.5), unless stated otherwise.

4For a review on QFT and the SM see e.g. [16, 17, 19, 20, 21].
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not consider the possible higher dimensional terms. The first term in (1.8) contains kinetic
terms for the matter fields (fermions) that we have observed in nature so far. The different
fermion flavors present in the SM are grouped into three-component vectors (each component
corresponding to a quark or lepton family) of up-type quark flavors u ≡ (u, c, t)T , down-
type quarks d ≡ (d, s, b)T , charged leptons e ≡ (e, µ, τ)T , and neutral leptons (neutrinos)
ν ≡ (νe, νµ, ντ )

T . We end up with

Lferm = Q̄Li /DQL + ūRi /DuR + d̄Ri /DdR + ĒLi /DEL + eRi /DeR , (1.9)

where F̄ ≡ F †γ0, F = Q, u, d, E, e. The left-handed and right-handed components of the field
operators belong to the two irreducible spin-1/2 representations of the Poincaré group in four
dimensions (4D), respectively, and are projected out as FL,R = PL,R F , where PL,R = (1∓γ5)/2.
The Dirac-gamma matrices are defined in Appendx A.1. In order for the kinetic terms of the
matter fields to be gauge invariant, the spatial derivative ∂µ has been replaced by the covariant
derivative (in analogy to (1.3)) corresponding to the full SM gauge group (1.5)

/D :=γµDµ

Dµ =∂µ − ig′ Y Bµ − ig T iW i
µ − igs taGa

µ.
(1.10)

This induces local interactions, i.e., terms which contain more than two fields at the same
space-time point, with the (spin-1) B,W i, and Ga gauge fields, in agreement with observation.
Here, Y , T i = σi/2 (i = 1, . . . , 3), and ta = λa/2 (a = 1, . . . , 8) correspond to the standard
generators of U(1)Y (hypercharge), SU(2)L (weak isospin), and SU(3)c (color), as introduced
before. The corresponding coupling constants are denoted by g′, g, and gs. Through quantum
(loop) corrections, these couplings are running couplings, depending on the renormalization
scale µ, see e.g. [16]. Their values at the Z-pole, µ = mZ ≈ 91.2 GeV, read [12]

g′(mZ) ≈ 0.36 , g(mZ) ≈ 0.65 , gs(mZ) ≈ 1.22 . (1.11)

Note that the non-abelian SU(3)c gauge theory of QCD becomes strongly coupled at low
energies µ ∼ 1 GeV, explicitly αs(ΛQCD) ≡ g2

s(ΛQCD)/(4π) & O(1), where ΛQCD ≈ 200 MeV.
This calls for non-perturbative methods. On the other hand, it becomes asymptotically free
for high energies (which holds for less than 17 participating flavors) [8, 9, 10].

Experimentally, it turns out that the left-handed fermions form doublets under SU(2)L

Qi
L =

(
uiL
diL

)
, Ei

L =

(
νiL
eiL

)
, (1.12)

while all quarks are triplets under SU(3)c, which is not made explicit in (1.9). The repre-
sentations of the SM fields with respect to the SM gauge group, including the hypercharge
quantum numbers, i.e., eigenvalues of the generator Y , are summarized in Table 1.1, which
provides an overview of the particle content of the SM. Here, singlets (which do not transform
under the corresponding gauge transformation) are denoted by 1, doublets by 2, etc. This
field content, together with the corresponding representations/quantum numbers, guarantees
that the SM is anomaly free, i.e., that no symmetries of the classical Lagrangian are broken
at the quantum level.
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spin field representation (SU(3)c, SU(2)L)U(1)Y

Qi
L (3,2)1/6

Ei
L (1,2)−1/2

1/2 uiR (3,1)2/3

diR (3,1)−1/3

eiR (1,1)−1

Bµ (1,1)0

1 W i
µ (1,3)0

Ga
µ (8,1)0

0 Φ (1,2)1/2

Table 1.1: Representations of the different fields in the SM. Right handed neutrinos
have not been included, as they are not present in the original formulation of the SM.
They are singlets under the SM gauge group, i.e., transform as (1,1)0. The Higgs field
Φ will be introduced further below.

As gauge invariance called for the existence of gauge fields, we should now look for further
gauge invariant Lorentz scalars that can be constructed out of them. In addition to the
interaction terms above, we end up with kinetic terms for the gauge fields, which allow them
to propagate. They read

LW,B,G = −1

4
BµνB

µν − 1

4
W i
µνW

µν
i −

1

4
Ga
µνG

µν
a (1.13)

and contain the field-strength tensors, defined as

Bµν =∂µBν − ∂νBµ

W i
µν =∂µW

i
ν − ∂νW i

µ + g εijkW j
µW

k
ν

Ga
µν =∂µG

a
ν − ∂νGa

µ + gs f
abcGb

µG
c
ν .

(1.14)

Here, εijk and fabc are the structure constants of SU(2) and SU(3), respectively, where

[
T i, T j

]
= iεijkT k (1.15)

for the generators of SU(2) and a similar relation holds for SU(3). Before detailing the
remaining parts of the Lagrangian, several comments are in order.

In its original formulation, the SM does not contain right handed neutrinos which corre-
spond to the only possibility to account for massive neutrinos at the level of gauge invariant
D ≤ 4 terms. We know that neutrinos have non-zero masses from the observation of neutrino
oscillations. Neutrino masses could be interpreted as the first evidence for physics beyond the
SM (BSM). However, it is straightforward to extend the SM by adding right handed neutri-
nos (though without being able to explain the tininess of neutrino masses, see Section 1.1.6).
Furthermore, the allowed term θQCD g

2
s/(64π2)εµνρσGa

µνG
a
ρσ is not included in the SM, as ex-

periments tell us that it seems not to be present. This term would violate the combined
charge-conjugation and parity (CP) invariance, i.e., the invariance with respect to the substi-
tution of a particle by its anti-particle in combination with a reflection at the origin ~x→ −~x,
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in the sector of strong interactions (see e.g. [16]). Its unexplained absence or the extreme
and unnatural smallness of its coefficient θQCD is called the strong CP problem. A possible
solution is provided by the Peccei-Quinn theory, introducing a new particle, called the axion
[22]. Note that analogous terms for the U(1) and SU(2) field strengths have no observable
effects [16]. Most important, with just the fields introduced so far, corresponding to particles
which been observed in nature, all fields of the SM would be massless, which is clearly in
conflict with observation. The particles introduced so far thus still do not quite match those
we observe in experiments. Given just these fields and no additional structure, it is simply not
possible to write down gauge invariant mass terms for the (non-abelian) vector bosons and
chiral fermions. However, no additional particles have been observed yet, so the mechanism
that gives masses to the SM particles is still experimentally unobserved. We certainly do not
want to abandon gauge invariance as a concept, as it was a key in constructing the SM with
the correct interactions and results in non trivial relations between couplings, which are well
tested. We will discuss some of these relations in Section 1.1.2. Moreover, note that breaking
gauge invariance leads to big problems in the high energy behavior of the theory. This is
already the case, if it is just broken in mass terms for the observed massive gauge bosons,
while keeping the gauge connection for the fermion fields as well as internal gauge interactions
as they are (motivated by phenomenology). Although gauge invariance in the massless gauge
sector can be seen as a redundancy in the description of a spin-1 particle with two degrees of
freedom by a four-component Lorentz vector, it guarantees that the SM is renormalizable and
does not lose its validity at the TeV scale, see below. If we want to construct a decent theory
for the TeV scale, gauge invariance should better not be broken in an uncontrolled way.

1.1.2 The Higgs Sector, Custodial Symmetry and Precision Tests

The most famous possibility to break the electroweak gauge symmetry in order to obtain
massive SM particles while keeping the fundamental Lagrangian gauge invariant is the Higgs
mechanism (which is a part of the SM) due to Brout, Englert, Higgs, Guralnik, Hagen and
Kibble [23, 24, 25]. We will study the phenomenology of the corresponding sector in the
context of RS models in detail in Section 5.3. The mechanism works as follows. A complex
scalar doublet under SU(2)L (with hypercharge Y = 1/2)

Φ(x) =

(
φ+(x)
φ0(x)

)
, (1.16)

is included in the SM, with a potential, that results in a vacuum expectation value (VEV) for
this doublet. Given the aforementioned appropriate charges for the Higgs field, the VEV

〈Φ〉 =
1√
2

(
0
v

)
(1.17)

will break the electroweak part of the gauge symmetry spontaneously (i.e., in the ground state
of the theory, not at the fundamental Lagrangian level), according to the pattern

SU(2)L × U(1)Y −→ U(1)EM , (1.18)



1.1. ASPECTS OF THE SM AND EFFECTIVE FIELD THEORIES 9

which we observe in nature, and thus will generate masses for three electroweak gauge bosons.
The photon, corresponding to the unbroken U(1)EM symmetry of quantum electrodynamics
(QED) will remain massless, as the gluon does. The (gauge invariant) Higgs Lagrangian reads

LHiggs = (DµΦ)† (DµΦ)− V (Φ), V (Φ) = −µ2Φ†Φ +
λ

2

(
Φ†Φ

)2
. (1.19)

Note the negative sign of the mass term (µ2 > 0) in the Higgs potential. This sign is responsible
for the so-called mexican hat form of the potential, which allows for a nontrivial VEV 〈|Φ|〉 > 0.
The Higgs quartic coupling λ > 0 has to be positive in order for the Higgs potential V (Φ) to
be bounded from below and thus for the vacuum to be stable, see below. After electroweak
symmetry breaking (EWSB), i.e., after acquiring the VEV (1.17), we parametrize the Higgs
doublet in terms of fluctuations around that VEV via the four real scalar fields ϕi, i = 1, 2, 3
and h as

Φ(x) =
1√
2

(
−i
√

2ϕ+(x)
v + h(x) + iϕ3(x)

)
. (1.20)

Here, we have defined ϕ± = (ϕ1 ∓ iϕ2)/
√

2. The field h corresponds to the famous Higgs
particle. It is the last missing particle that is needed to complete the SM, after the discovery
of the predicted SU(2)L partner of the tau, the tau neutrino, through the DONUT experiment
at Fermilab in 2000 [26]. It corresponds to the residual physical scalar degree of freedom after
EWSB and parametrizes massive fluctuations around v, whereas the unphysical Goldstone
bosons ϕ±, ϕ3 correspond to flat directions in the potential. According to the Goldstone the-
orem, every spontaneously broken generator of a continuous symmetry results in a Goldstone
boson. The breaking pattern (1.18) thus results in three Goldstone bosons. By a gauge trans-
formation leading to the unitary gauge, they can be formally removed from the theory. Their
degrees of freedom are absorbed by the electroweak gauge bosons, which now are massive and
thus need a third polarization degree of freedom.

Let us have a look at how these masses are generated. After EWSB, (1.19) contains -
besides interaction terms, kinetic terms, and the Higgs potential - the following quadratic
terms in the fields

LHiggs ⊃ v2 g
2 + g′2

8
ZµZ

µ + v2 g
2

4
W+
µ W

−µ , (1.21)

where we have used the charges of the Higgs doublet given in Table 1.1 and the definition of
the covariant derivative (1.10). Moreover, we have already performed a transformation to the
mass basis, i.e., the basis in which the gauge boson mass matrix is diagonal, via the orthogonal
transformation (

Zµ
Aµ

)
=

(
cw −sw
sw cw

)(
W 3
µ

Bµ

)
. (1.22)

Here, the sine and cosine of the weak mixing angle, sw and cw, are given by

sw ≡ sin θw =
g′√

g2 + g′2
, cw ≡ cos θw =

g√
g2 + g′2

, (1.23)

and

W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
. (1.24)
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Thus, the physical W± and Z bosons get masses

mW = v
g

2
, mZ = v

√
g2 + g′2

2
, (1.25)

while the photon A corresponds to a combination of symmetry generators which is left unbro-
ken and remains massless. Furthermore the Higgs boson receives a mass mh =

√
2µ =

√
λv.

In the mass basis the covariant derivative (1.10) becomes

Dµ = ∂µ − i
g

cos θw

(
T 3 − sin2 θwQ

)
Zµ − ieQAµ − i

g√
2

(
T+W+

µ + T−W−
µ

)
− igstaGa

µ , (1.26)

where we have defined the generators

T± = (T 1 ± i T 2) , (1.27)

as well as the U(1)EM generator of electromagnetism and the electric charge

Q = T 3 + Y , e = g sin θw . (1.28)

Due to the gauge invariant mechanism of giving masses to the electroweak gauge bosons via
the Higgs doublet, we arrive from (1.25) at the SM (tree-level) prediction

mW = mZ cos θw . (1.29)

Thus, at tree level, the properties of electroweak gauge bosons can be fully specified by the
three parameters e, θw, and mZ . Clearly, one can also trade one of these inputs for another
quantity which provides the same information like e.g. the Fermi coupling GF ≡ g2/(4

√
2m2

W )
(see Appendix A.4). From measuring the gauge-boson masses one can deduce v = 246 GeV as
the scale of EWSB. The experimental results for these masses can be found in Appendix D.

The here described GWS model merged the electromagnetic and weak interactions to-
gether in the framework of a compact gauge theory. This was a big step towards having a
more and more unified and simple picture of nature. It was developed some time before the
direct experimental discovery of several of its ingredients. Due to the chosen gauge symmetry
group (1.5), which is broken according to the pattern (1.18), it predicted the existence of
neutral weak currents, in addition to the well known charged currents. These neutral currents
have been discovered by the Gargamelle experiment some years later in 1973. The profound
knowledge about the charged current interactions, like the maximally P violating structure
and Cabibbo universality of the couplings, was very helpful in finding the correct theory. The
apparent weakness of the weak force with respect to the electromagnetic force at low momen-
tum transfer is not due to a small coupling constant (see (1.11)) but due to the suppression
of the corresponding propagators by the large W±- and Z-boson masses. This suppression
is lifted above the electroweak scale MEW ∼ 100 GeV (∼ mW ∼ mZ). This feature of elec-
troweak unification has been tested successfully at HERA. In Figure 1.1 the measured e±p
neutral-current and charged-current differential cross sections with respect to the virtuality
Q2 of the exchanged gauge boson are shown in blue and red, respectively. At low Q2, the
neutral-current cross section is dominated by photon exchange and the charged-current cross
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Figure 1.1: Neutral current (blue) and charged current (red) differential cross sections
in e±p collisions with respect to the virtuality Q2. Figure from [27] (with permission).
Electroweak unification happens above MEW ∼ 100 GeV, see text for details.

section is strongly suppressed by the large W±-boson mass. At high Q2 ∼ m2
W , however,

the exchange of massive gauge bosons becomes comparably important and the neutral and
charged cross sections become similar, indicating electroweak unification.

The non-trivial relations of the GWS model discussed above, related to the special way of
breaking electroweak symmetry spontaneously (without destroying the gauge invariance of the
Lagrangian explicitly), diminish the number of parameters in the gauge sector and provide the
possibility to test the given mechanism of symmetry breaking. For example, the SM prediction
for the parameter

% ≡ m2
W/(m

2
Z cos2 θw) , (1.30)

encoding the relation between gauge couplings and masses (c.f. (1.29)), is %SM = 1, at the tree
level. Quantum corrections within the SM will alter this relation, as will NP contributions
to the electroweak gauge boson masses. A measurement of the % parameter can thus test the
SM and constrain BSM physics, see Section 5.1.1. Note that the massive W± and Z bosons,
predicted within the SM, have only been discovered experimentally in 1983 by the UA1 [28, 29]
and UA2 [30, 31] collaborations at the CERN Super Proton Synchrotron, which had been
upgraded to a two-beam collider in order to reach sufficient center of mass energies (Nobel Prize
in Physics 1984 for Rubbia and van der Meer). Their masses were found to lie just in the region
suggested by the relation (1.29), which provides a nontrivial experimental confirmation that
some mechanism like described above is at work. The reference values compiled in Appendix D
lead to %exp ≈ 1.01, where the one per cent deviation could be due to loop corrections to
the relation (1.29). The fact that a single value of the weak mixing angle accounts for all
kinds of different observables of the electroweak theory (including interactions with different
fermions), provides strong evidence for the existence of an underlying, spontaneously broken,
gauge symmetry in nature [16].

The SU(2)L × U(1)Y gauge structure of the SM has been successfully tested at the Large
Electron-Positron Collider (LEP) in trilinear gauge-boson couplings as well as in couplings to
fermions in e+e− → W+W−. Several Feynman graphs contributing to this process (neutrino
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Figure 1.2: Cross section σ(e+e− → W+W−), measured at LEP2. The ZWW -vertex
contribution, with exactly the relative strength as dictated by gauge invariance, is
needed in order to preserve perturbative unitarity. Figure from [32] (with permission).
See text for details.

exchange, Z-boson exchange, photon exchange) have to add up in a certain way, not to lead
to a cross section that raises proportional to the squared center of mass energy s and violates
(perturbative) unitarity at around

√
s = 1 TeV. In the SM, the necessary cancellation is

guaranteed by Ward identities, following just from gauge invariance with respect to the SM
gauge group. The resulting, well behaved, SM cross section agrees very well with experiment,
see Figure 1.2. In fact, the only theories of massive vector bosons that do not have a violent
high-energy behavior are those arising from a spontaneously broken gauge symmetry [33].

Custodial Symmetry and the W±-Boson Mass

In summary, we can be quite certain that the W± and Z bosons arise from a spontaneously
broken SU(2) × U(1) gauge symmetry with masses fulfilling the relation (1.29) to good ac-
curacy. One can ask the question, if this already provides evidence for the existence of the
SM Higgs mechanism, i.e., if this relation is unique to the symmetry breaking by a scalar
SM-Higgs doublet, or if other mechanisms are possible that feature the same breaking pattern
including the relation (1.29). Being well tested, any model of NP should reproduce this mass
relation to reasonable accuracy.

As a consequence, we will have a closer look on how this relation comes about and how much
it depends on the mechanism that breaks SU(2)L × U(1)Y . For that purpose, we construct
the most general mass matrix for the electroweak gauge bosons, consistent with the breaking
pattern SU(2)L × U(1)Y → U(1)EM . In the basis corresponding to (W 1

µ ,W
2
µ ,W

3
µ , Bµ), we

make the ansatz

M2 =




m2
W 0 0 0
0 m2

W 0 0
0 0 m2

3 m
2

0 0 m2 m2
0


 . (1.31)

Note that due to the U(1)EM gauge invariance, the coefficients of the quadratic terms W 1
µW

µ 1
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and W 2
µW

µ 2 must be identical m2
1 = m2

2 ≡ m2
W . Electromagnetic gauge invariance together

with hermiticity is also responsible for the zero entries in (1.31). The lower-right block repre-
sents the most general symmetric (squared) mass matrix for the corresponding two-component
system. Its entries can be further specified by demanding one eigenvalue to be zero, corre-
sponding to the massless photon, and a non-vanishing eigenvalue, denoted by m2

Z . It turns
out that, in order to arrive at the sought mass relation (1.29), one needs m2

3 = m2
W , see

Appendix A.2. Thus, the mass matrix (1.31) has to fulfill

m2
1 = m2

2 = m2
3 = m2

W . (1.32)

This relation holds for the SM Higgs mechanism due to the fact that the Higgs boson is a
scalar SU(2)L doublet. It is related to an accidental global SU(2)L × SU(2)R symmetry in
the Higgs Lagrangian, broken by the Higgs VEV according to

SU(2)L × SU(2)R −→ SU(2)V , (1.33)

which leaves its imprint in the gauge boson mass matrix, see Appendix A.2. The residual
SU(2)V symmetry guarantees that the mass relation (1.32) is fulfilled. Any sector that breaks
the SM gauge group according to (1.18) and exhibits this so-called custodial symmetry [34]
thus has the potential to lead to a viable phenomenology in the gauge boson sector. For a more
detailed discussion see Appendix A.2 and [16, 35]. In Section 3, a version of this symmetry
will be used to protect the RS setup from large corrections to the T parameter, related to a
breaking of the relation (1.29) (see the end of this section). Expressing this relation through
a symmetry has the additional advantage that one can easily identify corrections to it, arising
e.g. through symmetry breaking interactions at the quantum level. In the SM, the custodial
symmetry is broken at the loop level through Yukawa interactions and interactions with the
U(1)Y gauge boson and thus %SM 6= 1 beyond the tree level, as mentioned before. Analysing
these interactions can give a handle on the size of the effect. On the other hand, measuring %
very accuratly could also reveal (small) deviations from the SM prediction.

Another possibility to test the SM is to extract mW indirectly from a measurement of
e, θw and the Fermi coupling GF , measured in muon decay. According to the SM relations
(assuming no BSM physics in muon decay) one arrives at

(m2
W )indirect ≡

e2

4
√

2 sin2 θwGF

. (1.34)

This extraction can be compared to the direct reconstruction of the W±-boson mass. The
results are shown in Figure 1.3 in the mW −mt plane, where mt is the mass of the top quark.
The colored ellipses indicate the regions of 68%, 95%, and 99% confidence level (CL), following
from the direct measurements at LEP2 [36] and the Tevatron [12]. The results obtained from
(1.34) depend, due to loop effect, significantly on the Higgs mass and are shown by the green
(gray) band for mh ∈ [60, 1000] GeV. The central values and 1σ errors of the direct and
indirect W±-mass determinations are given by

mW = (80.399± 0.023) GeV , (mW )indirect = (80.348± 0.015) GeV . (1.35)
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Figure 1.3: Regions in the mt–mW plane following from the direct and indirect deter-
mination of mW . The colored ellipses correspond to 68%, 95%, and 99% probability,
and are obtained from the direct measurements of mW and mt at LEP2 and the Teva-
tron. The black dot shows the SM prediction based on GF for our reference SM input,
whereas the green (gray) shaded band shows the SM expectation for values of the
Higgs-boson mass mh ∈ [60, 1000] GeV. See text for details.

The value of (mW )indirect has been derived with the help of ZFITTER [37, 38] and we have used

the SM reference values for ∆α
(5)
had(mZ), αs(mZ), mZ , and mt, as well as mh = 150 GeV, as

given in Appendix D. The 2σ shift of around 50 MeV between the two measurements, which
are expected to coincide within the SM, could be just a statistical fluctuation or already a
hint for NP, like e.g. for the RS model, as we will discuss in Section 5.1.1.

Fermion Masses and Theoretical Constraints on the Higgs-Boson Mass

Besides giving masses to gauge bosons, the Higgs mechanism can also provide gauge invariant
mass terms for the fermion fields via Yukawa couplings. The corresponding Lagrangian reads

LYukawa = −Q̄LΦc Y uuR − Q̄LΦY d dR − ĒLΦY e eR + h.c. , (1.36)

where the Yukawa couplings Y u,d,e are 3×3 matrices in flavor space. The left-handed fermion-
doublets and the Higgs doublet combine to SU(2) singlets, which makes LYukawa gauge invari-
ant. After EWSB, (1.36) will contain mass terms for the charged SM fermions, see Sec-
tion 1.1.3. Note that in the SM it is possible to give masses to up- and down- type quarks
with a single Higgs doublet by defining Φc ≡ iσ2Φ∗, whereas this is not the case for models of
supersymmetry (SUSY), which will be briefly reviewed later. Here, at least two SU(2) doublet
scalars are needed. Let us stress again that the SM Lagrangian including LHiggs and LYukawa is
still gauge invariant under the full gauge group (1.5). The gauge invariance of the full theory is
just encrypted, looking at the ground state. So it would be more correct to say that the sym-
metry is hidden, rather than broken. While symmetries are very interesting, spontaneously
broken symmetries are even more exciting, as they allow for a richer phenomenology, while still
possessing an underlying symmetry, as we have seen above. For additional details on the Higgs
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mechanism see e.g. the literature cited at the beginning of this section and [39] as well the one
on QFT and the SM given in the last footnote. The construction of such a mechanism was
quite remarkable, since what we observe in nature are solutions following from a Lagrangian
in the broken phase and not the Lagrangian itself. Since the SM Higgs mechanism of giving
masses to gauge bosons and fermions seems to be quite promising, we should try to discover
the Higgs boson and to test this sector of the SM directly. This is one of the main tasks of
the LHC which started operation in 2008. However, already at LEP and at the Tevatron,
searches for the Higgs boson have been performed, excluding several ranges for the mass of a
SM Higgs, see below. Before introducing briefly the main production channels for Tevatron
and the LHC, as well as the relevant decay channels, let us have a look at theoretical bounds
on the Higgs-boson mass within the SM (see e.g. [39] and references therein). To this end, we
start with constraints from unitarity of longitudinal W±-boson scattering W+

LW
−
L → W+

LW
−
L .

As indicated before, it turns out that the presence of a Higgs sector, keeping the SM with
massive gauge bosons gauge invariant, is essential for an appropriate high energy behavior of
the theory. Without such (or a similar) sector, perturbative unitarity will also be violated in
W+
LW

−
L → W+

LW
−
L around the TeV scale, due to a growth of the scattering amplitude with

the center of mass energy
√
s. This process puts an upper bound on the mass of the physical

scalar of the Higgs sector, which contributes to this process as a virtual particle, meaning
that it has to complete the SM below a certain maximal scale [40]. Performing a partial wave
analysis of the scattering amplitude and using the optical theorem, see Appendix A.3, one
arrives at

mh . 870 GeV . (1.37)

This limit becomes slightly stronger if additional scattering channels of massive bosons are
included, decreasing to a value slightly above 700 GeV [39] . Note that the tree-level derivation
presented in Appendix A.3 relies on perturbativity of the theory. For large Higgs masses the
Higgs self coupling λ becomes strong and higher order corrections could in principle restore
unitarity for a Higgs mass slightly above the TeV scale, at the cost of ending up with a strongly
coupled theory and loss of the predictive power of the SM.

Additional constraints on the Higgs mass can be obtained by studying the Higgs potential
in (1.19) directly. The quartic coupling λ depends due to quantum corrections on the energy
scale µ, see Appendix A.3. The requirement for λ not to exhibit a Landau pole nor to become
negative below a scale µc leads to the constraint [39, 41]

µc & 1016 GeV ⇒ 130 GeV . mh . 180 GeV

µc & 1 TeV ⇒ 50 GeV . mh . 800 GeV ,
(1.38)

where the idea of Grand Unification set the first cutoff scale above (see below). The corre-
sponding leading order (LO) calculations are performed explicitly in Appendix A.3. The upper
bound on the Higgs mass in (1.38), resulting from the requirement to avoid a Landau pole,
is called triviality bound. If this pole would appear in the range of validity of the theory, one
would have to set λ ≡ 0 in order to avoid this pole, rendering the Higgs sector non-interacting
and thus trivial. The lower bound, coming from demanding λ > 0, is called vacuum stability
bound since it has to be fulfilled in order for the Higgs potential to be bounded from below, as
needed for the vacuum to be stable, see (1.19). For more details see Appendix A.3. Requiring
the Higgs sector of the SM to be well behaved for the whole possible energy range of the
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Figure 1.4: Bounds on the Higgs-boson mass from triviality and vacuum stability,
as well as from electroweak precision tests (EWP) and the direct searches at LEP
(@ 95% CL). The colored regions are excluded. Recent bounds from Tevatron and the
LHC are not shown for presentation purposes. See text for details.

theory, up to the Planck scale µc ∼ MPl, cuts the allowed region for mh to a small stripe,
corresponding to a light Higgs boson. However, allowing for a low Landau pole at around
a TeV, meaning that the SM only makes sensible predictions below that scale, allows for a
heavy Higgs boson mh ∼ 800 GeV.

Again, this has to be taken with caution, since if the quartic coupling becomes large,
higher order terms can alter the running and possibly avoid the emergence of a Landau pole.
However, non-perturbative calculations on the lattice also lead to a bound of mh < 640 GeV
[42] in a pure scalar theory (assuming a SM cutoff at 2πmh), which shows a reasonable
agreement with the perturbative estimations. Further note that the bounds from vacuum
stability can be relaxed if the vacuum turns out to be metastable [43]. The emerging picture
is presented in Figure 1.4 which shows the constraints from triviality and vacuum stability
considerations, following from the calculations presented in Appendix A.3, together with those
from electroweak precision measurements and the direct searches at LEP, see below. It is
mandatory to emphasize that all the constraints derived above hold for the SM. Within BSM
models, they can be altered. For example in RS models with a SM-type Higgs sector, studied in
the main part of this thesis, it could be possible that unitarity can be preserved for higher values
of mh than 870 GeV due to an exchange of light Kaluza Klein gravitons [44]. Moreover, NP
could alter the running of the Higgs quartic coupling and thus the corresponding triviality and
vacuum stability bounds within BSM models can be different. Studying theoretical constraints
on the Higgs mass within the RS setup (with bulk fields) in more detail, beyond a rough
estimation of an upper bound of mh . 1 TeV, would be interesting but is beyond the scope of
this thesis. Nevertheless, in the light of the discussion of bounds in dependence on the cutoff
of the theory, one should already mention that the cutoff of this model for processes involving
couplings to the Higgs sector will be ΛUV ∼ O(some TeV), see (3.31).

In summary, if we do not find a Higgs in the mass range of 130 GeV . mh . 180 GeV
(1.38) this means that the SM is probably not valid up to the scale of Grand Unification and
that at least new phenomena are expected to appear well below that scale. Also if we find
an Higgs in the mass range suggested by the SM, it is still important to test, whether the
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Figure 1.5: Leading-order contribution to Higgs-boson production via gluon fusion.

scalar sector really behaves exactly like the SM Higgs sector. For that purpose, one has to
determine further properties of the Higgs boson, like e.g. its branching fractions, or look at
the production cross section. One main purpose of this thesis is to study these observables in
the context of RS models, to have an idea what to expect in this BSM scenario. We will find
that large corrections with respect to the SM are possible even for high NP scales, see Section
5.3. These results help in discriminating between different models, should one see deviations
from the SM expectations in the Higgs sector, and exhibit an (indirect) sensitivity to large
scales within this sector. Furthermore they show that, although if one does not find a Higgs
boson with some years of LHC data, this does not mean that there is no standard-type Higgs
sector but merely could indicate that there is BSM physics that alters this sector such that
the Higgs boson is much more difficult to discover.

Higgs-Boson Production and Decay in the SM

The couplings of the physical Higgs boson h to gauge bosons and fermions can easily be
obtained from the covariant derivative (1.26) and the Yukawa couplings (1.36). We will work
out the Higgs couplings in more detail in the context of RS models in Section 3.7. Nevertheless,
we already want to give a brief overview of the main production cross sections and branching
fractions in the SM at this point. Due to the particular mechanism of giving masses to
the SM fields, the couplings of h to these fields within the SM are directly proportional to
their masses. This means also that there are no flavor-changing tree-level couplings to the
Higgs boson - a fact which, however, can change, if additional contributions to the fermion
masses arise (see Section 3.7). In the SM, Higgs decays to heavy particles are generically
enhanced. For the same reason, the direct production due to couplings to the light quark
content of protons or due to electrons in the initial state are suppressed. The main production
mechanisms at hadron colliders such as the Tevatron and the LHC is gluon fusion, which
receives the main contribution from a heavy top-quark loop, see Figure 1.5. It can be described
by the D = 5 operator h/v Ga

µνG
aµν (see Section 5.3 and Appendix A.4), which interestingly

remains valid for mh > mt, see e.g. [45]. Subleading production channels are associated W±-
boson production, qq̄ ′ → W ∗ → Wh, which is the only channel that could allow for a Higgs
discovery at the Tevatron, as well as weak gauge-boson fusion, qq(′) → qq(′)V ∗V ∗ → qq(′)h with
V = W,Z, which is known to be quite useful for a potential Higgs discovery at the LHC. An
overview of the relevant formulae to compute the corresponding cross sections and the Higgs
branching fractions within the SM can be found in [39].

The SM results for the Higgs-boson production cross sections at the Tevatron and LHC for
center-of-mass energies of

√
s = 1.96 TeV and

√
s = 10 TeV are shown in Figure 1.6. For the

gluon-fusion channel, results from [46] are used, which combines the next-to-next-to-leading
order (NNLO) corrections [47, 48, 49] in fixed order perturbation theory with a resummation
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Figure 1.6: Main Higgs-boson production cross sections at the Tevatron (left) and
the LHC (right) for center-of-mass energies of

√
s = 1.96 TeV and

√
s = 10 TeV,

respectively. For the Tevatron the plot displays gluon-gluon fusion (red) and associated
W±-boson production (blue), while for the LHC gluon-gluon (red) and weak gauge-
boson fusion (blue) are shown.

of both threshold logarithms from soft-gluon emission [50, 51, 52, 53, 54] and terms of the
form (Ncπαs)

n [55], where Nc is the number of colors. Moreover, the MRST2006NNLO parton
distribution functions [56] and the associated normalization αs(mZ) = 0.1191 for the strong
coupling constant have been employed. The SM predictions for the subleading production
channels have been obtained from [57]. The branching fractions of the Higgs boson within
the SM are depicted in Figure 1.7. The plot confirms the expectation that couplings to heavy
particles are most important (for h → gg corresponding to the top quark in the loop). The
shown results have been calculated with the help of HDECAY [58].5 We will compare these
results to the predictions of the RS setup in Section 5.3.

The Higgs boson has been searched in various channels at the Tevatron and LEP. Currently
the LHC is the main machine trying to discover the Higgs. A direct lower bound on mh has
been obtained from the LEP searches. It reads [59]

mh > 114.4 GeV @ 95% CL . (1.39)

Lately, Tevatron excluded a region [60]

mh /∈ [156, 177] GeV @ 95% CL . (1.40)

A very recent exclusion window has been given by the LHC. The ATLAS results, obtained
from ∼ 2fb−1 of pp collisions at

√
s = 7 TeV, are shown in Figure 1.8. In that plot, the ratio

of the limit on the Higgs boson production cross section to the expected SM cross section is
plotted in dependence on the Higgs-boson mass. Values below 1 indicate that a SM Higgs

5Expect for the parameters listed in Appendix D, the original input file of HDECAY version 3.51 has been
used.
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Figure 1.7: Branching fractions for h → f as functions of the Higgs-boson mass.
Channels with fractions of less than 10−4 are not shown.

boson is excluded in the corresponding mass region at 95% CL. However, for all these limits
it is important to recall that, if the production cross sections and/or branching fractions are
changed with respect to the SM, the corresponding exclusion plots will also change. The
ATLAS exclusion for the SM reads [61]

mh /∈ [149, 222] ∪ [276, 470] GeV @ 95% CL . (1.41)

Beyond that, the plot shows a 2 σ excess in the low mass region mh ∈ [120, 140] GeV. However,
the significance is not big enough to already speak of an evidence for the Higgs boson. More
statistics will be needed to clarify the situation.

Electroweak Precision Tests

In addition to these direct limits, one can get a handle on the Higgs-boson mass indirectly
from precision measurements. The Higgs boson (if it exists) will enter many processes as
a virtual particle and thus potentially leaves an imprint in various observables, which thus
depend on mh (see e.g. Figure 1.3). The situation is summarized in Figure 1.9, which shows
the ∆χ2 of the SM-fit, obtained from high-Q2 precision electroweak measurements, performed
at LEP and by SLD, CDF, and DØ, as a function of the Higgs-boson mass [36, 62]. The best
fit (∆χ2 = 0) and the corresponding 68%/,CL region are given by mh = 92+34

−26 GeV, without
taking into account the theoretical uncertainty. Moreover, alternative fits for a different value
of ∆α

(5)
had as well as for an inclusion of low-Q2 data are shown. The maximal possible value of

the Higgs-boson mass in the SM, suggested by electroweak precision measurements, reads

mh < 161 GeV @95% CL , (1.42)



20 CHAPTER 1. INTRODUCTION: THE SM AND HIERARCHIES IN NATURE

 [GeV]Hm
200 300 400 500 600

S
M

σ/σ
95

%
 C

L 
Li

m
it 

on
 

-110

1

10

Observed
Expected

σ 1 ±
σ 2 ±

ATLAS Preliminary

-1 Ldt = 1.0-2.3 fb∫
 = 7 TeVs

CLs Limits

Figure 1.8: Higgs search at the LHC. The solid line shows the combined upper limit
on the SM Higgs boson production cross section divided the expected cross section in
the SM as a function of mh. The limit corresponds to 95% CL. The median expected
limit in the absence of a signal is shown by the dotted line, while the green and yellow
bands indicate the corresponding 68% and 95% regions. Figure from [61].

without taking into account direct exclusions. Thus, all considerations within the SM (the-
oretical as well as experimental) suggest that the Higgs boson is light, just around the LEP
limit. Note that this picture will change in the minimal RS model, studied in chapters 3-5.
Seen from another point of view, electroweak precision measurements together with the LEP
exclusion hint to the fact that the SM could be valid up to very high energies, as reflected in
Figure 1.4 by the fact that the experimentally allowed region matches with the closing throat
of theoretical constraints at large cutoff. This perception is supported by the fact that the
SM is a renormalizable theory.

Let us finally mention that there are several alternatives to the SM Higgs mechanism.
The simplest extension is just a model of two Higgs doublets, one giving masses to the up
type and one to the down type quarks, like used in models of SUSY. Furthermore, there are
various ways of realizing a Higgs boson. It does not even have to correspond to an elementary
particle, but could also be composite in the spirit of technicolor models, see Section 1.2.1
and Chapter 3. Another possibility to arrive at massive SM particles is to break the gauge
invariance by boundary conditions in Higgsless models, see Chapter 3.

In order to get a feeling for the overall agreement of the SM with data at the mass scale
of the weak gauge bosons, we will have a detailed look at the fit of the Z-pole (pseudo)
observables, studied at LEP. For a detailed descriptions of these variables see [36]. These
depend through quantum corrections on the masses of the top quark and the Higgs-boson
which were not accessible directly at LEP with a center of mass energy of

√
s ≈ 91 for LEP1.

Including loop corrections, the SM input parameters relevant for the Z-pole observables are
the electromagnetic and the strong coupling constants α(mZ) ≡ e2(mZ)/(4π) and αs(mZ),
evaluated at the scale mZ , as well as the masses of the top-quark, the Z-boson and the
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Figure 1.9: ∆χ2 of the SM-fit, obtained from precision electroweak measurements,
as a function of the Higgs-boson mass. The direct exclusion limits from LEP and the
Tevatron are indicated by the yellow regions. Figure from [62] (with permission) . See
text for details.

Higgs-boson. Note that the masses of all fermions, besides the top quark, are small compared
to mZ and their values are known to sufficient accuracy, such that their impact on Z-pole
observables can be neglected. They are assumed to be fixed, which also holds for GF =
1.16637(1) × 10−5 GeV−2 which is known to excellent accuracy through muon decay. The
values of the input parameters are now fitted to agree best with the measurements of the
Z-pole observables together with the (five-flavor) hadronic vacuum polarization ∆α

(5)
had(mZ).

The resulting predictions for these observables are shown in Figure 1.10.
In total, the SM predictions agree well with the direct measurements of the corresponding

observables. This means that the input parameters, introduced above, are able to describe
the Z-pole consistently, which provides a test of the SM at the quantum level. The only
discrepancy well above the level of 2σ is found in the forward-backward asymmetry for bottom
quarks A0,b

FB. While this could still be a statistical fluctuation, it might also be interpreted as
a hint for BSM physics. We will study this possibility in Section 5.1.3. Note that, before its
direct discovery at Tevatron, the electroweak precision fit at the Z-pole predicted the mass of
the top quark to be approximately equal to 170 GeV (see [16]), in remarkable agreement with
the direct measurement, see Appendix D. Moreover, from measuring the width of the Z-boson
it was possible to exclude the existence of a fourth neutrino with standard-model couplings
and a mass below mZ/2. Comparing the measured invisible width with the SM prediction,
depending on the number of light neutrinos Nν , one concludes Nν = 2.9840 ± 0.0082 [36],
in agreement with the three leptonic doublets of the SM. This provides another remarkable
confirmation of the consistency of the SM.

Another important test of the SM is provided by the electroweak precision observables S,
T , and U , the Peskin-Takeuchi parameters. They parametrize (universal) deviations from the
expected electroweak radiative corrections in the SM, entering through vacuum polarization
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Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

∆αhad(mZ)∆α(5) 0.02750 ± 0.00033 0.02759

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4959

σhad [nb]σ0 41.540 ± 0.037 41.478

RlRl 20.767 ± 0.025 20.742

AfbA0,l 0.01714 ± 0.00095 0.01646

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1482

RbRb 0.21629 ± 0.00066 0.21579

RcRc 0.1721 ± 0.0030 0.1722

AfbA0,b 0.0992 ± 0.0016 0.1039

AfbA0,c 0.0707 ± 0.0035 0.0743

AbAb 0.923 ± 0.020 0.935

AcAc 0.670 ± 0.027 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1482

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.399 ± 0.023 80.378

ΓW [GeV]ΓW [GeV] 2.085 ± 0.042 2.092

mt [GeV]mt [GeV] 173.20 ± 0.90 173.27

July 2011

Figure 1.10: Comparison of a direct measurement of the Z-pole observables with the
values obtained from the SM-fit. Figure from [62] (with permission). See text for
details.

diagrams [16, 63, 64, 65, 66, 67, 68, 69]. Thus, at a SM reference point, they are normalized
to zero. In terms of vacuum polarization amplitudes involving electroweak gauge bosons and
their derivatives, evaluated at zero momentum, they read

S =
16πs2

wc
2
w

e2

[
Π ′ZZ(0) +

s2
w − c2

w

swcw
Π ′ZA(0)− Π ′AA(0)

]
,

T =
4π

e2c2
wm

2
Z

[
ΠWW (0)− c2

w ΠZZ(0)− 2 swcw ΠZA(0)− s2
w ΠAA(0)

]
,

U =
16πs2

w

e2

[
Π ′WW (0)− c2

w Π ′ZZ(0)− 2 swcw Π ′ZA(0)− s2
w Π ′AA(0)

]
.

(1.43)

The parameter T is sensitive to the difference between the corrections to the W±- and Z-
boson vacuum-polarization amplitudes and thus measures isospin violation. It is thus directly
related to the % parameter introduced before. The experimental central values and 68% CL
bounds on the S and T parameters, corrected to the world average of the top-quark mass [70],
as well as their correlation matrix are given by [36]

S = 0.07± 0.10 ,

T = 0.16± 0.10 ,
ρ =

(
1.00 0.85
0.85 1.00

)
. (1.44)
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In the global fit to the SLC and LEP measurements, the parameter U is set to zero. The
subtraction point corresponds to the SM reference values as given in Appendix D. The ex-
perimental values in (1.44) are in rather good agreement with zero, indicating that there are
no unexpectedly large electroweak corrections from BSM physics. The corresponding regions
of 68%, 95%, and 99% probability in the S–T plane are shown in Figure 3.10 in Section 3.3,
where we will discuss corrections to the electroweak precision parameters in the RS setup. Fi-
nally, an important test of the QED part of the SM deeply at the quantum level (≥ 4 loops) is
provided by studies of the anomalous magnetic moment of the electron ae. The experimental
result agrees with the SM calculation at the level of 10−9 (one part per billion) [71, 72]!

atheoe = 0.00115965218113(84),

atheoe = 0.00115965218073(28).
(1.45)

This agreement between theory and experiment in one of the most precisely measured quan-
tities in whole science is an impressing confirmation of QED.

1.1.3 Flavor and CP Violation

The Yukawa Lagrangian of the SM gives rise to a rich phenomenology in the flavor sector, i.e.,
the sector that differentiates between different fermion flavors. For an introduction see e.g.
[73, 74, 75]. After EWSB, the Lagrangian (1.36) leads to (non-diagonal) mass terms for the
SM fermions which are proportional to the Higgs VEV v and entries of the Yukawa matrices

mf =
1√
2
v Y f , f = u, d, e . (1.46)

These are the only terms in the SM that distinguish between different fermion flavors of the
same electromagnetic charge and break the SU(3)Q × SU(3)u × SU(3)d × SU(3)E × SU(3)e
flavor symmetry that the SM would have otherwise. In order to end up in the physical basis
of propagating mass eigenstates, we diagonalize these terms by bi-unitary transformations

mu = Uu diag (mu,mc,mt)W
†
u (1.47)

and analogously for down-type quarks and charged leptons. The fermion mass eigenstates are
thus obtained from the flavor eigenstates as umass

L = U †uuL, u
mass
R = W †

uuR, etc. Experimental
results for the quark and lepton masses can be found in [12]. Besides the Yukawa terms and
those involving charged current interactions with the W±-bosons, all remaining terms in the
Lagrangian are invariant under this change of basis. Furthermore, as neutrinos are massless
within the SM, it is always possible to go to a basis in which the charged current interactions
in the lepton sector, as well as the mass matrix of the charged leptons are diagonal. The
charged current interactions of quarks however become

Lferm 3
g√
2
γµ ūmass

L W+
µ VCKM dmass

L + h.c., (1.48)

where
VCKM ≡ U †uU d , (1.49)
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and the superscript of the quark fields signals that they are now in the mass basis. In the
following, we will omit this superscript, unless it is necessary for clarity. Due to the misalign-
ment of the up-type and down-type Yukawa matrices, encoded in the off-diagonal entries of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix

VCKM ≡



Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


 , (1.50)

there are family-changing interactions at tree level in the charged current sector of the SM.
However, due to the observed hierarchies in the CKM matrix, these are suppressed compared
to interactions within the same family, see Section 1.2.2. Moreover, due to the unitarity of
U f and W f , there are no flavor-changing neutral currents (FCNCs) at tree level in the SM.
This agrees nicely with the observed tininess of FCNCs in nature, which on the other hand
leads to tight constraints on BSM physics, see Section 1.1.6. Due to this unitarity (leading to
a unitary CKM matrix) FCNCs in the SM are also suppressed on the loop level. In fact, the
sum over internal fermions in loop mediated FCNCs leads to combinations of CKM-matrix
elements such as

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 , (1.51)

which are zero due to the unitarity of VCKM. Such relations, corresponding to the off-diagonal
entries in VCKMV

†
CKM = 13×3, can be interpreted as triangle equations in the complex plane,

corresponding to so-called unitarity triangles. However, if the fermion masses are not de-
generate, there are also terms, where each factor in (1.51) is multiplied by a corresponding
(different) quark mass, spoiling the cancellation. If the masses are small compared to the elec-
troweak scale (or the mass differences are small), the effect will be suppressed. Only the large
top quark mass will lead to significant corrections, see e.g. [76]. This suppression of FCNCs
within the SM is known under the name of Glashow-Iliopoulos-Maiani (GIM) mechanism [77].
Note that these authors used this mechanism to explain the smallness of the branching ratio of
the decay K0 → π+π−. In this context, the prediction of the charm quark is usually assigned
to them. Back in 1970, this quark had not been discovered yet. However, this fourth quark was
needed in order to explain the smallness of the FCNC-Kaon-decay via the (2 generation) GIM
mechanism, in addition to the need of an equal numbers of quarks and leptons for anomaly
cancellation [78]. This shows how (precise) measurements in flavor physics can be sensitive to
new physics. Since FCNCs are in general rather constrained by experiment, having a type of
suppression as described above also in BSM models would be very useful. For up-type quark
decays the GIM mechanism is generally extremely effective (since not broken by internal top
quarks), leading to the tiny SM prediction for the branching fraction of a top quark decaying
into a charm quark and a Z-boson [79, 80]

B(t→ cZ) ' 1× 10−14. (1.52)

A suppression of phenomenological dangerous flavor changing processes for generic models can
be achieved by assuming the only source of flavor violation, i.e., breaking of the SU(3)5 global
flavor symmetry of the Lagrangian, to be the SM-Yukawa matrices. This assumption is called
minimal flavor violation (MFV) [81, 82].
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The CKM matrix, being a unitary 3 × 3 matrix, is described by nine parameters, out of
which six are phases. However, by redefining the phases of the fermion fields, five of these six
phases can be eliminated (corresponding to five independent phase differences between up-
and down-type quark fields). So we end up with three mixing angles and one physical phase,
which results in CP violation in weak interaction. It is the only source of CP violation in
the SM. As a general unitary n × n matrix has n(n + 1)/2 phases, out of which 2n − 1 can
be eliminated, n = 3 is the minimum number of generations that allow for a CP-violating
phase in the SM, however, see Section 3.2.3. As CP was known to be violated in Kaon decays,
Kobayashi and Maskawa conjectured the existence of a third generation of quarks before their
experimental discovery, which was another triumph of the SM [83]. In 2008 they received the
Nobel Prize in Physics “for the discovery of the origin of the broken symmetry which predicts
the existence of at least three families of quarks in nature”. Another requirement for having
a CP violating phase in the SM are Yukawa couplings with a non-vanishing imaginary part.
More precisely, the necessary and sufficient condition for obtaining CP violation in the SM
reads [84]

Im{det[YuY†u,YdY†d]} 6= 0 . (1.53)

The fact that complex Yukawa couplings in the Lagrangian lead to CP violation can be un-
derstood intuitively as follows. For example, if we look at the down-type part of the Yukawa
Lagrangian, and write down the hermitian conjugation explicitly, we end up with

LYukawa 3 − (Yd)ij Q̄LiΦdRj − (Yd)
∗
ij d̄RjΦ

†QLi, (1.54)

where i and j are flavor indices. A CP transformation on this Lagrangian interchanges the
operators Q̄LiΦdRj and d̄RjΦ

†QLi, but leaves their coefficients unchanged. Thus, only if the
Yukawa matrices above are complex, it is in general not CP-invariant. CP violation has been
experimentally well established in the neutral Kaon and B0

d-meson systems, see e.g. [73].
Since CP violation is one of the Sakharov criteria [85] (together with C violation, baryon-

number non-conservation and interactions out of thermal equilibrium) it is necessary for baryo-
genesis. While the SM could in principle fulfill the additional Sakharov criteria - baryon-
number violation via unsuppressed non-perturbative (sphaleron) effects at high temperatures
and a departure from thermal equilibrium during phase transitions in the expanding universe
- the CP violation in the SM is orders of magnitude too small to account for the observed
baryon asymmetry. Thus, CP violation beyond the SM seems to be necessary for baryogenisis
to work. Furthermore, within the SM, the LEP bound mh > 114.4 GeV seems to exclude
the first order phase transition needed for a viable model of electroweak baryogenesis. For a
review on the subject see e.g. [86]. We have seen that the number of physical parameters in
the flavor sector turned out to be smaller than the number of parameters we started with.
Some of them could be rotated to zero in a certain basis. Let us now recall a general strategy
which is useful for determining the number of physical parameters due to the flavor sector of
a theory. We will use this method in Section 3.2.3 to count the parameters of the RS setup.

Consider a theory with gauge invariant kinetic terms. In addition to the gauge symmetry,
the theory in general also has a certain additional global symmetry group G with NG gener-
ators. When adding a gauge invariant potential with Ngeneral parameters (in a general basis)
to the theory, the global symmetry might be broken down to a smaller symmetry H with NH

generators. Due to this breaking there is a freedom of rotating away unphysical parameters,
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i.e., choosing a certain “direction”, which leaves the theory invariant under the residual global
symmetry, see e.g. [74]. Denoting the difference in the number of symmetry generators of G
and H by Nbroken = NG −NH , the number of physical parameters, affecting measurements, is
given by

Nphys = Ngeneral −Nbroken , (1.55)

which holds separately for real and imaginary parameters. Let us apply this rule to the flavor
sector of the SM. The kinetic terms of the quarks have the global symmetry

G = U(3)Q × U(3)u × U(3)d, (1.56)

which corresponds to NG = (9, 18) real and imaginary generators. The Yukawa matrices Y u,d,
being general 3×3 complex matrices, possess Ngeneral = NY = (18, 18) real moduli and CP-odd
phases (in a general basis). They break down the global symmetry G down to

H = U(1)B , (1.57)

see Section 1.1.4, which has NH = (0, 1) generators, resulting in Nbroken = (9, 17). The number
of physical parameters, which cannot be rotated to zero, is thus given by

Nphys = (18, 18)− (9, 17) = (9, 1) . (1.58)

These parameters can be identified with the six quark masses and the three mixing angles and
the CP violating phase of the CKM matrix.

A useful parametrization of the CKM matrix has been given to Wolfenstein. In terms of
the four parameters (λ,A, ρ̄, η̄), it can be written as

VCKM =




1− λ2

2
λ Aλ3(ρ̄− iη̄)

−λ 1− λ2

2
Aλ2

Aλ3(1− ρ̄− iη̄) −Aλ2 1


+O(λ4) , (1.59)

where λ ≈ 0.23 � 1 plays the role of an expansion parameter and exhibits the diagonal-
dominant, hierarchical, structure of the matrix. The Wolfenstein parameters are related to
the entries of the CKM matrix as

λ =
|Vus|√

|Vud|2 + |Vus|2
, A =

1

λ

∣∣∣∣
Vcb
Vus

∣∣∣∣ , ρ̄− iη̄ = −V
∗
udVub
V ∗cdVcb

. (1.60)

Their experimental values are given in Appendix D. A phase-convention invariant measure
(independent of phase redefinitions of the fermion fields) of CP violation in VCKM is given by
the Jarlskog invariant JCKM [84], which is defined via

Im [(VCKM)ij(VCKM)kl(V
∗

CKM)il(V
∗

CKM)kj] = JCKM

3∑

m,n=1

εikmεjln (i, j, k, l = 1, 2, 3) , (1.61)

where εikm is the Levi-Civita tensor. It corresponds to two times the area of any of the
unitarity triangles. Note that JCKM is not small due to a small CP violating phase but due to
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small mixing angles in the CKM matrix The fact that it is not . O(1), but

JCKM ' λ6A2η̄ ∼ 10−5 (1.62)

quantifies the statement that CP violation is small within the SM. As mentioned before, flavor
physics is sensitive (indirectly) to undiscovered particles. Beyond being known approximately
from electroweak precision tests, the top-quark mass could also be determined from studies
of B mesons, since the rates for rare FCNC processes such as B → Xsγ and those for B–
B̄-mixing are strongly sensitive on it. Moreover, many other properties of the top quark,
like its flavor-changing couplings and CP-violating interactions, are known from Kaon and
B-meson physics [87]. This approach of probing new physics indirectly is complementary to
direct searches and often sensitive to much higher scales. It will be applied in many of the
phenomenological studies in Chapter 5.

An important task in flavor physics is to overconstrain the flavor parameters (e.g. in terms
of an unitarity triangle) by various measurements, in order to test the CKM mechanism. In
particular, the fact that CP violation in the SM is induced by a single CP violating phase
results in relations between different CP violating observables, which provide stringent tests
for the model. Despite some tensions, the experimental situation provides evidence that the
CKM mechanism is the dominant source of flavor violation as well as of CP violation in flavor-
changing processes at low energies [73, 74, 88]. We will come back to CP violation and the
corresponding observables as well as related tensions in Section 5.2.3. BSM physics generically
introduces new sources of CP violation. In this section we will study in detail the impact of
the RS proposal on certain CP violating observables.

1.1.4 Symmetries and Parameters of the SM Lagrangian

After having discussed aspects of the SM (and beyond), a final look at its complete Lagrangian,
its symmetries and the parameters contained is instructive. So far we have discussed all
ingredients of the SM Lagrangian (1.8), besides one sector which shall be shortly touched on
before continuing. In order to eliminate unphysical degrees of freedom, related to the gauge
redundancies in the description of the spin-1 gauge bosons by 4D Lorentz vectors, we have
to introduce a gauge fixing Lagrangian LGF. Otherwise the equivalence classes of physical
undistinguishable fields will lead to singularities in the quantized theory. However, we do not
want to destroy symmetries, but merely rewrite the theory in a way to avoid these singularities.
Thus, in the course of fixing the gauge, we also end up with a Lagrangian of Faddeev-Popov
ghost fields LFP (which are necessary to preserve unitarity). The rigorous way of quantizing
a (non-abelian) gauge theory along the lines discussed above is called BRST quantization
[89, 90]. The final Lagrangian is invariant under BRST transformations which generalize the
concept of gauge transformations. We choose the (SM) gauge fixing

LGF = − 1

2ξ
(∂µAµ)2 − 1

2ξ
(∂µZµ − ξmZϕZ)2

− 1

ξ

(
∂µW+

µ − ξmWϕ
+
W

) (
∂µW−

µ − ξmWϕ
−
W

)
,

(1.63)

which also has the convenient feature of eliminating mixed terms between gauge fields and
Goldstone bosons in the Lagrangian. A later generalization of LGF to the RS model will be
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straightforward. The parameter ξ interpolates between different so-called Rξ (renormalizable)
gauges and drops out in physical observables. The Faddeev-Popov Lagrangian is not needed
for the calculations performed throughout this thesis. We refer the reader to the literature for
more details [16]. Now we have collected all terms of the SM Lagrangian which are necessary
to calculate scattering amplitudes and cross sections within the SM by means of standard
techniques [16, 17].

The Lagrangian (1.8) exhibits several symmetries, of which two - BRST invariance and
Poincaré invariance - have already been mentioned. Furthermore, the Lagrangian has ac-
cidental global symmetries. It is invariant under a global phase rotation of all quark fields
U(1)B (see Section 1.1.3) which corresponds via Noether’s theorem to the conservation of
baryon number (B). As the SM Lagrangian does not include mass terms for the neutrino
fields, it is furthermore invariant under separate phase rotations of the three lepton families
U(1)e×U(1)µ×U(1)τ , which corresponds to a conservation of the lepton-family number. If one
includes Dirac mass terms for the neutrinos, this symmetry breaks down to the total lepton
number (L). The conservation of lepton number can further be broken by including Majorana
mass terms for the neutrinos, see Section 1.1.6. These symmetries are called accidental, since
they do not have to be put in by hand, but rather follow from the particle content of the gauge
theory and the restriction to D ≤ 4 terms in the SM Lagrangian. This matches nicely with the
experimental non-observation of the B-violating proton decay (τp→e+π0 > 8.2× 1033 yr [91]).

The SM is not only in good agreement with experiment at the places, where it was designed
to be, but also in many other accidental details. On the other hand, the non-observation of
proton decay poses a problem for the simplest Grand Unified Theories (GUTs) [92], which allow
for a unification of coupling constants but generically induce B violation (e.g. p→ e+π0) at a
too large rate [93]. At the quantum level however, L and B are broken inevitably already in
the SM, due to the chiral anomaly. Non-perturbative sphaleron processes violate B + L (but
respect B −L). These processes are just important for very high temperatures T > 100 GeV,
e.g. during the early universe. However, if a symmetry shall be fundamental, it seems that
it has to be realized locally (c.f. general relativity). Further discrete symmetries that are
for example present in electromagnetism, are violated in the SM. P is violated maximally in
charged-current interactions which just couple left-handed fermions. It is furthermore violated
in neutral-current interactions with the Z-boson. Moreover, the Yukawa Lagrangian (1.36)
leads to a violation of CP, as discussed in Section 1.1.3. Due to the small (non-maximal) CP
violation, also C is violated within the weak sector of the SM. However, CPT is a symmetry
of the SM, as it is for every local and Lorentz invariant QFT. At the end it is our task to
take a model, determine the parameters present in the Lagrangian and see if this Lagrangian
consistently describes nature. Therefore we have to perform more independent measurements
than there are independent parameters in the theory in order to overconstrain and thus test
the model. If we find tensions, we should think about a modification of our Lagrangian, see
Section 1.1.6.

The SM has 18 parameters, which can be chosen to be

• 3 gauge couplings: g, g′, gs

• 15 parameters in the Higgs/flavor sector:

– mh, v
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– 6 quark masses: (mu,mc,mt), (md,ms,mb)

– 3 lepton masses: (me,mµ,mτ )

– 3 mixing angles and one phase of VCKM .

Note that we did not count θQCD = 0 as a free parameter of the SM. Furthermore, allowing for
neutrino masses increases the number of parameters, in dependence on the possible assumption
of lepton number conservation (Dirac- vs. Majorana-mass terms). Note also that the choice of
the parameters above is not unique. As discussed in Section 1.1.2, we can e.g. trade g and g′

for the experimentally more common e and sin θw. In contrast to the gauge sector of the SM,
which, due to gauge invariance has only a few parameters, there are many free parameters in
the flavor sector. This suggests that we have not yet completely understood the fundamental
characteristics of matter. Moreover, in contrast to O(1) gauge couplings, the flavor sector
exhibits non understood hierarchies. We will come back to this point in Section 1.2.2.

1.1.5 Effective Field Theories, Renormalizability and the TeV Scale

We have so far introduced the SM as the leading L≤4 term in (1.6). Thus we assume, that
it is the right theory at low energies - the theory we have studied in the last sections - but
at the same time we allow for more than this theory, encoded in the terms with higher mass
dimensions and suppressed by powers of the cutoff. That is the modern way of thinking about
the SM.

Historically, its genesis was different. The SM was constructed on the purpose of providing
an elegant and quite minimalistic gauge theory in order to describe electrodynamics as well as
charged current interactions without limitations, which lead to the GWS theory, and later also
included QCD. One of the paradigms was renormalizability. If a theory involves couplings with
negative mass dimensions, it is not (power-counting) renormalizable (see e.g. [17]). Calculating
Feynman diagrams containing closed loops of virtual particles often leads to divergent results,
since one has to integrate over undetermined internal four-momenta. These results can be
regularized by e.g. introducing a cutoff Λ in the (euclidean absolute) momentum integration.
A theory is renormalizable, if all cutoff-dependent terms that appear can be canceled by
introducing a finite number of counterterms in the Lagrangian. This corresponds to absorbing
the terms which would diverge in the limit of removing the regularization (Λ → ∞) into
a redefinition of the (finite number of) fundamental parameters of the theory and is called
renormalization. However, if a theory involves couplings with negative mass dimension, such
a procedure is not possible. In the course of renormalization one would end up with an
infinite number of counterterms of all possible mass dimensions, increasing with the order of
the perturbative series. These can no longer be absorbed into redefinitions of a finite number
of parameters of the theory. This means that the theory (foreseen as a theory valid up to
arbitrary scales) would lose its predictivity as it is impossible to measure an infinite number
of unknown couplings. As a consequence, it was argued that no terms in the Lagrangian
should be allowed to have mass dimensions bigger than four, as otherwise their coefficients
(coupling constants) would need to have a negative mass dimension. Renormalizability was
the concept that singled out L≤4 out of (1.6) and is a useful method of constraining the
possible form of a theory. Note that for a theory to be renormalizable it is also important
that the counterterms are compatible with the defining symmetries of the model. In the early
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days of the SM, theories that contained terms with mass dimensions bigger than four were
considered unsatisfactory and unpredictive at the level of quantum corrections. The SM was
defined as the most general, renormalizable (i.e.D ≤ 4) theory, consistent with the symmetries
of nature, which exactly corresponds to the term L≤4. Higher dimensional operators have not
been included. Complemented by a concept of treating gravity, like asymptotic safe general
relativity [94], the renormalizable SM including the Higgs mechanism could in principle be
a UV complete theory of nature. This makes the SM very attractive and outstanding with
respect to ideas like the (non renormalizable) Fermi theory of weak interactions, which is
known to break down at scales of the order of mW , see Appendix A.4. The fact that the
electroweak gauge bosons get their masses through spontaneous symmetry breaking is essential
for the renormalizability of the SM. It guarantees a gentle high energy behavior of processes
involving massive gauge bosons (as we have seen before), which would otherwise violate the
line of reasoning with naive mass dimensions above [11]. As a consequence, the SM can make
exact predictions at a certain level of perturbation theory, with no unknown cutoff effects.
Importantly, the SM is anomaly free which means that its gauge symmetries also hold at the
quantum level.

However, although the SM is very successful up to energies of O(100 GeV), this does
not mean that it has to be at higher scales and indeed there is a bunch of evidence that
the SM is not the final answer. For the time being, let us just mention the lack of a Dark
Matter candidate and of unification of the coupling constants as well as the absence of a
quantum theory of gravity. We will discuss more shortcomings of the SM in Section 1.1.6.
Today, theories with higher dimensional operators are considered perfectly fine as effective field
theories, valid up to a cutoff. If the expansion of the Lagrangian is stopped at a certain level
of precision (i.e., mass dimension), there is by definition just a finite number of parameters
present in the theory which thus is automatically renormalizable (in the “modern” sense) and
predictive up to suppressed terms. Indeed, also the RS proposal will turn out to be an EFT.
With the model not being valid until arbitrary high energy scales, there is no reason not to
include higher dimensional operators. In Appendix A.4 we will treat this concept, which we
have already sketched at the beginning of this chapter. The content is assumed to be known
in the following. It also demonstrates how our theory (1.6) with the particle content of the SM
(i.e., the SM including higher dimensional operators) could arise from a more complete, and
possibly renormalizable, theory. This low energy EFT is the theory we see today and, being
the most general one, should work with. The effects of its UV completion will be present in the
coupling constants of the EFT - the Wilson coefficients. As suggested by the shortcomings of
the SM, we should construct a theory that completes the SM at high energies. Considering the
SM as an EFT, i.e., allowing for higher dimensional operators and trying to determine their
coefficients, is a first step on this way. The final theory, valid up to arbitrary high energies (if
it exists and is a QFT), should however be renormalizable in the sense that it just contains
operators with mass dimensions less or equal than four.

In Appendix A.4 we review an important virtue of the concept of EFTs. If a theory
involves several widely separated scales, e.g. two scales m�M , loop calculations will gener-
ically feature large logarithms of these scales which can spoil the perturbative expansion. By
integrating out physics at the larger scale, i.e., by removing the corresponding dynamical de-
grees of freedom and constructing a theory just valid below the scale M , one can circumvent
this problem and it is possible to resum the large logarithms. This is done with the help
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of renormalization group (RG) equations, which evolve the Wilson coefficients between one
scale and another. Effective theories provide the possibility to separate high energy physics
(residing in the Wilson coefficients) from low energy physics (residing in the EFT matrix el-
ements). We will use these techniques in sections 5.1.4 and 5.2.3. EFTs are often used for
so-called model-independent studies (see Section 5.1.4). This corresponds just to writing down
a general low-energy Lagrangian, including higher dimensional operators (respecting appro-
priate symmetries) and deriving predictions in terms of the undetermined coefficients of this
Lagrangian. It avoids specifying a certain BSM model and resembles just the way in which
we have introduced the SM in (1.6).

We have seen that the Higgs sector is important for the renormalizability of the SM. Let
us stress that in the EFT picture of the SM, the Higgs boson remains relevant for the high
energy behavior of the theory. It guarantees at least that the SM does not necessarily break
down already at the TeV scale, due to uncontrolled high energy behavior such as unitarity
violation in longitudinal W±-boson scattering, but could have a much higher cutoff. One
can see the Higgs sector as the UV completion of the SM without the Higgs, which provides
the longitudinal components of the massive gauge bosons in a renormalizable way. This (or
another) sector has to complete the SM at scales . 1 TeV, which is a convincing argument
to build a collider just for that energy range. If there is no Higgs-boson significantly below a
TeV, the SM breaks down at a TeV.

Moreover, the mass of such a Higgs boson should also be stabilized with respect to quan-
tum corrections which might result in further interesting physics around the TeV scale, see
Section 1.2.1. In the following, we will assume the existence of a Higgs-like scalar sector that
provides masses for the electroweak gauge bosons and fermions, given all its successful prop-
erties, and the virtues due to the resulting gauge invariance. We assume that the possible
new physics will complete the SM without making a (sub) TeV scale Higgs sector unnecessary
for the proper behavior of the theory. It is mandatory trying to explore this important sector
of particle physics. As mentioned, it is possible that BSM physics relies on a standard Higgs
sector, but changes its properties quite dramatically. Thus, it is very important to study Higgs
physics also in BSM scenarios, to be prepared for those changes.

1.1.6 Problems and Open Questions in the SM - the SM as an EFT

Up to now we have discussed many successful predictions of the SM and the gauge principle. It
describes nature extremely well up to current collider energies. Despite all these agreements,
there are compelling arguments suggesting that there is physics beyond the SM. Some of these
we have already sketched before. First of all, the SM does not include a quantum theory of
gravity, which is expected to become important at the Planck scale MPl ∼ 1019 GeV, and thus
seems not to be valid in the very early universe. However, if e.g. a scenario of fixed point
gravity leads to a harmless high energy behavior of gravity, the SM, augmented with such a
theory of gravity, could be in principle UV complete without the need of new particles (if the
Higgs boson will be found in the appropriate mass range, see Section 1.1.2).

A striking argument for the existence of BSM physics is given by cosmology. There is
evidence for the existence of non baryonic Dark Matter which cannot be explained within the
SM and triggered a lot of model building, see e.g. [18]. Moreover, the running of the coupling
constants implies that the SM gauge group could emerge from a single larger gauge group
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which is broken down to GSM below the scale of Grand Unification MGUT ∼ 1015 GeV. How-
ever, in the SM the coupling constants slightly miss each other at that scale. The mere fact
that they come so close to each other suggests nevertheless the existence of such a GUT. In
consequence, NP below MGUT is needed for an appropriate renormalization group running for
the couplings to match. In general, the many parameters in the SM (≥ 18), especially within
the flavor sector, call for a more unified description. In addition to the already mentioned
strong CP problem there is another even more severe problem with a parameter (of gravity)
being unnaturally close to zero, which cannot be understood within the framework of a com-
bined theory of general relativity and the SM. The so-called cosmological constant problem is
caused by vacuum fluctuation corrections in quantum field theory, which drive the coefficient
of the allowed renormalizable D = 0 operator in LSM to values of at least ρΛ ≡ g0 ∼ m4

t , about
55 orders of magnitude above the experimental value, which is in the range of some meV4.6

Furthermore, as stated in Section 1.1.3, the SM is not able to account for the right amount
of CP violation in order for baryogenesis to work. The isotropy, homogenity and flatness of
the visible universe also calls for an explanation, like inflation, triggered by a BSM field - the
inflaton. For a review see [95]. However, there are also ideas to generate inflation with the
help of the SM Higgs boson [96], restricting its possible mass to mh ∈ [126, 194] GeV [97]. Let
us finish this first collection of theoretical and cosmological arguments with some fundamental
questions, not answered within the SM.
What causes the representations of the fields to be like given in the SM?
Why are there three generations of fermions, just distinguishable by their masses?
Why is the gauge symmetry group given by GSM and broken by a scalar SU(2)L doublet?
Why are the charges quantized in a certain way (see in this context [98])?
What causes the mass parameter −µ2 in the Higgs Potential in (1.19) to become negative?
There exist many more questions like that and even more fundamental ones, e.g. about space
time. There is a class of theories that has the ambition to solve all these puzzles, see Sec-
tion 2.1. However, these theories have little predictive power at low energies. The existence of
non-zero neutrino masses can already be seen as BSM physics, but, as mentioned before, can
easily be included into the SM, see also below. Two important issues related to hierarchies
and not addressed in the SM will be discussed in more detail below in Section 1.2 - the large
and radiatively unstable discrepancy between the electroweak and the Planck scale (the gauge
hierarchy problem, which is not a problem of the SM) as well as the non-understood hierar-
chies within the fermion masses and mixings. Especially the first issue caused a big portion of
the model building activity in the last decades. Both of them can be addressed in RS models,
which provides a convincing motivation for studying the phenomenology of these models in
detail. In addition, it is also possible to address further of the aforementioned puzzles in this
setup, as we will comment on later.

In the sector of (precision) measurements there are several & 1σ effects which do not come
unexpected when many observables are measured. However, worth mentioning are deviations
in CP violating observables, like the discrepancy of nearly 4σ in the like-sign dimuon charge
asymmetry in semileptonic b-hadron decays, AbSL [99] or the deviation of around 2σ in the

combined CDF and DØ measurement in the (β
J/ψφ
s ,∆Γs)–plane [100, 101], see Section 5.2.3.7

6Assuming contributions of Planck scale physics makes the problem even worse and amounts to a difference
of about 120 orders of magnitude.

7Note that the brand new LHCb measurement does not seem to confirm this deviation [102].
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Moreover, a deviation between theory and experiment of about 3σ has been observed in
the branching fraction for B± → τ±ν decays [88]. A tension of about 2σ has been found
between exclusive and inclusive determinations of Vub [103] (see also [104]). In addition, the
forward-backward asymmetry in top-quark pair-production (AtFB)pp̄, measured at Tevatron
[105, 106, 107], shows a deviation of similar size, see Section 5.1.4. Finally, there are the
already stated discrepancy of nearly 3σ in A0,b

FB at the Z pole, see Section 5.1.3 and the (3-4)σ
deviation in the anomalous magnetic moment of the muon aµ [108], see Section 5.1.5. It is
interesting that the largest effects seem to be present in observables involving the heavier
fermion generations (aτ is only poorly measured). A framework in which such a feature arises
naturally, is the RS setup. We will discuss many of the aforementioned observables in these
models and address the question if they can account for some of the measured deviations
quantitatively, while still being in agreement with other important precision tests. Let us
finally mention the recent anomaly in the invariant mass distribution of two-jet final states at
the Tevatron, produced in association with a W±-boson. The excess at (120-160)GeV, seen by
CDF, resulted in many attempts to explain this bump in BSM scenarios, but it could also be
explained by SM physics, due to the treatment of the single-top-quark background [109, 110].

Let us stress again that, despite these tensions and the theoretical arguments for NP given
before, the SM still works extremely well up to at least the electroweak scale MEW. In the
light of the plethora of its successful predictions, the SM, with its peculiarities, should at least
be seen as (part of) the low energy limit of the theory that will replace it. Such a theory most
probably exists, given the sum of all the striking hints and shortcomings of the SM discussed
before. Note that many arguments hint at BSM physics around the TeV scale, most notably
the gauge hierarchy problem, but also for example the so called WIMP miracle, i.e., the fact
that a weakly interacting massive particle with a mass around the TeV scale just leads to the
correct relic abundance to account for the Dark Matter in the universe, see e.g. [111].

When going beyond the SM, one has to give up some assumptions that lead to its con-
struction. One of the easiest things to do is just to add further matter content. One can
also change the (gauge-)symmetry group, add internal global symmetries, or add scalars, al-
ways taking care that at low energies the agreement with experiment is not spoiled. This
is generally achieved by assuming the new particles to be heavy or having small couplings
to the SM particles. There is a plethora of those models, like four-generation models, see-
saw models featuring e.g. right handed neutrinos with large Majorana masses, Z ′ models,
SU(2)L × SU(2)R-symmetric models, GUTs, Peccei-Quinn models, “dark forces”, two-Higgs-
doublet models, and many more. Most of them try to solve the one or the other problem of
the SM or aim on being theoretically more appealing. Some are just possibilities which are
not excluded yet. When thinking about further options, it does not seem sensible to abandon
the very successful gauge principle - its merits and the resulting problems in giving up this
principle have already been examined before. It is possible to think about changes related
to space-time symmetries. However, as special relativity is very well tested, we want to keep
Poincaré invariance. One could anyhow try to extend the given Lie-algebra of symmetry gen-
erators, keeping those of the Poincaré group as well as internal generators, by involving new
Lie-algebra generators related to space-time symmetry in a non-trivial way. Due to the The-
orem of Coleman and Mandula [112] this is (under very general assumptions, like analyticity
and non-triviality of the S-matrix as well as the presence of a mass gap) however not possi-
ble. Nevertheless, the theorem leaves a little “loophole” since it only talks about Lie-algebras
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(with bosonic generators). Giving up this assumption, there is a single class of extensions of
the trivial direct product of [space-time(=Poincaré)]⊗[internal symmetries] by employing so-
called Lie-superalgebras (with fermionic symmetry generators which fulfill anti-commutation
relations). Due to the theorem of Haag, Lopuszanski and Sohnius (HLS) [113] the most gen-
eral (super)algebra of symmetry generators, that can combine states with different spin, is
the so-called supersymmetry algebra, see Section 1.2.1. Another radical possibility would be
to give up the concept of fundamental point-like constituents, see Section 2.1. This leads
to UV finite results without the need of regularization, a very attractive feature for a UV
completion of the SM. Other approaches just assume that some of the SM particles, like the
Higgs boson, are composite states of elementary particles (see Section 1.2.1). Others extend
the concept of particles by introducing so-called unparticles. These are states that arise as
low energy degrees of freedom from a conformal sector weakly coupled to the SM [114]. They
have non-integer scaling dimensions, leading to a spectral density depending like a fractional
power on momentum. However, it was shown that theories like QCD can produce spectral
densities for quarks and gluons that are virtually indistinguishable from those of unparticles
[115]. We will stop the list here, however many more (more or less exotic) ideas like that are
on the market.

From the phenomenology side, we have already explored several constraints on the NP.
It is expected to have a highly non-generic flavor structure and new CP violating effects. In
addition it ought to possess a Dark Matter candidate. Beyond that, it should address the
gauge hierarchy problem as well as the fermion hierarchies, see Section 1.2. Let us mention
that this (rough and not complete) list of requirements can be fulfilled in the RS framework,
as we will see below. From now on we will consider the SM, including higher dimensional
operators, as the low energy EFT of a more fundamental theory. At low energies, we consider
the whole Lagrangian (1.6), truncated at a certain operator-dimension, which we now write
more explicitly as

Leff = LSM +
∑

i

C
(5)
i

M
Q(5)
i +

∑

i

C
(6)
i

M2
Q(6)
i + · · · . (1.64)

Here, C
(D)
i are the (running) Wilson coefficients of the operators Q(D)

i of mass dimension D.
They contain the information about the high energy physics that has been “integrated out”, as
introduced in Appendix A.4. Let us have a first look at possible higher dimensional operators
[116] and see how they give a handle on BSM physics. At the level of D = 5 there is just one
possible gauge invariant term that can be constructed out of the SM fields. It reads

Leff ⊃
λij
ΛL

(EiΦ)T (EjΦ) , (1.65)

where the couplings λij are assumed to be of O(1). This term leads (after EWSB) to a
Majorana mass term for the left handed neutrinos with mν ∼ v2/ΛL. It breaks L by 2
units. Note that the scale of neutrino masses mν ≈ 0.1 eV indicates a fundamental scale
ΛL ∼ 1015 GeV ∼ MGUT, around the GUT scale. Neutrino masses could be a first hint to
a new energy scale in physics, below MPl. The SM as an EFT can thus account for these
masses without introducing new fields at low energies. At the same time, assuming a large
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cutoff scale around MGUT, they are naturally tiny. This would have to be put in by hand for
the case of pure Dirac mass terms with a right handed neutrino by assuming an unnaturally
small yν ∼ 10−12. Note that the D = 5 term (1.65) could arise from a UV completion of the
SM via the see-saw mechanism, for a review see e.g. [117]. At the level of D = 6 operators,
proton decay is induced by B and L violating terms like

Leff ⊃
1

Λ2
B

εdef ((ū
d
R)cdeR)((ūfR)ceR) , (1.66)

where d, e, f are SU(3)c indices. These operators (which could be induced e.g. by a GUT)
mediate processes like p → e+π0 which leads to the bound from Super-Kamiokande (see
Section 1.1.4 above) of ΛB & (1015− 1016) GeV. The SM as an EFT with a large cutoff allows
for interesting effects, e.g. the breaking of its global symmetries, and at the same time explains
the tininess of these effects, which is needed to be not in conflict with observation. However,
lowering the cutoff leads to problems, because then generically B- and L-violating operators
will not be sufficiently suppressed to be in agreement with observation, given there is no
symmetry which forbids them, see sections 2.2.1 and 3.1.5 in the context of BSM models.

For the time being, let us assume that the NP that will be possibly found well below
the GUT scale does not induce the operators examined above. Still, measurements in flavor
physics performed at low energies can constrain the scale or structure of BSM physics quite
significantly. Remember that the flavor sector of the SM works impressively well. The facts
that charged current interactions are universal (the CKM matrix is unitary) and that FCNCs
are highly suppressed due to the GIM mechanism agrees with results from experiments. How-
ever, this flavor structure is special and NP models will generically not reproduce the same
structure. To estimate the expected effects, consider D = 6 four-quark operators like

Leff ⊃
q1q̄2 q3q̄4

Λ2
flavor

, (1.67)

where qi can be arbitrary quarks, which however have to feature charges that sum up to zero.
Measurements of meson mixing and CP violation can strongly constrain the scale Λflavor for
generic O(1) dimensionless couplings and lead to the estimate (see e.g. [118])

Λflavor ≥ 104 TeV . (1.68)

Thus, if there are no symmetries that account for a special flavor structure, from this estimate
we expect new physics not to be lighter than 104 TeV ! However, as we will go into in Sec-
tion 1.2.1, the gauge hierarchy problem indicates NP at a scale ΛUV ∼ 1 TeV. This suggests
that the NP cannot have a generic flavor structure which leads to assumptions like e.g. MFV
(which however does not provide an explanation of this structure). This problem is called the
new physics flavor problem. Note that a very strong constraint comes from the CP violating
parameter εK in the Kaon system, see Section 5.2.3. We will come back to these issues later
in the context of RS models.
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1.2 Hierarchies as a Motivation for Physics Beyond the

Standard Model

Many models given above address the one or the other unsolved problem, like e.g. the Peccei-
Quinn theory solving the strong CP problem, but no testable theory known so far addresses all
open questions. Some theories solve several problems at once, making them suitable candidates
for completing the SM in a more unified way. In the following we focus on two important
problems mentioned before, related to hierarchies, and briefly introduce models that are able
to address at least one of these issues. The RS model can address both and will be introduced
in detail in Chapter 3.

1.2.1 The Gauge Hierarchy Problem and Possible Solutions

The infamous gauge hierarchy problem has caused lots of attempts to construct models which
are able to resolve it. This problem, in its modern formulation, arises, if we consider the SM
as an EFT, UV completed by some NP below MPl (e.g. by a GUT). In the last section we have
shown that there are many good reasons for such an assumption. The gauge hierarchy problem
is caused by the enormous hierarchy of 17 orders of magnitude between the electroweak and
the Planck scale, see the Figure on the left of this page. It is difficult to understand why
the weak scale should be so much lower than the Planck scale, MEW � MPl, or equivalently,
why gravity is so much weaker than the electroweak force. After studying the details of the
problem, we will introduce the most famous models that try to address it.

The Problem

E @GeVD
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?
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MPL
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From the arguments of Section 1.1.2 we expect the mass of the Higgs
boson, setting the electroweak scale, to be very light compared to the
Planck scale

mh ∼ 100 GeV�MPl . (1.69)

It is not difficult to account for such a mass on the tree level by choosing
the Lagrangian parameters accordingly. However, the Higgs boson, being
a fundamental scalar particle, has a priori no protection mechanism for
its mass via symmetries. From an EFT point of view, one would naively
expect the super-renormalizable (UV sensitive) D = 2 operator h2 in
LSM to have a coefficient of the order of the cutoff of the QFT, say

m2
h ∼M2

Pl . (1.70)

It is now difficult to understand why the Higgs boson should be light, like
indirect experiments and theory tell us. The only possibility to avoid this
puzzle would be to introduce a mechanism which saves the Higgs mass
from corrections above a certain scale.
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That such large corrections to the mass are indeed created at the quantum level can be
seen by studying the loop diagrams shown in Figure 1.11. The diagram on the left results in a
quadratically divergent correction ∼ Λ2

UV (in cutoff regularization) to the Higgs-mass squared
(see e.g. [119]) of

∆m2
h =
|yf |2
8π2

[
−Λ2

UV + 6m2
f ln

ΛUV

mf

− 2m2
f

]
+O(Λ−2

UV) , (1.71)

for every fermion with mass mf and Yukawa coupling yf running in the loop. For simplic-
ity, we have assumed the fermion to be heavy, so that we can neglect the external Higgs
momentum. The diagrams on the right, corresponding to scalar contributions (with mass
mS, trilinear coupling vλS, and quartic coupling λS) in the loop, also lead to quadratically
divergent corrections of

∆m2
h =

λs
16π2

[
−Λ2

UV + 2m2
S ln

ΛUV

mS

]
− λ2

s

16π2
v2

[
−1 + 2 ln

ΛUV

mS

]
+O(Λ−2

UV) . (1.72)

Note that there are in addition contributions of the gauge bosons ∆m2
h ∼ (3g2 + g′ 2) Λ2

UV. 8

It is in principle possible to renormalize the theory (by adding counterterms to cancel the UV
sensitive terms that would diverge in the limit ΛUV →∞) in such a way as to arrive at a Higgs
mass around the electroweak scale, despite the quadratic UV sensitivity. However, assuming
MPl as the scale of the corrections, this would need incredible fine-tuning of the parameters
at the level of 1 in 1034, and seems very unnatural.

Note that in order to arrive at this conclusion, one does not have to assign a significance to
the quadratic divergences, which could be related to non understood high energy behavior of
the theory. The crucial point is that all the heavy particles in the QFT, running in the loop,
give a contribution to m2

h proportional to their mass squared and not coming with Λ2
UV, see

(1.71) and (1.72). In consequence one still has a physical correction to the Higgs mass, which
is set by the heaviest particle running in the loop. In the following we assume the existence
of heavy BSM physics, indicated by MNP and MGUT in the Figure on the left of the last page,
for which we have collected very good arguments. Thus, if one believes for example in a GUT,
one would expect the Higgs mass to reside at the scale

m2
h ∼M2

GUT , (1.73)

and not around the mass scale of the electroweak gauge bosons. One would expect that in an
effective Lagrangian like (1.64)

C
(2)
h = O(1) , with M2 = M2

GUT, (1.74)

and not C
(2)
h � 1. Arriving at a Higgs mass around the electroweak scale would require a

cancellation between the bare Lagrangian Higgs-mass parameter and the loop corrections to
it, which are now both expected to be around 1030 GeV2, at a level of 1 in 1026. Let us stress
that, seen in this way, the gauge hierarchy problem is not a problem of the SM but rather

8An alternative method to quickly obtain the quadratically divergent corrections to the scalar potential,
without calculating Feynman diagrams, is to compute the Coleman-Weinberg potential [120], see also [35].
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Figure 1.11: One-loop contribution to the Higgs-boson mass-squared from fermion
loops (left) and scalar loops (middle, right).

a problem that comes about when extending the SM by new heavy particles - an issue that
every extension of the SM has to face at a more or less severe level. Although not logically
excluded, a desert without NP between the electroweak and the Planck scale seems not very
likely, given all the arguments collected in Section 1.1.6. Also in such a scenario one still would
have an unexplained large (though radiatively stable) discrepancy between two fundamental
scales. In contrast to fundamental scalars, gauge bosons or chiral fermions do not have a
problem in keeping a low mass. Without spontaneous symmetry breaking the chiral fermions
of the SM as well as the gauge bosons would be massless. Before EWSB, they do not have
mass terms, corresponding to relevant operators. Those operators are forbidden by the gauge
symmetry. After EWSB, the (hidden) symmetry saves those particles from corrections to their
masses above the scale of EWSB of v ∼ O(100 GeV). Thus it seems natural that the massive
gauge bosons have masses just around that value. This argument can also be related to the
fact that a massless spin-1 particle has two degrees of freedom and there is no continuous
transformation to a massive boson with three degrees of freedom. In the Higgs mechanism,
this additional longitudinal polarization is provided by a goldstone boson. However, without
such a mechanism, massless gauge bosons will not receive a mass at the loop level. The same
is true for massless (chiral) fermions, which only have one helicity. Note that corrections to
the fermion masses are proportional to their own masses and only logarithmically divergent
∆mf ∼ mf ln(ΛUV/mf ). However, for the spin-0 Higgs boson, there is a priori no such
argument, which leads to the expectation (1.70).

The gauge hierarchy problem hints strongly at NP at the TeV scale (ΛUV . 4πMEW ∼
1 TeV) that solves this issue. On the other hand, the good agreement of the SM with ex-
periment in many details seems not to suggest new physics at such low scales. For example,
electroweak precision tests rather indicate that generic new physics is not to be found below
several times this scale (ΛUV & a few TeV), needless to mention constraints from Kaon mix-
ing. As with a cutoff for the SM at such a scale, one ends up with a fine tuning of some per
cent, a “little hierarchy problem” could remain after a possible solution to the large gauge
hierarchy problem. As we will see later, much effort is made to address this issue in BSM
models and to allow for lower NP scales. Excitingly the LHC just starts to approach the TeV
scale and the gauge hierarchy problem lets us expect further discoveries, in addition to that
of the sector of EWSB. The LHC will hopefully also reveal the sector that stabilizes the mass
of the fundamental scalar Higgs boson (if present) against quantum fluctuations.
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Figure 1.12: Renormalization group evolution of the gauge couplings in the SM as
well as in the MSSM. Figure from [126], with permission from the author. See text for
details.

Possible Solutions: From SUSY to Classicalization

The most popular ideas to address the gauge hierarchy problem are to invoke a new symmetry
(to protect the Higgs mass), to introduce a new strongly coupled sector (with the scalar EWSB
sector consisting of bound states of this new interaction) or to lower the cutoff of the theory
(by extending space-time). Some models relate several of these classes to each other. Let us
start with recalling the problematic contributions to the Higgs mass due to fermion and boson
loops, see (1.71) and (1.72). Given the absence of a symmetry to protect the Higgs mass, these
terms contribute to the gauge hierarchy problem. Consider the corrections of Nf fermions and
those due to NS scalar particles. If we now assume y2

f = −λS and NS = 2Nf and add up both
contributions (of particles with different spin-statistics) we arrive at [119]

∆m2
h =

y2
fNf

4π2

[
(m2

f −m2
S) ln

ΛUV

mS

+ 3m2
f ln

mS

mf

]
+O(Λ−2

UV). (1.75)

We see that the problematic quadratic divergences have vanished, seemingly ameliorating the
gauge hierarchy problem. However the corrections to the Higgs mass are still proportional
to the mass of the heaviest particle running in the loop. If in addition mf = mS holds, the
correction to the Higgs mass vanishes completely (note that all that is not possible within
the SM). Thus, if there would be a symmetry that would lead to y2

f = −λS, NS = 2Nf ,
and mf = mS, the gauge hierarchy problem would be solved (given a similar cancellation
takes place for all contributions to the Higgs mass, including gauge boson corrections). Such a
symmetry exists indeed and is just the so-called supersymmetry, introduced in Section 1.1.6,
which allows to extend the spin-considerations of Section 1.2.1 to scalar particles. Interestingly,
this new symmetry, relating bosonic to fermionic degrees of freedom, is the only possibility
to generalize the direct product of [space-time]⊗[internal symmetries], along the lines of the
HLS theorem as discussed in 1.1.6. For reviews on SUSY and a list of references see e.g.
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[121, 122, 123, 124].
A SUSY Lagrangian is invariant (up to a total derivative) under SUSY transformations,

mediated by fermionic sets of generators Qi
α. These transform fermions into bosons (with

the same internal quantum numbers) and vice versa. Here, α is a spinor index, and the N
possible sets of generators are labeled by i. In the following we will consider N = 1 SUSY,
corresponding to a single set of SUSY generators. Schematically, one has

Qα|fermion〉α = |boson〉 , Qα|boson〉 = |fermion〉α . (1.76)

The generators of the N = 1 super Poincaré algebra fulfill the relations

[Qα, P
ρ] = 0

{
Qα, Q̄β̇

}
= 2 (σρ)αβ̇ Pρ

[Mρσ, Qα] = −i (σρσ) βα Qβ

{Qα, Qβ} =
{
Q̄α̇, Q̄β̇

}
= 0 ,

(1.77)

where Qα and Q̄α̇ = (Qα)† are Weyl spinors, corresponding to the upper and lower compo-
nents of a four-component Dirac spinor. The indices α, α̇ can be raised and lowered with the
totally antisymmetric tensor εαβ [123] and σµν = i/2[γµ, γν ]. The generators P ρ and Mρσ

correspond to the four-momentum and the generalized angular momentum. The fields of a
supersymmetric theory are grouped into irreducible representations of the SUSY algebra, so-
called supermultiplets. If SUSY was an exact symmetry, as an immediate consequence the
SUSY partners would have exactly the same mass as the corresponding SM fields. As such a
scenario is clearly excluded by experiment, SUSY has to be broken. This is in general achieved
by introducing super-renormalizable (soft) SUSY breaking terms. However, the mass scale of
the SUSY partners of the SM particles MSUSY should not be much larger than the TEV scale
as otherwise the gauge hierarchy problem would be introduced again to a certain amount. In
consequence, if SUSY solves the gauge hierarchy problem, we expect to find it at the LHC. In
the following, we explore briefly some phenomenological consequences of the minimal super-
symmetric extension of the SM (MSSM). This minimal extension features a fermionic partner
for each SM gauge boson, as well as a bosonic partner for each SM (Weyl) fermion, such that
in the end, as for every SUSY model, the number of fermionic and bosonic degrees of freedom
is equal.

As mentioned before, SUSY models require the existence of more than one Higgs doublet.
The MSSM features two Higgs doublets with 5 physical Higgs bosons (after EWSB) - two
neutral CP even h,H, a CP odd one A, and two charged H±. At the tree level the MSSM
leads to the constraint

mh < mZ | cos(2β)| (1.78)

for the mass of the lightest neutral Higgs boson, where tan β = vu/vd and vu, vd are the VEVs
belonging to the Higgs doublets giving masses to up and down type quarks, respectively.
Although in the MSSM the LEP exclusion limit can be weakend (depending on tan β) [119],
this constraint would put the MSSM into some trouble. However, loop corrections can lift the
limit to

mh . 135 GeV , (1.79)
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assuming that all sparticles that can contribute to mh have masses below a TeV [119]. Note
that the properties of the lightest Higgs boson of the MSSM are similar to the SM Higgs
in the decoupling regime (where mA ∼ O(TeV)), however, outside this regime important
differences can arise. For example, the couplings to bottom quarks can be strongly enhanced
in the case of large tan β � 1. There is still a puzzle in the Higgs sector of the MSSM, the
so-called µ−problem. This corresponds to the fact that it is difficult to understand why the
magnitude of the SUSY preserving squared-mass in the Higgs potential should be in the region
of (100− 1000) GeV, which coincides with the scale of the (unrelated) soft breaking terms, as
required by phenomenology, and not for example at the Planck scale. Some extensions of the
minimal setup try to solve this problem by introducing the µ term as the VEV of a new field.
Moreover, the number of parameters in the MSSM is significantly increased with respect to
the SM, especially due to the SUSY breaking sector. In total, the MSSM possesses ∼ 120 new
parameters with respect to the SM.

Note that, beyond solving the gauge hierarchy problem, the MSSM solves several of the
problems dealt with in Section 1.1.6. First of all, let us mention that the MSSM features
a so-called R-parity in order to prevent the presence of B and L violating couplings in the
Lagrangian, where R = (−1)2s+3B+L and s is the spin of the particle the operator acts on.
This parity leads to the fact that SUSY partners of the SM particles can only be produced
in pairs. In particular, the lightest supersymmetric partner (LSP) will be stable. In many
cases, the LSP corresponds to the lightest of the so-called neutralinos, and is massive, weakly
interacting and electrically neutral. This provides a good candidate for the Dark Matter
of the universe within the MSSM. Moreover, the modification in the running of the gauge
couplings due to the SUSY partners provides the possibility for them to meet each other to
good accuracy around the scale MGUT, allowing for a grand unification within the MSSM
[125]. This fact is illustrated in Figure 1.12, where the evolution of the gauge couplings
α1 ≡ 5/3 g′ 2/(4π) , α2 ≡ g2/(4π) , α3 ≡ g2

s/(4π) is shown. Above the mass scale of the SUSY
partners MSUSY ∼ 1 TeV, which has been fitted such that unification is possible, the running is
modified with respect to the SM. The factor 5/3 is needed for the correct normalization at the
unification point. In addition, the MSSM, allows for radiative electroweak symmetry breaking.
In the SM, the Higgs mechanism is only a description of EWSB but offers no explanation why
it occurs. In contrast to the SM, where one has to put in the negative squared mass for the
Higgs doublet by hand, the MSSM can generate the necessary conditions for a potential to
result in electroweak symmetry breaking radiatively, at a certain scale, via renormalization
group evolution. It is interesting that the MSSM solves all these puzzles, without being
invented for that purpose. It was rather built as the most general extension of the Poincaré
algebra, as explained before. Finally note that, if SUSY is introduced as a local symmetry,
it naturally incorporates gravity (supergravity). For more details, e.g. on the SUSY breaking
mechanism, related flavor issues or collider signatures see the literature cited before. If the
SUSY-breaking mechanism is not flavor blind, SUSY models will generically have problems
with flavor constraints, requiring an additional concept like MFV, see Section 1.1.6. For details
on Higgs physics in SUSY see [119].

The next type of models that can address the gauge hierarchy problem are those that do
not feature an elementary scalar and thus avoid the fine tuning problem. An example of this
class of models is technicolor [127, 128]. Here, the scalar degrees of freedom responsible for
the masses of the weak gauge bosons are realized as bound states of new massless fermions
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(techni-fermions), that are charged under a new QCD-like SU(N) gauge group as well as under
the electroweak gauge group of the SM. The new strong interaction is asymptotically free at
high energies, but assumed to be confining at MEW. In analogy to QCD, chiral symmetry
breaking is triggered and the resulting Goldstone bosons (techni-pions), corresponding just
to bound states of the techni-fermions, provide the longitudinal degrees of freedom for the
electroweak gauge bosons. In consequence, EWSB is realized dynamically. Importantly, it is
possible to reproduce the relation (1.29) to leading order in technicolor models. Note however,
that the simplest models are ruled out by electroweak precision tests, due to large corrections
to the S parameter [64]. For a review, also about newer developments in the sector, see [129].

Similar ideas are used in Little Higgs theories [130, 131, 132, 133], where the Higgs boson
itself is realized as a (pseudo-)Goldstone boson of a spontaneously broken global symmetry.
This symmetry is also assumed to be broken explicitly (making the Higgs boson massive), but
only by the interplay of at least two coupling constants. This collective symmetry breaking
leads to a vanishing of the quadratic divergences in the Higgs mass at one loop. If one of these
couplings does not contribute, the Higgs boson mass is zero due to the shift symmetry of the
Goldstone boson. Little Higgs theories are weakly coupled effective field theories with a cutoff
scale of the order of ΛUV ∼ 10 TeV. They stabilize the hierarchy between this cutoff (which
could be identified with a scale suggested by electroweak precision tests) and the electroweak
scale MEW. Above the cutoff, these theories have to be UV completed.

Such a completion could feature a breaking of the global symmetry by strong dynamics,
resulting in a composite Higgs boson [134]. In this general class of theories the Higgs-boson
mass is protected by the fact that at a certain scale it will not behave as an elementary particle
anymore and a form factor will regularize the UV behavior. For interesting relations with the
models studied in this thesis see [135, 136, 137].

Another recent approach that provides (amongst other interesting possible consequences)
an idea how the gauge hierarchy problem could be solved, assumes the existence of classi-
calization [138] at large energies. In this approach, the collission of two particles with a
momentum transfer larger than the characteristic scale M∗ of the (non-renormalizable) theory
will cause the formation of an extended classical configuration of a classicalizer field, with
radius r∗, in analogy to a black hole of gravity, UV completing the theory. As a consequence,
the short distance behavior does not have to be specified to know the high energy behavior.
The radius r∗ grows with the energy localized in the system. If the Higgs scalar is sourced by
energy-momentum of the SM particles, e.g. by an operator

Φ†ΦT µµ , (1.80)

where T µµ corresponds to the trace of the energy-momentum tensor of the SM fields, it could
just act as such a classicalizer [138]. It would develope a classical configuration above a scale
M∗, which could solve the gauge hierarchy problem.

When trying to construct solutions to the gauge hierarchy problem, we have so far only
talked about changing the SM along the lines discussed in 1.1.6. We have not explored another
possibility yet, which would change quite drastically the picture of the universe we have so
far. When looking at the world around us and feeling time passing by, we seem to know,
that we are living in four space-time dimensions, an implicit assumption we have made before.
When talking about Poincaré invariance, we were thinking about four-dimensional Minkowski
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Figure 1.13: Hierarchies in the quark masses.

space-time. However, already from high-school physics we know that our eyes or the human
senses are not sufficient as measuring instruments. In the next chapters we will introduce
models that involve extra dimensions and that are not in immediate conflict with observation.
Some of these models, in particular RS models, offer an alternative possibility to solve the
gauge hierarchy problem. Beyond that, they have further very interesting features.

1.2.2 Hierarchies in the Fermion Sector

In addition to the large hierarchy between the electroweak and the Planck scale, there are
also non-understood hierarchies in the flavor sector of the SM. The masses and mixings of the
SM fermions exhibit large ratios, which can be accounted for within the SM but which cannot
be explained by the model. The tiny neutrino masses have already been discussed. However,
there are also sizable hierarchies in between the quark masses as well as the charged lepton
masses. Moreover, the mixing matrix in the quark sector also is strictly hierarchical, while
the one of the lepton sector is not. Let us have a look at the hierarchies in the quark sector
more quantitatively.

The quarks of the same charge in the SM are identical in all their properties besides their
mass. Here, they exhibit very large ratios of roughly (see Appendix D) 9

mt/mc/mu ≈ 100000/500/1 , mb/ms/md ≈ 1000/20/1 , (1.81)

see Figure 1.13. Although the (running) quark masses depend on the energy scale, the hier-
archies quoted before are to good accuracy stable with respect to scale variations [139]. The
natural value for the scale of the quark masses would be m ∼ v/

√
2, corresponding to an

O(1) Yukawa coupling. This expectation is fulfilled only for the top quark. Although the

9As we are just interested in rough hierarchies, we do not have to worry about the issues in defining the
quark masses.
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hierarchies (1.81) can be put into the SM, it offers no explanation for the question why the
masses of its fundamental constituents in the matter sector differ so much from each other.

Also the CKM matrix exhibits strong hierarchies, which are reflected in the expansion in
the small Wolfenstein parameter λ ≈ 0.23 (1.59). To LO in each entry

|VCKM| ∼




1 λ λ3

λ 1 λ2

λ3 λ2 1


 . (1.82)

The fact that the diagonalizations of the up-type and down-type mass matrices lead, to first
order, to the same rotation matrices Uu ≈ U d can not be explained within the SM and calls
for elucidation.

A model which can address both of these fermion hierarchies, has been presented by Frog-
gatt and Nielsen [139]. Starting from anarchic Yukawa matrices, i.e., matrices with random
O(1) entries with arbitrary phases, the observed hierarchies are generated by assuming the left-
handed and right-handed components of the quark fields to have different values for an almost
conserved quantum number with respect to an abelian symmetry group U(1)F . This model
will be introduced in Section 3.2.3 and we will directly apply its results to the fermion sector
of RS models, which, as we will show, feature a similar mechanism. Here, the Froggat-Nielsen
mechanism arises automatically, if one puts fermions in the bulk, and no additional structure
is needed. So, beyond solving the gauge hierarchy problem, the fermion hierarchies can also
be addressed in these models, without the setup having been invented for that purpose.



Chapter 2

Extending Space-Time to Address
Hierarchies

In this chapter we will give a survey of how the idea that nature could feature more than four
space-time dimensions finally lead to an option to address the gauge hierarchy problem. After
a short historical overview, we will review the Arkani-Hamed−Dimopoulos−Dvali model in
some detail. This model can be seen as the forerunner of the RS model. Although the approach
to address the large hierarchy between the electroweak and the Planck scale is different, it
certainly influenced the following developments quite strongly.

2.1 Introduction: Extra Dimensions before ADD

The first serious appearance of the idea that space-time could feature more than four dimen-
sions was due to Kaluza [140] and Klein [141] in the 1920s. They tried to unify gravity and
electromagnetism, the only fundamental forces known at that time, by merging the photon
vector field together with the 4D Minkowski metric into a 5 × 5 metric. However, their idea
turned out to be not a correct description of nature, in particular after the discovery of the
additional forces and the rise of the electroweak standard model. Moreover, already before,
the attempt to quantize the theory lead to serious problems. The ideas of Kaluza and Klein
were revived in the 1980s by the advent of string theory in its modern form (for a review and
further references see e.g. [121, 142, 143, 144]). The roots of string theory go back to the
1960s, when Gabriele Veneziano [145] and others tried to use strings to describe the strong
interaction. During the first superstring revolution (1984-1989) it was realized that string
theory could serve as a fundamental description of nature if it is formulated in 9+1 space-time
dimensions. The number of dimensions was set by the need for anomaly cancellation. In the
framework of superstring theory, the fundamental ingredients of nature are not point-like par-
ticles but one dimensional strings of Planck-length size, characterized by their tension. This
leads to a unification of the various different particles of the SM into one type of fundamental
“particle”, the string. How is it possible that the extra dimensions have not been discovered
so far? For not being in conflict with observation these dimensions have to be hidden in some
way. This is possible by compactifying them, e.g. on a higher dimensional torus (or on a
more complicated manifold) with a natural length scale of the order of MPl. One can imagine
this additional geometry sitting at every space-time point of 4D Minkowski space-time, as
illustrated in Figure 2.1

45
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Figure 2.1: Illustration of a compactified higher-dimensional space-time. A Calabi-Yau man-
ifold is attached to every point of the usual 4D space-time. Courtesy of J.-F. Colonna [146].

The second superstring revolution took place in the mid 1990s and was initiated by Edward
Witten. He discovered that the different formulations of string theory known at that time (as
well as 11D supergravity) are related to each other by dualities and could all be manifestations
of the same theory, called M-theory. With the emergence of the concept of branes another
option to hide the extra dimensions became available. Open strings, corresponding to SM
particles in the low energy limit, have to end on their higher dimensional cousins, the branes.
It could thus be possible that the particles we know are confined to live on a 4D sub-manifold
of space-time, a 3-brane, see below. It seems to be possible to model the SM spectrum by an
appropriate geometry of the extra dimensions. Beyond that, these theories have in principle
the ambition to explain the presence of a certain gauge group and particle content present in
nature and to address all other theoretical questions stated in 1.1.6. In particular they are
UV finite due to the non vanishing extension of their fundamental constituents and contain
a quantum theory of gravity. In this sense, they can be called theory of everything (TOE)
(although it is in principle not possible to prove that a real TOE has been found). Despite
their many promising features, string theories also have serious drawbacks. An important issue
is that in the original spirit of residing at the Planck scale of MPl ∼ 1019 GeV, string theories
make (currently) no unique predictions for energies accessible in the near future. The expected
excitations of the strings would have masses around MPl. The mechanism of compactifying
the extra dimensions is not yet understood sufficiently. As mentioned before, the geometry
of space-time is related to the low energy spectrum. However, it seems that the incredible
number of 10500 different vacua are possible and thus, if there is no mechanism to chose a
special vacuum, the geometry cannot be predicted and neither can the low energy spectrum.
It is however possible to interpret a discovery of supersymmetry as a hint for string theory,
since it can only be formulated in a supersymmetrized way. This still does not make the model
really testable at current collider energies. Moreover, note that string theory is still at the
level of quantum mechanics (no second quantization).

This pessimistic picture changed after it was realized that extra (spatial) dimensions could
help in solving the gauge hierarchy problem in the late 1990s by Nima Arkani-Hamed, Savas
Dimopoulos and Gia Dvali (ADD) [147]. To see how this works, let us recall that the gauge
hierarchy problem is due to the fact that the Planck scale is so much bigger than the elec-
troweak scale. An important point is that one deduces the gigantic size of the Planck scale
from the enormous weakness of gravity (see footnote 1) GN = M−2

Pl . In terms of the funda-

mental Planck mass M
(d)
Pl , the gravitational potential between two test masses m1 and m2 in
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d dimensions, has the form

V d(r) ∼ m1m2

[M
(d)
Pl ]d−2

1

rd−3
. (2.1)

From measuring the gravitational force one deduces d = 4 and determines the Planck scale
MPl = M

(4)
Pl ∼ 1019 GeV. However, it is important to note that Newtons gravitational law has

so far only be tested down to length scales of about 50µm ∼ 250 eV−1 [148].

2.2 From Large Extra Dimensions to Warped Extra Di-

mensions

The fact that Newton’s law, (2.1) with d = 4, has by far not been tested up to the same
energy scales as the other interactions of nature, not speaking of up to the Planck scale, lead
ADD to the idea that the gravitational potential could be changed at small distances r, with
however r � M−1

EW. This allows for the existence of large extra dimensions, if only gravity is
allowed to propagate into them [147]. How does this work in detail?

2.2.1 Large Extra Dimensions to Address the Gauge Hierarchy
Problem

Imagine n extra dimensions, all of size ∼ R for simplicity, compactified on a corresponding
manifold Mn with volume ∼ Rn. For distances r � R, Gauss’s law in d dimensions leads just
to the gravitational potential (2.1) with d = n+ 4

V 4+n(r) ∼ m1m2

[M
(4+n)
Pl ]n+2

1

rn+1
(r � R) . (2.2)

However, for distances r � R the field lines of gravity will not resolve the extra dimensions,
leading to the usual 1/r behavior we observe

V 4+n(r) ∼ m1m2

[M
(4+n)
Pl ]n+2

1

Rn

1

r
(r � R) . (2.3)

An interesting thing has happened here. If we do not assume the existence of extra dimensions,
we would just identify the whole expression

M eff
Pl ≡ [M

(4+n)
Pl ]

n+2
2 R

n
2 (2.4)

with the Planck scale (the cutoff of the SM) MPl = M eff
Pl ∼ 1019 GeV, without noticing the

presence of additional dimensions. Thus, if only gravity is allowed to propagate into the extra
dimensions they could be possibly as large as 50µm, since below that scale the gravitational
interaction has not been tested and above we would not notice the presence of the additional
dimensions. The only consequence at large distances would be the fact that we would have
determined the effective Planck scale (2.4) and not the fundamental one M

(4+n)
Pl . It is not

digressive that (2.1) does not hold for the whole range from macroscopic distances down to
the Planck length lp ∼ 10−35 m. We know many examples for theories in physics that are
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replaced by another one at a certain scale, see Appendix A.4. The law of gravity that we
measure at macroscopic distances does not have to be the final answer. Furthermore, the
fact that only gravity might propagate into the additional dimensions can be motivated by
string theory. Here, the corresponding force mediators correspond to closed strings, allowed
to propagate into the whole space-time, while the other particles would correspond to open
strings, attached to D-branes [149]. Moreover, due to general relativity, gravity is directly
related to space-time, whereas the other forces are not. In this picture, the weakness of gravity
would be just a dynamically generated effective weakness, seen for large distances, due to the
dilution of gravity propagating into extra dimensions. As the other fundamental interactions
have been probed up to the electroweak scale, extra dimensions would have to be smaller than
∼ 1 fm to have escaped detection, if the SM would be allowed to enter them. However this
would still allow for additional dimensions much larger than the (4D) Planck scale. The SM
could be localized on a sub-manifold of the whole space-time, with TeV−1 “thickness”, for
example due to topological defects. In order not to dilute the SM interactions, the thickness
should not be bigger than the fundamental Planck scale.

Looking again at (2.4), we see how the gauge hierarchy problem could be addressed in such
a setup of gravity propagating into large extra dimensions. The Planck scale would just appear
to be huge due to the presence of additional dimensions that we do not resolve. We would
just think that we measure the fundamental Planck scale, but in reality we would measure
M eff

Pl (2.4), which is enhanced due to the volume of the extra dimensions, given that

R >
(
M

(4+n)
Pl

)−1

. (2.5)

The fundamental Planck scale could well be of the order of

M
(4+n)
Pl ∼MEW , (2.6)

just as large that we would not have already noticed it, say around a TeV. Now this scale
would set the cutoff for the model and for quantum corrections to the Higgs mass. Above this
energy, a quantum theory of gravity like string theory could set in, cutting away potentially
large radiative corrections at a TeV. The natural scale for the Higgs-boson mass would then be
around this fundamental Planck scale and the fine-tuning problem as discussed in 1.2.1 would
nearly completely vanish. The theory would have only one fundamental scale, the electroweak
scale. When starting to probe the extra dimension, gravity would be of weak scale strength in
4+n dimensions and not suppressed by the huge effective Planck mass. From the requirement
(2.6) one can derive the corresponding size of the extra dimensions R, in dependence on their
number n. With the help of (2.4) we arrive at

R ∼
[
M eff

Pl

] 2
n

[MEW]−
2
n
−1 ∼ 2 · 10

32
n
−19m×

[
TeV

MEW

] 2
n

+1

, (2.7)

where we have used the relation 200 MeV fm ≈ 1.
For n = 1 we get R ∼ 1013 m, setting MEW ∼ 1 TeV for this discussion. This implies that

if there is exactly one large extra dimension, it would have to be larger than the extension of
the solar system, which is around 7 · 1012 m . Such a scenario is certainly excluded.
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For n = 2 we end up with R ∼ 1 mm, which is excluded by the experimental constraint
R ≤ 44µm [148]. However, if we are willing to accept some amount of tuning, we can relax
the requirement (2.6) and use the experimental result to set a lower limit on the fundamental

Planck scale. We arrive at M
(6)
Pl > 7 TeV which would again introduce a little hierarchy, but

still would be a big improvement compared to the full gauge hierarchy problem. However,
there are more stringent constraints for n = 2 from astrophysics, see below.

For n ≥ 3 we get R ≤ 10−8 m, which is not directly testable in the near future.
A weakness of the ADD model is that one could also see it as just rephrasing the gauge

hierarchy problem. Instead of asking why MEW �MPl one can now ask the question why the
extra dimensions should be so much bigger than their natural size of M−1

EW

R

(MEW)−1
∼
[
MPl

MEW

] 2
n

. (2.8)

Nevertheless, the problem of the radiative instability of the large separation between two
fundamental scales is not present anymore. A possibility to circumvent the necessity to justify
the size of the extra dimensions is to take the limit n→∞. In this setup, the extra dimensions
just have to be infinitesimally larger than the fundamental Planck scale M

(4+n)
Pl ∼ MEW in

order to generate an arbitrary high effective Planck scale (2.4). So, all input parameters
could be of natural size ∼ O(MEW) and also the SM could propagate nearly into the whole
higher-dimensional space-time, in the spirit of universal extra dimensions.

In conclusion, low energy strings can arise, if compactified extra dimensions are present,
being much larger than their natural length of 1/MPl or if there are many extra dimensions
(or if the geometry is warped, see below). This “low-energy” (higher dimensional) setup will
be UV completed by a 10 or 11 dimensional string theory at energies around MEW. Such a
UV completion should explain the emergence of (large) extra dimensions and their topology,
which is not addressed within the ADD model. With a fundamental Planck scale of O(MEW),
gravity will already become strongly coupled at LHC energies and it could in principle be
possible to create micro black holes at the LHC. However, these black holes are predicted
to be very short-lived, evaporating quickly via Hawking radiation. Beyond that, potentially
stable micro black holes would have already shown up in cosmic rays [150].

A generic problem of theories with such a low cutoff is that higher dimensional operators
mediating for example proton decay or FCNCs are not sufficiently suppressed, see Section 1.1.6.
A possible solution to this issue is to split the fermions by localizing them differently within
the extra dimensions, suppressing these higher dimensional operators by small overlaps [151].
This scenario also provides the possibility to address hierarchies within the fermion masses
geometrically, by means of different overlaps with the Higgs sector. Note furthermore that,
within the ADD model, a potential Grand Unification of couplings would already have to hap-
pen at a much lower scale than MGUT, see e.g. [152]. Moreover, the mechanism of generating
tiny neutrino masses via the strongly suppressed D = 5 operator introduced in Section 1.1.6
does not work any longer (however, see [153]).

2.2.2 Constraints on Large/Flat Extra Dimensions

Before introducing models of warped extra dimensions, which can solve the gauge hierarchy
problem without unnatural parameters and with only one additional dimension, let us have a
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short look on some of the tightest constraints on large extra dimensions, coming from astro-
physics. Gravity propagating into compactified extra dimensions leads, from a 4D perspective
(after integrating out the additional dimensions in the action) to the emergence of an infinite
tower of massive KK excitations. These so-called KK gravitons, couple to matter suppressed
by 1/MPl. This can be seen in analogy to putting a particle into a box (corresponding to
the compactified dimensions), which can be described by an infinite set of eigenfunctions,
corresponding to different, quantized, energy levels. From the 4D perspective, the quantized
components of the momentum in the compactified extra dimension correspond to a mass. For
details on this method of performing a KK decomposition (in the context of warped extra
dimensions) see Section 3.2.1. Note that in the following we only consider the spin-2 part
Gµν , µ, ν = 0, . . . , 3 of the higher dimensional metric tensor. The KK gravitons have masses
∼ 1/R, explicitly

mk ∼ k/R (2.9)

for one extra dimension (d = 5), where k = 0, . . . ,∞ denotes the KK level and the zero mode
(k = 0) corresponds to the standard massless (4D) graviton. Thus, with (2.7), we arrive at
mass splittings of

∆m ∼ 1

R
∼ 1019− 32

n m−1 ∼ 1012− 32
n eV , (2.10)

This means that from a high energy point of view one could produce a nearly continuous
spectrum of real massive KK gravitons, given the number of extra dimensions is not too large.

Before reviewing the constraints from astrophysics, let us estimate the production cross
section for arbitrary spin-2 (KK) gravitons at high energy colliders. After noting that the
possible number of graviton final states for an available energy of ∆E is

(
∆E
∆m

)n ∼ (∆E R)n,
we arrive at

σ ∼ 1

M2
Pl

(∆E R)n ∼ ∆E n

[M
(4+n)
Pl ]

n+2 . (2.11)

For energies available to the graviton of ∆E . MEW and M
(4+n)
Pl ∼ MEW one thus ends up

with cross sections that could become as large as

σ . 1

TeV2 . (2.12)

Thus, graviton production can become important, if the available energies start to approach
the weak scale region. This agrees with the statements of strongly coupled gravity at the
electroweak scale made before. From the 4D point of view, the size of the cross section is due
to the large multiplicity of possible graviton final states. Due to the small interaction cross
section of a single graviton, they would be seen as missing energy at collider experiments. For
example, at the LHC or the Tevatron one would have the characteristic signal of a single jet
in association with missing energy, whereas at electron positron colliders like LEP one would
have for example a photon plus missing energy

pp→ j + Emiss ,

e+e− → γ + Emiss .
(2.13)

For more details, see e.g. [154].
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For n = 2, 3 , the most stringent constraints however still come from astrophysics and are
hard to challenge in current collider experiments. (KK) Gravitons can carry away energy
in supernova collapses, thus leading to a faster cooling. From analyzing the data of the
supernova SN1987A, one can set an upper limit on the rate of graviton emission. According
to the standard theory of type-II supernovae, most of the gravitational binding energy released
during the core collapse of a supernova, is carried away via neutrinos. Since the measured
neutrino flux agreed well with the theory value for the corresponding energy, one can put tight
constraints on the emission of other particles like axions or KK gravitons. The analysis of
[155] considered “gravi-strahlung”

N +N → N +N +G (2.14)

within the ADD setup as the dominant graviton-emission process. Here, G stands for any
(KK) graviton. The nucleon-nucleon interactions are modelled by one-pion exchange. Due
to the low temperature of the core (30 − 70 MeV), we expect strong limits only for n ≤ 4.
For higher n, the mass splittings (2.10) are approaching the available energy, which leads to
a vanishing of the high multiplicity enhancement in graviton final states. The authors derive
the following (conservative) lower bounds on the fundamental Planck scale

M
(6)
Pl ≥ 50 TeV , n = 2 ,

M
(7)
Pl ≥ 4 TeV , n = 3 , (2.15)

M
(8)
Pl ≥ 1 TeV , n = 4 .

For n ≥ 4 the LHC should be able to improve the limits significantly. The biggest uncer-
tainty in the supernova analysis is due to the unknown temperature of the core. The authors
are conservative and assume T = 30 MeV. With more realistic values tighter bounds would
be possible. The supernova data clearly exclude the possibility to address the large hierar-
chy between the Planck scale and the electroweak scale within the ADD setup for 2 extra
dimensions.

Now we move on to a model which completely avoids the appearance of different scales,
without the necessity of introducing infinitely many extra dimensions. The RS model is able
to solve the gauge hierarchy problem with only one additional spatial dimension with a large
curvature and all fundamental parameters of the order of the Planck scaleMPl. When exploring
possibilities to extend the SM in Section 1.1.6, we were thinking about an extension of the
Poincaré group, which was finally realized in SUSY models and extra dimensions. However,
we were still assuming space-time to feature a Minkowsk metric in the vaccum. The RS model
will even modify this assumption in a way, that is not in conflict with observation.

It is also able to address naturally the hierarchies in the fermion sector, by allowing the
quarks and leptons to propagate into the warped extra dimension. Furthermore, it features an
automatic suppression mechanism for FCNCs and allows for gauge coupling unification as well
as for the construction of a Dark Matter candidate, see below. It offers a rich phenomenology
in the reach of the LHC, especially within the Higgs sector. In the next chapter, we will
discuss the theoretical setup of the model and its further virtues and properties in detail.

The following chapters will be based on the publications [1, 2, 3, 4] (besides the first,
introductory pages), which occurred in the context of preparing this thesis. Beyond that, they
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will also include updated analyses and several new aspects, in particular unpublished work on
five-dimensional propagators in warped space, as well as on the anomalous magnetic moment
of the muon, see Chapter 4 and Section 5.1.5.



Chapter 3

Warped Extra Dimensions:
Theoretical Aspects
Hierarchies - Interactions - Custodial Extension - Summing KK Towers

In this chapter, we will first introduce the basic concepts of the original RS model, including
the derivation of the RS metric as a solution to Einstein’s equations. We will then review, how
the model is able to solve the gauge hierarchy problem. After that introductory part, we will
study in detail gauge fields as well as fermions in the bulk, coupled to a brane localized Higgs
sector within the minimal RS setup. In contrast to the perturbative approach usually used
in the literature, where the couplings to the Higgs sector are introduced as a small correction
after having obtained the bulk solutions, we perform the KK decomposition directly in the
mass basis. Electroweak symmetry breaking will be included exactly via boundary conditions
(BCs), avoiding the truncation of the KK tower [156]. In this way we are able to derive simple
analytic results for the profiles and masses of the fields as well as for the interactions, which
allow for a clear understanding of important effects of the model. For example, we will see that
the summation over the entire KK tower of intermediate gauge bosons leads to a characteristic
dependence on the coordinates in the extra dimension, reflecting the full 5D structure, which
is lost through truncation [157]. For fermions, the mixings between different generations are
included in a completely general way. The hierarchies observed in the fermion masses and
CKM mixing angles are explained by wave-function overlaps with the Higgs sector, starting
from anarchic fundamental Yukawa matrices. Corresponding analytical expressions are given
by demonstrating and exploring an analogy to the Froggatt-Nielsen mechanism. The special
localization pattern of fermions, resulting from the RS setup, leads to the possibility to make
generic predictions about the size of effects for the different quark generations. Although the
main phenomenological part is devoted to Chapter 5, we will already discuss some aspects of
electroweak precision tests as a motivation to extend the gauge group of the minimal model,
in order to achieve a custodial protection. In this context we will also explore the possibility
of having a heavy Higgs boson mh . 1 TeV in the RS setup. The custodial extension to the
gauge group SU(2)L × SU(2)R × U(1)X × PLR will then be discussed in detail. In particular,
analytic formulae for the Peskin-Takeuchi parameters as well as Zbb̄ couplings will be given
that show explicitly which terms can be protected and which inevitably escape protection.
Beyond that, simple and exact expressions for general interactions between gauge bosons and
fermions as well as for the couplings to the Higgs boson will be presented and compared for

53
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Figure 3.1: The Orbifold.

both models. These allow for a complete discussion of tree-level flavor-changing effects in the
RS setup. Moreover, we will show how to perform sums over infinite towers of gauge-boson
profiles in the minimal as well as in the custodial model.

3.1 Introduction and Solution to the Gauge Hierarchy

Problem

3.1.1 The General Setup

The RS model [158] offers an elegant possibility to address the large hierarchy between the
Planck scale and the electroweak scale by means of a non-trivial geometry in a five dimensional
(5D) anti-de Sitter (AdS5) space. The non-factorizable RS metric

ds2 = e−2σ(φ)ηµν dx
µdxν − r2dφ2 , (3.1)

is constructed such that length scales within the usual 4D space-time of constant φ, labeled
by coordinates xµ (µ = 0 . . . 3), are rescaled via an exponential warp factor, depending on the
position φ ∈ [−π, π] in the extra dimension. In this thesis we will use the west coast convention
for the Minkowski metric ηµν = diag(1,−1,−1,−1). The exponential factor will turn out to
be responsible for the solution to the gauge hierarchy problem and will be specified later.
Importantly, the metric respects 4D Poincaré invariance. The fifth dimension is compactified
on an orbifold S1/Z2, i.e., a circle with radius r and with points identified, that are related to
each other by a Z2 (symmetry) transformation

(xµ, φ)↔ (xµ,−φ) , (3.2)

see figure 3.1. The radius is assumed to be not much larger than O(MPl), however, due
to the warping, the model will have observable consequences down to the TeV scale. We
assume the action to be invariant under Z2 transformations Z. However, the fields do not
have to be identical at points which are identified by the orbifold structure and can differ by a
symmetry transformation which leaves the action invariant. Since Z2 = id, Z has eigenvalues
±1, corresponding to even and odd functions on the orbifold, respectively

Φ(xµ,−φ) = ZΦ(xµ, φ) = ±Φ(xµ, φ) . (3.3)
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The Z2 parity, gives rise to orbifold fixed points at φ = 0, π, providing support for 3-branes, i.e.,
sub-manifolds with three spatial and one time dimension, the so-called UV (or Planck) and IR
(or TeV) branes. The reason for the names will become clear later. On these fixed points 4D
field theories can be defined. The introduction of an orbifold also helps for phenomenological
reasons, in particular for obtaining the correct low energy spectrum of the SM within the RS
model (with the SM in the bulk), see below. Due to compactifying the extra dimension on
an orbifold, one effectively ends up with an interval φ ∈ [0, π], bounded by the branes, which
together with the Z2 eigenvalues of the fields contain the whole information. The region in
between the branes is called the “bulk”. We impose Neumann or Dirichlet BCs for the fields
at the branes, dictated by the low energy phenomenology, i.e., the requirement to arrive at the
SM spectrum in the low energy limit. Furthermore, the orbifold structure leads to periodic
boundary conditions

Φ(xµ, φ) = Φ(xµ, φ+ 2π) . (3.4)

In the original RS proposal only gravity was allowed to propagate into the extra dimensions,
which is sufficient to solve the gauge hierarchy problem. The SM was assumed to be confined to
the IR brane. Thus we consider the (for the time being, classical) action of gravity propagating
into the compactified fifth dimensions1

S = Sbulk + SUV + SIR ,

Sbulk =

∫
d4x

∫ π

−π
dφ
√
G
{
−Λ− 2M3R

}
,

SUV =

∫
d4x
√
−gUV {LUV − VUV} ,

SIR =

∫
d4x
√
−gIR {LIR − VIR} .

(3.5)

where GMN(xµ, φ) is the 5D metric (not to be confused with the field strength tensor of
the gluon), defined via (3.1) in the vacuum. Note that, due to the curved space-time, the
square root of the determinant of the metric

√
G has to be considered, which is not longer

the identity and is needed to obtain an invariant integration measure. Latin (greek) indices
M,N = 0, . . . , 3, φ (µ, ν = 0, . . . , 3) correspond to the 5D (4D) space-time. The 4D metric
on the 3-branes is given by evaluating the 4D part of the bulk metric at the corresponding
positions

gUVµν (xµ) ≡ Gµν(x
µ, φ = 0) , gIRµν (xµ) ≡ Gµν(x

µ, φ = π) . (3.6)

Above, M ∼ M̄
(5)
Pl is the (reduced) fundamental scale of the theory and Λ is the 5D cosmological

constant. In the most simple setup of an IR-brane SM and no UV localized fields we have
LIR = LSM from (1.8) and LUV = 0. However, due to the different metric, the fields in LSM

might have to be rescaled in order to obtain a canonical normalization and the numerical
values of the input parameters might differ from their values in the “standard” SM (1.8)
to match phenomenology. Non-vanishing “vacuum energies” VUV,IR on the branes, so-called
brane tensions, are needed to allow for a non-trivial metric, responsible for the solution to the

1Note the difference in the signature of the metric with respect to [158], which results in a negative sign
for the Ricci-scalar R.
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gauge hierarchy problem.

3.1.2 Derivation of the Warp Factor

We now specify the form of the exponential warp factor e−σ(φ). The metric (3.1) has to be
a solution to Einstein’s equations. In the form given, it corresponds to a general ansatz,
respecting 4D Poincaré invariance. Since such an ansatz is not forbidden by any known
principle, it is the most natural choice not to restrict it to the case of a vanishing warp factor.
In the vacuum, Einstein’s equations for the setup (3.5) read

√
G

(
RMN −

1

2
GMNR

)
=

1

4M3
[Λ
√
GGMN

+ VIR

√
−gIR gIRµν δµMδνN δ(φ− π)

+ VUV

√
−gUV gUVµν δµMδ

ν
N δ(φ)] .

(3.7)

Since the metric (3.1) is diagonal and just depends on φ, it is not intricate to calculate the
corresponding Christoffel symbols. We obtain the Ricci-tensor

Rµν =
e−2σ(φ)

r2

(
−σ′′(φ) + 4 [σ′(φ)]

2
)
ηµν ,

Rφφ = 4
(
σ′′(φ)− [σ′(φ)]

2
)
,

Rφν = Rµφ = 0 ,

(3.8)

as well as the Ricci-scalar

R =
4

r2

(
−2σ′′(φ) + 5 [σ′(φ)]

2
)
. (3.9)

Inserting these results into (3.7) we arrive at

6 [σ′(φ)]
2

= −Λ
r2

4M3
,

3σ′′(φ) =
r

4M3
[VIR δ(φ− π) + VUV δ(φ)] .

(3.10)

From the first equation in (3.10) one deduces directly that a non-trivial solution σ 6= const. is
just possible for a non-vanishing 5D cosmological constant Λ 6= 0. The general solution which
is consistent with the orbifold symmetry reads2

σ(φ) =

√
−Λ

24M3
r |φ| . (3.11)

This function, featuring periodic BCs σ(φ) = σ(φ+ 2π), has kinks at φ = 0, π, see Figure 3.2,
leading to δ-distributions in the second derivative. These contributions have to be compensated

2Note that we have not included an unobservable additive constant in the solution, which could be absorbed
into a redefinition of the 4D coordinates xµ, moreover the ambiguity in the sign does not change the physical
setup, since it just corresponds to interchanging the branes.
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Figure 3.2: Periodic solution for the exponent of the warp factor (schematically).

by the brane vacuum energies, when inserting the solution into the second equation in (3.10),
which requires

VUV = −VIR = 24M3k . (3.12)

Here, we have defined the RS-curvature

k ≡
√
−Λ

24M3
, Λ = −24M3k2 . (3.13)

The brane tensions and the 5D cosmological constant are now linked in such a way, that
the resulting 4D effective cosmological constant vanishes. This makes the 4D universe static
and flat, consistent with the ansatz respecting 4D Poincaré invariance. In the RS model, the
cosmological constant problem can be reformulated into the question why the brane tensions
exactly cancel the 5D cosmological constant, a fact that has been put in by hand when choosing
the ansatz. Remember that without the brane tensions, just the trivial solution σ = const.
would be consistent with a vanishing 4D cosmological constant, which would not allow for a
solution to the gauge hierarchy problem. The explicit RS metric is now given by (3.1) with

σ(φ) = kr |φ| . (3.14)

Due to the non-vanishing 5D cosmological constant, the extra dimension has a finite curvature
within the vacuum. Therefore RS models are also called warped extra dimensions. The
setup is shown in Figure 3.3. The factor e−kr|φ|, which describes the change of length scales
when moving along the extra dimension is accordingly called warp factor. It is just the large
curvature, which will allow for a solution to the gauge hierarchy problem. For the consistency
of the solution, the 5D cosmological constant has to be negative, resulting in an AdS5 space.
Furthermore, note that the curvature has to be smaller than the fundamental Planck scale of
the setup. At this point, the theory possesses three fundamental scales (M,k, r) which, for
naturalness reasons, should all be of the same order. Indeed, this will turn out to be possible.

3.1.3 The Planck Scale

Let us now explore how the effective (4D) Planck scale MPl, that we observe, arises from the
fundamental scale M of the RS model. Since we assume the extra dimension to be unresolvable
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AdS5

L<0VUV>0 VIR<0

SMgravity

TeVPlanck

Φ=ΠΦ=0

ds2 = e−2kr|φ|ηµν dxµdxν − r2dφ2

Figure 3.3: The Randall-Sundrum setup corresponds to a five dimensional anti-de Sitter space
with a non-factorizable metric, bounded by two four dimensional sub-manifolds, the Planck
brane and the TeV brane. The vacuum energies are adjusted such that the effective four
dimensional cosmological constant vanishes. See text for details.

directly by gravity experiments in the intermediate future, we will use an 4D EFT description.
We extend the metric (3.1) by massless fluctuations around the vacuum solution, which will
provide the right degrees of freedom to describe gravity at low energies [158]

ds2 = e−2kb̄(x)|φ| [ηµν + h̄µν(x)
]
dxµdxν − b̄2(x)dφ2 . (3.15)

Here, h̄µν(x) corresponds to the massless zero mode in the KK decomposition of the (spin-2)
graviton and is the graviton of the 4D effective theory with a wave function ψ(φ) ∼ e−2kr|φ| in
the extra dimension, see also [159]. The effects of the massive KK excitations are suppressed at
low energies by powers of the NP scale (see Appendix A.4) which will be above the TeV scale,
see (3.32) below. Locally, (3.15) is identical to the vacuum solution (3.1), given that h̄µν(x)
and b̄ are smooth functions. We did not include a term Aµdx

µdφ, corresponding to vector
fluctuations, since these off-diagonal fluctuations will be heavy and thus not part of the EFT
[158]. Gφφ(x) ≡ b2(x) corresponds to the radion, its zero mode b̄(x) determines the radius of
the extra dimension. A priori, it is massless, since the radius, which we have fixed so far just
at r, does not possess a potential in the first place. However, from the phenomenology side,
this would not be acceptable, since a massless radion would lead to a measurable violation
of the equivalence principle. It is essential that b̄(x) can be stabilized at a VEV of

〈
b̄
〉

= r
and obtain a mass of at least 10−4 eV [158]. This can be achieved due to the Goldberger-Wise
mechanism [160] by introducing a new scalar field in the bulk. A radius which is in agreement
with the solution to the gauge hierarchy problem can be reached without much fine tuning
of parameters. In the following we assume that a mechanism a la Goldberger and Wise is at
work and replace b̄ by its VEV r.

Inserting (3.15) into the action (3.5) one can, on the one hand, explicitly verify that the
effective four dimensional cosmological constant vanishes Λ4 = 0 and that the graviton zero
mode has no effective potential. On the other hand, one deduces from the curvature term,
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written in terms of the effective 4D metric

ḡµν(x) ≡ ηµν + h̄µν(x) , (3.16)

how the reduced effective (4D) Planck scale M̄Pl ≈ 2× 1018 GeV emerges from the (reduced)
fundamental scale M of the theory [158]. 3

M̄2
Pl =

M3

k

[
1− e−2krπ

]
. (3.17)

For L ≡ krπ � 1, which will be necessary to solve the gauge hierarchy problem, the second
term becomes unimportant and we observe that M̄Pl only depends very weekly on the com-
pactification radius r, in contrast to the ADD setup. Not wanting to produce large hierarchies
between the input parameters of the theory, one sets

r−1 . k ∼M , (3.18)

which leads to an effective Planck mass of the order of the fundamental scale of the RS model

M̄Pl ∼M . (3.19)

In consequence, this scale is expected to be M ∼ 1018 GeV and not around the electroweak
scale like in the ADD scenario. In the next section we discuss how the gauge hierarchy problem
can be solved in such a completely natural setup. From (3.17) it follows that M̄Pl stays finite
even in the limit r →∞! This setup has been worked out in [161].

3.1.4 Solution to the Gauge Hierarchy Problem

So far the RS model just contains fundamental scales which reside at MPl. Let us now see
how, under this assumption, a Higgs-boson mass around the scale MEW can arise and can be
radiatively stable. Therefore, consider a fundamental Higgs scalar on the IR brane (φ = π).
The corresponding action reads

SIR ⊃
∫
d4x r

∫ π

−π
dφLHiggs , (3.20)

where, in analogy to (1.19)

LHiggs = δ(|φ| − π)

√
G

r2

[
Gµν(DµΦ)† (DνΦ)− V (Φ)

]
, V (Φ) = −µ2

5Φ†Φ +
λ5

2

(
Φ†Φ

)2
.

(3.21)
Here,

√
G denotes the square root of the determinant of the complete 5D metric. Note that

Gµν(x
µ, φ = π) ≡ ḡIRµν (xµ). Moreover, we have already switched to a notation which suggests

that in principle the fields of the theory are 5D bulk fields, making the IR localization of the
Higgs sector explicit via the δ-distribution. The form of the Higgs doublet Φ(x) is identical

3Note that this relation can also be obtained by studying the interaction of the gravity zero mode with
matter.
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with the one given in (1.20) with however v replaced by v5. Here, and above, the subscripts
5 denote that the input parameters are those of the fundamental (5D) theory with the metric
(3.15) and before integrating out the extra dimension. Due to naturalness arguments, we
assume v5 . MPl. First we rewrite the Higgs potential in terms of the VEV v5 =

√
2µ2

5/λ5 as

V (Φ) =
λ5

2

(
Φ†Φ− v2

5

2

)2

, (3.22)

where we have dropped a, for our discussion irrelevant, constant term. Evaluating (3.20) with
the RS metric (3.15) and performing the integral over the extra dimension, we arrive at

SIR ⊃
∫
d4x
√−ḡ e−4krπ

{
e2krπḡµν(DµΦ)† (DνΦ)− λ5

2

(
Φ†Φ− v2

5

2

)2
}
. (3.23)

In order to obtain a canonically normalized 4D Higgs doublet, we have to perform a wave-
function renormalization Φ→ ekrπΦ, which leads to the 4D action

Seff ⊃
∫
d4x
√−ḡ

{
ḡµν(DµΦ)† (DνΦ)− λ5

2

(
Φ†Φ− e−2krπ v

2
5

2

)2
}
. (3.24)

Looking at the last term, we see that a remarkable thing has happened. The fundamental
Higgs VEV v5 gets rescaled by the (quadratic) warp factor e−2krπ, such that the effective (4D)
VEV, which sets the mass scale of the 4D theory, reads

v = e−krπv5 . (3.25)

Such a relation holds for any fundamental mass parameter m5 present in the 5D theory.
Measured on the IR brane, with the metric of the effective 4D theory ḡµν , it will correspond
to a physical mass of m = e−krπm5. Note that also µ5 gets rescaled according to µ = e−krπµ5,
whereas dimensionless parameters will not receive such a rescaling λ5 = λ. In consequence,
starting from a fundamental Higgs VEV of v5 . k . MPl, slightly below its natural Planck-
scale value, one arrives at an effective 4D VEV of v ∼MEW by choosing

L ≡ krπ ≈ 37 . (3.26)

The same holds true for the Higgs mass, where mh5 . k . MPl results in a (4D) mass for the
Higgs boson of

mh = e−Lmh5 ∼MEW . (3.27)

Note that the fundamental Higgs mass should be slightly below the Planck scale, because oth-
erwise the Higgs boson would be heavier than the KK excitations of the model, see below. The
question about the huge size of the hierarchy between MPl and MEW which was reformulated
into the question why R�M−1

Pl in the ADD setup has now been tamed to the question why
the size of the extra dimension, in units of the inverse curvature, is moderately larger than
one (L > a few).

In summary, one can choose the radius of the extra dimension to be not far above the
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inverse RS curvature r/k−1 ∼ O(10), in order to generate the huge hierarchy between the
Planck scale and the electroweak scale, due to the exponential warp factor

ε ≡ e−L ≈ 10−16 ≈ MEW

MPl

, (3.28)

which arises naturally when solving Einstein’s equations. The gauge hierarchy problem is thus
solved in the AdS5 background by gravitational red shifting, see Figure 3.4. The corresponding
brane separation can be stabilized by a Goldberger-Wise mechanism, as discussed before. Thus
all the dimensionful scales of the RS model are within 1-2 orders of magnitude

v5 ∼M ∼ 1/r ∼ k ∼MPl . (3.29)

Note that many observables in warped extra dimensions are enhanced by the “volume factor”
L. It is important that the Higgs mass (3.27) does not receive large corrections at the quantum
level. For the following discussion, let us already generalize the RS setup, and allow also gauge
bosons and fermions to propagate into the bulk. We will see that this does not spoil the solution
to the gauge hierarchy problem.

The absence of large corrections to the Higgs-boson mass is automatically secured in the
RS setup, since, from a 5D point of view as well as from a 4D point of view, this mass is just
below the cutoff of the RS model. Note that the RS model has to be defined with a cutoff (also
in the presence of gauge couplings only) since, being a QFT in more than four dimensions, it
possesses gauge couplings with negative mass dimension, see (3.39). Thus, it is not expected
to be the final theory of nature. It makes only sense as an EFT, see sections 1.1.6 and A.4,
and needs a UV completion like string theory. The 5D cutoff of the RS model is given by a
scale Λ5 ∼ MPl. This translates into a cutoff for the 4D theory, depending on the position in
the extra dimension, of

ΛUV(φ) = e−kr|φ|Λ5 , (3.30)

where we have used the generic suppression of fundamental mass scales by the warp factor, seen
above. In loop diagrams containing general bulk fields, the 4D momentum flow in a propagator
has to be cut off at a scale, defined by the position-dependent cutoff ΛUV(φ) evaluated at
the adjacent vertices. In addition, energy-momentum conservation has to be considered. A
sensible prescription to choose one of the two possible cutoff scales for a propagator in the bulk
thus is to use φ=max(φ1, φ2), where φ1,2 are the coordinates in the extra dimension, belonging
to the adjacent vertices. For further details, including the renormalization of the Green’s
functions, see [162]. For the case of an IR-brane localized Higgs sector, these considerations
lead to a cutoff for the leading corrections to the Higgs-boson mass of

ΛUV(π) = εΛ5 = O(some TeV) (3.31)

in the 4D theory, solving the large gauge hierarchy problem (however still leaving a little
hierarchy problem for the case of a light Higgs boson, see below). This holds independently of
the localization of the other fields. Possible corrections of heavier particles will be effectively
cut off at this scale. ΛUV(π) is the scale around which gravity becomes strongly coupled for
an 4D observer on the IR brane and at which the RS effective field theory is expected to be
replaced by something else like string/M-theory. This theory would then have to answer the
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question how the warped space comes about. In this context, it is interesting to know that
higher dimensional spaces with warp factors arise naturally in flux compactifications of string
theory [163, 164, 165, 166], see also [167, 168]. The effective mass scales on the UV and IR
branes, resulting from fundamental scales of O(MPl), also explain their names - the Planck
brane and the TeV brane. Since the masses of the fermions and gauge bosons are protected by
symmetries, as discussed before, a large cutoff will not lead to large masses in these sectors.
As we will explain below, the solution to the gauge hierarchy problem in RS, due to a higher-
dimensional space-time with a non-trivial metric, is related to the technicolor/strong-coupling
ideas of Section 1.2.1 via the AdS/CFT correspondence, with the Higgs-boson being composite.

3.1.5 The Standard Model Propagating into the Bulk

While in the original RS setup the whole SM was assumed to be localized on the TeV brane,
we have seen that the solution to the gauge hierarchy problem will not be spoiled if gauge
bosons [169, 170, 171, 172] and matter fields [172, 173] are allowed to propagate into the
extra dimension, see Figure 3.4. In particular, this makes constraints from higher dimensional
operators, like those mediating proton decay or FCNCs, less problematic. As the RS model
is an EFT, there is no reason not to consider such operators. While the cutoff for an IR-
brane localized Higgs sector ΛUV(π) will be in the sought TeV range, operators of fields that
propagate into the extra dimension will have a larger suppression factor ΛUV, that depends
on their localization. The more UV localized the fields are, the higher is the generic cutoff.
This naturally results in different suppressions for different operators, e.g. for those leading
to proton decay and those mediating meson mixing, a pattern which could well be realized
in nature, see Section 1.1.6. Bulk fermions further offer the interesting possibility to address
the observed hierarchies within the flavor sector via geometrical sequestering [151]. Starting
from anarchical fundamental Yukawa couplings, as defined in Section 1.2.2, the large mass
hierarchies of the SM fermions are generated naturally by localizing them differently in the
fifth dimension, without the need to build in hierarchies in the input parameters by hand
[173, 172, 174, 175]. These are generated due to exponentially enhanced differences in the
fermion-Higgs couplings, due to the warp factor. In consequence, small mixing angles in the
CKM matrix are generated automatically [175], since the scenario is in complete analogy to
the Froggatt Nielsen mechanism, see Section 3.2.3. As a by-product, this way of generating
fermion hierarchies implies an explicit suppression of dangerous FCNCs within the RS model
for processes involving light quarks. The UV localization of these quarks results in small
couplings to KK modes which mediate FCNCs already at the tree level [172]. This suppression
is called RS-GIM mechanism [176, 177], in analogy to the GIM mechanism within the SM,
which both share some features, see below. Importantly, bulk fermions mitigate significantly
the RS corrections to the Peskin-Takeuchi S parameter, that arise through de-localized W±

and Z bosons [172, 178, 179, 180]. The remaining sizable corrections to the T parameter will
be studied in more detail below in Section 3.3. This RS setup, with the SM in the bulk, is
the model that we will study in this thesis. We will call this setup, featuring the SM gauge
group, the minimal RS model, in discrimination from the extension to the custodial RS model,
which will be introduced later. The Higgs boson may only leave the region of the IR brane if
one wants to give up the idea of solving the gauge hierarchy problem in RS or if one includes
another mechanism to stabilize the weak scale, see Section 1.2.1.
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With the SM (besides the Higgs sector) in the bulk, also the gauge bosons and fermions will
develop KK excitations. These will turn out to be localized close to the TeV brane, see Figure
3.6 below. The mass scale for the lightest of these excitations (as well as for KK gravitons),
will also be set by the warp factor and is called the “KK scale”

MKK ≡ kε = k e−L = O(TeV) , (3.32)

see sections 3.2.1 and 3.2.2. The zero modes of the KK towers will correspond to the “SM-
fields” we observe at low energies.4 The KK excitations however, will correspond to BSM
physics and their mass scale MKK will set the NP scale.5 For instance, the masses of the first
KK photon and gluon will turn out to be approximately 2.45MKK. In contrast to the ADD
model, the masses of the excitations are thus not given by the inverse compactification radius.
This makes these modes in principle observable at colliders like the LHC, a big advantage
compared to usual string theory, where the compactification radius as well as the mass of the
string excitations are both expected to be around the Planck scale. The explicit form of the
profiles and masses of the SM fields and their KK excitations in the RS setup will be given
in the next sections. Note that the possibility to generate (KK) particle masses due to a
compactified extra dimension without a Higgs sector also lead to the construction of Higgsless
models of EWSB [181, 182, 183, 184, 185]. The breakdown of unitarity in longitudinal W±

scattering in these models is raised by the exchange of KK towers of gauge bosons. Moreover,
the presence of (4D) scalar degrees of freedom in higher dimensional gauge fields offers the
possibility to achieve EWSB by supplying these components with a VEV [186, 187, 188, 189],
see also [136]. The gauge symmetry then protects the mass of the Higgs component of the
gauge field. This corresponds to an alternative option to extend the Poincaré group trivially
by adding dimensions, in order to protect the Higgs sector The scalars and the (4D) gauge
fields are then linked by the 5D Poincaré group (c.f. SUSY).

After having introduced the basic properties of KK modes within the RS setup, let us
again study gravity. The weakness of gravity in the RS setup is reflected by the exponential
localization of the graviton zero mode close to the UV brane (3.15), see Figure 3.4, which leads
to dimensionful couplings, suppressed by the Planck scale MPl & M . The KK excitations of
the graviton will however be localized near the IR brane and thus their couplings will be
enhanced by the warp factor, which, after solving the gauge hierarchy problem, will lead to
a coupling, suppressed by the weak scale only [159]. As a consequence, from the 4D point of
view of an observer sitting on the IR brane, gravity will become strong already at the weak
scale. This reason for gravity becoming strong at the TeV scale - unsuppressed couplings
of single IR localized KK gravitons with TeV masses - should be contrasted with the huge
multiplicity of Planck-scale suppressed KK-graviton couplings in the ADD model. The fact
that KK gravitons in the RS setup have masses above MKK removes nearly completely the
constraints from cosmology and astrophysics, see Section 2.2.2. Furthermore their stronger
coupling makes them, in principle, directly observable as decaying spin-2 resonances at colliders
like the LHC.

4Although they can receive non-vanishing masses via couplings to the Higgs sector, we will still call the
lightest modes with masses mn �MKK zero modes.

5Note that, after going to the mass basis, also the couplings of the zero mode sector will be changed with
respect to the SM, due to mixings with the KK excitations.
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AdS5

FHxLgravity
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m5 e−Lm5

Figure 3.4: Setup of the minimal Randall-Sundrum model. The gauge hierarchy problem is
solved since mass scales on the TeV brane, where the Higgs sector is localized, are suppressed
by the warp factor. The warping is described by the profile of the massless graviton, depicted
by the exponential line.

Let us finally have another look at the corrections to the Higgs-boson mass in the 4D
theory. From naive dimensional analysis we conclude that the residual corrections in the RS
model scale like

δm2
h ∼

Λ2
UV(π)

16π2

Λ2
UV(π)

M2
KK

. (3.33)

These corrections grow like the fourth power of the UV cutoff, not like the second one as in
4D. Thus, the “little hierarchy problem” in RS is in general more severe than in standard 4D
extensions of the SM. These considerations favor a heavy Higgs boson, not too far below the
cutoff. Indeed, it will turn out that electroweak precision tests within the minimal RS model,
studied at the tree level, also prefer a heavy Higgs boson mh & 500 GeV, see Section 3.3.
However, since we have not seen strong hints for KK excitations below the TeV scale so far,
the resulting UV cutoff of at least some TeV still results in a fine tuning at the per cent level
for a heavy Higgs-boson and even worse for a light Higgs of mh ∼ O(100) GeV.

The discussion above can also be summarized from another point of view. By virtue
of the AdS/CFT correspondence [190, 191, 192], a 5D gravitational theory in anti de-Sitter
space is dual to a strongly coupled 4D conformal field theory (CFT). For the case of the
RS setup, with the conformal symmetry being broken on the IR brane, implications of this
correspondence have been studied e.g. in [168, 193, 194, 195]. A recent review can be found
in [196].6 Holography implies that 5D fields living near the IR brane correspond to composite
objects in the CFT, whereas fields living near the UV brane correspond to elementary particles.
In the RS setup, where the Higgs sector is localized on (or close to) the IR brane, the Higgs
boson thus can be thought of as a composite object of the strongly coupled sector [198, 199],
whose compositeness scale and mass is naturally of the order of the scale of the IR brane
ΛUV(π) & MKK. This may be different in models of gauge-Higgs unification, which we will not

6Note that by applying the AdS/CFT duality (approximative) to low energy QCD, one can still use warped
5D models as mathematical tools to calculate corresponding observables in a weakly coupled theory, even if
nature would turn out to be four dimensional. For a review on these aspects, see [197].
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study in this thesis. In this sense, a light Higgs boson with mh � MKK would be unnatural
in the RS models studied here. Along the same lines, the SM-fields propagating into the bulk
correspond to elementary particles up to much higher scales. In this language, a bulk SM has
the advantage that many observables can be calculated within the weakly coupled RS setup
with less sensitivity on the details of the compositeness (i.e., UV completion of the RS EFT).

3.2 The Minimal Randall-Sundrum Model: The SM in

a Slice of AdS5

After this general overview we will now study in detail the theory of the SM field content
propagating into a warped extra dimension, in the presence of a brane-localized Higgs sector.
First, we will discuss gauge fields in the bulk. After that, we will move on to bulk fermions
and study the generation of the hierarchies in the fermion sector as discovered in nature.
By constructing solutions to the bulk EOMs, subject to boundary conditions given by the
couplings to the scalar sector, we obtain exact results for the masses and profiles of the SM
fields and their KK excitations. This will pay off in the following discussion of interactions
between fermions and gauge bosons as well as in studying interactions with the Higgs boson,
where in all cases we will give simple analytic formulae for the couplings. Proceeding in this
way we can then clearly distinguish between leading and subleading terms. At the end of
this section, we will have a first look at the phenomenology of the RS model. Rather large
corrections to electroweak precision observables will serve as a motivation to extend the gauge
group of the minimal RS model. The following discussion is based on [1].

3.2.1 The Gauge Sector

In this section we study the SM gauge group in the warped RS background, incorporating the
gauge fixing in a covariant Rξ-gauge. We will focus on the electroweak sector as the gener-
alization to the SU(3)c gauge group is straightforward. The starting point for the following
discussion is the electroweak gauge sector of the SM, as given in Section 1.1.1.

Action of the 5D Theory

When generalizing the SM gauge sector to a five dimensional theory in a slice of AdS5, we
still want to keep the low energy sector of this theory similar to the SM version. Therefore we
start from the SM action corresponding to the symmetry group SU(2)L×U(1)Y (1.13) (for the
time being, without the gluon part), account for the additional dimension in the space-time
integral and the non-trivial metric, and simply replace the gauge fields by five dimensional
versions, i.e., five-component vector fields

Bµ → BM ,

W a
µ → W a

M .
(3.34)

As we later want to study a 4D theory, we will decompose the 5D vectors above into repre-
sentations of the 4D Lorentz group, the vector Bµ and the scalar Bφ, which do not mix under
4D Lorentz transformations, and similar for the other gauge fields. In order to arrive at a low
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energy spectrum that contains just SM-like fields and will be to leading order identical to the
SM, we have to take care that the φ-components of the 5D gauge fields do not enter the low
energy theory. We thus choose the scalar components to be odd under the Z2 orbifold sym-
metry, and supply them with Dirichlet BCs, so that they will not possess light (or massless)
modes, see below.7 The vector components W a

µ and Bµ however have to be even under Z2 and
obey Neuman BCs. We arrive at

Sgauge =

∫
d4x r

∫ π

−π
dφ
(
LB,W + LHiggs + LGF + LFP

)
, (3.35)

where the Lagrangian of the 5D gauge theory reads

LB,W =

√
G

r
GKMGLN

(
−1

4
BKLBMN −

1

4
W a
KLW

a
MN

)
. (3.36)

The field-strength tensors are defined in analogy to the usual 4D definitions (1.14) by replacing
four-component indices with five-component ones. The action (3.35) is invariant with respect
to 5D gauge transformations, which are also in complete analogy to the 4D gauge transforma-
tions introduced in (1.4), see also [162]. Note that, due to the higher dimensional space-time,
the gauge fields now have mass dimension D = 3/2.

In order to achieve EWSB, we couple these fields to a Higgs sector, which is localized on
the IR brane. We know that this sector has to be localized close to the IR brane in order to
solve the gauge hierarchy problem, so we assume it to be defined directly on the brane for
simplicity. This enables us to obtain exact solutions by accounting for the Higgs couplings via
BCs. The corresponding Lagrangian LHiggs has already been given in (3.21), before evaluating
the RS metric and performing the wave-function renormalization of the Higgs Field. After
these operations and replacing fundamental parameters with 4D parameters according to
(3.25) and below, we obtain

LHiggs =
δ(|φ| − π)

r

[
(DµΦ)† (DµΦ)− V (Φ)

]
, V (Φ) = −µ2Φ†Φ +

λ

2

(
Φ†Φ

)2
. (3.37)

After EWSB, the Higgs doublet can be decomposed in terms of the four real scalar fields ϕi,
i = 1, 2, 3 and h, exactly like in (1.20). Note that, although the parameters in the RS model
have the same names as the corresponding SM ones, the exact values might differ. For example
the relation between the Higgs VEV and the W±-boson or Z-boson (zero mode) mass will get
corrections, suppressed by the NP scale MKK, and thus the extracted Higgs VEV will differ
from the SM value. While for MKK & 3 TeV, the correction is about . 1%, for lower scales
it can become important and exceeds 5% for MKK = 1 TeV. Anyway, as the effect appears
already at O(v2/M2

KK) one should include it [200], see below.
In order to diagonalize the 5D mass terms resulting from (3.37), we perform the usual

redefinitions of the gauge fields

W±
M =

1√
2

(
W 1
M ∓ iW 2

M

)
,

7In the models of gauge-Higgs unification mentioned before, it is just such scalar components of gauge fields
that are taken as candidates for a Higgs field.
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ZM =
1√

g2
5 + g′25

(
g5W

3
M − g′5BM

)
, (3.38)

AM =
1√

g2
5 + g′25

(
g′5W

3
M + g5BM

)
,

where g5 and g′5 are the 5D gauge couplings of SU(2)L and U(1)Y , respectively. These have

mass dimension D[g
(′)
5 ] = −1/2 since interaction operators between two fermion fields and a

gauge-boson field have mass dimension D = 11/2 in five dimensional space-time. Introducing
4D gauge couplings (see Section 3.2.4)

g =
g5√
2πr

, (3.39)

and similar for the other gauge couplings [169], we see that these field redefinitions are just
like in the SM (1.22). Consequently, the definition of the weak mixing angle between the 5D
fields,

sin θw =
g′5√

g2
5 + g′25

=
g′√

g2 + g′2

cos θw =
g5√

g2
5 + g′25

=
g√

g2 + g′2
,

(3.40)

agrees with the one of the SM (1.23). In analogy to (1.26), the 5D covariant derivative in this
mass basis, including QCD for completeness, reads

DM = ∂M − i
g5

cos θw

(
T 3 − sin2 θwQ

)
ZM − ie5QAM − i

g5√
2

(
T+W+

M + T−W−
M

)
− igs,5 taGa

M ,

(3.41)
with Q defined as in (1.28). Evaluating the four-vector part of this expression, acting on the
Higgs doublets in (3.37), we see that the bulk gauge fields W± and Z get “masses”

MW =
vg5

2
, MZ =

v
√
g2

5 + g′25
2

, (3.42)

while the photon remains massless (MA = 0). This is again in complete analogy to the
mechanism of EWSB in the SM with the symmetry breaking sector now localized at the
boundary of an extra dimension. However, note that the mass parameters MW and MZ now
have mass dimension D = 1/2.

The kinetic term for the Higgs field contains mixed terms of the gauge bosons and the
scalar fields ϕ± and ϕ3. They can be read off from

DµΦ =
1√
2

(
−i
√

2
(
∂µϕ

+ +MW W+
µ

)

∂µh+ i (∂µϕ
3 +MZ Zµ)

)
+ terms bi-linear in fields . (3.43)

Moreover, the kinetic terms for the gauge fields in (3.36) comprise mixed terms consisting of
the gauge boson vector fields and their scalar components W±

φ , Zφ, and Aφ. We remove all of
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these mixed terms with a suitable choice of the gauge-fixing Lagrangian (cf. (1.63))

LGF = − 1

2ξ

(
∂µAµ − ξ

[
∂φ e

−2σ(φ)Aφ
r2

])2

− 1

2ξ

(
∂µZµ − ξ

[
δ(|φ| − π)

r
MZ ϕ

3 +
∂φ e

−2σ(φ)Zφ
r2

])2

− 1

ξ

(
∂µW+

µ − ξ
[
δ(|φ| − π)

r
MW ϕ+ +

∂φ e
−2σ(φ)W+

φ

r2

])

×
(
∂µW−

µ − ξ
[
δ(|φ| − π)

r
MW ϕ− +

∂φ e
−2σ(φ)W−

φ

r2

])
.

(3.44)

Note that each term above could be written with a different gauge-fixing parameter ξi, however,
without loss of generality, we will choose them to be equal. Moreover, there is no problem
in squaring the δ-distributions in the expression above. As we will see below, the derivatives
of the scalar components of the gauge fields W±

φ and Zφ also contain δ-distributions, which
exactly cancel the δ-distributions from the Higgs sector. In consequence, we do not have to
introduce separate gauge-fixing Lagrangians in the bulk and on the IR brane as done in [201].

After integration by parts, the quadratic terms in the action finally become

Sgauge,2 =

∫
d4x r

∫ π

−π
dφ

{
− 1

4
FµνF

µν − 1

2ξ
(∂µAµ)2

+
e−2σ(φ)

2r2
[∂µAφ∂

µAφ + ∂φAµ∂φA
µ]− ξ

2

[
∂φ e

−2σ(φ)Aφ
r2

]2

− 1

4
ZµνZ

µν − 1

2ξ
(∂µZµ)2 +

e−2σ(φ)

2r2
[∂µZφ∂

µZφ + ∂φZµ∂φZ
µ]

− 1

2
W+
µνW

−µν − 1

ξ
∂µW+

µ ∂
µW−

µ +
e−2σ(φ)

r2

[
∂µW

+
φ ∂

µW−
φ + ∂φW

+
µ ∂φW

−µ] (3.45)

+
δ(|φ| − π)

r

[
1

2
∂µh∂

µh− λv2h2 + ∂µϕ
+∂µϕ− +

1

2
∂µϕ

3∂µϕ3 +
M2

Z

2
ZµZ

µ +M2
W W+

µ W
−µ
]

− ξ

2

[
δ(|φ| − π)

r
MZ ϕ

3 +
∂φ e

−2σ(φ)Zφ
r2

]2

− ξ
[
δ(|φ| − π)

r
MW ϕ+ +

∂φ e
−2σ(φ)W+

φ

r2

][
δ(|φ| − π)

r
MW ϕ− +

∂φ e
−2σ(φ)W−

φ

r2

]
+ LFP

}
.

The Faddeev-Popov ghost Lagrangian LFP will not be needed for the following derivations.
Its form will however be discussed after the KK decomposition.

Before proceeding, we have to explain the precise definition of the δ-distributions above.
For the consistency of the 5D gauge theory, it is important that we can integrate by parts in
the action without encountering boundary terms. Otherwise the Lagrangian is not hermitian
as required by unitarity, see Section 1.1.1. However, the presence of δ-distribution terms at
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0-Η

Figure 3.5: Regularized δ-distribution (schematically). See [2] and text for details.

the IR boundary gives rise to discontinuities of some of the fields at |φ| = π, which seems to
jeopardize this important feature. In order to avoid this problem, we will always regularize the
δ-distributions by moving them infinitesimally into the bulk. When treating fermions, we will
also have to furnish them with a finite width. We will thus view the δ-distribution as the limit
η → 0 of a sequence of regularized functions δη(x) with support on the interval x ∈ [−η, 0],
see Figure 3.5. This limit is understood in the weak sense such that

lim
η→0+

∫ +∞

−∞
dx δη(x)f(x) = f(0) , (3.46)

for all test functions f(x), i.e., smooth functions having compact support.
It turns out that for the gauge boson sector, we can take the limit of the width approaching

zero from the beginning, nevertheless still keeping the δ-distribution infinitesimally away from
the brane. The orbifold symmetry thus leads to the definition

δ(|φ| − π) ≡ lim
η→0+

1

2

[
δ(φ− π + η) + δ(φ+ π − η)

]
. (3.47)

As a consequence, the discontinuities are moved into the bulk and we can assign standard
BCs to the fields on the branes, being consistent with integration by parts (without boundary
terms). All calculations are performed at small but finite η and in the end the (smooth) limit
η → 0+ is taken, giving rise to well-defined jump conditions for Z2-odd functions on the IR
brane. We will use the notation f(π−) ≡ limη→0+ f(π − η) to specify the value of a function
which is discontinuous at |φ| = π. For bulk fermions, however, it will turn out that we have
to work with a finite width in the course of calculating the spectrum. The reason is, that in
this sector, the δ-distributions multiply functions which feature discontinuities (in the limit
η → 0) within the support of the δ-distributions, see Section 3.2.2.

Kaluza-Klein Decomposition

We now perform a KK decomposition of the various 5D gauge fields. Not being able to
probe directly the extra dimension, it is sensible to choose a 4D description by decomposing
the fields into components, just depending on the non-compact 4D space-time, supplied with
profile functions, depending on φ. Thus, after performing the integral over the fifth dimension,
we will end up with an effective 4D theory containing infinite towers of (massive) 4D fields,
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as discussed in Section 2.2.2. The zero mode sector has to correspond (to LO) to the SM, as
the low-energy tail of the NP model.

In the spirit of performing a Fourier decomposition, we decompose the 4D-Lorentz vector
(scalar) components of the 5D boson fields with respect to the complete set of (derivatives
of) even functions on the orbifold χan(φ), a = A,Z,W , which can be taken to obey the
orthonormality conditions ∫ π

−π
dφχam(φ)χan(φ) = δmn . (3.48)

The Fourier coefficients, still depending on xµ, will then correspond to standard 4D gauge
fields. We write

Aµ(x, φ) =
1√
r

∑

n

A(n)
µ (x)χAn (φ) , Aφ(x, φ) =

1√
r

∑

n

aAn ϕ
(n)
A (x) ∂φ χ

A
n (φ) ,

Zµ(x, φ) =
1√
r

∑

n

Z(n)
µ (x)χZn (φ) , Zφ(x, φ) =

1√
r

∑

n

aZn ϕ
(n)
Z (x) ∂φ χ

Z
n (φ) ,

W±
µ (x, φ) =

1√
r

∑

n

W±(n)
µ (x)χWn (φ) , W±

φ (x, φ) =
1√
r

∑

n

aWn ϕ
±(n)
W (x) ∂φ χ

W
n (φ) ,

(3.49)

where the Kaluza Klein modes A
(n)
µ etc. are already the correct 4D mass eigenstates and thus

no further transformation to the mass basis is necessary.
The 4D scalar fields can also be expanded in the basis of mass eigenstates as

ϕ±(x) =
∑

n

bWn ϕ
±(n)
W (x) , ϕ3(x) =

∑

n

bZn ϕ
(n)
Z (x) . (3.50)

The masses of the 4D vector fields will be denoted by ma
n ≥ 0 (with a = A,Z,W ) and those

of the scalar fields ϕ
(n)
a are related to them by gauge invariance. Just as the scalar Goldstone

bosons of the Higgs sector provide the longitudinal degrees of freedom for the massive gauge
bosons (see Section 1.1.2), the scalar components of the 5D gauge fields provide the degrees
of freedom for the 4D vector KK fields to become massive. After EWSB those fields will mix.
The similar role that they play is reflected in the gauge fixing Lagrangian (3.44).

The EOMs which determine the form of the profiles χan can be obtained e.g. by inserting
the decompositions (3.49) into the action and demanding that the 4D theory, after performing
the integral over the unresolvable fifth dimension, looks like a standard 4D theory of (massive)
gauge bosons (and scalar “Goldstone” bosons). We find [169, 170]

− 1

r2
∂φ e

−2σ(φ) ∂φ χ
a
n(φ) = (ma

n)2 χan(φ)− δ(|φ| − π)

r
M2

a χ
a
n(φ) . (3.51)

As we work with a compact extra dimension with boundaries, we have to specify the BCs for
our profiles. Integrating (3.51) over an infinitesimal interval across the orbifold fixed points
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and keeping in mind that the functions χan have even Z2 parity one arrives at

∂φ χ
a
n(0) = 0 (UV brane) ,

∂φ χ
a
n(π−) = −rM

2
a

2ε2
χan(π) (IR brane) .

(3.52)

The IR BCs determine the mass eigenvalues ma
n of the gauge-boson mass-eigenstates. Already

the lightest modes of the W± and Z bosons receive finite masses ma
n ∼ v, due to the couplings

to the Higgs sector, reflected by Ma > 0, a = W,Z. Note that Z2-odd profiles, obeying
canonical Dirichlet BCs, do not posses zero modes, i.e., they have no solution with ma

n = 0 (or
ma
n ∼ v after EWSB). Their lightest modes will develop masses of the order of O(MKK). This

holds in particular for the scalar components of the gauge fields, that have profiles proportional
to the derivative of the vector components. However, they can still mix with light modes like
the Goldstone bosons from the Higgs sector.

In the end the bilinear gauge-boson action takes the desired form

Sgauge,2 =
∑

n

∫
d4x

{
− 1

4
F (n)
µν F

µν(n) − 1

2ξ

(
∂µA(n)

µ

)2
+

(mA
n )2

2
A(n)
µ Aµ(n)

− 1

4
Z(n)
µν Z

µν(n) − 1

2ξ

(
∂µZ(n)

µ

)2
+

(mZ
n )2

2
Z(n)
µ Zµ(n)

− 1

2
W+(n)
µν W−µν(n) − 1

ξ
∂µW+(n)

µ ∂µW−(n)
µ + (mW

n )2W+(n)
µ W−µ(n)

+
1

2
∂µϕ

(n)
A ∂µϕ

(n)
A −

ξ(mA
n )2

2
ϕ

(n)
A ϕ

(n)
A +

1

2
∂µϕ

(n)
Z ∂µϕ

(n)
Z −

ξ(mZ
n )2

2
ϕ

(n)
Z ϕ

(n)
Z

+ ∂µϕ
+(n)
W ∂µϕ

−(n)
W − ξ(mW

n )2 ϕ
+(n)
W ϕ

−(n)
W

}

+

∫
d4x

(
1

2
∂µh∂

µh− λv2h2

)
+
∑

n

∫
d4xL(n)

FP ,

(3.53)

if and only if, in addition to the EOMs (3.51), the relations

aan = − 1

ma
n

, ban =
Ma√
r

χan(π−)

ma
n

(3.54)

hold. Looking at (3.53) we see that, as expected, we end up with an infinite number of
copies of the 4D SM gauge sector, to be distinguished by the mass of the fields. We observe
towers of massive gauge bosons with masses ma

n, accompanied by towers of massive scalars
with masses

√
ξ ma

n, as well as the Higgs field h with mass
√

2λv. The low energy tail of the
gauge-boson spectrum, i.e., the zero modes, can be interpreted as the SM gauge bosons we
observe in nature. However, due to v2/M2

KK suppressed mixing effects with the KK modes
(already included in our KK decomposition), the massive gauge bosons will couple differently
compared to the SM, see below. Measuring these deviations, as well as deviations due to the
virtual exchange of KK excitations, provides a possibility to test the RS scenario, in addition
to detecting directly the heavy KK modes with masses ma

1 ∼MKK.
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Note that, after applying (3.54), the 4D gauge-fixing Lagrangian derived from (3.44) can
be written as

r

∫ π

−π
dφLGF =

∑

n

L(n)
GF , (3.55)

where

L(n)
GF = − 1

2ξ

(
∂µA(n)

µ − ξmA
nϕ

(n)
A

)2

− 1

2ξ

(
∂µZ(n)

µ − ξmZ
nϕ

(n)
Z

)2

− 1

ξ

(
∂µW+(n)

µ − ξmW
n ϕ

+(n)
W

)(
∂µW−(n)

µ − ξmW
n ϕ

−(n)
W

)
.

(3.56)

For each KK mode these expressions resemble those of the SM. As a consequence, the Faddeev-
Popov ghost Lagrangians L(n)

FP in (3.53) are completely analogous to the one of the SM. The
only generalization being, that a ghost field is required for every KK mode.

Bulk Profiles

In this section we derive the explicit form of the gauge-boson profiles χn which are solutions
to the EOMs (3.51). From now on, we omit the superscript a, denoting the gauge-boson type,
unless it is needed for clarity. The corresponding expressions were first obtained in [169, 170]
for the case of an unbroken gauge symmetry. As the EOMs in the bulk are the same, the
structure of this solution remains valid also for a spontaneously broken symmetry. However,
we have to take into account the modified BCs on the IR brane due to the couplings to the
Higgs sector (3.52).

In the following it will turn out to be convenient to switch to the variable t = ε eσ to
describe the orbifold [173], which will take values between t = ε (UV brane) and t = 1 (IR
brane), corresponding to the interval φ ∈ [0, π]. The reflection at φ = 0 will be defined via the
Z2 symmetry. Integrals over the orbifold can be obtained (for an Z2 even integrand) using

∫ π

−π
dφ→ 2π

L

∫ 1

ε

dt

t
,

∫ π

−π
dφ eσ(φ) → 2π

Lε

∫ 1

ε

dt , etc. (3.57)

After this transformation of coordinates, the EOMs (3.51) become 8

t ∂t t
−1∂t χn(t) = −x2

n χn(t) + δ(t− 1)
M2

2kε2
χn(t) . (3.58)

The parameters

xn ≡
mn

MKK

(3.59)

8Note that another useful formulation of the RS background is given by the conformally flat metric [202]

ds2 =
(
R

z

)2 (
ηµν dx

µdxν − dz2
)
,

restricted to the interval z ∈ [R,R′], where z = t
MKK

. Here, R = 1
k and R′ = 1

MKK
denote the positions of the

UV brane and the IR brane, respectively.
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are the dimensionless versions of the masses of the gauge bosons and their KK excitations in
the 4D theory. The ansatz

χn(t) = Nn

√
L

π
t c+

n (t) , (3.60)

finally leads to the Bessel equation

x2
nt

2 c+ ′′
n (xnt) + xnt c

+ ′
n (xnt) + (x2

nt
2 − 1)c+

n (xnt) = 0 (3.61)

in the bulk (t 6= ε, 1). This equation is solved by

c+
n (t) = Y0(xnε) J1(xnt)− J0(xnε)Y1(xnt) , (3.62)

where the coefficients have been determined by the UV BCs (3.52). We furthermore define

c−n (t) =
1

xnt

d

dt

[
t c+

n (t)
]

= Y0(xnε) J0(xnt)− J0(xnε)Y0(xnt) . (3.63)

The normalization constants Nn are now fixed by the orthonormality condition (3.48) to obey

N−2
n =

[
c+
n (1)

]2
+
[
c−n (1)

]2 − 2

xn
c+
n (1) c−n (1)− ε2

[
c+
n (ε)

]2
. (3.64)

Since c−n (ε) = 0, we easily see that (3.60) satisfies the BCs ∂tχn(ε) = 0 on the UV brane.
The BCs (3.52) on the IR brane lead to the relation

xn c
−
n (1) = − g2v2

4M2
KK

L c+
n (1) , (3.65)

from which the mass eigenvalues xn can be derived. Note that the condition (3.65) as stated
above holds for the profiles of the W± bosons and their KK partners. For the case of the
Z boson, the SU(2)-coupling g2 has to be replaced by the combination (g2 + g′2). In the
absence of EWSB (v = 0), which corresponds to the case of the photon and the gluon which
do not couple to the Higgs sector, the right hand side becomes zero. In this case the spectrum
contains a massless zero mode (m0 = 0) with a flat profile

χγ,g(t) =
1√
2π

. (3.66)

These massless modes are identified with the SM photon and gluon. The masses of their KK
excitations will simply correspond to zeros of a combination of Bessel functions c−n (1) = 0,
which, to good approximation corresponds to zeros of the Bessel function J0(xn) . This leads
to x1 ≈ 2.45 and the heavier modes follow in spacings of about π. Due to the flat profile, the
photon and the gluon zero modes will couple to bulk fermions exactly like in the SM, which
will be important for the discussions of FCNCs in Section 3.2.4.

The results for the massive SM gauge bosons, which correspond to (light) modes with
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Figure 3.6: Zero mode and first KK excitation of the Z boson in a slice of AdS5.

m0 6= 0, can be simplified, since x0 � 1. Expanding (3.65) in powers of x0 we arrive at

m2
W =

g2v2

4

[
1− g2v2

8M2
KK

(
L− 1 +

1− ε2
2L

)
+O

(
v4

M4
KK

)]
. (3.67)

An analogous relation with g2 replaced by (g2 + g′2) holds for the Z-boson mass. Comparing
these results with the SM relations (1.25), one sees immediately that the tree-level ratio of
the W±-boson and Z-boson mass in RS models deviates from the SM prediction.9 This is due
to the mixings with the KK modes, i.e., the contributions to the zero-mode masses from the
compactification of the extra dimension. Moreover, the Higgs VEV, extracted from (3.67) will
get corrections with respect to the SM value of vSM = 246 GeV. We will come back to both of
these issues later in Section 5.1.1. It will also turn out to be useful to derive an approximate
expression for the ground-state profile χ0 for x0 � 1. We obtain, in agreement with [202],

χW,Z(t) =
1√
2π

[
1 +

m2
W,Z

4M2
KK

(
1− 1− ε2

L
+ t2 (1− 2L− 2 ln t)

)
+O

(
m4
W,Z

M4
KK

)]
. (3.68)

The deviations from the flat zero mode solution without EWSB (3.66) can be understood
from a perturbative point of view as the mixings of the massive KK modes, being localized
close to the IR brane, into the zero mode. This will lead to a dip in the zero mode profiles at
this boundary, proportional to the mixing parameter mW,Z/M

2
KK, see Figure 3.6. The absolute

value of the profiles of generic KK modes on the IR brane is to good approximation given by

|χn(1)| ≈
√
L

π
, n ≥ 1 . (3.69)

The accuracy of this approximation increases with n.

9Note that, here and in the following, by Z boson (W± boson), we denote the zero modes of the Z boson
(W± bosons).



3.2. THE MINIMAL RS MODEL: THE SM IN A SLICE OF ADS5 75

3.2.2 Bulk Matter and Flavor Mixing

Now we move to the SM fermion content, propagating into the extra dimension. The warped
background provides interesting possibilities for model building in this sector. After discussing
the setup, we will perform the KK decomposition in the mass basis, incorporating flavor mixing
in a completely general way. In this way we are again able to derive exact expressions from
which the masses and mixings can be obtained. We will concentrate on the quark sector.
The generalization to include the lepton sector, which will not be studied in this thesis, is
straightforward.

In the subsequent section we will then show how hierarchies in the quark spectrum, as
well as in the CKM mixing angles, arise naturally within the RS model. By performing an
expansion in small parameters, we will work out explicit analytic expressions for the masses of
the SM quarks (corresponding to the light “zero modes” in the RS model), as well as the CKM
parameters, in terms of the input parameters of the RS model. To this end, we demonstrate
and apply an analogy between the generation of flavor hierarchies in warped extra dimensions
and in the Froggatt-Nielsen model.

Action of the 5D Theory

As we consider the SM field content, we start from (1.9), with the quantum numbers of
the fermion fields still as given in Table 1.1, and generalize the corresponding action to 5D.
However, in an odd number of space-time dimensions we have to face a subtlety when trying to
define chiral fermions. To describe matter fields in five dimensions, we need a representation
of the 5D-Clifford Algebra

{ΓM ,ΓN} = 2ηMN . (3.70)

An appropriate four dimensional representation in 5D is provided by taking the usual 4D
representation, consisting of the Dirac matrices γµ (see Appendix A.1), and subjoining γ5

ΓM = (γµ, iγ5) . (3.71)

Note that the vector of Dirac matrices above is contracted with Lorentz vectors in curved
space-time via the vielbein formalism, see e.g. [173].

In an even number of dimensions, the Dirac-spinor representation is reducible. For example,
in 4D it can be decomposed into the well known (left-handed and right-handed) Weyl-spinor
representations that do not mix under Lorentz transformations. The corresponding projections
are just provided by the projectors PL,R ≡ (1 ∓ γ5)/2, defined with the help of the chirality
matrix γ5, see Section 1.1.1. However, it turns out that in an odd number of dimensions, the
Dirac-spinor representation is irreducible. Although we can formally still define projection
operators in 5D out of γ5, the spectrum will a priori have to consist of “vector-like” four-
component Dirac fermions, i.e., for every left handed fermion a right handed counterpart will
appear with the same quantum numbers, and vice versa. Yet, as discussed before, nature
is based on chiral matter fields. The left-handed fermions we observe are doublets under
SU(2)L, whereas the right-handed ones are singlets under this gauge group. At first sight, it
seems impossible to generate such a setup in 5D. However, the obrifold will again furnish a
way out and offer a possibility to arrive at chiral fermions in the low energy spectrum of the
theory, after KK decomposition [173]. The Z2 symmetry of the action results in opposite Z2
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parities for the left-handed and right-handed components of a Dirac fermion. This suggests
to start with two sets of Dirac fermions in 5D, one containing doublets under SU(2)L and
one containing the corresponding singlets, and assign the Z2-parities/BCs properly, such that
the doublets just have left-handed (4D) zero modes, while the singlets possess only right-hand
zero modes. In consequence, the low energy spectrum will contain just the chiralities that
we observe in Nature (in the limit v → 0). At each level of KK excitations however, two
full (vector-like) Dirac-fermions, a singlet and a doublet, will be present and thus twice the
amount of degrees of freedom with respect to the zero mode level. Note that after EWSB, the
doublets and singlets will mix, for example the right handed zero mode will receive a small
doublet admixture from the KK excitations, leading to a (suppressed) “right handed” CKM
matrix, see below.

So, let us consider N generations of 5D (SM-like) quarks in the bulk, denoting components
of SU(2)L doublets by u , d and singlets by u c , d c. As we will discuss more complicated
fermion contents in Section 3.4, we will give the action already in a notation which is appro-
priate for a richer fermion structure. The bilinear part of the 5D fermion action can be written
as (cf. [173, 172])

Sferm,2 =

∫
d4x r

∫ π

−π
dφ

{ ∑

q=U,u,D,d

(
e−3σ(φ) ~̄q i/∂ ~q − e−4σ(φ) sgn(φ) ~̄qM ~q ~q

− 1

2r

[
~̄qL e

−2σ(φ)
↔
∂φ e

−2σ(φ) ~qR + h.c.

])

− δ(|φ| − π) e−3σ(φ) v√
2r

∑

(Q,q)=(U,u),(D,d)

[
~̄QL Y

(5D)C
~q ~qR + ~̄QR Y

(5D)S
~q ~qL + h.c.

]}
,

(3.72)

where
↔
∂φ≡

→
∂φ −

←
∂φ, and we have already evaluated explicitly the µ and φ components of

the vielbein, entering the kinetic terms [173]. Moreover, note that the spin connection gives
no contribution to (3.72). For the SM fermion content (Table 1.1), the vectors of fermions
introduced here correspond merely to N -component vectors in flavor space (e.g. u = (u, c, t)T

for the up-type quarks of the SM). We identify for the minimal RS model

~U ≡ u , ~D ≡ d , ~u ≡ uc , ~d ≡ dc , (3.73)

and thus end up with the standard SM notation, as used in [1]. Note that for the extended
model studied in Section 3.4, the fermion vectors will contain several types of quarks. In the
spirit of writing down every term which is not forbidden by a symmetry, we include explicit
gauge-invariant 5D Dirac mass terms for the vector-like quarks, with diagonal and real N ×N
bulk mass matrices

M ~U = M ~D ≡MQ (3.74)

for the SU(2)L doublets as well as M ~q ≡M q , q = u, d for the singlets. Since the correspond-
ing combination of field operators is always Z2 odd, the mass matrices have to be multiplied by
a Z2 odd function in order to arrive at a Z2 invariant action. Starting from generic hermitian
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bulk mass matrices, it is easy to see that going to the bulk mass basis in which those matrices
are real and diagonal does not spoil the canonical and diagonal form of the kinetic terms.
Note however that the bulk masses can be positive as well as negative. In contrast to 4D
theories, the sign of the Dirac mass term cannot be reversed by a field redefinition. In order to
arrive at the correct low energy spectrum, as discussed before, the left-handed (right-handed)
components of the SU(2)L doublet Q ≡ (u, d)T are taken to be even (odd) under the Z2

orbifold symmetry, with appropriate canonical BCs. Likewise, the right-handed (left-handed)
components of the singlets uc and dc are chosen even (odd), such that the zero modes of the
even fields correspond to the SM particles. After EWSB on the IR brane, the quark fields are
coupled by 5D N × N Yukawa matrices Y

(5D)C
~q , connecting the Z2 even components of the

SU(2)L doublets with those of the singlets, as well as corresponding matrices Y
(5D)S
~q , connect-

ing Z2-odd fields, where q = u, d. If not stated otherwise, those matrices correspond to the
bulk mass basis of real and diagonal matrices MQ,q. Note that the second type of Yukawa
couplings has not been taken into account in [1]. While such a setup is consistent and it is
possible to generate the fermion masses without those couplings, it is not the most general
or natural possibility, and we will include these couplings. Furthermore, if one considers the
brane-localized Higgs-sector as the limit of a Higgs, propagating into the bulk, both types
of Yukawa matrices have to be identical Y

(5D)C
~q = Y

(5D)S
~q ≡ Y (5D)

~q , which we will assume in
the following. This is, again, due to the fact that in 5D the Dirac-spinor representation is
irreducible. In a perturbative approach, the Yukawa terms containing Z2 odd fields do not
seem to contribute, as the corresponding profiles vanish on the IR brane. However, in the end
this naive point of view will turn out to be wrong, as we will see below [203]. For the KK
decomposition it will be convenient to define dimensionless 4D Yukawa matrices via

Y
(5D)
~q ≡ 2Y ~q

k
, q = u, d , (3.75)

where again in the minimal RS model the vector notation is not necessary Y ~q ≡ Y q. The
chiral components of the spinor field are defined as usual as ~q = ~qL + ~qR , etc. As discussed
before, without the presence of the Yukawa interactions, each 5D fermion would induce a
massless chiral fermion in the 4D theory, accompanied by a tower of massive, vector-like, KK
excitations [173]. After EWSB, the Yukawa couplings replace the massless modes by light
modes (compared to the KK scale), corresponding to the SM fermions.

Kaluza-Klein Decomposition

We want to arrive at a 4D theory of massive Dirac fermions q(n) = q
(n)
L + q

(n)
R with masses

mn > 0. To this end we perform a KK decomposition of the 5D fields in the mass basis and
write

~QL(x, φ) =
e2σ(φ)

√
r

∑

n

CQ
n (φ)~aQn q

(n)
L (x) , ~QR(x, φ) =

e2σ(φ)

√
r

∑

n

SQn (φ)~aQn q
(n)
R (x) ,

~qL(x, φ) =
e2σ(φ)

√
r

∑

n

S q
n(φ)~aqn q

(n)
L (x) , ~qR(x, φ) =

e2σ(φ)

√
r

∑

n

C q
n(φ)~a qn q

(n)
R (x) ,

(3.76)
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where Q = U,D and correspondingly q = u, d. For the SM fermion content studied in this
section, we have with (3.73) ~U = u and ~u = uc and similar for down type quarks. In that case,
the spinor fields on the left hand side of the equations in (3.76), as well as the objects ~aQ,qn ,
describing flavor mixing, are N component vectors in flavor space. The Z2 even profiles CQ,q

n

and odd profiles SQ,qn , however, are diagonal N × N matrices, where each entry corresponds
to a different bulk mass parameter (in the bulk mass basis).10 The 4D spinors q(n), on the
right hand side of the equations in (3.76) are single spinor fields in the mass basis. The
index n labels the mass eigenstates of masses mn. For the case of up-type quarks these are
m1 = mu,m2 = mc,m3 = mt, as well as the higher KK masses. Note that, due to gauge
invariance, the components of the SU(2)L doublet Q have the same profiles

CU
n = CD

n ≡ CQ
n , SUn = SDn ≡ SQn . (3.77)

The associated vectors ~aUn and ~aDn , nevertheless differ for the different components of Q.
Inserting the decompositions (3.76) into the action (3.72), one derives the equations of

motion
(
−1

r
∂φ −M ~Q sgn(φ)

)
SQn (φ)~aQn = −mn e

σ(φ)CQ
n (φ)~aQn

+ δ(|φ| − π) eσ(φ)

√
2 v

kr
Y ~q C

q
n(φ)~a qn ,

(
1

r
∂φ −M ~q sgn(φ)

)
S q
n(φ)~a qn = −mn e

σ(φ)C q
n(φ)~a qn

+ δ(|φ| − π) eσ(φ)

√
2 v

kr
Y †~q C

Q
n (φ)~aQn ,

(
1

r
∂φ −M ~Q sgn(φ)

)
CQ
n (φ)~aQn = −mn e

σ(φ) SQn (φ)~aQn

+ δ(|φ| − π) eσ(φ)

√
2 v

kr
Y ~q S

q
n(φ)~a qn ,

(
−1

r
∂φ −M ~q sgn(φ)

)
C q
n(φ)~a qn = −mn e

σ(φ) S q
n(φ)~a qn

+ δ(|φ| − π) eσ(φ)

√
2 v

kr
Y †~q S

Q
n (φ)~aQn ,

(3.78)

where (Q, q) = (U, u) , (D, d). In the bulk, i.e., for φ 6= 0,±π, these equations reduce to the
relations first obtained in [173]. The corresponding general solutions can be written as linear
combinations of Bessel functions, (see Section 3.2.2). The presence of the source terms on the
IR brane, however, modifies the boundary behavior of the fields and causes both the Z2-even
and Z2-odd profiles to become discontinuous on the IR brane with CQ,q

n (±π) 6= CQ,q
n (±π−)

10Note that we have already exploited the fact that ~QL,R(x, φ) (~qL,R(x, φ)) can be expanded in terms of the
same vector ~aQn (~aqn). With this choice, the profiles CQ

n (φ) and SQn (φ) (Cq
n(φ) and Sqn(φ)) will be normalized

in the same way.
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and SQ,qn (±π) = 0 but SQ,qn (±π−) 6= 0 [204]. While the UV BCs remain canonical,

SQ,qn (0) = 0 , (3.79)

finding the correct IR BCs requires a proper finite-width regularization of the δ-distributions
appearing in (3.78). Such a regularization is needed since the δ-distributions appear together
with functions that are discontinuous within their support. We will use the regularization as
introduced in (3.46).

After switching to t coordinates, we study the EOMs (3.78) in an infinitesimal interval
t ∈ [1− η, 1], keeping in mind that at the end we will take the limit η → 0. We regularize the
δ-distributions and integrate these equations from t ∈ [1− η, 1] to 1, taking into account that
the odd fermion profiles vanish identically on the IR brane, i.e., SQ,qn (1) = 0 and dropping all
terms ∝ η. In this way we find (for finite n)

SQn (t)~aQn =
v√

2MKK

Y ~q

∫ 1

t

dt′
[
δη(t′ − 1)C q

n(t′)
]
~aqn ,

S q
n(t)~aqn = − v√

2MKK

Y †~q

∫ 1

t

dt′
[
δη(t′ − 1)CQ

n (t′)
]
~aQn ,

CQ
n (t)~aQn = CQ

n (1)~aQn −
v√

2MKK

Y ~q

∫ 1

t

dt′
[
δη(t′ − 1)S q

n(t′)
]
~aqn ,

C q
n(t)~aqn = C q

n(1)~aqn +
v√

2MKK

Y †~q −
∫ 1

t

dt′
[
δη(t′ − 1)SQn (t′)

]
~aQn ,

(3.80)

indicating that the form of the profiles CQ,q
n (t) and SQ,qn (t) becomes independent of the mass

terms entering the EOMs.
In order to solve (3.80), we introduce the regularized Heaviside function

θ̄η(x) ≡ 1−
∫ x

−∞
dy δη(y) , (3.81)

which obeys
θ̄η(0) = 0 , θ̄η(−η) = 1 , ∂x θ̄

η(x) = −δη(x) . (3.82)

Using these properties it is easy to show that

∫ 1

t

dt′ δη(t′ − 1)
[
θ̄η(t′ − 1)

]n
=

1

n+ 1

[
θ̄η(t− 1)

]n+1
. (3.83)

This relation allows us to integrate hyperbolic functions of regularized θ-functions with regu-
larized δ-distributions. For an arbitrary invertible matrix A we obtain

∫ 1

t

dt′ δη(t′ − 1) sinh
(
θ̄η(t′ − 1)A

)
=
[
cosh

(
θ̄η(t− 1)A

)
− 1
]
A−1 ,

∫ 1

t

dt′ δη(t′ − 1) cosh
(
θ̄η(t′ − 1)A

)
= sinh

(
θ̄η(t− 1)A

)
A−1 ,

(3.84)
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where the hyperbolic sine and cosine of a matrix are defined via their Taylor expansions. With
the latter relations it is now easy to determine the solutions to (3.80). We find

SQn (t)~aQn = Y ~q

(√
Y †~qY ~q

)−1

sinh

(
v√

2MKK

θ̄η(t− 1)
√
Y †~qY ~q

)
C q
n(1)~aqn ,

S q
n(t)~aqn = −Y †~q

(√
Y ~qY

†
~q

)−1

sinh

(
v√

2MKK

θ̄η(t− 1)
√
Y ~qY

†
~q

)
CQ
n (1)~aQn ,

CQ
n (t)~aQn = cosh

(
v√

2MKK

θ̄η(t− 1)
√
Y ~qY

†
~q

)
CQ
n (1)~aQn ,

C q
n(t)~aqn = cosh

(
v√

2MKK

θ̄η(t− 1)
√
Y †~qY ~q

)
C q
n(1)~aqn .

(3.85)

Since no t-integration is left, we can now safely take the limit η → 0+ and use the second
pair of equations to trade the brane values CQ,q

n (1) in the first equations for the bulk values
CQ,q
n (1−), obtained from the solutions to (3.78) by a limiting procedure. Introducing the

rescaled Yukawa matrices11

Ỹ ~q ≡ f
(

v√
2MKK

√
Y ~qY

†
~q

)
Y ~q , f(A) = tanh (A)A−1 , (3.86)

it is then easy to show that the resulting IR BCs are manifestly regularization independent12

and can be written in φ coordinates as

SQn (π−)~aQn =
v√

2MKK

Ỹ ~q C
q
n(π−)~a qn ,

−S q
n(π−)~a qn =

v√
2MKK

Ỹ
†
~q C

Q
n (π−)~aQn .

(3.87)

They hence take precisely the same form as the BCs derived in [1], with the original Yukawa
couplings replaced by the rescaled ones, as defined in (3.86). These coincide at LO in v2/M2

KK,
i.e., Ỹ ~q = Y ~q + O(v2/M2

KK). In practice, the combinations of quark profiles and Yukawa
matrices are chosen such that the masses of the zero mode fermions, as well as the CKM
parameters, reproduce those determined by experiment. Thus, the rescaling of the Yukawa
matrices, as described above, has no observable effect on the fermion spectrum and the mixings.
However, as we will explain in detail in Section 3.7, the inclusion of the Yukawa couplings
between Z2-odd fermions alters the misalignment between the masses and Yukawa couplings.
This leads to a change in the tree-level interactions of the Higgs-boson with fermions with
respect to the results derived in [1].

Without the brane-localized Yukawa couplings, the profiles CQ,q
n and SQ,qn form complete

11Generalizing this result to the case where Z2-even and -odd fermion fields couple via different Yukawa
matrices to the brane-localized Higgs sector requires to perform the replacements Y ~q → Y C

~q and Y †~q → Y S †
~q .

The same replacement rules also apply for (3.284) to (3.288).
12As a cross check, I have shown that different explicit regularization functions - rectangular, triangular,

and bulk-Higgs motivated - all lead to the same result. However, these straightforward calculations will not
be given here.
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sets of even and odd functions on the orbifold, respectively, which can be chosen to obey
separate orthonormality conditions with respect to the measure dφ eσ [173]. However, the
δ-distribution terms in the equations of motion are inconsistent with these orthonormality
relations. We thus make the general ansatz

∫ π

−π
dφ eσ(φ)CQ,q

m (φ)CQ,q
n (φ) = δmn 1 + ∆CQ,q

mn ,

∫ π

−π
dφ eσ(φ) SQ,qm (φ)SQ,qn (φ) = δmn 1 + ∆SQ,qmn .

(3.88)

We then find that the 4D action reduces to the desired canonical form

Sferm,2 =
∑

q=u,d

∑

n

∫
d4x

[
q̄(n)(x) i/∂ q(n)(x)−mn q̄

(n)(x) q(n)(x)
]
, (3.89)

if and only if, in addition to the BCs, the relation

~aQ,q †m

(
δmn1 + ∆CQ,q

mn

)
~aQ,qn + ~a q,Q †m

(
δmn1 + ∆S q,Q

mn

)
~a q,Qn = δmn (3.90)

is fulfilled. It is also straightforward to show that the equations of motion imply

mm ∆CQ,q
mn −mn ∆SQ,qmn = ±2

r
CQ,q
n (π−)SQ,qm (π−) . (3.91)

Since an overall normalization can always be reshuffled between the profiles CQ,q
n (φ) and

SQ,qn (φ) and the eigenvectors ~aQ,qn , we can choose the sum ∆CQ,q
nn + ∆SQ,qnn freely, without

changing the physical result. The option ∆CQ,q
nn + ∆SQ,qnn = 0 turns out to be particular

convenient and thus will be applied hereafter. With this choice (3.90) splits up into

~aQ †n ~aQn + ~a q †n ~a qn = 1 , (3.92)

and
~aQ,q †m ∆CQ,q

mn ~a
Q,q
n + ~a q,Q †m ∆S q,Q

mn ~a
q,Q
n = 0 . (3.93)

Thus, although the odd/even profiles of a certain KK-mode level n (with a definite chirality)
alone do not fulfill standard orthonormalization conditions, taken together, in combination
with the corresponding vectors aQ,qn , they are orthonormal in the sense of (3.90). The profiles
alone do not obey such a relation due to the fact that (after EWSB) a certain 4D spinor receives
contributions from doublets as well as singlets from the 5D theory. A part of the normalization
is missing if one of these contributions is not present. This doublet-singlet mixing will become
important when discussing FCNC couplings to the Z boson in Section 3.2.4 and thereafter.

Using the symmetry of the relations (3.88) in m and n, we finally obtain for m 6= n the
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explicit expressions

∆CQ,q
mn = ±2

r

mmC
Q,q
n (π−)SQ,qm (π−)−mnC

Q,q
m (π−)SQ,qn (π−)

m2
m −m2

n

,

∆SQ,qmn = ∓2

r

mmC
Q,q
m (π−)SQ,qn (π−)−mnC

Q,q
n (π−)SQ,qm (π−)

m2
m −m2

n

,

(3.94)

whereas for m = n we get

∆CQ,q
nn = −∆SQ,qnn = ± 1

rmn

CQ,q
n (π−)SQ,qn (π−) . (3.95)

Since they are proportional to SQ,qn (π−) (which vanishes in the limit v → 0), one would
naively expect that the extra terms in the generalized orthonormality conditions (3.88) are
small corrections of order v/MKK. However, for the light SM fields, these terms are in fact of
O(1).

Finally, we want to determine the mass eigenvalues mn of the 4D Dirac fermions. They
can be obtained by studying the system of 2N linear equations for the components of the
vectors ~aQ,qn , following from (3.87). It is straightforward to show that the mass eigenvalues mn

correspond to the solutions of the equation

det

(
1 +

v2

2M2
KK

Ỹ ~qC
q
n(π−)

[
S q
n(π−)

]−1
Ỹ
†
~qC

Q
n (π−)

[
SQn (π−)

]−1
)

= 0 . (3.96)

Once these are known, the eigenvectors ~aQ,qn can be derived from (3.87). Note that, while it
is always possible to work with real and diagonal profile matrices CQ,q

n (φ) and SQ,qn (φ), the
vectors ~aQ,qn are, in general, complex-valued.

Bulk Profiles

In this section we derive the explicit form of the profiles (CQ,q
n )i and (SQ,qn )i, associated with

bulk mass parameters MQi,qi (with q = u, d), in the presence of EWSB. The structure of the
solutions is similar to the case of unbroken electroweak symmetry, as the EOMs within the
bulk are the same for both cases. Combining the first and the third equation in (3.78), as well
as the second and fourth one, we arrive again at Bessel equations. In terms of t = ε eσ, these
have the general solutions [173, 172]13

CQ,q
n (t) = Nn(cQ,q)

√
Lεt

π
f+
n (t, cQ,q) ,

SQ,qn (t) = ±Nn(cQ,q) sgn(φ)

√
Lεt

π
f−n (t, cQ,q) ,

(3.97)

13Since, up to the BCs which in the end will determine the mass eigenvalues mn and the flavor mixing
vectors in (3.76), the problem decomposes into independent and similar equations for the different flavors, we
will drop the index i in the following.
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where cQ,q ≡ ±MQ,q/k are dimensionless parameters, derived from the bulk mass terms, and

f±n (t, c) = J− 1
2
−c(xnε) J∓ 1

2
+c(xnt)± J 1

2
+c(xnε) J± 1

2
−c(xnt) . (3.98)

Remember that, as before, xn = mn/MKK. The orthonormality relations (3.88) lead to the
normalization conditions

2

∫ 1

ε

dt t
[
f±n (t, c)

]2
=

1

N 2
n(c)

± f+
n (1, c) f−n (1, c)

xn
. (3.99)

From these we derive

N−2
n (c) =

[
f+
n (1, c)

]2
+
[
f−n (1, c)

]2 − 2c

xn
f+
n (1, c) f−n (1, c)− ε2

[
f+
n (ε, c)

]2
. (3.100)

For the special cases where c + 1/2 is an integer, the profiles have to be obtained from the
above expressions by a limiting procedure.

Since external fermions in low energy processes will always correspond to zero modes of
the RS setup (n = 1, 2, 3), it will be useful to derive simple analytic expressions for the
corresponding profiles. For those modes, it is a very good approximation to expand the above
results in the limit xn � 1, as even the top-quark is much lighter than the KK scale. In this
way we find, dropping an phenomenological irrelevant term [1],

CQ,q
n (φ) ≈

√
Lε

π
F (cQ,q) t

cQ,q ,

SQ,qn (φ) ≈ ±sgn(φ)

√
Lε

π
xnF (cQ,q)

t1+cQ,q − ε1+2cQ,q t−cQ,q

1 + 2cQ,q
.

(3.101)

Here, we have introduced the “zero-mode profile” [173, 172]

F (c) ≡ sgn[cos(πc)]

√
1 + 2c

1− ε1+2c
, (3.102)

which corresponds to the approximate value of the profile on the IR brane, divided by
√
Lε/π.

Note that the sign factor in (3.102) is chosen such that the signs in (3.101) agree with those
derived from the exact profiles (3.97). The zeroth order in the expansion for the zero mode
profiles performed above is often called (zeroth order) “zero-mode approximation” (ZMA).
At this order, the even profile matrices do not depend on the level n and the odd profiles
vanish. These results correspond to the starting point in the perturbative approach, in which
one first solves for the fermion bulk profiles without the Yukawa couplings and then treats
these couplings as a perturbation [173, 172, 174]. As we will see later in Section 3.2.4, it will
sometimes be necessary to consider higher orders in the expansion to derive consistent non-
trivial results in the ZMA. This can be done comfortably in our approach, as we just have to
include the next order in the well-defined expansion of the exact profiles in powers of v2/M2

KK

(note that xn , n = 1, 2, 3 scales like v/MKK), and do not have to diagonalize (and truncate)
infinite dimensional mass matrices.

The quantity F (c) strongly depends on the value of c. One obtains to excellent approxi-
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mation

F (c) ≈




−
√
−1− 2c ε−c−

1
2 , −3/2 < c < −1/2 ,

√
1 + 2c , −1/2 < c < 1/2 .

(3.103)

This behavior signals that for c < −1/2 the zero-modes are localized close to the UV brane,
while for c > −1/2 they have the biggest weight close to the IR brane. Thus, it turns out that
rather than generating 4D masses, the bulk mass parameters control the localization of the
4D fermions in the extra dimension. The fact that for UV-localized fermions the zero-mode
profile is exponentially small, while it is of O(1) for IR-localized fields can be used to generate
large hierarchies in the fermion spectrum by means of different overlaps with the IR-brane
Higgs sector via O(1) input parameters. This feature will be discussed in more detail in the
following section.

3.2.3 Fermion Hierarchies: The Anarchic RS Model as a Predictive
Model of Flavor

Due to the possibility of additional gauge invariant bulk mass terms, with hermitian mass
matrices MQ,u,d, the minimal RS model has 27 new parameters in the flavor sector compared
to the SM (for N = 3 generations). In the light of this significant number of new parame-
ters, entering the model as exponents of the warp factor, see (3.102), one should address the
question of the predictivity of the model. If one allows e.g. for arbitrary values for the bulk
mass parameters cQi,ui,di (addressing the fermion spectrum by hierarchical Yukawa matrices),
a very broad range of effects is possible within the RS setup. This renders the model not
very predictive at the first place. However, as mentioned before, a big virtue of the model is
the possibility to address the hierarchies within the flavor sector, which cannot be understood
within the SM. This approach will constrain the large parameter space and allow for more
generic predictions. So we will understand the RS model in this way, i.e., we do not build in
hierarchies by hand but rather want to generate the SM flavor structure out of O(1) input pa-
rameters. To this end, we assume anarchical Yukawa matrices and generate the hierarchies via
different values for the dimensionless bulk mass parameters. These input parameters are then
constrained by the requirement to end up with the correct spectrum and CKM mixing angles.
Due to the warping, as explained above, they can be of O(1), while still leading to hierarchies
in the fermion spectrum. These naturalness considerations do not fix the input parameters
completely, however, they significantly decrease the spread in the parameter space and thus
also in the predictions of the model. While the precise values of the input parameters in the
flavor sector will not be determined, their hierarchical structure will. This often allows for
generic estimations for observables in the RS model, without an uncertainty in the prediction
over many orders of magnitude (assuming MKK to be fixed). Such an uncertainty would be
generated when reshuffling too large contributions between the localization parameters and the
Yukawa matrices, leaving the spectrum invariant. This is prevented by the anarchic approach
(however, some amount of reshuffling is possible, see below).

To get an analytic handle on the relations between input parameters and the resulting
spectrum and mixings, we will demonstrate and explore similarities between the RS setup of
generating hierarchies by different fermion localizations in a slice of AdS5 and the Froggatt-
Nielsen mechanism. To this end, it is useful to perform an expansion to the first non-vanishing
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order in v2/M2
KK and to use the approximate formulae for the bulk profiles of the SM fermions,

obtained in (3.101). For the purpose of discussing the fermion masses and mixings, we need
these profiles evaluated at t = 1, where they couple to the Higgs sector. We arrive at the
simple expressions

CQ,q
n (1−)→

√
Lε

π
F (cQ,q) , SQ,qn (1−)→ ±

√
Lε

π

xn
F (cQ,q)

. (3.104)

With their help, the BCs (3.87) can be recast to LO in v2/M2
KK into the simple form

√
2mn

v
âqn = Y eff

q âq
c

n ,

√
2mn

v
âq

c

n = (Y eff
q )† âqn . (3.105)

Here (
Y eff
q

)
ij
≡ F (cQi) (Y~q)ij F (cqj) (3.106)

are effective Yukawa matrices, and the rescaled flavor vectors âqn ≡
√

2~aQn , â
qc

n ≡
√

2~aqn obey
the normalization conditions

âq†n â
q
n = âq

c†
n âq

c

n = 1 . (3.107)

Moreover, we obtain from (3.105) the equalities

(
m2
n 1− v2

2
Y eff

q (Y eff
q )†
)
âqn = 0 ,

(
m2
n 1− v2

2
(Y eff

q )† Y eff
q

)
âq

c

n = 0 , (3.108)

and thus the mass eigenvalues can be obtained from the simple equation

det

(
m2
n 1− v2

2
Y eff

q (Y eff
q )†
)

= 0 . (3.109)

These expressions hold to LO in v2/M2
KK. At this order, but not in general, the vectors ~aQ,qn

that belong to different n are orthogonal on each other.

The eigenvectors âqn and âq
c

n of the Yukawa matrices Y eff
q

(
Y eff

q

)†
and

(
Y eff

q

)†
Y eff

q (with
n = 1, 2, 3 and q = u, d) form the columns of the unitary matrices U q and W q that appear in
the singular-value decomposition

Y eff
q = U q λqW

†
q , (3.110)

respectively, where

λu =

√
2

v
diag(mu,mc,mt) , λd =

√
2

v
diag(md,ms,mb) . (3.111)

To LO in v2/M2
KK the relations between the fundamental 5D fields and the SM mass eigenstates

thus involve the matrices U q and W q. In particular, the CKM matrix in the RS model is to
LO given by

VCKM = U †uU d . (3.112)

Before applying the Froggatt-Nielsen analysis to the RS setup we will count the number of
physical parameters in the flavor sector.
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Parameter Counting in the RS Model

Applying the method reviewed in Section 1.1.3, the number of physical parameters in the
flavor sector of the RS model is derived as follows. To be completely general, we assume N
quark generations and thus start with NY = 2 (N2, N2) real moduli and CP-odd phases for

the 5D Yukawa matrices Y
(5D)
u,d , as well as Nc = 3 (N(N + 1)/2, N(N − 1)/2) parameters for

the hermitian bulk mass matrices cQ,u,d. Thus

Ngeneral = NY +Nc = (N(7N + 3)/2, N(7N − 3)/2) . (3.113)

The Yukawa matrices break the global bulk flavor symmetry G = U(N)Q × U(N)u × U(N)d
with NG = 3 (N(N − 1)/2, N(N + 1)/2) parameters down to the subgroup H = U(1)B with
NH = (0, 1) parameters, resulting in

Nbroken = NG −NH = (3N(N − 1)/2, 3N(N + 1)/2− 1) . (3.114)

One thus arrives at

Nphys = Ngeneral −Nbroken = (N(2N + 3), (N − 1)(2N − 1)) (3.115)

physical parameters. For N = 3 quark generations we end up with 27 moduli and ten phases
[177]. In the ZMA we can identify the physical real parameters with the six quark masses,
twelve mixing angles appearing in the mixing matrices Uu,d andW u,d, and the nine zero-mode
profiles FQ,u,d. One of the ten phases can be identified with the phase of the CKM matrix.
Moreover, nine new phases enter, in different combinations, the various matrices in (3.149)
and (3.150), that describe the flavor-changing interactions of the RS model.

Interestingly, for N = 2 quark generations there still remain 14 moduli and three phases.
Since, as we have seen in Section 1.1.3, the CKM matrix for two-generations can be made
real by phase redefinitions, the phases can all be chosen to reside in the new mixing matrices.
As a consequence, the RS model allows for CP-violating effects which do not involve all three
fermion generations. Thus, CP violation in the RS model is much less suppressed than in the
SM, see also Section 5.2.3. It would be interesting to work out the consequences of this fact
for baryogenesis. Beyond that, note that the new CP-violating phases induce electric dipole
moments for the electron and the neutron at the one-loop level. The stringent experimental
bound on the neutron electric dipole moment leads to a lower bound on the masses of the
KK excitations of ∼ 10 TeV [177]. There are several proposals to address this “CP problem”
(and to allow for lighter KK excitations) [205, 206, 207], which postpone the contributions to
the neutron electric dipole moment to the two-loop level by reducing the number of CP-odd
phases. Neglecting the lepton sector (as well as gravity), the minimal RS model thus has,
besides the “SM” parameters described in Section 1.1.4, as additional parameters the KK
scale MKK, the RS volume L, and the 27 new parameters in the flavor sector discussed above.

Warped-Space Froggatt-Nielsen Mechanism

We will now introduce the Froggatt-Nielsen mechanism and apply the corresponding analysis
in the context of warped extra dimensions to show how fermion hierarchies arise naturally in
these models. Starting from an anarchical Yukawa matrix, the Froggatt-Nielsen mechanism
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QLi
tRj

Figure 3.7: Contribution to the element (mu)ij of the up-type quark mass matrix.
Full lines correspond to SM quarks, whereas wavy lines represent ultra-heavy fermions.
Insertions of the VEV 〈Φ1〉 are depicted by crosses, while insertions of 〈Φ〉 correspond
to crossed circles.

generates the observed hierarchies in the quark sector by assuming the left-handed and right-
handed components of the SM-quark fields to have different values for an almost conserved
quantum number R, belonging to an abelian symmetry group U(1)F . Quark-mass terms
only arise via interactions with new ultra-heavy fermions and Higgs-scalars that have various
different values ofR, which is integrally quantized. Explicitly, the model introduces three Higgs
fields Φ,Φ1,Φ2, where the VEV 〈Φ2〉 > 0 of the neutral (R = 0) Higgs scalar Φ2 generates mass
terms for the new fermions. The Higgs scalar Φ1 is a gauge singlet, but has R = 1, and thus
can mediate between fermions with a different R-charge. Its VEV 〈Φ1〉 > 0 breaks the U(1)F
symmetry spontaneously and allows for mass terms of the light (SM) quarks via the mechanism
depicted in Figure 3.7. Depending on the difference in R-quantum numbers between the
left-handed and right-handed SM quark-fields, a certain number of insertions of transitions
mediated by the the VEV 〈Φ1〉 is needed to account for this difference via intermediate ultra-
heavy fermions, in order to generate a mass term for the SM quarks. Moreover, an insertion of
the VEV of the SM Higgs 〈Φ〉 = v/

√
2 is necessary to balance the different SU(2)L quantum

numbers of left-handed and right-handed SM quarks. Every ∆|R| = 1 transition together with
the adjacent propagating ultra-heavy fermion leads to a suppression by the small symmetry
breaking parameter

ε ≡ y(µq)

y(µ0)

〈Φ1〉
〈Φ2〉

. (3.116)

The prefactor corresponds to the ratio of generic Φ1-Yukawa couplings at the scale of the
light fermions µq and the fundamental scale µ0 of the model, where the Yukawa couplings are
expected to be of O(1). Concentrating on the up-type sector, denoting the quantum numbers
of the left-handed SM-doublets and right-handed SM-singlets by RQi = ai and Rti = bi, and
assuming ai > 0 and bi ≤ 0, the mass matrix arising from diagrams like the one in Figure 3.7
reads

(mu)ij =
v√
2

(Gu)ij ε
ai−bj . (3.117)

Note that this matrix is order-of-magnitude factorizing. In the spirit of the model, all di-
mensionless couplings should be of O(1), which results in the complex coefficients (Gu)ij also
being of O(1) times a factor due to evolving the Φ Yukawa couplings down to the scale 〈Φ〉.
One can now consistently evaluate the mass eigenvalues as well as the CKM matrix to LO in
the small parameter ε. First, it can be shown that the product of the n largest eigenvalues of
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mu reads to LO [139]
n∏

i=1

mi =

(
v√
2

)n
det(G(n)

u ) ε
∑n
i=1(ai−bi) , (3.118)

where G(n)
u is obtained from Gu ≡ ((Gu)ij) by removing rows and columns with i > n and

j > n, respectively. Here, the quarks are ordered such that ai > ai−1 and bi < bi−1. In the
case of degenerate values ai = ai−1 or bi = bi−1 the derivations are only order-of-magnitude
wise correct. From (3.118) one obtains

mn =
v√
2

∣∣∣detG(n)
u

∣∣∣
∣∣∣detG(n−1)

u

∣∣∣
εan−bn (3.119)

for the nth heaviest quark which leads to the hierarchical structure

mi

mj

∼ εai−aj−bi+bj . (3.120)

Due to the exponential dependence, this allows to reproduce the hierarchies (1.81) with a
moderately small symmetry breaking parameter ε, meaning that 〈Φ1〉 and 〈Φ2〉 do not have to
differ by orders of magnitude, and moderate different values for the various quantum numbers
RQi and Rti . In consequence, hierarchical and suppressed masses are a natural prediction of
the model.

A nice feature of the Froggatt-Nielsen mechanism is that, given that the mass hierarchies
are generated as described above with different quantum numbers for the various quark fields
in the right-handed as well as in the left-handed sector, the CKM matrix is predicted to have
a structure similar to (1.82). This can be seen from the form of the diagonalization matrices
Uu and U d, obtained from the singular value decomposition of the matrix mu, see (1.47), and
the corresponding equation for the down-type sector. To LO in ε and for the case of three
generations, these matrices read [139]

U q = (uq)ij ε
|ai−aj | , q = u, d , (3.121)

where

uq =




1
(Mq)21

(Mq)11

(Gq)13

(Gq)33

−(Mq)
∗
21

(Mq)
∗
11

1
(Gq)23

(Gq)33

(Mq)
∗
31

(Mq)
∗
11

−(Gq)
∗
23

(Gq)
∗
33

1




. (3.122)

Here, (Mq)ij denote the minors of Gq, i.e., the determinants of the matrices obtained by
removing the ith row and the jth column of Gq. Moreover, we have used the invariance of the
singular-value decomposition with respect to phase rotations, to make the diagonal elements
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Froggatt-Nielsen Mechanism Warped Extra Dimensions

symmetry breaking parameter ε ∼ 〈Φ1〉
〈Φ2〉 warp factor ε = e−L

quantum numbers (ai, bj) localization parameters (−cQi − 1
2
, cqj + 1

2
)

combination of couplings Gq Yukawa matrix Ỹ ~q

εai F (cQi)
εbj F (cqj)

−1

Table 3.1: Analogy between parameters of the Froggatt-Nielsen mechanism and those
of the RS model. The second row holds just for −3/2 < cQi,qj < −1/2, whereas the
range of validity of the last two rows is not restricted.

(Uq)ii real. One obtains, as a prediction, the hierarchical structure of the CKM matrix

(VCKM)ik =
3∑

j=1

(
U †u
)
ij

(Ud)jk ∼ ε|ai−ak| . (3.123)

This is very similar to (1.82) (for appropriate values of ai and ε), without having to put in the
structure by hand. The diagonal dominant form of VCKM is a robust prediction of the model.
In the Froggatt-Nielsen model, both hierarchies, those within the masses as well as those of
the CKM matrix, can be traced back to the same origin. Note, however that in this approach,
the CP violating phase is not suppressed by any small parameter and thus it is difficult to
explain why the measured CP violation is so small.

We will now apply the results presented here to the fermion sector of the Randall-Sundrum
model. As we will see immediately, the RS model with fermions in the bulk automatically
provides a complete analogy to the Froggatt-Nielsen mechanism, without the need to intro-
duce a new U(1)F -symmetry, new fermion representations, or additional Higgs fields. In that
context, we will also determine the hierarchies for the RS analogon to the U(1)F charges, in
dependence on the observed quark masses and CKM mixings Due to the form of the effective
Yukawa matrices in (3.106), a hierarchical and order-of-magnitude factorizing mass matrix of
exactly the same structure as in (3.117) is generated in the RS setup by assuming a hierarchical
structure of the zero-mode profiles

|F (cA1)| < |F (cA2)| < |F (cA3)| , A = Q, u, d . (3.124)

Importantly, in warped extra dimensions, such a hierarchy is induced naturally, since it
only requires small differences in the bulk mass parameters cAi . Note that we assume the
quarks to be ordered such that the relation (3.124) holds. In the case of degenerate profiles
|F (cAi)| = |F (cAi+1

)|, the following discussion is again only order-of-magnitude wise correct.
The localization parameters cQi,qi of the minimal RS model play the role of the left-handed and
right-handed U(1)F charges ai, bi of the Froggatt-Nielsen mechanism, however they are not
integrally quantized. Explicitly, the product of functions F (cQi)F (cqj) in (3.106) corresponds
to the exponential factor εai−bj of the symmetry breaking parameter ε ∼ 〈Φ1〉 in (3.117). This
correspondence can be split up as in Table 3.1, which gives an overview of the analogies of the
models. Note that the direct relation between the localization parameters and the Froggatt-
Nielsen charges, given in the second row, only holds for −3/2 < cQi,qj < −1/2. However, the
general analogy, as well as the last three exact relations, hold independently of this restriction.
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Thus, the hierarchies of fermion masses and mixings in a warped background result without
further assumptions from the Froggatt-Nielsen mechanism. In the following we perform the
corresponding analysis explicitly, starting from the relation (3.106). To LO, the products of
up- and down-type quark masses in the RS model are given by, see (3.118),

mumcmt =
v3

2
√

2
|det (Y u)|

∏

i=1,2,3

|F (cQi)F (cui)| ,

mdmsmb =
v3

2
√

2
|det (Y d)|

∏

i=1,2,3

|F (cQi)F (cdi)| .
(3.125)

Using |F (cAi)| < |F (cAi+1
)|, one can evaluate all the mass eigenvalues to LO in hierarchies.

We find, see (3.119),

mu =
v√
2

| det(Y u)|
|(Mu)11|

|F (cQ1)F (cu1)| , md =
v√
2

| det(Y d)|
|(Md)11|

|F (cQ1)F (cd1)| ,

mc =
v√
2

|(Mu)11|
|(Yu)33|

|F (cQ2)F (cu2)| , ms =
v√
2

|(Md)11|
|(Yd)33|

|F (cQ2)F (cd2)| ,

mt =
v√
2
|(Yu)33| |F (cQ3)F (cu3)| , mb =

v√
2
|(Yd)33| |F (cQ3)F (cd3)| ,

(3.126)

where (Mq)ij denote the minors of Y q, as defined before.
The elements of the rotation matrices U q and W q are given, to LO in hierarchies, by

(Uq)ij = (uq)ij





F (cQi)
F (cQj)

, i ≤ j ,

F (cQj)
F (cQi)

, i > j ,

(Wq)ij = (wq)ij e
iφj





F (cqi)
F (cqj)

, i ≤ j ,

F (cqj)
F (cqi)

, i > j ,

(3.127)

where the coefficient matrices uq and wq can be expressed through the elements (Yq)ij of the
original Yukawa matrices and their minors (Mq)ij and read

uq =




1
(Mq)21

(Mq)11

(Yq)13

(Yq)33

−(Mq)
∗
21

(Mq)
∗
11

1
(Yq)23

(Yq)33

(Mq)
∗
31

(Mq)
∗
11

−(Yq)
∗
23

(Yq)
∗
33

1




, wq =




1
(Mq)

∗
12

(Mq)
∗
11

(Yq)
∗
31

(Yq)
∗
33

−(Mq)12

(Mq)11

1
(Yq)

∗
32

(Yq)
∗
33

(Mq)13

(Mq)11

−(Yq)32

(Yq)33

1




. (3.128)

Invariance of the singular-value decomposition (3.110) under field redefinitions allows to make
either the diagonal elements (Uq)ii or (Wq)ii real. In (3.127) we have used that freedom to
choose (Uq)ii to be real, so that all phase factors eiφj appear in the elements (Wq)ij. They are
given by

eiφj = sgn
[
F (cQj)F (cqj)

]
e−i(ρj−ρj+1) , (3.129)
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where
ρ1 = arg (det(Y q)) , ρ2 = arg ((Mq)11) , ρ3 = arg ((Yq)33) , (3.130)

and ρ4 = 0. We observe that, to LO, the matrices U q and thus also the CKM matrix do not
depend on the right-handed profiles F (cqi). This has already been pointed out in [175].

It is now straightforward to derive the LO expressions for the Wolfenstein parameters of
the CKM matrix λ, A, ρ̄, and η̄, defined in (1.60). From (3.112), (3.127), and (3.128), we
obtain

λ =
|F (cQ1)|
|F (cQ2)|

∣∣∣∣
(Md)21

(Md)11

− (Mu)21

(Mu)11

∣∣∣∣ , A =
|F (cQ2)|3

|F (cQ1)|2 |F (cQ3)|

∣∣∣∣∣∣∣∣∣

(Yd)23

(Yd)33

− (Yu)23

(Yu)33[
(Md)21

(Md)11

− (Mu)21

(Mu)11

]2

∣∣∣∣∣∣∣∣∣
,

ρ̄− iη̄ =
(Yd)33 (Mu)31 − (Yd)23 (Mu)21 + (Yd)13 (Mu)11

(Yd)33 (Mu)11

[
(Yd)23

(Yd)33

− (Yu)23

(Yu)33

] [
(Md)21

(Md)11

− (Mu)21

(Mu)11

] .

(3.131)

Notice that, like in the case of the Froggatt-Nielsen mechanism, ρ̄ and η̄ are not suppressed
by any small parameters [139]. They are to first order independent of the zero-mode profiles
F (cQi,qi). The RS setup thus predicts that these parameters are of O(1), while the precise
values remain unexplained.

Let us now try to determine the bulk mass parameters from the measurable quantities
discussed here. The relations given in (3.126) and (3.131) do not allow to determine all zero-
mode profiles solely in terms of the quark masses and Wolfenstein parameters (as well as O(1)
Yukawa couplings). One profile remains as a free parameter. Choosing F (cQ2) to be that
parameter and expressing the other profiles in terms of its value, we find for the left-handed
quark profiles

|F (cQ1)| = λ∣∣∣∣
(Md)21

(Md)11

− (Mu)21

(Mu)11

∣∣∣∣
|F (cQ2)| , |F (cQ3)| =

∣∣∣∣
(Yd)23

(Yd)33

− (Yu)23

(Yu)33

∣∣∣∣
Aλ2

|F (cQ2)| . (3.132)

For the right-handed profiles, we arrive at

|F (cu1)| =
√

2mu

v

|(Mu)11|
∣∣∣∣
(Md)21

(Md)11

− (Mu)21

(Mu)11

∣∣∣∣
λ |det(Y u)|

1

|F (cQ2)| ,

|F (cu2)| =
√

2mc

v

|(Yu)33|
|(Mu)11|

1

|F (cQ2)| ,

|F (cu3)| =
√

2mt

v

Aλ2

|(Yu)33|
∣∣∣∣
(Yd)23

(Yd)33

− (Yu)23

(Yu)33

∣∣∣∣

1

|F (cQ2)| ,

(3.133)



92 CHAPTER 3. WARPED EXTRA DIMENSIONS: THEORETICAL ASPECTS

tR

uR

bR

cqi d -1�2 cqi t -1�2
KK

F

0

1 ÈFHcqiLÈ

Figure 3.8: Fermion localizations in the anarchic approach to flavor in warped extra dimen-
sions. Hierarchies are generated from O(1) input parameters cqi due to the warped geometry.
See [1] and text for details.

and

|F (cd1)| =
√

2md

v

|(Md)11|
∣∣∣∣
(Mu)21

(Mu)11

− (Md)21

(Md)11

∣∣∣∣
λ |det(Y d)|

1

|F (cQ2)| ,

|F (cd2)| =
√

2ms

v

|(Yd)33|
|(Md)11|

1

|F (cQ2)| ,

|F (cd3)| =
√

2mb

v

Aλ2

|(Yd)33|
∣∣∣∣
(Yu)23

(Yu)33

− (Yd)23

(Yd)33

∣∣∣∣

1

|F (cQ2)| .

(3.134)

As expected, these relations call for a hierarchical structure among the quark profiles,
which is naturally accommodated within warped extra dimensions. For the left-handed quark
profiles we find

|F (cQ1)|
|F (cQ2)| ∼ λ ,

|F (cQ2)|
|F (cQ3)| ∼ λ2 ,

|F (cQ1)|
|F (cQ3)| ∼ λ3 . (3.135)

The hierarchies of the right-handed profiles can then be fixed by the observed quark masses

|F (cu1)|
|F (cu3)| ∼

mu

mt

1

λ3
,

|F (cu2)|
|F (cu3)| ∼

mc

mt

1

λ2
,

|F (cd1)|
|F (cu3)| ∼

md

mt

1

λ3
,

|F (cd2)|
|F (cu3)| ∼

ms

mt

1

λ2
,

|F (cd3)|
|F (cu3)| ∼

mb

mt

.

(3.136)

These relations can be used to determine the hierarchical structure of the flavor mixing
matrices U q and W q in (3.127). The rotation matrices in the left-handed quark sector have
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the same structure as the CKM matrix. Their hierarchies are given by

Uu,d ∼ VCKM ∼




1 λ λ3

λ 1 λ2

λ3 λ2 1


 ∼




1 0.23 0.01
0.23 1 0.05
0.01 0.05 1


 , (3.137)

whereas in the right-handed quark sector we obtain

W u ∼




1 mu
mc

1
λ
mu
mt

1
λ3

mu
mc

1
λ

1 mc
mt

1
λ2

mu
mt

1
λ3

mc
mt

1
λ2 1



∼




1 0.012 0.001
0.012 1 0.077
0.001 0.077 1


 ,

W d ∼




1 md
ms

1
λ

md
mb

1
λ3

md
ms

1
λ

1 ms
mb

1
λ2

md
mb

1
λ3

ms
mb

1
λ2 1



∼




1 0.26 0.12
0.26 1 0.44
0.12 0.44 1


 .

(3.138)

The numerical values quoted here have been obtained by using the input parameters as com-
piled in Appendix D. Note that, while the fermion profiles are expected to be strongly hier-
archical in the left-handed quark sector as well as in the right-handed up-type sector, this is
not the case for the right-handed down-quark sector. Here, the hierarchies are much weaker

|F (cd1)|
|F (cd2)| ∼

md

ms

1

λ
∼ 0.3 ,

|F (cd2)|
|F (cd3)| ∼

ms

mb

1

λ2
∼ 0.4 . (3.139)

In this sector, and only there, it is thus a viable possibility to assume equal quark profiles
F (cdi) by imposing a U(3) flavor symmetry and to explain the required moderate splittings
in terms of O(1) variations in the fundamental Yukawa couplings that break this symmetry.
Although such a choice might seem to be ad hoc, it has the virtue of strongly suppressing
dangerous tree-level FCNC contributions to K–K̄ mixing [205].

To summarize the findings of this section, it is possible to address the hierarchies in the
fermion sector, and to generate small masses out of O(1) fundamental parameters within
warped extra dimensions. Those models thus provide also a solution to the second problem
introduced in Section 1.2. At the same time, the anarchic approach to flavor narrows down
many of the new parameters entering the RS setup, making the model more predictive. The re-
lations (3.135) and (3.136) demonstrate how the (relative) localizations of the different quarks,
expressed through profile functions F (c), are given in terms of observable quantities. These
new flavor quantities of the RS model can be fixed to first approximation by the observed
quark masses and CKM parameters. The emerging picture is shown in Figure 3.8. The (right
handed component of the) top quark, being the heaviest quark of the SM, should be localized
closest to the IR brane, where the Higgs sector is localized. The light quarks, however, reside
more closely to the UV brane. The fact that the top quark is localized next to the IR brane,
where also KK modes live, results in potentially interesting effects in top physics. The same
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holds true for the Higgs sector, being localized directly on the IR brane, see Chapter 5. Note
that the localization of single profiles can only be fixed to certain regions, which depend on
each other. Within these regions, the profiles can be shifted due to reparametrization invari-
ances, leaving the quark masses and CKM elements unchanged, see below. The boundaries of
these intervals are defined by naturalness, i.e., we do not want to abandon the assumption of
O(1) localization parameters, as well as of O(1) fundamental Yukawa couplings.

The regions in parameter space which are ocupied by 95% of our RS parameter points (see
Chapter 5) are plotted in Figure 3.9. This plot confirms that indeed the quark spectrum and
the mixing parameters constrain the localization of the quark fields and thus the generic RS
predictions for observables. As expected, light quarks are predicted to have cQi,qi < −1/2,
i = 1, 2, whereas the right-handed top quark and, to a lesser extend, the third generation
doublet feature cQ3,u3 > −1/2. Importantly, the generic statement about the flavor structure,
to expect the largest effects in the sector of third generation quarks, is quite robust. In
particular, the relative localizations within the SU(2)L doublet as well as within the singlet
sector are more or less fixed due to the observed hierarchies. However, also the absolute
localizations are constrained, due to the requirement that none of the (correlated) parameters
leaves its natural range. In that context note that the bulk masses should not significantly
exceed the RS curvature cQi,qi . 1. To improve these order of magnitude estimations and
to determine the precise values of the RS parameters, one has to perform significantly more
measurements than within the SM. In the phenomenological studies presented in this thesis, we
will scan over parameter sets, with the localization of the quarks determined just as described
in this section. Starting from random anarchical Yukawa matrices we will find that, despite the
remaining uncertainty in the localization of the fermion fields, generic predictions are possible
in the RS setup without additional input, see sections 5.2.2, 5.1.4, and 5.3.

What concerns leptons, note that it is also possible to address the tiny neutrino masses in
the RS setup, without a see-saw mechanism, by means of wave function overlaps [173, 208, 209],
see also [210, 211, 212].

Reparametrization Invariance

As sketched before, the results for the quark masses and mixings in the ZMA are invariant
under a set of reparametrization transformations, which change the input parameters of the
theory. We will now give the explicit form of the corresponding transformations. The first
type of reparametrization invariance (RPI-1) corresponds to a simultaneous rescaling of the
profiles for the SU(2)L doublet and singlet fermions by opposite factors, while keeping the
fundamental Yukawa couplings invariant

F (cQi)→ e−ξ F (cQi) , F (cqi)→ e+ξ F (cqi) , Y q → Y q . (RPI-1) (3.140)

For UV localized quarks, with ci < −1/2, these transformations correspond to good approxi-
mation to the shifts cQi → cQi − ξ/L and cqi → cqi + ξ/L of the bulk mass parameters.

A second type of reparametrization invariance (RPI-2) corresponds to a simultaneous
rescaling of all fermion profiles by a common factor, while the fundamental Yukawa couplings
are rescaled with an opposite factor (however still keeping them of O(1))

F (cQi)→ η F (cQi) , F (cqi)→ η F (cqi) , Y q →
1

η2
Y q . (RPI-2) (3.141)
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Figure 3.9: Localization parameters of quarks in the extra dimension. Values of cQi,qi <
−1/2 lead to an UV localization, whereas IR-localization corresponds to cQi,qi > −1/2.
The shown regions contain 95% of the points in the parameter space. See [1] and text
for details.

For ci < −1/2, the corresponding shifts of the bulk mass parameters are approximately uni-
versal and read cQi → cQi + L−1 ln η and cqi → cqi + L−1 ln η. A stronger form of this relation
is provided by allowing for different transformation parameters for up-type and down-type
singlets ηu 6= ηd

F (cQi)→ η F (cQi) , F (cqi)→ ηq F (cqi) , Y q →
1

ηηq
Y q . (RPI-2 ′) (3.142)

Of course the transformations (3.140) and (3.142) can be combined in arbitrary ways. While
the masses and mixing angles in the ZMA are not affected by these transformations, the
fermion bulk profiles do change. As a consequence also the result for the flavor-changing in-
teractions (apart from the CKM matrix), that will be derived in the upcoming sections, will
change under these reparametrizations. As discussed before, observables in the RS setup thus
depend, besides on the NP scale MKK, more or less strongly on additional new parameters,
which are not completely fixed by the fermion hierarchies. However, these hierarchies tell
us a lot about these parameters, and fix the relative sizes in the doublet as well as in the
singlet sector to a good extent. The demand for fundamental O(1) Yukawa couplings con-
strains the deviations due to the second type of reparametrization invariance. The remaining
freedom should then be constrained further by experiment, e.g. by Z-pole measurements, see
Section 5.1.3.

3.2.4 Gauge-Boson Interactions with Fermions

With the results obtained so far, we are able to derive all Feynman rules for the minimal RS
model in a straightforward way. In particular, we do not have to worry about the transforma-
tion to the mass basis anymore, which has already been implemented in our KK decomposition.
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We start the discussion with the interactions between fermions and gauge bosons. The in-
teractions involving the Higgs boson will be explored later in Section 3.7. The main results
that will be presented here are exact to all orders in v2/MKK. However, also ZMA expressions
will be given, which make the dependence on the model parameters more transparent. It will
turn out that for the Z-boson interactions with SM fermions it is necessary to include the
next-to-leading order (NLO) in the ZMA to derive a consistent result at O(v2/M2

KK). This
contribution had been neglected in the literature before [1].

Fermion Couplings to Massless Gauge Bosons and their KK Excitations

First we consider general fermion couplings to gauge bosons which do not receive masses from
EWSB, i.e., couplings to (KK) gluons and photons. Those have massless zero modes with a
flat profile (3.66). The interaction terms follow, like in 4D, from local gauge invariance. They
are analogous to the terms resulting from (1.9) but with an additional integration over the
extra dimension and a non-trivial metric, as well as 5D instead of 4D fields. In particular, the
4D covariant derivative (1.10) is to be replaced by (3.41). Note that the φ-components of the
gauge fields couple to fermion zero modes only at O(v2/M2

KK). Moreover, they do not develop
a zero mode themselves. Thus, we do not consider them here.

After KK decomposition, the 4D Lagrangian contains the interaction terms

L4D 3
∑

n1,n2,n3

{[
~aU†n2

IC(Q)
n1n2n3

~aUn3
+ ~au†n2

IS(u)
n1n2n3

~aun3

]
ū

(n2)
L gs /G(n1)a ta u

(n3)
L

+
[
~au†n2

IC(u)
n1n2n3

~aun3
+ ~aU†n2

IS(Q)
n1n2n3

~aUn3

]
ū

(n2)
R gs /G(n1)a ta u

(n3)
R

}
,

(3.143)

corresponding to couplings of gluons to up-type quarks. Analogous expressions hold for down-
type quarks. Here, gs = gs,5/

√
2πr is the 4D gauge coupling of QCD and we have defined the

overlap integrals

IC(A)
n1n2n3

=

∫ π

−π
dφ
√

2π χn1(φ) eσ(φ)CA
n2

(φ)CA
n3

(φ) , A = Q, u, d . (3.144)

The overlaps IS(A)
n1n2n3

are defined similarly in terms of integrals over S(A)
n profiles. For fixed

n1, n2, n3 these integrals are N ×N diagonal matrices in generation space. For the gluon zero
mode, we obtain using (3.66) and (3.88)

I
C(A)
0n2n3

= δn2n3 1 + ∆CA
n2n3

, I
S(A)
0n2n3

= δn2n3 1 + ∆SAn2n3
. (3.145)

Thus, the relation (3.90) implies that the couplings of massless gauge boson modes are flavor
diagonal and take the same form as in the SM, i.e.,

L4D 3
∑

n

ū(n)gs /G(0)a ta u(n) , (3.146)

where u(n) = u
(n)
L + u

(n)
R . The couplings of KK gluons are however not flavor diagonal and

must be worked out from (3.143). Due to the structure of the overlap integrals (3.144), the
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effective couplings between heavy fermions and KK gluons, which are both localized close to
the IR brane is not gs but

√
Lgs [169, 170]. The interactions between photons and fermions

can be obtained from the relations above by the replacement gst
a → eQf , where f can be any

fermion species charged under electromagnetism.

Fermion Couplings to the Z Boson

The weak interactions of the minimal RS model can be worked out in a similar way. Nev-
ertheless, some differences arise in this sector. In principle, the emerging overlap integrals
have the same form as in (3.143). But, since the weak gauge bosons couple differently to
SU(2)L-doublet and -singlet fermions, the integrals appear in different combinations com-
pared to (3.143). Moreover, already the zero modes of the weak gauge bosons, corresponding
to the W± and Z bosons of the SM, are massive and thus have a non-trivial profile in the
extra dimension. These facts result in modified weak gauge-boson couplings to fermions with
respect to the SM. The RS corrections are non-diagonal in flavor space, leading to tree-level
FCNCs due to interactions with the Z-boson. Interestingly, these corrections are paramet-
rically enhanced by the “volume factor” L (measuring the radius of the extra dimension in
units of the inverse curvature divided by π) with respect to the FCNC couplings of KK gauge
bosons [213], see Section 3.5.

Technically, the emergence of tree-level FCNC-couplings to the Z-boson in the RS model
has two reasons. First, the fermion profiles do not fulfill standard orthonormality relations but
rather fulfill (3.88). As discussed above, this reflects the fact, that after EWSB the SU(2)L
doublets and singlets mix. Thus, only the sum of the SU(2)L doublet and singlet contribution
to a certain chirality leads to diagonal couplings due to the combined orthonormality relation
(3.90), as is the case for the massless SM gauge bosons. If one term is coming with another
prefactor, like in the Z-boson couplings, being different for singlets and doublets, an off-
diagonal contribution to the interaction will remain, due to fermion mixing. Second, due to the
non-trivial dependence of the Z-boson profile on φ, the interaction integrals can not collapse to
the (combined) orthonormality relation (3.90), which would lead to diagonal couplings, even
if singlets and doublets would couple similarly. This source of tree FCNCs would remain even
without the presence of doublet-singlet mixing, i.e., when the odd profiles of the zero modes
vanish and the even profiles obey standard orthonormality relations with ∆CA

mn → δmn 1.
From a perturbative point of view, this can be understood through the fact that before going
from the flavor basis to the fermion mass basis, the Z-couplings are flavor (and KK mode)
diagonal but non universal due to the different overlaps. This will induce off-diagonal entries
in the interaction matrix, after going to the fermion-mass basis. In the same way, one can
understand the tree-level FCNCs due to fermion mixing, since here the SU(2)L doublets and
singlets, that are contributing to the same chirality (due to the presence of vector-like KK
excitations), couple differently [175, 214, 215], see also [216]. This source of tree-level FCNCs
would remain even for couplings to massless gauge bosons that couple differently to SU(2)L
doublets and singlets. Before, this effect has usually been neglected in the literature since
it is proportional to the masses of the light SM fermions. However, we will show that it is
parametrical as well as numerical as important as the other source of FCNCs. In [1], we have
given for the first time exact expressions for the corresponding contributions and presented
compact analytical results, valid at first non-trivial order in the ZMA.

Including RS corrections to O(m2
Z/M

2
KK), the couplings of the Z-boson to SM-fermions
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and their KK excitations can be written as

L4D 3
g

cos θw

[
1 +

m2
Z

4M2
KK

(
1− 1

L

)]
Zµ

×
∑

f,m,n

[(
gfL
)
mn
f̄L,mγ

µfL,n +
(
gfR
)
mn
f̄R,mγ

µfR,n

]
,

(3.147)

where g and cos θw are the 4D weak SU(2)L gauge coupling and the cosine of the weak
mixing angle as defined in (3.39) and (3.40). The prefactor in brackets in the first line above
corresponds to a universal correction due to the constant terms in the bulk profile (3.68). The
left- and right-handed couplings gfL,R are infinite-dimensional matrices in the space of fermion
modes, depending on the fermion type f = u, d, ν, e.14 They can be parametrized as

gfL =
(
T f3 − sin2 θwQf

)[
1− m2

Z

2M2
KK

(L∆F −∆′F )

]
− T f3

[
δF −

m2
Z

2M2
KK

(L εF − ε′F )

]
,

gfR = − sin2 θwQf

[
1− m2

Z

2M2
KK

(
L∆f −∆′f

)]
+ T f3

[
δf −

m2
Z

2M2
KK

(
L εf − ε′f

)]
,

(3.148)

where T f3 and Qf denote the weak isospin and the electric charge (in units of e) of the fermion
f . A subscript F on the matrices ∆, ∆′, δ, ε, and ε′, refers to a fermion of an SU(2)L doublet
(F = U,D in the quark sector, and F = ν, E in the lepton sector), while a subscript f refers
to a singlet (f = u, d or f = νR, e). The matrices ∆(′) and ε(′) arise due to the t-dependent
terms in the gauge-boson profile (3.68) and mediate FCNCs. The elements of the former read

(∆F )mn =
2π

Lε

∫ 1

ε

dt t2
[
~aF †m CF

m(φ)CF
n (φ)~aFn + ~af†m S

f
m(φ)Sfn(φ)~afn

]
,

(∆f )mn =
2π

Lε

∫ 1

ε

dt t2
[
~af†m C

f
m(φ)Cf

n(φ)~afn + ~aF †m SFm(φ)SFn (φ)~aFn
]
,

(∆′F )mn =
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~aF †m CF

m(φ)CF
n (φ)~aFn + ~af†m S

f
m(φ)Sfn(φ)~afn

]
,

(
∆′f
)
mn

=
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~af†m C

f
m(φ)Cf

n(φ)~afn + ~aF †m SFm(φ)SFn (φ)~aFn
]
.

(3.149)

Keep in mind that for the profiles of SU(2)L doublet fermions no distinction is to be made
between F = U and F = D (3.77), as well as between F = ν and F = E. For the minimal
RS model, the matrices ε(′) are identical to those given above, just with the even profiles CF,f

n

omitted. Finally, there are also the contributions from the fact that the fermion profiles are
not orthonormal on each other, i.e., from doublet-singlet mixing. They are parametrized by
the matrices δ, defined as

(δF )mn = ~af†m
(
δmn + ∆Sfmn

)
~afn , (δf )mn = ~aF †m

(
δmn + ∆SFmn

)
~aFn . (3.150)

14The discussion of the Z couplings in this section refers to quarks as well as leptons. In the rest of this
thesis we will, however, focus on the quark sector.
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We will now have a closer look on the couplings of the Z-boson to the light (SM) fermions,
which will be particular relevant for the following discussions. These are described by the
upper-left 3×3 blocks of the matrices gfL,R. First, note that the weight factor t2, present in the
overlap integrals (3.149), emphasizes the region close the IR brane, where t = O(1). However,
the SM fermions are, with the exception of the heavy top quark and, to a lesser extend,
the left-handed component of the bottom quark, all localized near the UV brane (see Figure
3.8 and the related discussion). However, in that region the weight factor is exponentially
suppressed t2 → O(ε2). This leads to a strong suppression of FCNCs containing light quarks,
which is known as the RS-GIM mechanism [176, 177, 217]. This is a very important feature
of RS models, as without such a mechanism, bounds from flavor physics would immediately
drive the KK scale way beyond the reach of the LHC, see the discussion of the new physics
flavor problem in Section 1.1.6. Like the GIM mechanism of the SM, RS-GIM is broken by the
large top-quark mass, see Section 1.1.3, which leads to an IR localization of the corresponding
singlet profile as well as (less strongly) of the corresponding doublet profile. However, its
dynamical origin is different from the GIM mechanism of the SM.

It will be very useful to have approximate analytical expressions for the exact overlap
integrals at hand, from which the size of their effects as well as the dependence on the input
parameters of the model will become more transparent. To this end, we employ the zeroth
order in the ZMA to the fermion profiles entering the overlap integrals of (3.149). This is
justified, since in (3.147) the profiles already feature a coefficient scaling like v2/M2

KK and
higher orders are neglected anyway. We perform the replacements

CQ,u
n (φ)~aU,un →

√
Lε

2π
diag(F (cQi,ui) t

cQi,ui ) âu,u
c

n , SQ,un (φ)~aU,un → 0 , (3.151)

and similar for down-type quarks, meaning that the even profiles reduce to the zero mode
profiles obtained without EWSB [173], while the odd profiles are suppressed by an extra
power of xn = mn/MKK and thus vanish to the order considered. Analogous expressions hold
for the down-quark sector.

With these replacements we find [211, 218, 219]

∆F → U †f diag

[
F 2(cFi)

3 + 2cFi

]
U f ,

∆f →W †
f diag

[
F 2(cfi)

3 + 2cfi

]
W f ,

∆′F → U †f diag

[
5 + 2cFi

2(3 + 2cFi)
2
F 2(cFi)

]
U f ,

∆′f →W †
f diag

[
5 + 2cfi

2(3 + 2cfi)
2
F 2(cfi)

]
W f .

(3.152)

All these objects are 3×3 matrices in generation space, and the diagonal matrices contain the
elements in the corresponding brackets on the diagonal. Note that, with the cFi,fi parameters

being close to −1/2, we have ∆A ≈∆′A for A = F, f to good approximation. The matrices ε
(′)
A

vanish at zeroth order in the ZMA - they are suppressed by an additional factor of v2/M2
KK.

The same is true for the matrices δA, since they can also be written as integrals containing
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only S(A)
n profiles. However, we have to be careful, since these contributions come with an

unsuppressed O(1) coefficient in (3.148). Thus we have to include the NLO in the ZMA which
yields

SQ,un (φ)~aU,un → ±sgn(φ)

√
Lε

2π
xn diag

(
F (cQi,ui)

t1+cQi,ui − ε1+2cQi,ui t−cQi,ui

1 + 2cQi,ui

)
âu,u

c

n , (3.153)

from which we derive

δF → xfW
†
f diag

[
1

1− 2cfi

(
1

F 2(cfi)
− 1 +

F 2(cfi)

3 + 2cfi

)]
W f xf ,

δf → xf U
†
f diag

[
1

1− 2cFi

(
1

F 2(cFi)
− 1 +

F 2(cFi)

3 + 2cFi

)]
U f xf .

(3.154)

Here, the diagonal matrix xf = diag(mf1 ,mf2 ,mf3)/MKK contains the masses of the SM
fermions. The important expressions (3.154) have not been presented before [1]. Approximate
results for the admixture of singlet contributions in the wave functions of predominantly
SU(2)L doublet SM fermions due to mixing with their KK excitations have been given in
[214, 215, 220, 221]. However, this effect has not been discussed systematically in the context
of flavor-changing processes. By making use of the scaling relations obtained via the Froggatt-
Nielsen analysis in Section 3.2.3 we arrive at

(∆F )ij ∼ (∆′F )ij ∼ F (cFi)F (cFj) ,

(∆f )ij ∼
(
∆′f
)
ij
∼ F (cfi)F (cfj) ,

(δF )ij ∼
mfimfj

M2
KK

1

F (cfi)F (cfj)
∼
v2 Y 2

f

M2
KK

F (cFi)F (cFj) ,

(δf )ij ∼
mfimfj

M2
KK

1

F (cFi)F (cFj)
∼
v2 Y 2

f

M2
KK

F (cfi)F (cfj) ,

(3.155)

valid to LO in hierarchies. Here, Yf represents an (combination of) element(s) of the Yukawa
matrix Y f . The relations (3.155) make the RS-GIM suppression factors due to the fermion
zero-mode profiles explicit. Moreover, one observes explicitly that the contributions of the
(usually neglected) δA matrices in (3.148), are of the same order as the effects proportional to

the ∆
(′)
A matrices. The chiral suppression is lifted by the inverse powers of the corresponding

fermion zero-mode profiles. Explicit expressions for the mixing matrices, in which the relevant
combinations of Yukawa matrices are included, can be found in [1].

Let us finally mention how the flavor-changing couplings discussed here transform under
the reparametrizations of Section 3.2.3, which leave the quark spectrum and CKM parameters
(in the ZMA) invariant. From (3.140), we obtain for a RPI-1 transformation

∆F → e−2ξ ∆F , ∆f → e+2ξ ∆f ,

δF → e−2ξ δF , δf → e+2ξ δf .
(3.156)

which redistributes effects between the left- and right-handed sectors. For a RPI-2 ′ transfor-
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mation, we obtain from (3.142)

∆F → η2 ∆F , ∆f → η2
q ∆f ,

δF →
1

η2
q

δF , δf →
1

η2
δf .

(3.157)

This corresponds to a reshuffling of contributions between the two sources of flavor violations,
one arising from the non-trivial gauge-boson profiles (∆A) and one from fermion mixing (δA).

Fermion Couplings to W± Bosons

Similar to the way of deriving the interactions between fermions and the Z boson, we can
obtain expressions for the couplings of the charged W± bosons to fermions. In this sector,
of course, flavor-changing effects at the tree-level are already unsuppressed within the SM.
Focusing on the quark sector and working up to O(m2

W/M
2
KK), we obtain

L4D 3
g√
2
W+
µ

∑

n1,n2

[(
ṼL
)
n1n2

ūL,n1γ
µdL,n2 +

(
ṼR
)
n1n2

ūR,n1γ
µdR,n2

]
+ h.c. , (3.158)

where (
ṼL

)
n1n2

= ~aU†n1
I
C(Q)
0n1n2

~aDn2
,

(
ṼR

)
n1n2

= ~aU†n1
I
S(Q)
0n1n2

~aDn2
(3.159)

and the corresponding overlap integrals have been defined in (3.144).
The couplings to the SM fermions are again encoded in the upper-left 3×3 blocks of these

matrices. In the leading order of the ZMA we obtain

Ṽ L → U †uU d = VCKM , Ṽ R → 0 , (3.160)

where the tilde symbol indicates that the charged-current interaction-matrices differ from the
quantities which would be experimentally identified with the CKM matrix (for the left handed
interactions) as well as the corresponding object in the right handed sector (which arises due
to doublet-singlet mixing). Here, the definition corresponds to the single WuiLd

j
L and WuiRd

j
R

vertices, whereas a more physical definition includes the exchange of the whole tower of W±-
boson KK modes. We will give such a definition, based on four-fermion interactions, after
having discussed the necessary formalism to sum up KK towers in Section 3.5. At O(v2/M2

KK),
corrections to the two matrices in (3.159) arise. These lead to a non-unitarity of the matrix
Ṽ L describing WuiLd

j
L interactions and to right-handed charged currents. The matrix Ṽ R can

be estimated by using the first non-trivial order in the ZMA for the SAn profiles, as given in
(3.153). We obtain

Ṽ R → xuU
†
u diag

[
1

1− 2cQi

(
1

F 2(cQi)
− 1 +

F 2(cQi)

3 + 2cQi

)]
U d xd . (3.161)

The scaling relations from the Froggatt-Nielsen analysis of Section 3.2.3 imply

(
ṼR

)
ij
∼ v2

M2
KK

F (cui)F (cdj) ∼
muimdj

M2
KK

1

F (cQi)F (cQj)
. (3.162)
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The non-unitarity of the matrix Ṽ L is determined by the deviations of the Z2-even fermion
profiles and the corresponding flavor vectors ~aQ,qn from their ZMA expressions, i.e., fermion
mixing, as well as by the t-dependent terms in the gauge-boson profile (3.68). These effects
are easiest to study with the help of the exact results for the fermion profiles and eigenvectors
derived in Section 3.2.2, see [1]. However, we will focus on the definition of the CKM matrix
via the exchange of the whole KK tower, see Section 3.6. After that discussion, we will also
explore the fermion couplings to the Higgs boson, directly in the context of both RS variants
studied in this thesis, see Section 3.7.

3.3 The T Parameter and Zbb̄ Observables as a Moti-

vation to Extend the Gauge Group

After having examined the interactions of the SM fields propagating in a warped extra dimen-
sion in detail in the last sections, we will have a first look at the phenomenological consequences
of this setup, which can be derived with the help of these results. For the time being, we will
concentrate on the electroweak precision parameters S, T and U due to Peskin and Takeuchi,
and corrections to Zbb̄ couplings. It will turn out that the RS setup presented so far gener-
ically produces sizable contributions to these quantities. This will provide a motivation for
the following part in this theory chapter - the introduction of the custodial Randall-Sundrum
model, which can help improving the electroweak fit with respect to the minimal model. How-
ever, we will also advocate another option of allowing for low NP scales MKK ∼ (2− 3) TeV,
within the minimal RS model (at the tree level).

The S, T , and U parameters have been introduced in Section 1.1.2, see (1.43). They mea-
sure deviations from the electroweak radiative corrections of the SM, due to NP contributions
in universal electroweak corrections. Thus, they are defined as zero for a SM reference point.
In the following, we will derive these parameters in the minimal RS model. Here, they already
get contributions on the born level, due to the tree-level corrections to the W±- and Z-boson
masses, as well as corrections to the trivial flat profiles. Thus we will not consider loop correc-
tions to the electroweak parameters, although a complete one-loop calculation, extending the
work of [222, 223, 224] would be desirable. However, this is beyond the scope of this thesis.
To calculate the RS contributions to the electroweak precision parameters, we use an effective
Lagrangian approach [202]. First note that, due to the RS-GIM mechanism, non universal
corrections to the W±- and Z-boson interactions are strongly suppressed for the first two
generations of SM fermions. In such a case, the corrections are adequately parametrized by
the S, T and U parameters. Neglecting non-universal corrections, we first rescale the gauge
fields in order to bring the interactions with zero-mode fermions to their SM form, working at
lowest order in the ZMA. Using (3.67) and (3.68) we can then read off (from the kinetic terms
and mass terms of the electroweak gauge bosons) the contributions to the correlators in the
RS model

ΠWW (0) = − g4v4

32M2
KK

(
L− 1

2L

)
,

Π ′WW (0) =
g2v2

8M2
KK

(
1− 1

L

)
,

ΠZZ(0) = −(g2 + g′2)2 v4

32M2
KK

(
L− 1

2L

)
,

Π ′ZZ(0) =
(g2 + g′2) v2

8M2
KK

(
1− 1

L

)
.

(3.163)
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Figure 3.10: Left: Regions of 68%, 95%, and 99% probability in the S–T plane. The
green (light-shaded) shaded stripe shows the SM predictions for mt = (172.6±1.4) GeV
and mh ∈ [60, 1000] GeV. The blue (dark-shaded) area indicates the RS corrections for
MKK ∈ [1, 10] TeV and L ∈ [5, 37]. Right: Same regions of probability in the gbL–gbR
plane. The horizontal stripe consists of a large number of points in the RS parameter
space, while the black dot corresponds to the SM prediction. See [1] and text for
details.

Gauge invariance ensures that ΠAA(0) = 0 to all orders in perturbation theory. Further,
working at tree-level results in ΠZA(0) = Π ′ZA(0) = 0.

Inserting the results (3.163) into the definitions of the Peskin-Takeuchi parameters (1.43),
we find, in agreement with [219, 225], the positive corrections

S =
2πv2

M2
KK

(
1− 1

L

)
, T =

πv2

2 cos2 θwM2
KK

(
L− 1

2L

)
, (3.164)

while U vanishes. As mentioned in Section 3.1.5, allowing the fermion fields to propagate into
the bulk significantly diminishes the corrections to S, with respect to a scenario with bulk
gauge fields and brane fermions, for which S, T ∼ −Lπv2/M2

KK are both large and negative
[202]. The expressions above show the expected behavior of decreasing with an increasing
mass scale MKK of the NP. Explicit values for the experimental 68% CL bounds on the S and
T parameters and their correlation matrix are given in (1.44). The corresponding regions of
68%, 95%, and 99% probability in the S–T plane are depicted in the left panel of Figure 3.10.
The SM predictions for different values of mh and mt are shown by the green (light-shaded)
stripe, whereas the blue (dark-shaded) area represents the RS corrections for different values
of the NP scale MKK and the volume factor L, which we will keep variable for this discussion.
From requiring the RS corrections to satisfy the experimental bounds from S and T leads, for
the SM reference point of Appendix D and L = 37, to the constraint on the KK scale

MKK > 4.0 TeV (99% CL) . (3.165)
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Recalling that the lightest KK excitations have masses around 2.45MKK, we arrive at masses
of the first KK-gauge bosons of at least about 10 TeV. This large scale is driven by the sizable
corrections to T , which is enhanced by the volume factor L, and makes the KK excitations
impossible to be discovered directly at the LHC. Moreover, such a high scale increases the
fine-tuning problem discussed in Section 3.1.5 since it leads to a higher cutoff for the minimal
RS model (recall that ΛUV(π) > MKK). This sizable “little hierarchy problem” calls for a cure.
Interestingly, it is possible to show that the rather tight constraint form T is present in any 5D
warped model with the SM gauge group in the bulk, which solves the gauge hierarchy problem
by a moderately large volume factor [219]. There are at least five possibilities to mitigate the
strong constraint from the T parameter in models with a warped extra dimension.

Looking at the left panel of Figure 3.10 it seems to be possible to compensate the large
positive corrections (3.164) to T in the minimal RS model by negative corrections due to a
heavy Higgs boson [226, 227, 228, 229, 230]. Explicitly, the leading logarithmic corrections to
S and T , due to a Higgs-boson mass different from the reference value of mref

h = 150 GeV,
read [64]

∆S =
1

6π
ln

mh

mref
h

, ∆T = − 3

8π cos2 θw
ln

mh

mref
h

, (3.166)

whereas U remains unchanged. From these relations one concludes that taking for example
mh = 1 TeV, can significantly relax the bounds from the T parameter by providing a negative
contribution of ∆T ≈ −0.30. Note that a large Higgs-boson mass also induces a positive shift
in the parameter S. However, since ∆T/∆S ≈ −3 the combined effect will still lead to a less
stringent bound on MKK. Taking mh = 1 TeV we arrive at

MKK > 2.6 TeV (99% CL) . (3.167)

Remember that the bound on the Higgs-boson mass from unitarity of longitudinal W±-boson
scattering, see (1.37), can be relaxed in RS models [44]. Thus we consider mh . 1 TeV as a
rough upper bound for our analysis. As we additionally argued that in warped models, with
the Higgs sector residing on the IR-brane, we naturally do expect the mass of the Higgs boson
to be of the order of the KK scale and not the electroweak scale, the option to see electroweak
precision tests as a hint for a heavy Higgs boson, rather than a high KK scale of the minimal
RS model, should not be directly discarded. Moreover, a smaller value of the top-quark mass
can relax the bound further as it provides a negative contribution to T without changing S.
The total error on the top-quark mass of ∆mt = 1.4 GeV translates into a possible shift of
∆T ≈ ±0.02. A heavy Higgs boson in combination with a slightly lighter top quark might
thus allow for first KK gauge-bosons as light as 6 TeV, without changing the setup of the
minimal RS model.

As the corrections to T are enhanced by the RS volume L, a second, obvious, way to
diminish them would be to assume a smaller RS volume. This removes the possibility of
addressing the complete hierarchy between the Planck scale and the electroweak scale within
the RS model. However, as this model is an EFT, it is anyway well possible that it will
be replaced by a UV completion well below the Planck scale ΛUV(0) � MPl. In the spirit of
“little Higgs” models, stabilizing the Higgs mass only up to scales of the order of (10–100) TeV
[132, 133], see Section 1.2.1, the “little RS” model could be replaced by a more fundamental
theory already at such a low scale. As many observables in the RS model are enhanced by L,
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such a possibility seems viable to improve the agreement between the model and experiment
also in other sectors. However, note that the situation is not that simple. As has been shown
in [157], a small volume factor leads to stronger constraints from the CP-violating quantity
εK , due to a softening of the RS-GIM mechanism. Moreover, the true solution to the gauge
hierarchy problem is only postponed to larger energies. We will not consider this possibility
in the main phenomenological part of this thesis. However, choosing for example a volume-
truncated background with L = ln(103) ≈ 7 to address the hierarchy between the electroweak
scale and 103 TeV, the RS bound from electroweak precision is weakened to the “little RS”
bound of

MKK > 1.5 TeV (99% CL) . (3.168)

The lightest KK modes in such a scenario would have masses of approximately 2.65MKK. As
a result, T only constrains the masses of the lowest-lying KK gauge-boson excitation to be
heavier than around 4 TeV. This bound relaxes further for a larger Higgs-boson mass. For
example, using mh = 500 GeV instead of the reference value of mh = 150 GeV would allow for
light KK gauge bosons of around 3 TeV.

A third possibility to lower the KK scale while still achieving good agreement with elec-
troweak precision data would be to introduce large brane-localized kinetic terms for the elec-
troweak gauge bosons, allowing for masses of the first KK gauge-boson modes of the order
of 5 TeV [225, 231, 232]. The appearance of such terms in orbifold theories is expected on
general grounds since they are needed as counterterms to cancel divergences arising at the
loop level [233, 234]. However, in our analysis, we do not want to follow this direction as a
possibility to weaken constraints from electroweak precision measurement. The bare contribu-
tions to these terms correspond to unknown UV physics above the cutoff. We simply assume
these contributions to be small in order to retain the predictivity of the model. Moreover we
ignore possible loop contributions to brane-localized kinetic terms since we concentrate on the
leading contributions to the precision observables. Note that, even if these assumptions would
be relaxed, a heavier Higgs boson in RS would still help in lowering the limit on the KK scale,
so that this scenario will still be viable in the presence of brane-localized kinetic terms, see
also [225].

A fourth option is given by promoting the Higgs to a bulk field by removing it slightly
from the IR brane. This will lead to a smaller overlap of the Higgs boson with KK modes
and in consequence to a slightly reduced contribution to T . If one assumes in addition a small
deformation of the geometry from the AdS5 metric (3.1) near the IR brane, the constraint
on the lightest KK gauge-boson masses due to electroweak precision tests can be lowered to
about 2 TeV [235, 236, 237, 238]. However, in the following we will stick to the original RS
solution and do not consider additional structure that could lead to such a deformation of the
geometry.

Before coming to the fifth possibility to evade large corrections to the T parameter, which
will be studied detailed in the next sections, let us mention another sector of electroweak
precision, where sizable RS corrections are expected. The left-handed bottom quark, residing
in the same SU(2)L doublet as the top quark, will have a rather large overlap with the IR
brane (see Figure 3.9). Therefore, sizable deviations in couplings of this quark to massive gauge
bosons are generated, since those have the largest deviation from a flat profile close to the IR
brane, too. Precise measurements of different bottom-quark pseudo observables at the Z-pole
have been performed at LEP. These lead to quite stringent constraints on the left-handed
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and right-handed couplings of bottom quarks to the Z-boson, gbL and gbR. The corresponding
expressions in the minimal RS model have been given in (3.148), where gbc ≡ (gdc )33 , c = L,R.
Note that the universal prefactor in (3.147) cancels out in the observables considered. A
thorough analysis of the Zbb̄ couplings in RS models will be performed in Section 5.1.3, where
we will also specify the observables, mentioned before. The results in the gbL–gbR plane for
the minimal RS model are shown in the right panel of Figure 3.10. The horizontal stripe
corresponds to a scan over the RS parameter space, guaranteeing that the quark masses as
well as the CKM mixing angles and phase are reproduced within the 1σ range, see Chapter 5.
The SM prediction for our reference point is depicted by the black dot. One can see that
large positive corrections to gbL arise, leading potentially out of the 3σ range.15 Moreover, the
anomaly in A0,b

FB can not be resolved directly by RS corrections, see Section 5.1.3. One might
interpret this measurement as a determination of the RS input parameters, constraining their
values. Note that e.g. for MKK ∼ 1.5 TeV it is always possible to find flavor parameters in
the anarchic RS setup, such that the constraints from Z → bb̄ are fulfilled, see the analysis of
Section 5.1.3. For example for the RS reference point, given in [1], we arrive at a constraint
on the KK scale of MKK > 1.6 TeV (@ 99% CL) . Thus, after an adjustment of the flavor
parameters, the constraint from Z → bb̄ is in general weaker than the one from the Peskin-
Takeuchi parameters. However, in the light of the generically large corrections to gbL, it would
be interesting to find a mechanism to evade these large RS contributions.

A setup that can avoid large corrections to the T parameter as well as to the left-handed Zbb̄
coupling is provided by the custodial Randall-Sundrum model. As we have seen in Section 1.1.2
and Appendix A.2, the custodial symmetry of the Higgs sector is responsible for a protection of
the ρ parameter (and thus also of the T parameter) in the SM. If we want to have a protection
for the T parameter in a slice of AdS5, it seems to be a good idea to explore the possibility of a
similar protection mechanism. First of all, as we are using a SM Higgs sector one can ask the
question, why the standard protection of the T parameter does no longer work in the minimal
RS model. This can be understood again from the dual 4D perspective. To have a protection
for the T parameter, we would like to have a custodial symmetry for the CFT of which the
minimal Higgs is a light composite. However, a global symmetry group on the CFT side (with a
weakly gauged subgroup) corresponds to a gauge symmetry in the bulk of the AdS5 space-time
[193]. In consequence, we need to gauge the complete SU(2)L×SU(2)R symmetry responsible
for a custodial protection [218], see Section 1.1.2. The absence of a SU(2)R gauge symmetry
in the minimal RS model is the reason for its large generic contributions to the T parameter
at the tree-level. Explicitly, the mixing with the heavy KK modes, that get their masses from
compactification, destroys the sought relation for the W± and Z-boson zero modes in the
minimal RS model, in the absence of the gauged custodial symmetry. In addition to providing
such a symmetry, the custodial RS model features a protection for ZbLb̄L couplings, given an
appropriate embedding of the left handed bottom quark (i.e., the bottom quark which has a
left-handed zero mode in the perturbative approach) and invariance under the interchange of
both SU(2) groups [239]. This requires an extended fermion sector with respect to the minimal
RS model. We will elaborate on this protection in sections 3.4.3 and 5.1.3. To summarize
this discussion, the gauge group, which leads to a custodial protection of the T parameter in
warped extra dimensions, and which is also appropriate for a protection of the ZbLb̄L vertex,

15Note that the tiny corrections in gbR are always negative.
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reads
SU(3)c × SU(2)L × SU(2)R × U(1)X × PLR , (3.169)

where PLR interchanges the two SU(2) groups. The RS variant employing this gauge group is
called the custodial Randall-Sundrum model (with PLR symmetry). Note, however, that this
symmetry group has to experience a first breaking above the electroweak scale, as we do not
see additional gauge bosons at low energies. Thus, we will break the extended hypercharge
gauge group SU(2)R × U(1)X down to U(1)Y on the UV brane via BCs, so as to arrive at
the SM gauge group (1.5) in the low energy theory. In the end, it will turn out that the
extended symmetry results in a vanishing of the leading RS contribution to the T parameter,
which is enhanced by the RS volume L, see (5.10) below. Thus, the T parameter will become
tiny which leads to a lower bound on the KK scale, due to the S parameter which remains
unchanged, of

MKK > 2.4 TeV (99% CL) . (3.170)

This translates into a lower bound on the first KK gauge-boson masses of about 6 TeV. This
bound is marginally better that the one (3.167) of the minimal RS setup without custodial
symmetry, but with a heavy Higgs boson. In this context, note that in the case of the RS
scenario with extended electroweak sector, the existence of a heavy Higgs boson would be
rather problematic with respect to the global electroweak fit. The remaining corrections to T
are generically too small to compensate for the negative shift ∆T due to a large Higgs mass.

So far we have only talked about tree-level corrections to the electroweak parameters.
Another virtue of the gauged custodial symmetry is that it makes one-loop corrections to the
T parameter finite and thus calculable within the RS setup [218]. These can, depending on the
realization of the model and the region in parameter space, improve or worsen the agreement
with experiment. On the other hand, without a custodial gauge symmetry, uncontrolled loop
effects might also raise the lower bounds (3.167) and (3.168) to substantially higher values.
We will study the custodial protection of the T parameter as well as the ZbLb̄L couplings
in the custodial model in detail in the upcoming sections, where we also will comment more
specifically on the loop corrections mentioned before. Nevertheless, in the light of the heavy
Higgs option, we still do not discard the minimal RS model and will study the phenomenology
of both variants in Chapter 5.

3.4 The Custodial Randall-Sundrum Model

In this section we will perform a thorough analysis of the structure of the RS proposal featuring
custodial protection, due to an extended gauge group in the bulk. We will again avoid to
expand the theory in powers of v2/M2

KK from the very beginning and to truncate the KK
tower after one (or a few) modes, as done in the literature on the custodial RS model. The
approach of performing the KK decomposition directly in the mass basis is particularly suited
for understanding clearly and analytically important features of the custodial model, like
the level of protection of the left-handed Zbb̄ couplings. Calculating analytically all terms
of order v2/M2

KK, we will identify (ir)reducible sources of custodial symmetry breaking in
different sectors, which remain somewhat hidden if a perturbative approach is used. Our
exact approach allows to include the mixing of fermions between different generations in a
completely general way. This makes the dependence on the exact realization of the matter
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sector transparent and it becomes straightforward to study the model-dependence of the gauge-
and Higgs-boson interactions with the SM fermions. A thorough treatment of the perturbative
approach featuring truncation after the first mode can be found in [240].

We start with discussing the KK decomposition of the bulk gauge fields of the custodial
gauge group, in the presence of a brane-localized Higgs sector, working in a covariant Rξ

gauge. Here we will also study the custodial protection of the T parameter. After that we
will examine the extended fermion sector of the custodial RS model. The particular fermion
representations that we choose allow for a protection of the ZbLb̄L couplings [239]. It will
turn out to be possible to write the KK decomposition in a form which allows to apply
directly the general formalism developed in Section 3.2.2. Then we will study the structure
of gauge-boson interactions with SM fermions in detail. A crucial part is the analysis of the
custodial protection mechanism. We will give analytic formulae that show, on the one hand,
the requirements for achieving a custodial protection of the left-handed Z-boson couplings and
that expose, on the other, the terms that necessarily escape protection. We will distinguish
between the protection from gauge-boson corrections and from those arising from fermion
mixing. Moreover, we will show explicitly that no protection mechanism is present in the
charged-current sector, confirming existing model-independent results. The interactions of
the Higgs boson with matter will be studied further below, together for both, the minimal
RS variant and the custodial RS model. The exact dependence of the interactions on the
realization of the fermion sector will be worked out. The following is based on [2].

3.4.1 The Gauge Sector in the Custodial RS Model

In this section we will perform the KK decomposition of the extended gauge sector of the
custodial RS model in the mass basis. We will derive exact solutions for the profiles and masses
of the bulk fields, including the effects of an IR brane-localized Higgs sector. The formulae
derived here will build the basis for studying interactions of the model and in particular for
analyzing the custodial protection mechanism.

Action of the 5D Theory

We consider the RS model with custodial protection as proposed in [218] and introduced
above, with the bulk gauge symmetry SU(2)L × SU(2)R × U(1)X × PLR. On the IR brane,
the symmetry-breaking pattern SU(2)L × SU(2)R → SU(2)V provides a custodial symmetry,
which protects the T parameter, whereas the breaking SU(2)R × U(1)X → U(1)Y on the UV
brane generates the SM gauge group, which we observe at low energies. The further breaking
down to U(1)EM is due to an interplay of UV and IR BCs and will become clear later. The
5D action of the gauge sector takes the form

Sgauge =

∫
d4x r

∫ π

−π
dφ
(
LL,R,X + LHiggs + LGF

)
, (3.171)

with the gauge-kinetic terms

LL,R,X =

√
G

r
GKMGLN

(
−1

4
LaKLL

a
MN −

1

4
Ra
KLR

a
MN −

1

4
XKLXMN

)
, (3.172)
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where the assignment of the fields to the gauge groups should be self-explanatory. We choose
the four-vector components of the gauge fields to be even under the Z2 parity, while the scalar
fifth components are odd, in order to arrive at a low-energy spectrum that is consistent with
observation. As it is not needed for our analysis, we ignore the Faddeev-Popov Lagrangian.

The Higgs Lagrangian

LHiggs =
δ(|φ| − π)

r

(
1

2
Tr |(DµΦ)|2 − V (Φ)

)
(3.173)

is localized on the IR brane. A prescription of how to deal with δ(|φ| − π) has already been
presented before in (3.47). The Higgs is extended to a bi-doublet under SU(2)L × SU(2)R,
and is responsible for breaking SU(2)L×SU(2)R to the diagonal subgroup SU(2)V on the IR
brane. It transforms as (2,2)0 and explicitly reads (see (A.14) and [224]),

Φ(x) =
1√
2

(
v + h(x)− iϕ3(x) −i

√
2ϕ+(x)

−i
√

2ϕ−(x) v + h(x) + iϕ3(x)

)
, (3.174)

with real scalar fields ϕi and h, ϕ± = (ϕ1 ∓ iϕ2)/
√

2. The VEV of the Higgs fields is again
only to first approximation given by the SM value, v ≈ 246 GeV, and will receive corrections
at O(v2/M2

KK), see Section 5. In the notation above, SU(2)L transformations act from the
left on the bi-doublet, while the SU(2)R transformations act from the right. The covariant
derivative acting on the Higgs sector reads

DµΦ = ∂µΦ− igL5 L
a
µT

a
L Φ + igR5 ΦRa

µT
a
R , (3.175)

with T aL,R = σa/2. An explicit calculation leads to

DµΦ =
1√
2



∂µ (h− iϕ3)− i v

2

(
gL5 L

3
µ − gR5R

3
µ

)
− ∂µi

√
2ϕ+ − i v

2

(
gL5 L

+
µ − gR5R

+
µ

)

−∂µi
√

2ϕ− − i v
2

(
gL5 L

−
µ − gR5R

−
µ

)
∂µ (h+ iϕ3) + i

v

2

(
gL5 L

3
µ − gR5R

3
µ

)




(3.176)
+ terms bi-linear in fields ,

where we have introduced

L±µ =
1√
2

(
L1
µ ∓ iL2

µ

)
, R±µ =

1√
2

(
R1
µ ∓ iR2

µ

)
, (3.177)

in analogy to the charged W± bosons of the SM. The structure of (3.176) motivates us to
define the new fields

(
ÃM
VM

)
=

1√
g2
L + g2

R

(
gL −gR
gR gL

)(
LM
RM

)
, (3.178)

which result in a diagonal mass matrix. The 4D gauge couplings are related to 5D couplings
as introduced in (3.39). The rotations above are in analogy to the usual definitions of the Z
boson and photon fields, like in the SM, which are themselves postponed to (3.184). Note that
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the PLR symmetry forces gL = gR. However, for the time being, we will keep both couplings
separately, in order to be able to identify the dependence of observables on the presence of
the extra symmetry. Finally, the mass term adopts the form

LHiggs ⊃
δ(|φ| − π)

r

(g2
L5 + g2

R5) v2

8
ÃaµÃ

µa ≡ δ(|φ| − π)

r

1

2
M2

Ã
ÃaµÃ

µa , (3.179)

and reveals the breaking pattern (c.f. (A.18))

SU(2)L × SU(2)R
IR−→ SU(2)V , (3.180)

induced by the Higgs VEV 〈Φ〉 = v/
√

2 1. Appropriate BCs break the extended electroweak
gauge group down to the SM gauge group on the UV boundary

SU(2)R × U(1)X
UV−−→ U(1)Y . (3.181)

Explicitly, this is achieved by introducing the new fields

(
Z ′M
BY
M

)
=

1√
g2
R + g2

X

(
gR −gX
gX gR

)(
R3
M

XM

)
, (3.182)

and giving Dirichlet BCs to Z ′µ and R1,2
µ on the UV brane, which prevent the emergence of

corresponding zero modes. The U(1)Y hypercharge coupling is related to the SU(2)R×U(1)X
couplings by

gY =
gR gX√
g2
R + g2

X

(3.183)

and the SM-like neutral electroweak gauge bosons are defined in the standard way through

(
ZM
AM

)
=

1√
g2
L + g2

Y

(
gL −gY
gY gL

)(
L3
M

BY
M

)
. (3.184)

It follows that the definitions of the sine and cosine of the weak-mixing angle,

sin θw =
gY√
g2
L + g2

Y

, cos θw =
gL√

g2
L + g2

Y

, (3.185)

agree again formally with those in the SM, see (3.40) and (1.23). Note that the fields V 3
M and

XM can be rotated to the photon field AM and a state ZH
M via

(
ZH
M

AM

)
=

1

g2
LRX

(
gL gR −gX

√
g2
L + g2

R

gX
√
g2
L + g2

R gL gR

)(
V 3
M

XM

)
, (3.186)

where

g2
LRX =

√
g2
L g

2
R + g2

L g
2
X + g2

R g
2
X . (3.187)

Moreover, we write Z̃M ≡ Ã3
M , as we will see that it is a linear combination of ZM and Z ′M ,

which is orthogonal to ZH
M .
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∂φL
±
µ (x, 0) = 0 L±5 (x, 0) = 0

R±µ (x, 0) = 0 R±5 (x, 0) = 0
∂φZµ(x, 0) = 0 Z5(x, 0) = 0
Z ′µ(x, 0) = 0 Z ′5(x, 0) = 0
∂φAµ(x, 0) = 0 A5(x, 0) = 0

∂φÃ
±
µ (x, π−) = − r

2ε2
M2

Ã
Ã±µ (x, π) Ã±5 (x, π) = 0

∂φV
±
µ (x, π) = 0 V ±5 (x, π) = 0

∂φZ̃µ(x, π−) = − r
2ε2
M2

Ã
Z̃µ(x, π) Z̃5(x, π) = 0

∂φZ
H
µ (x, π) = 0 ZH

5 (x, π) = 0
∂φAµ(x, π) = 0 A5(x, π) = 0

Table 3.2: UV (left) and IR (right) BCs.

In Table 3.2 we collect the BCs that we choose for the fields in order to obtain the correct
SM spectrum. They are given in terms of fields with individual BCs on the corresponding
branes. In the following we will refer to these sets of fields as the UV and the IR basis,
respectively. The situation is summarized in Figure 3.11, where we also recall the symmetry-
breaking patterns on the different branes. The BCs can easily be transformed to another
basis at the expense of obtaining expressions that mix different fields. The photon Aµ has
individual and source-free Neumann BCs on both branes, and therefore its zero mode remains
massless. Note that there is just one mass parameter MÃ entering the IR BCs, in contrast to
the two parameters MZ and MW appearing in the minimal model. In the custodial model, the
different masses for the lightest electroweak gauge bosons are accomplished through the mixed
UV BCs of the gauge fields in the IR basis (see (3.188) below). The fact that there is just one
fundamental mass parameter is crucial for the custodial protection of the T parameter. We
will elaborate on this later in this section.

The action of the theory contains again mixed terms between gauge fields and scalars,
which can be removed by an appropriate gauge-fixing Lagrangian. As the Higgs sector is
localized on the IR brane, it is natural to work in the IR basis for that purpose. For this
reason, we define the 5D theory in the IR basis. The concrete form of the gauge fixing will be
given below in (3.196).

Before discussing the KK decomposition, we summarize the relations between the UV
(right) and the IR basis (left). They read

(
Z̃M
ZH
M

)
=

(
cos θZ − sin θZ
sin θZ cos θZ

)(
ZM
Z ′M

)
≡ RZ

(
ZM
Z ′M

)
,

(
Ã±M
V ±M

)
=

(
cos θW − sin θW
sin θW cos θW

)(
L±M
R±M

)
≡ RW

(
L±M
R±M

)
,

(3.188)

where

sin θZ =
g2
R√

(g2
L + g2

R)(g2
R + g2

X)
, cos θZ =

g2
LRX√

(g2
L + g2

R)(g2
R + g2

X)
,

sin θW =
gR√
g2
L + g2

R

, cos θW =
gL√
g2
L + g2

R

, (3.189)

and g2
LRX has been defined in (3.187). In order to shorten the notation we will hereafter

employ the abbreviations sa ≡ sin θa and ca ≡ cos θa for a = w,Z,W .
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UV brane

SU(2)R × U(1)X → U(1)Y

Z′M, R
±
M

AM , ZM , L±
M

IR brane

SU(2)L × SU(2)R → SU(2)V

ZHM, V
±
M

AM , Z̃M , Ã±
M

Figure 3.11: UV and IR basis, i.e., gauge fields with individual BCs on the corre-
sponding branes. The fields in the first (second) row on the UV brane do (do not)
possess a zero mode. The symmetry-breaking pattern on the UV and IR brane is also
indicated. See [2] and text for details.

Kaluza-Klein Decomposition

We now perform the KK decomposition of the fields of the 5D theory, which we formulated in
the IR basis. However, it is convenient to work with profiles that obey definite Neumann (+)
or Dirichlet (−) BCs on the UV brane. Therefore we include a rotation to the UV basis, i.e.,
the basis in which the UV BCs decouple, in our decomposition. Furthermore, as different UV
fields get mixed by the IR BCs, these fields should be expressed through the same 4D basis.
We consequently introduce the vectors ~ZM = (Z̃M , Z

H
M)T and ~W±

M = (Ã±M , V
±
M )T and write

Aµ(x, φ) =
1√
r

∑

n

χ(+)
n (φ)A(n)

µ (x) , Aφ(x, φ) =
1√
r

∑

n

∂φχ
(+)
n (φ) aAn ϕ

(n)
A (x) ,

~Zµ(x, φ) =
RZ√
r

∑

n

χ+
n (φ) ~AZ

n Z
(n)
µ (x) , ~Zφ(x, φ) =

RZ√
r

∑

n

∂φχ
+
n (φ) ~AZ

n a
Z
n ϕ

(n)
Z (x) ,

~W±
µ (x, φ) =

RW√
r

∑

n

χ+
n (φ) ~AW

n W±(n)
µ (x) , ~W±

φ (x, φ) =
RW√
r

∑

n

∂φχ
+
n (φ) ~AW

n aWn ϕ
±(n)
W (x) ,

(3.190)

where the sums run over n = 0, . . . ,∞. Note that A
(n)
µ (x) etc. are 4D mass eigenstates and

the lightest modes are identified with the SM gauge bosons, which we observe at low energies.
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The matrices RZ,W have been defined in (3.188) and we have introduced the diagonal
profile matrices

χ+
n (φ) =

(
χ

(+)
n (φ) 0

0 χ
(−)
n (φ)

)
, (3.191)

as well as two-component vectors ~Aan, with a = Z,W , representing the mixings between the
different gauge fields and their KK excitations. These vectors are normalized according to

( ~Aan)
T ~Aan = 1 . (3.192)

Notice that the matrices χ+
n (φ) should in principle also carry a superscript a, indicating

the field to which they belongs, but we will not show it, as the correct index should be always
clear from the context. The superscripts (+) and (−) label the type of BC we impose on the
profiles on the UV brane, i.e., they indicate untwisted and twisted even functions16 on the
orbifold. Remember from Table 3.2 that both types of profiles satisfy Neumann BCs on the
IR boundary, which we do not indicate explicitly by a superscript (+) to avoid unnecessary
clutter of notation. Let us also introduce the shorthand notations

~χZn (φ) =

(
χZn (φ)
χZ
′

n (φ)

)
= χ+

n (φ) ~AZ
n , ~χWn (φ) =

(
χLn(φ)
χRn (φ)

)
= χ+

n (φ) ~AW
n , (3.193)

for the profiles of the UV fields. In analogy to the fermion profiles of the minimal model
(3.88), the profiles χ+

n (φ) do not obey exact orthonormality conditions. This fact is related
to the decomposition of different fields into the same 4D states (i.e., mixing). The complete
vectors ~χ an(φ) with a = Z,W are however orthonormal on each other,

∫ π

−π
dφ ~χ aTm (φ) ~χ an(φ) = δmn . (3.194)

Note also that the photon obeys the standard orthonormality condition (3.48), as before. As

in (3.50), we also expand the 4D Goldstone bosons in the basis of mass eigenstates ϕ
(n)
Z (x)

and ϕ
±(n)
W (x) by writing

~ϕ 3(x) =
∑

n

~bZn ϕ
(n)
Z (x) , ~ϕ±(x) =

∑

n

~bWn ϕ
±(n)
W (x) . (3.195)

16We use the term twisted even functions for profiles with even Z2-parity, which obey Dirichlet BC on the
UV brane and are thus not smooth at this orbifold fix point. These fields are sometimes called odd, as they
look like an odd function (at the UV brane) if one just considers half of the orbifold. Untwisted even functions
correspond to ordinary profiles with Neumann UV BCs.
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Employing the notation introduced in this section, the gauge-fixing Lagrangian takes the form

LGF = − 1

2ξ

(
∂µAµ − ξ

[
∂φ e

−2σ(φ)

r2
Aφ

])2

− 1

2ξ

(
∂µ ~Zµ − ξ

[
δ(|φ| − π)

r
MÃ ~ϕ

3 +
∂φ e

−2σ(φ)

r2
~Zφ

])2

− 1

ξ

(
∂µ ~W+

µ − ξ
[
δ(|φ| − π)

r
MÃ ~ϕ

+ +
∂φ e

−2σ(φ)

r2
~W+
φ

])T

×
(
∂µ ~W−

µ − ξ
[
δ(|φ| − π)

r
MÃ ~ϕ

− +
∂φ e

−2σ(φ)

r2
~W−
φ

])
.

(3.196)

Inserting the decompositions (3.190) into the action and defining the projectors P (+) =
diag(1, 0) and P (−) = diag(0, 1), we derive the EOMs [1, 169, 170]

− 1

r2
∂φ e

−2σ(φ) ∂φRaχ
+
n (φ) ~A a

n = (ma
n)2Raχ

+
n (φ) ~A a

n −
δ(|φ| − π)

r
M2

a P (+)Raχ
+
n (φ) ~A a

n ,

(3.197)

where a = Z,W,A with MZ = MW = MÃ and MA = 0, as well as RA = 1 and ~AA
n = (1, 0)T .

In order to avoid boundary terms due to integration by parts, we move the δ-distribution by
an infinitesimal amount into the bulk, as explained before (3.47). We will again indicate values
obtained by a limiting procedure by a superscript in the argument, e.g. by writing χ+

n (π−).
The appropriate IR BCs for the profiles can be obtained by integrating the EOMs (3.197) over
an infinitesimal interval around |φ| = π. At the 5D level the BCs have already been presented
in Table 3.2. However, note that the discontinuities of the scalar components, whose profiles
are proportional to the φ-derivative of the vector profiles, have not been given yet. We arrive
at

ma
n

MKK

Raχ
−
n (π−) ~A a

n = −X2LP (+)Raχ
+
n (π) ~A a

n , (3.198)

where

χ−n (φ) ≡ 1

ma
nr
e−σ(φ)∂φχ

+
n (φ) , X2 ≡ (g2

L + g2
R) v2

4M2
KK

. (3.199)

For the photon the right-hand side in (3.198) is equal to zero. After applying the EOMs
and the orthonormality condition (3.194), we observe that the 4D action takes the desired
canonical form, given that

aan = − 1

ma
n

, ~b an =
Ma√
rma

n

P (+)Raχ
+
n (π−) ~A a

n . (3.200)

Thus, we finally end up again with a low energy theory that corresponds to the SM gauge
fields, with quadratic terms in analogy to (3.53). However, due to the extended gauge group
we started with, the theory now contains a custodial protection mechanism for electroweak
precision observables, as discussed before. Due to the need to reproduce the SM at low
energies, this protection cannot be perfect. It will be broken by the BCs that we chose in
order to match to the particle content that we observe in nature. The spectrum of the theory
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is determined by the IR BCs (3.198). The dimensionless eigenvalues xan ≡ ma
n/MKK are thus

solutions of
det
[
xanχ

−
n (π−) + LX2Daχ

+
n (π)

]
= 0 , (3.201)

with

Da = R−1
a P (+)Ra =

(
c2
a −saca

−saca s2
a

)
. (3.202)

Once the eigenvalues are known, the eigenvectors ~A a
n are determined from (3.198).

Bulk Profiles

We now derive expressions for the profiles χ
(±)
n (φ). In order to obtain the EOMs for the

UV-basis profiles, we multiply (3.197) by RT
a from the left. We write the solutions as

χ(+)
n (t) = N (+)

n

√
L

π
t c(+)+

n (t) , χ(−)
n (t) = N (−)

n

√
L

π
t c(−)+

n (t) , (3.203)

where

c(+)+
n (t) = Y0(xnε)J1(xnt)− J0(xnε)Y1(xnt) ,

c(−)+
n (t) = Y1(xnε)J1(xnt)− J1(xnε)Y1(xnt) ,

c(+)−
n (t) =

1

xnt

d

dt

(
t c(+)+

n (t)
)

= Y0(xnε) J0(xnt)− J0(xnε)Y0(xnt) ,

c(−)−
n (t) =

1

xnt

d

dt

(
t c(−)+

n (t)
)

= Y1(xnε) J0(xnt)− J1(xnε)Y0(xnt) .

(3.204)

The normalized masses xn are determined by the IR BCs as explained above. From the
latter expressions, it is obvious that the profiles fulfill the sought UV BCs, since c

(+)−
n (ε) =

c
(−)+
n (ε) = 0. The normalization constants N

(±)
n are determined from the orthonormality

condition (3.194). With respect to the minimal model (3.64), they contain additional terms
due to the different UV BCs. We obtain

(
N (±)
n

)−2
=
[
c(±)+
n (1)

]2
+
[
c(±)−
n (1)

]2 − 2

xn

(
c(±)+
n (1) c(±)−

n (1)− ε c(±)+
n (ε) c(±)−

n (ε)
)

− ε2
([
c(±)+
n (ε)

]2
+
[
c(±)−
n (ε)

]2)
.

(3.205)

Note that, depending on the type of the UV BCs, some of the terms in (3.205) vanish identi-
cally.

Again, it will be useful to have simple analytical expressions for the masses and profiles
of the lightest gauge-boson modes. Expanding (3.201) in powers of v2/M2

KK and inserting the
definitions of the mixing angles (3.189), which connect the UV and IR bases, we arrive at
analytic expressions for the masses of the W± and Z bosons. They read

m2
W =

g2
Lv

2

4

[
1− g2

Lv
2

8M2
KK

(
L− 1 +

1

2L

)
− g2

Rv
2

8M2
KK

L+O
(

v4

M4
KK

)]
,
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m2
Z =

(g2
L + g2

Y ) v2

4

[
1− (g2

L + g2
Y ) v2

8M2
KK

(
L− 1 +

1

2L

)
− (g2

R − g2
Y ) v2

8M2
KK

L+O
(

v4

M4
KK

)]
,

(3.206)

where the last terms inside the square brackets are new compared to the minimal model,
respectively, c.f. (3.67). Interestingly, the latter terms in (3.206) will be responsible for the
custodial protection of the Peskin-Takeuchi parameter T , which is sensitive to the difference
between the corrections to the W±-boson and Z-boson vacuum-polarization functions. The RS
corrections lead again to a shift in the Higgs VEV compared to the SM value, see Section 5.1.1.

The zero-mode profiles, expanded in v2/M2
KK, read

χ
(+)
0 (t) =

1√
2π

[
1 +

x2
a

4

(
1− 1

L
+ t2

(
1− 2L− 2 ln t

))
+O

(
x4
a

)]
,

χ
(−)
0 (t) =

√
L

2π
t2
[
−2 +

x2
a

4

(
t2 − 2

3

)
+O

(
x4
a

)]
,

(3.207)

for a = W,Z. Here x2
a ≡ (ma

0)2/M2
KK denotes the corresponding zero-mode solution, given in

(3.206). The profiles χ
(+)
0 (t), featuring Neumann IR BCs are identical to those appearing in the

minimal model, while the profiles χ
(−)
0 (t), satisfying Dirichlet IR BCs, are new and scale like√

L, which reflects the localization of KK modes close to the IR boundary. Notice that (3.207)
contains, besides the t-independent terms, also t-dependent contributions that will in general
lead to non-universal vertex corrections. While these corrections do modify the interactions
of the SM fermions with the W± and Z bosons, they turn out to be negligibly small for light
fermions localized near the UV brane. This is the case for the first two generations of SM
fermions, and it helps to avoid excessive contributions to FCNCs, as discussed before.

Finally, we can also expand the mixing vectors ~Aa0. Including corrections up to v2/M2
KK,

we find

~A a
0 =




1

−saca
X2

4

√
L


 , (3.208)

where the second component parametrizes the admixture of χ
(−)
0 (t) in the zero mode. As

we will see below in Section 3.4.3, the results (3.207) and (3.208) play a crucial role in the
custodial protection mechanism of the ZbLb̄L vertex and its flavor-changing counterparts.

3.4.2 Bulk Matter in the Custodial RS Model

We will now present our explicit realization of the quark sector in the custodial RS model. Then
we will turn to the KK decomposition and derive the bulk profiles for the corresponding fields.
As we want to have a custodial protection of the ZbLb̄L vertex, we impose the aforementioned
discrete PLR symmetry [239] on (part of) the Lagrangian and take the left-handed bottom
quark to reside in a SU(2)L×SU(2)R bi-doublet, with isospin quantum numbers T 3

L = −T 3
R =

−1/2. This will turn out to lead to the sought protection, see Section 3.4.3, and fixes the
quantum numbers of the other quark-fields uniquely, implying the following multiplet structure



3.4. THE CUSTODIAL RANDALL-SUNDRUM MODEL 117

for the fields with even Z2 parity:

QL ≡
(
u

(+)
L 2

3
λ

(−)
L 5

3

d
(+)
L − 1

3
u
′ (−)
L 2

3

)

2
3

, ucR ≡
(
u
c (+)
R 2

3

)
2
3

,

TR ≡ T1R ⊕ T2R ≡




Λ
′ (−)
R 5

3

U
′ (−)
R 2

3

D
′ (−)
R − 1

3




2
3

⊕
(
D

(+)
R − 1

3
U

(−)
R 2

3
Λ

(−)
R 5

3

)
2
3

.

(3.209)

Here, the superscripts (+) and (−) of the chiral fields specify the type of BC on the UV
boundary, and as before we have not explicitly shown the BCs on the IR brane, which are
understood to be of Neumann type in all cases.

The choice of the parities/BCs is motivated by the constraint to arrive at a low-energy
spectrum of the theory that is consistent with observations. Fields that feature a Dirichlet
boundary condition will not develop a zero mode. The inner (outer) subscripts correspond
to the U(1)EM (U(1)X) charges, which are connected through the relations Q = T 3

L + Y and
Y = −T 3

R +QX . For completeness and future reference, we summarize the quantum numbers
of the quark fields in Table 3.3. The right-handed down-type quarks have to be embedded
in a SU(2)R triplet in order to arrive at an U(1)X-invariant Yukawa coupling. Note that
we have chosen the same SU(2)L × SU(2)R representations for all three generations, which is
necessary, if one wants to incorporate consistently quark mixing in the fully anarchic approach
to flavor in warped extra dimensions. The chosen representations play a crucial role in the
suppression of flavor-changing left-handed Z-boson couplings [241]. Altogether they feature
15 different quark fields in the up-type and nine in the down-type sector (for the case of three
generations). Due to the BCs, there will be three light modes in each sector to be identified
with the SM quarks. These are accompanied by KK towers, which consist of groups of 15
and nine modes of similar masses in each KK level in the up- and down-type quark sector,
respectively. Moreover one also faces a KK tower of exotic fermion fields of electric charge
5/3, which exhibits nine excitations with small mass splitting in each level and no light modes
with mn � MKK. In addition to (3.209), there is a second set of multiplets, belonging to the
components of opposite chirality. The corresponding states have opposite BCs. In particular,
they all obey Dirichlet BCs on the IR brane. Thus one ends up with the same particle content
as in the minimal RS model at low energies. Remember that the SU(2)L transformations act
vertically, while the SU(2)R transformations act horizontally on the multiplets.

Fermionic Action and Yukawa Couplings

The structure of the 5D action of the quark fields has already been given in (3.72). It is
straightforward to generalize this action to the custodial model [240]. The only non-trivial
part is due to the Yukawa couplings, where the possible gauge-invariant terms take the form

SYukawa = −
∫
d4x r

∫ π

−π
dφ δ(|φ| − π)

e−3σ(φ)

r

[{(
Q̄L

)
aα
Y (5D)C

u ucR +
(
Q̄R

)
aα
Y (5D)S

u ucL

}
Φaα
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Q QX Y T 3
L T 3

R

u
(+)
L 2/3 2/3 1/6 1/2 1/2

d
(+)
L −1/3 2/3 1/6 −1/2 1/2

λ
(−)
L 5/3 2/3 7/6 1/2 −1/2

u
′ (−)
L 2/3 2/3 7/6 −1/2 −1/2

Q QX Y T 3
L T 3

R

u
c (+)
R 2/3 2/3 2/3 0 0

Λ
′ (−)
R 5/3 2/3 2/3 1 0

U
′ (−)
R 2/3 2/3 2/3 0 0

D
′ (−)
R −1/3 2/3 2/3 −1 0

Q QX Y T 3
L T 3

R

D
(+)
R −1/3 2/3 −1/3 0 1

U
(−)
R 2/3 2/3 2/3 0 0

Λ
(−)
R 5/3 2/3 5/3 0 −1

Table 3.3: Charge assignments for the different quark fields in the custodial RS model.

+
1√
2

{[ (
Q̄L

)
aα
Y

(5D)C
d (T1R)c +

(
Q̄R

)
aα
Y

(5D)S
d (T1L)c

]
(σc)ab Φbα

+
[ (
Q̄L

)
aα
Y

(5D)C
d (T2R)γ +

(
Q̄R

)
aα
Y

(5D)S
d (T2L)γ

]
(σγ)αβ Φaβ

}
+ h.c.

]
. (3.210)

Here, Φ is the Higgs bi-doublet introduced in (3.174), σc,γ are the Pauli matrices, and repeated
indices are understood to be summed over. The Latin (Greek) letters from the beginning of
the alphabet refer to SU(2)L (SU(2)R) indices. Moreover, for the case of 3 generations, all
components of the quark multiplets are three-vectors in flavor space. Note that the components
of the triplets in the expression above refer to the representations

T1R =




1√
2

(
D
′ (−)
R − 1

3
+ Λ

′ (−)
R 5

3

)

i√
2

(
D
′ (−)
R − 1

3
− Λ

′ (−)
R 5

3

)

U
′ (−)
R 2

3


 , T2R =




1√
2

(
D

(+)
R − 1

3
+ Λ

(−)
R 5

3

)

i√
2

(
−D(+)

R − 1
3

+ Λ
(−)
R 5

3

)

U
(−)
R 2

3




T

, (3.211)

which ensures that one ends up in the desired mass basis. After electroweak symmetry break-
ing, the Yukawa couplings (3.210) give rise to mass terms which mix different 5D fields with
the same U(1)EM charge. Similar as for the case of the gauge bosons in the custodial model,
as well as of the fermions in the minimal model, the fields that mix will be decomposed into
the same 4D fields. It is sensible to collect them into the vectors

~U ≡
(
u
u′

)
, ~u ≡



uc

U ′

U


 , ~D ≡ d , ~d ≡

(
D
D′

)
, ~Λ ≡ λ , ~λ ≡

(
Λ′

Λ

)
, (3.212)

which leads to a formal one-to-one correspondence between the analysis of fermions in the
minimal model and the one presented here. The resulting action will have exactly the same
form as in the minimal model (3.72), with the only differences of the extension of the sums to
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account for the charge-5/3 λ-quarks

Sferm,2 = (3.72) with
∑

q=U,u,D,d

→
∑

q=U,u,D,d,Λ,λ

,
∑

(Q,q)=(U,u),(D,d)

→
∑

(Q,q)=(U,u),(D,d),(Λ,λ)

(3.213)

and the higher dimension of the fermion structure, given by (3.212) and to be compared with
(3.73). The Yukawa matrices appearing in the action for the custodial model are higher-
dimensional with respect to those of the minimal model and read

Y
(5D)
~u ≡

(
Y (5D)

u
1√
2
Y

(5D)
d

1√
2
Y

(5D)
d

Y (5D)
u − 1√

2
Y

(5D)
d − 1√

2
Y

(5D)
d

)
, Y

(5D)
~d
≡ Y (5D)

~λ
≡
(
Y

(5D)
d Y

(5D)
d

)
. (3.214)

Here, we have already chosen the same Yukawa matrices for the couplings of both chirality
structures (LR and RL), setting Y

(5D)C
~q = Y

(5D)S
~q ≡ Y (5D)

~q . Like for the minimal model, this
should be regarded as the limit of a set-up with a bulk Higgs, approaching the IR brane.
The generalization to the case of different Yukawa matrices is straightforward. The relation
between 5D and 4D Yukawa matrices is still given by (3.75). In the case of three generations,
each entry of (3.214) is a 3× 3 matrix. The generalized bulk mass matrices M ~q take the form

M ~U ≡
(
MQ 0

0 MQ

)
, M ~D ≡MQ , M ~Λ ≡MQ ,

M ~u ≡



Muc 0 0

0 MT1 0
0 0 MT2


 , M ~d ≡

(
MT2 0

0 MT1

)
, M~λ ≡

(
MT1 0

0 MT2

)
,

(3.215)

where MA are the 3× 3 bulk mass matrices of the corresponding multiplets A = Q, uc, T1, T2.
We turn now to the KK decomposition of the matter sector introduced in this Section.

Kaluza-Klein Decomposition

Due to the effort of formulating the fermion sector in the minimal RS model in a completely
general way, the KK decomposition performed there can be applied to the extended matter
sector of the custodial model straightforwardly. The main formulae are identical to the ones
presented in Section 3.2.2. However, the contained flavor structure is now given by (3.212),
(3.214), and (3.215), as well as (3.216) and (3.217) below, which replace the expressions of
Section 3.2.2 for the custodial model. Explicitly,

• the KK decomposition is given by (3.76), with (Q, q) = (U, u), (D, d), (Λ, λ).

• the EOMs are given by (3.78), where (Q, q) = (U, u), (D, d), (Λ, λ).

• the BCs are given by (3.87).

• the orthonormality relations are given by (3.88), together with (3.90)-(3.95).
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• the determinant, determining the masses of the 4D states, is given by (3.96).

• all fermion fields, Yukawa matrices, bulk-mass matrices, profiles, and flavor vectors are
to be replaced by (3.212), (3.214),(3.215), (3.216), and (3.217), respectively.

The profiles in the custodial model are given by

CU
n ≡ diag

(
CQ(+)
n ,CQ(−)

n

)
, C u

n ≡ diag
(
C uc(+)
n ,C T1(−)

n ,C T2(−)
n

)
,

SU
n ≡ diag

(
SQ(+)
n ,SQ(−)

n

)
, Su

n ≡ diag
(
Suc(+)
n ,ST1(−)

n ,ST2(−)
n

)
,

CD
n ≡ CQ(+)

n , C d
n ≡ diag

(
C T2(+)
n ,CT1(−)

n

)
,

SD
n ≡ SQ(+)

n , S d
n ≡ diag

(
ST2(+)
n ,ST1(−)

n

)
,

CΛ
n ≡ CQ(−)

n , C λ
n ≡ diag

(
C T1(−)
n ,C T2(−)

n ) ,

SΛ
n ≡ SQ(−)

n , Sλ
n ≡ diag

(
ST1(−)
n ,ST2(−)

n

)
,

(3.216)

while the flavor vectors read

~aUn ≡
(
aun
au
′

n

)
, ~aun ≡



au

c

n

aU
′

n

aUn


 , ~aDn ≡ adn , ~adn ≡

(
aDn
aD
′

n

)
, ~aΛ

n ≡ aλn , ~aλn ≡
(
aΛ′
n

aΛ
n

)
. (3.217)

The 3×3 matricesCA(±)
n (φ) (SA(±)

n (φ)) with A = Q, uc, T1, T2 correspond to even (odd) profiles
on the orbifold, and the superscript (±) indicates the type of BC on the UV brane. With some
abuse of notation, the superscripts of the odd profiles refer to the UV BCs of the associated
even profiles. The quarks present already in the minimal RS model hence all carry a (+) super-
script. Labels for the IR BCs are again omitted to simplify the notation. The flavor structure
is encoded in the three-component vectors aAn with A = u, u′, uc, U ′, U, d,D′, D, λ,Λ′,Λ, which
are then combined into the larger flavor vectors defined above. As stated below (3.76), the

spinors on the right hand side of the KK decomposition q
(n)
L (x) and q

(n)
R (x) are still 4D spinors

in the mass basis, and the index n labels the different mass eigenstates with masses mn, i.e.,
m1 = mu, m2 = mc, m3 = mt, etc. in the case of up-type quarks.

Bulk Profiles

The form of the solutions
(
C
A(+)
n (φ)

)
i

and
(
S
A(+)
n (φ)

)
i

associated with bulk mass parameters

MAi , has already been given in (3.97). The functions
(
C
A(−)
n (φ)

)
i

and
(
S
A(−)
n (φ)

)
i

can be

derived in a similar fashion by requiring a Dirichlet BC for the even mode,
(
C
A(−)
n (0)

)
i

= 0,
to account for the additional twist of the non-SM-like fermions on the UV boundary. In
consequence, the treatment is analogous to that of the odd modes of the SM-like fermions, for
which

(
S
A(+)
n (0)

)
i

= 0. In the following we will drop the label A and the index i since they
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should be clear from the context. In t-notation, one finds in the bulk (i.e., for t ∈]ε, 1[)

C(±)
n (φ) = N (±)

n (c)

√
Lεt

π
f (±)+
n (t, c) ,

S(±)
n (φ) = ±N (±)

n (c) sgn(φ)

√
Lεt

π
f (±)−
n (t, c) ,

(3.218)

where the overall “+” sign entering the Z2-odd profiles holds if c = cQ ≡ +MQ/k refers to the
bi-doublet, while the “−” sign applies in the case of c = cA ≡ −MA/k, where A = uc, T1, T2.

The functions f
(±)±
n (t, c) are given by

f (+)±
n (t, c) = J− 1

2
−c(xnε) J∓ 1

2
+c(xnt)± J+ 1

2
+c(xnε) J± 1

2
−c(xnt) ,

f (−)±
n (t, c) = J+ 1

2
−c(xnε) J∓ 1

2
+c(xnt)∓ J− 1

2
+c(xnε) J± 1

2
−c(xnt) .

(3.219)

They satisfy the relations

f (+)+
n (t, c) = f (−)−

n (t,−c) , f (+)−
n (t, c) = −f (−)+

n (t,−c) . (3.220)

The orthonormality conditions (3.88) imply

2

∫ 1

ε

dt t
[
f (a)±
n (t, c)

]2
=

1
[
N (a)
n (c)

]2 ±
f

(a)+
n (1, c) f

(a)−
n (1, c)

xn
, (3.221)

where a = ±, from which we derive

[
N (a)
n (c)

]−2
=
[
f (a)+
n (1, c)

]2
+
[
f (a)−
n (1, c)

]2

− 2c

xn
f (a)+
n (1, c) f (a)−

n (1, c)− ε2
([
f (a)+
n (ε, c)

]2
+
[
f (a)−
n (ε, c)

]2)
.

(3.222)

This extends the result (3.100) of Section 3.2.2 to the case of Z2-odd profiles with a non-zero
value on the UV boundary. For the special case where c+ 1/2 is an integer, the profiles must
be again obtained from the above relations by a limiting procedure.

For the SM fermions, it is again a very good approximation to perform an expansion in
xn � 1. Using the results (3.101), in combination with (3.220), we obtain

C(+)
n (φ) ≈

√
Lε

π
F (c) tc , S(+)

n (φ) ≈ ±sgn(φ)

√
Lε

π
xnF (c)

t1+c − ε1+2c t−c

1 + 2c
,

C(−)
n (φ) ≈ −

√
Lε

π
xnF (−c) t

1−c − ε1−2c tc

1− 2c
, S(−)

n (φ) ≈ ±sgn(φ)

√
Lε

π
F (−c) t−c ,

(3.223)

with the zero-mode profile F (c) as defined in (3.102). Remember that this profile is exponen-
tially small for UV-localized fermions, while it is of O(1) for IR-localized fields. Moreover, note

that the profiles C
(+)
n (φ) and S

(−)
n (φ) are of O(1), while C

(−)
n (φ) and S

(+)
n (φ) are of O(v/MKK).

As we will explain in detail in the next section, this feature will be important for the (partially)
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shielding of the ZbLb̄L and ZdiLd̄
j
L vertices from corrections due to mixing of zero-mode quarks

with their KK excitations.

3.4.3 Gauge-Boson Interactions with Fermions

In this section we examine explicitly, how a protection of the left-handed down-type couplings
of the Z boson can be achieved. A protection from both gauge-boson as well as fermion
corrections is possible by choosing an appropriate embedding of the fermions into the enlarged
gauge group in the bulk. Later we will also derive the four-fermion charged-current interactions
and show that a custodial protection is not at work in this case. First, let us give the covariant
derivative of the custodial RS model in the UV basis. It reads

Dµ = ∂µ − i
gL5√

2

(
L+
µ T

+
L + L−µ T

−
L

)
+ i

gR5√
2

(
R+
µ T

+
R +R−µ T

−
R

)

− i gZ5QZZµ − i gZ′5QZ ′Z
′
µ − i e5QAµ .

(3.224)

The fundamental Z-boson couplings to fermionic currents are given by

gZ =
√
g2
L + g2

Y , gZ ′ =
√
g2
R + g2

X ,

QZ = T 3
L −

g2
Y

g2
Z

Q , QZ ′ = −T 3
R −

g2
X

g2
Z ′
Y ,

(3.225)

where we have replaced 5D couplings by 4D couplings as in (3.39). At this point we have to
specify the form of the SU(2)L,R generators when acting on different fermion representations.
Acting on fermion bi-doublets, the generators T iL,R with i = 1, 2, 3 are given by the Pauli
matrices in the standard convention times a factor of 1/2, as defined below (1.10). As usual,
we define T±L,R = T 1

L,R ± i T 2
L,R. If, on the other hand, the generators act on SU(2)L,R triplets,

they read explicitly

T+
L,R =




0
√

2 0

0 0
√

2
0 0 0


 , T−L,R =




0 0 0√
2 0 0

0
√

2 0


 , T 3

L,R =




1 0 0
0 0 0
0 0 −1


 . (3.226)

Note that the current-operators in interaction terms involve a trace with respect to the fun-
damental gauge indices, and that again the T iR act to the left. When they are not needed,
we will often drop the subscripts L,R in the following. For the calculation of the corrections
to the quark-mixing matrices (which will be performed in Section 3.6) it will turn out to be
useful to introduce the vector of couplings

~gZ =

(
gZQZ

gZ′QZ ′

)
, (3.227)

as well as the charged-current vectors

~J µ±
WQ

=
1√
2

(
gL Tr

[
Q̄ γµ T±Q

]
, gR Tr

[
Q̄ γµQT±

] )
,
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~J µ±
WT

=
1√
2

(
gLT̄1 γ

µ T± T1 , gR Tr
[
T̄2 γ

µ T2 T
±] ) , (3.228)

which will multiply
(
L±µ , R±µ

)T
from the left.

Before going into the interactions of fermions with massive gauge bosons, note that in
the custodial model the interactions with gauge bosons that have massless zero modes (which
can be worked out from (3.224)) are in complete analogy to the corresponding expressions
presented in Section 3.2.4. The fermion structure present in the latter section is to be trivially
replaced with the objects of the custodial model, presented in Section 3.4.2. In addition to
the interactions with up- and down-type quarks, there will also be photon as well as gluon
interactions with the charge-5/3 λ-quarks.

Custodial Protection: Gauge-Boson Contributions

Using (3.207) and (3.208), we find that the coupling of the Z boson to a current of q-quarks
is proportional to

(
~g qZ
)T
~χZ0 (φ) =

gZQ
q
Z√

2π

{
1 +

m2
Z

4M2
KK

[
−2L t2 ωqZ + 1− 1

L
+ 2 t2

(
1

2
− ln t

)]}
+O

(
m4
Z

M4
KK

)
,

(3.229)

with

ωqZ = 1− sZ
cZ

gZ ′Q
q
Z ′

gZQ
q
Z

. (3.230)

This is an important result, as it allows us to understand the custodial protection of the ZbLb̄L
vertex. Note that the first term in the square bracket in (3.229), which is enhanced by the
volume factor L, gets modified by the prefactor ωqZ , i.e., a combination of the fundamental
charges and couplings. While ωqZ = 1 for all quarks in the minimal RS model, it is possible to
arrange for

ωbLZ = 0 ⇐⇒ gZQ
bL
Z =

sZ
cZ

gZ ′Q
bL
Z ′ , (3.231)

by virtue of the extension of the gauge group in the bulk. It is interesting to observe that
the interplay of neutral gauge bosons can only protect leading term in L, while no such
mechanism is available for the subleading terms in L. Those arise from the fact that the
profiles χ

(±)
0 (t) obey different BCs, which represents an irreducible source of PLR symmetry

breaking. Numerically, the corrections to the ZbLb̄L vertex arising from the gauge sector are
thus suppressed by a factor of L ≈ 37 in the SU(2)L×SU(2)R×PLR custodial model relative
to the minimal RS model.

Formula (3.230) can be recast into the form

ωqZ =
c2
w

2g2
L

(g2
L + g2

R) (T 3 q
L + T 3 q

R ) + (g2
L − g2

R) (T 3 q
L − T 3 q

R )

T 3 q
L − s2

wQq

, (3.232)

which allows to read off that the choices

T 3 q
L = T 3 q

R = 0 (PC symmetry) , (3.233)
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and
gL = gR , T 3 q

L = −T 3 q
R (PLR symmetry) , (3.234)

are suitable to protect the Z-boson vertices from receiving L-enhanced corrections. Since the
representation (3.209) features T 3 dL

L = −T 3 dL
R = −1/2 and T 3uR

L = T 3uR
R = 0, it is then

immediately clear that the ZdiLd̄
j
L and ZuiRū

j
R vertices are protected to leading order in L by

the PLR and PC symmetries, respectively. On the other hand, the ZdiRd̄
j
R and ZuiLū

j
L vertices

do receive L-enhanced corrections, since the corresponding quantum numbers are T 3 dR
L = 0,

T 3 dR
R = 1 and T 3uL

L = T 3uL
R = 1/2. We also add that devising the quark sector as in (3.209)

implies ωbRZ > 0, so that the shift in the right-handed Z-boson coupling to bottom quarks
arising from the gauge-boson sector is predicted to be strictly negative. This suggests that
the well-known tension in the global fit to the Z → bb̄ pseudo observables cannot be softened
in the model under considerations. We will come back to this point in Section 5.1.3.

Fermion Couplings to the Z Boson

We will now identify all phenomenologically relevant RS contributions to weak neutral gauge
interactions of quark currents at relative order v2/M2

KK in the custodial model. The Z-boson
couplings to left- and right-handed quarks can be read off from the Lagrangian

L4D 3
gL
cw

[
1 +

m2
Z

4M2
KK

(
1− 1

L

)]
Zµ ×

∑

q,m,n

[(
g qL
)
mn

(q̄mL γµq
n
L) +

(
g qR
)
mn

(q̄mR γµq
n
R)
]
, (3.235)

where the prefactor accounts for a universal correction due to the t-independent terms in
(3.229), identical to (3.147). The left- and right-handed couplings gqL,R are infinite-dimensional
matrices in the space of quark modes, and can be parametrized as

gqL =
(
T 3 qL
L − s2

wQq

) [
1− m2

Z

2M2
KK

(
ωqLZ L∆Q −∆′Q

)]
− δQ +

m2
Z

2M2
KK

(
c2
w

g2
L

LεQ − ε′Q
)
,

gqR = −s2
wQq

[
1− m2

Z

2M2
KK

(
ωqRZ L∆q −∆′q

)]
+ δq −

m2
Z

2M2
KK

(
c2
w

g2
L

Lεq − ε′q
)
.

(3.236)

The labels of the charges appearing in these expressions (as well as above) indicate that the
quantum numbers of the corresponding zero modes are to be employed. In gqL they read
T 3uL
L (= T 3u

L ) = T 3uL
R (= T 3u

R ) = T 3 dL
R (= T 3 d

R ) = 1/2 and T 3 dL
L (= T 3 d

L ) = −1/2, whereas for
gqR one has T 3uR

L (= T 3uc

L ) = T 3uR
R (= T 3uc

R ) = T 3 dR
L (= T 3D

L ) = 0 and T 3 dR
R (= T 3D

R ) = 1. The
quoted numerical values correspond to the choice (3.209). We do not consider the sector of λ
and Λ(′) quarks at this point, as these fields do not possess zero modes. The L-enhanced term
proportional to ωqZ vanishes for the assignments (3.233) and (3.234), making the custodial
protection explicit. Following (3.148), we have split the corrections to the Z-boson couplings

into leading contributions in the ZMA, denoted by ∆
(′)
Q,q, and subleading ones, parametrized

by ε
(′)
Q,q. The elements of the leading-order matrices ∆

(′)
Q,q are defined as

(∆Q)mn =
2π

Lε

∫ 1

ε

dt t2
[
~aQ†m CQ

m(t)CQ
n (t)~aQn + ~aq†m S

q
m(t)Sqn(t)~aqn

]
,
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(∆q)mn =
2π

Lε

∫ 1

ε

dt t2
[
~aq†m C

q
m(t)Cq

n(t)~aqn + ~aQ†m SQm(t)SQn (t)~aQn

]
,

(
∆′Q
)
mn

=
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~aQ†m CQ

m(t)CQ
n (t)~aQn + ~aq†m S

q
m(t)Sqn(t)~aqn

]
,

(
∆′q
)
mn

=
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~aq†m C

q
m(t)Cq

n(t)~aqn + ~aQ†m SQm(t)SQn (t)~aQn

]
, (3.237)

while the elements of the matrices ε
(′)
Q,q take the form

(εQ)mn =
2π

Lε

∫ 1

ε

dt t2
[
~aQ†m CQ

m(t)
{
g2
L

(
T 3 qL
L 1− T 3Q

L

)
+ g2

R

(
T 3 qL
R 1− T 3Q

R

)}
CQ
n (t)~aQn

+ ~aq†m S
q
m(t)

{
g2
L

(
T 3 qL
L 1− T 3 q

L

)
+ g2

R

(
T 3 qL
R 1− T 3 q

R

)}
Sqn(t)~aqn

]
,

(εq)mn =
2π

Lε

∫ 1

ε

dt t2
[
~aq†m C

q
m(t)

{
g2
LT

3 q
L − g2

R

(
T 3 qR
R 1− T 3 q

R

)}
Cq
n(t)~aqn

+ ~aQ†m SQm(t)
{
g2
LT

3Q
L − g2

R

(
T 3 qR
R 1− T 3Q

R

)}
SQn (t)~aQn

]
,

(
ε′Q
)
mn

=
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~aQ†m CQ

m(t)
(
T 3 qL
L 1− T 3Q

L

)
CQ
n (t)~aQn

+ ~aq†m S
q
m(t)

(
T 3 qL
L 1− T 3 q

L

)
Sqn(t)~aqn

]
,

(
ε′q
)
mn

=
2π

Lε

∫ 1

ε

dt t2
(

1

2
− ln t

)[
~aq†m C

q
m(t)T 3 q

L C
q
n(t)~aqn + ~aQ†m SQm(t)T 3Q

L SQn (t)~aQn

]
.

(3.238)

Finally, the elements of the matrices δQ,q, which arise because of the non-orthonormality of
the quark profiles and describe mixings between the different multiplets, read

(δQ)mn =
2π

Lε

∫ 1

ε

dt
[
~aQ†m CQ

m(t)
(
T 3 qL
L 1− T 3Q

L

)
CQ
n (t)~aQn

+ ~aq†m S
q
m(t)

(
T 3 qL
L 1− T 3 q

L

)
Sqn(t)~aqn

]
,

(δq)mn =
2π

Lε

∫ 1

ε

dt
[
~aq†m C

q
m(t)T 3 q

L C
q
n(t)~aqn + ~aQ†m SQm(t)T 3Q

L SQ
n (t)~aQn

]
. (3.239)

In the expressions above we have used the charge matrices T 3Q,q
L,R , defined as

T 3U
L,R =

(
T 3u
L,R 0

0 T 3u′
L,R

)
, T 3u

L,R =



T 3uc

L,R 0 0

0 T 3U ′
L,R 0

0 0 T 3U
L,R


 ,

T 3D
L,R = T 3 d

L,R , T 3 d
L,R =

(
T 3D
L,R 0

0 T 3D′
L,R

)
.

(3.240)
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One can easily check that for our choice (3.209), the quantities ε
(′)
Q,q are indeed suppressed by

v2/M2
KK with respect to the matrices ∆

(′)
Q,q. Note that with this embedding, the matrices T 3u

L,R

vanish identically.

Custodial Protection: Fermionic Contributions

Finally, we want to have a look at the custodial protection of the ZbLb̄L vertex from effects
arising from quark mixing, parametrized by the matrices δQ,q. These objects scale in general
as v2/M2

KK, but as they appear with an O(1) coefficient in (3.236) they contribute at the same

order as the matrices ∆
(′)
Q,q. In the case of the left-handed down-type quark-sector, one has

(δD)mn =
2π

Lε

∫ 1

ε

dt
[
aD†m ST2(+)

m (t)
(
T 3dL
L − T 3D

L

)
ST2(+)
n (t) aDn

+ aD
′†

m ST1(−)
m (t)

(
T 3 dL
L − T 3D′

L

)
ST1(−)
n (t) aD

′

n

]

= −1

2

2π

Lε

∫ 1

ε

dt
[
aD†m ST2(+)

m (t)ST2(+)
n (t) aDn − aD

′†
m ST1(−)

m (t)ST1(−)
n (t) aD

′

n

]
,

(3.241)

where in the second step we have inserted the quantum numbers corresponding to our choice
(3.209) of multiplets.

The relative sign between the two terms in the second line of (3.241) suggests that also for
the corrections due to quark mixing, a custodial protection mechanism could be at work. To
see analytically if this is indeed the case, let us derive the ZMA expression for δD. Using the
approximate expressions (3.223), the system of equations (3.87) can be brought into the form

√
2mn

v
âdn = Y eff

d âDn ,

√
2mn

v
âDn =

(
Y eff

d

)†
âdn , (3.242)

and
âD
′

n = xn diag
(
F−1(cT2i)F

−1(−cT1i)
)
âDn , (3.243)

where we have defined the effective Yukawa couplings

(Y eff
d )ij ≡ F (cQi) (Yd)ij F (cT2j) , (3.244)

in analogy to (3.106). Moreover, the rescaled vectors âAn ≡
√

2 aAn with A = d,D,D′, obey the
normalization conditions

âD †n âDn = 1 , âd †n âdn + âD
′ †

n âD
′

n = 1 . (3.245)

We obtain from (3.242) the LO equalities

(
m2
n 1− v2

2
Y eff

d

(
Y eff

d

)† )
âdn = 0 ,

(
m2
n 1− v2

2

(
Y eff

d

)†
Y eff

d

)
âDn = 0 , (3.246)
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and the mass eigenvalues are the solutions to the equation

det

(
m2
n 1− v2

2
Y eff

d

(
Y eff

d

)†
)

= 0 . (3.247)

This exactly resembles (3.109) and implies that to LO in v/MKK the values mn are unaffected
by the presence of the D′ quarks embedded in the multiplet T1. In the ZMA, but not in
general, the vectors âdn and âDn belonging to different n are orthogonal on each other.

In complete analogy to the discussion below (3.109), the eigenvectors âdn and âDn of the

matrices Y eff
d

(
Y eff

d

)†
and

(
Y eff

d

)†
Y eff

d , with n = 1, 2, 3, form the columns of the unitary
matrices U d and W d appearing in the singular-value decomposition

Y eff
d = U d λdW

†
d , (3.248)

with λd as given in (3.111). Similar relations hold in the up-type quark sector and will be
given explicitly in Section 3.7. In the ZMA, the definition of the CKM matrix is identical to
the one of the minimal RS model, given in (3.112). As the quark profiles, in combination with
the Yukawa matrices, are fixed such that the physical quark masses and CKM parameters are
reproduced (and the formulae above are identical to those of the minimal model), the profiles
of the SM-like quarks will be to LO identical to those of the minimal RS model.

With these results at hand, it is a matter of simple algebra to find the expression for δD
in the ZMA. Working to first order in v2/M2

KK, and using (3.223) and (3.243) we arrive at

δD = −1

2
xdW

†
d diag

[
1

1− 2cT2i

(
1

F 2(cT2i)

[
1− 1− 2cT2i

F 2(−cT1i)

]
− 1 +

F 2(cT2i)

3 + 2cT2i

)]
W d xd ,

(3.249)
where xd ≡ diag(md,ms,mb)/MKK. Compared to the ZMA result in the minimal RS model
(3.154), this relation contains an additional term involving the zero-mode profile F (−cT1i). It
stems from the admixture of the T1 multiplet in the zero mode, which is parametrized by the
value of âD

′
n . Notice that although this admixture is suppressed by v/MKK, the fact that the

profile ST1(−)
n (t) is enhanced with respect to ST2(+)

n (t) by the reciprocal factor promotes the
second term in the last line of (3.241) to a leading contribution.

Note that the relations (3.242) and (3.243) are valid to leading order in v/MKK. Beyond
that order the first relation in (3.242) receives corrections from the profiles CT1(−)

n (1−) which
scale like xn/F (−cT1i) as can be seen from (3.223). Thus in order to avoid exponentially en-
hanced terms of the form v/MKK ε

1−2cT1i in the mass eigenvalues mn, which, barring accidental
cancellations, would make it impossible to reproduce the observed zero-mode down-type quark
masses, one has to require that all the bulk mass parameters belonging to the multiplet T1

obey the relation cT1i < 1/2. In this case the profiles CT1(−)
n (t) are IR localized and one has

to an excellent accuracy

δD = −1

2
xdW

†
d diag

[
1

1− 2cT2i

(
1

F 2(cT2i)

[
1− 1− 2cT2i

1− 2cT1i

]
− 1 +

F 2(cT2i)

3 + 2cT2i

)]
W d xd .

(3.250)
This result implies that the leading term in δD, i.e., the contribution that is inversely propor-
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tional to F 2(cT2i)� 1, is absent if the bulk-mass parameters cT1i satisfy

cT1i = cT2i . (3.251)

Thus, due to quark mixing, the conditions (3.233) and (3.234) alone are not sufficient
to entirely shield the ZbLb̄L vertex from the leading corrections. However, since already for
not too different values of cT2i ≈ −1/2 and cT1i . 0 the first term in brackets in (3.250)
is smaller in magnitude than 1, a partial protection is in place for a large range of bulk
parameters. In consequence, effects due to quark mixing entering the left-handed down-
type Z-boson couplings are generically suppressed in the custodial RS model relative to the
minimal scenario as long as the corresponding Z2-odd quark fields are not too far localized in
the UV. The subleading terms in δD are independent of cT1i and therefore not protected even
if cT1i = cT2i .

Notice that (3.251) can be enforced by requiring the action to be invariant under the
exchange of the D′ and D quark fields,

PLR(D′) = D , (extended PLR symmetry) (3.252)

which extends the PLR symmetry to the part of the quark sector that mixes with the left-
handed down-type zero modes. This extended symmetry will necessarily be broken by the
different BCs of D′ and D, which embody irreducible sources of symmetry breaking and lead
to non-vanishing sub-leading terms in (3.250). The symmetry (3.252) can also be broken softly
by choosing bulk masses for D′ that differ from those of D, which is a phenomenological viable
option as long as cT1i < 1/2, because it does not affect the SM down-type quark masses in
an appreciable way. The protection mechanism discussed here has also been studied in [242]
employing a perturbative approach. Our analysis based on the exact solution of the EOMs
(3.78) including the BCs (3.87) goes beyond the latter work in the sense that it makes the
dependence of δD on the bulk massesMT1,2 explicit. It therefore allows for a clear understand-
ing of the custodial protection mechanism in two respects. First, it makes transparent what
the requirements are that need to be satisfied to achieve a protection and, second, which the
terms in δD are that inevitably escape protection. Compared to the perturbative approach,
the exact solution thus has the salient advantage that the protection of the ZdiLd̄

j
L vertices

from effects due to quark mixing can be clearly deciphered.

3.5 Summing over Kaluza-Klein Excitations

When calculating Feynman diagrams involving tree-level exchange of a SM gauge boson, ac-
companied by corresponding KK excitations, one encounters a combination of propagator and
vertex functions, which in the low-energy limit, i.e., for small momentum transfer q2, can be
expanded as

∑

n

~χ an(t) ~χ aTn (t′)

(ma
n)2 − q2

=
∞∑

N=1

(
q2
)N−1

∑

n

~χ an(t) ~χ aTn (t′)

(ma
n)2N

≡
∞∑

N=1

1

q2

(
q2

M2
KK

)N
Σ(N)
a (t, t′) .

(3.253)
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The gauge-boson profiles ~χan will be integrated with further profiles at each end of the propa-
gator. As stated above, the formula holds for gauge bosons in the custodial RS variant with a
massive zero mode, for which we will discuss these sums in the following. However, the special
case of the minimal RS model will be easy to obtain at the end, where we will also study
towers featuring a massless zero mode.

The infinite sums over profiles weighted by inverse powers of (ma
n)2 can be calculated in

closed form by generalizing a method developed in [243]. The key to perform these sums
is to make use of the fact that the bulk profiles ~χn form a complete set of orthonormal,
even functions on the orbifold, subject to the BCs given in (3.198) and in Table 3.2. The
corresponding completeness relations read

∑

n

~χ an(φ) ~χ an(φ′) =
1

2
[δ(φ− φ′) + δ(φ+ φ′)] 1 ,

∑

n

1

t
~χ an(t) ~χ aTn (t′) =

L

2π
δ(t− t′) 1 . (3.254)

Integrating the EOMs (3.197) twice and accounting for the BCs on both the UV and the
IR brane leads to

~χ an(t)

(xan)2
= ~I an (t)−

(
t2 − ε2

)
Xa

~I an (1) +
[
1−

(
t2 − ε2

)
Xa

]
P (+)

~χ an(ε)
(
xan
)2 , (3.255)

where we have defined

~I an (t) ≡
∫ t

ε

dt′ t′
∫ 1−

t′

dt′′

t′′
~χ an(t′′) , Xa ≡ X̃2Da ≡

LX2

2 + LX2 (1− ε2)
Da . (3.256)

Using the completeness relation (3.254), it is then easy to prove that

∑

n

~I an (t) ~χ aTn (φ′) =
L

4π

(
t2< − ε2

)
1 , (3.257)

where t< ≡ min(t, t′). With the help of these results we finally arrive at the result

Σ(1)
a (t, t′) =

L

4π

[ (
t2< − ε2

)
1 +

(
t2 − ε2

) (
t′ 2 − ε2

)
Xa

]

+
[
1−

(
t2 − ε2

)
Xa

]
P (+) Σ(1)

a (ε, ε)P (+)

[
1−

(
t′ 2 − ε2

)
Xa

]T
,

(3.258)

for the leading sum, which is exact to all orders in v2/M2
KK.

Using the orthonormality relation (3.194), the remaining sum over gauge profiles evaluated
on the UV brane can be written as

P (+) Σ(1)
a (ε, ε)P (+) =

L

2πx2
a

(
~χ a0 (ε)

)
1

[ ∫ 1

ε

dt

t

[ (
1− c2

aX̃
2
(
t2 − ε2

)) (
~χ a0 (t)

)
1

+ sacaX̃
2
(
t2 − ε2

) (
~χ a0 (t)

)
2

] ]−1

P (+) ,

(3.259)

where
(
~χ a0 (t)

)
i
denotes the ith component of the corresponding zero-mode vector. This formula
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can easily be expanded in powers of v2/M2
KK by employing (3.207) and (3.208), leading to

P (+) Σ(1)
a (ε, ε)P (+) =

(
1

2πx2
a

+
1

4π

[
1− 1

2L
− ε2

(
L− 1

2L

)]
+O(x2

a)

)
P (+) . (3.260)

In the end, we obtain

Σ(1)
a (t, t′) =

L

4π

[
t2< 1− P a t

2 − P T
a t
′ 2
]

+

[
1

2πx2
a

+
1

4π

(
1− 1

2L

)]
P (+) +O(x2

a) , (3.261)

where we have employed that X2 = x2
a/c

2
a +O(x4

a) and defined

P a =

(
1 0
− sa
ca

0

)
. (3.262)

Notice that we have dropped phenomenological irrelevant terms of O(ε) ∼ 10−16, which we
will also do in the following.

It is also useful to have an analytic expression for the zero-mode contribution to (3.253)
alone

Πa(t, t
′) ≡ ~χ a0 (t) ~χ aT0 (t′)

x2
a

. (3.263)

With the help of (3.207) and (3.208), we obtain

Πa(t, t
′) = − L

4π

[
P a t

2 + P T
a t
′ 2
]

+

[
1

2πx2
a

+
1

4π

(
1− 1

L
+ t2

(
1

2
− ln t

)
+ t′ 2

(
1

2
− ln t′

))]
P (+) +O(x2

a) .

(3.264)

Comparing (3.261) to (3.264), we infer that all the L-enhanced terms in Σ(1)
a (t, t′), besides

the non-factorizable term proportional to t2< , arise from the zero-mode contribution Πa(t, t
′).

Factorizable contributions due to the W±- and Z-boson zero-modes are thus enhanced by the
logarithm of the inverse warp factor with respect to the contributions from the tower of KK
excitations [1]. The term t2< reflects the full 5D structure of the RS model, which is lost when
considering only a few low-lying KK modes [157].

To obtain the corresponding results for the weak gauge bosons of the minimal RS model,
one just needs to replace the two component profile vectors to start with in (3.253) by the
simple profiles χan of the minimal model, see (3.49), and to use the appropriate relations of the
minimal model. However, it is easy to see that the corresponding sum is already contained in
the upper left element of Σ(1)

a (3.261)

Σ(1) min
a =

(
Σ(1)
a

)
11
. (3.265)

For the case of the photon and gluon, which possess massless zero modes, the ground state
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with xγ,g = 0 must be subtracted from the sum. We find

∑

n

′ χn(t)χn(t′)

x2
n

=
1

4π

[
L t2< − t2

(
1

2
− ln t

)
− t′2

(
1

2
− ln t′

)
+

1

2L

]
, (3.266)

where the prime on the sum indicates that n runs from 1 to∞, i.e., the zero mode contribution
is missing. Notice that the terms proportional to t2 and t′2 in the “massive” sum (3.261) are
enhanced by a factor L, whereas this is not the case for the “massless” sum (3.266). This fact
has important consequences for the phenomenology of flavor-violating processes (see [213]).
It implies that in the RS model the NP contributions to ∆F = 2 processes, such as K–K̄ or
B–B̄ mixing, are dominated by the tree-level exchange of KK gluons, while those to ∆F = 1
processes, such as rare meson decays, arise predominantly from the FCNC couplings of the
Z-boson zero-mode.

It is possible to extend the procedure presented above in an iterative way to sums with
N > 1 in (3.253). For example, for N = 2 we get

Σ(2) min
a (t, t′) =

1

2πx4
a

+
1

4πx2
a

(
1− 1

L

)
− 1

32π

(
L− 5 +

29

4L
− 3

L2

)

−
[

1

4πx2
a

+
1

8π

(
1− 1

2L

)][
t2
(
L− 1

2
+ ln t

)
+ t′2

(
L− 1

2
+ ln t′

)]

+
L

32π

[
t4> + 4t2t′2

(
L− 1

2
+ ln t<

)]
+O

(
x2
a

)
,

(3.267)

while for the massless case we arrive at

∑

n

′ χn(t)χn(t′)

x4
n

=
1

32π

(
5

8L
− 1

L2

)

− 1

32π

[
t4
(
L− 5

4
+ ln t

)
+

2t2

L

(
L− 1

2
+ ln t

)]

− 1

32π

[
t′4
(
L− 5

4
+ ln t′

)
+

2t′2

L

(
L− 1

2
+ ln t′

)]

+
1

32π

[
L t4> + 4t2t′2

[
L ln t< −

(
L− 1

2

)(
ln tt′ − 1

2

)
− ln t ln t′

]]
.

(3.268)

The analytic results presented here are phenomenologically quite important, since they allow
for a clear understanding of the structure of ∆F = 1 and ∆F = 2 FCNC interactions, mediated
by towers of KK modes.

3.6 Four-Fermion Charged-Current Interactions

With the help of the low energy expansion derived in the last section, we are able to integrate
out the complete towers of the W±-bosons and their KK excitations and to derive the induced
effective four-fermion interactions, for the minimal as well as for the custodial model, see
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W (n)

um

dn

dm′

un′

Figure 3.12: Four-fermion interactions due to the exchange of the W±-bosons and
their KK excitations.

Figure 3.12. The effective Hamiltonian reads

H(W )
eff = 2

√
2GF

{
[ ūmLγµ(VL)mndnL + ūmRγµ(VR)mndnR ]

⊗ [ d̄m′Lγ
µ(V†L)m′n′un′L + d̄m′Rγ

µ(V†R)m′n′un′R ](+h.c.)
}
,

(3.269)

where m,n,m′, n′ ∈ {1, 2, 3} and a summation over the flavor indices is understood. The
tensor symbol merely indicates that the full analytic result contains terms that can not be
separated into independent matrix products. This is due to the sum over W±-boson profiles
(3.261), which contains a term ∝ t2< that prevents a factorization into separate vertex factors.

The elements of the mixing matrices VL,R are computed with the help of this expression,
as well as the currents (3.228) and the respective simpler expressions for the minimal model.
Including corrections up to O(v2/M2

KK), we obtain

(VL)mn ⊗ (V†L)m′n′ =
(

∆+Q
mn +

√
2 ε+ q

mn

)(
∆+Q
n′m′ +

√
2 ε+ q

n′m′

)∗

− m2
W

2M2
KK

L
[(

∆̄+Q
mn +

√
2 ε̄+ q

mn

)(
∆+Q
n′m′ +

√
2 ε+ q

n′m′

)∗

+
(

∆+Q
mn +

√
2 ε+ q

mn

)(
∆̄+Q
n′m′ +

√
2 ε̄+ q

n′m′

)∗

−
(

∆UD
mn +

√
2 εudmn

)
⊗
(

∆DU
m′n′ +

√
2 εdum′n′

)]
,

(3.270)

where the other combinations are obtained by the replacements

VL → VR : ∆↔ ε , (3.271)

and, for the custodial model,

∆+Q,q
mn =

2π

Lε

∫ 1

ε

dt ~aU,u†m CU,u
m (t) ΩQ,qCD,d

n (t)~aD,dn ,

∆̄+Q,q
mn =

2π

Lε

∫ 1

ε

dt t2~aU,u†m CU,u
m (t) Ω̄

Q,q
CD,d
n (t)~aD,dn ,

∆UD
mn ⊗∆du

m′n′ =

(
2π

Lε

)2 ∫ 1

ε

dt

∫ 1

ε

dt′t2<

(
~aU†m CU

m(t) Ω̃
Q
CD
n (t)~aDn

)
⊗
(
~a d†m′ C

d
m′(t

′) Ω̃
q †
Cu
n′(t

′)~aun′
)
,

etc. (3.272)
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Note that in the last integrals (a + b)⊗ (c + d) ≡ ac + bd and the corresponding expressions
with ∆ → ε are obtained by the replacements CA

n → SAn , A = U,D, u, d at the appropriate
places. Moreover

ΩQ =

(
1

0

)
, Ωq =




0 0
0 1
0 0


 , Ω̄

Q
=




1

−g
2
R

g2
L

1


 , Ω̄

q
=




0 0
0 1

−g
2
R

g2
L

1 0


 ,

Ω̃
Q

=




1
gR
gL

1


 , Ω̃

q
=




0 0
0 1
gR
gL

1 0


 .

(3.273)

Notice that in [2], the simplifying assumption of an interaction with leptons featuring SM-
couplings at one vertex was made, whereas here we have included deviations from the SM at
both vertices.

For the semileptonic case we assume all the left- and right-handed 5D lepton fields to have
the same bulk mass parameters and to be localized sufficiently close to the UV brane so as not
to violate the constraints imposed by the electroweak precision tests. Then, the interactions of
the lepton zero modes with the W± boson and its KK excitations are flavor universal and the
deviations from the SM are numerically insignificant. In that case, the right hand side of the
tensor structure in (3.269) reduces to a SM leptonic current

∑
l(l̄Lγ

µνlL) and the remaining
(factorizing) quark transition is described by the left- and right-handed “CKM-matrices”

VL = ∆+Q +
√

2 ε+ q − m2
W

2M2
KK

L
(
∆̄

+Q
+
√

2 ε̄+ q
)
,

VR =
√

2 ∆+ q + ε+Q − m2
W

2M2
KK

L
(√

2 ∆̄
+ q

+ ε̄+Q
)
.

(3.274)

The definition of the CKM matrix as VL accounts for the fact that in four-fermion inter-
actions one automatically measures the effect of the entire towers of W± bosons and their KK
excitations. Thus the experimentally determined CKM-matrix elements rather correspond to
those of the matrix VL, and not Ṽ L (3.159) (if the RS setup is realized). This differs from the
definition of the CKM matrix employed in [1, 242], which is based on the WuiLd

j
L and WuiRd

j
R

vertices.
Note that above we have absorbed a universal factor (1 +m2

W/(2M
2
KK)(1− 1/(2L))) into

the Fermi constant GF in (3.269), due to the normalization to muon decay, from which GF is
extracted, see Section 5.1.1. This factor is independent of the (possibly extended) gauge group.
Proceeding in this way renders the individual factors in the combination GFVL,R physically
observable.

From the formulae (3.270) it is evident that no custodial protection mechanism is at work
in the charged-current sector. This is due to the embedding of the up-type quarks in (3.209)
and has already been pointed out in [239]. The leading contribution to (VL)mn stems from
∆+Q
mn , which is unitary to very good approximation. Corrections of order v2/M2

KK arise from
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the non-universality of KK gauge boson couplings encoded in ∆̄+Q
mn as well as the admixture

from U ′ and D′ quarks described by ε+ q
mn. Contributions arising from the admixture of U , D,

and u′ quarks are of order v4/M4
KK and will be neglected in the following. The full expression

for VL, obtained by employing the ZMA, is given by

VL = U †u

[
1− m2

W

2M2
KK

L diag

(
F 2(cQi)

3 + 2cQi

)

+
v2

2M2
KK

diag
(
F (cQi)

)
Y d diag

(
F−2(−cT1i)

)
Y †d diag

(
F (cQi)

)
]
U d ,

(3.275)

which is obviously not unitary. Note that this matrix agrees with the matrix Ṽ L, defined in
(3.159) only to leading order

VL = Ṽ L +O(v2/M2
KK) . (3.276)

As far as (VR)mn is concerned, the dominant contribution is given by ε+Q
mn , which is suppressed

both by v2/M2
KK and a chiral factor mu

mm
d
n/v

2. The chiral suppression present in each of the
terms contributing to VR reflects the mere fact that they all originate from quark mixing. As
a result, right-handed charged-current interactions are small in RS models.

In the minimal RS model the expressions above will be modified. First, the ε matrices in
(3.270) will not be present (however the replacement rules below still apply). This means also

that in VL (VR) in (3.274) the ε+ q and ε̄+ q (∆+ q and ∆̄
+ q

) contributions are not present.
Moreover, the profiles appearing under the integrals (3.272) are now given by those of the
minimal model (3.77). The same holds true for the flavor-mixing vectors ~aAn , which are now
three-component vectors. Finally, the Ω matrices are replaced by the identity Ω, Ω̄, Ω̃ →
13×3. As a consequence, the third term in the ZMA expression (3.275) is not present in the
minimal RS model. However, identifying the whole expression (3.275) with the experimentally
determined CKM matrix, such a deviation will not be observable in measuring single CKM
matrix elements. In Appendix B.5 we will give ZMA expressions for the charged current four-
fermion interactions, after having identified factorizable contributions with measured CKM
matrix elements. We will study the impact of the mentioned unitarity violation briefly in
Section 5.2.1.

The four-fermion interactions resulting from the exchange of the remaining SM gauge boson
and their KK partners can be worked out similarly from the formulae of Section 3.5. For the
minimal RS variant they can be found in [213].

3.7 Fermion Couplings to the Higgs Boson

In the SM, the couplings of matter and gauge fields to the Higgs boson are directly proportional
to their masses, due to the mechanism of EWSB, see Section 1.1.2. Thus they are flavor
diagonal in the mass basis. However, within RS models, this is not true anymore [244]. As
the fields receive masses from couplings to the Higgs sector, as well as from compactification,
a misalignment between the masses and the Yukawa couplings is present, leading for example
to FCNCs at tree level. As they will be important for the following analyses, we will now
discuss the Higgs-couplings in RS models in detail.
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Working in unitary gauge, we first identify the relevant terms in the 4D Yukawa Lagrangian,
describing the couplings of the Higgs boson to quarks. They read

L4D 3 −
∑

q,m,n

(gqh)mn h q̄
m
L qnR + h.c. , (3.277)

where the couplings (gqh)mn are given by

(gqh)mn =

√
2π

L

∫ π

−π
dφ δ(|φ| − π) eσ(φ)

[
~aQ†m CQ

m(φ)Y ~q C
q
n(φ)~aqn + ~aq †m S

q
m(φ)Y †~q S

Q
n (φ)~aQn

]
.

(3.278)
Note that this equation, as well as the following derivations, hold for both the custodial as
well as for the minimal RS variants. By making use of the EOMs one can eliminate the term
bi-linear in the Z2-even profiles from (3.278) and express the tree-level Higgs FCNCs solely in
terms of overlap integrals involving Z2-odd fields.

Defining the misalignment (∆gqh)mn between the SM masses and the Yukawa couplings via

(gqh)mn ≡ δmn
mq
m

v
− (∆gqh)mn , (3.279)

it is easy to show that

(∆gqh)mn =
mq
m

v
(Φq)mn + (ΦQ)mn

mq
n

v
+ (∆g̃qh)mn , (3.280)

where in t-notation

(Φq)mn =
2π

Lε

∫ 1

ε

dt~aQ†m SQm(t)SQn (t)~aQn , (ΦQ)mn =
2π

Lε

∫ 1

ε

dt~aq†m S
q
m(t)Sqn(t)~aqn , (3.281)

and

(∆g̃qh)mn = −
√

2
2π

Lε

∫ 1

ε

dt δ(t− 1)~aq †m S
q
m(t)Y †~q S

Q
n (t)~aQn . (3.282)

The latter contribution is induced only by operators of the form (Y
(5D)
q )ij

(
Q̄i
R

)
aα
qc jL Φaα,

containing Z2-odd fields evaluated at the boundary of the extra dimension. In order to eval-
uate (∆g̃qh)mn one has to regularize the δ-distribution appearing in (3.282) as explained in
Section 3.2.2. Employing

∫ 1

t

dt′ δη(t′ − 1)
[
sinh

(
θ̄η(t′ − 1)A

)]2
=

1

2

[
sinh

(
θ̄η(t− 1)2A

)(
2A
)−1 − θ̄η(t− 1) 1

]
,

(3.283)
we obtain the following regularization independent result

(∆g̃qh)mn =
1√
2

2π

Lε

v2

3M2
KK

~aQ †m CQ
m(1−)Y ~q Y

†
~q g

(
v√

2MKK

√
Y ~qY

†
~q

)
Y ~qC

q
n(1−)~aqn , (3.284)

with

g(A) =
3

2

[
sinh

(
2A
)(

2A
)−1 − 1

] (
cosh

(
A
)
A
)−2

. (3.285)



136 CHAPTER 3. WARPED EXTRA DIMENSIONS: THEORETICAL ASPECTS

It is also straightforward to express (3.284) in terms of the rescaled Yukawa matrices
introduced in (3.86). Using

v√
2MKK

√
Y ~qY

†
~q = tanh−1

(
v√

2MKK

√
Ỹ ~q Ỹ

†
~q

)
, (3.286)

we obtain

(∆g̃qh)mn =
1√
2

2π

Lε

v2

3M2
KK

~aQ †m CQ
m(1−) Ỹ ~q Ȳ

†
~q Ỹ ~qC

q
n(1−)~aqn , (3.287)

where

Ȳ
†
~q ≡ Ỹ

†
~q h

(
v√

2MKK

√
Ỹ ~q Ỹ

†
~q

)
, h(A) =

3

2

[
A−2 + tanh−1

(
A
)
A−1

(
1−A−2

) ]
.

(3.288)
The relevant matrix-valued functions can be computed by diagonalizing the hermitian products

Ỹ ~q Ỹ
†
~q and Ỹ

†
~q Ỹ ~q with the help of unitary matrices U~q and V~q,

Ỹ ~q Ỹ
†
~q = U~q ỹ~q ỹT~q U

†
~q , Ỹ

†
~q Ỹ ~q = V~q ỹT~q ỹ~q V

†
~q . (3.289)

Here ỹ~q is, depending on the value of the index ~q, a non-square matrix of dimension 3 × 6

or 6 × 9 (in the custodial model) containing the non-negative eigenvalues of

√
Ỹ ~q Ỹ

†
~q on its

diagonal. It follows that

Ỹ ~q Ȳ
†
~q Ỹ ~q = U~q ỹ~q ỹT~q h

(
v√

2MKK

√
ỹ~q ỹ

T
~q

)
ỹ~q V

†
~q . (3.290)

Note finally that the Yukawa matrices introduced in (3.86) and (3.288) satisfy Ỹ ~q =

Y ~q +O(v2/M2
KK) and Ȳ

†
~q = Y †~q +O(v2/M2

KK). In consequence, as long as one is interested in

the ZMA results for (∆g̃qh)mn only, one can replace Ỹ ~q Ȳ
†
~q Ỹ ~q by the combination Y ~q Y

†
~q Y ~q

of original Yukawa matrices.
It will be useful to derive ZMA results for the elements (∆gqh)mn. For this purpose, we still

need the O(v2/M2
KK) expressions for the rescaled eigenvectors âAn with A = u, u′, uc, U ′, U in

the custodial RS model. First note that the relations (3.242), (3.244), and (3.246) to (3.248)
also hold in the up-type quark sector after the replacements d→ u, D → uc, cT2i → cuci with

λu =
√

2/v diag (mu,mc,mt). The remaining âAn are found to satisfy

âu
′

n = xn diag
(
F−1(−cQi)F−1(cQi)

)
âun ,

âU
′

n = diag
(
F (−cT2i)F−1(−cT1i)

)
âUn ,

âUn =
xn√

2
diag

(
F−1(−cT2i)

)
Y †d
[
Y †u
]−1

diag
(
F−1(cuci )

)
âu

c

n .

(3.291)

It is also easy to show that the eigenvectors satisfy the sum rules

âu
c †
n âu

c

n + âu
′ †
n âu

′

n = 1 , âu †n âun + âU †n âUn + âU
′ †

n âU
′

n = 1 . (3.292)
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With these relations at hand, it is straightforward to derive analytic expressions for the
O(v2/M2

KK) corrections to Φq, ΦQ, and ∆g̃qh. Studying first the custodial model, we find in
the case of down-type quarks,

Φd = xdU
†
d diag

[
1

1− 2cQi

(
1

F 2(cQi)
− 1 +

F 2(cQi)

3 + 2cQi

)]
U d xd ,

ΦD = xdW
†
d diag

[
1

1− 2cT2i

(
1

F 2(cT2i)

[
1 +

1− 2cT2i
F 2(−cT1i)

]
− 1 +

F 2(cT2i)

3 + 2cT2i

)]
W d xd ,

∆g̃dh =

√
2 v2

3M2
KK

U †d diag [F (cQi)] Y dY
†
dY d diag [F (cT2i)]W d ,

(3.293)

while for up-type quarks we obtain

Φu = xuU
†
u diag

[
1

1− 2cQi

(
1

F 2(cQi)

[
1 +

1− 2cQi
F 2(−cQi)

]
− 1 +

F 2(cQi)

3 + 2cQi

)]
Uu xu ,

ΦU = xuW
†
u

{
diag

[
1

1− 2cuci

(
1

F 2(cuci )
− 1 +

F 2(cuci )

3 + 2cuci

)]
+

1

2
diag

(
F−1(cuci )

)
Y −1

u Y d

× diag

(
1

F 2(−cT2i)
+

1

F 2(−cT1i)

)
Y †d
[
Y †u
]−1

diag
(
F−1(cuci )

)
}
W u xu ,

∆g̃uh =

√
2 v2

3M2
KK

U †u diag [F (cQi)] Y uY
†
uY u diag

[
F (cuci )

]
W u ,

(3.294)

with xu ≡ diag(mu,mc,mt)/MKK. Remember that Uu (W u) are the left- (right-)handed
rotation matrices diagonalizing the effective up-type Yukawa coupling.

At this point some comments are in order. First, notice that the ZMA expressions in the
minimal model can be obtained from the expressions above by dropping all terms involving
the zero-mode profiles F (−cT1i), F (−cT2i), and F (−cQi) and performing the replacements

cT2i → cdi , cuci → cui . Note that Φd is the same in both models. The corrections ∆g̃d,uh have
to be divided by a factor of 2 in the minimal model. The new terms in (3.293) and (3.294)
arise from the admixture of the ST1(−)

n (t), ST2(−)
n (t), and SQ(−)

n (t) profiles in the corresponding
zero-mode wave functions. In each case, the suppression by v/MKK due to the admixture is
offset by the O(MKK/v) enhancement of the Z2-odd (−) profile relative to its (+) counterpart.
For cQi < 1/2, the leading contribution in Φu is numerically enhanced by a factor of 2 with
respect to the minimal model. If the ZdiLd̄

j
L vertices are protected from fermion mixing by

(3.251) and cT1i < 1/2, then the same is true for ΦD. Depending on the structure of the
Yukawa matrices and bulk masses, a similar enhancement is possible in ΦU . Notice that the
extra suppression by factors of mq

n/v in Φd,D,u,U imply that for light quark flavors the Higgs-
boson FCNCs arising from the latter terms are parametrically suppressed relative to those
mediated by the exchange of a Z boson. This makes the chirally unsuppressed contributions
∆g̃d,uh , that arise from the Z2-odd Yukawa couplings, the dominant sources of flavor violation
in the Higgs sector. This has been pointed out in [203]. As far as the O(v2/M2

KK) corrections
to ∆g̃d,uh , as given in (3.293) and (3.294) are concerned, we find perfect agreement with the
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results presented in the latter article for the case of a brane-localized Higgs sector. The results
presented here generalize these findings to our exact treatment of KK profiles and thus to all
orders in v/MKK, for both the minimal as well as the custodial RS model. Notice also that
the factor of 1/3 arising in the ZMA expressions for ∆g̃d,uh follows immediately if one applies
(3.83) to a composite operator containing two Z2-odd fermion fields.

A model-independent analysis of the flavor misalignment of the SM fermion masses and the
Yukawa couplings has been presented in [245]. There it has been shown that, in models where
the Higgs is a bound state of a new strongly-interacting theory, at the level of dimension six,
chirally unsuppressed contributions to flavor-changing Higgs-boson vertices generically will
arise from composite operators like q̄ iLHq

j
R (H†H). If present, the latter terms will dominate

over the chirally suppressed contributions originating from operators of the form q̄ iLD/ q
j
L (H†H),

because the couplings yq∗ of the composite Higgs to the other strong interacting states can be
as large as y2

q∗/(16π2) � mq/v. Notice that in our concrete model, considering all relevant
dimension-six operators in lowest-order of the mass insertion approximation, leads to the ZMA
results (3.293) and (3.294) quantifying the misalignment between the Yukawa couplings and
the zero-mode masses (see [203] for a illuminating discussion). We emphasize that in our
exact solution (3.279), (3.280), (3.281), and (3.287), all new-physics effects induced by the
mass insertions are resummed to all orders in v2/M2

KK at tree level. Note that in the case
of ∆F = 2 processes, the importance of Higgs FCNCs turns out to be limited. The most
pronounced effects occur in the case of the CP-violating parameter εK , but are still typically
smaller than the corrections due to KK gluon exchange [246]. In Chapter 5 we will apply the
results derived here to analyze ∆F = 1 Higgs-couplings as well as the impact of the RS model
on Higgs-boson production and decay at hadron colliders.



Chapter 4

5D Propagators

We have seen that particles in the presence of a compactified extra dimension can be described
by towers of KK modes. Often it turns out to be easier to avoid the presence of these KK
excitations as virtual particles in amplitudes and to work directly with the 5D fields. This
evades the necessity of performing infinite sums over profiles (that just appeared due to the
decomposition), weighted by 4D propagators, which can easily become impractical. In this
section we will derive propagators of 5D gauge bosons, including their scalar components, and
of fermions. While such propagators have been studied in the literature [162, 247, 248, 249,
250], we will include effects of EWSB, mediated by a boundary Higgs-scalar, as well as present
for the first time analytic solutions that include the full flavor structure of the SM. The flavor
mixing will be included in a completely general way. Our results will make calculations of loop-
mediated flavor-changing processes in RS models, which in the KK picture involve multiple
sums over fermion profiles, more feasible. The following formulae hold for the minimal RS
variant, however, the generalization to the custodial model is straightforward.

4.1 Massive Gauge Bosons

The quadratic part of the gauge-boson action, which is the starting point to derive the corre-
sponding 5D propagators, has already been given in 3.45, employing the gauge fixing (3.44). It
is possible to retain this gauge-fixing Lagrangian in the 5D approach due to relations between
the scalar fields, as discussed below (3.44). This will lead to a propagator that mixes the
scalar components of the gauge fields with the brane-localized Goldstone bosons. However,
for the following applications of the 5D propagators it will be sufficient and more convenient
to follow [201] and to use the gauge fixing

LGF2 = − 1

2ξ

(
∂µAµ − ξ

[
∂φ e

−2σ(φ)Aφ
r2

])2

− 1

2ξ

(
∂µZµ − ξ

[
∂φ e

−2σ(φ)Zφ
r2

])2

− 1

ξ

(
∂µW+

µ − ξ
[
∂φ e

−2σ(φ)W+
φ

r2

])(
∂µW−

µ − ξ
[
∂φ e

−2σ(φ)W−
φ

r2

])

+δ(|φ| − π)

[
− 1

2ξ

(
∂µZµ −

ξ

r
MZ ϕ

3

)2

− 1

ξ

(
∂µW+

µ −
ξ

r
MW ϕ+

)(
∂µW−

µ −
ξ

r
MW ϕ−

)]
.

(4.1)
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This still eliminates mixed terms containing vector bosons and scalar fields. The quadratic
terms in the resulting action, denoted by S̃gauge,2, follow from (3.45) by a proper replacement
of the gauge fixing

S̃gauge,2 =

∫
d4x r

∫ π

−π
dφ (Lgauge,2 − LGF + LGF2) . (4.2)

When deriving the propagators corresponding to the fields present in the action (4.2), we have
to be careful to take into account the non-trivial determinant of the RS metric in the right
way in order to arrive at the correct covariant expressions in curved space-time.

4.1.1 Derivation of the Green’s Functions

We start with the propagator for the vector components of the massive Z bosons, i.e., the
two point Green’s function Dµν(x1, x2, φ1, φ2) ≡ 〈Zµ(x1, φ1)Zν(x2, φ2)〉. Afterwards, we will
turn to the scalar component. The propagators for the other gauge bosons can be derived in
a similar way.

We perform a Fourier transformation to momentum space for the non-compactified 4D
space-time but work in position space for the compactified direction. In this way we can
easily impose the correct BCs at the orbifold fixed points and account for geometric overlaps
with KK-decomposed fields at vertices. The sought position/momentum-space propagator,
D̃νρ(p, φ, φ

′), corresponding to a four-momentum transfer pµ, is given by the solution to the
differential equation

[
−p2ηµν + (1− 1

ξ
)pµpν − ∂φ

e−2σ(φ)

r2
∂φη

µν

+ δ(|φ| − π)

(
−1

ξ
pµpν +

M2
Z

r
ηµν
)]

D̃νρ(p, φ, φ
′) =

i

2r
δµρ δ(φ− φ′).

(4.3)

Note that the factor of 1/2 on the right hand side above is necessary for the correct normal-
ization on the orbifold. The ansatz [162]

D̃µν(p, φ, φ
′) = −iGp(φ, φ

′)

(
ηµν −

pµpν
p2

)
− iG′p(φ, φ′)

pµpν
p2

(4.4)

leads to

δµρ

(
p2 + ∂φ

e−2σ(φ)

r2
∂φ −

M2
Z

r
δ(|φ| − π)

)
Gp(φ, φ

′)

− pµpρ
p2

[(
p2 + ∂φ

e−2σ(φ)

r2
∂φ −

M2
Z

r
δ(|φ| − π)

)
Gp(φ, φ

′)

−
(
p2

ξ
+ ∂φ

e−2σ(φ)

r2
∂φ −

(
M2

Z

r
− p2

ξ

)
δ(|φ| − π)

)
G′p(φ, φ

′)

]
=

1

2r
δµρ δ(φ− φ′).

(4.5)

It follows that G′p = G̃ p√
ξ
, where G̃p has exactly the same form as Gp in the bulk, but different
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BCs on the IR brane.
The shape of the solution is now determined by

(
p2 + ∂φ

e−2σ(φ)

r2
∂φ −

M2
Z

r
δ(|φ| − π)

)
Gp(φ, φ

′) =
1

2r
δ(φ− φ′). (4.6)

Switching to t coordinates, we arrive at

Gp(t, t
′) = Nt<t> (AJ1(p/MKK t<) +B Y1(p/MKK t<))

× (C J1(p/MKK t>) +DY1(p/MKK t>)) ,
(4.7)

where, as before t< = min(t, t′) and t> = max(t, t′), and p ≡
√
p2. The correct normaliza-

tion is obtained by matching the result to the δ-distribution on the right-hand side of (4.6).
Integrating this equation over φ in an infinitesimal interval around φ = φ′ leads to

N =
L

4r(AD −BC)M2
KK

. (4.8)

The remaining coefficients are dictated by the BCs, which can also be determined from
(4.6) and read (remember that the vector components are chosen to be even under the Z2

parity)

∂φ<Gp

∣∣
φ<=0

= 0 ,

∂φ>Gp

∣∣
φ>=π−

=− rM2
Z

2ε2
Gp

∣∣
φ>=π

.
(4.9)

This leads to

A =Y0 (pε/MKK) , B = −J0 (pε/MKK) ,

C =Y0 (p/MKK) +
M2

Z

2p ε
Y1 (p/MKK) , D = −J0 (p/MKK)− M2

Z

2p ε
J1 (p/MKK) .

(4.10)

For G̃p the same BCs hold with the replacement M2
Z → M2

Z − rp2 which translates into the
same replacement in the coefficients C and D.

We now turn to the derivation of the propagator for the scalar components of the 5D gauge
fields. From the action (4.2) we deduce

(
p2 +

ξ

r2
∂2
φe
−2σ(φ)

)
D̃φφ(p, φ, φ′) = i

r

2
e2σ(φ)δ(φ− φ′) . (4.11)

Defining D̃φφ(p, φ, φ′) ≡ i
ξ
D̃′5 p√

ξ

(φ, φ′) leads to

(
p2 +

1

r2
∂2
φe
−2σ(φ)

)
D̃′5p(φ, φ

′) =
r

2
e2σ(φ)δ(φ− φ′) . (4.12)
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The fully normalized solution can finally be written as

D̃′5p(t, t
′) =

L2k t2<t
2
>

4π(AD −BC)M4
KK

(AJ0(p/MKK t<) +B Y0(p/MKK t<))

× (C J0(p/MKK t>) +DY0(p/MKK t>)) ,

(4.13)

where the coefficients are derived from the (Dirichlet) BCs and read

A =Y0 (pε/MKK) , B = −J0 (pε/MKK) ,

C =Y0 (p/MKK) , D = −J0 (p/MKK) .
(4.14)

4.1.2 Limits of the Propagators

In the following we discuss several limits in the momentum of the 5D propagators. For this
purpose, we switch to the euclidean momentum, i.e., we substitute p0 = ip0

E and evaluate
scalar products in euclidean space. The solutions (4.7) and (4.13) become

Gp(t, t
′) =

k t<t>
2(BC − AD)M2

KK

(AI1(pE/MKK t<) +BK1(pE/MKK t<))

× (C I1(pE/MKK t>) +DK1(pE/MKK t>)) ,

(4.15)

A =K0 (pE ε/MKK) , B = I0 (pE ε/MKK) ,

C =K0 (pE/MKK)− M2
Z

2pEε
K1 (pE/MKK) , D = I0 (pE/MKK) +

M2
Z

2pEε
I1 (pE/MKK) ,

(4.16)

where pE ≡
√
p2
E and M2

Z →M2
Z − rp2 for G̃p, as well as

D̃′5p(t, t
′) =

L2k t2<t
2
>

2π2(BC − AD)M4
KK

(AI0(pE/MKK t<) +BK0(pE/MKK t<))

× (C I0(pE/MKK t>) +DK0(pE/MKK t>)) ,

(4.17)

A = K0 (pE ε/MKK) , B = −I0 (pE ε/MKK) ,

C = K0 (pE/MKK) , D = −I0 (pE/MKK) .
(4.18)

Small Momenta

Vectors: The limit of pE � MKK is particularly interesting, since in that case the 5D gauge-
boson propagator

〈Zµ(x, φ)Zν(x
′, φ′)〉 =

1

r

∑

n

χZn (φ)χZn (φ′)〈Z(n)
µ (x)Z(n)

ν (x′)〉 (4.19)

is related to the KK sums derived in Section 3.5. The successive expansion of the expression
(−r Gp(φ, φ

′)) in pE corresponds to the series of KK sums on the right hand side of (3.253).
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In particular, the lowest order KK sum (3.265) will be given by the first term in the expansion

∑

n

χZn (t)χZn (t′)

m2
n

= Σ
(1) min
Z = lim

pE→0
(−rGp) . (4.20)

We arrive at

Gp(t<, t>) −−−−−−→
pE�MKK

− 1

M2
Z

+
L(t2> − 1)

4πrM2
KK

. (4.21)

We emphasize that this is the exact result for the corresponding KK sum, i.e., no higher order
terms are missing, c.f. (3.261). For the massless case (MZ = 0) we get [162]

Gp(t<, t>) −−−−−−→
pE�MKK

− 1

2πrp2
E

, (4.22)

and the next term in the p2
E/M

2
KK expansion reads

− 1

8πrM2
KKL

+
(t2< + t2> − 2t2< lnt< − 2t2> lnt> − 2L t2<)

8πrM2
KK

. (4.23)

This coincides with the KK sum (3.266). Note that, again, we neglect terms of O(ε).

Scalars: The scalar propagator behaves like

D̃′5p(t<, t>) −−−−−−→
pE�MKK

L2t2<t
2
>lnt> (L+ lnt<)

2πr π2M4
KK

. (4.24)

Large Momenta

Vectors: We first consider the limit pE � MKK, but pE t</MKK � 1 and pE t>/MKK � 1,
which means that the momenta are below the position-dependent cutoff, see (3.30). We arrive
at

Gp(t<, t>)→ − L

2πrp2
E (ln(2k/pE)− γe)

. (4.25)

Note that the regions of momenta that fulfill the hierarchies quoted above get smaller and
finally vanish, the closer the propagator is evaluated to the TeV brane. Therefore the ex-
pression is just applicable for large momenta near the Planck brane. On the TeV brane, the
large-momentum limit pE �MKK (but still pE < k) leads to

Gp(1, 1)→ − L

2πr pEMKK

. (4.26)

The propagator changes to a 1/pE behavior and thus cannot be trusted for pE �MKK on the
TeV brane. Here, the theory has to be cut off in the TeV region, as discussed before. Finally,
for pE �MKK and pE t</MKK > 1, pE t>/MKK > 1, the propagator becomes

Gp(t<, t>)→ −e−pE
(t>−t<)

MKK
L
√
t> t<

4π rpEMKK

, (4.27)
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and vanishes if t< and t> are well separated from each other.

Scalars: In the following we consider the scalar propagator in the limit of large momenta.
For pE �MKK, but pE t</MKK � 1 and pE t>/MKK � 1, the Green’s function becomes

D̃′5p(t<, t>)→ −
L3t2>t

2
<(L+ ln(t<))

(
ln
(
pE t>
2MKK

)
+ γe

)

2πr π2M4
KK

(
ln
(
pE
2k

)
+ γe

) . (4.28)

On the TeV brane it vanishes due to the BC, while for pE � MKK and pE t</MKK > 1,
pE t>/MKK > 1 we arrive at

D̃′5p(t<, t>)→ −e−pE
t>−t<
MKK

L3 t
3/2
> t

3/2
<

4πrπ2pEM3
KK

. (4.29)

The results derived here will be applied in Section 5.1.5 to calculate the anomalous magnetic
moment of the muon in the RS setup.

4.2 Massive Fermions

We consider the 5D action for quarks as given in (3.72). The generalization to the lepton
sector as well as to the custodial model is straightforward. First we introduce our notation.
We merge the SU(2)L doublets Q and singlets qc into 2-component vectors

Ωq ≡
(
Q
qc

)
, Ω̄q ≡

(
Q̄ q̄c

)
, (4.30)

and introduce the projection operators

PQ Ωq =

(
Q
0

)
, P q Ωq =

(
0
qc

)
, (4.31)

acting on states in the doublet/singlet (representation) space. In matrix notation, correspond-
ing to the basis introduced above, they read

PQ =

(
1 0
0 0

)
, P q =

(
0 0
0 1

)
. (4.32)

Furthermore we introduce the off-diagonal operators

PQq =

(
0 1
0 0

)
, P qQ =

(
0 0
1 0

)
, (4.33)
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which pick out the singlet and doublet component of Ωq, respectively, and raise/lower it to
the other position in the vector. The bilinear terms in the action (3.72) can now be written as

Sferm,2 =
∑

qc=uc,dc

∫
d4x r

∫ π

−π
dφ

{
e−3σ(φ)Ω̄q i/∂ Ωq −

e−2σ(φ)

r
Ω̄q ∂φ e

−2σ(φ)γ5 Ωq

− e−4σ(φ) sgn(φ)Ω̄q

(
PQMQ + P qM qc

)
Ωq

− δη(|φ| − π) e−3σ(φ)

√
2πv

L

[
Ω̄u

(
Y C

u P
Qq + Y S†

u P qQ
)
PR Ωu

+ Ω̄d

(
Y C

d P
Qq + Y S†

d P qQ
)
PR Ωd + h.c.

]}
,

(4.34)

where Ωu,d ≡ (u, uc)T , (d, dc)T and M qc ≡ M q, defined before. The 4D Yukawa matrices
Y C,S

q describe the couplings of the Higgs doublet to Z2-even and -odd fermions, respectively,
normalized according to (3.75). Note that we will understand Q ≡ (Q, 0)T and q ≡ (0, q)T as
two-component vectors in the following derivations.

4.2.1 Derivation of the Green’s Functions

Before calculating the 5D propagator Gq(p, φ, φ
′) ≡ 〈Ωq(p, φ)Ω̄q(−p, φ′)〉 with q = u, d ex-

plicitly, let us have a look at the matrix structure of this object. As the following deriva-
tions will be similar for up-type and down-type quarks, we will drop the subscript q of the
propagator from now on. First, G is a 2 × 2 matrix in representation space with pro-
jections GQq ≡ PQGP q = 〈Qq̄〉, etc. Second, it is a 2 × 2 matrix in Dirac space with
GQq
LR ≡ PLG

QqPL = 〈QLq̄R〉, etc. Furthermore, it is also a 3 × 3 matrix in flavor space. It is
determined from

[
eσ(φ)/p− e2σ(φ)

r
∂φ e

−2σ(φ)γ5 − sgn(φ)

(
PQMQ + P qM q

)

− δη(|φ| − π) eσ(φ)

√
2πv

L

((
Y C

q P
Qq + Y S†

q P qQ
)
PR

+
(
Y C†

q P qQ + Y S
q P

Qq
)
PL
) ]
G(φ, φ′) = i

e4σ(φ)

2r
δ(φ− φ′)1 ,

(4.35)

where we have suppressed the dependence of G(φ, φ′) on the four-momentum transfer and the
index q now corresponds to up type singlets. Applying all possible combinations of projec-
tion operators introduced above from the left and the right on eq. (4.35), we arrive at four
blocks of differential equations. Each of them contains four coupled equations for certain
components of the propagator, while the four blocks are decoupled from each other. Note
that the matrix equation above mixes different components in representation space, due to
the Yukawa couplings. For example, PQPQqGPQ = PQqGPQ belongs to the non-vanishing
entry of GqQ, mediating off-diagonal transitions in representation space. However, it features



146 CHAPTER 4. 5D PROPAGATORS

the corresponding entry in the upper-left corner. After employing the ansatz

GQQ
LL (t, t′) ≡ iPQPL/pGQQ

++(t, t′) , GQQ
RL (t, t′) ≡ iPQPRG

QQ
−+(t, t′),

GqQ
LL(t, t′) ≡ iP qQPL/pGqQ

−+(t, t′) , GqQ
RL(t, t′) ≡ iP qQPRG

qQ
++(t, t′),

(4.36)

the first block of equations becomes

t

MKK

GQQ
−+(t, t′) + (t∂t − 2− cQ)GQQ

++(t, t′) =δη(t− 1)
v√

2MKK

Y S
qG

qQ
−+(t, t′) ,

tp2

MKK

GQQ
++(t, t′)− (t∂t − 2 + cQ)GQQ

−+(t, t′) =δη(t− 1)
v√

2MKK

Y C
q G

qQ
++(t, t′) +

t4

ε4
δ(t− t′)t′ ,

t

MKK

GqQ
++(t, t′) + (t∂t − 2 + cq)G

qQ
−+(t, t′) =δη(t− 1)

v√
2MKK

Y C†
q G

QQ
++(t, t′) ,

tp2

MKK

GqQ
−+(t, t′)− (t∂t − 2− cq)GqQ

++(t, t′) =δη(t− 1)
v√

2MKK

Y S†
q G

QQ
−+(t, t′) ,

(4.37)

where we have performed a transformation to the coordinate t. Remember the definition of
the regularized δ-distribution (3.46) and that cQ,q ≡ ±MQ,q/k. The first propagator in (4.36)
mediates diagonal transitions in both representation space, as well as in chirality, the second
is diagonal in representation space but off-diagonal in chirality, the third vice versa, and the
fourth propagator is off-diagonal with respect to both spaces. The subscripts +(−) denote
even (odd) functions in t, t′ with respect to the Z2 parity on the orbifold. The corresponding
propagator functions are still 3×3 matrices in flavor space, while the further matrix structure
has been pulled out in terms of chirality projectors and the matrices defined in (4.32) and
(4.33). The other three blocks of equations can be obtained from (4.37) by the replacements

Z2 : +↔ − , (t∂t − 2)→ −(t∂t − 2) , Y C
q ↔ Y S

q , (4.38)

Z2 : +↔ − , Q↔ q , cQ ↔ −cq , Y C
q ↔ Y S†

q , (4.39)

Q↔ q , (t∂t − 2)→ −(t∂t − 2) , cQ ↔ −cq , Y C,S
q → Y C,S†

q , (4.40)

where the first replacements (first two replacements in (4.39)) correspond to the indices of the
ansatz, respectively, given by

GQQ
RR(t, t′) ≡ iPQPR/pGQQ

−−(t, t′) , GQQ
LR (t, t′) ≡ iPQPLG

QQ
+−(t, t′) ,

GqQ
RR(t, t′) ≡ iP qQPR/pGqQ

+−(t, t′) , GqQ
LR(t, t′) ≡ iP qQPLG

qQ
−−(t, t′) ,

(4.41)

Gqq
LL(t, t′) ≡ iP qPL/pGqq

−−(t, t′) , Gqq
RL(t, t′) ≡ iP qPRG

qq
+−(t, t′) ,

GQq
LL(t, t′) ≡ iPQqPL/pGQq

+−(t, t′) , GQq
RL(t, t′) ≡ iPQqPRG

Qq
−−(t, t′) ,

(4.42)

Gqq
RR(t, t′) ≡ iP qPR/pGqq

++(t, t′) , Gqq
LR(t, t′) ≡ iP qPLG

qq
−+(t, t′) ,

GQq
RR(t, t′) ≡ iPQqPR/pGQq

−+(t, t′) , GQq
LR(t, t′) ≡ iPQqPLG

Qq
++(t, t′).

(4.43)

In the following we will show explicitly how to solve the first block. The other components
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of the propagator can be obtained with the help of the replacements (4.38)-(4.40), taking into
account the correct boundary conditions. First note that the presence of the δ-distributions
gives rise to discontinuities of some components of the propagator (or its derivative) at the
boundaries (in the limit η → 0) and at t = t′. For example GQQ

RL (t, t′) will jump at t = t′,
whereas GQQ

LL (t, t′) will be continuous at that point while its derivative ∂tG
QQ
LL (t, t′) will jump.

The behavior at the boundaries is similar to that of the KK modes in the decomposed theory
and has already been discussed in Section 3.2.2. It is straightforwardly generalized to the 5D
propagators. Combining the first two equations of block (4.37) decouples the system and leads
to a second order differential equation in t for GQQ

++(t, t′), valid for t ∈ (ε, 1), t 6= t′, which
reads (

t2∂2
t − 4t∂t + t2

p2

M2
KK

− c2
Q + cQ + 6

)
GQQ

++ = 0. (4.44)

The solution to this equation is given by

GQQ
++(t, t′) = t5/2

(
dg
(
JcQi−

1
2
(p/MKK t)

)
a
QQ>

<
++ (t′) + dg

(
J−cQi+

1
2
(p/MKK t)

)
b
QQ>

<
++ (t′)

)
(t>

<
t′) .

(4.45)
Note that, here and in the following dg ≡ diag. For the case of cQi = 1/2 + z, z ∈ Z,
the solution has to be obtained from (4.45) by a limiting procedure. The propagator (4.45)

depends on t′ through the 3 × 3 coefficient matrices aQQ++

>
< (t′) and bQQ++

>
< (t′). These are to be

determined from the BCs at the branes and the jump conditions at t = t′, which introduce
the dependence on the second coordinate. They will be discussed in detail below. Similarly,
we can derive second order equations for the other components present in (4.37), which leads
to

GQQ
−+(t, t′) =t5/2

(
dg
(
J−cQi−

1
2
(p/MKK t)

)
a
QQ>

<
−+ (t′) + dg

(
JcQi+

1
2
(p/MKK t)

)
b
QQ>

<
−+ (t′)

)
, (t>

<
t′)

GqQ
−+(t, t′) =t5/2

(
dg
(
J−cqi− 1

2
(p/MKK t)

)
aqQ−+(t′) + dg

(
Jcqi+

1
2
(p/MKK t)

)
bqQ−+(t′)

)
,

GqQ
++(t, t′) =t5/2

(
dg
(
Jcqi− 1

2
(p/MKK t)

)
aqQ++(t′) + dg

(
J−cqi+ 1

2
(p/MKK t)

)
bqQ++(t′)

)
.

(4.46)

Up to now, we have only determined the general form of the solutions following from the
second order differential equations in t. These feature 12 coefficient functions which still have
to be derived. In the following we will again work in the limit Y S

q = Y C
q ≡ Y q. On the UV

brane, we impose standard Dirichlet BCs for the propagators that are Z2 odd in t

GQQ
−+(ε, t′) = 0 , GqQ

−+(ε, t′) = 0. (4.47)

The IR BCs follow from a regularization of the delta distributions at t = 1, in analogy to the
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derivation within the KK decomposed theory presented before, and read

−GqQ
−+(1−, t′) =

v√
2MKK

Ỹ
†
qG

QQ
++(1−, t′) ,

GQQ
−+(1−, t′) =

v√
2MKK

Ỹ
†
qG

qQ
++(1−, t′) ,

(4.48)

with Ỹ q as defined in (3.86). By integrating the second equation in (4.37) over an infinitesimal
interval around t = t′, we obtain in addition the jump condition

lim
η→0

[
GQQ
−+(t, t′)

]t=t′+η
t=t′−η

= −t
′4

ε4
1 . (4.49)

Furthermore, from the second order equation for GQQ
++ we obtain

lim
η→0

[
∂tG

QQ
++(t, t′)

]t=t′+η
t=t′−η

=
t′4

ε4MKK

1 , (4.50)

as well as from continuity of GQQ
++ at t = t′

lim
η→0

[
GQQ

++(t, t′)
]t=t′+η
t=t′−η

= 0 . (4.51)

So far we have collected 7 conditions for the 12 unknowns functions of t′ which is not sufficient
for determining the solutions uniquely. Imposing just the BCs above is not enough, we have to
extract additional information from the system (4.37). This is indeed possible. In the course
of deriving the decoupled equations, we lost the information about the relative normalization
of the components of the propagator with respect to each other. This can be implemented by
evaluating (4.37) at t = ε, taking into account (4.47), which leads to

(t∂t − 2− cQ)GQQ
++(t, t′)

∣∣∣
t=ε

= 0 ,

(t∂t − 2 + cQ)GQQ
−+(t, t′)

∣∣∣
t=ε

=
ε p2

MKK

GQQ
++(ε, t′) ,

(t∂t − 2 + cq)G
qQ
−+(t, t′)

∣∣∣
t=ε

= − ε

MKK

GqQ
++(ε, t′) ,

(t∂t − 2− cq)GqQ
++(t, t′)

∣∣∣
t=ε

= 0 .

(4.52)

The last missing piece of information is provided by evaluating the second equation in (4.37)
at t = t′ ± η

lim
η→0

[
(t∂t − 2 + cQ)GQQ

−+(t, t′)
]t=t′+η
t=t′−η

= lim
η→0

[
tp2

MKK

GQQ
++(t, t′)

]t=t′+η

t=t′−η
. (4.53)

It is now possible to determine the coefficient functions by solving the equations (4.47)-(4.53)
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for them. We obtain

aQQ++

<
(t′) = dg
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1
2
(p/MKK ε)
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2
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1
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aqQ−+(t′) = p−1 bqQ++(t′) , bqQ−+(t′) = −p−1aqQ++(t′)

(4.54)

where bQQ<++ (t′) and bqQ++(t′) can be determined from the IR BCs (4.48). Finally, we arrive at
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(4.55)
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(4.56)

In the case of a vanishing Higgs VEV, the coefficient bqQ++(t′) is zero. This makes the propa-
gators mediating singlet-doublet transitions vanish, which could be expected from (4.34). In
this limit, the other coefficient becomes

bQQ<++ (t′) −−→
v→0
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2ε4
t′5/2 dg(sec(cQiπ))

dg

(
JcQi+

1
2
(p/MKK ε)

JcQi−
1
2
(p/MKK t

′)J−cQi−
1
2
(p/MKK) + J−cQi+

1
2
(p/MKK t

′)JcQi+
1
2
(p/MKK)

J−cQi−
1
2
(p/MKK ε)JcQi+

1
2
(p/MKK)− JcQi+ 1

2
(p/MKK ε)J−cQi−

1
2
(p/MKK)

)
.

(4.57)

4.2.2 Limit of Small Momentum Transfer

Let us finally give the expressions for the Green’s functions in the limit of a negligible mo-
mentum transfer. For p→ 0 the propagators reduce to

GQQ
LL (t, t′)→ 0 ,

GqQ
LL(t, t′)→ 0 ,

GQQ
RL (t, t′)→ −iPQPR

t2t′2

2 ε4
dg ((t′/t)cQi ) θ(t− t′) ,

GqQ
RL(t, t′)→ −iP qQPR

MKK√
2v

t2t′2

ε4
Ỹ
−1

dg (tcqi t′cQi ) .

(4.58)

The zeroes reflect the fact that the chirality-diagonal propagators are induced only by a non-
vanishing momentum-flow.



Chapter 5

Warped Extra Dimensions:
Phenomenology

After studying in detail the setup, the interactions, as well as KK sums in both the minimal as
well as the custodial RS model, we will now apply these results to analyze the phenomenology
of these models. First, we will give an overview of the status of RS models, in particular
concerning the compatibility of a low KK scale with experimental constraints. In Section 3.3,
we have already explored electroweak precision observables and discussed possibilities to end
up with KK scales in the range of a few TeV, which can e.g. be achieved by employing a
custodial symmetry. We have also argued that the RS-GIM mechanism will suppress the
majority of flavor-changing transitions in the quark sector below their experimental limits.
Thus, at first sight the (custodial) RS model seems to offer a reasonable chance to be directly
discovered at the LHC, when running at

√
s = 14 TeV.

In the last decade, various studies of the flavor structure of RS models have been performed.
Properties of the (generalized) CKM matrix, neutral-meson mixing, and CP violation were
studied in [175]. Z-mediated FCNCs in the Kaon system were examined in [211] and effects
of KK gauge bosons on CP asymmetries in rare hadronic B-meson decays, induced by b→ s
transitions, were explored in [252]. A first analysis of ∆F = 2 and ∆F = 1 processes in the
RS framework was presented in [176, 177], where the second paper treats a variety of possible
effects and analyzes several rare decay processes. The branching ratios for the flavor-changing
top-quark decays t → cZ(γ, g) were discussed in [244]. Model-independent approaches for
analyzing NP contributions to ∆F = 2 and ∆F = 1 operators were developed in [217, 253].
The first complete examination of all operators relevant to K–K̄ mixing was presented in
[220]. A comprehensive analysis of Bd,s–B̄d,s mixing has been performed in [241]. Moreover,
rare leptonic K- and B-meson decays [254, 255] as well as the radiative B → Xsγ decay [256]
have been studied quite recently. A comprehensive analysis of ∆F = 1 and ∆F = 2 processes,
taking into account the exchange of the whole towers of KK excitations has been presented in
[213]. Higgs- [203, 245] and radion-mediated [257, 258] FCNCs have been investigated, too. It
has been recognized that the only observables where a considerable fine-tuning of parameters
seems to be unavoidable are the neutron electric dipole moment [176, 177] and CP-violating
effects in the neutral Kaon system [220, 253, 259, 260]. For generic parameters, these turn out
to be too large unless the scale of the first KK-gauge bosons is raised to O(10) TeV, beyond
the reach of the LHC. Due to these problems, several modifications of the quark flavor sector
of warped models have been proposed. Many of them try to implement the idea of MFV
into the RS setup by means of a bulk flavor symmetry [205, 206, 261, 262], see also [263].

151
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Others explore the possibility of textures of the 5D Yukawa matrices [221] or use a bulk-Higgs
[256, 260] to weaken the constraints. The idea of spontaneous CP violation in the context of
RS models has been used to address the problem of too large electric dipole moments [207].

Recently, a model of “flavor triviality” has been proposed [264], where the solution to
the puzzle of fermion hierarchies is given up (see also [265, 266]). This model assumes that
both the bulk and the IR brane are invariant under the (gauged) SM flavor symmetries. The
Yukawa hierarchy is assumed to be generated by some unknown physics on the UV brane.
The model belongs to the MFV class and can have a KK scale as low as 2 TeV, while being in
agreement with flavor as well as electroweak precision constraints. Beyond that, it offers an
interesting phenomenology [267]. However, we do not want to give up the anarchic approach
to flavor and thus assume other alternatives of flavor protection to be at work.

What concerns the lepton sector, flavor violation also leads to generically quite stringent
bounds on the masses of the first KK gauge bosons in the range of &5 TeV [250, 268]. These
bounds, however, depend quite strongly on the concrete model parameters. They can be
lowered by an appropriate choice of the lepton representations under the custodial gauge
group [269] or by flavor symmetries [270, 271, 272, 273].

After this general survey of the status of RS models with respect to (precision) measure-
ments, let us review to what extend the setup can answer some of the additional open questions
in the SM, besides solving the flavor puzzle and the gauge hierarchy problem. First of all, it
has been shown that warped extra dimensions offer the possibility of high-scale gauge-coupling
unification [274, 275, 276]. Moreover, viable dark matter scenarios arise naturally in some vari-
ants of RS setups, typically involving (sterile) neutrinos, GUTs, fields with special boundary
conditions, or discrete symmetries like KK parity [209, 277, 278, 279, 280, 281, 282]. Brane
fluctuations, so-called branons, could furnish WIMP dark matter, see e.g. [283]. In addition,
the strong CP problem can be addressed in the context of RS models via spontaneous CP
violation [207]. Note finally that there are interesting possibilities to generate cosmic inflation
in (warped) extra dimensions [284, 285, 286].

Subsequent to this overview we will analyze in detail various observables, which are ex-
pected to show interesting signatures of the RS setup. The first part of this chapter is devoted
to precision tests. We start by discussing modifications of SM input parameters due to warped
extra dimensions. We will go into a tension between different determinations of the W±-boson
mass and elaborate on RS modifications concerning the Higgs VEV. Next, we will continue
our examination of the Peskin-Takeuchi parameters. A careful analysis of the bottom-quark
pseudo observables at the Z-pole follows, where we will study in detail the parameter depen-
dence and the level of custodial protection for the RS corrections. A possibility to improve the
agreement of the forward-backward asymmetry in bottom-quark pair production at the Z-pole
with experiment will be examined. Randall-Sundrum models have been used to address the
enhancement in the tt̄ forward-backward asymmetry, measured at Tevatron, with respect to
the theoretical prediction. We will investigate if it is possible to account for this anomaly in
an anarchic approach to flavor. After that, we apply the formalism derived in Chapter 4 to
examine RS corrections to the anomalous magnetic moment of the muon. Then we will turn
to flavor physics and CP violation. First we will study numerically the unitarity violating
corrections to the matrix which would be identified with the CKM matrix of the SM. After
an analysis of rare top-quark decays, the phenomenological survey will be continued with a
discussion of B0

s–B̄
0
s mixing. A calculation of the absorptive part of the mixing amplitude in
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the presence of new physics is presented and the impact of the Randall-Sundrum setup on
several CP-violating observables is investigated. Finally, we will perform a detailed survey
on Higgs Physics in warped extra dimensions. We will analyze the Higgs-boson production
cross sections at Tevatron and at the LHC, as well as the most important branching fractions.
For the first time, a complete one-loop calculation for the (custodial) RS model is presented,
incorporating the effects stemming from the extended electroweak gauge-boson and fermion
sectors. Although deviations are generically expected for an IR-brane localized Higgs sector,
the RS modifications will actually exceed the expectations. This observation could have an
significant impact on the LHC physics program.

In order to present predictions for different observables in the RS setup we need to specify
a large number of model parameters. These are, besides the NP scale MKK and the logarithm
of the inverse warp factor L, the bulk mass parameters of the 5D fermion fields as well as the
5D Yukawa matrices. As explained in Section 3.2.3, their choice is restricted by the fact that
the known values of the quark masses and CKM matrix elements should be reproduced within
errors, but this information still leaves some freedom.

In parts of our following analysis, we will perform a scan over the parameter space of the
RS model. For this purpose, we generate 10000 randomly chosen parameter sets using uniform
initial distributions for the input parameters. The parameter ranges are MKK ∈ [1, 10] TeV for
the KK scale and |(Yu,d)ij| ∈ [0.1, 3] for the Yukawa couplings. Moreover, we require that the
Wolfenstein parameters ρ̄ and η̄ agree with experiment within 1σ. The bulk-mass parameters
are then determined using the warped-space Froggatt-Nielsen formulae given in Section 3.2.3,
such that all points reproduce the quark masses and CKM parameters with a global χ2/dof
of better than 11.5/10 (corresponding to 68% CL), subject to the constraints |cQi,qi| < 1 and
cu3 ∈ ]−1/2, 1]. This large set of points provides a reasonable range of predictions that can be
obtained for a given observable.1 Only for a subset of the 10000 scatter points the predictions
for the Zbb̄ couplings in the minimal RS model are consistent with experiment at 99% CL.
We will consider these constraints by discarding points that are in conflict with them. We use
MKK = 1.5 TeV as a default KK scale for the minimal RS model, corresponding to masses
of about 3.7 TeV for the first KK excitations of the gauge bosons. We sometimes use twice
that value, MKK = 3 TeV, as a second reference point. For the custodial model, being less
constraint by electroweak precision measurements, we will use the scales MKK = 1 TeV and
MKK = 2 TeV. Unless noted otherwise, we set L = ln(1016) for the logarithm of the inverse
warp factor. It will be instructive to have default sets of input parameters, which are consistent
with all experimental constraints concerning the quark masses and CKM parameters. Such
sets will be given in Appendix C.

The following is based on [1, 2, 3, 4]. Note that the numerical analysis of [1] has been redone
with the same parameter sets as used for the analysis of the custodial model. Moreover, the
Yukawa couplings involving Z2-odd fields, that have been neglected in the latter article, are
included. The same holds true for the O(v2/M2

KK) shift in the Higgs VEV.

1For more details concerning the algorithm that generates the parameter points of the RS model, the
interested reader is referred to [213].
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μ−

e−

νe

νµ

W−(n)

Figure 5.1: Tree-level contributions to µ− → e−νµν̄e arising from the exchange of a
W− boson and its KK partners. See [1] and text for details.

5.1 Precision Tests

5.1.1 Modifications of SM Parameters

Let us first have a look on how values of SM-input parameters will change if the RS setup is
realized. Recall that the zero modes of the photon and gluon in RS models, interpreted as the
SM photon and gluon, have flat profiles in the extra dimension. Thus their tree-level couplings
to the zero mode fermions are universal and flavor diagonal, just like in the SM, see (3.146).
As a consequence, the low energy extraction of the fine structure constant α, defined in the
Thompson limit, as well as the strong coupling αs are to excellent approximation unaffected
by the presence of the extra dimension. Moreover, the definition of the weak mixing angle
θw in RS, in terms of (4D) weak gauge couplings, agrees with the one of the SM, see (3.40),
which results in the relation

g2 =
4πα

s2
w

. (5.1)

Defined in this way, θw can be extracted from measuring the left-right polarization asymmetries
of light fermions at the Z-pole. Due to the RS-GIM mechanism, the corrections to the Z
couplings are given to very good approximation by the universal prefactor in (3.147) and
(3.235), which cancels in the asymmetry

Af =
Γ(Z → fLf̄R)− Γ(Z → fRf̄L)

Γ(Z → fLf̄R) + Γ(Z → fRf̄L)
=

(gfL)2 − (gfR)2

(gfL)2 + (gfR)2

≈ (1/2− |Qf |s2
w)2 − (Qfs

2
w)2

(1/2− |Qf |s2
w)2 + (Qfs2

w)2
.

(5.2)

From measuring Af one can thus directly determine the weak mixing angle, which will have
the same value in the SM and in RS models. Note that this discussion holds for the minimal
as well as for the custodial RS model (where g → gL).

We now turn to phenomenological consequences of the RS corrections to the W± mass.
They have already played a role in determining the T parameter. However, will give here
a more detailed analysis, including a survey about different possibilities to determine the
W±-boson mass and RS predictions in this context.

The mass of the W±-bosons can be measured in several ways, see Section 1.1.2. First, it
can be obtained directly from W±-decays. Just from this single experiment it is not possible
to differentiate between the SM and the RS model, since the RS corrections to the W± mass,
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as given in (3.67) and (3.206), can be absorbed into a redefinition of the Higgs VEV in (1.25),
which will then differ from the SM value of vSM = 246 GeV [200]. From (3.67) one deduces
that within the minimal RS model one should use the VEV

vRS = vSM

(
1 +

v2
SM

2M2
KK

g2

8

(
L− 1 +

1

2L

)
+O

(
v4

SM

M4
KK

))
. (5.3)

Here, we have neglected small loop corrections, which are subleading compared to the L-
enhanced RS corrections (for low KK scales). For the custodial model we derive from (3.206)
the VEV shift

vRSC
= vSM

(
1 +

(
v2

SM

2M2
KK

(
g2
L

8

(
L− 1 +

1

2L

)
+
g2
R

8
L

))
+O

(
v4

SM

M4
KK

))
. (5.4)

For the case of gL = gR the effect is thus approximately twice as big as in the minimal RS model
and can become quite significant for low KK scales. We will always employ vRS (vRSC

) for the
minimal (custodial) RS model, but drop the subscript, as it will be clear from the context.
Note that in many cases, the VEV shift will correspond to a higher order correction in v2/M2

KK

that will not be considered, however e.g. in Higgs couplings of the W±- and Z-bosons it will
be a LO correction and needs to be taken into account.

The correction to the W±-boson mass can become observable if several quantities are
measured. As explained in 1.1.2, one can also determine the W± mass indirectly by measuring
the electromagnetic coupling, the weak mixing angle and the Fermi constant, making use of the
SM relation (1.34). The former quantities are expected to feature negligible RS corrections,
as discussed above. The Fermi constant GF , obtained from muon decay however, will receive
sizable corrections in the RS setup. At tree level, this decay receives contributions from the
whole towers of the W± bosons and their KK excitations, as depicted in Figure 5.1. The
corresponding KK sum over intermediate states is given in (3.261) and below for the minimal
model. As muon decay involves only light leptons we can ignore the terms proportional to t2

and t′2 due to the RS-GIM mechanism. Thus only the constant term in (3.261) contributes.
We arrive at the RS prediction

GF√
2

=
g2

8m2
W

[
1 +

m2
W

2M2
KK

(
1− 1

2L

)
+O

(
m4
W

M4
KK

)]
, (5.5)

valid both for the minimal as well as for the custodial RS model. Here, the RS-correction
term receives a contribution (1 − 1/L) from the modification of the W±-boson ground state
as well as a subleading term 1/(2L) from the tower of KK excitations.

Thus when applying the SM relation (1.34) to determine the W±-boson mass, we will
actually not measure its real mass, but rather

(mW )RSindirect = mW

[
1− m2

W

4M2
KK

(
1− 1

2L

)
+O

(
m4
W

M4
KK

)]
. (5.6)

In Figure 5.2 we show again the comparison between the indirect constraint and the direct
measurements of mW and mt in the SM (see Section 1.1.2), this time overlaid with the RS
prediction for mW , following from (5.6) for MKK ∈ [1, 10] TeV and depicted by the blue (dark
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Figure 5.2: Regions of 68%, 95%, and 99% probability in the mt–mW plane due to
the direct measurements of mW and mt at LEP2 and the Tevatron. The black dot
shows the SM prediction based on GF for our reference input values, whereas the green
(medium gray) shaded band corresponds to the SM expectation for varying values
of the Higgs-boson mass of mh ∈ [60, 1000] GeV. The blue (dark gray) line and the
corresponding points represent the RS prediction for MKK ∈ [1, 10] TeV, valid for both
RS variants studied in this thesis. See [1] and text for details.

gray) line and points. The SM limit (MKK →∞) is shown by the black dot, where we assume
the SM reference point from Appendix D with mh = 150 GeV. Recall that the ellipses show
the regions of 68%, 95%, and 99% probability, following from the direct measurements at
LEP2 and the Tevatron. The SM prediction based on (1.34), for Higgs-boson masses in the
range of mh ∈ [60, 1000] GeV, is depicted by the shaded band. As noted in Section 1.1.2,
the direct and indirect W±-boson mass determinations, assuming the SM to be valid, deviate
by about 2σ (1.35). However, such a shift of about 50 MeV can be explained in the RS
model. Here, we do not expect the two determinations, using SM formulae, to match, see
(5.6). Using this relation to determine the real W± mass from the indirect measurement we
see from the blue (dark gray) line, that a perfect match can be achieved for KK scales slightly
above MKK = 1.5 TeV. Note that also for a heavy Higgs boson, agreement between mW and
(mW )indirect can be reached at the 99% CL level for KK scales above 1 TeV. Taking for example
mh = 400 GeV (mh = 1000 GeV) would indicate KK scales of 1.5 TeV (1 TeV).

Due to the RS corrections to the W±- and Z-boson masses, the SM relation between the
weak mixing angle and the masses of the weak gauge bosons, encoded in the % parameter
(1.30), will deviate from its SM value %SM = 1 (at the tree level). If the W±-boson mass is
measured directly, we derive from (3.67) the result

% =

[
1 + s2

w

m2
Z

2M2
KK

(
L− 1 +

1

2L

)
+O

(
m4
Z

M4
KK

)]
. (5.7)

Note that the correction term features a contribution enhanced by a factor of L. This L-
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enhanced term vanishes, if the extended gauge group of the custodial RS model is present. It
is canceled by the additional corrections appearing in the contributions to the mass formulae
(3.206).

Alternatively, if mW is determined indirectly, we arrive via (5.6) at the RS prediction

% = 1 +
m2
Z

2M2
KK

(
Ls2

w − 1 +
1

2L

)
+O

(
m4
Z

M4
KK

)
. (5.8)

Remember that the T parameter, measuring differences in the corrections to the W± and Z
vacuum polarization amplitudes, which contain differences in the corresponding mass correc-
tions, is (trivially) related to the % parameter. As we have already analyzed RS corrections to
the T parameter numerically in Section 3.3 (which will be continued below), we will stop our
discussion of the % parameter here.

5.1.2 S, T and U Parameters

We will now compute the S, T , and U parameters in the custodial RS model for completeness
and compare the findings to the minimal model. The set of oblique corrections, defined
in (1.43), can be calculated as described in Section 3.3, where we have already performed
the corresponding calculation for the minimal RS model. The non-zero tree-level correlators
Πaa(0) with a = W,Z are calculated from the corrections to the zero-mode masses (3.206) and
profiles (3.207), where the latter also give rise to non-zero derivatives Π ′aa(0) of the correlators
at zero momentum. We find to LO

ΠWW (0) = − g2
Lv

4

32M2
KK

[
g2
L

(
L− 1

2L

)
+ g2

RL

]
,

Π ′WW (0) =
g2
Lv

2

8M2
KK

(
1− 1

L

)
,

ΠZZ(0) = −(g2
L + g2

Y ) v4

32M2
KK

[(
g2
L + g2

Y

)(
L− 1

2L

)
+
(
g2
R − g2

Y

)
L

]
,

Π ′ZZ(0) =
(g2
L + g2

Y ) v2

8M2
KK

(
1− 1

L

)
.

(5.9)

Inserting these expressions into (1.43) yields the tree-level prediction

S =
2πv2

M2
KK

(
1− 1

L

)
, T = − πv2

4 c2
wM

2
KK

1

L
, U = 0 , (5.10)

in agreement with [218, 219]. In contrast to the results in the minimal model, given in (3.164),
there is no L-enhanced term in the T parameter. Like in the % parameter, it has been canceled
by the additional corrections appearing in the mass formulae (3.206), which introduce extra
terms in the correlators ΠWW (0) and ΠZZ(0), reflecting the underlying (gauged) custodial
symmetry. The S and U parameters however remain unaffected.

The contributions to the S and T parameters in the custodial RS model are shown in the
right panel of Figure 5.3. The experimental regions of 68%, 95%, and 99% probability in the
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Figure 5.3: Right: Corrections in the S–T plane due to the custodial RS model
for MKK ∈ [1, 10] TeV and L ∈ [5, 37], depicted by the blue (dark-shaded) shaded
area. The experimental regions of 68%, 95%, and 99% probability are shown by the
colored ellipses. The green (light-shaded) stripe shows the SM predictions for mt =
(172.6 ± 1.4) GeV and mh ∈ [60, 1000] GeV. Left: corresponding plot in the minimal
RS proposal for comparison. See [1] and text for details.

S–T plane are again depicted by the colored ellipses, while the SM predictions for different
values of mh and mt are shown by the green (light-shaded) stripe. The blue (dark-shaded)
area represents the corrections of the custodial RS model for different values of the KK scale
and the volume factor L. The corresponding contributions in the minimal RS model, already
given in Section 3.3 are shown in the left panel for comparison. Requiring the corrections
of the custodial model to satisfy the experimental bounds from S and T leads, for the SM
reference point of Appendix D and L = 37, to the constraint of MKK > 2.4 TeV @ 95% CL
which we quoted in (3.170). This is now driven by the S parameter, see Figure 5.3, and is
slightly lower than the corresponding constraint in the minimal RS model with a heavy Higgs
boson mh . 1 TeV, given in (3.167).

Quantum corrections to the T parameter have been studied in [218], in the context of the
gauged custodial symmetry without an additional protection for ZbLb̄L couplings. It has been
shown that, due to this symmetry, the loop contributions to T are UV-finite. The dominant
one-loop corrections, coming from fermions in the loop, are found to be positive and allow
to lower the KK scale for a sufficiently light Higgs boson. For the model including quark
bi-doublets under SU(2)L × SU(2)R to protect the ZbLb̄L coupling, the one-loop corrections
to T have been studied in [222, 223]. It has been observed that contributions due to KK
excitations that couple to the Higgs via the top Yukawa coupling generically induce a negative
shift in the T parameter. It is clear from Figure 5.3 that a total negative correction to T ,
together with a positive value of S would be rather problematic. However, the authors state
that positive corrections to T are possible in some regions of parameter space. The one-loop
corrections to the S parameter in the custodial RS model arising from (4D) Higgs loops have
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been calculated in [224] and found to be logarithmically UV divergent. This could result in a
large and positive S parameter, which is clearly rather problematic in points of the consistency
of the global fit of the oblique electroweak precision observables. A more detailed analysis of
RS loop corrections to the Peskin-Takeuchi parameters would certainly be interesting.

5.1.3 Bottom-Quark Pseudo Observables

We now turn to a more detailed analysis of the bottom quark pseudo observables, which we
already have started in Section 3.3 to motivate the custodial extension of the RS model. In
order to arrive at simple analytic expressions for gbL ≡

(
gdL
)

33
and gbR ≡

(
gdR
)

33
, we employ the

ZMA to our closed and exact formulae of Section 3.4.3. This offers the possibility to clearly
interpret the RS corrections in terms of model parameters. In the numerical studies, we will
however use the exact expressions. First, we need formulae for the leading contributions to
the overlap integrals

(
∆

(′)
D,d

)
33

. For the minimal model they have been given in (3.152). For
the custodial RS variant, the corresponding expressions turn out to be identical to those of
the minimal model (with cfi → cT2i and cFi → cQi). Remember that, while ε

(′)
D,d vanish at

leading order in the ZMA and can be neglected, the matrices δD,d have to be considered as
they enter (3.148) and (3.236) with an unsuppressed coefficient. The ZMA expressions for δD
have been given in (3.154) and (3.250), and the last missing ingredient δd takes the form as
given in (3.154) for both RS variants.

After a Taylor expansion of the mixing matrices U d and W d in powers of the Cabibbo
angle λ, as done in Section 3.2.3,2 we finally arrive at

gbL =

(
−1

2
+
s2
w

3

)[
1− m2

Z

2M2
KK

F 2(cbL)

3 + 2cbL

(
ωbLZ L−

5 + 2cbL
2(3 + 2cbL)

)]

+
m2
b

2M2
KK

{
1

1− 2cbR

(
1

F 2(cbR)

[
1− ωcZ

1− 2cbR
1− 2cb′R

]
− 1 +

F 2(cbR)

3 + 2cbR

)

+
2∑

i=1

|(Yd)3i|2
|(Yd)33|2

1

1− 2cT2i

1

F 2(cbR)

[
1− ωcZ

1− 2cT2i
1− 2cT1i

]}
, (5.11)

gbR =
s2
w

3

[
1− m2

Z

2M2
KK

F 2(cbR)

3 + 2cbR

(
ωbRZ L−

5 + 2cbR
2(3 + 2cbR)

)]

− m2
b

2M2
KK

{
1

1− 2cbL

(
1

F 2(cbL)
− 1 +

F 2(cbL)

3 + 2cbL

)
+

2∑

i=1

|(Yd)i3|2
|(Yd)33|2

1

1− 2cQi

1

F 2(cbL)

}
,

where in the custodial RS model cbL ≡ cQ3 , cbR ≡ cT23 , cb′R ≡ cT13 , and ωcZ = 1. Furthermore,

mb ≡ mb(MKK) denotes the bottom-quark MS mass evaluated at the KK scale and we have
demanded cb′R , cT1i < 1/2 . Notice that we kept cT1i 6= cT2i , thereby allowing the PLR symmetry

to be broken by the triplet bulk masses. We also retained the parameters ωbLZ and ωbRZ . In the

2 Note that these LO formulae still hold for the custodial model.
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custodial model one has

ωbLZ = 0 , ωbRZ =
3c2
w

s2
w

≈ 10.0 , (5.12)

where in order to arrive at the numerical values, we have employed s2
w ≈ 0.23, corresponding

to the value of the weak mixing angle at the Z-pole.3

In the minimal RS model, (5.11) holds with

ωcZ = 0, ωbLZ = ωbRZ = 1 , cbR ≡ cd3 , cT2i → cdi. (5.13)

In that case, the non-universal corrections always reduce the couplings with respect to their
SM values in magnitude. With the freedom of reparametrization invariance, see (3.140) and
(3.142), one can redistribute contributions between the left-handed and right-handed cou-
plings, without changing the zero-mode quark masses and CKM parameters. However, the
value of F (cbL) cannot be made too small due to the need of reproducing the large top-quark
mass with O(1) Yukawa couplings.

In the custodial model, we observe that the non-universal corrections to the Zbb̄ couplings
reduce both gbL and gbR if the extended PLR symmetry (3.252) is at work. If one allows the
PLR symmetry to be broken by cT1i 6= cT2i , then the shift in gbL can also be positive as a result
of fermion mixing. As we will see, this always worsens the quality of the Z → bb̄ fit. Due
to the custodial protection ωbLZ = 0, the constraints arising from the bottom-quark pseudo
observables are naively much less stringent in the custodial model with respect to the minimal
model, where the shift δgbL is large and positive while δgbR is small and negative. In order to
gauge the improvement and to fully understand the parameter dependence, in particular on
the bulk mass parameters cT1i , one has to perform a detailed numerical analysis. This exercise
is the subject of the next pages.

Consider the ratio of the width of the Z-boson decay into bottom quarks and the total
hadronic width, R0

b , the bottom-quark left-right asymmetry, Ab, and the forward-backward
asymmetry for bottom quarks, A0,b

FB. The dependences of these quantities on the left- and
right-handed bottom-quark couplings are given by [287]

R0
b =


1 +

4
∑

q=u,d
[(gqL)2 + (gqR)2]

ηQCD ηQED

[
(1− 6zb)(gbL − gbR)2 + (gbL + gbR)2

]



−1

,

Ab =

2
√

1− 4zb
gbL + gbR
gbL − gbR

1− 4zb + (1 + 2zb)

(
gbL + gbR
gbL − gbR

)2 , A0,b
FB =

3

4
AeAb .

(5.14)

Radiative QCD and QED corrections are encoded by the factors ηQCD = 0.9954 and ηQED =
0.9997, while the parameter zb ≡ m2

b(mZ)/m2
Z = 0.997 · 10−3 describes the effects of the

3The electromagnetic coupling and the weak mixing angle are running parameters in the low-energy effective
theory obtained after integrating out the RS contributions at the scale MKK. We included the associated large
logarithms effectively by replacing s2w(MKK) by s2w(mZ) in the couplings gbL,R. However, the value of the
bottom-quark mass entering the matching is frozen at the high scale and does not evolve in the effective
theory.
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non-zero bottom-quark mass. Since to an excellent approximation one can neglect the RS
contributions to the left- and right-handed couplings of the light quarks, gqL,R, and to the
asymmetry parameter of the electron, Ae, we will fix these quantities to their SM values
(guL)SM = 0.34674, (guR)SM = −0.15470, (gdL)SM = −0.42434, (gdR)SM = 0.077345 [36], and
(Ae)SM = 0.1462 [38]. The quoted numbers correspond to the SM input parameters given in
Appendix D.

Evaluating the relations (5.14) using
(
gbL
)

SM
= −0.42114 and

(
gbR
)

SM
= 0.077420 [36], we

obtain for the central values of the bottom-quark pseudo observables

(
R0
b

)
SM

= 0.21578 ,
(
Ab
)

SM
= 0.935 ,

(
A0,b

FB

)
SM

= 0.1025 . (5.15)

One should compare these numbers with the experimental results [36]

(
R0
b

)
exp

= 0.21629± 0.00066 ,(
Ab
)

exp
= 0.923± 0.020 ,(

A0,b
FB

)
exp

= 0.0992± 0.0016 ,

ρ =




1.00 −0.08 −0.10
−0.08 1.00 0.06
−0.10 0.06 1.00


 , (5.16)

where ρ is the correlation matrix. While the R0
b and Ab measurements agree within +0.8σ and

−0.6σ with their SM predictions for mh = 150 GeV, the A0,b
FB measurement quoted in (5.16)

is almost −2.1σ away from its SM expectation.4 Shifts of order +20% and −0.5% in the
right- and left-handed bottom-quark couplings relative to the SM could explain the observed
discrepancy. Such a pronounced correction in gbR would affect Ab and A0,b

FB, which both depend
linearly on the ratio gbR/g

b
L, in a significant way, while it would not spoil the good agreement

in R0
b ∝ (gbL)2 + (gbR)2.

Our predictions for the anomalous couplings δgbL,R ≡ gbL,R−
(
gbL,R

)
SM

, following from (5.11),
are shown in Figure 5.4 as functions of the bulk mass parameters cbL,R . These are the most
important parameters as they enter (5.11) through their zero-mode profiles F (cbL,R). Similar
plots have been presented in [222]. Correlations between these bulk masses will be taken into
account further below. The shown curves correspond to cQi = cT1i = cT2i(= cdi) = −1/2
and |(Yd)3i| = |(Yd)i3| = |(Yd)33| = 1 with i = 1, 2. First we identify the large and always
positive corrections δgbL in the minimal RS model (red dashed line, c.f. Figure 3.10) for
cbL > −1/2, which is the generic range in order to reproduce the large third-generation
masses, see Figure 3.9. In contrast, the prediction for δgbL in the RS model with extended
PLR symmetry (blue solid line) is, owing to (3.231), essentially independent of cbL .5 It is thus
generically within the experimental 99% CL bound (light gray band), which gives a strong
motivation to protect the ZbLb̄L vertex through the mechanism of [239]. Notice that in the
case of the minimal RS model, δgbL can be suppressed by pushing the right-handed top quark
very close to the IR brane. This feature is illustrated by the ticks on the upper border of
the frame in the left panel. The given values of ctR ≡ c

u
(c)
3

have been obtained by solving

mt = v/
√

2 |(Yu)33| |F (cbL)F (ctR)| for the bulk mass parameter ctR , see (3.126), evaluating
the top-quark MS mass at MKK = 1 TeV and setting |(Yu)33| = 3. For smaller (larger) values
of |(Yu)33| the ticks are shifted to the right (left).

4For mh = 115 GeV the discrepancy in A0,b
FB would amount to around −2.5σ.

5In order not to induce unacceptably large corrections to δgbR due to fermion mixing, one has to require
cbL

& −0.55.
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Figure 5.4: Anomalous couplings δgbL (left) and δgbR (right) in the RS setup as func-
tions of cbL and cbR . The blue solid (red dashed) lines correspond to the predictions
obtained in the RS model with extended PLR symmetry (minimal RS model). Bulk
mass parameters not explicitly shown are set to −1/2, and all elements of the down-
type Yukawa matrix entering the prediction are taken to be equal to 1 in magnitude.
The light gray bands indicate the experimentally allowed 99% CL ranges. See [2] and
text for details.

In the case of δgbR we observe instead, that as a result of (5.12), the corrections to the
anomalous coupling are always larger in the RS model with extended PLR symmetry (blue
solid line) than in the minimal formulation (red dashed line).6 It is however important to
remark that even in the former case the ZbRb̄R coupling is predicted to be SM-like, since
shifts in δgbR outside the experimental 99% CL range (light gray band) would require the
bulk mass parameter of the right-handed top quark to be significantly larger than 1. Such
a choice appears unnatural, since ctR > 1 implies that the corresponding bulk mass exceeds
the curvature scale, in which case the right-handed top quark should be rather treated as a
brane-localized field and not considered as a bulk fermion. The latter feature can be inferred
from the ticks on the upper border of the frame in the right panel. They have been obtained
by combining the equality mb = v/

√
2 |(Yd)33| |F (cbL)F (cbR)| with the one for mt given earlier,

solving again for ctR . The Yukawa parameters have been fixed to |(Yd)33| = 1 and |(Yu)33| = 3.
For smaller (larger) values of |(Yd)33| the ticks move to the right (left). Rescaling |(Yu)33| has
the opposite effect. This observation brings us to the conclusion that, irrespectively of the RS
bulk gauge group, naturalness in combination with the requirement to reproduce the observed
top- and bottom-quark masses excludes large corrections to δgbR in models of warped extra
dimensions in which the left-handed bottom and top quark reside in the same multiplet.

The predictions in the gbL–gbR plane for a scan over 10000 randomly generated points in the
RS parameter space, as described at the beginning of this chapter, are shown in Figure 5.5.
The results, derived by applying the exact formulae for the Zbb̄ couplings, will confirm our

6Notice that in order to reproduce the large top-quark mass with Yukawa couplings of O(1) one has to
require ctR > −1/2, corresponding to cbR

& −0.6.
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Figure 5.5: Regions of 68%, 95%, and 99% probability in the gbL–gbR plane. The
horizontal stripes consist of a large number of points in parameter space for the minimal
RS model (left) and the custodial model (right). The blue (cyan) points in the right
panel represent the result for cb′R = cbR (cb′R 6= cbR). The black dot is the SM expectation
for the reference point, and the green dashed line indicates the SM predictions for
mh ∈ [0.06, 1] TeV. See [1, 2] and text for details.

findings from above and allow to study the potential size of PLR breaking corrections in the
custodial RS setup. The regions of 68%, 95%, and 99% CL, obtained from a global fit to the
Z → bb̄ pseudo observables (5.16), are indicated by the colored ellipses. The RS predictions
for the minimal (custodial) RS model are superimposed on the left (right) panel. For the
latter, the predictions with (without) extended PLR symmetry are depicted as blue (cyan)
scatter points. As discussed before, it is evident that the prediction for gbL in the minimal
model is always larger than the SM reference value indicated by the black dot, while gbR is
essentially unaffected. The corresponding negative shift is tiny. In turn, the values gbL,R are
necessarily shifted further away from the best fit gbL = −0.41918 and gbR = 0.090677 (black
cross). For the custodial model featuring the extended PLR symmetry, the prediction is more
or less SM-like. The potential size of PLR symmetry-breaking corrections is shown by the cyan
points in the right panel. They have been obtained by allowing the bulk mass parameters cT1i ,
with i = 1, 2, 3 , to take any value in the range [−1, 0].7 While in the case of the extended
symmetry, the small RS contributions always drive gbL to smaller values with respect to the SM
reference point, in the latter case moderate positive and large negative corrections in gbL are
possible, leading further away from the best fit values. In both cases gbR remains essentially
unaffected, confirming the discussion in the context of Figure 5.4.8 In conclusion, in the
custodial RS model, as well as in the model featuring a SM gauge group, the corrections
(5.11) alone cannot account for the positive shift in gbR needed to explain the anomaly in A0,b

FB.

7Note that here we still keep gL = gR, as we will do for the remainder of this thesis.
8Also in the custodial model the corrections to gbR are always negative but tiny and hence hardly visible in

the figure.
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Figure 5.6: Region of 99% probability in the cbL–cbR plane for the minimal RS model
for MKK = 1.5 TeV (left) and the custodial extension (right) for MKK = 1 TeV. We set
cQi = cT1i = cT2i(= cdi) = −1/2 for i, j = 1, 2 and NY ≡ |(Yd)ij|/|(Yd)33| = 1. The
colored contours indicate the value of |(Yd)33| necessary to reproduce the bottom-quark
mass. For the minimal RS model the results with (without) the m2

b/M
2
KK terms are

indicated by bright (faint) colors. For the custodial model the whole colored region
corresponds to the RS results with cb′R = cbR , while only the parameter space indicated
by bright colors is accessible for cb′R = 0. The green dashed, fin-shaped regions contains
99% of the parameter points that lead to consistent values of the quark masses and
mixings. See [1, 2] and text for details.

This should be contrasted with the analysis of [288], which finds sizable corrections in δgbR.
However, this is due to chosen bulk mass parameters cbL,R and ctR that lead to bottom- and
top-quark masses of mb ≈ 40 GeV and mt ≈ 75 GeV, which are in conflict with observation.
Let us finally mention that, if the left-handed bottom and top quarks arise as an admixture
of the zero-mode fields of two SU(2)L doublets, then the bottom- and top-quark masses are
determined by two independent sets of bulk mass parameters, so that it is possible to account
simultaneously for the quark masses and mixings as well as for the A0,b

FB anomaly [289].
The apparent large positive corrections to gbL in the minimal RS variant imply that the

R0
b , Ab, and A0,b

FB measurements impose stringent constraints on the parameter space of this
RS scenario. As discussed before, the distribution of points depends strongly on the bulk
mass parameters cbL and cbR , while the exact values of the elements of the down-type Yukawa
matrices, as well as the bulk masses of the first two generations and the KK scale have only a
minor impact on the overall picture. The last fact is illustrated by the blue coloring of the RS
predictions in the left panel of Figure 5.5. Also for low KK scales, indicated in black, the RS
predictions enter the 2σ range. This explains the rather low bound on the KK scale quoted
in Section 3.3.

In summary, the allowed values of cbL,R in the minimal model are strongly constrained by
the Z → bb̄ pseudo observables, whereas the other parameters are only weakly bounded. The
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former feature is illustrated in the left panel of Figure 5.6, which shows the regions of 99%
probability in the cbL–cbR plane for the minimal RS model for MKK = 1.5 TeV. The colored
contours indicate the magnitude |(Yd)33| necessary to achieve the correct value of the bottom-
quark mass. This requirement correlates cbL and cbR . We find that under the restriction
0.1 < |(Yd)33| < 3 the allowed cbL,R parameters all lie in the intervals cbL ∈ [−0.59,−0.44]
and cbR > −0.56 for MKK = 1.5 TeV. For MKK = 3 TeV the corresponding ranges read
cbL ∈ [−0.61,−0.16] and cbR > −0.59. Note that the RS results with (without) the m2

b/M
2
KK

terms in (5.11) are indicated by bright (faint) colors. These terms result from the matrix
elements (δD)33 and (δd)33 in (3.236), arising due to fermion mixing, They have usually been
neglected in the literature. Comparing the allowed regions makes clear that neglecting these
contributions is in general not justified.

Increasing the magnitude |(Yd)33| decreases the available parameter space. This can be
understood from the fact that for a larger Yukawa coupling the profiles have to be localized
closer to the UV brane in order to reproduce the correct bottom-quark mass. Naively one
might expect that this feature diminishes the RS corrections. However, the corrections due
to fermion mixing increase in that case, as it is reflected by the dependence on the inverse
zero-mode profile F−1(cbL,R). Notice also that the terms in (5.11) proportional to m2

Z/M
2
KK

depend linearly on L, whereas the terms proportional to m2
b/M

2
KK are independent of the

RS volume factor. In consequence these latter terms cannot be removed by truncating the
volume of the RS background and are typically dominant for moderate and small values of L.
The requirement of obtaining consistent values for all the quark masses and CKM parameters
restricts the parameter space further. This constraint is indicated by the green dashed regions
in Figure 5.6, which contains 99% of the allowed parameter points.

The impact of a possible breaking of the PLR symmetry of the custodial setup by the
bulk-mass parameters cT1i is shown in the right panel of Figure 5.6. The plot is analogous
to the one shown in the left panel with however MKK = 1 TeV and the m2

b/M
2
KK terms

included for the whole colored region. This region corresponds to the case of the extended
PLR symmetry. Allowing for cb′R 6= cbR potentially cuts away a sizable part of parameter
space. This is demonstrated by the bright colored region, which shows the allowed range for
the choice cb′R = 0. The PLR-breaking correction to gbL in (5.11) arising from cb′R 6= cbR scales
like −v2/M2

KK |(Yd)33|2 F 2(cbL). This explains, why values |(Yd)33| & 1 are not compatible with
the Z → bb̄ data in the case of cb′R = 0.

In the light of the insufficient corrections to gbR to explain the A0,b
FB anomaly with the help

of RS contributions alone, note finally that a perfect fit can however be achieved by allowing
for a heavy Higgs boson. The corrections

∆gbL = 1.77 · 10−3 ln
mh

mref
h

, ∆gbR = 0.92 · 10−2 ln
mh

mref
h

(5.17)

in gbL,R due to a Higgs-boson mass different from the reference value mref
h = 150 GeV are both

positive for mh > mref
h . The relations (5.17) parametrize the leading logarithmic Higgs-mass

dependences of gbL,R. They have been derived with the help of ZFITTER.9 The shifts in the Zbb̄
couplings for mh ∈ [0.06, 1] TeV are indicated by the green dashed line in the right panel of

9The default flags of ZFITTER version 6.42 are used, except for setting ALEM=2 to take into account the
externally supplied value of ∆α(5)

had(mZ).
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Figure 5.5. One observes that a Higgs-boson mass in the ballpark of mh = 0.5 TeV would bring
the predictions of gbL,R so close to the best fit values that already the small corrections in the
custodial RS model with extended PLR symmetry are sufficient to reach the minimum of the
χ2 distribution. Warped models with the Higgs field localized in the IR might thus indirectly
allow for an explanation of the A0,b

FB anomaly, since, as we have argued in Section 3.1.5, the
Higgs boson is naturally expected to be heavy in these set-ups. However, remember that
in RS models with custodial protection of the T parameter a large Higgs-boson mass is not
unproblematic and can potentially spoil the global electroweak fit.

5.1.4 Top-Quark Forward-Backward Asymmetry

As explained in Section 3.2.3, the top quark plays a special role in RS models with flavor
anarchy. Being mostly composite (from the holographic point of view) it interacts significantly
with the KK excitations. As a consequence, non-negligible effects of the RS setup are expected
in top-quark observables.

The CDF and DØ experiments at the Tevatron have collected thousands of tt̄ events,
allowing to measure the top-quark mass, mt, and its total inclusive cross section, σtt̄, with
an accuracy of below 1% [290] and 10% [291, 292], respectively. However, for the search
of BSM physics, kinematic distributions and charge asymmetries in tt̄ production are more
interesting. These observables are particularly sensitive to non-standard dynamics. Studies
in that direction have been performed at the Tevatron [293, 294, 295], and a result for the tt̄
invariant mass spectrum, dσtt̄/dMtt̄, obtained from CDF data has been presented [296, 297].

Interestingly, also the tt̄ forward-backward asymmetry, AtFB, has been measured [105, 106,
298, 299, 300, 301] and persistently found to be larger than expected. In the laboratory (pp̄)
frame, the most recent CDF result, obtained from semileptonic tt̄ events, reads

(
AtFB

)pp̄
exp

= (15.0± 5.0 stat. ± 2.4 syst.) % . (5.18)

In the SM the asymmetry AtFB vanishes at LO in QCD. This suppression makes it a well
suited observable for the potential discovery of NP. At NLO or O(α3

s) it receives non-vanishing
contributions. These arise from the interference of one-loop QCD box diagrams with tree-level
gluon exchange and the interference of initial- and final-state radiation. Including NLO QCD
and electroweak corrections [302, 303], the SM prediction in the pp̄ frame for the inclusive
asymmetry is [304] (

AtFB

)pp̄
SM

= (5.1± 0.6) % . (5.19)

The total error includes the uncertainties due to different choices of the parton distribution
functions (PDFs) and the factorization and renormalization scales, as well as due to a variation
of mt within its experimental error. General arguments suggest that the prediction (5.19)
is robust with respect to higher-order QCD corrections [305]. This is supported by explicit
calculations of (AtFB)SM, which include the resummation of logarithmically enhanced threshold
effects at NLO [306] and NNLO [307] and which are in substantial agreement with the latter
number, making it a firm SM prediction.

The CDF result (5.18) deviates from this prediction by nearly 2σ. A recent combination of
this measurement with a new result obtained in the di-lepton channel [107] slightly increases
the discrepancy [308]. In addition, the very recent DØ measurement [309] finds a similar
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deviation from the SM prediction.10 An effect of high statistical significance (3.4σ) has been
observed in the distribution of the asymmetry at high invariant masses Mtt̄ > 0.45 TeV [106].
The sharp growth of the excess with Mtt̄ suggests the exchange of a new heavy particle in the
production of top quarks.

The persistently large values of the observed asymmetry over the last years have triggered
a lot of activity in the theory community [267, 310, 311, 312, 313, 314, 315, 316, 317, 318,
319, 320, 321, 322, 323, 324, 325].11 An apparent option is to generate AtFB already at LO by
tree-level exchange of new heavy particles with axial-vector couplings to fermions. However,
a viable model must simultaneously avoid generating too large corrections to σtt̄ or dσtt̄/dMtt̄,
which are both in good agreement with the SM prediction. This makes it non-trivial to explain
the large experimental value. A first class of models features new physics in the t channel
or u channel with large flavor-violating couplings due to vector-boson exchange, namely Z ′

[312, 318, 319, 320, 321, 322], or W ′ bosons [313, 320, 321], or due to the exchange of color
singlet, triplet or sextet scalars [315, 316, 317, 318, 319, 321, 324]. In this context, note that it
is not always clear, how the necessary flavor-changing couplings can be generated without ad
hoc assumptions. A second class of models involves tree-level exchange of new vector states in
the s-channel, which have to exhibit sizable axial-vector couplings to both the light quarks, gqA,
and the top quark, gtA [267, 310, 311, 314, 318, 319, 321, 323, 324, 325]. Suitable candidates
are color octets, which maximize the interference with QCD.12 The new states need to have
axial-vector couplings to the first and the third generation of quarks with opposite sign [327],
implying gqAg

t
A < 0, in order to achieve a positive shift in AtFB. Examples of theories that turn

out to lead to a positive shift in the charge asymmetry are flavor non-universal chiral color
models [314, 323], and warped extra dimension [267, 310, 325], which both contain heavy
partners of the SM gluon. Indeed the RS model seems to be a prototype for models that
address such an anomaly. However, a thorough analysis is necessary to answer the question if
the RS setup can really naturally account for the enhancement in the asymmetry.

In the following we will show that, in the wide class of BSM scenarios that rely on the
virtual exchange of vector bosons in the s channel, the NLO corrections to AtFB can exceed the
LO corrections if the axial-vector couplings to light quarks are suppressed.13 This applies in
particular to NP models that explain the hierarchical structures observed in the masses and
mixing of the SM fermions geometrically, see Section 3.2.3. Since this sequestering of flavor
allows for an effective suppression of FCNCs, it is likely to be an integral part of any setup that
addresses the problems of the SM via a low NP scale in the reach of the LHC. Although our
discussion will be inspired by warped extra dimensions, as a prototype of the models described
above, the use of EFT methods will make the considerations rather model-independent.

We will work out in detail the relevant LO and NLO corrections to AtFB in the RS setup.
To this end, the heavy KK modes of the model are integrated out explicitly. At Born level,
contributions due to the exchange of KK gluons and photons, the Z boson and its KK partners,
as well as the Higgs boson are included. Beyond LO, we consider the interference of tree-level

10Beyond that, in an approach based only on the rapidity of the final state lepton, the asymmetry AlFB =
(15.2±4.0) % is obtained, to be compared with the theory prediction by MC@NLO of (2.1±0.1) %, which amounts
to a & 3σ deviation.

11For an overview including additional references, see [326].
12For a thorough analysis of direct and indirect constraints on massive spin-one color octets see [328].
13Note that the importance of NLO corrections has been briefly mentioned in [329] in the context of the

charge asymmetry in the exclusive channel pp̄→ tt̄X.
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KK-gluon exchange with one-loop QCD box diagrams and corresponding bremsstrahlungs
corrections. We will then answer the question about the potential of the RS setup to explain
the observed AtFB anomaly. As we stick to the EFT approach, our final results will be applicable
to a wide class of scenarios with non-standard dynamics above the electroweak scale.

Top-Antitop Production

At the Tevatron, tt̄ pairs are produced in proton-antiproton collisions, pp̄→ tt̄X. In the SM,
this hadronic process receives partonic tree-level contributions from quark-antiquark annihi-
lation and gluon fusion.

q(p1) + q̄(p2)→ t(p3) + t̄(p4) ,

g(p1) + g(p2)→ t(p3) + t̄(p4) .
(5.20)

Here, p1,2 denote the four-momenta of the initial state partons, which can be expressed as
fractions x1,2 of the four-momenta P1,2 of the colliding hadrons, p1,2 = x1,2P1,2. The hadronic
center-of-mass (CM) energy squared is given by s = (P1 +P2)2 . The partonic cross section is
a function of the kinematic invariants

ŝ = (p1+p2)2 , t1 = (p1−p3)2−m2
t = − ŝ

2
(1−β cos θ) , u1 = (p2−p3)2−m2

t = − ŝ
2

(1+β cos θ) ,

(5.21)
which for mt → 0 reduce to the Mandelstam variables. In the following we will be interested
in the differential cross section, with respect to the angle θ between ~p1 and ~p3 in the partonic
CM frame, and with respect to the invariant mass Mtt̄ =

√
(p3 + p4)2 of the tt̄ pair. Thus, we

have expressed t1 and u1 in terms of θ and the top-quark velocity β =
√

1− ρ , ρ = 4m2
t/ŝ.

Momentum conservation at Born level implies that ŝ+ t1 + u1 = 0.
We write the hadronic differential cross section as

dσpp̄→tt̄X

d cos θ
=
αs
m2
t

∑

i,j

∫ s

4m2
t

dŝ

s
ffij
(
ŝ/s, µf

)
Kij

(
4m2

t

ŝ
, cos θ, µf

)
, (5.22)

where µf denotes the factorization scale. The corresponding parton luminosity functions are
given by

ffij(y, µf ) =

∫ 1

y

dx

x
fi/p(x, µf ) fj/p̄(y/x, µf ) , (5.23)

and, for ij = qq̄, q̄q, are understood to be summed over all light species of quarks. Finally, the
functions fi/p(x, µf ) (fi/p̄(x, µf )) are the universal (non-perturbative) PDFs, which describe
the probability of finding the parton i in the proton (antiproton) with longitudinal momen-
tum fraction x. The hard-scattering kernels Kij(ρ, cos θ, µf ) are related to the partonic cross
sections and have a perturbative expansion in αs

Kij(ρ, cos θ, µf ) =
∞∑

n=0

(αs
4π

)n
K

(n)
ij (ρ, cos θ, µf ) . (5.24)

At LO in αs only the kernels with ij = qq̄, q̄q, gg are non-zero within the SM. For the ampli-
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tudes corresponding to s-channel gluon exchange we obtain

K
(0)
qq̄ = αs

πβρ

8

CF
Nc

(
t21 + u2

1

ŝ2
+

2m2
t

ŝ

)
,

K(0)
gg = αs

πβρ

8(N2
c − 1)

(
CF

ŝ2

t1u1

−Nc

)[
t21 + u2

1

ŝ2
+

4m2
t

ŝ
− 4m4

t

t1u1

]
.

(5.25)

Note that the coefficient K
(0)
q̄q is obtained from K

(0)
qq̄ by replacing cos θ with − cos θ. The color

factors of SU(3)c are given by Nc = 3 and CF = 4/3.
The forward-backward asymmetry in top-pair production is defined as

AtFB ≡

∫ 1

0

d cos θ
dσpp̄→tt̄X

d cos θ
−
∫ 0

−1

d cos θ
dσpp̄→tt̄X

d cos θ∫ 1

0

d cos θ
dσpp̄→tt̄X

d cos θ
+

∫ 0

−1

d cos θ
dσpp̄→tt̄X

d cos θ

. (5.26)

Our notation is such that in a process labeled by the superscript pp̄ → tt̄X (pp̄ → t̄tX) the
angle θ corresponds to the scattering angle of the top (antitop) quark in the partonic CM
frame. Since QCD is symmetric under charge conjugation, which implies that

dσpp̄→tt̄X

d cos θ

∣∣∣∣
cos θ=c

=
dσpp̄→t̄tX

d cos θ

∣∣∣∣
cos θ=−c

, (5.27)

for any fixed value of c, the forward-backward asymmetry can also be understood as a charge
asymmetry

AtFB = Atc ≡

∫ 1

0

d cos θ
dσa
d cos θ∫ 1

0

d cos θ
dσs
d cos θ

=
σa
σs
, (5.28)

where the charge-asymmetric (a) and -symmetric (s) averaged differential cross sections are
defined as [306]

dσa,s
d cos θ

≡ 1

2

[
dσpp̄→tt̄X

d cos θ
∓ dσpp̄→t̄tX

d cos θ

]
. (5.29)

This notation, with dσpp̄→tt̄X/d cos θ given in (5.22), will turn out to be convenient for the
following discussion. The total hadronic cross section is now given by

σtt̄ =

∫ 1

−1

d cos θ
dσs
d cos θ

. (5.30)

We write the asymmetric contribution to the cross section as

σa =
αs
m2
t

∑

i,j

∫ s

4m2
t

dŝ

s
ffij
(
ŝ/s, µf

)
Aij

(
4m2

t

ŝ

)
, (5.31)
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and similar for the case of the symmetric contribution σs, where the hard-scattering charge-
asymmetric coefficient Aij(4m

2
t/ŝ) is to be replaced by its symmetric counterpart Sij(4m

2
t/ŝ).

Note that the perturbative expansions of the symmetric and asymmetric kernels are defined
in analogy to (5.24).

In the SM, the LO coefficients of the symmetric contribution to the cross section read

S
(0)
qq̄ = αs

πβρ

27
(2 + ρ) ,

S(0)
gg = αs

πβρ

192

[
1

β
ln

(
1 + β

1− β

)(
16 + 16ρ+ ρ2

)
− 28− 31ρ

]
,

(5.32)

while the asymmetric contributions A
(0)
qq̄ and A

(0)
gg both vanish.

Below, we will discuss in detail how at NLO a non-zero coefficient A
(1)
qq̄ is generated in the

SM. This will lead to a charge asymmetric cross section which is suppressed by αs/(4π) with
respect to the symmetric one.

Cross Section and Asymmetry in Warped Models

For the following discussion, recall from Section 3.2.3 the RS mechanism of generating fermion
hierarchies geometrically, via wave-function overlaps. An important consequence, following
from the structure of the overlap integrals is, that the effective coupling strength of KK gluons
to heavy quarks is enhanced relatively to the SM couplings by a factor

√
L , see Section 3.2.4.

Since left- and right-handed fermions are localized differently in the bulk14, the KK-gluon
couplings to quarks are in general not purely vector-like, but receive non-vanishing axial-
vector components. These couplings lead to a charge asymmetric cross section σa already at
LO due to quark-antiquark annihilation qq̄ → tt̄ mediated by tree-level exchange of KK gluons
in the s channel.

Further tree-level contributions to AtFB arise in RS models due to the fact that KK gluons
and photons, the Z boson and its KK excitations, as well as the Higgs boson feature flavor non-
diagonal couplings, which have been discussed in Chapter 3. These couplings lead to flavor-
changing uū → tt̄ transitions, affecting the t channel. In principle, also dd̄ → tt̄ transitions
receive corrections due to the t-channel exchange of the W± bosons and their KK excitations.
However, it turns out that these effects are negligibly small for realistic input parameters and
can be ignored in the following. In contrast to processes with quarks in the initial state, the
gluon-fusion channel gg → tt̄ does not receive a correction at the Born level. Due to the
orthonormality of gauge-boson profiles, the coupling of two massless gluons to a KK gluon
is zero. The Feynman diagrams that need to be considered at the tree-level are shown in
Figure 5.7.

Calculation of LO effects As we expect the NP scale (here MNP = MKK) to be at least
of the order of several times the electroweak scale MKK >> MEW and also well above the
energies directly probable at Tevatron, virtual effects appearing in RS models can be described

14Remember that although the bulk-masses are associated to the representations under the gauge group and
not to the chiralities, a SU(2)L-doublet zero-mode will be mostly left-handed, etc., so that for zero-modes the
both can be identified to first approximation.
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by an effective low-energy theory consisting out of dimension-six operators, see Appendix A.4.
In the case at hand, the appropriate effective Lagrangian which accounts for the effects of
intermediate vector and scalar states reads

Leff =
∑

q,u

∑

A,B=L,R

[
C

(V,8)
qq̄,ABQ

(V,8)
qq̄,AB + C

(V,8)
tū,ABQ

(V,8)
tū,AB + C

(V,1)
tū,ABQ

(V,1)
tū,AB + C

(S,1)
tū,ABQ

(S,1)
tū,AB

]
, (5.33)

where

Q
(V,8)
qq̄,AB = (q̄γµT

aPAq)(t̄γ
µT aPB t) ,

Q
(V,8)
tū,AB = (ūγµT

aPAt)(t̄γ
µT aPBu) ,

Q
(V,1)
tū,AB = (ūγµPAt)(t̄γ

µPBu) ,

Q
(S,1)
tū,AB = (ūPAt)(t̄PBu) .

(5.34)

The sum over q (u) involves all light (up-type) quark flavors and the superscripts V and S
(8 and 1) label vector and scalar (color-octet and -singlet) contributions, respectively. The
SU(3)c generators T a are normalized such that Tr

(
T aT b

)
= TF δab with TF = 1/2.

With the help of the effective Lagrangian (5.33) we can now easily calculate the interference
between the tree-level matrix element describing s-channel gluon exchange in the SM and the
s- and t-channel new-physics contributions arising from the diagrams displayed in Figure 5.7.
We arrive at the hard-scattering kernels

K
(0)
qq̄,RS =

βρ

32

CF
Nc

[
t21
ŝ
C

(V,8)
qq̄,⊥ +

u2
1

ŝ
C

(V,8)
qq̄,‖ +m2

t

(
C

(V,8)
qq̄,‖ + C

(V,8)
qq̄,⊥

)]
,

K
(0)
tū,RS =

βρ

32

CF
Nc

[(
u2

1

ŝ
+m2

t

)(
1

Nc

C
(V,8)
tū,‖ − 2C

(V,1)
tū,‖

)
+

(
t21
ŝ

+m2
t

)
C

(S,1)
tū,⊥

]
,

(5.35)

where we have defined appropriate combinations of Wilson coefficients,

C
(P,a)
ij,‖ = Re

[
C

(P,a)
ij,LL + C

(P,a)
ij,RR

]
, C

(P,a)
ij,⊥ = Re

[
C

(P,a)
ij,LR + C

(P,a)
ij,RL

]
. (5.36)

Just like in the SM, the coefficientK
(0)
q̄q,RS

(
K

(0)
t̄u,RS

)
is obtained fromK

(0)
qq̄,RS

(
K

(0)
tū,RS

)
by replacing

cos θ with − cos θ.
The LO corrections to the symmetric and asymmetric parts of the cross section, as defined

in (5.31), are now obtained by integrating over cos θ. We find in the partonic CM system

S
(0)
uū,RS =

βρ

216
(2 + ρ) ŝ

[
C

(V,8)
uū,‖ + C

(V,8)
uū,⊥ +

1

3
C

(V,8)
tū,‖ − 2C

(V,1)
tū,‖

]
+ fS(z) C̃S

tū ,

S
(0)

dd̄,RS
=

βρ

216
(2 + ρ) ŝ

[
C

(V,8)

dd̄,‖ + C
(V,8)

dd̄,⊥

]
,

(5.37)
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Figure 5.7: Upper row: Tree-level contributions to qq̄ → tt̄ (left) and uū→ tt̄ (right)
transitions, mediated by s- and t-channel exchange of KK gluons. Lower row: Tree-
level contributions to the uū → tt̄ transition arising from t-channel exchange of the
Z boson and its KK partners, of KK photons, as well as of the Higgs boson. The
s-channel (t-channel) amplitudes involve all light up- and down-type (up-type) quarks.
See [3] and text for details.

as well as

A
(0)
uū,RS =

β2ρ

144
ŝ

[
C

(V,8)
uū,‖ − C

(V,8)
uū,⊥ +

1

3
C

(V,8)
tū,‖ − 2C

(V,1)
tū,‖

]
+ fA(z) C̃S

tū ,

A
(0)

dd̄,RS
=
β2ρ

144
ŝ
[
C

(V,8)

dd̄,‖ − C
(V,8)

dd̄,⊥

]
.

(5.38)

Obviously, there is no flavor-changing t-channel contribution to the coefficients involving down-
type quarks. For the following considerations it is important to note that the coefficients
C

(V,8)
qq̄,‖ and C

(V,8)
qq̄,⊥ enter (5.37) in the combination CV

qq̄ ≡
(
C

(V,8)
qq̄,‖ + C

(V,8)
qq̄,⊥

)
, while in (5.38) they

always appear in the form CA
qq̄ ≡

(
C

(V,8)
qq̄,‖ − C

(V,8)
qq̄,⊥

)
. This reflects the fact that the symmetric

(asymmetric) LO cross section σs (σa) measures the product gqV g
t
V

(
gqAg

t
A

)
of the vector (axial-

vector) parts of the couplings of the KK gluons to light quarks and top quarks. As we want to
include a potentially light Higgs boson with mh � MKK into our analysis, we have kept the
full Higgs-boson mass dependence arising from the t-channel propagator. This dependence is
described by the phase-space factors fS,A(z) with z ≡ m2

h/m
2
t , which are given explicitly in

Appendix B.1. The new coefficient C̃S
tū is the dimensionless counterpart of C

(S,1)
tū,⊥ .15

So far, the expressions (5.37) and (5.38) contain in a model-independent way possible
new-physics contributions to σs,a that arise from the operators given in (5.34). Thus they are

15Note that we do not have to introduce form factors for the t-channel contribution arising from Z-boson
zero-mode exchange, since these corrections are of O(v4/M4

KK), which we will neglect in the following. The
t-channel exchange requires a flavor changing transition at both vertices, which at O(v2/M2

KK) is only mediated
by the non-factorizable t< contribution in the KK sum. However, this is only induced by the KK excitations,
see (3.261) and the discussion below.
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appropriate for general models that feature tree-level exchange of color-octet vectors in the
s and t channels, as well as t-channel corrections due to both new color-singlet, vector, and
scalar states, making them useful beyond the context of RS models. However, we now want
to apply the results to models with a warped extra dimension.

The Wilson coefficients appearing in S
(0)
ij,RS and A

(0)
ij,RS can be worked out with the help of

the formulae derived in Section 3.5. In the minimal RS formulation we find16

C
(V,8)
qq̄,‖ = −2παs

M2
KK

{
1

L
−
∑

a=Q,q

[
(∆′a)11 + (∆′a)33 − 2L (∆̃a)11 ⊗ (∆̃a)33

]}
,

C
(V,8)
qq̄,⊥ = −2παs

M2
KK

{
1

L
−
∑

a=Q,q

[
(∆′a)11 + (∆′a)33

]
+ 2L

[
(∆̃Q)11 ⊗ (∆̃q)33 + (∆̃q)11 ⊗ (∆̃Q)33

]}
,

C
(V,8)
tū,‖ = −4παs

M2
KK

L
∑

a=U,u

[
(∆̃a)13 ⊗ (∆̃a)31

]
,

C
(V,1)
tū,‖ = −4παe

M2
KK

L

s2
wc

2
w

[(
T u3 − s2

wQu

)2
(∆̃U)13 ⊗ (∆̃U)31 +

(
s2
wQu

)2
(∆̃u)13 ⊗ (∆̃u)31

]

− 4παe
M2

KK

LQ2
u

∑

a=U,u

[
(∆̃a)13 ⊗ (∆̃a)31

]
,

(5.39)

for q = u, d and Q = U,D. Because the coefficient C
(S,1)
tū,⊥ is of O(v4/M4

KK), we do not present
its explicit form. Similar expressions with the index 1 replaced by 2 hold if the initial-state
quarks belong to the second generation. The effective couplings (∆

(′)
Q,q)ij, encoding the overlap

between KK gauge bosons and SU(2)L doublet and singlet quarks of generations i and j, can

be found in (3.149). The non-factorizable products (∆̃Q)ij ⊗ (∆̃q)kl , etc. , arising from the t<
contribution in the KK sums of Section 3.5 are given in Appendix B.2 for completeness. The
Wilson coefficients (5.39) are understood to be evaluated at the scale MKK. The inclusion of
RG effects (see Appendix A.4) from the evolution down to the top-quark mass scale has only
a subleading impact on the results. Details on this evolution can be found in Appendix B.3.
While the expressions for C

(V,8)
qq̄,‖ , C

(V,8)
qq̄,⊥ , and C

(V,8)
tū,‖ are exact, in the coefficient C

(V,1)
tū,‖ containing

the exchange of towers with a massive zero mode, we have only kept the leading terms in
v2/M2

KK. The complete expression for C
(V,1)
tū,‖ , including the subleading O(v4/M4

KK) effects
from the corrections due to the mixing of fermion zero modes with their KK excitations, can
be obtained from the exact formulae given in Chapter 3.

The expressions (5.39) can be easily generalized to the custodial RS model based on the
SU(2)L×SU(2)R×U(1)X×PLR bulk gauge group with the help of the expressions presented in

sections 3.4 and 3.5. One finds that the left-handed part of the Z-boson contribution to C
(V,1)
tū,‖

is enhanced by a factor of around 3. The right-handed contribution, however, is protected by
the custodial symmetry and thus smaller by a factor of roughly 1/L ≈ 1/37. Importantly, the

KK-gluon contributions C
(V,8)
qq̄,‖ , C

(V,8)
qq̄,⊥ , and C

(V,8)
tū,‖ , remain unchanged at LO in O(v2/M2

KK). As
these corrections will turn out to be the most significant ones, this implies that the predictions
for the tt̄ observables are rather model-independent.

16See [213] for the effective D = 6 Hamiltonian of the minimal RS model.
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Explicit analytic expressions for the Wilson coefficients (5.39) in the ZMA are given in
Appendix B.2. Considering just the αs contributions, and suppressing relative O(1) factors
and numerically subleading terms, one finds from the expressions given in (B.3) the scaling
relations

S
(0)
uū,RS ∼

4παs
M2

KK

∑

A=L,R

F 2(ctA) ,

A
(0)
uū,RS ∼ −

4παs
M2

KK

L

{∏

q=t,u

[
F 2(cqR)− F 2(cqL)

]
+

1

3

∑

A=L,R

F 2(ctA)F 2(cuA)

}
,

(5.40)

for the (up-quark) coefficient functions introduced in (5.37) and (5.38). Here, ctL ≡ cQ3 ,
ctR ≡ cu3 , cuL ≡ cQ1 , and cuR ≡ cu1 .

Given that the bulk-mass parameters of the top and up quarks satisfy ctA > −1/2 and
cuA < −1/2, as required to reproduce their masses in an anarchic approach to flavor (see
Section 3.2.3, Figure 3.9), the zero-mode profile-factors can be approximated by

F 2(ctA) ≈ 1 + 2ctA , F 2(cuA) ≈ (−1− 2cuA) eL(2cuA+1) , (5.41)

where A = L,R. Note that the difference of bulk mass parameters for light quarks (cuL−cuR) is
typically small and positive, while (ctL−ctR) can be of O(1) and is usually negative. Applying
the approximations given above and expanding in powers of (cuL − cuR), we finally find

S
(0)
uū,RS ∼

4παs
M2

KK

2 (1 + ctL + ctR) ,

A
(0)
uū,RS ∼

4παs
M2

KK

2LeL(1+cuL+cuR ) (1 + cuL + cuR)

×
{(

2 +
1

3

)
L (ctL − ctR) (cuL − cuR) +

1

3
(1 + ctL + ctR)

}
.

(5.42)

The symmetric function S
(0)
uū,RS is entirely induced by s-channel KK-gluon exchange, whereas

the contributions to the asymmetric coefficient A
(0)
uū,RS arise from s channel as well as t chan-

nel exchange, corresponding to the term(s) with coefficient 2 and 1/3 in the curly bracket,
respectively.

From the relations (5.42) one can read off a couple of interesting consequences. First,

the symmetric contribution S
(0)
uū,RS, entering the RS prediction for σs in (5.31), is in this

approximation independent of the localization of the up-quark fields and strictly positive (as
long as ctA > −1/2). This leads to an enhancement of the inclusive tt̄ production cross section,
which gets the more pronounced the closer the right- and left-handed top-quark profiles are
localized towards the IR brane.

On the other hand, the asymmetric function A
(0)
uū,RS is exponentially suppressed for UV-

localized up quarks, i.e., cuA < −1/2. For typical values of the bulk-mass parameters of
ctL = −0.34, ctR = 0.57, cuL = −0.63, and cuR = −0.68 [213], one finds numerically that the
first term in the curly bracket of (5.42), which is suppressed by the small difference (cuL− cuR)
of bulk mass parameters, but enhanced by the volume factor L, is larger in magnitude than the
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second one by about a factor of 10. As a consequence, to first order the charge asymmetry can
be described by only keeping the effects from s-channel KK-gluon exchange. Since generically
(1+cuL+cuR)(cuL−cuR) < 0, we find that a positive LO contribution to A

(0)
uū,RS needs (ctL−ctR)

to be negative. This can be achieved in a natural way by localizing the right-handed top quark
sufficiently far in the IR. Employing the formulae derived in Section 3.2.3, we obtain, to leading
powers in hierarchies, the condition

ctR & mt√
2v |Yt|

− 1

2
. (5.43)

The top-quark mass is understood to be normalized at the KK scale and Yt ≡ (Yu)33. Numer-
ically, we find that for mt(1 TeV) = 144 GeV and |Yt| = 1, values of ctR bigger than 0 lead to

A
(0)
uū,RS > 0 and in consequence to a positive shift in σa.

However, the exponential suppression of A
(0)
uū,RS due to the UV-localization of up quarks,

as well as the small difference in the bulk-masses for their chiral components (leading to very
suppressed axial-vector couplings) render the tree-level contribution to the charge asymmetry
in the RS framework tiny.17 As we will explicitly verify in our numerical analysis, the inclusion
of electroweak corrections due to Born-level exchange of the Z boson and its KK excitations,
KK excitations of the photon, and of the Higgs boson, do not change this conclusion.

Calculation of NLO effects We have seen that in models with small axial-vector couplings
to light quarks and no significant FCNC effects in the t channel, the charge-asymmetric cross
section σa is suppressed at LO. In the following we want to study if this suppression can be
evaded by going to NLO, after paying the price of an additional factor of αs/(4π). Therefore,
we first recall how the charge asymmetry arises in the SM (in QCD). Since QCD has only
vector couplings, the lowest-order processes qq̄ → tt̄ and gg → tt̄, appearing at O(α2

s), do not
contribute to AtFB. Starting at O(α3

s), quark-antiquark annihilation qq̄ → tt̄ (g), as well as
flavor excitation qg → qtt̄ receive charge-asymmetric contributions [302, 303]. Gluon fusion
gg → tt̄ (g), remains charge-symmetric to all orders in perturbation theory.

Using charge conjugation invariance of QCD, one can show that, as far as the virtual
corrections to qq̄ → tt̄ are concerned, only the interference between the lowest-order and the
QCD box graphs generates an asymmetry at NLO. For the real bremsstrahlungs contributions,
along the same lines only the interference between amplitudes that are odd under the exchange
of t and t̄ contribute to the asymmetric cross section. Since the axial-vector current is even
under this exchange, the NLO contribution to the asymmetry is completely due to vector-
current contributions.

This implies that at NLO the charge-asymmetric cross section is proportional to the d2
abc =(

2Tr
(
{T a, T b}T c

))2
terms that result from the interference of both the one-loop box and the

tt̄g final state diagrams with the tree-level quark-antiquark annihilation diagram [302, 303].
The relevant Feynman diagrams are obtained from the ones shown in Figure 5.8 by replacing
the operator insertions by s-channel gluon exchange. The QCD expression for σa can be
derived from generalizing the result from the electromagnetic process e+e− → µ+µ− [331, 332]
by an appropriate replacement of the QED coupling and the electromagnetic charges. Explicit
expressions for the asymmetric contributions to the tt̄ production cross section in QCD are

17See also the statements made in [330] concerning the mostly vector-like couplings of light quarks.
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Figure 5.8: Representative diagrams contributing to AtFB at NLO. The black square
indicates the insertion of an effective operator. The two-particle (three-particle) cut,
represented by a dashed line, corresponds to the interference of qq̄ → tt̄ (qq̄ → tt̄g)

with Q
(V,8)
qq̄,AB. The SM contribution can be obtained by replacing the operator insertion

by s-channel gluon exchange. See [3] and text for details

presented in [303]. Because contributions from flavor excitation are negligibly small at the
Tevatron, they will not be taken into account in the following.

From the considerations above we learn that, beyond LO, vector couplings alone are suf-
ficient to generate non-vanishing values of AtFB. In the case of the EFT (5.33) this means
that cut diagrams like the ones shown in Figure 5.8, can give a sizable contribution to the
charge asymmetry, if the symmetric combination CV

qq̄ =
(
C

(V,8)
qq̄,‖ +C

(V,8)
qq̄,⊥

)
of Wilson coefficients

is large enough. Interestingly, this combination is not suppressed by quark localizations in
the RS setup but can become sizable due to the large overlap of the third-generation up-type
quark wave functions with those of the KK gluons. From (5.37), (5.38), and (5.42) it is not
difficult to show that for the RS model the NLO corrections to σa should dominate over the
LO corrections, if the condition

αs
4π

(1 + ctL + ctR) & LeL(1+cuL+cuR ) (5.44)

is satisfied.18 Employing the values ctL = −0.34, cuL = −0.63, and cuR = −0.68, the condition
(5.44) tells us that for ctR = 0.57 the NLO contributions exceed the LO corrections by a factor
of ∼ 25. This first look suggests that it might be possible to lift the LO suppression of the
asymmetry and reach contributions to AtFB at the per cent level at NLO with typical and
completely natural choices of parameters.

Unlike in QCD, the RS model features further diagrams that generate a charge-asymmetric
cross section at NLO, besides those shown in Figure 5.8. Self-energy, vertex, and counterterm
diagrams will also contribute to the asymmetry. However, just as the Born-level contribution,
these corrections are all exponentially suppressed by the UV localization of the light-quark
fields (and the small axial-vector coupling of the light quarks for what concerns the contribu-

tions from the operators Q
(V,8)
qq̄,AB). Compared to the tree-level corrections, these contributions

are thus suppressed by an additional factor of αs/(4π), so that they can be safely ignored.
Moreover, we will not consider corrections due to box diagrams involving the virtual exchange
of KK gluons.

Encouraged by these considerations we perform a calculation of AtFB in the RS model
beyond LO. The Feynman graphs that we consider are those displayed in Figure 5.8. The

18This relation only corresponds to a crude approximation, valid up to O(1) factors.



5.1. PRECISION TESTS 177

most important contributions stem from the interference of qq̄ → tt̄ and qq̄ → tt̄g with
Q

(V,8)
qq̄,AB. After integrating over cos θ, we obtain in the partonic CM frame (qq̄ = uū, dd̄) the

asymmetric function19

A
(1)
qq̄,RS =

ŝ

16παs
CV
qq̄A

(1)
qq̄ . (5.45)

Here, A
(1)
qq̄ is the NLO asymmetric SM coefficient, normalized according to (5.24), which can

be parametrized by the function

A
(1)
qq̄ =

αs d
2
abc

16N2
c

5.994 βρ
[
1 + 17.948 β − 20.391 β2 + 6.291 β3 + 0.253 ln (1− β)

]
, (5.46)

which is accurate to the permille level. Here, Nc = 3 and d2
abc = (N2

c − 1) (N2
c − 4) /Nc = 40/3.

The function (5.46) has been obtained by integrating the expressions for the charge-asymmetric
contributions to the differential tt̄ production cross section given in [303] over the relevant
phase space. For more details see [3]. To judge the quantitative impact of the RS contribution
(5.45) we will now perform a numerical analysis.

Numerical Analysis and Discussion

For the numerical analysis we have to take into account that the Wilson coefficients appearing
in the effective Lagrangian (5.33) are not only constrained by the measurements of the forward-
backward asymmetry AtFB, but also by the total cross section σtt̄, and the tt̄ invariant mass
spectrum dσtt̄/dMtt̄. The Tevatron results (

√
s = 1.96 TeV) for these quantities read [291,

296, 297]

(σtt̄)exp =(7.50± 0.31stat. ± 0.34syst. ± 0.15lumi.) pb ,
(
dσtt̄
dMtt̄

)Mtt̄ ∈ [800,1400] GeV

exp

=(0.068± 0.032stat. ± 0.015syst. ± 0.004lumi.)
fb

GeV
,

(5.47)

where the quoted individual errors are of statistical and systematic origin, and due to the
luminosity uncertainty, respectively. In the case of the tt̄ invariant mass spectrum, we consider
only the last bin of the CDF measurement, i.e., Mtt̄ ∈ [800, 1400] GeV, as this is most sensitive
to the presence of new degrees of freedom with masses in the TeV range.

These results are to be compared to the predictions obtained in the SM, supplemented by
the dimension-six Lagrangian (5.33). In the following we will ignore tiny contributions due
to the (anti)strange-, (anti)charm-, and (anti)bottom-quark content of the proton (antipro-
ton). By convoluting the kernels (5.37) with the parton luminosities ffij(ŝ/s, µf ), by means
of the charge-symmetric analogon of formula (5.31), one finds in terms of the dimensionless

19Note that the quark luminosities ffij(ŝ/s, µf ) fall off strongly with ŝ, behaving roughly like 1/ŝ2. This
compensates the factor of

√
s in (5.45) so that the integrated asymmetric cross section in (5.31) is saturated

well before the upper integration limit s is reached [3].
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ctL ctR C̃V
uū/αs C̃A

uū/αs C̃V
dd̄
/αs C̃A

dd̄
/αs C̃V

tū/αs C̃S
tū

−0.41 0.09 4.50 0.71 · 10−2 0.68 −1.40 · 10−3 −1.35 · 10−4 8.2 · 10−7

−0.47 0.48 4.95 0.22 · 10−2 0.27 −0.03 · 10−3 −0.70 · 10−4 4.1 · 10−7

−0.49 0.90 5.31 1.79 · 10−2 0.08 −0.64 · 10−3 −2.45 · 10−4 122 · 10−7

Table 5.1: Results for the Wilson coefficients corresponding to three different parameter points
of the RS setup with SU(2)L×U(1)Y bulk gauge symmetry and brane-localized Higgs sector.
The coefficients in the first five columns (last column) scale as (1 TeV/MKK)2 ((1 TeV/MKK)4).

coefficients C̃V
qq̄ ≡ 1 TeV2CV

qq̄ and C̃V
tū ≡ 1 TeV2

(
1/3C

(V,8)
tū,‖ − 2C

(V,1)
tū,‖

)
the RS results [3]

(σtt̄)RS =
[
1 + 0.053

(
C̃V
uū + C̃V

tū

)
− 0.612 C̃S

tū + 0.008 C̃V
dd̄

] (
6.73+0.52

−0.80

)
pb ,

(
dσtt̄
dMtt̄

)Mtt̄ ∈ [800,1400]GeV

RS

=
[
1 + 0.33

(
C̃V
uū + C̃V

tū

)
− 0.81 C̃S

tū + 0.02 C̃V
dd̄

] (
0.061+0.012

−0.006

) fb

GeV
.

(5.48)

The numerical factors multiplying C̃S
tū correspond to a Higgs mass of mh = 115 GeV, which we

take as the reference value for the present analysis. The Wilson coefficients are understood to
be evaluated at mt. The RG evolution from MKK down to mt is performed with the formulae
given in Appendix B.3. The result (5.48) corresponds to the MSTW2008LO PDFs [333] with
renormalization and factorization scales fixed to the reference point µr = µf = mt = 173.1
GeV. The strong coupling constant reads αs(mZ) = 0.139, which evolves to αs(mt) = 0.126
using one-loop RG running.

We now present our NLO prediction for the tt̄ forward-backward asymmetry. Inserting
(5.38),(5.45),(5.46) into (5.31) and (5.28), performing the convolution with the MSTW2008LO

PDFs with the unphysical scales fixed to mt and transforming to the pp̄ frame one obtains [3]

(AtFB)pp̄RS =

[
1 + 0.22

(
C̃A
uū + C̃V

tū

)
+ 0.72C̃S

tū + 0.03C̃A
dd̄

+ 0.034C̃V
uū + 0.005C̃V

dd̄

1 + 0.053
(
C̃V
uū + C̃V

tū

)
− 0.612C̃S

tū + 0.008C̃V
dd̄

]
(
5.6+0.8
−1.0

)
% ,

(5.49)
Here, the NLO result for σs has been used for the normalization of the asymmetric cross sec-
tion, which has been calculated with the help of MCFM [334]. All coefficient functions should be
evaluated at the scale mt. The SM prediction for the asymmetry has been obtained by inte-
grating the formulae given in [303] over the relevant phase space, weighted with MSTW2008LO

PDFs with the unphysical scales fixed to mt. It is in good agreement with (5.19) as well as
with the results of [306, 307].

In the central value of (5.49), we have decided not to include electroweak corrections to
the asymmetric cross section. These have been studied in [304, 335] and found to enhance
the tt̄ forward-backward asymmetry by around 9% to 4%, depending on whether only mixed
electroweak-QCD contributions or also purely electroweak corrections are included. In order to
account for the additional uncertainty in neglecting these effects we have added in quadrature
an error of 5% to the combined scale and PDF uncertainties.

To get a feeling for the importance of the different contributions that enter the RS predic-
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Figure 5.9: Absolute corrections to (AtFB)pp̄RS in the ctL–ctR plane for a KK scale of
1 TeV. The solid lines indicate the value of Yt necessary to reproduce the mass of the
top quark. In the left (right) panel the parameter region which satisfies the constraints
from the Z → bb̄ pseudo observables for the minimal RS setup (custodial RS setup
with extended PLR-symmetry) is displayed in green. See [3] and text for details.

tions (5.48) and (5.49) for the tt̄ observables, we give in Table 5.1 numerical results for the
relevant Wilson coefficients at the KK scale. The quoted numbers correspond to MKK = 1
TeV and can be easily translated to other scales via the given scaling relations. We present
result for three different typical sets of parameters that reproduce the observed quark masses
as well as the angles and the CP-violating phase in the quark mixing matrix within errors
(68% CL). Out of these parameters we show in the table just the values of the left- and
right-handed top-quark bulk mass parameters ctL and ctR in order to keep the presentation
simple. The complete parameter points, including numerical values for the remaining bulk
mass parameters and for the Yukawa matrices, are spelled out in Appendix C. It is important
to emphasize that the magnitudes of the shown results are generic predictions in the allowed
parameter space and do not reflect a specific choice or tuning of model parameters.

The coefficients in the table exhibit significant hierarchies, which are given approximately
by |C̃A

qq̄|/|C̃V
qq̄| = O(10−3), |C̃V

tū|/|C̃V
uū| = O(10−5), and |C̃S

tū|/|C̃V
uū| = O(10−6). The contribu-

tions due to flavor changing interactions in the t-channel, encoded in C̃V
tū and C̃S

tū, are strongly
suppressed in the RS model. This is due to the fact that the light up quark is involved, for
which the RS-GIM mechanism is very effective. In the minimal RS setup, the ratio of neutral
electroweak gauge boson (Higgs-boson) to KK-gluon effects in the t-channel is roughly 1/3 (on
average 1/50). In custodial extensions one finds approximately the same suppressions. These
factors imply that the predictions for the tt̄ observables considered here are to very good ap-
proximation model-independent, as they do not depend sensitively on the exact realizations
of neither the electroweak gauge, nor the fermionic, nor the Higgs sector. The numerical
dominant corrections arise from s-channel KK-gluon exchange. Here, the contributions from
up quarks C̃V

uū and C̃A
uū are a factor of a few larger in magnitude than their counterparts
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involving down quarks. This feature is amplified by the suppression of the down-quark lu-
minosities ffdd̄ relative to their counterparts for up-quarks entering our predictions, rendering
the contributions of the former negligible, not exceeding the per cent level. In the rest of
this section we will thus restrict our attention to the coefficients C̃V,A

uū that furnish by far the
largest contributions to the tt̄ observables in RS models.

From the first three columns of Table 5.1, we observe that C̃V
uū grows with (ctL + ctR),

i.e., with increasing localization of the top-quark in the IR. This behavior has been expected
from (5.42) and (5.43). A similar (expected) trend in terms of ctR can be seen in C̃A

uū, however
being less pronounced. Our main conclusion from the last Section of strongly suppressed axial-
vector couplings, |C̃A

uū|/|C̃V
uū| � 1 is also confirmed by the numerical analysis. Inserting the

corresponding values into the numerator of (5.49), we observe that also our third expectation
holds true. Indeed, in RS models the NLO corrections to the asymmetric cross section, arising
from C̃V

uū, are significantly bigger than the LO contributions, stemming from C̃A
uū. Numerically,

it turns out that the vector-current contributions are, despite their loop suppression, typically
larger by about a factor of 100 compared to the corrections due to the axial-vector current. In
the light of the experimentally observed enhancement of the asymmetry with respect to the
SM prediction, this strong enhancement looks promising at first sight.

However, a closer look at (5.49) shows that in the ratio of the asymmetric and symmetric
cross sections the effects of C̃V

uū tend to cancel. Because both σpp̄a and σs are enhanced for
C̃V
uū > 0, but the dependence of σpp̄a on C̃V

uū is weaker than the one of σs, the found positive
values of C̃V

uū will effectively lead to a reduction and not to an enhancement of the tt̄ forward-
backward asymmetry. Here, σpp̄a denotes the asymmetric contribution to the cross section in
the pp̄ frame. Due to the fact that C̃V

uū > 0 is a robust prediction of the RS framework,
following from the IR localization of the top quark, we conclude that the RS corrections to
AtFB are necessarily negative.

Due to the aforementioned cancellation, however, the impact of the RS setup on the tt̄
forward-backward asymmetry is very small. This is confirmed by the numerical results pre-
sented in Figure 5.9. Here, we show our predictions for the absolute RS corrections to the
forward-backward asymmetry in the pp̄ frame as a function of ctL and ctR . We have employed
MKK = 1 TeV and the typical bulk-mass parameters of cuL = cdL = −0.63, cuR = −0.68,
cdR = −0.66, ccL = csL = −0.56, ccR = −0.53, csR = −0.63. Moreover, we have set all minors
of Yu,d equal, however Yt = (Yu)33 is allowed to vary in order to reproduce the correct top-

quark mass. Note that only the dominant KK-gluon corrections to C̃V,A
uū have been considered.

In the left (right) panel the parameter region which satisfies the 99% CL constraints from the
Z → bb̄ pseudo observables for the minimal RS setup (custodial RS setup with extended
PLR-symmetry) is displayed in green. These constraints have been discussed in detail in Sec-
tion 5.1.3. Both panels exhibit that in the whole ctL–ctR plane the RS corrections to (AtFB)pp̄RS

interfere destructively with the SM contributions. On the other hand, even for the optimistic
value of MKK = 1 TeV, the maximal possible effect after imposing the Z → bb̄ constraints
amounts to −0.10% (−0.05% ) for the extended (minimal) RS model. While the Z → bb̄
constraint is very restrictive in the minimal model, cutting the allowed parameter space to a
thin stripe of ctL ∈ [−0.60,−0.49], it does not affect the extended scenario significantly. Note
that the inclusion of the NLO RS contributions to the asymmetric cross section is impor-
tant to arrive at a consistent result. They contribute at the same order to (5.49) as the RS
tree-level corrections to the symmetric cross section. Including all RS corrections, we obtain
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Figure 5.10: Results of a combined fit to σtt̄, the last bin of dσtt̄/dMtt̄, and the
value of (AtFB)pp̄ allowing for NP in s-channel exchange. The green contours indicate
the experimentally allowed regions of 68%, 95%, and 99% probability in the C̃A

uū–C̃
V
uū

plane. The horizontal (almost vertical) dashed lines correspond to the values of the
total tt̄ cross section (forward-backward asymmetry in the pp̄ frame). Further details
can be found in the text. Figure from [3].

for the three parameter points considered before the absolute shifts of −0.04%, −0.05%, and
−0.05% with respect to the SM value. In conclusion, despite the strong IR localization of top
quarks, the RS impact on AtFB is deemed to be far too small to be able to explain the observed
discrepancy between experiment and the SM expectation.

The results presented here should be contrasted with the analysis performed in [310], which
finds positive corrections to the tt̄ forward-backward asymmetry of up to 5.6% (7%) arising
from KK gluons (Z ′-boson exchange) at LO. These large corrections are generated by localizing
the left- and right-handed components of the light-quark fields at different ends of the extra
dimension by choosing cuL = cdL ∈ [−0.4, 0.4] (IR-localized) and cuR = cdR = −0.8 (UV-
localized), which leads to large axial-vector couplings and thus sizable corrections to C̃A

qq̄.
20

However, in an anarchic approach to flavor such a choice is in conflict with observation, as
it fails to reproduce the hierarchies of light-quark masses and mixings. Also the more recent
analyses of [267] ([325]) abandon the anarchic approach to flavor completely (to some extend).

Our studies have shown that the sensitivity of AtFB = σa/σs to vector currents is not
very pronounced. Our arguments do not only apply to the RS setup but to the broader
class of models with new heavy vector states that have suppressed axial-vector couplings to
light quarks. In such new-physics scenarios large contributions to the tt̄ forward-backward
asymmetry are essentially impossible to achieve, once the experimental information on σtt̄ and
the high-energy tail of the tt̄ invariant mass spectrum dσtt̄/dMtt̄ is taken into account. This

20Notice that the convention for the bulk-mass parameters used in [310] differs from ours by an overall sign.



182 CHAPTER 5. WARPED EXTRA DIMENSIONS: PHENOMENOLOGY

feature is illustrated in Figure 5.10, which shows the results of a fit to the tt̄ data (5.18) and
(5.47), in the presence of NP in the s channel. The green contours display the experimentally
allowed regions of 68%, 95%, and 99% probability in the C̃A

uū–C̃
V
uū plane. They makes evident,

that in order to achieve a significant improvement in the quality of the fit, large corrections to
the axial-vector coefficient C̃A

uū are needed. Vector contributions C̃V
uū alone are not sufficient

to get from the SM point (black dot) at (0, 0) to the best-fit value (black cross) at (8.3, 1.4).
If we require the tt̄ predictions to be within the combined 95% (99%) CL region, the maximal
possible values for (AtFB)pp̄ from vector contributions alone are 5.8% (6.0%). A possibly large
correction to the tt̄ forward-backward asymmetry inevitably has to arise from tree-level effects
involving either axial-vector currents in the s channel with flavor-specific couplings of opposite
sign to light quarks and top quarks or large flavor-changing currents in the t channel. Both of
these options are not easy to realize in explicit BSM models, without ad hoc assumptions about
the structure of the light-quark sector. In consequence, there seems to be a tension between
generating large effects in AtFB and achieving a natural solution to the flavor problem.

We have seen that it is not very likely to find hints for warped extra dimensions in measuring
the tt̄ forward-backward asymmetry. Also the current experimental and theoretical errors on
the total and the differential cross sections σtt̄ and dσtt̄/dMtt̄ are still too large to see a possible
impact of the RS setup (see (5.47) and (5.48)). However, in the much cleaner environment of a
possible International Linear Collider (ILC), avoiding the complications of colored particles in
the initial state, corresponding observables allow to probe very high KK scales. For example
a sensitivity to KK masses of (10-30) TeV is possible by a measurement of σtt̄ to better than
1% or of the top-quark left-right asymmetry to the same accuracy [336]. Another promising
sector where we expect sizable deviations from SM expectations and sensitivities to large KK
scales, without having to wait for a new linear collider is Higgs physics, as we will demonstrate
in Section 5.3.

5.1.5 The Anomalous Magnetic Moment of the Muon

In the following, we will apply some of the results derived in Chapter 4 to study the anomalous
magnetic moment of the muon in the background of a warped extra dimension. In particular,
we will show that the corresponding one-loop diagram leads to a finite result. As the muon is
a light fermion, we may assume it to be localized on the Planck brane to good approximation.
Thus, we will neglect possible contributions from KK fermions in the following. It will turn
out that, due to the special structure of the emerging sum, the calculation is also possible
in the decomposed theory. We will present this derivation further below. Although the RS
EFT is defined with a cutoff, showing the convergence is useful, as this means that it will be
possible to sum up the complete tower in closed form.

The magnetic moment µf of a fermion of mass mf and electromagnetic charge e is pro-
portional to its spin S via

µf = gf
e

2mf

S. (5.50)

The constant gf is called the Landé g-factor. In terms of the form factors F1(q2) and F2(q2)
it is given as

gf = 2 [F1(0) + F2(0)] . (5.51)

These form factors are defined as coefficients of the possible Lorentz structures in the vertex
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Figure 5.11: NLO contribution to the magnetic moment of a fermion. A straight line cor-
responds to a fermion while a wiggly line represents a photon. In the RS model, heavy KK
excitations of the photon propagate in the loop. See text for details.

function

Γµ(p′, p) = γµF1(q2) +
iσµνqν
2mf

F2(q2) , (5.52)

where p (p′) is the momentum of the incoming (outgoing) fermion and q = p′ − p is the mo-
mentum of the external photon, see e.g. [16]. Note that F1(0) = 1 to all orders in perturbation
theory and F2(0) = 0 to leading order. At the one-loop order, QED predicts a deviation from
the Dirac value for an elementary fermion gf = 2, which is determined by the vertex-correction
diagram depicted in Figure 5.11 (with γ(n) → γ). In the case of the electron, this contribution
was first calculated by Schwinger [251] who determined the anomalous magnetic moment to
be

ae ≡
ge − 2

2
=

α

2π
. (5.53)

In the RS model, corrections to af arise at the one-loop level due to the exchange of a
photon that propagates into the extra dimension, as indicated by γ(n) in Figure 5.11. In the
following, we will show analytically that these corrections are finite, working with the five
dimensional mixed momentum/position-space propagators derived in Chapter 4. To this end,
we look at the region where the loop-momentum becomes large compared to the KK scale, as
this region is critical for the convergence of the result.

5D Calculation

As we study the case of a UV-brane localized fermion, we use the photon propagator for
p�MKK, given in (4.27), at t = t′ = ε.

Writing the vertex function as Γµ = γµ + δΓµ, we arrive at

ū(p′)δΓµu(p) = 2ie2 Lε

2MKK

∫
d4k

(2π)4

ū(p′)
[
/kγµ/k′ +m2

µγ
µ − 2mµ(k + k′)µ

]
u(p)√

(k − p)2 + iε (k′2 −m2
µ + iε)(k2 −m2

µ + iε)
. (5.54)

Here, u(p) and ū(p′) are Dirac spinors, belonging to the in- and out-going muon, respectively
(see Figure 5.11), and the iε prescription shifts the poles of the expression above infinitesimally
away from the real axis. Note that we have already performed the trivial integral over the
extra dimension. While the numerator algebra is in analogy to the SM calculation [16], after
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Feynman parametrization, the denominator becomes

∫ 1

0

dxdydz δ(x+ y + z − 1)z−1/2 3

4D5/2
, (5.55)

with
D = l2 −∆ + iε . (5.56)

Here, as in the SM calculation,

∆ = −xyq2 + (1− z)2m2
µ , l ≡ k + yq − zp . (5.57)

Note that (5.54) is just correct for (k − p)E �MKK, which is the region we are interested in.
In consequence, after Wick rotation, we evaluate the integral

∫ ∞

MKK

dlE
l3E

(l2E + ∆)5/2
=

2∆ + 3M2
KK

3(∆ +M2
KK)3/2

. (5.58)

The remaining Feynman-parameter integral can easily be solved after performing an expansion
in mµ/MKK. We finally arrive at the UV contribution to the form factor

FRS
2 (0) =

α

2π

Lε

π

(
− 2

35

m2
µ

M2
KK

+O
(
m4
µ

M4
KK

))
, (5.59)

which shows the finiteness of the RS corrections.

4D Calculation

In the following we calculate the RS corrections to the anomalous magnetic moment of the
muon for the KK decomposed theory. To this end, we have to compute the contributions to
F2(0) stemming from the infinite sum over vertex-correction diagrams in Figure 5.11, with
massive KK photons running in the loop. After performing the loop integral, we arrive at

F2(0) =
α

2π

(
1 + 2

∞∑

n=1

∫ 1

0

dz

∫ 1−z

0

dy
m2
µ z(1− z)

m2
µ(1− z)2 +m2

nz
In

)
, (5.60)

where mn (n > 0) is the mass of the nth KK excitation of the photon. The interactions of the
fermions with the photons in the extra dimension are described by

In = 2πχγn(0)χγn(0), (5.61)

where χγn(φ) is the profile of the nth KK photon. Expanding (5.60) in the small ratio mµ/mn

and performing the Feynman parameter integrals, we arrive at

F2(0) =
α

2π

(
1 +

2m2
µ

3

∞∑

n=1

In
m2
n

(
1 +O

(
m2
µ

m2
n

)))
. (5.62)
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We are lucky because we can actually perform the infinite sum over boson profiles, weighted
by inverse powers of KK masses, appearing in (5.62). To leading order in the Higgs VEV over
the KK scale it reads, see (3.266),

∞∑

n=1

In
m2
n

=
1

2M2
KK

1

2L
+O

(
v2

M4
KK

)
, (5.63)

which, neglecting subleading terms in ε, finally leads to

F2(0) =
α

2π

(
1 +

m2
µ

3M2
KK

1

2L

)
+O

(
m2
µv

2

M4
KK

)
. (5.64)

The RS correction to the anomalous magnetic moment of the muon aµ scales like
α/(2π)m2

µ/(LM
2
KK). It is orders of magnitude to small to explain the observed discrepancy

in aµ, mentioned in Section 1.1.6. While the derivations presented here were mainly for
illustration purposes, there are more complicated situations, where the approach of using 5D
propagators will make calculations more feasible, see Chapter 6.

5.2 Flavor Physics

5.2.1 The CKM Matrix

Remember that our definition of the CKM matrix VL via effective four-fermion interactions
includes the exchange of the whole tower of W± bosons and their KK excitations. As discussed
in Section 3.6, this matrix is not unitary (which would also hold true for the mixing matrix
Ṽ L defined via the WuiLd

j
L vertex ).

As a measure of unitarity violation, one can consider the deviation of the sum of the squares
of the elements in the first row of VL from unity [213],

∆non
1 = 1− (|Vud|2 + |Vus|2 + |Vub|2) =

(
1− VLV

†
L

)
11
. (5.65)

After expanding the mixing matrices Uu,d in powers of the Cabibbo angle λ, using the warped-
space Froggatt-Nielsen formulae given in Section 3.2.3, and normalizing the result to the typical
value of the bulk mass parameter cQ1 ≈ −0.63, we obtain

∆non
1 ≈ 2 · 10−6

(
F (cQ1)

F (−0.63)

)2(
MKK

TeV

)−2

×



∣∣∣∣∣ diag

(√
2

3 + 2cQi

)
~u

∣∣∣∣∣

2

− 1

4

∣∣∣∣∣diag

(√
2

1− 2cT1i

)
Y T
d ~u

∣∣∣∣∣

2

 ,

(5.66)

where the vector ~u is given by minors of Y u

~u =
(
1,−(Mu)21/(Mu)11, (Mu)31/(Mu)11

)
. (5.67)
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The first contribution in the square brackets in (5.66) stems from the exchange of the whole
tower of W± bosons and is also present in the minimal RS model. It provides a strictly positive
contribution to ∆non

1 , which is typically well below the current experimental uncertainty of
6.5 · 10−4 [213]. However, the effects due to the admixture of U ′ and D′ quarks add to (5.66)
with opposite sign and can in principle lead to negative values of ∆non

1 . This is not possible in
the minimal RS variant. A detailed discussion of the breakdown of the unitarity of the quark
mixing matrix in the minimal RS model has been presented in [213]. A similar analysis for
the custodial setup has been performed in [242]. However, in that paper the CKM matrix is
defined via the WuiLd

j
L vertex and not via the effective four-fermion interactions as discussed

above. This prevents us from an easy comparison of the results in [242] with ours. The
non-unitarity of the CKM matrix has also been touched on previously in [175, 207]. Yet, a
thorough discussion of all relevant effects has not been given in these articles. Note that, while
the misalignment between the mass and flavor eigenbases in the sector of quark zero modes is
small - as reflected by the Froggatt-Nielsen like mechanism of generating fermion hierarchies
in the RS setup - this is not the case for the higher KK levels.

The mixings between the states of the first level of KK excitations are encoded in the
flavor vectors ~a

(U,D)
4−9 and ~a

(u,d)
4−9 for the minimal RS variant (and the respective expressions for

the custodial model). Naively, one would expect the mixings between KK fermions to be
suppressed by the Higgs VEV over the KK scale. On the contrary, one finds very large effects,
especially for down type quarks, due to the near degeneracy of the corresponding bulk masses.
The mass splittings of the undisturbed KK states, before EWSB, are typical of the order
of 100 GeV. Since this is not large compared to v, the Yukawa couplings generically induce
O(1) mixings among the KK excitations of the same KK level (see [1]). These mixings give
rise to unsuppressed flavor changing transitions through KK modes within loop diagrams.
Numerical values for the neutral-current as well as charged-current mixing-matrices for a
default parameter point can be found in [1]. In that article we also presented a numerical
analysis of the left- and right-handed CKM matrices, defined via the Wuidj vertex.

5.2.2 Rare Decays

As they are suppressed within the SM, FCNCs offer a promising possibility to discover BSM
physics. Due to the large mass of the top quark, that leads to its IR localization, one naturally
expects sizable effects of RS models in processes involving flavor-changing top-quark couplings.
Since FCNCs in the up-type quark sector are less constrained by K- and B-meson physics
than those in the down-type quark sector, the presence of such anomalous couplings of non-
negligible size is not ruled out experimentally. In consequence, radiative and rare ∆F = 1
processes involving the top quark offer a high potential to test the RS setup. In the following
we study the rare decays t→ cZ and t→ ch.

Rare Decay t→ cZ

From (3.147) we can derive the branching ratio for the decay t → cZ, which is given to
excellent approximation by

B(t→ cZ) =
2 (1− r2

Z)
2

(1 + 2r2
Z)

(1− r2
W )

2
(1 + 2r2

W )
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×
{
|(guL)23|

2 + |(guR)23|
2 − 12rcr

2
Z

(1− r2
Z) (1 + 2r2

Z)
Re
[

(guL)∗23 (guR)23

]}

≈ 1.842
[
|(guL)23|

2 + |(guR)23|
2
]
− 0.048 Re

[
(guL)∗23 (guR)23

]
, (5.68)

where ri ≡ mpole
i /mpole

t . For simplicity we keep only terms up to first order in v2/M2
KK and

the charm-quark mass ratio rc ≈ 8.7 · 10−3. As given above, this formula holds for both RS
variants studied in this thesis.

The flavor-changing couplings in the custodial model are given by

(guL)23 = − m2
Z

2M2
KK

(
1

2
− 2

3
s2
w

)[
ωuLZ L (∆U)23 − (∆′U)23

]
− (δU)23 ,

(guR)23 =
m2
Z

2M2
KK

2

3
s2
w

[
ωuRZ L (∆u)23 − (∆′u)23

]
+ (δu)23 .

(5.69)

The ZMA expressions for the matrices ∆U , ∆′U , and ∆′u are obtained from (3.152) by the
replacements cFi → cQi , cfi → cuci . In the same approximation one has δU = 1/2 ΦU with ΦU

introduced in (3.294) and

δu =
1

2
xuU

†
u diag

[
1

1− 2cQi

(
1

F 2(cQi)

[
1− 1− 2cQi

F 2(−cQi)

]
− 1 +

F 2(cQi)

3 + 2cQi

)]
Uu xu . (5.70)

In the minimal model, (5.69) holds true with ωuLZ = ωuRZ = 1 and an additional factor of 1/2 in
front of (δU,u)23. The corresponding ZMA expressions are given in (3.152) and (3.154). Notice
that, compared to the ZMA result in the minimal RS model, the mixing matrix δu above
contains an additional term involving the zero-mode profile F (−cQi).

Inserting the quantum numbers of the representation (3.209) into (3.232), we see that the
leading contribution to (guL)23 in the custodial model is enhanced by a factor

ωuLZ =
2c2
w

1− 4
3
s2
w

≈ 2.2 . (5.71)

In contrast to the minimal model, the right-handed coupling does not receive an L-enhanced
contribution, because

ωuRZ = 0 . (5.72)

Moreover, the contribution that is inversely proportional to F 2(cQi) in δu is highly suppressed,
if cQi < 1/2, since F 2(−cQi) ≈ 1− 2cQi in such a case. The leading corrections to the ZuiRū

j
R

vertices due to quark mixing are therefore protected by the custodial symmetry. While these
features remove a possible source of large effects associated with the composite nature of
the right-handed top quark, they also imply that the chirality of the Ztc interactions in the
model under consideration is predicted to be left-handed. Of course, other choices of the
quantum numbers of the right-handed up-type quarks than those in Table 3.3 are possible, so
that the RS framework does not lead to a firm prediction of the chirality of Ztc interactions.
In the minimal RS formulation a slight preference for left-handed couplings is given due to
the prefactors in (5.69), however, there is also a large part of the parameter space in which
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Figure 5.12: Branching ratio of the rare decay t → cZ as a function of MKK in
the minimal RS model (left) and in the variant with extended custodial protection
cT1i = cT2i (right). Points that do not satisfy the constraints form the Z → bb̄ pseudo
observables are rejected. The red band is excluded at 95% CL by the CDF search
for t → u(c)Z. The red dotted and dashed lines indicate the expected discovery and
exclusion sensitivities of ATLAS for 100 fb−1 integrated luminosity. See [1, 2] and text
for details.

the chirality of Ztc interactions is predominantly right handed. For more details, also on
correlations with B → Xsl

+l− decays, see [1].
The predictions for B(t → cZ) in the minimal as well as in the custodial RS model with

extended PLR symmetry, as a function of MKK, are shown in the left and right panel of
Figure 5.12, respectively. The experimental upper bound on FCNC t→ u(c)Z from the CDF
experiment amounts to B(t → u(c)Z) < 3.7% at 95% CL [337] and is shown as a band. At
the LHC, one can search for rare FCNC top-quark transitions in top-quark production and
decays. The ATLAS [338] and CMS [339] collaborations have examined this possibility in
simulation studies. The minimal branching ratio B(t→ cZ) allowing for a 5σ signal discovery
with 100 fb−1 integrated luminosity is expected to be 1.6 · 10−4 at ATLAS. In the absence of a
signal, the expected upper bound at 95% CL is 6.5 · 10−5. These values are visualized by the
red dotted and dashed lines in the plots. Our numerical studies show that in the custodial
setup, for low KK mass scales in the ballpark of 2 TeV,21 the branching ratio B(t→ cZ) can
come close to the region which can be probed at the LHC.22 Such a low KK scale is a realistic
possibility in RS models with custodial protection. In the minimal RS model the possible
branching ratios are smaller. To a large extend this is due to the rejection of points which
fail to satisfy the constraints form the Z → bb̄ pseudo observables. The custodial protection
of the ZbLb̄L vertex thus leads indirectly to improved prospects of a detection of the decay

21Corresponding to masses of the lightest KK gauge bosons of around 5 TeV.
22As a result of |F (cQ1)|/|F (cQ2)| ∼ λ the branching ratio of t→ uZ is typically suppressed by two orders

of magnitude compared to t → cZ, rendering the former mode unobservable at the LHC. Similar statements
apply to the branching ratio of t→ uh.
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Figure 5.13: Branching ratio of the rare decay t → ch as a function of MKK in
the minimal RS model (left) and the RS model with extended custodial protection
(right). The red dotted and dashed lines indicate the expected discovery and exclusion
sensitivities of the LHC for 100 fb−1 integrated luminosity. See [2] and text for details.

t → cZ at the LHC. Note that there is a strong correlation between the left-handed Ztc
and Zbb̄ couplings due to the fact that the left-handed top quark resides in the same SU(2)L
doublet as the corresponding bottom quark. On the other hand, the range of predictions in
the custodial model also reaches lower values compared to the minimal model. This is due to
the custodial protection of the right-handed couplings. These are anti-correlated with the left-
handed ones due to the mass relations (3.119). Points that show a pronounced right-handed
contribution in the minimal model feature a strongly suppressed Ztc coupling in the custodial
model.

Rare Decay t→ ch

The general form of the interactions of fermions with the Higgs boson has been given in (3.277).
These couplings allow for the flavor-changing decay t → ch (if kinematically accessible) with
a branching ratio

B(t→ ch) =
2 (1− r2

h)
2
r2
W

(1− r2
W )

2
(1 + 2r2

W ) g2

{
|(guh)23|

2 + |(guh)32|
2 +

4rc
1− r2

h

Re
[

(guh)23 (guh)32

]}
, (5.73)

where as before ri ≡ mpole
i /mpole

t , and g is the SU(2)L gauge coupling. Again, we have
included terms up to first order in the charm-quark mass. In our numerical analysis we will
use rh = 0.87, corresponding to a Higgs-boson mass of mh = 150 GeV.

The predictions for B(t→ ch) in the minimal RS model (custodial RS model with extended
PLR symmetry) as a function of MKK are shown in the left (right) panel of Figure 5.13. The
LHC is expected to provide a 3σ evidence for B(t→ ch) larger than 6.5 · 10−5 or set an upper
bound of 4.5 · 10−5 with 95% CL if the decay is not observed [340]. These limits are indicated
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by the red dotted and dashed lines in the plot. We see that for low KK mass scales, the
predicted values for the branching ratio in the custodial scenario can even exceed the LHC
reach, so that a detection of a possible RS signal with t → ch could become reality. Let us
add that without the inclusion of the Yukawa couplings involving Z2-odd fermion profiles, the
obtained branching fractions would be typically smaller by almost two orders of magnitude,
see [1]. In the minimal RS model the prospects for an observation of t → ch turn out to be
less favorable, since the constraints from Z → bb̄ typically eliminate those points in parameter
space that would show pronounced effects.

5.2.3 CP Violation in B0
s -Meson Decays

We have seen in Section 3.2.3 that the RS setup features nine new phases with respect to
the SM, providing new sources of CP violation. In this section, we will study CP violating
observables in the framework of warped extra dimensions. We will focus on B0

s -mesons, since
due to the hierarchy of CKM matrix elements, CP violation in B0

s mixing should be tiny within
the SM (and models of MFV). This offers a nice prerequisite to find signs for NP like warped
extra dimensions. Moreover, B0

s mesons are promising since they are the only mesons that are
expected to mix but do not contain first-generation quarks. This lets us expect potentially
more significant NP corrections. Beyond that, some anomalies have been reported in the B0

s -
meson sector, recently (see Section 1.1.6 and the remainder of this section). We will analyze
corrections to the width difference ∆Γs, to the semileptonic CP asymmetry AsSL, as well as
to the CP asymmetry Sψφ. We will perform a thorough calculation of the decay amplitude
Γs12 in the framework of an EFT, based on operator product expansion. As a by-product, we
identify a SM contribution missing in the literature. However, although it is of the same size
as terms that have been considered, it belongs to a class of numerically suppressed terms and
its omission has no significant impact on the numerical predictions. Due to the EFT approach,
our results can be used for many new physics models.

Theory of B-Meson Mixing and CP Violation

We start with a breif review of the theory of CP violation in B0
q -meson (q = d, s) decays. For

a comprehensive introduction see e.g. [73, 74, 75, 118]. One can distinguish between three
types of CP violation in meson decays:

(a) CP violation in mixing

(b) CP violation in decay

(c) CP violation in the interference of decays with and without mixing.

Before discussing the origin of these different classes, we have to introduce the theoretical
framework to describe B0

q–B̄
0
q mixing.

For times t that are much larger than the strong interaction scale, the time evolution
of the neutral B0

q–B̄
0
q system can be described by a time-dependent Schrödinger equation

[341, 342, 343]. Writing an arbitrary neutral B-meson state at time t as a superposition of
the strong interaction eigenstates B0

q and B̄0
q

|B0 phys
q (t)〉 = b(t)|B0

q 〉+ b̄(t)|B̄0
q 〉 , (5.74)
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its time evolution is given by

i
d

dt

(
b(t)
b̄(t)

)
= Hq

(
b(t)
b̄(t)

)
. (5.75)

The effective 2× 2 Hamiltonian

Hq =

(
M q − i

2
Γq

)
(5.76)

governs the oscillation and decay of B-mesons and therefore contains an anti-hermitian part
proportional to the decay matrix Γq. This matrix and the mass matrix M q are hermitian and
obtained in QFT as the absorptive and dispersive part of the amplitude governing

(
B0
q , B̄

0
q

)
↔(

B0
q , B̄

0
q

)
transitions, respectively. For example, M q

12 corresponds to the dispersive part of
the B0

q → B̄0
q transition. CPT invariance guarantees that M q

11 = M q
22 and Γq11 = Γq22 and

hermiticity leads to M q
21 = M q∗

12 and Γq21 = Γq∗12. The eigenstates of Hq correspond to

|BL
q 〉 = p|B0

q 〉+ q|B̄0
q 〉, |BH

q 〉 = p|B0
q 〉 − q|B̄0

q 〉 , (5.77)

with eigenvalues
µqL,H = M q

L,H + iΓqL,H , (5.78)

where |p|2 + |q|2 = 1. Here, M q
L,H and ΓqL,H denote the masses and decay widths of the light

and heavy mass eigenstates BL,H
q , respectively. We define the mass difference as well as the

width difference between these states as

∆mBq ≡M q
H −M q

L, ∆Γq ≡ ΓqL − ΓqH . (5.79)

Solving the eigenvalue equation leads to

∆Γq =− 4 Re(M q
12Γq∗12)

∆mBq

, (∆mBq)
2 − 1

4
(∆Γq)

2 = (4|M q
12|2 − |Γq12|2) ,

q

p
=− 2M q∗

12 − iΓq∗12

∆mBq + i
2
∆Γq

.

(5.80)

It is experimentally known that for B-mesons ∆mBq � ∆Γq and in consequence also |M q
12| �

|Γq12| [73, 344]. It follows that to zeroth order in |Γq12|/|M q
12|, which is a very good approxima-

tion,
∆mBq = 2|M q

12| . (5.81)

This results in [345, 346]

∆Γq = − 2 Re(M q
12Γq∗12)

|M q
12|

= 2 |Γq12| cosφq , (5.82)
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where we have defined the relative phase φq between the mixing and the decay amplitude
according to the convention

M q
12

Γq12

= − |M
q
12|

|Γq12|
eiφq , φq = arg(−M q

12Γq∗12) . (5.83)

Note that, including corrections to first order in |Γq12|/|M q
12|

q

p
= −|M

q∗
12 |

|M q
12|

[
1− 1

2
Im

(
Γq12

M q
12

)]
. (5.84)

Moreover, we define the decay amplitudes of B-mesons, decaying into a final state f via a
decay Hamiltonian Hd, as

Af = 〈f |Hd|B〉 , Āf = 〈f |Hd|B̄〉 , (5.85)

where CP relates Af and Āf .
23 Now we can identify conditions for the different types of CP

violation mentioned above to be present (see e.g. [73]).

1. CP violation in mixing: |q/p| 6= 1
This type of CP violation is induced, if the mass eigenstates of the mesons differ from the
CP eigenstates. It requires a relative phase between the dispersive and the absorptive
part of the B0

q → B̄0
q transition, i.e., φq 6= 0, π . CP violation in mixing can be observed

through a non-vanishing semileptonic CP asymmetry

AqSL =
Γ(B̄0 phys

q (t)→ l+νlX)− Γ(B0 phys
q (t)→ l−ν̄lX)

Γ(B̄0 phys
q (t)→ l+νlX) + Γ(B0 phys

q (t)→ l−ν̄lX)
, (5.86)

where

AqSL =
1− |q/p|4
1 + |q/p|4 = Im(Γq12/M

q
12) . (5.87)

Note that, here and in the following, we denote with B0 phys
q (t) (B̄0 phys

q (t)) a time evolved,
initially pure B0

q -meson (B̄0
q -meson).

2. CP violation in decay: |Āf̄/Af | 6= 1
CP violation in the decay of a meson requires at least two terms in the decay amplitude
to have different weak phases, i.e., phases due to complex parameters in the Lagrangian,
and different strong phases, i.e., phases due to intermediate on-shell states. For example
this type of CP violation is the only source of the CP asymmetry in charged B-meson
decays, given by

af± =
Γ(B+ → f+)− Γ(B− → f−)

Γ(B+ → f+) + Γ(B− → f−)
. (5.88)

23Note that we will not always use an index to denote the decaying meson type, which however should be
clear from the context.
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This asymmetry can be calculated from the decay amplitudes as

1− |Āf−/Af+ |2
1 + |Āf−/Af+ |2 . (5.89)

3. CP violation in the interference of decays with and without mixing: Im(λf ) 6= 0
This type of CP violation is an effect of the interference between an amplitude for a me-
son to first mix and then decay and a direct decay amplitude into the same final state.
It is induced by a non-vanishing value for the imaginary part of the quantity

λf =
q

p

Āf
Af

. (5.90)

It enters the time dependent CP asymmetry in the decay into a CP eigenstate f = f̄ =
fCP

AqfCP
(t) =

Γ(B̄0 phys
q (t)→ fCP)− Γ(B0 phys

q (t)→ fCP)

Γ(B̄0 phys
q (t)→ fCP) + Γ(B0 phys

q (t)→ fCP)
, (5.91)

which is given by [73]

Aqf (t) = Sf sin(∆mBqt)− Cf cos(∆mBqt) ,

Sf =
2Imλf

1 + |λf |2
, Cf =

1− |λf |2
1 + |λf |2

.
(5.92)

In the case that CP violation from mixing as well as from the direct decay are negligible,
one has |λfCP

| = 1 and thus CfCP
= 0. In consequence Im(λfCP ) 6= 0 is the only

contributing effect.

Note that all the three types of CP violation have been experimentally observed in Kaon
physics, namely by measuring non-zero values for the quantities Re(εK), Re(ε′K), and Im(εK),
respectively (see e.g. [73]).

B0
s -Meson Observables in the SM and Beyond

Many of the quantities introduced above have been measured in the B0
s -system, which allows

to confront theoretical predictions with experiment.
For example, CDF and DØ presented combined results in the (β

J/ψφ
s ,∆Γs)–plane [100]

which differ from the SM prediction by about 2σ.24 Here, β
J/ψφ
s ∈ [−π/2, π/2] is the CP-

violating phase in the interference of mixing and decay (see below), obtained from the time-
dependent angular analysis of flavor-tagged B0

s → J/ψφ decays. In the SM it is given by
[347, 348]

βJ/ψφs = − arg

(
−λ

bs
t

λbsc

)
= 0.020± 0.005 , (5.93)

24However, the latest individual CDF results disagree by 1σ only [101].
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with λbsq = VqbV
∗
qs . The SM value for the width difference reads [349]

∆ΓSM
s = (0.087± 0.021) ps−1 . (5.94)

The SM prediction for the semileptonic CP asymmetry (AsSL)SM = (1.9± 0.3) · 10−5 [349],
which is often denoted by assl or asfs in the literature, agrees with the direct measurement
(AsSL)exp = −0.0017± 0.0092 [350] within the (large) error. However, recent measurements of

the like-sign dimuon charge asymmetry AbSL [99], which measures a combination of AsSL and
its counterpart AdSL of the B0

d-meson sector [351], imply a deviation in AsSL of almost 2σ.
In the presence of NP contributions to M s

12 and Γs12, the observables in B0
s -physics will

receive modifications. We follow [352] and extend the SM expressions according to

M s
12 = M sSM

12 +M sNP
12 = M sSM

12 RM eiφM ,

Γs12 = ΓsSM
12 + ΓsNP

12 = Γs SM
12 RΓ e

iφΓ .
(5.95)

Applying these relations to (5.82) we arrive at the width difference in the presence of NP
[353, 354]

∆Γs = 2 |ΓsSM
12 |RΓ cos(φSM

s + φM − φΓ) , (5.96)

whereas the semileptonic CP asymmetry (5.87) becomes

AsSL =
|ΓsSM

12 |
|M sSM

12 |
RΓ

RM

sin(φSM
s + φM − φΓ) . (5.97)

In order to obtain predictions for these observables in RS models, a calculation of the
corresponding correctionsRM,Γ and ΦM,Γ is necessary. Within the SM, the leading contribution
to the dispersive part of the B0

s–B̄
0
s mixing amplitude appears at the one-loop level. If NP

involves FCNCs at the tree level, these give rise to sizable corrections to M s
12 and thus also to

the mass difference ∆mBs , see (5.81). In the context of RS scenarios, the corrections to M s
12

have been calculated in [213, 241] (see also [176, 177] for a first estimate).
Moreover, the presence of tree-level FCNCs and right-handed charged-current interactions

gives rise to new decay diagrams. However, NP corrections to the absorptive part of the
amplitude are generically suppressed by m2

W/M
2
NP with respect to the SM contribution, where

MNP is the NP mass scale. Yet, as a concrete calculation of such corrections in RS models has
not been presented before, we will provide it in the following, for the sake of obtaining a more
quantitative prediction. We will give the results both for the minimal as well as the custodial
RS variant. Beyond that, since we use an EFT approach, our results will be applicable to
a more general class of NP models. Recently, model-independent estimates on AsSL in the
presence of heavy gluons have been presented in [355], taking into account modifications in
Γs12. NP contributions from electroweak (EW) penguin operators as well as right-handed
charged currents have not been considered. However, in RS models the former can compete
with or even dominate contributions from QCD penguins. Moreover, part of the latter tend
to give the dominant contribution to ΓsRS

12 for the most natural choice of input parameters.



5.2. FLAVOR PHYSICS 195

Calculation of Γs
12 in the Presence of New Physics

Within the SM, Γs12 has been calculated to NLO in QCD [347, 356, 357, 358, 359, 360, 361]. It
is given by the hadronic matrix element of the transition operator, which converts B̄0

s into B0
s

Γs12 =
1

2mBs

〈B0
s |T |B̄0

s 〉 ,

T = Disc

∫
d4x

i

2
T
[
H∆B=1

eff (x)H∆B=1
eff (0)

]
.

(5.98)

Taking the discontinuity in the expression above projects out those intermediate states, that
are on-shell. A systematic evaluation of the matrix element in powers of 1/mb is possible in
the framework of the heavy-quark expansion (HQE), assuming local quark-hadron duality (for
a review and references see [362]). At zeroth order, the momentum of the B-meson in its rest
frame is equal to the momentum of the bottom quark, while the strange-quark momentum is
set to zero. Long-lived intermediate states (with respect to hadronic scales) would normally
jeopardize a short-distance treatment of the transition amplitude. For B0

q -mesons, however,
the bottom quark mass corresponds to an additional short-distance scale, leading to a large
energy transfer into the intermediate states. Thus, at typical hadronic distances x > 1/mb,
the transition of B̄0

s into B0
s is again a local process [356] and the matrix element can be

expanded in terms of local ∆B = 2 operators.
We derive the leading contribution to Γs12 in the presence of NP. The most important

corrections to the SM result are given by the interference of SM and NP insertions. QCD
corrections are implemented by evolving the Wilson coefficients of the ∆B = 1 operators
from the matching scale down to mb. The leading SM contributions can be written as matrix
elements of the ∆B = 2 operators

Q1 = (s̄ibi)V−A(s̄jbj)V−A ,

Q2 = (s̄ibi)S+P (s̄jbj)S+P ,
(5.99)

where i and j denote color indices (that are summed over). The notation V ± A denotes the
Dirac structure γµ(1 ± γ5) in between the spinors, whereas S ± P corresponds to (1 ± γ5).
Right-handed charged currents, which occur in RS models, bring about the necessity of further
∆B = 2 operators,

Q3 = (s̄ibj)S+P (s̄jbi)S+P ,

Q4 = (s̄ibi)S−P (s̄jbj)S+P ,

Q5 = (s̄ibj)S−P (s̄jbi)S+P ,

(5.100)

due to the interference of SM with NP insertions. The appropriate ∆B = 1 Hamiltonian,
allowing for new right-handed charged currents as well as FCNCs, is given by

H∆B=1
eff =

GF√
2
λbsc

[ ∑

i=1,2

(
CiQi + CLL

i Qi + CLR
i QLR

i + CRL
i QRL

i

)
+

10∑

i=3

CiQi

]

+
10∑

i=3

(
CNP
i Qi + C̃NP

i Q̃i

)
.

(5.101)
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The operators

Q1 = (s̄icj)V−A(c̄jbi)V−A ,

Q2 = (s̄ici)V−A(c̄jbj)V−A ,

QLR
1 = (s̄icj)V−A(c̄jbi)V+A ,

QLR
2 = (s̄ici)V−A(c̄jbj)V+A ,

(5.102)

arise from (KK) W±-boson exchange (Q1,2), as well as from right handed charged currents
(QLR

1,2 ) which correspond to a new structure - compared to the SM - see Section 3.6. The
operators QRL

i are chirality flipped with respect to QLR
i . We do not include operators of the

type RR as their coefficients scale like v4/M4
KK in the models at hand. Due to the hierarchies

in the CKM matrix and the RS-GIM mechanism, it is sufficient to restrict ourselves on c
quarks as intermediate states, when calculating RS corrections involving the charged current-
sector. For the SM contribution however, we will include all combinations uc, cu, and uu
in our analysis, in addition to the operators given above. Concerning the NP corrections
LL,LR,RL, we factor out the CKM factor λbsc only for convenience.

As explained in Section 3.6, the experimentally determined values for Vcb and Vcs from
semileptonic B and D decays should be identified with the exchange of all SU(2)L gauge
bosons. In turn, the NP coefficients CLL

1,2 arise only due to the non-factorizable corrections in
(3.270), which can not be absorbed into λbsc . In addition to the operators discussed so far,
there are also QCD penguin operators

Q3 = (s̄ibi)V−A
∑

q
(q̄jqj)V−A ,

Q4 = (s̄ibj)V−A
∑

q
(q̄jqi)V−A ,

Q5 = (s̄ibi)V−A
∑

q
(q̄jqj)V+A ,

Q6 = (s̄ibj)V−A
∑

q
(q̄jqi)V+A ,

(5.103)

and EW penguin operators

Q7 =
3

2
(s̄ibi)V−A

∑
q
Qq (q̄jqj)V+A ,

Q8 =
3

2
(s̄ibj)V−A

∑
q
Qq (q̄jqi)V+A ,

Q9 =
3

2
(s̄ibi)V−A

∑
q
Qq (q̄jqj)V−A ,

Q10 =
3

2
(s̄ibj)V−A

∑
q
Qq (q̄jqi)V−A ,

(5.104)

with q = u, c, d, s.
Here, no CKM factors are involved and all light quarks have to be kept as intermediate

states, when considering neutral-current insertions only. Finally, there exist also chirality-
flipped operators with respect to (5.103) and (5.104), denoted by Q̃3..10. Note that the possi-
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bility of a flavor change on both vertices for NP penguins, as well as the dependence of the
Wilson coefficients on the quark flavor q, can be safely neglected due to an additional RS-
GIM suppression. For the same reason the chirality flipped penguins C̃RS

3..10 can be neglected
compared to CRS

3..10 for bs transitions [213].
Despite of the α/αs-suppression, the EW penguin operators in the minimal RS model

can dominate over the gluon penguins [176, 177, 213]. This is due to the enhancement of
the leading correction to the left-handed Z-coupling by the RS-volume L, see Section 3.5.
Note that this is not the case in the custodial RS variant featuring a protection for the ZbLb̄L
vertex. The RS Wilson coefficients for the penguin operators can be obtained from Section 3.5
and have been worked out in [213]. We give them in Appendix B.4 for completeness. There
further is the possibility of flavor-changing Higgs couplings which, however, can be neglected
compared to the contributions of flavor-changing heavy gauge bosons in RS models.

In double-penguin insertions, we include all light quarks with masses set to zero, besides
for mc. Double penguins also allow for leptons within the cut-diagram. However, as the
related SM coefficient is suppressed by α/αs, it is not possible to obtain large effects from
s̄b→ τ̄ τ transitions, which are less constrained by experiment [363]. Note that this conclusion
can be evaded, if this transition is mediated at tree level by light NP particles in the range of
∼ 100 GeV. In that case, the double NP insertion can become comparable to the SM diagrams
[364]. Possible candidates are scalar leptoquarks [352, 365]. Given the loose bounds imposed by
existing tree- and loop-level mediated B0

d,s-meson decays, it has been shown recently [366], that
the presence of a single (s̄b)(τ̄ τ) operator can lead model-independently to an enhancement
of Γs12 of maximally 40% compared to the SM value.

Neglecting intermediate leptons, we find to LO in the HQE

Γs12 = − m2
b

12π(2MBs)
G2
F (λbsc )

2√
1− 4z

{[
(1− z)(Σ1 + ΣLL

1 ) +
1

2
(1− 4z)(Σ2 + ΣLL

2 ) + 3z (Σ3 +K
′LL
3 )

− 3

2

√
z (ΣLR

1 + ΣLR
2 +K

′LR
3 +K

′LR
4 )

+
1√

1− 4z

(
(3K̄ ′′1 +K ′′s1 +

3

2
K̄ ′′2 +

1

2
K ′′s2) +

λbsu
λbsc

(1− z)2
(
(2 + z)K1 + (1− z)K2

)

+
1

2

(λbsu )
2

(λbsc )2 (2K1 +K2)
)]
〈Q1〉

+
[
(1 + 2z)( Σ1 + ΣLL

1 − Σ2 − ΣLL
2 ) − 3

√
z (2ΣLR

1 + ΣLR
2 −K

′LR
4 )

+
1√

1− 4z

(
(3K̄ ′′1 +K ′′s1 − 3K̄ ′′2 −K ′′s2)

+ 2
λbsu
λbsc

(1− z)2(1 + 2z)(K1 −K2) +
(λbsu )

2

(λbsc )2 (K1 −K2)
)]
〈Q2〉

− 3
√
z (ΣLR

1 + 2ΣLR
2 +K

′LR
3 ) 〈Q3〉 + 3

√
z (ΣRL

1 −K
′RL
3 ) 〈Q4〉 + 3

√
z (ΣRL

2 −K
′RL
4 ) 〈Q5〉

}
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− m2
b

12π(2MBs)

√
2GFλ

bs
c

√
1− 4z

{[
(1− z) ΣNP

1 +
1

2
(1− 4z) ΣNP

2 + 3zΣNP
3

+
1√

1− 4z
(3K̄

′′NP
1 +K

′′NP
s1 +

3

2
K̄
′′NP
2 +

1

2
K
′′NP
s2 )

]
〈Q1〉

+
[
(1 + 2z)( ΣNP

1 − ΣNP
2 )

+
1√

1− 4z
(3K̄

′′NP
1 +K

′′NP
s1 − 3K̄

′′NP
2 −K ′′NP

s2 )
]
〈Q2〉 + O

(
1

mb

)}
, (5.105)

where z = m2
c/m

2
b and 〈Q〉 ≡ 〈B0

s | Q |B̄0
s 〉. In order to get a compact result, we have

defined the linear combinations (A,B ∈ {L,R})

Σi =Ki +K ′i +K ′′i ,

ΣAB
i =KAB

i +K
′AB
i , i = 1, 2,

Σ3 =K ′3 +K ′′3 ,

ΣNP
i =K

′NP
i +K

′′NP
i i = 1, 2, 3 ,

(5.106)

where the coefficients on the right-hand side of (5.106) are again linear combinations of Wilson
coefficients. In agreement with [356] we get (Ci+j ≡ Ci + Cj)

K1 =NcC
2
1 + 2C1C2 , K2 = C2

2 ,

K ′1 = 2 (NcC1C3+9 + C1C4+10 + C2C3+9) ,

K ′2 = 2C2C4+10 ,

K ′3 = 2 (NcC1C5+7 + C1C6+8 + C2C5+7 + C2C6+8) ,

K ′′1 =NcC
2
3+9 + 2C3+9C4+10 +NcC

2
5+7 + 2C5+7C6+8 ,

K ′′2 =C2
4+10 + C2

6+8 ,

K ′′3 = 2(NcC3+9C5+7 + C3+9C6+8 + C4+10C5+7 + C4+10C6+8) .

(5.107)

The combinations Ki are due to insertions of charged-current operators and are responsible
for the dominant contribution in the SM. The coefficients K ′i and K ′′i correspond to the inter-
ference of charged-current operators with penguin operators and penguin-penguin insertions,
respectively. As we consider light quarks (q = u, d, s ) in the limit mq = 0, there is a can-
cellation in the EW penguin sector due to the electric charges. The coefficients K̄

′′
i therefore

resemble the K
′′
i , with C7..10 set to zero. For strange quarks as intermediate states, there

is a second possibility for the penguin insertion. In the limit ms = 0, there are additional
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contributions from

K ′′s1 = (2 +Nc)(C4 − C10/2)2 + 2 (Nc + 1)(C3 − C9/2)(C4 − C10/2) + 2 (C3 − C9/2)2 ,

K ′′s2 = 2 (C3 − C9/2)(C4 − C10/2) + (C3 − C9/2)2 .

(5.108)

Note that these terms have not been taken into account in [356]. On the other hand, as all
double-penguin insertions are numerically suppressed, this omission has no significant effect.

Next we come to the interference of SM diagrams with NP penguins, which is collected in

K
′NP
1 = 2 (NcC1C

NP
3+9 + C1C

NP
4+10 + C2C

NP
3+9) ,

K
′NP
2 = 2C2C

NP
4+10 ,

K
′NP
3 = 2 (NcC1C

NP
5+7 + C1C

NP
6+8 + C2C

NP
5+7 + C2C

NP
6+8) ,

K
′′NP
s1 = 2

(
(Nc + 2)C4(CNP

4 − CNP
10 /2) + (Nc + 1)C4(CNP

3 − CNP
9 /2)

+ (Nc + 1)C3(CNP
4 − CNP

10 /2) + 2C3(CNP
3 − CNP

9 /2)
)
,

K
′′NP
s2 = 2

(
C3(CNP

3 − CNP
9 /2) + C3(CNP

4 − CNP
10 /2) + C4(CNP

3 − CNP
9 /2)

)

(5.109)

and

K
′′NP
1 = 2 (NcC3C

NP
3+9 + C3C

NP
4+10 + C4C

NP
3+9 +NcC5C

NP
5+7 + C5C

NP
6+8 + C6C

NP
5+7) ,

K
′′NP
2 = 2 (C4C

NP
4+10 + C6C

NP
6+8) ,

K
′′NP
3 = 2 (NcC3C

NP
5+7 + C3C

NP
6+8 + C4C

NP
5+7 + C4C

NP
6+8

+NcC5C
NP
3+9 + C5C

NP
4+10 + C6C

NP
3+9 + C6C

NP
4+10) .

(5.110)

Here, we have neglected the tiny contributions from the interference of SM EW penguins with
NP graphs. In addition, there are contributions from the interference of NP charged currents
with SM penguins

K
′LL
1 = 2 (NcC3C

LL
1 + C3C

LL
2 + C4C

LL
1 ) ,

K
′LL
2 = 2C4C

LL
2 ,

K
′LL
3 = 2 (NcC5C

LL
1 + C5C

LL
2 + C6C

LL
1 + C6C

LL
2 ) ,

K
′LR
1 = 2 (NcC3C

LR
1 + C3C

LR
2 + C4C

LR
1 ) ,

K
′LR
2 = 2C4C

LR
2 ,

K
′LR
3 = 2 (NcC5C

LR
1 + C5C

LR
2 + C6C

LR
1 ) ,

K
′LR
4 = 2C6C

LR
2 .

(5.111)
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The corrections to the purely charged-current interactions are given by

KLL
1 = 2

(
NcC1C

LL
1 + C1C

LL
2 + C2C

LL
1

)
,

KLL
2 = 2C2C

LL
2 ,

KLR
1 = 2 (NcC1C

LR
1 + C1C

LR
2 + C2C

LR
1 ) ,

KLR
2 = 2C2C

LR
2 .

(5.112)

The coefficients K
(′)RL
i resemble K

(′)LR
i , with CLR

i replaced by CRL
i . In oder to arrive at the

form (5.105) we have used several chiral Fierz identities [367]. A nice method to obtain them
in an easy way is presented in [368]. All NP coefficients should by calculated at the NP mass
scale and then evolved down to mb. Explicit expressions for the Wilson coefficients of the
minimal as well as the custodial RS model are given in the appendices B.4 and B.5.

The dispersive part of the mixing amplitude has been calculated for RS models in the
literature [213, 241]. The required effective Hamiltonian reads

H∆B=2
eff =

5∑

i=1

CiQi +
3∑

i=1

C̃iQ̃i . (5.113)

Note that there are no tree-level contributions to C2,3 and C̃2,3 in the RS model. The RS
correction to

2mBsM
s
12 = 〈B0

s |H∆B=2
eff |B̄0

s 〉 (5.114)

is given by [213, 241]

M sRS
12 =

4

3
mBsf

2
Bs

[ (
CRS

1 (m̄b) + C̃RS
1 (m̄b)

)
B1 +

3

4
R(m̄b)C

RS
4 (m̄b)B4 +

1

4
R(m̄b)C

RS
5 (m̄b)B5

]
.

(5.115)
The bag parameters B1,4,5, related to hadronic matrix elements evaluated on the lattice, are
listed in (5.120). The ∆B = 2 Wilson coefficients can be found in Appendix B.6. Compared
to CRS

1 (m̄b), the coefficient CRS
4 (m̄b) is suppressed by about two orders of magnitude due

to a stronger RS-GIM mechanism. The coefficients C̃RS
1 (m̄b) and CRS

5 (m̄b) are even further
suppressed. The SM mixing amplitude can be obtained from [76, 347, 369] and reads

M s SM
12 =

G2
F

12π2
(λbst )

2
m2
WmBsηBf

2
BsB1S0(xt) . (5.116)

Here ηB = 0.837 includes NLO QCD corrections in naive dimensional reduction (NDR). S0(xt)
is the Inami-Lim function and xt = m̄t(m̄t)

2/m2
W with m̄t(m̄t) = (163.8 ± 2.0) GeV. We use

mBs = 5.366(1) GeV [12] and fBs = (238.8± 9.5) MeV [370] for the B0
s meson mass and decay

constant, respectively. If not stated otherwise, all other experimental input for this section is
taken from [12].

Numerical Analysis for RS Models and Discussion

We now present our numerical predictions for the RS setup, based on the anarchic parameter
sets described at the beginning of this Chapter. In Table 5.2, we give the contributions of
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Model/Coef. |K̃ ′2| |K̃ ′′2 | |K(LL)
2 | |KLR

2 | |KRL
2 | ×

SM 0.543 0.016 12.656 - - 10−1

mean (min RS) 0.16 0.03 0.01 4.40 0.04 10−3

stand. dev. 0.17 0.03 0.05 7.41 0.06 10−3

mean (cust) 0.94 0.06 0.23 2.22 0.03 10−3

stand. dev. 1.39 0.09 1.38 4.98 0.05 10−3

Table 5.2: Selected SM-penguin and charged-current coefficients contributing to Γs12 compared
to the mean absolute values of the corresponding RS coefficients for MKK = 2 TeV and µ = m̄b .
See text for details.

selected individual ingredients of Γs12 (5.105). The SM coefficients are taken from [371]. As
they are not supplemented with a CKM factor in (5.101), we rescale the RS penguin coefficients

- for instance K̃
′RS
2 ≡

√
2 (GFλ

bs
c )
−1
K
′RS
2 (SM: K̃ ′2 = K ′2) - to allow for an easier comparison.

The mean absolute values of our RS predictions should be compared to the corresponding SM
results, where the numbers have to be multiplied by the order of magnitude given in the last
column. The maximum values exceed the given numbers by at least one order of magnitude,
as suggested by the large standard deviations. We have set the NP scale to MKK = 2 TeV
and have discarded all points, which are in conflict with the Z → bb̄ pseudo observables. For
the purpose of this analysis, we reject all points lying outside the 95% confidence region in
the gbL − gbR plane. For the minimal RS model this sets a quite stringent upper limit on cbL ,
see Section 5.1.3. Within the custodial RS variant with a protection for the ZbLb̄L-vertex, the
respective bound vanishes.

Neglecting experimental constraints, there is no difference between the minimal and the
custodial RS variant at LO in v2/M2

KK in the charged current sector (see Appendix B.5). For
the natural assumption of cQ2 < −1/2 , see Figure 3.9, the biggest correction stems from
the operator QLR

2 . This is easy to understand if we apply the Froggatt-Nielsen analysis of
Section 3.2.3 to (B.12) and (B.15). Setting all Yukawa factors to one and performing an
expansion in the Wolfenstein parameter λ, we find as a crude approximation

CLL
2 ∝ m2

W

2M2
KK

L F (cQ2)2F (cQ3)2 , (5.117)

CLR
2 ∝ v2

2M2
KK

F (cQ3)

F (cQ2)
F (cu2)F (cd3) ∝ mcmb

M2
KK

1

F (cQ2)2
,

CRL
2 ∝ v2

M2
KK

F (cu2)F (cd2) ∝ 2mcms

M2
KK

1

F (cQ2)2
.

Note that the importance of CLR
2 grows with increasing UV-localization of the (cL, sL)T dou-

blet, which explains its rather large size. This effect is caused by fermion mixing. Technically,
the chiral suppression in small masses is lifted by the inverse zero-mode profiles (which are
strongly suppressed) entering CLR

2 . The same holds true for CRL
2 , which is however smaller by

a factor of ms/mb. The coefficients CAB
1 with A,B ∈ {L,R} are zero at the matching scale,

but generated through operator mixing in the evolution down to µ = m̄b. At µ = m̄b, the
values of |KAB

1 | amount to about a third of the corresponding values of |KAB
2 | . In the RS
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model the contributions from the coefficients CLL
i and CRL

i can be safely neglected, just as
those of the chirality flipped penguins.

The coefficients K
′RS
i and K

′′RS
i grow with an increasing IR localization value of cbL and

csL ≡ cQ2 . The reason is, that the RS corrections due to penguin operators are dominated
by overlap integrals of left-handed fermions with intermediate KK-gauge bosons and mixing
effects of the latter with the Z-boson. The corresponding RS expressions are given in (B.8). As
KK modes are peaked towards the IR brane, overlap integrals with UV localized fermions are
exponentially suppressed and the RS-GIM mechanism is at work. As mentioned before, the
leading correction due to Z exchange is enhanced by a factor L within the minimal RS variant.
Nevertheless, because of the stringent bounds from Zbb̄, the total penguin contributions remain
smaller than in the custodial model. In both RS setups, it is sufficient to consider only the
contributions stemming from the coefficients K

′NP
i in the neutral-current sector. The impact

of double penguin contributions amounts typically to about 1% of the leading correction due
to charged currents.

In order to arrive at a global picture, we have to evaluate the whole expressions (5.105)
and (5.115). In terms of

R(µ) ≡
(

MBs

m̄b(µ) + m̄s(µ)

)2

, (5.118)

the matrix elements are given by

〈Q1〉 =
8

3
M2

Bsf
2
BsB1(µ) ,

〈Q2〉 = −5

3
M2

Bsf
2
Bs R(µ)B2(µ) ,

〈Q3〉 =
1

3
M2

Bsf
2
BsR(µ)B3(µ) ,

〈Q4〉 = 2M2
Bsf

2
BsR(µ)B4(µ) ,

〈Q5〉 =
2

3
M2

Bsf
2
BsR(µ)B5(µ) .

(5.119)

The bag parameters Bi are obtained from the lattice. We take the values of [372] in the
NDR-MS scheme of [357]. They read

B1 = 0.87(2)
(

+5
−4

)
, B2 = 0.84(2)(4), B3 = 0.91(3)(8),

B4 = 1.16(2)
(

+5
−7

)
, B5 = 1.75(3)

(
+21
−6

)
, (5.120)

where the first (second) number in brackets corresponds to the statistical (systematic) error.
In order to resum large logarithms we employ z̄ = m̄2

c(m̄b)/m̄
2
b(m̄b) = 0.048(4) [347] in our

numerical analysis. We use m̄b(m̄b) = (4.22 ± 0.08) GeV and m̄s(m̄b) = (0.085 ± 0.017) GeV
for the quark masses in the MS scheme.

The left panel of Figure 5.14 shows the RS corrections to the magnitude and CP-violating
phase of the B̄0

s–B
0
s decay width, RΓ and φΓ, for the 10000 parameter sets, generated as

described before. For the analysis of this section we do not vary the KK scale but rather
chose MKK = 2 TeV. The blue (dark gray) points correspond to the minimal RS model, where
only points that are in agreement with the Z → bb̄ pseudo observables are shown. The orange
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Figure 5.14: RS corrections to the magnitude and CP-violating phase of the B̄0
s–B

0
s

decay amplitude, RΓ and φΓ (left), as well as of the dispersive part of the mixing
amplitude, RM and φM (right). Blue (dark gray) points correspond to the minimal,
orange (light gray) to the custodial RS model. The dashed lines indicate the 95%
confidence region from the measurement of ∆mBs . See [4] and text for details.

(light gray) points correspond to the custodial extension, where the latter constraint effectively
vanishes. As we are just interested in the approximate size of RS corrections, we work with
the LO SM expressions. However, for precise predictions for a certain parameter point, one
should include the full NLO corrections to Γs12 and M s

12. As expected, the RS corrections to
|Γs12| are rather small, typically not exceeding ±4%. The right panel displays the corrections
to the magnitude and phase of the dispersive part of the mixing amplitude, RM and φM .
For this analysis, important constraints arise from the measurement of the B̄0

s–B
0
s oscillation

frequency. The corresponding result for the mass difference reads [373]

∆mexp
Bs

= (17.77± 0.10 (stat)± 0.07 (syst)) ps−1 , (5.121)

and is in good agreement with the SM prediction of (17.3± 2.6) ps−1 [349]. As a consequence,
we exclude all points with RM 6∈ [0.718, 1.336], which corresponds to the 95% CL region of
(5.121). This is indicated by the dashed lines. Note that for a sufficient amount of scatter
points, the phase correction φM can take any value in [−π, π] within the custodial RS model.
Comparing the results for the new phase φΓ to those for φM , we see that the former can be
neglected to very good approximation, what we will do from now on.

Another important constraint for our analysis comes from the CP-violating observable
εK = εSM

K + εRS
K [157, 213, 220, 241]. Explicitly, we demand |εK | ∈ [1.2, 3.2] · 10−3 [213], where

εK =
κε e

iϕε

√
2 (∆mK)exp

Im(MK SM
12 +MK RS

12 ) , (5.122)

with ϕε = (43.51± 0.05)◦ [12] and κε = 0.92± 0.02 [374]. The neutral Kaon mixing amplitude
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Figure 5.15: Left: Corrections in the ∆ΓSM
s /βs -plane for the minimal (blue/dark

gray) and custodial (orange/light gray) RS model. Bounds from Zbb̄, ∆mBs , and
εK are satisfied. See [4] and text for details. Right: Experimental constraints from
flavor-tagged B0

s → J/ψφ decays. Figure from [101].
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Figure 5.16: Corrections in the AsSL/Sψφ -plane for the minimal (blue/dark gray) and
custodial (orange/light gray) RS model. Bounds from Zbb̄, ∆mBs , and εK are satisfied.
See [4] and text for details.

is defined in analogy to (5.114). The input data needed for the calculation can be found in
Appendix B of [213]. As it turns out, without some tuning, the prediction for εK is generically
too large. Note that the dangerous contributions from the operators Qsd

4,5 [220], which can
become comparable to those of Qsd

1 due to RK = (MK/(m̄d+ m̄s))
2 ≈ 20 for µ = 2 GeV and a

more pronounced RG running, could be suppressed by imposing a U(3) flavor symmetry in the
right-handed down-quark sector [205], as mentioned in Section 3.2.3. Although this symmetry
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will inevitably be broken by the Yukawa couplings, the possibility to choose all down-type bulk
masses equally allows to forbid tree-level down-type FCNCs in the ZMA. This can be seen
from (B.16), since (W †

d)mj(W d)jn = 0 for m 6= n due to the unitarity of W d . Non-vanishing

contributions from the exchange of KK gauge bosons arise only at O(v4/M4
KK) from the mixing

of the right-handed fermion zero modes with their KK excitations. For MKK = 2 TeV, it would
thus be possible to reduce Csd

4,5 by a factor of about 100, by imposing such a symmetry. The
same suppression factor also applies to the B-meson sector. For the coefficient CRS

1 however,
such a protection is not possible. In our analysis, we do not impose an additional flavor
symmetry on the bulk masses, but rather use the bound from εK as an additional constraint
on our scatter points and discard those that are in conflict with it.

Setting the tiny SM phases to zero, the width difference (5.96) can be written as

∆Γs = ∆ΓSM
s RΓ cos 2βs , (5.123)

where 2βs ≈ −φM [100]. Thus, in the absence of large corrections to the magnitude of Γs12,
NP contributions always lead to a negative shift in ∆Γs [353]. Note that the preliminary CDF
analysis [101] uses the older SM prediction ∆ΓSM

s = (0.096 ± 0.039)ps−1 [347], which we will
also take as central value for our calculation. Taking the more recent value will not change
our conclusions. In the left panel of Figure 5.15 we plot our predictions for ∆Γs against βs
in the RS model. A comparison to the CDF results in the right panel leads to the conclusion
that both the minimal (blue/dark gray) as well as the custodial RS model (orange/light gray)
can enter the 68% confidence region and come close to the best fit value. They stay below the
desired value for ∆Γs, as there are no sizable positive corrections to |Γs12|.

Neglecting the tiny SM phases and the NP phase corrections related to decay, the semilep-
tonic CP asymmetry AsSL is proportional to Sψφ [348]. The latter quantity is given by the am-
plitude of the time-dependent asymmetry in B0

s → J/ψφ decays, AsCP(t) = Sψφ sin(∆mBst),
see (5.91). Setting just the NP phase in decay to zero, one obtains the well known expression

Sψφ = sin(2β
J/ψφ
s − φM) [375]. Thus one has to good approximation

AsSL ≈ −
|ΓsSM

12 |
|M sSM

12 |
RΓ

RM

Sψφ . (5.124)

The results for ASL and Sψφ in the RS model are shown in Figure 5.16. They confirm the
approximately linear dependence (5.124) between the plotted quantities. The experimentally
favored regions Sψφ = 0.56± 0.22 [376] and AsSL = −0.0085± 0.0058 [350] are marked by the
black cross. The latter has been obtained by a combination of the direct measurement with the
results derived from AbSL together with the average AdSL = −0.0047± 0.0046 from B-factories.
It is evident from the plot that the best fit value of Sψφ can be reproduced (however, some
amount of tuning will be necessary in the minimal RS variant), which has already been noted
in [213, 241]. Furthermore, the RS setup allows to enter the 1σ range of the measured value of
AsSL. The same conclusion has been drawn in [355] recently, using a different approach. The
authors did not use any concrete sets of input parameters, but rather scanned the predictions
for FCNC vertices in a range constrained by bounds from ∆Γs and ∆mBs . Note that due to
Sψφ ≈ sin 2βs, the corrections in the ∆ΓSM

s /βs -plane and the AsSL/Sψφ -plane are correlated.
An improvement with respect to experiment in the former leads to an improvement in the
latter.
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Figure 5.17: Expected statistical significance for a discovery of the SM Higgs boson at
ATLAS as a function of the Higgs-boson mass for an integrated luminosity of 100 fb−1.
Plot from [377] (with permission).

In conclusion, in particular the custodial RS model allows for a better agreement of the
theoretical values for AsSL, Sψφ, and ∆Γs with experiment. However the concrete predictions
for these observables still depend sensitively on the RS parameters (and not only on the scale
MKK). Essentially this is due to the fact that the range for the new phase ΦM is not very
limited by the constraints that are imposed on the parameters.

5.3 Higgs Physics

As we have seen in Chapter 1, a Higgs boson with a mass not exceeding the TeV scale is an
important ingredient of the SM and also of many of its extensions. However, such a boson has
not been observed experimentally yet.

The SM Higgs boson is expected to be found with a statistical significance of & 10σ over
the full mass range with 100 fb−1 integrated luminosity, see Figure 5.17. Imagine that we do
not discover this particle at the LHC in the first years of running. Does this already mean that
we have to abandon the corresponding mechanism of EWSB? The answer to this question is
certainly no. BSM physics could feature a standard Higgs mechanism that however could be
much harder to detect than the one of the SM, even for a Higgs-boson mass easily accessible
at the LHC. It is thus important to study Higgs physics in various models to be prepared
for different possible scenarios. In warped extra dimensions, large effects are expected due to
the localization of this sector on the IR brane, where also the KK modes as well as heavy
SM quarks are peaked. In the following we will study Higgs-boson production and decay
within the custodial RS model. Although Higgs physics has been looked at in related models
[200, 203, 245, 249, 378, 379, 380, 381, 382, 383], there has not been a complete analysis of the
subject in the context of the models studied in this thesis, taking into account all important
effects induced by the KK excitations at the one-loop order. This will be provided in the
following.
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5.3.1 Higgs-Boson Production

We will start with the leading (SM) production mechanism for the Higgs boson at hadron
colliders, which is gluon-gluon fusion. In the SM, this mechanism, which receives its dominant
contribution from a top-quark triangle loop, has been introduced in Section 1.1.2. Within the
RS framework, one has to take into account in addition the KK tower of the top quark as well
as of all the other quark flavors, since all these modes contribute to the gg → h amplitude
at O(v2/M2

KK). The relevant Feynman diagrams are shown on the very left in the top row of
Figure 5.18 and on the left-hand side of Figure 5.19.

In order to calculate the gg → h production cross section in the RS model, we rescale the
SM prediction according to

σ(gg → h)RS = |κg|2 σ(gg → h)SM , (5.125)

where

κg =

∑
i=t,b

κiA
h
q (τi) +

∑
j=u,d,λ

νj
∑

i=t,b
Ahq (τi)

, (5.126)

and τi ≡ 4m2
i /m

2
h. The first term in the numerator corresponds to top- and bottom-quark

zero modes running in the loop, with Higgs couplings (normalized to the SM values) given by
[384]

κt = Re[(guh)33]/
(mt

v

)
, κb = Re[(gdh)33]/

(mb

v

)
. (5.127)

These couplings differ from those of the SM κt,b 6= 1 due to contributions to the fermion
masses from compactification, as discussed in Section 3.7. The form factor Ahq (τi), needed for
a correct weight of the different contributions in the rescaling factor (5.126), approaches 1 for
τi →∞ and vanishes proportional to τi for τi → 0. Its analytic form is given in Appendix B.8.

Due to power suppression, the only phenomenologically relevant correction in σ(gg → h)SM

from lighter fermions stems from the bottom quark. We include the interference term of
the bottom- and the top-quark amplitude approximately, by multiplying the cross section
σ(gg → h)SM by

(
1 + 2 ReAhq (τb)

)
. Numerically, this approximate treatment decreases the SM

cross section by about 9%, 2%, and below 1% for mh = 100 GeV, 300 GeV, and 600 GeV, which
is in good agreement with the NLO calculation including the exact mass dependence [385].

In Figure 5.20 we show the ratios (5.127) as functions of MKK for a set of 150 random
parameter points. These correspond to the custodial model with extended PLR symmetry
(3.252), which we will always employ in the following analysis. They reproduce the quark
masses as well as the CKM parameters at 68% CL. The same sample of model parameter
points will be used in the remainder of this section. We observe that both the htt̄ and the hbb̄
coupling are reduced in the custodial RS scenario with respect to the SM, resulting in κt,b ≤ 1.
The same conclusion has been drawn in [203] for the minimal RS model. Numerically, we find
that for MKK = 2 TeV (MKK = 3 TeV) the average corrections amount to around −25% and
−15% (−10% and −5%) in the top- and bottom-quark sectors, respectively. Since the RS
corrections to the Higgs couplings scale as v2/M2

KK, the average value of the ratios κt,b can be
parametrized by 1 − at,b v2/M2

KK. The resulting coefficients at,b are given in Table 5.3. The
quoted values of at,b have been obtained from the best fits to the shown sample of scatter points.
Note that the RS predictions depend most strongly on the KK scale, while the additional
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Figure 5: Examples of Feynman diagrams involving zero-mode fields only that con-
tribute to the production and the decay of the Higgs boson at leading order of pertur-
bation theory. Vertices indicated by a black square can receive sizable shifts in the RS
model relative to the SM couplings. See text for details.

can be parametrized by 1− at,b v2/M2
KK with the coefficients at,b given in Table 3. The quoted

values of at,b have been obtained from the best fits to the shown sample of scatter points.
The suppression of the Yukawa couplings of the third-generation quarks, Reκt,b ≤ 1, as

well as the feature |Imκt,b| # 1 is not difficult to understand. First, one has mq
3/v

(
(Φq)33 +

(ΦQ)33

)
≥ 0 since the diagonal elements of the matrices Φq,Q introduced in (137) are absolute

squares. Second, the third term in (136) can be written in the ZMA as

(∆g̃u
h)33 =

4m2
t

3vM2
KK

3∑

j=1

mu
j

(
U †

u diag
[
F−2(cQi

)
]
Uu

)
j3

(
W †

u diag
[
F−2(cuc

i
)
]
W u

)
3j

. (166)

A similar formula applies to the case of (∆g̃d
h)33. Because the diagonal elements of the matrices

U †
u diag [F−2(cQi

)] Uu and W †
u diag

[
F−2(cuc

i
)
]
W u are absolute squares, the term with j = 3

is obviously positive semi-definite. The terms with j = 1, 2, on the other hand, can have
an arbitrary complex phase. Yet, due to the strong chiral suppression, mc/mt ≈ 1/275 and
mu/mt ≈ 10−5, the imaginary part of (166) turns out to be negligibly small, leaving us with
(∆g̃u

h)33 ≥ 0. The same holds true for (∆g̃d
h)33, although the chiral suppression is weaker in this

case, ms/mb ≈ 1/50 and md/mb ≈ 1/800. Recalling that (∆gq
h)33 = mq

3/v
(
(Φq)33 + (ΦQ)33

)
+

(∆g̃q
h)33 ≥ 0 enters (135) with a minus sign, we conclude that the htt̄ and hbb̄ couplings are

predicted to be suppressed relative to their SM values in both the minimal and the extended
RS models. We believe that this finding is model-independent and holds in a wide class of RS
set-ups. The same conclusion has been drawn in the context of models where the Higgs arises
as a pseudo Nambu-Goldstone boson [52, 53].

The second term in the numerator of (164) represents the contribution to the gg → h
amplitude arising from the virtual exchange of KK quarks. The corresponding Feynman graph
is shown on the very left in Figure 6. In the up-type quark sector the associated coefficient
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Figure 5.18: Examples of zero mode contributions to the production and the decay of
the Higgs boson at leading order of perturbation theory. Vertices indicated by a black
square can receive sizable shifts in the RS model relative to the SM couplings. See [2]
and text for details.

dependence on the explicit parameter points is less important. Moreover, as expected from
the arguments of Section 3.2.3, the correction to the top-quark coupling is more pronounced
than this to the bottom-quark coupling.

It is not difficult to understand the suppression of the Yukawa couplings of the third-
generation quarks, κt,b ≤ 1, analytically by analyzing the structure of (3.280). First, one has
mq

3/v
(
(Φq)33 + (ΦQ)33

)
≥ 0 since the diagonal elements of the matrices Φq,Q introduced in

(3.281) are absolute squares. Second, the third term in (3.280) can be written in the ZMA as

(∆g̃uh)33 =
4m2

t

3vM2
KK

3∑

j=1

mu
j

(
U †u diag

[
F−2(cQi)

]
Uu

)
j3

(
W †

u diag
[
F−2(cuci )

]
W u

)
3j

(5.128)

and a similar formula applies to the case of (∆g̃dh)33. Because the diagonal elements of the
matrices U †u diag [F−2(cQi)]Uu and W †

u diag
[
F−2(cuci )

]
W u are absolute squares, the term

with j = 3 is positive semi-definite. The terms with j = 1, 2, on the other hand, can have
an arbitrary complex phase. Yet, due to the strong chiral suppression, mc/mt ≈ 1/275 and
mu/mt ≈ 10−5, these terms cannot drive the real part of ∆(g̃uh)33 negative. The same holds
true for (∆g̃dh)33, although the chiral suppression is weaker in this case, ms/mb ≈ 1/50 and
md/mb ≈ 1/800. Recalling that (∆gqh)33 = mq

3/v
(
(Φq)33 + (ΦQ)33

)
+ (∆g̃qh)33 ≥ 0 enters

(3.279) with a minus sign, we conclude that the htt̄ and hbb̄ couplings are predicted to be
suppressed relative to their SM values in both the minimal and the extended RS models. This
result seems to be independent of the particular realization of the setup and to hold for a large
class of RS setups. The same conclusion has been drawn in the context of models where the
Higgs-boson arises as a pseudo Nambu-Goldstone boson [249, 386].

The second term in the numerator of (5.126) represents the contribution arising from
the virtual exchange of KK quarks. Here, all quark flavors have to be taken into account,
since a possible UV localization of a zero mode does not apply for the KK excitations. The
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takes the form

νu = v
∞∑

n=4

(gu
h)nn

mu
n

Ah
q (τ

u
n )

=
2π

εL

∞∑

n=4

&aU†
n CU

n (π−)

(
1− v2

3M2
KK

Ỹ !uȲ
†
!u

)
SU

n (π−)&aU
n

xu
n

Ah
q (τ

u
n ) .

(167)

Similar relations hold in the sector of down-type and λ quarks.15 Since the mass of the first
KK up-type quark is already much larger than the Higgs-boson mass, mu

4/MKK = O(a few) "
mh/MKK, it is an excellent approximation to replace the function Ah

q (τ
u
n ) by its asymptotic

value of 1 obtained for τu
n ≡ 4 (mu

n)2 /m2
h → ∞.

Before presenting our numerical results for these contributions, we would like to add some
comments about the convergence of the sum in (167). In the SM, the top-quark contribution
to the gg → h amplitude is proportional to yt/mt in the decoupling limit. In this limit the
amplitude can be described by the effective operator h/v Ga

µνG
a µν , whose Wilson coefficient

is related to the QCD β-function. This relationship arises through low-energy theorems ap-
propriate to external Higgs bosons with vanishing momentum [53–56], which apply to any
quantum field theory. In the context of the RS framework they imply that the sum in (167)
must be convergent, because the running of αs can be shown to be logarithmic in warped
extra-dimension models [24, 57–63]. While the finiteness of the effective hgg coupling is thus
guaranteed on general grounds, an explicit calculation of (167) in the KK decomposed 4D
theory turns out to be non-trivial. This is due to the fact that the Higgs VEV induces O(1)
mixings between the various modes of a single KK level [21]. For example, in the up-type
quark sector there are five types of fields, namely u, u′, uc, U ′, and U . Each of them exists in
three different flavors, so that there are altogether 15 KK modes of similar mass in each level.
In the down-type quark sector, one instead ends up with nine modes, while in the minimal
RS model one has six states per KK level in both the up- and the down-type quark sectors
(corresponding to SU(2)L doublets and singlets). Finally, in the λ-type quark sector one again
faces nine KK excitations per level. In contrast, exotic matter is not present in the minimal

15With λ quarks we denote all fermionic KK excitations with electric charge 5/3.
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Figure 5.19: Examples of one-loop diagrams involving KK excitations that con-
tribute to the production and the decay of the Higgs boson at leading order of
perturbation theory. See [2] and text for details.

corresponding Feynman diagram is shown on the very left in Figure 5.19. In the up-type quark
sector the associated coefficient takes the form

νu = v
∞∑

n=4

Re [(guh)nn]

mu
n

Ahq (τ
u
n )

=
2π

εL

∞∑

n=4

Re

[
~aU†n CU

n (π−)

(
1− v2

3M2
KK

Ỹ ~uȲ
†
~u

)
SUn (π−)~aUn

]

xun
Ahq (τ

u
n ) .

(5.129)

Similar relations hold in the sector of down-type and λ quarks. Since the mass of the first
KK up-type quark is already much larger than the mass of the Higgs-boson, mu

4/MKK =
O(a few) � mh/MKK, it is an excellent approximation to replace the function Ahq (τ

u
n ) by its

asymptotic value of 1 obtained for τun ≡ 4 (mu
n)2 /m2

h → ∞.
Before presenting our numerical results for these contributions, some comments about the

infinite sum in (5.129) are in order. First of all, since the RS model is an EFT defined with
a cutoff ΛUV(π) � MPl, the KK modes above a certain level will not be part of the EFT
anymore. Thus the potentially divergent sum is effectively cut off after a certain KK level.
However, as we will see below, there are in addition cancellations within the sum in (5.129)
that cause the terms to decrease quadratically with the mass of the KK fermions in the loop,
which renders the sum convergent. At the same time it becomes IR dominated, i.e., the
lowest lying modes become most important, whereas the difference between truncating the
sum at a finite level nmax and extrapolating till infinity scales like 1/nmax. This corresponds to
a subleading effect if at least a few modes are present below the cutoff. Importantly, this line
of reasoning with a cutoff prevents UV physics above this RS cutoff to modify the behavior of
the KK sum. For the following analysis we will assume the fundamental parameters of the RS
model to be such that ΛUV(π), which cuts off the KK sums, is above the mass scale of O(4)
complete KK levels.

In the SM, the top-quark contribution to the gg → h amplitude is proportional to yt/mt

in the decoupling limit. As mentioned in Section 1.1.2, it can be described by the effective
operator h/v Ga

µνG
aµν . Naively, also the contributions of the KK levels in (5.129) scale like

1/mn, which would lead to a divergent sum. However, due to low-energy theorems appropriate
to external Higgs bosons with vanishing momentum [386, 387, 388, 389], which apply to any
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Figure 5.20: Predictions for the ratios of the htt̄ (left) and hbb̄ (right) coupling in the
custodial RS model relative to the SM value. The solid lines show fits to the samples
of parameter points. See [2] and text for details.

quantum field theory, the Wilson coefficient of the D = 5 operator above (encoding the whole
KK-towers) is related to the QCD β-function. In the context of the RS framework this implies
that the sum in (5.129) must be convergent, because the running of αs can be shown to be
logarithmic in warped extra-dimension models [162, 275, 390, 391, 392, 393, 394, 395]. While
the finiteness of the effective hgg coupling is thus guaranteed on general grounds, an explicit
calculation of the complete sum (5.129) in the KK decomposed 4D theory for the full flavor
structure turns out to be non-trivial. This is due to the fact that the Higgs VEV induces
O(1) mixings between the various modes of a single KK level, see Section 5.2.1. For example,
in the up-type quark sector there are five types of fields, namely u, u′, uc, U ′, and U . Each
of them exists in three different flavors, so that there are altogether 15 KK modes of similar
mass in each level. Since the mixing effects among the states of the same KK level are large,
they cannot be treated perturbatively, and one has to resort to numerical methods or 5D
propagators (see Section 4) as long as one is interested in the case of three families. However,
in the toy example of a single generation, it turns out to be possible to derive an expression for
(5.129) in the KK decomposed theory, revealing analytically the dependence on the fermion
localization.

In order to calculate the KK sum numerically, one first has to find the solutions to the
eigenvalue equation (3.96). In the case of the up-type quark sector, this requires determining
the roots of a 6×6 determinant, which in practice turns out to be intricate, because one needs
to find suitable starting points to search for the roots which feature tiny splittings. We obtain
these starting values by diagonalizing a truncated mass matrix obtained in the perturbative
approach [156, 175, 214]. In Figure 5.21 we display the results of our numerical calculations for
one parameter point with MKK = 2 TeV. The dots correspond to the individual terms in the
sum (5.129) for up- and down-type quarks, while the filled boxes indicate the values obtained
by summing up the contributions of one KK level. Results for the exotic λ-type quarks are
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Figure 5.21: Numerical results for the coefficients νu,d corresponding to a specific
parameter point with MKK = 2 TeV. The red (blue) dots in the left (right) panel
display the first 60 (36) terms in the KK sum for up- (down-type) quarks, while the
red (blue) filled boxes indicate the sums over complete KK levels. See [2] and text for
details.

not shown, since they resemble those found in the down-type quark sector. By inspection
of the two panels one immediately notices two important features of the KK contributions.
First, even though the contribution of an individual mode can be positive and negative, the
sum over an entire KK level is strictly negative. Second, the importance of higher-level KK
sums decreases quadratically, ensuring that (5.129) converges to a finite value. This feature is
indicated by the solid lines, which represent the best fits to 1/x2

n including the results of the
second, third, and fourth KK-level sums. The dashed lines depict the 1/xn behavior of the sum
over a single fermion tower. The convergence of the total sum is guaranteed by cancellations
between different modes of the same KK level.

The results for the KK sums νu and νd are shown in Figure 5.22 as functions of the KK
scale for our set of 150 randomly chosen parameter points. The corresponding results for
the coefficient νλ are almost identically to those of νd, and we do not show them explicitly.
We see that the corrections to the effective hgg coupling that arise from triangle diagrams
involving KK quarks are all strictly negative. In the up-type quark sector the corrections
are almost a factor of 2 larger than those appearing in the down- and λ-type quark sectors.
This feature can be traced back to the higher multiplicity of states in the former relative to
the later sectors, which suggests that νu/νd,λ = 15/9 ≈ 1.7. Numerically, we find that for
MKK = 2 TeV (MKK = 3 TeV) the average value of νu and νd,λ amounts to about −0.59 and
−0.34 (−0.26 and −0.15) with the ratio of the values being quite close to the naive estimate.
Since the leading KK-quark corrections to the effective hgg vertex decouple again as v2/M2

KK,
we parametrize the average values of νu,d,λ as au,d,λ v

2/M2
KK and determine au,d,λ from the best

fit to the shown sample of points restricted to the range MKK = [2, 10] TeV. The resulting
numbers for the coefficients au,d,λ are shown in Table 5.3. Points with a KK scale below 2 TeV
have been excluded in the fit, since they depend sensitively on higher-order terms in v/MKK.
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Figure 5.22: Predictions for the coefficients νu and νd in the custodial RS model. The
solid lines indicate the best fits to the shown sample of parameter points lying in the
range MKK = [2, 10] TeV. See [2] and text for details.

This feature is noticeable in the plots, which show that for very low KK scale the exact results
for νu,d are typically above the solid lines indicating our fits. This should be kept in mind
when using the parametrizations au,d,λ v

2/M2
KK to calculate νu,d,λ for KK scales below 2 TeV.

Our results for the Higgs-boson production cross sections at the Tevatron and the LHC
for center-of-mass energies

√
s = 1.96 TeV and

√
s = 10 TeV are shown in Figure 5.23. The

SM results, on which also our RS predictions are based, correspond to those presented in
Figure 1.6 and are depicted by red dashed lines. The solid red lines depict the RS results.
The latter have been obtained by employing (5.125) and (5.126) using the fit formulae for κt,b
and νu,d,λ discussed before. The relevant values for at,b,u,d,λ can be found in Table 5.3. All four
panels show clearly that the Higgs production cross sections in gluon-gluon fusion experience
a significant reduction in the custodial RS model. For the considered Higgs-boson masses, we
find in the case of MKK = 2 TeV (MKK = 3 TeV) suppressions that range between −65% and
−95% (−80% and −90%) at the Tevatron and from −45% to almost −100% (−45% to −90%)
at the LHC, see also Figure 5.25. The found depletions survive even at MKK = 5 TeV, still
reaching up to −40% at both colliders. Such a sensitivity to high scales is very interesting for
the indirect search for new physics. Since both the theoretical accuracy [46, 47, 48, 49] and the
expected experimental precision [339, 396] are at the level of 10%, the pronounced reductions in
Higgs events from gluon-gluon fusion should be clearly visible at the LHC (for reasonably low
KK scales). The non-trivial dependence of the RS corrections on the Higgs mass results form
an interference of zero- and KK-mode contributions. The real part of the zero-mode amplitude
increases until the tt̄ threshold is reached. Above, it decreases quadratically with mh, modulo
logarithmic effects. It is positive for all values of the Higgs-boson mass. On the other hand,
the real part of the amplitude associated to the virtual exchange of KK quarks is negative and
a constant in the heavy-mass limit. Since for MKK . 2 TeV the latter contribution is always
dominant, the correction arising from KK-quark triangle diagrams effectively flips the sign of
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Figure 5.23: Main Higgs-boson production cross sections at the Tevatron (left) and the
LHC (right) for center-of-mass energies of

√
s = 1.96 TeV and

√
s = 10 TeV, employing

MKK = 2 TeV (upper row) and MKK = 3 TeV (lower row). The dashed lines represent
the SM predictions, while the solid lines correspond to the custodial RS model. In
the case of the Tevatron the panels show gluon-gluon fusion (red) and associated W±-
boson production (blue), while for the LHC gluon-gluon (red) and weak gauge-boson
fusion (blue) are presented. See [2] and text for details.

the real part of the total gg → h amplitude with respect to the SM expectation for small
and high Higgs masses. However, in the threshold region where mh ≈ 2mt, the destructive
interference between the individual contributions can become almost perfect, leading to a
strong suppression of Higgs production via gluon-gluon fusion. This feature can be observed
clearly in the upper right panel of Figure 5.23. Because the RS contributions decouple rapidly
for increasing KK scale, a complete extinction of the sum of individual amplitudes is not
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at ab aVt
15.08 9.08 3.63

au ad aλ auγZ adγZ aλγZ aWγZ
−38.80 −21.80 −22.58 −46.46 17.98 −6.38 10.76

Table 5.3: Fit coefficients entering the various contributions to Higgs-boson production
and decay in units of v2/M2

KK. Corrections due to zero and KK modes are displayed
in the upper and lower table, respectively.

possible for MKK & 2 TeV. In this case, the zero-mode contribution to gg → h dominates, and
the Higgs-mass dependence of the RS prediction is similar to the one of the SM result. It is
important to stress that, in spite of the in principle many parameters in the fermion sector of
the custodial RS model, the shown results for the Higgs-boson production cross section depend
to first order only on the overall KK-mass scale. This claim is supported by the narrow spread
of scatter points in Figure 5.22.

Let us now have a look on the subleading production mechanisms at the main hadron
colliders. Here, the important LHC channel of weak gauge-boson fusion, qq(′) → qq(′)V ∗V ∗ →
qq(′)h with V = W,Z, receives only moderate corrections of around −10% (−5%) for MKK =
2 TeV (MKK = 3 TeV). The same reduction will affect associated W±-boson production,
qq̄ ′ → W ∗ → Wh at the Tevatron. The RS predictions for the corresponding production
cross sections are illustrated by the solid blue lines in the right and left panels of Figure 5.23,
respectively. The corresponding SM predictions, depicted by the blue dashed lines, are those of
Figure 1.6. Finally, the cross section of associated top-quark pair production, qq̄ → tt̄∗ → tt̄h,
will also experience a reduction. For values of the KK scale in the ballpark of 2 TeV, this
suppression can amount up to −40%. Since all these processes happen at tree level, the RS
predictions have all been obtained by a simple rescaling of the SM results. In that context, one
has to consider the VEV shift (5.4) which partially cancels the depletion due to the mixing of
the weak gauge bosons with their KK excitations. This effect has been included in deriving
the numerical results above.

In summary, we find that the main Higgs-boson production modes at hadron colliders are
suppressed in the custodial RS model relative to the SM. Clearly this affects Higgs searches,
as we will detail below. Suppression effects in gg → h were also reported in [203, 249, 381]. In
this context, see also [382] for a detailed analysis of Higgs-boson production cross sections and
decay rates in a related general setup. A direct numerical comparison of the results of these
publications with our findings is however not possible, since [203] only included zero-mode
corrections, while [249, 381, 382] studied RS variants that differ from the set-up considered
here. In [379], an enhancement of gg → h in a custodial RS variant has been found. However
for a sufficiently IR-localized Higgs sector, this effect is caused by UV physics, above the cutoff
ΛUV of the RS EFT. Considering a Higgs profile with a finite width ∼ η, the effect is driven
by KK excitations with a mass of mn ∼ 1/η. It vanishes in the limit of a small width, if the
KK sum is cutoff at ΛUV <∞.

In [383] the authors studied corrections to gluon-gluon fusion arising from virtual exchange
of very light fermionic KK modes. It has been found that for a heavy bottom-quark partner
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with a mass mb′ of a few hundred GeV the Higgs-boson production cross section via gg → h
can be significantly enhanced. However, in order to achieve mb′ � MKK with the embedding
of quarks as chosen in (3.209), the PLR symmetry has to be broken strongly via the bulk mass
parameters of the T1 multiplets by choosing cT1i rather far away from cT2i . While for cT1i > 1/2
it is possible to achieve νd > 0 and thus an enhancement of the gg → h cross section, such
choices of parameters do not naturally reproduce the measured mass spectrum of the SM
quarks for anarchic Yukawa couplings. If on the other hand cT1i < 1/2, the correction νd re-
mains strictly negative, and as a result the gg → h channel experiences a reduction. Moreover,
choices for cT1i , corresponding to a strong breaking of the PLR symmetry, lead generically to
a sizable negative shift in the ZbLb̄L coupling through (3.250), which is problematic in view
of the stringent constraints arising from the Z → bb̄ pseudo observables.

5.3.2 Higgs-Boson Decay

We now move on to study the decay modes of the Higgs boson. In this context, we will consider
all processes with quarks and gauge bosons in the final state that can receive important RS
corrections and have a branching fraction larger than 10−4. As we have not explicitly specified
the embedding of the fermions in the lepton sector, we ignore decays into taus and muons,
which we however expect to be SM-like, due to the rather UV localized profiles. Furthermore,
we will not include loop contributions of KK leptons in our analysis of the h→ γγ and h→ γZ
decay channels but rather estimate their impact.

In order to be able to calculate the decay rates of the Higgs boson into massive gauge
bosons, we still need to give the RS corrections to the WWh, ZZh, and WWZ tree-level
vertices. Due to the unbroken U(1)EM gauge group, the WWγ coupling is unchanged with
respect to the SM to all orders in v2/M2

KK. The weak couplings involving the Higgs boson
are derived from the cubic and quartic interactions given by (3.175). In unitary gauge, the
relevant terms in the Lagrangian read

L4D 3
(
h2 + 2h vRSC

) [ g2
L

4

(
1−∆gWh

)
W+
µ W

−µ +
g2
L + g2

Y

8

(
1−∆gZh

)
ZµZ

µ

]
, (5.130)

where

∆gVh = x2
V

[
L

(
1 +

s2
V

c2
V

)
− 1 +

1

2L

]
+O

(
x4
V

)
, (5.131)

and xV ≡ mV /MKK for V = W,Z. Due to the PLR symmetry (3.234), one has s2
W/c

2
W = 1

and s2
Z/c

2
Z = 1 − 2s2

w , which implies that the leading correction due to ∆gW,Zh takes the
form −2m2

W/M
2
KKL. For MKK = 2 TeV (MKK = 3 TeV) these terms amount to about −10%

(−5%). However, when comparing the size of the WWh coupling to the value in the SM, one
also has to take into account the fact that the VEV vRSC

differs from vSM.
The partial decay widths Γ(h→ f) of the Higgs boson decaying to a final state f are again

obtained by rescaling the SM decay widths. We use

Γ(h→ f)RS = |κf |2 Γ(h→ f)SM , (5.132)
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where the VEV shift enters the expressions

κW =
vRSC

vSM

(
1−∆gWh

)
, κZ =

vRSC

vSM

(
1−∆gZh

)
, (5.133)

for the decay of the Higgs boson into a pair of W± and Z bosons via the ratio vRSC
/vSM.

This ratio can be obtained from (5.4). While the corresponding corrections coming with the
subleading terms ∝ ∆gW,Zh in the equation above are of O (x4

V ) and will be neglected in the
following, the corrections to the leading terms have to be considered at O (x2

V ). We arrive at

κW = 1− 3

4
x2
W

[
2L− 1 +

1

2L

]
+O

(
x4
W

)
, κZ = 1− 3

4
x2
W

[
2L− 4− c2

w

3c2
w

(1− 1

2L
)

]
+O

(
x4
Z

)
,

(5.134)
where we have used gL = gR. In consequence, the depletion due to the overlap of profiles is
weakened by the VEV shift to the few per cent level.

Note that in the minimal RS model the expressions (5.131) hold in the limit sW,Z → 0. Our
finding that the couplings WWh and ZZh experience a reduction from their SM expectations
confirms the model-independent statements made in [386]. The parameters κg,t,b for decays
into two gluons, top or bottom quarks have already been given in (5.126) and (5.127).

In Figure 5.18 the diagrams inducing the decay into a pair of heavy quarks and massive
gauge bosons are shown on the right in the top row. Apart from the change in the htt̄ coupling,
we neglect RS corrections to the three-body decay h → tt∗ (WW ∗) → tbW . Relative to the
two-body mode h → tt̄ this amounts to a correction of (far below) 1% in the SM. Given the
smallness of this effect, the omission of possible new-physics effects in the Wtb coupling that
would affect the h→ tbW channel is well justified.

The RS correction entering the Higgs decay into two photons can be accounted for by
employing

κγ =

∑
i=t,b

NcQ
2
i κiA

h
q (τi) + κWA

h
W (τW ) +

∑
j=u,d,λ

NcQ
2
j νj + νWγ

∑
i=t,b

NcQ2
i A

h
q (τi) + AhW (τW )

(5.135)

in (5.132), where Nc = 3, Qt,u = 2/3, Qb,d = −1/3, Qλ = 5/3, and τW ≡ 4m2
W/m

2
h. The

explicit expression for the form factor AhW (τW ), encoding the W±-boson contribution, can
be found in Appendix B.8. The first, second, and third terms in the numerator describe
the effects of virtual heavy-quark, W±-boson, and KK-quark exchange, respectively. The
corresponding one-loop graphs are shown on the left in the bottom row of Figure 5.18 and in
the center of Figure 5.19. Note that the amplitude AhW (τW ) interferes destructively with the
quark contribution Ahq (τi), falling from −21/4 for τW → ∞ to −15/4 − 9π2/16 at the WW
threshold τW = 1 and finally approaching −3/2 in the limit τW → 0. Within the SM, the
W±-boson contribution to the h→ γγ decay amplitude is always dominant below threshold.

Let us estimate the size of the leptonic contributions which have not been included in
(5.135). While the precise impact of these effects depends on the exact realization of the
lepton sector, which we have not specified, it is possible to predict their relative sign as well as
their rough magnitude. Generalizing the result (5.135) to include contributions from triangle
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diagrams with KK leptons only requires to perform the replacement

∑
j=u,d,λ

NcQ
2
j νj →

∑
j=u,d,λ

NcQ
2
j νj +Q2

l νl =
4νu
3

+
νd
3

+
25νλ

3
+ νl , (5.136)

where νu ≈ 2νd ≈ 2νλ and the parameter νl encodes the effects due to KK-lepton loops.
Under the reasonable assumption that νl ≈ νu/2, we conclude from (5.136) that the KK
lepton contribution to the h→ γγ amplitude amounts to approximately 10% of the KK quark
corrections and interferes constructively with the latter. In consequence, an omission of KK
lepton effects in the calculation of κγ has only a minor numerical impact.

The sum entering the quantity νWγ , representing the one-loop contribution due to W±-
boson KK modes, can be performed analytically in the decoupling limit. The corresponding
Feynman diagram is displayed on the very right in Figure 5.19. Employing the results for the
KK sums derived in Section 3.5, we obtain

νWγ =
2πx2

W (g2
L + g2

R)

g2
L

∞∑

n=1

~dTW ~χWn (1) ~χW T
n (1) ~dW(

xWn
)2 AhW (τWn ) +O(x4

W )

=
2πx2

W (g2
L + g2

R)

g2
L

~dTW
[
Σ

(1)
W (1, 1)−ΠW (1, 1)

]
~dW

(
−21

4
+O

(
1/τWn

))

= − 21

8
∆gWh

(
1 +O

(
1/τWn

))
,

(5.137)

where ~dW = (cW ,−sW )T and τWn ≡ 4
(
mW
n

)2
/m2

h. Since already mW
1 ≈ 2.5MKK � mh, the

terms suppressed by powers of τWn in (5.137) can be ignored in practice. Note that in νWγ , the
VEV shift contributes only at O(x4

W ). The result for ∆gWh has been given in (5.131).
The last missing ingredient that is needed to compute the branching fractions for all sought

decay channels in the RS model is the rescaling factor for a decay into a photon and a Z boson.
It reads

κγZ =

∑
i=t,b

Nc
2Qivi
cw

κiκ
V
i A

h
q (τi, λi) + κWA

h
W (τW , λW ) +

∑
j=u,d,λ

Nc
2Qjvj
cw

νjγZ + νWγZ

∑
i=t,b

Nc
2Qivi
cw

Ahq (τi, λi) + AhW (τW , λW )
.

(5.138)
Here vi ≡ T 3 i

L −2s2
wQi, and λi ≡ 4m2

i /m
2
Z for i = t, b,W . The amplitudes Ahq,W (τi, λi) encoding

the effects of virtual quarks and W± bosons in h → γZ are collected in Appendix B.8. The
corresponding Feynman diagrams are shown on the right in the bottom row of Figure 5.18.
Like in the case of h→ γγ, the SM decay rate for h→ γZ is in large parts of the parameter
space dominated by the W±-boson loop contribution. The function AhW (τW , λW ) rises from
around 4.6 to 9.8 between τW → ∞ and τW = 1, and then falls to approximately 0.6 in the
limit τW → 0. On the other hand, one has Ahq (τi, λi) = −1/3 for τi, λi →∞ and Ahq (τi, λi) = 0
for τi, λi → 0.

The first term in the numerator of (5.138) depends on the ratios

κVt =

(
guL
)

33
+
(
guR
)

33

vt
, κVb =

(
gdL
)

33
+
(
gdR
)

33

vb
, (5.139)
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Figure 5.24: Left: Predictions for the vector couplings of the Z boson to top and
bottom quarks in the custodial RS model. Right: Different types of KK-quark contri-
butions to the effective hγZ coupling. The solid lines show fits to the scatter points.
See [2] and text for details.

which quantify the relative shift in the vector coupling of the Z boson to top and bottom
quarks. In the left panel of Figure 5.24 we show the predictions for κVt versus MKK for our set
of 150 parameter points. It is evident from the plot that the vector coupling of the Z boson to
top quarks is always reduced in the custodial RS model relative to the SM. Numerically, the
suppression amounts to a moderate effect of −5% (−2.5%) for MKK = 2 TeV (MKK = 3 TeV).
In contrast, the Z-boson coupling to bottom-quark pairs is larger than its SM value, but
numerically the resulting effects turn out to be negligibly small due to the custodial protection
mechanism. Consequently, we will set κVb to 1 in our numerical analysis. Parametrizing the
average value of the relative shift κVt by (1 − aVt v

2/M2
KK) the coefficient aVt can again be

determined through a fit. Employing the shown set of parameter points, we obtain the value
for aVt given in Table 5.3.

The second term in the numerator of (5.138) encodes the contribution arising from the
W±-boson triangle graph. The calculation of this zero-mode contribution is greatly simplified
by the fact that at O(v2/M2

KK) the triple gauge-boson vertex involving two W±- and one
Z-boson fields does not receive corrections in the RS model (regardless of the specific gauge
group). This can be easily seen by employing that

2π

L

∫ 1

ε

dt

t
χ

(+)
0 (t) =

√
2π +O

(
v4

M4
KK

)
, (5.140)

and
[
( ~Aa0)2χ

(−)
0 (t)

]2
= O(v4/M4

KK). The expressions for χ
(±)
0 (t) and ~Aa0 necessary to derive

these results can be found in (3.207) and (3.208). By the same line of reasoning, it is also readily
seen that all quartic gauge-boson vertices first differ at order v4/M4

KK from the corresponding
SM expressions. In view of this extra suppression, we will set the triple gauge-boson couplings



5.3. HIGGS PHYSICS 219

of the zero modes to their SM values when evaluating the Higgs-boson branching fractions.
In this approximation the effect of virtual W±-boson exchange to (5.138) is simply given by
the combination κWA

h
W (τW , λW ), which up to the different form factor resembles the form of

the corresponding term in (5.135).
The third term in the numerator of (5.138) describes the contribution to the h → γZ

amplitude stemming from the virtual exchange of KK quarks. The corresponding one-loop
diagram is displayed in the middle of Figure 5.19. In the up-type quark sector we find

νuγZ = v

∞∑

n=4

Re [(guh)nn]

mu
n

κu,Vn Ahq (τ
u
n , λ

u
n)

=
2π

εL

∞∑

n=4

Re

[
~aU†n CU

n (π−)

(
1− v2

3M2
KK

Ỹ ~uȲ
†
~u

)
SUn (π−)~aUn

]

xun
κu,Vn Ahq (τ

u
n , λ

u
n) ,

(5.141)

where κu,Vn denotes the relative strength of vector coupling of the Z boson to the nth up-type

quark KK mode defined in analogy to (5.139), and λun ≡ 4
(
mu
n

)2
/m2

Z . Similar expressions
apply in the case of down- and λ-type quark KK modes. The numerical results for νuγZ , νdγZ ,
and νλγZ , corresponding to our set of 150 random model parameter points, are depicted in the

right panel of Figure 5.24. The solid lines indicate the best fit of the form au,d,λγZ v2/M2
KK to the

sample of points with KK scales in the range [2, 10] TeV. As before, points with MKK < 2 TeV
have been excluded in the fit, since they are subject to significant higher-order corrections.
The corresponding coefficients au,d,λγZ can be found in Table 5.3. The average values of νuγZ ,

νdγZ , and νλγZ obtained from the fit formulae are −0.70 (−0.31), 0.27 (0.12), and −0.10 (−0.04)
for MKK = 2 TeV (MKK = 3 TeV), respectively.

Denoting contributions from KK-lepton triangle graphs by νlγZ , they can be included in
(5.138) via the simple replacement

∑
j=u,d,λ

Nc
2Qjvj
cw

νjγZ →
∑

j=u,d,λ
Nc

2Qjvj
cw

νjγZ +
2Qlvl
cw

νlγZ . (5.142)

In order to estimate the typical size of νlγZ we need an analytic formula for the relative strength
of the vector coupling between the Z boson and fermionic KK modes appearing in (5.141).
We obtain

κf,Vn = 1− (δF )nn − (δf )nn
vf

+O
(
m2
Z

M2
KK

)
, (5.143)

where the expressions for δF,f can be found in (3.239). In the case of the extended PLR
symmetry (3.252), it turns out that for down- and λ-type KK quarks the result for κf,Vn can
be expressed in terms of the electric charge and the third component of the weak isospin of
the involved fermion, while no such formula can be derived for up-type quark KK modes. We
get to excellent approximation (f = d, λ)

κf,Vn = 1 +
T 3 fL
L

vf
, (5.144)
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Figure 5.25: RS-correction factors |κg|2 (red line), |κγ|2 (yellow line), and |κγZ |2 (green
line) as functions of the Higgs-boson mass, employing MKK = 2 TeV (left panel) and
MKK = 3 TeV (right panel). See [2] and text for details.

which implies that all down-type (λ-type) KK-quark modes couple with universal strength to
the vector part of the Z-boson coupling. It follows that in the decoupling limit, τ fn , λ

f
n →∞

(
1 +

T 3 fL
L

vf

)
Ahf (τ

f
n , λ

f
n)

Ahf (τ
f
n )

=
afγZ
af

. (5.145)

From the numbers of the fit coefficients given in Table 5.3, we see that this relation is satisfied
to an accuracy of around 1%. The KK-fermion effects in the down- and λ-type quark sectors
that contribute to h → gg, γγ, γZ are thus universal, in the sense that they can be simply
obtained from each other by an appropriate replacement of the vector couplings of the external
fields.

Making now the plausible assumption that in the decoupling limit the sums νdγZ and νlγZ
differ only by the presence of the vector couplings κd,Vn and κl,Vn , we obtain the following
estimate for the contribution to (5.142) from leptonic relative to down-type quark KK modes

Qlvlν
l
γZ

NcQdvdνdγZ
≈ Qlvlκ

l,V
n

NcQdvdκ
d,V
n

=
3− 6s2

w

3− 2s2
w

≈ 0.64 . (5.146)

In consequence, the sum (5.142) can be approximated as

∑
j=u,d,λ

Nc
2Qjvj
cw

νjγZ +
2Qlvl
cw

νlγZ ≈ 0.88 νuγZ + 0.79 νdγZ − 3.04 νλγZ + 0.50 νdγZ . (5.147)

Note that the last term on the right-hand side encodes the effects due to KK leptons, and
in order to obtain the numerical values we have inserted the relevant electroweak quantum
numbers and used s2

w ≈ 0.23. For MKK = 2 TeV, the sum above evaluates to −0.11 (0.03)
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if effects due to KK leptons are excluded (included). While these numbers imply that an
omission of KK lepton effects can change the numerical value of the KK fermion contribution
to h → γZ notably, it is not difficult to see that the impact on (5.138) itself is limited, since
the coefficient κγZ is dominated by the W±-boson triangle contribution. We thus conclude
that the absence of KK-lepton contributions in our prediction for h→ γZ will not change any
of our conclusions.

The coefficient νWγZ in (5.138) incorporates the effects due to charged KK-boson excitations
in the loop. The corresponding Feynman graph is displayed on the very right in Figure 5.19.
This contribution reads explicitly

νWγZ =
2πx2

W (g2
L + g2

R)

g2
L

∞∑

n=1

~dTW ~χWn (1) ~χW T
n (1) ~dW(

xWn
)2 IWWZ

nn0 AhW (τWn , λWn ) , (5.148)

where

IWWZ
nn0 =

(2π)3/2

L

∫ 1

ε

dt

t

[
χ

(+)Z
0 ( ~AZ0 )1

(
χ(+)W
n

2
( ~AWn )

2

1 +
g2
Y

g2
L

χ(−)W
n

2
( ~AWn )

2

2

)

−
√

1− g4
Y /g

4
L χ

(−)Z
0 ( ~AZ0 )2 χ

(−)W
n

2
( ~AWn )

2

2

]
,

(5.149)

and λWn ≡ 4
(
mW
n

)2
/m2

Z . Note that in the prefactor in the second line of the above formula we
have set gL = gR. Since the first term in the sum of (5.148) is already suppressed by a factor
of v2/M2

KK, the computation of νWγZ to this order only requires the knowledge of the overlap
integral (5.149) to zeroth order in the ratio of the weak over the KK scale. We obtain

IWWZ
nn0 =

2π

L

∫ 1

ε

dt

t

(
χ(+)W
n

2
( ~AWn )

2

1 +
g2
Y

g2
L

χ(−)W
n

2
( ~AWn )

2

2

)
+O

(
v2

M2
KK

)
. (5.150)

It is again an excellent approximation to evaluate the loop function AhW (τWn , λWn ) in the infinite
mass limit τhW , λ

W
n → ∞, in which the form factor approaches 31 cw/6 − 11 s2

w/(6 cw) ≈ 4.0.
We perform the sum in (5.148) numerically. In this way, we find νWγZ = 0.16 (νWγZ = 0.07) for
MKK = 2 TeV (MKK = 3 TeV). Values for νWγZ corresponding to different KK scales can be
obtained by means of the fit formula aWγZ v

2/M2
KK. The coefficient aWγZ is given in Table 5.3.

In Figure 5.25 we display the relative corrections |κg|2, |κγ|2, and |κγZ |2 for MKK = 2 TeV
(left) and MKK = 3 TeV (right). The depicted curves represent the RS results obtained from
(5.131) and (5.137) as well as from the relevant fit formulae with the values of the coefficients
collected in Table 5.3. While the behavior of |κg|2 has already been analyzed in Section 5.3.1,
we see that |κγZ |2 is close to 1 and independent of the value of the Higgs-boson mass. This
implies that the partial decay width Γ(h → γZ) in the custodial RS model is essentially
unchanged with respect to the SM. The relative correction |κγ|2 is, on the other hand, a non-
trivial function of mh. Below the WW threshold, the W±-boson amplitude dominates the SM
h → γγ decay rate and the contributions due to KK quarks and W± bosons both interfere
constructively with the SM gauge-boson triangle graph. For mh = 130 GeV, the new-physics
contributions amount to around 70% (30%) of the total SM amplitude for MKK = 2 TeV
(MKK = 3 TeV), resulting in values |κγ|2 ≈ 3 (|κγ|2 ≈ 1.7). For mh & 160 GeV, the Higgs-
mass dependence of the SM amplitude becomes less pronounced and the RS prediction stays
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Figure 5.26: Branching ratios for the decays h → f as functions of the Higgs-boson
mass for MKK = 2 TeV (upper panel) and MKK = 3 TeV (lower panel). The SM
predictions are indicated by dashed lines, while the solid lines show the corresponding
RS expectations. Branching fractions of less than 10−4 and decay channels into final
states with muon, tau, charm-, and strange-quark pairs, which are all expected to
remain SM-like, are not shown. See [2] and text for details.
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almost constant. The strong rise of |κγ|2, visible at higher values of the Higgs mass, is due to
the fact that for mh ≈ 650 GeV the top-quark loop nearly cancels the W±-boson contribution
in the SM. As a result, for mh & 500 GeV the partial width Γ(h → γγ) is almost entirely
due to loops involving heavy KK modes, with the dominant contribution stemming from KK
quarks.

Let us finally analyze the emerging picture of Higgs-boson decays, obtained using the
above results. The various branching fractions in the custodial RS model are displayed by the
solid lines in Figure 5.26, whereas the dashed lines illustrate the SM expectations calculated
with the help of HDECAY [58]. The RS predictions are based on the results for κt,b,W,Z quoted
above and the curves for |κg,γ,γZ |2 displayed in Figure 5.25. It is evident that in the custodial
RS model the branching ratios h → bb̄, h → WW , and h → ZZ receive only insignificant
corrections, not exceeding the level of ±5%. For mh & 180 GeV the experimentally cleanest
signature for the discovery of the Higgs boson at the LHC is the “golden” channel of a decay
to four leptons, h → Z(∗)Z(∗) → l+l−l+l−. Since the h → ZZ branching fraction is essential
SM-like, the reduction in the gg → h production cross section will make an observation of the
Higgs boson in this channel more difficult.

Moderate effects occur in the non-discovery channels h → γZ and h → tt̄. In the
relevant ranges for the Higgs mass, the modifications in the branching ratios amount to
around +10% (+10%) and −25% (−10%) for MKK = 2 TeV (MKK = 3 TeV). The most
pronounced effects are found for h → gg and h → γγ. For Higgs masses below the WW
threshold, the branching fraction of the former mode is reduced by a factor of almost 4
(8), while the branching ratio of the latter transition is enhanced by a factor of around
4 (2). The corresponding maximal values of B(h → γγ) are 9.3 · 10−3 (4.8 · 10−3) for
MKK = 2 TeV (MKK = 3 TeV) and arise at mh ≈ 120 GeV. Calculating the rescaling fac-
tor κ = (σRS(gg → h) B(h→ γγ)RS) / (σSM(gg → h) B(h→ γγ)SM) for

√
s = 10 TeV and the

quoted maximal branching fractions, we obtain the values 1.03 (0.24). These numbers suggest
that the statistical significance for a LHC discovery of the Higgs boson in h → γγ can be
slightly enhanced in the custodial RS model for low KK scales. Note that if the KK scale is
lowered to 1 TeV, the branching ratio of h→ tc can reach values above 10−4 for Higgs masses
above mh ≈ 180 GeV. In the limit of a vanishing charm-quark mass, rc = 0, the corresponding
decay rate is simply obtained from (5.73) by multiplying the branching fraction for t → ch
with g2(1− r2

W )2(1 + 2r2
W )/(2r2

W )mh/(16π) and replacing rh through rt. For such a low KK
scale, also the decay channel h→ bs can open up below the WW threshold (whose rate obeys
a similar formula), but typically stays below the level of 10−3. Like for the case of the produc-
tion cross sections, the value of the KK scale fixes the results for the Higgs-boson branching
fractions to first approximation and leaves no space for large variations. RS predictions for the
various branching fractions of the Higgs boson have been presented previously in [203]. Yet, a
direct comparison with our results is difficult, as the latter work only includes RS corrections
affecting the tree-level couplings of the Higgs boson to fermions.

The analysis performed in this section demonstrates that Higgs physics at the LHC could
be very sensitive to warped extra dimensions, even for KK scales that are significantly too
high for a direct production of KK modes and for suppressed FCNCs. It provides an example
for a theory that features a SM Higgs sector which, depending on mh, could be quite hard
to discover with early LHC data, despite the absence of NP directly at ∼ 1 TeV. This is
mainly due to the depletion in the production cross section. Moreover, it could be possible
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that we just find a single spin-0 Higgs-doublet with hypercharge 1/2 at the LHC, with however
couplings that differ from the SM expectations. These modified couplings could be our only
clear signal and hint for BSM physics. The analysis presented here demonstrates what to
expect if warped extra dimensions are realized in nature.



Chapter 6

Conclusions and Outlook

Some pressing unresolved questions in particle physics might be addressed, if the world
around us features more than four dimensions. The shortcomings, but also the successful
features of the Standard Model of particle physics have finally lead to the construction of
the custodial Randall-Sundrum model with bulk fields, an enlarged gauge symmetry group
SU(2)L × SU(2)R × U(1)X × PLR and extended fermion representations. This model thus
follows various directions to extend the SM which have been mentioned in the introduction
of this thesis. We have discussed in detail the way to the custodial RS model, the solution to
the gauge hierarchy problem and to the puzzle of fermion hierarchies.

A comprehensive discussion of the KK decomposition of RS models within the mass basis
has been presented and exact expressions to all orders in v2/M2

KK for the masses of the SM
fields and their KK excitations, as well as for the profiles of these fields in the extra dimension,
have been derived. Special attention has been paid to the correct inclusion of Yukawa couplings
involving Z2-odd fermion fields, which would be naively lost in a perturbative approach. By
demonstrating the analogy to the Froggatt-Nielsen mechanism, formulae for the hierarchical
quark spectrum as well as for the CKM matrix in terms of O(1) localization parameters of the
fermion fields have been derived. This anarchic approach to flavor improves the predictivity
of the RS setup. We have performed a complete analysis of flavor changing effects at tree
level, pointing out the importance of fermion mixing for neutral current interactions with the
Z boson. We have also demonstrated how to perform infinite sums over KK towers in RS
models. Beyond that, analytic expressions for five dimensional propagators for massive gauge
bosons as well as for fermions have been presented. In the latter case, we have considered the
complete Yukawa structure for the first time, mediating flavor off-diagonal transitions.

We have studied in detail the phenomenology of the minimal as well as of the custodial
Randall-Sundrum proposal. Predictions for various observables have been presented. After
an analysis of electroweak precision tests, we have shown that the minimal RS model, in
combination with a heavy Higgs boson, could still furnish a viable setup. In fact, due to the
RS scale of ΛUV (π) = O(TeV) at the IR brane, the natural assumption for the Higgs-boson
mass in the RS framework would be mh . 1 TeV. Expanding our exact formulae in powers of
v2/M2

KK has allowed to expose the dependence of observables on the input parameters of the
model clearly. In particular, the exact approach has offered the possibility to decipher, which
contributions to the Z → bb̄ pseudo observables can be removed in the custodial setup and
which correspond to irreducible sources of PLR-symmetry breaking.

Randall-Sundrum models have been used in the literature to address the enhancement
in the tt̄ forward-backward asymmetry measured at Tevatron. We have shown that it is not
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possible to explain this anomaly in RS models with an anarchic approach to flavor. The leading
order corrections to the charge-asymmetric cross section are strongly suppressed due to the
UV localization and mostly vector-like couplings of light quarks. In this context we have taken
into account the dominant next-to-leading order corrections for the first time. We have shown
that they exceed the formally leading order corrections, and argued that this observation
holds true for a broad class of new physics models. However, we still found a generic tension
between generating large effects in the asymmetry and achieving a natural solution to the
flavor hierarchy problem. We have investigated the rare decays t → cZ and t → ch as well
as the non-unitarity of the quark mixing matrix. We demonstrated that among these, the
most promising option to see signatures of the RS model is due to Higgs couplings. Moreover,
we have calculated the anomalous magnetic moment of the muon in the RS setup, which
was found to be orders of magnitude below the experimental bounds. The phenomenological
survey has been continued with an analysis of B0

s–B̄
0
s mixing. A calculation of the absorptive

part of the mixing amplitude in the presence of new physics has been presented and the impact
of the Randall-Sundrum setup on several CP-violating observables has been investigated. We
have shown that an improved agreement of the theoretical values for AsSL, Sψφ, and ∆Γs with
experiment is possible.

A central purpose of the Large Hadron Collider is to explore the sector of electroweak
symmetry breaking and to discover the Higgs boson. For the first time, we have presented a
complete one-loop calculation of all relevant Higgs-boson production and decay channels in the
custodial RS setup, incorporating the effects stemming from the extended electroweak gauge-
boson and fermion sectors. We have shown that Higgs physics offers the possibility to test
large scales at the LHC, that are significantly beyond the direct reach. Thus, RS models might
show up first in modified Higgs-production cross-sections or branching fractions. Depending
on its mass, the impact of the RS model could, on the other hand, make a discovery of the
Higgs boson more difficult. It would be worthwhile studying the impact of the RS setup on
Higgs searches and exclusion limits at the LHC and the Tevatron more detailed.

An ongoing issue is to understand RS models at the quantum level. A complete ana-
lytical calculation of loop mediated flavor-changing neutral currents such as B → Xsγ and
of quantum corrections to flavor diagonal transitions like for aµ, including bulk fermions, is
still a desideratum. Since performing multiple infinite sums, accounting for the full RS flavor
structure is not always feasible, the 5D propagators presented in this thesis will be useful to
tackle these problems. Moreover, employing a proper regularization of the brane-Higgs sector,
5D fermion propagators at vanishing momentum transfer can be used to study loop mediated
Higgs-production and -decay channels analytically.

The Feynman diagrams shown in this thesis have been produced with the help of FeynArts
[397] and Jaxodraw [398].
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A.1 Pauli, Dirac, and Gell-Mann Matrices

The Pauli matrices are defined as

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.1)

The Dirac-gamma matrices fulfill the Clifford algebra

{γµ, γν} = 2 ηµν1 . (A.2)

In the Weyl representation they read (i = 1, 2, 3)

γ0 =

(
0 12×2

12×2 0

)
, γi =

(
0 σi

−σi 0

)
. (A.3)

The chirality matrix is defined as

γ5 ≡ iγ0γ1γ2γ3 =

(
−12×2 0

0 12×2

)
. (A.4)

Finally, the Gell-Mann color matrices are

λ1 =




0 1 0
1 0 0
0 0 0


 , λ2 =




0 −i 0
i 0 0
0 0 0


 , λ3 =




1 0 0
0 −1 0
0 0 0


 , λ4 =




0 0 1
0 0 0
1 0 0


 ,

λ5 =




0 0 −i
0 0 0
i 0 0


 , λ6 =




0 0 0
0 0 1
0 1 0


 , λ7 =




0 0 0
0 0 −i
0 i 0


 , λ8 =

1√
3




1 0 0
0 1 0
0 0 −2


 .

(A.5)

A.2 Custodial Symmetry

Starting from the general squared mass matrix (1.31) and demanding that one eigenvalue of
the lower right block has to be zero (corresponding to the photon), while denoting the other
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one by m2
Z , leads to the conditions

Det[

(
m2

3 m
2

m2 m2
0

)
] = 0 , Tr[

(
m2

3 m
2

m2 m2
0

)
] = m2

Z . (A.6)

Identifying the eigenvector belonging to the vanishing eigenvalue as (sw, cw)T (forming a row
of the matrix that rotates the vector fields to the mass basis) we get

sw
cw

= −m
2

m2
3

= −
∣∣∣∣
m0

m3

∣∣∣∣ , (A.7)

where we have used the first condition of (A.6). From the second relation we now derive

m2
Z = m2

3

(
1 +

s2
w

c2
w

)
, (A.8)

which results in
|m3| = mZ cw . (A.9)

We can use (A.7) to trade m3 for m0 which leads to |m0| = −mZ sw. Applying the last
relations we arrive at the most general (squared) mass matrix, compatible with the breaking
pattern (1.18) of electroweak gauge symmetry

M2 =




m2
W 0 0 0
0 m2

W 0 0
0 0 m2

z c
2
w −m2

Z cwsw
0 0 −m2

Z cwsw m2
Z s

2
w


 . (A.10)

In order to fulfill the sought mass relation (1.29), one needs m2
3 = m2

W , as can be read off from
(A.9). Thus, the mass matrix to start with (1.31), has to fulfill

m2
1 = m2

2 = m2
3 = m2

W (A.11)

in addition to the requirements following from the residual U(1)EM gauge invariance.
For the SM Higgs mechanism, this relation is fulfilled due to an accidental global symmetry

in the Higgs Lagrangian. Writing the Higgs doublet as

Φ =

(
φ1 + i φ2

φ3 + i φ4

)
, (A.12)

we see that terms of the form

Φ†Φ =




φ1

φ2

φ3

φ4




T 


φ1

φ2

φ3

φ4


 (A.13)

possess an O(4) symmetry which is isomorphic to SU(2)L×SU(2)R. As it is more convenient
to work with the second form of the symmetry, we write the Higgs field as a 2 × 2 matrix,
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composed of Φc ≡ iσ2Φ∗ and Φ (see (1.16))

Φ =

(
φ0∗ φ+

−φ− φ0

)
, (A.14)

which transforms under SU(2)L × SU(2)R as

Φ→ UL ΦU †R . (A.15)

Here, UL,R correspond to unitary SU(2)L,R transformation matrices. In Section 3.4 we also
use such a form of the Higgs field, given a gauged version of the SU(2)L× SU(2)R symmetry.
The Higgs potential (see (1.19)) now becomes

V (Φ) = −µ
2

2
Tr[Φ†Φ] +

λ

4
Tr[Φ†Φ Φ†Φ] . (A.16)

It is obviously invariant under the transformation (A.15). The same is true for the part
containing the covariant derivatives, only if g′ = 0, otherwise the coupling with Bµ breaks
the global SU(2)R symmetry. Setting g′ = 0, the Higgs Lagrangian (1.19) has the full global
SU(2)L × SU(2)R symmetry, given that W i

µ transforms as a triplet under SU(2)L and is a
singlet under SU(2)R. The vacuum expectation value of the Higgs field

〈Φ〉 =
v√
2

(
1 0
0 1

)
(A.17)

now breaks this global symmetry down according to

SU(2)L × SU(2)R −→ SU(2)V , 〈Φ〉 → UV 〈Φ〉U †V ,
=̂ O(4) −→ O(3) .

(A.18)

In the parametrization of (A.13), the residual O(3) symmetry corresponds to a rotation among
the components of Φ, which do not acquire a VEV. After EWSB, this symmetry requires the
mass terms of the components of W i

µ, transforming as a vector, to have the same coefficients
(note that still U(1)EM is left unbroken)

m1 = m2 = m3 . (A.19)

This relation remains valid (at the tree level) if we allow again for g′ 6= 0 and leads to the mass
relation (1.29). Thus we have identified a residual O(3) =̂ SU(2)V symmetry, guaranteeing
that this mass relation is fulfilled.
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A.3 Unitarity, Triviality and Vacuum-Stability Bounds

Unitarity bound: To derive the unitarity bound on the Higgs-boson mass, it is useful to
perform a partial wave analysis of the scattering amplitude

A(s, t) = 16π
∞∑

l=0

(2l + 1)al(s)Pl(cos θ) , (A.20)

where Pl(x) are Legendre Polynomials, cos θ = 1+2t/s at high energies, and t is a Mandelstam
variable, corresponding to the squared difference of an initial state momentum and a final state
one, see Section 5.1.4. The total cross section for a 2→ 2 process becomes

σ =
16π

s

∞∑

l=0

(2l + 1)|al(s)|2 . (A.21)

Applying the optical theorem

σ =
1

s
ImA(s, 0) , (A.22)

which follows from unitarity, it is easy to show that

|Re al(s)| ≤
1

2
(A.23)

has to hold. Using the result for W±-boson scattering at high energies s � m2
W (and for a

heavy Higgs boson) [39]

A(s, t) = −
[

2
m2
h

v2
+

(
m2
h

v

)2
1

s−m2
h

+

(
m2
h

v

)2
1

t−m2
h

]
, (A.24)

we obtain from (A.23) (in the limit s� m2
h) the s-wave (l=0) constraint

|Re a0| =
m2
h

8πv2
≤ 1

2
⇒ mh . 870 GeV . (A.25)

Triviality and vacuum-stability bounds: In the SM, the leading dependence of the
Higgs-quartic coupling on the energy scale µ is given by the renormalization group equation
[39]

dλ

d lnµ2
' 1

16π2

[
6λ2 + 6λy2

t − 6y4
t −

3

2
λ(3g2 + g′ 2) +

3

8
(2g4 + (g2 + g′ 2)2)

]
, (A.26)

where yt =
√

2/v mt is the top-quark Yukawa coupling. The lighter-fermion contributions can
be neglected to good approximation. For large λ only the first term on the right hand side of
(A.26) contributes and the solution to this equation becomes

λ(µ2) = λ(µ2
0)

(
1− 3

8π2
λ(µ2

0) ln
µ2

µ2
0

)−1

. (A.27)
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Looking at this equation we see that the Higgs quartic coupling blows up and hits a Landau
pole at

µc = v exp

[
4π2

3λ(v2)

]
= v exp

[
4π2v2

3m2
h

]
, (A.28)

where we have chosen the electroweak symmetry breaking scale as the reference scale, µ0 = v,
and used λ(v2) v2 = m2

h. Requiring this pole not to appear until the Planck scale µc = MPl,
which means that the Higgs sector of the SM is well behaved for the whole possible energy
range of the theory, demands the Higgs boson to be light. However, a low Landau pole at
around a TeV allows for a heavy Higgs boson

µc & 1019 GeV ⇒ mh . 145 GeV

µc & 1 TeV ⇒ mh . 750 GeV .
(A.29)

Note that, including the top Yukawa as well as the gauge couplings moderately modifies these
results. A more exact perturbative constraint will be given below.

The vacuum stability bound on the Higgs-boson mass can be derived from requiring the
Higgs potential to be bounded from below. This translates into λ > 0, see (1.19). Thus we
have to study under which conditions (A.26) can drive the quartic coupling negative. To this
end, we consider the renormalization group equation for small λ, which leads to the solution
(µ0 = v)

λ(µ2) = λ(v2) +
1

16π2

[
−24

m4
t

v4
+

3

8
(2g4 + (g2 + g′ 2)2)

]
ln
µ2

v2
. (A.30)

Note that only the top Yukawa contribution can drive λ negative. If we do not want λ to
become negative before the scale µc, we arrive at the condition

m2
h >

v2

16π2

[
24
m4
t

v4
− 3

8
(2g4 + (g2 + g′ 2)2)

]
ln
µ2
c

v2
. (A.31)

This leads to the bounds

µc & 1019 GeV ⇒ mh & 120 GeV

µc & 1 TeV ⇒ mh & 70 GeV .
(A.32)

Below the scale µc our theory is stable, whereas above, it would become unstable and has to
be replaced by something new. The values quoted here all correspond to leading order results.
The running of the top-quark Yukawa coupling is included. A proper two loop calculation,
requiring perturbation theory to be valid and the Higgs potential to be stable below the cutoff
µc leads to [39, 41]

µc & 1016 GeV ⇒ 130 GeV . mh . 180 GeV

µc & 1 TeV ⇒ 50 GeV . mh . 800 GeV .
(A.33)
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A.4 Effective Field Theories

In this appendix we present the main concepts of effective field theories, which are used
throughout this thesis. The fact that short-distance effects can be separated from long-distance
effects, the concept on which EFTs are based, is crucial for a step-by-step progress in physics.
Excellent introductions to the subject, on which part of the following is based, can be found
in [76, 87, 399]. By making use of the renormalization group, EFTs are well suited to deal
with multi scale problems which often appear in nature and they provide a modern notion
of renormalization. Furthermore they allow for model-independent analyses. We will first
describe the concept formally and then from a practical point of view with the help of an
example.

Basically, the idea is the following. Consider a QFT with a certain fundamental scale M ,
which could be the mass of a heavy particle or some characteristic (euclidean) momentum
transfer, and suppose we are only interested in predictions for energies E � M .1 We can
then construct an EFT, valid for this (low) energy range and to be UV completed by the full
theory, in three steps:

1. Fix a cutoff Λ < M and divide the fields φ of the QFT into low-energy Fourier modes φL
and high-energy modes φH . One could for example use the absolute euclidean momentum
|k| after Wick rotation to distinguish these modes, such that

φL(k) =

{
φ(k) , |k| < Λ

0 , |k| ≥ Λ
, φH(k) =

{
0 , |k| < Λ

φ(k) , |k| ≥ Λ
, φ = φL + φH .

(A.34)

In the following we will leave the concrete method of dividing the fields into low- and
high energy modes open, as it does not have to be specified for the upcoming discussion.
S-matrix elements in our EFT, which we want to be the correct theory for low energies
E � Λ, should now just depend on the fields φL. In the path integral formalism, they
should be derived from vacuum correlation functions of the type

〈0|T{φL(x1) . . . φL(xn)}|0〉 =
(−i)n
Z[0]

δ

δJL(x1)
· · · δ

δJL(xn)
Z[JL]

∣∣∣∣
JL=0

. (A.35)

We thus need source terms only for the low energy fields in the generating functional

Z[JL] =

∫
DφLDφH eiS(φL,φH)+i

∫
ddxJL(x)φL(x) , (A.36)

where S (φL, φH) =
∫
ddxL(x) is the action of the QFT in d space-time dimensions.

2. Now we integrate out the high energy modes, which cannot be produced directly in
experiments at energies E < Λ, by performing explicitly the corresponding path integral

eiSΛ(φL) ≡
∫
DφH eiS(φL,φH) . (A.37)

1If a problem involves several scales, we can usually consider one at a time.
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This leads to the new generating functional

Z[JL] =

∫
DφL eiSΛ(φL)+i

∫
ddxJL(x)φL(x) , (A.38)

where the high energy modes are removed as dynamical degrees of freedom from our
theory. SΛ(φL) is called the Wilsonian effective action. Note that, as modes with
energies above Λ have been integrated out, this action is non local above this scale.

3. Finally we can expand this non-local action into a sum of local operators containing only
low energy fields, by a so-called Operator Product Expansion (OPE), such that

SΛ(φL) =

∫
ddxLΛ

eff (x) , (A.39)

where the (local) effective Lagrangian

LΛ
eff (x) =

∑

D,i

C
(D)
i

MD−dQ
(D)
i (φL(x)) (A.40)

consists of an infinite series of operators with mass dimensions D. The corresponding
dimensionless coefficients C

(D)
i have to appear with appropriate powers of M , the only

scale present in the theory, in order to make the action dimensionless. The combined
quantities g

(D)
i ≡ C

(D)
i Md−D are called Wilson coefficients. Note that for fixed D, just

a finite number of operators can emerge (i < ∞), given that all fields have a strictly
positive mass dimension. This is the case for the SM fields in d ≥ 3. Furthermore, it is
possible that for some values of D, the corresponding set of operators is empty. Since
operators of mass dimension D are expected to scale like ED−d, the expansion (A.40)
features the order parameter E/M � 1.

Having obtained the local effective action, we have to address the question how to make
use of a theory that contains apparently infinitely many parameters. The answer has already
been sketched in Section 1.1.1 and is contained in the considerations before. As operators
with increasing mass dimension are suppressed by bigger and bigger powers of M one can
cut off the series at a certain level of precision (corresponding to a certain D), knowing
that higher terms will at most give a contribution suppressed by E/M with respect to the
contributions considered. In that sense, EFTs are automatically renormalizable and predictive
(up to suppressed terms), since per definition only a finite number of parameters is present in
the theory, after neglecting power suppressed corrections in (A.40) (assuming that d ≥ 3). The

argument of naturalness suggests that C
(D)
i ∼ O(1), since besides M there is no other scale

in the theory. Note that those coefficients now contain the information on the high energy
modes which have been removed from the action. Thus, they will in principle depend on the
scale Λ, providing a new paradigm of renormalization. From the dimensional analysis above,
it is evident that operators with D > 4 will become less and less important at low energies.
Thus they are named irrelevant (or non-renormalizable) operators, although they are very
interesting, since they arise from integrating out heavy physics and tell us something about
physics at the cutoff scale. Operators with D < 4 become more important at low energies and
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are called relevant (or super-renormalizable), whereas those with D = 4 are called marginal
(or renormalizable) operators. Relevant operators are problematic since they lead to a UV
sensitivity, see Section 1.2.1.

In practice, it turns out that it is not always feasible to integrate out heavy modes formally
as introduced before. It is often more practical to follow a procedure called matching which
works in the following way. We know that (A.40) can only contain operators compatible
with the symmetries of the theory. So we can turn the procedure around and write down all
operators that are consistent with the given symmetries and depend just on the fields φL with
so far unknown coefficients C

(D)
i , up to a certain mass dimension. This is now our EFT and

we have already used such a procedure while constructing the SM Lagrangian in Section 1.1.1
(there with the complete field content observed so far). Now we know that, for energies below
the cutoff, the amplitudes in the EFT, after integrating out certain modes, have to agree with
those obtained in the full theory

Am ≡ 〈fm|Lfull|im〉 !
=
∑

D,i

C
(D)
i (µ)

MD−d 〈fm|Q
(D)
i (µ)|im〉 . (A.41)

On the right hand side all insertions of operators contributing to a given matrix element up
to a certain level of precision (mass dimension D) have to be considered. Note that in this
equation, the full Lagrangian as well as the effective Lagrangian have been expanded up to first
order in perturbation theory. However, it is possible to extend this matching to higher orders
in the coupling constants. While not written out explicitly, at least the important higher order
corrections in αs are to be included implicitly on both sides. For processes mediated at leading
order by D = 6 operators and for the case of the SM being the “full” theory we get at LO

Am ≡ 〈fm|LSM|im〉 !
=
∑

i

C
(6)
i (µ)

M2
〈fm|Q(6)

i (µ)|im〉+ higher D operators. (A.42)

Here, we have used the scale µ instead of the hard cutoff Λ. This scale, being closer related to
the more common approach of dimensional regularization, now takes the role of the cutoff. By
calculating enough matrix elements Am in the full theory, as well as in the EFT, and equating
those with equal final and initial states, we can determine all Wilson coefficients present in the
EFT, up to a sought level of precision. Note that in the following, we will use the term Wilson
coefficient also for the dimensionless coefficients C

(D)
i . These coefficients have the important

feature of being process independent, i.e., they do not depend on the external states in (A.41).
Thus they can be determined using a certain class of processes and then used for predictions
in other processes via the EFT. If a process involves QCD at low scales, one usually has
to resort to non-perturbative methods like lattice-QCD to calculate the corresponding matrix
elements. However, note that the procedure of integrating out high energy modes via matching
is independent of infrared (IR) physics. Thus, if one matches the theory at a scale where QCD
is perturbative, it is possible to calculate the matrix elements in perturbation theory for the
purpose of obtaining the corresponding Wilson coefficients.

We will now give an example of constructing an EFT from a “full” theory by studying
Fermi’s theory of weak interactions, valid for E � mW . It is obtained by integrating out the
heavy W±-bosons of the SM, resulting in local effective D = 6 four-fermion vertices like the
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d u

νe e

d u

νe e

Figure A.1: Effective four-fermion interaction mediating β-decay, obtained by inte-
grating out the heavy W± bosons of SM. The local four-quark vertex in the effective
theory is denoted by the two gray circles in the second graph.

one mediating β-decay on the right hand side of Figure A.1. The lack of the exchange of the
massive gauge bosons leads to a violation of unitarity within the Fermi theory above the scale
of electroweak interactions MEW ∼ mW . However, as an effective theory with a cutoff at that
scale, it is perfectly fine. The full SM gauge theory, including those fields, UV completes the
Fermi theory at the electroweak scale. The diagram in the full theory (Figure A.1, left) leads
to the amplitude

A = −g
2

8
Vud

1

p2 −m2
W

(ē νe)V−A(ū d)V−A

= − g2

8m2
W

Vud (ē νe)V−A(ū d)V−A +O(
p2

m2
W

),

(A.43)

where (ē νe)V−A ≡ ē (1 − γ5)νe, etc., and p2 is the squared momentum transfer. Thus we
immediately see that the corresponding effective Lagrangian, which gives the same result on
the EFT side, has to take the form

Leff = −GF√
2
VudC1(µ)(ē νe)V−A(ū d)V−A + higher D operators, (A.44)

with C1 = 1, working at tree level. Note that here we have pulled out a numerical factor
times the weak coupling constant g2, divided by the scale m2

W , which are collected into the
Fermi coupling constant of weak interactions GF/

√
2 = g2/(8m2

W ), as well as the CKM matrix
element Vud. This element is extracted exactly from the process discussed here. Furthermore
we have not made explicit the color indices which are to be contracted between the adjacent
quark fields. The higher D operators correspond to the higher powers of O(p2/m2

W ) in the
expansion (A.43). In the same way the Wilson coefficients for four-fermion operators involv-
ing other external states can be obtained. The result demonstrates that the reason for the
apparent weakness of weak interactions compared to electromagnetism is not a substantially
smaller coupling constant but merely the large mass of the W± bosons which suppresses the
corresponding interaction at low energies, as mentioned in Section 1.1.2. Technically speaking,
already the leading contribution corresponds to an irrelevant D = 6 operator. It was another
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triumph of particle physics, that the W± bosons were discovered with a mass close to the
scale of (GF/

√
2)−1/2 ≈ 110 GeV that was indicated indirectly by low energy experiments.

By expanding the W± propagator to zeroth order in the momentum transfer, we were able
to match it on a D = 6 operator at the tree level. The same result can also be obtained
by integrating out the W±-bosons via the path integral formalism, as discussed before, since
the corresponding integral is of Gaussian type. However, in more complicated situations, e.g.
involving QCD, this is no more true. For QCD, another complication arises, because it is not
perturbative at low energies, so in most cases one relies on the procedure of matching.

While for the operator studied above, QCD corrections do not alter the Wilson coefficient
(they are the same in the full theory and in the EFT), this is not true for generic four-quark
operators like (s̄ ac a)V−A(ū bb b)V−A obtained by integrating out W± bosons and mediating
for example the decay bL → uLc̄LsL. This partonic process is relevant for the hadronic
decay B̄0 → π+D−s (similar processes will become relevant in Section 5.2.3). Here, QCD
corrections generate a second operator (s̄acb)V−A(ūbba)V−A with interchanged color indices at
O(αs). The corresponding Wilson coefficients at that order can be obtained by matching
the matrix elements at the one-loop level, including gluon-corrections at O(αs) in the full
theory as well as in the EFT. The coefficients now depend non-trivially on µ at that order, see
[76, 87]. By lowering the cutoff of the EFT, one successively integrates out high energy modes
(virtual gluon corrections). Their effects are absorbed into the Wilson coefficients which thus,
as mentioned before, generically depend on the scale µ. Changing the scale corresponds to
reshuffling contributions between the Wilson coefficient and the operator matrix element. We
will now discuss the evolution of these coefficients with µ.

For this purpose we consider a generic operator basis of a given dimension D, i.e., a
complete set of operators of that mass dimension, allowed by the symmetries of a problem
{Qi(µ)}, i = 1, . . . , n. Now we know that observables should not depend on the scale µ,
separating high energy and low energy physics residing in the Wilson coefficients and matrix
elements, respectively. Thus we conclude

d

d lnµ

n∑

i=1

Ci(µ)〈Qi(µ)〉 = 0. (A.45)

As we started from a complete set of operators, it must be possible to expand the derivatives
of the matrix elements on the left hand side of the equation above in terms of the operators
contained in the basis

d

d lnµ
〈Qi(µ)〉 ≡

n∑

j=1

−γij(µ)〈Qj(µ)〉. (A.46)

The coefficients γij measure the changes in the operator matrix elements under infinitesimal
scale variations. They are called anomalous dimensions as they feature deviations from the
naive scaling dimensions (D − d) of the operators, due to quantum corrections. With this
definition, we derive from (A.45) the famous renormalization group equation

d

d lnµ
Cj(µ)−

n∑

i=1

Ci(µ)γij(µ) = 0, (A.47)

where we have used that the Qi are linearly independent from each other. In matrix notation
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it reads
d

d lnµ
~C(µ) = γ̂T (µ)~C(µ). (A.48)

Here, the anomalous dimension matrix (ADM) γ̂ depends on the scale µ just through the
running coupling αs(µ) in QCD. If it contains off-diagonal entries, the operators mix under
renormalization. Before solving this equation we first switch variables from lnµ to αs(µ) to
arrive at

d

dαs(µ)
~C(µ) = β−1(αs(µ)) γ̂T (αs(µ)) ~C(µ), (A.49)

where β ≡ dαs(µ)/d lnµ is the β-function of QCD. This renormalization group equation is
now solved by

~C(µ) = Û(µ,mW ) ~C(mW ) , Û(µ,mW ) ≡ Tα exp

[∫ αs(µ)

αs(mW )

dα
γ̂T (α)

β(α)

]
, (A.50)

which gives the evolution of the Wilson coefficients between one scale and another. Here, the
initial condition has been chosen to be set by the values of the Wilson coefficients at the weak
scale. The ADM can be calculated from the renormalization constants, appearing in the course
of renormalizing the (effective) theory, see [76]. The corresponding exponential function in
U(µ,mW ) is defined via its Taylor expansion. The ordering prescription Tα, which results in
matrices γ̂T (α) with smaller α standing on the right of those with larger α is necessary since
in general those matrices do not commute for different values of α. Clearly, if the evolution
is to be performed between two scales with the threshold of a particle in between, which
shall be integrated out, it can be performed in an iterative way. First in the EFT with this
particle included and then, below the corresponding scale, in a theory without that particle
as a dynamical degree of freedom. For example, an evolution could be performed first from a
high mass scale M > mt down to mt (where the top quark is integrated out) and then in a
five-flavor theory further down to a lower scale µ by a two-step running

~C(µ) = Û (5)(µ,mt)Û
(6)(mt,M)~C(M). (A.51)

Let us stress a very important virtue of this process of integrating out high energy modes
and absorbing their effects into running Wilson coefficients, described by a RG equation (A.50).
If a problem involves several scales, one will generically encounter logarithms of ratios of these
scales when calculating higher order corrections. For the time being, let us assume that we
want to study a process involving a mass scale M at a second scale µ�M , which could e.g.
be set by the mass of another light particle present in the theory (µ ∼ m). If these scales
are largely separated from each other, this can spoil the perturbative expansion in a small
coupling constant since (for the case of QCD) now formally subleading corrections of the form

αs(µ)

4π
ln
M2

µ2
, (A.52)

can easily become of O(1). Even if only weak couplings are involved, such logarithm terms
can become important if one has for example M = MGUT and µ = mW . By integrating out
physics related to the larger scale one can circumvent this problem. Matching the theory at
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the large scale, one can avoid the presence of the problematic large logarithms involving the
scale M (A.52). Remember that this matching procedure is independent of the low scale m.
One can then evolve down the corresponding Wilson coefficients to the low scale by using the
renormalization group evolution (A.50). This leads at leading order to a resummation of terms
of the form (αs(µ)/(4π) ln(M2/µ2))n (A.52), to all orders. These terms are now counted as
O(1), avoiding the breakdown of the perturbative series. The matrix element in the EFT does
not know about the large scale and thus, if one evaluates it (perturbatively) at the low scale it
cannot feature large logarithms. The separation of high energy physics from low energy physics
is a very important feature of EFTs. Processes involving low-energy QCD can thus be handled
by integrating out the heavy physics and run down to a scale at which the resulting matrix
element can be calculated on the lattice (or by means of other non-perturbative methods),
while the high-energy contributions reside in the Wilson coefficients. This approach will be
used in Section 5.2.3. Here we have assumed the existence of just two distinct scales. However,
the application to problems with more scales is possible by an iterative procedure, as indicated
before.

Finally, let us see how the resummation works schematically in the case of QCD corrections
to the electroweak theory. For that purpose we expand the β-function as well as the ADM
formally up to the LO in αs, respectively

β(αs) = −2αs

[
β0
αs
4π

+O(α2
s)
]
, γ̂(αs) = γ̂0

αs
4π

+O(α2
s). (A.53)

Note that these quantities, as well as ~C(mW ) are free of large logarithms. The evolution
matrix now takes the form

Û0(µ,mW ) =

[
αs(mW )

αs(µ)

] γ̂0
2β0

(1 +O(αs)) . (A.54)

The matrix exponent can be evaluated via

Û0(µ,mW ) = V̂ diag

([
αs(mW )

αs(µ)

] ~γ0
2β0

)
V̂ −1 (A.55)

where V̂ diagonalizes the ADM γ̂T0

V̂ −1γ̂T0 V̂ = diag (~γ0) . (A.56)

Studying the case of a single operator for simplicity and expanding

U0(µ,mW ) =

(
1 + β0

αs
4π

ln
m2
W

µ2
+ · · ·

)− γ0
2β0

= 1− γ0

2

αs
4π

ln
m2
W

µ2
+O

(
α2
s ln2m

2
W

µ2

)
+ · · · ,

(A.57)
we see that all the logarithms of the form (αs/(4π) ln(M2/µ2))n (A.52) are present in U0(µ,mW ),
which can be calculated reliably in perturbation theory.

It is possible to generalize the concepts introduced here to more complicated processes and
to include e.g. (loop-mediated) FCNCs relevant for meson mixing and decay. These processes
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are interesting, because they are suppressed within the SM and thus very sensitive to BSM
contributions. Here one integrates out internal states in e.g. box and penguin diagrams (for
the case of the SM) and ends up with an effective weak Lagrangian mediating such processes.
For details, we refer the reader to the literature [76, 87, 371] and to Section 5.2.3 where such
effective Lagrangians are used to calculate amplitudes related to B-meson mixing and decay.

Let us stress again that EFTs are also well suited to match experiments with theory,
without assuming a certain model. By writing down an OPE containing all fields up to a
certain energy, consistent with the given symmetries, one can try to measure the various
Wilson coefficients. Thus it is also possible to use the concept of EFTs without being able to
integrate out certain modes explicitly (without knowing the underlying renormalizable model)
and to learn something about nature. With the help of an OPE for the SM field content,
one can try to collect information about its UV completion. Just like the D = 6 operators of
Fermi theory arise from integrating out the heavy W± bosons within the SM, the SM probably
has a UV completion that replaces it above a certain scale ΛUV. This can be accounted for,
by not truncating at the level of D = 4, see Section 1.1.6. The presence of this BSM theory
leaves its imprints in higher dimensional operators containing the SM fields. By measuring
the Wilson coefficients of these operators one can quantify possible deviations from the SM
in terms of Lagrangian parameters. Below the threshold of NP, the SM, including D > 4
operators is an appropriate theory to describe nature. If one wants to be more specific and
has a certain model in mind, one can calculate the Wilson coefficients in this model explicitly
and compare them to the experimental results. By integrating out heavy fields of the model
step by step one can resum large logarithms, arising when a theory contains several scales.
These techniques will be used at several points in the phenomenology chapter (Chapter 5) of
this thesis.
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Appendix B

Appendices Chapter 5

B.1 Higgs-Boson Phase-Space Factors for At
FB

In this appendix we present the explicit analytical form of the phase-space factors, appearing
in the Higgs-boson contribution to the charge-symmetric and -asymmetric part of the tt̄ cross
section, see (5.37) and (5.38). They read

fS(z) = −βρ
72

[
1 +

ρ (1− z)

2
+
ρ
(
4 + ρ (1− z)2)

8β
ln

(
2 (1 + β)− ρ (1− z)

2 (1− β)− ρ (1− z)

)]
,

fA(z) =
ρ

144

[
1− ρ+

ρ
(
4 + ρ (1− z)2)

4
ln

(
ρ
(
4z + ρ (1− z)2)

(2− ρ (1− z))2

)]
,

(B.1)

where z = m2
h/m

2
t , β =

√
1− ρ, and ρ = 4m2

t/ŝ.

B.2 Tensor Integrals and Wilson Coefficients for At
FB in

the ZMA

The non-factorizable products of overlaps ∆̃A ⊗ ∆̃B are defined as [213]

(
∆̃F

)
mn
⊗
(
∆̃f ′
)
m′n′

=
2π2

L2ε2

∫ 1

ε

dt

∫ 1

ε

dt′ t2<

×
[
aF †m CQ

m(φ)CQ
n (φ) aFn + af†m S

f
m(φ)Sfn(φ) afn

]

×
[
af
′†
m′ C

f ′

m′(φ
′)Cf ′

n′(φ
′) af

′

n′ + aF
′†

m′ S
Q
m′(φ

′)SQn′(φ
′) aF

′

n′

]
,

(B.2)

etc., where F = U,D and f = u, d.
For the case of the up quark (q = u), the ZMA results for the Wilson coefficients appearing

in (5.39) read

C
(V,8)
uū,‖ = −4παs

M2
KK

[
1

2L
− F 2(ctR) (2ctR + 5)

4(2ctR + 3)2
− F 2(ctL) (2ctL + 5)

4(2ctL + 3)2

241
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− F 2(cuR)

4 |(Mu)11|2
∑

i=1,2,3

(2cui + 5) |(Mu)1i|2
(2cui + 3)2

− F 2(cuL)

4 |(Mu)11|2
∑

i=1,2,3

(2cQi + 5) |(Mu)i1|2
(2cQi + 3)2

+
L

2

F 2(ctR)F 2(cuR)

(2ctR + 3) |(Mu)11|2
∑

i=1,2,3

(cui + ctR + 3) |(Mu)1i|2
(2cui + 3)(cui + ctR + 2)

+
L

2

F 2(ctL)F 2(cuL)

(2ctL + 3) |(Mu)11|2
∑

i=1,2,3

(cQi + ctL + 3) |(Mu)i1|2
(2cQi + 3)(cQi + ctL + 2)

]
,

C
(V,8)
uū,⊥ = −4παs

M2
KK

[
1

2L
− F 2(ctR) (2ctR + 5)

4(2ctR + 3)2
− F 2(ctL) (2ctL + 5)

4(2ctL + 3)2

− F 2(cuR)

4 |(Mu)11|2
∑

i=1,2,3

(2cui + 5) |(Mu)1i|2
(2cui + 3)2

− F 2(cuL)

4 |(Mu)11|2
∑

i=1,2,3

(2cQi + 5) |(Mu)i1|2
(2cQi + 3)2

+
L

2

F 2(ctL)F 2(cuR)

(2ctL + 3) |(Mu)11|2
∑

i=1,2,3

(cui + ctL + 3) |(Mu)1i|2
(2cui + 3)(cui + ctL + 2)

+
L

2

F 2(ctR)F 2(cuL)

(2ctR + 3) |(Mu)11|2
∑

i=1,2,3

(cQi + ctR + 3) |(Mu)i1|2
(2cQi + 3)(cQi + ctR + 2)

]
. (B.3)

Similar relations with obvious replacements hold in the case of the remaining light quarks
q = d, s, c. For the t-channel Wilson coefficients in the vector channel, we get

C
(V,8)
tū,‖ = − παs

M2
KK

L

[
F 2(ctR)F 2(cuR) |(Mu)13|2

(2ctR + 3)(ctR + 1) |(Mu)11|2
+

F 2(ctL)F 2(cuL) |(Mu)31|2

(2ctL + 3)(ctL + 1) |(Mu)11|2

]
,

C
(V,1)
tū,‖ = − παe

M2
KK

L

s2
wc

2
w

[
(T u3 −Qus

2
w)2 F 2(ctL)F 2(cuL) |(Mu)31|2

(2ctL + 3)(ctL + 1) |(Mu)11|2

+
(
s2
wQu

)2 F 2(ctR)F 2(cuR) |(Mu)13|2

(2ctR + 3)(ctR + 1) |(Mu)11|2

]

− παeQ
2
u

M2
KK

L

[
F 2(ctR)F 2(cuR) |(Mu)13|2

(2ctR + 3)(ctR + 1) |(Mu)11|2
+

F 2(ctL)F 2(cuL) |(Mu)31|2

(2ctL + 3)(ctL + 1) |(Mu)11|2

]
.

(B.4)

The result for the Higgs-boson contribution to the t channel, which is of O(v4/M4
KK), is given

by
C̃S
tū = |(guh)13|2 + |(guh)31|2 , (B.5)

where the ZMA expressions for the flavor off-diagonal Higgs couplings are given in (3.279).
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B.3 RG Evolution of the Wilson Coefficients for At
FB

In this appendix we present analytic formulae relating the Wilson coefficients evaluated at the
top-quark mass scale mt to their initial conditions calculated at MKK � mt, see Appendix A.4.
Since in the RS model the t-channel Wilson coefficients C̃V

tū and C̃S
tū are numerically irrelevant,

we will not consider their running in the following. The RG evolution is performed at leading-
logarithmic accuracy (i.e., at one-loop order), neglecting tiny effects that arise from the mixing
with QCD penguin operators. For the s-channel Wilson coefficients entering (5.48) and (5.49),
one obtains for P = V,A (c.f. (A.54)) [3]

C̃P
qq̄(mt) =

(
2

3η4/7
+
η2/7

3

)
C̃P
qq̄(MKK) , (B.6)

where η ≡ αs(MKK)/αs(mt) is the ratio of strong coupling constants evaluated at the relevant
scales.

In order to judge the impact of RG effects, we evaluate (B.6) explicitly, using αs(MZ) =
0.139, MKK = 1 TeV, and mt = 173.1 GeV, which leads to η = 0.803 at one-loop order. We
obtain

C̃P
qq̄(mt) = 1.07 C̃P

qq̄(MKK) . (B.7)

Thus, the RG evolution increases the Wilson coefficients C̃P
qq̄ by about 7% with respect to the

values quoted in Table 5.1 which means that operator mixing represents only a numerically
subdominant effect.

B.4 Wilson Coefficients of Penguin Operators

The Wilson coefficients of the penguin operators in (5.101), evaluated at the matching scale
µ = MKK, read at O(v2/M2

KK) [213]

CRS
3 (MKK) =

παs
M2

KK

(∆′D)23

2Nc

− πα

6s2
wc

2
wM

2
KK

( ΣD)23 ,

CRS
4 (MKK) = CRS

6 (MKK) = − παs
2M2

KK

(∆′D)23 ,

CRS
5 (MKK) =

παs
M2

KK

(∆′D)23

2Nc

,

CRS
7 (MKK) =

2πα

9M2
KK

(∆′D)23 −
2πα

3c2
wM

2
KK

( ΣD)23 ,

CRS
8 (MKK) = CRS

10 (MKK) = 0 ,

CRS
9 (MKK) =

2πα

9M2
KK

(∆′D)23 +
2πα

3s2
wM

2
KK

( ΣD)23 ,

(B.8)

where

ΣD ≡ ωdLZ L

(
1

2
− s2

w

3

)
∆D +

M2
KK

m2
Z

δD . (B.9)
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These results are valid for the minimal RS variant for ωdLZ = 1, whereas in the custodial
RS model with PLR-symmetry, one finds ωdLZ = 0 , see (3.230) and below. Exact analytic
expressions for ∆D, ∆′D, and δD, as well as the corresponding ZMA results are given in
sections 3.2.4 and 3.4.3. The evolution of the penguin coefficients down to the mass of the
bottom quark is treated in Appendix B.7.

B.5 Wilson Coefficients of Charged-Current Operators

In this appendix we derive ZMA expressions for the Wilson coefficients of the charged current
operators in (5.101). The starting point is the (h.c. part of the) effective Hamiltonian as given
in (3.269). Performing the overlap integrals with the corresponding fermion profiles in the
ZMA, we arrive for the minimal RS model at

(V†L)mn ⊗ (VL)m′n′ =(U †dUu)mn(U †uU d)m′n′

[
1 +O

(
v2

M2
KK

)]

+
m2
W

2M2
KK

L (U †d)mi(Uu)in(∆̃QQ)ij(U
†
u)m′j(U d)jn′ ,

(B.10)

with the non-factorizable correction [157]

(∆̃QQ)ij =
F 2(cQi)

3 + 2cQi

3 + cQi + cQj
2 + cQi + cQj

F 2(cQj)

3 + 2cQj
. (B.11)

For B0
s -meson decays, we need the element (m = 2, n = 2,m′ = 2, n′ = 3). Here, the leading

term in (B.10), together with factorizable corrections of the form v2/M2
KK (...)mn · (...)m′n′ ,

should be identified with λbsc . In the custodial RS model, one would find additional factorizable
terms, which also will be absorbed into CKM-matrix elements. Thus, we find at LO in v2/M2

KK

CLL
2 (MKK) =

m2
W

2M2
KK

L
(U †d)2i(Uu)i2

(U †dUu)22

(∆̃QQ)ij
(U †u)2j(U d)j3

(U †uU d)23

, (B.12)

independent of the chosen scenario, and CLL
1 (MKK) = 0 . For the mixed-chirality currents we

arrive at

(V†L)mn ⊗ (VR)m′n′ =(U †dUu)mn(xuU
†
u)m′j f(cQj) (U d xd)jn′ ,

(V†R)mn ⊗ (VL)m′n′ =(xdU
†
d)mi f(cQi) (Uu xu)in(U †uU d)m′n′ ,

(B.13)

where

f(c) =
1

F 2(c)(1− 2c)
− 1

1− 2c
+

F 2(c)

(1 + 2c)2

(
1

1− 2c
− 1 +

1

3 + 2c

)
. (B.14)
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Modifications due to the custodial model are of higher order. We find C
LR/RL
1 (MKK) = 0 and

CLR
2 (MKK) =

(xuU
†
u)2i f(cQi) (U d xd)i3

(U †uU d)23

,

CRL
2 (MKK) =

(xdU
†
d)2i f(cQi) (Uu xu)i2

(U †dUu)22

.

(B.15)

The running down to mb is again treated in Appendix B.7.

B.6 Wilson Coefficients of ∆B = 2 Operators

The ∆B = 2 operators that contribute to the B̄0
s–B

0
s mixing amplitude at tree-level are Q1,

Q̃1, Q4, and Q5. The operators Q1 and Q̃1 do not mix under renormalization. The anomalous
dimension for both is given by γVLL

0 = 6 − 6/Nc [400]. The operators Q4,5 mix and the
corresponding ADM can be taken from [400, 401]. The running of the coefficients is described

by the general formula (B.18). Defining ∆̃dd and ∆̃Qd in analogy to (B.11), the RS coefficients
in the ZMA, evaluated at the KK scale, are given by [213]

CRS
1 (MKK) =

πL

M2
KK

(U †d)2i(U d)i3(∆̃QQ)ij(U
†
d)2j(U d)j3 (B.16)

×
[
αs
2

(
1− 1

Nc

)
+Q2

d α + (ωdLdLZ )
(T d3 − s2

wQd)
2 α

s2
wc

2
w

]
,

C̃RS
1 (MKK) =

πL

M2
KK

(W †
d)2i(W d)i3(∆̃dd)ij(W

†
d)2j(W d)j3

×
[
αs
2

(
1− 1

Nc

)
+Q2

d α + (ωdRdRZ )
(s2
wQd)

2 α

s2
wc

2
w

]
,

CRS
4 (MKK) = −2αs

πL

M2
KK

(U †d)2i(U d)i3(∆̃Qd)ij(W
†
d)2j(W d)j3

CRS
5 (MKK) =

πL

M2
KK

(U †d)2i(U d)i3(∆̃Qd)ij(W
†
d)2j(W d)j3

×
[

2αs
Nc

− 4Q2
d α + ωdLdRZ

4s2
wQd (T d3 − s2

wQd)α

s2
wc

2
w

]
.

Here we have introduced the correction factors ωqq
′

Z , which are equal to 1 in the minimal RS
model, and given by

ωqq
′

Z = 1 +
1

c2
w − s2

w

(
s2
w(T 3q

L −Qq)− c2
wT

3q
R

T 3q
L − s2

wQ
q

)(
s2
w(T 3q′

L −Qq′)− c2
wT

3q′

R

T 3q′

L − s2
wQ

q′

)
(B.17)
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in the custodial RS variant with PLR symmetry. Numerically we find ωdLdLZ ≈ 2.9, ωdRdRZ ≈
150.9, and ωdLdRZ ≈ −15.7. The quantum numbers T 3q

L,R can be found in Section 3.4.3.

B.7 Running of the ∆B = 1 Coefficients

The evolution of the RS Wilson coefficients of the ∆B = 1 operators can again be performed
along the lines as described in Appendix A.4. The ADM γ̂0 for the operator basis ~Q =
(Q1, Q2, Q3..10), which is a function of Nc, nf , nu, and nd (number of colors, flavors, up- and
down-type quarks), can be found in [402, 403].

The evolution from MKK to mb is given by (c.f. (A.50) ff.)

~C(mb) = Û (5)(mb,mt) Û
(6)(mt,MKK) ~C(MKK) , (B.18)

where, at LO in αs,

Û (nf )(µ1, µ2) = V̂ diag



[
α

(nf )
s (µ2)

α
(nf )
s (µ1)

] ~γ0
2β0(nf )


 V̂ −1 , (B.19)

and V̂ diagonalizes γ̂T0 via diag(~γ0) = V̂ −1γ̂T0 V̂ . The QCD β-function is given by β0(nf ) =
(11Nc − 2nf )/3. The operators Q1 and Q2 will mix independently of nf , nu, and nd. The
evolution in the penguin sector receives a small admixture from charged current operators,
however, the operators Q

LR/RL
1 and Q

LR/RL
2 do not mix into the penguin sector. Their internal

mixing is identical to that of the LL operators. There is no mixing between charged currents
of different chiralities. For the running of the LR/RL coefficients, one consequently uses

γ0 =

(− 6
Nc

6

6 − 6
Nc

)
(B.20)

in (B.18), which also describes the internal LL mixing.

B.8 Form Factors for Higgs-Boson Production and De-

cay

The form factors Ahq,W (τ) and Ahq,W (τ, λ) which describe the effects of quark and W±-boson
loops in the production and the decay of the Higgs boson are given by [39]

Ahq (τ) =
3τ

2
[1 + (1− τ) f(τ)] ,

AhW (τ) = −3

4
[2 + 3τ + 3τ (2− τ) f(τ)] ,

Ahq (τ, λ) = −I(τ, λ) + J(τ, λ) ,
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AhW (τ, λ) = cw

{
4

(
3− s2

w

c2
w

)
I(τ, λ) +

[(
1 +

2

τ

)
s2
w

c2
w

−
(

5 +
2

τ

)]
J(τ, λ)

}
. (B.21)

The functions I(τ, λ) and J(τ, λ) take the form

I(τ, λ) = − τλ

2(τ − λ)

[
f(τ)− f(λ)

]
,

J(τ, λ) =
τλ

2 (τ − λ)
+

τ 2λ2

2 (τ − λ)2

[
f(τ)− f(λ)

]
+

τ 2λ

(τ − λ)2

[
g(τ)− g(λ)

]
,

(B.22)

where the functions f(τ) and g(τ) read

f(τ) =





−1

4

[
ln

(
1 +
√

1− τ
1−
√

1− τ

)
− iπ

]2

, τ ≤ 1 ,

arcsin2

(
1√
τ

)
, τ > 1 ,

(B.23)

g(τ) =





√
τ − 1 arcsin

(
1√
τ

)
, τ ≤ 1 ,

1

2

√
1− τ

[
ln

(
1 +
√

1− τ
1−
√

1− τ

)
− iπ

]
, τ > 1 .

(B.24)
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Appendix C

RS Parameter Points

In this appendix, we specify a set of three RS parameter points, i.e., the bulk mass parameters
of the quark fields and the Yukawa matrices, that are used in our numerical analysis. All the
parameter sets given below have been obtained by random choice, as described at the beginning
of Chapter 5.

Our first parameter point is specified by the following bulk mass parameters and Yukawa
matrices1

cQ1 = −0.611 , cQ2 = −0.580 , cQ3 = −0.407 ,

cu1 = −0.688 , cu2 = −0.550 , cu3 = +0.091 ,

cd1 = −0.665 , cd2 = −0.627 , cd3 = −0.577 ,

(C.1)

Y u =



−1.303− 0.364 i − 1.215 + 0.089 i −1.121− 1.679 i

1.857 + 1.199 i 2.038 + 1.105 i −0.484− 0.193 i
−1.052 + 0.546 i − 2.833 + 0.191 i −1.287− 1.141 i


 ,

Y d =



−0.661− 1.118 i − 0.075− 0.656 i 0.141− 0.465 i
−2.070 + 1.364 i − 2.518 + 1.435 i 0.717− 0.165 i

0.306 + 2.830 i 0.034− 0.350 i −0.951− 0.829 i


 .

(C.2)

Our second parameter point features

cQ1 = −0.646 , cQ2 = −0.573 , cQ3 = −0.449 ,

cu1 = −0.658 , cu2 = −0.513 , cu3 = +0.480 ,

cd1 = −0.645 , cd2 = −0.626 , cd3 = −0.578 ,

(C.3)

Y u =




0.637− 1.800 i 1.518− 2.209 i 0.904 + 0.146 i
0.219− 0.207 i − 0.333− 0.942 i 0.597 + 0.020 i
1.829 + 1.538 i − 0.018 + 1.772 i −1.258 + 1.265 i


 ,

Y d =



−2.835− 0.946 i − 0.404 + 0.746 i −1.135 + 0.060 i

0.724− 0.350 i − 2.214− 0.555 i 0.610− 0.051 i
0.701− 0.101 i − 0.154 + 0.104 i 1.514 + 0.919 i


 .

(C.4)

1The results are given to at least three significant digits.
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Finally, the third parameter point reads

cQ1 = −0.624 , cQ2 = −0.563 , cQ3 = −0.468 ,

cu1 = −0.712 , cu2 = −0.560 , cu3 = +0.899 ,

cd1 = −0.659 , cd2 = −0.642 , cd3 = −0.571 ,

(C.5)

Y u =



−0.541 + 1.517 i − 1.083 + 1.857 i 1.718− 2.057 i

0.359− 1.713 i − 2.208 + 1.404 i −1.160 + 0.886 i
−1.172− 0.543 i − 0.116− 0.238 i −0.669− 1.688 i


 ,

Y d =



−0.878− 1.677 i 0.190 + 0.573 i −0.817 + 2.663 i
−1.792 + 0.861 i − 2.880 + 0.132 i −0.070− 1.151 i
−1.679 + 1.588 i 0.972 + 0.615 i 1.421 + 0.981 i


 .

(C.6)

Note that for the custodial model cdi → cT2i and cui → cuci .



Appendix D

Reference Values for the SM
Parameters

The central values and errors of the MS quark masses, evaluated at the scale MKK = 1 TeV,
that we use in our analysis are

mu = (1.5± 1.0) MeV , mc = (520± 40) MeV , mt = (144± 5) GeV ,

md = (3.0± 2.0) MeV , ms = (50± 15) MeV , mb = (2.4± 0.1) GeV .
(D.1)

They have been obtained by using the low-energy values as compiled in [12]. For the Wolfen-
stein parameters we use [404]

λ = 0.2265± 0.0008 , A = 0.807± 0.018 , ρ̄ = 0.141 +0.029
−0.017 , η̄ = 0.343± 0.016 . (D.2)

If not stated otherwise, the remaining SM parameters entering our phenomenological analysis
read [12, 36, 70]

∆α
(5)
had(mZ) = 0.02758± 0.00035 , αs(mZ) = 0.118± 0.003 ,

mW = (80.399± 0.023) GeV , mZ = (91.1875± 0.0021) GeV ,

mt = (172.6± 1.4) GeV .

(D.3)

We refer to the central values of these quantities as SM reference values. Unless noted other-
wise, our reference value for the Higgs-boson mass is mh = 150 GeV.
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